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ABSTRACT

Common image interpolation methods assume that the
underlying signal is continuous and may require that
it possess one or more continuous derivatives. These
assumptions are not generally true of natural images,
most of which have instantaneous luminance transi-
tions at the boundaries between objects. Continuity
requirements on the interpolating function produce in-
terpolated images with oversmoothed edges. To avoid
this effect, a wavelet-based interpolation method that
tmposes no continuity constraints is introduced. The
algorithm estimates the regularity of edges by measur-
ing the decay of wavelet transform coefficients across
scales and attempts to preserve the underlying regular-
ity by extrapolating a new subband to be used in image
resynthesis. The algorithm produces noticeably sharper
edges than traditional techniques and ezxhibits an av-
erage PSNR improvement of 2.5dB over bilinear and
bicubic techniques.

1. INTRODUCTION

Traditional image interpolation methods rely on as-
sumptions about the nature of the image being interpo-
lated which are often false in practice. Linear interpola-
tion imposes continuity, bicubic interpolation assumes
continuity of both the signal and its first derivative,
and splines have continuous higher-order derivatives.
Since natural images tend to consist of smooth sections
joined by abrupt discontinuities at object boundaries,
the assumptions implicitly underlying these interpola-
tion algorithms are unrealistic. In practice, assuming
higher-order continuity than is warranted by the origi-
nal image causes the edges and textures to be smoothed
and blurred. This change in visual smoothness is im-
mediately noticeable and perceptually disturbing.

The wavelet transform, however, provides a means
by which the local smoothness of a signal may be quan-
tified; the mathematical smoothness (or regularity) is
bounded by the rate of decay of its wavelet transform
coefficients across scales. The algorithm proposed in
this paper create new wavelet subbands by extrapolat-
ing the local coefficient decay. These new, fine-scale
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subbands are used together with the original wavelet
subbands to synthesize an image of twice the original
size. Extrapolation of the coefficient decay preserves
the local regularity of the original image, thus avoid-
ing the oversmoothing problems associated with tradi-
tional interpolation methods.

The structure of this paper is as follows. Section
2 introduces the concept of Holder regularity and dis-
cusses its relationship with the wavelet transform. The
correlation between wavelet subbands is then used to
motivate the regularity-preserving interpolation algo-
rithm of Section 3. Section 4 examines the results of
this interpolation on natural images.

2. REGULARITY AND WAVELETS

A function f : R — R has Holder regularity (or Holder
exponent) & = n+7 with n € Nand 0 < r < 1 if there
exists a constant K < co such that

If"(y) — f* (@) < Kly— =" Vz,yeR

The Holder regularity essentially indicates the num-
ber of continuous derivatives that a function possesses.
Functions with a large Holder exponent are both math-
ematically and visually smooth, while small Hélder ex-
ponents are associated with relatively rougher func-
tions [1]. The wavelet transform provides a means for
measuring the smoothness of a function in practice.

2.1. Measuring Holder Regularity

The undecimated dyadic wavelet transform is a dis-
cretized version of the continuous-time wavelet trans-
form [2]. It is computed by the filter bank shown in
Figure 1, which projects a signal f(z) onto a set of
translations and dilations of a mother wavelet ¥(z):

Yri(z) = (2 ~ 1),
where the scale k and the offset [ are integers.

A signal has Holder exponent r if there exists a finite
constant K such that the wavelet transform coefficients
wi,t = (f,Yr,1) satisfy

fwn | < C27H+D) (1)
for all scales k¥ € Rt and all translations ¢ € R [3].
This theorem characterizes the regularity of a function
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FIGURE 1: Undecimated Dyadic Wavelet Transform Filter Bank

33

54

S5

oy
“r

f@

FIGURE 2: Wavelet Decomposition of a Step Edge f(z)

by the decay of the magnitude of its wavelet transform
coefficients across scales. As such, it can be used to
explain the similarities between scales that appear in
multiresolution image processing.

2.2. Correlation Between Scales

Early research in multiresolution image processing [4]
indicated the presence of similarly-shaped but different-
ly-sized features at several scales simultaneously, as il-
lustrated in Figure 2. Smoother functions exhibit more
similarity between scales.

These similarities can be mathematically quantified
by using the decay theorem of Equation (1). It can be
shown that the correlation between the wavelet sub-
bands at scale 2™ and 2" is bounded by

|Corr(spm, 8,)| < K2 (m+n)(a+3)

2)

This inequality indicates that the similarity between
scales decreases exponentially as the regularity of the
function analyzed increases, an observation that is cor-
roborated by experimental data and the work of other
authors [4, 5]. The similarity of features at different
scales can be used to synthesize a new, fine-scale sub-
band to be used in interpolation.
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3. IMAGE INTERPOLATION

Traditional interpolation methods operate in the time
domain by first interleaving the known samples with
zeros and then lowpass filtering the interleaved sig-
nal to fill in the missing samples. In contrast, the
regularity-preserving interpolation method synthesizes
a new wavelet subband based on the decay of the known
wavelet transform coefficients.

The original image can be considered to be the low-
pass output of a wavelet analysis stage, as shown in
Figure 3. The original image can therefore be input to
a single wavelet synthesis stage along with the corre-
sponding high frequency subbands to produce an im-
age interpolated by a factor of two in both directions.
Creation of these high-frequency subbands is therefore
required for this interpolation strategy.

After an initial, non-separable edge detection, the
unknown high-frequency subbands are created separa-
bly by a two-step process. First, edges with significant
correlation across scales in each row are identified. The
rate of decay of the wavelet coefficients near these edges
is then extrapolated to approximate the high-frequency
subband required to resynthesize a row of twice the
original size. The same procedure is then applied to
each column of the row-interpolated image. The entire
system is illustrated in Figure 3.

3.1. Edge Localization

Suppose that the undecimated wavelet decomposition
of each 1D signal produces wavelet subbands s, s2, .. .,
sz in order from coarsest scale to finest scale (¢f. Fig-
ure 2). To create the new subband s+, strong lumi-
nance changes are first identified by an edge detection
algorithm similar to that in [5]. These edges are then
selectively eliminated from consideration based on the
decay of their wavelet coeflicients across scales. Exper-
imental observations indicate that strong edges achieve
near-equality in (1) and (2). This observation leads to
an efficient method for distinguishing edges in textured
areas from strong edges at object boundaries based on
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correlation between scales [6].

If a series of correlated features converges to a can-
didate edge in spatial location as the scale increases
from s; to s; and the rate of decay of the feature
magnitudes approximates the bound in (1), the edge
is retained for further processing. Edges for which no
convergent sequence of correlated features exist are re-
jected from consideration, since they are most likely
edges occurring in textured areas. For example, the
series of similarly-shaped features in each subband in
Figure 2 corresponds to the step in f(z).

3.2. Coefficient Synthesis

For those edges which are retained, the feature in sub-
band sp -1 is used as a template for creating a feature
in the new subband sz4;. Subband s;_; is used be-
cause the features in the finest scale subband sy tend
to be dominated by noise for typical signals; subband
sz, is the output of the highest-frequency filter in the
analysis filter bank and therefore contains most of the
high-frequency noise in the image. Subband sj_; is
also preferable to coarser scale subbands because the
features are sufficiently localized that they correspond
to a single edge. Features in subbands s; through sy _»
have broad spatial support and often correspond to sev-
eral distinct edges.

The feature in sz—; is scaled by a factor of 1/4 and
copied into the new subband sz41 using a cubic spline
approximation. The location of the scaled feature in
the new subband is determined by extrapolating the
locations of similar features in all the coarser subbands.
The magnitude of the new feature is chosen to satisfy
the bound in (1), where the rate of magnitude decay
is determined by a linear least-squares fit to the loga-
rithms of the coefficient magnitudes. The new subband
is then input to a one-stage wavelet analysis bank along
with the original signal, yielding an interpolated signal
of twice the size.

4. EXPERIMENTAL RESULTS

The regularity-preserving interpolation algorithm main-
tains sharp edges without smoothing, unlike bilinear
and bicubic interpolation. Figure 4 illustrates the vi-
sual differences between these interpolation methods
for a subsection of the Lena image. The wavelet-based

inFe'rpOIE‘l.tion method preserves the s?rong e(%ges of the Tena 273 75 317
original image as well as the texture in Lena’s hat bet-

.. Couple 26.8 27.0 29.6
ter than the other methods. Similar results were ob- -
tained fi ther st d in Lena and for other Mandrill 23.4 23.6 23.8
ained for other strong edges n [ Peppers 553 58 BT

images in the USC image database.
In addition to the striking visual difference, there is
also a significant PSNR difference between the meth-
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ods, as shown in Table 1. These PSNR values were
computed by interpolating an original image subsam-
pled by two and comparing the result to the original
full-sized image. The greatest PSNR improvement was
4.2dB for Lena, an image with many strong edges rel-
ative to the number of textures. The improvement on
Mandrill, however, was a negligible 0.182dB because of
the relative abundance of textures, which, unlike edges,
do not improve significantly with wavelet interpolation.
The average improvement was approximately 2.5dB.

5. CONCLUSION

The wavelet-based interpolation method described in
this paper avoids problems caused by traditional in-
terpolation methods such as bilinear and bicubic inter-
polation. Rather than making assumptions about the
continuity of the underlying signal and its derivatives,
the wavelet-based method computes a measure of local
regularity and preserves this local regularity in the in-
terpolated image. This regularity-based interpolation
results in both perceptual and quantifiable improve-
ment in the interpolated image. The algorithm pro-
vides the most improvement over traditional methods
on images with strong, well defined edges that separate
smooth, high-regularity regions.
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Table 1: PSNRs for Image Interpolation Methods
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