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Preface 

The purpose of this book is to present Statistics for spatial data to scientists 
and engineers. (Notice that Statistics is capitalized to distinguish it from its 
other meaning: a collection of numbers that summarize a complex phe-
nomenon—such as baseball or cricket.) In the last 10 years, much interest 
has been generated in the area, but its exposure in the literature has been 
uneven. This book attempts to take that literature and extend it, correct it, 
and unify it. What appears to be a gathering of unconnected subject areas 
can be annealed into a cohesive approach to the analysis of spatial data. 
Chapter 1 provides an overview of the approach and of the enormous 
diversity of problems involving spatial data, from the microscopic to the 
astronomic. 

The book attempts to give a somewhat complete coverage of each of three 
parts, dealing with geostatistical data, lattice data, and point patterns. Thus, 
the subject areas are classified according to the type of observations encoun-
tered, reflecting my belief that the roots of statistical science are in data. 
Statistical models, then, try to make sense out of the data, albeit imperfectly. 
Design, inference, and diagnostics are natural consequences of the data-
model symbiosis, and all play an important role in Statistics for spatial data. 

This book grew from lecture notes for a one-semester, 3-credit Statistics 
graduate course that I conduct at Iowa State University. In 45 lectures, each 
of 50-minutes duration, I cover the following topics: 

Part I (Geostatistical Data): All of Chapter 2 except Section 2.5. All of 
Chapter 3 except Sections 3.3 and 3.6. 

Part II (Lattice Data): Chapter 6. Chapter 7, Sections 7.2, 7.3, and 7.6. 
Part III (Point Patterns): Chapter 8, Sections 8.1, 8.2, 8.4, 8.5.1, 8.5.2, 

8.5.3. Chapter 9, Section 9.1. 
Prerequisites for the Statistics graduate course are one semester of Mas-

ters-level statistical inference and one semester of Masters-level linear mod-
els. While giving the course and preparing the book, I have benefitted from 
useful reference books in the area. Reading lists for the course have included 
Matern (1960), Bartlett (1975), Journel and Huijbregts (1978), Cliff and Ord 
(1981), Ripley (1981), and Upton and Fingleton (1985). 

xv 
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x v i PREFACE 

It is my hope that this book can be read in varying depths by people with 
varying mathematical and statistical backgrounds. However, there are sec-
tions in the book, on random processes, point processes, and random sets, 
that are beyond a Masters-level student and closer to the frontiers of 
theoretical research (these sections are denoted by an asterisk). Equally, 
there are sections that concentrate purely on an application and do not add 
to the theoretical development of the subject (these sections are denoted by a 
dagger). These applications-oriented sections of the book should appeal to a 
large number of scientists and engineers, with at least the background of 
a service course in Statistics (or equivalent). For this reason, most chapters 
begin with an application, which is meant to be an invitation to read on. The 
emphasis on applications has led to considerable use of graphs and illustra-
tions. 

There are some features of the book that I believe will enhance its value 
as a textbook and as a reference book. An attempt has been made at 
completeness, in terms of the topics covered, and uniformity, in terms of the 
depth to which they are covered, except for Chapters 5 and 9. These two 
chapters contain material that is either of personal interest or is speculative 
in nature. The reader will notice frequent referencing to a diverse literature; 
one of the interesting features of Statistics for spatial data is that a large 
proportion of it is appearing outside Statistics journals. The referencing 
allows me to pick up apparently different streams of thought and tie them 
together. Equally importantly, I have tried to give credit where it is due. The 
linear reader will also notice a certain amount of repetition between chapters 
(and, to a lesser extent, between sections). This is deliberate and is meant to 
help the sporadic reader who wants to understand the essence of a topic but 
who has not read all the previous pages. 

We should not forget our roots. All data sets for the various spatial 
statistical analyses are given in the book, as well as some background to the 
problems being studied. Further, each of the three parts has a section 
devoted to sources of spatial data, both real and simulated. 

No exercises are given at the end of sections; the depth of coverage within 
a section should allow practice exercises to suggest themselves to an instruc-
tor teaching from the book. Software is not given. (A geostatistics package, 
Toolkit, by Geostokos, London, was used for the kriging presented in 
Chapter 3.) Currently, those of us who work in the area tend to custom-build 
our own software, which is usually not very portable. Statistics for spatial 
data will truly realize its enormous potential when a comprehensive software 
package is developed. 

This is a big book. I had thought of splitting it into smaller volumes; 
however, the present format emphasizes the subject's unity. This may be the 
last time spatial Statistics will be squeezed between two covers. A healthy 
exponential growth of the literature is apparent from the bibliography. 
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PREFACE xvii 

The future of the subject is in solving problems for spatiotemporal data; 
some sections are devoted to it, but a proper treatment needs another book. 
Statistics for spatial and temporal data would provide dynamic models for 
phenomena distributed through space and evolving in time. Onward into the 
next decade! 

N O E L C R E S S I E 

Ames, Iowa 
December 1, 1990 
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C H A P T E R 1 

Statistics for Spatial Data 
Perhaps, it may tum out a Sang; 
Perhaps, turn out a Sermon. 

ROBERT BURNS 

Statistics, the science of uncertainty, attempts to model order in disorder. It 
is not surprising that students (and their teachers) find the subject enigmatic. 
However, as life experiences and scientific experiences accumulate, Statistics 
is usually recognized as an extremely powerful research tool. Even when the 
disorder is discovered to have a perfectly rational explanation at one scale, 
there is very often a smaller scale where the data do not fit the theory 
exactly, and the need arises to investigate the new, residual uncertainty. 

Scientists and engineers have attempted to measure the level of disorder 
through, among other things, a quantity called entropy ·, see Jaynes (1957) and 
his subsequent writings (Rosenkrantz, 1983). Suppose there are i — 1 , . . . , k 
possible states of nature that occur at random according to a probability 
distribution ( p „ p2,..., pk), where 0 < pi <, 1, i = 1, ...,k, and px + p2 
+ ••• +pk = I. Shannon (1948) defined entropy as 

k 
Ε = - Σ P i ' log p^ 

1 = 1 

where χ • log χ = 0, for χ - 0. When the state of nature i has a numerical 
interpretation, the mean μ = ,< · p, could be thought of as the center of 
the distribution and the variance σ2 = Ef„,(( — μ)2ρί as the amount of 
variability in the distribution. It is σ 2 that statisticians mostly use to quantify 
disorder, but not surprisingly Ε and σ 2 are closely related (see, e.g., 
Mukherjee and Ratnaparkhi, 1986). 

There is a very interesting entropy inequality that can be proved. Consider 
the initial probability distribution p' = (pt,..., pk) evolving into a subse-
quent probability distribution p'A, where A is a k X k matrix of nonnegative 

1 

Statistics/or Spatial Data. Noel A. C. Cressie.
© 1993 John Wiley & Sons, Inc. Published 1993 by John Wiley & Sons, Inc.
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2 STATISTICS FOR SPATIAL DATA: WHY? 2 

elements each of whose rows sums to 1. Write A — (û,y); then a ̂  can be 
interpreted as the conditional probability that the subsequent state of nature 
is j given that the initial state of nature was /', and A is called a transition 
matrix. When states of nature evolve through repeated application of a 
stochastic mechanism described by the matrix A, the result is called a 
Markov chain (see, e.g., Isaacson and Madsen, 1976; Section 6.3). The 
entropy inequality is 

Ε(λ<:»> : μ<») ;> £(λ<°> : μ<°>), 

where £(λ ( / ) : μ( / )) = -Σ^λψ · ίο^λψ/μψ), / = 0,1. Initially, Xf = ρ, and 
μ(Ρ = 1, J = 1 , . . . , k, so that Ε(λ(0) : μ(0)) is simply Ε = -Σ*_,/>, · log pr 
The subsequent measures are λ(ρ = L^lalJÀ(l>) = Σ^ια1]ρί and μψ = 
Σ ^ α , , μ ^ = j = 1 , . . . , k, depending on the transition matrix Α. 

A physical interpretation of this inequality might be that the universe 
tends to seek levels of entropy that are higher in relation to previous levels. 
Technology attempts to slow the increase in entropy by constraining evolving 
systems, but there are convincing arguments given that it will never decrease 
total entropy (e.g., Brooks and Wiley, 1988, Chapter 2). In short, Statistics is 
important because disorder is here to stay. 

Independent-and-Identically Distributed-Data Model 
Beginning classes in Statistics (and many of the more advanced ones) always 
assume that observations on a phenomenon are taken under identical condi-
tions and that each observation is taken independently of any other. The data 
then form a random sample [i.e., are independent and identically distributed 
(i.i.d.)]; standard statistical techniques can be applied to build a statistical 
model and to estimate the model's parameters (see, e.g., Hogg and Craig, 
1978). For example, Heyl and Cook (1936) describe experiments performed 
between May 1934 and July 1935 to determine the acceleration of gravity in a 
laboratory of the National Bureau of Standards, Washington, D.C. The 
method used was that of the reversible pendulum; various configurations of 
pendulum tube diameter and type of knife edge were used. One particular 
configuration, taken late May/early June 1934, yielded (after appropriate 
adjustments for flexure and clock rate were made) 

76,82,83,54, 35,46,87,68, 

expressed as deviations from 980,000 X 10"3 cm/sec2 , in units of 10"3 

cm/sec2 (Heyl and Cook, 1936, Table 12). That these data can be modeled 
as arising from a random sample is probably a fair assumption, but a later 
experiment performed under a different configuration yielded deviations 
(again after appropriate adjustments) 

76, 76, 78, 79, 72, 68, 75, 78, 
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STATISTICS FOR SPATIAL DATA: WHY? 3 

in units of 10~3 cm/sec2 (Heyl and Cook, 1936, Table 8). Again these could 
be modeled as a random sample, but because each experiment attempted to 
measure the same physical constant, the data should obviously be combined 
in some way. Is it fair to model the preceding 16 numbers as observations 
from a random sample? 

Inhomogeneous-Data Model 
Lack of homogeneity in data is usually accounted for in statistical models by 
a nonconstant-mean assumption; often the mean is assumed to be a linear 
combination of several explanatory variables. However, even after these 
large-scale variations are accounted for, there are often reasons to suspect 
inhomogeneous small-scale variations. 

Cressie (1982) assumes the data from the experiment (to determine the 
acceleration of gravity) just described to be independent realizations from 
statistical distributions whose means are constant but whose variances differ 
(sometimes called heteroskedasticity) markedly, depending on the configura-
tions of pendulum tube diameter and type of knife edge. Standard one-sam-
ple theory no longer applies, but it is still possible to construct a confidence 
interval for the common mean, based on a weighted /-like statistic. 

The preceding example shows a relaxation of the identical-distribution 
assumption. Relaxation of the independence assumption is a further obvious 
way to generalize statistical models, but are these more general models of 
any scientific value? In the pages to follow, I hope to convince the reader that 
the answer to this question is very definitely "Yes." 

Dependent-Data Model 
Independence is a very convenient assumption that makes much of mathe-
matical-statistical theory tractable. However, models that involve statistical 
dependence are often more realistic; two classes of models that have com-
monly been used involve intraclass-correlation structures and serial-correla-
tion structures. These offer little scope for spatial data, where dependence is 
present in all directions and becomes weaker as data locations become more 
dispersed. 

We have not yet been able to escape the three-dimensional world in which 
we live, nor the unidirectional flow of time through which we live. The notion 
that data close together, in time or space, are likely to be correlated (i.e., 
cannot be modeled as statistically independent) is a natural one and has been 
used successfully by statisticians to model physical and social phenomena. 
Purely temporal models, or time series models as they have come to be 
known (e.g., Box and Jenkins, 1970), are usually based on identically dis-
tributed observations that are dependent and occur at equally spaced time 
points. The unidirectional flow of time underlies the construction of these 
models. 

Spatial models are a more recent addition to the Statistics literature. 
Geology, soil science, image processing, epidemiology, crop science, ecology, 
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4 STATISTICS FOR SPATIAL DATA: WHY? 4 

forestry, astronomy, atmospheric science, or simply any discipline that works 
with data collected from different spatial locations, need to develop (not 
necessarily statistical) models that indicate when there is dependence be-
tween measurements at different locations. However, the models need to be 
more flexible than their temporal counterparts, because past, present, and 
future have no analogy in space, and furthermore it is simply not reasonable 
to assume that spatial locations of data occur regularly, as do most time 
series models. 

When dealing with data where (space-time) dependencies are likely, two 
approaches can be contrasted. Departures from the independence paradigm 
could be modeled, or statistical procedures could be constructed that would 
be robust to these departures. Throughout this book I shall consider mostly 
the modeling approach. 

The Weather 
It is useful to consider an example that has both the temporal and spatial 
component in it. The weather is a universal topic of conversation (some 
would say it is a resort of the desperate), and among its various facets that of 
rainfall is paramount. To the more than one million inhabitants of South 
Australia, the driest state in the driest continent, drought can be devastating. 
In a series of papers, Cornish, with others (1936, 1954, 1958, 1961, 1976), 
looked at temporal and spatial aspects of 26 rainfall recording stations in 
South Australia, shown in Figure 1.1. Data analyzed were monthly rainfall 
amounts at 26 locations that had been recording for a period of 30 years or 
more. Thus, at any one location, the data form a typically lengthy time series 
(e.g., for Adelaide, the capital city of South Australia, there were 1248 
monthly observations available), and at any one time point, the data are 
spatial and not more than 26 in number; over time and space they form a 
collection of approximately 20,000 observations. More recently, meteorologi-
cal space-time data sets have been collected for the purposes of studying the 
effects of atmospheric pollution, in particular acid rain (see e.g., Peters and 
Bonelli, 1982). Daily data collection over a number of years at various 
locations throughout say the northeast United States, yields a massive data 
set. But most of it is temporal so that, spatially speaking, the data are still 
rather sparse. Nevertheless, spatial prediction is just as important as tempo-
ral prediction, because people living in those cities and rural districts without 
monitoring stations have the same right to know how little or how much their 
water or their air is polluted. (Section 4.6 discusses some of the issues 
surrounding acid rain and analyzes a spatial data set.) 

Scope and Purpose 
The topics covered in this book are almost exclusively related to data analysis 
and statistical modeling of spatial data; the basic components are spatial 
locations {s , , . . . , s„) and data {Z(s,) , . . . , Z(s„)} observed at those locations. 
Usually the data are assumed random and sometimes the locations are 
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STATISTICS FOR SPATIAL DATA: WHY? 5 

Figure 1.1 Map of South Australia showing 26 rainfall recording locations: Adelaide (1), 
Beltana (2), Blinman (3), Booleroo Centre (4), Bordertown (5), Broken Hill (6), Clare (7), Cleve 
(8), Cordillo Downs (9), Fowler's Bay (10), Gawler (11), Hawker (12), Kapunda (13), Maitland 
(14), Marree (15), Mount Gambier (16), Murray Bridge (17), Naracoorte (18), Peterborough (19), 
Port Augusta (20), Port Lincoln (21), Port Pirie (22), Stirling West (23), Strathalbyn (24), Yardea 
(25), Yorketown (26). 

assumed random. Moreover, once the locations are given, the possibility of 
mistaken or imprecise positioning is generally not modeled. Some modifica-
tions to this paradigm are occasionally considered; for example, see Sections 
4.4, 4.5, and 6.1. 

Issues regarding the measurement, storage, and retrieval of spatial infor-
mation are extremely important, although that is not the emphasis in this 
book. A geographic information system (GIS) is a collection of computer 
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6 STATISTICS FOR SPATIAL DATA: WHY? 6 

software tools that facilitate, through georeferencing, the integration of 
spatial, nonspatial, qualitative, and quantitative data into a data base that can 
be managed under one system environment (e.g., Burrough, 1986). Much of 
the research in GIS has been concerned with computational geometry, 
spatial discretization, spatial languages and user interfaces, systems designs 
and architectures for data integration, spatial data handling approaches for 
alternative system architectures (such as parallel processing and neural 
networks), and so forth. Satellites are amassing huge amounts of data, a small 
fraction of which is being analyzed. This embarrassment of riches must be 
controlled by being selective; selectivity can be guided by the types of 
problems solved and the models that will be needed to solve them. Geo-
graphic information systems have only recently begun to incorporate model-
based spatial analyses into their information-processing subsystems; it is 
hoped that this book will provide ideas for further initiatives. 

Another topic that receives little attention in this book is the definition of 
"distance" between two sites at known locations. Mostly, I represent the two 
sites as vectors s = (λ,, . . . , sdY and u = ( κ „ . . . , uay in Euclidean space 
and use the Euclidean distance, ||s - u|| = {Ef^is, - m/)2}1/2, although in 
Section 4.6 great-arc distances are chosen instead. In any particular prob-
lem, other distances may be more appropriate, such as road miles or a 
measure that combines, say, travel expense, convenience, and time. These 
alternative metrics lead naturally to questions of clustering (e.g., Mardia 
et al., 1979, Chapter 13). For example, which regions are "close" on a 
"map" drawn according to the new metric? Based only on pairwise "dis-
tances" between sites, multidimensional scaling (e.g., Kruskal and Wish, 
1977; Mardia et al., 1979, Chapter 14) constructs a geometric configuration of 
the site "locations." A danger in the uncritical use of clustering methods for 
spatial data analysis is that important spatial contiguities may be violated; 
Legendre (1987) advocates constraining the clustering to respect these conti-
guities. 

My principal purpose for writing this book is to make statistical theory and 
methods for spatial data available to scientists and engineers. I believe that 
the full potential of Statistics is seen in its application to substantive prob-
lems, and I have tried to reinforce this in the applications I have given 
throughout the book. I hope that readers will find ideas and information here 
that will be useful in their own areas of scientific endeavor, although I do 
recognize that there are large parts that may be inaccessible to all but the 
most theoretically inclined. Such sections have been marked with an asterisk 
to warn the nonstatistician to obtain help in reading them. By way of balance, 
those sections that are truly oriented toward applications have been marked 
with a dagger. 

The book is divided into three parts, dealing with spatial processes 
indexed over continuous space (a topic sometimes referred to as geostatistics), 
spatial processes indexed over lattices in space (the spatial analogue of time 
series), and spatial point processes (including marked point processes and 
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SPATIAL DATA AND SPATIAL MODELS 7 

random set processes). These are convenient subareas that do not exhaust all 
of the statistical models one might use to analyze spatial data. The next 
section gives some background on spatial problems and defines the general 
model considered in this book. 

1.1 SPATIAL DATA AND SPATIAL MODELS 

The first manifestations of statistics for spatial data appear to have arisen in 
the form of data maps. For example, Halley (1686) superimposed, onto a map 
of land forms, directions of trade winds and monsoons between and near the 
tropics, and attempted to assign them a physical cause. 

Spatial models appeared much later. For example, Student (1907) was 
concerned with the distribution of particles throughout a liquid. Instead of 
analyzing their spatial positions he aggregated the data into counts of 
particles per unit area: A hemocytometer of area 1 mm2, divided into 400 
squares, was used to count yeast cells. Student found that the distribution of 
the number of cells per square followed a Poisson distribution. (Daley and 
Vere-Jones, 1988, p. 8, can be consulted for a brief history of counting 
problems.) 

R. A. Fisher was clearly aware of spatial dependence in agricultural field 
experiments, because he went to such great lengths to remove it (see Fisher, 
1935, Chapter IV). In the 1920s and 1930s, at Rothamsted Experimental 
Station in England, he established the principles of randomization, blocking, 
and replication. As well as controlling for unwanted bias, randomization also 
neutralizes (but does not remove) the effect of spatial correlation (Yates, 
1938; Section 5.6.2). However, it should be realized that randomization does 
not neutralize the spatial correlation at spatial scales larger or smaller than 
the plot dimensions. 

Fairfield Smith (1938) was concerned with choosing plot dimensions so 
that any increase in plot size would yield little decrease in error variance. 
Although his analysis was empirical, the very formulation of the problem 
recognizes the presence of spatial correlation in field experiments. Models 
for such phenomena did not begin to appear until much later (Whittle, 1954). 

Nearest-neighbor methods for analyzing agricultural field trials attempt to 
take spatial dependence into account, indirectly, by using residuals from 
neighboring plots as covariates, or by differencing (Papadakis, 1937; Bartlett, 
1938, 1978; Wilkinson et al., 1983; Besag and Kempton, 1986). A review of 
these methods is given in Section 5.7.1. 

Presently, Statistics can be found in any quantitative discipline, giving rise 
to rich variations on the theme that was played at Rothamsted 60 years ago. 
In areas such as geology, ecology, and environmental science, it is not often 
possible (nor always appropriate) to randomize, block, and replicate the data. 
There is a need for new statistical models and approaches that address new 
questions arising from old and new technologies. Many of the resulting 
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8 STATISTICS FOR SPATIAL DATA: WHY? 8 

problems, such as resource assessment, environmental monitoring (e.g., for 
global warming), and medical imaging, are spatial in nature. 

The General Spatial Model 
Statistics, in all its guises from exploratory data analysis to asymptotic 
distribution theory of parameter estimators, relies on a more or less vague 
stochastic model. I shall present such a model for spatial data, which has a 
very simple structure that is flexible enough to handle an extremely large 
class of problems (including the ubiquitous i.i.d. case). The data' may be 
continuous or discrete, they may be spatial aggregations or observations at 
points in space, their spatial locations may be regular or irregular, and those 
locations may be from a spatial continuum or a discrete set. At the very least, 
the stochastic model is used to summarize extant data or to predict unob-
served data. It may or may not explain why a particular phenomenon occurs, 
and so should be distinguished from the more commonly accepted use of the 
word "model." To many scientists, a model must have causative dynamic 
components, but that is not necessarily the case in this book. 

Let s e Rd be a generic data location in ^-dimensional Euclidean space 
and suppose that the potential datum Z(s) at spatial location s is a random 
quantity. Now let s vary over index set D e l ' ' so as to generate the 
multivariate random field (or random process) 

{ Z ( s ) : s e D } ; (1.1.1) 

a realization of (1.1.1) is denoted (z(s): s e D). This "superpopulation" 
model for spatial data is used exclusively throughout the book, although brief 
discussion of a design-based approach (whose randomness is derived from 
sampling the deterministic process {z(s): s e D}) is given in Section 2.3. 

Usually, D is assumed to be a fixed (i.e., nonrandom) subset of R'' (see, 
e.g., Vanmarcke, 1983), but I shall assume more generally that D is a 
random set. Formally speaking, a random set is a measurable mapping from a 
probability space onto a measure space of (usually closed) subsets of IR̂  (see 
Section 9.3 for more details). Less formally speaking, I shall assume that D 
as well as Ζ may vary from realization to realization, giving another source of 
randomness to the problem. This simple structure allows me to talk about 
problems with continuous spatial index, problems with lattice index, spatial 
point patterns, and more, all under the same umbrella. Thus, the three 
seemingly distinct parts of this book alluded to earlier treat special cases of 
(1.1.1), where the index set D could be a random set. Specifically: 

Part I (Chapters 2 through 5): Geostatistical data. D is a fixed subset of 
that contains a «/-dimensional rectangle of positive volume; Z(s) is a 
random vector at location s e i ) , 

Part II (Chapters 6 and 7): Lattice data. D is a fixed (regular or irregular) 
collection of countably many points of Ud (this can be generalized to 
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SPATIAL DATA A N D SPATIAL MODELS 9 

where D is a graph in see Section 6.1); Z(s) is a random vector at 
location s e D . 

Part III (Chapter 8): Point patterns. D is a point process in or a subset 
of Z(s) is a random vector at location s e D. In its most general 
form this generates a marked spatial point process; when no Ζ is 
specified the usual spatial point process is obtained [or one could think 
of scalar Z(s) = 1, for all s e D ] , 

Part III (Chapter 9): Objects. D is a point process in IRd; Z(s) is itself a 
random set. This yields processes such as the Boolean model (Section 
9.4) and a related cell-growth process (Section 9.7). 

The flexibility of (1.1.1) is now apparent, and although it is clear that D 
and Z(s) could be even more general random quantities, the fact that D is a 
subset of allows (1.1.1) to be called a spatial process. It is even possible to 
think of the ubiquitous i.i.d. (possibly multivariate) model as a O-dimensional 
spatial process, because any spatial index is unimportant. I have not men-
tioned how the D process and the Ζ process might covary. For most of this 
book, one or the other is fixed so the question does not arise. When both are 
random, they are usually assumed to be independent, or one process is 
analyzed conditionally upon the observed values of the other. Spatial model-
ing occurs then within the Ζ process (Parts I and II), within the D process, or 
within both processes (Part III), and typically involves modeling the large-
and the small-scale variations in terms of a finite number of parameters. 

I prefer to keep (multivariate) time-series processes separate from spatial 
processes by using the index t and denoting them as 

The unidirectional flow of time sometimes forces one to distinguish between 
(1.1.2) and (1.1.1) in R1 (see Section 6.3). 

A space-time process will be denoted as 

where each of Z, D, and Τ is possibly random. This is as general a process as 
will be considered in this book. 

Description, Indication, and Estimation 
As disciplines in Statistics mature, their statistical analyses advance through 
three stages of development that I describe as description, indication, and 
estimation. For the first, the goal is to summarize the data (perhaps to suggest 
models). For the second, estimates of model parameters are obtained from 
the data, but no measures of precision are available. For the third, enough 
distribution theory is at hand to allow (approximate) inference on the model 
parameters; for example, the bias and variance of an estimator can be 

{Z ( t ) : — oo < r < oo}. (1.1.2) 

{Z(s; / ) : s e D(t), t e Τ}, (1.1.3) 
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1 0 STATISTICS FOR SPATIAL DATA: WHY? 10 

calculated and estimated. Statistics for spatial data is still a young discipline, 
showing increasing signs of maturity. I hope this book will contribute to, and 
be an influence on, its formative years. 

1.2 INTRODUCTORY EXAMPLES 

In this section, I shall present examples where data are spatial in nature. 
Some data sets are new and some have already appeared in the literature, 
although they may not have been analyzed spatially. It is not my intention to 
present spatial statistical analyses in this section, but rather to illustrate the 
range of problems that can be addressed. For some of these data, more 
complete analyses are carried out later in the book. 

As described in Section 1.1, spatial data can be thought of as resulting 
from observations on the stochastic process 

(Z(s): s e D } , (1.2.1) 

where D is possibly a random set in Rd. I shall present some special cases 
that are typical of spatial statistical problems one might encounter. 

1.2.1 Geostatistical Data 

Geostatistics (Matheron, 1962, 1963a, 1963b) emerged in the early 1980s as a 
hybrid discipline of mining engineering, geology, mathematics, and statistics. 
Its strength over more classical approaches to ore-reserve estimation is that it 
recognizes spatial variability at both the large scale and the small scale, or in 
statistical parlance it models both spatial trend and spatial correlation. 
Trend-surface methods (e.g., Whitten, 1970) include only large-scale varia-
tion, assuming independent errors. Watson (1972) compares the two ap-
proaches and points out that most geological problems have a small-scale 
variation, typically exhibiting strong positive correlation between data at 
nearby spatial locations. One of the most important problems in geostatistics 
is to predict the ore grade in a mining block from observed samples. 
Matheron (1963b) has called this process of prediction kriging (see Chap-
ter 3). 

Exploration data on coal ash (Gomez and Hazen, 1970, Tables 19 and 20) 
for the Robena Mine Property in Greene County, Pennsylvania, are an 
example of regularly spaced data in R2, although some locations have not 
been sampled or their observations are missing. Section 2.2 performs a 
spatial exploratory data analysis on these mining data, and kriging is carried 
out in Section 3.4. 

The geostatistical method has found favor among soil scientists who seek 
to map soil properties of a field from a small number of soil samples at 
known locations throughout the field. For example, soil pH in water, soil 
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INTRODUCTORY EXAMPLES 1 1 

electrical conductivity, exchangeable potassium in the soil, soil-water ten-
sion, and soil-water infiltration are some of the variables that could be 
sampled. Water erosion is of great concern to agriculturalists, because rich 
topsoil can be carried away in runoff water. Some forms of tillage result in 
greater soil-water infiltration than others, and the study described in Section 
4.3 investigates this question. The greater the infiltration, the less the runoff, 
resulting in less soil erosion and less stream pollution by pesticides and 
fertilizers. Also, greater infiltration implies better soil structure that is more 
conducive to crop growth. In Cressie and Horton (1987) and Section 4.3, it is 
explained how double-ring infiltrometers were placed at regular locations in a 
field that had received four tillage treatments. From these data the spatial 
relationships can be characterized, treatments compared, and kriging maps 
drawn. 

There are many published sources for case studies using geostatistics, 
although the original data are usually not given for confidentiality reasons 
(original data for both of the examples just introduced are available in 
Sections 2.2 and 4.3, respectively). The books by David (1977, 1988), Journel 
and Huijbregts (1978), and Clark (1979) are all devoted to applications in the 
mining industry. Application of geostatistics in other areas abound; for 
example, in rainfall precipitation (e.g., Ord and Rees, 1979), atmospheric 
science (e.g., Thiebaux and Pedder, 1987), soil mapping (e.g., Burgess and 
Webster, 1980), and predicting groundwater contaminant concentrations 
(e.g., Istok and Cooper, 1988). For further applications, see the various 
sections of Chapter 4 that contain analyses of data sets from hydrology, soil 
science, public health, uniformity trials, and acid rain. 

Geostatistical-type problems are distinguished most clearly from lattice-
and point-pattern-type problems by the ability of the spatial index s to vary 
continuously over a subset of That is not to say that methods from one 
class of problems cannot be borrowed from methods usually associated with 
another class; see, for example, Sections 4.4 and 7.6, where the same 
public-health data set is analyzed using two approaches. 

122 Lattice Data 

A lattice of locations evokes an idea of regularly spaced points in Ud, linked 
to nearest neighbors, second-nearest neighbors, and so on. In this book these 
will be referred to as regular lattices, allowing for the possibility of irregular 
lattices, whose relative displacements do not follow a predictable pattern and 
whose linkages are not always obvious from their geometry. Of all the 
possible spatial structures that (1.2.1) can generate, a data set whose spatial 
locations are a regular lattice in IR"* is the closest analogue to a time series 
observed at equally spaced time points. 

Remote sensing from satellites offers an efficient means of data gathering. 
For example, it allows information to be gathered rapidly on weather 
patterns, mineral distribution, and crop acreage without having to conduct 
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1 2 STATISTICS FOR SPATIAL DATA: WHY? 12 

lengthy and labor-intensive traditional surveys. Satellites orbit the earth and 
receive data in the form of electromagnetic reflectance waves at a number of 
frequencies, including those in the visible part of the spectrum. By various 
sampling and integration methods (see Section 7.4 for more details), the 
earth's surface is divided into small rectangles (e.g., 56 m X 56 m) called 
pixels (short for picture elements). An agricultural scene of interest (around, 
say, 34,000 km2) has certain proportions devoted to wheat, corn, soybeans, 
and so forth that need to be estimated. These various crops have their own 
reflectance properties that, together with noise, are remotely sensed. Thus 
the data are received as a regular lattice in R2 (neglecting the earth's 
curvature) and are identified with the centers of their respective pixels. (This 
is analogous to temporal problems where economic time-series data, such as 
yearly export earnings, are aggregated over the whole year but are identified 
with single, equally spaced points on the time axis.) There is a large overlap 
between remote-sensing techniques and (low-level) medical-imaging tech-
niques; although the spatial scales are vastly different, the form of the data 
and the questions being asked are often similar. Statistical models for such 
data need to express the fact that observations nearby (in time or space) tend 
to be alike; see Section 7.4. 

Sometimes it might be expected that nearby observations tend to be 
dissimilar. Competition between plants for light and soil nutrients could lead 
to large healthy plants being surrounded by less sturdy ones. Mead (1967) 
analyzes data on cabbages and investigates this competition effect. 

In contrast to geostatistical problems, data from lattice problems may be 
exhaustive of the phenomenon. Of course, sampling may also occur; for 
example, suppose only a small window of the full data set is available. 

There have been various published studies based on lattice data (although 
such studies have not always exploited the spatial component) that include 
Mercer and Hall (1911) (see also Sections 4.5 and 7.1), Batchelor and Reed 
(1918), Cochran (1936), Bartlett (1974), Cliff and Ord (1981), Ripley (1981), 
Symons et al. (1983) (see also Sections 4.4, 6.2, and 7.6), and Cressie and 
Chan (1989). 

1.2.3 Point Patterns 

Point patterns arise when the important variable to be analyzed is the 
location of "events." Most often the first question to be answered is whether 
the pattern is exhibiting complete spatial randomness, clustering, or regular-
ity. For example, consider the locations of longleaf pines in a natural forest in 
southern Georgia (given in Section 8.2). What is the biological significance of 
clustering of these trees? The variable, diameter at breast height, is also 
recorded along with the tree's location. Do large (small) trees cluster and 
how do large and small trees interact? The size variable is usually called a 
mark variable, and the whole process is then called a marked spatial point 
process. 
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STATISTICS FOR SPATIAL DATA: WHY? 1 3 

But the mark variable does not have to be a real variable; it could, for 
example, be a set. The process then consists of {Z(s(): s, e D), D a spatial 
point process and Z(s,) a random set (Section 9.3) located at s, e D. Data 
from this process are often observed as a realization of 

U{Z( S l . ) : s , eD} , (1.2.2) 

which is referred to as a (generalized) Boolean model (Serra, 1980) or a 
mosaic process (Diggle, 1981b). The data are often images, and their assimi-
lation to a model like (1.2.2) requires higher levels of image analysis than the 
methods considered in Section 7.4 of Part II. The goal is to estimate 
parameters of the random set and the point process; see Cressie and Laslett 
(1987) and Section 9.5 where an artificially generated Boolean model of 
random parallelograms is analyzed. Diggle (1981b) analyzes the incidence of 
heather according to a Boolean model; see also Section 9.5. A model for 
tumor growth that iterates the Boolean model through successive stages is 
developed in Section 9.7. Pictures of cell islands growing in vitro are 
presented and analyzed in a manner that takes shape as well as size into 
account. 

Published studies involving analyses of spatial point patterns can be found 
inter alia in Pielou (1959, 1977), Matern (1960), Getis and Boots (1978), 
Marquiss et al. (1978), Ripley (1981), Diggle (1983), and Upton and Fingleton 
(1985). Of course, there is a large overlap of methods for patterns occurring 
in space and for those occurring in time; the reader interested in temporal 
methods is referred to Cox and Lewis (1966), the articles in Lewis (1972) (in 
particular the review by Daley and Vere-Jones, 1972), Cox and Isham (1980), 
and Daley and Vere-Jones (1988). A second-moment measure of spatial 
point patterns is adapted for the temporal animal-behavior data in Section 
8.4. 

13 STATISTICS FOR SPATIAL DATA: WHY? 

Some simple spatial models will be given to show the effect of correlation on 
estimation, prediction, and design. The models allow closed-form expressions 
to be calculated, from which discussion of more general issues can be 
initiated. 

Estimation 
Consider the following simple statistical model, taught in all beginning 
Statistics service courses. Suppose Z ( l ) , . . . , Z(/i) are independent and iden-
tically distributed (i.i.d.) from a Gaussian (i.e., normal) distribution with 
unknown mean μ and known variance σ„. The minimum-variance unbiased 
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1 4 STATISTICS FOR SPATIAL DATA: WHY? 14 

estimator of μ is 

Ζ - Σ Ζ ( < ) / η , (1.3.1) 
i - l 

and inference on μ is straightforward: The estimator Ζ is Gaussian with 
mean μ and variance σ0

2/π. Thus, a two-sided 95% confidence interval for μ 
is 

( Ζ - ( 1 . 9 6 ) σ 0 / ν £ \ Ζ + (1 .96 )σ 0 / ν^ ) . (1.3.2) 

Instead of independent data, now suppose the data are positively corre-
lated with a correlation that decreases as the separation between data 
increases: 

c o v ( Z ( / ) , Z ( ; ) ) - σ 0
2 · ρ " - " , i, j = 1 , . . . , η, 0 < ρ < 1. (1.3.3) 

It is well known that such a correlation function results from a first-order 
autoregressive process Z(i) = pZ(/ - 1) + e(i), i ^ 1, where e(t') is part of 
an i.i.d. sequence of Gaussian random variables with zero mean and variance 
σ0

2(1 - ρ 2) and is independent of Z(i - 1); see, e.g., Fuller (1976, Section 
2.3). However, that is not the generating mechanism I have in mind; here, 
Ζ = ( Z ( l ) , . . . , Z(n))' are spatial data in R1 from which prediction of Z(0) or 
Z(3/2) is just as appropriate as that of Z(n + 1). 

Now, 

Σ Σ COv(Z(i),Z(J))\ 
1-1j-1 I 

= {σ2 /η}[ΐ + 2 { p / ( l - P ) } { 1 - (1 /n)) 

— 2 { p / ( l — ρ)}2(1 ~ P " ~ l ) / n \ · (1-3.4) 

For η = 10 and ρ = 0.26, var(Ζ) = {σ0
2/10}[1.608], and a two-sided 95% 

confidence interval for μ is 

( Ζ - ( 2 . 4 8 5 ) σ 0 / / ϊ 0 , Ζ + (2M5)aü/yfVÖ). 

Thus, failure to realize the presence of positive correlation in the data leads 
to a confidence interval (1.3.2) that is too narrow; for η = 10 and ρ = 0.26, 
the actual coverage probability of (1.3.2) is 87.8%, not 95%. [If - 1 < ρ < 0, 
(1.3.2) would be too wide, but because positive spatial dependence is seen 
more often, these introductory remarks concentrate on situations where ρ is 
positive.] 

Some intuitive understanding of the effect of spatial correlation can be 
obtained from (1.3.4). Write it as 

var(Z) = n ~ 2 

var(Z) = σΖ/η', (1.3.5) 
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STATISTICS FOR SPATIAL DATA: WHY? 1 5 

where 

« ' - « / [ 1 + 2 { p / ( l — p)}{l — (1 /n)} 

-2{p/(l - p))2(l - p"-l)/n] (1.3.6) 

can be interpreted as the equivalent number of independent observations (see 
Section 4.6.2). If η = 10 and ρ = 0.26, then ri = 6.2; that is, 6 independent 
observations achieve approximately the same precision as 10 correlated 
observations [correlated according to (1.3.3) with ρ = 0.26]. For large n, 
ri — π / [( 1 + p ) / ( l — p)], showing that correlation has an effect on infer-
ences even in large samples. 

Spatial models, more complicated than (1.3.3), show the same general 
behavior. Haining (1988) considers constant-mean Gaussian models in R2 

that are conditionally specified autoregressions (Section 6.6), and simultane-
ously specified autoregressions and moving averages (Section 6.7.1), each 
with an unknown variance parameter σ 2 . He compares the variance of Ζ 
assuming independence, with the variance of Ζ assuming positive depen-
dence; he also compares the latter with the variance of the maximum 
likelihood estimator μ of the constant mean μ. In general, classical inference 
based on Ζ and & 2 /n is misleading; for positive spatial dependence, vaKZ) 
and variß) are typically much larger than σ 2 / η . 

Grenander (1954) demonstrates that, for a class of time-series models that 
includes (1.3.3), Ζ and the maximum likelihood estimator 

μ m j z ( l ) + ( 1 - ρ)"ς Z(i) + Z(n) J j[n-(n- 2)p) 

(which is also the minimum variance unbiased estimator) have the same 
asymptotic (100%) efficiency as η -» ». Does this contradict the preceding 
calculations? No, because there, inference for μ was based on Ζ and σ£/η, 
and was found to be_invalid. Grenander's result allows one to conclude that 
inference based on Ζ and afi/ri [ri is given by Eq. (1.3.6)] is not only valid 
but is also asymptotically efficient. General models for which this happens are 
given by Grenander and Rosenblatt (1984, Section 7.4), and they include 
stationary autoregressive time series. 

Prediction 
Suppose now that an unknown observation Z(n + 1) is to be predicted from 
data Z s ( Z ( l ) , . . . , Z(n))\ where it is assumed Z ( l ) , . . . , Z(n), Z(n + 1) are 
jointly Gaussian, identically distributed with unknown mean μ and known 
variance σ0

2, and independent. From Section 3.2, the predictor p(Z; η + 1) 
that satisfies the unbiasedness condition £ (p (Z;n + 1)) = μ and minimizes 
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1 6 STATISTICS FOR SPATIAL DATA: WHY? 16 

the mean-squared prediction error 

E(Z(n + 1) - p ( Z ; n + l ) ) 2 (1.3.7) 

is 

p0(Z; η + 1) = Z, (1.3.8) 

the sample mean. The minimized mean-squared prediction error is 

™ 0 = σ0
2{1 + (1 /«)} . (1.3.9) 

When the independence assumption is replaced with (1.3.3), the unbiased 
predictor that minimizes the mean-squared prediction error (1.3.7) is 

P„( Ζ; η + 1) 

- p Z ( n ) + ( l - p ) { η _ { η _ 2 ) p } , (1.3.10) 

see Section 3.2. Abbreviate (1.3.10) to pp{Z). Notice that ρ = 0 in (1.3.10) 
yields (1.3.8). If Ζ is used instead of (1.3.10), the mean-squared prediction 
error is 

E(Z(n + 1) - Z)2 

= <r2{l + ( l / n ) [ l + 2 { p / ( l - p)}{p" - (1 /n)} 

-2{p/(\ - p)}\l - p-l)/n}}. (1.3.11) 

For η = 10 and ρ = 0.26, (1.3.11) is σ0
2{1.09051}. Compare this to (1.3.9), 

which is σ0
2{1.1}: The difference is not large. Indeed, when spatial correla-

tions decay geometrically with distance, classical prediction intervals are 
often approximately valid. However, they can be highly inefficient. 

Assuming the dependence model given by (1.3.3), the minimized mean-
squared prediction error is obtained by calculating (1.3.7) with optimal 
predictor (1.3.10). That is, 

msp = σ 2 [ ΐ - ρ2 + {(1 - p ) 2 ( l + p)/(n - (n - 2)p)}] ; (1.3.12) 

see Section 3.2. Notice that ρ = 0 in (1.3.12) yields (1.3.9). 
For η = 10 and ρ = 0.26, (1.3.12) is σ0

2{1.01952}. Thus a 95% prediction 
interval for Z(n + 1), based on the optimal predictor (1.3.10), is 

( P p (Ζ) - (1.96)σ0{1.01952}1/2, pp(Z) + ( 1.96)σ0{1.01952}1/2). (1.3.13) 
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STATISTICS FOR SPATIAL DATA: WHY? 1 7 

This should be compared to the wider 95% prediction interval for Z(n + 1) 
based on Z: 

( Ζ - (1.96)σ0{1.09051}1/2,Ζ + ( 1.96)<r0{ 1.09051}1/2). (1.3.14) 

For large n, the squared ratio of the prediction-interval width from using 
pp(Z) to that from using Ζ is approximately p2, which is a measure of the 
(asymptotic) efficiency of inference based on Ζ versus inference based on the 
optimal predictor pp(Z). Thus, for ρ = 0.26 the efficiency measure is 93% 
and for ρ = 0.5 it is 75%. 

Experimental Design 
Another example of the importance of exploiting spatial correlation is in the 
area of experimental design. Suppose that experimental units are laid out in 
a t X b array made up of b blocks (columns), each with t units in them. 
Units that are most alike are put in the same block so that all of the gross 
heterogeneity occurs between blocks. Suppose further that t treatments are 
to be compared as follows. A response variable is measured after applying 
the treatments to experimental units in such a way that each treatment 
appears exactly once in each block. A design (i.e., an allocation of treatments 
to units) of the type just described is known as a complete block design. 

In papermaking, toward the end of the process when the paper is still a 
continuous sheet in a roll (that is typically 10 ft wide and 3 Χ 104 ft long), the 
sheet is calendered. A calender is a stack of two or more hard smooth rollers 
through which the paper is passed, whose purpose is to reduce the caliper of 
the sheet (so making it more dense) and increase the smoothness of the 
sheet. In calendering, high compressive stresses are used to make a more 
compact, thinner sheet with a smoother surface. In terms of basic smoothness 
and thickness, most of the variation is across the width of the paper roll. 
Therefore, any experiment on calender treatments (e.g., number and degree 
of smoothness of calender rolls, temperature of the sheet) has to take this 
into account, as well as the possible spatial correlation running the length of 
the sheet. 

A well designed calendering experiment in the laboratory should split the 
sheet into several narrower sheets (e.g., each of width 2 ft), allowing these to 
form the blocks of the experiments. Within the blocks, pages closer together 
will tend to be more alike (in terms of gloss or caliper) than those further 
apart, and this can be modeled with (one-dimensional) spatial correlation. 
Therefore, when a calender treatment is applied to a "page," its location 
within the block should be useful information for performing an efficient 
analysis. 

Let the response on the ith unit of the ;th block be Ylj(k), i = I,..., t, 
j = 1 ,...,b,k = 1 , . . . , / , where k denotes the treatment assigned (according 
to the design) to that unit. Assume an additive model 

Yij(k) = ß+ak + ßj + 8(i,j), (1.3.15) 
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1 8 STATISTICS FOR SPATIAL DATA: WHY? 18 

where δ( ·, · ) is a Gaussian error process with zero mean. Further, assume 
independence of the Ss between blocks but spatial dependence (1.3.3) down 
blocks. That is, 

where |p| < 1 . 
A goal of experimental design is to find the allocation of treatments to 

units that will give the most precise estimates of (estimable) treatment 
effects, rk = ak - (EJ _,£*///), k = 1 , . . . , t. Specifically, one might minimize 

where {f t : k = 1 , . . . , / } are the generalized-least-squares estimators of the 
treatment effects (see Section 5.6.2). Gill and Shukla (1985a) find that 
first-order nearest-neighbor (NN) balanced designs, whose end units satisfy 
further balance conditions, are optimal designs. First-order NN balanced 
means that the number of times two treatments appear adjacent in a block is 
constant for every possible pair of treatments. For example, consider t — 10 
and b = 5; then Table 1.1 shows an assignment of treatments 0 ,1 , . . . , 9 
within the five blocks that is a first-order NN balanced design. 

Let A0, AN, and AR denote the value of (1.3.17) for, respectively, the 
optimal design, the design in Table 1.1, and a randomized complete block 
design. Table 1.2 shows relative efficiencies (to two decimal places) for 
different values of ρ in (1.3.16). 

Table 1.1 Example of a First-Order NN Balanced Complete Block Design 

(1.3.17) 

Blocks 

1 2 3 4 5 

1 
2 
0 
3 
9 
4 
8 
5 
7 
6 

2 
3 
1 
4 
0 
5 
9 
6 
8 
7 

0 
1 
9 
2 
8 
3 
7 
4 
6 
5 

3 
4 
2 
5 
1 
6 
0 
7 
9 
8 

9 
0 
8 
1 
7 
2 
6 
3 
5 
4 

Source: Grondona and Cressie (1992). 

 D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/ by U

niversity O
f T

exas L
ibraries, W

iley O
nline L

ibrary on [07/03/2023]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense

Meta 1017 
p. 35



STATISTICS FOR SPATIAL DATA: WHY? 1 9 

Table 1.2 Relative Efficiencies of the First-Order NN Balanced Design 
Given in Table 1.1 (A0/AN), and a Randomized Complete Block 
Design ( A 0 / A K ) 

Ρ 
-0 .75 -0 .50 -0.25 0 0.25 0.50 0.75 

A0/An 1.00 1.00 1.00 1.00 1.00 1.00 1.00 
Aq/AIj 0.33 0.67 0.92 1.00 0.87 0.63 0.36 

Source: Grondona and Cressie (1992). 

Optimal designs may not exist; first-order NN balanced designs are rela-
tively easier to construct and appear to be (almost) as efficient as the optimal 
designs. Further, from Table 1.2, randomized complete block designs can be 
grossly inefficient when |p| > 0.5. More general spatial correlation structures 
are considered in Grondona and Cressie (1992) and Section 5.6.2; the same 
efficiency patterns emerge. 

There is often a big difference between what scientists and engineers 
should do to obtain statistical optimality and what they do in practice. 
Randomized complete block designs may be inefficient, but they are very, 
very easy to construct. In Section 5.7, it is shown how to recover some of the 
lost efficiency after the inefficient (nonspatial) design is used. My preference 
is for a spatial modeling approach, such as the one described in Section 5.7.2 
and in Grondona and Cressie (1991): The strategy there is to estimate and 
model the spatial correlation from (median-polish) residuals, and then to use 
generalized-least-squares estimates of the treatment effects {rk : k = 1 , . . . , /}. 
An artificial experiment is constructed by adding treatment effects (according 
to a randomized complete block design) to spatially correlated uniformity 
data; the spatial analysis yields gains in efficiency of over 30%. 

In many applications of Statistics to problems that are inherently spatial, 
data are observational rather than the result of a controlled experiment. 
Thus, the opportunity to randomize, block, and replicate is often not avail-
able. In these circumstances, the model fitted to the data may implicitly 
assume that some uncontrolled-for effects or interactions are zero. Hopefully, 
such assumptions are based on prior knowledge of the phenomenon and not 
on mathematical convenience. Wiens et al. (1986) report an interesting 
seven-year study of territorial locations, territorial sizes, and breeding densi-
ties within bird-breeding areas in central Oregon. They manipulated the 
habitat compostion and structure by removing 75%, 50%, 25%, and 0% of the 
shrubs from 625-m2 blocks in a checkerboard design. A nearby, unaltered 
area served as the control. In spite of the elaborate experiment, the authors 
expressed concern about uncontrollable factors such as site tenacity by 
breeding adults and about the appropriateness of the spatial scale on which 
the manipulation was conducted. In fact, these same concerns are relevant to 
all designed experiments; it is simply a question of degree. 
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Linear Models with Spatially Dependent Error 
Suppose the spatial data Z(s , ) , . . . , Z(s„), observed at spatial locations 
{s„ . . . , s„}, are modeled as a collection of random variables, generated by 
the random process 

ι 
Z(s) = Σ β ι * ι ( * ) + «(s), s e £ > c R d , (1.3.18) 

1=1 

where {*,(·): / = 1 , ...,<?} is a collection of q nonrandom explanatory 
variables that may or may not depend on spatial location and 8( ) is a 
zero-mean finite-variance error process that may or may not be spatially 
correlated. 

For example, the model with constant mean μ and covariances given by 
(1.3.3) is a special case of (1.3.18) in R1, with just one explanatory variable 
*,(·) = 1, βχ = μ, and coviô(u), δ(υ)) = σ0

2 · ρ1" -"1 , u,v e R1. Also, the 
complete-block-design model (1.3.15) and (1.3.16) is a special case of (1.3.18) 
in R2, where explanatory variables are *,(·) = 1, xk+l(i, j) = 1 if the (/', y)th 
plot receives the fcth treatment and zero otherwise (k = l,...,t), and 
*/+,+!(', j) = 1 if j = I and zero otherwise (/ = 1 , . . . , b). The error process 
has anisotropic spatial correlation given by (1.3.16), specifying correlation 
within blocks but not between blocks. 

It is helpful to write the observations as Ζ = (Z(s , ) , . . . , Z(s„))' and the 
model given by (1.3.18) in matrix and vector notation. That is, 

Ζ = ΛΓβ + δ, (1.3.19) 

where X is an η X q matrix whose (ι, ;')th element is Jt/s,), β = (ßu ..., ßq)', 
and δ s (3( s i) , . . . ,6(s„)) ' . 

Often (although not always), the parameters of greatest interest are the 
"large-scale-variation" parameters β. For the moment, assume that any 
"small-scale-variation" parameters associated with the error process δ(·) are 
known. That is, one can obtain 

var(ô) = X, (1.3.20) 

where Σ is a known η x n, symmetric, nonnegative-definite matrix. 
To keep the exposition simple, in all that is to follow, I shall assume that 

the regression coefficients β are estimable, Σ is invertible, and matrix 
inverses exist whenever I need them. Generalizations of this simple paradigm 
can be found, for example, in Searle (1971), Section 5.8. 

Suppose the goal is efficient estimation of β. [Efficient prediction of an 
unknown Z(s0) is another possible goal; see Chapter 3.] The best linear 
unbiased estimator of β is also the generalized-least-squares (g.l.s.) estimator 
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(Aitken, 1935), that is, the value of β that minimizes 

(Ζ -Χβ)'Ϊ~χ(Ζ - Χ β ) . (1.3.21) 

It is 

β ^ = (1.3.22) 

which is also the maximum likelihood estimator if 5( · ) is a Gaussian process. 
The variance matrix of (1.3.22) is 

v a r l ß j - i * ' ! - 1 * ) " 1 . (1.3.23) 

When Σ = σ21, which it is under classical (nonspatial) assumptions of 
i.i.d. errors, (1.3.21) reduces to (Ζ - Χβ)'(Ζ - Χβ)/σ2. Then the appropri-
ate minimizer is 

ßols = (X'X)-lX'Z, (1.3.24) 

which is the ordinary-least-squares (o.l.s.) estimator of β. However, when 
Σ Φ σ2Ι [e.g., Σ has entries given by (1.3.16)], the o.l.s. estimator is often 
inefficient. Specifically, 

var(ßols) = { Χ · Χ ) - \ Χ · Ϊ Χ ) ( Χ · Χ Υ 1 (1.3.25) 

and the difference vaKßois) - var(ßgis) is nonnegative-definite (e.g., Searle, 
1971, Section 3.3). Notice that when Σ = σ 2 / , the difference is 0. 

Because the o.l.s. estimator (1.3.24) does not require knowledge of Σ, 
considerable research effort has been devoted to finding conditions on X and 
Σ for which o.l.s. and g.l.s. are equally efficient or for which o.l.s. and g.l.s. 
estimators are the same. Zyskind (1967) derives eight equivalent necessary 
and sufficient conditions for the latter to happen; for example, one such 
condition is X(X'X)-lX'1 = ΧΧ(Χ'Χ)~λΧ', which occurs if and only if 
Σ is of the form a21 + PlAPl + P2BP2, where Pl = X(X'XΓ1*' and P2 = 
I - P v 

However, care should be taken. Just because o.l.s. and g.l.s. yield the same 
estimators, it cannot be assumed that all inference can proceed as if Σ = σ2Ι. 
Indeed, under Zyskind's conditions, var(ß0|S) = var iß^) = (X 'X~ ] X)~\ 
which depends on Σ. Therefore, from a total-inference point of view, results 
on the equivalence of o.l.s. and g.l.s. are not all that helpful. Moreover, 
except for a few special cases, spatial linear models like (1.3.18) generally 
give rise to matrices X and Σ that do not satisfy Zyskind's conditions. 
[Kramer and Donninger, 1987, give one of these special cases when δ( · ) is a 
spatial autoregressive process of the type described in Section 6.7.2. Curi-
ously, they show that o.l.s. can be as efficient as g.l.s. when the spatial-
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dependence parameter in δ(·) tends to its largest possible value.] The 
generally poor performance of classical statistical-inference procedures in the 
presence of spatial dependence (see, e.g., the simple examples above; Cliff 
and Ord, 1981, Chapter 7; Dow et al., 1982; Anselin and Griffith, 1988) and 
the ubiquity of such spatial dependence, demonstrate why Statistics for 
spatial data should be part of every statistician's repertoire. 

Valid Spatial Models 
In reality, Σ is unknown; typically it will depend on parameters θ obtain-
ed from a spatial parametric covariance model C(u, ν; Θ) s cov(ô(u), δ(ν)), 
u, ν e D c Rd. For example, assuming homoskedasticity, one parameter will 
certainly be σ 2 s vaKS(u)). Let Σ(θ) denote the η Χ η variance matrix 
vaKZ) whose (i, ;')th element is C(s„ s/, β). 

Choice of an appropriate model can be a difficult task because one must 
take care to use valid models; that is, use only those θ for which 
L^LiEJl^1aiC(.ul,uJ-,B)aj à: 0, for any m, any sequence of real numbers 
{a,: i — 1 , . . . , m), and any sequence of spatial locations {u,: i = 1 , . . . , m). 
For example, a valid covariance model in R1 is C(s„ s f , θ) = C^ds, - s7 |; Θ), 
the "tent" covariogram 

C r ( / i ; f l ) = 
- i - ^ i ) , 0z\h\<d, 

0, \h\ > Θ. 

However, in R2, C(s,, sy; θ) = Cj-dls, - sy||; Θ) is not a valid model; see 
Section 2.5.1 for a counterexample. On the other hand, if the spatial model 
for data Ζ = (Z(s , ) , . . . , Z(s„))' has sufficient measurement error so that 
Σ(θ) is diagonally dominant, that is, if 

η 
C ( s , , s ( ; e ) 2 : £ |C(s , , s y ;θ ) | , i = l , . . . , n , 

y-i 
j*i 

then Σ(θ) is always nonnegative-definite (Varga, 1962, p. 22ff) and hence a 
valid model is obtained. In the preceding simple examples, the models (1.3.3) 
and (1.3.16) are valid provided the parameter ρ e ( - 1 , 1 ) . 

Questions of validity of the various spatial models presented in this book 
will be dealt with as they arise. It is important to ensure that the parameter 
space θ of θ consists only of valid models, and that an estimate θ of 0 
belongs to Θ. 

Estimated Generalized Least Squares 
Assume that the spatial dependence parameter 0 is contained in a known 
parameter space Θ, any member of which yields a valid spatial model. Any 
estimator θ will be assumed to belong to θ , with probability 1. 
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Estimated generalized-least-squares (e.g.Ls.) estimators are obtained by 
substituting Σ(β) for Σ(θ) in (1.3.22): 

ße g is= 1Χ'Χ(9)~1Ζ, (1.3.26) 

where θ is an estimator of the small-scale-variation parameters Θ. 
Prediction of an unknown Z(s0) proceeds in a similar way, often by 

assuming that the estimated value β is the true value (Chapter 3). The 
consequences of this assumption are investigated in Section S.3. 

Two different approaches are often employed to obtain Θ. If the probabil-
ity density (or mass) function of Ζ is completely specified as /(ζ; β, θ), then 
the likelihood 

/ ( β , θ ) « / ( Ζ ; β , θ ) 

can be maximized with respect to β and θ to yield estimators β and Θ. Then 
(1.3.26) is the maximum likelihood (m.l.) estimator of ßgls. Sections 7.2 and 
7.3 deal mainly with this approach. 

A second possibility is to obtain an initial estimate of β (e.g., ßols), 
construct residuals 

R S Z - * ß o l s , (1.3.27) 

and, using these residuals as a proxy for δ, estimate θ free from the presence 
of β. This method is often employed in a semiparametric setting where the 
joint distribution of Ζ is not specified, but the mean Χ β and the variance 
Σ(θ) are specified. Then, θ can be obtained from an approximate method-of-
moments approach based on R (Section 2.6.2). From θ and (1.3.26), ßegls is 
obtained. One then has the option of substituting this^ estimate back into 
(1.3.27) to obtain a new R, a new Θ, and a new ßegls, and so forth. 
Terminating at this second step yields a two-stage estimation procedure. 

The example considered throughout this section [Z Gaussian with covari-
ances defined by (1.3.3)] satisfies the conditions of Mardia and Marshall's 
(1984) theorem given in Section 7.3.1. Hence, for θ = and θ its m.l. 
estimator, ßegls given by (1.3.26) is asymptotically Gaussian with mean β and 
variance matrix ( ^ ' Σ ί θ ) - 1 ^ ) " 1 and is asymptotically independent from Θ. 
However, for small sample sizes, the m.l. estimators of the small-scale-varia-
tion parameters are notoriously biased. A review of results for the model 
(1.3.3) can be found in Dielman and Pfaffenberger (1989), together with 
small-sample simulations and recommendations. 

The exact variance of ßegls is difficult to compute because Ζ appears in 
(1.3.26) nonlinearly. Preliminary tests on θ (see Section 7.3.1) are often 
employed to determine whether g.l.s. (actually, e.g.l.s.) will be used in 
preference to o.l.s. Intuitively, as sample size increases, e.g.l.s. will be 
indistinguishable from g.l.s., provided θ is a consistent estimator of Θ. 
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Williams (1975) can be consulted for results that formalize this intuition. In 
finite samples, terms of smaller orders of magnitude can improve the asymp-
totic distribution of ßegls (e.g., Rothenberg, 1984; Grubb and Magee, 1988). 
Asymptotics in spatial problems can be of the infill type (Sections 2.6 and 5.8) 
or of the increasing-domain type (Section 7.3). Statisticians and probabilists 
are most familiar with the latter; indeed, all of the asymptotic results 
mentioned in this section are for increasing domains. 

Some interesting finite-sample results that establish inequalities between 
HvaKc'ßgfc)), vaKc'ßgJ, and var(c'ßegls) are proved by Harville (1985) and 
Eaton (1985). For example, Harville shows that if θ is an even, translation-
invariant estimator, and the data are Gaussian, then 

v a r f c ' ß j ^ v a r ( c ' ß e g l s ) , (1.3.28) 

for all c e Re. Using a matrix form of Jensen's inequality, Eaton shows that if 
£(Σ(Θ)) = Σ(θ), then 

/ • ( ^ ( c ' ß j ) <; v a r f c ' ß j , (1.3.29) 

where var(c'ßgls) is ο'(Α"Σ(θ)~ 'c, the often used estimator of var(c'ßg|S); 
see (1.3.23). Although for θ a consistent estimator of θ the three quantities in 
(1.3.28) and (1.3.29) are asymptotically indistinguishable, the inequalities 
show that, as an estimator of var(c'ßegls), vaKc'ß^) has potentially two 
sources of negative bias. Harville and Jeske (1992) investigate estimators of 
var(c'ßegls) that attempt to correct for this bias. 

Spatial Data Analysis and Modeling: A Summary 

• All data have a more-or-less precise spatial and temporal label associ-
ated with them. A purely spatial model usually has no causative compo-
nent in it; such models are useful when a space-time process has 
reached temporal equilibrium (e.g., ore deposition), or when short-term 
causal effects are aggregated over a fixed time period (e.g., final presi-
dential election returns from the states of the United States). 

• Whether the spatial labels are thought to be an important part of the 
modeling and analysis of the data is a concern that should be addressed 
problem by problem. 

* Data that are close together in space (and time) are often more alike 
than those that are far apart. A spatial model incorporates this spatial 
variation into the generating mechanism, in contrast to a nonspatial 
model. 

* It is almost always true that the classical, nonspatial model is a special 
case of a spatial model, and so the spatial model is more general 
(space-time models are even more general). 

 D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/ by U

niversity O
f T

exas L
ibraries, W

iley O
nline L

ibrary on [07/03/2023]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense

Meta 1017 
p. 41



STATISTICS FOR SPATIAL DATA: WHY? 2 5 

• Whether one chooses to model the spatial variation through the (nonsto-
chastic) mean structure (called large-scale variation throughout the book) 
or the stochastic-dependence structure (called small-scale variation) de-
pends on the underlying scientific problem, and can sometimes be simply 
a trade-off between model fit and parsimony of model description. What 
is one person's (spatial) covariance structure may be another person's 
mean structure. 

• Explanatory variables (suggested by the problem under investigation) 
should be included in the mean structure first, and great care should be 
taken to find all of them. A missed variable that is itself varying spatially 
will contribute to the spatial dependence, as can a misspecification of the 
functional relationship between the independent and explanatory vari-
ables. As a consequence, a model that includes a spatial-dependence 
component pays a low-cost premium that insures against misspecification 
of the mean structure (e.g., Dubin, 1988). 

• Having allowed for explanatory variables, models with spatial depen-
dence typically have a more parsimonious description than classical 
trend-surface models. They also have more stable spatial extrapolation 
properties and yield more efficient estimators of explanatory-variable 
effects. 

Some Final Remarks 
The simple examples presented in this chapter serve to illustrate a general 
principle in all of Statistics, namely that inferences can depend crucially on 
assumptions. In situations such as for spatial or temporal data, where it is 
often more realistic to abandon the independence assumption, classical 
inferences can be very misleading. Stephan (1934) saw this very clearly in 
problems dealing with social data; he wrote 

. . . Data of geographic units are tied together, like bunches of grapes, not 
separate, like balls in an urn. Of course, mere contiguity in time and space does 
not of itself indicate lack of independence between units in a relevant variable or 
attribute, but in dealing with social data, we know that by virtue of their very social 
character, persons, groups and their characteristics are interrelated and not 
independent. Sampling error formulas may yet be developed which are applicable 
to these data, but until then the older formulas must be used with great caution. 
Likewise, other statistical measures must be carefully scrutinized when applied to 
these d a t a . . . . 

In the last 40 years, considerable attention has been devoted to concerns of 
the type expressed by Stephan; see Section 5.6.1 for a brief review. 

Among the exact sciences, it is often believed that the only source of 
variability is measurement error, which is usually modeled as a white-noise 
random process. In my opinion, this viewpoint is far too simplistic, and could 
lead to important small-scale (spatial or nonspatial) effects being missed. 
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Problems in the earth sciences, ecology, soil science, hydrology, and so on 
can provide the statistician with a considerable challenge. Often studies are 
observational rather than designed, and there is no replication because there 
is just one unit: the earth! Nevertheless, explanations for various phenomena 
can be conjectured and their consistency across time or space can be 
assessed. But, what is the source of random variation in the spatial models 
(and temporal models, for that matter) proposed? A standard tactic in 
science is that when there are infinitely many possible data values from which 
to choose, those possibilities are dealt with statistically. With no data, but 
with experience in the way, say, oilfields of a particular type behave, one 
might assume that a spatial model with trend and additive stationary error 
would be appropriate. 

Suppose that you are confronted with a spatial data set and a scientific or 
engineering problem to solve. After some descriptive analyses of the data, the 
set of potential models can hopefully be narrowed to just a few. An indica-
tion of a model's parameters can be obtained by applying an estimation 
criterion, such as maximum likelihood, maximum pseudolikelihood, method-
of-moments, and so forth. Whether these fitted parameters are significant is 
determined by statistical-inferential methods. Estimation of a model's param-
eters involves both indication and, at least, measures of the estimator's 
variation. In either case (indication or estimation), it is important to check 
the fit of the model (because no model is exactly true) using diagnostic 
statistics and plots. 

The approach taken in this book is to broaden the classical models and 
methods to those that recognize the presence and importance of spatial 
information. The success of these spatial models and methods will be judged 
by their powers of organization, explanation, and prediction. Much has been 
accomplished in the last 20 years, and a vigorous future (in modeling, 
simulation, estimation, computation, inference, asymptotics, diagnostics, etc.) 
for the subject is assured. 

A rereading of Section 1.1 would be helpful at this point, but for those 
who are ready to jump in, a brief synopsis is given as follows. Chapters 2, 3, 
and 4 deal with geostatistical data, and Chapter 5 is a collection of special 
topics of interest to me (Part I). Chapters 6 and 7 deal with lattice data (Part 
II). Chapters 8 and 9 deal with, respectively, point patterns and objects based 
on point patterns (Part III). 

We shall not cease from exploration 
And the end of all our exploring 
Will be to arrive where we started 
And know the place for the first time. (T. S. Eliot) 
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P A R T III 

Spatial Patterns 

Statistics/or Spatial Data. Noel A. C. Cressie.
© 1993 John Wiley & Sons, Inc. Published 1993 by John Wiley & Sons, Inc.
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C H A P T E R 9 

Modeling Objects 

The three- or four-dimensional world in which we live is full of objects to be 
measured and summarized. Very often a parsimonious finite collection of 
measurements is enough for scientific investigation into an object's genesis 
and evolution. At the other extreme, images of an object viewed from many 
different angles are a rich source of data that can overwhelm the scientist or 
engineer with its complexity. 

There is a growing need to describe and model objects through their form 
as well as their size, yet still retain parsimony in their description and 
modeling. These considerations are important when deciding the type of data 
to collect in the first place. Thus, the question of whether data or models 
come first is not always clear, although new models (modified in the light of 
data analyses) almost always give rise to new ideas about data collection. 

In this chapter, the data will be recordings of objects, often images on a 
photographic plate or a television screen. Such visual images may be analyzed 
per se or they may be converted into numerical data by defining discrete 
picture elements (pixels); each pixel is recorded according to its gray level or 
its (color) frequency and intensity. A further conversion to a two-phase image 
might be made by recording black or 1 if the gray level of a pixel is above a 
certain threshold or of a certain color, and white or 0 everywhere else. In the 
sections that follow, I shall concentrate mainly on 0-1 images and the 
mathematical sets that are used to model them. (Section 7.4 also addresses 
the problem of analyzing spatial data defined on pixels. However, it is a 
low-level type of image analysis where the goal, typically, is not characteriza-
tion of the form of objects. Rather, one is usually most interested in 
prediction and classification of various collections of pixels.) Not all of the set 
models are random, but one that is, the Boolean model, provides useful 
descriptions of objects analyzed in this chapter. Other set models are men-
tioned briefly in Sections 9.1 and 9.3. 

Stereologs 
How to sample high-dimensional objects so that the loss of information is 
small, but also so that informative measurements are taken in lower (more 
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manageable) dimensions, is the subject of stereology. This very important 
area deserves the treatment of a whole book; instead, I shall take just a few 
paragraphs and refer the interested reader to a number of very accessible 
references. 

A set in three dimensions consists of volumes, surfaces, curves, and points. 
Various quantities could be measured in an attempt to characterize the set; 
for example, one could measure the specific volume, the specific surface area, 
or the specific length (the word "specific" here refers to the measurement 
per unit of volume under consideration). One could also consider the set's 
connectivity number, curvature, convexity measure, and so forth (e.g., Serra, 
1982). Based on data from a one- or two-dimensional probe of the object, it is 
desired to estimate any or all of these quantities. 

Sampling considerations are paramount in stereology. Some procedures 
are able to take images of the object in a highly regularized manner, such as 
slices at a fixed spacing (in much the same way a wire egg slicer cuts up a 
boiled egg). The sampling need not be destructive. The important subject of 
tomography came from an idea to use an x-ray machine to measure the 
transmission across all lines traversing a solid object, calculate the Fourier 
transform, and then invert it. This has generated considerable mathematical 
and statistical discussion; see, for example, Shepp and Kruskal (1979), 
Herman (1980), and Vardi et al. (1985). A more recent development, which is 
similar in concept but uses a combination of radio frequency waves and high 
energy magnetic field strengths, is magnetic resonance imaging (MRI). It is a 
powerful diagnostic tool that allows noninvasive evaluation of brain tumors, 
herniated discs in the spine, knee injuries to ligamentous structures, and so 
forth. 

Other sampling designs define random probes; indication and estimation 
then proceed based on this randomness (e.g, Davy and Miles, 1977). If the 
object is modeled as a random set, stereological methods can be developed 
from the probability measure of the set model; see Davy (1978). 

Much of the ingenuity and creativity of stereologists has been directed 
toward reducing or removing estimation bias, with too little attention given to 
variances of estimators (and estimators of those variances). For more details 
and recent developments in stereology, the reader should consult Coleman 
(1979), Weibel (1980), Ambartzumian (1982), Sterio (1984), Jensen et al. 
(1985), Gundersen (1986), Jensen (1987), and Stoyan et al. (1987, Chapter 
11). 

Chapter Summary 
Section 9.1 presents a number of set models of naturally occurring objects. 
One of them, the Boolean model, receives particular attention in this 
chapter. An exploratory analysis of a simulated Boolean model is given in 
Section 9.2. The mathematical foundations for random set models are laid in 
Section 9.3, and Section 9.4 discusses the properties of the Boolean model. 
Sections 9.5 and 9.6 continue this discussion into parameter estimation and 
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inference, respectively. Finally, in Section 9.7, a conditional Boolean model is 
fitted to successive images of in vitro cancerous growth. 

9.1 SET M O D E L S 

Consider the data at hand to be a large finite number of vector-valued 
variables, each one indexed by the spatial location of its pixel (picture 
element). In this chapter, the vector-valued variable will be assumed real-val-
ued (in fact, usually 0-1). Thus, a random set might be viewed as a 0-1 
random function. However, the usual random-function techniques handle the 
geometry of the random set rather crudely. New (nonlinear) operations are 
needed to probe and sort complicated sets; mathematical morphology 
(Matheron, 1975; Serra, 1982) systematizes this approach. 

It will be assumed that the resolution of the object's image is so good that 
it is equivalent to consider the data as being defined in Euclidean space. The 
problems of loss of information in going from continuous space to discrete 
space and the reconstruction of continuous images from discrete ones are 
considered by Switzer (1975) and Serra (1982, Part 2). The sets given in this 
section are mathematical constructs, defined in IR''. Some knowledge of 
Euclidean topology will be assumed, to the level of knowing the definitions of 
open, closed, compact, and convex sets (see, e.g., Royden, 1968). Certain 
classes of sets are often used to model objects, and some of these are 
presented in the following text. 

9.1.1 Fractal Sets 

"Fractal" (from Latin, fractus, meaning irregular or fragmented) is a word 
coined by B. Mandelbrot (see, e.g., Mandelbrot, 1982) to describe sets with 
abrupt and tortuous edges. Mandelbrot argues that fractals are very good 
models of many natural phenomena, for example, coastlines with their 
sharpness and convolutedness, or fine particles observed under an electron 
microscope. What is needed is some way of characterizing these irregular 
boundaries. (Although it must be said that, depending on the question being 
addressed, a set model with smooth boundaries may suffice.) 

Most of the applications of mathematics use Euclidean geometry, but 
suppose instead the boundary of the object is modeled by a curve that has no 
tangents. Mandelbrot (1982) quantifies these non-Euclidean curves using an 
irregularity index he calls the fractal dimension, which is larger than the 
usual Euclidean dimension. For example, a six-pointed star in R2 has a 
boundary of dimension equal to 1, but by successively adding smaller and 
smaller triangular spikes to each side of the star a compact set in R2 is 
created whose boundary has fractal dimension D equal to 0og4)/ ( log3) = 
1.2618. Mandelbrot (1982, pp. 36, 37) calls this compact set a triadic Koch 
island, whose early stages of construction are given in Figure 9.1. 
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(α) 

Figure 9.1 Triadich Koch island, (a), (b), and (c ) show the initial stages of construction of its 
boundary. 
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to 
Figure 9.1 (continued) 

Fractal Dimension 
How is the fractal dimension D obtained? Taylor (1986) has a rigorous 
definition, but I shall take a more intuitive approach here. Suppose your task 
is to measure the length of a closed boundary in IR2 and you are given a pair 
of calipers of fixed width v, say, to do it. Starting at some arbitrary point on 
the boundary, the caliper allows you to step around the boundary l(v) times 
(disregarding the last incomplete step). Then the length of the boundary 
using the "yardstick" ν is ν • l(v). Now vary v, letting it become smaller and 
smaller. Define the fractal dimension as 

log l (v ) 
D = - lim , . (9.1.1) 

v-»0 log V 

It is clear now why the previously mentioned triadic Koch island has a 
boundary with fractal dimension D = (log4)/(log3) (see Mandelbrot, 1982, 
p. 36). 

In IR'', suppose a compact set X has boundary such that it takes l(v) 
(d - l)-dimensional cubes of side ν to cover it. Then the fractal dimension 
D is as defined in (9.1.1). Thus, / (v) = c · v~D, or the measure of the 
boundary is approximately c • vd~l~D. 
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730 MODELING OBJECTS 

Estimation of the fractal dimension D has often been obtained from a 
log-log plot of {(logρ,-,log/(v;)): i = 1 , . . . , / i} . By choosing a range of ν 
values and fitting a straight line through the resulting set of η points and the 
origin, the estimated fractal dimension is the negative slope of the line [see 
(9.1.1)]. In I R * ' , d > 3, a direct application of this cube-counting method can 
be very unstable; Dubuc et al. (1989) develop a more reliable variation 
method in IR3. The fractal dimension might also be estimated from the 
relationship of volume to surface measure: The volume of X, in units of vd, 
is proportional to (l(v))d/D (Mandelbrot, 1977, p. 72). In words, volume α 
(surface m e a s u r e ) ^ 0 ; for example, in I R 2 , area α (perimeter)2/£> or perime-
ter α (area)D / 2 . For further details on the estimation of fractal dimension, 
see Cutler and Dawson (1990), Ramsay and Yuan (1990), and Theiler (1990). 

Self-Similarity 
Fractal sets may be self-similar (i.e., a small part of the boundary magnified 
resembles a larger part of the boundary), but are not necessarily so. For 
example, for the triadic Koch island it is only necessary to use different 
shaped triangular spikes at each step to obtain a fractal that is not self-simi-
lar. Hutchinson (1981) explores the notions of self-similarity and fractals from 
a theoretical point of view. 

Consider the geostatistical problem treated in Part I of this book. A finite 
number of observations {Z(s,): /' = 1 , . . . , n) are taken from {Z(s): s e D), a 
potentially uncountable number. Some geophysical questions need to be 
answered at a scale smaller than the smallest spacing, min{||s, — s-||: 1 < / < 
j < n). Assuming a fractal structure for the possible trajectories {z(s): s e £)}, 
more specifically a self-similar fractal structure, knowledge gained from the 
data at the observed spatial scales can be extrapolated down to the unob-
served scales. Because this self-similar fractal structure can only be verified at 
the scale of observation, it is only a hope that similar structure is manifested 
at the microscale. Until more experience is gained with its applicability, 
caution should be exercised. Section 5.5 discusses further the fractal proper-
ties of random-field trajectories. 

Fractal Set Models of Natural Phenomena 
Small volumes surrounded by enormous surface areas are frequently the rule 
in our bodies: To enrich the blood with oxygen, our lungs require a surface 
area that is approximately the size of two basketball courts. Every cell in our 
body receives nutrients from an intricate branching network of blood vessels. 
In these and other examples, the volumes involved are just a small percent-
age of total body volume, indicating that fractals can be the result of 
evolution toward efficiency of natural processes. 

Mandelbrot (1982) describes how fractal sets might model sponges, tree 
branching, surfaces of the brain and lung, rivers, watersheds, the vascular 
system, coastlines, and so on (see also Frontier, 1987; Goodchild and Mark, 
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1987; Tarboton et al., 1988). His general approach has been one of parsimo-
nious description of a phenomenon rather than explanation of its genesis. 
However, by summarizing these sets using their fractal dimension, a phe-
nomenon whose genesis is highly complex could be monitored for changes. 

Random Fractals 
Random fractals are usually obtained by considering the trajectories of 
stochastic processes. For example, a Brownian trail in two dimensions (ob-
tained from the locus of points visited by two-dimensional Brownian motion) 
has fractal dimension D = 2, because eventually almost every trajectory will 
fill the plane (i.e., will visit every point in IR2). The trajectories of a temporal 
stochastic process considered as functions of time may have a fractal dimen-
sion. Mandelbrot and Van Ness (1968) detail how a fractional Brownian 
motion can be constructed, where var(A"(i + At) — X(t)) is proportional to 
ΙΔ/Ι2", 0 < H < 1. The case H = 1 /2 refers to the usual Brownian motion, 
whose trajectories have a fractal dimension of 1.5, larger than its topological 
dimension of 1. In general, the trajectories have a fractal dimension 2 - H. 
For H > 1 / 2 , fractional Brownian motion no longer has independent incre-
ments and displays long-range dependence (or persistence). Mandelbrot 
(1982) uses higher-dimensional versions of random functions to produce 
attractive pictures of computer-generated planetscapes; see Section 5.5 for 
further discussion. Taylor (1986) can be consulted for the appropriate mea-
sure theory associated with these types of random fractals. 

For random fractals analogous to, but more general than, the determinis-
tic triadic Koch island, the interested reader should consult Falconer (1986). 
His construction of random fractals is more direct, as he does not use the 
path properties of stochastic processes. 

Finally, it should be pointed out that, for many purposes, modeling an 
object or process with abrupt and tortuous surfaces is not necessary; for 
example, Switzer (1976) investigates geometrical measures of the smoothness 
of random functions. If inferences are to be made on only one spatial scale, 
fractal set models are probably not appropriate. They are very useful, 
however, when considering phenomena at scales that span orders of magni-
tude. 

9.1.2 Fuzzy Sets 

Scientific investigations always have some elements of uncertainty, ambiguity, 
and vagueness. I think it is fair to say that the more the investigation involves 
quantification of and by human beings, the more uncertain the data become. 
For example, the medical assessment of side effects of a drug may be based 
on patients' responses like "drowsy," "nauseous," and "lousy." 

Probability theory is one way of dealing with uncertainty. From the 
classical axioms that define a probability space ( i i , si, P), an elegant theory 
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can be built (e.g., Chung, 1968) that is the underpinning of all the Statistics in 
this book. Relatively recently, Zadeh (1965) has introduced a different 
approach, namely, the modeling of uncertainty by fuzzy sets. Its premise is 
that all data are imprecise, even after they have been observed. The 
uncertainty in Probability and Statistics usually refers to future data; those 
that have been observed have a precise value. 

To quantify data that are vague, Zadeh defined a membership function 
μΑ( · ), where 0 < μΑ( · ) < 1 and A is a set in RD. If μΑ(δ) is near zero, then s 
is probably not in the set A, whereas if M^is) is near 1, s is probably in the 
set A. For example, suppose a newly manufactured mechanical part is within 
specification if its diameter s is between 2.9 and 3.0 cm. Let 

A = {s: 2.9 < s < 3.0}. 

A quality-control inspector observes many such parts every day, but has to be 
selective about the ones that will be taken off the production line to be 
measured. A perfect inspector is one whose candidate defective parts are all 
defective and who leaves no defective parts on the production line. In reality, 
mistakes are made. Therefore, it seems sensible to think of each quality 
control inspector as having a membership function; the "closer" it is to the 
ideal 

= / ! . i f s € E A > 
AK ' \ 0 , elsewhere, 

the better the inspector. 
The example just given quantifies a subjective reaction to objective data, 

and there are obvious ways that membership functions could be estimated 
using techniques developed in bioassay (see, e.g., Finney, 1971). However, a 
subjective reaction to subjective data, such as might occur in medical diagno-
sis, brings forth very challenging problems of modeling. Nevertheless, at-
tempts have been made to use fuzzy sets to quantify the diagnostic process 
inter alia by Sanchez (1979), Fordon and Bezdek (1979), and Esogbue and 
Elder (1980). Shafer's (1976) belief function and its calculus bears a striking 
resemblance to fuzzy set theory; some discussion of this is given in Shafer 
(1987). 

Definition of a Fuzzy Set 
A fuzzy set in R'' is defined abstractly as {(s, p(s)): s e Ud], where 0 < 
μ(·) < 1. To distinguish a fuzzy set from a usual set in RD, denote fuzzy sets 
by A, B, and so on. By analogy with the usual set theory, the (fuzzy) union, 
(fuzzy) intersection, and (fuzzy) complement of fuzzy sets At = {(s, p,(s)): 
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s e KO, i - 1,2, are defined as 

Äx U A 2 = {(s ,max(M,(s) , / i 2(s))) : s e R«7}, 

A, n Â 2 = { ( ε , τ η ί η ΐ μ ^ , μ ^ ε ) ) ) : s e 

Âf = {(s, 1 - M , ( s ) ) : s e Rrf}, 

respectively. A simple illustration of fuzzy sets in R1 and the union operation 
is given in Figure 9.2. However, notice that 

Â f U Â , Φ {(s, 1): s e R*7}, 

although other properties, such as DeMorgan's laws, 

(Âx u Â 2 f = Ä( n Âf 
£ 

[Âx n Â2J = Âf u Â f , 

are satisfied. There are alternative definitions to these fuzzy set operations, 
and the interested reader can consult Kaufman (1975) for more details. 

Almost any branch of set theory can be "fuzzified," usually in a number of 
different ways. This has led to a large literature, most of which has paid little 
real attention to potential applications in psychology, linguistics, speech 
recognition, artificial intelligence, and so on. 

Gray-Tone Functions as Fuzzy Sets 
Image data that are received as gray tones are very precise, but could be 
thought of as fuzzy sets. Suppose the intensity is compressed so that 0 
denotes white, 1 denotes black, and various grays correspond to values 
between 0 and 1. Denote this gray-tone function as μ(·). Then {(s, μ(β)): 
s e R2} is a surface in R3 that can be constructed from the image. It can also 
be thought of as a fuzzy set, and many of the fuzzy operations make sense 
from an image analysis point of view. Serra (1982, Chapter 12) analyzes 
image data using several such operations, although his work was developed 
independently. With the explosion of mathematical results in fuzzy set 
theory, it would be profitable to catalogue them from this image-analysis 
viewpoint; Bandemer and Roth (1987) develop a fuzzy exploratory data 
analysis in this way. 

Probability Measures of Fuzzy Sets 
The probability of a fuzzy event was defined initially by Zadeh (1968). First, a 
fuzzy event is a fuzzy set Ä in Rrf, whose membership function 

μ : Rd -> [0,1] 
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β 
(α) 

a 
(M 

Figure 92 (α) The fuzzy set Ä t , with membership function μ , , (b) The fuzzy set Â 2 , with 
membership function μ 2 . 

 D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/ by U

niversity O
f T

exas L
ibraries, W

iley O
nline L

ibrary on [07/03/2023]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense

Meta 1017 
p. 54



SET MODELS 
111 

s 
(c) 

Figure 9.2 (c) The fuzzy union of Ax and A2, with membership function πιβλίμ,, μ2). 

is measurable (i.e., μ-inverse images of Borel subsets of [0,1] are Borel 
subsets of Second, suppose that Ρ is a probability measure on the Borel 
subsets of Finally, the probability P(Â) of a fuzzy event Ä is defined by 

P(Ä) - / μ(β)/»(</»). (9.1.2) 

Another way to think of (9.1.2) is as the expectation of the membership 
function. Notice that 

P(Ä*) = 1 -P{Ä), 

along with many other familiar probability equalities and inequalities (Zadeh, 
1968). However, it is not necessarily true that P(Ä* η Β) = P(B) - P(Ä η 
Β), which has an effect on the way fuzzy set independence should be defined. 
Buoncristiani (1983) shows that Zadeh's (1968) definition of independence of 
Ä and B, namely, 

Ρ(Λ η B) =P(Ä) • P(B), 

needs modification and offers instead 

P(Ä\B) =P(Ä)·, 
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the fuzzy conditional probability P(A\B) is defined by 

P(Ä Π Β) 

P(Ä Π Β) + P(Ä* C\B) 

Random Fuzzy Sets 
The most obvious way to generate a well defined random fuzzy set is through 
a stochastic process {Z(s>: s e RO, where 0 < Z( · ) < 1. Then, intuitively, 

is a random fuzzy set [although it takes a little work to obtain the right σ 
algebra in the image space (Zadeh, 1968, p. 424)]; see also Feron (1976). 

It appears that random fuzzy sets are more general, in that one can define 
a whole sequence of random sets through the level sets 

In the rest of this chapter I shall discuss the simpler random sets. Fuzzy sets 
would provide useful models for the purposes of this chapter if a fuzzy set 
calculus were developed that has direct application to inference for models 
of objects. 

9 . 1 3 Random Closed Sets: An Example 

Although not as general as a random fuzzy set, the notion of a random closed 
set (RACS) is sufficiently rich to model highly complex objects, yet often 
sufficiently simple to allow inferences on model parameters. The general 
definition of a RACS is given in Section 9.3 as a measurable mapping from a 
probability space into the set of all closed sets in equipped with the 
"hit-or-miss" topology (Matheron, 1971a). 

An important and flexible class of random closed sets is the Boolean 
model. Suppose D is a homogeneous Poisson process in Rd (see Section 8.3) 
and Ζ is a random polygon (random sides and angles) or a random compact 
set generated by random scaling (e.g, a disk of random radius). Define the 
displaced random set 

where Z(s,) ξ ζ , Φ s,·, is known as a Boolean model with "grains" Z „ Z 2 , . . . 
(independent RACS, each with probability measure the same as that of Z ) 
and "germs" s,, s 2 , . . . (points of the point process D). A simulated realiza-
tion of X is given in Figure 9.3, where Ζ is a disk of random radius. 

Â z = { ( s , Z ( s ) ) : s e R d } 

Az(u) = {s: Z ( s ) > u], 0 < u < 1. 

Ζ Φ s = {ζ + s: z e Ζ}, s e Rd 

and suppose that Zu Z 2 , . . . are i.i.d. as Z. Then, the random set 

X= U{Z(s , ) : s, e D), (9.1.3) 
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Figure 9.3 The union of the disks shown is a partial realization of a Boolean model in R2. 
Germs are points of a homogeneous Poisson process and grains are disks of random radius. 

Figure 9.4 is a real data set that could be modeled by the RACS defined in 
(9.1.3). These data are the result of a cloud-seeding experiment and repre-
sent water droplets in a cloud. A glass slide (7.5 X 2.5 cm) was coated with 
magnesium oxide and mounted on a small airplane that was flown at a known 
speed through the cloud under study. The slide was exposed for a fixed time 
interval, returned to the laboratory, and examined under a microscope. A 
droplet causes a crater in the magnesium oxide; the microscope is focused on 
the surface level of the magnesium oxide so that the bright ring is the edge of 
the crater and the dark center is its out-of-focus center. Figure 9.4 shows only 
a very small part of the 7.5 X 2.5-cm slide; the scale is shown on the figure. 
After adjustment for the spread of the droplets on impact and for occasional 
oblique impact, it is sensible to think of the data as representing various sized 
water droplets scattered randomly over the area of interest. Notice that a big 
crater could obliterate a small one, so that simple computation of the number 
of observed craters and their size distribution gives a biased summary of the 
droplet intensity and droplet size distribution. However, an analysis of such 
data, based on the Boolean model (9.1.3), can compensate for these biases. 
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. N f i i · 
• s. ** > —j J 

Figure 9.4 Cloud-droplets data. The size and location of a droplet is shown by a bright ring. 
The overall length of the scale shown is 1 mm. [Source: Dr. S. C. Mossop, Division of 
Atmospheric Research, CSIRO] 

The Boolean model and its variants are considered in some detail in this 
chapter. Section 9.2 presents a simulated example, definitions and properties 
are given in Section 9.4, inferential aspects are discussed in Sections 9.5 and 
9.6, and in Section 9.7 a conditional Boolean model is used to model tumor 
growth. 
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RANDOM PARALLELOGRAMS IN R 2 739 

(a) 

Figure 9.5 (a ) A realization of a Boolean model (restricted to a square mask) whose grains are 
random parallelograms. The realization is discretized into 100 χ 100 pixels. [Source: Cressie and 
Laslett, 1987] Reprinted with permission from the SiAM Review, volume 29, no. 4, pp. 557-574. 
Copyright 1987 by the Society for Industrial and Applied Mathematics. All rights reserved. 

9.2 f RANDOM PARALLELOGRAMS IN R 2 

This section gives a brief exploratory data analysis of simulated data, gener-
ated according to the Boolean model defined by (9.1.3). The data are 
analyzed further in Section 9.5. 

Figure 9.5« and b presents two realizations of (9.1.3) restricted to a square 
mask of 100 X 100 pixels, where the grains are i.i.d. random compact sets, 
more specifically, random parallelograms, and the germs are events of a 
two-dimensional homogeneous Poisson process with intensity λ = 0.02 per 
pixel area (see Section 8.3). These data were first presented in Cressie and 
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740 MODELING OBJECTS 

(6) 

Figure 9.5 ( b ) Another realization of the same Boolean model, described in (a). [Source: 
Cressie and Laslett, 1987] 

Laslett (1987). The bottom left-hand corner of the random parallelogram was 
fixed at each point of the realization of the Poisson process. The length of 
both sides of the parallelogram was uniformly distributed on [2.5,7.5] and the 
angle between the adjacent sides was uniform on [0, ττ). Finally, the parallel-
ogram was uniformly oriented on 10,2π). Figure 9.5a and b shows two 
realizations after discretization. 

Faced with data of this kind, the statistician struggles. I shall briefly 
describe some exploratory techniques that are appropriate for Figures 9.5a 
and b. Section 9.5.1 continues the analysis and fits back a Boolean model. If 
one wants to consider such data as representative of a phenomenon, that is, 
as carrying information on interpretable "average" quantities (parameters) 
associated with the phenomenon, then one must turn to a model. This is true 
for studying any type of variation, but it is particularly difficult here because 
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RANDOM PARALLELOGRAMS IN R 2 741 

of the dearth of tractable random-set models available; see Section 9.3 for 
more discussion. 

I shall give some summary statistics for the data presented in Figure 9.5a. 
The most basic one is the specific area, that is, the area of the set per unit of 
area under consideration. In this case the area under consideration is 104 

square units. Here 

specific area = 0.27050. 

Notice that 1 - (specific area) = 0.72950 is called the porosity. The number 
of distinct contiguous sets and the boundary length could also be calculated, 
but to anticipate Section 9.5, it turns out that the specific area of a dilated 
version of Figure 9.5a is of more interest. Define 

where X is the set in Figure 9.5a, C is a solid square of side 2 units with 
center of gravity centered at the origin, and ί is a dilation factor. As t 
increases, the original set X becomes more and more "bloated". At each 
value of t, the specific area of Χ Φ tC can be calculated; Table 9.1 gives the 
values for t = 0 ,1 ,2 ,3 ,4 . 

Ripley (1988, Chapter 6) gives a host of other summary statistics that are 
defined in terms of morphological transformations on X with structuring 
element tB (where Β is often chosen to be a disk). Plotting the area of the 
transformed X against t gives an exploratory way of summarizing the image 
data, as well as a tool for fitting (or diagnosing the fit of) a random-set model. 

From the summary statistics provided by Table 9.1 and assuming Figure 
9.5a was generated by a Boolean model (which it was), it is possible to 
estimate various parameters of the model. The theoretical details are given in 
Section 9.4, followed by an analysis of these data in Section 9.5. 

Table 9.1 Specific Areas of the Dilated Set Χ Φ tC, 
Where X is Given by Figure 9.5 β 

t Specific Area 

0 0.27050 
1 0.55862 
2 0.77203 
3 0.90052 
4 0.96432 
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9 3 * RANDOM CLOSED SETS AND MATHEMATICAL MORPHOLOGY 

The statistical and probabilistic theory that ensures the existence of stochas-
tic models and the efficient estimation of their parameters is very well 
developed for data modeled as independent-and-identically-distributed ran-
dom variables. The interrelationships between any two subcollections are 
extremely simple, and one only needs to determine the law of any individual 
to determine the law of the whole. In fact, only the probability of the events 
"{X < for all jc e ( - ο ο , ο ο ) " are needed. This theory has been extended 
for (1) a sample whose variables are vectors, elements of a Banach space, and 
so forth and (2) a collection of (often real-valued but also vector-valued) 
random variables whose dependence structure is Markov, (strongly or weakly) 
stationary, and so forth. Further theoretical and methodological extensions 
are needed for random sets. 

Although the main goal of this chapter is to model (images of) objects, it 
should be noted that the theory of random sets has much wider potential. 
For example, Barnett (1986) discusses how economists could benefit by 
viewing the economy as a random set. Indeed, a sample of η random 
variables can either be viewed as a set of η points in R 1 or as a vector in R". 
Taking the latter point of view allowed Fisher (1915) and Hotelling (1939) to 
calculate the distributions of intuitively appealing test statistics. Taking the 
former point of view, more generally for a random sample of η random 
vectors in R d

, one can ask questions about the convex hulls of subsets of such 
points. (Through these, the notion of order statistics can be generalized to 
higher dimensions or the support of a population distribution can be esti-
mated.) These are addressed inter alia by Efron (1965), Fisher (1971), Ripley 
and Rasson (1977), Eddy and Gale (1981), Moore (1984), Davis et al. (1988), 
and Brozius (1989). One might also consider each point in Rd as having a set 
associated with it and ask questions about the sum of the η sets' indicator 
functions (Robbins, 1944) or about the coverage of the union of the η sets 
(see, e.g., Hall, 1988a). 

In what is to follow, the main results for modeling and inference for random 
sets will be reviewed. It will become clear that this subject is still in its infan-
cy, and much remains to be done. 

Random Sets and Random Functions 
In one sense, a random set is just a special case of a random function (e.g., 
Adler, 1981) that takes only the values 0 or 1. In fact, if any random function 
is sliced at some level u and looked at from above, then the boundary of the 
slice traces out the boundary of a random set. Any analysis of the original 
random function should be equally possible on these level sets indexed by u, 
and conversely. Radchenko (1985) considers geometric measures (e.g., length, 
area, etc.) of level sets of an almost surely continuous random function 
defined on a metric space X (e.g., RO and gives conditions under which 
these are measurable. 
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RANDOM CLOSED SETS AND MATHEMATICAL MORPHOLOGY 743 

Both random sets and random functions have the concept of covariation; 
however, beyond this there seems little in common in their analysis [see the 
discussion later in this section and Adler (1981, p. 71)]. The main reason is 
that random-function operations, such as convolution and Fourier filtering, 
are linear, whereas the random-set morphological transformations [i.e., trans-
formations that affect form, such as can be found in Serra (1982, Part 1)] are 
highly nonlinear. 

Recall from Section 2.3 that the variogram of a random function (Z(s): 
s e is defined as var(Z(s + h) — Z(s)), which is usually considered to be 
a function only of the vector h [known as intrinsic stationarity; see Matheron 
(1971b) and Section 2.3]. Now suppose that A" is a stationary random closed 
set in IRd (defined in the following text) and let Z x ( · ) denote its indicator 
function. Then, it is not difficult to prove that {Zx(s): s e is a random 
function satisfying intrinsic stationarity with variogram 2{p — Pr(s e X, s + 
h e A')}, where ρ = Pr(s e À"). Write Λ' θ { - h } for the (random) set Χ 
translated to - h . Then the expression for the variogram becomes 2{p -
Pr(s h})}. Clearly, «(h) ξ / Pr(s e Χ η X ® { - h}) ds is the 
probabilistic analogue of the geometrical covariance of a (deterministic) set 
A c defined as v(A Π A © {— h}>, where y(·) denotes Lebesgue measure 
in Rrf. Notice that «(h) contains information about the surface measure of X 
as h -» 0: Provided X is almost surely (a.s.) regular (see Serra, 1982, p. 274), 
then {«(h) - κ(0)}/|Μ exists; call it k'u(0), where u = h/||h||. In R2, 

- ( 1 / 2 ) /"2VU(0) da = £(perimeter of X ) . (9.3.1) 
Jo 

Now, knowledge gained from the behavior at the origin of the covariance 
of a random function usually relates to the behavior of its spectrum at very 
high frequencies. This is exactly what is happening in the relation (9.3.1), 
where the random function is the indicator function of a random set: The 
left-hand side can be interpreted simply as covariance behavior near the 
origin and the right-hand side pertains to the boundary of X where there is 
high frequency, that is, where the 0-1 random function undergoes its most 
drastic changes. However, it is at this stage of an image analysis that a 
random-function approach fails to capture the full geometric complexities of 
the image. This is clear when Χ η Χ θ { - h} is written in terms of the 
erosion operation Χ θ Β = Π (A'® {-b}: b e B}. The choice of structuring 
element Β = {0, h}, which yields Χ η Χ θ { - h}, is one of many that could 
be made in order to "sort" the random set X. The scope of geometric 
possibilities expands enormously through varying the structuring element B\ 
(linear) spectral analysis in random function theory is just one of a number of 
possibilities. Even more general ways of probing the image are found in the 
AFATL Image Algebra (Ritter et al., 1990), which provides a common 
mathematical environment for the development of image-processing algo-
rithms and an image-processing language. 
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Random Sets Based on Tessellations 
A tessellation of IR'' is a partition such that the Euclidean space is divided 
into mutually exclusive subsets whose union is the whole space. For example, 
random straight lines in IR2 tessellate the space, as does the Dirichlet 
tessellation or Delauney triangulation (e.g., Diggle, 1983, p. 6) of some 
arbitrary point process. Moller (1989a) gives an extensive review of random 
tessellations in IR''. 

Each subset of the tessellation with nonzero Lebesgue measure is called a 
tile of the tessellation; tiles (and their boundaries) are random sets. Further 
randomness could be introduced by coloring each tile; this might be done 
independently or according to a Markov random field (e.g., Arak and 
Surgailis, 1989), defined in Section 6.4. Ambartzumian (1982) can be con-
sulted for constructions of random sets based on tessellations. However, the 
emphasis in this book is principally on random sets based on point processes 
and Boolean models. 

Size and Shape 
In what is to follow in this section, and for that matter in this chapter, the 
principal goal is the mathematical treatment of objects of varying size and 
shape. I shall take a random-set-model approach; the calculus associated 
with it has been called mathematical morphology by G. Matheron [a short 
account of which is given in Watson (1975) and in Section 9.3.1]. A more 
eclectic viewpoint of size and shape can be found in Lord and Wilson's (1984) 
book, but it has little development of stochastic modeling. I shall now review 
briefly some of the ways size and shape have been quantified. 

Sometimes the data come as points in Md, and the collection of points is 
studied for the size and shape it engenders. These landmarks are useful in 
biology for comparing size and shape of specimens; for example, nine 
landmarks of primate skulls might be external occipital protuberance, poste-
rior-most point of the foramen magnum, anterior-most point of the foramen 
magnum, deepest point of pituitary fossa, deepest point of ethmoid fossa, 
deepest point of curvature of nasal bones, terminus of internasal suture, tip 
of alveolar bone between upper central incisors, and posterior end of the 
hard palate. The area of biology that considers such problems is known as 
morphometries: A single form could be characterized by distances or ratios of 
distances between landmarks. To compare two forms, one can either super-
impose them on each other (Siegel and Benson, 1982; Bookstein, 1986), 
deform one form into the other (Lew and Lewis, 1977), or use the maximal 
invariant implied by the underlying group structure (Lele, 1991b). Biologists 
are often interested in studying the association of size and shape in such 
situations, a subject known as allometry. Mosimann (1970) gives a number of 
mathematical models that might be used in such studies. 

Bookstein (1986) introduces a stochastic spatial component by assuming 
(unrealistically, it seems to me) that the landmarks (in IR2) are independent 
bivariate Gaussian variates. Kendall (1984, 1989) has a statistical theory of 
shape based on k not-totally-coincident points in IR''; for example, k = 3, 
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RANDOM CLOSED SETS AND MATHEMATICAL MORPHOLOGY 745 

d = 2 yields triangles in the plane. Small (1988) compares Kendall's approach 
with Bookstein's. Watson (1986) considers the shapes of a random sequence 
of triangles in the plane. 

Algorithms for computing triangles based on planar point sets can be 
found in, for example, Kirkpatrick and Radke (1985). These descriptive 
summaries are typically devoid of any stochastic interpretation. 

For sets in R d
, the subjective notions of size and shape can be quantified 

by the experimenter's choice of structuring elements that are used to interact 
with the image. For example, a purely descriptive (and arbitrary) measure of 
the size of X might be defined as 

A f i( Α") ξ sup{À: {Ab + s: b e B) cA, for some s}. 

Consider the planar case d = 2. When the structuring element Β is a unit 
disk centered at 0, A ^ Z ) is the maximum inscribed circle within X. When 
Β = {s: s = ae; 0 < a < 1}, Λ ^ Χ ) is the maximum intercept in the direction 
e, and when Β = {0, e}, Aß(A") is the maximum distance between two points 
of X in the direction e. Shape can be investigated using set operations, such 
as addition, subtraction, opening, closing, and so forth (with various structur-
ing elements), defined in the next section. These have been hard-wired into 
an opticodigital machine called a texture analyzer (Serra, 1982, p. 24) to 
avoid tedious programming and to accomplish real-time imaging. 

Although summary descriptions of set data can be very insightful, the main 
goal of this chapter is to introduce various random-set models, along with 
methods of fitting them to image data. My intention is to progress from 
description to indication and then to estimation (as described in Section 1.1). 

9.3.1* Theory and Methods 

A summary of the main definitions and results of random-set theory 
(Matheron, 1971a, 1975; Kendall, 1974) and mathematical morphology (e.g., 
Serra, 1982) will be needed. Let £ be a locally compact, Hausdorff, and 
separable space, and define & to be the set of all closed subsets of Ε 
(including the empty set 0 ) . For example, let Ε = Rd. Let J f denote the set 
of all compact sets and let J f ' = J f \ 0 be the set of all nonempty compact 
sets. For any set of sets C ( & ) denotes that subset whose sets are convex. 
For any A c E, define 

= {F e p·. F ΠΑ Φ 0 } , = {F e F C\ A = 0 } . (9.3.2) 

For any K compact and any G{,...,Gn open, generate sets of the form 
Π Π · · · n . It can be shown that this class of subsets of & is a 

base for a topology on (called the hit-or-miss topology) and that the 
topological space is compact, Hausdorff, and separable. In fact, it can be 
shown (Matheron, 1975, p. 28) that all that is needed is hit-or-miss informa-
tion, either on the set of all compact sets or on the set of all open sets; I shall 
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746 MODELING OBJECTS 

return to this point later. Equipped with a topology on 5 i t is now possible 
to be rigorous about convergence of a sequence of closed sets. Furthermore, 
by taking countable unions and intersections of the open sets of the topologi-
cal space ^ a a algebra X on y is generated. 

Definition. A random closed set or RACS (which is often just called a 
random set) is defined as a measurable mapping X from a probability space 
(Ω, μ) into the measure space (5*", X). Let Pr be the law of X; that is, the 
probability induced on X by 

Special cases are random variables, random vectors, simple point processes 
(e.g., the index set D in Chapter 8), and random subsets of Euclidean space 
Ud. Matheron's (1975) requirement of a locally compact, Hausdorff, and 
separable topological space Ε is weakened by Ross (1986). Zahle (1982, 
1988) considers random-set processes in 

Set Operations 
Mathematical-morphology preliminaries are now given; more details can be 
found in Serra (1982) and Giardina and Dougherty (1988). It is important to 
define the basic set operations in Rd : 

Translation. 

P r ( F ) =μ(Χ~ι(Τ)), r e X . 

Α Φ h = {a + h: a e A]. (9.3.3) 

Minkowski Addition. 

At ΦΑ2 = {a, + a 2 : a, e / l , , a 2 eA2} (9.3.4) 

or 

At Φ A2 = ( J (At Φ a 2 : a 2 e A2); 

see Minkowski (1903) and Hadwiger (1957). 
Scalar Multiplication. 

(9.3.5) 

(9.3.6) 

Complementation. 

/ = { s e si/1). (9.3.7) 
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RANDOM CLOSED SETS AND MATHEMATICAL MORPHOLOGY 747 

Subtraction. 

AleA2=(Af®A2)lf (9.3.8) 

or 

Α,θΑ2= f ] {Α, Φ a2: a2 e A2); 

see Hadwiger (1957). 
Corrected Subtraction (Erosion). 

A,QA2=Al ΘΑ2. 

Opening. 

At°A2 = (A,QA2) ΦΑ2. 

Closing. 

A j *A 2 = (Λ, ΦΑ2) ΘΑ 2. 

Hausdorff Distance. 

ρ(Αι,Α2) = inf{/-: Αλ cA2 Φ ώ( 0 ,1) and A2 c A, ® rb( 0,1)}, (9.3.12) 

where b(0,1) is the closed ball of radius 1 centered at 0. 
Volume. 

v(A) (or \A\) = f v(ds), (9.3.13) 
A 

where v( ) is Lebesgue measure in IR1'. 

Hit-or-Miss 
The hit-or-miss topology is basic to this theory of random sets. It was chosen 
because it reflects the way image data in IR** are analyzed; that is, its roots are 
in applications. Often there is little to be gleaned from an image or pattern in 
Ud just by looking at it (although of course it is the first thing to do). Clearly, 
some sort of systematic probing is needed, which leads to the use of 
structuring elements Β to check whether " ß hits Χ " (Β η Χ Φ 0 ) or " ß 
misses Λ"' ( ß η Χ = 0 ) . Furthermore, suppose &(U d) , the set of all subsets 
of IR"*, is equipped with a σ algebra generated by &>c = {P e &>(Ud): 
Ρ Π G Φ 0}, G open. Then the equivalence 

Ρ n G Φ 0 if and only if Ρ n G Φ 0 

(9 .3 .9 ) 

(9 .3 .10) 

(9 .3 .11) 

shows that, in order to study any random set with the σ algebra generated by 
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&>c, it is equivalent to study its closure using the σ algebra Σ. Thus, the 
hit-or-miss approach virtually demands the study of random closed sets. This 
restriction of the type of sets under study is a strength of the approach, 
because it reflects the reality of the objects being modeled. For example, no 
experiment can hope to distinguish between X being a disk of the plane 
versus X being the set of irrational points in that disk. 

Choquet's Theorem and the Hitting Function 
It can be shown that all the interesting set transformations (dilation, erosion, 
opening, closing, convexification, etc.) of a RACS X are themselves RACS. 
Matheron (1975, p. 28) has demonstrated that, provided the set transforma-
tion is upper or lower semicontinuous into the transform of the RACS X 
is also a RACS. Therefore, to analyze set data, all one needs is a "bagful" of 
random-set models,and the rest is, in principle, straightforward. But it is here 
where the random-set approach has difficulty fulfilling its potential. 

How can the models be specified? What are the important events that 
make two random sets different? For a partial answer, return to the hit-or-miss 
topology. If P r i * e 3 r K η Π · · · Π can be specified for all com-
pact Κ and all open G,,..., G„, for all integers n, in a consistent way, then 
X is well defined. This can be burdensome, but, fortunately, a great reduc-
tion of test sets is possible. 

For any Κ e J f , define the hitting function Tx as 

TX(K) = P r ( * e = P r { Z n Κ Φ 0}. (9.3.14) 

Then T x has the following properties (Matheron, 1975, p. 29): 

1. Tx(0) = 0 and 0 < Tx < 1. 
2. Tx is increasing. 
3. Tx satisfies the following recurrence relations. For any η > 0, let 

Sn(B0; Bu..., Bn) denote the probability that X misses B0 but hits 
Bv...,Bn. Then 

S0(B0) = 1 - TX(B0)> 0, 

S , = TX{B0UBX) - TX(B0)> 0, 

Sn(B0> Bl> · · · > Bn) = 5 η - ΐ ( β 0 ; β 1 > · > β
Π - ΐ ) 

u fl«; * „ . . . , * „ _ , ) > 0 . 

That is, T x is a Choquet capacity of infinite order. A powerful result, 
proved independently by Matheron (1971a) and by Kendall (1974), is Cho-
quet's Theorem in the context of random-set theory. It says that the converse 
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of the preceding statement is true. In other words, if a given Τ on JV is a 
Choquet capacity of infinite order, then there exists a necessarily unique PT 

on Σ such that 

PT(SrK) = T(K), for all Κ e Jif. 

Ross (1986) generalizes this result to random sets of a not-necessarily-sep-
arable space E. 

An immediate example of its use is when the RACS A- is a simple point 
process (i.e., with probability 1, no more than one event is at any location) in 
IR'', almost surely locally finite. Let N(A) denote the number of points of the 
process in A c Then Choquet's Theorem says the point process is 
completely specified from 

T X ( K ) = 1 - P r (Χ η Κ = 0 ) = 1 - ? r ( N ( K ) = 0), for all Κ e J f . 

This observation, that the point process is uniquely determined from 
{PKM/O = 0): Κ e JiT), was made by Ripley (1976b, p. 989), and is one of 
the consequences of the Equivalence Theorem for point processes (Section 
8.3.2). 

It is tempting to bracket Choquet's Theorem with the result that says that 
a random variable X is well defined once the probabilities of events {X < χ}, 
for all jt e ( — oo, oo), are specified in a consistent way. But the results, 
although similar, are not identical. In fact, Choquet's Theorem for a random 
variable, where the RACS X is a.s. a one point set in IR1, involves test sets 
{[ß, b\. -oo < a < b < oo}. More work is needed to modify the necessary test 
sets down to {( — — °o <x < oo}. It is in this domain, namely, finding 
ways to reduce the hitting-function test sets down from the full complement 
Jii, where results are scarce. I believe that this has held back considerably 
the development of random-set models. 

If something extra is known about the RACS X, say that all of its 
Minkowski functionals (e.g., volume, surface area, diameter, etc.) almost 
surely exist and are finite (see Serra, 1982, Chapter V), then in principle this 
extra knowledge should reduce the number of test sets needed (Molchanov, 
1984). For example, Trader and Eddy (1981) considered almost surely com-
pact convex sets and were able to work with events {X c C}, for all C e 
C(JT). But Pr( A" c C) = Pr(A- n C ' = 0 ) = l - PK AT n C ^ 0 ) = l -
TX(C€). Not only are the number of test sets reduced from that of Choquet's 
Theorem, but also {C^: C e C(JC)} is not even contained in JV. Trader 
(1981) has demonstrated the quite general result that just as (TX(K): Κ e J f ) 
determines the probability measure of a RACS X, so also does Pr{A' c K], 
for all Κ e Jif\ that is, so also does {TX(K*): Κ e JiT). This is perhaps not 
so surprising because K * is an open set, which in turn can be approximated 
by a sequence of compact sets, and the compact sets themselves are measure 
determining. Ripley (1981, Section 9.1) also discusses the problem of choice 
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A (02) 

Figure 9.6 Examples of test sets for random rays on the unit 
disk in R 2 . [Source: Cressie and Laslett, 1987], Reprinted with 
permission from the SLAM Review, volume 29, no. 4, pp. 
557-574. Copyright 1987 by the Society for Industrial and 
Applied Mathematics. All rights reserved. 

of test sets. A strong result in this regard is owing to Salinetti and Wets 
(1986), who prove that {T X (U) : U e set of all finite unions of closed balls in 
Ε} determines the probability measure of a RACS X. 

Those who wish to build models depending on sets more regular than 
those of Jif struggle with the test sets of Choquet's Theorem, and even when 
a reduction is possible it is not always easy to calculate the hitting function. 
Suppose that the random set X in IR2 is the random ray obtained by taking a 
random point on the unit circle according to a distribution function given by 
F (e ) = Pr{point e arc [0,0]} and joining this point to the origin. The test sets 
are simply the arcs (Α(θ): θ e [0,2ir]), two of which are pictured in Figure 
9.6. 

Now generate an independent random vector W in IR2, according to a 
distribution function G( · ). Then the random set Χ θ W = {s + W: s e X) is 
well defined and has hitting function TX<BW(K) = jniTx{K θ { - w})G(dw), 
Κ e Jif. In fact, the test sets can again be reduced to arcs, but they are no 
longer necessarily centered at the origin. Hence Pr{X η (Α(θ) θ s) Φ 0), 
for any s e IR2 and any θ e [0 ,2π] , needs to be calculated. This is not a 
trivial task once the harmony of both X and the test set being centered at the 
origin is broken. 

9.3.2* Inference on Random Closed Sets 

Too often, probabilistic research into stochastic modeling is not well counter-
balanced with statistical research. Specifically, beyond multivariate analysis 
and time series, inference techniques for more general stochastic processes 
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are often rudimentary. This is particularly so for random-set models of 
objects. 

In the fortunate circumstance where a number of objects are observed that 
could be thought of as independent realizations of the same random set, limit 
theorems are available. An important set parameter to estimate is the 
expected value E(X) of the random set X. The expected value of a random 
set is defined to be the set of expected selections, where a selection is any 
random vector that almost surely belongs to the random set (Aumann, 1965; 
Artstein and Vitale, 1975). The natural estimator is 

Χη^(ΧχΦΧ2Φ · · · ® x n ) / n , 

the Minkowski average of η independent copies Xx, X2,..., Xn of X. Limit 
theorems for this estimator are necessary for formal inference. Artstein and 
Vitale (1975), Cressie (1978b), Hess (1979, 1985), Artstein and Hart (1981), 
and Puri and Ralescu (1983) prove strong laws of large numbers for Xn 

under various conditions. They show that Xn converges (with respect to the 
Hausdroff metric) to the expected convex hull of X, with probability 1; 
Schurger (1983) does likewise for subadditive superstationary Xfi. The result 
is generalized to convergence of weighted sums of random sets by Taylor and 
Inoue (1985). Notice that the limiting set is necessarily convex. For example, 
suppose a, and b, are random vectors in Rd and let X, = [a,, b,] = 
{s: s = _Àa, + (1 - À)b,; 0 < λ < 1} be the line segment joining a, and b,. 
Then Xn converges almost surely to a zonoid (by definition, a zonoid is the 
limit of a sequence of Minkowski sums of line segments), which is convex. A 
different strong law of large numbers for a possibly nonconvex limiting set is 
proved by Kovyazin (1986). 

Cressie (1979b), Ljasenko (1979), Trader and Eddy (1981), Vitale (1981), 
Weil C082), and Artstein (1984) show that, under various conditions, the rate 
of convergence in the strong law of large numbers is n~l/2. Cressie's central 
limit theorem is geometric in that limiting normalized sets are given, whereas 
the other authors' theorems are in terms of normalized Hausdorff distances, 
which lose the geometric subtleties of the limiting process. These latter 
methods are employed by Giné et al. (1983) to carry over any probability 
result in a Banach space (law of large numbers, central limit theorem, law of 
the iterated logarithm, etc.) to Minkowski sums of compact convex random 
sets. The convexity condition is dispensed with in Puri and Ralescu (1985). 

To model the limiting random set, one should look for classes of models 
from among those random sets that are infinitely divisible under Minkowski 
addition θ (Mase, 1979). Giné and Hahn (1985) give a representation for 
such sets of Lévy-Hincin type. 

The limit results referred to in the preceding text are not proved by 
hitting-function considerations, but rather by direct inspection of the random 
set (Xx © • • · θ X„)/n. Norberg's (1984) result, which says that convergence 
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in distribution of RACS requires convergence of hitting functions only on a 
certain countable class of bounded Borel sets, does not seem helpful in this 
regard. The difficulty lies in not having a formula for TX>9X2 in terms of TX] 

and Tx . 
Analogues to extreme-value limit theorems can be obtained by considering 

limits of Xl U · · - U Xn or Α', Η · · · Η Xn; that is, replace Θ with U or Η 
(Eddy, 1982). 

Consider the more general problem of convergence of a sequence of 
random sets {Zn: η > 1} to a limiting random set Z. Assuming { Z J is a 
set-valued martingale (defined via the conditional expectation of selections), 
Hiai and Umegaki (1977), Bagchi (1985), and Papageorgiou (1989) give 
various convergence results. 

The importance of the hitting function justifies its estimation. Suppose 
Xl,...,X„ are independent copies of X, available as data, and define 
T„(K) = Σ"=ι/(Χ, Π Κ Φ 0)/η. Molchanov (1987) considers conditions un-
der which T„(K) converges to Tx(Κ) = Pr(Χ η Κ Φ 0 ) , uniformly in Κ. 
This allows one to obtain, for example, a consistent estimator of A-(h), the 
covariogram of the pores of a stationary RACS. Now, ,y(h) s 1 - ^ ( { 0 , h}). 
Then 

*(h) = ( X f ® i-h}))/n, heRJ, 

is a consistent estimator. 

One Observation on X 
Usually data consist of just one observation; in this case, inference is 
impossible unless repeatability in space is assumed. The statistical methods 
used in Chapters 2 through 8 all have some type of stationarity (actually, 
ergodicity) assumption to ensure their consistency. Without it, any statistical 
analysis can only claim to be descriptive. 

But stationarity puts its own restrictions on X. Matheron (1975) has shown 
that a nonempty stationary RACS in is almost surely unbounded. Thus, 
there are various types of phenomena that are not amenable to stochastic 
modeling and inference. 

The rest of this chapter is concerned with one particular class of un-
bounded sets, namely the Boolean model and its variants (see Section 9.4 for 
definitions). There are pragmatic reasons for choosing this class; it will be 
seen that inference on its parameters is possible from just one observation X 
(Sections 9.5 and 9.6) and it exhibits a great deal of flexibility for modeling 
objects. Let X be any RACS in R d whose realizations are in the extended 
convex ring , y d . (That is, for any compact convex set C, Χ η C is a finite 
union of compact convex sets.) Surprisingly, this rather mild regularity 
condition is enough to ensure that A' is a (generalized) Boolean model of 
convex grains (Weil and Wieacker, 1984, 1988). 
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9.4 THE BOOLEAN M O D E L 

In this section I shall present what is arguably the most important random-set 
model, namely, the Boolean model. Generalizations to other models will be 
discussed in Section 9.4.2, but it is clear that a fruitful path to truly broad 
classes of models has yet to be developed. 

The basic ideas behind the construction of this model are found in Avrami 
(1939), Armitage (1949), Solomon (1953), Matern (1960), and Roach (1968). 
Marcus (1966, 1967) uses the Boolean model to examine the meteoroidal-
impact hypothesis for the origin of lunar craters, Dupac (1980) considers the 
etching of tracks formed by the fission of randomly located uranium atoms in 
a fission material, Serra (1980) models ore sintering, and Diggle (1981b) uses 
it to model the incidence of heather (he calls it a random binary mosaic). 

Special cases of the Boolean model were given in Sections 9.1.3 and 9.2. 
The Boolean model X is obtained by locating independent realizations of a 
bounded RACS Ζ (of which random polygons, disks, and parallelograms are 
special cases) at each point of a realization of a homogeneous Poisson process 
D in Rd (Section 8.3) and then taking the union. That is, 

^ U f e ^ f l ) , (9.4.1) 

where Z(s,) = Z, © s,, a realization of the (almost surely) bounded RACS Ζ 
(i.e., a grain) translated to a point s, (i.e., a germ) of the Poisson process D. 
Thus, there are two sources of randomness in the model: (1) the Poisson 
process characterized by its intensity parameter λ and (2) the probability law 
of the bounded random grain Z. 

The Hitting Function 
The hitting function of the Boolean model X, defined by (9.4.1), can be 
constructed in several stages. 

Consider the homogeneous Poisson process D in R1* with intensity λ, 
which, according to Section 8.3, is characterized as follows. Let N(A) denote 
the number of points of the process in any subset A c R**. Then, if Ax (Ί 
A2 = 0 , N(At) and N(A2) are independent Poisson random variables with 
respective means λΜ,Ι and k\A2\- Also 

Pr{N(ds) = 0} = 1 - λ · v(ds) + o(i>(ds)), 

Pr{N(ds) = 1} = λ · v(ds) + o(v(ds)), 

where v(ds) is the volume element (Lebesgue measure) of the infinitesimal 
region ds, located at s e R"*. 

Now the complement of the hitting function of X is 

QX(K) = P r ( * η Κ = 0 ) = Pr (Z(s , ) η Κ = 0 , for all / ) . 
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In the infinitesimal region ds, two mutually exclusive events may happen: 

1. There is no element of {s,, s 2 , · · · } in ds. This occurs with approximate 
probability 1 - λ · v(ds). 

2. There is one element of {s,,s2 , · • • } in ds, but Z(s,) does not hit K. 
This occurs with approximate probability λ · v(ds) • QZ(K Φ { -s}) . 

To the order of magnitude ignored, this yields the probability, 

1 - A(1 -QZ(K® { - s J M d s ) ) 

= exp{-A(l -QZ(K® {-·})>(<*»)} +o(v(ds)). 

Finally, QX(K) is obtained by taking the product over all infinitesimal 
regions: 

QX(K) = e x p j - λ - QZ(K® { - s } ) ) f ( d s ) J . (9.4.2) 

This formula is fundamental in linking the hitting function of X to the hitting 
function of Z. 

Now define IZ9K( ) to be the indicator function of Z © / C = { - s + k: 
s e Z , k e i ) ; see (9.3.4) and (9.3.6). But 

\Z®K\ = / Ii.K{*)v(di), 

and so 

£ ( | Z ® K\) = fE(Izg>K(s))u(ds) = / r z ( A : ® { - s } ) i / ( r f s ) , 

because s e Ζ Φ Κ if and only if Ζ η (Κ Φ { - s } ) Φ 0 . Hence, 

£ ( | Ζ Φ Κ | ) = f ( l - QZ(K® l-s}))v(ds), 

where the integrals with respect to s are taken over Therefore, from 
(9.4.2), 

TX(K) = 1 - QX(K) = 1 - ε χ ρ { - λ £ ( | Ζ ® K\)}, K&Jii. (9.4.3) 

The flexibility in choice of Κ makes (9.4.3) a very useful result; for 
example, the porosity and covariogram of the pores are derived from it in the 
next section. When Κ is a straight line segment, QX(K) is the probability 
that one end of the segment is visible to an observer positioned at the other 
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THE BOOLEAN MODEL 755 

end of the segment. Such visibility problems have been discussed by Yadin 
and Zacks (1985) and, in a more general context, by Wieacker (1986). 

9.4.1* Main Properties 

In this section, I shall summarize the main properties of the Boolean model, 
from which it should be clear why it is central among random set models. 
More details can be found in Serra (1980). 

1. Porosity q. Porosity is the probability that a point of the space is in the 
complement of the RACS X (i.e., in the pores). Let Κ = {s}. Then 
q = Ô*({s}) = Pr{s e X€\, that is, from (9.4.3), 

q = e~kE^\ 

This is a coverage property of the Boolean model; Avrami (1939) is the 
earliest reference I know of where such problems are addressed in IR2. 

Hall (1988a) contains a complete discussion of coverage, vacancy, 
counting, and clumping for the Boolean model. 

2. Covariogram of the Pores xih). This is defined to be the probability 
that two points separated by a vector h are both in the complement of 
the RACS X. It measures dependence between pores. Let Κ = {s, s + 
h} and *(h) Ξ (^({S , s + h}). Then, from (9.4.3), 

A*(h) = Pr{s, s + h E X * } 

= e x p { - λ £ ( | Ζ U Z © { - h } | ) } = q2e*K(b\ 

where 

« ( h ) = E { \ Z Π Z ® { - h } | ) = f Pr{s e Ζ η Ζ ® { - h } } v ( d s ) , 

the probabilistic analogue of the geometrical covariance. 

3. Stationarity. Because £ ( | · |) in (9.4.3) ignores location, X is clearly 
stationary. 

4. Stability under Dilation. From (9.4.3), the RACS Χ Φ L = {s + I: 
s e X, l e L ) , where L is any deterministic compact set, is also a 
Boolean model. 

5. Cross Sections are Boolean Models. This is true because Κ in (9.4.3) 
may belong to a subspace of IR''. 

6. Infinite Divisibility with Respect to Union. A RACS Y is said to be 
infinitely divisible with respect to union if, for any integer m > 0, Y is 
equivalent to (J m independent stochastically equivalent RACS 
{Y> i = 1 , . . . , m). The Boolean model has this property, which shows it 
to be a candidate model for limits of unions of RACS. 
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7. The Boolean Model with Convex Grain Ζ is Semi-Markov. A RACS Y 
is said to be semi-Markov if for any K, L, and M e J f , and Κ and M 
separated by L (i.e., the segment joining any point of Κ to any point of 
M hits L), the RACS Y Π Κ and Υ Π M are conditionally independent 
given Y n L = 0 . The Boolean model with convex grains has this 
property, which shows that its probability law is really determined by 
local conditions. Widely separated parts of the set are only weakly 
dependent. In terms of the functional Q, Matheron (1975, p. 132) has 
shown that if Y is infinitely divisible with respect to union and if, for 
any Κ, M, and K U M e C ( J f ) (the space of compact convex sets), 

Qy(KUM)Qy(KnM) - Qy(K)Qy(M), 

then Y is semi-Markov. 
8. The Union of Two Independent Boolean Models with Identically Dis-

tributed Grains Ζ is a Boolean Model. Furthermore, if the Poisson 
points of a Boolean model are thinned so that they now occur with an 
intensity ρ · λ(0 < ρ < 1), leading behind a Boolean model whose 
union is taken with another independent Boolean model of intensity 
(1 - ρ) · λ and the same probability law for its grains, then the result-
ing random set is a Boolean model identically distributed to the 
original one. 

A Characterization Theorem 
Matheron (1975, p. 148) has provided the following important characteriza-
tion theorem (presented here in IR3). Any RACS in IR3 that is stationary, 
infinitely divisible with respect to union, and semi-Markov, is equivalent to 

J f , υ X2 u X3, 

where Xv X2, and X3 are stationary and independent, Xx is a Boolean 
model with convex grains, X2 is a union of cylinders with bases that are 
two-dimensional Boolean models with convex grains (in IR2), and X3 is a 
union of cylinders with bases that are one-dimensional Boolean models with 
convex grains (in IR1)· Notice that if the grains in X2 and X3 are almost 
surely points, then the associated cylinders become Poisson lines and Poisson 
planes, respectively, yielding Poisson-flat processes (studied extensively by 
Miles, 1969). 

9.4.2* Generalizations of the Boolean Model 

The choice of mathematical models available to the data analyst is often 
governed by their tractability rather than their applicability. When the data 
are sets, this leaning is even more pronounced. Serra (1982, Chapter XIII) 
has provided users with a menu of models and of examples for which they are 
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appropriate. By far the most important group is that based on the Boolean 
model, which I shall present and extend here. 

One extension already mentioned in Section 9.4.1 is to the Poisson-flat 
processes of Miles (1969). There, hyperplanes of infinite extent and random 
orientation are placed at points of a homogeneous Poisson process in IR</. 
Another extension is due to Cowan (1989), who assumes only that the point 
process of germs has constant intensity. The point process may be dependent 
on the grains {Z,}, which are assumed to have smooth boundaries. He obtains 
mean-value formulas for features seen in an observation window of general 
size and shape, but his assumptions are too weak to allow calculation of 
hitting functions. 

The most fruitful extension of the Boolean model is the so-called grain-
germ model (Hanisch, 1980). It removes the Poisson assumption, the indepen-
dence of the Z,s, and allows for nonoverlapping of the grains (e.g., Mase, 
1986). Let 

X = ( J {Z, ® s , : ( s „ Z , ) eTV}, (9.4.4) 

where TV is a marked point process with mark space Jif, the set of compact 
sets. Let Π^ be the induced measure on ( Φ ^ , ^ r ) , where Φ ^ is the set of 
all Radon counting measures φ on Rd x Jf with φ(Β x < ® for any 
bounded Borel set B, and is the corresponding σ algebra (Section 8.7). 
Let U be the set of all measurable functions from Χ Jf to [0,1] and 
V = {1 - u: u e U). The functional GN: V -> [0,1], which is given by 

GN(V) = [ Π υ(*,Ζ)Ϊ\Ν(ΆΦ), (9·4·5) 
Φ*- (s, Ζ)εφ 

is called the probability generating functional of the marked point process TV. 
For X given by (9.4.4), Hanisch is able to relate the complement of the 
hitting function Qx to GN: 

For Κ e Jif, let vK be the mapping given by 

Μ·,Ζ) = 1 - ω « ) , s e R
r f
, Z e J T . 

Then, 

QX(K) = Gn{VK), (9.4.6) 

Special cases of (9.4.4) yield models already studied in the literature: 

1. The marked point process Ν almost surely yields independent mark-
ings; see Stoyan (1979b) and Mase (1982b). 

2. The point process is a Neyman-Scott process where parent events are 
generated according to a homogeneous Poisson process and offspring 
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758 MODELING OBJECTS 

events are generated independently and identically around each initial 
point; see Neyman and Scott (1958) and Section 8.5.3. 

3. The point process is regionally independent, in particular, a (not 
necessarily homogeneous) Poisson process with intensity function (A(s): 
s e Rd). If the weighted measure of Ζ Φ Κ is defined as 

IΖ Φ Κ\λ = f W « ) A ( s ) V(ds), (9 .4 .7 ) jRd 

then the complement of the hitting function is 

QX(K) = e x p { - £ ( | Z Φ Κ\λ)}. (9 .4 .8 ) 

Hypothesis testing for constant intensity function in the Boolean model 
is an area of inference that needs investigation. 

4. The point process is a homogeneous Poisson process. Serra (1982, 
p. 484ff) has a detailed discussion of the model and some of its 
associates. When the mark process is independent of the point process 
and consists of independent realizations of an almost surely bounded 
R A C S Z, then the Boolean model (9.4.1) is obtained. One interesting 
extension is to consider a series of independent Boolean models occur-
ring from the infinite past: At each instant of time the Boolean model 
fills part of the space. At the next instant, some of the pores (and sets) 
will be covered by a set from the new Boolean model and some of the 
sets (and pores) will remain exposed. The procedure is continued until 
the present, so that finally a tessellation of the space results. This is 
called the dead-leaves model, which has been further extended by 
Jeulin (1989) to sequential-random-function models. 

5. The events are not generated by a point process, but are fixed and finite 
in number in namely, { a j , . . . , a„}. The only source of randomness is 
from the mark process, assumed to be generated by independent 
realizations of a bounded R A C S Z. Then, from (9.4.5), 

G „ M = fl£Ma,,z,)). 
1 = 1 

Hence, 

Qx(K) = f l ô z ( * ® { - a , } ) . (9 .4 .9 ) 
1 = 1 

6. The point process is homogeneous Poisson, independent from the mark 
process generated by independent realizations of a bounded R A C S Z, 
with the property that |Z | is not random (although in general un-
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METHODS O F BOOLEAN-MODEL PARAMETER ESTIMATION 759 

known). In this case, 

logg = - λ | Ζ | , 

f log(x(h)/q2)dh = \\Z\2, JKd 
where the porosity q and the covariogram of the pores *(h) are given 
by properties 1 and 2 of Section 9.4.1 and can be estimated from the set 
data. Hence λ and |Z | can be estimated by the method-of-moments, 
although little is known about the efficiency of these estimators; Sec-
tions 9.5, 9.6, and 9.7 can be consulted for matters of estimation and 
inference on data of this type. 

7. The point process is homogeneous Poisson, independent of the mark 
process generated by independent realizations of the RACS 6(0, R), 
the closed ball of random radius R centered at 0. The Poisson-intensity 
parameter λ and the distribution of R can be estimated from the 
covariance *(h) (Serra, 1980), although little is known about the esti-
mators' statistical properties; see Dupac (1980) and Section 9.6. 

9.5 METHODS O F BOOLEAN-MODEL PARAMETER ESTIMATION 

Several data sets in the form of images have been presented in this chapter 
so far. The cloud-droplets data of Figure 9.4 are naturally suited to the fitting 
of a Boolean model. Of the parameters estimated, cloud physicists are very 
interested in the droplet size distribution; the mean and variance of the 
droplet radius give some idea of the efficacy of the cloud-seeding treatment. 
Cloud droplets are three-dimensional but the data are two-dimensional, 
representing the cumulative projection of droplets over a region of the cloud. 
Problems of stereology (i.e., estimating ^-dimensional quantities from data 
taken in lower, more manageable dimensions) were discussed generally in 
remarks made at the beginning of this chapter. Weil (1987) gives an account 
of the results available for the (generalized) Boolean model. 

Cressie and Laslett (1987) generated a Boolean model in R2 made up of 
random parallelograms; they are reproduced in Figure 9.5. An analysis of 
these data is presented in Section 9.5.1; however, some preliminary formulas 
are needed before I can proceed. 

Steiner's Formula 
Consider an almost surely compact convex grain Z, whose probability law is 
invariant under rotations of Ζ about 0. Then the Boolean model X defined 
by (9.4.1) is stationary and isotropic. Under these circumstances, and for Κ 
compact convex, Steiner's formula (Mack, 1954; Serra, 1982, p. I l l ) in R2 

yields 

E{\Z Φ K\) = £ ( | Z | ) + - — £ ( P ( Z ) ) P ( K ) + \K\, (9.5.1) 

 D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/ by U

niversity O
f T

exas L
ibraries, W

iley O
nline L

ibrary on [07/03/2023]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense

Meta 1017 
p. 79



760 MODELING OBJECTS 

where P(A) denotes the perimeter of the set A. When 2 = b(0, R), the disk 
centered at 0 of random radius R, £ ( P ( Z ) ) / ( 2 i r ) = E(R) and E(\Z\)/v = 
E(R2). Weil and Wieacker (1984) can be consulted for generalizations of 
(9.5.1) to generalized Boolean models (presented in Section 9.4.2) in higher 
dimensions. 

With one realization of what is believed to be a Boolean model in R2 , the 
goal is to make inferences about the random set Z. From (9.4.3) and (9.5.1), 

Q X ( K ) = exp -λ | |ΑΊ + ^ E ( P ( Z ) ) P ( K ) + £ ( | Z | ) J (9.5.2) 

and hence estimators can be found for λ, £ (P(Z)) , and £ ( | Ζ | ): For 
example, let Κ be 6(0, t), the disk of radius t; then vary t. Theoretically, 

- l o g Qx(b(0,t)) = λ{πί2 + £ ( P ( Z ) ) f + £ ( | Z | ) } (9.5.3) 

^ ß0 + ßxt + ß2t2, (9.5.4) 

where ß 0 s λ £ ( | Ζ | ) , β χ = λ £ ( Ρ ( Ζ ) ) , and β 2 s λττ. 

Boolean-Model Parameter Estimators 
By scanning the image appropriately, one can obtain an estimate Qx(b(0, t)), 
for various t, which, when regressed on 1, t, and t2 yields estimates β0, βχ, 
and β 2 . Image analyzers (e.g., Serra, 1982, Part II) are specifically built to do 
this type of task; however, it is not difficult to use conventional computers to 
analyze random-set data like Figure 9.5. Cressie and Laslett (1987) compute 
both ordinary-least-squares and generalized-least-squares estimates of 
quadratic-regression coefficients for Figure 9.5 a. Estimates of set parameters 
are easily obtained from (9.5.4) through the transformations 

λ = β 2 / τ τ , 

Ê(P(Z)) (9-5.5) 

£(|Z|) -ßo/λ. 
Alternatively, choice of the three different types of test set, K0 the origin, 

KX the straight line segment of length /, and K2 the closed square of side /, 
yields (in R2) 

QX(K0) = e x p { - A £ ( | Z | ) } , 

Qx(Ki) = ε χ ρ | - λ | £ ( | Ζ | ) + ^ - £ ( P ( Z ) ) J J , ( 9 5 6 ) 

QX(K2) = β χ ρ | - λ | £ ( | Ζ | ) + ^ E ( P ( Z ) ) + / 2 J J , 

from which method-of-moments estimators could be obtained. Hall (1985b) 
and Kellerer (1985) take essentially this approach; however, it leaves no 
degrees of freedom to assess model adequacy. The same comment applies to 
the intensity-based method-of-moments estimators given by Stoyan et al. 
(1987, p. 88). 
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9.5.1 Analysis of Random-Paral le lograms Data 

Because the original Boolean model has been discretized onto a square grid, 
Figure 9.5a was analyzed with Κ = tC, where C is a square of side 2 units 
centered on 0, and t = 0 ,1 ,2 ,3 ,4 (larger values of t led to Qx = 0). Then 
(9.5.2) gives 

-\ogQx(tC) = A £ ( | Z | ) + {4λ£( P(Z))/vj t + Akt1. (9.5.7) 

Consider the estimator 

Q x ( t C ) ^ Σ {1 - W O O } / * , · f = 0 , . . . , 4 , (9.5.8) 

where N, is the total number of pixels (at locations {x,: i = 1 , . . . , N,}) in the 
mask Ε, = Ε θ tC [see (9.3.8)] placed over the region of interest E. (In 
Figure 9.5a and b, Ε is the bordered region.) Clearly, this is an unbiased 
estimator of QXUC). Write Y' = ( - l o g Qx(tC): ί = 0 , . . . ,4) and let Τ be 
the 5 x 3 matrix whose /th row is ( l , / , i 2 ) , t = 0, . . . , 4 . Then the usual 
ordinary-least-squares (o.l.s.) estimator is given by (T'T)~>T'Y, which esti-
mates the coefficients of 1, and t 2 without taking into account correlations 
between the elements of Y. Estimates of higher efficiency can be obtained by 
taking a generalized-least-squares (g.l.s.) approach. Table 9.2 gives the o.l.s. 
and g.l.s. estimates for the data of Figure 9.5a. 

Table 9.2 Summary Statistics and Final Estimates for the Simulated Boolean 
Model Data of Figure 9.5 a" 

t QxOC) 

Fitted 
Quadratic 

(g.l.s.) 

Fitted 
Quadratic 

(o.l.s.) 

0 0.72950 0.72985 0.72692 
1 0.44138 0.44137 0.44430 
2 0.22797 0.22678 0.22831 
3 0.09948 0.09901 0.09863 
4 0.03568 0.03673 0.03582 

Parameter Parameter 
Estimates" Estimates" 

(g.l.s.) (o.l.s.) 

λ 0.020 0.022 

E(P(Z)) 16.27 14.69 

£ ( | Z | ) 15.47 14.71 

Source: Cressie and Laslett (1987). Reprinted with permission from the SIAM Review, 
volume 29, no. 4, pp. 557-574. Copyright 1987 by the Society for Industrial and Applied 
Mathematics. All rights reserved. 
"The true values of the parameters are λ = 0.02, E(P(Z)) = 20.00, and E(\Z\) = 15.92. 
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Generalized-Least-Squares Estimation 
To give the g.l.s. estimator explicitly, some definitions are needed first. From 
the definition of Qx(tC), given by (9.5.8), it is easily seen that, for the 
Boolean model, 

c o s { Q x ( t C ) , Q x ( u C ) ) = Σ Σ C , u ( x , - x , ) / ( N , ; V u ) , (9.5.9) 

where 

C, „(h) = [βχρ{λ£( | (Ζ © tC) η ( Ζ Θ { - h } θ « C ) | ) } - l ] 

X e x p { - À £ ( | Z © / C | ) - λ £ ( | Ζ θ wC|)}. (9.5.10) 

The first term in this expression for C, u(h) can be simplified for special cases 
of the structuring element C. Regardless, the expression for the covariance 
depends on the unknown parameters; recall that the objective is to estimate 
these parameters. Instead of trying to minimize a complicated objective 
function with parameters also in the covariance terms, the approach taken 
here will be to use the empirical covariance function in g.l.s. estimation of the 
parameters. 

The pixels of Figure 9.5 are regularly spaced, and so C, u(h) can be 
estimated for h in horizontal, vertical, and diagonal directions. Let 

C,.u(h) - ΣΣ {ι ,)}/ ΣΣ ι 
x,,x,eA/(h) / χ,,χ,εΛ/Οι) 

-Qx(tC) QAuC), (9.5.11) 

where A/(h) ξ {(X„X;): X, e £ , , e Eu, x, - x, = h}. Substituting (9.5.11) 
for C, u(h) in (9.5.9) yields c o \ ( Q X U C ) , Qx(uC)). Write 

% » (w(0x(tC),Qx(uC)): t = 0 , . . . , 4 ; u = 0 , . . . , 4 ) , (9.5.12) 

which is a 5 X 5 matrbc. The error vector is 

δ' S (QxOC) - exp{- j3 0 - βλί - β2t2}: t = 0 , . . . , 4 ) . (9.5.13) 

Cressie and Laslett (1987) proposed a g.l.s. estimator for β0 = Λ£( |Ζ | ) , 
βλ = {4λΕ(Ρ(Ζ))/π}, and β2 = 4λ by minimizing with respect to 
β 0 , ß u and ß 2 . This is carried out using a quasi-Newton numerical optimiza-
tion procedure. (A g.l.s. estimator on the log-transformed scale is discussed 
in Section 9.6.) 

Cressie and Laslett (1987) reported that occasionally Σ was not 
positive-definite. Difficulties of this sort are to be expected when empirical 
covariances are used; for example, a time series { ζ t = 1 , . . . , « } has an 
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METHODS OF BOOLEAN-MODEL PARAMETER ESTIMATION 763 

(approximately) unbiased empirical covariance function {L"Z\(z,+h - ζ ) 
•{ζ, - z)/(n — h): h = 1 , . . . , η - 1}, which is not assured of being positive-
definite. The usual way around this problem is to fit a positive-definite model 
to the empirical covariance function. One suggestion made by Diggle (1981b) 
is to fit a shifted Weibull density to (9.5.11). 

9.5.2 Analysis of Heather-Incidence Data 

Diggle (1981b) presented an image of the incidence of heather, Calluna 
vulgaris, over a 10 X 20-m rectangle at Jadraas, Sweden. Individual heather 
plants grow from seedlings into roughly hemispherical bushes. As the individ-
ual bushes expand, their branches intermingle, but a map of presence or 
absence of heather does not record the multiplicity of bushes at any particu-
lar spatial location; see Figure 9.7. 

Diggle (1981b) fits the Boolean model in R2, 

where Z(s,) = Ζ, Φ s,0' = 1 , 2 , . . . ), Z „ Z 2 , . . . are disks centered at 0 whose 
radii Rl,R2,... are i.i.d. as R with density function / ( · ) , and Ο is a 
homogeneous Poisson process of intensity λ. Define / / ( • ) to be the distribu-
tion function of the distance from an arbitrary point to the nearest point 
occupied by heather. Then H(u) = 1 - Qx(b(Q, u)), where Qx is given by 
(9.4.2), and hence, 

Figure 9.7 Incidence of Calluna vulgaris (shaded area) over a 10 X 20-m rectangular area at 
Jadraas, Sweden. Exposed marker points (see Section 9.5.3) are identified with a cross. [Source: 
Laslett et al., 1985] 

X = U { Z ( s ( ) : s , e £ > } , (9.5.14) 

u > 0. (9.5.15) 
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764 MODELING OBJECTS 

Notice that / / ( · ) depends on / ( · ) only through E(R) and E(R2). An 
empirical version H of H can be calculated by superimposing a fine grid over 
the rectangle Ε in Figure 9.7 and randomly sampling Ν nodes of the grid. 
This would yield UU...,UN distances to the nearest heather point (a number 
of Up will be zero, should their respective nodes be in the set of heather). 
Then H(u) = Σ , Ί < u)/N. Some modification can be made for edge 
effects by only sampling from Ε θ b(0, umax), where umax is the largest value 
of u considered. Diggle proposed to estimate parameters λ, E(R), and 
{var(/?)}1/2 by minimizing 

fm'\H(u) - H(u)f du. (9.5.16) 

He also considers the covariance κ^Οι) = Pr(s e X, s + h e f l and calcu-
lates that, for the Boolean model (9.5.14), 

= K°x(h) = εχρ{-2 ·π ·λ£ (Λ 2 )} exp λ / V„(r)f(r)dr 
I Jh/2 

- 1 

l|h|| = h > 0, (9.5.17) 

where 

Vh(r) = 2 r 2 j c o s _ 1 ( / i / ( 2 r ) ) - ( h / ( 2 r ) ) ( l - Λ 2 / ( 4 γ 2 ) ) 1 / 2 } (9.5.18) 

is the area of intersection of two disks with common radius r and centers that 
are a distance h apart. Notice that Kx(h) is related to the porosity q and the 
covariogram of the pores *(h), given in Section 9.4.1, through «^(h) = 1 -
2q + *(h). The empirical version K°x(,h) can be calculated by measuring the 
area of Χ η X® { - h} for various choices of h. Using k°x{h) as a diagnostic, 
Diggle (1981b) finds that fitting the parameters by minimizing (9.5.16) is 
unsatisfactory for the heather-incidence data. 

His second approach is to minimize 

fk-{K°x(h) - K°x(h)f dh, (9.5.19) Jo 

where he chooses hmdx = 0.1 units (here, 1 unit = 10 m). He fits a parametric 
form, namely, the shifted Weibull distribution, to / ( · ): 

( 0 , r<8, 
f ( r ) = , s ^ - i / / S \ M * (9.5.20) \kp(r-8) e x p { - p ( r - 8) }, r > δ, v ' 

where δ is a shift parameter that removes disks of small radius and k > 0. 
He obtains a good fit of Kx(h) to k°x(h) and a satisfactory diagnostic 
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comparison of plots of H(u) with H(u). For cross-validation purposes, he 
splits up the area of Figure 9.7 into two unit areas (each 10 X 10 m); using 
(9.5.19) and (9.5.20), he obtains 

plot 1 : ( λ , δ , έ , ρ ) = (221,0.0281,0.8471,144.7), 

plot 2: (λ , δ, k,ß) = (211,0.0226,1.011,128.4). 

Without some notion of variation of these parameter estimates, it is 
impossible to tell how well the estimation procedure is doing. Hall (1985b) 
analyzes the same data set taking essentially the approach described by 
(9.5.6). Unfortunately, once again no estimate of variation is available. It 
would be interesting to see how the approach described in Section 9.5.1 (for 
the random-parallelogram data) compares to those already tried on the 
heather-incidence data. This has not been carried out because there is 
evidence that the Boolean model is unsatisfactory. Diggle (1981b) himself 
provides some of it by simulating the theoretical model and comparing it to 
the observed image (given by Figure 9.7). Section 9.5.3 provides further 
evidence by taking a very different approach (but one for which the Boolean 
model assumption of homogeneous A is essential) to estimate A and finding a 
large discrepancy. 

9.5.3* Intensity Estimation in the Boolean Model 

This section is concerned with analyzing data in IR2, using the Boolean model 

( J {Z(s , ) : s , e£>}, 

where Z(s,) Ξ ζ , θ s,(/ = 1 ,2 , . . . ) , Ζ, , Z 2 , . . . are independent realizations 
of an almost surely bounded (not necessarily convex) RACS Z, and D is a 
homogeneous Poisson process with intensity A. In particular, it concentrates 
on estimation of the intensity A. 

Write a generic point s in IR2 as s = (x, y)'. Assume that each realization 
of Ζ has a uniquely identifiable point on its boundary, referred to as its 
marker point. If y* = inf{y: s = (JC, y) ' e Z}, x* = inf{JC: s = (JC, y*)' e Z}, 
then s* = CJC*, y*) ' is defined to be the marker point of Ζ and for Ζ convex 
corresponds to its most southwesterly point. Marker points have previously 
been used to construct edge-corrected estimators in image analysis (Miles, 
1974; Gundersen, 1978). Notice that s* depends on the coordinate system 
chosen, although final estimates will be little affected by that choice. Further, 
assume that |dZ| = 0 almost surely, where dZ is the boundary of the random 
grain Z. 

It will be shown that the observed marker points, after suitable transfor-
mation, form a planar homogeneous Poisson process with the same intensity 
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as the original Boolean model. Although previous methods of analysis de-
scribed in Sections 9.5.1 and 9.5.2 have given estimates of the intensity, the 
following method neatly separates out the spatial-location information. The 
development follows closely that of Laslett et al. (1985). 

A Transformation of the Boolean Model 
Consider the Boolean model with grain Ζ and Poisson points (germs) 
occurring at constant intensity λ per unit area. It follows that the original 
germ can be replaced with a more convenient point on the boundary of the 
grain without changing the stochastic properties of the process. In particular, 
the marker point can be chosen. Define a marker point s* to be exposed if s* 
belongs to X€, the closure of the background. 

The idea is to remove X from the two-dimensional image, except for the 
exposed marker points, and close up, along the χ direction, the gaps in 
the background left by the departed set X. Now, instead of points in the 
background having coordinates (x, y), they will have new coordinates ψ). 
The transformation ξ from ( χ , y) to (χ, ψ) is defined as follows. Assume, 
without loss of generality, that χ > 0. For s = (jc, y)' e X€, let L(s) = 
(0, *] X {y}. Then define χ = | l ( S ) N X * \ V where | is one-dimensional 
Lebesgue measure, ψ = y, and ( χ , ψ) = ξ(χ, y). For s = (JC, y) ' £ X l e t 
x, = supU': x' < x, (JC\ y) e X*}. Then define ξ(χ, y) = ξ(χ,, y) and 
(Λ-, ψ) a ξ(χ, yl_ 

Let Ω s ξ(Χ*Γ\ {(*, y): JC Ξ» 0}) denote the range of f Although the 
transformation ξ onto Ω is not invertible, the transformation ξ: Χ*-> Ω is, 
and when necessary I shall write ξ~ ' (ω) for the location, in X*, of ω in Ω. 
Points and sets in Ω will be denoted by Greek letters and those in R2 by 
Latin letters. 

The following theorem, owing to G. M. Laslett, can be proved: 

Laslett's Theorem If A' is a Boolean model with intensity A and grain Ζ 
for which there exists a unique marker point, then the exposed marker points 
of X (called the induced point process) form a homogeneous Poisson process 
of intensity A in Ω. 

Proof (Laslett et al., 1985). The proof can be accomplished by replacing 
R2 with a square grid of points {s(i, j): i = 0 , 1 , . . . , j = . . . , - 1 , 0 , 1 , . . . } of 
density m per unit area. Based on the same density of points, Ω is replaced 
with {ω(η, κ): η = 0 , 1 , . . . , κ = . . . , - 1 ,0 ,1 , . . .} . As m -* the effect of 
this discretization is shown to be negligible. 

Suppose that at grid point s(i, j) there are placed independent Bernoulli 
random variables Y(i,j) such that P r { Y ( i , j ) = 1} = A/m. As part of the 
discretization, the Poisson germs in R2 are replaced with the set Ρ = {s(i, j): 
YO, j) = 1}. For each s(/,; ') e P , consider the associated grain Z, y(s(i, j)). 
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For the reasons given in the following text, define the subset /4(/0, j0) of 
the square grid by 

A('oJo) Ξ { s( '> J) : ' > 0, y < j0; or 0 < / < i0, j = j0}. 

Let X(i0,j0) = (J{Z, j(s(i,j)): s(i,j) e Ρ n ^ ( i 0 , / 0 ) } ; that is, take only that 
part of the discretized model whose marker points are either below the j = j0 

line or on the j = j0 line but to the left of t0. The particular definition used 
for marker point determines this choice of A. 

Replace X* with the set X^={s(i,j): s( i , j) £ X(i, j)}. Define η 0 = 
HisU,j0): s(l,j0) e x£, and 0 < / < /'„} (i.e., η0 is the number of grid points 
in the background to the left of i0 and along the line j = ;0) ; then 

s('oJo) = i"l(f»(Vo,K0)), 

where κ0 = j0. To conclude the discretization, define Bernoulli random 
variables ζ(η0,κ0) = Y(i0,j0), where s ( i 0 , j0) = £ " ' ( ω ( η 0 , k0)). The induced 
point process is then {ζ(η, κ)}. 

Let JV(0) be the number of marker points in a set Θ c Ω, where Θ 
contains μ grid points. It is sufficient to derive P r { M 0 ) = 0} for arbitrary 
sets, because probabilities of other events can be obtained combinatorially 
from these. For the (i70,/c0)th point in Ω, let Δ(η 0 , κ 0 ) = (ω(η ,κ) : η > 0, 
κ < κ0; or 0 < η < η0, κ = κ0), similar to the preceding definition of 
A(x0, yQ) (but here in the transformed space). Define Θ(η, κ) ξ Θ η Α(η, κ). 
Then 

ΡΓ{ΛΓ(Θ) = 0} = Γ Ι Ρτ{ζ(η,κ) =0\Ν(θ(η,κ)) = 0}. 
η, « ε β 

This is a spatial generalization of the usual sequential conditioning argu-
ment found in time-series analysis. (One of the θ(η, κ)s will be empty, in 
which case the conditional probability is interpreted as the unconditional 
Pr{£(rj, κ) = 0}.) Because in the transformed space only has been re-
tained, a point ω(η, κ) in Ω can result from any one of {s(/', j): i > η, j = κ}. 
Therefore, 

Pr{ Ν ( Θ ) = 0} 

= Π Σ ΡφΌ',κ) =0\Ν(Θ(η,κ)) =0,Γ·(ω(η^)) =»('»} 
η ,κεθ (>η 

ΧΡΓ{Γ'(»(Ι7,*)) = 8(ί,κ)|Ν(Θ(η,κ)) = θ}. 
The first conditional probability can be simplified because the shapes of the 
sets A and Δ guarantee that random variables in the conditioning event are 
independent of the random variable Υ(ί,κ). It is equal to (1 - λ / m ) , not 
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depending on i. Thus, 

Ρτ{Ν(Θ) = 0} 

= Π (1 -A/ in ) Σ Pr{rl(<*(v,K)) =*(ί,κ)\Ν(Θ(·η,κ)) = 0} 
η, κ e θ / > η 

= (1 — λ / m ) " . (9.5.21) 

To prove the theorem in R2, let m tend to infinity. Then, up to integeriza-
tion, μ = m | 0 | , so that (9.5.21) converges to εχρ{-λ |Θ |} . Furthermore, the 
expected number of marker points per unit area in R2 that coincide with 
boundaries of other associated primary sets is zero, so that these can be 
ignored in the limit. Finally, by construction, the limiting point process is 
simple, and so the result follows from the Equivalence Theorem in Section 
8.3.2. • 

The converse of the theorem is not true, and counterexamples are readily 
derived. Consider a random set process in R2 produced as follows: Let C, be 
the square of side 1 unit having s, = (JC,, y,)', i = 1,2, · · ·, as its top right-
hand corner, where {s,,s2 , · • • } are the points of a Poisson process of 
intensity λ. A new point s, = (JC, + 1 /2 , y, + 1/2) ' is generated if {s;: 
j Φ /} Π C, = 0 (i.e., if the square does not intersect with any other Poisson 
points). Now let {s,} U {s',}, i = 1 , 2 , · · · , be southwesterly marker points for 
associated grains of unit squares. The union of these grains defines a 
random-set process. The exposed marker points are a subset of {s,,s2 , · · ·} 
and, as can be proved using the aforementioned techniques, form a Poisson 
process of intensity λ in the transformed space Ω. However, the random set 
process is not Boolean nor is it equivalent to a Boolean model, as would be 
the case if every s, gave rise to an s',. 

Heather-Incidence Example 
Figure 9.7 shows a representation of the incidence of heather. These data 
(discussed briefly in Section 9.5.2) were analyzed by Diggle (1981b), who 
suggested that they could be treated as a realization of a Boolean model. The 
exposed marker points are shown on the same figure. The shaded set is 
removed and the background closed up toward the left-hand vertical axis. 
The closed-up marker points and the closed-up background are shown in 
Figure 9.8. 

For convenience of arithmetic and in order to reduce possible edge effects, 
a rectangular subset of the transformed data was used to estimate the 
intensity. This region, shown with a solid perimeter in Figure 9.8, is exactly 
half of one 10 x 10-m unit in area (a quarter of the size of the original 
sample). The finite extent of the data set means that the full range Ω of the 
transformation is not available and necessitates masking out some of the 
points in the right-hand part of Figure 9.8. This does not mean that 
information is necessarily lost, because one could also close up the back-
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Figure 9.8 Transformed image showing location of marker points, after removal of the 
heather-incidence set and closing up the background. The rectangle in bold delineates the area 
used to estimate the intensity. [Source: Laslett et al., 1985] 

ground of Figure 9.7 toward the right-hand vertical axis and mask out 
left-hand marker points in the transformed space. 

The half unit area of Figure 9.8 contains 58 marker points, so that the 
heather intensity is estimated to be λ = 116 plants per unit area, substan-
tially less than Diggle's final estimate of λ = 211 plants per unit area. In 
discussion, Diggle points out that the data contain fewer patches than do 
simulations of the model, and the lower estimate reflects this, at least in part. 
Some of the discrepancy must also be due to the quality of the heather-inci-
dence data, which, in fact, was collected on a square grid; the boundary lines 
in Figure 9.7 are smooth approximations to the actual heather boundary. The 
fact that this is a discretized map means that some small or hardly exposed 
particles may fall between grid points and their marker points missed. This 
will not be a concern when analogue data are taken from actual pictures. 
Indeed, exposed marker points could be sampled directly as part of the data 
collection process. 

Some Final Remarks 
Because the clustering of points from an inhomogeneous Poisson process is 
an important alternative, one might ask how the previously defined transfor-
mation ξ deals with clustered original marker points. Globally speaking, ξ 
will distort the relative positions of exposed marker points so that clustering 
(or regularity) may be lost in the transformed space. However, a test for the 
Boolean model could be constructed at the local level. For example, choose 
at random a number of origins and axes within a large realization of the 
process under investigation. After transformation, tests based on first nearest 
neighbors, in the immediate vicinity of the randomly chosen origins and axes, 
are recommended. The advantage of distorting the original space via ξ is that 
the method can ignore poor resolution areas of the picture. In satellite 
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imagery, for example, if cloud cover should block part of an image, the cloud 
is simply "removed" along with the set, and the preceding results still apply. 

In summary, an alternative way of estimating the Boolean-model intensity 
has been proposed that, when applied to the heather-incidence data, dis-
agrees with previous estimates (Diggle, 1981b; Hall, 1985b). The germs for 
those data are not well fitted by random disks, which will almost certainly 
influence the associated intensity estimates; both Diggle and Hall assume a 
random-disk Boolean model. On the contrary, the approach of this section 
makes no such strong assumption about grain shape (but it does require 
constant intensity λ). A measure of the variation of the proposed estimator of 
λ has yet to be developed. 

Good diagnostic methods and distribution theory for estimators are needed 
for inference on any stochastic model. The Boolean model is no exception; 
limited results are given in the next section. 

9.6 INFERENCE FOR THE BOOLEAN MODEL 

The estimation technique of Section 9.5.1 could be liberally described as a 
method-of-moments. The matching of theoretical moments to sample values 
in order to estimate parameters is well known in statistics for random 
variables and random vectors, although it is usually used only when other 
approaches, such as maximum likelihood, have failed. This is because there is 
no general theory that yields distributional properties of the method-
of-moments estimators nor is there any guarantee that they are asymptoti-
cally efficient. 

Likelihood 
What is the likelihood function for the Boolean model X = U (Z(s,): s, e D} 
defined by (9.4.1)? The random set X can be considered equivalently as a 
random function 

where Ix denotes the indicator function of the set X; see Section 9.3. Thus a 
particular realization consists of 0-1 values throughout Rd, which in practice 
is discretized onto a regular grid. In fact, define a new process 

11, with probability p , 
£ ( • ) - { · Λ ( 9 · 6 1 ) w \ 0 , with probability 1 - p, seZdnA, v ; 

where I d is the ^-dimensional lattice of integers and A is the (rescaled) 
domain of observation. Rescaling the domain of observation is important 
because the lattice dimension is scaled to be 1 unit in (9.6.1). Let \Zd η A\ 
denote the number of lattice points in the domain of observation. In order to 
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INFERENCE FOR T H E BOOLEAN MODEL 771 

equate Boolean-model parameter λ with its discretized version, put 
ρ • \ I d ΠΑ\ = λ · p(A) or 

ρ = λ • v(A)/\ld C\A\, (9.6.2) 

where v{ · ) is Lebesgue measure. Because in practice the number of lattice 
points in the domain of observation is chosen to be greater than the expected 
number of events of the Poisson point process, ρ e (0,1). 

Let Ζ be an almost surely bounded RACS Ζ and suppose {Zu: u e 
Σά Π A) is a sequence of independent realizations of Z. Define 

o(s ;u ) = / * . ( » - u ) (9.6.3) 

and 

TJ(S) = sup{f (u) A ( s ;u ) :u e Id η A), seIdC\A. (9.6.4) 

Then rj( ·) is a discretized version of I x ( • ), the indicator function of the 
Boolean model X, in the domain of observation A. The data are 

{TJ(S): s e Z d Π A) , (9.6.5) 

a finite number of 0s and Is. However, their joint distribution and hence the 
likelihood cannot be written down in an illuminating way. The sup in (9.6.4) 
causes the difficulty; see Section 9.4.1, where the marginal distribution of 
r/(s) is given by property 1 and the bivariate distribution of (Η(Β), TJ(S + h)) is 
given by properties 1 and 2. Notice that, in principle, all the trivariate, 
quadrivariate, and so on, distributions can be obtained from the recurrence 
relations that allow the hitting function (9.3.14) to be called a Choquet 
capacity of infinite order [see property 3 following (9.3.14)], but the calcula-
tions are practically prohibitive. 

In conclusion, obtaining the likelihood function for (a discretized version 
of) the Boolean model does not yield tractable results. Moreover, it is not 
clear that maximum likelihood estimators would be optimal in any sense. In 
another context, where the parameters of the random set represent set 
boundaries and the data are i.i.d. uniform vectors over that set in Rd , 
DeGroot and Eddy (1983) carry out inference based on the likelihood. In the 
case where the data are exhaustively observed sets (up to the limits of 
digitization), it seems that more success can be gained from fitting the 
empirical hitting function to the theoretical hitting function or, more gener-
ally, from the method of moments. The properties of the resulting estimators 
will now be discussed. 

Method of Moments 
Matching theoretical expressions with empirical expressions and solving for 
(theoretical) parameters will liberally be called the method-of-moments. 
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Exact distribution theory for such estimators (as for any other Boolean-model 
parameter estimators) is unavailable, but some limited results will be pre-
sented. Simulations of Boolean models could always be carried out to 
indicate distributions of statistics under given hypotheses. 

Dupac (1980) considers an application of the Boolean model (9.4.1) in R2 

to the analysis of fission tracks. The grains are assumed to be i.i.d. random 
disks 6(0, R), where Λ is a random variable with probability density function 
/ ( · ). Assume a large domain of observation, or equivalently that the domain 
Λ is a unit square, λ is large, and E(TTR2) is small. The aim is to estimate λ, 
E(R), and var (R) . Dupac equates three theoretical moments of the Boolean 
model with their empirical counterparts, namely, the porosity given in Sec-
tion 9.4.1, and the expectation and the variance of the circular clumps. 
Approximate variances for λ, E(R), and va r (R) are obtained, but some of his 
assumptions have not been satisfactorily verified. The estimators are certainly 
biased and covariances between them are nonzero. Unfortunately, the order 
of his approximations does not allow investigation of these quantities. 

Tallis and Davis (1984) consider a Boolean model whose grains are 
random spheres in R3. Superimposed upon the problem of parameter deter-
mination is the stereological problem of having to infer three-dimensional 
quantities from two-dimensional probes of the object. Assuming that log R is 
Gau(/Lt, σ 2 ) , method-of-moment estimators for λ, μ, and σ2 are obtained. 
With the exception of the estimator of the intensity parameter λ, biases, 
variances, and covariances of estimators are not given. Method-of-moments 
estimation when the Boolean model consists of convex grains is discussed, 
but no attention is given to the statistical properties of the estimators. 

Ohser (1980) considers the Boolean model in R4, where the grains 
Z „ Z 2 , . . . are i.i.d. compact convex sets in Rd. He shows how, by matching 
the theoretical and empirical hitting function, parameters λ, E(WK(Z)), 
k = 1 ,...,d, can be estimated in precisely the same way as λ, E(P(Z)), and 
E(\Z\) were estimated in (9.5.5). The quantity E(WK(Z)) is the expectation of 
the fcth Minkowski functional of the random compact convex set Ζ 
(Matheron, 1975, p. 78). In R2 , these Minkowski functionals reduce to 
perimeter and area, and it is this case that will now be considered in some 
detail. 

Inference in R2 

The data of Figure 9.5 are realizations of a Boolean model in R2 with 
random compact convex grain, in particular with random parallelograms. A 
slightly more general version of (9.5.4) is 

-log Qx(tK0) = ß0 + ßxt + ß2t2, 

where ß0 = λ £ ( | Ζ | ) , /3, = \Ε(Ρ(Ζ))Ρ(Κ0)/(2π), β2 = λ\Κ0\, Qx is the 
complement of the hitting function of the Boolean model X, and K0 is a 
fixed compact convex set symmetric about the origin. 
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Now, for any compact convex K0, 

Qx(tK0) = ε χ ρ ( - λ £ ( | Ζ Φ tK0\j) = Qxmthφ), (9.6.6) 

because Χ Φ tKQ is a Boolean model with grain Ζ Φ tK0. That is, Qx(tK0) is 
simply the porosity of Χ Φ tK0. It is now clear how to estimate Qx(tK0): 

Qx(tK0) = proportion of pixels not in λ" Φ tK0\ (9.6.7) 

the exact formula (for K0 the square C) is given by (9.5.8). 
Now write 

Υ = Γ β + δ, (9.6.8) 

where Y' = ( - l o g Qx(tK0): t = / , , . . . , /„), Γ is an « X 3 matrix whose ith 
row is (1 t f ) and δ is an « X 1 error vector with £ ( δ ) = 0 and var(ô) = Σ. 
From the approximation 

cov( - log Ux, - log U2) = {E(UX)E(U2)} 1 • cov(t/,, i72), 

the (/, v)th element of Σ is approximately 

{lQx(t,K0)Qx(tjK0)}~' · cmfëxih^'QxitjKo))- (9-6-9) 

Equations (9.5.9) and (9.5.10) (for K0 the square C) allow evaluation of 
(9.6.9), which is seen to depend on the unknown parameters of X. Let each 
term in (9.6.9) be estimated by its empirical version, such as (9.5.8), (9.5.9), 
and (9.5.11), giving 

t = (9·6·10) 

Note that Σ may not be positive-definite; fitting of a "closest" positive-defi-
nite matrix to Σ is advisable in these cases. How this might be done is worthy 
of further research [Diggle (1981b) suggests fitting a shifted Weibull to the 
empirical Boolean-model covariance (9.5.11)]. 

Parameter Estimates, Bias Estimates, and Variance Estimates 
A (estimated) generalized-least-squares estimator of the coefficients β in the 
linear equation (9.6.8) is 

ß = ( r £ - ' r ) ' r t - ' Y , (9.6.11) 
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whose variance matrix can be estimated by 

vär(ß) = ( Γ ' Χ - ' Γ ) " ' . (9.6.12) 

Consider the case where K0 = b(0,1), the unit disk centered at the origin. 
Then, from (9.5.5), 

ê = Ê(P(Z))= ττβχ/β2. (9.6.13) 

Using the δ-method (Kendall and Stuart, 1969, pp. 231, 244), it can be shown 
that 

ir/3, ircov(j8 l t /82) ir/3, va r (0 2 ) 
£ ( θ ) - Pî + ~ T l 

= £ ( P ( Z ) ) + bias, (9.6.14) 

where [using (9.6.11) and (9.6.12)] the bias can be estimated by 

j cov| β ι > β 2 ) Ä v a r ( p 2 ) 
Α - Η" Λ 

ßl ßl 
bias = -π- { ^ + ' }. (9.6.15) 

Furthermore, 

, , var( β , ) var( β 2 ) 2 cov( β ι , β 2 ) \ β 2
χ 

which [using (9.6.11) and (9.6.12)] can be estimated by 

^ . J ^ i i + " ψ . - (9.6.17) 
\ ßf ßl ß,ßi I ßi 

Similar expressions can be obtained for £ ( | Z | ) = πβ0/β2 and λ = β2/π. 
The results (9.6.11) and (9.6.12) are general in that no assumption is made 

about K0 beyond that it is a symmetric compact convex set in IR2. Slight 
modifications to this method are made in Section 9.7 to allow inference on 
tumor-growth parameters. 

Design and Diagnostics 
A couple of issues arise that warrant further investigation. What are the 
optimal values of η and / , , . . . , tn, given the experimental constraints of pixel 
dimension? Because of the nontrivial correlation in X, the answer is not 
necessarily to make η as large as possible. The design space is limited to 
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[0, / m a J , where rmax is the largest t for which Qx(tK0) > 0. Specification of 
0 < f, < i2 < · · · < / „ < tmax may be limited by the discreteness of the image 
data, but if a choice is possible, equally spaced explanatory variables gives a 
robust design. 

Having fit the model by the method-of-moments, are there any diagnostic 
checks that can be carried out to assess the goodness-of-fit? One suggestion 
(Diggle, 1981b) is to compare the empirical covariance of X * [i.e., propor-
tion of pixels in (Χ* η Χ^Φ { - h}], with the theoretical covariance *(h), 
given in Section 9.4.1. For Ζ = b(0, R), where the random radius R has 
distribution function F, Hall (1988a, Section 5.2) proves that knowing ^(h) 
and porosity q, given in Section 9.4, is equivalent to knowing λ and F. 

The error term δ in (9.6.8) is made up of two components, namely, lack of 
fit of the model and error caused by using an estimate Qx of Qx. Assuming 
the model is correct, what asymptotic results are available for Boolean model 
parameter estimation? A few results are given in the following text. 

Asymptotics 
Having worked out the biases and variances of estimators, a natural question 
to ask is whether they tend to zero as more information is accumulated. 
Sometimes it is not clear what "more information" means; here, the asymp-
totics are controlled by assuming the measure of the domain of observation 
\A I tends to °° (increasing-domain asymptotics). 

Baddeley (1980) proves a limit theorem for Qx(tK0), assuming \A\ -> oo. 
In his Theorem 2 applied to the Boolean model (9.4.1) (which recall has 
almost surely bounded grains), it can be seen that 

{\A\l/2(Qx(tK0) - QAtK0)): 0 < / < /„} 

converges weakly to a zero-mean Gaussian process on [0, f0], for any positive 
constant t0. [To invoke Baddeley's results, notice that Pr{0 e X ® tK0) = 
1 - Qx(tK0).] Because - l o g ( ) is a continuous function, 

{\A\i/2(-\ogQx(tK0) + log Qx(tK0)y. 0<t<t0} 

also converges weakly to a zero-mean Gaussian process. This justifies the 
model (9.6.8) and guarantees that the estimates (9.6.11) and (9.6.13) will be 
consistent and asymptotically Gaussian. 

More generally, suppose that the random set X is given by (9.4.1), where 
D is now an almost surely locally finite random set. (For example, for the 
Boolean model, D is the Poisson process.) Then Mase's (1982b, Section 3) 
results can be invoked to prove that Qx(tK0) is consistent and asymptotically 
Gaussian, where t is fixed and nonnegative. 

Another way to achieve the same asymptotic results for the Boolean 
model (9.4.1) is to keep \A\ fixed, but to let λ -> » and E(\Z\) -» 0 in such a 
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776 MODEL ING OBJECTS 

way that λ £ ( | Ζ | ) remains constant. That is, define Ζ = (λ l/d)Z', where 
the standardized grain Z ' satisfies E(\Z'\) < oo, and let λ —> oo. 

9.7 MODELING GROWTH WITH RANDOM SETS 

Growth of an entity can be observed and measured in a number of different 
ways; it is rarely one-dimensional, leading to ambiguity as to how the process 
can be summarized and analyzed. For example, cellular organization is 
known to be important in characterizing tumor growth (Rubin, 1982), but 
most of the mathematical models have used one-number summaries (e.g., 
volume, number of cells, leading front, mean radius) of the tumor in (some-
times stochastic) differential equations. These contributions (see, e.g., Laird, 
1964; Burton, 1966; Saidel et al., 1976; Sawyer, 1977; Hanson and Tier, 1982; 
Bartoszynski et al., 1982; Le Cam, 1982; Miller et al., 1982; Adam, 1986; 
Swan, 1987; Norton, 1988) are typically answering different questions than 
are being asked in this section and are usually meant for applications where 
incidence data on many cancer patients are available. 

The spatial component of growth models, although less prominent, has not 
been ignored completely (see, e.g., Shymko and Glass, 1976; Green, 1980; 
Goodall, 1985; Tautu, 1986; Adam, 1987). Furthermore, interacting-particle 
models, built at the cellular level (Section 9.7.1), allow simulations of and 
conjectures about the shape of tumors. Theoretical results have appeared 
that show the tumor to be asymptotically (i.e., as time tends to infinity) 
circular. Nevertheless, none of these results is relevant to the inference 
problems encountered when analyzing data like the sequence of images 
presented in Figure 9.13. 

As has already been mentioned, one application of random-set growth 
models is to tumor growth. Although the data presented in Section 9.7.2 are 
of in vitro growth, one could imagine monitoring the changes in size and 
shape of a tumor in an individual via very precise, noninvasive imaging. 
Necessarily then, the data have to be good quality images sequenced at 
specified time intervals and taken under identical conditions. In vivo data of 
this type are unknown (to me), partly because tumors have been surgically 
removed as soon as possible after discovery, partly because the precision of 
x-ray pictures has been inadequate for detailing tumor shape, and partly 
because the importance of taking pictures under identical conditions, se-
quenced at specified intervals, has only recently been clinically appreciated. 
Apart from simply looking at the sequence of pictures, how can the clinician 
analyze such data? This section explores some possibilities in this regard. It is 
hoped that more theoretical research in image analysis, combined with 
higher-resolution sensing, will lead to a better description and understanding 
of tumor growth. Pictures of in vitro growth are analyzed in Sections 9.7.2 
and 9.7.3 to demonstrate what can be done at present; the fits are remarkably 
good. 
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MODELING G R O W T H WITH RANDOM SETS 777 

The general growth model is presented in Section 9.7.1 and various 
simulations illustrate its flexibility. Indeed, the contact processes (Eden, 1961; 
Williams and Bjerknes, 1972; Harris, 1974) are seen to be special cases of the 
model. 

9.7.1 Random-Set Growth Models 

Recall (9.4.1), the definition of the Boolean model. Think of the {s,,s2 , • · ·} 
as foci (or germs) of growth; about each s, an object (or grain) Z, grows. 
With regard to the modeling of tumor growth, these foci are clinically 
verifiable (Chover and King, 1985). The same principle is now applied to the 
tumor itself as it grows, namely, within the tumor there are foci about which 
growth occurs. If this model is sensible, a much higher intensity of foci will 
occur in malignant tissue than in normal tissue. Let X{ denote the tumor at 
time t = 1 and Fx c denote the foci, countable in number. Then the 
tumor at time t = 2 is modeled to be 

* 2 = U{Z(» . · ) : ».-ε*·,}, (9.7.1) 

where Z(s,) s Ζ, θ s,, i = 1 , 2 , . . . , and Z, , Z 2 , . . . are independent copies 
of a random set Z. This model was first proposed by Cressie (1984b), where 
F, consisted of Poisson points, homogeneous on X t ; it was extended by 
Cressie (1991) to the other cases presented in this section. 

Poisson Foci 
For Poisson foci in Xu the model (9.7.1) can be written as 

(9.7.2) 

where D is the inhomogeneous Poisson process with intensity function, 

(0 , otherwise. 

That is, (9.7.2) is a conditional Boolean model. Then (9.4.8) yields the hitting 
function 

TXi(K) = 1 - ε χ ρ { - λ £ ( | ( Ζ Φ Κ) η Χ, |)}, Κ e JV, (9.7.4) 

which is used extensively in analyzing the tumor-growth data of Section 9.7.2. 
Simulations of (9.7.2) yield pictures that evoke images of tumor growth. 

Figure 9.9 shows a progression from an initial disk in a through to an 
irregular set in d. Each set is generated from the previous one via the 
relations (9.7.2) and (9.7.3), with grain Ζ in each case being a disk centered 
at the origin of fixed radius. This circular growth is often seen in experiments 
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(Haji-Karim and Carlsson, 1978; Martinez and Griego, 1980) and has been 
proved mathematically for certain stochastic models of tumor growth 
(Richardson, 1973; Schurger, 1979; Bramson and Griffeath, 1980, 1981; 
Durrett and Liggett, 1981). 

It is not expected that simulations such as Figure 9.9 are a realistic picture 
of in vivo tumor growth over long time periods. Initially, the growth is 
uninhibited, but before long lack of blood supply to parts of the tumor, as 
well as tissue barriers, result in a more complicated growth pattern. It is not 
my intention to model such patterns here, but I shall mention other re-
searchers who have; without exception, they were only able to simulate and 
could not perform statistical inference (cf. Section 9.7.3) with their models. 
Notable is the work of Duchting (1980) and his co-workers (Duchting and 
Dehl, 1980; Duchting and Vogelsaenger, 1981, 1983). See also Ransom 
(1977), who models and then simulates the displacements that occur when 
interior tumor cells divide. 

(a) (6) 

(c) 
Figure 9.9 A realization of the tumor growth model (9.7.2). (a) X u a disk centered at the 
origin. (fc), (c), and (d ) Realizations at successive times, obtained by iterating (9.7.2). [Source: 
Cressie, 1991]. Reprinted by permission of the Institute of Mathematical Statistics. 
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MODELING GROWTH WITH RANDOM SETS 779 

It is my hope that the model (9.7.2) and (9.7.3) provides a good description 
of a variety of growth processes; this will depend on the spatial scale of 
observations and the type of questions being asked. An important require-
ment is to be able to make statistical inferences about A and the probability 
law of Ζ from data Xt and X2. Section 9.7.3 discusses this important 
inferential aspect. 

Nonrandom Foci 
Suppose F, in (9.7.1) is an at-most-countable collection of foci, where the 
foci locations {s„ s 2 , . . . } are fixed. Define 

TZ(K) = P r ( Z η Κ Φ 0 ) , K e Jif, (9.7.5) 

the hitting function of the grain Z. Then, from (9.7.1) and (9.7.5), 

00 
TXl(K) = \ - Π { 1 - Γ Ζ ( Κ ©{-s,})}, (9.7.6) 

i'= I 

A special case is when F, is a finite set of nodes of a regular grid; in IR2, 

F\ = { ( ' Δ „ ; Δ 2 ) : i j e Ζ) η Xt. (9.7.7) 

It is easy to simulate 

* 2 = (9.7.8) 

where F, is given by (9.7.7). Figure 9.10 shows an analogous simulation to 
Figure 9.9, where now foci are nonrandom and belong to a square grid in Xv 

For illustrative purposes, the grains are once again disks of fixed radius. 
Grains need not be disks, and if one is modeling tumor growth at the 

cellular level, it may make more sense to choose them as rectangular blocks 
(dominoes) of dimension 2Δ Χ Δ, where Δ is the square-grid spacing. A 
growth process can then be generated by (9.7.8), where Ζ is a north-pointing 
domino with probability (w.p.) pu a south-pointing domino w.p. p2, an 
east-pointing domino w.p. p3, a west-pointing domino w.p. p4 , and a Δ Χ Δ 
square w.p. 1 - px — p2 — p3 - p4. Figure 9.11 shows an analogous simula-
tion to Figure 9.10 (i.e., regular foci), with these dominoes and square as 
realizations of the random grain. 

Contact Processes 
A natural question to ask is whether models of the type presented in Figure 
9.11 have anything in common with interacting-particle systems (see, e.g., 
Liggett, 1985; Durrett, 1988). Although the latter are typically continuous-time 
models, they can be discretized in time by considering small time intervals. 
That is, they are Markov processes whose state ξ, at time t is a subset of Ζ2 
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(α) 

4 
A 

I 
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A b / 

(c) 

• 7 ' : 

: i : i i ! 3 

(W 
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/ 
/ 

i o Ä o 
(d) 

Figure 9.10 Same as in Figure 9.9 except that now growth is simulated by iterating the model 
(9.7.8). [Source: Cressie, 1991]. Reprinted by permission of the Institute of Mathematical 
Statistics. 

(more generally, a subset of I d , the set of d-dimensional vectors with integer 
coordinates). For u small, (1) tumor cells die at rate δ; that is, 

Pr(s £ , + J s e £,) » δ · « ; (9.7.9) 

(2) tumor cells are bom at rate r s(f,); that is, 

Pr(s e f , + J s £ ξ,) « r . ( 6 ) · u. (9.7.10) 

Contact processes occur when rs(£,) = 0 if s is not a nearest neighbor of any 
point in ξ, (Harris, 1974). 

Suppose is given and ξ l + u is the random set obtained from the Markov 
process (9.7.9) and (9.7.10); « is a small positive number. Let F, = in 
(9.7.8). Does there exist a random grain Ζ in (9.7.8) that yields the random 
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(a) (6) 

• a 
uu 
• • 
a a 
• a 
a u 
• a 
a a 
a a 
• • 

• • a a 
• • 
• • • a 

3 

Β 
(c) (d) 

Figure 9.11 Same as in Figure 9.10, except that now the random grain Ζ is a square w.p. 1 / 5 
or dominoes in each of the four directions, each w.p. 1 /5 . [Source : Cressie, 1991]. Reprinted by 
permission of the Insti tute of Mathematical Statistics. 

set X2, identical in distribution to £ 1 + u? Consider the contact process; here, 
f s(£) = number of points in (ξ η Ns), where Ns = {v: ||v - s|| = 1}. Then 
clearly such a random grain does exist (Fig. 9.11 gives an example where 
5 = 0; when δ > 0, then Ζ = 0 with positive probability). But the contact 
process just described is simply the Williams-Bjerknes (1972) tumor growth 
model (which was built in two dimensions because they restricted attention to 
the basal layer of an epithelium). Eden's (1961) model is the special case 
δ = 0. Thus, the process defined by repeated application of (9.7.1) is flexible 
enough to include various contact processes as special cases. 

Much research has been devoted to contact processes, usually with the aim 
of obtaining asymptotic ( / - » » ) properties, such as an asymptotically circular 
shape in some metric (Richardson, 1973; Schurger, 1979; Bramson and 
Griffeath, 1980, 1981; Durrett and Liggett, 1981), the critical value of δ above 
which the tumor eventually dies out (Harris, 1974; Griffeath, 1981; Andjel, 
1988), and rates of convergence (Griffeath, 1981). 
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(c) (Λ 
Figure 9.12 Same as in Figure 9.11, except that now (a) Xx is a rectangle; (fc) the set is Xb; 
(c) the set is Xn·, (d) the set is Λ"16. [Source: Cressie, 1991]. Reprinted by permission of the 
Institute of Mathematical Statistics. 

To demonstrate the asymptotically circular shape previously mentioned, I 
used the same parameters as in Figure 9.11, but now with a rectangular 
initial set A',. Shown in Figure 9.12a-d are generations of the tumor at 
times ί = 1, ί = 6, t = 11, and t = 16, respectively. 

Some Final Remarks 
One could now return to the Poisson-foci case and ask the same questions 
regarding asymptotics that were asked for the contact process. Most notably, 
is there an asymptotically circular shape in some metric? I conjecture that 
there is; see Figure 9.9. 

One could also combine the two cases and build a random-set model 
based on random regular foci. Suppose Fx is defined by (9.7.7). Define the 
thinned set F* as follows. For each s, e Fx, s, e F* w.p. p„ independently 
of whether e F*, for any j Φ i. Finally, define 

(9.7.11) 
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where Z „ Z 2 , . . . are independent copies of the random set Ζ (with hitting 
function Tz). The hitting function of X2 is 

TX2(K) = \ - Π[ΐ-Λ+Λ·{ΐ-Γζ(Κ®{-βί})}], 
i = I 

(9.7.12) 

If Δ, = Δ2 = Δ in (9.7.7) and P i = λ · Δ2, then for Δ small, 

TX2{K) = 1 - β χ ρ | - λ £ Γ ζ ( Κ ® {-s)M<*s)J 

= 1 - e x p { - A £ ( | ( Z ® Κ) η Λ',I)}. 

Thus l i m A _ 0 TX£K) is precisely (9.7.4), the hitting function of the random-set 
model based on Poisson foci (as it should be). 

9.7.2 Tumor-Growth Data 

Cancer is a disease involving disordered cell growth and is characterized by 
the presence of one or more malignant tumors (International Union Against 
Cancer, 1978). A tumor is any abnormal swelling, including those due to 
passing inflammation. However, the term is usually used to mean neoplasm 
(meaning new growth). Neoplasms are often categorized into two main types. 
Benign tumors are almost always enclosed in a capsule of fibrous tissue and 
do not invade surrounding tissue; the cells resemble their tissue of origin and 
reproduce in a relatively orderly, controlled manner. Malignant tumors' 
directly invade surrounding tissue; their cells usually reproduce in a rapid, 
disorderly manner and can spread through the body via the lymphatic or 
blood system to develop secondary tumors (metastases) elsewhere. 

A good review of the mathematical theories of carcinogenesis can be 
found in the papers by Whittemore (1978), Whittemore and Keller (1978), 
Forbes and Gibberd (1984), and Murdoch et al. (1987). The process of 
carcinogenesis is generally considered to follow the degeneration of a normal 
cell to a malignant state through a finite number of intermediate stages; 
heritable alterations to the cell are accumulated at each stage. What causes 
this degeneration? It is generally thought to start at the level of DNA, the 
genetic material of the cell. Normal cells contain DNA segments called 
protooncogenes that appear to be responsible for regulation of cell growth. A 
carcinogen alters the DNA by transforming protooncogenes to oncogenes 
(DNA segments that produce cancer when transferred to normal cells). The 
effects of exposure to a carcinogen are often not seen for many years after 
the exposure occurred. 

Other factors, such as hormones, dietary components, asbestos, and so on 
(called promoters) then modify cells or body defense mechanisms to allow for 
more rapid growth once the cellular DNA has been altered. Cell organization 
is also important, but it seems that this spatial component has not been given 
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784 MODEL ING OBJECTS 

the attention it deserves (Rubin, 1982, 1985; Takahashi et al., 1986). The 
implication is that to understand tumor growth in humans, it is necessary to 
understand the growth process at the supracellular as well as the cellular 
level. The spatial statistical analyses that follow attempt to do this; they are 
based largely on Cressie and Hulting (1992). 

In Vitro Growth of Cell Islands 
Cells from the human breast cancer cell line MCF-7 (Soûle et al., 1973) were 
grown in a flat dish covered with a nutrient medium. This cell line typically 
grows in compact cell islands, as is seen from the sequence of three images 
(photographed 72 hours apart) presented in Figure 9.13. These data were 

.v. 

ΓΗ7ΤΤ· 

» ρ - • r- T j H ^ 

Figure 9.13 In vitro growth of human breast cancer cell 
line MCF-7. The sequence of ceil islands Xx, X2, λ"3 were 
photographed 72 hours apart. Each of the 25 squares on 
the photographs are 1 mm2 at 40 x magnification. [Source: 
Dr. G. C. Buehring, University of California, Berkeley] 
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Ö 
(a) 

Figure 9.14 Digitized boundary of the cell islands 
shown in Figure 9.13. (a), (b), and (c) The bound-
aries of A-,, X2, and X3, respectively. [Source: 
Cressie, 1991]. Reprinted by permission of the Insti-
tute of Mathematical Statistics. 

supplied by Dr. G. C. Buehring (School of Public Health, University of 
California, Berkeley) and come from experiments similar to those described 
in Buehring and Williams (1976). 

Shown in Figure 9.14 are digitized boundaries of the cell islands of Figure 
9.13; details of the digitization are given later in this section. Let X, c IR2 

denote the cell-island boundary and its interior, taken at the ith time point, 
/ = 1,2,3. Recall that time points are 72 hours apart. 

The model I shall fit to these data is given by (9.7.2) and (9.7.3), after a 
transformation to isotropy. My reasons for choosing this model are based on 
observations made in Section 9.7.1. Because Poisson foci are seen in normal 
tissue, I assume that the same occurs in malignant tissue, only at very, very 
much higher intensities λ. Because at the cellular level asymptotic growth is 
circular, assume that at the supracellular level (after 72 hours of growth) the 
grains are disks with random radius R. 

After transformation to spaces where the model is likely to hold, data of 
Figure 9.14 are analyzed by matching theoretical hitting functions, given by 
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(9.7.4), with empirical hitting functions calculated from the images. This 
yields estimates and standard deviations of parameters λ, E(R), and variR). 
Full details can be found in Cressie and Hulting (1992); I shall present a 
number of their results in succeeding text. 

Stochastic Geometric Model of Tumor Growth 
The basic model describes how Xt+l, the time-(f + 1) tumor, evolves from 
X„ the time-/ tumor, and was first suggested by Cressie (1984b). An impor-
tant modification transforms the plane to ensure isotropy of the growth 
process, but for the moment consider the untransformed version of the 
model. Let X{ denote the initial tumor and D2 denote a homogeneous 
Poisson process of intensity λ 2 . Then, define the time-2 tumor to be 

*2 Ξ U {Z2{·,)· «I- e D 2 η (9.7.13) 

where Z2(s,) = Ζ, 2 θ s,, i — 1 , 2 , . . . , and [Zi 2: i = 1 ,2 , . . . } are indepen-
dent copies of the RACS Z2 . In general, 

U { Z , + i ( s ( ) : s , e £ > , + 1 n * ( } , / = 1 , 2 , . . . , (9.7.14) 

where Z,+ 1(s,) = Z, 1 + 1 θ s, (i = 1 ,2 , . . . ) ; Z, , + 1, Z2 , + 1 , . . . are indepen-
dent copies of the RACS Z, + 1 ; and D,+ 1 is a homogeneous Poisson process 
of intensity λ , + 1 , independent from Z, , + 1, Z2 , + l , . . . . Notice that Xt + l 

does not necessarily include all of X,. 
Conditional on observing X„ the hitting function of Xl + i is the comple-

ment of 

QXi + l(K) = e x p { - A ( + 1 E ( | ( Z , + 1 ΦΑΓ) nX,\)), KeJif, (9.7.15) 

which is a general version of (9.7.4). 

Set-Growth Parameters 
The parameters of the set-growth process (9.7.14) are those from the proba-
bility law of the RACS Z , + 1 and the probability law of the point process 
fl,+1, having conditioned on the time-ί tumor X,. Suppose that the source of 
randomness in {Ζ,, + , : ι = 1 , 2 , . . . } is a scaling random variable R, + 1\ that is, 
Z , + 1 is distributed as Rl+l · B, where Β is a fixed closed set in IR** and scalar 
multiplication is defined by (9.3.5). Then the goal is to carry out statistical 
inference on λ ( + 1 , E(Rt+1), v a r ( R l + l ) , and possibly higher-order moments, 
for each t = 1 , 2 , . . . . This means not only estimating the parameters, but 
also providing standard deviations for the estimators. It is natural to make Β 
a disk, and indeed there is some clinical evidence (e.g., Haji-Karim and 
Carlsson, 1978; Martinez and Griego, 1980) that growth of tumors is 
spheroidal. 
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0 0.1 mm 
Scale: ι ι 

Boundary of X 2 Boundary of X3 

Figure 9.15 Evolution of λ"3 from X2, where the data are the (digitized) cell islands at times 2 
and 3. 

For the data of Figure 9.14, results will be presented for X2 growing from 
A', and for X3 growing from X2. To illustrate the technique, I shall give full 
details for the evolution of X3 from X2. Figure 9.15 shows X2 centered at 
the origin, which is its center of gravity. The outer curve is the boundary of 
X3, which evolved from X2 in a period of 72 hours. 

Isotropic Growth on the Transformed Scale 
It is natural to analyze these data rotationally rather than translationally, 
which leads to the question of whether the growth process is isotropic (i.e., 
no direction of growth is preferred). If the mechanism of growth is something 
like a contact process (e.g., Harris, 1974), parts of the boundary of X2 that 
exhibit higher curvature may grow at a faster rate. However, a transformation 
of IR2 that transforms X2 into a set whose boundary has constant curvature 
(i.e., a disk) would make an isotropy assumption reasonable. This transforma-
tion is also important for comparison of the two growth periods; in both 
cases, one starts from the same initial set (i.e., a disk) in the transformed 
spaces. Finally, but least importantly, the hitting functions are easier to 
calculate for this isotropic process. 
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Define Ms, r) = {u: ||u - s|| < r} to be the closed ball of radius r whose 
center is at s e Rd. Notice that λ · b(s, r) = b(\s, |A|r) and fc(s„r,)® 
b(s2, r2) = b(s, + s 2 , r, + r2). 

After transformation, it will be assumed in (9.7.14) that 

Zl + l=b(0,Rl + l ) , (9.7.16) 

a disk of random radius Rt + l, and that Dl + 1 is a homogeneous Poisson 
process. Then the goal is to estimate λ, + 1, E(Rl+]), var (/?,+ 1 ) , . . . . 

The appropriate transformation that converts X2 into a disk is not hard to 
perform. Let the boundary of X2 be described by the polar coordinates 
{(r2(0), θ): 0 < θ < 2π), where the radius r2(0) is a function of the angle 0; 
that is, assume X2 is star-shaped. If it is not and there are several boundary 
points r2,,..., r2 k at 0 = 0O, then choose r2(0o) = max{r2 r2 λ}. The 
geometric-signature transformation from R2 onto R2 is defined in polar 
coordinates as 

S2(u) = (u • {r2/r2(e)},e), u = (« ,Θ)' e R2 , (9.7.17) 

where 

r2 s ( l / 2 ) [ sup{ r 2 (0 ) : 0 < θ < 2rr} + inf{r2(0):O < θ < 2π}]. (9.7.18) 

Zahn and Roskies (1972) also take this boundary-description approach to 
analyzing the size and shape of objects. 

The quantity r2 in (9.7.18) is the average radius of the largest inscribed 
circle and the smallest circumscribed circle centered at 0; 2 r2 has a clinical 
interpretation as the mean caliper width of the tumor X2. Along with the 
area \X2\ (or its square root), r2 is a measure of the size of the tumor. 

In any fixed direction, (9.7.17) preserves ratios of distances from the 
origin. Figure 9.16 shows a plot of the multiplicative ratio r 2 / r 2 (0) , as a 
function of θ e [0,2ττ). When this transformation is applied to the bound-
aries of X2 and X3, presented in Figure 9.15, the result is Figure 9.17. Notice 
that X2 is transformed to the disk of radius r2. The outer curve shows the 
boundary of Y3, the transformation of X3. 

After the transformation, it is reasonable to assume that the stochastic 
mechanism resulting in Y3 does not depend on direction. When analyzing 
spatial data, stationarity is usually an important assumption because it allows 
subregions of the spatial process to serve as replicates and hence to provide 
estimates of spatial parameters. Here isotropy is important for the same 
reason. 

Stochastic-Geometric Model on the Transformed Scale 
Now assume that the conditional Boolean model given by (9.7.14) and 
(9.7.16) applies on the transformed scale. Specifically, because X2 is trans-
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β 

Figure 9.16 Plot shows the geometric signature transformation of the boundary of X2 (the 
inner set in Figure 9.15). 

formed to b(0, r 2) (the disk of radius r 2) and because Z 3 = MO, R3), the 
model for Y3 is 

> 3 = U {*(»,·· e D 3 ^ 6(0, r2)}, (9.7.19) 

which is an isotropic RACS. It can be characterized by its hitting function, 
which from (9.7.15) is the complement of 

Pr(Y3 C\K= 0 | t ime-2 tumor is b{0, r2)) 

= exp{ —À 3 £( | (b(0 , R3) θ K) n è ( 0 , r 2 ) | ) } , KeJiT. 

Denote this function by QYj. Then for Κ = b(s, /), a disk of radius / centered 
at s, 

QY}(b(s,l)) = e x p { - À 3 £ ( | è ( s , Â 3 + / ) n fc(0, r 2 ) | )} . (9.7.20) 

Define 

q(u,h;\,R) = exp{—À£(|6(u, R + h) Π è ( 0 , l ) | ) } , (9.7.21) 
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790 MODEL ING OBJECTS 

Figure 9.17 Evolution of Y3 from V2, where Y2 is a unit disk on the transformed scale. These 
data represent the geometric-signature transformation of the boundaries of A"3 and X2 pre-
sented in Figure 9.15. 

where u = Ml, h > 0, λ > 0, and R > 0. It is easily seen from (9.7.20) that 

QYj{b(s,l)) = q{s/r2,l/r2i k3r\,R3/r2), (9.7.22) 

where s = ||s||. Notice that QYj depends on s only through s because the 
RACS is isotropic. 

By working in units of r2 (the size of the tumor X2\ one can concentrate 
on the shape characteristics and transform back to the original units later. 
Thus, for the moment, assume r2 = 1. 

From the exponent of (9.7.20), write 

A,(R3) m\b(s,R3 + l) n f t ( 0 , l ) | , (9.7.23) 

the area of intersection of two disks distance s apart, one of radius (R 3 + /) 
and the other of radius 1. Figure 9.18 shows the geometrical configuration. 
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Theoretical Investigation of the Hitting Function 
From (9.7.20), (9.7.22), and (9.7.23), 

- l o g q(s,l-,X3,R3) = \3E(A,(R3)), (9.7.24) 

and, provided R3 + I > 1 and \R3 + I - s\ < 1, 

A,(R3) = ( τ τ /2 ){ (Λ 3 + I)2 + 1} - y ( / ) { ( * 3 + IF ~ Y ( I F F ' 2 

- ( R 3 + / ) 2 s i n - 1 ( y ( / ) / ( Ä 3 + / ) ) - sin~1 ( s - y(l)) 

- ( s - y ( l ) ) { l - ( s - y ( l ) ) 2 } 1 / 2 , (9.7.25) 

where y(/) = (s 2 + (R 3 + I)2 - l ) / (2s ) . Expand (9.7.25) in a Taylor series 
about some fixed value Ä? to obtain 

- l o g q(s,l; \3,R3) 

= Λ3{Λ,(Λ°) + E(R3 - RDA'^R») + E(R3 - R°3)2A",(R°3)/2! + · · · } 

s ß l x l ( l ) + β 2 x 2 ( l ) + ß 3 x 3 ( l ) + (9.7.26) 

 D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/ by U

niversity O
f T

exas L
ibraries, W

iley O
nline L

ibrary on [07/03/2023]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense

Meta 1017 
p. 111



792 

where x / + , (/) = A(/\R%)/j\, j = 0 , 1 , 2 . . . . and 

λ3 = ßl, 

E(R3) = (β2/βγ) + R°3, 

var(R 3) = ( ß ^ / ß i ) - (ß2/ßi)2· 

MODEL ING OBJECTS 

(9.7.27) 

(9.7.28) 

(9.7.29) 

Notice that (9.7.26) is a linear combination of explanatory variables {*·(·)}, 
whose coefficients are functions of the parameters to be estimated. Formulas 
for the independent variables are straightforward to evaluate because they 
are just derivatives of A,( · ) given by (9.7.25). 

Empirical Investigation of the Hitting Function 
In order to estimate parameters ßlt ß2, and ß3, the theoretical function 
(9.7.24) will be matched to its empirical version. This is very much in the 
spirit of the classical method-of-moments technique of parameter estimation. 

Isotropy of the RACS (9.7.19) ensures that 

= (2 i r ) _ 1 | {0 : 0 g [0 ,2 i t ) ; Y3 Π b(s, l) = 0 , where s = ( s , 0 ) ' } | , 

where | · I, denotes one-dimensional Lebesgue measure. Recall that r2= 1, 
and so {(r3(0)/r2(0),0): 0 e [0,2ir)} in (9.7.30) is the boundary of Y3. That 
is, q(s, l; λ3, R3) is the proportion of angles 0 for which r 3 (0) / r 2 (0) < s - I. 
Notice that {(r3(0), 0): 0 e [0,2·π·)} is the boundary of X3, the untransformed 
time-3 tumor. 

The values of the parameters ßu ß2, and ß3 that bring βχΧχ(1) + 
ß2x2(l) + ß3x3(l) closest to - l o g q(s,l; λ3 , R3) will be used to obtain 
estimates of λ3 , E(R3), and vaKK3)· Before I describe how to do this, some 
of the computational aspects involved in obtaining q(s, l; λ3 , R3) will be 
presented briefly. 

Computational Aspects 
The original data came as photographic images, so they were not initially in a 
suitable form for computing q(s, l; λ3 , R3). The information in the pho-
tographs had to be converted to numerical data by digitizing the relevant 
features of each picture. In this case, it is sufficient to quantify the bound-
aries of the cell islands. The method used consisted of tracing the outline of 
the cell islands using a pointer on a graphics tablet. The software interface to 
the device generated a sequence of Cartesian coordinates that define a 

s q(s,l; A3,K3), (9.7.30) 
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MODELING GROWTH WITH RANDOM SETS 793 

polygonal approximation to each of the boundaries. (A common reference 
point on each picture allowed the cell islands to be aligned.) Denote the 
sampled coordinates as (-r^ .y,^) where k = 1,2,3 indexes the time and 
i = 1 ,...,nk indexes the coordinate pairs of the boundary at time k. (Digiti-
zation of the boundaries represented in Figure 9.14 yielded n, = 213, n2 = 
510, and n3 = 704.) For the computational aspects of this study, Xk refers 
not to the cell-island image, but to the approximating polygon. 

From the boundary description, it is possible to determine the cell island's 
center of gravity (xk,yk) and its area. Henceforth, assume that the origin of 
the plane is moved to (*, , y,) when studying the evolution of X2 from Χλ 

and to (x 2 , y2) when studying the evolution of X3 from X2. For the data of 
Figure 9.14, \Xx\ = 0.00465 mm2, \X2\ = 0.01932 mm2, and \X3\ = 0.0969 
mm2, leading to areal growth factors of 4.155 and 5.016, respectively. 

Computation and application of the geometric signature transformation S2 

requires a polar-coordinate representation for the boundaries of X2 and X3. 
Using 

and rk(9°k) = {(*,°λ)2 + (y,0*.)2}'72, each of the sample boundary points 
y f k ) can be converted to polar coordinates (rk(ffj'k), ). For any given 

Θ* e (0,2ir], not necessarily a sample boundary point, Cressie and Hulting 
(1992) give the linear-interpolation formula used to compute rk(0*). Hence 
S2 may be calculated using (9.7.18). 

The necessary elements to compute q(s,l; λ3 , R3) are now in place. Let 
{öo , . . . , 0* ) be the sequence 0* = 2 π ( j / J ) , j = 0,...,J, of equispaced 
angles. For fixed s and /, define 

arctan(y,Vx,n ,) , if > 0, 

ir + a r c t a n ( y ° / ^ ) , if < 0, 

Then q, defined by (9.7.30), is evaluated by 

a choice of J = 750 was made here. 
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9.7 J Fitting the Tumor-Growth Parameters 

Define 

-log q(s,l;X3,R3) (9.7.31) 

to be the dependent variable in the linear model 

W{l) = {xl(l),x2(l),x3{l)){ßi,ß2,ßi)' + €{1), (9.7.32) 

obtained by matching (9.7.26) with (9.7.30). Here, e( ) is an error term that 
represents a combination of higher-order Taylor series terms in (9.7.26), lack 
of model fit, and sampling fluctuations; it is assumed to have mean zero and 
homoskedastic variance σ 2 , assumptions that will be checked by analyses of 
the residuals. 

Choosing the Design Constants 
In order to implement estimation through (9.7.32), design constants R3, s, n, 
and / „ . . . , / „ must be chosen. In analyzing the growth from time 2 to time 3, 
R°3 = 1.2, s = 3.2, η = 13, and / „ . . . , / „ = 1.05(0.02)1.29 were chosen. 

The choice of R3 is based on the rate of growth as measured by the areas 
of the cell islands. Define Ck to be the areal growth factors; that is, 
|Α"*+ιΙ = Ck \Xk I, k = 1,2. Assuming that X2 is a disk of radius 1 and X3 is 
a disk of radius 1 + R3, C2 is obtained from ττ(1 + R3)2 = C2v. Substituting 
in the observed value for C2 (5.016) and solving for R3 yields the value 
/?3 = 1.2. 

It is possible to vary both s and / in selecting the remaining design points. 
I chose to fix 5 and vary / because numerical evidence demonstrated that 
A,(R3) varies approximately as a function of the difference s — I. Now if 
/ > 1, then R3 + I is always > 1, satisfying one of the conditions of (9.7.25). 
The other condition can be expressed as s — R3 - 1 < I < s — R3 + I, which 
suggests taking s so that s - R3 — 1 = 1; that is, choose s = 3.2. Substitut-
ing s = 3.2 and R3 = 1.2 into the preceding inequality gives an approximate 
range for I to be (1.0,3.0]. However, for these data, zero estimates for 
q(s, l; λ3 , R3) were obtained for / > 1.4, effectively reducing the range to the 
interval (1.0,1.4]. Because observations are inexpensive, any number of I 
values may be selected. However, it is wise to avoid taking values of I close to 
1.0 and 1.4, as well as values that are too close together. In these two 
instances, one can expect either imprecise or highly correlated observations, 
respectively. Moreover, the Taylor series approximation in (9.7.26) gets worse 
as / gets further from R3 = 1.2. Diagnostic plots (see following text) were 
made for various choices of / , , . . . , / „ , and the final choice was made on the 
basis that the linear model (9.7.32) should provide an adequate description of 
the data. 
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Table 9 3 Design Constants / „ . . . , / , 3 , Dependent Variable W(l), and Independent 
Variables x , ( / ) , x2(l), and x3(l); Time 3 from Time 2 

1 mn x2U) * 3 ω 

1.05 0.83011 0.030741 0.53380 2.61583 
1.07 0.90965 0.042402 0.62957 2.20634 
1.09 0.96758 0.055837 0.71218 1.94088 
1.11 1.05173 0.070830 0.78582 1.75022 
1.13 1.10262 0.087225 0.85279 1.60419 
1.15 1.17334 0.104907 0.91454 1.48727 
1.17 1.24479 0.123779 0.97204 1.39054 
1.19 1.38897 0.143764 1.02598 1.30847 
1.21 1.50208 0.164798 1.07686 1.23744 
1.23 1.57022 0.186821 1.12509 1.17493 
1.25 1.72224 0.209785 1.17095 1.11917 
1.27 1.83258 0.233645 1.21469 1.06885 
1.29 1.92873 0.258360 1.25652 1.02297 

Estimating the Growth Parameters 
The data for estimating /3„ ß2, and ß3 in the linear model (9.7.32) are given 
in Table 9.3. For reasons already given, the error term e( ) will not necessar-
ily be uncorrected; however, the choice of the design constants were to make 
c ( / , ) , . . . , e ( / „ ) look as much as possible like white noise. We therefore 
proceed with ordinary-least-squares estimation of the parameters; more 
efficient estimation procedures would try to model the serial correlation in 
the errors, such as in Section 9.5.1. 

Estimates of ßx, ß2, and ß3, denoted by bx, b2, and b3, respectively, are 
given in Table 9.4, along with estimates of the estimators' standard devia-
tions, an estimate of σ 2 = var(e(/,)), and /-statistics to assess the significance 
of each coefficient. Writing (9.7.32) as 

W = ^ + (9.7.33) 

Table 9.4 Estimates of Linear Regression Parameters, their Standard Deviations, 
and their /-Statistics"; Time 3 from Time 2 

ßi b, (sd (/>,)) t (σ2 = 5.52X 10~4) 

ßl 4.04668 (0.31894) 12.688 
ßl 0.57624 (0.06949) 8.293 
ß3 0.16165 (0.01660) 9.740 

V 2 denotes the estimated error variance. 
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where var(e) = σ2Ι, standard results give 

b = (bx,b2,b3)' = ( X ' X ) 1 X'W, (9.7.34) 

^âr(b) = ( X ' X ) ' ^ 2 , (9.7.35) 

Ô2 = W ' ( / - X(X'X)~lX')Yl/(π - 3). (9.7.36) 

To obtain estimates of the growth parameters, sample versions of (9.7.27), 
(9.7.28), and (9.7.29) are invoked: 

Â3 = f>„ (9.7.37) 

E(R3) = (b2/bx) + R°3, (9.7.38) 

w(R3) - (b3/bx) - (b2/bl)2. (9.7.39) 

Because these are obtained from a nonlinear transformation of the original 
estimators, a δ-method calculation is needed to obtain their approximate 
biases and variances. Specifically, 

bîàs(À3) = 0, 

var(Â3) = var(i>!); 

C·—V £•/ ο \\ <m(bx,b2) b2™(bx) bias {E(R3)) = -2 + , 

— l v a T ( b 2 ) vâr(^i) 2cw(bx,b2)\bj 
var (E(R3)) = I — — + J ^ ; 

ΐΓ-/—/ολ\ cm(b3,bx) b3wr(bx) 3 f t fvâr (è , ) 
b,as(var(K3)) = - 2 + — - , 

4b2cov(bl,b2) var (b2) 
+ bf b f ~ ' 

var(var(/?3)) = — + + ^ + ^ 

2b3cov(bi,b3) 4b3b2v&T(bx) 4b2b3co\(bx,b2) 

η b\ + 

4b2co\(b3,bx) 4b2cxw(b2,b3) 8b2cov(bx,b2) + - - _ , 
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Table 9.5 Estimates of Growth Parameters, their Standard Deviations, 
and their Biases; Time 3 from Time 2 

Parameter Estimator Estimate (sd) [bias] 

E(.R 3) 
var(f l 3 ) 

E(R3) 
v a r ( R 3 ) 

Standardized 

{b2/b,)+R°3 
(b3/b,)-(b2/bx)2 

4.04668 
1.34240 
0.01967 

(0.3189) 
(0.0283) 
(0.0114) 

Actual (r2 = 0.2604 mm) 

bx/rl 
{(b2/b,)+R°3)r2 

{(b3/bl)-(b2/bi)2}r2 

59.685 m m " 2 (4.7035) 
0.3496 mm (0.00737) 
0.00133 mm2 (0.00077) 

[0.0] 

[0.0022] 
-0.0015] 

[0.0] 

[0.00057] 
-0.00010] 

where the values given by (9.7.34) and (9.7.35) are used in the computations. 
The estimated biases and standard deviations are given in Table 9.5. 

Recall it was assumed that r2 = 1. In fact r2 is not 1, but the simple 
relationships 

λ<3ΰ) = λ(
3

5)/Γ2
2, fl(3fl) = R(

3
s)r2 (9.7.40) 

(where the superscripts (a ) and (s) stand for actual and standardized, 
respectivity), allow reconstruction of actual parameter estimates from stan-
dardized parameter estimates (obtained assuming r2 = 1). The size variable 
r2 = 0.2604 allows the latter half of Table 9.5 to be constructed. 

Regression Diagnostics 
The error variance σ 2 is estimated by σ 2 = 5.52 X 10~4 (on the standard-
ized scale), which is very small when compared to the regression mean-squared 
error of 8.1303. The adjusted R2 = 0.9997. 

The model is a remarkably good fit to the data, as seen by the small 
estimated standard deviations in Table 9.4. Figure 9.19a shows a plot of the 
data W( ) versus the fitted relation blxl( ) + b2x2( ) + b3x3(·), and Figure 
9.19<> shows the residuals 

€(/,) - W{1,) - M . U ) -b2x2{lt) -b3x3(l,), i = 1 , . , . , / t , (9.7.41) 

versus the fitted relation. There is no obvious lack of fit. 
The simple residual plot of Figure 9.19£> can sometimes miss important 

features unexplained by the fitted regression line. Part of the reason for its 
failure is that it is only a single two-dimensional summary of a model in 
four-dimensional space. A series of added variable (AV) and detrended 
added variable (DAY) plots, designed to assess the role of the explanatory 
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Figure 9.19 (a) Plot of data (Wi/,)} versus predicted values {&,*,(/,·) + b2x2(ll) + b3x·,(/,)}. (b) 
Plot of residuals {£(/,)} versus predicted values {i»,*//;) + b2x2(l,) + b^x^U,)}. 
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variables xx , χ 2 , χ 3 in the regression, provides additional visual summaries of 
the model. The AV plot for xt shows êw-{i\ versus ê i [(,, where is the 
residual from the regression of W on (x/. J Φ /} and ê( [1] is the residual from 
the regression of xt on {χ/, j Φ /}, i = 1,2,3. The DAV plot shows ê versus 
ê,.[(J, ί = 1,2,3. 

To understand the purpose of these plots, note that — i + 
Thus, a least-squares line fitted to the AV plot will have slope 6,. Then the 
DAV plot can be obtained from the AV plot by removing the systematic 
component. Therefore, the AV plot gives an indication of the consistency 
and strength of the functional relationship between X, and W, whereas the 
associated DAV plot highlights model deficiencies (Cook and Weisberg, 
1982; Cook, 1986). Figure 9.20a and b displays the A V / D A V pair for i = 1 
(i.e., for the variable JC,). The AV plot suggests a strong linear relationship 
and the DAV plot of the residuals shows no serious model deficiencies. 
Similar conclusions may be drawn for x2 and x3. The A V / D A V plots were 
found to be useful in choosing I values during the early stages of modeling. 
The displays helped to identify nonlinear relationships for extreme / values 
by clearly depicting the effects of suspected failures in the model assump-
tions. 

Evolution of the Cell Island at Time 2 from the Cell Island at Time 1 
Having modeled and fitted the cell island at time 3 from that at time 2, we 
now consider fitting time 2 from time 1. The sequence of steps was repeated. 
The multiplicative ratios {r , / r , (0) : θ e [0,27r)} were determined and IR2 was 
transformed using the geometric-signature transformation £ , ( · ) defined anal-
ogously to (9.7.17). Again, without loss of generality, assume rx = 1, and 
transform XX to a unit disk and the boundary of X2 to {(Γ2(Θ)/Γ1(Θ\ θ): 
θ e [0,2·ΙΓ)}, which defines the set Y2. An analogous stochastic model to 
(9.7.19) is posited and the function q(s, l; λ 2 , R2) now represents the comple-
ment of the (conditional) hitting function of Y2. Matching - l o g q 2 ( s , l ; 
A 2 , R 2 ) with its empirical version - l o g q2(s, /; λ 2 , R2) yields parameter 
estimates, standard deviations, and biases for λ 2 , E(R2), and vai(R2) , which 
are given in standardized form in the first half of Table 9.6. The cell-island 
size is rx = 0.1097 mm, from which actual estimates were computed; they are 
presented in the latter half of Table 9.6. Design constants chosen were 
R2 = 1.0, s = 3.0, η = 22, and /, = 1.05(0.02)1.47. Diagnostic checking again 
showed an excellent fit ( σ 2 = 0.0047, regression mean-squared error = 
26.4464, and adjusted R2 = 0.9987). 

Interpretation of the Results 
Comparison of Tables 9.5 and 9.6 shows that the character of the tumor has 
changed significantly (in a statistical sense) from one time interval to the 
next, in a way that is not obvious from inspection of Figure 9.14. Comparison 
of standarized estimates for each table avoids a confounding of the size 
variable. In the first 72 hours (between time 1 and time 2), foci of growth 
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Figure 9.20 (a) Added variable (AV) plot of {fW[[](l,)) versus {ê1(I](/,)}. (b) Detrended added 
variable (DAV) plot of residuals {!(/;)} versus (ê,.[,](/,)}. 
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Table 9.6 Estimates of Growth Parameters, their Standard Deviations, 
and their Biases; Time 2 from Time 1 

Parameter Estimate (sd) [bias] 

Standardized 

λ 2 5.26194 (0.2968) [0.0] 
E(R2) 1.04758 (0.0205) [0.0011] 

var(R 2 ) 0.02978 (0.0076) [ -0 .00071] 

Actual (r, = 0.1097 mm) 

Λ 2 438.495 m m " 2 (24.733) [0.0] 
E(R2) 0.11492 mm (0.00225) [0.00012] 

v a r ( R 2 ) 0.00036 m m " 2 (0.00009) [ -0 .00001] 

occur at a higher intensity, but the average radius of growth is smaller, as 
compared to the next 72 hours (between time 2 and time 3). Simulation of 
the model (Section 9.7.1) indicates that greater growth potential occurs when 
the growth radii are larger, in spite of a drop in the intensity of growth foci. 
Whereas lÀ^I = 4.151^,1, it is seen that in the later period \X3\ = 5.011*2|. 

The analysis demonstrates that the model (9.7.19) provides an excellent 
description of the image data. Although the growth process does not occur 
according to a time scale of 72 hours, the dynamic conditional Boolean model 
may provide conjectures about how the cell island is growing. It appears that 
foci of growth occur randomly and the growth is isotropic with approximately 
constant radius of growth (on the transformed scale). 

The model allows a tumor to regress as well as grow. It would be 
interesting to see if parameter estimates λ, E(R), and var {R) could be used 
to monitor the effect of a treatment regime on tumor shape and size. 

Some Final Remarks 
I see the flexibility of growth or regression within the same model as an 
advantage. However, if strong growth is expected, it might be seen as a 
disadvantage of the model that a point in X, may not necessarily be 
contained in Xl+l. D. Stoyan has suggested the following modification of 
(9.7.14): 

*,*+>= U{Z, + 1(s,):Sieß,+1n**}U*,*. (9.7.42) 
Notice that X* c X*+The complement of the hitting function (conditional 
on X*) is easily seen to be 

J o, if α: η Χ* Φ 0 , 
Qx?SK) = \QXi4K), if κ η XT = 0 , 
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where QX J.K) is given by (9.7.15) with X* substituted for X,. Thus, from a 
practical point of view, inference on X*+i conditional on X* is identical 
with inference on Xl+l conditional on X,. Moreover, the analysis and 
interpretation of the tumor-growth data remain the same regardless of 
whether (9.7.14) or (9.7.42) is chosen. 

If the mechanism of growth of an object is something like a contact 
process (Harris, 1974), then growth will be concentrated on or near its 
boundary. Thus, the model (9.7.19) might be more realistic if Y2 were an 
annulus rather than the disk b(0, r2). A little thought reveals that, in a 
certain region of s and / values, (9.7.20) is unaffected by this change. 

Suppose 1 - ρ is the radius of the interior boundary of the annulus 
(centered at 0) and 1 is the radius of the exterior boundary. Then, for this 
annulus to replace the unit disk b(0,1) in (9.7.23) without change of A,(R3), 
the inequality, R3 + l+ l - s<p is required. For the choice of design 
constants given for time 3 from time 2, this implies ρ > 0.29; that is, 
1 — ρ < 0.71 (in units or r2). For the choice of design constants given for 
time 2 from time 1, this implies ρ > 0.47; that is, 1 - ρ < 0.53 (in units 
of r ,) . 

TTie two preceding remarks could now be combined to yield, on the 
transformed scale, a modification to the model (9.7.19), namely, 

Y** = U {b^R^y.St e D , n (b(0,r2) \b{0,pr2))} U 6(0, r 2 ) , 
0 < ρ < 1. 

Here the foci of growth are restricted to the annulus b(0, r2) \ b(0, p r 2 ) and 
Y** = b(0, r2) is always contained in y3**. 

In conclusion, the accurate description achieved by these conditional 
Boolean models is encouraging. Although no claim can be made that an 
explanation for tumor growth at the supracellular level has been found, the 
stochastic model has raised interesting questions that warrant translation into 
biological terms. 
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Acid deposition, 4, 259 
Acid precipitation, 4, 259-273 

large-scale variation, 262 
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variogram estimation, 264 

Acid rain, see Acid precipitation 
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Age-specific rates, 542, 545 
Age standardization, 545 
Agglomerative approach, 592 
Aggregation. 66, 68. 124. 285. 547 
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Animal-behavior data, 645, 646 

acts, 644, 645 
Κ functions, 647-649 
transformed, 647 

Anisotropy, 62, 64, 215, 264 
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Asymptotics: 
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infill, 57, 100, 101, 134, 312, 350. 426, 480, 
533 

estimation of covariance parameters , 354, 
355 

kriging, 353, 354 

Atmospheric science, 4 
Auto-Gaussian model, 413, 433, See also CG 

Model 
large-scale variation, 435-437 
multivariate, 434 
pairwise-only dependence , 433 
small-scale variation, 437 
sudden infant death syndrome (SIDS), 

434, 555-558. See also SIDS 
what yields, 434 

Autobeta model, 440 
Autobinomial model, 431 

pairwise-only dependence , 431 
Autogamma model, 439 
Autologistic model, 423 

large-scale variation, 424 
maximum likelihood, 479 

asymptotics, 479 
pairwise-only dependence , 423 
small-scale variation, 425 

Auto negative binomial model, 432 
pairwise-only dependence , 433 

Auto-Poisson model, 427 
large-scale variation, 429 
pairwise-only dependence , 427 
parameter space, 428 
small-scale variation, 429 
sudden infant death syndrome (SIDS), 

428-431, 553-555. See also SIDS 
Autoregressive processes, 14, 200. See also 

Time series 

Bandwidth, 600. 653 
Bayes classification rule, 502 
Bayesian kriging, 170, 171, 295 
Bayes risk, 107 
Bessel function, 86, 88 
BIC, 104, 165, 177, 498 
Birth-and-death process, 678, 679, 723 
Birth process, 618, 695, 720, 780 
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887 

Statistics/or Spatial Data. Noel A. C. Cressie.
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BLUP, 163 
BMDP. 462 
Bochner's theorem 84 
Bonferroni inequality. 493 
Boolean model, 736-739. 753-756 

characterization theorem, 756 
cloud-droplets data, 737 
conditional, 777. 788, 802 
coverage, 755 
cross sections, 755 
diagnostics, 741 
dilation. 755 
discretized, 766 
generalizations, 756-759 
grain-germ model, 757 
heather-incidence data, 763 
hitting function, 753, 754 
infinite divisibility. 755 
parameter estimation, 759 

asymptotics, 775 
bias, 774 
design, 774. 775 
diagnostics, 775 
generalized least squares, 761, 762 
heather-incidence data, 764, 765, 768, 769 ' 
inference, 772-774 
intensity estimation, 765-768 
likelihood function, 770, 771 
method of moments, 760-763, 771-775 
ordinary least squares, 761 
random parallelograms, 761-763 
Steiner's formula, 759 
variances, 774 

pore covariogram, 755 
porosity, 755 
random parallelograms, 739-741, 761-763 
semi-Markov property, 756 
stationarity, 755 
stereology, 759, 772 
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classical, 490 
distribution, 490, 496 
in the frequency domain, 494 
parametric, 496, 497 
semiparametric, 493 
spatial, 100, 492-497 

Branch and bound, 319 
Brownian motion: 

fractional, 62, 302, 310, 311, 731 
integrated, 182, 301 
isotropic, 68 
standard, 301, 731 

Calender, 17 
Caliper, 729, 788 
Calluna vulgaris (hather), 763 
Campbell measure, 630, .See also Palm 

distribution 
reduced, 630. See also Palm distribution 

Cancer of the lip, 536 

Capacitated network, 515 
Carcinogenesis, 783 
Causative components. 8, 24 
Cell-declustering, 352 
Cell-island growth, 784 

parameter estimates, 797, 801 
Cellular process, 644 
Census surveys, 244 
Central-place process, 694 
Cepstrum models, 448 
CG model, 408, 434. See also Auto-Gaussian 

model 
comparison with SG model, 408 
econometric models, 410 
maximum entropy, 410 
maximum likelihood, 466 

irregular lattice, 471 
regular lattice, 467-471, 488, 489 

regression models. 435 
spectral analysis, 446 

Change of support, 66, 284 
disjunctive kriging, 287 
indicator kriging, 287 

Chi-squared process, 201 
Cholesky decomposition, 202, 569 
Choquet capacity, 748 
Choropleth map, see Map, choropleth 
Classification error rate, 503 
Clique, 414, 417, 509, 523, 675 
Closing operation, 534, 747 
Cloud: 

square-root-differences, 41, 42 
variogram, 41 

Cloud seeding, 737 
Cluster-expansion method, 682, 705 
Clustering, 6, 586, 588, 590, 650 

space-time. 721 
Coal-ash data, 34, 160 

estimated variogram, 157 
kriging neighborhood, 158 
large-scale variation, 48 
median polish, 188 
median-polish rs. universal kriging, 192 
small-scale variation, 50 
universal kriging, 157-162 

Coding, 463 
Cokriging, 67, 138-142, 275 

indicator, 283 
universal, 157 

Cokriging equations, 140 
Cokriging variance, 140 
Compatible covariance functions. 297, 354 
Complete elliptic integral, 470 
Completely monotone, 86, 304 
Complete spatial randomness, see Csr 
Complete spatiotemporal randomness, see 

Cstr 
Compositional data, 138 
Computer Experiments, 314 
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Conditional expectation: 
estimation of, 353 
optimal predictor, 108, 278 

Conditional least squares, 365, 465 
Conditionally negative-definite, 59, 60, 70, 86 
Conditional simulation, 207-209 
Condition number, 294 
Confidence intervals, likelihood based, 559 
Confidence regions, likelihood based, 485 
Confusion matrix, 506 
Connectivity number, 726 
Constrained empirical Bayes, 547, 564 
Contact process, 411, 452, 779, 781, 802 
Continuous spatial index, 29, 119 
Contrasts, 92, 243 
Convexity measure, 726 
Correlogram, 67 
Cosmology, 578 
Covariogram, 53, 67, 68 

checking for validity, 86 
isotropic, 84-86 
models, 85, 86 
separable, 68, 85, 448 
spectral theory, 84-86 
tent. 84. 132 
valid, 84 

Covariogram estimator, 70 
bias, 198, 199 
résiduels from mean, 196-198 
residuals from median, 196, 198-200 

Coverage, 755 
Cox process, 657. 661 

balanced, 704 
bivariate, 702-704 
definition, 657 
direction measure, 657 
examples, 658, 659 
Laplace functional, 657, 658 
linked, 703 
model fitting, 659-661 
moment measures, 658 
self-exciting point process, 659, 661 

Crop science, 3 
Cross-product trend, 543 
Cross-validation, 101, 150, 160, 237, 254, 267, 

376, 497, 498, 532, 564, 765 
generalized (GCV), 182 

Cross-variogram, 66, 140, 141, 15/ 
Csr. 580, 586, 587, 610, 633-636, 650 
Cstr, 720 
Cumulant generating function, 460 
Curvature, 726, 787 

Dagger, 6 
Data analysis: 

nonspatial, 391-393 
spatial, 24, 33-51, 224, 393-396, 401 
transformations, 226, 232, 245, 395, 396 

Dbh, 579 
Dead-leaves model, 758 

Death process, 618, 695, 720, 780 
/^-efficiency, 335 
Delauney triangulation, 374, 675, 702, 744 
S-method, 64, 98, 137, 774, 796 
Dependent data, 3 
Dependent-thinned point process, 692, 693 
Description, 9, 26 
Description length, 204, 165. See also Model 

selection 
Design-based inference, 52, 351. 357. 

See also Model-based inference 
Detrended added variable plots (DAV), 

797-800 
Diagnostic plot, 48, 190, 245, 394, 400, 543 
Diagnostics, 26, 656, 764, 794, 797 
Diagonal dominance, 22 
Diameter at breast height, see Dbh 
Dilation operation, 534 
Directing measure, 657. See also Cox process 
Dirichlet tessellation. See Tessellation 
Discretization, 727 
Discretized partial gradient, 319 
Disjunctive kriging, see Kriging 
Distance methods for point patterns, 602 

intensive sampling, 609-611 
£ th nearest neighbors, 611-613, 636 
nearest-neighbor distances: 

event-to-event, 636 
point-to-event, 636 

nearest-neighbor distribution functions, 
637-639 

nearest-neighbor methods, 602 
semisystematic sampling, 609 

Distribution: 
bivariate, 279 

sample-block, 286 
conditional, 107, 412, 419, 553 
contaminated Gaussian, 199 
finite-dimensional, 52 
first-passage-time, 312 
invariant, 53, 279, 287 

estimation of, 350-353, 368 
joint, 107, 412, 419, 553 
prior, 369 

Distribution function, empirical, 55, 351, 490 
DNA, 783 
D-optimality, 326 
Double-ring infiltrometer, 232 
Doubly stochastic Poisson process, see Cox 

process 
Dual kriging equations, see Kriging 

equations 
Durbin-Watson statistic, 73, 471 

Earth sciences, 26 
Ecological fallacy, 285 
Ecology, 3, 26, 578 
Econometrics, 401, 410 

spatial, 443 
EDA, 31, 33. See also Data analysis 
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Edge detection, S21 
Edge effects, 422, 438, 447, 476-480, 567, 607, 

613, 614, 616, 638, 764 
Edge element, 521 
Edit, 147-150, 160. See also Winsorize 
inefficiency, 335 
Elliptically symmetric process, 175, 205 
EM algorithm, 520, 528, 547 
Empirical Bayes, 171, 393, 509, 564 
Entropy, 1, 2, 108, 119 
Entropy inequality, 1 
E-optimality, 326 
Epidemiology, 3, 244, 390, 535, 536 
Epithelium, 781 
Equivalence Theorem for point processes, 

625 
Equivariance, 360 
Ergodic, 53-58, 274, 477 

in covariance, 57 
in mean, 57 
Theorem, 55 

Erosion operation, 534, 743 
Estimated generalized least squares, see 

Generalized least squares 
Estimation, 9, 26, 726 
Euclidean distance, 6 
Experimental design: 

spatial analysis of, 337 
spatial dependence, 313, 324 

generalized least squares, 324 
NN balanced, 334 
one-dimensional, 332-337 
randomization, 329 
restricted randomization, 331, 337 
systematic designs, 331 
two-dimensional, 327 

Exploratory data analysis, see E D A 
Extrapolation, 190, 290 

Factorization theorem, 412 
Fast Fourier transform, see FFT 
FFT, 204, 205, 495 
Field trails, 7, 249, 259, 338 

an artificial experiment, 345-347 
analysis, 348, 349 
model, 347 

estimated generalized least squares, 343, 
345 

nearest-neighbor (NN) analysis, 338-342 
spatial modeling, 230, 344-349 

Filtering for time series, 106 
Fission tracks, 753 
Foci, 777-783. See also Germ 
Ford-Fulkerson algorithm, 515 
Forestry, 4, 578 
Fourier transform, 726 

discrete, 494 
fast, see FFT 

Fourth-root transformation, 40 
Fractal dimension, 310, 727, 729-731 

Fractals, 119, 310-312, 727-731 
Framed rectangles, 544 
Freeman-Tukey transformation, 245, 395 

540, 549 
Fuzzy sets, 731-736. See also Set models 

Gaussian-Markov associated processes 
(GMAP), 321 

Gaussian Markov process, 133 
Gaussian model: 

conditionally specified (CG), 402, 407, 408 
simultaneously specified (SG), 402, 405^407 

Gauss-Newton algorithm, 473 
GCV, see Cross-validation 
Geary's contiguity ratio, 442, 481 
Generalized-additive regression, 284 
Generalized covariance, 300, 303 

estimation of, 305 
BLUEPACK-3D, 306, 308 
diagnostics, 308 
nonparametric, 306 
REML, 305 

nugget effect, 305 
order determination, 308 
spectral theory, 90 
valid, 304 

Generalized functions, 300 
Generalized-increment vector, 300, 303 
Generalized least squares, 20, 95, 156, 238, 

239, 436, 762 
estimated, 22-24, 291, 343, 345, 348, 349, 

558 
Generalized linear models, 392 
Generalized lognormal process, 137 
Generalized matrix inverse, 325 
General linear model, 156 
Genetic algorithm, 319, 320 
Geographic information system, see GIS 
Geography, 29, 535, 578 
Geology, 3, 10, 31, 105 
Geometrical covariance, 743 
Geometric anisotropy, see Anisotropy 
Geophysics, 139 
Geostatistical data, 8, 10 

acid precipitation, see Acid precipitation 
coal ash, 10, 30-51 

cross-validation, 103 
universal kriging, 157 

data sets, 209 
groundwater, 11 

piezometric head, 125, 126, 212-224 
rainfall, 11 
simulated, 200-207 

Cholesky decomposition, 201-203 
spectral methods, 203-205 
turning bands, 206, 207 

soil properties, 10, 224-244 
wheat yields, 248-259 
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Geostatistical methods, 6, 10, 29, 105, 289 
applications of, 211 

acid precipitation, 259 
piezometric head, 212 
SIDS, 244 
soil water, 224, 230 
wheat yields, 248 
wind energy, 274 
mining, 31 
nonlinear, 278 
in space and time, 273, 274 
stability of, 289 

Geostatistics, 29 
Geostokos Ltd., 217 
Germ, 753, 777 
G functions, 415, 417 

well defined, 417, 418 
Gibbs grand canonical distribution, 676 
Gibbs process, 674 
Gibbs sampler, 461, 496, 512, 514, 571, 572, 

723 
GIS, 5, 6 
Global warming, 8 
Gradient projection method, 473 
Grain, 753, 777 
Grain-germ model, 757 
Graph, 385 
Gravity, 2 
Gray-tone functions, 733 
Great-arc distance, 6, 265 
Guard area, 422, 607 

Hammersley-Clifford theorem, 417, 481, 675 
Hard-core models, 669, 686 
Hausdorff distance, 747 
Heather incidence, 753 
Hemocytometer, 7 
Hermite polynomials, 281, 286, 367. See also 

Kriging, disjunctive 
Heteroskedasticity, 3, 241, 243, 466 
Hierarchical Bayes, 170 
Hilbert-space theory, 279 
Hitting function, 748 
HIV, 449 
Hole effect, 62 
Homoskedasticity, 466 
Hot spot, 268, 278, 315 
Hydrololgy, 26, 139 
Hyperactivity, 644 

ICM, see iterated conditional modes, 514 
Identifiability, 422, 695, 720 
Image algebra, 743 
Image analysis, 499-534, 776, 784 

Bayesian methods, 500 
edge process, 521-525 
iterated conditional modes, 514 
maximum posterior marginal 

probability estimator, 513 
posterior distribution, 511 
prior distribution, 509 

sequential restoration, 516 
single photon emission tomography, 

525. See also Tomography 
textured images, 525 

classification, 500 
mathematical morphology, see 

Mathematical morphology 
maximum-entropy restoration, 531 
method of sieves, 532 
parameter estimation, 517 

EM algorithm, see EM algorithm 
maximum likelihood, 517 
maximum pseudolikelihood, 517 
method of moments, 518, 519 
stochastic gradient algorithm, 519 

reconstruction, 500 
regularization, 529 
remote sensing, see Remote sensing 
restoration, 499, 528-532 
segmentation, 500 

Image processing, 3 
Importance sampling, 497 
IMSL, 472, 555 
Increasing-domain asymptotics, see 

Asymptotics 
Independent increments, 88 
Independently-and-identically-distributed 

data, 2 
Indication, 9, 26, 453, 726 
Indicator variogram, 282 
Infill asymptotics, see Asymptotics 
Information matrix, 474, 484, 485, 655 

estimated, 486 
observed, 486 
for SG model, 486 

Inhomogeneous data, 3 
Integral, stochastic, 66, 106, 107 
Integrated time series, 309 
Intensity, 629 

global, 629 
local, 629 

Intensity function, 599, 623, 709 
kernel estimation, 597, 599, 653, 660 
nearest-neighbor estimation, 654 
parametric estimation, 654, 655, 660, 661 
second-order, 623 

Interacting particle systems, 451 
Interior penalty techniques, 473 
Interpolation, 105, 190, 290, 358, 379 

exact, 129, 191, 193, 259 
Interrupted point process, 691 

bivariate, 706, 707 
Interrupting field, 692 
Intrinsically stationary,ree Stationary, 

intrinsic 
Intrinsic random functions, 299, 300. See also 

Brownian model, fractional 
Iowa State College, 248 
Ising model, 425, 462, 482 

 D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/ by U

niversity O
f T

exas L
ibraries, W

iley O
nline L

ibrary on [07/03/2023]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense

Meta 1017 
p. 210



892 SUBJECT INDEX 

Isofactorial models, 279, 281, 368. See also 
Kriging, disjunctive 

Isotropy, 61, 68, 157, 246, 252, 254, 628, 785 
Iterated conditional modes, 514 
lteratively reweighted least-squares, 474 

Jackknife, 92, 101, 489, 491, 492 
classical, 489 
for estimating equations, 492 
pseudovalues, 489 
spatial, 491, 492 

James-Stein prediction, 174 
Janossy density, 654, 674, 676, 706 

Kaiman filtering, 170, 466 
Kernel, 660 
Kernal density estimators, 70. See also 

Intensity function 
Κ function, 615-618, 632, 633, 639-649 

bias of estimators, 642, 643 
cross, 698, 699 
definition, 632, 639 
distribution of estimators, 642 
estimation, 640 
of marked spatial point process, 710 
of mark-sum measure, 714 
relation to second-order intensity, 632, 633, 

639 
second-order neighborhood analysis, 643,644 

Kiefer's Theorem, 327, 333 
Koch island, 727-730 
Krige, D. G„ 106 
Kriging, 10, 58, 106 

constrained, 289 
Bayesian, see Bayesian kriging 
disjunctive, 278-281, 366 
indicator, 281-283 
IRFk, 180, 302, 363 

kriging variance, 303 
lognormal, 135-137 
median-polish, see Median-polish kriging 
multi-Gaussian, 137 
on the sphere, 143 
ordinary, see Ordinary kriging 
probability, 283 
residuals-based, 190 
robust, 144-150, 255 
simple, 110, 292, 359 
splines, 180-183, 303-305 
stability of, 292 

mathematical, 293 
statistical, 293, 295 

trans-Gaussian, 135, 137, 138, 366 
universal, see Universal kriging 

Kriging equations: 
dual, 180, 303 
IRFk, 303 
ordinary, 121, 122 
universal, 153 

Kriging neighborhood, 134, 158, 176, 224 
Kriging variance, 122, 154, 303 

estimated, 127, 298 
median-polish kriging, 191, 195 
stability of: 

mathematical, 296 
statistical, 297 

Kronecker product, 504 
Kullback-Leibler directed divergence, 530 

L,-norm, 187 
L r con t inuous , 59, 60, 127 
L r convergence , 353, 354 
Z.2-differentiable, 60 
Lack of memory, 403. See also Markov chain 
Lagrange multiplier test, 481 
Landmarks, 744 
LANDSAT, 499,501. See also Remote sensing 
Langsaeter, Α., 58 
Laplace functional, 624 
Laplacian smoothing splines, see Splines 
Large-scale variation, 25, 113, 116, 155, 228, 

232, 245, 291, 396 
periodic, 116, 117 
polynomial, 116, 155 
row and column, 116, 184 

Laslett's theorem, 766 
Lattice data, 8, 11 

data sets, 572 
lip cancer, 537 
medical imaging, 12 
plant growth, 12 
remote sensing, 11, 501 
SIDS, 386-389 
simulated, 568-572 

Gibbs sampler, 571, 572. See also Gibbs 
sampler 

Markov-chain approach, 570 
Metropolis algorithm, 570 
rejection sampling, 569, 570 
spin exchange, 572 

Lattice models: 
Gaussian-parameter estimation, 465-472 

asymptotic distribution theory, 483-486 
maximum-likelihood algorithms, 

472-474 
maximum-likelihood approximations, 

474-477 
hypothesis testing, 480 
parameter estimation, 458-477 

asymptotic distribution theory, 477-489 
coding, 463, 488 
distribution theory from simulation, 477 
estimating equation, 465 
maximum likelihood, 459-461 
maximum pseudolikelihood, 461-463, 

487-489 
MINQ, 465. See also, M I N Q estimation 

Lattices, spatial, 383, 385, 456 
irregular, 385 
regular, 385 
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SUBJECT INDEX 893 

Level sets, 312 
Likelihood, see Maximum likelihood 
Linex loss function, see Loss function 
Linvariogram, 307 
Locally asymptotically normal. 482 
Location error. 5. 248, 250, 259, 385 
Lognormal kriging, see Kriging 
Lognormal process, 201 
Longleaf-pine data, 579-585 

clustering, 618 
distance-based tests, 607-609 
dynamic modeling, 618, 720 
intensity estimation, 600 
λ'-funclion estimation, 641 
Monte Carlo lest of csr, 642 
Neyman-Scott process, 667 

Long-range dependence, 311, 425, 731 
Loss function, 107 

linex. 108 
squared-error. 108, 120. 546 
zero-one, 500, 502. 508, 511 

Lowess. 372 
Low-resolution map, see Map 

Magnetic resonance imaging, .sw MR1 
Map. 7, 391 

choropleth, 391, 394. 399, 539, 544, 564, 565 
contour. 217, 259 
demographic base, 544 
epidemiological, 535 
framed-rectangle. 544 
intensity function, 601 
low-resolution, 33, 193, 247, 262, 372. 396, 

397, 539, 549 
probability, 392, 539 
regional, see Regional mapping 

MAP estimator, 427, 500, 512. 514. 515, 524, 
528, 532 

Marginal maximum likelihood, see R E M L 
Mark, 671,707 

covariance function. 712, 716, 719 
distribution, 719 

definition, 711 
two-point, 711 

space, 707, 720 
variogram. 712, 716 

Marked spatial point processes: 
definition, 708 
intensity, 709 
mark distribution, 710 
models, 716-719 
moment measures, 08, 709, 714-716 
Palm distributions, 709-714 
stationary and isotropic. 708 

Marker point, 765 
Markov chain, 2, 402, 516, 570, 659 
Markov mesh random fields, 510 
Markov point processes, 673-689 

bivariate, 705, 706 
definition, 673 
inhoiTiogeneous, 688, 689 

Janossy density, see Janossy density 
Κ function, 684-686 
likelihood, 680 
local energy, 677 
marked, 718, 719 
maximum likelihood estimation, 680-684 
method-of-moments estimation, 686, 687 
normalizing-constant approximations, 

681-684. See also Cluster-expansion 
method 

pair potential, 676 
simulation, 679, 680 
spatial birth-and-dealh process, 678 
stable, 677 
Strauss process. 675, 686 
total potential energy, 677 

Markov random field, 134, 177, 310. 415 
binary data. 423 
continuous data, 433 
counts data, 427 
discrete data, 423 
Gaussian data, 365, 433 
image analysis, 509-528 
multicolored data, 426, 461, 519 
pairwise interaction, 416 
pairwise-only dependence, 407, 419-422, 

511 
parameter estimation: 

asymptotic distribution theory, 481-489 
polygonal, 525 
prediction, 364, 564 
textured images, 525 
Ihree-way interaction, 416 
tomographic images, 527. See also 

Tomography 
Mark-sum measure: 

definition, 713 
Κ function, 714, 715 

Martingale. 477 
Mathematical morphology, 534, 744-747 

closing, 747 
complementation, 746 
corrected subtraction, 747 
Hausdorff distance, 747 
Minkowski addition, 746 
opening, 747 
random set theory, 745 
reflection, 746 
scalar multiplication, 746 
set operations, 746, 747 
size and shape, 744, 745 
structuring element, 534 
subtraction, 747 
translation, 746 
volume, 747 

Matric potential, 225 
Maximum likelihood, 91, 292, 459-461, 520, 

547, 558, 674, 680, 706, 718, 770 
Maximum pseudolikelihood, 461, 517, 555 

equivalent to least squares, 472 
m-dependence. 198 
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894 SUBJECT I N D E X 

Mean: 
filter, 505 
polish, 184, 187 
residuals from, 49 

Mean-squared prediction error, 108, 112, 120, 
152, 358, 564. See also Kriging variance 

estimated, 127, 298 
Measurement error, 25, 59, 113, 265, 379 
Median: 

filter, 505 
high, 188 
low, 188 
polish, see Median polish 
residuals from 49 
smoother, 188 
weighted, 78, 147, 150 

Median polish, 46-48, 185, 219, 245, 251, 263, 
346, 372, 394, 398, 541 

algorithm, 186, 187, 228 
augmented, 194 
diagnostic plot, 190 
plates, 372, 373 
properties, 187 
residuals from, 47, 251, 400 
weighted, 195, 245, 396, 541, 549 

Median-polish kriging, 183-194, 219-222, 
255-259, 267, 362 

gridded data, 184-193 
higher-way, 195 
nongridded data, 193, 194 

Meteorology, 58, 106 
Method of sieves, 533 
Metropolis algorithm, 570 
Microscale variation, 59,113, 127, 265, 312 
Minimum description length, see Description 

length 
Mining, 10, 31, 59, 105, 106, 124, 138 
Mining engineering, see Mining 
Minkowski addition, 746 
Minkowski functional, 772 
M I N Q estimation, 93, 355, 465 
Mixing: 

strong, 55, 57, 200 
weak, 55 

MML, see R E M L 
Model-based inference, 52, 105, 351, 357. See 

also Design-based inference 
Model selection, 104, 497, 498, 561-563 
Modifiable areal units, 285 
Moment generating function, 459 
Monitoring stations, 259 
Monotone-class theorem, 625 
Monte Carlo tests, 496, 610, 635, 701 
Moran's contiguity ratio, 427, 442, 481 
Morphometries, 744 
MRI , 499, 726 
Multidimensional scaling, 6 
Multivariate spatial point processes: 

definition, 696 
Κ functions, 698, 699 

models, 699-707 
moment measures, 6%, 697 
Palm distributions, 697-699 

Mutual inhibition point process, 704, 705 

Natural-neighbor interpolant, 375 
Nearest-neighbor distribution functions, 613, 

636-639 
Nearest-neighbor (NN) balanced designs, 

344-337 
Nearest-neighbor Gibbs process, 675 
Nearest-neighbor intensity estimator, 654 
Negpotential function, 415-419, 481, 509 
Neighborhood, 383, 384, 557 
Neighbors, 414, 675 
Network design, 268. See also Spatial design, 

sampling 
equivalent number of observations, 272 
iterated, 271 
objective function, 270, 314 
prediction variances, see also Kriging 

variance 
average, 269, 315 
maximum, 269, 315 

Newton-Raphson algorithm, 471, 473 
Neyman-Scott process, 662-669, 757 

equivalence with Cox process, 663, 664 
Κ function, 665 
model fitting, 666 
multiple generations, 669 
nearest-neighbor distribution, 666 
probability generating functional, 662 
simulation, 666 

Noiseless version, see Random process, 
smooth 

Nugget effect, 59, 60, 127, 130, 224, 250, 254, 
255, 265, 564 

Objective analysis, 106. See also 
Geostatistical method 

Objects, 9, 725 
recordings of, 725 
set models, 725 

Observational studies, 26 
Octrees, 355 
One-over-/ noise, 302. See also Intrinsic 

random functions 
Opening operation, 435, 747 
Optimum interpolation, 106. See also 

Ordinaiy kriging; Universal kriging 
Ordinary kriging, 120, 217, 222, 360 

change of support, 124 
covariance formulation, 123, 154 
equations, 121, 122 
exact interpolator, 129 
forecasting, 124 
minima*, 2 / / 
model assumptions, 120 
nonnegative weights, 143 
nonstationary covariograms, 142 
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SUBJECT INDEX 895 

nonstationary variograms, 142 
nugget effect, 127 
on the sphere, 143 
predictor assumptions, 120 
range, 131 
range and nugget effect, 134 
sill, 130 
uniform equivariance, 360 

Ordinary least squares, 21, 95, 239, 761, 795 
Ornstein-Zernike equation, 687 
Outliers, 102, 144, 160, 395, 400, 550, 558 

aberrang, 81 
additive, 81 

Pair-correlation function, see Spatial point 
processes, moment measures 

Pair-potential function, see Markov point 
processes 

Pairwise interaction, see Markov random 
held 

Pairwise-only dependence, see Markov 
random field 

Palm distributions, 630, 631 
Campbell measure, 630, 710 
Κ functions, 632 
mark distribution, 711 
reduced, 631, 710 
reduced Campbell measure, 630, 697, 709 
reduced second moment measure, 631 

Papangelou intensity, 675, 676, 679 
Papermaking, 17 
Partial correlation, 132, 557 
Partial likelihood, 464 
Partial still, see Still 
Partial stepping strategies, 473 
Pearson's X2, 588 
Pendulum, 2 
Percolation, 426 
Percus-Yevick approximation, 687 
Phase transition, 422, 425 
Photon sensors, 526 
Picture element, see Pixel 
Piezometric head, 214. See also 

Wolfcamp-aquifer data 
Pixel, 499, 725 
Planar interpolant, 185, 189. See also Median 

polish, plates 
Pocket plot, 42-46 
Point patterns, 9, 12, 577 

forest growth, 579 
monkey behavior, see Animal-behavior 

data 
space-time, 719-722 
tumor growth, 783. See also Tumor growth 

Point processes: 
space-time, 719-722 
spatial, see Spatial point processes 
temporal, 577, 644 

Point-spread function, 499, 528 

Poisson-log Gaussian model, 545 
Poisson process, 620, 621 

compound, 717 
doubly stochastic, see Cox process 
flat, 757 
homogeneous, 620, 633-635, 753 

event locations, 621, 622 
generating functionals, 627, 628 
Κ function, 633 
moment measures, 624 
Palm distribution, 631 
superposition with lattice, 694 

inhomogeneous, 620, 650-657 
diagnostics, 656 
event locations, 651 
generating functionals, 652 
inference results for intensity estimation, 

655 
intensity estimation, 653-655 
marked, 717 
maximum-likelihood intensity estimator, 

654 
moment measures, 652 
nearest-neighbor intensity estimator, 654 
random-set growth model, 777 
simulation, 653 

line, 507 
marked, 717, 718 
parent, 663 
simple, 621 

Polya condition, 86 
Population-years-at-risk, 535, 545 
Porosity, 741 
Positive-definite, 68, 84, 468, 472, 559, 762, 773 
Positivity condition, 411. See also 

Hammersley-Clifford Theorem 
Potential energy, 677 
Prediction error: 

mean-squared, see Mean-squared 
prediction error 

probabilistic, 111, 298, 378 
statistical, 112, 298, 378 
total, 111, 298, 379 

Prediction for time series, 106, 124 
Prediction intervals, 122, 155 
Prediction regions, 107 
Prediction variance, see Kriging variance; 

Mean-squared prediction error 
PRESS, 102 
Primary increment, 306, See also Intrinsic 

random functions 
Probability: 

conditional, 278, 283, 287 
kriging, see Kriging 

Probability generating functional, 625 
Profile likelihood, 467, 558 
Proportional effect, 65. See also Variogram, 

relative 
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896 SUBJECT INDEX 

Pseudolikelihood, see Maximum 
pseudolikelihood 

Pseudo-random-number generator, 202, 635 
Pseudovalues, see Jackknife 

Quadrat , 578, 586 
definition, 586 
methods, 588 

agglomerative approach, 592 
contiguous quadrats, 591-597 
indices, 590, 591 
Mead's randomization test, 595 
nested analysis of variance, 594 
paired-quadrat approach, 596 
random quadrats, 588-591 
spectral approach, 597 
variogram estimator, 597 

Quadrat ic mean, convergence in, see ^ c o n -
vergence 

Quadrupedal stand, 645. See also 
Animal-behavior data 

Quadtrees, 355 
Quadvariogram, 307 
Quantity of metal, 281, 288. see also 

Resources, appraisal 
Quasilikelihood, 464, 556 

RACS, see Set models, RACS 
Radionuclide contamination, 212 
Radon measure, 620 
Rainfall, 4, 72 
Random binary mosaic, 753. See also 

Boolean model 
Random closed sets, see Set models, RACS 
Random field, see Random process 
Random functions, see Random process 
Randomization, 7, 249, 324, 329-331, 337 
Random Media, 426 
Random process, 8, 30, 52 

Gaussian. 58 
separable, 52 
smooth, 105, 113, 128, 129, 154, 379 
supremum of, 312 

Random-set growth models, 777-783 
cell-island growth, 784 
contact process, 779. See also Contact 

process 
hitting function, 777. See also Hitting 

function 
nonrandom foci, 779 
Poisson foci, 111 
random regular foci, 782 
simulation, 778 
stochastic tumor-growth model, 786-789 
Williams-Bjerknes, 781 

Random spatial index, 578 
Range, 68, 130, 131. See also Variogram 

parameters 
Range and nugget effect, 134, See also 

Variogram parameters 

Reduced Palm process, 631. See a/so Palm 
distribution, reduced 

Reduced second moment measure, see Palm 
distribution 

Regionalized variable, 52 
Regional mapping: 

empirical Bayes, 544-548 
exploratory, 537 
hierarchical Bayes, 546 
lip cancer in Scotland, 535 
posterior distribution, 546 
SIDS in North Carolina, 564, 565 
smooth, 542, 547, 564-567 

Regularity of events, 586, 587, 590, 650 
REML, 92, 169, 345, 464, 477 
Remote sensing, 499, 501 

cluster analysis, 502 
compound-decision-theory approach, 508 
contextual classification, 506, 507 
linear discriminant analysis, 503 
ordinary discriminant analysis, 502 
postsmoothing, 506 
presmoothing, 505 
principal component analysis, 502 
quadratic discriminant analysis, 503 
simple augmentation, 504 

Replication, 7, 249, 324 
Residual maximum likelihood, 93. See also 

R E M L 
Resistant, 31, 74, 224, 400, 537 
Resources: 

appraisal, 287 
recoverable, 31 

Restricted maximum likelihood, we R E M L 
Ridge-regression prediction, 174 
Robena Mine, 32 
Robust, 78-83, 144-150 
Rothamsted Experimental Station, 7, 248 

J A R M A X m o d e l s , 4 4 2 , 4 4 3 
SAR models, see SG models 
Scale, 145 

entropy, 119 
observational, 112 
spatial, 112 
spatial correlation, 113 
variogram. 119 

Scale of fluctuation, 118 
Scan process, 313 
Scan statistic, 313 
Scoring algorithm, 473, 489 
Scotland lip-cancer data, 537 

large-scale variation, 542, 546 
residuals from median polish, 541-544 
small-scale variation, 543, 545, 546 

Screen effect, 133, 319 
Seismology, 579 
Self-exciting point process, 659, 661 
Self similarity, 310, 730 
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SUBJECT INDEX 897 

Semivariogram, 58, 130, 307. See also 
Variogram 

Separable covariogram models, see 
Covariogram, separable 

Separable random function, see Random 
process 

Sequential-random-function models, 758 
Serial correlation estimator: 

robust, 80 
Set models, 727 

fractal sets, 727-731 
fuzzy sets, 731-736 

definition, 732 
gray-tone functions, 733 
probabilities for, 733, 735, 736 
set operations, 733 

RACS, 736 
Boolean model, 736, 753 
central limit theorem, 751 
Choquet 's Theorem, 748-750 
definition, 746 
hit-or-miss topology, 745, 747, 748 
hitting function, 748- 751 
law of random numbers, 751 

random closed sets, see Set models, RACS 
random sets, 742-744 
smooth sets, 731 
stationary, 752 
tumor growth, 776 

SG model, 408, 441 
maximum likelihood, 466, 472 
spectral analysis, 444-446 

SIDS, 244, 385-390, 548, 568 
aggregation, 247 
auto-Gaussian model, 555 

hypothesis testing, 560 
intercounty correlation, 563 
large-scale variation, 556, 557 
maximum likelihood estimation, 

558-561 
model selection, 561-563 
small-scale variation, 557, 558 
smooth regional mapping, 564-567 

auto-Poisson model, 553-555 
covariogram, 247 
data, 386-390, 548 
explanatory variables, 401, 550 
exploratory spatial data analysis, 391-402, 

549-552 
isotropy, 246 
low-resolution map, 245. See also Map, 

low-resolution 
outlier, 246 
weighted median polish, 245. See also 

Median polish, weighted 
Sieve, see Method of sieves 
Sill, 67, 130, 236. See also Variogram para-

meters 

Simple inhibition point processes, 669-573 
Matern-Bartlett model, 671 
Matern-Stoyan model, 671 
Model I, 669 
Model II, 670, 719 
model fitting, 672, 673 

Simple kriging, see Kriging 
Simulated annealing, 319, 512-514, 524, 572 
Simultaneously specified spatial models, 

440, See also SG models 
Sit, 645. See also Animal-behavior data 
Small-scale variation, 25, 113, 245 
Smoothing, see Interpolation 
Smoothing constant, see Bandwidth 
Smooth process, see Random process, 

smooth 
Soil erosion, 230 
Soil science, 3, 26, 139 
Soil-water infiltration, 230 

analysis of variance, 230 
spatial, 239 

cross-validation, 237 
data, 231 
heteroskedastic dependent errors, 238 
hypothesis testing, 238, 241-243 
isotropy, 236 
linear model, 238 
spatial dependence, 232 
tillage: 

chisel, 231 
moldboard, 231 
no till, 231 
paraplow, 231 

trend removal, 232 
variogram estimation, robust, 234 
Winsorizing outliers, 238 

Soil-water tension, 225, 227 
tillage: 

moldboard, 225 
no till, 225 

trend removal, 228 
South Australia, 4, 5 
Space-time geostatistics, 273-275 
Space-time lattice models, 449 

competition models, 452 
conditionally specified, 451 
STARIMA models, 451 
STARMA models, 449 
STARMAX models, 451 

Space-time model, 9 
Space-time point patterns, 719 
Space-time point processes, 577, 695 

longleaf-pine data, 720 
rainfall modeling, 721 
shock, 720 

spatial birth-and-death process, 722 
survival, 720 

Spatial analysis of variance, 238 
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898 SUBJECT INDEX 

Spatial autoregressive models, 406, 408, 441. 
See also SG models 

Spatial data, 4, 7 
analysis, see Data analysis 
editing, 146. See also Cross-validation; 

Kriging, robust 
geostatistical data, 209 
lattice data, 472 
nonunique decomposition, 113-115 
point patterns, 723 
spatial outliers, 102. See also 

Cross-validation 
statistics for, 1 -26 

Spatial design, 313 
experimental, see Experimental design 
sampling, 125, 268-273, 313, 324 

Spatial-flow models, 448 
Spatial lattices, see Lattices 
Spatial location error, see Location error 
Spatial model, 3, 7, 24. See also Space-time 

model 
due to misspecification, 25 
general, 8, 9 
multivariate, 8, 66 
simple example, 14 

estimation, 13-15 
experimental design, 17-20 
general linear model, 20-22 
prediction, 15-17 

Spatial point patterns, 577 
data sets, 723 
field data, 591 
longleaf pines, 579 
n apped data, 580 

Spatial point processes, 577 
bivariate, 697-707 
Equivalence Theorem, 625 
ergodicity, 629 
events, 577 
exponential space, 621 
generating functionals, 624-628 
independent, 699-701 
isotropic, 628 
Κ function, see Κ function 
marked, 707-719 
models, 650-695 

asymptotic inference 695 
central-place, 694 
Cox process, 657 
dependent-thinned, 692 
homogeneous Poisson, 586, 633-635 
inhomogeneous Poisson process, 650 
interrupted point processes, 691 
Markov point processes, 673 
mutual inhibition point process, 704 
Neyman-Scott process, 662 
Poisson cluster process, 661 
self-exciting point process, 659, 661 
thinned-plantation, 694 
thinned point processes, 689, 722 

moment measures, 622-624 
covariance density, 623 
covariance measure, 623 
factorial moment measure, 623 
first-order intensity, 623 
from generating functionals, 626, 627 
pair-correlation function, 623 
second-order intensity, 623 

multivariate, 696-707 
orderly, 578 
Palm distributions, see Palm distributions 
points in space, 577 
random measures, 619 
reduced second moment measure, 631-633 
simple, 578, 620 
stationary, 628 
theory of, 619-633 

Spatial prediction, 4, 105 
best linear, 109 
heterogeneously linear, 172, 178 
homogeneously linear, 173, 178 
the many faces of, 356-378 

comparisons, 378 
mean-squared prediction error, see 

Mean-squared prediction error 
multivariate, 66 
nonstochastic, 290, 370-378 

global measures of central tendency, 370 
inverse-distance-squared weighed 

average, 371 
median-polish plating, 372 
multiquadric-biharmonic interpolation, 

377 
natural-neighbor interpolation, 374 
simple moving averages, 370 
splines, 376 

optimal, 109, 278, 310, 316, 358 
stochastic, 357-370 

Bayesian nonparametric smoothing, 368 
disjunctive kriging, 366, See also Kriging 
IRFk kriging, 363, See also Kriging 
Markov random field, 364, 564 
median-polish kriging, 362, see also 

Median-polish kriging 
ordinary kriging, 360, See also Ordinary 

kriging 
simple kriging, 359. See also Kriging 
trans-Gaussian kriging, 366, see also 

Kriging 
universal kriging, 361. See also Universal 

kriging 
two-stage, 174, 176, 177 

Spatial sampling: 
asymptotically optimal, 320 

simple weights, 316, 321 
cluster random sampling, 317 
computer experiments, 314 
discretized region, 319 
economic considerations, 323 
experimental, 324 

 D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/ by U

niversity O
f T

exas L
ibraries, W

iley O
nline L

ibrary on [07/03/2023]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense

Meta 1017 
p. 217



SUBJECT INDEX 899 

finite population sampling, 322 
particulate-material sampling, 323 
regular, 317 
simple random sampling, 316 
stratified random sampling, 316 
systematic random sampling, 317 

Spatial scale, see Scale 
Spatial smoothing, see Interpolation 
Spatiotemporal model, see Space-time model 
Spectral analysis: 

spectral decomposition, 117, 467 
spectral density, 84, 117, 204, 207, 444, 482 
spectral distribution function, 84, 443 
spectral function, 203, 207 
spectral representations: 

covariogram, 84-86 
generalized covariance, 90 
variogram, 86-89 

Spectrum, see Spectral analysis, spectral 
density 

Spherically symmetric distribution, 202, 205 
Spin-exchange algorithm, 572 
Splines, 180, 303 

basis functions, 181, 304 
Laplacian smoothing, 181, 304 

Squared-error loss function, see Loss 
function 

Standardized mortality ratio (SMR), 545 
Stationarity: 

covariance, 485 
intrinsic, 40, 61, 213, 220, 226, 246, 

251, 252, 262, 300 
local, 38 
second-order, 53, 58, 300 
strong, 53, 54, 58, 628 
w, 83 

Statistical mechanics, 425, 675, 682 
Stereology, 726 
Stochastic complexity, see Description length 
Stochastic process, see Random process 
Stochastic relaxation, 320 
Strauss process, 675, 686 

bivariate, 705, 706 
Κ function approximation, 685, 706 
Structure function, 68, See also Variogram 

Structuring element, see Mathematical 
morphology 

Sudden infant death syndrome, see 
SIDS 

Superpopulation model, 8, 322. See also 
Model-based inference 

Support, see also Change of support 
block, 284 
point, 284 

Surface area, specific, 726 
Survival function, 704 

Tall Timbers Research Station, 579 
Tensiometer, 225 

Tessellation, 744 
Dirichlet, see Voronoi polygons 
tiles, 492, 744 

Texture analyzer, 745 
Thinned-plantation process, 694 
Thinned point processes, 689-691 

classical, 689 
dependent-thinned, 692 
generating functionals, 690 
Κ function, 691 
Markov, 693 
mean measures, 690, 691 
thinning function, 690 

Thirty-six percent rule, 488 
Tiles, see Tessellation 
Tillage, 224 
Time series, 3, 9, 14, 200, 402 
Toeplitz matrices, 468, 529 
Tolerance regions, see Variogram estimation 
Tomography, 525-528, 725 

emission, 525 
transmission, 527 

Toolkit, 217 
Transformations, see Data analysis 
Trans-Gaussian kriging, see Kriging 
Treatment contrasts: 

estimated generalized least squares, 348, 
349 

estimation with nearest-neighbor (NN) 
analysis, 338 

estimation with variogram, 328 
Trend, see Large-scale variation 
Trend surface, 155 

models, 25 
prediction, 162-165 

Trimmed-mean polish, 187 
T-square, 602 
Tumor growth, 776, 781. 783 

stochastic model: 
estimated biases, 796 
estimated variances, 796 
geometric-signature transformation, 788 
goodness-of-fit diagnostics, 797-800 
hitting function, 791-793 
parameter estimation, 793-801 
parameters, 786 
regression, 801 
sampling design, 794, 799 
transformed scale. 787-789 

Turbulence, 58 
Turning bands, see Geostatistical data, 

simulated 
Two-stage estimation, 23 

Uncertainty, science of, I 
Unconscious statistician, law of the, 

497 
Uniform integrability, 198 
Uniformity trial, 249 
Unilateral models, 448 
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Universal kriging, 151, 267, 293, 361 
alternative formulations, 178 
change of support. 155 
covariance formulation, 154 
equations, 153 
equivalence with BLUP, 156 
kriging neighborhood, 176 
model assumptions, 151 
nonstationary variograms, 157 
predictor assumptions, 152 
variogram estimation, from residuals, 

165-170 
Universal optimality, 326 

hypothetical design, 335 
weak, 326 

Universal-transformation principle, 65, 232, 
396 

Utility Acid Precipitation Study Program, 
260 

Valid covariances, 22 
Valid probability model, 281, 283 
Variogram, 30, 40, 5« 

checking for validity, 89 
cross, see Cross-variogran. 
isotropic, 88 
model fitting, 90-104 

cross-validation, 101-104. See also 
Cross-validation 

generalized least squares, 95 
maximum likelihood. 91. See also 

Maximum likelihood 
MINQ, 93. See also MINQ estimation 
ordinary least squares, 95 
REML, 92, See also R E M L 
weighted least squares, 95-99, 215, 220, 

234, 254. 265 
models, see Vaiiogram models 
relative, 64, 65 
scaled, 65 
spectral theory, 86-89 
valid, 86, 292 

Variogram estimation, 215, 220, 234, 
253, 264 

u-symptotic distiibution, 7 I 
bias, 71 
classical, 40, 69, 96, 550 
comparison with covariogram estimation, 

70-73 
exact distribution, 73, 74 
robust, 40, 74-83, 97. 146, 291, 299, 346 

comparison with classical estimator, 81 
fourth-root transformation, 75, 76 
kriging. see Kriging 
regression slope. 77, 78 

scale and quantile, 76, 77 
statistical properties, 80-82 

smoothed, 70 
tolerance regions, 70, 215, 253 
trend contamination, 72 

Variogram models, 61, 62, 88, 89 
exponential, 61, 254 
linear, 61 
power, 62, 215 
rational quadratic, 61 
spherical, 61, 220, 236, 265 
wave, 62 

Variogram parameters: 
effect of estimation on inference, 101, 295, 

296 
effect on kriging, 127-135, 295-298 
properties of estimators, 99, 100 

Volume, 726, 747 
specific, 726 

Voronoi polygons, 374, 675, 702 

Wade Tract, 579 
Wandering-quarter method, 603 
Water droplets, 737 
Weather, 4 
Weibull distribution, 764, 773 
Weighted median polish, see Median polish 
Wheat yields, 248-259, 453-458 

CG models, 435, 457 
cross-validation, 254 
data, 455 
exploratory data analysis, 250, 251, 454 
inference, 453-458 
median polish, 251 
median-polish kriging, 255 
SG models, 456 
spatial configuration, 250 
spatial outliers, 254 
variogram estimation, 252 

Winsorize, 147, 149, 238, 254. See also Edit 
Wold decomposition, 114 
Wolfcamp-aquifer data, 212-224 

anisotropy, 215 
intrinsic stationarity, 213 
median-polish kriging, 219 
nonconstant mean, 217 
ordinary kriging, 217 
piezometric head, 214 

Yeast cells, 7 
Yule-Walker equations, 470 

Zero-one loss function, see Loss function 
Zero-probability functional, 624 
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