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1. My name is June Ann Munford. I am over the age of 18, have personal 

knowledge of the facts set forth herein, and am competent to testify to the 

same. 

 

2. I earned a Master of Library and Information Science (MLIS) from the 

University of Wisconsin-Milwaukee in 2009. I have over ten years of 

experience in the library/information science field. Beginning in 2004, I 

have served in various positions in the public library sector including 

Assistant Librarian, Youth Services Librarian and Library Director. I have 

attached my Curriculum Vitae as Appendix CV. 

 

3. During my career in the library profession, I have been responsible for 

materials acquisition for multiple libraries. In that position, I have cataloged, 

purchased and processed incoming library works. That includes purchasing 

materials directly from vendors, recording publishing data from the material 

in question, creating detailed material records for library catalogs and 

physically preparing that material for circulation. In addition to my 

experience in acquisitions, I was also responsible for analyzing large 

collections of library materials, tailoring library records for optimal catalog 
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search performance and creating lending agreements between libraries 

during my time as a Library Director.  

 
4. I am fully familiar with the catalog record creation process in the library 

sector. In preparing a material for public availability, a library catalog record 

describing that material would be created. These records are typically 

written in Machine Readable Catalog (herein referred to as “MARC”) code 

and contain information such as a physical description of the material, 

metadata from the material’s publisher, and date of library acquisition. In 

particular, the 008 field of the MARC record is reserved for denoting the 

date of creation of the library record itself. As this typically occurs during 

the process of preparing materials for public access, it is my experience that 

an item’s MARC record indicates the date of an item’s public availability. 

 
5. Typically, in creating a MARC record, a librarian would gather various bits 

of metadata such as book title, publisher and subject headings among others 

and assign each value to a relevant numerical field. For example, a book’s 

physical description is tracked in field 300 while title/attribution is tracked in 

field 245. The 008 field of the MARC record is reserved for denoting the 

creation of the library record itself. As this is the only date reflecting the 

inclusion of said materials within the library’s collection, it is my experience 
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that an item’s 008 field accurately indicates the date of an item’s public 

availability. 

 
6. I have reviewed Exhibit LGE1006, “Signal Shaping by Non-Uniform QAM 

for AWGN Channels and Applications Using Turbo Coding” by Dirk 

Sommer and Gerhard P. Fettweis as published in Proceedings of 

International ITG Conference on Source and Channel Coding, January 

2000, pp. 81-86.  A copy of this article can be obtained easily on the 

Internet.  For example, after searching for the article title and Professor 

Gerhard P. Fettweis’s name in Google, I was able to access the list of 

publications of Professor Gerhard P. Fettweis on the vodafone-chair.org 

website (https://www.vodafone-chair.org/publications - as shown in the 

webpage snapshot below).  As can be seen, item 1151 lists the same article, 

which was listed under the year 2000 section on the publications page.  

Upon clicking on the “Get PDF” link, I am directed to a web page (address 

https://www.vodafone-chair.org/pbls/legacy/d-

sommer/Signal_Shaping_by_Non-

Uniform_QAM_for_AWGN_Channels_and_Applications_Using_Turbo_Co

ding.pdf ) that produces an identical copy to the article in LGE1006.  I have 

included a copy of this article as Appendix SOMMER01.       
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Snapshot of webpage vodafone-chair.org/publications (with the year 2000 

selected); last visited November 26, 2022 
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Snapshot of article produced on the web page (https://www.vodafone-

chair.org/pbls/legacy/d-sommer/Signal_Shaping_by_Non-

Uniform_QAM_for_AWGN_Channels_and_Applications_Using_Turbo_Coding.p

df ) when the “Get PDF” link was selected in the page reproduced above; last 

visited November 26, 2022 

7. Attached hereto are APPENDICES SOMMER02-SOMMER06 which are 

copies of publications of technical conference proceedings and journals from 

2003-2007.  Each of the publications in APPENDICES SOMMER02-

SOMMER06 cite to the article in LGE1006.  The authors of these 

publications are located in different parts of the world including Beijing, 

China, Pasadena, CA, Newcastle Upon Tyne, United Kingdom, and Tel 

Aviv, Israel.  The variation in the authors, universities, dates, and locations 
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of these publications that all cite to the article in LGE1006 indicate to me 

that the article in LGE1006 was publically available at least as of 2003.   

 
8. In addition to the technical publications, I also located numerous patent 

documents, such as U.S. Patent No. 9,036,6941 invented by Zhou et al. in 

Beijing, China, U.S. Patent No. 10,003,4362 invented by Tosato et al. in 

Tokyo, Japan, and U.S. Patent No. 7,978,7773 invented by Barsoum et al. in 

Pasadena, CA, USA, each of which also cite to the article in LGE1006.  

Again, the variation in the inventors and their respective locations indicate to 

me that the article in LGE1006 was globally available to the public.    

 

 
1 U.S. Patent No. 9,036,694 is available at 

https://patentimages.storage.googleapis.com/bd/29/fa/08e5f9e430335a/US9036694

.pdf 

2 U.S. Patent No. 10,003,436 is available at 

https://patentimages.storage.googleapis.com/98/52/0b/da95f4f525a6a9/US1000343

6.pdf 

3 U.S. Patent No. 7,978,777 is available at 

https://patentimages.storage.googleapis.com/2b/d2/c0/efec1b56e7907f/US7978777

.pdf 
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9. I have reviewed Exhibit 1008, DVB - The Family of International Standards 

for Digital Video Broadcasting edited by Ulrich Reimers, 2nd Edition.  

 
10. Attached hereto as Appendix REIMERS01 is a true and correct copy of the 

MARC record for DVB - The Family of International Standards for Digital 

Video Broadcasting as held by the University of Pittsburgh library. I secured 

this record myself from the library’s public catalog. The MARC record 

contained within Appendix REIMERS01 accurately describes the title, 

author, publisher, and ISBN number of DVB - The Family of International 

Standards for Digital Video Broadcasting.  

 
11. Attached hereto as REIMERS02 are selections from DVB - The Family of 

International Standards for Digital Video Broadcasting as held by the 

University of Pittsburgh’s library. I secured these scans myself from the 

University of Pittsburgh library. In comparing Exhibit 1008 to Appendix 

REIMERS02, it is my determination that Exhibit 1008 is a true and correct 

copy of DVB - The Family of International Standards for Digital Video 

Broadcasting 2nd Edition.  
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12. The 008 field of the MARC record in Appendix REIMERS01 indicates the 

date of record creation. The 008 field of Appendix REIMERS01 indicates 

the University of Pittsburgh library first acquired this book as of July 3, 

2003. Considering this information, it is my determination that DVB - The 

Family of International Standards for Digital Video Broadcasting was made 

available to the public shortly after its initial acquisition in July 2003. 

 
13. I have reviewed Exhibit 1015, “Channel Coding with Multilevel/Phase 

Signals” by Gottfried Underboeck as published in IEEE Transactions on 

Information Theory, January 1982.  

 
14. Attached hereto as Appendix UNDERBOECK01 is a true and correct copy 

of the MARC record for IEEE Transactions on Information Theory as held 

by the Penn State University library. I secured this record myself from the 

library’s public catalog. The MARC record contained within Appendix 

UNDERBOECK01 accurately describes the title, author, publisher, and 

ISSN number of IEEE Transactions on Information Theory. The 

‘Availability’ field of this record visible on page 4 indicates this collection 

includes the January 1982 edition of IEEE Transactions on Information 

Theory containing “Channel Coding with Multilevel/Phase Signals”. In 

comparing Exhibit 1015 to Appendix UNDERBOECK01, it is my 
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determination that Exhibit 1015 is a true and correct copy of “Channel 

Coding with Multilevel/Phase Signals” by Gottfried Underboeck as 

published in IEEE Transactions on Information Theory January 1982.  

 
15. The 008 field of the MARC record in Appendix UNDERBOECK01 

indicates the date of record creation. The 008 field of Appendix 

UNDERBOECK01 indicates the Penn State library first acquired this journal 

as of May 14, 1982 and held the journal in perpetuity until 2006. 

Considering this information, it is my determination that IEEE Transactions 

on Information Theory January 1982 and therefore “Channel Coding with 

Multilevel/Phase Signals” was made available to the public shortly after its 

initial release in Winter 1982. 

 
16. I have reviewed Exhibit 1016, “Signal Constellation Design Tool: A Case 

Study in User Interface Synthesis” by Gabriel Robins as published in  

Proceedings of the 1989  International Conference on Computer Assisted 

Learning.  

 
17. Attached hereto as Appendix ROBINS01 is a true and correct copy of the 

MARC record for Proceedings of the 1989 International Conference on 

Computer Assisted Learning as held by the Penn State University library. I 
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secured this record myself from the library’s public catalog. The MARC 

record contained within Appendix ROBINS01 accurately describes the title, 

author, publisher, and ISBN number of Proceedings of the 1989 

International Conference on Computer Assisted Learning. In comparing 

Exhibit 1016 to Appendix ROBINS01, it is my determination that Exhibit 

1016 is a true and correct copy of “Signal Constellation Design Tool: A 

Case Study in User Interface Synthesis” as published in Proceedings of the 

1989 International Conference on Computer Assisted Learning by Gabriel 

Robins.  

 
18. The 008 field of the MARC record in Appendix ROBINS01 indicates the 

date of record creation. The 008 field of Appendix ROBINS01 indicates the 

Penn State University library first acquired these proceedings as of July 24, 

1989. Considering this information, it is my determination that Proceedings 

of the 1989 International Conference on Computer Assisted Learning and 

therefore “Signal Constellation Design Tool: A Case study in User Interface 

Synthesis” was made available to the public shortly after its initial 

acquisition in July 1989. 

 
19. I have reviewed Exhibit EX1021, Digital Communications by J. G. Proakis, 

4th Edition. 

11



11 
 
 
 

20. Attached hereto as Appendix PROAKIS01 is a true and correct copy of the 

MARC record for Digital Communications as held by the Penn State 

University library. I secured this record myself from the library’s public 

catalog. The MARC record contained within Appendix PROAKIS01 

accurately describes the title, author, publisher, and ISBN number of Digital 

Communications. 

 

21. Attached hereto as Appendix PROAKIS02 are selections from Digital 

Communications by J.G. Proakis, 4th Edition. I secured these scans myself 

from the Penn State University library’s collection. In comparing Exhibit 

EX1021 to Appendix PROAKIS02, it is my determination that Exhibit 

EX1021 is a true and correct copy of Digital Communications by J. G. 

Proakis, 4th Edition. 

 
22. The 008 field of the MARC record in Appendix PROAKIS01 indicates the 

date of record creation. The 008 field of Appendix PROAKIS01 indicates 

that the Penn State University library first acquired this book as of 

November 16, 2000. Considering this information, it is my determination 

that Digital Communications was made available to the public shortly after 

its initial acquisition in Winter 2000. 
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23. I have reviewed Exhibit LGE1014, “Turbo-coded APSK Modulations 

Design for Satellite Broadband Communications” by R. De Gaudenzi, A. 

Guillen I Fabregas and A. Martinez as published in International Journal of 

Satellite Communications and Networking, July/August 2006.  

 
24. Attached hereto as Appendix DEGAUDENZI01 is a true and correct copy of 

the MARC record for International Journal of Satellite Communications 

and Networking as held by the Penn State University library. I secured this 

record myself from the library’s public catalog. The MARC record 

contained within Appendix DEGAUDENZI01 accurately describes the title, 

author, publisher, and ISSN number of International Journal of Satellite 

Communications and Networking. The ‘Dates of Publication and/or 

Sequential Designation’ field of this record visible on page 2 indicates this 

collection includes the July/August 2006 edition of International Journal of 

Satellite Communications and Networking containing “Turbo-coded APSK 

Modulations Design for Satellite Broadband Communications” by R. De 

Gaudenzi, A. Guillen I Fabregas and A. Martinez.  

 
25. Attached hereto as Appendix DEGAUDENZI02 is a true and correct copy of 

“Turbo-coded APSK Modulations Design for Satellite Broadband 

Communications,” as published in International Journal of Satellite 
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Communications and Networking. I secured this PDF copy myself from 

Penn State University’s digital collection. In comparing Exhibit LGE1014 to 

Appendix DEGAUDENZI02, it is my determination that Exhibit LGE1014 

is a true and correct copy of “Turbo-coded APSK Modulations Design for 

Satellite Broadband Communications” by R. De Gaudenzi, A. Guillen I 

Fabregas and A. Martinez as published in International Journal of Satellite 

Communications and Networking July/August 2006.  

 
26. The 008 field of the MARC record in Appendix DEGAUDENZI01 indicates 

the date of record creation. The 008 field of Appendix DEGAUDENZI01 

indicates the Penn State University library first acquired this journal as of 

October 21, 2002 and holds the journal in perpetuity since that date. 

Considering this information, it is my determination that International 

Journal of Satellite Communications and Networking July/August 2006 and 

therefore “Turbo-coded APSK Modulations Design for Satellite Broadband 

Communications” was made available to the public shortly after its initial 

release in Summer 2006. 

 
27. I have been retained on behalf of the Petitioner to provide assistance in the 

above-illustrated matter in establishing the authenticity and public 

availability of the documents discussed in this declaration. I am being 
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compensated for my services in this matter at the rate of $100.00 per hour 

plus reasonable expenses.  My statements are objective, and my 

compensation does not depend on the outcome of this matter. 

28. I declare under penalty of perjury that the foregoing is true and correct. I 

hereby declare that all statements made herein of my own knowledge are 

true and that all statements made on information and belief are believed to 

be true; and further that these statements were made the knowledge that 

willful false statements and the like so made are punishable by fine or 

imprisonment, or both, under Section 1001 of Title 18 of the United States 

Code. 

 
 
Dated: 11/28/2022 
 
 
 
June Ann Munford 
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Signal Shaping by QAM for
AWGN Channels and Applications Using

Turbo Coding
Dirk Sommer and Gerhard P. Fettweis

Dresden University of Technology, Germany

Abstract: A non-uniform signal set constella-
tion is used in order to provide shaping gain. 
An approximately Gaussian distribution of the
transmitter output signal is achieved by using
equally likely signal points with unequal spac-
ing. In this way it is possible to obtain shaping
gain without any additional computational ef-
fort. The method is also applicable when bit in-
terleaved coded modulation in conjunctionwith
parallel decoding of the individual bit levels is
used.

- Channel capacity, entropy, 
quadrature amplitude modulation, error cor-
rection coding. 

I. INTRODUCTION

From information theory it is known that, in addi-
tion to coding gain, shaping gain can be obtained if the
amplitude of the transmitter output follows a Gaussian
distribution.

In most cases, a uniform constellation together 
with different probabilities for each signal point is used
to provide shaping gain. The idea has been investi-
gated in Other examples are trellis shaping
the use of prefix codes or similar, subdivision of
the signal constellation into variable-size regions 
Recently, shaping also has been used in conjunction
with multilevel decoding While
trellis shaping requires an additional Viterbi-algorithm
at the transmitter but maintains a fixed data rate, the
approaches in [3; are conceptually simpler but pos-
sibly impractical since the non-constant data rate may 
involve buffer over- or underrun. Also,

has to be carried out frequently in this case to
avoid catastrophic error propagation.

Non-uniform (NU) signal point constellations have
a long tradition, in order to create a signal set for
hierarchical (rate adaptive) transmission [6; , some-
times also called multiresolution modulation. An ap-
proach to use an asymmetric coded-modulation scheme
in order to optimize trellis coding has been presented
in

In this paper we make use of a non-uniform signal
point constellation in order to obtain shaping gain. 
Contrary to other approaches to signal shaping, each
signal point assumed to be chosen with the same

probability. Therefore we arrange the points in a way
that a Gaussian distribution of the output signal at
the transmitter results, using more points at the
lower power levels and less at higher.

It is shown that for higher order modulation schemes
using these constellations, shaping gains in the or-
der of 1 are possible. Furthermore, it is demon-
strated that the method provides similar gain when
bit-interleaved coded modulation (BICM), recently in-
troduced by Caire et. in conjunction with Gray 
labeling and simple parallel decoding of the different
bit levels is used. Finally, some examples using turbo
coding over the AWGN channel are given in order to
verify that the principle works when used with com-
mon coding schemes. 

In the following, all considerations regarding the
channel capacity are made with respect to amplitude
shift keying (ASK). This can of course simply be ex-
tended to by adding a second dimension.

The transmission model is depicted in Fig. 1. The
info bits are first coded and interleaved.
Then m interleaved coded bits are
mapped onto a symbol A of the signal space using
uniform or non-uniform ASK with Gray labeling. The
symbol passes a memoryless white Gaussian noise
channel, and y is received.

Figure 1. model

SHAPING PRINCIPLE

A . Signal set constellation 
In order to find a signal set with the desired prop-

erties, an empirical approach can be made as follows.
Each point of the signal constellation is assumed to be
chosen with the same probability, and we want the out-
put of the transmitter to give an approximately Gaus-
sian distribution. Therefore, using N-ASK, =
we split the Gaussian cumulative distribution function
(CDF) into N sections of equal probability, the or-
dinate of the CDF is partitioned into N equal parts.
Since each signal point shall represent exactly one of
the sections, each signal point (placed on the abscissa)
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will be chosen such that the corresponding probability
is exactly in the middle of a section. 

In other words, the points on the abscissa of the
Gaussian PDF = (to be approximated)
will be chosen such that

32-ASK

128-ASK
64-ASK

for Fig. illuminates the
procedure. Finally the are normalized by a factor
h , = , such that the average power of the trans-
mitted signal is one

2.3

3.8
3.1

Alternatively, it has been tried to find the points by
calculating the mean of each probability section, 

= where and are the
of the current section, but the results did not change
significantly.

Fig. illustrates how the Gaussian CDF is ap-
proximated. The corresponding PDF consists of
functions of height at locations Signal points
values for various ASK constellations are listed in the
Appendix.

B. Peak-to-average power rat io expansion

4-ASK

Table 1. PAPR expansion (NU-ASK vs. uniform ASK)

One of the drawbacks of the presented shaping prin-
ciple is the expansion of the peak-to-average power ra-
tio (PAPR) compared to uniform ASK. If for some
reason not the average but the maximum transmis-
sion power is limited it might be better to dispense
with that sort of signal shaping and exploit the higher
signal to noise ratio of a uniformly distributed signal
set instead, or to use other methods. Table 1 lists the
PAPR expansion for the different modulation schemes.
In all cases the PAPR expansion exceeds the shaping
gain (see so the kind of shaping presented
here is generally not useful when the power constraint
is only on the maximum power.

111. CAPACITY FOR GAUSSIAN NU-ASK

In the following, the capacity of the non-uniform
signal constellation is calculated under the assumption
of equal probability for each signal point. Two cases
are

U

(a) Signal points u , for 8-NU-ASK

U

(b) Approx. of the Gaussian CDF by 8-NU-ASK

Figure 2. Signal set constellation

A . Signal set capacity

First, the capacity of the signal set that can
ciply be reached at a certain SNR is calculated,
when all information contained in received signal y is
exploited. This could possibly be done using multi-
level-coding (MLC) multi-stage-decoding (MSD) as
proposed in or by BICM with additional feed-
back decoding (AFD) as presented in section IV (see 
also Fig. This capacity will be referred to as

(signal set capacity). Under the assumption of
equally likely source signals, can be calculated as 
follows

Y ) -

where the random variable X
represents the bits of the

constellation, I( ..) denotes the mutual
information between two random variables, and ..)
the entropy.
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B. Parallel decoding capacity
Second, each bit-level is considered separately,

the assumption is made that each bit level is decoded 
without prior knowledge of the decoding results of
some other bit levels. The corresponding decoding
scenario is depicted in Fig. From the received
signal y , a metric is calculated for each bit. Subse-
quent decoding is performed without the attempt to
improve that metric using the decoding results. Caire 
et. noticed that in this case the capacity strongly 
depends on the labeling scheme and conjectured that
Gray labeling maximizes the capacity. Therefore no
other labeling schemes will be considered in the sequel.
As remarked in this is equivalent to the capacity
when MLC is used with parallel independent decoding
of the different bit levels. Adopting the term of the
capacity will be referred to as (parallel decoding
of individual levels).

can be calculated as

Gain
4-ASK

32-NU-ASK vs. 32-ASK
6

5

1

0
-10 -5 0 5 10 15 20 25 30 35 40

SNR

0.07 0.01

1

which means that different from (3) one has to sum
up the mutual information between Y and the indi-
vidual bits while averaging the conditional entropy 

= over the possibilities = k , k
In the sequel, we use the term PD for BICM, too, in
order to distinguish from BICM with AFD, although
the bit levels are not really decoded in parallel.

C. Shaping ga in results
The shaping gain is usually defined as the reduction

in average power of the signal set at afixed data rate [2]
compared to a rectangular (hypercube) constellation. 
With the approach taken here this definition is not
applicable since there would be no shaping gain at all.
Consequently, we need a different definition and use
the term shaping ga in for the ga in in SNR of a

compared to a u n i f o r m ASK a t a certain capacity.
In order to determine the shaping gain, (3) and (4) 
have been evaluated for the constellations presented in 
section Fig. and Fig. give an example of
the capacity of the 32-NU-ASK constellation for
and respectively. As can be seen from Fig.

is very close to the optimum if less than 3 [bits
channel use] are transmitted. In both cases the highest
gain occurs at about 2.5 use], if a
code rate of R 0.5 is used. Evaluating other 
ASK constellations confirms that this generally seems 
to be the case. With turbo codes a powerful class of
codes operating at this rate exists that can exploit this
gain. However, contrary to common coded modulation
or multilevel'coding schemes, the number of bits of the

6

(a)Signal set capacity

32-NU-ASK vs. 32-ASK

5

-5 0 5 10 15 20 25 30 35 40

SNR

(b) Parallel decoding capacity 

Figure 3. Capacities for NU-ASK vs. ASK

signal set has to be doubled instead being expanded by
only 1bit, since there is no shaping gain at code rates
close to 1. This is a further drawback if the PAPR is
of some importance.

16-ASK 0.59 0.50
I

32-ASK 0.82 0.81

128-ASK 1.14 1.18 

Table 2. Shaping gain at R 0.5

Table 2 lists the capacity gains of and
at R = 0.5. the use of NU-ASK for shap-
ing offers advantages only for higher order modulation
schemes. However, it can provide shaping gains up to

1 independent of whether BICM with PD or a
scheme exploiting is used. 
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Bitwise
metric calc. 

(a) BICM with P D

Bitwise
Inter-
leaver

16-ASK (256-&AM)
32-ASK

I I 

11.94 12.53 
15.05 15.87 

(b) BICM with AFD

64-ASK (4096-QAM j 

Figure 4. Decoder structure

18.10 19.10
(ASK)

IV. APPLICATIONS USING TURBO CODES

Turbo codes, first introduced in are known as
a class of powerful codes that can approach the chan-
nel capacity relatively close. The BCJR-algorithm
used for turbo decoding requires = for the
branch metrics. When all signal points A are as-
sumed to be equally likely, = k ) can be simply
determined by summing up the transition probabili-
ties over all signal points with = k 1},
for each bit of the ASK symbol,

16-ASK (256-&AM)
32-ASK

where is the (one dimensional) noise variance, as-
sumed to be known at the receiver. If a-priori infor-
mation of the bits is provided, then =
can be calculated as

12.75 13.25 
15.96 16.77 

which means that additionally, the probability of the
current signal point is taken into account, not using
the input probability of the bit, for which the output 
soft value has to be determined. The expression in
eq. (6) is a variant of the method presented in
for GSM speech frame decoding, and has also recently
been used in for feedback demodulation of BICM.
Constant factors in (5) and (6) can be ne-
glected since they cancel out when likelihood ratios

= = 1) are computed for subse-
quent decoding.

In the following, the theoretical results have been 
tested using turbo codes over the AWGN channel. Two
cases have been considered. First, BICM with simple

subsequent turbo decoding was used, see Fig. In
this case, the maximum transmission rate is bounded

Second, the extrinsic soft values of the turbo decoder
for info and parity bits were fed back into the metric
calculator in order to serve as a-priori information ac-
cording to see Fig. (AFD, additional feedback
decoding). The corresponding capacity is The
soft values were calculated according to the method
presented in 

The interleaver length was 8000 bits (slightly
adapted to give a multiple of the actual constel-
lation size) for the turbo coding and twice that much
(one complete coded burst) between coding and modu-
lation. Both interleavers performed random permuta-
tion of the values. The turbo code was the one
presented in a 16-state code with polynomi-
als 21 and 37 (octal representation) and every second 
parity bit punctured. 

V. CODING RESULTS

Fig. and Fig. compare turbo coding results 
for the AWGN channel using different modulation or-
ders without and with AFD, respectively.

As can be seen, the difference between and
NU-&AM matches the shaping gain results of table 2
relatively close at independent of whether
AFD was used or not. Lower BER have not been con-
sidered since the typical turbo code error floor starts
already in that region. If additional feedback for the
metric calculation is provided, the results improve by
about 0.5 - 1 The necessary SNR for
ASK with (NU-ASK),
and respectively, are listed in table 3. The

Table 3. Capacity at R 0.5

SNR necessary to reach are in all cases
within 1- 2 from the capacity result. 

For all simulation, 12 iterations of inner turbo de-
coding have been used. With AFD, 5 outer iterations
have been made additionally resulting in a total of 60
iterations. This is impractical, however, the number
could be dramatically lowered, if some suitable crite-
rion on when to stop an inner (turbo code) iteration
was applied. Simulations show that for the first outer
iterations only a few inner iterations are necessary.
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024-14096-QAM.

f0.039934
f0.367358
f0.739052
f1.254465

1

1

50.120107 f0.200994 f0.283207
f0.453957 f0.544127 f0.638580
f0.847173 f1.099117
fl.446126 f 1.709493 f2.196958

SNR

(a) With PD (without AFD) 

1

1

25611

SNR

(b) With AFD

Compared to uniform ASK with R 0.5, shaping by
NU-ASK does not entail any additional computational 
effort. Only the lookup tables for signal transmission 
and metric calculation have to be replaced, so signal
shaping with gains up to about 1 has been demon-
strated without changing the structure.

VII. APPENDIX

Signal point constellations for NU-ASK

4-NU-ASK

f0.377525 41.362892

8-NU-ASK
f0.170563 f0.961643 f1.662971

16-NU-ASK
f0.081626 f0.418533
f0.807881 f1.050833 51.371404

64-NU-ASK
f0.059337 410.099030

f1.201035 f1.285369 f1.379905 f1.488176
f1.617051 f1.779256 f2.007313 f2.441711

Figure 5.
BICM

Comparison between NU-$AM and uniform QAM for
128-NU-ASK

f0.0295222 f0.0492204 f0.0689388

VI. CONCLUSIONS

A simple method to obtain shaping gain for higher 
order ASK modulation on AWGN channels was pre-
sented.

Using non-uniform ASK in conjunction with BICM,
shaping gains in the order of the theoretically pre-
dicted capacity gains can be achieved with a real cod-
ing system, independent of whether parallel decoding
(no AFD) or additional feedback decoding is used. Im-
provements due to AFD are within 0.5 - 1

Compared to other shaping methods, the achieved
gain is lower, and even for higher order modulation
scheme it does not seem approach the ultimate gain
of 1.53 Also, the fact that shaping gain is exhib-
ited only when the constellations are used with code
rates R = 0.5 might lead to a higher decoding effort
in comparison to higher rate coding schemes. Further-
more, the enlarged signal point constellation, entailing 
a considerably higher peak-to-average power ratio, can
be prohibitive in some applications.

The main Advantage is the simplicity of the method. 
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Constellation Shaping for Pragmatic Turbo-Coded
Modulation With High Spectral Efficiency

Dan Raphaeli, Senior Member, IEEE, and Assaf Gurevitz

Abstract—We propose a new turbo-encoding scheme for
high spectral efficiency with performance close to the Gaussian
channel capacity. The scheme combines nonuniform signaling on a
Gaussian channel with pragmatic turbo-coded modulation (TCM)
for simple and flexible implementation. A variable-rate turbo code
is followed by a Huffmann code mapping onto nonequiprobable
points in a quadrature amplitude modulation constellation. The
rate of the turbo code is matched to the Huffmann code by vari-
able puncturing, such that both the input bit rate and the output
symbol rate are constant. It is shown that the new scheme provides
shaping gains of 0.6 and 0.9 dB, at rates 2 and 3 b/dimension,
respectively, compared with the equiprobable pragmatic TCM,
and reach about 1 dB from the continuous input Gaussian channel
capacity.

Index Terms—high spectral efficiency modulation, signal
shaping, turbo codes.

I. INTRODUCTION

THE idea behind constellation shaping is that signals with
large norm are used less frequently than signals with small

norm, thus improving the overall gain by adding shaping gain to
their original coding gain [1]. The nonuniform signaling reduces
the entropy of the transmitter output, and hence, the average
bit rate. However, if points with small energy are chosen more
often than points with large one, energy savings may compen-
sate for this loss in bit rate. Theoretically, constellation points
would be selected according to a continuous Gaussian distribu-
tion at every dimension, and thus achieve the maximum shaping
gain. Practically, in finite constellations, a smaller gain can be
achieved.

For Gaussian channels, turbo-coded modulation (TCM)
techniques can be broadly classified into binary schemes and
turbo trellis-coded modulation (TTCM) [2]. The first group
can be further divided into “pragmatic” schemes with a single
component binary turbo code, and multilevel binary turbo
codes [3]. The pragmatic approach for a bandwidth-efficient
turbo-coding scheme has been presented in [4]. This approach

Paper approved by R. D. Wesel, the Editor for Coding and Communication
Theory of the IEEE Communications Society. Manuscript received March 11,
2002; revised November 3, 2002 and September 5, 2003. This paper was pre-
sented in part at the IEEE Conference on Communications, Anchorage, AK,
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is simple and versatile, and is much less complex to design and
to implement than TTCM. It uses only one turbo decoder, and
by modifying its puncturing function and modulation signal
constellation, it can obtain a large family of TCM schemes. It
is possible to include shaping in the framework of multilevel
codes [3]. The multilevel approach may be less attractive
than the pragmatic approach due to its increased complexity,
delay (from the multistage decoding), and sophisticated design
rules. The shaping that was applied to multilevel codes is
multidimensional trellis-shaping code, which is much more
complex than the method proposed here. The performance
obtained in the multilevel approach is similar (within 0.1 dB)
to our results. TTCM was shown to obtain the highest per-
formance in the coding of equiprobable quadrature amplitude
modulation (QAM). Fragouli and Wesel [5] have shown that
by careful code selection and interleaver design, it is possible
to reach a signal-to-noise ratio (SNR) of 0.5–0.6 dB from the
(constrained) capacity. Moreover, by combining nonuniform
constellations [6] with the symbol-interleaved encoder, they
achieved a shaping gain of approximately 0.2 dB [7].

Many authors suggested various forms of shaping within the
framework of TCM, like the trellis shaping of Forney [8]. An-
other approach to achieve shaping was already proposed in the
1960s by Gallager [9]. He showed that optimal coding for the
Gaussian channel can be made by grouping bits from a binary
code, where the larger group is assigned to the less probable
points in the constellation, and smaller to the more frequent.
Obviously, such a method leads to a variable-rate input to the
channel. A more detailed analysis of the method and close to
optimal variable-rate code was suggested in [10], which showed
that a close-to-optimal solution is the Huffmann prefix code.
The variable-rate scheme of [10] is simple to encode, but re-
quires variable-rate input, which results in system problems
such as buffering and resynchronization.

In this letter, we propose a practical method that uses this
idea while overcoming the variable-rate input disadvantage.
We combine the powerful but simple pragmatic turbo-code
principle with this shaping method and supply a practical
decoding scheme with good results. The matching is done
by dynamic puncturing of a low-rate turbo code to match the
symbol-dependent rate of the prefix code. For further improve-
ment, we also apply a feedback to the log-likelihood ratio
(LLR) calculation block, as suggested in [11]. We consider
one-dimensional (1-D) pulse-amplitude modulation (PAM)
constellations that are equivalent, on an additive white Gaussian

0090-6778/04$20.00 © 2004 IEEE
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noise (AWGN) channel, to square QAM constellations of twice
the symbol rate.

Our method can be applied to any binary turbo or turbo-like
code, including parallel concatenation, serial concatenation, and
low-density parity-check (LDPC) codes.

II. SIGNAL SHAPING IN A FINITE CONSTELLATION

It is well known that the maximum theoretical shaping gain,
or the maximum reduction in average transmit power for con-
stellations of rates bits dimension (dim) is given by

dB.
In practice, when using signal sets with finite transmis-

sion rates, this gain can never be achieved. Therefore, in
order to calculate the real gain that can be achieved when
using small signal sets, we turn to the calculation of the
capacity gain [3], which is the optimization of the mutual
information of the AWGN channel with discrete inputs.
Consider an AWGN channel having discrete inputs taking
on the values for , with probabilities

.
The capacity of the discrete input AWGN channel is given by

the maximum of the mutual information

(1)

The SNR is given by , where is the average
input signal power

(2)

and is the noise variance. Optimizing the mutual informa-
tion with respect to the input probabilities will give the
lowest required SNR when transmitting at various rates
bits/dim. We consider the maximum SNR reduction, compared
to the equiprobable transmission, as the desired capacity gain.
In [12], the authors proposed a numerical method that optimizes
the mutual information for a power-constrained finite constella-
tion. We found out that the Maxwell–Boltzmann (MB) distribu-
tion suggested by [10] provides a very good approximation to
the optimal solution, and is obtained by the distribution

(3)

where

(4)

is the distribution normalization factor. This distribution maxi-
mizes the entropy of a finite constellation under an energy
constraint [3], [10], but does not necessarily optimize the mu-
tual information. The parameter governs the tradeoff between

the average power of signal points and the entropy . For
, the uniform distribution arises, while increasing results

in more concentrated distributions close to the origin. By se-
lecting properly, the minimum average energy can be achieved
for a given transmission rate, and consequently, the minimum
SNR in the calculation of (1). The idea is best explained using
an example.

Example 1: Consider the transmission of
b/dim using a 16-PAM signal constellation. In this con-
stellation, the signal set consists of the 1-D signals

. We first as-
sume uniform distribution for each constellation point of

, which gives an average input signal power
. Applying (1) for a rate- b/dim, we get
, which gives an SNR . We now apply

the MB distribution (3) and (4) to the constellation. If we apply
a discrete Gaussian distribution (3) with an optimized value
of to the constellation points and use (1) again,
we get the average power and a minimum SNR

. Therefore, the capacity gain that we achieve here
is

dB (5)

Similarly, using the same procedure for rate- b/dim
with an optimal discrete distribution of the 16-PAM constella-
tion with , we achieve a capacity gain

dB (6)

The losses in (5) and (6), with respect to the gains achieved by
the ideal continuous AWGN channel at similar rates, are 0.001
and 0.106 dB, respectively.

III. COMBINING SHAPING AND THE PRAGMATIC BINARY TCM

A. Construction of a Binary Distribution

We apply the theoretical considerations of the previous sec-
tion to practical schemes. For practical reasons, the probabili-
ties of the constellation points from the MB distribution (3) are
rounded to the closest . The results for a 16-ary PAM con-
stellation is (the result holds for both b/symbol and

b/symbol)

(7)

If we use this probability mapping again in (1) for transmis-
sion rates and b/dim, we achieve gains of 0.682
and 0.948 dB, which are quite close to the capacity gains of
the MB distribution achieved in (5) and (6). Moreover, these
probabilities can easily be implemented by using a table that
maps equiprobable input words of six bits into nonequiprob-
able words of four bits having the probabilities specified in (7).
Table I shows a way to do it. The columns repre-
sent the input bits. The signal points in the first column show
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Fig. 1. Pragmatic binary TCM encoder.

TABLE I
SIGNAL MAPPER WITH BINARY PROBABILITIES OF TYPE � � � � �� �� �,

AND �, FOR A 16-PAM CONSTELLATION

how to map each input word into one of the 16 signals. The no-
tation in the table means that a certain input bit in that loca-
tion can take on the values zero or one. In this way, four words
are mapped, for example, to the signal point 9.0, and eight are
mapped to 1.0, and so on. Clearly, the probability of each input
word is , whereas probabilities of the output words become

, and . As requested, the output probabil-
ities are equal to the binary probabilities in (7).

It should be noticed that Table I actually performs prefix
code mapping onto the constellation. This can be seen by dis-
regarding the entries of each input word. What is left is a
variable-length Huffman prefix code.

B. Applying to TCM

We now apply the nonequiprobable distribution derived
above to TCM. In pragmatic binary TCM [4], a single binary
turbo code of rate is used as the component code. Its
encoder outputs are suitably multiplexed and punctured to
obtain parity bits and information bits, as shown in

Fig. 1. The encoded bits are mapped onto an -ary phase-shift
keying (PSK) or -QAM signal set. For simplicity, we used
an -PAM signal set, which is equivalent to an -QAM
having a spectral efficiency of b/s/Hz.

The signal mapper associates each word of encoded bits to
one of the -PAM channel symbols available in the modulator.
In an equiprobable signaling scheme, we map encoded bits
onto one of the symbols using Gray code. Otherwise,
in a nonequiprobable scheme, we apply a table (e.g., Table I) that
maps -bits equiprobable input words onto nonequiprobable

-PAM symbols.
It is clear that the mapping through the table onto the

nonequiprobable constellation is a form of an additional punc-
turing because of the ambiguity of some of the bits. On the
other hand, as long as we keep the systematic bits unpunctured,
the gain achieved by the nonequiprobable signaling scheme
more than compensates for this loss in code strength. Thus,
our scheme actually implements a variable-rate turbo code,
because the number of parity bits given to each information bit
varies as a function of the input combination.

The receiver, shown in Fig. 2, calculates the LLR calcula-
tion block for each encoded bit based on the received noisy
symbol. The stream of the bit-likelihood values is then bit dein-
terleaved, demultiplexed, and depunctured before passing to the
binary turbo decoder which is based on the maximum a pos-
teriori (MAP) algorithm, e.g., [13]. As suggested in [11], the
LLR calculation block is used in the turbo decoder iterations.
The extrinsic coded data shown in Fig. 2 are the new values of
the output turbo decoder MAP LLRs, for both systematic and
parity bits, in each turbo iteration. This data will be used by the
LLR calculation block as a priori input to the next iteration. To
illustrate this, consider the calculation of the LLR for each en-
coded bit

(8)
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Fig. 2. Pragmatic binary TCM decoder.

where is a symbol at the output of the mapping table, having
inputs or is the received symbol, and is the
noise variance. Each new turbo iteration will update the variable

and thus improve the stream of bit LLRs entering the
decoder for the next iteration.

IV. SIMULATION RESULTS

We used the standard rate-1/3 turbo-encoder, e.g., [14],
made up of two elementary encoders with memory size four
and the same generator polynomial 37-23 (octal number 23
represents feedback connections, and 37 represents feed-for-
ward connections). The generator polynomial was taken from
[15], which states the optimal encoders for various turbo-code
rates and memory sizes. Turbo decoding was performed in 18
iterations on blocks of 32 768, 16 384, and 8192 information
bits using pseudorandom interleaving. We applied two schemes
for spectral efficiencies of 2 and 3 b/dim. The first one used
a rate-1/3 turbo encoder and nonequiprobable signaling. This
scheme applied Table I for a mapping of six-bit input words
including two information bits onto 16-PAM symbols having
a binary distribution, as in (7). It was compared to a rate-2/3
turbo code using equiprobable signaling with three-bit 8-PAM
symbols, as in the standard pragmatic binary TCM technique
[4]. The second scheme used a rate-1/2 turbo encoder and a
similar nonequiprobable signaling technique, where this time,
three information bits were mapped onto six-bit input words. It
was compared with a rate-3/4 equiprobable 16-PAM pragmatic
binary TCM. The bit-error rate (BER) versus for the
two schemes are shown in Figs. 3 and 4. The capacity limits
for the 16-PAM constellation and the continuous-input AWGN
channel at both transmission rates are also reported.

The error-floor effect we have encountered occurred at
BERs below for the information block lengths we used.
We can notice that for rate-2.0 b/dim and ,
the nonequiprobable scheme produces gains of 0.59 dB

, 0.477 dB , and 0.57 dB
compared with the equiprobable one. The only

power-constrained, continuous-input channel-capacity limit of
the AWGN channel is dB. The performance of
our decoder at for the longest block length is
about 1.1 dB from this limit. At 3.0 b/dim, the nonequiprobable

Fig. 3. Performance comparison between two schemes of nonequiprobable
and equiprobable signaling at rate-2 b/dim using pragmatic binary TCM with
18 iterations and block lengths � � ������ � � �����, and � � ��	�

b. Channel capacity limit is 5.74 dB, equiprobable 16-PAM capacity limit is
6.6 dB.

Fig. 4. Performance comparison between two schemes of nonequiprobable
and equiprobable signaling at rate-3 b/dim using pragmatic binary TCM with
18 iterations and block lengths � � ������� � �����, and � � ��	�

b. Channel capacity limit is 10.2 dB, equiprobable 16-PAM capacity limit is
11.38 dB.
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scheme produces gains of 0.87 dB , 0.86 dB
, and 0.82 dB compared with the

equiprobable one for the same BER, the channel capacity limit
is dB, and we achieve for the
longest block length within 1.1 dB of this limit.

It may be interesting to compare our results with the recent
results of [7], where the authors used an 8-PAM TTCM scheme
and shaping using nonuniform constellations for rate-2 b/dim.
Using an input block size of 16 384 bits, they achieved

at SNR of dB, which is about 0.15 dB
higher than our results. By increasing the block length to

and the number of decoder iterations, our results are
better within 0.25 dB.

V. CONCLUSION

In this letter, we presented a new scheme for improving the
performance of pragmatic binary TCM by using nonequiprob-
able signaling. We described a nonequiprobable signaling tech-
nique that makes it possible to approach the maximum capacity
gain of a finite-constellation AWGN channel. Our nonuniform
signaling scheme is very easy to implement, and adds negli-
gible load on the turbo decoder. We showed for an example
of 6 b/QAM symbol, a gain of 0.9 dB relative to the equiprob-
able scheme performance, and transmission within 1.1 dB of the
Shannon limit. Note that the difference between the capacities
of the equiprobable and nonequiprobable schemes is 1.07 dB.
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Constellation Shaping for Bandwidth-Efficient
Turbo-Coded Modulation With Iterative Receiver

Stéphane Y. Le Goff, Boon Kien Khoo, Charalampos C. Tsimenidis, Member, IEEE,
and Bayan S. Sharif, Senior Member, IEEE

Abstract—This paper introduces a new technique for com-
bining constellation shaping and bit-interleaved turbo-coded
modulation (BITCM) over additive white Gaussian noise channel.
The proposed scheme consists of serial concatenation of a binary
turbo code, short-length binary shaping code, and mapping func-
tion using Gray labeling. The corresponding receiver is made up
of four blocks (demapper, shaping decoder, and two constituent
RSC decoders) exchanging extrinsic information in order to
optimize error performance. A BITCM scheme employing 16-
PAM constellation to achieve a rate of 3 bits/dim is considered
as an example. It is shown that, by careful selection of the shaping
code parameters, shaping gains almost equal to 0.8 dB can be
obtained at a little cost in terms of system complexity.

Index Terms—Constellation shaping, iterative receiver, shap-
ing code, turbo-coded modulation.

I. INTRODUCTION

CONSTELLATION shaping refers to techniques used in
bandwidth-efficient communication schemes to reduce

the average transmitted signal power (see, e.g., [1]-[8]). The
idea is to transmit constellation signal points with low energy
more frequently than those with high energy. The resulting
power saving, called shaping gain, is achieved while affecting
neither the data rate nor the error performance of the whole
system. For bandwidth-efficient communications over additive
white Gaussian noise (AWGN) channels, it is interesting to
investigate the combination of constellation shaping and turbo
coding [9], [10]. Some techniques have recently been proposed
to apply shaping principles to the design of turbo-coded
modulation by employing either a multi-level coding (MLC)
approach [11]-[13] or a bit-interleaved coded modulation
(BICM) approach [14]-[17].

In MLC, shaping and coding algorithms operate indepen-
dently of each other because the information bits that are
not channel-encoded can be used for shaping [3], [4]. It is
thus relatively easy to integrate coding and shaping within
a common MLC scheme. For practical applications, MLC is,
however, less attractive than BICM; indeed BICM schemes are
generally simpler to implement, more flexible, and have less
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decoding delay and simpler design rules than MLC systems.
Note that, in the context of this paper, the adjective flexible
refers to the ability of a system to accommodate different data
rates without requiring any change in the modulation and basic
channel coding functions. Despite its simplicity, BICM is, in
most cases, as power-efficient as MLC provided that near-
capacity channel codes, such as turbo codes, are employed
[18]. All these features have recently made BICM a very
popular approach for designing coded modulation schemes.

The error performance of BICM schemes could be further
improved by using constellation shaping. A major difference
between MLC and BICM is that, in BICM, all information
bits are channel-encoded, which means that coding and shap-
ing algorithms can no longer be separated. This makes the
integration of shaping and coding in the same system a more
challenging issue in BICM than in MLC.

Sommer and Fettweis were the first to apply constellation
shaping principles to BICM schemes using turbo coding,
hereafter referred to as bit-interleaved turbo-coded modulation
(BITCM) schemes [14]. Their idea consisted of employing
non-uniform pulse-amplitude modulation (PAM) constella-
tions for which signal points are transmitted with equal
probabilities but are placed on the one-dimensional (1-D) axis
according to a Gaussian distribution [19]. Recently, Raphaeli
and Gurevitz introduced a more sophisticated, and also more
power-efficient, method in which a variable-rate turbo code is
followed by a Huffman code mapping onto non-equiprobable
signal points of a PAM constellation. The turbo code rate is
matched to the Huffman code using time-varying puncturing
so that both data rate and transmitted signal rate remain
constant [15]-[17]. It was shown that, with such technique
applied to 16-PAM, shaping gains of approximately 0.6 and
0.9 dB can be achieved for data rates equal to 2 and 3 bits/dim,
respectively.

In this paper, we propose and investigate another method
for combining shaping and BITCM. Our approach, which is
radically different from those presented in [14]-[17], consists
of partitioning the basic constellation into several equal-sized
sub-constellations of increasing average energy. A shaping
code is then used to specify the sequence of sub-constellations
so that low-energy signals are transmitted more often than
high-energy signals [4]. The partitioning method preserves the
Gray mapping, and is therefore suitable for BITCM design,
provided that only one level of partition is considered, i.e.
the basic constellation is divided into two sub-constellations.
This relative compatibility between shaping and Gray mapping

1536-1276/07$25.00 c© 2007 IEEE
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constitutes a crucial point since it is well known that BICM
schemes using near-capacity channel codes, such as turbo
codes, perform optimally when Gray mapping is used to label
constellation signal points [18], [20]. It is worthwhile men-
tioning that, when using low-complexity convolutional codes
instead of turbo codes, there are other labeling techniques
that perform better than Gray mapping (see, e.g., [21]-[27]).
The application of such techniques to BICM with shaping is,
however, beyond the scope of this paper because our goal
is primarily to design very power-efficient coding schemes
whose complexity is not necessarily the critical issue.

Throughout this work, we assume an AWGN channel and
only consider the case of 2m-ary 1-D constellations, referred
to as 2m-PAM constellations. The results given in this paper
are therefore directly applicable to the design of BITCMs
based on square quadrature-amplitude modulation (QAM)
constellations since any square 22m-QAM modulation using
Gray mapping is actually made up of two independent 2m-
PAM modulations in quadrature.

The organization of this paper is as follows. In Section II,
the general structure of the proposed BITCM scheme is
presented. Particular attention is paid to the description of the
iterative decoding algorithm that involves several constituent
blocks at the receiver side. Then, we consider in Section III an
example for which we give various theoretical and computer
simulation results. In the same section, we also show that
it is possible to simplify tremendously the receiver structure
without any significant error performance degradation. Finally,
Section IV presents conclusions of this work.

II. STRUCTURE OF THE PROPOSED BITCM SYSTEM

In this section, we present the structure of the BITCM trans-
mitter and receiver proposed in this paper. Before proceeding
further, let us stipulate a convention: A notation in the form
V = (vi)I shall be used hereafter to denote a block/sequence
V composed of I scalar quantities vi, i ∈ {1, ..., I}, that can
be either bits or log-likelihood ratios (LLRs) associated to bits.

The block diagrams of the proposed BITCM transmitter and
receiver are shown in Fig. 1.

A. BITCM Transmitter Structure

A frame U = (up)Nf
composed of Nf information bits

up, p ∈ {1, ..., Nf}, is encoded by a rate-Rc binary turbo
encoder made up of two parallel-concatenated recursive and
systematic convolutional (RSC) codes separated by a random
interleaver [9], [10]. The coded sequence E is divided, using
a serial-to-parallel (S/P) converter, into m parallel sequences
which are then bit-interleaved separately in a random fashion
(πj , j ∈ {1, ..., m}). The bit stream available at the first
interleaver output (π1) is broken into L successive K-bit
blocks M = (mk)K . Each block M is fed into a block
shaping encoder (S-ENC) which generates a corresponding
N -bit codeword C = (cn)N , with N > K . The rate of this
encoder is thus Rs = K

N . The sequence of codewords at the
shaping encoder output, whose length is equal to LN bits, is
then randomly interleaved (πs). The S/P converter is designed
so that the length of the (m−1) sequences fed into interleavers
πj , j ∈ {2, ..., m}, is also equal to LN bits. This S/P converter
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Fig. 1. Structure of the proposed BITCM scheme.

is therefore not a standard one since the first sequence (to be
interleaved by π1) contains only LK coded bits, i.e. fewer
bits than the other (m − 1) sequences. Hereafter, we use the
notations X1 = (xi,1)LN and Xj = (xi,j)LN , j ∈ {2, ..., m},
to designate the binary sequences at the output of interleavers
πs and πj , respectively. Finally, a vector (xi,1, xi,2, ..., xi,m),
where xi,j denotes the i-th bit in sequence Xj , j ∈ {1, ..., m},
is mapped onto a signal point of a 2m-PAM constellation,
called S, according to Gray labeling.

The transmission of a frame of Nf = RcL[K + N(m −
1)] information bits is performed by emitting LN successive
signal points si, i ∈ {1, ..., LN}. The data rate R obtained
with such system is thus given by

R = Rc(Rs + m − 1) bits/dim, (1)

and is lower than the rate R′ = mRc bits/dim obtained with an
equivalent BITCM scheme without shaping code. Hence, the
use of a shaping encoder in our BITCM transmitter results in
a loss in data rate that must be compensated for by increasing
either the number of signal points in S or the code rate Rc.
In our BITCM system, the simplest way to keep the data rate
constant consists of increasing the rate Rc by changing the
puncturing pattern at the turbo encoder output.

The constellation S is partitioned into two sub-constellations
S0 and S1 so that S0 contains the 2m−1 signal points of lowest
energies, whereas S1 is composed of the 2m−1 signal points
of highest energies [4]. The Gray mapping is performed in
such a way that bits xi,1, which are originally generated by
the shaping encoder, are used to select one of these sub-
constellations. Assuming that xi,1 = 0 leads to the selection
of S0, the shaping encoder is designed so that Pr{xi,1 = 0} >
Pr{xi,1 = 1}, i.e. S0 is emitted more frequently than S1. Since
the average energy of signal points in S0 is lower than that in
S1, it results in some energy saving at the transmitter output
with respect to the case where S0 and S1 are used with equal
probabilities (no shaping). The resulting energy saving Es, in
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decibels (dB), can be evaluated using

Es = 10 log10

[
E0 + E1

2(P0E0 + [1 − P0]E1)

]
, (2)

where E0 and E1 are the average signal energies in sub-
constellations S0 and S1, respectively, and P0 designates the
average value of Pr{cn = 0} at the shaping encoder output:

P0 =
1
N

N∑
n=1

Pr{cn = 0}. (3)

The shaping gain, which represents the actual energy saving,
is obtained after the loss in data rate has been compensated
for.

B. BITCM Receiver Structure

In order to optimize the error performance of the receiver,
demapping, shaping decoding and channel decoding are per-
formed according to an iterative algorithm [28], [29]. This
receiver is made up of several soft-input soft-output (SISO)
modules, connected through interleavers/de-interleavers, that
exchange information in order to improve the reliability of
the LLRs flowing through them. A particular SISO module
processes LLR sequences, called a priori information, pro-
duced by the other modules in order to generate updated ver-
sions of those input sequences, called a posteriori information.
An extrinsic knowledge is then obtained by subtracting an a
priori LLR from the corresponding a posteriori LLR. This
extrinsic information is then passed as an a priori knowledge
to the other modules for further iterative decoding steps.

In our BITCM receiver, there are four iterative loops
operating in parallel and allowing for information exchange
between demapper and turbo decoder, demapper and shaping
decoder, turbo decoder and shaping decoder, and finally both
constituent decoders inside the turbo decoder. At first glance,
such structure may seem complicated, but we will see later
that it is possible to simplify it tremendously without any
significant error performance degradation.

In this sub-section, the operation and the role of the different
modules used in the BITCM receiver are explained. Note that,
hereafter, the notation Lβ

α(v), α ∈ {a, e}, β ∈ {d, s, t, t1, t2},
is used to denote the LLR of v, v being either a bit or a
block/sequence of bits.

1) The Demapper: For each transmitted frame of LN
signal points si, i ∈ {1, ..., LN}, the corresponding received
frame is composed of LN channel samples ri that can be
expressed as ri = si+ni, where ni is a Gaussian noise sample
with zero mean and variance σ2 = N0

2 , N0 being the one-sided
power spectral density of white Gaussian noise. The role of the
demapper is to compute, for each index i, the extrinsic LLRs
Ld

e(xi,j), j ∈ {1, ..., m}. To this end, it processes, at each
iteration, sample ri as well as m a priori LLRs Ld

a(xi,j), j ∈
{1, ..., m}, representing the extrinsic information generated by
both shaping and turbo decoders at the previous iteration. The
computation of LLRs Ld

e(xi,j) is performed using

Ld
e(xi,j) = ln

[
Pr{xi,j = 1, ri, L

d
a(xi,1), ..., Ld

a(xi,m)}
Pr{xi,j = 0, ri, Ld

a(xi,1), ..., Ld
a(xi,m)}

]

−Ld
a(xi,j). (4)

To further develop (4), let us assume that each LLR Ld
a(xi,j) is

a Gaussian sample with a mean equal to (2xi,j−1+Li,j) and a
certain variance δ2, where the parameter Li,j represents the a
priori knowledge regarding bit xi,j already available before
the first decoding iteration starts. The value of parameter
Li,j , i ∈ {1, ..., LN}, is computed using

Li,j = ln

[
1 − Pr{xi,j = 0}
Pr{xi,j = 0}

]
. (5)

In practice, the variance δ2 can be given any suitable empirical
value. Using Bayes′ rule and taking δ2 = 2, it can then be
shown that (4) is equivalent to

Ld
e(xi,j) = ln

⎡
⎢⎢⎢⎢⎣

∑
s∈S1

j

P{ri|s}Pr{Ld
a(xi,1→m, �=j)|s}Pr{s}

∑
s∈S0

j

P{ri|s}Pr{Ld
a(xi,1→m, �=j)|s}Pr{s}

⎤
⎥⎥⎥⎥⎦

−Li,j , (6)

where St
j denotes the subset of signals s ∈ S whose labels

have the value t ∈ {0, 1} in position j ∈ {1, ..., m}, and
Ld

a(xi,1→m, �=j) refers to the set composed of all a priori LLRs
except Ld

a(xi,j). The term P{ri|s} designates the transition
probability density function of the AWGN channel given by

P{ri|s} =
1√
πN0

exp

{
− (ri − s)2

N0

}
. (7)

In (6), the terms Pr{Ld
a(xi,1→m, �=j)|s}, s ∈ St

j , can be
computed using

Pr{Ld
a(xi,1→m, �=j)|s} =

(
1√
4π

)m−1

exp

{
−1

4

m∑
l=1, �=j

[Ld
a(xi,l) − (2sl − 1) − Li,l]2

}
,

(8)

where sl ∈ {0, 1} is the value of the label of signal s in
position l.

To find the expression of the extrinsic LLR Ld
e(xi,j),

we also need to determine in (6) the probability, Pr{s}, of
transmitting a particular signal s. It can easily be shown that
Pr{s} = Pr{xi,1=0}

2m−1 if s ∈ S0 and Pr{s} = 1−Pr{xi,1=0}
2m−1

if s ∈ S1. The average value of Pr{xi,1 = 0} over a
frame of LN transmitted signals si is equal to P0. The
LN probabilities Pr{xi,1 = 0} are obviously known by the
receiver. By combining (6), (7), and (8), and performing a few
simplifications, we obtain:

Ld
e(xi,j) = ln

⎡
⎢⎢⎢⎢⎢⎣

∑
s∈S1

j

exp

{
A

}

∑
s∈S0

j

exp

{
A

}

⎤
⎥⎥⎥⎥⎥⎦
− Li,j, (9)

where

A = − (ri − s)2

N0
+ s1Li,1 +

m∑
l=1, �=j

sl(Ld
a(xi,l) − Li,l). (10)
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In our system, the parameters Li,l, l ∈ {2, ..., m}, are actually
equal to zero. This is not the case for parameters Li,1 since
the bits xi,1 generated by the shaping encoder are more likely
to be equal to zero than one. The resulting simplification of
(9) yields

Ld
e(xi,j) = ln

⎡
⎢⎢⎢⎢⎢⎣

∑
s∈S1

j

exp

{
− (ri − s)2

N0
+

m∑
l=1, �=j

slL
d
a(xi,l)

}

∑
s∈S0

j

exp

{
− (ri − s)2

N0
+

m∑
l=1, �=j

slL
d
a(xi,l)

}

⎤
⎥⎥⎥⎥⎥⎦

.

(11)
It is worth mentioning that, in practice, the computational
complexity of the demapper can be reduced at a very neg-
ligible cost in terms of error performance by approximating
(11) with the following expression:

Ld
e(xi,j) = max

s∈S1
j

(
− (ri − s)2

N0
+

m∑
l=1, �=j

slL
d
a(xi,l)

)

−max
s∈S0

j

(
− (ri − s)2

N0
+

m∑
l=1, �=j

slL
d
a(xi,l)

)
.

(12)

Note that, at the first iteration, the initial values of a priori
LLRs are set as follows: Ld

a(xi,1) = Li,1 and Ld
a(xi,j) =

0, j ∈ {2, ..., m}.
2) The Shaping Decoder: For each frame of LN received

channel samples ri, the demapper produces m parallel se-
quences Ld

e(Xj) = (Ld
e(xi,j))LN , j ∈ {1, ..., m}. The first

sequence Ld
e(X1) is de-interleaved (π−1

s ) and broken into L
blocks Ls

a(C) = (Ls
a(cn))N . At each iteration, the task of the

SISO shaping decoder (S-DEC) is to produce both extrinsic
LLRs Ls

e(M) = (Ls
e(mk))K and Ls

e(C) = (Ls
e(cn))N . The

LLRs Ls
e(M) are to be processed by the turbo decoder at

the same iteration, whereas LLRs Ls
e(C) will be used by the

demapper at the next iteration. The shaping decoder is not only
fed with a priori LLRs Ls

a(C) produced by the demapper,
but also with a priori LLRs Ls

a(M) representing the extrinsic
information generated by the turbo decoder at the previous
iteration. Since shaping codes typically operate on very short-
length blocks, it is realistic to use the MAP algorithm for
the shaping decoding. Hence, in order to compute Ls

e(M),
the SISO shaping decoder evaluates, for k ∈ {1, ..., K}, the
expression

Ls
e(mk) = ln

[
Pr{mk = 1, Ls

a(M), Ls
a(C)}

Pr{mk = 0, Ls
a(M), Ls

a(C)}
]
− Ls

a(mk),

(13)
which is equivalent to

Ls
e(mk) = ln

⎡
⎢⎢⎢⎢⎣

∑
M∈Ω1

k

Pr{Ls
a(C), Ls

a(m1→K, �=k)|M}

∑
M∈Ω0

k

Pr{Ls
a(C), Ls

a(m1→K, �=k)|M}

⎤
⎥⎥⎥⎥⎦ ,

(14)
where Ωt

k, t ∈ {0, 1}, denotes the set of all
blocks M for which mk = t

(|Ω0
k| = |Ω1

k|
)
, and

Pr{Ls
a(C), Ls

a(m1→K, �=k)|M} designates the probability

of receiving all input LLRs except Ls
a(mk) given the

transmission of a particular block M .
Using an approach similar to that employed to obtain (11),

one can show that extrinsic LLRs Ls
e(mk), k ∈ {1, ..., K}, are

given by

Ls
e(mk) = ln

⎡
⎢⎢⎢⎣

∑
M∈Ω1

k

exp {B}
∑

M∈Ω0
k

exp {B}

⎤
⎥⎥⎥⎦ , (15)

where

B =
K∑

l=1, �=k

tlL
s
a(ml) +

N∑
n=1

tn (Ls
a(cn) − Ln), (16)

tl ∈ {0, 1} is the value of the l-th bit in the block M
under consideration, and tn ∈ {0, 1} is the value of the
n-th bit in the codeword C associated to this particular
block. Parameters Ln, n ∈ {1, ..., N}, represent the a priori
knowledge regarding bits cn available before the first decoding
iteration starts, and are computed using

Ln = ln

[
1 − Pr{cn = 0}
Pr{cn = 0}

]
. (17)

In a similar fashion, it can be shown that the expressions of
extrinsic LLRs Ls

e(cn), n ∈ {1, ..., N}, are given by

Ls
e(cn) = ln

⎡
⎢⎢⎢⎣

∑
C∈Δ1

n

exp {D}
∑

C∈Δ0
n

exp {D}

⎤
⎥⎥⎥⎦ , (18)

where

D =
K∑

k=1

tkLs
a(mk) +

N∑
l=1, �=n

tl (Ls
a(cl) − Ll), (19)

and Δt
n, t ∈ {0, 1}, designates the set of all codewords C for

which cn = t. In this expression, tl ∈ {0, 1} is the value of the
l-th bit in the codeword C under consideration, and tk ∈ {0, 1}
is the value of the k-th bit in the block M associated to this
codeword. It is worthwhile mentioning that |Δ0

n| > |Δ1
n| since

there are more zeros than ones in codewords generated by the
shaping encoder.

Expressions (15) and (18) indicate that the computational
complexity of the MAP decoding algorithm can become pro-
hibitive for high values of K and N . In particular, the number
of additions required for the evaluation of these expressions
increases exponentially with K since |Ω0

k| + |Ω1
k| = |Δ0

n| +
|Δ1

n| = 2K . However, for small values of parameters K and
N , the implementation of (15) and (18) remains of reasonable
complexity. This is a crucial point since it is, fortunately,
possible to obtain significant shaping gains when using codes
with small values of K and N . To illustrate this statement,
let us consider an example. Fig. 2 shows the variation of the
energy saving, Es, as a function of the codeword length N ,
achieved when a rate-1/2 shaping code is combined to 16-
PAM constellation according to the configuration considered
in this paper. A computer program was written to generate
automatically the shaping code for any rate Rs and codeword
length N so that the average probability P0, i.e. the energy
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Fig. 2. Energy saving Es as a function of the codeword length N , for a
16-PAM constellation combined to a rate- 1

2
shaping code according to the

configuration considered in this paper (one level of partition).

saving Es, is maximized. Note that the energy saving plotted
in Fig. 2 is achieved while decreasing the constellation entropy
from 4 bits/dim to 3.5 bits/dim.

The results in Fig. 2 show that the value of the energy saving
“saturates” as N increases. This indicates that, in practice,
there is not much to be gained by increasing the codeword
length N beyond a certain value. For instance, the energy sav-
ing achieved by using the moderate-complexity (N = 14, K =
7) code is 3.30 dB (corresponding to P0 ≈ 0.854), which
is only 0.18 dB less than that obtained with the much more
complex (N = 32, K = 16) code (P0 ≈ 0.866), and 0.30
dB less than that of the unpractical (N = 60, K = 30) code
(P0 ≈ 0.874). Note that the number of possible codewords for
these three rate-1/2 shaping codes is 27 = 128 for N = 14,
216 = 65536 for N = 32, and 230 ≈ 109 for N = 60. From
Fig. 2, it can be concluded that, if any significant shaping
gain is to be achieved, it will be without having to employ
complex shaping codes, which is an encouraging result as far
as the system complexity is concerned. Finally, note that the
small irregularities in the curve plotted in Fig. 2 mean that
a slight increase in the codeword length N does not always
result in a higher energy saving. In other words, for a given
rate Rs, some shaping codes clearly achieve a better “energy
saving-complexity” trade-off than others.

3) The Turbo Decoder: The sequences Ld
e(Xj) =

(Ld
e(xi,j))LN , j ∈ {2, ..., m}, as well as that composed of

L blocks Ls
e(M) are de-interleaved separately (π−1

j , j ∈
{1, ..., m}), and then combined together through the P/S
converter to form a single LLR stream Lt

a(E) used as an a
priori information by the turbo decoder. The latter is made up
of two SISO constituent decoders separated by an interleaving
pair π/π−1 corresponding to the interleaving embedded in the
turbo encoder [9], [10], [28], [29]. The core of this decoder
is depicted in Fig. 3.

The SISO constituent decoder DEC-x, x ∈ {1, 2}, processes
the part of stream Lt

a(E) that is relevant to it, denoted as
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Ltx
a (E) in Fig. 3, as well as some a priori information Ltx

a (U),
regarding the sequence U of information bits, which was
produced by the other constituent decoder at the previous
iteration. Based on both sequences, decoder DEC-x generates
two extrinsic sequences Ltx

e (E) and Ltx
e (U) to be used at

next iteration by the demapper-shaping decoder pair and the
other constituent decoder, respectively. The reader is referred
to [30], [31] for more details regarding the algorithm used
to produce LLR sequences Ltx

e (E) and Ltx
e (U). Finally,

the turbo decoder generates the extrinsic sequence Lt
e(E)

representing the added value of this decoder to the a priori
sequence Lt

a(E).
After S/P conversion of this LLR stream and interleaving of

the m parallel sequences thus generated (πj , j ∈ {1, ..., m}),
we obtain the sequences Ld

a(Xj), j ∈ {2, ..., m}, and that
composed of L blocks Ls

a(M) to be used as a priori infor-
mation at the next iteration by the demapper and the shaping
decoder, respectively.

As a summary, Fig. 4 shows the structure of a BITCM
receiver module that implements, in practice, a single decoding
iteration. Each module processes (m+3) sequences of a priori
LLRs, all of them generated by the previous module, in order
to produce the corresponding streams of extrinsic LLRs that
will be used by the next module.

III. PERFORMANCE OF THE PROPOSED BITCM SYSTEM

The error performance of our BITCM system is investigated
in this section. To this end, we consider the example of a
3-bit/dim 16-PAM BITCM scheme for which the achievable
shaping gains are evaluated and computer simulation results
are given. It is also shown that it is possible to simplify
the receiver structure without significant error performance
degradation.
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A. Achievable Shaping Gains

Let s ∈ S and r denote respectively the transmitted signal
and the corresponding received signal. Information theory tells
us that the mutual information I of the discrete-input Gaussian
channel, expressed in bits/dim, is given by [15]-[17]

I =
∑
s∈S

∫ +∞

−∞
Pr{s}P (r|s)log2

⎡
⎢⎢⎣ P (r|s)∑

s∈S

P (r|s)Pr{s}

⎤
⎥⎥⎦ dr,

(20)
where P (r|s) denotes the transition probability density func-
tion of the AWGN channel. It can be seen from (20) that the
mutual information depends both on the terms P (r|s), i.e. the
signal-to-noise ratio, and also on the probabilities Pr{s} of
transmitting the different signals s ∈ S. Consider a particular
value I of the mutual information. When all probabilities
Pr{s} are equal, this mutual information value is obtained
for a certain SNR, called γ0, which represents the channel
capacity limit of the system in the absence of constellation
shaping. If we apply a shaping algorithm that makes the
probabilities Pr{s} unequal, it is possible to achieve the same
mutual information I with a SNR value, denoted as γ1, which
is smaller than γ0. When γ1 and γ0 are both expressed in
dB, the potential shaping gain that can be obtained with the
shaping algorithm is simply equal to (γ0− γ1) dB. Therefore,
the concept of mutual information allows us to determine
the shaping gains achievable with the method proposed in
this paper. Based on (20), it could be shown that the mutual
information for the system described in this paper can be
expressed as

I = Es,r

⎡
⎢⎢⎢⎢⎣log2

⎛
⎜⎜⎜⎜⎝

2m−1exp

{
− 3γs(r − s)2

4m−1(7 − 6P0) − 1

}

∑
x∈S

p(x)exp
{
− 3γs(r − x)2

4m−1(7 − 6P0) − 1

}

⎞
⎟⎟⎟⎟⎠

⎤
⎥⎥⎥⎥⎦ ,

(21)
where Es,r [.] denotes expectation of "." with respect to s and
r, γs is the average signal-to-noise ratio (SNR) per transmitted
signal, and the term p(x) is equal to P0 for x ∈ S0 and equal
to (1 − P0) for x ∈ S1.

Numerical integration of (21) via the Monte Carlo method
allows us to determine the achievable shaping gain for any
desired mutual information I and any values of parameters m
and P0. Fig. 5 shows the variation of the shaping gain as a
function of P0, when I = 3 bits/dim and m = 4 (16-PAM). It is
seen that the method described in this paper can offer shaping
gains larger than 0.7 dB provided that the shaping code is
designed so that P0 ranges from 0.69 to 0.85. The maximal
value of the shaping gain is equal to 0.80 dB, and is obtained
when P0 ≈ 0.78. Such value is 0.14 dB less than that obtained
with the method introduced by Raphaeli and Gurevitz which is
based on a partitioning of 16-PAM into four sub-constellations
[15]-[17].

B. Choice of Coding Rates Rc and Rs

To guarantee the best error performance at the receiver out-
put, it is important to select carefully the values of parameters
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Fig. 5. Variation of the achievable shaping gain as a function of P0 for the
proposed system, when I = 3 bits/dim and m = 4 (16-PAM).

TABLE I

SEVERAL POSSIBLE CONFIGURATIONS FOR DESIGNING A 3-BIT/DIM

16-PAM BITCM SCHEME

Rc Rs K N P0 Es (dB)

4/5 3/4
3 4 0.687 1.44
6 8 0.717 1.72

5/6 3/5 3 5 0.775 2.32
6 10 0.806 2.69

6/7 1/2

1 2 0.750 2.05
2 4 0.812 2.76
3 6 0.833 3.03
4 8 0.828 2.96
5 10 0.837 3.08
6 12 0.851 3.27
7 14 0.854 3.30
8 16 0.850 3.26

7/8 3/7 3 7 0.875 3.61
6 14 0.875 3.61

Rs and Rc. We indicate in Table 1 a number of configurations
that are of particular interest for the practical design of our
3-bit/dim 16-PAM BITCM scheme since they correspond to
turbo code rates Rc in the form Rc = n

n+1 , n being an integer.
For complexity reasons, only shaping codes with a number of
codewords smaller than or equal to 28 = 256 (K ≤ 8) are
considered.

The results in Table 1 indicate that all listed configurations
for which Rc = 4

5 , 5
6 , and 6

7 are potentially suitable since
they are associated with values of P0 that fall within the
appropriate range previously determined by the theoretical
analysis (0.69 < P0 < 0.85). On the other hand, the case
Rc = 7

8 and Rs = 3
7 corresponds to values of P0 which are

outside this range, and should therefore not be considered any
further. Obviously, this would also be the case for any other
configuration with Rc > 7

8 and Rs < 3
7 . This simple analysis

shows that a good design strategy consists of finding the right
balance between the rates of both codes so that the total
available amount of redundancy (1 bit/dim in our example) is
properly shared between shaping coding and channel coding.
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Once suitable configurations have been identified, we can
select the values of K and N that produce the highest energy
saving Es for each configuration. Note that, for a given value
of Rs, increasing K (or N ) does not necessarily result in a
larger energy saving (as indicated in Fig. 2). For instance, for
the case Rs = 1

2 , the (N = 12, K = 6) code provides the same
energy saving as the (N = 16, K = 8) code despite being four
times simpler to implement (four times lesser codewords).

C. Simulation Results

We simulated the error performance of several 3-bit/dim
16-PAM BITCMs made up of five different shaping codes
identified to be potentially the most attractive ones according
to the results given in Table 1. The (N = 6, K = 3) code was
also considered despite providing a smaller energy saving than
the (N = 12, K = 6) and (N = 14, K = 7) codes because it
is interesting to assess the shaping gain that can be achieved
using a very low complexity shaping code.

The rate- 4
5 , -

5
6 , and - 6

7 turbo codes are obtained by punctur-
ing a rate-1/3 turbo code built from two parallel-concatenated
16-state RSC codes with polynomials (23, 31). To ensure
optimal error performance, only parity bits are punctured. We
adopted the puncturing patterns proposed in [32]. The size
of the pseudo-random interleaver separating both RSC codes,
i.e. the length Nf of a frame of information bits, can be
either large (Nf = 10000 bits) or small (Nf = 2000 bits).
After transmission of a frame of Nf information bits, the
trellis of the first RSC encoder is reset to the all-zero state.
Turbo decoding is performed in 10 iterations, and the log-
MAP algorithm is used for the decoding of each RSC code.
In all cases, Gray mapping is such that maximum protection
is offered to parity bits. Figs. 6 and 7 show graphs of BER
versus Eb

N0
for several 3-bit/dim 16-PAM BITCM schemes, for

large and small frames, respectively. The BER curves obtained
without shaping are also displayed for comparison purposes.

From Figs. 6 and 7, it is seen that the shaping technique
described in this paper allows for significant error performance
improvement for both frame sizes. For instance, at a BER of
10−5, we achieve, with the (N = 14, K = 7) code, shaping
gains equal to 0.72 dB and 0.78 dB, for Nf = 10000 and
2000 bits, respectively. These simulation results indicate that
the best shaping code is the (N = 14, K = 7) code, closely
followed by the (N = 12, K = 6) and (N = 10, K = 6)
codes. As expected, smaller, but still significant, shaping gains
of 0.42 and 0.50 dB are achieved when using the very low-
complexity (N = 6, K = 3) code, for Nf = 10000 and 2000
bits, respectively.

D. Simplification of Receiver Structure

The receiver structure depicted in Figs. 1 and 4 may
seem complicated due to the four iterative loops operating
in parallel. It is therefore desirable to simplify such structure.
Hereafter, we propose to show that, in most practical cases, it
is possible to remove the demapper from the iterative decoding
loop without degrading the overall error performance. This
obviously results in a tremendous simplification of the receiver
structure since two iterative loops are then eliminated.
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Fig. 6. BER performance comparison over AWGN channel between several
3-bit/dim 16-PAM BITCM schemes operating on large frames (Nf = 10000
bits). Turbo decoding is performed in 10 iterations. The results are given
for five different shaping codes. For comparison purposes, the BER curve
obtained with the equivalent BITCM system without shaping is also plotted.

In the existing literature about convolutional-coded BICM,
it has been widely reported that iterative demapping is not
beneficial when Gray mapping is employed (see, e.g., [21],
[25]). On the other hand, some studies have reached opposite
conclusions since they have indicated that iterative demapping
with Gray mapping can actually bring some substantial per-
formance improvement [14], [28], [29]. It is thus necessary to
further clarify this point.

To this end, let us focus on a particular extrinsic LLR
Ld

e(xi,j) generated by the demapper, and assume that, in
addition to the channel sample ri, some a priori information
Ld

a(xi,1→m, �=j) regarding the values of bits xi,l, l ∈ {1, ..., j−
1, j + 1, ..., m} is made available to this demapper. It is
well known that the demapper produces an erroneous LLR
Ld

e(xi,j), i.e. an LLR Ld
e(xi,j) that would generate a bit error

after hard decision, when the detected signal sd
i is different

from the transmitted signal st
i and the j-th bits in the labels

of sd
i and st

i are different.
Consider first the case where sd

i and st
i are nearest neighbor

signal points. With Gray mapping, the labels of two nearest
neighbor signal points can differ by only one bit. This implies
that the (m−1) bits in positions l, l ∈ {1, ..., j−1, j+1, ..., m},
in the labels of sd

i and st
i are identical. Therefore, any a priori

knowledge regarding the values of bits xi,l, l ∈ {1, ..., j −
1, j + 1, ..., m} cannot help the demapper in producing a
more reliable LLR Ld

e(xi,j). In such case, iterative demapping
does not improve the error performance of the whole BITCM
system.

The situation is different when sd
i and st

i are not nearest
neighbor signal points. In this case, the (m−1) bits in positions
l, l ∈ {1, ..., j−1, j+1, ..., m}, in the labels of these particular
signal points are not all identical. As a result, some a priori
knowledge Ld

a(xi,1→m, �=j) generally allows the demapper to
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Fig. 7. BER performance comparison over AWGN channel between several
3-bit/dim 16-PAM BITCM schemes operating on small frames (Nf = 2000
bits). Turbo decoding is performed in 10 iterations. The results are given
for five different shaping codes. For comparison purposes, the BER curve
obtained with the equivalent BITCM system without shaping is also plotted.

perform a better distinction between both signal points, and
thus generate a more reliable estimate Ld

e(xi,j).
We conclude that, when Gray mapping is employed, it-

erative demapping does improve performance only if there
is a significant percentage of error events that are due to
some confusion between non-nearest neighbor signal points.
On AWGN channels, these error events only occur at low
SNR. To illustrate this statement, we evaluated via computer
simulations the percentage, Nerror, of such error events as
a function of the SNR Eb

N0
, for four different uncoded 2m-

PAM constellations. The results, plotted in Fig. 8, confirm
that the probability that transmitted and detected signals are
not nearest neighbors is significant only at low SNR values.
Hence, iterative demapping can only be beneficial for BITCM
systems operating at these low SNR values. By exploiting the
results given in Fig. 8, we found that, as a rule of thumb,
the error performance of a 2m-PAM BITCM scheme can be
improved by iterative demapping as long as the data rate R
is less than or equal to (m − 2) bits/dim. On the other hand,
if the desired rate is R = (m − 1) bits/dim, then iterative
demapping is not beneficial.

As an example, Fig. 9 displays the BER curves obtained
with two 16-PAM BITCM schemes using turbo codes with
rates Rc = 1

2 and 3
4 in order to achieve data rates of 2 bits/dim

and 3 bits/dim, respectively. No shaping code is employed in
both cases. From Fig. 9, it is clearly seen that the use of
iterative demapping does improve the error performance of
the 2-bit/dim scheme by approximately 0.3 dB, but does not
affect that of the 3-bit/dim system.

Shannon theory tells us that the best choice for designing
a (m − 1)-bit/dim coding scheme based on PAM signalling
consists of employing a constellation with 2m signal points.
In fact, the use of a larger signal set would only increase the
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uncoded 2m-PAM constellations and transmission over AWGN channel.

system complexity while keeping the error performance un-
changed [33]. This is the reason why 2m-PAM constellations
are, in practice, seldom used for transmitting information at
rates of (m − 2) bits/dim or less. Taking into account the
conclusions reached earlier, we can therefore state that, in
most cases of practical interest, it is possible to remove the
demapper from the iterative decoding loop without degrading
the error performance of the whole system.

Fig. 10 shows the corresponding simplified receiver struc-
ture. The only difference between such block diagram and that
of a classical BITCM receiver (see, e.g., [34]) is the presence
of a SISO shaping decoder fed, at each iteration, with blocks
Ls

a(C) and Ls
a(M) generated by demapper and turbo decoder,

respectively. The task of this shaping decoder is to generate the
extrinsic information Ls

e(M) to be processed at next iteration
by the turbo decoder. Note that, with such simplified structure,
both SISO constituent decoders DEC-x, x ∈ {1, 2}, embedded
inside the turbo-decoder are no longer required to produce
extrinsic LLRs of the parity bits since, in practice, only LLRs
of the information bits are exchanged between turbo and
shaping decoders. This further simplifies the receiver structure.

To check the conclusions reached in this sub-section, we
performed some computer simulations on a 3-bit/dim 16-PAM
BITCM system using a (N = 14, K = 7) shaping code. The
results, which are not displayed here due to the lack of space,
clearly confirmed that the demapper can be removed from the
iterative decoding loop without any noticeable performance
degradation.

Finally, it is interesting to compare the error performance of
the 3-bit/dim 16-PAM system proposed in [15]-[17], hereafter
referred to as Raphaeli′s scheme, with that of our system with
N = 14 and K = 7. We have represented in Fig. 11 six
BER plots obtained using both approaches, for frame sizes Nf

equal to 2000, 1000, and 500 bits. All these systems employ
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the same turbo code built from two parallel-concatenated 16-
state RSC codes with polynomials (23, 31). In all cases, both
RSC codes are decoded using the log-MAP algorithm and
10 iterations are used at the receiver side without including
the demapper inside the decoding loop. By examining these
results, it is seen that Raphaeli′s scheme outperforms our
system at high-to-medium error rates. However, as the SNR
is increased, the performance gap between both approaches
diminishes. For BERs smaller than approximately 10−4 −
10−5, our scheme actually turns out to be the most power-
efficient.

The method introduced in [15]-[17] is based on a parti-
tioning of 16-PAM into four sub-constellations. It provides
a potential shaping gain which is between 0.1 and 0.2 dB
higher than that achieved with our technique. However, this
is not the main reason behind the superiority of Raphaeli′s
scheme at low SNR. From Fig. 11, we observe that the
convergence threshold of our BITCM receiver is about 0.5
dB higher than that of Raphaeli′s receiver. We recall that
the convergence threshold is defined as the minimal SNR at
which the iterative decoding algorithm is able to converge, i.e.
decrease the bit error rate between two successive iterations.
In fact, the higher convergence threshold obtained with our
method is essentially due to the presence of a shaping decoder
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Fig. 11. BER performance comparison over AWGN channel between several
3-bit/dim 16-PAM BITCM systems designed using either Raphaeli’s method
or the technique proposed in this paper with N = 14 and K = 7. The
schemes operate on frame sizes Nf equal to 2000, 1000, and 500 bits. All
systems employ the same turbo code built from two parallel-concatenated
16-state RSC codes with polynomials (23, 31). In all cases, both RSC codes
are decoded using the log-MAP algorithm and 10 iterations are used at the
receiver side without including the demapper inside the decoding loop.

inside the receiver. To understand the negative impact of this
decoder on the convergence threshold, one must remember
that a shaping code is neither an error-correcting code nor
a systematic code. This is why the error probability at the
output of a shaping decoder is significantly greater than the
error probability at its input. As a direct consequence, the
insertion of such decoder inside an iterative decoding loop
does increase the convergence threshold of the receiver. The
fact that Raphaeli′s scheme does not use any shaping code
makes it more power-efficient than our scheme in the low
SNR region.

At larger SNR, Raphaeli′s scheme is outperformed by our
system. In the 3-bit/dim 16-PAM Raphaeli′s scheme, a time-
varying puncturing device is placed at the output of a rate-
1/2 turbo encoder. Such device operates on groups of six
coded bits composed of three information bits and three parity
bits. The puncturing pattern applied to the three parity bits
depends on the values of the three corresponding information
bits, and is therefore random. In some cases (one in four),
none of the three parity bits are actually transmitted. The
problem with such a random puncturing strategy is that some
sequences of information bits are left completely unprotected
since they are associated with no parity bit at all. The number
of these sequences is low compared to the total number of
possible sequences, which explains why the turbo decoder
still performs very well at low SNR. However, it is well
known in coding theory that the existence of a few unprotected
sequences is very detrimental to the asymptotic performance
of the decoder. The error floors exhibited by the BER curves
in Fig. 11 are a clear indication of the existence of these
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unprotected sequences in Raphaeli′s system. On the other
hand, our system uses a regular puncturing pattern at the
turbo-encoder output. This conventional puncturing strategy
guarantees a good asymptotic behaviour, and therefore makes
our system more suitable than Raphaeli′s scheme when low
BER values (< 10−4) are targeted.

As for the complexity issue, the comparison between both
approaches is quite straightforward. Assume that a classical
BITCM without shaping is taken as a reference. To implement
the shaping method proposed in [15]-[17], we just need to
slightly modify the demapping function in order to cope with
the fact that several groups of coded bits can be associated
with the same constellation signal point. If we assume that this
demapping function is not even part of the iterative decoding
loop, i.e. used only once no matter how many iterations
are performed, Raphaeli′s scheme can be considered as only
marginally more complicated than a traditional BITCM system
without shaping. It is therefore less complex than our system
because the implementation of the latter requires the insertion
of a shaping decoder inside the iterative decoding loop.
However, as long as this shaping decoder operates on short
blocks, we can state that the complexity difference between
both approaches remains quite moderate.

IV. CONCLUSIONS

A novel method to combine constellation shaping and
BITCM has been proposed and studied in this paper. Our
technique consists of inserting a single short-length binary
shaping code between turbo coding and modulation blocks.
The corresponding receiver structure is originally made up
of four main blocks (demapper, shaping decoder, and two
constituent RSC decoders) exchanging extrinsic information.
Simulation results carried out on a 3-bit/dim BITCM em-
ploying 16-PAM constellation, or equivalently a 6-bit/s/Hz
BITCM using 256-QAM signal set, indicated that, by carefully
selecting the shaping code parameters, it is possible to achieve
shaping gains almost equal to 0.8 dB. It has also been shown
that the demapper can be removed from the iterative decod-
ing loop while keeping this shaping gain value unchanged,
thus resulting in a tremendous simplification of the receiver
structure at no cost in terms of error performance. All results
achieved throughout this work lead to the conclusion that our
shaping technique can substantially improve the performance
of high spectral efficiency BITCM schemes over AWGN
channels while adding little complexity to these schemes.
Finally, note that the method introduced here can be applied
in a straightforward manner to BICM systems employing low-
density parity-check codes [35], [36] in place of turbo codes.
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Abstract— We present an improved version of the bit-
interleaved turbo-coded modulation (BITCM) scheme with con-
stellation shaping originally introduced in [3]. Simulation results
carried out on a 3-bit/dim 16-PAM BITCM indicate that, by
implementing an iterative decoding algorithm at the receiver
side, it is possible to obtain shaping gains almost equal to 0.8 dB,
which is very close to the maximal achievable values predicted by
theory. It is also shown that, in most practical cases, the receiver
structure can be simplified by removing the demapper from the
iterative decoding loop, without any performance degradation.

I. INTRODUCTION

For power- and bandwidth-efficient communications over

additive white Gaussian noise (AWGN) channels, some tech-

niques have recently been proposed to apply constellation

shaping principles to the design of bit-interleaved turbo-

coded modulation (BITCM) [1] - [3]. Sommer and Fettweis

were the first to consider the use of constellation shaping

for improving the error performance of BITCM schemes

[1]. Their idea consisted of employing non-uniform pulse-

amplitude modulation (PAM) constellations for which signal

points are transmitted with equal probabilities but are placed

on the one-dimensional (1-D) axis according to a Gaussian

distribution [4]. Recently, Raphaeli and Gurevitz introduced a

more power-efficient method in which a variable-rate turbo

code is followed by a Huffman code mapping onto non-

equiprobable signal points of a PAM constellation [2]. The

turbo code rate is matched to the Huffman code using time-

varying puncturing so that both data rate and transmitted

signal rate remain constant. With such technique applied to

16-PAM, shaping gains of approximately 0.6 and 0.9 dB

can be achieved for data rates equal to 2- and 3-bits/dim,

respectively. A third method to combine constellation shaping

and BITCM was introduced in [3]. It relies on the partitioning

of a Gray-mapped constellation into several equal-sized sub-

constellations of increasing average energy, and the use of

a shaping code specifying the sequence of sub-constellations

so that low-energy signals are transmitted more often than

high-energy signals [5]. This technique is quite simple to

implement and requires very little change in the classical

BITCM structure. However, it achieves shaping gains that are

approximately 0.3 - 0.4 dB smaller than those obtained using

Raphaeli’s method.

π

π

π

π

Fig. 1. Structure of the BITCM transmitter using constellation shaping.

In this paper, we propose to modify the BITCM structure

originally introduced in [3] so as to improve its error perfor-

mance, and thus attempt to bridge the gap with Raphaeli’s

approach, while keeping its complexity low. The main idea

consists of designing the transmitter differently so that an

efficient iterative decoding strategy can be implemented.

The organization of this paper is as follows. In Section

II, the general structure of the modified BITCM scheme is

presented. Particular attention is paid to the description of the

iterative decoding algorithm that involves several constituent

blocks at the receiver side. Then, we consider in Section III

an example for which various computer simulation results are

given, and show that the receiver structure can be simplified

in most practical cases without any significant performance

degradation. Finally, Section IV presents conclusions of this

work.

II. STRUCTURE OF THE MODIFIED BITCM SYSTEM

In this Section, a notation in the form V = (vi)I shall

be used to denote a block/sequence V composed of I scalar

quantities vi, i ∈ {1, ..., I}, that can be either bits or log-

likelihood ratios (LLRs) associated to bits.

A. BITCM transmitter structure

The proposed BITCM transmitter structure is shown in Fig.

1. A frame U = (up)Nf
composed of Nf information bits

up, p ∈ {1, ..., Nf}, is encoded by a rate-Rc binary turbo

encoder made up of two parallel-concatenated recursive and

systematic convolutional (RSC) codes separated by a random

interleaver [6]. The coded sequence E is divided, using a

serial-to-parallel (S/P) converter, into m parallel sequences

which are then bit-interleaved separately in a random fashion

(πj , j ∈ {1, ..., m}). The bit stream available at the first

interleaver output (π1) is broken into L successive K-bit
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blocks M = (mk)K . Each block M is fed into a block

shaping encoder (S-ENC) which generates a corresponding

N -bit codeword C = (cn)N , with N > K . The rate of

this encoder is thus Rs = K
N . The sequence of codewords

at the shaping encoder output, whose length is equal to LN
bits, is then randomly interleaved (πs). The S/P converter is

designed so that the length of the (m− 1) sequences fed into

interleavers πj , j ∈ {2, ..., m}, is also equal to LN bits. This

S/P converter is therefore not a standard one since the first

sequence contains only LK coded bits, i.e. fewer bits than the

other (m−1) sequences. Hereafter, we use the notations X1 =
(xi,1)LN and Xj = (xi,j)LN , j ∈ {2, ..., m}, to designate

the binary sequences at the output of interleavers πs and

πj , respectively. Finally, a vector (xi,1, xi,2, ..., xi,m), where

xi,j denotes the i-th bit in sequence Xj, j ∈ {1, ..., m}, is

mapped onto a signal point of a 2m-PAM constellation, called

S, according to Gray labeling. The transmission of a frame of

Nf = RcL[K + N(m − 1)] information bits is performed by

emitting LN successive signal points si, i ∈ {1, ..., LN}. The

data rate R is thus given by R = Rc(Rs + m − 1) bits/dim,

and is lower than the rate R′ = mRc bits/dim obtained with

an equivalent BITCM scheme without shaping code. Hence,

the use of a shaping encoder results in a loss in data rate that

can simply be compensated for by changing the puncturing

pattern at the turbo encoder output.

The constellation S is partitioned into two sub-constellations

S0 and S1 so that S0 contains the 2m−1 signal points of lowest

energies, whereas S1 is composed of the 2m−1 signal points

of highest energies [5]. The Gray mapping is performed in

such a way that bits xi,1, which are originally generated by

the shaping encoder, are used to select one of these sub-

constellations. Assuming that xi,1 = 0 leads to the selection

of S0, the shaping encoder is designed so that Pr{xi,1 = 0} >
Pr{xi,1 = 1}, i.e. S0 is emitted more frequently than S1. Since

the average energy of signal points in S0 is lower than that in

S1, it results in some energy saving at the transmitter output

with respect to the case where S0 and S1 are used with equal

probabilities. The energy saving Es, in decibels (dB), can be

evaluated using

Es = 10 log10

[
E0 + E1

2(P0E0 + [1 − P0]E1)

]
, (1)

where E0 and E1 are the average signal energies in S0

and S1, respectively, and P0 designates the average value of

Pr{cn = 0} at the shaping encoder output. The shaping gain,

which represents the actual energy saving, is obtained after

the loss in data rate has been compensated for.

B. BITCM receiver structure

The block diagram of the BITCM receiver is depicted in

Fig. 2. In order to optimize the error performance, demap-

ping, shaping decoding and channel decoding are performed

according to an iterative algorithm [7]. In our receiver, there

are four iterative loops operating in parallel and allowing for

information exchange between demapper and turbo decoder,

demapper and shaping decoder, turbo decoder and shaping

π

π

π

π

π

π

π

π
( )

( )

( )

( ) ( )

( )
( )
( ) ( ) ( )

( )

( )

Fig. 2. Structure of the ierative BITCM receiver.

decoder, and finally both constituent decoders inside the turbo

decoder. In this Sub-section, the operation and the role of the

different modules used in the receiver is explained. Note that,

hereafter, the notation Lβ
α(v), α ∈ {a, e}, β ∈ {d, s, t}, is used

to denote the LLR of v, v being either a bit or a block/sequence

of bits.

1) The demapper: For each transmitted frame of LN signal

points si, i ∈ {1, ..., LN}, the corresponding received frame

is composed of LN channel samples ri that can be expressed

as ri = si + ni, where ni is a Gaussian noise sample with

zero mean and variance σ2 = N0
2 , N0 being the one-sided

power spectral density of white Gaussian noise. The role of

the demapper is to compute, for each index i, the extrinsic

LLRs Ld
e(xi,j), j ∈ {1, ..., m}. To this end, it processes,

at each iteration, sample ri as well as m a priori LLRs

Ld
a(xi,j), j ∈ {1, ..., m}, representing the extrinsic information

generated by both shaping and turbo decoders at the previous

iteration. Using a calculation similar to that in [8] - [10],

we could show that the computation of LLRs Ld
e(xi,j) is

performed using

Ld
e(xi,j) = ln

⎡
⎢⎢⎢⎢⎢⎣

∑
s∈S1

j

exp

{
− (ri − s)2

N0
+

m∑
l=1, �=j

slL
d
a(xi,l)

}

∑
s∈S0

j

exp

{
− (ri − s)2

N0
+

m∑
l=1, �=j

slL
d
a(xi,l)

}

⎤
⎥⎥⎥⎥⎥⎦

.

(2)

where St
j denotes the subset of signals s ∈ S whose labels

have the value t ∈ {0, 1} in position j ∈ {1, ..., m}, and

sl ∈ {0, 1} is the value of the label of signal s in position l.

Note that, at the first iteration, the initial value of a priori
LLR Ld

a(xi,1) is not equal to zero since, due to the presence

of a shaping encoder, there is already some preliminary

knowledge about the value of bit xi,1 before the first iteration

starts. The initial value of LLR Ld
a(xi,1), i ∈ {1, ..., LN}, is

computed using

Ld
a(xi,1) = ln

[
1 − Pr{xi,1 = 0}

Pr{xi,1 = 0}
]
. (3)

The average value of Pr{xi,1 = 0} over a frame of LN
transmitted signals si is equal to P0. The LN probabilities

Pr{xi,1 = 0} are known to the receiver.
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2) The shaping decoder: For each frame of LN received

channel samples ri, the demapper produces m parallel se-

quences Ld
e(Xj) = (Ld

e(xi,j))LN , j ∈ {1, ..., m}. The first

sequence Ld
e(X1) is de-interleaved (π−1

s ) and broken into L
blocks Ls

a(C) = (Ls
a(cn))N . At each iteration, the task of the

SISO shaping decoder (S-DEC) is to produce both extrinsic

LLRs Ls
e(M) = (Ls

e(mk))K and Ls
e(C) = (Ls

e(cn))N . The

LLRs Ls
e(M) are to be processed by the turbo decoder at

the same iteration, whereas LLRs Ls
e(C) will be used by the

demapper at the next iteration. The shaping decoder is not only

fed with a priori LLRs Ls
a(C) produced by the demapper,

but also with a priori LLRs Ls
a(M) representing the extrinsic

information generated by the turbo decoder at the previous

iteration. Since shaping codes typically operate on very short-

length blocks, it is realistic to use the MAP algorithm for

the shaping decoding. Hence, in order to compute Ls
e(M),

the SISO shaping decoder evaluates, for k ∈ {1, ..., K}, the

expression

Ls
e(mk) = ln

[
Pr{mk = 1, Ls

a(M), Ls
a(C)}

Pr{mk = 0, Ls
a(M), Ls

a(C)}
]
−Ls

a(mk), (4)

which is equivalent to

Ls
e(mk) = ln

⎡
⎢⎢⎢⎢⎣

∑
M∈Ω1

k

Pr{Ls
a(C), Ls

a(m1→K, �=k)|M}

∑
M∈Ω0

k

Pr{Ls
a(C), Ls

a(m1→K, �=k)|M}

⎤
⎥⎥⎥⎥⎦ , (5)

where Ωt
k, t ∈ {0, 1}, denotes the set of all

blocks M for which mk = t (|Ω0
k| = |Ω1

k|), and

Pr{Ls
a(C), Ls

a(m1→K, �=k)|M} designates the probability of

receiving all input LLRs except Ls
a(mk) given the transmis-

sion of a particular block M . Developing (5), one could show

that extrinsic LLRs Ls
e(mk), k ∈ {1, ..., K}, are given by

Ls
e(mk) = ln

⎡
⎢⎢⎢⎢⎢⎢⎣

∑
M∈Ω1

k

exp

⎧⎨
⎩

K∑
l=1, �=k

tlL
s
a(ml) +

N∑
n=1

tnL̃s
a(cn)

⎫⎬
⎭

∑
M∈Ω0

k

exp

⎧⎨
⎩

K∑
l=1, �=k

tlL
s
a(ml) +

N∑
n=1

tnL̃s
a(cn)

⎫⎬
⎭

⎤
⎥⎥⎥⎥⎥⎥⎦

(6)

where tl ∈ {0, 1} is the value of the l-th bit in the block M
under consideration and tn ∈ {0, 1} is the value of the n-th

bit in the codeword C associated to this particular block. The

LLR L̃s
a(cn) is defined as L̃s

a(cn) = Ls
a(cn) − Ln, where the

term Ln, n ∈ {1, ..., N}, accounts for the a priori knowledge

regarding bits cn available before the first decoding iteration

starts, and is computed using

Ln = ln

[
1 − Pr{cn = 0}

Pr{cn = 0}
]

. (7)

The expressions of extrinsic LLRs Ls
e(cn), n ∈ {1, ..., N},

are very similar to (6) but are not given here due to the

lack of space. Equation (6) indicates that the computational

complexity of the MAP decoding algorithm can become pro-

hibitive for high values of K and N . In particular, the number

of additions required for the evaluation of this expression

increases exponentially with K since |Ω0
k| = |Ω1

k| = 2K−1.

However, for small values of parameters K and N , the com-

putational complexity of (6) remains of reasonable complexity.

We will see later that shaping gains close to the maximal

values predicted by theory can be achieved using small values

of K and N .

3) The turbo decoder: The sequences Ld
e(Xj) =

(Ld
e(xi,j))LN , j ∈ {2, ..., m}, as well as that composed of

L blocks Ls
e(M) are de-interleaved separately (π−1

j , j ∈
{1, ..., m}), and then combined together through the P/S

converter to form a single LLR stream Lt
a(E) used as an a

priori information by the turbo decoder. The latter is made up

of two SISO constituent decoders separated by an interleaving

pair corresponding to the interleaving embedded in the turbo

encoder [6]. A constituent decoder processes the part of stream

Lt
a(E) that is relevant to it as well as some a priori informa-

tion, regarding the sequence U of information bits, produced

by the other constituent decoder at the previous iteration.

Based on both sequences, each decoder generates two extrinsic

sequences to be used at next iteration by the demapper-shaping

decoder pair and the other constituent decoder. The reader

is referred to [11] for more details regarding the algorithm

used to produce LLR sequences. Finally, the turbo decoder

generates the extrinsic sequence Lt
e(E) representing the added

value of this decoder to the a priori sequence Lt
a(E).

After S/P conversion of this LLR stream and interleaving of

the m parallel sequences thus generated (πj , j ∈ {1, ..., m}),

we obtain the sequences Ld
a(Xj), j ∈ {2, ..., m}, and that

composed of L blocks Ls
a(M) to be used as a priori infor-

mation at the next iteration by the demapper and the shaping

decoder, respectively.

III. PERFORMANCE OF THE MODIFIED BITCM SYSTEM

We now consider the example of a 3-bit/dim 16-PAM

BITCM scheme for which computer simulation results are

given. We recall that, for such scheme, the potential shaping

gain achievable with our technique can be larger than 0.7 dB

provided that the shaping code is designed so that P0 ranges

from 0.69 to 0.85. Its maximal value is equal to 0.80 dB, and

is obtained for P0 ≈ 0.78 [3].

A. Choice of coding rates Rc and Rs

To guarantee the best error performance at the receiver out-

put, it is important to select carefully the values of parameters

Rs and Rc. We indicate in Table I a number of configurations

that are of particular interest for the practical design of our

3-bit/dim 16-PAM BITCM scheme since they correspond to

turbo code rates Rc in the form Rc = n
n+1 , n being an integer.

For complexity reasons, only shaping codes with a number

of codewords smaller than or equal to 28 = 256 (K ≤ 8)

are considered. The results in Table I indicate that all listed

configurations for which Rc = 4
5 , 5

6 , and 6
7 are potentially
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TABLE I

SEVERAL POSSIBLE CONFIGURATIONS FOR DESIGNING A 3-BIT 16-PAM

BITCM SCHEME

Rc Rs K N P0 Es (dB)

4/5 3/4
3 4 0.687 1.44
6 8 0.717 1.72

5/6 3/5
3 5 0.775 2.32
6 10 0.806 2.69

6/7 1/2

1 2 0.750 2.05
2 4 0.812 2.76
3 6 0.833 3.03
4 8 0.828 2.96
5 10 0.837 3.08
6 12 0.851 3.27
7 14 0.854 3.30
8 16 0.850 3.26

7/8 3/7
3 7 0.875 3.61
6 14 0.875 3.61

suitable since they are associated with values of P0 that fall

within the appropriate range (0.69 < P0 < 0.85). On the other

hand, the case Rc = 7
8 and Rs = 3

7 corresponds to values

of P0 which are outside this range, and should therefore not

be considered any further. This would also be the case for

any other configuration with Rc > 7
8 and Rs < 3

7 . This

simple analysis shows that a good design strategy consists

of finding the right balance between the rates of both codes

so that the total available amount of redundancy (1 bit/dim

in our example) is properly shared between shaping coding

and channel coding. Once suitable configurations have been

identified, we can select the values of K and N that produce

the highest energy saving Es for each configuration. Note

that, for a given value of Rs, increasing K (or N ) does

not necessarily result in a larger energy saving. For instance,

for the case Rs = 1
2 , the (N = 12, K = 6) code provides

slightly more energy saving than the (N = 16, K = 8) code

despite being four times simpler to implement (four times

lesser codewords).

B. Simulation results

We simulated the error performance of several 3-bit/dim

16-PAM BITCMs made up of five different shaping codes

identified to be potentially the most attractive ones according

to the results given in Table I. The (N = 6, K = 3) code

was also considered despite providing a smaller energy saving

than the (N = 12, K = 6) and (N = 14, K = 7) codes

because it is interesting to assess the shaping gain achieved

using a very low complexity shaping code. The rate- 4
5 , - 5

6 ,

and - 6
7 turbo codes are obtained by puncturing a rate-1/3 turbo

code built from two 16-state RSC codes with polynomials (23,

31). We adopt the puncturing patterns proposed in [12]. The

size of the pseudo-random interleaver separating both RSC

codes, i.e. the length Nf of a frame of information bits, can

be either large (Nf = 10000 bits) or small (Nf = 2000 bits).

After transmission of a frame of Nf information bits, the

trellis of the first RSC encoder is reset to the all-zero state.

Turbo decoding is performed in 10 iterations, and the log-

Fig. 3. BER performance comparison over AWGN channel between several
3-bit/dim 16-PAM BITCM schemes operating on large frames (Nf = 10000
bits). Turbo decoding is performed in 10 iterations. The results are given
for five different shaping codes. For comparison purposes, the BER curve
obtained with the equivalent BITCM system without shaping is also plotted.

Fig. 4. BER performance comparison over AWGN channel between several
3-bit/dim 16-PAM BITCM schemes operating on small frames (Nf = 2000
bits). Turbo decoding is performed in 10 iterations. The results are given
for five different shaping codes. For comparison purposes, the BER curve
obtained with the equivalent BITCM system without shaping is also plotted.
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MAP algorithm is used for the decoding of each RSC code.

In all cases, Gray mapping is such that maximum protection

is offered to parity bits. Figs. 3 and 4 show graphs of BER

versus Eb

N0
for several 3-bit/dim 16-PAM BITCM schemes, for

large and small frames, respectively. The BER curves obtained

without shaping are also displayed for comparison purposes.

From Figs. 3 and 4, it is seen that the shaping technique

described in this paper allows for significant error performance

improvement for both frame sizes. For instance, at a BER of

10−5, we achieve, with the (N = 14, K = 7) code, shaping

gains equal to 0.72 dB and 0.78 dB, for Nf = 10000 and

2000 bits, respectively. These simulation results indicate that

the best shaping code is the (N = 14, K = 7) code, closely

followed by the (N = 12, K = 6) and (N = 10, K = 6)

codes. As expected, smaller, but still significant, shaping gains

of 0.42 and 0.50 dB are achieved when using the very low-

complexity (N = 6, K = 3) code, for Nf = 10000 and

2000 bits, respectively. The shaping algorithm proposed by

Raphaeli and Gurevitz can improve the performance of a 3-

bit/dim 16-PAM BITCM scheme by almost 0.9 dB [2]. Such

gain is approximately 0.1 dB higher than that obtained with

our method. This small performance difference is due to the

more refined partitioning of 16-PAM employed by Raphaeli

(four sub-constellations instead of only two with our method).

C. Simplification of receiver structure

The receiver structure depicted in Fig. 2 may seem com-

plicated due to the four iterative loops operating in parallel.

Hereafter, we propose to show that, in most practical cases,

it is possible to remove the demapper from the iterative

decoding loop without degrading the error performance of

the system. This obviously results in a simplification of the

receiver structure since two iterative loops are then suppressed.

In the literature on bit-interleaved coded modulation, it has

been widely reported that iterative demapping is not beneficial

when Gray mapping is employed (see, e.g., [8] - [10]). On the

other hand, some studies have reached opposite conclusions

since they have indicated that iterative demapping with Gray

mapping can actually bring some substantial performance

improvement [1], [7]. To further clarify this point, let us

focus on a particular extrinsic LLR Ld
e(xi,j) generated by the

demapper, and assume that, in addition to the channel sample

ri, some a priori information Ld
a(xi,1→m, �=j) regarding the

values of bits xi,l, l ∈ {1, ..., j − 1, j + 1, ..., m} is made

available to this demapper. It is well known that the demapper

produces an erroneous LLR Ld
e(xi,j), i.e. an LLR Ld

e(xi,j)
that would generate a bit error after hard decision, when the

detected signal sd
i is different from the transmitted signal st

i

and the j-th bits in the labels of sd
i and st

i are different.

Consider first the case where sd
i and st

i are nearest neighbor

signal points. With Gray mapping, the labels of two nearest

neighbor signal points can differ by only one bit. It implies that

the (m−1) bits in positions l, l ∈ {1, ..., j−1, j+1, ..., m} in

the labels of sd
i and st

i are identical. Therefore, any a priori
knowledge regarding the values of bits xi,l, l ∈ {1, ..., j −
1, j + 1, ..., m} cannot help the demapper to produce a more

reliable LLR Ld
e(xi,j). In such case, iterative demapping does

not improve the error performance of the BITCM system.

The situation is different when sd
i and st

i are not nearest

neighbor signal points. In this case, the (m−1) bits in positions

l, l ∈ {1, ..., j−1, j+1, ..., m} in the labels of these particular

signal points are not all identical. As a result, some a priori
knowledge Ld

a(xi,1→m, �=j) generally allows the demapper to

perform a better distinction between both signal points, and

thus generate a more reliable estimate Ld
e(xi,j).

We conclude that, when Gray mapping is employed, it-

erative demapping does improve performance only if there

is a significant percentage of error events that are due to

some confusion between non-nearest neighbor signal points.

On AWGN channels, these error events only occur at low

SNR. Hence, iterative demapping can only be beneficial for

BITCM systems operating at sufficiently low SNR values.

In particular, we found that, as a rule of thumb, the error

performance of a 2m-PAM BITCM scheme can be improved

by iterative demapping as long as the data rate R is less than

or equal to (m−2) bits/dim. On the other hand, if the desired

rate is R = (m − 1) bits/dim, then iterative demapping is

not beneficial. As an example, Fig. 5 displays the BER curves

obtained with two 16-PAM BITCM schemes using turbo codes

with rates Rc = 1
2 and 3

4 in order to achieve data rates of

2 bits/dim and 3 bits/dim, respectively. No shaping code is

employed in either case. From Fig. 5, it is clearly seen that the

use of iterative demapping does improve the error performance

of the 2-bit/dim scheme by approximately 0.3 dB, but does

not affect that of the 3-bit/dim system. In any case, it is well

known that the best choice for designing a practical m-bit/dim

coding scheme based on PAM signaling consists of employing

a constellation with 2m+1 signal points [13]. We therefore

conclude that, in cases of practical interest, it is possible to

remove the demapper from the iterative decoding loop without

degrading the error performance of the whole system.

Fig. 6 shows the corresponding simplified receiver structure.

The only difference between such block diagram and that of

a classical BITCM receiver is the presence of a SISO shaping

decoder fed, at each iteration, with blocks Ls
a(C) and Ls

a(M)
generated by demapper and turbo decoder, respectively. The

task of this shaping decoder is to generate the extrinsic

information Ls
e(M) to be processed at next iteration by the

turbo decoder. With such simplified structure, both constituent

decoders embedded inside the turbo decoder are no longer

required to produce extrinsic LLRs of the parity bits since,

in practice, only LLRs of the information bits are exchanged

between turbo and shaping decoders. This further simplifies

the receiver structure.

To confirm the results obtained in this Sub-section, we have

represented in Fig. 7 the BER performance achieved with

and without iterative demapping, for two 3-bit/dim 16-PAM

BITCM schemes operating on either large (Nf = 10000 bits)

or small (Nf = 2000 bits) frames. Both schemes employ a

shaping code with K = 7 and N = 14 as well as 10 decoding

iterations. The BER plots depicted in Fig. 7 confirm that

iterative demapping does not improve the error performance
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Fig. 5. BER performance comparison over AWGN channel between several
16-PAM BITCM schemes using turbo codes with rates Rc = 1

2
and 3

4
in

order to achieve data rates of 2 bits/dim and 3 bits/dim, respectively, with and
without iterative demapping. The frame size is 10000 bits and turbo decoding
is performed in 8 iterations.

π

π

π

π
( )

( )
( )

π

Fig. 6. Structure of the simplified iterative BITCM receiver.

Fig. 7. BER performance achieved over AWGN channel with and without
iterative demapping, for two 3-bit/dim 16-PAM BITCM schemes operating
on either large (Nf = 10000 bits) or small (Nf = 2000 bits) frames. Both
schemes employ a shaping code with K = 7 and N = 14 as well as 10
decoding iterations.

of a 3-bit/dim 16-PAM scheme for both frame sizes. In other

words, the simplified receiver structure shown in Fig. 6 is

sufficient to obtain the shaping gains previously evaluated from

Figs. 3 and 4.

IV. CONCLUSIONS

The scheme originally introduced in [3] is modified so as

to improve its error performance. Simulation results carried

out on a 3-bit/dim 16-PAM BITCM indicate that, by imple-

menting an iterative decoding algorithm at the receiver side,

performance very close to the theoretical shaping gain values

of 0.7 - 0.8 dB can be achieved. It is also shown that we

can remove the demapper from the iterative decoding loop,

i.e. simplify the receiver structure, without degrading the error

performance of the whole system.

Note that the work described in this paper is, in fact,

applicable to any square QAM constellation because, provided

that Gray mapping is employed, a 22m-QAM signal set can

be viewed as two independent 2m-PAM constellations in

quadrature. In particular, this implies that the work carried

out on our 3-bit/dim 16-PAM BITCM can be directly applied

to the design of a 6-bit/s/Hz 256-QAM BITCM.
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