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ABSTRACT
Prior research efforts have been focusing on using BCH codes
for error correction in multi-level cell (MLC) NAND ash
memory. However, BCH codes often require highly parallel
implementations to meet the throughput requirement. As a
result, large area is needed. In this paper, we propose to use
Reed-Solomon (RS) codes for error correction in MLC ash
memory. A (828, 820) RS code has almost the same rate and
length in terms of bits as a BCH (8248, 8192) code. More-
over, it has at least the same error-correcting performance in
ash memory applications. Nevertheless, with 70% of the

area, the RS decoder can achieve a throughput that is 121%
higher than the BCH decoder. A novel bit mapping scheme
using Gray code is also proposed in this paper. Compared
to direct bit mapping, our proposed scheme can achieve 0.02
dB and 0.2dB additional gains by using RS and BCH codes,
respectively, without any overhead.

Index Terms� Reed-Solomon codes, BCH codes, VLSI
architecture, ash memory

1. INTRODUCTION

The increasing demand for non-volatilemulti-media andmass
data storage has created the need for low-cost and high-capacity
ash memories. In recent years, multi-level cell (MLC) ash

memories [1, 2] have been developed as an effective solu-
tion for increasing the storage density and reducing the cost
of ash memories. In MLC ash memories, multiple bits are
stored per memory cell by programming each cell with mul-
tiple threshold levels. The reduced spacing between adjacent
threshold levels signi cantly degrades the reliability of ash
memories. To ensure data integrity, error-correcting codes
(ECC) need to be employed in these memories. Traditionally,
single-bit error-correcting codes, such as Hamming codes, are
used for single-bit cell (SBC) ash memories. For MLC ash
memories, especially for NAND ash memories which have a
large page size, e.g. 8K bits, single-bit error-correcting codes
are no longer suf cient.

Several works [2, 3, 4] have proposed to use strong Bose-
Chaudhuri-Hocquenghem(BCH) codes forMLCNAND ash
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memories. BCH codes provide a wide range of error-correcting
capability and support exible code length through the short-
ening process. Ef cient decoding algorithms, such as the
Berlekamp-Massey algorithm (BMA) [5] and Euclid algo-
rithms, exist for decoding BCH codes. However, the large
page size of NAND ash memories demands codes of long
length. Hence, the binary BCH codes to be used in NAND
ash memories are constructed over nite elds of very large

order. Consequently, highly parallel implementations are nec-
essary in order to meet the decoding speed requirement. As a
result, large area is required for the decoder implementation.

In this paper, we propose to use Reed-Solomon (RS) codes
for error correction in NAND ash memories. RS codes are
good at correcting burst errors since they are non-binary codes
constructed over extension elds. For a RS code constructed
over , if a symbol error can be corrected, then all the

bit errors in this symbol are corrected. From simulations,
it was found that the errors in ash memory applications are
random errors, i.e. errors happen one bit at a time, if proper
bit mapping is used. Although the burst error-correcting ca-
pability of RS codes is wasted by having a -symbol error-
correcting code to correct random bit errors, the RS de-
coder has much lower complexity than the decoder of a -bit
error-correcting BCH code with about the same code rate and
length in terms of bits. The major reason is that in order to
construct a code of the same bit length, the required order of
the nite eld for RS codes is much smaller than that required
for BCH codes. Hence, the syndrome computation in RS de-
coding involves much less number of coef cients and Chien
search needs to try much smaller number of nite eld ele-
ments. Accordingly, much smaller parallel processing factor
is required by the RS decoder to achieve a given throughput.
Smaller parallel processing factor translates to smaller num-
ber of computational units. As a result, RS decoders require
much less area than BCH decoders, despite the extra step of
error magnitude computation. As an example, a (828, 820)
RS code constructed over and a binary (8248, 8192)
BCH code constructed over are selected to correct
4 bit errors in an 8K data block for ash memories. It can
be computed that with 70% of the area, the RS decoder can
achieve 121% higher throughput than the BCH decoder.
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Another contribution of this paper is that, for the rst time,
a Gray code-based mapping scheme is proposed to map the
multi-level voltage value in a memory cell to binary numbers.
Compared to the direct mapping scheme that was employed
previously, our scheme can achieve 0.02dB and 0.2dB coding
gains for the (828, 820) RS code and (8248, 8192) BCH code,
respectively, without any overhead.

This paper is organized as follows. Our proposed bit map-
ping scheme is presented in Section 2. This section also de-
scribes the simulation setups. Section 3 presents the decoder
design for RS codes and BCH codes. Complexity analyses
and comparisons for the two decoders are provided in Section
4. Section 5 draws conclusions.

2. FLASHMEMORY MODELS AND GRAY
MAPPING

2.1. Modeling of Cell Threshold Voltage inMulti-level Flash
Memory
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Fig. 1. Cell threshold voltage distribution model for 2-
bits/cell MLC ash memories

Table 1. Mean and deviation for the threshold voltage levels
in a 2-bit/cell MLC ash memory

Level 3 2 1 0
Direct Mapping [1] 11 10 01 00

Gray Mapping (This paper) 00 10 11 01
Mean (V) 0 3.25 4.55 6.5

Deviation (V)

The threshold voltage distributionmeasurement results for
2-bit/cell MLC ash memories are given by Intel in [1]. For
simulation purpose, we use an approximate simulation model
[3] shown in Fig. 1. Each of the four threshold levels follows
a Gaussian distribution. The mean values and deviations of
the four threshold levels are listed in Table 1.

2.2. Gray Mapping and Detection

For 2-bit/cell MLC ash memories, data are grouped into 2-
bit pairs, and each pair is mapped to one of the four threshold
levels. In prior works, a direct mapping scheme is used. In
the direct mapping scheme, the bits mapped to a threshold
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Fig. 2. BER performance for 2-bit/cell MLC ash memories

level are the binary representation of the threshold number,
as shown in Table 1. From Fig. 1, when errors happen, it
is more likely that a voltage level will be taken as one of its
adjacent levels in the detector. In addition, the two voltage
levels in the middle have both bits different. Hence two bit
errors will happen if one of the middle voltage levels is taken
as another by mistake. Alternatively, Gray codes can be used
for the bit-mapping. As a result, adjacent voltage levels have
only one different bit as shown in Fig. 1, and bit error rate
(BER) can be reduced. Fig. 2 shows some simulation re-
sults of BERs for using BCH and RS codes in ash memory
applications. In our simulations, the decision threshold for
signal detection is set to a voltage, whose distances from the
two adjacent means are proportional to the corresponding de-
viations. Accordingly, the three decision thresholds are set
to 2.6V, 3.9V and 5.2V. As it can be observed from Fig. 2,
around 0.2 dB coding gain can be achieved by the BCH code
at BER of if Gray code mapping is used. The coding
gain can be achieved by the RS code using Gray mapping is
only 0.02 dB. The coding gain for RS codes is trivial because
RS codes are symbol-based. In most of the cases, the two
bit errors resulted from taking one voltage level in the middle
as another by mistake are located in one symbol and can be
corrected. Despite the small coding gain for RS codes, the
employment of Gray mapping does not require any overhead.

3. ARCHITECTURES FOR RS AND BCH
DECODERS

In [2, 3, 4], binary BCH codes are employed for error cor-
rection in MLC ash memories. To protect a page size of
8K bits, a (8248, 8192) BCH code is used. This code is a
shortened 4-bit error correcting (16383, 16327) BCH code
constructed over . To shorten an systematic
code, message bits/symbols can be deleted. The resulted
shortened code is an code. RS codes can be
also employed for error correction. From Fig. 2, it can be
observed that the (828, 820) RS code can achieve similar or
higher coding gain than the (8248, 8192) BCH code. The
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(828, 820) RS code is a shortened 4-symbol error correcting
(1023, 1015) RS code constructed over . In addition,
compared to the (8248, 8192) BCH code, the (828, 820) RS
code has about the same rate and code length in terms of bits.

No prior work has compared the complexity of RS and
BCH decoders. In the remaining of this section, the decoder
complexity for the BCH and RS codes are compared. The
algebraic decodings of RS and BCH codes share three major
steps: (a) syndrome computation; (b) key equation solver; (c)
error location computation using the Chien search. In addi-
tion, since RS codes are non-binary, an extra step is required
to determine the error magnitudes using Forney�s algorithm.
The overall decoder architecture is illustrated in Fig. 3.
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Fig. 3. RS/BCH decoder architecture

The decoding of a shortened code can be accomplished
by the same circuit used for the unshortened code with minor
modi cations. Hereafter, we consider the decoder architec-
ture for primitive -error correcting code constructed
over , where . The architecture modi -
cations for the shortened codes will be described when neces-
sary. Throughout this paper, the parameters , , and de-
note bit numbers and symbol numbers in the context of BCH
codes and RS codes, respectively.

3.1. Syndrome Computation

The received bits/symbols can be considered as the coef -
cients of a degree polynomial . The
rst step of the decoding is to compute the syndrome val-

ues, i.e. evaluate over consecutive nite eld elements
starting from :

where is a primitive element of the nite eld and is
an integer. These consecutive elements are roots of the
generator polynomial of the BCH or RS code.

Applying the Horner�s rule, each syndrome can be com-
puted by using a recursive architecture as shown in Fig. 4a,
which includes a constant nite eld multiplier and an adder.
In the RS decoder, such units are required to compute
syndromes in parallel. In this case, constant nite eld
multipliers and adders are required. One clock cycle is
required to process each received symbol. In shortened RS
codes, the deleted message symbols can be considered as zero.
Hence only clock cycles are required to compute the
syndromes.
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Fig. 4. Syndrome computation: a) serial architecture b) -
parallel architecture

For binary BCH codes, the syndrome computation can
be simpli ed by using the property that . Tak-
ing , only syndromes need to be computed explicitly
and the rest can be derived through simple squaring compu-
tations [5]. However, the number of coef cients in for
the (8248, 8192) BCH decoding is much larger than that in
the (828, 820) RS decoding. Hence, higher level of parallel
processing needs to be employed in the BCH syndrome com-
putation in order to achieve the same throughput as the RS
decoder. A -parallel processing syndrome computation unit
[6] is shown in Fig. 4b, where received bits are input at each
clock cycle and weighted before the recursive summation. If
-parallel processing is employed, then the syndrome compu-
tation for BCH decoding requires constant multipliers,
2-input adders and squarers. In addition, since each input
is binary, the constant multipliers in the dashed block in Fig.
4b can be replaced by directly wiring the inputs to the adder
according to the nonzero bits in the co-
ef cients. Further area reduction can be achieved by applying
substructure sharing [7] among all constant multipliers in the
syndrome computation using the iterative matching algorithm
(IMA)[8]. This optimization depends on the nite eld order
and the irreducible polynomials used for eld construction.

3.2. Key Equation Solver

Assume errors occurred in the received data. The key equa-
tion solver step nds the error locations . This
is achieved by making use of an error locator polynomial de-
ned as

where is a primitive element. It can be derived that

(1)

for . In addition, for RS codes, an error magnitude
polynomial is calculated in this step. De ne the syn-
drome polynomial as ,

is the polynomial that satis es the following condition:
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Ef cient algorithms, such as BMA, exist to compute
and . Starting from , the BMA constructs the
iteratively to satisfy one more equation described by (1) each
time. In each iteration, a discrepancy value
is rst computed. If it is not zero, then the is modi ed
by making use of a correction polynomial to make the dis-
crepancy zero. It can be observed that the computation of the
discrepancy involves polynomial convolutions. In addition,
the updating of depends on the discrepancy. There-
fore, long latency is required in each iteration loop. To in-
crease the speed, a reformulated inversion-less BMA (RiBM)
[9] has been proposed. The RiBM algorithm introduces a dis-
crepancy polynomial to calculate the discrepancy value recur-
sively. Moreover, it breaks the dependency between the error
locator polynomial and the discrepancy. As a result, the coef-
cients of both polynomials can be updated simultaneously in

each iteration. The RiBM algorithm leads to a simple control
scheme and a systolic architecture, which has process-
ing elements (PEs) with one multiplier and one adder in the
critical path. To reduce the area, the RiBM architecture can
be folded by a factor of and use only one PE [10]. The
folded architecture is shown in Fig. 5.
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Fig. 5. Ultra folded RiBM architecture [10]

In the architecture shown in Fig. 5, the syndromes are
loaded into the rst registers in both rows at the beginning.
The rest of the registers are initialized as �0� except that the
rightmost registers in both rows are initialized as �1�. Since

iterations are required and each iteration takes clock
cycles, the key equation solver step for RS decoding requires

clock cycles. After clock cycles,
the coef cients of and are available in rst
and the following registers, respectively, in the top row.
Here satis es . Al-
though does not equal , it has the same evalu-
ation values on as . These evaluation values are
what actually needed to compute the error magnitudes in the
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Fig. 6. Architecture for Chien search and error magnitude
computation

Forney�s algorithm. For the detailed description of this archi-
tecture, the interested reader is referred to [9, 10]. The critical
path of this architecture has one multiplier, one adder and one
multiplexor.

For binary BCH codes, the discrepancy is always zero
in each odd iteration. Hence, all the odd iterations can be
skipped and only iterations are required [5]. In addition,
since does not need to be computed, only registers
are required in each row in Fig. 5 and each iteration takes
clock cycles [4]. Therefore clock cycles are
required for the key equation solver step in BCH decoding.

3.3. Chien Search and Forney�s algorithm

After is computed, the error locations can be found through
computing the roots of . Root computations over nite
elds can be carried out by Chien search, which is based on

exhaustive search. In addition, RS decoding requires an ad-
ditional step to determine the error magnitudes. The Forney�s
algorithm can be used to calculate the error magnitude for the
error located at position :

(2)

In (2), is the
sum of the odd degree terms of . It can be directly ob-
tained during the computation of . Since the error magni-
tude polynomial from the RiBM algorithm satis es

, is used instead of
in (2), the term can be eliminated by setting .
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The architecture for the Chien search and error magnitude
computation in RS decoding is shown in Fig. 6. In this archi-
tecture, are the coef cients of . The
upper part of this architecture carries out the Chien search and
the lower part is for the error magnitude computation. The
evaluations of the even terms and odd terms of are done
by the upper left and right parts, respectively. Then the out-
puts of these two parts are added up. If the sum is zero, it in-
dicates that a root has been found. Since the evaluation values
of the odd terms are the evaluation values of the denominator
in (2), the output of the upper right part can be directly used
in the error magnitude computation. From (2), the Forney�s
algorithm requires one nite eld inversion. To reduce the
area requirement of inversion, composite eld arithmetic can
be employed [11]. In addition, since the inversion is located
in a feed-forward path, pipelining can be applied to reduce
the length of the critical path. The hardware complexity for
the Chien search and error magnitude computation block is
constant multipliers, 2-input adders, one multiplier and
one inverter. The architecture of Fig. 6 requires the search to
begin with the eld element or 1. Since the roots of
are the reciprocals of the error locations, the error correction
would always begin from the position. One eld ele-
ment is tried in each clock cycle. Hence, clock cycles
are required to nd all the error locations.

In binary BCH decoding, there is no need to compute the
error magnitudes. In addition, the same architecture in the
upper part of Fig. 6 can be used for the Chien search to nd
the error locations. However, since the BCH code is con-
structed over a much larger nite eld than the RS code, a
much larger number of eld elements need to be checked in
the Chien search. Therefore, to achieve the same decoding
throughput, a large parallel processing factor needs to be em-
ployed to the Chien search for BCH decoding. Assuming a
parallel processing factor of is used, the hardware com-
plexity of the Chien search block is constant multipliers
and adders. To further reduce the hardware, sub-
structure sharing can be applied among all the constant mul-
tipliers. In addition, the Chien search can be carried out on

in binary BCH
decoding since the computation of is not re-
quired. In this case, the roots found for are reciprocals
of the roots of . Hence, the computed roots are already
the error locations and the error correction can start from the
position. For shortened codes, there is no need to nd the

errors in the deleted message bits. Therefore, only eld
elements need to be checked in the Chien search. Employing
-parallel processing, the Chien search for the BCH decoding
requires clock cycles.

3.4. Computation Scheduling

From the architectures discussed above, the latencies of both
the syndrome computation and Chien search are proportional

to the code length. On the other hand, the latency for the key
equation solver is proportional to . For the error correction
in MLC ash memories, the error-correcting capability is
much smaller than the code length. Hence, the latencies of
the syndrome computation and Chien search dominate. Ac-
cordingly, although pipelining can be employed to break the
computation of all three steps, pipelining will be only applied
to separate the Chien search step from the others in order to
increase the hardware utilization ef ciency. In this case, the
clock cycle number required for decoding each block is the
maximum of the clock cycle numbers required for syndrome
computation and key equation solver and that of the Chien
search (and error magnitude computation for RS decoding).

4. HARDWARE COMPLEXITY AND THROUGHPUT
COMPARISONS

Table 2 and 3 summarize the gate count and critical path of
each building block except the control block in the (828, 820)
RS decoder and (8246, 8192) BCH decoder, respectively. All
gates in these tables refer to 2-input gates except the single
input NOT gates, and the MUXes refer to 1-bit 2:1 multiplex-
ors. In the (8246, 8192) BCH decoder, a parallel processing
factor of 8 is employed in both the syndrome computation and
Chien search blocks. Multiple irreducible polynomials can be
used to construct and .
and are picked in our design
in order to minimize the hardware complexity.

Table 2. Gate counts and critical paths for the building blocks
in the (828, 820) RS decoder

- Area Critical path
Multiplier 101XOR+100AND 5XOR+1AND
Adder 10XOR 1XOR
Inverter 164XOR+160AND+36OR+5NOT 16XOR+5AND+3OR+1NOT

Syndrome Computation 116XOR -
Key Equation Solver 212XOR+200AND+30MUX 6XOR+1AND+1MUX

Chien Search 50XOR+9OR+90MUX -
Forney algorithm 301XOR+270AND+36OR+5NOT -
Total Gate Count 679XOR+470AND+45OR+5NOT+120MUX 6XOR+1AND+1MUX

Table 3. Gate counts and critical paths for the building blocks
in the (8246, 8192) BCH decoder

- Area Critical path
Multiplier 221XOR+196AND 14XOR+1AND
Adder 14XOR 1XOR
Squarer 21XOR 3XOR

Syndrome Computation 339XOR -
Key Equation Solver 456XOR+392AND+42MUX 15XOR+1AND+1MUX

Chien Search 727XOR+104OR+56MUX -
Total Gate Count 1522XOR+392AND+104OR+98MUX 15XOR+1AND+1MUX

From Table 2 and 3, it can be observed that the multiplier
in requires less than 50% of the area of the multi-
plier in and the critical path is also much shorter.
The major reason is that a trinomial exists as an irreducible
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polynomial for the construction of but not .
As it was mentioned before, the inverter required for the error
magnitude computation in (2) is implemented by using com-
posite eld arithmetic [11]. In addition, the critical path of
the composite eld inverter is almost three times of that in
the overall design. Hence, the inverter is pipelined into three
stages.

As it was mentioned in the previous section, the constant
multipliers for the syndrome computation in BCH decoding
can be replaced by wiring the input bits, and substructure
sharing can be applied among the multipliers. In addition,
the number of syndromes needs to be computed explicitly is
only for a -error-correcting BCH code. After taking these
optimizations into account, the syndrome computation in the
(8246, 8192) BCH decoding still requires more than twice of
the area as that in the (828, 820) RS decoding due to the 8-
parallel processing employed. From Table 2 and 3, it can be
also observed that the key equation solver block in the RS
decoder has much lower complexity than that in the BCH
decoder. This is due to the simpler multipliers in .
The Chien search in the RS decoder has a much smaller area
than the one in BCH decoder. The major reason is that in
the Chien search of BCH decoding, high parallel processing
is employed to search a much larger number of nite eld
elements.

In summary, the overall hardware complexity for a (828,
820) RS decoder is 679 XOR gates, 470 AND gates, 45 OR
gates, 5 NOT gates, 120 MUXes, and 534 registers, the im-
plementation of the (8246, 8192) BCH decoder requires 1522
XOR gates, 392 AND gates, 104 OR gates, 98 MUXes, and
638 registers. Assume that each AND or OR gate occupies
3/4 of the area of an XOR, each NOT gate occupies half of the
area of an XOR, a MUX has the same area as an XOR, and
each register requires about 3 times of the area of an XOR.
The (828, 820) RS decoder occupies 70% of the area of the
(8246, 8192) BCH decoder, despite the extra step required to
compute the error magnitudes using the Forney�s algorithm.

The minimum achievable clock period of both the RS and
BCH decoders is limited by the feedback loop in the key
equation solver block. It contains one multiplier, one adder
and one MUX. Since there are no feedback loops involved
in other parts of the decoder architecture, pipelining can be
employed to have a critical path of one multiplier, one adder
and one MUX. Hence, the critical path of the RS decoder is
about 47% of that in the BCH decoder. The (828, 820) RS
decoder requires 828, 104 and 1024 clock cycles for the syn-
drome computation, key equation solver, Chien search and
error magnitude computation, respectively. The (8248, 8192)
BCH decoder requires 1031, 32 and 1031 clock cycles for
the three decoding steps, respectively. Applying the schedul-
ing scheme mentioned in the previous section, it can be de-
rived that decoding one block of (828, 820) RS code requires
1024 clock cycles, while 1063 clock cycles are required for
the (8248, 8192) BCH code. Accordingly, the RS decoder

can achieve 121% higher throughput than the BCH decoder.
When codes constructed over other elds are considered,

the area and throughput differences may become less if there
is no trinomial that can be used to construct the nite eld for
RS codes. However, it is still expected that, with similar error-
correcting performance, RS codes of similar code rate and
length requires smaller area and can achieve higher ef ciency
in the decoder implementation.

5. CONCLUSION

In this paper, a novel bit-mapping scheme using the Gray code
is proposed. The proposed scheme can achieve additional
coding gain without any overhead. In addition, the complex-
ity of RS codes and BCH codes with similar code rate and
length are compared. It can be concluded that the RS codes
can achieve similar error-correcting performance as the BCH
codes in MLC ash memory applications with lower decod-
ing complexity. Therefore, RS codes are more suitable for
these applications. Future studies will be directed to develop-
ing more ef cient decoders for ash memories applications.
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