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Abstract--The 2D-string is one of the important data structures to represent spatial information in images and 
has been used to perform queries in image database systems. A 2D string can be readily converted to a set of 
triples which can be used to generate a perfect hash table for indexing the image database. The perfect hash table 
allows for O(1) retrieval in image database but the computation of the hash table itself, by the fastest heuristic 
algorithm, is of exponential time complexity. Every time the database is modified, the hash table needs to be 
recomputed. This limits the use of the hash table to applications where the image database is relatively fixed, 
such as the ones found on a CD-ROM. In this paper, we present an enhancement of the perfect hash table to 
allow for insertion and deletion in the hash table. The new hash table allows for a relatively small number of 
collisions and is called near-perfect hash table. It provides the flexibility of a live database while closely 
approximating the efficiency of retrieval with the perfect hash table as shown by the asymptotic analysis of the 
search procedure. © 1997 Pattern Recognition Society. Published by Elsevier Science Ltd. 
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1. INTRODUCTION 

An image database system is concerned with the 
problem of storage, retrieval, and manipulation of pic- 
torial data in an efficient manner. The nature of data 
being managed (pictures) does not readily lend itself to 
the conventional database techniques for data organiza- 
tion and retrieval. The problem is harder as the pictorial 
data cannot be characterized in non-ambiguous terms due 
to the large number  of parameters involved. These para- 
meters can be shapes (round or near-ronnd), size (relative 
to other objects v. absolute), or spatial location relative to 
other objects in the image. O~ In this paper, we will be 
primarily concerned with the last parameter, i.e. the 
storage and retrieval of images based on the relative 
location of objects within them. 

The representation of pictorial objects and the spatial 
relationship between them is one of the most important 
problems in the image database design. (2"3~ The problem 
is generally solved by assuming the existence of low- 
level image processing primitives to reduce an object to 
determine its exact spatial location or centroid. (4) This 
reasoning allows for better organization of data and leads 
to robust techniques in spatial reasoning. (5~ Ideally, we 
will like to build the representation by automatically 
extracting the objects in a picture with image processing 
primitives. Such an automatic process to build the re- 
presentation eliminates the need to tag each picture with 
its syntactic description to be used for storage and 
retrieval while allowing for content-based retrieval. 

In content-based retrieval, the database does not con- 
tain any keywords assigned by the humans to describe the 

* Author to whom correspondence should be addressed. 

contents of the pictures. If  the query is specified in terms 
of a picture showing the spatial relationship between 
different objects, the problem of matching the objects in 
the query against the objects in the images in the database 
using graphical techniques becomes a daunting task. 
Therefore, the pictures in the database are processed 
to identify the different objects contained within them 
and the objects are then mapped onto symbols (or iconic 
objects) that can facilitate retrieval. Such techniques are 
exemplified by data structures like 2D strings (6-1°~ and 
quad trees (11). 

The idea of a 2D string and its use in the syntactic and 
semantic abstraction of pictures for developing picture 
indices was advanced by Chang. (6) It was used to build a 
prototype image database system that supports spatial 
reasoning, efficient retrieval of images, and other tradi- 
tional image database operations. (4~ Later, the 2D strings 
led to the development of another data s tmcture- -a  set of 
t r iples-- to  represent the spatial relationship between 
each pair of objects in a picture. (12) The triples were 
used to index an entire image database based on a perfect 
hash table leading to an O(1) retrieval of desired images. 

A perfect hash table does not permit any collisions on 
any of its addresses. Therefore, the retrieval process is 
simplified to simply computing the hash address from the 
specified spatial constraints in the picture depicting the 
query. The hash address contains a pointer to a linked list 
of pictures that contain the specified pattern. Thus, each 
retrieval based on a constraint that can be specified in a 
single triple can be performed in O(1) time whereas the 
retrieval of pictures based on m triples is performed in 
O(m) time. 

Ideally, the hash table contains just as many addresses 
as the number  of triples. Since there are no collisions, 
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each triple is mapped to a separate address. Such a hash 
table is known as the minimal perfect hash table. In the 
context of image databases, the number of addresses in 
the minimal perfect hash table is the same as the total 
number of triples across all the pictures in the database. 
In reference (13), we showed that Chang and Lee's 
algorithm (12~ could not guarantee a minimal perfect hash 
table, because of conflicts in address computations that 
could not be resolved within the minimal address space. 
Thus, the constraint of minimality on perfect hash table 
makes the problem of hash table construction computa- 
tionally expensive. We proposed heuristics to speed up 
the computation of the hash table while minimizing the 
address space requirements as compared to Chang and 
Lee's hash table. 

Despite the speed of retrieval, the hash table has seen 
limited functionality in image databases due to the 
amount of time needed to compute the table. The pro- 
blem becomes more acute if  the database is frequently 
updated by insertion and deletion of images because such 
an update requires the computationally expensive recon- 
struction of the hash table index. These constraints limit 
the application of hash table indexing to relatively static 
databases such as the ones found on the CD-ROMS. 

There has been some research performed in the area of 
perfect hash tables. For example, Czech and Majewski ~ 14) 
have proposed a linear time hashing algorithm for hash- 
ing words based on their probabilistic distribution. The 
hash value of a word is expressed in terms of three 
pseudo-hashing functions. Other dynamic perfect hash- 
ing functions based on probability distributions are given 
in reference (15). However, in our treatment, the hash 
function deals with image objects and their interrelation- 
ships. Also, we make no assumptions about the distribu- 
tion of objects and hence, cannot use the conventional 
hashing techniques. 

In this paper, we present an enhancement of the 
minimal perfect hash table structure that can allow the 
dynamic insertion and deletion of pictures in an image 
database. We call the new data structure a near-perfect 
hash table. The near-perfect hash table allows for a 
maximum of 10% of its addresses to resolve collisions 
and may contain some unassigned addresses. We present 
the techniques to update the hash table whenever pictures 
are added to or deleted from the image database. We also 
perform an asymptotic analysis to show the effectiveness 
of retrieval of pictures with the modified index. 

In Section 2, we briefly outline the 2D string data 
structure, development of triples from the 2D string, and 
the algorithm to compute the hash table index. In Sec- 
tion 3, we describe the near-perfect hash table data 
structure and the associated deletion and insertion opera- 
tions. In Section 4, we present the asymptotic analysis of 
retrieval with different possibilities in the near-perfect 
hash table. 

2. PERFECT HASH TABLE 

A perfect hash table is used to provide an index into an 
image database. The index facilitates an O (1) retrieval of 

images based on simple queries. The hash table is 
computed from a set of triples derived from the 2D string 
data structure. In this section, we present a brief intro- 
duction to the computation of 2D strings from a given 
image. This is followed by derivation of triples from the 
2D strings. Finally, we present an algorithm to compute 
the hash table index from the set of triples. 

2.1. 2D String data structure 

The 2D string data structure was advanced by 
Chang (6'7~ and is particularly suitable to satisfy the 
queries that require retrieval based on the spatial relation- 
ship between two or more objects in a picture. In the 2D 
string approach, each picture is processed using low level 
image processing primitives to identify different objects 
contained therein. In particular, each object is identified 
by taking a projection of its boundaries along the x- and 
y-axis. These projections enclose each object in a rec- 
tangle, known as the minimum bounding rectangle 
(MBR), and help define the bounds and centroid of 
the symbolic object. The position of each symbolic 
object in the image is taken to be the centroid of the 
MBR. The spatial relationship between objects is repre- 
sented using the centroid of each object. The set of 
symbolic objects for the entire image database forms 
the vocabula~ of the database. 

The general form of a 2D string is an ordered pair (u, v) 
where each of u and v denote a 1D string containing the 
spatial relations between symbolic objects along the x- 
and y-axis, respectively. The 2D string uses a set of 
relational operators to show the spatial relationship 
between pairs of objects along each axis. The set of 
relational operators, denoted by A, is given by 

a = { = , < , : } .  

Consider two symbolic picture objects $1 and $2. $1 = $2 
along an axis implies that the projections of the two 
objects coincide along that axis. $1 : $2 implies that the 
centroid of both the objects lies in the same MBR. 
$1 < S~ in u implies that Sl is "'to the left of"  $2, 
whereas $1 < $2 in v implies that $1 "is below" $2. 

A general representation for a 2D string is given by 

( S l X l S 2 X 2  " ' "  X n - l S n ,  S p ( 1 ) y l S p ( 2 ) Y 2  " "" Yn 1Sp(n) ) ,  

where Si are the symbolic objects, p : { 1 , . . . , n } - - ~  
{1 . . . .  ,n} is a permutation over {1 . . . .  ,n}, and each 

ofx l , . . . ,Xn  1,Yl,...,Yn-1 CA. 
The 2D string can be illustrated by using a simple line 

drawing image presented in Fig. 1. 
In Fig. 1, there is a canoe outside a lakefront house. 

The objects of interest in this picture are enumerated as 
canoe, house, and lake. The minimum bounding rectan- 
gles corresponding to the objects and their centroids are 
presented in Fig. 2. 

The 2D string corresponding to Fig. 1 can be given 
by 

(canoe < lake = house, lake < canoe < house). 

In simple terms, it implies that the centroid of the lake 
and the house coincide along the x-axis and the 
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Fig. 1. A simple line drawing of a canoe outside a house. 
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Fig. 2. Minimum bounding rectangles and centroids of objects. 

centroid of the canoe is to the left of both of them. Along 
y-axis, the centroid of the lake is below the centroid of the 
canoe which itself is below the centroid level of the 
house. 

2.2. Development of  triples 

A 2D string can be easily converted to a set of triples 
which can be used to develop the hash table for storage 
and retrieval. (12~ Each triple is of the form (Si,Sj, rij) 
where 1 _< rij _< 9 represents the spatial relation between 
the symbolic objects Si and Sj. Each triple allows us to 
map the relationship between two objects in one of the 
nine relative directions--north, north-west, west, south- 
west, south, south-east, east, north-east, and coincidental. 
The nine relative directions are mapped onto integers 
from 1 to 9 as shown in the Fig. 3. In each mapping, the 
object at the center is considered as the reference object. 
In the terminology of triples, the second symbol is treated 
as the reference symbol. 

Given a 2D string, it is straightforward to obtain a set 
of triples corresponding to it. For example, if  the 2D 
string for two symbolic objects Si and Sj is 
(Si < Sj, Sj < Si), it is easy to infer the spatial relation- 
ship between the two symbols into a triple as (Si, Sj, 2), or 
equivalently, (Sj, Si, 6). A simple algorithm will pick one 
symbolic object Si and determine its relationship with 
respect to every other object along the x- and y-axis to 
form triples. The object Si is then eliminated from further 
consideration and the previous step is repeated with the 
rest of the objects. 

N W  N N E  2 1 8 

W C E ~=} 3 9 7 

SW~ S SE  4 5 6 

Fig. 3. Integer mapping of spatial relations. 

Using the mapping in Fig. 3, the 2D string correspond- 
ing to Fig. 1 yields the set of triples as 

T =  {(canoe, house, 4), (canoe, lake, 2), (house, lake, 1)} 

The triples are used to perform indexing of the database 
by using a hash table generation algorithm. (12'13'16) The 
algorithm associates a numerical integer value to each 
symbolic object which, together with the relationship 
integer in the triple, is used to compute the hash address. 
The heuristic-based algorithm presented by Sabharwal 
and Bhatia (16) is summarized in Section 2.3. 

2.3. Computing the perfect hash table 

The perfect hash table construction is computationally 
expensive. Once the hash table is developed, the retrieval 
process is trivial. In hash table calculation, we have to 
balance a trade off between the complexity of hash table 
computation and the savings in the storage space and the 
speed of retrieval process. In this subsection, we describe 
the computation of the hash table from the set of triples, 
and illustrate it with an example from reference (12). Let 
I denote the example database containing four pictures, 
identified by P> P2, P3, and P4- In terms of triples, these 
pictures are described as 

P1 = {(A,B, 6) , (A,C,  6) , (B,C,  8)}, 

P2 = {(F, G, 3), (F,G,4) ,  (G, G, 4)}, 

P3 = {(B,F,  7)}, 

P4 = {(A,B,7),  (A, C, 1), (A,D,S),  (A,E, V), (B, C,2), 

(B,D, 1), (B,E, 9), (C,D, 7), (C,E, 6), (D,E, 5)}. 

Let S - - { & , S 2 , . . . , S n }  denote the set of all iconic 
picture objects in the image database. Let T denote 
the set of all the triples identified from all the images 
in a database. Each triple in T is of the form (Si, Sj, rij), 
where rij is the spatial relation of Si to Sj. For the example 
database I. S and T can be described as 

S = {A,B, C ,D,E ,F ,  G}, T = P1 UP2 UP3 UP4. 

A perfect hash function is defined by 
h : A - - + { 1 , 2 , . . . , m }  such that h is one-to-one 
m > IAI. The function h is a minimal perfect hash func- 
tion if h is onto such that m = IA]. The perfect hash 
function used in this paper is defined by 

h : T --+ {1,2 . . . . .  m}h(Si, Sj, rlj) = a(Si) +a(Sj) + rij, 

where m is greater than or equal to the size of the range of 
h (the number of addresses in the hash table), and a(Si) is 
the value associated with the symbolic object Si. 
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The original algorithm to compute a hash table for 
image databases was brute force and was developed by 
Chang and Lee. (12) This algorithm was motivated by the 
work of Sprugnoli, (17) Cichelh, (is) and Cook and Old- 
ehoeft (19) in the domain of programming languages. We 
designed a set of heuristics to speed up this algorithm. (a3) 
Later, we developed a new algorithm by relaxing con- 
ditions on the values associated with the symbolic objects 
and performed asymptotic analysis of the algorithm. (16) 

The algorithm begins by computing the frequency of 
each symbolic object Si in the set of triples T. If a symbol 
occurs twice in a triple, for example triples of the form 
(Si, Si, rii), it is assigned a higher frequency value com- 
pared to the other symbols. Such triples are known as 
isoiconic triples (such as the triple (G, G, 4) in picture 
P4 of the example database). The set of objects S is 
then sorted on the decreasing order of the frequency 
of occurrence of the objects in T. The ordered S for 
our I is 

S =  (G ,B ,A ,C ,E ,D ,F) .  

Next, all the triples in T are rearranged such that the 
frequency of the symbolic object in the first place in the 
triple has a higher frequency compared to that of the 
object in the second place. That is, for each triple 
(Si, Sj, rij), the frequency of Si is always greater than 
that of Sj. In case the frequency of Sj is higher than that of 
Si, we rearrange the triple to (Sj, Si,rji) where 
I r / j -  rji[ = 4. This rearrangement of triples is called 
intratriple ordering. 

The ordered triples are now sorted on the decreasing 
frequency of the second object in the triple. The sorting is 
called intertriple ordering. The resulting intratriple- and 
intertriple-ordered set of triples is used to search for the 
associated values for each picture object, that will map 
the triple to a unique address in the hash table. The search 
for associated values consumes most of the time as it 
backtracks to satisfy the constraint of no collisions in the 
hash table. The intratriple- and intertriple-ordered T 
corresponding to i is described by 

T = {(G, G, 4), (B,A, 3), (B,A,2),  (B, C, 2), (A, C, 1), 

(B, C, 8), (a, C, 6), (C,E, 6), (B,E, 9), (A,E, 7), 

(E,D, 1), (C, D, 7), (B,D, 1), (A,D, 8), (B,F, 7), 

(G,F,  8), (G,F,  7)}. 

The search algorithm presented by Chang and Lee (~2) is 
summarized as follows: 

1. Initialize all associated values to zero. 
2. Select the triple at the head of the ordered list of 

triples. 
3. Calculate the hash address for this triple. Generally, 

the first object in the triple will already have a value 
assigned due to the ordering in triples. 

4. A collision occurs i f  the corresponding hash address is 
already in use. Whenever a collision occurs, reassign 
the current symbol a new value by incrementing the 
old value by 1. Repeat step 3 using the new value until 
the collision is resolved. If the collision is resolved, 
move the current item pointer in the list to point to 

the next triple and go to step 3. Otherwise, proceed to 
step 5. 

5. Step 4 fails if  the basb address for the triple is beyond 
the available address space. In this case, backtrack to 
most recently assigned symbol and start from step 2 
by incrementing the current value of this symbol by 1. 
Go to step 3. 

The search algorithm is the computational bottleneck 
in hash table development. We improved this algorithm 
by designing several heuristics. (13) The first heuristic 
guesses a starting value that is not necessarily zero by 
using the available addresses. In case of a collision, the 
second heuristic lays down a plan to adaptively increment 
the associated value by a number that is greater than or 
equal to 1. The third heuristic uses a look-ahead mechan- 
ism to determine the possibility of a collision at later 
stages with the current associated value. Another triple 
normalizes the isoiconic triples of the form (Si, Si, rii) to 
(Si, Si,r~i ) if ru is greater than 4. The normalization 
assures that/ii  is less than or equal to 4 in all cases. 

We showed that even with the above heuristics, the 
algorithm is not sufficient to guarantee a minimal perfect 
hash function. (13) We later developed a new heuristic that 
is much faster than the previous algorithms and promises 
the construction of a minimal perfect hash function. (16) 
The idea is to utilize the spaces left unused by the other 
algorithms by using negative associated values. It is 
found that the lower bound on the associated values is 
- ( m  + 4) where m is the number of triples. The com- 
plexity of the algorithm is computed to be 
O(m[(m - 4)n/2). The worst case occurs when the mini- 
real perfect hash table may not be achieved. In such a 
case, the hash table may be cons~ucted with m' addi- 
tional addresses leading to the computational complexity 
of O((m + mr)!(m + m r - 4)n/2/mr[), m r is small as com- 
pared to m. It may be noted that we were able to get a 
minimal perfect hash table for all the examples consid- 
ered (i.e. m I = 0). The minimal perfect hash table corre- 
sponding to I using the above algorithm results in the 
following associated values: 

{(A, 1), (B, 9), ( C , - 1 ) ,  (D, 5), ( E , - 1 ) ,  ( F , - 7 ) ,  (G, 2)}. 

Lemma 1. The total space requirement for the hash table 
is less than or equal to twice the number of triples in the 
hash table, i.e. n{ _< m. 

Proof. The worst case for the hash table occurs when all 
the triples in the database are isoiconic of the form 
(Si, Si, rii). Furthermore, in this case, the value of rii is 
of the same parity (even or odd) in all the triples. All the 
triples in such a case will map to even or odd addresses 
depending on the value of rib Successive triples map to 
successive even or odd slots leaving half the table unused. 
Hence, for m triples, the number of addresses in the hash 
table is at most 2m, or rn r = m. [] 

2.4. Query and retrieval 

The hash table is the central data structure for retrieval. 
In addition to the list of pic~lres containing different 
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Object  ( 

Triple 

Picture 

' Hash Address 

Fig. 4. Data flow/connectivity in the perfect hash table. 

spatial relations between symbolic objects, it must con- 
tain certain additional information that can help during 
the query process. 

The computation of the perfect hash table and the 
associated query process is explained with the help of 
Fig. 4. The pictures in the image database are processed 
to yield the set of symbolic objects and their spatial 
relationship to each other. The spatial relation between 
objects is represented by a 2D string which is then 
converted to a set of triples. The algorithm to generate 
the hash table associates the integer values with each 
object and returns the hash address corresponding to each 
triple. 

The perfect hash table data structure is presented in 
Fig. 5. The ordered list of symbols in the data structure is 
required to perform intratfiple ordering within each 
query triple. The associated value for each symbol helps 
in computation of the hash address. Finally, each address 
A i  in the hash table contains a pointer to a linked list that 
contains the addresses of pictures PAd containing the 
spatial pattern mapped onto the corresponding hash table 
address. The picture address can be in the form of a 
complete path name of the image in the database and can 
be directly used to retrieve the image. The perfect hash 
table structure corresponding to the database I is given in 
Fig. 6. It may be noted that in the example, we did not 
have a triple occurring in more than one picture. For 
multiple pictures with the same triple, there will be more 
than one picture in the linked list at the corresponding 
address. 

When a user poses a query to the system, the symbolic 
objects in the query are separated and a set of triples is 
generated corresponding to the query. The query is also 
converted to a set of intratriple ordering using the fre- 
quency distribution information for symbolic objects in 
the original database (kept with the hash table). Then, the 
auxiliary information in the hash table is used to deter- 

Ordered list o£ symbols (based on frequency) 

Associated value for each symbol 
Hash table 

A1 >---+ PAi l  "+ PAl2 ~ . . .  [] 

A2 t>---+ PA~I ~ Pc22 ~ . . .  [] 

A,~ t>---+ PA,1 ~ P c . 2  ~ . . .  [] 

Fig.  5. T h e  pe r f ec t  ha sh  table  da ta  s t ruc ture  and  assoc ia ted  
information. 

( G , B , A , C , E , D , F )  
{ (A,  1), (B ,  9) ,  ( C , - 1 ) ,  ( D ,  5), ( E ,  - 1 ) ,  (F ,  - 7 ) ,  (G ,  2)} 

1 D---+ P4 -'+ [] 
2 D--+ /:'2 ~ [] 
3 D-"+ P2 -+  [] 
4 1--+ /:'4 ~ [] 
5 D---~ /:'4 --~ [] 
6 D--+ P1 --~ [] 
7 [ - -+  P4 --+ [] 
8 [ - -+  P2 --'+ D 
9 D - *  P3 --+ [] 
I0 D-+ /:'4 -+ [] 

11 >-+ P4 -+ [] 

12 ~>--* P1 --~ [] 
13 [>-+ /:'4 --+ [] 
14 ~>--~ /:'4 -'+ [] 

15 >--+ /:'4 --+ [] 

16 D--* /:'1 --+ [] 
17 D---+ P4 --+ [] 

Fig. 6. The perfect hash table data structure corresponding to 
database I. 

mine the associated value for each symbolic object in the 
query. The hash function is applied to the associated 
values and spatial relationship mapping to form the hash 
address. The hash table is then consulted to determine the 
address of pictures, from the hash address, that contain 
the desired spatial relationship between the specified 
objects. 

Since the hash table does not have any collisions, the 
intersection of the resulting sets of pictures can be 
retrieved and presented to the user in response to the 
query. For each triple, this retrieval can be performed in 
0(1) steps. If the query contains m triples, the retrieval is 
performed in O(m) steps. 

3. NEAR-PERFECT H A S H  TABLE---UPDATE OPERATIONS 

The perfect hash table is static in nature. For any 
update of the image database, the hash table must be 
recomputed from scratch. In order to bypass the compu- 
tationally intensive reconstruction process for dynamic 
image databases, it is proposed that we allow for some 
potential collisions to occur in the new hash table. It is 
obvious that the amount of update--insertion and dele- 
tion is relatively small compared to the size of the 
database (hash table). To keep the advantage of the 
perfect hash table, we propose that the collisions be 
limited to no more than 10% of the address space, or 
number of triples. The figure of 10% is inspired by the 
10%-role heuristic proposed by Cook and Oldehoeft. (m) 
Their idea was to speed up the calculation of a static hash 
table at the cost of 10% additional space. We have 
extrapolated it further to the dynamic hash table that 
allows for insertion and deletion. Such a table is called 
the n e a r - p e r f e c t  h a s h  tab le .  In  this section, we describe 
the additional information that is required to construct 
and maintain the near-perfect hash table data structure. 
Then, we present the query and update operations in the 
database. 

The near-perfect hash table is defined to be one that 
allows no more than 10% of the triples to resolve 
collision in the entire hash table. In addition, it does 
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not allow for more than 10% of its addresses to be 
unused. If  the number  of collisions exceeds 10% of 
the size of the hash table, or if  the number of free spaces 
exceed 10% of the hash table size, the perfect hash table 
is recomputed using the algorithm presented in reference 
(16), or by using some incremental technique that is not 
yet known. 

The near-perfect hash table is not simply a hash table 
but also a dynamic dictionary storing additional informa- 
tion and data structures. Since it allows for collisions, we 
must keep the data required to identify the occurrence of 
a collision at every address, that is the triple itself, in 
addition to the data kept in the perfect hash table. In 
addition, we must keep a pointer to the next address for 
collision resolution. The modified data structure is pre- 
sented in Fig. 7. In this figure, Ai indicates an address in 
the hash table, TA, indicates the triple at the address Ai, A I 

contains a pointer to the next address in case of a 
collision, and PAj form the linked list of pictures contain- 
ing the triples TA,. The corresponding transformation of 
Fig. 6 is presented in Fig. 8. 

The deletion operation is simple if we allow some 
unused spaces in the perfect hash table by allowing for 
the deleted addresses to be considered as placeholders 
and therefore, we will discuss that first. This will be 
followed by the insertion operation. We will also ensure 
that at no time, the size of the hash table with n distinct 
triples should exceed cn where 1 < c < 1.1 as dictated 
by the 10%-rule. (19) 

3.1. Dele t ion  o f  images  in the database  

The operation of deleting images in an image database 
involves removing some pictures that may contain a 
given pattern. The pictures containing the pattern are 
pointed to from within the hash table by using a linked 
list. If the linked list attached to a hash address is 
completely deleted, we say that the hash address is not 
in use any more. This effectively means that the triple that 
pointed to the hash address does not exist any more 
because all the pictures containing that pattern have been 
removed from the database. This hash address is released 
to free the occupied slot, and the slot is marked as unused. 

Deletion of a picture from the database will also affect 
the frequency of symbolic objects that has been retained 
with the hash table. This frequency is not modified until 
the hash table violates the 10%-rule and needs to be 
recomputed. This is necessary because at the time of 
retrieval, the intratriple ordering is performed on the 

Ordered list of symbols (based on frequency) 

Associated value for each symbol 

Hash table 

A1 TA1 A~I t>-+ PAll --+ PAI~ ~ . . .  [] 
A2 TA2 A~ t>---+ PA~I ---+ PA2~ ---+ . . .  [] 

As  TA. A~ I>---+ PA.1 ---+ P.4.2 . . . .  [] 

near-perfect hash table data structure and 
associated information. 

Fig. 7. The 

( G , B , A , C , E , D , F )  
{(A, 1), (B, 9), (C, - 1 ) ,  (D, 5), (E, - 1 ) ,  (F, - 7 ) ,  (G, 2)} 

] (A,C, 1) t>--+ P4 --+ D 
2 (G,F,  7) ~>--+ P2 --* [] 
3 (G,F,S) >--* P2 -* [] 
4 (C ,E ,6 )  D---* /:'4 --+ [] 
5 ( E , D , 1 )  I>--~ /:'4 ---+ [] 
6 (A, e,  6) t>--+ P1 ---* D 
7 (A, E, 7) I> ~ /:'4 ---+ [] 
8 (G,G,4) I> ---+ /:'2 --+ [] 
9 (B, F, 7) I>---+ Pa ~ [] 

10 (B, C, 2) l>---+ P4 ~ [] 
11 (C,D,  7) >.-.* P,  --* D 
12 (B, A, 2) I>--~ /:'1 --+ [] 
13 (B,A,3) I>-+ /:'4 -"* [] 
14 (A,D,8) - l>-~ /:'4 "-+ [] 
15 ( B , D , D - t>-+ P4 ~ [] 
16 (B, C, 8) D--* P1 ---+ [] 
17 (B ,E ,  9) I>--* P4 -+ [] 

Fig. 8. The near-perfect hash table data smacture correspond- 
ing to database L 

triples in the query based on the frequency that existed 
at the time of hash table computation. If an object is 
completely removed, that is, all the pictures containing 
that object have been deleted from the database, its 
frequency information and the associated value are also 
eliminated. However, the hash table itself remains un- 
changed. 

In addition to the information on frequency-based 
ordering of symbols and the associated value of each 
symbolic object, the following information is necessary 
to facilitate the deletion operation: 

1. The triple corresponding to an address  in the hash 

table. In the existing hash tables (see Fig. 6), the 
triple is not kept with the hash table. Instead, only the 
pictures that contain the triple are kept in a linked list 
starting at the corresponding hash address. This is 
required to test the triple in satisfying a query. 

2. A l inked list o f  all triples corresponding to each 

pic ture  object.  This can establish if  a symbolic object 
is still in use after a picture has been deleted. More- 
over, it can facilitate the computation of frequency to 
be used with an incremental algorithm to compute the 
hash table that is being investigated. 

This tracking information requires the use of addi- 
tional data structures to be stored with the hash table. 
Most of these data structures are best implemented by 
linked list abstract data type, as their associated opera- 
tions of deletion, insertion, and search are already well 
known. 

In our example, we remove the picture P3 which 
results in the removal of the triple and the picture at 
address 9 in Fig. 8, making the address available for 
future use. The table need not be recomputed. 

3.2. Insert ing new images  in the database  

The issue of construction of a near-perfect hash table 
arises when we have to insert a new picture in the image 
database. Whenever we receive a new picture, we need to 
identify all the picture objects contained in it and create 
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all the triples to show the spatial relationships between 
those objects. In order to construct a near-perfect hash 
table, we have to consider three possibilities for each 
triple: 

1. None of the picture objects exists in the database, i.e. 
both the picture objects in the triple are new. Both of 
these objects will need to be assigned associated 
values. 

2. Exactly one of the picture objects already exists in the 
database. This picture object already has an associated 
value. We need to assign an associated value to the 
other picture object. 

3. Both the picture objects already exist in the database. 
This will lead to further subcases: 

(a) The spatial relationship between the picture 
objects is such that the triple already exists. It is 
easy to handle this by simply adding the picture to 
the existing linked list starting at the slot in the hash 
table corresponding to the triple. 
(b) The spatial relationship is new. This would lead 
to collisions as the three elements used to compute 
the hash address (a(Si), a(Sj), and rij) have already 
been defined. This is the most complex case in 
database updation and makes it necessary to recom- 
pute the hash table, or allow for a few collisions, 
leading to near-perfect hash table. 

If a new associated value needs to be assigned to any 
object in the triple, the problem may be more simply 
resolved by manipulating the associated value. It is easy 
to see from the above that the collisions pose the most 
serious problem when we have a triple with two objects 
that already have an associated value and a new relation- 
ship between them which is different from the one that 
exists in the database. In this case, the only recourse left 

is to allow for collisions in the hash table, or to recalcu- 
late the hash table. 

We will illustrate case 1 by inserting the picture 
presented in Fig. 1 into the database I as it exists now 
after removal of picture P3. The new hash table, with P3 
removed and Fig. 1 (referred to by P,~) added, is shown in 
Fig. 9. 

3.3. Near-perfect hash table 

For both insertion and deletion, the hash table is 
allowed to be near-perfect, where near-perfect is 
defined to be a hash table that satisfies the following 
conditions: 

1. For insertion, the near-perfect hash table will allow a 
number of collisions that does not exceed 10% of its 
address space at any time. 

2. For deletion, the near-perfect hash table will not allow 
for more than 10% of its address space to be unused at 
any time. 

Whenever either of these conditions is violated, the 
hash table will not be updated, but reconstructed. We 
are also working on the computation of the hash table 
using an incremental technique that may take into 
account a part of the existing hash table to reduce the 
calculations. 

The construction of near-perfect hash table is accom- 
plished by extending the size of the perfect hash table by 
at most 10%. That is, first a hash table is already 
calculated by the approach presented in reference (16). 
In order to update the database by insertion limited to 
10% of the original space, this table is extended to near- 
perfect hash table. The analysis of query/search is pre- 
sented in Section 4 with the assumption that the near- 
perfect hash table is ah'eady constructed. 

(G, B, A, C, E, D, F, canoe, house, lake) 
{(A, 1), (B, 9), (C, -1 ) ,  (D, 5), (E, -1 ) ,  (F, --7), (G, 2), (canoe, 4), (house, 10), (lake, 3)} 

1 ( A , C , 1 )  >--+ P4 --+ [] 
2 ( G , F , r )  >--+ P2 -+ [] 
3 (G, F, 8) I>---+ /°2 "+ [] 
4 ( C , E , 6 )  > ~  P4 --+ [] 
5 ( E , D ,  1) t>-+ P1 -'+ [] 
6 (A, C, 6) t>-+ P1 ~ [] 
7 (A, E,  7) - 1>--* P4 ~ [] 
8 (G, G, 4) 1>--~ P2 --~ [] 
9 (canoe, lake, 2) t>"+ Pn -"+ [] 
10 (B, C, 2) t>--+ P4 -+ [] 
11 (C,D,  7) t>-+ P4 -+ [] 
12 (B,A,2) I>-+ P1 ---+ [] 
13 (B,A,3)  t>--~ Pa - -  [] 
14 (A,D,  S) I>--+ P4 ---+ [] 
15 (B, D, 1) >--+ P4 ---+ [] 
16 ( B , C , S )  ~,-+ P1 --+ [] 
17 (B, E,  9) />--+ P4 "+ [] 
18 (lake, house, 5) 19 I>-'+ Pn --+ [] 
19 (canoe, house, 4) t>---+ Pn -"+ [] 

Fig. 9. The near-perfect hash table data structure corresponding to database I after the deletion and insertion 
operations. At address 18, there is a collision which is resolved at address 19. 
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4. ANALYSIS OF THE SEARCH ALGORITHM 

In this section, we present the analysis of the search 
algorithm for the near-perfect hash table and demonstrate 
that the search algorithm performs almost as well as the 
earlier algorithm based on the perfect hash table. 

Let Th, "It, and T1 be the computation times used for the 

colliding triples at any address. The search terminates 
in one step at each of the n - c non-colliding triples, in 
one step at half  of the c colliding triples when the 
searched-for triple is in the first place, and in two steps 
at the remaining half of the c colliding triples. The 
computational complexity can be given by 

Th + Tt + T~ For each of n - c non-colliding triples, 
Th + Tt For each of the first occurrence of colliding triples, 
Th + Tt + T1 + Tt For each of the remaining colliding triples. 

The average time complexity in this case is 

= ~ ((r~ + r~ + r~(n - c) + (r~ + r~ + r , ) ~ -  r,~ + (r~ + r~ + r~)~ + r,~) 
((rh + r, + r~)(~ - c) + (r,, + r, + r,)c + (r~ - r , )~)  

T ~ = ( T h + T t + T I ) + ( T t -  I )~ 
< (Th + r~ + T~) + (r~ - TI)(0.05) c _< 0.1n 

= o ( 1 ) .  

calculation of hash address, testing for the presence of 
triple by matching it with the triple in the table, and 
testing for the non-empty linked list. 

Let the hash table consist of n addresses. Let the 
collisions occur on c of the n addresses, ( 0 < c < 0 . 1 n ) .  
Then, there are n -  c addresses on which there is no 
collision. The collision resolution space can be enumer- 
ated by the following criterion: 

4.2. Worst case analysis 

The worst case occurs when all the colliding triples 
map to the same address in the hash table. Thus, we have 
n - c triples for which the search is terminated in one 
step, and one triple each for which the search is termi- 
nated in 1 , 2 , . . . ,  c steps. The computational complexity 
is given by 

rh+T~+T~ 
r h +T~  
Th + T~ + T~ + T, 
rh + r,  + 2(r~ + r~) 

Th + T, + (c-- 1)(T~ + T,) 

For each of n - c non-colliding triples, 
For the first triple on the colliding triples list, 
For the second triple on the colliding triples list, 
For the third triple on the colliding triples list, 

For the cth triple on the colliding triples list. 

1. Each collision occurs at a different address. The 
search is performed by resolving the collision in at 
most two steps. 

2. All collisions occur at the same address. This occurs 
when all the c triples involved in collisions are map- 
ped to the same address by the hash function. In such a 
case, the search is performed in at most c steps. 

3. The collisions are randomly distributed but some 
addresses may have more than two triples mapped 
onto them. The search in this case may be performed 
in more than two steps (but less than c steps). 

The above three possibilities lead to three cases for 
search with col l is ions--best  case, worst case, and the 
average case. The analysis for each of these cases is 
performed in the following subsections. 

4.1. Best case analysis 

In the best case, the collisions are evenly distributed in 
the hash table. That is, there are no more than two 

The average time complexity in this case is 

1 
r ,  = - ( ( r h  + r~ + rt)Cn - c) + (rh + r~)c 

H 

+ r1 + (T1-4- T,)(1 + 2 + - . .  + (c - 1))) 

- n  - ! ((rh + r, + r , ) ( n -  c) + (rh + r,)c + r, 

+ ( r ~ +  r t ) ~ )  

4 o -  1)') 

1 c(c 1) c ( c - 1 )  

<---n (Th + Tt+ T1)n+ T'C-t~+ Tt~C2 
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0.01n ~- O.01n 2 
= (Th + Tr + T;) + ~ n  Tt + ~ - n  Tt 

= (Th + T~ + T;) + 0.005nTz + 0.005nT, 

= (Th + Tt + T;) + 0.005(T; + Tt)n 

= C1 +0.005C2n where C1 and (72 represent constants 

= O ( n )  

4.3. Average case analysis 

In the average case, the collisions are randomly dis- 
tributed across the hash table. Thus, the average case falls 
in between the best case and the worst case. With m slots 
in the hash table (the number of triples), there are 
kl, k2 , . . .  ,kp collisions at different hash addresses such 
that ~ = 1  ki = c and 1 < p < c. That is, at hash address 
ai, the collisions are resolved with at most ki steps, 
2 < ki < c. Therefore, one of the n triples can fall in 
the following two categories: 

1. (n - c) non-colliding triples; 
2. ki colliding triples in the same space where 

i =  1 , 2 , . . . , p .  

The corresponding times for computational complexity 
are given by 

For each of n - c triples (Th + Tt + T;), 
For each ki, the hi collisions 
can be resolved in time 

m k By substituting ~ ; = 1  i = C and 

m 

Z ~ -< k, = c ~, 
i=1 

1( 
Tn <~ - (Th + Tt + T1)n + (Tt + Tl)C 2 

n 

1 T - E ( ,  + r,)c) 

Since c < 0.1n, 

1 (  1 
Tn <- -n (Th + T* + TI)n + 2 (Tt + TI)(O'ln)2 

1 (Tt + T,)(0.1n)) 
2 

_< (Th + Tt + Tl) + 0.005(T, + Tl)n -- 0.05(Tt + Tl) 

_< (Th + Tt + Tl) -- 0.05(T, + rl) + 0.005(T, + Tl)n 

<_ Ctl + C'2n where C i and C~ are constants 

= O ( n ) .  

(Th + T~ + Tl)ki + (ki - 1)Tt + [(ki - 1)(k, - 2)/2](T~ + T;). 

The average time complexity in this case is the sum of all 
these terms divided by the total number of triples n and is 
computed as follows: 

Tn = 1 ((Th + Tt+  T z ) ( n - c )  

)) + rh + Tt)ki + 7"l + (Tt + Tl) ki(kl - 1). 
t 1 2 
( m 

1 (Th + T, + T,)(n- c) + (r~ + r,) Z ~ ;  
n ;=1 

1 Tt) ~-~(ki(ki - 1))) + mTl + ~ ( ( T t  + 
i= i  

Since m < c and ~im__l ki = c, 

T. < 1- ((rh + T, + T,)(n - C) + (rh + Tt)c 
- - n  \ 

+ c r , + ~ ( , + r , )  ~ _  }z] ~, 
i=1 

/ 
1 

((Th + r, + T;)(n -- c) + (Th + T~ + rt)c 1 

- - n  
\ 

1 T, 1 
/ i= l  i=1 

1 " 
= 1  ( T h + T t + T I ) n + ~ ( T t + T , ) Z k  2 

n i=1 

) 1 (T, + T,)~-~ ki . 
2 i=1 

Since the triples have already been sorted in the algo- 
rithm to determine associated values, and are stored as 
such as a part of the hash table, their collating sequence 
can be used to organize the colliding triples in order. 
Binary search can be used to look for the presence of 
triples at a slot giving the time complexity Tn to be 
O(log n). However, the collisions are limited in number 
(not more than 10% of the size of the hash table) and 
hence, the implementation does not gain much by using 
binary tree instead of a linked list. 

5. CONCLUSION 

The perfect hash table has already proved its utility in 
efficient storage and fast retrieval of pictures containing 
specified symbolic objects from image database systems. 
The best known algorithm for the construction of the 
perfect hash table itself is of exponential time complexity 
as proved in reference (16). Updating the static image 
databases requires the reconstruction of the entire hash 
table from the beginning which limits the application of 
such table. We have attempted to relax the perfect hash 
table constraint to near-perfect hash table that allows us 
to dynamically update the database without losing the 
computations spent in the construction of the existing 
hash table. We have analyzed the complexity of retrieval 
with such a hash table showing promising results. The 
near-perfect hash table update is computationally feasi- 
ble as the complexity of retrieval is of linear order in 
terms of the size of the table such that the constant of 
linearity is very small  
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