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DECLARATION OF NATHANIEL E FRANK-WHITE

I am a Records Request Processor at the Internet Archive. | make this declaration
of my own personal knowledge.

The Internet Archive is a website that provides access to a digital library of Internet
sites and other cultural artifacts in digital form. Like a paper library, we provide
free access to researchers, historians, scholars, and the general public. The Internet
Archive has partnered with and receives support from various institutions,
including the Library of Congress.

The Internet Archive has created a service known as the Wayback Machine. The
Wayback Machine makes it possible to browse more than 450 billion pages stored
in the Internet Archive's web archive. Visitors to the Wayback Machine can search
archives by URL (i.e., a website address). If archived records for a URL are
available, the visitor will be presented with a display of available dates. The visitor
may select one of those dates, and begin browsing an archived version of the Web.
Links on archived files in the Wayback Machine point to other archived files
(whether HTML pages or other file types), if any are found for the URL indicated
by a given link. For instance, the Wayback Machine is designed such that when a
visitor clicks on a hyperlink on an archived page that points to another URL, the
visitor will be served the archived file found for the hyperlink’s URL with the
closest available date to the initial file containing the hyperlink.

The archived data made viewable and browseable by the Wayback Machine is
obtained by use of web archiving software that automatically stores copies of files
available via the Internet, each file preserved as it existed at a particular point in
time.

The Internet Archive assigns a URL on its site to the archived files in the format
http://web.archive.org/web/[Year in yyyy][Month in mm][Day in dd][Time code in
hh:mm:ss]/[Archived URL] aka an “extended URL”. Thus, the extended URL
http://web.archive.org/web/19970126045828/http://www.archive.org/ would be the
URL for the record of the Internet Archive home page HTML file
(http://www.archive.org/) archived on January 26, 1997 at 4:58 a.m. and 28
seconds (1997/01/26 at 04:58:28). The date indicated by an extended URL applies
to a preserved instance of a file for a given URL, but not necessarily to any other
files linked therein. Thus, in the case of a page constituted by a primary HTML file
and other separate files (e.g., files with images, audio, multimedia, design
elements, or other embedded content) linked within that primary HTML file, the
primary HTML file and the other files will each have their own respective extended
URLSs and may not have been archived on the same dates.

Attached hereto as Exhibit A are true and accurate copies of screenshots of the
Internet Archive's records of the archived files for the URLs and the dates specified
in the attached coversheet of each printout.
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archive.org

7. Attached hereto as Exhibit B are true and accurate copies of the Internet Archive's

records of the archived files for the URLs and the dates specified in the attached
coversheet of each file.

8. I declare under penalty of perjury that the foregoing is true and correct.

DATE: November 30, 2022

Nathaniel E Frank-White
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https://web.archive.org/web/20050401023020/http://osu.okstate.edu/
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https://web.archive.org/web/20050403020708/http://osu.okstate.edu/academics/
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https://web.archive.org/web/20050403171652/http://www.cas.okstate.edu/
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https://web.archive.org/web/20050403213144/http://cas.okstate.edu/services/degree/majors/index.ht
ml
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https://web.archive.org/web/20050404010354/http://a.cs.okstate.edu/welcome.html
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https://web.archive.org/web/20050404001543/http://www.cs.okstate.edu/
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https://web.archive.org/web/20050312003208/http://www.cs.okstate.edu/indexn2.html
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https://web.archive.org/web/20050208030559/http://www.cs.okstate.edu/facstaff/index.html
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https://web.archive.org/web/20050208093855/http://www.cs.okstate.edu/~marcin/
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https://web.archive.org/web/20050206001843/http://www.cs.okstate.edu/~pdcp/
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https://web.archive.org/web/20050212184635fw_/http://www.cs.okstate.edu/~pdcp/vols/allvols.html
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https://web.archive.org/web/20050317054429fw_/http://www.cs.okstate.edu/~pdcp/vols/vol03/vol03
no2.html
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https://web.archive.org/web/20050317054433fw_/http://www.cs.okstate.edu/~pdcp/vols/vol03/vol03
no2abs.html#tschmidt
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https://web.archive.org/web/20061106005508/http://www.ntu.edu.sg/publicportal/
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https://web.archive.org/web/20061006171248/https://wis.ntu.edu.sg/webexe88/owa/wdr_search.ind
ex_search
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https://web.archive.org/web/20061006173813/https://wis.ntu.edu.sg/pls/webexe88/wdr_search.index
_search?P_category=SF&P_index=B
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https://web.archive.org/web/20061009222645/http://www.ntu.edu.sg/home/asbschmidt/
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https://web.archive.org/web/20041026062329fw_/http://www.ntu.edu.sg/home/asbschmidt/paper/JP
AA04.htm
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https://web.archive.org/web/20041026064939fw_/http://www.ntu.edu.sg/home/asbschmidt/paper/P
DPTA'03.htm
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https://web.archive.org/web/20041026062341fw_/http://www.ntu.edu.sg/home/asbschmidt/paper/P
DCP00.htm
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https://web.archive.org/web/20011204191802/http://www.nexusworld.com/nova/
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https://web.archive.org/web/20011221140039/http://www.nexusworld.com/nova/journals.html
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https://web.archive.org/web/20010703022520/http://www.nexusworld.com/nova/jparallel.html
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https://web.archive.org/web/20060924015515fw_/http://www.ntu.edu.sg/home/asbschmidt/publicati
ons.htm
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EXHIBIT B



https://web.archive.org/web/20070824103510fw_/http://www.ntu.edu.sg/home/asbschmidt/paper/V
egas_277PD.pdf
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Abstract -- This paper presents the design of a new
bit-serial floating-point unit (FPU). It has been
developed for the processors of the Instruction
Systalic Array parallel computer model. In contrast to
conventional  bit-parallel  FPUs the bit-serial
approach requires different data formats. Our FPU
uses an |EEE compliant internal floating point format
that allows a fast least significant bit (LSB)-first
arithmetic and can be efficiently implemented in
hardware.

Keywords: bit-serial Floating Point Units, massively
parallel processors, systolic arrays

|. Introduction

Modern VLSI technology alows to integrate
massively paralel systems on a single chip. The
area limitations for the processors of such
systems require small but efficient computational
units. In particular, it may motivate the choice of
a bit-serial data organization of the individual
processors. The fine-grained processor arrays are
used in applications where identical operations
have to be performed on large data sets such as
image and video processing [8], cryptography
[7], biological sequence analysis [9] and
scientific  computing.  Implementations  of
relevant numerical and signal  processing
algorithms often require floating arithmetic in
order to achieve adequate accuracy. Thus, the
integration of efficient floating-point arithmetic
is essential to these processors. Motivated by the

design of an Instruction Systolic Array (ISA)
with 1024 processors on one chip [6], an FPU
has been designed that meets these requirements.
Its bit-serial structure alows for a fine grained
pipelined implementation on a minimal area of
silicon. The design has been guided by
experiences with a lower-integrated predecessor
version of the processor array, which is available
as an add-on board for a PC [4].

This paper is organized as follows. Section 2
describes the ISA principle. An overview of the
individual ISA processor architecture is given in
Section 3. The design methods for implementing
efficient floating-point operations on bit-serial
hardware are described in Section 4. Section 5
presents the corresponding execution units. The
performance of severa floating-point operations
is given in Section 6. Section 7 concludes the

paper.
II. Principle of the | SA

The ISA [2,3] is a mesh-connected processor
grid, where the processors are controlled by three
streams of control information: instructions, row
selectors, and column selectors (see Fig. 1). The
instructions are input in the upper left corner of
the processor array, and from there they move
step by step in horizontal and vertical direction
through the array. This guarantees that within
each diagonal of the array the same instruction is
active during each clock cycle. In clock cycle
k+1 processor (i+1,j) and (i,j+1) execute the
instruction that has been executed by processor
(i,j) in clock cycle k. The selectors also move
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systolically through the array: the row selectors
horizontally from left to right; the column
selectors vertically from top to bottom. Selectors
mask the execution of the instructions within the
processors, i.e. an instruction is executed if and
only if both selector bits, currently in that
processor, are egual to one. Otherwise, a no-
operation is executed.

Every processor has read and write access to
its own memory. Besides that, it has a designated
communication register (C-register) that can also
be read by the four neighbour processors. Within
each clock phase reading access is aways
performed before writing access. Thus, two
adjacent processors can exchange data within a
single clock cycle in which both processors
overwrite the contents of their own C-register
with the contents of the C-register of its
neighbour. This convention avoids read/write
conflicts and also creates the possibility to
perform parallel prefix operations efficiently, e.g.
row sum.

[1]
1
1

instructions 1

[x] 11

column
selectors

row 1/0 1\
selectors [ 1|11

1)1
[o]1]2

Figure 1. Control flow inan ISA

[11. Processor Architecture

The processor architecture is part of a chip
design containing an | SA of size 32 x 32 [6]. The
main components of the processor architecture
are a set of 64 data registers, the communication
register, a unit for integer addition, logical
operations and conditiona instructions, a 16-bit
multiplier, and a shifter/adder for floating point
arithmetic (see Fig. 2). The data word length is
16 bits. The data are processed bit-serially, such
that the execution of each instruction takes
exactly 16 clock cycles. However, there are
macro instructions formed as series of
elementary instructions in order to handle data
types consisting of more than one machine word,
e.g. double precision floating point numbers (see
Section 4). After receiving an instruction, the

processor stores it in the instruction register,
decodes the two operand addresses and the
destination address, retrieves the operands from
the register file, executes the instruction, writes
the result back to the destination register, and
passes the instruction to the next processor. Since
al thisis done bit-serialy, it can be pipelined on
bit level, such that a new instruction can be
fetched and processed every 16 clock cycles. For
instance, the first bit of the result is computed
aready after the second bits of the operands have
entered the respective unit.

columnsdector ing jingructionin datalinks north

Ll ) dlobl bus
=
———
externd/ R63 externd/
internal internal
write R4S read
R47
| intema internal
write (R read
RO
communication register %
row L row
sdlector r} rs‘cs‘ ingtruction decoder 'i » sdlector
in ] ‘ out
q % 1]
daa 1 it sk UL, o
links 2 ALU 12| 2 links
west = et
88
& flag manager [t
d shifter .
S multiplier clock |
= '
column selector out ¥V instruction out T ¥ Gaalirkssauth

Figure 2: Block diagram of the processor
architecture.

The instructions are 3-adress instructions (two
operand registers op0 and opl; destination
register dest) coded in two 32 bits. Several
instructions are related to floating-point
operations. However, these instructions in
general do not make sense on their own, but only
within a macro instruction, i.e. a sequence of
instructions that realize a certain operation on
floating point numbers. The instruction

expadd op0, opl, dest
computes the sum of the exponents of two
floating point numbers, as required for a
multiplication. Similarly, there exist instructions
expsub for computing the difference of two
exponents and expsel for selecting the greater
exponent as the result exponent in the case of an
addition of two floating point numbers. The
instructions shadd (shift and add), shsub (shift
and subtract), nrm (normalize), Idmul (load
multiplier), and mult (multiply) are used in
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macro instructions for computing the mantissa of
the result. The instruction

mode length
is used for configuration of the floating point
control for handling single precision or double
precision numbers. The instructions

mtw op0, dest

expw op0, dest

support the conversion between the IEEE

floating point format [1] and the internal format,
forming the mantissa words and the exponent
word of theinternal format.

I'V. Floating Point Operations

The processor supports single and double
precision floating-point arithmetic. Floating-
point registers are implemented by groups of 16-
bit data registers, and floating-point operations
are implemented as instruction macros, i.e. as
sequences of elementary instructions.

A. Internal Floating Point Format

The special cases for IEEE numbers are coded
in al bits of the number representation. For
example in order to find out if a number equals
infinity the complete mantissa and the complete
exponent have to be compared with 0 and -1,
respectively. Therefore, a bit-serial compare to
infinity (required for every arithmetic operation)
would need at least 32 internal clock cycles for
single and 64 for double. To solve this problem a
conversion into an internal format is performed.
The internal representation of a double X consists
of five 16-bit words X[0],...,X[4]. Here, X[4]
contains the exponent of the double, the sign, the
kind of representation (absolute value/sign or 2-
complement), and information about possible
special cases (infinity, zero, NaN = not a
number). X[0] to X[3] contain the significant
(mantissa) of the double, extended to 64 bits.

X[4] exp.: |Sm[T1|T0| R [Se|Se]| 9...e0 |
Sm: sign of the significant O: positive, 1:negative
T1,TO: encoding of special cases: 00: normal
number, 01: zero, 10: INF (infinity), 11: NaN
R: representation of significant: 0. absolute
value/sign representation, 1. 2-complement
representation
Se: sign of exponent (two identical bits for
overflow detection)
€0,...,69: binary representation of the exponent E
in 2-complement (little endian mode)

64 bit of the significant M = (X[3], X[2], X[1],
X[0Q]), where 63 is the most significant hit:

X[3] significant: | 63...48
X[2] significant: | 47...32
X[1] significant: | 31...16
X[0] significant: 15...0

The value of such adoubleis:

0-(-1)%" if T0=1 and T1=0;

INF-(-1)5" if T0=0and T1=1;

NaN if TO=1and T1=1;
(-1)°™.0.M - 25 if T0=0and T1=0 and R=0;
(-1)°".0.M’ - 25 if T0O=0 and T1=0 and R=1,
where M’ is the 2-complement of M;

Double numbers can be normalized or not
normalized. A positive number and a number in
absolute value/sign-representation is normalized
iff bits 63, 62, 61 of the significant are 001, i.e.
bits 63 and 62 hold the sign and then in bit 61
comes the most significant bit of the significant.
As usua in absolute value/sign representation,
the significant is positive and the sign is stored in
the Sm-bit of the exponent (see X[4]). A negative
number in 2-complement is normalized iff bits
63, 62, 61 of the significant are 110. Again, bits
63 and 62 form the sign and it follows the most
significant digit of the significant, represented in
2-complement.

The four 16-bit words of the IEEE format are
converted into 5 words of the internal format.
The 52-bit mantissa is stored in four words,
where in the first word an explicit 1 isintroduced
(this 1 is implicit in the IEEE representation).
The first two Q's serve as two sign bits of the
mantissa. Two sign bits are useful for detecting
overflows: an overflow after an addition changes
the second sign bit and a right shift for
normalization is necessary. The exponent is
stored in the last 12 bits of a separate word, also
with two sign bits. The value O1 of the sign bits
indicates exponent overflow, whereas 10
indicates exponent underflow. In these cases, the
number is changed to INF or O, respectively. The
special values zero, INF, and NaN are coded
using the tag stored in bit 14 and 13 of the
exponent word. In the case of a specia value, the
actual value of the mantissa is irrelevant. Bit 12
is used internally for indicating if the mantissais
in 2-complement representation after an addition
or subtraction. The conversion is supported by
special instructions of the processor.
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B. Floating Point Addition

An addition of two floating-point numbers is
performed in the usua way: The two exponents
are compared, the mantissa of the operand with
smaller exponent is shifted to the right
appropriately, then the mantissas are added. If
any operand is negative and not yet in 2-
complement representation, its mantissa is
complemented before. The bit-serial organization
allows on-the-fly computation with one single
half adder. If any operand is O, its mantissa is set
to 0. The result mantissa is in 2-complement
representation. The result exponent is the larger
exponent of the two operands. The tag of the
result is computed depending on the tags of the
two operands according to Table 1.

TABLELI. COMPUTATION OF THE RESULT TAGS FOR
AN ADDITION
X 0 INF NaN
X x? X INF NaN
0 X 0 INF NaN
INF INF INF INF? NaN
NaN NaN NaN NaN NaN
1) except the case that the result mantissa is 0, than the
result tagisO

2) except the case that the signs of the two operands are
different, then the result tag is NaN

s=5, k=1, d=11:
LA [ A | A A ] Ay
B, | Bs [ B, [ By [ By |
s=53, k=4, d=11.
As [ A | AT A A,
B, Bs . Bs By | By |
s=0, k=1, d=16:
Az A, A1 Ao A,

By Bs B, B, Bo

$>64, k>5: ‘
| A35| A25| Al§| A05| Al |

Figure 3: Addition of two 64-bit mantissas.

The sign of the result is the sign of the result
mantissa, except in the case that any operand is
INF, then the sign is equal to the sign of this
operand. If the result is O or NaN, the sign is
irrelevant. Since the operands consist of more
than one word (e.g. of four mantissawords in the
case of double precision floating point numbers),

shifting of a mantissa by more than 15 bits is
realized by displaced addressing of the operands
(see Figure 3).

In each case, in order to realize a shift distance
of s, in the first step A; and B.;.« are addressed,
where k = (s div 16)+1. B 1. is loaded into the
shifter and delayed by d = 16-k-s bits. In the next
step Ap and By are addressed. While By is
loaded to the shifter, the d bits of B_;.« appear at
the output of the shifter and are added to Ao. In
the last step As and Bs. are addressed. However,
Bs. is an invalid operand, therefore it is
cancelled, i.e. set to 0...0 or to 1...1 depending
on the sign of the mantissa. If k becomes greater
than 4, al B-operands are cancelled, i.e. set to
0...0. In the case that B has the greater exponent,
then the difference of the exponents is negative
and A has to be shifted. The situation is
essentially the same as above with the roles of A
and B interchanged.

C. Normalization

After an addition, in general the result mantissa
is not in normalized form, i.e. there are not
exactly two leading O's or 1's. Several cases are
possible: there is one leading digit, two leading
digits (this is the normalized case), three through
63 leading digits, or 64 leading digits. In the
latter case, the result is considered to be O, if the
leading digits are 0. In all other cases a left shift
by -1...62 is necessary so that the mantissa starts
with 001 or 110. The exponent has to be
corrected by this shift distance. A counter, the
leading digits counter (LDC), is used to count the
number of leading digits (minus 2) of the result
produced during an addition/subtraction or
multiplication. The LDC also records the first bit
of the mantissa, indicating the sign of the
mantissa, and detects if the mantissais 0. Before
a normalization, the value of the LDC is
transferred into the shift control register. But now
this value has to be interpreted in a different way,
since it is the distance for a left shift instead of a
right shift as in the case of an addition. However,
this can be done using the same hardware for
normalization as for addition.

D. Floating Point Multiplication

A multiplication of two 64-bit mantissas is
performed according to the following scheme
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(Fig. 4), where e.g. Az Ax A; Ay By denotes the 80-
bit product of Az A; Ay Ag with Bo.

As | A [ AL | Ao
As | A, | AL | Ao | B:
As | Ay [ A | Ao | By
LAs [ A [ A [ Ao | Bs

Bo |

| result |

Figure 4: Multiplication scheme for 4-word
operands.

The result would be 128 bit long, however,
only the most significant 64 bits can be used for
the result mantissa F. Therefore, the above
scheme is truncated, in order to reduce the
number of 16-bit multiplications (Fig. 5):

As | Ay | Ar | By
L As [ A [ AL | Ao [ Bs

| B R|RIR]

Fig. 5: Truncated multiplication scheme for 4-
word operands.

Addition of the intermediate results is performed
simultaneously with the multiplications in the
multiplier, which is actualy a multiply-and-add
unit. The error introduced by the truncation
amounts to a most 3 bits. This seems to be
tolerable, because the precision of the internal
floating point format is 61 significant bits,
whereas the original IEEE format has only 52
bits. If more precise arithmetic is required, the
complete multiplications have to be executed.
The exponents of the two floating-point numbers
are added. The sign of the result is the exclusive-
or of the two-operand signs. The tag of the result
is computed according to the following table.

TABLEII. COMPUTATION OF RESULT TAGSFOR A
MULTIPLICATION
X 0 INF NaN
X xD X INF NaN
0 X 0 NaN NaN
INF INF NaN INF NaN
NaN NaN NaN NaN NaN

1) except the case of an exponent underflow or
overflow, then the result tag is O or INF, respectively.

V. Floating Point Units

A. Multiplier

The multiplier can multiply a 16-bit word x with
a k-word operand vy, yielding a k+1-word result.
Simultaneously, the multiplier can add a k+1-
word operand s. In the above scheme for floating
point multiplication this possibility is used when
e.g. As Ay is multiplied with B; and added to the
result of Az Bo.

Figure 6 shows the bit-serial 16-bit multiplier
used in this architecture. In the first step of a
multiplication, the operand x and the first word of
operand s have to be loaded into the multiplier
(using a Idmul instruction). Both are available
in bit-serial form with the LSB first. While x is
stored temporarily in a register, the s, ..., S5 are
passed through a sequence of full adders (each
adding s + 0) and delay elements. At the end of
the Idmul instruction, s is a the input of the
rightmost full adder (FA).

L] x5 %

Yi

FA FA | [

J

In the next instruction cycle, the first word of
the other operand y and the next word of s are
shifted into the multiplier, while the first word of
the result x-y + sis obtained at the output of the
multiplier. Again this is done bit-serially: in the
first clock cycle, x is multiplied by y, and added
to s. This step produces bit O of the result at syy.
The following clock cycles proceed in the same
way with yi,..., yis. The most interesting property
of this multiplier is that it can handle long
operands. y is not restricted to 16 bits, but can
consist of k 16-bit words, aswell as s, which then
consists of k+1 words. That is, the words of y and
s can be input immediately one after the other. In
the last instruction cycle, 0's have to be input into
the multiplier, while the last word of the result
appears at the output.

Figure 6: 16-bit multiplier.
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B. Floating Point Adder

The floating point adder consists of a shifter,
an adder, two units for displaced addressing of
the operands, two complement units, and a logic
for cancellation of operands. The shifter is a
configurable shift register of variable length
between 0 and 15 bits.

SCR[II]  shiftin delay

SCR[3|

shift out
Figure 7. 16-bit shifter.

For a floating-point addition, the result of the
exponent comparison is stored in a specia
register, the shift control register SCR. The
highest bit SCR[11] indicates if the exponent
difference is negative and determines the shift
operand. Bits SCR[0..3] determine the delay of
the shifter. If thisis anon-negative number s, it is
complemented by the XOR-gates and the last 1-
bit delay is activated, in order to achieve the
required delay of 16-s. Bits SCR[4..5] are used
for displaced addressing of the shift operand, as
explained in Section 4. If any of the bits
CR[6..10] is different from SCR[11], the shift
distance would be greater than 64, so the shift
operand may be cancelled. The shifted operand
and the other operand are added by a bit-seria
adder. If any operand is negative and not yet in 2-
complement representation, it is complemented
before the addition.

V1. Performance

For single precision floating point numbers, an
addition takes 14 instruction cycles, a
multiplication takes 7 instruction cycles. The
performance of one processor is

2 operations / 21 instruction cycles * 1
instruction cycle/ 16 clock cycles * f clock
cycles / second = /168 operations /
second

With f = 200 MHz we have a performance of
one processor of 200/168 million floating point
operations/second or 1.2 MFlops; this amounts to
1.2 GFlops for one chip with 1024 processors or
to 20 GFlops for a board with 16 chips. For
double precision floating point numbers, an
addition takes 18 instruction cycles, a
multiplication takes 16 instruction cycles. The
performance of one processor is

2 operations / 34 instruction cycles * 1
instruction cycle/ 16 clock cycles * f clock
cycles / second = /272 operations /
second

With f = 200 MHz we have a performance of
one processor of 200/272 million floating point
operations/second or 0.735 MFlops; this amounts
to 735 MFlops for one chip with 1024 processors
or to 12 GFlops for a board with 16 chips.

Also more complex floating point operations
can be computed with the presented FPU, eg.
divison, square root. Table 3 shows the
instruction count for several floating-point
operations.

TABLEIIl.  INSTRUCTION COUNT FOR SEVERAL

FLOATING POINT OPERATIONS IN SINGLE/DOUBLE
PRECISION WITH THE PRESENTED FPU.

Operation Single Double
Format Conversion 6 8
Addition/Subtraction 14 18
Multiplication 7 16
Division 52 101
Square root 92 138

VII. Conclusions

In this paper the design of a FPU has been
presented. Its bit-serial nature alows for an area
efficient and energy efficient implementation.
Because bit-serial operations with the |EEE
floating point number representation are difficult
to implement, we use an interna floating point
format that allows a fast LSB-first arithmetic.
Our FPU is optimally suited for a fine grained
pipelined architecture. That is why it has been
used in the processing elements of the KPROC
[6], a parald system with 1024 processors on a
single chip.
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Abstract: This paper presents the design of a new bit-serial floating-point unit (FPU). It
has been developed for the processors of the Instruction Systolic Array parallel computer
model. In contrast to conventional bit-parallel FPUs the bit-serial approach requires a
different data format. Our FPU uses an |EEE compliant internal floating-point format that
dlows a fast least significant bit (LSB)-first arithmetic and can be efficiently

implemented in hardware.

Key Words: bit-serial Floating Point Units, massively paralel processors, systolic

arrays,

1 Introduction

Modern VLSI technology allows to integrate massively parallel systems on a single chip. The
area limitations for the processors of such systems require small but efficient computational units
[11,14,20Q]. In particular, it may motivate the choice of a bit-serial data organization of the
individual processors. The fine-grained processor arrays are used in a variety of applications
where identical operations have to be performed on large data sets such as signal, image and
video processing [16,20], cryptography [15], biological sequence analysis [17], scientific
computing [19], visualization [11,18] and medical imaging [13]. Implementations of relevant
numerical and signal processing algorithms often require floating arithmetic in order to achieve
adequate accuracy. Thus, the integration of efficient floating-point arithmetic is essential to these

jprocessors.
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Motivated by the design of an Instruction Systolic Array (ISA) with 1024 processors on
one chip [14], an FPU has been designed that meets these requirements. Its bit-serial structure
allows for a fine-grained pipelined implementation on a minimal area of silicon. The design has
been guided by experiences with a lower-integrated predecessor version of the processor array,
which is available as an add-on board for a PC [6].

In the early days of massively parallel machines the individua processors had no
integrated FPUs [3]. But when MFlops evolved as one of the most important measures for
supercomputer performance, the designers added commercia bit-parallel floating-point
processors as coprocessors to small PE-clusters of their massively parallel systems [21,22]. This
approach was useful as long as the integrated circuit technology did not allow fitting both, the
PEs and the FPUs on the same die. But with the advances in semiconductor technology in the last
decade, designers tended to increase the computational capabilities of the individual processors
rather than designing parallel systems of floating-point processors.

More recent work has focused on FPU design for FPGASs. In [10] a seria multiplier is
combined with a parallel adder in order to achieve high performance with a limited number of
CLBs. A similar approach is taken in [9], in order to investigate the resource utilization for the
FPU in modern FPGASs. In [8] a technique of parameterizing the FPU-design by the desired
precision is discussed. Another adaptive approach has recently been taken in [7]: A generator tool
is presented that designs an FPU for FPGA implementation dependent on the input of
performance requirements. Even though the performance results are impressive, all these designs
are currently not suitable for a massively parallel processor array, since they are not optimized
with respect to area and power consumption.

The rest of this paper is organized as follows. Section 2 describes the ISA principle. An
overview of the individual |SA processor architecture is given in Section 3. The design methods

for implementing efficient floating-point operations on bit-serial hardware are described in
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Section 4. Section 5 presents the corresponding execution units. The performance of several

floating-point operationsis given in Section 6. Section 7 concludes the paper.

2 Principleof thel SA

The ISA [4,5] is a mesh-connected processor grid, where the processors are controlled by three
streams of control information: instructions, row selectors, and column selectors (see Figure 1).
The instructions are input in the upper left corner of the processor array, and from there they
move step by step in horizontal and vertical direction through the array. This guarantees that
within each diagonal of the array the same instruction is active during each clock cycle. In clock
cycle k+1 processor (i+1,j) and (i,j+1) execute the instruction that has been executed by processor
(i,)) in clock cycle k. The selectors also move systolically through the array: the row selectors
horizontally from left to right; the column selectors vertically from top to bottom. Selectors mask
the execution of the instructions within the processors, i.e. an instruction is executed if and only if
both selector bits, currently in that processor, are equal to one. Otherwise, a no-operation is
executed.

Every processor has read and write access to its own memory. Besides that, it has a
designated communication register (C-register) that can also be read by the four neighbor
processors. Within each clock phase reading access is always performed before writing access.
Thus, two adjacent processors can exchange data within a single clock cycle in which both
processors overwrite the contents of their own C-register with the contents of the C-register of its
neighbor. This convention avoids read/write conflicts and also creates the possibility to perform

paralel prefix operations efficiently, e.g. row sum.
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3 Processor Architecture

The processor architecture is part of a chip design containing an 1SA of size 32 x 32 [14]. The
main components of the processor architecture are a set of 64 data registers, the communication
register, a unit for integer addition, logical operations and conditional instructions, a 16-bit
multiplier, and a shifter/adder for floating-point arithmetic (see Figure 2). The dataword length is
16 bits. Datais processed bit-serially, such that the execution of each instruction takes exactly 16
clock cycles. However, there are macro-instructions formed as series of elementary instructionsin
order to handle data types consisting of more than one machine word, e.g. double precision
floating-point numbers (see Section 4). After receiving an instruction, the processor stores it in
the instruction register, decodes the two operand addresses and the destination address, retrieves
the operands from the register file, executes the instruction, writes the result back to the
destination register, and passes the instruction to the next processor. Since al this is done bit-
serially, it can be pipelined on bit level, such that a new instruction can be fetched and processed
every 16 clock cycles. For instance, the first bit of the result is computed already after the second
bits of the operands have entered the respective unit.

The instructions are 3-adress instructions (two operand registers op0 and opl; destination
register dest) coded in two 32 hits. Severad instructions are related to floating-point operations.
However, these instructions in general do not make sense on their own, but only within macro-
instructions, i.e. a sequence of instructions that realize a certain operation on floating-point

numbers. The instruction
expadd opO, opl, dest;

computes the sum of the exponents of two floating-point numbers, as required for a
multiplication. Similarly, there exist instructions expsub for computing the difference of two

exponents and expsel for selecting the greater exponent as the result exponent in the case of an
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addition of two floating-point numbers. The instructions shadd (shift and add), shsub (shift
and subtract), nrm (normalize), Idmul (load multiplier), and mult (multiply) are used in

macro-instructions for computing the mantissa of the result. The instruction
mode length;

is used for configuration of the floating-point control for handling single precision or double

precision numbers. The instructions

mtw op0, dest;

expw op0O, dest;

support the conversion between the |EEE floating-point format [1] and the internal format,

forming the mantissa words and the exponent word of the internal format.

4 Floating Point Operations

The processor supports single and double precision floating-point arithmetic Floating-point
registers are implemented by groups of 16-bit data registers and floating-point operations are

implemented as instruction macros, i.e. as sequences of elementary instructions.

4.1 Internal Floating Point Format

The special cases for IEEE numbers are coded in all bits of the number representation. For
example in order to find out if a number equals infinity the complete mantissa and the complete
exponent have to be compared with 0 and —1, respectively. Therefore, a bit-serial compare to
infinity (required for every arithmetic operation) would need at least 32 internal clock cycles for
single and 64 for double. To solve this problem a conversion into an internal format is performed.
The internal representation of a double X consists of five 16-bit words X[0],...,X[4]. Here, X[4]

contains the exponent of the double, the sign, the kind of representation (absolute value/sign or 2-
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complement), and information about possible special cases (infinity, zero, NaN = not a number).

X[0] to X[3] contain the significant (mantissa) of the double, extended to 64 hits.

X[4] Exponent: |[Sm|{T1|[TO|R|Se| Se|e9|eB|e7|e6|e5|ed|e3|e2|el]|e0]

Sm: sign of the significant, O: positive, 1:negative
T1,TO: encoding of specia cases: 00: normal number, 01: zero, 10: INF (infinity), 11: NaN

R: representation of significant: O: absolute value/sign representation, 1: 2-complement

representation
Se: sign of exponent (two identical bits for overflow detection)
€0,...,69: binary representation of the exponent E in 2-complement (little endian mode)

64 bit of the significant M = (X[3],X[2],X[1],X[0]), where 63 is the most significant bit:

X[3] significant: [63]62]61]60]59[58]57]56[55]54]53[52]51]50][49]48
X[2] significant: [47[46[45] 4414342741740 39]38]37[36]35]34[33]32
X[1] significant: [31]30[29] 28] 2726 25] 2423221 21[20]19[18[17] 16
X[0] significant: [15]14[13[12]11]10] 9[8[ 7|6 [5[4a[3[2]1]0

The value of such adoubleis:

0-(-1)%" if TO=1 and T1=0;
INF-(-1)%" if TO=0 and T1=1;
NaN if T0=1and T1=1;

(-1). 0.M - 25if T0=0 and T1=0 and R=0;
1. oM - 2F if T0=0 and T1=0 and R=1, where M’ is the 2-complement of M;

Double numbers can be normalized or not normalized. A positive number and a number
in absolute value/sign-representation is normalized iff bits 63, 62, 61 of the significant are 001,
i.e. bits 63 and 62 hold the sign and then in bit 61 comes the most significant bit of the

significant. As usual in absolute value/sign representation, the significant is positive and the sign
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is stored in the Sm-bit of the exponent (see X[4]). A negative number in 2-complement is
normalized iff bits 63, 62, 61 of the significant are 110. Again, bits 63 and 62 form the sign and it
follows the most significant digit of the significant represented in 2-complement.

The four 16-bit words of the IEEE format are converted into 5 words of the internal
format. The 52-bit mantissa is stored in four words, where in the first word an explicit 1 is
introduced (this 1 is implicit in the IEEE representation). The first two O's serve as two sign bits
of the mantissa. Two sign bits are useful for detecting overflows. an overflow after an addition
changes the second sign bit and a right shift for normalization is necessary. The exponent is
stored in the last 12 bits of a separate word, also with two sign bits. The value 01 of the sign bits
indicates exponent overflow, whereas 10 indicates exponent underflow. In these cases, the
number is changed to INF or O, respectively. The specia values zero, INF, and NaN are coded
using the tag stored in bit 14 and 13 of the exponent word. In the case of a specia value, the
actual value of the mantissaisirrelevant. Bit 12 isused internally for indicating if the mantissais
in 2-complement representation after an addition or subtraction. The conversion is supported by

special instructions of the processor.

4.2 Floating Point Addition

An addition of two floating-point numbers is performed in the usual way: The two exponents are
compared, the mantissa of the operand with smaller exponent is shifted to the right appropriately,
then the mantissas are added. If any operand is negative and not yet in 2-complement
representation, its mantissa is complemented before. The bit-serial organization allows on-the-fly
computation with one single half adder. If any operand is 0, its mantissa is set to 0. The result
mantissa isin 2-complement representation. The result exponent is the larger exponent of the two
operands. The tag of the result is computed depending on the tags of the two operands according

to Table 1.
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Table 1: Computation of result tags in the case of an addition

X 0 INF NaN
X xV X INF NaN
0 X 0 INF NaN

INF INF INF INF? NaN

NaN NaN NaN NaN NaN

Y except the case that the result mantissais 0, than the result tag is 0
2 except the case that the signs of the two operands are different, then the result tag is NaN

The sign of the result isthe sign of the result mantissa, except in the case that any operand is INF,
then the sign is equal to the sign of this operand. If the result is O or NaN, the sign is irrelevant.
Since the operands consist of more than one word (e.g. of four mantissa words in the case of
double precision floating-point numbers), shifting of a mantissa by more than 15 bits is realized
by displaced addressing of the operands (see Figure 3).

In each case, in order to realize a shift distance of s, in the first step A ; and B_y. are
addressed, where k = (s div 16)+1. B_,. is loaded into the shifter and delayed by d = 16-k-s hits.
In the next step Aq and Bo.« are addressed. While By, is loaded to the shifter, the d bits of B_j.
appear at the output of the shifter and are added to Aq. In the last step A; and Bs. are addressed.
However, Bs. is an invalid operand, therefore it is cancelled, i.e. set to 0...0 or to 1...1
depending on the sign of the mantissa. If k becomes greater than 4, al B-operands are cancelled,
i.e. sett0 0...0. In the case that B has the greater exponent, then the difference of the exponentsis
negative and A has to be shifted. The situation is essentially the same as above with the roles of A

and B interchanged.

4.3 Normalization

After an addition, in general the result mantissa is not in normalized form, i.e. there are not

exactly two leading O's or 1's. Severa cases are possible: there is one leading digit, two leading
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digits (this is the normalized case), three through 63 leading digits, or 64 leading digits. In the
latter case, the result is considered to be O, if the leading digits are 0. In al other cases a left shift
by —1...62 is necessary so that the mantissa starts with 001 or 110. The exponent has to be
corrected by this shift distance. A counter, the leading digits counter (LDC), is used to count the
number of leading digits (minus 2) of the result produced during an addition/subtraction or
multiplication. The LDC also records the first bit of the mantissa, indicating the sign of the
mantissa, and detects if the mantissa is 0. Before normalization, the value of the LDC is
transferred into the shift control register. But now this value has to be interpreted in a different
way, since it is the distance for a left shift instead of a right shift as in the case of an addition.

However, this can be done using the same hardware for normalization as for addition.

4.4 Floating Point Multiplication

A multiplication of two 64-bit mantissas is performed according to the scheme shown in Figure 4,
where e.g. As A; A; Aq By denotes the 80-bit product of Az A, A; Ag with By. The result would be
128 bit long, however, only the most significant 64 bits can be used for the result mantissa F.
Therefore, the above scheme is truncated, in order to reduce the number of 16-bit multiplications.

The schemeisillustrated in Figure 5.

Addition of the intermediate results is performed simultaneously with the multiplications in
the multiplier, which is actually a multiply-and-add unit. The error introduced by the truncation
amounts to at most 3 bits. This seems to be tolerable, because the precision of the internal floating
point format is 61 significant bits, whereas the original IEEE format has only 52 bits. If more
precise arithmetic is required, the complete multiplications have to be executed. The exponents of
the two floating-point numbers are added. The sign of the result is the exclusive-or of the two-

operand signs. The tag of the result is computed according to Table 2.

Table 2: Computation of result tags in the case a multiplication

10
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X 0 INF NaN

X xV X INF NaN
0 X 0 NaN NaN
INF INF NaN INF NaN
NaN NaN NaN NaN NaN

Y except the case of an exponent underflow or overflow, then the result tag is 0 or INF, respectively

5 Floating Point Units

5.1 Multiplier for Positive Operands

As explained in Section 4, bit-serial floating-point multiplication can be implemented by asimple
combination of integer addition (for the exponents) and long integer multiplication (for the
significants). In this section we describe design of the multiplier for this purpose.

Its original architecture is shown in Figure 6. Before starting the multiplication, one
operand X is loaded into a parallel register (the multiplicand register) with the MSB to LSB from
left to right. Thisis controlled by a signal r being high for one clock cycle and low for the rest of
the instruction execution. Now the second operand y is input into the multiplier LSB-first. In each
clock cycle i one hit y; of y is processed. It is multiplied with x by computing the bitwise AND.
The result is added to the current sum, producing a new intermediate result. This result is stored
in a carry save representation instead of standard binary representation. This means the
intermediate result consists of two binary words: an sword and a c-word (s for sum and ¢ for
carry). The standard binary intermediate result would be 2.c + s. This carry save representation
avoids the propagation of the carry bits for more than one position.

The next bit yi.; of y is processed in the following clock cycle. Since the result to be
computed in this step has to be weighted by a factor of 2 with respect to the old intermediate
result we have to shift the old result by one position to the right before we add the new product.

Propagating the sum bits to the right neighbour and recycling the carry bits to the same full adder

11
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that has just produced this carry performs this shift operation. The shift operation outputs one bit
at the rightmost full adder. This is the i™ bit of the final product counted from the LSB to the
MSB.

This multiplier design has been used in the parallel computer Systola 1024 [5]. One
interesting property of this architecture is its capability to perform multiply-add operations. Each
bit operation consists of the addition of a new bit product to the intermediate result and a shift
operation. Therefore, the interconnection between adjacent full adders form a shift register (the
sum register). Now we can use this shift register to add an additional operand. The only thing we
have to do is to shift the third operand into the sum register of the multiplier with the LSB first.
The first bits of the summand can be shifted in concurrently with the x operand. During the
multiplication, in every clock cycle we input one additional bit of the summand while one bit of y
IS processed.

The multiplier is capable of executing two different instructions, corresponding to the
two phases for the multiplication. In the first phase the operand x is loaded into the multiplicand
register. We call this instruction LDMUL (load multiplicand). During the execution of a LDMUL-
instruction the y-input is forced to be 0. If a multiply-add operation is executed the least
significant word of the operand s is shifted into the sum register during the LDMUL-instruction,
too. The resulting bits produced by the first LDMUL-instruction are irrelevant.

The second phase is the multiplication with y. The instruction is called MULT (multiply).
y is consumed bit by bit as described above. In a MULT-instruction, the x-input is not interpreted.
The s-input is used to read the most significant word of the operand s. The output produces the
least significant word of the result. After this MULT-instruction the most significant word of the
result is still stored in the sum- and carry-registers of the multiplier. In order to output this rest of
the result we need to execute another LDMUL-instruction. Therefore, the computation of the last

example can be coded in three instructions:

12
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LDMUL X, Siows don’t care;
MULT Y, Shigh» RESiows:

LDMUL 0, o, REShigh;

Numerous applications in cryptography deal with long operands, e.g. current RSA standards
operate with lengths between 1024 and 4096 bits [12]. Such bit lengths can not be processed in
one operation of a standard processor. One multiplication with large operands can be decomposed
into a sequence of smaller multiplications and additions.

Obviously, an NxN-bit (N even) multiplication x-y can be constructed of four N/2 x N/2-
bit multiplications as follows:

_ N N/2 N/2
XY = Xiigh * Yhigh “ 2 Xtigh * Yiow 2+ Xiow * Yhigh "2 Xiow * Yiow

N/2 N/2
Where X = Xign - 27" + X, 8d Y = Yiigy - 277 + Yigy,

In this case we need four multiplications of half the size and three additions to get one result of
full size. If we recursively use this technique we can perform an NxN-bit multiplication by using
an n-bit multiplier. It requires N/n-N/n small multiplications and N/n*~1 additions.

The bit serial structure of the above multiplier allows for a simple and efficient execution
of long multiplications: Only the operand x is chopped into pieces Xyn_1,...,Xo Where each piece
has the length n of the multiplicand. After loading one of these pieces of x using a LDMUL-
instruction the complete factor y is processed by a sequence of MULT-instructions. This takes
N/n+1 instruction cycles. The result has the length N+n. For the complete long multiplication we
need to add one such partia product for each piece of x.

To speed up this procedure, we can take advantage of the multiply-add capability of our
multiplier. We start with the least significant word X, of x. It is multiplied by the complete
operand y leading to a result words RESy\RESyn_1...RES). RES is the least significant word of

the final result. Afterwards we proceed with X;. Using multiply-add we compute X;-y +

13
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RESwwRESun-1...RES,. Again we come up with an intermediate result with N+n bits, where the
least significant word is part of the final result. In the same way we continue until we come to the
most significant word of x. The result of its multiplication with y delivers the rest of the final
result. The following example shows the multiplication of two 2-word operands x and y together

with the addition with athird 2-word operand s according to the scheme described above.

LDMUL Xiows Siows O3 I first stage: 1oad Xow

MULT Yiows Shighs RESo; // compute lower result

MULT Yhigh» O res;; // compute 2nd partial result

LDMUL Xnhigh, F€S1, res,; //first stage: compute 3rd partial result; second

/I stage: 10ad Xpigh

MULT Yiows Ye€Sz, RES;; // compute 2nd final result
MULT Yhighs O, RES,; /I compute 3rd final result
LDMUL 0, 0, RES;3; // compute upper final result

Note that there are dlots left to add a 4-word operand, however, an overflow might occur. The
programmer would have to take appropriate precautions.
This example can be extended to longer operands as described above. In general, the

multiplication of two m-word operands requires m-(nm+1)+1 instruction cycles.

5.2 Extended Multiplier for Negative Operands

The multiplier of the previous section is capable of multiplying two unsigned integers. With only
some minor modifications in the instruction set and in the hardware it is possible to extend it to a
signed multiplier where one operand may be negative in 2-complement representation. We make

use of awell-known property of 2-complement numbers [2].

14
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Proposition: Let x and y be n-bit numbers in 2-complement representation, i.e. x, y e [-2™ 1, 2™
—1] and let X and y’ be the values of x and y interpreted as unsigned integers, i.e. X = xif x>0
and X =2"+ xif x<Orespectivieyy=y ify>0andy =2"+ yify<O0.Letz=xyand Z =
X-y. Thenit holds z = Z — sign(y)-2"x — sign(x)-2"y’ + sign(y)-sign(x)-2*", where sign(x) and

sign(y) denotes the sign-bit of x and y respectively, i.e. sign(x) = 0if x> 0and sign(x) = 1if x<O0.

Proof: We consider the four cases determined by the signs of x and y.
M Xx20,y>20:z=xy=xy =Z.
(ii) Xx>0,y<0z=x-(y-2)=xy -2"x =7 - 2"X.
(iii) x<0,y>0: Thiscaseisanaogueto (ii).
(iv) Xx<0,y<0:z=(xX-2")(y-2")=x-y —2"x - 2"y +2*"=7 — 2"x - 2"y + 2%,

In case (iv) the value 2™ can be omitted, because interpreted as a 2n-bit number it is equal to 0.

In the above proposition Z corresponds to the result of the multiplication of x and y with
the unsigned multiplier of Section 2. The terms —sign(y)-2"x and -sign(x)-2"y denote the
correction steps associated with negative operands to compute z from Z. In order to extend the
original multiplier to deal with 2-complement numbers these correction terms have to be
integrated into the new multiplier architecture.

Let us assume that x is negative. According to the proposition 2"y’ has to be subtracted
from theresult Z. Thisis equivalent to adding the 2-complement of y to the most significant word
of Z (which has the weight 2"). In the bit-serial case, the 2-complement can be computed on-line
with the multiplication by using a multiplexor and a half adder. For the implementation of the
multiplication with negative x we introduce the instruction MULTSX. MULTSX is basically
identical to MULT. Additionally, it sets xneg to the sign (stored in the MSB) of x. It is used to
select either 0 or —y as additional summand to s. The addition is performed on-line with the input

of y and bit-serially delivers s-y at s,,. The resulting architecture is shown in Figure 7.
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5.3 Floating Point Adder

The floating point adder consists of a shifter, an adder, two units for displaced addressing of the
operands, two complement units, and a logic for cancellation of operands. The shifter is a
configurable shift register of variable length between 0 and 15 bits (see Figure 8).

For a floating-point addition, the result of the exponent comparison is stored in a special
register, the shift control register SCR. The highest bit SCR[11] indicates if the exponent
difference is negative and determines the shift operand. Bits SCR[0..3] determine the delay of the
shifter. If thisis a non-negative number s, it is complemented by the XOR-gates and the last 1-bit
delay is activated, in order to achieve the required delay of 16-s. Bits SCR[4..5] are used for
displaced addressing of the shift operand, as explained in Section 4. If any of the bits SCR[6..10]
is different from SCR[11], the shift distance would be greater than 64, so the shift operand may be
cancelled. A bit-serial adder adds the shifted operand and the other operand. If any operand is

negative and not yet in 2-complement representation, it is complemented before the addition.

6 Performance

For single precision floating-point numbers, an addition takes 14 instruction cycles and a
multiplication takes 7 instruction cycles. The multiplication consists of the addition of the
exponents and the multiplication and rounding of the significants. The internal format allows to
detect all exceptions (0, infinity, or NaN) by interpretation of the tag-bits during the addition of
the exponents in the first instruction. A truncated multiplication of 32-bit operands requires six
multiplication operations. the first loads the least significant half of the first operand into the
multiplier. The second multiplies it with the most significant half of the second operand. The
third loads the most significant half of the first operand and generates the most significant 16 bits

of the intermediate result. In the remaining three instructions, the intermediate result is added to

16

Google Ex. 1031 - Page 84



the product of the most significant word of the first operand and the whole second operand. Table

3 shows detailed instructions for the multiplication.

Table 3: Multiplication of two single precision numbers with the presented FPU. The two
operands are stored in registers A[0], A[1], A[2] and B[Q], B[1], B[2]. The result is written into

the registers P[O], P[1], P[2].

Instructions Comments
expadd B[2]. A[2]. P[2]:; { addexponents}
Idmul 0, A[0], O; { load A[O] }
mulzu B[1], O, X[0];

Idmul X[01., A[1]l. X[1]: {loadA[1]}
mullzu B[O], X[1], O;

mulz B[1], O, PLO];

Idmul 0, 0, PI1]1;

The addition is more complicated, since the difference of the exponents provides the shift
distance of one operand. It is computed in the first instruction again together with the tags for
possible exceptions. Controlled by the shift control register (SCR) the indirect addressing fetches
the right fractions of the significants to be added. The leading digit counter (LDC) counts the
number of leading Os in order to detect the final shifting distance for normalization after the
addition. Finaly, the result is shifted left by this distance, and the exponent of the result is

decreased accordingly. Table 4 shows details of the addition.

17

Google Ex. 1031 - Page 85



Table 4: Addition of two single precision numbers with the proposed FPU. The two operands are
stored in registers A[0], A[1], A[2] and B[Q], B[1], B[2]. The result is written into the registers

B[Q], B[1], B[2].

Instructions Comments
expsub A[2], B[2], TI[2]; { compareexponents}
setnf T[2], SCR; { store difference of exponentsin SCR register}
noop {wait until SCR is available}
shaddu 0, 0, 0; { initialize shifter with O's and start adder}
shaddu A[3]., B[3], O; { one address will be modified, the appropriate
operand will be shifted and added }
shaddz A[0], B[O, TLO]; { startLDCandadd}
shadd A[1]. B[11. TI11; {add}
expselO A[2], B[2]. TI[2]: { sdectthegreater exponent }
expsub A[2]., LDC, 0; { wait for LDC and adapt exponent: }
expsub A[2], LDC, BL21: { create exponent of result }
or 0, LDC, SCR;  {initialize SCR}
nrmu AL3]. O; { start normalization }
nrm A[O], B[O]; { normalize}
nrm A[1], BI1]; { normalize}

The performance of one processor is

2 operations/ 21 instruction cycles x 1 instruction cycle/ 16 clock cycles x f clock cycles/

second = /168 operations/ second

With f = 200 MHz we have a performance of one processor of 200/168 million floating-point
operations/second or 1.2 MFlops; this amounts to 1.2 GFlops for one chip with 1024 processors
or to 20 GFlops for a board with 16 chips. For double precision floating-point humbers, an
addition takes 18 instruction cycles, a multiplication takes 16 instruction cycles. The performance

of one processor is
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2 operations / 34 instruction cycles x 1 instruction cycle/ 16 clock cycles x f clock cycles/

second = /272 operations/ second

With f = 200 MHz we have a performance of one processor of 200/272 million floating-point
operations/second or 0.735 MFops; this amounts to 735 MFlops for one chip with 1024
processors or to 12 GFlops for a board with 16 chips.

Also more complex floating-point operations can be computed with the presented FPU,
e.g. division, square root. Table 5 shows the instruction count for several floating-point

operations with the presented FPU.

Table5: Instruction counts for several floating-point operationsin single/double precision.

Operation Single Double
Format conversion 6 8
Addition/Subtraction 14 18
Multiplication 7 16
Division 52 101
Square root 92 138

Since instruction count for individual floating operations does not consider format conversion
time and communication time within the processor array to fetch the operands, it is often a weak
performance measure that does not reflect the behavior of a complete application. Therefore, we
will use the instruction count for two typical floating-point applications on the ISA in our
performance evaluation (see Table 6). The two applications are 2-dimensional matrix

multiplication and 1-dimensional Fast Fourier Transform (FFT).

Matrix Multiplication: The problem is to compute the product of two n x n matrices F = A-B,

defined as F; = Z A - By . We first assume that n = 32 (thus, fitting into the processor

k=1,...,
array). Suppose that matrices A and B have been loaded into the array. Then, the first column of

A, which isin the first column of the array, is broadcast along the rows and stored intermediately
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in some single or double register H. Similarly, the first row of B is broadcast along the columns.
Now each processor (i,j) has elements A;; and By; available and can compute Fjj := F;; + Ai1-By;.
The next step is to ringshift A by one column to the left in order to get the second column of A,
elements A;,, into the first column of the array, from where they can be broadcast along the rows.
Similarly, B is ringshifted along the columns. After n such steps, registers F contain the product
of A and B. Multiplication of larger matrices can be easily partitioned using 32x32 matrix
multiplication as building block.

Each iteration step consists of two floating-point operations per processor (addition and
multiplication) and the ringshift/broadcast communication. The two floating-point operations
need 21 instruction for single precison and 34 instructions for double precision.
Ringshift/broadcast requires 3 instructions per register on the ISA. Communication costs can be
halved by performing a 64x64 matrix multiplication and assigning 2x2 values to each processor.
This leads to 30 instructions per iteration step for single precision and 49 instruction per iteration
step for double precision, which corresponds to a performance of 0.853 GFlops (single) and 0.522
GFlops (double) receptively. The time required for format conversion can be neglected, sinceit is

only done at the beginning and at the end of the procedure.

FFT: Figure 9 shows the signal flow graph of the FFT of a sequence of n points, here for n = 8. It
consists of log(n) stages. In each stage, a complex multiplication with some primitive root of
unity, a complex addition, and a complex subtraction is performed at each of the n points. The
output of stage k is permuted by interchanging the two halves of subsequences of length 2% before
being input to the next stage. Initially, the sequence of the n points is permuted according to the
so-called bit reversal permutation.

The implementation of the 1D-FFT of sizen = 2048 on a 32 x 32 | SA assigns two vaues
to each processor. The computation in each stage consists of four (real) multiplications and six

(real) additions in each processor. The implementation of the permutation between every two

20

Google Ex. 1031 - Page 88



stages involves routing of data, which is performed either within the rows of the ISA (in the case
of interchanging the two halves of subsequences of length < 64) or by interchanging complete
rows of the ISA (in the case of interchanging the two halves of longer subsequences). The
interchanging of the C-register contents of two halves of m processors is implemented by m/2
ringshift operations.

The ten floating-point operations per stage require 112 instructions for single precision
and 172 instructions for double precision. The necessary communication per iteration step can be
performed on the average within 92 instruction (single) and 153 instruction (double),
respectively. This leads to a performance of 0.613 GFlops (single) and 0.427 GFlops (double) for

the processor array of size 32x32.

Table 6: Floating-point performance of the 2-dimensional matrix multiplication and 1-
dimensional FFT on the ISA processor array of size 32 x 32. Efficiency indicates the achieved

performance with respect to the theoretical peak performance, i.e. 1.2 GFlops (single) and 0.735

GFlops (double).
Application Single (Efficiency) Double (Efficiency)
Matrix Multiplication (64x64) 0.853 GFlops (71%) 0.522 GFlops (71%)
FFT (2048-points) 0.613 GFlops (51%) 0.427 GFlops (58%)

7 Conclusionsand Future Work

In this paper the design of a FPU has been presented. Its bit-serial nature alows for an area
efficient and energy efficient implementation. Because bit-serial operations with the IEEE
floating-point number representation are difficult to implement, we use an internal floating-point

format that allows fast LSB-first arithmetic. Our FPU is optimally suited for a fine-grained
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pipelined architecture. That iswhy it has been used in the processing elements of the KPROC [6],
aparald system with 1024 processors on a single chip.

Most architectures require fast floating-point computation for any price. In case of a
massively paralel system on a single chip, there are other criteria that might be even more
important than latency: area and power consumption. In this case it turns out that the bit serial
approach provides significant advantages in comparison to the bit paralel one. Adder and
multiplier can be implemented in a more economic way, exceptions can be detected earlier, and
rounding and normalization are relatively simple in comparison to the paralel case. The
disadvantage of higher number of clock cycles for one operation is compensated by an increased
number of processing elements that fit on one chip.

Due to the advances in FPGA technology it will soon be possible to integrate an array of
several hundred simple processors on one single FPGA. An architecture like that could be

immediately equipped with floating-point capabilities using the FPU presented in this paper.
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Figure 1: Control flow inan ISA.
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Figure 2: Block diagram of the processor architecture.
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s=5, k=1, d=11.

| AS ‘ A2 | A1 ‘ Ao | A_1
By | By | B, | B | By |
s=53, k=4, d=11;
| As | A | A | A | A,
B, | Bs | Bs | By | Bs |
s=0, k=1, d=16:
As A, A Ao A
. By Bs B> B Bo
64, k>5:

(A [ A [ A [ A ] Ay

Figure 3: Addition of two 64-bit mantissas.
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Figure 4: Multiplication scheme for 4-word operands.
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Figure 5: Truncated multiplication scheme for 4-word operands.
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Figure 6: The original multiplier architecture for unsigned integers.
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Figure 7: Multiplier for nonnegative y and arbitrary x.
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Figure 9: Signal flow graph of an 8-point FFT.
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