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Structures for Discrete-Time Systems Chap. 6
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7.0 INTRODUCTION

Filters are a particularly important class of linear time-invariant systems. Strictly speak-
ing, the term frequency-selective filter suggests a system that passes certain frequency
components and totally rejects all others, but in a broader context any system that
modifies certain frequencies relative to others is also called a filter. While the primary
emphasis in this chapter is on the design of frequency-selective filters, some of the tech-
niques are more broadly applicable. Also, we concentrate on the design of causal filters,
although in many contexts filters need not be restricted to causal designs. Very often,
noncausal filters are designed and implemented by modifying causal designs.

The design of filters involves the following stages: (1) the specification of the
desired properties of the system, (2) the approximation of the specifications using a
causal discrete-time system, and (3) the realization of the system. Although these three
steps are certainly not independent, we focus our attention primarily on the second
step, the first being highly dependent on the application and the third dependent on the
technology to be used for the implementation. In a practical setting, the desired filter is
generally implemented with digital computation and used to filter a signal that is derived
from a continuous-time signal by means of periodic sampling followed by analog-to-
digital conversion. For this reason, it has become common to refer to discrete-time
filters as digital filters, even though the underlying design techniques most often relate
only to the discrete-time nature of the signals and systems.

When a discrete-time filter is to be used for discrete-time processing of continuous-
time signals in the configuration of Figure 7.1, the specifications for both the discrete-
time filter and the effective continuous-time filter are typically (but not always) given
in the frequency domain. This is especially common for frequency-selective filters such
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1 a(0)
1 yln) 1 y Figure 7.1 Basic system for
T

discrete-time filtering of

T continuous-time signals.

as lowpass, bandpass, and highpass filters. As shown in S_(f;ftic;r 4.1.4, 1tf a g:sgfi Iﬁﬁfd

i i i i i d as in Figure 7.1, and if the mput 1s

invariant discrete-time system 18 use _ and o Toe overall systom
i is high enough to avoid aliasing, then the

and the sampling frequency is hig . : .

behaves as aplinear time-invariant continuous-time system with frequency response

H(/9T, |19l <n/T, 71
Heii(jQ) = {0’ ™) Q> n/T. ( a)

In such cases, it is straightforward to convert from speciﬁcations on thﬁ eff(;,ctt}ve
continuous—tir;le filter to specifications on the discrete-time filter .throught e relation
© = QT. That is, H(e/*) is specified over one period by the equation

H(e'®) = Hegt ( ]%) L el < (7.1b)

This type of conversion is illustrated in Example 7.1.

Example 7.1 Determining Specifications
for a Discrete-Time Filter | o
Consider a discrete-time filter that is to be used to lowpass filter a co?l:muous-ltllz;z tségn
i i i i i ifically, we want the overa
the basic configuration of Figure 7.1. Speci ,we > ove
g?lt}lllzslltnﬁggure to have the following properties when the sampling rate is 10* samples/s

(T =10"*s):

1. The gain | Hesi(j$2)| should be within £0.01 of unity in the frequency band‘

0 < ©Q < 27(2000). .
2. The gainshould be no greater than 0.001 in the frequency band 2 (3000) <

Such a set of lowpass specifications on IIl‘eff( j Q)l can be depict‘edtaz 1;1 I?h
ure 7.2(a), where the limits of tolerable approximation error are 1n1d(;c;1 ed by
shaded horizontal lines. For this specific example, the parameters would be

81 = 0.01,
8, = 0.001,
Qp = 27 (2000),

Q, = 27(3000).

band gain varif
n 0 and 52: :
ts of decib®

Therefore, in this case, the ideal passband gain is.unity.‘The pass
between (1 + 81), and (1 — 81), and the stopband gain varies bejtwe .
common to express the maximum passband and stopband gains in uni

For this example:
ideal passband gain in decibels = 201logo(1) =0dB i
maximum passband gain in decibels = 20log;,(1.01) = 0.086
maximum stopband gain in decibels = 2010g;((0.001) = —60 dB
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Figure 7.2 (a) Specifications for effective frequency response of overall system
in Figure 7.1 for the case of a lowpass filter. (b) Corresponding specifications for
the discrete-time system in Figure 7.1.

Since the sampling rate is 104 samples/s, the gain of the overall system is iden-
tically zero above Q = 2:(5000), due to the ideal discrete-to-continuous (D/C) con-
verter in Figure 7.1.

The tolerance scheme for the discrete-time filter is shown in Figure 7.2(b). It is
the same as that in Figure 7.2(a), except that it is plotted as a function of normalized
frequency (@ = QT), and it need only be plotted in the range 0 < w < 7, since the
remainder can be inferred from symmetry properties (assuming that A[n] is real) and
the periodicity of H(e/*). From Eq. (7.1b), it follows that in the passband the magnitude
of the frequency response must approximate unity within an error of +§, i.e.,

(1 -81) < [H(e!®)] < (1 +81), ol < w,, (7.2)

where 61 = 0.01 and w, = 27(2000) - 10~* = (.47 radians. The other approximation
band is the stopband, in which the magnitude response must approximate zero with
an error less than §,; i.e.,

[H(!“) <8, s < o] <. (7.3)

In this example, §, = 0.001 and oy = 27(3000) - 10~* = 0.67 radians. The pass-
band cutoff frequency w,, and the stopband cutoff frequency w, are given in terms
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of normalized radian frequency or equivalently in terms of angle in the z-plane. To
approxinmate the ideal lowpass filter in this way with a realizable system, we must
provide a transttion band of nonzero width (@, -~ ,) in which the magnitude response
changes smoothly from passband to stopband. The dashed curve in Figure 7.2(b) is the
magnitude responsc of a systenn that meets the prescribed specification.

There are many applications in which a discrete-time signal to be filtered is not
derived from a continuous-time signal, and there are a variety of means besides peri-
odic sampling for representing continuous-time signals in terms of sequences. (See,
for example, Steiglitz, 1965, and Oppenheim and Johnson, 1972.) Also, in most of the
design techniques that we discuss, the sampling period plays no role whatsoever in the

approximation procedure. For these reasons, we take the point of view that the filter
design problem begins from a set of desired specifications in terms of the discrete-

time frequency variable w. Depending on the specific application or context, these
specifications may or may not have been obtained from a consideration of filtering in
the framework of Figure 7.1.

Many of the filters used in practice are specified by a tolerance scheme similar
to that in Example 7.1, with no constraints on the phase response other than those
imposed implicitly by stability and causality requirements. For example, the poles of
the system function for a causal and stable infinite impulse response (IIR) filter must
lie inside the unit circle. Similarly, in designing finite impulse response (FIR) filters, we

often impose the constraint of a linear phase. This again removes the phase of the signal

from consideration in the design process.
Givenasetof specifications in the form of Figure 7.2(b), we must determine the Sys

tem function of a discrete-time linear system whose frequency response falls within the

prescribed tolerances. This is a problem in functional approximation. Designing IR fil

ters implies approximation by a rational function of z, while designing FIR filters implies

polynomial approximation. Qur discussion distinguishes between design techniques
that are appropriate for IIR filters and those that are appropriate for FIR filters. We
discuss a variety of design techniques for both types of filter, ranging from closed-form
procedures, which involve only substitution of design specifications into design formu-
las, to algorithmic techniques, in which a solution is obtained by an iterative procedure,

7.1 DESIGN OF DISCRETE-TIME IIR FILTERS FROM CONTINUOUS-TIME FILTERS

The traditional approach to the design of discrete-time IIR filters involves the transff)
mation of a continuous-time filter into a discrete-time filter meeting prescribed specifl
cations. This is a reasonable approach for several reasons:

e The art of continuous-time IIR filter design is highly advanced, and since usef
results can be achieved, it is advantageous to use the design procedures alread]
developed for continuous-time filters. ;

e Many useful continuous-time IIR design methods have relatively simple closed
form design formulas. Therefore, discrete-time IIR filter design methods based
such standard continuous-time design formulas are rather simple to carry OV

Sec. 7.1 Design of Discrete-Time 1R Filters from Continuous-Time Filters 443

e The standard approximation methods that work well for continuous-time IIR
filters do not lead to simple closed-form design formulas when these methods are
applied directly to the discrete-time IIR case.

The fact that continuous-time filter designs can be mapped to discrete-time filter
designs is totally unrelated to, and independent of, whether the discrete-time filter is to
be used in the configuration of Figure 7.1 for processing continuous-time signals. We em-
phasize again that the design procedure for the discrete-time system begins from a set of
discrete-time specifications. Henceforth, we assume that these specifications have been
determined by an analysis like that of Example 7.1 or by some other method. We will use
continuous-time filter approximation methods only as a convenience in determining the
discrete-time filter that meets the desired specifications. Indeed, the continuous-time
filter on which the approximation is based may have a frequency response that is vastly
different from the effective frequency response when the discrete-time filter is used in
the configuration of Figure 7.1.

In designing a discrete-time filter by transforming a prototype continuous-time
filter, the specifications for the continuous-time filter are obtained by a transformation
of the specifications for the desired discrete-time filter. The system function H,(s) or
impulse response () of the continuous-time filter is then obtained through one of the
established approximation methods used for continuous-time filter design, examples of
which are discussed in Appendix B. Next, the system function H (2) or impulse response
h[n] for the discrete-time filter is obtained by applying to H,(s) or A.(¢) a transformation
of the type discussed in this section.

In such transformations, we generally require that the essential properties of the
continuous-time frequency response be preserved in the frequency response of the
resulting discrete-time filter. Specifically, this implies that we want the imaginary axis
of the s-plane to map onto the unit circle of the z-plane. A second condition is that a
stable continuous-time filter should be transformed to a stable discrete-time filter. This
means that if the continuous-time system has poles only in the left half of the s-plane,
then the discrete-time filter must have poles only inside the unit circle in the z-plane.
These constraints are basic to all the techniques discussed in this section.

7.1.1 Filter Design by Impulse Invariance

In Section 4.4.2 we discussed the concept of impulse invariance, wherein a discrete-
time system is defined by sampling the impulse response of a continuous-time system.
We showed that impulse invariance provides a direct means of computing samples
of the output of a bandlimited continuous-time system for bandlimited input signals.
Alternatively, in the context of filter design, we can think of impulse invariance as a
method for obtaining a discrete-time system whose frequency response is determined
by the frequency response of a continuous-time system.

In the impulse invariance design procedure for transforming continuous-time fil-
ters into discrete-time filters, the impulse response of the discrete-time filter is chosen
proportional to equally spaced samples of the impulse response of the continuous-time
filter; i.e.,

hln] = Tyh(nTy). (7.4)

DISH 1017



444 Filter Design Techniques Chap. 7

where T, represents a sampling interval. A_s we will see, because weTbe.gu;E the(;izs)l%ﬁ
problem with the discrete-time filter specifications, the parameter 7y 1nt tq 5 ﬁ )i
fact has no role whatsoever in the design process or the‘resultn}g discrete- ug .
However, since it is customary to specify this parameter in defining _the pz({cethureb,awe
include it in the following discussion. As we Will see, .even if the ﬁlter is ushe in eeaS t?;;;
configuration of Figure 7.1, the disi%n sca/néphng 1%6/20(3) nT;iel;:ieo(il not be the sam
i i associated with the an c . . . |

Sampl\l;ﬁgne riiﬁgu?se invariance is used as a means .for d.esigning a Q1scgete—’;1r?§ ﬁl}tf;r
with a specified frequency response, we are espgcnally 1nter§sted in t e ﬁtarls ;iolp
between the frequency responses of the discrete-time and continuous-time filters. | o ;n
the discussion of sampling in Chapter 4, it follo_ws that the frequency response o ef
discrete-time filter obtained through Eq. (7.4) is related to the frequency response o

the continuous-time filter by
: > ) 2 (75
He = 3 (i 4k )
k=—o0c
If the continuous-time filter is bandlimited, so that
H(jQ)=0, R zx/Ta, (7.6)
then
1)
joy — g [ & ol <7 (,77)
e = (ig). ol

i.e., the discrete-time and continuous-time frequency responses are related by a lutl.eall‘
scaling of the frequency axis, namely, w = Q7 for |o| < 7. Unfortunately, any practica

continuous-time filter cannot be exactly bandlimited, and consequently, interference -

between successive terms in Eq. (7.5) occurs, causing aliasing, as illustrated in Flﬂg
ure 7.3. However, if the continuous-time filter approache§ zero at high frequenéles, t»] é
aliasing may be negligibly small, and a useful discrete-time filter can result from the
i f the i ; ‘ i -time filter.
sampling of the impulse response of a continuous ‘ . . . ‘
b Ingthe impulse invariance design procedure, the discrete-time filter specgicatéo%s
are first transformed to continuous-time filter specifications through the use of Eq. (7.7).

Assuming that the aliasing involved in the transformation from H.(j$2) to H(e*) will

be negligible, we obtain the specifications on H.(j$2) by applying the relation

Q=w/Ty (7.8)

o engin
Figure 7.3 lllustration of aliasing li'

©  the impulse invariance design tech
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to obtain the continuous-time filter specifications from the specifications on H (el®).
After obtaining a suitable continuous-time filter based on these specifications, the
continuous-time filter with system function H.(s)is transformed to the desired discrete-
time filter with system function H (z). We develop the algebraic details of the transfor-
mation from H(s) to H(z) shortly. Note, however, that in the transformation back
to discrete-time frequency, H(e/*) will be related to H.(j) through Eq. (7.5), which
again applies the transformation of Eq. (7.8) to the frequency axis. As a consequence,
the “sampling” parameter 7, cannot be used to control aliasing. Since the basic specifi-
cations are in terms of discrete-time frequency, if the sampling rate is increased (ie.,if Ty
is made smaller), then the cutoff frequency of the continuous-time filter must increase
in proportion. In practice, to compensate for aliasing that might occur in the transfor-
mation from H,(s) to H(z), the continuous-time filter may be somewhat overdesigned,
Le., designed to exceed the specifications, particularly in the stopband.

While the impulse invariance transformation from continuous time to discrete
time is defined in terms of time-domain sampling, it is easy to carry out as a transforma-
tion on the system function. To develop this transformation, let us consider the system

function of the continuous-time filter expressed in terms of a partial fraction expansion,
so that!

Hels) = (7.9)

The corresponding impulse response is

N
Ae™, >0,
hc(t) = ;

0, t <0.
The impulse response of the discrete-time filter obtained by sampling Tk (¢) is

(7.10)

N
hln] = T,/hc(an) = Z TdAkewﬂ}lu[n]
k=1

N
= Z Ty Ar(e™ 7Y uln).
k=1

The system function of the discrete-time filter is therefore given by
N

Ta Ay
H(z) = IZ; Tty (7.12)
K=
In comparing Eqs. (7.9) and (7.12), we observe that a pole at s = s; in the s-plane
transforms to a pole at z = %7 in the z-plane and the coefficients in the partial fraction
expansions of H.(s) and H(z) are equal, except for the scaling multiplier 7. If the
continuous-time filter is stable, corresponding to the real part of s; being less than Zero,
then the magnitude of %7 will be less than unity, so that the corresponding pole in the
discrete-time filter is inside the unit circle. Therefore, the causal discrete-time filter is

For simplicity, we assume in the discussion that all poles of H(s) are single order. In Problem 7.24,
we consider the modifications required for multiple-order poles.
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also stable. While the poles in the s-plane map 10 poles in the z-plane according to the
relationship z; = e®’¢, it is important to recognize that the impulse invariance design
procedure does not correspond to a simple mapping of the s-plane to the z-plane by that
relationship. In particular, the zeros in the discrete-time system function are a function
of the poles and the coefficients T A in the partial fraction expansion, and they will not
in general be mapped in the same way the poles are mapped. We illustrate the impulse
invariance design procedure with the following example.

Example 7.2 Impulse Invariance with a Butterworth Filter

Let us consider the design of a lowpass discrete-time filter by applying impulse invari-
ance to an appropriate Butterworth continuous-time filter.2 The specifications for the

discrete-time filter are
0.89125 < |H(e/®) <1, 0 < jw| <027, (7.13a)
[H(el®)| < 0.17783, 037 < lo| < 7. (7.13b)

Since the parameter Ty cancels in the impulse invariance procedure, we can choose
Ty =1,s0 thatw = Q. In Problem 7.2, this same example is considered, but with the
parameter Ty explicitly included to illustrate how and where it cancels.

In designing the filter using impulse invariance on a continuous-time Butter-
worth filter, we must first transform the discrete-time specifications to specifications
on the continuous-time filter. Recall that impulse invariance corresponds to a linear
mapping between 2 and w in the absence of aliasing. For this example, we will assume
{hat the effect of aliasing is negligible. After the design is complete, we can evaluate
the resulting frequency response against the specifications in Eqs. (7.13a) and (7.13b).

Because of the preceding considerations, we want to design a continuous-time
Butterworth filter with magnitude function | He( j€2)| for which

089125 < |H.(jQ) <1,  0<1Q] <027, (7.14a)
VH(j)] < 017783, 037 < |9 <7 (7.14b)

Since the magnitude response of an analog Butterworth filter is a monotonic function

of frequency, Egs. (7.14a) and (7.14b) will be satisfied if

|H,(jO.27)| = 0.89125

|H.(j0.37)| < 0.17783.

Specifically, the magnitude-squared function of a Butterworth filter is 0

form
G = o
N (VTR

so that the filter design process consists of determining the parameters N ﬂfld §2
meet the desired specifications. Using Eq. (7.16) in Eqgs. (7.15) with equality le

2Continuous-time Butterworth and Chebyshev filters are discussed in Appendix B.

Sec. 7.1 Design of Discrete-Time |IR Filters from Continuous-Time Filters

to the equations

14 (027 N 1 \2
Q - 0.89125) (7.17a)

14 037\ 1 2
Q. - m) . (7.17b)

The solution of these two equations is N = 5.8858 and Q. = 0.70474. The pa-
rameter NV, however, must be an integer. Therefore, so that the specifications a.re metp or
exceeded, we must round N up to the nearest integer, N = 6. Because we have rounded
Nupto t.he next highest integer, the filter will not exactly satisfy both Egs. (7.17a) and
(7.17b) s.1mu1tane0usly. With N = 6, the filter parameter Q. can be chose;n t.o exceed
the specified requirements in either the passband, the stopband, or both. Specificall
as the value of Q. varies, there is a trade-off in the amount b}’/ which t.hepsto ba }g
and Passband specifications are exceeded. If we substitute N = 6 into Eq. (7 17};) vr:fe
gl)tam Q. :‘0.7()32. With this value, the passband specifications (of the éoﬁtinuéus—
time ﬁlt(?r) will be met exactly, and the stopband specifications (of the continuous-time
ﬁlt;er) will be exceeded. This allows some margin for aliasing in the discrete-time filter
With €, = 0.7032 and with N = 6, the 12 poles of the magnitude-squared function.
I{c(s)lic(~.v) = 1/[1 + (s/j2.)*V} are uniformly distributed in angle on a circle of
radius . = 0.7032, as indicated in Figure 7.4. Consequently, the poles of H,(s) are
the three pole pairs in the left half of the s-plane with the following coordinatces:

Pole pair 1: ~0.182 + j(0.679),

Pole pair 2: —0.497 £ j(0.497),

Pole pair 3: —0.679 + j(0.182).
™

‘\‘/ 6™ s-plane
Im /

Figure 7.4 s-plane locations for poles of H, - i
Butterworth filter in Example 7.2. " eI (=) for sixtorder

Therefore,
0.12093
(57 + 0.36405 + 0.4945)(s2 + 0.99455 + 0.4945)(s2 + 1.3585s + 0.4945)

(7.18)
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If we express H.(s) as a partial fraction expansion, perform the transformation of
Eq. (7.12), and then combine complex-conjugate terms, the resulting system function
of the discrete-time filter is

0.2871 — 044667 ~2.1428 + 1.14557~"
1—=12971271 +0.6949z2 7 1 —1.0691z-1 1 0.3699z-2

1.8557 — 0.63037~1
1-0.9972z-1 + 0257072

Asisevident from Eq. (7.19), the system function resulting from the impulse invariance
design procedure may be realized directly in parallel form. If cascade or direct form
is desired, the separate second-order terms must be combined in an appropriate way.
The frequency-response functions of the discrete-time system are shown in Fig-
ure 7.5. Recall that the prototype continuous-time filter was designed to meet the
specifications exactly at the passband edge and to exceed the specifications at the
stopband edge, and this turns out to be true for the resulting discrete-time filter. This
is an indication that the continuous-time filter was sufficiently bandlimited so that
aliasing presented no problem. Indeed, the difference between 20 logy, | H(e/®)| and
20log, | H.(j£2)| would not be visible on this plotting scale, except for a slight devi-
ation around w = x. (Recall that 7; = 1,50 Q = w.) Sometimes, aliasing is much
more of a problem. If the resulting discrete-time filter fails to meet the specifications
because of aliasing, there is no alternative with impulse invariance but to try again
with a higher order filter or with different filter parameters, holding the order fixed.

H(z) =
(7.19)

The basis for impulse invariance is to choose an impulse response for the discrete-
time filter that is similar in some sense to the impulse response of the continuous-time
filter. The use of this procedure is often motivated not so much by a desire to maintain
the shape of the impulse response as by the knowledge that if the continuous-time filter is
bandlimited, then the discrete-time filter frequency response will closely approximate
the continuous-time frequency response. However, in some filter design problems, a
primary objective may be to control some aspect of the time response, such as the
impulse response or the step response. In these cases, a natural approach might be
to design the discrete-time filter by impulse invariance or by step invariance. In the
latter case, the response of the filter to a sampled unit step function is defined to be the
sequence obtained by sampling the continuous-time step response. If the continuous-
time filter has good step response characteristics, such as a small rise time and low peak
overshoot, these characteristics will be preserved in the discrete-time filter. Clearly,
this concept of waveform invariance can be extended to the preservation of the output
waveshape for a variety of inputs, as illustrated in Problem 7.1. The problem points up
the fact that transforming the same continuous-time filter by impulse invariance and
also by step invariance (or some other waveform invariance criterion) does not lead to
the same discrete-time filter in the two cases.

In the impulse invariance design procedure, the relationship between continuous-
time and discrete-time frequency is linear; consequently, except for aliasing, the shape
of the frequency response is preserved. This is in contrast to the procedure discussed
next, which is based on an algebraic transformation. We note, in concluding this subsec-
tion, that the impulse invariance technique is appropriate only for bandlimited filters;
highpass or bandstop continuous-time filters, for example, would require additional
bandlimiting to avoid severe aliasing distortion if impulse invariance design is used.
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7.1.2 Bilinear Transformation

. . - in
The technique discussed in this subsection avoids the problem tohf al1a§;1:)glel;}; :Isldi
ili [ formati braic transformation between the vari '
the bilinear transformation, an alge o plables s ane z
ire j is in t revolution of the unit circle 1
that entire j-axis in the s-plane to one revo ! »
tha; mapSSi:;z 00 <]Q < oo maps onto — < w < 7, the transformation betweer; the
conting e and disa  vari inear. refore,
coI;ltinuous-time and discrete-time frequency_var@bles must be nonhneacl1 IZ['th el
the use of this technique is restricted to situations in which the corresponding g
of the frequency axis is acceptable. . . N -
: Witg H(.(sy) denoting the continuous-time system function and H (.z) thebdlscrete
time system function, the bilinear transformation corresponds to replacing s by

2 L__Z_i) (7.20)
S—TH 1+z71)7

H(z) = H. [% G{L—;H . (7.21)

As in impulse invariance, a “sampling” parameter Ty is incﬁudeq ir; tgeddbeéﬁ(gltllso;lt 1;)2
ilinear tr (i istorically, this parameter has been include .
the bilinear transformation. Historically, ‘ :
difference equation corresponding to H(z) can be obtalped by applylngt;h; trraepiz(s)éi;:}
integration rule to the differential equation correspondlpg tollélg(;), wdl n ;blegj s
i i [ ical integration. (See Kaiser, , an 43,
ing the step size of the numerica at o ol o the premes
r, 1 ; i y lhe bilinear transformation is ba
However, in filter design, our use of t lon: red on e proper
i raic transformation given in Eq. (7.20). As with impulse inva \
ties of the algebraic transformation given in | \s W ise invariance, (he
i uence in the design procedure, since we a !
parameter 7g is of no consequ the de iscrete.ime filter F1(e/™). When
i y : ins with specifications on the discre -
sign problem always begins wi : : . . per el ). e
i i tinuous-time specifications a
these specifications are mapped to con : : : _ . .
time ﬁﬁer is then mapped back to a discrete-time filter, the effect of T, will cance

X . . . ) od
Although we will retain the parameter 7, in our discussion, in specific problems and

les any convenient value of T; can be cl_losen. . ‘ ‘
exampT§ SdeVZlop the properties of the algebraic transformation specified in Eq. (7.20),

we solve for z to obtain
L+ (T
T m)s
and, substituting s = o + j into Eq. (7.22), we obtain

T+oTy/2+ jQTa/2
SR R S ToY Py

[ 1 ‘131’1}’7
If o < 0, then, from Eq. (7.23), it follows that |z] < 1(f<;r_ any :}iﬂulef(t)i‘hg;].fss‘lrgllane; .
’ : for [ 1s, le of H.(s) is in the left- s-planc, -
0, then |z| > 1 for all Q. That is, if a po . v il
inde in the Iz-plane will be inside the unit circle. Therefore, causal stable con
time filters map into causal stable discrete-time filters.
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Next, to show that the jQ-axis of the s-plane maps onto the unit circle, we substi-
tute s = j$ into Eq. (7.22), obtaining
14+ Q71,2
_ T JSa/2 (7.24)
1-7QT1,/2
From Eq. (7.24), it is clear that Izl = 1 for all values of s on the jQ-axis. That is, the
J$2-axis maps onto the unit circle, so Eq. (7.24) takes the form
el = 1+ ]QTd/E
S 1-jen2

To derive a relationship between the variables o and €, it is useful to return to
Eq. (7.20) and substitute z = ¢/, We obtain

(7.25)

2 [1—eJo
Szi(ﬁ?%) (7.26)

or, equivalently,

=04 Q= |Z_ _2 ‘ |
P 2e=ie2(cos w/2) tan(w/2) (727)

2 [26"‘f“’/2(jsinw/2)J 2j
1y T

Equating real and imaginary parts on both sides of Eq. (7.27) leads to the relations
o = 0and

Q= 7% tan(w/2), (7.28)
d

w = 2arctan(27;/2). (7.29)

These properties of the bilinear transformation as a mapping from the s-plane to
the z-plane are summarized in Figures 7.6 and 7.7. From Eq. (7.29) and Figure 7.7, we
see that the range of frequencies 0 < Q < oo maps to 0 < w < m, while the range
~00 < Q < 0maps to -7 < w < 0. The bilinear transformation avoids the problem
of aliasing encountered with the use of impulse invariance, because it maps the entire
imaginary axis of the s-plane onto the unit circle in the z-plane. The price paid for this,
however, is the nonlinear compression of the frequency axis depicted in Figure 7.7. Con-
sequently, the design of discrete-time filters using the bilinear transformation is useful
only when this compression can be tolerated or compensated for, as in the case of filters
that approximate ideal piecewise-constant magnitude-response characteristics. This is
illustrated in Figure 7.8, where we show how a continuous-tinie frequency response
and tolerance scheme maps to a corresponding discrete-time frequency response and
tolerance scheme through the frequency warping of Egs. (7.28) and (7.29). If the critical
frequencies (such as the passband and stopband edge frequencies) of the continuous-
time filter are prewarped according to Eq. (7.28) then, when the continuous-time filter
18 transformed to the discrete-time filier using Eq. (7.21), the discrete-time filter will
meet the desired specifications.
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z-plane

g s-plane gm
: o Image of Typical frequency-selective continuous-time approximations are Butterworth,
j (unit circle) Chebyshev, and elliptic filters. The closed-form design formulas of these continuous-
time approximation methods make the design procedure rather straightforward. As
discussed in Appendix B a Butterworth continuous-time filter is monotonic in the pass-
band and in the stopband. A type I Chebyshey filter has an equiripple characteristic in
Image of .~ : the passband and varies monotonically in the stopband. A type II Chebyshev filter is
left half-plane Figure 7.6 Mapping of the s-plane | monotonicin the passband and equiripple in the stopband. An elliptic filter is equiripple
onto the z-plane using the bilinear ‘ in both the passband and the stopband. Clearly, these properties will be preserved when .
transformation. | the filter is mapped to a digital filter with the bilinear transformation. This is illustrated
1 by the dashed approximation shown in Figure 7.8.
© , Although the bilinear transformation can be used effectively in mapping a
© =2 arctan (Qﬂ) ; piecewise-constant magnitude-response characteristic from the s-plane to the z-plane,
2 the distortion in the frequency axis also manifests itself as a warping of the phase re-
—————————————— T f o= sponse of the filter. For example, Figure 7.9 shows the result of applying the bilinear
transformation to an ideal linear phase factor e™*2. If we substitute Eq. (7.20) for s
) and evaluate the result on the unit circle, the phase angle is —Q2a/ Ty) tan(w/2). In Fig-
_________ Figure 7.7 t'Ma[;Eén%:;gcilxis onto the ure 7.9, the solid curve shows the function —(2a/ T;) tan(w/2), and the dotted curve
_______________ S?S";;Qtue?:;érzzque%cy axis by bilinear is the periodic linear phase function —(wa/ T;), which is obtained by using the small
transformation. angle approximation w/2 ~ tan(w/2). From this, it should be evident that if we were
interested in a discrete-time lowpass filter with a linear phase characteristic, we could
not obtain such a filter by applying the bilinear transformation to a continuous-time
lowpass filter with a linear phase characteristic.
As mentioned previously, because of the frequency warping, the use of the
bilinear transformation is restricted to the design of approximations to filters with

< H(elv)

igure 7.8 Frequency warping
iFnﬁerent in the bilinear transformation o
a continuous-time lowpass filter m?gv
discrete-time lowpass filter. To achi
the desired discrete-time cutqﬁ cuto . Figure 7.9 lllustration of the effect of the bilinear transformation on a linear phase
frequencies, the °°”t‘"”°”s't"3§s characteristic. (Dashed line is linear phase and solid line is phase resulting from
frequencies must be prewarpe bilinear transformation.)
®  indicated.
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piecewise-constant frequency magnitude characteristics, such as highpass, lowpass and
bandpass filters. As demonstrated in Example 7.2, impulse invariance can also be used
to design lowpass filters. However, impulse invariance cannot be used to map highpass
continuous-time designs to highpass discrete-time designs, since highpass continuous-
time filters are not bandlimited.

In Example 4.5, we discussed a class of filters often referred to as discrete-time
differentiators. A significant feature of the frequency response of this class of filters
is that it is linear with frequency. The nonlinear warping of the frequency axis intro-
duced by the bilinear transformation will not preserve that property. Consequently, the
bilinear transformation applied to a continuous-time differentiator will not result ina
discrete-time differentiator. Flowever, impulse invariance applied to an appropriately
bandlimited continuous-time differentiator will result in a discrete-time differentiator.

7.1.3 Examples of Bilinear Transformation Design

In the following discussion, we present a number of examples to illustrate ITR filter de-
sign using the bilinear transformation. Example 7.3 serves to illustrate the design proce-
dure based on the bilinear transformation, in comparison with the use of impulse invari-
ance. Examptles 7.4, 7.5, and 7.6 illustrate a Butterworth, Chebyshev, and elliptic filter,
respectively, each designed to the same specifications using the bilinear transformation.

Example 7.3 Bilinear Transformation
of a Butterworth Filter

Consider the discrete-time filter specifications of Example 7.2, in which we illustrated -

the impulse invariance technique for the design of a discrete-time filter. The specifica-
tions on the discrete-time filter are

089125 < [H(e/®) <1,  0<w<02m, (7.30a)
|H(el®)| < 0.17783, 037 <o <. (7.30b)

In carrying out the design using the bilinear transformation, the critical frequencies of
the discrete-time filter must be prewarped to the corresponding continuous-time fre-
quencies using Eq. (7.28) so that the frequency distortion inherent in the bilinear trans:
formation will map the continuous-time frequencies back to the correct discrete-time
critical frequencies. For this specific filter, with {17:(j<2)] representing the magnitude-
response function of the continuous-time filter, we require that .

2
089125 < [H(j) <1, 0=Q< o tan
d

V()] < 0.17783, ; ol

For convenience, we choose Ty = 1. Also, as with Example 7.2, since a continuous-t !
Butterworth filter has a monotonic magnitude response, we can equivalently requt
that

|H,(j2tan(0.17))] > 0.89125

Sec. 7.1 Design of Discrete-Time IIR Filters from Continuous-Time Filters

and

[ H.(j2 tan(0.157))| < 0.17783. (7.32b)

The form of the magnitude-squared function for the Butterworth filter is

HGQP= — 1
He(j2)] 17 (/0928 (7.33)

Solving for N and Q. with the equality sign in Egs. (7.32a) and (7.32b)

we obtain

- <2tan(0.ln) o 1\2
2 = (@) (7.34a)

1+<2tan(0.15n) N 1 \2
Q - ()‘178) ’ (7.34b)

and solving for N in Eqs. (7.34a) and (7.34D) gives

w2 e[t -1) / () -)]
2log[tan(0.157)/ tan(0.177)] (7.35)
=5.305.

. (7S;ill§e N must'be an integer, we choose N = 6. Substituting N = 6 into
arc;. eX.Ceed),dwe (ébt;lm Q¢ = 0.766. For this value of £, the passband specifications
ed and the stopband specifications are This is re
XC t exactly. Thi \ for
the bilinear transformation, si ok ) ith alodine, oo
the b , since we do not have to be concerned wi iasi
o : \ 1al ' with aliasing, That
m WJth Proper prewarping, we can be certain that the resulting discrete-time ﬁltger will
eet the specifications exactly at the desired stopband edge 1
I - he ) 1 .
disn-jburi (:(glei Ij ;)rllz;x;;:, Ot:ll(, 12. p(l)lcsfof the magnitude-squared function are uniformly
a circle of radius 0.766, as shown in Figur
t . 2 : R n Figure 7.10. The sys-
em function of the continuous-time filter obtained by selecting the left half—pla}rlle

7
\\" 6 \7’ s-plane
\ fl’ml
\ /

XX
- /

/

/

o

// Q‘f\(a

~
~

Figure 7.10 s-plane location i
Butterworth filter in Example 7.BS 1o poles of Huls)He(~s) for sixthvarder
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Figure 7.11  Freguency response of sixth-order Group delay.
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| polesis

_ 0.20238

T (524 0.399%s + 0.5871)(s? + 1.0836s + 0.5871)(s2 + 1.4802s + 0.5871)"
(7.36)

. The system function for the discrete-time filter is then obtained by applying the bilinear
. transformation to H.(s) with T; = 1. The result is

H.(s)

0.0007378(1 4 z71)6
(1 —1.2686z-1 +0.7051z-2)(1 — 1010621 + 0.35837-2)

H(z) =

(137)
1

A 0904 T 0.21557-2)"

The magnitude, log magnitude, and group delay of the frequency response of the
discrete-time filter are shown in Figure 7.11. At w = 027 the log magnitude is
—0.56 dB, and at = 0.3 the log magnitude is exactly —15 dB,

Since the bilinear transformation maps the entire jQ-axis of the s-plane onto
the unit circle in the z-plane, the magnitude response of the discrete-time filter falls
off much more rapidly than that of the original continuous-time filter. In particular,
the behavior of H(e/®) at o = x corresponds to the behavior of H.(jQ) at Q = 0.
Therefore, since the continuous-time Butterworth filter has a sixth-order zero ats = oo,
the resulting discrete-time filter has a sixth-order zero at 7 = —1,

It is interesting to note that, since the general form of the Nth-order Butter-
worth continuous-time filter is as given by Eq. (7.33), and since w and Q are related
by Eq. (7.28), it follows that the general Nth-order Butterworth discrete-time filter has
magnitude-squared function

1

tan(w/2) \ 2V’
1+ <tan(wc/2)>

|H(e*)]? = (7.38)

where tan(w,/2) = Q, T4/2.

The frequency-response function of Eq. (7.38) has the same properties as the
continuous-time Butterworth response; i.e., it is maximally flat® and | H(e/*))? = 0.5.
However, the function in Eq. (7.38) is periodic with period 27 and falls off more sharply
than the continuous-time Butterworth response.

We do not design discrete-time Butterworth filters directly by starting with
Eq. (7.38), because it is not straightforward to determine the z-plane locations of the
poles (all the zeros are at 7z = —1) associated with the magnitude-squared function of
Eq. (7.38). It is necessary to determine the poles so as to factor the magnitude-squared

3The first (2N ~ 1) derivatives of [H(e/®)? are zero at o = 0,
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function into H(z)H(z™!) and thereby determine H(z). It is much easier to find the
s-plane pole locations (all the zeros are at infinity), factor the continuous-time system
function, and then transform the left half-plane poles by the bilinear transformation as
we did in Example 7.3.

Equations of the form of Eq. (7.38) may also be obtained for discrete-time
Chebyshev filters, but the same difficulties arise in their use. Thus, the two-step approach
just described has become the established method of designing ITR frequency-selective
filters.

The major approximation methods for frequency-selective IIR analog filters are
the Butterworth, Chebyshev, and elliptic function approximation methods. The details
of these methods can be found in Guillemin (1957), Daniels (1974), Weinberg (1975),
and Lam (1979). The methods are generally explained and developedin terms of lowpass
filter approximations. This is the approach followed in Appendix B, where we summarize
the essential features of some of the methods. In the next three examples, we illustrate
the realization of a set of filter specifications for each of these classes of filters. The details
of the design computations are not presented, since they are tedious and lengthy and are
best carried out by computer programs that incorporate the appropriate closed-form
design equations.

The lowpass discrete-time filter specifications for these examples are those used
in Example 7.1, i.e.,

0.99 < |H(e/*)| < 1.01, jw] < 0.47, (7.39a)

|H(e/™)| < 0.001, 0.6 < |o| <. (7.39b)

In terms of the tolerarice scheme of Figure 7.2(b), 81 = 0.01, 8, = 0.001, w, = 0.4, and
w; = 0.67. These specifications are sufficient to determine the input parameters to the
Butterworth, Chebyshev, and elliptic design formulas. Note that the specifications are
only on the magnitudes of the frequency response. The phase is implicitly determined
by the nature of the approximating functions.

Example 7.4 Butterworth Approximation

For the specification of Eqs. (7.39a) and (7.39b), the Butterworth approximation
method requires a system of 14th order. The frequency response of the discret
time filter that results from the bilinear transformation of the appropriate prewarp!
Butterworth filter is shown in Figure 7.12. Figure 7.12(a) shows the log magnitude
dB, Figure 7.12(b) shows the magnitude of H(e/®) in the passband only, and Figt
7.12(c) shows the group delay of the filter. From these plots, we see that the Butt®
worth frequency response decreases monotonically with frequency and the gain .of !
filter becomes very small above about w = 0.77. Note from Figure 7.12(b) that 1B
example the Butterworth frequency response has been normalized so that it has g2

greater than unity in the passband as is allowed in the specifications in Egs. (73

Sec. 7.1 Design of Discrete-Time IR Filters from Continuous-Time Filters
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Figure 7.12  Frequency response of 14th-order Butterworth filter in Example 7.4

a) Log magnitude i i P
ge)lay. 9 magnitude in dB. (b) Detailed plot of magnitude in passbhand. (c) Group
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Figure 7.13  Pole-zero plot of
14th-order Butterworth filter in
Example 7.4.

In the Butterworth example, the specifications are exceeded at the passband and
stopband edges because of rounding the order up to the next integer. However, the
specifications are far exceeded in the stopband. The reason for this is evident from Fig-
ure 7.13, which shows the pole-zero plot for the 14th-order Butterworth filter. Because
the continuous-time Butterworth filter has 14 zeros at s = 00, the bilinear transforma-
tion creates 14 zeros at z = —1 for the discrete-time filter. It is reasonable to expect that
a lower order filter might still satisfy the specifications, even if it did not exceed them so
greatly in the stopband. This expectation motivates the use of Chebyshev or equiripple

approximation.

Example 7.5 Chebyshev Approximation

This method has two forms. Chebyshev type 1 approximations have equiripple be-

havior in the passband, and Chebyshev type II approximations have equiripple be-.

havior in the stopband. Both methods lead to the same order for a given set of spec-
ifications. For the specifications of Eqs. (7.39a) and (7.39b), the required order is 8
rather than 14, as for the Butterworth approximation. Figure 7.14 shows the log mag-
nitude, passband magnitude, and group delay for the type I approximation to the
specifications of Eqgs. (7.39a) and (7.39b). Note that the frequency response oscillates

with equal maximum error on either side of the desired gain of unity in the pass:
band. .
e Il

Figure 7.15 shows the frequency-response functions for the Chebyshev typ

approximation to the specifications of Egs. (7.39a) and (7.39b). In this case, the ed""

ripple approximation behavior is in the stopband. The pole—zero plots for ¢
Chebyshev filters are shown in Figure 7.16. Note that the Chebyshev type I syste
is similar to the Butterworth system in that it has all eight of its zeros at z = —* 0
the other hand, the type II system has its zeros arrayed on the unit circle. These 2¢f

Sec. i i i i
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Eighth-order
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\

(a)

Figure 7.16 Pole-zero plot of eighth-order Chebyshev filters in Example 7.5.
(a) Type I (b) Type II.

are positioned by the design equations so as to achieve the equiripple behavior in the
stopband.

In both cases of Chebyshev approximation, the monotonic behavior in either
the stopband or the passband suggests that perhaps a lower order system might be
obtained if equiripple approximation were used in both the passband and the stopband.
Indeed, it can be shown (see Papoulis, 1957) that for fixed values of 81, 82, wp, and w
in the tolerance scheme of Figure 7.2(b), the lowest order filter is obtained when the
approximation error ripples equally between the extremes of the two approximation
bands. Since this equiripple behavior is achieved with a rational function that involves
elliptic functions, such systems are generally called elliptic filters,

Example 7.6 Elliptic Approximation?

The specifications of Egs. (7.39a) and (7.39b) are met by an elliptic filter of order
six. This is the lowest order rational function approximation to the specifications.
Figure 7.17 clearly shows the equiripple behavior in both approximation bands. Fig-
ure 7.18 shows that the elliptic filter, like the Chebyshev type I, has its zeros arrayed
in the stopband region of the unit circle.

“The design equations for elliptic filters are too involved to be appropriately summarized in Ap-
pendix B. They can be found in Storer (1957), Weinberg (1 975), and Parks and Burrus (1987). A program for
elliptic filter design was given by Gray and Markel (1976), and extensive tables for elliptic filter designs are
available in Zverev (1967). All three types of filters can be designed using functions in the Signal Processing
Toolbox of MaTLap®,
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Figure 7.18  Pole-zero plot of sixth-order elliptic filter in Example 7.6.

Bilinear transformation of analog filters designed by Butterworth, Chebyshey,
or elliptic approximation methods is a standard method of design of IIR discrete-time
filters. The previous examplesillustrate several important general features of such filters.
In all cases, the resulting system function H (2) has all its zeros on the unit circle and (for
stability) all its poles inside the unit circle. As a result, all the approximation methods
yield digital filters with nonconstant group delay or, equivalently, nonlinear phase. The
greatest deviation from constant group delay occurs in all cases at the edge of the
passband or in the transition band. In general, the Chebyshev type IT approximation
method yields the smallest delay in the passband and the widest region of the passband
over which the group delay is approximately constant. However, if phase linearity is
not an issue, then elliptic approximation yields the lowest order system function, and
therefore, elliptic filters will generally require the least computation to implement a
given filter specification.

As discussed in Section 7.1, commonly used techniques for the design of IR filters
are based on transformations of continuous-time IIR systems into discrete-time ITR
systems. This is partly because continuous-time filter design was a highly advanced
art before discrete-time filters were of interest and partly because of the difficulty of
implementing a noniterative direct design method for IIR filters.

In contrast, FIR filters are almost entirely restricted to discrete-time implementa-
tions. Consequently, the design techniques for FIR filters are based on directly approx-
imating the desired frequency response of the discrete-time system. Furthermore, most
techniques for approximating the magnitude response of an FIR system assume a linear
phase constraint, thereby avoiding the problem of spectrum factorization that compli-
cates the direct design of IIR filters.

The simplest method of FIR filter design s called the window method. This method
generally begins with an ideal desired frequency response that can be represented as

o
Hy(e) = > hqlnje~in, (7.40)

H=—00
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i expressed
where hgq[n} is the corresponding impulse response sequence, which can be exp
in terms of H,(e/?) as

1 " oo (41)
= Hy(e’®)e!*"dw.
haln} = >— . |

Many idealized systems are defined by piecewise-constant or piecew1se;lfurﬁt1(;nra;sf;let.
uaen}; responses with discontinuities at the boundaries bet\yeen' ba}nls.n sThe mos{
?h se z stems have impulse responses that are noncausal a‘nd 1r}ﬁn1te y (})1 g the Mot
strili hzforward approach to obtaining a causal FIR approximation 120 suc " :Z;es isto

trungate the ideal response. Equation (7.40) can be thought ofasa ouréz P pla}gin
sentation of the periodic frequency response H,;(ef“"), W}th the seg(;xer; ﬁ]telll‘ it truncag_
the rble of the Fourier coefficients. Thus, the apprOX}matlon of an idea e e
tion of the ideal impulse response is identical to the issue of the fo?vgrge ot o

i impo
i j d a great deal of study. A particular y
series, a subject that has receive o : e 2,95 1
! i i ich was discusse
is theory is the Gibbs phenomenon, w .
{;Znéotllllcl)wing d?scussion, we will see how this nonuniform convergence phenomenon
i itself in the design of FIR filters. .

manlf’i‘;tesz ;implest way to obtain a causal FIR filter from h4[n] is to define a new system

with impulse response h[n] given by®
haln], 0<n=<M,

(7.42)
0, otherwise.

h[n]

More generally, we can represent h[n] as the product of the desired impulse response
and a finite-duration “window” w(n];i.e.,

h[n] = haln]w[n}, (7.43)

’ . . . / w
where, for simple truncation as in Eq. (7.42), the window is the rectangular windo

1, 0<n=<M,

(7.44)
0, otherwise.

wln] =

It follows from the modulation, or windowing, theorem (Section 2.9.7) that

n . oo
Hewy = = [ Ha@®) W@ )db.
21 J o
ired i ons
That is, H(e/®) is the periodic convolution of the desired ideal frequencl); (reejswp) -
with th,e Fourier transform of the window. Thus, the_frquency relzzponile; e typic
be a “smeared” version of the desired response Hd(e/( “’;)A.é?)lgure 7.19(a) dep
. 19y and W(el/(@=9), as required in Eq. (7.45). "~ .
funCtlﬁnvi [In{]dS 1 )for all n((i.e., if we do not truncate at all), W(ef ‘ )isa peirlt?grllc Sllr]ﬁglées,
train with period 27, and therefore, H(e/?) = Hga(e’®). This interpreta

he order of the sys
Often in the Jjterat
N to denoté
id confusion
ponse (o)

5The notation for FIR systems was established in Chafpt;r '5. Tl?l:é isési/i :5 ;
function polynomial. Thus, (M +1) is the length, or duration, o] t :c;]m‘}; use response, O
N is used for the length of the impulse response of an FIR filter; ﬁ " ﬁ]tér o have wse
der of the denominator polynomial in the system function of an . “h,‘ 0 B s
Omrai?lrtain consistency throughout this book, we will always consider the length of the imp

FIR filter to be (M + 1).
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W(ej(“’“"))

Figure 7.19  (a) Convolution process implied by truncation of the ideal impulse

response. (h) Typical approximation resulting from windowing the ideal impulse
response.

that if w(n)] is chosen so that W(e/®) is concentrated in a narrow band of frequencies
around @ = 0, then H(e/*) will “look like” H,, (¢/”), except where H, (¢/”) changes very
abruptly. Consequently, the choice of window is governed by the desire to have w(n]
as short as possible in duration, so as to minimize computation in the implementation
of the filter, while having W(e/*) approximate an impulse; that is, we want W(el®) to
be highly concentrated in frequency so that the convolution of Eq. (7.45) faithfully
reproduces the desired frequency response. These are conflicting requirements, as can
be seen in the case of the rectangular window of Eq. (7.44), where

M —jo(M+1 :
W(el*) = Z e~fon 1 — 7/ = o—JoM2 sm[a)*M +1)/2]

. 7.46
s sin{(w/2) (7.46)
‘The magnitude of the function sinfw(M + 1)/2]/sin(w/2) is plotted in Figure 7.20 for
the case M = 7. Note that W(e/®) for the rectangular window has a generalized linear
phase. As M increases, the width of the “main lobe” decreases. The main lobe is usually
defined as the region between the first zero-crossings on either side of the origin. For
the rectangular window, the width of the main lobe is A, = 47 /(M + 1). However,
for the rectangular window, the side lobes are large, and in fact, as M increases, the
peak amplitudes of the main lobe and the side lobes grow in a manner such that the
area under each lobe is a constant while the width of each lobe decreases with M.
Consequently, as W(e/©@~9) “slides by” a discontinuity of Hy(e/®) with increasing w,
the integral of W(e/“~)F,(e/%) will oscillate as each side lobe of W(e/@=9) moves
past the discontinuity. This result is depicted in Figure 7.19 (b). Since the area under
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sin (w(M + 1)/2)
" sin (w/2)

Peak sidelobe

2w .
RCEY Figure 7.20  Magnitude of the Fourier
—»‘ Aw <— Mainlobe transform of a rectangular window

" width (M=7).

each lobe remains constant with increasing M, the oscillations occur more rapidly, but

i litude as M increases.
@ no%r? te;:iis(:;lrr; ?)?Ilgourier series, it is well known that this nonuniform convergence,
the Gibbs phenomenon, can be moderated through the use of a less abrupt truncapon
of the Fourier series. By tapering the window smoothly_to zero at each end, the he}ght
of the side lobes can be diminished; however, this is .acl}leved at the expense of a wider
main lobe and thus a wider transition at the discontinuity.

7.2.1 Properties of Commonly Used Windows

Some commonly used windows are shown in Figure 7.21.° These windows are defined
by the following equations:
Rectangular
1, 0<sn<M,

winl = 0, otherwise

Bartlett (triangular)
2n/ M, 0<n=<M/2,
wlnl=< 2-2n/M, M/2<n<M,
0, otherwise

Hanning
0.5—-0.5cosQen/M), 0<n<M,
otherwise

Hamming
0.54 — 046 cos(2nn/M), 0<n<M,

wir] 0, otherwise

5The Bartlett, Hanning, Hamming, and Blackman win.dows are all named aftler thelrlfinrlfs eferte
Hanning window is associated with Julius von Hann, an Austrian meteorologist, and is ;om§ ;e e operal
as the Hann window. The term “hanning” was used by Blackman and "I.hkey (1958) to «zscr;he oW,
of applying this window to a signal and has §ince become'lhe”most widely used name for
varying preferences for the choice of “Hanning” or “hanning.

Sec. 7.2 Design of FIR Filters by Windowing

Rectangular

Hamming
Hanning
Blackman
Bartlett

Figure 7.21  Commonly used windows.

Blackman

1] 0.42 — 0.5 cos(2n/ M) + 0.08 cos(dnn/M), 0<n< M,
wln] =

0, otherwise (7.47¢)

(For convenience, Figure 7.21 shows these windows plotted as functions of a con-
tinuous variable; however, as specified in Eqs. (7.47), the window sequence is defined
only at integer values of 7.)

As will be discussed in Chapter 10, the windows defined in Eqs. (7.47) are com-
monly used for spectrum analysis as well as for FIR filter design. They have the desirable
property that their Fourier transforms are concentrated around @ = 0, and they have a
simple functional form that allows them to be computed easily. The Fourier transform of
the Bartlett window can be expressed as a product of Fourier transforms of rectangular
windows, and the Fourier transforms of the other windows can be expressed as sums of
frequency-shifted Fourier transforms of the rectangular window, as given by Eq. (7.46).
(See Problem 7.34.)

The function 201log,, |W(e/)| is plotted in Figure 7.22 for each of these windows
with M = 50. The rectangular window clearly has the narrowest main lobe, and thus,
for a given length, it should yield the sharpest transitions of H(e/*) at a discontinuity
of Hy(e/®). However, the first side lobe is only about 13 dB below the main peak,
resulting in oscillations of H(e/) of considerable size around discontinuities of H,(e/®).
Table 7.1, which compares the windows of Egs. (7.47), shows that, by tapering the
window smoothly to zero, as with the Hamming, Hanning, and Blackman windows, the
side lobes (second column) are greatly reduced in amplitude; however, the price paid
is a much wider main lobe (third column) and thus wider transitions at discontinuities
of Hy(e/®). The other columns of Table 7.1 will be discussed later.

7.2.2 Incorporation of Generalized Linear Phase

In designing many types of FIR filters, it is desirable to obtain causal systems with a
generalized linear phase response. All the windows of Eqgs. (7.47) have been defined in
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20|
40
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100 \ /\/\/\ ANaL
0 0.2 047 0.6m 0.8 -

Radian frequency (w) Figure 7.22 (Continued)
(e) (e) Blackman.

TABLE 7.1

COMPARISON OF COMMONLY USED WINDOWS

Peak Transition
Peak Approximation  Equivalent Width
Side-Lobe  Approximate Error, Kaiser of Equivalent
Type of Amplitude Width of 20logy 6 Window, Kaiser
Window (Relative) Main Lobe (dB) B Window

Rectangular -13 dn/(M+1) -21 0 1.81n/M
Bartlett —25 87 /M -25 1.33 2377/ M
Hanning =31 8z/M —44 3.86 5.01m/M
Hamming -41 8/ M -53 4.86 6.27n/M
Blackman -57 127/ M —74 7.04 9197/ M

anticipation of this need. Specifically, note that all the windows have the property that

win] = {W[M—n], O<n<M,

0, otherwise; (7.48)

i.e., they are symmetric about the point M/2. As a result, their Fourier transforms are
of the form

W(e/m) — m(ejm)e~ij/2, (749)
where W, (e/*) is a real, even function of w. This is illustrated by Eq. (7.46). The conven-
tion of Eq. (7.48) leads to causal filters in general, and if the desired impulse response
is also symmetric about M/2, i.e., if hy[M — n] = hy[n], then the windowed impulse

response will also have that symmetry, and the resulting frequency response will have
a generalized linear phase; that is,

H(ejm) — Ae(ejw)e—jwM/Z’ (750)
where A.(e/?) is real and is an even function of w. Similarly, if the desired impulse
response is antisymmetric about M/2, i.e., if hy{M — n] = —h,[n], then the windowed

impulse response will also be antisymmetric about M/2, and the resulting frequency

response will have a generalized linear phase with a constant phase shift of ninety
degrees; i.e.,

H(eI") = jA,(e/”)e 1M, (7.51)
where A,(e/?) is real and is an odd function of w.
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) i ichtforward if we consider the prod-
he preceding statements are str'alg é ' : :
< fﬁghzuﬂlmte;iz windov% with the symmetric (or ant1§ymmetrlc) de§1red Slr;lpug:z
ucst'p%nsee izl is useful to consider the frequency-domain representation. Supp
re .
ha[M — n] = ha[n] . Then | |
Hy(e!®) = He(e/*)e M7, (7.52)
j®Y is real and even. .
Wherelf}tlliiewii:isow is symmetric, we can substitute Eqs. (7.49) and (7.52) into Eq. (7.45)
to obtain
; 1 4 i\ ,—jOM/2 j(w—ﬁ))e—j(u)—G)M/ng. (753)
1Oy = — H.(e'")e We(e
HE*) =351 ol
A simple manipulation of the phase factors leads to
H(e/®) = Ag(el®)e1oM2, (7.54)

where A 1 [ jo i@=9y4p (7.55)
JOy — —— H, (¢ We(e ) :
A0y =5 [ Hie)

Ihus’ € see tha[ thf‘. IESLll[lIl S) tem haS a aneIahZEd hnear phase andv moreover
g S l}
ﬂle leal fu] 1ction Ae (e/ ) 1S tlle ]esult Of ‘he pe] IOdlc COIlVOIutlon 01 the Ieal fullc'l()]ls

jw ej(u . ‘ ' ’
e ’I%:r(liit‘:lelid b)ehavior of the convolution of Eq. (7.55) detfzrmmes thf nlllallﬁéltlrt:t(lz
response of the filter that results from windowing. The following example

this for a linear-phase lowpass filter.

Example 7.7 Linear-Phase Lowpass Filter

The desired frequency response is defined as

e~ foMIZ o) < o, (7.56)

Hlp(ef‘“) = {(), we < o] <,

i i ition of
where the generalized linear phase factor has been incorporated into the defini
 the ideal lowpass filter. The corresponding ideal impulse response 18

e i — M/2)]
U [ oM jon g — sin[wc(n
hlp[n]zﬁﬁwe/” e!“"dw —————’—n(n—M/Z)

i mmetr

’ for —oo < n < oo, It is easily shown that hip[M —n] = Pup[n], so if we use a sy ‘
window in the equation .

_ sinfwe(n — M/2)]

(15
hlnl = — M)

w(nl,

i -phase system will result. er
ther ar;}l{:: ?11)};>er par)t/ of Figure 7.23 depicts the character of the amplitude

indow, whi
~ that would result for all the windows of Eqgs. (7.47), except the Bartlf;g‘:l/(l)tonic func
rarely used for filter design. (The Bartlett window \;Kf);}:d }f)iroducgizsiplays e impor
- joy iti ion.) The figure

jo) because We(e/?) is a positive fungtlon : $pOnSes
Iteo(eert)i,es of windoi)v method approximations to desuefi frequ;enceyt:)ezgro or t
gav}; step discontinuities. It applies accurately when o 18 n01t1 ¢ t?(fttom of the f

and when the width of the main lobe is smaller than 2w,. At the

espo
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is a typical Fourier transform for a symmetric window (except for the linear phase).

This function should be visualized in different positions as an aid in understanding the

shape of the approximation A4,(¢/*) in the vicinity of ew,.

When o = w,, the symmetric function W,(e/~9) is centered on the disconti-
nuity, and about one-half its area contributes to A, (/). Similarly, we can see that the
peak overshoot occurs when W,(e/(*~9)) s shifted such that the first negative side lobe
on the right is just to the right of w,. Similarly, the peak negative undershoot occurs
when the first negative side lobe on the left is just to the left of w,. This means that the
distance between the peak ripples on either side of the discontinuity is approximately
the main-lobe width Aw,),, as shown in Figure 7.23. The transition width Aw as defined
in the figure is therefore somewhat less than the main-lobe width. Finally, due to the
symmetry of W,(¢/©~?), the approximation tends to be symmetric around we; i.e.,

the approximation overshoots by an amount § in the passband and undershoots by the
same amount in the stopband.

Aclel)

H_(e/®)

\ T
i
wmsa W Vo
!
1
|

A0

Figure 7.23 lliustration of type of approximation obtained at a discontinuity of
the ideal frequency response. )

The fourth column of Table 7.1 shows the peak approximation error (in dB) for
the windows of Egs. (7.47). Clearly, the windows with the smaller side lobes yield bet-
ter approximations of the ideal response at a discontinuity . Also, the third column,
which shows the width of the main lobe, suggests that narrower transition regions can
be achieved by increasing M. Thus, through the choice of the shape and duration of
the window, we can control the properties of the resulting FIR filter. However, trying
different windows and adjusting lengths by trial and error is not a very satisfactory way

to design filters. Fortunately, a simple formalization of the window method has been
developed by Kaiser (1974).

473
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7.2.3 The Kaiser Window Filter Design Method

The trade-off between the main-lobe width and side-lobe area can be quantified by
seeking the window function that is maximally concentrated around w = 0 in the
frequency domain. The issue was considered in depth in a series of classic papers by
Slepian et al. (1961). The solution found in this work involves prolate spheroidal wave
functions, which are difficult to compute and therefore unattractive for filter design.
However, Kaiser (1966, 1974) found that a near-optimal window could be formed using
the zeroth-order modified Bessel function of the first kind, a function that is much easier
to compute. The Kaiser window is defined as

BB~ [(n= @)/,
wln] = Iy(B) » O=n=M (7.59)
otherwise,

»

where a = M/2, and Iy() represents the zeroth-order modified Bessel function of the
first kind. In contrast to the other windows in Eqs. (7.47), the Kaiser window has two
parameters: the length (M + 1) and a shape parameter 8. By varying (M + 1) and 8,
the window length and shape can be adjusted to trade side-lobe amplitude for main-
lobe width. Figure 7.24(a) shows continuous envelopes of Kaiser windows of length
M+1 = 21 for g = 0,3, and 6. Notice from Eq. (7.59) that the case f = 0 reduces
to the rectangular window. Figure 7.24(b) shows the corresponding Fourier transforms
of the Kaiser windows in Figure 7.24(a). Figure 7.24(c) shows Fourier transforms of
Kaiser windows with 8 = 6 and M = 10, 20, and 40. The plots in Figs. 7.24(b) and (c)
clearly show that the desired trade-off can be achieved. If the window is tapered more,
the side lobes of the Fourier transform become smaller, but the main lobe becomes
wider. Figure 7.24(c) shows that increasing M while holding 8 constant causes the main
lobe to decrease in width, but does not affect the peak amplitude of the side lobes. In
fact, through extensive numerical experimentation, Kaiser obtained a pair of formulas
that permit the filter designer to predict in advance the values of M and B needed
to meet a given frequency-selective filter specification. Figure 7.23 is also typical of
approximations obtained using the Kaiser window, and Kaiser (1974) found that, over

a usefully wide range of conditions, the peak approximation error (8 in Figure 7.23) is

determined by the choice of 8. Given that § is fixed, the passband cutoff frequency wp 0

the lowpass filter is defined to be the highest frequency such that |H(ei®)| = 1 —8.The

stopband cutoff frequency wy is defined to be the lowest frequency such that | H (e’) <

Therefore, the transition region has width
Aw = Wy — Wp
for the lowpass filter approximation. Defining
A= -20log, 3,
Kaiser determined empirically that the value of B needed to achieve a specified valul
of Ais given by
0.1102(A-8.7), A= 50,
B ={ 0.5842( A~ 21)"* +0.07886(A - 21), 21 < A<50,
0.0, A< 2L

(.
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1.2

Amplitude

|
10
Samples

(a)

0.4m 0.6
Radian frequency (w)

(b)

—_—M=10
—-— M=20
———— M =40

0.6m
Radian frequency (w)

(©)
Figure 7.24 (a) Kaiser windows for 8 = 0, 3, and 6 and M = 20. (b) Fourier

transforms corresponding to windows in (a). (c) Fouri i
_ . . rier
windows with 8 = 6 and M = 10, 20, and 1(10) © transforms of Kaiser
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(Recall that the case f = 0 is the rectangular window for which A = 21.) Furthermore,

0.6
Kaiser found that to achieve prescribed values of Aand Aw, M must satisfy ’_\

A—
M 8 (7.63) : 0.4 -

T 2285h0
Equation (7.63) predicts M to within £2 over a wide range of values of Aw and A. Thus,
with these formulas, the Kaiser window design method requires almost no iteration or
trial and error. Example 7.8 outlines and illustrates the procedure.

0.2 -

Amplitude

Example 7.8 Kaiser Window Design of a Lowpass Filter

With the use of the design formulas for the Kaiser window, it is straightforward to

-02 L !

design an FIR lowpass filter to meet prescribed specifications. The procedure is as
follows: 0 10 20 30 40
Sample number (1)
1. First the specifications must be established. This means selecting the desired w,, (a)

and w, and the maximum tolerable approximation error. For window design,
the resulting filter will have the same peak error § in both the passband and the
stopband. For this example, we use the same specifications as in Examples 7.4,
7.5,and 7.6, i.e., wp = 047, ws = 0.67, 61 = 0.01, and 8, = 0.001. Since filters
designed by the window method inherently have §; = §;, we must set 5 == 0.001.

2. The cutoff frequency of the underlying ideal lowpass filter must be found. Due
to the symmetry of the approximation at the discontinuity of Hy(e/*), we would
set

wp + Wy

2 =0.57.

we =

3. To determine the parameters of the Kaiser window, we first compute [ l
027 0.47 0.6 0.87
Radian frequency (w)

(®)

Aw = wg —w, =027, A= —20log,, 8 = 60.
P 210

We substitute these two quantities into Egs. (7.62) and (7.63) to obtain the
required values of 8 and M. For this example the formulas predict

p=5653, M=37.

4. The impulse response of the filter is computed using Eqgs. (7.58) and (7.59)- We
obtain

Amplitude

sinocn—a) LlA0~[n—a)/aP))
Blnl={ =—a) 1o(B)
0, otherwise,

-0.0005

-0.0010 (IT 1 |

027 0.4 0.67 0.87
Radian frequency (w)

where o = M/2 = 37/2 = 18.5. Since M = 37 is an odd integer, the l'eSl‘l]'t
linear-phase system would be of type II. (See Section 5.7.3 for the definit}
of the four types of FIR systems with generalized linear phase.) The respo)
characteristics of the filter are shown in Figure 7.25. Figure 7.25 (a), which sho ©
the impulse response, displays the characteristic symmetry of a tpr_H sy :
Figure 7.25(b), which shows the log magnitude response in dB, indicates

3

Figure 7.25 Response functions for Exampie 7.8. (a)

. !
(M = 37). (b) Log magnitude. (c) Approximation error. mpulse. response
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H(el®) is zero at w = 7 or, equivalently, that H(z) has azero at z :.,‘1_’ as reqllx)lre;i
for a type I FIR system. Figure 7.25(c) shows the approximation error in the passban
and stopbands. This error function is defined as

1~ Ac(e’), 0<w = w)p,

Ey) = (7.64)

0 - Ag(ej“’), wy <w <7

(The erroris not defined in the transitionregion, 0.47 < w < ().§7r.) Note l;llle.s‘ymll‘netry

of the approximation error, and note also that the peak approximation erroriss ightly

greater than § = 0.001. Increasing M to 38 resultsin a type I filter for which 5 : ().()_()()8.
Finally, observe that it is not necessary to plot either the phase or 41 ¢ group

delay, since we know that the phase is precisely linear and the delay is M/2 =

18.5 samples.

7.2.4 Relationship of the Kaiser Window to Other
Windows

The basic principle of the window design method is to lrlllncajre (tjh; 1?;2];;123;115% ;1 fe
sponse with a finite-length window such as ope_of those dl.SCUSS? in thi oo Oﬁse ¢
corresponding effect in the frequency domalp is that the }deal r§qqe1lcly § fs e i
convolved with the Fourier transform of the.wmdow. zf lhetﬁieeii ?ﬁlriell(r) Lseao(f)\:ﬁe Fourie;
i inuity in its frequency response is smeared as : . ‘

:?:ncsl;:-(r)::%?liﬁz window ?noveg across the discqntinuityllp the’conyo:juttlolg1 l}1)111 (e)ge;s.
To a first approximation, the width of the resulting t1‘an31t101‘1 band is d(iheA aSSbanZ]/
the width of the main lobe of the Fourier transform of the window, and the p

and stopband ripples are determined by the side lobes of the Fourier transform of the

window. Because the passband and stopband ripples are produceél lLy inltegll;ati(dma(g
metric wi i the ripples in the passband and the stopband ar
the symmetric window side lobes, the ripp nd and the stopband are
i he s thermore, to a very good approximation,
approximately the same. Fur : , o o b cliamd onls
[ deviations are not dependent on M and ¢ .
passband and stopband ) dent on M and can be changed orl
1 [ the d. This is illustrated by Kais
by changing the shape of the window use lis 18 i \ "
E}(lq C(7.6§) %or the window shape parameter, Wthh'IS 1ndep§ndent of M Th7e jz;;t Pt;;;o
col.umns O’f Table 7.1 compare the Kaiser window with the WmFlows of Egs. (7. Aai( al
fifth column gives the Kaiser window shape parameter that yllelds tl}eh Sasnijjli)io]um
imati y S i indicated in the first column. The C
roximation error (§) as the window indicate ol ‘ o
Shows the corresponding transition width (from Eq. 7.63) f(n filters des.1g11§S (;J]lvsidt\
Kaiser window. This formula would be a much better prfedlct.or of the‘ tr ansll i i
for the other windows than would the main-lobe width given in the third colum

HOD
7.3 EXAMPLES OF FIR FILTER DESIGN BY THE KAISER WINDOW MET

; : aes filters: Windows@
The use of the window method is, of course, not l-cstlllcted' tolowpass filters: V\;onima
be used to truncate any ideal impulse response to obtain a causal. FIR 231]13 e K
In this section, we give several examples that illustrate the technique using
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window. These examples also serve to point out some important properties of FIR
systems.

7.3.1 Highpass Filter
The ideal highpass filter with generalized linear phase has the frequency response

. 0, o] < w,,
Hyp(e) = ¢ " joMp2
e s W < o] < .

(7.65)

The corresponding impulse response can be found by evaluating the inverse transform
of Hyp(e/”), or we can observe that

Hyp,(e7?) = e~ ioM/2 _ Hyy(e7%), (7.66)

where Hy,(e/”) is given by Eq. (7.56). Thus, Ap[n] is

sinx(n~ M/2)  sinw.(n - M/2)
hpln] = —== P e - . 7.
wl] 7(n— M)2) w(n— M)2) co<n<oo (76])
To design an FIR approximation to the highpass filter, we can proceed in a manner
similar to that of Example 7.8.

Example 7.9 Kaiser Window Design
of a Highpass Filter

Suppose that we wish to design a filter to meet the highpass specifications

[H(E)) <85, o] < w,

T=8i <|HE*) <1481,  w,<|ol<n

where o, = 0.35x, wp = 057, and §; = 8§, = § = (.021. Since the ideal response
also has a discontinuity, we can apply Kaiser’s formulas in Egs. (7.62) and (7.63) to
estimate the required values of B =2.6 and M = 24. Figure 7.26 shows the response
characteristics that result when a Kaiser window with these parameters is applied to
hnp[n] with . = (0357 4 0.57 )/2. Note that, since M is an even integer, the filter is a
type IFIR system with linear phase, and the delayis precisely M/2 = 12 samples. In this
case, the actual peak approximation error is § — 0.0213 rather than 0.021, as specified.
Since the error is less than 0,021 everywhere except at the stopband edge, itis tempting
tosimply increase M to 25, keeping 8 the same, thereby narrowing the transition region,
This type II filter, which is shown in Figure 7.27, is highly unsatisfactory, due to the
zero of H(z) that is forced by the linear phase constraint to be at z = —1, e, w=rm.
Although increasing the order by 1leads to a worse result, increasing M to 26 would, of
course, lead to a type I system that would exceed the specifications. Clearly, type I1 FIR
linear-phase systems are generally not appropriate approximations for either highpass
or bandstop filters.
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(a)

) 0.6 0.47 0.6
Rg(;i‘:n frequenc'y7(Tw) Radian frequency (w)
(b) (b)

Amplitude

Amplitude

L |
0.4 0.6

0.4 0.6m . Radian frequency (w)

Radian frequency () ; . -

(©)
Figure 7.27 Response functions for t e |l FIR high filter. (a) | -
, . lse yp gnpass filter. (a) Impulse re
s for type | FIR highpass filter. (a) Impy ' sponse (M = 25). (b) Log magnitude of Fourier transform. (c) Approximation

Figure 7.26 Response function
error.

response (M = 24). (b) Log magnitude. (c) Approximation error.
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leb(Ejm)‘

G

G,

| | —
Gy |
|
|

Figure 7.28 lIdeal frequency response
o T @ for multiband filter

i i lized to the case of multi-
i iscussion of highpass filter design can be genera .
gltéepigi‘él;;jsd;i?st;pbandsngigure 7.28 shows an ideal multiband freqlli_er;::y-selzctn(;e
i i i lter includes lowpass, highpass, band-
T response. This generalized multiband fi ‘ ass, | s,
ﬁ;sciu;llllgybangstop filters as special cases. If such a magmtude function is multiplied by
I';lin’ear phase factor e=/“M/2_ the corresponding ideal impulse response is

No sin wg(n — M/2) 7.68
ha[n] = kZ_}Gk ~ O ) 75

where N,y is the number of bands and Gn,,11 = 0. If Ampln] is m.ult1p1(1j§d bytgnljiils:z);
indow, ltlhe type of approximations that we have observed gt the s_mg@ iscon 1; v y
gle lowl;ass and highpass systems will occur at each of the C.hSCOIl‘tlnl:ltlltles. Thfea ! eenz;sl/l];:
i i inui ided that the discontinuities are
be the same at each discontinuity, provi : !

;V;grt Thus, Kaiser’s formulas for the window parameters Iclan t})le apphed. toattl;;snc:rsfotr(;
i roximation er ransition widths. Note that the approxim :
redict approximation errors and transi - ap : ) y

IV)vill be scgjed by the size of the jump that produces them. That is, if a discontinuity

unity produces a peak error of 8, then a discontinuity of one-half will have a peak error.

of §/2.

7.3.2 Discrete-Time Differentiators

itis of i i eriva
As illustrated in Example 4.5, sometimes it is of interest to folg.tam st?lmgles (i);.t?rea gsfor
i imi 1 les of the signal itself. Since the Four
tive of a bandlimited signal from samp ~ e signal ! S oth
of the derivative of a continuous-time signal is j Q t1me§ the Foturleiv Etrla:r%i(;rulzncy .
i i ' dlimited signals, a discrete-time system with fre .
signal, it follows that, for ban . liscr o ey il yield ool
. _ and that is periodic, with perio ' .
sponse (jw/T)for - < w < 7 ( erio : 4 2m) WLVl
f the derivative of the con
samples that are equal to samples o : : : ‘
s}’Stfm with this property is referred to as a dlscyetem.me dlfferentliiltor. ropriate i
For an ideal discrete-time differentiator with a linear phase, the app

quency response is

: . —jwM/2
Hai(e'®) = (jow)e M2,

Sec. 7.3 Examples of FIR Filter Design by the Kaiser Window Method
(We have omitted the factor 1 /T.) The corresponding ideal impulse response is

C?F_’_’QL‘: M/2)  sinw(n— M/2)

hdiff[ﬂ] = - (l'l o ME)*“*‘ e *}'(‘n—:M/*;Z")hz-, =00 <n <00, (7.70)

If haigg[n] is multiplied by a symmetric window of length (M + 1), then it is easily shown
that Aln] = —h[M — n]. Thus, the resulting system is either a type III or a type IV
generalized linear-phase system. ‘ ~

Since Kaiser’s formulas were developed for frequency responses with simple mag-
nitude discontinuities, it is not straightforward to apply them to differentiators wherein
the discontinuity in the ideal frequency response is introduced by the phase. Neverthe-
less, as we show in the next example, the window method is very effective in designing
such systems.

Example 7.10 Kaiser Window Design
of a Differentiator

To illustrate the window design of a differentiator, suppose M = 10 and B = 2.4. The
resulting response characteristics are shown in Figure 7.29. Figure 7.29(a) shows the
antisymmetric impulse response. Since M is even, the system is a type I11 linear-phase
system, which implies that H(z) has zeros at both z — +l{w=0andz = -1 (w = T).
This is clearly displayed in the magnitude response shown in Figure 7.29(b). The phase
is exact, since type III systems have a r/2-radian constant phase shift plus a linear

phase corresponding in this case to M/2 = 5 samples delay. Figure 7.29(c) shows the
amplitude approximation error

Egitf(w) = w — Ay(e’®),  0<w <08, (7.71)

where A,(e/) is the amplitude of the approximation. (Note that the error is large
around w =  and is not plotted for frequencies above = 0.87.) Clearly, the linearly
increasing magnitude is not achieved over the whole band, and, obviously, the relative
error (i.e., Egir(w)/w) is very large for low frequencies or high frequencies (around
w =),

Type IV linear-phase systems do not constrain 4 (2) to have a zero at z = —1.
This type of system leads to much better approximations to the amplitude function,
as shown in Figure 7.30, for M = 5 and B = 2.4. In this case, the amplitude ap-
proximation error is very small up to and beyond w = 0.87. The phase for this
system is again a sr/2-radian constant phase shift plus a linear phase correspond-
ing to a delay of M/2 = 2.5 samples. This noninteger delay is the price paid for
the exceedingly good amplitude approximation. Instead of obtaining samples of the
derivative of the continuous-time signal at the original sampling times t = n7T, we
obtain samples of the derivative at times ¢ = (n — 2.5)T. However, in many appli-
cations this noninteger delay may not cause a problem, or it could be compensated

for by other noninteger delays in a more complex system involving other linear-phase
filters.
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. i iscrete-time different
Figure 7.29 Response functions for type I FIR discrete-tir Y rete-t
(;S)l‘ ulse response (M = 10). (b) Magnitude. (c) Approximation error. (a) Impulse response (M = 5). (b) Magnitude. (c) Approximation error.

DISH 1017



Filter Design Techniques Chap. 7
486

7.4 OPTIMUM APPROXIMATIONS OF FIR FILTERS

The design of FIR filters by windowing is straightforyvard .arll]d‘lsdcg;ti gaegﬁzil; he:teir;
it has a number of limitations. However, we often.w1s to desig her that

tho“l‘gh 1 ” th n be achieved for a given value of M. It 1s meamnglfass to discuss this
o t')eSt' t }?t C?)sencce of an approximation criterion. For example, in the case of the
Q‘}eStlon » t . thod, it follows from the theory of Fourier series that the rectangular
W%nggz gi(s)lv%rcllg ihe bést mean-square approximation to a desired frequency response
win S

for a given value of M. That is,

haln], 0<n<M, (172)
hin] = 0, otherwise,

minimizes the expression

L /” [ Hy(e!®) — H(e'))*dw. (7.73)
21 Jon
i roximati riterion leads to
\ have seen, this approximation cri
ee Problem 7.32.) However, as we 5 ‘ . : h cads
Sﬂverse behavior at discontinuities of Hy(e/®). I.Tult}.lermm e, th§ “Zjl'r;?O-wn?i hod ng
not permit individual control over the approximation eiro:s 1n( llmeiflization O.f For
i - X inimax strategy (n
lications, better filters result from a m nin: ! [ .
maziymaupnli errors) or a frequency-weighted error criterion. Such designs can be achieved
ma s
i ithmic techniques. . . . ‘
e ijsg ?}fgg]rl;vious exs?mples show, frequency-selective filters demfgne(;il by wipdo.:vu:)gf
'Or t on either side of a discontinuity
roperty that the error is greates : .
?lfte'lcl:lehaal‘;ietc:]jeﬁcyzesgonse, and the error becomes smaller for frequenc1e§ avi/layrgsﬂﬁ
l‘hz tjiscontinuity. Furthermore, as suggested by Figure 7.23, sucgh ﬁllt:e.r?1 ;25170; S}(IC) sl
in approximately equal errors in the passband and Stoﬂj};rﬁ{ (S ec;f tilge appl-;));jmqti()n
that, for [ilters, 1 a
for example.) We have already seen hat, oximation
Z'rzrf)gci)s’spread ouls uniformly in frequency and if the passband and stopband ripple

i i ) than
adjusted separately, a given design specification can be met with a lower order filter

i i g - exceeds it at
if the approximation just meets the specification at one frequency and far exc

] 0 be discussed:
others. This intuitive notion is confirmed for FIR systems by a theorem to

later in the section.

i i i sed
In the following discussion, we consider a particularly effective and widely u

it i inear phase.
algorithmic procedure for the design of FIR ﬁltershwuh a geneir:tléz\e?vc:‘ 1121(1611;5 -
i 'ype I filters in detail, where appropr > ;
Although we consider only type Lail, where approprate
. to types LI, I1I, and IV generalize inear-p ‘ dei
e eIsrlll ﬁzzgﬁggz c};lljlsal type I linear-phase FIR filter, it is convenient first to consioe!
the design of a zero-phase filter, i.e., one for which

he[n] = h.[—n], ;
i ¥ sider /t
and then to insert a delay sufficient to make it causal. Consequently, we con

i R se is given
satisfying the condition of Eq. (7.74). The corresponding frequency response 18 8

] : ~Jou (77
A (e!?) = Z ho[n]e ™",

n=-1L
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Ag(e)

Figure 7.31 Tolerance scheme and
ideal response for lowpass filter,

with L = M/2 an integer, or, because of Eq. (7.74),

L ‘
Ac(e’®) = h[0] + > " 2h[n] cos(wn). (7.76)
n=1
Note that A4, (e/*) is a real, even, and
tained from £1,[n] by delaying it by L
response

periodic function of w. A causal system can be ob-
= M/2 samples. The resulting system has impulse

hin] = ho[n — M/2] = h[M —n) (7.77)
and frequency response

H(Gim) - Ae(ejm)e—-ij/Z. (7.78)

Figure 7.31 shows a tolerance scheme for an approximation to a lowpass filter with a
real function such as Ae(e/?). Unity is to be approximated in the band 0 < |o| < w, with
ntaximum absolute error § 1, and zero is to be approximated in the band oy <ol <
with maximum absolute error 82. An algorithmic technique for designing a filter to
meet these specifications must, in effect, systematically vary the (L + 1) unconstrained
iinpulse response values he[n], where 0 < n < L. Design algorithms have been devel-
oped in which some of the parameters L, §, 85, wp, and wy are fixed and an iterative
procedure is used to obtain optimum adjustments of the remaining parameters. Two
distinct approaches have been developed. Herrmann (1970), Herrmann and Schiissler
(1970a), and Hofstetter et al. (1971) developed procedures in which 7, §,, and 8, are
fixed and @y and wy are variable. Parks and McClellan (1972a, 1972b), McClellan and
Farks (1973), and Rabiner (1972a, 1972b) developed procedures in which L, w,, ws and
the ratio 8; /8, are fixed and 81 (or 8,) is variable. Since the time when these different
‘pproaches were developed, the Parks—McClellan algorithm has become the dominant
method for optimum design of FIR filters. This is because it is the most flexible and the
nost computationally efficient. Thus, we will discuss only that algorithm here.
The Parks-McClellan algorithm is based on reformulating the filter design prob-

fem as a problem in polynomial approximation. Specifically, the terms cos(wn) in
Fq. (7.76) can be expressed as a sum of powers of cos w in the form

cos(wn) = T,(cos w), (7.79)
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where T;,(x) is an nth-order polynomial.” Consequently, Eq. (7.76) can be rewritten as
an Lth-order polynomial in cos w, namely,

L
A (el?) = Z ax(cos w)k, (7.80)
k=0
where the a,’s are constants that are related to k,.[n], the values of the impulse response.
With the substitution x = cos w, we can express Eq. (7.80) as

Ae(ejw) = P(x)l,\:cosau (781)
where P(x) is the Lth-order polynomial

L
Px) = ax. (7.82)
k=0
We will see that it is not necessary to know the relationship between the a,’s and k,[n]
(although a formula can be obtained); itis enough to know that A.(e/*) can be expressed
as the Lth-degree trigonometric polynomial of Eq. (7.80). ;
The key to gaining control over w, and wy is to fix them at their desired values and -
let 8, and 8, vary. Parks and McClellan (1972a, 1972b) showed that with L, w;, and o
fixed, the frequency-selective filter design problem becomes a problem in Chebyshev ap-
proximation over disjoint sets, an important problem in approximation theory and one
for which several useful theorems and procedures have been developed. (See Cheney,
1982.) To formalize the approximation problem in this case, let us define an approxi-
mation error function

E(w) = W(w)[Ha(e!?) = Ac(e’)], (7.83)
where the weighting function W(w) incorporates the approximation error parameters
into the design process. In this design method, the error function E(w), the weighting
function W(w), and the desired frequency response Hy(e/*) are defined only over closed
subintervals of 0 < w < . For example, to approximate a lowpass filter, these functions
are defined for 0 < w < wp and w; < w < 7. The approximating function Ac(e/”)is not
constrained in the transition region(s) (e.g., wp < w < w;), and it may take any shape
necessary to achieve the desired response in the other subintervals.

For example, suppose that we wish to obtain an approximation as in Figure 7.3
where L, w,,, and w; are fixed design parameters. For this case,

l, 05(1)5&)])’

Hy(e!”) = (78

0, wy<w=<m.
The weighting function W(w) allows us to weight the approximation errors differentl
in the different approximation intervals. For the lowpass filter approximation proble
the weighting function is

— 0<w<aw,
W)= K 9=

1, ws Sw=T,

where K = 6,/8;. If A.(e/®) is as shown in Figure 7.32, the weighted appm"i’man
error, E(w) in Eq. (7.83), would be as indicated in Figure 7.33. Note that with

"More specifically, T,,(x) is the nth-order Chebyshev polynomial, defined as T;,(x) = cos(n 08

Sec. 7.4

Ag(e’)

Optimum Approximations of FIR Filters

1

e

T
]

weighting, the maximum weighted absolute approximation error is § =

bands.

The particular criterion used in this design procedure is the so-called minimax or

quency intervals of interest (the passband and
we seek a frequency response A,(e/“) that minimizes the
(7.83). Stated more compactly, the best

Chebyshev criterion, where, within the fre
stopband for a lowpass filter),

maximum weighted approximation error of Eq.

approximation is to be found in the sense of

min (
{he[n):0<n<L)

where F is the closed subset of 0 <w=<msuchthat) < w < wp

w

489

Figure 7.32  Typical frequency

response meeting the specifications of
Figure 7.31.

Figure 7.33  Weighted error for the
approximation of Figure 7.32.

may |E)).

weF

Or wy < o < w. Thus,

we seek the set of impulse response values that minimizes § in Figure 7.33.

Parks and McClellan (1972a, 1972b) applied the followin

mation theory to this filter design problem.

closed subsets of the real axis x. Then

P(x) = Z arx*

k=0

r

Alternation Theorem: Iet F p denote the closed subset con

is an rth-order polynomial. Also, Dp(x) denotes a given desired function of x that is

g theorem of approxi-

sisting of the disjoint union of

8, in both
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continuous on Fp; Wp(x) is a positive function, continuous on Fp, and
Ep(x) = Wp(x)[Dp(x) = P(x)].

is the weighted error. The maximum error is defined as

IE| = max Ep(x)!.
xeFp

A necessary and sufficient condition that P(x) be the unique rth-order polynomial that
minimizes || E|| is that E,(x) exhibit at least (r + 2) alternations; i.e., there must exist at
least (r + 2) values x; in Fy such that xy < xp < -+ < X42 and such that E,(x;) =
—Ep(xi41) =% |E|fori=12,..., (r+ 1).

At first glance, it may seem to be difficult to relate this formal theorem to the
problem of filter design. However, in the discussion that follows, all of the elements of
the theorem will be shown to be important in developing the design algorithm. To aid in
understanding the alternation theorem, in Section 7.4.1 we will interpret it specifically
for the design of a type I lowpass filter. Before proceeding to apply the alternation
theorem to filter design, however, we illustrate in Example 7.11 how the theorem is
applied to polynomials.

Example 7.11 Alternation Theorem and Polynomials

The alternation theorem provides a necessary and sufficient condition for a polynomial

tosatisfy in order that it be the polynomial that minimizes the maximum weighted error -
for a given order. Toillustrate how the theorem is applied, suppose we want to examine .

polynomials P(x) that approximate unity for -1 < x < —0.landzerofor0.1 <x <1

Consider three such polynomials, as shown in Figure 7.34. Each of these polynomials.
is of fifth order, and we would like to determine which, if any, satisfy the alternation.
theorem. The closed subsets of the real axis x referred to in the theorem are the regions

—1<x<-01and0.1 < x < 1. Wewill weight errors equally in both regions, i.c.
Wp(x) = 1.

According to the alternation theorem, the optimal fifth-order polynomial mus
cxhibit at least seven alternations of the error in the regions corresponding to th
closed subset F,. Pi(x) has only five alternations—three in the region —1 < x = ~0.
and two in the region 0.1 < x < 1. The point with zero slope that does not touch th
dotted line is not an alternation, because it does not reach the positive extreme value
The alternation theorem specifies that adjacent alternations must alternate sign, 80 ‘th‘
extremal value at x = 1 cannot be an alternation either, since the previous alternatio
was a negative extremal value at the first point with zero slope in 0.1 < x < 1.

P,(x) also has only five alternations and thus is not optimal. Specifically, P
has three alternations in —1 < x < 0.1, but again, only two alternations in 0.1 =%
1. The difficulty occurs because x = 0.1 is not a positive extremal value. The prev!
alternation at x = —0.1 is a negative extremal value, so we need a positive extref
value for the next alternation. The first point with zero slope inside 0.1 < ¥ =14
cannot be counted, since it is a negative extremal value, like x = —0.1, and doe
alternate sign. We can count the second point with zero slope in this region and ¥
giving two alternations in 0.1 < x < 1 and a total of 5.

Sec. 7.4 Optimum Approximations of FIR Filters

Figure 7.34  Fifth-order pofynomials for Example 7.11.

P3(x) has eight alternations; all points of zero slope,x = ~1,x = -0.1, x = 0.1

and x = 1. Since eight alternati i

1d. ations satisfies the alternation
minimum of seven, P(x) is the uni oporem,
for this region.

. hich specifies a
que optimal fifth-order polynomial approximation

7.4.1 Optimali Type I Lowpass Filters

For type I filters, the polynomial P

. x) is th i ; iy
with the transformation of Variable( ) is the cosine polynomial Ac(e’*) in Eq. (7.80),

X=coswandr = L;

L
P(cosw) = Z ax(cos w)*. (7.86)
k=0 ‘ .

Dp(x) is the desired lowpass filter frequency response in Eq. (7.84), with x = cos w:
Dp(cosw) = {1, cosw, < cosw < 1,
0, —1<cosw < cosw;. (7.87)
Wp(cos w) is given by Eq. (7.85), rephrased in terms of cos w:

1
Wp(cosw) = { g» SOS@p =cosw <1,

I,  —1<cosw < coswy.

And the weighted approximation error is

Ep(cos w) = Wp(cos )[ Dp(cos w) — P(cos w)].
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__32 —

Figure 7.35 Typical example of a lowpass filter approximation that is optimal
ac%ordiné to the alternation theorem for L =7.

The closed subset Fp is made up of the union of the intervals 0 < o < w, and
e

[0 w 7, Or, 1n terms ()1 CO: of t ter ValS C < a d —1 < Cosw <
s 5 3 CU[; < S
S w, f he mn 0S COSw 1 I :
P §. : a]terllatl()ll the()l cm thell states that a set Of COefﬁClentS ay 1n Eq. (;.8( ) W, 1
COS w l he

i imati the ideal lowpass
i ue best approximation to

correspond to the filter representing the uniq . pd o oooand 055 o and o

filter with the ratio 8;/8; fixed at K and with passban D e oy

if and only if Ep(cos ) exhibits at least (L + 2) alte?rna io on 1éast’(14+ ek
lEa? os w) alternately equals plus and minus its maximum valu
C .« . I3 .

S ' h approximaticns are called equiripple approximations. imal according to it
uc FPpure 7.35 shows a filter frequency response that is 01()1 ol accorcing b ol
1t nalt%on théorem for L = 7. In this figure, A.(e/®) 1? lz}f))tte aafi inst .O o fore

fost A.(e!”) as = COs Q)

i t redraw A,
on theorem, we should firs ' ety

?Sttgliﬂgerrena\:é want to explicitly examine the alternatlo(ns)of Ep ()ét)i.v(;lc;nzzc;l o
igure ; d Ep(x), respe , :

i show P(x), Wp(x),and Ep(x), ‘ -

Figure 7 .36(21)’I(b)t,hail;1 iiz)rh‘gi Where( L) = 7, we see that there are nine flal:letrgigl :

N Cor , i i i ort
O§ :h _e:rocfer0nsequently, the alternation theo.rem is satlsﬁe(;i. inwlmgnce, e i
(t)hat ?n couﬁting alternations, we include the points ccl)s)a).p ;r;d ec(c;in ;;P o
, bintervals) in ed,
ation theorem, the subsets (or su ‘ vals) e e

iﬁ tiigggirr?ts of the intervals are counted. While this might seem to be
e . _

.. ignificant, as we will see. . is alowp!

is in fact verzrisrllgnliﬁigures 7.35 and 7.36 suggests that when the des1ret:}ci ﬁl;let o

filt ((:((,)rmapny pigecewise~constant filter) we could .actlllally. Cg?;att thz opny

d'rzrct examination of the frequency response, keeping gl I:unband ‘
1 i o .

is different (in the ratio K = 81/8,) in the passbanc? an sﬁllt)er nd.

The alternation theorem states that the optlmum.b‘l't e e han

f (L + 2) alternations, but does not exclude the possibility ;
o )

t have a minil
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1 x=cosw

Cos wy cosw, 1

() (©

Figure 7.36 Equivalent polynomial approximation functiong as a function of x = cog .
(a) Approximating polynomial. (b) Weighting function. (c) Approximation error,

alternations, In fact, we will show that for a
of alternations is (L+3). First, however,
ure 7.37(a) has L+ 3 = 10 alternations

lowpass filter, the maximum possible number
we illustrate this in Figure 7.37 for [, — 7. Fig-
» while Figures 7.37(b), (¢), and (d) each have
alternations (Figure 7.37a) is often referred to
xtraripple filter, there are alternations atw =0
i.e,, at all the band edges. For Figures 7.37(b)

» and w,, but not at both @ = ¢ and w = . In
Figure 7.37(d), there are alternations at 0, 7, wp, and wy, but there is one less extremum

(point of zero slope) inside the stopband. We also observe that all of these cases are
equiripple inside the passband and stopband; i.e., all points of zero slope inside the
interval 0 < o < 7 are frequencies at which the magnitude of the weighted error is
maximal. Finally, because all of the filters in Figure 7.37 satisfy the alternation theorem
for L = 7 and for the same value of K = 81/682, it follows that w, and/or w, must be

different for each, since the alternation theorem states that the optimum filter under
the conditions of the theorem is unique.

and x, as well as at @ — wp and w = wy,
and (c), there are again alternations at ¢
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Figure 7.37 Possible optimum
on?vpass filter approximations foge .
(a) L + 3alternations (extranpfm e
(b) L + 2 alternations (ext(emS .
w = m). (€) L + 2 alternation )
(extremum at @ = 0). (dL Thcu
alternations (extremum at bo

and o = ).
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The properties referred to in the preceding paragraph for the filters in Figure 7.37
result from the alternation theorem. Specifically we will show that for type I lowpass
filters:

e The maximum possible number of alternations of the error is (L + 3).
e Alternations will always occur at w, and w;. '

e Allpoints with zero slope inside the passband and all points with zero slope inside
the stopband (for 0 < w < wp and wy; < @ < ) will correspond to alternations; -
i.e., the filter will be equiripple, except possibly at w = 0 and w = 7.

The maximum possible number of alternations is (L + 3)

Reference to Figure 7.35 or Figure 7.37 suggests that the maximum possible number of
locations for extrema, or alternations, are the four band edges (w =0, m, wp, ws) and
the local extrema, i.e., the frequencies at which A,(e/®) has zero slope. Since an Lth-
degree polynomial can have at most (L — 1) points with zero slope in an open interval,
the maximum possible number of locations for alternations are the (1 — 1) extrema of
the polynomial plus the four band edges, a total of (L +3). In considering extrema and
points with zero slope for trigonometric polynomials, it is important to observe that the
trigonometric polynomial
L
P(cosw) = Z ax(cos w)¥, (7.90)
k=0

when considered as a function of w, will always have zeroslope atw = Oand » = 7, even
though P(x) considered as a function of x may not have zero slope at the corresponding
points x = 1 and x = —1. This is because

d P(cos w)

L
= —sinw Zka/\,(cosa))""J
dw

k=0

(7.91)

L1
= —sinw Z(k + Daggi(cosw)r | |
k=0 .
which is always zero at w = 0 and w = 7, as well as at the (L~1)roots of the (L —1)st-
order polynomial represented by the sum. This behavior at « — 0and w = 7 is evident
in Figure 7.37. In Figure 7.37(d), it happens that both sin w and

L
Z kay(cos w)*!

k=0

are zero in Equation (7.91); i.e., the polynomial P(x) also has zero slope at x = —1 =
COSTT.

Alternations always occur at wy and wy

For all of the frequency responses in Figure 7.37, A.(e/*) is exactly equal to 1 — §; at
the passband edge ), and exactly equal to +8 at the stopband edge w,. To suggest why
this must always be the case, let us consider whether the filter in Figure 7.37(a) could
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. . . hich
also be optimal if we decreased ), as indicated in Flgurel7.38. }"fh(fz frequsgzlsei ai VE’) o
i [ i i are equal are the freque =0, w1,
nitude of the maximum weighted error
o g)lagw ws, ws, we, and w = 7, for a total of (L+2)y=09. H.owever,-not ?Eeoefrtrl(l)?
zze’qu;’nciZs ar’e aiiernations, since, to be counted in the alrlt;rna?on t}l;eo;1 lelrsne, the error
i ec
= E|| at these frequencies. Theretore, be
must alternate between § = x| . : ccause the orer
unted in the alternation
i ive at both w, and wy, the frequencies co : e m
° If%)at;) wy, w3, w4, s, ws, and 7, for a total of 8. Since (L +2) =9, thFFcloncrl;t;ogg
C(())f :he ,altle,rnaition, theorem are not satisfied, and the frequency response (i ;it)l ] .an
is not optimal with @, and w;, as indicated. In ot‘her words, the removab ;)r . (1]L+3)
alternation frequency removes two alternations. Sllnce the maximum num o umen;
this leaves at most (L + 1), which is not a sufficient number.AAg 1qlent1acrag umint ent
i lternation frequency. A similar
1d hold if w; were removed as an a ert ‘
?)Veo lclonstructed fyor highpass filters, but this is not necessarily the case for bandpass or

multiband filters. (See Problem 7.57.)

The filter will be equiripple except possibly at w =0 orw = T N

The argument here is very similar to the one used tg shgw that both w), an ;Eed s

be alternations. Suppose, for example, that the filter in F1gure 7.37(2_1) wash modi i as

indicated in Figure 7.39, so that one point with zero slope did not achlesl/; 2 : gehrll;(i)); $2;1;
i i t nine frequencies, on

‘or. Then, while the maximum error occurs at nine | ' . :

iarllno lr)e counted as alternations. Consequently, eliminating one ripple as a point of max

Aa(ejm)

Figure 7.38 lllustration that the
passband edge wp must be an

alternation frequency.

******* Figure 7.39 lilustration that ﬂ:ﬁrlp
frequency response must be edUE

in the approximation bands.
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imum error reduces the number of alternations by two, leaving (L+ 1) as the maximum
possible number,

The foregoing represent only a few of many properties that can be inferred from
the alternation theorem. A variety of others are discussed in Rabiner and Gold (1975).
Furthermore, we have considered only type T lowpass filters. While a much broader
and detailed discussion of type I, ITI, and IV filters or filters with more general desired
frequency responses is beyond the scope of this book, we briefly consider type Il lowpass
filters to further emphasize a number of aspects of the alternation theorem,

7.4.2 Optimal Type Il Lowpass Filters

A type II causal filter is a filter for which A[n] = 0 outside the range 0 < n < M, with
the filter length (M + 1) even, i.e., M odd, and with the symmetry property

h[n] = h[M — n). ' (7.92)
Consequently, the frequency response H (/) can be expressed in the form
(M-1)/2

H(e’®) = e7/*M2 X" 2h[n]cos {a) (%4 —nﬂ : (7.93)

n=0

Letting b[n] = 2h[(M +1)/2 —n],n=1,2, ..., (M+ 1)/2, we can rewrite Eq. (7.93) as

(M+1)/2

H(e!?) = e~ /oM/2 >~ bln]cos [w (n— %)J . (7.94)

n=1

To apply the alternation theorem to the design of type II filters, we must be able
to identify the problem as one of polynomial approximation. To accomplish this, we
express the summation in Eq. (7.94) in the form

(M+1)/2

1 ‘ (M-1)2
Z b[n] cos {w (n - §>J = cos(w/2) Z b[n]cos(wn) | . (7.95)

n=1 n=0

(See Problem 7.52.) The summation on the right-hand side of Eq. (7.95) can now be
represented as a trigonometric polynomial P(cosw) so that

H(e/®) = ¢~ ieM/2 cos(w/2) P(cos w), (7.96a)
where

L
P(cos w) = Z ax(cos w)* (7.96b)
k=0
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L = (M —1)/2. The coefficients a in Eq. (7.96b) are related to the coefiim;n—t_s :][1111]1
:dnd ¢ hich in turn are related to the coefficients b[n] = 2h[(M + )/ —n
B G (7.95;1“,' lcthe type I case, it is not necessary to obtain an explicit 'relatlons ip
oot (7'94)1.1 " lnulse response and the a’s. We now can apply the alternation theIc:)rem
e i ehltI:cIl) error between P(cosw) and the desired frequency‘ response(.1 or g
e Tlowrs filter with a specified ratio K of passband to stopband ripple, Fhe. es1rg
typel.lo“{PaS'S by Eq. (7.84), and the weighting function for the error is glve; oy
funCthHS Y lglvetn eyII l(é.wpass élters, because of the presence of the facto.r cosl(cla) / d) n
gg 5’7/2621) ?}fe )f,lll)nction to be approximated by the polynomial P(cos w) is defined as

1
___'_«, 0 <w<
Hy(e'®) = Dp(cosw) = { €os(w/2) (7.97)

0,

and the weighting function to be applied to the error is

cos(w/2)

W(w) = Wp(cosw) = K
cos(w/2), ws<w=sm.

0 << wp,

(7.98)

Consequently, type 11 filter design is a different polynomial approximation prob-

I filter design. . o
e tl}?lntfl}ilf Eection we hgave only outlined the design of type II filters, principally to

highlight the requirement that the design pl'oble%m ﬁrst be for.mulz;ted ailz} ;)I(])cllytng?llg
. gimation problem. A similar set of issues arisesin the designo typezi 1 Zomiar
?ilpile):;(r)-xphase FIR filters. Specifically, these classes also can be formulated as poly

S . . o
roximation problems, but in each class the weighting function app;lzg ;cxkéztzrifed
Egls)a trigonometric form, just as it does for type II filters. (See Problem 7.52. ;

i biner
discussion of the design and properties of these classes of filters can be found in Rabi

5). N
and GT(')flxcel Eilethil)s of the formulation of the problem for type I and type II linear-phas

have been illustrated for the case of the lowpass ﬁlter. Howelsvgf, the ?ﬁsecgﬁf,lo
s;gstemsﬂ systems in particular should suggest that there is g.reat. ﬂex1b111ty in W) -
Of tgpt?l thg desired response function Hy(e’®) and the nghtmg functlont e 3
of bo le, the weighting function can be defined in terms of the d§s1red func'l desigm‘
e?;?g e;;iripple percentage error approximation. This approach s valuable in
fype IICIl and type IV differentiator systems.

7.4.3 The Parks-McClellan Algorithm

i iti error for
The alternation theorem gives necessary and suff;c;lent ;o?gltlglfofg IItlhgOes o
imality i inimax sense. Although the o
timality in the Chebyshev or mini | the theoren e
ici i filter, the conditions that are p: 5
licitly how to find the optimum r, the ! th: presenec
f)zgi; fory an efficient algorithm for finding it. While our discussion is ph
of type I lowpass filters, the algorithm easily generalizes.
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From the alternation theorem, we know that the optimum filter A4, (ef ) will satisfy
the set of equations

W(w)[Hy(e?®) — Ae(efw;)] = (=1)*s, i=12.. (Lt 2, (7.99)

where § is the optimum error and Ac(e’®) is given by either Eq. (7.76) or Eq. (7.80).
Using Eq. (7.80) for A.(e/®), we can write these equations as

_1 ]
WS? )

H,i(ef‘”l)
T~ Jjo
W(w,) . Hd(f )

(7.100)

( ]')L+2 Hd(ejzmz)
L ox X7 oo xk A
[— e e L2 W(wry2) |

where x; = cosw;. This set of equations serves as the basis for an iterative algorithm
for finding the optimum A, (e’). The procedure begins by guessing a set of alternation
frequencies w; for i = 1,2, (L+ 2). Note that wp and w, are fixed and, based
on our discussion in Section 7.4.1, are necessarily members of the set of alternation
frequencies. Specifically, if w, = ®p, then we,1 = w,. The set of equations (7.100) could
be solved for the set of coefficients a; and §. However, a more efficient alternative is to

use polynomial interpolation. In particular, Parks and McClellan (1972a, 1972b) found
that, for the given set of the extremal frequencies,

L2 .
Z b Hy(e!™)
k=1

- TST(_i)Tg ’ (7.101)
 W(w)

k=1

L2 1
=11 o5 7.102
g E (xk — xl-) _ ( )
i;ék

and, as before, x; = cos w;. That is, if A.(e/®) is determined by the set of coefficients a;
that satisfy Eq. (7.100), with § given by Eq. (7.101), then the error function goes through
+é at the (L + 2) frequencies w;, or, equivalently, A,(e/*) has values 1 + K§ if 0 < w;
Swpand £ ifw, < w; < 77, Now, since A, (e’ ®)is known to be an Lth-order trigonom-
etric polynomial, we can interpolate a trigonometric polynomial through (L + 1) of the
(L +2) known values E(w;) (or equivalently, Ac(e*)). Parks and McClellan used the

Lagrange interpolation formula to obtain
L+l
D ldi/(x = x)]Ci
Jwy k=1
Ac(e’) = P(cos w) = T (7.103a)
> L/ (x — x0)]

k=1
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than a prescribed small amount, This v
i = COS wj,
where x = cosw, X;

alue of § is then the desired minimum maximum
weighted approximation error.
(=113 (7.103b)

A flowchart for the Parks-McClellan algorithm is shown in Figure 7.41. In this
TWi(w) algorithm, all the impulse response values A,[n] are implicitly varied on each iteration

to obtain the desired optimal approximation, but the values of he[n] are never explicitly
L+1 N
d = H _,1__ = bp(xy — X1.42)- (7.103¢)
k= - (o= xi)
P

itk
- are used in fitting the Lth-degree —

Altpough only ];he frigzznti:ts :l)llé (sz)ii’ﬁgggllalso takes on the correct value at (L+ 2)I$;tiilr§:16fsfe3€1encies
polynomial, we car 61>0'c})s)sare satisfied by the resulting A.(e/*). lve th
wL because E’qu ('7‘ vailable at any desired frequency, with.out the needlz)(; S;) ::n bz

O f_‘e(e % 1150?)) for the coefficients ai. The polynomlal f)f Eq‘h(’-i. ssall)and and Calculate the optimum
set of equations (7. joYand also E(w) on a dense set of frequencies in the pass : 5 on ot optim
used to evaluate A,(e/*) fan Il  in the passband and stopband, then the optimum ap-

StOpl-)and: If1Elw)) < f(S ucr)1rda0therwise we must find a new set of extremal frequc:.nmes. ; *
proximation has been found. 1 example for a type I lowpass filter before the optimum Interpolate through (L/I 1)

Figure 7.40 shows a typica f frequencies w; used to find § (as represented by open ‘ points to obtain A (e/*)
has been found. Clearly, the sethot s v:zlas too small. Adopting the philosophy of the Re- ¢
circles in the figure) was such t ta -emal frequencies are exchanged for a completely_ new Calculate error E(w)
mez method, we find that the ex 1t ecaks of the error curve. The points marked with x and find local maxima
set defined by the (L + 2) larges ié)s for the example shown in the figure. As before, w, where [E(w)[ > §
mouldbe thell)lew f:;tzfif;:cg(‘:fgmal frequencies. Recall that there(zj are at mos<t (Jf —’i‘qulg

nd w, must be se : : < w, and w; < w :
?ocal rsninima and maxima in ‘f?ﬁeﬁfilg toerr Z,ali (7)r<If Ctohere i: a maximum of tl}e error More than
renla%ning ot 0 Ce(lin bi}:ne 1the frequency at which the greatest crror occurs s tigreln e)((lLr +n239
SO bf:itﬁ;?f: Icl)f tjlrléz frequency of the remaining extremum. Thed czzﬁ::;—;fggﬁg th(ge ema?
asthe rlleW:fS 8, fitting a polynomial to the assumed error pegks, a; o valua by L o
th? VT elzlre;or péaks—is repeated until 8 does not change from its pr
actua

Cy = Hd(ejwk) -

d, the impulse response can be computed

Retain (L + 2)
largest
extrema

Changed Check whether the

extremal points changed

¢ Unchanged

- T Figure 7.41  Flowchart of
L Bestapproximation ] Parks-McClellan algorithm.

7.4.4 Characteristics of Optimum FIR Filters

Optimum lowpass FIR filters have the s

mallest maximum weighted approximation error
8 for prescribed passband and stopban

d edge frequencies wp and w;. For the weighting
function of Eq. (7.85), the resulting maximum stopband approximation error is 8y =4,

and the maximum passband approximation erroris 81 =K$.In Figure 7.42, we illustrate
how § varies with the order of the filter and the passband cutoff frequency. For this ex-
ample, K = 1 and the transition width is fixed at (w ~wp) = 0.27. The curves show that
as wp, increases, the error § attains local minima. These minima on the curves correspond

Figure 7.40 llustration offtf;e
- Parks—McClellan qlgorﬁhm o
_______ equiripple approximation.
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Figure 7.42 lllustration of the
""" dependence of passhand and stophand
error on cutoff frequency for optitial
- approximations of a lowpass fitter. For
04 - : this example, K == 1 and
Passband cutoff (w) (ws — wp) = 0.2,

to the extraripple (L+ 3 extrema) fil
filters that are optimal according to t
M = 10 are type 1 filters, while M :‘9 and M‘ cores
interesting to note that, for some choices of palalvnetvms, 12\1/1 O e iy at st
better (i.c., it yields a smaller error) than a longer filter ( 5 d.M /‘»” ;Cpﬂmmn oen
surprismgand even onteadie oy 0w e mother way, lrs for M — O anno
eCarant J ‘ers. - 2 : : ‘ )
?)an‘]en;ﬂleyrg(liffilgz ts[?g:fjl ngle;e(;lf A/; = 1pO with one point set to zero, m:zsm. i:}.:nf; ??(,:1,
Y T:f:: the linear-phase symmetry 1‘equirem§nt. On the other hand M 0, ;:4!1‘111'2;(; a
b [} ht of as a special case of M = 10 with the first and last sam.pi«,. . tto /"[“ 1
ltjlfattlr(:alel]?;yon an optimal filter for M = 8 cannot be b?ttcn[‘v;hzn;g 911;}13:;3ﬂ;)1/2,Orne Z}ua
striction can be seen in Figure 7.42, Whgl‘e the curve (?1 1= 1s‘ ' ( ,\(: b il
ints ¢ the two curves touch correspon ;
in e M : g)i'tglzﬁep(]z/}n: ;l(t)\zﬁglhaving the first and last puipls ‘qu},[f ;
lmplﬂls-f re:ﬁ;:;ce{ al. (1973) did an extensive computational study of the lhldU:?‘" ;
among 10}:2 parameters M, 81,82, @p, and @; for gquiripﬂe llowpass approximations, ;
Kaiser (1974) subsequently obtained the simplified formula

-10 10g10(5152) - 13 (7
- 2324Aw

. ) )
where Aw = w;s — ), as a fit to their data. By comparing eqg,:(fz??jfl .
formula of Eq. (7.63) for the Kaiser window method, we caltl)seet ; ;w o
case (8, = 8, = §), the optimal approxuna.tlons pr0v1(dde a (t)u e.of {iw
tion error for a given value of M. Another important a }Ja{ltige Wimh‘;‘t
is that §; and 8z need not be equal, as must be the case for

he alternation theorem. The filters for M=

ters. All points between the minima correspond to

: Gand
= 11 correspond (o a type H filter. Itis
horter filter (M == 9) maybe

Sec. 7.5 Examples of FIR Equiripple Approximation

7.5 EXAMPLES OF FIR EQUIRIPPLE APPROXIMATION

The Parks-McClellan algorithm for optimum equiripple approximation of FIR filters
can be used to design a wide variety of such filters. In this section, we give several
examples that illustrate some of the properties of the optimum approximation and
suggest the great flexibility that is afforded by the design method.

7.5.1 Lowpass Filter

For the lowpass filter case, we again approximate the set of specifications used in Ex-
amples 7.4, 7.5, 7.6, and 7.8 so that we can compare all the major design methods
on the same lowpass filter specifications. T hese‘speciﬁcations call for w, = 047, w; =
0.6, 8; = 0.01,and §, == 0.001. In contrast to the window method, the Parks—McClellan
algorithm can accommodate the different approximation error in the passband versus
that in the stopband by fixing the weighting function parameter at K = §;/8, = 10.

Substituting the foregoing specifications into Eq. (7.104) and rounding up yields
the estimate M = 26 for the value of M that is necessary to achieve the specifications.
Figures 7.43(a), (b), and (c) show the impulse response, log magnitude, and approxima-
tion error, respectively, for the optimum filter with M = 26, wp, = 0.4, and w; = 0.67.
Figure 7.43(c) shows the unweighted approximation error

2 — A, (el® < <
Ex(w) = Bw) 1 AL(G. ) Osozo (7.105)

W(w) 0-—- A.(e)”), wy<w<m,
rather than the weighted error used in the formulation of the design algorithm. The
weighted error would be identical to Figure 7.43(c), except that the error would be di-
vided by 10 in the passband.® The alternations of the approximation error are clearly in
evidence in Figure 7.43(c). There are seven alternations in the passband and eight in the
stopband, for a total of fifteen alternations. Since L = M/2 for type I (M even) systems,
and M = 26, the minimum number of alternations is (L + 2) = (26/2 +2) = 15. Thus,
the filter of Figure 7.43 is the optimum filter for M = 26, wp, = 0.4, and w; = 0.67.
However, Figure 7.43(c) shows that the filter fails to meet the original specifications
on passband and stopband error. (The maximum errors in the passband and stopband
are 0.0116 and 0.00116, respectively.) To meet or exceed the specifications, we must
increase M.

The filter response functions for the case M = 27 are shown in Figure 7.44. Now
the passband and stopband approximation errors are slightly less than the specified
values. (The maximum errors in the passband and stopband are 0.0092 and 0.00092,
respectively.) In this case there are again seven alternations in the passband and eight
alternations in the stopband, for a total of fifteen. Note that, since M = 27, this is a type
II'system, and for type II systems, the order of the implicit approximating polynomial is
L= (M~-1)/2 = (27-1)/2 = 13. Thus, the minimum number of alternations is still 15.
Note also that in the type IF case, the system is constrained to have a zero of its system
function at z = ~1 or @ = 7. This is clearly shown in Figures 7.44(b) and (c).

8For frequency-selective filters, the unweighted approximation error also conveniently displays the
passband and stopband behavior, since A.(e/?) = 1 - E(w) in the passband and A4,(e/*) = — E(w) in the
stopband.
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Amplitude

Amplitude

10
Sample number (1)

Sample number (n)
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| | ‘ ﬂ_;_ﬁ__J_ﬁ‘h_L___.__m‘ S—
i 0 0.27 0.47 0.67

04w 06m
Radian frequency (o) : Radian frequency (w)
(b) ‘ i

Amplitude

Figure 7.43 Optimum type | FIR 3 ‘ | |
3v- ass filter for wp = 0.47, Figure 7.44 Optimum type Il FIR
lowp p
| I o ponss ) Lo % P LN lowpass filter for wp = 0.4,
i o )  response. (0) L0g 047 0.67 ‘ ws = 0.6, K =10, and M = 97,
(a) Impulse response. (b) "
R magnitude of the frequers resvpoﬂd Radian frequency (w) (a) [mpUlSE response. (b) Log
! () Approxmetion e (Unwmghte i (c) magmtude'of T(equency response.
(c) Approximation error (unweighted).
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If we compare the results of this example with the results of E?am};lxec;.}i, tzz
find that the Kaiser window method requires a value M = 38 to zrr;eefr h(zsr P
specifications, while the Parks-McClellan method requires M = 27. lmaxiﬁ, ity is
accentuated because the window method produces approximately qu:ia aximom er
rors in the passband and stopband, while the Parks-McClellan method ca g
errors differently.

7.5.2 Compensation for Zero-Order Hold

In many cases, a discrete-time filter is designed to be used in a systemlsuch astthjgtd§~
icted in Figure 7.45;i.e., the filter is used to process a sequernce of samples x[n] cl) ain
Ie‘isequence y[n], which is then the input to a D/A converter and conunuous—‘tmlet.owpg}ss
filter (as an approximation to the ideal D/C converter) used for the reconzt.ruc 1tc>nt9 a
continuous-time signal y.(¢). Such a system arises as Spart.of a4s§/s;«;,r:1h£olr) / Ecssni—elrltrg
i (i S-time si discussed in Section 4.8. I
filtering of a continuous-time signal, as ‘  Section ¢ [ the | ‘
holds ii;s output constant for the entire sampling period T', the Fourier tr ansform of the
output y.(¢) is ; . o .
a0 Y.(jQ) = H,(jQ)H,(jQ)H(e!*") X (/%) . (7.106)
where H,(j)is the frequency response of an appropriate lowpass reconstruction filter

" o ST s
H()(] ) - Q/z
is the frequency response of the zero-order hold of the D/;A;2 cm:)v)eliters. (2]3264?3;
i i se ] in of T at @ = 0.) In Section 4.8.4,
(j$2) can have unity gain because H,(j$2) has a gain o . 0. ' :
\{vie(s]ug;ested that compensation for H,(j<2) could be incorpor ated into the continuous

time reconstruction filter; i.e., H,(j2) could be chosen as

(7.107)

1 @I g 7.108)
Q) = Lo () (7.108)
09 = Gqtm U
where H,(j) is the ideal lowpass reconstruction filter of Eq. (4.128) so t.hat the ,foei; Z
the discr’ete-time filter H(e/?") would be undistorted by the zero-order hold. noﬁlte
approach is to build the compensation into the discrete-time filter by designing a
H(e/%T) such that
He'9T) = _Q72 H(e/9T). (7.109
R N YD) ot
A D/A-compensated lowpass filter can be readily designed by the Parks-Mc
algorithm if we simply define the desired response as

- . —~w—/2———, 0 <w=< Wp,
Ha(e’”) = { sin(w/2)

0, Wy Sw =T

Discrete-time D/A Reconlstrucliun
—> filter converter (7)‘ Nﬁlt?grl —->y 1 N
x[n] Heey [yl H (o) | Ypa H,(j) c Figure 7.45 Precompeﬂsaf"%? 0
T discrete-time fitter for the effe
T D/A converter.
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Figure 7.46 shows the response functions for such a filter, where the specifications
arcagain o, = 0.4z, w; = 0.67, §; = 0.01,and 8, = 0.001. In this case, the specifications
are met with M = 28 rather than M = 27 as in the previous constant-gain case. Thus,
for essentially no penalty, we have mcorporated compensation for the D/A converter
into the discrete-time filter so that the effective passband of the filter will be flat. (To
emphasize the sloping nature of the passband, Figure 7.46(c) shows the magnitude

response in the passband, rather than the approximation error, as in the frequency
response plots for the other FIR examples.)

7.5.3 Bandpass Filter

Section 7.4 focused entirely on the lowpass optimal FIR, for which there are only two
approximation bands. However, bandpass and bandstop filters require three approx-
imation bands. To design such filters, it is necessary to generalize the discussion of
Section 7.4 to the multiband case. This requires that we explore the implications of the
alternation theorem and the properties of the approximating polynomial in the more
general context. First, recall that, as stated, the alternation theorem does not assume
any limit on the number of disjoint approximation intervals, Therefore, the minimum
number of alternations for the optimum approximation is still (L +2). However, multi-

band filters can have more than ( L+ 3) alternations, because there are more band ed
(Problem 7.57 explores this issue.) This means that s

Section 7.4.1 are not true in the multiband case. For
the local maxima or minima of A.(e’”) to lie inside the approximation intervals, Thus,

local extrema can occur in the transition regions, and the approximation need not be
equiripple in the approximation regions.

To illustrate this, consider the desired response

ges.
ome of the statements proved in

example, it is not necessary for all

' 0, 0<w<03mn,
Hy(e’*) =<1, 0357 <w <067, (7.111)
0, 077 <w<m,
and the error weighting function

1, 0<w=<03n,
Ww)= {1, 0357 <w < 0.6m, (7.112)
02, 077 <w <.

A value of M + 1 = 75 was chosen for the length of the impulse response of the filter.

Figure 7.47 shows the response functions for the resulting filter. Note that the tr

ansi-
tion region from the second approxini

ation band to the third is no longer monotonic.
However, the use of two local extrema in this unconstrained region does not violate
the alternation theorem. Since M = 74, the filter is a type I system, and the order of
the implicit approximating polynomial is L = M/2 = 74/2 = 37. Thus, the alternation
theoremrequires atleast L+2 = 39 alternations. It can be readily seen in Figure 7.47(c),
which shows the unweighted approximation error, that there are 13 alternations in each
band, for a total of 39.

Such approximations as showr in Figure 7.47 are optimal in the sense of the alter-
nation theorem, but they would probably be unacceptable in a filtering application. In
general, there is no guarantee that the transition regions of a multiband filter will be
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. 1 Theeo 1I'¢ OF ICSS » uons.?
( al speed. These factors are mo ectly edto
?‘(l)mpmatlliorl:fl t(I)3 meet a given specification. If we put aside phase ¢
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7.7 SUMMARY
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generally true that a given magnitude-response specification can be met most efficien

with an IR filter. However, in many cases, the linear phase available with an FIR fil
may be well worth the extra cost, and in

tion, FIR filters may be just as efficient as
micro-computers generally have arithmet

tly
ter
applications such as decimation or interpola-
IIR filters. Furthermore, special purpose DSP

ic capabilities which are designed for accumu-
lating sums of products as required for FIR filters. A detailed consideration of questions
of computational efficiency is given in Rabiner, Kaiser, Herrmann, and Dolan (1974).
Thus, a multitude of trade-offs must be considered in designing a discrete-time
filter. Clearly, the final choice will most often be made by engineering judgment on such
questions as the formulation of the specifications, the method of implementation of the
filter, and the computational facilities and software available for carrying out the design.

In this chapter, we have considered a variet
duration and finite-duration impulse-respons
on the frequency-domain specification of the des
most common in practice. Our objective was to
of possibilities available for discrete-time filter

about some of the techniques so that they may be applied directly, without further
reference to the extensive literature on discrete-time filter design. In the FIR case,
considerable detail was presented on both the window method and the Parks—McClellan
algorithmic method of filter design.

The chapter concluded with some remarks on the choice between the two classes of
digital filters. The main point of that discussion was that the chojce isnotalways clear cut
and may depend on a multitude of factors that are often difficult to quantify or discuss in
general terms. However, it should be clear from this chapter and Chapter 6 that digital
filters are characterized by great flexibility in design and implementation. This flexibility
makes it possible to implement rather sophisticated signal-processing schemes that in
many cases would be difficult, if not impossible, to implement by analog means.

y of design techni(jues for both infinite-
¢ discrete-time filters. Qur emphasis was

ired filter characteristics, since this is
give a general picture of the wide range
design, while also giving sufficient detail

Basic Problems with Answers

7.1 Consider a causal continuous-time system with impulse response he(t) and system function
s+a
He(s) = e
«(s) (s +a)? + b2
(@) Use impulse invariance to determine H,(z) for a discrete-time systemsuch that 2 [n] =
he(nT).

(b) Use step invariance to determine H,(z) for a discrete-time system such that $2[n] =
sc(nT), where
n

ot
$2[n] = Z holk] and  s.(1) :/ he(t)dr.

oo oo
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