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If you are trying to infer properties about real systems where there is uncertainty
in the data and you have a good model of the data-generating process, then
Bayesian methods are likely o be the best you can do. This field is now vast
and continues to grow. In this chapter, we give an overview of the approach and
explain why it has caused both interest and controversy. We then discuss some of
the techmical details including conjugate distributions, uninformative priors, and
model selection. We show some of the tools for approximating the posterior and
finish by showing some of the Bayesian-based maching learning tools,

Bavesian inference underlies a lot of modern technology. 1ts contribution can
range from providing a state-of-the-art machine learning tool, such as Gaussian
processes, o being the cornerstone of a field such as in statistical machine
translation where the translation problem is posed entirely in the language of
probabilistic inference. The basis of Bayesian inference is a simple mathematical
identity, but its application requires a philosophical understanding of how to use
it and a body of mathematical wols required 1o make the inference tractable,
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8.1 Bavesian Statistics

Bayes” rule provides a very simple way to perform probabilistic inference. Tt was
proposed by the Reverend Thomas Bayes in an article published posthumously
in 1763, It was invented independently, but slightly later by Laplace. Given its
long history and the authority of Laplace it is perhaps surprising that it was
shunned m the first half of the twentieth century as “subjective probability”. This
arose because it requires putting a prior probability on unseen events — this was
seen as subjective rather than objective, which no self-respecting scientist could
tolerate. During this period. being Bavesian meant being unscientific and few
people defended the Bayesian approach (the economist John Maynard Keynes
and the mathematical physicist Harold JefTreys were notable exceptions). Only
in the latter half of the twentieth century did the Bayesian view reassert itself,
most notably through the advocacy of Ed Jaynes Eventually though it was
compaters that won the day. Inference is a sipnificant part of machine learning,
and {computerised) Bayesian technigues beat many more traditional methods
The more ardent Bayesians often proclaim that the only right way of doing
inference is wsing a Bayesian approach, although there remain grounds for being
cnitical of many techniques that are claimed to be Bavesian. Nevertheless, the
Bavesian approach can no longer be dismissed,

So what is Bayesian inference? Suppose we have n number of mutually
exclusive hypotheses. These might be, for example, who is the murderer in Chaedo?
or fhow many fish are there in the sea? We label these hypotheses M; for i =
1, 2, ..., n. We also have some data, D, pertaining to the hypotheses. Bayves” rule

see Equation (1.4) on page 7 - then tells us the probability of the hypotheses
given the data

P (DM P (H:)

P (H;|D) = TR (8.1)

This 13 a mathematical identity so in itselfl it is rather uncontroversial. We call the

probability on the lefi-hand side, P (#;|T), the posterior (as it is the probability

dfter seeing the data). The probability P (M, ) is known as the prior (being the

prohability of the hypothesis hefore seeing the data). The other terms are the

likelthood, B (D|#H;). and the probability of the data, P (D), which is just equal to

n n

P(D) = Zp{n,m]. = EFI'DiHﬁJ P (M) i8.2)
i=] i=l

and guarantees that the posterior probability is normalised, We will see later in

this subsection, however, that this term - sometimes referred to as the evidence

can play a very important role in model selection.

Baves” rule also passes seamlessly to continuous variables, where instead of
considering probabilities we consider probability densities. 1T we are trving (o
infer the value of a continuous parameter. x. describing the distribution of
discrete data. ¥, we can encode our uncertainty in terms of a probabality density
function f(x). Then we can again use Bayes' rule
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P(¥|x) P(x < X < x+dx)
B(Y)

Blx<X<x+ox¥)=

or dividing through by dx and taking the limit

P[I{X{x+d’r§}'] Pl{fx}?[x{f{x+&'.r}|
lim = lim
F - dx il P(Y) dx
P (¥|x) fix)
¥z —————.
flx(¥) P (¥)
Similarly, when our data is continuous, the probability that a data-point ¥ is in
some ball, 8,(y) of radius £ around the point y 15

P (¥ € B(y)) = f(y) |Bely)|

where |B:(¥)| is the volume of the ball; the approximation becomes increasingly
accurate as € —+ 0, Putting this into Bayes” rule

P(¥ € Bely)lx) f(x) _ flylx) |Be()l fUx) _ flylx) £ix)

¥ = - = =
Y =0 = = e 5.0)) ) 1Be(y)] )

which becomes exact (assuming the density is sufficiently smooth) in the limit
€ —+ (0, Similarly, il we were trying to infer a discrete parameter with continuous
data we would get

o _ S P (x)
P(a]¥) = T
We see that the form of Bayes' rule does not vary whether we have probability
masses or probability densities. It is easy to forget the difference between proba-
hility masses and probability densities when working in the Bayesian formalism,
but remember that f{x) and fix|¥) are not probabilities (although positive they
can be greater than 1),

The likelibood. Before discussing the technicalities of performing a Bayesian
calculation some comments are in order. Firstly, Bayes' rules allows us (o
reverse the conditional probabilities. That is, rather than having to compute the
posterior, F (#;| D), directly we need to compute the likelihood, P (D#H;). But
the likelihood is often much easier to compute than the posterior. To understand
why this is so let us consider collecting data from some instrument. For exam-
ple, we might want to deduce the structure of a cryvstal from some scattering
experiment. The scattering pattern is usually related (o the Fourier transform
of the crystal structure. In principle, then we could deduce the crystal structure
by taking the inverse Fourier transform. Here we are having to solve an inverse
profem.
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