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(CL 177—353)

‘20 Claims.
1

This.invention relates to permutation code sys-
terms and in particular to apparatus for and a
method of detecting and-correcting errors which
impair the aceuracy of the output.information of
such systems.

The invention may be exemplified in its prac-
tical .application chiefly in systems employing
binary permutation codes. That is, systems. in
which a code group consists.of a numerical se-
quence of any number of 0’s or 1’s in any per-
mutation arrangement.  Any individual element
of such g code, therefore, consistsof a 0or 1. In
the telegraphic art such code permutation groups
are referred to as consisting of marking .and spac-
ing elements. These marking and spacing ele-
ments may be differentiated from each other in
practical arrangements by conditions of current
and no current, positive current and negative
current, or by any other suitably selected pairs of
conditions. It is more or less customary for
workers in the telegraphic and related arts to use
the expressicn “code combination” rather than
the expression “code permutation” in reierence
to a code group. It should, therefore, be under-
stood that the word “permutation” is used here-
in as ‘being more accurate but should not be
taken to distinguish from the terminology-of code
combination as used by telegraphers and others
when applicable.

The ‘prior art offers systems and methods of
checking the accuracy of received or recorded
permutation codes. In one known type .of sys-
tem there are added to the standard five-unit
permutation code groups two additional elements
for the purpose of checking accuracy. 1In such
systems the permutations usable for information
may consist of those having, for example, exactly
four marking elements per code group of seven
elements transmitted; and in such arrange-
ments the receipt-of a permutation or code group
having less or more than four marking elements
indicates some kind of error. Moreover, the
principle involved in thus checking the accuracy
of encoded received information may be extended
to codes consisting of a greater number of ele-
ments. There are in use.systems employing sc-
called two-out-of-five .codes. Upon analysis,
these are found to be five-clement binary per-
mutation code systems in which but ten of the
possible perinutations are used, these being ten in
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which there are exactly two marking (or spac-
ing) elements. .Arrangements have been devised
whereby a single error in the receipt or recorda-
tion of a code group of such 4 system is detected
in that such an error results in.more or less than
two. marking or spacing conditions as the case
may be. The principles.of this type of checking
and error indication may be extended to codes
of greater than five units. Indeed, it may bhe
shown upon analysis that error checking in the
two-out-of-five systems and error checking in the
four-out-of-seven systems involve similar prin-
ciples.

Furthermore, in certain types of arrangements
there have been used so-called biquinary systems
wherein analogous methods have been employed
whereby recording or reception in such a system
may be accomplished with the indication of a
single error.

All of these arrangements involve the limiting
feature that an error upon being introduced, al-
though detected, is not automatically corrected.
The maximum result which the method or ap-
paratus can achieve is indication of the presence
of the error. This indication is accomplished in
various ways, for example, by printing in the
case of printing telegraphy, an auditory alarm
signal indicating that an error has cccurred, by
stopping the reception and sending hack to the
transmitting end of the system a signal indicat-
ing the necessity of retransmitting some portion
of.the information over again or, in the case of
certain types of systems, causing the operation
to cease until the erroneous condition is detected
and corrected by human intervention.

In accordance with the present invention, the

‘art may be advanced to a point where an actual

error or errors of transmission or recording may
be corrected automatically. Furthermore, in
addition to correcting one or more such errors,
code systems designed in accordance with the
principles of the invention may simultaneously
incorporate error correction if a first number of
errors occurs and error -detection if a second
number of errors occurs. In its simplest aspect,
the invention may consist of means for correcting
o single error; in a further advanced aspect ib
may previde means for correcting one error or
detecting two errors; in a more advanced aspect
it can provide means for correcting two errors,
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etc. However, practical considerations such as
those of cost and complexity may place a limit
upon the extent to which error correction and de-
tection is to be carried in any particular case.
Thus, it will be seen from an analysis of the de-
scription of the invention which follows here-
after that the complexity thereof, both in theory
and practice, increases rapidly as one provides
for the correction and/or detection of additional
errors in a code wherein the information bear-
ing elements consist of a definite number. How-
ever, under no set of circumstances is it possible
for any system using the principles of this in-
vention to correct code groups if every element
comprising said code groups is transmitted er-
roneously.

One advantage of the invention is that it may
be employed to correct an error of transmission
or recording in lieu of a prior type of system in
which hitherto an error has merely been indi~
cated. Thus, for example, consider the operation
of a computer. In such a case the usual result
of an error is to cause the computing to cease
until the apparatus is attended to correct the
error inducing condition. In the case of a com-
puter left to run overnight without attendance,
operation would cease until morning ugon the oc-
currence of a single error. By employing ap-
paratus involving the principles of the present
invention, a single error or a sueccession of single
errors in sequentially transmitted code groups
can be corrected without system shutdown for re-
pairs. By employing the principles of the in-
vention in a more extensive form a machine could
be made to stop upon the occurence of a double
error.

Furthermore, there are numerous types of
transmission systems such as binary permutation
computers and pulse code modulation telephony

systems wherein the automatic correction of an *

error is of great value; because, in general, in
these systems it is either impractical to stop the
operation or impossible to do so effectively if the
end and aim of the system is to be achieved. In
the case of telephone transmission, the difficulties
of stopping transmission at the reception of an
erroneous code group are quite apparent. The
present invention therefore lends itself to ad-
vantageous application in such arrangements.

Another distinctive feature of utility wherein
the present invention advances the art is the
capability of systems constructed in accordance
with the principles of the invention to correct
data which has been erroneously stored. 'Thus,
for example, a given system may store informa-
tion in the form of a record, for example, perfo-
rated tape. Certain errors in such tape may be
corrected long after the original source of infor-
mation has ceased to operate by the error cor-
recting procedures disclosed herein.

.As mentioned hereinbkefore, systems in accord-
ance with this invention take on increasing de-
grees of complexity as compared to ordinary
binary permutation code systems or binary
permutation code systems in which error de-
tection only is provided. By way of exemplary
embodiment, there is described hereinafter a
system in accordance with the invention whereby
use is made of electromagnetic relays for register-
ing permutation codes and correcting errors.
Broadly, however, the principles of the inven-
tion may be applied to other types of systems
involving such devices as vacuum tubes, gaseous
tubes, cathode-ray tubes or mechanical arrange-
ments.

10

20

25

30

45

60

-7
=

4

As in the case of most advances in the art for
providing greater accuracy, the present advance
may be accomplished only by the addition and
use of equipment over and above that necessary
for transmission or recording without the use of
the invention. In general, it will be seen from the
first method of analysis presented hereinafter
that one embodiment of the invention requires the
addition of check elements to the permutation
code information elements, these additional ele-
ments are generated at the sending or originating
end, at which point means are provided for con-
trolling the proper nature of these check ele-
ments to accompany any particular code group.
At the receiving end there is provided additonal
register means to register not only the informa-
tion elements of the code but also the check ele-
ments added for correction purposes, together
with parity cireuits or means for checking sub-~
groups of the registered elements of the code
groups together with a relay tree for determining
the location within a code group of an error which
occurs, and finally means for reversing the er-
roneous electrical condition which comprises the
error.

A detailed analysis of the self-detecting and
correcting codes used in this invention ig neces-
sary for full understanding of the practical struc-
tural analogies disclosed. The binary representa-
tion of 0 or 1 is used throughout the specifica-
tion to represent code group elements for mathe-
matical convenience and also because this
method is the natural form for representing the
open and closed relays, absence or presence of
pulses, perforated tapes, cards with holes or non-
holes, and dot and dash methods that are used
in many forms of code information systems.

The error-detecting and correcting codes dis~
closed may be constructed from code Sroups con-
taining a total of n elements in a sequence; of
this total, using one method of analysis, m partic-
ular elements are associated with the informa-~
tion, and n—m=FKL elements are used for error
check elements. The error correction is ac-
complished by grouping with the necessary in-
formation elements the additional check elements
whose binary values 0 or 1 are generated in ac-
cordance with certain rules. The function of the
check elements is to detect, locate and correct
errors appearing in any element, k as well as m,
of a code group.

In any binary code using 7 element, code groups,
2n different permutations are possible, and 2= sig-
nificant meanings could be assigned to the dif-
ferent code groups. But in the self-correcting
and other codes of this invention, 2m different
permutations are used to convey information
throughout a given system. 27—2m of the 2" pos-
sible different permutations represent code groups
with single element errors. This allocation of
possible code groups to information and erroneous
meanings produces a redundancy R defined as
the ratio of the number of elements used to the
minimum numbker necessary to convey the same
information, that is, R=n/m. This serves to
measure the efficiency of the code as far ag the
transmission of information is concerned.

A single error-detecting code is a code in which
sufficient check elements are sent with each coda
group so that a single error in any code group
can be detected; a single error-correcting code
sends enough additional check elements with
each code group sc that a single error in any code
group can be detected, located and ccrrected.
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" Similardefinitions-apply to:multiple error-detect-
Jing:@and. correcting .codes.

In the following subsections, methods:of con-
structing special minimum redundancy bidary
codes in the following .cases are shown:

Ia. Single error-detecting codes (known in
the prior art).

Ib. Single error-correcting cedes (not known
in the:prior art).

Ic. Single error-correcting plus double error-
detecting codes (not known in the: pricr art).

Section. II of this .specification discusses a
newly devised geometrical analysis of error-de~
tecting and correcting codes, and Section IIT
contains .a .detailed explanation of the structural
analogies of special codes b and .c of .Section I
and also extensions to those structures.

SECTION Ia.—SINGLE ERROR-
DETECTING'CODES

A single error-detecting code ‘having n binary
elements in.each icode group may be constructed
in the following manner. In the frst n—1 ele-
ment positions, n—1 elements of information ap-
pear. In the nth position either a 0 or 1.element
appears so that the entire n positions have an
even number of 1’s. This is clearly a single error-
detecting code since any single error in trans-
mission would leave an odd number of 1’s in a
code group.

‘The redundancy of these codes is:

n I |
R’—"n—‘:l—_l—’—n-—-‘l

It might appear that to gain. the apparent .ad-
vantages -of a low redundancy, n should ‘become
wvery large. However, by increasing n the prob-
.ability of at least one error in.a code group in-
-creases «due to -errors caused by the equipment
transmitting the additional elements. The risk
of a double error, which would pass undetected,
.als0 increases.

The type of detection check used above to-de-
termine ‘whether or not the code group has any
single :error will be used throughout the specifi-
cation and will be called a parity check. The
above was an -even parity check; it is cbvious,
however, that an odd number of 1’s couid have
keen used to determine the value of the-element
of the nth position. In such a case the parity
check for detecting the presence of an error
would have been an odd parity check. Further-
more, 2 parity check need not always involve all
the elements of a code group but may be a ¢check
over selected element pogsitions only.

SECTION Ib.—SINGLE ERROR-
CORRECTING CODES

To construct a single errcr-correcting code,
m. of the n available element positions in each
code group are assigned as information positions.
The number m is regarded as fixed -and is deter-
mined by the maximum number of ceode group
means needed to -convey information, but the
specific element positions to be occupied in the
code group by the m information elements ars
l1eft to later determination. Next, the k=n—m
remaining element positions are assigned -as
check positions, thatis, the binary valuesin these
positions, 0 or 1, are to be determined Ly even
parity checks.in conjunction with element values
appearing in certain selected information posi-
tions fo be determined by Table II.

6

Por a given number of information elements
m, the minimum. number wof .check elements to
e :agsigned to..each icode group is:fixed. .. Suf-
ficientt  check selements must ibe. included, how-
5 ever, so that any single error may be :detected,
Jocated and icorrected. If the code :group “was
received correctly;, the :check elements. should
also be akle to Jindicate correct reception .of the
“gedegroup. Since:it is:required that: the X check
10 “elements :show "the ‘position :6f ‘a single error iin
2n n element -code ‘group 'plus a .correct icode
group, if such ‘is received, the check -elements
‘must be able toidescribe m4k4-1=n-1 different
-conditions. ‘Therefore, with-a binary represen-
15 tation code k elements ‘can ‘indicate 2% possible

conditions,; thus

2k=md-fo4-1 or 2k=na-1

g0 Is a condition on.%.

Using this inequality, Table I is calculated
which gives the maximum m for a given n or,
what is the same thing, ‘the minimum 7 for a
given m.

25 Table I
Mimi-
n ™ ! mum k
30
1] 0 1
20 0| 2
3 1 2
4 ' 1 3
i 2 3
N 3. .3
35 7| il 3
8 4 4
9 50 4
10 K] 4
11 ot 4
2] 8 4
13 ] 4
147 10 4
40 15 | e 4
16 | 11 5

To use Table I in -constructing .an error-cor-
45 recting -code ‘the requirements iof the informa-~
‘tion -system which will use sthe code :must be
known. If, for example, sixteen -different code
-group meanings are necessary .for proper system
-.operation, $he condition is specified that :2m=16
50 -in the binary code representation. The number
-of information :elements or m, therefore, equals
4. 'Theseventhrow of Table I:shows:three .check
elements -are necesary -and as. indicated +in -the
‘table 7 must be 7.
85 Having determined the general ‘requirements
cof:a:code:group foraparticular system, the binary
value 0 or 1 involved ‘in the mnecessary :check
elements must be determined so.that code group
correction is possible,or if no correction:is neces-
60 :sary such a :condition is described ‘by the :icheck
elements. The ‘first step in::accomplishing ithis
essentidl objective is:to @ssign each check ele-
ment a value determined by a parity check .of
selected information elements. In :an arbitrary
65 .codegroup representation, throughout this speci-
fication, the check element positions in an also
sarbitrary choice appear to. the left:of the infor-
mation element positions. The numerical assign-
‘ment of ‘the various:element positions in an ele-
70 ment position sequence is as follows:

K, ko, k3 . . . .Fn—m, M1, m2, M3 . ... Mm

The positions for-a n=7-code would ‘be:

=
w

Kk, Kz, Ks, ma, ma, ma, ms
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The respective . element positions from left to
right are for convenience in certain cases also
given a numerical notation of 1, 2, 3, 4, 5, 6, 7,
ete.,, which is called a code group position
sequence.

One method of constructing a ecomplete parity
check procedure for a single-error correcting code
is embodied in the following two rules:

1. Bach of the elements of n=m-k positions

of a code group must be in parity check subgroup 1

with one or more of the check elements. In other
words each element must be in a parity arrange-
ment with at least one check element. An ele-
ment may also have a parity association with a
plurality of check elements.

2. It is both necessary and sufficient that no
two different elements have exactly the same set
of checks associated with them.

An example of parity construction following

these rules is shown in Table II.
Table IT
Check Code Group Position
Check Number Element

Position 1lols|alsleglr

ki iz
Iz z
ks z z

wa

|8
8y Y

This table is limited to three check element
positions; therefore, from Table I only n="17
element positions can he checked. The particu-
lar positions to be assigned to check elements and
information elements is not material. Upon ex-
amination of Table IT it will be found that rules
1 and 2 for constructing correcting parity checks
are satisfied. Bach code group position is cov-
ered by at least one check element and also each
code group position is covered by a different com-
bination of check elements. For example, code
group position 1 has the check set %1, code group
position 2 has the check set k2, code group posi~
tion 3 has the check set k3, code group position 4
has the check set (ki, k2), ete.

The necessity for rule 2 is based on the follow-
ing reasoning. Suppose two different element
positions had associated with themselves the
same check element sets. Then an error in
either one of the two positions would produce the
same set of check element failures determined by
a parity count, therefore a pattern of parity check
failures would provide no means for determining
which of the two element positions was in error.
If code group parity checks are so constructed
that each element position has a unique set of
checks associated with itself and with no other
element position then the pattern of parity check
failures will indicate exactly what element posi-
tion is in error as a unique set of parity check
failures will occur for an error in each of the
different element positions.

As an illustration of the above theory, a seven-
position code is constructed. From Table I if
n="T, then m=4 and k=3. From Table II, the
first check in position ki involves code group
positions 1, 4, 5, 7 and the second check in posi-
tion ks involves code group positions 2, 4, 6, 7 and
the third check in position %3 involves code group
positions 3, 5, 6, 7. 'This leaves positions 4, 5, 6, 7
as information positions. The result, after writ-
ing down all possible binary numbers using posi-
tions m1, me, ms, ms and calculating the values

20

25

30

40

60

70

75

in the check positions k1, k2, k3 by an even parity
method over the selected positions of Table II,
is Table III.

Table 111
Code Group Position
L2138 |4]516f7 Numerical
Value of
Element Position Code Group

k| ke | ks | ma| ma| ma| my
oyo0|l0jJ0jojo]oO 0

1 1 1(0(0]0 1 1
gir1)l1f070t1|o0 2
1y0(0(0f0}f1]1 3
101|011 01]0 4
ol1|10]011}0]1 5

11 1]0|0f1]1]0 6
oj0|1]0 1 1 1 7
1(1]0 1101010 8
0101 1101011 9
1(0]1 1101110 10
0|10 f17011]1 11
011 1 1{0]0 12
1(0]0]|1 1101 13
0ol0f0]1 1 110 14
1{1|1(1tp1{1]1 15

Thus a seven-position single error-correcting
code admits of sixteen code groups. There are,
of course, 27—16=112 meaningless or single error
code groups. In some applications it may be
desirable to drop the first code group from the
code to avoid the all zero combination as either
& code group or a code group plus a single error
since this might be confused with no message.
This would still leave 15 useful code groups. The
column in Table III, “Numerical value of code
group,” represents arbitrary meanings assigned to
the code groups of Table IIT.

Thus far the code theory presented deals with
error-correction code group construction. In or-
der to understand the theory of error location
and correction additional explanation follows: To
locate a particular element position whose value
has been received in ervor, reception parity checks
must be made over the same selected positions
used in initially determining the values of the
check elements. If a correct parity is received
over the selected positions for each check a 0 is
arbitrarily written down. If an error occurs and
an even parity group is received with an odd
number of 1’s, 2 1 is written down. After this
procedure is accomplished for all of the checks
associated with a code group, a sequence of 0’s
indicates that the code group was received free
from any single error. A sequence with a 1 in it
indicates an error. Because of the uniqueness
by which the parity checks of Table IT were con-
structed, any given reception parity check per-
mutation of ¢’s and 1’s having at least a single 1
in the sequence will indicate the element posi-
tion of a single element error.

To illustrate this procedure, let it be assumed
that the code group representing decimal value
1, i. e., 1110001, is transmitted. Furthermore, let
it be supposed that the transmitted code group
was received with a single error in element posi-
tion k1 so that the code group appears as 0110001,
From Table II, the check element in position ki
or code group position 1 involves code group po-
sitions 1, 4, 5 and 7. The check element in po-
sition k2 or code group position 2 involves code
group positions 2, 4, 6 and 7. The check element
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in. position k3 or code group. position 3: involves

cocde group positions 3, 5; 6 and 7. Check 1 in-
volving the code group positions of. check ele-
ment ki totals 1, an odd number, which indicates
an error because check 1 was transmitted in ac—
cordance with even: parity; so a 1 is written in
the parity check sequence. Check 2 involving the
code group positions of check element: k2 totals
2, an even number, so no error exists in- this
check; therefore, 0 is written in: the: parity check
sequence. Check 3 totals 2, an' even number
also, so no error exists. Another: 9 is written-in
the parity check sequence. If the 0’s'and: 1’s are
written from right to left as they were: caleu-
lated, the reception parity check notation 00%
results, which, because of the method by which
the parity checks were determined, indicates an
error in code group position. 1 or what is the same
thing, element position k1. To correct. the: lo~
cated. error, the opposite: value need. only be in-
serted in element position k1. By going through
similar procedurses errors in-any code group.ele-
ment can be located by the binary sequence re-
sulting from the reception parity check and the
0 and 1 substitution procedures cutlined. above:
For if the parity checks are constructed in ac-
cordance with-the two rules given, a different and
unique 0 and 1 reception: parity check sequence
will occur for element errors in different element
positions. Table IV shows. the reception parity
check sequence: values for correct and incorrect
transmission of the code groups of Tahle IIL if a
0 is written for a correctly received parity sub-
group and a 1 is written for an incorrectly re-
ceived parity subgroup.

Table: IV
Parity sub-
group’
Error. Position

k3| ko | ki
T U o o 1
ks 0] 1 0
3 S 110 0
m o I'f 1
n; 1| O 1
7 S U S 11| 0
My I L 1
INO ITOTS. e oo e em e mm e e |+ 0] 0 0

SECTION Ic.—SINGLE-ERRCR CORRECTING
AND DOUELE-ERROR DETECTING CODES

To construct a single-error correcting plus
Gouble-error detecting code one more element o=
sition is added to the single-error correcting code
groups constructed in Section Ib and shown in
Table I1T. The binary value which appears in
the additional position is determined by a parity
check procedure involving all of the other ele-
ments of a code group similar to the method
used in the error detection code of Section Ia.
Table V is the result of adding an eighth.column
between the third and fourth columns of Table
III whose element values, C or 1, are determined
s0 as to form even parity with the other elements
appearing in the appropriate code group.

Code group position 8 appears out of order nu-
merically so that all the check element positions
will be together at the left of the information
positions. The values appearing in code group
position columns 1, 2, 3. are determined by even
parity checks over the selected information posi-
tions required by Table II. It should be recog-
nized that it is-not necessary for the parity check
subgroups for any ki, k2, ks cheek to include:-cede
group: position 8: for operation of this code.

10
Table V

) Code Group Position
b 1213 [ g 41 5] 6| 7| Numerical
: Value.of
Code
Element Position Group
by | ko | ks | ke | my | ma| ms | ma
10 :
oy ol 0|00 lof0;0 0
L1100 0] 0FL 1
O L | 1 1 04{0/[1}10 2.
ryoefotrfojoprr|y 3
Lo 0 L 1[0 1] 00 4
15 010140 1}0]L b
Lfrjyoejojo|Lr|1{o 6"
B O 0 A P R O 7
s 1011000 8
gjyolrjr|{1rjo|o|1 9
T S P G O ¢ M A I A A I A 10.
¢0 [ L0011 (00| 1 1 11
ofryrjol1rp1o;0 12
20 looloeflrirlo; L 13
o(o0]0f1 11 1|0 14
1)1 1|1t 1|11 15

The properties: of this code are as follows: (1)
25 If there are no:errors in a code group. all:of the
checks: including. the: additional check will be
satisfied:. Again, writing a 0 for a correct parity
check:and & 1 for an incorrect parity check the
proper: reception parity. check results would- be
30 represented as:0000.. (2) If thereis a single-error
the: added: check appearing in code group posi~
tion: 8 will: fail,. that is, the value:in position k4
will:not. be in' even. parity with. the. values: ap-
peaving: in ki,. ke;. k3;.ma, ma, m3. and.m4.. This is
35 true whether the.error is.in the .information, the
original.check: or the:added check. The original
checks: give: the position: of the error, where now
the: 006 value of the; original checks means the
added. check has failed.. (3): If there: are two
40 errors in the received code group; in all such
situations: the added check is. satisfied because
even:parity: exists. Checks: ki, k2, k3 merely in-
dicate. some: kind: of error. There is no pattern
which:can: be:made of the-error indication in.this
case: so: as:to  locate even one of the: errors: and
then:correct it, The usefulness of the code.group
in: this. condition merely extends: to double-error.
detection; and: it is. not possible to correct. one
af the-double:errors - and to-detect the other. An
50 explanation for this: characteristic of the: code
will: be described in detail in Section II.
Table VI.shows: the reception parity check values
for correct and-incorrect transmission:of the.code
groups of Table VI if'a 0'is written for a correctly:
55 received:parity subgroup:and a I is written:for an
incorrectly received parity subgroup.

Table VI

LS
o

60 Parity Subgroup
’ Efror Position

ksiks ‘kz ikl

e e e
T
H
OO OHOO
H
| COROMMOOM

1, 2-or-all'of k1; krand'ks-will havea 1 value.

SECTION II-GEOMETRICAL THEORY

In.analyzing the characteristics . and properties

75 of error detecting and correcting codes.it is often

G

Exhibit 1018
Infinera Corporation v. Alexander Soto and Walter Soto
Page 008



2,552,629

11

desirable to introduce a geometric model. The
model described herein is a unit n-dimensional
cube with 27 vertices. Each vertex of the model
is identified with a particular binary code group.
Code groups having 7 elements are used; there-
fore, 2» different binary permutations are pos-
sible and each vertex can be represented by a dif-
ferent code group. A part or subset of the total
27 vertices are assigned code groups which repre-
sent information in a particular code. These are
calied information vertices. The remaining
vertices are assigned code groups which repre-
sent errors in the same code. It should be re-
membered that errcr detection and correction
codes have a redundancy greater than 1, which
means that all possible different 0 and 1 code
group element permutations do not have mean-
ings assigned to them. Each vertex represented
by a code group is also given an arbitrary alge-
braic notation such as z, y or z for analytical con-
venience.

Into this cube of 27 vertices a distance is in-
troduced, or as it is usually called, a metrie,
which is represented by the notation Dz, ).
D(z, ¥) in the n dimensional model represents
the shortest distance between vertex x and
vertex y. This distance is not necessarily a
straight line but is the scalar total of the straight
line unit length cube edges between adjacent
vertices in completing the shortest path from
vertex x to vertex y. It is to be noted that in a
particular binary code group assignment the in-
formation vertices are not necessarily adjacent to
each other and that the shortest distance path
followed hetween information vertices will pass
over error code group vertices. Also each umit
length cube edge over which a path is taken forms
a right angle with other unit length cube edges
at each vertex. In calculating the distance this
angle is not important.

The assignment of binary code groups, error
as well as information, to given vertices, is as fol-
lows: Code groups which have only one element
value differing when a comparison is made to
the values appearing in the respective element
positions of any arbitrary code group are as-
signed to vertices only a unit distance from the
vertex assigned to the arbitrary code group.
Similar definitions apply for multiple distance
vertex code groups., For example, in a model
where n=3, two elements of any code group in
the group 001, 010, 100 and 111 differ from the
elements of the remaining code groups when a
respective comparison of all three element posi-
tions is made. The above four code groups may
be said to be two unit distances apart in a three-
dimensional system. In an n-dimensional sys-
tem, code groups having different values appear-
ing in ¢ element positions after a comparison of
respective element positions must be assigned
vertices g unit distances apart. For example, if
n equals 8, the following three code groups must
be assigned vertices four unit distances apart
from each other; 00000000, 00001111, 11001100,

In order that the geometrical explanation thus
far may be more clearly understood it is adapted
to the single-error correcting code groups of
Table III. In Table III, 7-element code groups
are used; therefore, a T-dimensional model is
used for geometric study. Such a model has
27 yertices. Table IIT contains only 16 informa-
tion code groups. Any permutation code group
not appearing in Table III is an error. In a 7-
element code group 27 permutations of 0 and 1
are possible; therefore, 27—16 equals the num-

10

15

20

25

30

50

5

60

70

12

ber of single-error code groups possible, or 112.
The information code groups are assigned to
vertices which have a distance determined by
element value comparison of the code groups in
Table III. Any given code group of Table IIT
has element values which are different from the
element values appearing in the respective ele-
ment positions of any other code group of Table
IIT in at least three element positions. For ex-
ample, comparing the code groups representing
numerical values 1 and 2, element value differ-
ences are noted in element positions ki, ms and
ma; while the k2, k3, 1, and m2 element posi-
tions have the same element values in the same
element positions of the two code groups.

This difference of element values in three
element positions means that the two code groups
must be assigned to vertices 3 units of distance
apart. Comparison of all the code groups of
Table IIT shows that all the code groups differ
from each other in element values appearing in
at least three element positions. Therefore, the
sixteen code groups are assigned to vertices at
least three unit distances apart. The 112 single-
error code groups are assigned to the remaining
vertices in accordance with a comparison which
shows how many unit distances a given error
code group should be from the information
vertices already assigned to the cube. It will be
found that each vertex has a given code group
and that the distance requirement is met in as-
signing the individual binary cede groups to the
different vertices. However, for certain specified
values for m, k and n the geometrical cube will
not be completely packed with single-error and
information code groups for each vertex.

If all the information code group vertices are
at a distance of at least two units from each
other, then it follows that any single error will
represent a vertex that is not associated with in-
formation, and hence is an erroneous code group.
This in turn means that any single error is de-
tectable. Tt is not correctable because it is not
possible to ascertain from which information
code group the error code group resulted as the
single error code group is a unit distance from
at least two information code groups. When the
minimum distances between information vertices
is at least three units then any single error will
represent a position at a vertex nearer to the
correct information vertex than to any other
information vertex and this means that any
single error will be correctable for in this case it
is possible to ascertain by comparison which in-
formation code group was received erroneously.
This type of information is summarized in the
following table for various distance assignments
between information vertices.

Table VII
Minimum Dis-
tance Between Meaning
Code Groups
unigueness.

single-error detection.

single-error correction.

single-ervor correction; double-error detection.
double-error correction.

Conversely, it is evident that if we are to effect
the detection and correction listed, then ail the
distances between information vertices must
equal or exceed the minimum distance listed.
Thus the problem of finding suitable codes for a
given system requirement is the same as that
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of finding: subsets of vertices in the geometrical
space-which maintain at least the minimum dis-
tance.condition. The special codes discussed in
subsections Ig, Ib, and Ic were merely descrip-
tions of one method of selecting a pariicular
subset of points for minimum distances of at least
2, 3 and 4, respectively. For example, any given
code group in Table ITI is at least three units of
distance away from any other code group listed.
There are many permutation schemes in the
mathematical art for accomplishing this result.
The reception. parity check method disciosed was
also just one method of comparing the received
code group with all possible transmitted code
groups so as to locate and correct errors de-
pending ‘upon the code design.

It should perhaps be noted that at a given mini-
mum distance some of the correctability may be
exchanged for more: detectability. For example,
a code with a minimum distance of 5 may be used
for:

(@) Double-error. correction (with, of course,
double-error detection), or

(b) Single-error correction plus triple-error
detection,. or

(¢) Quadruple-error detection.

Another feature of proper distance inforima-
tion codes should be observed. IYn the particular
codes-constructed in subsections Ig, Ib and Ic any
interchanges of columns. representing the same
element. position of all the cede groups of the
code do not.change the code in any essential way.
Neither does interchanging the 0’s and 1’s in any
position, a process: usually called complement-
ing. This idea is made more precise in the fol-
lowing definition. Two codes are said to be
equivalent. to each other if by a finite number
of the following operations one can be trans-
formed into the other:

1. The interchange of any two positions in the
code groups; and

2. The complementing of the values found in
all element positions-in the code groups.

Thus a study of a class of codes can be reduced
to the analysis of typical members of each equiv~
alent class. All discussions in this specification
directed to a particular code are applicaie in
whole to-any code in the same equivalence class.
In terms of the geometric model, equivalence
transformation amounts to rotation and reflec-
tions of the unit cube.

A further feature: of the codes discussed in
subsections I, Ib and I¢ is that they represent
codes which have the minimum redundancy pos-
sible to accomplish the assigned detection and
correction requirements.

SECTION III—STRUCTURAL ANALOGIES OF
SELF-CORRECTING CODES

In order that the hereinbefore described self-
correcting codes may be clearly understood and
readily incorporated into digital information sys-
tems, structural analogies. embodying relay cir-
cuits. will now be fully described with reference
to the accompanying drawings in which:

Fig, 1 is a - single-error correcting relay circuit
employing seven-element code groups;

Fig. 2 is a basic parity check relay circuit that
can be adapted with slight modifications to par-
ticular single-error correcting or multiple-error
detecting and correcting code systems having
any given length code groups;

Fig. 3 embodies an alternate receiving parity
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circuit arrangement for the single-error correct~
ing relay circuit of Fig..1; and

Fig. 4 is:a. single-error correcting plus double~
error detecting relay circuit-employing eight-ele~
ment code groups..

The drawings of the circuits of this invention
will be easier to follow if the schematic diagrams.
do not associate relay contacts with the relay
structure which makes or breaks the contacts.
The method of relay representation used here-
in follows in part the drawing analysis: described.
by Claude E.. Shannon in “A. symbolic analysis.
of relay and switching circuits” published in.the
Translations of the American. Institute of Elec-
trical Engineers; volume 57, page 713. The sche-
matic symbols. employed in accordance with
the method of analysis used herein are briefly
explained as follows: Each. rectangle represents:
a: relay winding and structure, excepting the
contacts actuated by that. structure. A set of
make contacts is shown by two short crossed
lines through the joining point of which passes
a solid line representing the connecting leads to
the set of make contacts. A set of break con-
tacts is shown by a short line, through the mid-
point of which passes g solid line representing
the connecting leads to the set of break contacts.
The capital letter or numeral or combinations
thereof within each. rectangle identifies a par-
ticular relay, and the lower case letter or nu-
meral or combinations thereof adjacent a set of
contacts identifies a set of contacts operated by
the relay bearing the capital letter and/or nu-
meral designation. Thus a set of contacts drawn

—5

is' a make set on relay Q2, one: drawn
q2

is. a break set on the same relay. Other circuit
elements are shown in the usual form.

Fig. 1 is constructed from component relay
circuits which perform electrical functions anal-
ogous to the mathematical steps disclosed in
conjuncticn with the n=7, m=4, and k= 3 sin-
gle-error correcting code of Section Ib. Where
certain component circuits or portions of a cir-
cuit in Fig. 1 are assigned a particular function,
they are enclosed within a dotted line rectangle
for clarification. Throughout the structural de-
scriptions a 1 value in a particular element po-
sition will ke represented electrically by a current
impulse in the channel of the input and output
circuits of an error correcting system which
transmit and receive that element. A 0 ele-
ment value in the same code group position will
be represented by the absence of current in the
same channel circuits. In general, the circuit
functions are as follows: Relay circuits within
input arrangement INP pick up non-error cor-
recting information code impulses from g digital
information source not shown. The relay con-
tacts within M transmit the information im-
pulses to the receiving register relays coils with-
in RR. Simultaneously with the transmission of
the information impulses for a given code group
over certain or gll of the channels cmli, cm2,
cm3, and cmé, check element impulses are sent
over certain or all of check channels cki, ck2,
and ck3. These check element impulses are de-
termined by the relay sending parity circuits
within KI, K2, and X3. The register relay coils
within RR are thus energized in: accordance with
the information impulses originally sent by the
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information source and the additional check
impulses determined by Ki, K2 and K3. The
relay contacts and relay coils within E{ form
a receiving parity check circuit for indicating
an error in any of the code impulses registered
or the erroneous absence of an impulse which
should have been registered by the register relay
coils within RR. EL is a relay tree which locates
the channel position of an error indicated by
the circuit components within EI. An error hav-
ing been indicated by the circuit within EI and
located by the circuit within EL, components
within ER' correct the erroneous channel by
sending to the output circuit within OUT an im-
pulse if one is required or removing an impulse
if one was erroneously transmitted.

A detailed explanation of the circuit of Fig. 1
is as follows: INP is a switching arrangement
operated by a source of digital information not
drawn. The code impulses transmitted from the
information source are assumed to be in accord-
ance with a non-error correcting code whose code
groups contain 4 information elements, therefore,
24=16 possible code groups can be received from
the information source. These 16 code groups
are identical with the code groups of Table III
except they do not include the three additional
check elements of the Table III code groups. A
part or all of the switches I, 2, 3 and 4 of INP
are closed simultaneously, electrically or mechan-
ically, by the information source depending upon
the 1 values in the mi, me, msz and me element
positions, respectively, of a given code group to
be converted into an error correcting code group
by this invention. The particular relay coils Mi,
M2, M3 and M4 of INP in series with the set
of switches closed by the information source are
energized by battery 5. The energized relay coils
Mi, M2, M3 and M4 operate the relay contacts
within rectangles M, K, K2 and K3. Individual
make contacts ml, m2, m3 and m4 within M,
when closed by relay coils Mi, M2, M3 and M4,
provide a ground return path for receiving reg-
ister relay coils MR, MR2, MR3 and MR4. The
relay contact arrangements within Ki, K2 and
K3 provide in certain cases a ground turn path
for receiving register relay coils KRi, «R2 and
KR3. Battery 6 energizes certain or all of the
register relay coils depending upon which of line

channels cml, ecm2, cm3, cmé, cki, ck2 and ck3 ©

are grounded. There is a receiving register relay
and line channel for each of the element posi-
tions necessary to transform the code impulses
received from the information source to error
correcting code impulses. Check element im-
pulses in accordance with the values appearing
in positions ki, k2, and ks of Table IIT are regis-
tered by relay coils KRI, KR2 and KRS, respec-
tively. These registered impulse values are deter-
mined by the parity circuit arrangement of the
relay contacts within Ki, K2 and K3. From sub-
section Ib the check element value of element
position k1 was determined by an even parity of
the values found in ki, mi, mz and ma element
positions. The check element value of position
k2 was determined by an even parity of element
positions k2, mi, ms, m4, and the check element
value of position k3 was determined by an even
parity of element positions ks, me, ma and ..
Therefore, the rule for designing the parity cir-
cuits of K, K2 and K3 is simply that if an odd
number of relays in the groups (M{, M2, M4),
(M1, M3 and M4), or (M2, M3 and M4) is ener-
gized by the information source, then the contact
connections within Kli, K2 and K3 will respec-
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tively ground relay coils KRi, KR2 and KR3.
The relay coils within RR then form a receiving
vegister for single-error correcting code groups.
The impulses which form these code groups are
sent over channels cmi, cm?2, cm3, cmé, cki, ck2
and ck8, which may be long transmission lines
which are subject to transient pick-up or ground-
ing; or the channels may operate several stages
of an information system not shown and then
connect to the register relay coils within RR.

The circuit arrangement within EI shows con-
tact networks operated by the receiving register
relay coils within RR, which under certain make
and break conditions, ground check relay coils
Cl, C2 and C3. Each check relay is operated if
the corresponding parity subgroup of the register
relay coils receives an even number of signals.
In particular, relay coil C| is energized if an
even number of register relay coils KRI, MRI,
MR2 and MR4 is energized, relay coil C2 is ener-
gized if an even number of register relay coils
KR2, MR{, MR3 and MR4 is energized; and relay
coil C2 is energized if an even number of relay
coils KR8, MR2, MR3 and MR4 is energized. If
9 transmission error oceurs and a particular relay
coil within RR was not energized or was errone-
cusly energized, i, 2 or all of Cf, C2 and C3 would
not be energized thereby indicating an even par-
ity group was received in odd parity and that,
therefore, an error oceurred in the transmission
of a code group over the channels. The particu-
lar relays or combinations thereof of Cf, C2 and
C3 that are not energized identify an error in a
particular transmission channel because of the
unique method of generating the transmitted
check elements by the circuits within K1, K2 and
K3 following the scheme of Table II. Thus, in
general, the circuit within EI is an error indi-
cating arrangement if an error occurs. If an
error does not occur Cl, C2 and C3 will be
grounded and energized by battery 1. The cir-
cuit arrangement within EL includes a network
of contacts actuated by relay coils Ci, C2 and
C8. Depending upon the particular contacts that
are made or broken by C{, C2 and C3, one of the
error locating relay coils Ei, E2, E3, E4, E5, E6
and EY, will be grounded and energized by battery
8 if o single transmission error occurs. The con-
tacts actuated by CI, C2 and C38 are connected
into a relay tree; since there are three check
relays operating relay transfer contacts there
are eight contact outputs to the trec. If one or
more of the check relays has not operated, the
appropriate error locating relay coil is grounded
through the tree, thus making or breaking the
relay contacts within ER that are actuated by
the energized error locating relay coil.

The error locating relay contacts and the regis-
ter relay contacts within ER are used for ground-
ing and thereby energizing a combination of the
cutput relay coils within OUT in accordance with
the particular receiving register relay coils with-
in RR that are energized with correction for any
single error in transmission. Battery 9 supplies
the energizing current for the output relay coils.
If no error has been detected by check relay CI,
C2? and C3, a check ground is received from the
contact arrangement with EL, that is make cl,
make c2 and make c3 are closed thereby grounding
the check lead shown on the drawing. In this case,
because none of the error locating relays is ener-
gized and all the break contacts es, es, es and er
are closed, the indications of the register relays
MR{, MR2, MR8 and MR4 are repeated forward
by energizing the appropriate output relays with-
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in OUT. This ground return path, which indi-
cates no error, plus the seven ground return paths
to the error locating relays make up the eight
output connections to the relay tree within EL.
If, however, one of the error relays has operated,
no check ground can be furnished by the con-
tacts within EL, and the check lead will be
grounded through an error relay make contact
within ER of the operated error relay. This lead
will also be disconnected from the make contact
of the corresponding regisier relay by the break
contact of the error relay that was operated.
Thus, any of the register relays, whose corre-
sponding error relays are uncperated, will trans-
mit ground forward if the register relays are op-
erated; the register relay whose corresponding
error relay has been operated will, however,
transmit ground forward ¢nly if the register relay
is uncperated, thus reversing the indication of
the register relay. Contacts om{, om2, om3 and
omé are actuated by the outpus relays and may
be used to operate a tape machine, register or
an information system in accordance with the
corrected code. It is obvious, however, that other
con act arrangements may be actuated by relays
OMIi, OM2, OM2 and OM3 so as to operate re-
quired output devices. )

The correct and incorrect transmission of a
particular code group throughout the cireuit of
Fig. 1 is now described. If the numeral 12, 1160
in the binary representation, is received from the
information source by the switch arrangement
within INP, switches | and 2 will be closed and
Ml and M2 will be energized by current fiow
from battery 8. Make contacts m{ and mZ within
M will be closed by IM{ and M2 ithereby grounding
MRI and MR2. MR! and MR2 will, therefore, be
energized by battery 6. KR! will not be grounded
by the contact arrangement within Xi for there
is no combination of closéd ¢contacts therein
which provides a path to ground. KRZ will be
energized by battery € through the ground path
provided by K2 using make mi, break m3 and
break m4. HKR3I will be energized by battery €
through the ground return path provided by K3
using hreak m@, make m2 and break n&. Thus,
the information cede impulses from the informa-
tion source are received by the register relay
ceils within RR in an error correcting code group
of 0111100 by grounding register relay coils KR2,
BR3, MR and MR2. As the code group received
by the register relay ceils was correct, error in-
dicating relays Cl, CZ and C$ within EI &re
grounded and, therefore, energized by battéry 7
through (mr! make, krl break, mr2 make, mri
wreak); (mri make, kr2 make, mr3 break, mié
break) and (mr2 make, kr3 make, mr3 break,
mré break), respectively. When gll of relay
coils Cl, C2 and C3 are grounded, ¢t make, c2
make and ¢3 make within EL are closed thereby
grounding the check lead. The make contacts
mrl and mrZ within ER, having been closed by
register relay coils MR{ and MR2, provide a
ground return path for the cutput velay coils
OM! and OM2 through the closed eiror kreak
contacis ed and eb and the grounded c¢heek
lead. In this instancé because the régister relay
coils were energized correctly, the particular set
of output relay coils OM{, OM2, OM3 and CMé
which is to be energized is deterrmined by the c¢or-
responding energized register relay coils.

However, as an example of error correction, if
erronecus transmission by channel cm3 were
caused by a fauls to ground on this -conductor,
or if make contact m3 within M due to faulty
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contact operation were to remain closed from
a previous contact operation, receiving register
relay MR3 would be energized and numeral 12
would he received as 0111110 with an incorrect
clement value in elemeni position ms. Check
relay Ci{ would be grounded and thereby ener-
gized by battery T through mri make, kri break,
mr2 make and mrd break. There is, however,
no ground path formed by any combination of
closed contacts within EI for relays C2 and C3.
This failure of relay coils C2 and C3 to be ener-
gized indicates an error in a particular channel.
The indicated error is located as to elemens po-
sition by the contact arrangement with EL.
Make contact ¢l is closed by Cl thereby energiz-
ing ervor relay E§ through make cl, break c2
and break c2. This locates the error detected by
the Ci energized, C& unenergized, and C3 unen-
ergized combination as being in element posi-
tion m3. The check lead is not grounded by con-
tacts within EL. Xowever, a make contact €6
within ER grotinds the check lead so that ground
to make mri and make mr2 completes a closed
circuit to OMI and OM2, respectively. The break
contact e8 within ER actuated by ES blocks
ground to make 773 thereby correcting the error
transmitted over channel ¢m3.. OMI and OM2
are grounded through (mri make, ef break, ed
make) and (mr2 make, ¢§ break, ¢§ make), re-
spectively. As OM4 is not grounded by any con-
tact combination the output code group is cor-
rected and is received as 1100,

By the use of additional contacts on error re-
lay ES a device may be arranged so as to give

‘an indication that a specific error was received

at some point in a particular channel in the
sending, transmission and receiving equipment
associated therewith thereby assisting the repair
man in his search for the defective apparatus.

In a practical application of this circuit an
information system will be subject to limited
errors due to transmission line defaults or de-
fective operation of particular stages inserted
in any information line channel of cmi, em?2,
cmd, cmd, cki, ck2, and ck3. In such 2 case
any particular single error will be corrected for.

Any circuit fault within M, XIf, K2 and K3,
which erroneously energizes or fails to energize
any particular one of the seven register relay
coils within RR for a given code group, will also
be corrected for by the circuit arrangement with-
in EI, EL and ER before the code group reaches
the output relay coils within OUT. This is the
type of error which is corrected by the circuit of
Fig. 1. System errors in the information source
and the operation of the circuits within INP will,
of course, not be corrected since the check ele-
ments have not yet been added.

In a given system more or less than 4 informa-
tion elements per code group may be required. In
such a case modifications of Fig. 1 will, of course,
be necessary. Table I indicates the number of
check elements that must be added to different
length code groups so that they may be con-
verted into error correcting code groups. In gen-
eral, the ecircuit changes required in Fig. 1 are
as follows: INP must be modified so that there
is a switch and coil path for each information
element used in the non-error -correcting - code
groups received from the information source. M
must be modified so that there is 2 make contact
for each information element channel. There
must also be included additional information reg-
ister relays for each added channel. A fable such
as Table IT must be constructed following the
two rules given in subsection Ib for the creation
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of parity checks for the length of code group re-
quired. For each additional check element a
parity check circuit such as ¥i, X2 and K3 is
necessary. To each of the partity check circuits
there must be assigned the information elements
which the check element is to be in parity with
as determined by the table drawn up. A given
parity eheck circuit must be designed following
the general arrangement of X! so that when an
odd number of the reiay coils within INP are
energized by the information source with which
the check element is to be in parity, a re-
ceiving register relay ccil will be grounded. If
an even number is energized, the receiving reg-
ister relay coil is not {0 be grounded. TFig. 2
shows a general parity arrangement which with
slight modifications can be adapted to particular
circuit requirements. A group of N relays are ar-
ranged from left to right and numbered conseci-
tively frem 1 to N. Two relay contact levels,
marked odd and even on the figure, are shown.
Since 0 is an even number, the arrangement for
grounding the odd level at point A reqguires only
a make contact on the first relay, that for ground-
ing the even level at point A requires a break on
the same relay. If relay % is unoperated, the
parity at point B wiil be the same as at point A
regardless of the condition of relay {, and con-
versely, if relay 2 is ocperated, the parity must be
reversed in going from A to B. Accordingly, break
contacts on relay 2 extend the odd and even
levels unchanged from A to B while make con
tacts interchange the condition between these
points. Since the number of relays operated must
be either odd or even, it would suffics if only
two relays were concerned to suppress one or the
other of the levels at point B thus saving a
transfer on relay 2; this gives the common cir-
cuit for controlling a light from two locations
by use of two three-way switches. The basic cir-
cuit can he extended to 3, 4 or any greater num-
ber of relays by adding eircuits on each relay
identical with that shown between A ond B, If
this is terminated at point C, with suppression
of one output level, it gives the circuits em-
ployed in Ki, K2 and K3 of Fig. 1 for the 4-ele-
ment binary code; if extended to point D, the
circuit is that used at the receiving end in ET of
Fig. 1. In any event the circuit will be rec-
ognized as that used for controlling a light from
a multiplicity of locations, employing two three-
way switches in connection with the required
number of four-way switches. The receiving
parity arrangement within EI of Fig. 1 must be
changed so that there is a check relay coil for
each check element required. Fach coil is to be
connected to an even parity arransemen’ of the
circuit shown in Fig. 2 in aceordance with the
proper subgroups.

The three parity circuits within EI of Fiz. 1
are interconnected to one another so as to present
an economical use of relay contacts. For any
particular code group requirements certain modi-
fications of the basic circuit of Fig. 2 will be de-
sirable in order that a minimum of relay con-
tacts will be employed in the receiving parity
circuits. To modify the contact arrangement
within EL a relay tree should be constructed with
at least one more output lead than the error-
correcting code group has elements. There must
be an error relay coil for each element position,
and each of these coils is grounded by a particu-
lar relay tree output lead if an error occurs in
the code group position it checks. The one re-
maining output lead is used to provide check
ground in the case that all elements are received
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without error by the register relay coils. The cir-
cuits within ER and OUT need oniy be modified
by increasing or decreasing the number of cuiput
relay coils and providing connections to ground
by the corresponding error and register relay con-
tacts.

The receiving circuit within TI and EL de-
scribed In conjunction with Fig. 1 is slow in oper-
ation since it is necessary to energize the check
relay coils Cl, C2 and C2 so as to ground the
check lead when no error has occurred. In some
applications the delay in grounding the check
lead before the appropriate output relay coils are
energized is undesirable. A faster circuit is easily
provided for by rearranging the cireuit so that
the check lead is grounded by contacts actuated
by the register relays themselves. The parity
check operation, however, must be carried out in
detail to permit location of an error if one oc-
curs. This arrangement will result in faster op-
eration in the absence of error, with slowing
down of circuit operation when an error must be
located and corrected. Fig. 3 shows contact and
coil arrangements in which IE replaces the ar-
rangement within Ei of Fig. 1 and LE replaces
the arrangement with EL of Fig. 1. These cir-
cuit substitutions are the only ones necessary
to speed up operation of the circuit of g, 1.
The improved arrangement for obtaining check
ground when no error is detected, and for oper-
ating check relays in presence of a single error,
is provided by the contacts within IE. The re-
quirement for check ground is, of course, that the
check combinations of register relays (MR i, MR2,
MR4, KRI), (MR{, MRS, MR4, KR?), and (MR2,
MR3, MR4, KR3) must all represent operation of
even numbers of relays. It is noted that the com-
bination (MRI{, MR?2, MR4, KR{) will he even if
the combination (MR, MR2, MR3, MR&) and the
combination (MR3, KR{) are both even, or both
odd, and not otherwise. Combination (MR,
MR3, MR4, KR2) will be even if the combinations
(MRI, MR2, MR2, MR4) and (MR2, KR2) are
both even, or both odd, and not otherwise. Com-
bination (MR2, MR3, MR4, KR3) will be even if
the combinations (MR, MR2, MR3, MR2) and
(MRI, KR3) are both even, or both odd, and not
otherwise. The characteristics of these basic
combinations provide a method of economy in the
relay contacts necessary to ground the check lead
of Fig. 3 when all ths basic parity subgroups are
Teceived in even parity. This is done in the cir-
cuit within IE by proceeding initially from ground
{8 through a parity checking circuit using con-
tacts operated by relay coils MR{, MR2, MR3 and
MR4, obtaining both odd and even indications at
the right-hand end of this portion of the cireuit.
The odd output of this network is then followed
by paths in series which are closed only if (MR3,
KRI), (MR2, KR2) and (MR!{, KR3) are odd;
similar even combinations are interposed between
the even output of the first network and the
check lead. Relay coils Cl, C2 and C3 are oper-
ated whenever their respective corresponding
check groups are determined to be odd; thus their
indications are the reverse of those of the check
relay coils Cl, C2 and C3 of Fig. 1. Ci and C2
of Fig. 3 are operated through the basic parity
network in series with combinations (MR3, KR!)
and (MR2, KR2) as reguired. C38 is fed off the
basic parity network at a convenient poing thus
effecting some saving of contacts. A ground ap-
plied elsewhere to the check lead cannot back up
to operate any of check relays, since the circuit is
in this respect disjunctive. The circuit within LE
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shows the rearrangement of EL of Fig. 1 to oper-
ate the error relays as a result of the change in
function of the check relays. Again it is a relay
tree, except that in this case no output is pro-
vided for the case in which all check relays are
unoperated, since the parity circuit arrangement
within IE provides this ground directly through
the check lead. The circuits within ER and OUT
of Fig. 1 would be used for locating an error and
reversing the combination of the corresponding
register as previously described.

Fig. 4 is a single error-correcting plus double
error-detecting relay circuit arrangement em-
ploying eight-element code groups. The circuit
arrangement in general is that of Fig. 1 with
modifications to provide for the added detection
feature. The circuit components of Fig. 4 ac-
complish electrically the functions and have the
properties of the code descriked in Subsection Ic
in conjunction with Table V. The operation of
the. components within INP is the same as that
of Fig. 1. The register relay coil circuit within
RR includes an additional check relay coil KR4.
This relay coil is energized in accordance with
the ground return path provided by particular
contact arrangements within K4. ¥4 is an added
sending parity check circuit which is necessary
for the generation of the fourth check element
for a single ervor-correcting plus double error-
detecting code system. The value of the check
element in element position ks of Table V was
determined so as to form even parity with the 1
values in element positions ki, K2, k3, ke, m1, ma,
sma and me for a2 given code group. Analysis
of Table V shows that the value in check element .
position %4 also forms even parity with element
values in element positions mi, ma2 and ms for
each of the code groups in Table V. This code
property permits an economy in the use of con-
tacts in the sending parity check circuit within

KA. The requirement that KR4 be grounded, if °

an odd number of register relays MR{, MR2, MRS,
MRE, KR, BR2 and KRS should be energized by
a particular code group, is satisfied by grounding
KR4 when an odd number of relays Mf{, M2 and
M3.is energized. Thus the relay coils within RR
convert non-error-correcting information code
groups which operate any combinations of
switches (, 2, 3 and 4 into the single error-cor-

recting plus double error-detection code groups |,

of Table V.

The check relay coils Ci, C2, C3 and C4 and
the relay contacts within DEI perform receiving
parity check circuit funections. If a particular
cede group was received by the register relay
coils within RR without error, all of relay coils
Ci, C2, C3 and C4 would be grounded by their
respective parity check circuits and they would
be energized. by current suppiied by battery 7.
If an error occurred in the reception of a code
group one, two, three or all of relay coils Ci,
C2, C¥ and C4 would not be energized. The ele-
ment position in which this error occurred would
be determined hy the particular combination of
energized relays. If a double error occurred, Cd
would be energized and one, two, three or all of
relay coils Ci, CZ& and C3 would not be ener-
gized. The detailed design of the receiving par-
ity check circuits for check relay coils Cl, C2,
C3 and C4 is as follows: Cl should be energized
if an even number of the relay combination
(MRI, MR2, MR4, KR1) is energized. C2 should
be energized if an even number of the relay
coembination. (MRIi, MR3, MR4, KR2) is ener-~
gized. C3 should be energized if an even num-

22
ber of the relay combination (MR2, MR3, MR4,
KR3) is energized. C4 should be energized if
an even number of the relay combination (MR,
MR2, MR2, MR4, KRI, KR2, KR2 KR4 is
energized, The detailed parity contact arrange-
ment for cl eck relay coils C2 and C3 is the
3 ralay eoils C2 and C§ of Fig,

'or Cf ig shared by relay coil CI
da for an econcrny of relay con-
tacts. Cl connects 10 an even parity level of a
parity circuit involving relay contacts actuated.
by MRI, MR2, MR4 and BRI{ as this point de-
fines the condition for grounding relay ccil Ci.
Both odd and even levels of this parity circuit
are extended to relay coil C4 by contacts actu-
ated by KR2, KR2, KR4 and MR3.

The contact arrangements within DEL pro-
vide for location of any single error registered
by the register relay ccils and indicated by the
check. relay coils. If a double error occurs, re-
lay coil RO is grounded and make contacts ro
will be closed. Said contacts ro can be con-
nected to any type of alarm device or stop cir-
cuit as required in a particular application so
that an operator can be warned that a double
error has occurred. FError relay coils B, &2, E3,
&4, 5, B8, B7 and E§ are connected to the out-
put of a reiay tree forined from conbacts actuated
by check relay csils Of, CZ, C¥ and C4. The make
and break relay contact assignments should be
so arranged that with an error having been in-
dicated by a particular unenergized combination
of one, two, or ali of check relay coils Cl, C2
and C3, that the appropriate error relay coil will
be grounded and thereby energized by battery 8.
If no error is registered by the register relay
coils, Cl, C2, C8 and C#& will e grounded and
energized therehy closing make coniacis cf, ¢,
¢3 and c4 within DEL and grounding the check
lead. The circuit arrangements within ER and
OUT operate similarly to the arrangements with-
in BR and OUT of Fig. 1. VWith a single crror
the proper output relsy coils within OUT will
be grounded and thereby energized by battery 8.
If o double error occurs in a given code group,
the proper output relay coils for correction with-
in OUT will not be energized; however, contacts
o will be closed operating the detection alarm
not shown. This operation is determined by
make contact ¢4 in series with parallel break
contacts ct, ¢2 and ¢3. If C4 is energized and
one, two, or all of Ci, C2 and C3 are not ener-
gized, then RO is grounded. It can thus be seen
that the relay circuit of Fig. 4 has the same
code properties-and characteristics outlined in
conjunction with the coede of Table V.,

Relay circuits employing seif-correcting means
were chosen for tlic speeification because they
more clearly show the operation of error- correct-
ing codes and multiple 3
recting codes than other ty'ﬂs of circuits. It is
apparent, however, that the structural func-
tions necessary to accomplish self-correction can
be accomplished without invention by the use
of vacuum, gas and beam guide tube circuits
or other electrical and electronic devices. In a
mechanical system, mechanical arrangements
can also be devised following the principles of
the electrical circuits disclosed herein. In gen-
eral, any system would employ error-correction
or multiple errer-detection and correction codes
in. which the minimum distance between the in-
formation code groups is that listed in Table VIT,
The code groups used can be of any length pro-
vided the minimum distance reguirement be-
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tween information code groups is adhered to.
Any permutation scheme known in the mathe-
matical art can be used for element value as-
signment so as to maintain the proper distance
for the length of code groups chosen. 'This
specification disclosed a parity check method in
subsection Ib and Ic for converting non-error-
correcting code groups into error-correcting
code groups by forming new code groups which
have the proper minimum distance. 'This
method is advantageous when the code groups
to be converted have less than the minimum dis-
tance. In certain instances it might be desira-
ble to transmit or employ properly distanced
code groups initially without the addition of
check elements. In such a case transmitting
parity check methods can be dispensed with and
proper distance code groups can be transmitted.
Having transmitted proper distance code groups,
whether check elements are added or not, if the
system errors are limited to that permitted by
Table VII for the distance chosen, any compari-
son method at a subsequent system point which
compares the code groups received with those
which constitute the information code groups
of the code, will locate and detect the error po-
sitions. Error correction after location is sim-
ply a reversal of values. This is the bhasic prin-
ciple upon which this invention operates and so

far as it is known this principle has never been :

recognized or employed structurally in the prior
art. The comparison method chosen in this
specification was the reception parity check, be-
cause it was analegeus to the sending or trans-
mitting parity check used for adding check ele-
ments. The binary codes used were structurally
represented by relay circuits in which the two
possible values of each code group element were
characterized by on-off signaling conditions. It
should be understood, however, that self-correct-
ing codes are applicable to the dual signaling
conditions attainable by dot and dash, perforated
tape, cards with holes and non-holes, pius and
minus pulse methods or any other scheme for
distinguishing cone from the other of twe sig-
naling conditions. For illustrative purposes the
circuits described also assume parallel transmis-
sion of code elements over multiwire leads from
the sending to receiving stages; it is understood,

however, that the same code methods disclosed 5

will, by the use of distributors as in start-stop
telegraphy, permit the fundamental arrange-
ments described to be used for sequential trans-
mission of the code elements of each code group,

nor is it necessary to use register relays or their s:

equivalent in the operation of an error-correct-
ing system. It is possible to transmit the code
groups  through delay lines or delay networks
while the parity of code element subgroups is
being checked by suitable eircuits, the time de-
lay being of sufficient duration that a code group
does not appear at the output of the delay ar-
rangement until a possible error is located by
the parity procedure. At the output of the de-
lay arrangement any erroneous values indicated
by the receiving parity checks could be reversed
as to signaling condition. Thus the hereinhefore
described arrangements are only illustrative of
the application of the principles of this inven-

tion and numerous other arrangements may be 7

devised by those skilleq in the art without de-
parting from the spirit and scope of this inven-
tion.

What is claimed is:

1. In an information system employing equal
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length permutation code groups in which ele-
ment values are characterized by one or the
other of two possible signaling conditions, the
improvement which comprises means for en-
coding information into single error-correcting
ccde groups in which each of said single error-
correcting code groups has element values dif-
fering from the element values of each of the
other of said single error-correcting code groups
in three or more element positions in a respec-
tive element position comparison of each of said
single error-correcting code groups, and means
for changing the value in any one of the element
positions of each of said single error-correcting
code groups so that the said element value dif-
ference created by said encoding means is main-
tained if no more than a single element error
cccurs in each of said single error-correcting
coda groups.

2. In an information system employing equal
length permutation code groups in which ele-
ment values are characterized by one or the
other of two possible signaling conditions, the
improvement which comprises means for encod-
ing information into single error-correcting plus
double error-detecting code groups in which each
of said single error-correcting plus double error-
detecting ccde groups has element values dif-
fering from the element values of each of the
other of said single error-correcting plus dou-
ble error-detecting code groups in four or more
element positions in a respective element posi-
tion comparison of each of said single ervor-
correcting pius double error-detecting code
groups, means for changing the value in any one
of the element positions of each of said single
error-correcting plus double error-detecting code
groups so that the said element value difference
created by the said encoding means is main-
tained if no more than a single element error
occurs in each of said single error-correcting
plus double error-detecting code groups, and
means for detecting two or less possible element
value errors in each of said single error-correct-
ing plus double error-detecting code groups.

3. A digital information system comprising
means for encoding information into permuta-
tion code groups constructed from elements hav-
ing element values characterized electrically by
one or the other of two possible signaling con-
ditions, means for adding elements having ele-
ment values also characterized electrically by
one or the other of two possible signaling con-
ditions te¢ each of said permutation code groups
so that an error-correcting code is formed
whereby each new code group has a minimum
geometrical distance of at least three units from
each of the other of said new code groups form-
ing the said error-correcting code, means for re-
ceiving said error-correcting code group, means
for detecting in each of said error-correcting code
group received by said receiving means one er-
roneous element value signaling condition, means
for locating as to element position the element
value erroneously received by said receiving
means, means for reversing the signaling con-
dition erroneously received by said receiving
means, and output information means.

4. A digital information system comprising
means for transmitting permutation code groups
constructed with a geometrical spacing of three
units and having element values characterized
electrically by one or the other of two possible
signaling conditions, reception means for re-
ceiving said transmitted code groups, and means
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for reversing a signaling condition erroneously
received by said reception means before further
transmission of the said code groups to an out-
put stage.

5. A digital information system comprising
means for encoding information into a multiple
error-detecting plus single error-correcting per-
mutation code constructed from code groups hav-
ing a geometrical distance of at least four units
between each of said code groups forming said
multiple error-detecting plus single error-cor-
recting code, and means for detecting one or more
errors in each of said multiple error-detecting
plus single error-correcting code groups, and
means for correcting a single error in each of
said multiple error-detecting plus single error-
correcting permutation code groups if only a
single error occurs.

6. An information system comprising means
subject to erroneous operation and employing in-
formation encoded into a permutation code con-
structed from code groups having a minimum
geometrical distance of at least three units and
having code group element values characterized
by one or the other of two possible signaling con-
ditions, means for comparing each permutation
code group received from said first means with

each and every correct permutation code group-

that can be received from said first means, and
means for correcting one error in each of said
permutation code groups received from said first
means with only one error.

7. An information system comprising means
subject to erroneous operation and employing in-
formation encoded into a permutation code con-
structed from  code groups having a minimum
geometrical distance of at least four units and
having code group element values characterized
by one or the other of two possible signaling con-
ditions, means for comparing each permutation
code group received from said first means with
each and every correct permutation code group
that can be received from said first means, means
for correcting one error in each of said permuta-
tion code groups received from said first means
with enly one error, and means for detecting one
or mere errors in each of said permutation code
groups received from said first means with one
Or more errors.

8. A digital information system comprising
means for encoding information into permuta-
tion code groups which permit any single error
in each of said code groups.to be automatically
located, means employing said permutation code
groups, means for detecting one or more errors
in each of said code groups employed in said sec-
ond means, means for locating as to element po-
sition a single error in each of said code groups
employed in said second means, means for cor-
recting a single error in each of said code groups
employed in said second means.

9. A digital information system using equal
length codes comprising means for encoding in-
formation into a code having a redundancy
greater than one and having code group element
values characterized by one or the other of two
signaling conditions, means employing said code,
means for detecting one or more errors in each
code group of said code employed in said second
means, means for locating as to element position
cne or more errors in each of said code groups
employed in said second means, and means for
correcting one or more errors in each of said code
groups employed in said second means.

10. An infermation system comprising means
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for encoding information into a single error-cor-
recting code having a maximum of 2™ different
useful n element length information code groups
and having a code redundancy of greater than or
equal to n/m, means employing said single errot-
correcting code, means for detecting a single
error in each of said single error-correcting code
groups employed in said second means, means for
locating as to element position a single error in
each of said single error-correcting code groups .
employed in said- second means, and means for
changing the values in the erroneous element
value positions located by said fourth means.

11. A digital information system comprising
means employing 2» different n=m--k element
length triple unit geometrical distance permuta-
tion code groups having element values charac-
terized by one or the other of two possible signal-
ing conditions, each of said n-element length
permutation code symbols having m informa-
tion elements and k check elements where
2¥=n4-1, means for detecting the presence of
permutation code groups in said first means not
having the same permutation as any one of the
said 2™ triple unit geometrical distance permuta-
tion code groups due to a single error, and means
for correcting the said permutation code groups
detected by said second means.

12, A digital information system comprising
means employing permutation code groups hav-
ing a plurality of selected element value parity
subgroups, for each of said code groups with each
element in each of said code groups being in at
least one of said parity subgroups and with no two
different elements in each of said code groups
being in the same set of parity subgroups, means
for detecting one or more parity check subgroup
failures in each of said code groups, means for
identifying the said detected one or more parity
check subgroup failures with a particular ele-
ment position, and means for reversing the ele-
ment value in the said identified element posi-
tion.

13, A digital information system cemprising

. means empleying permutation code groups hav-

ing a plurality of selected element parity sub-
groups for each of said code groups with each
element of each of said code groups being in at
least one of said parity subgroups and with no
two different elements in each of said code groups
being in the same set of parity subgroups, and
means for detecting onz or more parity check
subgroup failures in each of said code groups.

14, A digital information system employing
permutation code groups n-elements in length
having k parity subgroups for each of said code
groups where 2¥=n--1 and each of said & parity
subgroups involving a different combination of
code group elements, and means for detecting
parity check failure in each of said % parity sub-
groups.

15. An information system comprising a scurce
of information, mzans for encoding the infor-
mation from said source into digital code groups
having element values characterized by one or

“the other of two possible signaling conditions,

means for adding to each of said code groups
eiements having element values so determined as
to form even or odd parity with the eleient val-
ues in unigue code group parity check subgroups,
means for defecting a change in parity in any of
said parity check subgroups, means for correct-
ing any change in parity in said parity check
subgroups detected by said detecting means.

18, An information system comprising means
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employing digital permutation code groups hav-
ing code group element values so determined as
to form even or odd parity in accordance with
unique errer-correcting code group parity check

28
lays, a set of check relays connected to said set
of receiving parity check relay contact circuits,
a relay contact tree circuit having relay contacts
actuated by said set of check relays, a set of error

subgroups, means for detecting a change in par- & relays connected to a plurality of the output leads
ity in any of said parity check subgroups, and of said relay contact tree circuit, an error-detect-
means for correcting any change in parity in said ing alarm connected to one of the output leads
error-correcting code group parity check sub- of said relay contact tree circuit, and a set of
groups detected by said detecting means. output relays connected to error reversal relay
17. An information system comprising a source 10 contact circuits having relay contacts actuated
of information, means for encoding said infor- by said sets of errcr, information element regis-
mation into digital permutation code signaling ter and check element register relays.
conditions, a set of information relays operated 19. The method of detecting, locating, and cor-
in accordance with said digital permutation code recting errors in the enceded information of a
signaling conditions, a set of sending parity check 15 digital system which comprises, first, encoding
relay contact circuits having relay contacts ac- information into permutation code groups where-~
tuated by said set of information relays, a set of in all code group elements are in parity arrange-
information element register relays operated by ment with a unique set of code subgroups, sec-
said set of information relays, a set of check ele-~ ond, transmitting the encoded code groups, third,
ment register relays connected to said set of send- 20 checking each of said code subgroups as received
ing parity check relay contact circuits, a set of for a change in parity, fourth, identifying said
receiving parity check relay contact circuits hav- subgroup parity changes with a, particular element
ing relay contacts actuated by said information position, and fifth, reversing the signaling con-
element and said check element register relays, dition of an element identified by said fourth step.
a set of check relays connected to said set of re- 25  20. The method of detecting, locating, and cor-
ceiving parity check relay contact circuits, a re- recting errors in information encoded into a per-
lay contact tree circuit having relay contacts ac- mutation code which comprises, first, encoding
tuated by said set of check relays, a set of error said information. into code groups in which each
relays connected to the output leads of said re- of said code groups has element values. differing
lay contact tree circuit, and a set of output re- 30 from the element values of each of the other of
lays connected to error reversal relay contact cir- said code groups in a plurality of three or more
cuits having relay contdcts actuated by said sets element positions in a respective element posi-
of ¢rror, and information element register and tion comparison of each of code groups, and
check element register relays. second, changing the value in any one of the
18. An information system comprising a source 35 element positions of each of said code groups so
of information, means for encoding said infor- that said element value difference created in said
mation into digital permutation code signaling first step is maintained.
conditions, a set of information relays operated :
in accordance with said digital permutation code RICHARD W. HAMMING.
signaling conditions, a set of sending parity check 40 BERNARD D. HOLBROOK.
relay contact circuits having relay contacts ac-
tuated by said set of information relays, a set REFERENCES CITED
of information element register relays operated The following references are of record in the
by said set of information relays, a set of check file of this patent:
element register relays connected to said set of
sending parity check relay contact circuits, a set 45 UNITED STATES PATENTS

of receiving parity check rclay contact circuits Number Name Date

having relay contacts actuated by said informa- 2,512,038 Potts e June 23, 1950

tion element and said check element register re- 2,520,142 Herbst ——__________ Aug. 29, 1950
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