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Figure 8.7 The impulse force asa
function of time for the two collid-

ing
B

. Note that Fiy =

my s

icles described in Figure

Momentum and Collisions

When two particles of masses m; and m, collide, the collision forces may vary
in time in a complicated way (Fig, 8.7). If F,4 is the force on m; due 10 m,, then
the change in momentum of m; due to the collision is given by Equation 8.8:

i
ap, = J; Fp,dt

Likewise, if Fy, is the force exerted on ms by my, the change in momentum of

AP'.

Newton's third law states that the force on my by my is equal o and opposite the
force exerted on my by my; that is, F,
Fig, 8.7.) Hence, we conclude that

= Fyy. (This is deseribed graphically in

ap =
+ Ap, = 0

Because the total momentum of the system is p = p; + py, we conclude that the

change in the momentum o

consid
o the collision
of the svste:

e

the system due to the coll

s 2eTo;

P = P+ pe = constant

is precisely what we expect il no external forces are acting on the system
Section 8.2}, or if the external for
make a significant change in momentum, However,
the motion just before and just after the collision. Because the forces due
ernal to the system, they do not change the total momentum
Therefore, for any type of collisior

ed to act for too short a time to
1e result is also valid if we

are ass|

the total momentum of a system

just before the collision equals the wtal momentum of 2 system just after the col-

lision.

CONCEPTUAL PROBLEM 2

You are watching a movie about a superhero and ne

and throws a pi
with this scens

Example 8.4 Carry Collision Insurance

An 1800-kg car stopped an a waffic light is struck from the
rear by a 900-kg car and the two become entangled, If the
smaller car was moving a1 20 m/s before the collision, what
is the speed of the entangled mass after the collision?

Reasoning The | momentum of the system (the wo

cars) before the collision equals the total momentum of the
system after the collision because momentum s conserved

Salution e magnitude of the waal T ntum of the svs-
tem before the collision is equal w that of the smaller car

secause the larger car is inidally at rest

ice that the superhero hovers in the air

no at some bad guys while remaining stationary in the air. What's wrong

= (900 kg) (20 m/s) 1.80 % 107" kg-m/s

After the collision, the mass that moves is the sum of the

miasses of the cirs. The magnitude of the momentum of the
comhination is

b= (my + mghu, = (2700 kg)s

Equs

and salbvi

ing the momentum before to the momentum after
1, the speed of the combined mass, we have

1,80 % 10 kg-m/s

—_—= 6.67 m/s
my + my 2700 kg

8.4 Elastic and Indastic Collisions in One Dimension

8.4 - ELASTIC AND INELASTIC COLLISIONS
IN ONE DIMENSION

As we have seen, momentum is conserved in any type of collision. Kinetic energy,
collision hecause some of it is con d 10
1al elastic potential energy when the objects are deformed,

however, is generally ned constant i

thermal ene
and 1o rotational kinetic energy

We define an inelastic collision as one in which total kinetic energy is not
constant (even though momentum is eonstant). The collision of a rubber ball
with a hard surface is inclastic, because some of the kinetic energy of the ball is lost

when it is deformed while in contact with the s

face. When two objects collide and

stick together after a collision, some kineti
perfectly inelastic. For example. if two vehicles coll
in Example 8.4, they move with some common velocity after the perfectly inelastic
collision. If a meteorite collides with the Earth. it becomes buried and the collision
is perfectly inelastic.

An elastic collision is defined as one in which total kinetic energy is con-
stant (as well as momentum). Real collisions in the macroscopic world, such as
those between billiard balls, are only approximately elastic because some defor-
mation and loss of kinetic energy 1akes place. Billiard-ball collisions and the colli-
Y lempe
r, between atomic and sub-

nergy is lost, and the collision is called

nd become entangled, as

1s of air molecules with the walls of a coniner at ordin

aures are

highly elastic. Truly elastic collisions do occur, howey

atomic particles. Elastic and perfectly inelastic collisions are fimifing cases; most
collisions fall in a category between them.

In the remainder of this section we treat collisions in one dimension and con-
sidler the two extreme cases—perfectly inelastic and elastic collisions. The impor-
tant distinction between these two types of collisions is that momentum is con-
served in all cases, but kinetic energy is constant only in elastic collisions.

Perfectly Inelastic Collisions

Consider two objects of masses my and m, moving with initial velocities vy, and v,
along a straight line, as in Figure B.8. If the two objects collide head-on, stick to-
gether, and move with some common velocity v, after the collision, the collision is
perfectly inelastic. Because the total momentum before the collision equals the total
momentum of the composite system after the collision, we have
mv,, + (my + ms)v [8.13]
v [8.14]
my + m
Elastic Collisions
Now consider particles that undergo an elastic head-on collision (Fig. 8.9). 1
this case, botl menum and kinetic energy are constant; therefore, we W
mv,, + mw my,, + my [B.15
= Lo, My A+ [8.1¢
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Figure 8.9 An elastic head-on col-
lision between two particles

Elastic collision: relations
between final and initial
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Chapter 8 Momentum and Callisions

where v is positive if a particle moves to the right and negative if it moves to the
left.

In a typical problem involving elastic collisions, there are two unknown guan-
tities, and Equations 8.15 and 8.16 can be solved simultaneously to find them. An
alternative approach, employing a little mathematical manipulation of Equation
8.16, often simplifies this process. To see this, let us cancel the factor of L in Equa-
tion 8.16 and rewrite it as

m(wF = wf) = mylnf = 5
Here we have moved the terms containing my to one side of the equation and those
containing my to the other. Next, let us factor both sides:

my (v = o) (o, + vyy) = malvgy — o) (g + 1) [8.17]

We now separate the terms containing wy and my, in the equation for the con-
servation of momentum (Eq. 8.15) o get

my(vy, — vy) = mglvy — va) [8.18]
To obtain our final result, we divide Equation 8.17 by Equation 8.18 and get
U Y=yt oy

vy~ vy =~ (v — ) 18.19]

This equation, in ¢ with the co for conservation of momen-
tum, can be used to solve problems dealing with elastic collisions. According to
Equation 8,19, the relative speed of the wo objects before the collision, v, — v,
equals the negative of their relative speed alier the collision, - (o = my).

Suppose that the masses and the initial velocities of both particles are known.
Equations 8.15 and 8.16 can be solved for the final speeds in terms of the initial
speeds, because there are two equations and two unknowns,

Sim —myy 2my
e (m, + m‘.)“‘ i (J\mi + m-_.)w' [3-2@]

2m, y
r "'-.-)‘I“ E: 2

It is important to remember that the appropriate signs for v, and w, must be
included in Equations 8.20 and 8.21, For example, if my is moving to the left initially,
as in Figure 8.9, then wy, is negative.
Let us consider some special cases. If m; = my, then v, = wy;and w, = »,. That
is, the particles exchange speeds if they have equal masses. This is what one observes
in head-on billiard ball collisions.
If my is initially at rest, v, = 0, and Equations 8.20 and 8.21 become

= (u),‘ [8.22]

m + W

[8.21]

),._ (8.23)

If my 15 very large compared with m,, we see from Equations 8.22 and 8.25 that
1 and vy, = 2vy,. That is, when a very heavy particle collides head-on with a

84  Elastic and Inelastic Collisions in One Dimension

very light one mitially at rest, the heavy particle continues its motion unaltered after
the collision, and the light particle rebounds with a speed equal 1o about twice the
initial speed of the heavy particle. An example of such a collision would be that of
a moving heavy atom, such as uranium, with a light atom. such as hydrogen.

If my is much larger than my, and my is initially at rest, then we find from
Equations 8.22 and 8.23 that v, ~ — v, and vy, = 0. That is, when a very light
particle collides head-on with a very heavy particle ally at rest, the velocity of
the light particle is reversed, and the heavy particle remains approximately at rest.
For example, imagine what happens when a marble hits a stationary bowling ball.

CONCEPTUAL PROBLEM 3
e —— r—

obiles afier collisions. It seems that
much of this money fe
approximately elastic collisions and simply bounced off each other without denting. Why are

cars not made of hard rubber?

A great deal of expense is involved in repairing a

el be saved if cars were built from hard rubber, so that they

CONCEPTUAL PROBLEM 4

In perfectly inelastic collisions between two objects; under what conditions is all of the orig-
inal c energy transformed 1o forms other than kinetic

Example 8.5 Slowing Down Neutrons by Collisions

In a nuclear reactor, neutrons are produced when a *jU
atom splits in a process called fission. These neutrons are
maoving at about 107 m/s and must be slowed down to ahout
1 m/'s before they take part in another fission event. They
are slowed down by being passed through a solid or liquid
material called o maderator, The slowing-down process involves m, =

elastic collisions. Let us show that a newron can lose most of

its kin nergy if it collides ¢ ally with a moder
containing light nuclei, such as deuterium (in “heavy water,”

D,0) or carbon (in graphite).

e

Reasoning Because momentum and energy are constant,
Equations 8.22 and 8.23 ¢
lision of a neutron with the moderator nucleus.

an be applied 1o the head-on col-

Solution Let us assume that the moderator nucleus of ¢

initial speed w,, collides head-on with it The initial kineti
energy of the neutron is

| . 1=/

After the collision. the neutron has a kinetic energy Lm o

; s given b . 20
where v, is given by Equation 8 For collisions' of . thi
DO (m, = 2m,). |,
I -
k im, neutron's kinetic ene

cleus. In pract

Therefore, th cause head-on ¢

How do the res

raction of the total kinetic energy possessed

by the neutron afer the collision is

We can calculate the kin

the moderator nuclews is

m,, is at rest inially and that the neutron of mass m, and - T AR

Because the total energy is co
from (1) with the condition

Suppose that heavy w

The photograph of a car crash test

tic collision) illustrawes
f the car’s initial ki-

netic energy is ransformed into
the energy it took 1o damage the
vehicle, Why do safety belts anel air
hags help pr
such collis
Molors)

2m, m,

tant, (2) can also be obtained

LEfa=1, 50 that f,=

is used for the moderator
with deuterium nuclei in
8/49, That is, 89% of the
erred 1o the de i -
w efficiency is reduced be-

unlikely to occur

h graphire as the moderator?

FERE SEFOUs iInjuTy in

58 (Cinurtesy of General

From this result, we see that the final kinetic energy of the
neutron is small when m is close 10 m, and is zero when

energy of the moderator nu-
cleus after the collision using Equation 8.25:

Henee, the fraction of the ol kineuc energy ransferred o
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masses

are connected by a | rigid
{4} The system rotates clockwise

when a force is applicd between

the smaller mass and the center of
mass. (b) The system rotates coun-
terclockwise wh
plied bewes
th
moves in i

n a force is ap-
w0 the larger mass and

mass, (¢) The sy

direction of th

e
without rotating whe

plied ar the center of mass.

The center of mass

Figure 8.14

» particles on the x axis is lo

At X 1 point betw

ser o the larger mass

a foree is ap-

Momentum and Collisions

Chapter 8

This multiflash photograph shows that as the diver executes a back Hip, his center of mass fol-
lows a parabolic path, the same path that a particle would follow. (0 the Hamld E Edgerton 1992
Trust. Courtesy of Palm Presy, Ine.j

the system moves in the direction of Fwithout rotaring (Fig. 8.13¢). Thus, the center
of mass can be easilv locared,

The position of the center of mass of a system can be described as being the
average position of the system’s mass. For example, the center of mass of the pair of
particles described in Figure 8.14 is located on the x axis, somewhere between the
cles. The x coordinate of the center of mass in this case is

myxy o omyxy
Xem [8.27]
my + g
For example, if x;, = 0, x, = d, and m, = 2m,, we find that x.y = 2d. That is, the
center of mass lies closer to the more massive particle. If the two masses are equal,
the center ol mass lies midway between the particles.

We can extend the center of mass concept to a system

three dimensions. The x coordinate of the center of mass of
to be
M T Mgy + omaxy .. F oy, Emx
L e T [8.28]
b
motmytmyt L o, =m,

where x, is the x coordinate of the ih particle and Zm, is the fotal mass of the system.
For convenience, we shall express the total mass as M = EXm;, where the sum runs
over all n particles. The y and & coordinates of the center of mass are similarly
defined by the

Em,y, i mgz, (8.29]
L e ang Zey = 2
You M oM T:
The center of mass can also be located by ity position vector, £ey. The rectangular
coordinates of this vector are Xy, ¥y, and zgy, defined in Equations 8.28 and

8.29. Therefore,

8.6 The Center of Mass 211

Emxi + Zmyj + Emy
M

Tou = Xead + e + zeuk

Imr,
M

Tewm = [8.30]

where r, is the position vector of the ith particle, defined by

s+ k

i

‘The center of mass of a h
o‘ me‘r’\ Fl'll' (’!(ilTI'lp!l“ !Ill‘ cer

midway between the ends of the rod. The center of 1

¥ ic body must lie on an axis
er of mass of a2 homogeneous rod must lie
s of a homogeneous sphere

or a homegeneous cube must lie at the geometric center of the object. One can
experimentally determine the center of mass of an irregularly shaped object, such
as a wrench, by suspending the wrench from two different points (Fig, 8.15). The

al line, AB, s drawn (which can be A
15 in equilibrium. The wrench is

wrench is first hung from point A, and a ver
established with a plumb bob) when the wr

Center of -

then hu from point €, and a second vertical line, €3, is drawn. The center of s
mass coincides with the intersection of these two lines. In fact, if the wrench is hung (
freely from any point, the vertical line through that pe will pass through the

center of mass.
Because a rigid body is a continuous dist
The net effect of all of these forces is equivalent 1o the

is acted

ibution of mass, each portio

Figure 8.15 An experimental
on by the force of grav technigue for determining the cen
effect of a single force, Mg, acting through a special point called the center of
gravity. If g is constant over the mass distribution, then the center of gravity co-
incides with the center of mass. If a rigid body is pivoted a1 its center of graviry, it

will be balanced in any orientation.

ter of mass of 2 wrench. The
wrench is hung freely from two dif-
ferent pivots, A and € The inter-
section of the two vertical lines AH

and CD locates the center of mass

xample 8.9 The Center of Mass of Three Particles

A system consists of three particles located at the corners of Solution Using the basic defining equations for the co-
a right triangle a5 in Figure 8.16. Find the center of mass of ordinates of the center of mass, and noting that zp,, = 0,
the system we get
¥ Smx,  Dmd + w + =
X0 —— ——— 3}
P i M "
ey
ad ny,  2m(0) + m(l}) + 4mk
| Yom = .
1 ol M m
: oM
2m |
&5 ! S Therefore, we can cxpress the position vector to the center
o " of mass measured from the 1
- ]
[ 5 Fem ™ Xpeagh J + zuk d bji + 24j
Figure 8.16  (Fxample 89) Locating the center of mass for 2
systemn of three particles.
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Velocity of the center of mass *
Total momentum of a system *

of particies

Acceleration of the center of *
mass for a system of particles

Newton's second law for a
system of particles

Momentum and Collisions

Chapter 8

8.7 + MOTION OF A SYSTEM OF PARTICLES

We can begin to understand the physical significance and utility of the center of
mass concept by taking the time derivative of the position vector of the center of
s Foyg, given by Equation 8.30. Assuming that M remains constant—that is, no
particles enter or leave the system —we get the following expression for the velocity
of the center of mass;

_titesy 1) @8y EWy;
e e 1natl

where v, is the velocity of the ith particle. Rearranging Equation B.31 gives

My =3Imy, =3 P = Po [8.32]
This result tells us that the total of the quals the total mass
Itiplied by the velocity of the center of mass—in other words, the total mo-

¥
mentum of a single particle of mass M moving with a velocity ¥y

If we now differentiate Equation 8.32 with respect to time, we get the acceler-
ation of the center of mass:

dvey 1 o v, 1
= ==\ ==%
A g M ma, [8.33]

MM

Rearranging this expression and using Newton's second law, we get

Macy = ¥ma, =3 F, [8.34]

where Fis the force on p. le &

The forces on any particle in the system may include both external and internal
forces. However, by Newton's third law, the force exerted by particle | on paricle
2, for example, is equal to and opposite the force exerted by particle 2 on particle
L. When we sum over all internal forces in Equation 8.34, they cax
the net force on the system is due only 1o external forces. Thus, we can write Equa-

el in pairs and

tion 8.34 in the form

Y F Magy, = [8.35]

dt

That is, the resultant external force on the system of particles equals the total mass
of the svstem multiplied by the acceleration of the center of mass. If we compare
this 1o Newton's second law for a single particle, we see that the center of mass
moves like an imaginary particle of mass M under the influence of the resultant
ence of external forces, the center ol mass

external force on the system. In the
moves with uniform velocity, as in the case of the rotating wrench in Figure 8.17.
If the resultant force acts along a line through the center of mass of an extended
body such as the wrench, the body is aceclerated without rotation, and its Kinetic
ar motion. If the resultant force does not

energy is associated entirely with its |

act through the center of mass, the body will be rotationally accelerated, and the

body will acquire a rotational kinetic er v in addition to the kinetic energy of its

acceleration of the center of mass is the same in either

linear motion. The linea

case, as given by Equation 8.35

8.7 Motion of a System of Particles

Finally, we see that if the resultant external force is zero, then from Equation
8.35 it follows that

dp,

= Magy =0

dt

so that

Pioe = M¥ o = constant (when ¥F,,, = 0) [8.36]

That is, the total linear momentum of a system of particles is constant if there
no external forces acting on the system. It follows that, for an iselated system of
particles, both the total momentum and the velocity of the center of mass are
constant in time. The law of conservation of momentum that was derived in Section

8.1 for a two-particle system is thus generalized to a many-particle system.

Suppose an isolated system consisting of two or more members is at rest. The
center of mass of such a system remains at rest unless acted on by an external force,
made up of a swimmer and a raft.

For example, consider a system, initially at res
wer of mass of th

SYStem remains at

When the swimmer dives off the raft, the
rest (if we neglect friction between raft and water). Furthermore, the horizontal
momentum of the diver is equal in magnitude to the momentum of the raft, but
opposite in direc

As another example, suppose an unstable atom initally at rest suddenly decays

n.

into wo fragments of masses M, and M,, with velocities v, and v, respectively
Because the total momentum of the system before the decay is zero, the total mo-
mentum of the system after the decay must also be zero. Therefore, we see that
Myv, + Mwv, = 0, If the velocity of one of the [ragmenis after the decay is known,
the recoil velocity of the other fragment can be calculaed

Thinking Physics 3

A boy stands at one end of a floating canoe that is stationary relative to the shore

8.18 av from the shore. Does

He then walks to the opposite end of the cano

CANGE NOVE:

Re Yi the canoe moves wward th ting friction between tf

canoe and water, there are no horizontal for system consisting of
hoy and canoe. The e, the center of mass of the system remains fixed rel
the shore ny stationary point). As the boy moves away from the shore, the

213

Figure 8.17  Muliiflash photo-

graph of 1 wrench ma

g ona

horizonul surface. The center of

mass of the wrench moves in a
straight line as the wrench rotates
about this point as marked with a
white dot.  (Richard Megna, Fundames
tal Photografihs
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) = vs.« 3
Mouon of /

center of miss

Figure 8.19  (Concepiuial Prob-

lem )

Mementum and Collisions

Figure 8,18  (Thinking Physics 3)

must move toward the shore such that the center of mass of the system remains con-
stant. An alternative explanation is that the of the system ins con

if friction is neglected. As the boy acquires a momentum away from the shore, the
canoe must aceuire an equal momenmm oward the shore such that the wal momen-
e of the system is always zero,

CONCEPTUAL PROBLEM 5
S e —
Suppose you tranguilize a polar bear on a glacier as part of a research effort. How might you

be able to estimate the weight of the polar bear using a measuring tape, a rope, and a
knowledge of your own weight?

CONCEPTUAL PROBLEM 6
QR ——_

A projeciile is fired inio the air and suddenly explodes into several fragments (Fig, 8.19).
What can be said about the motion of the center of mass of the fragmenis after the explosion®

EXERCISE 10 A 5.0-kg particle moves along the x axis with a velocity of 30 m/s. A 20kg
particle moves along the xaxis with a velociy of — 2.5 m/s. Find (a) the velocity of the center
of mass and (b) the wal momentum of the system. Answer  (a) 1.4 m/s to the right
(h) 10 kg-m/s o the right

EXERCISE 11 A 2.0kg particle has a velocity (2.08 = 3.0§) m/s, and a 3.0:kg particle has a
velocity (LR + 6.0§) m/s. Find (a) the velocity of the center of miass and (b} the total mo-
mentum of the system Answer  (a) (L4i + 24)) m/s (b) (700 + 12§) kg -m/'s

8.8 - ROCKET PROPULSION

When ordinary vehicles, such as automobiles and locomotives, are propelled, the
driving force for the motion is one of friction. In the case of the amtomobile, the
driving force is the force exerted by the road on the car. A locomotive “pushes”
acks; hence, the driving force is the reaction force exerted by the

against the o
tracks on the locomotive, However, a rocket moving in space has no road or tracks
to “push” against. Therefore, the source of the propulsion of a rocket must be
different. The operation of a rocket depends on the law of conservation of

8.8  Rocket Propualsion (Optienat)

momentum as applied to a system of particles, where the system is the rocket
plus its ejected exhaust gases.

The propulsion of a rocket (Fig. 8.20) can be understood by first considering
the mechanical system consisting of a machine gun mounted on a cart on wheels,
As the machine gun is fired, each bullet receives a momentum mv in some direc-
tion, where v is the velocity of the bullet relative to the gun. For each bullet that is
fired, the gun and cart must receive 4 compensating momentum in the opposite
direction (neglecting the momentum imparted to the escaping gas in the barrel of
the gun). That is, the reaction force exerted by the bullet on the gun accelerates
the cart and gun. If there are n bullets fired each second, then the average force
exerted on the gun is F,, = nmv.

In a similar manner, as a rocket moves in free space (avacuum), its momentum
changes when some of its mass is released in the form of ejected gases. Because
the ejected gases acquire some momentum, the rocket receives a compensating

in the opy directi Therefore, the rocket is aceelerated as a
result of the "push,” or thrust, from the exhaust gases. In free space, the center
of mass of the system moves uniformly, independent of the propulsion process. It
is interesting to note that the rocker and mae
of an inelastic collision—that is, momentum is conserved, but the kinetic energy
of the system is inereased (at the expense of potential energy carried in the fuel)

Suppose that at some time ¢ the momentum of the rocket plus the fuel is
(M + Am)v (Fig la). At some short tme later, At, the rocket ejects fuel of mass
Am and the rocket's speed the es o v + Ap (Fig, 8.21b). If the fuel is
ejected with a velocity v, relative to the rocket, then the spee

€ gun represent cases of the inverse

efore increa

of the fuel relati

o a

stationary frame of reference is v — v, Thus, if we equate the total inital momen
tum of the system with

he total final momentum, we get
(M+ Am)v = Miv + Av) + Amlz )
Simplifving this expression gives

MAv = Am(v)
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Figure 8.20 Lifi-off of the space
shuttle Columbia. Enormous thrust

is generated by the shude's Tiguid-

fueled engines, gided by the two

solidfuel boosters. Many physical
principles from mechanics, ther-
oy

& and electricity and
magnetism are invelved in such a
la

nch.  (Cowrtery of NASA

v
—
M+ Am
p.= (M4 Amjv

Figure 8.21 Roc

+ Amoat a ume £ oand its
At a tirme Al the rock
has reduced o M, and an
of fuel S3m has been

el The rocket’s
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Momentum and Callision
B Spreadsheet Problems

. A rocket has an initial mass of 20 000 kg, of which 20% is e = x4 Lo, + w)AI
the payload. The rocket burns fuel ata rave of 200 kg/sand
exhausts gas at a relative speed of 2.00 km/s. Its accelera-

tion of the rocket by

[FT]A 5004 bullet moving with an initial speed of 400 m/s is
fired into and passes through a 1.00-kg block, as in Figure
P8.51. The block, initially at rest on a frictionless, horizontal
surface, is connected 10 a spring of force consant

68.8 g is fired into a p of mass 263 g hanging from
a low friction pivor. The ball is caught inside the pendulum,
which then swings up through a height 8.68 cm. (a) Deter-

mine the initial speed w, of the ball. (b) The second part

where x, is the old |;m'|nnn, v, is the old velocity, and v, is
the new velocity.

900 N/m. If the block moves 5.00 cm to the right after im- of her experiment is to obtain v, the same ball | i o /it ¢ S : : i
Pl it e S i huriﬂmmlivpe (oliftidependikin, rcm e puth); tion dv/di is determined from the equation of motion 54 |; I:::;'";;;;;; ;:‘:;‘-‘::;:.::;j]:::l;lr[: I:::u:&‘\:.(l‘u:l ;,:::[
B biaek ety () e spplac s he oMmou, e umne mlhomomal dlsplamnenh&?t!\cmcaidu- -”f“ =1, r_!il R speed, how far does it travel before it runs out of fuel? The
placement, y (Fig. PE.52b). Show that the initial speed of dt dt ) . .
400 m/y the ball is related 10 xand y through the relation ] : velocity reached by the rocket is the same in both cases;
—% Assume that there are no external forces and that the rock- that is
Tere—r. - et's initial velocity is zero. When £, = 0, the rocket's ve- M
oy, =—— i locity is vlf) = ©, In ( M,/ M), where M, is the rocket’s initial w— =, In(‘—')

Ve I| mass. Spreadsheet 8.1 caleulates the acceleration and ve- M,
¥ 3 4 1 locity as a function of time. (a) Using the given parameters, Is there an advantage in burning the fuel faster? Is there a
Rt crn r_ v What numerical value does she obtain for », based on her k find the maximum acceleration and velocity. (b) At what disadvantage? (Hint: It may be useful 1o plot the accelera-
. o measured values of x = 257 cm and y = 8:')5 em? What fac- i time is the velocity equal 1o half its maximum value? Why tion, velocities, and position for the same time intervals in
I# tors might account for the .‘-' ¢ in thisvalue compared ] isn't this time half of the burn ime? both cases. In which case does the rocker travel farther? In
! 1o that obtained in part (a)? . | 52 Modify Spreadsheet 8.1 to calculate the distance traveled by which case does the rocket have 1o withstand the largest

% Two particles of masses m and 3m are moving toward each j‘ the rocket in Problem 51, Add a new column to the spread- acceleration? By how much?)

other along the x axis with the same initial speeds v, Mass
Figure P8.51 m is traveling to the left, and mass Sm is waveling to the

right. They undergo a head-on elastic collision. Find the 1
A student performs a ballistic pendulum experiment us final speeds of the particles.
ing the apparatis shown in Figure PS52a A ball of mass % Two particles of masses m and 3m are moving toward each

sheet to find the new position x,_ . Estimate the new posi-

Figure P8.52 (a) and (b)

other along the x axis with the same initial speeds 1. Mass 1

m is waveling 10 the left, and mass 3m is raveling to the
right. They undergo an elasic glancing collision such that
mass m is moving downward after the collision at right an-
gles from s initial divection. (a) Find the final speeds of
the two masses. (b) What is the angle # at which the mass
Fm s scattered?

5. How Fast can you set the Earth moving? In particular, when
your jump straight up as high as you can, you give the Earth
w maximum recoil speed of what order of magnitde? Vi-
sualize the Earth as a perfectly rigid object. In your solution
state the physical quantities vou take as data and the values
you measure or estimate for them.

There are (one can say) three co-equal theories of motion:
Newton's second law, ng that the 1otal force on an ob-
ject causes its acceleration; the work-kinetic energy theo-
rem, holding that the otal work on an object causes its
change in kinctic energy; and the impulse-momentum the-
orem, holding that the total impulse on an object causes its
change in momentum. In this problem you compare the
predictions of the three theonies in one particular case. A
velocity 7.00§ m/s. Then a 1wl force
object for 5.00 5. (a) Calculate its final
velocity from the impulse-momentum theorem. (b) Calew-
late its acceleration froma = (vy— wo) /8 () Calculate its
n from a = XF/m. (d) Find the object’s vector
nt from & = vt + fa. (e) Find the work done
t from W= F-s. (1) Find the final kinctic en-
Limw - . (g) Find the final kinetic energy

12,08 N acts on th

ANSWERS TO CONCEPTUAL PROBLEMS

1. The brain is immersed in a cushioning fluid inside the skull
If the head is struck suddenly by a bare fist. there is a rapid
acceleration of the skull. The brain matches this acceleration
only because of the large impulsive force of the skull on the
brain. This large and sudden force can severely injure the
brain. Padded gloves extend the ume over which the force
is applied to the head. Thus, for a given impulse, the gloves
provide a longer time interval than the bare fist, decreasing
the average force. Because the average force is decreased,
the acceleration of the skull is decreased, reducing (but not
eliminating) the cha for brain injury. The same argu-
ment can be made for “rolling with the punch.” If the head
is held sieady while being struck. the time
the foree is applied is relatively short and the average force
is large. If the head is allowed to move in the same direction
of the punch, the time interval is lengthened, and the aver-
age force reduced

2. The scenario described violates the principle of conservation

=rval over which

of momentum. If the superhero, initially at rest, throws the
piano in one direction, he must recoil in the other direction,
in order 1o maintain the zero momentum of the system

Making cars out of hard rubber would save on automobile
repair bills, bur the resulis for the dri

s and passe

would be disastrous. lmagine two identical cars trave

toward each other at identical speeds, and making a hes
{lisi

the cars bounce off each other and leave the collisio

on collision. In the approximation that the ¢

1 is elast

w

their velocities reversed in direction. Thus, the inhabianis
of the cars would suffer a large change in momentum in a
short period of time. As a result, the force on the inhabitants
would become very large, causing significant bodily injury.
For real cars in the above situation, the cars would come 10
rest during the collision, as the front sections of the cars
crumpled. Thus, the change in momenm s only half what
it was in the elastic case, and the change occurs over the
longer time period during which the cars crumpled. The
resulting smaller force on the inhabitants will result in fewer
injuries.

If all of the kin
then there is no motion of either of the objects after the
collision. If nothing is moving, there is no momentum. Thus,
if the final momentum of the system is zero, then the initial
maomentum of the system must have been zero. The required
condition, then, is that the two objects are approaching
other so as to make a head-on collision, with equal, |
positely direcied, momenta

ic energy is transformed inwo other forms,

. Tie one end of the rope around the bear. Lay out tf pe
measure on the ice between the bear’s original postion and
yours, as you hold the opposite end of the rope ke off
your spiked shoes and pull on the rope. B and the
bear will slide over the ice until vou meet the tape
observe how far vou have slid. x,. and k the bear has

slid, x,. The point where you meet the the constant

location of the center of mass of the (bear plus you),
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226 Chapter 8

s0 you can determine the mass of the bear from myx, =
mx,. (Unformnately, if the bear now wakes up you cannot
get back to your spiked shoes.)

. Neglecting air resistance, the only external force on the pro-

jectile is the force of gravity. Thus, the projectile follows a
parabolic path. If the projectile did not explode, it would
continue 1o move along the parabolic path indicated by the

Momentum and Collisions

broken line in Figure 8.19. Because the forces due to the
explosion are internal, they do not affect the motion of the
center of mass. Thus, after the explosion, and until the first
fragment hits the ground, the center of mass of the frag-
ments follows the same parabolic path the projectile would
have followed if there had been no explosion.

Relativ

ty

ost of our evervday experiences and observations have to do with
Muh}erh‘ that move at speeds much less than that of light. Newtonian

mechanics and early ideas on space and time were formulated to
describe the motion of such objects. This formalism is successful in describing
a wide range of phenomena that occur at low speeds. It fails, however, when
applied to particles the speeds of which approach that of light. The predic-
tions of Newtonian theory can be tested experimentally at high speeds by
accelerating electrons or other charged particles. For example, it is possible
to accelerate an electron o a speed of 0.99¢ (where ¢ is the speed of light) by
using particle accelerators. According to Newtonian mechanics, if the energy
wansferred to an electron is
increased by a factor of 4,
the electron speed should
jump to 1.98¢ However, ex-
periments show that the
speed of the electron—as
well as the speeds of all
other particles in the Uni-
verse —alwiys remains less
than the speed of light, re-
gardless of the particle en-
ergy. Because it places no
upper limit on speed, New-

Albert Einstein (1879-1955),
one of the greatest physicists
of all times, is best known for
developing the theory of rela-
tivity. He is shown here ina
playful meed riding a bicydle.
The photograph was taken in
1933 in Santa Barbara, Cali-
fornia. (From the California Institute
of Technology archives)

lmagination is more impor-
ant than knowledge

heve Etnstern
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Galilean addition law for *
velocities

Albert A. Michelson (1852-1931)
A German American physicist,
Michelson spent much of his life mok-
ing accurate measuremanis of the
speed of light. In 1907 he was the
first American to be awarded the
Nobel prize, which he received for
his wark in optics. His most fomous
experiment, conducted with Edward
Marley in 1887, implied that it wos
impossible to measure the absolute ve-
locity of the Earth with respect 1o the
ether, (AP Emilio Segré Visvel
Archivas, Michelson Collection)

Chapter 9 Relativity

within the framework of classical mechanics, all clocks run at the same rate, re-
gardless of their velocity, so that the time at which an event occurs for an observer
in §is the same as the tume for the same event in 8. As a consequence, the time
interval between two successive events should be the same for both observers. Al-
though this assumption may seem obvious, it turns out to be incorrect when treating
situations in which vis comparable to the speed of light. This point of equal time
intervals represents one of the most profound differences between Newtonian con-
cepts and Einstein's special relativity.

Now suppose two events are separated by a distance dx and a time interval
dt as measured by an observer in & It follows from Equation 9.1 that the corre-
sponding distance dx’ measured by an observer in 8" is dx’ = dx — vdi, where dxis
the distance between the two events measured by an observer in 8 Because dt =
dt’, we find that

dx dx
—_—=——y
di d.
or
wEu - 9.2]

where w, and u, are the instantancous velocities of the object relative to S and §°,
respectively. This result, which is called the Galilean addition law for velocities
(or Galilean velocity transformation). is used in evervday observations and is con-
sistent with our intuitive notion of time and space. As we will soon see, however, it
leads 1o serious contradictions when applied o electromagnetic waves.

9.2 - THE MICHELSON-MORLEY EXPERIMENT

Many experiments similar to the one described in the preceding section show us
that the laws of m nics are the same in all inertial frames of reference. When
similar inquiries are made into the laws of other branches of physics, the results
are contradictory. In particular, the laws of electricity and magnetism are found o
depend on the frame of reference used. It might be argued that it is these laws that
are wrong, but that is difficult o accept because the laws are in total agreement
with all known experimental resulis. The Michelson—Morley experiment was an
attempt to explain this dilemma.

The experiment stemmed from a misconception early physicists had concern-
ing the manner in which light propagates. The properties of mechanical waves,
such as water and sound waves, were well known, and all of these waves require a
medium to support the disturbances. In the nineteenth century, physicists thought
that electromagnetic waves also required a medium through which to propagate.
They proposed that such a medium existed, and they named it the luminiferous
ether. This cther was assumed to be present everywhere, even in a vacuum, and to
have the unusual property of being a massless but rigid medium (a strange concept
indeed!). In addition, it was found that the troublesome laws of electricity and
magnetism took on their simplest forms in a frame of reference at rest with respect

was called the absolute frame. In any refer-

to the luminiferous ether; this fra

9.2 The Michelsom—Morley Experiment

ence frame moving with respect to it. the laws of electricity and magnetism would
remain valid but would have to be modified.

As a result of the importance attached to this absolute frame, experimental
proof of its existence became of considerable interest in physics. However, all ai-
tempts to detect the presence of the ether (and hence the absolute frame) proved
futile, The most famous experiment designed (o show the presence of the ether
was performed in 1887 by A. A. Michelson (1852-1931) and E. W. Morley (1838~
1923). The objective was to determine the velocity of the Earth with respect o the
ether, and the experimental tool used was a device called the interferometer, shown
in Figure 9.3.

Suppose one arm of an interferometer (MM, in Fig. 9.3) were aligned along
the direction of the motion of the Earth through space. The Earth moving through
the ether would be equivalent to the cther flowing past the Earth in the opposite
direction. This “ether wind” blowing in the direction opposite the Earth's motion
should cause the speed of light, as measured in the Farth’s frame of reference, 10
be ¢ = wvas the light approaches mirror My in Figure 9.3, and ¢ + vafier reflection,
where ¢ is the speed of light in the ether frame and v is the speed of the Earth
through space and hence the speed of the ether wind. The incident and reflected
beams of light would recombine, and a pattern would form as the two beams in-
terfere with each other.

During the experiment, the interference pattern was observed while the inter-
ferometer was rotated through an angle of 907, The idea was that this rotation would
change the speed of the ether wind along the direction of the arms of the inter-
ferometer, and as a consequence the interference patiern would shift slightly but
measurably. Measurements failed to show any change in the pattern. The Michel-
son=Morley experiment was repeated by other researchers under varying condi-
tions and at different locations, but the results were always the same: no interference-
pattern shift of the magnitude required was ever observed.”

The negative result of the Michelson—Maorley experiment not only contradicted
the ether hypothesis; it also meant that it was impossible to measure the absolute

i th with respeet (o the ether frame, From a theoretical
viewpoint, this meant that it was impossible to find the absolute frame. However,
as we shall see in the next section, Einstein offered a postulate that places a different

interpretation on the negative result. In later years, when more was known about
the nature of light, the idea of an ether that permeates all space was relegated to
the ash heap of worn-out concepts. Light is now understood to be an electro-
magnetic wave that requires no di for its propaga As a result, an
ether in which light could travel became an unnecessary construct.

Modern versions of the Michelson—Morley experiment have compared the fre-
quencies of resonant laser cavities of identical length, oriented at right angles 10
each other, Most recently, Doppler shift experiments using gamma rays emitted by
a radioactive sample of “IFe have placed an upper limit of about 5 cm/s on ether
wind velocity. These results have shown quite conclusively that the motion of the
Earth has no effect on the speed of light!

om an Earth-observer's point of view, changes in the Earth's speed and direction of motion in the
course of a year are vi d as ether wind shifis. Even if the speed of the Earth with respect o the ether
were s al e time, B months later the speed of the Eanl be &0 km,/s with respect 1o the
ether and a clear fringe shift should be found. None has ever shserved, however

231
M,
Ether wind
v
® _+_
24 M,
M,
Telescope

Figure 9.3  According 1o the
ether wind theory, the speed of
light should be ¢ — v as the beam
approaches mirror My and ¢ + v
after reflection.
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The postulates of special +

Chaper 9 Relativity

9.3 - EINSTEIN’S PRINCIPLE OF RELATIVITY

In the previous section we noted the impossibility of measuring the speed of the
ether with respect to the Earth and the failure of the Galilean addition law for
velocities in the case of light, Albert Einstein proposed a theory that boldly removed
these difficulties and at the same time completely altered our notion of space and
ume.” Einstein based special relativity on two postulates:

1. The Principle of Relativity: All the laws of physics are the same in all
inertial reference frames.

2. The Constancy of the Speed of Light: The speed of light in vacuum
has the same value, ¢ = 3.00 x 10° m/s, in all inertial frames, regardless
of the velocity of the observer or the velocity of the source emitting the
light,

The first postulate asserts that all the laws of physics, those dealing with mechanics,
electricity and magnetism, optics, thermodynamics, and so on, are the same in all
reference frames moving with constant velocity relative to each other, This postulate
is a sweeping generalization of the principle of Newtonian relativity that only refers
to the laws of mechanics. From an experimental point of view, Einstein’s principle
of relativity means that any kind of experiment (measuring the speed of light, for
example), performed in a laboratory at rest must give the same result when per-
formed in a laboratory moving at constant velocity past the first one. Hence no
preferred inertial reference frame exisis and it is impossible 10 detect absolute
moton

Note that postulate 2, the principle of the constancy of the speed of light, is
required by postulate 1: If the speed of light were not the same in all inertial frames,
it would be possible 1o distinguish between inertial frames and a preferred, absolute
frame could be identified in contradiction o late 1. Py late 2 also elimi
the problem of measuring the speed of the ether by denying the existence of the
ether and boldly asserting that light always moves with speed ¢ relative 1o all inertial
observers.

Although the Michelson—Morley experiment was performed before Einstein
published his work on relativity, it is not clear whether or not Einstein was aware
of the details of the experiment. Nonetheless, the null result of the experiment can
be readily understood within the framework of Einstein’s theory. According to his
principle of relativity, the premises of the Michelson-Morley experiment were in-
correct. In the process of trying to explain the expected results, we stated that when
light traveled against the ether wind its speed was ¢ — w, in accordance with the
Galilean addition law for velocities. However, if the state of motion of the observer
or of the source has no influence on the value found for the speed of light, one
will always measure the value to be « Likewise, the light makes the return trip after
reflection from the mirror at speed ¢ not at speed ¢ + . Thus, the motion of the
Earth does not influence the imterference pattern observed in the Michelson-
Maorley experiment, and a null result should be expected.

'A. Einstein, “On the Elecwodynamies of Moving Bodies,” Ann. Physik 17:891, 1905. For an English
s of this article and other publications by Einstein, see the boak by H. Lorentz, A. Einstein,
H. Minkowski, and H. Wevl, The Principle of Relatiury, New York, Dover, 1958

9.4 Consequences of Special Relativity

If we accept special relativity, we must conclude that relatiy
portant when measuring the speed of light. At the same time, must alter
common-sense notion of space and time and be prepared for some bizarre conse-
quences.

Thinking Physics 1

Fmagine a very powerful lighthouse, with a roating beacon. lmagine also drawing a
horizontal circle around the lighthouse, with the lighthouse at the center. Along the
circumference of the circle, the light beam lights up a portion of the circle and the lit
portion of the circle moves around the circle at a certain tangential speed. If we now
imagine a circle twice as big in radius, the tangential speed of the lit portion is fasier,
because it must travel a larger circumference in the time of one rotation of the light
1e 1o make the circle |

SOUITC

wer and Larger, evenmually mov-

Imagine that we con

g it out into space. The tangential speed of the lit portion will keep increasing. Is it
possible that the angential speed could become larger than the speed of light? Would
this violate a principle of special relativity?

Reasoning For a large enough circle, it is possible that the tangental speed of the lit
portion of the circle could be Targer than the speed of light. This does not violate a
principle of special relativity, however, hecause no matter or information is traveling
Faster than the n;x eed of Ilglll

CONCEPTUAL PROBLEM 1

You are in a speedboat on a lake. You see ahead of you a wavefront, caused by the previous
passage of another b oving away from you. You aceelerate, catch up with, and pass the
wavefront. Is this scenario possible if you are in a rocket and you detect a wavefront of hght
ahead of vou?

9.4 - CONSEQUENCES OF SPECIAL RELATIVITY

Before we discuss the consequences of special relativity, we must frst understand
how an observer located in an inertial reference frame describes an event, As men-
tioned earlier, an event is an occurrence describable by three space coordinates
and one time coordinate. Different observers in different inertial frames usually
describe the same event with different space

The reference frame used o describe an event consists of a coord

ime coordinates,

and a set of synchronized clacks located at the grid intersections as shown in
9.4 in two dime

ions. The clocks can be synchronized in many ways with the help
of light signals. For example, suppose the observer is located at the origin with his
master clock and sends out a pulse of light at r = 0. The light pulse 1akes a time
r/eto reach a second clock located a diy
clock i

ance rfrom the origin. Hence, the second
synchronized with the clock at the ongin if the second clock r
r/e at the instant the pulse hes it. This procedure of synchronizat
that the speed of light has the same value in all directions and in all inertial frames.

Is a time

assumes

Furthermore, the procedure concerns an event recorded by an obs
inertial reference frame. An observe

ver in a specific

in some other inertial frame would assign

different space ~time coordinates 1o events being observed by using another coor-

dinate

grid and another array of clocks.
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Albert Einstein (1879 |95
One of the greaiest physicists of oll
times, Einstein was born in Ulm, Ger-
many. In 1905, of the age of 26, he
published four scientific popers that
revolutionized physics. Two of these
papers were concerned with what is
now considered his most imporiani
caniribution of all, the special theary
of relativity. In 1916, Einstein pub-
lished his work on the general theory
of relotivity. The mos! dramafic predic:
tion of fhis theory is the degree 1o
which light is deflected by o gravito-
tional field. Measuremenis made by
asionomers on bright stars in the vi-
cinity of the eclipsed Sun in 1919
confirmed Einstein’s prediction, and
Einstein suddenly became o world ce-
lebrity. Einstein wos deeply disturbed
by the development of quantum me-
chanics in the 19203 despite his own
role os o scientific revolutionary. In
parficuler, he could never accept the
probabilistic view of events in noture
thot is a central feature of quantum
theory. The lost lew decades of his life
were devoted to an unsuccessful
search for o unified theory that would
combine gravitation ond eleciromag
nefism inlo one picture
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Rest energy *

Defmition of total energy *

Energy - momentum
relationship

Relativity

Figure 9.15 A graph comparing relativistic and
nonrelativistic kinetic energy. The speeds are
ploted versus energy. In the relativistic case, u is
always less than &

05 10 L5 20 Kim

equation (which is experimenally verified at all speeds). Thus for practical caleu-
lations it is valid 10 use the classical equation when the object’s speed is less than
O.lc

The constant term me® in Equation 9.20, which is independent of the speed, is
called the rest energy of the free particle £

Ep= me* [9.21]
The term ymi? in Equation 9.20 depends on the particle speed and is the sum of

the kinetic and rest energies, We define yme® 1o be the total energy £—that is,
total energy = kinetic energy + rest energy, or

=yt = K+ met (9.22]

or, when vy is replaced by its equivalent,

[9.23]

This, of course, is Einstein's famous mass-energy equivalence equation. The rel.
tion E = ymu vk shows that mass is one possible manifestation of energy.
Furthermore, this result shows that a small mass corresponds to an enormous
amount of energy. This concept is fundamental 1o much of the field of nuclear
physics.

In many situations, the momentum or energy of a particle is measured instead
of its speed. It is therefore useful to have an expression relating the total energy E
to the relativistic momentum p. This is accomplished by using the expressions
E = yme® and p = ymu. By squaring these equations and subtracting, we can elim-
inate u (Problem 35). The result, after some algebra, is

[9.24]

When the particle is at rest, p = 0, and so £ = E; = me® That is, the total energy

equals the rest energy. For the case of particles that have zero mass, such as photons

9.7  Relativistic Engy

(massless, chargeless particles of light), we set m = (0 in Equation 9.24, and we see
that

E= pe [9.25]

This equation is an exact expression relating energy and momentum for photons,
which always travel at the speed of light.

Finally, note that because the mass m of a particle is independent of its motion,
m must have the same value all reference frames., For this reason, mis often called
the invariant mass, However, the total energy and momentum of a particle depend
reference frame in which they are measured, because they both depend on
Because m is a constant, then according to Equation 9.24 the quantity
E? — p°¢* must have the same value in all reference frames, That is, £* — p*c
invariant (its value remains the same) under a Lorentz transformation. These
tions do not yet make provision for potential energy

When dealing with subatomic particles, it is convenient 1o express their energy
in electron volts (eV), because the particles are usually given this energy in particle
accelerators. The conversion factor is

eV =160x10 1]

For example, the mass of an electron is 9.11 % 1079 kg. Hence, the rest energy
of the electron is

me? = (911 X 10-* kg) (3.00 X 10° m/s)? = 8.20 % 10 4]

Converting this to eV, we have

me® = (8.20 X 10-Y )(1 eV/1.60 X 10~ ]) = 0.511 MeV

Thinking Physics 3

A common principle
mass of the reactants i

rmed in chemistry is conservation of mass. In practice, if the

measured before a reaction and the mass of the products is
measured afterward, the results will be the same. In light of special relativity, should

we stop teaching the principle of conservation of mass in chemistry classes?

Reasoning Consider a reaction that does not require energy input to occur. This type
of reaction occurs because the products represent a lower overall rest energy than the

reactants, the difference in rest energy carried away as kinetic energy of ejected par-

les or radiation. Because the rest energy of the reactants is smaller, according 1o

relativity the mass of the reactants should be smaller than tf

of the products. Thus
the law of conservation of mass is violated. The mass changes are so small, however
that, in practice the law of conservation of mass is still useful

CONCEPTUAL PROBLEM 5

A photon has zero mass. If a photon is reflected from a surface, does it exert a force on the

251

* Energy of a photon
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CHAPTER OUTLINE

101 Angular Velocity and
Angular Acceleration

10.2  Rowtional Kinematics

10.5  Relations Between Angular
and Linear Quantities

10.4  Rowtional Kinetic Energy

10.5 Torque and the Vector
Product

10.6  Equilibrium of a Rigid
Object

10.7  Relation Between Torque
and Angular Accel

10

Rotational Motion

1 this chapter investigate the dynamics of particles and systems of par-

moving circular path and rigid objects rotating about a fixed
axis. We shall encounter such terms as angular displacement, angular ve-
locity, angular acceleration, torque, and angular momentum and show how
muequanﬁmmm describing rotational motion. Next we shall de-
i t mathemati woiﬁwmmg
such physical Mumqucund angular momentum.

One of the central points of this chapter is 1o develop the concept of the
angular momentum of a system of particles. By analogy with the conservation
of lincar momentum (Chapter 8), we shall find that the angular momentum

of any isolated system is always constant. The results we derive here will enable

us 1o understand the rota-
tional motions of a diverse
range of objects in our en-
i from -

10.8  Angular Momenium

10.9  Conservation of Angular
Momenum

10,10 Quantization of Angular
Momentum (Optional)

10.11 Rotation of Rigid Bodies
(Optional)
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tron orbiting a nucleus
clusters of galaxies orbiting
a common center. Ak
though the focus of this
chapter is the circular mo-
tion of particles, the exten-

depends on whether the leff or
right hand is used to lift the
axle from the horizontal, Ig-
noring friction and gravity, the
ongular mementum of the sys-
tem (the skier and the bicycle
wheel) remains constant.
[Courtesy of Derek Swinson]

10.1 Angular Velocity and Angular Accelevation

sion of this treatment to rigid bodies is reasonably straightforward and is treated in
an optional section.

10.1 - ANGULAR VELOCITY AND ANGULAR ACCELERATION

We began our study of linear motion by defining the terms displacement, velocity, and
linear acceleration. We will take the same basic approach now as we turn to the study
of rotational motion. Let us begin by considering a circular disk rotating around a
fixed axis that is perpendicular to the disk and goes through the point € (Fig. 10.1).
A point Pon the disk is at a fixed distance r from the origin and rotates about Qin
a circle of radius r. In fact, every point on the disk underg ircul ti
about 0.

It is convenient to represent the position of the point P with its polar coordi-
nates: (r, ). The origin of the polar coordinates is chosen to coincide with the
center of the circle. In this representation, the only coordinate that changes in time
is the angle 8 r remains constant. As a point on the disk moves along the circle of
radius rfrom the positive x axis (# = 0) o the point P, it moves through an arc of
length 5 which is related 1o the angular position # through the relation s = ré, or

o=- [10.1]
r
It is important to note the units of #as expressed by Equation 10.1, The angle
# is the ratio of an arc length and the radius of the circle, and hence is a pure
number. However, we commonly refer to the unit of f#as a radian (rad). One radian
is the angle subtended by an arc length equal to the radius of the arc. Because
the circumference of a circle is 27, it follows that 360° corresponds to an angle of
2ar/rrad or 27 rad (one revolution). Hence, 1 rad = 360°/ 27 = 57.%°. To con-
vert an angle in degrees to an angle in radians, we can use the fact that 2w
radians = 360°, or 7 radians = 180°; hence,

firad) = Sb(JV ﬁ‘{d(gl = l:_:(_l" a8 (deg)
For example, 60° equals 7/3 rad, and 45° equals 7/4 rad.

In Figure 10.2, as the particle travels from Pto (Jin a time A4, the radius vector
sweeps out an angle of A8 = 8, — 6, which equals the angular displacement dur-
ing the time interval A, We define the average angular speed, w (omega), as the
ratio of this angular displacement to the time interval At

[10.2]

By analogy with linear speed, the instantaneous angular speed, w, is defined

as the limit of the ratio in Equation 10.2 as At approaches zero:

I A8 df 5%
et TR T Ll

263

Figure 10.1  Rotation of a disk
about a fixed axis through O per-
pendicular to the plane of the fig-
ure. (In other words, the axis of ro-
tation is the 2 axis.) Note that a
particle at Protates in a circle of

radius r cer e at

Figure 10.2 A particle on a rotat-
ing rigid object moves from Pio Q
along the arc of a circle. In the
time imerval &t = & = §, the ra
dius vector sweeps out an angle
Al =08, — 8

Average angular speed

Instantaneows angular speed
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The torque exerted on the nail by
the hammer increases as the
length of the handle (lever arm)

increases. (0 Richard Mogna, 1991,
Fundamental Photografhs}

Cross products of unit veciors *

s

Fig. 10.13)2

kwise

M AXIS is

A one-piece eylinder is shaped as in Figure 10.13, with a core
on protruding from the larger drum. The cylinder is
free 1o rowate around the central axis shown in the draw-
ing. A rope wrapped around the drum. of radius &), exerts
a force F, to the right on the eylinder. A rope wrapped
around the core, of radius B,, exers a force F, downward
on the oylinder. (a) What is the net torque
the oylinder about the rotation axis (which is the z axis in

ution  The torque due w F; is
cause it tends to produce a clockwise rotation. The
nd is positive because it tends to produ
tation. Therefore, the net wrque about

Chapter 10 Rotational Mation

“wrapped” into B through the angle #. The direction of the erect right thumb is
the direction of A x B. Because of the notation, A X B is often read A cross B”;
hence the term eross product,

Some properties of the vector product follow from its definition:

* Unlike the case of the scalar product, the order in which the two vectors are
multiplied in a cross product is important; that is

AXB=—(BXA) [10.20]

Therefore, if you change the order of the cross product, you must change
the sign. One could easily verify this relation with the right-hand rule (Fig.
10.12).

* If Ais parallel 1o B(# = 0° or 18(F), then A X B = 0; therefore, it follows
that A X A = 0.

* If Ais perpendicular to B, then |A X Bl = AB.

From Equations 10.18 and 10.19 and the definition of unit vectors, one finds
that the cross products of the rectangular unit vectors i, j, and k obey the following
expressions;

iXi=jxj=kxk=0
ixj=-jxi=k
jXxk=-kXxj=i
kxi=-ixk=j

[10.21]

Signs are interchangeable. For example, i X (—=J) = -ix j = ~k.

COMCEPTUAL PROBLEM 3
S s

Both torque and work are products of force and distance. How are they different? Do they
have the same ?

Fxample 104 The Net Torque on a Cylinder

ting on

RyFy and is negative be- v

Figure 10.13  (Example 10.4) A solid cylinder pivoted about
the = axis
ment arm of Fy is Ay

sugh 0, The moment arm of F, is B, and the mo-

10.6  Equilibrium of a Rigid Ofject

Tae =T + R = Refy — RiF Solution

ib) ﬁuppusc F,=50N, R, =10m, F=60 N, and
E; = 0.50 m. What is the net torque about the rotation axis

and which way does the cylinder rotate? clockwise,

Toer = (6.0 N}(050 m) — (5.0 N}{1.0 m)

273

20N-m

Because the net torque is negative, the cylinder rotates

Example 10.5 The Cross Product

Two vectors lying in the xy planc are given by the equations
A=2%+3andB = —i + 2§ Find A % B, and verily explic-
ity that A x B= -B X A

are zero.)
Solution Using Equations 10.21 for the cross product of unit
veclors gives

AXB=(2%+3) % (-i+2)
=HxPLHX(—h) =4k + k= Tk

(We have omitied the terms withi X iandj X j. because they
BXA=(—1+2)x @+

=—ixH+Yxtf=-3k-4k=-7k
Therefore, AXxB= -Bx A

EXERCISE 53 Use the results to this example and Equati
10.19 to find the angle between A and B, \

EXERCISE 6 A particle is located at the vector positionr = (i + 3j) m, and the force acting
on it is F = (31 + 2j) N. What is the 1orque about (a) the origin and (b) the point having
coordinates (0,6) m? wiswer  (a) (—7k) N-m (b) (11k) N-m

EXERCISE 7 If IA x Bl = A-B. what is the angle between A and B? Answ 45.0°

10.6 « EQUILIBRIUM OF A RIGID OBJECT

Consider a single force F acting on a rigid object as in Figure 10.14. The effect of
the force depends on its point of application, P. If r is the position vector of this
point relative to 0, the torque associated with the force F about O is given by
r=rxF

As you can see from Figure 10.14, the iendency of F 1o make the object rotate
about an axis through O depends on the moment arm o as well as on the magnitde
of F. By definition, the magnitude of 7 is Fi.

Now suppose either of two forces, F| and F,, act on a rigid object. The two
forces will have the same effect on the object only if they have the same magnitude,
the same direction, and the same line of action. In other words, two forces F, and
F, have an equivalent effect on a rigid body if and only if F, = F, and if the
two have the same torque about any given point.

I'wo equal and opposite forces that are nof equivalent are shown in Figure 10.15.
The force directed to the right tends 1o rotate the object clockwise about an axis
perpendicular to the diagram through O, whereas the force directed to the left
tends to rotate it counterclockwise about that axis

When pivoted about an axis through its center of mass, an object undergoes

an angular acceleration about this axis if there is a nonzero torque acting, As an
example, suppose an object is pivoted about an axis through its center of mass as
in Figure 10.16. Two equal and opposite forces act in the directions shown, such

Figure 10.14 A single force F acts
on i rigid object at the point P,
The moment arm of F relative 1o O
is the perpendicular distance d
from @ o the line of action of F.

O

Figure 10,15 1

ibje jual i

WEES ach

direction

t im equilibrium
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[ J——
(a)
e
(b}
Figure TP10.4

(Thinking Physics 4)

Angular momentum of a *
particle

3
~ <
Figure 10.20  The angular mo-
mentum L of a particle of mass m
and momentum p located an the
position £ is a vector given by L

r X p. The value of L deper
the origin and is a vector perpen-
dicular to both r and p

Chapter 10 Rotational Motion

When an automobile driver steps on the accelerator, the nose of the car moves upward.
When the driver brakes, the nose moves downward. Why do these effects occur?

Reasoning When the driver steps on the accelerator, there is an increased force on
the tires from the roadway. This force is parallel to the roadway and directed toware
the front of the automobile, as suggested in Figure TP10.4a, This force provides a
wrque about the center of mass that tends 10 cause the car to rotate in the counter-
clockwise direction in the diagram. The result of this rotation is a “nosing up” of the
car. When the driver steps on the brake, there is an increased force on the tires from
the roadway, directed toward the rear of the automobile, as suggested in Figure
TP10.4b, This force resulls in a torque that causes a clockwise rotation and the subse-
quent “nosing down” of the automobile.

10.8 + ANGULAR MOMENTUM

Again let us consider a particle of mass m, situated at the vector position r and
moving with a momentum p, as shown in Figure 10,20, The instantaneous angular
momentum, L, of the particle relative 1o the origin ©is defined by the cross prod-
uct of its inst vector position and the i linear

tum, p:

L=rXp [10.26]

The SI units of angular momentum are kg - m*/s. It is important to note that both
the magnitude and the direction of L depend on the choice of origin. The direction
of L is perpendicular to the plane formed by r and p, and the sense of L is governed
by the right-hand rule. For example, in Figure 10.20, v and p are assumed to be in
the xy plane, and L points in the : direction, Because p = mv, the magnitude of
Lis

L= mvrsin ¢ [10.27]

where @ is the angle between rand p. It follows that L is zero when r is parallel 1o
p (& = 0° or 180°). In other words, when the particle moves along a line that passes
through the origin, it has zero angular momentum with respect to the origin. This
is equivalent to stating that it has no tendency to rotate about the origin. However,
if ris perpendicular o p (¢ = 90°), I is a maximum and equal to mor. In this case,
the particle has maximum tendency 10 rotate about the origin. In facy, at that instant
the particle moves exactly as though it were on the rim of a wheel rotating about
the origin in a plane defined by v and p. A particle noinzero angular momentum
about some point if the position vecior of the particle measured from that point
rotates about the point.

For linear motion, we found that the resultant force on a particle equals the
time rate of change of the particle’s lincar momenmm (Eq. 8.3). We shall now show
that Newton's second law implies that the resultant torque acting on a particle
equals the time rate of change of the particle’s angular momentum. Let us start by
writing the 1orque on the particle in the form

108 Angular Momentum

¥ % 10.28
=5 X X — B
T=r der | ]
where we have used the fact that F = dp/dL Now let us differentiate Equation 10.26
with respect o time, using the product rule,

'“‘—d:xl- xdp+ ®
‘"—d;r g dt P

It is important to adhere to the order of terms, because A x B = —B x A,
The last term on the right in the preceding equation is zero because v =
dr/dt is parallel to p. Therefore,

dL dp 1o
. .
dt 5 dt { ]

Comparing Equations 10.28 and 10.29, we see that

T — [10.30]

This result, 7= dL/dr, is the rotational analog of Newion's second law, F =
dp/dt. Equation 10,30 says that the torque acting on a particle is equal to the time
rate of change of the particle’s angular momentum. It is important to note that
Equation 10.30 is valid only if the origins of r and L are the same. Equation 10.30
is also valid when several forces are acting on the particle, in which case 7 is the nef
torque on the particle. , the expression is valid for any origin
fixed in an inertial frame. Of course, the same origin must be used in calculating

all torques as well as the angular momentum.

A System of Particles

The total angular momentum, L, of a system of particles about some point is de-
fined as the vector sum of the angular momenta of the individual particles:

L=L +l,4+.-- - +L, =3 L

where the vector sum is over all of the » particles in the system.

Because the individual momenta of the particles may change in time, the ol
angular momentum may also vary in time. In fact, from Equations 10,28 and 10.29,
we find that the rate of change of the total angular momentum equals the
vector sum of all torques, including those associated with internal forces between

particles and those associated with external forces. However, the net torque asso-
ciated with internal forces is zero. To understand this, recall that Newton’s third
law tells us that the internal forces occur in equal and opposite pairs that lie along

the line of separation of each pair of particles. Therefore, the torque due 1o each
action—reaction force pair is zero. By summation, we see that the net internal tovque
vanishes. Finally, we conclude that the wotal angular momentum can vary with time
ondy if there is a net external torque on the system, so that we have

[10.31]

* Torque equals time rate of

This is an aerial view of Hurricane

Fran. The spiralshaped, nonrig

mass of air undergoes rotatio
his angular momentum
of NASA)
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Chapter 10 Rotational Motion

From Equation 10.34 we derive a third conservation law to add to our list of
conserved quantities, We can now state that the total energy, linear momentum,
and angul A all i

If the system of "particles” under consideration is a rigid body rotating about
a fixed axis, then the angular momentum of the body about the axis has a magni-
tude given by L = fw, where [ is the moment of inertia about the axis. In this case,
if the net external torque on the body is zero, we can express the conservation of

109 Conservation of Angular Momentum

spinning (Fig. 10.23). The angular speed of the skater increases as she pulls her
hands and feet close w the wunk of her body. Neglecting friction between skater
we see that there are no external torques on the skater. The moment of
inertia of her body decreases as her hands and feet are brought in, The resulting
change in angular speed is accounted for as follows. Because angular momentum
must be conserved, the product Jw remains constant, and a decrease in [ causes a
corresponding increase in e,

An interesting astrophysical example of conservation of angular momentum
portant theorem concerns the angular occurs when, at the end of its lifetime, a massive star uses up all its fuel and collapses
e to the center of mass of the system. It under the influence of gravitational forees, causing a gigantic outhurst of energy
called a supernova explosion. The beststudied example of a remnant of a super-
nova explosion is the C: a chaotic, expanding mass of gas (Fig. 10.24).
Part of the star's mass is released into space, where it eventually condenses into new
stars and planets, Most of what is left behind makes up a neutron star, an extremely y
dense sphere of matter with a diameter of about 10 km in comparison with the

angular momentum as fo = constant.

Although we do not prove it here, an
momentum of a system of particles ¢
can be stated as follows:

The net torque acting on a sy
equals the time rate of change of
motion of the center of mass.

m of particles about the center of mass
ar momentum, regardless of the

10%km diameter of the original star. As the rotational inertia of the system de- o
creases, the star's rotational speed increases. More than 300 rapidly rotati
tron stars have been wdentfied, with periods of rotation ranging from 1.6 ms to
4 s, The neutron star is a most dramatic system—an object with a mass greater than
the Sun, rotating about its axis a few times each second!

g neu-

This theorem applies even if the center of mass is accelerating, provided that both
7 and L are evaluated relative 1o the center of mass.

Many examples can be used to demonstrate conservation of angular momen-
tum; some of them should be familiar to you, You may have observed a figure skater

- EXERCISE 11 A particle of mass m moves in the xy plane with a velocity v along a straight
line, as in Figure E10.11. What are the magnitude and direction of its angular momentum x
{a} with respect to the origin @ and (b} with respect 1o the ongin 077 Apswer (@) mod
Figure 10.28  Nancy Kerrigan. In into the diagram  (b) zero Figure E10.11 (Exercise 11)
this spin, her angular momentum
increases when she pulls her arms
in close 1w her body, demonstrar-
ing that angular momentum is Example 10.10 A Revolving Ball on a Horizontal, Frictionless Surface
conserved.  (Reuters/Carbs-Bettmann)
A ball of mass m on a horizontal, frictionless table is con- the bottom so that the radius of the circular path is decreased

nected 10 a string that passes through a small hole in the  to 7, what is the final speed v of the ball?

table. The ball is set into circular motion of radius R, at which

Solution Let us take the torque about the center of rotation,
), Note that the force of gravity acting on the ball is balanced
by the upward normal force, and so these forces cancel. The
force, F, of the string on the ball acts toward the center of

|
time its speed is v, (Fig. 10.25). If the string is pulled from

Yo rotation, and the vector position r is directed away from O
m Thus, we see that v =r X F = . Because 7= dL/di = 0, 1
is a constant of the motion. That is, myR = mur, or
il
v
Figure 10.24 The Crab Nebula, in the consicllation Taurus. This nebula is the remnant of a
va explosion, which was seen on Earth in the year An. 1054, It is located some 6300 From this result, we see that as r decrease ced vin-

ty and is approximately 6 lightyears in diamerer, still expanding outward.  (Daed Figure 10.25  (Example 10.10) creases,
wimfian Observatory)
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IMgl = Liw? = {(AMI?) o*

-

Chapter 10 Rotational Mation

Solution

(b) Determine the linear speed of the center of mass and

the linear speed of the lowest point on the rod in the vertical

position.

The lowest_ point on the rod has a linear speed equal w
vy = V3l

Figure 10.29 A rigid object ro-
tares about an axis through O un-
der the action of an external force
F applied a1 P.

Power delivered to a rigid +
body

Work and Energy in Rotational Motion

Consider a rigid body pivoted at the point O in Figure 10.29,. Suppose a single
external force, F, is applied at the point P and ds is the displacement of the point
of application of the force. The work done by F as the body rotates through an
infinitesimal distance ds = r df in a time dfis

dW = F-ds = (Fsin &)r dfl

where Fsin ¢ is the tangential component of F or the component of the force along
the displacement. Note from Figure 10.29 that the radial component of F does
no work b it is perpendicular to the displacement.

Because the magnitude of the torque due to F about the origin was defined as
v sin b, we can write the work done for the infinitesimal rotation in the form

[10.35]

dW = 7dp

The rate at which work is being done by F for rotation about the fixed axis is
obtained by formally dividing the left and right sides of Equation 10.35 by de:

daw df

el [10.36]

But the quantity dW/dt is, by definition, the instantaneous power, P, delivered
by the force. Furthermore, because df/dt = w, Equation 10.36 reduces to

- 1037
e (i85
T'his expression is analogous o P = Fv in the case of linear motion, and the ex-

pression dW = rdf is analogous to 4V = F.dx.

In linear motion, we found the energy concept, and in particular the work-
kinetic energy theorem, 1o be extremely useful in describing the motion of a system.
The energy concept can be equally useful in simplifving the analysis of rotational
motion. From what we learned of linear motion, we expect that for rotation of a
symmetric object {(such as a symmetric wheel) about a fixed axis, the work done by
| forces will equal the change in the rotational kinetic energy. To show that

fact the case, let us begin with 7 = fa. Using the chain rule from the
calculus, we can express the torque as

extery

this is &

e gl _ o do_ do
r=Jla=1— = = fo
& “Ba A

10.11

Rotation of Rigid Bodies (Optional)

Figure 10.30  Light sources

different paths these points take. The center moves in 4 straight line, as indicated by the green

ched at er and rim of a rolling cylinder illustrate the

el

line, and a point on the rim moves in the path of a cye as indicated by the red cunve

(Hemry Leap and fim Lebman}

Rearranging this expression and noting that rd# = dW, we get

7ilft = dW = Jw dw

Integrating this expression, we get the total work done

w= f 7df = J Io do = Lio? — Ha? [10.38]

Rolling Motion of a Rigid Body

Suppose a cylinder is rolling on a straight path as in Figure 10.30. The center of
mass moves in a straight line, and a point on the rim moves in a more complex
path corresponding to the shape of a cycloid, Let urther assume that the ovlinder
of radius R is uniform and rolls on a surface with friction. As the cylinder rotates
through an ves a distance of s = rf, Therefore, the
speed and acceleration of the center of mass for pure rolling motion are

angle of 8, its center of mass m

ds de 2
Yoy = R =7 R [10.39]
iy duw
Aoy = ‘”‘ = HE = Ro [10.40]
I'he linear velocities of various points on the rolling cvlinder are illusicated in Figure

10.31. Note that the linear velocity of any point is in a direction perpendicular 1o
the line from that point 1o the contact point. At any instant, the point P is at rest

relative 1o the surface, because sliding does not occur

A general point on the cylinder, such as @, has both horizental and vertical

components of velocity. However, the points Pand P the point at the center

of mass are unique and of special interest. Relative 1o the surface on which the
R, whereas

cylinder is moving, the center of mass moves with peed of yy

the contact point /* has zero velocity, The point P

s a speed equal to 2y,

2R, because all points on the cvlinder have the same angular speed

289
Wark-inetic energy
relationship for rotational
motion
”

o the ¥ s with a ve:

Petitioner Intel Corp., Ex. 1038

[PR2023-00783




290

Total kinctic energy of a =
rolling body

Figure 10.32 A round objec

ing down an inclir
CNETEY Femains consi
ping oceurs and ther
friction,

Mechani
nt if no ship-
is no rolling

Chapter 10 Rotational Motion

We can express the total kinetic energy of the rolling cylinder as
K= _if_nm? [10.41]

where [, is the moment of inertia about the axis through P,

A useful theorem called the parallel axis theorem enables us to calculate the
moment of inertia, I’, through any axis parallel to the axis through the center of
mass of a body. This theorem states that

L= Iy + MR? [10.42]

where Ris the distance from the center-of-mass axis to the parallel axis, and M is
the total mass of the body. Substitution of this expression into Equation 10.41 gives

K= Yoo + MR ?
K= §lyye? + §Mue® [10.43]

where we have used the fact that vy = Rw.

We can think of Equation 10.43 as follows: The first term on the right,
{.ﬁ-nw’. represents the rotational kinetic energy about the center of mass, and the
term § Muy? represents the kinetic energy the oylinder would have if it were jusi
translating through space without rotating. Thus, we can say that the total kinetie
energy of an object rolling motion is the sum of a rotational kinetic
energy about the center of mass and the translational kinetic energy of the
center of mass.

We can use energy methods to treat a class of problems concerning the rolling
motion of a rigid body down a rough incline, We shall assume that the rigid body
in Figure 10.32 does not slip and is released from rest at the top of the incline.
Note that rolling motion is possible only if a fricional force is present between the
object and the incline to produce a net orque about the center of mass, Despite
the presence of friction, no loss of mechanical energy takes place because the con-
tact point is at rest relative 1o the surface at instant. However, if the rigid body
were to slide, mechanical energy would decrease as motion progressed.

Thinking Physics 6

A common classroom demonstration is 1o spin on a rotating stool with heavy weights
in your outsireiched hands and bring the weights close 1o your body. The result is an
ncrease in the angular velocity, in agreement with the principle of conservation of
angular momentum (see Fig. 10.33). Let us imagine we perform such a demonstration,
and moving the weights inward results in halving the moment of inertia, and, therefore,
doubling the angular velocity, If we consider the rotational kinetic energy, we see that
the energy is doubled in this simation. Thus, angular momentum is conserved, but
kinetic energy is not. Where does this extra energy come from?

Reasoning As you spin with the weights i your hands, there is a tension force in your
arms that is causing the weights to move in a circular path. As you bring the weights
in, this force from your arms is doing work on the weights, because it is moving them
adial displacement. As the ar
, you must apply e and more force 1o keep the we

ular velocity ing

through a ases in response 1o the
moving inw
g in the smaller radius circular path. Thus, the work that you do in bringing the

in increases as they are brought in. It is this work that you do with vour arms

his

10.11 Rotation of Rigid Bodies (Optional) 291

(a) by

Figure 10.33 (Thinking Physics 6) (a) The student is given an initial angular speed while hold
ing two masses as shown. (b) When the masses are pulled in close to the body, the angular
speed of the system increases.

that appears as the increase in rotational kinetic energy of the system. You can perform
this work due to the encrgy stored in your body from previous meals, so you are trans
forming potential energy stored in your hody into rotational kinetic energy

CONCEPTUAL PROBLEM 4

Suppose a pencil is balanced on a perfectly frictionless table. If it falls over, what is the path
followed by the center of mass of the pencil?

CONCEPTUAL PROBLEM 5
In some motorcycle races, the riders drive over small hills, and the motorcycle becomes

airborne for a short time. If the motoreyele racer keeps the throtile open while leaving the
hill and going into the air, the motorcycle tends to nose upward, Why does this happen?

CONCEPTUAL PROBLEM &

Suppose you are designing a car for a coasting race—the cars in this race have no engines,
they simply ce els? Do you want solid,
diskdlike wheels or hoop-like wheels? Should the wheels be heavy or lights

st down a hill. Do you want large wheels or small v

(Concepuial Prot
{Tom Raymond/Tony Stone fmage

Example 10.14  Sphere Rolling Down an Incline

If the object in Figure 10.32 is a solid sphere, calculate the

speed of its center of mass at the bottom and detern o

magnitude of the linear ac sration of the center of mass. I

Solution For a uniform solid sphere, ly, = FMR?, and  The vertical displacement is relat isplacement x
the: e, conservation of mechanical energy gives along the incline through the hip & = xsin #,
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302 Chapter 10 Rotational Motion

tation results in the nose of the motoreycle rising and the
tail dropping.

In general, you want the rotational kinetic energy of the sys-
tem (o be as small a fraction as possible of the total energy—
you want transkation, not rotation! You want the wheels o
have as little moment of inertia as possible, so that they rep-

hoop-ike wheels, so disks are preferable. The lower the mass
of the wheels, the less is the moment of inertia, so light
wheels are preferable. The smaller the radius of the wheels,
the less is the moment of inertia, so smaller wheels are pref-
erable, within limits—you want the wheels 10 be luge
enough 1o be able 1o ravel relatively smoothly over irregu-

Orbital Motions and the
Hydrogen Atom

resent the lowest resistance to changes in rotational motion. larities in the road.

DiskJike wheels would have lower moment of inertia than

e began our study of mechanics with translational motion and the IAPTER ( TLINE
Wforcr:s that cause it. If we know the forces acting on a system and its o il Y a

initial conditions, we can predict the future of the system. However, s bl e s
describing motion in this manner is often tedious and time consuming,
Fortunately, we can often follow the simpler approach of using conservation
principles. We easily solved 11.3 The Univ
many interesting problems
involving motion by recog-
nizing that certain funda-
mental quantities—such as
energy and momentum—
were conserved.

Gravity Revisited
11.2 Kepler's Laws

sl Law of Gravity

and the Motions of Planets

11.4 Energy Considerations in
Planetary and Satellite
Motion

115 Atomic Spectra and the Bohr

In this chapter we re- Fieony. a6 duagen

wrn 1o Newton's universal
law of gravitaion—one of
the fundamental force laws
in nature—and show how
it, together with Newton's
laws of motion, enables us
to understand a variety of

familiar orbital moti
such as the motions of plk
ets and Earth satellites.
Newton's theory of gravita-
tion evolved out of his stud-
ics of the motions of the

ns,
-

Astronauts F. Story Musgrave
and Jeffrey A. Hoffman com-
plote the final space walks
needed to repair the Hubble
Spoce Telescope in December
1993, [Courtesy NASA]
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Universal law of gravity *

Figure 11.1  The gravitational
force between two particles is at
tractive, The unit vector # is di-
rected from my 10 my, Note that
Fy = —F,

Chapter 11 Orbital Motions and the Hydrogen Atom

Moon and planets, for which he used the groundwork provided by Copernicus,
Brahe, Kepler, and other astronomers. In examining this evolution, we shall once
again make use of conservation of energy and angular momentum,

We conclude this chapter with a discussion of Niels Bohr's famous model of
the hydrogen atom, which represents an interesting mixture of classical physics
(Newton's laws of motion and the electromagnetic force) and quantum physics
(quantization of angular momentum). Although Bohr's theory contains ideas that
are contrary to classical ph his model successfully predicts the observed spectral
lines of hydrogen.

11.1 - NEWTON’'S UNIVERSAL LAW OF GRAVITY REVISITED

Prior 1o 1686, many data had been collected on the motions of the Moon and the
planets, but a clear understanding of the forces that caused those motions was not
yet attainable, In that year, Isaac Newton provided the key that unlocked the secrets
of the heavens. He knew, from the first law, that a net force had 1o be acting on
the Moon. If not, the Moon would move in a straightline path rather than in its
almost circular orbit. Newton reasoned that this force between Moon and Earth
was an attractive foree. He also concluded that there could be nothing special about
the Earth-Moon system or the Sun and its planets that would cause gravitational
forces 1o act on them alone, He wrote,

I deduced that the forces which keep the planets in their orbs must be reciprocally
as the squares of their distances from the centers about which they revolve; and
thereby compared the force requisite to keep the Moon in her orb with force of
gravity at the surface of the Earth: and found them answer pretty nearly,

As you should recall from Chapter 5, every particle in the Universe attracts
every other particle with a force that is directly proportional to the product of their
masses and inversely proportional o the square of the distance between them, If
two particles have masses m) and my and are separated by a distance r, the magni-
tde of the gravitational force between them is

1y Mg

F=G P (11
where G is the gravitational constant the value of which in SI units is
6= 6672 x 1071 22 [11.2]
672 v

The force law given by Equation 11.1 is often referred to as an inverse-square
law because the magnitade of the force varies as the inverse square of the separa-
tion of the particles. We can express this attractive force in vector form by defining
a unit vector, ¥, directed from my to ms, as shown in Figure 11.1. The force on
my due to my is

Cmymy
Fpw=G——1¢ [11.3]

2

11.1 Newton'’s Universal Leaw of Cravity Revisiled

Likewise, by Newton's third law, the force on m, due to m,, designated F,, is equal
in magnitude to Fy and in the opposite direction. That is, these forces form an
action —reaction pair, and Fa, = = F,.

The gravitational force exerted by a finite-sized, spherically symmetric
mass distribution on a particle outside the sphere is the same as if the entire
mass of the sph were ated at its center. For example, the force on a
particle of mass m at the Earth's surface has the magnitude

Mgmn

R

where Mg is the Earth’s mass and Rj is the Earth’s radius. This force is directed
toward the center of the Earth.

Measurement of the Gravitational Constant

The gravitational constant, G, was first measured in an important experiment by
Sir Henry Cavendish in 1798, The apparatus he used consisted of two small spheres,
each of mass m, fixed to the ends of a light horizontal rod suspended by a thin wire,
as in Figure 11,2a. Two large spheres, each of mass M, are then placed near the
smaller spheres, The atractive force between the smaller and larger spheres causes
the rod to rotate and twist the wire. If the system is oriented as shown in Figure
11.2a, the rod rotates clockwise when viewed from the top, The angle through which
it rotates is measured by the deflection of a light beam that is reflected from a
mirror attached to the wire. The experiment is carefully repeated with different
masses at various separations. In addition to providing a value for G, the results
show that the force is attractive, proportional to the product mM, and inversely
proportional w the square of the distance

Thinking Physics 1

A student drops a ball and considers why the ball falls 1o the ground as opposed 1o the
n in which the ball stavs stationary and the Earth moves up to meet it. The
student comes up with the following explanation: “The Earth is much more massive

than the ball, so the Earth pulls much harder on the ball than the ball pulls on the
Earth. Thus, the ball falls while the Earth remains stationary.” What do you think about
this explanation®

Reosoning According 1o Newton's universal law of gravity, the force benween the ball
and the Earth depends on the product of their masses, so both forces—that of the ball
on the Earth and that of the Earth on the ball—are equal in magnitude. This follows
also, of course, from Newton's thivd Law, The ball has Lirge motion l.n[ll_‘“'tl 1o the
Earth becanse, according 10 Newton's second law, the force of equal magnitude gives

a much greater acceleration 1o the small mass of the ball

305
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Figure 11.2  (a) Schematic dia-
gram of the Cavendish app:
for measuring 6. The smaller

spheres of mass » are attracted 10
the large spheres of mass M, and
the rod rotates through a small an-
gle. A light beam reflecied from a
mirror on the rotating apparatus

measures the le of rotation

The dashed line represents the
original position of the rod

(b) Photograph of a student Cav-

endish apparatus,  (Courtesy of
PASCO Saentific
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Chapter 11

Example 11.1 The Mass of the Earth

Use the gravitational force law to find an approximate value
for the mass of the Earth,

Selution Figure 11.3, obviously not to scale, shows a baseball
falling toward the Earth at a location where the acceleration
due to gravity is g We know from Chapter 5 that the magni-
tude of the gravitational force exerted on the baschall by the
Earth is the same as the weight of the ball, w = myg Thar is,

We can divide each side of this equation by m; and solve for
the mass of the Earth, M:

The falling baseball is close enough to the Earth so that
the distance of separation between the center of the hall and
the center of the Earth can be taken as the radins of the
Earth, 6.38 % 10° m. Thus, the mass of the Earth is

Orbital Motions and the Hydrogen Atom

(9.80 m/s*) (6.38 X 10° m)*

Mo = 508 x

M= x0T N-m¥/ kg PRl
Figure 113 (Example 11.2) A baseball falling wward the
Earth {not drawn o scale).

Example 11.2 Gravity and Altitude

Derive an expression that shows, for any poir
Earth’s surface, how the acceleration due 1o gravity varies with
distance from the center of the Earth

Solution The falling baseball of Example 11.1 can be used
here also. Now, however, assume that the ball is sitnated some
arbitrary distance, r > Ry, from the Eanth’s center, The first
equation in Example 11.1, with r replacing A and m, re-
moved from both sides, becomes

M,

=

This indicates that the acceleration due to gravity at a point
above the Earth's surface decreases as the inverse square of
the distance berween the point and the center of the Earth.
1 objects fall with a consta
aceeleration is obviously incorrect in light of this example.

Our assumption of Chapter 2 i

For short falls, however, the change in gis so small that n

glecting the variation does not introduce a significant effect

in our results

Because the weight of an object is mg, a change in the value
of gproduces a change in weight. For example, if you weigh
80D N at the surface of the Earth, vou will weigh only 200 N
at a height above the Earth equal 1o the radius of the Earth,

Also, if the distance of an object from
infinitely large, the weight approaches
various altitudes are given in Table 11.1.

TABLE 11.1 Free-Fall

the Earth becomes
zero, Values of g at

Acceleration, g, at
Various Altitudes
Above the Earth’s
Surface
Altitude h (km) gim/s)
1000 733
2000 5.68
3000 453
4000 3.70
SO0 308
GO0 2.60
L] 223
HO00 193
Q000 169
100 DO 1.49
50 (00 13
0

112 Kepler's Laus

EXERCISE 1

equal to twice the radius of the Earth? Answer

1f an object weighs 270 N at the Earth's surface, what will it weigh at an altitude

30 N

EXERCISE 2 Determine the magnitude of the acceleration due to gravity at an altitude of
is the weight of a body reduced at this alimde?

11.2 - KEPLER’S LAWS

The movements of the planets, stars, and other celestial bodies have been observed
by people for thousands of years. Early in history, scientists regarded the Earth as
the center of the Universe. This so-called geocentric model was elaborated and
formalized by the Greek astronomer C ius Prolemy in the second centiry AD
and was accepted for the next 1400 years. In 1543 the Polish astronomer Nicolaus
Copernicus (1473—1543) suggested that the Earth and the other planets revolve in
circular orbits about the Sun (the heliocentric hypothesis)

The Danish astronomer Tycho Brahe (1546-1601) made accurate astronomi-
cal measurements over a period of 20 vears and provided the basis for the currently
accepted model of the Solar System. It is interesting 10 note that these precise
observations, made on the plancts and 777 stars, were carried out with nothing
more elaborate than a large sextant and compass; the telescope had not yet been
invented.

The German astrone
Brahe’s astronomical data and spent about 16 years trving 1o deduce a mathematical
model for the motions of the planets. After many laborious calculations, he found
that Brahe's precise data on the revolution of Mars about the Sun provided the
answer, Kepler’'s analysis ts about the

hannes Kepler, who was Brahe's assistant, acquired

st showed that the concept of circular

Sun had to be abandoned. He eventually discovered that the orbit of Mars could
be accurately described by an ellipse with the Sun at one focus. He then generalized
this analysis to include the motions of all planets. The complete analysis is sum-
marized in three statements, known as Kepler's laws:

1. Every planet moves in an elliptical orbit with the Sun at one of the focal
points.

2. The radius vector drawn from the Sun to any planet sweeps out equal
areas in equal time intervals,

3. The square the orbital period of any planct is proportional to the

cube of the semimajor axis of the elliptical arbit.

Newton demonstrated b

wat these laws were consequences of a simple force that

exists between any two masses. Newton's universal of gravity, together with his
laws of motion, provides the basis for a full mathemarical solution to the motion of
planets and satellites. M im, tant, Newton's ersal law of gravity correctly
describes the grnitational atractive force betwees ) MASSEs

Johannes Kepler (1571~ 1630
A German asironomer, Kepler is best
known for developing the laws of
planetary motion based on the careful
chsarvations of Tycho Brohe. Aler
spending several years trying fo work
out & “regulor-solid theory” of the
planets, he concluded that the Coper
nigan view of circular planstary arbits
had to be abandoned for the view
that the planelary orbits ore ellipses
with the Sun always ot one of the foci
[Art Resource]

*  Kepler’s laws
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Chapter 11 Orbatal Mations and the Hydrogen Atom

TABLE 11.2  Useful Planetary Data

Mass  Mean Radius  Period  Distance from I_‘(i)
Il'

Body (kg) (m) (s) Sun (m) 9

Mercury 318 X 108 243 = 100 7.60 % 108 570X 10 297X 10°1®
Venus 488 X 107 506 % 107 1.94 % 107 LO8 x 108 299 x 1079
Earth 598 x 10 6§37 x 10° 3056 % 107 1496 10*' 297 x 1071
Mars 6A2 X 10 837x10° HM X107 22X 10" 298 %1071
Jupiter 190 X 107" .99 x 107 3.74 % 100 778 x 10" 297 x 1071
Saturn 568 X 10% 585 x 107 985 % 100  143% | 299 X 1071
Uranus B68 X 10 233 x 107 264 X 100 287 x 1 295 X 1071
Neptune 103 X 10% 291 % 107 522 % 10°  450% 1 299 x 10°"*
Pluto =14 X 10® =15x 10° 7.82 X 107 5.91 X 10 296 x 107"
Moon 1.74 % 10° — — —_

Sun 696 = 107 — — —

the Sun’s mass replaced by the Earth’s mass, In this case, the proportionality con-
stant would equal 47%/ GM,..
Table 11.2 is a collection of useful planetary data. The last column verifies that

113 The Universal Lans of Cravaty and the Motions of Planets

Kepler’s Second Law and Conservation of Angular Momentum

Consider a planet of mass My moving about the Sun in an elliptical orbit (Fig. 11.8)
The gravitational force acting on the planet is a cenwral force, always along the
radius vector, directed toward the Sun. The torque on the planet due to this central
force is clearly zero, because F is parallel to r. That is

r=rXF=xXFlnk=0

But recall that the torque equals the time rate of change of angular momentum;
that is, T = dL/d!l. Therefore,

because 7 = 0, the angular momentum, L, of the planct is a constant of
the motion:

L=rXx P = mr X v = constant

Because Lis a constant of the motion, the planet’s motion at any instant is restricted
1o the pl

We can relate this result to the following geometric consideration. In a time of
dt, the radius vector r in Figure 11.9b sweeps out the area dA, which equals one

e formed by rand v

311
3 Mp
£ 3un
—F F v
M,
{a)
vl

{b)

Figure 11.8  (a} The gravitational
force acting on a planet acts
woward the Sun, along the radius
vector, (b) As a planet orbits the

the ratio 74/r" is constant,

half the area Ir X drl of the parallelogram formed by the vectors r and dr. Bec;
the displacement of the planet in the time df is given by dr = v di, we get

5 Sun, the area swept out by the ra-
dius vector in a time df is equal 1o
one half the area of the parallelo-
gram formed by the vectors r aned
dr = wt.

Example 11.3  An Earth Satellite 44 =

¥
Hr x drl = Lir x vdil = i

A satellite of mass m moves in a circular orbit about the Earth  Selution  The only exiernal force on the satellite is the grav-

with a constant speed of v, at a height of & = 1000 km above  ftational atraction exerted by the Earth. This force is directed A I

e ; & v ST e MR il . - -
!he Earth's surface, as in Figure 1 & (For clarity, this hgt.u: toward the center of t}.lr satellite's m.‘f.ul.u path :mrl._ is the = = constant [11.5] * Kepler's second law
is not drawn to scale.) Find the orbital speed of the saellite.  force causing the centripetal acceleration of the satellite. Be- di 2m

The
5.98 = 1(¢

of the Earth is 6.37 % 10°m, and its mass is  cause the magnimde of the force of gravity is GMem/r*, we
kg finel that

Mym s
G—=m
Sl ¥

o . GMs
el

In this expression, the d e ris the Earth's radius plus the
height of the saellite; that is, r= R + A= 7.97 X 10* m, s0
that
. (667 % 10-" N-m®/kg?)(5.98 % 10% kg)
! v =
7.37 % 10°m

541 X 107 m*/s*

Therefore,

7.36 10° m/s = 16 400 mi/h

) A sarellite of mass m moving Note that v o

Figure 117 (Example 1
around the Earth in a cireular arbit of radius rand with con.

1 of the mass of the satellite!

on the satellite is the gravi- EXERCISE 3 (.
onal force F . {Not drawn 10 scale.) satellite

stant speed v The only |

the period of revolution, 7, of the
15 min 1
|
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s

Event
horizon

Figure 1114 A black hole. The
distance Rg equals the Schwarz-

schild Any event

Ting
Ry,

called the event horizon, is invisi-

within the boundary of ra

ble o an outside observer

Chapter 11 Onbital Motions and the Hydvogen Aloni

Figure 11.13  The gravitatonal field in the vicinity of a black hole is so strong that nothing can
escape. Any object moving close to a black hole can emit x-rays.

d from Equation
the body

nce the

The ¢ e speed from any spherical body can be calcul
112 1 the escape speed exceeds the speed of light, ¢ radiation withi
(such as visible light) cannot escape and the body appears to be black; |
origin of the terminology “black hole.” The critical radius, Rg, for which this occurs
is called the Schwarzschild radius (Fig. 11.14). Taking v, = ¢in Equation 11.12
and solving for Ry, we obtain By = 2GM/¢*, For example, the value for Ry for a
black hole with a mass equal to that of the Sun is caleulated 10 be 3.0 km (about 2
a black hole the mass of which equals that of the Earth has a radius of about
9 mm (abowt the size of a dime).

Although light from a black hole cannot pe, light from evenis taking place
the black hole should be visible. A companion star captured by the srong
onal field of a black hole should emit x-ravs (Fig. 11.13). Based on this
reasoning, several candidates for black holes have been detected, the most famous
being Cygnus X-1, the first x- ource detected in the constellation Cygnus, There
is also evidence that supermassive black holes exist at the centers of galaxies.

a

ne
gravi

EXERCISE 5 The escape speed from the surface of the Earth is 11.2 km/s. Estimate the

escape speed for a spacecraft from the surface of the Moon. The Moon has a mass & that

h \ 249 km/s

of Earth and a

adius § that of

EXERCISE 6 {a) Calculate the minimum energy required 1o send a 5000-kg spacecraft from
the Earth 1

a distant point in space wh

¢ Earth's gravity is negligible. (b) If the journey is

10 take three weeks, what averge power will the engines have to supply?
() 1.88 % 10" ] (b)) 103 kW

EXERCISE 7 A satellite moves in an elliptical orbit ab
and apogee positions, the distances from the Earth’s center are, respectively. Dand 4. Find

it the Earth such that, at perigee

the ratio of the speeds at the two positions, v, /v, 1

115 Atomic Speetra and the Bohr Theory of Hydrogen 319

11.5 - ATOMIC SPECTRA AND THE BOHR
THEORY OF HYDROGEN

As you may have already learned in chemistry, the hvdrogen atom is the s
known atomie system and an especially important one to understand. Much of what
is learned about the hydrogen atom (which consists of one proton and one elec-
tron) can be extended to other single-electron ions such as He* and Li**. Further-
more, a thorough understanding of the physics underlying the hydrogen atom can
then be used to describe more complex atoms and the periodic table of the ele-
ments.

Suppose an evacuated glass tube is filled with hydrogen (or some other gas)
If a voluage applied between metal electrodes in the tube is great enough to produce
an electric current in the gas, the ube emits light the color of which is characteristic
of the gas (this is how a neon sign works). When the emitted light is analyzed with
a device called a spectroscope, a series of discrete lines is observed, each line cor
responding to a different wavelength, or color, of light. Such a series of spectral
lines is commonly referred to as an emission spectrum. The wavelengths contained
in a given line spectrum are characteristic of the element emitting the light (Fig
trum, this phenomenon

11.15). Because no two clements emit the same line sy
represents a marvelous and reliable technique for identifving elements in a sub-
stance.

As you shall learn in more detail in Chapter 13, a mechanical wave is a distur-
bance that transports energy as it moves through a system without transporting
matter. A common form of periodic wave is the sinusoidal wave, the shape of which

Ainm) 400 500 B0 700

He

Ne

4K 00

700
Figure 11.15 Visible specra. (a) Line spectra produced by emission in the visible range for

1w elements hydrogen, heliom, and neon. (b) The absorptic wrum for hydrogen. T

vk abie s ¢ he same wavelengths as the « line for hydrogen she
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