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Electromagnetics for High-Speed Analog and

Digital Communication Circuits

Modern communications technology demands smaller faster and more efficient circuits the

design of which requires good understanding of circuit theory and electromagnetics This

book reviews the fundamentals of electromagnetism as applied to passive and active circuit

elements highlighting the various effects and potential problems in designing new circuit

The author begins with review of the basics the origin of resistance capacitance and

inductance from circuit and field perspective then progresses to more advanced topics

such as passive device design and layout resonant circuits impedance matching high-

speed switching circuits and parasitic coupling and isolation techniques Using examples

and applications in RF and microwave systems the author describes transmission lines

transformers and distributed circuits State-of-the-art developments in Si-based broadband

analog RIP microwave and mm-wave circuits are also covered With up-to-date results

techniques practical examples many illustrations and worked examples this book will

be valuable to advanced undergraduate and graduate students of electrical engineering

and practitioners in the IC design industry Further resources for this title are available at

www.cambridge.org/9780521 853507
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Preface

Why another EM book There are virtually thousands of books written on this subject and

yet felt the urge to write another one

The idea for this book germinated in my mind on long and uneventful drive from

Berkeley to San Diego had just completed my first year of graduate school at Berkeley

and had started research project on analyzing spiral inductors It occurred to me that

studying electromagnetics as circuit designer was lot easier than studying it as an

undergraduate at UCLA Even though took many EM courses during my undergraduate

education very little of it actually stuck with me Much like all those foreign languages

we learn in high school or college without any practice we quickly lose our skills When we

find ourselves at that critical moment in foreign country our language skills fail us While

EM is the foundation of much of electrical engineering somehow its treated as foreign

tongue spoken only by the few learned folks in the the field But learning EM should not

be like learning Greek or Latin

That summer spent many weekends in San Diego visiting my family During these trips

Id take my EM books down to the beach and study Id plant myself on the beach at La Jolla

or Del Mar and work my way through my undergraduate EM text This time around things

were making lot more sense since had an urgent need to actually learn electromagnetics

But observed that having circuits background was somewhat equivalent to speaking

related derived tongue realized that many people out there also missed the boat on learning

EM since they learned it without any background desire or need to learn it But many of

those same people after taking lot of high-frequency electronics courses feel they need

to relearn this important subject If youre one of those people this book is written for you

When was an undergraduate student EM courses were required part of every EE

students education No matter how painful you had to work your way through two or three

courses But today the situation has changed dramatically Many schools have made this

an optional course and much to our horror many students simply skip it Even though

they do take EM as part of their physics education the emphasis is on fundamentals with

no coverage of important engineering topics such as transmission lines or waveguides

Today more than ever this seems like tragedy High-speed digital RF and microwave

circuits abound necessitating the training of engineers in the art and science of electronics

electromagnetics communication circuits antennas propagation etc

With the availability of high-speed 64-bit microprocessors server farms Gb/s networks

and mass storage many practical problems are now computationally tractable Workers in

the field of high-speed electronics are increasingly turning to commercial electromagnetic

ix
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Preface

solvers to tackle difficult problems As powerful as EM solvers are today it still takes lot

of skill to set up and run problem And at the end of long five hour simulation can you

trust the results Did you actually setup the problem correctly Are the boundary conditions

appropriate Is the field accuracy high enough These are difficult questions and can only

be answered by observing the currents voltages and electric and magnetic fields with

trained eye

The focus of this book is the application of electromagnetics to circuit design In contrast

to classical analog integrated circuit design passive components play an integral role in the

design of RF microwave and broadband systems Most books dedicate section or at best

chapter to this all important topic

The book begins with the fundamentals the origins of resistance capacitance and

inductance We spend great deal of time reviewing these fundamental passive elements

from circuit and field perspective With this solid foundation the book progresses to

more advanced applications chapter on passive device design and layout reviews state-

of-the-art layout techniques for the realization of passive devices in an integrated circuit

environment Important circuit applications such as resonant circuits and impedance match

ing are covered extensively with an emphasis on the inner workings of the circuitry rather

than cookbook approach in order to uncover important insights into the insertion loss

of these circuits Next the book moves to active two-port circuits and reviews the co

design of amplifiers with passive components Two-port circuit theory is used extensively

to understand optimal power gain stability activity and unilateral gain Transmission lines

transformers and distributed circuits form the core of the advanced circuit applications

of passive elements These topics are taught in coherent fashion with many important

examples and applications to RF and microwave systems The time-domain perspective is

covered in chapter on high-speed switching circuits with detailed discussion of the tran

sient waveforms on transmission lines and transmission line dispersion Parasitic coupling

and isolation techniques are the topic of an entire chapter including discussion of pack

age board and substrate coupling An introduction to the analysis and design of passive

microwave circuits is also covered serving as bridge to an advanced microwave textbook
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Introduction

11 Motivation

The history of electronics has been inextricably linked with the growth of the commu

nications industry Electronic communication served as major enabling technology for

the industrial revolution When scientists and engineers learned to control electricity and

magnetism it did not take long for people to realize that the electromagnetic force would

enable long-range communication Even though the basic science of Maxwells equations

was well understood it took much longer for practical applications to fully exploit all the

fantastic possibilities such as radio television and personal wireless communication

At first only crude wires carrying telegraph signals were rolled out sending Morse code1

digital signals at speeds limited by human operators In this regard it is ironic that digital

communication predates analog communication Telegraph wires were laid alongside train

tracks making long-range communication and transportation practical reality Sending

signals faster and further ignited the imagination of engineers of the time and forced them

to study carefully and understand the electromagnetic force of nature Today we are again

re-learning and inventing new digital and analog communication systems that are once again

compelling us to return to the very fundamental science of electricity and magnetism

The topic of this book is the high-frequency electromagnetic properties of passive and

active devices For the most part passive devices are resistors capacitors transformers

and inductors while active devices are transistors Most applications we draw from are

high-frequency circuits For example radio frequency RF circuits and high-speed digital

circuits both depend on firm understanding of passive devices and the environment in

which they operate

Circuit theory developed as an abstraction to electromagnetics Circuit theory is in effect

the limit of electromagnetics for circuit with negligible dimension This allows spatial

variations and time delay to be ignored in the analysis of the circuit As such it allowed

practicing engineers to forego solving Maxwells equations and replaced them with simple

concepts such as KCL and KVL Even differential equations were eliminated and replaced

with algebraic equations by employing Laplace transforms The power and popularity of

circuit theory was due to its simplicity and abstraction It allowed generations of engineers to

Or as Paul Nahin suggests in we should more correctly call this Vail code
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Introduction

solve difficult problems with simple and yet powerful tools In effect it allowed generations

of engineers to forego reading book such as this one

So why read another book on electromagnetics Why bother learning all this seemingly

complicated theory when your ultimate goal is to build circuits and systems for communi

cation and information management

We live today at the intersection of several interesting technologies and applications

Integrated circuit technology has enabled active devices to operate at increasingly higher

frequencies tuming low-cost Si technology into seemingly universal panacea for wide

array of applications CMOS digital circuits are switching at increasingly higher rates

pushing multi GHz operation Si CMOS bipolar and SiGe technology have also enabled

new class of low-cost RF and microwave devices with ubiquitous deployment of cellular

phones in the 800 MHz2 GHz spectrum and high-speed wireless LAN in the 25 GHz

bands There seems to be very little in the way of enabling Si technology to exploit the

bandwidths up to the limits of the device technology In present-day digital 130 nm

CMOS process for instance circuits are viable up to 60 GHz

At the same time wired communication is pushing the limits Gigabit Ethernet and high-

speed USB cables are now an everyday reality and people are already pursuing 10 Gb/s

solution Optical communication is of course at the forefront with data rates in the 40 Gb/s

range now commercially viable and at relatively low cost

The simultaneous improvement in active device technology miniaturization and host

of new applications are the driving force of todays engineering As integrated circuits

encompass more functionality many traditionally off-chip components are pushed into the

IC or package blurring the line between active devices and circuits and passive devices and

electromagnetics This is the topic of this book

Technology enhancements

The limitations in frequency and thus speed of operation is usually set by the active device

technology One common figure of merit for technology is the unity-gain frequency fr

the frequency at which the short-circuit current gain of the device crosses unity Another

important figure of merit is fniax the maximum frequency of oscillation or equivalently the

frequency where the maximum power gain of transistor drops to unity Since is

strong function of layout and parasitics in process it is less often employed In contrast

the fT depends mostly on the dimensions of the transistor and the transconductance

fTc 1.1

It can be shown that the device fT is inversely related to the transistor dimensions

For long-channel MOSFET the key scaling parameter is the channel length

3pVV
fr

2r 2L2
1.2
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100

_____
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/0 ______ _______1___
1980 1985 1990 1995 2000 2005
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Figure 1.1 The improvements in device unitygain frequency fT over the past two decades due to

device scaling

while in the limit for short channel transistors the scaling changes to since the current

is limited by velocity saturation

dssat WQiVsat WC0 Vgs VtVsat 1.3

resulting in

14

For bipolar junction transistor BJT the critical dimension is the base width In the limit

that base transit limits the frequency of operation

1.5
2r TB WB

As integrated circuit manufacturing technology has improved exponentially in the past three

decades so has the fT of the device giving circuit designers increasingly faster devices

plot of the device fT over the years for MOSFET device is shown in Fig 1.1 and the

exponential growth in technological advancements can be seen clearly

It is important to note that this improvement in performance only applies to the intrinsic

device Early circuits were in fact limited by the intrinsic transistor and not the parasitic

routing and off-chip environment As circuit technology has advanced though the situation

has reversed and now the limitation is set by the parasitics of the chip and board environment

as well as the performance of the passive devices This is why the material of this book is

now particularly relevant It can be shown that good approximation to the CMOS device

frnax is given by

fT
16frnax

2RggniCgd/Cgg Rg Tch Rgd5
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INMosPMXbIco
SiGe Bipolar

p-sub

Figure 1.2 Cross section of SiGe BiCMOS process

p-sub

Figure 1.3 Cross section of an advanced CMOS process

where the device performance is strong function of the loss such as the drain/source

resistance Rd and the gate resistance Rg These parasitics are in large part determined

by layout and the process technology

While early integrated circuit technologies were limited to few types of different active

devices and few layers
of aluminum interconnect metal present-day process technol

ogy has rich array of devices and metal routing in an advanced Si process shown in

Fig 1.2 high-performance SiGe HBT devices are complemented by MOS and PN-junction

varactors metal-insulator-metal MIM high-density and high-quality capacitors and thick

metal for low-loss interconnect and inductors/transformers Even digital CMOS process

as shown in Fig 1.3 has many advanced capabilities In addition to several flavors of MOS

active devices fast thin oxide thick oxide high/low Vr there are also enhanced isolation

structures and triple-well deep n-well devices and many layers of interconnect that allow

construction of high-quality high-density capacitors and reasonably high-quality inductors
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1.1 Motivation

uao

Figure 1.4 simple AM receiver circuit The resistor represents high-input impedance earphone

physical realization of the simple AM receiver circuit

Radio and wireless communication

Early radio systems were essentially all passive To see this look into the back of an old radio

where few active devices vacuum tubes or transistors are surrounded by tens to hundreds

of passive devices Consider the circuit diagram of very simple AM receiver shown in

Fig .4a The antenna drives resonant tank tuned to the center frequency ofthe transmitting

station This signal is fed into peak detector that follows the peak of the RF signal The

low-pass filter time constant is only fast enough to follow the low-frequency audio signal

generically the baseband signal and yet too slow to follow the RF thus removing the RF

signal and retaining the low-frequency audio This received signal is usually too weak to

drive speaker but can be heard through sensitive headphone simple audio amplifier

can be used to strengthen the signal

It is interesting to note that this AM receiver can be physically realized by merely using

contacts between few different pieces of metal and semiconductors This is shown in

Fig .4b The resonant tank is simply piece of wire wound into coil which contacts with

the capacitor two metal plates in close proximity The diode can be realized as the junction

of metal and semiconductor Finally to convert electric energy into sound we can use

another large inductor coil and use the time-varying magnetic force to move paper thin

cone driven by magnetic core Magnetic materials have been known since ancient times

and therefore since the metal age we have had the capability to build radio receivers In

fact it is not surprising that radios often crop up accidentally.2

Most modern radios operate based on an architecture invented by Edwin Armstrong The

block diagram of such system called super-heterodyne receiver is shown in Fig 1.7

This receiver incorporates local oscillator LO block that primarily converts DC power

into RF power at the oscillation frequency mixer takes the product of this signal and the

For instance my old answering machine also picked up the radio Sometimes you could hear it as you were waiting

for the tape recorder to rewind At least this was desirable parasitic radio
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signal received by the antenna Recall the following trigonometric identity3

coswLot coswRFt cosWLo WRFt cosWLo WRFt 1.7

Note that the product of the received RF signal and the local oscillator signal produces

two new signals one centered at the difference frequency and one centered at the sum

frequency If we put bandpass filter at one of these frequencies call it the intermediate

frequency iF we can electronically tune the radio by simply changing the LO frequency

This is accomplished by using frequency synthesizer PLL or phase locked loop and

thus we avoid building variable filter common to the early radios The important point is

that the IF is fixed and we can build very selective filter to pinpoint our desired signal and

to reject everything else Why not simply set LO equal to RF to move everything to DC
This is in fact the direct-conversion or zero-IF architecture It has some shortcomings such

as problems with DC offset4 but its main advantage is that it lowers the complexity of the

RF section of typical radio

At the heart of the frequency synthesizer is the voltage controlled oscillator VCO
The VCO is an oscillator where the output frequency is function of control voltage

or current.5 To build VCO we need way to change the center frequency of resonant

tank The resonant tank is simply an inductor in series or in parallel with capacitor One

typical realization is to use varactor variable capacitor reversed biased diode serves

this purpose nicely as the depletion region width and thus the small-signal capacitance is

function of the reverse bias it seems that super-heterodyne receiver has simply moved

the variable resonant tank from the antenna front end to variable resonant tank in the

VCO Have we gained anything Yes because the frequency of the VCO can be controlled

precisely in feedback loop using an accurate frequency reference such as crystal

eliminating any problems associated with absolute tolerances in components in addition to

drift and temperature variation

The radio has once again emerged as critical application of passive devices spawned by

the growth and popularity ofwireless telephones in particular the cellular phone By limiting

the transmitter powers and taking advantage of spatial diversity re-using the same frequency

band for communication for points far removed for non-adjacent cell sites few hundred

radio channels can be used to provide wireless communication to millions ofpeople Modern

cell phones employ complicated radio receivers and transmitters transceivers employing

hundreds and thousands of passive devices Early cell phones used simple architectures

such as the super-heterodyne receiver but the demand for low-cost and small footprints has

prompted re-investigation of radio architectures

The layout of modern 2.4 GHz transceivers for 802.1 lb wireless LAN WLAN is

shown in Fig 1.5 The IC is implemented in 0.25 CMOS process and employs

several integrated passive devices such as spiral inductors capacitors and resistors The

spiral inductors comprise large fraction of the chip area The next chip shown in Fig 1.6

recall asking my trig teacher about the practical application of the subject After scratching her head and pondering

the question her response was that architects use trig to estimate the height of buildings much better answer

would have been this equation

And 1/f noise in MOS technology

This makes nice AM to FM modulator as well
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LNA VGA

PA IF

Figure 1.7 The block diagram of an Armstrong super-heterodyne transceiver

is an integrated direct-conversion satellite broadband tuner-demodulator system-on

a-chip SOC The chip is implemented in 0.18 CMOS process and employs MIM

capacitors and spiral inductors It operates in the 12 GHz band requiring broadband

operation and high linearity Notice that the digital baseband has been integrated on to

single chip along with the sensitive analog and RF blocks This brings about several

important challenges in the design due to the parasitic coupling between the various blocks

triple-well process and lead-less package technology are used to maximize the isolation

In general integrating an entire transceiver on to single chip has many challenges The

power amplifier PA or PA driver can injection lock the VCO through the package and

substrate causing spurious modulation Digital circuitry can couple seemingly random

switching signals into the analog path effectively increasing the noise floor of the sensitive

RF and analog blocks As the level of integration increases single chip or package may

contain several systems in operation simultaneously requiring further understanding and

modeling of the coupling mechanisms

Computers and data communication

Computers and data communication particularly the Internet have given rise to new

tidal wave in the information revolution The speed of computers has improved drastically

due to technological improvements in transistor microprocessor memory and system bus

architectures Computer circuits move and process discrete time signals at frequency

determined by the system clock For instance in the current generation of computers the

clock speed inside the microprocessor is several GHz while the speed of the system bus and

memory lag behind by factor of 23 This is because inside the microprocessor everything

is small and dense and signals travel short distances in the presence of small parasitics

mainly capacitance Off-chip though the system bus environment is characterized by

much longer distances and much larger parasitics such as non-ideal dispersive transmission

lines along the board traces Modem computer networks like gigahertz Ethernet LAN also
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1.1 Motivation

operate at high frequencies over wires necessitating complete understanding of distnbuted

transmission line effects These topics are covered in Chapters and 12

High-speed wireless data connnunication is the focus of much research and development

The next and future generations of cellular tecimology will bring the Internet from our homes

and offices into virtually every location on earth Wireless LAN systems enable short-range

high-speed data communication without the expensive network infrastructure physical

network infrastructure requires time-consuming distribution of cables to every office in

building wireless system can be up and running in minutes or hours as opposed to days

or months.6

In such systems cost and size will force many external passive components on to the

chip environment where knowledge of parasitic coupling and loss is critical in successful

low-cost implementation In this book we spend great deal of time discussing inductors

capacitors transformers and other key passive elements realized in the on-chip environ

ment

Microwave systems

Microwave systems employ higher frequencies where the wavelength c/f is of the

order of centimeters or millimeters Thus the lumped circuit approach fails since these

structures are significant fraction of wavelength and spatial variation begins to play as

important role as time variation Such systems were first employed in World War II for

radar systems.7 In radar system the small wavelength allows us to construct highly

directional antenna to focus beam of radiation in given direction By observing the

reflection we can compute the time-of-flight and hence the distance to an object By also

observing the Doppler frequency shift we can compute the speed of the object

Perhaps the greatest difficulty in designing microwave systems below 10 GHz is that the

operating frequency is in an intermediate band where lumped element circuit techniques

do not strictly apply and microwave methodology results in prohibitively large circuits At

GHz the wavelength is 10 cm in air and about cm in silicon dioxide while an integrated

circuit has dimensions of the order of millimeters thus precluding distributed elements such

as quarter-wave transmission lines But using advances pseudo-lumped passive devices such

as inductors transformers and capacitors microwave ICs can be realized with minimal off-

chip components

Many early microwave systems were designed for military applications where size and

cost were of less concern in comparison to the quality and reliability This led to many

experimental and trial-and-error design approaches Difficult system specifications were

met by using the best available technology and often expensive and exotic processes were

employed to fabricate high-speed transistors New microwave systems in contrast need to

be mass produced and cost and size are the main concerns Fortunately high-volume process

seem to recall that it took year for network upgrade to occur in Cory Hall at Berkeley

It is ironic that the EEs of the time lacked the necessary skills to build such systems and the project was handed

off to the physicists at the MIT Radiation Lab
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Figure 1.8 three stage 60 GHz CMOS implemented in digital 130 nm process

technology using silicon is now readily available The speed is now sufficient to displace

many specialized technologies Since high-volume microwave systems are primarilybeing

designed by circuit engineers as opposed to microwave engineers the lack of knowledge

of electromagnetics and distributed circuits can be an impediment to successful integration

and implementation

Higher-frequency bands offer new opportunities to exploit sparsely used spectrum The

60 GHz oxygen absorption band is prime example providing GHz of unlicensed

bandwidth in the US An example of 60 GHz multi-stage low-noise amplifier LNA is

shown in Fig 1.8 Here transmission lines play key role as inductors interconnect and

resonators 60 GHz single-transistor mixer shown in Fig 1.9 employs hybrid coupler

see Section 15.7 to combine the RF and LO signal Spiral inductors are also employed in

the IF stages Both ofthese chips were fabricated in digital 130 nm CMOS process Another

CMOS microwave circuit is shown in Fig 1.10 This is circular standing-wave 10 GHz

oscillator employing integrated transmission lines in the resonator There is beautiful

connection between this oscillator and the orbit of an electron in hydrogen atom Similar

to the wave function of an electron the electromagnetic mode must satisfy the periodic

boundary condition and this determines the possible resonant modes of the structure

Optical communication

Fiber-optic communication systems allow large amounts of data to be transmitted great

distances with relatively little attenuation At optical frequencies metals are too lossy for

long-haul communication without amplification and so the energy is confined inside thin

fiber of glass by total internal reflection The flexibility and low cost of this material has

displaced more traditional waveguides made of rigid or semi-rigid and expensive materials
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Figure 1.9 single-transistor 60 GI-lz CMOS mixer implemented in digital l3Onm process

Figure 1.10 circular standing-wave oscillator operates at 10 GHz Copyright 2003 IEEE

The main bottleneck in optical systems though is the electronics While new optical

amplifiers may displace electronic regeneration techniques routing digital signals on fiber

lines requires electronic circuits Much research effort is dedicated to completely displac

ing electronic routing through mechanical means This may seem like backward step
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Figure 111 40 Gb/s SONET MUX/CMU implemented in SiGe technology The integrated 20 GHz

CMU employs coupled oscillators and transmission line resonators Copyright 2003 IEEE

since mechanical systems are inherently much slower than electronic systems But it is the

throughput of electronic systems not the switching rate that is limiting optical communi

cation systems Transistors can only process signals up to certain limit due to intrinsic fT

and extrinsic parasitics Micro-electrical-mechanical systems MEMS technology allow

micromechanical systems to reside on the same substrate as low-cost electronic circuits

simple MEMS-based hinged mirror switch does not limit the throughput of an optical

system whereas an electronic system requires high-speed digital signals to travel through

transistors and parasitics The co-design of MEMS and electronic systems in chip requires

an understanding of electromagnetics and transduction

Even if routing of optical signals is done without electronic means the generation

of high-speed optical signals requires electronic systems to pool and un-pool dozens of

lower-speed signals on to fast common serial line This requires accurate timing and

synchronization such as voltage-controlled oscillators phase locked to reference signals

Optical and high-speed digital circuits require routing of high-speed signals in the pres

ence of board and transmission line parasitics as well as the design of passive elements

for frequency synthesis An example optical transceiver chip incorporating the multiplex

ers MUX and clock-multiplication unit CMU is shown in Fig 1.11 where transmis

sion lines are used in coupled oscillator to generate low-phase noise high-frequency

oscillation
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1.2 System in Package SiP chip and package co-design

Present design methodology draws clear line between the chip and the package This clean

interface between the chip and the package simplifies design considerably since the two

can be analyzed independently As already noted the package is major source of parasitic

energy coupling in current transceivers and the careful evaluation of the package is critical

step in the design At higher frequencies though the line between the package and chip will

blur even further In fact the package could be crucial and beneficial part of the system as

many key passive components could reside in the package Package and chip co-design will

require new design techniques and more intimate understanding of the electromagnetic

effects

The simultaneous simulation of the interaction of the board environment the package

and the on-chip passives is presently beyond the scope of present-day simulation tools One

problem is the vastly different scales employed in board environment centimeters package

sub-cm and chip environment sub-micron geometries While future tools may overcome

this limitation present-day engineers must have firm grasp of fundamental engineering

to analyze and design such structures For instance instead of simulating the entire sys

tem key coupling issues can be dealt with only by simulating critical sub-portions of the

system Identification of key elements and analysis of such systems are two of the goals of

this book

1.3 Future wireess communication systems

The conceptual transceiver shown in Fig 1.12 naturally partitions into several sections

most notably the RF front-end section the analog core and the digital signal processing

DSP unit The arrows represent the flow and transfer of information among the various

sections The RF receive section amplifies the weak incoming RE signal and converts it into

an intermediate frequency The choice of IF frequency mostly determines the architecture

of the system The analog section performs further amplification and filtering and converts

the signal into digital form From here the signal is usually buffered and driven off-chip into

the DSP core where the final demodulation and detection are performed Similarly on the

transmit side information is encoded and modulated in the DSP core The analog section

converts the signal from digital discrete time to continuous time and up-converts the center

frequency to the transmit band In this transceiver each section communicates with every

other section in well-defined manner Isolation between the various sections is achieved

by physical separation and proper frequency planning to avoid interference

There are several things to note about this system Note that the entire system is physically

much smaller than the wavelength Thus the quasi-static approximation is applicable and

much of the internal circuitry can be considered as lumped elements Also due to the small

size there is no significant coupling between the external electromagnetic fields propagating

in free space and the on-chip signals The transduction of RF energy from free space to the

volume of the conductors is achieved extemally through an antenna element This naturally

partitions the radiation incident on the system from the transceiver The RF energy flows
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EsebII emod

Ltau1EI1
MUX/Buffers

VGA Filters

Analog Core ADC DAC

LNA PA Filters

RF Front-End
Mixers VCO PLL

RF Energy

Figure 12 block diagram of present-day advanced wireless transceiver

into the system along well-defined path from the package interface between the board and

the chip Due to the physically large size and requirement for high quality many passive

devices in this system are realized externally such as surface acoustic wave SAW filters

wire-wound high-quality inductors and low-insertion loss diode switches To save cost and

power the trend has been to integrate as many of the passive devices on-chip as possible

At higher frequencies this is increasingly necessity due to the large parasitic impedances

present in the board environment MEMS technology may allow many off-chip components

to be miniaturized and moved on chip

To improve isolation in present-day transceivers many options such as deep trenches

triple-well devices or special technologies such as SQl Silicon On Insulator are effective

The proper grounding and regulation of supplies are also important While these techniques

are effective at mitigating the coupling at lower microwave frequencies they are much less

effective at higher frequencies

hypothetical transceiver at much higher frequency is shown in Fig 1.13 Due to the

large physical size of the chip and package relative to the wavelength an array of antenna

elements is integrated directly into the package The DSP core is the heart of the system and

there is constant feedback between the baseband and RF sections to optimize the power and

throughput in the system For instance the phased antenna array can be used to boost the

directivity of the receiver or transmitter to improve the SNR or to lower the power Spatial

diversity in the antenna elements can also boost the data throughput per fixed bandwidth

beyond Shannons limits

We see that the package now plays much larger role in this hypothetical transceiver

The package is physically much larger than the chip and contains an ever-increasing density
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0103 ojauv

PUEtT01J flI

Figure 1.13 block diagram of hypothetical future wireless transceiver

of signal lines in close proximity If the package design is not performed simultaneously

as an integral part of the system the electromagnetic coupling can serve as parasitic

feedback path that can compromise the stability and lower the sensitivity of the system

These problems are naturally more severe at higher frequencies An example of high-

frequency system with large levels of microwave integration is shown in Fig 1.14

where bank of eight receivers operate in parallel to down-convert signals from an antenna

array The receiver can select the appropriate phase shift in each path to form high

directivity antenna or to improve the spatial diversity of the receiver Proper routing of

signals and isolation are key elements in the successful design of such system

t4 Circufts and electromagnetk simuation

Circuits are really part of electromagnetics As we alluded to earlier circuit theory can

adequately replace electromagnetics when circuit dimensions are much smaller than the

wavelength of electromagnetic fields This allows all time variation to be discarded and dif

ficult partial differential equations PDE resulting from Maxwells equations to be reduced

to ordinary differential equations ODE
Many tools are available for solving system of non-linear ODEs resulting from applying

KVL and KCL to nodes and loops in circuit Since Maxwells equations are linear the

non-linearity is introduced primarily through the transistors and junctions in the circuit

The most common tool for solving ODEs in the circuit designers arsenal is SPICE and its

many variants Frequency domain solvers harmonic balance and period steady-state PSS
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Figure 1.14 fully integrated SiGe phased array front end operating at 24 GHz Copyright

2003 IEEE

solvers are also available and are helpful when analyzing periodic time-variant circuits in

the presence of noise

PDE solvers by contrast are much slower and harder to use than ODE solvers such as

SPICE This is because space of three to four dimensions three spatial dimensions and

one dimension for time is involved This has large impact on traditional matrix solvers

that require time to solve system of unknowns Time variation can be removed

for harmonic steady-state solution but this even further complicates incorporating PDE

solutions in an ODE solver For instance if you simulate an inductor with an electromagnetic

EM solver how do you take the frequency domain solution into time-domain solver and

efficiently compute the solution

Electromagnetic simulation and analysis is critical component in successfully design

ing active and passive components This is missing from the circuit curriculum since circuit

designers usually do not deal with the innards of components such as transistors and induc

tors Instead they employ lumped circuit model that captures the details For instance the

BSIM models incorporated in Berkeley SPICE and commercial simulators model transistor

device physics with hundreds of elements and parameters to describe sub-micron transistor

accurately transistor though is very small element and most of the physics fit well into

lumped element model typical inductor by contrast is relatively simple containing

perhaps three elements to model the inductance the resistive loss and capacitance of the

structure This model serves as long as the inductor structure is very small relative to the

wavelength But as the frequency of operation increases several shortcomings of the model

are present For example the loss is complicated function of frequency Even if we only

model skin effect the resistive loss varies like k/f How do we put such variation in

resistance in time-domain SPICE simulation There is no easy solution
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1.4 Circuits and electromagnetic simulation 17

In addition to SPICE then the circuit designer of today and of the future must be able

to understand and model electromagnetic effects In the past each block was partitioned

into lumped model designed by device and EM engineers and the circuit designer

could ignore the complicated details For modern circuits this is no longer possible as

even short wires on chip have sufficient parasitic inductance loss and capacitance as to

impact the performance of circuits The situation is exacerbated by the increasingly higher

densities at which circuits are packed on single die and electromagnetic coupling becomes

the bottleneck in the achievable performance As EM solution techniques expand with

improvements in computational speed and capacity8 the use of an EM solver will become

an integrated part of the design of circuits much as using SPICE is standard practice today

It is interesting to note that each generation of advance is fueled by new computation tools running on the previous

generation of computers This self-feeding cycle of advancement means that the current generation of tools is

never good enough for the next generation Thats why we need engineers who understand the fundamentals and

can partition difficult problems into digestible pieces Thats why engineers will never be replaced by computers
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Capacitance

2.1 Eectrostatks review

Lets begin with the all important Gauss Theorem It is easy to show that the electric

flux crossing any sphere surrounding point source is constant and equal to the charge

enclosed

dS ff r2 sin8d9d 2.1
4rr 4jr

This result is due to the 1/r2 dependence of the electric field Gauss Law proves that for

any surface not just sphere the result is identical

D.dSq 2.2
Js

Furthermore by superposition the result applies to any distribution of charge

dS pdV qinside 2.3
Js Jr

First of all does it makes sense For instance if we consider region with no net charge

then the flux density crossing the surface is zero This means that the flux lines entering the

surface equal the flux lines leaving the surface Since charge is the source/sink of electric

fields this does make intuitive sense We can prove that the flux crossing an infinitesimal

surface of any shape is the same as the flux crossing radial cone Notice that if the surface

dS is tilted relative to the radial surface by an angle its cross-sectional area is larger by

factor of /cos The flux is therefore constant

d_D.dSDrdScOs0Drc058Dr 2.4
cos

For any problem with symmetry it is easy to calculate the fields directly using Gauss

Law Take long infinite charged wire as shown in Fig 2.1 If the charge density is constant

with density given by C/rn then by symmetry the field is radial Applying Gauss Law to

small concentric cylinder surrounding the wire

dS Dr27rd 2.5

18
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2.1 Eectrostatics review 19

Figure 2.1 An infinitely long charged wire

/\

Figure 2.2 cloud of charge of uniform density

Since the charge inside the cylinder is simply Xdf

Dr2Trdfdf 2.6

Dr 2.7
2nr

Another easy problem is cloud of charge shown in Fig 2.2 Since the charge density

isuniformp Q/V and ra3

D.dS pr3 Q3r
2.8

But jBdS 47rr2Dr

I-
Dr

4ra
2.9ra
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Iy0

Figure 2.3 plane charged uniformly with surface density Ps

Consider an infinite plane that is charged uniformly with surface charge density shown

in Fig 2.3 By symmetry the flux through the sides of centered cylinder intersecting with

the plane is zero and equal at the top and bottom The flux crossing the top for instance is

simply DdS where can only possess component by symmetry The total flux is thus

2DdS Applying Gauss Law

2DdSp5dS 2.10

The electric field is therefore

--
2.11

We can reformulate Gauss Law in differential form as follows Applying the definition

of divergence to the electric flux density we have

D.dS q11
urn pSZV.D 2.12
v-o

Therefore we have the important result that at any given point

V.Dpxyz 2.13

This is the analog to the equivalent statement

D.dSfpdV 2.14

The Divergence Theorem is direct proof of this relationship between the volume integral

of the divergence and the surface integral applies to any vector function

fvv 2.15

Here is any bounded volume and is the closed surface on the boundary of the vol

ume Application of this theorem to the electric flux density immediately gives us the

differential form of Gauss Law from the integral form
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____ ________ ____

__

Figure 2.4 An ideal conductor can be modeled as sea of free electrons roaming about among
ionized background molecules These electrons readily respond to an external field The rear

rangement of charge produces an internal field that perfectly balances cancels the applied field

Perfect conductors

Perfect conductors are idealized materials with zero resistivity Common metals such as

gold copper and aluminum are examples of good conductors

fuzzy picture of perfect conductor shown in Fig 2.4a is material with many mobile

charges that easily respond to an external field These carriers behave as if they are in

vacuum and they can move unimpeded through the metal These mobile charges though

cannot leave the material due to large potential barrier related to the work function of the

material

We may argue that the electric field is zero under static equilibrium based on the following

argument Under static equilibrium charges cannot move So we might argue that if an

external field is applied then all the charges in perfect conductor would move to the

boundary where they would remain due to the potential barrier But this argument ignores

the fact that the external field can be canceled by an internal field due to the rearrangement

of charges see Fig 2.4b

Thus we have to invoke Gauss Law to further prove that in fact there can be no net

charge in the body of conductor Because if net charge exists in the body Gauss Law

applied to small sphere surrounding the charge would require field in the body which

we already hypothesized to be zero Therefore our argument is consistent In conclusion

we are convinced that perfect metal should have zero electric field in the body and no net

charge in the body Thus we expect that if any net charge is to be found in the material it

would have to be on the boundary

We could in fact define perfect conductor as material with zero electric field inside

the material This is an alternative way to define perfect conductor without making any

assumptions about conductivity which we have not yet really explored perfect con

ductor is also an equipotential material under static conditions or the potential is every

where constant on the surface of perfect conductor This is easy to prove since if

in the material then dl is likewise zero between any two points in the material

body
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L_. L_

EO EO

Figure 2.5 The tangential boundary condition can be found by calculating the line integral of

the field over small path partially penetrating the conductor The normal boundary condition is

discovered by calculating the flux of the field through small cylinder pill box partially embedded

in the conductor

Perfect conductor boundary conditions

Let us begin with tangential boundary conditions shown in Fig 2.5a It is easy to show

that the electric field must cross the surface of perfect conductor at normal angle Since

we have

EdlO 2.16
Jc

for any path choose path that partially crosses into the conductor Since inside the

conductor the only contributions to the integral are the side walls and or the tangential

component along the path

In the limit we can make the path smaller and smaller until it is tangent to the surface

and imperceptibly penetrates the material so the side wall contributions vanish

Ed1E0 2.17
Jc

We are thus led to conclude that at the surface Another argument is that since

and furthermore since the surface is an equipotential then clearly is zero

since there can be no change in potential along the surface

Next consider the normal boundary conditions Consider pill-box hugging the surface

of perfect conductor as shown in Fig 2.Sb The electric flux density is computed for

this surface As before we will make the volume smaller and smaller until the sidewall

contribution goes to zero Since the bottom is still in the conductor and the field is zero

this term will not contribute to the integral either The only remaining contribution is the

normal component of the top surface

DadS Qinside dSp5 2.18

We have thus shown that D17 p5
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Figure 2.6 Charge placed inside neutral conducting spherical shell

Exampe
Consider charge placed at the center of spherical shell made of perfect conducting

materials Let us find the surface charge density on the inner and outer surface of the

conductor

Let us apply Gauss Law for sphere lying inside the conductor shown with the

dashed line in Fig 2.6 Since on this surface the charge inside must likewise

be zero Qinside which implies that there exists uniform charge density by

symmetry of Pinner Q/S where 4jra2

If we now consider larger sphere of radius since the sphere is neutral the net

charge is just the isolated charge Thus

Dr4jrr2 PinsideSi PoutsjdeS2 2.19

-Q

Thus Poutside Q/S2

The fields have been sketched in Fig 2.7 Radial symmetry is preserved and an induced

negative and positive charge density appear at the shell surfaces

In summary the radial electric fields are given by and plotted in Fig 2.8

Dr ra
4jrr2

Dr 2.20

Dr rb
4rr

Let us compute the potential from the fields Take the reference point at no to be zero

and integrate along radial path For

frQ 2.21
4irer
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Figure 2.7 Induced charge and electric fields on neutral spherical shell

--i-H

Figure 2.8 Plot of radial electric flux density for the neutral spherical shell

Likewise for since Er is zero for the path inside the conducting sphere the

potential remains constant at until we exit the conductor Finally once outside

the conductor for we continue integrating

dr 2.22
47b 4jr0r2
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rT
_____ _____ _____ __________

Figure 2.9 The electric potential for charge placed at the center of spherical shell

Thus we have

2.23
4jre0

plot of the potential is shown in Fig 2.9 Note that potential on the conductor is

non-zero and its value depends on the amount of charge at the center

Example
What if we now ground the shell from the previous example That means that

on the surface of the conductor The work done in moving point charge from infinity

to the surface of the shell is thus zero Choose radial path

Erdr 2.24

Since the function Er is monotonic Er everywhere outside the sphere

grounded spherical shell acts like good shield If Er then at the

outer surface as well

To find the charge on the inner sphere we can use the same argument as before

unchanged so Pinside Q/S1 But now the material is not neutral Where did the

charge go Imagine starting with the ungrounded case where the positive charge is

induced on the outer surface Then ground the sphere and notice that charge flows

out of the sphere into ground thus charging the material negatively
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Figure 2.10 Induced charge and electric fields on grounded spherical shell

The fields have been sketched in Fig 2.10 Radial symmetry is preserved and an

induced negative charge density appears at inner shell surfaces The field outside the

shell is zero

Poissons equation aka Fish equation

We already have an equation for calculating and directly from charge distribution and

vice versa If we know then we can find by simply taking the divergence eV

Alternatively if we know

pcVEeVV 2.25

The operator is new operator and we call it the Laplacian V2 Thus we have Poissons

equation V2 In charge-free region we have V2 This is known as Laplaces

equation Let us untangle this beast of an operator

/0 /8 80 80\
2.26

\Ox ay \Ox Oy Oz

since all cross products involving mutual vectors die e.g we have

V2 2.27

Other coordinate systems are not so nice

Dielectrics

So far we have only considered electrostatics in vacuum and with ideal conductors We

now expand our discussion to include dielectric materials Dielectric materials are often

good insulators perfect insulator cannot conduct DC current because there are no mobile

charges as all electrons free carriers in the material are bound to the nuclei But there is

response to an external field due to the dielectric properties of the material
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Figure 2.11 Calculation of the electric potential at point distant from the dipole

Review of dipoles

An electric dipole consists of two equal and opposite charges separated by distance

With reference to Fig 2.11 consider the potential due to an electric dipole at points far

removed from the dipole

-____ 2.28
4rrcr 4rcr 4rrE

We can simplifythe above expression by the application ofthe Law of Cosines since vector

summation is fundamentally related to triangle Note we can think of adding two vectors

and d/2 as forming d/2 The length of vector is given by al2 We

can therefore express in terms of and

7r.r /r 2.29

or simplifing bit and recalling that

rI1
cos0 r1 cosO 2.30

So for the potential we have

11 1_-cos9 2.31

rIldcos
2r

and

1cos9 2.32

So that the potential is finally given

qr
qdcos0

2.33
47r6 4lrEr

Unlike an isolated point charge the potential drops like /r2 rather than /r

ADVANCED MICRO DEVICES, INC. 
 

     IPR2023-00788 Ex. 1010, p. 39 of 148



28 Capacitance

Eext

Eext

Figure 2.12 spherically symmetric electron cloud has zero average dipole moment But under the

application of an external field Eext the electron cloud is distorted exaggerated for clarity to produce

dipole moment

The potential calculation was easy since we did not have to deal with vectors The electric

field is simply Since our answer is in spherical coordinates and there is no

variation due to symmetry we have

.2qdcos9 .1 qd
sinfl 2.34

0r 89 4rrer3 4i-rer2

Thus the electric field is given by

qd 2cos9Osin9 2.35
4rer3

We can define vector dipole moment qd where is vector connecting the positive

and negative charge In terms of we can rewrite the potential in coordinate independent

maimer

ç5r 2.36
4rer

For spherically symmetric atom and electron cloud distribution shown in Fig 2.12

the time average dipole moment is zero But the application of an external field can distort

the electronic charge distribution to produce net dipole

It is easy to see why this happens The electrons are bound to the nucleus through the

internal force of the atom This force is much stronger than our applied field and so the

probability that an electron will obtain sufficient energy from the field to leave the atom is

negligible But the average electronic distribution is the minimum energy configuration If

the electrons displace slightly from their equilibrium positions then the new configuration

yields lower overall energy in the presence of field

It is important to note the displacement zXz This is because the internal field of an

atom is already very strong

lO1V/m 2.37
4ir

This is several orders of magnitude larger than any field we typically impart on to the atom

externally To first order then the response is linear with the field This is because for
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Figure 2.13 material consisting of molecules with net dipole moments has net zero dipole

moment due to the random orientation of the molecules ii The dipoles tend to align under the

application of sufficiently strong electric field

small displacement any function looks linear

fx Ax fx Axfx 2.38

Atomic dipole moment

Based on the fact that Eext we expect that the induced dipole moment in the atom

to be small

eAz 2.39

But since there are lot of atoms the net effect can be large The constant of proportionality

is known as the electronic polarizability coefficient ae

aeE 2.40

Typically cte 1040F

Ionic polarizability

For more complex molecules like CH4 there can be larger-scale polarization Instead of

each individual atom getting polarized the shared covalent bond electrons can rearrange and

produce larger polarization In other cases the molecules may have built-in polarization

due to ionic or covalent bonds Water is good example of this As shown in Fig 2.13a

normally the dipole moments are pointing in random directions so the net polarization for

Eext But the application of an extemal field can align the dipoles shown in Fig 2.1 3b

The response can be huge due to the large number of molecules involved

Unfortunately the effect of thermal energy tends to re-randomize the orientation so we

expect that on average only small fraction of the dipoles are aligned In fact we can show

that the probability that molecule be aligned is related to the energy of dipole in an
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30 Capacitance

external field The energy is proportional to p2 and so the fraction of polarized molecules

depends on the ratio of p2 and 3kB

p- 2.41
3kB

Typically a0 1038Fm2

Total polarization

In general the total polarization arises from different sources induced and permanent If

the density of polarization is per volume the net polarization is

NaE EOXeE 2.42

xe is known as the electric susceptibility We are now in position to derive the potential

due polarized matter Let us rewrite the potential due to single dipole

p.i
2.43

47r60 4r0

Notice that Vr1 Integrating over all dipoles we have

--
1_ dV 2.44

47roJv

Note that VR VR where Ir Using the identity aA aV

A.Va

dV dv 2.45
4jre0 rrj vrr

By Divergence Theorem we can recast this into

çr __1 dS_f dv 2.46
4jre0 sIrr vIrr

Effective volume and surface charge

Notice that these integrals look like an ordinary potential calculation for surface charge and

volume charge Define surface charge density ps and volume charge density

Pv Then we have

dSH-f dv 2.47
4yre0

There must be good explanation for this coincidence Here is the intuitive picture If the

material is uniform and the external field is uniform then the polarization is also uniform

and V1 The interpretation is that all the internally induced polarizations cancel

out
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2.1 Electrostatics review 31

Net Positive Charge

Applied Field

0000000000
Fidd

Net Negative Charge

Figure 2.14 For uniform material polarized by an external field the internal dipole moments cancel

Only the dipoles on the boundary produce net charge

As shown in Fig 2.14 the dipoles on the boundary though remain unbalanced and

thus produce net charge If the polarization is non-uniform though then and

volume polarization arises

Now back to Gauss Law Since the bound charges can create net charge we must include

their contribution in Gauss Law

e0E Pfree Pbound 2.48

where Obound Substituting in the above equation

e0E Pfree 2.49

Grouping terms we have where is now understood to be free of charge

VOEPPfree 2.50

Electric flux density vector

We can re-define the electric flux density

DE0EP 2.51

so that it depends only on free charge

V.Dp 2.52

Since the polarization is proportional to

EOE EOXeE o1 XeE 2.53

The dielectric constant captures the polarization effects in macroscopic coefficient

ErEO Xc
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Dielectric boundary conditions

Normal

Applying Gauss Law to the interface of two materials

dS fl D1AS DS p5AS 2.54

Thus the discontinuity in the normal field must be due to surface charge

Din D2 Ps 2.55

For dielectrics there is no free surface charge and so Ps

flDflD2 2.56

or D1 D2 The normal electric field is discontinuous E1 E2E2n

Tangential

Take the line integral around the interface Since the field is static the line integral along

any closed path is identically zero

dl Ei E2z\w 2.57

This means that the tangential field is always continuous Ei E2 Then the tangential

component of is not continuous

2.58
El 62

2.2 Capacitance

Capacitance of conductor is defined as

2.59

where larger means that an object can store more charge at fixed potential It is not

so different than the volume of tank of water The bigger the tank the more water it can

store Hence it is measure of capacity to store charge As an example consider an isolated

spherical conductor of radius By Gauss Law we know the radial field is given by

Dr
4rr2

2.60

If we integrate this field to arrive at the potential we have

pa padrbI Erdr T1 2.61
47r6 47r \r 4ira

The capacitance is therefore

4ta cx 2.62
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2.2 Capacitance 33

IT
Figure 2.15 Setup for the calculation of the capacitance per unit length of coaxial structure

The larger sphere can hold more charge at fixed potential Equivalently dumping given

charge on to larger sphere will increase its potential less than smaller sphere

We can also define the capacitance between two objects as

C12 2.63
12

where we fix the potential between the two objects at 12 and measure the amount of charge

transfer between the objects In the above equation charge of qi has been transfered from

object to and therefore charge of qi will reside on object We can re-interpret

the capacitance of single object as the capacitance relative to reference at infinity

Example

Let us practice and calculate the capacitance per unit length for coaxial structure

shown in Fig 2.15 We can solve Poissons equation to find the potential in the region

between the conductors

V24 2.64

By symmetry is only function of and not function of or

2.65
r8r 8r

K1 2.66

2.67

The general solution is therefore K1 lnr K2

Note the form of the Laplacian in cylindrical coordinates differs from rectangular coordinates
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34 Capacitance

This solution must satisfy the boundary conditions that Vi and /b

Vi K1 ma K2 2.68

K1 mb K2 2.69

Solving these equations we have

V1lnr/b
2.70

in a/b

The field is given byE iEr

iJi
2.71

rlnb/a

Recall that Ps on the surface of conductors Therefore for length of of the

coaxial conductors

______ 272
lnb/a 2at

Solve for the charge to find the capacitance

-4ev1 2.73
In

The capacitance per unit length is therefore

2.74
ln

Parallel plate capacitor

very convenient idealization is parallel plate capacitor Here we take two conducting

plates of area and separate them by distance If mindx dy then the field is

largely independent of and and only function of This is true especially in regions

inside the plates far from the edges of the capacitor Now charge the upper plate to voltage

of Vo relative to the bottom plate For convenience take the reference of zero potential at

the bottom plate

If we neglect the edge effects then the solution of the potential in the charge-free region

between the plates is governed by one-dimensional differential equation

2.75

subject to the boundary conditions and V0 The solution is clearly linear

function integrate the above equation twice 0z C1z C2 and applying the boundary

conditions to solve for C1 and C2 we arrive at

0z 2.76

ADVANCED MICRO DEVICES, INC. 
 

     IPR2023-00788 Ex. 1010, p. 46 of 148



2.2 Capacitance 35

The electric field can thus be computed by simple derivative and is constant

within the capacitor

2.77

By Gauss Law the normal component of the electric flux density is equal to the charge

density on the plates

D.iIp 2.78

Since the field is in fact everywhere perpendicular to the conductor we simply have

Ptop 2.79

and

PbOtZDE7 2.80

To find the capacitance we simply note that we are interested in the coefficient V0

To get the total charge we multiply the constant charge density by the area of the plate

p0A Vo V0 so the capacitance is given by This equation is intuitively

satisfying The capacitance goes up with since for fixed charge on the plates the charge

density drops and so does the potential giving larger capacitance Likewise if we increase

the capacitance drops since now there is less motivation for positive negative charge to

flow on to the top bottom plate The charges are more distant from their beloved negative

positive charges

For two conductors of any shape the capacitance is defined as

--
2.81

12

The potential difference 12 is the line integral of over any path from conductor to

conductor By Gauss Law the positive charge on conductor is equal to the electric flux

crossing any surface enclosing the conductor The capacitance is therefore written as

dS

fr111
2.82

where surrounds the top plate and is path from one plate to the other

From circuit theory we know how to add capacitors in series or in parallel Parallel caps

are easier If we connect two conductors and connect them to potential Vo the charge is

simply the total charge

Qi Q2 C1V0 C2V0 C1 C2Vo 2.83

In general we have

C11 C1 C2 C3 .. 2.84

For series capacitors note that the applied voltage is divided between the capacitors

2.85
Ci C2
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36 Capacitance

iiiiiiiiiI

Figure 2.16 parallel plate capacitor with dielectric has larger capacitance since the induced dipole

moments create an internal electric field which opposes the applied field

The central observation is that the charge on each capacitor is the same Qi Q2 This

is because the floating node must have zero net charge and thus Q2 The result can

be easily generalized

2.86

Parallel plate capacitor with dielectric

One important application for dielectric is to insulate conductors from one another coaxial

transmission line while providing mechanical support In capacitor there is the additional

benefit that the capacitance increases As shown in Fig 2.16 the capacitance increases

because the effect of the polarization is to produce net charge density at the top and

bottom of the plates that subtracts from the net charge on the conductors

So for fixed applied field voltage the parallel plate capacitor can support more charge

with dielectric Another perspective is if we fix the amount of charge on the plates then

the field in the dielectric is reduced and hence the applied electric field is smaller

Capacitance matrix

The concept of capacitance can be generalized to multiple conductors

qi C11V1C12V2C13V3..

q2 C21 V1 C22V2C23V3 .. 2.87

Each coefficient C1 represents the self capacitance It can be computed by applying IV

to conductor while grounding all other conductors Then is simply the total charge

on the conductor Likewise to find C1 we apply voltage of V1 1V to conductor

while grounding all other conductors Then
C11

is again simply the total charge on

conductor

When we say we grounding all other conductors we mean that we coimect them to

voltage source of zero volts Recall that voltage is always defined relative to reference For

instance we may take one of the conductors as the ground reference and then measure all

absolute voltages relative to this conductor Otherwise we may also connect the conductors
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2.2 Capacitance 37

to much larger body one with infinite capacitance Then charge can be freely removed

or added to the ground without changing its potential Think of using the ocean as the

reference ground Then removing or adding several buckets of water will not alter the

level voltage of the ocean

We may also express the voltage on each conductor in terms of the total charge on each

conductor in the system in the following manner

v1 P11q1Pi2q2P13q3..

V2 P21q1 22q2 P23q3 .. 2.88

To find P1 we add charge of IC to conductor and leave all other conductors neutral

while observing the voltage at conductor

The definition of capacitance follows directly from the laws of electrostatics Let us place

conductors in vacuum Then the electric potential at any point in space is given by

dV dV 2.89

Notice that this equation scales linearly with the absolute amount of charge on conduc

tor So we may perform the integral based solely on geometric calculations to obtain

coefficient

qj

p/q1 dv 2.90
v47rErrI

or in matrix form we may write Pq if the matrix is not singular we may invert this

equation to obtain We may be temped to call
P.J1 capacitance but notice that

these coefficients are in terms of the potential relative to common reference

qi cllVlcl2V2cl3V3..

q2C2lVlC22V2C23V3.. 2.91

To relate c1 to C1 simply equate the total charges

qi C11V1C12V12C13V13ciiVici2V2ci3V3.. 2.92

Since Vi Vi J/j we have

C11 C11 C12 C13 .. 2.93

Also C1 C11 and so these matrices are related but not the same Notice that
c11

is

logical since if we put positive voltage on node and observe the induced charge on node

it should be negative On the other hand C1 since if we connect the positive terminal

of battery to node and the negative node of the battery to node then the charge on node

should be positive Capacitors in SPICE are always of the
C11 form and hence positive
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38 Capacitance

Electrostatic energy of capacitor

Consider the energy required to charge capacitor The amount of work released to move

charge from the positive terminal to the negative terminal is dU Vd This work

must be stored in the capacitor

dU VdQ CVdV 2.94

Integrating over the voltage on the capacitor we have

UCV2 2.95

We say that this energy is stored in the field of the capacitor This field business will

become clear as we develop these ideas further For parallel plate capacitor the field is

constant and equal to V/d If we substitute in the energy equation we have

CEd 2.96

Substituting further with eA/d

E2d2 EVE2 2.97

where is the volume of the region in between the plates Since the fields are

confined to this volume we may speculate that the energy density is also so confined

In this particular case we have

Ui
2.98

We will show later that this is true in general for any electrostatic field

Now consider the energy required to charge two conductors to voltages and Let

us do the calculation in phases First apply voltage to conductor but keep conductor

grounded charge ci flows on to conductor whereas charge c21 flows

on to conductor Since conductor is grounded there is no energy required to add or

remove charge from it For conductor though the energy required is c11 Now raise

the voltage on conductor from zero to Additional work of is required But an

additional charge of qi c122 also flows on to conductor The work required to do this

is C12i2 no integration is required since the potential is fixed at

The total work is therefore the sum of the various terms

C11q5 Cl212 2.99

But if we had reversed the order of charging the conductors we would have arrived at the

following result

WI c21q2q1 2.100

But the energy of the system would surely be the same or W1 which implies that

C12 Thus the capacitance matrix is symmetric symmetric matrix with non-zero
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2.2 Capacitance 39

diagonal is invertible thus justifying why we could go freely from the matrix to its inverse

matrix

Let us derive this result more directly as follows The energy increment is given

by where we add charge at constant voltage On conductor we

have

qj c11V1 C12V2.. 2.101

dqi c11dV1 C12dV2 .. 2.102

So the energy increment is given by

dW dqi V1 c11 V1dV1 C12 V1d V2 .. 2.103

Integration yields

WCiiVCi2ViV2.. 2.104

Energy of the electrostatic field

Let us begin by finding the total energy for distribution of point charges We can imagine

building up the distribution one charge at time The energy to bring in the first charge is

naturally zero since the field is zero The second charge though is repelled orattracted by

the first charge so it requires more less energy to bring it in In general the work required

is given by

W2 Qu 2.105

where 12 is the potential due to charge

Since the electrostatic field is conservative it does not matter how we bring in the second

charge Only its final position relative to the first charge is important In terms of

W2
Q2Q1

2.106
47r ER12

where R12 is the final distance between the point charges Likewise when we bring in the

third charge the extra work required is

Qi Q323
QQi Q3Q2

2.107
4TER13 4J-CER23

We can therefore write in general that the electrostatic energy takes on the following

form

4cW Q1Q2 Q2Q3 Q2Q4
2.108

R12 R13 R14 R23 R24

The general term has the form where and sum over all the particles in the

system

2.109iJ4R.
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The factor of takes care of the double counting and enforcing ensures that we do

not try to include the self energy of the particles

We can rewrite the double sum into more general form by observing that the inner sum

is simply the potential due to all the particles evaluated at position of particle

2.110

If we now consider charge distribution pr it is easy to see how the above sum turns into

an integral

WfPbdV 2.111

The derived expression can be modified if we substitute for charge

WfcbV.DdV 2.112

and employ the chain rule

V.ç5DVDD.Vç5 2.113

Since we have two volume integrals

WfV.cbDdVfD.EdV 2.114

We can show that the first integral vanishes as follows First apply the Divergence

Theorem

2.115

Now take surface that is very large say large sphere If the sphere is very large and

the charge distribution is of finite extent then at some great distance from the source the

actual charge distribution is immaterial as only the net charge matters We know that the

radial potential and fields for charge density take on the following limiting forms

and Since the surface area r2 the integrand vanishes

Therefore the electrostatic energy is reduced to

WJD.EdV 2.116

If we define the energy density we have

WfwdV 2.117

wD.E 2.118

We found this to be true for an ideal capacitor but now we see this is true in general
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2.3 Non-linear capacitance 41

2.3 Non-linear capacitance

When capacitors are built from ideal conductors the charge is always linear function of the

terminal voltages But there are many situations when the charge on body is non-linear

function of the terminal voltage qV In this case we shall find that the derivative of

charge with respect to voltage dq /d plays an important role

Small-signal capacitance

Here we consider non-linear capacitor of the form qv Consider the differential

charge flowing onto non-linear capacitor in response to small-signal excitation Let

the terminal voltage consist of DC large signal plus small-signal AC voltage v5t
Taylor series expansion yields the incremental charge flow

QV qV vt qV dqV vt 2.119

The first term V5 is constant so if we break the charge into static and dynamic

component we have

Qo qV8
dqV

v5t 2.120

Since Qo qV we have

dq
3q vt Cvt 2.121

where we have defined the small-signal capacitance by

dqV 2.122
dV

Large-signal capacitance

For an arbitrary signal we must continue to use the general expression qv In par

ticular to find the current we note that

dQ dqv CVf 2.123
di di dVdt dt

We see that the important term is again dq /d Assuming that CV is analytic we can

perform Taylor series expansion

iCoCiVC2V2C3V3.. 2.124

Again for small signals the C0 term will dominate which leads again to the same definition

of small-signal capacitance

CoCV dqV 2.125
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p-type n-type

NA N0

p0N fPoX

th/T

X0

no-zv--_4-
Transilion Region

Figure 2.17 pn-junction diode consisting of n-type region with doping ATD and p-type region

with doping NA The concentration of electrons changes continuously from one majority carriers in

the n-region to minority carriers in the p-region

Junction diode

The capacitance ofapn-junction shown in Fig 2.17 is ubiquitous example of non-linear

capacitor To calculate the capacitance of reverse-biased junction diode we need to find

the charge density in semiconducting material As usual assume that the p-type material

is doped with NA acceptor atoms and the n-type material is doped with ND donor atoms

To start assume that no bias is applied across the terminals of the pn-junction

From device physics we know that when contact is made between these materials

built-in potential /bj builds up at the junction to prevent the diffusion of carriers across the

junction This potential develops in small region around the junction called the transition

or depletion region On the p-side of the depletion region there are very few holes hence

the term depletion and

px qp0 NA 2.126

Note that the net charge is negative since the acceptors are negatively ionized Likewise on

the n-side the opposite is true

px qno Nd 2.127

Since the distribution of carriers is approximately governed by Boltzmann statistics we

have

NA
px 2.128

qND nje0x/It x70
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2.3 Non-flnear capacitance 43

Poissons equation arms us with the tools necessary to solve this problem since

2.129
dx2

This is difficult problem to solve since the potential appears on both sides of the equation

There is much simpler solution which yields excellent results Let us simply assume that

the transition region is fully depleted of free carriers of charge Then we simply have

px 2.130
qND Oxxo

Now the problem is pretty easy We can simply integrate twice apply some boundary

conditions and were done Lets do the math

Eox dx Eoxo 2.131
dx

The constant of integration is zero since the electric field outside of the transition region is

zero Thus

Eox xo 2.132
Es

The electric field drops linearly as we traverse the junction This is in contrast to linear

capacitor with constant electric field This is totally anticipated by Gauss Law without

any recourse to mathematics Gauss Law tells us that electric fields diverge on charge

Therefore uniform charge density will eat away at the field in linear manner

We can also do the integral from the n-side of the junction

or

Eoxo dx Eox xo Eox 2.133

Eox ND 2.134

Since the field is continuous at we have

qNAxo qNxo 2.135

which simply states that the total charge on the n-side equals the total charge on the p-side

which is somewhat obvious Gauss Law guarantees this fact since the electric field is

zero outside the transition region plot of the electric field in the pn-junction is shown in

Fig 2.18

if we now integrate again to arrive at potential we find that on the p-side

xo2 2.136

and on the n-side

0x x110 2.137
2c5
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ptype riype

Depefori
Pegon

qN qN
E0x xx10 x50

Cs Es

Figure 2.18 The built-in electric fields in pu-junction diode

At the interface the potential must be continuous function This leads to

qZ\To2 qNA2
--x0 2.138

C5

The above equation along with Eq 2.135 allows us to solve for the depletion region

depths

2c5 NA 2139
cJND \NAI\TDJ

25
2.140

\I
qNA \NANDJ

where bi ç5

Now lets apply reverse bias or potential that tends to increase the barrier height

between the n- and p-regions Certainly the current flow is essentially zero In fact for zero

reverse bias the built-in potential is precisely large enough to prevent majority carriers in

one region from diffusing into the other region But the barrier cannot prevent minority

carriers from crossing the junction So under reverse bias minority carriers that are

thermally generated within few diffusion constants from the junction will in fact give

rise to reverse current This reverse current is essentially independent of the applied bias

until breakdown occurs To see this intuitively imagine blind mole rats that live near

cliff Every once in while mole rat will come out of his hole and run along in random

direction If he is so unlucky to run towards the cliff then surely he will plunge to his

death Now if we make the cliff twice as tall the rate at which mole rats die will not

change

So back to the reverse biased pn-junction When we apply an additional reverse bias this

voltage must be dropped across the transition region This can only happen if the transition

region grows in extent In fact we can now see that the equations derived under zero bias

can be reused if we simply replace bj with bj VD where VD is the additional reverse

bias applied to the pn-junction The depletion region can be written as function of the
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23 Non-flnear capacitance 45

reverse bias

xVD /2ei VD NA
x0

/1 2.141
qND \NAND

VD /2Ebi VD ND
/1 2.142

NA NA ND bi

The total depletion region depth is given by

XdVD xpVD xflVD /2Esbi
VD

XdO /i

ND NA

2.143

As we increase the reverse bias voltage the depletion region grows to accommodate more

charge The charge on either side of the junction is given by

QJVD qNAxVD qNAXo1 2.144

Charge is not linear function of voltage and so we have non-linear capacitor To see

that this is indeed capacitor note that the pn-junction is initially neutral When we apply

reverse bias voltage the depletion region grows exposing ionized donor and acceptor

ions Since the depletion region is free of mobile charge corresponding charge must be

transferred from the battery in order to precisely balance the exposed charge Hence from

the terminals of the battery it appears that we have connected non-linear capacitor

What is the small-signal capacitance Differentiating the expression for charge we arrive

at

_raxpo 2.145

VVD VVd

or

2.146

where we have defined

qNAxo qNA /2Ebi ND /2E NAND
2.147

2bi qNA NA ND 2bi NA ND

Dont bother to memorize the expression for Co You can derive it very easily if we

notice that

C0 fl 2.148
2c5q1 \ND NA Xdo
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.--

75

ni
025

Figure 2.19 The normalized diode junction capacitance as function of the terminal voltage for three

different doping profiles The 1/2 corresponds to the abrupt junction

which is surprisingly the formula for parallel plate capacitor So the junction capacitance

is simply

CJVD 2.149
Xd VD

Again we can explain the simplicity of this result When we apply an incremental voltage

the increment of charge comes from the outer edges of the depletion region since this is

the direction of the growth of the depletion region Thus it appears that we have parallel

plate capacitor with plate separation of XdV
This variation of this capacitance with voltage is plotted in Fig 2.19 The shape of the

curve can be altered by proper adjustment ofthe junction doping profile In the above analysis

we made the assumption that the doping profile is step function across the junction In

practice we assume that Xd XdQ and experimentally determine the grading

coefficient

MOS capacitor

The MOS capacitor or MOS-C structure shown in Fig 2.20 is capacitor constructed

with one metal gate an oxide insulator and another semiconducting plate In practice we

often employ poly-silicon gate which acts like metal Let us assume that we short the

terminals of the capacitor Here the body is p-type whereas the gate is metal or heavily

doped n-type material Upon contact electrons leave the gate and flow into the p-type

material and the charge is negative Likewise holes from the body come into the gate and

the charge is positive By allowing the materials to exchange charge we can see that

built-in potential difference will arise between the materials until an equilibrium potential

difference has been established

Since all systems strive to reside in minimumpotential state it is not surprising to find

the positive charges on the gate residing above depletion formed in the body as shown

in Fig 2.21 Remember that this is the equilibrium state Initially free charge in the body

near the contact will flow into the gate forming transient depletion region near the wire
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Oxide Sl02
Gate poy

Body ptype substrate

11.7ev

Figure 2.20 The cross section of MOS-C capacitor structure Permeability numbers are for Si and

Si02

QGVGB J7FB

Body ptype substrate Body p4ype substrate

Figure 2.21 The MOS-C structure under zero-bias voltage The MOS-C under flat-band

voltage bias

contact But in the steady state other holes will occupy these states leaving the higher

energy region under the gate depleted of carriers

Flat band

Now if we apply negative voltage VFB to cancel the internal built-in potential as shown

in Fig 2.2lb we see that the charge on the gate and the body will go to zero This is the

so-called flat-band condition since the electric field and hence the band bending along

the MOS interface is zero The flat-band voltage necessary to do this is simply

VFB 2.150

for the p-type body and gate material

Accumulation

If we further decrease the potential beyond the flat-band condition we essentially have

parallel plate capacitor As shown in Fig 2.22a since negative bias attracts holes from

the body to flow under the gate and since holes are majority carriers plenty of holes are
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QG C0V QG QB

VGBVFB VGBVFB

QBHQG Q8--qNXV
Body type substrate Body type substnte

Figure 2.22 The MOS-C structure in the accumulation region The MOS-C in the depletion

region

available to do this Likewise plenty of electrons can flow into the gate through the

material Operated in region with bias VGB VFB is called accumulation since holes

accumulate at the surface of the MOS-C structure

Depletion

On the other hand if we apply positive voltage I/GB VFB as shown in Fig 2.22b we

have case very similar to the equilibrium condition The potential at the gate is higher

than the body The body charge consists of mostly ionized carriers forming depletion

region The potential drop is across the oxide region and the depletion region In this region

of operation the number of minority carriers in the body is simply too small to have an

appreciable impact on the behavior of the device

Inversion

As we continue to apply larger and larger gate voltage we can see that the surface potential

will continue to increase Since the electron concentration is proportional to the potential

at the surface we have

ne 2.151

If the surface potential becomes large enough the minority carrier concentration can

become large enough to invert the material doping as shown in Fig 2.23a When this

occurs the depletion region essentially stops growing and the extra charge is now readily

provided by the inversion charge at the surface For this reason the potential at the surface

is also piimed since electrons flow to the surface of the MOS-C structure and any extra

voltage drop occurs in the oxide region The gate voltage required to produce this surface

inversion is called the threshold voltage Vr

Threshold voltage

The threshold voltage for the p-body MOS-C structure is defined as the gate body voltage

necessary to cause the surface of the body to change from p-type to n-type For this condition
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ri
VGB J/ iThj

Saton poy

Vaep

Figure 223 The MOS-C structure in the inversion region The gatebody voltage consists of

the built-in voltage the oxide voltage and the voltage drop across the depletion region

to occur the surface potential has to equal the negative of the p-type potential Lets apply

KVL around the ioop shown in Fig 2.23b

VGs VFB V0 Vdep 2.152

Note that VBS to cause inversion The factor of two is somewhat confusing

since NA implies

n1e NA 2.153

or C/h c/h So the potential difference between the inverted surface and the body is

.2 Since the body is grounded this is precisely the potential we need at

the surface to invert it

The term V0 can be replaced by applying the normal field boundary condition

V0 t0E 2.154

The electric field at the surface of the silicon can be found by application of Gauss Law

to the depletion region Since we assume that the electric field is zero inside the body the

electric flux at the surface must equal the charge stored inside the depletion region

qNAXd /--
/2qNA_2c5p 2.155

yqNA Es

These substitutions yield the following value for the threshold voltage

VTH VFB 2qE5NA2 2.156

MOS Q-V and C-V curves

Given the above calculations we can derive the MOS Q- curve simple approximation

is to assume that once inversion occurs the depletion region stops growing This is good

approximation since charge is an exponential function of the surface potential Under this
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-Q

Qma Tv
Figure 2.24 The MOS-C charge voltage or Q- curve The MOS-C capacitance versus votage

curve Note this is simply derivative of the Q- curve

assumption

QGVTH Qrnax 2.157

or

QGVGB CaVGB VTH QBrnax 2.158

The MOS Q- curve is shown in Fig 2.24a In accumulation VG VFBWe have neglected

the minority carriers and thus the charge is proportional to the applied bias much like

regular linear capacitor But note carefully that the charge is not zero for VG but rather

for VFB In the region between flat band and threshold VFB VGB VTH we are in the

depletion region Again if we ignore the effects of the minority carriers the charge is due

to the depletion region only Then at VTH we assume that the depletion region grows

imperceptibly and all of the charge appears at the surface of the body through the inversion

charge

The MOS-C small-signal C- curve is derived by simply taking the derivative of the

Q-V curve This is shown in Fig 2.24b In the accumulation and inversion regions the

capacitance is essentially given by C0 or the parallel plate capacitance of the MOS-C In

the depletion region the capacitance drops from C0 as the depletion region grows larger

and larger But then suddenly and quite artificially inversion occurs and the capacitance

jumps back to the value of C0 Of course in reality the minority carriers do not play

negligible role in the MOS-C structure Below but near the threshold voltage their presence

is very important for the small-signal capacitance even if their numbers are small since the

rate at which these charges appear with increasing voltage is exponential more realistic

C- curve as sketched with the dashed line in the figure shows smooth transition across

inversion and flat band

In accumulation mode the capacitance is just due to the voltage drop across t0 In inver

sion the incremental charge comes from the inversion layer the depletion region stops

growing In the depletion region the voltage drop is across the oxide and the depletion

region so we have two series connected capacitors To calculate the capacitance in the deple

tion region directly note that an equivalent circuit for the MOS-C structure in this region is
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gate gate

body body source drafti

411
fl-F

p-type substrate p-type substrato

Figure 2.25 An integrated MOS-C structure is constructed with surface body contact and an

source layer to provide electrons for inversion MOSFET is natural inversion mode MOS-C

structure If the source and drain are tied together both regions can become source for electrons

two series capacitors an oxide capacitance C0 in series with the depletion capacitance

Cdep 2.159
Xdep

Taking the capacitors in series we have

________
c0x

160tot

Cdep Cox

In the above discussion you may have wondered Where do the electrons come from

to form the inversion layer In the body of the MO S-C structure electrons are minority

carriers and few and far between So when inversion occurs where do we find all the

electrons necessary to invert the surface Well there was subtle assumption that if we

apply change in gate voltage we wait long enough for thermal generation to create

sufficient number of electrons to form the surface layer We may have to wait very long

time In other words if we apply fast enough signal to the gate there isnt enough time

for the minority carriers to be generated and thus the capacitance remains at the low value

given by depletion

While the depletion region can respond very quickly to our gate voltage since it is formed

by majority carriers the minority carrier generation is slow There is simple way to solve

this problem as shown in Fig 2.25 where grounded contact is placed adjacent to the

gate Normally electrons are prevented from entering the body like any good pn-junction

But as we raise the surface potential electrons can easily diffuse into the surface of the

structure Since the energy distribution of electrons in thermal equilibrium is exponential2

changing the potential barrier linearly results in an exponential increase in the number of

electrons that can cross the nsurface junction and likewise an exponential increase in

surface conductors

There are few physical effects that we have neglected to mention The most important

physical effects are the poly-silicon depletion region and the quantum mechanical effects

The poly-depletion region is easy enough to understand Since the gate material is usually

Or if you like the tail of the distribution is approximately exponential

ADVANCED MICRO DEVICES, INC. 
 

     IPR2023-00788 Ex. 1010, p. 63 of 148



52 Capacitance
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poiy depletion
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Figure 2.26 more realistic MOS C-V curve takes into account the role of minority carriers below

threshold the quantum mechanical confinement and the poly-sihcon gate depletion

constructed with heavily doped poly-silicon rather than metal it will also form small

depletion region As the device t0 is reduced in short-channel devices this depletion region

width is an appreciable fraction of t0 resulting in lower effective gate bias As shown in

Fig 2.26 as we increase the VGB beyond VT the depletion region width tends to increase

lowering the capacitance

The quantum mechanical confinement is also easily understood if we solve Poissons

equation along with Schrodingers equation in consistent fashion The result is that the

peak charge does not occur at the surface of the silicon body but slightly displaced from

the surface In effect the oxide thickness increases also resulting in smaller capacitance

2.4 References

Some of the material was put together while teaching an Electromagnetics course at UC

Berkeley Useful references include Feynmans Lectures Cheng Reitz and

man and mans book Some of the device physics material was drawn from lecture

notes put together by Howe and Sodini
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Resistance

You may be tempted to skip this chapter After all resistors are pretty elementary right

Actually below the surface resistors are complicated beasts In fact resistors apparently

defy one of the Newtons fundamental law of physics as charges in resistors move with

constant velocity when subjected to an external force We will probe into the inner workings

of resistors in order to answer this riddle

3.1 Ohms Law

Lets begin with the venerable Ohms Law Is it trivial that Perhaps all that is

going on is that

fI fO fOI .. fOI 3.1

where we have kept the linear term in the Taylor series expansion of the voltagecurrent

relationship If this is the case whats the range of validity of the above approximation

Whats surprising is that Ohms Law is valid over an enormous range

Note that Ohms Law is also equivalently expressed as

JoE 3.2

We assert that the ratio between the voltage and current in conductor is always constant

We see this stems from ciE

JzfJ.dsfaE.ds 3.3

VJE.dl 3.4

The ratio is called the resistance

fE.dl
3.5

The expansion point is about zero current since we experimentally observe that the average current in conductor

is zero for zero applied voltage

53
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free carrier

moiecule

Figure 3.1 Simple billiard-ball model of collision between free carrier and molecule

What is disturbing about Ohms Law is that current which is proportional to the velocity

is proportional to the electric field which is imparting force on the charge Is Newton

rolling in his grave

Conductivity of gas

Electrical conduction is due to the motion of positive and negative charges For water with

pH the concentration of hydrogen ions and OH is

lO7mole/L 10mole/cm3 10_b 6.02 l023cm3 l03cm3 3.6

Typically the concentration of charged carriers is much smaller than the concentration

of neutral molecules The motion of the charged carriers electrons ions molecules gives

rise to electrical conduction

At temperature each charged carrier will move in random direction and velocity

until it encounters neutral molecule or another charged carrier Since the concentration of

charged carriers is much less than molecules it will most likely encounter molecule For

gas the molecules are widely separated 10 molecular diameters After colliding with

the molecule there is some energy exchange and the charge carrier will come out with

new velocity and new direction For simplicity assume elastic collisions and ignore atomic

level force interactions

This is shown schematically in Fig 3.1 The key observation is that the initial velocity

and direction is lost randomized after few collisions When we apply an electric field

during each free flight the carriers will gain momentum of qE Therefore after

seconds the momentum is given by

MuqEt 3.7

If we take the average momentum of all particles at any given time we have

Mu Mu1 Eqtj 3.8
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where we assume carriers an initial momentum Mu1 before the collision and time tj

between collisions

When we sum over all the initial random velocities of the particles we are averaging

over large number of random variables with zero mean and so the average is zero

3.9

The momentum gain is therefore given by the second term

Mii Eqtj Eqr 3.10

where is the average time between collisions

Current is defined as the amount of charge crossing particular cross-sectional area per

unit time Consider density of carriers carrying charge and moving with velocity

vd How many cross perpendicular surface In time At carriers move distance of

Vd At So any carriers in the volume Vd At will cross the surface if they are all moving

towards it The current is therefore

AvdAtNq
VdNqA 3.11

The vector current density is therefore

JNqvd 3.12

Using Eq 3.10 we arrive at

JNqNqNq2E7E 3.13

Since current is contributed by positive and negative charge carriers

or

3.14

JciE 3.15

The conductivity of gas is therefore given by

7Nr Nt\
M- 3.16

Conduction in metals

The high conductivity of metals is due to large concentration of free electrons These

electrons are not attached to the solid but are free to move about the solid This sea of

electrons or an electron gas in effect keeps the solid together In metal sodium for instance

each atom contributes free electron The ionized molecules are evenly spaced and form
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1JASSSS
.....$.

Figure 3.2 An electron can penetrate through potential barriers of ions due to the periodic nature of

the crystal

crystal lattice From the measured value of conductivity easy to do we can back calculate

the mean free time

am 1.9 109 1028

Ne2 2.5 102223 1020

This value of mean free time is surprisingly long The mean velocity for an electron at room

temperature is roughly given by

my2

i-- kT 3.18

or lO7cm/sec At this speed the electrontravels distance yr 107cm The

molecular spacing between adjacent ions is only about 3.8 108cm Why is it that the

electron is on average zooming by ten positively charged ions

The answer to this deep puzzle requires us to admit the wave nature of electrons As

shown schematically in Fig 3.2 the free carrier can penetrate right through positively

charged host atoms Quantum mechanics explains all of this For periodic arrangement of

potential fluctuations the electron does not scatter It is as if our electron is free to travel

around the crystal but its mass is not the same as the electron mass but an effective mass

determined by the crystal So why does the electron scatter at all

First at temperature the atoms are in random motion and thus upset the periodicity

as shown in Fig 3.3 Even at low temperatures though the presence of impurities upsets

the periodicity as seen in Fig 3.3b

Free carrier mobility

Drift

As we have seen when carrier in conductor is accelerated by an external field it initially

travels in the direction of the field But after scattering with an impurity or phonon the

electrons new trajectory is random and independent of the field We have shown that the

average velocity of carriers increases proportional to the field

VdEZtE 3.19
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Figure 3.3 Electron scattering occurs due to the random vibration of the molecules which upset

the periodicity of the crystal lattice and due to the presence of impurities in the lattice

__

\\ \\

Figure 3.4 In conductor in the absence of any external fields free carriers are moving with

random velocity in random directions In response to an external electric field there is net

motion or drift in the direction of the field

The constant .t is the mobility and the drift velocity vd is so named because most of the

motion is still random as vd Vth

In Fig .4a inthe absence of an external field electrons are moving with random velocity

net motion is zero In Fig 3.4b electrons are moving with random velocity plus drift

component to the right drift has been exaggerated

Charge conservation

One of the fundamental facts of nature is charge conservation This has been experimentally

observed and verified in countless experiments Therefore if we look at volume bounded

by surface as shown in Fig 3.5 if there is net current leaving this volume it must be

ADVANCED MICRO DEVICES, INC. 
 

     IPR2023-00788 Ex. 1010, p. 69 of 148



58 Resistance

Figure 3.5 By charge conservation in region with net positive current flow out of the region net

negative charge builds up inside over time

accompanied by charge pile-up in the region of opposite polarity

JdS-- 3.20at
We can transform this simple observation by employing the Divergence Theorem

J.dS 3.21
Js Jv

For any volume we have found that

fv.Jdv_fdvfv.Jdvo 3.22

If this is true for any volume it must be true that

VJ0 3.23

Since aE we have

3.24

If the conductivity is constant we have

cyVE0 3.25

It is experimentally observed that Gauss Law is satisfied in all reference frames of constant

velocity so

3.26

If we assume that is function of time only we have the following differential equation

dp
3.27

Letting a/c we solve the above equation

p0e 3.28
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Thus the charge density in conductor decays exponentially to zero with rate determined

by the time constant a/ or the relaxation time of the material Earlier we deduced

that conductors have zero volume charge density under electrostatic conditions Now we

can estimate the time it takes to reach this equilibrium

Relaxation time for good conductors

In fact good conductor like copper has lO8S/m It is hard to measure the dielectric

constant of good conductor since the effect is masked by the conductive response For

we can estimate the relaxation time

10 X1O
10-195 3.29

This is an extremely short period of time How do electrons move so fast Note this result

is independent of the size of the conductor The answer is that they dont Only slight

displacement in the charge distribution can balance the net charge and thus transfer it to the

border region

3.2 Conduction in semiconductors

Semiconductors have formed the foundation for modern society Historians may call our

age the sand age since virtually all of our machines are made of Si semiconductors The

conductivity of semiconductors as their name suggests lies somewhere between conductors

and insulators We will explain this with very simple band model

From quantum mechanics we know that the allowed energy levels for an atom are discrete

two electrons can occupy state with opposite spin When atoms are brought into close

proximity these energy levels split If there are large number of atoms such as in

solid crystal the discrete energy levels form seemingly continuous band In our simple

model each material solid is characterized by valence band and conduction band with

forbidden region called the band gap

The valence band corresponds to bound electronic states In other words electrons with

this energy level are bound to their host atoms Usually these electrons are part of covalent

bond Conduction band electrons on the other hand are free to move around in the solid

Of course they are not free to leave the material as there is an additional amount of energy

required for an electron to leave the solid This is characterized by the work function of the

material The energy distribution of the electrons is determined by Fermi-Dirac statistics

and the Fermi level EF of the material At low temperature most electrons fill energy levels

below the Fermi level

One of the most important properties of solid is the energy difference between the

valence band and the conduction band or the band gap This is important because valence

band electron can become conduction band electron if it can attain this energy level either

through incoming radiation photon or through thermal energy If the band gap is very

small then even at low temperatures many electrons will occupy the conduction band
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Figure 3.6 cartoon two-dimensional Si lattice Circles represent Si atoms and lines represent cova

lent bonds fonned by valence band electrons Broken bonds give rise to electrons and holes

Insulators have very large band gap about 37 eV so that the probability that an electron

has sufficient energy to occupy the conduction band is extremely small And semiconductors

have an intermediate band gap Si for instance has band gap of about 1.12 eV This is

actually quite large compared to the thermal energy of kT which is about 26meV at room

temperature

Electrons and holes

When early researchers measured the conductivity of Si and other semiconductors they were

in for surprise The conductivity numbers were often factor of from their predictions It

was as if there were twice as many free carriers in the material Well in fact that is precisely

what happens in semiconductor In addition to electrons holes also conduct current

In Fig 3.6 we have cartoon diagram of two-dimensional crystal such as Si that forms

four covalent bonds with its neighbors represented by lines in the figure In this figure

valence band electrons are the covalent bonds in the crystal If we break one of these bonds

to free an electron there is in essence hole of positive charge left behind It is important to

realize that this hole is in fact free to move This is because it represents state of low energy

for another electron So in fact it is very easy for another nearby valence band electron to

hop into this hole In doing so it creates another hole and thus the hole travels So electrons

moving in the valence band from bond to bond corresponds to the equivalent motion of

positive charge very crude analogy is bubble in sealed liquid This bubble corresponds

to our hole and it moves around the liquid as if it were real particle

When conduction band electron encounters hole the process is called recombination

The electron and hole annihilate one another thus depleting the supply of carriers In thermal

equilibrium generation process counterbalances to produce steady stream of carriers

We can see that the thermal generation of free carriers produces an equal amount of electrons
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ii

Figure 3.7 donor dopant atom in the Si lattice contributes free electron

and holes or n0 po If the thermal generation rate Gth is equal to the recombination rate

we have

Gth kn 3.30

where we assert that the regeneration rate is proportional to the product of holes and elec

trons This is logical because for every electron the probability of recombination is pro

portional to the number of holes and vice versa Since at given temperature the thermal

generation rate is constant the product of is also constant

np 3.31

which is the intrinsic concentration of electrons and holes in material at given temper

ature For Si at 300K this is about 1010cm3

Doping

Thus far our discussion of semiconductors in particular Si has been limited to pure or

intrinsic Si In practice pure Si is very hard to produce as even trace quantities of impurities

can dramatically alter the behavior of the resulting material This is in fact one of the great

benefits of Si in that its behavior is very well controlled through selective doping

Imagine adding trace amount of group element such as phosphorous or arsenic to

Si crystal as shown in Fig 3.7 Since Si is group IV element it needs four electrons to fill

its shell atom can pose as Si atom and form four covalent bonds if it can somehow rid

itself of one electron So in fact with very little provocation it will do so and donate an

electron to the crystal The group element is thus an ionized donor atom It is important

to note that each dopant atom creates an electron but not hole The ionized atom is an

immobile positive charge The material is said to become n-type
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Figure 3.8 An acceptor dopant atom in the Si lattice contributes free hole

In contrast group III element such as boron is an acceptor dopant as shown in

Fig 3.8 Since it has only three electrons in four electron covalent bond world it has

hole so to speak This hole is an energetically favorable state so other nearby valence

electrons are likely to occupy this state thus creating an ionized negative immobile charge

site In stealing an electron from the crystal it creates hole that can travel through the

crystal as discussed before The material is said to become p-type

In practice we actually dope material with both acceptors and donors as we grow several

layers of n-type and p-type material The difference between the concentration of donors

and acceptors will determine the n- or p-typeness of the material It is also important to note

that our arguments so far assume that the temperature is large enough so that thermal

energy is sufficient to ionize the dopants If the temperature becomes too low process of

freeze-out occurs dramatically altering the conductivity of the material

The motion of both electrons and holes in crystal is governed by the band structure of

the material Fortunately we can ignore these complexities and simply assign an effective

mass to holes and electrons and treat them as free particles

Acceptor and donor accounting

Let us begin by counting electrons in the donor case The total charge density in the material

is given by

qno qpo qNd 3.32

free electrons free holes immobile ions

By the law ofmass action in equilibrium the product of electrons and holes is constant

or np nT Substituting for the holes we have

qno q_i qNd 3.33
no
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or

nNdflOfl 3.34

Solving the quadratic equation we arrive at the physical solution

Nd Nd 4n
Nd 3.35

where we have assumed that Nd n1 since the doping Nd 1011 1018 usually several

orders of magnitude larger than n1 The same conclusion holds for acceptors so that for

p-type material we have

P0 Na 3.36

In the case of compensated material2 it is the net doping that produces the free carriers

P0 Na Nd 3.37

Free carrier mobility

Since the conductivity of material depends on the number of free carriers Eq 3.16

qaN 3.38

we have in effect technique to produce material of desired resistivity If the material is

n-type this is simply

qaNa 3.39

where is the electron mobility Unfortunately the mobility is not constant as we change

the material doping As we have remarked earlier any disturbance to the periodic structure

of crystal acts as scattering site and thus not surprisingly as we increase the doping we

decrease the mobility of free carriers This is confirmed by the experimental plot of the bulk

mobility of electrons and holes in Si as shown in Fig 3.9 As expected the total doping

concentration Nd Na affects the mobility not the net doping Nd Na

Free carrier mobility model

The mobility of free carriersplays an important role in the design of devices and ultimately

in the performance of circuits It is therefore very important to produce an accurate model

for the mobility The equation

aE qnpE 3.40

is too good to be true It implies that we can create current without bound by simply

making sufficiently large In modern nanoscale semiconductor devices we can in fact

compensated material is doped with both donors and acceptors impurities so that the overall characteristics are

function of the net doping
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Figure 3.9 The mobility of electrons and holes as function of total doping concentration

create enormously large electric fields by simply applying few volts on to our structures

Our various assumptions about the mobility of free carrier begin to breakdown though

under large field conditions Most importantly when creating the drift model of carrier

current we assumed that the drift velocity is small fraction of the thermal velocity

As the fields are made very large though linear mobility model predicts that we can

in fact impart enough momentum to produce ultra high-speed carriers Not only is the

speed of light limitation but in practice we find that there is limit due to increased

phonon scattering at high fields as shown in Fig 3.10 We say that carriers become velocity

saturated at high fields This effect can be modeled by introducing field dependent mobility

model

3.41
1/ni-

where the coefficient is fit to experimental data with for electrons and ii for

holes The saturation velocity for electrons is about lO6cm/s and lO6cm/s for

holes From this we can solve for Esat

Esat
Vsat ItEsat 3.42

There are other field dependencies in the mobility model In particular if current

flow occurs near the surface of semiconductoroxide interface such as in MOSFET
then the mobility is found to be much lower at the surface This is due to enhanced

scattering sites due to the non-perfect interface between Si and 5i02 vertical field

that tends to pull carriers towards the surface therefore will tend to lower the effective

mobility
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Figure 3.10 Velocity saturation for various materials From
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Figure 3.11 rectangular conductor is placed inside magnetic field

On the other hand in MOSFET structure we also find that the mobility drops at

low vertical fields due to enhanced Coulomb scattering.3 This occurs since the field effect

produces inversion which masks the background dopant sites at the surface At low fields

though the dopants are exposed causing enhanced scattering

Hall effect

In this section we will review an important technique for measurement of free carrier density

based on the Hall effect Consider conductor placed inside magnetic field as shown

in Fig 3.11 When current is traveling through conductor at any instant it experiences

See Chapter for review of inversion in MOSFET structure
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Figure 3.12 Due to the magnetic force on free carriers there is charge pile-up on the top and

bottom of the conductor This charge creates an internal electric field that opposes the movement

of charges vertically

force given by the Lorentz equation

FqEqvxB 3.43

The force qE leads to conduction along the length of the bar due to momentum relaxation

with average speed id but the magnetic field causes downward deflection

qfEo qyvdBo 3.44

In the steady state the movement of charge down or electrons up creates an internal

electric field which must balance the downward pull as shown in Fig 3.12 We expect

Hall voltage to develop across the top and bottom faces of the conducting bar

VH Ed VdBOd 3.45

Since id and aE we can write Vd

B0d 3.46

Since the conductivity of material is given by Nt where is the unit charge is

the density of mobile charge carriers and is the mobility of the carriers Then

B0d
VH 3.47

qN

or

JBod IB0d
3.48

qVH AJVH

Notice that all the quantities on the right-hand side are either known or easily measured

Thus the density of carriers can be measured indirectly through measuring the Hall voltage

3.3 Diffusion

The process of diffusion is quite intuitive and well known In Fig 3.13 imagine that we

fill the left chamber with gas at temperate If we suddenly remove the divider what

happens The gas will fill the entire volume of the new chamber
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Figure 3.13 chamber is separated into two sections by partition In the left section there is gas

at temperature If the partition is removed we know by experience that the gas on the left will fill

the entire chamber

4IVh
Figure 3.14 concentration variation of free particles results in flux proportional to the gradient of

the concentration

Whenever there exists concentration gradient we know from experience that over time

the region of high concentration and low concentration balance as particles from the high

concentration region move to the region of low concentration How does this actually happen

so naturally

If each particle moves on average left or right then eventually half will be in the right

chamber If the molecules were charged or electrons then there would be net current

flow The diffusion current flows from high concentration to low concentration

Let us quantify the diffusion current Assume that the mean free path is Find the flux

of carriers crossing the plane in Fig 3.14

Vhfl-A nA 3.49

where we assume that particles are moving with velocity Vth The factor of 1/2 accounts for

the fact that half of the particles will be moving to the right into the plane If there

are more particles at than then net flux of particles will cross the

plane to the right Expanding nx about we have

Vth Ar 3.50
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where we assume that the mean free path is small relative to the variation in the concen

tration Simplifying we have

3.51
dx

As expected if dn /dx the net flux should be to the left If the particles are electrons

then the current produced by this flux is given by

qF 3.52
dx

Since the thermal energy per degree of freedom is given by kT/2 we have

2mflvth kT 3.53

The mean free path is related to the mean free time or the average time between collisions

by Vth We are also careful to use the effective mass for electrons in crystal

Manipulating our equations bit

kT qv\
Vth VhrC kT 3.54

\mj
The parenthetical term is just the mobility for free carriers

dn 1kT \dn dn
qvh.k qD 3.55

dx jdx dx

The constant is known as the diffusion constant and we see that it is related to the

mobility This relationship is known as the Einstein relation

kTDJi 3.56

which you will never forget because it rhymes like simple poem kay-tee over equals

dee over mu

34 Thermal noise

With all the random motion in typical conductor you would not be surprised to hear that

every resistor is source of noise This noise often referred to as Johnson noise Nyquist

noise or simply thermal noise is present in every conductor and linearly proportional to the

temperature The key point about the noise is that it has zero average value but non-zero

RN/IS with noise voltage as shown in Fig 3.15a At any given instant if we sample the

noise voltage it has Gaussian amplitude distribution The mathematical description of

such function is not an easy task We will avoid many of the complicated issues and just

work with RMS values

Johnson was the first to observe this noise experimentally Nyquist was probably the first

to explain it We will also demonstrate that this form of noise is consistent with the theory

of thermodynamics
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vt Ii

vt

Figure 3.15 The noise voltage of resistor as function of time Equivalent circuit represen

tation as noiseless resistor in series or shunt with noise voltage or current

The average value of the noise waveform is zero

vt vtdt 3.57

The mean is also zero if we freeze time and take an infinite number of samples from identical

resistors The variance though is non-zero Equivalently we may say that the signal power

is non-zero

vt2 vtdt 3.58

The RMS root-mean-square voltage is given by

Vnrms vt2 3.59

The power spectrum of the noise shows the concentration of noise power at any given

frequency Many noise sources are white in that the spectrum is flat up to extremely high

frequencies In such cases the noise waveform is totally unpredictable as function of time

In other words there is absolutely no correlation between the noise waveform at time ti and

some later time
t1 8t no matter how small we make St

As shown in Fig 3.15b we can represent the noise as voltage source in series with the

resistor of the RMS value given by

v4kTRB 3.60

where is the bandwidth of observation Equivalently we can represent this with shunt

current source

i4kTGB 3.61

Here is the bandwidth of observation and kT is Boltzmanns constant times the temper

ature of observation This result comes from thermodynamic considerations thus explaining

the appearance ofkT Often we speak of the spot noise or the noise in specific narrow

band Sf

4kTRSf 3.62

Since the noise is white the shape of the noise spectrum is determined by the external

elements Ls and Cs

ADVANCED MICRO DEVICES, INC. 
 

     IPR2023-00788 Ex. 1010, p. 81 of 148



70 Resistance

R1 R2 RT

Vs

7R3 7RL VT3

RL

Figure 3.16 Any arbitrary resistive circuit can be reduced to single equivalent noise source

Example

Suppose that 10k2 and 20C 293K

4kT 1.62 1020 3.63

1.62 1016 3.64

Vnrms /vt2 1.27 10_8 3.65

If we limit the bandwidth of observation to 06 MHz then we have

Vnrms 13LLV 3.66

This represents the limit for the smallest voltage we can resolve across this resistor

in this bandwidth

If we put two resistors in series then the mean square noise voltage is given by

4kTR1 R2B v1 u2 3.67

We add noise powers not the noise voltages Likewise for two resistors in parallel we can

add the mean square currents

4kTG G2B 3.68

This holds for any pair of independent noise sources zero correlation

For an arbitrary resistive circuit such as Fig 3.16 we can find the equivalent noise by

using Thevenin Norton equivalent circuit or by transforming all noise sources to the

output by the appropriate power gain e.g voltage squared or current squared

VSJ 3.69

4kTRB 4kTR2 R1 11R3B 3.70

For general linear circuit such as the black box shown in Fig 3.17 the mean square

noise voltage current at any port is given by the equivalent input resistance conductance

4kTlRZfSf 3.71
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3.4 Thermal noise 71

Passive

Zjw Noisy Noiseless

Circuit Circuit

Figure 3.17 The equivalent noise of an arbitrary linear one-port circuit

This is the spot noise If the network has filtering property then we integrate over the

band of interest

eq 4kT IZUdf 3.72

Unlike resistors ideal lossless Ls and Cs do not generate noise They do shape the noise

due to their frequency dependence

Example

Noise of an RC circuit

c4c
Figure 3.18 An example RC circuit for calculation of the total thermal noise

To find the equivalent mean square noise voltage of an RC circuit begin by calculating

the impedance

GjwC
373YGjwCG2w2C2

Integrating the noise over all frequencies we have

4kTf kT

Vn__J G2w2C20C 3.74

Notice the result is independent of Since the noise/bandwidth is propor

tional/inversely proportional to its influence cancels out

Thermodynamic origin of noise

As shown in Fig 3.19 imagine black body held at temperature Inside this body we

insert an antenna with characteristic impedance Zo and through small opening we
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odY at

1iiiiiiiiii
Resistor at Temp

Figure 3.19 black body held at temperature exchanges thermal energy with termination resistor

route transmission line to termination resistor also held at temperature with

small opening where we insert transmission line

From thermodynamic considerations we have the black body radiation density

2kT
3.75

Our antenna will capture fraction of this energy AeS where Ae is the antenna

effective cross If we integrate over the solid angle we have

EL SAe4rr 3.76

where only half of the energy is captured by the antenna due to the random polarization of

the incoming radiation Substituting in the above equation we have the important results

2kT A2

EL ---4ir kT 3.77
4r

If we observe bandwidth we capture an amount of power kTB So we see that the

resistor captures kTB Watts of power from the black body But since the black body is in

thermodynamic equilibrium with the resistor the resistor must likewise deliver the same

power back to the black body

Now let us imagine that the resistor is noiseless resistor in series with voltage source

Under matched conditions the RMS power delivered to load is given by

3.78

If we equate this with the power delivered by noise resistor

kTf
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or

v2 4kTR8f 3.80

which is in fact the physically observed amount of noise generated by resistor

3.5 References

lot of this material was put together while teaching device physics undergraduate course

at UC Berkeley and thus some of the material is drawn from lecture notes put together by

Howe and Sodini The discussion on the conductivity of gas and metal borrows

heavily from Purcell Purcells book on electromagnetics is wonderfully good and

very accessible The presentation from thermodynamic origin of noise comes from Hagens

excellent book This book is very good source for learning the fundamentals of RE

circuits presented for general audience but with lot of great insight for even the expert
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Ampere Faraday and Maxwell

4.1 Ampere static magnetic fields

Experimental observations

Consider pair of parallel wires carrying steady currents and 12 Since steady currents

imply zero net charge distribution there should be no electrostatic force between these

current-carrying wires But experimentally we do observe force which tends to be attractive

if the currents are in the same direction and repulsive if the currents are in the opposite

direction This new force is in fact an electrostatic force if we consider the problem from

relativistic point of view Even though the net charge on each current-carrying conductor

is zero in static reference frame in moving reference frame there is net charge density

and hence force exists

Magnetic force

Through careful observations Ampere demonstrated that this force can be computed using

the following equation

dF
io 12d2

R2
4.1

The resemblance to the Coulomb force equation is notable Both forces fall like /R2

For steady currents implies that the currents must flow in loops Thus we can

calculate the force between two loops as follows

Fm
Io 12dt2 xI1dt1

4.2

Magnetic field

Just as in the case of electric forces the concept of action at distance is disturbing and

countenntuitive Thus we prefer to think of the current in loop C1 generating field and

then we say that this field interacts with the current in loop C2 to generate force Simply

reordering the magnetic force equation gives

I1d1xf
Fm 12d2 4.3

4r

74
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4.1 Ampere static magnetic fields 75

where we have interpreted the second term as magnetic field Loop C2 is the source of

the field and loop C1 is the field point under consideration The unit of is the Tesla

where IT 04G in terms of the CGS units of Gauss

Units of magnetic field

The Tesla and Gauss are derived units Since I2t the units of are simply

A2 This is more commonly known as m1 The units of the magnetic field are

therefore

4.4

Note that the units of are m2 which can be written as m2 From circuit

theory we know that voltage is proportional to wLI so LI has units of So the unit of

is m2 For reference the magnetic field of the earth is only .5G so iT is very

large field

Direction of magnetic force

Due to the vector cross product the direction of the force of the magnetic field is perpen

dicular to the direction of motion and the magnetic field Use the right-hand rule to figure

out the direction of in any given situation

and duality

For point charge dq the electric force is given by

Fe qE 4.5

For the magnetic force for point charge in current ioop we have

FIdxBqNdtvxB 4.6

The equations for and are also similarwhen we consider an arbitrary current density

and charge density

prRdV 4.74r iv R2

JrxfdV 4.8
4T/J Jv R2

Magnetic charge

We may now compare the magnetic field to the electric field and look for similarity and

differences In this book we shall not discuss the relativistic viewpoint that explains the link

between electric and the magnetic field Instead we shall assume that the magnetic field is

an entity of its own Apparently the source of magnetic field is moving charge currents
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76 Ampere Faraday and Maxwell

whereas the source of electric fields is charge But what about magnetic charges Is there

any reason to believe that nature should be asymmetric and give us electrical charge and

not magnetic charge If magnetic charge existed then the argument for Gauss Law would

apply

BdSQm 4.9
Js

where Qm is the amount of magnetic charge inside the volume bounded by surface

But no one has ever observed any magnetic charge So for all practical purposes we can

assume that Qrn and so Gauss Law applied to magnetic fields yields

BdS0 4.10
is

Divergence of

By the Divergence Theorem locally this relation translates into

B.dS fv.Bdvo 4.11
Js Jr

Since this is true for any surface the integrand must be identically zero

V.B0 4.12

vector field with zero divergence is known as solenoidal field We have already encoun

tered such field since Such field does not have any sources and thus always

curls back onto itself fields are thus always ioops

Divergence of curl

Lets calculate the divergence of the curl of an arbitrary vector field Lets

compute the volume of the above quantity and apply the Divergence Theorem

fv.v xAdVV xA.dS 4.13

To compute the surface integral consider new surface with hole in it The surface

integral of can be written as the line integral using Stokes Theorem

4.14
Js Jc

where is the perimeter of the hole As we shrink this hole to point the right-hand side

goes to zero and the surface integral turns into the closed-surface integral Thus

f.VxAdvVxA.dso 4.15

Since this is true for any volume it must be that

V.VxA0 4.16

ADVANCED MICRO DEVICES, INC. 
 

     IPR2023-00788 Ex. 1010, p. 88 of 148



4.1 Ampere static magnetic fields 77

Thus solenoidal vector can always be written as the curl of another vector Thus the

magnetic field can be written as

BVxA 4.17

Amperes Law

One of the fundamental relations for the magnetic field is Amperes Law It is analogous to

Gauss Law We can derive it by taking the curl of the magnetic field

4.18
4iri Jv R2

After some painful manipulations this can be simplified to the famous Ampere Law

VxBaJ 4.19

Now apply Stokes Theorem

4.20
is Jc is

Application of Amperes Law

Amp ères Law is very handy in situations involving cylindrical symmetry This is analogous

to applying Gauss Law to problems with spherical symmetry For example consider the

magnetic field due to long wire The field should have nor or dependence by symmetry

so the integral of over circle enclosing the wire is simply constant times the perimeter

dl 27rrBr 4.21
Jc

So the magnetic field drops as hr

Br- 4.22

Example
Consider the magnetic field of two-dimensional round wire of radius carrying

uniform current shown in Fig la From symmetry we deduce that the magnetic

field is circumferential Invoking Amperes Law the closed line integral of the field

around the wire is equal to the current enclosed by the loop Lets take loop inside

the wire so that

dl B9d6 2rrB9r 4.23

since Br B9r is constant as function of and circle of radius

encloses fraction r2/a2 of the surface area of the wire Hence the magnetic field

ADVANCED MICRO DEVICES, INC. 
 

     IPR2023-00788 Ex. 1010, p. 89 of 148



78 Ampere Faraday and Maxwell

Figure 4.1 two-dimensional round wire carrying current out of the surface of the

page The radial dependence of the magnetic field inside and outside of the wire

inside the wire increases linearly as function of

B9r
2ra2

4.24

Outside the wire we enclose the entire current and so

B9r 4.25
2rr

The functional dependence of Br is plotted in Fig lb

Example

Consider the magnetic field between two infinitely long wires carrying oppositely

directed currents The geometry is shown in Fig 4.2a where positive current coming

out of the plane of the page is shown at and negative current into the plane

of the page is at We will solve this problem by invoking symmetry and

superposition From symmetry it is clear that the magnetic field of single filament

is circularly directed From Amperes Law the closed line integral of the field around

the wire is equal to the current enclosed by the loop

p2r

dl Bd9 2rrB9r .tI 4.26
Jc Jo

since Br B9r is constant as function of Thus we have the result that

B0 -- 4.27
27rr
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yB

.4 .4 ii
14

a.41
fr .d

fr fr1

fri Al
VP

A1

1s IA prP

.4. fr

.4

.4

a. a. YI
a. a. j. .4 .4 .4144
Figure 4.2 Two filaments carrying oppositely directed currents The magnetic field of

single filament The magnetic field of the two filament system

Writing the above result in Cartesian coordinates see Fig 4.2b for the geometry we

have

LIy
B6 sin9

2rx2 y2
p.IxBBecos9 4.28

2irx2 y2

ADVANCED MICRO DEVICES, INC. 
 

     IPR2023-00788 Ex. 1010, p. 91 of 148



80 Ampere Faraday and Maxwell

By superposition the field for two filaments is simply the vectorial summation of the

field of the individual filaments displaced to and

___________ ___________
d2 d2 y2

aId uIxd
d2 y2 d2 y2

This field is plotted in Fig 4.2c using the following commands in Mathematica

Inl Bx -y/ xl A2yA2 y/ x-l 2y2
In By xl/xlA2y/2 x-l/Nx-l2y2
In BxBy
In GrapticsPlotFeld
In bfield PlotVectorField
In curl PointlO
In cur2 PontlO
In cur curlcur2
In Show

Magnetic vector potential

Earlier we showed that we can also define vector such that Since

VxVxAuJ 4.30

We can apply the vector identity for

VxVxAVV.A-V2A 4.31

Given that the divergence of is arbitrary let us choose the most convenient value In

magnetostatics that is Then we have

V2A 4.32

We have met this equation before

Equations for potential

The vector Laplacian can be written as three scalar Laplacian equations using rectangular

coordinates For instance the x-component is given by

V2AX iJ 4.33

ADVANCED MICRO DEVICES, INC. 
 

     IPR2023-00788 Ex. 1010, p. 92 of 148



4.1 Ampere static magnetic fields 81

By analogy with the scalar potential therefore the solution is given by

JrdV 434
4iTJv rrI

and in general the total vector potential is given by

ji Jrd
4.35

4irJ rrI

Why use vector potential

The vector potential is easier to calculate than since each component is simple scalar

calculation Also the direction of is easy to determine since it follows At this point

the vector potential seems like mathematical creation and it does not seem to have any

physical relevance This is compounded by the fact that is arbitrary Later on we will

see that has lot of physical relevance and in some ways it is more fundamental than the

vector

From vector to

Now that we have an equation for we can verify that it is indeed consistent with the

experimentally observed equation for

J1rdVVxAVx 4.36
47rJv rr

Interchanging the order of integration and differentiation

Jr dv 4.37
47rJv IrrI

We now need some fancy footwork to go further

Yet another vector identify

It is relatively easy to show that for scalar function times vector field

VxFVq5xFVxF 4.38

Applying this to our case note that operates on the coordinates whereas Jr is

function of the primed coordinates and hence constant

Jr V__1 xJr i2 xJr 4.39
rrI Irr

where we have used

4.40
Jrr Irri
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82 Ampere Faraday and Maxwell

The expression for matches up with the experimentally observed equation

Jrx dV 4.41

4.2 Magnetic materials

Magnetization vector

We would like to study magnetic fields in magnetic materials Lets define the magnetization

vector as

mk
lim 4.42v-o AV

where is the magnetic dipole of an atom or molecule The vector potential due to these

magnetic dipoles in differential volume dv is given by

dA io1dv 4.43

ApfMRdv 4.44

Using

4.45

dv 4.46

Consider the vector identity

Vx1VxMV1 xM 447

We can thus break the vector potential into two terms

Po x_Mdv dv 4.48
47rJv 4TJv \RJ

Another Divergence Theorem

Consider the vector where is an arbitrary constant Then

V.uV.axvVxa.vVxv.aVxv.a 4.49

Now apply the Divergence Theorem to

xv adV xv.dS v.ñdS 4.50
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4.2 Magnetic materials 83

where is unit vector perpendicular to the surface Reordering the vector triple

product

a.vxfldS 4.51
Js

Since the vector is constant we can pull it out of the integrals

a.f_VxvdVa.vxIidS 4.52

The vector is arbitrary so we have

4.53

Applying this to the second term of the vector potential

dv X_dS 4.54
iv \RJ Js

Vector potential due to magnetization

The vector potential due to magnetization has volume component and surface component

x_Md 11

dSdv 4.55Jv 47r1s

We can thus define an equivalent magnetic volume current density

JmVXM 4.56

and an equivalent magnetic surface current density

JMxfl 4.57

Volume and surface currents

In Fig 4.3 we can see that for uniform magnetization all the internal currents cancel and

only the magnetization vector on the boundary surface contributes to the integral

Relative permeability

We can include the effects of materials on the macroscopic magnetic field by including

volume current in Amperes equation

VxBpJVxM 4.58

or

Vx MJ 4.59
\Io

ADVANCED MICRO DEVICES, INC. 
 

     IPR2023-00788 Ex. 1010, p. 95 of 148



84 Ampere Faraday and Maxwell

fl

J8

Figure 4.3 The magnetization current flowing in uniform conductor

We thus have defined new quantity

H--M 4.60

The units of the magnetic field are A/rn

Amperes equation for media

We can thus state that for any medium under static conditions

VxHJ 4.61

equivalently

HdlI 4.62
ic

Since linear materials respond to the external field in linear fashion

XrnH 4.63

so

/i1 XmH /.kH 4.64

or

4.65

The table in Fig 4.4 can serve as memory aid as it shows the duality between the

electric and magnetic field

personally dont like this choice since to me and are real and so the equations should be arranged to

magnify this analogy Unfortunately the equations are not organized this way partly due to choice of units so

well stick with convention
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VA
PM

Figure 4.4 The duality between electric and magnetic fields

Magnetic materials

Magnetic materials are classified as follows

Diamagnetic tr usually Xm is small negative number

Paramagnetic /r usually Xm is small positive number

Ferromagnetic 15r thus Xm is large positive number

Most materials in nature are diamagnetic To fully understand the magnetic behavior

of materials requires detailed study and quantum mechanics In this book we mostly

assume

The magnetic flux density is related to the magnetic field by

iH prfiOH

4r lO7H/m

The relative permeability tr measures the effect of constituent atomic andlor molecular

magnetic dipole moments Most materials in nature are diamagnetic The induced magnetic

fields oppose the applied field But the response is usually very weak and so This is

due primarily to the response of the electron orbit in an atom

Paramagnetic materials

Some materials have natural net magnetic dipole moment Such materials give paramag

netic response which can arise from dipole moments in an atom molecules crystal defects

and conduction electrons The dipole moments tend to align with the magnetic field but are

deflected from complete alignment by their thermal activity The fields resulting from the

partial alignment adds to the applied field so It can be shown that this effect is also

relatively weak so that at room temperature i0

Ferromagnetics and ferrimagnetics

Materials with residual magnetization exist where it is energetically favorable for internal

magnetic dipoles to align spontaneously below certain Curie temperature Theseferro

magnetic and ferrimagnetic materials exhibit non-linear and large factors 106

As shown in Fig 4.5 these magnetic moments align in response to the extemal field Note

that it is energetically favorable to align in the direction of the field thus enhancing the

magnetic field In diamagnetic materials by contrast the effect of the material is to reduce

the field
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86 Ampere Faraday and Maxwefl

Figure 4.5 For ferromagnetic materials in the absence of an external field the magnetic domains

point in random directions The application of the field aligns the magnetic dipoles

Boundary conditions for magnetic field

We have now established the following equations for static magnetic field

VxHJ 4.66

V.BO 4.67

H.dIfJ.dSI 4.68

B.dSO 4.69
JS

And for linear materials we find that L1B

Tangential

The appropriate boundary conditions follow immediately from our previously established

techniques As shown in Fig 4.6a take small loop intersecting with the boundary and

take the limit as the loop becomes tiny

H.dlH11 H2dfO 4.70
Jc

So the tangential component of is continuous

H1 H2 4.71

4.72
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4.2 Magnetic materiak 87

Figure 4.6 The setup for the calculation of the boundary condition for the field

Note that is discontinuous because there is an effective surface current due to the change

in permeability Since is real it reflects this change If in addition surface current is

flowing in between the regions then we need to include it in the above calculation

Normal

Consider pillbox cylinder enclosing the boundary between the layers as shown in Fig 4.6b

In the limit that the pillbox becomes small we have

dS B1 B2dS 4.73

and thus the normal component of is continuous

B1 B2 4.74

Boundary conditions for conductor

If material is very good conductoi then we will show that it can only support current at

the surface of the conductor In fact for an ideal conductor the current lies entirely on the

surface and it is true surface current In such case the current enclosed by an infinitesimal

loop is finite

dl H1 H2df Jd 4.75

H1 f2 4.76

This can be expressed compactly as

H1 H2 J5 4.77

But for perfect conductor we will see that H2 50 H1

H1 35 4.78

ADVANCED MICRO DEVICES, INC. 
 

     IPR2023-00788 Ex. 1010, p. 99 of 148



88 Ampere Faraday and Maxwefl

energy of field

converted to heat

DB
at

Figure 4.7 changing magnetic field cuts through loop and generates current The magnetic

energy is converted to heat in the load resistor

43 Faradays bg dscovery

In electrostatics we learned that dl Lets use the analogy between and

and and Since Cv and
i/i Li and C1 should we not expect that

LI In fact this is true Faraday was able to show this experimentally

E.dl--fB.dS 4.79

The electric force is no longer strictly conservative

Faradays Law in differential form

Using Stokes Theorem

JE.dI fv xE dS B.dS .dS 4.80

Since this is true for any arbitrary curve this implies that

VxE 4.81

Faradays Law is true for any region of space including free space In particular if is

bounded by an actual loop of wire then the flux cutting this loop will induce voltage

around the loop simple experimental setup is shown in Fig 4.7 where the magnetic

energy is converted to heat

Example

Transformers

transformer is constructed as shown in Fig 4.8 In transformer by definition

the flux in the primary side is given by /i1 L1 Likewise the flux crossing the
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4.3 Faradays big discovery 89

____
12

Figure 4.8 transformer circuit element is constructed using two windings around

common magnetic core

arge voftage
V2

Figure 4.9 simple sparkgap circuit works by interrupting the current in the primary thus

generating large magnetic flux change and large voltage is induced in the secondary

terminals

secondary side is given by M21 M1211 MI1 assuming Thus

if the current in the primary changes voltage is induced in the secondary

V2 L12 MI1 4.82

Generafing sparks

Since the voltage at the secondary side is proportional to the rate of change of current

in loop we can generate very large voltages at the secondary side by interrupting

the current with switch This is shown schematically in Fig 4.9 This is in fact

simplified version of how spark plugs are fired in an automobile engine
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90 Ampere Faraday and Maxwell

The return of the vector potential

Since we can write Thus

8B aVxA aA
4.83

at at at

If we group terms we have

4.84

So as we saw in electrostatics we can likewise write

4.85

We choose negative sign for cs to be consistent with electrostatics Since if this

equation breaks down to the electrostatic case and then we identify as the scalar potential

This gives us some insight into the electromagnetic response as

4.86

4.87
at

electric response
magnetic response

Is the vector potential real

We can now re-derive Faradays Law as follows

VE.d1_V.d_/A.dJ 4.88

The line integral involving is zero by definition so we have the induced emf equal to

the line integral of around the loop in question

4.89

We also found that equivalently

v-- 4.90
at

Eq 4.89 is somewhat more satisfying that Faradays Law in terms of the flux Although it

is mathematically equivalent it explicitly shows us the shape of the loops role in determining

the induced flux The flux equation though depends on surface bounding the loop and

any surface will do this is discussed in more detail in the next chapter Sometimes it is

even difficult to imagine the shape of such surface e.g coil

Consider the magnetic coupling between solenoid and large loop surrounding the

solenoid as shown in Fig 4.10 For an ideal solenoid outside of the cylinder

Certainly we can assume that outside of this region
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--....--

Figure 4.10 An ideal solenoid has zero magnetic field outside of the loop

Then the voltage induced into the outer ioop only depends on the constant flux generated

within the center section coincident with the solenoid What is disturbing is that even though

along the loop there is force pushing electrons inside the metal The force would

therefore appear to arise not from magnetic field since The viewpoint with vector

potential though does not pose any problems since outside of the ioop Therefore

when we integrate outside of the ioop there is non-zero result

4.4 Maxwells displacement current

Lets summarize what we have learned thus far There are no magnetic charges so

V.B0 4.91

and electric fields diverge on physical charge

V.Dp 4.92

Faradays Law tells us that

VxE 4.93
at

and Ampere Law relates magnetic fields to currents by

VxIlIJ 4.94

Are these equations complete and self consistent In other words do they over specify

the problem or are some equations still missing Furthermore are they self consistent

Mathematics tells us that which implies that

V.J0 4.95

But this can only hold for steady fields In general by conservation of charge we know that

V.J 4.96
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92 Ampere Faraday and Maxwell

vEIcs2L2Jo
Figure 4.11 The magnetic field can be computed by surface Si or S2 The surface S1 cuts through

wire and thus by Amperes Law generates magnetic field But the surface S2 does not cut through

any DC current

In other words we have to add something to the right-hand side of Amperes equation to

make it self consistent Maxwell was the first to make this observation Since it

is natural to add displacement current to the Amperes equation

VxHJ 4.97

This now makes our equation self consistent since

0D 8pVVxHOV.J-F-V.J--- 4.98

Magnetic field of capacitor

Now we can resolve contradiction in Amperes equation If we consider the magnetic field

of the circuit shown in Fig 4.11 we know that there is magnetic field around loop C1

since current cuts through surface S1 But Amperes Law says that any surface bounded by

C1 can be used to calculate the magnetic field If we use surface 52 then the current cutting

through this surface is zero which would yield zero magnetic field

Displacement current of capacitor

The answer to this contradiction is displacement current If current is flowing in this circuit

then the electric field between the capacitor plates must be changing Thus So the

displacement current cutting surface S2 must be the same as the conductive current cutting

through surface Si

dS dS 4.99
SI S2t
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4.4 Maxwells displacement current 93

Maxwells equations

We have now studied the complete set of Maxwells equations In Integral form

5IE.dl-fBdS 4.100

/H.d1fD.dsfJ.dS 4.101

51D.dSfpdV 4.102

BdSO 4.103
Js

The fields are related by the following material parameters

4.104

DEE 4.105

JoE 4.106

For most materials we assume that these are scalar relations In differential form

VxE 4.107

VxBEootoJVxM 4.108

V.E--pV.P 4.109

V.B0 4.110

Source-free regions

In source-free regions and Assume the material is uniform no bound charges

or currents

VxE 4.111

VxBEot 4.112

V.E0 4.113

V.B0 4.114

As shown in Fig 4.12 we can intuitively see that in other words

wave motion is possible
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94 Ampere Faraday and Maxwell

wave motion

Figure 4.12 The propagation of an electromagnetic wave in source-free region occurs as the

solenoidal electric field generates magnetic field and magnetic field in turn generates an electric

field

Time..harmonic Maxwells equation

Under time-harmonic conditions many important practical cases are time harmonic or

nearly so or else Fourier analysis can handle non-harmonic cases

VxEjwB 4.115

VxHJjwD 4.116

V.Ep/c 4.117

V.B0 4.118

These equations are not all independent Take the divergence of the curl for instance

V.VxE0jwV.B 4.119

In other words the non-existence of magnetic charge is built in to our curl equation If

magnetic charge is ever observed we would have to modify our equations This is analogous

to the displacement current that Maxwell introduced to make the curl of equation self

consistent Working with 4.116

V.VxHmOV.JjwV.D 4.120

but

jwp 4.121

This implies that so Gauss Law is built-in to our curl equations as well

Tangential boundary conditions

The boundary conditions on the E-field at the interface of two media is

flxEiE20 4.122

Or equivalently E1 E2f If magnetic charges are ever found then this condition will

have to include the possibility of surface magnetic current The boundary conditions on

are similar

Hi H2 4.123
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For the interface of perfect conductor for example surface current flows so that H2

flxH1J5 4.124

Boundary conditions for current

Applying the pilibox argument to the divergence of current

fV.JdVgJ.dS_fdv 4.125

in the limit

Ps

Jin J2n 4.126

where p5
is the surface current In the static case

Jin J2n 4.127

implies that a1E1 a2E2 This implies that since e1E1 unless the ratios

of match the ratio of perfectly

4.5 References

This chapter draws from many sources particularly Feynman Cheng and man and

man
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Inductance

5.1 Introduction

Inductance is an intrinsic part of every physical circuit in which currents flow Even the

simplest circuit shown in Fig la cannot be fully understood unless the inductance is

taken into account Even though no inductor is drawn in the figure explicitly there is net

electromagnetic force

VLLJI 5.1

induced around the loop that tends to oppose any change in the current magnitude The

inductance is property of the ioop related to the physical geometry of the circuit We

can represent this induced voltage by an element that has the voltagecurrent relationship

embodied in Eq 5.1 as shown schematically in Fig 5.lb In this case the inductance

is property of the loop and it does not stem from separate coil as suggested by the

inductors symbol introduced into the circuit While we can calculate the resistance of the

loop by breaking the loop into three separate conductors as suggested by R1 R3 this

cannot be done easily with the inductance because the currents in the conductors interact

magnetically

But is this intrinsic inductance really important Using techniques of this chapter we

can determine the magnitude of for given circuit From the application at hand we can

estimate dI/dt or wL in steady-state periodic circuit and from Eq 5.1 we can estimate

the magnitude of the induced voltage If is sufficiently small then we can ignore the

magnetic effects of the circuit Clearly then for circuits operating at higher frequencies or

at high switching rates dI/dt we cannot ignore the inductive behavior But even at lower

frequencies if the circuit is physically large then the term is significant and the induced

voltages are important

It is interesting to note that in this circuit there is no one point where this voltage

is induced but rather it is induced around the entire loop In fact voltages are induced

in the entire space and not just along the circuit path This gives rise to eddy cur

rents or magnetically induced currents that flow in other conducting bodies Further

more the voltage is not induced uniformly along the path of the circuit but in dis

tributed fashion where the induction is stronger at points where more magnetic energy is

stored

96

ADVANCED MICRO DEVICES, INC. 
 

     IPR2023-00788 Ex. 1010, p. 108 of 148
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L1 R1

Figure 5.1 simple circuit with inductance Schematic representation of circuit

Figure 5.2 The flux linkage between two current loops

Is the distributed nature of inductance important Consider the input impedance of the

above circuit seen from the terminals of the voltage source Isnt it simply jwL

Surprisingly no In later chapters we will compute the input impedance of this distributed

circuit and find the conditions under which the value deviates from the lumped circuit

approximation

5.2 Inductance

Magnetic flux

Magnetic flux plays an important role in many EM problems in analogy with electric

charge

B.dS 5.2
is

Due to the absence of magnetic charge

41fB.dSmO 5.3

but net flux can certainly cross an open surface The magnetic flux crossing loop is shown

in Fig 5.2 by the integral of crossing the shaded surface Magnetic flux is independent

of the surface but only depends on the curve bounding the surface This is easy to show
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Figure 5.3 Any open surface bounded by the circuit can be used to calculate the magnetic flux

since

wfB.dsfvxA.dsA.d1 5.4SSC
So in Fig 5.2 we can select either S1 or S2 to calculate the flux

Flux linkage

In Fig 5.3 consider the flux-crossing surface 52 due to current Ji flowing in loop

B1 dS 5.6
S2

Likewise the self-flux of loop is defined by the flux crossing the surface of path when

current is flowing in the path

dS 5.7
.1 Si

The flux is linearly proportional to the current and otherwise only function of the geometry

of the path To see this let us calculate 4121 for filamental loops

2l A1 d12 5.8
C2

but

11d11

A1 i1 5.9
47r/0 Jc1 R1

Substituting we have double integral

2l
-1

d11

dl2 510
4rii c2

The geometry of this double integral is shown in Fig 5.4 We thus have simple formula

that only involves the magnitude of the current and the average distance between every two
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ft1
Figure 5.4 The distance between two arbitrary points in the mop

points on the loops

2i
dli d12

511
4r c2

R2

Mutual and self inductance

Since the flux is proportional to the current by geometric factor we may write

I21 M2111 5.12

We call the factor M21 the mutual inductance

M212 dlidl2
5.13

Ii 4rj c2 Jc1 R2 R1

The above expression is known as Neumanns equation It illustrates compactly the

geometric nature of mutual inductance In the above computation takes on the val

ues of the distance between every pair of points on the loops In other words mutual

inductance is the weighted average value of /R between every pair of points on the

ioops weighted by cos9 where is the local angle between the points in the loop

Thus points lying on segments mutually perpendicular do not contribute to the mutual

inductance

An interesting observation is that mutual coupling is reciprocal In other words

M12-- 1dl2d11M21 5.14
47r

c1 c2R

since the weighted averaging may be done in any order This is profound result that has

many implications in circuit theory Consider the example shown in Fig 5.5 where small

loop couples to larger loop Even though the magnetic flux of loop is small loop

captures large portion of the flux Similarly even though loop has large magnetic

flux only small portion of it is captured by loop and thus MAB MBA
The units of are since H/m The self-flux mutual inductance is simply

called the self inductance and donated by L1 M11
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Figure 5.5 Illustration of reciprocity through the forward and reverse coupling between two vastly

different ioops

System of mutual inductance equations

If we generalize to system of current loops we have system of equations

1LII1M12I2...M1NIN

NMWlIlMN2I2...LNIN

Or in matrix form /i Mi where is the inductance matrix This equation resembles

Cv where is the capacitance matrix

Exampe

Coaxia conductor

In transmission line problems we need to compute inductance/unit length Consider

the shaded area in Fig 5.6 from to The magnetic field in the region

between conductors is easily computed

B.dl B2r 5.15

The extemal flux excluding the volume of the ideal conductors is given by

fb Bdr 91
jb In 5.16

The inductance per unit length is therefore

in 5.17
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Figure 5.6 The partial inductance of coaxial conductor is computed by calculating the flux

in the shaded area

Recall that the product ofinductance and capacitance per unit length for transmission

line is constant see Gb

LC 5.18

where is the speed of light in the medium Thus we have calculated the capacitance

per unit length without any extra work

53 Magnetk energy and inductance

Energy for system of current loops

We would like to calculate the magnetic energy associated with system of current loops

shown in Fig 5.7 In the electrostatic case we assembled our charge distribution one point

charge at time and used electric potential to calculate the energy This can be done for the

magnetostatic case but there are some complications

Energy for two ioops

As we move in our second loop with current we would be cutting across flux from loop

as shown in Fig 5.8a and therefore an induced voltage around ioop would change the

current When we bring the loop to rest the induced voltage would drop to zero To maintain

constant current therefore we would have to supply voltage source in series to cancel

the induced voltage The work done by this voltage source represents the magnetostatic

energy in the system

simpler approach is to bring in the two loops with zero current and then increase the

current in each loop one at time shown in Fig 5.8b First let us increase the current in
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Figure 5.7 system of current loops store magnetic energy

Il

Vrnd

ind0

Figure 5.8 When moving ioop into our system the rate of change of flux in loop generates

current in loop which changes the field configuration Instead we bring in loops and without

any current and turn on the current in each loop one at time

loop from zero to in some time ti Note that at any instant of time voltage is induced

around loop number due to its changing flux

dfr di1

Vjnd1 L1.T 5.19

where i1 represents the instantaneous current

Note that this induced voltage will tend to decrease the current in loop This is

statement of Lenzs Law In other words the induced voltage in loop tends to create

magnetic field to oppose the field of the original current To keep the current constant in

loop we must connect voltage source to cancel the induced voltage The work done by
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this voltage source is given by

CtI

w1 ptdt vdiiltdr 5.20

where pt vfld.1i1t L1i1 The net work done by the source is simply

w1 L1 dud L1 i1di1 LiI 5.21

Note that to keep the current in ioop equal to zero we must also provide voltage source

to counter the induced voltage

Vjnd2t M21fi 5.22

This voltage source does not do any work since i2t during this time

By the same argument if we increase the current in loop from to 12 in time t2 we

need to do work equal to L2I But is that all No since to keep the current in loop

constant at Ii we must connect voltage source to cancel the induced voltage

Vjndl M12 5.23

The additional work done is therefore

ft2 Mi2Idr M121112 5.24

The total work to bring the current in loop and loop to and 12 is therefore

L2I M121112 5.25

But the energy should not depend on the order we turn on the currents Thus we can

immediately conclude that M12 M21 We already saw this when we derived an expression

for M12 using the Neumann equation

Generalize to loops

We can now pretty easily generalize our argument for two loops to loops

5.26

The first term represents the self energy for each ioop and the second term represents the

interaction terms

5.27

WM1I1I1 5.28

The factor 1/2 accounts for the double counting in the double summation Lets rewrite this

equation and combine terms
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Energy in terms of vector potential

We derived the mutual inductance between two filamentary loops using Neumanns equation

Mu
d1 d1

5.29
Cf R1

Lets substitute the above relation into the expression for energy

5.30

dli.dli
5.31

Lets change the order of integration and summation

dl 5.32

Each term ofthe bracketed expression represents the vector potential due to loop evaluated

at position on loop By superposition the sum represents the total voltage potential due

to all loops

W/IiA.d1i 5.33

We derived this for filamental loops Generalize to an arbitrary current distribution and

we have

WmfLAdV 5.34

Compare this to the expression for electrostatic energy

wefPcbdv 5.35

Thus the vector potential really does represent the magnetic potential due to current

distribution in an analogous fashion as represents the electric potential

Energy in terms of fields

Lets replace by Amperes Law

WmfVxHAdV 5.36

Using the identity

V.HxAVxH.AHVXA 5.37

Wm 5.38
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Apply the Divergence Theorem to the first term to give

Wm fHxA.dsfvxA.Hdv 5.39

We would like to show that the first term is zero To do this consider the energy in all of

space oo Use large sphere of radius and take the radius to infinity We know that

if we are sufficiently far from the current loops the potential and field behave like r1

and r2 The surface area of the sphere goes like r2 The surface integral therefore

gets smaller and smaller as the sphere approaches infinity

The remaining volume integral represents the total magnetic energy of system of

currents

Wm fV xA.HdV 5.40

But

WmfB.HdV 5.41

And the energy density of the field is seen to be

WmBH 5.42

Recall that We

Another formula for inductance

The self inductance of loop is given by

LfB.dS 5.43

Since the total magnetic energy for loop is LI2 we have an alternate expression for the

inductance

LI2 HdV 5.44

HdV 5.45

This alternative expression is sometimes easier to calculate We will see this when we

compute the internal inductance of round wire

Self inductance of filamentary loops

We have tacitly assumed that the inductance of loop is well-defined quantity But for

filamentary loop we can expect trouble By definition

L.fB.dS/A.d1 5.46

5.47
4irJcJc
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This is just Neumanns equation with Ci C2 But for filamental loop when both

loops traverse the same point The integral is thus not defined for filamental loop

Magnetic energy of circuit

In the previous section we derived that the total magnetic energy in circuit is given by

Em LiI 1L2I M1112 5.48

We would like to show that this implies that /L7 Lets re-write the above into the

following positive definite form

Em 1L1 p12 L2 I22 5.49

An important observation is that regardless of the current or the magnetic energy is

non-negative so E7

Consider the current which cancels the first term in Em

EmL2_IO 5.50

Since we have

M2

L2_L_0 5.51

Therefore it is now clear that this implies

L1L2 M2 5.52

Coupling coefficient

Usually we express this inequality as

k/L7L 5.53

where is the coupling coefficient between two circuits with 1k If two circuits are

perfectly coupled all flux from circuit crosses circuit ideal transformer Note

that implies that which is totally reasonable as long ask lies on the unit interval

Negative coupling just means that the flux gets inverted before crossing the

second circuit This is easily achieved by winding the circuits with opposite orientation

5.4 Discussion of inductance

As we have seen in the previous section there are many equivalent ways to define inductance

All of the following forms are equally important as they shed new insights into the problem

In this section we discuss these definitions in further detail
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Magnetostatics and quasistatics

Magnetostatics is the study of magnetic fields under time-invariant conditions Clearly

with no time variation Maxwells equations take on very simple forms While these condi

tions seem oversimplified for practical applications especially when disallowing any time

variation we shall see later that many seemingly difficult non-static problems admit solu

tions when seen in this light For instance when studying transmission lines structures

where electric and magnetic energy is in constant dynamic exchange we shall find that the

cross-sectional waveforms take on static field configurations In other problems the static

behavior will dominate up to very high frequencies and thus we can solve such problems

using the quasistatic assumption At given frequency or equivalently for given wave

length of operation we shall show that this is especially true for structures that are small

relative to the wavelength For instance even for signals varying tens of billions of times

per second the wavelength is of the order of centimeters an order of magnitude larger than

most integrated circuit structures

Under the magnetostatic conditions currents flow uniformly in the volume ofthe problem

space Thus the net current flow into any volume element is zero If it were non-zero then

net charge would continuously accumulate in this volume element violating the steady-state

assumption

The net current flowing into the volume element is given by integrating the compo

nent of current density perpendicular to the bounding surface of the volume By the

Divergence Theorem we have

OJ.dS 5.54
is Jv

Assuming Ohms Law to be valid in the conductive regions and further assuming that the

material is isotropic implies the current density is proportional and parallel to the local

electric field aE Substituting in the above equation we have

OfV.JdVfcrv.EdV 5.55

where for simplicity we assume that the material conductivity is independent of position

But from Maxwells equations in particular Gauss Law the divergence of the electric field

can only arise from charge We therefore have

OfpdV 5.56

Again let us assume that the permitivity does not vary with position Take an arbitary small

conductive volume Since this forces the net charge to equal zero or

Since the volume element we chose was arbitrary this implies that all conductors in the

problem must have net charge of zero

But current flow is result of charge in motion and from the outset we assume that

Is contradiction No because at any given moment we assume that all

moving charges are neutralized by charges of opposite sign These charges can also be in

motion such as holes in semiconductor or they can be immobile ionized host atoms In
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Figure 5.9 conducti box containing an inductor The inductor wires are insulated from the box
The inductor may or may not self-intersect

reality this is an approximation for finite values of since the atoms are in constant thermal

agitation causing net time-varying multi-pole charge moment

Butdoesntp OimplyalsothatE 0NoonlythatV 0.Sincewehaveassumed

steady-state conditions the electric field has only curl-free component

5.57

The magnetic field does not interact with the electric field since this can only occur under

time-varying situations Maxwells equations lead to source-free Poissons equation

5.58

Since there are no sources in the above equation the scalar potential can be non-zero only

if the boundary conditions are non-zero If we expand the volume space of the problem to

infinity where then we do indeed have contraction Since in this case we have

and thus hence no currents can flow This would also be the case for grounded
closed cavity with walls constructed from perfect conductors Without any time variation

current cannot flow in the interior of the cavity Thus we have to assume that on the boundary
of our problem space there are points where

As shown in Fig 5.9 we must break the circuit loop under consideration and apply

field between the tenninals of the loop

Magnetic flux

Inductance defined in terms of magnetic flux is the most common approach but it requires

some subtle observations As we have seen the voltage induced in loop can be obtained

by integrating the electric field along the path of the circuit By Stokes Theorem we
have

VL_E.dl_ 5.59
Jc J5
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Figure 5.10 Several candidate surfaces bounded by the same curve

Note that this is true for any surface bounded by the circuit path From Maxwells

equations we have

VxE 5.60

so that

VL_fB.dS 5.61

The right-hand side is the magnetic flux through the surface bounded by the current We

defined the magnetic flux Ji by

frfB.dS 5.62

and it follows that

VL 5.63

comparing with Eq 5.1 we have

5.64

In computing the flux which surface do we use in the above integral In Fig 5.10 we

show several candidate surfaces Clearly there are an infinite number of surfaces bounded

by the closed curve Is there unique surface we can attribute to the path We might try by

limiting the surface to the minimal surface the so-called soap film surface generated by

dipping the circuit in soap bath But the first step of the above manipulation is justified

by Stokes Theorem which admits any surface as long as it is enclosed by the path of the

circuit

The magnetic field is computed under magnetostatic conditions described above For

closed circuit path under magnetostatic conditions this implies zero electric field in the

volume of perfect conductors Since the voltage drop around loop of perfectly conducting

material is zero no voltages can be induced in the ioop and so the rate of change flux

must equal zero realistic example of this occurs in superconductor where the static

state is literally frozen into space

Most practical inductors are constructed from materials of finite non-zero resistivity We

break the loop and introduce an electric field at the terminals Since the electric field is
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Figure 5.11 Computing the magnetic field using the Biot-Savart equations

zero or nearly zero along the path of the conductive portion of the loop the entire induced

voltage calculated above appears at the terminals of the circuit

Under magnetostatic conditions we can calculate from the so-called Biot-Savart Law

This result is easily derived from Amperes Law in Maxwells equations

IrdV IrdEBr 4R3 4n 5.65

where as shown in Fig 5.11 the vector is drawn from the source point along the

path of integration on the circuit to the field point The convention of designating the

source point with primed coordinates is an arbitrary but common practice

The above equation is insightful as it states that the influence of current elements on

magnetic field follows inverse-square law dependence similar to the influence of charge

on the electric field

Now the second subtlety enters in the definition of inductance In computing the surface

integral of Eq 5.62 where does the boundary of the surface lie Eq 5.65 clearly shows

that the magnetic field is unbounded as we approach filamental wire so that the integral

is undefined for this case Therefore we conclude that the inductance of an infinitesimally

thin wire is infinite Should the boundary be taken as only the inside edge of the wire or

should the boundary also include the wire itself

Internal and external inductance

Let us partition the flux as follows

Ii /co 5.66
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Figure 5.12 The inner flux of circuit The outer flux of circuit The internal flux of

circuit The external flux of circuit same as

where li is the inner flux shown in Fig 12a and is computed from the surface integral

when the boundary is taken at the internal edge of the loop The outer flux /i is shown in

Fig 5.12b where the area of the flux is bounded by the outer edge of the wire forming the

loop

The voltage induced due to di/i/dt is smaller since we are integrating over smaller

area and the flux is non-zero in the volume of the conductors Comparatively the voltage

induced due to di/i0/dt is larger The difference between the voltage induced on the inner

edge and outer edge is thus greater the larger the width of the wire For finite we can see

then that the current distribution could be non-uniform along the width of the conductor

For good conductors under quasistatic conditions the current flow is uniform through the

width of conductors and the flux is therefore non-zero in the volume of conductors The

voltage induced therefore includes both the inner flux

i/
is

and the outer flux

The external flux /ext is identical with the inner flux /i we defined above The

internal flux is given by

5.67

and contains the flux bounded by the inner and outer edges of the conductor The total induc

tance is derived by including both terms This partitioning is convenient once we consider

the frequency variation of inductance As we shall see at high frequencies the current flow

in the volume of conductors decreases due to induced eddy currents and current density

peaks at the surface of conductors Then the internal flux /jflt vanishes and the inductance is

given by the external flux frext The external flux is approximately independent of frequency

whereas the internal flux tends to diminish at increasing frequency

Internal inductance of round wire

Usually if the wire radius is small relative to the loop area L111 Lext We shall see that

at high frequencies the magnetic field decays rapidly in the volume of conductors and thus

the i/r1 and Lf no Lext Consider round wire carrying uniform current We
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Figure 5.13 Flux of ioop inductor The magnetic flux of twisted pair circuit

can easily derive the magnetic field through Amperes Law

Binside 5.68
2na

Using this expression we can find the internal inductance

Wm HdV HdV HdV 5.69

jLt5tI2 LextI2 5.70

The inside term is easily evaluated

pa
Po

Wiflint 2rrdr 5.71
22ra j0

8r

The internal inductance per unit length is thus

5.72
87r

Numerically this is 5OpH/mm pretty small inductance Recall that this is only the induc

tance due to energy stored inside of the wires The external inductance is likely to be much

larger

Inductance for general structure

We are now in position to comment on the inductance of an arbitrary circuit For instance

to increase the inductance of circuit we should increase the flux of the circuit Since

the current is divided out of flux it does not come into play for linear materials where

the magnetic permeability is independent of current Hence the inductance is purely

geometric property of the circuit and we may speak of the inductance in the same way that

we speak of other geometric properties such as the perimeter or surface area of the circuit

Since the inductance is an integral over the surface of the circuit it seems as if circuit

that spans larger area should have higher inductance For instance compare the flux area

of the two loops shown in Fig 5.13 In part we show circuit that spans large area since

the return current flows in wire physically far from the incoming current In Fig 5.1 3b

we keep the return path in close proximity to the incoming current by twisting the wires

together In the limit that the wires are just touching with some insulation in between to

prevent short the inductance is driven to arbitrarily low values
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Figure 5.14 simple ioop inductor with area equal to coil inductor

Twisting the wires together has another benefit besides low inductance The magnetic

pickup from twisted pair is much smaller than two-wire line with the equivalent induc

tance This is because any flux linking with the two-wire line generates an emf whereas in

twisted pair for uniform incoming field the flux tends to cancel out since the wire is

twisted in one section of the wire the flux pickup is positive but in the next it is negative

in this way incoming magnetic fields generate net flux of nearly zero on the twisted pair

Let us compare two circuits with equal surface area but very different values of induc

tance in Fig 5.14a we see traditional coil inductor To help visualize the surface of

integration imagine the portion in the coil as spiraling ramp resembling multi-level

parking lot structure Fig 5.15 For comparison we have also shown large single loop

inductor designed so that the area of the loop is equal to the surface area of the coil The coil

has larger inductance though since the magnetic field at any given point inside the coil has

additive contributions from several adjacent loops Since the surface area of the single

ioop is equal to the surface area of the coil the flux will be larger if the average magnetic

field is larger in the coil Intuitively it seems like this is the case due to the additive nature

of the field from one loop to adjacent ioops

Mutual inductance

The vector nature of the magnetic field leads to an interesting property of magnetic coupling

If the magnetic flux generated by one ioop impinges perpendicularly on another loop it

does not generate an induced voltage and hence the mutual coupling M11 for such

case This principle can be used to isolate structures in circuit where coupling is undesired

The net results of mutual inductance can lead to many interesting effects For instance

loops wound in the opposite orientation add negatively and thus tend to cancel the flux

and lower the induced voltage This is illustrated in Fig 5.16 where we use the right-hand

convention to orient the magnetic fields Clearly loop tends to cancel the self flux of loop

whereas loop adds to the flux of loop

nice application of this concept is the ground-fault interrupt circuit GFI shown in

Fig 5.17 This circuit is designed to detect ground fault condition where an electric
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Figure 5.15 surface bounded by the helix coil inductor

.A

Figure 5.16 Three mutually coupled loops of current The flux of loop adds to the flux of loop

whereas the flux of loop abstracts from

appliance faults by shorting signal line to ground Under normal operation all the cur

rent that enters the appliance should return to ground via the ground line If there is any

imbalance between the signal line current and ground current this signifies that parasitic

path to ground has been established and possibly via conduction current through an unfor

tunate victim say person grounded accidentally touches the high voltage signal line

Under normal operation the voltage on the GFI loop is zero since the flux of the incoming
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5.4 Discussion of inductance 115

GFI Signal

Figure 5.17 Schematic representation of ground-fault interrupt OFI circuit

current is canceled by the ground current If any imbalance occurs net voltage will be

induced at the GFI node and this condition can be detected to quickly shut off power to the

appliance

Magnetic energy perspective

From electromagnetic theory we know that the power stored due to an electromagnetic field

is given by

E2 dV 5.73
2dt

where the integral is over the entire volume space of the problem where the fields are

non-zero In good inductoi the magnetic energy dominates over the electrical energy

or fLT1 B2 EE2 Thus the above parenthetical expression reduces to the total stored

magnetic energy

EL tB2dV 5.74

Using equation EL we derived an alternate expression for inductance

IB2dV 5.75
VL

This viewpoint emphasizes the fact that the voltages induced across an inductor terminal

or around circuit loop are due to the magnetic stored energy Thus an induced voltage

can only sustain itself as long as is non-zero In time periodic circuit the magnetic

energy is continuously pumped as the induced voltage changes sign When dI/dt

energy is supplied to the inductor Alternatively when dI/dt energy returns to the rest

of the circuit Naturally an inductor constructed from materials with zero resistance must

conserve energy
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The inductance computed from the definition of flux must equal the value computed

from the energy of the field This implies that

Lf J-B2dVfB.dS 5.76
v12

Example 10

In this example we compute the partial inductance of two wire transmission line

Assume each wire is round and of radius and the origins of the wires are separated

by distance

From previous examples we already have the necessary tools to compute the external

inductance Since the magnetic field outside of round wire is equivalent to the

field of filament placed at the origin of the wire we can reuse the results from the

previous example for the magnetic field of two filaments For the external inductance

we integrate this expression between the wires excluding the conductors

rda
By 0dx 5.77

Recall that is given by

aIx iilx
782xd2y2 2x d2y2

Substituting for we have the following easy integral

iI
5.79

27r xd
so that the external inductance per unit length is given by

Lilflda 5.80

The above expression grows logarithmically as function of separation To compute

the internal inductance let us first consider an isolated conductor or equivalently take

Then the volume integral of inside the wire is given by

B2dV Br2rdrd6 5.81

where

2j2
Br2

4j24
5.82

Performing the trivial integral there arent too many in this business we have

B2dV 5.83
82r
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and from the energy definition of the inductance the internal inductance per unit

length for the conductor is given by

5.84
8n

This expression is interestingly independent of the radius of the wire So for two

widely separated wires we double the above result for the internal inductance The

exact solution is more complicated but follows in similar fashion

Magnetic vector potential

As we have seen the concept of the magnetic vector potential comes about directly as

consequence of Maxwells equations The magnetic vector is divergenceless

V.BO 5.85

due to the absence of magnetic monopoles Since is an identity for any

vector function it follows that

BVxA 5.86

We call the vector the vector potential in analogy with the electric scalar potential 1i

At first though it seems like the vector is superfluous since it too is vector and not

scalar as in the case of fr Furthermore there is some physical ambiguity in since its

divergence is arbitrary

The utility in defining though is clear when we compare the defining equation for

compared with Under magnetostatic conditions the vector function Ar is given by

Ar ----dV 5.87
Jv 4TR

As before is the distance between the source and field point and the volume of integration

is over all space where

Compare this equation with the Biot-Savart Law shown in Eq 5.65 The vector is in

the direction of the current and no cross products are involved in the computation In fact

if we partition the vector JI into Cartesian coordinates then Eq 5.87

reduces to three scalar integrals identical in form to the calculation of the electric scalar

potential in terms of charge density

The vector potential is related to inductance as follows Substitute into

Maxwells equation VxEVx 5.88
at at

Since the curl operator is associative we have

VxE0 5.89
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dl d113R
Figure 5.18 Two magnetically coupled filamentary loops

and this implies that the curl-free expression in the parentheses similar to the electrostatic

field can be written as the gradient of scalar function

5.90

The sign of the scalar potential is arbitrarily chosen to correspond to the electrostatic case

In other words the electric field at any point in space has two components

5.91

If we integrate the above expression around closed loop the second term is zero and we

are only left with the integral of the first term

VLE.dt--Ad1 5.92

leading to an expression for the inductance in terms of the magnetic vector potential

LfA.d1 5.93

We could have derived the above result directly from Stokes Theorem

fB.dS/VxB.d1 5.94

but the above derivation gives us more physical insight into the magnetic vector potential In

fact Eq 5.91 justifies the name potential Under general circumstances the electric field

is the gradient of the scalar potential and the time derivative of the vector potential Both

operations involve differentiation The time derivative with the vector potential reminds us

that magnetic voltages are only induced under dynamic conditions From Eq 5.91 the SI

units of must be volt seconds per meter s/rn or since the units of can be specified

in Tesla or weber per square meter W/m2 we also have Tesla meter or weber

per meter W/m
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5.5 Partial inductance and return currents 119

Figure 5.19 An integrated circuit wire carries AC current to capacitor load The return current

can flow through an explicit path or through distributed path formed by the substrate and ground

network

5.5 Partial inductance and return currents

Often people speak of the inductance of an open path such as piece of wire or metal

trace in an integrated circuit Quite often you hear about the inductance of bond wire or

lead on package What are they talking about

In fact people are speaking ofpartial inductance In other words consider the inductance

of the integrated circuit trace shown in Fig 19a Imagine that we drive this wire with

voltage source at one end through capacitor load at the other end Where does the return

current come from This depends on how the circuit is laid out For instance separate

trace in parallel to the first can carry the return current back to the source and thus the

inductance is defined by this loop Fig 5.1 9b But often an explicit ground return is not

included and the return current flows through the ground network Since the substrate is

often grounded the return current can also flow partially through the substrate and thus

the inductance is now different since the loop is different Fig 19c In fact with the

ground and substrate we have dilemma since we dont know the exact current distribution

At high frequency we imagine that most of the current will flow close to the surface in the

vicinity of the trace But at low frequencies the current flow is more widespread

Nevertheless people still say that this trace has so and so inductance They are talking

about the inductance of the loop assuming the return current is at infinity In other words

imagine calculating the inductance through the vector potential as follows As suggested by

Fig 5.20 if we integrate Eq 5.93 partially through several open paths then the voltage

induced at the terminals of the ith curve is given by

Edi 5.95
ci

If we ignore the contribution from in Eq 5.91 and only consider the contribution from

the vector potential we then have

_fA.d1 5.96
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LL1
Figure 5.20 Breaking the inductance into partial self and mutual inductance tenns

Due to linearity we can partition into several terms

5.97

where each term represents the contribution of segment to the magnetic vector potential

A1fdr 5.98
4r

The total current flowing into segment can be taken out of the integral as long as

the current distribution is retained in the integral Jr1 kr11 Let us define the partial

mutual inductance between segment and as follows

lviii dl 5.99

so that the voltage around the entire structure is simply given by

M1 5.100

From the above definition we define the partial inductance matrix as the matrix

with elements Given vectors and representing the segment voltages and currents

we extend Eq 5.1

5.101

56 Impedance and quality factor

The circuit concept of impedance can be stated in terms of power

-1--RjX 5.102

Applying Poyntings Theorem to black box we can write this as

PPt2jWrnWe
5103in

Ii2
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5.7 Frequency response of inductors 121

Note that the resistive component has radiation term an ohmic loss term and possibly

dielectric or permeability loss term

5.104

The reactance is positive if Wm We and negative otherwise

2wW We
5.105

The quality factor for black box usually resonator is defined as follows

Peak energy stored
5.106

Energy loss per cycle

The denominator can be reformulated in terms of the average power loss to give

Peak energy stored
5.107

Pt

From Poynting Theorem the net stored energy is given by W7 We so we may be tempted

to write

QWm We iiz
5.108

Pt lZ
But the peak energy is different from the net energy In resonator the energy is

shared between the inductor and capacitor in time-varying fashion The peak energy can

be computed from the capacitor when or from the inductor when vC

Win We WruI Wk wLQw 5.109
Pt Pt Pt wCR

For single one-port element not in resonance we often define the factor as

5.110
lItZ10

We see that this is correct under the assumption that the one-port forms resonant circuit

53 Frequency response of inductors

Skin effect

At low frequencies when the DC resistance of an inductor dominates over the reactance

for example when wL then current flows evenly through the cross section of uni

form material of given conductivity Thus when computing the low-frequency inductance

strictly the DC inductance we have non-zero flux in the volume of conductors and to

The concept of DC may seem meaningless since at DC there is no induction and thus inductance plays no part

However we shall see that inductance is weak function of frequency so that even at moderate frequencies the

DC inductance remains valid
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Jo

LU
Figure 5.21 Non-uniform current flow through conductors at high frequency The shown functional

dependence is an approximation to the edge discontinuity for rectangular conductors

calculate the inductance correctly we have to take this into account At increasing fre

quency the internal current distribution redistributes changing the internal impedance of

conductors Ignoring displacement current the internal impedance is given by

Vies fJ
Z1 dl 5.111

IJccr

The above equation is simply the line integral of the electric field along the path of

resistive material of conductivity At low frequency when I/A is uniform we have

the familiar Ohms Law expression

5.112
caA

At high frequency E0 where E50 is the total vectorial sum field including the applied

and induced fields As we alluded to earlier when discussing the intemal and external

inductance the induced field is stronger along the outer edge of loop which encloses

more flux than the inner loop Since the induced field opposes the applied field as shown

in Fig 5.21 we expect the current density to peak near the inner edge of the conductor

In fact this is exactly what is observed experimentally or by solving Maxwells equations

directly

We shall show that at increasingly high frequencies the non-uniformity of the current

distribution dominates completely and the internal flux is driven to zero Thus the infinite

frequency asymptote for inductance should equal the value obtained by the external flux

L/-f/ 5.113

Note that the DC inductance

LDC
ext iflt

5.114

is larger only by i/i Since for usual geometries 1/ft /li and 1/i1f is decreasing

function of frequency the inductance decreases only slightly with frequency For instance
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Figure 7.22 uncut rio along the surface of seiminfinite plane

if the internal flux only accounts for 5% of the total flux then the high-frequency inductance

will only differ by 5% from the DC value

Surface impedance

In this section we will justify some of the above arguments by solving Maxwells equations

directly For simple analytic solution we have to limit ourselves to an unrealistic one-

dimensional geometry shown in Fig 5.22 but the insight afforded by this simple example

applies in surprising number of more general situations

For semi-infinite plane supporting conductive current we have the following time-

harmonic Maxwell equations

jwE 5.115

The displacement current jwcE is negligible in comparison to the conductive current

This is true for good conductors and in fact useful definition for good conductor Taking

the curl of Maxwells curl equation for an electric field we have

VxVxEjwVxH 5.116

and substituting for the curl of from above while dropping the displacement current

xV xE jwwE 5.117

The above differential equation describes the spacial variation of the components of the

vector For simplicity we assume that is x-directed so that and furthermore

we assume that is uniformly incident on the plane Simplifying the above equation we

are led to the following scalar differential equation

8Ex jwiaE 5.118

ADVANCED MICRO DEVICES, INC. 
 

     IPR2023-00788 Ex. 1010, p. 135 of 148



124 nductance

.-.-

Figure 5.23 the decay of elcetne eId uto the cteph ala semiinfinite plane conductor

We assume uniform wave incident on the plane and thus 8E/8y for By the

symmetry of the plane we can extend this condition to the interior of the plane and we are

thus faced with the following simple first-order equation

d2

5.119
dz

The above equation is readily solved by substituting the trial solution F0 expax

ct2E jwE 5.120

And thus

jwa 5.121

Since the fields must be finite as no we keep the positive root Working with polar

coordinates verify that the first term simplifies to /7 j/J Let us define the

constant

5.122
wJ.La

With this definition we have the following form for the electric field inside the material at

depthz

Ez E0ee 5.123

We call the penetration depth parameter or more commonly the skin depth The motivation

for this is clear since has units of length and represents the decay rate of the field into

the conductor This is illustrated in Fig 5.23 Since oE it is easy to see that the current

density decays in similar manner to the electric field It can be shown that the magnetic

field also diminishes exponentially
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Table 5.1 The conductivity and penetration depth of various conductors at

room temperature

Skin Depth Cu

Material Conductivity S/rn 100 MHz GHz 10 GHz

Copper 5.80 io 6.6 2.1 0.66

Aluminum 3.72 l0 8.2 2.6 0.82

Gold 4.44 10 7.6 2.4 0.76

Silver 617 iO 6.4 2.0 0.64

Brass 1.57 10 12.7 4.0 1.27

For static fields it is easy to show that inside perfect conductors Now we see more

generally that AC fields decay to zero in good conductors The rate of decay is quite rapid

since is large for good conductors In Table 5.1 we quantify for typical materials and

some typical frequencies For instance for Cu at GHz the skin depth is only 2.1 js For

this reason is also called the skin depth since current flows along the outer skin of good

conductors

It is interesting to note that the phase term in Eq 5.123 causes the electric field to flip

direction inside the material at depth thus causing the current to travel backwards

What causes this funny behavior It is the magnetically induced currents To observe this

note that time-varying conduction current creates time-varying magnetic field which

in turn induces time-varying current opposing the original current In the steady state

therefore the current distribution takes on the form we have described

It is reasonable to assume that the above solution can be applied to the interior of

finite rectangular conductor of width and thickness as long as the thickness is much

greater than the skin depth We do not expect the solution to apply to the edges of the

rectangular conductor and in fact we shall later see that the field behavior at the edges is

complicated round conductor of large radius compared with the skin depth should

also have approximately the same field distribution and due to the absence of the edge

discontinuity the results should be even more applicable In the next section we shall have

occasion to make this comparison quantitative

Since the current distribution is non-uniform we employ Eq 5.111 to obtain the internal

impedance of the rectangular conductor For the path of integration we take the path along

the surface at where

zint dx 5.124

so the internal impedance per unit length or the surface impedance is given by

5.125

The total current is given by integrating along the depth of the conductor

p0

Jzdz WaE W3aE/l 5.126
icc JO
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To

Figure 524 round wire of infinite length has cylindrical symmetry

Substituting in Eq 5.125 we have

jR5 5.127
0-3

Does the above equation look familiar The real part looks like the sheet resistance Q/ of

material of conductivity and thickness In other words at frequency our rectangular

slab appears the same as slab at zero frequency with uniform current flowing through

thickness Thus the resistance of the slab increases as function of frequency since

We can also observe from the imaginary part of Z3 that the internal inductance

decreases at high frequency since the magnetic strength is reduced in the volume of the

conductor

Impedance of round wires

For long round wire the current is invariant with and the angled as shown in Fig 5.24

Therefore the Helmholtz equation simplifies

V2J jwaaJ 5.128

82JZ lOJ
5.129

0r rBr

Two linearity independent solutions are the Bessel function and the Hankel function of the

first kind

AJovr BHrr 5.130

Since the Hankel function has singularity at it cannot be solution Normalizing

to the current at the surface of the wire

Jorr 5.131
Jorro

plot of the current density in the wire is shown in Fig 5.25 In the plot Cu

wire with mm diameter is used Note that at low frequencies the current is essentially
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O.2

fOHzllll
wire center r/ro

Figure 5.25 The current density inside of round wire as function of the radius The origin represents

the center of the wire The current is uniform at low frequency but concentrated at the skin at high

frequency

uniform At high frequency though the current decays exponentially as we penetrate the

conductor

In the limit that the radius is large or equivalently ro/8 then the wire should behave

like our plane conductor In fact

5.132

The impedance of round wire can be computed by noting that only and JI are present

Furthermore we have

Hd1I27rr0H 5.133

By jwiH it is easy to show that

5.134
jwr 8r

Using Jr/a E0J0vr/Jorro the magnetic field is given by

Eor Jrr
5.135

jwp Jovro

Recall that .Jx .Jix Solving for the current

2r0aE0 J1vro
136

Jorro

Finally we can write the internal impedance of the wire

Ero rJorro
137

27rroa.J1tro
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The above expression involves the Bessel function and its derivative of complex argument

While these functions have been amply tabulated any modern computation environment

such as ma tiab or ma thema ti ca can be used to evaluate the above expression

In the low-frequency limit the internal impedance of the wire reduces to

fro\21Zu-I1 Ijw 5.138
nr0crL 48 6ij 8r

The real part corresponds to correction to the DC resistance of the wire per unit length

The imaginary term corresponds exactly to the static internal inductance of the wire As

expected the high-frequency limit matches the analysis for the semi-infinite plane

jR
5.139

2rr0

This is because at high frequency the perimeter of the conductor is much larger than the

penetration depth and thus the plane conductor analysis becomes valid

Approximate impedance of rectangular wires

The resistance of rectangular wire as function of frequency can be obtained numerically

and fitted to the following equation

o.o41
0.0035 118 5.140

wherex ./2fawt 2.5 and for 2.5

f--
0.0122x0014 5.14

awt

The above expression has an accuracy between 3% and 5% in the range of wIt 12 and

20 It is interesting to compare the above result with the surface impedance calculation

to see how much the edge effects alter the resistance

Lossless inductors

The above discussion only applies to materials with finite conductivity For lossless materi

als the fields diminish in the volume of conductors and an infinitely dense current flows on

the surface of conductors The tangential electric field is zero inside and just outside of the

conductors The tangential magnetic field I-Is is also zero inside of the volume of conductors

but has jump discontinuity equal to the surface current density just outside the space

of conductors

5.142

Thus the flux is independent of frequency and we do not expect the same variation in

inductance due to the skin effect On the other hand the effective inductance will vary due

to capacitive effects
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Xf

Xf

____
Figure 5.26 The reactance of lossy passive device as function of frequency The reactance

of lossless passive device as function of frequency

Consider the complex power flowing into black box shown in Fig 5.9 If we integrate

the Poynting vector across surface enclosing the black box

11 dS P1 2jw Wm We 5.143

From electromagnetic theory we have written the imaginary part ofthe above expression

as the difference between the magnetic and electric stored energy The reactance of the black

box is thus related to the energy stored as follows

4WWm We
5.144

11

For an inductor Wm and ideally Wm We so that the reactance of an inductor is

positive Furthermore it can be shown that

dX4WmWe
5145

do 11

Please note that the above result is not simple derivative ofEq 5.144 notice the change

in sign This shows that the derivative of the reactance is positive This is surprising result

since it says that lossless inductor cannot have frequency-dependent profile such as shown

in Fig .26a but it must resemble Fig .26b In other words the reactance of an inductor

is positive and always increasing as function of frequency The inductance as function

of frequency

Lco 5.146

has slope

5.147
dw wdw

ADVANCED MICRO DEVICES, INC. 
 

     IPR2023-00788 Ex. 1010, p. 141 of 148



130 Inductance

Notice that every term in the above equation is positive for cv From circuit theory at

low frequencies we expect

dX
5.148

dcv cv

so that dL /dcv implying constant inductance If the slope of the reactance is ever

smaller than the reactance divided by frequency the inductance will have negative slope

But comparing Eq 5.144 to Eq 5.145 it is clear that so that

5.149
dcv

It is important to qualify the above result First we have assumed lossless materials in

the construction of the inductor Second we have defined inductance by 5.146 Earlier

we defined the inductance in terms of the magnetic energy alone We should really call

this the effective inductance since at high frequencies it will contain both magnetic and

electrical energy It is nevertheless interesting to notice that the effective inductance has

positive slope as function of frequency somewhat counterintuitively This result though

is consistent with circuit theory If we calculate the effective inductance of an LC tank

circuit we have

Leff 1LCcv2
5.150

and for cv cv0 //T the inductance is positive and increasing As cv cv0 the effec

tive inductance takes on arbitrarily high values

5.8 Quality factor of inductors

Using the fundamental definition of the factor as the ratio of energy storage to energy

loss in practical inductor over cycle of excitation

energy stored
5.151

energy loss

For physical inductor that has resistance at frequency cv in one cycle the inductor

dissipates

Ej05 III2RT I2R_ 5.152
cv

Similarly the energy stored in an inductor is

Estored lI2cvL2JT 5.153

and thus

cvL
5.154

ADVANCED MICRO DEVICES, INC. 
 

     IPR2023-00788 Ex. 1010, p. 142 of 148



5.8 Quality factor of inductors 131

The quality factor of inductors is important in many applications For instance resonant

tank exchanges energy between the magnetic and electric fields every cycle If fraction

of the stored energy is lost every cycle then the system can sustain itself for about

cycles This determines for instance the power that must be replenished to the tank to

sustain oscillations While active devices such as transistors can be used to do this these

devices always add undesirable noise to the system

To improve an inductor therefore we must minimize the various J055 mechanisms asso

ciated with the inductor

Inductor loss mechanisms

Conductive losses

At low frequencies the resistance of an inductor is simply related to the DC resistance of

the windings that make up the inductor Since the resistance is an increasing function of

temperature the on-chip temperature should be estimated in determining the losses

Internally induced losses

At high frequencies the effective resistance of an inductor is complicated by non-uniform

current distribution in the interior of conductors We have already seen that the skin effect

tends to decrease the cross-sectional area of the device and thus we expect resistance

increase proportional to j7 due to this effect alone

The physical asymmetry in the geometry of the structure will only exacerbate this For

instance we observed that in loop inductor the current tends to crowd to the inner radius

of the conductor

Externally induced losses

The proximity of nearby conductors also influences loss in an inductor Due to the time-

varying flux eddy currents are induced to flow in conductors As shown in Fig 5.27 the

effective resistance of these eddy current loops appears in series with the inductor If we

assume that the magnetic field of the induced currents interacts weakly with the magnetic

field of the inductor then we can neglect the change in inductance due to these currents

and calculate the eddy currents directly as jwA where is determined by the inductor

currents alone Otherwise we must compute by including the inductor current as well as

the induced currents and this is complicated situation

Magnetization losses

Hitherto we have implicitly assumed that the material properties are linear isotropic and

real For most non-magnetic or weakly magnetic materials these are good assumptions

For magnetic materials though the magnetic permeability is non-linear and frequency

dependent and dissipative The exact physical cause ofthis is beyond the scope ofthis chapter
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_%

Figure 5.27 Model for eddy current losses as effective series losses

and requires analysis of the quantum mechanics and thermodynamics of the constituent

atoms We can sweep such details under the rug and assume that .t ju is complex

frequency-dependent quantity due to losses The factor is thus bounded by is/js due to

the lossy part of the volume integral of over all space

Displacement current losses

Inevitably every real inductor stores some electric energy We have up to now neglected

the small displacement current Jd jwE that flows in the volume of the problem space
If the material in question is lossy then the permittivity has an imaginary component

as well Physically the electrically induced polarization in the material drains

energy from the field and thus acts like loss mechanism The ratio of the imaginary part

of the permittivity to the real part is known as the loss tangent

tan8 --
5.155

and this is specified for various materials at various frequencies We will defer detailed

discussion of the loss tangent For now we will merely point out that the loss tangent acts

as an additional loss mechanism when an inductor stores electric energy in addition to

magnetic energy

Radiative losses

For inductors that are large relative to the wavelength c/f additional losses can occur

For instance consider breaking the inductor into many small sections and employing the

partial inductance concept the induced field at segment due to current in segment is

simply jwA When segments and are in close proximity the vector is purely real

and so the induced field only stores energy For points far removed though there is
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5.9 nductors and switching circuits 133

propagation delay between these two points which adds an additional phase to when

evaluated at segment This additional phase delay causes the induced fields to have real

component which appears as additional resistance Physically energy is lost to radiation

an electromagnetic wave which travels into space

Overall quality factor due to multiple loss mechanisms

Consider the basic definition of the factor as the ratio of energy storage to energy loss

If we expand the various loss mechanisms we have

WOe Wstored

5.156
WIOSS WIos.l W1052

Taking the reciprocal of the above we have

Wi0i Wioss2 ..
5.157

Wstored Qi Q2

And thus the overall can be computed as the parallel combination of the individual Qs
The overall factor is therefore limited by the smallest factor and is always less than this

quantity As expected when one loss mechanism dominates the factor is approximately

determined by this loss term For instance for an inductor constructed over an insulating

substrate such as GaAs the displacement current losses may be orders of magnitude smaller

than the ohmic losses and can be safely neglected This is in stark contrast to Si where the

conductive substrate contributes significantly to the loss at high frequency

59 nductors and swFtching drcuits

Ideal inductors are DC shorts With the absence of resistive loss the voltage drop along the

path of an inductor is equal to the time rate of change of flux or

d/i dl
VLt

-i--

which is zero for static fields More interesting though is that this implies that the average

voltage across an inductor is almost always zero To see this consider the Laplace Transform

of the voltage The average value can be obtained by taking the limit as Assuming

the Laplace Transform of the current does not have any zeros we have

VLS limILsL 5.158
sO

similar conclusion applies for period excitation if we replace jw Thus the aver

age voltage across an inductor is zero Therefore for most periodic waveforms across an

inductor the average value of the steady-state voltage inductor must be zero

As an application of this concept consider Fig .28a where an inductor terminal is

periodically shorted to ground by an ideal switch with duty cycle of say 50% What is the

steady-state voltage at node v1 as function of time For 50% of the period the voltage v1

is zero due to the ideal switch applying the full rail voltage across the inductor terminals
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V1

_____ VDD____ VDD
VDD

switching
___

waveform _L

on closed V1

VDDVDD
off

open IV

k8.T-

or

Figure 5.28 Simple LR circuit switching circuit Approximate voltage waveforms at node v1

for the case of top andt bottom where L/R is the characteristic time constant of

the circuit

In order to maintain an average value of zero then the voltage v1 must increase to at least

voltage of Vdd for the remaining off cycle voltage above the supply In fact if we

assume that the inductor is sufficiently large such that L/R then we will observe

steady-state voltage waveform similar to the top plot of Fig 5.28b In this case the energy

stored in the inductor is sufficiently large that the energy drain during the off-period does

not significantly reduce the magnetic energy of the inductor Stated differently the inductor

is able to maintain constant current

On the other hand if the inductor is small such that L/R then the magnetic

energy in the inductor will exponentially drain and the steady-state voltage waveform will

resemble the bottom graph of Fig 5.28b

Since the output voltage is larger than the supply voltage this simple circuit principle can

be used to build voltage multiplier In fact as the duty cycle of the on period is increased

the voltage during the off-period has to take on correspondingly larger values to sustain

zero average voltage By using feedback we can generate constant voltage by regulating

the duty cycle of the waveform to maintain constant DC voltage over the changing loads

While at DC inductors are shorts at AC they in fact look like bad current sources

Just as capacitors at high frequency look like bad voltage sources inductors have the dual

behavior constant current drawn from an inductor produces no voltage drop Inductors

present increasingly more reactance to any attempts at changing the current In many high

frequency circuits this behavior is exploited and large inductors or RF chokes are employed

to deliver bias currents without disturbing the high-frequency behavior of circuits
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5.10 Preview how inductors mutate into capacitors 135

Figure 5.29 The capacitive coupling in simple loop inductor

____
____

____

Figure 5.30 The capacitive coupling in coil inductor

51O Preview how inductors mutate into capadtors

In Section 57 we observed that structure appears inductive as long as the stored magnetic

energy dominates over the electrically stored energy Wm We Consider the loop inductor

shown in Fig 5.29 Schematically we have shown two paths between the terminals

conductive path and displacement path The displacement path occurs by the time-varying

electric field between the conductors This electric field only exists if there is net charge

buildup on the two plates of the capacitors It is important to observe that the actual

displacement and conductive current paths are distributed and occur side by side Thus our

structure is really both an inductor and capacitor In Fig 5.30 we have shown common

coil inductor and some representative capacitive elements that couple energy electrically

from turn to turn of the inductor While the coupling between adjacent turns is shown every

turn couples to every other turn in the coil

Define the inductance per unit length as and the capacitance per unit length as At

low frequencies the loop presents low impedance since coL is small whereas l/coC
is large and thus the bulk of the current flows through the loop Overall the behavior

appears as inductive At high frequencies though the inductive reactance is increasing

whereas the capacitive reactance is decreasing so that there will be frequency point when

l/coC wL At this point we may guess that the structure will no longer behave as an

inductor and will in fact mutate into capacitor While the overall conclusion is correct the

frequency when this occurs is predicted incorrectly due to distributed effects
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6xL

ToxC

Figure 5.31 distributed LC line

But at what frequency does the structure resonate At resonance the energy stored in the

magnetic field is equal to the energy stored in the electric field The answer to the question

comes from distributed analysis of the structure For instance the loop inductor of Fig 5.31

can be analyzed with transmission line theory Chapter The structure shown can be

modeled as shorted transmission line Defining the inductance per unit length and the

capacitance per unit length the impedance of shorted transmission line is

jZotanwi/c 5.159

where is the length of the line is the propagation velocity and Z0 is

the characteristic impedance of the line Thus the impedance of the line is inductive until

wi/c r/2 But the tangent function is periodic and thus there are an infinite number of

frequency ranges where the above device appears inductive In terms of the inductance and

capacitance per unit length the circuit resonates at frequency if

n- /3 wJiJël w/E 5.160

for an integer Solving for

n/ 5.161

The above result contradicts circuit theory Circuit theory predicts single resonant fre

quency at frequency 2/r lower than distributed analysis This is not surprising since

circuit theory neglects any spacial variation in the fields We shall return to this subject in

Chapter 11 Since any physical inductor stores some parasitic capacitive energy no matter

how small there is frequency limit to the inductive behavior

5.11 References

The ideas for this chapter come from working in the field for many years and so it is hard to

trace the material back to the source know many of the ideas were inspired by Feynmans

Lectures and careful reading of Fields and Waves in Communication Electronics

In fact the idea of writing this book is partly result of reading Chapter of this book

and wanting to turn the chapter into an entire book
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