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Bit-Interleaved Coded Modulation

Giuseppe CaireMember, IEEE Giorgio Taricco,Member, IEEE and Ezio Biglieri,Fellow, IEEE

Abstract—it has been recently recognized by Zehavi that the bit metric as an input to the Viterbi decoder. Further results
performgnce of coded _moc_iula_tlon over_aRaerlghfadmg channel along this line were recently reported in [2], [13], and [1]
can be improved by bit-wise interleaving at the encoder output, (for different approaches to the problem of designing coded-

and by using an appropriate soft-decision metric as an input . .
to a Viterbi decoder. The goal of this paper is to present in modulation schemes for the fading channels see [20] and

a comprehensive fashion the theory underlying bit-interleaved [6]).
coded modulation, to provide tools for evaluating its performance,  This paper is based on Zehavi's findings, and in particular

and to give guidelines for its design. on his result, rather surprisirgpriori, that on some channels
Index TermS_Bit_inteﬂeaving, channel Capacity’ coded modu- there iS a dOWﬂSide to Combining demodulation and deCOding.
lation, cutoff rate, fading channel. Our goal is to present in a comprehensive fashion the theory

underlying bit-interleaved coded modulation (BICM) and to
provide a general information-theoretical framework for this
concept. This analysis also yields tools for evaluating the
VER since 1982, when Ungerboeck published his langerformance of BICM (with bounds to error probabilities
mark paper on trellis-coded modulation [19], it has beefyhter than those previously known) as well as guidelines
generally accepted that modulation and coding should k& its design.
combined in a single entity for improved performance. Of Definitions and channel model are first introduced (Section
late, the increasing interest for mobile-radio channels has In}j Next, the information-theoretical foundations of BICM
to the consideration of coded modulation for fadlng channeﬁpe laid in Section Il by eva|uating in genera] the Capacity
Thus at first blush it seemed quite natural to apply the sargfd the cutoff rate of bit-interleaved channels. Section IV is
“Ungerboeck’s paradigm” of keeping coding combined witlglevoted to error analysis: various approximations and bounds
modulation even in a situation (the Rayleigh fading channed}e introduced, and the effect of the choice of signal labeling
where the code performance depends strongly, rather th@mjiscussed. In particular, the asymptotic optimality of Gray
on the minimum Euclidean distance of the code, on ifgbeling in conjunction with BICM is showed. Design criteria
minimum Hamming distance (the “code diversity”). Severaire pointed out in Section V, where a number of examples are
results followed this line of thought, as documented by @&so shown. Conclusions are summarized in Section VI, where
considerable body of work aptly summarized and referencgtk main themes of this paper are reprised.
in [14] (see also [5, Ch. 10]). Under the assumption that
the symbols were interleaved with a depth exceeding the
coherence time of the fading process, new codes were designed Il. SYSTEM MODEL

for the fading channel so as to maximize their diversity. |, this section we recall the baseline model of coded
This implied in particular that parallel transitions should bg,qqyiation (CM) and introduce the model of BICM.

avoided in the code, and that any increase in diversity wouldgefore proceeding further, let us stipulate a terminological
be obtained by increasing the constraint length of the codecqnyention: hereafter we shall use the term “bit” to denote

A notable departure from Ungerboeck’s paradigm was the pinary digit, and “information bit” to denote the binary

core of [24]. Schemes were designed aimed at keeping jaf,mation unit. Thus for example, a string of bits is
their basic engine an off-the-shelf Viterbi decoder for thg sequence of symbolgs and 1's. A random vector with
de factostandard, 64-state raig2 convolutional code. This ,, yniform independent and identically distributed (i.i.d.)
implied giving up the joint decoder/demodulator in favor OEomponents has an entropy f information bits. Moreover,

two separate entities. , , lower case symbols denote scalar quantities, boldface symbols
Based on the latter concept, Zehavi [26] recognized that thgote vectors, and underlined boldface symbols (&).,
code diversity, and hence the reliability of coded modulatiofunote sequences of scalars or of vectors. -
over a ngleigh fading channel, could l_)e fu_rther improved. The cM and BICM models are represented by the block
Zehavi's idea was to make the code diversity equal 1o theygram of Fig. 1. The building blocks of both schemes are
smallest number of distindiits (rather tharchannel symbo)s 1) an encoder (ENC): 2) an interleaver 3) a modulator
along any error event. This is achieved by bit-wise interleavingyqeled by a labeling mapand a signal set,, i.e., a finite set
at the encoder output, and by using an appropriate soft-decisjgrboints in the complexV-dimensional Euclidean spa&&;
4) a stationary finite-memory vector channel whose transition
Manuscript received August 11, 1996; revised June 1, 1997. This work “Bfobability density functiome(y | .’l‘), z,ye cN may depend
supported by the ltalian Space Agency (ASI). on a vector parameté; 5) a demodulator (DEM), which in the

The authors are with Politecnico di Torino, 1-10129 Torino, Italy. c '
Publisher Item Identifier S 0018-9448(98)02360-8. present scenario plays the role of a branch metric computer; 6)
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Fig. 1. Block diagram of transmission with coded modulation (CM) and bit-interleaved coded modulation (BICM). In the caserofl@idtes interleaving
at the symbol level. In the case of BICM; denotes interleaving at the bit level.

a branch metric deinterleaver-*; 7) a decoder (DEC). The available at the receiver. Here we consider the two extreme
balance of this section is devoted to a detailed description adses ofperfectCSI and no CSI.

these blocks for CM and BICM. 1) Detection with Perfect CSIBy assuming that the re-
ceiver has perfect knowledge of the values taken on by each
A. Vector Channel Model 0., the set of maximume-likelihood (ML) symbol metrics is
We consider a vector channel characterized by a family gren by
transition probability density functions (pdf) {log pe, (3, | 2)}zex- (3)
{re(y|z) : 0 CzyeCh} (1)  After metric deinterleaving (denoted by in Fig. 1), ML de-
cision about the transmitted code sequence is made according

parameterized by a complex-valued vedforepresenting the
channel state. We assume that independent of the channel
inputz, and that, conditionally on the sequerg;ehe channel &= arg Inaleogpok (¥ | nlcr)) 4)
is memoryless, i.e., geC =

to the rule

) where the summation runs over the whole sequence. Note that
(4) is the ML decision rule also with finite-depth interleaving,

) ) o or with no interleaving at all, since conditionally dh the
Moreover, 8 is assumed to be a stationary, finite Memor¥nannel is memoryless (see (2)).

random process. More precisely, we assume that there existsy petection with No CSI:The optimum receiver structure
an integen’ > 0 such that, for ali-tuplesy < ki <--- <k in the absence of CSl is different. A major difference is that,
and for all n-tuples j; < --- < jn < 0, the sequences g peing unknown, the channel is not memoryléstowever,

Ok, -,6k,) and(8;,, - -, 6;, ) are statistically independent. yith ideal interleaving, for all finite-index sets
By this model we can represent a large number of typical

communication channels such as the additive white Gauss- p(y | z) = Eglpe(y | )] = H (Y | k)

ian noise (AWGN) channel@( = constant), the AWGN B a kEK

channel with random phasd {s the residual phase due 10 here we defined a new average transition pdf as
imperfect carrier phase recovery) and frequency nonselective

slow-fading channels [17)(describes the multiplicative fad- ply | 2) = Eplpe(y | x)]. (5)

ing process). However, the model cannot take into account ) . ) )
intersymbol interference (ISI), or frequency selectivity il "€N: in the case of no CSI and ideal interleaving, the ML

fading channels since, in these cases, the channel state depSKP0! metric and decision rule are obtained by usifig| z)
on the input sequence. instead ofpe(y | ) in (3) and in (4), respectively.

Example 1: Ungerboeck Trellis-Coded Modulation (TCM):
B. Coded Modulation The first and best known construction of CM [19] is obtained

A CM scheme can be viewed as the concatenation of % choosing ford the se{0, 1}, for C a binary convolutional
encoder ENC for a cod€ defined over a label alphabet code of ratek. /m, and fory the set partitioninglabeling, i.e.,

with an N-dimensional memoryless modulator over a sign& Pinary labeling obtained by an-level binary tree partition
setX C CV [18], [19]. We assume thatl and X are finite of X with nondecreasing minimum Euclidean distance of the

and |4| = |X| = M. The transmitted code sequenges C signal subsets at s_u_bs_equent partition levels [_19],_ [5]. _An
is mapped onto the signal sequenceby the (one-to-one) e>_<amp|e of set partitioning Iabeh_n_g for 16QAM is given in
labeling mapy: : A — X, acting componentwise. Fig. 2(a). We deflng thepegtral efﬁmencpf this cons.tructlo.n

If the codeC is designed to correct random errors, it may b{® P& B = k./N information bits per complex dimension
convenient to introduce symbol interleaverr between the en- (bit/dim).
coder ENC and the mappgr For most of this paper we shall
assume that is an ideal interleaver (i.e., with infinite depthC. Bit-Interleaved Coded Modulation
and completely random). Thus the interleaving/deinterleavingin general, BICM can be obtained by concatenating an
blocks can be excluded from consideration provided that th@coder ENC for a binary codé, with an N-dimensional
sequencd is i.i.d., and hence characterized by its first-ordghemoryless modulator over a signal s&t C CV of size
pdf. |X| = M = 2™, through a bit interleaver and a one-to-one

Let y = -+, Y, --) denote the channel output
y Wy ¥ Upr ) P INoncoherent detection is a typical case: if the carrier phase is a slowly

sequence resultmg from the transmlssmn'a_of Optlmum varying process, performance enhancement is achievable, even with no coding,
decoding depends on the channel state information (C$y)detecting blocks of signals [12].

pe(y | ) = [ re. (wi | 21).
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y where we assume uniform input distribution

. P(b=0)=POb=1)=1/2.

L J [ ] [ ]
1001 1100 | 1101 1000 . . . .
Again, the optimum receiver depends on the available

CSI. For both cases of ideal CSI and no CSI with ideal bit

[ ] [ J [ ®
1110 1011 | 1010 1111 = interleaving, as we consider in this paper, at each tifthe
. demodulator DEM produces the set of Miit metrics
[ J [ ] [ J ®
0101 0000 | 0001 0100 log 3 pe, (i | ), perfect CSI
) zEX]
Ny b) = : )
® L ] ® [ ] k'
0010 0111 | 0110 0011 log > plyw | ), no CSlI
2y

for b € {0,1} andi = 1,---,m. Finally, the ML decoder
DEC makes decisions according to the rule

n— - T

¢=arg Igggzk: A (Y ck)- (8)

[ ] [ ] [ ]
11101010 | 0010 0110 The decision rule (8) is completely analogous to (4), and can
. o . o be implemented by a Viterbi decoder.

1111 1011 | 0011 0111 1) Simplified Branch Metrics:The branch metrics (7) may
be computationally too complex for implementation. Subop-
timal simplified branch metrics [26] can be obtained by the
log-sum approximatioriogzj zj ~ max;logz;, which is

IS ° . ° good as long as the sum in the left-hand side is dominated
1100 1000 | 0000 0100 by a single term, as typically occurs in channels with high
signal-to-noise ratio (SNR). This yields

[ ] [ ] [ 4 ®
1101 1001 | 0001 0101

(b) max logpg,, (¥, | ), perfect CSI
Fig. 2. 16QAM signal set with (a) a suitable set partitioning labeling and /\Z(y b) zCx, (g)
(b) Gray labeling. max logp(y | %), no CSlI
€A,

binary labeling map: : {0,1}™ — &". The code sequeness Branch metrics (9) are obtained from the set of symbol branch
first interleaved byr. Next, the interleaved sequengge) is  metrics (3) by selecting the maximum over the subsgfs
broken into subsequences wf bits each, which are mappedB|CM branch metric computation can be implemented by the
onto signals int'. Finally, the resulting signal sequengels same demodulator for CM followed by some post-processor
transmitted over the vector channel. The bit interleaver can ffamely, by a parallel bank of comparators). Hence, BICM
seen as a one-to-one correspondenceé — (k’,4), wherek  metric computation has the same latency of CM, but requires
denotes the time ordering of the coded hits &’ denotes the m(2™ — 2) additional binary comparisons.

time ordering of the signalskr transmitted over the vector 2) Gray Labeling: Gray labeling plays a key role in BICM
channel, and indicates the position of the bif; in the label theory. For convenience, we restate here its definition in terms
of x;-. Here we assume ideal bit interleaving. of BICM notation.

Let #(z) denote theith bit of the label ofz, and A} the o ) _ )
subset of all the signals € X whose label has the value Definition. Gray Labeling: Let A’ denote a signal set of size

b € {0,1} in position (i.e., such thati(z) = b.) Further, 4 = 2", with minimum Euclidean distancé.i,. A binary

let b denote the complement @f and y the channel output MaP # : {0 1} — X is a Gray Iabelmlg forx’ if, for all
resulting from the transmission af. ¢=1,---,mandb € {0,1}, eachz € & has at most one

The conditional pdf of, given/i(z) = b € {0,1} andd,is # € XZ at distance,.

pe(y | £i(z) = b) Z pe(y | 2)P(z | £i(z) = b) Fig. 2(b) shows a Gray-labeled 16QAM signal set.
zEX 3) Equivalent Channel ModelFig. 3 shows the model of
— 9—(m-1) Z pe(y | ). (6) a BICM communication channel with ideal interleaving. The
ocX; system consists of a setof parallelindependenandmemory-

lessbinary input channels connected to the encoder output by a

random switch, which models ideal interleaving. Each channel

poly | @, 0 (x) = b) = pe(y | x) corresponds to a position in the label of the signalstofFor
every symbolc;, of a coded sequence the switch selects

The last expression is obtained by noting that

and that oo - randomly (and independently of other selections) a position
Plz | Fi(z) = b) = {0 ), if éi(-'l‘) =0 indexi € {1,---,m}, and transmits;, on theith channel.
2 if £(z) =0 The decoder, which knows the sequence of channels used for
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~—— Binary-input Ch. 1 |——
c Xy, )

~—— Binary-input Ch. 2 ——

ENC

—— Binary-input Ch. m ——

Fig. 3. Equivalent parallel channel model for BICM in the case of ideal interleaving.

the transmission aof, computes the branch metrics (7) (or (9)wherem = log, M. Similarly, without CSI we get

and select€ according to (8). S ply | 2)
Example 2. Zehavi's 8PSK Cod&he effectiveness of C=I{z;y)=m— Egy |log, L (11)
BICM schemes over the Rayleigh fading channel was first p(y | =)

painted out by Zehavi in [26]. He picked faf the bests- Here, capacity is expressed in information bits pecomplex

state, rate%/3 binary cqnvolqtlonal code [11], and fqr a dimensions (bit/dim). CM schemes, being signal space codes,
Gray-labeling map. Unlike with our BICM model, the output e., codes whose words are sequences of signalsY, can

bits from the convolutional encoder were passed thlrou%hieve spectral efficiencigg < C. For this reason, we will
three separate ideal interleavers, so that there was a fi)fg r to (' defined in (10) a{:K/I capacity !

correspondence between the output bits of the encoder an et us now compute the capacity achievable by BICM. To

the label positions. Apparently, there are no reasons justifyigg it, we use the parallel-channel model of Fig. 3. Since the

this fixed correspondence which, on the other hand, limits t Rannels are memoryless and independent, we drop the time

f!exibility of BICM and complicates the analysis. Moreover.,.?ndex k. Let b denote a binary inputy the vector channel

introd I tect I d 1R put, andS the random variable whose outcome determines
introduces unequal error protection, -usually an undesir switch position (for the above$ is i.i.d., uniformly

feature, and suboptimal performance wheénis chosen at djstributed ovef1, - -- ., m}, and known to the receiver). Since

ra_mdom. This motivates our BICM_modeI:_here "’?".‘he code , 8, andb are independent, we can show that the AMbaind
bits output by the encoder are fed into a single-bit interleaver,

; . i 7 satisfies the inequality(b;y | S) < I(b;y | 6,.5). Again,
and thuts being on an equal footing, generate a max'mumtﬂgse mutual informations are attained with no CSI and with
Symmetry. perfect CSI, respectively. The conditional mutual information

of b andy, given S = ¢, is then given by
Ill. AN INFORMATION-THEORETICAL VIEW OF BICM > pe(y|2)
. z2EX
In this section we compute the capacity and the cutoff rate/(b;¥y | 8.5 = i) =1 — Ej 40 |log, S ey 2) (12)
of CM and BICM with ideal interleaving, under the constraint 2CX;

of uniform input probabilities. As usual, we assume ideal
interleaving, so that the sequence of channel state parameM?

0 is iid. pby,0|S=i)=2"">" pe(y| 2)ps(6). (13)
A. Channel Capacity 2Cxy

Consider the memoryless discrete-input, continuous-outphlié conditional AMI is obtained by averaging (12) with
channel with inputz, outputy, and transition distribution r€SPect toS, so that
pe(y | ). Under the assumptiof(z; #) = 0, from the “chain ™
rul(e”‘of) mutual information [10(] W()a obtain the inequality I(b;y|6,5)= %21(059 10,5 =1d).
I(z;y) < I(z;y | 6). The right-hand- and left-hand-side terms i=1
of this inequality are attained when the receiver has perfect d3hally, since there aren parallel independent channels, the
and no CSI, respectively. Then, the capacity under uniforBICM capacity, with perfect CSI and uniform inputs, is given
inputs constraint and perfect CSl is given by the conditionhly
average mutual information (AMI)

greb, y, and @ are conditionally jointly distributed as

C=miI(b;y|86,5)

) Z\)pa(y|2) _ zsz log M (14)
C=Iz;y|0) =m— Ezyp|log, 2 (10) - bus 082 > pe(ylz) |
pe(y | z) =1 zEX]
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Similarly, with no CSI we obtain where B is given by (19) with perfect CSI or by (20) with no
CSI. In spite of the fact thaR,, can be evaluated analytically
. il zg)p(y %) in many cases [14]3, and hence?,, cannot. Again, as we did
C=m- Z Eiy |log, W : (19 for capacity, we resorted to Monte Carlo numerical integration
=t 2EX; to calculateRz.

In general, expectations in (10), (11), (14), and (15) cannet

be calculated in closed form. Thus we resorted to numerical
integration via the Monte Carlo method. While the results obtained in the previous section hold in

The data-processing theorem [10, p. 32] can finally general, hereafter we restrict our attention the slow frequency
invoked to prove that, sincg is statistically independent ¢ nonselective Rician fading channels [14], which encompass

Numerical Calculations for Fading Channels

given z for all 6 and S, we have the inequality Rayleigh and AWGN as special cases. With this model, the
. received signal after the transmissionaoE X’ can be written
C<C. (16) s

This shows the suboptimality of BICM schemes. Y= gzc’® +n (22)

B. Channel Cutoff Rate where: i)n is a complex zero-mean Gaussian i.i.d. random

. : e )
Under the usual assumption of ideal interleaving and ufeCtor with covariancg E[nn’] = 50°I (Iy is the N x N
form input distribution, we now compute the cutoff rate ofd€ntity matrix, and a dagger denotes Hermitian transpose);
CM and BICM channels. This is widely accepted to be W ¢ iS @scalar complex fading gatrif)) ¢ is the carrier phase,

sensible parameter for comparing channels for which a finitgdependent of andg and uniformly distributed ove-r, 7.
complexity coding scheme is used. With Rician fadlngzg is complex Gaussian with mean
The cutoff rateR, of the discrete-input continuous-outputV K/(K +1) and variancel /(2(K + 1)) (where K" > 0 is

channel generated by a CM scheme can be written as [23], [ilgf? Ricign parametgrdefir)ed as the ratio of direct to diffu;e
power in the received signal [14]). We assume normalized

m — log, Z) Ewyyjo[«/f%(% , perfect CSI signal epergy%E[|:zr|2] = 1/2, so that the average SNR is
zex (17) 1/0”. With this model@ = (g, ¢) andpe(y | z) is given by

Ro =

m—logy > Ez,y[ %}, no CSI.
zZEX

1 .
pe(y | @) = (ro?)N exp (—y — gzc’?? [0?). (23)
The cutoff rate of a BICM scheme can be obtained from the i
Bhattacharyya bound [23] on the average bit-error probabiliBy averaging with respect tg and ¢, we obtain [12]
B, of the parallel channel model of Fig. 3 in the absence of
coding. By considering the ML bit metrics with perfect cSP(¥ | %) = E0[1190(?/ | z)]
given in (7), we obtain _ 7rN|Zy|eXP(_yT2§1?/—@TEJI?)IO(2|?7TE;1?J|)
(24)

1 & b,i
B <— ZEb,y,O po(y | b.0) | _ B (18)

b.4
=1 Po(y | b:4) where we have defined

where B denotes the average Bhattacharyya factor of the K 1 ; )
BICM channel, with perfect CSI. Hence, we obtain from (6) ¥ =1/ g & and Xy = —aa’+07ly

and wherelp(-) is the modified Bessel function of the first
zeX} kind and order zero [17].
m : (19) Numerical results can be obtained by using (23) and (24) in
zeX} the general expressions 6f, C, Ry, and Ry, for any choice
of signal set and labeling map. Here we restrict ourselves to
Similarly, by considering the ML bit metrics without CSI giventhe limiting cases of AWGN and Rayleigh fading channels
in (7), we get the average Bhattacharyya factor (K — oo and K = 0, respectively). While looking at the
following results, the reader should keep in mind thitdim
indicates information bits pezomplex dimension
= | (20) 1) PSK and QAM with Perfect CSIFigs. 4 and 5 show
Z}_P(ZI | 2) CM and BICM capacity versus SNR for 4PSK, 8PSK, and
<Y 16QAM over the AWGN and Rayleigh fading channels,

Finally, note that a channel use of the BICM channel @specti\_/(_aly._ BICM capac?ty is computed with Gray and
equivalent tom channel uses of a binary-input channel Witﬁ:“?t partitioning (SP) labelings. The performance of BICM

average Bhattacharyya factsr. Hence, the cutoff raté?, of with Gray labeling is very close to that of CM (actually,

2. pe(y | 2)

BICM can be written as 2This model does not apply when component interleaving is used in addition
4 i to bit interleaving, since in this case thé components of are affected by
Ry =m(1-logy,(B+1)) (21) different fading coefficients [6], [1].
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4
CM
------- BICM (Gray)
3 —-—— BICM(SP)
8PSK
E
=
2
E 2
: - 4PSK
1
4”“’
"”"/
-":/1/
o
-—"-/
0 PR
0 5 o 5 10 15 20

SNR (dB)

Fig. 4. BICM and CM capacity versus. SNR for 4PSK, 8PSK, and 16QAM over AWGN with coherent detection (SP denotesset-partitioning labeling).

. T :
- | / ! , -
- —- 16QAM
e
o™
------- BICM (Gray) / '/
3} ——==-— BICM (SP) -
/ 8PSK

g 7/
3 2
. 4PSK

1

0 N N * *

> P o 10 15 20 25 30

SNR (dB)

Fig. 5. BICM and CM capacity versus SNR for 4PSK, 8PSK, and 16QAM over Rayleigh fading with coherent detection and perfect CSI (SP denotes

set-partitioning labeling).

we conjecture that Gray labeling maximizes BICM capacitygignal sets, over the AWGN and Rayleigh fading channels,
while the performance of BICM with SP labeling is severalespectively. For 4, 16, 64, and 256QAM signal sets we used
decibels worse. Similar differences between Gray and &Ray labeling. For 8, 32, and 128QAM—for which Gray
labelings can also be observed from the cutoff rate of tha&beling is not possible—we usedgaasiGray labeling, i.e.,

Rayleigh fading channel.

a labeling minimizing the number of signals for which the

Our next results are based on cutoff rate. This parametéray condition (of having at most one nearest neighbor in
appears to be more suitable than capacity to compare BIGMe complement subset) is not satisfied. For AWGN, CM
and CM, possibly because there is no fixed relation betweeutperforms BICM at all SNR. The performance gap, which
R, and Ry whereasC' < C, as we know from (16). Figs. 6 is large for largel/ and low-rate codes, is reduced for high-
and 7 show BICM and CM cutoff rate versus SNR for QAMate codes. For example, CM256 QAM gains more than 3
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8 ’ ;
%56QAM
7 7
oM C A 1280AM
------- BICM /4
6 o
; // 64QAM
s : £k
= i 32QAM
=] > /7
= y L
& 4 e
&L 0 16QAM
3 v
- 8QAM
2
4PSK
1 /x‘
/
(L
0
-10 -5 0 5 10 15 20 25 30

SNR (dB)

Fig. 6. BICM and CM cutoff rate versus SNR for QAM signal sets with Gray (or quasi-Gray) labeling over AWGN with coherent detection.

8 ' % T
/ 256QAM
7 A
oM &/ 128QAM|
-===--- BICM o
6 -
A 64QAM
5
£ 32QAM
=
5 4
& 16QAM
8QAM
2
4PSK
1
0

10 -5 0 5 10 15 20 25 30 35 40 45 50
SNR (dB)

Fig. 7. BICM and CM cutoff rate versus SNR for QAM signal sets with Gray (or quasi-Gray) labeling over Rayleigh fading with coherent detection
and perfect CSI.

dB over BICM 256QAM atR, = 3 bit/dim, but this gap is channel is good. For high rates, the complexity required by
reduced to less than 0.5 dB A = 7 bit/dim. The situation CM in order to obtain largeM-ary Hamming distance is

is different for the Rayleigh channel. We observe that in thiauch larger than the complexity required by BICM, for which

case, BICM generally outperforms CM fdk, > 1 bit/dim. Hamming distance is given by the binary Hamming distance
This difference in performance is especially apparent for higbf the underlying binary code. Hence, for a given complexity,
rate codes: for example, BICM 256QAM gains about 4 dBICM compares favorably with respect to CM on the Rayleigh
over CM 256QAM atR, = 7 bit/dim. The above fact can befading channel, especially for high rates.

intuitively explained as follows. For low rates it is possible Capacity and cutoff rate curves provide guidelines for code
to design “practical” CM codes with larg&/-ary Hamming design. In particular, over the AWGN channel CM appears
distance, so that their performance over the Rayleigh fadingpre suitable, although for high rates the loss of optimality
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Fig. 8. BICM and CM cutoff rate versus. SNR for orthogonal signal sets over AWGN with noncoherent detection. The cutoff rate is expressed in information
bit per channel use, where a channel use corresponds omplex dimensions.
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Fig. 9. BICM and CM cutoff rate versus SNR for orthogonal signal sets over Rayleigh fading with noncoherent detection and no CSI. The cutoff rate is
expressed in information bit per channel use, where a channel use correspaNdsamplex dimensions.

introduced by BICM is marginal (thus leaving room forsequenceg € X’ can be obtained, for example, as unit-energy
“pragmatic” approaches [24]). On the contrary, BICM isHadamard sequences [22]). Detection is noncoherent with no
much more appropriate for the Rayleigh fading channel. AsGSI. Given the symmetry of orthogonal signafsand R, do
consequence, if the channel model—as is the case for exampd¢ depend on the labeling which can be arbitrarily chosen.
for mobile radio—fluctuates in time between the extremes of Again, we use the cutoff rate to compare BICM and
Rayleigh and AWGN, BICM proves to be a more robust choid8M. Figs. 8 and 9 show BICM and CM cutoff rates for
than CM. N =4,8,16,32,64,128, and256 over AWGN and Rayleigh

2) N-ary Orthogonal Signals with No CSIWe consider a fading channels, respectively. An application might be coded
unit-energy/N-ary orthogonal signal set with N = 2™ (the DS/SSMA, for which orthogonal signals are used to obtain
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very low rate CM schemesAt R, = 1/N bit/dim, CM binary codes leads to
outperforms BICM over the AWGN channel, especially for oo

large N. On the contrary, BICM outperforms CM over the P, < kl > Wr(d) f(d, p, X)
Rayleigh fading channel. We note from Fig. 9 that, for the d=1

Rayleigh fading channel, BICM provides the largest gain over convolutional codes of rate: /.

CM for spectral efficiencies higher than N (for example, at LN (26)
Ry = 7/256 bit/dim, BICM yields a 10-dB gain over CM). B, < & 30 Wi(d) f(d, s, X)
However, efficiencies better thaN are not very interesting d=1 block codes of raté. /N,

for coded DS/SSMA applications, where signal bandwidth
expansion is obtained by low-rate coding. In Section V w&here W;(d) denotes the total input weight of error events
shall see that actual BICM schemes can provide a substantiafHamming distancd. With convolutional codes, the infinite
coding gain over actual CM schemes with the same complexiymmation of the union bound is assumed to converge, for
also at ratel /N bit/dim. sufficiently large SNR. In the next section we shall see that
this assumption holds, in general, for the BICM model with
ideal interleaving adopted in this paper and for well-behaved
IV. ERRORPROBABILITY ANALYSIS channels. Methods for computing the coefficiefits(d) are
In this section we derive tools for evaluatig,, the bit well known, especially for convolutional codes (see, e.g.,
error rate (BER) of BICM with ideal interleaving. From now[23].) Thus the key quantity to be evaluated in the following
on we assume that the binary codein the BICM model is the PEPf(d,u,X).
is linear, so that it admits a (possibly time-varying) minimal
trellis representation [18]. A. Bhattacharyya Union Bound
Let ¢ and ¢ denote two distinct sequences stemming from
the same state and merging affer 1 trellis steps. Denote by la

{e — ¢} a decodempairwise error event(i.e., the decoder mission ofe. A standard upper bound on the PEP is through

(A:hoosesg when ¢ is the t_ransmﬁted_sequence agdand the Bhattacharyya bound [23]. For an ML decoder (8) with
¢ are the only two possible decoding outcomes) and b

P(c — &) the pairwise error probability(PEP). The binary- Perfect CSI we get
input channels of the BICM parallel channel model of Fig. 3 Fd, p, X)
may be nonsymmetric, depending on the labeling mamd B
on the signal sef’. Then, even for a lineaf, the PEP may SU |

depend on the paife, &) rather than on their differeneed . =EsylP(pe(y|c.S) <pe(y|cS)|S.U)

Let S, U, andd denote the sequences of label positions,
beling maps, and channel states occurring during the trans-

The analysis can be made simpler if we symmetrize the BICM - ;.
. . : ; . re(y|¢S)

parallel-channel model by introducing a time-varying labeling < Esy |Eye ) S.U
map. Define the complemenpt of the mapy as the labeling Pely 162
obtained by complementing all the signal labels. Further, let d 1 _

. . . Do, Y | Cis Uk
U denote a binary random variable independentpb, and = H m E By, |Ey, 6. piok Eyk : r Lk; Uk
6. which for each transmission over the vector channel selects k=1 =1 KTk ’

either .. or [z, independently with probability /2. Then, any d

binary symbolb, input to the parallel-channel model, has - lZEb” /IM — B¢ (27)
probability 1/2 of being complemented before transmission mi{ po(y | b,%)
(which occurs wherl/ = 1), so that the BICM channel is
made symmetric. We assume that the value taken oty iy In a similar way, without CSI we obtaitf(d, i1, X) < B¢,
known to the receiver, so that further complementing restorgéth B given by (20).
the actual value of. Under the common hypothesis of uniform For 8PSK with Gray labeling, perfect CSl, and the modified
input bits, performance is not degraded by symmetrizatiometric (9), a Chernoff bound on the PEP was obtained by
The PEP of symmetrized BICM, with ideal interleaving, is &ehavi [26, Appendix A]. Although the latter can be expressed
function of the Hamming distancé betweenc and¢, of the in closed form, its derivation relies upon the specific features
labeling i« and of the signal set’. Therefore, we can write of 8PSK and Gray labeling, and cannot be applied directly
to other labelings and/or other signal sets. By using (27)
Plc—¢) = fld, 1, X) (25) in (26), on the contrary, we obtain bounds & for any
labeling, signal set, and vector channel, with and without CSI.
where the functiory(-, -, -) depends on the vector channel andhe drawback here is that we must evaluate numerically
on the type of detection. Without loss of generality, in thBowever, numerical evaluation is much faster than simulation
following we assume that and¢ differ in the d consecutive Of the whole BICM system, and allows evaluation &f for

positions1, -- -, d. Finally, the usual union bound for linearvalues usually not reachable by simulation. Moreowvgrjs
independent of’, and hence it can be evaluated for a given

3See [22]. Viterbi's orthogonal convolutional codes are in fact CM codes! and X, and us’_ed to compare the performances of different
as explained in Section V. codes on any given channel.
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Convergence of the Union BoundJnder the assumptions

of Section II-A, with ideal interleaving the channel is mem- C)

P z) < Z) |z
oryless and stationary. Hence, the random coding bound — Z ey |2) <moly|2) | 2)
based on the Bhattacharyya union bound for (time-varying) ze“*

convolutional codes given in [23, Ch. 5] can be applied to d_ —d(m—1) Z Z
our case. In particular, foR < R, the bound converges. For
actual codes, by replacing(d, i, X) with B¢ in the infinite BEXT zEX;
ﬁug if %f)t’h\gebss;gyCzii;?gagsth%eesxt:?glfnzu];g;h:t where a) is obtained by conditioning and aver;;tging with
decreasing function of the channel SNR, we can safely assuffigPect o the transmitted signal sequeaces A¢”; b) is
that the union bound converges over a range of SNR valigained from the obvious relation
above a certain threshold. po(y | £) < max pg(y | 2);

ZE/ 1—

(& — 2) (30)

i
&

B. BICM Union Bound ¢) is obtained by the union bound over all the sequences
In this subsection we derive a union bound which does nms andd) is obtained by assuming uniformly distributed
rely on Bhattacharyya (or Chernoff) upper bounds. This tu”?)?/er X—
out to be quite loose, but we shall use it only as a starting
point for the tight bounds and approximations which will be Pps(y | z) <pe(y | 2) | z) = P(z — 2) (31)
developed in the next section. Since the bit metrics (7) or
(9) are difficult to deal with, our technique consists of goin
yer the vector channel.

back to the original vector channel and finding expressions We are now ready to bound the PEP of BICM: it suffices

terms of PEP’s of pairs of signal sequences, input to the vector
channel underlying the BICM channel., Eo average (30) with respect i andU. We obtain

In the following we consider the modified metrics (9) anqy(d 1, X)<m™ d 9—d 9—d(m—1) P(x — 2)
perfect CSI. Assume that and ¢ have Hamming distancé, 2_: Z Z Z

and by noting that

the PEP of the two signal sequeneesnd 2, transmitted

TE. \ zE. 1—
and let .
s . . . qub(dv Hs X) (32)
Xe =X X o x Ak x o x A _
s . . N (28) whereS andU run over all the possible:¢ and2¢ sequences
Ap = A X XA X X A of position and labeling maps, respectively. We will refer to

(32) as to theBICM Union Bound(UB).
denote the sequence (Cartesian product) of signal subsetshe large number of terms in the right-hand-side summation
selected by the bitg; of ¢ (correct subsets) ané. of ¢ makes (32) impractical, even for moderate valued ahdm.
(complement subsets) given the label positidhs= i, and For example, ifX is 16QAM andd = 10 (as for the free
the labeling map selected y. For givenS, U, andé, the distance of the best 64-state rdté2 binary convolutional
path metric difference corresponding to the sequercasd code [17, pp. 466-471]) we should evaluate and sum up
¢ can be written as 410 5 210 5 910(4=1)  910(4=1) — 29 terms, In order to get

a computationally efficient form for the BICM UB, let

d d
§= Z max log pg, (¥ | 2x) — Z max logpak (yi | 2x) Az, z) =logpe(y | ) — logpe(y | 2) (33)
ZLE \ z, € 1
Rt k=1 denote the metric difference relative to the componerasd
= zn;?)ilogpo(y |z) - zlg(?ilogpo(y | z) (29, of the sequences and z, and
d
This yields A= Az, 21)
k=1
P(c—e¢e|S8.U) denote the total path metric difference corresponding émd
=P(6<0|8,U) z (note thatey, # 2z forallk =1,...,d, sincer;; ﬂng = ).
Then, we can write [17]
=P max pp(y | 2 < max pp(y | 2 S.U 1 atjoo ds
zexy wlz) < zexf @l2)| P(Qﬁé):P(ASO):% . (I)A(S)? (34)
a—joo

here ®, denotes the Lapl t f f the pdf,
Fa | P max po(y ] 2) < mao(y | 2) | 8.V 2 \évivz:]eb?(s) enotes the Laplace transform of the pdf/of

zE, 1* zEX*

b) ®, —sA E —sA(®r,21)] — DA(e 2
S Ew P pe(y|x) < Inang(y|z) | Q,Q A(S) ] H ] H A( ko> k

2C. 1*

(35)
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and wherea € (0,wp), the intersection of the region of Example 3. Uncoded 4PSK in AWGNonsider uncoded
convergence ofda(s) with the positive real line. Finally, transmission of 4PSK with Gray labeling in AWGN with
by using (34) into (32) and by exchanging the sums and tigeal coherent detection. Since 4PSK with Gray labeling

integral, we get the BICM UB in the form provides two binary antipodal parallel independent channels,
the presence of a bit interleaver is irrelevant, so that the
1 fotiee 4 ds exact BER is given by [17P, = f(1, 14, X) = Q(1/0). By
fun(d, i, X) = % /a_joo [Pub(s)] " (36) applying the BICM UB we get

P, < fun(1 s X) = Q(1/0) + Q(V2/0).  (40)
The two terms on the right-hand side correspond to pairwise
m 1 errors at distance/2 and 2, respectively. Hence, the BICM
Pup(s) = ! Z Z Z Z Pa@z(s) (37) UBtakesinto account the contribution of events at distanhce
m2m b=0 wE X, 2 X} even if they are irrelevant to the BER. This simple observation
! calls for some “expurgation” technique in order to exclude the

anda belongs to the intersection of the regions of convergent&elevant terms from the BICM UB. This approach will be
of the ®a(z»(s)'s (for all pairsz, 2) with the real positive formally staFed in the following section for AWGN and fading
line. Use of this technique is made easy by the fact thgfannels with perfect CSI.

D A(z2)(s) (@nd its convergence region) can be expressed in ) )

closed form in many cases of interest [3]. The integral over tife Bounds for Fading Channels with Perfect CSI

vertical path(a — joo, @ + joo) can be efficiently computed In this subsection we derive a tight upper bound to the
by the method developed by the authors in [4] and basP&P of BICM for Rician fading channels with perfect CSlI.
on a change of variable and Gauss—Chebyshev quadratureesre pe(y | ) takes the form (23), where, without loss of
Alternatively, one can use the looser bound described belgenerality, we assume zero carrier phase. The bound is first
(see [3] and references therein), which we state here withalgrived for AWGN(K — o0), and then extended to the fading
proof. case(K < o).

1) Chernoff Bound:Let A be a continuous real random With AWGN, maximizingpe(y | ) over the possible signal
variable which takes on values over the whole real line asgquences is tantamount to minimizing the squared Euclidean
let @a(s) = E[e~*2] denote the Laplace transform of thedistance|y — |?. We exploit the signal space geometry to
pdf of A. Then: i) The convergence region & (s) is the expurgate the BICM union bound. Let
vertical stripa; < Re(s) < a2 Whereay < 0 < «g; i) The

where we have defined

= . —_ 2 > —_ 2
following inequality holds: lee={y : ly—2zI" 2y -2} (42)
denote the pairwise error region of the two signal sequences
P(A<0)< min ®a(a). (38) z andz, so thatP(z — z) = P([z;). Given S and U,
-  0<a<as o

let 2 € Xf andz € Xf be two particular signal sequences

Then, by noting thaiyh.s,(s)]* is a weighted sum of Laplace corresponding te& andg¢, respectively. Then, we have

transforms of the form (35), we obtain the Chernoff-type Theorem 1. Irrelevant Error Events (AWGN)The term

bound P(z — z) can be neglected in (30) without altering the
inequality if there exist/ sequenceg!® different from &
Jun(d, pp, X) < 0<Ini<n [tun ()]%. (39) andgz, for all: = 1,---,¢, either in the complement subsets

sequence\f or in the correct subsets sequem;_g, such that

We hasten to say that, unless the minimization with respect ¢

to « can be obtained in closed form, the computation of the Fgs C U | ) (42)
right-hand side of (39) and (36) have roughly the same (low) s

complexity. Thus there is no real benefit in using the looser Proof: From (42) we write

bound (39) instead of (36). )
The BICM UB is very general, and can be easily extended Lss= U{Fi% Nl 0}
to the case of no CSI by defining the appropriate path metric - T T

difference between signal sequenaesnd z (we omit here
this trivial derivation). Yet, it is rather loose, due to stéps
andc) of (30). Stepb) is a strict inequality if

Consider separately each subregidh, ; NI'; . }. Trivially,
if 20 € &2, (T4 NT;, ) is already counted in the pair-

wise error event{z — z(®}. The casez!") € Xg must be
x # arg max logpe(y | 2) considered more carefully. In this case, §o€ {I'z ;N[ .10}
z X o(Y | 2 g 22 iz
et & # arg max logpe(y | 2).
TEX,
while stepc) is a union bound which generates a large number )

of terms corresponding to almost overlapping pairwise-errbfence: the BICM decoder path metric feiis not the metric
events. corresponding t@. Therefore, the subregiofi’y s N I'y ,» }
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does not belong to the pairwise error region of the BICMonditioning with respect t&; ii) applying Theorem 2 and
decoder, and can be neglected. We conclude thaf is eliminating the regior'es ¢z for G given; iii) averaging the
irrelevant for the bound (30). O expurgated bound with respect & O

Condition (42) is generally difficult to check. A much 1) Application to QAM Signal Sets with Gray Label-
simpler condition is expressed by the following Theorem. ing: Application of Corollary 1 (and of Theorem 2) is par-

. . . ticularly simple whenX is a squareM-QAM signal set
Theorem 2. Decomposability (\WGNThe term P(z — with Gray labeling (see, for example, the 16QAM signal set

;) can be_ neglected in (30) Wlth,f)u'.[ altering theA Ineql“lalI%presented in Fig. 2(b)). It is easy to verify that, with Gray
if there exist two sequences andz” different fromz andz, | . i . .
. R abeling, eache € &} has exactly a single nearest neighbor
either in Xé or in A", such that ze Xg (not necessarily at distanek;;,,), foralli =1,---.m
1) Re[(z —2)'(2/ —£)]>0 (43) andb = 0, 1. Moreover, for eactr € X}, all the pairs(z, z)
2 2=2+2'—%. with z € A} andz # 2, satisfy condition (44) of Corollary 1.
Proof: Since (43) is translation-invariant, without loss O#:or.example; e El a corre;ponds to the point Iabelé?ll
. N . In Fig. 2(b),z € & to the point labeled011, andz € & to
generality we can ChOO.SEZ 0. Settingy € Loz y ¢ Lo, the point labeled010, thenz’ andz” correspond to the points
andy ¢ Lo, we obtain labeled0011 and 1010, respectively. For a given intege;
ly?<|ly—2)° and |y*<|y-2")? X4 is a hypercube carved from a cubic lattice of dimension
- N N N d. Hence, condition (44) can be immediately extended to
sequences ifY¢. We conclude that for alk € Xf there
2Re(y'?) < |Z|? and 2Re(y'2’) < |2’ exists only one relevant error eve@sg — 2}, wherez is
. . ] the unique nearest neighbor ofin A7~ By expurgating the
Sincez = 2’ + 2" and Re((2')'2") > 0, summing up the gjcm UB (32) we get the new bound
above inequalities we obtain

or, equivalently,

—d —d —d(m—1 ~
2Re(y's) < |2 +12' < |27 fldp, Xy <m0 2743 27D 5 Ple— 8)
= s U S
S v e
contrary to the assumption thgte I'g ;. We conclude thay R e
must be either in’g . or I'p ., and hence = fex(d, p, X). (47)
Foz C{To Ul } This will be referred to a8ICM Expurgated BoundEX). In

order to obtain a computationally efficient form of it, we use

once again a Laplace-transform approach. A¢t, z) denote
Remark: Theorem 2 is a generalization of the expurgatiothe metric difference

technique based on “decomposability” of error sequences, used

by Verdl to bound the minimum BER of an uncoded multiuser A(x,2) = logpe(y | ) — logpe(y | 2)

system with antipodal binary modulation in AWGN [21].

The proof follows from Theorem 1.

between the branch metric af and the branch metric of
Corollary 1. Extension to Fading Channgl&” < oc): The its (unique) nearest neighbdr € A7. By using (34) and
term P(& — ) can be neglected in (30) without changing thexchanging the sums and the integral, we get
inequality if there exist two sequencgsandz”, different from )
% anAdg, ?ither in///\?g orin Xg, such that, for all components fold o X) = L /a+1w z/}ex(s)d @ “8)
&y, 2, 23, and 2 219 Jo s

1) Re(#, - &) (7 — )] 2 0
2) zp=2z,+2 -

m 1
Proof: Condition (44) is the componentwise version of a 1 )
(43). Let g;, denote the (scalar) fading gain affecting thid Vex(s) = mam 2; Z P (9)- (49)
component of the received signal. If (44) holds, we get trivially = IEheek

that R X The BICM EX is formally similar to the BICM UB, but it
1) ReA[(gkzi — &) (g2, jgk!ﬂk)] 20 (45) includes only one error eventx — 2z} for each possible
2) gr2Zr = g2y, + k2 — gL transmitted sequence, rather than all the possib#(m—1)

S .
Then, letG = diag (gxdn), and consider the new signal seefror events{z — z}, for all z € ;. Computational
quencesG#, Gz, G2/, and Gz’. We can extend (45) to experience has shown that (48), when used with other signal
sequences, which yields sets, often provides a very tight approximation to the PEP.

, R ,, R Actually, as we prove in the following subsection, with Gray
g gz[(—Géz’—f g);”( (_;EG; Gz)] 2 0 (46) labeling and AWGN the approximation obtained from BICM
=T = = is asymptotically tight. Numerical evaluation of (48) can be
Hence, Theorem 2 can be applied for any fix@d Finally, efficiently performed by using the Gauss—Chebyshev method
we can eliminate the evedz — 2} from the bound by: i) of [4].

(44) where we have defined the functign,(s) as
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Example 3 (Continued)if we apply the BICM EX to the only on X and on the labeling.. From (54) we may observe
case of uncoded 4PSK with Gray labeling over AWGN wehe impact of the value ofVy,;,(1) on the performance of

obtain BICM: in fact, if this is greater than then N, (d) increases
. B exponentially with the Hamming distaneg thus impairing
Poin £ fex(L, 1, X) = Q(1/0) the performance of the coding scheme at moderate SNR. If,
which is tight (see Example 3 of Section IV-B). on the contrary N,,in(1) < 1, increasingd does decrease the

2) Asymptotic Behavior of the PERHere we establish the Value of Ny,in(d), and hence improves the performance. This
behavior of f(d, 4, X) ass — 0 with fading channels with fact is further discussed in the following, where we show how
perfect CSI. This provides some insight into the asymptottBe choice of the labeling map affects the value ONmm(l)
performance of BICM for high SNR. For Rician fading Let now® D denote the event that a signal sequeﬂ@é\’*

channels with perfect CSI we get [20] has a nearest neighbor at distangéd,.;, in Xé—, and let
s(1—s0?) K |z—2[%/ (K +1) Ip(z) denote the indicator function db. Then, from (51)
o (s) = exp (_ I+s(1—so?)[x— z|2/(1&+1)) (50) we get
Al2) 1+ s(1—so?)|z— 22 /(K + 1) Fonld, o )
For AWGN fu,(d, i1, X) and fex(d, 11, X') can be written as }'_)0 Q(\/?;mm/’(\/—a))
Jan(d 1, X) = m™¢ Z 27¢ Z 2=dm=1) =m Z 9-d 22 d(m—1) Z In(z
z€ 1*
% Z Z Q<|$ z|) (51) =P(D)<1. (56)
ZEXS 2EX In the case of Gray labeling we have
Jos(dyp, X) =m™ ) 2_d > 2mdm=h Theorem 3. Asymptotically Tight Bound and Approximation
S 124 (AWGN): If 11 is a Gray labeling for the signal sét, then
x—2 Non(d) < 1, and
> Z Q(‘f 7|> (52) ( ) >
s\ V2 Faldop X) - feald i, X)
ze X lim 28 lim =202 =, (57)

- . . . om0 f(d, i, X) om0 f(d,p, X)
The minimum possible Euclidean distance between any _ _ o
z € X2 andz € A2, for all possible sequences of positions ~ Proof: If 1 is a Gray labeling forX’, by definition

S, is Vdd.in, Whered,;, denotes the minimum Euclidean Vmin(d: ) is €itherl or 0, henceNuin(d, z) = Ip(z) and

distance ofx’. From (51) we get Nain(d) = P(D) < 1. (58)
y fun(d; p, X)
L Jddo (3 In order to prove (57), we need a lower bound (@, ., X').
QY ddmin /(v 20)) We follow the technique of [21] and consideganiedecoder
=m™¢ Z 24 Z g~ d(m=1) Z Nuin(d, z) with additional side information. In particular, suppose that, for
zexs each transmitted signal sequenees Xf the genie decoder
— Noun(d) (53) knows that the only possible concurrent signal sequenge is

i.e., the unique sequence at minimum distance fmoin the
where N,,in(d, ) is the number of neighbors € X— at dis- complement subse&’é If 12— 2| > Vddpn, the PEP of

tance v/ddi, from z and Ny (d) is the expected numberthe genie decoder is trivially bounded from below by zero.
of nearest neighbors of an error event of Hamming distanEnce, we can write

d, averaged over € XE, S, andU. In order to compute Vd...
Nuin(d), we write Jld,p, X) > P(@Q(ﬁ). (59)
g
d
Nuin( H min(1, Tp). If X is a squared QAM signal set, we can write

fdllllﬂ

Hence, from the right-hand side of (51) we get (D)Q( NG
20

) < f(d, 122 X) < fex(da 22 X)
Nmin<d> = [Nmin(]-)]d (54)

S fub(dvll’v X) (60)

. By taking the limit forc — 0 and by using (53), (56), and
Z Z Z Noin(1, ) (55) (58) we obtain (57). IfY is not a squared QAM signal set, the
’ order of the middle inequality in (60) may be reversed (i.e., it
may befex(d, 1, X) < f(d, , X)). However, it is immediate
is the average number of signals at distankg, in the to check that the left and the right inequalities still hold, thus
complement subset of a signal Note that/V,,;,(1) depends giving (57) asoc — 0. |

where

anin(l) é

m2rn
i=1 b=0 zeX}
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For any other labeling, the asymptotic ratio between they the error event at minimum Euclidean distance
PEP upper and lower bounds 2,,;,(d)/P(D) > 1. Hence,

Theorem 3 shows a sort of asymptotic optimality of Gray dg = /d2(C) dmin. (64)
labeling for BICM.

For K < o, the asymptotic analysis is more complicated;rom the union bound (26), the error coefficient corresponding
because a closed-form expression for the FER — z) for to the distancedy is W;(da(C))[Nmin(1)]%(© divided by
arbitrary z, z, and K is missing, and because, < oo, k. or by K., in the case of convolutional or block codes,
P(z — z) does not decrease exponentially with SNR. Fdespectively.
these reasons, we restrict our analysis to the BICM EX andIn the case of independent (or ideally interleaved) Rayleigh
we use the Chernoff bound (see (38)). From (38) and (50) viading channel with perfect CSI, the asymptotic error per-

obtain formance of any code is proportional to the inverse of SNR
i e o raised to a power equal to tleede diversityi.e., the minimum
. d exp (— f;'f;"k__?;tn2//({2‘22((];‘:11))))) Hamming distance between signal sequences produced by the
oo s Pa@s(a) = H 1+ |z — 212 /(402 (K + 1)) encoder/modulator [14]. We showed that in BICM this code
k=1 diversity equalsiz(C). Recalling the definition of the spectral

(61) efficiency R, with PSK/QAM and Gray labeling, and letting

By assuming thaft’ is a square QAM constellation with Grayg — 0andSNR = 1/0® = RE, /Ny, from (62) we can write
labeling, by substituting (61) into the BICM EX (47), and by E,

choosings so small thatl < |z, — 2x|?/(40?(K + 1)) for log,g P, ~ —da(C) [(Rdﬁ)dB + (ﬁ) }/10 + const.
all k = 1,---,d, we get 0/ 4B (65)

—K\ ¢
%) (62) Thus for high values of, /Ny, the BER curve on a logarith-
h mic scale approaches a straight line with slope proportional
where to —d»(C), translated horizontally by the offséRd?)qs. As
. we shall see in an example, this rule of thumb turns out to
1 24 1 be useful for a quick comparison between different BICM
di, = (QO 3N w_z|2) . (63) schemes over the Rayleigh fading channel.
i=1 b=0 g X} Consider next the case whefes a convolutional code. The
) . decoder complexity can be measured by tiledlis complexity
Hence, for any givenk < 00, as0 — 0 the function _ _ NsNpg, where Ng = 2Y denotes the number of states
fexgd’ py X) depen_ds on _the mvera_ﬂeh power of SNR. In the in the minimal encoder fo€ (v is the encoder memory), and
fao_llng case there is no sm_gle dominant term, and therefore '9{)% — 2k is the number of branches merging into each state
union bound may not be tight @s— 0. Results of Section V. o o401, trellis steph(, is the number of encoder inputs). The

show that the BICM EX is very close to the real PEP (Obtain%mplexity of punctured convolutional codes is the sam
by simulation) also in the fading case, while the BICM UB i} o |ow-rate code: they are derived from [7].

extremely loose at all SNR's.

The coefficientd? can be interpreted as thearmonic
mean of the minimum squared Euclidean distance between
complementary subsets &f. By comparing the left-hand of
(62) with the Chernoff bound on the PEP of a CM scheme in
Rician fading (see, for example, [14, p. 162]), we observe that
(d?)¢ plays the role of the so-callestjuared product distance
of the error event.

The role of the two basic paramete¥s,;,(1) andd? in the
design of BICM will be emphasized in next section.

Fex(d, 1, X) ~ (

The design of BICM can be summarized as follows:

1) Given a signal sett of cardinality M = 2™ and
dimension N, a desired decoder complexity, and a
required spectral efficiencyk, choose the best binary
convolutional code of rate. = k./n. such thatR =
rem/N, with complexity <r.

2) Depending on the application (AWGN, Rayleigh fading,
etc.) and on the detection technique (perfect CSI, no
CSl, etc.), choose the labeling map according to
some optimality criterion. We showed that, for perfect
CSil, practical and sensible criteria are the minimization

V. DESIGN GUIDELINES of Numin(1) and the maximization otZ. Table | lists

The analysis of previous sections shows that the perfor- Nmin(1) and di for some PSK and QAM signal sets
mance of BICM with ideal interleaving depends mainly on ~ and some labelings (observe that Gray and quasi-Gray
the following parameters. i) The minimum binary Hamming  labelings provide values a¥,,;i,(1) never exceeding,
distance ofC, denoted in the following byd,(C). ii) The unlike other labelings).
minimum Euclidean distancé,,;,, of X. iii) The average In this way, the binary code is picked independently of
number of nearest neighbaf§,,;,(1), defined in (55). iv) The p and X. Since the best convolutional codes are known
harmonic mean of the minimum squared distadg¢edefined for many rates and complexities (see [17], [11], [7], and
in (63). references therein) normally no search for new binary codes

On the AWGN channel with coherent detection (perfeis needed. We mention in passing that BICM easily allows
CSl), the performance of BICM is asymptotically dominatethe concatenation of any given signal set with the powerful
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Fig. 10. BER of BICM 8PSK code obtained from the optin3astate, rate2/3 code and Gray labeling. Rayleigh fading with perfect CSI.

TABLE | the BICM expurgated bound (or approximation), and SIM

7 2 . . . .
VALUES OF Niyiin (1) AND dj, FOR SoME PSKAND QAM SIGNAL SETS. — computer simulation. All the simulation results presented
(THE SIGNAL SET AVERAGE ENERGY IS NORMALIZED TO 1. LABELS “~ G

and "IV DenoTE Quas-G RaY AND THE LABELING OF 32QAM Prorosep  hereafter were obtained by using the suboptimal branch metric

BY WEI IN [25] FOR DESIGNING UNEQUAL ERROR PROTECTION CM) (9)
H pe “ P N (D) ‘ 2 H 1) Effect of Finite-Depth InterleavingHere we prove that
o h interleaving is indeed necessary, although it need not be very
4PSK || Gray | 1 2 deep if the channel has a short memory. Fig. 10 shows the
SP 15 9 BER of BICM over independent Rayleigh fading with perfect

CSl, where X is 8PSK, i is Gray labeling, andC is the
8PSK || Gray | 0.666 | 0.7664 optimal 8-state, rate2/3 code used by Zehavi [26]. The only
SP | 1.166 | 0.664 difference between this and Zehavi’'s BICM scheme is that here
8QAM || ~G | 09167 | 0.96 we use a single bit interleaver instead of separate interleavers
for the three encoder outputs. Simulation in the case of ideal
interleaving shows excellent agreement with the BICM EX
16QAM | Gray | 0.75 0.4923 approximation. The Bhattacharyya union bound is about 2
SP 1.75 0.4414 dB away from the true BER, as typical of fading channels.
Zehavi's analysis based on the Chernoff bound [26] shows
about the same gap from simulation. Hence, the usefulness
w 1.2 0.2133 of the tighter bounds developed in this paper is apparent.
64QAM | Gray | 0.5833 | 0.1442 Simulations are also shown in the case of no interleaving
128QAM || ~ G | 0.6339 | 0.077 and Wlth mte.rleavmg depth equal ﬂd)._ Note that, since the
Rayleigh fading channel used here is memoryless, the only
256QAM || Gray | 0.4688 | 0.043 effect of interleaving is to break the correlation introduced by
the modulation, which carries three bits in a single transmitted
signal. Absence of interleaving degrades the BER: however, a
class of binary parallel concatenated codes [15] (also knowgatively short interleaver is sufficient to approach the ultimate

SP 1.333 0.96

32QAM | ~G | 0.75 0.2788

) 2) Gray Labeling: Here we prove that SP labeling is poor
A. Numerical Results for BICM. Fig. 11 shows the BER of BICM over AWGN

In this subsection we show a selection of numerical ravith perfect CSI, wheret is 16QAM andC is the de facto
sults aimed at illustrating some features and applicatioatandard64-state, ratet/2 binary convolutional code with
of BICM. In the figures, curves marked by BUB denotdoctal) generatorg133, 171) [17, pp. 466—471]. Gray and
union-Bhattacharyya bound, UB the BICM union bound, EX6P labelings are compared. Note that BICM EX is a true
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Fig. 11. BER of BICM 16QAM code obtained from the optintal-states ratd-/2 code. AWGN channel.

(very tight) bound only for Gray labeling. With SP labeling, TABLE I
the BICM EX curve underestimates the actual BER. This is SPECTRAL EFFICIENCIES AND DIFFERENCES IN THEVALUES
. . . OF (I’d; )ar FOR THE BICM CopEs oFFiG. 12

because, without Gray labeling, there exist many more nearest
neighbors for each transmitted signal sequence, while the “ X ” R (bit/dim) | E,/N, gap (dB)H
BICM EX counts just one neighbor. Hence, if the labeling 4PSK 1 0
is not Gray, the BICM EX curve yields too optimistic values.
However, the Bhattacharyya union bound and the BICM UB 8PSK L5 2.4
always provides an upper bound (also for the SP labeling), 16QAM 2 3.07
aIthough the_ latter is rather loose in the range of BER values 32QAM 95 457 t
of practical interest.

3) BICM PSK/QAM Codes for the Fading Channel: 64QAM 3 6.65
Fig. 12 shows the BER over Rayleigh fading channels of 128QAM 3.5 8.7
BICM codes obtained by concatenating the same t#ge- 9256QAM 4 10.65

code of the previous example with different signal sets.
Gray labeling is used whenever possible. WhErdoes not

admit Gray labeling, a quasi-Gray labeling is chosen (i.e., @sssover point between different BICM codes over Rayleigh
labeling that minimizes the number of points with more thapging can be coarsely estimated by finding the intersection
one nearest neighbor whose label differ by more than opgyeen the straight lines defined by (65) (by neglecting the
bit). Since the code is the same, all the BER curves hayg st terms). Fig. 13 shows two examples of BICM design
asymptotically the same slope. TH&/No (in decibels) gap pased on signal set expansion. We considered two BICM
between them can be evaluated from (65). The differencgshemes with® = 2 bit/dim andr = 128, one obtained by
between the values Gfd; )qs and those pertaining to 4PSKconcatenating to 8PSK the best ras, 64-state punctured
are reported in Table Il. By comparing these values with th&de [7] and the other obtained by concatenating to 16QAM
curves in Fig. 12, we note how (65) gives a quite accurafRe best rate-/2, 64-state code of previous example (both
prediction. Note also that BICM EX gives true upper boundgith Gray labeling). From (65) we estimate the crossover at
for Gray labeling, but only an approximation in the quasi-Grag,, /N, = 2.95 dB, which indicates that in this case signal set
case. expansion yields a coding gain at almost any BER of interest.
A method for increasing code diversity with BICM con-Next, we considered two BICM codes wifti = 1 bit/dim and
sists of concatenating an expanded signal set to a low-rate- 128, one obtained by concatenating to 4PSK the same best
code [13]. For givenR and 7, this leads to asymptotically rate1 /2, 64-state code and the other obtained by concatenating
steeper BER curves. However, signal set expansion redut@d6QAM the best raté/4, 64-state code [17, pp. 466—-471]
the value ofd?, so that this technique may not provide gboth with Gray labeling). From (65) we estimate the crossover
better performance in the range of BER values of interest. TheE, /Ny = 9.16 dB, which indicates that in this case signal
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Fig. 12. BER of BICM obtained from the optimél-state ratet/2 code and PSK/QAM signal sets. Rayleigh fading with perfect CSI.

10° ¢
B o\
I B o

o o sm
o

ol N .
: C s
' \Sl 3\

10* F
L\ 8PSK,R=2
& X\
m F @AM, =1
10° 4PSK.R=1 \\ |6QAM R=2

\

A
ﬁ N

107
0 5 10 1

0

E/N,

Fig. 13. BER of BICM forR = 2 and R = 1 with 7 = 128 (64 states). The codes are obtained by concatenating the begt/fafinctured code with
8PSK, the best rate/2 code with 16QAM, the best ratef2 code with 4PSK and the best rat¢4 code with 16QAM. Rayleigh fading with perfect CSI.

set expansion yields a coding gain only at very low BER{-ary Hamming distancéy;(C) of C (M = 2™), considered

values. The actual BER curves intersecFgy Ny = 11 dB.  as ak.-to-1 binary input/-ary output code. In this case, we
Finally, we can compare BICM and TCM by using boundsan use the upper bound on thé-ary Hamming distance of

on the achievable minimum Euclidean distance and code 6]

versity. For BICM, we can use Heller bound and its extension; oy o { {iJ .y

to rate k./n. codes as provided in [11]. For TCM, sphere- ke

packing bounds odg can be found in [5, Ch. 4] and references . M—1 2tk v

therein. In the case of Ungerboeck’s TCM (i.e., TCM obtained ufmz%l{ M 2t —1 ({EJ N t) }}

from a binary encoder faf), the code diversity is given by the (66)
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Fig. 14. OBICM and OCC over AWGN with noncoherent detection. Simulation results are showi fer256 only.

TABLE I its generator matrix (expressed in polynomial form) is
UpPPER BOUNDS TO MINIMUM EUCLIDEAN DISTANCE AND
CobE DIVERSITY FOR TCM AND BICM Cobes FOR16QAM

(AVERAGE ENERGY NORMALIZED TO 1) WiTH R = 3 bit/dim G(D)=11,D, D27 T Dmil]'
Encoder | BICM TCM The decoder complexity is = 2™ = N. In a practical
memory | d% | dy(©) | d% | dp(C) implementation, the branch metrics can be computed by a
fast Hadamard transform, applied to the received vegtor
2 121 3 | 2 1 the N-sample sequence output by a chip matched filter [22].
3 1.6 4 |24 2 With noncoherent detection and no CSI, the branch metrics
4 16! 4 |28 9 can be approximated by taking the squared magnitude of
the outputs of the Hadamard transform [17], [12], similarly
5 24| 6 |32 2 to the usual squared envelope detector used for orthogonal
6 24! 6 |36 3 noncoherent FSK [8]. From (66), we get immediately that
7 32l 8 |36l 3 OCC'’s have maximab/-ary free Hamming distanaé,;(C) =
’ ’ m (where, in this caseM = 2™ = N). Hence, the code
8 32| 8 4 3 diversity is maximized by OCC among all the TCM schemes

with given complexityr = 2™. The path at\/-ary distancen

from the all-zero path is originated by a single entering the
wherew is the encoder memory (i.e., the number of states $ift register. Hence, OCCs hadg(C) = dy;(C), so that they
Ng = 2%). In particular, the code diversity of TCM is boundedhre not suited to BICM. In order to design a BICM scheme
from above by|v/k.| + 1, irrespective of the encoder ratefor orthogonal signal sets (OBICM) with the same decoding
k./m. Table Il shows the bounds on the minimum Euclideatomplexity r = 2™ of OCC'’s (and the same demodulator
distance and on the minimum code diversity of BICM andescribed above), we pick the optimum binary convolutional
TCM, for 16QAM codes withR = 3 bit/dim. As expected codes of ratel /m and 2™~ states [17, pp. 466—471]. After
from the discussions above, for the same complexity BICMeal bit interleavingsn-bit labels are mapped onto thé-ary
achieves better code diversity, while TCM achieves betterthogonal signal set. The resulting spectral efficiency is still,
minimum Euclidean distance. as for OCC,R = 1/N bit/dim, but now the code diversity

BICM Codes for DS/SSMA with Noncoherent Detectioiis d»(C) (see Table 1V). Figs. 14 and 15 show the BER of

Viterbi's orthogonal convolutional codes (OCC) have bee@CC and OBICM with noncoherent detection over AWGN and
proposed for coding and spreading in DS/SSMA. These codeayleigh fading, respectively, fav = &, 16, 32, 64, 128, 256.
can be seen as TCM schemes, where a binary encoder of tat¢he case of OCC, we can evaluate the union bound with
1/m and 2m~! states is concatenated to a Hadamard moexact PEP computations obtained by following [4] (these
ulator which generates afy = 2™-dimensional orthogonal curves are labeled “TUB”"). As for OBICM, we used our
signal set. The binary encoder is a simple shift register, aBthattacharyya union bound, which is fairly tight in this case.
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Fig. 15. OBICM and OCC over Rayleigh fading with noncoherent detection and no CSI. Simulation results are shoe 256 only.

TABLE IV
Cope DiVERSITY OF OBICM AND OCC FOR
THE SAME DECODER COMPLEXITY AND RATE.

| ~ | ~s | oBiom | occ |

8 4 8 3
16 8 13 4
32 || 16 20 5
64 || 32 27 6

128 (| 64 36 7
256 || 128 45 8

OBICM compares favorably with OCC only for low

comprehensive analysis of BICM, based on channel capacity

and

cutoff rate, shows this in information-theoretical terms.

Optimum and simpler, suboptimum bit metrics are derived for
channels with and without state information at the receiver.

The

central role of the labeling map is pinpointed, while

an extensive error probability analyisis, which includes the
derivation of sundry bounds and approximations, leads to
design guidelines for BICM schemes. A comprehensive set
of results suggests an array of possible applications.

(1]
(2]

over AWGN. AsN increases, OCC perform better, especially

for BER > 10~>. On the contrary, over Rayleigh fading,

OBICM performs better than OCC. Note also that, due to its3]
high code diversity, low-rate OBICM yields almost the same
performance over AWGN and Rayleigh fading. For examplej4]

for N = 256 the performance loss at BER 10~° due to

Rayleigh fading with respect to AWGN is only 0.5 dB, while [5]

the corresponding loss of OCC witN = 256 is about 4.5

dB. This makes OBICM an interesting solution for coded6
DS/SSMA with noncoherent detection over channels Wherle]
fading may range from AWGN to Rayleigh depending on the

propagation environment.

VI. CONCLUSION

[71

(8]

The main theme of this paper is that on some channels the
separation of demodulation and decoding might be beneficial
provided that the encoder output is interleaved bit-wise and
suitable soft-decision metric is used in the Viterbi decoder. A
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