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Wave Optics

n the preceding chapter, we used the concept of light rays o examine

what happens when light passes through a lens or reflects from a mirror,

This chapter is concerned with the subject of wave opties, which addresses

the related optical phenomena of interference and diffraction, These phe-

cannot be adequately explained with ray (geometric) optics, but we

shall discuss how the wave nature of light leads to satisfying descriptions of
such events.

27.1 -+ CONDITIONS FOR INTERFERENCE

In our discussion of wave interference of mechanical waves in Chapter 14, we
found that two waves could add together either constructively or destructively.
In constructive interference, the amplitude of the resulant wave is greater
than that of either individual wave, whereas in destructive interference, the
resultant amplitude is less than that of either individual wave. Electromagnetic
waves also undergo interfer-
ence, All imerference asso-
ciated with eleciromagnetic
waves arises fundamentally
as a result of combining the
electromagnetic fields that
c i the  individual
waves,

the glass. Studies of such pat-
terns led to the development of
tempered glass. [James [ Amos,
Peter Arnold, Inc |

27.2 Young's Deuble-Skit Experiment

Interference effects in visible electromagnetic waves are not easy 1o ohserve be-
cause of their short wavelengths (from about 4 X 1077 mto 7 X 1077 m). In order
ained interference in light waves, three conditions must be met:

to observe s

they

* The sources must be coherent— tha
with respect 1o each other.

*  The sources must be of identical wavelength

* The superposition principle must apply.

SUmaintain a constant ph.i-(‘

ent sources. Two sources (producing
erence. However, in order 1o pro-

Let us examine the characteristics of co
two traveling waves) are needed to creat
duce a stable interference pattern, the i | waves must maintain a
phase with one another. When this situation prevails, the sources are said 1o be
coherent. As an cxample, the sound waves emitted by two side-by-side loudspeakers
driven by a single amplifier can produce interference because the wo speakers
respond to the amplifier in the same way at the same time,

Now, if two light sources are placed side by side, no interference effects are
observed hecause the light waves from one source are emitted independently of
the other source; hence, the emissions from the two sources do not maintain a
constant phase relationship with each other over the time of observation. An or-
dinary light source undergoes random changes about once every 1077 s. Therefore,

16
251

the conditions for constructive interference, destructive interference, or some
termediate state last for times on the order of 1077 s. The result is that no interfer-
ence effects are observed, because the eye cannot follow such shorterm changes.
Such light sources are said 10 be noncoherent.

A common method for producing two coherent light sources is to use one
single wavelength source 1o illu :n containing two small slits. The light
emerging from the two slits is coherent because a single source produces the orig-
inal light beam and the two slits serve only to separate the original beam into two
parts (which is exactly what was done to the sound signal just discussed). A random
change in the light emitted by the source will occur in the two separate beams at
the same time, and interference effects can still be observed.

e A S

27.2 + YOUNG’S DOUBLE-SLIT EXPERIMENT

Interference in light waves from two slits was first demonstrated by Thomas Young
in 1801. A schematic diagram of the apparatus used in this experiment is shown in
Figure 27.1a. (Young used pinholes in his or
Light is incident on a screen in which there is a narrow slit, §,. The light waves
1 that contains two narrow, parallel

1al experiments, rather than slits.)

emerging from this slit arrive a1 a second scr
sl

S; and S,. These wo slits serve as a of coherent light sources because
waves emerging from them originate from the same source, 8y, and therefore main-
tain a constant phase relationship. The light from the two shits produces a visible
pattern on screen O the pattern consists of a series of bright and dark parallel
bands called fringes (Fig. 27.1b). When the light from S, and 8, arrives at a point
on the screen so that constructive interference occurs at that location, a bright

Ininge appears. When the light from the lits combines destructively at any

location, a dark fringe results.
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Chapter 27 Wizze Opties

First screen

Second screen

(a)

Figure 27.1 () Schematic diagram of Young's double-slit experiment. The narrow slits act as
wave sources, Slits §, and 5, behave as coherent sources that produce an interference pattern
on screen C. (Note that this drawing is not o scale ) (b) The fringe pattern formed on screen ©
could look like this.

Figure 27.2 is a schematic diagram of some of the ways the two waves in Young's
experiment can combine at screen €. In Figure 27.2a, the two waves, which leave
the two slits in phase, strike the screen at the central point, P Because these waves
wravel equal distances, they arrive in phase at P, and a5 a result constructive inter-
ference occurs at this location and a bright fringe is observed. In Figure 27.2b, the

P
I
Bright R :h-l
ringe
fringe 0 Bright
fringe

Screen
ib) fc)

Figure 27.2  (a) Constructive interference occurs at Pwhen the waves combine. (b} Con
structive interference also occurs at @ (¢) Destructive interference occurs at R because the wave

from the upper shit falls half a wavelength behind the wave from the lower dit. (Note that these
figures are not drawn to scale.)

—r e

272 Young's Double-Slit Experiment

Figure 27.3 Geometric con-
struction for describing Young's
double-slit experiment. The
path difference between the wo

Source rays is i — 1y = dsin 0. (Note

that this igure is not drawn to
Viewing screen  scale.)

two light waves again start in phase, but the upper wave has to travel one wavelength
farther to reach point @ on the screen. Because the upper wave falls behind the
lower one by exactly one wavelength, they still arrive in phase at ), and so a second
bright fringe appears at this location. Now consider point R, midway between P
and  in Figure 27.2c. At this location, the upper wave has fallen half a wavelength
behind the lower wave. This means that the rough from the lower wave overlaps
the crest from the upper wave, giving rise to destructive interference at R, For this
reason, one observes a dark fringe at this location.

We can obtain a quantitative description of Young's experiment with the help
of Figure 27.3. Consider point P on the viewing screen; the screen is located a
perpendicular distance of L from the screen containing slits S, and 5, which are
separated by a distance of d, and » and r, are the distances the waves travel from
slit to screen. Let us assume that the source is monochromatic. Under these con-
ditions, the waves emerging from S, and S, have the same frequency and amplitude
and are in phase. The light intensity on the screen at Pis the resuliant of the light
coming from both slits. Note that a wave from the lower slit travels farther than a
wave from the upper slit by an amount equal w d sin 6. This distance is called the

path difference, 6 (lowercase Greek dela), where

d=n—n=dsin# [27.1]

This equation assumes that the two waves are parallel w each other, which is ap-
proximately true because L is much greater than d. As noted earlier, the
this path difference determines whether or not the two waves are in phase
of phase when they arrive at P. If the path difference is either zero or some integral
multiple of the wavelength, the two waves are in phase at Pand constructive inter-
ference results. Therefore, the condition for bright fringes, or constructive inter-
ference, at Pis

alue of
T out

8= dsin 8= mA (m=0, %1, ) [27.21
The number m is called the order number. The ceniral bright fringe at 8 = 0
{m = 0) is called the zeroth-order maximum. The first maximum on either side,
when m = + 1, is called the first-order maximum, and so forth

In a similar way, when the p.uh differ i1s an odd mll]lt':lh' of A/2, the wo
waves arriving at Pare 180° out of phase rive rise to destructive interference
Therefore, the condition for dark fringes, or destructive interference, al P is

787
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Conditions for destructive *
interference

An interference pattern involving
water waves is produced by two vi-
brating sources at the water”

face. The pattern is analogous o
t
slit experiment. Note the

bserved in Young's double-
ginns
tive and destructive in-

ce.  (Michard Megna, Funda-

of con

terfere
wmental Photogrofis)

Chapter 27 Wave Optics

1
a=ddna-(n+§).1 (m=0x1,%2 .., [27.3]

It is useful to obtain expressions for the positions of the bright and dark fringes
measured vertically from Oto P. In addition to our assumption that L = d, we shall
assume that d ® A—that is, the distance between the two slits is much larger than
the wavelength. This situation prevails in practice because L is often on the order
of 1 m whereas 4 is a fraction of a millimeter and A is a fraction of a micrometer
for visible light. Under these conditions, # is small, and so we can use the approx-
imation sin # = tan f. From the triangle 0OPQ in Figure 27.3, we see that

-

sin f = tan 6 = = 127.4]

=

Using this result and making the substitution sin 8 = mA/d from Equation 27.2, we
see that the positions of the bright fringes measured from ) are given by

AL
Jorlghe =~ ™ [27.5]
Likewise, using Equations 27.3 and 27.4, we find that the dark fringes are located
at

AL

B = = (m + b [27.6]

As we shall demonstrate in Example 27.1, Young's double-slit experiment pro-
vides a method for measuring the wavelength of light. In fact, Young used this
technique tw make the first measurement of the wavelength of light, In addition,
the experiment gave the wave model of light a great deal of credibility. Today we
still use the phenomenon of interference to describe many observations of wave-
like behavior.

Thinking Physics 1

Consider a double-slit experiment in which a laser beam is passed through a pair of
very closely spaced slits, and a clear interference patern is displayed on a distant screen.
Now, suppose vou place smoke particles between the double slit and the screen. With
the presence of the smoke particles, will you see the cffects of the interference in the
1 the screen, or will you only see the effects on the screen?

space between the slits a

Reasoning You will sce the effects in the area filled with smoke. There will be bright
lines directed toward the bright areas on the screen and dark lines directed toward
the dark areas on the screen. In Figure 27.3, the geometrical construction is important
for developing the mathemarical description of interference. It is subject 1o misinter-
tion, however, because it might suggest that the iny ce does not oceur untl
two slits strike the screen at the s position. The more fruitful
Figure 27.1, in which it is clear that there are paths of
‘e interference all the way from the slits to the screen. These

pr
the light rays from the
diagram for this situat
destructive and consuuc
paths will be made visible by the smoke.

27.2 Young's Double-Slit Experiment

Thinking Physics 2

If your stereo speakers are connected “out ol phase”—that is, with one speaker con-
nected correctly and the ather with its wires reversed, the bass in the music tends o
be weak. Why does this happen, and why is it a problem for the bass and not the reble
notes?

Reasoning This is an acoustic analog to double-slit interference, The two speakers act
as sources of waves, just like the two slits in a Young's doubleslit experiment, If the
speakers are connected correctly, and the same sound signal is fed o each speaker,
both speakers move inward and outward at the same time in response to the signal.
Thus, the sound waves are in phase as they leave the speakers, If you are sining at a
point in front of the speakers and midway between them, you will be located at the
zero-order maximum—the interference is constructive and the sound will be Toud. If
one speaker is wired backward, then one speaker will be moving outward while the
other is moving inward. The sound leaves the two speakers half a wavelength out of
phase. Thus, if you are sitting at the same place, you will be ar an interference mini-
mum. This is a particular problem for the bass due 1w the long wavelength of low
frequency notes. This results in a very large region of destructive interference in front
of the speakers, on the order of the size of the room. The much shorter wavelengths
of the high-frequency notes result in closely spaced maxima and minima. The spacing
can be on the order of the size of the heac naller. Thus, if one ear is a1 a
minimum, the other might be at a maximum. W more, small movements of the
head will result in a shift from the position of a minimum to that of a maximum.

Thinking Physics 3

by the wave

Suppose you are watching television by means of an antenna rather than a cable system,
If an airplane flies near your location, you may notice wavering ghost images in the

television picture. What might cause this?

Reasoning Your television antenna
transmitting antenna and a reflected signal from the surface of the airplane. As the
airplane changes position, there are some times when these two signais are in phase
and other times when they are out of phase. As a result, there is a variation in the
intensity of the combined signal received at vour antenna. This variation is evidenced
ng ghost images of the picture

receive two signals—the direct signal from the

Example 27.1 Mecasuring the Wavelength of a Light Source

(b) C.

A viewing screen is sep d from a doubleslit source by alculate  the

1.2 m. The distance between the two slits is 0.030 mm. The fringes.
second-order bright fringe (m = 2) is 4.5 em from the center i 1
line. (a) Determine the wavelength of the light Solution From Equation 2
Sclution We can we Equation 27.5, with w £5 % 102 m,
m=2[=]12mandd=30x10"%m Fmst = Y
dyy (3.0 X 107 m){45 x 10°* m) Al
mi 2x1.2m d
56 X 10 'm 560 nm A

distance
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Figure 274 Construction for ana-
lyzing the double-slit interference

pattern. A bright region, or inten-
sity maximum, is observed at 0.

Chapter 27 Wave Optics

Intensity Distribution of the Double-5lit Interference Pattern

We shall now calculate the distri of light i (the energy delivered by
the wave per unit area per unit time) associated with the double-slit interference
pattern. Again, suppose that the two slits represent coherent sources of sinusoidal
waves. Hence, the two waves have the same angular frequency, @, and a constant
phase difference, ¢. The total electric field at the point £ on the screen in Figure
27.4 is the veclor superposition of the two waves. Assuming the two waves have the
same amplitude, E,, we can write the electric field at P due to each wave separately
as

E, = E;sin et and E;, = Esin(wt + &) 127.71
Although the waves have equal phase at the slits, their phase difference, ¢, at P

on the path difference, = ry — r; = d sin 6. Because a path differ-
ence of A corresponds to a phase difference of 27 rad (constructive interference),
whereas a path difference of A/2 corresponds to a phase difference of 7 rad (de-
structive interference), we obiain the ratio

[27.8]

This equation tells us precisely how the phase difference & depends on the
angle 0.

Using the superposition principle and Equation 27.7, we can obtain the result-
ant clectric field at the point P:

Ep= B + E; = Fylsin ant + sin{wt + &)] [27.9]
To simplify this expression, we use the tigonometric identity
A+ B A-B
sinA+sinB=?sin( )ms 5 )
Taking A = wt + ¢ and B = wi, we can write Equation 27.9 in the form
b
Ep = 2B, Ens(;) 5in(wl’ < E) [27.10]

Hence, the electric field at P has the same frequency w as the original two waves,
but its amplitude is multiplied by the factor 2 cos(d/2). To check the consistency
of this result, note that if ¢ = 0, 2, 4w, . . . , the amplitude at P is 2k, cor-
responding to the condition for constructive interference. Referring to Equation
27.8, we find that our result is consistent with Equation 27.2. Likewise, if
& = m 3m 5m, . . . , the amplitude at Pis zero, which is consistent with Equation
27.3 for destructive interference.

Finally, to obtain an expression for the light intensity at P, recall that the in-
tensity of a wave is proportional to the square of the resultant electric field at
that point (Chapter 24, Section 24.6). Using Equation 27.10, we can therefore
express the intensity at Pas

s

=iy |

R

272 Yaung's Double-Stit Experiment

5
T Bt = 4F7° cos* (d/2) -\n'*'(wf t ‘ )

Because most light-detecting instruments measure the time-averaged light intensity,
and the time-averaged value of sin®(wt + @/2) over one cycle is 1/2, we can write

the average intensity at Pas

L, = I, cos*(h/2) [27.11]

where [, is the maximum possible time-averaged light intensity. [Note that
Iy = (I, + E)* = (2)* = 4E*] Substituting Equation 27.8 into Equation 27.11,

we find that
('n'«* sin f
T

Alternatively, because sin # = y/ L for small values of 8, we can write Equation 27.12

in the form
L= "(’Td )
= Lcos*( —y
v ' Al ¥

Constructive interference, which produces intensity maxima, occurs when the
quantity wyd/AL is an integral multiple of 7, corresponding o y = (AL/d)m. This
is consistent with Equation 27.5. Intensity distribution versus # is plotted in Figure
27.5. Note that the interference pattern consists of equally spaced fringes of equal

L, = I cos [27.12]

[27.13]

intensity. However, the result is valid only if the slicto-screen distance, L, is large
relative to the slit separation, and only for small values of 6

Figure 27.5 Intensity distribution

tw slits (L = d).  (Photo
net, M. Francon, and . €. Th
Optical Phenomena, Berlin, Springe

versus d sin @ for the double-slic par-
tern when the screen is far from the
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Figure 27.6  Lloyd's mirror. An
interference pattern is produced
on a screen at P as a result of the
combination of the direct ray
(blue) and the reflected ray
(brown). The reflected ray under-
goes a phase change of 180°

Chapter 27 Wiave Optics

We have seen that the interference phenomena arising from two coherent
sources depend on the relative phase of the waves at a given point. Furthermore,
the phase difference at a given point depends on the path difference between the
two waves, The resultant intensity at a point is proportional to the square of
the resultant amplitude. That is, the intensity is proportional w0 (£ + E;)* It
would be incorrect to calculate the resultant intensity by adding the intensities of the
individual waves. This procedure would give a different quantity, namely £* +
E,% Finally, (E, + Ey)* has the same average value as £* + E*, when the time
average is taken over all values of the phase difference between E; and E,. Hence,
the principle of energy co ion is not violated

CONCEPTUAL PROBLEM 1

Consider a dark fringe in a two-slit interference pattern, at which almost no light energy is
arriving. Waves from both slits travel to this point, but the waves cancel. Where does the
energy go?

27.3 + CHANGE OF PHASE DUE TO REFLECTION

Young's method of producing two coherent light sources involves illuminating a
pair of slits with a single source. Another simple arrangement for producing an
interference pattern with a single light source is known as Lioyd’s mimor. A light
source is placed at point § close to a mirror, as illustrated in Figure 27.6. Waves can
reach the viewing point, P, either by the direct path SP or by the indirect path
involving reflection from the mirtor. The reflected ray can be treated as a ray
originating from a source at §', located behind the mirror. This source 5', which
is the image of §, can be considered a virtual source.

At points far from the source, one would expect an interference pattern due
o waves from S and 8, just as is observed for two real coherent sources. An inter-
ference pattern is indeed observed. However, the positions of the dark and bright
fringes are reversed relative to the pattern of two real coherent sources (Young's
experiment). This is because the coherent sources at S and §' differ in phase by
180°, This 180° phase change is produced on reflection.

To illustrate this further, consider the point 7' at which the mirror meets the
screen. This point is equidistant from § and §'. If path difference alone were re-
sponsible for the phase difference, one would expect 1o see a bright fringe at P*
(because the path difference is zero for this point), corresponding to the 1
fringe of the two-slit interference pattern. Instead, one observes a dark fringe at P
because of the 180° phase change produced by reflection, In general, an electro-
magnetic wave undergoes a phase change of 180° on reflection from a medium
of higher index of refraction than the one in which it was traveling.

It is useful to draw an analogy between reflected light waves and the reflections
of a transverse wave on a stretched string when the wave meets a boundary (Chapter
13, Section 13.7), as in Figure 27.7. The reflecied pulse on a string undergoes a
phase change of 180° when it is reflected from the boundary of a denser medium,
such as a heavier string, and no phase change when itis reflected from the boundary
of a less dense medium. In a similar way, an electromagnetic wave undergoes a 180°
phase change when reflected from the boundary of a medium of higher index of
refraction than the one in which it was traveling. There is no phase change when

27.3  Changs of Phase Due to Reflection

180° phase change

—_—
“k____‘ ol e i {
>
,-"l'
n |y *—  Rigid support
nj < my String analogy
(a)
|
No phase change
Free support
4*
]
ny > ng

(B}

Figare 21.7 (a) A ray traveling in medium 1 reflecting from the surface of medium 2 under-
goes a 180° phase change. The right side shows the analogy with a reflected pulse on a siring
fixed at one end. (b} A ray traveling in medium 1 reflecting from the surface of medium 2 with
) = #, undergoes no phase change. The right side shows the analogy with a reflected pulse on
a string the end of which is free.

the wave is reflected from a boundary leading 10 a medium of lower index of re-
fraction. The part of the wave that crosses the boundary undergoes no phase
change.

I'he
eflected from the front and back of

(left) A Layer of bubbles on water, produced by soap
bubbles burst

“olors, produced just before the

o interference between
i on the thickness of the film, rang-
film getws thicker.  (Dr fen

the thin film of water making the bubble, Th

ing from black where the flm is at its thinnest 1o
Scirnie Photo Litvaryi  (ight) Thin film interference. A thir

ence, s shown by the pattern of colors when white light is incident on the film, Tt

film thick

ness varies, thereby producing the interesting color pattern. (6 Tom Branch {984, Phe
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796 Chapter 27 Waue Optics

E le 27.2 Interfy

P

in a Soap Film

Calculate the minimum thickness of a soap bubble film
{n = 1,33) that results in constructive interference in the
reflected light if the film is illuminated with light the wave-
length in free space of which is 600 nm.

Seolution The minimum film thickness for constructive in-
terference in the reflected light corresponds o m =0 in
Equation 27.16. This give = A/2, or

; A 600 nm
4n 4(1.33)

= 113 nm

EXERCISE | What other film thicknesses produce construc-
tive interference? Answer 338 nm, 564 nm, 789 nm, and
50 on

Example 27.3 Nonreflecting Coatings for Solar Cells

Semiconductors such as silicon are used o fabricate solar
cells—devices that generate electricity when exposed 1o sun-
light. Solar cells are often coated with a transparent thin film,
such as silicon monoxide (Si0, n = 1.45), in order 1 mini-
mize reflective losses from the surface, A silicon solar cell
(m = 8.5) is coated with a thin film of silicon monoxide for
this purpose (Fig. 27.9). Determine the minimum film thick-

ness that produces the least reflection ai a wavelength of
550 nm, which is the center of the visible spectrum,

Reasoning The reflecied light is a minimum when rays 1
and 2 in Figure 27.9 meet the condition of destructive inter-
ference. Note that both rays undergo a 180" phase change on
reflection in this case, one from the upper and one from the

ence appears at point 0, the apex, because the upper re-
flected ray undergoes a 1807 phase change and the lower one
does not. According to Equation 27.17, other dark bands
appear when 2nt = mA, so that 4 = A/2n, & = A/n, ¢

3A/2n, and so on. In a similar way, bright bands are observed

Ineident
light

27.5  Diffraction 797

when the thickness satisfies the condition 2ut = (m + $)A,
corresponding to thicknesses of A/4n, 3A/4n, 54/4n, and so
on. If white light is used. bands of different colors are ob-
served at different points, corresponding to the different
wavelengths of light

Figure 27.10 (Example 27.4) Interference bands in reflected light
can be observed hy illuminating a wedgeshaped film with mone-
chromatic light. The dark blue areas correspond 1 pos

is of de-
structive interference

27.5

DIFFRACTION

lower surface. Hence, the net change in phase is zero due 0
reflection, and the condition for reflection minimum re-
quires a path difference of A, /2; hence, 20 = A/2n,

Suppose a light beam is incident on two slits, as in Young's doubleslit experiment.
If the light truly traveled in straight-line paths afier passing through the slits, as in
Figure 27.11a, the waves would not overlap and no interference pattern would be
seen. Instead, Huygens' principle requires that the waves spread out from the slits,
as shown in Figure 27.11h. In other words, the light deviates from a straightline

160° phase
change
\

1K0° phiase Solution Because 20 = A/2n, the required thickness is

change

path and enters the region that would otherwise be shadowed, This divergence of
light from its ininal line of wravel is called diffraction.

In general, diffraction occurs when waves pass through small openings, around
obstacles, or by sharp edges. For example, when a narrow slit is placed between a
distant light source (or a laser beam) and a screen, the light produces a diffraction
pattern like that in Figure 27.12. The pauern consists of a broad, intense central
band, the central maximum, flanked by a series of narrower, | tense secondary

Typically, such antireflecting coatings reduce the reflec-
tive loss from 30% (with no coating) w0 10% (with coating),
thereby increasing the cell's ency, because more light is
available to create charge carriers in the cell. In reality, the
coating is never perfectly nonreflecting because the required
thickness is wavelength-dependent and the incident light
covers a wide range of wavelengths.

Glass lenses used in cameras and other optical instruments

: : Figure 27.11  (a) If light waves did not
are usually coated with a transparent thin film, such as mag- L B
i i a5 : " spread out after passing through the slits,
Figure 27.9 (Example 27.3) Reflective losses from a silicon nesium fluoride (MgF,), 1o reduce or eliminate unwanted d b TH
s ¥ ¢ = 3 e T terference woul ur. {(b) The
solar cell are minimized by coating it with a thin film of silicon reflection, and thus such coatings enhance the transmission . - . II S : a5 ]' e ‘ll , ; o
monexide. of light through the lenses i ' wves from the two shits overlap as
- - il ad out, filling the expected shid
regions with light and producing in
| » :
" ™ rence fringes.
| 58 IS o 3
™ Figure 27.12 The diffraction pa
- P term that appears on a screen when

Example 27.4 Interference in a Wedge-Shaped Film

TYOW verti

A thin, wedge-shaped film of refractive index s illuminated
with monochro
Figure 27.10. Describe the inerference pa

light passes through
Reasoning and Selution The interference pattern is that of I i . cal slit. The pattern consi a
a thin film of variable thickness surrounded by air. Hence, it o broad oo band and 3 series of
the pattern is a series of alternating bright and dark parallel A ess imtense and narrower side
bands. A dark band corresponding 1o destructive interfer- ] b) Tl

observed for

this case.
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Figure 27.13  Diffraction partern
of a penmy, taken with the penny
midway between screen and
source. (Couriery of P M. Rinard,
from Am | Phys. 44:70, 1976)

Figure 27.15 Diffraction of light
by a narrow shit of width o Each
portion of the slit acts as a point
source of waves, The path differ
ence between rays 1 and 3 or be

tween ravs 2 and 4 s ( sin 6.

{Note that this is not o scale.)

Chapter 27 Wave Opitics

Figure 27.14 (a) Fraunhofer diffraction
pattern of a single sliv. The pattern con-
sists of a central bright region flanked by
much weaker maxima alternating with
dark hands. (Note that this is not o
scale.) (b) Photograph of a single-slit
Fraunhofer diffraction patiern.  (From

M. Cagnet, M. Francom, and J. . Thierr, Atlas of
Optscal Phenomena, Berlin, Springer-Verlag, 1962,
plate 18}

bands (called secondary maxima) and a series of dark bands, or minima, This
cannot be explained within the framework of geometric optics, which says that light
rays traveling in straight lines should cast a sharp rendition of the slit on the screen.

Figure 27.13 shows the diffraction pattern and shadow of a penny. The pattern
consists of the shadow, a bright spot at its center, and a series of bright and dark
bands of light near the edge of the shadow, The bright spot at the center (called
the Aragn bright spot after its discoverer, Dominique Arago) can be explained
through the wave theory of light, which predicts constructive interference at this
point. In contrast, from the viewpoint of geometric optics, the center of the pattern
would be completely screened by the penny, and so one would never observe a
central bright spot.

Fraunhofer diffraction occurs when the rays reaching the observing screen
are approximately parallel. This can be achieved experimentally either by placing
the observing screen far from the slit or by using a converging lens to focus the
parallel rays on the screen, as in Figure 27.14a. A bright fringe is observed along
the axis at = 0, with alternating dark and bright fringes on each side of the cenural
bright fringe. Figure 27.14b is a photograph of a single-slit Fraunhofer diffraction
Pil[".'rl'l.

Single-Slit Diffraction

Until now we have assumed that slits are point sources of light. In this section we
shall determine how their finite widths are the basis for understanding the nature
of the Fraunhofer diffraction pauern produced by a single slit.

We can deduce some important features of this problem by examining waves
coming from various portions of the slit, as shown in Figure 27.15. According to
Huvgens' principle, each portion of the slit acts as a source of waves. Hence,
light from one portion of the slit can interfere with light from another portion,
and the resultant intensity on the screen depends on the direction 6.

To analyze the diffraction pattern, it is convenient to divide the slit into wo
halves, as in Figure 27.15. All the waves that originate at the slit are in phase, Con-

27.5  Diffrction

sicler waves 1 and 3, which originate at the bottom and center of the slit, respectively.
To reach the same point on the viewing screen, wave | wavels farther than wave 3
by an amount equal to the path difference (a/2) sin #, where a is the width of the
slit. In a similar way, the path difference between waves 3 and 5 is also (a/2) sin 6.
If the path difference is exactly one half of a wavelength (corresponding to a phase
difference of 180°), the two waves cancel each other and destructive interference
results. This is true, in fact, for any two waves that
haif the slit width, because the phase difference between two such pol
Therefore, waves from the upper half of the slit interfere destructively
from the lower half of the slit when

ginate at points separated by
is 180°,

R
ismﬁ—;

or when
: A
sin =~
a

If we divide the slit into four parts rather than two and use similar reasoning,
we find that the screen is also dark when

2A
sin i = —
a

Likewise, we can divide the slit into six parts and show that darkness occurs on
the screen when
A

sin fl = —
a

Theretore, the general condition for destructive interference is

A
sin # = m; (me= ] =3 =8 00 [27.18]

Equation 27,18 gives the values of # for which the diffraction pattern has zero
intensity —that is, a dark fringe is formed. However, Equation 27,18 tells us nott
about the vanation in intensity along the screen. The general features of the inte
sity distribution are shown in Figure 27.16: a broad central bright fringe flanked by

Figure 27.16 Positions of the minima for
the Fraunhofer diffraction pattern of a sin- 8=92

¥ sinf= a
le shit of widih & The pattern is obained

only if .= a. (Note that this is not to ¢ __An snd=i/a
scale, ) i 4 ==
al == sinfl=0
S
fl sin =
|| |
PR — ), W |1

799

* Condition for destructive
interference
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802 Chapter 27 Wane Opties 27.6 Resolution of Single-Slit and Cireular Apertures 803

Figure 27.19 The diffracion pauern of a circu-
lar apermure consists of a central bright disk sur-
rounded by concentric bright and dark rings.
(Frowe M. Cagnet, M, Francon, and [. ¢ Thierr, Atlas of Op-
ticad Phenomena, Berlin, Springer-Verlag, 1962, plate 34)

T Fhyeis 5

Cats” eyes have vertical pupils when in dim light. Which would cats be more successful
at resolving at night—headlights on a distant car or vertically separated running lights
on a distant boat’s mast?

Reasoning The effective slit width in the vertical direction of the cat’s eve is larger
{a) (b} (c) than that in the horizontal direction. Thus, it has more resolving power for lights
separated in the vertical direction and would be more effective at resolving the mast

lights on the boat

Figure 27.18  The diffrac

tern (dashed curves), for v s

curve is the sum of the two solid curves. (a) The

urces are far apart, the patterns are well

d the patterns are just resolved. (¢) The sources

are so close together that the patterns are not resolved.  (Fram M. Cagnet, M. Francon, and |. €. Thier, CONCEPTUAL PROBLEM 5
Addas of Optical Phenamena, Bestin, Springer-Vevlag, 1962, plate 16

resalved. (b) The sources are closer togeth:

Suppose you are observing a binary star with a telescope and are having difficulty resolving |

the two stars, You dec o use a colored filter 1o help you. Should you choose a blue filter

or a red filter? |

se A < q in most situations, sin # is small and we can use the approximation
1 f# = §. Therefore, the limiting angle of resolution for a shit of width a is

|
|
e 2 A |
Limiting angle of resolution * O = — [27.19] Example 27.6 Resolution of a Telescope
for a slit . .
The Hale wlescope at Mount Palomar in California has a
where 6, is expressed in radians. Hence, the angle subtended by the two sources diameter of 200 in. What is its limiting angle of resolution for , its limiting angle of resolution is ahy
at the slit must be greater than A/a if the images are 10 be resolved. B00-nm light? ic blurring. This seeing limit is usually o if
Many optical systems use circular apertures rather than slits. The diffraction &ol 1 s of are and is never smaller than 0.1 s of are Ie
i : " e ; d D=9
pattern of a circular aperture, illustrated in Figure 27,19, consists of a cenwral cir- — Becaus o 6.00 % 107" m and W in Space Telescope can take higher gquality ’
; 7 . 4 5,08 m, Equation 27.20 gives R : ric limitat
cular bright disk surrounded by progressively fainter rings. Analysis shows that the cause it does not subter from atmospheric limitatc

limiting angle of resohution of the circular aperture

-
A EXERCISE 3 The large ¢ i
Bia = 122 7 [27.20] Rico, has a diameter of 1@ !
5-m radio waves. Calculate th !
Therefore, any two stars that subtend an angle greater than tion for this teles 1 ' |
where D is the diameter of the aperture, Note that Equation 27.20 is similar to PR 5 : i : i i i
o LR 99 whicl . f e hal or equal this value arc resolved (assumir cal atmo- the Hale telescope
except for the tor of 1.22, which arises from a complex mathe spheric conditions) S et il 10 000 times larze T |

Equation 27.1¢
X cal analysis of diffraction from the circular aperture.
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Chapter 27 Wawe Optics

27.7 - THE DIFFRACTION GRATING

The diffraction grating, a useful device for analyzing light sources, consists of
a large number of equally spaced parallel slits. A grating can be made by cut
ting parallel, equally spaced grooves on a glass or metal plate with a precision
ruling machine. In a transmission grating, the spaces between lines are transpar-
ent 1o the light and hence act as separate slits. Gratings with many lines very
close 1o each other can haye very small slit spacings. For example, a diffraction
grating ruled with 5000 lines/cm has a slit spacing of o = (1/5000) cm =
2% 104 cm,

Figure 27.20 is a schematic diagram of a section of a flat diffraction grating. A
plane wave is incident from the left, normal to the plane of the grating, A converg-
ing lens can be used to bring the rays together at the point P. The pattern observed
on the screen is the result of the combined effects of interference and diffraction.
Each slit produces diffraction, and the diffracted beams interfere with each other
to produce the final pattern. Moreover, cach slit acts as a source of waves, with all
waves starting at the slits in phase. However, for some arbitrary direction # measured
from the horizontal, the waves must travel different path lengths before reaching
a particular point Pon the screen. From Figure 27,20, note that the path difference
hetween waves from any two adjacent slits is equal 1o d sin 8. If this path difference
equals one wavelength or some integral multiple of a wavelength, waves from all
slits will be in phase at P and a bright line will be observed. Therefore, when the
light is incident normal to the plane of the grating, the condition for maxima in
the interference patern at the angle 8 is

P
-
S
o >
- i v
- - /.X
-
-
-
-
-
£
—=i
|
-
-

Sereen

&= dsinf

Figure 27.20 Side view of a diffraction grating. The slit separation is d. and the path difference

between adjacent slits is d sin 8.

27.7 The Diffraction Crating

dsin # = mA =t 2.9 0 [27.21]

This expression can be used 1o calculate the wavelength from a knowledge of
the grating spacing and the angle of deviation, #. It the incident radia
several wavelengths, the mth-order maximum for each wavelength ocen
cific angle. All wavelengths are seen at 8 = {), corresponding o m = 0

contains
ata BIN‘-

The intensity distribution for a diffraction graring is shown in Figure 27.21. If
the source contains various wavelengths, a spectrum of lines at different positions
for different order numbers will be observed. Note the sharpness of the principal

maxima and the broad range of dark areas. This is in contrast (o the broad, bright
fringes characteristic of the twoslit interference pattern (Fig. 27.5).

A simple arrangement for measuring angles in a diffraction pattern is shown
in Figure 27.22, This is a form of a diffraction-grating spectrometer. The light 10
be analyzed passes through a slit, and a parallel beam of light exits from the colli-
mator perpendicular to the grating. The diffracied light leaves the grating at angles
that satisfy Equation 27.21. A telescope is used to view the image of the shit. The
wavelength can be determined by measuring the precise angles at which the images
of the slit appear for the various orders,

. Thinking Physics 6

Light reflected from the surface of a compact disc has a mulicolored appe:

nce, as
Furthermore, the observation depends on the orentation of
tsouree. Explain how this works,

and the position of the

Reasoning The surface of a compact disc has a spiral grooved wack (with a spacing of
approximately 1 pm) that acts as a reflecoon grating. The light scawered by these
closely spaced grooves interferes constructively only in certain directions that depend
on the wavelength and on the direction of the incident light. Any ene section of the
dise serves as a diffraction grating for white light, sending different colors in different
directions. The different colors you see when viewing one section of the disc changes

as the light source, the disc. or you move 1o change the ar
ton,

es of incidence or diffrac-

Figure 27.28 (Thinking Physics 6) A com
pact disc acts as a diffraction grating when

erved under white light. (0 Krisen

nn 1991, Fundamental Photograph

sinf —=

Figure 27.21 Intensity versus
sin @ for a diffraction grating. The
zeroth-, first-, and second-order

maaxima are shown,

Telescope

Source

Grating

Figure 27.22  Diggram of a dif-
fran

grating spectrometer, The
collimated beam incident on the
grating is diffracted into the vari-
ous orders at the angles 8 that sat-
isfy the equation d sin # = mA
where m= 1, 2,
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810 Chapter 27

Warve Optics

much lower intensities. The angles # at which the diffraction patiern has zero intensity are

given by

) A
sin § = m—
a

[27.18]

Rayleigh's criterion, which is 2 limiting condition of resolution, says that two images
formed by an aperture are just distinguishable if the ceniral maximum of the diffraction

pattern for one image falls on the first minimum of the other image. The li

ing angle of

resolution for a shit of width « is given by 8, = A/q, and the limiting angle of resolution for
a circular aperture of diameter Dis given by 8, = 1.224/D,
A diffraction grating consists of a large number of equally spaced, identical slits. The

condi for intensity
ncidence is

d sin 8 = mA

in the interference patern of a diffraction grating for normal

(m=0123 ... [27.21]

where d is the spacing between adjacent shits and m is the order number of the diffraction
pattern, The resolving power of a diffraction grating in the mth order of the diffraction
pattern is R = Nm, where N is the number of rulings in the grating.

CONCEPTUAL QUESTIONS

1.]What is the nece helength differ-

e between two waves that interfere (a) constructively
and (b) destructively?

2. Explain why two Hashlights held close together do not pro-
duce an interference pattern on a disant screen.

[3.11F Young's doubleslit experiment were perfo

erference

how would the obser

nent, why do we use m

4. In Young's doubleslit expe
chromatic light® If white light were used, how would the

pattern change?
5. As a soap bubble evaporates, it appe
aks. Explain this phenomenon ir
flection from the two surfaces of

v

changes that occur «
the soap film

. An oil film on water appears brightest at the outer regions,
where it is thinnest. From this information, what can you

say about the index of refraction of oil relative to that of
water?

7. A soap film on a wire loop and held
the thinnest regions w
shows a variety of c«

appears dark in
1 observed by reflected light and

s in thicker re

ions, as in Figure

Q27.7. Explain
8A
at a distant light source througl

‘rierer

imple way of observing an in

© pattern is to look
a siretched handkerchief

1 opened umbrella. Explain how this works,

der 1o observe interference in a thin film, why must
film not be very thick (on the order of a few wave-

I the) 2
engths

Figure Q27.7

10. A lens with outer radius of curvature R and index of refrac-
tion n rests on a flat glass plate and the combination s il-
luminated with white light from above. Is there a dark spot
or a light spot at the center of the lens? What does it mean

if the observed rings are noncircular?

11. Why is the lens on a good-quality camera coated with a thin
flm?

[12. Would it be passible to place a nonreflective coating on an

ancel radar waves of wavelength 3 cm?

airplane 1o

|18, Why is it so much easier to perform interference experi-

ments with a laser than with an ordinary light souree?

14. Observe the shadow of vour book when it is held a few
inches above a table with a lamp several feet above the book
Why is the shadow somewhat fuzzy at the edges?

Problents 811
lthough we can hear around comers, we cannot sce 22 The brilliant colors of | ock feathers (Fig. Q27.22) are
around corners. How can you explain this in view of the fact due to a phenomenon known as indescence. The melanin
that sound and light are both waves? fibers in the feathers act as a nan diffraction grating,
16. Assuming that the headlights of a car are point sources, es- How do you explain the diferent colors? Why do the colors
timate the maximum distance from an observer 1o the car often change as bird moves?
at which the headlights are distinguishable from each other
17. A laser beam is incident at a shallow angle on a machinist's
ruler that has a finely calibrated scale. The rulings on the
scale give rise 0 a diffraction pattern on a screen, Discuss
how you can use this technique to obtain a measure of the
wavelength of the laser light.
18, If a coin is glued 10 a glass sheet and this arrangement is
held in front of a laser beam, the projected shadow has dif
fraction rings around its edge and a bright spot in the cen
ter. How is this possible?
19. If a fine wire is stretched across the path of a laser beam, is
it possible o produce a diffraction partern?
:T.’i-l_ Describe the change in widih of the central maximum of
 the single=sht diffraction pattern as the width of the slit is
nadle smaller.
"uppcm' that reflected white light is used 1o observe a thin,
transparent coating on glass as the coating material is gracd-
ually deposited by evaporation in a vacuum. Describe pos-
sible color changes that might occur during the process of Figure Q27.22 Iridescence in peacock feathers. (O Diane
building up the thickness of the coating, Schiume |98, Fundamenial Photography
PROBLEMS
Section 27.2  Young's Double-Slit Experiment
1. A laser beam (A = 6328 nm) is incident on two slits 0,200
mm apart. How far apart are the bright interference lines |
on i screen 5.00 m away from the double slis?
2. A Young's interference experiment is pel =l with
i monochromatie light The s ition between the slits is e
| 0.500 mm and the interference pattern on a screen 3.30 m
| away shows the first maximum 3.40 mm from the center of 400 m
the pattern. What is the wavelength? i .
T'wo radio antennas separated by 300 m, as in i
simultaneously broadeast identical signals ar the same wave- LI
length. A radio in a car raveling due nonth receives the 10600 m
signals. (a) I the car is at the position of second maxi 1 ry
mum, what is the wavelength of the sign: bi k mch
tarther must the car ravel 1o encounter th m
in reception? {Coution: Do not use the sma ¢ APProx-
G problem. ) : b
In a location where the speed of sound is 4 m a
2000 Hz sound wave impinges on twa slits 0 5. Young's doublesslit experiment is p i 90
a) what fe is the first maxim lescate light and a slits-to-scres } The wenth in
vuned wave is replaced by 3.00-cm microv terference minimum is I he central
aration gives the same angle for the first ma maximum. Determine
the slit separation is 100 gm, what freque An s Irives two low 1 cm apart, which
same brst maximum angle ate in phase at a frequi {2, At what angles
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o

Quantum Physics

Ithough many problems were resolved by Einstein's special theory of
relativity in the early part of the 20th century, many other problems
unanswered. Attempts to apply the laws of classical physics

10 the behavior of matter on the atomic scale were consistently unsuccessful.
Various phenomena, such as black-body radiation, the photoelectric effect,
and the emission of sharp spectral lines by atoms in a gas discharge, could
not be understood within the framework of classical physics. Between 1900
and 1930, however, a modern version of mechanics called quantum mechanics
was highly successful in explaining the behavior of atoms, molecules, and
nuclei, Moreover, the quantum theory reduces to classical physics when ap-

plied to macroscopic systems. Like rel the theory reqi a

maodification of our ideas concerning the physical world.

An extensive study of quantum theory is certainly beyond the scope of
this book, and therefore this chapter is simply an introduction 1o its under-
lying ideas. We shall also discuss two simple applications of quantum theory:
the photoelectric effect and the Compton effect.

(IBM Covperation Research Division]

28.1 Black-Body Radiation and Plandk’s Theory

28.1 - BLACK-BODY RADIATION AND PLANCK’S THEORY

An object at any temperature emits radiation that is sometimes referred 1o as ther-
mal radiation. The ch istics of this radiation depend on the temperature
and properties of the object. At low temperatures, the wavelengths of the thermal
radiation are mainly in the infrared region and hence not observed by the eve, As
the temperature of the object increases, the object eventually begins to glow red,
At sufficiently high temperatures, it appears to be white, as in the glow of the hot
tungsten filament of a lightbulb. A careful study of thermal radiation shows that it
consists of a continuous distribution of wavelengths from the infrared, visible, and
ultraviolet portions of the spectum,

From a classical viewpoint, thermal radiation originates from accelerated
charged particles near the sury
as small antennas do, The thermally agitated charges can have a dis

ace of the object; those charges emit ra m much
ution of
accelerations, which accounts for the continuous spectrum of radiation emitted by
the object. By the end of the 19th century, it had become apparent that this classical
explanation of thermal radiation was inadequate. The basic problem was in under-
standing the observed distribution of wavelengths in the radiation emitted by a
black body. As we learned in Chapter 17, Section 17,7, a black body is an ideal
system that absorbs all radiation incident on it. A good approximation of a black
body is a small hole leading to the inside of a hollow object, as shown in Figure
28.1. The natre of the radiation emitted through the small hole leading to the
cavity depends only on the temperature of the cavity walls. Note that the hole itself
is the black body.

Experimental data for the distribution of energy in black-body radiation at
three temperatures are shown in Fi
length and temperature. As the temperature of the black body increases, the total

e 282, The radiated energy varies with wave-

-

Intensaty

Figure 28.1 A small hole that

leads 10 a cavity with rough walls is
a good approximation of a black
body. Light entering the hole

strikes the far wall, where some of

it is absorbed but some is reflected SESIutE )
at some random angle. The light Figure 28.2 Intensity of hlack
continues 1o be rellecied, and each hody radiation versus wavelength at
time it is, part of it is absorbed by hree temperatures. Note that the

the cavity walls. After many reflec diation emitted (the

i ¢

tions, essentially all of the incident re rve) increases with

energy is absorbed \CrEAsIng temperature

817
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Wavelength

Figure 28.3 Comparison of the
experimental results with the curve
predicred by classical theory for
the distribution of black-body radi-

ation.

Max Planck (1858-1947)

Planck introduced the concept of o
“quantum of actlion” (Planck’s con-
siont, h) in an aftemp! 1o explain the
spactral distribution of blackbody ro-
diation, which laid the foundations for
quantum theory, In 1918 he was
aworded the Nobel Prize for this dis-
covery of the quantized nature of en
ergy. The work leading 1o the “lucky”
blackbody radiation formula was.
described by Planck in his Nobel
Prize occeplonce speach [1920): “But
even i the radialion formula proved
to be perfectly correct, it would ofter
oll have baen only an inferpolation
formula found by lucky guesswork
and, thus, would have left us rother
shed *  (Photo courtesy of AIP
B ibrary, W. F. Meggers

Chapter 28 Quantum Physics

amount of energy it emits increases. Also, with increasing temperatures, the peak
of the distribution shifts to shorter wavelengths. This shift was found to obey the
following relationship, called Wien's displacement law:

AT = 0.2898 X 10°2 m-K [28.1]

where A, is the wavelength at which the curve peaks and T is the absolute tem-
perature of the surface of the ol:gect. emiuing the radiation.

Early pis to use classical ideas 10 explain the shapes of the curves in Figure
28.2 failed. Figure 28.3 shows an experimental plot of the black-body radiation
spectrum (red) together with the curve predicted by classical theory (blue). At long
wavelengths, classical theory is in good. agreement with the tﬂ:peﬂmenml data. At
short wavelengths, however, major d exists b 1 1 theory and
experiment. This contradiction is often called the ultraviolet catastrophe.

In 1900 Planck developed a formula for black-body radiation that was in com-
plete agreement with experiment at all wavelengths. Planck’s analysis led to the red
curve shown in Figure 28,3, In his theory, Planck made two bold and controversial
assumptions concerning the nature of the oscillating charges, which he called res-
onators, at the surface of the black body:

*  The resonators can have only certain discrete amounts of energy £,
E, = nhf [28.2]

where, as we learned in Chapter 10, Section 10,10, n is a positive integer
called a g ber, f is the i y of oscillation of the resonators,
and A is Planck’s constant. Because the energy of each resonator can have
only discrete values given by Equation 28.2, we say the energy is quantized.
Each discrete energy value represents a different quantum siate, with each
value of n representing a specific quantum state. When the resonator is in
the n = 1 quantum state, its energy is A when itis in the n = 2 quantum
state, its energy is 2hf; and so on.

* The resonators emit energy in discrete units which were later called pho-
tons. A suggestive image of several photons, not to be taken too literally, is
shown in Figure 28.4. The resonators emit or absorb these quanta by “jump-
ing” from one quantum state to another. If the jump is from one state to an
adjacent state —say, from the # = 3 state 1o the n = 2 state— Equation 28.2
shows that the amount of energy radiated by the resonator equals Af Hence,
the energy of one photon corresponds to the energy difference between two
adjacent levels and is given by

E=1 (28.3]

Photon with

s

».V\Ffb_.. C}-—’- Figure 28.4 A representation of light
quanta. Each photon has a discrete
energy, bf

ety

28.1 Black-Body Radiation and Planck’s Theory 819
A resonator radiates or absorbs energy only when it changes quantum states. 0 f=s
If it remains in one quantum state, no energy is absorbed or emiued. Figure Energy
28.5 shows the quantized energy levels and allowed transitions proposed by g
Planck. n

The key point in Planck’s theory is the radical assumption of quantized energy
states. This development marked the birth of the quantum theory. When Planck My ————— 1

presented his theory, most scientists (including Planck!) did not consider the quan-
2hf ]
i

tum concept to be reali Hence, Planck and others continued to search for a
more rational explanation of black-body radiation. However, subsequent develop-
ments showed that a theory based on the quantum concept (rather than on classical
concepts) had to be used to explain a number of other phenomena at the atomic

level.
Figure 28.5 Allowed energy levels
for a resonator that oscillates at a
. . natural frequency, £ Allowed tran-
Thinking Physics 1 ?

sitions are indicated by vertical
arrows,

You are ohserving a vellow candle flame, and your laboratory partmer claims that the
light from the flame is atomic in ¢ ‘ou disagree, claiming that the candle flame
is hot, so the radiation must be thermal in origin. Before this disagreement leads 1o

fisticuffs, how could you determine who is correct?

Recsoning A simple determination could be made by observing the light from the
candle flame through a spectrometer, which is a slit and diffraction grating combina-
tion, and was discussed in Section 27.7. If the specurum of the light is continuous, then
it is thermal in ori If the spectrum shows discrete lin
results of the experiment show that the light is indeed thermal in origin and originates
in the hot particles of soot in the candle flame,

CONCEPTUAL PROBLEM 1

M 2 e AT A

1f you observe objects inside a very hot kiln, it is dilficult 1o discern the shape of the objects.
Why?

CONCEF'IUAL PROBLEM 2

Are black bodies black?

CONCEPTUAL PROBLEM 3

All objects radiate energy. Why, then, are we not able 1o see all objects in a dark room?

Example 28.1 Thermal Radiation from the Human Body

. What is Solving for A, an ab:

solute temperatre of 308 K, we have

The temperature of your skin is 2 oximately 35 noting that 35°C correaponds o

the peak wavelength of the radiation it emins?

Solufion From Wien's displacement law (Eq. 28.1), we . 0.2808 x 10-*m-K P
it el

have St 308 K

AT 02898 = 10 *m-K This radiagon is in the infrared reg 1e spectrum
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Louis de Broglie (1892-1987), a
French physicist, was awarded the
Nobel Prize in 1929 for his discov-
ery of the wa arure of elecirons,

“It would seem that the basic idea
of quantum theory is the impossi-
bility of imaging an isolated quan-
tity of energy without associa

with it a certain frequency.”
{AIF Niels By Libwury)

Mementum of a photon +

De Broghe wavelength *

Frequency of matter waves *

Chapter 28 Quantum Physics

28.5 - THE WAVE PROPERTIES OF PARTICLES

Stwudents who are being introduced 1o the dual nature of light often find the con-
cept very difficult to accept. Even more disconcerting, however, is that matter has a
dual nature as well!

In 1923, in his doctoral dissertation, Louis Victor de Broglie postulated that,
because photons have wave and particle ch ristics and el have par-
ticle characteristics and properties typical of waves, perhaps all forms of mat-
ter have wave as well as particle This was a highly revolutionary idea
with no experimental confirmation at that time. According to de Broglie, electrons
have a dual particle—wave nature. An electron in motion exhibits wave character
or wave properties. De Broglie explained the source of this assertion in his 1929
Nobel Prize acceptance speech:

On the one hand the quantum theory of light cannot be considered satisfactory
since it defines the energy of a light corpuscle by the equation E = fif containing
the frequency f Now a purely corpuscular theory contains nothing that enables us
1o define a frequency; for this reason alone, therefore, we are compelled, in the
case of light, 1o introduce the idea of a corpuscle and that of periodicity simulta-
neously. On the other hand, determi n of the stable motion of electrons in the
atom introduces integers, and up to this point the only phenomena involving in-
tegers in physics were those of interference and of normal modes of vibration. This
fact suggested to me the idea that electrons too could not be considered simply as
corpuscles, but thar periodicity must be assigned 10 them also.

In Chapter 9 we found that the relationship between energy and momentum

for a photon is p = E/e. We also know from Equation 28.3 that the energy of a
photon is £ = hf = ic/A. Thus, the momentum of a photon can be expressed as

B h—hk [28.8]

oA A

From this eq n we see that the photon elength can be specified by its mo-
mentum, or A = h/p. De Broglie suggested that material particles of momentum p
should also have wave properties and a corresponding wavelength. Because the
momentum of a particle of mass m and speed’ vis p = my, the de Broglie wave-

length of 4 parucle is

h h
A=—=— [28.9]

-P-N"J'

Furthermon
cies of matter waves obey the E

. in analogy with photons, de Broglie postulated that the frequen-
wstein relation £ = A, so that

E
= [28.10]

I
"This speed, v, the speed ticle, is the group speed of the wave (the speed a1 which a signal may
eravel). 1t is not the sa s the phase speed of the wave, related (o the index of refraction and wave-

length, See L. Matter and Light, Dover, New York, pp. 168-171

?
)
|

5 o e

28.5 The Wave Properties of Particles

The dual nature of matter is apparent in these two equations because each
contains both particle concepts (mv and E) and wave concepts (A and f). The fact
that these relationships are established experimentally for photons makes the
de Broglie hypothesis that much easier to accept

Quantization of Angular Momentum in the Bohr Model

Bohr's model of the atom, discussed in Chapter 11, had many shoricomings and
problems, For example, as the electrons revolve around the nucleus, how o
understand the fact that only certain electron energies are allowed? Why do all
atoms of a given element have precisely the same physical properties regardless of
the infinite variety of starting velocities and positions of the electrons in each atom?
De Broghe's great insight was to recognize that wave theories of matter use
interference phenomena to explain these observations, Recall from Chapter 14 1h
a plucked guitar string, although initially subjected 1o a wide range of wavelengtt
will support only those standing wave patterns that have nodes at its ends. Any free
vibration of the string consists of a superposition of varied amounts of many stand-
ing waves. This same reasoning can be applied o electiron matter waves bent in
a circle around the nucleus. All of the possible states of the electron are standing
wave states, each with s own wavelength, speed, and energy. Figure 28.11a illus-
trates this point when three complete wavelengths are contained in one circumfer-
ence of the orbit. Similar patterns can be drawn for arbits containing wo -
lengths, four wavelengths, and so forth. This situation is analogous to th
standing waves on a string that has preferred (resonant) frequencies of vibration.
Figure 28.11b shows a standing wave pattern containing three wavelengths for a
string that is fixed at each end. Now imagine that the vibrating string is removed
from its supports at A and 8 and bent into a circular shape such that points A and
Bare connected, The end result is a pattern like that shown in Figure 28,1 1a
Another aspect of the Bohr theory that is casier to visualize by using de Broglie’s
hypothesis is the quantization of angular momentum. We simply assume that the
allowed Bohr orbits arise because the electron matter waves form standing waves

W One

of

when an integral number of wavelengths exacilv fits into the circumference of a
circular orbit. Thus,

Figure 28.11 (a) The standing w

are three full

ave in @ st rhit

- patters

avelengthe this orbit. (

wave pattern for a vik

strenched suring fixed at it ends. This patie Hl . il wavelengths,
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Chapter 28 Quanfum Physies

nA = 27w
where ris the radius of the orbit and n = 1,2, 3, . . . Because the de Broglie

wavelength of an electron is A = h/mp, and because i = h/2m, we can write the
preceding condition as n(h/mu) = 271, or
mar = nh

Note that this is precisely the Bohr condition of quantization of angular momentum
(see Chapter 11, Section 11.5) * Thus, electron waves that fit the orbits are standing
waves because of the boundary conditions imposed. These standing waves have
discrete frequencies, corresponding to the al 1 wavelengths, If nA # 27, a
standing-wave pattern can never form a closed circular orbit, as in Figure 28.11a.

The Davisson - Germer Experiment

De Broglie's proposal that any kind of particle exhibits both wave and particle
properties was first regarded as pure speculation. If particles such as electrons had
wave-like properties, then under the correct conditions they should exhibit diffrac-
tion effects. In 1927, 3 years after de Broglie published his work, Clinton J. Davisson
(1881 -1958) and Lester H. Germer (1896-1971) of the United States succeeded
in measuring the wavelength of electrons. Their important discovery provided the
first expenmental confirmation of the matter waves proposed by de Broglie.

It is interesting to note that the intent of the initial Davisson -Germer experi-
ment was not to confirm the de Broglie hypothesis. In fact, their discovery was made
by accident (as is often the case). The experiment involved the scattering of low-
energy electrons (about 54 €V) shot at a nickel target in a vacuum. During one
experiment, the nickel surface was badly oxidized because of an accidental break
in the vacuum system. After the nickel target was heated in a flowing stream of
hydrogen to remove the oxide coating, electrons scattered by it exhibited intensity
maxima and minima at specific angles. The experimenters finally realized that the
nickel had formed large crystal regions on heating and that the regularly spaced
diffraction grating for electron

planes of atoms in the crystalline regions served as
matler waves.

Shortly thereafter, Davisson and Germer performed more extensive diffraction
measurements on electrons scatiered from single-crystal wargets. Their resulis
l]'!(' Vs

showed conel e nawre of electirons and confirmed the de Broglie
relation p = h/A. A year later in 1928, George P. Thomson (1892-1975) of Scotland
observed electron diffraction panerns by passing electrons through very thin gold
foils. Diffraction patterns have since been observed for helium atoms, hydrogen
atoms, and neutrons. Hence, the niversal namre of matter waves has been estab-

lished in a variety of ways.

Thinking Physics 4

Electron microscopes advantage of the wave nature of particles. Electrons are

Is, giving them a short de Broglie wavelength. Imagine an

accelerated 1o high spe

Note that de Broghie's analysis still failed 1o explain the fact that stites having an orbital angular mo-
e actuil states of the hydrogen atom are

mentum gquantum number of zero do exist. Furthermore, ¢

not planar but have spherical symmetry.

28.5 The Waue Properties of Particles 831

electron microscope using clectrons with a de Broglie wavelength of 0.2 nm. Why don’t
we design a microscope using 0.2 nm photons 1o do the same thing?

Reasoning Becanse elecirons are charged particles, they will interact with the sample

oscope and scatter according 1o the

in the n

of the sample, providing a means of viewing the sample, Photons of wavelength 0.2 nm
are uncharged and in the x-ray region of the spectrum. They will tend o simply pass
through the sample without interacting. It is also much easier to ir
cause, unlike x-rays, electrons can be guided by electrostatic focusing fi

CONCEPTUAL PROBLEM 7
U R ST TR

Why is an electr
of an atomic size?

Example 28.5 The Wavelength of an Electron

Calculate the de Broglie wavelength for an  electron
{m, = 9.11 X 10~ kg) moving at 1.00 X 107 m/s.
Soluion  Equation 28.9 gives
h B.63 X 10°M J.5
Tomuy (901 % 10-% kg) (100 % 107 m/s)

= 798 % 107" m

ape and density of various portions

n microscope more suitable than an oplical microscope for “seeing” objects

ge electrons be-
Iels.

This wavelength corresponds to that of typical x-rays,

EXERCISE 6 Find the de Broglic wavelengih of a proton
moving with a speed of 1.00 X 107 m/s.
37 % 107" m

Answer

Example 28.6 The Wavelength of a Rock
A rock of mass 50 g is thrown with a speed of 40 m/s. What
is its de Broglie wavelength?
Solution From Equation 28.9 we have
h 6.63 X 107 |5

A T = A9 X 1M m
me (50 % 1077 kg) (40 m/s)

This wavelength is much smaller than any aperwre through
which the rock could possibly pass. This means that we could
not observe diffraction effec
erties of largescale objects cannot be observed.

ts, and as a result the wave prop-

Excmple 28.7 An Accelerated Charge

A particle of charge g and mass m is accelerated from rest

length

Solution When a charge is aceelerated from rest thro

potential difference of AV, its gain in kinetic energy

must equal the loss in potential encrgy, ¢ Al

lm? = g AV

Because p = my, we can express this in the form

i

qAV  or  p=Tmg AV

through a potential difference AV. Find its de Broglie wave-

Substituting this expression for pin the de Broghe relatior
A = b/ pgives
A
EXERCISE 7 Calculate the e
lectron accelerated through a pot
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Chapter 28 Quantum Physies

28.6 + THE DOUBLE-SLIT EXPERIMENT REVISITED

One way to crystallize our ideas about the electron’s wave—particle duality is 1o
consider a double-slit electron diffraction experiment, This experiment shows the
impossibility of simultaneously measuring both wave and particle properties and il-
lustrates the use of the wave function in the determination of interference effects.

Consider a parallel beam of monoenergetic electrons that is incident on a
double slit, as in Figure 28.12. Because the slit openings are much smaller than the
slit separation D, no structure is expected from singlessliv diffraction. An electron
detector is positioned far from the slits at a distance much greater than D. If the
detector collects electrons for a long enough time, one finds a typical wave inter-
ference pattern for the counts per minute or probability of arrival of electrons.
Such an interference pattern would not be expected if the electrons behaved as
classical particles.

If the experiment is carried out at lower beam intensities, the interference
pattern is still observed if the time of the measurement is sufficiently long. This is
illustrated by the computer-simulated patterns in Figure 28.13. Note that the inter-
ference pattern becomes clearer as the number of electrons reaching the screen
increases,

If one imagines a single eleciron producing in-phase “wavelets™ as it reaches
one of the slits, standard wave theory can be used to lind the angular separation,

——

Electrons A e

| Electron __—
detecior

counis
min

ation [ is much greater than the individual shic

Figure 28.12  Electron diffraction. The slit sepa
i the shit and the detector. The electron ¢

widths and much less than the distance bety

1 deteet electrons diffracted a dil

is movable along the y-direction in the drawing and so ¢

ent values of 8. The detector acts like the wing screen” of Young's doubleslit experiment

with light, discussed in Chapter 27

28.6 The Double-Slit Experiment Revisited

@, between the central probability maximum and its neighboring minimum. The
minimum occurs when the path length difference between A and Bis half a wave-

length, or

A
Dsin = =

As an electron’s wavelength is given by A = A/ p,, we see that, for small 8,

A

sin =@ = “_w
Thus, the dual namre of the electron is clearly shown in this experiment: The
electrons are detected as particles, each at a localized spot at some instant of
time, but the probability of arrival at that spot is determined by finding the
i ity of two i fering maitter waves.

And there is more. If one slit is covered during the experiment, and the slit
width is small compared to the wavelength of the electrons, a symmetric curve
peaked around the center of the open slit is observed. Plots of the counts per
minute (probability of arrival of electrons) with the lower or upper slit closed are
shown as blue curves in the central part of Figure 28.14. These are expressed as the
square of the absolute value of some wave function, 1y * = §fdy or Iyl = iy,
where iy, and i, represent the electron passing through slit 1 and slit 2

If an experiment is now performed with slit 2 blocked half of the and then
slit 1 blocked during the remaining time, the accumulated pattern of counts/min
shown by the blue curve on the right side of Figure 28.14 is completely different

respectively.

.
Indivicual Accumulated
counts/mi counts/min

Figure 28.14  Accumulated results of the two-slit electron diffraction experiment with each slit

closed half the time. The result with both slits ope wown in red

833

(b)) Afier 1M0 clectrons

il

{c) After 10,000 ¢lectrons

(L

(d) Two-slit electron pattern

Figure 28,13 (a. b, ¢) Compurer-
simulated interference patterns for
a beam of elecirons incident on a
double slit.  (From £ R Hy
ies [, New York, W, A. Be

1968 (d) Photog

Phys

min

1 of a dou-
blesslit interference patemn pro-

duced by clect
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lye !

Figure 28,15 A vector diagram
representing the addition of two
complex quantities, , and dy.

Chapier 28 Ouantum Physics

from the case with both slits open (red curve). There is no longer a maximum
probability of arrival of an electron at 8 = (. In fact, the interference pattern has
been lost and the accumulated result is simply the sum of the individual re-
sults. When only one slit is open at a time, we know the electron has the same
localizability and indivisibility at the slits as we measure at the detector, because the
electron clearly goes through slit 1 or slit 2. Thus, the total must be analyzed as the
sum of those electrons that come through slit 1, lé,?, and those that come through
slit 2, g2,

When both slits are open, it is tempting to assume that the electron goes
through either slit 1 or slit 2, and that the counts/min are again given by ljyi* +
Ihl?. We know, however, that the experimental results indicated by the red inter-
ference pattern in Figure 28.14 contradict this. Hence, our assumption that the
electron is localized and goes through only one slit when both slits are open must
be wrong (a painful conclusion!). Because it exhibits interference, we must
conclude that—somehow — the electron must be simultancously present at both slits. In
order to find the probability of detecting the electron at a pamcular point on the
screen with both slits open, we may say that the electron is in a superposition state
given by

=ty

Thus, the probability of detecting the electron at the screen is equal 1 the quantity
I + ul* and not Iy * + |l®. Because matter waves that start out in phase at the
slits in general travel different distances to the screen (see Fig. 28.12), d; and
possess a relative phase difference of ¢ at the screen, Using a vector diagram (Fig.
28.15) 10 find i, + dut* immediately yields

112 = I, + il = lyl® + Il + 20 llibl cos &

where Ih|? is the probability of detection if slit 1 is open and slit 2 is closed, and
Igl? is the probability of detection if slit 2 is open and slit 1 is closed. The term
2y llifsyl cos d is the interference term, which arises from the relative phase, &, of
the waves,

In order to interpret these results, we are forced to conclude that an electron
interacts with both slits simultaneously. If we attempt to determine experimen-
tally which slit the electiron goes through, the act of measuring will destroy the
interference patern. It is impossible to determine which slit the electron will go
through. In effect. we can say only that the electron passes through both slits!

The same arguments apply to photons.

28.7 + THE UNCERTAINTY PRINCIPLE

Whenever one measures the position and velocity of a particle at any instant, ex-
perimental uncertainties are built into the measurements. According to classical
mechanics, there is no fundamental barrier o an ultimate refinement of the ap-
paratus or experimental procedures. In other words, it is possible, in principle, 0
such measurements with arbitrarily small uncertainty. Quantum theory pre-
s, however, that it is fundamentally impossible to make simultaneous mea-
surements of a particle's position and with infinite accuracy.

28.7  The Uncentainty Principle

In 1927, Werner Heisenberg (1901-1976) introduced this notion, which is now
known as the Heisenberg uncertainty principle:

If a measurement of position is made with precision Axand a simulaneous
measurement of momentum in the x direction is made with precision
Ap,, then the product of the two uncertaintics can never be smaller than
/2, where i = h/2m,

AxAp, = [28.11]

r\.l:v-

That is, it is physically i ible to simul 1y the exact positi
and exact momentum ufa particle, Heisenberg w ls{ areful to point out that the
inescapable uncertainties Ax and Ap, do not arise from imperfections in practical
measuring instruments. Rather, they arise from the quantum structure of matter,
from effects such as the unpredictable recoil of an electron when struck by an
indivisible photon, or the diffraction of light or electrons passing through a small
apening.

Another important uncertainty relation involves the uncertainty in the energy
of a particle AE and the time At taken to measure that energy. This energy=time
uncertainty principle is

h
AE At = 3

[28.12]

Equation 28,12 states that the precision with which we can know the energy of some
system is limited by the time available for measuring the energy. A common appli-
cation of the energy=time uncertainty is in calculating the lifetimes of very short-

lived subatomic particles whose lifetimes cannot be measured directly, but whose

uncertainty in energy or mass can be measured.

To understand the uncertainty principle, consider the following thought ex-
periment intreduced by Heisenberg, Suppose you wish to measure the position and
momentum of an electron as accurately as possible. You might be able 10 do this
by viewing the electron with a powerful light microscope. In order to see the elec-
tron and thus determine its position, at least one photon of light must bounce off
28.16a, and then it must pass through the microscope
inte your eye, as in Figure 28.16b. When it strikes the electron, however, the photon
transfers some unknown amount of its own momentum to the electron. Thus, in

the electron, as in Figure

the process of locating the electron’s position
very small), the very light that allows you 10
mentum o some undeterminable extent (ma

Let us analyze the collision by first no
mentum h/A. As a result of the collision, tf
along the xaxis to the electron. Thus, the
after the collision is as large as the me
Ap, = h/ A Furthermore, because light als

to be able to determine the position of the

very accurately (that is, making Ax

eed changes the elecuon's mo

g Ap, very large)
1t the incoming photon has mo-
on wansfers all of its momentum

mcertainty in the electron’s momentum

tm of the incoming photon. That is

has wave properties, we wi

ld expect

electron to within one wav
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‘Werner Heisenberg (1901 -1976)

A German theoreical physicist
Heisenberg oblained his PhD in 1923
ot the University of Munich, where he
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W™ equals the probability

Chapter 28 Quantum Plysics

This interpretation of de Broglie's matter waves was first suggested by Max Born
(1882-1970) in 1928, In 1926, Erwin Schrodinger (1887-1961) proposed a wave
equation that described the manner in which matter waves change in space and
time. The Schridinger wave equation, which we will examine in Section 28.10, rep-
resents a key element in the theory of quantum mechanics.

The concepts of quantum mechanics, strange as they sometimes may seem,
developed from classical ideas. In fact, when the techniques of quantum mechanics
are applied to macroscopic systems, the results are essentially identical to those of
classical physics. This blending of the two theories occurs when the de Broglie
wavelength is small compared with the dimensions of the system. The situation is
similar 1o the agreement between relativistic mechanics and classical mechanics
when v < e

A number of experiments show thar matter has hoth a wave nature and a par-
ticle nature, A question that arises quite naturally in this regard is the following: If
we are describing a particle, how do we view what is waving? In the cases of waves
on strings, water waves, and sound waves, the wave is represented by some quantity
that varies with time and position. In a similar manner, matter waves (de Broglie
waves) are represented by the wave function, W. In general, ¥ depends on the
positions of all the particles in a system and on time, and therefore is often written
W (% % 5 0. W is known for a particle, then the icular properties of that
particle can be described. In fact, a fundamental problem of quantum mechanics
is this: Given the wave function at some instant, find the wave function at some later
ume, £

In Section 28.5, we found that the de Broglie equation relates the momentum
of a particle to its wavelength through the relation g = A/A. If a free particle has a
precisely known momentum, p,, its wave function is an uninterrupted sinusoidal
wave of wavelength A = A/p,, and the particle has equal probability of being at any
point along the xaxis. The wave function for such a free particle moving along the
x axis can be written as

2mx’
hix) = A nin(T) = A sin(kx) [28.13])

where k = 27/ A is the angular wave number and A is a constant amplitude.® As we
tioned earlier, the e function is generally a function of both position and
time. Equation 28.13 represents the part of the wave function that depends on
position only. For this reason, one can view ((x) as a snapshot of the wave function
at a given instant, as shown in Figure 28.17a. The wave function for a particle the
wavelength of which is not precisely defined is shown in Figure 28.17h. Because the
wavelength is not precisely defined, it follows that the momentum is only approx-
mmately known, That is ne were 1o measure the momentum of the particle, the
v value over some range, determined by the spread in wave-

result would have
length

Although we cannot measure ff, we can measure the quantity 11, which can
be interpreted as follows. If ¢ represents a single particle, then Il *—called the

density

bability density—is the relative probability per unit volume that the particle
will be found at any point in the volume

m, first suggested by

lis interprets

In general, i has a real part and an imaginary part, aned we would write the wave function for the particle

in the form A¢**, where the imaginary part of the function describes the phase of the wave

28.8 An Interprretation of Quantum Mechanics

wix)

wix) Figure 28,17 (a) A portion of the
wave function for a particle the wave-
length of which is pre
(b) The wave function for a particle
the wavelength of which is not pre-
cisely known and hence the momen-
tum of which is known only over
some range of values, This pattern is
formed by a sum of functions as in

by known

(a) having a continuous distributi

b) of wavelengths,

Born in 1928, can also be stated in the following manner. If dVis a small volume
element surrounding some point, then the probability of finding the particle in
that volume element is 117 dV. In this section we deal only with one-dimensional
systems, in which the particle must be located along the x axis, and thus we replace
dVwith dx. In this case, the probability, P{x) dx, that the particle will be found in
the infinitesimal interval dx around the point x is

Plx) dx = 1912 dx

Because the particle must be somewhere along the x axis, the sum of the probabil-
ities over all values of x must be 1:

J“ [l dx = 1

Any wave function satisfying Equation 28.14 is said 10 be normalized. Normaliza-
tion is simply a statement that the particle cxists at some point at all times. If the
probability were zero, the particle would not exist. Therefore, although it is not
possible to specify the position of a particle with complete certainty, it is possible,
through 112, 1o specify the probability of observing it. Furthermore, the proba-
bility of finding the particle in the intervala =x = b is

[28.14]

[28.15]
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Figure 28.18 The probability that
a particle is in the interval
b is represented by the

a%s x
arca under the curve from a to bof
the probability density function

I, OF.

Expectation value of x *

.uu_.: -

Figure 28.19

and velacity ¥, confined to o

A particle of

parallel 1o the x axis and bouncing
beoween two impenetrable walls.

Allowed wave functions for a =
particle in a box

Chapter 28 Quantum Physies

That is, the probability P, is just the area under the curve of 112 versus x between
the points x = aand x = b, as in Figure 28.18.

Experimentally, there is a finite probability of finding a particle in an interval
near some point at some instant. The value of that probability must lie between the
limits 0 and 1. For example, if the probability is 0.3, there is a 30% chance of finding
the particle.

The wave function ¢ satisfies a wave equation, just as the electric field associated
with an electromagnetic wave satisfies a wave equation that follows from Maxwell's
equations. The wave equation satisfied by i is the Schridinger equation, and ¢ can
be computed from it. Although ¢ is not a measurable quantity, all the measurable
quantities of a particle, such as its energy and momentum, can be derived from a
knowledge of di. For example, once the wave function for a particle is known, it is
possible to calculate the average position, x, of the particle after many experimental
trials. This average position is called the expectation value of x and is defined by
the equation

(a-j_' P12 de [28.16]

(Brackets ( . . . ) are used 1o denote expectation values.) This expression implies
that the particle is in a definite state, so that the probability density is time inde-
pendent. Note that the expectation value is equivalent to the average value of x that
one would obtain when dealing with a large number of particles in the same state.
Furthermaore, one can find the expectation value of any function fix) by using
Equation 28.16 with the integrand replaced by * f{x) .

28.9 - A PARTICLE IN A BOX
From a classical viewpoint, if a particle is confined 10 moving along the x axis and
to bouncing back and forth between two impenetrable walls (Fig. 28,19), its motion
is easy 1o describe. If the speed of the particle is v, then the magnitude of its mo-
mentwm (my) remains constant, as does its kinetic energy. Furthermore, classical
physics places no restrictions on the values of a particle’s momentum and energy.
The quantum mechanics approach to this problem is quite different and requires
that we find the appropriate wave function consistent with the conditions of the
situation.* As we shall see, this deseription leads to the interesting phenomenon of
energy quantization,
Because the walls are impenetrable, the particle can never be found outside the
hox, which requires §i(x) to be zero at the walls and outside the walls. That is,
wix) = 0 for x = 0 and for x = L, where L is the distance between the two walls.
Only those wave functions that satisfy this condition are allowed. In analogy with
standing waves on a string (Eq. 14.3), the allowed wave functions for the particle
in the box are sinusoidal and are given by

oy nawx
Wix) = A am(T)

"Before continuing, you should review Chapter 14, Sections 14.1

[28.17]

nd 14.3 on standing mechanical waves

289 A Particle in a Box 841

n I 0 L
—_— —_—
{a) by

Figure 28.20 The first three allowed stationary siates for a particle confined w a one-dimen-
sional box. (a) The wave functions for w = 1, 2, and 3. (b} The probability distributions for
a= 1.2 and 3.

where A is the maximum value of the wave function. This expression shows that,
for a particle confined to a box and having a well-defined de Broglie wavelength,
ris represented by a sinusoidal wave. The allowed wavelengths are those for which
the length L is equal 10 an integral number of half-wavelengths—that is, L
nA/2. These allowed states of the systems are called stationary states because they
tant with time.

are col

wres 28.20a and b are graphs of b versus x and Il versus x for n = 1, 2,
and 3. As we shall soon see, these correspond to the three lowest allowed energies
for the particle. Note that although ¢ can be positive or negative, 1f1? is always
is meaningless.
¢ 28.20b shows that Igl? is always zero at the bound-
ating that it is impossible to find the particle at these points, In addition,
Il® is zero at other points, depending on the value of n. For n =2, I¢1* = 0 at
forn=3, @l =0atx=IL/3and at x = /3. For n = 2, |{1* has max-
ima at x = L/4 and at x = 31/4, and so on,

Because the wavelengths of the particle are restricted by the condition A
2L/n, the magnitude of the momentum is also restricted to specific values:

h ] nh
A 2L/n 2L
Using p = mw, we find that the allowed values of the kinetic energy are

nh/2L)

[28.18] Allowed energies for a

particle in a box
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Figure 28.21 An energy level dia-
gram for a particle confined o a
one-dimensional box of width L.
The lowest allowed energy is E;
and has the value E, = #/8ml*

Chapter 28 Cheantum Physics

As we see from this expression, the energy of the particle is quantized, as
we would expect. The lowest allowed energy corresponds to n = 1, for which
E, = k¥/8ml? Because E, = n°E,, the excited states corresponding to n = 2,
3, 4, . . . have energies given by 4E,, 9, 16F,, . . . Figure 2821 is an energy
level diagram describing the positions of the allowed states. Note that the state
n = (is not allowed. This means that according to quantum mechanics, the particle
can never be at rest. The least energy it can have, corresponding to n = 1, is called
the zero-point energy. This result is clearly contradictory to the classical viewpoint,
in which E = 0 is an acceptable state, as are all positive values of E. In this situation,
only positive values of Eare considered, because the total energy E equals the kinetic
energy, and the potential energy is zero.

The energy levels are of special importance for the following reason. If the
particle is electrically charged, it can emit a photon when it drops from an excited
state, such as £, 10 one of the lower-lying states, such as E,. 1t can also absorb a
photon the energy of which maiches the difference in energy between two allowed
states. For example, if the photon frequency is f the particle will jump from the
state £ to the state E, if if = K = E,. The processes of photon emission and ab-
sorption can be observed by spectroscopy, in which spectral wavelengths are a direct
measure of such energy differences.

Example 28.9 A Bound Electron

An elecron is ©

and 3,

0.200 nm apart. Determine the energy levels for n = |, 2,

Solufion We can apply Equarti
using m, = 9.11 % 10°" kg. This gives

L (6:63 x 10-*]-5)*

n 28,18, waking » = 1 and

wo impenetrable walls  For n = 2 and n = 3, we find that E, = 4£, = 37.7eV and
Ey=9E = 848 ¢V . Although this is a rather primitive
maodel, it can be used to describe an electron trapped in a
vacant crystal site,

E,

T EmIE BOI1 X 1077 kg) (2 % 107 m)?
=151 % 10°%] = 9426V

which n = 1. 1

Example 28.10 Energy Qi

bration for a M

A 1.00-mg object is confined w moving between two rigid
walls separated by 1.00 cm. (a) Calculate its minimum speed.

Solution  The minimum speed corresponds 1o the state for
ing Equation 28.18 with n = | gives the zero-

ic Object
This result is so small that the object can be considered to be
at rest, which is what one would expect for a macroscopic
object.

(b) If the speed of the object is 3.00 % 107 m/s, find the
corresponding value of ».

P)‘Iﬂl CNergy. g 2 £ - "
Solution The kinetie energy of the object is
< B b N
g {60 M g : E=dm? = §(1.00 X 107 kg) (3.00 % 107 m/s)?
Bml*  8(1.00 x 107* kg) (1.00 x 1072 m)* = 450 % 101
=549 % 10°%] g

Because £ = bm#, we can find v as follows

dmot = 540 X 10-% |

2(5.49 x 10>
"7[ 1.00 % 10

Because E, = n*F, and E, = 5.49 % 10" |, we find that

wE; = 450 % 10°1°]
(4-5“* 10 “‘J)' * (450 % 1071% Jyiz
4 £, & .uxm"‘*J)
9.05 x 10%

T= 331X 10 % m/s

i

28.10 The Schridinger Equation

This value of n is so large that we would never be able w
distinguish the quantized nawre of the
the difference in energy between the two states uy = 905 x
10°7 and ny = (9.05 X 10%) + 1 is oo small 1 be detected
experimentally. This is another example that illustrates the
working of the correspondence principle; that is, as m
and/or L become large, the quantum descriy
with the classical result.

Ry levels, That is,

0N MIUSE agree

28.10 + THE SCHRODINGER EQUATION

As we mentioned earlier, the wave function for de Broglie waves must satisfy an
equation developed by Schradinger i 1926. One of the methods of quantum me-
chanics is to determine a solution to this equation, which in tum yields the allowed
wave functions and energy levels of the system under consideration. Proper manip-
ulation of the wave functions enables one o calculate all measurable features of
the system.

The Schrodinger equation as it applies to a parucle confined 1o moving along

the x axis is

4% 2m et
— = —— (E— )&
dx* A2

[28.19]

Because this equation is independent of time, it is commonly referred to as the
time-independent Schrodinger equation. (We shall not discuss the nme-depen-
dent Schrodinger equation in this text.)

In principle, if the potential energy (/(x) for the system is known, one can
solve Equation 28.19 and obuin the wave functions and energies for the allowed
states. Because U may vary discontinuously with position, it may be necessary to
solve the equation in pieces. In the process, the wave functions for the diffe:

regions must join smoothly at the boundaries. In the language of mathematics, we
require that @(x) be continuous, Furthermore, in order that ¢(x) obey the normal-
ization condition, we require that ¢(x) approach zero as xapproaches = =, Finally,
Pix) must be singlevalued and dili/ dx must also be continuous for finite values of
Uix)

The task of solving the Schrodinger equation may be very difficult, depending

on the form of the potential energy function. As it turns out, the Schradinger
equation has been extremely successful in explaining the behavior of atomic and
nuclear systems, whereas classical physics has failed to do so. Furthermore, when
quantum mechanics is applied 10 macroscopic objects, the resulis agree with clas-
sical physics, as required by the correspondence principle

The Particle in a Box

Let us solve the Schrodinger equation for our particle in a one-dimensional box of
width L (Fig. 28.22). The walls are infinit gh, corresponding w [(x) for
x =l and x L. The potential energy is constant within the box. and it is conve-

EXERCISE 9 An alpha particle in a nucleus can be modeled
as a particle moving in a box of width 1.0 %
approximate diameter of a nucleus). Using this model, esti-
mate {a) the energy and (b) the momentum of ;
ticle in its lowest energy state, {(m,, =

{a) .52 MeV (b) 3.3 *

B43

" m (the

ilpha par-
4 % 166 % 107 kg)
107 kg-m/s

Erwin Schrodinger (1887-1961)
An Austrian theoretical physicist
Schridinger is best known as the cre
ator of wave mechanics. He olio pro
duced important papers in the fields
of statistical mechanics, color vision,
and geners! relat
did m
ceplonc

ansirating the mc
ence between hi
and the mare obsire

b
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Figure 28,22 Diagram of a one-

dimensional box of width L and in-

fimitely high walls.
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Chapter 28 Quantum Physics

nient to choose U = 0 as its value. Hence, in the region 0 < x < L, we can express
the Schradinger equation in the form

d%y 2mE )
g Vv 2mE
T

Because the walls are infinitely high, the particle cannot exist outside the box.
Consequently, g(x) must be zero outside the box and at the walls, The solution of
Equation 28.20 that meets the boundary conditions ${x) = 0atx = Oand x = Lis

dix) = A sin(kx) [28.21)

This can easily be verified by substitution into Equation 28,20, Note that the first
boundary condition, (0) = 0, is satisfied by Equation 28.21 because sin 0° = 0.
The second boundary condition, #(L) = 0, is satisfied only if &L is an integral mul-
tiple of , that is, if kI, = nw, where nis an integer. Because k = 2mE/h, we get

Solving for the allowed energies E gives

AT -
* \Bml? 1 [=8.22)
Likewise, the allowed wave functions are given by
nwx
d(x) = Asin (T) 128.23]

These results agree with those obtained in the preceding section, Normalizing this
relationship shows that A = (2/1)"# (see Problem 28.36).

28.11 - TUNNELING THROUGH A BARRIER

A very interesting and peculiar phenomenon occurs when a particle strikes a barrier
of finite height and width. Consider a particle of energy E that is incident on a
rectangular barrier of height {7and width [, where E < [ (Fig. 28.23). Classically,
the particle is reflected by the barrier, because it does not have sufficient energy o
cross or even penetrate it. Thus, regions 11 and [ are classically forbidden to the
particle. According to quantum mechanics, however, all regions are accessible to
the particle, regardless of its energy, because the amplitude of the matter wave
associated with the particle is nonzero everywhere (except at certain poinis). A
typical wavefunction for this case, illustrated in Figur , shows the penetration
of the wave into the | 1d beyond. The wave functions are sinusoidal 1 the
left (region I) and right (region IlI) of the barrier and join smoothly with an ex-
ponentially decaying function within the barrier (region II). Because the probability
of locating the particle is proportional to |l*, we conclude that the chance of
finding the particle beyond the barrier in region III is nonzero. This barrier pen-
etration is in complete disagreement with classical physics. The possibility of finding

28.11 Tunneling Through a Barner (Optional)

the particle on the far side of the barrier is called tunneling or barrier penetra-
tion. Any attempt to observe the particle inside the barrier and confirm the value
of its energy is frustrated hy the uncertainty principle. If winneling is to 1ake place,
the barrier must be sufficiently narrow and low, to allow a measurement of the
paruclv's position and momentum consistent with expectations.

The probability of minneling can be described with i transmission coefficient,
T, and a reflection ffici R. The coefficient the
probability that the particle penetrates to the other side of the barrier, and
the reflection coefficient is the probability that the particle is reflected by the
barrier. Because the incident particle is either reflected or transmitted, we must
require that T+ R = 1. An approximate expression for the transmission coefficient
that is obtained when 7= 1 (a high or wide barrier) is

T= ¢kl [28.24]
where
A 2m(U
K= ————— [28.25]
h
Example 28.11 Transmission Coefficient for an Electron

A 30V clectron is incident on a square barrier of height
40 eV. What is the that the elecuon will nnel
through the barrier if its width is (a) 1.0 nm? (b) 0.10 nm?

robabili

T2

Energy

Figure 28.23 Wave function for a
particle incident from the left on a
barrier of height [7 Note that the
wave function is sinusoidal in
regions I and IT1 but is exponen-
tially decaying in region 11, Both
amplitude of ¢ and energy are
plotted along the vertical axis.

Thus, the probability of tunneling through the barrier is

= ¢4 = B5X 1078

Solution (a) In this situation, the quantity {7 — E has the

value

7= 40V —30eV)=10eV=16x10""]

Using Equation 28.25, and given that L = 1.0 nm, the quan-
tity 2KL is

That is, the electron has only about 1 chance in 10" o wnnel
through the 1.0-nm-wide barrier.
(b} For L = 0.10 nm, we find 2KL. = 3.24, and

o= (),080

This result shows that the electron has a high probability (4%
chance) of penetrating the 0.10-nm barrier. Thus, reducing
the width of the barrier by only one order of magnimde has

“\".'(1”1 X 107% kg) (1.6 X 1071 )

2KL =2 (1 % 10°" m)
1054 x 107* J-5

- A0 magnitude!

Applications of Tunneling

As we have seen, tunneling is a quantum phenomenon, a manifestation of the wave
nature of matter. There are many examples in nature on the atomic and nuclear

scales that may be understood only on the basis of mnneling,

*  Tunnel diode. The unnel diode is a semiconductor device consisting of two

region. The

oppositely charged regions separated by a very narrow neu
current in this device is largely due 10 wnneling of electrons through the
neutral region. The current, or rate of tunneling, can be controlled over a
if the

wide range by varying the bias voliage, which changes the height

harrier

increased the probability of tunneling by about 12 orders of
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The surface of graphite as “viewed™
with a scanning tunneling micro-
scope. This technique enables sci-
entists to see small details on sur-

faces with a lateral resolution of
about 0.2 nm and a vertical resolu-
tion of 0.001 nm, The contours
seen here represent the arrange-
ment of individual carbon atoms
on the crystal surface.
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Jasephson junction. A Josephson junction consists of two superconductors sep-
arated by a thin lnsulanng oxide layer, 1 to 2 nm thick. Under appropriate
conditions, electrons in the superconductors travel as pairs and wnnel
from one superconductor to the other through the oxide layer. Several
effects have been observed in this type of junction. For example, a de cur-
rent is observed across the junction in the absence of electric and mag-
netic fields. The current is proportional o sin &, where ¢ is the phase
difference between the wave functions in the two superconductors. When
a bias voltage, AV, is applied across the junciion, one observes the cur-
rent oscillating with a frequency f= 2¢ AV/h, where ¢ is the charge on the
electron.

*  Alpha decay. One form of radioactive decay is the emission of alpha particles
(the nuclei of helium atoms) by unstable, heavy nuclei. In order for the
alpha particle w escape from the nucleus, it must penetrate a barrier several
times larger than its energy. The barrier is due 10 a combination of the
auractive nuclear force and the Coulomb repulsion between the alpha par-
ticle and the rest of the nucleus. Occasionally an alpha particle wnnels
through the barrier, which explains the basic mechanism for this ype of
decay and the large variations in the mean lifetimes of various radioactive
mlclci.

. 5 ! ling

e. The sc g tunneling microscope, or STM,
isa rem.lrkable deu:e that uses n.mnellng to create images of surfaces with
resolution comparable to the size of a single atom. A small probe with a very
fine tip is made to scan close 1o the surface of a specimen, A wnneling
current is maintained between the probe and specimen; the current is sen-
sitive 1o the separation between the tip and specimen. With the maintenance
of a constant tunneling current, a feedback signal is obtained that is used
to raise and lower the probe as the surface is scanned. Because the vertical
motion of the probe follows the contour of the specimen’s surface, an image
of the surface is obtained.

* Decay of black holes. Once inside the event horizon, nothing—not even
light—can escape the gravitational pull of a black hole. That was the view
held until 1974, when the brilliant British astrophysicist Stephen Hawking
proposed that black holes are indeed radiant objects, emitting a variety of
particles by a mechanism involving tunneling through the (gravitational)
potential barrier surrounding the black hole. The thickness of this barrier
is proportional to the size of the black hole, so that the likelihood of a
wmneling event initially may be extremely small. As the black hole emits
particles, however, its mass and size steadily decrease, making it easier for
particles to tunnel out. In this way emission continues at an ever increasing
rate, until eventually the black hole radiates itself out of existence in an
explosive climax! Thus, Hawking's scenario leads 1o the decay and eventual
demise of any black hole. Calculations indicate that a black hole with the

of our Sun would survive against decay by mnneling for abour 10
years. On the other hand, a black hole with the mass of only a billion wons
and roughly the size of a proton should have almost completely evaporated
in the 10 billion years that have elapsed since the time of creation. (Such
mini black holes are believed to have been formed just after the Big Bang
origin of the Universe.)

i

Summary

SUMMARY
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The characteristics of black-body radiatian cannot be explained by classical concepts. Planck
introduced the quantum coneefit when he assumed that the atomic oscillators responsible for
this radiation existed only in discrete states.

In the photoelectric effect, clectrons are ejected from a metallic surface when light is
incident on that surface. Einstein provided a successtul explanation of this effect by extending
Planck’s quanwum theory w the electromagnetic field, In this model, light is viewed as a
stream of particles called photons, each with energy E = Iif, where fis the frequency and his
Planck's constant. The maximum kinetic energy of the ejected photoelectron is given by

= hf - ¢ [28.5]
where ¢ is the work function of the metal.

Xerays striking a warget are scattered at various angles by electrons in the target. A shifi
in wavelength is observed for the scattered x-rays, and the phenomenon is known as the
Compton effect. Classical physics does not explain this effect. If the x-ray is weated as a
photon, conservation of energy and momentum applied to the photon—electron collisions
yield for the Compton shift the expression

h
A= dy==—(l = cos ) 28.7
A= om (1= cos [28.7]
where m, is the mass of the electron, ¢is the speed of light, and #is the scattering angle.
Every object of mass m and momenmum p has wave-like properties, with a wavelength

given by the de Broglie relation

h
A== [28.9]

4
By applying this wave theory of mater w0 electrons in atoms, de Broglie was able to explain
the appearance of quantization in the Bohr model of hydrogen as a standing wave phenom-
enon.

The uncertainty principle states that if a measurement of position is made with preci-
sion Ax and a smultaneous measurement of momentum is made with precision Ap,. then the
product of the wo uncertinties can never be less than a number on the order of #i.

h
Axdp, =5 [28.11]

Maner waves are represented by the wave function ¥ix, 3 z ). The probability per unit
volume that a particle will be found at a point is gl If the particle is confined to moving
along the x axis, then the probability that it will be located in an imterval dx is g

I dx. Furthermore,
J- I ds = 1

The measured position x of the particle, averaged over many trials, is called the expec
tation value of x and is defined by

en by

[28.14]

[28.16]
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If a particle of mass m is confined 10 moving in a one-dimensional box of width L the
walls of which are perfectly rigid, the allowed wave functions for the particle are

. fnwx <
LZE] =Am(—L-) n=1235 ...

Chapter 28 Quantum Physics

[28.17)

where A is the maximum value of g The particle has a well-defined wavelength A the values
of which are such thar the width of the box 1 is equal to an integral number of half wave-
lengths—that is, L = nA/2. These allowed states arc called stationary states of the sysicm.
The energies of a particle in a box are quantized and are given by

The wave function must satisfy the Schrédinger eq

E.."(L)w’ n=1235,.

dinger equation for a particle confined 10 moving along the x axis is

e [28.18]
The i dep Schré-

dy 2m

F= —F(E— [ard [28.19]

where Eis the total energy of the system and U is the potential energy.

When a particle of energy E meets a barrier of height [, where E < U] the particle has
a finite probability of penetrating the barrier. Part of the incident wave is transmitted through
the barrier and part is reflected. This process, called tunneling, is the basic mechanism that
explains the operation of the Josephson junction and the phenomenon of alpha decay in

some radioactive nuclei.

CONCEPTUAL QUESTIONS

[

e

W

‘Why is it impossible 1o simultaneously measure with infinite
accuracy the position and speed of a partcle?
If matter has a wave nature, why is this wave-like character-
istic not observable in our daily experiences?
An electron and a proton are accelerated from rest through
the same potential difference. Which particle has the longer

wavelength?

In describing the passage of electrons through a slit and
armving at a screen, the physicist Richard Feynman said that
“electrons arrive in lumps, like particles, but the probability
of arrival of these lumps is determined as the intensity of
the waves would be. It is in this sense that the electron be-
haves sometimes like a particle and sometimes like a wave.”
Elaborate on this point in vour own words. (For a further
discussion of this point. see R Feynman, The Character of
Physical Law, Cambridge. Mass., MIT Press, 1980, chap. 6.)
In the photoelectric effect, explain why the photocurrent
depends on the intensity of the light source but not on the
frequency,

Why does the existence of a cutoff frequency in the pho-

tric effect favor a particle theory of light rather than
ve theory?

7. Is light a wave or 3 particle? Support your answer by citing

specific experimental evi

8. Suppose a photograph were made of a person’s face using
omly a few photons. Would the result be simply a very faint
image of the face? Discuss.

9. Which has more energy, a photwon of uliraviolet radiation
or a photon of yellow light?

@The brightest star in the constellation Lyra is the bluish star
Vega, whereas the brightest star in Bootes is the reddish star
Arcturus. How do you account for the difference in color
of the two stars?

il__'i‘-\n x-ray photon is scattered by an electron. What happens
1o the frequency of the scantered photon relative 1o that of
the incident photon?

2. Using Wien's displacement law, estimate the wavelength of
highest intensity of radiation given off by a human body.
Using this information, explain why an infrared detector
would be a useful alarm for security work.

13. Why was the Davisson—Germer diffraction of electrons an
important experiment?

14. What is the signif ce of the wave function @

15. What is the Schradinger equ 17 How is it useful in de-

___ scribing atomic phenomena?

16/ If the photoelectric effect is observed for one metal, can you
conclude that the effect will also be observed for another
metal under the same conditions? Explain

Problems 849

Section 28.1

Black-Body Radiation and
Planck’s Theory

m'ﬂ:r human eye is most sensitive to 560-nm Light. What tem-
perature black body would radiate most intensely at this
wavelength?

2. An FM radio transmitter has a power output of 150 kW and
operaies at a frequency of 99.7 MHz. How many photons
per second does the transmiter emit?

E(‘a]rulaﬁr the energy, in electron volis, of a photon the
frequency of which is (a) 6.20 x 10" Hz, (b) 3.10 GHz,
{c) 46.0 MHz. (d) Determine the corresponding wave-
lengths for these photons.

4. The Sun’s light reaches the Earth at an average intensity of
1340 W/m". Estimate the number of photons that reach the
Earth per second if the temperature of the Sun is 6000 K.

5. The average threshold of dark-adapted (scotopic) vision is
4.00 X 107" W/m?* m a ¢ 1 wavelength of 500 nm. If
light having this intensity and wavelength enters the eye and
the pupil is open to its maximum diameter of 8,50 mm, how
many photons per second enter the eye?

. A simple pendulum has a length of 1.00 m and a mass of
1.00 kg. If the amplitude of oscillations of the pendulum is
3.00 cm, estimate the quantum number for the pendulum.

Section 28.2 The Photoelectric Effect

l_:,h!u])'btjennllll has a work function of 4.20 eV. (a) Find the
cutoff wavelength and threshold frequency for the photo-
electric effect. (b) Calculate the stopping potential if the
incident light has a wavelength of 180 nm.

. Electrons are gjected from a metallic surface with speeds
ranging up 1o 4.60 x 10° m/s when light with a wavelength
of A = 625 nm is used. (a) What is the work function of the
surface? (b) What is the cutolff frequency for this surface?
A student studying the photoelectric effect from two differ-
ent metals records the following informati
ping potential for photoclectrons released from metal 1 s
LAR V larger th and (b) the threshold
frequency for metal 1 is 40% smaller than that for metal 2.
Determine the work function for each metal
From the scatiering of sunlight, Thomson calculaed the

o

{a) the stop-

1

2.82 x

classical radius of the electron as having a value «
107" m. If sunlight with an intensity of 500 W/m? falls on
a disk with this radius. estimate the time required 10 accu-
e L.0O eV of energy. Assume 1
wave and that the light striking the disk is «
sorbed, How d

at light is a classical
tely ab-

your estimate compare wi h ohser-
vation that phosoelectrons are emitted prompily (within

Section 28.3 The Compton Effect

11. Caleulate the energy and mo
length 700 nm
Xerays having an energy of 300 keV undergo Compton scat-
tering from a target. I the scattered rays are detected a
37.0° relative wo the incident rays, find (a) the Compton
shift at this angle, (b) the energy of the scattered x-ray, and

__lc) the gy of the recoiling electron

|12 IA 0.00160m photon scatters from a free eleciron, For what
{photon) scattering angle will the kinetic energy of the re-
coiling electron and the energy of the scattered photon be
the same?

14. A 0.110-nm photon collides with a stationary elect After
the collision, the clectron moves forward and the photon
recoils backward. Find the momenmm and kinetic energy
of the electron.

15 A DBBO-MeV photon is scatered by a free electron initi
at rest such that the scattering angle of the scattered ¢
tron equals that of the scauered photon (d = ¢ in Fig.
28.9h). (a) Determine the common value of these angles.
(b) Determine the energy and momentum of the scattered
photon. (c) Dewermine the kinetic energy and momentum
of the scantered electron

entum of a photon of wave-

Section 28.4 Photons and Electromagnetic Waves
Section 28.5 The Wave Properties of Particles

16. Calculate the de Broglie wavelength for a proton moving
th a speed of 100 X 10° m/s.

ate the de Broglic wavelength for an electron that has
wgry (@) 50.0 eV and (b) 50.0 keV.

18, (a) An elecrron has kinetic energy 300 eV, Find its wave-

length. (b) A photon has energy 3.00 eV. Find its wave-

length.,
19. For an electron 1o be confined to a nucleus, its de Broglie
wavelength would have to be less than 1.00 > 1074 m

{a) What would be the kinetic energy of an electron con-

fined to this region® (b) On the basis of this result, would

vou expect 1o find an electron in a nucleus? Explain

In the Davisson-Germer experiment, 54.0<V electrons

were diffracted from a nickel lattice. If the

ISt ImAKimm
in the diffraction pattern was observed ar ¢ = 50.0° (Fig
P28.20), what was the latice spacing a?

Robert Hofstadier won the 1961 Nobel I

e in physics for

his pieneering work in scattering 20:GeV electrons from nu
eled. (a) What is the yfactor for a 200-GeV electron, where
¥ 1 * What is t im of the

won in kg-m/s* (h) What is 1 of a H0Gel
eleciron and how does it compare with the size of a nucleus:
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Scartered
electrons

Figure P28.20

. {a) Show that the frequency f, and wavelength A, of a par-
ticle are related by the expression

() -4+
c AR g
where A = h/meis the Compron wavelength of the particle.
(h) Is it ever possible for a photon and a particle (having
nonzero mass) o0 have the same wavelength and frequency?

_ Explain.

23, The resolving power of a microscope depends on the wave-
length used. If one wished 1o use 4 microscope to “see” an
atom, a resolution of approximately 100 x 107" m would
have 1o be obtained. (a) If electrons are used (in an elec-
tron microscope ), what minimum kinetic energy is required
for the electrons? (b) If photons are used, what minimum
photon energy is needed to obtiin the required resolution?

Section 28.6 The Double-Slit Experiment Revisited

A modified oscilloscope is used w perform an electron in-
terference experiment. Electrons are incident on a pair of
narrow slits 0.0600 gm apart. The bright bands in the in-
terference pattern are separated by 0.400 mm on a screen
2000 em from the slits. Determine the potential difference
through which the electrons were erated 1o give this
pattern.

Neutrons traveling at 0,400 m /s are directed through adou-
ble slit having 2 1.00-mm separation. An array of detectors
is placed 10.0 m from the slit. (a) What is the de Broglie
wavelength of the neutrons? (b) How far off axis is the first
Zero-intensity pe n the detector array? (c) When a neu-
tron reaches a det

can we say which slit the neutron

passed through? Explain

Section 28.7 The Uncertainty Principle
26. Suppose Fuzzy, aquanmim-mechanical duck, livesin a world
in which &

= 9 J-5. Fuzzy has a mass of 2.00 kg and i ini-
tally known to be within a pond 1,00 m wide. (a) What is

the minimum uncertainty in his speed? (b) Assuming this
uncertainty in speed to prevail for 5.00 s, determine the
uncertainty in position after this time,

[27]An elecron (m, = 9.11 X 10* kg) and a bullet (m=

0.0200 kg) each have a speed of 500 m/s, accurate 1w within
0.0100%. Within what limits could we determine the posi-
tion of the objects?

15 A woman on a ladder drops small pellets toward a spot on
the floor. {a) Show that, according to the uncerainty prin-
ciple, the average miss distance must be at least

A2 HY A
- ()"

where H is the initial height of each pellet above the floor
and m is the mass of each peller (b) If H = 200 m
and m = 0.500 g, what is A

29. Use the uncertainty principle w show that an electron con-
fined inside a nucleus of diameter 2 % 107" m is moving
relativistically, whereas a proton confined to the same nu-
cleus can be moving non-relativistically.

Section 28.8 An Interpretation of Quantum
Mechanics
Wk An electron in an infinite square well has a wave function

given by
o L
a(x) = \/%ﬂn( T )

for 0 = x = Land zero elsewhere. What are the most prob-
able positions of the electron?

|31LJA free electron has a wave function

hlx) = Asin(5.00 % 10" x)

where x is in meters. Find (a) the de Broglie wavelength,
(b) the momentum, and (c) the energy in electron volts.
i2. The wave function for a parucle in an infinite square well is

2 2arx
i) = .\/; -an(T)

for 0= x= L and zero elsewhere. (a) Determine the ex-
pectation value of x (b) Determine the probability of find-
ing the particle near £./2, by calculating the probability the
particle lies in the range 0491 = x <= 051L (c) Deter-
mine the probability of finding the particle near L/4 by
calculating the probability the particle lies in the range
0.24L = x = 0.26L. (d) Reconcile these probabilities with
the result for the average value of x found in pa
The wave function for a particle is

(a)

i) =L
WV #wid + o)

for a >0 and —-= < x < +%=. Deter)
that the particle is located somewhere

ne the probabiliy

setween x = —aand
== +a

Section 28.9 A Particle in a Box

34. An clectron that has an energy of approsimately 6 eV moves
beween rigid walls 1.00 nm apar. Find (a) the quantum
number # for the energy state that the electron occupies
and (h) the precise energy of the electron

135,/ An electron is contained in a one-dimensional box of width
0100 nm. (a) Draw an energy-level diagram for the electron

for levels up to n = 4. (b) Find the wavelengths of all pho-
tons that can be emitted by the electron in making transi-
tions that will eventually get it from the n = 4 state to ¢t

n= ] sate
Wi The wave function for a panicle confined to moving in a
ane-dimensional box is

nmwx
Wix) = Asin T)

Use the normalization condition on i to show that

Hint: Because the box width is L, the normalization condi-

tion (Eq. 28.14) is
L
192 dy = 1

wm light. If this light were due wa
transition of an electron in a box from the n =2

37. A ruby laser emits 694

the # = | state, find the th of the box
38. A laser emis light of wa
a transition of an electron in a box from the » = 2 state w0
the

39. The nuclear potential energy that binds protons and neu-

ength A If this light were due 10

1 state, find the widih of the box

troms in a nucleus is often approximated by a square well

Imagine a proton confined in an infinitely high square well
of width 1.00 x 107" nm, a typical nuclear diameter. Cal
culate the wavelengtt

ton emitied when the proton moves from the »

nd energy associated with the pho-
2 state o

the ground state. In what region of the tromagnetic

spectrum does this wavelength belong

Section 28.10 The Schrodinger Equation

The wave function of a particle is

Wix A cosikx) +

B sin (kx

Problems 851

is free (L7 = 0), and find the corresponding energy £ of the
__particle

Show that the wave function o = A« % s a solution o

the Schrodinger equation (Eq. 28.19), where & = 24/A and

U=0
A particle of mass m moves in a potential well of width 21
(from x

Lwx= +[), and in this well is a potential
given by

— ki
miA(1* — &%)

Lix)

In addition, the particle is in a stationary state deseribed by
the wave functic B)for—L<x<+L,
and dix) = 0 elsewher a) Determine the energy of the
particle in terms of fi, m, and L. (Hing: Use the Schradinger
9.} (b) Show thar A= (15/160)"%
(c) Determine the probability that the parucle is located

Lflx = A{l — x

equation, Eq. 2

between x = —L/Sand x = + /8.

28.11 Tunneling Through a Barrier (Optional)

An electron with ki
a barrier with thicke

ic energy E = 5.00 eV is incident on

ess L= 0.200 nm and height
10.0 eV (Fig. P28.43). What 15 the approximate probability
that the electron (a) will tunnel through the barrier and
(b) will be reflected?

=100 eV
o— ETEE | 5.00 ¢V
Electron i Al
U=0

-~ .
0,200

Figure P28.43

h

lar «

An electrr

A rectang

9501 pm, as in F

not pass through the barrier be

Figure P28.44
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tum-mechanically there is a finite probability of mnaneling.
Calculate this probability, which is the transmission coeffi-
cent.

In Problem 44, by how much would the width L of the po-
tential barrier have to be inc d for the chance of an
incident 4,50V electron tnneling through the barrier to

Additional Problems

16 Figure P28.46 shows the stopping potential versus incident
photon frequency for the photoelectric effect for sodium.
Use these data points to find (a) the work function,
(b) the ratio hfe, and (c) the cutoff wavelength. (Data taken
from R. A. Millikan, Phys. Rev, 7:362, 1916.)

[Vitviols)

30
20
10
H
fiTHz)
Figure P28.46

s of wavelength 450 nm are incident on a mewl. The
etic electrons ejected from the metal are bent
re of radius 20.0 ¢
LU )

m

1 en

1 by a magnetic field the
T. What is the work func-

into a
strength of which is 2.
tion of the metal?

A owoslit electron diffraction experiment is done with slits
of unequal widths. When only slit 1 is open, the number of
electrons reaching the screen per second is 25.0 1
i

nes the

nd when

of electrons reaching the screen per sec
only slit 2 is open. When both slits are open, an inte
15 in which the destructive interference is not
- i the ratio of the probability of an clectron
armving at an interference maximum to the probability of
an electron arriving at an adjacent interference minimum,
(Hint: Use the superposition principle.)

has a mass of 1.67 % 10°*" kg. Neutrons emit-
actions can be slowed down via collisions
red 1o as thermal p
into thermal equilibrivm with their surround-

e

The neutre

ted in nucl
with matter
they col
ings. The average kinetic energy (345 1/2) of a thermal neu-
tron is approximately (.04 ¢V, Calculate the de Broglie wave-
y of 0.0400 eV, How
tic atomic spacing in a

T'hey are ref utrons once

h of a neutron with a kinetic

f1e

L3

s it compare with the character|

Chapter 28 Quantum Physics

crystal? Would you expect thermal neutrons to exhibit dif-
fraction effects when scatiered by a crysal?

50. A particle of mass 200 % 10 kg is confined to a one-
dimensional box of width 1.00 % 107" m (1 A). For n = 1,
(a) What is the particle wavelength? (b) its momentum?
() its ground-state energy?

'l'he table below shows data obtained in a phowelectric ex-
periment. (a) Using these data. make a graph similar 1o Fig-
ure 28.8 that plots as a straight line. From the graph, deter-
mine (b} an experimental value for Planck's constant (in
jouleseconds) and (¢) the work function (in electron volis)
for the surface. (Two significant figures for each answer are

Maximum Kinetic Energy of
‘Wavelength (nm) Photoelectrons (eV)
588 0.67
505 0.98
445 1.95
399 1.63

52 A particle that has kinetic energy E = 7.00 ¢V moves from
a region where the potential energy is zero into one in
which L}, = 5.00 eV (Fig. P28.52). Classically, one would ex-
pect the particle 1o continue on, although with less kinetic
encrgy. According to quantum mechanics, the particle has
a probability of being ur d and a probability of being

reflected. What are these probabilities?

Incoming particle

bl o
£ |
t".,
i 3
U=0

Figure P28.52

Particles incident from the left are confronted with a step
potential energy shown in Figure P28.52. The step has a
height L, and the particles have energy £ > U, Classically,
all the particles would pass into the region of higher poten-
tial energy at the right. However, according to quantum me-
chanics, a fraction of the particles are reflected at the bar-
rier. The reflection coefficient K for this case is

(k — i)*
(b + hy)?

Leotd

where k) = 2m/A; and ky = 2m/Ag are the wave numbers
for the incident and ransmitted particles, respectively. [f
E = 20}, what fraction of the incident particles are re-
Hected? (This situation is analogous to the partial reflection
and transmission of light striking an interface between wo
different media.)

An clectron is confined to one-dimensional motion between
mwo rigid walls separated by a distance L. (a) What is the
probability of finding the electron within the interval x = ()
wx= L/5from ¢

e wall if the electron is in s n = | stae?

_(b) Compare this value with the classical probability

An electron is represented by the time-independent wave
function

forx>0

O [ era
ey = { 5 forx<0

A

{a) Sketch the wave function as a function of x (b) Skewh
the probability that the electron is found between x and
x + dx (c) Why could this be a physically reasonable wave
function? (d) Normalize the wave function. {e) Determine
the prob;
range

y of finding the eleciron somewhere in the

i An electron is trapped at a defect in a crystal, The defect

may be modeled as 2 one-dimensional, rigid-walled box of

ANSWERS TO CONCEPTUAL PROBLEMS

Answers to Conceptual Problems

853

width 1.00 nm. {a) Skeich the wave functions and probabil-
ity densitics for the n 1 and n states. (b} For the
n= | state, caleulate the probability of finding the elecion
hetween x 0.350 nm, where x= 0 is
the left side of the box. (c) Repeat part (b) for the n
(d) Caleulate the energies in elecron volts of the
land n = 2 Hint: For parts (b) and (c), use

0150 nm and x,

stale

n=

Equation 28,15 and note that

f.m' ax dx

— sin 2ax
da

Spreadsheet Problem

5L«

ompton scattering involves the scanering of
photon of wavelength A, from a free electron, Tt
photon has a decr

1 wavelength A" that depends on its
scattering angle . The electron recoils with kinetic energy
K, at a scautering angle d relative (o the incident direction
5
tions of # for a given A. (a) For A amine
the values of K, and & at # Do
vour results make sense? (Comsider conservation of en-
ergy and momentum.) (b) Repeac part (a) for & = 1 >

and o as fune
1% 10" m,
o and 180

adsheet 28,1 calculares and plots both K

107%m, 1 % 107" m, and 1 % 107" m. Explain the overall
variation with incident wavelength

e

. The shape of an object is determined by observing the light

reflecting from its surface. In a kiln, the objects will be very
hot and will be glowing red. The emitted radiation is far
thermal

stronger than the reflected ation, and the
radiation emitted is only slighaly dependent on the material
from which the objects are made. Thus, we have a collec-
tion of objects glowing equally with emitted radiation, and
only weak reflected light compared to the emiited light.
This will result in indistinct outlines of the objecis when
vieweed.

The “blackness” of a black body refers 1o its ideal property
of absorhing all radiati

temperatur

incident on it. an observed ro

object in everyday life absorbs all
describe it as (visibly) biack. The black appear:

is due o the fact that our eves are sensitive only isihle

light

If we could detect infrared light with our
would see the object emitting radiation. If the temper
of the black body is raised, Wien's Law tells us that the emined
radiation will move into the visible, Thus, the black body

could appear possibly as red, white, or blue, depending on

its temperature

w

. We can picture higher frequency light as a stream of

All objects do radiate energy, but at room temperature, this
energy is primarily in the infrared region of the electromag-
netic spectrum, which our eyes cannot detect. (Pit vipers
have sensory organs that are sensitive 1o infrared radiation:
thus they can seck out their warm-blooded prey in what we
would consider complete darkness.)

Most metals have cutoff frequencies corresponding 1o pho:
tons in or near the visible range of the electromagnetic

rum

AM radio wave photons will have far too linde en
to eject elecirons from the mesal

a collision, one photos
The kin

electron is measured by the stoppir

of higher energy

s energy 1o a single electron,

VTS

voltage (stopping potential) requir current is

proportional to the frequency ng light. More
intense consists of mor 1 unit area
cach s ] ¢ emitted elec
tron never gets 3 n one photon. In
crea he light intensity will he size of the cur

rent t will not change the energ
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6. There are several possibilities for the fate of the photon en-
crgy. The photon could simply pass through the material and
carry the energy away. It could also reflect from the surface
of the material and carry the energy away. The photon could
be absorbed into an atom, raising it to a higher energy state,
The photon could Compton scatter off many electrons, dis-
sipating its energy as it moves. The photon could also scatter
off an atom, exciting it to a higher level and carry a reduced
amount of energy off woward another interaction.

7. A microscope can see details no smaller than the wavelength
of the waves it uses to produce images. Electrons with kinetic
energies of several electron volis have wavelengths of less
than a nanometer, which is much smaller than the wave-
length of visible light (having wavelengths ranging from
ahout 400 nm 1o 700 nm.) The e, an electron micro-
scope can resolve details of much smaller size as compared
ta an optical microscope.

04,

Atomic Physics

n Chapter 28 we introduced some of the basic concepts and techniques

used in quantum mechanics, along with their applications to various sim-

ple systems. This chapter describes the application of quantum mechanics
o the real world of atomic structure.

A large portion of this chapter is concerned with the study of the hydro-
gen atom from the viewpoint of quantum mechanics. Although the hydrogen
atom is the simplest atomic system, it is an especially important system to
understand, for several reasons:

* Much of what we learn about the hydrogen atom, with its single elec-
tron, can be extended to such single-electron ions as He™ and Li**.

* The hydrogen atom is an ideal system for performing precise tests of
theory against experiment and for improving our overall understand-
ing of atomic structure.

4 An arfist’s rendifion of "bucky-
balls,” short for the molecule
buckminsterfullerens. These
nearly spherical molecular
structures that look like soccer
balls were named for R. Buck-
minster Fuller, inventor of the
geodesic dome. This new form
of carbon, Cyy, was discovered
by astrophysicists while inves-
tigating the carben gas that
exists between stars, Scientists
are actively studying the prop-
erties and potential uses of
buckminsterfullerene and re-
lated molecules. For example,
samples containing Cyg doped
writh rubidium exhibit super.
conductivity at approximately
30 K.
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* The quantum numbers used to characterize the allowed states of hydrogen
can be used to describe approximately the allowed states of more complex
atoms. This characterization enables us to understand the periodic able of
the elements, which is one of the greatest triumphs of quantum mechanics.

* The basic ideas about atomic structure must be well understood before we
attempt to deal with the complexities of molecular structures and the elec-
tronic structures of solids.

The full mathematical solution of the Schrodinger equation as applied to the
hydrogen atom gives a complete and beautiful description of the atom's properties,
However, the mathematical procedures that make up the solution are beyond the
scope of this book, and so the deils are omitted. The solutions for some states of
hydrogen are discussed, together with the quantum numbers used to characterize
allowed stationary states. We also discuss the physical significance of the quantum
numbers and the effect of a magnetic field on certain quantum states.

The exclusion principle, also presented in this chapier, is extremely important 1o
an understanding of the properties of multiclectron atoms and the arrangement
of elements in the periodic table. The implications of the exclusion principle are
almost as far reaching as those of the Schrodinger equation. Finally, we apply our
knowledge of atomic stricture 1o describe the mechanisms involved in the produc-
tion of x-rays and in the operation of a laser.

29.1 + EARLY MODELS OF THE ATOM

I'he model of the atom in Newton's day was a tiny, hard, indestructible sphere.
Although this model was a good basis for the kinetic theory of gases, new models
hatl 10 be devised when later experiments revealed the electrical nature of atoms.
J- J- Thomson suggested a model that describes the atom as a volume of positive
charge with elecirons embedded throughout it, much like the seeds in a water-
lon (Fig. 29.1)

In 1911 Ermest Rutherford and his students Hans Geiger and Ernest Marsden

performed a eritical experiment that showed that Thomson’s model could not be
correct. In this experiment, a beam of positively charged alpha particles was pro-
jected into a thin metal foil, as in Figure 29.2a. The resulis of the experiment were

astounding. Most of the particles passed through the foil as if it were empty space.
But many particles deflected from their original direction of ravel were scattered
through large angles, Some particles were even deflected backward, reversing their
direction of ravel, When Geiger informed Rutherford of these results, Rutherford
wrote, "It was quite the most incredible event that has ever happened to me in my
life. It was almost as incredible as if you fired a 15-inch shell at a piece of tissue
paper and it came back and hit vou.”

Such large dellections were not expected on the basis of Thomson's model.
According to this model, a positively charged alpha particle would never come close
enough to a large positive charge to cause any large-angle deflections. Rutherford
explained his astounding results by as ng that the positive charge was concen-
trated in a region that was small relative to the size of the atom. He called this
concentration of positive charge the nucleus of the atom. Any electrons belonging
to the atom were assumed to be in the relatively large volume outside the nucleus,
» the nucleus, the elec-

In order o explain why these electrons were not pulled in

29.1 Early Models of the Atom

_ Viewing
= soreen

.
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Figure 29.2 (a) Rutherford’s technigue for observing the scattening of alpha particles from a
i The source is a naturally ocourring radioactive substance, such as radium
{b) Rutherford’s planctary model of the atom,

trons were viewed as moving in orbits about the positively charged nucleus in the
same manner as the planets orbit the Sun, as in Figure 29.2b.

There are two basic difficulties with Rutherford’s planetary model. As we saw
in Chapter 11, an atom emits certain characteristic frequencies of electrom
n this phenom

e

he Rutherford model is unable to exy
wdergoing a centripetal
ietism, centripetally ac-

radiation and no other
enon. A second difficulty is that Rutherford’s electrons are
acceleration. According to Maxwell's theory of electre
celerated charges revolving with frequency [should radi
having the same frequency. Unfortunately, this classical model leads 10 disaster
when applied to the atom. As the electron radiates energy, the radius of its orbit
steadily decreases and its frequency of revolution increases, This leads 1o an ever

electromagnetic waves

increasing frequency of emiuned radiation and a rapid collapse of the atom as the
electron plunges into the nucleus (Fig. 29.3).

Now the stage was set for Bohr. In order to circumvent the erroneous deduc-
tions of electrons falling into the nucleus and a continuous emission spectrum from
elements, Bohr postulated thart classical radiation theory does not hold for atomic-
sized systems. He overcame the problem of a classical electron that continuously
s of quantized energy levels to orbiting atomic

loses energy by applying Planck’s id
clectrons. Thus, as described in Section 11.5, Bohr postulated that electrons in
atoms are generally confined 1o stable, nonradiating energy levels and orbits called
stationary states. Furthermore, he applied Einstein's concept of the photon to arrive
1 expression for the frequency of light emited when the elecron jumps from

one stationary state to another

One of the first indications that there was a need o modify the Bohr theory
arose when improved spectroscopic techniques were used 1o examine the spectral
lines of hydrogen. It was found that many of the lines in the Balmer and other

series were not single lines at all. Instead, each was a group of lines spaced very
close together. An additional difficulty arose when it was observed that, in some
situations, certain single spectral lines were split into three closely spaced lines when

the atoms were placed in a strong magnetic field

Figure 29.3 1
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Efforts to explain these deviations from the Bohr model led to improvements
in the theory. One of the changes introduced was the classical concept that the
electron could spin on its axis. Also, Amold Sommerfeld improved the Bohr theory
by introducing the theory of relativity into the analysis of the electron’s motion. An
electron in an elliptical orbit has a continuously changing speed, with an average
value that depends on the eccentricity of the orbit. Different orbits have different
average speeds and slightly different relativistic energies.

29.2 - THE HYDROGEN ATOM REVISITED

In Chapter 11, we described how the Bohr model of the hydrogen atom views the
electron as a particle orbiting around the nucleus in nonradiating, quantized en-
ergy levels. The de Broglie model gave electrons a wave nature by viewing them as
standing waves in allowed orbits. This standing wave description removed the ob-
jections to Bohr's postulates, which were quite arbitrary. However, the de Broglie
model created other problems. The exact nature of the de Broglie wave was un-
specified, and the model implied unlikely electron densities at great distances from
the nucleus. Fortunately, these difficulties are removed when the methods of quan-
tum mechanics are used to describe atoms.

The potential energy function for the hydrogen atom is

fﬂ
U =~ ~ [20.1]

re k is the Coulomb constant and r is the radial distance from the proton
ated at r = 0) to the electron. Figure 20.4 is a plot of this function versus
r/fay where ag is the Bohr radius, 0.0529 nm.

The formal procedure for solving the problem of the hydrogen atom would be
to substitute {{r) into the Schradinger equation and find appropriate solutions to
the equation, as we did for the particle in the box in Chapter 28, The current
problem is more complicated, however, because it is three-dimensional and because
U/ depends on the radial coordinate . We shall not attempt o carry out these
solutions, Rather, we shall simply describe their properties and some of their im-
plications with regard to atomic structure,

According 1o quantum mechanics, the energies of the allowed states for the
hydrogen atom are

E (k/’ el =1,28
i, = 2““)"!— = ¢ n=1,423,

[29.2]

This result is in exact agreement with the Bohr theory. Note that the allowed en-
ergies depend only on the quantum number n,

In onedimensional problems, only one quantum number is needed to char-
acterize a stationary state. In the three-dimensional hydrogen atom, three quantum
numbers are needed for cach stationary state, corresponding to three independent
degrees of freedom for the electron. The three quan umbers that emerge
from the theory are represented by the symbols u, €, and m,. The quantum number
n is called the principal quantum number, { is called the orbital guantum num-
ber, and m, is called the orbital gneti , where all three
quantum numbers are integers and

1

29.2 The Hydrogen Atom Revisited

TABLE 29.1 Three Quantum Numbers for the Hydrogen Atom
Number of
Number Name Allowed Value Allowed States
n Principal quantum number b AR Any number
i Orbital quantum number voem=1 "
my Orbital magnetic quantum e e 2 gt W 26 + 1
number ciyl=1,4

* ncan range from | 10 =
* { can range from 0o n — 1
* m, can range from — € to {

Table 29,1 summarizes the rules for determining the allowed values of £ and m, for
a given value of n.

For historical reasons, all states with the same principal quantum number are
said to form a shell. Shells are identified by the letters K, L, M, . . . , which des
ignate the states for which n = 1,2, 3, . . . | Likewise, all states with given values
of n and £ are said to form a subshell. The letters s, p, d, f g A, . . . are used 10
designate the subshells for which € = 0,1, 2, 3, | For example, the state des
ignated by 3p has the quantum numbers n = 3 and € = 1; the 2s state has the
quantum numbers n = 2 and £ = 0. These notations are summarized in Table 29.2

States that violate the rules given in Table 29.1 cannot exist. For instance, the
2d state, which would have n = 2 and £ = 2, cannot exist because the highest al-
lowed value of £ is n = 1, or 1 in this case. Thus, for n = 2, 25 and 2p are allowed
states but 24, 2f, . . . are not. For n = 3, the allowed states are 3s, 3p, and 34.

COMNCEPTUAL PROBLEM 1

In the hydrogen atom, the quantum number n can increase without limit. Because of this,
does the frequency of possible spectral lines from hydrogen also increase without limit?

Example 29.1 The n = 2 Level of Hydrogen

For a hydrogen atom, determine the number of orbital states

corresponding to the principal quantum number n = 2, and

caleulate the energies of these states

Because all these states have the same principal quantum
number, they also have the same energy, which can be cal

culated with Equation 29.2, taking n = 9

859

TABLE 29.2 Atomic Shell

and Subshell
Notations
Shell Subshell

n  Symbel | Symbal

1 K o 3

2 1 I P

3 M 2 d

4 N 3 !

b 0 4 £

(3 P ] h

f = —3.40 &V

Selution When n =2, £ can be 0 or 1. For £ = 0, m, can EXERCISE | How many possible orbital states are there for
only be 0; for £ = 1, m; can be — 1, 0, or 1. Hence, we have the n = 3 level of hydrogen? For the n = 4 level?

a state designated as the 2s state associated with the quantum Answer 9 and 16

numbers n = 2 £ = 0, and m, = 0, and three orbital stawes

designated as 2p states for which the quantum numbers are EXERCISE 2 When the principal quanium number is
n=2%4{¢=1m Ln=2 £=1m 0 and n=2, n = 4, how many different values of (1) € and (b) m, are pos
E=1lm=1 sible?  Ans (a) 4 (b)7
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29.3 - THE SPIN MAGNETIC QUANTUM NUMBER

Example 29.1 was presented to give you practice in manipulating quantum num-
bers, but, as we shall see in this section, there are aght electron states for n = 2
rather than the four we found. These extra states can be explained by requiring
a fourth quantum number for each state; the spin magnetic quantum num-
ber, m,.

The need for this new quantum number came about because of an unusual
feature in the spectra of certain gases such as sodium vapor. Close examination of
one of the prominent lines of sodium shows that it is, in fact, two very closely spaced
lines called a doublet. The wavelengths of these lines occur in the yellow region at
589.0 nm and 589.6 nm. In 1925, when this doublet was first noticed, atomie theory
could not explain it. To resolve this dilemma, Samuel Goudsmidt and George
Uhlenbeck, following a suggestion by the Austrian physicist Wolfgang Pauli, pro-
posed a new quantum number, called the spin quantum number.

In order to describe the spin quantum number, it is convenient (but incorrect)
to think of the electron as spinning on its axis as it orbits the nucleus, just as the
Carth spins on its axis as it orbits the Sun, There are only two directions that the
electron can spin as it orbits the nucleus, as shown in Figure 29.5, If the direction
of spin is as shown in Figure 29.5a, the electron is said to have "spin up.” If the
direction of spin is reversed, as in Figure 20.5b, the electron is said to have “spin
down.” In the presence of a magnetic field, the energy of the electron is slightly
different for the two spin directions, and this energy difference accounts for
the sod doublet. The quantum numbers associated with electron spin are
m, = } for the spin-up state and m, = ~ } for the spin-down state. As we shall see in
Example 29.2, this added quantum number doubles the number of allowed states
specified by the quantum numbers u, £, and m,.

The classical description of electron spin as due to a spinning electron is in-
correct, because quantum mechanics 1ells us that a rowational degree of freedom
wonld II'[llliI(' oo Lll.l"_\ [IEI Antum I“.I]!lllf‘]". Hll[i more recent 1']('!“} wates ll!al
the eleciron is a point particle, without spatial extent. The electron cannot be
considered to be spinning, as pictured in Figure 295, In spite of this conceptual
difficulty, all experimental evidence supports the fact that the electron does have
c property that can be described by the spin quantum number. The
origin of this fourth quantum number was shown by Sommerfeld and Dirac to lie

some int

Wallgang Pauli and Niels Bohr watch i spinning top
i Conrtesy of AIP Niely Bohr Libvary, Margarethe Hoke Collection)

29.4  The Wave Functions for Hydrogen

in the relativistic properties of the electron, which requires four quantum numbers
to describe its location in four-dimensional space-ume.

Example 29.2 Adding Some Spin on Hydrogen

For a hydrogen atom, determine the quantum numbers as-
sociated with the possible states that correspond to the prin- states

cipal quantum number n = 2.

Solution  With the addition of the spin quantum number, we
have the possibilities given in the table below,

n L4 m, m, Subshell Shell
2 ( il

2 1: t: = i
2 1 1 i

2 1 1 .

2 1 0

s ] e 2 -

. 1 1 L

2 1 -1

EXERCISE 3 Show that for » = 3, there are 18 possible

Maximum Number of
Electrons in Subshell

29.4 - THE WAVE FUNCTIONS FOR HYDROGEN

Neglecting electron spin for the present, the potential energy of the hydrogen atom
depends only on the radial distance r between nucleus and electron. We therefore
expect that some of the allowed states for this atom can be represented by wave
functions that depend only on r. This indeed is the case, The simplest wave function
for hydrogen is the one that describes the s ground state and is designated

by (n

WD =—¢
v may’

129.3)

where ay is the Bohr radius. This wave function satisfies the condition that it ap-
proach zero as r approaches = and is normalized as presented. Furthermore, be-
cause Uy, depends only on r, it is spherically symmetric. In fact, all s states have
spherical symmetry.

Recall that the probability of finding the electron in any region is equal 10 an
mtegral of |

over the region, if ¢ is normalized. The probability density for the

13 state is

[29.4)

Wave function for hydrogen
in its ground state
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z obabilities for the Electron in Hydrog
The pmhﬂhll:ty of finding the electron in a volumc element. dV, is 112 dV. It is Example 29.4 Pr i st e

convenient to define the radial probabi ity fi i P(r}, as the proba-
bility per unit radial distance nfﬁnd.mg the c]eumn in a spherical shell of radius
rand thickness dr. The volume of such a shell equals its surface area, 4mr*, multi-
plied by the shell thickness, dr (Fig. 29.6), so that we get

P(r) dr = 12 dV = Iyl 24ar? dr [29.5]
P(r) = 4r2ll? [29.6]

Substituting Equation 29.4 into Equation 29.6 gives the radial prabability density
function for the hydrogen atom in its ground state:

Calculate the probability that the electron in the ground state We can put the integral in dimensionless form by changing
of hvidrogen will be found owside the Bohr radius variables from r to £ = 2r/a, Noting that = = 2 when
and that dr = (a,/2) dz, we get

Solution The probability is found by integrating the radial
probability density for this state, Py, (n), from the Bohr radius, 3
ay. 10 =, Using Equation 29.7, we get p=1 f ]

P= j Po(n) dr =

Figure 29.6 A spherical shell of
radius rand thickness dr has a vol-
ume equal to 4 dr. PN = ( ) Frindnd [29.7]

A plot of the function Py (r) versus ris presented in Figure 29.7a. The peak of
the curve corresponds to the most probable value of r for this particular state. The
spherical symmetry of the distribution function is shown in Figure 29.7b.

Example 29.3 shows that, for the ground state of hydrogen, the most probable
value of requals the Bohr radius, a,. It urns out that the average value of r for the
ground state of hydrogen is 3a,, which is 50% larger than the most probable value
of r (see Problem 33). T is the large asymmeny in the radial
distribution function shown in Figure 29.7a. According to quantum mechanics,
there is no sharply defined boundary to the atom. The probability distribution for
the electron can be viewed as being a diffuse region of space, commonly referred
to as an “electron cloud.”

Example 29.3  The Ground State of Hydrogen

Calculate the most probable value of rfor an electron in the

d d
ground state of the hydrogen arom. | i & £ = (et =1

Solution  The most probable value of r corresponds to the S 4 (=D )¢ T = ) The next-simplest wave function for the hydrogen atom is the one corresponding

peak of the plot of A n versus «. The slope of curve w : g to the 25 state (n = 2, £ = ), The normalized wave function for this state is

this point is zero, and so we can evaluate the most probable 21 = (v/ag))e

value of rby setting dP/dr = 0 and solving for v, Using Equa- 1 1 \32 ¥

0.7, we get This expression is satisfied if (1) = —— (A 92— — [29.8] * Wave function for hydrogen
E 4/ 27 \ 4, a :

P d (";-} - -I : : Y L : i in the 2s state
—==|[=)ertm]| =0 Ty
dr  dr L ay Like the iy, function, iy, depends only on r and is sphencally symmetric. The

Carrying out the derivative operation and sin

pression, we get

energy corresponding 1o this state is £, = — (15.6/4) eV = — 3.4 eV. This energy
level represents the first exc

T=dg

d state of hydrogen. Plots of the radial distribution
function for this state and several other states of hydrogen are shown in Figure 29.8.
The plot for the 2s state, which applies to a single electron, has two peaks. In this
case, the most probable value corresponds to that value of rwith the higher value
of P{=5a,;). An electron in the 25 state would be much farther from the nucleus
fon the average) than an electron in the 1s state, The average value of ris even
greater for the 3d, 3p, and 44 states.

As we have mentioned, all s states have spherically symmetric wave functions.
The other states are not spheri

Figure 29.7 (4} The probability Py
of finding the cle

ton of distance [
for the hydrogen stom in the 13
(ground) sute. Note that the prob-

ly ssmmetric. For example, the three wave func-
responding to the states for which n =2, €=1 (m. =1, 0, or — 1) can
be expressed as appropri

ability has its maximum value when
r equals the Bohr radius, o
(b} The spherical elect

tions cor

e linear combinations of the three p states. Although
quantum mechanics limits our knowledge of angular momentum to the projection

for the hydrogen atom

along any one axis at a time, these p states may be described mathematically as
linear combinations of mutually perpendicular functions p,, ., and p,, as repre-
sented in Figure

stae

where only the angular dependence of these functions is
shown. Note that the three clouds have identical structure but differ in orientation
with respect to the
(@) (b} 1 States are

, and z axes. The nonspherical wave functions for these
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Figure 29.8 The radial probabil-
ity density function versus r/a,, for
several states of the hydrogen
atom.  (From E. U, Condon and G. H.
Shortley, The Theory of Alomic Spectra,
Cambridge, Cambuidge [ niversity Press,
1953 u

ol aath prerovisviem )

Wauve functions for the 2p =
stale

Figure 29.9 Angular dependence
of the electron charge distribution
for an electron in a g state. The

three ck:

rge distributions p,, f
and p have the same struciure and

differ only in their orients in

space
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al char

re Fir) is some exponential function of » Wave function

¥ +
8 12 16 @M 24 2 3 3% 4

/g

§F
.!

o, =

1d chemical properties.

[29.9]

with a highly direc-
cter, such as these, are convenient for bookkeeping descriptions of

29.5 The “Other™ Quantum Numbers

29.5 -

THE “OTHER” QUANTUM NUMBERS

The energy of a particular state depends primarily on the principal quantum num-
ber. Now let us see what the other three quantum numbers contribute to our atomic
model.

The Orbital Quantum Number

1f a particle moves in a circle of radius », the magnitude of its angular momentum
relative to the center of the circle is L = mor, The direction of L is perpendicular
to the plane of the circle, and the sense of Lis given by a right-hand rule.” According
to classical physics, L can have any value. However, the Bohr model of hydrogen
postulates that the angular momentum is restricted to multiples of f; that is,
mer = nfi. This model must be modified because it predicts (incorrectly) that the
ground state of hydrogen (n = 1) has one unit of angular momentum. Further-
more, if Lis taken 1o be zero in the Bohr model, one is forced 1o accept the electron
as a particle oscillating along a straight line through the nucleus. This is a physically
unacceptable situation

These difficulties are resolved with the quantum mechanical model of the atom.
According to quantum mechanics, an atom in a state the principal quantum num-
ber of which is n can take on the following discrete values of orbital angular mo-
menium:

L=JE{+T)h =012 ..0qm—1

[29.10]

Because £ is restricted o the
ceptable value of the
points out the difficulties inherent in any attempt to describe results based on
quantum mechanics in terms of a purely particle-like model. In the quantum me-
chanical interpretation, the electron cloud for the L. = 0 state is spherically sym-
metric and has no fundamental axis of revolution.

e values, . = 0 (corresponding to € = 0) is an ac-
is model

gular momentum. The fact that L can be zero in t

Example 29.5 Calculating L for a p State

Calculate the orbital angular momentum of an electron in a
p state of hvdrogen, lar momentum of t
about 2.7 x 10 [.5

1.054 % 1073

Solution Because we know that fi 8, we

can use Equation 29.10 to calculate L. With £ = | for a pstate, ‘
that the scparation between ad
we have
mic
L=TO +Dh= /2% = 149X 10°™]+s held

* Allowed values of L

This number is extremely small relative to the orbital angu-
Earth orbiting the Sun, which is
The quantum number that de
L for macroscopic objects, such as the Earth, is so large

scribes

ni states cannot be

sured. Once again, the correspondence principle is up

The Magnetic Orbital Quantum Number

Because

ular momentum is a vector, its direction must also be specified. Recall
from Chapter 22 that an orbiting electron can be considered an effective current
cling
field, B, will interact with the field. Suppose a weak magnetic field is applied along

loop with a corresy gnetic moment. Such a moment placed in a magnetic

See Sections 10.8 and 10.9 1o review deails on angular momenmm
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Allowed values of L, *

Space quantization *

0 is quantized *

Chapter 29 Atomic Plysies

the z axis so that it defines a direction in space. According to quantum mechanics,
12 and L,, the projection of L along the z axis, can have discrete values. The mag-
netic orbital quantum number m, specifies the allowed values of I, according 10
the expression

L= mh [29.11]

The fact that the direction of L is quantu,ed with respect to an external magnetic
field is often referred to as space

Let us look at the possible orientations of L for a given value of {. Recall that
m, can have values ranging from =€ 1o €. If £ = 0, then m, = Oand L, = 0, In order
for L, 1o be zero, L must be perpendicular to B, If { = 1, then the possible values
of m, are =1, 0, and 1, so that L, may be <A, 0, or h. If € = 2, m, can be =2, = 1,
0, 1, or 2, corresponding to L, values of — 2%, —#, 0, fi, or 2k, and so on.

A vector model describing space quantization for £ = 2 is shown in Figure
29.10a. Note that L can never be aligned parallel or antiparallel to B because L,
must be smaller than the total angular momentum, L. From a three-dimensional
Hrwpmnl L must lie on the surface of a cone that makes an angle of 8 with the z
as shown in Figure 29.10b. From the figure, we see that @ is also quantized and
ts values are specified through the relation

"y

D]

Note that m, is never greater than €, and therefore # can never be zero, (Classically,
# can have any value.)

Because of the uncertainty principle, L does not point in a specific direction but
rather traces out a cone in space. If L had a definite value, then all three compo-
nents L, I, and [, would be exactly specified. For the moment, let us assume that
this is the case, and let us suppose that the electron moves in the xy plane, so that
L is in the = direction and p, = 0. This means that p, is precisely known, which is

[29.12]

L) = 6A

() by

Figure 20.10 (2} The allowed projections of the orbital angular momentum for the case
€ = 2. {b) The orbital angular momentum vector lies on the surface of a cone and precesses

about the : axis when a magnetic field B is applied in this direction

295 The “Other” Quantum Numbers

in violation of the uncertainty principle, 4p, Az = fi/2. In reality, only the magni-
mide of L and one component (say, L) can have (lLiuutL values. In other words,
quantum mechanics allows us to specify L and L, but not L, and L,. Because the
direction of L is constantly changing as it precesses about the z axis, the average
values of L, and L, are zero and L, maintains a fixed value of md.

Example 29.6 Space Quantization for Hydrogen

For the hydrogen atom in the £ = 3 state, calculate the mag-
nitude of L and the allowed values of L, and &

values of 6. Because £ =

Solution We use Equation 29.10 with £ = 3: -
cos
L=JT@+ Dh=3BF F )& =234

Substitu

The allowed values of [, are L, = md with m, = =8,
=2 -1,0,1,2 and &

n of the allowed values of m, gives
cos = =0,866, =0.577, =0.289, 0
L= =3k, —2h. — 5.0, % 2h, 3k 6= 30.0°, 54.6°, 73.2°, 90.0°, 107, 125°, 150°

Finally, we use Equation 29.12 1o calculate the allowed
JET F 1) = 243, and we have

Electron Spin

In 1921 Stern and Gerlach performed an experiment that demonstrated space
quantization. However, their results were not in quantitative agreement with the
theory that existed at that ime. In their experiment. a beam of neutral silver atoms
sent through a nonuniform magnetic field was split into two components (Fig.
29.11). The experiment was repeated using other atoms, and in each case the beam
split into two or more components. The classical argument is as follows: If the z
direction is chosen to be the direction of the maximum inhomeogeneity of B, the
net magnetic force on the atom is along the z axis and is proportional to the mag-

Beam of
A silver groms

Phoographic
plate ——t

v
| Classically expecied <

|

0 |

| patern |
|

|

e
etic field

| Actual pattern

Figure 29.11 The apparatus used by Stern and Gerlach o verify space quantization. A beam of
neutral silver atoms is split into two components by a nonuniform magnetic field, as shown by
the actual pattern in the box
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netic moment g in the z direction. Classically, g can have any orientation, and so
the deflected beam should be spread out continuously. According to quantmm me-
chanics, however, the deflected beam has several components, and the number of
components determines the possible values of p,. Hence, because the Stern-
Gerlach experiment showed split beams, space quantization was at least qualitatively
verified.

For the moment, let us assume that . is due to the orbital angular momentum.
Because p. is proportional to m,, the number of possible values of u, is 26 + 1.
Furthermore, because € is an integer, the number of values of g, is always odd. This
prediction is clearly not consistent with the observations of Stern and Gerlach, who
observed only two components in the deflected beam of silver atoms. Hence, one
is forced to conclude that either quantum mechanics is incorrect or the model is
in need of refinement.

In 1927 Phipps and Taylor repeated the Stern—Gerlach experiment using a
beam of hydrogen atoms. This experiment is important because it deals with an
atom with a single electron in its ground state, for which the theory makes reliable
predicions. Recall that € = 0 for hydrogen in its ground state, and so m, = 0.
Hence, one would not expect the beam to be deflected by the field, because
#, would be zero, However, the beam in the Phipps-Taylor experiment is again
split into two components, On the basis of this result. one can conclude only one
thing: There is some contribution to the magnetic moment other than the orbital
maotion.

In 1925 Goudsmi

d Uhlenbeck proposed that the electiron has an intrinsic
angular momentum apart from its orbital angular momentmum. From a classical
wpoint, this intrinsic angular momentum tributed 1o the charged electron
spinning about its own axis, and hence is called electron spin.? In other words,
the total angular momentum of the electron in a particular electronic state contains
both an orbital contribution, L, and a spin contribution, 8. There is a quantum
number s for spin, which is analogous to ¢ for orbital angular momentum. The
value for s, however, is always s = 5.
The magnitude of the spin angular momentum, 8, for the eleciron is

S=Jsls+ 1) = [29.15]

Like orbital angular momentum, spin angular momentum is quantized in
space, as described in Figure 29.12. It can have two orientations, specified by the

*Physicists ofi

o use the st

ase the word spin when referring to spin angular momentum. For cxample, it is common
1 “The electron has 3 spin of one hall.” The spin angular momentum of the elee
never changes. This noton contradicts classical laws, which woukd hold that  rotating charge shows do

n
ng
field. Furthermore, if the electron is viewed as a spinning ball of change subject to classical laws, paris

metic field because of the Faraday emf o

in the presence of an applied aceampanies the chany

of it near its surface would be rotating with velocities exceeding the speed of light. Thus, the classical
picture must not be pressed w00 F
simple chissical description. Tt is more accurate to describe spin as a relativistic effect (which was weated
classically by Sommerfeld and quannmm mechanically by Dirac)

- ultimately, the spinning electron is a quantum entity defring any

29.5 The “Other™ Quantum Numbers

Spin up

Figure 29.12 The spin angular mo-
mentum also exhibits space quantiza-
tion. This figure shows the two allowed
orientations of the spin vector §for a

Spindown i | particle, such as the electron.

spin magnetic quantum number m,, where m, has two possible values, = 1. The z

component of spin angular momentum is

S, =mh= ik [29.14]
The two values + £/2 for 8. correspond to the two possible orientations for 8 shown
in Figure 29.12

The spin magnetic moment of the electron, g, is related to its spin angular
momentum, §, by the expression

—5 [29.15]

",

=

Because §, = * if, the z component of the spin magnetic moment can have the
values

[29.16]

The quantity ¢fi/2m, is the Bohr magneton, ju,, and has the numerical value
937 X 1072 /T (s
momentu

Eq. 22.28). Note that the spin contribution to the angular
the ¢
; physicists explain the outcome of the Stern—Gerlach experiment as fol-

ibution of the orbital motion.

15 fun

T'odz

lows. The observed moments for both silver and hydrogen are due 1o spin angular
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momentum and not to orbital angular momentum. A single-electron atom such as
hydrogen has its electron quantized in the magnetic field in such a way that its z
comporl:n! of spin angular momentum is either 1A or —i#, corresponding to
m, = Zg.

Electrons with spin +§ are deflected in one direction, and those with spin
—} are deflected in the opposite direction, The Stern-Gerlach experiment
provided two important results. First, it verified the concept of space quanti-
zation. Second, it showed that spin angular momentum existed even though
this property was not recognized until long after the experiments were per-
formed.

Thinking Physics 1

Angular momentum is a vector in three dimensions. Thus, it requires three pieces of
information 10 be completely specified, such as the x, ¥, and :components. In an
atom, however, the orbital angular momenum vector L is described by only fwe pieces
of information—the quantum numbers ¢ and m,. Why is there a diserepancy?

Reasoning The clue in the question is the phrase, “to be completely specified.” The
notion of complete specification is not appropriate in the quantum world. Imagine a
completely specified vector for an electron following a circular Bohr orbit (but remem-
ber that this is inconsistent with the quantum mechanical description of the electron).
The plane of the orbit would be fixed in space. Thus, in the sdirection perpendicular
1o the plane of the orbit (and parallel 1o L), the position of the electron is completely
specified—it is in the plane, so there is no uncertainty in position and Az = 0. The
velocity of the electron perpendicular to the plane is also completely specified—it is
zero, again with no uncertainty. Thus, the uncertainty principle is violated. The un-
certainty principle is satisfied by stating only two pieces of information. The length of
the angular momentum vector and its =component are known, but there is no infor-
mation about the & or ycomponents.

ERAGN Phpeics 3 7

Does the Stern-Gerlach experiment differentiate between orbital angular momentum
and spin angular momentum?

R

g There is a gnetic force on the magnetic mos sing from bath
orbital angular momentum and spin angular momentum. In this sense, the experiment
does not differentiate between the two. The number of lines on the screen will tell us
something, however, due to the fact that orbital angular momenta are described by an
integral quantum number, whereas spin angular momentum depends on a half-
integral quantum number. If there are an odd number of lines on the screen, then
there are three possibilities: the atom has orbital angular momentum onl
number of electrons with spin angular momentum, or a combin of or
number of electrons with spin angular momenwum. If there
on the screen, then there is at least one unpaired spin
angular momentum, po: combination with orbital angular momentum. The
only numbers of lines for which we can specify the type of angular momentum is one
line (no orbital, no spin) and mwo lines (spin one half). Once we see more than wo

momentum and an e

ve

is an even number of line

by

29.6  The Exclusion Principle and the Peviodic Table

lines, there are multiple possibilities. For example, three lines could result from wo
spin one half electrons or one electron with orbital angular momentum quantum
number { = 1

CONCEPTUAL PROBLEM 2
e s - AT
Imagine a single free electron floating in the at
electron align with the magnetic field lines due 1o the Earth's magnetic

lar momen-

sphere, Does the spin an,

tim vector of th
field?

29.6 - THE EXCLUSION PRINCIPLE AND

THE PERIODIC TABLE

Because any electron in any atom is specified by four quantum numbers, n, £, m,,
and m,, an obvious and important question is “How many electrons can have a
particular set of quantum numbers?” Pauli provided an answer in 1925 in a powerful
statement known as the exclusion principle:

Nao two electrons in an atom can ever be in the same quantum state; that
is, no two electrons in the same atom can have the same set of quantum
numbers.

It is interesting to note that if this principle were not valid, every electron would
end up in the lowest energy state of the atom and the chemical behavior of the
elements would be grossly modified. Nature as we know it would not exist! In reality,
we ca o of filled levels
increasing in energy, where the outermost electrons are primarily responsible for
the chemical properties of the element,

As a general rule, the order of filling of an atom’s subshells with electrons is as
follows. Once one subshell is filled, the next electron goes into the vacant subshell
that is lowest in energy. One can understand this principle by recognizing that if
the atom were not in the lowest energy state available to it it would radiate energy
until it reached this state.

Before we discuss the electronic configurations of some elements, it is conve-
nient to define an orbital as the state of an clectron characterized by the quantum
numbers n, £, and m,. From the exclusion principle, we sce that there can be only
two electrons in any orbital. One of these clectrons has m, = nd the other
has m, L Because each orbital is limited to two electrons, the
trons that can occupy the levels are also limited.

3 shows the numbers of allowed quantum states for an atom up o
row of the table represents one orbital, with

view the ¢l 1% @ SUCCESS]

ic structure of complex ate

wmbers of elec-

Table 2
n = 3. Each square in the botwom

the 1 arrows representing m, = 1 and the | arrows representing m, = —3. The
n = | shell can accommodate only wo electrons, because only one orbital is al
lowed with m;, = 0. The n = 2 shell has two subshells, with € = 0 and € = 1. The
£ = 0 subshell is limited 10 only wo electrons, because m, = 0. The { 1 subshell

871

Wolfgang Pauli ( 1900-1958)

An extremely talented Austrian theo-
retical physicist who mode important
conlributions in many areas of mod-
ern physics, Pauli goined public rec-
ognifion ot the age of 21 with a mas-
terful review article on relativity,
which is siill dered one of the fin-
est and m;

prehensive intraduc-

% cor

tions to the subject. Other major con
tribuficns were the dis

overy of the

explanation of
on particle spin
ories of relativis

namics, the neu-

esis, and the hypothesis of
ofo taken by 5. A
s Bohr Librory)
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TABLE 29.3 Allowed Quantum Numbers for an Atom up tom = 3

O 1 ¢ 0

has three allowed orbitals, corresponding to m, = 1, 0, and — 1. Because each or-
bital can accommodate two electrons, the € = | subshell can hold six electrons
(and the n = 2 shell can hold eight). The n = 3 shell has three subshells and nine
orbitals and can accommodate up to 18 electrons. Each shell can accommodate up
to 2r® electrons.

The exclusion principle can be illustrated by an examination of the elecoronic
arrangement in a few of the lighter atoms, H: has only one electron, which,
in its ground state, can be described by either of two sets of quantum numbers:
1,0,0,1 or 1,0,0, =4 The electronic configuration of this atom is often desig-
nated as 15'. The notation 15 refers to a state for which n = 1 and £ = 0, and the
superscript indicates that one electron is present in the s subshell.

Neutral helium has two electrons. In the ground siate, the quantum numbers
of these wo electrons are 1,0,0, %, and 1, 0,0, =1, There are no other possible
combinations of quantum numbers for this level, and we say that the K shell is
filled. Helium is designated as 15%

The electronic configurations of some successive elements are given in Figure
20,13, Neutral lithium has three electrons. In the ground state, two of these are in
the 1ssubshell and the third is in the 25 subshell, because this subshell is lower in
energy than the 2p subshell. Hence, the electronic configuration for lithium is
15724\

Note that the electronic configuration of beryllium, with its four electrons, is
13%2+%, and boron has a configuration of 15*26*2p'. The 2p electron in boron may
be described by one of six sets of quantum numbers, corresponding to six states of
equal energy.

Carbon has six elecirons, and a question arises concerning how to assign the
two 2p electrons. Do they go into the same orbital with paired spins (T | ). or do
they occupy different orhitals with unpaired spins ( T T)? Experimental data show
that the most stable configuration (that is, the one that is energetically preferred)
is the latter, in which the spins are unpaired. Hence, the two 2p electrons in carbon
and the three 2pelectrons in nitrogen have unpaired spins (Fig. 29.13). The general
rule that governs such situations, called Hund's rule, states that when an atom
has orbitals of equal energy, the order in which they are filled by electrons is
such that a maxi of el will have unpaired spins. Some
exceptions to this rule occur in elements having sublevels close to being filled or
half filled

A complete list of elecrronic configurations is provided in Table 29.4. An early
attempt to find some order among the elements was made by a Russian chemist,
Dmitri Mendeleev, in 1871. He arranged the atoms in a wble (similar 1o that
in Appendix C) according to their atomic masses and chemical similarines. The

29.6 The Exclusion Principle and the Periodic Table

Electron
Atom 1s 2p configuration
Li 1 | ‘ ‘ Ts%24"
— - — | 1 r
- [ [ | [
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Figure 29.15 The filling of electronic states must obey the Pauli exclusion principle and
Hund's rule

Tt il

first table Mendeleev proposed contained many blank spaces, and he boldly stated
that the gaps were there only because the elements had not yet been discov-

ered. By noting the columns in which these missing elements should be located,
he was able o w
20 years of Mendeleev's announcement, the missing elements were indeed dis-
covered,

I'he elements in the periodic table are arranged so that all those in a vertical
colur

rough predictions abowt their chemical properties. Within

have lar chemical properties. For example. consider the elements in
the last column: He (helium), Ne (neon). Ar (argen), Kr (krypton), Xe (xenon),
and Rn (radon). The outstanding characieristic of these elements is that they do
not normally take part in chemical reactions—that is, they do not join with ather

atoms to form molecules—and they are therefore classified as being inert. Because
of this aloofness, they are referred to as the noble gases.

We can partially understand this behavior by looking at the electronic config-
urations in Table 29.4. This table also lists the ionization energies for certain ele-
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TaBLE 29.4 Electronic Configuration of the Elements

Chapter 29
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29.6

The Exclusion Principle and the Periodic Table

TABLE 29.4 Electronic Configuration of the Elements (Continued)

875

Ground lonization Gi d izani
z Symbol Configuration Energy (eV) z Symbol Configuration Energy (eV)
1 H 15! 13.595 25 Mn Sdo4s* 7432
2 He 14* 24.581 26 Fe Fd4s*
g Co Sd7as*
3 Li He] 539 28 Ni 3d%4s*
4 Be 9.520 29 Cu L
5 B 30 Zn 34"4s°
6 i 31 Ga 3d'" 47 4p!
7 N a2 Ge 3d"astap?
8 (6] 93 As 3d' s 4p"
9 F 54 Se 3d""4s%4p*
10 Ne 35 Br Y
36 Kr 3d4'0454p°
11 Na [Ne] 3
12 Mg a7 Rb [Kr] ¢ 4176
13 Al 38 Sr 5.692
14 Si 39 Y 6.377
15 P 40 r
16 S 41 Nb
17 1 42 Mo
18 Ar 43 Te
i Ru
19 K [Ar] 4s' 45 Rh 4af*5s"
20 Ca it 46 Pd 4d'®
21 Se - 47 Ag
22 Ti 48 Cd
23 v 49 In
24 Cr 50 Sn
Note: The bracke tion is used as & shorthiand method 1o avoid repetition in indicating innershell clectrons. Thus, [He] represents |

represenis 1y

[Ar] represents | ¢

475", and so on

ments. The element helium is one in which the electronic configuration is 15—
in other words, one shell is filled. In addition, it is found that the energy of the
electrons in this filled shell is considerably lower than the energy of the next avail-
able level, the 25 level. Next, look at the electronic configuration for neon
15%25%2pP. Again, the outermost shell is filled and there is a gap in energy between
the 2p level and the 3s level. Argon has the configuration 15°2572p£3s%34". Here,
the 3p subshell is filled and there is a gap in energy between the 3p subshell and
the 3d subshell. We could continue this procedure through all the noble gases; the
pattern remains the same. A noble gas is formed when a shell is filled and there is

a gap in energy before the next possible level is encountered.

it is interesting to plot ionization energy versus the atomic number Z, as
in Figure 29.14. Note the pattern 8, 8, 18, 18, 32 for the ionization energies.
This pattern follows from the Paunli exclusion principle and helps explain why
the elements repeat their chemical properties i groups. For example, the
peaks at Z= 2,10, 18, and 36 correspond to the elements He, Ne, Ar, and Rr

Ground lonization Ground lonization

z Symbol Configuration Energy (eV) Z Symbol Configuration Energy (eV)

51 Sh 4d"%55%5 8.639 79 Au [Xe] 4/"45d""65" 9.22

52 Te 9.01 B0 Hg Bs® 10,434

53 1 81 T 65%6p! 6,106

o4 Xe 82 Pb Gfhp* 7.415
83 Bi 626" 7.287

55 Cs [Xel 6s* 5,893 84 Po 6526 8.43

a6 Ba fis® 5.210 85 At 626"

57 La Sel "6s* 5.61 86 Rn Bf6p0 10.745

58 Ce 4115465 6.54

54 Pr 4% 548 87 Fr

6l Nd 465" 5.51 B8 Ra 5.277

61 Pm 89 Ac 5.9

62 Fin 90 Th

63 Eu a1 Pa

64 G 92 1 1.0

65 Th a3 Np

66 Dy 94 Pu

67 Ho 95 Am

(i) Er 96 Cm

69 Tm 97 Bk 5f%6d ' 7s*

70 ¥b if 162 98 Cf 510752

7l Lu 4154 642 6.15 99 Es 575

72 Hf 2652 7.0 100 Fm 5f12752

73 Ta 7.88 101 My 5113752

74 w 798 102 No S

75 Re 787 103 Lw 5146 T+

76 Os 8T 104 Ku 5 146d*7s*

7 Ir f 9.2 |

78 Pt 41454465 888 |

which have filled shells. These elements have similar energies and chemical be-
havior.

Thinking Physics 3
As one moves from left to right across one row of the periodic table, the effective size
of the atoms first decreases and then increases. What would cause this behavior?

Reasoning As one begins at the left side of the periodic table and moves toward the
middle, the nuclear charge is increasing. As a result, there is an increasing Coulomb

attraction berween the nucleus and the electrons, and the elecrons are pulled into an

average position that is closer 1o the nucleus. Although the additional electrons repel
one another, that repulsion is diffused th

out their orbital volume. From the

middle of a row o the right side, the increasing number of elecirons being placed in

proximity to each other results in an ac cd stronger repulsion which increases

their aver

ge distance from the nucleus a auses the atomic size to grow
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‘.5-|r He
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Atomic number, 2
Figure 29.14  lonization energy of the el versus atomic number Z (Adapied from | Oeas,

Piryvies, New Yook, Macwallan, |979)

29.7 + ATOMIC SPECTRA: VISIBLE AND X-RAY

In Chapter 11 we briefly discussed the origin of the spectral lines for hydrogen and
hydrogen-like ions. Recall that an atom will emit electromagnetic radiation if an
electron in an excited state makes a transition to a lower energy state.

The energy level diagram for hydrogen is shown in Figure 29.15. The diagonal
present allowed tra ns between stationary states. Whenever an electron
es a transition from a higher energy state to a lower one, a photon of light is
ed. The frequency of this photon is f = AE/h, where AE is the energy differ-

=2 Figure 29.15 Some allowed electronic rans-
s T—— """ tions for hydrogen, represented by the col
08 \ L me4 ored lines. These transitions must obey the se-
. b 5 lection rule Af = £
L5 — 3
-34 n=12
‘
|
Energy
eV
-13.6 n=1

29.7 \tomic Spectra: Visible and X-Ray
ence between the two levels and # is Planck’s constant. The selection rules for the
allowed transitions are

Al = *+1 and Am, =or =1 [29.17]

n rules

Transitions that do not obey these sclecti re said to be forbidden. (Such
transitions can occur, but their probability is negligible relative 1o the prabability
of the allowed transitions.)

Because the orbital angular momentum of an atom changes when
emitted or absorbed (that is, as a result of a transition) and because =
mentum must be conserved, we conclude that the photon involved in the process
must carry angular momentum. In fact, the photon has an angular momentum
equivalent to that of a particle with a spin of 1. Also, the angular momentum of the
photon is consistent with the classical description of elecoromagnetic radiation.
Hence, a photon has energy, linear and angul

As a generalization from Chapter 11, Equation 11.23, the allowed energies for
one-clectron atoms, such as hydrogen and He™, are

a photon is

ngular mo-

e S— eV [29.18]

For multi-electron atoms, the nuclear charge Z¢ is largely canceled or shielded by
the negative charge of the inner-core ¢lectrons. Hence, the outer electrons interact
with a net charge of the order of the electronic charge, The expression for the
allowed energies for multi-electron atoms has th ne form as Equation 29.18,
with Zreplaced by an effective atomic number, 7. That is,

13,672,
— e [29.19]

where Z y depends on nand {. For the higher energy states, this reduction in charge
increases and Zg— 1.

X-Ray Spectra

Xerays are emitted from a metal targ
trons. The x-ray spectrum typically consists of a broad continuous band and a series
of sharp lines that depend on the wpe of material used for the arget, as shown in
Figure 29.16. These lines led characteristic x-rays, were discovered in 1908,
but their origin remained unexplained until the details of atomic str
brought to light

T'he continuous x-ray spectrum arises due o the change in velocity of the elec-
trons as they strike the target. In Section 24.5, we stated that electromagnetic ra-
diation is emitted whenever a charged particle accelerates. As the electrons in an

when it is bombarded by high-energy ¢

ture were

x-ray tube are slowed down by sracting with the target atoms, they emit x-rays,
The accelerations of the electrons vary over a wide range, since they interact with

the atoms over a variety of separation distances. As a result, the frequencies of the
emitted x-rays vary continuously

The first step in the production of characteristic x-rays occurs when a bom-
barding electron collides with an electron in an inner shell of a trget atom with
sufficient energy to remove the electron from the atom. The vacancy created in the
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* Selection rule for allowed
atomic transitions

*  The photon carries angular
momentum.

* Allowed energies for one-
electron atoms

* Allowed energies for multi-
electron atoms
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s |
Kaf |
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Figure 29.16 The x-ray spectrum

of a metal wrget consists of a
broad contin spectrum plus a
number of sharp lines, which are
due w cheractenstic x-rays. The data

1 when 35-keV
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Chapter 29 Atemic Physies

shell is filled when an electron in a higher level drops down into the level containing
the vacancy. The time it takes for this 1o happen is very short, less than 10~% s. This
transition is accompanied by the emission of a photon the energy of which equals
the difference in energy between the two levels. Typically, the energy of such tran-
sitions is greater than 1000 eV, and the emitted x-ray photons have wavelengths in
the range of 0.01 nm to | nm.

Let us assume that the incoming electron has dislodged an atomic electron
from the innermost shell, the K shell. If the vacancy is filled by an electron dropping
from the next higher shell, the L shell, the photon emitted in the process has an
encrgy corresponding to the K, line on the curve of Figure 29.16, If the vacancy is
filled by an electron dropping from the M shell, the line produced is called the
Kg line.

Other characteristic x-ray lines are formed when electrons drop from upper
levels to vacancies other than those in the K shell. For example, L lines are produced
when vacancies in the L shell are filled by electrons dropping from higher shells.
An L, line is produced as an electron drops from the M shell 1o the L shell, and
an Lg line is produced by a transition from the N shell to the L shell.

We can estimate the energy of the emitted x-rays as follows, Consider wo elec-
trons in the K shell of an atom the atomic number of which is Z Each electron
partially shields the other from the charge of the nucleus, Ze, and so each electron
is subject to an effective nuclear charge of Z,; = (Z — 1)« We can now use Equation
29.18 1o estimate the energy of either electron:

Ex ™ —(Z-1)*(13.6 eV) [29.20]
As we shall show in the following example, one can estimate the energy of an
electron in an L or M shell in a similar fashion. Taking the energy difference be-
tween these two levels, one can then calculate the energy and wavelength of the
emitted photon.

In 1914, Henry G. . Moseley plotted the Z values for a number of elements
versus /174, where A is the wavelength of the K, line of each element. He found
that the plot is a straight line, as in Figure 20.17. This is consistent with rough
calculations of the energy levels given by Equation 29.20. From this plot, Moseley
was able 10 determine the Z values of some missing elements, which provided a
periodic chart in excellent agreement with the known chemical properties of the
elements.

Thinking Physics 4

The Bohr theory gives good theoretical agreement with experimentally measured fre-
quencies of spectral lines for the hydrogen atom, but it fails completely to predict the
correct opiical frequencies for heavier atoms. Moseley, however, used the Bohr theory
to predict the frequencies of characteristic x-rays from h atoms, Why would the
Bohr theory give good predictions for x-rays?

Reasoning Characteristic x-rays have their or in transitions between the lowest
energy levels in the atom. An electron in a low ergy shell is ejected from the atom
by the accelerated electron in the xray wbe, leaving a vacancy in the shell. Let us
consider an electron cjected from the K shell and the resalting elecirical interactions
of an L shell dlectron with the other electrons. If we look first ar the electrons in higher
shells than L, these clectrons spend most of their tme farther from the nucleus than

29.8

Atomac Transitions

the L elecorons. What's more, when averaged over time, the charge of these outer
electrons is isotropic—there is no preferred direction. Thus, the L electrons find them-
selves inside a set of almost perfectly symmertric shells of charge. According to Gauss's
law, then, the L electron is largely by the outer electrons—the time
averaged elecuic field from these electrons is zero. What remains for the L electrons
is a puclear charge shielded by the one remaining K eleciron and the other electrons

in the L shell. If we ignore the other L electrons, we can model the L electron as
belonging to a hydrogen atom, with a nuclear charge of (Z — 1), where the nuclear
charge Zis reduced by 1 due 1o the shielding effect of the remaining K electron. As a
result, the Bohr theory works relatively well in describing the energy of the L electron,
although it is not perfect, because we have ignored the other L electrons,

CONCEPTUAL PROBLEM 3

S

In an x-ray tube, if the energy with which the electrons strike the metal target is increased,
the wavelengths of the characteristic x-rays do not change. Why not?

CONCEPTUAL PROBLEM 4

Is it possible for a spectrum from an x-ray wbe o show the continuous spectrum of x-rays
without the presence of the characteristic x-rays?

CONCEPTUAL PROBLEM 5
s -t
The tran:

on from the 34 state in hydrogen to the 15 state is not seen. Why?

{ &

29.7 Estimati

the Energy of an X-Ray

Estimate the energy of the characteristic x-ray emitted from
a tungsten target when an electron drops from an M shell
(1 = 3 stare) to a vacancy in the K shell (n = 1 state)

Solution The atomic number for tungsten is Z = 74. Using

Equation 29,20, we get

— (74 — 1)*(13.6 ¢V) = — 72 500 ¢V

m in the M shell is subject 1 an effective nu-
~ 6380 eV — {7

clear charge that depends on the number of electrons in the
n=1 and n= 2 states, which shicld the nucleus. Because
there are eight electrons in the » = 2 state and one elecuron
in the n = | st
and so = 9, Hence, the energy of an electron in the

M shell, following Equation 29.19, is

aghly nine electrons shield the nucleus,

EXERCISE 4
for this ransition,

29.8 - ATOMIC TRANSITIONS

We have seen that an atom emits radiation only at certain frequencies that corre

s. Consider an atom with

spond to the energy separations between the allowed st
many allowed energy states, labeled E,, £, £y,
incident on the ;

in Figure 29.18. When light is
m, only those photons the energy Af of which matches the energy

s
=— (74 - 9)*

ergy difference is also cqual to Af
length of the emitted x-ray

879

= — 6380 eV

where [y is the energy of an electron in the M shell of the
hydrogen atom and E, is the groundsiate energy. There-
fore, the emitted x-ray has an energy equal to £y — Ky =
b} eV) = 66 100 ¢V . Note that thisen-

he/ A, where A is the wave-

Calculate the wavelength of the emitted x-ray

v 00188 nm
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Figure 20.18  Encrgy level dia-
gram of an atom with various al-
lowed states. The lowest energy

state, Ky, is the ground state. All
others are excited states.

Elecwron in

excited state

Electron in
gromind state

Ey Ey

Figure 29.19  Diagram represent-
ing the stimulated absorftion of a
photon by an atom. The dots rep-
resent electrons, One electron is
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Four electrons One clectron Electron in Electron in

in ground state  in excited state excited state ground state
Es & E, 2]

M MU= b= AE
F AE 4

A -

£ S e E £,
Before After Before After

Figure 29.20 Diagram represent-
ing the spomtaneos emission of a
photon by an atom that is initially
in the excited state E,. When the

Before After

Figure 29.21 Diagram represent-
ing the stimulatd smiion of a pho-
ton by an incoming photon of en-
ergy Af Initially, the an
excited state. The incoming pho-

is in the

ton stimulates the atom to emit a
second phaton of energy bf =

E—E

ransferred from the ground state
10 the excited stae when the atom
absorbs a photon of energy bf =
-

electron falls to the ground state,
the atom emits a photon of energy
W= Ey - E,.

separation, AE, between two levels can be absorbed by the atom. Figure 29.19 is
a schematic diagram representing this stimulated absorption. At ordinary tem-
peratures, most of the atoms are in the ground state. If a vessel containing many
atoms of a gaseous clement is illuminated with a light beam containing all possible
photon frequencies (that is, a continuous spectrum), only those photons of en-
ergies By — K, Ey — E;, E; — E;, and so on, can be absorbed. As a result of this
absarption, some atoms are raised 1o allowed higher energy levels, called excited
states.

Once an atom is in an excited state, there isa certain probability that the excited

electron will jump back to a lower level by emitting a photon, as shown in Figure
29.20. This process is known as emission. Typically, an atom remains
1 excited state for only about 10°% s,
Finally, there is a third process, stimulated emission, that is of importance in
lasers. Suppose an atom is in the excited state £, as in Figure 29.21, and a photon
with energy hf = E, — £, is incident on it. The excited state must be a metastable
state having a lifetime much longer than 10 ® s. The incoming photon increases
the probability that the excited electron will return to the ground state and thereby
emit a second photon having the same energy Af Note that the incident photon is
not absorbed, so after the stimulated emission, there are two nearly identical pho-
tons—the ident photon and the emitted photon. The emitied photon is in
phase with the incident photon. These photons can stimulate other atoms to emit
photons in a chain of similar processes. The many photons produced in this fashion
are the source of the intense, coherent light in a laser.

Thinking Physics 5

A physics student is watching a meteor shower in the early morning hours. She notices
that the streaks of light from the meteoroids entering the very high regions of the

atmosphere last for as long as 2 or 3 seconds before fading. She also notices a lightning

et

e—

=a

299  Lasers and Holography (Optional)

storm off in the distance. The streaks of light from the lighining fade away almost
immediately after the flash, certainly in much less than 1 second. Both lightning

r w0 wrn into a plasma because of the very high emper-

and meteors cause the

atures generated. The light is given off when the stripped electrons in the plasm

re-
combine with the ionized atoms. Why would this light last longer for meteors than for
lightning?

Reasoning The answer lies in the subtle phrase in the description of the meteoroids—
= . . . entering the very high regions of the atmosphere.” In the very high re,
the atmosphere, the pressure is very low. In addition, the densify is very low, so that
atoms of the gas are relatively far apart. Thus, after the air is ionized by the passing
meteoroid, the probability of freed electrons finding an ionized atom with which to
recombine is relatively low. As a result, the recombination process occurs over a rela-
tively long time. measured in seconds.

However, lightning occurs in the Jower regions of the atmosphere (the troposphere)
where the pressure and density are relatively high. After the lonization by the lighming
flash, the electrons and ionized atoms are much closer wgether than in the upper
atmosphere. The probability of a recombination is much higher, and the time for the
s much shorter,

ons of

recombination 10 occ

EXERCISE 5 The wavelength of coherent ruby laser light is 694.3 nm. What is the energy
difference (in electron volis) between the upper, excited sta id the lower, unexcited state?
Answer 1,789 ¢V

29.9 - LASERS AND HOLOGRAPHY

We have described how an incident photon can cause atol tions either
upward (stimulated absorption) or downward (stimulated emission), The two pro-
cesses are equally probable. When light is incident on a system of atoms, there is
usually a net ahmrptim! of energy, because when the system is in thermal equilib-
rium, th are many more atoms in the ground state than in excited states. How-
ever, if one can invert the situation so that there are more atoms in an excited state
than in the ground state, a net e ilt. Such a condition is
called population inversion.

This is the fundamental principle involved in the operation of a laser, an ac-

ra

on of photons can res

mlated emission of ra
iildup of photons in the system as

ronym for light amplification by st

liation. The amplifica-

tion corresponds to a the result of a ch

n
reaction of events. The following three conditions must be satisfied in order o
achieve laser action

1. The system must be in a state of population inversion (more atoms in an
excited state than in the ground state).
2. The excited state of the system must be a metastable state, which means its

lifetime must be long compared with the usually short lifetimes of excited
states. When such is the case, stimulated emission will occur before sponta-
neous emission

3. The emitted photons must be confined in the system long enough o enable

them 10 stimulate further emission from other excited atoms, This is

O PTIONAL
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Figure 20.25 Energy level dia-
gram for the neon atom, which

at a wavelength of

emits phot
6328 nm through stimulated cmis

1. The photon at this w
length arises from the transition

EX — E,. This is the source of

herent light in the helium-neon

Figure 28.22 (a) A schematic diagram of a laser design. The wbe contains atoms, which repre-
sent the active medium, An external source of energy (optical, electrical, eic.) is needed w
“pump” the atoms to excited energy states, The parallel end mirrors provide the feedback of the
stimulating wave. (b} Photograph of the first ruby laser showing the flash lamp surrounding the
ruby rod.  (Courtery of Hughe: Aiveraft Company)

achieved by the use of reflecting mirrors at the ends of the system. One end
is made totally reflecting and the other is slightly transparent to allow the
laser beam to escape (Fig. 29.22a).

One device that exhibits stimulated emission of radiation is the helium-neon

gas laser. Figure 29.23 is an energy level diagram for the neon atom in this system.
The mixture of helium and neon is confined to a glass wbe that is sealed at the
ends by mirrors. An oscillator connected 1o the wbe causes electrons o sweep
through the wbe, colliding with the atoms of the gases and raising them into ex-
cited states. Neon atoms are excited to state £y through this process and also as
a result of collisions with excited helium atoms. Stimulated emission occurs as
the neon atoms make a transition to state £; and neighboring excited atoms are
stimulated, This results in the production of coherent light at a wavelength of
6328 nm.
e the development of the first laser in 1960, laser technology has experi-
enced tremendous growth. Lasers that cover wavelengths in the infrared, visible,
and ultraviolet regions are now available. Applications include surgical “welding”
of detached retinas, precision surveying and length measurement, a poten-
tial source for inducing nuclear fusion reactions, precision cutting of metals and
other materials, and telephone communication along optical fibers. These and
other applications are possible because of the unique characteristics of laser
light. In addition to its being highly monochromatic, | light is also highly
directional and can therefore be sharply focused to produce regions of extremely
intense hght energy (with energy densities approaching those inside the laser
tibe).

=

299 I nsers-amd Holograpdy (Oftional)

Holography

One interesting application of th er is holography, the production of three-
dimensional images of objects. Figure 29,24a shows how a hologram is made. Light
from the is split into two parts by a halfsilvered mirror at B, One part of the
beam reflects off the object to be photographed and strikes an ordinary photo-
graphic film. The other half of the beam is diverged by lens Ly, reflects [rom mirrors
M, and My, and finally strikes the film. The two beams overlap to for
complicated interference pattern on the film. Such an interference pattern can be
produced only if the phase relationship of the two waves is constant throughout
the exposure of the film. This condition is met by illuminating the scene with light
coming through a pinhole or with coherent laser radiation. The hologram records
not only the intensity of the light scattered from the object (as in a conventional
photograph) but also the phase difference between the reference beam and the
beam scattered from the object. Because of this phase d)
pattern is formed that produces an image with full three-dimensional perspective

an extremely

rence, an interference

A hologram is best viewed by allowing coherent light 10 pass through the de-
veloped film as one looks back along the direction from which the beam cos
Figure 29.24b is a photograph of a hologram made using a cylindrical film.

s

=== Film

gement for producin

Figure 20.24

am that uses a oy

a) Experimental arr

(b) Photograph of a
al film. Note the de e

i
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SUMMARY

Chapter 29 Atomic Physics

The methods of quantum mechanics can be applied 1o the hydrogen atom using the appro-
priate potential energy function, I{n = — &/, in the Schrodinger equation, The solution
to this equation yields the wave functions for the allowed states and the allowed energies,
given by

ke® 136 "
E,=— ( ; —‘—n;r‘ A=1.9% .. [29.2]

This is precisely the result obtained in the Bohr theory. The allowed energy depends only
on the principal quantum number, n. The allowed wave functions depend on three quan-
tum numbers, n, {, and m,, where £ is the orbital number and m, is the orbital

magnetic quantum number, The restrictions on the quanum numbers are as follows.
n=1LE8 .
E=012 ... ,ix=1)
mm =, =+, ... =10

All states with the same principal quantum number n form a shell, idenified by the leners
KLM ... (correspondington=1.23, . ). All states with given values of both n
and £ fnrru a subshell, designaied by the ]{ll&rs. s pod f ... (corresponding to £ =
HLAN - ).

In order 1o completely describe a quantum state of the hydrogen atom, it is necessary
1o include a fourth quanium number, m,, c.‘nlh‘-(l the spin magnetic quantum number. This
quantum number can have only two values, £ 5 In effect, this doubles the number of allowed
states specified by the quantum numbers n, !'. and m,.

An atom in a state characterized by a specific n can have the following values of orbital
angular momentum, L:

L=J/TT+0a ¢€=0,12,...,n-1 (29.101
The allowed values of the projection of L along the : axis are given by

L= mh [29.11]

where m, is restricted (o integer values lying berween —¢ and . Only discrete values of I,
are allowed, and these are determined by the restrictions on m,. This quantization of L, is
referred 1o as space quantization.

The electron has an intrinsic angular momentum called spin. momentum. That
of an electron in an awm can have two contrib
ron (8) and one arising from the orbital motion of the

Mons, one

is, the total angular mom
arising from the spin of the
electron (L)

Electronic spin can be described by a single quantum number, 5 =
of the spin angular momentum is

. The magnitude

=
VA
§==—Hh [29.18]
2
and the z component of § is
mh = =1h [29.14]

That is, the spin angular momentum is also quantized in space, as specified by the spin
magnetic quantum number, m, =

Conceprtual Questivns

The magnetic moment g, associated with the spin angular momentum of an electron is
e
o= —— [29.15]

which is fuice as large as the orbital magnetic moment. The : component of g, can have the
values

i
B = :;_;,'"f’ 129.16]
The exclusion principle states that no two electrons in an atom can ever have the
same set of quantum numbers «, £, m,, and m,. Using this principle and the principle of
minimum energy, one can determine the electronic configuration of the elements. This
serves as a basis for understanding atomic structure and the chemical properties of the ele-
ments,
The allowed ¢lectronic transitions between any two levels in an atom are governed by
the selection rules

Af = *1 and Am, =0or x1 129.17]

tion from an outer shell

X-rays are emitted by
into an electron vacancy

atoms when an electron undergoes a1

in one of the inner shells. Transitions into a vacant state in the K
shell give rise 1o the K se ant state in the L shell
create the L series of lines; and so on. The x-ray spectrum of a m
of sharp characteristic lines superimposed on a broad, continuous spectrum.

of spec ansitions into a v

s of a s

] target cons

CONCEPTUAL QUESTIONS

- Does the light emitted by a neon sign constitute a contin-

uous spectrum or only a few colors? Delend vour answer, Li, Na, K, Rb, and Cs are

Must an atom first be ionized before it can emit light»
. Discuss why the term dectron clouds is used w describe the

electronic arrangement in the quantum mechanical view of 12, Does the intensity of light from a laser fall off as 1/+
13. How is it possible that electrons, which have a g
md a nucleus

the aw

4. It was stated in the chapter that, if the exclusion principle distribution are
were not valid, every electron would end up in the lowest _energy {eg, s
energy state of the atom and the chemical behavior of the 14

elements would be grossly modified. Explain this statement
[B.]When a hologram is produced, the system (including light
source, ohject, beam splitter, and so on) must be held mo-

tionless within a quarter of a wavelength, Why

_ Gerlach expe

Could the
ions rather than neutral atoms

Explain ol a laser

possible that eight more

|6, Why isan inhomogeneous magnetic field used in the Stern— ber of an element from its characteristic x-
et How was this possible? (Hint: Sec Figs. 2016 and 20.17.)

ern—Gerlach experiment be performed with 16. Why is stimulated emission so impo:

From Table 29.4, we find that the ionization energies for

5,300, 5,138 10, 4.17

3.893 eV, respectively. Explain why these values are 1o be
expected in terms of the atomic structures

ability

1 exist in states of definite

It is easy 1o leln\r.md how wo electrons (one spin up, one
spin down) can fill the 1s shell for a helium atom. How is it

lectrons can fit inmo the 25, 2plevel

10 complete the 15225°247 shell for a neon atom
In 1914 Henry Moseley was able 1o define the atomic num

WECITLIT

1 the operation

8. Describe some experiments support the conclusion |17 The efficiencies of most solid lasers are on the or
that the spin quantum number for electrons can only have der of 1% 10 2%. Although the Liser output is monochro-
the values matic and highly directional n vou usc Figures 29,32

9. Discuss some of the consequences of the exclusion prin and 29.23 to detern why the energy input must exceed
ciple laser energy output by a factor of 50 10 1008 Explain your

10./Why do lithium, potassium, and sodium ex similar answer.

chemical properties?
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886 Chapter 29

PROBLEMS

Atamic Physics

Section 29.2 The Hydrogen Atom Revisited

1. A photon with energy 2.28 ¢V is barely capable of causing
a photoelectric effect when it sirikes a sodium plate. Sup-

6. Plot the wave function ¥y, (r) (Eq. 29.3) and the radial prob-

ability density function P, (0 (Eq. 29.7) for hydrogen. Letr
range from 0 to 1,5a,, where a, is the Bohr radius.

madel of an electron as a solid sphere with the same densiry
as the proton. Find its radius. (c) If this
spin angular momenmam Jw = fi/2 because of classical ro-
tation about the . determine the speed of a point on
the equator of the electron, and (d} compare this speed 10
the speed of light

lectron possesses

Probiems 887

|27.|Use the method illustrated in Example 29.7 to caleulate the

wavelength of the x-ray emitted from a molybdenum target
(Z = 42) when an electron moves from the L shell (n = 2)
to the K shell (= = 1).

The wavelength of ch
Ky line is 0.152 nm. Determine the material in the arget

racter weravs corresponding to the

pose that the photon is instead absorbed by hydrogen. Find = The_"'" furiction for an electron in the 24 state of hydro All objects, large and small. behave quantum mechanically 29, The K series of the discrete spectrum of mngsten con

(a) the minimum » for a hydrogen atom that ean be ionized e (a) Estimate the quantum number € for the Earth in its or- wavelengths of 0.0185 nm, 0.0209 nm, and 0,02 1. The

by such a photon and (b) the speed of the released electron 1 s bit about the Sun. (b) What energy change (in joules) Keshell ionization energy is 69.5 keV. Determine the joniza-

far from the nucleus, 'f’Ep i _\[;!2 ,!.-z;' ki would occur if the Earth made a transition to an adjacent tion energies of the L, M, and N shells. Sketch the wansi
2. The Balmer series for the hydrogen atom corresponds 10 g1 i allowed state? s,

electronic transitions that terminate in the state with quan- What is the most likely distance from the nucleus o find an 19, Like the electron, the nucleus of an atom has spin angular

tum number n = 2, as shown in Figure P29.2, (a) Con- electron in the 2p state? (See Fig. 20.8.) momentum and a correspond MAgNEtc mon : E 4

sider the photon of longest wavelength; determine its en- 8. During a particular period of time, an electron in the wcomponent of the spin magnetic moment for Section 20.8  Atomic Transitions

ergy and wavelength. (b) Consider the spectral line of short-
est wavelength; find its photon energy and wavelength.

ground state of a hydrogen atom 1s “observed™ 1000 times
at a distance a,/2 from the nuclens. How many times is this
electron observed at a distance 2a, from the nucleus during

characterized by the nuclear magnelen p, = eft /2m,, where
my, is the proton mass. (a) Caleulate the value of g in J/T

and in €V/T. (b) Dete tio u, /gy and comment

30. The familiar yellow light from a sodium-apor street lamp
results from the 3p— 35 wansition in "Na. Evaluate the
wavelength of this hight given that the energy difference

Sk this period of “observation”? on your result. Eyp — Ea, = 210 ¢V,
: ﬁ|t|4:\) Show that the 15 wave function for an electron in hydrogen, [31]A ruby laser delivers a 10.0-ns pulse of 1.00 MW average
4 — g 1 Section 29.6 The Exclusion Principle and the Periodic power, If the photons have a wavelength of 694,49 nm, how

2 :Hﬁ Wi = J_ S Table many are contained in the pulse?
4 .85 g A Nd:YAG laser used in eye surgery emits a 3.00-m] pulse
3 =151 satlshies the radialty ic Schradinger 20. {a) Write out the electronic configuration for the ground in 1.00 ns, focused 10 a spot 30.0 pm in diameter on the
i 2 state of oxygen (Z = 8). (b) Write out the values for the set retina. (a) Find (in S1 units) the power per unit arca at the
@ 8,40 -ﬁ_a (ﬂ + 3‘_’ = E W= Ep of quantum numbers n, £, m, and m, for each electron in retina. (This quantity is called the irradiance,) (b) What en-
Balmer Im\dr?  rdr " oxygen. ergy is delivered to an area of molecular size—say, a circular

series 21. Whiat would you predict for the electronic configuration of area 0,600 nm in diameter?
element 1102

Figure P29.2 An grlevel dia
the Balmer series (not 1o scale)

gen showing

Section 20.5 The “Other” Quantum Numbers

10. Caleulate the angular momentum for an electron in
(a) the 44 state and (b) the 6f state.

22. Devise a table similar to that shown in Figure 29,13 for soms

containing 11 through 19 electrons. Use Hund's rule and ~ Additional Problems

|Show that the average value of rfor the 1sstate of hydrogen

_educated guesswork. [

[l . x 23./(a) Scanning throngh Table 29.4 in order of increasin, — e 9 ' o
[3.JA general expression for the energy levels of one-clecuron e - ekﬂmn'har uﬂ:"?t il ;:.:H atomic nu uc!{w. nuf' that the electrons fill the ur.un-nuﬁ i e Wiiche T (Hies Pachde e ()
aroms and ions s 19 j'*wlii'.“! the orbital quantum number for Has R dh e . % : : 34 (a) How much energy is required to cause an electron in
e of the electron? %4 such a way thar those subshells with the lowest values of hydrogen to move from the n = | state 1o the n = 2 srate?
E, = = pklo g’/ 20 n* 12 A hydrogen atom is in its fifth excited state. The atom emits n + { are filled first. If two subshells have the same value of (b) Suppose the electrons gain this energy by collisions

where k, is the Coulomb constant, ¢ and g, are the charges
of the two particles, and p is the reduced mass, given by
o= wiymy/(my + mg). In Problem 2 we found that the wave-
length for the » = 3 to m = 2 vansition of the hydrogen
atom is 656.3 nm (visible red light). What are the wave-
lengths for this same transition in (a) positronium, which
consists of an electron and a positron, and (b) singly jon-
ized helivm? (Note: A positron is a positively charged elec-
tron. )

. (a) Determine the possible values of the quantum numbers
£ and m, for the He” ion in the state corresponding o
n =3, (b) What is the energy of this staue?

s

a 1090m wavelength photon. Determine the maximum
possible orbital angular momentum of the electron after
cission.

. Find all possible values of L, I, and # for an electron in a

3d state of hydrogen.

. Two electrons in the same atwom both have n =3 and

¢ = 1. List the possible states. (b} How many states would
be possible il the exclusion principle were inoperative?

[15]How many sets of quantum numbers are possible for an

electron for which (@ie=1 (b)n=2 (cn=3,
(d) m =4, and (e} n = 57 Check your results w show that
they agree with the general rule that the number of sets of
quantum numbers is equal to 2x?

n + £, the one with the lower value of s filled first, Using

these two rules, write the order in which the subshells are

{h} Predict the chemical valence
and 36
your predictions with the acwal valences

hn+ £ =7,

for the elements that have atomic numbers 15, 47

and compar

24, Which elecironic configuration has the lesser encrgy and

the greater 1d4"55 or
[Kr]44" Identify the clement and discuss Hund's rule in

number of unpaired spins, [Kr

this case. {Note: The notation [Kr] represents the filled con
figuration for knvpton.)

Section 29.7 Atomic Spectra: Visible and X-Ray

among hydrogen atoms at a high wemperature, At what tem-
perature would the thermal energy 3k 7/2, where ky is the
Boltzmann constant, be large enough to excite the elec-
trons?

If & muon (a ne;
times the clectron’s mass) is captured by a lead nucleus,

ly charged particle having a mass 206

Z =82 the resulting svstem behaves like a one-clectron
atom, (a) What is the “"Bohr radius™ for a muon captured
by a lead nucleus? (Hint: Follow the treatment in Section
11.5.) (b} Usi
by Ze, caleulate the ground state energy ¢

(c) What is the t

Equation 29.2 with one factor of ereplaced
a muon caplured
gy lor a

by a lead nucleus 1 en

muon descending from the » n=1 level in a

16. The z component of the electron’s spin magnetic moment 95, 1f : . o : : v el b R
1. i / - &b vou wish 1o produce 10.0-nm serays in the Labs 1oy, wit O KA ato
Section 29.3 The Spin M Numb is given by the Bohr meton, py, = of/2m,. Show that I - I S
P iy Q 8 has ¥ the uurm-ﬁf‘nl m]":“ 9.27 % 102 J/T = s the minimum voltage you must use in accelerating the Show that the wave funcuon fu ron in the 25 state
Section 29,4 The Wave Functions for Hydrogen ],_:579 % "0 5 oy g '3 ¥ electrons? in hyvdrogen
i 26. A tungsten t; than 1

5. List the possible sets of quantum numbers for electrons in
(a) the 34 subshell and (b) the 3p subshell

7. (a) Find the mass density of a proton, picturing it as a solid

sphere of radius 1.00 x 10 " m. (b) Think of a classical

cele lifference

nitted

el
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- An electron in chros

Chapter 29

satisfies the radially ssmmetric Schrodinger equation given
in Problem 9.

A pulsed ruby laser emits light a1 54.5 nm. For a 14.0-ps
pulse containing 300 | of encrgy, find (a) the physical
length of the pulse as it wavels through space and (b) the
number of photwns in it (c) 1f the beam has a circular cross
section of 0L600 cm diameter, find the number of photons
per cubic millimeter

A pulsed laser emits light having wavelength A. For a pulse
of duration At having encrgy E find (&) the physical length
of the pulse as it ravels through space and (b) the number
of photons in it () If the beam has a circular cross section
having diameter d, find the number of photons per unit
volume.

The number N of atoms in a particular se is called the
population of that state. This number depends on the en-
ergy of that state and the temperature. In thermal equilib-
rinm, the population of atoms in a state of energy E, is given
by a Boluzmann distribution expression:

N o B gt

N £}

where T is the absolute temperature and N, is the popula-
tion of the j{!’llll'llf‘ state of energy £, (a) Find the equilib-
ois OF thie btates EY to E, for the laser
ng T = 27.0°C. (b) Find the equilib-
tions of the two
1 prochuces o light besam of wavelength 69

The Torce on o magn M ina

netic field B is give i

aton avels a hori 1 distance of 10D m through such
a field and each atom has a speed of 100 m/s, how strong

must be the field gradient 4B,/ dz in order 10 deflect the
beam 100 mm?

{a) Find 1t t probable position for an electron in the
25 state of hydrogen. (Mt Let v = rfag, find an equation
for x and show that x = 5.236 is a solution o this equation. )
ih) Show that the wave function given by Equation 29.8 is
normalized

m moves from the n = 2 state 1o the
itting a photon. Instead, the excess

gy is vansferred w oan outer elecron (one in the

= ] qtae without

n = 4 state), which s then ejected by the atom. (This is
called an Auger [pronounced “ohjay”] process, and the
ciected electron is erved to as an Auger electron.) Use
the Bohr theory to find the kinetic energy of the Auger
eleciron

Suppose the ionization cnergy ol an atom is 4.10 ¢V, In the

mission lines with

spectrum of this same atom, we observe
100 nm
the energylevel diagram with the

wavelengths 310 nm, aned 13778 nm. Use this in-

formation o const

least number of levels. Assume the higher levels are closer
gether

toms have the same 1o an order of magnituee,

I'o show this, estimate the diameters for aluminum,

Atemic Physies

molar atomic mass = 27.0 g/mol and density 270 g/cm®,
and uranium, molar atomic mass = 238 g/mol and density
18.9 g/cm®. (b) What do the results imply about the wave
functions for innershell electrons as we pragress to higher
and higher atomic mass atoms? ( Hint: The molar volume is
approximately 1N, where [ is the atomic diameter and
N, is Avogadro’s number.)

Efw hydrogen in the 15 state, what is the probability of find-

ing the electron farther than 2 504, from the nucleus?

In interstellar space, atomic hydrogen produces the sharp

spectral line called the 21-cm radiaton, which astronomers
1 h

k!

I
|
|

i

3 Use the energy levels for hydrogen to show that when the
electron falls from state n to state n = 1, the frequency of
the emitted light is

51 Calculate the frequency of the light that a hydrogen
should emit according w0 classical theory. To do so, nowe

atom

ANSWERS TO CONCEPTUAL PROBLEMS

Answers ta Conceptual Problems

889

that the frequency of revolution of the electron is »/ 277,
where ris the radius of its Bohr orbit. Show th

L as nap-

proaches infinity in the equation in Problem 50, the ex-
pression varies as 1/w" and reduces 10 the classi fre-
quency the atom is expected o emit. This is one example

of the correspondence principle,
the classical and qu
of »

which requires that
atum models agree for large values

find most helpful in detecting douds of hydrog
stars. This radiation is useful because interstellar dust that
obscures visible wavelengths is transparent to these radio
wavelengths. The radiation is not generated by an elecron
transition between energy states characterized by n Instead,
in the ground state (n = 1), the electron and proton spins
may be paralle] or antiparallel, with a resultant slight differ-
ence in these energy states. (a) Which condition has the
higher energy? (b) The line is actually at 2111 cm. What is
the energy difference between the states? (c) The average
lifetime in the excited sute is about 10%. Calculate the as-
sociated uncertainty in energy of this excited energy level.
[17 ] According 1o classical physics, an accelerated charge e ra-
liates an a rate

di Gre, o

{a) Show that an electron in a classical hydrogen atom (see
Fig. 29.3) spir.ils into the nocleus ar a rae

dr o

&t 127,

(b) Find the time it takes the electron o reach r = 0, start-
ing from 5, = 2.00 x 107" m.

48. When electron (kmd'imrrhp a detailed calenlation of the
effective charge exerting electrical force on another elec-
tron may be made using quantum mechanics, For the case
of the lithium atom, the effective charge on each inner elec-
tron is =085« Use this to find (a) the effective charge on
the nucleus as seen by the outer valence electron and
{b) the jonization energy (compare this with 5.4 eV).

(77 Light from a certain He-Ne laser has a power output of
L.00 mW and a cross-sectional area of 10.0 mm?. The entire
beam is ini nt on a metal arget that requires
remove an electron fror
caleulation 1o determine how lon takes one ator
metal to absorb 1.50 eV from the incident be: (Hint: As-
sume the face of an atom is 1L.OO % 10 2, and first
calculate the energy incident on each atom per second.)
{b) Compare the (wrong) answer obtained in (a) 1o the ac-
tual response time for photoelectric emission (~107°
and discuss the reasons for the large discrepancy

its surfz (a) Perforn

i

1. If the energy of the hydrogen atom were proportional 1o »
(or any power of n), then the energy would become infinite

ity, But the energy of the atom is inversely
proportional to »*. Thus, as n grows to infinity, the cnergy
of the atom approac| hes zero from the negs As @
result, the maximum frequency of emitted radiation ap-
proaches a value determined by the difference in energy be-
tween zero and the energy of the ground ;

2. A magnetic field exerts a lorgue on a macroscopic magnetic
moment, in the direction such that the magnetic moment
tends o align with the field. This torque will also exist on
the microscopic magnetic moment associated with the spin
of an electron. According to quantum physics, however, the
spin angular momentum cannot line up with the magnetic
field. It will point in a direction such that the component of
the angular momentum along the magnetic field is +#/2

3. The characteristic x-rays originate from transitions within the
atoms of the target, such as an L shell electron making a
transition to a vacancy in the K shell. This vacancy in the K
shell is caused when an accelerated electron in the x-ray tbe
supplies energy 1o the K elecron 1o eject it from the atom
If the energy of the bombarding electrons were 10 be in-
creased, the K electron will be gjected from the atom with
more remaining kinetic energy. But the energy difference
berween the K and L shell has not changed, so the emitted
xray has exactly the same wavelength.

ve side

4. A continuous spectrum without ¢ Acteristic N-rays is pos-
sible. At a low accelerating potenual difference for the clec-
tron, the electron may not have enough energy 1o cject an
electron from a targe a result, there will be no
characteristic x-rays. The change in speed of the electron as
it enters the warget will result in the continuous spectrum

5. This transition is forbidden by the selection rules, because

the orbital angular momenmum quantum number changes

by two units.
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Nuclear Physics

n 1896, the year that marked the hirth of nuclear physics, Antoine Henri

Becquerel (1852-1908) discovered radioactivity in uranium compounds.

A great deal of research followed as scientists auempted to understand the
radiation emiued by radioactive nuclei. Pioneering work by Rutherford
showed that the radiation was of three types, which he called alpha, beta, and
gamma rays, These types are classified according 1o the nawres of their elec-
tric charges and according to their ability 1o penetrate matter and ionize air.
Later experiments showed
that alpha rays are helium
nuclei, beta rays are elec-
trons, and gamma rays are
high-energy photons,

As we saw in Chapter
29, Section 29.1, the 1911
experiments of Rutherford
and his students Geiger and
Marsden established that
the nuclens of an atom
could be regarded as essen-
tially a point mass and point
charge and that most of the
atomic mass is contained in
the nucleus. Furthermore,

Bubble chamber phatograph of
electron (green) and positron
(red) tracks produced by ener-
getic gomma rays. The highly
curved trocks ot the top ore
due to an electron-positron
pair that bend in oppasite di-
rection in the magnetic field.
The lower tracks are producsd
by more energetic electrons
and a positron.  (lawrence Berke
fey Lesbewmstory,/Science Photo Library,
Photo Ressarchers, Inc |

30.1  Some Properties of Nuclei 891

such studies demonstrated a new wype of force, the nuclear foree, which is pre-
dominant at distances of less than about 10" m and zero at great distances. That
is, the nuclear force is a short-range force,

Other milestones in the development of nuclear physics include

* The observation of nuclear reactions by Cockroft and Walton in 1930,

* The discovery of the neutron by Chadwick in 1932,

*  The discovery of artificial tivity by Joliot and Irene Curie in 1933,

*  The discovery of nuclear fission by Hahn and Strassman in 1938,

* The development of the first controlled fission reactor by Fermi and his
collaborators in 1942,

In this chapter we discuss the properties and structure of the atomic nucleus.
We start by describing the basic properties of nuclei, then discuss nuclear forces
and binding energy, nuclear models, and the phenomenon of radioactivity, We also
discuss nuclear reactions and the processes by which nuclei decay.

30.1 - SOME PROPERTIES OF NUCLEI

All nuclei are composed of two types of particles: protons and neuatrons. The only
exception is the ordinary hydrogen nucleus, which is a single proton. In describing
the atomic nucleus, we must talk about the following quantities:

* The atomic number, Z, which equals the number of protons in the nucleus
(the atomic number is sometimes called the charge number),

* The neutron number, N, which equals the number of neutrons in the nu-
cleus,

* The mass number, A, which equals the number of nucleons (neutrons plus
protons) in the nucleus.

In represe it is convenient 1o have a symbolic way that shows how

ing nuclei

many protons and neutrons are present. The symbol used is $X, where X represents
the chemical symbol for the element. For example, 3

* (iron) has a mass number
of 56 and an atomic number of 26; therefore, it contains 26 protons and 30 neu-
trons. When no confusion is likely to arise, we omit the subscript £ because the
chemical symbol can always be used to determine Z

The nuclei of all atoms of a particular element contain the same number of
protons but often contain different numbers of neutrons, Nuclei that are related
in this way are called isotopes. The isotopes of an element have the same Z
value but different N and A values. The natural abundances ol isotopes can differ
nple, '}
natural abundance of the

substanuially. For ex

and '3C are four isotopes of carbon. The

» isotope is about 98.9%, whereas that of the '2C iso-
tope is only about 1.1%. Even the simplest element, hydrogen, has isotopes: |H
the ordinary hydrogen nucleus; 7H. deuterium; and {H, tritium. Some isotopes
do not occur namrally but can be produced in the laboratory through nuclear
reactions.
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Emest Rutherford (1871-1937)

Rutherlord, o Mew Zeolonder, wos
awarded the Nobel prize in 1908 for
his studies of rodicoctivity. When he
discovered that atoms can be broken
aport by alpha rays, he remarked,
“On considaration, | reclized that this
scattering backward must be the result
of o tingle collision, and when | made
caleulations | saw that it was impossi-
ble to get anything of that order of
magnitude unless you took o system in
which the greater part of the mass of
the alom was concentrated in o min-
uhe nucheus. Il was then that | hod the
idea of an alom with o minule mas-
sive cenler carrying a chorge ”

Photo courtesy of AIP Niels Bohr
Library]
£
2

the Coulomb repulsion between

the like charges. the alpha

rget nucleus, called

¢ of closest approach

Chapter 30 Nuelear Physies

TABLE 30.1 Masses of the Proton, Neutron, Hydrogen
Atom, and Electron in Various Units

Mass
Particle kg u MeV/ et
Prowon 16726 x 10 1007 276 938.28
Neutron 1.6750 x 10-%7 1.008 665 939.57
Hydrogen atom 1.6735 X 10-% 1.007 825 938.78
Electron 9109 x 10-% 5486 x 101 0511
Charge and Mass

The proton carries a single positive charge, + ¢, the electron carries a single negative
charge, — &, where ¢ = 1.6 X 107" C, and the neutron is electrically neutral. Be-
cause the neutron has no charge, it is difficult 1o detect.

In Chapter 1, we defined the atomic mass unit, u, in such a way that the mass
of the isowope s exactly 12 u, where 1 u = 1.660 540 x 10°% kg. The proton
and neutron each have a mass of approximately 1 u, and the electron has a mass
that is only a small fraction of an atomic mass unit:

Mass of proton = 1.007 276 u
Mass of neutron = 1,008 665 u
Mass of electron = 0.000 5486 u

]

Because the rest energy of a particle is given by £, = me* (Chapter 9), itis often
convenient (o express the atomic mass unit in terms of its rest energy equivalent.
For one atomic mass unit, we have

Ep = me = (1.660 540 x 10- kg) (2.997 92 X 10° m/s)*
= 931,494 MeV

Nuclear physicists often express mass in terms of the unit MeV/¢*, where
1 u = 03] 494 MeV/*

The masses of several simple particles are given in Table 3(.1. The masses
and some other properties of selected isotopes are provided in Table 30.4 and
Appendix A3,

The Size of Nuclei

The size and structure of nuclei were first investigated in the scattering experiments
of Rutherford, discussed in Section 29.1. Using the principle of conservation of
energy, Rutherford found an expression for how close an alpha particle moving
directly toward the nucleus can come to the nucleus before being turned around
by Coulomb repulsion

In such a head-on collision, the kinetic energy of the incoming alpha particle
must be converted completely 1o electrical potential energy when the particle stops
at the point of closest approach and turns around (Fig. 30.1). If we equate the
initial kinetic energy of the alpha particle to the maximum electrical potential
energy of the system (alpha particle plus target nucleus), we have

30.1 Some Properties of Nuelei

(2e)(Ze)
oot = 3, 0% _ , G2
r f

where d is the distance of closest approach, Solving for d, we get

From this expression, Rutherford found that alpha particles approached o within
3.2 X 107" m of a nucleus when the foil was made of gold. Thus, the radius of the
gold nucleus must be less than this value. For silver atoms, the distance of closest
approach was found to be 2 X 10~ m. From these results, Rutherford concluded
that the positive charge in an atom is concentrated in a small sphere, which he
called the nucleus, with a radius of ne greater than about 107" m. Because such
small lengths are common in nuclear physics, a convenient unit of length is the
femtometer (fm), sometimes called the fermi, defined as

Ifm=10"m

Since the time of Rutherford’s scattering experiments, a multitude of other
experiments have shown that most nuclei are approximately spherical and have an
average radius of

r= nAl/* [30.1]
where A is the mass number and r, is a constant equal to 1.2 X 107" m. Because
the volume of a sphere is proportional to the cube of the radius, it follows from
Equation 30.1 that the volume a nucleus (assumed to be spherical) is directly
proportional 1o A, the otal number of nucleons. This suggests that all nuclei have
nearly the same density. Nucleons combine to form a nucleus as though they were
tightly packed spheres (Fig. 30.2).

Example 30.1 Nuclear Volume and Density

Find {a) an approximate expression for the mass of a nucleus
of mass number A, (b) an expression for the volume of this
nucleus in terms of the mass number, and (c) a numerical

(b) Assuming the nucleus is spherical and using Equation

30.1, we find that the volume is

Note that the

V=4mt= fmA

nuclear density is about 2.3 > 10"
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A nucleus can be
visualized as a cluster of tightly
packed spheres, where each sphere

Figure 30.2

is a nucleon.

= Radius of a mucleus

() The nuclear density is

mass Am S
value for its density P T TR 3
volume I7r A 47,
Soluion (a) The mass of the proton is approximately equal
to that of the neutron. Thus, if the mass of one of these par- 3(1L67 X 10-F k) 5 % 16 3
i = - = 2.3 % 10! m
ticles is m, the mass of the nucleus is approximately Am. 10715 m)? .

times

greater than the density of water (1P kg/r

Nuclear Stability

Because the nucleus consists of a closely packed collection of protons and neutrons,

you might be surprised that it can exist. The very large repulsive electrostatic forces

between protons in close proximity should cause the nucleus to fly apart. However
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