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1

THE CONCEPTS OF INTEGRAL CALCULUS

In this chapter we present the definition of the integral and some of its basic properties.
To understand the definition one must have some acquaintance with the function concept;
the next few sections are devoted to an explanation of this and related ideas.

1.1 The basic ideas of Cartesian geometry

As mentioned earlier, one of the applications of the integral is the calculation of area.
Ordinarily we do not talk about area by itself. Instead, we talk about the area of something.
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segments, etc.) whose areas we wish to measure. If we hope to arrive at a treatment of area
that will enable us to deal with many different kinds of objects, we must first find an effective
way to describe these objects.

The most primitive way of doing this is by drawing figures, as was done by the ancient
Greeks. A much better way was suggested by René Descartes (1596-1650), who introduced
the subject of analytic geometry (also known as Cartesian geometry). Descartes’ idea was
to represent geometric points by numbers. The procedure for points in a plane is this:

Two perpendicular reference lines (called coordinate axes) are chosen, one horizontal
(called the “x-axis”), the other vertical (the ““‘y-axis’’). Their point of intersection, denoted
by 0, is called the origin. On the x-axis a convenient point is chosen to the right of 0 and
its distance from O is called the unit distance. Vertical distances along the y-axis are usually
measured with the same unit distance, although sometimes it is convenient to use a different
scale on the y-axis. Now each point in the plane (sometimes called the xy-plane) is assigned
a pair of numbers, called its coordinates. These numbers tell us how to locate the point.
Figure 1.1 illustrates some examples. The point with coordinates (3, 2) lies three units to
the right of the y-axis and two units above the x-axis. The number 3 is called the x-coordinate
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those below the x-axis have a negative y-coordinate. The x-coordinate of a point is some-
times called its abscissa and the y-coordinate is called its ordinate.

When we write a pair of numbers such as (a, b) to represent a point, we agree that the
abscissa or x-coordinate, a, is written first. For this reason, the pair (a, b) is often referred
to as an ordered pair. 1t is clear that two ordered pairs (a, b) and (c, d) represent the same
point if and only if we have a = ¢ and b = d. Points (@, b) with both a and b positive
are said to lie in the first quadrant; those with a < 0 and b > 0 are in the second quadrant
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The basic ideas of Cartesian geometry 49

those with @ < 0 and b < 0 are in the third quadrant; and those with a > 0 and b < 0
are in the fourth quadrant. Figure 1.1 shows one point in each quadrant.

The procedure for points in space is similar. We take three mutually perpendicular
lines in space intersecting at a point (the origin). These lines determine three mutually
perpendicular planes, and each point in space can be completely described by specifying, with
appropriate regard for signs, its distances from these planes. We shall discuss three-dimen-
sional Cartesian geometry in more detail later on; for the present we confine our attention

to nlane analvtic ceametry
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A geometric figure, such as a curve in the plane, is a collection of points satisfying one
or more special conditions. By translating these conditions into expressions involving the
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coordinates x and y, we obtain one or more equations which characterize the figure in
questlon For example, consider a circle of radius r with its center at the origin, as shown

in Figure 1.2. Let P be an arbltrary point on this circle, and suppose P has coordinates
(x, v\ Then the line segment OP is the hvnotenuqe of a rmht trlanole whose lem have

lengths |x] and | y| and hence, by the theorem of Pythagoras,

the circle and by no others, so the equatlon comp]etely characterizes the circle. This
example illutrates how analytic geometry is used to reduce geometrical statements about
points to analytical statements about real numbers.

Throughout their historical development, calculus and analytic geometry have been
intimately intertwined. New discoveries in one subject led to improvements in the other.
The development of calculus and analytic geometry in this book is similar to the historical
development, in that the two subjects are treated together. However, our primary purpose
is to discuss calculus. Concepts from analytic geometry that are required for this purpose
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will be discussed as needed. Actually, only a few very elementary concepts of plane analytic
geometry are required to understand the rudiments of calculus. A deeper study of analytic
geometry is needed to extend the scope and applications of calculus, and this study will be
carried out in later chapters using vector methods as well as the methods of calculus.
Until then, all that is required from analytic geometry is a little familiarity with drawing
graphs of functions.

1.2 Functions. Informal description and examples

Various fields of human endeavor have to do with relationships that exist between one
collection of objects and another. Graphs, charts, curves, tables, formulas, and Gallup polls
are familiar to everyone who reads the newspapers. These are merely devices for describing
special relations in a quantitative fashion. Mathematicians refer to certain types of these
relations as functions. In this section, we give an informal description of the function
concept. A formal definition is given in Section 1.3.

EXAMPLE 1. The force F necessary to stretch a steel spring a distance x beyond its natural
length is proportional to x. That is, F = cx, where c is a number independent of x called
the spring constant. This formula, discovered by Robert Hooke in the mid-17th century, is
called Hooke’s law, and it is said to express the force as a function of the displacement.
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length x, the volume V is given by the formula V' = x3.
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EXAMPLE 3. A prime is any integer n > 1 that cannot be expressed in the formn = ab,
where a and b are positive integers, both less than n. The first few primes are 2, 3, 5, 7, 11,
13, 17, 19. For a given real number x > 0, it is possible to count the number of primes less
than or equal to x. This number is said to be a function of x even though no simple algebraic
formula is known for computing it (without counting) when x is known.

The word “function” was introduced into mathematics by Leibniz, who used the term
primarily to refer to certain kinds of mathematical formulas. It was later realized that
Leibniz’s idea of function was much too limited in its scope, and the meaning of the word
has since undergone many stages of generalization. Today, the meaning of function is
essentially this: Given two sets, say X and Y, a function is a correspondence which associates
with each element of X one and only one element of Y. The set X'is called the domain of the
function. Those elements of Y associated with the elements in X form a set called the range
of the function. (This may be all of Y, but it need not be.)

Letters of the English and Greek alphabets are often used to denote functions. The

particular letters f g, h, F, G, H, and ¢ are frequently used for this purpose. If fis a glven
function and if x is an object of its domain, the notation f{x) is used to designate that object
in the range which is associated to x by the function f; and it is called the value of f at x
or the image of x under f. The symbol f(x) is read as “’f of x.”

The function idea may be illustrated schematically in many ways. For example, in
Figure 1.3(a) the collections X and Y are thought of as sets of points and an arrow is used
to suggest a “pairing” of a typical point x in X with the image point f(x) in Y. Another
scheme is shown in Figure 1.3(b). Here the function fis imagined to be like a machine into
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FIGURE 1.3 Schematic representations of the function idea.

which objects of the collection X are fed and objects of ¥ are produced. When an object x
is fed into the machine, the output is the object f(x).

Although the function idea places no restriction on the nature of the objects in the domain
X and in the range Y, in elementary calculus we are primarily interested in functions whose
domain and range are sets of real numbers. Such functions are called real-valued functions
of a real variable, or, more briefly, real functions, and they may be illustrated geometrically
by a graph in the xy-plane. We plot the domain X on the x-axis, and above each point x in
X we plot the point (x, y), where y = f(x). The totality of such points (x, p) is called the
graph of the function.

Now we consider some more examples of real functions.

EXAMPLE 4. The identity function. Suppose that f(x) = x for all real x. This function
is often called the identity function. Its domain is the real line, that is, the set of all real
numbers. Here x = y for each point (x, y) on the graph of f. The graph is a straight line
making equal angles with the coordinates axes (see Figure 1.4). The range of fis the set of
all real numbers.

EXAMPLE 5. The absolute-value function. Consider the function which assigns to each
real number x the nonnegative number |x|. A portion of its graph is shown in Figure 1.5.

%’

FIGURE 1.4 Graph of the identity FIGURE 1.5 Absolute-value
function f(x) = x. function ¢(x) = |x|.
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Denoting this function by ¢, we have ¢(x) = |x| for all real x. For example, ¢(0) = 0,
@(2) = 2, ¢(—3) = 3. Welist here some properties of absolute values expressed in function
notation.

(@) ¢(—x) = ¢(x). ) ¢lp(x)] = ¢(x) .
(b) ¢(x®) = x*. (&) g(x) = Vx2.
© ¢x + y) < ¢p(x) + ¢(y) (the triangle inequality) .

EXAMPLE 6. The prime-number function. For any x > 0, let 7(x) be the number of primes
less than or equal to x. The domain of = is the set of positive real numbers. Its range is the
set of nonnegative integers {0, 1, 2, . . . }. A portion of the graph of 7 isshown in Figure 1.6.
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FIGURE 1.6 The prime-number function. FIGURre 1.7 The factorial

function.

(Different scales are used on the x- and y-axes.) As x increases, the function value (x)
remains constant until x reaches a prime, at which point the function value jumps by 1.
Therefore the graph of 7 consists of horizontal line segments. This is an example of a class
of functions called step functions; they play a fundamental role in the theory of the integral.

EXAMPLE 7. The factorial function. For every positive integer n, we define f(n) to be
n!=1-2---n In this example, the domain of f is the set of positive integers. The
function values increase so rapidly that it is more convenient to display this function in
tabular form rather than as a graph. Figure 1.7 shows a table listing the pairs (n, n!) for
n=1,2,...,10.

The reader should note two features that all the above examples have in common.

(1) For each x in the domain X there is one and only one image y that is paired with that
particular x.

(2) Each function generates a set of pairs (x, y), where x is a typical element of the
domain X, and y is the unique element of Y that goes with x.

In most of the above examples, we displayed the pairs (x, y) geometrically as points on a
graph. In Example 7 we displayed them as entries in a table. In each case, to know the
function is to know, in one way or another, all the pairs (x, y) that it generates. This simple
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observation is the motivation behind the formal definition of the function concept that is
given in the next section.

*1.3 Functions. Formal definition as a set ¢f ordered pairs

In the informal discussion of the foregoing section, a function was described as a corre-
spondence which associates with each object in a set X one and only one object in a setY.

The words “‘corresnondence” and ““associates with’> mav not convev exactlv the same
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meaning to all people, so we shall reformulate the whole idea in a different way, basmg it on
the set concept. First we require the notion of an ordered pair of objects.

In the definition of set equality, no mention is made of the order in which elements
appear. Thus, the sets {2 ,5} and {5, 2} are equal because they consist of exactly the same
elements. Sometimes the order is important. For example, in plane analytic geometry the
coordinates (x, y) of a point represent an ordered pair of numbers. The point with co-
ordinates (2, 5) is not the same as the point with coordinates (5, 2), although the sets {2, 5}
and {5, 2} are equal. In the same way, if we have a pair of objects a and b (not necessarily
distinct) and if we wish to distinguish one of the objects, say g, as the first member and the
other, b, as the second, we enclose the objects in parentheses, (a, b). We refer to this as an
ordered pair. We say that two ordered pairs (a, b) and (c, d) are equal if and only if their
first members are equal and their second members are equal. That is to say, we have
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Ly

B — (o if a
U} \ ) 8

\ nd
Cy M} 1 -

all

nlvy if
’ 8

Ny 71
il J 11 (22

nd b=/
\ 83 [ 74 “ .

r a
1 &3 o@aix

Now we may state the formal definition of function.

DEFINITION OF FUNCTION. A function f is a set of ordered pairs (x, y) no two of which
have the same first member.

If fis a function, the set of all elements x that occur as first members of pairs (x, y) in f
is called the domain of f. The set of second members y is called the range of f, or the set of
values of f.

Intuitively, a function can be thought of as a table consisting of two columns. Each
entry in the table is an ordered pair (x, y); the column of x’s is the domain of f, and the
column of y’s, the range. If two entries (x, y) and (x, z) appear in the table with the same
x-value, then for the table to be a function it is necessary that y = z. In other words, a
function cannot take two different values at a given point x. Therefore, for every x in the
domain of f there is exactly one y such that (x, y) € f. Since this y is uniquely determined

once x is known. we can introduce a snecial symbol for it. It is customarv to write
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y=f(x)

instead of (x, y) € f to indicate that the pair (x, y) is in the set f.

As an alternative to describing a tunction f by specitying explicitly the pairs 1t contains,
it is usually preferable to describe the domain of f; and then, for each x in the domain, to
describe how the function value f(x) is obtained. In this connection, we have the following
theorem whose proof is left as an exercise for the reader.
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THEOREM 1.1.  Two functions f and g are equal if and only if
(a) fand g have the same domain, and

(b) f(x) = g(x) for every x in the domain of f.

It is important to realize that the objects x and f(x) which appear in the ordered pairs
(x, f(x)) of a function need not be numbers but may be arbitrary objects of any kind.
Occasionally we shall use this degree of generality, but for the most part we shall be interested
in real functions, that is, functions whose domain and range are subsets of the real line.

Some of the functions that arise in calculus are described in the next few examples.

1.4 More examples of real functions

1. Constant functions. A function whose range consists of a single number is called a
constant function. An example is shown in Figure 1.8, where f(x) = 3 for every real
x. The graph is a horizontal line cutting the y-axis at the point (0, 3).

y
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! \ /
A /
‘): g(x) = 2x — 1
fx) = x*
=3 -
JSx) 0 / X X
4 0
14
——— X
0
FIGURE 1.8 A constant FIGURE 1.9 A linear function Ficure 1.10 A quadratic
function f(x) = 3. gx) =2x — 1. polynomial f(x) = x2.

2. Linear functions. A function g defined for all real x by a formula of the form
gx) =ax+b

is cﬂlled a linear funcﬁon hemme its gra,nh is a strai pht hn_e The number b is cal]ed
the y-axis. The number a is called the slope of the line. One example, g(x) = x, is
shown in Figure 1.4. Another, g(x) = 2x — 1, is shown in Figure 1.9.

3. The power _/meuun.s For a fixed positi itive i ‘i‘ltegf‘:i‘ i, let f be defined
f(x) = xfor all real x. Whenn = 1, this is the identity function, shown in Figure 1.4.
For n = 2, the graph is a parabola, part of which is shown in Figure 1.10. Forn = 3,
the graph is a cubic curve and has the appearance of that in Figure 1.11 (p. 56).
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U)’ uic Cl.iuallUll



More examples of real functions 55

. Polynomial functions. A polynomial function P is one defined for all real x by an
equation of the form

n

Px)=cy+ ex + - + ¢, x" =D X"
k=0

The numbers ¢,, ¢;, ..., ¢, are called the coefficients of the polynomial, and the
nonnegative integer » is called its degree (if ¢, 7 0). They include the constant func-
tions and the power functions as special cases. Polynomials of degree 2, 3, and 4 are
called quadratic, cubic, and quartic polynomials, respectively. Figure 1.12 shows a
portion of the graph of a quartic polynomial P given by P(x) = ix* — 2x2

. The circle. Suppose we return to the Cartesian equation of a circle, x* 4+ »* = r2 and
solve this equation for y in terms of x. There are two solutions given by
y=Vrt—x* and y=—Vr*—x2.

(We remind the reader that if ¢ > 0, the symbol V/a denotes the positive square root
of a. The negative squareroot is —V/a.) There was a time when mathematicians would

say that y is a double-valued function of x given by y = +V'r? — x2 However, the
more modern point of view does not admit “double-valuedness as a property of
functions. The definition of function requires that for each x in the domain, there
corresponds one and only one y in the range. Geometrically, this means that vertical
lines which intersect the graph do so at exactly one point. Therefore to make this
example fit the theory, we say that the two solutions for y define two functions, say
fand g, where

fx) = — x2 and glx) = —Vr2 — x2

for each x satisfying —r < x < r. Each of these functions has for its domain the
interval extending from —r to r. If |x| > r, there is no real y such that x? + )? = r?,
and we say that the functions fand g are not defined for such x. Since f(x) is the non-
negative square root of r2 — x2, the graph of f'is the upper semicircle shown in Figure
1.13. The function values of g are < 0, and hence the graph of g is the lower semicircle
shown in Figure 1.13.

. Sums, products, and quotients of functions. Let f and g be two real functions having
the same domain D. We can construct new functions from f and g by adding, multi-
plying, or dividing the function values. The function u defined by the equation

u(x) = f(x) + g(x) if xeD

o
wn

called the sum of f'gnrl o and is denoted by f+ g. %mn]m‘]v the prn/]uft v ;Jf« o
n

TR O anc o
and the giwotient w = f|g are the functions defined by the respectlve formulas

v(x) = f(x)g(x) if xeD, w(x) = f(x)/g(x) if x e D and g(x) # 0.
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y
] P(x) = ix* — 2x?

/

FIGURE 1.11 A cubic FiGURE 1.12 A quartic polynomial: FiGURE 1.13  Graphs of
polynomial: P(x) = x3. P(x) = 3x* — 2x2 two functions:

f(x) ='\/r2 - x2’
g = — V2 — &2,

The next set of exercises is intended to give the reader some familiarity with the use of

the runction notation.

1.5 Exercises

1.

2.

3.

4.

Let f(x) = x + 1 for all real x. Compute the following: f(2), f(—2), —f(2), f3), 1/f(2),
f(@+ b), f(@) + f(b), f@)f ®).

Let f(x) =1 + x and let g(x) = 1 — x for all real x. Compute the following: f(2) + £(2),
@ —£Q2), f@5@), fs, fIg@), glf D], f(0) + g(—a), fDg(—1).

Let ¢(x) = |x — 3| + |x — 1| for all real x. Compute the following: ¢(0), ¢(1), ¢(2), ¢(3),
¢(—1), 9(—2). Find all ¢ for which ¢(t + 2) = ¢(?).

Let f(x) = x? for all real x. Verify each of the following formulas. In each case describe the
set of real x, y, t, etc., for which the given formula is valid.

@ f(—x) =[(0). (d) Q) = 47().

®) f() —fG) = =Xy +x). () f(&) = (D>

© fx +h) —f(x) =2xh + k2. (f) Vf(@) =|al.

Let g(x) = V4 — x2 for |x| < 2. Verify each of the following formulas and tell for which
values of x, y, s, and ¢ the given formula is valid.

@) g(—x) = g(x). (d) gla —2) =V4da — a
(b) g2y) =2V1 — )2, (e) g( g) = 11/16 — 2.

1 4 — 1 1 2 —g(x)
© é’(;) T e R

Let f be defined as follows: f(x) =1for0 < x < 1; f(x) =2for1 < x <2. The function
is not defined if x < 0 or if x > 2.

(a) Draw the graph of f.

(b) Let g(x) = f(2x). Describe the domain of g and draw its graph.

(c) Let h(x) = f(x — 2). Describe the domain of 4 and draw its graph.

(d) Let k(x) = f(2x) + f(x — 2). Describe the domain of k and draw its graph.
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7. The graphs of the two polynomials g(x) = x and f(x) = x3 intersect at three points. Draw
enough of their graphs to show how they intersect.

8. The graphs of the two quadratic polynomials f(x) = x* — 2 and g(x) = 2x® + 4x + 1 inter-
sect at two points. Draw the portions of the two graphs between the points of intersection.

9. This exercise develops some fundamental properties of polynomials. Let f(x) = D7 o c;x* be
a polynomial of degree n. Prove each of the following:
(@ If n > 1 and f(0) = 0, then f(x) = xg(x), where g is a polynomial of degree n — 1.
(b) For each real a, the function p given by p(x) = f(x + a) is a polynomial of degree n.
(© If n > 1 and f(a) = 0 for some real a, then f(x) = (x — a)h(x), where h is a polynomial of
degree n — 1. [Hint: Consider p(x) = f(x + a).]
(d) If f(x) = Ofor n + 1 distinct real values of x, then every coefficient ¢ is zero and f(x) = 0
for all real x.
(e) Letg(x) = Z’,f:o byx* be a polynomial of degree m, where m > n. If g(x) = f(x)form + 1
distinct reai vaiues of x, then m = n, b,, = ¢, for each k, and g(x) = f(x) for ali real x.

10. In each case, find all polynomials p of degree < 2 which satisfy the given conditions.
@ p© =pM) =p@ =1.  (© p©) =p(1) = 1.
(®) p(0) =p(1) =1,p(2) =2.  (d) p(0) = pQ).

11. In each case, find all polynomials p of degree < 2 which satisfy the given conditions for all
real x.
@ p(x) =p(1 —x).  (0) p2x) = 2p(x).
®) p(x) =pd +x).  (d) pB3x) = p(x + 3).

12. Show that the following are polynomials by converting them to the form D7, axx* for a
suitable m. In each case n is a positive integer.

1 — xnil

@ (1 + x)*~ (b) , x # 1. ©) TnT(I + x2%).
k=0

1 —x

1.6 The concept of area as a set function

When a mathematician attempts to develop a general theory encompassing many different
concepts, he tries to isolate common properties which seem to be basic to each of the
particular applications he has in mind. He then uses these properties as fundamental
building blocks of his theory. Euclid used this process when he developed elementary
geometry as a deductive system based on a set of axioms. We used the same process in our
axiomatic treatment of the real number system, and we shall use it once more in our dis-
cussion of area.

When we assign an area to a plane region, we associate a number with a set S'in the plane.
From a purely mathematical viewpoint, this means that we have a function @ (an area
function) which assigns a real number a(S) (the area of S) to each set S in some given
collection of sets. A function of this kind, whose domain is a collection of sets and whose
function values are real numbers, is called a set function. The basic problem is this: Given a

1 <9
plane set S, what area a(S) shall we assign to S?

Our approach to this problem is to start with a number of properties we feel area should
have and take these as axioms for area. Any set function which satisfies these axioms will
be called an area function. To make certain we are not discussing an empty theory, it is
necessary to show that an area function actually exists. We shall not attempt to do this here.
Instead, we assume the existence of an area function and deduce further properties from the
axioms. An elementary construction of an area function may be found in Chapters 14 and
22 of Edwin E. Moise, Elementary Geometry From An Advanced Standpoint, Addison-
Wesley Publishing Co., 1963.
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Before we state the axioms for area, we will make a few remarks about the collection of
sets in the plane to which an area can be assigned. These sets will be called measurable
sets; the collection of all measurable sets will be denoted by .#. The axioms contain enough
information about the sets in .# to enable us to prove that all geometric figures arising in
the usual applications of calculus are in .# and that their areas can be calculated by integra-
tion.

One of the axioms (Axiom 5) states that every rectangle is measurable and that its area
is the product of the lengths of its edges. The term “‘rectangle’ as used here refers to any
set congruentt to a set of the form

{(x,))|0<x <h0<y <k}

where A > 0 and kK > 0. The numbers 4 and k are called the lengths of the edges of the
rectangle. We consider a line segment or a point to be a special case of a rectangle by
allowing 4 or k (or both) to be zero.

T
/\/ lf’
i | i 0 s Lo |
: i
A step region Ordinate set Inner step region  Outer step region
(a) (b) ()
FIGURE 1.14 FIGURE 1.15 An ordinate set enclosed by two step regions.

From rectangles we can build up more complicated sets. The set shown in Figure 1.14
is the union of a finite collection of adjacent rectangles with their bases resting on the x-axis
and is called a step region. The axioms imply that each step region is measurable and that
its area is the sum of the areas of the rectangular pieces.

The region Q shown in Figure 1.15(a) is an example of an ordinate set. Its upper boundary
is the graph of a nonnegative function. Axiom 6 will enable us to prove that many ordinate
sets are measurable and that their areas can be calculated by approximating such sets by
inner and outer step regions, as shown in Figure 1.15(b) and (c).

We turn now to the axioms themselves.

AXIOMATIC DEFINITION OF AREA. We assume there exists a class M of measurable sets
in the plane and a set function a, whose domain is M, with the following properties:

1. Nonnegative property. For each set S in M, we have a(S) > 0.

1 Congruence is used here in the same sense as in elementary Euclidean geometry. Two sets are said to be
congruent if their points can be put in one-to-one correspondence in such a way that distances are preserved.
That is, if two points p and ¢ in one set correspond to p” and ¢’ in the other, the distance from p to ¢ must
be equal to the distance from p’ to ¢’; this must be true for all choices of p and ¢.
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2. Additive property. If S and T are in M, then S U T and S N T are in M, and we have
aSuUT)=alS)+a(T)—a(SNT).

3. Difference property. If S and T are in M with S < T, then T — S'is in M, and we have
aT — S) = a(T) — a(S).
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5. Choice of scale. Every rectangle R is in A . If the edges of R have lengths h and k,
then a(R) = hk.

6. Exhaustion property. Let Q be a set that can be enclosed between two step regions
S and T, so that

(1.1) ScQcT.
If there is one and only one number ¢ which satisfies the inequalities
a(S) < ¢ < a(T)
for all step regions S and T satisfying (1.1), then Q is measurable and a(Q) = c.

Axiom 1 simply states that the area of a plane measurable set is either a positive number
or zero. Axiom 2 tells us that when a set is formed from two pieces (which may overlap),
the area of the union is the sum of the areas of the two parts minus the area of their inter-
section. In particular, if the intersection has zero area, the area of the whole is the sum of
the areas of the two parts.

If we remove a measurable set S from a larger measurable set 7, Axiom 3 states that the
remaining part, 7' — S, is measurable and its area is obtained by subtraction, a(T — S) =
a(T) — a(S). In particular, this axiom implies that the empty set & is measurable and has
zero area. Since a(T — S) > 0, Axiom 3 also implies the monotone property:

a(S) < a(7), for sets Sand Tin .#Z with S < T .

In other words, a set which is part of another cranot have a larger area.
Axiom 4 assions eaual areas to sets havine the ¢~ me size and qhape, The first four
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axioms would be trivially satisfied if we assigned the number O as the area of every set in
. Axiom 5 assigns a nonzero area to some rectangles and thereby excludes this trivial
case. Finally, Axiom 6 incorporates the Greek method of exhaustion; it enables us to
extend the class of measurable sets from step regions to more general regions.

Axiom 5 assigns zero area to each line segment. Repeated use of the additive property
shows that every step region is measurable and that its area is the sum of the areas of the
rectangular pieces. Further elementary consequences of the axioms are discussed in the
next set of exercises.
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1.7 Exercises

The properties of area in this set of exercises are to be deduced from the axioms for area stated
in the foregoing section.
1. Prove that each of the following sets is measurable and has zero area: (a) A set consisting of a
single point. (b) A set consisting of a finite number of points in a plane. (c) The union of a
finite collection of line segments in a plane.

2. Every right triangular region is measurable because it can be obtained as the intersection of
two rectanoles Prove that every trianoular reoion is measurable and that its area is one half

L2 ety rRIGLIgRIGl AVEAVAL A0 AAAaAetsl AW KA 2

the product of its base and altltude
3. Prove that every trapezoid and every parallelogram is measurable and derive the usual formulas
for their areas.

4. A point (x, y) in the plane is called a lattice point if both coordinates x and y are integers. Let
P be a polygon whose vertices are lattice points. The area of Pis I + 3B — 1, where I denotes

the number of lattice points inside the polygon and B denotes the number on the boundary.
(a) Prove that the formula is valid for rectangles with sides parallel to the coordinate axes.
(b) Prove that the formula is valid for right triangles and parallelograms.
(¢) Use induction on the number of edges to construct a proof for general polygons.

5. Prove that a triangle whose vertices are lattice points cannot be equilateral.

[Hint: Assume there is such a triangle and compute its area in two ways, using
Exercises 2 and 4.]

6. Let 4 = {1, 2, 3, 4, 5}, and let .# denote the class of all subsets of 4. (There are 32 altogether,
counting A itself and the empty set &g.) For each set .S in .#, let n(S) denote the number of
distinct elements in S. If S = {1, 2, 3, 4} and T = {3, 4, 5}, compute n(S VU T), n(S N T),
n(S — T),and n(T — S). Prove that the set function n satisfies the first three axioms for area.

1.8 Intervals and ordinate sets

In the theory of integration we are concerned primarily with real functions whose domains
are intervals on the x-axis. Sometimes it is important to distinguish between intervals

which include their endpoints and those which do not. This distinction is made by introducing
the following definitions.

o ] O -O O -9 -
a b a b a b a
a<x<b a<x<b a<x<b a<x<b

Closed Open Half-ope~ Half-open

S o)

FIGURE 1.16 Examples of intervals.

If a < b, we denote by [q, b] the set of all x satisfying the inequalities a < x < b and
refer to this set as the closed interval from a to b. The corresponding open interval, written
(a, b), is the set of all x satisfying a < x < b. The closed interval [a, b] includes the end-
points a and b, whereas the open interval does not. (See Figure 1.16.) The open interval
(a, b) is also called the interior of [a, b]. Half-open intervals (a, b] and [a, b), which include
just one endpoint are defined by the inequalities ¢ < x < b and a < x < b, respectively.

Let f be a nonnegative function whose domain is a closed intevval [a, b]. The portion
of the plane between the graph of f and the x-axis is called the ordinate set of f. More
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precisely, the ordinate set of f'is the collection of all points (x, y) satisfying the inequalities

a<x<b, 0<y<fx.

In each of the examples shown in Figure 1.17 the shaded portion represents the ordinate
set of the corresponding function.

Ordinate sets are the geometric objects whose areas we want to compute by means of the
integral calculus. We shall define the concept of integral first for step functions and then
use the integral of a step function to formulate the definition of integral for more general

pw
dd

a I; a b

[ }

FiGURE 1.17 Examples of ordinate sets.

functions. Integration theory for step functions is extremely simple and leads in a natural
way to the corresponding theory for more general functions. To start this program, it is
necessary to have an analytic definition of a step function. This may be given most simply
in terms of the concept of a partition, to which we turn now.

1.9 Partitions and step functions

Suppose we decompose a given closed interval [a, b] into n subintervals by inserting
n — 1 points of subdivision, say x; , x;, . .., X,_; , subject only to the restriction

(1.2) a’<xl<x2<“'<xﬂ_1<b.

It is convenient to denote the point a itself by x, and the point & by x,, . A collection of
points satisfying (1.2) is called a partition P of [a, b], and we use the symbol

P={xyg,X1,...,%X,}
to designate this partition. The partition P determines » closed subintervals
[xo, X1}, [x1, Xl 5 - - oy [Xpa s X,
A typical closed subinterval is [x,_, , x;], and it is referred to as the kth closed subinterval
of P; an example is shown in Figure 1.18. The corresponding open interval (x;_, , x;) is

called the kth open subinterval of P.
Now we are ready to formulate an analytic definition of a step function.
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/kt,h subinterval {x; _,, x;]

[ o > & < * & ®

a =X Xy Xg ¢ Xk -1 Xk s Xn-1 Xn=b

FIGURE 1.18 An example of a partition of [a, b].

DEFINITION OF A STEP FUNCTION. A function s, whose domain is a closed interval [a, b),
is called a step function if there is a partition P = {xq, Xy, ..., X,} of [a, b] such that s is
constant on each open subinterval of P. That is to say, for each k = 1,2, ..., n, there is
a real number s,, such that

5(x) = if o xa<x<x.

Step functions are sometimes called piecewise constant functions.

Note: At each of the endpoints x;_; and x;, the function must have some well-defined
value, but this need not be the same as s;.

EXAMPLE. A familiar example of a step function is the “postage function,” whose graph
is shown in Figure 1.19. Assume that the charge for first-class mail for parcels weighing
up to 20 pounds is 5 cents for every ounce or fraction thereof. The graph shows the number
of 5-cent stamps required for mail weighing up to 4 ounces. In this case the line segments
on the graph are half-open intervals containing their right endpoints. The domain of the
function is the interval [0, 320].

From a given partition P of [a, b], we can always form a new partition P’ by adjoining
more subdivision points to those already in P. Such a partition P’ is called a refinement
of P and is said to be finer than P. For example, P = {0, 1, 2, 3, 4} is a partition of the

interval [0, 4]. If we adjoint the points 3/4, \/5, and 7/2, we obtain a new partition P’ of

—— & L o d *r—
4+ — P. 0 1 2 3 4
3+ —_—
24 —
| 4—e
& & d *—
; ; : : P 0 31 V2 2 3.7 4
0 I 2 3 4 3 2
FiGure 1.19 The postage function. FIGURE 1.20 A partition P of [0,4] and a

refinement P’,
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[0, 4], namely, P’ = {0, 3/4, 1, vV 5, 2, 3,7/2, 4}, which is a refinement of P. (See Figure
1.20.) If a step function is constant on the open subintervals of P, then it is also constant
on the open subintervals of every refinement P’.

1.10 Sum and product of step functions

New step functions may be formed from given step functions by adding corresponding
function values. For example, suppose s and ¢ are step functions, both defined on the
same interval [a, b]. Let P, and P, be partitions of [a, b] such that s is constant on the open
subintervals of P; and ¢ is constant on the open subintervals of P,. Let u = s 4 ¢t be the
function defined by the equation

u(x) = s(x) + t(x) if a<x<b.

Graph of s + ¢

[ S—Y

Graph of s Graph of ¢
*>—e —_—
————
Ol
—+ i I } i i .' I 1 i
a X1 b a X1 b a X X b

FIGURE 1.21 The sum of two step functions.

To show that u is actually a step function, we must exhibit a partition P such that u is
constant on the open subintervals of P. For the new partition P, we take all the points of
P, along with all the points of P,. This partition, the union of P, and P, , is called the
common refinement of Py and P, . Since both s and ¢ are constant on the open subintervals
of the common refinement, the same is true of . An example is illustrated in Figure 1.21.
The partition P, is {a, x, , b}, the partition P, is {a, x, , b}, and the common refinement is
{a, x; , x, , b}.

Similarly, the product v = s -t of two step functions is another step function. An
important special case occurs when one of the factors, say ¢, is constant throughout [a, b].
If t(x) = c for each x in [q, b], then each function value v(x) is obtained by multiplying the
step function s(x) by the constant c.

111 Twow
leal Iy

In this set of exercises, [x] denotes the greatest integer < x.
1. Let f(x) = [x] and let g(x) = [2x] for all real x. In each case, draw the graph of the function
h defined over the interval [ —1, 2] by the formula given.
@ h(x) = () +g).  (©) hx) = f(X)g().
®) hlx) = f(x) + g(x/2).  (d) A(x) = 1f(2x)g(x[2).
2. In each case, fis a function defined over the interval [—2, 2] by the formula given. Draw the

graph of f. If fis a step function, find a partition P of [—2, 2] such that f'is constant on the
open subintervals of P.
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@) f(x) =x+1[x]. (@ fx) =2[x]
() f() =x =[xl (e) f(®) =[x +3]
(© f(x) =[—x] M fx) =Ix] + [x + 3]
3. In each case, sketch the graph of the function f defined by the formula given.
@@ f() =Mx1 for 0<x<10. () fx =1Ix] for 0<x<]10.
(b) f(x) = [x7] for 0<x<3. (d) f(x) = [x]? for 0<x<3.
4. Prove that the greatest-integer function has the properties indicated.
(@) [x + n] = [x] + n for every integer n.
—[x] if x is an integer,

(b) [—x] ={

© [x+yl=[x1+[] or [x]1+[]+1.
(d) [2x] = [x] + [x + %1
e Bxl=xI+x+3i] +Ix + 3.

—[x] — 1 otherwise.

Optional exercises.

5. The formulas in Exercises 4(d) and 4(e) suggest a generalization for [nx]. State and prove
such a generalization.

6. Recall that a lattice point (x, y) in the plane is one whose coordinates are integers. Let f be a
nonnegative function whose domain is the interval [a, b], where a and b are integers, a < b.
Let S denote the set of points (x, y) satisfyinga < x < b,0 < y < f(x). Prove that the number
of lattice points in S is equal to the sum

b
> [f)].
7. If a and b are positive integers with no common factor, we have the formula
§ na] (a— 1Dk —1)
b 2 '
n=1

When b = 1, the sum on the left is understood to be 0.
(a) Derive this result by a geometric argument, counting lattice points in a right triangle.
(b) Derive the result analytically as follows: By changing the index of summation, note that
v~ [na/b] = >~} [a(b — n)/b]. Now apply Exercises 4(a) and (b) to the bracket on the

right.

8. Let S be a set of points on the real line. The characteristic function of S is, by definition, the
function yg such that yg(x) = 1 for every x in S, and yg(x) = O for those x not in S. Let f be
a step function which takes the constant value c;, on the kth open subinterval I;, of some partition

of an interval [a, b]. Prove that for each x in the union I; U I, U - - - U I, we have

This property is described by saying that every step function is a linear combination of char-
acteristic functions of intervals.

1.12 The definition of the integral for step functions

In this section we introduce the integral for step functions. The definition is constructed
so that the integral of a nonnegative step function is equal to the area of its ordinate set.
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Let s be a step function defined on [a, b], and let P = {x,, x; , . . ., x,,} be a partition of
[a, b] such that s is constant on the open subintervals of P. Denote by s, the constant value
that s takes in the kth open subinterval, so that

s(x) = s, if  x . <x<x, k=12,...,n.

DEFINITION OF THE INTEGRAL OF STEP FUNCTIONS. The integral of s from a to b, denoted
by the symbol [* s(x) dx, is defined by the following formula:

(1.3) J:’ s(x) dx = i See * (X — Xpe—1) -

That is to say, to compute the integral, we multiply each constant value s, by the length of
the kth subinterval, and then we add together all these products.

Note that the values of s at the subdivision points are immaterial since they do not appear
on the right-hand side of (1.3). In particular, if s is constant on the open interval (a, b), say
s(x) = cif a < x < b, then we have

Es(x) dx = ci(xk — Xp1) = (b — a),
k=1

regardless of the values s(a) and s(b). If ¢ > 0 and if s(x) = ¢ for all x in the closed interval
[a, b], the ordinate set of s is a rectangle of base b — a and altitude ¢; the integral of s is
c(b — a), the area of this rectangle. Changing the value of s at one or both endpoints a or b
changes the ordinate set but does not alter the integral of s or the area of its ordinate set.
For example, the two ordinate sets shown in Figure 1.22 have equal areas.
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FiGURE 1.22 Changes in function values at two FiGure 1.23 The ordinate set of a
points do not alter area of ordinate set. step function.

The ordinate set of any nonnegative step function s consists of a finite number of rect-
angles, one for each interval of constancy; the ordinate set may also contain or lack certain
vertical line segments, depending on how s is defined at the subdivision points. The integral
of s is equal to the sum of the areas of the individual rectangles, regardless of the values s
takes at the subdivision points. This is consistent with the fact that the vertical segments
have zero area and make no contribution to the area of the ordinate set. In Figure 1.23,
the step function s takes the constant values 2, 1, and } in the open intervals (1, 2), (2, 5),
and (5, 6), respectively. Its integral is equal to

f:s(x)dx=2‘(2—1)+1'(5—2)+’;—-(6—5)= 2
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It should be noted that the formula for the integral in (1.3) is independent of the choice of
the partition P as long as s is constant on the open subintervals of P. For example, suppose
we change from P to a finer partition P’ by inserting exactly one new subdivision point 7,
where x, < t < x;. Then the first term on the right of (1.3) is replaced by the two terms
5y - (2 — xp) and 55 - (x; — t), and the rest of the terms are unchanged. Since

S0t — x0) + 510 (g — 1) =5, (3 — x),

the value of the entire sum is unchanged. We can proceed from P to any finer partition P’
by inserting the new subdivision points one at a time. At each stage, the sum in (1.3)
remains unchanged, so the integral is the same for all refinements of P.

1.13 Properties of the integral of a step function

In this section we describe a number of fundamental properties satisfied by the integral
of a step function. Most of these properties seem obvious when they are interpreted
geometrically, and some of them may even seem trivial. All these properties carry over
to integrals of more general functions, and it will be a simple matter to prove them in the
general case once we have established them for step functions. The properties are listed
below as theorems, and in each case a geometric interpretation for nonnegative step functions
is given in terms of areas. Analytic proofs of the theorems are outlined in Section 1.15.

a b a b a b

FIGURE 1.24 Illustrating the additive property of the integral.

The first property states that the integral of a sum of two step functions is equal to the
sum of the integrals. This is known as the additive property and it is illustrated in Figure
1.24.

THEOREM 1.2. ADDITIVE PROPERTY.

j" [s(x) + 1(x)] dx = L" s(x) dx + j" #(x) dx .
The next property, illustrated in Figure 1.25, is called the homogeneous property. It

states that if all the function values are multiplied by a constant ¢, then the integral is also
multiplied by c.

THEOREM 1.3. HOMOGENEOUS PROPERTY. For every real number c, we have

f:c-s(x)dx=cﬁs(x)dx.

These two theorems can be combined into one formula known as the linearity property.
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a b a b
FiGure 1.25 Illustrating the homogeneous property of the integral (with ¢ = 2).

THEOREM 1.4. LINEARITY PROPERTY. For every real ¢, and c,, we have

_[: [c,s(x) + cot(x)] dx = ¢, _[:’ s(x) dx + ¢, f: 1(x) dx .

Next, we have a comparison theorem which tells us that if one step function has larger
values than another throughout [a, 4], its integral over this interval is also larger.

THEOREM 1.5. COMPARISON THEOREM. If s(x) < t(x) for every x in [a, b], then

f: s(x) dx < L % 1(x) dx .

Interpreted geometrically, this theorem reflects the monotone property of area. If the
ordinate set of a nonnegative step function lies inside another, the area of the smaller region
is less than that of the larger.

The foregoing properties all refer to step functions defined on a common interval. The

integral has further important properties that relate integrals over different intervals.
Among these we have the following.

THEOREM 1.6. ADDITIVITY WITH RESPECT TO THE INTERVAL OF INTEGRATION.
b b ; .
[fsydx+ [*sydx = ["sxydx  if  a<e<b.
a c a

This theorem reflects the additive property of area, illustrated in Figure 1.26. If an ordinate
set is decomposed into two ordinate sets, the sum of the areas of the two parts is equal to
the area of the whole.

The next theorem may be described as invariance under translation. If the ordinate set
of a step function s is “shifted’’ by an amount ¢, the resulting ordinate set is that of another
step function ¢ related to s by the equation #(x) = s(x — ¢). If s is defined on [, b], then
t is defined on [a + ¢, b + ¢], and their ordinate sets, being congruent, have equal areas.
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FIGURE 1.26 Additivity with respect FIGURE 1.27 Illustrating invariance of the
to the interval of integration. integral under translation: #(x) = s(x — ¢).

This property is expressed analytically as follows:

THEOREM 1.7. INVARIANCE UNDER TRANSLATION.
b b+c
f s(x) dx = f s(x —c)dx  foreveryrealc.
a a+c

Its geometric meaning is illustrated in Figure 1.27 for ¢ > 0. When ¢ < 0, the ordinate
set is shifted to the left.

The homogeneous property (Theorem 1.3) explains what happens to an integral under a
change of scale on the y-axis. The following theorem deals with a change of scale on the
x-axis. If s is a step function defined on an interval [a, b] and if we distort the scale in the
horizontal direction by multiplying all x-coordinates by a factor kK > 0, then the new graph
is that of another step function ¢ defined on the interval [ka, kb] and related to s by the
equation

x .
t(x) = s(}(—) if ka < x<kb.

An example with k = 2 is shown in Figure 1.28 and it suggests that the distorted figure has
an area twice that of the original figure. More generally, distortion by a positive factor k

L _ j s L : |
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FIGURE 1.28 Change of scale on the x-axis: #(x) = s(x/2).
has the effect of multiplying the integral by k. Expressed analytically, this property assumes

the following form:

THEOREM 1.8. EXPANSION OR CONTRACTION OF THE INTERVAL OF INTEGRATION.
kb X b
f S P dx=kJ. s(x)dx  foreveryk > 0.
ka a

Until now, when we have used the symbol [?, it has been understood that the lower limit
a was less than the upper limit b. It is convenient to extend our ideas somewhat and consider
integrals with a lower limit larger than the upper limit. This is done by defining

(1.4) L s(x) dx = — j” sx)dx if a<b.
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We also define
[*seydx =0,
a

a definition that is suggested by putting a = b in (1.4). These conventions allow us to con-
clude that Theorem 1.6 is valid not only when c is between a and b but for any arrangement
of the points a, b, c. Theorem 1.6 is sometimes written in the form

f: s(x) dx + _f: s(x) dx + f: s(x)dx =0.

Similarly, we can extend the range of validity of Theorem 1.8 and allow the constant k& to
be negative. In particular, when k = —1, Theorem 1.8 and Equation (1.4) give us

f: s(x) dx = f:: s(—x) dx .

A by

s (x) = s(—x)

v
=

d
1

OI a b -b —a O
FIGURE 1.29 Illustrating the reflection property of the integral.

We shall refer to this as the reflection property of the integral, since the graph of the function

t given by 1(x) = s(—x) is obtained from that of s by reflection through the y-axis. An
example is shown in Figure 1.29.

1.14 Other notations for integrals

The letter x that appears in the symbol (% s(x) dx plays no essential role in the definition
of the integral. Any other letter would serve equally well. The letters ¢, u, v, z are frequently
used for this purpose, and it is agreed that instead of [°s(x) dx we may write [ s(z) dt,
§? s(u) du, etc., all these being considered as alternative notations for the same thing. The
symbols x, t, u, etc. that are used in this way are called “dummy variables.”” They are
analogous to dummy indices used in the summation notation.

There is a tendency among some authors of calculus textbooks to omit the dummy
variable and the d-symbol altogether and to write simply (% s for the integral. One good
reason for using this abbreviated symbol is that it suggests more strongly that the integral
depends only on the function s and on the interval [a, b]. Also, certain formulas appear
simpler in this notation. For example, the additive property becomes [® (s + #) = (s +
§21. On the other hand, it becomes awkward to write formulas like Theorems 1.7 and
1.8 in the abbreviated notation. More important than this, we shall find later that the
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original Leibniz notation has certain practical advantages. The symbol dx, which appears
to be rather superfluous at this stage, turns out to be an extremely useful computational
device in connection with many routine calculations with integrals.

1.15 Exercises

1.

10.

11.

Compute the value of each of the following integrals. You may use the theorems of Section
1.13 whenever it is convenient to do so. The notation [x] denotes the greatest integer < x.

(a) f_31 [x] dx. (d) f: 2[x] dx.
(b) f: [x + 4] dx. ) f_31 [2x] d.

© [° @1 +Ix +3Ddx. @ [ [-aldx.

Give an example of a step function s, defined on the closed interval [0, 5], which has the
following properties: 3 s(x) dx =5, §% s(x) dx = 2.

. Show that jz [x]1dx + _fz [—x]dx = a — b.
. (a) If nis a positive integer, prove that |7 [f]dt = n(n — 1)/2.

(b) If f(x) = _ﬁf [£] dt for x > 0, draw the_graph of fover the interval [0, 4].

. (a) Prove that fﬁ [21dt =5 — /2 — /3.

(b) Compute | 33 [£2] dt.

(a) If n is a positive integer, prove that j';“ [1J2 dt = n(n — 1)(2n — 1)/6.

) If f(x) = _f”.f [£]? dt for x > 0, draw the graph of f cver the interval [0, 3].
(c) Find all x > 0 for which |? [ dt = 2(x — 1).

. (a) Compute ﬁ: [\/ ;] dt.

(b) If n is a positive integer, prove that f :f 2 [\/;] dt = n(n — 1)(4n + 1)/6.

. Show that the translation property (Theorem 1.7) may be expressed in the equivalent form

b+c _[?
fa+cf(x) dx = f flx + o) dx.

Show that the following property is equivalent to Theorem 1.8:

Given a positive integer p. A step function s is defined on the interval [0, p] as follows:
s(x) = (—1)™nif x liesin the intervaln < x <n + 1,wheren =0,1,2,...,p — 1;s(p) = 0.
Let f(p) = [? s(x) dx.

(a) Calculate f(3), f(4), and f(f(3)).

(b) For what value (or values) of p is |f(p)| =77

If, instead of defining integrals of step functions by using formula (1.3), we used the definition

~

st(x) dx = i §3 - (0 — X1 s

k=1

a new and different theory of integration would result. Which of the following properties would



Exercises 71

12.

13.

14.

15.

remain valid in this new theory?

(a)f:s+f:s=f:s. (C)J‘:C'S=Cf;s.
(b) f;’ (s +1) = f: s + f;’ ‘ (d) fa”; s(x) dx = f: s(x + ¢) dx.
(e) If s(x) < t(x) for each x in [a, b], then f Z s < f: t.

Solve Exercise 11 if we use the definition

fb s(x)dx = s+ (x2 — x7_) .
a k=1

Analytic proofs of the properties of the integral given in Section 1.13 are requested in the
following exercises. The proofs of Theorems 1.3 and 1.8 are worked out here as samples.
Hints are given for the others.

Proof of Theorem 1.3: _fz c-s(x)dx = ¢ _fg s(x) dx for every real c.

Let P = {xg, X, , . . ., X,,} be a partition of [a, ] such that s is constant on the open subintervals
of P. Assume s(x) = s, if X, ; <x <x,(k=1,2,...,n. Thenc-s(x) =c-s,if x; ; <
x < xi , and hence by the definition of an integral we have

b 7

N e o Ay v+ N— ~N'o .15

Jc'o\)m— C 8"\ X — X 1) =C 2 5\
a

1 k=1

™M=

Proof of Theorem 1.8:

kb [ b
f s(;)dx = kf s(x) dx if £>0.
ka a

Let P = {xy,x;,...,X,} be a partition of the interval [a, b] such that s is constant on the
open subintervals of P. Assume that s(x) = s, if x;, ; <x <Xx;. Let t(x) = s(x/k) if ka <
x < kb. Then t(x) = s, if x lies in the open interval (kx,_; , kx,); hence P' = {kxy, kx;, .. .,
kx,} is a partition of [ka, kb] and ¢ is constant on the open subintervals of P’. Therefore ¢ is
a step function whose integral is

f"" 1) dx = s, (kx; — kxg) = kX s; (% — x,q) = kf”s(x) dx .
a i=1 i—1 a

k

Prove Theorem 1.2 (the additive property).

[Hint: Use the additive property for sums: D7 ;(a; + b)) = D0, ap + Doy by ]
Prove Theorem 1.4 (the linearity property).

[Hint: Use the additive property and the homogeneous property.]

Prove Theorem 1.5 (the comparison theorem).

[Hint: Use the corresponding property for sums: Z,’j:l a; < Z}}zl b, if a; < by, for
k=1,2,...,n]
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16. Prove Theorem 1.6 (additivity with respect to the interval).

[Hint: If P, is a partition of [a, c] and P, a partiton of [c, b], then the points of P, along
with those of P, form a partition of [a, b].]

17. Prove Theorem 1.7 (invariance under translation).

[Hint: IfP = {xy, x;,...,Xx,}is a partition of [a, b], then P’ = {xq + ¢, x; + ¢, ...,
x, + c} is a partition of [a + ¢, b + ¢].]

1.16 The integral of more general functions

The integral ? s(x) dx has been defined when s is a step function. In this section we shall

formulate a definition of [? f(x)dx that will apply to more general functions f. The
definition will be constructed so that the resulti teora] has all the nroonerties listed in

sulti all properties listed in
Section 1.13.

——— Pl approximation from above

~—/\_, ,
// ________ pdi
__________ - S, approximation from below

FIGURE 1.30 Approximating a function f from above and below by step functions.

The approach will be patterned somewhat after the method of Archimedes, which was
explained above in Section I1.3. The idea is simply this: We begin by approximating the
function f from below and from above by step functions, as suggested in Figure 1.30.
That is, we choose an arbitrary step function, say s, whose graph lies below that of f, and a
arbitrary step function, say ¢, whose graph lies above that of f. Next, we consider the
collection of all the numbers (? s(x) dx and [ #(x) dx obtained by choosing s and 7 in all
possible ways. In general, we have

f: s(x) dx < f: t(x) dx

because of the comparison theorem. If the integral of fis to obey the comparison theorem,
then it must be a number which falls between fb v(ﬂ dx and fb r(ﬂ dx for every nair of

(S S DS Y 42238 V% A2 2082 122842 2213 VN il (43 3L ) vy YA A (433 %

approximating functions s and ¢. If there is only one number Wthh has this property
we define the integral of f to be this number.

There is only one thing that can cause trouble in this procedure, and it occurs in the very
first step. Unfortunately, it is not possible to approximate every function from above
and from below by step functions. For example, the function f given by the equations

o=

fx) = if x#0, f(0)=0,
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is defined for all real x, but on any interval [a, b] containing the origin we cannot surround
f bystep functions. This is due to the fact that f'has arbitrarily large values near the origin
or, as we say, f'is unbounded in every neighborhood of the origin (see Figure 1.31). There-
fore, we shall first restrict ourselves to those functions that are bounded on [a, b], that is, to
those functions f for which there exists a number M > O such that

(15) ~M<f)<M

for every x in [a, b]. Geometrically, the graph of such a function lies between the graphs
of two constant step functions s and ¢ having the values —M and + M, respectively. (See

)4
7

)
‘): Mﬁ—-—------—--—--—---—--—---t(x) =M
\ \/\f 4
' Il f——X
> X 0 a \/\j b
S ¥ S — s(x)= - M
Figure 1.31 An unbounded function. FIGURE 1.32 A bounded function.

Figure 1.32.) In a case like this, we say that fis bounded by M. The two inequalities in
(1.5) can also be written as

/) < M.

With this point taken care of, we can proceed to carry out the plan described above and
to formulate the definition of the integral.

DEFINITION OF THE INTEGRAL OF A BOUNDED FUNCTION. Let [ be a function defined and
bounded on [a, b]. Let s and t denote arbitrary step functions defined on [a, b] such that

(1.6) s(x) < f(x) < 1(x)

for every x in [a, b]. If there is one and only one number I such that

(17) f” sx) dx < I < f” 1(x) dx

for every pair of step functions s and t satisfying (1.6), then this number I is called the
integral of f from a to b, and is denoted by the symbol (® f(x) dx or by [tf. When such
an I exists, the function f is said to be integrable on [a, b].
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If a < b, we define {¢f(x)dx = — [® f(x)dx, provided f is integrable on [a, b]. We
also define (¢ f(x)dx = 0. If fis integrable on [a, b], we say that the integral {% f(x) dx
exists. The function f'is called the integrand, the numbers a and b are called the limits of
integration, and the interval [a, b] the interval of integration.

1.17 Upper and lower integrals

Assume fic bounded on la. bl. If cand ¢ are sten functi
llllllll AV UV LIV Vi lw UJ ALl O QAliING ¢ AL [S 15 AAWL.

below f, and t is above f, and we write s < f < t.

Let S denote the set of all numbers [ s(x) dx obtained as s runs through all step functions
below f, and let T be the set of all numbers [ #(x) dx obtained as ¢ runs through all step
functions above f. That is, let

S={fabs(x)dx|sgf}, T= Uﬂbt(x)dxlfgt}.

Both sets S'and T are nonempty since fis bounded. Also, {2 s(x) dx < f® 1(x) dxifs < f < t,
so every number in S is less than every number in 7. Therefore, by Theorem 1.34, S has
a supremum, and 7 has an infimum, and they satisfy the inequalities

[bs(x)dxgsupSginng fbt(x)dx

for all s and ¢ satisfying s < f < t. This shows that both numbers sup § and inf T satisfy
(1.7). Therefore, f'is integrable on [a, b] if and only if sup S = inf 7, in which case we have

fbf(x) dx =supS =infT.

The number sup S is called the lower integral of f and is denoted by I(f). The number
inf T is called the upper integral of fand is denoted by I(f). Thus, we have

I(f) = sup Ubs(x)dx, s gf} , I(f) = inbe t(x)dxlfg t’} .
The foregoing argument proves the following theorem.

THEOREM 1.9. Every function f which is bounded on [a, b] has a lower integral I(f) and

Fr oON

an upper integral I(f) satisfying the inequalities

[Pseydx <10 < 1N < [ 1) dx

for all step functions s and t with s < f < t. The function f is integrable on [a, b] if and only
if its upper and lower integrals are equal, in which case we have

['reyax=1n =1
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1.18 The area of an ordinate set expressed as an integral

The concept of area was introduced axiomatically in Section 1.6 as a set function having
certain properties. From these properties we proved that the area of the ordinate set of a
nonnegative step function is equal to the integral of the function. Now we show that the
same is true for any integrable nonnegative function. We recall that the ordinate set of a
nonnegative function f over an interval [a, b] is the set of all points (x, y) satisfying the
inequalities 0 < y < f(x), a < x < b.

THEOREM 1.10. Let f be a nonnegative flinction, integrable on an interval [a, b], and let
Q denote the ordinate set of f over [a, b]. Then Q is measurable and its area is equal to the
integral {® f(x) dx.

Proof. Let S and T be two step regions satisfying S < Q < 7. Then there are two step
functions s and ¢ satisfying s < f < ¢ on [a, b], such that

a(S) = [” sx)dx and  a(T) = f” 1(x) dx .

Since f'is integrable on [a, b], the number I = {® f(x) dx is the only number satisfying the
inequalities

"nb s(x)dx <1< _[b t(x) dx

~a b /7

for all step functions s and f with s < f < ¢. Therefore this is also the only number satisfying
a(S) < I < a(T)for all step regions S'and T with S < Q < T. By the exhaustion property,
this proves that Q is measurable and that a(Q) = L.

Let Q denote the ordinate set of Theorem 1.10, and let Q’ denote the set that remains if
we remove from Q those points on the graph of f. That is, let

Q' ={x)]a<x<b,0<y <fx)}.

The argument used to prove Theorem 1.10 also shows that Q' is measurable and that
a(Q") = a(Q). Therefore, by the difference property of area, the set O — Q’ is measurable
and

a(Q — Q') = a(Q) — a(Q) = 0.

In other words, we have proved the following theorem.

THEOREM 1.11. Let f be a nonnegative function, integrable on an interval la, b]. Then

the graph of f, that is, the set
. D] a<x<by=1x),

is measurable and has area equal to 0.

1.19 Informal remarks on the theory and technique of integration

Two fundamental questions arise at this stage: (1) Which bounded functions are integrable?
(2) Given that a function f is integrable, how do we compute the integral of f?
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The first question comes under the heading “Theory of Integration’ and the second under
the heading “Technique of Integration.” A complete answer to question (1) lies beyond the
scope of an introductory course and will not be given in this book. Instead, we shall give
partial answers which require only elementary ideas.

First we introduce an important class of functions known as monotonic functions. In
the following section we define these functions and give a number of examples. Then we
prove that all bounded monotonic functions are integrable. Fortunately, most of the

functions that occur in practice are monotonic or sums of monotonic functions, so the

results of this miniature theory of integration are quite comprehensive.

The discussion of “Technique of Integration” begins in Section 1.23, where we calculate
the integral {5 x? dx, when p is a positive integer. Then we develop general properties of the
integral, such as linearity and additivity, and show how these properties help us to extend
our knowledge of integrals of specific functions.

1.20 Monotonic and piecewise monotonic functions. Definitions and examples

A function fis said to be increasineg on a set S if f(v\ < f(v\ for everv nair of noints

Aw;;w»;v;AJ S SQRae 753 ) P el

and y in § with x < y. If the strict inequality f (x) < f(y) holds for all x < y in S, the
function is said to be strictly increasing on S. Similarly, f is called decreasing on S if

D I

\
. ;__/

3 / i
/ I
I
——
a b a b
Increasing Strictly increasing Strictly decreasing

FIGURE 1.33 Monotonic functions.

f(x) > f(y) for all x < yin S. If f(x) > f(p) for all x < y in S, then fis called strictly
decreasing on S. A function is called monotonic on S if it is increasing on § or if it is de-
creasing on S. The term strictly monotonic means that fis strictly increasing on S or strictly
decreasing on S. Ordinarily, the set S under consideration is either an open interval or a
closed interval. Examples are shown in Figure 1.33.

FIGURE 1.34 A piecewise monotonic function.
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A function fis said to be piecewise monotonic on an interval if its graph consists of a
finite number of monotonic pieces. That is to say, f is piecewise monotonic on [a, b] if
there is a partition P of [a, b] such that fis monotonic on each of the open subintervals of

P. In particular, step functions are piecewise monotonic, as are all the examples shown in
Figures 1.33 and 1.34.

EXAMPLE 1. The power functions. If p is a positive integer, we have the inequality
x? L P if 0<x<y,

which is easily proved by mathematical induction. This shows that the power function f,
defined for all real x by the equation f(x) = x?, is strictly increasing on the nonnegative

raal 1 T+ 1 ot 41 mnannt nn th agativy, al a {1+ 1c A Q ava
real axis. It is aiSo otI'lCuy xuOuGtOnlC on the negauyve réa: axis ut is uecreaolng 111/ 1S €vEen

and increasing if p is odd). Therefore, f is piecewise monotonic on every finite interval.

EXAMPLE 2. The square-root function. Let f(x) = Vx for x > 0. This function is strictly
increasing on the nonnegative real axis. Infact,if 0 < x < y, we have

i X=X
VY=V VY +4/x]

hence, Vy — Vx > 0.

EXAMPLE 3. The graph of the function g defined by the equation

glx) = V2 — x? if —r<x<r

is a semicircle of radius r. This function is strictly increasing on the interval —r < x < 0
and strictly decreasing on the interval 0 < x <r. Hence, g is piecewise monotonic on

[—r, r].

1.21 Integrability of bounded monotonic functions

The importance of monotonic functions in integration theory is due to the following
theorem.

THEOREM 1.12.  If f is monotonic on a closed interval [a, b], then f is integrable on [a, b].

Proof. We shall prove the theorem for increasing functions. The proof for decreasing
functions is analogous. Assume f'is increasing and let /(f) and I(f) denote its lower and
upper integrals, respectively. We shall prove that I(f) = I(f).

Let n be a positive integer and construct two special approximating step functions s,, and
t,asfollows: Let P = {x;, x;, . . . , x,,} be a partition of [a, b] into n equal subintervals, that
is, subintervals [x;_,, x;] with x;, — x,_; = (b — a)/n for each k. Now define s, and ¢, by
the formulas

sn(x) =f(xk——1) ] tn(x) =f(xk) lf xk—l < X < xk 4



78 The concepts of integral calculus

At the subdivision points, define s, and ¢, so as to preserve the relations s,(x) < f(x) <
t,(x) throughout [a, b]. An example is shown in Figure 1.35(a). For this choice of step
functions, we have

b b n n
f t, _I S = 2 LX) = Xg—1) — 2 [ (X)X — X5)
a a k=1 k=1

b—a (b — a)lf(b) — f(a)]
n

n

D 16w — )] =

k=1

where the last equation is a consequence of the telescoping property of finite sums. This last
relation has a simple geometric interpretation. The difference %1, — s, is equal to the
sum of the areas of the shaded rectangles in Figure 1.35(a). By sliding these rectangles to
the right so that they rest on a common base as in Figure 1.35(b), we see that they fill out a

J®) - fla)

(a) (b) n

FIGURE 1.35 Proof of integrability of an increasing function.

rectangle of base (b — a)/n and altitude f(b) — f(a); the sum of the areas is therefore
C[n, where C = (b — a)[f(b) — f(a)].
Now we rewrite the foregoing relation in the form

b b
(1*8) f t, _J. Sp = £‘
a a n

The lower and upper integrals of f satisfy the inequalities

o<t [t and  [s,<IN< .

Multiplying the first set of inequalities by (—1) and adding the result to the second set, we
obtain

i(n"!(f)Sf:tﬂ_'[jsn'

Using (1.8) and the relation I(f) < I(f), we obtain

0<IN - IN<E
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for every ihteger n > 1. Therefore, by Theorem 1.31, we must have I(f) = I(f). This
proves that f'is integrable on [a, b].

122 Calculation of the integral of a bounded monotonic function

The proof of Theorem 1.12 not only shows that the integral of a bounded increasing
function exists, but it also suggests a method for computing the value of the integral. This

1s described by the following theorem.

THEOREM 1.13.  Assume fis increasing on a closed interval [a, b]. Let x,, = a + k(b — a)/n
fork =0,1,...,n IfIis any number which satisfies the inequalities

(L9) D=8 fe) <1< P2 1)

n n
for every integer n > 1, then I = {2 f(x) dx.

Proof. Let s, and ¢, be the special approximating step functions obtained by subdivision
of the interval [a, b] into n equal parts, as described in the proof of Theorem 1.12. Then,

inequalities (1.9) state that

b (b
| s <1< 1,

va

for every n > 1. But the integral [? f(x) dx satisfies the same inequalities as 7. Using
Equation (1.8) we see that

0< <

b
I —f f(x) dx ¢
a n
for every integer n > 1. Therefore, by Theorem 1.31, we have I = [ f(x) dx, as asserted.

An analogous argument gives a proof of the corresponding theorem for decreasing
functions.

T

ecrea Seaey o~z T
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0,1,...,n. IfIis any number which satisfies the inequalities

b_an—l

- zf(xk)SIS : ;f(xk)

for every integer n > 1, then I = [ f(x) dx.

1.23 Calculation of the integral {5 x? dx when p is a positive integer

To illustrate the use of Theorem 1.13 we shall calculate the integral {5 x? dx where

b > 0 and p is any positive integer. The integral exists because the integrand is bounded
and increasing on [0, b].
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THEOREM 1.15. If p is a positive integer and b > 0, we have

b bp+1
] x?dx = }
0 p+1

Proof. We begin with the inequalities

,Q:{ pnotl <
k? < — < k?
2"t

valid for every integer n > 1 and every integer p > 1. These inequalities may be easily
proved by mathematical induction. (A proof is outlined in Exercise 13 of Section I 4.10.)
Multiplication of these inequalities by 671/n?1 gives us

b "*l(k-b)f’ prtt  p & (kb)”
il phind < = _— 1.
n ; n p+1 < n Z n

fe=

If we let f(x) = x? and x;,, = kb[n, for k = 0, 1, 2, . . ., n, these inequalities become

Therefore, the inequalities (1.9) of Theorem 1.13 are satisfied with f(x) = x?, a = 0, and
I = b?1/(p + 1). It follows that {5 x? dx = b?*/(p + 1).

1.24 The basic properties of the integral

From the definition of the integral, it is possible to deduce the following properties.
Proofs are given in Section 1.27.

THEOREM 1.16. LINEARITY WITH RESPECT TO THE INTEGRAND. If both f and g are in-
tegrable on [a, b], so is ¢, f + cog for every pair of constants ¢, and c, . Furthermore, we have

b b b
[ 1ef o) + el dx = e, [ f) dx + ¢, || g(x) dx .
Note: By use of mathematical induction, the linearity property can be generalized as
follows: If f; , ..., f, are integrable on [a, b], then so is ¢, f; + - - - + ¢,f, for all real
C1se..5Cp,and

[[Zanmax=3e.[ s ax.

k=1

THEOREM 1.17. ADDITIVITY WITH RESPECT TO THE INTERVAL OF INTEGRATION. If two

of the following three integrals exist, the third also exists, and we have

[reoax + [ ey dx = [ 1y ax.
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Note: In particular, if f'is monotonic on [a, ] and also on [b, c], then both integrals
J? fand [ fexist, so [¢ falso exists and is equal to the sum of the other two integrals.

THEOREM 1.18. INVARIANCE UNDER TRANSLATION. If f is integrable on [a, b], then for
every real ¢ we have

[ royax =[x — ey ax..

atc ”

THEOREM 1.19. EXPANSION OR CONTRACTION OF THE INTERVAL OF INTEGRATION. If f is
integrable on [a, b], then for every real k # 0 we have

L)

Lbf(x) dx = E

Note: In both Theorems 1.18 and 1.19, the existence of one of the integrals implies the
existence of the other. When k = —1, Theorem 1.19 is called the reflection property.

THEOREM 1.20. COMPARISON THEOREM. If both f and g are integrable on [a, b] and if
g(x) < f(x) for every x in [a, b], then we have

[ ey ax < [ rx)ax.

An important special case of Theorem 1.20 occurs when g(x) = O for every x. In this
case, the theorem states that if f(x) > O everywhere on [a, b], then [ f(x)dx > 0. In
other words, a nonnegative function has a nonnegative integral. It can also be shown
that if we have the strict inequality g(x) < f(x) for all x in [a, b], then the same strict
inequality holds for the integrals, but the proof is not easy to give at this stage.

In Chapter 5 we shall discuss various methods for calculating the value of an integral
without the necessity of using the definition in each case. These methods, however, are
applicable to only a relatively small number of functions, and for most integrable functions
the actual numerical value of the integral can only be estimated. This is usually done by
approximating the integrand above and below by step functions or by other simple functions
whose integrals can be evaluated exactly. Then the comparison theorem is used to obtain
corresponding approximations for the integral of the function in question. This idea will
be explored more fully in Chapter 7.

1.25 Integration of polynomials

In Section 1.23 we established the integration formula

b 1,p+1
U

1.10 x?dx =
( ) Jo p+1

for b > 0 and p any positive integer. The formula is also valid if b = 0, since both members
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are zero. We can use Theorem 1.19 to show that (1.10) also holds for negative . We simply
take k = —1 in Theorem 1.19 to obtain

—b b b (— D)+
f x?dx = —J‘ (—x)?dx = (—1)”“[ xPdx = ~——,
0 0 0 p+1

which shows that (1.10) holds for negative b. The additive property {° x? dx = {5 x? dx —
f4 x? dx now leads to the more general formula

b p+1 o+l
fxpdx=b__a_,
a p+1

valid for all real a and b, and any integer p > O.
Sometimes the special symbol

P(x) |,

is used to designate the difference P(b) — P(a). Thus the foregoing formula may also be

am Pl | )
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b b:o+1 — ap+1

This formula, along with the linearity property, enables us to integrate every polynomial.
For example, to compute the integral [3(x2 — 3x + 5) dx, we find the integral of each term
and then add the results. Thus, we have

3 3 3 3 x33 x23 3
f(x2—3x+5)dx=fxzdx—3fxdx+5]dx=— — 3= |+ 5x
1 1 1 1 3 h 2 h 1
3 _ 13 2 12 1 11
_¥o G Fort 310 26 020
3 2 1 3

More generally, to compute the integral of any polynomial we integrate term by term:

bk—l—l ak+1

f chxkdx—zckfx dx— S c,c PR

k=0

We can also integrate more complicated functions formed by piecing together various
polynomials. For example, consider the integral {§ [x(2x — 1)| dx. Because of the absolute-
value signs, the integrand is not a polynomial. However, by considering the sign of
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x(2x — 1), we can split the interval [0, 1] into two subintervals, in each of which the inte-
grand is a polynomial. As x varies from O to 1, the product x(2x — 1) changes sign at the
point x = %; it is negative if 0 < x < 4 and positive if § < x < 1. Therefore, we use the

additive property to write

1 1/2 1
L |x(2x — 1) dx = —L x(2x — 1) dx + L/z x(2x — 1) dx

o

1/ 1
f : (x — 2x®) dx + f1/2(2x2 — x)dx

—G-A)+E-D=i.

1.26 Exercises

Compute each of the following integrals.

1. f x2dx.
0

2. F x2dx.
_3
2

3.[ 4x3 dx.
0

4. [* 4x3dx.
—2

5. f L5 dr,
0

6. f 11 5tt dt.

1. f Y (5x4 — 4x%) dx.
0

11.

Y288 + 612 — 2t + 5) dt.
0

12. f; (u — D — 2)du.

13.

14.

0

15. f: (x — D)3x — 1) dx.

16

: foz I(x — DBx — 1)] dx.

17. f: x — 5)3dx.

8. f 11 (5x* — 4x3) dx. 18. f 3 (x2 — 3)% dx.
_ —3
9. f 21 (2 + 1) dr. 19. f: X*(x — 5)tdx.
10. :(3x2 —4x + 2)dx 20. [ -24 (x + 49dx. [Hint: Theorem 1.18.]
21. Find all values of ¢ for which
@ [/*(1 —x)dx =0, (b) jo” Ix(1 — x)| dx = 0.
22. Compute each of the following integrals. Draw the graph of fin each case.
@ [fdx  where f(v) =% if 0<x<1L,
.'oj J iZ—x if 1<x<L2.
X if 0<x<eg,
1
(b) j fGydx  where fG)=1{ 1—x
0 c if c<x<1;
\ 1 —c
cis a fixed real number, 0 < ¢ < 1.
23. Find a quadratic polynomial P for which P(0) = P(1) = 0 and {; P(x) dx = 1.
24. Find a cubic polynomial P for which P(0) = P(—2) =0, P(1) = 15, and 3 {°, P(x) dx = 4.
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Optional exercises

25. Let f'be a function whose domain contains —x whenever it contains x. We say that f'is an
even function if f(—x) = f(x) and an odd function if f(—x) = —f(x) for all x in the domain
of f. If fis integrable on [0, b], prove that

(a) fb f(x) dx =2j:f(x)dx if fis even;
—b

® [° f(x)dx =0  if fis odd.

N7 J*b‘, A J

26. Use Theorems 1.18 and 1.19 to derive the formula
b 1
j fx)dx = (b — a)fof[a + (b — a)x]dx.

27. Theorems 1.18 and 1.19 suggest a common generalization for the integral {° f(Ax + B) dx.
Guess the formula suggested and prove it with the help of Theorems 1.18 and 1.19. Discuss
also the case 4 = 0.

28. Use Theorems 1.18 and 1.19 to derive the formula

[:f(c — x)dx =Lc::f(x) dx .

1.27 Proofs of the basic properties of the integral

This section contains proofs of the basic properties of the integral listed in Theorems
1.16 through 1.20 in Section 1.24. We make repeated use of the fact that every function f
which is bounded on an interval [a, b] has a lower integral I(f) and an upper integral I(f)
given by

1) =swl[ sls<s],  Kp=infl] e]r<4,

where s and 7 denote arbitrary step functions below and above f, respectively. We know,
by Theorem 1.9, that f'is integrable if and only if I( /) = I(f), in which case the value of the
integral of fis the common value of the upper and lower integrals.

Proof of the Linearity Property (Theorem 1.16). We decompose the linearity property into
two parts
A I, Jor+ ]
(A) CU+e=])r+]¢.
B rb ro
of =c .
( ) Ja f Ja f

To prove (A),let I(f) = {® fandletl(g) = [°g. WeshallprovethatI(f+ g) = Kf+ g) =
I(f) + I(g).

Let s; and s, denote arbitrary step functions below fand g,

g LLAR <

are integrable, we have

i =sw|[ sls<s], I=sp{ ulu<d.
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By the additive property of the supremum (Theorem 1.33), we also have

(1.11) I(f) + I(g) = sup {Lbsl‘l‘LszlSl <[ 8 < g}-

Butif s; < fand s, < g, then the sum s = 5; + 5, is a step function below f 4 g, and we
have

J;bS1+£bsz=LbS£!(f+ 2.

Therefore, the number I(f + g) is an upper bound for the set appearing on the right of
(1.11). This upper bound cannot be less than the least upper bound of the set, so we have

(112) I(f)+ 1) <I(f+g).

Similarly, if we use the relations

1N =inf{f a|f<a), Ke=inf] n]e<n).

where #; and 7, denote arbitrary step functions above f and g, respectively, we obtain the
inequality

(1.13) If+g) < I(f) + I(g) -

Inequalities (1.12) and (1.13) together show that I(f + g) = I(f + g) = I(f) + I(g). There-
fore f 4+ g is integrable and relation (A) holds.

Relation (B) is trivial if ¢ = 0. If ¢ > 0, we note that every step function s, below cf'is of
the form s, = cs, where s is a step function below f. Similarly, every step function ¢, above
¢fis of the form t; = ct, where t is a step function above f. Therefore we have

1) =sup{[ si|si < of) =suple ["s|s <} = 1)

and
=infle [t]7 <t =ca(h).

Uldg 1Y — )

- b

Ief)=inf{[ 1| ef <1y
Therefore I(cf) = I(cf) = cI(f). Here we have used the following properties of the
supremum and infimum:

\ o [P

1 1A xtim e | e~ AV L oiiem f
\1.14 DUP WA I A Ap =

'bupixiXGA}, in
which hold if ¢ > 0. This proves (B) if ¢ > 0.

If ¢ < 0, the proof of (B) is basically the same, except that every step function s, below ¢f
is of the form s, = ct, where ¢ is a step function above f, and every step function ¢, above
cfis of the form ¢, = cs, where s is a step function below f. Also, instead of (1.14) we use
the relations

sup {cx | x € 4} = cinf {x | x € 4}, inf {cx | x € A} = csup {x | x € 4},
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which hold if ¢ < 0. We now have

b b . b
_I(cf)=supU; sl|slgcf}=sup=cL t|fgt}=c1nfUa t|fgt==c1(f).
Similarly, we find I(cf) = cI(f). Therefore (B) holds for all real c.
Proof of Additivity with Respect to the Interval of Integration (Theorem 1.17). Suppose

thata < b < ¢, and assume that the two integrals (¢ fand {¢ fexist. Let I(f) and I( /) denote
the upper and lower integrals of f over the interval [a, c]. We shall prove that

(1.15) n=1n=[r+[7r.

If s is any step function below f on [a, c], we have

J;cs=Lbs+Lcs.

Conversely, if s; and s, are step functions below f on [a, b] and on [b, c], respectively, then
the function s which is equal to s, on [a, b) and equal to s, on [b, c] is a step function below
fon [a, c] for which we have

Therefore, by the additive property of the supremum (Theorem 1.33), we have

10 =sup ([ s|s<sj=swp{[ slss<s]+swp (] slsu<s=[r+]7r.

Similarly, we find

in=["r+[r.

which proves (1.15) when a < b < c¢. The proof is similar for any other arrangement of
the points a, b, c.

Proof of the Translation Property (Theorem 1.18). Let g be the function defined on the
interval [a + ¢, b + c] by the equation g(x) = f(x — ¢). Let I(g) and I(g) denote the lower
and upper integrals of g on the interval [a + ¢, b + c]. We shall prove that

(1.16) Ie)= g = [ f(x) dx.

Let s be any step function below g on the interval [a 4+ ¢, b + ¢]. Then the function s,
defined on [a, b] by the equation s;(x) = s(x + ¢) is a step function below f on [a, b].
Moreover, every step function s, below f on [a, b] has this form for some s below g. Also,
by the translation property for integrals of step functions, we have

flf s(x) dx = Lb s(x + ) dx = f:’ sy(x) dx .

a
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Therefore we have

. btc | b I L
Kg)=sup ([ s|s<gl=sup{[ s |ss<s) = ["1) ax.
Similarly, we find I(g) = {° f(x) dx, which proves (1.16).

Proof of the Expansion Property (Theorem 1.19). Assume k > 0 and define g on the

interval [ka, kb] by the equation g(x) = f(x/k). Let I(g) and I(g) denote the lower and
upper integrals of g on [ka, kb]. We shall prove that

_ b
(1.17) 1) = Ie) =k || 1) dx.
Let s be any step function below g on [ka, kb]. Then the function s; defined on [g, b] by
the equation s;(x) = s(kx) is a step function below f on [a, b]. Moreover, every step

function s, below f on [a, b] has this form. Also, by the expansion property for integrals
of step functions, we have

[ sty dx = k [ s(kx) dx = k [ s,(x) dx
ka i a a 1 )
Therefore we have

1) =sup {[\'s [s < o =sup [k ["si[ss < 1) = [ 100 v

Similarly, we find (g) = kf? f(x) dx, which proves (1.17) if k > 0. The same type of proof
can be used if £ < 0.

Proof of the Comparison Theorem (Theorem 1.20). Assume g < f on the interval [a, b].

Let s be any step function below g, and let ¢ be any step function above f. Then we have
{25 < f2 ¢, and hence Theorem 1.34 gives us

ng=sup{fs|sgg=ginf{fﬂfgt}:f;f.

This proves that {© g < [? £, as required.





