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INTRODUCTION

In many fields using empirical areal data there arises
a need for interpolating from irregularly-spaced data
to produce a continuous surface. These irregularly-
spaced locations, hence referred to as ‘‘data points,”
may have diverse meanings: in meterology, weather
observation stations; in geography, surveyed locations;
in city and regional planning, centers of data-collection
zones; in biology, observation locations. It is assumed
that a unique number (such as rainfall in meteorology,
or altitude in geography) is associated with each data
point.

In order to display these data in some type of con-
tour map or perspective view, to compare them with
data for the same region based on other data points,
or to analyze them for extremes, gradients, or other
purposes, it is extremely useful, if not essential, to
define a continuous function fitting the given values
exactly. Interpolated values over a fine grid may then
be evaluated. In using such a function it is assumed
that the original data are without error, or that com-
pensation for error will be made after interpolation.

In essence, an operational solution to the problem
of two-dimensional interpolation from irregularly-spaced
data points is desired. It is assumed that a finite
number N of triplets (x;, y;, z;) are given, where x;,
y; are the locational coordinates of the data point D,
and z; is the corresponding data value. Data point
locations may not be coincident. An interpolation
function z=f(x,y) to assign a value to any location
P(x,y) in the plane is sought. This two-dimensional
interpolation function is to be ‘‘smooth’ (continuous
and once differentiable), to pass through the specified
points, (i.e., f(x;,y:)=z;), and to meet the user’s intui-
tive expectations about the phenomenon under investi-
gation. Furthermore, the function should be suitable
for computer application at reasonable cost.

EXISTING APPROACHES

Although many solutions to related problems in two-
dimensional interpolation have been in long use, inter-

polation functions making an exact fit for irregularly-
spaced data are rare. When the data points already
form a regular lattice, many solutions are possible.
Among the most significant solutions for a rectangular
grid are fitting a hyperbolic paraboloid to each four data
points by double linear interpolation®, fitting a poly-
nomial to the surrounding 4, 9, 16 or 25 points using
Newton’s divided differences formyla (discussed in2
and3), or employing bicubic spline interpolation? For
a triangular lattice, fitting a plane to each three points
is easy and effective. Downing has developed a com-
puter contouring program which interpolates interven-
ing points from a square lattice, making possible planar
interpolation over a triangular grid.5 If irregular data-
point locations are allowed and continuity is not re-
quired, algorithms such as Tobler's double quadratic
surface interpolation® are possible. Finally, if the inter-
polation function need not fit the given values exactly,
trend surface fitting? may be appropriate to reduce
distortion from possible data error.

Even within the stipulations of continuity and exact
fit, some of the preceding methods for regular data
locations may be extended to irregularly-spaced data,
but they tend to be cumbersome or unduly arbitrary.
One solution is to connect pairs of data points until the
section of the plane containing the data points has
been partitioned into triangles, or a mixture of quadri-
laterals and triangles. Nordbeck and Bengtsson used
triangles, fitting a plane to the three triplets defining
each triangle.8 Fisher used quadrilaterals in the interior
of the region and triangles at the boundary® He em-
ployed double linear interpolation over the quadrilater-
als and planar interpolation over the triangles. These
two solutions are attractive since both are computation-
ally simple once the requisite subdivision of the domain
has been carried out. They involve fitting a collection
of local, easily-evaluated functions to the original data.
A serious drawback is the necessity of forming a net-
work among the points to determine how the domain
for interpolation is to be partitioned. The resulting
interpolation is sensitive to this partition, but no ade-
quate means of establishing it is available. The sugges-
tion (mentioned in®) that the network be chosen to
minimize the sum of the perimeters of the three-and
four-sided sub-domains, has been too complex to follow
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in practice. Even if such a subdivision were to be
found, it might not be unique. The only computer
program to use this partitioning method, SYMAP
Version II1,? required the user to specify the partition
according to somewhat arbitrary conventions. Although
the surface produced by these piecewise interpolation
functions was continuous, its derivative was discon-
tinuous at the boundaries of sub-domains.

An alternative approach, easier for the user and more
elegant, would be to fit a polynomial or trigonometric
function in two variables with enough coefficients so
that it assumes exactly all the data values. Berezin
suggests a general formula for fitting a polynomial of
degree N—1in x and y to N data points.3 . Though it
meets all the criteria, the computations became exceed-
ingly long with large numbers of data points. To find
an interpolated value given 1000 data points, for exam-
ple, would require evaluating and multiplying 999
scalar products of two-dimensional vectors.

Existing methods of two-dimensional exact interpola-
tion are of two types: a single, global function, often
of unmanageable complexity; or a suitably-defined col-
lection of simple, local functions which match appro-
priately at their boundaries. The function developed
in this paper is of the latter type, so constructed that
the sub-domain for each local function is automatically
defined, and the function is continuously differentiable
even at the junctions of local functions.

AN APPROACH USING WEIGHTED AVERAGES

It became clear that a surface based on a weighted
average of the values at the data points, where the
weighting was a function of the distances to those
points, would satisfy the criteria. An initial inverse
distance function was tested; in it the value at any
point P in the plane was a weighted average of the
values at the data points D,.

Let z; be the value at data point D;, and 4 P, D;] be
the Cartesian distance between P and D . Where the
reference point P is understood, d|P,D;] will be short-
ened to d;. The interpolated value at P using this
first interpolation function is:

N
[Zl(di) Tz /[ﬁl dy™) ifd; #0 forall D,
= i=

fl(P)= (u>0)

z; if di=0 for some D,.

Notice that as P approaches a data point D;, d;, =0,

and the /" terms in the numerator and denominator

exceed all bounds while the other terms remain bound-

ed. Therefore lim fi(P) = z as desired, and the
P-D;

function f;(P)is continuous.

Choice of Exponent

Using coordinates P(x,)) and Dy(x;y:;), partial dif-
ferentiation yields:

=

@y (@ (x—xpzdzi=z)

fl.\'(x’y) = I;éj
N
|2 @y

i=1

Replacing (x—x;) by (y—y,)in the above equation gives
the corresponding expression foi {vi(x,y). The partial
derivatives of f, exist at all points. For P in a neigh-
borhood of D,, f,. behaves as (x—x;)(d)**, or as
=(d)«'. Thus for u>1, f,, approaches 0 with x—x;(or
with ) as P- D,.For u=1, both left and right-side
partial derivatives exist; these in general are non-zero
and opposite in sign. For u<1, no derivative exists.
Thus the requirement that the interpolation function
be differentiable necessitates that the exponent exceed
1. Empirical tests showed that higher exponents (u>2)
tend to make the surface relatively flat near all data
points, with very steep gradients over small intervals
between data points. Lower exponents produce a sur-
face relatively flat, with short blips to attain the proper
values at data points. An exponent of =2 not only
gives seemingly satisfactory empirical results for pur-
poses of general surface mapping and description, but
also presents the easiest calculation. In Cartesian coor-
dinates (d)*=1 / [(x=x)’*+(~y)’].

Shortcomings of Pure Inverse-Distance Weighting

Though the above method was sufficiently simple and
general to be quite attractive, it did have several short-
comings.

1) When the number of data points is large, thé¢
calculation of z=f, (P) becomes proportionately
longer. Eventually the method will become in-
efficient or impractical.

2) Only the distances to P from the data points D,,
and not the direction, are considered. Therefore
the following two configurations of co-linear
points, for example, would yield identical inter-
polated values at P:

@ x—-——"x———"—"+-——-——————~ X
Dl D2 P D3
b) x————————~— +-————=-x—-———-—-Xx
D P D, D,

I
If the method is to be intuitively reasonable,
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the value at P in configuration (a) should be
closer to the value at D, than in configuration
(b) and conversely for the value at D,, because
an intervening data point should be expected
to screen the effect of the more distant point.

3) The zero directional derivatives obtained at every
data point D, represent an arbitrary and undesir-
able constraint on the interpolated surface.

4) Computational error becomes significant in the
neighborhood of points D;, as the predominant
term results from the difference of two almost
equal numbers.

IMPROVING THE WEIGHTING FUNCTION

As a solution the basic weighting function discussed
previously was retained, subject to the following modi-
fications and correction terms.

Selecting Nearby Points

Since the above weighting function means that only
nearby data points are significant in computing any
interpolated value, a considerable saving in computa-
tion could be effected by eliminating calculations with
distant data points. As their inclusion tended to make
the surface of higher order, extra points of inflection
could also be eliminated by interpolating from nearby
points only. To select nearby points, either (1) an ar-
bitrary distance criterion (all data points within some
radius r of the point P), or (2) an arbitrary number
criterion (the nearest n data points) could be employed.
The former choice, though computationally easier,
allowed the possibilities that no data points, or an
unmanageably large number of data points, might be
found within the radius r. The latter choice required a
more detailed searching and ranking procedure for
data points, and presupposed that a single number of
interpolating points was best, regardless of the relative
location and spacing of the points. A combination of
the two criteria combined their advantages. In order
that the interpolation work reasonably if the data
points were gridded, a minimum of four data points
was chosen. A maximum of ten was established to
limit the complexity and amount of computation re-
quired. Further, an initial search radius r is established
according to the overall density of data points. If N
is the total number of data points and A4 is the area
of the largest polygon enclosed by the data points, r
is defined such that seven data points are included,
on the average, in a circle of radius r. That is:

art = 7%)

To select and weigh interpolating data points, a col-
lection C’ of data points near P and final search radius

r’ are defined below. First let

Cp = {D,{d,-gr} andn(Cp) = the number of elements
in Cp. Next consider an ordering of the D; by increas-
ing distance from P. The subscripts i; are defined such
that 0<d; <d,,< ... <d,.

Now define
Cg = {Dil’DiZ e e, Di"} (nSN),
and

r' (Cy) = min{d | D, ¢ Cpl =d

Finally, let
Ch  if0O<n(Cp<4

C, = |C» ifa<n(Cp<l10
CY  if 10<n(Cy)
r(Cp) i n(C)<4
andrp =|r if 4<n(C)<10.
r'(Cy)  if 10<n(C)

Unless indicated otherwise, the reference point P is to
be understood and will be omitted from the notation.

In practice, the distance between successive points
P at which the function is to be evaluated is relatively
small compared to the average data-point spacing. Most
pairs C’ and r’ can be operationally defined easily in
terms of the pair for the preceding point.

For a reference point P, new weighting factors s; =
s(d;) may be defined from the following function:

1 . r
7 lfO<dS§
27 d o ,
s@d) =| 7, (7"1)2 ify <d<r

0 if r<d

This function is defined to be continuously differentiable
over all d>0 such that s(d)=0 for d>r'. Since C’ is
defined such that d;<r’ for every D;C’, points out-
side of C’ have a zero weighting and may be excluded
without effect. Thus an interpolation function with
behavior similar to the original function, but much
easier to use for large numbers of data points, is:

[ 2 I(s,-)zz,-] / [Dize:C’(Si)ZI if di#0 for all D;

D,eC

JA(P) = z, if d=0 for some D,
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Including Direction

In order to improve the interpolation it was clear that
a direction factor, in addition to a distance factor, was
needed in defining weightings. Intuitively this repre-
sented the ‘‘shadowing’ of the influence of a data
point from P by a nearer one in the same direction. A
directional weighting term for each data point D; near
P was defined by

_ 5|1 —cos(D,;PD))] S;
= [D?C' ’ ’ ]/[D,Ze:c'{] .

The cosine of the angle D,PD; can be evaluated by the
inner product as

[((x—x) (x=x)) + (=) O—y)] / dd].

Since for all angles 6, —1<cos(@)<1, it follows that
0<#<2. If other data points D; are in roughly the
same direction from P as D;, then the (l-cos) factors
are near zero and ¢ is near zero. If, on the other
hand, the other data points are roughly opposite P
from D,, then the (l-cos) factors and hence ¢ are
near 2.

The cosine function was used as the measure of direc-
tion both because of appropriateness and computational
ease. The distance weighting factor s; is included in the
numerator and denominator because points near P
should be more important in shadowing than distant
points. Counting direction, a new weighting function
w; = (5,)° X (1+¢t) may be defined. The latest version
of the interpolation function is:

[ wzi) / 1 )5 wil if d#0 for all D,
D,‘GC’

H(P) = i€C’

Z; if d;=0 for some D;

Determining-Slope

Despite the foregoing modifications to the weighting
function, it should be recalled that for P sufficiently
near some data point D; (d; is small), s; will equal o'
and w; will vary asd, 73 as in the original interpolation
function. As before, the interpolated surface will still
have zero gradient at every D,. To correct this unde-
sirable property, increments were added to the function
values at nearby data points so that the interpolated
surface would achieve desired partial derivatives at D;.

First, constants A; and B; are determined for each
data point D; representing the desired slope in the x
and y directions at D;. A; and B, are weighted aver-
ages of divided differences of z about D;. Let C;//' =
Cp; —{Di}. Then

2 W; _(Zi"zi) (xi—XQ

DieC}’ (d D, D))y
Ai =
2 7’ wj
DjGC,'
and
L ow G0
DjGC,U (d[Dj, D,’])2
B,' =
2 vy Wi
DjEC,' 4

Next, a parameter v with the dimension of distance is
defined based on the total range of the z; and the
desired slopes:

v = 0.1[max{z; }— minfz}] / [max{(47+BHF .

This parameter will bound the maximum effect the slope
terms may have on the final interpolated value of z.
The factor of 0.1 represents an arbitrary choice for
applications to contour mapping with a contour inter-
val of one-fifth the range of z;. The effect of slope
terms will be limited to one-half the contour interval.
To include the effect of slope in interpolating a value
at Px,y) an increment Az; is computed for each
D; € C, as a function of P.

8z, = [A(x—x) + B 0=y)l5 7]
Let P move along a straight line away from D; and
consider the effect on Az, The factor of vad, was
inserted because it decreases monotonically from 1 to

0 as d; increases from O to «, behaving like d;' for
large d;. Thus, regardless of d;, for any data point D;

| Az;| < 0.1[max{z;} — min{z}]

as desired. Also, evaluating the partial derivatives at
D, gives

it
&

3 =
3} (Azl) - A,'
X=X;
Y=Ji

and 2 (Az)
3y X=X;
Y=Yi

Thus the interpolation function defined below will give
the desired partial derivatives 4; and B,- at D; and
behaves otherwise like f;.
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[ X wilzi+az)l / [ 3 w) if di#0 for all

DieC DieC DieC’
f(P) = ¢ '
Z; lf d,=0 fOI‘
some DieC’

Reducing Computational Error

When the foregoing interpolation algorithm is used
with a digital computer, rounding and truncation can
cause considerable inaccuracy when P is very close to
D,. Since lim  f(P)=z;, the computational problem is

P-’D,‘
avoided by establishing some €, depending on the com-
puter’s precision, and defining f(P)=z; within an e
neighborhood of D,. If several data points occur within
an € neighborhood Ne(P) of P, then their values are
averaged.

Although the interpolation function is technically dis-
continuous, the discontinuity is of the same order as
machine error times the magnitude of the gradient.
Error created by this € -neighborhood is no greater
than that caused elsewhere by machine imprecision. In
practice the problem is insignificant because the func-
tion is evaluated at discrete points only. The final
interpolation function is thus given by:

| X wilzi+az)] / | 2 w)lifd>eforall

Diecl D,‘ECI D,‘
Py =1 [ £  z1/1 T 1] ifd<efor
D,eNe(P) DeNe(P) some D,

Simulating the Effect of Barriers

When the foregoing interpolation algorithm is used
in city and regional planning, where the data points
represent the centers of data collection areas (such as
census tracts), it is assumed that whenever two areas
are adjacent, there is some logical relationship between
them. If some physical barrier such as a river, rail-
road or expressway separates the areas, the logical
relation may be attenuated. Through the inclusion of
barriers a user may specify discontinuities in the metric
space in which d; is calculated to simulate this attenu-
ation. Because of the distance-dependent interpolation
this change is particularly easy.

Suppose a ‘“‘detour” of length [ P,D;] perpendicular
to the line between P and D; were required to travel
around the barrier between the two points. The quan-

tity [ P,D;] is considered the strength of the barrier
and an effective distance d; is given by

d, = {@P,DY + GIPDIF

This definition is general so that if no barrier separates
D; and P, b[P,D;]= O and 4/ = d,. When barriers
are included d; should replace d; in all preceding ex-
pressions. In general the inclusion of barriers will, as
expected, result in the selection of a different set of
‘““nearby’’ data points for interpolation, and in different
weightings and slopes being established. Because of the
discontinuity in effective distance as P crosses a bar-
rier, the interpolated surface will be discontinuous at
a barrier.

Properties of f(P)

The interpolation function f(P) defined above meets
all the explicit requirements initially postulated. The
surface defined by f(P) is continuously differentiable
everywhere except at barriers where discontinuities are
deliberately specified. The surface assumes the required
value at all data points. On a digital computer the
evaluation of interpolated values is reasonably straight-
forward. Partial deprivatives at data points are based
on a notion of what they ‘‘should’ be, an average
of first divided differences from nearby known values.
The final interpolation function may have extrema
anywhere, not just at data points. The range of the
interpolation function is up to 10% greater at either
end than the range of the initial values z;. The inter=
polation function is defined at every point in the plane.
It thus has the ability to extrapolate naturally outside
the smallest polygon whose closure contains all the
data points. At large distances from this polygon the
interpolated value will be approximately the average
of the values at the four nearest data points.

APPLICATIONS

The principal application to date of the foregoing
interpolation function has been its programming in
FORTRAN 1V and its incorporation into a mapping
program, SYMAP Versions IV and A Following is
an example of a contour map produced on the IBM
7094 in 0.2 minutes using SYMAP Version V. Four
data points were specified with the coordinates and
values below. The range of the original data point
values has been divided into five equal levels, and
the lowest and highest levels extended to include all
interpolated values. The special symbols were produced
on a high-speed printer by superimposing standard al-
phanumeric characters.
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Level 1 2 3 4 5

svsesssess HrH++++++ 000000600 66068666668 EARRIKRERN
esececsee HH+t+++++ (000000000 &666668668 RARARERAR
SYMBOLS eeecclecee ++++#2++++ (000030000 686664686068 BUAASREAR
cesvesesse +Ht++++++ Q00000000 66866866666 RARRAAEAAR
scececsse H+Hit++4++ (QUUNO000O0C 66868686668 NERERRABRA

R S 2 P 2 2 A R 2 2 P 2 2 T & 2

K= e anemae ) - 2= = 3 + 4 + 5 + o wm e o Tk
I+’+f*******+f*f++f****++++**+*+++ PSS |
J#4 3444444444341 4044444444444 44 444 cececcvevccscccscssesccnsccssccnccssasssonse
J4+ 444444344444 4444444444 b 4444444444 9000000000000 000000000000000000000000GS
T T44 43343344444 1344443444444 4 44443444 L cevevevcccscvsccncsssonvsescscssncsassses
P44t 3 314 bbb F AP E L c0 0000 0000000000000 0000000000000000set
J4H4 4444444 4434444424444 4 44444444444+ L0 0000000 0n0vessccsnssleccsncsscoconsce
[JH4 44343 FFF 4T3 H 4T 4T 14414 FH 0 0 0000000 000000000000000060600000000S
It 4444444444 34444443444+ P 444444444444 4 . |
JH+4 44444 4444444444440 43 4444444444444 4 00 0 0000000 00000000000 0000000 CCOOIOGSRTS
1444444443441+ 4443444444443 44 444444444444 Lo eovrevovcncsncsnscsacscsssosssboccel
I 444444+ 4444444444444 4444443444444 44444 0 0000000 00000000000000000006O0PCRCESS
6— J4 444443444444 4444424 444443444 444444443444 2 00 00000 C 00000000000 CT00RBOOOES
JH4 P 444445 4444343344431 3 431444444 41044444 L 000000000 0000000000000000008
T4+ 44444 444444444441 3444444444344 444444 4444 2000900000000 000000CRISSS +]
222 2 S RSS2 IR S22 XSS 222 RS R 2 2 L X 4 eevsevocssseeneseee +4+4+4+4
e T e L e e S e S R R A S esevsese +++t+4+]
J4+ 4444444444441 3444444444444 3444444444 44444 4114 44 H 4444 ++4 4+ 4t 444+]
I+ 4444444+ 4444444444444 34444444+ 4 44 344444434435 44444 44 444 41 140 HH 4 4420 444 ]
I++f++++ff§*+++0+++*++f+++++*+++f++*+++++++*+§+++++§+++f++++*++++{++ff§++*+I
5— PR e R R R R L e e R R L S R R R e et ads a2 )
IH 44443444444 44441444441 1414 143 b 4 4 44 41444 F P44 P 444 P 4 44 4444 4 01
I44 4444441444444 3434434444441 11 44444 44 43 41 444 44444 H 444411444 44 0000001
JHH4 4444444444444 4434444 44444440 044 344144 H 444+ 44 00000000300001
4444444434444 444314+ 44444143444t EH R E 4444 0000V000000V00000030001
aaa R SR R S A 0000000000000000508000000000U000+
4344444443444 441441444444 HH 44444 UOQUJUOUJUOUOOOOUUOJDDOOOUDUOOOOODU I
I e T e s S 2 DOOUDUDUOCOUOJDOOUDOODOOUDUDUO
4- 100C +HEedHe+E4444 00 000ULULOCULOOOCALGOYD0000VD0 968868889891
100u00G0YVY 0GOOVOCU000AUGIULO0GO00000V0ACY 8e88e6608680866888 I
3000L00uLIVUULDUBLLL0000O0LLULLUOYLULOUO0D00U00ULGVUGDU0 Be888B8EEE6RH8EH888683
10uU0CGLULGUUYLE0ULULULULOD30UuwUBu0000LUDG0O0GO00CIA000CO 888:05868668006868680006886 1
100uC006UUOLOJ000L0OOGUILOV00ULCLEO0LOL0OUCOLOLO0JDL ©EeHBEHEE8EREEHE66886883888]
TuJOulU0UGLLOU0UU0DUVUCGO00T00U0LUOJ0000000000GCL B68868668869868HE8E8 I
I000uULULULLBV0ALOLTOLUULUYULDT00ULOO0VUUJ000000 E8E8888E8653888a88
+UuUUUL0L0LULUO0UULLCVLOULOULIDCUT0V0UDDLLU0L B8888888888888 SEREAN
3- 1J0L0L0uuLLLBUILLILUJLTDYOGOU0LO0ICHU0G00Iu 8686688668666 SERBERRRA
1U000ULUUYLLYLGU000ULCI000CL00000ULULLU0LG Bt8uat88sEEs3a884d 1RER ) 5]
146600G0GUYLVLAGGOUG0TJYVULLOCA0JUSI0UD0I0U Bou8E68abY8aEs 1B
1 00ULUULU0 Ul 0LULOULOJYUOUCOLOLLUUUUOUGY wBAessseesaa88 BB 1]
+UOLGLUOULULILOGUU0UGDULOOCULGLECOYODUD0Y HeBeE649868690 REIRRREREE
1000uBU0UYOU0LULOGULBUUGTVGLULOULLC0000 B8u8886d686368 IBEIXERSEREAE
10GULOULUOYJLLLLO3IVLD0J0GO6O00J0UNUL E86EHeEe886cc6 ERENRENAREBEEERRSKRE RN]
106G L0000GL0LULCBULULYOYY0N0000LUCU0000 HauEE8864564 BRERR lllll
2- 10LLL0UOJUUIGULEUBLOLGB0000000U00000 Ue6R8EGa88888 M ABERBRRABAN
+000U0ULL0SUOYLOLUYO0UoLLULO000L00LUND B868EE66886668 HEEAE ..I.l...lllllll i+
1600G0VLUULYJIUUYOL0ULLUULLILOU0AU0O0GU B8668686888686846 .llll‘!‘ B8 LN TREN
10000600UOU00UBUOLLLYDVUBDCLO0OBULLOL 668889836€9388 l. {111 ]]
1G.u00600UUL0000LUNGLUD000LUCO0U00LD B8886EE886886 | 1] AR
100JU0UUU0000000G0U0C60000UB0000GGY BeIBaEEEEEEE8E ARRAREES ARAEASRNAREES
500000U00UJUY0000ULULGIULN0000VL00ND B6eYYeEeE868088 RIS ARARRAREREAN
I1060u00U3300038UuU000L0JILLOLOLOLLLLEG Budsg88aedEtssse BRERREENEALEERBENE DREN!
1- 300L0GOUULLLLLJULYUULUS JUUU0UULULC00 eg986a888668888vue FERINANRARRERERRENRERE
10LEBCLOUCULUYLULO0C0000000000U0U0Y H88deYEEE8666¢ 1AARNNNEERREARABREAAS
18C0u0Ju00LLUUGUOA0LAUN0U0000LI0U e86888e68E888868Wa .lll.l.l.ll‘l AERE
+060LU0uLuYSIC0U000UO0TVU00LUNLDL BEdEEE8E6868888584: NEIXEEIRARNSEARNANR
1000GLBOU0LGIYOLVCTVGUO0JLUCOLUL B8s6E886688866868 llllllllll'l"l.'.ﬂl { ] )
100E00BULOUULBUOLOYUOCUUOUCUOLO0LD e8868 968468368 HRLARAREAAR
1JCGLOULJULEUUGOCLOLOUWUIOCLUAULD BEHABEAEHEEE83E866 NIRENINIEENBEEERREA
130600J000LLULOLUCLCUO0UdLUBLoOL 8899698968898896699 llll.l.l ...lllll.ll.
*;;;;;-—~-1-—~-+—-—-2——-—+-—~~3- 5= 6 7
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CEMONSTRATION OF INTERPOLATION FROM FOUR IRREGULARLY-SPACED
DATA PUINTS. NUMBZKRS SHUOW DATA POINTS LOCATIONS AND LEVELS.
CuNTDUR MAP PRODUCEZD 8Y SYMAP, VERSION 5 AT HARVARD UNIVERSITY.
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DEMONSTRATION OF INTERPOLATION FROM
FOUR IRREGULARLY-SPACED DATA POINTS

Location and Value at Data Points

data
point locational data
number coordinates value level

i X Yi zZ;
1 6.00 6.75 0.0 1
2 6.80 2.25 5.0 5
3 0.80 1.13 2.5 3
4 1.90 6.00 1.5 2

Value Range Corresponding to Each Level of Symbolism

level range
1 {—0.5, 1.0)
2 [1.0, 2.0)
3 [2.0,3.0)
4 [3.0, 4.0)
5 [4.0, 5.5]

(Numbers on map indicate data-point levels
and locations.)

Computing time for map-making under SYMAP Ver-
sion V program is roughly proportional to the map
area, and rises gradually as the number of data points
increases. Preparing a map 10>’ by 10> square on the
IBM 7094 requires about .35 .minute with four data
points, .70 minute with 200 data points, and 1.3
minutes with 600 data points. Version V has been
adapted to run also on the IBM 360/50.10

To prepare the map in Figure 1, as is normally the
case in SYMAP Version IV and V, two levels of inter-
polation were actually used. First, every third value
across, and every second value down was computed
by the preceding algorithm. Then double linear inter-
polation was used at the intervening locations. Barely
altering the appearance of the map, this two-level proce-
dure reduces computing time by 70%. Although Ver-
sions IV and V are still slightly slower than Version
III, their flexibility and convenience are compensating
advantages.

CONCLUSIONS

The foregoing algorithm is generalizable to interpola-
tion from data points in three-or higher-dimensional
space with few modifications. In higher-dimensional
space, the Cartesian metric replaces the two-dimension-

al distance. Also, expressions involving scalar products
or slope increments require another term for each ad-
ditional dimension. Finally, the radius r is evaluated
from the volume of the minimal polyhedron, instead
of the area of the minimal polygon, containing all
the data points.

In general no method of interpolation is precisely
accurate except at the points through which the func-
tion has been fitted. The foregoing function was de-
veloped with particular consideration for variables such
as population density, housing conditions, and others
from the fields of planning and geography. For such
work, little is known about the exact properties of the
variable involved; thus the investigator’s intuitive judg-
ment, in the absence of an objective measure, may
represent an acceptable evaluation of the appropriate-
ness of any interpolation function used. Though the
foregoing interpolation function contains arbitrary
choices, it has at least provided a workable tool assist-
ing in the analysis of areal data via computer mapping.
It is hoped that the method will aid in the derivation
of more refined two- and higher-dimensional interpola-
tion functions.
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