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Lemma 1. 

Theorem 1. 

Corollary 1. 

Lemma 2. 

Theorem 2. 

Corollary 2. 

Make things as simple as possible but not simpler. 

A. Einstein 

By making things absolutely clear, 
people will become confused. 

We wi 11 make things 
simple 
but not too simple, 

clear 
but not too c 

A Chinese fortune cookie 

lear. 

Uncertainty is everywhere. 

Uncertainty cannot be conquered. 

Embrace it! 

Paraphrased after Michael Moschen, 

professonal juggler. 
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PREFACE 

This text, which also doubles as a set of lecture notes available in viewgraph version (down- 
loadable as detailed below), presents the material from a graduate-level course on Theory and 
Computational Algorithms for Estimation offered in the Department of Electrical and Com- 
puter Engineering at the University of Connecticut. This course is a standard requirement in 
the department’s M.S. program in Information, Communication and Decision Systems and is 
meant for second-semester graduate students. The prerequisites are a solid knowledge of linear 
systems and probability theory at the first-semester graduate level. These, as well as some 
additional useful material from Statistics, are summarized for ready reference in Chapter 1 to 
enable readers to acquire the necessary background or review it. This makes the text completely 
self-contained and accessible for a person with a typical B.S.E.E. degree or equivalent. This text 
is a major revision and expansion of Y. Bar-Shalom and X. R. Li, Estimation and Tracking: 
Principles, Techniques, and Software, originally published by Artech House, 1993 (@YBS 
Publishing, 1997). 

The main goal is to convey the knowledge necessary for the design and evaluation of 
state estimation algorithms that operate in a stochastic environment. These algorithms form 
the backbone of information extraction systems for remote sensing of moving objects as 
well as other similar applications. Since information fusion - combination of information 
from several sources - is an area with significant recent activity, it should be kept in mind 
that information extraction is a crucial step before fusion. Furthermore, since fusion should be 
done accounting for the existing uncertainties, it is important to quantify the accuracies of the 
information to be fused. 

This book also provides opportunity for sharpening the students’ analytical skills in addition 
to using software. While the greatest recent advances have been in computation, the quality of 
a software is (in a simplistic manner) the product of the software skills and algorithmic skills 
that went into its development. The algorithm development requires analytical skills, which, 
unfortunately, have become too scarce lately. 

While the Kalman filter (KF) is the best-known state estimator, it is neither the only one 
nor the most versatile. The material, which covers a number of practical estimation algorithms 
(as many as it is felt practical for a semester-long course), leads to a major design project that 
is unique to this text - it combines the basics of standard estimation with the latest adaptive 
multiple model techniques, which use KFs as modules. The emphasis is on mapping the phys- 
ical properties of the object of interest (typically called “target,” whether friendly or not) and 
of the sensors - e.g., an aircraft in a radar-based air traffic control tracking system - into 
the parameters of the mathematical model, namely, the statistical characterization of the random 
processes describing the uncertainties of this problem. As a prelude to state estimation, para- 
meter estimation is discussed in sufficient detail to convey the concept of “limit of extractable 
information” in a system. 

xvii 

Estimation with Applications to Tracking and Navigation: Theory Algorithms and Software
Yaakov Bar-Shalom, X. Rong Li, Thiagalingam Kirubarajan

Copyright  2001 John Wiley & Sons, Inc.
ISBNs: 0-471-41655-X (Hardback) 0-471-22127-9 (Electronic)
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. . . 
xv111 PREFACE 

The approach is a balanced combination of mathematics - linear systems and probability 
theory - in order to understand how a state estimator should be designed, with the necessary 
tools from statistics in order to interpret the results. The use of statistical techniques has been 
somewhat neglected in the engineering literature pertaining to state estimation, but it is necessary 
for (the nontrivial task of) interpreting stochastic data and answering the question whether a 
design can be accepted as “good.” This is particularly important for practicing engineers and is 
presented in sufficient detail based on our belief (and extensive experience with real systems) 
that it should be an integral part of advanced engineering educati0n.l 

The material covers the topics usually taught in control-oriented EELsystems and aeronauti- 
cal engineering programs. The relevance extends to other areas dealing with control in mechan- 
ical or chemical engineering. Recently, the state estimation techniques have been gaining wider 
attention due to their applicability to such fields as robotics, computer vision for autonomous 
navigation, and image feature extraction with application to medical diagnosis. While the course 
is mainly directed toward the M.S. students, it is also part of the Ph.D. program at the University 
of Connecticut, with the intent of providing the students with the knowledge to tackle real-world 
problems, whether by using existing algorithms or by developing new ones. 2 

The presentation of the material stresses the algorithms, their properties and the under- 
standing of the assumptions behind them. We do not subscribe to the philosophy of “Give me 
the facts and don’t bother me with details.” Consequently, proofs are given to the extent that 
they are relevant to understanding the results. This is intended to be a modest step in bridging 
the much talked about “gap between theory and practice” - it will illustrate to students the 
usefulness of state estimation for the real world and provide to engineers and scientists working 
in industry or laboratories a broader understanding of the algorithms used in practice. It might 
also avoid the situation summarized by a participant at one of the continuing education courses 
taught by the first author as follows: “Although I studied Kalman filters when I worked to- 
ward my Ph.D. (at one of the major U.S. universities), I did not expect that they worked with 
real data.” This happens when, because of the theorems, the students cannot see the forest of 
applications. 

Tuning of a KF - the choice of its design parameters - is an art. One of the contributions 
of this text is to make it less of a black magic technique and more of a systematic approach 
by connecting the filter parameters to physical system parameters, namely, the object motion 
uncertainty - its predictability - and the sensor measurement uncertainty - the sensor errors. 
This is particularly important when KFs are used as modules in an adaptive estimator, like the 
Interacting Multiple Model (IMM) estimator. Another contribution is providing guidelines as to 
what estimator should be used in specific problems, namely, when an (adaptive) IMM estimator 
is preferable over a KF. 

The Text and Hyperlinked Viewgraph Format 

The format of this text is also unique - teztgraphTM - in that it dares to attempt to accomplish 
two goals in one format: to serve as a self-contained concise text, without excess verbosity, and, 
at the same time, to enable the lecturer to use the pages of this text as viewgraphs for lectures. To 
this purpose, a double-spaced version of all the pages of this text (with appropriate page breaks) 

‘The authors disclaim any responsibility for severe damage readers might suffer when falling asleep face forward 
while reading this book. 
2As Ben Fran klin said, the goal in his life was “to rise to an (sic) happy mediocrity and secure competency.” Our 
objective is to provide the tools for future successful applications. 
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PREFACE Xix 

is available for instructors in the form of a pdf file at http://esplabl .ee.uconn.edu/estvu.zip 
with the password for downloading obtainable (upon the adoption of this book as a course 
text) from ybs@ee.uconn.edu. Instructors can prepare transparencies for conventional projector 
viewgraphs, or the pdf file can be used for direct electronic projection. For projection from a 
computer, an additional feature is available: hyperlinks in the pdf file for all cross-references 
(equations, figures, tables, sections, bibliographical items). Starred sections (or subsections) can 
be skipped in lecturing at the discretion of the lecturer - by clicking on the star the hypertext 
display will automatically go to the end of the corresponding section, marked by a box. 

Experience over a number of years shows that students with a copy of these notes in front 
of them can concentrate on the ideas, rather than having to copy a copious amount of equations 
from the board. 
this textgraphTM 
method. 

Some of the graduate students who took the Estimation course taught using 
even complained that other graduate courses had not adopted this instruction 

This format is also a way of making lectures more efficient since it makes it possible to 
convey more material than through the standard lecturing technique where one has to write 
everything on the board. Last, but not least, the need to spend time on preparing lecture notes, 
as well as the main hazard of the teaching profession (the inhalation of chalk or marker dust), 
can be avoided. The ready availability of such class notes also makes it much easier to hold 
in-house courses in an industrial or government laboratory environment where senior staff - 
with knowledge of the material but limited time - can serve as lecturers. 

It is our hope that this text will contribute to the education offiturepractitioners, as well as 
be of use to those already involved in the application of state estimation to real-world problems. 
This teztgraphTM was written with the philosophy that engineers should be able to do more 
than run-of-the-mill work - they should be prepared to work at the frontiers of knowledge.3 

A Note on the Printing Style 

For the convenience of the reader, all major concepts/terms, when they are introduced or used in 
a particular application, are in italic boldface and indexed. Also, all the index terms appear 
in the text in slanted boldface. 

Italics are used for emphasized ideas/properties. The main equations of important algorithms 
are highlighted with boxes, and the algorithms are summarized in flowcharts. 

The Companion Software DynaEstTM 

DynaEstTM is a completely self-explanatory menu-driven interactive design and evaluation tool 
for Kalman filters and an adaptive Interacting Multiple Model (IMM) estimator. The package 
provides the following important flexibilities as a design tool: 

Estimator design. The user may specify any linear Gaussian true plant (dynamic) and 
measurement models, as well as the plant and measurement models for the estimator. The 
true and the filter-assumed models can be different. Models are valid for all dimensions. 
Reduced-order filters can be implemented. 
Selection of model parameters. The user may specify any parameter of the true model 
and/or the filter-assumed model(s), such as the noise means and covariances. 

3As the ancient Romans would have said: “Orchides forum trahite, cordes et mentes veniant.” 
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XX PREFACE 

Statistical testing. Most relevant statistical tests of the Kalman filters may be performed, in- 
cluding the normalized estimation error squared (NEES), the normalized innovation squared 
(NIS), and the RMS errors. 
Capability of running on external data file. Both internally generated data (simulation) 
or imported data can be used. 

DynaEstTM is user friendly and has the following features: 

l MATLAB based (v. 4.0 or higher, including the student edition) 
0 Self-explanatory menu 
l Convenient user specification of parameters (on screen or in an online editable file) 
0 Printing on screen, to a printer, or to a file 
l Automatic (and flexible) installation 
l Access to the OS and MATLAB from within DynaEstTM 
l Easily readable source code transparent to the user (and thus user-modifiable) 
l Knowledge of MATLAB not required (but helpful, of course) 
l For convenience, the latest version is available for the purchaser of this text at 

http://esplab 1 .ee.uconn.edu/dynaest.zip. 

DynaEstTM provides valuable hands-on experience on Kalman filters and the state-of-the- 
art Interacting Multiple Model (IMM) estimator for any person who has access to MATLAB. 
With the help of DynaEstTM, the principles/concepts and techniques treated in this book can 
be better understood and remembered. Some practical problems of estimation and tracking can 
be handled by DynaEstTM. The source code of DynaEstTM, which is easy to read, provides a 
sample implementation of the Kalman filter, as well as the state-of-the-art IMM estimator. 

DynaEstTM has been used to generate several of the examples in the text. Also, there 
are a number of Computer Application Exercises at the end of the chapters dealing with state 
estimation, designed to use DynaEstTM. 

System Requirements 

l IBM PC compatible 
l MATLAB (professional, education, or student version) 
l An operating system capable of running MATLAB 4.0 or higher (e.g., WINDOWS 95/98/NT 

or SUN SOLARIS) 
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NOMENCLATURE 

ACRONYMS 

ATC air traffic control 
cdf cumulative (probability) distribution function 
cpmf cumulative probability mass function 
CLT central limit theorem 
CRLB Cramer-Rao lower bound 
EKF extended Kalman filter 
FIM Fisher information matrix 
GPB generalized pseudo-Bayesian 
GPS Global Positioning System 
HOT higher order terms 
IE input estimation 
i.i.d. independent identically distributed 
IMM interacting multiple model (estimator) 
INS inertial navigation system 
KBF Kalman-Bucy filter (continuous time) 
KF Kalman filter (discrete time) 
LF likelihood function 
LG linear-Gaussian (assumption) 
LLN law of large numbers 
LMMSE linear MMSE 
LOS line of sight 
LS least squares 
LSE least squares estimator (or estimate) 
MAP maximum a posteriori 
ML maximum likelihood 
MLE maximum likelihood estimator (or estimate) 
MM multiple model 
MMSE minimum mean square error 
MSE mean square error 
NEES normalized estimation error squared 
NIS normalized innovation squared 
Pdf probability density function 
Pmf probability mass function 
RMS root mean square 
VSD variable state dimension 

xxi 
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xxii NOMENCLATURE 

MATHEMATICAL NOTATIONS 

arg max 
arg min 
Xi 
x:(Q) 

col( a) 
cov 

W) 
&ij 

diag( a) 

Jw 
G(Q) 

A 
l-49 
N(x; 3, a2) 

- (3, cT2) 
N@, a2) 

N(x; 3, P) 

nx 
O( > . 
PI1 
PC> 
Wb) 

P XZ 

P 42 
p[*, *I 

PH 
P 

PD 
PFA 

var 
2” 
0 
0 

argument that maximizes 
argument that minimizes 
chi-square distribution with n degrees of freedom [Subsection 1.4.171 
1OOQ percentile point of chi-square distribution with n degrees of 
freedom [Subsection 1.541 
column vector [Subsection 1.3. l] 
covariance 
Dirac (continuous) delta function (impulse function) 
Kronecker (discrete) delta function 
diagonal or block-diagonal matrix [Subsection 1.3.3, Subsection 3.4.11 
expectation 
1OOQ percentile point of standard normal (Gaussian) distribution 
[Subsection 15.41 
likelihood function 
Pmf 
pdf of a normal (Gaussian) random variable x with mean z and 
variance g2 [Subsection 1.4.131 
a random variable with mean z and variance o2 [Subsection 1.4.131 
normal (Gaussian) distribution with mean J: and variance o2 
[Subsection 1.4.131 
pdf of a normal (Gaussian) random vector x with mean J: and 
covariance P [Subsection 1.4.131 
dimension of the vector x 
order of magnitude of 
pdf [Subsection 1.4.21 
pdf [Subsection 1.4.21 
conditional covariance matrix of state at time k given observations 
through time j 
covariance (matrix) of x and z 
conditional covariance (matrix) of x given z 
mixed joint probability-pdf 
probability of an event 
the spread of the means term [Subsection 1.4.161 
probability of detection [Subsection 15.11 
false alarm probability [Subsection 15.11 
standard deviation of 8 
variance of 8 
trace (of a matrix) [Subsection 1.3.21 
uniform distribution over the interval [a, b] 
pdf of random variable x uniformly distributed over 
the interval [a, b] [Subsection 1.4.51 
variance 
the sequence z(j), j = 1, . . . , k [Subsection 2.2.11 
scalar zero, zero (null) vector, zero (null) matrix 
empty set, impossible event [Subsection 1.4.11 
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0 * . 
J: 
2 
ii 
A 
v 
(I> . . 
I I . 
I I . 
II II . 
II II . 
II II . 

f Wlz=o 
[ bl a, 
( b) a, 
[ b) a, 
[ 1 a.. 23 

x:[to,tll 

> 
A 
= 

MATHEMATICAL NOTATIONS 
. . . 

xx111 

unity, or a (column) vector with all elements unity 
unit step function 
transposition (of a matrix or a vector) [Subsection 1.3.11 
complex conjugate and transposed [Subsection 1.4.231 
expected value of x [Subsection 1.4.51, 
estimate of x [Subsection 2.2. I], 
error corresponding to the estimate of x [Subsection 2.2.11, 
complement of set (or event) A [Subsection 1.4. I] 
for all 
conditioning (for probabilities, estimates or covariances) 
determinant (of a matrix) 
magnitude (of a scalar) 
norm of a vector [Subsection 1.3.41 
norm of a matrix [Subsection 1.3.61 
norm of a random variable [Subsection 3.3. l] 
orthogonal vectors [Subsection 1.3.41 
orthogonal random variables [Subsection 3.3.11 
function evaluated at x = 0 
closed interval between points a and b (includes the endpoints) 
open interval between points a and b (without the endpoints) 
semi-open (semi-closed) interval between points a and b 
a matrix whose component at i-row j-column is aij 
[ Subsection 1.3.11 
the function x(t) in the corresponding interval 
[Subsection 4.2. I] 
the sequence x(j), j = jo, . . . , jI [Subsection 4.3.31 
the set {x(j0), x(j0 + l), . . . ,x(h)} 
inner product of vectors [Subsection 1.3.21 
inner product of random variables [Subsection 3.3. I] 
the smallest of two variables [Subsection 10.2.41 
the largest of two variables [Subsection 10.2.41 
much larger than 
equal by definition 
identically equal 
approximately equal 
distributed as [Subsection 1.4.131 
implies 
if and only if - implies and is implied by 
there exists 
such that 
element of 
logical “OR” operation (set union) [Subsection 1.4.11 
logical “AND” operation (set intersection) [Subsection 1.4. I] 
gradient with respect to (the vector) x 
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a posteriori, 91 
a priori, 91 
acceleration increment, 274 
acceleration increment over a sampling period, 289 
acceleration, longitudinal and lateral, 4 18 
accelerometer, 495 
acceptable estimation error, 233 
acceptance interval, 235 
acceptance region, 76 
acceptance regions, 240 
actual MSE, 233 
adaptive bandwidth, 479 
adaptive estimation algorithms, 42 1 
adjoint, 359 
adjugate, 22 
affine transformation, 362 
air traffic control (ATC), 423, 466 
algebraic matrix Riccati equation, 2 11, 350 
algebraic Riccati equation, 2 11 
algorithm comparison, 86 
alpha filter, 296 
alpha filter and subo~timali~, 297 
alpha filter, bias and total MS error, 297 
alpha-beta, 278 
alpha-beta filter, 282, 286, 287 
alpha-beta filter design and evaluation, 296 
alpha-beta filter gain, 278 
alpha-beta filter, bias and total MS error, 298 
alpha-beta-gamma, 278 
alpha-beta-gala filter, 289 
alternate hypothesis, 72 
alternative derivation of the Kalman filter gain, 263 
Altitude estimation from slant range, 118 
ampli~de estimation of a sinusoid, 368 
angle-only measurements, 137 
angular rate, 183 
angular rate estimation, 416 
arbitra~ gain, 262 
artificial noise, 243 
artificial process noise, 212, 395, 482 
asymptotically efficient, 113 
as~ptoticaIly Gaussian, 113 
asymptotically unbiased, 10 1, 113 
ATC, 423 
augmented state, 481 
au~ented state equation, 322 
autocorrelated measurement noise, 327 

autocorrelated noise, 67 
autocorrelated process noise, 320 
aut~o~elation, 62 
autocovariance, 62 
autocovariance of the state of a discrete time system, 

197 
aut~ovariance of the state of a system 197 
average, 3 7 
average covariance associated with the optimal esti- 

mate, 378 
average NEES, 234, 238 
average NIS, 236, 238 
average, fading memory, 61 
axioms of probabili~, 3 1 
azimuth, 397 

backward recursion, 334 
bandwidth of an alpha filter, 298 
bandwidth of the filter, 207 
bank of filters, 442 
base state, 444, 481 
batch estimator, 130 
Bayes’ criterion, 48 
Bayes’ decision rule, 48 
Bayes’ formula, 48, 91, 114 
Bayes’ formula for random variables, 48 
Bayes’ postulate, 49 
Bayes’ principle, 48 
Bayes’ risk, 48 
Bayes’ rule, 48 
Bayes’ theorem, 48 
Bayesian approach, 91, 114 
bearing, 397 
bearings-only target l~alization, 176 
best linear state estimator, 207 
best linear unbiased estimator, 126 
bias and total MS error in the alpha filter, 297 
bias and total MS error in the alpha-beta filter, 298 
bias in the measurements, 263 
bias significance, 400 
block processing, 308 

CIA code, 504 
CA model, 272, 277 
calculation of the merging probabilities, 45 1 
calculation of the mixing probabilities, 455 
carrier phase measurement, 507 
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Cartesian basis vector, 383 
cascaded filtering, 528 
causal, 68 
cdf, 33 
central limit theorem (CLT), 71 
centralized estimation, 527 
Chapman-Kolmogorov equation, 87, 374 
characteristic function, 42 
Chebyshev inequality, 85 
chi distribution, 59 
chi-square distribution with n degrees of freedom, 58 
chi-square test, 235 
Cholesky factor, 211 
Cholesky factorization, 2 1, 3 11 
closed-loop system matrix, 36 1 
CLT, 71 
colored noise, 67, 320 
column vectors, 19 
complementary distribution, 82 
complementary event, 3 1 
complements filtering, 492 
completely controllable, 28, 30 
completely observable, 28, 30 
completion of the squares, 53 
composite h~othesis, 75 
computational requirements, 2 10 
condition number, 26, 302 
conditional covariance matrix, 123, 201 
conditional expectation, 50 
conditional mean, 99, 123 
conditional MSE, 104 
conditional pdf, 44 
conditional pdf of the sum of two Gaussian random 

variables, 88 
conditional probability, 44 
conditional variance, 104 
conditional variance versus unconditional variance, 

118 
confidence level, 74 
confidence region, 76, 266 
consistency checking, 26 1 
consistency criteria of a filter, 234 
consistency evaluation, 233 
consistency in the mean square sense, 108 
consistency testing, 244, 387 
consistency tests, 237 
consistent, 234 
consistent estimator, 108, 115 
cons~t acceleration (CA) model, 272, 277 
constant acceleration motion, 15 1 
Constant altitude trajectory estimation from range- 

only observations, 175 
constant angular rate, 183 
constant jerk motion, 151 
constant speed, 183 
constant velocity (CV) model, 270, 274, 276 
constant velocity motion, 150 
constant velocity object, 269 

continuation, track, 153 
continuous noise level adjustment, 422, 424 
continuous time state estimate, 346 
continuous time state estimation filter, 346 
continuous-discrete filter, 347, 358 
continuous-time EKF, 4 16 
continuous-time innovation, 347 
continuous-time linear stochastic systems, 180 
continuous-time linear systems, 27 
continuous-time nonlinear systems, 404 
controllability condition, 48 1 
controllability matrix, 28, 30 
convergence in mean square, 108 
converted measurement, 3 90 
convolution, 4 1 
coordinate transformation from polar to Cartesian, 

415 
coordinated turn, 183 
coordinated turn (CT), 467 
coordinated turn transition matrix, 198 
correction term, 134 
correlated noises, 116 
correlation between current estimate and smoothed 

value, 339 
correlation coefficient, 39 
correlation matrices, 250 
cost function, 99 
cost functional, 358 
cost weighting matrices, 359 
countable additivity, 3 1 
course RMS errors, 243 
covariance associated with the estimate, 201 
covariance matching, 233 
covariance matrices, filter-calculated, 249 
covariance matrix, 42, 128 
covariance matrix of the LS estimator, 13 1 
covariance of the residual, 133, 134, 173 
covariance of the state versus covariance of the esti- 

mation error., 262 
covariance of two quadratic forms, 55 
covariance of two scalar random variables, 39 
covariance prediction equation, 301 
covariance propagation equation, 19 1 
covariance update, 206 
cova~ance update and gain calculation, 3 14 
covariance update equation, 302 
cpmf, 35 
Cramer-Rao lower bound (CRLB), 109, 164 
CRLB, 109, 115, 164 
CRLB as the actual covariance, 169 
CRLB for a two-model parameter estimation prob- 

lem, 485 
cross-co~elated noise sequences, 325 
cross-covariance, 122, 362 
CT, 467 
CT model, 467 
cubic fit, 151 
cumulative probability distribution function (cdf), 33 
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cumulative probability mass function (cpmf), 35 
cumulative standard Gaussian distribution, 35 
curse of dimensionality, 380 
CV model, 270,274, 276 
CWNA model, 286 

data fusion, 524 
debiasing threshold, 488 
decision, 1 
decision-free, 466 
decorrelation time, 32 1 
degree of belief, 48 
degrees of freedom, 158 
delta function, 35, 69 
delta range, 507 
density, 33 
derivative of the inverse of a matrix, 367 
derivative with respect to a matrix, 87 
design and evaluation, 296 
design parameter, 267 
detection probability, 72 
determinant, 22 
DFT, 193 
DGPS, 509 
diagonal matrix, 2 1 
differenced measurement, 327 
Differential GPS (DGPS), 509 
diffuse, 49, 117, 137 
diffuse pdf, 95 
diffuse prior, 302, 307 
diffuse uniform prior pdf, 95 
diffusion process, 180, 410 
dilution of precision (DOP), 507 
dimension of a pdf, 86 
dimensionality, curse of, 380 
Dirac (impulse) delta function, 35, 65 
direct discrete time model, 189 
Dirichlet prior, 49 
discounting, 396 
discrete time gain, 187 
discrete white noise acceleration model, 273 
discrete white noise acceleration (DWNA) model, 280 
discrete Wiener process acceleration model, 274 
discrete-time (difference) matrix Riccati equation, 2 11 
discrete-time Fourier transform (DTFT), 193 
discrete-time linear stochastic systems, 188 
discrete-time Markov process, 69 
discrete-time measurement, 345 
discrete-time measurement equation, 188 
discrete-time process noise, 187 
discrete-time stochastic process, 69 
discrete-time systems, 187 
discrete-time transfer function, 193 
discrete-time white noise, 69 
discrete-time Wiener process, 69 
discrete-valued parameter, 116 
discretized continuous-time white noise acceleration 

(CWNA) model, 286 

distance estimation in sailing, 419 
distributed estimation fusion, 528 
distribution, 33 
distribution-free probability region, 85 
divergence, 232 
divergence of the filter, 385 
DOP, 507 
downcrossing threshold, 426 
drift, 180, 410 
DTFT, 193 
dual problems, 360, 361 
duality, 305 
DWNA model, 273, 280 
DWPA model, 274 
dyad, 26 
dyad of a state estimate - the expected value, 339 
DynaEst, 219,460 
dynamic equation, 27, 180 
dynamic estimation problem, 9 1 
dynamic MM estimator, 441 
dynamic programming, 407 
dynamic range capability, 479 

effective window length, 425, 432 
efficiency check, 165 
efficient, 109 
efficient estimator, 115 
eigenvalues, 25 
eigenvectors, 25 
EKF, 371, 382 
EKF prediction equations for a system with unknown 

parameters, 486 
EKF simulation for state and parameter estimation, 

486 
ellipsoid, g-sigma, 166 
ensemble, 62 
ensemble average, 62 
ensemble averages, 64, 237 
ergodic, 64 
error state of an inertial navigation system, 497 
estimability, 166 
estimate, 90, 122 
estimate and covariance combination, 457 
estimate of a parameter, 114 
estimate of the state, 201 
estimation, 1 
estimation criteria that lead to the conditional mean, 

117 
estimation error, 78, 90, 10 1, 125, 201, 233 
estimation from indirect observations, 175 
estimation of the probability of an event, 107 
estimation with correlated measurements, 119 
estimation with correlated noises, 172 
estimation, dynamic, 9 1 
estimation, static, 9 1 
estimator, 90 
estimator design parameters, 446 
estimator of a parameter, 114 
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estimator optimality, 199, 233 
evaluation of estimator optimality, 199, 233 
evaluation of the CRLB, 113 
event, 31 
evidence from the data, 48, 91 
exhaustive, 45 
expected value, 37 
expected value of a quadratic form, 54 
expected value of a quartic form, 55 
exponential pdf, 94 
exponentially autocorrelated acceleration model, 27 1 
exponentially autocorrelated noise, 32 1 
exponentially decaying autocorrelation, 186 
exponentially discounted average, 6 1, 192, 425 
extended Kalman filter (EKF), 371, 382 
extrapolation, 152 

factorization, 186, 193 
factorization of the covariance matrix, 303 
factorization, Cholesky, 2 1 
factorization, LDL’, 2 1 
factorization, LDU, 2 1 
factorized prediction covariance, 3 13 
fading memory, 396 
fading memory average, 61, 192, 425, 432, 486 
fading memory average and effective window length, 

197 
fading memory sum, 6 1, 192 
false alarm, 72 
false alarm probability, 73 
fault detection, 487 
filter design parameter, 267 
filter for CWPA model without initial estimates, 3 18 
filter for DWNA model without initial estimates, 3 18 
filter for DWPA model without initial estimates, 3 18 
filter gain, 204, 205, 346 
filter stability, 212 
filter tuning, 243 
filter-calculated covariance, 233 
filter-calculated covariance matrices, 249 
filter-calculated covariances, 207 
filtering, 2 
FIM, 110, 115, 164 
finite impulse response (FIR), 194 
finite-sample consistency, 234 
FIR, 194 
first moment, 37 
first-order polynomial fitting, 247 
Fisher approach, 91 
Fisher information, 109 
Fisher information matrix, 115 
Fisher information matrix (FIM), 110, 164 
Fisher information matrix in bearings-only target lo- 

calization, 173 
Fisher information matrix in the LS problem, 173 
fitting error, 155-157, 161, 167 
fixed interval prediction, 330, 356 
fixed lead prediction, 330 

fixed lead prediction evolution in continuous time, 
368 

fixed point prediction, 330 
fixed point prediction - the mean and covariance, 

338 
fixed point prediction evolution in continuous time, 

367 
fixed point prediction prior moments, 368 
fixed-interval prediction, 332 
fixed-interval smoothing, 333, 334 
fixed-lag smoothing, 3 33 
fixed-lead prediction, 332, 356 
fixed-point prediction, 356 
fixed-point smoothing, 3 3 3 
Fokker-Planck (F-P) equation, 4 12 
Fokker-Planck equation, 4 10 
forward diffusion equation, 4 10 
fourth joint moment of Gaussian random variables, 

87 
frequency estimation of a sinusoid, 368 
fudge factor, 396, 424 
full rank, 25, 28 
function in the interval, 181 
fundamental equations of linear estimation, 54, 128 
fusion equations, 529 
fusion of estimates, 264 

gain, 134 
gain coefficients, 289 
gate, 153, 154 
gate probability, 166 
Gating, 263 
Gauss-Markov sequence, 69 
Gaussian, 5 1 
Gaussian assumption as the worst case, 128 
Gaussian mixture, 55, 445 
Gaussian random variable, 34 
GDOP, 145, 508, 531 
generalized pseudo-Bayesian (GPB), 423, 446 
generalized pseudo-Bayesian approach of first order 

(GPBZ), 447 
generalized pseudo-Bayesian estimator of second or- 

der (GPB2), 449 
generation of a random sequence with exponential 

autocorrelation, 3 17 
generation of correlated random variables, 3 17 
Geometric Dilution of Precision, 145 
Geometric Dilution of Precision (GDOP) in Global 

Positioning System (GPS), 4 17 
Geometric Dilution of Precision in GPS, 531 
Geometric DOP (GDOP) matrix, 508 
gimbaled system, 495 
Global Positioning System, 176, 417 
good observability, 167 
goodness-of-fit, 155, 156 
GPB, 423,446 
GPBl, 447 
GPB2, 449 
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GPS, 176, 417, 501 
GPS-aided INS, 524 
gradient, 24 
Gram-Schmidt orthogonalization, 3 13, 3 17 
guidance, 49 1 
gyroscope, 495 

Hessian, 24 
hidden Markov model, 445 
higher-order polynomial fitting, 247 
higher-order terms, 3 83 
homogeneous Markov chain, 445 
hybrid, 44 1 
hybrid random variable, 36 
hybrid system with i.i.d. modal state sequence, 487 
hybrid systems, 48, 57, 423 
hypothesis testing, 72 
hypothesis testing with correlated noise, 87 

i.i.d., 41, 71 
i.i.d. modal state sequence in a hybrid system, 487 
idempotent, 21, 25 
identity matrix, 22 
IE, 436 
iff, 21 
ILS estimator, 138 
IMM, 423,446 
IMM estimator, 453 
implementation of the linear estimation techniques, 

301 
imported measurements, 223 
impossible event, 3 1 
improper densities, 34 
improper pdf, 95 
incompletely observed Markov process, 376 
incorrect gain, 206 
incorrect prior variance, 173 
independence of measurements, 198 
independence versus conditional independence, 85 
independent, 4 1 
independent increment process, 66 
independent runs, 237 
independent, identically distributed (i.i.d.), 4 1, 7 1 
inequality of two matrices, 26 
inertial navigation system (INS), 495 
inertial navigation system, gimbaled, 495 
inertial navigation system, strapdown, 495 
information, 94, 132 
information extraction and enhancement, 2 
information filter, 248, 302, 304 
information filter state, 307 
information in the data, insufficient, 165 
information limits, 2 
information matrix, 304, 349 
information matrix filter, 206 
information set, 373 
information state, 181, 373, 375 
information, existing, 110 

information, extracted, 110 
information, new, 146 
information, old, 145 
initial covariance, 202 
initial estimate, 202 
initial information, 202 
initialization, 134, 147, 245, 262 
inner product, 20, 124 
innovation, 205 
innovation covariance, 205, 3 84 
innovation sequence, 2 13 
innovations representation, 2 14 
input estimate, 430 
input estimation, 422 
input estimation (IE), 436 
input gain, 27, 180 
input vector, 180 
INS-aided GPS, 524 
INS/GPS integration by distributed estimation fusion, 

528 
insignificant, 77 
instantaneous variance, 65, 32 1 
insufficient information in the data, 165 
integrated navigation, 524 
integration of INS and GPS, 524 
intensity of the white noise, 342 
interacting multiple model @MM), 423, 446 
interacting multiple model (IMM) estimator, 453 
interaction, 454 
interpolating polynomial, 182 
interval estimate, 77 
inverse, 2 1 
inversion lemma, 23 
inversion, partitioned matrix, 22 
iterated extended Kalman filter, 406 
Iterated Least Squares estimator, 138 
Ito differential equation, 343, 347 

Jacobian matrix, 24 
jerk, 151, 271 
joint cdf, 39 
joint density, 41 
joint pdf, 38 
joint probability-pdf, 36 
jointly Gaussian, 5 1, 52 
Joseph form covariance update, 206, 302, 3 10 
jump probabilities, 70 
jump process, mode, 444 
jump-linear systems, 444 

Kalman filter, 199 
Kalman filter (KF), 202 
Kalman filter gain, 263 
Kalman filter with diferent measurements, 265 
Kalman filter with diferent sampling intervals, 265 
Kalman filter with nonzero noise means, 263 
Kalman-Bucy filter, 341, 346 
Kalman-Bucy filter with non-zero-mean noises, 369 
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KF, 202 
KF as a lowpass filter, 369 
kinematic state models, 268 
known acceleration objects, 299 
known input, 200 
Kolmogorov forward equation, 410, 412 
Kronecker delta function, 69 

Laplacian pdf, 88, 117 
large-sample properties of the ML estimator, 113 
law of iterated expectations, 50 
law of large numbers (LLN), 70 
LDL’ factorization, 2 1, 3 11, 3 12 
LDU factorization, 2 1 
least mean square (LMS), 115, 129 
least squares (LS), 129 
least squares (LS) method, 98 
least squares estimate, 76 
least squares estimator (LSE), 98 
left half-plane (LHP), 364 
left-continuous, 444 
length of a vector, 23 
level of significance, 74 
LF, 91 
LG, 201 
likelihood equation, 92, 98 
likelihood equations, 102 
likelihood function, 48, 73, 97, 114, 374 
likelihood function (LF), 91 
likelihood function of mode, 442 
likelihood function of the system model, 2 14 
likelihood ratio, 73 
limiting process of an autocorrelated noise to white 

noise, 338 
linear dependence, 124 
linear Gaussian (LG) assumption, 201 
linear least squares (LS), 129 
linear LS problem, 98 
linear MMSE, 124 
linear MMSE estimator, 125, 129 
linear MMSE estimator for the multidimensional case, 

127 
linear space, 124 
linear time-invariant system, 27, 30 
linear transformation of random variables, 87 
linear-quadratic control problem (LQ), 3 5 8 
linearly dependent, 40 
linearly independent, 22 
lines of sight (LOS), 507 
LLN, 70 
LMMSE estimation for vectors, 174 
LMMSE estimator, 176 
LMMSE state estimator, 207 
LMS, 115, 129 
log-likelihood function, 98, 164 
log-normal random variable, 86 
LOS, 507 
loss of positive definiteness, 301 

loss of symmetry, 301 
low probability events, 86 
lower triangular matrix, 2 1, 3 11 
lowpass filter, 369 
LQ, 358 
LS, 98, 114, 129 
LS estimator, 130 
LSE, 98 
lumped estimate, 447 
Lyapunov differential equation, 347 
Lyapunov equation, 185 

MA, 194 
magnitude of a vector, 23 
Mahalanobis distance, 166 
maneuver, 466 
maneuver detection, 430 
maneuver onset, 433 
maneuver onset time, 428 
maneuver termination, 433 
maneuvering index, 267, 281, 287 
maneuvering index threshold, 479, 488 
maneuvering model, 432 
MAP, 92 
MAP estimate, 114 
MAP estimate with two-sided exponential (Lapla- 

cian) prior, 117 
MAP smoothing technique, 409 
MAP with Gaussian prior - vector version, 118 
margin of error, 108 
marginal density, 39 
marginal observability, 167 
marginal pdf, 39 
Markov chain, 70 
Markov chain Monte Carlo methods, 4 24 
Markov inequality, 85 
Markov process, 184, 190 
Markov processes, 66 
Markov property, 66 
Markov sequence, 69, 190 
matched, 237 
matrix, 19 
matrix inversion lemma, 23 
matrix MSE, 128 
matrix Riccati differential equation, 346, 349 
maximization, multistage, 407 
maximum a posteriori (MAP), 92 
maximum likelihood estimate, 76 
maximum likelihood estimator (MLE), 92 
maximum likelihood method, 92 
Maxwell distribution, 59 
MCMC methods, 414 
mean, 37, 62 
mean and covariance of the state of a linear system, 

196 
mean sojourn time, 460 
mean sojourn time, 471 
mean square (MS), 37 
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mean square error (MSE), 104 
mean square error (MSE) matrix, 140 
mean-square value matrix, 250 
measure, 3 1 
measure of belief, 32 
measurement, 122 
measurement equation, 27, 180 
Measurement error variance, 119 
measurement matrix, 27, 180, 188 
measurement noise, 180, 188, 200 
measurement prediction covariance, 203, 205, 3 84 
measurement prediction error, 205 
measurement residual, 205 
measurement update, 208 
measurement-dependent accuracy, 3 77 
measurements, 3 
measurements, imported, 223 
measurements, simulated, 223 
median, 117 
merging, 452 
merging probabilities, 45 1 
minimum magnitude error estimate, 117 
minimum mean square error (MMSE), 123 
minimum mean square error (MMSE) estimator, 99 
minimum variance (MV), 115, 129 
mismatched, 237 
mismatched filter, 240 
miss, 72 
miss probability, 74 
mixed coordinate filter, 390 
mixed pmf/pdf model - the variance, 338 
mixed pmf/pdf of the acceleration model, 339 
mixed random variable, 36 
mixing, 454, 455 
mixing probabilities, 454, 455 
mixture, 55, 86 
mixture equations, 56 
ML estimate, 114 
MLE, 92 
MLE from correlated measurements, 118 
MM, 423,441 
MM estimator, dynamic, 441 
MM estimator, static, 441 
MMSE, 114, 123 
MMSE estimation with correlated noises, 172 
MMSE estimator, 99, 123 
MMSE with exponential prior, 118 
Mobile sensor platform location error, 53 1 
Mobile sensor platform location error reduction, 532 
modal state, 444 
modal trajectory, 37 1, 407 
mode, 93, 100, 407, 441 
mode (model) switching, 444 
mode conditioned covariances, 442 
mode conditioned estimate, 449 
mode conditioned state estimate, 442 
mode conditioned state estimates, 442 
mode estimates, 442 

mode history, 444 
mode jump, 443 
mode jump process, 444 
mode jumping, 441 
mode likelihood function, 442, 447 
mode matched filter, 442 
mode observation in a hybrid system, 487 
mode probabilities, 452 
mode probability update, 448, 456 
mode probability updating, 452 
mode transition probabilities, 445, 446, 452 
mode-conditioned state estimate, 447 
mode-matched filtering, 448, 45 1, 456 
model, 44 1 
modes, 423 
modified process noise covariance, 396 
moment, 37 
moment matching, 56, 60 
moment-generating function, 43 
moments of the white noise response of a scalar linear 

system, 196 
Monte Carlo runs, 168, 439 
Monte Carlo runs for algorithm comparison, 86 
Monte Carlo runs for low probability events, 86 
Monte Carlo simulations, 168 
Monte Carlo simulations (runs), 79, 234 
motion uncertainty, 28 1 
moving average (MA), 194, 425, 433 
moving sum, 425 
MS, 37 
MSE, 104, 233 
MSE matrices of predicted and updated state, 250 
MSE matrix, 140, 384 
MSE, unconditional, 104 
MSV matrix, 250 
multiframe signal processing, 409 
multilateration, 137 
multiple model (MM), 423 
multiple model (MM) approach, 441 
multiscan signal processing, 409 
multisensor, 309 
multistage maximization, 407 
mutually exclusive, 3 1, 45 
MV, 115, 129 

navigation, 2, 491 
Navigation Satellite Timing and Ranging/Global Po- 

sitioning System - Navstar/GPS, 501 
NCA model, 272 
NCV model, 270, 274 
nearly constant acceleration (NCA) model, 272 
nearly constant velocity model, 270, 274 
nearly coordinated turn model, 467 
NEES, 165, 234, 238 
Neyrnan-Pearson Lemma, 72 
NE, 236 
NLS, 137, 164 
NMEE, 235 
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noise, 179 
Noise correlated to prior error, 173 
noise gain, 180, 189, 272 
noise level switching, 422, 424 
noise only measurement, 174 
noise reduction, 438 
noise reduction factor, 282, 458 
noiseless kinematic model, 276 
nominal trajectory, 3 85 
non-Bayesian, 9 1 
non-Bayesian approach, 9 1, 114 
noncausal, 68, 364 
noninformative, 49, 137 
noninformative pdf, 95 
noninformative prior, 302, 307 
nonlinear, 164 
nonlinear least squares, 161, 164, 176 
Nonlinear Least Squares estimator, 13 7 
nonlinear LS, 130 
nonlinear LS problem, 98 
nonmaneuvering filter, 427 
nonsingular, 22, 25 
nonstationary, 19 1 
nonstationary white process noise, 184 
nonstationary zero-mean white, 65 
norm, 23, 124 
norm of a matrix, 27 
norm of the residual, 156 
normal (Gaussian), 83 
normal pdf (density), 5 1 
normal random variable, 34, 5 1 
normalization constant, 9 1 
normalization property, 33, 35 
normalized (state) estimation error squared (NEES), 

234 
normalized error squared (NES), 401 
normalized estimation error squared (NEES), 165 
normalized innovation squared, 424 
normalized innovation squared (NIS), 236 
normalized mean estimation error (NMEE), 235 
normalized sum of the squares of the residuals, 167 
normalizing constant, 48 
normally (Gaussian) distributed, 122 
nowhere differentiable, 66 
null hypothesis, 72 
numerical integration, 404 

observability Gramian, 349 
observability matrix, 28, 30, 349 
observability of a linear dynamic system, 266 
observability, marginal (poor), 132 
observability, parameter, 165 
observable, 132 
observation, 122 
observation uncertainty, 28 1 
one sigma region, 153 
one-sided alternative hypothesis, 75 
one-sided exponential pdf, 94 

one-sided probability region, 82, 83 
one-step prediction, 152 
operating regime, 44 1 
operator, 375 
optimal cost, 359 
optimal cost matrix, 359 
optimal estimator, 2 
optimal gain, 207 
optimal MMSE state estimator, 207 
optimal nonlinear continuous-discrete filter, 4 10 
optimal nonlinear state estimator, 372 
optimistic, 245 
Ornstein-Uhlenbeck process, 186, 32 1 
orthogonal, 23, 124 
orthogonal projection, 23, 125 
orthogonality, 363 
orthogonality of estimation error to previous estimates, 

263 
orthogonality of the innovations to the state predic- 

tion, 263 
orthogonality properties, 2 15 
orthonormal vectors, 158 
outer product, 20 
output equation, 27, 180 
overfitting, 154 

parabolic fit, 15 1 
parameter, 90 
parameter estimate significance test, 15 5 
parameter observability, 165 
partitioned covariance matrix, 53 
partitioned matrix inversion, 22 
passive localization, 16 1 
passive localization with direction cosine measure- 

ments, 173 
passive ranging, 16 1 
pdf, 33 
percentile point, 82 
perversity of inanimate objects, 88, 96 
pessimistic, 245 
phase estimation of a sinusoid, 368 
physical dimension, 344 
piecewise constant acceleration, 273 
piecewise constant white acceleration model, 273 
piecewise constant Wiener process acceleration model, 

274, 289 
plant equation, 27, 180 
plant noise, 180 
pmf, 35 
point estimate, 77 
point masses, 35 
point prediction, 374 
Poisson pmf, 36 
polar coordinates, 397 
polar-to-Cartesian conversion bias, 4 16 
polynomial filters, 268 
polynomial fitting, 146, 149 
polynomial model, 269 
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polynomial models, 268 
position and velocity estimation for known accelera- 

tion objects, 299 
position confidence region, 166 
position estimate for an arbitrary time, 166 
position estimation, 175 
position estimation improvement, 282 
position gain, 281 
position RMS errors, 243 
position/velocity measurement, 297 
positive (semi)definite matrix, 25 
positive (semi)definite quadratic form, 25 
posterior, 9 1 
posterior pdf, 48 
posterior probability, 48 
power of the test, 72 
power spectral density, 62 
power spectral density (spectrum), 193 
power spectral density matrix of the output, 186 
power spectrum, 62, 186 
Precision Positioning Service (PPS), 504 
predicted measurement, 203, 205, 384 
predicted state, 202, 204, 355, 383 
predicted state covariance, 203 
predicted value, 134 
predicted value of the state, 201 
prediction, 152, 330 
prediction covariance, 356 
prediction with unequal sampling times and variances, 

176 
predictor-corrector algorithm, 12 
prewhitening, 67 
prewhitening of a colored noise, 339 
prewhitening of a second-order process, 339 
prewhitening system, 67, 186, 193, 320, 321 
principle of orthogonality, 124, 125 
prior, 9 1 
prior information, 136 
prior pdf, 48 
prior probability, 48 
probability, 3 1 
probability concentration ellipsoid, 166 
probability concentration region, 235 
probability density function (pdf), 33 
probability estimation for an event, 107 
probability mass, 33 
probability mass function (pmf), 35 
probability matrix, 88 
probability of detection, 74 
probability region, 76 
probability region, distribution-free, 85 
probability region, Gaussian, 83 
probability region, two-sided, 156 
process noise, 180, 200, 2 12 
process noise and initialization, 263 
process noise intensity choice, 270, 272 
process noise resealing, 295 
propagation equation of the covariance, 185 

propagation equation of the mean, 184, 19 1 
proper density, 33 
proper pdf, 95 
proper pmf, 35 
pseudo-noise, 212, 243, 395, 482 
pseudorange equation, 506 
public opinion polls, 119 

quadratic form, 25 
quadratic form with non-zero-mean random variables, 

88 
quadratic observations, 175 
quartic form, 54 
quiescent model, 432 

radar cross-section estimation, 4 18 
random number generator testing, 262 
random process, 61 
random sequence, 69 
random variable, 33 
random walk, 65 
range, 397 
range: Horizontal and Slant, 417 
rank, 25 
rational function, 186, 193 
rational spectrum, 67, 186 
Rayleigh distribution, 59 
real-time consistency tests, 237, 240 
realization, 33, 9 1 
reciprocal basis, 26 
recursive LS estimator, 134 
recursive parameter estimate updating equation, 134 
reference time, 146, 149, 150 
regime, operating, 44 1 
region, one sigma, 153 
regression, 146 
relative frequency, 32 
relinearization of the measurement equation, 405 
resealing of the variance of the process noise, 275 
residual, 134 
residual covariance, 3 84 
retrodicted state, 20 1 
retrodiction, 3 33 
revisit rate, 267, 292 
revisits, 225 
Riccati differential equation, 346 
Riccati differential equation solution for the inverse 

covariance, 367 
Riccati equation, 2 11 
right half-plane (RHP), 364 
RMS error from Monte Carlo runs, 243 
RMS speed and velocity errors in Monte Carlo sim- 

ulations, 4 17 
RMS value of a random variable, 37 
root mean square value of a random variable, 37 
round-off errors, 30 1 
row vector, 19 

SA, 506 
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sample autoco~e~ation, 236, 238 
sample average, 71, 79, 100 
sample correlation, 262 
sample mean, 79, 100, 135, 439 
sample performance differences, 81, 439 
sample variance, 103 
sampling frequency, 267 
sampling period change, 295 
sampling rate, 292 
scalar updates, 308 
scaling factor, 424 
scenario, 246 
Schwarz inequality, 23, 111 
second central moment, 37 
second-order kinematic model, 269 
Selective Availability, 506 
sensitivity of the filter to an incorrect gain, 206 
sensitivity to incorrect prior variance, 173 
sensitivity to process noise variance, 264 
sensor bias and target location estimation, 264 
sensor platform location error, 53 1 
sensor platform location error reduction, 532 
sequence of models, 444 
sequential maximization, 407 
sequential Monte Carlo methods, 4 14 
sequential processing, 308 
sequential updating, 303 
shaping filter, 67, 186, 193, 320, 339 
short-term average, 345 
sigma, g-ellipsoid, 166 
signal interpolation for measurement generation, 4 14 
si~i~can~e test, parameter estimate, 155 
significant estimate, 77 
simulated kinematic trajectory behavior, 295 
simulated kinematic trajectory variability, 295 
simulated measurements, 223 
single run, 237 
sliding window, 425 
slowly varying parameters, 482 
SMC methods, 414 
smoothed covariance, 336 
smoothed state, 336 
smoothed state covariance, 337 
sm~thed value of the state, 201 
smoother gain, 336 
smoothing, 33 3 
smoothing compared with estimation, 339 
srn~~ing property of the expectations, 50 
smoothing residual, 33 7 
soft switching, 458, 466 
sojourn time, 460,471 
sojourn time in a state for a Markov chain, 487 
spatial window, 154 
spectral factorization, 67 
spectral factorization for a discrete-time system, 198 
spectral factorization for prewhitening (shaping), I97 
spectral representation, 26 
speed, 183 

speed and course estimates, 416 
speed and velocity errors in Monte Carlo simulations, 

417 
speed RMS errors, 243 
spread of the means, 443 
spread of the means tern-r, 56 
square root, 21 
square root altering, 303, 3 11 
square root of a matrix, 3 11 
squared norm of the estimation error, 233 
squared norm with respect to a matrix, 26 
stable, 193, 351 
stacked measurement matrix, 130 
stacked vector, 52, 122, 130, 48 1 
standard, 83 
standard deviation, 37 
standard deviation associated with the estimator, 105 
standard deviation improvement versus variance im- 

provement, 4 I5 
standard deviation of the estimate, 78 
standard deviation of the estimation error, 78, 105 
standard error, 78, 79, 105, 106 
standard error of the estimate, 106 
standard error of the sample variance, 106 
standard Gaussian distribution, 35 
standard Gaussian random variables, 58 
Standard Positioning Service (SPS), 504 
state, 27, 30, 181 
state augmentation, 320 
state equation for fading memory average, 198 
state estimate and covariance combination, 449, 452 
state estimation error, 347 
state estimation errors’ autocorrelation, 263 
state MSE matrix for continuous-time filter with ar- 

bitrary gain, 368 
state prediction covariance, 203, 204, 384 
state prediction error, 204 
state prediction in a linear time-invariant discrete time 

system, 198 
state prediction pdf, 374 
state space representation, 187 
state transition matrix, 18 1 
state transition pdf, 375 
state update, 206 
state vector, 180 
state-space representation, 180 
static estimation problem, 9 1 
static MM estimator, 441 
stationary, 62 
stationary Markov process, 67 
stationa~ white sequence, 69 
stationary zero-mean white, 65 
statistical characterization of the disturbances, 233 
statistically insignificant, 155, 16 1 
statistics, 5 1 
steady-state covariance, 2 11, 350 
steady-state filter, 350, 352 
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steady-state filter existence for a kinematic model, 
296 

steady-state filters for noisy kinematic models, 278 
steady-state gain, 2 11 
stochastic observability, 166 
stochastic process, 6 1 
straight line fit, 150 
strapdown system, 495 
strict stationarity, 62 
strict-sense whiteness, 65 
subspace, 124 
sufficient statistic, 96 
superefficiency, 118 
sure event, 3 1 
switching models, 44 1 
switching, mode, 444 
symmetric, 19 
system design, 267, 292 
system identification, 42 1 
system matrix, 27, 180 

tail mass, 73 
tail probability, 73 
target localization, bearings-only, 176 
target maneuvering index, 267, 281 
target motion analysis, 161 
target tracking, 49 1 
target tracking index, 281 
test statistic, 75 
third-order model, 27 1 
three-point initialization, 264 
tightly coupled, 527 
time average autocorrelation, 237 
time average normalized innovation squared, 237,240 
time averages, 64, 237 
time update, 208 
time-average autocorrelation, 240 
time-invariant, 190 
time-invariant system, 27, 30 
time-varying discrete-time system, 188 
total probability theorem, 45 
trace, 20 
track before detect, 409 
track continuation, 153 
tracking, 2 
tracking index, 281 
trade-off, 292 
transfer function matrix, 67 
transition matrix, 187 
transition matrix of the Markov chain, 70 
transition probabilities, 70 
transpose of a product, 20 
transposition, 19 
triangular matrix, 3 11 
triangulation, 137 
truncated Gaussian, 45 
truncated pdf, 44 
tuning of the filter, 482 

turn, 183 
two-model parameter estimation problem with a prior, 

486 
two-point differencing, 247 
two-sided alternate hypothesis, 76 
two-sided probability region, 83, 156, 168 
type I error, 72 
type II error, 72 

UM, 466 
unbiased, 10 1 
unbiased estimator, 115 
unbiasedness, 233, 363 
unbiasedness property, 126 
unconditional MSE, 104 
uncorrelated, 40 
uncorrelatedness, 69 
underfitting, 154 
uniform motion (UM), 466 
uniform prior pdf, 49 
uniformly distributed random variable, 34 
unimodal, 10 1 
unit lower triangular matrix, 2 1, 3 11 
unit step function, 35 
unknown input, 427 
unknown input as a random process, 422 
unnormalized errors, 243 
unobservable, 162, 167 
upcrossing threshold, 426 
update gain, 133 
update with an arbitrary gain, 262 
updated covariance, 206 
updated state, 203 
updated state covariance, 203 
updated state covariance conditioned on prior data, 

338 
updated state estimate, 203, 205 
upper tail, 82 
upper tail probability, 82 
upper triangular matrix, 3 11 

validity limit of the standard conversion, 400 
variability reduction, 235 
variable state dimension, 422 
variable state dimension (VSD), 43 1, 436 
variance, 3 7 
variance estimate with the smallest MSE, 117 
variance of the estimator, 104 
variance of the sample mean, 106 
variance of the sample variance, 106 
variance, conditional, 104 
variance/MSE of an estimator, 115 
vector, 19 
vector Taylor series expansion, 383 
vector-valued Gaussian, 5 1 
vector-valued random process, 62 
vector-valued random variable, 4 1 
vectors in an abstract vector space, 124 
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velocity estimation, 174 
velocity estimation improvement, 282 
velocity gain coefficient, 281 
velocity increment over a sampling period, 436 
velocity RMS errors, 243 
Viterbi algorithm, 409 
VSD, 431,436 

weak independence, 69 
weighted sum of chi-square variables, 60 
weighted sum of pdfs, 55 
weighting matrix, 127 
WGS-84, 5 15 
white noise, 64 
white noise acceleration, 268 
white noise acceleration model, 269 
white noise jerk (WNJ) model, 271 
white sequence, 69 
whiteness test, 236 
Wide Area Augmentation System (WAAS), 509 
wide sense stationary, 62 
wide-sense whiteness, 65 
Wiener filter, 364, 365 
Wiener filter as the steady-state Kalman-Bucy filter, 

369 
Wiener process acceleration, 268 
Wiener process acceleration (WPA) model, 271 
Wiener process increments, 88 
Wiener random process, 65 
Wiener-Hopf equation, 363 
Wiener-Hopf problem, 362 
window length for fading memory average, 197 
window, spatial, 154 
WNA model, 269 
World Geodetic System of 1984 (WGS-84), 5 15 
WPA model, 271 

zero-mean random variables, 124 
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Chapter 1 

INTRODUCTION 

1.1 BACKGROUND 

1.1.1 Estimation and Related Areas 

Estimation is the process of inferring the value of a quantity of interest from 
indirect, inaccurate and uncertain observations. 

The purpose of estimation can be: 

Determination of planet orbit parameters - probably the first estimation 
problem - studied by Laplace, Legendre, and Gauss 
Statistical inference 
Determination of the position and velocity of an aircraft in an air traffic 
control system - tracking 
Application of control to a plant in the presence of uncertainty (noise and/or 
unknown parameters) - parameter identification, state estimation and sto- 
chastic control 
Determination of model parameters for predicting the state of a physical 
system or forecasting economic or other variables - system identification 
Determination of the characteristics of a transmitted message from noise- 
corrupted observation of the received signal - communication theory 
Determination of some parameters or characteristics of a signal or image - 
signal/image processing 

More rigorously, estimation can be viewed as the process of selecting a 
point from a continuous space - the “best estimate.” 

Decision can be viewed as the selection of one out of a set of discrete 
alternatives - the “best choice” from a discrete space. However, one can talk 
about estimation in a discrete-valued case with the possibility of not making a 
choice but obtaining some conditional probabilities of the various alternatives. 
This information can be used without making “hard decisions.” 

1 

Estimation with Applications to Tracking and Navigation: Theory Algorithms and Software
Yaakov Bar-Shalom, X. Rong Li, Thiagalingam Kirubarajan

Copyright  2001 John Wiley & Sons, Inc.
ISBNs: 0-471-41655-X (Hardback) 0-471-22127-9 (Electronic)
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1 INTRODUCTION 

Estimation and decision can, therefore, be seen to be overlapping and tech- 
niques from both areas are used simultaneously in many practical problems. 

Dacking is the estimation of the state of a moving object based on remote 
measurements. This is done using one or more sensors at fixed locations or on 
moving platforms. 

At first sight, tracking might seem to be a special case of estimation. How- 
ever, it is wider in scope: Not only does it use all the tools from estimation, 
but it also requires extensive use of statistical decision theory when some of the 
practical problems (data association - “Which is my measurement?” - see, 
e.g., [Bar-Shalom951) are considered. 

Filtering is the estimation of the (current) state of a dynamic system - 
the reason for the use of the word “filter” is that the process for obtaining the 
“best estimate” from noisy data amounts to “filtering out” the noise. The term 
filtering is thus used in the sense of eliminating an undesired signal, which, in 
this case, is the noise. 

In control systems, signals are also filtered to obtain the estimate of the state 
of the (noisy) dynamic system, needed by the controller. Filtering of signals is 
very commonly used in signal processing - in the frequency domain as well as 
in the spatial domain. The latter is done, for example, to select signals coming 
from a certain direction. Navigation is the estimation 
platform (“own ship”) on which the sensor is located. 

of the state of the 

An optimal estimator is a computational algorithm that processes ob- 
servations (measurements) to yield an estimate of a variable of interest, which 
optimizes a certain criterion. 

In view of the above discussion, estimation can be viewed as a scheme 
for information extraction and enhancement: Based on measurements 

l A parameter - a time-invariant quantity (a scalar, a vector, or a matrix) 
l The state of a dynamic system (usually a vector), which evolves in time 

according to a stochastic equation 

Consequently, one has two classes of estimators: 

0 Parameter estimators 
0 State estimators 

While some engineering texts deal mainly (or exclusively) with state estimation, 
which is more general than parameter estimation, a balanced approach is taken 
here. The reason it is important to understand both is that some results - 
e.g., convergence and, more importantly, information limits - are more 
readily available/usable for parameter estimators than for state estimators. This 
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1.1 BACKGROUND 3 

understanding can be helpful in choosing the type of mathematical model used 
for solving practical problems. 

Figure l.l.l- 1 presents a concise block diagram that illustrates state estima- 
tion. In this figure the first two blocks are “black boxes” - there is no access 
to variables inside them. The only variables to which the estimator has access 
are the measurements, which are affected by the error sources in the form 
of “measurement noise.” 

System 
error 

source 

Measurement 
error 

source 
Prior 

information 

T _ System t T 
Dynamic state 

l Measurement _ Measurement ) State State estimate 
k 

system system estimator State uncertainties 

Figure 1.1.1-l: State estimation - information extraction and enhancement. 

The estimator uses knowledge about the following: 

l The evolution of the variable (the system dynamics) 
l The measurement model 
l The probabilistic characterization of the various random factors (distur- 

bances) 
l The prior information 

Optimal Estimation - Advantages and Disadvantages 

The advantage of an optimal estimator is that it makes the best utilization of 
the data and the knowledge of the system and the disturbances. 

The disadvantages, like for any optimal technique, are that it is possibly 
sensitive to modeling errors and might be computationally expensive. In view 
of this, it is very important to have a clear understanding of the assumptions 
under which an algorithm is optimal and how they relate to the real world. 

1.1.2 Applications of Estimation 

State estimation, in combi nation with decision theory, has a great variety of 
applications. A parti al list of the areas where this has found use is as follows: 

l Tracking/surveillance and trajectory determination 
l Navigation 
0 Control systems 

n guidance 
n attitude control 
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4 1 INTRODUCTION 

R sensor pointing 
n steel making 
n chemical, nuclear, and industrial processes, etc. 

0 Power systems 
l Failure detection 
0 Signal processing 
0 Image processing 
0 Communications 
l Biomedical engineering 
l Operations research 
l Mapping via remote sensing 
l Geophysical problems 
l Fluid flow rate measurement 
l Econometric systems 

w macroeconomic models 
n microeconomic models 

l Demographic systems 

1.1.3 Preview of Estimation/Filtering 

This subsection will present a bird’s-eye view of estimation, from the the Least 
Squares technique originated by Gauss and Legendre for parameter estimation 
in astronomical studies (motion of heavenly bodies) to Kalman filtering for 
state estimation. All this will be done without mathematics, to illustrate the 
concepts. l 

Estimation is the process of inferring the values of some parameters that 
characterize, e.g., the motion of a heavenly body (the six parameters of planetary 
motion - 3 position and 3 velocity - evolving in a predictable manner) or 
the state of an object, e.g., an aircraft (evolving in a not completely predictable 
manner). 

Gauss made the following (philosophical) observations on the (physical) 
observations that could be made on the planetary motion: 

l If the observations were absolutely correct, the parameters could be deter- 
mined with perfect accuracy from a minimum number of observations (n 
observations for n parameters). 

l Then subsequent observations would confirm, but not correct, the values 
obtained for the parameters. 

1 The alternative title for this subsection could 
be used by readers eager to show their spouses 
the possible ensuing marital problems. 

have been “Kal man Filtering for Dummies.” This material could 
how they make a living; however, we assume no responsibility for 
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1.1 BACKGROUND 5 

But, since the observations are only approximations of the truth, we should 
combine more observations than the minimum to determine more accurately 
the unknown quantities. 
Thus, starting with approximate knowledge, we can correct it with subse- 
quent observations so as to satisfy all the observations in the most accurate 
manner possible. 

The above (philosophical) observations lead to the following implications: 

A basic description (model) of the “system” is available with some unknown 
parameters to be estimated. 
Redundant data are required to reduce the effect of measurement errors. 
To satisfy all the observations in the most accurate manner possible, the 
“residuals” (differences between the observed values and the values predicted 
from the estimates) should be as small as posible. 
Inaccuracy of observations necessitates probabilistic modeling. 
Combination of the initial knowledge and the subsequent observations leads 
to the recursive algorithm concept. 

Estimation theory provides a systematic approach to deal with the discrep- 
ancies in different measurements on the same object. 

There are a number of estimation problems that will be brieflly outlined 
below. 

The Least Squares (Gauss-Legendre) Problem 

If the observations consist of 

l linear combinations of the parameters of interest, in the presence of addi- 
tive errors (noise) assumed to be zero-mean Gaussian random variables, 

then the 

l minimization of the sum of the squares of the residuals (errors) in fitting 
the data namely, the least squares (LS) of the difference between the model 
and the observations, 

is equivalent to the 

l maximization of the likelihood function of the parameters (the probabil- 
ity density function of the measurements conditioned on the unknown 
parameters). 
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1 INTRODUCTION 

The Wiener-Hopf Problem 

The variables to be estimated are not constant but time-varying: The objective 
is to estimate a random process. 

The process to be estimated, z(t>, is assumed stationary (typically, zero- 
mean) and with known autocorrelation. The cross-correlation between this 
process and the observations x(t) is assumed also known. 

The solution that yields the estimate Z(t) of the process, obtained in the 
frequency domain as a transfer function W,(s) via Fourier transforms, so as to 
minimize a mean square error is the Wiener filter. This is illustrated in Fig. 
1.1.3-1. 

Noise 

P recess 

x(t) 

7 

Measurement 
System 

0 bservations Wiener Filter 

z(t) W&J 

Process Estimate b 
w 

Figure 1.1.3-l: The Wiener filter - linear time-invariant system with transfer function W,(s). 

The Kalman-Bucy Problem 

The object of the estimation is a random process, which is not necessarily 
stationary. Its characterization is given by a linear differential (or difference) 
equation with known coefficients - the state equation of a dynamic system. 
Random disturbances affect the evolution of the process (process noise). The 
process is observed in the presence of measurement errors (measurement noise). 

The solution obtained (in the time domain) so as to minimize a mean square 
error is the Kalman-Bucy or Kalman filter. 

Solution to the Least Squares Estimation Problem 

The standard (batch) solution to the Least Squares Estimation (LSE) problem 
consists of the following: 

l Given k measurements (each an m-vector) of a constant parameter (an n- 
vector), the LS estimate of the unknown parameter is obtained by process- 
ing simultaneously the entire measurement set (a km-vector). 

l To obtain the new estimate of the parameter when one gets a new mea- 
surement (the (k + 1)th m-vector), one reprocesses the entire data, a 
(k + l)m-vector, i.e., a new problem of larger size is solved. 
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1.1 BACKGROUND 7 

The batch LSE solution can be rewritten (if the noise components in the k 
sets of measurements are uncorrelated) as a recursion 

(estimate)k+l = (estimate)k + (weighting)k+l x (residual)k+l 

where k is the time index, ( l )k indicates the value at time k and 

(resid u++1 = measu ( rement)k+l 
- 

( predicted measurement)k+l based on (estimate)k 

The size of this problem is the same for every k. 
The accuracy of the estimate also obeys a recursion; that is, the “precision” 

of the estimate (the inverse of the parameter mean square error - MSE) evolves 
according to 

(precision)k+l = (precision)k 
+ (information about the parameter in measurement)k+l 

Thus the “precision” increases (the MSE or variance decreases) strictly if 
the measurements contain information about the parameters - if the parameters 
are observable. 

If the parameters are constant, as k + 00 one accumulates an unlimited 
amount of information and the error in the estimates decreases to zero - the 
LSE converges to the true value. As the MSE in the estimate decreases, so does 
the weighting in the recursion: as the confidence in the estimates grows, new 
data are weighted less and less. 

Estimation of the State of a Linear Stochastic Dynamic System 

A realistic model for the state of a system has typically 

0 an imperfect initial estimate 
l an imperfectly predictable evolution (a stochastic disturbance affects its dy- 

namics - the process noise) 

Similarly, the measurement model is as follows: 

l Only some state components (or combinations of them) are observed. 
l These observations are inaccurate - corrupted by measurement noise. 

The evolution model for the state (discrete time dynamic equation) is as 
follows: 

(state)k+l = (linear function of the state)k + (process noise)k 

where k is the time index and ( l )k indicates the value at time k. 
The observation process (measurement equation) is 

(measurement)k = (linear function of the state)k + (measurement noise)k 
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1 INTRODUCTION 

The two noise sequences are assumed to have known means (typically zero) 
and variances (covariance matrices in the mutidimensional case), uncorrelated 
in time and from each other. 

The (discrete time) Kalman filter (KF) computes the best estimate of the 
current state (in the minimum mean square error sense) based on the measure- 
ments up to the current time, denoted as (state estimate)k. The KF recursion 
is as follows: 

(state estimate)k+l = (predicted state)k+l- + (weighting)k+l x (residual)k+l 

where IC + l- denotes “just before time IC + 1” and 

(residual)k+l = (measurement)k+l - (predicted measurement)k+l- 

The LSE recursion is remarkably similar: 

(parameter estimate)k+l = (parameter estimate)k 
+ (weighting)k+l x (residual)k+l 

The accuracy of the estimate (precision - inverse of the variance) is as 
follows: 

(precision)k+l = (precision)k+l- 
+ (information about the state in measurement)k+j 

The filter gain reflects the relative accuracy of the predicted state vs. the 
new observation. The new (updated) state estimate is the optimal combination 
of 

l the entire past data (with the predicted state being the sufficient statistic) 
and 

l the latest measurement 

The sequence of the operations in the KF is outlined in Fig. 1 .1.3-2. The 
calculations involving the state estimate use the measurements and have to be 
done in real time. However, the calculations involving the variances (covariance 
matrices in the mutidimensional case) are data-independent and can be done 
off-line (before the data are obtained). The variance of the estimates (their 
“precision”) can be precomputed using the statistical description (variances) of 
the noise components entering into the system and the initial state variance. 

Illustration for Tracking a Moving Point 

Figure 1.1.3-3 illustrates graphically the state estimation process for a point 
moving with a nearly constant velocity along the x axis. The state vector 
consists of position x and velocity 2, with estimates 2 and s, respectively. The 
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1.1 BACKGROUND 9 

(state estimate)k 

I I I 
(predicted measurement)k+l- 

k 

(state estimate)k+] 

(variance of state)k 

I 

(var. of predicted state)k,l- 

I 

(var. of predicted meas.)k+l- 

I 

(filter gain)k+l 

I 

(variance of state)k+l - 

r 

Figure 1.1.3-2: Sequence of operations in the ISF. 

covariance matrix of the state is denoted by P and it indicates the uncertainty 
region around the estimated state where the true state lies with high probability. 

The measurement is 

xk+l = xk+l + (measurement noise)k+l 

The new position estimate will be between the observed and predicted values: 

xk+l < gk+l < gk+l- 

Assuming that at time k + 1 the measured position is behind the predicted 
position, that is, 

xk+l - gk+l- < 0 

the new velocity estimate will be less then the predicted one: 

Under stationarity (and state observability) conditions, the variance of the 
estimates converges to a steady-state value, as illustrated in Fig. 1.1.3-4, where 
the prediction and updated variances are shown. 

Remarks 

The KF is a stochastic counterpart of the (deterministic) state observer. 
When the covariance is in steady state, the KF gain becomes a constant - 

such filters (for “nearly constant velocity” motion models) are known as Q-P 
filters. 

The Wiener filter is the frequency domain representation of the steady-state 
KF. 
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10 INTRODUCTION 

?k+l 
(new position estimate) 

Figure 1.1.3-3: Illustration of the state estimation process. 

The sampling interval (time between successive measurements) does not 
have to be constant in the KF. 

Nonstationary disturbances (e.g., measurement noise with time-varying in- 
tensity) can be accomodated easily by the KF algorithm. 

1.1.4 An Example of State Estimation: Vehicle Collision Avoidance 

This subsection introduces the problem of state estimation for a dynamic system 
by considering the estimation of distance and speed between two vehicles as it 
arises in a collision avoidance system. 

An algorithm is presented that estimates the distance (range) between two 
vehicles and their relative speed (range rate), based on imperfect (noisy) mea- 
surements of the distance between them. This algorithm is a simplified version 
of the Kalman filter, known as the a-p filter. It can also be viewed as a 
state observer [Chen84], which, based on observations of one state component, 
reconstructs (estimates) the entire state vector. 

Define the state vector consisting of range r and range rate + as 

x=[z;]=[;] (1.1.4-1) 

Assuming a constant speed (constant range-rate), the state equation is, for 
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1.1 BACKGROUND 11 

Variance 

Figure 1.1.3-4: Evolution of the variance of the estimate with time. 

discrete time with sampling period T, 

x(k)= [ $j] = [ :, ;]x(k-l)=Fx(k-1) (1.1.4-2) 

where the system matrix is 

F= ;T [ 1 (1.1.4-3) 

The measurement is 

Y(k) = x1(k) = r(k) = [l 01x(k) = Hx(k) (1.1.4-4) 

where the measurement matrix is 

H = [l 0] (1.1.4-5) 

In truth, the measurement is a “corrupted ” (noisy) version of (1.1.4-4), i.e., 

y(k) = Hz(k) + w(k) (1.1.4-6) 

where w(k) is the (range) measurement error. 
Similarly, the state equation should reflect an acceleration, denoted as u, 

namely, 

x(k) 
1 T - - [ 1 o 1 x(k - 1) + ‘y2 u(k - 1) [ 1 (1.1.4-7) 

Using (1.1.4-2) instead of (1.1.4-7), since we do not know u, as the “motion 
model” for the estimation problem leads to motion modeling errors. 

The Estimator 

In view of the fact that there are both measurement errors and motion modeling 
errors, we shall calculate the “estimate” g(k) of the state vector x(k) via the 
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12 1 INTRODUCTION 

following algorithm, which is a simplified form of the 
the Q-P filter (see Chapters 5 and 6). 

qq = 2(k) + w[y(lc) - y(k) 1 (1.1.4-8) 

1 where z(k) is the “predicted state” at time k from k - 1 

Kalman filter, known as 

xw - =Fii(k-1) = [ :, 7 1 ?(k - 1) = [ :, T] [g;;] 
- 4 qrc - 1) TF(k + - 1) 

F(k - 1) 
1 (1.1.4-9) 

and y(k) is the “predicted measurement” at k from k - 1 

g(k) = Hz(k) = [l 0]2(k) = q/k - 1) +79(/k - 1) (1.1.4-10) 

The difference between the measurement (observed range) and its predicted 
value 

Y&l - Yv4 = Y@> - H+d (1.1.4-11) 

is the “residual,” which is multiplied (weighted) by the “filter gain” 

cl! - w-i 1 PIT (1.1.4-12) 

The residual multiplied by the gain is used in (1.1.4-8) to “correct” or “update” 
the predicted state to obtain the new estimate g(k). The filter (1.1.4-8) can be 
seen as a predictor-corrector algorithm. 

The (dimensionless) constants Q and p are such that 0 < ar < 1 and 0 < 
p < 2. The filter gain coefficients Q and /? define the a-P filter (1 .1.4-8). 

The breakdown of the state estimation equation (1 .1.4-8) for its two com- 
ponents Jr and + is 

F(k) = yZ(k - 1) + T;(k - 1) + a[y(k) - y(k)] (1.1.4-13) 

qc) = iyk - 1) + g(k) - y(k)] (1.1.4-14) 

The intuitive interpretation of (1.1.4-l 3) is as follows: 

l If the predicted range is larger than the measured one, the residual will be 
negative and a negative correction is made with gain a < 1 to obtain the 
new estimated range. 

l If the predicted range is smaller than the measured one, the residual will be 
positive, and a positive correction will be made. 

Similarly, the range rate (1.1.4- 14) is corrected downward for a negative 
residual and upward for a positive one. Also note that the residual has the dimen- 
sion of length and, when multiplied by ,8/T, its dimension becomes length/time, 
i.e., velocity. 
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1.1 BACKGROUND 13 

A Deterministic Error Analysis 

Assuming a constant acceleration (or deceleration) u, the state equation is, based 
on (1.1.4-7), given by 

where 

x(k) = Fx(k - 1) + Gu (1.1.4-15) 

G= lTy2] (1.1.4-16) 
L A 

reflects the effect of the acceleration u on the range (uT2/2) and on the range 
rate (UT). 

Assuming the measurements to be given by (1.1.4-4), i.e., neglecting mea- 
surement errors, the evaluation of the effect of the acceleration on the errors in 
the range and range-rate estimates is carried out next. 

The error is defined as the difference between the actual value and the 
estimate, namely, 

dk) XCk> 
h I - - - XCk> (1.1.4-17) 

From (1.1.4-Q using (1.1.4-9) and (1.1.4-l 0), the estimate is given by 

A 
XCk> = F?(k - 1) + W[y(k) - HF?(k - I)] (1.1.4-18) 

Substituting (1. 

?(k 

Substituting (1. 

A 
XCk> =F 

.4-4) for y(k) in the above yields 

= F?(k - 1) + WH[x(k) - F?(k - 1)] 

.4-15) for x(k) in the above yields 

(k - 1) + WH[Fx(k - 1) + Gu - F?(k - 1) 

or, using notation (1.1.4- 17), 

h 
xw / = Fit(k - 1) + WHF?(k - 1) + WHGu 

Subtracting (1.1.4-2 1) from (1.1.4- 15) yields 

x Ck) 
h > - / xck) = Fx(k - 1) + Gu - 

which can be rewritten as 

wi 

ii?(k) = [I - WH]FZ(k - 1) + [I - WH]Gu (1.1.4-23) 

Note that the dynam 
th system matri X 

ic equation obeyed by the error 2 is a state equation 

&‘= [I - WH]F = 

(1.1.4-19) 

I (1.1.4-20) 

(1.1.4-21) 

F?(k - 1) - WHFZ(k - 1) - WHGu 
(1.1.4-22) 

1 - ck: (l- a)T 
0 -- 
T 1-P 

(1.1.4-24) 
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14 1 INTRODUCTION 

and input with gain 

G( = [I - WH]G = 
(1 - ck)T2/2 

Cl- $)T 1 
i.e., 

XCk> - =l%(k-1)+&i 

(1.1.4-25) 

(1. I .4-26) 

It can be shown that the inequalities indicated earlier for ~11 and p guarantee 
that the matrix F above is stable, i.e., it has eigenvalues inside the unit circle. 
In other words, for a constant “disturbance” u, the error Z(k) converges to a 
steady-state value &, which is given by the expression 

(I - F)-1& = 
1-7’2 

xss = [ 1 2&jT u (1.1.4-27) 
w 

For u = 5mls2, T = O.ls, ar = 0.75, p = 0.5, one obtains TSS = 0.39m, . 
hs = 0.5mls. 

Frequency Domain View of Estimation: The Bandwidth of a Filter 

Based on (1 .1.4-23), one has the following x-domain transfer function from the 
input to the error 2: 

H( > x = (1.1.4-28) 

With the above numbers, 

j-L 0.25 0.025 1 - 
G [ 0.005 - - -5 0.5 0.1 1 (1.1.4-29) 

the transfer function from the input to the position component error is 

K(z) = 
X1 (4 0.005x ~ - - 
UC > x z2 - 0 75x + 0.25 . 

(1.1.4-30) 

The two poles of fil (z) have magnitude l/2, i.e., this is a stable transfer function. 
Figure 1.1.4- 1 shows the plot of the magnitude of the above transfer function 

for the range of frequencies [0, &] (the upper limit is the point for which 
the Nyquist frequency is the sampling frequency). It can be clearly seen that 
this is a low-pass filter with a bandwidth (based on the half-power point) of 
approximately 2 Hz. 
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1.2 SCOPE OF THE TEXT 15 

Figure 1.1.4-l: The frequency response of the state estimation filter. 

1.2 SCOPE OF THE TEXT 

1.2.1 Objectives 

The objectives of this text are to present the fundamentals of state estimation 
theory and the tools for the design of state-of-the-art algorithms for target track- 
ing and navigation. 

The text covers the basic concepts and estimation techniques for static and 
dynamic systems, linear and nonlinear, as well as adaptive estimation. This 
constitutes a one-semester graduate course in estimation theory in an electri- 
cal/systems engineering program. 

Special emphasis is given to the statistical tools that can be used for the 
interpretation of the output from stochastic systems. These are key tools for the 
assessment of the performance of state estimation/tracking filters - in simula- 
tions as well as in real-time implementation. 

The discussion deals mainly with discrete time estimation algorithms, which 
are natural for digital computer implementation. Also, typically, sensors pro- 
vide observations in discrete time. The basic state estimation algorithm - the 
Kalman filter - is presented in discrete as well as in continuous time. 

The use of the estimation algorithms is illustrated on kinematic motion mod- 
els because they reveal all the major issues and, in particular, the subtleties 
encountered in estimation. Also this serves as an introduction to tracking. 

Guidelines for the design of tracking filters, namely, 

l selection of the filter design parameters 
l selection of the type of filter - nonadaptive (single model based) vs. adap- 

tive (multiple model based) 

are given and illustrated in several examples. Most of the examples are run with 
the companion software DynaEstT”; also, a step-by-step demonstration of how 
to use DynaEstTn’ is provided. 
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16 1 INTRODUCTION 

Prerequisite Material 

The linear algebra tools that form the backbone of the state space analysis 
techniques used in estimation/tracking are presented in Section 1.3 together 
with some useful results from linear systems. Matrix notation will be used 
throughout this text - every quantity should be considered a matrix, unless 
otherwise stated. 

A review of the tools from probability theory and random processes 2 is 
presented in Section 1.4. 

Section 1.5 reviews statistical hypothesis testing and presents some use- 
ful statistical tables for the chi-square and the normal (Gaussian) distributions. 
Particular attention is given to the concept of statistical significance, which, 
while common in the statistics literature, has not received much attention in the 
engineering literature. 

These review sections cover all the background material needed for the text 
and the basic concepts are illustrated by examples. This might be used as a 
(crash) minicourse to bring advanced undergraduate students up to the level 
necessary to understand the main material of the text. 

1.2.2 Overview and Chapter Prerequisites 

In the following an overview of the text is given with the prerequisite to each 
chapter. 

Review of Background Techniques (remainder of Chapter 1) 

0 Linear al 
l Probabili 
0 Statistics 

gebra 
ty theory and stochastic processes 

Basic Concepts in Estimation - Chapter 2 (prerequisite: 1) 

l Estimation techniques (ML, MAP, LS and MMSE) 
0 Properties of estimators 
l Limit of existing information in the data 

Linear Estimation in Static Systems - Chapter 3 (prerequisite: 2) 

l Techniques (LMMSE, recursive LS and prelude to Kalman filtering) 
l Application to polynomial fitting 

Linear Dynamic Systems with Random Inputs - Chapter 4 (prerequisite: 1) 

l Models - continuous and discrete time state space models 
l Response of dynamic systems to random inputs 

2Probability demonstrates both our knowledge as well as our ignorance. 

 D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/ by U

niversity O
f T

exas L
ibraries, W

iley O
nline L

ibrary on [16/03/2023]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense

Meta 1018 
p. 48



1.2 SCOPE OF THE TEXT 17 

State Estimation in Discrete-Time Linear Dynamic Systems - Chapter 5 (pre- 
requisites: 3, 4) 

l The Kalman filter and its properties 
l Use of the companion software DynaEstT” to design and evaluate a KF 
0 Consistency of state estimators 
0 Initialization - in simulations and in practice 

Estimation for Kinematic Models - Chapter 6 (prerequisite: 5) 

l Types of kinematic models 
l Explicit filters and the target maneuvering index 
l Filter design and system performance prediction 
l Sampling interval selection (system design) 

Computational Aspects of Estimation - Chapter 7 (prerequisite: 5) 

l The Information filter 
l Sequential update 
0 Square-root filtering 

Extensions of Discrete-Time Linear Estimation - Chapter 8 (prerequisite: 5) 

l Correlated process noise 
l Cross-correlated process and measurement noise sequences 
l Correlated measurement noise 
l Prediction 
l Smoothing 

Continuous-Time Linear State Estimation - Chapter 9 (prerequisite: 5) 

l The Kalman-Bucy filter and its properties 
l Prediction 
l Duality between estimation and control 
l The Wiener-Hopf problem 

State Estimation for Nonlinear Dynamic Systems - Chapter 10 (prerequisite: 
5) 

0 Optimal estimation 
l Suboptimal estimator - the extended Kalman filter (EKF) 
0 Practical issues in implementation 
l Trajectory estimation via dynamic programming 

Adaptive Estimation and Maneuvering Targets - Chapter 11 (prerequisite: 5) 

l White and colored noise models 
0 Input estimation 
l Variable state dimension filtering 
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1 INTRODUCTION 

Comparison of several methods 
The multiple model approach - static and dynamic, the Interacting Multiple 
Model (IMM) estimator 
Use of the companion software DynaEstTnl to design and evaluate an IMM 
estimator 
An air traffic control (ATC) tracking algorithm design example with the 
IMM estimator 
Estimator selection - nonadaptive vs. adaptive 
Use of the EKF for parameter estimation 

Estimation for Navigation Systems - Chapter 12 (prerequisites: 5 and, for the 
last part, 11) 

0 Inertial navigation systems (INS) 
l Global Positioning System (GPS) 
l Combination of INS and GPS 
l Use of the KF and IMM estimator for GPS navigation 

At the end of each chapter, a number of problems that enhance the understanding 
of the theory and connect the theoretical material to the real world are given. 

The sequence of prerequisites is illustrated in Fig. 1.2.2-l. 

: 
6 7 8 9 10 11 

1 1 

1 
12 

chapter prerequisites. Figure 1.2.2-l : Sequence of 

Two major examples of realistic systems are presented: 

l A bearings-only target localization from a moving platform based on the 
Maximum Likelihood technique 

l An ATC problem for tracking maneuvering aircraft using an adaptive esti- 
mation technique (the IMM estimator) 
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1.3 BRIEF REVIEW OF LINEAR ALGEBRA AND LINEAR SYSTEMS 19 

As part of the problems at the end of Chapter 3, a project is given to develop 
an interactive program for the first example listed above. 

A major term project that involves a realistic ATC tracking problem (with 
nonlinear measurements from a radar - range and azimuth) is given at the end 
of Chapter 11. The sequence of prerequisites for this is Chapters 1-6, Section 
10.3 and Section 11.6. 

An alternative major term project that involves a realistic ATC navigation 
problem with GPS is given at the end of Chapter 11. The sequence of prereq- 
uisites for this is Chapters 1-6, Section 10.3 and Sections 12.6-12.8. 

1.3 BRIEF REVIEW OF LINEAR ALGEBRA AND LINEAR SYSTEMS 

1.3.1 Definitions and Notations 

A matrix of dimension n x m is the two-dimensional array 

all l ’ l aim 

A=[aij]= i 0.. ; 1 1 4x1 l ’ l anm 

(1.3.1-1) 

The first dimension is the number of rows, and the second dimension is the 
number of columns. The elements of A will be denoted as aij or as A+ 

An n-dimensional vector is the one-dimensional array (n x 1 matrix) 

a1 

a= i 

I 1 

A COl(Ui) (1.3.1-2) 
an 

In this text all vectors will be column vectors. 
Transposition of a matrix or vector will be denoted by an apostrophe. 

The transpose of the matrix (1.3.1- 1) is 

(1.3.1-3) 

With this notation one can write the column vector (1.3.1-2) as 

a= [a1 l l l an]’ (1.3.1-4) 

The row vector obtained from transposing (1.3.1-2) is 

a' = [al l l l a,] (1.3.1-5) 

A (square) matrix is said to be symmetric if 

A = A’ (1.3.1-6) 

or . . 
ai j = Uji vz J 1 (1.3.1-7) 
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1 INTRODUCTION 

1.3.2 Some Linear Algebra Operations 

Addition of matrices and the multinlication of a matrix bv a scalar are defined 
as follows. With a and p scalars, fhe matrix 

C=aA+PB 

has elements given by 

Ci j = aaij + pb.ij i= 1)“‘) n; j = 1,. 

where all the matrices have the same dimension n x m 
The product of two matrices 

C=AB 

has elements 
m 

J 

(1.3.2-1) 

I Irn (1.3.2-2) 

(1.3.2-3) 

cii = C aikbki 
k=l 

i= l,..., n; j = l,..., p (1.3.2-4) 

where A is n x m, B is m x p, and the result C is n x p. The matrix product 
is, in general, not commutative. 

The transpose of a product is 

C’ = (AB)’ = B’A’ (1.3.2-5) 

Thus, if 
Ab = c (1.3.2-6) 

where A is n x m, b is m x 1 (i.e., an m-vector) and c is n x 1 (n-vector), then 

cr = b’A’ (1.3.2-7) 

where c’ is 1 x n (n-vector in row form), 
(real) n-vectors in a Euclidean space is 

etc. The inner product of two 

( b) = a’b = e aibi n 
a, (1.3.2-g) 

i=l 

The inner product has a counterpart in probability theory where it is used for 
random variables, which can be looked upon as vectors in a suitable space. This 
has applications in linear minimum mean square error estimation. 

The outer product of two vectors is the matrix 

ab’ = C = [cij] with Ci j = aibi (1.3.2-9) 

The trace of an n x n matrix is the sum of its diagonal elements 

tr(A) A e aii = tr(A’) (1.3.2-10) 
i=l 
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1.3 BRIEF REVIEW OF LINEAR ALGEBRA AND LINEAR SYSTEMS 21 

It can be easily shown” that if A is nz x n and B is n x nz, then 

tr(AB) = tr( BA) (1.3.2-11) 

For example, if a and b are both n-vectors, then 

a’b = tr(a’b) = tr(ba’) (1.3.2-12) 

The first equality above is due to the fact that the trace of a 
It can be shown4 that for matrices of suitable dimension 

scalar is itself. 

tr(ABC) = tr(BCA) = tr(CAB) (1.3.2- 

that is, the trace is invariant under circular permutations in its argument. 
(square) matrix is idempotent if and only if 5 for all positive integers n 

A n-A - (1.3.2- 

The square root of the square matrix A is the (in general, nonunique) 
matrix A1i2, such that 

A1/2A1/2 = A (1.3.2-15) 

A symmetric matrix A can also be decomposed as 

A = CC’ = LDL’ (1.3.2-16) 

where C is lower triangular (with zeros above the diagonal), L is unit 
lower triangular (with zeros above the diagonal and units on the diagonal) 
and D is diagonal. The first decomposition above is the Cholesky factor- 
ization whereas the last form above is known as the LDL’ factorization, 
or, since L’ = U is a unit upper triangular matrix, the LDU factorization. 

1.3.3 Inversion and the Determinant of a Matrix 

The inverse A-’ of the n x n matrix A is such that 

I= 

A-lA = I (1.3.3-1) 

1 0 l ** o- 
0 1 l a* 0 

4 l l 

.  

.  diag(1) . . 
; ; ..: ; 

(1.3.3-2) 

3Also known in mathematical circles as the ICBES argument. 
4Also known in mathematical circles as the ICBS argument. 
5The standard shorthand for “if and only if’ in mathematical texts is “iffl” 
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22 INTRODUCTION 

the identity matrix of the same dimension as A. 
The inverse is given by the expression 

- 
A1 1 / - - 

PI 
c (1.3.3-3) 

where C, called the adjugate of A, is the matrix of cofactors of A and IAl 
is the determinant of A. The cofactor (i, j) of A is the determinant of the 
matrix A without its row i and column j, multiplied by (- l)? 

The inverse of a (square) matrix exists if and only if its columns ai, i = 
“‘9 n (or its rows) are linearly independent, that is, 

1, 

n 

C clriai = 0 < > Cl!i = 0 i= l,...,n (1.3.3-4) 
i=l 

where 0 denotes the zero vector (of dimension n). This is equivalent to the 
determinant in (1.3.3-3) being nonzero. 

An invertible matrix is also called nonsingular. 
The determinant of an n x n matrix multiplied by a scalar is 

I Al cl! = anlAl (1.3.3-5) 

This is useful in writing the probability density function of Gaussian random 
vector. 

Inversion of a Partitioned Matrix 

’ The inverse of the (nonsingular) n x n partitioned matrix 

(1.3.3-6) 

where PII is nl x n1, PI2 is nl x n2, P21 is n2 x n1, P22 is n2 x n2 and 
nl + n2 = n, has the partitions 

Vll = P;I1 + P,-,1P,,v22P21P$ = (Pll - p12p2j1p2J1 (1.3.3-7) 

VI2 = -P$ P&522 = 44~P~2P$ 

V& = -v&P21P)y = -P,,‘P,,v~~ (1.3.3-9) 

v22 = P2i1 + P251P2J~~P~2Py--1 = (P22 - p21q--yFL2 (1.3.3-W 
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1.3 BRIEF REVIEW OF LINEAR ALGEBRA AND LINEAR SYSTEMS 23 

The Matrix Inversion Lemma 

Another useful result is the following identity known as the matrix inversion 
lemma, 

(p-’ + H’R-lH)-l = P - PH’(HPH’+ R)-lHP (1.3.3-11) 

where P is n x n, H is m x n, and R is m x m. 
An alternative version of the above is 

(A + BCB’)-1 = A-’ - A-lB(B’A-lB + C-l)-lB’A-l (1.3.3-12) 

It can be shown that (1.3.3-6) to (1.3.3-10) and (1.3.3-11) hold by verifying 
that the corresponding multiplications will yield the identity matrix. 

These results have direct application in the derivation of the recursive form 
of the least squares estimation of parameters as well as in linear estimation for 
dynamic systems - they yield various forms of the Kalman filter. 

1.3.4 Orthogonal Projection of Vectors 

The inner product of a vector with itself 

(a, a> ii llal12 (1.3.4-1) 

is the squared /2 norm of this vector. This applies for the inner product defined 
in (1.3.2-8) or for any other properly defined inner product. The /2 norm is the 
magnitude of the vector or its length. 

The Schwarz inequality states the following relationship between the 
magnitude of the inner product of two vectors and their norms 

I b, w I 5 Ibll IPII (1.3.4-2) 

Two vectors are orthogonal, which is denoted as 

al-b (1.3.4-3) 

if 
(a, b) = 0 (1.3.4-4) 

The orthogonal projection of the vector a on b is 

( b) a, l&(a) = - 
llbll 2 b (1.3.4-5) 

It can be easily shown that the difference vector between a and its orthogonal 
projection on b is orthogonal on b, that is, 

[a - J&(a)] l- b (1.3.4-6) 

Figure 1.3.4- 1 illustrates this. 
The orthogonal projection is used to obtain the linear minimum mean square 

error (LMMSE) estimates of random variables. 
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24 1 INTRODUCTION 

a A. a - J&(a) 

b 

Figure 1.3.4-l: Orthogonal projection of vector a on vector b. 

1.3.5 The Gradient, Jacobian and Hessian 

The gradient operator with respect to the n-vector x is defined a 

u 
[ 

a a / 
J:= 

- . . . ~ 
dX ax, 1 

The gradient of an m-dimensional vector-valued function f(x) 
- a - w 1 ?f m - . . . - 

8x1 8x1 3x1 

0,f (x)’ = : [fl(X) l ** fm(X)] = i l ‘. i 

a w 1 af m - . . . - 

- %a - - a&a dX n _ 

1s 

(1.3.5-1) 

is 

(1.3.5-2) 

The transpose of the above is the Jacobian matrix, an m, x n matrix in 
this case 

af 1 af 1 - . . . - 

dX dxn 

[Vxf(x)‘]’ = : l l . i 
af m af m - . . . - 

- 8x1 dxn _ 

The dimensions nz and n are usually (but not necessarily) equal. 

fx(x) A g = 

It can be easily shown that 

uxx’ = I 
and, if A is a symmetric matrix, 

U,(z’Ax) = 2Ax 

The Hessian of the scalar function 4(x) with respect to the 
2 - 

w 

(1.3.5-3) 

laz,az, l - *  ~ dXn8Xn _ 

which is, obviously, a symmetric n x n matrix. 
These results are used in the linear estimation of the state of nonlinear 

systems via series expansion. 

(1.3.5-4) 

(1.3.5-5) 

n-vector x is 

(1.3.5-6) 
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1.3.6 Eigenvalues, Eigenvectors, and Quadratic Forms 

1.3 BRIEF REVIEW OF LINEAR ALGEBRA AND LINEAR SYSTEMS 25 

Eigenvalues and Eigenvectors 

The eigenvalues of an n x n matrix A are the scalars Xi such that 

Aui = Xiui i-l,...+ (1.3.6-1) 

where the vectors ui are the corresponding eigenvectors. If the eigenvalues 
are distinct, then there are n eigenvectors; otherwise the number of the linearly 
independent eigenvectors might be less than n. 

A matrix is nonsingular if and only if all its eigenvalues are nonzero. 
This follows from the fact that its determinant is the product of its eigenvalues 

IAl = fi Xi 
i=l 

(1.3.6-2) 

The rank of a (not necessarily square) matrix is equal to the number of its 
linearly independent rows or columns. For a square (n x n) matrix, this equals 
the number of its nonzero eigenvalues. 

A nonsingular matrix must have full rank. In the case of a full rank n x n 
matrix, its columns (and rows) span the n-dimensional space. 

The eigenvalues of a real matrix can be real or complex; however, a sym- 
metric real matrix has only real eigenvalues. 

It can be shown that the trace of a matrix equals the sum of its eigenvalues 

tr(A) = 5 Xi 
i=l 

(1.3.6-3) 

An idempotent matrix, defined in (1.3.2-14), that is, with the property 

AA=A (1.3.6-4) 

has eigenvalues that are either zero or unity. 

Quadratic Forms 

The (scalar) function of the real vector x 

q = x/Ax (1.3.6-5) 

is called a quadratic form. It can be easily shown that, without loss of 
generality, in a quadratic form the matrix A can be considered symmetric. 

A positive (semi)definite quadratic form is one which is positive 
(nonnegative) for all nonzero vectors x. 

A positive (semijdefinite matrix is one for which the quadratic form 
(1.3.6-5) is positive (semi)definite. This can be summarized as follows: 

A>0 < > x’Ax > 0 ‘dx # 0 (1.3.6-6) 
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1 INTRODUCTION 

A>0 < > - x/Ax > 0 Vx # 0 (1.3.6-7) 

If the matrix A is positive definite, the expression on the right hand side of 
(1.3.6-5) can also be called the squared norm with respect to A of the 
vector x and denoted sometimes as 11 x 11 i. 

A matrix is positive (semi)definite if and only if all its eigenvalues are 
positive (nonnegative). 

The inequality of two matrices is defined as follows: the matrix A is 
smaller (not larger) than the matrix B if and only if the difference B - A is 
positive (semi)definite. The outer product of a vector with itself, aa’, called a 
dyad, is a positive semidefinite matrix (it has rank one). 

The sum of dyads of n-vectors ai with positive weights 

A = E CQC.Zia~ Cti > 0 (1.3.6-8) 
i=l 

is (at least) positive semidefinite. If the vectors al, . . . , a, span the n- 
dimensional space, in which case one needs m > n, then (1.3.6-8) is posi- - 
tive definite. The spectral representation of an n x n matrix that has n 
eigenvectors is 

A = 5 Xiuivi (1.3.6-9) 
i=l 

where Xi are its eigenvalues, ui are its eigenvectors, and vi, i = 1, . . . , n, is the 
reciprocal basis, that is, 

The vectors vi are the columns of the inverse 
eigenvectors IL: as rows. 

ifi=j 
ifi#j 

of the matrix consisting of the 

(1.3.6-10) 

If the n x A real matrix A is symmetric with nonzero eigenvalues, it will 
always have n eigenvectors that are orthogonal. Furthermore, in this case, 

Vi = Ui (1.3.6-11) 

Thus, the spectral representation of a symmetric real n x n matrix A is 

A = 5 Xiuiui (1.3.6-12) 
i=l 

The condition number of a positive definite symmetric matrix is (usually 
taken as) the common logarithm of the ratio of its largest to its smallest eigen- 
value: \ 

K(A) 
A 

A lo&) $= (1.3.6-13) 
Amin 

Large condition numbers indicate near-singularity (e.g., K > 6 for a 32-bit 
computer indicates an ill-conditioned matrix). 
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1.3 BRIEF REVIEW OF LINEAR ALGEBRA AND LINEAR SYSTEMS 27 

The (induced) norm of a matrix is 

II4 
A llA4l = max- 

z#O x II II 
(1.3.6-14) 

A consequence of the above and the Schwarz inequality is 

llAxlI 5 (IAll ll4l (1.3.6-15) 

Also 

ILWI 5 IIAII IPII (1.3.6-16) 

1.3.7 Continuous-Time Linear Dynamic Systems - Controllability and 

Observability 

The State-Space Representation 

The state space representation of continuous-time linear systems is 

k(t) = A(t)x(t) + B(t)u(t) (1.3.7-1) 

x(t) is the state vector of dimension n,, 
u(t) is the input (control) vector of dimension n,, 
A(t) is an n, x n, matrix, called the system matrix, 
B(t) is an n, x n, matrix, called the (continuous-time) input gain. 

Equation (1.3.7-l) is known as the dynamic equation or the plant 
equation. 

The output of the system is, in general, a vector 

z(t) = C(t)x(t) (1.3.7-2) 

of dimension nz and C a known n, x n, matrix, called the measurement 
matrix. 

Equation (1.3.7-2) is known as the output equation or the measure- 
ment equation. 

Given the initial condition x(to) and the input function denoted as 

U[to,t] = {W, to L 7 < t) - (1.3.7-3) 

one can compute the future output at any time t > to 

Z(t> = x[x(to) 7 u[t&t] 7 t, to] (1.3.7-4) 

The state (of a deterministic system) i s defined as the 
vector that completely summarizes the past of the system. 

smallest dimension 

A continuous-time system is linear time-invariant if it is described by 
(1.3.7-1) and (1.3.7-2) with A(t) = A, B(t) = B, and C(t) = C. 
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1 INTRODUCTION 

Controllability 

A continuous-time (deterministic) system is completely controllable if, 
given an arbitrary destination point in the state space, there is an input function 
that will bring the system from any initial state to this point in a finite time. 

For a linear time-invariant system, the controllability condition is that the 
pair {A, B} is controllable, that is, the controllability matrix 

Qc b [B AB ... A”+3] (1.3.7-5) 

has full rank, 
other is n,n,). 

which in this case is n,, the lower of its two dimensions (the 

Observability 

A continuous-time (deterministic) system is completely observable if its 
initial state can be filly and uniquely recovered from its output, observed over 
a finite time interval, and the knowledge of the input. 

Note that since the system is deterministic, knowledge of the initial state 
is equivalent to knowledge of the state at any time. Thus, using the output 
(1.3.7-2), which is in general a vector of dimension n, < n,, and the input, one 
can then recover the state perfectly. 

For a linear time-invariant system, the observability condition is that the 
pair {A, C} is observable; that is, the observability matrix 

(1.3.7-6) 

has full rank n,. 

Example 

Consider the system (double integrator) 
. . 
r(t) - - 44 (1.3.7-7) 

With the state vector consisting of the position e and velocity < 

x=[t i]’ (1.3.7-Q 

the state space representation of this system is 

i(t) = Ax(t) + Bu(t) = [ ; :, ] x(t) + [ ; ] u(t) (1.3.7-9) 
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1.3 BRIEF REVIEW OF LINEAR ALGEBRA AND LINEAR SYSTEMS 29 

The controllability matrix is 

0 1 Qc = [B ABI = 1 0 [ 1 (1.3.7-10) 

which has full rank n, = 2, i.e., the state is completely controllable. While 
the input u enters directly only into the velocity component of the state, it does 
have the capability of controlling both state components. If the observation is 

z(t) = Cx(t) = [I 01x(t) (1.3.7-11) 

i.e., the position e, the observability matrix is 

Q”=[&]=[t !] (1.3.7-12) 

and it has full rank n, = 2, i.e., the state is completely observable. 
If the observation is 

x(t) = Cx(t) = [o 11x(t) (1.3.7-13) 
. 

i.e., the velocity c, the observability matrix is 

(1.3.7-14) 

and it has rank 1 < n, = 2, i.e., the state is not completely observable. The rea- 
son is that, while the position observations (1.3.7-l 1) provide information about 
the velocity, the velocity observations (1.3.7-l 3) do not provide any position 
information. 

1.3.8 Discrete-Time Linear Dynamic Systems - Controllability and 

Observability 

The State-Space Representation 

Deterministic linear dynamic systems can be described in discrete time by a 
state equation of the form 

x(k + 1) = F(k)x(k) + G(k)u(k) (1.3.8-1) 

x(k) is the state of the system, a vector of dimension n,, 
F(k) is the transition matrix (n, x n2), 
u(k) is the input (control), a vector of dimension n,, 
G(k) is the input gain (n, x n, matrix), 
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all at time k. 
The output equation is 

x(k) = H(k)x(k) (1.3.8-2) 

z(k) is the output vector (observation or measurement), of dimension 
H(k) is the measurement matrix (n, x n,>. 

n 259 

The state of the system is the smallest dimension vector that completely 
summarizes the past of the system. Then the output at time j > k can be 
determined fully from x(k) and the intervening inputs 

z(j) = 4% x(k) ,  u(k) ,  l *  ’ 1 u(j -  I> ]  
(1.3.8-3) 

A discrete-time system is linear time-invariant if it is described by 
(1.3.8-1) and (1.3.8-2) with F(k) = F, G(k) = G, and H(k) = H. 

Controllability 

A discrete-time (deterministic) system is completely controllable if, given 
an arbitrary destination point in the state space, there is an input sequence that 
will bring the system from any initial state to this point in a finite number of 
steps. 

For a linear time-invariant system, the controllability condition is that the 
pair {F, G} is controllable; that is, the controllability matrix 

has full rank n,. 

Qc A [G FG l l l Fnz-‘G] (1.3.8-4) 

Observability 

A (deterministic) system is completely observable if its initial state can be 
fully and uniquely recovered from a finite number of observations of its output 
and the knowledge of its input. 

Note that since the system is deterministic, knowledge of the initial state is 
equivalent to knowledge of the state at any time. Thus, using the input and the 
output (1.3.8-2), which is in general a vector of dimension n, < n,, one can, 
in the absence of noise, recover the state perfectly. 

For a linear time-invariant system, the observability condition is that the 
pair {F, H} is observable; that is, the observability matrix 

a 
Qo = 

has Ml rank n,. 

(1.3.8-5) 
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1.4 BRIEF REVIEW OF PROBABILITY THEORY 

1.4.1 Events and the Axioms of Probability 

Consider an “experiment,” or, in general, a process with random outcomes. An 
event is a collection (set) of such outcomes - it is said to have occurred if 
the outcome is one of the elements of this set. 

Denote by A an event in such an experiment (e.g., “even” or “5” in a die 
rolling experiment). Let S be the sure event in the experiment (e.g., “any 
number between 1 and 6” in the die rolling). Then the probability of an 
event is a number (measure) that satisfies the following three axioms of 
probability: 

1. It is nonnegative 
P(A) > 0 VA - (1.4.1-1) 

2. It is unity for the sure event 

P(S) = 1 (1.4.1-2) 

3. It is additive over the union of mutually exclusive events; that is, if 
the events A and B have no common elements (their set intersection is 8, the 
empty set) 

AfB~{AandB}~{A,B}=0 

then their union (logical “or”) has probability 

(1.4.1-3) 

P{A U B} A P{A or B} 4 P{A + B} = P(A) + P(B) (1.4.1-4) 

From the above it follows that 

P(A) = 1 -P(A) < 1 - (1.4.1-5) 

where the overbar denotes the complementary event. 
Since 8 is the complement of S, one has 

P(0) = 0 

The event 8 is called the impossible event. 

Extension 

(1.4.1-6) 

The extended version of Axiom 3 such that the probability is additive over 
the union of an infinite number of mutually exclusive events - countable 
additivity - is necessary when an experiment has an infinite number of 
outcomes. This is a key point in the definition of continuous-valued random 
variables. 
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Remarks 

Relative-frequency or measure-of- belief interpretation of probability are 
alternative, even though not rigorous, ways of introducing the concept of prob- 
ability. 

In practice one can use the relative frequency or measure of belief to assign, 
based on intuition (or engineering common sense), probabilities to certain events. 
This can be of major importance in certain engineering systems. 

Note that probability is a scalar quantity that is dimensionless (in a physical 
sense). This is in contrast to, for instance, a probability density function (pdf) 
which, while a scalar, has in general a physical dimension. 

Example 

For a die-rolling experiment, the space of outcomes is 

(1.4.1-7) 

where fi denotes “face i”, i = 1, . . . ,6. 
Events are subsets of S, for example, 

F1= 1 Lf l (1.4.1-8) 

{i = even} = {fi, f4, j6} (1.4.1-9) 

(2 < i < 4) = (f3J4) - (1.4.1-10) 

The sure event 
{any face} = S (1.4.1-11) 

is denoted by the same symbol as the space of outcomes since it is the set of 
all possible outcomes. 

An impossible event is, for example, 

(i < 1 and even} = 8 - (1.4.1-12) 

This is clearly an empty subset of S. 
Probabilities are assigned (postulated) for each element of S (each outcome). 

For a finite number of outcomes this granular approach yields, using Axiom 3, 
the probabilities of all the subsets of S, i.e., the events. 

Postulating a fair die - each outcome (face) is equally probable - one has 
from Axioms 2 and 3, 

1 = P(S) = P = 5 P(E) = 6P{Fi) 
i=l 

(1.4.1-13) 

which yields 
P{Fi} = l/6 i= 1,...,6 

From this it follows with Axiom 3 that 

(1.4.1-14) 

P{i = even} = P(F2) + P(F4) + P{F6} = l/2 (1.4.1-15) 
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1.4 BRIEF REVIEW OF PROBABILITY THEORY 33 

1.4.2 Random Variables and Probability Density Function 

A scalar random variable is a (real-valued) function that assumes a certain 
value according to the outcome of a random experiment. The value taken by a 
random variable is called its realization. 

The probability density function (pdf) of a scalar continuous-valued 
random variable x at x = e is 

(1.4.2-1) 

where P{ .} is the probability of the event { l }. 
The more common notation 

Px (4 = PW (1.4.2-2) 

where the argument defines the function, is used instead of (1.4.2-1). Also the 
term density is sometimes used instead of pdf: 

From (1.4.2-l) and Axiom 3 from Subsection 1.4.1 it follows that 

(1.4.2-3) 

The function 

Px(I) = p{x 5 r} = s’ PW dJ: --x 
(1.4.2-4) 

is called the cumulative probability distribution function (cdf) of 
x at c. This is usually referred to as distribution. 

Since the event {x < oo} is the “sure” event, one has - 

P{x 5 oo} = lm p(x)dx = 1 
--cm 

(1.4.2-5) 

A pdf has to have the normalization property (1.4.2-5) that its total prob- 
ability mass is unity - otherwise it is not a proper density. 

The relationship between the density and the cumulative distribution is, from 
(1.4.2-4), 

d - 
PW - - 

de 
(1.4.2-6) 

if the derivative exists. 
An outline of the rigorous way of introducing the, pdf is as follows: 

1. First define the “basic” events {x 5 c}. 
2. Show that from these events one can obtain via (a countable number of) set 

operations all the events of interest (e.g., {a < x < r>, {x = u}). 
3. Define the probabilities of the basic events, from which the probabilities of 

the other events of interest can be computed using the extended version of 
the third axiom of probability. 

4. Finally, the pdf follows from (1.4.2-6) under suitable conditions of differ- 
entiability; note that (1.4.2-6) is equivalent to (1.4.2-l). 
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Remarks 

Note from (1.4.2-l) that with the numerator being dimensionless, the pdf of 
the random variable x has as its physical dimension the inverse of the physical 
dimension of x. (See also problem l-5.) 

The event {x = a} has, for a continuous-valued random variable, probability 
zero (even though it is not impossible!). This follows from (1.4.2-3) when the 
interval length tends to zero, in which case, as long as the density is finite, the 
integral is zero. Finite density means “no point masses” - this is discussed in 
the next section. 

Improper densities - which do not integrate to unity (actually, their 
integral is not defined) - can be used, however, in certain circumstances. 

Example 

A uniformly distributed random variable in the interval [a, b], symbolically 
denoted as 

x - U(a, b) (1.4.2-7) 

has the pdf 

P(x) 
- - (1.4.2-g) 

elsewhere 

Its cdf is 

A Gaussian (normal) 
variance, respectively, 

random 
discussed 

variable 
later) is 

Px(J) = E 
I - 

I 1 Ob 

mean with parameters ,x, o2 (the 
symbolically denoted as 

(1.4.2-9) 

and 

x - N(p, a2) (1.4.2-10) 

Its pdf is p(x) = Jqx; p, 02) A -& e-s TO 
and the cdf is 

(x-,L)2 e-T d,x = J 
L!i 1 2 u 

IF 
e-5 dq 

-cG 7r 

(1.4.2-11) 

= J-z .h/(q; 0, 1) drl ii G (q) (1.4.2-12) 
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1.4 BRIEF REVIEW OF PROBABILITY THEORY 35 

where G is the cumulative standard Gaussian distribution (with mean ,YA = 0 
and standard deviation 0 = 1). Its argument above is the number of standard 
deviations away from the mean. This integral has been extensively tabulated 
(see, e.g., Table 1.5.4-l). 

Note 

The symbols U and N with two arguments indicate “distributed as,” while with 
three arguments they denote the corresponding pdf. 

1.4.3 Probability Mass Function 

The probability mass func tion 
which can take values in the set It il i 

of a scalar random variable x9 
12) (i. e., it is discrete-valued), is 

= Pi i-l,...,72 

where pi are the point masses. 
Similarly to (1.4.2-5), the requirement for a proper pmf is 

i=l 

Using the Dirac (impulse) delta function defined by 

S(x) = 0 ‘dx # 0 

and 
S-“mb(x)dx = 1 

one can write a pdf corresponding to (1.4.3-l) as 

P(X) = 5 /-4&(X - <i) 

(1.4.3-1) 

(1.4.3-2) 

(1.4.3-3) 

(1.4.3-4) 

(1.4.3-5) 
i=l 

Note that the above satisfies the normalization property (1.4.2-5) of a 
pdf in that it integrates to unity. 

The distribution corresponding to the above density, called cumulative 
probability mass function (cpmf), has jumps at ci - it is a staircase 
function: Its derivative is zero everywhere except at the jumps where it is an 
impulse function. 

The expression of the cpmf can be written, in terms of the unit step 
function l(e), as 

P{X 5 r} = i: Pi l(t - ti) (1.4.3-6) 
i=l 
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Note 

For a random variable with no point mass at <, one has 

p{x 5 r} = p{x < r} (1.4.3-7) 

Example 

The Poisson pmf with rate X 

VW n 
p{x = n} = e-XT- 

721 
n = OJ,... (1.4.3-S) 

. 
describes the number of random points in an interval T can also be written as 

(XT) n 

p(x) = E emAT S(x - n) 
n=O . 

(1.4.3-9) 

1.4.4 Mixed Random Variable and Mixed Probability-PDF 

A mixed random variable or a hybrid random variable x is one which 
can take values in a continuous set X as well as over a discrete set of points 
(r;, i = 1,. . . , n}. Such a random variable has a pdf of the form 

PCx) = PC(z> + 2 /46(n: - &) 
i=l 

(1.4.4-1) 

where pc(x) is the continuous part of the pdf and pi are the point masses. 
Then 

J-1 p(x)dx = k’x P~(x)~x + 2 pi = 1 
i=l 

(1.4.4-2) 

The joint probability-pdf of an event and a random variable is defined 
as 

(1.4.4-3) 

and is denoted without subscripts as P[A, x] where the arguments define the 
function. 

The following notations will be observed” in the sequel: 

P{*} = probability of an event (1.4.4-4) 

P(O) or P[*l = Pdf (1.4.4-5) 

PC) = Pmf (1.4.4-6) 

q-7 *I = mixed (joint) probability-pdf (1.4.4-7) 
Some of the uncertainties in estimation problems are naturally modeled as 

mixed random variables. 

‘Most of the time. Some of the time we will be guilty of using “dynamic notation” - the same variable keeps 
being denoted by new symbols, and the same symbol is used for different variables. 
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1.4 BRIEF REVIEW OF PROBABILITY THEORY 37 

1.4.5 Expectations and Moments of a Scalar Random Variable 

The expected value of a scalar random variable, also called its mean, av- 
erage, or first moment, is 

E[x] = lrn xp(x) dx 6 J: 
--cm (1.4.5-1) 

The nth moment is 

E[z”] = SC0 xnp(x) dx -m (1.4.5-2) 

The second central moment or variance is 

var(x) A E[( x - 5g2] = lW (x - ?i~)~p(x) dx = E[x2] - (z)~ A (T; (1.4.5-3) 
--x 

The square root 0 of the variance is called the standard deviation. 
A random variable x with mean x and variance g2 will be denoted as 

.x N [2, a21 (1.4.5-4) 

Note that this is similar to (1.4.2-l 0) except that the distribution is not specified. 
The second moment, which is the mean square CA&S) value, is equal to 

the square of the mean plus the variance 

E[x2] = [E(x)]~ + var(x) = x2 + 02 (1.4.5-5) 

For a zero-mean random variable, the standard deviation is the root mean 
square (RMS) value. 7 

The expected value of a function g(x) of the random variable x is 

E[g(x)] = /= g(lc)P(x)dx --co 
(1.4.5-6) 

that is, the (Lebesgue) integral with respect to the measure p(x) dx = dP(x). 

Examples 

If x is uniformly distributed in the interval [a, b], that is, 

1 

I - 
P(X) U(x; a, b) A b - a 

x E [a, bl 
- 

0 elsewhere 

(1.4.5-7) 

then one has 

EL 1 
b+a 

.x = - 
2 

(b - a)2 
var(x) = 12 (1.4.5-g) 

7Not to be confused with the RMS value of a waveform. 
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(See also problem l-6.) 
For a Gaussian random variable with parameters p and g2 (see 1.4.2-10) the 

mean is 

EL 1 x = J 
00 1 (x-P)2 

X- 
IF 

e-7 dx -00 iTTo 

= Js~~x--~)&e-S(/T+p J-z&e-*dx 

=P (1.4.5-9) 

where in the last line above the first integral is zero due to symmetry and the 
second is unity due to the pdf normalization property. 

The variance is 

var(x) = E[(x - p)“] = Lz(x - p)2 & e-s dx 

- - J 
00 

X2 
1 

c e-S dx (1.4.5-10) 
-00 5TTo 

The last integral above can be evaluated by differentiating w.r.t. 0 the identity 

J -00 00 1 X2 

6 7r e-2"2 dx = 0 
which follows from the pdf normalization property. Thus 

J 
00 1 X2 x2 e-9 dx = 1 -cc3 6 7w3 

Using this in (1.4.5-10) yields 

var(x) = a2 

(1.4.5-11) 

(1.4.5-12) 

(1.4.5-13) 

The mean of the Poisson random variable x from (1.4.3-9) is 

E[x] = Jz x E eeATq 6(x-n) dJ: = E neeATq = XT (1.4.5-14) 
n=O . n=O . 

1.4.6 Joint PDF of Two Random Variables 

The joint pdf of two random variables x and y is defined in terms of the 
probability of the following joint event, denoted with the set intersection symbol 
(see Fig. 1.4.6-l), namely, 

‘((J - dt < x 5 r} n {q - d’/ < 9 5 7)) (1 . 4 . 6 o 1) 
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1.4 BRIEF REVIEW OF PROBABILITY THEORY 39 

Integrating the joint pdf of two random 
yields the pdf of the other random variable 

Figure 1.4.6-1: Event for definition of a joint pdf. 

variables over one of the variables 

(1.4.6-2) 

or, using the simpler notation (1.4.2-2), 

(1.4.6-3) 

The resulting pdf, which pertains to a single random variable (introduced in 
Subsection 1.4.2), is also called marginal pdf or marginal density. 

Similarly to (1.4.2-4), the joint cdf is 

Px,,(I, r/) = P{x i t, y 5 rl} = 6, /-; o. Px,y(27 Y> dXdY W*6-4) - 

Covariance and Correlation Coefficient 

The covariance of two scalar random variables x1 and x2 with means 
~1 and ~2, respectively, is 

cov(x1,x2) A E[(Xl - 31)(x2 - 32)] 

= s_“, L;(xl - zl)(x2 - z2)p(q, x2) dxdx2 4 &x2 (1.4.6-5) 

The correlation coefficient of these two random variables is the nor- 
malized quantity 

n 
Pl2 = (1.4.6-6) 

where ox, is the standard deviation of xi. 
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Due to the normalization, the magnitude of the correlation coefficient of any 
two random variables obeys the following inequality: 

lp12l 5 1 (1.4.6-7) 

It can be shown that this is a consequence of the Schwarz inequality (1.3.4-2) 
for random variables (where the inner product is the covariance and the norm 
squared is the variance - this is discussed in Section 3.3). 

Two random variables whose correlation coefficient is zero are said to be 
uncorrelated. Clearly, the uncorrelatedness of two random variables is equiv- 
alent to their covariance being zero. Furthermore, the random variables xl and 
x2 are uncorrelated if and only if 

JqXlX2] = q-4qx21 (1.4.6-g) 

At the other extreme, if the correlation coefficient of two random variables 
has magnitude unity, then it can be shown that they are linearly dependent (i.e., 
one is a linear function of the other). Two random variables x1 and x2 are said 
to be linearly dependent if 

u1x1+ u&x2 = 0 (1.4.6-9) 

for some a = [al ~21’ # 0. 

Example 

Consider the random variables x and y with means 3, y and variances $, a;, 
respectively, and uncorrelated from each other (i.e., cov(x, yj = 0). 

Let 
x = ux + by (1.4.6-10) 

The mean of x is 

,z = E[z] = E[ux + by] = uE[x] + bE[y] = u.rx: + by (1.4.6-11) 

while its variance is 

var(z) = E[(z - x>2] = E[(ux + by - ulr: - bjj)2] 
= E{[u (x - 2) + b (Y - ial”) 
= u2 E[(x - i~)~] + b2 E[(y - g)“3 + 2ubE[(x - z)(y - y)] 
= u20; + b2g; (1.4.6-12) 

since the cross-term - the covariance of x and y - is zero. 
The covariance of z and x is 

E[(z - x)(x - z)] = E{[u(x-2)+b(y-y)](x-2)) 
= GMT; + bcov(x, y) = UO~ (1.4.6-13) 
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1.4.7 Independent Events and Independent Random Variables 

Two events are independent if the probability of their joint event equals the 
product of their marginal probabilities 

P{A n B} A P{A, B} = P{A}P{B} (1.4.7-1) 

AsetofneventsAi,i=l,..., n are independent if the (joint) probability 
of their intersection is equal to the product of the corresponding (marginal) event 
probabilities 

P fiAi 
i i 

= fJ P{Ai} (1.4.7-2) 
i=l i=l 

and the same property holds also for any subset of these events. 
Similarly, n random variables are independent if their joint pdf equals 

the product of their corresponding marginal densities 

P(% * * l 7 xn) = n P(Xi> (1.4.7-3) 
i=l 

A set of random variables is called independent, identically distrib- 
uted (i.i.d.) if (1.4.7-3) holds and their marginal distributions (or densities) 
are identical. 

The pdf of the sum of two independent random variables 

is the convolution of their marginal densities 

y = Xl + x2 

(See also problem 1- 1.) 

1.4.8 Vector-Valued Random Variables and Their Moments 

The pdf of the vector-valued random variable 

is defined as the joint density of its components 

(1.4.7-4) 

(1.4.7-5) 

(1.4.8-1) 

(1.4.8-2 

P{n~=l{~i -dJi < Xi L ti}} 

4 _ 1 ’ l l d&l 
(1.4.8-3 
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where the set intersection symbol n is used to denote a joint event 

AnB”{AandB)n{A,B} (1.4.8-4) 

The shorter notation p(x) will be used if it does not lead to ambiguities. 
The mean of the vector x is the result of the n-fold integration 

E[x] = 1-1 l l l /-“, epX(c) d& l l l d& = s_“, l 9 l s_“, xp(x) dxl l l l dx, A z 

(1.4.8-5) 
The covariance matrix of the n-vector x is obtained from the n-fold inte- 
gration (written with the short notation and with the limits omitted) 

cov(x) A E[(x - 3)(x - ?)‘I = 1(x - 3)(x: - z)‘p(x) dx 2 P,, (1.4.8-6) 

n 
where dx = n dxi. Note that the covariance matrix is a symmetric n x n matrix. 

The diagonal elements of the covariance matrix are the variances of the 
components of x, while the off-diagonal elements are the (scalar) covariances 
between its components, as in (1.4.6-5). 

The covariance matrix is positive definite (and thus nonsingular) unless 
there is a linear dependence among the components of x. If there is such a 
dependence, the covariance matrix is positive semidefinite. 

Note 

Covariance matrices will be denoted by the symbol P, with a subscript or 
argument (in parentheses); the designation of a probability will be P{ l } where 
braces are used for the event it pertains to, as in (1.4.4-4). 

Characteristic Function and Moments 

The characteristic function of a vector random variable is defined as the 
n-fold integral (with the limits, which are, as in (1.4.8~5), omitted) 

Mx(s) = E[eS’x] = /- e”‘“p(x) dx (1.4.8-7) 

which is the (n-dimensional) Fourier transform of the pdf with argument the 
(purely imaginary) vector s of the same dimension n as that of x. 

The first moment of x can be obtained from the characteristic function as 

E[xl = KMx(4 I& (1.4.8-8) 

that is, its gradient is evaluated at s = 0, where VS is the (column) gradient 
operator 

v 
[ 

d d / s- - . . . - 
8% dS n 1 (1.4.8-9) 
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1.4 BRIEF REVIEW OF PROBABILITY THEORY 43 

Similarly, 
E[xx’] = ~S~~Mc(S)Is=~ (1.4.8-10) 

and so forth. 
Due to this property, the characteristic function is also called the moment- 

generating function. 

Example 

The characteristic function of the scalar Gaussian random variable 

x - -w/4 a2) (1.4.8-11) 

1s 

&f(s) = p+;s2a2 (1.4.8-12) 
To find the moments of x it is convenient to deal with the zero-mean random 

variable 

Y =X--/L (1.4.8-13) 
The moments of x follow easily from the moments of y, according to 

qxnl = EKY + /VI (1.4.8-14) 

The characteristic function of y is 

lily(s) = &2~2 (1.4.8-15) 

and 

$w y s 2 b2u2 =so e2 (1.4.8-16) 

Evaluating the above at s = 0 yields the first moment (mean) of y as 0. 
Similarly, 

-$i&(s) = [a2 + (~a~)~] eis2a2 (1.4.8-17) 

which, at s = 0, yields 

E[Y21 2 - - EK X- l-4 1 = var(x) = o2 (1.4.8-18) 

The third derivative of the characteristic function of y is 
3 

$f&) = [2 so4 + (a2 + s204)m2] eis2a2 = [3sa4 + s3a6] e+s2a2 (1.4.8-19) 

which yields zero as the third moment of y. 
The fourth moment of y is given by 

d4 
&&(s) = [3a4 + 3 , s2a6 + (3sa4 + s306)so2] eis2a2 (1.4X-20) 

at s = 0 as 
E[y4] = E[(x - /A)~] = 3a4 (1.4.8-21) 
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1.4.9 Conditional Probability and PDF 

The conditional probability of an event A given B is defined as 

(1.4.9-1) 

For independent events, the above becomes the unconditional probability. 
Similarly, the conditional pdf of one random variable given another ran- 

dom variable is, using the simpler notation as in (1.4.2-2), given by 

Pb Y> 
PblY> = p(y) 

For an event conditioned on a random variable, one has 

P{Alx} = w 
X 

The conditional pdf of a random variable x, given an event A, is 

P[A, x] 
PMA) = P(A) 

(1.4.9-2) 

(1.4.9-3) 

(1.4.9-4) 

where the numerator above is a mixed probability-pdf, as defined in (1.4.4-3). 

Example 

If the conditioning event is 
A = {x 5 a} 

then one gets the truncated pdf 

(1.4.9-5) 

X 

p(x)r: < u) = 
P[x, x < a] 
P{x <-ti> = L PC > 

P{x < a} 
- 

- 
0 

ifx<a - 

elsewhere 

(1.4.9-6) 

which is the original one restricted to x 5 a and suitably renormalized. 
If x = x + y and the conditional pdf of y given x is py,cc( l ), then L 

P(f+) = P,l.& - x> (1.4.9-7) 

If, in addition, x and y are independent, then, with py (0) denoting the pdf of y, 
one has 

PC+) = P& - z> (1.4.9-g) 

(See also problem I- 1.) 
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1.4 BRIEF REVIEW OF PROBABILITY THEORY 45 

Assume x - N(p2, a;), y - N(pg, D,“, and independent. Then, with 
z=x+y, 

PM4 = py(z - x) = N(z - x; py, 0;) 

1 _ (=wq/) 2 

--e . _ - 
-J2 

2a; - Jw; x + py, 0;) (1.4.9-9) 
roY 

Note that the above can be viewed, due to the special form of the Gaussian 
density, as the pdf of x - x with mean py or the pdf of x with mean x + py. 

If x - N(p, g2), then 

P{,5$5a) J%; P1 a2> 1x1 L a/ 
P(Xl lx - pl L a> = (1.4.9-10) 

0 elsewhere 

is a truncated Gaussian. 
The normalization constant above is the probability that x - p lies in the 

closed interval” [-a, a], which is 

p(l, - pl 5 a> = P{x-pE [-a,u]}=P(xE [p-a,p+a]} 
= P{x E (-00, p + a]} - P{x E (--00,/J - a)} 
~ q(P+y) +(i”-!-P) 

= G(i) -G(?) =1-2G(G) (1.4.9-11) 

where G is the cumulative standard Gaussian distribution and the last equality 
follows from the symmetry of the Gaussian density. The last term above is the 
tail probability to the left of (-~)/a or to the right of (~)/a. 

1.4.10 The Total Probability Theorem 

Let the events Bi, i = 1, . . . , n, be mutually exclusive, that is, 

P(Bi, Bj} = 0 vi # j (1.4.10-l) 

and exhaustive, that is, 

5 P{ Bi} = 1 (1.4.10-2) 
i=l 

Such a set of events is a partition of the space of outcomes. Then, the total 
probability theorem states that for any event A, its probability can be 
decomposed in terms of conditional probabilities as follows: 

P(A) = ‘fJ P(A, Bi} = 2 P{AIBi}P{Bi} (1.4.10-3) 
i=l i=l 

‘A bracket indicates that the interval is closed at the corresponding end, i.e., it includes the endpoint. A parenthesis 
indicates that the interval is open at the corresponding end, i.e., it excludes the endpoint. 
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The key to the above is the mutual exclusiveness and exhaustiveness of the set 
of events Bi, i = 1, . . . , n. 

Figure 1.4. lo- 1 illustrates this with the set theory counterpart, namely, 

A = 5 (An Bi) (1.4.10-4) 
i=l 

Figure 1.4.10-l: The total probability theorem (set theory counterpart). 

The version of the total probability theorem for random variables is 

p(x) = Jm PCX, Y> dy = Jm P(ZIY)P(Y) dy -00 -cxl 
(1.4.10-5) 

Note that this is a combination of the definition of the conditional pdf 
(1.4.9-2) and property (1.4.6-3) that the joint pdf integrated out with respect 
to one random variable yields the marginal pdf of the other variable. 

For mixed event/random variable situations, one has 

P(X) = 2 P(XIBi)P(Bi} 
i=l 

(1.4.10-6) 

(this is illustrated in an example in Subsection 1.4.14) and 

P(A) = Jm P{A1x}p(x) dx = E[P{Alx}] (1.4.10-7) 
-00 

where the expectation operator averages over x. 
An additional common conditioning in all the probabilities is permissible, 

for instance, 

P{AIC} = 5 P{A, BilC} = 5 P{AIBi, C}P(BilC} (l-4-10-8) 
i=l i=l 

or 
P-MIY} = Jm P(AIX, Y)P(XIY) do: --cm 

(1.4.10-9) 

Similarly, 

p(+) = Jm PCX, YIZ) dy = Jm PWY, Z)P(YIX) dy (1.4.10-10) 
-ccl --co 

The total probability theorem is the primary tool in obtaining the state es- 
timate in the presence of extraneous uncertainties (e.g., model uncertainties or 
measurements of uncertain origin). 
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p-t 

1 

dl 

0 a 

P(X) 
A 

WX 
a 

Figure 1.4.10-2: Success probability and miss distance pdf. 

Example 

The probability of event A, which denotes success in a hunting target shoot- 
ing, can be modeled as a function of the “miss distance” x by the conditional 
probability (see Fig. 1.4.1 O-2a) 

x < dl - 

dl < x < d2 - 

x > dz 

The miss distance pdf can be taken as (see Fig. 1.4. 

2(a - x) 

PW !- a2 
o<x< - - - 

(1.4.10-11) 

O-2b) 

a (1.4.10-12) 
IO otherwise 

Then, assuming d2 < a, the (unconditional) probability of success is 

P(A) = 1-1 P{Alx}p(x) dx = 6’p(x) dx + hd2 gp(x) dx 
l 1 2 

- - P{x 5 dl} + s,“‘s “‘“,r x, dx 

- - dd2a - dd + (1c/2 ’ d1)2(3a _ 2dl _ d2) 
a2 3a 2 (1.4.10-13) 

1.4.11 Bayes’ Formula 

The probability of an event Bi conditioned on event A can be expressed in terms 
of the reverse conditioning as follows: 

P{B,IA} = 
P{AI&)P(&} 

p-w 
(1.4.11-l) 
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This is known as Bayed formula or Bayed theorem and is also referred 
to as Bayed rule. g 

The conditional probability of Bi is sometimes referred to as posterior 
probability, while the unconditional one is referred to as prior probability. 

Using the total probability theorem (1.4.10-3) for the denominator in the 
above, one also has (if Bj, j = 1, . . . , n are mutually exclusive and exhaustive) 

P{B,lA} = ~{AIBi}~{Bi} = Ip(AiB,)P(B,) 
c!& P(AIBj}P{Bj> c 

(1.4.11-2) 

where now the denominator c appears clearly as the normalizing constant, 
which guarantees that 

5 P{B,IA} = 1 (1.4.11-3) 
i=l 

Bayed formula for random variables is written as 

PMY) = P(Y IdPW P(Y IXIPW 
p(y) = J PCY IX)P(X) dx 

(1.4.11-4) 

In this case the unconditional pdf p( ) x is also called the prior pdf and the 
conditional pdf p( x I y ) is also called the posterior pdf 

For a mixed case 

P{BiIx} = P(+%)fyBi) P(xIBi)~{q - - 
PC4 

n 
c,,l P(xlBj)p{Bj) 

where the denominator is again the normalizing factor. 
When there are several conditioning random variables 

(1.4.11-5) 

or events, Bayes’ 
formula can be used to “switch” only some of them. For example, 

q%Ix, Y> = 
P(+%, Y>w%lY) P(XlBi7 Y>WilY) 

PMY) = qL,P(J:IBj, Y>P(BjlY) 
(1.4.11-6) 

These equations are the key tools in state estimation for hybrid systems 
- systems with continuous as well as discrete uncertainties. 

Remarks 

The prior p(x) reflects the (possibly subjective lo) initial degree of belief, 
which, when combined with the evidence from the data - the likelihood 
function of x, namely, p( y lx) - yields the posterior p(xl y). 

gBayes' decision rule(or Bayed criterion or Bayed principle) in a decision problemisto 
minimize the expected value of a cost function, called Bayes' risk. 

‘OSimilarly to the well-known fact that the entire population of the world is divided into two groups (those who 
believe this and those who don’t), the people dealing with probability are divided into two groups: proud Bayesians 
(who believe in priors) and closet Bayesians. 
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&yes’ postulate states that in the absence of prior knowledge, a zmi- 
form prior pdf should be chosen. While this is reasonable for discrete valued 
random variables, for continuous valued random variables this would imply a 
nonuniform pdf on any nonlinear function of this random variable and this has 
generated a lot of controversy among statisticians. 

The use of a uniform prior pdf Over ay2 infinite intewal, called diffuse or 
noninformative, also called Dirichlet prior is discussed in more detail in 
Subsection 2.3.4. 

Example 

The “noise” in a device, denoted as x and modeled as a random variable, is 
observed. If the device is operating according to its specifications, then one has 
event &, defined as 

B1 = {x - n/(0, a;>) 

The defective device event is assumed for simplicity defined as 

(1.4.11-7) 

B2 = (5 - n/(0, a;>> (1.4.11-8) 

The conditional probability that the device is defective given the observation 
x 1s 

P(4~2Pv32) 

p{B2’x) = p(xp1)Po1} + p(xp32)P{B2} 
(1.4.11-9) 

Using the explicit expressions of the Gaussian densities defining the events 
B1 and &, the above can be written, after cancellations, as 

q3213-3 = 
I 

cc2 
-it$+q l+ze 1 P(h) 

Wd 

Assume that a priori the two events are equiprobable 

P{Bl} = ; P(Bd 
1 

= 1 - P{B1} = z 

If 02 = 401 and the observation obtained is x = 02, then 

(1.4.11- 10) 

(1.4.11-H) 

(1.4.11-12) 

If the prior is different, namely, P(B2) = 10e2, then 

P(B2Ix:) = 
1 

1 + 396 e-8-I-0.5 z o’82 
(1.4.11-13) 

i.e., regardless of the prior, the “evidence from the data” indicates a very high 
probability that the device is defective. 
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1.4.12 Conditional Expectations and Their Smoothing Property 

The conditional expectation is defined similarly to the unconditional ex- 
pectation (1.451) but with respect to a conditiortal pdJ; that is, 

JWYI = /m QJMY) dJ: (1.4.12-1) 
--x 

Similarly, for a function of the random variable x (and possibly y), one has 

E[g(x, Y>lY] = Srn s(x7 Y)PMY) dx -00 
(1.4.12-2) 

Note that (1.4.12-l) and (1.4.12-2) are functions of the conditioning argu- 
ment y. 

The smoothing property of the expectations states that the expected 
value of a conditional expected value is the (unconditional) expected value: 

- - s O” 
x=--cm 

xp(x) dx = E[x] (1.4.12-3) 

In the first line of the above, the inside expectation is a function of y, which is 
“averaged out” (integrated over) by the outside expectation. 

Equation (1.4.12-3) is also called the law of iterated expectations, 
summarized as 

w+4Yll = E[q (1.4.12-4) 

The same property holds when the conditioning is on events or mixed random 
variables. 

This is used in the evaluation of the performance of certain estimation algo- 
rithms operating in the presence of several types of uncertainties - it allows us 
to handle different types of uncertainties sequentially rather than simultaneously. 

To illustrate the smoothing property of expectations, consider the conditional 
mean 

E(xlx) = 2 + PxzPz& - z> (1.4.12-5) 

where x and x are jointly Gaussian (this is derived later in (1.4.14- 17)); overbar 
denotes the unconditional expected values. 

Applying the unconditional expectation operator on the above, where the 
only random variable on the right-hand side is x, with mean 2, yields 

E[E(xlz)] = E[%] + P,,P$ E(z - z> = Ir: = E[x] (1.4.12-6) 
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1.4.13 Gaussian Random Variables 

The pdf of a (scalar) Gaussian or normal random variable is 

1 
p(x) = N(x; 3, a2) A ~ 

(z-3) 2 

c 
e-7 (1.4.13-1) 

7ro 

where N( l ) denotes the normal pdf (density) with argument x, mean 3, 
and variance D 2. The first two moments, which fully characterize a Gaussian 
random variable, are referred to as its statistics. 

Another notation equivalent to the above iS 

which states that x is normally distributed with 
variance. Note the different meanings of N in 
they are, however, specified by their arguments: 
(1.4.13-2). 

(1.4.13-2) 

the corresponding mean and 
(1.4.13-1) and (1.4.13-2) - 
three in (1.4.13-1) vs. two in 

A vector-valued Gaussian random variable has the density 

(1.4.13-3) 

where 
ii? = E[x] (1.4.13-4) 

P = E[(x - 3)(x - 2)‘] (1.4.13-5) 

are, respectively, the mean and covariance matrix of the vector x. 
The determinant in (1.4.13-3) has been written with the factor 2n inside it 

by making use of (1.3.3-5). This avoids the need to indicate the dimension of 
the vector x in (1.4.13-3). 

The components of a Gaussian distributed vector are said to be jointly 
Gaussian. 

If the covariance matrix P is diagonal - that is, the components of the 
Gaussian random vector x are uncorrelated - then they are also independent 
because their joint pdf equals the product of the marginals. 

A very important property of Gaussian random variables is that they stay 
Gaussian under linear transformations. Consequently, the sum of (jointly) 
Gaussian random variables is also Gaussian. This property is a major reason 
that the Gaussian model is very commonly used in estimation. 

If x1 and x2 are random vectors of the same dimension and jointly Gaussian 
distributed, that is, 

(1.4.13-6) 

 D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/ by U

niversity O
f T

exas L
ibraries, W

iley O
nline L

ibrary on [16/03/2023]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense

Meta 1018 
p. 83



52 1 INTRODUCTION 

then 

is Gaussian 

x = Xl + x2 (1.4.13-7) 

p(x) = N(x; 3, P> (1.4.13-8) 

where 
x: = 31 + 32 

P = Pll + p12 + p31 + & 

Symbolically, one can write, with notation (1.4.13-2), 

(1.4.13-9) 

(1.4.13-10) 

N(zl, pll) + N(32, f52) = N(zl + 32, PI1 + Pl2 + p21 + P22) (1.4.13-11) 

If x1 and x2 
x1 is 

P(XlXl) = 
- - 

- - 

independent, the pdf of their sum x = x1 + x2 conditioned on 

P ( x2 x- Xl> 

N( 
x _ xl; 32, p22) = 12Tp221-‘/2 ~-~(x-x1-22)‘~~1(2-x1-~2) 

N(z; xl + 32, p22) (1.4.13-12) 

Note that in (1.4.13-12) x1 acts as a constant - it shifts the mean - since it 
is given in the conditioning. 

1.4.14 Joint and Conditional Gaussian Random Variables 

Two random vectors x and z are jointly Gaussian if the stacked vector 

yz x [ 1 x (1.4.14-1) 

is Gaussian, that is, 

PC? 4 = P(Y) = JVY; ii, pgy> (1.4.14-2) 

The mean and covariance matrix of y in terms of those of x and x are 

y= J: c [ 1 x (1.4.14-3) 

(1.4.14-4) 

P xx = cov(x) = E[(x - z)(x - %)‘I (1.4.14-5) 

P = cov(z) = E[(z - x>(x - x)‘] (1.4.14-6) 

P XZ = cov(Z, x) = E[(x - z)(z - z>‘] = PLx (1.4.14-7) 
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are the blocks of the partitioned covariance matrix (1.4.14-4). 
The conditional pdf of x given x when they are jointly Gaussian is 

(1.4.14-8) 

Advantage will be taken of the fact that the above is an exponential whose 
exponent is the difference of the exponents of the numerator and denominator. 

The following notations will be used 

t 
A =x-z (1.4.14-9) 

c 
A =x---jj (1.4.14-10) 

Using the new variables < and (‘, the problem for the y2oy1zero mean random 
variables x and y is reduced to that of zero-mean variables. 

The exponent on the right-hand side of the conditional density (1.4.14-8) is 
(after multiplication by -2) the quadratic form 

(1.4.14-11) 

The relationships between the partitions of the inverse of the covariance 
matrix and the partitions of the original matrix are, using (1.3.3-7) to (1.3.3-l 0), 
given by 

- 
T1 xx = pxx - P,,p,-,lP,x (1.4.14-12) 

- 
P1 - 

xx - T zz - TzxTx;lT,z (1.4.14-13) 

TxilTx, = - Pxz P,,l (1.4.14-14) 

The exponent (1.4.14- 11) can be rewritten as 

q = JrTxx< + c’Tx& + C’Tzxt + c’Tzz< - <‘Pii-‘5 
= (c + Tx~lTx,~)‘Txx(~ + Tx;lT,,c) + [‘(T,, - T,xTx;%& - <‘pztl~ 

= (t + T,-,lT,,s)‘T,x(I + TxilT,zO (1.4.14-15) 

where use has been made of (1.4.14- 13). The above procedure is called com- 
pletion of the squares (actually, of the quadratic forms). 

The result is a quadratic form in x, meaning that the conditional pdf of x 
given z is also Gaussian. This can be seen as follows: In view of (1.4.14-9), 
(1.4.14-l 0), and (1.4.14-14), the expression on the right-hand side of (1.4.14-l 5) 
is a quadratic form in 

t + Tx;;Tx,~ = x - r: - PxzPz;l (z - X) (1.4.14-16) 
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From this one can recognize the conditional mean of x given x as 

JQ-+) A 2 = x: + PxzP*;yz - x) (1.4.14-17) 

The corresponding conditional covariance is 

Icov(xiz) 4 P+ = T,-,l = PTJ: - P,,P,-,‘P,,~ (1.4.14-18) 

Note that the conditional mean (1.4.14- 17) is linear in the observation x and 
that the covariance (1.4.14- 18) is independent of the observation. 

The above are the fundamental equations of linear estimation. 

1.4.15 Expected Value of Quadratic and Quartic Forms 

Consider a vector-valued random variable x with mean z = 0 and covariance 
matrix P. Then, the expected value of a quadratic form with this 
random vector can be written as 

E[x’Ax] = E[tr(x’Ax)] = E[tr(Axx’)] = tr[AE(xx’)] = tr(AP) (1.4.15-1) 

The same result can be obtained for a Gaussian random vector using its 
characteristic function as follows. 

If 
x - Jv(z, P) (1.4.15-2) 

then its characteristic (or moment generating) function is 

(1.4.15-3) 

Using the properties of the gradient, one can write 

E[x’Ax] = E[(V, eS’5)IAx] Iszo = E[V$Ax es’x]IsX,, 

= V/,A E[x es’x]I,=, = V/,A E[V, es’x]]s=o 

= V/,A VsE[es’x]Is=O = V’,A VsMx(s)Is=o (1.4.15-4) 

Using the characteristic function (1.4.15-3) with x = 0 in the above yields 
(1.4.15-l) after the evaluation of the gradient. This technique, even though 
not the simplest for a quadratic form, can be used conveniently to evaluate the 
expected value of a quartic form, which is needed for the covariance of quadratic 
form. 

Note that the expected value of a quadratic form (1.4.15-l) holds regardless 
of the distribution of x. 

For the quartic form to be considered next, the result will rely on the fact 
that x is Gaussian. 
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Analogously to (1.4. H-4), one has the 
form written as follows: 

expec ted value of a g 

Using 
result is 

E [x’ Axc’Bz] = V’,A V,V’,B ww&)ls=(-) (1.4.15-5) 

(1.4.153), it can be shown that after computations the fkal 

E[x’Axx’Bz] = tr(AP)tr( BP) + 2tr(APBP) (1.4.15-6) 

The scalar version of the above for A = B = 1 and P = g2 is the well- 
known expression 

E[x4] = 3a4 (1.4.15-7) 

The covariance of two quadratic forms is, using (1.4.15-6), 

E[[x’Ax - E (x’Ax)] [x’Bx - E (x’Bx)]] = E [x’Axx’Bx] - E [x/Ax] E [x’Bx] 
= 2tr(APBP) (1.4.15-8) 

These results are used in the state estimation for nonlinear systems where 
nonlinear functions (system dynamics or measurement equation) are approxi- 
mated by a series expansion of up to second order. 

1.4.16 Mixture Probability Density Functions 

A mixture pdf 
to unity. 

A Gaussian 
densities 

is a weighted sum of pdfs with the weights 

mixture is a pdf consisting of a weighted sum 

PCx) = fl PjJW? 3j7 pj> 
j=l 

where, obviously, 
n 

CP -1 j- 

summing up 

of Gaussian 

(1.4.16-1) 

(1.4.16-2) 
j=l 

Denote by Aj the event that x is Gaussian distributed with mean Zj and 
covariance Pj, that is, 

Aj ’ {X N JV(Zj, Pj)} (1.4.16-3) 

With Aj, j = 1, . . . 9 
n, mutually exclusive and exhaustive, and 

P{Aj} = Pj (1.4.16-4) 

one can rewrite (1.4.16-l) with the Total Probability Theorem as 

P(X) = E P(xlAj)P{Ajl 
j=l 

(1.4.16-5) 
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The Moments of a Mixture 

The mean of a mixture is easily seen to be 

El 
:z = -ppjzj (1.4.16-6) 

j=l 

that is, the weighted sum of the means of the component densities regardless of 
the latter’s nature. 

The covariance of this mixture is 

EK x-3)(x-z)'] = 2 E[(x - Z)(X - ?)‘lAj]pj 
j=l 

= x E[(x - Xj + ?j - Z)(X - S!?j + Zj - z)‘IAj]pj 

= CPjEKx - zj)(x - zj)‘lAj] + C(Zj - z>(%j - CC)‘pj 

which can be written as 

EN X - 3)(X - Z)‘] = 5 PjPj + P 
j=l 

In the above 

(1.4.16-7) 

(1.4.16-8) 

(1.4.16-9) 

is the spread of the means term. 
An alternative expression for the above is 

P = ~ Zj~~Pj - -- 3 x iE;P, - C ZjPjZ’ + XX' C Pj 
-- - - EP jiZjiE> - XX' (1.4.16-10) 

which yields another form for (1.4.16-g) 

E[(x - 2)(X - 2)‘] = 2 PjPj + 5 pj2jzg - $3’ 
j=l j=l 

(1.4.16-11) 

The spread of the means term P, defined in (1.4.16-9), is a sum of dyads 
with positive weightings, and thus it follows from Subsection 1.3.6 that p is 
positive semidefinite. 

Note that (1.4.16-6) and (1.4.16-g), which will be referred to as the mixt we 
equations, hold even if the densities in the mixture are not Gaussian. 

Approximation of a Mixture 

A mixture pdf can be approximated by a single Gaussian pdf with moments 
equal to those of the mixture, given by (1.4.16-6) and (1.4.16-g) - this is 
called moment matching. 
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0.12 

0.1 - 

0.08- 

%0.06- 

0.04. 

0.02- 

n 
“5 10 15 20 25 30 -5 10 15 20 25 30 

X X 

(a) PI = 0.1, p2 = 0.9 (b) PI = 0.5, pp2 = 0.5 

Figure 1.4.16-1: The exact Gaussian mixture pdf (solid line) and the corresponding mo- 
ment-matched Gaussian (dashed line) for %l = 15,32 = 20, at = ai = 10. 

Figures 1.4.16-l and 1.4.16-2 present comparisons between the exact pdf of 
Gaussian mixtures and the corresponding moment-matched Gaussian for several 
values of the parameters entering into the mixture. 

In Fig. 1.4.16-l the difference of the means is 5 while in Fig. 1.4.16-2 it is 
10; in both cases the (common) standard deviation of the mixture components 
is Jlo. 

The resulting “umbrella” Gaussian appears to be close to the exact pdf of 
the mixture as long as its components are not too far apart; namely, the distance 
between the means of the componenets is up to about two standard deviations. 

This approximate condition is met for the cases depicted in Fig. 1.4.16-1, 
where the match appears good, and it is not met for the cases in Fig. 1.4.16-2, 
where the match does not appear good. 

These results are used in obtaining recursive filtering algorithms for sys- 
tems with hybrid uncertainties - hybrid systems. Systems falling into this 
category are those described by multiple models and/or with measurements of 
uncertain origin. (See also problem l-4.) 

1.4.17 Chi-Square Distributed Random Variables 

If the n-dimensional random vector x is Gaussian, with mean or: and covariance 
P, then the (scalar) random variable defined by the quadratic form 

q = (x - 3)/P-yx - 3) (1.4.17-1) 

can be shown to be the sum of the squares of n independent zero-mean, unity- 
variance Gaussian random variables. Such a random variable is said to have a 
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0.12 I 1 I I 

0.1 - 

0.08- 

%0.06- I 
/ 
/ 

, 
0.04- , 

/ 

0.07 1 ' 1 ' ' ' 1 ,- / ' 

3 
1 

5 10 15 20 25 30 35 -5 0 5 10 15 20 25 30 35 
X X 

(a) pl = 0.1, p2 = 0.9 (b) pl = 0.5, ~32 = 0.5 

Figure 1.4.16-2: The exact Gaussian mixture pdf (solid line) and the corresponding mo- 
ment-matched Gaussian (dashed line) for Z1 = 10, %2 = 20, al = a$ = 10. 

&i-square distribution with n degrees of freedom (the meaning of 
degrees of freedom is discussed in Subsection 3.6.2). 

This can be seen as follows. Let 

u A p-1/2(, - 3) (1.4.17-2) 

Then u is Gaussian with 
E[u] = 0 (1.4.17-3) 

E[uu'] = P-1'2E[z - 3)(x - z)']P-'/~ = P-1/2PP-1/2 = I (1.4.17-4) 

where I is the identity matrix. Therefore, since the covariance matrix of u is 
diagonal, its components are uncorrelated and, in view of the fact that they are 
jointly Gaussian, they are also independent. 

Thus 

q = u’u - 5 u2 - 
i 

i=l 

(1.4.17-5) 

where, from (1.4.17-3) and (1.4.17-4), ui are now standard Gaussian ran- 
dom variables (zero mean and unity variance) 

Ui - N(O, 1) (1.4.17-6) 

Therefore q is chi-square distributed with n degrees of freedom, which can 
be written as 

4 - xii (1.4.17-7) 

0.06 I 

5 a 
0.03 t 
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1.4 BRIEF REVIEW OF PROBABILITY THEORY 59 

The mean and variance of the xi random variable 4 are 

E[q] = E[&$] = n 
i=l 

(1.4.17-8) 

var(q) = E c(uf - 1)12 = 5 E[(uf - 1)2] 
C i=l i=l 

= ~(E[z&ZE[nf]+1)=~(3-2+1)=2n (1.4.17-9) 
i=l ’ i=l 

where the fact that the cross-terms are zero mean has been used together with the 
expression of the fourth moment of a Gaussian variable, as given in (1.4.15-7). 

The pdf of q - the chi-square density with n degrees of freedom - is 

1 n-2-9 
PM = 2”rq 2 e 2 cP.0 - (1.4.17-10) 

where I? is the gamma function, with the following useful properties: 

1 ‘r - =fi 0 2 
ryl) = 1 r(m + 1) = d+f2> (1.4.17-11) 

The square root of q has the chi distribution. The “chi-distributed” ran- 
dom variables with n = 2 and 3 degrees of freedom (and multiplied by an 
arbitrary constant) have the Rayleigh distribution and Maxwell distri- 
bution, respectively. 

Given the independent random variables 

41 - x&, (22 - xt, (1.4.17-12) 

then it can be easily shown that their sum 

43 = 41 + q2 (1.4.17-13) 

is chi-square distributed with 

n3 = nl + n2 (1.4.17-14) 

degrees of freedom. Symbolically, one can write 

x:, + xFL2 = x:1+722 (1.4.17-15) 

The chi-square distribution is often used to check state estimators for “con- 
sistency” - that is, whether their actual errors are consistent with the variances 
calculated by the estimator. 
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1.4.18 Weighted Sum of Chi-Square Random Variables 

Consider the following independent and identically distributed random variables 
2 

Ix;i - XVL i-l,...+ (1.4.18-1) 

with m degrees of freedom chi-square distribution. 
Then the weighted sum of chi-square variables with weights ai, 

A n 
$h = x &xi (1.4.18-2) 

i=l 

has a distribution which is not chi-square and is very complicated. Its mean is 

E[Yn] = m 2 Qfi (1.4.18-3) 
i=l 

and, from (1.4.17-9), its variance is 

var(Yn) =2m&z: (1.4.18-4) 
i=l 

The pdf of (1.4.18-2) can be approximated by moment matching - 
equating its first two moments to those of another random variable. In this 
case, the latter is chosen as a “scaled” chi-square with a number of degrees of 
freedom n’, to be determined together with the scaling factor. 

To find a random variable whose moments are matched to those of (1.4.18-2), 
let 

V- 
2 

Xnf (1.4.18-5) 

Then the mean and variance of a “scaled” version of v, 

A 
w = cv (1 4 . . 

are en’ and 2c2n’, respectively. Equating these two moments to (1.4.18-3 
(1.4.18-4) yields the following equations for c and n’: 

18-6) 

) and 

n 

m x CJi = en’ 
i=l 

(1 4 . . 18-7) 

2m c a: = 2c2n’ 
i=l 

(1.4.18-8) 

The solution of these equations yields the scaling factor as 

Eyzl a: C=------- 
Cy=l ai 

(1.4.18-9) 

and the number of degrees of freedom of v as 

(1.4.18-10) 
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1.4 BRIEF REVIEW OF PROBABILITY THEORY 61 

Therefore, the distribution of gn, defined in (1.4.18-2) is approximately 

(1.4.18-11) 

Note that the xi density was defined only for integer n; a noninteger n makes 
it into a case of the gamma density. In practice, one can interpolate from the 
chi-square tables. 

Fading Memory Average 

Consider the case where the weights in (1.4.18-2) are exponential, that is, 

ai = and2 (1.4.18-12) 

with 0 < a < 1. Then the weighted sum 

Xn ~ ~ ~n-iXi (1.4.18-13) 
i=l 

is called the fading memory sum of the variables xi. 
Then, for n > 1 one obtains 

&i - 
l 2 

pXnf 
l+a 

(1.4.18-14) 

and 
l+a 

n’=m------ 4 (1.4.18-15) 
1-a 

\ 

When (1.4.18-l 3) is normalized by dividing it with the sum of the coef- 
ficients, it becomes the fading memory average or exponentially dis- 
counted average. 

These results are used in real-time monitoring of state estimator perfor- 
mance. 

1.4.19 Random Processes 

A scalar random variable is a (real) number x determined by the outcome w of 
a random experiment 

x = x(w) (1.4.19-1) 

A (scalar) random process or a stochastic process is a 
time determined by the outcome of a random experiment 

function of 

x(t) = x(t, w) (1.4.19-2) 

 D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/ by U

niversity O
f T

exas L
ibraries, W

iley O
nline L

ibrary on [16/03/2023]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense

Meta 1018 
p. 93



62 1 INTRODUCTION 

This is a family or ensemble of functions of time, in general different for each 
outcome w. 

The mean or ensemble average of the random process is 

while its autocorrelation is defined for a real-valued (scalar) process as 

The autocovariance of this random process is 

v(t,, t2) Li E[[z(h) - 3(h)][3$2) - qt2>13 

= R(t1, t2) - 3(t1)3(t2) (1.4.19-5) 

Note that the autocorrelation of a random process is an (unnormalized) ytoy1- 
central moment - the mean is not subtracted - while the correlation of two 
random variables is the normalized joint central moment (1.4.6-6). If the process 
is zero mean, the distinction between central and noncentral moments disappears. 

For a vector-valued random process, (1.4.19-4) and (1.4.19-5) contain 
the corresponding outer products. 

Stationarity 

A random process whose mean is time invariant and whose autocorrelation is 
of the form 

R(tl, t2) = R(tl - t2) = R(r) (1.4.19-6) 

where 
r = t1 - t2 (1.4.19-7) 

that is, its first two moments are invariant with respect to a shift of the time 
axis, is called wide sense stationary or, less rigorously, stationary. 

As can be seen from (1.4.19-4), for a real-valued process the autocorrelation 
is symmetric in its two time arguments 

R(h, t2) = R(t2, h) (1.4.19-8) 

Thus 
R(r) = R(-r) (1.4.19-9) 

The power spectrum or power spectral density of a stationary 
random process is the Fourier transform (denoted by F) of its autocorrelation 

S(w) = F{R(r)} = S_“, e-j”‘R(r) dr (1.4.19-10) 

where w  denotes the (angular) frequency. 
Strict stationarity requires that all pdfs (rather than only moments up 

to second order) be invariant with respect to time shift. In practice, wide-sense 
stationarity is about all one can assume (and hope for). 
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Example 

Consider the scalar dynamic system 
. 
x@> = -ax(t) + n(t) (1.4.19-11) 

stable system. The input n(t) is a zero-mean white noise with a > 0, i.e., a 
with autocorrelation (same as its autocovariance, since it is zero-mean) 

Jqn(h)n(t2)] = SoG(t1 - t2) (1.4.19-12) 

Assuming that the system in steady state (i.e., the initial condition died out), 
we obtain 

x(t) = It h(t, r)n(r) dr (1.4.19-13) 
-ccl 

where the impulse response of the system considered is 

h(t, r) = e-u@-T) (1.4.19-14) 

The mean of the output x(t) is 

E[x(t)] = E [It h(t,r)n(r) d7] = St h(t,-r)E[n(T)] d7 = 0 (1.4.19-15) -00 -00 

The autocorrelation of x(t) is 

E[x(tl>x(ta>] = E [[& h(tl, rl)n(Tl) drl J:L h(t2,72)+2) d~2] (1~4~19-1~) 

Assuming tl < t2, the above can be written as 

E[x(t1)x(t2)] = E J:; hct 1 1, n)n(n) d71 

. [s t1 h(t2, T$n(n) d72 + 11’ h(h 7$02) dn]} (1.4.19-17) 
-00 

In view of the fact that the first and last integral above are over nonover- 
lapping intervals, the expected value of their product will be zero due to the 
whiteness of n(t), whose autocorrelation is zero at any two different times. 

Thus one can write 

E[x(h)x(t2)] = EJ { 
h 

e-a(h -71) 

-cm 
n(q) dq Jtl e-a(t2-r2)n(~$ dT2} 

--oo 

ea(tl -tz) E (s t1 = p(h-71) 

-00 
n(q) dq Sfl e-a(t1sr2)n(~~) d72) -co 

= ea(t’-t2)E[z(tl)2] (1.4.19-18) 

If tl > t2 the result would be the same except that they are switched. Therefore, 

E[x(h)x(t2)] = e 
-+l-t2 t E[x(tl)2] (1.4.19-19) 
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64 1 INTRODUCTION 

i.e., the autocorrelation decreases exponentially from its peak, which is the 
(steady-state) mean square value of x(t) - its instantaneous power. 

The mean square value of ~(t> is 

E[x(~)~)] = E It 
--3o 

e-a(t-T1)n(~l) dq It e-a@-T2bx(~2) dT2} -0c 
t t - - 

J J e -$&T1-72) E 

= ,11, 
-00 

[471)472)] d7-1 d72 

t t 
J J -00 -00 ea(T1+T2)So6(q - 72) dq dr2 

= e-2at 

sJ 
’ o 

--oo 
e2’71 drl = ee2,tSo [e2at -  O ]  = 2 (1.4.1 g-20) 

2a 

Thus 

Rx&) = E[z(t)z(t + T)] = zeeuiTi (1.4.19-21) 

The Fourier transform of the above, using the unit step function l(e) to 
rewrite the two-sided exponential, yields the spectrum of x as 

&-c(w) = 3{&&)} = $3{euTl(+ + e-T(7)} 

SO 1 1 1 - - -3 -+ 2a a-jw 
~ =$)- 
a+jw 1 a2 + w2 

(1.4.19-22) 

Since this stable system acts as a low-pass filter, its effect on the spectrum 
of the input (which, being a white noise, has a flat spectrum) is to attenuate the 
high frequencies. 

Ergodicity 

If a stationary random process is ergodic, then time averages (of some 
functions of the process) are equal to the corresponding expected values - 
ensemble averages - given by (1.4.19-3), that is, 

(1.4.19-23) 

Time averages are used in real-time performance monitoring of state estima- 
tion filters. 

White Noise 

A (not necessarily stationary) random process whose autocovariance is zero for 
any two different times is called white noise. In this case 

V(t1, t2) = a2(t1)S(t1 - t2) = So(h)& - t2) (1.4.19-24) 
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where 
delta 
posed 
rather 

1.4 BRIEF REVIEW OF PROBABILITY THEORY 65 

g2 (tl> is its “instantaneous variance” and 6( 0) is the Dirac (impulse) 
function. The above property is the wide-sense whiteness as op- 
to the strict-sense whiteness, which is defined by independence 
than uncorrelatedness as in (1.4.19-24). 

1 

1 

A stationary zero-mean white process has the autocorrelation 

R(r) = E[z(t + +I$)] = S&(T) (1.4.19-25) 

The impulse function autocorrelation (1.4.19-25) leads to a power spectral den- 
sity So constant across the frequency spectrum. 

It is convenient in some applications to consider a nonstationary zero- 
mean white process x(t). The autocorrelation of such a process is 

JqJ:(h)3$2)] = SO(h)G(tl - ta) (1.4.19-26) 

where So(t) is, with some abuse of language, the “time-varying spectral density” 
or the “instantaneous variance.” The term instantaneous variance is in fact 
incorrect in this case since the variance is actually inJinite. l1 

Note on Whiteness 

In the sequel, when a result requires whiteness, it usually requires strict-sense 
whiteness. In practice, however, one has only moments (typically up to second 
order) and thus only wide-sense whiteness can be assumed. Then the result is of 
practical value only when the strict sense whiteness is replaced by wide-sense 
whiteness, although in this case the result is only approximately true in theory. 

1.4.20 Random Walk and the Wiener Process 

The Wiener random process (or Wiener-Levy or Brownian motion) is a 
limiting form of the random walk: the sum of independent steps of size 
s --+ 0, equiprobable in each direction, taken at intervals A + 0 such that 

S 
-+ a 
a 

lr (1.4.20-l) 

where Q is a constant. This yields a stochastic process w(t> with the following 
pdf [assuming w(0) = 01, 

I+(t)] = -h/[w(t); 074 

that is, normal, zero mean, and with variance at. 

(1.4.20-2) 

I1 Also the physical dimension of g2 
dimeniion the inverse of time. 

is the square of the dimension of x, multiplied by time, since 6 has as 
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1 INTRODUCTION 

Note that the Wiener process is nonstationary. 
white noise, denoted here as n(t), as follows 

It relates to the zero-mean 

where 

w(t) = S,” n(r) dr (1.4.20-3) 

E[n(t,)n(t,)l = aqt1 - t2) 

Another way of writing (I .4.20-3) is 

dW = n(t) dt 

(1.4.20-4) 

(1.4.20-5) 

which shows that the Wiener process is an independent increment process. 
Formally, the white noise is the derivative of the Wiener process; however, this 
is not rigorous, since the Wiener process is nowhere differentiable - its 
derivative has infinite variance. 

The autocorrelation of the Wiener process is 

E[wwwl = a min(tl, t2) (1.4.20-6) 

The white noise and the Wiener process are used to model unknown inputs 
(maneuvers) in state estimation/tracking. 

Note 

Since the Wiener process is not stationary, it does not have a power spectral 
density. 

1.4.21 Markov Processes 

2Llarkov processes are defined by the following n/larkov property 

P[@> 1x(+ 7 5 t11 = I+(t) IZ(tl)l vt > t1 (1.4.21-1) 

that is, the past up to any tl is full” characterized by the value of the process 
at tl. 

An equivalent statement to the above is: 

“The future is independent of the past if the present is known. ” 

The Wiener process is Markov. This follows from the fact that it is the 
integral of white noise 

w(t) = w(tl) + 1: n(r) dr (1.4.21-2) 

and n(r), r E [tl, t] is independent of w(tl>. 
Furthermore, the state x(t) of a (possibly time-varying) dynamic system 

driven by white noise n(t), 

i(t) = f[t, x(t), n(t)1 (1.4.21-3) 

is a Markov process. In general, both x(t) and n(t) are vector-valued random 
processes. 
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1.4 BRIEF REVIEW OF PROBABILITY THEORY 67 

Markov Processes with Rational Spectra 

Given a linear time-invariant dynamic system excited by a stationary white 
noise n(t) with mean zero 

k(t) = Ax(t) + Bn(t) (1.4.21-4) 

its state is (in steady state - if the system is stable) a stationary Markov 
process with spectrum (power spectral density) 

S(w) = H(jw)QH(jw)* (1.4.21-5) 

In the above the asterisk denotes complex conjugate transpose and 

H(jw) = (jwI - A)-lB (1.4.21-6) 

is the transfer function matrix (from the input to the state) of the system 
(1.4.21-4) and the autocorrelation of the input (in general, a matrix) is 

R&l, ta) = E[n(h)n(t2)‘] = Qs(tl - t2) (1.4.21-7) 

The matrix Q is sometimes called (nonrigorously) the covariance of n(t); 
actually it is its power spectral density. 

Note that (1.4.2 1-5) is a rational spectrum - a ratio of polynomials. 
Conversely, one has the following result: 

Every Markov process with a rational spectrum can be represented 
as a linear time-invariant system excited by white noise. 

The models used in state estimation are Markov processes - linear or non- 
linear systems driven by white noise. These systems can be time-invariant or 
time-varying and the noise can be stationary or nonstationary. If a time-invariant 
system is driven by a stationary noise that is not white, but has a rational spec- 
trum, then it has to undergo prewhitening: It is the output of a subsystem 
driven by white noise. The transfer function of this subsystem is obtained by 
spectral factorization - decomposition of the output spectrum in the form 
(1.4.21-5). For more details on spectral factorization, see, e.g., [Poor88]. 

Prewhitening 

The prewhitening is illustrated in Figs. 1.4.21-l and 1.4.2 l-2. In Fig. 1.4.21-l 
the system S with state x(t) is driven by the autocorrelated noise (also 
called colored noise) n(t). Since n(t) is not white, x(t) is not a Markov 
process. 

Assume that n(t) can be represented as the output of a system & with white 
noise input v(t). With the state of the prewhitening system or shaping 
filter & denoted as x0(t), the augmented state of the composite system shown 
in Fig. 1.4.21-2, 

(1.4.21-8) 

is then a Markov process. 
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68 1 INTRODUCTION 

n(t) * s Z(t> 

Figure 1.4.21-l: A system driven by autocorrelated noise. 

Figure 1.4.21-2: The same system augmented to be driven by white noise. 

Example of Spectral Factorization 

Consider the random process z(t) with the spectrum 

1 Sm(w) = so ~ 
a2 + w2 

(1.4.21-9) 

This can be factorized as follows. Consider the random process x(t) with the 
spectrum 

sm(w> = --& so & (1.4.21-10) 

In the above, one can identify the causal transfer function 

Hw = -& I (1.4.21-11) 

as the transfer function of the system 
. 
x(t) = -ax(t) + n(t) (1.4.21-12) 

driven by the white noise n(t). 
If n(t) is zero-mean with spectrum So, then the above system is theprewhiten- 

ing system for the autocorrelated process x(t). 
Note that in the course of the factorization, the roles of H and its complex 

conjugate H* can be switched. It is, however, necessary to choose H such that 
it represents a stable and causal system. Namely, the impulse response, given 
by the inverse Fourier transform, denoted by ,T-‘, of the transfer function, i.e., 

F -1 1 

1 1 
=e 

-at 
a+jw l(t) (1.4.21-13) 

is causal. The impulse response corresponding to the other factor, namely, 

= eutl(-t) (1.4.21-14) 

is noncausal (cannot be implemented by a physical system) and thus cannot 
serve as H. 
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1.4 BRIEF REVIEW OF PROBABILITY THEORY 69 

1.4.22 Random Sequences, Markov Sequences and Markov Chains 

A random sequence, or a discrete-time stochastic process, is a time- 
indexed sequence of random variables 

x” = {x(j)>;=1 k = 1,2,. . . (1.4.22-l) 

Similarly to the continuous-time definition of the Markov property, a random 
sequence is Markov if 

P[x@> WI = P[4v lxWl WC > j (1.4.22-2) 

The (real-valued) zero-mean sequence 
white noise (a wh ite sequence) if 

v(j), j = 1, . ..$ is a discrete-time 

(1.4.22-4) 

is used and q(k) denotes its variance. If q(k) = 4, that is, the variance is 
time-invariant, then this is a stationary white sequence. 

The sequence with property (1.4.22-3) is actually only uncorrelated, or 
weakly independent - strong independence requires that (1.4.7-3) be satis- 
fied. However, in practice one does not have pdfs but only moments up to 
second order, and thus the usual assumption is the weak independence 
(uncorrelatedness) indicated in (1.4.22-3). 

The state z( /c) of a dynamic system excited by white noise U( k:) 

x(k + 1) = f[h x(rF), +)I (1.4.22-5) 

is a discrete-time Markov process or Markov sequence. In general, 
both z(k) and v( /c) are vector-valued. 

The state of a linear dynamic system excited by white Gaussian noise 

x(k + 1) = F(k)x(k) + v(k) (1.4.22-6) 

is a Gauss-Markov sequence. 
The reasons for this are as follows: Because of the linearity, z(k) is Gaussian 

(assuming the initial condition is Gaussian); and because of the whiteness of 
the driving (“process”) noise, it is Markov. 

A special case of (1.4.22-6), for a scalar x, is 

x(k + 1) = x(k) + v(k) (1.4.22-7) 

in whi ch case x becomes the in tegral (sum) of the wh 
and is called a discrete-time Wiener process. 

ite noise sequence terms, 
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Markov Chains 

A hlarkov chain is a special case of a Markov sequence, in which the state 
space is discrete and finite: 

x(k) E {Xi, i = 1,. . . ,7-L} (1.4.22-8) 

Its characterization is given in full by the transition (jump) probabilities 

f+w =xJx(k-l)=xi}%rij i,j=l,...,n (1.4.22-9) 

and the initial probabilities. 
Define the vector 

P(k) b [m(k), l l l 7 Pn(FC>1’ (1.4.22-10) 

where the components are the probabilities of the chain being in state i 

pi(k) A P{x(k) = xi} (1.4.22-l 1) 

This vector describes the pmf of the state of the chain. 
The evolution in time of (1.4.22-l 1) is then given by 

Pi@ + 1) = 5 qi&(Jc) i= l,...,n (1.4.22-12) 
j=l 

It can be easily shown that the above can be written in vector form with notation 
(1.4.22-10) as 

p(k + 1) = n’p(k) (1.4.22-l 3) 

where 
II = [Tij] (1.4.22-14) 

is the transition matrix of the Markov chain. 

1.4.23 The Law of Large Numbers and the Central Limit Theorem 

The Law of Large Numbers 

The law of large numbers (LLN) states loosely that the sum of a large 
number of random variables tends, under some fairly nonrestrictive conditions, 
to its expected value. One of the versions of the LLN is the following. 

Given a stationary sequence of random variables xi, i = 1, . . . , with means 

E[Xi] = X: (1.4.23-l) 

and covariances 
E[(Xi - iEi)(Xj - %j)] = 02p(i - j) (1.4.23-2) 
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1.4 BRIEF REVIEW OF PROBABILITY THEORY 71 

where the correlation coefficients are such that 

,zJn&+ - j> = 0 . . (1.4.23-3) 

that is, this sequence is asymptotically uncorrelated. 
If the correlation coefficients in (1.4.23-3) tend to zero “sufficiently fast” 

(e.g., exponential decay), then the sample average 

nln 
Yn = - Ix Xi 

7-3 i=l 
(1.4.23-4) 

converges, as n + 00, in the mean square sense to its expected value 

In other words, the variance of yn in (1.4.23-4) tends to zero as n increases. 
If the stronger condition of uncorrelatedness holds 9 then the convergence 

1 n 
j&=-pj=Ir: 

7-b i=l 
(1.4.23-5) 

of 
yn given by (1.4.23-4) to Yn given by (1.4.23-5) is quite obvious - it can be 
easily shown that in this case the mean square value of their difference is a2/n. 

The Central Limit Theorem 

The central limit theorem (CLT) states that if the sequence xi, i = 1, 
“‘9 consists of independent random variables, then under some reasonably mild 
conditions the pdf of the sum 

1 n 
(1.4.23-6) 

will tend to a Gaussian pdf as n -+ 00. 
If these random variables are independent and identically distrib- 

uted (i.i.d.) zero-mean and with variance g2, then the xn tends to N(O, a2). 
Since yn defined in (1.4.23-4) is a scaled version of xn, the central limit 

theorem holds for yn as well. Thus, if the random variables xi are i.i.d., then 
for large n, 

(1.4.23-7) 

where 
gn = x: (1.4.23-8) 

2 1 n 2 o2 
OYn = 2 -xa =- 

7-b i=l n 
(1.4.23-9) 

are the mean and variance of yn. 
The independence requirement can be weakened - there are versions of the 

central limit theorem that allow dependence, as long as the random variables 
become “asymptotically independent,” in a manner somewhat similar to the 
asymptotic uncorrelatedness property (1.4.23-3). 
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Note on the CLT 

The CLT has a very important role in characterizing many real-world sources 
of uncertainty: It is used as the justification/excuse to make the omnipresent 
Gaussian assumption. For example, the thermal noise in electronic devices, as 
the sum of many “small contributions,” is indeed close to Gaussian. 

1.5 BRIEF REVIEW OF STATISTICS 

1.5.1 Hypothesis Testing 

Consider the hypothesis testing problem between the following “simple” 
hypotheses - each is defined by a point (a certain value of a parameter). 

The null hypothesis is 

H() : 8 = e() (1.5.1-1) 

while the alternate hypothesis is 

H1: O=& (1.5.1-2) 

where 8 is a certain parameter whose value is equal to a certain value 80 (0,) 
under Ho (HI). 

The type 1 error probability is defined as 

P eI A P(“H1”I HO} A P{ accept HI 1 Ho true} (1.5.1-3) 

while the type 11 error probability is 

P erI A P{“HO”l H1} A P{accept Ho 1 HI true} (1.5.1-4) 

Hl 

In signal detection, if Ho stands for “signal equal to zero” (i.e., absent) and 
stands for “signal present,” then the type I error is a false alarm while the 

type II error is a miss. 
The power of the test is 

7-r A P{“Hl”I H1} = 1 - Pell (1.5.1-5) 

and it measures the test’s capability to discern HI when it is true - the de- 
tection probability. 

The decision as to which hypothesis to accept is made based on a set of 
observations, 2, whose pdfs conditioned on Ho and HI are known. 

According to the Neyman-Pearson Lemma, the optimal decision, in 
the sense of minimizing the probability of gpe 11 error (or maximizing the 
power of the test), subject to a given (maximum) probability of type I error is 
as follows. 
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1.5 BRIEF REVIEW OF STATISTICS 73 

The test, based on the likelihood ratio, is 

(1.5.1-6) 

that is, “accept H 1” if A exceeds the threshold ilo and “accept Ho” if A is below 
this threshold. The threshold A0 is such that 

P{qHl,Ho) > AOIHO} = P,I (1.5.1-7) 

The pdf of the observations, p( 21 Hj), is called the likelihood function 
of Hj. 

Example 

Consider the test between the hypotheses (1.5. l-l) and (1.5.1-2) with 80 = 0 
and 81 > 0, based on the single observation 

x N N(e, a2) (1.5.1-8) 

that is, we are testing whether the mean of x is zero or positive. 
The likelihood ratio is 

Instead 
rithm, i 
it. 

Pwu A(H1, Ho) = ~ = 
e WI’; -22 IzB1B: 

Pbwo) 
=e 2a 

of comparing (1.5.1-9) to a threshold, it 1s conveni ent to take its loga- 
.ncorporate the various constants into the th reshold, and then determine 

(1.5.1-9) 

Since 81 > 0, comparing (1.5.1-9) to a threshold is equivalent to 

“HI ” 
2 2 x0 (1.5.1-10) 

where X0 is the new threshold to be determined. 
In view of (1.5.1-8), the pdf of the observation under Ho is 

p(zlHo) = N(z; 0, a2) = $=- e-s 
T-r0 

(1.5.1-1 

The threshold X0 for false alarm probability PFA = Q follows from 

a 
PFA = P,, = P{x > XoIHo} = k; N(x; 0, a2)dz = a (1.5.1-1 

The tail mass or tail probability Q from (1.5.1-12) is shaded in Fig. 
1.5.1-1. 

Under Ho there is only a small probability cv that 2 falls in the shaded tail 
region of the likelihood function of H 0; if it does fall there, then it is deemed 
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Pwv PWd 

Figure 1.5.1-l: Test between two simple hypotheses. 

unlikely that Ho is true, and it is rejected. In this case it is said that the level 
of significance of Ho is low: Q or less. l2 The latter holds if x = x1 > X0 
because such an observation belongs to an even smaller tail mass. 

The type II error probability - the miss probability - of the test 
(1.5.1-10) is 

P eII A P{x < X(g-5~) = /ho Jv(z;01,~2)dZ (1.5.1-13) 
-0c 

This corresponds to the striped area of Fig. 1 .5.1- 1. 
The power of this test - the probability of detection - also denoted 

as PD is 

PD ’ T = P{z > XolH1) = ~:N(z; 81, a2)dx = 1 - PeIl (1.5.1-14) 

and, obviously, it depends on 01 - the farther it is from 0, the more powerful 
the test will be. 

Example 

For a = 5%, the threshold is obtained (see Subsection 1.5.4) based on the one- 
sided tail of the Gaussian pdf as X0 = 1.64~ Table 1.5. l-l shows the power 
of this test as a function of the separation between the two means (in units of 
0, the common standard deviation for both hypotheses). 

1.52 Confidence Regions and Significance 

Assume one desires to test the null hypothesis 

I&: e=o (1.5.2-1) 

12Equivalently, one can say that the confidence level for HI is high (1 - 0 or more). 
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Table 1.5.1-l: Power of the test between simple hypotheses as a function of their separation 
(threshold set for a = 5%). 

h/a 2 3 4 5 
Power r 0.641 0.913 0.991 0.9996 

versus the one-sided alternative hypothesis 

H; : 8>0 (1.5.2-2) 

based upon a set of observations 

2 = {Zi,i = 1,. . . ‘In} (1.5.2-3) 

where 
Zi = 0 + Wi (1.5.2-4) 

and the “noises” wi are independent and identically distributed: 

wi N n/(07 a2) (1.5.2-5) 

Note that Hi is a composite hypothesis - it is defined by more than one 
point (an interval in this case). 

The test is subject to 
P er =a (1.5.2-6) 

The likelihood ratio for hypothesis Hi versus Ho is 

qq, Ho) = PM@ 

P&w = 0) 

= & Cy=, [+(~i-~)2l = e& C5”=1(2~i@@) (1 5 2-7) . . 

The comparison of the above to a threshold is equivalent to comparing the 
sample mean of the observations to another threshold: 

Al” Z=-CXi 
‘IHi ” 

7-t i=l ,‘$ x1 0 ” 
(1.5.2-8) 

Equation (1.5.2-8) follows by taking the logarithm of (1.5.2-7) and lumping 
8 and 0 into the (yet undetermined) threshold; the division by n is done for the 
convenience of normalization - this yields x in the same range regardless of 
the number of samples n. 

For this problem x is the test statistic - the function of the observations 
used in the test. 

The threshold X1 is obtained by noting that 

p(zIHo) = N(z; 0, “1) 
n 

(1.5.2-9) 
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and putting the condition 

.{“Hi,‘IH()} = P{z > XllH()} = 1 - I ’̂ N(x; 0, qdE = a (1.5.2-10) 
--00 n 

If the one-sided alternate hypothesis (1.5.2-2) is replaced by the two-sided 
alternate hypothesis, denoted as HI, 

HI : O#O (1.5.2-11) 

then it can be shown that (1.5.2-8) is to be replaced by 

I I 
“HI ” 

x 
‘,$ 1, 

x 

The threshold X is obtained by putting the condition 

(1.5.2-12) 

P{“W’~fft~} = p(IzI > AlHo} = 1 - S_hhA&; 0, “2)di = a (1.5.2-13) 
n 

In other words, X is such that the acceptance region for Ho, which is the 
interval [-A, A], contains 1 - cx probability mass for the pdf (1.5.2-9). 

For a = 0.05, one obtains from tables of the normal distribution (see Sub- 
section 1.5.4) 

X = 1.96z 
d- 

(1.5.2-14) 
n 

The power of the test depends on the specific value of 8 under the alternate 
hypothesis HI. 

The sample mean x is also the maximum likelihood estimate (and the 
least squares estimate) of the unknown parameter 0, i.e., 

X = argmaxp(Zl0) = argmjr&q - 0)” 
0 i=l 

since p( Z 10) is the likelihood function of the parameter 8. 
Figure 1.5.2- 1 illustrates the acceptance region for Ho - 

(1.5.2-15) 

the two-sided 
95% probability region for x under hypothesis Ho - the interval [-A, A]. 
The shaded area 
probability mass 

.S represent the tails on 
s CY = 0.05; this is the 

the two 
region 

sides of p( q&J, whose total 
of rejection of HO (acceptance 

of HI). 
Since the difference between the sample mean x and the true mean 0 (what- 

ever its value) is 

z-H-N(o,c) (1.5.2-16) 
n 

one can say that the true mean lies within the interval [X - A, x + A] with 
“confidence” 1 - cx (since 8 is not a random variable, no probabilistic statement 
about it can be made). In view of this, such an interval is called the confidence 
region for 0. 
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Pcwo) 

I I 

-A 0 x 2 

Figure 1.5.2-l: The test between hypotheses Ho and HI. 

Another way of interpreting test (1.5.2-l 2) is the following: If the null 
hypothesis value 8 = 0 falls within the confidence region [Z - X, x + X], then Ho 
is accepted. This is equivalent to x falling within the acceptance region [ 4, X]. 

If the estimate 6 = z of 8 falls outside the interval [ 4, X], then it is said 
to be a significant estimate - hypothesis HI is accepted because Ho is 
insignificant. 

Note that while ,?? is the point estimate of 8, the confidence region around 
x can be seen as an interval estimate of the parameter 0. 

Figure 1.5.2-2 illustrates these concepts. 

z-x J=z 7+X & 
r I 1 

I I 

-A 0 x 

(a) (zr[-X,X] e 0~[Z+X,zfXl} + Ho: 8=0accepted 

z-x ($=z 2+X 
r 1 

I I I 

-A 0 x 

(b) (z f [-4 4 B 04 [z-XJ+X]} + HI: 0fOaccepted 

Figure 1.5.2-2: Parameter estimate. (a) 6 insignificant; (b) 6 significant. 

Thus the estimate of a parameter that might be zero is accepted as significant 
(at a “level” of 5% for the null hypothesis) if 

h 

PI 
-  > 1.96 (1.5.2-17) 
“6 

 D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/ by U

niversity O
f T

exas L
ibraries, W

iley O
nline L

ibrary on [16/03/2023]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense

Meta 1018 
p. 109



78 1 INTRODUCTION 

where the threshold has been determined under the normal assumption and 

0 

as= n -\r 
(1.5.2-18) 

the standard d .eviation of the estimate, 
Defining the estima tion error as 

or its standard error. 

8be-6 (1.5.2-19) 

one can see that 

Pm = N(& t&o;) = N@ - 8; o, CT;) 

= N(& o, 0;) A p(e) = N(& o, ,,z) (1.5.2-20) 

Therefore (1.5.2-B), which is the standard deviation of the estimate 
(about the true mean), ai, is the same as 08, the standard deviation of the 
estimation error (which is zero mean), that is, 

as = ag (1.5.2-21) 

The (statistical) significance of parameter estimates is used in choosing the 
order of models to describe system equations (e.g., for target motion). (See also 
problem l-2 .) 

Example 

A parameter 8 is estimated based on n measurements, each with an additive error 
with standard deviation 0 = 10. Assume the estimate obtained from n = 10 
measurements is 6 = 2. The significance statistic (at a level of 5%) is in this 

A h 

PI PI 2 ----- - = 0.63 << 1.96 
a6 a/&i - 10/j/m 

(1.5.2-22) 

i.e., based on these n = 10 measurements, this estimate is clearly not statistically 
significant - the true value of the parameter can be assumed as zero. The 
threshold above corresponds to 5% level of significance (5% probability that 
the estimate is “due to noise only,” or 95% confidence that it is nonzero). 

Assume next that the observations are repeated until one has n = 100 mea- 
surements and that the estimate is still 0 = 2. The significance statistic is 

i.e., based on these n = 100 measuremen 
cant, even though only marginally. 

h 

PI 2 
~ = 
OlJn lo/dim 

= 2 > 1.96 (1.5.2-23) 

ts, this estimate is statistically signifi- 
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Note that it is somewhat arbitrary to use a 5% level of significance level 
for the threshold for acceptance/rejection of the null hypothesis. A marginally 
significant parameter can become not significant if the above level is lowered. 
However, while there is some subjectivity in the selection of the level for the 

h 

test, this only affects marginal cases. For example, if 0 = 12, then this value 
would be accepted even from n = 10 measurements since the test statistic is 

h 
PI 12 ---- 38 

a/j/E - 10/a - l 

(1.5.2-24) 

i.e., large enough to exceed even the 1% level threshold, which is 3.38. 

1.5.3 Monte Carlo Runs and Comparison of Algorithms 

The performance of an estimation (or control) algorithm is usually quantified 
by the expected value of a “cost” function 

J = E[C] (1.5.3-1) 

If C is, for instance, the squared error in the estimation of a certain variable, 
then J is the corresponding mean square error. 

In many situations, the performance of an algorithm of interest cannot be 
evaluated analytically. l3 In such a case Monte Carlo simulations (runs) 
are made to obtain an estimate of J ‘from a sample average of independent 
realizations Ci, i = 1, . . . , N, of the cost C. The larger the number of such 
runs, the smaller is the variability (error) of the resulting estimate. Also, a larger 
number of runs increases the power of the hypothesis testing used in comparing 
different algorithms. 

The estimate of the performance from N independent runs is the sample 
average (or sample mean) of the N realizations of the cost 

- 1 N 
c ~ - - 

N i xc 
i=l 

with the associated standard deviation - the standard error 
I 

06 = 
\1 
$ &c2 - C)’ 

i=l 

(1.5.3-2) 

(1.5.3-3) 

The above follows from the fact that the variance of the sample mean C is 
the variance of C divided by N; since this variance is not known, it is replaced 
by the sample variance, which has another N in the denominator. This is the 
reason for having N2 in the denominator of ( 1.5.3-3). 

13Those who can do Those who cannot, simulate. Those who cannot simulate, supervise. 9 * 
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INTRODUCTION 

These can be used to obtain a confidence region for the performance assum- 
ing that its distribution is, in view of the central limit theorem, approximately 
normal. Since the pdf of (1.5.3-2) is in general skewed, confidence regions 
based on the normal assumption might not be accurate unless N is very large 
- possibly of the order of thousands. 

Algorithm Comparison as a Hypothesis Testing Problem 

When two algorithms are compared based on simulations, this can be formulated 
as a hypothesis testing problem as follows. 

Assume one has the sample mean of the performance (e.g., MSE, or some 
other cost to be minimized) for algorithm j from N independent runs 

(1.5.3-4) 

where Cj’) is the performance of algorithm j in run i and C,(‘) is independent 

of @, ‘dk # i. Each pair of runs i uses the same random variables for the 
two algorithms j = 1,2. As shown in problem l-3, it is beneficial to use the 
same random variables for both algorithms in the same run. 

Some Simple Comparison Techniques 

Assume that from the simulations one has 

c(1) < c(2) (1.5.3-5) 

This does not necessarily imply that algorithm 1 is better than algorithm 2. Any 
such statement must be qualified by a probability c\! of error of type I. 

Comparison technique #0, based on (1.5.3-5) without any statistical analysis 
of the individual run outcomes, is clearly naive. 

Comparison technique #1 - the simplest (but still simplistic) statistical 
approach - consists of the following: 

1. Calculate confidence regions around the two sample means (based on (1.5.3-2) 
and (1.5.3-3)). 

2. If they do not overlap, declare that the algorithm with the smaller sample 
mean is the superior one. 

The last step above implicitly assumes the two sample means to be uncorre- 
lated. Note that this is incorrect, since each pair of runs uses the same random 
numbers. 
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1.5 BRIEF REVIEW OF STATISTICS 81 

The Optimal Comparison Technique 

Since C,‘l’ is correlated with Cj2’ (because they use the same random variables), 
the optimal test, which will be based on independent samples, is as follows. 

The hypothesis testing problem is 

I& l A - Jc2) - j(l) < 0 - . - (algorithm 1 not better than 2) (1.5.3-6) 

versus 

Hl : A = Jc2) - j(l) > 0 (algorithm 1 better than 2) (1.5.3-7) 

subject to 

P{ accept HI 1 Ho true} = Q! (level of significance (of hypothesis Ho)) 
(1.5.3-8) 

where 
JO = E[C(.q j = 1,2 (1.5.3-9) 

are the true expected values of the cost functions (true performance). 
The decision whether HI (“1” better than “2”) should be accepted is made 

based upon the sample performance differences 

(1.5.3-10) 

Note that Ai is independent of A,, Vk $I i. 
Then, HI is accepted if 

I - I 

(1.5.3-11) 

where 

and 

mi (1.5.3-12) 

I I 

(1.5.3-13) 

are the sample mean of the differences ( 1.5.3- 10) and the standard error of this 
sample mean, respectively. 

Assuming the error in A to be normal, the threshold ~0 is based on the 
upper tail of the normal density: ~0 = 1.64 for cx = 5%, ~0 = 2.33 for CIY = l%, 
and so on (see Subsection 1.5.4). This follows from the fact that the test is for 
positive mean (HI) versus zero or negative mean and HI is accepted if and only 
if the sample mean (1.5.3-12) is positive and statistically significant (1.5.3-l 1); 
CI is the probability of accepting HI (positive mean) when the true mean is zero. 
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1 INTRODUCTION 

This procedure is summarized below: 

Remarks 

The optimal algorithm comparison is based on the significance test of the sample 
mean ofthe differences (the mean of the terms in the last column above) instead 
of the naive comparison of the performance estimates from the first two columns 
(technique #0) or using two confidence regions around these estimates (technique 
W . 

The applicability of the CLT is much more realistic on the average difference 
(1.5.3-12) than on the average outcomes (1.5.3-4) since the differences are much 
less skewed (and independent from run to run). 

The fact that the same random numbers are used for the two algorithms 
leads to a positive correlation between the two sample means, and the optimal 
test presented takes advantage of this. (See also problem l-3.) 

Section 11.5 presents a major example of the application of this optimal 
comparison technique. 

1.5.4 Tables of the Chi-Square and Gaussian Distributions 

Table 1.5.4-l presents the points x on the chi-square distribution for a given 
upper tail probability 

Q = P-IY > x> (1.5.4-1) 

where 
Y - xii (1.5.4-2) 

and n is the number of degrees of freedom. This tabulated function is also 
known as the complementary distribution. 

An alternative way of writing (1.5.4-l) is 

x(1- Q) 6 x:(1 - &) (1.5.4-3) 

which indicates that to the left of the point x the probability mass is 1 - Q. 
This is the lOO(1 - Q) percentile point. 

The 95% probability region for a xz variable can be taken as the one-sided 
probability region (cutting off the 5% upper tail) 

[o, &(0.95)] = [o, 5.991 (1.5.4-4) 
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or the two-sided probability region (cutting off both 2.5% tails) 

[&0.025), x$(0.975)] = [0.05,7.38] (1.5.4-5) 

For a &,O variable, the two-sided 95% probability region is 

[x;()&~w 7 x~~&o*wl = [74 1301 (1.5.4-6) 

Note the skewedness of the chi-square distribution: The above two-sided regions 
are not symmetric about the corresponding means (2 and 100, respectively, in 
the above two equations). 

For degrees of freedom above 100, the following approximation of the points 
on the chi-square distribution can be used: 

x:(1 -Q) = ; [G(l- Q) + d%=-2 (1.5.4-7) 

where g is defined in (1.5.4-l 1). For example, ~&0(0.025) = 346, x&0(O.975) = 
457. 

The last line of Table 1.5.4-l shows the points x on the standard (zero 
mean and unity variance) normal (Gaussian) distribution for the same tail 
probabilities. In this case 

Y - -WA 1) (1.5.4-8) 

and, with 
Q = P{y > x} (1.5.4-9) 

these points will be denoted 

x(1 - Q) A G(l- Q) (1.5.4-10) 

Thus, with this notation the 95% two-sided probability region for an 
N(o, 1) random variable is 

[G(O.O25), G(O.975)] = [-1.96,1.96] (1.5.4-11) 

In terms of the cumulative distribution function (cdf) of a standard Gaussian 
random variable 

pi7 (4 A P{y <x} 

= S_“,JqY; 0, 1) dY 

1 X 2 - - 
Jz J’ e-5 dy (1.5.4-12) 

7T -co 

one can write (1.5.4- 11) as 

PG(1.96) = 0.975 (1.5.4-13) 

PG(-1.96) = 0.025 (1.5.4-14) 

Note that PG defined in (1.5.4- 12) is the inverse function of 5! defined in 
(1.5.4-l 0), that is, G is the inverse cdf. 

The 95% one-sided probability region for a standard Gaussian random 
variable is given by its 95% point: 

(-00, G(O.95)] = (-00,1.64] (1.5.4-15) 
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Table 1.5.4-1: Tail probabilities of the chi-square and normal densities. 
n\Q 0.99 0.975 0.95 0.90 0.75 0.5 0.25 0.10 0.05 0.025 0.01 5E-3 lE-3 

1 2E-4 .OOl .003 .016 .102 .455 1.32 2.71 3.84 5.02 6.63 7.88 10.8 

2 .020 .05 1 .103 .211 .575 1.39 2.77 4.61 5.99 7.38 9.21 10.6 13.8 

3 .115 .216 .352 .584 1.21 2.37 4.11 6.25 7.81 9.35 11.3 12.8 16.3 

4 .297 .484 .711 1.06 1.92 3.36 5.39 7.78 9.49 11.1 13.3 14.9 18.5 

5 .554 .831 1.15 1.61 2.67 4.35 6.63 9.24 11.1 12.8 15.1 16.7 20.5 

6 .872 1.24 1.64 2.20 3.35 5.35 7.84 10.6 12.6 14.4 16.8 18.5 22.5 

7 1.24 1.69 2.17 2.83 4.25 6.35 9.04 12.0 14.1 16.1 18.5 20.3 24.3 

8 1.65 2.18 2.73 3.49 5.07 7.34 10.2 13.4 15.5 17.5 20.1 22.0 26.1 

9 2.09 2.70 3.33 4.17 5.90 8.34 11.4 14.7 17.0 19.0 21.7 23.6 27.9 

10 2.56 3.25 3.94 4.87 6.74 9.34 12.5 16.0 18.3 20.5 23.2 25.2 29.6 

11 3.05 3.82 4.57 5.58 7.58 10.3 13.7 17.3 19.7 22.0 24.7 26.8 31.3 

12 3.57 4.40 5.23 6.30 8.44 11.3 14.8 18.5 21.0 23.3 26.2 28.3 32.9 

13 4.11 5.01 5.90 7.04 9.30 12.3 16.0 19.8 22.4 24.7 27.7 29.8 34.5 

14 4.66 5.63 6.57 7.79 10.2 13.3 17.1 21.1 23.7 26.1 29.1 31.3 36.1 

15 5.23 6.26 7.26 8.55 11.0 14.3 18.2 22.3 25.0 27.5 30.6 32.8 37.7 

16 5.81 6.91 7.96 9.31 11.9 15.3 19.4 23.5 26.3 28.8 32.0 34.3 39.3 

17 6.41 7.56 8.67 10.1 12.8 16.3 20.5 24.8 27.6 30.2 33.4 35.7 40.8 

18 7.01 8.23 9.40 10.9 13.7 17.3 21.6 26.0 28.9 31.5 34.8 37.2 42.3 

19 7.63 8.91 10.1 11.7 14.6 18.3 22.7 27.2 30.1 32.9 36.2 38.6 43.8 

20 8.26 9.60 10.9 12.4 15.5 19.3 23.8 28.4 3 1.4 34.2 37.6 40.0 45.3 

25 11.5 13.1 14.6 16.5 19.9 24.3 29.3 34.4 37.7 40.6 44.3 46.9 52.6 

30 15.0 16.8 18.5 20.6 24.5 29.3 34.8 40.3 43.8 47.0 50.9 53.7 59.7 

40 22.2 24.4 26.5 29.1 33.7 39.3 45.6 51.8 55.8 59.3 63.7 66.8 73.4 

50 29.7 32.4 34.8 37.7 43.0 49.3 56.3 63.2 67.5 71.4 76.2 79.5 86.7 

60 37.5 40.5 43.2 46.5 52.3 59.3 67.0 74.4 79.1 83.3 88.4 92.0 99.6 

70 45.4 48.8 51.7 55.3 61.7 69.3 77.6 85.5 90.5 95.0 100 104 112 

80 53.5 57.2 60.4 64.2 71.1 79.3 88.1 96.6 102 107 112 116 125 

90 61.8 65.6 69.1 73.3 80.6 89.3 98.6 108 113 118 124 128 137 

100 70.1 74.2 77.9 82.4 90.1 99.3 109 118 124 130 136 140 149 

150 112 118 123 128 138 149 161 173 180 186 193 198 209 

200 157 163 168 175 186 199 213 226 234 241 249 255 268 

300 246 254 261 269 283 299 316 332 341 350 360 367 381 

400 337 346 355 364 381 399 419 437 448 457 469 478 495 

500 429 440 449 460 478 499 521 541 553 563 576 585 603 

800 710 724 735 749 773 799 827 852 867 880 896 907 929 

GO -2.33 -1.96 -1.64 -1.28 -.675 0 .675 1.28 1.64 1.96 2.33 2.58 3.09 
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1.6 NOTES AND PROBLEMS 85 

Some Distribution-free Probability Regions 

The Chebyshev inequality provides a distribution-free probability 
region. For a random variable x with mean p and variance g2, one has, for 
any 6 > 0, 

o2 
p(l, - PI > 4 < --$ - - (1.5.4-16) 

regardless of 
For a non 

the distribution of x. 
-negative random variable x (i.e., p(x) = 0 Vx < 0) with mean 

the Markov inequality states that, for any a! > 0, 

P{x > a} < k - - (1.5.4-17) 
a 

1.6 NOTES AND PROBLEMS 

1.6.1 Bibliographical Notes 

An excellent historical survey of the developments of estimation theory, starting from the least 
squares technique of Gauss and Legendre, the maximum likelihood technique of R. A. Fisher, 
the Wiener filtering for signals in noise, and the emergence of digital computer oriented recursive 
algorithms developed by Swerling, Kalman, Bucy, and others, can be found in [Sorenson85]. 

Other texts on the same topic as this one are [Meditch69, Sage7 1, Gelb74, Anderson79, 
Lewis86, Maybeck79, Maybeck82, Grewa193, Brown971. 

For background material, further references on linear algebra as well as linear systems 
are [Zadeh63, Fortmann77, Chen84]. The existing literature on this topic consists of tens of 
books, and most of them are equally good. A succinct summary of this material can be found 
in [Gelb74]. The probabilistic tools are covered in [ Papoulis841 and succinctly in [Gelb74]. 
Spectral factorization is discussed in [Poor88]. The statistical tools (hypothesis testing) can be 
found, for example, in [ Melsa78, Johnston721, among others. 

For the more specialized target tracking topics - in particular, tracking with uncertain origin 
observations and multitarget tracking - the reader is referred to [Blackman86, Bar-Shalom881. 
The texts [Bar-Shalom951 and [Blackman991 are the most recent compilations of algorithms in 
this area, with suitable explanations and design guidelines. 

1.6.2 Problems 

l-l Independence versus conditional independence. Consider x and y  independent Gaussian 
random variables with zero mean and unity variance. 

1. For an arbitrary new random variable does the following hold 

P(X, Yl4 = Pb-MP(Yl4 ? 

2. Let z = x + y  . Write the explicit expression of the pdf p( x, y  1 z) . Use the Dirac delta 
function if necessary. 
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INTRODUCTION 

l-2 Monte Carlo runs for low probability events. Given an experiment with binary 
outcome x:, assume your colleague did a theoretical calculation that indicates that 

P{x = 1) = fi = 1o-4 

However, you do not believe this colleague and plan to conduct N Monte-Carlo (i.i.d.) 
repetitions of the experiment. The outcomes are x~, i = 1, . . . , N. Estimate, using a 
(say, 95%) confidence region, the number N of experiments you have to carry out to 
confirm or refute your colleague’s theoretical calculation with, e.g., 10% tolerance. 

l-3 Monte Carlo runs for algorithm comparison. Two estimation algorithms are to be 
compared based on Monte Carlo runs. Assume their average performances (MSE) were 
obtained as 6 (l) = 5 and cc2) = 8 from N = 100 runs. 

1. Can one say that algorithm 1 is superior to algorithm 2? 

2. Assume the standard deviations associated with these sample means are 

q(3) = 
[ 

1 * l/2 - x [,j) - q2 N2 ix1 1 = 1 j=l,2 

Using the above information answer question 1. 

3. Denote the correlation coefficient between the outcomes of the runs with the two 

1-4 

Show that if p = 0.5 and the variances are as in item 2, the optimal 
yield a conclusive answer. 

Covariance of a mixture. Prove that an equivalent expression of 
means” term (1.4.16-9) in the covariance of a mixture is 

statistical test will 

the “spread of ’ the 

P = ~~pipj(li - Zj)(Zi - 3j)' 

i j<i 

where the summation is over all the pairs of indices without repetition. 

1-5 Dimension of a pdf. 

1. Find the physical dimension of the pdf of the random vector J: when x is 
a. The position of a point in an n-dimensional Euclidean space. 
b. The state of a constant (unknown) acceleration point moving along, say, the 
t-axis. 

2. Find the units of the pdf of a velocity measured in furlongs/fortnight. 
3. Can one compare the pdf of a random variable whose dimension is length to the 

joint pdf of two such random variables? 

1-6 Log-normal random variable. Given the random variable y  N A&L, a2), then x 4 eY 
is called a log-normal random variable. Find its mean and variance. 
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1.6 NOTES AND PROBLEMS 87 

1-7 Moments of linear transformation of random variables. Given the random variables 
x and y  of dimensions nrc and ny, with means z and y, respectively, and with covariances 

1. Find the mean and covariance of the n,-dimensional vector 

x=Az+By+c 

where A, and B are matrices of appropriate dimensions. 

2. Indicate the dimensions of A, B, and c. 

l-8 Chapman-Kolmogorov equation. Prove that the following equation 
Crete time) Markov process 

rolds for a (dis- 

l-9 Hypothesis testing with correlated noise. Consider the hypotheses 

Ho : 8 = 0 HI : 0 # 0 

and the observations 
Zi = 0 + Wi i- l,...,n 

with wi zero-mean jointly Gaussian but not independent. Denoting 

w = [WI *** w,]’ 

one has the covariance matrix (assumed given) 

For the above 

E[ww’] = P 

1. Specify the optimal hypothesis test for false alarm probability CL 

2. Solve explicitly for n = 2, P = 
1 0.5 [ 1 0.5 1 

and ct = 1%. 

l-10 Partial derivative with respect to a matrix. The partial derivative of a scalar q with 
respect to the matrix A = [aij] is defined as 

% A % -= - [ 1 dA daij 

Prove that 

1. For B symmetric, &tr[ABA’] = 2AB. 

2. For B not symmetric, &tr[AB] = B’. 

l-11 Fourth joint moment of Gaussian random variables. Show that, if the zero-mean 
scalar random variables xi9 i = 1, . . . , 4, are jointly Gaussian, then 

q-w2~3Q] = qw$q~3~4] + qw3]qw-h] + Jqwa]E[2*23] 

Hint: Use the characteristic tinction (1.4.15-3) and take a suitable fourth derivative of 
it. 
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88 1 INTRODUCTION 

l-12 Wiener process increments. 

1. Using (1.4.20-3) show that 

E [[dW(t)]2] = cl dt and dw(t) - n/(0, a dt) 

2. Using the above, show that the limit of y  tends to 00. Hint: Find the “order of 
magnitude” of dw(t) in terms of dt (a zero-mean random variable is of the order of its 
standard deviation). 

l-13 Conditional pdf of the sum of two Gaussian random va r 
(1.4.13-12) in the general case (1.4.13-6). 

1-14 Probability matrix. Find CyZ1 rij for (1.4.22-9). 

l-15 Laplacian pdf. Given the random variable x with Laplacian ( 
Pdf 

liables. Find the pdf 

two-sided exponential) 

p(x) = Ce-a’z’ a>0 -oo<x<oo 

1. Find the normalization constant c, the mean and the variance of x. 

2. Repeat the above if it is known that Ix] 5 b. 

l-16 Moments of a quadratic form with non-zero-mean random variables. Consider 
the random variables x and y  with means J: and y, respectively, and with covariances 
Pxx, pYu, Pxg. Evaluate E[x’Ap]. 

l-17 The law of perversity of inanimate objects. A buttered toast falls off a table. Ac- 
cording to the “law of perversity of inanimate objects,” the probability of it falling on 
the floor with the buttered side down is greater than that with the buttered side up. 

The motion (rotation and fall) of the toast can be modeled as follows. 

Starting with the buttered side facing up, it acquires a rotational motion with a random 
angular rate 4 - U[& , e,], assumed to stay constant until it hits the floor. The side 
which will hit the floor depends on the angle it rotated. 

1. Indicate the interval(s) of the rotation angle 0 for which the buttered side will hit the 
floor. 

2. Assuming 
acceleration g 

a 
= 

constant acceleration fall from the 
10 m/s2, find the time the toast has 

typical height of a table, h, with 
to rotate. 

3. Find the pdf of the angle 8 it rotated until it hit the floor. 

4. Give the expression of the probability that the buttered side will be facing down 
hitting the floor. 

5. Evaluate the above for h = 0.8 m, & = 2000/s, & = 3000/s. 

6. Reevaluate the above for the land of the Brobdingnagians, in which the size of people 
(and their furniture) is scaled up by a factor of 9 compared to the above. 
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Chapter 2 

BASIC CONCEPTS IN ESTIMATION 

2.1 INTRODUCTION 

2.1.1 Outline 

This chapter introduces some of the basic techniques of estimation that provide 
the foundation for state estimation and its applications like tracking, navigation, 
etc. 

The problem of parameter estimation is defined in Section 2.2, where the two 
most commonly used models for unknown parameters (nonrandom and random) 
are also described. Section 2.3 deals with the maximum likelihood (ML) and 
the maximum a posteriori (MAP) estimators. The least squares (LS) and the 
minimum mean square error (MMSE) estimators are presented in Section 2.4. 

The remaining sections deal with various “measures of quality” of estima- 
tors. Section 2.5 discusses unbiasedness and Section 2.6 discusses the variances 
of estimators. The consistency of estimators is discussed in Section 2.7, together 
with “information limit” results: the Cramer-Rao lower bound, the Fisher in- 
formation, and estimator efficiency. 

2.1.2 Basic Concepts - Summary of Objectives 

Distinguish between 

l Random parameters 
l Nonrandom parameters 

Define the following estimates 

l Maximum likelihood 
l Maximum a posteriori 
0 Least squares 

Estimation with Applications to Tracking and Navigation: Theory Algorithms and Software
Yaakov Bar-Shalom, X. Rong Li, Thiagalingam Kirubarajan

Copyright  2001 John Wiley & Sons, Inc.
ISBNs: 0-471-41655-X (Hardback) 0-471-22127-9 (Electronic)
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2 BASIC CONCEPTS IN ESTIMATION 

l Minimum mean square error 

Present “measures of quality” of estimators and “information limit” results 

l Unbiasedness 
0 Variance 
0 Consistency 
l The Cramer-Rao lower bound, Fisher information 
l Efficiency 

2.2 THE PROBLEM OF PARAMETER ESTIMATION 

2.2.1 Definitions 

The term parameter is used to designate a quantity (scalar or vector valued) 
that is assumed to be time invariant. If it does change with time, it can be 
designated (with a slight abuse of language) as a “time-varying parameter,” 
but its time variation must be “slow” compared to the state variables of a 
system. State estimation, which is for dynamic systems, is covered starting with 
Chapter 5. 

The problem of estimating a (time invariant) parameter x is the following. 
Given the measurements 

z(j) = h[j, x, w(j)] j = I,...$ (2.2.1-1) 

made in the presence of the disturbances (noises) w(j), find a function of the 
k observations 

where these observations are denoted compactly 

(2.2.1-2) 

(2.2.1-3) 

that estimates the value of x in some sense. 
The function (2.2.1-2) is called the estimator. The value of this function 

is the estimate. These terms, while not the same, will be used (sometimes) 
interchangeably. 

The estimation error corresponding to the estimate 2 is 

pyjj (2.2.1-4) 

An alternate notation instead of (2.2.1-2) that will be used when k is fixed (and, 
therefore, can be omitted) is 

qz> A Lt[k, z”] (2.2.1-5) 

where 2 is the set of observations. 
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2.2 THE PROBLEM OF PARAMETER ESTIMATION 91 

Remark 

Parameter estimation can be viewed as a static estimation problem, while 
state estimation can be viewed as a dynamic estimation problem. 

2.2.2 Models for Estimation of a Parameter 

There are two models one can use 
meter: 

in the estimation of a (time invariant) para- 

1. Nonrandom (“unknown constant”): There is an unknown true value ~0. This 
is also called the non-Bayesian or Fisher approach. 

2. Random: The parameter is a random variable with a prior (or a priori) 
Pdf PW - a realization (see Subsection 1.4.2) of x according to p(x) is 
assumed to have occurred; this value then stays constant during the mea- 
surement process. This is also called the Bayesian approach. 

The Bayesian Approach 

In the Bayesian approach, one starts with the prior pdf of the parameter 
from which one can obtain its posterior pdf (or a posteriori pdf) using 
Bayes ’ formula: 

t 

PCG) = 
p(zlx)p(x) = Ip(z, )p( 

P(Z) 
x x ) (2.2.2-l) 

C 

where c is the normalization constant, 
The posterior pdf can be used in several 

which does not depend on x. 
ways to estimate x. 

The Non-Bayesian (Likelihood Function) Approach 

In contrast to the above, in the non-Bayesian approach there is no prior 
pdf associated with the parameter and thus one cannot define a posterior pdf 
for it. 

In this case, one has the pdf of the measurements conditioned on the para- 
meter, called the likelihood function (LF) of the parameter 

Inz(Z)a (2.2.2-2) 

or 
A 

Ak(x) = P(z 
k 

ix> (2.2.2-3) 

as a measure of how “likely” a parameter value is given the obtained observa- 
tions. The likelihood function serves as a measure of the evidence from the 
data. 

The use of the LF (2.2.2-2) and a similar usage of the posterior pdf (2.2.2-l) 
are discussed in the next section. 
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92 2 BASIC CONCEPTS IN ESTIMATION 

2.3 MAXIMUM LIKELIHOOD AND MAXIMUM A POSTERIORI 
ESTIMATORS 

2.3.1 Definitions of ML and MAP Estimators 

Maximum Likelihood Estimator 

A common method of estimating nonrandom parameters is the maximum 
likelihood method that maximizes the likelihood function (2.2.2-2). This 
yields the maximum likelihood estimator (lW!A!3) 

Li”“(z) = arg rnpx AZ (2) = argmgxp(Z(z) (2.3.1-l) 

Note that, while x is an unknown constant, iML( Z), being a function of the 
set of random observations 2, is a random variable. 

The MLE is the solution of the likelihood equation 

dnz(x) dPw4 () ---- - - 
dx dx 

(2.3.1-2) 

Maximum A Posteriori Estimator 

The corresponding estimate for a random parameter is the maximum a poste- 
riori (MAP) estimator, which follows from the maximization of the posterior 
pdf (2.2.2-l): 

h MAP 
X (2) = argrngxp(xIZ) = w?&PVl~)P(~)l (2.3.1-3) 

The last equality above follows from the fact that, when using Bayes’ formula 
(2.2.2-l), the normalization constant is irrelevant for the maximization. 

The MAP estimate, which depends on the observations 2, and through them 
on the realization of x is, obviously, a random variable. 

2.3.2 MLE vs. MAP Estimator with Gaussian Prior 

Consider the single measurement 

x=x+w (2.3.2-l) 

of the unknown parameter x in the presence of the additive measurement noise 
w, assumed to be a normally (Gaussian) distributed random variable with mean 
zero and variance g2, that is, 

w - n/(0, (r2) (2.3.2-2) 
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2.3 MAXIMUM LIKELIHOOD AND MAXIMUM A POSTERIOR1 ESTIMATORS 93 

First assume that x: is an unknown constant (no prior information about it is 
available). The likelihood function of x (denoted here without a subscript, for 
simplicity) is 

A(x) = p(z1x) = N(z; x, a2) = -+ e-g 
n-0 

(2.3.2-3) 

Then 
AML 

X = argmcxh(x) = x (2.3.2-4) 

since the peak or mode of (2.3.2-3) occurs at x = x. 
Next assume that the prior information about the parameter is that x is 

Gaussian with mean x and variance 002, that is, 

p(x) = N(x; z, 0,“) (2.3.2-5) 

It is also assumed that x is independent of w. 
Then the posterior pdf of x conditioned on the observation x is 

PC+) = 
P(4X)PW - 

1 (z2;;12 b2;J2 
- 0 

P(X) 
-e 
c 

(2.3.2-6) 

where 
c = 27raa(jp(x) (2.3.2-7) 

is the normalization constant independent of x. This normalization constant, 
which guarantees that the pdf integrates to unity, is given explicitly next, after 
rearranging the exponent in (2.3.2-6). 

After rearranging the exponent in the above by completing the squares in 1x7, 
it can be easily shown in a manner similar to the one used in Subsection 1.4.14 
that the posterior pdf of x is 

P(X]Z) = N[x;+),of] = -$- e-9 
x01 

i.e., Gaussian, where 

(2.3.2-8) 

(2.3.2-9) 

and (the “parallel resistors formula”) 

g2 A a,202 
1 ~ a; + o2 

(2.3.2-10) 

The maximization of (2.3.2-8) with respect to x yields immediately 

A MAP 
x =x t( > (2.3.2-l 1) 
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94 2 BASIC CONCEPTS IN ESTIMATION 

that is, c(x) given by (2.3.2-9) is the maximum a posteriori estimator for the 
random parameter x with the prior pdf (2.3.2-5). 

Note that the MAP estimator (2.3.2-9) for this (purely Gaussian) problem is 
a weighted combination of 

1. Z, the MLE, which is the peak (or mode) of the likelihood function; 
2. 3, which is the peak of the prior pdf of the parameter to be estimated. 
Equation (2.3.2-9) can be rewritten as follows: 

* MAP 
X = (oi2 + a2)-1a;2z + (ai2 + o-2)-1cT-2z 

- - (qy2 + c2)-l [; + 31 (2.3.2-12) 

which indicates that the weightings of the prior mean and the measurement are 
inversely proportional to their variances. 

Similarly, (2.3.2-l 0) can be rewritten as follows: 
-2 

Ol = qy2 + 0-2 (2.3.2-13) 

which shows that the inverse variances (also called information - this will 
be discussed in more detail in Subsection 3.4.2) are additive. This additiv- 
ity property of information holds in general when the information sources are 
independent. (See also problem 2-8.) 

2.3.3 MAP Estimator with One-Sided Exponential Prior 

Consider the same problem 
sided exponential pdf 

as before except that the prior pdf of x is a one- 

P(X) = (;temax x>o - (2.3.3-l) 

This can model, for instance, the arrival time in a stochastic process where the 
number of arrivals is Poisson distributed. 

The ML estimate is the same as before in (2.3.2-4), that is, 
^ML 

X =x (2.3.3-2) 

The posterior pdf of x is now 

P(4-4 
(z-x> = +$eG-as _ x>o (2.3.3-3) 

Since the exponent is quadratic in x, the above posterior pdf is Gaussian 
but truncated due to the fact that x cannot be negative as modeled by the prior 
given in (2.3.3-l). 

In view of the fact that it cannot be negative, the maximizing argument of 
(2.3.3-3) is given by 

,-MAP _ x - max(z - 02a, 0) (2.3.3-4) 

Note that the MAP estimate (2.3.3-4) in this case will always be smaller 
than the MLE (2.3.3-2) as long as the latter is not negative because the prior 
(2.3.3-l) attaches higher probability to smaller values of x. 
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2.3 MAXIMUM LIKELIHOOD AND MAXIMUM A POSTERIOR1 ESTIMATORS 95 

2.3.4 MAP Estimator with Diffuse Prior 

While gML is based on a non-Bayesian approach and iMAP is based on the 
Bayesian approach, the latter will coincide with the former for a certain prior 
pdf, called a diffuse pdf 

This can be seen bv rewriting the denominator in Bayes’ formula 

with the total probability 

and assuming a diffuse 

P(XlZ) = 
P(zJX)PW 

PV> 
(2.3.4-l) 

theorem 

PW = SM P(~lX)P~X) dx -00 (2.3.4-2) 

uniform prior pdf for the parameter 

P(X) 
1 

=c for 1x1 < S (2.3.4-3) 

over a “sufficiently large” region of length l/c where 6 > 0 but small. Using 
(2.3.4-3) in (2.3.4-2) yields 

p(z) = c J-~P(zI+x = Egv) (2.3.4-4) 

where g does not depend on x. 
Then, inserting (2.3.4-4) into Bayes’ formula (2.3.4-l) yields 

(2.3.4-5) 

since E # 0. 
This diffuse pdf is also called improper pdf because as 6 + 0, it does not 

integrate to unity as a proper pdf does. Another name for it is noninfor- 
mative pdf because it carries no information about the parameter: uniform 
distribution over an infinite interval at the limit. 

A diffuse prior causes the posterior pdf of x to be proportional to its likeli- 
hood function and, thus, the MAP estimate to coincide with the MLE. 

Bayesian vs. Non-Bayesian Philosophies 

The non-Bayesian MLE is, in view of the above discussion, nothing but the 
Bayesian MAP estimate with complete prior ignorance, reflected by the difmse 
prior (2.3.4-3). This provides a philosophically unzjjing view of the Bayesian 
and non-Bayesian approaches to estimation. ’ 

‘Thus one can say that statisticians can be divided into two categories: Bayesians and closet Bayesians. This is 
a particular case of the following general taxonomy theorem: People can be divided into two categories. (Proof: 
The categories are those who believe that people can be divided into two categories and those who do not.) 
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96 2 BASIC CONCEPTS IN ESTIMATION 

Remark 

In spite of the fact that the diffuse prior (2.3.4-3) does not integrate to unity and 
has no moments (i.e., it is not a proper pdJ), the posterior pdf of 1x3 will be, in 
general, proper. 

Example 

Consider the problem of Subsection 2.3.2 where the prior (2.3.2-5) is made 
diffuse by making 00 --+ co. A Gaussian pdf with very large variance becomes 
flat and at the limit looks like a uniform pdf over the whole real line. 

When 00 + oo it can be seen from (2.3.2-9) that 

&&w = x (2.3.4-6) 

that is, gMAP coincides with iML. This occurs regardless of the value of 3, which 
becomes irrelevant when 00 --+ oo (i.e., this is a noninformative prior). Thus 
the non-Bayesian approach can be seen as a degenerate case of the Bayesian 
approach. 

The Philosophical Meaning of the Prior 

The prior pdf assumed in a problem is in many cases the subjective assessment 
of phenomena. The uniform prior assumes Nature as “indifferent.” In game 
theory, Nature is assumed to be opposed to our interests. While neither of 
these two extreme points of view is correct, it is useful to keep in mind the 
well-known principle of perversity of inanimate objects. 2 

2.3.5 The Sufficient Statistic and the Likelihood Equation 

If the likelihood function of a parameter can be decomposed as follows 

A(x) b P(qg = fi[9~~>Jlf2(~> (2.3.5-l) 

then it is clear that the maximum likelihood estimate of x depends only on the 
function g(Z), called the sufficient statistic, rather than on the entire data 
set 2. 

The sufficient statistic summarizes the information about x contained in the 
entire data. 
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2.3 MAXIMUM LIKELIHOOD AND MAXIMUM A POSTERIORI ESTIMATORS 97 

Example 

Consider the scalar measurements 

x(j) =x+w(j) j = l,...,k (2.3.5-2) 

If the noise components w(j), j = 1, . . . , k, are independent and identically 
distributed zero-mean Gaussian random variables with variance g2, that is, 

w(j) - Jw, a2> (2.3.5-3) 

then 

4j> - N(x, a2> (2.3.5-4) 

and, conditioned on x, the observations z(j) are mutually independent. 
Thus, the likelihood function of x in terms of 

2” A {z(j),j = 1,. . .) k} (2.3.5-5) 

is then 

Adz) A p(Zklx) A p[z(l), . . .) z(/qx] 
k 

= I-J N[z(j); x, 02] = ,,-&~,k&(.+-212 (2.3.5-6) 
j=l 

The likelihood function (2.3.5-6) can be rewritten into the product of two 
functions as in (2.3.5-l) as follows: 

f2( 2) & c(z-& I$l 4d2 (2.3.5-8) 

fl [g(z), x] A f&k”[x-22l (2.3.5-9) 

(2.3.5-10) 

Thus, according to the definition (2.3.5-l), ,?? is the sufficient statistic for esti- 
mating x. 
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98 2 BASIC CONCEPTS IN ESTIMATION 

The Likelihood Equation 

To maximize the likelihood function (2.3.5-7), one sets its derivative with respect 
to x to zero. Since j’z is independent of x, the likelihood equation is 

dill, (2) ~ - - 
dx 

0 < > dfi[9(% Xl - - 
dx 

0 (2.3.5-l 1) 

Since the logarithm is a monotonic transformation, equivalently one can use 
the derivative of the log-likelihood function 

dlnllr,(x) dln,fl[g(Z),x] k - - -- - - 
dx dx 2a2 2( x - 

x> = 0 (2.3.5-12) 

which yields 
AML X =jj (2.3.5-13) 

The concept of sufficient statistic carries over to the MAP procedure in a 
completely analogous manner. 

2.4 LEAST SQUARES AND MINIMUM MEAN SQUARE ERROR 
ESTIMATION 

2.4.1 Definitions of LS and MMSE Estimators 

The LS Estimator 

Another common estimation procedure for nonrandom parameters is the least 
squares (LS) method. Given the (scalar and nonlinear) measurements 

4j> = h(j, x> + w(j) j=l k ‘)“‘T (2.4.1-1) 

the least squares estimator (LSE) of x is, with notation (2.2.1-2), 

gLS(k) = ar~$n{~&(j) - h(j, x)12} 1 (2.4.1-2) 

This is the nonlinear LS problem - if the function h is linear in x, then 
one has the linear LS problem. The linear LS problem is considered in 
more detail for the vector case in Section 3.4. 

The criterion in (2.4.1-2) makes no assumptions about the “measurement 
errors” or “noises” w(j). If these are independent and identically distributed 
zero-mean Gaussian random variables, that is, 

w(j) - N(o, a2> (2.4.1-3) 
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2.4 LEAST SQUARES AND MINIMUM MEAN SQUARE ERROR ESTIMATION 99 

then the LSE (2.4.1-2) coincides with the MLE under these assumptions. In 
this case, 

z(j) - .A@(j, x), a2] j = 1, . . . , k (2.4.1-4) 

The likelihood function of x is then 

A/k cx) A p(z”Jz) 4 p[x(l), . . . , z(k)lx] 

= = ce-$ C,“=I [~(.WG,lL.N2 (2.4.1-5) 

and the minimization (2.4.1-2) is equivalent to the maximization of (2.4.1-5); 
that is, the LS method is a “disguised” ML approach. 

The MMSE Estimator 

For random parameters, the counterpart of the above is the minimum mean 
square error (MMSE) estimator 

h MMSE 
X (4 = argminE[(? - x)~IZ] 

2 
(2.4.1-6) 

The solution to (2.4.1-6) is the conditional mean of x 

kMMSE(z) = ~[xlz] A ~~xp(xlz) dx (2.4.1-7) 

where the expectation is with respect to the conditional pdf (2.2.2-l). 
The above follows by setting the derivative of (2.4.1-6) with respect to 2 to 

zero: 
d 

-E[(? - x>“lZ] = h dx 
E[2(? - x)12] = 2(? - E[xIZ]) = 0 (2.4.1-8) 

For vector random variables, (2.4.1-7) is obtained similarly by setting the 
gradient of the mean of the squared norm of the error to zero, that is 

&E[(? - x)‘(i - x)12] = 2(it - E[xIZ]) = 0 (2.4.1-9) 

from which (2.4.1-7) follows immediately. 

Remarks 

1. With x being an unknown constant (nonrandom) and the noises in (2.4. l-l) 
modeled as random (not necessarily Gaussian), the LSE is a random variable. 

2. The MMSE estimate (2.4.1-7) is a random variable that depends on the 
observations 2 and, through them, on (the realization of) x. Also, for a 
given 2, x is a random variable with a conditional pdf (2.2.2-l). 

3. The MMSE estimation problem (2.4.1-6) is a particular case of Bayesian 
estimation where the expected value of a (positive definite) cost function 

CC is x) is to be minimized. The MMSE cost function is a quadratic. The 
widespread use of the quadratic criterion is due primarily to the (relative) 
ease of obtaining the solution. (See also problem 2-3.) 
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2 BASIC CONCEPTS IN ESTIMATION 

2.4.2 Some LS Estimators 

LS Estimator from a Single Measurement 

For the problem of a single measurement of the unknown parameter x, 

x=x+w (2.4.2-l) 

the least squares criterion leads to 

X ALs = argmin[(z - x)~] = x (2.4.2-2) 

which is the same result as gML if w is zero-mean Gaussian. This is due to 
the fact that maximizing the likelihood function, which is a Gaussian pdf, is 
equivalent to minimizing the square 

. . 
in its exponent. 

LS Estimator from Several Measurements 

Assume now that /C measurements are made 

4d = x + w(j) j=l k 7 . . . 7 (2.4.2-3) 

where w(j) are independent, identically distributed, normal, zero mean, and 
with common variance g2. 

The likelihood function is, as in (2.4.1-5), 

(2.4.2-4) 

As 
that th 

before, 
.ey are gi 

the ML and LS estimates coincide and it can be easily 
ven by the following expression: 

(2.4.2-5) 

This estimate is known as the sample mean or sample average, since it 
estimates the unknown mean x of the /C random variables from (2.4.2-3). 

2.4.3 MMSE vs. MAP Estimator in Gaussian Noise 

In the single measurement example with a prior pdf on the parameter to be 
estimated, discussed in Subsection 2.3.2, the posterior pdf of x was obtained in 
(2.3.2-8) as 

(2.4.3-l) 

It is apparent by inspection that the mean of this Gaussian pdf is C(Z), which 
is also the mode (peak) of this pdf. 
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2.5 UNBIASED ESTIMATORS 101 

Thus 
h MMSE 

X = E[xIz] = t(x) = LtMAP (2.4.3-2) 

i.e., the MMSE estimator (the conditional mean) coincides with the MAP esti- 
mator. 

This is due to the fact that the mean and the mode of a Gaussian pdf, which 
is symmetric and unimodal, coincide. 

Note that, in view of (2.4.3-2), equation (2.4.3-l) can be also written as 

p(xIz) = N(x; ikMMSE, a;) = n/(x; itMAP, a;) (2.4.3-3) 

2.5 UNBIASED ESTIMATORS 

2.51 Definition 

Non-Bayesian Case 

For a nonrandom parameter, an estimator is said to be unbiased if 

E[?(k, z”)] = x0 (2.5.1-1) 

where x0 is the true value of the parameter. The expectation in (2.5. l-l) is over 
the estimate, which is a random variable since it is a function of the measure- 
ments (2.2.1-3), and is taken with respect to the conditional pdf p( Z”lx = x0). 

Bayesian Case 

If x is a random variable with a prior pdf p(x), then the unbiasedness property 
is written as 

E[Li(k, P)] = E[x] (2.5.1-2) 

where 
Pdf PC 

the 
2’” 7 

expectation on the left-hand side above is with respect to 
x) and the one on the right-hand s lide is with respect to p(x 

the joint 
> . 

General Definition 

The above unbiasedness requirements can be unified by requiring that the es- 
timation error 

-A 
x=x--? (2.5.1-3) 

be zero mean, that is, 
(E[Z] = 01 (2.5.1-4) 

Equation (2.5.1-4) covers both cases, with the expectation being taken over 2’” 
in the first case and over 2’” and x in the second case. 

An estimator is unbiased if (2.5.1-4) holds for all /? and is asymptotically 
unbiased if it holds in the limit as i? -+ 00. 
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102 2 BASIC CONCEPTS IN ESTIMATION 

2.5.2 Unbiasedness of an ML and a MAP Estimator 

Consider the ML estimator (2.3.2-4) of the parameter x with true value x0 

AML 
X =x (2.5.2-l) 

from the single measurement 
z=x+w (2.5.2-2) 

Its mean is 

E[iiML] = E[z] = E[x() + w] = x0 + E[w] = x(-j (2.5.2-3) 

since the mean of the Gaussian random variable w is zero. 
For the MAP estimate (2.3.2-l 1) of x modeled as a Gaussian random variable 

with prior mean 2, prior variance 02, and independent of w, 

(2.5.2-4) 

EL A MAP 
X I = w41 = -& + g-+ 

0 0 

o2 - - -SC+ 
a; + o2 

&-$ + E(w)] = x: = E[x] (2.5.2-5) 
0 

Thus, both of these estimates are unbiased. 

2.5.3 Bias in the ML Estimation of Two Parameters 

Consider the problem of estimating the unknown mean x of a set of k measure- 
ments as in (2.4.2-3), with the additional parameter to be estimated being the 
variance g2, now also assumed to be unknown. 

The likelihood function for the unknown parameters x and 0 is 

Ak(x, a> = 

To maximize the above, one writes the likelihood eq u&ion by setting to 
zero the derivatives of A or, more conveniently, of In A, wi th respect to x and o 

8hAk ~ = -$ f-[z(j) - x] = 0 
dX j=l 

c,“=, b(j) -d2 (2 5 . . 3-l) 

dlr& k ~ = -- + $$[z(j) - xl2 = 0 
da 

(2.5.3-3) 
(T 

(2.5.3-2) 
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2.5 UNBIASED ESTIMATORS 103 

The Solution of the Likelihood Equation 

The first equation yields ?ML as before in (2.4.2~5), that is, the sample mean - 
in this problem the estimate of x is not affected at all by the fact that g is also 
unknown. Substituting this into the second equation yields 

dlnAk k 
~ - - 

da 
-k + $ E[x(j) - LiML12 = 0 

0 j=l 
(2.5.3-4) 

The resulting estimate, known as the sample variance based on /C obser- 
vations, is 

[6”“(k)12 = i ‘& [z(j) - gML12 = ; 5 [z(j) - ; ‘& +)I2 (2.5.3-5) 
j=l i=l i=l 

The Means of the Sample Mean and Sample Variance 

Denote the true values of the parameters by x0 and 00. The expected value of 
the sample mean is 

(2.5.3-6) 

that is, the sample mean estimator (2.4.2-5) is unbiased. 
The expected value of the sample variance (2.5.3-5) is 

= &(k - 1)” + k - l]a,2 

k-l 2 - - -O0 k 
(2.5.3-7) 

Thus the sample variance (2.5.3-5) is biased, even though it becomes unbi- 
ased as k + 00, i.e., it is asymptoticaZEy unbiased. In order to be unbiased, the 
denominator in (2.5.3-5) should be k - 1 rather than k: 

[6(k)12 = -& $ [z(j) - i 5 +)I2 - 
j=l i=l 

(2.5.3-8) 

Expression (2.5.3-8) is the more common sample variance used. However, for 
reasonably large k this is not going to make a significant difference. (See also 
problem 2-4.) 
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2 BASIC CONCEPTS IN ESTIMATION 

2.6 THE VARIANCE AND MSE OF AN ESTIMATOR 

2.6.1 Definitions of Estimator Variances 

Non-Bayesian Case 

For a non-Bayesian estimator, 2(Z), (LS or ML) the variance of the esti- 
mator is 

var[i(Z)] A E [{k(Z) - E[i(Z)]}2] (2.6.1-1) 

where the averaging is over the observation set 2. 
If this estimator is ulzbiased, that is, 

E[iqZ)] = x0 (2.6.1-2) 

where x0 is the true value, then 

var[?(Z)] = E[[k(Z) - 20]~] (2.6.1-3) 

If this estimator is biased, then (2.6.1-3) is its mean square error @WE)3 

MSE[?(Z)] = E[[?(Z) - x~]~] (2.6.1-4) 

Bayesian Case 

For a Bayesian estimator, the unconditional MSE is4 

MSE[?(Z)] 4 E[[!@‘) - xl21 (2.6.1-5) 

where the averaging is with respect to the joint pdf of the observations 2 and the 
random parameter x. The above can be rewritten, using the smoothing property 
of expectations (see Subsection 1.4.12), as follows: 

MSE[?(Z)] = E [E{[+Z) - x]~]Z’}] = E[MSE[?(Z)]Z]] (2.6.1-6) 

where the last expression inside the braces is the conditional MSE, i.e., for 
a given realization (or value) of the observations 2. 

For the MMSE estimator, the conditional MSE is 

- W~)l”l~ I EN itMMSE(Z) - x]“lZ] = E[[z 
- - var(x 

that is, the conditional variance of x given 
in (2.6.1-7) are with respect to ~$xlZ). 

Averaging over 2 yields 

2. Note that 

(2.6.1-7) 

the expectations 

E[var(x]Z)] = E[[x - E(xlZ)]“] (2.6.1-g) 

which is the unconditional MSE (2.6.1-5) of the estimate gMMSE. This is the 
“average squared error over all the possible observations.” 

3 Mean square is a personality type from the official list compiled by psycho-statisticians. 
4The variance, , since it would be about the mean E[x] (if unbiased), has no real meaning. 
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2.6 THE VARIANCE AND MSE OF AN ESTIMATOR 105 

General Definition 

With the definition of the estimation error 

-A 
x=x-? (2.6.1-9) 

one can say in a unified manner that the expected value of the square of the 
estimation error is the estimator’s variance or MSE: 

E [Z”] 
if 2 is unbiased and x is nonrandom 
in all cases 

(2.6.1-10) 

where the expectations are to be taken according to the discussion above. 
The square root of the variance (or MSE) of an estimator 

02 A &i(F) (2.6.1-11) 

is its standard error, also called the standard deviation associated 
with the estimator or the standard deviation of the estimation 
error. 

The standard error provides a measure of the accuracy of the estimator: 
assuming the estimation error to be Gaussian, the difference between the estimate 
and the true value will be up to 2 standard errors with 95% probability. 

2.6.2 Comparison of Variances of an ML and a MAP Estimator 

The “qualities” of the ML and MAP estimators discussed in Subsection 2.3.2 
(from a single observation), as measured by their variances, will be compared 
next. 

For the MLE given by (2.3.2-4) one has 

var(kML) = E[(gML - xO)~] = E[(z - xO)~] A g2 (2.6.2-l) 

For the MAP estimate given by (2.3.2-l l), which has a Gaussian prior in 
this case, one has5 

var(kMAP) = E[(gMAP - x)~] o2 - - E -n:+ 
a; + o2 

g-&x + w) - x 
0 

[[ 

o2 2 2 

=E ~ 
0; + o2 

( x- x) + ~ O” w 
a; -I- o2 11 

02a2 - - * < o2 = var(gML) 
0 

(2.6.2-2) 

5With abuse of notation because this is really the MSE; such abuses of notation are very common in the literature. 

 D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/ by U

niversity O
f T

exas L
ibraries, W

iley O
nline L

ibrary on [16/03/2023]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense

Meta 1018 
p. 137



106 2 BASIC CONCEPTS IN ESTIMATION 

Thus it can be seen that the variance of the MAP estimator (given by the 
“parallel resistors formula”) is smaller than that of the MLE - this is due to 
the availability of prior information. 

Note that in (2.6.2-l) the averaging is only over x (or, equivalently, w) while 
in (2.6.2-2) the averaging is over w and x, which is assumed random. (See also 
problem 2- 1.) 

2.6.3 The Variances of the Sample Mean and Sample Variance 

The variance of the sample mean (2.4.2-5) - the square of its standard 
error - is obtained as 

E [[gML(k) - xo12] = E 
I[ 

o2 
; ‘&z(j) - xo,i’} = k 

j=l 
(2.6.3-l) 

which, as k + 00, converges to zero; that is, this estimator is consistent (the 
definition is given in the next subsection). 

The variance of the sample variance (2.5.3-5) is computed next. For 
simplicity, it is assumed that the mean is zero and known. The estimator of the 
variance in this case is 

($7 = ’ Ic i c 4j>” (2.6.3-2) 
j=l 

and it can be easily shown that it is unbiased. 
The variance of this estimator is, with the true value denoted by o-~, 

E [[(6ML)2 - ,,,,I = E 
I 

i &’ ,~(j)~ - 0212} 
j=l 

- - $ 5 5 E[~(j)“w(i)~] - 20~;~‘~ E[w(~)~] + o4 
j=l i=l 

= $[k(k - l)a4 + k3a4] - ;ko4 + o4 = q (2.6.3-3) 

which also converges to zero as k + 00. 
The following relationship has been used in (2.6.3-3) 

e4~)2w21 = { ;;4 
ifi#j 
ifi=j 

(2.6.3-4) 

The fourth moment of w  is needed here and, assuming it to be Gaussian, 
use was made of (1.4.15-7). 

The standard error of the sample variance from k samples is there- 
fore, from (2.6.3-3), given by 

9ML)2 = g2 
Jl 

2k (2.6.3-5) 

In the above the notation, at has been used to denote the standard error of 
the estimate t. 

 D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/ by U

niversity O
f T

exas L
ibraries, W

iley O
nline L

ibrary on [16/03/2023]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense

Meta 1018 
p. 138



2.6 THE VARIANCE AND MSE OF AN ESTIMATOR 107 

Application - The Number of Samples Needed to Estimate a Variance 
with a Given Accuracy 

Based on this result, the number of samples needed to obtain the sample variance 
within 10% of the true value with probability of 95% can be obtained as follows. 

Assuming for convenience that the sample variance is normally distributed 6 
about its mean (equal to the true variance) with standard error as above, one 
has the 95% confidence region 

P I(&““>” 
{ 

- 0~1 5 1.96rr2d@} = 0.95 (2.6.3-6) 

The requirement of at most 10% error in the variance estimate, that is, 

I@?““)” - CT21 - - 
o2 

o 1 
. (2.6.3-7) 

leads to setting 

which yields 

1.96&i = 0.1 

k = 800 

(2.6.3-8) 

(2.6.3-9) 

The resulting very large number of samples necessary for the required accuracy 
justifies the use of the CLT in (2.6.3-6). (See also problem l-2.) 

2.6.4 Estimation of the Probability of an Event 

The estimation of the probability of an event can be done as follows. 
If in N independent identical experiments an event occurs No times, then one 
can use the following estimate of the probability p of this event: 

NO 

li=N 
(2.6.4-l) 

It can be easily seen that the above is an unbiased estimate since 

Efi No NP 

=EN=N=p (2.6.4-2) 

Now, since No is a Bernoulli random variable (the sum of N i.i.d. binary 
random variables), its distribution is given exactly by the binomial distribution. 
However, one can gain more insight into this by assuming N large enough, in 
which case one can use, in view of the CLT, the Gaussian approximation of the 
pdf of 6. ICBES that 

PC1 - P> var[@] = N (2.6.4-3) 

‘In view of the CLT, see Subsection 1.4.23. 
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2 BASIC CONCEPTS IN ESTIMATION 

Thus, using the 95% (20) confidence region, one can say that 

(2.6.4-4) 

Since we do not know p, one can use fi instead of p in the expression of the 
variance above. 

As an example, if N = 1000 and 6 = 0.1, the standard deviation of the 
estimate is Jo1 l 0.9/1000 = 0.01. Therefore, the above confidence region 
becomes [0.08, 0.121. 

Such techniques are commonly used in public opinion polls, but in a more 
conservative way: The worst case of p = 0.5 is assumed for the variance. For 
N = 1000 the standard deviation of the estimate is then Jo.5-o.5/looo = 0.016 
with the confidence region being [j? - 0.03, fi + 0.031. This is how to interpret 
the results from a poll, which state a margin of error of &3%. 

2.7 CONSISTENCY AND EFFICIENCY OF ESTIMATORS 

2.7.1 Consistency 

An estimator of a nonrandomparameter is said to be a consistent estimator 
if the estimate (which is a random variable) converges to the true value in some 
stochastic sense. 7 Using the convergence in mean square criterion, then 

ii% E [ [?(k, Z”> - xo12] = O + 
(2.7.1-1) 

is the condition for consistency in the mean square sense. The expec- 
tation is taken over Z’“, as in (2.5.1-1). 

For a random parameter, convergence of its estimator in the mean square 
sense requires 

jiz E [[ii@, 2’) - xl21 = 0 (2.7.1-2) 
-3 

where the expectation is over 2 and x, as in (2.5.1-2). 
Similarly to the unbiasedness case, consistency can be 

requirement that the estimation error converge to zero, that is 
expressed as the 

lim Z(k, 2’) = 0 
k-m 

(2.7.1-3) 

in some stochastic (e.g., mean square) sense. 

7Another definition of consistency is “the last refuge of the unimaginative” (Oscar Wilde). 
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Remark 

2.7 CONSISTENCY AND EFFICIENCY OF ESTIMATORS 109 

The consistency defined above is an asymptotic property; that is, it is defined 
for the case when the sample size k tends to infinity and the object of estimation 
is a fixed parameter. Later, in the context of state estimation, where the object 
of estimation is an evolving state, there will be another definition of consistency 
as a finite sample size property. 

2.7.2 The Cramer-Rao Lower Bound and the Fisher Information Matrix 

According to the Cramer-Rao lower bound (CRLB), the mean square 
error corresponding to the estimator of a parameter cannot be smaller than a 
certain quantity related to the likelihood function. 

Scalar Case 

In the estimation of a scalar nonrandom parameter x: with an unbiased estimator 
e(Z), the variance is bounded from below as follows: 

E [[2(z) - xo]2] 2 J-l (2.7.2-l) 

where 

is the Fisher information, R(x) = p(ZJx t) is the likelihood function (2.2.2-2) 
denoted for simplicity without subscript, and x0 is the true value of the unknown 
constant x. 

For a scalar random parameter x estimated by an unbiased estimator i(Z), 
the variance is bounded from below by a similar expression, namely, 

E [[2(Z) - xl”] 2 J-l (2.7.2-3) 

where 

J 4 -E [a21n;d,,.,] = E{ [a1n$:Tx)]2) (2.7.2-4) 

The expectations in (2.7.2-2) and (2.7.2-4) are taken as in (2.7. l-l) and (2.7.1-2), 
respectively. 

Note that the Fisher information has two forms in (2.7.2-2) as well as in 
(2.7.2-4). The proof of (2.7.2-l) and the equivalence of the two forms in 
(2.7.2-2) - one with first partial derivatives and the other with second partials 
- is given later. 

If an estimator’s variance is equal to the CRLB, then such an estimator is 
called efficient. 
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110 2 BASIC CONCEPTS IN ESTIMATION 

Multidimensional Case 

For nonrandom vector parameters, the CRLB states that the covariance matrix 
of an unbiased estimator is bounded from below as follows: 

E[[i(Z) - x()][?(Z) - x()1’] > J-l (2.7.2-5) 

where the Fisher information matrix (FIM) is 

J 4 -E[V,V~ In A(x)] Iz=zo = E[[V, In R(s)] [Vx In A(x)]‘] Iz=zo (2.7.2-6) 

and ~0 is the true value of the vector parameter x. 
As in the scalar case, note the two forms of the FIM: one with the Hessian 

of the log-likelihood function and the other with the dyad of its gradient. 
The matrix inequality in (2.7.2-5) is to be interpreted as follows: 

A>B < > &A-B>0 - - (2.7.2-7) 

that is, the difference C of the two matrices is positive semidefinite. 
A similar expression holds for the case of a multidimensional random para- 

meter. 

Remarks 

The FIM can be seen as a quantification of the (maximum) existing infor- 
mation in the data about a parameter. Efficiency amounts to the extracted 
information being equal to the existing one, i.e., all the information has been 
extracted. 

A necessary condition for an estimator to be consistent in the mean square 
sense is that there must be an increasing amount of information (in the sense of 
Fisher) about the parameter in the measurements - the Fisher information has 
to tend to infinity as k --+ 00. Then the CRLB converges to zero as k -+ oo 
and thus the variance can also converge to zero. 

Note 

For estimators that are biased, there is a modified version of the CRLB (e.g., 
[Van Trees681). 

2.7.3 Proof of the Cramer-Rao Lower Bound 

Let g(z) be an unbiased estimate of the nonrandom real-valued parameter x 
based on the observation (or set of observations) denoted now as x. The likeli- 
hood function of x is 

04 = 13(4x) (2.7.3-l) 
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2.7 CONSISTENCY AND EFFICIENCY OF ESTIMATORS 111. 

It will be assumed that the first and second derivatives of (2.7.3-l) with respect 
to x exist and are absolutely integrable. 

From the unbiasedness condition on the estimate i(z), one has (the true 
value is denoted now also as x) 

d?@(x) - x] = lW [ii(z) - x]p(xlz> dz = 0 -00 (2.7.3-2) 

The derivative of the above with respect to x is 

$ LlLW - 4PL44 & = s-“, ;{ w> - 4P(zl~)} & 

= - s_mMp(zlx) dx + /ypz) - x]F dz 
- - 0 (2.7.3-3) 

Using the fact that the first integral in the last line above is equal to unity and 
the identity 

~P(44 ~ - 
ax - 

d 1r-I P(4x~p(zlx) 
dX 

(2.7.3-4) 

yields from (2.7.3-3) 

s_mm[P(z) - x]aln;;ix)p(z~x) dz = 1 (2.7.3-5) 

Equation (2.7.3-5) can be rewritten as 

(2.7.3-6) 

The Schwarz inequality for real-valued functions, 
version of (1.3.4-2), is 

Kfi, f2)I A s_“, flHf2M & 5 llhll 
where 

llfill ii { (fi, fi)p2 = { 1-1 fi(z>2 dx 

The equality in (2.7.3-7) holds if and only if 

h(x) = cf2(4 tJx 

which is a generalized 

If II 2 (2.7.3-7) 

112 , (2.7.3-S) 

(2.7.3-9) 

Note that the left-hand side of (2.7.3-6) is an inner product of two functions 
as in (2.7.3-7). Using (2.7.3-7) to majorize the left-hand side of (2.7.3-6) yields 

d lnp(zJz) 

dX 1 
2 

1 

112 

P(f+) dx 2 1 

- (2.7.3-10) 
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112 2 BASIC CONCEPTS IN ESTIMATION 

which can be rewritten as 

E{[iqz) - x12} > 
1 

E 

with equality holding if and only if 

8 ln d&d / 

(2.7.3-l 1) 

-1, I 

ax 
= c(x)[Lqx) - x] Yz (2.7.3-12) 

Equation (2.7.3-l 1) is equivalent to (2.7.2-l), which completes the proof of 
the CRLB for a nonrandom scalar parameter. In view of (2.7.3-2), which holds 
at the true value of the parameter, all the partial derivatives are to be evaluated 
at the true value of the parameter, which is indicated explicitly only in (2.7.2-2). 

Equivalence of the Two Forms of the Fisher Information 

To prove the equivalence of the two forms of the Fisher information in (2.7.2-2), 
consider the identity 

/“‘p(zlx) dz = 1 (2.7.3-13) 

Taking the derivative of the above with respect to x yields 

J x ‘dzix) dz = 0 
817: 

(2.7.3-14) -cm 

Using identity (2.7.3-4), the above can be rewritten as 

J 00 dlnp(ZJZ) 

dX 
p(xIx) dz = 0 

--x (2.7.3- 15) 

Taking now the derivative of (2.7.3-15) with respect to x leads to 

J cx: d2 lnp(zlx) 
-2Q 8X2 

p(+zix) dx + J-1 aln;F’x) [ 1 
2 

p(z12> dx = 0 (2.7.3-l 6) 

which proves the equivalence of the expression of the Fisher information with 
the second partial derivative of the log-likelihood function with the one that has 
the square of the first partial derivative, as in (2.7.2-2). 

2.7.4 An Example of Efficient Estimator 

Consider the likelihood function (2.4.2-4) for the estimation of the mean x from 
a set of k independent and identically distributed measurements with Gaussian 
noises. 
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2.7 CONSISTENCY AND EFFICIENCY OF ESTIMATORS 113 

The Fisher information in this case is the scalar quantity 

(2.7.4- 1) 

Thus 

E [[?ML(k) - xo12] 2 J-l = x (2.7.4-2) 

Comparing the above to (2.6.3-l), it is seen that the CRLB is met; that is, the 
ML estimator (which, in this case, is the sample mean) is efficient. This is 
because condition (2.7.3-12) is satisfied. 

Since the variance (2.7.4-2) converges to zero as k -+ 00, this estimator is 
also consistent. (See also problem 2-2.) 

Evaluation of the CRLB 

In the simple case considered above, the expression of J is independent of x. 
In general this is not true and there is need to evaluate J at the true value of x. 

If the true value of the parameter is not available, then the evaluation of 
the CRLB, which amounts to a linearization, is done at the estimate. Caution 
has to be exercised in this case, since the unavoidable estimation errors can lead 
to a possibly incorrect value of the resulting Fisher information J, which, in 
general, is a matrix. 

2.7.5 Large Sample Properties of the ML Estimator 

The following are the large-sample properties of the ML estimator: 

1. It is asymptotically unbiased. 
2. It is asymptotically efficient. 

Thus, if there is “enough information” in the measurements, in which case the 
CRLB will tend to zero, the variance of the ML estimate will also converge to 
zero. Therefore, the ML estimate will converge to the true value - it will be 
consistent. 

Another property of the ML estimator is the following: 

3. It is asymptotically Gaussian. 

Combining all the above, the ML estimate is asymptotically Gaussian with 
the mean equal to the true value of the parameter to be estimated and variance 
given by the CRLB. 

This can be summarized for a vector parameter as 

itML(k) - N(x, J-‘) for large k (2.7.5-l) 
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114 2 BASIC CONCEPTS IN ESTIMATION 

where J is the Fisher information matrix. 
Comparing the (non-Bayesian) MLE (2.7.5-l) with the (Bayesian) MMSE 

estimate, the conditional mean 

h MMSE 
X = E[xIx] (2.7.5-2) 

points out the contrast between these two philosophies: 

1. In (2.7.5-l), given x, the estimate ?ML 
2. In (2.7.5-2), given x, the true value x 

is a 
is a 

random variable, 
random variable. 

function of x; 

2.8 SUMMARY 

2.8.1 Summary of Estimators 

Estimator of a parameter - a function of the measurements that yields 
a “best approximation” for the value of a parameter. 

Estimate of a parameter - the value taken by the estimator for the 
given values (realizations) of the measurements. 

Models for the parameter to be estimated: 

1. 
2 . 

Uizk7zown 
Random: 
prior pdf. 

constant (nonrandom). 
a (single) realization of a random variable according to a certain 

Model 2 yields the Bayesian approach, whereas model 1 leads to what is 
called the non-Bayesian approach. 

Likelihood function of a (nonrandom) parameter - pdf of the measure- 
ments conditioned on the parameter. 

Bayed formula - given a prior pdf of a (random) parameter, this formula 
yields its posterior pdf conditioned on the measurements. 

ML estimate (of a nonrandom parameter) - the value of the parameter 
that maximizes its likelihood function. 

MAP estimate (of a random parameter) - the value of the parameter 
that maximizes its posterior pdf. 

The MAP estimate of a parameter with a diffuse (noninformative) prior pdf 
coincides with its MLE. 

LS estimate (of a nonrandom parameter) - minimizes the sum of the 
squares of the errors between the measurements and the observed function of 
the parameter. 

MA&SE estimate (of a random parameter) - minimizes the expected value 
(mean) of the square of the parameter estimation error conditioned on the mea- 
surements. This estimate is the conditional mean of the parameter given the 
measurements. 

 D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/ by U

niversity O
f T

exas L
ibraries, W

iley O
nline L

ibrary on [16/03/2023]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense

Meta 1018 
p. 146



2.9 NOTES AND PROBLEMS 115 

If in a given set of measurements the errors are additive, zero mean, Gaussian, 
and independent, then the LS estimate coincides with the ML estimate. 

The A42P estimate of a Gaussian random variable coincides with its MMUZ 
estimate (conditional mean). 

2.8.2 Summary of Estimator Properties 

Unbiased estimator - if the mean of the corresponding error is zero. 
Variance/MSE of an estimator - the expected value of the square 

of the estimation error of an unbiased/biased estimator. The variance of the 
estimator of a parameter modeled as random (with some prior) is smaller than 
when it is modeled as an unknown constant. 

Consistent estimator - if the corresponding error converges to zero in 
some stochastic sense (most common: in mean square). 

CRLB - lower bound on the achievable variance in the estimation of a 
parameter. For an unbiased estimator, it is given by the inverse of the Fisher 
information matrix (FIM). 

FIM - quantifies the existing total information about the parameter of 
interest in the observations. 

Efficient estimator - if its variance meets the CRLB, that is, if all the 
existing information has been extracted. 

On the Terminology 

In (most of) the literature there is little or no distinction between the terms LS 
and MMSE estimation. The MMSE estimation is sometimes called LS, which is 
incorrect according to our definition, or least mean square (LMS), which 
is a valid alternate designation. Another term used is minimum variance 

Pw= 

2.9 NOTES AND PROBLEMS 

2.9.1 Bibliographical Notes 

The basic concepts in estimation are discussed, for example, in [Van Trees68, Sage7 1, Melsa781. 
The proof of the CRLB for vector-valued parameters can be found in [Van Trees681 and 
[Ljung87, p. 2061. 

Another model of uncertainty in parameter estimation is the “unknown but bounded” ap- 
proach discussed in [ Schweppe731. 
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116 2 BASIC CONCEPTS IN ESTIMATION 

2.9.2 Problems 

2-l Estimators for a discrete-valued parameter. A discrete-valued parameter with the 
prior pdf 

p(x) = CpJ(x - i) 
i=l 

is measured with the additive noise w - N(O, a2) 

z=x+w 

1. Find the posterior pdf of the parameter. 

2. Find its MAP estimate and the associated MSE conditioned on Z. 

3. Find its MMSE estimate and the associated variance. 

4. Evaluate these estimates and MSE for 

Case pl 0 z 
A 0.5 1 1.5 
B 0.5 1 3 
C 0.3 1 1.5 
D 0.5 0.1 1.8 

5. Comment on the meaningfulness of the two estimates in the above four cases. 

2-2 ML Estimation with correlated noises. A parameter x is measured with correlated 
rather than independent additive Gaussian noises 

i?k = J: + wk k= I,...+ 

with 

i 

1 k=j 
E[Wk] = 0 E[WkWj] = p (k-j1 = 1 

0 Ik-jl > 1 

For n = 2: 

1. Write the likelihood function of the parameter x. 

2. Find the MLE of x. What happens if p = l? What happens if p = -I? 

3. Find the CRLB for the estimation of x. Show the effect of p > 0 versus p < 0. 
Explain what happens at p = - 1. 

4. Is the MLE efficient? Can one have a perfect (zero-variance) estimate? 

(The remaining items are more challenging.) For general n, let 

z A [Zl * ’ * z,]’ 1 A [l f * * 11’ w A [WI * ’ * w,]’ P fi E[WW’] 

5. Using the above notations, write the likelihood function of x. 

6. Find the MLE of x. 
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2.9 NOTES AND PROBLEMS 117 

2-3 Estimation criteria that lead to the conditional mean. Show that, in estimating a 
random vector x with the following criteria 

1. minE[(x - ?)‘A( i x - 2) ]z], ‘v’A > 0 (positive definite) 

2. min tr[P] 
52 

with P k E[(x - 2)(x - ?)‘],z] 

3. mintr[AP] with A and P as above 
i 

all yield the same result !? k E[z ] x] . 

2-4 Estimate of the variance with the smallest RISE. Consider the problem of estimating 
the mean and the variance of a set of independent and identically distributed Gaussian 
random variables z(j), j = 1, . . , , I?, as in Subsection 2.5.3, with the true mean ~0 and 
true variance 0;. 

1. Show that the value of rz in 

[q/k,n)]2 = 1 Ic c[c) n j=l 
z j - ; $+)I2 

i=l 

that minimizes the MSE of the above (defined according to (2.6.1-4) with respect to 0,“) 
is n = k+ 1. 

2. Can a biased estimator have a smaller MSE than an unbiased one? 

2-5 MAP estimate with two-sided exponential (Laplacian) prior pdf. Consider the same 
problem as in Subsection 2.3.2 but with a two-sided exponential prior 

p(x) = ; e-alx’ 

1. Write the posterior pdf of X. 

2. Find gMAP. 

2-6 Two-sided exponential prior made diffuse. 

1. Specify the limiting process that will make the prior from problem 2-5 into a diffuse 
one. 

2. Show that the resulting MAP estimate coincides with the MLE. 

2-7 Minimum magnitude error estimate. Given p(z, z), show that the Bayesian estimation 
that minimizes the expected value of the cost function 

C(x - 2) A Ix - li-1 

yields 2 = x~, the median of x, defined as 

J 
XV1 

--oo Pm4 dJ: = ; 
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118 2 BASIC CONCEPTS IN ESTIMATION 

2-8 MAP with Gaussian prior - vector version. Given z = x + w, where all the variables 
are n-vectors, with 

w - N(o, P) x N N(z, P,) 

and x independent of w. Find the MAP estimator of x in terms of z and the covariance 
of this estimator. 

2-9 Conditional variance versus unconditional variance. Let 

Prove that 

var(x) A E[(x - Z)2] 

var(x]z) 4 E[(x - x)“]~] 

var(x) 2 E[var(x]z)] 

2-10 MMSE with exponential prior. Given the prior pdf of x as p(x) = e+, x 2 0 and 
the observation 2 = x + w where w N N(O, 1) and independent of x, find the following: 

1. P(44 

2. PM4 
3. E[xlz] 

4. var[x] x] 

2-11 Altitude estimation from slant range. A sensor is located at (0,O). It is desired to 
estimate the height (altitude) y of a point (an aircraft) located at (d, y), where d (the 
horizontal range) is known, based on the “slant range” measurement z = r + w where 
r = h(y) = dw and w N n/(0,0”). 

1. Write the likelihood function of y. 

2. Find the CRLB for estimating y. 

3. Evaluate the standard deviation of the estimate according to the CRLB for d = 105, 

0 = 102, and assumed true value y = 103. How useful would such an estimate be? 

4. Find the expression of the MLE of y in terms of z and d. 

2-12 Superefficiency ? A scalar parameter is estimated in N Monte Carlo runs. The CRLB 
for this problem is o&LB = 10. The sample variance obtained from N = 100 runs 
is e2=7.81 1. Your best friend is concerned and tells you that you must have made a 
mistake somewhere. What is your answer to this ? Give a quantitative justification for 
it - you can make any reasonable assumptions. 

2-13 NILE from correlated measurements. Given the three estimates of the scalar x 

,& A gi = J: + & i = 1,2,3 

with the estimation errors xi jointly Gaussian, zero-mean, with 

i,j = 1,2,3 

 D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/ by U

niversity O
f T

exas L
ibraries, W

iley O
nline L

ibrary on [16/03/2023]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense

Meta 1018 
p. 150



2.9 NOTES AND PROBLEMS 119 

fmd 

1. The MLE ?(zl, ~2, ~3) 

2. The variance g2 of the above MLE 

2-14 Measurement error variance. We have a measuring device for which we are to ascer- 
tain that its measurement error variance is less than the borderline acceptable value of 
100. You can assume that the errors are zero-mean. 

We carry out N independent trials and the result is that the estimate of the variance is 
e2 = 80 . 

For what N are you willing to risk your job by saying that there is a 5% (or 
probability to get such an estimate while the true value is o2 = 100 (or higher)? 

Hint: You 
and use a 

can assume a Gaussian distribution for the error 
probability region about the borderline value. 

in the estimate of the variance 

less) 

2-15 Estimation with correlated measurements. Given the scalar random variables xi, 
i= I,..., N + 1, with Ezi = p and cov[x,, zj] = ~~pl~-ji, where ]p < 1. 

1. Find the mean and variance of the following estimate of p 

You can assume N > 1. 

2. Is this a consistent estimator? Justify the answer. 

3. To how 
equivalent 

many i.i.d. random variables with the same first 
(i.e., they yield the same variance) for p = 0.5? 

tW0 moments are the 

2-16 Public opinion polls. 

1. Find the margin of error of a public opinion poll with N = 625 subjects. 

2. How many subjects are needed for a margin of error of I%? 
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Chapter 11 

ADAPTIVE ESTIMATION AND 
MANEUVERING TARGETS 

11.1 INTRODUCTION 

11.1.1 Adaptive Estimation - Outline 

In the models considered previously, the only uncertainties consisted of additive 
white noises (process and measurement) with known statistical properties. In 
other words, the system model, consisting of the state transition matrix, the 
input gain (and input, if any), the measurement matrix, and noise covariances, 
were all assumed to be known. In the’ case of “colored” noise with known 
autocorrelation, it has been shown that it can be reduced to the standard situation 
in Chapter 8. 

In many practical situations the above listed “parameters of the problem” are 
partially unknown and possibly time-varying. There are numerous techniques 
of system identification (e.g., [Ljung87]) that deal with the identification 
(estimation) of the structural parameters of a system. 

The purpose of this chapter is to present state estimation techniques that can 
“adapt” themselves to certain types of uncertainties beyond those treated earlier 
- adaptive estimation algorithms. 

One type of uncertainty to be considered is the case of unknown inputs 
into the system, which typifies maneuvering targets. The other type will be a 
combination of system parameter uncertainties with unknown inputs where the 
system parameters (are assumed to) take values in a discrete set. 

Maneuvering targets are characterized by an equation of the same form as 
(4.3.1-9), namely, 

x(k + 1) = F(k)x(k) + G(k)u(k) + v(k) (11.1.1-1) 

but the input u(k), which enters the 
v(k), is unknown. 

system in addition to the process noise 

421 

Estimation with Applications to Tracking and Navigation: Theory Algorithms and Software
Yaakov Bar-Shalom, X. Rong Li, Thiagalingam Kirubarajan

Copyright  2001 John Wiley & Sons, Inc.
ISBNs: 0-471-41655-X (Hardback) 0-471-22127-9 (Electronic)
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422 11 ADAPTIVE ESTIMATION AND MANEUVERING TARGETS 

For simplicity, linear models are considered - in the case of nonlinear 
models the same techniques that are discussed in the sequel can be used with 
linearization. 

The approaches that can be used in such a situation fall into two broad 
categories: 

1. The unknown input (the maneuver command) is modeled as a random 
process. 

2. The unknown input is estimated in real time. 

The random process type models can be classified according to the statistical 
properties of the process modeling the maneuver as 

l White noise or 
l Autocorrelated noise 

Note that this unknown input as a random process approach amounts 
to treating the unknown input as (an additional) process noise, and, possibly, 
requiring augmentation of the system’s state. 

The use of fixed-level white noise to model maneuvers has been discussed 
in the context of kinematic models. However, maneuvers, by their nature, are 
of different magnitudes at different times. One way to accommodate this is 
by adjusting the level of the process noise. One option is a continuous 
noise level adjustment technique, discussed in Section 11.2. Alternatively, 
several discrete levels of noise can be assumed in the filter, with a noise level 
switching according to a certain rule, also discussed in Section 11.2. 

The use of autocorrelated (colored) noise to model maneuvers has been pre- 
sented in Section 8.2 - the approach is to “prewhiten” the noise and augment 
the state with the prewhitening subsystem. The noise level adjustment tech- 
niques can be used with the augmented system, which is driven by white noise. 

All these methods relying on modeling maneuvers as random processes are 
approximations because maneuvers are, in general, not stochastic processes. 
Nevertheless, such approaches are simple and can be quite effective. 

The second type of approach, input estimation, is implemented assuming 
the input to be constant over a certain period of time. The estimation can be 
done based on the least squares criterion, and the result can be used in the 
following ways: 

l The state estimate is corrected with the estimated input, or 
l The state is augmented and the input becomes an extra state component that 

is reestimated sequentially within the augmented state. 

The input estimation with state estimate correction technique is presented 
in Section 11.3. The technique of estimating the input and, when “statistically 
significant,” augmenting the state with it (which leads to variable state di- 
mension), is the topic of Section 11.4. These two algorithms and the noise 
level switching technique of Section 11.2 are compared in Section 11 S. 
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I I. 1 INTRODUCTION 423 

The so-called multiple model &UW] algorithms are the topic of Section 
11.6. These algorithms assume that the system behaves according to one of a 
finite number of models - it is in one of several modes (operating regimes). 
The models can differ in noise levels or their structure - different state di- 
mensions and unknown inputs can be accommodated as well. Such systems are 
called hybrid systems - they have both discrete (structure/parameters) and 
continuous uncertainties (additive noises). 

First the static MM algorithm - static from the point of view of the assumed 
evolution of the models, i.e., for fixed (nonswitching) models - is considered. 
Then the optimal dynamic algorithm - for switching models, according to a 
Markov chain - is presented. Since the optimal dynamic algorithm is not 
practical for implementation, two suboptimal approaches, one called general- 
ized pseudo-Bayesian (GPB) and the other the interacting multiple 
model @&UWJ, are also presented. 

The design of an IMM estimator for air traffic control (ATC) is dis- 
cussed in detail. Guidelines are also developed for when an adaptive estimator 
is really needed, i.e., when a (single model based) Kalman filter is not adequate. 

The use of the extended Kalman filter for state and system parameter esti- 
mation is briefly presented in Section 11.9. 

11.1.2 Adaptive Estimation - Summary of Objectives 

Show modeling of maneuvers as 

l A random process (white or autocorrelated process noise) 

n continuously variable level; 
n several discrete levels with switching between them. 

l A fixed input, estimated as an unknown constant, with 

H state estimate compensation; 
n variable state dimension. 

Compare some of these algorithms. 
Illustrate the optimal method of comparison of algorithms. 
Multiple-model (hybrid system) approach: 

Several models are used in parallel with a probabilistic weighting: 

l Static - for fixed (nonswitching) models 
l Dynamic - for switching models 

w  Optimal 
n GPBl 
n GPB2 
n IMM 
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424 11 ADAPTIVE ESTIMATION AND MANEUVERING TARGETS 

Present the design of an IMM estimator for air traffic control. 
Answer the question: When is an adaptive estimator really needed? 
Show the use of the EKF for state and system parameter estimation. 

11.2 ADJUSTABLE LEVEL PROCESS NOISE 

11.2.1 Continuous Noise Level Adjustment 

In this continuous noise level adjustment approach, the target is tracked 
with a filter in which a certain low level of process noise is assumed. The level 
of the noise is determined by its variance (or covariance matrix). 

A maneuver manifests itself as a “large” innovation. A simple detection 
procedure for such an occurrence is based on the normalized innovation 
squared 

cy(k) = v(k)‘S(k)%(k) (11.2.1-1) 

A threshold is set up such that based on the target model (for the nonma- 
neuvering situation) 

P{%(k) < %72,,} = 1 - P (11.2.1-2) 

with, say, tail probability p = 0.01. 
If the threshold is exceeded, then the process noise variance Q( k - 1) is 

scaled up until cV is reduced to the threshold emaX. 
Using a scaling factor $(k) ( i.e., a fudge factor), the covariance of the 

innovations becomes 

S(k) = H(k)[F(k - l)P(k - lik - l)F(k - l)‘+ qb(k)Q(k - l)]H(k)‘+ R(k) 
(11.2.1-3) 

In place of the single-time test statistic (11.2. l-l) one can also use a time 
average over a “sliding window.” This is illustrated in the next subsection. 

A similar technique can be used to lower the process noise level after the 
maneuver. 

11.2.2 Process Noise with Several Discrete Levels 

Another approach is to assume two or more levels of process noise and use a 
rule for noise level switching. 

Under normal conditions the filter is operating with the low level noise Ql. 
The normalized innovation squared 

c,,(k) = v(k)‘S(k)-b(k) (11.2.2-1) 

is monitored; and if it exceeds a certain threshold, the filter switches to a 
prechosen higher level of process noise, Q2. 
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11.2 ADJUSTABLE LEVEL PROCESS NOISE 425 

Under the linear-Gaussian assumptions, the pdf of cV is chi-square distributed 
with n,, the dimension of the measurement, degrees of freedom: 

2 
h - Xn, (11.2.2-2) 

The switching threshold is chosen based on (11.2.2-2) such that the proba- 
bility of being exceeded under normal conditions is small. 

The decision statistic (11.2.2-l), which is based on a single sampling time, 
can be replaced by a moving average (or moving sum) of the normalized 
innovations sauared over a slidinrr window of s sampling times 

The above is chi-square distributed with sn, degrees of freedom 

2 
E”y - Xsn z 

(11.2.2-3) 

(11.2.2-4) 

since (11.2.2-3) is the sum of s independent terms with distribution (11.2.2-2). 
Alternatively, a fading memory average (also called exponentially 

discounted average) 

e Ck) = m;(k - 1) + Ey(k) (11.2.2-5) 

where 
O<cl:‘<l (11.2.2-6) 

and with initial condition c:(O) = 0, can be used. 
The expected value of (11.2.2-5) in steady state is 

mxIC)1 = & (11.2.2-7) 

The effective window length of (11.2.2-5) can be considered as the sum 
of the weights multiplying EE( k), k = 1,2, . . ., i.e., 

SC3 =1+a+a2+...=~ - (11.2.2-S) 

For example, for CI = 0.8 one has sa = 5. 
Based on (11.2.2-7), one can assume, as a first approximation (matching the 

first moment only), that cE( k) is chi-square distributed with number of degrees 
of freedom given by (11.2.2-7). 

Using the first and second moment-matching approximation described in 
Subsection 1.4.18, one obtains 

6; - 
1 

--X2,, 
l+a 

(11.2.2-9) 
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426 11 ADAPTIVE ESTIMATION AND MANEUVERING TARGETS 

where the number of degrees of freedom is 

l+a . 
ncu = n,- 

1-a 
(11.2.2-10) 

For example, for ar = 0.8 one obtains na = 18. Using the first approximation 
for the same a with n, = 2 leads to 10 degrees of freedom. In other words, 
the moment-matching approximation (with the first two moments) indicates a 
(relatively) narrower pdf. The “width” of a chi-square pdf can be taken as the 
ratio of its standard deviation to its mean. For &, this is (see Subsection 1.4.17) 
a/n, which decreases as n increases. 

Estimator Operation 

Thus, the filter switches from the lower process noise covariance &I to the higher 
Q2 if the average (11.2.2-3) or (11.2.2-5) exceeds an upcrossing threshold, 
determined based on (11.2.2-4) or (11.2.2-9), respectively, with a small tail 
probability. 

After the filter starts running with the higher-level process noise the inno- 
vations are monitored again to see whether there is reason to switch back. 

The change to the model with lower-level process noise is done when the 
normalized innovation, or a certain average of it, falls below another threshold 
- the downcrossing threshold. 

There is no exact way to choose these thresholds - even if the distribu- 
tions were known exactly, the tail probabilities are still subjective. They can 
be chosen, to begin with, based on tail probabilities and then set following 
experimentation (Monte Carlo runs) and subjective evaluation of the results. 

Remarks 

This technique of noise level switching can be extended to more than two levels 
of process noise. It can also be used with white process noise or autocorrelated 
process noise; the latter has to be prewhitened, as discussed in Subsection 8.2.1. 

In general, ncL, given in (11.2.2-l 0), is not an integer. In this case one has a 
gamma rather than chi-square distribution; for the sake of simplicity, however, 
one can use the chi-square tables with an interpolation. 

11.2.3 Adjustable Level Process Noise - Summary 

A maneuver can be detected by monitoring the normalized innovation; if it 
exceeds a threshold, then it can be assumed (in the absence of other factors) 
that the target has deviated from its previous “pattern.” 

A fudge factor can be used to scale up (continuously) the process noise (at 
the previous time) such that the modified prediction covariance is sufficiently 
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11.3 INPUT ESTIMATION 427 

large for the normalized innovation to be below the set threshold; the increased 
innovation covariance should “cover” the observed deviation. 

Alternatively, a number of levels of process noise can be assumed. In this 
approach, at any given time a single filter operates with the “current” rtoise 
level. 

A simple rule of switching from the current noise level to the one above or 
below is followed. 

The innovations are monitored via 

l a moving average over a sliding window or 
l a fading-memory average 

of their normalized squared value. 
This average is compared to a threshold based on the chi-square density for 

a small upper tail probability. If this upcrossing threshold is exceeded, then the 
filter switches to a higher level of process noise. 

The downswitch is done using a downcrossing threshold. 

11.3 INPUT ESTIMATION 

11.3.1 The Model 

Consider the system with state equation 

x(k + 1) = Fx(k) + Gu(k) + v(k) (11.3.1-1) 

where u is an unknown input modeling the target maneuvers and v is the 
process noise, zero mean white with known covariance Q. 

The observations are 

x(k) = Hz(k) + w(k) (11.3.1-2) 

with the observation noise w zero mean, white, with covariance R, and inde- 
pendent of the process noise. 

The estimation of the state is done using the model without input (nonma- 
neuvering) 

x(k + 1) = Fx(k) + v(k) (11.3.1-3) 

Two Kalman filters are considered: 

1. The actual one based on the nonmaneuvering model (11.3.1-3). 
2. A hypothetical one based on the maneuvering model (11.3. l-l) with known 

U. 

From the innovations of the nonmaneuvering filter based on (11.3.1-3), 
the input u is to be 
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ADAPTIVE ESTIMATION AND MANEUVERING TARGETS 

l detected, 
l estimated, and 
l used to correct the state estimate. 

This will be done using a sliding window of the latest s measurements, and 
during this window period the input will be assumed constant. 

11.3.2 The Innovations as a Linear Measurement of the Unknown Input 

Denote the present time by /C and assume that the target starts maneuvering at 
time /C - s; that is, the maneuver onset time is JC - s. The unknown inputs 
during the interval [Ic - s, . . . , Ic] are u(i), i = /C - s, . . . , !C - 1. 

The state estimates from the mismatched nonmaneuvering filter based on 
(11.3.1-3) will be denoted by an asterisk. The recursion for these estimates is 

i*(i + lli> = F[I - w(i)H]ii*(ili - 1) + FW(i)z(i) 

A @(i)2*(ili - 1) + FW(i)x(i) 
i=k-s,.. . , k - 1 (11.3.2-1) 

with the initial condition 

2*(k - s(k - s - 1) = ?(k - slk - s - 1) (11.3.2-2) 

being the correct estimate (one-step prediction) before the maneuver started. 
This follows from the assumption that the maneuver onset time is k - s. 

Similarly to (4.3.3-l), recursion (11.3.2-l) yields, in terms of (11.3.2-2), 

g*(i + lli) = [‘f’qi - j)]P(k - slk - s - 1) 
j=o 

i = k - s,. . . , i - 1 (11.3.2-3) 

If the inputs were known, the hypothetical correct filter based on (11.3. l-l) 
would yield estimates according to the recursion 

qi + lli) = @(i)?(ili - 1) + FW(i)z(i) + Gu(i) 

- - [-f’J%(i - j)]Z(k - sJk - s - 1) 
j=o 

i=k-s,...,k-1 (11.3.2-4) 

which is the same as (11.3.2-3) except for the last term containing the inputs. 
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11.3 INPUT ESTIMATION 429 

The innovations 

v(i + 1) = z(i + 1) - Hiqi + lli) (11.3.2-5) 

corresponding to the correct (but hypothetical) filter (11.3.2-4) are a zero-mean 
white sequence with covariance S(i + 1) given as in (5.2.3-9). 

The innovations corresponding to the nonmaneuveringfilter (11.3.2-3) are 

Y*(i + 1) = z(i + 1) - H?“(i + iii) (11.3.2-6) 

From (11.3.2-3) and (11.3.2-4) it follows that the innovations (11.3.2-6) of 
the nonmaneuvering filter - the only real filter - are the same as the “white 
noise sequence” (11.3.2-5) plus a “bias term” related to the inputs 

. . 

Y*(i + 1) = u(i + 1) + H 2 r---l @(i - rn)]G~(j) (11.3.2-7) 
j=k-s m=O 

Assuming the input to be constant over the interval [k - s, . . . , k - 11, that 
is, 

uo> =U j=k-S I . . . ,k-1 (11.3.2-8) 

yields 

jy’(i + 1) = xP(i + 1)u + Y(i + 1) i = k - 55,. . .,k- 11 (11.3.2-9) 

where . . 
q~(i + 1) A H 2 [-fil &(i - m)]G 

j=k-s rn=O 
(11.3.2-10) 

Equation (11.3.2-9) shows that 

the nonmaneuveringfilter innovation u* 

1s 

a linear measurement of the input u 

in the presence of the additive “white noise” v given by (11.3.2-5) above. 

11.3.3 Estimation of the Unknown Input 

Based on (11.3.2-9), the input can be estimated via LS from 

y=xPu+e 

where 

(11.3.3-1) 

(11.3.3-2) 
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430 11 ADAPTIVE ESTIMATION AND MANEUVERING TARGETS 

is the stacked “measurement” vector, v4 ip= : I 1 @(k --‘s + 1) 
(11.3.3-3) 

is the measurement matrix, and the “noise” 6, whose components are the inno- 
vations (11.3.2-5), is zero mean with block-diagonal covariance matrix 

S = diag[S(i)] (11.3.3-4) 

The input estimate in batch form is 

fi = ( qj’s-lip)-‘~‘s-ly (11.3.3-5) 

with the resulting covariance matrix 

L = (vs-lxIq-l (11.3.3-6) 

An estimate is accepted, that is, a maneuver detection is declared if 
and only if (11.3.3-5) is statistically signz&ant (see Subsection 1.52). The 
significance test for the estimate ti, which is an n,-dimensional vector, is 

cfi = fI&+~ > c - (11.3.3-7) 

where c is a threshold chosen as follows. If the input is zero, then 

ii - N(o, L) (11.3.3-8) 

The statistic CG from (11.3.3-7) is then chi-square distributed with nu degrees 
of freedom, and c is such that the probability of false alarm is 

P{Q > c} = a (11.3.3-9) 

with, e.g., a: < 0.01. - 

11.3.4 Correction of the State Estimate 

If a maneuver is detected, then the state estimate has to be corrected. This is 
done, as before, assuming that the maneuver onset time was k - s. The term 
reflecting the effect of the input in (11.3.2-4) is used to correct the predicted 
state as follows 

i?“(klk - 1) = ii*(klk - 1) + M(k)C (11.3.4-1) 

where 

M(k) A 
k-1 k-j-2 

Ix [ II @(k- 1 -rrr)]G (11.3.4-2) 
j=k-s m=O 

The covariance associated with the prediction (11.3.4- 1) is 

P”(klk - 1) = P(klk - 1) + M(k)LM(k)’ (11.3.4-3) 

where L is given in (11.3.3-6). Note that the covariance increases - the last 
term above is positive semidefinite or positive definite - to account for the 
uncertainty in the correction term used in (11.3.4-l). 

The assumption about the maneuver onset time being k - s at evev k makes 
the algorithm very elegant, but not optimal. 
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11.4 THE VARIABLE STATE DIMENSION APPROACH 431 

Maneuver Onset Time Estimation 

It is possible to estimate the onset time using a maximum likelihood criterion - 
this requires running in parallel a number of such algorithms. Each algorithm 
evaluates the likelihood function for its assumed maneuver onset time and the 
most likely effective window length s is chosen. 

It is clear that this becomes quite expensive. 

11.3.5 Input Estimation - Summary 

The input estimation method is based on the following: 
Given a linear system driven by a constant input, a filter based on the state 

model of the system without input (input equal to zero) estimates the state. 
Then the innovations of this mismatchedJilter are 

l a linear measurement of the input 
l with additive zero-mean white noise with covariance equal to the filter’s 

innovation covariance. 

This allows the estimation of the input, assuming that 

0 it 
0 it 

started at the beginning of the assumed sliding window, 
is approximately constant over this window in time. 

and 

The estimation is done via least squares-. 
The estimated input (e.g., acceleration) is tested for statistical signijkance 

(i.e., if it is “large enough” compared to its standard deviation). 
If the estimated input is statistically significant, then the state estimate is 

corrected with the effect of the input from the time it was assumed to have 
started (at the beginning of the window). 

The covariance of the state is adjusted (increased) because the correction 
was done with an estimated input, rather than the exact input, which is not 
available. 

11.4 THE VARIABLE STATE DIMENSION APPROACH 

11.4.1 The Approach 

The target maneuver is considered here an inherent part of its dynamics, rather 
than noise. In the absence of maneuvers the filter operates using a “quiescent 
state model.” Once a maneuver is detected, new state components are added - 
thus the name variable state dimension (VSD) approach. 

The extent of the maneuver as detected is then used to yield an estimate 
for the extra state components, and corrections are made on the other state 
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432 ADAPTIVE ESTIMATION AND MANEUVERING TARGETS 

components. The tracking is then done with the augmented state model until it 
will be reverted to the quiescent model by another decision. 

The rationale for using a lower-order quiescent model and a higher-order 
maneuvering model is the following: This will allow good tracking performance 
in both situations rather than a compromise. For example, if the target does not 
have acceleration, using a third-order model increases the estimation errors for 
both position and velocity. 

The two models used here, described in Section 6.3, are a (nearly) constant 
velocity model for the quiescent situation and a (nearly) constant acceleration 
model for the maneuvering situation. 

The state vector, for a planar motion, is in the quiescent model 

x=[I i rl ill’ (11.4.1-1) 

In the maneuvering model, the state is 

xm = [I i r) ri i’ ii]’ (11.4.1-2) 

The method is not limited to these models. For example, the maneuvering 
situation could be modeled using autocorrelated acceleration, as in Section 8.2. 

11.4.2 The Maneuver Detection and Model Switching 

The target tracking filter is initialized under the constant velocity model as- 
sumption as in Section 5.5, using a two-point differencing procedure. 

The maneuver detection is done as follows: 
A fading memory average of the innovations from the estimator based 

on the quiescent model is computed 

cxk> = &yk - 1) + Ey(k) (11.4.2-1) 

with 
cv(k) A v(k)‘S(k)%(k) (11.4.2-2) 

where 0 < Q < 1, v(k) is the innovation and S(k) its covariance. 
Since cy( k) is, under the Gaussian assumptions, chi-square distributed with 

n, (dimension of the measurement) degrees of freedom, one has 

(11.4.2-3) 

As in Section 11.2, one can look at 

1 
sa = ~ 

l-a 
(11.4.2-4) 

as the effective window length over which the presence of a maneuver is 
tested. 
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11.4 THE VARIABLE STATE DIMENSION APPROACH 433 

The hypothesis that a maneuver is taking place is accepted if c;( /c) exceeds 
a certain threshold that can be determined based on the chi-square distribution 
as in Section 11.2. Then the estimator switches from the quiescent model to the 
maneuvering model. 

The scheme for reverting to the quiescent model is as follows: The estimated 
accelerations are compared to their variances, and if they are not statistically 
significant the maneuver hypothesis is rejected. 

Maneuver Termination vs. Maneuver Onset Detection 

It is more difficult to detect maneuver termination than maneuver on- 
set because a maneuvering model has a larger innovation covariance than a 
nonmaneuvering model. This is due to the fact that the latter has a larger state 
vector and assumes more motion uncertainty than the former. 

Significance Test for the Acceleration Estimate 

The test statistic for significance of the acceleration estimates is 

c&(k) = G(klk)‘P,“(k~k)-l&(k~k) (11.4.2-5) 

where 6 is the estimate of the acceleration components and Pam is the corre- 
sponding block from the covariance matrix of the maneuvering model. 

When the moving average over a window of length p 

P e Ck> i7, 
j=k-p+l 

I (11.4.2-6) 

falls below a threshold, the acceleration is deemed insign$cant. A fading 
memory average can also be used. 

The situation where the acceleration drops suddenly to zero can lead to large 
innovations for the maneuvering model. This can be taken care of by allowing a 
switch to the lower-order model also when 
exceeds, say, the 99% confidence region. 

the maneuvering model’s innovation 

11.4.3 Initialization of the Augmented Model 

When a maneuver is detected at time k, the filter assumes that the target had 
a constant acceleration starting at k - s - 1, where s is the effective window 
length. The state estimates for time k - s are then modified as follows. It is 
assumed that only position measurements are available. 

First, the estimates at k - s for the acceleration are 

iy+i(k-slk-s) = $(k-s)-fi(k-slk-s-l)] i = 1,2 (11.4.3-1) 

 D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/ by U

niversity O
f T

exas L
ibraries, W

iley O
nline L

ibrary on [16/03/2023]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense

Meta 1018 
p. 164



11 ADAPTIVE ESTIMATION AND MANEUVERING TARGETS 

The position components of the estimate at /C - s are taken as the corresponding 
measurements, that is, 

i~-I(k - slk - s) = zi(k - s) i = 1,2 (11.4.3-2) 

while the velocity components are corrected with the acceleration estimates as 
follows: 

?;(k-slk-s) =i&(k-s-Ilk-s-l)+Ti1;2,,(Ic-slk-s) *= 1,2 
(1; .4.3-3) 

The covariance matrix associated with the modified state estimate as given 
in (11.4.3-1) to (11.4.3-3) is Pm(k - s 1 k - s), and its elements are presented in 
[Bar-Shalom821 together with their derivation. These equations specify in full 
the initialization of the filter based on the maneuvering model for time k - s. 

Then, a recursive estimation algorithm (Kalman filter) based on this model 
reprocesses the measurements sequentially up to time k. Following this, the 
measurements are processed sequentially as they arrive. This is depicted in Fig. 
11.4.3-l. 

Assumed maneuver onset time 

Maneuver detection- 

- S-l 
k-s 

k-l 
k 

l Sequential estimation with quiescent model; 

k+l 

n with maneuvering model 

Figure 11.4.3-l: Switching from quiescent to maneuvering model. 

11.4.4 VSD Approach - Summary 

In the absence of maneuvers, the filter is based on a guiesceltt (low-order) model 
of the state. 

If a maneuver is detected, the estimator switches to a higher dimension 
(augmented) maneuvering model that incorporates additional state components 
(acceleration). 

The use of the lower-order model yields maximum estimation accuracy in the 
case where the target undergoes no accelerations - no information is “wasted” 
on estimating state components that are zero. 

A maneuver is declared detected when a fading memory average of the 
normalized innovations exceeds a threshold. The fading memory has an effictive 
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11.5 A COMPARISON OF ADAPTIVE ESTIMATION METHODS FOR MANEUVERING TARGETS 435 

window length, and the onset of the maneuver is then taken as the beginning of 
this sliding window. 

The augmented filter is initialized at the beginning of the maneuver detection 
window. 

A maneuver is declared terminated when the extra state component’s (ac- 
celeration) estimates become statistically insignificant. 

11.5 A COMPARISON OF ADAPTIVE ESTIMATION METHODS FOR 

MANEUVERING TARGETS 

11.5.1 The Problem 

In this section the following methods of maneuver detection are illustrated and 
compared: 

1. White process noise with two levels (Section 11.2) 
2. Input estimation (Section 11.3) 
3. Variable dimension filtering (Section 11.4) 

The example considers a target whose position is sampled every T = 10 s. 
The target is moving in a plane with constant course and speed until JC = 40 
when it starts a slow 90’ turn that is completed in 20 sampling periods. A 
second fast turn of 90’ starts at /C = 61 and is completed in 5 sampling times. 

The initial condition of the target, with state 

x=[E i v i]’ (11.5.1-1) 

is, with position and velocity units m and m/s, respectively 

x(o)= [2000 0 10000 -151' (11.5.1-2) 

The slow turn is the result of acceleration inputs 

UC = uq = 0.075m/s2 400s<t<6OOs - - (11.5.1-3) 

and the fast turn has accelerations 

u c = uq = -0.3m/s 2 610s<t<660s - - (11.5.1-4) 

Note that the changes in velocity are 0.75 and 3 m/s per sampling period for 
the slow and fast turn, respectively. 

The measurements are position only according to the equation 

x(k) = [l 0 1 O]z(k)+w(k) (11.5.1-5) 

with w(lc) zero mean, white, independent of the process noise, and with variance 

E[w(k)2] = T-1 (11.5.1-6) 

where 1” = lo4 m2 . 
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436 11 ADAPTIVE ESTIMATION AND MANEUVERING TARGETS 

11.5.2 The White Noise Model with Two Levels 

The adaptive algorithm based on white process noise with switching between 
two levels for maneuver modeling used the following state renresentation per 
coordinate (same for each coordin&e and decoupled between them) 

x(k + 1) = [; qw+ [ T(2]1:o 

with v( Ic) zero mean white with variance 

ww21 = 4 
Note that here v(k) represents the velocity increment over a sampling 
period. 

The two levels of process noise were 40 for the quiescent period and 41 after 
a maneuver was detected. 

A maneuver was declared detected if the normalized innovation squared 
(11.2.2-l) exceeded a threshold cm. Then 40 was replaced by 41 in the filter. A 
maneuver was considered terminated when the normalized innovation squared, 
obtained from the filter with the higher 4 1, fell below the same threshold cm 
- for simplicity, the upcrossing and downcrossing thresholds were taken the 
same. 

The value for the quiescent process noise was 40 = 0. Several values for 
the variance 41 of the process noise modeling the maneuver and the threshold 
cm were tried. The best combination was determined based on the MSE in the 
position estimate of the target from 50 Monte Carlo runs. The resulting values 
were 41 = 10 and cm = 3. 

The RMS position error (coordinate c) corresponding to these values is 
shown in Fig. 11.5.2-l. Note that the value fi = 3 matches approximately 
the maximum change in velocity per sampling period during the fast maneuver, 
indicated in Subsection 11.5.1. 

11.5.3 The IE and VSD Methods 

The same problem was simulated using the input estimation (IE) and 
variable state dimension (VSD) methods. 

The IE method was run with a window of s = 5 samples to estimate the 
input. The state equation was the constant velocity model (6.3.2-l) for each 
coordinate and no process noise. 

The VSD method was based on a quiescent model with state (11.4. l-l) and 
a maneuvering model with state (11.4.1-2). The quiescent model was, for each 
coordinate, the constant velocity state equation (6.3.2-l) with no process noise. 
The maneuvering model was a nearly constant acceleration state equation, given 
by (6.3.3-l) with process noise standard deviation gv in (6.3.3-4) taken equal 
to 5% of the estimated acceleration. 
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Figure 11.5.2-l: Position estimation error in coordinate < for the adaptive filter with two 
process noise levels (from 50 runs). 

The following maneuver detection parameters were used in the VSD method: 

1. The fading memory parameter from (11.4.2-l) was Q! = 0.8, which corre- 
sponds to an effective window length (11.4.2-4) of s = 5. 

2. The threshold for the fading memory average (11.4.2-l) was x&(95%) = 
18.3. The maneuver detection was done together in the two coordinates 
based on both measurements (i.e., n, = 2), which, with (11.4.2-3), yields 
that E: is approximately chi-square distributed with 10 degrees of freedom. 

3. The window for the calculation of the average normalized acceleration 
(11.4.2-6) for the significance test was p = 2. 

4. The threshold for the acceleration significance test was x:(95%) = 9.49, 
based on a 4-degree-of-freedom chi-square random variable (the dimension 
of the acceleration, 2, multiplied by p = 2). 

Figure 11.5.3-la presents the position RMS errors (in coordinate <) for the 
IE and VSD filters based on a 50-run Monte Carlo average. These two filters 
were run with the same random numbers for further comparison. 

The RMS errors are smaller in the VSD filter compared to the IE filter. 
Comparing with Fig. 11.5.2- 1, it is seen that the simple approach of two-level 
white process noise modeling of the maneuver is quite effective - it is slightly 
worse than the VSD filter but better than the IE filter. 

Figure 11.5.3- 1 b presents the velocity RMS errors for the IE and VSD filters 
based on the same 50 Monte Carlo runs. For velocity, the VSD filter is only 
slightly superior compared to the IE algorithm. 
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11 ADAPTIVE ESTIMATION AND MANEUVERING TARGETS 
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Figure 11.5.3-l: Estimation errors in coordinate t for the VSD and IE filters (from 50 runs). 

Remark 

It should be noted that none of these three adaptive algorithms considered here 
manage to keep the RMS position error in the estimate below the position 
measurement noise RMS value (which is, in one coordinate, 100 m) during 
the entire maneuver period. In other words, these algorithms have difficulty 
providing noise reduction during the critical time of a maneuver. 

This is a general problem with adaptive estimation algorithms: The adapta- 
tion might not be rapid enough. In the present example, the errors reach their 
peak shortly after the start of the maneuver. 

This issue will be considered again in a later example. 

11.5.4 Statistical Test for Comparison of the IE and VSD Methods 

Next, we shall examine more closely the results of the IE and VSD filters and 
carry out the systematic comparison of algorithms presented in Subsection 1.5.3. 
The question is whether, in view of the limited sample size, one can state that 
the VSD algorithm is superior to the IE algorithm. 

The performance of interest will be the mean square error in the estimate of 
one state component, not indicated explicitly, for simplicity 

EVSD(k) A E[[2VSD(kp)]2] (11.5.4-1) 

EIE(k) 4 E[[2E(klk)]2] (11.5.4-2) 
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11.5 A COMPARISON OF ADAPTIVE ESTIMATION METHODS FOR MANEUVERING TARGETS 439 

The sample mean of the performance from N Monte Carlo runs is 

-VSD c 
(k> 

z -$ &jVSDi(k,k),2 

i=l 

cIE(k) = 
1 N 

N C[Z1Ei(klk)]2 
i=l 

(11.5.4-3) 

(11.5.4-4) 

where CSDi (k(k) is the estimation error of the state component under consider- 
ation at time k in run i with algorithm VSD, and similarly for IE. These are the 
quantities shown in Figs. 11.5.3-la and 11.5.3-lb. 

We want to test if one can accept the hypothesis 

HI : TIV(k) 4 cIE(k) - cVSD(k) > 0 (11.5.4-5) 

that is, that algorithm VSD is superior to algorithm IE. Note that “superiority” 
is based on the true mean square error,s defined in (11.5.4-l) and (11.5.4-2). A 
comparison of the sample mean square errors (11.5.4-3) and (11.5.4-4) corre- 
sponding to the two algorithms is not sufficient (actually is rather naive) since 
the inaccuracy in these sample means is not considered at all. 

The correct statistical test is, as discussed in Subsection 1.5.3, based on the 
sample performance differences 

T’““(k) ii [z1Ei(klk)]2 - [,“sD”(klk)]2 (11.5.4-6) 

The test uses the sample mean T of the above differences and its standard 
error a~ given in ( 1.5.3-9) and ( 1.5.3- lo), respectively. 

If the ratio T/a, exceeds a threshold, then the difference of the true means 
in (11.5.4-5) is accepted as positive (HI is accepted) and the null hypothesis 

Ho : TN < 0 - (11.5.4-7) 

is rejected because it has a “low level of significance.” This is equivalent to 
saying that the estimated mean T is positive and statistically significant (i.e., 
HI can be accepted because it is “significant”). 

Hypothesis HI is usually accepted only if the significance level of Ho is 
less than 5%, in which case the test is 

- 
T 
- > S(95%) = 1.65 (11.5.4-8) 
?F 

where G(l - a) represents the point on the standard Gaussian distribution cor- 
responding to upper tail probability of CL 

The above statistical test was applied for comparing the performance over 
intervals [k, I], rather than single points in time, by replacing (11.5.4-6) with 

Twi(k,l) = I ; + 1 4: { [~1Ei(mlm)]2 - [~vsDi(m~m)]2} (11.5.4-9) - 
m=k 
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440 11 ADAPTIVE ESTIMATION AND MANEUVERING TARGETS 

Table 11.5.4- 1 shows the test for the difference of the MSE between the 
two algorithms over several time intervals. Note that the slow maneuver took 
place during the time interval [40,60] and that the fast one took place during the 
interval [61,66]. Statistically significant improvements of the VSD algorithm 
over the IE algorithm are observed in position over all the intervals considered 
and in velocity over two intervals. In the remaining two intervals, while there 
was improvement, it was not sufficient to reject Ho at the 5% level. At the 8% 
level, however, Ho would have been rejected in all cases. 

Table 11.5.4-l: Test of means for comparison of VSD and IE algorithms from 50 runs. 

7Zme 
interval 
40-60 
60-70 
40-70 
60-80 

Velocity 
Test 

T 
8.06 1:;9 

statistic 
6.77 

4.99 3.28 1.52 
7.72 1.43 5.40 
2.45 1.75 1.40 

Position 
Test 

T qi statistic 
13,560 735 18.45 
10,336 1,013 10.20 
12,677 619 20.48 
6,09 1 626 9.73 

11.5.5 Comparison of Several Algorithms - Summary 

The optimal statistical method of comparing two algorithms based on Monte 
Carlo runs has been illustrated in the evaluation of the variable state dimension 
and input estimation filters. 

The VSD filter turned out to be superior (based on statistical significance 
analysis) and less demanding computationally than the IE filter. 

The much simpler two-level white noise filter appears to have performance 
close to the VSD filter. 

A multiple-level white or autocorrelated noise model seems to be the best 
compromise from the point of view of performance versus cost of implementa- 
tion. 

The computational requirements of the IE filter, the VSD filter, and the 
two-level process noise filter were, approximately, 8 : 2 : 1. 

Neither of these three filters considered here managed to keep the peak 
position estimation error (during the maneuver) below the raw position mea- 
surement RiMS error - the measurement noise standard deviation. This is a 
major shortcoming of most adaptive estimation schemes. 

As will be shown in the next section, the multiple model approach can ac- 
complish this (almostl) while yielding good noise reduction during the constant 
velocity portions of the trajectory. 

‘In the spirit of “Our algorithms can almost do almost everything,” 
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11.6 THE MULTIPLE MODEL APPROACH 441 

11.6 THE MULTIPLE MODEL APPROACH 

11.6.1 Formulation of the Approach 

In the multiple model (MM) approach it is assumed that the system 
obeys one of a finite number of models. Such systems are called hybrid: 
They have both continuous (noise) uncertainties and discrete uncertainties - 
model or mode, or operating regime uncertainties. 

A Bayesian framework is used: Starting with prior probabilities of each 
model being correct (i.e., the system is in a particular mode), the corresponding 
posterior probabilities are obtained. 

First the static case in which the model the system obeys is fixed, that is, no 
switching from one mode to another occurs during the estimation process (time- 
invariant mode) is considered. This will result in the static MA-4 estimator. 
While the model that is in effect stays fixed, each model has its own dynamics, 
so the overall estimator is dynamic. 

The model, assumed to be in effect throughout the entire process, is one of 
r possible models (the system is in one of T modes) 

hf E pfj>jr_, (11.6.1-l) 

The prior probability that M’ is correct (the system is in mode j) is 

P{MjlZO} = j!lj(O) j = 1,. . .,T (11.6.1-2) 

where 2’ is the prior information and 

iI Pj(O) = l (11.6.1-3) 
j=l 

since the correct model is among the assumed T possible models. 
It will be assumed that all models are linear-Gaussian. This approach can 

be used for nonlinear systems as well via linearization. 
Subsequently, the dynamic situation of switching models or mode jump- 

ing is considered. In the latter case, the system undergoes transitions from one 
mode to another. The resulting estimator is a dynamic MM estimator. 

. 

11.6.2 The Static Multiple Model Estimator 

The static MA.4 estimator - for fixed models - is obtained as follows. 
Using Bayes’ formula, the posterior probability of model j being correct, 

given the measurement data up to k, is given by the recursion 

Pj (Ic) b P{MjIz") = P{MjIZ(k), Z”-l} = 
PIZ(k)(Zk--l, Mj]P{Mj(Zkel 

P[z(V Iz”-q 
p[Z(k)lZke’, Mj]P{A!fjIz”i-l) - - 

~;&+@)pl, Mp{MQ”-l} (11.6.2- 
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442 11 ADAPTIVE ESTIMATION AND MANEUVERING TARGETS 

or 

Pj(lc) = 
P[~(k)lZ'"-l7 MjlPj(k - l> - = 1 

~~=lp[z(k)Izk-l,~~]~i(lc- 1) 3 7***7T 
(11.6.2-2) 

starting with the given prior probabilities (11.6.1-2). 
The first term on the right-hand side above is the likelihood function of 

mode j at time Ic, which, under the linear-Gaussian assumptions, is given by 
the expression (5.2.6-7) 

Aj(k) ’ p[z(k)lZkml 7 Mj] = l+j(k)] = J+j(lc)i 0, Sj(k)] (11.6.2-3) 

where vj and Sj are the innovation and its covariance from the mode-matched 
filter corresponding to mode j. In a nonlinear and/or non-Gaussian situation 
the same Gaussian likelihood functions are used, even though they are clearly 
approximations. 

Thus a Kalman filter matched to each mode is set up yielding mode- 
conditioned state estimates and the associated mode-conditioned co- 
variances. The probability of each mode being correct - the mode esti- 
mates - is obtained according to (11.6.2-2) based on its likelihood function 
(11.6.2-3) relative to the other filters’ likelihood functions. In a nonlinear situ- 
ation the filters are EKF instead of KF. 

This modular estimator, which is a bank of filters, is illustrated in Fig. 
11.6.2-l. 

i+(klk), Pl(klk) i2(klk), P2(klk) 

i?(klk), P’(klk) 

~2(k~k), P2(kIk) 

P(k) 

Figure 11.6.2-l: The static multiple model estimator for r = 2 fixed models. 

The output of each mode-matched filter is the mode-conditioned state 
estimate ?j, the associated covariance Pj and the mode likelihood func- 
tion Aj. 

After the filters are initialized, they run recursively on their own estimates. 
Their likelihood functions are used to update the mode probabilities. The latest 
mode probabilities are used to combine the mode-conditioned estimates and 
covariances. 
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11.6 THE MULTIPLE MODEL APPROACH 443 

Under the above assumptions the pdf of the state of the system is a Gaussian 
mixture with r terms 

The combination of the mode-conditioned estimates is done therefore as 
follows 

(11.6.2-5) 

and the covariance of the combined estimate is (see Subsection 1.4.16) 

P(klk) = f: &(k){P(klk) + [iqklk) - 2(klk)][?j(klk) - Lqiqk)]‘} 
j=l 

(11.6.2-6) 
where the last term above is the spread of the means term. 

The above is exact under the following assumptions: 

1. The correct model is among the set of models considered, 
2. The same model has been in effect from the initial time. 

Assumption 1 can be considered a reasonable approximation; however, 2 is 
obviously not true if a maneuver has started at some time within the interval 
[l, k], in which case a model change - mode jump - occurred. 

Convergence of the Mode Estimates 

If the mode set includes the correct one and no mode jump occurs, then the 
probability of the true mode will converge to unity, that is, this approach yields 
consistent estimates of the system parameters. Otherwise the probability of the 
model “nearest” to the correct one will converge to unity (this is discussed in 
detail in [Baram78]). 

Ad Hoc Modifications for the Case of Switching Models 

The following ad hoc modification can be made to the static MM estimator for 
estimating the state in the case of switching models: An artificial lower bound 
is imposed on the model probabilities (with a suitable renormalization of the 
remaining probabilities). 

A shortcoming of the static MM estimator when used with switching models 
is that, in spite of the above ad hoc modification, the mismatched filters’ errors 
can grow to unacceptable levels. Thus, reinitialization of the filters that are 
mismatched is, in general, needed. This is accomplished by using the estimate 
from filter corresponding to the best matched model in the other filters. 

It should be pointed out that the above “fixes” are automatically (and rigor- 
ously) built into the dynamic MM estimation algorithms to be discussed next. 
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11.6.3 The Dynamic Multiple Model Estimator 

In this case the mode the system is in can undergo switching in time. The 
system is modeled by the equations 

xCk> = F[M(k)]x(k - 1) + v[k - 1, M(k)] (11.6.3-1) 

z(k) = ff[M(k>]x(k> + w[k, M(k)1 (11.6.3-2) 

where M(k) denotes the mode or model “at time k” - in effect during the 
sampling period ending at k. Such systems are also called jump-linear sys- 
tems. The mode jump process is assumed left-continuous (i.e., the impact 
of the new model starts at tl). 

The mode at time k is assumed to be among the possible r modes 

M(k) E {Mj}& (11.6.3-3) 

The continuous-valued vector x(k) and the discrete variable M(k) are sometimes 
referred to as the base state and the modal state, respectively. 

For example, 
’ F[Mj] = Fj (11.6.3-4) 

v(k - 1, Mj> - N(uj, Qj) (11.6.3-5) 

that is, the structure of the system and/or the statistics of the noises might be 
different from model to model. The mean uj of the noise can model a maneuver 
as a deterministic input. 

The Ith mode history - or sequence of models - through time k is 
denoted as 

Mk l 7 - - -W il,l7 -  l l 1 

M&,l} I = 1,...,+ (11.6.3-6) 

where i, 1 is the model index at time K: from history I and 7 

lG,~<r - 3 - K;= l,...,k (11.6.3-7) 

Note that the number of histories increases exponentially with time. 
For example, with Y = 2 one has at time k = 2 the following rlc = 4 possible 

sequences (histories) as shown below: 

1 1 1 
2 1 2 
32 1 
42 2 

It will be assumed that the mode (model) switching - that is, the 
mode jump process - is a Markov process (Markov chain) with known 
mode transition probabilities 

pij ’ P{M(k) = MjIM(k - 1) = Mi} (11.6.3-8) 
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11.6 THE MULTIPLE MODEL APPROACH 445 

These mode transition probabilities will be assumed time-invariant and 
independent of the base state. In other words, this is a homogeneous Markov 
chain. 

The system (11.6.3-l), (11.6.3-2), and (11.6.3-S) is a generalized version of 
a hidden Markov model. 

The event that model j is in effect at time /L is denoted as 

Mj(k) ’ {M(k )  = Mj} (11.6.3-9) 

The conditional probability of the Ith history 

will be evaluated next. 
The Ith sequence of 

P 
W 4 p{M”Jl~“j (11.6.3-10) 

models through time /C can be written as 

Mkl 7 - - Wf k-17s, Mj(k)} (11.6.3-11) 

where sequence s through I% - 1 is its parent sequence and &!j is its last element. 
Then, in view of the Markov property, 

P{Mj(k)lMk-17S} = P{Mj(k)lMi(k - 1)) ’ pij (11.6.3-12) 

where i = s&l, the index of the last model in the parent sequence s through 
k- 1. 

The conditional pdf of the state at k is obtained using the total probability 
theorem with respect to the mutually exclusive and exhaustive set of events 
(11.6.3-6), as a Gaussian mixture with an exponentially increasing number 
of terms 

rk 
p[z(k)(Z”] = Cp[x(k)lMkTz, Zk]P{Mk~z~Zk} 

I=1 
(11.6.3-13) 

Since to each mode sequence one has to match a filter, it can be seen that 
an exponentially increasing number of filters are needed to estimate the (base) 
state, which makes the optimal approach impractical. 

The probability of a mode history is obtained using Bayes’ formula as 

CL W = P{ Mk7’ lz”> 

= P{Mk+(k), Z”-l} 
1 

= ; p[z(k)(M”?‘, Zk-1]P{Mk711Z”-1} 

i - - ; PHk) 

1 
= ; PHk> 

1 
= ; P[4W 

Mk-17sl~k-1) 
Mk-l,s, zk-l)pk-l,s 

Mk-1,s 
ICL 

k-1,s (11.6.3-14) 
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ADAPTIVE ESTIMATION AND MANEUVERING TARGETS 

where c is the normalization constant. 
If the current mode depends only on the previous one (i.e., it is a Markov 

chain), then 

w - 1 
P - ; p[z(k)lMkyl, z”-‘]P{Mj(k)pqk - l)}/wS (11.6.3-15) 

W _ 

1 

I I ,  -  
-  P[X( k) 1 Mk)‘, Zk-l]JJij/Jk-l,S 

C 
(11.6.3-16) 

where i = Sk-1 is the last model of the parent sequence s. 
The above equation shows that conditioning on the entire past history is 

needed even if the random parameters are Markov. 

Practical Algorithms 

The only way to avoid the exponentially increasing number of histories, which 
have to be accounted for, is by going to suboptimal techniques. 

A simple-minded suboptimal technique is to keep, say, the N histories with 
the largest probabilities, discard the rest, and renormalize the probabilities such 
that they sum up to unity. 

The generalized pseudo-Bayesian (GPB) approaches combine his- 
tories of models that differ in “older” models. The first-order ‘GPB, denoted 
as GPBl, considers only the possible models in the last sampling period. The 
second-order version, GPB2, considers all the possible models in the last two 
sampling periods. These algorithms require r and r2 filters to operate in parallel, 
respectively. 

Finally, the interacting multiple model (1A&A4J estimation algorithm 
will be presented. This algorithm is conceptually similar to GPB2, but requires 
only r filters to operate in parallel. 

The Mode Transition Probabilities 

The mode transition probabilities (11.6.3-8), indicated as assumed to be 
known, are actually estimator design parameters to be selected in the 
design process of the algorithm. This will be discussed in detail in Subsections 
11.6.7 and 11.7.3. 

Note 

The GPBl and IMM algorithms have approximately the same computational 
requirements as the static (fixed model) MM algorithm, but do not require ad 
hoc modifications as the latter, which is actually obsolete for switching models. 
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11.6 THE MULTIPLE MODEL APPROACH 447 

11.6.4 The GPBl Multiple Model Estimator for Switching Models 

In the generalized pseudo-Bayesian estimator of first order (GPBI), 
at time /G the state estimate is computed under each possible current model L 
a total of T possibilities (hypotheses) are considered. All histories that differ in 
“older” models are combined together. 

The total probability theorem is thus used as follows: 

z f: p[z(k)lMj(k), z(k),?(k - 1p - l), P(k - lpk - l)]&(k) 
j=l 

(11.6.4-1) 

Thus at time JC - 1 there is a single lumped estimate ?(/c - 1 Ilc - 1) and 
the associated covariance that summarize (approximately) the past Z’“-l. From 
this, one carries out the prediction to time /C and the update at time /C under T 
hypotheses, namely, 

S(kIk) = 2[k(k; Mj(k), ?(k - Ilk - I), P(k - Ilk - I)] j=l 
(ii .iL) 

Pj(kIk) = P[klk; &!-j(k), P(k - Ilk’- 1)] j = 1,. . . ,T (11.6.4-3) 

After the update, the estimates are combined with the weightings pj(k) 
(detailed later), resulting in the new combined estimate 2( k( k). In other words, 
the r hypotheses are merged into a single hypothesis at the end of each cycle. 

Finally, the mode (or model) probabilities are updated. 
Figure 11.6.4-l describes this estimator, which requires T filters in parallel. 
The output of each model-matched filter is the mode-conditioned state 

estimate Zj, the associated covariance Pj and the mode likelihood func- 
tion 11;. 

After the filters are initialized, they run recursively using the previous com- 
bined estimate. Their likelihood functions are used to update the mode proba- 
bilities. The latest mode probabilities are used to combine the model-conditional 
estimates and covariances. 

The structure of this algorithm is 

(N,; Nf> = (1; r> (11.6.4-4) 

where N, is the number of estimates at the start of the cycle of the algorithm 
and Nf is the number offilters in the algorithm. 
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z(k) 111 (k) 

?l(klk), P’(klk) 

Z(k - Ilk - l),P(k - ilk - 1) 

4k) A2 (4 

t 
i2(klk), P2(klk) 

Figure 11.6.4-1: The GPBl MM estimator for r = 2 switching models (one cycle). 

The Algorithm 

One cycle of the algorithm consists of the following: 
1. Mode-matched filtering (j = 1,. . . , r). Starting with 2!$~-- lllc- l), 

one computes 9 (k 1 Ic) and the associated covariance Pj( ICI Ic) through a filter 
matched to Mj (k). The likelihood functions 

hj(k) = P[Z(k)lMj(k), Zkbl] (11.6.4-5) 

corresponding to these T filters are evaluated as 

Aj(k) = P[Z(k)lMj(k), i?(k - Ilk - 1)~ P(k - 1Jk - l)] (11.6.4-6) 

2. Mode probability update (j = 1; . . . , T). This is done as follows: 

PjCk> ’ P{Mj(k)(Z”) 

= P{Mj(k)Ix(k), 2”-1) 

= ’ p[-t(k))Mj(k), Zk~l]P{~j(k)~~k-‘} 
C 

= ’ Aj(k) 2 P{Mj(k)lMi(k - l), Z”-l} 
c i=l 

l P{h&(k - l)lZ”-‘} (11.6.4-7) 

which yields with pij the known mode transition probabilities, 

(11.6.4-g) 
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11.6 THE MULTIPLE MODEL APPROACH 449 

where c is the normalization constant 

c = 2 hj(k) &j/Li(k - 1) (11.6.4-9) 
j=l i=l 

3. State estimate and covariance combination. The latest com- 
bined state estimate and covariance are obtained according to the summation 
(11.6.4-1) as I I 

P(klk) = f: pj(k){Pj(kik) + [?j(k(k) - ii(kIk)][?j(klk) - ?(k(k)]‘} 
j=l 

(11.6.4-11) 

11.6.5 The GPB2 Multiple Model Estimator for Switching Models 

In the generalized pseudo-Bayesian estimator of second order (or 
GPBZ), at time k the state estimate is computed under each possible current 
and previous model - a total of r2 hypotheses (histories) are considered. All 
histories that differ only in “older” models are merged. 

The total probability theorem is thus used as follows: 

j=l i=l 

= f: ~p[x(k)lAd-(k),z(k),2i(k - 1 
j=l ix1 

k - l),Pi(k - Ilk - l)] 

(11.6.5-1) 

that is, the past {Mi(k-I), Z’“-l} l is a pp roximated by the mode-conditioned 
estimate iG(k - ilk - 1) and associated covariance. 

Thus at time k - 1 there are T estimates and covariances, each to be predicted 
to time k and updated at time k under r hypotheses, namely, 

i?j(klk) A ?[klk; M--(k)? ii+(k - 1)k - 1); Pi(k - Ilk - l)] i,j= l,...,r 
(11.6.5-2) 

Pij(klk) g P[kJlc; M$(k), Pi(k - Ilk - l)] i,j= l,...,r (11.6.5-3) 

After the update, the estimates corresponding to the same latest model hy- 
pothesis are combined with the weightings pilj(k - 1 I k), detailed later, resulting 
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li-l(k - lpi - 1) ?(k - Ilk 

Pl(k - Ilk - 1) Pl(k - 1Jk 

z(k) +$q z(lc) $ 

- 
- 
- 1) g2(k - Ilk - 1) g2(k - Ilk - 1) 

- 1) P2(k - l(k - 1) P2(k - Ilk - 1) 

P(klk) 
Pll(klk) 

All @) 

k12(klk) 
P12(klk) 

&2(k) 

i+(klk), P”(klk) 

i2’(klk), P2’(klk) 

P(k - W) 

t 
i+(klk), P’(klk) 

-J- 
fi2’(klk) 

P21(klk) 

A21 (k) 

I  4 

i?22(klk) 

P22(k(k) 

A22(k) 

212(klk), P12(k k> 

222(klk), P22(k k> 

P(k - w> 

it2(klk), P2(klk) 

Figure 11.6.5-l: The GPB2 MM estimator for r = 2 models (one cycle). 
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11.6 THE MULTIPLE MODEL APPROACH 451 

in r estimates S? (A@). In other words, the r2 hypotheses are merged into T at 
the end of each estimation cycle. 

Figure 11.6.5-1 describes this algorithm, which requires r2 parallel filters. 
The structure of the GPB2 algorithm is 

(N,; Nf) = (r; r2) (11.6.5-4) 

where N, is the number of estimates at the start of the cycle of the algorithm 
and Nf is the number offilters in the algorithm. 

The Algorithm 

One cycle of the algorithm consists of the following: 
1. Mode-matched filtering (i, j = 1, . . . , r). Starting with ii(lc - 

11 AJ - 1), one computes @’ (k 1 /c) and the associated covariance Pij (ICI Ic) through 
a filter matched to Mi (k). The likelihood functions corresponding to these r2 
filters 

Aij(k) = p[x(k)IMi(k), Mi(k - I), Z’-‘] 

are evaluated as 

(11.6.5-5) 

Aij(k) = p[Z(k)lMi(k), iti(k - 1Jk - I), Pi(k - Ilk - I)] i,j = 1,. . .) T 

(11.6.5-6) 
2. Calculation of the merging probabilities (i, j = 1,. . . , T). The 

probability that mode i was in effect at ‘k - 1 if mode j is in effect at k is, 
conditioned on Z”, 

Pilj(k - Ilk> ’ P{Mi(k - l)lMj(k), 2”) 

= P{Mi(k - l)lz(k), Mj(k), Z”-l} 

- - ‘P[,(k), lWj(k)lMi(k - l), Z’“- 
ci 

1 ]P{Mi(k - l)lZ”-‘) 

1 - - <P[z(k)lMj(k)7 Mi(k - 1)~ z’“-l 1 
-P{Mj(k)lMi(k - l), Z”-l}P{Mi(k - l)lz”‘) (11.6.5-7) 

where P[=] denotes a mixed pdf-probability. Thus the merging probabilities 
are 

Pilj(k - Ilk) = ‘h,i(k)pijpi(k - 1) i,j = 1,. . . ,r 
ci 

where 

Cj = x &j(k)PijPi(Ic - l) 
i=l 

(11.6.5-Q 

(11.6.5-9) 
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452 11 ADAPTIVE ESTIMATION AND MANEUVERING TARGETS 

The mode transition probabilities pij are assumed to be known - 
their selection is part of the algorithm design process. 

3. Merging (j = 1, . . . , r). The state estimate corresponding to M#c) is 
obtained by combining the estimates (11.6.5-2) according to the inner summation 
in (11.6.5-l) as follows 

ij(klk) = f: ?qklk)pi,j(k - Ilk) j=l 7 . . . 7 (11.6.5-10) 
i=l 

The covariance corresponding to the above is 

P’(klk) = cL=~ piij(k - lIk){P”‘(klk) 
+[iY(klk) - i+(kIk)][i?~(klk) - ?j(klk)]‘} 

(11.6.5-11) 

4. Mode probability updating (j = 1, . . . , r). This is done as follows 

= f f: P[z(k), Mj(k)IMi(k - I), Z”-l]P{Mi(k - l)lZ”-‘} 
c i=l 
1 r 

= C zgP(z(k)lMj(k), Mi(k - l>7 z”-l) 

l P{Mj(k)lMi(k - 1); Z”-‘}pi(k - 1) (11.6.5-12) 

Thus the updated mode probabilities are 

Pj(lc) = ’ 2 Aij(k)pijpi(k - 1) = ’ j = l,...,r (11.6.5-13) 
c i=l c 

where cj is the expression from (11.6.5-9) and c is the normalization constant 

C=CCj (11.6.5-14) 
j=l 

5. State estimate and covariance combination. The latest state 
estimate and covariancefor output only are 

]I (11.6.5-15) 

P(klk) = 2 pj(k){Pj(kIk) + [?‘(klk) - ?(k(k)][?j(klk) - ?(klk)]‘} 
j=l 

(11.6.5-16) 
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11.6 THE MULTIPLE MODEL APPROACH 453 

11.6.6 The Interacting Multiple Model Estimator 

In the interacting multiple model (IMM) estimator, at time k the 
state estimate is computed under each possible current model using r filters, 
with each filter using a different combination of the previous model-conditioned 
estimates - mixed initial condition. 

The total probability theorem is used as follows to yield T filters running in 
parallel: 

The model-conditioned posterior pdf of the state, given by 

P[+)lJJj(q, z”ll 

(11.6.6-2) 
reflects one cycle of the state estimation filter matched to model Mj(k) starting 
with the prior, which is the last term above. 

The total probability theorem is now applied to the last term above (the 
prior), yielding 

p[x(k)lMj(k), Zkel] = kp[z(k)libfj(k), Mi(k - I), Zkel] 
i=l 

l P{Mi(k - l)lMj(k), Zkel} 

z Tgp[X(i;ilMj(k)7 M(k - 1)~ {k’(k - l(k - 1)~ p’(k - 1Jk - l)}L=l] 

l pilj(k - Ilk - 1) 

= f: p[~(k)lM~(k), Mi(k - l), iti(k - Ilk - l), Pi(k - Ilk - I)] 
i=l 

++(k - 1Jk - 1) 
(11.6.6-3) 

The second line above reflects the approximation that the past through k - 1 
is summarized by T model-conditioned estimates and covariances. The last 
line of (11.6.6-3) is a mixture with weightings, denoted as pi,i(k - 1 I k - 1), 
different for each current model Mi (k). This mixture is assumed to be a mixture 
of Gaussian pdfs (a Gaussian sumjand then approximated via moment matching 
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454 11 ADAPTIVE ESTIMATION AND MANEUVERING TARGETS 

by a single Gaussian (details given later): 

p[x(k)pqk), z”-q = ?N [z(k); E[2+)p!gk), *yk - 1p - l)], cov[*]] 
i=l 

= A+(k); 2 E [~(lc)Ik!--(k)& - ilk - l)] ,qj(k - ilk - l),cov[~]] 
i=l 

= A+(k); E[z(k)lM--(k), e gi(lc - lllc - l)p& - ilk - l)], cov[j] 
i=l 

(11.6.6-4) 
The last line above follows from the linearity of the Kalman filter and amounts 
to the following: 

The input to the filter matched to model j is obtained from an interaction 

of the T filters, which consists of the mixing of the estimates gi( i? - 1) k - 1) 
with the weightings (probabilities) pilj ( IC - 1 I k - l), called the mixing 

probabilities. 

The above is equivalent to hypothesis merging at the beginning of each 
estimation cycle [Blom88]. More specifically, the r hypotheses, instead of 
“fanning out” into r2 hypotheses (as in the GPB2 - see Fig. 11.6.5-l), are 
“mixed” into a new set of T hypotheses as shown in Fig. 11.6.6-l. This is the 
key feature that yields r hypotheses with T filters, rather than with r2 filters as 
in the GPB2 algorithm. 

?l(k - ilk - l), Pl(k - ilk - 1) Lt2(Ic - Ilk - l), P2(k - lllc - 1) 

1 i 

interaction/mixing 
c 

p(k - Ilk - 1) 

+ 4 
go’@ - Ilk - l), POl(k - ilk - 1) 202(k - l(k - l), P02(k - 1p - 1) 

4 4 

x(lc) 4-y *l(lc) x(lc) I’;‘1 R2(IC) 

i? (klk), Pl(klk) 22(kIk), P2(kIk) 

Mode probability 
Al w update and 

122 (k) I Pw9 9 (klk), Pl(klk) 

mixing probability /J(k) 
22(klk), P2(klk) and covariance wdk) 

Wlk) 
calculation P(k) 

Figure 11.6.6-l: The IMM estimator (one cycle). 

Figure 11.6.6-l describes this algorithm, which consists of r interacting 
filters operating in parallel. The mixing is done at the input of the filters with 
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11.6 THE MULTIPLE MODEL APPROACH 455 

the probabilities, detailed later in (11.6.6-6), conditioned on 2% In contrast 
to this, the GPB2 algorithm has r2 filters and a somewhat similar mixing is 
done, but at their outputs, with the probabilities (11.6.57), conditioned on 2’“. 

The structure of the IMM algorithm is 

(N,; Nf> = (r; r> 

where N, is the number of estimates at the start 
and Nf is the number offiZters in the algorithm. 

The Algorithm 

(11.6.6-5) 

of the cycle of the algorithm 

One cycle of the algorithm consists of the following: 
1. Calculation of the mixing probabilities (i, j = 1, . . . , T). The 

probability that mode &$ was in effect at k - 1 given that Mj is in effect at k 
conditioned on Z’-l is 

/qj(k - Ipi - 1) A P{Mi(k - l)pfj(k), z-“-l} 

- - 1 P{Mj(k)pfi(k - l), zk-l}P{Aqk - l)lz”-‘} 
cj 

(11.6.6-6) 

The above are the mixing probabilities, which can be written as 

where the normalizing constants are 

j=l 1”‘T r 

(11.6.6-7) 

(11.6.6-8) 

Note the difference between (11.6.6-6), where the conditioning is 2 ‘-l, and 
(11.6.5-7), where the conditioning is 2 k. This is what makes it possible to carry 
out the mixing at the beginning of the cycle, rather than the standard merging 
at the end of the cycle. 

2. Mixing (j = 1,. . . , r). Starting with ii( k - 1 I k - l), one computes the 
mixed initial condition for the filter matched to Mj (k) according to (11.6.6-4) 
as 

‘Oj(k - Ilk - 1) = f: 2i(k - Ilk - l)piij(k - 1Jk - 1) 
i=l 

j = l,...,r 

(11.6.6-9) 
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456 11 ADAPTIVE ESTIMATION AND MANEUVERING TARGETS 

The covariance corresponding to the above is 

POj(k - q/C - 1) = f: /.Li,j(k - Ilk - l){P(l; - I]/? - 1) 
i=l 

+ [L2(k - l]lc - 1) - ioqk - II/C - l)] 

l [2(k -  ilk -  1) -  itOj(k -  w - u’} 
j = l,...,r 

(11 . 5.6-l 0) 
3. Mode-matched filtering (j = 1, . . . , r). The estimate (11.6.6-9) and 

covariance (11.6.6-l 0) are used as input to the filter matched to Mj (Ic), which 
uses X(/C) to yield GY(i+) and P@@). 

The likelihood functions corresponding to the T filters 

Aj(k) = P[4lc)l~-(Q z”-ll (11.6.6-11) 

are computed using the mixed initial condition (11.6.6-9) and the associated 
covariance (11.6.6-10) as 

A,(k) = p[z(k)pwj(k),?“j(k - ilk - l), PO+? - l(JC - l)] 

j=l 
7 l l l 

, r (11.6.6-12) 

that is, 

Aj(k) = Jv[x(k); S[klk - 1; iiOj(k - Ilk - l)], sq/?; PO+ - l]lc - l)]] 
j= l,...,r 

(11.6.6-13) 
4. Mode probability update (j = 1, . . . , r). This is done as follows: 

l-9 Ck> 
’ P{Mj(k)lZ”) 

= ' P[Z(k)lMj(k), Z"-']P{-!j(k)lZ"~l} 
c 

= ’ Aj(k) e P{Mj(k)IMi(k - 1): AZ’“-‘}P{Mi(k - l)]Z”-‘} 
c i=l 

- - ’ A,(k) &PijPi(k - I) j=l 7 l l l 7 

r  (11.6.6-14) 
c i=l ’ 

or 

/.Lj(k) = ' 1 A (k) 
c 3 

Cj j=l I ’ ’ ’ 7 r (11.6.6-15) 

where Cj is the expression from (11.6.6-8) and 

C = ‘& Aj(k>cj 
.  4 

(11.6.6-16) 

is the normalization constant for (11.6.6-l 5). 
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11.6 THE MULTIPLE MODEL APPROACH 457 

5. Estimate and covariance combination. Combination of the 
model-conditioned estimates and covariances is done according to the mixture 
equations 

iijklk) = $ ij(klk)Pj(k) 1 (11.6.6-17) 

P(klk) = 2 pj(k){Pj(klk) + [?j(k(k) - ?(klk)][?‘(klk) - ?(k(k)]‘} 
j=l 

(11.6.6-18) 
This combination is on& for output purposes - it is not part of the algorithm 
recursions. 

Note 

One possible generalization of the IMM estimator is the “second-order IMM” 
with an extra period depth. While the derivations are rather lengthy, it has been 
reported that this algorithm is identicaZ to the GPB2 [Barret90]. 

11.6.7 An Example with the IMM Estimator 

The use of the IMM estimator is illustrated on the example simulated in Section 
11.5 where several of the earlier techniques were compared. The results pre- 
sented in the sequel, which were obtained with DynaEstTM, deal with the turn 
of 90’ over 20 sampling periods. 

A two-model IMM, designated as IMM2, was first used. This algorithm 
consisted of 

1. A constant velocity model (second-order, with no process noise); and 
2. A Wiener process acceleration model (third-order model) with process noise 

(acceleration increment over a sampling period) 4 = 10m3 = (0.0316 rn/s2)". 

Note that the acceleration in this case (0.075 m/s2) corresponds to about 2.4Jq. 
The Markov chain transition matrix between these models was taken as 

[PI [ 
0.95 0.05 

ij = 0.05 0.95 1 (11.6.7-1) 

The final results were not very sensitive to these values (e.g., p 11 can be between 
0.8 and 0.98). The lower (higher) value will yield less (more) peak error during 
maneuver but higher (lower) RMS error during the quiescent period; that is, it 
has a higher (lower) bandwidth. 

A three-model IMM, designated as IMM3, was also used. This consisted of 
the above two models plus another one: 

3. A constant acceleration (third-order) model without process noise. 
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11 ADAPTIVE ESTIMATION AND MANEUVERING TARGETS 

I I I I I I I I 

IO 20 30 40 50 60 70 80 90 100 10 20 30 40 50 60 70 80 90 100 

0 a 

Figure 11.6.7-l: Position RMS error. (a) IMM2, (b) IMM3. 

The Markov chain transition matrix was 

Figure 11.6.7-l shows the position (coordinate c) RMS error from 50 Monte 
Carlo runs for the IMM2 and IMM3, with the estimator design parameters as 
indicated above. Comparing with Fig. 11.5.3-la, it can be seen that the peak 
errors are approximately equal to the measurement noise standard deviation 
(which is 100 m), that is, substantially smaller than with the IE or VSD. During 
the nonaccelerating period the errors are somewhat larger, but still there is an 
RUS noise reduction factor of 2; this corresponds to a variance noise 
reduction factor of 4. 

Similar results for the velocity (in coordinate e) can be observed by com- 
paring Figs. 11.6.7-2 with Fig. 11.5.3-lb. 

Overall, the IMM2 and the IMM3 perform similarly in the position estima- 
tion; the IMM3 has a somewhat better velocity estimation capability. 

Figure 11.6.7-3 shows the evolution in time of the maneuvering mode prob- 
abilities in IMM2 and IMM3. The figure illustrates the soft switching that 
takes place when a maneuver is initiated: It takes a few samples in this case 
to “detect” the maneuver. The “detection” of a maneuver manifests itself here 
as a sharp increase in the probability of the maneuvering mode - mode 2 in 
IMM2 and mode 3 in IMM3. 
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Figure 11.6.7-2: Velocity RMS error. (a) IMM2, (b) IMM3. 
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Figure 11.6.7-3: Maneuvering mode probability. (a) IMM2, (b) IMM3. 
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Remark 

These results, based on [BarShalom89], are not only superior to the IE tech- 
nique of Section 11.3 (illustrated in Subsection 11.5.3), but also superior to the 
augmented version of the IE algorithm that estimates the maneuver onset time 
[Bogler87]. 

This shows that the IMM, at the cost of about three Kalman filters, is prefer- 
able to the augmented IE technique, which has a much larger implementation 
complexity - of 30 to 100 Kalman filters. 

11.6.8 Use of DynaEstTM to Design an IMM Estimator 

In Subsection 5.3.3 the use of the companion software DynaEstTM for speci- 
fying a simulation scenario and designing a Kalman filter for estimation was 
demonstrated. In this section, the design of an IMM estimator using DynaEst 
is illustrated. One of the IMM estimator configurations presented in Subsection 
11.6.7, IMM2, which consisted of two filter modules, is used for this. Before 
proceeding to design the IMM estimator, DynaEst has to be used to define the 
simulation scenario in Section 11.5 as shown in Figs. 5.3.3-3-5.3.3-l 1. 

Following the design of the simulation scenario, the IMM estimator design 
steps are as follows. 

Selection of a Tracker The selection of a Kalman filter as the estimator was 
shown in Fig. 5.3.3- 13. Now, the IMM estimator is selected as the tracker 
as shown in Fig. 11.6.8-l. 

Structure Selection of an IMM Estimator First, the number of filter modules 
in the IMM estimator has to be specified. In addition, the nature of the 
mode transition probability matrix [PJ has to be selected. DynaEst offers 
a choice between using a fixed mode transition probability matrix and 
using an adaptive one whose elements are modified at each sampling time 
based on the revisit interval and the mean sojourn time of each mode. 

The simulation scenario defined in Section 11.5 uses a constant sampling 
interval T = 10 s. Hence, using a fixed mode transition probability matrix, 
as shown in Fig. 11.6.8-2, is appropriate. 

The Mode Transition Probability Matrix The fixed mode transition proba- 
bility matrix of the IMM2 estimator, given in (11.6.7-l), is specified in 
DynaEst as shown in Fig. 11.6.8-3. 

Selection of an IMM Filter Module to Design Since the IMM estimator con- 
sists of a number of filter modules, possibly with different state-space 
models, the parameters for them have to be specified individually for 
each module. The first filter module is selected for design as shown in 
Fig. 11.6.8-4. 
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11.6 THE MULTIPLE MODEL APPROACH 461 

Figure 11.6.8-1: Selection of an IMM estimator as the tracker. 

the mode transitIon probablllty matrix IS modified at each revlslt 

Press ‘Next >>’ when done to go to the next step Press ‘Close’ to abort the 

Figure 11.6.8-2: Structure selection of an IMM estimator. 
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Figure 11.6.8-3: Specification of the mode transition probability matrix. 

Figure 11.6.8-4: Selection of an IMM filter module to design. 
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11.6 THE MULTIPLE MODEL APPROACH 463 

Figure 11.6.8-5: Design of a filter module. 

Design of a Filter Module Selecting the parameters in a module is the cru- 
cial step in the IMM estimator design. This step involves selecting the 
assumed motion model and setting the corresponding process noise para- 
meters in the module. DynaEst offers a sequence of windows similar to 
those in Figs. 5.3.3-6-5.3.3-11 for setting the motion model, noise para- 
meters, initial estimates, and the corresponding covariance matrix. The 
first window in the IMM filter module design process is shown in Fig. 
11.6.8-5. 

Selection of the Next Filter Module to Design After defining the target mo- 
tion model, process noise parameters, initial estimate, and the correspond- 
ing covariance matrix for the first IMM filter module, the next step is to 
select another filter module for designing as shown in Fig. 11.6.8-6. After 
selecting this filter module, its parameters are defined as described earlier. 

Viewing Estimation Results After the IMM estimator is designed, DynaEst 
executes the specified number of Monte Carlo runs and offers choices to 
plot the estimation results as shown in Fig. 11.6.8-7. Note that the mode 
probability plot option is enabled only when the IMM estimator is used 
for estimation. 

The design of the other IMM estimator, IMM3, can be carried out in a similar 

 D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/ by U

niversity O
f T

exas L
ibraries, W

iley O
nline L

ibrary on [16/03/2023]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense

Meta 1018 
p. 194



464 11 ADAPTIVE ESTIMATION AND MANEUVERING TARGETS 

Figure 11.6.8-6: Selection of the next filter module to design. 

Figure 11.6.8-7: Viewing estimation results. 
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11.6 THE MULTIPLE MODEL APPROACH 465 

manner, but with the additional con 
is left as an exercise to the reader. 

stant accel .erati .on (third-order) model. This 

11.6.9 The Multiple Model Approach - Summary 

The multiple model or hybrid system approach assumes the system to be in one 
of a finite number of modes (i.e., that it is described by one out of a finite 
number of models). 

Each model is characterized by its parameters - the models can differ, for 
instance, in the level of the process noise (its variance), a deterministic input, 
and/or any other parameter (different dimension state vectors are also possible). 

For the fixed model case the estimation algorithm consists of the following: 

l For each model a filter “matched” to its parameters is yielding model- 
conditioned estimates and covariances. 

l A mode probability calculator - a Bayesian model comparator - updates 
the probability of each mode using 

n the likelihood function (innovations) of each filter 
n the prior probability of each model 

l An Estimate combiner computes the overall estimate and the associated 
covariance as the weighted sum of the model-conditioned estimates and the 
corresponding covariance - via the (Gaussian) mixture equations. 

The typical ad hoc modification of the fixed model (static) approach to 
handle switching models is to impose a lower bound on the probability of each 
model. 

For systems that undergo changes in their mode during their operation - 
mode jumping (model switching) - one can obtain the optimal multiple model 
estimator which, however, consists of an exponentially increasing number of 
filters. 

This is because the optimal approach requires conditioning on each mode 
history, and their number is increasing exponentially. Thus, suboptimal algo- 
rithms are necessary for the (realistic) mode transition situation. 

The first-order generalized pseudo-Bayesian (GPB 1) MM approach com- 
putes the state estimate accounting for each possible current model. 

The second-order generalized pseudo-Bayesian (GPB2) MM approach com- 
putes the state estimate accounting for 

l Each possible current model 
l Each possible model at the previ .ous time 

The interacting multiple model (IMM) approach computes the state estimate 
that accounts for each possible current model using a suitable mixing of the 
previous model-conditioned estimates depending on the current model. 
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466 11 ADAPTIVE ESTIMATION AND MANEUVERING TARGETS 

These algorithms are decision-free - no maneuver detection decision is 
needed - the algorithms undergo a soft switching according to the latest 
updated mode probabilities. 

Table 11.6.9-l presents a comparison of the complexities (in terms of the 
functions to be performed) of the static algorithm and the three algorithms 
presented for switching models. 

Table 11.6.9-l: Comparison of complexities of the MM algorithms. 

Static GPBI GPB2 IMA 
Number of filters 
Number of combinations of r estimates and cowkiances 

r r r2 r 
1 1 r+l r+l 

Number of probability calculations r r r2 + r r2 + r 

As can be seen from the above, the static algorithm has the same require- 
ments as the GPBl. The IMM has only slightly higher requirements than the 
GPB 1, but clearly significantly lower than GPB2. 

In view of this, the modifications of the static algorithm for the switching 
situation are considered obsolete. 

In view of the fact that the IMM performs significantly better than GPBl 
and almost as well as GPB2 [Blom88], the IMM is considered to be the best 
compromise between complexity and performance. 

Furthermore, the IMM has been shown to be able to keep the position 
estimation error not worse than the raw measurement error during the critical 
maneuver periods (onset and termination) and provide significant improvement 
(noise reduction) at other times. 

11.7 DESIGN OF AN IMM ESTIMATOR FOR ATC TRACKING 

11.7.1 ATC Motion Models 

In air trafic control (ATC), civilian aircraft have two basic modes of 
flight: 

l Uniform motion (UM) - the straight and level flight with a constant 
speed and course 

l Maneuver - turning or climbing/descending 

The horizontal and vertical motion models can be, typically, assumed to be 
decoupled [Wang99]. The design and evaluation of several estimators for the 
horizontal motion will be discussed next. The flight modes in the horizontal 
plane can be modeled by 
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11.7 DESIGN OF AN IMM ESTIMATOR FOR ATC TRACKING 467 

l A nearly constant velocity model for the uniform motion, implemented as 
a WNA (white noise acceleration, or second-order kinematic, discussed in 
Section 6.5.3) model with low-level process noise 

l A maneuvering model, which can be implemented as 

l a WNA model with significant process noise, commensurate with the 
expected maneuvers, or 

l a nearly “coordinated turn ” model 

The nearly constant velocity model is given by 

x(k + 1) = 
T 

0” ; ; ; x(k> + 0 
0 

92 V(lc) (11.7.1-1) 
2 

0 0 0 l- 0 T 

r 

: 

lToo- 1T2 0 2 

where T is the sampling interval; x is the state of the aircraft, defined as 

x=[c i rl ril’ (11.7.1-2) 

with < and q denoting the Cartesian coordinates of the horizontal plane; and v is 
a zero-mean Gaussian white noise used to model (“cover”) small accelerations, 
the turbulence, wind change, and so on, with an appropriate covariance Q, 
which is a design parameter. 

The turn of a civilian aircraft usually follows a pattern known as coordi- 
nated turn (CT) (Subsection 4.2.2) - characterized by constant turn rate 
and constant speed. Although the actual turns are not exactly “coordinated” 
since the ground speed is the airspeed plus the wind speed, it can be suitably 
described by the “coordinated turn” model plus a fairly small noise representing 
the modeling error, resulting in the nearly coordinated turn model. The CT 
model is necessarily a nonlinear one if the turn rate is not a known constant. 
Augmenting the state vector (11.7.1-2) by one more component - the turn rate 
fi, that is, 

the nearly coordinated turn model is then given by 

x(k + 1) = 

1 
sin Q(k)T o 

wd 

0 cos fl(k)T 0 - sin S2(k)T 0 

- 1 - cosG(k)T o 

fi(k) 

o 1 - cosfl(k)T 1 

f-w) 

sin fl(k)T o 

Q(k) 

0 sin S1(k)T 0 

0 0 0 

cos Q(k)T 0 

0 1 

(11.7.1-3) 

x(kJ 
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ADAPTIVE ESTIMATION AND MANEUVERING TARGETS 

+ 

;T2 0 0 

T 0 0 

0 ST” 0 

0 T 0 

0 0 T 

UCk> (11.7.1-4) 

Note that the process noise v in (11.7. l-l) has different dimension from the one 
in (11.7.1-4). 

Assuming only position measurements are available, this yields the following 
observation equation 

ZCk) [ 10 0 0 0 - - 0 0 1 0 0 1 z(k) + w(k) (11.7.1-5) 

where w  is the measurement noise. Although the original radar measurements 
are in polar coordinates, they can be converted to Cartesian coordinates, as 
discussed in Subsection 10.4.3. 

11.7.2 The EKF for the Coordinated Turn Model 

Since the model in (11.7.1-4) is nonlinear, the estimation of the state (11.7.1-3) 
will be done via the EKF. 

The equations for state prediction and the corresponding covariance, the only 
ones affected by the nonlinearity of (11.7.1-4), are given below. The dynamic 
equation (11.7.1-4) can be rewritten compactly as 

z(k + 1) = f[k, x(k)] + kT(k)V(k) (11.7.2-1) 

To obtain the predicted state Z(k + 1) k), the nonlinear function in (11.7.2-l) 
is expanded in Taylor series around the latest estimate i(k) k) with terms up to 
first order to yield the (first-order) EKF 2. The vector Taylor series expansion 
of (11.7.2-l) up to first order is 

z(lc + 1) = f[k w$ql + fdq4Jc) - ~~~I~>1 
+HOT + rc~(k)v(k) (11.7.2-2) 

where HOT represents the higher-order terms and 

fx(k) = Pxf(k 4’1’ lx=f(kik) 

2The second-order EKF was found not to provide any benefit in this problem. 
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11.7 DESIGN OF AN IMM ESTIMATOR FOR ATC TRACKING 469 

sin fi(k)T o 
1 h 

1 - cosf2(k)T - h 
f-w fv4 

hl w 

0 cos fi(k)T 0 - sin fi(k)T fw@> I - - - 
o 

1 cos@)T 
h 1 

sin f@)T (11.7.2-3) 
h 

w4 
sin fi(k)T 

W) 
f&SW 

0 0 cos $i)T fQ4W 
-0 0 0 0 1 _ 

is the Jacobian of the vector f evaluated at the latest estimate of the state. The 
partial derivatives with respect to 0 are given by 

!- fwv4 - 
fa,a @> 

fdJc) 
- fdk) - 

- (cos fqk)T) T;(k) 
fi(W 

- (sin fi(k)T) T&k) - (cosfl(k)T) 7$(k) 

(sinfi(k $(k) 

h(k) - 

(1-cosQk)T)~(k) + (cosf@)T) T+$(k) 
2 

fiz(lc) h 
a(k) - 

(sin A(k):) 5(k) 

fw 

(cos h(k)T) T&k) - (sin fi(k)T) T$(k) 
111 7T) \ll./.L-4) 

Based on the above expansion, the state prediction and state prediction co- 
variance in the EKF are 

2(k + Ilk) = f [k, iqkqk)] (11.7.2-5) 

J’(k + Ilk) = f&)p(lcl~)f,(~)’ + Gx(~)Q(~)hx@) (11.7.2-6) 

where Q is the covariance of the process noise in (11.7.2-l). 
The initial estimate of the turn rate is zero since one does know whether it 

will be a left turn (a > 0) or 3 a right turn (0 < 0). Since, from this initial 
estimate, the algorithm is capable of estimating the turn rate including its sign, 
there is no need for left- and right-turn models, as in some other IMM versions. 
Note that at the initialization step and when the estimated turn rate is zero 
(or when it is sufficiently close to zero), the limiting form of fx( k), given in 

3This<&n convention follows the trigonometric convention (the navigation convention has the opposite sign for 
the turn rates.) 
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470 11 ADAPTIVE ESTIMATION AND MANEUVERING TARGETS 

(11.7.2-7), should be used, namely, 

f&)l- q/q=0 = 

1TOO -; T2ij(k) 

0 1 0 0 -T$(k) 
(11.7.2-7) 

Mixing of States of Different Dimension in the IMM 

Since the dimension of the state (11.7.1-3) is 5, while that of (11.7.1-2) is 4, the 
mixing in the IMM estimator is done by augmenting the latter with a component 
that is zero. This amounts to having a zero turn rate in the constant velocity 
motion, which can be also seen to reduce (11.7.1-4) to (11.7. l-l). Similarly, 
the covariance associated with (11.7.1-2) is to be augmented by a column and 
a row of zeros. 

11.7.3 Selection of Models and Parameters 

To obtain the best possible results, the IMM algorithm has to be properly de- 
signed to meet the following requirements of the ATC tracking simultaneously: 

l Reduce as much as possible the estimation errors during the uniform motion. 
l Maintain the peak estimation error during the maneuver lower than that of 

the unfiltered raw measurements. 
l Provide correct and timely indication of the flight mode, especially rapid 

detection of the maneuver. 

These requirements are fulfilled by means of 

l Design of aircraft motion models for all modes of flight 
l Selection of the model parameters, such as the noise levels 
l Determination of the parameters of the underlying Markov chain, that is, the 

transition probabilities 

IModel selection should consider both the quality and complexity of the 
model. Typically, the models used in the IMM configuration for ATC tracking 
will include one (a nearly constant velocity model) for the uniform motion and 
one or more for the maneuver - the nearly coordinated turn model of (11.7.1-4) 
is a typical one. 

Selection ofnoise levels for each model is an important part of the estimator 
design. Although the uniform motion is better modeled in (11.7. l-l) with a 
small process noise v to model the air turbulence, winds aloft changes, and 
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11.7 DESIGN OF AN IMM ESTIMATOR FOR ATC TRACKING 471 

so forth, it may be legitimate to use a somewhat larger process noise for the 
uniform motion to cover slow turns as well as small linear accelerations so as 
to ease the burden of modeling a broad range of maneuvers. The right choice 
of the noise level of the nearly coordinated turn model depends on what turn 
rate range is expected and how many models are to be used for the maneuvers. 

The performance of the IMM algorithm is not very sensitive to the choice of 
the transition probabilities. However, this choice provides to a certain degree 
the trade-off between the peak estimation errors at the onset of the maneuver and 
the maximum reduction of the estimation errors during the uniform motion. The 
guideline for a proper choice is to match roughly the transition probabilities with 
the system’s actual mean sojourn time in each mode. See problem 1 l-6 for 
the expression of the mean sojourn time in units of the sampling interval. 

11.7.4 The ATC Scenario 

As a generic ATC tracking problem, the following scenario is considered. The 
radar, stationed at [0 m, 0 m], provides direct position only measurements (after 
the polar-to-Cartesian conversion) with RMS errors of 100 m in each of the 
two Cartesian coordinates. 4 The intervals between the samples are T = 5 s. In 
the scenario under consideration, starting from [25,000 m, 10,000 m] at time 
t = 0 s, the aircraft flies westward for 125 s at 120 m/s, before executing a 
lo/s coordinated turn (which amounts to an acceleration of 0.2g at this speed), 
for 90 s. Then it flies southward for another 125 s, followed by a 3”/s turn (an 
acceleration of 0.6g at this speed) for 30 s. After the turn, it continues to fly 
westward at constant velocity. The target trajectory is shown in Fig. 11.7.4-l. 
This scenario leads to a maneuvering index (see Chapter 6) that is quite high 
(almost 1.5) and thus very little noise reduction can be achieved by a single 
model based state estimator, which will have to be, by necessity, conservative, 
i.e., designed for the maximum acceleration. 

The following estimator configurations were considered: 

l KF: A Kalman filter using a second order linear kinematic model (WNA) 
with process noise of standard deviation 1 m/s2 modeling the maneuver. 
This is a compromise between the maximum acceleration (6 m/s2) and the 
constant velocity trajectory portions. 

l IMM-L: An IMM estimator with two second-order linear kinematic models 
(WNA) with two noise levels. The one with the lower noise level with 
standard deviation 0.1 m/s2 is used to model the uniform motion and the 
other one with standard deviation 2 m/s2 for the maneuvers. The mode 

41ts location under these assumptions is not relevant. In practice, the measurements are in polar coordinates and 
it is best to convert them into Cartesian (see Section 10.4.3). In the polar measurement case, the location of the 
sensor matters because the angular measurement errors are multiplied by the range from the sensor to the target. 
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Figure 11.7.4-l: The target trajectory (I - initial point, F - final point, R - radar location). 

transition probability matrix TL was 

0.95 0.05 
7TL = 

0.10 0.90 1 (11.7.4-1) 

l IMM-CT: An IMM estimator with one second-order kinematic model (a 
nearly constant velocity model with process noise standard deviation 0.1 
m/s2) for the uniform motion and a (nearly) coordinated turn model with the 
turn rate (as part of the state) being estimated using an EKF. The process 
noise standard deviations used in the coordinated turn model were 0.5 m/s2 
and 0.2”/s2 for the linear and turn portions of the state, respectively. 
The mode transition probability matrix 7&T was 

[ 
0.95 0.05 

wT = 0.10 0.90 1 (11.7.4-2) 

The initial estimates were based on one-point initializations; that is, the 
initial position estimate was at the first measured position and the initial ve- 
locity/turn rate was zero. The initial velocity/turn rate variances were based on 
their assumed maximum values. The mode set, the transition mode probability 
matrices, process noise standard deviations and initial estimates/variances are 
estimator design parameters, which should be selected based on the expected 
scenarios and the designer’s experience. 

11.7.5 Results and Discussion 

The performances of the various estimators are shown in Table 11.7.5-1, where 
all the position estimation errors are for the c and q coordinates combined. The 
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11.7 DESIGN OF AN IMM ESTIMATOR FOR ATC TRACKING 473 

maneuver detection delay is defined to be the latency, measured in sampling 
periods, from the maneuver onset time to the time that the probability of the 
uniform motion mode falls below 0.5. The “UM probability error” stands for 
the (steady-state) probability of the maneuver modes during the uniform motion. 
In other words, this is the estimator-calculated probability that the UM mode is 
not in effect while, in truth, it is. 

Table 11.7.5-l: Estimation errors in the estimators (raw position measurement error 141m). 

Estimator 
KF IMM-L IMM-CT 

Peak position error (m) 143 138 109 
UM position error (m) 123 83 71 
Peak speed error (m/s) 22.5 9.3 4.8 
UM speed error (m/s) 32 . 1.9 13 
UM course error (“) 38 
lo/s Maneuver detection delay (scans) I 

2.7 1:s 
4 1 

3”/s Maneuver detection delay (scans) - 3 1 
UM probability error (%) 5.0 35 . 

As presented in Table 11.7.5- 1, the IMM-CT estimator yields a peak RMS 
position error during the mode of flight change that is almost 25% below the 
raw measurement error and 50% RMS error 5 reduction during the uniform 
motion. The speed estimation error during the uniform motion is 1% of the 
aircraft speed. The detection of the maneuver is quick: in two scans (i.e., one 
scan delay) for both turns in the target trajectory. 

Since the coordinate-combined raw measurement error (la) is lOOa = 141 
m, the angle deviation from the straight line in one scan (sampling period) during 
the uniform motion due to la measurement error can be as large as 

tan-l 
141 m 

120 m/s l 5 s 
= 13.2” (11.7.5-1) 

This is about the same as the expected course change caused by a 3”/s turn in 
one scan, which is (3”/s)*(5s)) = 15”. I n view of this, the UM probability error 
of only 3.5% seems quite low. The rapid detection of the maneuver, together 
with this small probability error, verifies the good reliability of this design in 
terms of providing the correct and timely information of the flight mode. 

If the sampling period is shorter, one can achieve more reduction of the errors 
in the state estimate compared to the unfiltered radar measurements during the 
maneuver, and substantially more noise reduction can be achieved during the 
uniform motion. 

5S 9 uare root of the sample average (mean) of the squared error from the Monte Carlo simulations. 
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474 11 ADAPTIVE ESTIMATION AND MANEUVERING TARGETS 

Figure 11.7.5-l presents the IXMS position errors (e and q coordinates com- 
bined) for the IMM-L and the IMM-CT estimators as well as a baseline Kalman 
filter (tuned specially for this case). The initial large estimation errors are due to 
the fact that the initial probability of each model was set to be equal to account 
for the worst case of ignorance. 

The following observations about the relative performances of the above 
estimators can be made: 

IMM-CT has the peak RMS position error of about 110 m, superior to the 
single measurement position RMS error, which is lOOa = 141 m. Moreover, 
when the aircraft is not maneuvering, the RMS error is around 70 m - that is, 
a reduction of about 50% in the RMS error (70% in MSE). The Kalman filter 
has a peak RMS position error of 143 m. During the uniform motion, however, 
its RMS error stays at about 120 m. This estimation error of the specially tuned 
Kalman filter for the uniform motion can be reduced only slightly at a cost of 
a much higher peak error. This is the typical behavior of a single-model based 
Kalman filter. Between the IMM-CT estimator and the IMM-L, the former 
yields faster maneuver detection and lower peak estimation errors. 

150 

140 

130 

120 

110 

100 

90 

80 

70 

6C 

I  I  I  

IMM-CT 
--- IMM-L 

- - - KF c 
\ 

20 40 60 80 

Figure 11.7.5-l: RMS position estimation errors. 

100 

Figure 11.7.5-2 shows the evolution of the average mode 2 (turning mode) 
probabilities in the IMM-L and IMM-CT estimators. The figure clearly indicates 
the rapid “detection” capability of IMM-CT - in two samples for both lo/s 
and 3”/s turns. The less sophisticated IMM-L detects the turns in three to four 
samples. 
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Figure 11.7.5-2: Mode 2 probabilities in IMM-L and IMM-CT estimators. 

Sensitivity of the IMM to the Design Parameters 

When the IMM uses several linear models with different process noise variances, 
a large ratio of these variances between models is needed; otherwise the models 
cannot be “distinguished” by the mode probability evaluator of the IMM (if they 
are the same, the IMM becomes a disguised KF). 

Values of the maneuver onset probability between 0.05 and 0.1 yield sim- 
ilar results. Overall, the sensitivity of the performance to such changes in the 
transition probabilities are moderate. 

Variable sampling interval, which is common in real systems, can be ac- 
counted for easily - see [Bar-Shalom951. 

Some Remarks 

The main findings from this example are as follows: 

l The KF is clearly inferior to any (reasonably designed) IMM estimator. 
l The accuracy of the turn rate estimate is not very important as far as the 

quality of the position, speed, and course estimates are concerned. What is 
important is the correct and timely detection of the maneuver and the fast 
response of the filter to this detection. 

l The IMM-CT estimator is the best choice for tracking maneuvering with its 
capability to track the linear as well as turn motion of the target. 
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476 11 ADAPTIVE ESTIMATION AND MANEUVERING TARGETS 

When the aircraft is in uniform motion, the estimates given by the filter(s) 
based on the nearly coordinated turn model(s) have little effect on the overall 
(combined) estimate of the IMM algorithm (and on the interaction estimates for 
the filter based on the linear model at the next cycle) because their estimates have 
small weights. Consequently, while the aircraft is indeed in uniform motion, 
the filter matched to the uniform motion model is dominant and yields accurate 
estimates. 

Once the aircraft starts to maneuver, the filter matched to the coordinated 
turn model takes over rapidly, leading to a significant reduction in the peak 
estimation errors. The IMM-CT estimator performs better than the KF and the 
IMM-L estimators during maneuvers. 

A noise level switching version of the KF (with one model at a time: running 
a filter with a low variance process noise during the constant velocity portions 
of the trajectory and, following a maneuver detection, switching to a filter with 
a high level process noise) is not practical due to the very short duration of 
the maneuver. Also, in real systems where the origin of the measurements is 
uncertain, the “switching” technique is totally inadequate [BarShalom95]. 

In view of the nature of maneuvers, which are not zero-mean white random 
processes, as the standard assumptions of the KF require, one cannot expect 
any of the filters to be perfectly consistent. The judgment as to which estimator 
design is best is a somewhat subjective one, and it should take into account the 
following: 

l The performance (RMS errors) in both position and velocity (or speed and 
course): the maximum error and the average during the uniform motion 

l Our desire for filter consistency 
l The complexity of the implementation 

Based on the above consideration, the IMM-CT is the best choice. 

11.8 WHEN IS AN IMM ESTIMATOR NEEDED? 

In Section 11.7.4 the design of an IMM estimator for a generic ATC problem 
was presented and it was shown that the IMM estimator performed significantly 
better than a Kalman filter. Specifically, the use of an IMM estimator with two 
filter modules, namely, a white-noise acceleration model and a coordinated turn 
model, resulted in about 50% reduction in RMS position errors vs. the Kalman 
filter. This improvement is due to the adaptive bandwidth (or the dynamic range) 
capability of the IMM estimator, that is, its ability to handle uniform motion (in 
which case it acts as a narrowband lowpass filter), as well as high-frequency 
maneuver motion (in which case it acts as wideband lowpass filter). 

The above results raise an important question: When is an adaptive estimator 
- in particular, the IMM estimator - necessary? Intuitively, the higher the 
uncertainty - that is, the higher the maneuverability of the target - the more 
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a versatile tracker like the IMM estimator is needed. In the sequel we present 
an answer to the above question using simulation-based estimation results. 

11.8 WHEN IS AN IMM ESTIMATOR NEEDED? 477 

It is shown below that 
a multiple model tracker 

the . 
like 

choice between a (single model) Kalman filter and 
the IMM estimator depends on the maneuvering 

index X of the target, defined in (6.5.3-14). That is, it is shown that above a 
certain maneuvering index threshold, the performance of the IMM estimator, in 
terms of estimation errors, is significantly better than that of a Kalman filter, and 
therefore the former’s use is recommended above that particular maneuvering 
index. 

11.8.1 Kalman Filter vs. IMM Estimator 

The test scenario, which is similar to the one used in Section 11.7.4, is con- 
structed as follows: 

The sensor measures the two-dimensional Cartesian positions with RMS 
errors of gW = 100 m in each coordinate. 

The revisit interval of the sensor is fixed at T = 5 s. 

Initially, the target moves at nearly a constant velocity for 60 s with 
process noise standard deviation gV = 0.2 m/s2, which yields a very small 
maneuvering index of X = 0.05 in each coordinate. 

Following this, the target executes a series of three maneuvers, each of 
which 

l lasts for 60 s 

l has a given (fixed) maneuvering index X (with the corresponding 
white process noise) 

l is interleaved with nonmaneuvering periods lasting for 60s with X = 
0.05. 

The level of maneuvering is varied from X = 0.1 to 2.5, in increments of 
0.1. That is, the process noise standard deviation ranges from 0, = 0.4 m/s2 
to 10 m/s2 for the above values of gW and T. The performance of the trackers 
based on Kalman filter and the IMM estimator are evaluated from 100 Monte 
Carlo runs for each of these maneuvering index values. 

For the Kalman filter, a second order (WNA) linear kinematic model with gV 
corresponding to 0.8 of the maximum process noise standard deviation (during 
the maneuvering intervals) was used. This choice was made in order to retain as 
much as possible the ability to track maneuvering and nonmaneuvering intervals. 
Other values of gV yielded similar results. 

The IMM estimator consisted of two WNA models designed as follows: 
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Figure 11.8.1-l: Peak RMS estimation errors. (a) Position errors, (b) velocity errors. 

1. One model with low process noise with gV = 0.2 m/s2, the process noise 
standard deviation during the nonmaneuvering intervals. 

2. One model with high process noise corresponding to the maneuver process 
noise standard deviation. 

3. The mode transition probability matrix 7r was 

0.90 0.10 
7T = [ 0.10 0.90 1 (11.8.1-l) 

which corresponds to a sojourn time of about 60 s in each mode at T = 5 s. 

Figure 11.8. l-l shows the peak position and velocity errors obtained with 
the two estimators. It can be seen that both estimators result in nearly the same 
peak estimation errors up to X = 0.5 while beyond that value of X the IMM 
estimator yields significantly lower estimation errors. 

Figure 11.8.1-2 shows the overall RMS position and velocity errors. Here 
also, one can notice that the IMM estimator results in significant error reduction 
over the Kalman filter for X > 0.5. 

Figure 11.8.1-3 shows the position and velocity RMS errors during the 
non-maneuvering intervals. It can be seen that the errors obtained with the 
IMM estimator remain almost constant, whereas those obtained with the Kalman 
filter increase with A; the latter is unable to provide noise reduction during non- 
maneuvering intervals because, in order to reduce the overall error, its parameters 
are tuned to the maneuvering intervals. 

This is a direct result of KF’s lack of adaptive bandwidth capability. In 
contrast, the IMM estimator is able to maintain the noise reduction during non- 
maneuvering intervals even with higher levels of target maneuverability - by 
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Figure 11.8.1-2: Overall RMS estimation errors. (a) Position errors, (b) velocity errors. 

adapting the weights given to the two filter modules (mode probabilities), it 
gives consistently better results. 

The above observation is confirmed further in Fig. 11X1-4, where the 
position and velocity RMS errors during the maneuvering intervals are shown. 
Notice that even with the Kalman filter’s noise levels adapted to the increasing 
maneuverability, it is unable to match the IMM estimator’s performance levels. 
Also notice that the breaking point for the Kalman filter is, once again, around 
X = 0.5, up to which both estimators perform nearly the same. 

These results indicate that below about X = 0.5, the Kalman filter and the 
IMM estimator performs equally well. Other values of measurements error stan- 
dard deviations and sampling intervals yielded similar results. Above this (ap- 
proximate) threshold, the more sophisticated IMM estimator yields consistently 
better results. The adaptive bandwidth or dynamic range capability 
of the IMM estimator becomes a significant factor in the estimation process 
when the maneuverability of the target is sufficiently high. The adaptation via 
mode probability update helps the IMM estimator keep the estimation errors 
consistently low, both during maneuvers as well as during the benign motion 
intervals. 

In summary, based on the above observations it is recommended that the 
maneuvering index threshold of X = 0.5 be used as a guideline in making 
a choice between the Kalman filter and the IMM estimator. 
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Figure 11.8.1-3: Uniform motion RMS estimation errors. (a) Position errors, (b) velocity errors. 
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Figure 11.8.1-4: Maneuver RMS estimation errors. (a) Position errors, (b) velocity errors. 
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11.9 USE OF EKF FOR SIMULTANEOUS STATE AND PARAMETER ESTIMATION 481 

11.9 USE OF EKF FOR SIMULTANEOUS STATE AND PARAMETER 

ESTIMATION 

11.9.1 Augmentation of the State 

The extended Kalman filter can be used for suboptimal state estimation in non- 
linear dynamic systems. 

The situation of linear systems with unknown parameters that are continuous- 
valued can be put in the framework of nonlinear state estimation by augmenting 
the base state. The base state is the state of the system with the parameters 
assumed known. 

Denoting the unknown parameters as a vector 8, the augmented state 
will be the stacked vector consisting of the base state x and 0 

y(k) A [ xfq (11.9.1-1) 

The linear dynamic equation of x, with the known input u and process noise 

x(k + 1) = F(B)x(k) + G(B)u(k) + v(k) (11.9.1-2) 

and the “dynamic equation” of the parameter vector (assumed time invariant) 

O(k + 1) = O(k) (11.9.1-3) 

can be rewritten as a nonlinear dynamic equation for the augmented state 

y(k + 1) = f[y(k)+(k)l + v(k) (11.9.1-4) 

The resulting nonlinear equation (11.9.1-4) is then used for an EKF to esti- 
mate the entire augmented state. 

The same technique can be used if the dynamic equation of the base state 
is nonlinear. 

The model represented by (11.9.1-3) for the parameter dynamics assumes 
it to be constant. Therefore, the covpriance yielded by the EKF will, asymp- 
totically, tend to zero, and consequently the filter gain for these components 
will tend to zero. This is because there is no process noise entering into these 
components of the augmented state - the controllability condition 2 from 
Subsection 5.2.5, pertaining to the Riccati equation for the state estimation co- 
variance, is not satisfied. 

Since the EKF is not an optimal estimation algorithm, it will in general not 
yield consistent estimates for the parameters - the estimates will not converge 
to the true values. Thus the si tuation where the parameter vari antes tend to zero 
is undesirable because it will lead in practice to estimation errors much larger 
than the filter-calculated variances. 
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482 ADAPTIVE ESTIMATION AND MANEUVERING TARGETS 

This can be remedied (to some extent) by assuming an artificial process 
noise (or pseudo-noise) entering into the parameter equation. This amounts 
to replacing (11.9.1-3) by 

B(lc + 1) = e(q+v&) (11.9.1-5) 

where the parameter process noise is assumed zero mean and white. Thus the 
parameter is modeled as a (discrete time) Wiener process. 

Any nonzero variance of this process noise will prevent the filter-calculated 
variances of the parameter estimates from converging to zero. Furthermore, this 
also gives the filter the ability to estimate slowly varying parameters. 

The choice of the variance of the artificial process noise for the parameters 
- the tuning of the filter - can be done as follows: 

1 . Choose 
(estimated/guessed) value of the parameter. 

the standard deviation of the process noise as a few percent of the 

2. Simulate the svstem and the estimator with random initial estimates (for the 
base state as well as the parameters) and monitor the normalized estimation 
errors. 

3 Adjust the noise variances until, for the problem of interest, the filter is con- 
sistent - it yields estimation errors commensurate with the calculated aug- 
mented state covariance matrix. The criteria to be used are those from Sec- 
tion 5.4 - the estimation. bias and the normalized estimation error squared 
(NEES). 

The example of the coordinated turn motion with an unknown rate from 
(11.7.1-2) to (11.7.1-4) falls into this category. 

11.9.2 An Example of Use of the EKF for Parameter Estimation 

Consider the scalar system, that is, its base state x is a scalar, given by 

x(k + 1) = a(lc)x(lc) + b(lc)u(k) + zII(Ic) (11.9.2-1) 

where zll (k) is the base state process noise and the two unknown parameters 
are a(k) and b(k), possibly time-varying. 

The observations are 
z(k) = x(k) + w(k) (11.9.2-2) 

Following the procedure of the previous subsection, the augmented state is 

With this the nonlinear dynamic equation corresponding to (11.9.2-l) can 
be written as 

y1(k + 1) = fl[y(lc>, u(k)] + v(k) L !!l(Q/2(k) + ~3@)u@) + v@) 

(11.9.2-4) 
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11.9 USE OF EKF FOR SIMULTANEOUS STATE AND PARAMETER ESTIMATION 483 

and the “dynamic equation” of the parameters is 

yi(k + 1) = fi[y(k), u(k)] + Vi(k) 4 Yi(k) + Vi(k) i = 2,3 (11.9.2-5) 

The augmented state equation is then 

Y(k + 1) = f[!@L 4a + G> (11.9.2-6) 

with the augmented process noise VI Ck> v(kl 5 v2(k) I 1 (11.9.2-7) 
I”3 64 

assumed zero mean and with covariance 

Q = diag(ql, a, q3) (11.9.2-8) 

With the linear measurements (11.9.2-2), the only place in the EKF where 
linearizations are to be carried out is the base state prediction. 

The second-order EKF will use the following augmented state prediction 
equations. From (11.9.2-4) the base state prediction can be obtained directly as 

Cl@ + Ilk> = ~2(kpqtil(kl~) + ~3(qq@) + p21(klk) (11.9.2-9) 

since 

qa(k)+)lZ”] = JqY2(Q/l(k)l@] = !i72(klk>&(klk) + COV[Y2(k), Yl(k)p+] 

(11.9.2-10) 
Note that the last term in (11.9.2-9) is the only second-order term. 

The predicted values of the remaining two components of the augmented 
state, which are the system’s unknown parameters, follow from (11.9.2-5) as 

&(k + Ilk) = &(klk) i = 2,3 (11.9.2-11) 

Equations (11.9.2-9) and (11.9.2-l l), in general, have to be obtained using 
the series expansion of the EKF, which requires evaluation of the Jacobian of 
the vector f and the Hessians of its components. In the present problem, the 
Jacobian is 

Cau4k) $1 VW u(k) 
F(k) - - 0 1 0 1 (11.9.2-12) 

0 0 1 

and the Hessians are 

0 10 
f  1 = 

YY 
1 100 

0 0 0 
f 2 -0 

YY - f 3 -0 YY - (11.9.2-13) 
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484 11 ADAPTIVE ESTIMATION AND MANEUVERING TARGETS 

Then, with the components of f given in (11.9.2-4) and (11.9.2-5), it can be 
easily shown (see problem 11-3) that using (10.3.2-4) for the augmented state, 
that is, 

(11.9.2-14) 

yields (11.9.2-9) and (11.9.2-l 1). 
The prediction covariance of the base state can be obtained, using (10.3.2-6) 

as 

P&i + ilk) = fj2(klq2~11(qq + 2$2(qqfi1(qqp21(qq 

+%j2(klk)u(k)P13(klk) + &(klk)2P22(kIk) + %(k1k)u(k)p23(klk) 

+u(k)2P33(klk) + P21(klk)2 + P22(klk)h(klk) + 41 (11.9.2-15) 

11.9.3 EKF for Parameter Estimation - Summary 

The EKF can be used to estimate simultaneously 

l the base state and 
l the unknown parameters 

of a system. 
This is accomplished by stacking them into an augmented state and carrying 

out the series expansions of the EKF for this augmented state. 
Since the EKF is a suboptimal technique, significant care has to be exer- 

cised to avoid filter inconsistencies. The filter has to be tuned with artificial 
process noise so that its estimation errors are commensurate with the calculated 
variances. 

11.10 NOTES, PROBLEMS, AND TERM PROJECT 

11.10.1 Bibliographical Notes 

The “adjustment” of the process noise covariance, presented in Section 11.2, has become part 
of the Kalman filtering folklore. It can be found in [ Jazwinski69, Jazwinski701. Among its 
applications, the one presented in [Chang77] deals with state and parameter estimation for 
maneuvering reentry vehicles. In [Tenney77b, Tenney77al similar ideas are used for passive 
tracking of maneuvering targets including reinitialization of the filter upon detection of the 
maneuver. In [Castella a continuous update of the process noise covariance is presented 
based on a fading memory average of the residuals. An adaptation of the filter gain based on the 
residuals’ deviation from orthogonality is presented in [Hampton73]. In [ Spingam721 a least 
squares approach with exponential discount of older measurements is used for maneuvering 
targets. Estimation of the noise covariances has been discussed in, for example, [Li94] and 
[ Myers761. 
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11.10 NOTES, PROBLEMS, AND TERM PROJECT 485 

The switching from one model to another with different noise parameters is discussed in 
[McAulay73] in a manner somewhat similar to Subsection 11.2.2. 

The input estimation method of Section 11.3 is based on [Chan79]. Estimation of the input 
and the measurement noise covariance has been discussed in [Moghaddamjoo86]. The general- 
ized likelihood ratio technique [Willsky76b, Kom82] deals simultaneously with the estimation of 
the input and its onset time. Such an approach was taken by [Bogler87], who augmented the IE 
technique of [Chan79] to include maneuver onset time estimation; however, the resulting algo- 
rithm was very costly and performed less well than the IMM [Bar-Shalom891. In [Demirbas87] 
an approach consisting of hypothesis testing via dynamic programming is proposed. 

The variable dimension approach to tracking maneuvering targets discussed in Section 
11.4 is from [Bar-Shalom821, which also presented the comparison of algorithms discussed in 
Section 11.5. An extensive comparison of various maneuver detection approaches is described 
in [ Woolfson851. 

A weighted state estimate, along the lines of Section 11.6, is presented in [Thorp73]. 
The multiple model (MM) approach was originally presented in [Magi1165]. The Markov 
switching of models is discussed in [Moose73, Moose75, Moose79, Moose80, Gholson771. 
The generalized pseudo-Bayesian (GPB) algorithms are proposed by [Ackerson70, Jaffer7 1 b, 
Jaffer7 1 a]. The GPB2 MM approach is based on [Chang78]. A survey of the MM techniques 
and their connection with failure detection is given in [Tugnait82]. Recent work in failure 
detection using the static MM estimator includes [Hanlon98]. The use of the IMM for failure 
detection, which is substantially more effective than the static MM estimator, was presented in 
[Zhang98]. Related work in the area of failure detection is [Willsky76a, Caglayan80, Kerr89al; 
the connection between failure detection, multiobj ect tracking and general modeling uncertainties 
is discussed in [ Pattipati831. Detection-estimation algorithms that approximate the optimal 
algorithm of Subsection 11.6.3 are discussed in [Hadidi78, Tugnait791. The Interacting MM 
algorithm is from [Blom84, Blom88]. The application of the IMM to air traffic control can be 
found in [Bar-Shalom98bl (Chapters 1 and 2). Section 11.7 is based on [Wang99]. Reference 
[Li93] discusses how one can predict the performance of an IMM algorithm without Monte Carlo 
simulations and illustrates this technique on examples, including a simplified ATC problem. 
The generalization of the IMM to second-order Markov systems was presented in [Blom85]. 
Smoothing with an IMM was discussed in [Helmick95]. A survey on the IMM and its numerous 
applications can be found in [Mazor98]. The book [Sworder99] presents a mathematical treatise 
on hybrid systems. A survey of MM methods can be found in [Li96]. 

In [Li95] a theoretical framework for evaluating the performance 
algorithms (with continuous and discrete uncertainties) is presented. 

of hybrid estimation 

Adaptive sampling techniques for a maneuvering target are presented in [ Blackman8 11. This 
topic is discussed in the larger context of radar resource allocation in [Blair98, Kirubarajan981. 
The use of target orientation measurements for tracking maneuvering targets is explored in 
[Kendrick8 1, Lefas84, Andrisani86, Sworder891. 

11.10.2 Problems 

11-1 CRLB for a two-model parameter estimation problem. Consider an estimation prob- 
lem where the noise behaves according to one of two models. Using the binary random 
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486 11 ADAPTIVE ESTIMATION AND MANEUVERING TARGETS 

variable ~11, the observation can be written as 

z = x + awl + (1 - a>wz 

where J: is the (unknown constant) parameter to be estimated, 

P{a! = 1} =JJi P{a = 0) = p2 = 1 - pi 

with wi N n/(0, a:) independent of each other and of clr. In other words, the measurement 
has with probability pl accuracy ol and with probability p2 accuracy 02. 

1. Write the likelihood function of x:, A(X) = p(zlz). 

2. Find gML. 

3. Evaluate the corresponding MSE. 

4. Evaluate the CRLB for this estimation problem assuming pl = 0.5, ol = 1, o2 = 100. 
(Hint: Use the fact that Q << o2 to approximate the integral that requires otherwise 
numerical evaluation.) 

5. Compare the results of items 3 and 4 for the above numbers. Comment on the 
usefulness of the bound in this problem. 

11-2 

11-3 

11-4 

Two-model parameter estimation problem with a prior. Given the random parameter 
X- N(xo, ai) to be estimated based on the same measurement as in problem 1 l- 1. 

1. Find the MMSE estimate of x given 2. 

2. Find the conditional variance of x given Z. 

Assume x, or and wi are all independent. 

EKF prediction equations for a system with unknown parameters. 

1. Derive the predicted augmented state from (11.9.2-14). 

2. Prove (11.9.2-l 5) and derive the remaining terms of this covariance. 

EKF simulation for state and parameter estimation. Consider the system (11.9.2-l) 
with x(0) = 0, u(k) = 0.5, b(k) = 0, process noise zero mean with variance Q = 
0.09. The observations are given by (11.9.2-2) with measurement noise zero mean with 
variance r = 0.09. The covariance matrix of the initial augmented state estimate is 
P(OI0) = diag(0.09,0.04). 

1. Implement an EKF for this problem (to estimate x, a, and b) without an artificial 
process noise. Initialize with random initial estimates according to P(O( 0). List the 
normalized estimation error squared (NEES) for each component of the augmented state 
for 100 steps. 

2. Perform 100 Monte Carlo runs for the above. List the averages of the normalized 
estimation error for bias check and the NEES for each component for 100 steps. Indicate 
the corresponding 95% confidence regions. 

3. I f  the filter needs tuning, do it and present the results. Compare also the absolute 
RMS estimation errors with those from (2). 

11-5 Fading memorv average. Prove (11.2.2-7). 
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11.10 NOTES, PROBLEMS, AND TERM PROJECT 487 

11-6 Sojourn time in a state for a Markov chain. Prove 

E[ 1 
1 

. -- 
rz - 1 - pii 

where 7i is the expected sojourn time (in units of the sampling interval) of a Markov 
chain in state i (mode i) and pii is the transition probability from state i to state i. 

11-7 Hybrid system with i.i.d. modal state sequence, 

1. Find the Markov chain transition matrix that, regardless of the initial condition, yields 
(in one step) the fixed probability vector [pl p2]‘. 
2. Given that the mean sojourn time (MST) in state 1 is 7-1 periods, find, for the above 
case, 72, the MST in state 2. 

11-8 Direct mode observation in a hybrid system. Consider the prior pdf of x as 

P(X) = x Pib(X - Xi) 

i=l 

and the observation 
z=x+w w N N(o, 1) 

Find the closed-form expressions of the posterior weights fii conditioned on x. 

11-9 Fault detection. Consider a direct discrete-time WNA motion model in one coordinate 
with T = 1. Let the measurement be 

h 11 0 
z= [ 1 0 h22 

x+w 

with all noises zero-mean white with unity variance. 

The system in the normal mode has h 1 1 = 1 and hz2 = 1. The failure modes are: 

FMl. hll = 0 

FM2. h22 = 0 
FM3. hll = 0 and h22 = 0. 

The system starts in the normal mode, then goes into FM1 at Ic = 10, recovers at Ic = 20, 
goes into FM2 at Ic = 30, recovers at k = 40, goes into FM3 at k = 50, and recovers at 
k = 60. 

Let the initial condition be 

Scenario A. x = [0 01’ 
Scenario B. x = [0 lo]’ 

both with identity matrix initial covariance. 

1. Design an IMM estimator for this system. Specify the design parameters and imple- 
ment it with DynaEstT? 

2. Based on 100 runs with the same failure sequence (but independent noises and 
random initial state estimates), find the average number of samples it takes to detect 
each failure mode and recovery for the two scenarios. Define what you mean by failure 
mode detection. Explain the difference in performance between the two scenarios. 
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11 ADAPTIVE ESTIMATION AND MANEUVERING TARGETS 

11-10 Maneuvering index threshold vs. debiasing threshold. Show that the maneuvering in- 
dex threshold X = 0.5 from Section 11.8 is (almost) equivalent to the debiasing threshold 
(10.4.3-U). 

11.10.3 Term Project - IMM Estimator for Air Traffic Control 

Design IMM estimators for the following air traffic control problem: 

The Ground Truth is a target moving with a 
Cartesian coordinates (with positi .on in m) 

constant speed of 250 m/s with initial state in 

II: = [( i ‘I rj]’ = [0 0 0 2501’ 

The sampling period is T = 10 s. At k = 10 (t = 100 s) it starts a left turn of 2”/s for 30 s, then 
continues straight until Ic = 20, at which time it turns right with lo/s for 45 s, then left with 
lo/ s for 90 s, then right with lo/s for 45 s, then continues straight until k = 50. (The turns are 
not known to the filter!) 

M ‘easurements are made starting from Ic 
(range r and azimuth 8) by a radar located 

= 
at 

r = JK - w + (q - q,y 

0 on the position of this target 
[to, r70] = [-lo”, 01, with 

in polar coordinates 

8 = tan- 

1 v-v.0 

( > t - co 

with additive white Gaussian noise with covariance R = diag[2500 m2, ( l”)2]. 

Design the following two IMM estimators: 

(A) IMM-L consisting of two (linear) WNA models (Section 6.3.2), with process noise 
(assumed zero-mean white Gaussian) with variances gErn, m = 1,2. These, together with the 
Markov chain transition matrix between the models, are the IMM estimator design parameters. 

(B) IMM-CT consisting of one WNA model and a coordinated turn model with the turn 
rate as an additional state component. The CT model has an additional design parameter, the 
turn rate process noise variance. 

The IMM estimator is initialized from the measurements at Ic = 0 and k = 1 and starts 
running from Ic = 2. Each model has initial probability 0.5 and the same initial estimate. 

1. Calculate the true state according to the above specifications for k = 0, . . . , 50 (the truth 
evolves without noise). 

2. Generate the noisy measurements along the trajectory. 

3. Implement the IMM estimators for this problem. Indicate the rationale for the choice of 
the estimator design parameters. 

4. Calculate the following average results for N = 100 runs for the two designs (try to 
have the estimated position RMS errors not to exceed the single measurement position RMS 
error during the maneuver - a few percent excess is OK - while having as much as possible 
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11.10 NOTES, PROBLEMS, AND TERM PROJECT 

“noise reduction” in the straight portions of the trajectory): 

NORXE 9 

FPOS b 

FVEL 6 

RMSPOS A 
RMSVEL b 

RVISSPD A 
RMSCRS A 

NEES b 
MOD2PR 4 

where 

RMS position error (Note: both coordinates combined) 
RMS velocity error (Note: both coordinates combined) 

RMS speed error (Note: speed A magnitude of velocity vector) 
RMS course error (Note: course e direction of velocity vector) 

AVE{Z(kIk)‘P(/+)-‘Zo) 
AVE(mode1 2 probability} 

489 

RMS(y) A AVE(y) 2 $-$yj 
j=l 

and yj is the outcome of y  in run j. Provide the expressions you used for calculating RMSPOS, 
RMSVEL, RMSSPD and RMSCRS. Indicate which is your final (“best”) design. 

5. Indicate the distributions of NORXE and NEES and their 95% probability regions. 
Justify the final choice of the design parameters. Summarize the effect of the Markov chain 
transition matrix on the final results based on the designs illustrated in item 4. 

6. Plot for both designs RMSPOS and FPOS; RMSVEL and FVEL; NORXE with its prob- 
ability region; RMSSPD; RMSCRS; NEES with its probability region; and MODPR. Comment 
on the estimator bias and consistency. 

7. Repeat item 4 for the best single-model filter (a standard KF) of your choice (a single 
design). Indicate how the design parameter was chosen and comment on its performance as 
compared to the best IMM. 

DELIVERABLES: 
A concise report is due. 
Each student will have to make a lo- to 15min. presentation in class. It is suggested to 

prepare 8-10 viewgraphs for this presentation, describing the designs and performance plots. 
The most important plots are: 

l A single run with the true and estimated trajectories (best IMM). Plot the true trajectory as 
a solid line, marking the position (+) at the sampling time; the measurement (0) connected 
with a line to the corresponding true position; and the updated position (o), also connected 
with a line to the corresponding true position at each sampling time. Provide magnified 
plots of the turn portions. 

and the following comparison plots: 

l RMSPOS for the two IMMs (RMSPOSIMM-L, RMSPOSIMM-CT) and the KF (RM- 
SPOSKF), together, for comparison; also, indicate the (baseline) raw unfiltered position 
error (RMSPOSRAW). 

l RMSSPD for the two IMMs and the KF (together, for comparison). 
l RMSCRS for the two IMMs and the KF (together, for comparison). 
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11 ADAPTIVE ESTIMATION AND MANEUVERING TARGETS 

NEES for the two IMMs and the KF (together, for comparison). 
MOD2PR for the two IMMs (together, for comparison). 

Develop an incremental animated display for the tracker with the following specifications: 

Plot the true position (black dot) every 0.1 s at a rate n times faster than real time, with 
the display speedup n E [ 1, lo]. This high density sequence of points should appear as a 
continuous line. 
Each position measurement should appear as a box “0” connected with a red line to the 
true position at the corresponding time. 
The display of the measurement should be delayed from its true time by a constant A, 
which is independent of the display speedup. Use A = 0.1 s to start with, then adjust to 
make the display more appealing if necessary. 
Each updated position should appear as bullet “a”, the starting point of a black arrow 
of length and direction given by the estimated velocity vector multiplied by the sampling 
interval T. The tip of this arrow will be then the predicted measurement for the next time 
under a linear motion model. 
The starting point of the arrow should be connected with a blue line to the true position at 
the corresponding time. 
The display of the measurement should be delayed from its true time by a constant 2A, 
which is independent of the display speedup. Use A = 0.1 s to start with, then adjust to 
make the display more appealing if necessary. 
You can use your creativity to provide sound effects (e.g., at each measurement time) to 
keep the audience entertained. 

The display should grow incrementally, rather than being restarted at each sampling time. 
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