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54 THE FOUNDATION OF PROBABILITY THEORY BY PASCAL AND FERMAT

with being the first to have used this method correctly (see Rabinovitch,
1970b). Previously, first Bernoulli and then Pascal got the credit.

Stifel (1544, 1545) and Scheubclius (1545), both from Germany, used the
figurate and binomial numbers in connection with the extraction of roots.

Tartaglia (1556) found that the number of ways n dice can fali is given
by a figurate number. Cardano (1570) found the multiplicative form of the
figurate numbers and pointed out the correspondence between the
combinatorial and the figurate numbers.

Vieta (1591) found that the coefficients in his formula for sin nx in terms
of sin x were figurate numbers.

Briggs (1633) used the figurate and binomial numbers in binomial
expansions, in trigonometric calculations like Vieta, and in interpolation
formulae.

In 1636 Fermat found the multiplicative form of the figurate numbers and
used these numbers in his formula for the summation of power of integers;
he communicated his results to Mersenne.

Mersenne (1636, 1637) extended Cardano’s table of C! up to n =36 and
discussed the three formulae given by Levi ben Gerson. He also gave the
formula

for the number of permutations of »n things of which a things are of one kind,
b of another, and so on. Mersenne used these results in connection with
the arrangement of musical notes.

No doubt Pascal knew Mersenne'’s books; Pascal’s contributions are thus
essentially his proofs and the clear demonstration of the relations between
the figurate, binomial, and combinatorial numbers.

5.3 THE CORRESPONDENCE OF PASCAL AND FERMAT
AND PASCAL’S TREATISE ON THE PROBLEM OF

POINTS

Besides the problem of points, Pascal and Fermat also discussed two rather
simple dice games, which we shall discuss first.
In his letter of 29 July 1654, Pascal writes to Fermat on the simplest of

de Meéré’s problems:

If one undertakes to throw a six with one die, the advantage of undertaking it in
4 throws is as 671 to 625. If one undertakes to throw a double-six with two dice,
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5.3 THE CORRESPONDENCE OF PASCAL AND FERMAT 55

there is a disadvantage of undertaking it in 24 throws. And nevertheless 24 is to
36 (which is the number of faces of two dice) as 4 to 6 (which is the number of
faces of one die).

Pascal writes that he does not have time to give the solution and that Fermat
will easily find it himself. The method for solving this problem had been
given earlier by Cardano. It amounts to finding the smallest number of trials,
n, say, such that

I—q"
qn

21 or q" <

N=—

For p=1/6, one finds n =4 and the odds 671/625 as given by Pascal, and
for p=1/36, one gets n=25 and the approximate odds 506/494, whereas
n =24 gives 491/509.

Obviously, de Méré’s reasoning presupposes that n is proportional to 6%,
k=1,2,....Since p=6"%and (1 — p)"= e ", the equation (1 — p)" =1 has
the approximate solution

n=(In2)6* = 0.6931 x 6*, k=1.2,...,

which gives n=4.16 for k=1 and n=24.95 for k =2. Since n must be an
integer, the strict proportionality is destroyed. The approximate solution is
due to de Moivre (1712), see §14.4.

In an undated letter from Fermat to Pascal, presumably the earliest one
of those preserved, they discuss the value of a throw in a dice game in which
the player undertakes to throw a 6 (i.e. at least one 6) in eight throws. Fermat
says that after the stakes have been made, the player should have 1/6 of the
total stake in compensation for not making the first throw. If, after this has
been settled, they further agree that the player should not make the second
throw, he should have 1/6 of the remaining stake as compensation, i.e. 5/36,
of the total stake, and so on. Fermat calls this the value of the throw and
remarks that this result is in agreement with the one communicated to him
by Pascal. The value of the kth throw is thus (1/6)(5/6) ', k=1,2...,8,
times the total stake, and by summation the value of the eight throws becomes
1 —(5/6)® = 0.767 times the total stake, which is the compensation the player
should have for giving up the play altogether. (This last result is not given
by Fermat) It will be seen that Fermat’s value equals the probability of
winning times the total stake. Suppose now that the player has made three
throws without success. What is then the value of the fourth throw? It seems
that Pascal in a previous letter, not longer extant, has given this value as
125/1296, whereas Fermat states that according to his principle, the value is
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56 THE FOUNDATION OF PROBABILITY THEORY BY PASCAL AND FERMAT

1/6 of the remaining stake, i.e., 1/6 of the total stake. Fermat stresses that
this principle holds no matter the number of unsuccessful throws. Presumably
he means that the value of the remaining five throws should be found as for
the eight original throws, i.e., as (1/6)(5/6)" ', k = 1,2,..., 5, so that the value
of the five remaining throws becomes 1 —(5/6)° = 0.598 times the total stake.
Hence if the play is interrupted after m unsuccessful throws, the player should
have 1 —(5/6)®*"™, m=0,1,...,7, times the total stake in compensation for
giving up the play. Expressed in modern terminology it will be seen that
Fermat’s reasoning is based on the geometric distribution p(l —p)* !,
k=1,2,...,for p=1/6.

Before discussing the correspondence further, we shall give an account of
Pascal’s Usage du Triangle Arithmétique pour déterminer les partis qu'on doit
faire entre deux joueurs qui jouent en plusieurs parties in which he solves the
division problem, first by recursion on the expectations and next by use of
the arithmetic triangle. He always assumes that the two players have an
equal chance of winning in a single game.

He begins by stating two obvious division principles (axioms): (1) If a
player gets a certain sum, whatever the outcome of the game this sum should
be allotted to him; (2) if the total stake falls to the winner with probability
1/2 and the game is not played, the stake should be divided equally between
the two players. Formulated in another way we may say that the value of
the game or the player’s expectation equals t/2 if the total stake equals ¢.

From these principles he proves Coroliary 1: If a player gets the amount
s, when he loses, and the amount s+t when he wins, and the game is not
played, then he should have the amount s + ¢/2. In the proof he first uses
principle (1), which says that the player should first have the amount s, which
belongs to him independently of the outcome of the game, and furthermore
he should have t/2 accordingly to principle (2). In Corollary 2 he simply
remarks that the same result may be obtained by adding the two amounts
and dividing by 2. It will be seen that Pascal in these corollaries derives the
player’s expectation for the case where the two outcomes of the game
correspond to different prizes, which need not be limited to the total stake
and zero as in principle (2).

Like Cardano (see §4.2), Pascal explains that the division rule should
depend only on the number of games each player lacks in winning. We shall
let e(a, b) denote A’s share of the total stake, or A’s expectation, if the play
is interrupted when A lacks a games and B lacks b games in winning. Pascal
begins by discussing six examples for a total stake equal to 8; later he changes
to the stake 1, which means that the expectation equals A’s probability of
winning. Since Pascal keeps strictly to the division problem, he always speaks
of the fraction of the stake going to A; he does not use the term probability
or chance in this context, For convenience we shall usually set the total stake
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5.3 THE CORRESPONDENCE OF PASCAL AND FERMAT 57

Table 5.3.1. Pascal’s recursive calculation of e(a, b)

efa—1,b)
a b ela,b~1) ela,b)

(l) 0 n>0 i
(2) n W 12
(3) 1 2

(3a) A wins 0 2 |

(3b) A loses 1 1 12 3/4
(4) 1 3

(4a) A wins 0 3 { 8

(4b) A loses 1 2 34
3) 1 4

(5a) A wins 0 4 i

(5b) A loses 1 3 78 15/16
(6 2 3

(6a) A wins 1 3 7/8

(6b) A loses 2 2 12 11/16

equal to unity so that e(a,b) represents both A’s expectation and his
probability of winning; the interpretation wili be clear from the context.
Pascal usually sets the stake equal to a power of 2 to avoid fractions in e(a, b).
Table 5.3.1 gives Pascal’s results divided by 8, 1.e., A’s probability of winning.

The results stated in the first two examples are obvious. In the third and
the following examples Pascal considers the two possible outcomes of the
next game: Either A wins, or he loses. For each of these cases the expectation
is known from the previous calculations, and the final expectation is then
found as the average of the two intermediate ones according to Corollary 2.
Pascal concludes that the method may be used in general. It will be seen
that he uses a conditional argument corresponding to the formula

E{X}

{E(X|A)+ E(X|A)}/2.
Using modern notation, Pascal’s procedure may be written as

e(0,n) = 1 and e(n,n)=§, n=12,...,

ela,b)=1le(a— L,b)+e(ab~1)], (ab)=12....

(1)

This is a simple example of a partial difference equation. It also provides a
good illustration of the interdependence of mathematics and probability
theory. To obtain an explicit expression for e(a, b) the difference equation
has to be solved, which Pascal did by means of his results for the arithmetic
triangle. In the 18th century Pascal’s recursive method became very popular
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58 THE FOUNDATION OF PROBABILITY THEORY BY PASCAL AND FERMAT

and helped to solve more difficult problems, which induced by Moivre,
Lagrange, and Laplace to develop general methods for the solution of
difference equations, as discussed in Chap. 23.

For large values of (a, b), numerical recursion as shown in Table 5.3.1 is
cumbersome. Possibly for this reason Pascal looked for a more expedient
solution, which he found by comparing the recursion formula for the
expectations with that for the numbers in the arithmetic triangle, noting that
they differ only by a factor of 1/2 and by the boundary conditions. He
therefore proposes that

1 atb—1

e(a,b) = , a+b=23..., (2)

t
atb—1-j,j
a+bh-1 J=a

the numerator being equal to the last b terms of the diagonal sum and the
denominator being equal to 2°*?~!. Because of symmetry the last b terms
equal the first b so that

b _Da+b—l,b~l 3
E(a, )" . ( )
ath-1

Pascal proves this formula by induction. Since it obviously holds fora + b =2,
he assumes that it holds for a+ b=k and proves that it holds for
a+b=k+ 1. To find e{a,k + | — a), he uses the recursion formula

ela—1,k+1 v-a)-f-‘e(a,k~a)
2

D it Dk-—l.k—i';l
2D,

ela,k+ 1 —a)=

— BM:J

- b4

D,

which follows from (2.7) and (2.10). This concludes the proof.
It will be seen that (2) and (3) may be written as

a+b—1 b1 1 atb-1 b—1 b—1 1 a+bh-1
A G (I

Pascal goes on to investigate some special cases. For a < b he finds the
fraction of B’s stake going to A, assuming that both stake the same amount.
Obviously, this fraction equals 2[e(a, b) — 1/2]. By means of (3) and the
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5.3 THE CORRESPONDENCE OF PASCAL AND FERMAT 59

properties of the triangular numbers, he finds

] b-1
2[e(1,b)_1 PR 21*(1) | 5
2“ Db—l 2
] — 2b6-2
2[e(b-—1,b)_l =tb—l.b—l=(2b 2)(1) | o
2] Dy, b—-1 2
i — 2b—-4
2[e(b—2,b)—1 =gfb_:LL:1=(2b 3)(1) , -
2] Dyy_s b—2/\2

and he remarks that the last result is two times the last but one, or that A’s
gain by winning the first point is the same as the gain by winning the second.
This means that he is considering the fraction of B's stake going to A when
A is winning a single game or point. He does not, however, derive the general
result

2e(a, b)— efa + 1,b)] =1-)5'—-'z-—‘-=("+"— ‘)(1)"”’_1, ®)

ath-1 a 2

which is easily proved by means of the recursion formula and (3). This result
shows that the value of winning a point measured in terms of the opponent’s
stake equals the binomial probability (8).

Pascal’s paper is purely mathematical, and he does not attempt any
combinatorial interpretation of his results even though he mentions that the
division rule may be found also by combinatorial methods. This topic is
discussed in the correspondence with Fermat.

Several letters of the correspondence are missing, among them Pascal’s
first letter with the formulation of the problem and his solution and Fermat’s
answer in which he proposes to solve the problem by combinatorics. However,
in Pascal’s letter of 24 August 1654, he describes in detail Fermat's procedure.
Fermat says that if the players lack @ and b games, respectively, in winning
then the play will be over after at most a + b — 1 further games. Imagining
that these games are actually played, there will be 2°**~! equally possibie
outcomes and the cases favorable to A in relation to 2°7°~! will give his
fraction of the stake. For (a,b) = (2, 3) there will be 2* = 16 outcomes, which
may be listed as AAAA, AAAB, AABA, AABB,...,BBBB, the letters
indicating the winner of each game. Since there are 11 cases favorable to A,
Fermat’s rule gives e(2,3) = 11/16. In Pascal’s letter of 29 July he makes the
following comment on this procedure: “Your method is very safe and is the
one which first came to my mind in this research; but because the trouble
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60 THE FOUNDATION OF PROBABILITY THEORY BY PASCAL AND FERMAT

of the combinations is excessive I have found an abridgement and indeed
another method that is much shorter and more neat, which [ would like to
tell you here in a few words.” Pascal then proceeds to give an exposition of
his recursive method by means of three examples like those we have already
discussed.

By example he also proves (5) and (6). Presumably he was working on
his treatise when he wrote the letter because a month later, Fermat in a letter
of 29 August acknowledges receipt of a copy of the Traité. Pascal's letter is
not as clear, systematic, and comprehensive as the Usage de Triangle
Arithmétique, but it contains the main ideas and a complete table for the
case b=6,a=1,2,...,6 and a stake of 512. Presumably Pascal has first
calculated e(a,b) by recursion; he gives a table of e(a,b)— 1/2, and by
differencing he gets a table of e(a,b) — e(a + 1, b), i.c., A’s share of B’s stake
for each game won. He does not understand certain features of this table,
which indicates that he does not know the general result expressed by
Equation (8).

Returning to the discussion of the combinatorial method, Pascal writes
that he has communicated Fermat's solution to some colleagues in Paris
and that Roberval, professor of mathematics, has objected to it because the
division rule depends on games which possibly will not be played. Pascal
replies that this is immaterial because the two procedures, the actual and
the hypothetical play, will always give the same result for the two players,
since the cases in which A wins or loses in the actual play will also be the
cases in which he wins or loses in the hypothetical play. This is easily seen
from the example above, since in each combination of four letters only one
of the players can win, and the same winner comes out whether ail four
games are played or the play is stopped after the winning score.

In his reply of 25 September, Fermat approves of Pascal’s explanation
and adds two important remarks to convince Roberval. First he says that
it does not affect the division how far the fictitious play is extended over
a+ b — I games. If in the example the play is extended to five instead of four
games, the effect will be that.each of the 16 combinations will be changed
to two by adding an A or a B, and this does not change the relative number
of cases in which A wins.

Although Fermat illustrates his second remark by an example with three
players, we shall use it here in connection with the example above for
(a,b)=(2,3). Tt is clear that A may win in two, three, or four games,
corresponding to the arrangements AA, ABA and BAA, and ABBA, BABA,
BBAA, which each contains two A’s with an A at the last place. For two
games there are 22 equally possible outcomes with one favorable to A; for
three games there are 2° outcomes with two favorable ones; and for four
games, 2* outcomes with three favorable ones. The chances for A to win
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5.3 THE CORRESPONDENCE OF PASCAL AND FERMAT 61
may thus be found as the sum

1 2 3 11
2)==+5+5=
) 28 22 2% 16

in agreement with the result previously found. For the case (a, b) it is clear
that A may win at either the ath, the (a + I)st,...,or the (a + b — 1)st game.
The number of different arrangements of a A’s and i B's with an A at the
last place equals the number of combinations ofa — 1 A’sand i B’s, so that

bl fa— 14\ 1\
T e

Fermat does not give this general result explicitly, but he writes

And this rule is good and general for all cases, so that without recourse to ficti-
tious games, the actual combinations in each number of games give the solution
and show what I said at the outset, that the extension to a certain number of
games is nothing else than the reduction of various fractions to the same
denominator,

Hence, Pascal and Fermat both solved the problem of points by
combinatorial methods; Pascal also solved it by recursion and showed that
the explicit solution of the difference equation is identical to the combinatorial
solution; finally Fermat used what is called today a waiting-time argument
to find the solution (9), which erroneously has been called Pascal’s
distribution.

It is thus clear that Pascal solved the problem of points by means of the
binomial distribution for p = %. Possibly there will not be general agreement
about the statement above that Fermat solved the problem by means of the
negative binomial distribution (9), as it is called today. This result is usually
ascribed to Montmort (see §14.1). The reader should check that (4) and (9)
give identical results.

To summarize and clarify the relations between the important concepts
and results of the correspondence, we have shown the arithmetic triangle in
a random walk diagram in Fig. 5.3.1.

The random walk starts at (0,0). If A wins a point the path goes one step
to the right, and if B wins it goes one step up, the two paths being equally
likely. It foliows that only the states lying on a diagonal are equally likely
and that the triangular numbers (binomial coefficients, number of
combinations) give the number of paths from (0,0) to the state in question,
as shown on the kth diagonal. Player A wins the stake if he gets a points
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62 THE FOUNDATION OF PROBABILITY THEORY BY PASCAL AND FERMAT
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Fig. 5.3.1. Random walk diagram for the problem of points. The number of paths

b
from (0, 0) to (a, b) equals (a * ); A wins if he gets a points before B gets b.
a

before player B gets b, which means that A wins if the random walk ends
at the vertical line from (a,0) to (@, b — 1). These states are, however, not
equally likely, and the number of paths can therefore not be added to find
the number of chances for A. Consider now a fictitious continuation of the
play from the b winning states on the vertical until a + b — 1 games have
been played; i.e., until the random walk ends at the (a + b — 1)st diagonal.
It is easy to see that the paths going through the winning states and the
paths ending at the (a + b — 1)st diagonal for the abscissas atoa+ b — 1 are
the same. The number of chances for A may therefore be found by adding
the number of paths ending at this diagonal, which leads to Pascal’s result
(2). The dashed part of the path represents the fictitious games, and Fermat’s
argument about the continuation of the fictitious play has been illustrated
by the (a + b)th diagonal. Fermat’s result (9) corresponds to the number of
paths ending at the vertical from (a — 1,0) to (a — 1,b — 1) and continuing
horizontically to the vertical through (a, 0). The result (8) may also be derived
immediately from the diagram by comparing the (a+ b — 1)st and the
(a + bjth diagonals.

The problem of the division rule for three players, A, B, and C, lacking 1,
2, and 2 games, respectively, is discussed in Pascal’s letter of 24 August,
presumably after some preliminary remarks by Fermat in a letter no longer
extant. Pascal writes, “When there are only two players, your combinatorial
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