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Reducing Power by Optimizing the Necessary
Precision/Range of Floating-Point Arithmetic

Jonathan Ying Fai Tong, Member, IEEE, David Nagle, Member, IEEE, and Rob A. Rutenbar, Fellow, IEEE

Abstract—Low-power systems often find the power cost of
floating-point (FP) hardware prohibitively expensive. This paper
explores ways of reducing FP power consumption by minimizing
the bitwidth representation of FP data. Analysis of several FP
programs that manipulate low-resolution human sensory data
shows that these programs suffer no loss of accuracy even with a
significant reduction in bitwidth. Most FP programs in our bench-
mark suite maintain the same output even when the mantissa
bitwidth is reduced by half. This FP bitwidth reduction can deliver
a significant power saving through the use of a variable bitwidth
FP unit. Our results show that up to 66% reduction in multiplier
energy/operation can be achieved in the FP unit by this bitwidth
reduction technique without sacrificing any program accuracy.

Index Terms—Analysis, computer-arithmetic, digital CMOS,
low-power design, special low-power99.

I. INTRODUCTION

F LOATING-POINT (FP) hardware provides a wide
dynamic range of representable real numbers, freeing

programmers from writing the cumbersome manual scaling
code required of fixed-point representation. Unfortunately,
FP hardware is very power hungry, with FP multipliers in
particular being expensive components in a processor’s power
budget. This has limited the use of FP hardware, with most
low-power processors not including any FP hardware. However,
for an increasing number of embedded applications, such as
voice recognition and image/vision processing, FP hardware’s
performance, simplified programming model, and adaptability
over a wide dynamic range makes it a desirable feature.

One important characteristic of many of these mo-
bile/portable applications is that they work primarily with
low-resolution (4–10 bits) human sensory data, notably dig-
itized speech and images. FP arithmetic allows many signal
processing algorithms to process these acquired voice or
vision data without concern about either the precision or range
of intermediate results. Indeed, it remains common design
practice [26] to prototype these algorithms in FP, then (usually
manually) to translate them into an appropriate set of integer
operations. In this study, we suggest that instead of rendering
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these computations as integer operations, we should translate
them into custom-precision FP.

Specifically, we examine how software can employ themin-
imal number of mantissa and exponent bits in FP hardware to
reducepower consumption, yetmaintain a program’s overall
accuracy. We study experimentally the relationship between the
accuracy of FP programs and the number of bits used in the
representation of their data. Our central results demonstrate that
many programs which manipulate human sensory inputs, e.g.,
speech and image recognition, suffer no loss of accuracy with
reduced bitwidth in the mantissa or exponent. We use this result
to explore various methods to minimize power dissipation in the
FP unit. The fundamental principle is to reduce waste—in this
case, unnecessary bits in the FP representation and computation.

Our results show that programs such as speech recognition
and image processing use significantly less power with our re-
duced bitwidth FP representation than with an IEEE-standard
FP representation. For example, the speaker-independent con-
tinuous-speech recognition program Sphinx [10] requires only
5 mantissa bits and 6 exponent bits to maintain 90% recog-
nition accuracy—the same level of accuracy achieved with a
32-bit IEEE-standard FP representation. Compared to a con-
ventional 32-bit FP multiplier, which uses 2078 pJ per multi-
plication in our implementation, our reduced bitwidth FP mul-
tiplier uses only 705 pJ, roughly one third the energy. It has
long been known that many such signal processing applications
can get by with less precision/range than full FP. Our central
contribution here is precise documentation of the extremity of
such allowable reductions across several real benchmarks. In
many cases, fewer the half the bits, in an appropriate custom
FP format, suffice.

The remainder of the paper is organized as follows. Section II
provides background material on FP representation and algo-
rithms. Section III constructs an ASIC-style FP multiplier for
use as a baseline in subsequent experiments, and characterizes
the power dissipation of its component pieces. Section IV of-
fers a taxonomy of custom FP format variations, categorized
by their potential impact on power. Section V describes exper-
imental results from analysis of several real benchmark pro-
grams executing (in emulation) with reduced precision/range
FP formats. This section also examines the utility of digit-serial
variable-precision multipliers as a possible compromise when
low-precision operands dominate, but higher precision operands
cannot be entirely avoided. Section VI describes related work
and examines in particular how transition-gating schemes re-
cently proposed for integer arithmetic optimization perform in
our FP workloads. Finally, Section VII offers some concluding
remarks.

1063–8210/00$10.00 © 2000 IEEE
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II. BACKGROUND

A. FP Representation Versus Fixed-Point Representation

FP representation is by far the most widely used represen-
tation for real numbers. FP numbers provide a wide dynamic
range of representable real numbers, freeing programmers from
the manual scaling code necessary to support fixed-point opera-
tions. For instance, an IEEE single-precision number and an in-
teger on a 32-bit machine both require 32 bits of storage for their
representation. However, the dynamic range provided by the FP
representation (1.999 999 882 to 1.999 999 88 2 ) is
substantially wider than that provided by the integer represen-
tation (1–2 ).

On the other hand, FP hardware is very power hungry. In ad-
dition to performing the basic addition and multiplication oper-
ations as in the integer unit, the FP unit must process the expo-
nents of the input operands as well as provide rounding to the
final result. Typically, FP multipliers are expensive components
in a processor’s power budget. This has limited the use of FP
operations in embedded systems, with many low-power proces-
sors not including any FP hardware. For example, recent digital
signal processors (DSP’s) introduced with FP hardware support
seem to have met with limited success in the signal processing
community [26].

For an increasing number of embedded applications such
as voice recognition, vision/image processing, and other
human-sensory-oriented signal-processing applications, FP’s
simplified programming model (in contrast with fixed-point
systems) and large dynamic range makes FP hardware a
desirable feature. Furthermore, many recognition applications
achieve a high degree of accuracy starting from fairly low-res-
olution input sensory data. Leveraging these characteristics
by allowing software to use the minimal number of mantissa
and exponent bits, standard FP hardware can be modified to
significantly reduce its power consumption while maintaining
a program’s overall accuracy.

B. The IEEE 754 Standard

There are two different IEEE standards for FP computation.
IEEE 754 is a binary standard that requires the implied radix
(base) to be two. IEEE 854 allows either radix 2 or radix 10 rep-
resentation. By far, IEEE 754 is more popular and most desktop
microprocessors support the IEEE 754 standard.

One of the main concerns of the IEEE 754 Floating Point
Standard [2] is the accuracy of arithmetic operations. IEEE-754
specifies that any single-precision FP number be represented
using 1 sign bit, 8 bits of exponents, and 23 bits of mantissa.
With double precision, the bitwidth requirements of exponent
and mantissa go up to 11 and 53 bits, respectively. An IEEE
single-precision number is represented in Fig. 1. Note that
the exponent is a signed number represented using a bias
method; for single-precision numbers the exponent is stored in
excess-127 form.

In addition to specifying the bitwidth requirement for FP
numbers, IEEE-754 incorporates several additional features,
including delicate rounding modes and support for gradual
underflow to preserve the maximal accuracy of programs.
The implementation of an IEEE-compliant FP unit is not

Fig. 1. Representation of single-precision IEEE FP number.

easy. In addition to the design complexity and the large area
it occupies, an FP unit is also a major consumer of power in
microprocessors. Many embedded microprocessors such as the
StrongARM [3] and MCore200 [4] do not include an FP unit
due to its significant implementation cost.

III. POWER COMSUMPTION OF A SINGLE-PRECISION

FP MULTIPLIER

To attack the power problem of the FP unit, we need a rea-
sonable estimate of the power dissipation in different blocks of
the unit. Since multiplication is one of the most frequent oper-
ations in signal processing applications and we claim that the
multiplier is by far the most power hungry arithmetic unit, this
section dissects the power dissipation of a single-precision FP
multiplier. Subsequent sections use this FP multiplier as an il-
lustration of our power reduction techniques, but the techniques
apply to other blocks of the FP unit as well.

The FP multiplier (Fig. 2) can be divided into three major
functional blocks: 1) the mantissa multiplier; 2) the exponent
unit; and 3) the rounding unit (including normalization). Fig. 3,
which is based on [5], shows one possible mantissa data flow for
an FP multiplier. The top section (Multiply) accepts two nor-
malized mantissas and uses a Wallace-tree reduction structure
that produces the product in carry-save form (twobit num-
bers). These two numbers are then added in the carry-propagate
adder (CPA) section to produce a completebit product. If
the resulting product is in the range product , we
have a potential overflow and the constant is added to
the product and the result is truncated to bits to the right
of the decimal point. A normalization shift (Normal) of 1 bit
to the right is then necessary to restore the rounded product to
the range rounded product , with an appropriate ad-
justment of the exponent. If the original bit product is in the
range product , then we need only add the constant

. Furthermore, if the addition of causes the rounded
product to be equal to two, then a normalization shift of 1 bit
and an exponent adjustment are necessary.

To estimate the power consumed in each of a multiplier’s
three main blocks (i.e., mantissa multiplier, exponent unit,
rounding unit), we have adopted a standard ASIC-style design
methodology and constructed a complete—though minimally
optimized—FP multiplier. We synthesized a behavioral model
of an FP multiplier using a standard cell-based design flow
and then performed power simulation using a transistor-level
simulator. Even though most FP units in microprocessors and
DSP are custom-designed, our design provides usable estimates
of the relative power dissipations among the different blocks
inside an FP multiplier.

Our behavioral model of the FP multiplier was written in
Verilog and based on the design of the Aurora III processor
developed at the University of Michigan [6]. The model was

Authorized licensed use limited to: IEEE Publications Operations Staff. Downloaded on July 24,2020 at 18:41:05 UTC from IEEE Xplore.  Restrictions apply. 

 
Google Ex. 1035 - Page 7



TONG et al.: REDUCING POWER BY OPTIMIZING PRECISION/RANGE OF FLOATING-POINT ARITHMETIC 275

Fig. 2. Block diagram of a single-precision FP multiplier.

Fig. 3. Mantissa data flow of an FP multiplier.

synthesized using Synopsys’ Design Compiler tool and Founda-
tion Library. Then, the synthesized netlist was fed into Duet’s
Epoch physical design tool to generate the physical design in
a 0.5- m CMOS process. The layout of the FP multiplier ap-
pears in Fig. 4. A SPICE netlist with all the capacitance infor-
mation back-annotated was read into Synopsys’ PowerMill tool
to perform full transistor-level power simulation. Determining
the complete power dissipated in a multiplier requires the sen-
sitization of all possible combinations of inputs, which means
we would need to have input combinations where is
the number of inputs. Fortunately, it is possible to estimate the
meanpower consumption using statistical techniques [13]. Ap-
plying these ideas, we simulated 50 batches of vectors with each
batch containing 30 vectors in the Synopsys PowerMill tool; this
was sufficient to ensure a 95% confidence interval. The cor-
rect cycle time was obtained from static timing analysis. The
test vectors were taken from streams of actual multiplication

operands found in the Sphinx III speech recognition application
(discussed in Section IV-A).

Table I summarizes the average power consumption of the
FP multiplier. The mantissa multiplier completely dominates
the power, followed by the rounding unit which accounts for
roughly one sixth of the power. We note that the power dissipa-
tion does vary significantly for different data sets; for example,
in another experiment with just 100 random vectors the multi-
plier power consumption dropped to roughly two thirds of the
total power and the rounder increased to about one quarter of the
power. Nevertheless, the mantissa multiplier always consumes
more power than all other blocks.

We interpret these results as follows. First, it is clear that a
custom-designed FP unit, in contrast to our ASIC-style design,
will have superior area, speed, power. Nevertheless, we argue
that our ASIC experiment validates one clear design assump-
tion: the mantissa multiplier itself dominates the power in an

Authorized licensed use limited to: IEEE Publications Operations Staff. Downloaded on July 24,2020 at 18:41:05 UTC from IEEE Xplore.  Restrictions apply. 
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Fig. 4. Layout of the single-precision FP multiplier. This FP multiplier was
synthesized and laid out using a conventional cell-based ASIC flow in a 0.5-�m
CMOS process. The size of the multiplier is 1.09� 1.15 sq mm.

FP multiplier. To reduce power dissipation, we should focus our
efforts here. And, if we agree to interpret our data a bit more
closely, the rounding unit is always the next most significant
power consumer. We conclude that reducing power dissipation
in these two units (multiplier, rounder) should be our priority.
In the following sections, we examine different power reduction
techniques specifically targeted at these two functional blocks.

IV. A TTACKING FP POWERDISSIPATION AT A SYSTEM LEVEL

Considering the IEEE representation of FP numbers as de-
scribed in Fig. 1, there are four dimensions that we can explore
to reduce power dissipation, which are enumerated in Table II.
We regard this as a rough taxonomy of format versus power
tradeoffs. The question we seek to address is: what are thequan-
titative tradeoffs between program accuracy and the power con-
sumption for the FP unit?

A. Change of Implied Radix

The implied radix of the IEEE 754 standard is two. Never-
theless, a different implied radix, usually a higher radix that is
a power of two, can be used. For example, historically, the IBM
360 mainframes used a radix of 16 to reduce the complexity of
shift logic [25].

From a power perspective, a higher radix means less types
of shifts and (potentially) fewer normalization shifts. There are
basically two types of shift operations in FP operations: nor-
malization shifts and prealignment shifts. Normalization shifts
are needed after any arithmetic operations to put the final repre-
sentation in a canonical format. Prealignment shifts are needed
only in FP additions and subtractions to ensure the two operands
have the same exponent. Other researchers [7] have extensively
evaluated the best shifter configuration for doing prealignment
shifts.

As a preliminary experiment to assess the impact of using
a higher radix, we used a software FP emulator to measure
the number of normalization shifts when different radices are
used. Our benchmarks were a large set of signal processing ap-
plications focusing on human sensory data, described in Sec-
tion IV-A. The result shows that the number of normalization
shifts is reduced by less than 10% for base 16, suggesting the
potential for only a modest power reduction in the normalized
shifter. We conclude that changing the implied radix is not a
high-priority target for power optimization.

On the other hand, there does exist potential power savings
in the prealignment shifter. Both [7], [8] show that a log shifter
has a lower energy-delay product. For single-precision addition
and subtraction, three muxes are needed in series for radix 2
representation while only two muxes are needed for radix 16
representation. This reduces the area, delay, and power of the
barrel shifter.

B. Simplifications of Rounding Modes

Whenever a FP number cannot be exactly represented,
the number is rounded, introducing an error that is less than
the value of the least significant bit (depending on rounding
method). Because this error can be significant, especially for
small numbers or when accumulated over a series of compu-
tations, the IEEE FP standard specifies four rounding modes
for programmers to choose from. The default rounding mode
is “round to nearest/even,” which means always round to the
nearest representable number, and in the case of a tie, round
to the even representation. This rounding mode often involves
a carry propagate addition that lies in the critical path of most
FP operations. The other three optional modes are: “round to
plus infinity,” “round to minus infinity,” and “chopped” (i.e.,
round-to-zero) which is equivalent to truncation. The hardware
required to support the first two optional rounding modes
is similar to the default “round to nearest,” so there is little
tradeoff in terms of power among these three rounding modes.

Chopped-mode (i.e., truncation), however, is an excellent
candidate for potential power reduction. As Table I shows, the
rounding unit (using the default rounding mode) consumes
about one sixth of the FP multiplier’s total power when run-
ning operands from a speech recognition benchmark. Using
chopped-mode would eliminate almost all of this power con-
sumption. However, truncating all results could compromise
the final output accuracy of a program. As a simplistic initial
experiment to assess the impact that chopped-mode has on
accuracy, we evaluated the output of the SPEC95 benchmark
suite [27], [28] compiled to use “chopped” rounding mode.
Somewhat surprisingly, results show that seven out of the eight
SPEC95fp double-precision benchmarks are independent of
the rounding modes used (Table III). Therefore, disabling the
rounding unit (e.g., by clock gating) could reduce total power.

Of course, we must emphasize that the effect of rounding will
dependstronglyon the input set and application. In mission crit-
ical applications, a sensitive numerical analysis of the required
precision will be required. However, the experiment does sug-
gest that there may be situations where a program’s output is
insensitive to the rounding modes and thus rounding may be

Authorized licensed use limited to: IEEE Publications Operations Staff. Downloaded on July 24,2020 at 18:41:05 UTC from IEEE Xplore.  Restrictions apply. 

 
Google Ex. 1035 - Page 9



TONG et al.: REDUCING POWER BY OPTIMIZING PRECISION/RANGE OF FLOATING-POINT ARITHMETIC 277

TABLE I
POWER CONSUMPTION OFSINGLE PRECISIONFP MULTIPLIER

TABLE II
DESIGN DIMENSIONS FORFP REPRESENTATION

TABLE III
EFFECTS OFNO ROUNDING ON SPEC95 PROGRAMS. THE SPEC95 FP APPLICATIONSWERECOMPILED ON DIGITAL UNIX 4.0 USING f70. AN EXTRA COMPILER

FLAG “FPRM CHOPPED” I S ADDED SOTRUNCATION IS PERFORMEDINSTEAD OFROUNDING. “RUNSPEC-DFP” I S USED TOCHECK THE OUTPUT RESULTS

disabled—perhaps at the discretion of intelligent software con-
trol—to minimize power.

C. Reducing Exponent and Mantissa Bitwidth

The most intuitive way of reducing the complexity of FP op-
erations will be to reduce the number of bits in the FP represen-
tation. According to [1] and [9], a multiplier’s power consump-
tion decreases rapidly with the operand bitwidth. Therefore, re-

ducing the operand bitwidth might provide huge opportunities
in minimizing power.

Consider again a typical FP format: one sign bit, a relatively
large fractional mantissa field, a relatively smaller exponent
field. Since the sign is only 1 bit, we only examine the pos-
sibility of reducing the number of bits used in the exponent
and the mantissa. As the following sections reveal, reduction in
the mantissa bitwidth is the most effective means of reducing
power dissipation in FP datapath elements.
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TABLE IV
DESCRIPTION OFFP WORKLOADS

V. MINIMIZING POWER VIA BITWIDTH REDUCTION

It is obvious that power dissipation in an FP unit can be re-
duced by using fewer bits in the FP representation. However,
fewer bits reduces precision and might result in a less accu-
rate output. In this section, we first measure empirically the
bitwidth requirements of several real programs, then suggest
techniques for minimizing power dissipation by using smaller
bitwidth functional units.

A. Workloads and Methodology

To study the relationship between program accuracy and
number of bits in FP representation, we have collected a set
of five signal processing applications. These programs mainly
deal with human sensory data such as digitized images and
speech. All of them are single-precision FP programs and they
are described in Table IV. As can be seen in the table, these
range in complexity from single-purpose kernels to complete
applications.

To determine the impact of different mantissa and exponent
bitwidths, we emulated in software different bitwidth FP units
by replacing each FP operation with a corresponding function
call to our FP software emulation package that initially imple-
ments the IEEE-754 standard (Fig. 5). Careful modifications to
the FP emulation package allowed us to emulate different man-
tissa and exponent bitwidths. Then, each program was run using
the modified FP package, and the results were compared to de-
termine application accuracy.

Fig. 5. FP emulation by annotating the source code.

B. Results

Fig. 6 plots the accuracy for each of the five programs across
a range of mantissa bitwidths. None of the workloads display a
noticeable degradation in accuracy when the mantissa bitwidth
is reduced from 23 to 11 bits. For ALVINN and Sphinx III the
results are even more promising; the accuracy does not change
significantly with as few as 5 mantissa bits.

Fig. 7 shows that each program’s accuracy has a similar trend
when the exponent bitwidth is varied. With seven or more expo-
nent bits, the error rates remain quite stable. Once the exponent
bitwidth drops below six, the error rates increase dramatically
and in some cases the programs could not finish properly.

These results clearly demonstrate that not all programs need
the precision provided by generic FP hardware. The reason be-
hind this result is that many programs dealing with human in-
terfaces process sensory data with intrinsically low resolutions.
Raw input data with 4–10 bits of precision is rather common
in these applications. While intermediate results often require
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Fig. 6. Program accuracy across various mantissa bitwidths.

Fig. 7. Program accuracy across various exponent bitwidths. Figs. 6 and 7
show that we can reduce both the mantissa and exponent bitwidth without
affecting the accuracy of the programs. This effect is especially prominent in
the mantissa. This reduction of bitwidth can be turned into a reduction in power
dissipation with the use of appropriate arithmetic circuits.

more dynamic range than is available with small bitwidth fixed-
point computation, the programs do not require vastly more
precision. This is different from scientific programs such as
large-scale computational fluid dynamics or electrical circuit
simulation, which not only require a huge amount of precision
and dynamic range but also delicate rounding modes to preserve
the accuracy of the results. What is quite clear from these exper-
iments is that the FP format provides essential dynamic range
(we can reduce, but not reduce dramatically, the number of ex-
ponent bits) but the fine precision of the 23-bit mantissa is not
essential (half as many bits often suffice).

For programs that do not need the dynamic range or the pre-
cision of FP arithmetic, the use of fixed-point arithmetic will
reduce chip area, operation latency, and power consumption. In-
deed, common design practice for these applications is to proto-
type software in FP, then translate into a suitable “finite” fixed-
point representation [26]. But for the workloads in Table IV,
three programs require 6 bits or more in the exponent to pre-
serve a reasonable degree of accuracy, which means they need
more than the typical 32 bits of precision that fixed point arith-

metic offers. Simply using fixed-point representation without
additional (usually manual) scaling will not resolve the problem.

It should be noted that these complex applications were
aggressively tuned by various software designers to achieve
good performance using full IEEE representation. However,
Figs. 6 and 7 show that significantly smaller bitwidth FP units
can be used without compromising the necessary accuracy. For
instance, certain FP constants in the Sphinx III code required
more than 10 bits of mantissa to represent, but we modified
those numbers so they could be represented using fewer bits
during our experiment. Nevertheless (and perhaps somewhat
surprisingly), these reductions in precision had little impact on
the overall speech recognition accuracy. We believe that if the
numerical behavior of these applications were tunedexplicitly
to a smaller bitwidth FP unit, we could obtain even better
performance.

C. Different Bitwidth Requirements Within a Single
Application

The results in the previous section assumed a single custom
FP format used across all FP operations. Clearly, this is a rather
strict assumption. This section analyzes changing bitwidth re-
quirementswithin a single program. Clearly, different subrou-
tines within one program may require different bitwidths to pro-
duce the expected results. To illustrate this, we use the Fast DCT
program as an example.

The Fast DCT program naturally divides into two subpro-
grams: theforward DCT and theinverseDCT. Forward DCT
converts a block of 8 8 pixels into a block of transform coef-
ficients, which represents the spatial frequency components of
the original block. Inverse DCT converts these coefficients back
to a block of 8 8 pixels.

Fig. 8 shows the mantissa bitwidth requirements for forward
DCT, inverse DCT, and the entire Fast DCT program. When the
mantissa bitwidth in the Forward DCT section is varied, we keep
the mantissa bitwidth in the inverse DCT section at 23 bits. Re-
sults show that both the forward DCT and the entire Fast DCT
program require 11 bits of mantissa to maintain 100% accuracy
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Fig. 8. Program accuracy versus mantissa bitwidth for Fast DCT.

while the inverse DCT requires only 9 bits. All three programs
(or subprograms) have exactly the same behavior (same pro-
gram accuracy) when the exponent bitwidth is varied from 7 to
3 bits.

Even though the mantissa bitwidth requirements of forward
DCT and inverse DCT are almost the same, the result shows
that different sections of a program may indeed have different
bitwidth requirements. This can be exploited to reduce power
dissipation: when forward DCT is being executed on a pro-
cessor, an 11-bit mantissa multiplier/adder is required, while a
9-bit mantissa multiplier/adder will be enough for inverse DCT
operations.

Since both the forward DCT and inverse DCT use the same
basic algorithm, their bitwidth requirements differ only a little.
For programs that integrate a wider portfolio of different algo-
rithms, we expect a wider range in the bitwidth requirements
within the program.

D. Exploiting a Variable Bitwidth Multiplier

Our results show that different FP programs exhibit differing
requirements for mantissa and exponent bitwidths. Hence, by
reducing either precision or range from 32 to fewer bits, we
should be able to create custom FP hardware which has lower
power simply because of the bit reductions. For a narrow, ap-
plication-specific task, a single custom FP format may be a vi-
able option. However, to be more generally useful, we need to
consider arithmetic architectures which can scale to different
FP formats. Even though we may be able to assume that most
of our operands can be computed successfully in limited pre-
cision, it appears inevitable that some fraction of our operands
will require full IEEE-standard precision. As one potential so-
lution, we explore in this section one architecture for avariable
bitwidth FP multiplierto reduce power consumption. To support
variable bitwidth multiplications (up to 24 24 bit), we con-
sidered a 24 8 bit digit-serial architecture similar to the one
described in Hartley and Parhi [12]. The 248 bit architecture
(see Fig. 9) allows us to perform 8-, 16-, and 24-bit multipli-
cation by passing the data once, twice, or three times though
the serial multiplier. A finite state machine is used to control
the number of iterations through the core multiplier. The digit

size of the digit-serial architecture does not have to be fixed. We
chose a digit size of 8 bits because most processors support bus
widths which are multiples of eight. It is already well understood
that digit-serial arithmetic offers some power advantages (e.g.,
[14] offers a comparative analysis of power consumption among
different digit-serial architectures). Hence, digit-serial multipli-
cation seems well suited to our application.

To perform accurate comparisons, a complete 248 digit-se-
rial multiplier was modeled in Verilog and then taken to layout
using our previously described ASIC design flow, using a stan-
dard 0.5- m CMOS process. Synopsys’ Design Compiler tool
was used to synthesize the multiplier’s control logic; the com-
plete physical design was done using Duet’s Epoch layout tool.

We compare our variable bitwidth multiplier with a baseline
fixed-width 24 24 bit Wallace tree multiplier. The layout of
this Wallace tree multiplier was generated by Epoch’s proce-
dural cell generator in the same 0.5-m process used in the de-
sign of the digit-serial multiplier. The two multipliers are de-
scribed in Table V. Cycle time is estimated using Epoch’s static
timing analysis tool, Tactic, and is rounded to the nearest 5-ns
interval for simplicity. The lower precision digit-serial design
is slightly larger, since it includes control logic, and was also
created in an ASIC style, in contrast to the larger Wallace tree,
which is from an optimized layout compiler. Nevertheless, the
digit-serial design is considerably faster, since the lowered pre-
cision (8 24 versus 24 24) creates shallower logic.

To compare energy or power, we need to make several as-
sumptions. Assuming to first order that the multiplier core itself
is the dominant energy consumer, we will focus here. Also, we
do not consider here any global cycle-time impacts. Clearly, if
we replace a 24 24 multiplier with a faster 8 24 multiplier,
for 8- and 16-bit operands, our FP multiplier may well consume
less of the overall cycle time. We might be able to shorten the
cycle time if the FP multiplier is on the critical path, and if we
know that 24 24 multiplications are rare, we can simply man-
date an extra cycle. (Note again from Table V that the digit se-
rial multiplier is only advantageous for precisions less than full
24 24 bit multiplication.) But, an alternative scenario is to
leave the cycle time constant, and simply slow down the lower
precision multiplier (via circuit redesign, e.g., [29]) to the same
delay as the full-precision multiplier. Operating at lower pre-
cision and lower speed, this multiplier will consume even less
power. We choose for now to avoid these questions and tradeoffs
and simply focus on the multiplier cores themselves. To sidestep
these cycle time issues, we choose to focus on multiplieren-
ergy/operationas our metric of comparison.

Our specific goal is a first-order analysis of the energy impact
of reducing mantissa precision. To do this, we look first at en-
ergy/operation as the comparison metric and assume each mul-
tiplier simply operates at the speeds determined via static timing
analysis in Table V. For each design, a SPICE netlist was gen-
erated from layout and used to estimate energy/operation, using
the same statistical methodology as was used for the baseline FP
multiplier in Section III (i.e., 95% confidence intervals, stimuli
from the Sphinx III speech workload).

Fig. 10 plots the energy/operation and latency/operation
for the digit-serial multiplier. Both the energy/operation and
latency/operation increase linearly with the operand bitwidth.
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Fig. 9. Block diagram of a 24� 8 digit-serial multiplier.

TABLE V
TIMING AND AREA OF THETWO MULTIPLIERS. TO PERFORM16-BIT MULTIPLICATION USING THEDIGIT-SERIAL MULTIPLIER, TWO CYCLES ARE NEEDEDWHICH

INCREASES THETOTAL DELAY/OP TO 30 ns. SIMILARLY , 24-BIT MULTIPLICATION TAKES THREE CYCLES (45 ns)

Fig. 10. Performance of the digit-serial multiplier. Both energy/op and
latency/op of the digit-serial multiplier increase linearly with the operand
bitwidth. Digit-serial architecture allows us to perform variable bitwidth
arithmetic and save power when the bitwidth requirement is less than that
specified in the IEEE standard.

This is due in part to the fact that we use a Wallace-tree
structure, rather than an array multiplier [9] (for which energy
savings are more dramatic as bitwidth decreases). Also, we
require extra random logic for control of the multiple passes
through the digit serial structure for larger width operands.
This additional energy is the penalty we pay for the flexibility
of doing variable bitwidth multiplication.

For 8-bit multiplication, the digit-serial multiplier consumes
78% less energy than the 2424 Wallace tree multiplier (in the
case of Sphinx and ALVINN). When 9–16 bits of the mantissa
are required (in the case of Fast DCT, PCASYS and Bench22),
the digit-serial multiplier still consumes 32% less energy than
the 24 24 Wallace tree multiplier. The digit-serial multiplier

Fig. 11. Estimated multiplier energy reduction using digit-serial multiplier. A
reduction of up to 66% in energy/op is attainable for Sphinx and ALVINN with
the use of a digit-serial multiplier. Both Sphinx and ALVINN need only 5 bits
of mantissa to be 90% accurate, and thus an 8-bit operand bitwidth is used for
the digit-serial multiplier. PCASYS requires 11 bits of mantissa while Bench22
requires 9 bits, and thus a 16-bit operand bitwidth is used which results in a 30%
energy/op reduction.

does consume 19% more energy when performing 24-bit mul-
tiplication due to the overhead circuitry.

Fig. 11 shows a simple estimate of the potential energy sav-
ings in the FP multiplier for our five programs if we use the digit-
serial multiplier as the mantissa multiplier. The data is based on
the estimate that a 24-bit Wallace tree multiplier consumes 80%
of the total energy in a single-precision FP multiplier. (We have
taken the data from Table I and simply rounded the multiplier
core’s contribution to 80%.) A reduction of 66% in multiplica-
tion energy/op is attainable for Sphinx and ALVINN with the
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Fig. 12. Calculating necessary FP bitwidth for an arbitrary program.

use of a digit-serial multiplier. Both Sphinx and ALVINN need
only 5 bits of mantissa to be 90% accurate, and thus an 8-bit
operand bitwidth is used for the digit-serial multiplier. PCASYS
requires 11 bits of mantissa while Bench22 requires 9 bits, and
thus a 16-bit operand bitwidth is used; this results in a 30% en-
ergy/op reduction.

These comparison results, though still clearly approximate,
do suggest that significant energy savings are achievable by
using lower precision arithmetic. Of course, our digit-serial
multiplier was designed using an ASIC approach and was not
as heavily optimized physically as the Wallace tree multiplier,
which was compiled/optimized for the process, and digit-serial
arithmetic is only one architectural alternative here. Given the
decreasing cost of silicon area, and the small size of a reduced
precision FP unit, one might imagine simply including both
full and reduced precision FP units, and using appropriate
sleep-mode circuit techniques to shut down the unused unit.
Assuming a richer, less homogenous arithmetic substrate for
power-optimized computation naturally suggests opportunities
for compiler support, i.e., exposing a more diverse set of preci-
sion/speed/power tradeoffs and allowing software developers
to choose appropriately. We briefly treat this idea in Section VI.

E. Software-Assisted Bitwidth Reduction

Since different applications require different algorithms to
determine program accuracy, software support is desirable in
order to harness the benefits of this bitwidth reduction tech-
nique. This can be done by the programmer—but can be assisted
greatly by the compiler.

There are two approaches that the programmer can take. For
applications where the bitwidth requirement is known in ad-
vance, the programmer can annotate the source code explic-
itly or modify the declaration of the data types. For instance,
since Sphinx requires only 5 bits of mantissa and 6 bits of expo-
nents to maintain 90% of recognition accuracy, the programmer
can simply choose an appropriate, available lower precision FP
format. Given this information, the compiler can then optimize
the object code for power. In applications where there is no prior
knowledge of the required bitwidth, the programmer can insert
an error analysis procedure [15] which adjusts the data bitwidth
during data profiling (analogous to self-adjusting bit-precision
techniques applied in low-power digital filters [16]). This is il-
lustrated in Fig. 12. The final will be the minimum bitwidth
that can satisfy the accuracy requirement for that specific data
set.

In situations where the error analysis routine is too com-
plicated or where the program users have no comprehensive

knowledge of its algorithms, a compiler can be used to annotate
the source code and find at least the approximate bitwidth
requirement automatically, assuming a comprehensive data set
is available.

To demonstrate the possibility of compiler assisted bitwidth
reduction, we added a compiler pass to the SUIF research com-
plier [30] to help us find the bitwidth requirement of FP pro-
grams. SUIF was developed at Stanford with the objective of
providing a research vehicle that allows compiler researchers to
implement their ideas without having to write a new compiler
from scratch. After every step in the SUIF compilation process,
a standard format is written out. This allows us to insert any op-
timization in a separate compiler pass.

We modified SUIF by inserting a pass that annotates the
source code of FP programs. For every FP operation, the
input operands were masked with the desired bitwidth. This is
analogous to what we have done manually in Section IV-B. Of
course, masking is an unsubtle approach to precision reduction:
by zeroing low-order mantissa bits, we prevent the rounding
mechanisms from correctly propagating bits up into the higher
order bits we retain. Nevertheless, as an experiment this does
provide some flavor of the sorts of optimizations we believe
should be possible given a more diverse arithmetic substrate.
Starting from the original bitwidth specified in the IEEE stan-
dard, the program was executed using a representative input
set. The output was then compared with the expected result. If
the results match, the bitwidth was reduced and the program
was again executed using the same input set. This iterative
process continues until the minimum bitwidth that can satisfy
the output requirement is found. All of the above steps can
be automated using a simple script. As a simple but concrete
experiment here, we used the SUIF-generated code for the Fast
DCT program and found the same bitwidth requirement as we
did with the methodology described in Section IV-C.

Modern compilers are capable of performing sophisticated
techniques of code optimization to improve program perfor-
mance. Global compile-time optimization of the necessary pre-
cision/range for arithmetic operands may be feasible if we inte-
grate variable-precision units, or a collection of mixed-precision
arithmetic units in our hardware.

VI. RELATED RESEARCH

Substantial work on low-power datapath design techniques
has been done at the circuit level. In particular, there have
been many studies on low-power multiplier designs due to
the prevalence of multiplication in DSP-type applications
[17]–[19]. However, there have been few published studies
targeting power reduction techniques for FP multipliers or the
entire FP unit at the system or architectural level.

The basic principle behind our proposed technique is to avoid
unnecessary or useless work in the hardware. This principle has
been applied in other work to either improve performance [20]
or reduce power consumption [21]. For example, [20] proposes
the use of “memoing” to accelerate multimedia processing. By
saving the input and output of previous calculations and using
the output if the inputs are encountered again, the authors report
an average computational speed up of more than 20%. In [21],
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Fig. 13. Clock gating architecture proposed in [24].

the idea of reusing computation results stored in a cache-like
structure was proposed. But the design parameters of the struc-
ture (“execution cache” coined by the authors) are optimized
for power minimization instead of just improving the execution
speed. They reported energy savings up to 60% in the integer
unit.

Furthermore, the idea of reducing bitwidth to save power has
also been employed in other areas of low-power research. [22]
showed that an average of more than 4 bits of pixel resolution
can be dropped during motion estimation to obtain a power re-
duction of 70%. To reduce energy consumption at the I/O pins,
[23] proposes sending only those address bits that have changed.
For integer applications that do not need 32 bits of precision, the
Intel MMX instructions allow arithmetic operations on multiple
narrow subfields of a data word simultaneously.

A closely related approach was proposed by Brooks and
Martonosi [24]. In that paper, the authors found that across
the SPECint95 benchmarks, over half of the integer operations
require 16 bits or less. They proposed to reduce processor
power consumption by using aggressive clock gating to turn
off portions of integer arithmetic units when the full width of a
functional unit is not required (see Fig. 13). By evaluating the
percentage of narrow bitwidth operations, they reported that
the optimization results in an over 50% reduction in the integer
unit’s power consumption.

However, [24] does not include data on FP programs.
Since our work focuses primarily on FP operations, we have
performed a similar analysis on SPECfp95 applications. In this
case, we define an operation as anarrow bitwidth operation
when both of its operands have mantissa values that can be
packed in 16 bits or less (the lower bits of the mantissa are all
“zeros”). One obvious difference here is that we are looking at
the most significant 16 bits of the mantissa instead of the least
significant bits as in integer operations.

Also, our methodology for measuring the power savings
is different. Instead of looking at the percentage of narrow
bitwidth operations, we estimate the power saving by evaluating
the percentage of narrow bitwidth operationsprecededby a
nonnarrow bitwidth operation (or wide bitwidth operations). It
is well known that power dissipation in CMOS circuits is pro-
portional to the switching activity of the circuits. For instance,
if the narrow bitwidth operations tend to cluster together, then
for consecutive operations using the same functional unit, the
upper bits of the inputs remain at “zeros” or “ones” all the
time which should then generate fewer transitions in the upper
portion of the datapath circuits.

To estimate the power reduction by clock gating the input
operands, we need to count the number of transitions from wide
bitwidth operations to narrow bitwidth operations (Fig. 14). We
used the instrumentation program ATOM to instrument eight
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Fig. 14. Estimation of power reduction via clock gating. The figure shows
a set of consecutive integer add operations for a 32-bit machine. Assume
for illustration that narrow bitwidth operations are defined as instructions
where both operands use less than 8 bits. Transition A (instr1 ! instr2)
is a transition from wide bitwidth operation to narrow bitwidth operation.
Transition B (instr2! instr3) is a transition from narrow bitwidth to narrow
bitwidth operation. With clock gating, we only save power in transition A, but
not transition B.

Fig. 15. Percentage of narrow bitwidth operations in SPECfp95.

SPECfp95 programs (Table III) and count the number of tran-
sitions from wide bitwidth operations to narrow bitwidth oper-
ations.

The results of the experiments are shown in Fig. 15.The per-
centage of narrow bitwidth instructions that are preceded by
wide bitwidth instructions varies from 8 to 20%. Taking into
account the power consumed in the overhead logic (latches and
zero detection circuits), actual power reduction is approximately
5–10%.

Furthermore, we examined the occurrence of narrow width
FP operands among the five programs in Table IV to see how
a clock gating scheme might save power for these programs.
Fig. 16 shows the result (notice that the y-axis is in log scale).
For Sphinx and Alvinn, the percentage of narrow width oper-
ations is less than 1% of the total FP operations. These results
suggest that arithmetic unit clock gating schemes, which can
leverage the relatively high frequency of consecutive narrow
bitwidth operands in integer datapaths, are less viable in the sort
of human-sensory FP signal-processing workloads we think will
be important in portable/mobile electronics. In general, these
sorts of “dynamic” suppression techniques are very attractive
because of their transparency: the hardware appears to the pro-
gram to be doing a typical arithmetic operation at full preci-
sion, yet at circuit level, useless transitions are suppressed. But
based on our observations of FP workloads, we believe there
is merit in makingexplicit the fact that some operandsalways
need more/fewer bits than others. Our initial experiments sug-
gest that the availability of reduced-precision arithmetic could

Fig. 16. Percentage of narrow bitwidth operations in our workload.

allow compile-time optimizations that simply omit the unnec-
essary bits and computations on them, and by exposing these
variable precision possibilities to the compiler, a wide range of
further system-level optimizations may be feasible.

VII. CONCLUSION

Many mobile/portable electronics applications will ulti-
mately need to process human-sensory data such as speech or
video imagery. This data is often acquired at relatively low bit
resolutions, e.g., 4–10 bits of precision. Nevertheless, many
signal processing algorithms are more easily and efficiently
coded assuming an FP representation, which liberates de-
velopers from concerns over either the precision or range of
the intermediate results. Common design practice is then to
translate these FP algorithms into fixed precision arithmetic.
The intuition underlying this study is that many of these
applications—especially those that process low-resolution data
and render as a result a decision, such as speech and image
recognition—may be better served with a custom, reduced FP
format.

By annotating source code to replace FP operators with calls
to emulation routines, we were able to systematically vary the
FP format across a set of speech and image processing tasks.
Analysis of these FP programs shows that they suffer no loss
of accuracy, even with a significant reduction in bitwidth, thus
confirming our intuition. Most FP programs in our benchmark
suite maintain the same output even when the mantissa bitwidth
is reduced by half. Exponents can likewise be reduced, but not
as dramatically. In hindsight, this result is reasonable: these
codes require more dynamic range than can be achieved with
fixed-width integers, but not dramatically more precision in in-
termediate results.

This FP bitwidth reduction can deliver a significant energy
savings through the use of a variable bitwidth FP unit. By cre-
ating and comparing ASIC-style fixed-width and variable-width
(reduced-width) FP multipliers, we estimated that a reduction of
up to 66% in multiplier energy/operation can be achieved in the
FP unit without sacrificing any program accuracy. As a result of
these experiments, we suggest that the fact that some operands
need different bitwidths should be exposed to compilers. This
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would allow us to attempt compile-time precision/range opti-
mizations which could then be realized using either variable-
precision or a collection of mixed-precision arithmetic units
in hardware. This approach has two attractive advantages: it
opens another perspective on power optimization to the com-
piler for large-scale global optimization, and the availability of
mixed-precision arithmetic always allows us to recover from ex-
traordinary circumstances by simply repeating a computation
with extra precision.

To date, there has been relatively little work on FP represen-
tation and computation from the perspective of power optimiza-
tion. This is in contrast to a large and growing body of circuit,
logic, and system-level optimizations for integer arithmetic. We
argue that FP computation is inevitable as low-power systems
evolve and that studies of the tradeoffs available among operand
precision, dynamic range, and rounding modes can play an im-
portant role here.
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