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COMBINING DIGITAL IMAGES BASED ON 
THREE-DIMENSIONAL RELATIONSHIPS 
BETWEEN SOURCE IMAGE DATASETS 

BACKGROUND 

The present invention relates to combining digital images. 
Digital images typically comprise two-dimensional arrayS 

of picture elements (pixels) and may be, for example, 
digitized photographs or computer-generated images. Many 
applications exist for combining digital images, including 
applications for determining camera motion between Video 
frames to Stabilize Video images, for relating or recognizing 
the content of different images, for aligning images for 
mosaicing, for high-resolution enhancement, and for build 
ing detailed models for virtual reality applications. Further 
discussion of various applications are found in articles Such 
as S. Mann & R. W. Picard, Video Orbits of the Projective 
Group: A New Perspective on Image Mosaicing, M.I.T. 
Media Laboratory Perceptual Computing Section Technical 
Report No. 338 (1995) and Richard Szeliski, Image Mosa 
icing for Tele-Reality Applications, Cambridge Research 
Laboratory Technical Report Series (CRL 94/2) (1994), both 
of which are incorporated by reference. 

Combining images typically requires “registering” pairs 
of images, which matches two or more images containing 
overlapping Scenes and describes the correspondence of one 
to another. The correspondence enables the images to be 
combined by mapping the image data into a common image 
Space using any of a variety of transforms, Such as affine and 
projective transforms. As described in the Mann & Picard 
article, affine methods are Simpler and are acceptable 
approximations when the correspondence between pictures 
is high or the images have a Small field of View, or the 
content of the image is planar. Projective transform methods 
are more complex but can produce results that are math 
ematically more accurate for images acquired from a fixed 
camera location. Existing projective transform methods 
typically register a first image with a Second by determining 
transform parameters corresponding to a two-dimensional 
projective transformation: 

Equation 1 
w'it in 

i0 in 22 

ins ww' w = u V l 
no n, 1 

where (u,v) are the coordinates in an image space of a pixel 
of the first image and (u', v) are the coordinates of the pixel 
mapped into an image Space of the Second image. This 
transform has eight parameters, or degrees of freedom (mo, 
. . . .m.). Solving for the eight degrees of freedom typically 
requires a non-linear approach, which can be computation 
ally expensive and is not guaranteed to produce a correct 
result. 

SUMMARY 

In general, in one aspect, the invention features a 
computer-implemented method for combining related 
Source images, each represented by a Set of digital data, by 
determining three-dimensional relationships between data 
Sets representing related Source images and creating a data 
Set representing an output image by combining the data Sets 
representing the Source images in accordance with the 
determined three-dimensional relationships. 

Certain implementations of the invention include one or 
more of the following features. Each of the Source images 
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2 
and the output image may have a corresponding image 
Space. Determining three-dimensional relationships between 
Source images further may include determining three 
dimensional transformations between the Source image 
Spaces. The output image Space may be the image Space of 
a Source image. Determining a three-dimensional transfor 
mation between one Source image Space and another image 
Space further may include determining parameters describ 
ing the three-dimensional transformation. The parameters 
may describe a camera orientation, a distance between the 
camera and the Source image, and a distance between the 
camera and the target image. 

In general, in another aspect, the invention features a 
memory device Storing computer readable instructions for 
aiding a computer to perform the above method. 

In general, in another aspect, the invention features an 
apparatus to combine related Source images, each repre 
Sented by a set of digital data, comprising a storage medium 
to Store related Source images, each represented by a set of 
digital data, and a processor operatively coupled to the 
Storage medium and configured to perform the above 
method. 
Among the advantages of the invention are the following. 

The invention may be used to create composite images with 
wide fields of View, to create fully Surrounding 
environments, and to enhance resolution. Further, Source 
images may be merged without identification of Specific 
corresponding features. 
The invention determines projective transform parameters 

for a three-dimensional projective mapping, requiring Solv 
ing for only five variables (degrees of freedom) rather than 
the eight required for two-dimensional projective mappings. 
The invention produces a Solution that is always physically 
realizable, and because the dimensionality of the problem is 
reduced, a Solution may be obtained more quickly. Further, 
because the parameters may be chosen to be directly related 
to how the images are acquired, Solving for the parameters 
is readily simplified by further reducing the number of 
degrees of freedom if there are known constraints on the 
image acquisition, Such as using a single focal length lens 
for multiple images or restricting motion (Such as if the 
images are all acquired using a camera mounted on a tripod 
and allowing only panning). 

Other advantages and features of the invention will 
become apparent from the following description and from 
the claims. 

BRIEF DESCRIPTION OF THE DRAWINGS 

FIG. 1 illustrates a flow diagram for combining images. 
FIG. 2 illustrates a computer System. 
FIGS. 3 and 4 illustrate images to be combined. 
FIG. 5 illustrates a flow diagram for determining trans 

formation parameters. 
FIGS. 6-8 illustrate flow diagrams for output rendering of 

Source images. 
FIG. 9 illustrates a block diagram of possible output 

Spaces to which Source images are reprojected. 

DETAILED DESCRIPTION 

Represented in three dimensions, a digital image has 
corresponding camera parameters that describe a position of 
a camera relative to a Scene Such that the Scene is viewed 
from the camera as it appears in the image. Each image 
further has a local image Space defining a coordinate Space 
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in which the points in the image Scene may be identified. The 
relationship between two images containing overlapping 
Scene S can be described by a three-dimensional 
transformation, which describes the required reorienting of 
the camera from a first orientation, from which the Scene is 
Viewed as shown in the first image, to a Second orientation, 
from which the Scene is viewed as shown in the Second 
image. An alternative description of the transformation is 
that it maps a point in the first image Space to a point in the 
Second image Space, where both the original and mapped 
points correspond to the same point in the Scene. 
1. Image Acquisition 

Referring to FIG. 1, Source images to be combined in an 
output image are accessed in a computer System (step 110). 
The Source images are digital images, which may be, for 
example, digitized photographs or computer generated 
images. 

The computer System may include Special purpose 
hardware, a general purpose computer running application 
Software, or a combination of both. Preferably, the invention 
is implemented in a computer program executing in a 
general purpose computer. FIG. 2 illustrates an appropriate 
computer system 200, including a CPU 210, a RAM 220, 
and an I/O controller 230, coupled by a CPU bus 240. The 
I/O controller 230 is also coupled by an I/O bus 250 to input 
devices such as a keyboard 260 and a mouse 270, and output 
devices Such as a monitor 280. 
A pixel of a digital image generally includes data describ 

ing its color. Pixel data from the Source images are eventu 
ally combined to create pixel data for the output image. Pixel 
data of monochrome images are Single channel, having a 
Single value indicating a degree of intensity. Pixel data of 
color images typically have multiple channels, having a 
value for each channel with the pixel color indicated by the 
combination of the channel values. For example, in the RGB 
(red-green-blue) color System, color data for a pixel will 
include a value for each of the red channel, the green 
channel, and the blue channel. To Simplify computations 
involving color data, multichannel color data may be con 
verted to a single value. Various conversion methods may be 
used. For example, the Single value may be based on the 
value of the green channel, the average of the values of the 
color channels, or another combination of the values of the 
color channels. For example, as explained in FOLEY ET AL., 
COMPUTER GRAPHICS: PRINCIPLES AND PRACTICE 589 
(Addison-Wesley 2d ed. 1996), “luminance” is a color 
characteristic derived from a weighted Sum of the color 
channels, 0.30 R+0.59* G+0.11* B. 
To be combined, each of the Source images must contain 

a Scene that overlaps with the Scene of at least one of the 
other Source images. The amount of overlap needed may 
vary depending on factorS Such as the content of the images, 
temporal Scene changes, temporal camera parameter 
changes (for example, different focus, exposure, or point of 
View), and camera fidelity (for example, distortion and 
compression artifacts). In general, the greater the overlap, 
the more accurate the output image will be. For example, 
while an output image can be created from Source images 
having as little as 20% overlap, Source images having closer 
to 50% overlap are likely to result in a more accurate output 
image. 

The present invention further assumes that each of the 
Source images to be combined is taken from approximately 
the same camera location, although factorS Such as rotation, 
focus, exposure and Zoom may vary. 
2. Finding Overlapping Areas in Source Images 

Referring again to FIG. 1, the overlapping areas between 
pairs of Source images are estimated (step 120). If the 
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4 
images received in step 110 have no available information 
about which images overlap, each pair of images is tested to 
determine overlapping areas. Alternatively, user-guided 
indication of overlap may be provided to Simplify this 
proceSS. 

For example, the pairs containing overlapping areas may 
be reflected in the order in which they are entered. Thus, if 
the Set of imageS can be arranged as a Single unbranching 
chain or as a single loop as shown in FIG. 3, the invention 
can be implemented to require images to be input Such that 
Sequentially input images overlap. Overlap for Source 
images having more complex overlap relationships, as 
shown in FIG. 4, can be specified by having the user 
manually enter overlap information. For example, a user 
interface may be provided to prompt the user to type the 
information or to display a graphical user interface allowing 
the user to graphically indicate overlapping images. Auto 
matic and user-aided detection of overlap may be used in 
combination, and user input may be used to identify the 
overlapping area in an image pair, in addition to identifying 
the images that overlap. 
One possible overlap estimation method is croSS 

correlation between the imageS. The cross-correlation func 
tion 

C(i, j) =XX lo?i-m, i-n)I, (i, j) Equation 2 

where I(i,j) and I (i,j) are the image intensities, between 
two translated versions of the same image will tend to have 
a maximum at values for m and n indicating the best 
translation. This formulation shows computation of the 
cross-correlation in the Spatial domain. The function may 
also be computed using the frequency domain: 

where S is the discrete Fourier transform, S* is the complex 
conjugate of the discrete Fourier transform, and S is the 
inverse discrete Fourier transform. The advantage of using 
the frequency domain to compute the cross-correlation is 
that a fast Fourier transform algorithm can be used to 
perform the operation more efficiently. 
When the frequency domain is used, a variant of regular 

correlation called phase correlation can be performed 
instead. In this variant, the Fourier transform of each image 
is normalized So that each complex value in the transform 
has unit magnitude (this is also equivalent to normalizing 
after multiplying the transform and the transform 
conjugate). The advantage of phase correlation over regular 
correlation is that the windowing effects, which occur 
because the images are of finite size, are reduced. Further 
detail on phase correlation may be found in the 1996 article 
by Xin Tong and Krishna Nayak, Image Registration Using 
Phase Correlation (available at URL http://www 
leland.stanford.edu/~xin?ee262/report/report.html). 
The phase correlation procedure takes the discrete Fourier 

transform of both images using an FFT (fast Fourier 
transform), multiplies the transforms element by element 
(taking the conjugate of the Second before multiplication), 
computes the pure phase by normalizing each complex value 
to a magnitude of one, and takes the inverse Fourier trans 
form. The estimate of the best translation to use for overlap 
is then determined by Scanning the result for the location of 
the maximum magnitude value. 
An alternative to using an input image directly in corre 

lation is to use a level from an image pyramid, Such as a 

Equation 3 
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Laplacian pyramid described in articles Such as Burt & 
Adelson, The Laplacian Pyramid as a Compact Image Code, 
IEEE Transactions on Communications 31:532-40 (1983). 
Briefly, known algorithms may be used to construct Lapla 
cian pyramids from Source images, where levels of varying 
resolution encode the Source image content at varying 
Spatial frequencies. Typically, a Sample of the lowest reso 
lution level is based on the average of the image data of the 
region in the Source image corresponding to that Sample. A 
sample of the next resolution level is based on the difference 
between the data of the corresponding Sample of the lower 
resolution level and the average of the data of the corre 
Sponding region in the Source image. 
One method of creating a Laplacian pyramid is to increase 

the number of levels incrementally. A pyramid is initialized 
by making the image itself a level. This is a valid Single 
level pyramid. The number of levels is incremented by 
convolving the current lowest resolution level with an 
averaging filter to form a moving-average image, replacing 
the current lowest resolution level with the current lowest 
resolution level minus the moving-average (pixel by pixel), 
and creating the new lowest resolution level by Subsampling 
the moving-average. This proceSS is repeated to create as 
many levels as desired in the pyramid. 

Correlation (including phase correlation) to find an esti 
mate of image overlap can be based on corresponding 
Laplacian pyramid levels of the input images instead of 
being based directly on the input images themselves. One 
advantage of using the pyramid data is that performing 
correlation over the lower resolution pyramid data is faster 
than over the full resolution image data. Another advantage 
is that the original image data generally gives more weight 
(importance) to the brighter areas than to the darker areas, 
which is not desirable. In contrast, because the Laplacian 
levels other than the lowest resolution level are signed 
images with approximately Zero mean values, the bright 
areas in the original input images are not given more weight 
than darker areas, thus avoiding the need for normalization 
that would otherwise be required. A discussion of using 
Laplacian pyramids for image correlation may be found in 
Hansen et al., Real-time Scene Stabilization and Mosaic 
Construction, 1994 IMAGE UNDERSTANDING WORKSHOP 
(1994). 
3. Source Image Correction 

Referring again to FIG. 1, the Source images are prepared 
for combination by correcting the images So that the over 
lapping portions of Source images are more closely matched 
(step 130), which in turn can produce a more accurate output 
image. The Specific correction operations may vary for 
different applications, and if desired, Some may be per 
formed prior to determining the overlapping areas of the 
images (step 120), which may remove distortions that will 
allow the Overlapping areas to be more easily identified. On 
the other hand, if the overlapping portions are determined 
first (step 120), the minimizing operations (step 130) may be 
restricted to the Overlapping portions rather than being 
performed on entire images to reduce the amount of required 
computation. 
An example of a correction operation corrects nonuniform 

magnification produced in an image by the lens. The result 
ing image distortion is typically radial lens distortion, which 
changes the magnification in the image based on the distance 
from the center of projection. (The center of projection is the 
point in the image that matches where the optical axis of the 
lens intersects the image plane.) Magnification that 
decreases with distance is called barrel distortion; magnifi 
cation that increases with distance is called pincushion 
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6 
distortion. Radial distortion can be modeled with a simple 
polynomial, as described in articles Such as R. Y. Tsai, An 
Efficient and Accurate Camera Calibration Technique, PRO 
CEEDINGS IEEE COMPUTER VISION AND PATTERN RECOGNI 
TION 364–74 (1986), and can be removed by resampling 
based on the polynomial model. 

Another example of a correction operation corrects non 
uniform Scaling caused by perspective projections, causing 
objects near the edges of the image to appear larger than the 
Same objects would appear near the center. This effect is 
increased as the field of View widens. In these cases, it may 
be helpful to reproject one or both images before doing 
correlation, normalizing the Scaling in an area of proposed 
overlap. 

Reprojection can be time-consuming, but it can be per 
formed automatically without user interaction. If performed 
prior to correlation (step 120), the overlapping areas may be 
easier to identify. However, correlation (step 120) generally 
WorkS acceptably well without reprojection, which is an 
optional operation. 
A Special case of this technique is to reproject into 

cylindrical coordinates, which normalizes the Scaling acroSS 
the entire images if the cylindrical axis is vertical and the 
motion is purely pan, or if the cylindrical axis is horizontal 
and the motion is purely tilt. This is appropriate when the 
camera orientation is known to have those restrictions. 

Another correction operation normalizes the brightness in 
the Source images to be combined. Source imageS may differ 
in brightness level. This may result, for example, if images 
are captured with autoexposure camera Settings. One simple 
approach to normalize the brightness determines the average 
color data for pixels of the overlapping region in a Source 
image and normalizes the color data values A, for each pixel 
(I, j) in that region to the calculated average, 

Aii 
A = 

A more Sophisticated procedure may use a model that 
accounts for nonlinearities in mapping brightness to data 
values, and for differences resulting from different device 
types (for example, CCD and film) used in acquiring the 
Source images, as well as differences among devices of the 
Same type. 

Another correction operation addresses varying focus of 
Source images. If the overlapping portion is in focus in one 
image and out of focus in the other, blurring tends to bring 
them closer to matching. One way to minimize the variation 
in focus in Source images to be combined is by blurring the 
Source images slightly with a filter to reduce high-frequency 
noise, producing the effect of putting all Source images 
Slightly out of focus. 

Yet another possible correction operation may correct for 
Vignetting, an effect describing the variation in the amount 
of light gathered as the incident direction moves off the 
optical axis. This effect, explained in articles Such as Just 
what is a Good Lens Anyway?, which is found at http:// 
web.ait.ac.nz/homepages/staff/rvink/optics.html, is a dark 
ening of the corners and edges of the image relative to the 
center. Correction involves modeling the Vignetting function 
and multiplying by its reciprocal across the image. 
4. Determining Transformation Parameters 

Referring to FIG. 1, transformation parameters are deter 
mined from each Source image to a target image (step 140). 
For example, if imageS A and B contain overlapping Scenes, 
image B may be the target image where the transformation 
parameters map pixels of image A into the image Space of 
image B. 
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The Mann & Picard article discusses derivation of two 
dimensional transformation parameters. Alternatively, three 
dimensional transformation parameters may be derived. AS 
described above, an image has corresponding three 
dimensional camera parameters defining a camera position 
from which a Scene appears as shown in the image. An ideal 
camera projects the Scene before it onto a plane. Defining the 
camera in a local coordinate System Such that it points along 
the Z-axis, the projection onto the plane Z=Zo is: 

O Equation 4 
O 

wit wV wo w = w y z. 

O 

O 

1 
O 1 - 

20 

O O 

where (u, v) are coordinates defined in the plane defined by 
Z=Zo, (x, y, z) are corresponding coordinates defined in 
3-space, and W is the homogeneous variable. We can express 
the points in 3-space in terms of their image Space coordi 
nates (u,v): 

O O Equation 5 
O 1 O O 

it v 2.0 = - - - 1 Iwu wV wao w . . . . . . . 
30 

0 0 O O 

where := ge 

Equations 4 and 5 assume that the images are captured 
from approximately the same camera location, and hold for 

R(6, it, p) as 

both Source and target images in their own local image 
Spaces. The difference between the local image Spaces can 
be expressed as a rotation: 

1 O O O Equation 6 
O 1 O O 

Iwu, w, v, wz, w = 1R 1 f /t tvt fat t 2. 2. 2. O O 1 

t 

0 0 O O 

where (u, v) are the remapped image coordinates in the 
target image Space, (u, V.) are the image coordinates in the 
Source image Space, and Z is the unknown depth of the point 
in the Scene that is imaged at (u, v). This depth can be 
arbitrarily Set to 1 because the results are invariant with 
respect to Z. R is a rotation matrix that relates the local image 
Spaces of the Source and target images, and reprojects pixels 
of the Source image into the image Space of the target image. 

The projection depth parameters Z, and Z, are related to the 
field of view of the imaging Systems used to capture the 
Source and destination images, respectively: 

1O 
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23. 

where C. is the vertical field of view, V-V, is the 
Vertical image extent, and Z is the projection depth. The 
horizontal field of View may be calculated by replacing the 
Vertical image extent with the horizontal image extent. The 
projection depth may be calculated from a known field of 
view with: 

'min 
C 

t ans 

lymax - 
3 = 3 

Another interpretation of the projection depth is the lens 
focal length expressed in the same units as the image extent. 
Thus if the image extent is the physical size of the active area 
of the camera image plane, the projection depth is simply the 
focal length of the lens. If the image extent has been 
normalized, e.g. from -1 to 1, the corresponding projection 
depth can be derived from the lens focal length using the 
ratio of the normalized image extent to the size of the camera 
image plane active area. 
The three-dimensional mapping may have as many as five 

degrees of freedom: up to three for rotation, one for Z (the 
depth of the Source projection plane), and one for Z, (the 
depth of the target projection plane). The rotation matrix R 
can be parameterized in a number of different ways. For 
example, using Euler angles, the matrix R may be factored 
into Z (roll) (0), X (tilt) (), and y (pan) (cp) rotations: 

sine O O 

costi 

O 

sini. 
- sini cosit 
O O 

coSp -sing O 
O O 

cosp O 
O 1 

Equation 7 

O 1 

O O 

sinsp 

This parameterization reflects the ways camera motion is 
commonly constrained in creating images, Such as pan only, 
pan and tilt only, or tilt only. Thus, for Source images known 
to result from cameras having Such constrained motions, 
corresponding camera parameters are readily determined 
and the degrees of freedom are decreased, simplifying the 
task of determining the three-dimensional transformation. 

Referring to FIG. 5, a Gaussian pyramid is created for 
each of the pair of images (step 500). A Gaussian pyramid, 
like a Laplacian pyramid, is a multiresolution data Set, and 
if desired, may be created only for the estimated overlapping 
areas of each image for a pair of images. Each level of a 
Gaussian pyramid is a Smoothed and Subsampled version of 
the next higher resolution layer. 
The best parameters mapping the Source image into the 

target image Space Such that the overlapping portions over 
lap are determined Sequentially for increasing resolution 
levels of the Gaussian pyramids, using the parameters of the 
previous level as the initial estimate for the parameter values 
on the current level (step 510). If the source and target 
images are overlapping Source imageS evaluated in Step 120, 
an initial estimation of the three-dimensional transformation 
parameters between the lowest resolution levels of the 
images may be determined by converting the translation 
parameters found in the overlap estimation (step 120) into 
rotational parameters where: 
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fo = -arctan theyS 
20 

where (u,v, ) is the best image translation between 
the pair of images determined in Step 120 and Zo is the initial 
estimate for projection distance. 

In general, a Solution may be found at each level by 
optimizing an error function that is minimized when the 
overlapping portions of the Source and the target images are 
aligned when the Source image is remapped by the trans 
formation parameters (step 520). One possible error function 
explained in the SZeliski article is the least Squared differ 
ence between the intensity data of pixels of the Overlapping 
portions in the remapped Source image and the target image: 

iss 

|A, (u, v) - A, (us, vs.) Equation 9 

where x is the error function, A and A, are the Source and 
target image intensity functions (interpolating between 
Samples), (u,v) are the Source image coordinates, and 
(u,v) are the resulting target image coordinates obtained by 
remapping the Source image coordinates (u, v) using the 
estimated transformation parameters. (of is a weighting that 
may be set to 1, and will be omitted in Subsequent 
equations.) 

This optimization problem may be solved by methods 
Such as gradient descent, inverting the Hessian matrix, or a 
combination method like Levenberg-Marquardt, which are 
discussed in greater detail in references Such as PRESS ETAL, 
NUMERICAL RECIPES IN C 540-47 (Cambridge University 
Press, 1988). These solution methods require partial deriva 
tives of the error metric with respect to the transformation 
parameters. For Some parameter p, the partial is: 

8A out 8A dy, E - : quation 10 Öp 2X Af A.). Öp -- dy, 2. 

8A - - and 
du, 

8A 
dy, 

are the Spatial derivatives of the pixel values of the target 
image at positions defined by pixels remapped from the 
Source image. However, estimated transformation param 
eters will typically not map a Source image pixel exactly to 
a pixel location in the target image, So interpolation may be 
required both to determine the value at a target pixel and to 
compute the derivatives. Because interpolation in the target 
image is done a large number of times (at every mapped 
Source image pixel for each iteration over each pyramid 
level), the least Squared difference determination can be 
expensive. 
An alternative to minimizing the Square of the pixel value 

differences is optical flow, described in references Such as 
HORN & SCHUNK, DETERMINING OPTICAL FLOW: ARTIFICIAL 
INTELLIGENCE (1981). Optical flow treats the source and 
target imageS as images of the same Scene Separated in time 
and assumes that although the Scene moves with respect to 
the camera between the time of capturing the Source image 
and the target image, the brightness values remain constant. 
Thus, expanding the equation 
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as a Taylor Series, canceling the Zeroth order term A(u, v, t) 
from both Sides, and omitting terms higher than linear yields 
the optical flow equation: 

Equation 11 

Treating the Source image as reflecting the brightness at 
time t and the target image as reflecting the brightness at 
time t-i-1, the best transformation parameters are found when 
the following equation is minimized: 

8A S 2 Etu- a) + (4-v.) + (A, -A, to 2 - iis Vs 

iss 

In this formulation, (u,v,) is (u,v) projected back into 
the Source image Space using the inverse of the current 
approximation of the transform. While this approach con 
tains the difference in position values of pixels (A-A) as a 
Subterm and thus is more complex than the least Squared 
difference, in practice this term generally can be approxi 
mated with a constant without affecting convergence. Thus, 
performance is improved because Spatial derivatives are 
required only in the Source image, where interpolation is not 
needed. 

This formulation takes the partial derivatives of the error 
metric with respect to the transformation parameters. The 
major component of these partials is 

du, 
- and 

dy, 

where p is a transformation parameter. One way to compute 
these values is to precompute derivative matrices before 
looping over the pixels of the Source image to calculate the 
error metric. The transformation is: 

wu, w, v, wa, w= u v 0 1 T(z)R(0..p)P(z) Equation 13 

where the Source projection plane has been moved into a 
translation matrix T, R is the rotation, and P is the target 
projection. (This equation corresponds to Equation 6 above, 
where Z=1, Z is reflected in matrix T, and matrix P repre 
Sents the projection matrix.) 

Taking a partial derivative of this function is a Straight 
forward calculation. For example, the derivative with 
respect to 0 is: 

T wit, wV, wa- = 8 8 8 8 
Equation 14 

Thus, the derivative matrix with respect to 

This can be computed and Saved, along with the derivative 
matrices for the other parameters at the beginning of each 
iteration. Then, the product of each Source image pixel 
(u,v) and the derivative matrix is calculated. To compute 
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it from w, v, and 8 8 

and Similarly compute 

fr d at v, from gwiv, an 
dw 
g 

we use the rules for the derivative of a quotient: 

Equation 15 
u f(t)= w 8 Witt 8 ag" at , w 

* Ö(w, v, ) - 1 dw 

?y, = (-) = 0. To at Taekw. w 

Computing the derivative matrix with respect to any of 
the five parameters independently is Similar. There is a 
useful Special case when Z, and Z, are allowed to vary but are 
constrained to be equal. This occurs when both Source and 
target images are known to be based on photographs taken 
with the Same camera position and lens Settings. The deriva 
tive matrix for this combined parameter is (using the product 
rule): 

Equation 16 

At each pyramid level, the transformation parameters are 
determined using an iterative optimization method Such as 
those described in Press NUMERICAL RECIPES IN C, which 
conclude when a termination condition is met. For example, 
a termination condition may be met if little or no progreSS is 
being made in decreasing x in Subsequent iterations, or if a 
predetermined limit of time or number of iterations is 
exceeded. The Solution at each layer is used as the initial 
estimate for the Solution at the next higher resolution layer 
until the solution is found for the highest resolution layer of 
the pyramids. The value of x between the images is tracked 
as the method proceeds, and the covariance matrix of the 
parameters is available from the Singular value decomposi 
tion. 
5. Output Rendering 

Referring to FIG. 1, once transformation parameters are 
determined for the pairs of overlapping Source images, the 
image data from the Source images can be reprojected onto 
an output plane to form the output image (step 150). 
Referring also to FIG. 6, a prerequisite to the rendering of 
the output image is to transform all input images (which 
have, to this point, been related only to one other by a Set of 
pairwise transformations) into a single, common output 
Space (step 600). A image may be arbitrarily chosen as a 
“transform reference image', whose coordinate System is 
chosen as the output space for this part of the process (Step 
610). Each other image will be positioned relative to this 
image, that is, each other image is transformed to the Space 
of the transform reference image (step 620). Once the other 
images are transformed, the output image is rendered based 
on the physically realizable Solution of the transformation 
(step 630). 

Referring to FIG.7, choosing a relative transform for each 
image to the transform reference image is a process of 
finding a path via the pairwise relations from the image to 

15 

25 

35 

40 

45 

50 

55 

60 

65 

12 
the transform reference image (step 700). Local transforms 
from the pairwise relations are accumulated (with matrix 
multiplication) along the path to produce the complete 
transform to the Space of the transform reference image (Step 
710). A given image can frequently be transformed into the 
Space of the transform reference image through Several 
pathways. 

Referring to FIG. 4, each of images A, B, and C overlap, 
So there are pairwise relations between A and B, A and C, 
and B and C. If A is chosen to be the transform reference 
image, the transform of B into the output Space may be 
determined using either the Single path B to A, or with the 
composite path B to C then C to A. 

If the all the pairwise transforms contain no error, then 
different paths between two images should yield the same 
output space transformation (step 720). In the presence of 
error, however, Some paths may be better than others. Rather 
than selecting between multiple paths arbitrarily (step 730), 
it is helpful to try to determine which path is likely to be the 
most accurate (step 740). 

Referring to FIG. 8, a simple way to do this is to constrain 
the input images to have Some easily analyzed topology 
(block 800). For example, if all the images overlap sequen 
tially in the order of input, the pairwise relations between 
adjacent images can be used. 
Another technique that does not depend on prior knowl 

edge of the topology is based on the generation of a 
minimum spanning tree from the graph of images, where the 
cost of each link is the negative of Some confidence metric 
of that link (block 810). A minimum spanning tree is defined 
on a connected graph where each edge has a Specified cost, 
and is the acyclic connected Subset graph that has the lower 
cost Sum. A discussion and algorithm for generating the 
minimum spanning tree is in SEDGEWICK, ALGORITHMS, pp. 
452-61 (2d ed. 1988). The process removes pairwise rela 
tions So that there is exactly one path between any two 
images. Furthermore, the Sum of the confidence metrics of 
the remaining pairwise relations is at least as high as any 
other Spanning tree. 
One confidence metric used is the number of pixels of 

overlap between each pair of images. Other confidence 
metrics can be employed including those based on the result 
of the projective fit. 

If all overlap relations are specified, running the minimum 
Spanning tree algorithm eliminateS paths that have leSS 
aggregate overlap and are thus less likely to generate an 
accurate result. 

Referring to FIG. 9, image data reprojection onto an 
output space 900 is not limited to reprojection onto output 
planes 910, which are theoretically limited to containing less 
than a 180 degree field of view and are practically limited to 
about 120 degrees to avoid objectionable perspective effects. 
Other projections, such as into cylindrical 920 or azimuthal 
930 coordinates, introduce distortion but can effectively 
display fields of View approaching or exceeding 180 
degrees. The entire gamut of map projections, which are 
normally used to display the outer surface of a sphere 940, 
can be used. Map projections are described in greater detail 
in articles such as Peter H. Dana’s article, Map Projection 
Overview, available at http://www.utexas.edu/depts/grg/ 
gcraft/noteS/mapproj/mapproj.html. 
One possible reprojection is to project the output image 

onto the interior faces of a cube 950. An interactive pan 
oramic viewer with no view direction constraints can be 
created by rendering a cube using those projections as 
texture maps. This viewing mechanism can be directly 
accelerated by using hardware designed for three 
dimensional applications. 
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If the overlapping portions of image data in the Source 
images match exactly (for example, in content, brightness, 
and color), any blending technique may be used to create 
image data for the output image in the overlapping portions. 
In general, however, the images will differ noticeably (even 
when camera and lens Settings are identical), which Suggests 
using a blending technique that increases the consistency 
between pixels of overlapping portions of the images, as 
well as in the Surrounding portions. One Such technique uses 
a weighted average of pixel data from Source imageS as the 
pixel data for the output image, where the weight accorded 
to data from a pixel of a particular image is proportional to 
the distance of that pixel to the edge (in both dimensions) in 
that image. 

Output rendering may be inverse or forward. Inverse 
rendering evaluates each Source image to determine data for 
a pixel in the output image, determining which Source 
images contribute to a specific output pixel, Summing 
weighted pixel data from appropriate Source images, nor 
malizing to a unit weight, and Storing the result, then moving 
to the next output pixel. Forward rendering evaluates each 
Source image just once to determine data for the pixels of the 
output image by transforming data for each Source image 
pixel and accumulating weighted data and the weights into 
buffers for the output image. After evaluating all Source 
images, the weighted Sums for the output image data are 
normalized to a unit weight. 

If desired, the invention may interface with hardware or 
Software capable of rendering textured polygons to acceler 
ate the rendering process. Each image can be converted into 
a texture map, and a rectangle enclosing the image extent 
and transformed with the transformation parameters can be 
passed to the renderer. 
6. Making Transformations Globally Consistent 
AS noted above, a potential problem in creating final 

renderings results from the fact that the above transforma 
tions are determined only on a pairwise basis. For example, 
the transformations between overlapping Source images A, 
B, and C are Supposed to be invertible (MA=MA') and 
transitive (MAM=MA) However, because the transfor 
mation parameters are typically not perfectly estimated, the 
invertible and transitive properties may not be Satisfied. 
Often the relationship between two images can be deter 
mined through more than one path. For example, if image A 
overlaps image B, image B Overlaps image C, and image A 
overlaps image C, as shown in FIG. 4, possible paths from 
A to C include MA, and MAM. Selecting just one path 
can cause poor results when the relationship is not the most 
direct one. This is particularly evident when the image 
Sequence forms a large loop, as it does when constructing 
fully circular views. The mapping error builds up between 
the Successive combinations of images in the loop, often 
with the result that a visible mismatch exists between the last 
image and the first image. 

It is possible to satisfy the invertible and transitive con 
Straints by estimating all mappings Simultaneously, but this 
is very expensive computationally. This would require con 
Structing a composite error function of all pairwise relations, 
and Solving over a large dimensional space (the number of 
degrees of freedom times the number of pairwise relations). 
An alternative is to treat the transformation parameters 

computed on a local basis as being estimates for the global 
parameters. When a data Set is fit to an analytic model using 
a chi-squared minimization, the Hessian matrix at the 
parameter values found by the fit is the inverse of the 
covariance matrix for the fitted parameters. (See PRESS ET 
AL, NUMERICAL METHODS IN C pp. 540-47.) The covariance 
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matrix is a characterization of the distribution of the param 
eter estimate, and thus may be used directly to determine the 
likelihood that the actual parameter values are within Some 
Specified epsilon of the estimated values, assuming a mul 
tivariate normal distribution. Expressed slightly differently, 
the covariance matrix can be used as a measure of the 
relative confidence in the estimate of each parameter value. 
The global parameters are derived by adjusting the esti 

mates to Satisfy the global constraints in a way that changes 
high confidence estimates less than low confidence esti 
mates. ASSuming that the distribution is the multivariate 
normal distribution, the probability distribution is propor 
tional to: 

(See PRESS ET AL, NUMERICAL METHODS IN C p. 554.) The 
global constraints may be Satisfied by maximizing this 
probability, or equivalently (because the negative exponen 
tial is monotonically decreasing), by minimizing the term: 

where the Sum is over the image pairs, P. is the unknown 
vector of mapping parameters for pair I, P is the locally 
computed estimate for the mapping parameters for pair I, 
and C, is the inverse covariance matrix of the parameters 
for pair I. This Second formulation may also be interpreted 
as minimizing the Squared distance from the estimate mea 
sured in “units” of standard deviation. While this approach 
Still results in a large dimensional Space, it does not require 
the composite error function of all pairwise relations. 

For a single loop of n images, we can compactly express 
the global constraint as the identity transform: 

. M., 1...M., 1= Equation 17 

Additional constraint terms can be added for additional 
loops that exist in the Source images. 

Constrained optimization problems of this type can be 
Solved using Lagrangian multipliers, Setting the partial 
derivatives with respect to each parameter and 2 of the 
following expression to Zero, and Solving the resulting 
System of equations. 

X. (p; - p.)C (p; - p.) + AIM1.2 M23...M, I.M. - III Equation 18 
i 

Finding and rendering the images with those parameters 
distributes the error acroSS all the image pairs. 

Other embodiments are within the scope of the following 
claims. 
What is claimed is: 
1. A computer-implemented method for combining two 

dimensional Source images that have overlapping portions 
and are taken from a Substantially common camera location, 
each Source image represented by a corresponding digital 
data Set of three-dimensional camera parameters that define 
a position of the camera relative to the Source image that is 
Viewed from the camera, the method comprising: 

for each pair of overlapping Source images to be com 
bined: 
determining three-dimensional transformation param 

eters defining a mapping between a first image Space 
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corresponding to one of the Source images digital 
data Set and a Second image Space corresponding to 
the other of the Source images digital data Set, the 
mapping describing a reorienting of the camera from 
one of the Source images to the other of the Source 
images, and 

creating an output data Set representing a two 
dimensional output image by combining the digital 
data Sets representing the pair of Source images in 
accordance with the determined three-dimensional 
transformation parameters and by transforming the 
Source images into a common output Space by find 
ing a path from a Source image Space to an output 
image Space based on the determined three 
dimensional transformation parameters, 

in which finding a path includes choosing a path that is 
more accurate than other paths. 

2. The method of claim 1, wherein the Source images 
overlap by at least around 20%. 

3. The method of claim 1, wherein the three-dimensional 
transformation parameters describe a camera orientation, 
distances between the camera and the Source images, and a 
distance between the camera and the output image. 

4. The method of claim 1 further comprising projecting 
the created data Set into an output image Space. 

5. The method of claim 4 in which the output image space 
corresponds to one of the Source image Spaces. 

6. The method of claim 4 in which the output image Space 
corresponds to a Space different from the Source image 
SpaceS. 

7. The method of claim 1 further comprising correcting 
one or more of the Source images to improve matching of 
overlapping portions of the Source images. 

8. The method of claim 7 in which image correction 
comprises correcting for nonuniform magnification. 

9. The method of claim 7 in which image correction 
comprises correcting for nonuniform Scaling. 

10. The method of claim 7 in which image correction 
comprises normalizing brightness. 

11. The method of claim 7 in which image correction 
comprises varying a focus. 

12. The method of claim 7 in which image correction 
comprises correcting for Vignetting. 

13. The method of claim 1 in which determining three 
dimensional transformation parameters comprises creating a 
Gaussian pyramid for each pair of Source images. 

14. The method of claim 1 in which determining three 
dimensional transformation parameters comprises perform 
ing non-linear optimization corresponding to an alignment 
of Source images. 

15. The method of claim 14 in which non-linear optimi 
Zation comprises minimizing an error function. 

16. The method of claim 1 in which the common output 
Space comprises any of a planar, cylindrical, azimuthal, 
cubical, or spherical Space. 

17. The method of claim 1 in which transforming the 
Source images into a common output Space comprises 
Selecting, from among a plurality of paths, a path from a 
Source image Space to an output image space based on the 
determined three-dimensional transformation parameters. 

18. The method of claim 1 in which a determined three 
dimensional transformation between first and Second Source 
image Spaces and an output Space comprises no more than 
five degrees of freedom. 

19. The method of claim 1 in which the created output 
data Set is constrained to be physically realizable. 

20. A memory device Storing computer readable instruc 
tions for aiding a computer to combine two-dimensional 
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16 
Source images that have overlapping portions and are taken 
from a Substantially common camera location, each Source 
image represented by a corresponding Set of digital data of 
three-dimensional camera parameters that define a position 
of the camera relative to the Source image that is viewed 
from the camera, the memory device comprising instruc 
tions to perform the following operations: 

for each pair of overlapping Source images to be com 
bined: 
determine three-dimensional transformation param 

eters defining a mapping between a first image Space 
corresponding to one of the Source images digital 
data Set and a Second image Space corresponding to 
the other of the Source images digital data Set, the 
mapping describing a reorienting of the camera from 
one of the Source images to the other of the Source 
images, and 

create an output data Set representing a two 
dimensional output image by combining the digital 
data Sets representing the pair of Source images in 
accordance with the determined three-dimensional 
transformation parameters and by transforming the 
Source images into a common output Space by find 
ing a path from a Source image Space to an output 
image Space based on the determined three 
dimensional transformation parameters, 

in which finding a path includes choosing a path that is 
more accurate than other paths. 

21. An apparatus to combine two-dimensional Source 
images that have overlapping portions and are taken from a 
Substantially common camera location, the apparatus com 
prising: 

a Storage medium to Store overlapping Source images, 
each Source image represented by a corresponding Set 
of digital data of three-dimensional camera parameters 
that define a position of the camera relative to the 
Source image that is viewed from the camera; and 

a processor operatively coupled to the Storage medium 
and configured to perform the following operations: 

for each pair of overlapping Source images to be com 
bined: 
determine three-dimensional transformation param 

eters defining a mapping between a first image Space 
corresponding to one of the Source images digital 
data Set and a Second image Space corresponding to 
the other of the Source images digital data Set, the 
mapping describing a reorienting of the camera from 
one of the Source images to the other of the Source 
images, and 

create an output data Set representing a two 
dimensional output image by combining the digital 
data Sets representing the pair of Source images in 
accordance with the determined three-dimensional 
transformation parameters and by transforming the 
Source images into a common output Space by find 
ing a path from a Source image Space to an output 
image Space based on the determined three 
dimensional transformation parameters, 

in which finding a path includes choosing a path that is 
more accurate than other paths. 

22. A computer-implemented method for combining two 
dimensional Source images that have overlapping portions 
and are taken from a Substantially common camera location, 
each Source image represented by a corresponding digital 
data Set of three-dimensional camera parameters that define 
a position of the camera relative to the Source image that is 
Viewed from the camera, the method comprising: 
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for each pair of overlapping Source images to be com 
bined: 
determining three-dimensional transformation param 

eters defining a mapping between a first image Space 
corresponding to one of the Source images digital 
data Set and a Second image Space corresponding to 
the other of the Source images digital data Set, the 
mapping describing a reorienting of the camera from 
one of the Source images to the other of the Source 
images, and 

creating an output data Set representing a two 
dimensional output image by combining the digital 
data Sets representing the pair of Source images in 
accordance with the determined three-dimensional 
transformation parameters and by transforming the 
Source images into a common output Space by find 
ing a path from a Source image Space to an output 
image Space based on the determined three 
dimensional transformation parameters, 

in which finding the path comprises constraining 
parameters of the Source images. 

23. A computer-implemented method for combining two 
dimensional Source images that have overlapping portions 
and are taken from a Substantially common camera location, 
each Source image represented by a corresponding digital 
data Set of three-dimensional camera parameters that define 
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a position of the camera relative to the Source image that is 
Viewed from the camera, the method comprising: 

for each pair of overlapping Source images to be com 
bined: 
determining three-dimensional transformation param 

eters defining a mapping between a first image Space 
corresponding to one of the Source images digital 
data Set and a Second image Space corresponding to 
the other of the Source images digital data Set, the 
mapping describing a reorienting of the camera from 
one of the Source images to the other of the Source 
images, and 

creating an output data Set representing a two 
dimensional output image by combining the digital 
data Sets representing the pair of Source images in 
accordance with the determined three-dimensional 
transformation parameters and by transforming the 
Source images into a common output Space by find 
ing a path from a Source image Space to an output 
image Space based on the determined three 
dimensional transformation parameters, 

in which finding the path comprises generating a mini 
mum Spanning tree. 

k k k k k 
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