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17. Error-Control Coding Techniques and Applications 903

as the study of FEC design for optical communication has yet to mature.
The accompanying flowchart provides an overview of the chapter and indi-
cates the linkage between different sections. The reader wishing to obtain a
quick overview of the topic of FEC for the fiber-optic channel can get by with
just reading Sections 17.1 and 17.11. Sections 17.2 through 17.10 discuss the
 principles underlying the various FEC codes of interest.
Section 17.1.2 discusses how imperfections in the fiber-optic channel distort
. the transmitted signal. The role of FEC in overcoming some of these impair-
ments is discussed in Section 17.1.3. The coding gain of an FEC code is a
quantitative measure of the energy savings resulting from use of the code. The
final section, Section 17.11, discusses the various FEC codes used or proposed
for use on the optical channel, as well as the coding gains provided by these
codes. Bounds on the maximum achievable coding gain are also provided here.
Sections 17.2 through 17.10 present the principles of error correction and
provide background material on most of the FEC codes used or proposed for
use for optical fiber communication. General binary error correcting codes
are introduced in Section 17.2 followed in Section 17.3 by a discussion of a
commonly used class of binary codes, namely, cyclic codes. The codes most
often proposed for optical channel error correction are a class of nenbinary
codes known as Reed-Solomon (RS) codes, and these codes are introduced in
Section 17.5. RS codes are best described in the language of finite fields and
Section 17.4 provides the relevant background. It is possible to combine a pair
of codes to yield a third code through a process known as concatenation. In the
typical construction of concatenated codes, one of the two constituent codes
is a RS code. Concatenated codes are described in the latter part of Section
17.5. The largest and most well-known family of binary cyclic codes is the
family of Bose, Ray-Chaudhuri, and Hocquenghem (BCH) codes. As with RS
codes, the most natural description of these codes is in terms of finite fields,
and Section 17.6 contains such a description. Product codes, like concatenated
codes, are also constructed by combining a pair of codes. The product codes
that appear in the optical communication literature are constructed from a
pair of BCH codes. The discussion on product codes appears in Section 17.6.
The input to the optical fiber communication channel may be regarded as
being binary, as the most common modulation scheme employed is on-off key-
“ing (OOK). It is convenient to break up the optical receiver into two blocks.
The first block can either be a symbol estimator or else, a symbol detector.
The symbol estimator puts out a positive real number ¥ whose magnitude
reflects the likelihood of a pulse having been transmitted at that time instant.
The symbol detector consists of the symbol estimator described above fol-
lowed by a threshold circuit that outputs one or zero depending upon whether
the output of the symbol estimator exceeds or does not exceed an appropri-
ate threshold. The choice of symbol estimator or symbol detector depends
" upon the type of FEC decoder used. A hard-decision decoder [44] is capable
only of processing {0, 1} inputs and therefore must be preceded by a symbol
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detector. FEC decoders that are capable of processing the output of the sym-
bol estimator without first quantizing this output to two levels, are called
soft-decision decoders. Whereas most binary codes discussed in the litera-
ture possess a hard-decision decoding algorithm of reasonable complexity, the
class of codes possessing a low-complexity, soft-decision decoding algorithm
is much smaller. Hard-decision decoding is typically simpler to implement,
but can result in an energy penalty on the order of one or two decibels (dB).
Most decoders used or proposed for use on the optical fiber channel are hard-
decision decoders, although recently, soft-decision decoders have begun to
attract attention, see [1] for instance.

The three classes of codes discussed in Sections 17.7, 17.9, and 17.10,
namely convolutional, turbo and low-density parity-check (LDPC) codes
possess an efficient, low-complexity, soft-decision decoding algorithm. The
low-complexity decoding algorithm comes about because these codes have
a graphical representation that can be exploited by a decoder. Section 17.8
explains how one can obtain a graphical representation for these classes of
codes and also shows how this representation leads to an efficient soft-decision
decoding algorithm. The material presented in Sections 17.8-17.10 is of recent
origin and is taken mostly from journal articles.

17.1.2 SIGNAL IMPAIRMENTS INTRODUCED BY
THE OPTICAL CHANNEL

There are several causes for degradation of the optical signal as it progresses
from transmitter to receiver. The three principal phenomena that affect the
optical signal are attenuation, dispersion, and distortion due to noise [20].

Attenuation

J

Attenuation is the loss of optical energy, measured in dB/km, as the signal
travels from transmitter to receiver.

Dispersion

Dispersion refers to the spreading of the optical signal in time during its passage
down the fiber. There are two principal causes of dispersion in a single-mode
fiber. Chromatic dispersion is pulse spreading caused by variation of the propa-
gation constant of the electromagnetic light wave as a function of wavelength,
The amount of dispersion increases linearly with distance and varies with
wavelength. The dispersion is typically around 17 ps/km/nm at a wavelength
of 1550 nm for conventional single-mode fibers, but is much lower (onthe order
of 2-6 ps/lkm/nm) in the case of recently installed non-zero-dispersion-shifted
fibers. This dispersion can vary with time.



17. Exrror-Contrel Coding Techniques and Applications 905

The second principal type of dispersion is polarization-mode dispersion
(PMD) that arises because even in single-mode fibers, there are two modes
of propagation distinguished by their polarization. The two modes travel with
different group velocities because of fiber birefringence resulting once again,
in pulse spreading. The amount of spreading in a commercial fiber varies as
the square root of the length of the fiber. PMD also varies with time and
wavelength.

A third cause of dispersion, intermodal dispersion, occurs only in multimode
fibers. This is caused by the fact that the different modes of propagation are
associated with different propagation constants. Multimode fibers are gen-
erally used to span short distances, such as those deployed in a local area
network.

Dispersion of any of the types discussed above leads to inter-symbol
interference (ISI), i.e., causes the channel output to depend not just on the
corresponding input pulse, but also on adjacent pulses as well.

Noise

There are three principal sources of noise on an optical channel [18, 20]. Shot
noise is the quantum noise due to the fact that the received signal at the output
of a photodetector is a series of electrons with the number of electrons in a
symbol interval having a Poisson distribution even when the incident light is
of uniform intensity. Thermal noise is produced at the receiver and is typically
modeled as an additive white Gaussian noise (AWGN). The third source of
noise is amplified spontaneous emission (ASE) noise, which is generated when
the signal is amplified using an optical amplifier. ASE noise can be modeled
as being additive and Gaussian.

The most common form of detection is direct detection. Here, the incoming
optical signal is converted to an electrical current proportional to the power of
the incoming signal. In the absence of an optical amplifier, the major source
of noise in a direct detection system is thermal noise. In the presence of an
optical amplifier, the dominant source of noise is ASE [47].

In the case of coherent detection, the received signal is added to a local
oscillator signal and the two signals are then converted to an electrical signal
at a microwave frequency by a photodiode. This conversion makes it possible
to process the converted signal using the array of signal-processing techniques
developed for the microwave channel. However, coherent detection is harder
to implement in practice and is not commonly employed.

The signal-to-noise-ratio (SNR) is the ratio of the average energy of the
signal component of the input to the optical receiver to that of the noise
present in the optical link. A precise definition of SNR appears in 17.11. The
SNR has a direct relationship to the bit error rate (BER), with higher SNR
leading to lower BER.
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Other Sources of Distortion

There are several other sources of signal distortion. Chirping, self-phase
modulation (SPM), stimulated Brillouin and Raman scattering are due to
nonlinearities in the transmitting laser and fiber. A commonly-used technique
to increase the rate of information transfer across an optical fiber is to use
wavelength-division multiplexing (WDM). In WDM systems, fiber nonlineari-
ties can give rise to additional sources of signal distortion known as cross-phase
modulation and four-wave mixing.

17.1.3 THE ROLE OF FEC IN OPTICAL FIBER
COMMUNICATION

There has been a recent upsurge in interest in using FEC [1, 17, 39, 46, 49]
for communication over WDM fiber-optic channels. Forward error correcting
codes tag extra redundant symbols to the message that can be exploited by the
receiver to correct errors introduced by the optical channel. At the present time,
FEC codes are designed and chosen primarily based on their ability to combat
the additive ASE noise present on the WDM opticallink. Although these codes
can overcome to some extent the other sources of signal distortion discussed
above, it is desirable that alternative means be used to combat these. For
instance, equalization, either in the optical or electronic domain is an effective
means of dispersion compensation. Equalization is discussed in greater detail’
elsewhere in this book.

In current optical WDM networks, bit error rates in the region 10712 to
10715 [17] are desirable, so when we speak of reliable communication, we will
mean communication with BER in this region. The bit-rate distance product,
i.e., the product of the length of fiber over which reliable transmission can be
achieved times the data rate guaranteed on that length of fiber is an effective
means of judging the impact of a technological innovation on the optical
communication capability. . -

The error correction capability of an FEC code enables reliable commu-
nication at reduced energy levels, i.e., at reduced values of SNR. This SNR
margin can be spent to improve the bit-rate distance product, for example
by allowing the signal to reliably traverse a longer distance. Alternately, the
SNR margin can be used to operate at a lower power level, thereby reducing
nonlinear effects. '

As mentioned previously, the coding gain of an FEC code is a quantitative
measure of the savings in energy afforded by the code. A detailed discussion of
coding gain appears in Section 17.11. The coding gains of some specific codes
appear in this section, together with a discussion on the maximum-achievable
coding gain. ‘

We end with a few words on channel models. Consider an optical communi-
cation system in which the modulation is OOK and in which the first block in
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lp

Fig. 17.1 The binary symmetric channel model.

the receiver is a symbol detector. The combination of optical fiber communica-
tion channel, and symbol detector effectively present to the hard-decision FEC
decoder, a binary-input, binary-output channel (Fig. 17.1). It turns out that
there is reasonable justification for assuming that the transition probabilities
0 — 1, 1 — 0 of this binary channel are equal. This topic is treated in greater
detail in 17.11. As a result, the FEC decoder sees a symmetric binary-input
binary-output channel known as the binary symmetric channel (BSC).

The next nine subsections are devoted to a discussion of the principles of
error correction. Many of the codes discussed in these sections are designed
to combat errors on the BSC.

17.2 Binary Codes in General

An excellent introduction to error correcting codes may be found in numerous
textbooks [4, 6,9, 24, 26,31,36,41,44]. A block code of length n is simply any
subset of the set I} of all binary n-tuples. Here we use 5 to denote the set {0, 1}.
The elements of a code are called codewords. Each codeword is associated with
a unique message. The size of a block code equals the number of codewords
contained within the code. An example code is presented in Table 17.1.

To explain how the code accomplishes error correction we introduce the
concept of Hamming weight and Hamming distance. The Hamming weight,
wi(@) of a codeword g is the number of I’s in the n-tuple a. The weight
distribution {4,,]0 <w < n} of a code lists the number, 4,, of codewords .of

Table 17.1 An Example Code

Codeword Hamming Weight

(00000) 0
(01110) 3
(10101) 3
(11011) 4
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Hamming weight w. Thus our example code has the weight distribution shown
in Table 17.2. »

The Hamming distance, du(a, b), between two n-tuples g and b is the number
of symbols in which the two codewords differ. Table 17.3 lists the Hamming
distances between all pairs of codewords in our length five code.

Given a received vector r, a decoding algorithm known as the minimum
distance algorithm attempts to find the codeword ¢ closest in Hamming distance
to r (see Fig. 17.2) This can be shown to be the optimal decoding algorithm
from the point of view of minimizing the probability of incorrectly decoding
a codeword when the channel is given to be the BSC.

Table 17.2 Hamming Weight Distribution
of the Example Code

Weight w 0 1 2 3 4 5
4, 1 0 0 2 1 0

Table 17.3 Hamming Distance '
Distribution of the Example Code

Codewords 00000 01116 10101 11011

00000 0 3 3 4
01110 3 0 4 3
10101 3 4 0 3
11011 4 3 3 0

a codeword

an arbitrary n-tuple

Fig. 17.2  Decoding of a binary code of length n. To decode a received n-tuple, one
identifies the nearest codeword. This partitions the space I} into regions as shown.
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The minimum distance, dmin, of a code is the smallest Hamming distance
between a pair of distinct codewords within the code. Thus the minimum
distance of our length five code equals 3. Whereas the exact error correc-
tion capability of a code depends generally upon the distance distribution
between pairs of codewords, an estimate of this error correction capability can
be obtained from knowledge of dmi, as discussed below.

A code is said to be £, error correcting and ¢, error detecting, tg > f,, if the
code can correct any error patterns that contain <#. errors, and in addition, is
able to detect any pattern of ¢ errors, £, < ¢ < f4. For brevity we will refer to
a t, error correcting, #; error detecting, tz > f, code as a (%, t7)-code. It turns
out that a code having minimum distance diy;, can be a (t,, tg)-code if and only
if dyin > 1. + 4 + 1. The decoding algorithm that makes this possible is called
the bounded-distance decoding algorithm and runs as follows:

Given a received vector r the decoder searches to see if a codeword is present
within Hamming distance ¢, of the received vector. If this is the case, then the
decoder declares that codeword to be the decoded codeword. If this is not the
case, the decoder declares an uncorrectable error.

We explain why the decoding algorithm works. The Hamming distance
function satisfies the triangle inequality which states that

for any three binary n-tuples x,y,z. The triangle inequality together with the
condition dpin > . + 17 + 1 can be used to show that the balls

Ble,t)) = {n-tuplesx | di(x,0) <1}, (17.2)

of radius ¢, centered around any codeword ¢ are disjoint, i.e., if ¢;, ¢, are
distinct codewords,

B(glatC) nB(QZa tC) = ¢’ (173)

where ¢ denotes the empty set (see Fig. 17.3).

This explains how the code is able to recover if the number of exrorsis <t,. If
the number of errors 7 lies in the range ¢, < ¢ < ty, then the received vector will
not belong to any of the balls of radius 7 centered around codewords and the
decoder will declare an uncorrectable error. Finally, when ¢ > 44, it is possible
for the received vector 7 to lie in the ball of radius . surrounding a different
codeword from that transmitted causing the decoder to decode incorrectly.

When a block code is used purely for the purpose of error correction, we
have ¢, = tz, so the requirement on dniy changes to dmin > 2t + 1. Given a
block code of length # and minimum distance dmin satisfying dmin = 2t + 1,
the probability Peye of incorrectly decoding a codeword using the minimum
distance decoding algorithm, over a BSC having crossover probability p, can
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~da

Fig. 17.3 . Minimum distance dy;, of the code causes balls of radius #, centered around
distinet codewords to be disjointed.

be upper bounded by

P < 1-2 ()0 (174

i=0

If the code is decoded using a bounded-distance decoding algorithm, then the
right hand side of (17.4) gives the exact probability of decoding error.

17.3 Linear Binary Codes

Virtually all of the block codes commonly encountered in practice belong to
the family of linear codes.

Modulo 2 Arithmetic

By modulo 2 arithmetic on the set {0, 1}, we mean addition and multiplication
according to

0+40=0 041=140=1 14+1=0, (17.5)
0-0=0 0-1=1-0=0 1-1=1. (17.6)

The set IF, = {0, 1} together with these operations forms an algebraic structure
known as a field. A formal definition of field appears in the section on finite
fields. Other more familiar examples of fields include R, the set of all real
numbers under the usual addition and multiplication rules, and C, the set of
all complex numbers under complex addition and multiplication.

The set I} = {0, 1}" of all binary n-tuples can be regarded as a vector space
over the field IF,. In this vector space, to add two vectors, g, b € I3, one simply
adds them component by component using modulo 2 addition. For example,

(011011) 4 (110111) == (101100). 17.7
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Scalar multiplication is defined in the obvious way,
l-a=a, 0-a=0=(0,0,...,0). (17.8)

Linear Block Codes

In the language of vector spaces, a linear block code C of length » is simply
a subspace of IF}. It turns out that a necessary and sufficient condition for a
subset S of I, to be a subspace is that

a+beS whenever g;b€S. (17.9)

Our example code is linear. For instance, (01110), (10101) € € and so is the
modulo 2 sum (01110) + (10101) = (11011).

In the case of linear codes, it is customary to speak of the dimension of
a code in place of its size. An [», k] linear code C denotes a code C that is a
subspace of I} of dimension k. If C is an [, k] code, then there exist codewords
{50’ g8, 1} that form a basis for the code considered as a vector space

over.IF,. Then every codeword ¢ € C has a unique expression of the form
c = mig, m; € IFy. ' (17.10)

From this it follows that an [n, %] linear code contains 2* codewords and
each codeword therefore represents one of 2¢ possible messages. The coef-
ficients {mq, m1, ..., my.1} are regarded as message bits. Equation (17.10) can
be rewritten in matrix form as

g

T
e’ =(cocr . ene1) =mTG = [momy . ..my—y] | = . 17.11)

T
g—k—l

The (k x n) matrix G is called a generator matrix of the code C. Generator
matrices, in general, are not unique.

Example 1

Our example code of length S has a generator matrix:
1 01 01
G = [ 01110 } 4 (17.12)

and is clearly a [5, 2] code.
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Example 2

Consider the [7, 1] code having generator matrix:
G =[1111111]. (17.13)

Here each codeword consists of seven repetitions of a single message symbol,
and for this reason such a code is commonly called a repetition code.

Example 3

Our final example is the [7,4] code having generator matrix:

G = (17.14)

O = OO
_—_0 OO

1 1 0
1 01
0 1 1
111

OO == O

1
0
0
0

This code is capable of correcting a single error and is an example of a family
of codes known as Hamming codes. '

Minimum Distance

The third important parameter of a linear code is the minimum distance, dpin.
The Hamming distance dy (g, b) between two binary n-tuples g, b equals the
Hamming weight of their modulo 2 difference, i.e.,

dh (a,5) = wala - b). (17.15)

1t follows that the minimum distance of a linear code € equals the minimum
Hamming weight of a nonzero codeword in C. Using this observation, it can
be determined that the minimum distances of our example codes are as given
in Table 17.4. Also shown in Table 17.4 are the (i, #;) pairs for which the
respective code can function as a f, error correcting, ¢y error detecting code.
When it is desired to include the minimum distance dpi, in the description of
a linear code C of length n and dimension k, we will refer to the code as an
[, k, dmin] code.

Table 17.4 Parameters of the Example Codes

Code Amin Possible (t., t;) Pair
Length 5 3 0,2),(1,1)
Repetition 7 0,6),(1,5),2,4),(3,3)

Hamming 3 0,2),(1,1)
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Parity Check Matrix

The parity check (PC) matrix H of an [n, k] linear code C is any ((n — k) x n)
matrix of rank (n — k) whose nullspace is precisely the k-dimensional vector
space that is the code C .

If the [n, k] code C has generator matrix of the form

G= [Ik EP], (17.16)

for some (k x (n — k)) matrix P, the code is said to be systematic. It can be
verified that in the case of systematic codes,

H= [PT fI,,_k] (17.17)

is a valid PC matrix for the code.
The generators of all our three example codes are systematic. The
corresponding PC matrices appear below:

1 1 00000
RN IR
H=, 0101 0|, H= ,
1000 1 1 0600100
1 000010
| 1.0 00 0 0 1 |
(Length 5 Code) (Repetition Code)
1101100
H=| 1 01101 0. (17.18)
01 11001
(Hamming Code)
dypin from H

The minimum distance dm;, of a linear code C can also be determined from the
parity check matrix. Consider for example the [7,4, 3] Hamming code. The
seven-tuple ¢/ = (1011010) is a codeword since

= hy+hy+hy+hs =0, (17.19)

O =
—_— D =
e O
bt
o O =
O = O
— O O
IR |
C bt D e = (D
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where /1, 0 < i < 6, are the columns of H. Thus the location of the nonzero
components of a codeword ¢ tells us that a linear dependence relation exists
among the corresponding columns of the parity check matrix H. It follows
that if s is the largest integer such that any set of s columns drawn from H is
linearly independent, we have dyy, = s+ 1. In the case of the Hamming code,
the columns of H are precisely the set of all nonzero binary three-tuples. It
follows that in this case, s = 2 so that dpin = 3, as was observed earlier.

Maximum Likelihood (ML) Decoding

We introduce here some terminology that will be used throughout the chapter.
Let C be a linear code and let ¢ be the codeword transmitted corresponding to
message symbols {m,'}l{:_l . (If the codeword is required to be fed to a modulator
prior to transmission, we simply extend the channel model to include the
modulator.) Let r be the received vector at the output of the channel.

In this setting, ML codeword decoding refers to decoding by a decoder that
chooses the most likely codeword given the received vector r, 1e., the ML
codeword decoder decodes the codeword ¢ that maximizes P(r|c) where P is
the appropriate probability measure. Ties may be broken by tossing a coin
for instance. It can be shown that under the assumption that all codewords
¢ have an equal probability of being transmitted, ML codeword decoding
minimizes the probability of codeword error. If the channel is a BSC with
crossover probability P < 1/2, ML codeword decoding turns out to coincide
with minimum distance decoding, i.e, decoding by choosing the codeword that
is closest to r in Hamming distance.

Sometimes we will be interested in ML message bit decoding, denoted more
simply at times as ML bit decoding. In this case, the receiver will decode each
message bit separately. The receiver will decode the i message symbol m; to
be zero or one depending upon whether the likelihood ratio

P(m; = 0|r)
i (17.20)

is greater or less than one, respectively.

Standard Array Decoding

There is an efficient table-lookup procedure for carrying out ML codeword
decoding of binary block codes having small redundancy over a BSC. This
procedure, known as standard array decoding, can be found in most textbooks
on coding theory.

Linear Codes with the Best Parameters

A list of the best-known binary block codes of length up to 512 may be found
in [31], see also [7].



17. Exrror-Control Coding Techniques and Applications 915

17.3.1 THE GENERAL HAMMING CODE

Let m > 3 be an integer and let H be an (m x (2" — 1)) matrix such that
the columns of H precisely comprise, the set of all nonzero m-tuples. Clearly
this matrix has rank m. Arguing as in the case of the example Hamming code
discussed earlier, we see that the code C having H as parity check matrix is a
[n=2"—1k=2"~1—m,dmpn = 3] linear block code. Any such code C is
called a Hamming code.

Hamming codes are optimal with respect to a bound known appropriately
enough as the Hamming bound, which states that the maximum size A(n, diin)
of a code of block length » and minimum distance di, satisfies:

d 2 1
A, dmgn) < ————. 7.21
Codes whose sizes achieve the Hamming bound with equality are known as
perfect codes.
Hamming codes are perfect because:

n M1
2 2 92" —1—m

Se() 121

2k = (17.22)

Hamming codes turn out to have the property of being cyclic, and for this
reason they also appear in the next section.

17.3.2 CYCLIC CODES

The most commonly used linear block codes belong to a class of codes known
as cyclic codes. Examples of cyclic binary codes include Hamming codes,
the Golay code, and BCH codes. Reed-Solomon codes on the other hand,
are cyclic but nonbinary. Cyclic binary codes are most naturally described in
terms of polynomials.

Given a vector

c= (CO:CIJ~~7011—~I) (1723)
by cyclic shift of ¢, we will mean any vector ¢’ of the form
¢ = (Cr,Crplsr 5 Cno1,C0,- > Ce—1), O<T=n—1 (17.24)

A binary linear code C is said to be cyclic if whenever a codeword ¢ belongs
to C, so does every cyclic shift ¢’ of ¢. Given a cyclic code C and a codeword
¢ = (co,c1, - .. ,Ca—1) We associate with the codeword, the code polynomial

n—1 :
clx) = Zc,-xi. (17.25)
i=0
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Example 4

Consider the code C having generator matrix

101 1100
G=|0101110 (17.26)
0010111 .

This code contains the eight codewords tabulated in Table 17.5.

It can be verified that the code is cyclic. We will alternatively regard a cyclic
code C as a collection of code polynomials. It turns out that in every binary
cyclic code the set of code polynomials has the property that it contains a
unique nonzero polynomial g(x) of minimum degree. This polynomial is called
the generating polynomial. Our example cyclic code thus has the generating
polynomial

g =x*+x3 + 2%+ 1. - (7.2

The generating polynomial in any [n,k] cyclic code has the following
properties:

(1) g(x) has degree = n — £.

(2) glx)[x" +1 (ie, g(x) divides x* + 1) |

(3) A polynomial over IF; of degree < n — 1 is a code polynomial if and
only if it can be expressed in the form c(x) = m(x)g(x) for some
polynomial m(x) of degree < k — 1.

Table 17.5 Codewords and Code Polynomial in
an Example Cyclic Code

Code
Codeword Polynomial Degree  m(x)

0000000 O —00
1011100 x*+x3+x2+1 4
0101110 X +x*+x*+x 5
0010111 xS4x°+x*+x> 6
1110010 X +x2+x+1 5 1+x
1001011 xS4x54x3+1 6
0111001 xS+4+x*+x2+4x 6
1100101 xS4x*+x+1 6

X 4 x?
14 x+x?
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Example 5

Our example [7,3] code C has g(x) = x* +x* +x2 + 1 of degree = n — k =
7—3 =4, Also g®)|x” + I since x” + 1 = (x* +x* +x2 + 1)(x* +x? + 1). Bach
code polynomial ¢(x) € C is expressible in the form c(x) = m(x)g(x). For each
code polynomial the associated polynomial m(x) is displayed in Table 17.5.

From this it follows that a cyclic code of length » is completely specified once
the generator polynomial g(x) is given. Also, the (k x n) matrix G, whose rows
are code vectors in C associated to the code polynomials {x'g(x)|0 < i < &k — 1}
can be verified to be a valid generator matrix for the code. The generator matrix
G provided in (17.26) for our example [7, 3] code is so constructed.

Cyclic Hamming Code

We have seen previously that the general Hamming code has parameters of
the form:

mk,dpin] =2" - 1,2" =1 -m,3], m=>3 - (17.28)

and that these codes are most easily described in terms of a parity check matrix
H of'size (m x 2™ — 1) whose columns are precisely all nonzero binary m-tuples
arranged in some order. It turns out that given an integer m > 3, setting g(x)
to be a primitive polynomial of degree m and n = 2™ — 1 results in a cyclic
Hamming code. Primitive polynomials are discussed in Section 17.4.

Cyclic Golay Codes

Apart from Hamming codes, the only other interesting perfect binary code is
the Golay code. The Golay code is a [n = 23,k = 12, dni, = 7] linear code.
Moreover the code is cyclic corresponding to choice of generator polynomial:

g(x):xll+x10+x6+x5+x4+x2+1
or (17.29)
g =x"M % T xS a1

17.4 Finite Fields

The material in this section is essential for a good understanding of Reed-
Solomon and BCH codes, discussed in Sections 17.5 and 17.6, respectively.
Most textbooks on coding theory provide an introduction to finite fields.
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Polynomials

A polynomial f (x) over IF, is any expression in the indeterminate x of the form:;
f@ =) fx, fieh. (17.30)
i=0

The degree of a polynomial £ (x) is the largest exponen;c d of x whose associated
coefficient fy # 0. Addition of polynomials is carried out coefficient-wise, i.e.,

n

SO =) i g = ga' = f0)+g) =D (f+gx. (17.31)
i=0 i=0

i=0

Multiplication is carried out in the usual way, i.e.,

(iﬁx’) : <Xn: g:-x”) = %hkxk, (17.32)
i=0 =0 k=0 A

where
min{k,m}
= > gifi O<ksm+n (17.33)

i=max{0,k—n}

Given two polynomials f(x) and g(x) of degree m, n with m > n, one can
“divide” f(x) by g(x), using long division, to obtain a quotient g(x) of degree
m — n and a remainder 7(x) of degree < n, i.e., we can write £ (x) = g(x)g(x) +
r(x) with deg(g(x)) = m — n, deg(r(x)) < n.

Irreducible and Primitive Polynomials

A binary polynomial of degree m is said to be irreducible if it cannot be
expressed as the product of two polynomials, each of lesser degree. The set
of all irreducible polynomials of degree < 4 is listed in Table 17.6. It turns out
that every irreducible polynomial f(x) of degree m divides x2"~! + 1.

- Table 17.6 Irreducible Polynomials of Small Degree

Degree Irreducible Polynomials
1 xx+1
2 ¥4 x1
3 BAx 4+, 424+ :
4 xR Lt
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Example 6
m=2,f(x)=x%+x+1

Fe) ) +1 since (0 + 1) = (@ + D2 +x + 1). (17.34)
m=4,fx)=x*+x*+x2+x+1

FE)XP+1 since (xP° +1) = G+ 1)
x @ x4 454 x4+ 1), (17.35)

An irreducible polynomial f(x) of degree m is said to be primitive if the
smallest degree polynomial of the form x! + 1 that f(x) divides is x*"~! + 1.

Example 7
Fx) =x* +x* + x2 + x + 1 is not primitive as £ (x)|x* + 1 since

X4+ 1=4+De 4232 x4+ 1) ©(17.36)

However, the remaining degree 4 irreducible polynomials x* + x + 1 and x*
x? + 1 can be verified to be primitive.

A field is a set F of elements together with two operations, addition (+) and
multiplication ( - ), mapping pairs in F back to F, which satisfy the following
three axioms:

(1) The addition operation is associative and commutative and there is an
additive identity element 0, called “zero” such that a 4 0 = a for all
a € F. Also, every element @ has an unique additive inverse denoted
by (—a) that satisfies a 4+ (—a) = 0.

(2) The multiplication operation is associative and commutative and
there is a multiplicative identity element called “1” such thata -1 =a
for all @ € F. Also, every nonzero element a has an unique
multiplicative inverse, denoted by a~!, that satisfies a - al=1

(3) The distributive law holds, i.e.,
a-(b+c)=a-b+a-c (17.37)
for all triples (@, b,c)in F.
For simplicity, we will often write ab in place of a - b.
A finite field is simply a field containing a finite number of elements. Finite

fields containing I relate to Fy in much the same way as the field C of complex
numbers relates to the field R of real numbers. To obtain C from R, one
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introduces an imaginary element i that is a zero of the irreducible polynomial
f(x) = x2 4 1. Then C is simply the smallest field that contains R and i,
and mathematically, we denote this by C = R(i). Similarly, every finite field
containing I, can be described as the smallest field that contains I, as well as
the zero of a polynomial that is irreducible over IF,. Moreover, this irreducible
polynomial can be chosen to be primitive. Primitive polynomials are often
chosen to construct finite fields since when constructed in this way, the finite
field has a simpler description.

Example 8
The polynomial
px)=x"+x+1 (17.38)

is primitive over IF. Let o be a zero of p(x), i.e., o3 +a+1=0. Set F = Fya),
i.e., F is the smallest field containing both I, and o.

Every power of « can be expressed as a polynomial in o of degree < 2.
For example, using o +a+1=0, we get o&® = +1, o = o, @ =
o + o2 = a? + o + 1, etc. Continuing in this fashion, we get Table 17.7. The
eight distinct elements appearing in the table turn out to form the field Fp(w).

Thus we have two different representations of Fa(e):
Fa(a) = {0} U {ai[0 <i<6} (17.39)
and
Foa) = {a2a2 + a1+ aplag, a1, a2 € ]Fz} . (17.40)

The exponential representation is convenient for the purposes of multiplication
and division:

o= =a-a'=ca and © LYY 8 (17.41)
o

Table 17.7 Two Representations of Elements in the Finite Field of
Eight Elements

Exponential Polynomial Exponential Polynomial
Representation Representation Representation ~Representation

0 0 ot o+ o

1 1 o ol +o+1
o o of o +1

o? o? o 1

o? a+1




17. Exvor-Control Coding Techniques and Applications 921

whereas the polynomial representation is convenient for addition:
@E+D+@+1)=ac>+a. (17.42)

It turns out that every finite field containing F, has size of the form 2¢
and that up to a relabeling of the elements, there is precisely one field of size
2¢. We will use the notation Fye to refer to this field. The field Fy is also
denoted by GF(2¢) as finite fields are also called Galois fields in honor of the
mathematician Evaristé Galois. All of the finite fields we consider here contain
IF,, and in the mathematical literature, such fields are referred to as finite fields
of characteristic two.

As in the case of our example field, the general finite field Fps can be
constructed by adjoining to Iy, a zero « of a primitive binary polynomial
p(x) of degree n. This field contains 2" elements and once again has two
representations:

Fy = {0} U {e/[0 <j < 2" -2} (17.43)
and
n—1" )
]an == {Zajoﬂ]aj € IFZ} . ' (1744)
J=0

The (multiplicative) order of a nonzero element 6 in the finite field GF(2")
is the smallest exponent » such that & = 1. It can be shown that every nonzero
element in GF(2") has order dividing 2" — 1. Elements whose order equals
2" — 1 are said to be primitive. Thus the element « in our example finite field
GF(8) is primitive. It turns out that if p(x) is a primitive binary polynomial of
degree [ and g is any zero of p(x) in GF(2"), then B is a primitive element of
GF(2h.

The commonly used representation of the finite field is the exponential
representation. To facilitate addition under this representation, one sets up an
add-1 table as shown in Table 17.8 in the case of our first example field Fs.

Table 17.8 Add-1 Table for the
Finite Field of Eight Elements

x x4+ 1 x x+1
0 1 o? o

1 0 ot o’
o o’ o’ at
o? o o o?
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With the aid of the add-1 table, we can for instance, add

@+’ taf = (1+e? (1 +a)) =a®(1+ (o)) (17.45)
P+d+a = Al +od)=Pe? =l =1. - (17.46)

17.5 Reed-Solomon Codes

With this background in finite fields, we are now in a position to study the
Reed-Solomon (RS) code. RS codes are in widespread use, for example in
optical fiber communication [17], compact disks (CDs) [29] and deep-space
communication [45]. In contrast to the codes discussed thus far, these codes
are nonbinary.

Parallel to the binary case, a block code C of length n over the finite field
Fy, g =2",m > 1, is said to be linear if whenever ¢y, ¢, € Cimplies that every
linear combination

91_6_‘1 +¢92g—2 eC, all 8,6, ¢ Fq. (1747)

Again as in the binary case, a code C over F, is said to be cyclic if C is
linear and if in addition, whenever (co,cy, . -.»Cp—1) is a codeword, so is
(CosCrtts oy Cuot, oy, ), for0<t<p—1.

Definition 1

Letg = 2", m > 1 and n be an integer dividing g — 1 and « an element in F, of
order n. Then a RS code C having parameters [n, k] over IF, ¢ can be defined as

¢i = f () for some polynomial f (x)} (17.48)

¢ = {(CO’CI""’C""I) over F, of degree <k —1

RS codes can be shown, using the definition givenin Eq. (17.48), to be both
linear and cyclic.

Minimum Distance

As in the binary case, we define the Hamming weight of an n-tuple over F,
to be the number of nonzero symbols in the n-tuple. Similarly, the Hamming
distance between the pair of n-tuples g, b IF§ equals the number of symbols
in which the two vectors disagree. The Hamming distance du(a, b) between
two n-tuples g, b over F,, once again equals the Hamming weight of their
difference, i.c.,

du(a, b) = wu(a — b). (17.49)
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It follows that the minimum distance of a linear code C over F, equals the
minimum Hamming weight of a nonzero codeword in C. Since a polynomial
of degree < k — 1 can have at most k — 1 zeros in I, the number of zeros in
a nonzero codeword of an [, k] RS code cannot exceed k — 1. On the other
hand, the polynomial

k—1

[]6—o) ' (17.50)

i=0

has exactly k — 1 zeros in F,. It follows that the minimal Hamming weight
of a nonzero codeword in an [, k] Reed-Solomon code equals n — k + 1. By
our previous observation, this must also be the minimum distance of the code.
Thus, Reed-Solomon codes have parameters of the form [x, k,n — k + 1]. The
Singleton bound states that a block code C of length n over an alphabet of size
g having minimum distance dmir, has size M upper bounded by

M < g it - (17.51)

Codes achieving the Singleton bound with equality are said to be maximum
distance separable (MDS). Thus RS codes are MDS.

Generator Matrix

A linear code of length n over F, is a subspace of IFy. The dimension of a linear
code is the dimension of this subspace. As with binary codes, the notation
[n, k, d] refers to a code of length n, dimension k, and minimum distance d.
~ The notions of generator and parity-check matrices also carry over from
* the binary case. The generator matrix of any [r, k, d] code over F,is any (k x n)
matrix whose rows form a basis for the code. Similarly, the parity-check matrix
is any ((n — k) x n) matrix whose nullspace is the [n, k, ] code.

The generator matrix G shown in Eq. (17.52) follows directly from the
definition of a RS code

1 1 e 1
o az e an'—l
2=

(17.52)

1 b1 Q=D ... gU=De-D

If g(x) is a polynomial of degree < n — 1 over GF(g) satisfying g(0) = 0, then
it can be shown that 3" g(e) = 0. Setting g(x) = xf(x), | <i <n—Fk,
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leads to the following parity-check matrix H of an RS code

1 o Cae an“l
Do , (17.53)
1 an—k . a(n—k)(n-l)

“ . »)

H

since H has the right rank and He = 0 for any codeword ¢ in the RS code.

Probability of Codeword Errox

Let us assume that an [, k, d] RS code of length n = 2™ — 1 is used to transmit
information over a BSC having crossover probability p. Let d = 2, + 1. To
transmit information over the binary channel, each symbol ¢; € Fan of a
codeword is converted into m binary digits. The probability Py that any such
symbol is received in error over the BSC is given by

p,=1-(1-p | (17.54)

Then following the argument used in the case of a general binary code in
Section 17.2 to obtain an upper bound on the codeword error probability, we
can upper bound the probability Peye of codeword error in the case of the RS
code by

fe

Poye < 1= <’:>P§(1 — Py, (17.55)

i=0

Burst Exror Correction

RS codes excel in burst error correction. Consider for example an [255,239, 17]
RS code over GF(256). Prior to transmission, each symbol in GF(256)
is converted to a string of eight binary digits, and these are transmitted
in sequence. This effectively makes the RS code a binary code of length
8 % 255 = 2,040. Since the RS code can correct up to eight symbol errors,
the code will correctly decode even in the presence of a contiguous stream of
up to 1 + 7% 8 = 57 erroneous binary digits, since such a string of errors will
cause at most eight symbols over GF(256) to be in error. Of course this burst
error correction capability carries over to any nonbinary code with symbols
in GF(256). However, in comparison with other nonbinary codes of the same
length over GF(256), RS codes offer the largest minimum distance for given
dimension.
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Changing the Length of a RS Code

Given an [n,k,d] RS code C, it is possible to “shorten” the code to an
[n — a,k — a,d] code Cg, by considering the set A of all the codewords in C
whose last a symbols equal zero and then deleting the last a symbols from
each codeword to obtain the code Cy,. We note that it is possible to define RS
codes in a more general setting than what we have done here (see [26]).

Decoding

There are several efficient algorithms, such as the Berlekamp-Massey, Welch-
Berlekamp, and Euclidean algorithms, for the decoding of RS codes, all with
complexity on the order of the square of the length # of the code or less. Details
can be found in most texts on coding theory, for example in [6,26,36,41,44], see
also [4b, 22]. Under certain circumstances, it is possible to decode beyond the
minimum distance of the RS code using a procedure known as list decoding,
see [14b].

" 17.5.1 CONCATENATED CODES

Concatenated codes are linear binary codes that are constructed from two
component codes called the outer and inner code. In the classical construction
of concatenated codes as shown in Fig. 17.4, the outer code is typically a
RS code and the inner binary code, a short block code. We illustrate with an
example.

Example 9

Consider an [255,244, 12] RS code over GF(256). Each symbol in this code
corresponds to an 8-bit string. Replacing each 8-bit string by the correspond-
ing 12-bit codeword in the [12, 8, 3] single parity-check code yields a binary
code with parameters [12 - 255,244 - 8, > 36]. In general if the outer and inner
codes have parameters [N, K, D] and [n, k, d], respectively, the concatenated
code will have parameter [Nn, Kk, > Dd] (Fig. 17.4).

Concatenated codes have large length and good minimum distance. The
outer and inner codes have properties that complement each other. The RS
code by itself, is vulnerable to isolated bit errors since each bit error can poten-
tially cause a different code symbol to be in error. The inner code serves to

Outer [N,K,D]kcode - In.ner [nk,d]
K message over GF(2) N code binary code | ar binary
symbols symbols symbols
over GF(2%) over GF(25)

Fig. 17.4 An[Nn, Kk, > Dd] concatenated code.



926 P. Vijay Kumar et al.

protect the RS code against isolated errors by providing an ability to either
detect or correct them. Concatenated codes inherit from RS codes the ability
to correct burst errors. '

Whereas the complexity of decoding a block code of large length is high,
concatenated codes are easily decoded using a suboptimal decoding algorithm
(in relation to ML codeword decoding) in which the inner binary code is
decoded first, followed by the decoding of the outer nonbinary code.

Although the outer code is typically a RS code, this is not essential and the
RS code can be replaced by any efficient code with symbols lying in GF (25,
such as, for example, nonbinary BCH codes [26] or else algebraic-geometric
codes [31]. Other means of concatenating two codes also exist, as we shall
shortly see.

17.6 BCH Codes

BCH codes are a family of binary cyclic codes that are very flexible in terms
of allowing a trade-off to be made between dimension and minimum distance.
Also, for code lengths up to a few thousand, these codes are very efficient in
terms of the performance trade-off that they offer. )

Let n be a divisor of 27 — 1 for some integer p > 3. We assume that p is
the smallest integer for which » divides 27 — 1. Let y be a primitive element of
GF(2F) and set & = Y@~/ Then o has order n.

Definition 2

Let n, p, o be as above. A t-error correcting BCH code C of length 7 is the set
of all binary n-tuples that lie in the null-space of the (¢ x n) matrix

m 1 o a2 e e o@D
1 o o o . g30D
H=1 1 g1 go-y . . ge-de-n | (17.56)
|1 ol 2D L gOeDeeD ]

Note that if A" denotes the nullspace of the above matrix over GF(27), then
the BCHcodeC = N N,

Example 10

Consider the single and double error correcting BCH codes of length n = 15.
Heret € {1,2},p = 4,n = 15. Let y be a primitive element of GF(16) satisfying
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y* 4+ v+ 1 = 0. Here, since n = 2% — 1, we have o = y. The double-error-
correcting BCH code is the set of binary 15-tuples that lie in the null-space of
the matrix:

1 o o o - ok
H = [ 1 Ol3 Ol6 L . 0512 ] (17.57)

For example, since

ax) = (1 +x +xM(1 +x 4+ x> + x> +x7)

(17.58)
w1+ﬁ+ﬁ+ﬁ+ﬁ
satisfies a(e) = a(a®) = 0, we have that [10001011 1000000]” is a codeword in
the BCH code. In the case of the single-error-correcting BCH code, the matrix
H is given by

H=[1 a ¢ - - o] (17.59)

A more conventional (but less convenient) description of the BCH code can
also be obtained. Each element ¢ in the matrices has a unique representation
in terms of the basis {1, o, o2, @®} for the four-dimensional vector space Fig
over Fy. Let the element o in the H matrix be replaced by its corresponding
column vector. If this is done, in the case of the single-error-correcting BCH
code, we will obtain the binary matrix

0001001 10107117171
001001101011 11°0

Hon = | 0 100110101 11100 [ A7
10001001 1010111

The fifth column of this matrix equals [0011]7 since it corresponds to o =
0-a®>+0-02+1.a+1-1. It can be shown that the BCH code can
also be described as the set of all binary 15-tuples that belong to the null-
space of this matrix. Since the columns of this (4 x 15) matrix comprise all
distinct nonzero 4-tuples, this makes the single-error-correcting BCH code a
cyclic Hamming code. This is always the case. For any length n = 27 — 1, the
single-error-correcting BCH code is a cyclic Hamming code.

It can be shown that the -error correcting BCH code, as the name suggests,
has minimum distance dpin > 2¢ + 1. When the channel over which the code-
word is transmitted is the BSC, BCH codes can be decoded using techniques
very similar to those used to decode RS codes, see [6,26,36,41,44].

Because BCH codes are cyclic, they can be described interms of a generator
polynomial. It turns out that the generator polynom1a1 of the BCH code is the
smallest degree polynomial that has zeros

a,aao"' ’aﬂ—l"“ 7a2t—1- (1761)
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Example 11

The single-erroricorrecting BCH code of length n =15 has generator
polynomial

g =x*+x+1, (17.62)

since this is the smallest-degree polynomial of which the o in the example is
a zero. The double-error~correcting BCH code of length n = 15 has, for the
same reasons, the generator polynomial

80 =0t +x+ DOt + 22 2 x4 D=x"+2" 435424 1 1. (17.63)

Tables providing the parameters of BCH codes of lengths up to 1023 may
be found, for example in [24],

17.6.1 PRODUCT CODES

Let C; and C; be [n1, k1, d1] and [n,, kz, d] systematic codes respectively. The
product code C = C1 x Cyis a code having parameters [miny, kiky, d dy] and
may be constructed as follows, '

Let the &k, information symbols be arranged in the form of a (ky x k)
matrix A. Then construct an (m1 X ny) matrix B such that the matrix in the
upper-left corner of B is precisely A (see Fig. 17. 5). In addition, we require that
the first &; rows of B are codewords in C; and that the first & columns represent
codewords in C;. Then let the remaining ((m; — k) x (m2 — k) submatrix in
the lower-right corner of B be chosen such that the last (n1 — &) rows of B
are also codewords in C;. (Alternately, the ((n; — k1) x (n — Jy)) matrix in the
lower-right corner of B could be chosen in such a way that the last (m2 — k)
columns in B are codewords in C1. It can be shown that ejther method yields
the same ((n; — &;) x (n2 — k) submatrix.) A straightforward argument shows
that the minimum distance d of C satisfies 4 — dids.

<+ 2 —
k2
—— 5
T ,
r l Check on
! A ' columns
" |
B -CEci(_— '_—Chec_:z )
on ' on
J TOWS , Checks

Fig. 175 An [ning, k1 /)] product code,
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As with concatenated codes, product codes offer a means of constructing
a block code of large length. Again there is a simple suboptimal decoding
algorithm for product codes. One first decodes the rows of the code matrix
B using a decoding algorithm for code C; to obtain the (n; x n3) matrix By.
Next one decodes the columns of the matrix By using code Cy, resulting in the
(n1 x ny) matrix By. The second decoding step thus attempts to correct errors
resulting from incorrect decoding of rows by code Cp. The (k1 X k) matrix
in the upper-left corner of B, constitutes the decoded information bits. This
procedure can be iterated to improve error correcting capability.

177 Convolutional Codes

Convolutional codes [9, 19,24, 31, 36,42-44] are examples of tree codes. The
distinction between block and tree codes is that in the case of a block code it
is possible to partition the input and output of the encoder into finite blocks
in such a way that the i* output block is a function only of the i** input block.
With tree codes, such a partition is, in general, not possible. Instead, it is
possible for a particular output bit to be a function of all previous input bits.
Convolutional codes are a special class of tree codes in which the input-output
relation is given by a convolutional relation. We begin with an example.

Example 12

In the convolutional encoder shown in Fig. 17.6 there is one input stream
{u,}2, and two output streams {vt(l)}[";o and {v,(z)}j'zo related by

v = 4wyt s, 20 (17.64)
v = w, + u, t>0. (17.65)

It is assumed that the convolutional encoder is initialized with u_y = u_5 = 0.

The final output of the encoder is the multiplexed stream {v(()l) , v(()2), vgl) , viz), L

@ @—y D

u
“—r—{o[?]

2
@ vt( )

Fig. 17.6 An example convolutional encoder.
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In the general case, there are k inputs and # outputs related by:

Vt(J) Z Z P 1<j<n, (17.66)

i=] =0

where v is the memory of the convolutional code. Thus our example encoder
has memory v = 2. The convolutional code is said to have rate k/», thus our
example convolutional code is of rate 1/2. :

Consider the case when the inputs {zzgi)} to the convolutional encoder
are finite strings of length N + v with the last v bits on each string
equal to 0. The outputs {vgj) } of the convolutional encoder are then finite
strings as well. By mulfiplexing these output strings one obtains a vector
(v(l) Y (()"),vgl), . vi"), e v](;) Ty vg’) 14)- Thecollection of these
vectors may be regarded as codewords in the convolutional code and in this
way we may regard the convolutional code as a block code of large block
length n(V 4+ v). The minimum distance between codewords as N — oo is
called the minimum free distance, die, of the convolutional code. Our example
code turns out to have dye, = 5.

A simplified description of the input-output relationship in a convolutional
code can be obtained through the use of power series. Let us define

) " oo
W00y =>"uPD', 1<i<k, and WD) =D, 1< j<n.
1 {

t=0
(17.67)
Then the convolutional relation in (17.66) is replaced by
o k - PR
V(D) = Zu(')(D)g("J)(D), 1<j<n, (17.68)
i==1
where g(',J)(D) — Z:=0 ggi’j)D’.
Example 13
In the case of our example code we have
[OD) (D)) = WD) [g(D) g (D), (17.69)
where g0(D) = 1 4+ D + D? and g@(D) = 1 + D?. The matrix
gMD) g0AD) .. gD)
G(D) = S : (17.70)

g®dDy gy ... ghI(D)
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10 N7

Fig. 17.7 State diagram of example code.

is called the polynomial generator matrix (PGM) of the code. In the case of the
example code above, we have

GD)=[ 1+D+D* 14D |. (17.71)

An alternate description of the convolutional code is in terms of a state
diagram. The state diagram of our example convolutional encoder is shown
in Fig. 17.7. In the state diagram, the two symbols that form the label of
each vertex are (u;_) #;_2). The solid edges correspond to input bits equal to
0 and the dotted edges represent input bits equal to 1. The label on each edge
represents the output of the encoder corresponding to the input associated
with the particular edge.

Recursive Systematic Convolutional Code

The conventional convolutional encoders considered thus far have finite
impulse response. Consider a convolutional encoder with one input {1} and
two outputs {v,(l)}, {vt(z)} whose associated power series u(D) = Yoo u:D',
yOD) = Y2 vOD!, vA(D) = Y2, V@D, are related by

V(D) = u(D) ) (17.72)

w(D)[1 + D*]

14D+ D>+ D3 +D% (17.73)

v D) =

One method of implementing such an encoder is to introduce the auxiliary
power series
- u(D)
D) = D' = .
D) {;St 14+D+D*+D3+D*
We then have u(D) = s(D)[1 +D+D?+D* +D*, v)(D) = (D) and vAD) =
s(D)[1 + D*] leading to the tim_e domain relations: u, = s; + s1—1 + S1—2 +
S¢-3 + S—a, v,(l) = U, v§2) = s; + 5;—4. This leads to the encoder shown in
Fig. 17.8.

(17.74)
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u, y®

/]D

[n)

VAN

2
\K—_., vi()

Fig.17.8 A recursive systematic convolutional encoder.

In the figure, the contents of the four-bit shift register correspond to the
4-tuple (s;—1, 82, S—3, s1—4). Note that this encoder is systematic since
one of the two outputs coincides exactly with the input. Such convolu-
tional encoders are referred to as recursive systematic convolutional encoders
(RSC encoders) [5]. Here, in place of the PGM we have a matrix G(D) with
rational polynomial entries:

14+D+D24+ D3+ DA
G(D)

PO 2] =uo)] 1 D | W

v

RSC encoders form the building blocks of turbo codes, see Section 17.9.

Decoding of Convoelutional Codes

The Viterbi algorithm [42, 43] is an algorithm for carrying out maximum-
likelihood codeword decoding of a convolutional code. It is of low complexity
whenever the number of states in the state diagram of the convolutional
code is small. Maximum-likelihood decoding of the information bits of a
convolutional code via the BCJR algorithm [3] is discussed in Section 17.8.1.

17.8 Graphical Approach to ML Decoding of
Binary Codes

Claude Shannon has shown that given a communication channel, there is a
quantity called channel capacity, C, [10] such that it is possible to transmit
information at rate R across the channel reliably, provided R < C. Reliable
communication means communication with bit-error probability arbitrarily
close to zero. Reliable communication calls for the use of codes of large
block length as long block codes are able to average out random distortions
introduced by the channel, and hence make the channel more predictable.

If reliable communication is interpreted as communication at bit error rate
on the order of 1073, then it has been shown that turbo and LDPC codes have
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come extremely close (within fractions of a dB) of achieving capacity on the
AWGN channel.

A second feature that both turbo and LDPC codes share in common is
that in both cases, decoding is accomplished by passing messages iteratively
around in a graph that represents the code. Efforts are currently underway at
explaining the superlative performance of such a decoding scheme.

Here we content ourselves with showing how the distributive law, applied
in a more general setting, can be used to provide a heuristic justification for
the use of message passing in a graph to approximate ML decoding of a code.

17.8.1 ML DECODING VIA THE DISTRIBUTIVE LAW

In this rather long section, we lay down some principles that underline the
decoding of turbo [5] and low-density parity-check codes [13]. The principal
reference for the material in this section is the paper by Aji and McEliece [2],
see also [8,23].

The Distributive Law

The distributive law may be viewed as a rule that allows a savings in
computation. For example, the distributive law

aby + aby = a(by + by) (17.76)

reduces three operations down to two. A second example is given in
Example 14.

Example 14

Let A be a set of size ¢ and let f and g be real-valued functions defined on
3-tuples and 2-tuples from 4, respectively. Suppose it is desired to compute

Fl,xg)= Y f01,%,%4)g(x1,%). 17.77)

xz,xgEA

Direct computation would require ¢2[¢%(1) + (42 — 1)] = 2¢* — ¢* operations.
However, the distributive law can be used to reorganize the computation as

Flor,x) =y _f(a,5,%0) ) g1, x3) = B0st, 5y, (17.78)

x €4 X3 €A

where IB(xlax4) - szeAf(XI;XZ: X4) and '}/(X1) = Zx3eA g(xbe)'
Computing B(x1,xs) for all (x;,xs) pairs requires ¢g2(¢ — 1) operations.
Computing y(x;) requires g(g — 1) operations. Thus a total of

Pg—D+qq-D+gd=+d~¢ (17.79)
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operations is now required, which could be a significant saving in com
putation.

The MPF Problem and ML Decoding

We next present the problem of marginalizing a product function (MPF) and
show how the generalized distributive law (GDL) can be used to present an
efficient solution.

Let x1,x,...,x, be variables taking on values from the set Ay, Ao,y ... Ay,
respectively. Let ¢; be the size of 4;. Let

S = {x1,x,...,%) (17.80)
and let 81,57, ..., Sy be subsets of S, not necessarily distinct.

Each set S; will be called a local domain. We associate to each local domain
S; a local kernel a; : S; — R where R denotes the set of all real numbers and

introduce a global kernel B(x,x, . . ., x,) given by
M
Be1, %, xn) = [ [eu(S). (17.81)
~ i=1
By the S;-marginalization of B(x) we will mean the sum
B =) AR : (17.82)
S\S;

and we will refer to this sum as the i objective function. (The notation S\S; is
a reference to the subset of the elements in § that do not belong to S;.) Thus
the MPF problem aims to efficiently compute the S;-marginalization of the
product function (). Our earlier example can be recast in this notation.

Example 15

The computation

Flxt,xa) =Y fr,%2,7%4)g(x1,%3) (17.83)

X2,X3
can be viewed as the marginalization of a global kernel as follows: Set
S = {x1,x2,x3, 4}, St = (21, %2, ), $h = {x1,x3), S35 = {x1,%4}  (17.84)
and introduce the local kernels:

(X](Sl) =f(x1,$c2,x4), Otz(Sz) = g(xl,xg), Ct’3(S3) = 1. (1785)



17. Error-Control Coding Techniques and Applications 935

Then since

Fxy,xq4) = Z ay(x1, %2, x4) ctz (x1,%3) @3 (%1, X4) (17.86)
S\Ss

it is the S3-marginalization of the global kernel
B(x1,%7,%3,%a) = 011 (x, %2, x4) & (x1,X3) 003 (61, %4)- (17.87)

For our second example, we consider the decoding of a simple binary linear
code.

Example 16 (ML code symbol decoding of a block code)

Let C be the binary linear code having parity-check matrix

o - O

11 10 00
H=] 0 0 101 0. (17.88)
0 0 11 01
Consider the problem of decoding the code over a BSC. Let x be the transmitted
codeword, e the error pattern introduced by the BSC, and y the received vector
given by
y=x+te. (17.89)

The goal under ML code symbol decoding is to find the i" codeword symbol,
x; € By, i = 1,2,...,7, such that P(x;|y) is a maximum. Although this goal -
‘does not correspond to either ML codeword decoding or to ML message-bit
decoding, it is sometimes easier to formulate, and it can be shown that under
reasonable assumptions, this decoding technique will, with high probability,
pick the code symbols of the transmitted codeword.

Assuming all the codewords are equally likely, we can rewrite

) 7
Pl =aly) o Y POxe@ = Y [ [POs)xe, (17.90)
Xxj=a xxi=a j=1

where the indicator function ¢ is given by:

1, xeC,
Xe®@ = [ 0, else,

and where the oc sign indicates that we have ignored scale factors (P(y) in this
case) that are independent of the symbol a. .
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From the parity-check matrix, we have that

xe(®) = xa(x1,x2,%4) x5(x3, X4, X6) X C (X4, X5, %7)

where
1, x1+x3+x4=0,
xa(x1,22,%4) = ellse ar
1, x34¢x4+x =0,
xB(x3, %4, X6) = 0 eise 4Tre
and
1, x¢4+x5+x3=0,
Xc(xa,%5,%1) = § e?se. A

(17.91)

(17.92)

(17.93)

(17.94)

We introduce the local kernel and domains in Table 17.9. Let 0;(x;) be the

S;-marginalization, 1 <i <7,

ai(xi) = Zﬂ(xbxb . >x7)a

S\S;

where

7
Bt %2, x1) = [ [ POile) xa(Se) xa(S5) xc(Sho)-
f==1
Then
o, (0)  Pl=0/y)
o)~ PGi=1/y)’

Table 17.9 Local Domains and Kernels for
ML Symbol Decoding Example

Local Domain Local Kernel
81 = {x1} C P(ynilxy)
Sy = {x} P(ylxa)
S7 = {x7} P(y71x7)
Sg = {x1,%3,%4} Xalx1, X2, %4)
So = {x3, %4, X6} xe(x3, X4, %6)

S1o = {xa,xs, %7} " xel(xa, xs,x7)

(17.95)

(17.96)

(17.97)
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and thus the problem of ML code symbol decoding of the [7,4, 2] block code
can be viewed as an instance of the MPF problem. If = (%1,%2,...,%7)is the
decoded codeword, we set

R o= { la 1f01(1) z Ui(o)a

0, else.

Our next example considers the problem of ML decoding of a binary
convolutional code.

Example 17 (ML message~bit decoding of a convolutional code)

Let {”1}1—0 , s —0 , and { y,} -1 denote the sequence of inputs of a convo-
lutional encoder, the sequence of states of the convolutional encoder and the
sequence of channel outputs respectively. For simplicity, we assume that the
convolutional encoder is of rate R = 1/nand memory v. Thus each u; is binary,
each state s; represents a binary v-tuple, and each output y; is an n-tuple. For
ML message-bit decisions, we need to compute

Pa=alyliye 3 Y P (e e o).

U UL 50 Mi—T) 50,5150, —1
Uit 1yeensN—1

(17.98)
This can be rewritten in the form:

P(u; = a|{yj}{\l_~1

o Z > (H P(u») P(so) H P(sjlsj—1, 1) H POylsy ).

{u]}‘ [s, ),N—ol =0 J=1

l
{u.l jeeig |

(17.99)

Figure 17.9 presents a graph known as a Bayesian network that depicts the
 statistical relationship between the various random variables.

@\@\ \:
N o\

@)

Fig. 17.9 Bayesian network of a convolutional code.
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Table 17.10 Local Domains and Keyxnels for
ML Decoding of the Convolutional Code

Local Domain Local Kernel

U Pu), 0<j<N~-1

5o P(SO)

{87, 851,41} P(sjlsj-1,45-1), 1 Sj <N -1
{sj:uj’yj} P(yjlsj:uj)a 0 5.] =< N - 1

ML message-bit decisions are made according to

say u; =1 )
P(u; = 0l{x}) S Pl = 1{y}). (17.100)
say u; =0

With local domains and kernels as shown in Table 17.10 and consequent global
kernel

Blluy, 51,3150 = P55, 1,150 . (17.101)

we see that the problem of ML message-bit decoding of a convolutidnal code
can once again be recast as an MPF problem.

Junction Trees

The first step in applying the distributive law to solve the MPF problem is
to set up a labeled graph known as a junction tree, in which each node in the
graph is associated to a local domain. If it is not possible to organize the local
domains into a junction tree then one has to modify this approach. When it
is possible to organize the local domains into a junction tree, an algorithm
known as Primm’s greedy algorithm (see footnotes on p. 359 of [2]) may be
employed to construct the junction tree. The label for a node in the graph is
just the set of variables making up the local domain associated to that node.

A tree may be defined as a graph in which there is a unique path between
any two vertices. A junction tree satisfies the additional constraint that the
subgraph consisting of all vertices whose label includes a fixed variable, say x1,
is connected. Alternately, a junction tree can be characterized by the property
that if x; belongs to the label of vertices ¥; and ¥; it also belongs to the label
of every vertex lying on the unique path between V; and ;.



17. Error-Control Coding Techniques and Applicaﬁons 939

Table 17.11 Local Domains and Kernels of

Example 18
Local Domain _ Local Kernel
Sy = [x1) a(xy)
Sy = {x1, X2} ot (1, %2)
Sy = {x1,%3)} o3y, x3)
Sq = {x3} O‘4()‘:2)
S5 = {x2,%a)} os(x2, %4)

Example 18
Consider the MPF problem of S;-marginalization of the global kernel

ﬂ(xl,XQ,X3,JC4) == oq(xl) [0 %) (xl,xz) o3 (xl,xg) [s71 (XZ) s (XZ,X4) (17102)

given by B(S;) = Zs\sl B(x1,x2,x3,%4), Where S = {x1,%2,x3, x4} and the local
domains and kernels are as shown in Table 17.11. The local domains can be
organized into a junction tree as shown below: ’

Let us ignore for the moment the arrows along the edges. To verify that the
graph is indeed a junction tree, note that the subgraph consisting of vertices
containing the variable, x;, 1 <i < 4, are all connected, for instance, in case
i = 1, we obtain the connected graph
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Message Passing

Given the junction tree, application of the distributive law amounts to message
passing between the vertices of a junction tree. Loosely speaking, the message
passed from vertex V; to vertex ¥; in a junction tree is a suitably marginalized
product of the local kernels of all the local domains that vertex ¥; has either
directly or indirectly been in communication with. More precisely, the message
wy passed from vertex V; to vertex ¥ is only a function of the variables in the
intersection S; N §; and is given by:

py(Sin8) = | (S [ | mesSen Sy | (17.103)
EGM:,'
5
where Nj; is the set of all vertices connected to ¥; other than ¥/ Vj, and where [ ]
denotes S;-marginalization corresponding to summation over the variables in
S\S;, i.e.,

pg(SinS) = L e(S) [ [ naSensy) | . (17.104)

Si\S;, £eNy

All messages 11;;(S; NS;) are set equal to one initially, i.e., uy(S;NS;) = 1, all4, .

A second operation carried out in the junction tree is updating the state o;(S;)
of each vertex V. Initially, the state of a vertex V; is 51mply its kernel o;(S;).
The state is updated according to:

0i(S) = ou(Sp) [ | e (Se 01 S, (17.105)
£eN;

where N; is the collection of all vertices that are connected to vertex V;.

To compute the desired objective function, one passes messages in accor-
dance with amessage schedule, and at the end of the message schedule, the state
of a vertex is updated. The savings in computation comes about because under
an appropriate message schedule, the marginalization inherent in message
passing constitutes an efficient application of the distributive law.

In the present instance, we are interested only in computing the objective
function at vertex . The next step in such cases is to direct all the edges in
the graph so that they point toward vertex ¥;. Messages are passed only in the
direction indicated by the arrows in accordance with the two rules below:

(1) vertex V; will pass a message to ¥; only when it has received
messages from all of its other neighbors,

(2) vertex ¥; will update its state only when it has received messages
from all of its neighbors.
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When these rules are applied to our example, the sequence of messages
passed reads as follows:

Phase 1
1442(S4 N Sy) = paa(x2) = 0ta(S4) = o4(x2) (17.106)
usa(Ss N 82) = wsax) = Y as(Ss) = ) ais(xa, xa) (17.107)
S5\S2 X4

w3,1(S3 NS = w3 i(x1) = Z a3(S3) = }:043(161,363)- (17.108)
53\ X3

Phase 2

1h2,1(S2 N Sp) = pa1(x1) = [02(S2)1a2(Sa N S2) s 2(Ss N S)] s, (17.109)

= Y a(So)uaa(Sa N S)usp(Ss N S2)
$2\8)

=Y aa(xr, x)paa(xa)us 2 (x2)- (17.110)

Phase 3

o1(S1) = a1 (Sp2,1(S2 N SHw3,1(S3 N SY) = 061(X1)//«2,1(x1)//«3‘,1(x1)‘ | (17.111)

All the computations that comprise Phase 1 of the computation can be carried
out simultaneously. However, the computations in Phase 1 must be completed
prior to carrying out any computation that is part of Phase 2, etc.

The objective function computed given by o1(S1), when spelled out,
reads as:

O'l(xl) = oel(xl) [Z Otz(xl,JC2) {0{4()62)] I:Z 0l5()C2,X4)jH I:Z 0!3(X1,X3):| .

(17.112)

Clearly the computation when expressed in this fashion can be seen to make
most efficient use of the distributive law.

Suppose next, that in the same example, we were interested in computing the
objective functions at more than one, perhaps all of the vertices V1, V2, ..., Vs.
In this case it takes more effort to describe what constitutes an appropriate
message schedule. We begin with some notation:

Let E denote the set of all edges in the junction tree. We will distin-
guish between edges (i,7) and (j,7) since reference to an edge (i,j) will
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indicate our interest in passing a message from vertex ¥; to vertex V. In our
example:

1,2 @,
E= 833 83 . | (17.113)
5.2) (2.5

A message schedule is a sequence of subsets of E, such as Ej =
{4,2),(5,2),(3, D} and B3 = {(2, 1)}

With each message schedule we associate a message frellis. The trellis associ-
ated to message schedule {£1, E,} is shown in Fig. 17.10. Each vertical column
of vertices in the message trellis corresponds to the vertex ¥; of the graph at suc-
cessive time instants beginning with time ¢ = 0. We use V;(f) to denote vertex V;
at time ¢. In the message trellis, we connect the pair of vertices (V;(t — 1), ¥;(¢))
if and only if (1) i =j or (2) (i,)) € E.

We say that vertex V;(f) knows V;(0) if there is a path in the message trellis
connecting 7;(0) to ¥;(#). In our example message trellis we see that 72(1) knows
V4(0) and V5(0), but not ¥,(0). Also, ¥1(2) knows V;(0) for all i, 1 <i < 5.
It can be shown that a vertex V;(¢) is ready to compute its objective function
Bi(S;) if V() knows V;(0), all j. .

Thus given that it is desired to compute the objective functions
{B: (S)) |1 <i < M}, setting up an appropriate message schedule can be accom-
plished by using the message trellis to check that at the desired time instant ¢,
the vertices {V;(2),i = 1,2, ..., M} all know {¥;(0), all;}.

We next show how the GDL can help solve the MPF problem associated
to ML decoding of our example 7, 4, 2] code.

E E

=0 "1 t=] "2 1=2
VI
VZ
V3
V4
V5

Fig. 17.10 Message trellis.
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Example 19 (ML code symbol decoding of the [7, 4,2] code (continued))

Here we are interested in computing for alli = 1,2,...,7, and x; = 0,1 the
following objective function:

7
Bilxi) = > {HP (yjlxj)XA(x1,X2,X4)XB(X3,X4,X6)XC(X4,x5,X7)} :

(XtpeoXiat X a7} LJ=1

(17.114)

We assume that the communication channel is a BSC having crossover prob-
ability €, € < 1/2. Thus for given (y1,¥2,-.-,¥7), P(yilx;) € {1 —¢€,€}. Our
decisions will be based on the ratio 8;(0)/8;(1). The MPF nature of the prob-
lem is apparent. It will be found convenient to scale each local kernel P(y:|x;)
by the constant (1 — €) (this will not affect the decision).

Let us assume that the received vector y = (0110100) in a instance of
transmission across the BSC. The local kernel oy (Sy) is then given by:

1(S1)—- P(y1|x1) { 1, xy =0,

= e el (17.115)

Letf =¢/l —¢, then § < 1. Set

=[] = o]

We similarly obtain o; = [}] for i = 4,6,7 and ¢; = [9] fori = 2,3,5.
We will use ¥y, Vg, Ve to denote the vertices correspondmg to the local
domains {1,2,4}, {3,4,6}, and {4, 5,7}, respectively. Figure 17.11 shows the
local domains organized into a junction tree. We are interested here in com-
puting the objective functions at all vertices ¥;, i = 1,...,7. With regard to
the message schedule, we will adopt an inward-outward schedule in which the
outlying vertices send their messages inward first. Once the innermost vertex
¥4 has acquired knowledge of all the local kernels, the outward phase of mes-
sage passing begins. The validity of this message schedule can be verified with
~ the aid of a message trellis if desired. The messages passed are as follows:

Phase 1

p1A(S) = arlx1) = B, = [ Zij?g ] [ ; ]ZEG,B:E%C‘
(17.116)
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Fig. 17.11 Example of junction tree.

Similarly,
pr— 9 — ——
ﬁz,A 11 _ES,B "‘ﬁs,c'
Phase 2
paa(ea) =) o1, a(er)tha, a(®a) xa (61, %2, %) .
X1, X2 .
Since x4(x1 + x2 + x4) = 0 for x4 # x1 + x;, we have

paa@) = Y p1aCer)ug,aCx)

xp+xp=0

= 1,402, 4(0) + 1, 4D, 4(1) = 6 + 6 = 20.

Similarly, 144 4(1) = 1 + 62, which implies

T
Fia™| 140 |

Also,
Fea™| 1462 | T Ese
Phase 3

e, a(x4) = ppa(xa)poca(xa)oalxs).

(17.117)

(17.118)

(17.119)

(17.120)

S0, s 4(0) = 26 - 20 = 467, ps 4(1) = (1 +62)(1 + 6%)8 = 6(1 + 6% and

_ 462
E4,A - 9(1 + 92)2 .
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Similarly,

Bap = | g1 +622 |7 Eac

Phase 4

pai(e) =y pa,aea)io, aC62) Xa(x1, %2, %4)- (17.121)

X2, %4

14,1(0) = 14, 4(O)pa2, a(0) + pa a(Dp2,4(1) = 46° +0(1 + 657, (17.122)

Similarly,

o, 2\2 2 [ 48601 +6% ] _ .
/’l‘A,l(l)“‘g (1+0) +49 "I_'L_A,l ’_|: 62(1+92)2+492 _E'_B’é""_/‘gc"]

and
021 + 6% +46°
Fyn ™ [ 49° + 0(1 + 6%)? ] =HBps=Hes
Phase 5
o1(x1) = pa,1 () (x1) (17-1é3)
So
0100) = 14,1 (0)e1 (0) = 46° + 6(1 + 6% (17.124)

Similarly, o1(1) = 8°(1 + 6%)? + 46°, so that-

[ 46° 4 0(1 + 02
oy =

63(1 + %)% + 46° } =0¢=07 (17.125)
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Similarly,
_[rea+er ]
%2= [ 443 +0(1+6%?% |~ 93 =03, (17.126)
863
4= [ o(1 4 62)° } (17.127)

Note that g, could have been computed in Phase 3.

Phase 6 (Decisions)
Since 01(0) = 46* + 6(1 + 62)* > oy(1) = 3(1 + 6%)% + 46, we conclude that

-

Plxy = 0y) > P(x; = 1»). (17.128)

Denoting the decoded codeword as before by X = (%1,%,,...,%), we therefore
declare ¥ = 0. Similarly, we get X5 = % = 0 and BN =X=X=xX=1T1
can be verified that [0111100 is a valid codeword.

Example 20 (ML message bit decoding of convolutional codes (continued))

The local domains corresponding to the MPF problem in this case can be
organized into a junction tree as shown in Fig. 17.12.

The linear nature of the junction tree coupled with the fact'that it is desired
to compute the objective functions at vertices u, i = 0,1,2,3 results in a
message passing schedule that could be viewed as consisting of a forward wave
of message passing and a second backward propagating wave.

Part 1. Passing on A Priori Probabilities

H13(u0) = P(uo)  pz3(s0) = P(so)  wse(uy) = P (w1)
He9(uz) = P(uz)  pu11,12(u3) = P(us)

(17.129)

Fig. 17.12 TJunction-tree representation of maximum-likelihood bit decoding of
convolutional codes, .
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Part 2. Forward Wave

Phase I 1434 (t0, 50) = p1,3(u0) 2,3 (s0)P(Yoluo, o)
Phase 11 1has(s1) = Dy, o #3410, S0)P (5140, 50)
Phase Il pgr(u1,51) = wse(u)pas(s)P(yiluy, 51)
Phase IV p79(s2) = Yo, H67(u1, 5P (21101, 51)
Phase V po,10(ti2, 52) = wr,9(s2) s, 9(u2)P(y2luz, s2)
Phase VI 1010,12(53) = Xy, 5, H0,10(t2,52)P(s3]u2,52) .

Part 3. Backward Wave

Phase I paz,i1(us) = Y, wi0,12(s3)P(y3lu3, 53)
piz10(83) = D, #11,12(u3)P(y3lu3, 53)
Phase I 1109(tz,52) = Y, B12,10(s3)P(s3]u2, 52)

Phase 111 prog(s2y = 3, 189 (U2)P(y2luz, s2)1h10,9(u2, 52)
1o g(2) = 3, 110,9(k2, $2)P(y2lua, s2)pu1,9(52)

Phase 1V 17,6(u1,81) = 2, to,7(s2)P(s2lu1,51)

Phase V pea(sn) = 3, wss)P(yilur, s)m,6(u1,51)
pe,s(u) = Y, w161, sOP(nlur,s1)1a6(s1) -

Phase VI (14 3(to, S0) = Y, t6,4(s1)P (510, 50)

Phase VIL  pu3,1(0) = Xy, a3 (a0, $0)P(yolio, s0)p423(s0)

Part 4. A Posteriori Probabilities

o1(uo) = pa1(uo)P(uo)  os(ur) = pe,s@1)P(ur)
os(un) = pog(ua)P(ur) o11(u3) = w12,11(u3)P(u3) (17.130)

Finally, since

0'1(0) — P(uo — 0'}’0&’1;)’2;)’3)
o)~ P(uo = 1y, y1,72,3)

we decide ug = 0 if 01(0) > o1(1), and similarly in the case of the other
o;. The scheme just given for convolutional codes in which Parts 1, 2, 3, 4
are executed in sequence is clearly not optimized to yield the fastest deci-
sions. The reader can fashion a message passing schedule that minimizes time.
However, the schedule given does explain the commonly used terminology:
forward-backward algorithm. This algorithm was discovered in a different

(17.131)
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setting by several researchers, independently, including Baum, Welch, Bahl,
Cooke, Jelinek, and Raviv (BCIR), for details see [2]. It is also often referred
to as the BCIR or the Baum-Welch algorithm.

17.9 Turbo Codes

Turbo codes, also known as parallel concatenated convolutional codes, were
discovered in 1993 by Berrou et al. [5], see also [15]. These codes presented
a dramatic improvement in performance at low signal-to-noise ratios over
an AWGN channel when compared with other codes existing at the time. An
example turbo encoder is shown in Fig. 17.13. The encoder shown is composed
of two identical rate 1/2 RSC encoders. The input to the first (top) encoder is
a sequence {ui}ﬁi 61 of binary symbols. It is assumed that the top shift register
is initially in the all-zero state and that the last v input bits {uy_v, ..., uy-1}
are designed to restore the encoder to the all-zero state. The input {wi}f’___ “01 to
the second (bottom) encoder is the same set of input symbols but in a different
order. Thus we may write: )

(Wo...wy—1) = (uouy ... uy_1)P (17.132)

for some (N x N) permutation matrix P. The second encoder is also initialized
to the all zero state. -
The turbo encoder outputs three symbols (v@ v? vl@) per input symbol

i 27

1;, 0 < i <N — 1. Whereas vgl) = u;, the remaining two symbols correspond

) 1
u y

S emleler

@ line <>

w;
e

JFig. 17.13 Example of turbo encoder.

2
v

3
vi( )
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to outputs of the top and bottom encoder. Thus the overall rate of the code is
one-third.

The input-output power series relationship of the two encoders may be
expressed in the form

1 4

[VO(D) v2(D)] = u(D) [1 TiDT D_zim " DJ (17.133)
1 4

V(D) VO(D)] = w(D) [1 15D +Dti TSP D4] (17.134)

The turbo encoder incorporates three novel features: (1) the use of two
convolutional encoders to encode scrambled versions of the same input data,
(2) the use of RSC encoders in place of conventional convolutional encoders
and, (3) the use of a message passing decoding algorithm [23,28] that employs
an iterative message-passing schedule. It is this decoder that gives the code
its name.

We explain with a simple example where N = 4, wo = 2, w1 = ul, Wy = U3,
and w3 = ug. Consider ML message-bit decoding of u,. Let {x;, Virzi) 7_o denote
the received symbols correspondmg to the output streams {vl(l),vfz) , ,(3)}1_0,
respectively. Then

(uZl{xx,YUZt _() Z Z Z {u:,Squxuyz,Z: 1—0) (17.135)

HO 1,13 {S:],..o (‘Ix) i=0

Z Z Z HP(ul) [HP(x,lu,)] P(s0)P(q0) (17.136)

Hosth 3 {517y (i) *=0

i=0

3 3
x [ [ 1PGsilsi-1-1)P(gilgi-1wi-1)] l:ﬂ P(Yiluisi)P(ZilWiQi):l , (17137
=1

where s;, ¢; denote respectively, the state of the top and bottom encoder.

At this point, one should, strictly speaking, identify the local domains
and kernels associated with this computatlon and then set up a junction tree.
However, the turbo decoder operates using the graph shown in Fig. 17.14.
The reader will observe that this graph is not a tree as it is possible to identify
several pairs of nodes with-each pair connected by two or more paths.

Despite this, however, message passing is used for decoding, and the sched-
ule runs as follows. It is evident that the graph is composed of two sections. The
top section is the junction tree associated with the top encoder and similarly
with the bottom section. The two sections are linked by edges designated by a
dotted line.

To begin with, let us pretend that the dotted edges are absent. The upper
section employs message passing using a forward-backward schedule and con-
cludes by updating the states o;(1;) of the vertices labeled ug, uy, u; and us.
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' ! P
[Wo’ 9o Wodods W4, l 'Wl’qz'qz 2, Wpldrds W3 43 ]

Fig. 17.14 Junction-tree representation of turbo codes.

These states o;(1;) reflect the'aposteriori probabilities of the symbols. The dot-
ted edges then come into play. Each dotted edge indicates that the vertices
at either end of the edge (such as, for example, vertices u3 and wy) should
be viewed as being the same. Thus vertices u3 and w; share the same state
o3(u3) = o9(wy). The bottom section of the graph is now activated. Messages
are passed into the bottom section from the vertices w;, i = 0;1,2,3. Once
again, we pretend that the dotted edges are absent and carry out forward-
backward message passing, this time in the bottom section, concluding by
updating the states of vertices w;, i = 0,1,2,3.

At this point, we repeat the garlier procedure of identifying the vertices w;.
with the vertices u;. The entire procedure described thus far constitutes one
iteration.. This procedure is iterated several times. It has experimentally been
observed that with high probability, after several iterations, the probability
ratio 03(0)0;(1) can be taken to be a good estimate of P(u; = 0]y)/P(u; = 1ly)
and decisions on the »; made accordingly. . - -

Performance of Turbo Codes

At low signal-te-nwise ratios, turbo codes have probability of bit error that is
significantly lower than that of a.comparable convolutional code. The expla-
nation for this excellent performance lies in the difference between the weight
distribution of a turbc code and-that of a comparable convolutional code. For
details, the reader is'referred to [30].
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17.10 Low-Density Parity-Check Codes

The junction tree of our earlier example [7, 4, 2] code can be redrawn as shown
in Fig. 17.15. Such graphs are called bipartite graphs since the graph contains
two classes of nodes. Each edge in the graph links a node with a second node
belonging to the other class. In this particular bipartite graph, the two classes
of nodes correspond to the code symbols and the parity checks on the code
symbols, respectively. Such a graph is termed a Tanner graph [38]. Although
the Tanner graph of our [7,4,2] code is a junction tree, in general, Tanner
graphs are not junction trees. Clearly it is possible to associate every linear,
binary block code with a Tanner graph. The Tanner graph of a [10, 5] code
along with its parity check matrix H is shown in Fig. 17.16. It can be verified
that this Tanner graph is not a tree. Note that each row of H has six 1’s and
each column has three 1%. Codes of large length, say of length 1000, with a
small fixed number of 1’s in each column and each row, were termed low-density
parity-check codes (LDPC codes) by Gallager [13,23;35] in the 1960s. Gallager
showed how these codes could achieve reliable information transmission over
a BSC with probability of error approaching zero as the length of the code
approached infinity. The decoding algorithm employed by Gallager was a
form of message passing and was of complexity linear in the length of the
code.

In recent years, following the success of turbo codes, there has been renewed
interest in the decoding of these codes using various message passing algo-
rithms, including those that correspond to message passing of the type carried
out in our junction tree based decoding of the [7, 4, 2] code. The approach here,
in essence, is to construct LDPC codes in which the cycles in the graph are not
too short in terms of the number of edges along the cycles, ignore the fact that
the graph is not a junction tree, and iteratively continue message passing from
every node to its neighbor until at some point, hopefully, each node attains its
associated objective function. For more details, we refer the reader to [25,35].

Fig. 17.15 The Tanner graph of [7,4, 2] code.
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1111011000
0011111100

H=| 9101010111
1010100111
1100101011

Fig. 17.16 The parity-check matrix of a [10, 5] code and the corresponding Tanner
graph.

17.11 FEC Codes Proposed for Optical
Fiber Communication

In this section, we discuss the applicability of the codes described in Sections
17.2 through 17.10 to the optical channel. We begin with some preliminaries.

The rate R of an error correction code C is the ratio of the number of
information-bearing message bits to the total number of bits transmitted. A
code of rate R has redundancy p = 1 — R. The overhead w of a code of rate R
is given by @ = (1 — R)/R. The overhead is often presented as a percentage.
In the case of an [n, k] block code, the rate, redundancy, and overhead of the
code are given respectively by R = k/n, p = (n — k)/n, and @ = (n — k)/k. For
example, a [255,239] block code has R = 0.937, p = 0.063, and an overhead
of 6.7%.

The complexity of a decoding algorithm is often measured in terms of the
number of operations (addition, multiplication and division) over the relevant
finite field. The fastest means of implementing finite field operations is via
table lookup, which is feasible when the exponent m of the finite field Fo» is
not too large. '

-Coding Gain

Discussions of coding gain in the current optical-FEC literature usually take
place in the setting of a WDM optical communication system in which the
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dominant source of noise is the ASE noise introduced by the optical amplifiers
present along the optical fiber. The modulation is assumed to be OOK and
the receiver can be modeled as a symbol detector (see 17.1.3) followed by a
hard-decision FEC decoder. The symbol detector consists of a direct-detection
photodetector followed by an integrate-and-dump filter with integration-time
interval T chosen to capture most of the energy of the incoming pulse. The
output x of the integrate-and-dump filter is fed to a threshold circuit which
declares the transmitted message bit to be a “1” or a “0” depending upon
whether x exceeds or does not exceed, a threshold x;. The output of the
threshold circuit is fed to the input of the FEC decoder.

All distortions of the optical signal except that caused by the ASE noise are
ignored. Thus an implicit assumption ismade that the intersymbol interference
caused by the various sources of pulse dispersion has been reduced to negligible
levels through some form of optical or electronic equalization.

The ASE noise can be assumed to be modeled as colored Gaussian noise

obtained by passing additive white Gaussian noise through a bandpass filter
whose single-sided bandwidth equals Bo, the bandwidth of the optical ampli-
‘fier. Using this fact it is shown in [16] that statistically, x is a random variable
having a probability distributionknown as the chi-square distribution [32] with
the exact distribution depending upon whether the transmitted bit is a “1” or
a “0”. The authors of [16] then go on to to show how one can determine the
optimal threshold setting x, that minimizes bit error probability (BEP) p and
how this minimum BEP p can be computed.

It is common in practice however, to assume that x has a Gaussian distri-
bution. It is shown in [16], that while this assumption leads to an incorrect
determination of the threshold x4, it does yield an expression for a BEP p that
is close to the true value p. Since it is the BEP that is of primary interest in
this chapter, we will throughout use the approximation p for p given by the
Gaussian assumption, i.e.,

1 o0
prp=erfelQ) = 7= fQ Y dy, (17.138)

where Q is called the Q-factor and turns to be given by [16]

0= 2vo/Be/ o ' (17.139)

1+ /1 +4yB./B,

where y = E/Np is the SNR, i.e, the ratio of average signal energy E (per
message bit) to the single-sided power density Ny of the colored noise within
the optical bandwidth B, and where B, = 1/T is the electrical bandwidth of
the signal. The Q-factor is often expressed in terms of a quantity termed as
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the optical-signal-to-noise ratio (OSNR)  given by

Be
w = yf (17.140)

so that in terms of the OSNR w, the Q-factor is given by

0= 20/ 5o/ Be (17.141)

T 1+ /1F e

For large values of OSNR, i.e., @ > 1, the O-factor is approximately given by
0= _[—. (17.142)

We will from now on make the approximation

E
p%erfc*< ]\7>. (17.143)
o/ .

The combination of physical optical fiber communication channel and the
receiver described above, has resulted in the creation of a binary-input, binary-
output channel. It turns out [16] that without significant loss'in accuracy, we
may assume the transition probabilities in this binary-input, binary-output
channel to be equal. This leads to the binary-symmetric-channel (BSC) model
shown in Fig. 17.1. In the context of a BSC, the BEP parameter p given by
(17.143) is called the crossover probability.

The coding gain delivered by an FEC code is measured as follows. We
assume in what follows, that the goal is to achieve a message-bit error prob-
ability of 10715 or less. Let Eyncodea denote the average energy per message
bit required in the absence of coding to achieve the target 107! error rate.
Note that in the uncoded case, there is no distinction between transmitted
and message bits and hence E,ncodeqs 2130 represents the average energy per
transmitted bit.

Next, let pogea be the crossover probability of the BSC at which the code C
is able to deliver the target message bit error rate of 1071°. Let R be the rate of
the code. As in the uncoded case, let E .44 denote the average received energy
per message bit. Since there are R message bits per transmitted bit in the coded
case, we have that

EepdeaR
Pcoded = erfc* < “%) . (17144)
0
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The coding gain 7 of the code C of rate R is then given by
(17.145)

In the optical FEC literature, the coding gain is also referred to as the net
effective coding gain.

Let Yuncoded> Quncoded 3104 Veoded> Qcodea denote the uncoded and coded SNR
and Q-factor, respectively, defined via :

Euncoded )/ Ecoa’ed
ded =
NO ‘code NO

Ouncoded = A/ Yuncoded Qeoded = +/ Rycoded- (17147)

Vuncoded = (17146)

The equations below express the coding gain in terms of SNR and Q-factor:

© = 101og;y Lueede - (17.148)
Yeoded
) uncode R '
n = 201og;, —Q——ﬁﬂ“[. (17.149)
Qcoded

Example 21
Let the target BER= 10"1°. Let the code C have rate R = 8/9 and let peoded =
1073, Then since
erfe,(7.942) = 1071 (17.150)
erfe,(4.265) = 1072, (17.151)

we have that Quncoded = 7.942 and Qcoded = 4.265 so that the (net effective)
coding gain of the code is given by

87.942 '
1 = 201logy, ([5 Z%é?) = 4.89 dB. (17.152)

We next present an upper bound to the maximum achievable coding gain
‘under hard-decision decoding, of the optical channel described above. As
noted, the optical channel can be viewed as a BSC with crossover probability
p given by

p = erfcy (\/Rycoded) (17.153)
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Table 17.12 Maximum
Achievable Coding Gain on
the BSC

Maximum Achievable
Rate R Coding Gain (BSC) (dB)

0.85 11.17
0.90 10.59
0.95 9.69

where R is the rate of the code. It is possible using information theory [10]
to determine the smallest value y™2  of SNR required to guarantee reliable
communication at rate R. This value is obtained by solving the equation

R = —plog,p — (1 —p)log, (1 —ﬁ), where p = erfc, <W/Ryf;i§;d>.
(17.154)

Let as before, yuncodea denote the SNR needed to achieve reliable commu-
nication in the absence of coding. Interpreting reliable communication as
communicating with BEP 1071%, we can determine ycoes by solving

erfc* (V yuncoded) - 10_15 , (17155)

Then 101081y (Vuncoded/ Vamin) 1s the maximum achievable coding gain at rate
R. The maximum achievable coding gains at rates R = 0.85,0.9 and 0.95 are
tabulated in Table 17.12.

By replacing hard-decision decoding with soft-decision decoding, it may
be possible to gain something on the order of an additional 1-2 dB depending
upon the rate R of the code. ‘

BCH Codes (Section 17.6)

BCH codes fall into the class of cyclic binary codes. From an optical stand-
point, these codes offer certain advantages. They are efficient in having small
overhead for given error correction capability, and are flexible in that they
offer a trade-off to be made between overhead and error correction capabil-
ity. When operated over a BSC, the codes can be decoded by a hard-decision
decoding algorithm of reasonable complexity. If the BCH code has length »
and is capable of correcting # errors, then decoding can be accomplished using
roughly 4nt + 4¢? finite field operations, for details see [24].

A tabular listing of the coding overhead/coding gain trade-off offered by
BCH codes is provided in Table 17.13. In deriving the coding gain of the BCH
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Table 17.13 Lower Bound on Coding Gain of Some BCH
Codes

v

Lengthn t RateR Overhead w (%) Coding Gain (d3B)

2047 27 0.85 17.64 8.02
2047 18 0.90 11.11 7.41
2047 9 095 5.26 6.17
4095 51 0.85 17.64 8.60
4095 34 090 11.11 8.09
4095 17 0.95 5.26 7.03
2047 1 0599 0.60 1.59

codes, it was assumed that the bit error probability at the output of the BCH
decoder is equal to the probability given in (17.4) of incorrectly decoding the
transmitted codeword using the bounded-distance decoding algorithm. This
assumption is equivalent to saying that whenever a codeword is incorrectly
decoded, all the message bits are erroneously decoded. For this reason, the
“coding gain” entries in Table 17.13 are lower bounds on the actual coding
gainrealized by the respective BCH code. Application of the bounded-distance
decoding algorithm requires knowledge of the minimum distance of the code.
In this case, the minimum distance was set equal to the value given by the BCH
bound, see [26]. ) A

The lengths of the BCH codes were chosen to be 2047 and 4095. The first
length is comparable to that of the binary code in the I'TU G.975 Recom-
mendation, which involves a length 255 RS code, which upon conversion
to bits, results in a binary code of overall length 8 x 255 = 2040. At both
lengths, three sample codes are presented, corresponding to the code rates in
the range 0.85-0.95. The bottom entry in the table corresponds to a BCH code
with parameter ¢ = 1, which corresponds as indicated in Section 17.6, to a
single-error-correcting, cyclic Hamming code of length 2047.

In the optical communication literature, BCH codes have appeared as con-
stituent codes in the construction of product codes (see below). Hamming
codes were proposed for use on the fiber-optic channel in an early paper by
Grover [14].

Product Codes (Section 17.6.1)

Product codes offer the benefits of large block length combined with ease of
decoding. However, if it is desired to construct a product code C of high rate R,
this forces the constituent codes Cy and C; to have even higher rates. Typically
in such cases the minimum distance d = dd, of the resulting product code
will be low.
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A product code construction for optical communication, based on a pair
of linear binary codes having parameters [128,113,6] is described in [1].
These binary codes are obtained by appending an extra parity symbol to
the [127, 113, 5] double-error-correcting BCH code. An iterative soft-decision
decoding algorithm is used to decode the code, resulting in a coding gain
estimated at 9.7dB. The rate R of this product BCH code equals 0.78.

Reed-Solomon Codes (Section 17.5)
RS Codes in Practice

For optical fiber submarine communication systems, ITU Recommendation
G.975 [17] recommends the use of a [255,239] Reed-Solomon code. In the
absence of interleaving, this code is capable of correcting eight random byte
errors within each codeword. As noted earlier, this translates into a maximum
guaranteed burst error correction capability of 57 bits.

Interleaving of code bits across codewords can be used to increase the burst
error correction capability at the expense of an increase in delay in decoding.
ITU G.975 allows for interleaving up to depth 16, which would result in a
maximal guaranteed burst error correction capability of 8 x (Tx16+15+1 =
1017 bits. '

Decoding RS Codes

As discussed in Section 17.5, an [n = 2" — 1, k] RS code with code symbols
lying in Fyn, has minimum distance dmin = n—k+1 and is capable of correcting
t = |dmin — 1/2] errors. The Berlekamp-Massey algorithm [4] can be used to
decode the RS code with a running time on the order of #2.

Performance of RS Codes

We provide a tabular listing in Table 17.14 of the error-correction capability,
rate, overhead and corresponding coding gain of length 255 and 511 RS codes
in Table 17.14. The coding gains shown in the table assume a target BER
of 10~15. In deriving the value of coding gain, it was assumed that the bit-
error probability at the output of the RS decoder was equal to the probability
of incorrectly decoding the RS codeword under a bounded-distance decoding
algorithm. This is equivalent to assuming that a decoding error causes all
the corresponding message bits to be incorrectly decoded. Thus the value
appearing in the table under “coding gain” is in actuality, a lower bound to
the coding gain. The probability of decoding error under the bounded-distance
decoding algorithm was determined using (17.4).

The last entry in the table corresponds to the RS [255,239,17] code
appearing in the ITU G.975 Recommendation [17].
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Table 17.14 Lower Bound on the Coding Gain of Some
RS Codes

Lengthn t RateR Overhead w (%) Coding Gain (dB)

255 19  0.85 17.64 7.42
255 13 0.50 11.11 6.70
255 6 095 5.26 5.40
511 38 0.85 17.64 8.04
511 25 0.90 11.11 7.53
511 13 095 5.26 6.56

255 17 0.937 6.72 5.99

Concatenated Codes (Section 17.5.1)

The discussion here is restricted to the technique of concatenating codes
presented in Section 17.5.1. Concatenated codes offer the benefits of large
length and the ability to handle isolated errors as well as error bursts. Large
code lengths improve performance as these tend to average out distortions
introduced by the channel, making them more predictable, and hence more
correctable. As pointed out earlier, the overall rate of the concatenated codes
is the product of the rates of the outer and inner codes.

There is a downside to the use of concatenated codes. With concatenated
codes, the dimension of the inner code equals the mumber of bits in one bit of
the outer code and thus is typically around the value 8. At dimension 8, the
maximum rate of a block code equals 8/9. To construct a concatenated code
of overall high rate, one is forced to use a very high-rate RS code, which drives
down the overall error correction capability.

RS Codes in the Literature

It is shown in [21] that an increase in coding gain of about 1.2dB is observed
when the ITU-recommended [255,239] RS code is replaced by the more
powerful [255, 223] RS code having 14.3% overhead. ‘

Most of the error correction schemes discussed in OFC 2001 were based on
the Reed-Solomon code. In {1], an FEC scheme featuring a pair of concate-
nated RS codes with an interleaver in between is examined (see Fig. 17.17).
Note that the method of code concatenation described in [1] is different from
that discussed in Section 17.5.

Two different example RS code pairs are considered. The first pair consists
of two identical [255,239] RS codes. The overhead of the concatenated code
in this case is 13.8% and a 7.2dB coding. gain was estimated at a BER of
10713 when the interleaver depth equaled 32 bytes. In the second example,
the RS codes have parameters [255, 239] and [255, 223], resulting in an overall
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Fig. 17.17 Concatenated Reed-Solomon encoder.

overhead of 22%. A 7.7dB coding gain was estimated when an interleaver of
depth 32 bytes was used. The author also points out that an increase in coding
gain results when the concatenated code is iteratively decoded.

A third method of concatenation involving RS codes is discussed in [39].
Here the constituent RS codes have parameters [255, 239] and [239, 223] for an
overall overhead of 14%. The authors of [39] point out that when operating at
high power levels, the increase in symbol rate arising from the use of FEC can
result in increased nonlinear effects which tend to reduce the amount of coding
gain. If this nonlinearity penalty is ignored, then the serial concatenation
scheme is able to produce (roughly) 3 dB gain over the ITU recommendation.
However, since the nonlinear penalty observed by the authors of [39] is about
1 dB, the net coding gain of approximately 7.5 dB observed at a BER of 1013,
is roughly 2 dB higher than that afforded by the ITU-recommended code.

In [46], a new approach for enhanced PMD mitigation using a combination
of polarization scrambling and FEC is presented. Due to the slow temporal
dynamics of PMD, current systems have to be designed for the worst-case
PMD constellation. By introducing polarization scrambling, these dynamics
are accelerated such that bad PMD constellations can affect only a limited
number of bits per FEC frame. These erroneous bits can be corrected by the
FEC scheme. The FEC scheme discussed in the paper is a RS [255,239, 17]
code.

In [49], an alternative scheme for mitigating PMD using FEC coding and
a first-order compensator is presented. A [255,241] RS code is used as FEC
code. The measured OSNR gain due to FEC (as compared to using only a
first-order compensator), in the presence of only PMD and noise, at an outage
probability of 10~3, was 5.7 dB at 31 ps average PMD and increased to 7.5 dB
at 43 ps average PMD.

Convolutional Codes (Section 17.7)

When the memory of the convolutional encoder is not too large, the Viterbi
and BCJR algorithms present efficient means of accomplishing either hard-
or soft-decision decoding of these codes. However, convolutional codes are
typically low-rate codes. It is possible to puncture a low-rate convolutional
code [44] to obtain a high-rate code that is also easily decodable, but this
puncturing tends to decrease the Hamming distance between codewords in
the code.
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A discussion on the use of a convolutional code as an FEC scheme for a
pulse-position modulation-based optical fiber communication system may be
found in [12].

Turbo Codes (Section 17.9)

Turbo codes are also known as parallel concatenated convolutional codes.
These codes tend to have low rates and also low values of minimum distance.
Although these codes perform excellently at low SNR, at high SNR, the low
minimum distance of these codes tends to degrade performance. It is also
possible to iteratively decode convolutional codes that are serially concate-
nated [8,15] and these tend to have larger minimum distance and may therefore
be better suited to the optical channel where very low bit errors are desired.
Thus, it is desirable to identify serially concatenated convolutional codes, that
in addition to having large minimum distance, also offer high rate.

Low-Density Parity-Check Codes (Section 17.10)

LDPC codes are potentially of interest in optical channels. Of course, one
does need to identify suitable high-rate LDPC codes that also possess large
minimum distance. Nonbinary LDPC codes [25] could also be of interest.
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