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Chapter Eleven: Adaptive Equalization 683

K
)= ) ¢t — v,
=K
By changing the index j on ¢;(r — 1) to run from j =0 to j = N — | and simul-
taneously defining
W) = vk
the estimate f(r) becomes

N-1

1(t) = (=Dt —j

(1) ;Oc_,(r ) (t — j) e
= Ciy(t — DY x(0)

where Cy(z — 1) and Y y(7) are, respectively, the column vectors of the equalizer
coethicientste (e—= 1), 7 =0,1.....;, N — 1, and the input signals y(t —j), j =0, 1,
Daisvernst N —1.

Similarly, in the decision-feedback equalizer, we have tap coefficients ¢;(7),

=0EIL N — 1, where the first K, + 1 are the coefficients of the feedforward
filter and the remaining K, = N — K| — 1 are the coefficients of the feedback
filter. The data in the estimate /(7) is vk, ---, Dl s Lo I,_g,, where

I,_j,1 <j < K,. denote the decisions on previously detected symbols. In this
development, we neglect the effect of decision errors in the algorithms. Hence,

we assume that /,_; =1I,_;, 1 <j<K,. For notational convenience, we also

define

i i (P = (0 <I<KI)

;(r—_;)—{,ljk_j (K, <j<N-1) (11.4-2)
Thus,

Yy =D e—1)---yt—N+DJ (11.4-3)

4 t
= [U/+K, ST PR 'If—l(:]

11.4.1 Recursive Least-Squares (Kalman) Algorithm

The recursive least-squares (RLS) estimation of f(t) may be formulated as fol-
lows. Suppose we have observed the vectors Yy(n), n =0, 1, ..., ¢, and we wish
to determine the coefficient vector Cy(7) of the equalizer (linear or decision-
feedback) that minimizes the time-average weighted squared error

4
EF =) W len(n, 1) (11.4-4)
n=0

where the error is defined as
en(n, 1) = I(n) — Cy()Y y(n) (11.4-5)
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and w represents a weighting factor 0 < w < 1. Thus we introduce exponential
weighting into past data, which is approprlale when the channel characteristics
are time-variant. Minimization of £5° with respect to the coefficient vector Cy/(7)
yields the set of linear equations

Ry(NCx(1) = Dy(D) (11.4-6)
where Ry(f) is the signal correlation matrix defined as
t
Ry() =Y w'"Yi(mYy(n) (11.4-7)
n=0

and Dy(¢) is the cross-correlation vector

i

Dy()) = Y _w' " I(m)Y(n) (11.4-8)

n=0
The solution of Equation 11.4-6 is
Cx() = Ry (DD (1) (11.4-9)

The matrix Ry(?) is akin to the statistical autocorrelation matrix I'y, while
the vector D (7) is akin to the cross-correlation vector &y, defined previously. We
emphasize, however, that Ry(?) is not a Toeplitz matrix. We also should mention
that, for small values of 7, Ry () may be ill conditioned; hence, it is customary to
initially add the matrix 8Ly to Ry(¢), where § is a small positive constant and Iy is
the identity matrix. With exponential weighting into the past, the effect of adding
8T, dissipates with time.

Now suppose we have the solution 11.4-9 for time ¢ — 1, i.e., Cy(¢ — 1), and
we wish to compute C (7). It is inefficient, and, hence, impractical to solve the set
of N linear equations for each new signal component that is received. To avoid
this, we proceed as follows. First, Ry(f) may be computed recursively as

Ry() = wRy({ = 1) + YR(DYN(D) (11.4-10)

We call Equation 11.4-10 the time-update equation for Ry(1).
Since the inverse of Ry(7) is needed in Equation 11.4-9, we use the matrix-
inverse identity

Ry (1 — DYR(OYW(ORY' (1 —
w4+ Yy(ORN (1 = DY%()

Rz_vl(’)=%[Rz_vl(f— 1) - )] (11.4-11)

Thus Ry'(7) may be computed recursively accordmg to Equation 11.4-11.
For convenience, we define Py (/) = RN (1). Tt is also convenient to define an
N-dimensional vector, called the Kalman gain vector, as

Ky(t) = Py(r — DY) (11.4-12)

1
w+ pun(n)
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Chapter Eleven: Adaptive Equalization 685

where uy(7) is a scalar defined as
(1) = Yy(OPy(r — DY3(1) (11.4-13)

With these definitions, Equations 11.4-11 becomes

1 i
Py(t) = —[Py(t — 1) = Ky()Y N ()P (2 — 1)] (11.4-14)

w

Suppose we postmultiply both sides of Equation 11.4-14 by Yy (7). Then

1 / *
Py(D)YN(1) = ;[P_\'(f — DYN(1) — Ky() Yy ()P (2 — 1)Y N (2)]

1
=~ ([ + iy (DK y() = Ky(Dun(0) CR

= Ky(1)

Therefore, the Kalman gain vector may also be defined as Py(2)Y y (7).
Now we use the matrix inversion identity to derive an equation for obtaining
Cy(1) from Cy(r — 1). Since

Cy(1) = Py()Dy (1)
and
Dy (1) = wDy(1 — 1) + I(D)Y (1) (11.4-16)
we have
Cu () = [Py(t — 1)~ Ky(O¥x(OPy (1 ~ DIWDy(a = 1)+ IOV3(0]
=Py(r—1)Dy(r—1)+ ‘l“[(t)Px(r — DYx(2)
—Ky(OYN(O)Py(1 — 1)Dy(r — 1) (11.4-17)
—%I(I)K,,\v(t)va(t)P,v(r - DYx(1)
= Cy(1 — 1) + Ky([I(1) = Ya()Cy(r — 1)]
Note that Yy (#)Cy(z — 1) is the output of the equalizer at time 7, i.e.,
I(f) = Yy(Cy(t = 1) (11.4-18)
and
ex(t.1=1)=I1(t) = I(1) = ey(1) (11.4-19)

is the error between the desired symbol and the estimate. Hence, C/(7) is updated
recursively according to the relation

Cy(0) = Cy(t = 1)+ Ky(n)ey(1) (11.4-20)

Speir Technologies Ltd. o
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The residual MSE resulting from this optimization is
1
Emin = Y_w UM — Cy(ODX() (11.4-21)
m=0

To summarize, suppose we have Cy(r — 1) and Py(r — 1). When a new signal
component is received, we have Yy (#). Then the recursive computation for the
time update of Cy(r) and Py (1) proceeds as follows:

+ Compute output:
() = Yu()Cy(t = 1)
» Compute error:
ex(t) = 1() = 1(1)
» Compute Kalman gain vector:

Py(1— DYy (1)
w4+ Yy(OPy( — DYN(D)

+ Update inverse of the correlation matrix:

Ky(1) =

1 ,
[Pyt = 1) = Ky (DY (P (1 — 1]

"W

Py(n) =

+ Update cocfficients:

Cy(1) = Cn(t — 1) + Ky(Den()
= Cy(t = D+ Pu()Yx(Den(r)

The algorithm described by Equation 11.4- 22 is called the RLS direct form or
Kalman algorithm. It is appropriate when the equalizer has a transversal (direct-
form) structure.

Note that the equalizer coefficients change with time by an amount equal to
the error ey(r) multipled by the Kalman gain vector Ky(¢). Since Ky(7) is N-
dimensional, each tap coefficient in effect is controlled by one of the elements of
K (7). Consequently rapid convergence is obtained. In contrast, the stecpest-
descent algorithm, expressed in our present notation, is

Cy(D=Cy(t — 1)+ AYy(Hex(1) (11.4-23)

(11.4-22)

and the only variable parameter is the step size A.

Figure 11.4 -1 illustrates the initial convergence rate of these two algorithms
for a channel with fixed parameters f, = 0.26, f; = 0.93, f, = 0.26, and a linear
equalizer with 11 taps. The eigenvalue ratio for this channel is Apax/Amin = 11.
All the equalizer coefficients were initialized to zero. The steepest-descent algo-
rithm was implemented with A = 0.020. The superiority of the Kalman algo-
rithm is clearly evident. This is especially important in a time-variant channel.
For example. the time variations in the characteristics of an (ionospheric) high-
frequency (HF) radio channel are too rapid to be equalized by the gradient

Speir Technologies Ltd.
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Chapter Eleven: Adaptive Equalization 687
19 FIGURE 11.4-1
Comparison of convergence rate for
the Kalman and gradient
Gradient algorithm algo rithms.

107!

Kalman
algorithm
w=0.999

Mean square error
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0 100 200 300 400 500 600 700
Number of iterations

algorithm, but the Kalman algorithm adapts sufficiently rapidly to track such
variations.

In spite of its superior convergence performance, the Kalman algorithm
described above has two disadvantages. One is its complexity. The second is
its sensitivity to roundoff noise that accumulates due to the recursive computa-
tions. The latter may cause instabilities in the algorithm.

The number of computations or operations (multiplications, divisions, and
subtractions) in computing the variables in Equation 11.4-22 is proportional to
N?. Most of these operations are involved in the updating of Py (7). This part of
the computation is also susceptible to roundoff noise. To remedy that problem,
algorithms have been developed that avoid the computation of Py(7) according
to Equation 11.4-14. The basis of these algorithms lies in the decomposition of
Py (1) in the form

Py (1) = Sy(DAN(DSx(1) (11.4-24)

where Sy (7) is a lower-triangular matrix whose diagonal elements are unity, and
Ax(?) is a diagonal matrix. Such a decomposition is called a square-root factor-
ization (see Bierman, 1977). This factorization is described in Appendix D. In a
square-root algorithm, Py(7) is not updated as in Equation 11.4-14 nor is it
computed. Instead, the time updating is performed on Sy(z) and A (7).

Square-root algorithms are frequently used in control systems applications in
which Kalman filtering is involved. In digital communications, the square-root
Kalman algorithm has been implemented in a decision-feedback-equalized PSK
modem designed to transmit at high speed over high-frequency radio channels
with a nominal 3-kHz bandwidth. This algorithm is described in the paper by
Hsu (1982). It has a computational complexity of 1.5N> + 6.5N (complex-valued
multiplications and divisions per output symbol). It is also numerically stable
and exhibits good numerical properties. For a detailed discussion of square-root
algorithms in sequential estimation, the reader is referred to the book by
Bierman (1977).

It is also possible to derive RLS algorithms with computational complexities
that grow linearly with the number N of equalizer coefficients. Such algorithms
are generally called fast RLS algorithms and have been described in the papers by
Carayannis et al. (1983). Cioffi and Kailath (1984), and Slock and Kailath
(1991).

Speir Technologies Ltd.
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Another class of recursive least squares algorithms for adaptive equalization
are based on the lattice equalizer structure. Below, we derive the lattice filter

structure from the transversal filter structure and, thus, demonstrate the equiva-
lence of the two structures.

11.4.2 Linear Prediction and the Lattice Filter
In Chapter 3, we considered the linear prediction of a signal, in the context of
speech encoding. In this section, we shall establish the connection between linear
prediction and a lattice filter.

The linear prediction problem may be stated as follows: given a set of data
we—1),0(t = 2). ..., »(r — p), predict the value of the next data point y(r). The
predictor of order p is

14
=) awyti —k) (11.4-25)
k=1

Minimization of the MSE. defined as

&, = E[y() -3
)4
= El}r(r) — Z ped (1 — k)jl
k=1

with respect to the predictor coefficients {«,} yields the set of linear equations

: (11.4-26)

14
Y angplk — 1) = ¢(l), I=1.2,....p (11.4=27)
k=1

where
() = ER()y(t + D]

These are called the normal equations or the Yule—Walker equations.

The matrix @ with elements ¢(k — /) is a Toeplitz matrix, and, hence, the
Levinson-Durbin algorithm described in Appendix A provides an efficient
means for solving the linear equations recursively, starting with a first-order
predictor and proceeding recursively to the solution of the coefficients for the
predictor of order p. The recursive relations for the Levinson-Durbin algorithm
are

Speir Technologies Ltd.
Ex. 2011 - Page 9



Chapter Fourteen: Digital Communications Through Fading Multipath Channels 801

can be dramatically reduced by means of efficient modulation/coding and
demodulation/decoding techniques.

& 141
CHARACTERIZATION OF FADING MULTIPATH CHANNELS

If we transmit an extremely short pulse, ideally an impulse, over a time-varying
multipath channel, the received signal might appear as a train of pulses, as shown
in Figure 14.1-1. Hence, one characteristic of a multipath medium is the time
spread introduced in the signal that is transmitted through the channel.

A second characteristic is due to the time variations in the structure of the
medium. As a result of such time variations, the nature of the multipath varies
with time. That is, if we repeat the pulse-sounding experiment over and over, we
shall observe changes in the received pulse train, which will include changes in the
sizes of the individual pulses, changes in the relative delays among the pulses, and,
quite often, changes in the number of pulses observed in the received pulse train as
shown in Figure 14.1-1. Moreover, the time variations appear to be unpredictable
to the user of the channel. Therefore, it is reasonable to characterize the time-
variant multipath channel statistically. Toward this end, let us examine the effects
of the channel on a transmitted signal that is represented in general as

Transmitted signal Received signal FIGURE 14.1-1
Example of the response of a time-
variant multipath channel to a very
H narrow pulse.

=1, t=4 Tr=tl+rlz

(a) t=t +1)

| 1l

t=tyta t=t, Tl=lz+1’zz
®) 1=h+Ty =611y

] HHHHH

t=1y+f t=1 Tt=t3+132Tr=t3+t34

(©) 1=ty 1S4ty

I

t=ty+y t=ty t=t47y

@)
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14.1.2 Statistical Models for Fading Channels

There are several probability distributions that can be considered in attempting
to model the statistical characteristics of the fading channel. When there are a
large number of scatterers in the channel that contribute to the signal at the
receiver, as is the case in ionospheric or tropospheric signal propagation, appli-
cation of the central limit theorem leads to a Gaussian process model for the
channel impulse response. If the process is zero-mean, then the envelope of the
channel response at any time instant has a Rayleigh probability distribution and
the phase is uniformly distributed in the interval (0, 27). That is

2 2
pr(r) = ée" 2 120 (14.1-23)
where
Q= E(RY) (14.1-24)

We observe that the Rayleigh distribution is characterized by the single param-
cter E(Rz).

Speir Technologies Ltd.
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Chapter Fourteen: Digital Communications Through Fading Multipath Channels 811
S FIGURE 14.1-8

Model of Doppler spectrum for a
mobile radio channel.

)

o 0 I

Frequency

An alternative statistical model for the envelope of the channel response is
the Nakagami-m distribution given by the PDF in Equation 2.1-147. In contrast
to the Rayleigh distribution, which has a single parameter that can be used to
match the fading channel statistics, the Nakagami-m is a two-parameter distri-
bution, involving the parameter m and the second moment Q = E(Rz). As a
consequence, this distribution provides more flexibility and accuracy in matching
the observed signal statistics. The Nakagami-m distribution can be used to model
fading channel conditions that are either more or less severe than the Rayleigh
distribution, and it includes the Rayleigh distribution as a special case (m = 1).
For example, Turin et al. (1972) and Suzuki (1977) have shown that the
Nakagami-m distribution is the best fit for data signals received in urban radio
multipath channels.

The Rice distribution is also a two-parameter distribution. It may be
expressed by the PDF given in Equation 2.1-141, where the parameters are s
and o”. Recall that s° is called the noncentrality parameter in the equivalent chi-
square dlstrlbutlon It represents the power in the nonfading signal components,
sometimes called specular components, of the received signal.

There are many radio channels in which fading is encountered that are
basically line-of-sight (LOS) communication links with multipath components
arising from secondary reflections, or signal paths, from surrounding terrain. In
such channels, the number of multipath components is small, and, hence, the
channel may be modeled in a somewhat simpler form. We cite two channel
models as examples.

As the first example, let us consider an airplane to ground communication
link in which there is the direct path and a single multipath component at a delay
fy relative to the direct path. The impulse response of such a channel may be
modeled as

o(t; 1) = ad(t) + B(1)d[T — 7o(2)] (14.1-25)

where « is the attenuation factor of the direct path and f(z) represents the time-
variant multipath signal component resulting from terrain reflections. Often, A(7)
can be characterized as a zero-mean Gaussian random process. The transfer
function for this channel model may be expressed as

Speir Technologies Ltd.
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C(f; 1) = a + B(n)e /¥ 0 (14.1-26)

This channel fits the Ricean fading model defined previously. The direct path
with attenuation « represents the specular component and S(¢) represents the
Rayleigh fading component.

A similar model has been found to hold for microwave LOS radio channels
used for long-distance voice and video transmission by telephone companies
throughout the world. For such channels, Rummler (1979) has developed a
three-path model based on channel measurements performed on typical LOS
links in the 6-GHz frequency band. The differential delay on the two multipath
components is relatively small, and, hence, the model developed by Rummler is
one that has a channel transfer function

C(f) = e[l — pe™V/ =] (14.1-27)

where a is the overall attenuation parameter, 8 is called a shape parameter which
is due to the multipath components, f; is the frequency of the fade minimum, and
1 is the relative time delay between the direct and the multipath components.
This simplified model was used to fit data derived from channel measurements.

Rummler found that the parameters & and 8 may be characterized as ran-
dom variables that, for practical purposes, are nearly statistically independent.
From the channel measurements, he found that the distribution of 8 has the form
(1 — B)*. The distribution of « is well modeled by the lognormal distribution,
ie., —loga is Gaussian. For B8 > 0.5, the mean of —20loga was found to be
25dB and the standard deviation was 5dB. For smaller values of g, the mean
decreases to 15dB. The delay parameter determined from the measurements was
7y = 6.3 ns. The magnitude-square response of C(f) is

IC()I? = o[ + B> — 2Bcos 2n(f — fo)To] (14.1-28)

|C(f)| is plotted in Figure 14.1-9 as a function of the frequency f —f; for
7y = 6.3ns. Note that the effect of the multipath component is to create a
deep attenuation at f = f; and at multiples of 1/7, ~ 159 MHz. By comparison,
the typical channel bandwidth is 30 MHz. This model was used by Lundgren and
Rummler (1979) to determine the error rate performance of digital radio systems.

003 a1 +8)

Channel

0.02 bandwidth

NI

0.01

FIGURE 14.1-9
- Magnitude frequency

=50 0 50 100 150 200 250
- Fo (MH?) response of LOS channel
model.
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Chapter Fourteen: Digital Communications Through Fading Multipath Channels 813

Propagation models for mobile radio channels. In the link budget calculations
that were described in Section 5.5.2, we had characterized the path loss of radlo
waves propagatmg through free space as being inversely proportional to d?,
where d is the distance between the transmitter and the receiver. However, in
a mobile radio channel, propagation is generally neither free space nor line of
sight. The mean path loss encountered in mobile radio channels may be char-
acterized as being inversely proportional to d”, where 2 < p < 4, with d* being a
worst-case model. Consequently, the path loss is usually much more severe
compared to that of free space.

There are a number of factors affecting the path loss in mobile radio com-
munications. Among these factors are base station antenna height. mobile
antenna height, operating frequency, atmospheric conditions, and presence or
absence of buildings and trees. Various mean path loss models have been devel-
oped that incorporate such factors. For example, a model for a large city in an
urban area is the Hata model, in which the mean path loss is expressed as

Loss in dB = 69.55 + 26.16log,, f — 13.821log,o h, — a(h,)

(14.1-29)
+(44.9 — 6.5510og; h,) logyo d

where f is the operating frequency in MHz (150 < /" < 1500), /, is the transmitter
antenna height in meters (30 < &, < 200), A, is the receiver antenna height in
meters (1 < /i, < 10), d is the distance between transmitter and receiver in km
(1 <d < 20), and

a(h,) = 3.2(log,o 11.75h,)* —4.97,  f >400MHz (14.1-30)

Another problem with mobile radio propagation is the effect of shadowing
of the signal due to large obstructions, such as large buildings, trees, and hilly
terrain between the transmitter and the receiver. Shadowing is usually modeled
as a multiplicative and, generally, slowly time varying random process. That is,
the received signal may be characterized mathematically as

(1) = Ag(1)s(1) (14.1-31)

where A4 represents the mean path loss, s(7) is the transmitted signal, and g(?) is a
random process that represents the shadowing effect. At any time instant, the
shadowing process is modeled statistically as lognormally distributed. The prob-
ability density function for the lognormal distribution is

1 e—(lng‘u):/lﬂz (g 20)

P(@) =\ V2rolg (14.1-32)
0 (g<0)
If we define a new random variable X as X = Ing, then
1 ks
PX) == 20 —00 < X < 00 (14.1-33)
2no?
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The random variable X represents the path loss measured in dB, u is the mean
path loss in dB, and o is the standard deviation of the path loss in dB. For typical
cellular and microcellular environments, o is in the range of 5-12dB.

i 14.2
THE EFFECT OF SIGNAL CHARACTERISTICS ON THE CHOICE OF
A CHANNEL MODEL

Having discusscd the statistical characterization of time-variant multipath chan-
nels generally in terms of the correlation functions describe in Section 14.1, we
now consider the effect of signal characteristics on the selection of a channel
model that is appropriate for the specified signal. Thus, let 5,(¢) be the equivalent
low-pass signal transmitted over the channel and let S;(f) denote its frequency
content. Then the equivalent low-pass received signal, exclusive of additive noise,
may be expressed cither in terms of the time-domain variables c(z; ) and s,(z) as

r(t) = J o(t; Hs(t — 1)dt (14.2-1)
or in terms of the frequency functions C(f; ) and S;(f) as
) = J CUf5 DS()e"" df (14.2-2)

Suppose we are transmitting digital information over the channel by mod-
ulating (either in amplitude, or in phase, or both) the basic pulse s,() at a rate
1/T, where T is the signaling interval. It is apparent from Equation 14.2-2 that
the time-variant channel characterized by the transfer function C(f; 1) distorts
the signal S)(f). If S;(f) has a bandwidth W greater than the coherence band-
width (Af), of the channel, S)(f) is subjected to different gains and phase shifts
across the band. In such a case, the channel is said to be frequency-selective.
Additional distortion is caused by the time variations in C(f; ). This type of
distortion is evidenced as a variation in the received signal strength, and has been
termed fading. It should be emphasized that the frequency selectivity and fading
are viewed as two different types of distortion. The former depends on the multi-
path spread or, equivalently, on the coherence bandwidth of the channel relative
to the transmitted signal bandwidth W. The latter depends on the time variations
of the channel, which are grossly characterized by the coherence time (A7), or,
equivalently, by the Doppler spread Bj.

The effect of the channel on the transmitted signal s,(¢) is a function of our
choice of signal bandwidth and signal duration. For example, if we select the
signaling interval 7 to satisfy the condition T > T,,. the channel introduces a
negligible amount of intersymbol interference. If the bandwidth of the signal
pulse s,(f) is W = 1/T, the condition T >» T,, implies that

W« Ti ~ (Af), (14.2-3)

n

Speir Technologies Ltd.
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Chapter Fourteen: Digital Communications Through Fading Multipath Channels 815

That is, the signal bandwidth I is much smaller than the coherence bandwidth
of the channel. Hence, the channel is frequency-nonselective. In other words, all
the frequency components in S;( /) undergo the same attenuation and phase shift
in transmission through the channel. But this implies that, within the bandwidth
occupied by S;(f), the time-variant transfer function C(f; 7) of the channel is a
complex-valued constant in the frequency variable. Since S;(f) has its frequency
content concentrated in the vicinity of /' =0, C(f; r) = C(0; r). Consequently,
Equation 14.2-2 reduces to

o0

) 2F y " )27t
ri(t) = C(0; 1) Lx Si(f)e df (14.2-4)

= C(0; 1)sy(1)

Thus, when the signal bandwidth W is much smaller than the coherence band-
width (Af), of the channel, the received signal is simply the transmitted signal
multiplied by a complex-valued random process C(0; 7), which represents the
time-variant characteristics of the channel. In this case, we say that the multipath
components in the received are not resolvable because W « (Af),.

The transfer function C(0; 7) for a frequency-nonselective channel may be
expressed in the form

C(0; 1) = a(r)e 7?1V (14.2-5)

where (1) represents the envelope and ¢(¢) represents the phase of the equivalent
low-pass channel. When C(0;7) is modeled as a zero-mean complex-valued
Gaussian random process, the envelope «(r) is Rayleigh-distributed for any
fixed value of 7 and ¢(¢) is uniformly distributed over the interval (—m, ). The
rapidity of the fading on the frequency-nonselective channel is determined either
from the correlation function ¢-(At7) or from the Doppler power spectrum
Sc(x). Alternatively, either of the channel parameters (At), or B, can be used
to characterize the rapidity of the fading.

For example, suppose it is possible to select the signal bandwidth W to
satisfy the condition W <« (Af), and the signaling interval 7 to satisfy the con-
dition 7 « (At),. Since T is smaller than the coherence time of the channel, the
channel attenuation and phase shift are essentially fixed for the duration of at
least one signaling interval. When this condition holds, we call the channel a
slowly fading channel. Furthermore, when W &~ 1/T, the conditions that the
channel be frequency-nonselective and slowly fading imply that the product of
T,, and B; must satisfy the condition 7,,B; < 1.

The product 7,,B, is called the spread factor of the channel. If 7,,B, < 1, the
channel is said to be underspread; otherwise, it is overspread. The multipath
spread, the Doppler spread, and the spread factor are listed in Table 14.2-1
for several channels. We observe from this table that several radio channels,
including the moon when used as a passive reflector, are underspread.
Consequently, it is possible to select the signal s,(7) such that these channels
are frequency-nonselective and slowly fading. The slow-fading condition implies
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% TABLE 14.2-1
Multipath spread, Doppler spread, and spread factor for several time-variant multipath

channels

Multipath duration, Doppler spread, Spread
Type of channel s Hz factor
Shortwave ionospheric propagation (HF) 1073107 10711 1074-1072
Tonospheric propagation under distributed 1074-107° 10-100 1072-1

auroral conditions (HF)

Ionospheric forward scatter (VHF) 10~ 10 1073
Tropospheric scatter (SHF) 10°° 10 107°
Orbital scatter (X band) 10°* 10° 107!
Moon at max. libration (f; = 0.4 kinc) 1072 10 107!

that the channel characteristics vary sufficiently slowly that they can be mea-
sured.

In Section 14.3. we shall determine the error rate performance for binary
signaling over a frequency-nonselective slowly fading channel. This channel
model is, by far, the simplest to analyze. More importantly, it yields insight
into the performance characteristics for digital signaling on a fading channel
and serves to suggest the type of signal waveforms that are effective in over-
coming the fading caused by the channel.

Since the multipath components in the reccived signal are not resolvable
when the signal bandwidth W is less than the coherence bandwidth (Af), of
the channel, the received signal appears to arrive at the receiver via a single
fading path. On the other hand, we may choose W > (Af),, so that the channel
becomes frequency-selective. We shall show later that, under this condition, the
multipath components in the received signal are resolvable with a resolution in
time delay of 1/W. Thus, we shall illustrate that the frequency-selective channel
can be modeled as a tapped delay line (transversal) filter with time-variant tap
coefficients. We shall then derive the performance of binary signaling over such a
frequency-selective channel model.

14.3
FREQUENCY-NONSELECTIVE, SLOWLY FADING CHANNEL

In this section, we derive the error rate performance of binary PSK and binary
FSK when these signals are transmitted over a frequency-nonselective, slowly
fading channel. As described in Section 14.2, the frequency-nonselective channel
results in multiplicative distortion of the transmitted signal s;(¢). Furthermore,
the condition that the channel fades slowly implies that the multiplicative process
may be regarded as a constant during at least one signaling interval.
Consequently. if the transmitted signal is s,(r). the received equivalent low-pass
signal in one signaling interval is
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ri(t) = ae s/ (1) + z(1), 0<t<T (14.3-1)

where z(7) represents the complex-valued white Gaussian noise process corrupt-
ing the signal.

Let us assume that the channel fading is sufficiently slow that the phase shift
¢ can be estimated from the received signal without error. In that case, we can
achieve ideal coherent detection of the received signal. Thus, the received signal
can be processed by passing it through a matched filter in the case of binary PSK
or through a pair of matched filters in the case of binary FSK. One method that
we can use to determine the performance of the binary communication systems is
to evaluate the decision variables and from these determine the probability of
error. However, we have already done this for a fixed (time-invariant) channel.
That is, for a fixed attenuation @, we know the probability of error for binary
PSK and binary FSK. From Equation 5.2-5, the expression for the error rate of
binary PSK as a function of the received SNR y, is

Py(yp) = Q(\/ﬂ) (14.3-2)

where y, = ozzé‘,, /Ny. The expression for the error rate of binary FSK, detected
coherently, is given by Equation 5.2-10 as

Py(vy) = O(V) (14.3-3)

We view Equation 14.3-2 and 14.3-3 as conditional error probabilities, where
the condition is that « is fixed. To obtain the error probabilities when « is
random, we must average P,(y,), given in Equations 14.3-2 and 14.3-3, over
the probability density function of y,. That is, we must evaluate the integral

B~ J PR (14.34)
0

where p(y,) is the probability density function of y, when « is random.

Rayleight fading. When « is Rayleigh-distributed, o® has a chi-square prob-
ability distribution with two degrees of freedom. Consequently, y, also is chi-
square-distributed. It is easily shown that

1 )
plyy)==e7" 3,20 (14.3-5)
Vb
where y, is the average signal-to-noise ratio, defined as
& 5
7 =~ E() (14.3-6)
No

The term E(a?) is simply the average value of o’

Now we can substitute Equation 14.3-5 into Equation 14.3—4 and carry out
the integration for P,(y,) as given by Equations 14.3-2 and 14.3-3. The result of
this integration for binary PSK is
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1 [ ¥
Py=—{1- 14.3-7
- 2 < 1+ }_/b) ( )

If we repeat the integration with P,(y,) given by Equation 14.3-3, we obtain the
probability of error for binary FSK, detected coherently, in the form

1 7
pPr==[1- 14.3—
2 2(1 2+,7b) (14.3-8)

In arriving at the error rate results in Equations 14.3-7 and 14.3-8, we have
assumed that the estimate of the channel phase shift, obtained in the presence of
slow fading, is noiseless. Such an ideal condition may not hold in practice. In
such a case, the expressions in Equations 14.3--7 and 14.3-8 should be viewed as
representing the best achievable performance in the presence of Rayleigh fading.
In Appendix C we consider the problem of estimating the phase in the presence
of noise and we evaluate the error rate performance of binary and multiphase
PSK.

On channels for which the fading is sufficiently rapid to preclude the estima-
tion of a stable phase reference by averaging the received signal phase over many
signaling intervals, DPSK, is an alternative signaling method. Since DPSK
requires phase stability over only two consecutive signaling intervals, this mod-
ulation technique is quite robust in the presence of signal fading. In deriving the
performance of binary DPSK for a fading channel, we begin again with the error
probability for a nonfading channel, which is

Py(yy) =5e (14.3-9)

This expression is substituted into the integral in Equation 14.3-4 along with p
(y») obtained from Equation 14.3-5. Evaluation of the resulting integral yields
the probability of error for binary DPSK, in the form
1
P: = ——‘ o~
2(1+7)
If we choose not to estimate the channel phase shift at all. but instead employ

a noncoherent (envelope or square-law) detector with binary, orthogonal FSK
signals, the error probability for a nonfading channel is

Py(yy) =Lte M/? (14.3-11)

(14.3-10)

When we average P,(y,) over the Rayleigh fading channel attenuation, the
resulting error probability is

Py = !
T 24y
The error probabilities in Equations 14.3-7, 14.3-8, 14.3-10, and 14.3-12 are

illustrated in Figure 14.3-1. In comparing the performance of the four binary
signaling systems, we focus our attention on the probabilities of etror for large

(14.3-12)
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: FIGURE 14.3-1
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SNR, i.e., 7 > 1. Under this condition, the error rates in Equations 14.3-7,
14.3-8, 14.3-10, and 14.3—12 simplify to

1/4y, for coherent PSK
P~ 1/2y, for coherent, orthogonal FSK
27 ) 1/29, for DPSK
1/9, for noncoherent, orthogonal FSK

(14.3-13)

From Equation 14.3-13, we observe that coherent PSK is 3 dB better than
DPSK and 6dB better than noncoherent FSK. More striking, however, is the
observtion that the error rates decrease only inversely with SNR. In contrast, the
decrease in error rate on a nonfading channel is exponential with SNR. This
means that, on a fading channel, the transmitter must transmit a large amount of
power in order to obtain a low probability of error. In many cases, a large
amount of power is not possible, technically and/or economically. An alternative
solution to the problem of obtaining acceptable performance on a fading channel
is the use of redundancy, which can be obtained by means of diversity tech-
niques, as discussed in Section 14.4.

Nakagami fading. 1f « is characterized statistically by the Nakagami-m dis-
tribution, the random variable y = &’&,/N, has the PDF (see Problem 14.15)
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mm 1 v
p(y) = O yrlem Y (14.3-14)

where y = E(az)S/NO.

The average probability of error for any of the modulation methods is simply
obtained by averaging the appropriate error probability for a nonfading channel
over the fading signal statistics.

As an example of the performance obtained with Nakagami-m fading sta-
tistics, Figure 14.3-2 illustrates the probability of error of binary PSK with m as
a parameter. We recall that m = 1 corresponds to Rayleigh fading. We observe
that the performance improves as m is increased above m = 1, which is indicative
of the fact that the fading is less severe. On the other hand, when m < 1, the
performance is worse than Rayleigh fading.

Other fading signal statistics. Following the procedure describe above, one
can determine the performance of the various modulation methods for other
types of fading signal statistics, such as the Rice distribution.

Error probability results for Rice-distributed fading statistics can be found in
the paper by Lindsey (1964), while for Nakagami-m fading statistics, the reader
may refer to the papers by Esposito (1967), Miyagaki et al. (1978), Charash
(1979), Al-Hussaini et al. (1985), and Beaulieu and Abu-Dayya (1991).

! FIGURE 14.3-2
Average error probability for two-phase
107! PSK with Nakagami fading.
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M 144
DIVERSITY TECHNIQUES FOR FADING MULTIPATH CHANNELS

Diversity techniques are based on the notion that errors occur in reception when
the channel attenuation is large, i.e., when the channel is in a deep fade. If we can
supply to the receiver several replicas of the same information signal transmitted
over independently fading channels, the probability that all the signal compo-
nents will fade simultaneously is reduced considerably. That is, if p is the prob-
ability that any one signal will fade below some critical value, then p* is the
probability that all L independently fading replicas of the same signal will fade
below the critical value. There are several ways in which we can provide the
receiver with L independently fading replicas of the same information-bearing
signal.

One method is to employ frequency diversity. That is, the same information-
bearing signal is transmitted on L carriers, where the separation between succes-
sive carriers equals or exceeds the coherence bandwidth (Af), of the channel.

A second method for achieving L independently fading versions of the same
information-bearing signal is to transmit the signal in L different time slots,
where the separation between successive time slots equals or exceeds the coher-
ence time (A7), of the channel. This method is called time diversity.

Note that the fading channel fits the model of a bursty error channel.
Furthermore, we may view the transmission of the same information either at
different frequencies or in difference time slots (or both) as a simple form of
repetition coding. The separation of the diversity transmissions in time by (A7),
or in frequency by (Af), is basically a form of block-interleaving the bits in the
repetition code in an attempt to break up the error bursts and, thus, to obtain
independent errors. Later in the chapter, we shall demonstrate that, in general,
repetition coding is wasteful of bandwidth when compared with nontrivial
coding.

Another commonly used method for achieving diversity employs multiple
antennas. For example, we may employ a single transmitting antenna and multi-
ple receiving antennas. The latter must be spaced sufficiently far apart that the
multipath components in the signal have significantly different propagation
delays at the antennas. Usually a separation of a few wavelengths is required
between two antennas in order to obtain signals that fade independently.

A more sophisticated method for obtaining diversity is based on the use of a
signal having a bandwidth much greater than the coherence bandwidth (Af), of
the channel. Such a signal with bandwidth W will resolve the multipath compo-
nents and, thus, provide the receiver with several independently fading signal
paths. The time resolution is 1/ . Consequently, with a multipath spread of 7,
seconds, there are 7,,W resolvable signal components. Since 7, =~ 1/(Af),. the
number of resolvable signal components may also be expressed as W/(Af),.
Thus, the use of a wideband signal may be viewed as just another method for
obtaining frequency diversity of order L ~ W /(Af),. The optimum receiver for
processing the wideband signal will be derived in Section 14.5. It is called a
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RAKE correlator or a RAKE matched filter and was invented by Price and Green
(1958).

There are other diversity techniques that have received some consideration in
practice, such as angle-of-arrival diversity and polarization diversity. However,
these have not been as widely used as those described above.

14.4.1 Binary Signals

We shall now determine the error rate performance for a binary digital commu-
nication system with diversity. We begin by describing the mathematical model
for the communication system with diversity. First of all, we assume that there
are L diversity channels, carrying the same information-bearing signal. Each
channel is assumed to be frequency-nonselective and slowly fading with
Rayleigh-distributed envelope statistics. The fading processes among the L diver-
sity channels are assumed to be mutually statistically independent. The signal in
each channel is corrupted by an additive zero-mean white Gaussian noise pro-
cess. The noise processes in the L channels are assumed to be mutually statisti-
cally independent, with identical autocorrelation functions. Thus, the equivalent
low-pass received signals for the L channels can be expressed in the form

(1) = age 7% s1,(0) + 2, (D), k=1,2,...,L, m=1,2 (14.4-1)

where {a,‘.e*j”"' } represent the attenuation factors and phase shifts for the L
channels, s;,(f) denotes the mth signal transmitted on the kth channel, and
z(¢) denotes the additive white Gaussian noise on the kth channel. All signals
in the set {s;,,(f)} have the same energy.

The optimum demodulator for the signal received from the kth channel
consists of two matched filters, one having the impulse response

by (1) = sp(T = 1) (14.4-2)
and the other having the impulse response
bro(t) = spo(T = 1) (14.4-3)

Of course, if binary PSK is the modulation method used to transmit the infor-
mation, then s;(f) = —sp(f). Consequently, only a single matched filter is
required for binary PSK. Following the matched filters is a combiner that
forms the two decision variables. The combiner that achieves the best perfor-
mance is one in which each matched filter output is multiplied by the correspond-
ing complex-valued (conjugate) channel gain ap@® . The effect of this
multiplication is to compensate for the phase shift in the channel and to weight
the signal by a factor that is proportional to the signal strength. Thus, a strong
signal carries a larger weight than a weak signal. After the complex-valued
weighting operation is performed, two sums are formed. One consists of the
real parts of the weighted outputs from the matched filters corresponding to a
transmitted 0. The second consists of the real part of the outputs from the
matched filters corresponding to a transmitted 1. This optimum combiner is
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