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(@)

Figure 6.11 Illustration of general interstate connections of (a) a normal HMM with
exponential state duration density, and (b) a variable duration HMM with specified state
densities and no self-transitions from a state back to itself.

6.9 INCLUSION OF EXPLICIT STATE DURATION DENSITY IN HMMS

Earlier we showed via Eq. (6.5) that the inherent duration probability density p;(d)
associated with state i, with self-transition coefficient a;;, was of the form

pi(d) = (ai)"~'(1 - ai)
= probability of d consecutive observations in state i. (6.64)

For most physical signals, this exponential state duration density is inappropriate. Instead
we would prefer to explicitly model duration density in some analytic form. (An extensive
treatment of state duration modeling can be found in the work of Ferguson of IDA [14],
which is the basis of the material presented here. Other valuable references include [24]
and [25].) Figure 6.11 illustrates, for a pair of model states i and j; the differences between
HMMs without and with explicit duration density. In part (a) the states have exponential
duration densities based on self-transition coefficients a;; and aj;, respectively. In part (b),
the self-transition coefficients are set to zero, and an explicit duration density is specified.
For this case, a transition is made only after the appropriate number of observations have
occurred in the state (as specified by the duration density). Such a model is called a
semi-Markov model.

Based on the simple model of Figure 6.11(b), the sequence of events of the variable
duration HMM is as follows:

1. Aninitial state, g; = i, is chosen according to the initial state distribution ;.
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2 A duration d, ilmmbummmh'ﬂl (For ex-
pedimnldundimmmmaﬁyulm“ll
maximum duration valee D.)

3, Observations 0, 0;...04 are chosen according 10 the joit observation density,
b, (0107 ...04). Generally we assume that in each state observations are inde-
pendent so that b, (0,0, ... .0,) = 1T b, (a,).

4. The next state, g; = J. is chosen according 1o the state transition probabilities, 4, ..
with the constraint that a, , = 0, i.c.. no transition back 10 the same state can
occur. (Clearly this is a requirement, because we assume that. i state ¢, . exactly
observations occur.)

A little thought should convince the reader that the vanable duration HMM can be

made equivalent to the standard HMM by setting p,(d) to be the exponential density of
(6.64).

Using the above formulation, we must make several changes to the formulas of
Section 6.4.3 1o allow calculation of P(O|)) and for reesumation of all model parameters.
In particular we assume that the first state begins at ¢ = | and the last state ends at ¢ = T
We then define the forward vanable a,(i) as

a,(i) = P(0, 07 ...0,, the stay in state i ends at 1|A). (6.65)

We assume that a total of r states have been visited duning the first r observations, and we
denote the states as ¢y, g3, . . . , g, with durations associated with each state of d,. &, . . . .4,
Thus the constraints of Eq. (6.65) are

qr = i (6.66a)

zd, =1 (6-&’
s=1

Eq. (6.65) can then be written as
ali) =Y ) 7 - Pa(d) - P01 01...04|q1)
¢ d

Gg,:P 2 (@2)P (04, 11 - - - 04 44 |2) - - -

Bq,_,q.Pe.(d)PO4, 1444, 41 ---Oi|qr) (6.67)
where the sum is over all states ¢ and all possible state durations d. By induction we can
WIite a,(j) as

N D I
o)=Y adiagpid [] blen (6.68)

i=1 d=1 s=i—d+|

where D is the maximum duration within any state. To initialize the computation of a,(J)
Wwe use

a, () = mpi(1) - b{oy) (6.6%9a)
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2 N
(i) = mipi(2) H bi(0s) + Z on (/)ajipi(1)bi(02) (6.69b)
S
3 2 N
a3(i) = mipi(3) H bi(0s) + Z z xs-a(/)aiPi(e) (6.69¢)
s=1 d=1 ‘J-;:
3
. H bi(0s) (6.69d)

s=4—d

(6.68) can be used for all # > D. It should be

and so on, until ap(i) 18 computed; then Eq. an b
he model A can be wnitten in terms of the g

clear that the desired probability of O givent

as
N

PO = ar() (6.70)
=1

1=

as was previously used for ordinary HMMs. |
To give reestimation formulas for all the variables of the variable duration HMM, we

must define three more forward-backward variables, namely

(i) = P(0, 07 .. .0, stay in state i starts at 7 + 1|A) (6.71)
B,(i) = P(0,41 ... O7| stay in state iendsatt, ) (6.72)
B (i) = P(0r41 - - .or| stay in state i starts at # + 1, A). (6.73)

The relationships between a, a*, 3, and [3* are as follows:

N
ar(j) =Y _ ali)aj (6.74)
i=1
D t
o(i) =Y o 4ipid) ] bitos) (6.75)
d=1 s=t—d+1
N
Bili) = ayB;(j) (6.76)
j=1
» D 1+d
B = Bualopid) T bicoy). (6.77)
d=1 s=t+1

Based on the above relationships and definitions imati :
: oo a3 , the reest
duration HMM, with discrete observations, are stimation formulas for the variable
= _ TiBy(0)
P(O[X) (6.78)
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T
Z a(i)agB; (j)
a; = N T 6.79)
D aidayBr ()
j=1 =1
T
Z [Z SHONCHOED Y a,(na,(n]
l_ <1 <1
bi(k) = ——— (6.80)
Z X, [Z CHORENOEDY a,(i)a,(n]
k=1 :; <t <t
1+d
Z a; (pd)31a(i) ] bitoo)
- =1 s=r+1
P:(d) — D T red . (6.8')
DD aipid)3iea) [ biton)
d=1 =] s=1+1

The interpretation of the reestimation formulas is the following: The formula for 7, is the
probability that state i was the first state, given O. The formula for @ is almost the same as
for the usual HMM, except it uses the condition that the alpha terms in which a state ends at
t, join with the beta terms in which a new state begins at 7 + 1. The formula for b,(k) is the
expected number of times that observation o, = v, occurred in state /, normalized by the
expected number of times that any observation occurred in state i. Finally, the reestimation
formula for p,(d) is the ratio of the expected number of times state i occurred with any
duration.

The importance of incorporating state duration densities is reflected in the observation
that, for some problems, the quality of the modeling is significantly improved when explicit
state duration densities are used. However, there are drawbacks to the use of the variable
duration model discussed in this section. One is the greatly increased computational load
associated with using variable durations. It can be seen from the definition and initialization
conditions on the forward variable «;(7), from Eqgs. (6.68)—(6.69), that about D times the
storage and D?/2 times the computation is required. For D on the order of 25 (as is
reasonable for many speech-processing problems), computation is increased by a factor of
300. Another problem with the variable duration models is the large number of parameters
(D), associated with each state, that must be estimated, in addition to the usual HMM
parameters. Furthermore, for a fixed number of observations 7, in the training set, there
are, on average, fewer state transitions and much less data to estimate p;(d) than would
be used in a standard HMM. Thus the reestimation problem is more difficult for variable
duration HMMs than for the standard HMM.

One proposal to alleviate some of these problems is to use a parametric state duration
density instead of the nonparametric p;(d) used above [23-24]. In particular, proposals
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include the Gaussian family with

pr(d) 2 N(da Hiy 012) (682)
with parameters y; and o2, or the Gamma family with
n}’. d\’i— 1 e_nld
Pild) = "~ (6.83)
]

with parameters v; and 7; and with mean v;n~' and variance vin~2. Reestimation formulas
for m; and v; have been derived and used with good results. Another possibility, which
has been used with good success, is to assume a uniform duration distribution over an
appropriate range of durations and use a path-constrained Viterbi decoding procedure.

6.10 OPTIMIZATION CRITERION—ML, MMI, AND MDI

The standard ML design criterion is to use a training sequence of observations O to derive
the set of model parameters A, yielding

AML = arg max P(O|X). (6.84)

Any of the reestimation algorithms discussed previously provides a solution to this opti-
mization problem.

The need to consider alternative design criteria, however, comes from several con-
cerns ([26-28]). The basic philosophy in statistical modeling methods, such as HMM, is
that the signal or observation sequence can be well modeled if the parameters of the model
are carefully and correctly chosen. The problem with this philosophy is that the assumed
model—HMM in the present case—is sometimes inadequate to model the observed signal
so that no matter how carefully the parameters are chosen, the modeling accuracy is limited.
Often, this situation is described as a “model mismatch.” The first alternative optimization
criterion we discuss here is one that tries to overcome the problem of model mismatch in
order to achieve a more accurate modeling of the observation signal.

The observed signal O = (0y, 02, . .., 0r) is associated with a sequence of constraints
R = (Ry,Ry,...,Ry). For example, R, may be the autocorrelation matrix that charac-
terizes the observation o,. Then, obviously, O is only one of possibly uncountably many
observation sequences that satisfy the constraint sequence R. Furthermore, in terms of the
probability distributions of the observation sequences, there exists a set of such distribu-
tions that would also satisfy R. We denote this set Q(R). The minimum discrimination
information (MDI) is a measure of closeness between two probability measures (one of
which bears the HMM form here) under the given constraint R and is defined by

WR,P)2  inf 1(Q:Py) (6.85)
QeQUR)
where
IQ:Py)= / q(0)1 9(0) 6.86)
€ pom?° (
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is the discrimination information between distributions Q and P, [27,28). (The functions
q¢) and p(-|A) are the probability density functions corresponding to Q and P, respectively.)
The discrimination information is calculated based on the given training set of observations.

The MDI criterion tries to choose a model parameter set A such that 1(R,P,) is
minimized. An interpretation of MDI is that the model parameter set A is chosen so
that the model p(O|}) is as close as it can be to a member of the set Q(R). Since
the closeness is always measured in terms of the discrimination information evaluated
on the given observation, the intrinsic characteristics of the training sequences would
then have substantial influence on the parameter selection. By emphasizing the measure
discrimination, the model estimation is no longer solely dictated by the assumed model
form. The MDI optimization problem is, however, not as straightforward as the ML
optimization problem and no simple robust implementation of the procedure is known.

Another concern about the HMM optimization criterion arises when we attempt to use
it to solve a class of speech-recognition problems. Consider recognition of a vocabulary of
V words, each of which is represented by an HMM, with parameter set A,,v = 1,2,..., V.
We assume P(v) to be the a priori probability for word v,v = 1,2, ..., V. The set of HMMs
A = {).} together with the a priori probabilities thus defines a probability measure for an
arbitrary observation sequence O

vV
PA(O) = ) P(O|A,, v)P(Y). (6.87)

v=1]

(The notation P(O|\,, v) indicates that it is a probability conditioned on the word v. We
include the model parameter ),, sometimes, because of the necessity of treating A, as
random variables for estimation purposes. Obviously, when A, is fixed, P(O|A,, v) is the
conditional probability, parameterized by A,.) To train these models (i.e., to estimate the
optimum parameters of the associated models), utterances of known (labeled) words are
used. We denote the labeled training sequence by O" where superscript v reflects the fact
that O" is a rendition of word v. The standard ML criterion of Eq. (6.84) is to use O" to
estimate model parameters A,, yielding

(Av)mL = arg m,\in P(OY|N).

Each model is estimated separately using the correspondingly labeled training observa-
tion sequence(s). The resultant models, however, need not be the optimal solution for
minimizing the probability of recognition error.

An alternative design criterion that aims at maximizing the “discrimination” of each
model (i.e., the ability to distinguish between observation sequences generated by the
correct word model and those generated by alternative models) is the maximum mutual in-
formation (MMI) criterion [26]. The mutual information between an observation sequence
0" and the word v, parameterized by A = {\,},v=1,2,...,V,is

P(O",v|A)

e 6.88
PAOYP(Y) (o5

IA(O",v) = log

Since
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P(0",v|A)/P(v) = P(O"|A),

"4
IA0",v) = log P(O'|\) —log > P(O”| A\, W)P(w). (6.89)

w=I

The MMI criterion is to find the entire model set A such that the mutual information is
maximized,

v
(Mmmr = mfx{; IA(O7, V)}- (6.90)

The MMI criterion is obviously different from the ML criterion. Both are minimum
cross-entropy approaches. In the ML approach, an HMM for the distribution of the data
given the word is matched to the empirical distribution. In the MMI approach, a model
for the distribution of the word given the data is matched to the empirical distribution.
This explains the merit of the MMI approach. The optimization procedure for the MMI
approach involves the entire model parameter set A even if only one labeled training
sequence 0" is used. The ML criterion addresses the likelihood P(O"|A,) alone, while
the MMI criterion compares the likelihood P(Q"|),) against the *“‘probability background”
P(0") and attempts to maximize the difference. However, (A)mmi is not as straightforward
to obtain as (A)mr. One often has to use general optimization procedures like the descent
algorithms to solve Eq. (6.90). Such optimization procedures often lead to numerical
problems in implementation.

6.11 COMPARISONS OF HMMS

An interesting question associated with HMMs is the following: Given two HMMs, ), and
Az, what is a reasonable measure of the similarity of the two models ([29])? Consider the
case of two models

A =(A,B;,m) A= (A2,By,m)
with
_| P 1-p _ 1 q l—=g _
A,—[l_p ) ] Bl—[ m = [1/2 1/2]

and
A2=[:_r :—r] Bz=[s l—s} m =[1/2 1/2].

For A| to be equivalent to A,, in the sense of having the same statistical properties for the
observation symbols, i.e., E[0; = v¢|A;] = E[o, = vi|);], for all v;, we require

g+ =pX1-g)=rs+(1 -r)(1—s)
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or. by solving for s, we get
s—Pta-2pq
1-2r °
By choosing (arbitrarily) p = 0.6,¢ = 0.7,r = 0.2, we get s = 13/30 ~ 0.433. Thus, even
when the two models, Ay and A, look ostensibly very different (i.e., A, is very different
from A; and B, is very different from B,), statistical equivalence of the models can occur.

We can generalize [29] the concept of mode’ distance (dissimilarity) by defining a
distance measure D(Ay, Az), between two Markov models, A, and ),, as

1
D\, \) = = [log P(OP|\)) - log P(O?[)y)] (6.91)

where 0?) = (0, 0203 ...07) is a sequence of observations generated by model A;. Ba-
sically, Eq. (6.91) is a measure of how well model A; matches observations generated by
model Az, relative to how well model A, matches observations generated by itself. Several
interpretations of Eq. (6.91) exist in terms of cross-entropy, or divergence, or discrimination
information [29].

One of the problems with the distance measure of Eq. (6.91) is that it is nonsymmetric.
Hence a natural expression of this measure is the symmetrized version, namely

DA A2) + D(Az, \y)
5 .

Ds(A\, A2) = (6.92)

612 IMPLEMENTATION ISSUES FOR HMMS

The discussion in the previous sections has dealt primarily with the theory of HMMs
and several variations on the form of the model. In this section we deal with several
practical implementation issues, including scaling, multiple observation sequences, initial
parameter estimates, missing data, and choice of model size and type. For some of these
implementation issues we can prescribe exact analytical solutions; for other issues we can
provide only some seat-of-the-pants experience gained from working with HMMs.

6.12.1 Scaling

To understand why scaling ([18,23]) is required for implementing the reestimation pro-
cedure of HMMs, consider the definition of «,(i) of Eq. (6.18). It can be seen that a,(i)
consists of the sum of a large number of terms, each of the form

—1 t
(H a‘hq:+| ]:[ bq‘ (0,))
s=1 s=1

with ¢, = i and b is a discrete probability as defined by Eq. (6.8). Since each 2 and b term is
less than 1 (generally significantly less than 1), it can be seen that as  starts to get big (e.g.,
10 or more), each term of a,(i) starts to head exponentially to zero. For sufficiently large
t (e.g., 100 or more) the dynamic range of the a,(i) computation will exceed the precision
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range of essentially any machine (even in double precision). Hence the only reasonable
way to perform the computation is to incorporate a scaling procedure.

The basic scaling procedure multiplies o, (i) by a scaling coefficient that is indepen-
dent of i (i.e., it depends only on ?), with the goal of keeping the scaled a,(i) within the
dynamic range of the computer for 1 < ¢t < T. A similar scaling is done to the £3,(i)
coefficients (since these also tend to zero exponentially fast) and then, at the end of the
computation, the scaling coefficients are canceled out exactly.

To understand this scaling procedure better, consider the reestimation formula for the
state-transition coefficients a;;. If we write the reestimation formula (Eq. (6.40b)) directly
in terms of the forward and backward variables, we get

T-1
)" auliyaizhj(0r41)Bre1 ()

a; = = : (6.93)
>N aulidaibi(0i41)Bi+1())

=1 j=1

Consider the computation of «,(i/). We use the notation « (i) to denote the unscaled
as, &,(i) to denote the scaled (and iterated) as, and &,(i) to denote the local version of
a before scaling. Initially, for # = 1, we compute « (i) according to Eq. (6.19) and set

&) = (i), with ¢; = fﬁ'—T and &,(i) = cjay(i). Foreacht, 2 <t < T, we first
_|a|l

compute 5,(1’) according to the induction formula (Eq. (6.20)), in terms of the previously
scaled &,(i); that is,

N
&) =Y &1(ajibi(o,). (6.94a)

j=

We determine the scaling coefficient ¢, as

¢ = N—l— (6.94b)
> (i)
i=1
giving
(i) = ¢,4(i) (6.94c)
From Eq. (6.94a—) we can write the scaled &,(i) as c,a,(i) or
N
& —1(j)ajibi(o;)
() = == (6.95)

N
Z &—1()ajibi(o;)
=1

N
i=l j=
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367
By induction we can write &, () as
-1
a-1(j) = (H Cr) a;—1()). (6.96a)
=]
Thus we can write 6;(7) as
N -1
a;-1(}) (H Cr) ajibi(o,)
dyli) = —— = il (6.96b)

N N —1 = N
Z Z a—1(J) (H Cr) aj;bi(o,) Z a(7)
T=I i=l

i=1 j=I

that is, each o (i) 1s effectively scaled by the sum over all states of a(i).
Next we compute the (i) terms from the backward recursion. The only difference

here is that we use the same scale factors for each time ¢ for the betas as was used for the
alphas. Hence the scaled (s are of the form

Bii) = c,B,(). (6.97)

Because each scale factor effectively restores the magnitude of the a terms to 1, and
because the magnitudes of the a and [ terms are comparable, using the same scaling
factors on the [8s as was used on the as is an effective way to keep the computation
within reasonable bounds. Furthermore, in terms of the scaled variables, we see that the
reestimation Eq. (6.93) becomes

T-1
Y ali)aib(0141)8r41())
- =1
a; = —=L - (6.98)
YN aliaijbi(ors)Bi1()
=1 j=I
but each &,(i) can be written as
&,(i) = [H cs] o, (i) = Cray(i) (6.99)
s=1

and each [J,H( j) can be written as

T

Brnl) = [ I1 cs] Br1(j) = Dit1Bii (). (6.100)

s=1+1

Thus Eq. (6.98) can be written as
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T-1
Z C,a;(0)aiibj(01+1)D1+181+1())

- =1 .
4G =TI N (6.101)

Z Z Crou(Daijbj(01+1)D 11 Brs1())

=1 j=l

Finally the term C,D,4 can be seen to be of the form

! T T
e =[Jes T] es=I]es=¢r (610
s=1

s=1 s=t+1

independent of t. Hence the terms C,D, 41 cancel out of both the numerator and denominage;
of Eq. (6.101) and the exact reestimation equation is therefore realized.

It should be obvious that the above scaling procedure applies equally wel] to rees-
timation of the 7 or B coefficients. It should also be obvious that the scaling procedyre
of Eq. (6.95) need not be applied at every time instant 7, but can be performed whenever
desired, or whenever necessary (e.g., to prevent underflow). If scaling is not performeq
at some instant ¢, the scaling coefficients ¢, are set to 1 at that time, and all the conditiong
discussed above are then met.

The only real change to the HMM procedure because of scaling is the procedure for
computing P(O[)). We cannot merely sum up the &7 (i) terms, because these are scaled
already. However, we can use the property that

T N N
Hc, Z, ar(@) =Cr ) ar() =1. (6.103)
= = i=1

Thus we have

T
=1
or
1
POIN) = — (6.105)
[]
=1
or

T
log [PO[M)] = 3" log ¢,. (6.106)

=]

Thus the |
e log of P can be computed, but not P, since it would be out of the dynamic range
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Multiple Observation Sequences

In Section 6.5 we discussed a form of HMM called the left-right or Bakis model, in which
the state proceeds from state | at ¢ = 1 to state N at t = T in a sequential manner (recall
the model of Figure 6.8(b)). We have already discussed how a left-right model imposes
constraints on the state-transition matrix, and the initial state probabilities Egs. (6.45)-
(6.48). However, the major problem with left-right models is that one cannot use a single
observation sequence to train the model (i.e., for reestimation of model parameters). This
is because the transient nature of the states within the model allows only a small number of
observations for any state (until a transition is made to a successor state). Hence, to have
sufficient data to make reliable estimates of all model parameters, one has to use multiple
observation sequences ([ 18]).

The modification of the reestimation procedure is straightforward and is as follows.
We denote the set of K observation sequences as

0=[0",0?,.... 0" (6.107)

. (k) (k) k)y » . .
where 0% = (0,05 . .. o‘T‘ ) is the kth observation sequence. We assume each observation

sequence is independent of every other observation sequence, and our goal is to adjust the
parameters of the model A to-maximize

K
PO[)) =[] P©O®|)) (6.108)

k=1

K
i HP"' (6.109)
k=l

Since the reestimation formulas are based on frequencies of occurrence of various events,
the reestimation formulas for multiple observation sequences are modified by adding to-
gether the individual frequencies of occurrence for each sequence. Thus the modified
reestimation formulas for a;; and b_j(l’) are

K Ti—1
1
Z P Z af(Daiibi(0l)8k1())
— k=1 =1
2y = 7 (6.110)
; 93 of (B ()
and
K ] Ti—1
3 = af ()8 (D)
3 =1 k o ';'___'
bi(6) = — : = WA
Y o a; (DB ()
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and 7; is not reestimated since m; = 1, m; =0, # 1.

The proper scaling of Egs. (6.110)—(6.111) is now straightforward since each obser-
vation sequence has its own scaling factor. The key idea is to remove the scaling factor
from each term before summing. This can be accomplished by writing the reestimation
equations in terms of the scaled variables, i.e.,

K 1 Tx—1 R
> 5 2 GDaybi0l DB (D)

=1
L . 6.112)

Tx—1
> ,,ik PIACLAG!
=1

k=1

In this manner, for each sequence O¥), the same scale factors will appear in each term of
the sum over ¢ as appears in the P, term, and hence will cancel exactly. Thus using the
scaled values of the as and s results in an unscaled a@;;. A similar result is obtained for the
bj(¢) term.

6.12.3 Initial Estimates of HMM Parameters

In theory, the reestimation equations should give values of the HMM parameters that
correspond to a local maximum of the likelihood function. A key question is, therefore,
How do we choose initial estimates of the HMM parameters so that the local maximum is
equal to or as close as possible to the global maximum of the likelihood function?

Basically there is no simple or straightforward answer. Instead, experience has shown
that either random (subject to the stochastic and the nonzero value constraints) or uniform
initial estimates of the 7 and A parameters are adequate for giving useful reestimates of these
parameters in almost all cases. However, for the B parameters, experience has shown that
good initial estimates are helpful in the discrete symbol case and are essential (when dealing
with multiple mixtures) in the continuous-distribution case. Such initial estimates can be
obtained in a number of ways; these include (a) manual segmentation of the observation
sequence(s) into states and averaging of observations within states, (b) maximum likelihood
segmentation of observations and averaging, and (c) segmental k-means segmentation with
clustering, etc. We discuss such segmentation techniques later in this chapter.

6.12.4 Effects of Insufficient Training Data

Another problem associated with training HMM parameters via reestimation methods is
that the observation sequence used for training is, of necessity, finite ([30]). Thus there
is always an inadequate number of occurrences of low-probability events (e.g., symbol
occurrences within states) to give good estimates of the model parameters. By way of
example, consider the case of a discrete observation HMM. Recall that the reestimation
transformation of b;(k), Eq. (6.40c), requires a count of the expected number of times in
state j and observing symbol v, simultaneously. If the training sequence is so small that
it does not have any occurrences of this event (i.e., ¢, = j and o, = v;), bj(k) = 0 and
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will stay 0 after reestimation. The resultant model would produce a zero probability result
for any observation sequence that actually includes (0, = v; and g, = j). Such a singular
outcome is obviously a consequence of the unreliable estimate that by(k) = 0 due © the
insufficiency of the training set.

One solution to this problem is to increase the size of the training observation set.
Often this is impractical. A second possible solution is to reduce the size of the model
(e.g.. number of states, number of symbols per state). Although this is always possible,
often there are physical reasons why a given model is used. and therefore the model
gize cannot be changed. A third possible solution is to seek unconventional statistical
estimation algorithms that can somehow enhance the reliability of the parameter estimates
even based on limited training data. Deleted interpolation and parameter thresholding
are two such alternatives. Since deleted interpolation is considered more an enhanced
parameter estimation method, we discuss that subject in the next section.

The simplest way to handle the effects of insufficient training data is to add extra
threshold constraints to the model parameters to ensure that no model parameter estimate
falls below a specified level [18]. Thus, for example. we might specify the numeric floor.
for a discrete symbol model, that

bi(k), if b,(k) > &,
bitk) =< il 6.113a)
o {6,,. otherwise (
or, for a continuous distribution model, that
Up(r,r), if Ua(r,r) 2 6,
Up(r, r) = = 6.113b
A7) { b, otherwise -

When the numeric floor is invoked in the reestimation equations, all remaining parameters
need to be rescaled so that the densities obey the required stochastic constraints. Such
postprocessor techniques are thus considered implementational measures to combat the
insufficient data problem and have been applied with good success to several problems in
speech processing. The method of parameter thresholding has a justification from a Bayes
statistics point of view. It can be shown that Eq. (6.113b) is, in fact, a maximum a posterion
(MAP) estimate of the variance under the assumption that the parameter prior P(U(r,r))
is an informative one with uniform distribution and (Uu(r, r))mia = 6, [31]. (See Section
6.13)

6.12.5 Choice of Model

The remaining issues in implementing HMMs are the choice of type of model (ergodic
or left-right or some other form), choice of model size (number of states), and choice of
observation symbols (discrete or continuous, single or multimixture, choice of observation
parameters). Unfortunately, there is no simple, theoretically correct way of making such
choices. These choices must be made depending on the signal being modeled. With these
comments, we end our discussion of the theoretical aspects of hidden Markov models
and proceed to a discussion of how such models have been applied to the isolated word-
recognition problem.
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IMPROVING THE EFFECTIVENESS OF MODEL ESTIMATES

We discuss three methods that have been shown to be able to enhance the effectiveness
of HMM model estimates for speech recognition. These are (1) deleted interpolation, (2)
Bayesian adaptation, and (3) corrective training. The first two methods are motivated by
the problem of insufficient data, while the last method has the unique objective of trying to
reduce recognition errors directly.

Deleted Interpolation

When training data are insufficient, reliable and robust determination of HMM parameters
cannot be accomplished. The HMM obtained by the Baum-Welch reestimation method,
based on the maximum likelihood criterion, may be adequate in characterizing the training
data, but for new data the match may be quite poor. One parameter estimation method that
aims to improve the model reliability is the method of “deleted interpolation.”

The concept involves combining two (or more) separately trained models, one of
which is more reliably trained than the other. A scenario in which this can happen is the
case when we use tied states which forces “different” states to share an identical statistical
characterization, effectively reducing the number of parameters in the model. A model with
tied states is often more robust than a model without tied states when trained on the same
amount of data. But a model with tied states is also less precise than a model without tied
states if the training data are sufficient. Therefore, the idea of combining the two models
is to allow us to fall back to the more reliable model when the supposedly more precise
model is, in fact, unreliable. A similar scenario occurs when context-independent (more
robust) and context-dependent (more precise) phone models are used in large vocabulary
recognition (see Chapter 8).

Let the two models be defined by the parameter sets A = (A,B,7) and N =
(A’,B', "), respectively. The interpolated model, A\ = (A, B, 7), is obtained as

A=ed+(1—eX (6.114)

where € represents the weighting of the parameters of the “full” model (with more detailed
characterization of the observations) and (1 — €) represents the weighting of the parameters
of the reduced, but more reliable, model. A key issue is the determination of the optimal
value of €, which is a strong function of the amount of training data. This is easy to see
because as the amount of training data gets large, A becomes more reliable and we expect €
to tend to 1.0. Similarly, for small amounts of training data, A is unreliable and we expect
€ to tend to 0.0 so as to fall back to the more reliable model \'.

The solution to the determination of an optimal value for € was provided by Jelinek
and Mercer [30], who showed how the optimal € could be estimated using the forward-
backward algorithm by interpreting Eq. (6.114) as an expanded HMM of the type shown
in Figure 6.12. Figure 6.12a shows the part of the state-transition structure related to the
state S. Using Figure 6.12b, we can interpret the interpolated model of Eq. (6.114) as an
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(@) (b)

Figure 6.12 Example of how the process of deleted interpolation can
be represented using a state diagram.

expanded HMM in _which each state is replaced by three states. The null transitions from
the expanded state S to S and S have transition probabilities € and | — ¢, respectively. The
transitions out of S are characterized by those of A while those out of S’ are associated with
those of A'.

The expanded HMM interpretation suggests that the parameter ¢ can be optimally
determined by the usual forward-backward algorithm. However, since the interpolation is
designed to better predict unseen (future) data, rather than to account for the training data,
determination of € must be based on data that was not used in obtaining either of the two
models, A and \’. A key idea of deleted interpolation is thus to partition the training data
T into two disjoint sets; that is, 7 = 7; U 7. For example, one might consider a partition
of the training set such that 7; is 90 percent of 7 and 7; is the remaining 10 percent of
T. Training set 7; is first used to train A and \’. Training set 7; is then used to give an
estimate of €, assuming A and )\’ are fixed. There are obviously a large number of ways in
which such a partitioning can be accomplished, but one particularly simple one is to cycle
T> through the data. That is, the first partition uses the last 10 percent of the data as 75, the
second partition uses the next-to-last 10 percent of the data as 7>, etc. An interpretation of
deleted interpolation is straightforward. If the unseen data fits the more elaborate model
A well (thus validating the reliability of A), the forward-backward algorithm would give a
value of € which is close to 1. Otherwise, the forward-backward algorithm gives a small
value of ¢, indicating that the more reliable model )\’ is a better characterization of the new
data than ).

The technique of deleted interpolation has been successfully applied to a number of
problems in speech recognition, including the estimation of trigram word probabilities for
language models [13], and the estimation of HMM output probabilities for trigram phone
models (to be discussed in Chapter 8 of this book).

6.13.2 Bayesian Adaptation

Another insufficient data situation occurs when we attempt to estimate a speaker-dependent
model based on a limited amount of speaker-specific training data. An approach to this
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.

. . . . : f

problem is through speaker adaptation, in which a speaker-independent model, obtained by ’,"«d

reliable training, is adapted to the particular talker using speaker-specific training data [31]. J ‘.;J ;
Speaker adaptation can be accomplished based on a Bayesian framework. Consider 7

the HMM probability measure P(O|)). If the HMM parameter ) is assumed to be fixed ,i.ﬁ
but unknown, the maximum likelihood (ML) estimate for A, given the training sequence 7
*0, is obtained by solving the likelihood equation, i.e.

e}

—P(0|)) =0. 6.115

x (0] (6.115)
(Normally, the Baum-Welch reestimation algorithm is used to obtain certain stationary W

point solutions instead of directly solving for Eq. (6.115).) If A is assumed random with a
priori distribution Pg()), then the maximum a posteriori (MAP) estimate for A is obtained

by solving ;.'.\‘
9 p(rj0)=0 @116 i
oA ::‘.l
for the given training sequence O. Using the Bayes theorem, we rewrite P()|O) as I',"-‘;ﬂ
P(O|)Po(N) &

= — 6.117 4
POI0) = =55 CRTOI

The influence of the parameter prior Po()) in the solution process thus becomes explicit. v

Note that if the distribution is correctly chosen, the MAP solution attains minimum Bayes ;

risk. gr
The parameter prior distribution characterizes the statistics of the parameters of

interest before any measurement is made. If the prior distribution indicates no preference

as to what the parameter values are likely to be, then the prior is called a noninformative

prior (which is essentially constant for the entire parameter space). In this case, the MAP

estimate obtained by solving Eq. (6.116) is identical to the ML estimate of Eq. (6.115). If

we do have prior knowledge about the parameter values of the model, the incorporation of

such prior knowledge in the form of a prior distribution would become important in the

MAP estimate for minimum Bayes risk. This type of prior is often called an informative

prior. Intuitively, if we know what the parameter values are likely to be before observations

are made, we may be able to make good use of the data, which may be limited, to obtain

a good model estimate. If this is true, the questions remaining are how to derive the b
informative prior and how to use it in obtaining the MAP estimate. m

For mathematical tractability, conjugate priors are often used in Bayesian adaptation. &
A conjugate prior for a random vector is defined as the prior distribution for the parameters L
of the probability density function of the random vector, such that the posterior distribution iy
P()|0) and the prior distribution P(\) belong to the same distribution family for any sample vl

observations O. For example, it is well known that the conjugate prior for the mean of a
Gaussian density is also a Gaussian density. In the following, we therefore discuss only 1
the use of conjugate priors. We also discuss only the case of Bayesian adaptation of the N
Gaussian mean as it is sufficient to demonstrate the idea of Bayesian adaptation in dealing Y
with small training set problems.
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Let us focus on a Gaussian mixture component N(y1, o2) in a mixture density HMM.
We use one-dimensional observations for simplicity. Assume the mean y is random with
prior distribution Po(y1) and the variance o7 is known and fixed. It can be shown that the
conjugate prior for 11 is a|§0 Gaussian; that is, if we assume Py(y1) to be the conjugate prior
of . then Po(u) is Gaussian. Thus, let us denote the mean and variance of the prior for
4 by p and 72, respectively. The MAP estimate for the mean parameter 4 in Bayesian
adaptation, from a set of » training observations, is given by

nrl o?

= (1]
02 4 nr? - ol +nr2’

Amap (6.118)
where 0 is the sample mean of the n training data. The interpretation of Eq. (6.118) is as
follows. If there are no training data presented, n = 0 and the best estimate of u is simply
the mean p of the prior distribution of the i parameter. When training data are collected and
used, the MAP estimate becomes a weighted average of the prior mean p and the sample
mean of the presented observations, . Ultimately, n — oo and the best estimate of u is, as
expected, the sample mean 0. It should also be noted that if the prior variance ¥ is much
larger than o2 /n, the MAP estimate in Eq. (6.118) is essentially the ML estimate, 6, which
corresponds to the case of using noninformative priors.

A key question is, How do we determine p and 72? In practice, these prior parameters
have to be estimated from a collection of speaker-dependent (or multispeaker) models, or
from a speaker-independent model with mixture distributions in each state. For example,
p and 72 can be estimated by

M
p= Z Casllin (6.119a)
m=]|

and

M
2= Cnlpm = p)’ (6.119b)

m=1

where ¢,, is the weight assigned to the m™ model (or the m™ mixture component in the
corresponding state of a mixture density speaker-independent HMM) and p,, is the mean of
the corresponding m™ model (or mixture component). When using a speaker-independent
Gaussian mixture HMM, the weight c,, is basically the mixture gain for the m™ mixture
component, and the estimates of Eq. (6.119) are the ML estimates of the mean and variance
parameters of u before any speaker-specific training data are observed.

The concept of Bayesian adaptation based on conjugate priors can be applied to
other parameters as well. The adaptation method can be shown to provide good parameter
estimates even when the number of speaker-specific training tokens is extremely limited.
Experiments have shown that large improvements in recognition accuracy are obtained
with the Bayesian adaptation method, compared to direct training, particularly when only
a small number of training tokens are available [30].
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6.13.3 Corrective Training

In statistical pattern recognition, the minimum Bayes’ risk is the theoretical recognizer
performance bound, conditioned on the exact knowledge of both the class prior P(v) and
the conditional distributions P(O|v). When both distributions are not known exactly, and
the classifier needs to be designed based on a finite training set, there are several ways to try
to reduce the error rate. One method is based on the theoretical link between discriminant
analysis and distribution estimation [32]. The idea is to design a classifier (discriminant
function) such that the minimum classification error rate is attained on the training set. In
particular, we wish to design a classifier that uses estimates of P(v) and P(O|v), and that
achieves a minimum error rate for the training set in the same way a discriminant function
is designed. The reason for using the HMM, P(O|),), for modeling P(O|v), as opposed
to other discriminant functions, is to exploit the strengths of the HMMs—consistency,
flexibility and computational ease.

Bahl et al. [33] were the first to propose an error-correction strategy, which they
named corrective training, to specifically deal with the misclassification problem. Their
training algorithm was motivated by analogy with an error-correction training procedure for
linear classifiers. In their proposed method, the observation distribution is of a discrete type,
B = [b;(k)], where b;(k) is the probability of observing a vector quantization code index
(acoustic label) k when the HMM source is in state i. Each b,(k) is obtained via the forward-
backward algorithm as the weighted frequency of occurrence of the code index. The
corrective training algorithm of Bahl et al. works as follows. First, use a labeled training set
to estimate the parameters of the HMMs A = {\,} with the forward-backward algorithm.
For each utterance O, labeled as v, for example, evaluate P(O|),) for the correct class v and
P(O|)\,) for each incorrect class w. (The evaluation of likelihood for the incorrect classes
need not be exhaustive.) Forevery utterance where log P(O|),) > log P(O|\,)—A, where
A is a prescribed threshold, modify A, and ), according to the following mechanism:
(1) Apply the forward-backward algorithm to obtain estimates bj(k) and b/'(k), using
the labeled utterance O only, for the correct class v and incorrect class w, respectively;
(2) Modify the original b;(k) in A, to bi(k) + ~b;(k) and the b;(k) in A, to bi(k) — vb{ (k).
When the state labels are tied for certain models, the above procedure is equivalent to
replacing the original b;(k) by b;(k)+~(b}(k)— b}’ (k)). The prescribed adaptation parameter,
~, controls the “rate of convergence” and the threshold, A, defines the “near-miss” cases.
This corrective training algorithm therefore focuses on those parts of the model that are
most important for word discrimination, a clear difference from the maximum likelihood
principle.

Bahl et al. reported that the corrective training procedure worked better (in isolated
word-recognition tasks) than models obtained using the maximum mutual information
or the conditional maximum likelihood criterion. The method, however, is primarily
experimental.

Several other forms of discriminative training were also proposed by Katagiri et al.
[34] together with a framework for the analysis of related training/learning ideas for
minimizing recognition errors. The discriminative training method described in Sec. 5.6.3
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can be applied to HMM training without difficulty. The corrective training algorithm of
Bahl et al. can be shown to be just one possible choice for the minimization of a prescribed
risk function.

614 MODEL CLUSTERING AND SPLITTING

One of the basic assumptions in statistical modeling is that the variability in the observations
from an information source can be modeled by the assumed statistical distributions. For
speech recognition, the source could be a single word, a subword unit like a phoneme, or
a word sequence. Because of variability in the production (e.g., accents, speed of talking),
or the processing (e.g., transmission distortion, noise), it is often expedient to consider
using more than a single HMM to characterize the source. There are two motivations
behind this multiple HMM approach. First, lumping together all the variability from
inhomogeneous data sources leads to unnecessarily complex models, often yielding lower
modeling accuracy. Second, some of the variability, or rather the inhomogeneity in the
source data, may be known a priori, thus warranting separate modeling of the source data
sets.

Several generalized clustering algorithms exist, such as the k-means clustering algo-
rithm, the generalized Lloyd algorithm as is widely used in vector quantizer designs [35],
and the greedy growing algorithm found in set partition or decision tree designs [36], all
of which are suitable for the purpose of separating inconsistent training data so that each
divided subgroup becomes more homogeneous and therefore is better modeled by a single
HMM. The nearest-neighbor rule required in these clustering algorithms is simply to assign
an observation sequence O to cluster i if

P(O|)) = max P(O|))) (6.120)
j

where A;s denote the models of the clusters. Successful application of the model clus-
tering algorithms to the speech-recognition problem, using the straightforward maximum
likelihood criterion, has been reported.

An alternative to model clustering is to arbitrarily subdivide a given speech source
into a large number of subclasses with specialized characteristics and then consider a
generalized procedure for model merging based on source likelihood considerations. By
way of example, for large vocabulary speech recognition we often try to build specialized
units (context sensitive) for recognition. For example, we could consider building units
that are a function of the sound immediately preceding the unit (left-context) and the sound
immediately following the unit (right-context). There are on the order of 10,000 such units
in English. Many of the units are functionally almost identical. The problem is how to
determine which pairs of units should be merged (so that the number of model units is made
more manageable and the variance of the parameter estimate is reduced). To get ideas,
consider two distinct models, A, and A, corresponding to training observation sets O, and
0y, and the merged model \,,,, corresponding to the merged observation sets {O,, 0, }.
We can then compute the change in entropy (i.e., loss of information) resulting from the

IPR2023-00037
Apple EX1013 Page 228




378 Chap. 6  Theory and Implementation of Hidden Markov Models

merged model as

AHab =H, + Hp, — Ha+b
= _P(Oalka) log P(Oal)‘a) - P(Obl’\b) 108 P(Obl)‘b) (6.121)
+P({Oaa0b}|)‘a+b) log P({Oaa Ob}l’\a+b)-

Whenever AH,, is small enough, it means that the change in entropy resulting from
merging the models will not affect system performance (at least on the training set) and the
models can be merged. The question of how small is acceptable is dependent on specific
applications. This model merging technique has been used successfully by Lee [37] to
create a generalized set of triphone models for large vocabulary speech recognition.

6.15 HMM SYSTEM FOR ISOLATED WORD RECOGNITION

To illustrate the techniques discussed in this chapter, consider using HMM:s to build an
isolated word recognizer ([38]). Assume we have a vocabulary of V words to be recognized
and that each word is to be modeled by a distinct HMM. Further assume, for simplicity of
notation, that for each word in the vocabulary we have a training set of K utterances of the
word (spoken by one or more talkers) where each utterance constitutes an observation se-
quence, of some appropriate representation of the (spectral and/or temporal) characteristics
of the word. To do isolated word speech recognition, we must perform the following:

1. For each word v in the vocabulary, we must build an HMM \,—that is, we must
estimate the model parameters (A, B, ) that optimize the likelihood of the training
set observation vectors for the vth word.

2. For each unknown word to be recognized, the processing shown in Figure 6.13 must
be carried out, namely, measurement of the observation sequence O = {0, 0, ...0r},
via a feature analysis of the speech corresponding to the word; followed by calculation
of model likelihoods for all possible models, P(O|),), 1 < v < V; followed by
selection of the word whose model likelihood is highest—that is,

V' =arg lr;]VanV[P(OL\V)]. (6.122)

The probability computation step is generally performed using the Viterbi algorithm (i.e.,
the maximum likelihood path is used) and requires on the order of V - N2 - T computations.
For modest vocabulary sizes, e.g., V = 100 words, with an N = § state model, and T = 40
observations for the unknown word, a total of 10° computations is required for recognition
(where each computation is a multiply, and add, and a calculation of observation density,

b(0)). Clearly this amount of computation is modest compared to the capabilities of most
modern signal processor chips.

IPR2023-00037
Apple EX1013 Page 229




sec. 6.15 HMM System for Isolated Word Recognition 379

HMM FOR
WORD 1

PROBABILITY | P(O |\")

™ COMPUTATION
HM
OBSERVATION wo:x‘lbl:?R
SEQUENCE
o
INDEX OF
PROBABILITY |P(O [\ RECOGNIZED
> COMPUTATION WORD
v = argmax (P(O|\")
SELECT ey )
MAXIMUM >
HMM FOR
WORD V
PROBABILITY | P(0 |\")

—> COMPUTATION

Figure 6.13 Block diagram of an isolated word HMM recognizer (after Rabiner [38]).

6.15.1 Choice of Model Parameters

We now return to the issue that we have raised several times in this chapter—namely, How
do we select the type of model, and how do we choose the parameters of the selected
model? For isolated word recognition with a distinct HMM designed for each word in the
vocabulary, it should be clear that a left-right model is more appropriate than an ergodic
model, since we can then associate time with model states in a fairly straightforward
manner. Furthermore, we can envision the physical meaning of the model states as distinct
sounds (e.g., phonemes, syllables) of the word being modeled.

The issue of the number of states to use in each word model leads to two schools
of thought. One idea is to let the number of states correspond roughly to the number of
sounds (phonemes) within the word—hence, models with from 2 to 10 states would be
appropriate [18]. The other idea is to let the number of states correspond roughly to the
average number of observations in a spoken version of the word, the so-called Bakis model
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Figure 6.14  Average word error rate (for adigits vocabulary) versus the number
of states N in the HMM (after Rabiner et al. [18]).

[11]. In this manner each state corresponds to an observation interval—i.e., about 10-15
ms for the standard methods of analysis. In the results to be described later in this section,
we use the former approach. Furthermore, we restrict each word model to have the same
number of states; this implies that the models will work best when they represent words
with the same number of sounds.

To illustrate the effect of varying the number of states in a word model, Figure 6.14
shows a plot of average word error rate versus N, for the case of recognition of isolated
digits (i.e., a 10-word vocabulary). It can be seen that the error is somewhat insensitive to
N, achieving a local minimum at N = 6; however, differences in error rate for values of N
close to 6 are small.

The next issue is the choice of observation vector and the way it is represented. As
discussed in Chapter 3, possibilities include LPC-derived weighted cepstral coefficients and
weighted cepstral derivatives or (for autoregressive HMMs) the autocorrelation coefficients
as the observation vectors for continuous models; for discrete symbol models we use a
codebook to generate the discrete symbols. For the continuous models we use as many
as M = 64 ~ 256 mixtures per state; for the discrete symbol models we use codebooks
with as many as M = 512 ~ 1024 code words. Also, for the continuous models, it has
been found that it is more convenient and sometimes preferable to use diagonal covariance
matrices with several mixtures, rather than fewer mixtures with full covariance matrices.
The reason for this is simple—namely, the difficulty in performing reliable reestimation of
the off diagonal components of the covariance matrix from the necessarily limited training
data. Figure 6.15 illustrates the need for using mixture densities for modeling observation
vectors (eighth-order cepstral vectors derived from LPC with log energy appended as the
ninth vector component). Figure 6.15 shows a comparison of marginal distributions b;(0)
against a histogram of the actual observations within a state (as determined by a maximum
likelihood segmentation of all the training observations into states). The observation vectors
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Figure 6.15 Comparison of estimated density (jagged contour) and model density (smooth contour)
for each of the nine components of the observation vector (eight cepstral components, one log energy
component) for state 1 of the digit zero (after Rabiner et al. [38]).

are ninth order, and the model density uses M = 5 mixtures. The covariance matrices are
constrained to be diagonal for each individual mixture. The results of Figure 6.15 are for
the first model state of the word “zero.” The need for values of M > 1 is clearly seen
in the histogram of the first parameter (the first cepstral component) which is inherently
multimodal; similarly, the second, fourth, and eighth cepstral parameters show the need for
more than a single Gaussian component to provide good fits to the empirical data. Many of
the other parameters appear to be well fitted by a single Gaussian; in some cases, however,
even M = 5 mixtures do not provide a sufficiently good fit.

Another experimentally verified fact about the HMM is that it is important to limit
some of the parameter estimates to prevent them from becoming too small. For example,
for the discrete symbol models, the constraint that b;(k) be greater than or equal to some
minimum value € is necessary to ensure that even when the kth symbol never occurred
in some state j in the training observation set, there is always a finite probability of its
occurrence when scoring an unknown observation set. To illustrate this point, Figure 6.16
shows a curve of average word error rate versus the parameter € (on a log scale) for
a standard word-recognition experiment. It can be seen that over a very broad range
(1071° < € < 1073) the average error rate remains at about a constant value; however,
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Figure 6.16 Average word error rate as a function of the minimum discrete density
value ¢ (after Rabiner et al. [18]).

when eis setto 0 (i.e., 10°°), then the error rate increases sharply. Similarly, for continuous
densities it is important to constrain the mixture gains ¢, as well as the diagonal covariance
coefficients Ujm(r, r) to be greater than or equal to some minimum values (we use 10~%in
all cases) [18].

6.15.2 Segmental K-Means Segmentation into States

In this chapter, we have emphasized that good initial estimates of the parameters of the
bj(o,) densities are essential for rapid and proper convergence of the reestimation formulas.
Hence a procedure for providing good initial estimates of these parameters was devised and
is shown in Figure 6.17. The training procedure is a variant on the well-known K-means
iterative procedure for clustering data.

We assume that we have a training set of observations (the same as is required for
parameter reestimation), and an initial estimate of all model parameters. However, unlike
the one required for reestimation, the initial model estimate can be chosen randomly or on
the basis of any available model appropriate to the data.

Following model initialization, the set of training observation sequences is segmented
into states, based on the current model A. This segmentation is achieved by finding the
optimum state sequence, via the Viterbi algorithm, and then backtracking along the optimal
path. This procedure is illustrated in Figure 6.18, which shows a log-energy plot, an
accumulated log-likelihood plot, and a state segmentation for one occurrence of the word
“six.” The states correspond roughly to the sounds in the spoken word “six.”

The result of segmenting each of the training sequences is, for each of the N states,
a maximum likelihood estimate of the set of the observations that occur within each state j
according to the current model. In the case where we are using discrete symbol densities,
each of the observation vectors within a state is coded using the M-code-word codebook,
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Figure 6.17 The segmental k-means training procedure used to estimate parameter values for the optimal
continuous mixture density fit to a finite number of observation sequences (after Rabiner et al. [38]).

and the updated estimate of the b;(k) parameters is

Bj(k) = number of vectors with codebook index k in state j divided by the
number of vectors ir state j.

When we are using continuous observation densities, a segmental K-means procedure is
used to cluster the observation vectors within each state j into a set of M clusters (using
a Euclidean distortion measure), where each cluster represents one of the M mixtures of
the bj(o,) density. From the clustering, an updated set of model parameters is derived as
follows:

Cim = number of vectors classified in cluster m of state j divided by the number
of vectors in state j

fjm = sample mean of the vectors classified in cluster m of state j

Un = sample covariance matrix of the vectors classified in cluster m of state j.

Based on this state segmentation, updated estimates of the a;; coefficients can be obtained
by counting the number of transitions from state i to j and dividing it by the number of

transitions from state i to any state (including itself).
An updated model ) is obtained from the new model parameters, and the formal

reestimation procedure is used to reestimate all model parameters. The resulting model
is then compared to the previous model (by computing a distance score that reflects the
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Figure 6.18 Plots of (a) log energy; (b) accumulated log likelihood; and (c) state assignment for one
occurrence of the word “six” (after Rabiner et al. [38]).

statistical similarity of the HMMs). If the model distance score exceeds a threshold, then
the old model ) is replaced by the new (reestimated) model ), and the overall training loop
is repeated. If the model distance score falls below the threshold, then model convergence
is assumed and the final model parameters are saved.

6.15.3 Incorporation of State Duration into the HMM

In Section 6.9 we discussed the theoretically correct method of incorporating state duration
information into the mechanics of the HMM ([39]). We also showed that the cost of
including duration density was rather high; namely a D?-fold increase in computation and
a D-fold increase in storage. Using a value of D = 25 (as is required for word recognition),
the cost of the increased computation tended to make the techniques not worth using.
Thus the following alternative procedure was formulated for incorporating state duration
information into the HMM.

For this alternative procedure, the state duration probability p;(d) was measured
directly from the segmented training sequences used in the segmental K-means procedure
of the previous section. Hence the estimates of p;(d) are strictly heuristic ones. A typical
set of histograms of p;(d) for a five-state model of the word “six” is shown in Figure 6.19.
(In this figure the histograms are plotted versus normalized duration (d/T), rather than
absolute duration d.) The first two states account for the initial /s/ in “six”; the third state
accounts for the transition to the vowel /i/; the fourth state accounts for the vowel; and the
fifth state accounts for the stop and the final /s/ sound.

The way in which the heuristic duration densities were used in the recognizer was
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Figure 6.19 Histograms of the normalized duration density for the five states of the digit
“six” (after Rabiner et al. [38]).

as follows. First the normal Viterbi algorithm is used to give the best segmentation of the
observation sequence of the unknown word into states via a backtracking procedure. The
duration of each state is then measured from the state segmentation. A postprocessor then
increments the log-likelihood score of the Viterbi algorithm, by the quantity

N
log P(q, O|) = log P(q,0|)\) + aq Y _ log [p;(d)) (6.123)

j=1

where a4 is a scaling multiplier on the state duration scores, and d; is the duration of
state j along the optimal path as determined by the Viterbi algorithm. The incremental
cost of the postprocessor for duration is essentially negligible, and experience has shown
that recognition performance is essentially as good as that obtained using the theoretically
correct duration model.

6.15.4 HMM Isolated-Digit Performance

We conclude this section on isolated word recognition using HMMs by giving a set of
performance results (in terms of average word error rate) on the task of recognizing
isolated digits in a speaker-independent manner. For this task, a training set consisting
of 100 occurrences of each digit by 100 talkers (i.e., a single occurrence of each digit
per talker) was used. Half the talkers were male and half were female. For testing the
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TABLE 6.1. Average Digit Error Rates for Several Recognizers
and Evaluation Sets
Evaluation Set

Recognizer Ori.gi'nal TS2 TS3 TS4
Type Training
LPC/DTW 0.1 0.2 20 1.1
LPC/DTW/VQ = 35 —~ -
HMM/VQ - 3.7 - -
HMM/CD 0 0.2 1.3 1.8
HMM/AR 0.3 1.8 34 4.1

algorithm, we used the initial training set, as well as three other independent test sets with
the following characteristics:

TS2 The same 100 talkers as were used in the training; 100 occurrences
of each digit

TS3 A new set of 100 talkers (50 male, 50 female); 100 occurrences
of each digit

TS4 Another new set of 100 talkers (50 male, 50 female); 100 occurrences
of each digit

The results of the recognition tests are given in Table 6.1. The recognizers are the following:

LPC/DTW Conventional template-based recognizer using dynamic time warping
(DTW) alignment

LPC/DTW/VQ Conventional recognizer with vector quantization of the feature vectors
(M = 64)

HMM/VQ HMM recognizer with M = 64 codebook

HMM/CD HMM recognizer using continuous density model with M = 5 mixtures
per state

HMM/AR HMM recognizer using autoregressive observation density

It can be seen that, when using a VQ, the performance of the isolated word recognizer
degrades in both the conventional and HMM modes. It can also be seen that the perfor-
mances of the conventional template-based recognizer, and the HMM recognizer with a
continuous density model are comparable. Finally Table 6.1 shows that the autoregressive
density HMM gives poorer performance than the standard mixture density model.

6.16 SUMMARY

In th‘is chapter we have.attempted to present the theory of hidden Markov models from
the simplest concepts (discrete Markov chains) to the most sophisticated models (variable
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guration, continuous density models). It has been our purpose to focus on physical ex-
planations of the basic mathematics; hence we have avoided long, drawn-out proofs or
derivations of the key results, and concentrated primarily on trying to interpret the meaning
of the math, and how it could be implemented in practice in real-world systems. We have
also attempted to illustrate one application of the theory of HMMs to a simple problem in
speech recognition—namely, isolated word recognition.
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Chapter 7

SPEECH RECOGNITION
BASED ON CONNECTED
WORD MODELS

7.1 INTRODUCTION

Up to this point we have been discussing discrete utterance (or, as it is often called, iso-
lated word or phrase) recognition. The assumption was that the speech to be recognized
comprised a single word or phrase and was to be recognized as a complete entity with no
explicit knowledge or regard for the phonetic content of the word or phrase. Hence, fora
vocabulary of V words (or phrases), the recognition algorithm consisted of matching (via
time alignment) the measured sequence of spectral vectors of the unknown spoken input
against each of the set of spectral patterns for the V words and selecting the pattern whose
accumulated time aligned spectral distance was smallest as the recognized word. Another
implicit assumption was that each spoken utterance had a clearly defined beginning and
ending point that could be found using some type of speech endpoint detector. As a result,
pattern matching could be reliably performed without having to be concerned about uncer-
tainties in the endpoints of the patterns being compared. For many applications, notably
those referred to as “command-and-control” applications, in which the user is required
to speak the command words one at a time (i.e., with distinct pauses between command
words), this paradigm works well and is entirely appropriate. (We will discuss command-
and-control applications in Chapter 9.) However, for applications in which the speech
to be recognized consists of a sequence of words from the recognition vocabulary (e.8»
strings of digits) such a paradigm is often unacceptable for practical reasons. Figure 71
illustrates this point for a three-digit sequence in which the upper panel shows the log
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Figure 7.1 Illustration of an isolated string of digits (upper panel) and a fluently
spoken version of the same digit string (lower panel).

energy contour of a digit string spoken as a sequence of isolated digits where each digit is
followed by a discernible pause (i.e., period of no speaking), and the lower panel shows
the same digit string spoken in a fluent (continuous) manner. It should be self-evident that
speaking a sequence of isolated digits is unnatural (from the point of view of human speech
production) and grossly inefficient (it takes about 2.5 seconds to speak the isolated digit
sequence versus less than 1 second to speak the same string of digits in a fluent manner).
Hence, it is important to be able to extend the techniques described in earlier chapters of
this book so that accurate recognition of fluent speech becomes possible.

From the point of view of speech-recognition algorithms, there are two interesting
classes of fluent speech strings. One class is the set of strings derived from small-to-
moderate-size vocabularies, including digit strings, spelled letter sequences, combinations
of alphanumerics, and strings for accessing limited databases based on small-to-moderate-
size vocabularies and highly constrained word syntax. This set has the property that the
basic speech-recognition unit can be the word (or phrase), much as in the case of isolated
word- (or phrase-) recognition systems. The other class is the set of continuous speech
drawn from moderate-to-large-size vocabularies where the basic speech-recognition unit
cannot be the word because of complexity constraints. In such a case, subword speech
units are necessary for the implementation of the speech-recognition system. We defer a
discussion of the second class of speech strings to Chapter 8, where we provide a complete
description of techniques used in the recognition of large vocabulary continuous speech. In
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Figure 7.2 Illustration of the connected word-recognition problem.

this chapter we discuss in depth the class of speech-recognition systems commonly referred
to as connected word speech recognizers, because the basic unit of recognition is a whole
word.

We can now formulate the basic problem in connected word recognition. To do this
we refer to Figure 7.2, which gives a pictorial description of the connected word-recognition
problem. We assume that we are given the spectral vectors from a fluently spoken string of
words, T = {t(1),t(2),...,t(M)}, and we are also given the spectral patterns for each of
V reference patterns, (R to Ry) corresponding to V unique words in the vocabulary. The
connected word-recognition problem can be compactly stated as follows:

Given a fluently spoken sequence of words, how can we determine the optimum match
in terms of a concatenation of word reference patterns?

To solve the connected word-recognition problem we must resolve the following problems:

1. We don’t usually know the number of words, L, in the string (although we usually
have a good bound on the range, e.g., one to seven words).

2. We don’t know word utterance boundaries within the spoken string; i.e. except for
the beginning of the first word in the string, and the end of the last word in the string,
we don’t know precisely where any word begins or ends.

3. The word boundaries are often fuzzy or nonunique. That is, it is often difficult, if not
impossible, to specify (i.e., find accurately and automatically) the word boundaries
because of sound coarticulation. Thus, for example, the boundary between the digit
3 and the digit 8 in Figure 7.1 is fuzzy because the ending sound /i/ in 3 coarticulates

strongly with the initial sound /e¥/ in 8. We indicate such fuzziness of the boundaries
by the squiggly lines in Figure 7.2.

4. For a set of V word-reference patterns, and for a given value of L (the number
of words in the string), there are V- possible combinations of composite matching
patterns (possible L word sequences); for anything but extremely small values of
V and L the exponential number of composite matching patterns implies that the
connected word-recognition problem cannot be solved by exhaustive means.

The bottom line is that a nonexhaustive matching algorithm is required to solve the con-
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nected word-recognition problem. In this chapter we discuss several algorithms that have
this property and are capable of solving the connected word-recognition problem with
various degrees of efficiency.

Although we will spend a great deal of time in this chapter discussing efficient
algorithms for optimal matching of sequences of word patterns, it is also important to
address the problem of word reference pattern training using connected word sequences.
Unlike the isolated word case, for which training procedures were discussed in Chapters
5 and 6, for connected word sequence training we encounter a fundamental difficulty,
namely the uncertainty in word boundaries within the spoken word sequence. This makes
the connected word sequence training problem somewhat more difficult; therefore in this
chapter we also describe an embedded word training method based on the segmental
k-means algorithm.

72 GENERAL NOTATION FOR THE CONNECTED WORD-RECOGNITION PROBLEM

We denote the spectral sequence of vectors of the test pattern as

T = {t(1),tQ2),...,t(M)} = {tm)}¥_, (7.1)

in which each t(m) is an appropriate spectral vector (e.g., filter bank, LPC, ear model,
etc.). Similarly, we denote the set of word reference patterns (either templates or statistical
models) as R;, 1 <i <V for a V word vocabulary, where each pattern is of the form

Ri = {ri(1),;ri(2),...,riN)} (7.2)

where N; is the duration (in frames or states) of the i™ word reference pattern.  (For
convenience we will develop the algorithms on the basis of using word templates; we will
see later in this chapter that the required modifications for statistical models are essentially
trivial.)

The connected word-recognition problem can now be stated as a problem in finding
the optimum sequence of word reference patterns, R*, that best matches 7. With no
loss of generality we assume that there are L word patterns in R* (where we vary L from
the minimum to the maximum possible values and take the optimum overall values of
L). Hence the best sequence of reference patterns, R*, is a concatenation of L reference
patterns, i.e.,

R ={Re10 O Ry ® Ry @ - ® Rew} (1.3)

in which each index, g*(¢) is in the range [1, V].

To determine R*—that is, to determine the sequence of word indices g*(£), 1 <
¢ < L, that give the best matching sequence—consider constructing an arbitrary “super-
reference” pattern R* of the form

R’ = Ryt) ® Re) ® Ry») ® -+ ® Rgwy = {F¥iz, (7.4

in which NS is the total duration of the concatenated reference pattern R*. The time aligned
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Figure 7.3 Determination of the optimum alignment of super-
reference pattern R* to T, along with corresponding word boundary
frames.

distance between R® and 7 is readily obtained via dynamic time warping, as illustrated in
Figure 7.3. The distance obtained is

M
DR*, T) = ';zi:;; d(t(m), r*(w(m))) (1.5)

in which d(-, -) is a local spectral distance measure, w(-) is a warping function for the time
index and the techniques of Chapter 4 can be used to evaluate D. By appropriate path
backtracking, as illustrated in Figure 7.3, the word boundary frames in the input string can
be found on the basis of the word boundary frames in the super-reference pattern. Hence
the last frame in the first reference word, ry1)(Ny1)) maps to frame e in the test pattern;
similarly, the last frame in the second reference word r,(2)(Ny(2)) maps to frame e in the
test pattern, etc.

To determine the global best match, R*, we optimize Eq. (7.5) over every possible

value of local reference patterns, g(1),4(2), ..., q(L), and over every possible value of L,

D* = minD(R', T)

M
=  min min mi s (7.6)
Lmin SLSLmax 4(1),9(2),...,q(L) w(,,,r; Z d(t(m), r'(w(m)))
1<q(i)<V m=1

with

A
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Figure 7.4  Computation ranges for matching R, against portions of 7.

R* = i g
arg n71z11n D(R’, T). 7.7
For a straightforward evaluation of Eq. (7.6), the computation required is

L s
C, ~ [M'ZF=INQ(@)]VL: M-L-N

5 3 VL (grid points) (7.8)

where the bracketed term is the dynamic time warping computation for matching a given
RS to T, the second term (V%) is the number of possible combinations in R*, and N is the
average number of frames in a word reference pattern. To get a feeling for how impractical
the computation of Eq. (7.8) actually is, consider typical values of M = 300 frames, L = 7
words, N = 40 frames, and V = 10 words. With these values we get C;, = 2.8 x 10" (grid
points). This computation (for a single test string) is already excessive for most modern
machines. Hence, as discussed previously, alternatives to exhaustive evaluation of D* are
required.

Fortunately, several algorithms have been proposed that solve Eq. (7.6) without the
exponential growth in computation. These include

e the two-level dynamic programming approach [1,2]
e the level building approach [3,4]
e the one-stage approach and subsequent generalizations [5-9].

In the next several sections we discuss these individual algorithms.

73 THE TWO-LEVEL DYNAMIC PROGRAMMING (TWO-LEVEL DP) ALGORITHM

The basic idea of the two-level DP algorithm is to break up the computation of Eq. (7.6)
into two stages (called levels). At the first level the algorithm matches each individual
word reference pattern, R, against an arbitrary portion of the test string, 7". To understand
the computation involved, consider Figure 7.4.
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Figure 7.5 Use of range limiting to reduce the size of individ-
ual time warps.

For the range of beginning test frames of the match, b, 1 < b < M, and for the
range of ending test frames, e, | < e < M (e > b), and for word reference pattern, R,,
1 < v <V, we need to compute

D(v,b,e) = ',:zi,'}";d(‘(m% r.(w(m))) (19)

as illustrated in Figure 7.4. (It should be clear from our discussions in Chapter 4 that for
each beginning frame b, a single time warp provides the time aligned distance, D, for a
range, E,, of ending frames e, b + A < e < b + 6 where A and § are related to N,, the
number of frames in the reference pattern R,, and the expansion/contraction factor of the
DTW algorithm. Hence, using a 2-to-1 expansion and a !/, to 1 compression, we would
have b+ N, /2 < e < b+ 2N, as the range on ending frames for beginning frame b. Clearly
if b+ 2N, > M then e is truncated at M, the end of the test pattern.)

Equation (7.9) gives the minimum distance for every possible vocabulary pattern,
R., between each possible pair of beginning and ending frames (b, e). Clearly, we can
eliminate v by finding the best (smallest distance) match between b and e for any v, giving

D(b,e) = lrsnvxgv[D(v, b, e)] = best score (7.10)
N(b,e) = arg lr<ni2V[D(v, b, e)] = best reference index (7.11)

thereby significantly reducing the data storage (by a factor of v) with no loss of optimality.
We can further reduce computation of Eq. (7.9) by using a range-limited DTW algorithm
as illustrated in Figure 7.5. With appropriate choice of the range variable, R, the ending
region, Ej, can be made significantly smaller than for a normal 2 : 1 expansion, '/ : 1
compression DTW algorithm.

Given the array of best scores, D(b, e), of Eq. (7.10), the second level of the com-
putation pieces together the individual reference pattern scores to minimize the overall
accumulated distance over the entire test string. This can be accomplished using dynamic
programming as follows. Consider ending frame e, as illustrated in Figure 7.6. We define
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e

Figure 7.6 Series of paths ending at
frame e.

the distance_of the best path ending at frame e using a concatenated sequence of £ reference
patterns as D¢(e), which can be derived as

De(e) = Il%\'jge[[)(b, )+ De_1(b-1)) (7.12)

i.e., the best path ending at frame ¢ using exactly ¢ reference patterns is the one with
minimum distance over all possible beginning frames, b, of the concatenation of the best
path ending at frame b — 1 using exactly ¢ — 1 reference patterns plus the distance of
Eq. (7.10) of the best path from frame b to frame e (of 7). The recursion of Eq. (7.12) is
identical to the dynamic programming recursion principle discussed in Chapter 4. In this
case the “local” distance used in the recursion is the word distance D(b, e) (with assumed
begir.ning and ending frames) which is calculated using Eq. (7.10) based on the first level
dynamic programming results. (For single-word pattern matching the local distance is
simply the beginning to ending frame distance.)

Based on the recursion of Eq. (7.12) we can formulate the following DP algorithm
for determining the overall best path:

Step 1, Inmitialization
Do(0) =0, D¢(0) = oo, 1 < €< Lpax
Step 2, Looponefor/ =1
Di(c)=D(l,e), 2<e<M

Step 3, Recursion, Looponefor{ = 2,3, ..., Lmax

Ds(e) = l@gge[é(b,e) +Di(b—1)], 3<e<M

Ds(e) = lr<nbige[D(b, e)+Dyb—1)], 4<e<M

Dy(e) = lrsnbige[D(b, e)+Dei(b—1)], ¢+1<e<M

Step 4, Final Solution

D* = min [D¢(m)]
1<0<Limax

—ma

and use N(b, e) to backtrack to obtain actual sequence of reference patterns inR’.

To gain a better understanding of how the above recursion is carried out in practice,
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the following exercise gives an explicit example of decoding a given matrix of distances,

D(b, e), into best strings.

Exercise 7.1

Assume we are given the 15 x 15 matrix of distances, D(b, e), representing best accumulated
distances between frames b and e, as shown below

beginning
frame,
b

O 00 N N AW N -

b bt gt e e
A W N - O

15

1. Find the best path for a 1, 2, and 3 word match.

ending frame, e

{ 2 3 45 6:7 8 9 10 11 12 13 M4 15
[_ _ 9 10 13 | 17 22 25 29 33 | 37 41 45 50 60]
_ _ _ 7 10| 14 17 21 25 290 | 32 36 40 45 3
 _ — — 9| 1316 19 23 26 | 28 32 35 40 47
e - — — — |6 8 9 1112141923283
o _ _— | - 4 6 8 10| 121519 23 30
e e e E e | == @ 3316 |19 23 3T B B
e ie —oa f e == 08 18 | 2202732 3745
e el e 2= =2 B DD
i lastals m s = =8 810 16
NSRRI ST 7 9 12
IS N e
- - - = == = = = == = =24
= = = - e = o = o = = = = = 2

- _

2. What are the total distance scores for the 3 string lengths? Which string length is most

likely?

Solution 7.1

Although we can trivially determine the paths for the best one- and two-word matches, we
must use the dynamic programming solution to determine the best three-word match. Hence
it is worthwhile using the dynamic programming solution for all three matches. From the
recursion above we get

Di(e) = D(1,e),
Da(e) = &_“JEJD(‘” e)+Di(b - 1)),

Ds(e) = .2‘22,“3(”’ e) + Da(b — 1)),

From the matrix of distances we get

2

4

IAN IA

<

e<15
e<15

e

<

15
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e__Die) D;(e) Ds(e)
3 9 i ]
4 10 ; ;
5 13 - )
6 17 15=(6+9) )
702 14=(4+10) ]
8 25  16=(6+10) ;

9 29 18=@8+10) 30 =(Dy(6) + 15)
10 33 20=(10+10) 26 = (Dy(7) + 12)
11 37 22=(12410) 22 = (Dy(8) + 6)

12 41 25=(154+10) 23 =(Dy(9) +5)

13 45 29 =(19410) 24 = (Dy(10) +4)
14 50 33=(23+4+10) 24 =(Dy(11)+2)
15 60 40=(30+10) 26 = (Dy(12) +4)

1. For a one-word match we have DY = D\(15) = 60 with path (1, 15). For a two-word
match we have D3 = D,(15) = 40 with path (1, 4)(5, 15);i.e., word 1 spans frames | to
4 and word 2 spans frames 5 to 15. For a three-word match we have D; = D;(15) = 26
with path (1, 4) (5, 11) (12, 15); i.e. word 1 spans frames 1 to 4, word 2 spans frames
5to 11, and word 3 spans frames 12 to 15.

2. The distance scores for one-, two-, and three-word matches are 60, 40, and 26. Clearly,

string length 3 has the smallest total distance and is most likely. The overall path of the
3 word string is

D(1,4)=10 + D(5,11) = 12 + D(12,15)=4
‘ [ J [ J x f [ J [ ] @ [ ] O\ ‘ [ ] [ ] ;
1 4 5 171" 12 15

13.1 Computation of the Two-Level DP Algorithm

The total computation of the two-level DP algorithm is essentially the computation required
to determine D(v, b, €). This computation is essentially the computation of V- M time warps
corresponding to a single time warp for each reference pattern (V) and for each starting
frame (M). The size of each time warp (which provides distance score for the range of
ending frames associated with each starting frame) is approximately N(2R + l_)_for an R
frame range limited DTW search with a reference pattern of average length N frames.
Hence the total computation of the two-level DP algorithm is

Cy =V -M-N@2R + 1) (grid points) (7.13)

in which the computation for each grid point constitutes a distance computation' and the
associated combinatorics. The storage of the two-level DP algorithm is essentially the
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STANDARD DTW OF RS TO T LEVEL BUILDING APPROACH
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(a) (b)

Figure 7.7 Illustration of standard DTW alignment of super-reference and test patterns (a), and level
building alignment (b) (after Myers and Rabiner (4]).

storage of the reduced distance matrix [D(b, €)), since only temporary storage of the full
array D(v, b, e) is required. The required storage of the range reduced algorithm is

S =2MQ2R + 1) (7.14)

since for each of the M starting frames, distance scores and best word identifications are
saved for an ending range of (2R + 1) frames.

For a typical set of values—i.e., M = 300 frames, N = 40 frames, V = 10 words,
R = 5 frames—we require computation for 1,320,000 grid points and storage of 6600
locations for D(b, e).

7.4 THE LEVEL BUILDING (LB) ALGORITHM

At the beginning of this chapter we discussed an exhaustive approach to connected word
recognition in which we construct a set of super-reference patterns, R*, by concatenating
every possible combination of word patterns (in sequence), and performing a global time
alignment of each R* to the test pattern 7. Figure 7.7a illustrates the computation associated
with time aligning R’ to T, namely iterative computation of accumulated distance at each
grid point within a constrained region (the parallelogram of Figure 7.7a) of the alignment
plane. Usually the computation is performed in a frame-synchronous manner; that is, the
computation for a given test frame, m, is performed along a vertical stripe representing the
allowable range of super-reference frames. Following this the computation for test frame
m + 1 occurs, then for frame m + 2, etc., until the entire test frame sequence is used.

An alternative way of aligning R® and 7 is shown in part b of Figure 7.7. Instead of
performing the computation strictly along vertical stripes, the computation, for a given test
frame m, is truncated at a fixed horizontal level (which corresponds to the super reference
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frame at the end of the first word in R*). (The use of the word “level” here should not
pe confused with its usage in the two-level DP algorithm of the previous section. In the
wwo-level DP algorithm the first level is the calculation of local warping distances for
rentative word candidates, and the second level is the search for the optimal concatenated
word path.) This procedure is iterated for all test frames for which we can define a range of
reference frames within the allowed alignment region. For each test frame whose vertical
stripe intersects the horizontal level corresponding to the end of the first word, we store
the accumulated distance so that the DTW computation can be picked up at the next level
(word in the string) by beginning the search at an appropriate test frame and iterating the
search along vertical stripes corresponding to regions of intersection with the second word
in the super-reference pattern. This procedure is iterated through all levels (words in R*)
until the complete alignment grid has been covered.

The differences between the sequence of computation of the standard DTW alignment
along complete vertical stripes (as in Figure 7.7a) and the level building alignment along
partial vertical stripes (as in Figure 7.7b) are essentially minor for a single super-reference
pattern. The efficiency of the approach comes with the realization that the computation at
each level can be performed on all V reference patterns before proceeding to the next level.
The advantage of doing this is that after doing the V warps at a given level, we can compare
accumulated distance scores across vocabulary words, and retain only the minimum (best)
score at each path ending frame, and still pick up the computation at the next level with
no loss of optimality. The key difference between the level building algorithm and the
two-level DP algorithm is that (with no loss of information) partial word decisions are
made during the DP search, and these decisions are used to reduce the search range in later
stages of the LB algorithm, whereas the two-level DP algorithm accumulates all the word
scores until the end of the entire utterance and then decides the word string in a separate
and independent second level DP calculation. The advantage we accrue is that, at each
level, we do exactly V time warps, so that the total computation is on the order of V - L
time warps for an L-word string. Since L is always significantly smaller than the number
of test frames, M, we see that the level building approach inherently involves significantly
less computation than the two-level DP algorithm (which required V - M time warps).

With this simplified overview of the level building approach, we now formally
describe the implementation of the level building algorithm.

141 Mathematics of the Level Building Algorithm

We define D}j(m) as the minimum accumulated distance, at level £, using reference pattern
R,, to frame m of the test pattern, 7. Clearly D(m) is defined for 1 < £ < Lpa, 1 <v <V
and 1 < m < M. Consider the implementation of level 1 as shown in Figure 7.8.

The first reference pattern, R, is aligned with 7 beginning at frame 1 of 7 using
a standard DTW alignment procedure. The warping paths intersect the last frame in R
(frame N)) at a range of test frames, namely m;;(1) < m < mya(1). (For example if
we used a DTW procedure with a minimum and maximum expansion of '/, and 2 we
would have N, /2 < m < 2N,.) For each of these warp path ending frames we store
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myy(1) myp(1)
N1 A—p——p—9- .4 o]
| |
REFERENCE N 5 ¢=1
1 : !
L m
N,
REFERENCE N €=1
2
1
m
mv1(1) mvzu)
REFERENCE n ; 2=
v 1 - 1
m
- i
? :
m,(1) m, (1) m

ENDING RANGE

Figure 7.8 Implementation of level 1 of the level building algorithm (after Myers and Ra-
biner [4]).

the accumulated distances, D}(m). Similarly, for the second reference pattern, R;, with
duration N, frames, we begin at frame 1 of 7 and obtain the best warping paths to the
range my (1) < m < myy(1). (Clearly my (1) # my (1) and mp(1) # m),(1), since N, and
N, are generally different. If N, = N, then m3;(1) = m, (1) and ma(1) = m,(1).) This
procedure is iterated for all V reference patterns at level 1. Thus the output of level 1 is the
array of accumulated distances and the corresponding ranges, i.e.,

Di(m), my (1) < m < mp(1)
Di(m), my(1) < m < my(1)

(7.15)
DY(m), myi(1) < m < mys(1).

We can now deﬁnie the ending range of level 1, mi(1) < m < my(1), as the composite range
of m over which D} is defined (and is not infinity), namely,

m(1) = IrSnvigv[m‘.,(l)] (7.16)
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