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Preface

In 1976 Terry Speed invited me to Perth, Australia where he conducted
a research seminar exploring relations between statistics and statistical
physics. Among other things we studied the relation between the notion of
interaction as used in contingency table analysis and in thermodynamics.
To our delight they were formally the same and one of the most inspiring
periods in my life as a researcher was initiated. In the next couple of
months we worked day and night and laid essentially the foundations for
the papers Darroch et al. (1980) and Lauritzen et al. (1984).

In 1979 I was invited to lecture at the Swedish summer school in statis-
tics. Here I met Nanny Wermuth and with her as the main source of inspi-
ration we set out to investigate possibilities for making graphical models
that simultaneously dealt with discrete and continuous variables.

In 1985 David Spiegelhalter contacted me with the purpose of discussing
possibilities for using graphical models in artificial intelligence.

These three meetings have had a profound influence on my life as re-
scarcher in general and in particular on the development of the material
described in the present book. I am deeply indebted to the inspiration and
idcas that Terry, Nanny, David, and others have provided.

Over the years I have enjoyed being part of many research groups. Here
I will particularly mention three. The Danes that have been enthusiasti-
cally intcrested in graphical models from their early beginning: Jens Henrik
Badsberg, David Edwards, Morten Frydenberg, Svend Kreiner, and a bit
later also Poul Svante Eriksen. The BAIES group working on probabilis-
tic expert systems, consisting of Robert Cowell, Phil Dawid, and David
Spiegelhalter. The ODIN group in Aalborg involving far too many to men-
tion, but Stig Anderscn, Finn Jensen, Frank Jensen, Uffe Kjzerulff, and
Kristian Olesen have been there all the time. The enthusiasm from mem-
bers of these groups has kept up my spirits.

Countless colleagues in Denmark and throughout the world have en-
couraged me cvery time I was losing hope and energy. It is plainly impos-
sible to mention them all, but it is clear that without these the book would
never have existed. It is a privilege to belong to a scientific community
with so many fine people.

Heidi Andersen, David Edwards, Jinglong Wang and Dorte Sgrensen
have read parts of the book in some detail and 1 am extremely grateful for
their comments and criticism. This also applies to the students at Aalborg
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vi PREFACE

University who were exposced to the somewhat compact material in the
spring of 1993 and survived.

Various institutions deserve thanks for hosting me while I was writing
parts of the book. This includes the Statistical Laboratory in Cambridge,
where I began the writing during my sabbatical leave in 1987. Chap-
ter 6 was largely written during a wonderful stay at the institution of San
Cataldo, a former nunnery beautifully situated in Southern Italy and run
as a study home for Danish researchers and artists.

The Danish Research Councils and the Carlsberg Foundation have in
various ways contributed financially to the research.

Oxford University Press and my collcague Frank Jensen have been of
invaluable assistance with typographical matters.

Aalborg S.L.L.
December 1995
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1
Introduction

1.1 Graphical models

Graphical models have their origin in several scientific areas. One of these
is statistical physics. Here the ideas can be traced back to Gibbs (1902).
The object of interest is a large system of particles, possibly the atoms
of a gas or solid. Each particle is occupying a site where it can be in
different states. The total energy of the system is composed by an external
potential plus a potential due to interaction of groups of particles. It is
usually assumed that only particles at sites close to each other interact.
Sites that are close to each other are termed neighbours and an undirected
graph is determined by the neighbour relationship. The total energy of the
system is determining the behaviour of the system through the so-called
Gibbsian distribution

p(z) = Z7 exp{~E(z)},

where E(z) is the total energy of the system when this is in configuration
z, and Z is a normalizing constant.

Another origin is in the subject of genetics, where the graphical models
go back to Wright (1921, 1923, 1934), who founded the so-called path
analysis. Here one is studying heritable properties of natural species and
the graph relations are directed, with arrows moving from parent to child.
Ideas of path analysis were later taken up in economics and social sciences
(Wold 1954; Blalock 1971).

The third source has less obvious relation to graphs. Bartlett (1935)
studied the notion of interaction in a threc-way contingency table. It turns
out that, apart from differences due to notational conventions, this notion
of interaction is formally identical to the notion used in statistical physics
(Darroch et al. 1980).

With this understanding, the graphical models are ready at hand for
use in statistics. Their fundamental and universal applicability is due to a
number of factors. Firstly, the graphs can visually represent the scientific
content of a given model and facilitate communication between researcher
and statistician. Secondly, the models are naturally modular so that com-
plex problems can be described and handled by careful combination of

Meta 1023

p-9



2 INTRODUCTION

simple clements. Thirdly, the graphs are natural data structures for mod-
ern digital computers. Thus models can be cfficiently communicated to
these and the road is paved for exploiting their computational power.

Over the years the theory and methodology have developed and been
cxtended in a multitude of directions. This is true to such an extent that
it has not been possible to cover the area properly in the present book.
Luckily a number of other books have been written that take care of some
of the omissions in the present. Whittaker (1990b) focuses on the idcas
behind graphical modelling and has many examples. The same holds for
the book by Edwards (1995), just that here the emphasis is on models for
mixed data and special attention is paid to problems that are suitable for
analysis using the program MIM. Cox and Wermuth (1996) is concentrat-
ing attention on the interpretation and application of multivariate systems,
in particular graphical models. Neapolitan (1990) deals with probabilistic
expert systems based on graphical models, and the collection Oliver and
Smith (1990) is primarily concerned with graphical models as influence
diagrams, i.e. used as tools in decision analysis.

The present hook is primarily concerned with the fundamental math-
cmatical and statistical theory of graplical models. The book is mostly
hased on a traditional statistical approach. discussing aspects of maximum
likehood methods and significance testing in the different variety of mod-
els. Tt is believed that these results are basic and therefore hopefully will
have interest for anvone who wants to enter the world of graphical models,
independently of statistical paradigins.

The book is a research monograph aud it has been written primarily
for researchers and graduate students in inathematical statistics. However,
I have tried to keep the mathematics at a reasonable level of abstraction
and exactuess. No doubt. certain sections are more difficult to read than
others. but it is my hope that a relatively wide audience will he able to
take advantage of the central parts of the book.

1.2 Outline of book

There are five main chapters. In Chapter 2 the basic graph theory is
developed. It may not be advisable to read this chapter in detail before
continuing to chapters with a more statistical content, but some familiarity
with the notions is necessary to understand even the basic ideas in the
subsequent developments. Some of the heavier parts can be omitted at
first reading and then returned to when necessary.

Chapter 3 is concerned with conditional mdependence and Markov
properties and these arc also esseutial for later chapters. If desired, the
reader can skip the description of directed and chain graph Markov prop-
crties at first reading, and then return to these later.
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OUTLINE OF BOOK 3

The next three chapters of the book form the core of the statistical
theory. Chapter 4 is concerned with discrete variables, Chapter 5§ with
variables that are normally distributed, and Chapter 6 describes models
for systems that contain both discrete and continuous variables. These
three chapters are largely written so that they can be read independently
of each other. However, as the results of Chapter 6 unify and generalize the
results in Chapters 4 and 5, some readers may want to read them in the
given order. On the other hand, Chapter 6 is the chapter which contains
most original material that has not appeared elsewhere in the literature
and others may want to attack this chapter directly.

Chapter 7 is largely a guide to the literature on topics that have not
been treated in the book but constitute important and natural extensions.

Finally the book contains four appendices with some material that is
used at various places and may not be sufficiently familiar to the reader.
Appendix A is a collection of various little topics. Appendix B has some
results from linear algebra. Appendix C treats the multivariate normal
distribution in some detail, and Appendix D describes basic elements of
the theory of exponential families. By having these ready at hand I hope
to help readers who do not have all of this present in their minds. However,
it is not advisable to learn the material in all four appendices from the given
expositions alone.
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3

Conditional independence
and Markov properties

3.1 Conditional independence

Throughout this text a central notion is that of conditional independence of
random variables, the graphs keeping track of the conditional independence
relations.

Formally, if X,Y, Z are random variables with a joint distribution P,
we say that X is conditionally independent of Y given Z under P, and
write X 1l Y| Z [P), if, for any measurable set A in the sample space of
X, there exists a version of the conditional probability P(A | Y, Z) which
is a function of Z alone. Usually P will be fixed and omitted from the
notation. If Z is trivial we say that X is independent of Y, and write
X 1 Y. The notation is due to Dawid (1979) who studied the notion of
conditional independence in a systematic fashion. Dawid (1980) gives a
formal treatment.

When X, Y, and Z are discrete random variables the condition for
X 1L Y| Z simplifies as

PX=z,Y=y|Z=2)=P(X=z|Z=2)PY =y|Z =2),

where the equation holds for all z with P(Z = z) > 0. When the three
variables admit a joint density with respect to a product measure u, we
have

X WY |Z <= fxyz(@,y|2) = fxz(x|2)fyz(¥]2), (3.1)

where this equation is to hold almost surely with respect to P. If all
densities are continuous, the equality in (3.1) must hold for all z with
fz(z) > 0. Here it is understood that all functions on a discrete space are
considered continuous functions. The condition (3.1) can be rewritten as

XUY|Z <= fxyvz(z,y,2)fz(2) = fxz(z,2) frz(y, 2) (3.2)

and this equality must hold for all values of z when the densities are coun-
tinuous.
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CONDITIONAL INDEPENDENCE 29

The ternary relation X 1l Y| Z has the following properties, where h
denotes an arbitrary measurable function on the sample space of X:

(Cl)IfX LY |ZthenY U X|Z:

(CHUXUY|Zand U =h(X),thenU 1LY |Z;

(C3) if X LY |Z and U = h(X), then X U1l Y |(Z,U);

(C4) f X LY |Z and X 1L W|(Y,Z), then X 1L (W,Y)|Z.

We leave the proof of these facts to the reader. Note that the converse to
(C4) follows from (C2) and (C3).

If we use f as generic symbol for the probability density of the random
variables corresponding to its arguments, the following statements are true:

XULY|Z < f(z,y.2) = f(z,2)f(y.2)/ f(2) (33)
XUY|Z <+ f(zly.2)=f(z|z) (3.4)
XUY|Z < f(r,z]y) = flz|2)f(z]|y) (3.5)
XUY|Z <+ f(x.y.z)=h(z.2)k(y.2) for some h.k (3.6)
XUY|Z < f(r.y,2) = f(z]|=2)f(y.2). (3.7)

The equalities above hold apart from a set of triples (z,y, z) with probabil-
ity zero. If the densities arc continuous functions (in particular if the state
spaces are discrete), the equations hold whenever the quantitites involved
arc well defined, i.e. when the densities of all conditioning variables are
positive. We also leave the proof of these equivalences to the rcader.
Another property of the conditional independence relation is often used:

(C5) if X L Y|Zand X 1L Z|Y then X 1L (Y, Z).

However (C5) does not hold universally, but only under additional con-
ditions — cssentially that there be no non-trivial logical relationship be-
tween Y oand Z. A trivial counterexample appears when X =Y = Z with
P{X =1} = P{X = 0} = 1/2. We have howcver

Proposition 3.1 If the joint density of all variables with respect to a prod-
uct measure is positive and continuous, then the statement (C5) will hold
true.

Proof: Assume that the variables have a continuous density f(z,y.z) > 0
and that X 1l Y | Z as well as X 1L Z | Y. Then (3.6) gives for all valucs
of (z.y, z) that

f(z,y,2) = k(z, 2)l(y, 2) = g(z,y)h(y, 2)
Meta 1023
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30 CONDITIONAL INDEPENDENCE AND MARKOV PROPERTIES

for suitable strictly positive functions g, h,k,l. Thus, as the density is
assumed continuous, we have that for all z,

olag) = ),

Choosing a fixed 2 = 29 we have g(z,y) = m(z)p(y) where w(z) = k(z, 2q)
and p(y) = l(y, 20)/h(y, 20). Thus f(z,y,2) = m(z)p(y)h(y, z) and hence
X 1L (Y. Z) as desired. |

The proposition can be weakened to more general functions than continuous
functions, but we abstain from pursuing this here.

It is illuminating to think of the properties (C1)—(C5) as purely formal
expressions, with a meaning that is not neccssarily tied to probability. If
we interpret the symbols used for random variables as abstract symbols for
pieces of knowledge obtained from, say, reading books, and further interpret
the symbolic expression X 1l Y| Z as:

Knowing Z, reading Y is irrelevant for reading X,
the properties (C1)—(C4) translate to the following:

(I1) if, knowing Z, rcading Y is irrelevant for reading X . then so is reading
X for reading Y,

(I2) if, knowing Z, reading Y is irrelevant for reading the book X, then
reading Y is irrelevant for reading any chapter U of X;

(I3) if, knowing Z, reading Y is irrelevant for reading the book X, it
remains irrelevant after having read any chapter U of X;

(14) if, knowing Z, reading the book Y is irrelevant for reading X and
even after having also read Y, reading W is irrelevant for reading X,
then reading of both Y and W is irrelevant for reading X.

Thus one can view the relations (C1)-(C4) as pure formal propertics of
the notion of irrelevance. The property (C5) is slightly more subtle. In a
certain sense, also the symmetry (C1) is a somewhat special property of
probabilistic conditional independence, rather than general irrclevance.

It is thus tempting to use the relations (C1)-(C4) as formal axioms for
conditional independence or irrelevance. A semi-graphoid is an algebraic
structure which satisfies (C1)-(C4) where X, Y, Z are disjoint subsets of
a finite set and U = h(X) is replaced by U C X (Pear] 1988). If also (C5)
holds for disjoint subsets, it is called a graphoid. Below we give further
examples of such structures.
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CONDITIONAL INDEPENDENCE 31

Example 3.2 A very important example of a model for the irrelevance
axioms above is that of graph separation in undirected graphs. Let A, B,
and C be subsets of the vertex set V of a finite undirected graph G = (V, E).
Define

G
A1l B|C < C separates A from B in G.

Then it is not difficult to see that graph separation has the following prop-
erties:

g g
(S1) if AL B|C then B L A|C:
G (]
(S2) if AL B|C and U is a subset of A, then U L B|C;
G g
(S3) if AL B|C and U is a subset of B, then A L B|(CUU);

¢ G G
(S4) if A1 B|Cand A1 D|(BUC), then A L (BUD)|C.

Even the analogue of (C5) holds when all involved subsets are disjoint.
Hence graph scparation satisfies the graphoid axioms. O

Example 3.3 As another fundamental example, consider geometric or-
thogonality in Euclidean vector spaces. Let L, AL, and N be linear sub-
spaces of a Euclidean space V' and define

LLM|N < (LO6N)L(MeN), (3.8)

where LON = LN N2, If (3.8) is satisfied. then L and M are said to meet
orthogonally in N. Again. it is not hard to see that the orthogonal meet
has the following propertics:

(O1) if L L M|.N then M L L|A:

(02) if L L M| N and U is a linear subspace of L. then U L A | N;

(O3) if L L M| N and U is a linear subspace of M, then L L M | (N +U);
(04) if L L M|N and L L R|(M + N), then L L (M + R)|N.

The analogue of (C5) does not hold in general; for example if M = N we
may have

L1AM|NandL1N|DM,

but if L and M are not orthogonal then it is false that L 1 (M + N). O
Meta 1023
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32 CONDITIONAL INDEPENDENCE AND MARKOV PROPERTIES

An abstract theory for conditional independence based on graphoids
and semi-graphoids has recently developed (Studeny 1989, 1993; Matus
1992a). It was conjectured (Pearl 1988) that the properties (C1)-(C4)
were sound and complete axioms for probabilistic conditional indepen-
dence. However, the completeness fails. In fact, finite axiomatization of
probabilistic conditional independence is not possible (Studeny 1992). See
also Geiger and Pearl (1993) for a systematic study of the logical implica-
tions of conditional independence.

3.2 Markov properties

In this section we consider conditional independence in the special situation
where we have a collection of random variables (Xa)aev taking values in
probability spaces (Xq)aev- The probability spaces are either real finite-
dimensional vector spaces or finite and discrete sets. For A being a subset
of V we let X4 = XqeaXs and further X = Xy. Typical elements of X4
are denoted as T4 = (zq)aca- Similarly X4 = (Xa)aca- We then use the
short notation
Al B|C

for
Xall Xg| Xe

and so on. The set V is assumed to be the vertex set of a graph G = (V, E).

3.2.1 Markov properties on undirected graphs

Associated with an undirected graph G = (V, E) and a collection of random
variables (X, )aev as above there is a range of different Markov properties.
A probability measure P on X is said to obey

(P) the pairwise Markov property, relative to G, if for any pair (o, §) of
non-adjacent vertices

all BV \{a,B};

(L) the local Markov property, relative to G, if for any vertex a € V
a1l V\ cd(a)| bd(a);
(G) the global Markov property, relative to G, if for any triple (A, B, S)
of disjoint subsets of V such that S separates A from B in G

Al B|S.

The Markov properties are related as described in the proposition below.
Meta 1023
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MARKOV PROPERTIES 33

Proposition 3.4 For any undirected graph G and any probability distribu-
tion on X it holds that

(G) = (L) = (P). (3.9

Proof: Firstly, (G) implies (L) because bd(c) separates a from V'\ cl(a).
Assume next that (L) holds. We have § € V' \ cl(a) because « and 8 are
non-adjacent. Hence

bd(e) U ((V \ el(@)) \ {8}) =V \ {@, 8},
and it follows from (L) and (C3) that
o 1L V\d(a) | V\{aB}.
Application of (C2) then gives a 1L 8|V \ {a, B} which is (P). O

It is worth noting that (3.9) only depends on the properties (C1)-(C4)
of conditional independence and hence holds for any semi-graphoid. The
various Markov properties are different in general, as the following examples
show.

Example 3.5 Definc the joint distribution of five binary random variables
U,W,X.Y,Z as follows: U and Z are independent with

P(U=1)=P(Z=1)=PU=0)=P(Z=0)=1/2,

W =U,Y =72, and X = IWY. The joint distribution so defined is easily
scen to satisfy (L) but not (G) for the graph below.

——o——o——o—o

U 2. ¢ Y VA
In fact, Mats (1992b) shows that the glg)bal and local Markov properties
coincide if and only if the dual graph G (defined as a~f if and only if
a 7 ) does not have the 4-cycle as an induced subgraph. m|

Example 3.6 A simplc exanple of a probability distribution of (X, Y, Z)
that satisfies the pairwise Markov property (P) with respect to the graph

[ ] *—

X Y VA
but does not satisfy the local Markov property (L) can be constructed by
letting X =Y = Z with P{X = 1} = P{X = 0} = 1/2. It can be shown
(Matis 1992b) that the global and pairwise Markov properties coincide if
and only if the dual graph G does not have a subset of three vertices with
two or three edges in its induced subgraph. a
Meta 1023
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34 CONDITIONAL INDEPENDENCE AND MARKOV PROPERTIES

If it holds for all disjoint subsets A, B, C, and D that
if ALl B|(CUD)and AL C|(BUD) then A 1L (BUC)|D, (3.10)

then the Markov properties are all equivalent. This condition is analogous
to (C5) and holds, for example, if P has a positive and continuous density
with respect to a product measure u. This is seen as in Proposition 3.1.
The result is stated in the theorem below, due to Pearl and Paz (1987): sce
also Pearl (1988).

Theorem 3.7 (Pearl and Paz) If a probability distribution on X is such
that (8.10) holds for disjoint subsets A, B,C, D then

(G) &= (L) < (P).

Proof: We uced to show that (P) implies (G), so assume that S scparates
A from B in G and that (P) as well as (3.10) hold. Without loss of generality
we can also assuinc that both A and B are non-empty. The proof is then
backward induction on the number of vertices n = |S|in S. If n = |V| -2
then both A and B consist of one vertex and the required conditional
independence follows from (P).

So assume |S| = n < |V| — 2 and that separation implics conditional
independence for all separating sets S with more than n elements. We first
assume that V = AU BU S, implying that at lcast one of A and B has
more than one element, A, say. If a € A then SU {a} separates A\ {a}
from B and also SU A\ {a} separates o from B. Thus by the induction
hiypothesis

A\{a} L B|Su{a}and a 1L B| SUA\ {a}.

Now (3.10) gives A Il B | S.

If AUBUS C V we choose a € V\ (AUBUS). Then SU{a} separates
A and B, implying A 1L B | S U {a}. Further, either AU S separates
B from {a} or BU S separates A from {a}. Assuming the former gives
a 1l B| AUS. Using (3.10) and (C2) we denve that A 1L B | S. The
latter case is similar. O

Note that the proof only exploits (C1)-(C4) and (3.10) and therefore ap-
plics to any graphoid.

The global Markov property (G) is important because it gives a general
criterion for deciding when two groups of variables A and B are condition-
ally independent given a third group of variables S.

As conditional independence is intimately related to factorization, so arc
the Markov propertics. A probability measure P on X is said to factorize
according to G if for all complete subscts ¢ € V' there exist non-negative
functions 3, that depend on x through z, only, and there cxists a product
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measure (i = Queviiq 0N X, such that I has density f with respect to u
where [ has the form

f@y= ][ el (3.11)

a complete

The functions 1, are not uniquely determined. There is arbitrariness in
the choice of u, but also groups of functions v, can be multiplied together
or split up in different ways. In fact one can without loss of generality
assuine — although this is not always practical — that only cliques appear
as the sets q, i.e. that

f@) =[] ve(2), (3.12)

ceC

where C is the set of cliques of G. If P factorizes, we say that P has property
(F) and the set of such probability measures is denoted by Mg(G). We have

Proposition 3.8 For any undirected graph G and any probability distribu-
tion on X it holds that

(F) = (G) = (L) = (P).

Proof: We only have to show that (F) implies (G) as the remaining
implications are given in (3.9). Let (4, B, S) be any triple of disjoint subsets
such that S separates A from B. Let A denote the connectivity components
in Gy\g which coutain A and let B = V' \ (AU S). Since 4 and B are
separated by S. their elements are in different connectivity components of
Gv\s and any clique of G is cither a subset of AuSorof BUS. If Cya

denotes the cliques contained in A U S, we thus obtain from (3.12) that

f@) = [ ve@) = [] ve@) [] #e(x) =h(zaus)k(s0s)-

ceC c€Ch cEC\Ca

Hence (3.6) gives that A 1L B|S. Applying (C2) twice gives the desired
independence. O

In the case where I’ has a positive and continuous density we can use
the Mobius inversion lemma to show that (P) implies (F), and thus all
Markov properties are equivalent. This result scems to have been discov-
ered in various forms by a number of authors (Speed 1979) but is usually
attributed to Hammersley and Clifford (1971) who proved the result in the
discrete case. The condition that the density be continuous can probably
he considerably rclaxed (Koster 1994), whereas the positivity is essential.
\More precisely, we have

Meta 1023
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Theorem 3.9 (Hammersley and Clifford) A probability distribution P
with positive and continuous density f with respect to a product measure pu
satisfies the pairwise Markov property with respect to an undirected graph
G if and only if it factorizes according to G.

Proof: If P factorizes, it is pairwise Markov as shown in Proposition 3.8,
so we just have to show that (P) implies (F).

Since the density is positive, we may take logarithms on both sides of
(3.11). Hence this cquation can be rewritten as

log f(z) = ) ¢al2), (3.13)

a:aCV

where ¢q(z) = log1,(z) and ¢, = 0 unless a is a complete subset of V.
Assume then that P is pairwise Markov and choose a fixed but arbitrary
element z* € X. Define foralla CV

Hq(z) = log f(za,2ge),

where (z,,2}.) is the element y with y, = 2., for v € a and y, = 27 for
v € a. Since x* is fixed, H, depends on z through z, only. Let further for

alaCV
¢a(z) = Y (1) Hy(z).
b:bCa

From this relation it is also clear that ¢, depends on z through z, only.
Next we can apply Lemma A.2 (Mébius inversion) to obtain that

log f(z) = Hy(z) = Y _ ¢a(z)

a:aCV

such that we have proved the thcorem if we can show that ¢, = 0 whenever
a is not a complete subset of V. So let us assume that o, § € a and a ¢ .
Let further ¢ = a\ {a, 8}. If we write H, as short for H,(z) we have

pa(z) = Y (1)1 {H, — Hyyia) — Hougpy + Hiogausr} - (3.14)
b:bCc

Let d = V \ {a, 8}. Then, by the pairwise Markov property and (3.7), we
have

f(Ib’ T, TG, 2“Z\b)

f(fL'b, T, 37;;: "Z:Z\b)

f(ma | Lh, x;\b)f(zﬁ1 Zb, m;\b)

f(IOt | Ty, I‘Z\b)f(xz, Ty, x:‘i\b)
Meta 1023
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F@@ | s, T30 ) (T, Tos Tinp)
g flzz |a:b,x2\b)f(x5,mb,m}\b)
f(zv, 25, 25, Ti\e)
S (0T, T T30)
= Hyyp(x) — Hy(z).

Thus all terms in the curly brackets in (3.14) add to zero and henceforth
the entire sum is zero. This completes the proof. O

= lo

log

The expression inside curly brackets in (3.14) is the logarithm of what is
known as the partial cross-product ratio so that we can alternatively write

ta(z) = Z (1)l jog Cpr(La T3 Loy Th | Toy Tygyp)-
b:bCe

The pairwise Markov property cnsurcs that all these partial cross-product
ratios are cqual to 1.

Example 3.10 The following example is due to Moussouris (1974) and
shows that the global Markov property (G) may not imply the factorization
property (F) without positivity assumptions on the density.

The example is concerned with the distribution of four binary random
variables, denoted by (X, X9, X3,X4). The following combinations are
assumed to have positive probabilitics, in fact each of them given a proba-
bility equal to 1/8:

(0,0.0.0) (1.0,0,0) (1,1,0,0) (1,1,1,0)
(0,0,0,1) (0,0.1,1) (0,1,1,1) (1,1,1,1).

The distribution so specified satisfies the global Markov property (G) with
respect to the chordless four-cycle

with the vertices identified cyclically with the random variables. This is
seen as follows.

For exauple, if we consider the conditional distribution of (X;.X3),
ziven that (X2, X4) = (0,1), we find

P{Xl = 0 | (Xg.X.]) = (0, 1)} - 1

Since the conditional distribution of X, is degenerate, it is trivially inde-
rendent of X3. All other combinations of conditions on (X2, X4) give in a
Meta 1023
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similar way degenerate distributions for one of the remaining variables and
this picture is repeated when conditioning on (X;, X3). Hence, we have

Xy AL X3 | (X2.X4) and X 1L X4 | (X1, X3),

which shows that the distribution is globally Markov with respect to the
graph displayed.

But the density does not factorize. This is seen by an indirect argument.
Assume the density factorizes. Then

0 #1/8 = £(0,0,0.0) = (1,2} (0, 0)¢p2,3} (0, 0)¢(3.43 (0, 0) (4,13 (0, 0).

But also
0= f(0.0,1,0) = ¢{1,2;(0,0)(2,33 (0, 1)d(3,4) (1,0) (4,1} (0, 0),
whereby
$42,31(0,1)y3.43(1,0) = 0.

Since now

0#1/8=f(0,0,1.1) = ¢(1,2}(0,0)$(2,3 (0, 1) (3,43 (1, 1)pga,13 (1, 0),
this implies ¢(23)(0,1) # 0 aud hence ¢(343(1,0) = 0, which contradicts
that

0 # 1/8 = f(]-) 1, 110) = 4){1,2}(1? 1)¢{2.3}(17 1)¢{3.4}(1a O)d){fl,l}(ow 1)
Hence the density cannot factorize. O

In general none of the Markov properties are preserved under wecak
limits. This is hecause weak convergence of joint distributions does not
imply convergence of conditional distributions. This fact is illustrated in
the following example.

Example 3.11 Let Y = (¥3,Y>,Y3)" be a trivariate normal random vari-
able with mean zero and covariance matrix

Y =

S omsh
o §l»—- Nl=

Ol §!~ —

Using Proposition C.5 the conditional distribution of (Y;,Y3) ' given Y5 is
bivariate normal with covariance matrix

0

1

2

1 % (n 1 1
e (3)-(2) 0G0
1 I 2/ \n' /n
and hence Y; 1L Y3|Y2, which means that Y satisfies the global Markov
property on the graph

B3|
=

—
o

Meta 1023
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o—o—0
1 2 3

As we shall see later in Propusition 5.2, this can alternatively be seen from
inspection of the inverse covariance matrix

2 —vm 0
K=x"'=| -yn % _—/a
0 —va 2

The distribution of ¥ couverges weakly to the normal distribution with
covariance matrix

10 1
Z=10 0 0
1o 1

which is not Markov on the graph considered, since Yz is degenerate and

) .

Hence the Markov property is not in general stable under weak limits. O

1

N

iz =Sz = ( )
2

There are, however, important exceptions where the Markov property is
preserved under limits and the case of discrete sample space is one.

Proposition 3.12 Assume that a sequence of probability distributions P,
on a discrete sample space conuverges to P. If P, all satisfy any of the
Markov properties (P), (L), or (G), then P satisfies the same Markov prop-
erty.

Proof: The density p of the limiting distribution is given as p = limp,,
where p,, is the density of P,. Let A, B,C be disjoint and assume that
A 1L B|C for all P,. If p(ic) > 0 we get

L . i4,iC LB, 1
pia.ip,ic) = lim p,(is,in,ic) = lim Pnlis, i )1.)"(18 ic)
n—oo n—oo pn(ZC)
p(ia,ic)plis,ic)
p(ic)

whereby A 1L B | C also in the limit. Thus we have shown that all
conditional independences are preserved, as desired. O

Observe that the property (F) is not preserved under weak liniits, even in
-he discrete case, as the following example shows.

Meta 1023
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Example 3.13 Consider four binary random variables (X;, X2. X3, X3)
and let

n.c,xg+m2m3+:c3:c4—z1m4—m2—m3+1

8+ 8n

Dircct calculations show that, as n — oo, f, converges to the distribution
in Example 3.10. Hence we deduce that (F) is not stable under limits. O

fn(z1,22.23,24) =

It holds however, in the discrete case, that any probability distribution
whicli satisfies (F) can he obtainad as a limit of positive probabilities that
factorize. This is true because if p factorizes we get

7y — y (7) = li Ha{w"(i)"'e} = lim .
o) = [ = by 5= 1 0 Gy oy — )

where p. clearly is positive and factorizes.

In the discrete case we refer to limits of positive Markov probabilities as
extended Markov probabilities aud denote these by Mg(G). The argument
above shows that Mp(G) C Mg(G) but the inclusion is strict for a general
graph G.

Distributions in Mg(G) are identified through their clique marginals
when their state space is finite. This fact is a special case of the following
lemma (when A is taken to be the set of cliques of the graph G).

Lemma 3.14 Let A be a set of subsets of a finite set A and P and Q be
probability mesures on the product space T = XgseaZs where, for each b,
s is a finite set. If P and Q have identical marginals to the sets a € A
and both are limits of measures whose densities with respect to a product
measure jt factorize over A. then P= Q.

Proof: It is no restriction to assume that u is the counting measure on
T such that we have

p(i) = lim [ 62Ga), q(i) = lim [T a(a).

a€A acA

Then we get

> p(i)logg(i) = > pli)log {nlggo I1 wé‘(ia)}
2 7 ac€A
= lim Zp(z) Z log ¥2 (i)
n—oo P aEA
= lim 3 3 p(i) log ¥z (ia)
a€A i

= lim D> q(i)log ¥z (a)

a€A @
Meta 1023
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= nlEréOZq(i) Z log 7 (%a)

i acA

= D _q(i)logq(i),

where we have exploited that ), p(i) log ¥} (i.) depends on P through its
a-marginal only and therefore is equal to ), ¢(2) log ¥} (ia)-
Interchanging the role of p and ¢ in the above calculations yields

D> a(@)logp(i) = D_ (i) log p(i).

1

Combiniug these identities with the information inequality (A.4) gives
> op()logp(i) = Y a(i)logp(i) < ) _ q(i)logq(i)
i 7 [
> p(i)logg(i) < > p(i) log p(i).
i i

Since (A.4) is strict unless p(z) = g(¢), we must have P = @ and the leinma
is proved. O

Lemma 3.14 still holds in the finite case for a general i and a general
system of subsets A. For countable state spaces and general p it does not
hold. i.e. we may have two different probability distributions P and @ that
both have factorizing densities (H. G. Kellerer, personal communication).
This fact seemns to contradict a remark in Csiszar (1975).

If A is the set of cliques of a decomposable graph, the lemma holds
under quite general circumstances (Kellerer 1964a, 1964b). It is not known
whether the conclusion of the lemma holds for factorizing probability distri-
butions in the case of a product measure p2 and countable (or more general)
state spaces. The critical point in the proof is the interchange of the two
sums.

The following example is due to Matis and Studeny (1995) and shows
that not all global Markov probabilities can be obtained as limits of fac-
Torizing distributions.

Example 3.15 Let G be the four-cycle as in Example 3.10, but let all four
variables have three possible values a, b, and c. Let P be the distribution
with each of the following nine states having probability equal to 1/9:

(a,a,a,a) (b,a,b.c) (c,a.c.b)
(a,b,b,b) (b,b,c,a) (¢, b,a,c)
(a,c,c,¢)  (byc,a,b) (c,cb,a)

Meta 1023
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This distribution is globally Markov with respect to G because the condi-
tional distribution of (X, X3) given (X4, X4) is always degencrate and this
is also true for the conditional distribution of (X2..X4) given (X,.X3). It
cannot be obtained as a limit of factorizing distributions, as the argument
helow shows.

All pairs (X;, X;3,) are marginally independent in P (where we have
let Xs = X;). Hence P has the same clique marginals as the distribu-
tion @ defined by Xi,..., X4 being mutually independent and uniformly
distributed on the space {a,b,c}. Clearly Q € Mg(G). By Lemma 3.14
there is only one element in A g(G) with these marginals so we must have

P ¢ Mg(G). O

We introduce the notation M*(G) for the positive Markov probabilities,
Mp(G) for the pairwise. M (G) for the local, M¢(G) for the global, and
recall that we use Mp(G) for those that factorize. We can theu sumnarize
the previous considerations as follows. In the general case we have the
chain of inclusions

M*(G) € Mp(G) € Mc(G) € ML(G) € Mp(G). (3.15)

In the discrete case we have further that Mg (G). ML (G). and Mp(G) are
all closed under limits and

Mp(G) € Mg(G) C Mc(G). (3.16)

All inclusions in (3.15) and (3.16) are strict for a general graph G as shown
through various examples.

When (A. B. S) form a weak decomposition of G the Markov properties
decompose accordingly. This is expressed formally in three propositions
below.

Proposition 3.16 Assume that (A, B,S) decompose G = (V, E) weakly.
Then a probability distribution P factorizes with respect to G if and only
if both its marginal distributions Paus and Ppys factorize with respect to
Gaus and Gpus respectively and the densities f satisfy

F(z)fs(zs) = faus(xaus)feus(zBus)- (3.17)

Proof: Suppose that p factorizes with respect to G such that

ceC

Since (A. B. S) decomposes G, all cliques are either subsets of AU S or of
BUS. Let A denote the cliques that are subsets of AUS and B those that
arc subsets of BUS. Then

f@) =T vel@) J] welz) = h(zaus)k(zpus)-
c€EA cEB\A
Meta 1023
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By direct integration we find

faus(zaus) = h(wAus)’_C(l"S)

where
k(zs) = /k(:L'Bus)MB(de),

and similarly with the other marginals. This gives (3.17) as well as the
factorizations of both marginal densities.
Conversely, assume that (3.17) holds and that faus and fpyg factorize.

Then let
1 .
’l/)g(:z;s) = fs(zs) if fS(iL'S) #0
‘ 0 otherwise.

Since fg is obtained from integration of f, the latter must also be almost
everywhere zero when fg is. Hence

f(z) = faus(zaus) feus(zBus)ds(as)

is a density for P and P factorizes. O

The analogous result is also true for the global Markov property (G), as
we shall now show.

Proposition 3.17 Assume that (A, B,S) decompose G = (V, E) weakly.
Then a probubility distribution P is globally Markov with respect to G if and
only if both marginal distributions Paus and Ppyus are globally Markov with
respect to Gaus and Ggus respectively and the densities satisfy (8.17).

Proof: Suppose that a probability distribution P satisfics the global
Markov property with respect to G. Then (3.17) follows because S separates
A from B. To show that Paus is globally Markov with respect to Gaus
we show that for any triple (A B, S) of disjoint subsets of A U S with S
separating A from B in Gaus, S scparates 4 from B in G. So let (A B S)
be such a triple and let a € A and B8 € B. Because S is complete, at least
one of them, say «, is in A. If there were a path from o to 8 avoiding
(AU S)\ {a, B} it would go via B, contradicting that A is separated from
B by S.

Next, assume that Pays and Ppys both satisfy the global Markov prop-
erty and the joint density f factorizes as in (3.17). Let U, W and C be
disjoint subsets of V such that C separates U from W and assume first
that V=UuUWuUC.

Since S is complete and C separates U from W, either UNS or WNS
must be empty; we assume the former. The entire set of variables is then
partitioned into eight disjoint subsets

UNnA CNA WnNA CnS, WnS,UnB,CnB, WNB
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and we denote the corresponding subsets of random variables by X, ..., Xg;
see the diagram below.
uv,|cCc |w
Al Xy | Xo | Xs
S X4 | X5
B| Xe| X7 | Xs

It must hold that CN(AUS) separates UNA from WN(AUS) in Gays, for
otherwise C would not separate U from W as assumed. Hence, from the
global Markov property of Pays and (3.6) we must have the factorization

faus(Taus) = ha(zy, x2, T4) ki (T2, T3, T4, T5).
By symmetry we further find
fBus(xBus) = ha(z4, x6. 7)k2(T4, T5, L7, T8).

Combined with (3.17) this gives

f(z)fs(zs) = hi(x1, T2, z4) k1 (22, T3, T4, T5 ) ho2 (T4, T6, T7) k2 (T4, T5, T7, T8)-

Using that zs = (x4, r5) and letting h = hyho and k = k k2 / fs yields
f(z) = h(z). 22.24. 26, 77)k(T2. T3, T4. 25, T7, 78) = h(zvuc)k(zwuc),

which shows that U 1L ¥ | C.
If U UW UC is not the entire set of variables V we proceed as in the
proof of Proposition 3.8. Details are omitted. a

In the case of discrete sample spaces we have the analogous result for
extended Markov probabilities.

Proposition 3.18 Assume that (4, B,S) decompose G = (V.E) weakly
and the sample space is discrete. Then a probability distribution P is ex-
tended Markov with respect to G if and only if both marginal distributions
Paus and Pgys are extended Markov with respect to Gays and Gpus re-
spectively and the densities satisfy

p(i)p(is) = p(iaus)p(inus)- (3.18)
Proof: Assume that P is extended Markov. Then
p(i) = lim pn(2),
where p, are positive and factorize. By Proposition 3.16 we therefore have

Pr(9)pn(is) = pn(taus)pn(iBus),
Meta 1023
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where the factors on the right-hand side factorize on Gays and Gpug re-
spectively. Hence their limits are cxtended Markov. Letting n tend to
infinity in the equation yields thus the desired factorization.

Supposc conversely that (3.18) holds with the factors being extended
Markov. Then

pliaus) = lim gn(iaus), plipus) = lim ro(ipus), (3.19)

where g, and r, factorize appropriately. Let now

i) = M"n(mus)- (3.20)

Wn( Qn(iS)

Then 7, defines a probability distribution that factorizes. We need to show
that

(i) = nlil»lgo (7).

This is trivial if p(is) # 0. If p(ig) = 0 then both p(i) = 0 and p(ipus) =
0. Hence, by (3.19), the second factor in (3.20) converges to zero. The
first factor in (3.20) is bounded above by one and therefore the product
converges to zero as desired. O

As we have seen, the various Markov properties are different for general,
undirected graphs, uuless the densities are all positive. However, in the
special case of decomposable graphs some Markov properties coincide.

Proposition 3.19 Let G be weakly decomposable. Then
Mp(G) = Mg(G).

Proof: The proof is by induction on |C|, the number of cliques in the
graph G.

The result is trivial for |C| = 1, so let us assume the equation to be true
for all graphs with at most n cliques and let G have n + 1 cliques.

We only have to show that Mg(G) € Mp(G). Assume that P is globally
Markov with respect to G and let (A, B, S) be a proper weak decomposi-
tion of G. By Proposition 3.17, both marginals Pys and Pgs are globally
Markov and (3.17) holds. By the induction assumption the marginal dis-
tributions both factorize. The full factorization of P is now obtained from
(3.17) by dividing with fs. O

And a direct consequence of this and (3.16) is the corollary below.

Corollary 3.20 Assume that G is weakly decomposable and the state space
is discrete. Then
Mp(G) = Mg(G) = Mg(G).
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It is an easy consequence of Example 3.10 that the converse to Proposi-
tion 3.19 holds in the sense that if the graph is not decomposable. it has a
chordless cycle and one can by analogy construct a distribution which does
not factorize but is globally Markov.

The global Markov property is the strongest of the Markov properties
in the scnse that the associated list of conditional independence statements
strictly contains the statements associated with the other properties. More-
over, it cannot be further strengthened. For example it holds (Frydenberg
1990b) that if all state spaces are binary, i.c. X5 = {1,—1}, then

Al B|Sforal Pe Mp(G) < S separates A from B.  (3.21)

In other words, if A and B are not separated by S then there is a factorizing
distribution that makes them conditionally dependent. Geiger and Pearl
(1993) conjecture that to any undirccted graph G and fixed state space X
one can find a single P € M(G) such that for this P it holds that

Al B|S < S separates A from B.

This is clearly a stronger statement but no proof is known.

3.2.2 Markov properties en directed acyclic graphs

Before we proceed to the case of a general chain graph we consider the same
setup as in the previous subsection. only now the graph G is assumed to be
directed and acyclic. The Markov property on a directed acyclic graph was
first studied systematically in Kiiveri et al. (1984) but see also for example
Pearl and Verma (1987). Verma and Pearl (1990a). J.Q. Smith (1989),
Geiger and Pearl (1990), Lauritzen et al. (1990) and other references given
below.

We say that a probability distribution I” admits a recursive factorization
according to G, if there exist non-negative functions, henceforth referred to
as kernels. k%(-.-).a € V dcfined on Xo X &paq), such that

/ko(ya'zpala))l’-n(d?]a) =1
and P has density f with respect to p, where

f(’l:) = H ko(za>Ipa(a))'

a€l’

We then also say that P has property (DF). It is an easy induction ar-
gument to show that if P admits a recursive factorization as above, then
the kernels k°(-, Xpa(q)) are densities for the conditional distribution of X,
given Xja(a) = Tpa(e)- Also it is immediate that if we form the undirec-
ted moral graph G™ (marrying parents and deleting directions) such as
described towards the end of Section 2.1.1, we have
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(2

(9

Fig. 3.1. The directed global Markov property. Is a 1L b| S?

Lemma 3.21 If I admits a recursive factorization according to the di-
rected, acyclic graph G, it factorizes according to the moral graph G™ and
obeys thercfore the global Markov property relative to G™.

Preof: The factorization follows from the fact that, by construction, the
sets {a} Upa(a) are complete in G and we can therefore let ¥{ajupata) =
k®. The remaining part of the statement follows from the fact that (F)
implies (G) in the undirected case; sce Proposition 3.8. a

It clearly also holds that

Proposition 3.22 If P admits a recursive factorization according to the
directed. acyclic graph G and A is an ancestral set, then the marginal dis-
tribution Pa admits a recursive factorization according to G4.

From this it directly follows that
Corollary 3.23 Let P factorize recursively according to G. Then
Al B|S

whenever A and B are separated by S in (GancauBus))™, the moral graph
of the sinallest ancestral set containing AUDBUS.

The property in Corollary 3.23 will be referred to as the directed global
Markov property (DG). The directed global Markov property has the same
role as the global Markov property has in the case of an undirected graph,
in the sense that it gives the sharpest possible rule for reading conditional
independence relations off the directed grapli. The procedure is illustrated
in the following example.

Example 3.24 Cousider a directed Markov field on the graph in Fig. 3.1
and the problem of deciding whether @ L b | S. The moral graph of the
smallest ancestral set containing all the variables involved is shown in Fig.
3.2. It is immediate that S separates a from b in this graph. implying
aldl b]|S. a
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Fig. 3.2. The moral graph of the smallest ancestral set in the graph of Fig. 3.1
containing {a} U {b} U S. Clearly S separates a from b in this graph, implying
allb|S.

Fig. 3.3. Example of an active chain from A to B. The path from c to d is not
part of the chain, but indicates that ¢ must have descendants in S.

An alternative formulation of the directed global Markov property was
given by Pearl (1986a, 1986b) with a full formal treatment in Verma and
Pearl (1990a. 1990b). A chain 7 from a to b in a directed, acyclic graph G
is said to be blocked by S, if it contains a vertex v € 7 such that either

° v € S and arrows of m do not meet head-to-head at -, or

) v € S nor has v any descendants in S, and arrows of 7 do meet
head-to-head at ~.

A chain that is not blocked by S is said to be active. Two subsets A and B
are now said to be d-separated by S if all chains from A to B are hlocked
by S. We then have

Prepesitien 3.25 Let A, B and S be disjoint subsets of a directed, acyclic
graph G. Then S d-separates A from B if and only if S separates A from

B in (Gan(ausus))™-

Proef: Suppose S docs not d-separate A from B. Then there is an active
chain from A to B such as, for exainple, indicated in Fig. 3.3. All vertices in
this chain must lie within An(AUBUS). This follows because if the arrows
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Fig. 3.4. The moral graph corresponding to the active chain in G.

A &

Fig. 3.5. The chain in the graph (Gan(auBus))™ makes it possible to construct
an active chain in G from A to B.

meet head-to-head at some vertex +, cither -y € S or « has descendants in
S. And if not. either of the subpaths away from < either meets another
arrow, in which case v has descendants in .S, or leads all the way to A or
B. Each of these head-to-head meetings will give rise to a marriage in the
moral graph such as illustrated in Fig. 3.4, thereby creating a chain from
A to B in (Gan(aupus))™, circumventing S.

Suppose conversely that A is not scparated from B in (GancauBus))™-
Then there is a chain in this graph that circumvents .S. The chain has pieces
that correspond to edges in the original graph and pieces that correspond to
marriages. Each marriage is a consequence of a mceting of arrows head-to-
head at some vertex . If vy is in S or it has descendants in S, the meeting
does not block the chain. If not, ¥ must have descendants in A or B,
since the ancestral set was smallest. In the latter case, a new chain can be
created with one head-to-hcad meeting fewer, using the line of descent, such
as illustrated in Fig. 3.5. Continuing this substitution process eventually
leads to an active chain from A to B aud the proof is complete. ]
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a b a b

y Y

S=(x.y) /
X X

Fig. 3.6. Illustration of Pearl’s separation criterion. There are two chains from a
to b, drawn with bold lines. Both are blocked, but different vertices <y, indicated
with open circles. play the role of blocking vertices.

We illustrate the concept of d-separation by applying it to the query of
Example 3.24. As Fig. 3.6 indicates, all chains between a and b are blocked
by S, whereby the global Markov property gives that a 1L b| S.

Geiger and Pearl (1990) show in their Theorem 5 that the criterion of
d-separation caunot be improved, in the sense that for any given directed
acyclic graph G, one can find state spaces Xo.ar € V and a probability P
such that

Al B|S < S d-separates A from B. (3.22

An argumenr analogous to that given in Frydenberg (1990b) shows that the
analogue of (3.21) holds for d-separation in directed, acyclic graphs. Geiger
and Pearl (1990) show that in the case of real sanple spaces, a Gaussian
distribution satisfving (3.22) exists and conjecture the similar result to
be true also for the case where the state spaces all have two points, i.e.
X, = {1.-1}.

Also the directed cuse has analogues of the pairwise and local Markov
properties. We say that P obeys the directed pairwise Markov property
(DP) if for any pair («, ) of non-adjacent vertices with § € nd(a),

o 1L B | nd(a) \ {B}.

Similarly P obeys the directed local Markov property (DL) if any variable
is conditionally independent of its non-descendants, given its parents:

a 1l nd(a) | pa(a).

As pa(a) C nd(e). it follows from properties (C2) and (C3) of condi-
tional independence that the directed local Markov property (DL) imnplies
the pairwise (DP). The converse is not true in general, as the following
example shows.
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1% Y

Xo—aeg
Z

Fig. 3.7. The local and pairwise directed Markov properties are not equivalent
in general. This is illustrate by the directed acyclic graph above.

Example 3.26 Let X =Y = Z and W be independent of X with
P{X =1} =P{X =0} =P{W =1} = P{W =0} =1/2.

This distribution is pairwise Markov with respect to the graph in Fig. 3.7.
However, it is not locally Markov, as this would imply X 1L (Y.Z)]|1V,
which clearly is not the case. A consequence of Theoremn 3.27 is that the
density in this example does not admit a recursive factorization. O

In contrast to the undirected case we have that the remaining three

properties (DF), (DL) and (DG) are equivalent, just assuuiing the existence
of the density f.

Theorem 3.27 Let G be a directed, acyclic graph. For a probability dis-
tribution P on X which has density with respect to a product measure 1,
the following conditions ure equivalent:

(DF) P admits a recursive factorization according to G;
(DG) P obeys the directed global Markov property, relative to G;

(DL) P obeys the directed local Markov property, relative to G.

Proof: That (DF) implies (DG) is Corollary 3.23. That (DG) implies
(DL) follows by observing that {a} U nd(e) is an ancestral set and that
pa(a) obviously separatcs {a} from nd(a) \ pa(e) in (G{ajund(a))™- The
final implication is shown by induction on the number of vertices |V| of G.
Let ag be a terminal vertex of G. Then we can let k*© be the conditional
density of Xq,, given Xy\(q,), Which by (DL) can be chosen to depend
Oll Tpa(ae) ONlV. The marginal distribution of Xy (qe) trivially obeys the
directed local Markov property and admits a factorization by the inductive
assumption. Combining this factorization with k20 yields the factorization
for P. This completes the proof. O

In fact (DL) and (DG) are equivalent, cven without assuming the cx-
istence of a density with respect to a product measure (Lauritzen et al.
1990).
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1f the probability distribution P satisfies (3.10), for example if the den-
sity is positive, then it is not difficult to see that (DP) implies (DL) and
all directed Markov properties are equivalent.

Since the three conditions in Theorem 3.27 are all equivalent, we choose
to speak of a directed Markov distribution as one where any of the conditions
(DF), (DL) or (DG) is satisfied. The set of such distributions is denoted
by M(G) where G is a directed and acyclic graph.

It follows as in Proposition 3.12 that in the case of a discrete sample
space, the dirccted Markov propertics are preserved under weak limits.
So there is no need for a special term or symbol for extended MMarkov
probabilities on a directed acvclic graph.

In the particular case when the directed acyclic graph G is perfect (see
Section 2.1.3) the directed Markov property on G and the factorization
Markov property on its undirected version G~ coincide. This is contained
in the following

Proposition 3.28 Let G be a perfect directed acyclic graph and G~ its
undirected version. Then P admits a recursive factorization with respect to
G if and only if it factorizes according to G~ .

Proof: That the graph is perfect means that pa(a) is complete for all
a € V. Hence G™ = G~. From Lemma 3.21 it then follows that any
P € M(G) also factorizes with respect to G™.

The reverse inclusion is established by induction on the number of ver-
tices |V| of G. For |V| = 1 there is nothing to show. For |[V| = n+1
let P € Mg(G™) and find a terminal vertex a € V. This vertex has
pag(a) = bdg~(a) and, since G is perfect. this set is complete in both
graphs as well. Hence (V'\ {a}. {a}.bd(«v)) is a weak decomposition of G~
and Proposition 3.16 gives the factorization

f(’L‘) = f(IV\{a})f(xcl(a))/f(xbd(a)):

where the first factor factorizes according to g;\ a} Using the induction
assumption on this factor gives the full recursive ¥actorization of P. O

In the discrete case Proposition 3.18 implies that the above result can be
strengthened to comprise the extended Markov property.

Proposition 3.29 Let G be a perfect directed acyclic graph and G~ its
undirected version. If all vertices are discrete and hence the total sample
space, then

M(G) = Mp(G~) = Mg(G™).

In particular, any extended Markov probability factorizes.
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Proof: The proof that M(G) = Mg(G™) is completely analogous to the
proof of the preceding proposition. Since M(G) C Mp(G™) C Mg(G™) the
result follows. 0

3.2.3 Markov properties on chain graphs

In the present section we deal with the Markov properties for a general
chain graph G = (V, E) thercby unifying the directed and undirected cases.
A detailed study of the Markov property on chain graphs can be found in
Frydenberg (1990a). Here we give the most basic results and definitions.
The factorization in the case of a chain graph is more complex and
involves two parts. Denote the set of chain components of the graph by 7.
Then we first assume a factorization of the density as in the directed
acyclic case:
f@) =[] £z 2pacr))- (3.23)

T€ET

But there is one more assumption. To explain this assumption, lct 7,
denote the undirected graph that has 7 U pa(7) as nodes and undirected
edges between a pair (a, 3) if either both of these are in pa(7) or there is
an edge, directed or undirected, between them in the chain graph G. Thus
for chain components that are singletons, 7, is complete. This is the case
for all chain components if G is a directed acyclic graph. In an undirected
graph, 7, is just the subgraph induced by the connected component 7.

The second requirement in the chain graph factorization is then that
the factors in (3.23) can be further factorized as

f(z- | g:pa('r)) = Hd’a(x)’ (3.24)

where a varics over all subsets of 7 U pa(7) that are complete in 7,, and
¢a(z) as usual represent functions that depend on z through z, only.

This factorization clearly unifies the directed and undirected cases. A
probability distribution PP on X that has a density f with respect to a prod-
uct measure which satisfies (3.23) and (3.24) is said to factorize according
to G, and we also say that P has property (FC).

The chain graph factorization has several equivalent formulations. To
describe these, let the vertex set be partitioned in a dependence chain as
V = V(1) U---U V(T) such that each of the sets V(¢) only has lines
between vertices, and arrows point fromn vertices in sets with lower number
to those with higher number. The set of concurrent variables relative to
this partitioning is next defined to be the set C(¢) = V(1)U ---UV(t). Let
G*(t) he the undirected graph with vertex set C(t) and « adjacent to 8 in
G*(t) if either (a,8) € Eor (B,a) € Forif {a,} CCt—1),ie Ct—1)
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is made complete in G*(¢) by adding all missing edges between these and
dircctions on existing edges are ignored. Let further B(t) = pa{V(¢)} and
G.(t) = G*(t)v(yup(r)- Then we have the following equivalent formulations
of the chain graph factorization. Therc are obviously others, for example
described through conditioning. We abstain from listing them all.

Proposition 3.30 For a probability distribution P on X that admits a
density with respect to a product measure, the following conditions are
equivalent:

(i) P factorizes according to G,
(it) P admits a density that factorizes as
T
f@=1] ! @ripatn) (3.25)
ver f(Tmamn)
ond each of the denumerators fuctorizes on the graph 7.;
(ili) for any dependence chain, P admits a density that factorizes as
T
f(xrew)
flz)= || —"~ (3.26)
E [ (zce-n)
and each of the denumerators factorizes on the graph G*(t);
(iv) for any dependence chain. P admits a density that factorizes as
T
H [ (zvyuBn) (3.27)
3UB(r))
and each of the denumerators factorizes on the graph G.(t);

(v) for some dependence chain, P admits a density that factorizes us in
either of (iii) or (iv).

Proof: We leave the details of this to the reader. (m]

Also in the case of chain graphs, there are pairwise, local and global
Markov properties, in an cven greater variety. We say that a probability
P satisties

(PB) the pairwise block-recursive Markov property relative to the depen-
dence chain V(1),...,V(T), if for any pair (a,) of non-adjacent
vertices we lhiave

all B1CE) \{ap},

where t* is the smallest ¢ that has o, 8 € C(t);
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(PC) the pairwise chain Markov property, relative to G, if for any pair
(a, B) of non-adjacent vertices with 8 € nd(a)

a1l 8| nd(a) \ {8};

(LC) the local chain Markov property, relative to G, if for any vertex o € V

o 1L nd(a) | bd(a);

(GC) the global chain Markov property, relative to G, if for any triple
(4, B, S) of disjoint subsets of V such that S separates A from B
in (Gan(auBus))™, the moral graph of the smallest ancestral set con-
taining AU B U S, we have

A1 B]|S.

In general, the property (PB) depends on the particular dependence chain.

Recently Bouckaert and Studeny (1995) have given a separation crite-
rion which is analogous to d-separation and equivalent to the global chain
Markov property (GC). They also show that any conditional independence
statement that is derivable from the local chain Markov property and the
properties (C1)-(C5) is rcpresented in the global chain Markov property

GC). Further, they show that probability distributions exist that satisfy

~he local chain Markov property and violate all conditional independence
statements that are not of the form given by (GC). In this sense, the global
chain Markov property is therefore the strongest possible.

Note that the Markov properties unify the corresponding properties for
the directed and undirected cases. For in the undirected case we have
that nd(e) = V'\ {a} and G = (Gan(aubus))™ And in the directed case
bd(e) = pa(e).

Generally all these Markov properties are therefore different without
additional assumptions, just as in the undirected case. In the remaining
part of the section we assume that all probability measures have positive
densities, implying that all five of the basic properties of conditional in-
dependence (C1)-(C5) hold. As we shall see, this implies that all Markov
properties are equivalent. We first need a few lemmas.

Lemma 3.31 If V(1),...,V(T) is a dependence chain for G and and P
satisfies the pairwise block-recursive Markov property relative to G, then
Pc(r-1) satisfies the pairwise block-recursive Markov property relative to

GH(T —1).

Proof: This is trivial, as the pairwise hlock-recursive Markov property
is defined to be identical to the combination of the pairwise undirected
Meta 1023

p- 39



56 CONDITIONAL INDEPENDENCE AND MARKOV PROPERTIES

Markov properties for the marginal distributions Pc(;) of the concurrent
variables C(t) on the graphs G*(¢), fort =1,...,T. O

In the case of the p . vise chain graph Markov property, the corresponding
result needs an extra condition.

Lemma 3.32 If C is a terminal chain component in G and P satisfies
(3.10) and the pairwise chain Markov property relative to G, then Py\c
satisfies the pairwise chain Markov property relative to Gy\c-

Proof: Let a. € V \ C be non-adjacent in G and assume f € nd(a).
We have to show that o 1 8 | (nd(a) \ (C U {B})), since nd(a) \ C
is the set of non-descendants of a in Gy\¢. If C Nnd(a) = O this is a
direct consequence of the fact that (PC) holds for G. Else we must have
C C nd(e). Since no pair 8,y with § € de(a) U {a} and v € C can be
adjacent and nd(y) = V '\ {7} for all such =, the pairwise chain Markov
property implies that § 1Ly | V'\ {8, v} for any such pair. Repcated use of
(3.10) yields
de(a) U{a} 1L C | nd(a) \C

and thus by (C2),
a1l C|nd(a)\C. (3.28)

The pairwise property gives directly that
o 1L 4] nd(e) \ {6}. (3.29)
Thus (3.10) used on (3.28) and (3.29) yields

a 1L (CU{B}) | nd(a)\ (CU {B})

and the result follows from (C2). O

Lemma 3.33 If P satisfies the pairwise chain Markov property (PC) with
respect to G as well as (3.10), it satisfies the pairwise undirected Markov
property (P) with respect to G™.

Preof: We use induction on the number of chain components. If there
is only one chain component in G, it is undirected and connected, G™ = G
and there is nothing to show.

Assume then the lemma to hold for all graphs with n or fewer chain
components and let G have n + 1 components. Let «, § be non-adjacent in
G™. Without loss of generality we assume that 8 € nd(a). If V \ {a} =
nd(a), the conditional independence o L B | V \ {a, 8} follows directly.
Else there must be a terminal chain component C C (V' \ ({a} Und(a)).
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Because « and S are non-adjacent in g™ they will also be in (Gy\¢)™.
The induction assumption together with Lemma 3.32 gives that

a LBV (CU{a,BY). (3.30)

Also at least onc of o and 3, say the former, cannot be in bd(C), since
otherwise they would he adjacent in the moral graph. Thus

ally|V\{a,v} forallyeC. (3.31)

Repeated use of property (3.10) of conditional independence on (3.31)
yields
all C|V\(CU{a}). (3.32)

We can now use (C4) on (3.30) and (3.32) to obtain that
a LL{BUC |V \ (CU {a,B}).

From (C3) and (C2) it follows that o 1L 8| V' \ {a, 8}, which was to be
shown. O

Clearly, from arguments analogous to the directed and undirected cases,
we have in general that

(FC) = (GC) = (PC) = (PB) for any dependence chain,
but if we assume (3.10), all Markov properties are equivalent.

Theorem 3.34 Assume that P is such that (3.10) holds for disjoint sub-
sets of V; then

(GC) <= (LC) < (PC) <= (PB) for some dependence chain.

Proef: We must show that the pairwise block-recursive property for
any dependence chain implies the global chain Markov property (GC). We
argue first that (PB) implies (PC) and then that (PC) implies (GC).

The first part is shown by using induction on the number of chain
components of G. If there is only one chain component the statement is
trivially true. Assume that (PB) implies (PC) for all chain graphs with at
most n chain components and let G have n+ 1 chain components. Assume
then that P satisfies (PB) with respect to a given dependence chain and
let o and B be non-adjacent vertices.

If t* < T, marginalization to C(t*) and the inductive assumption will
give that

a 1L B | nd(a) \ {B}-

If t* = T and V(T') has only one chain component, the same conclusion
can be drawn because then nd(a) = C(T) \ {a}.
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Fig. 3.8. A chain graph. The chain components are {1,2.3,4}, {5,6}, {7,8},
{9.10}, {11}. Is 3 1. 8| {2,5} ? Is 3 1. 8|2 ?

7 8
2 6
1 3 5

Fig. 3.9. The moral graph of the smallest ancestral set in the graph of Fig.
3.8 containing {2,3,5,8}. A conncction between 3 and 4 has been introduced
since these both have children in the same chain component {5,6}. We cannot
conclude 3 1l 8] {2.5}.

If there is more than one chain component in V(7T'), Theorem 3.7 yields
that P is globally Markov with respect to G*(T') and hence the same con-
clusion holds. Thus P satisfies (PC).

Assume next that P satisfies (PC). If R is any ancestral set in G, it can
be obtained from V by stepwise removal of terminal chain components. By
Lemma 3.32 each removal preserves the pairwise property. Combining with
Lemma 3.33 we find that Py is pairwise Markov with respect to (Gg)™.
Theorem 3.7 yields that Pg is globally Markov relative to the same graph.
Thus, the result follows by letting R = An(AU B U S). m]

Example 3.35 As an illustration of the global chain Markov property,
consider the graph in Fig. 3.8 and the question of deciding whether it holds
that 3 1L 8| {2,5}. The smallest ancestral set containing these variables
is the set {1,2,3,4,5,6,7,8}. The moral graph of this adds an edge between
3 and 4, because these both have children in the chain component {5,6}.
Thus the graph in Fig. 3.9 appcars. Since there is a path between 3 and 8
circumventing 2 and 5 in this graph, we cannot conclude that 3 1L 8 | {2,5}.
If we instead consider the question whether 3 1L 8 | 2, the smallest
ancestral set becomes {1,2,3,4,7,8}, no edge has to be added between 3 and
4 and Fig. 3.10 reveals that 3 1L 8| 2. m|
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7 8
?—é/—Q
‘

—o
1 3

Fig. 3.10. The moral graph of the smallest ancestral set in the graph of Fig. 3.8
containing {2,3,8}. We conclude that 3 1L 8 | 2.

We cannot expect factorization results to be more general for chain graphs
than for undirected graphs, since the chain graphs contain these as special
cases. But there is a result analogous to Theorem 3.9.

Theorem 3.36 A probability distribution with strictly positive and contin-
uous density f satisfies the pairwise block-recursive Markov property with
respect to G if and only if it factorizes according to G.

Proof: That any chain graph Markov density factorizes as in (3.26) is
immediate. That the denumerators also factorize appropriately is seen as
follows. Since the density is assumed positive and continuous, (3.10) holds
and the different Markov properties are cquivalent. From the pairwise
block-recursive Markov property it follows that any two variables a and
[ that are not adjacent in G*(t) are conditionally independent given the
remaining coucurrent variables C(t). But since V(t) 1L C(t — 1) | B(t) we
have that

L (Xo» Xp | Xenfapy) = £ (Xas X | X(v (BN {a.61)

and hence the marginal distribution of the variables in V() U B(t) is pair-
wise Markov with respect to the undirected graplh G*(¢). Hence the densi-
ties factorize by Theorem 3.9.
Conversely, assume a factorization given with the stated properties and
let @, 8 be non-adjacent in G. Let t* be the smallest ¢t with a. 8 € C(t).
Clearly, if the density factorizes, so does the marginal density of C(t) for
all ¢ and hence we can assume that t* = T. If a and 8 are not both
in V(T) U B(T), the expression (3.27) directly gives that o and 3 are
independent given the remaining variables in C(t*) = C(T) = V. Else if
o, € V(T) U B(T) they are not both in B(T) since t* = T. Therefore
they are also non-adjacent in G*(T). Hence f(zv(mup(T)) is a product
of functions, one of which does not depend on S and one of which does
not depend on «. Since this is the only factor in (3.27) containing both
variables, the same is true for the full joint density. Hence o and (3 are
conditionally independent given the remaining variables, and the pairwise
block-recursive Markov property has been establishied. O
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If P is not strictly positive but extended Markov, i.c. P is the limit of
positive chain graph Markov distributions, there is a modified version of
Theorem 3.36:

Corollary 3.37 A probability distribution on a discrete sample space sat-
isfies the extended Markov property with respect to a chain graph G if and
only if it factorizes as

T .
. p (lV(t)UB(t)) .
() = || —F——— (3.33)
1= )

where 0/0 = 0 and each of the terms in the denumerator are extended
Markov with respect to the graph G*(t).

Proof: This follows as in the undirected case from Theorem 3.36 by
taking limits. O

Also this factorization can be written in a number of equivalent ways.

3.3 Notes

There are several aspects of graphs and conditional independence that have
not been covered here. Cox and Wermuth (1993) discuss alternative ways
of encoding conditional independence assumptions through graphs. In An-
dersson and Perlman (1993), conditional independence models for the mul-
tivariate normal distribution are determined through certain distributive
lattices of subspaces. The precise relation between such conditional inde-
pendence restrictions and those given by graphs is discussed in Andersson
et al. (1995b). Basically. conditional independence restrictions given by
lattices correspond to those given by directed acyclic graphs that are tran-
sitive, i.c. they satisfy that o +— 0 implies o — .

An important question is related to the notion of Markov equivalence.
Two graphs are called Markov equivalent if they induce the same condi-
tional independence restrictions. Conditions for two chain graphs to be
Markov equivalent were given by Frydenberg (1990a) and further results
related to this notion are given in Andersson et al. (1995a, 1996).

Recently, Koster (1996) has studied Markov properties of reciprocal
graphs. These generalize chain graphs but permit directed cycles and ap-
pear therefore to be natural objects for studying systems with feedback,
such as encountered in connection with structural equation models (Gold-
berger and Duncan 1973: Joreskog 1977). Paz and Geva (1996) study
annotated graphs that are even more general.

Another recent development is the systematic use of directed acyclic
graphs for the interpretation, conjecture and discovery of causal relations
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(Spirtes et al 1993; Pearl 1995; Shafer 1996). This development is a natural
extension of earlier work by Wright (1921), Wold (1954, 1960), Blalock
(1971), and others.
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Appendix A

Various prerequisites

A.1 Inequalities

Some elementary inequalities will be of frequent use. First recall that for
z>0

logz <z -1 (A1)
and (A.1) is strict unless = 1. Here, and throughout the text, log de-

notes the natural logarithm. This follows from Taylor’s formula, expanding

around z = 1:
(z —1)2

262

for some 6 between 1 and z. It follows that for x,y > 0 we have

loge=2z-1-

Ve < y¥e ¥ (A.2)

and (A.2) is strict unless z = y. This is scen by first considering the cases
where at least one of = and y is zero, and using (A.1) to see that if z and
y are both positive, we have

n(5)50(5) o
ogl—)<yl--1)=z—-y.
gy v )

Taking exponentials on both sides yields (A.2). Also we will make much
use of the following inequality.

Lemma A.1 Let (a()),.; and (b()),o; be vectors of non-negative num-
bers with ), a(i) = >, b(i) < co. Then

T at)*® < [ o)™, (A.3)
i€T €T
The inequality is strict unless a(i) = b(?) for alli € I.
Proof: From (A.2) we get
H a(,,:)b(i)e—a(i) < H b(i)b(i)e—b(i)_
€T i€z
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The incquality (A.3) now follows upon dividing both sides with the common
positive constant exp{—>_, a(?)}. a

The inequality (A.3) is a version of the so-called information inequality.
Taking logarithms on both sides of (A.3) yields the version

> "b(i) loga(i) < Y b(é) logb(i), (A.4)
€T i€T

holding for non-negative a and b with ), a(é) = 3,b(¢). It should be
noticed that 0log0 = 0 and the inequality is strict unless a(7) = b(z).

A.2 Kullback-Leibler divergence
The Kullback-Leibler divergence D(P, Q) of the probability measure P from
Q is defined as

D(P.Q) = / plog ZE) du,

where P and @ have densities p and g with respect to the o-finite measure
jt. If P has density with respect to @ this may also be written as

D(P.Q) :/%log%d

If not, D(P. Q) = co. If also Q has density with respect to P, the divergence
can alternatively be expressed as

Q.

D(P,Q) = / log £ ap.
d@

The notion was introduced by Kullback and Leibler (1951) although they
use the term divergence for the symmetrized version D(P, Q) + D(Q, P).

The divergence is always non-negative and D(P, Q) = 0 if and only if
P = @. In the discrete case this is a direct consequence of the inequality
(A.4). Even though neither D nor its symmetrized version is a true met-
ric as they do not satisfy the triangle inequality. the divergence D has a
clear geometric interpretation as a non-symmetric distance measure, and a
version of Pythagoras’s theoreni applies to the divergence (Chentsov 1972;
Csiszar 1975).

When in the discrete case P is taken to be the empirical distribution
and @ is varying in a family specified by a statistical model, then

D(P.Q) = - log L(Q),

where L denotes the likelihood function. Hence minimizing D(P, Q) over

Q@ corresponds to maximum likelihood estimation. Reversing the role of
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P and @ leads to minimum discriminant information estimation (Kullback
1959; Ireland et al. 1969). See also Brown (1986) and E.S. Christensen
(1989).

A.3 Mobius inversion

An important combinatorial trick is contained in the following

Lemma A.2 (Mdébius inversion) Let ¥ and ® be functions defined on
the set of all subsets of a finite set V, taking values in an Abelian group.
Then the following two statements are equivalent:

(1) forallaCV :¥(a) =3 pyc, Db);
(2) foralla CV:®(a) =3 pc,(—D)IVE(D).
Proof: We show (2) = (1):

o) = DS (-1

b:bCa b:bCa c:cCl
- Y vl ¥
c:cCa b:cCbCa
= 2 va{ X} ™
c:cCa h:hCa\c

The latter sum is equal to zero unless a \ ¢ = 0, i.e. if ¢ = a, because any
finite, non-empty set has the same number of subsets of even as of odd
cardinality. The proof of (1) = (2) is performed analogously. O

The Abelian group referred to in the lemma can be the real numbers, but
often also just the additive group of a real vector space V, the vector space
of linear maps on V or the vector space of symrnetric k x k matrices etc.
More general versions of the lemma exist that relate to general lattices
rather than the lattice of subsets of a set; see for example Aigner (1979).

A.4 Tterative partial maximization

For computation of maximum likelihood estimates we shall rely on proce-

dures involving iterative partial maximization in the sense that the likeli-

hood function is maximized over different sections in the parameter space.

This is then repeated cyclically.

We counsider a continuous real-valued function L on a compact set ©,
and assume that the value 6 that maximizes L is uniquely determined.
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We assume further that there for all 6* € © are sections 6;(6*),7 =
1,....k in © in such a way that L is globally maximized at 0* if and only
if L is maximized over all of the sections.

Finally we assume that the operations of maximizing L over sections is
continuous and well defined, i.e. there are continuous transformations 7; of
© into itself such that if § € ©;(6*) for i = 1,... k,

L{T:(6°)} > L(6), if 6 # Tx(6").

In other words, T;(6*) is the uniquely determined point where L is maxi-
mized over the section ©,(6*).
Now let 6y he arbitrary and define recursively

Opy1 =Ty Ti(6r), n>0.
Then we can show

Proposition A.3 Under the assumptions given above the sequence (6,)
converges to 6, the unique point where L attains its mazimum.

Proof: Since © is assumed compact, the sequence (6,) has a convergent
subsequence (6, ) with limit 6%, say. We need to show that 6 = 6*. Let
S = Ty---Ty. Since each T-operation is a partial maximization, L(6,)
must be non-decreasing in n. Since also each operation is continuous, we
have

L{S(6")} = klim L{S5(6,,)} < k]im L(6yn,.,,) = L(6").
k—00 —00
But using that T, partially maximizes L gives
L{S(6*)} > L{T>--- Tic(6")} > --- > L(6").

Thus there must everywhere be equality. Uniqueness of the partial maxima
yields, when the chain of inequalities is read from right to left, that

0" = Ti(6) = - - = Ty (6%).

Finally, since the global maximum was uniquely determined by maxinizing
L over all sections, the proof is complete. a

The above result is the basis of a class of algorithms used in this book to
maximize likelihood functions. Sections are chosen appropriately such that
the partial maximization problems are relatively simple. A starting value 6
is found and is iteratively changed by partial maximization over sections. In
all cases the existence. uniqueness and necessary continuity properties will
be established separately, but convergent algorithms necessarily appear.
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A.5 Sufficiency

If the random variable X has distribution P which is unknown apart from
belonging to a class of distributions P, a statistic T = t(X) is said to be
sufficient for P if the conditional distributions

Plo = L{X |H(X) = to, P}

can all be chosen so that they do not depend on P € P.
If the measures P € P have densities f(z | P) with respect to a o-finite
measure p which factorize as

f(z| P) = g(x)h{t(z), P}, (A.5)

i.e. into a term that does not depend on P and a term that depends on
z through #(z) only, then T is sufficient. A suitable converse is also true.
The criterion (A.5) is known as Neyman’s factorization criterion.

We say that a statistic T as above is (boundedly) complete with respect
to P if it holds for any bounded and measurable function f that

[E{f(T)|P} =0forall Pe P] = [f(t) =0 (Pt l-as. forall P € P)].

The following important result is Theorem 2 of Basu (1955) and will be
used extensively.

Theorem A.4 (Basu) If T is sufficient and complete with respect to P
and the distribution of Y = s(X) does not depend on IP € P, then T and
Y are independent.

Proof: We have for all P € P,
g(A) = P(Y € A) =E{xa(Y)| P} =E[E {xa(Y)|T. P} | P].

Since T is sufficient, the inner conditional expectation does not depend on
P and we can define a function f as

f@#) =E{xa(Y)IT =t,P} —g(A) = P(Y € A|T =t) - P(Y € A).

The first equation then reads

/Xf{f(r)}P(dz) =0.
Since this holds for all P € P, we conclude that
PYeA|T=t)=P(Y € A)

and hence Y and T are independent. O
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Complete sufficient statistics exist typically in exponential models; see Ap-
pendix D.

An important notion related to sufficiency is that of Y being a cut in
(X,Y) (Barndorf-Nielsen 1978), which mecans that the family P can be
parametrized by a pair (k,A\) where k£ and X are variation-independent and
the joiut deusity of (X,Y) factorizes as

f(x,y| P) = f(z|y, k) f(y | N)-

That Y is a cut implies that for any fixed value of k, t(z,y) = y is a
sufficient statistic for A, but many other interesting properties follow. In
particular the likelihood function factorizes, so that the joint likelihood can
be maximized by maximizing each factor separately.

Similarly we say that Z is a split in (X,Y, Z) if P can be parametrized
with the triple (&, A, t) with all variation-independent and

f(z,y.2| P) = f(z|z,8)f(y| 2, ) f(z| ).

Hence in particular X and Y are conditionally independent given Z, written
as X UL Y | Z; see Chapter 3.
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Linear algcbra and random vectors

B.1 Matrix results

Lemma B.1 A symmetric block diagonal matriz ¥ with

A B
5= ,

where D is assumed to be regular, is positive (non-negative) definite if and
only if E=A—BD™'BT and D are both positive (non-negative) definite.

T
u= ,
y—D"'BTzg

L4

Proof: If we let

we find
w'Zu = 2TAz+ 2¢"B(y — D™'BTz)
+(y—-D'B"z)"D(y- D"'BTx)
= 2"(A-BD'B")x+y" Dy.
Hence the result follows. O

The determinant of a partitioned n x n matrix can be factorized as
A B
det = (det E)(det D), (B.1)
C D

where A and D are supposed to be p x p and ¢ x g matrices respectively,
and E = A— BD~!C if D is non-singular. The correctness of (B.1) follows
from the calculation

A B A B I 0
det = det det =
C D C D -D-1C I,
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w{(2 ) (e )]

= (let( f); g > = (det E)(dct D).

Finally, the inverse of a partitioned matrix is given as

-1
A B E-! -E-1G
= . (B.2)
C D ~-FE™! D '+ FE-'G
The inverse on the left-hand side exists if and only if the inverses on the
right-hand side exist. Here E = A—BD~'C, F= D~'C,and G = BD™!.
Performing the multiplication shows the correctness.

The Kronccker product of matrices

Let A be an m x n and B a p x q matrix. We define the Kronecker product
A ® B as the mp x ng matrix with eutries
(AQ® B)irjs = ijbrs,

where A = {a;;} and B = {b,s}. When displaying A ® B it looks slightly
different, depending on how we choose to arrange the indices ij and rs.
For example. we can arrange it as

anB -+ awB --- amwB
euB -+ auB - amB |, (B.3)
amlB e am,uB e (lmnB

i.e. as a block matrix with m x n blocks of size p x ¢, or as p x ¢ blocks of
size m X n, as

Abyy - Abln - Ablq
Abgy -+ Abp. -+ Abg, |- (B.4)
_Abp[ et .4[)]),5 c Abpq

The two ways of writing are equivalent and the important point is how to
use the Kronecker product in the calculations.
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As A and B can be interpreted as matrices of linear maps from R”™ to
R™ and R? to RP, the product A ® B can be interpreted as a linear map
from R™*9 to R™*? as follows. An clement x in ™7 is an n x ¢ matrix
and we simply let

(A® B)(z) = ArBT, (B.5)

where the expression on the right-hand side involves usual matrix products.
The correctness of this interpretation follows from the calculation

(A.ITBT),,'T = Z Z aiuitunbzr
Z z au/br'{IV'\: = Z(A ® B)ir,unch-
v K

VK

Expressions such as (A ® B)(U) will sometines refer to the usual matrix
product and sometimes to the map (A®B) evaluated at U. The dimensions
of the clements will always identify which.

Proposition B.2 The Kronecker product satisfies:

T1: 0 A=AR0=0

T2: AQ(B,+B2)=A®B1+AQ® B>

T3: (Ay+A2)®B=4,93B+4,®B

T4: AA) Q@ (uB) =(M)(ARB) if ueR

T5: (AB)T =AT @ BT

T6: (A) ® B1)(A2 ® By) = (A1 42) @ (B1B2)

T7: (A®B)" =4~ ® B~

T8: tr(A® B) = (tr A)(tr B) if A and B are symimetric matrices
T9: det(A® B) = (det A)P(det B)* if Aisnxn and Bispxp
T10: If® and 3 are both positive (semi)definite matrices, then so 1s PR L.

Proof: This is straightforward algebraic manipulation. O

Here A~ denotes any generalized inverse of A, i.e. a matrix satisfying
AA~A = A, and T7 should be read: if A~ and B~ are g-inverses of
A and B, then A~ ® B~ is a g-inverse of A® B. If & and ¥ are symmet-
ric matrices of dimensions 7 X n and p x p respectively, then ® ® ¥ is a
symmetric matrix. The corresponding bilinear form is given as

(@, 9)ags = (z,(2 @ )(v)) = tr(z" Byx).
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The outer product

Consider two Euclidean spaces V and W with inner products (-,-)y and
(-,-)w. For vectors v € V" and w € W we define the outer product w © v
as the linear map from V to W that has

(w @ v)(u) = (u,v)yw. (B.6)

Thus the range of the map w — w @ v is the subspace span{w}.

B.2 Factor subspaces and interactions

We spend some time here considering interaction spaces and generating
classes from an algebraic point of view, inspired by Darroch and Speed
(1983).

Let A be a finite set and assume that for each § € A a finite set Z of
possible levels is given. We often refer to the elements of A as variables.
The elements 7 = (is)sea of the product Z of the level sets

1 €T = XgenTls

are denoted cells of the table T.
The vector space L = R of real-valued functions defined on Z. L is a
Euclidean space with inner product

(z,y) =D z(i)y(i).

€T

An a-marginal table is obtained for a C A by only considering the
variables in a. It has marginal cells

i €Iy = Xscals-

For an arbitrary x € R? and an arbitrary subset a of A, the a-marginal
of z is defined as

ri)= Y z(G)= > z(ia-jara)

JiJa=1a Jana€Zava

and |z| = 3,7 |z(3)]. For a = @ we write z(ip) = ) ;7 (i), so that if
z(4) > 0 for all i then we also have that |z| = z(¢p).

If a is a subset of A, we consider the factor subspace F, of L of functions
that only depend on ¢ through i, i.e.

r€eF, & z(i) =z(j) forall i,7 with i, = j,.
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The space Fjp is L itself and Fyp is the space of constants. The orthogonal
projections onto F, are given as

Mo (i) = z(ia)/|Zaval- (B.7)
From this it dircctly follows that
00, = II0, = I gnp- (B.8)

Subspaces of the form

HA=ZF¢1»

a€A

where A is a class of subscts of A, are called hierarchical model subspaces.
Denote the orthogonal projection onto H 4 by I14. We then have the
following uscful lemina.

Lemma B.3 For x,y € L the equation
Mz =114y (B.9)

is equivalent to the system of equations
M,z =1,y foralla e A (B.10)

Proof: It is obvious that the equation (B.9) implies the system of equa-
tions (B.10), since I1oII4 = II,. Conversely, assume that the pair (z,y)
satisfies (B.10). To establish (B.9) we just have to show that

(x —May.u) =0

or, cquivalently, that
(y.u) = (z,u)

for an arbitrary w € Ha. If u =) u, with u, € F,, we have

(?], u) = Z(y ua) = Z(Hay, Ua)

acA a€A
= Y (la7,us) = Y (z,ua) = (z,u),
a€A €A
and the result is established. 0O

Introduce the subspaces for a C A:

EazFaﬂ<ﬂ F,,l).

b:bCa
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The space E, is called the space of interactions among criteria in a and its
elements are called |a|-factor interactions or interactions of order |a| — 1.
For |a| = 1 we also speak of main effects. Note that (B.7) implies that

z€E, <= wre€F,and x(ip) =0forall bCa, (B.11)

which is the familiar relation that ‘summing an interaction term over any
index gives 0.

We assume in the following that Fs C H,4 for all § € A, i.e. all main
effects are represented in A.

If we let @), denote the orthogonal projection onto the interaction sub-
space E,, we get
Q. ifdDa

(B.12)
0 otherwise

Han = {

since the first of these assertions is obvious and the second is a consequence
of (B.11) and the calculation

Han = Hdna Qa = HdﬂaQa =0.

Since

N B = [ Fiey

b:bCa §:6€a
we also have
=F.N ( N Fa\m)
6:6€a
From this we obtain

Qo=T [] (I-Tae), (B.13)
§:6€a

which in particular implies that all @, and II, commute. As a consequence
we derive

QaQb = Qan =0 ifa 7£ I), (B14)

since a # b implies either b € a or the converse, whereby

QaQb = HaQaQb = QnHaQb =0.

Thus the interaction subspaces are mutually orthogonal. By direct multi-
plication we obtain

I ] (I -Tage) = Y (-1)Pap = Y (1)L,

5:6€a b:bCa b:bCa
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A consequence is the formula
Qu= Y (-1)k\im,. (B.15)
b:0Ca
Using Lemimna A.2 (Mébius inversion) on (B.15) we obtain

Proposition B.4 The factor subspaces F, are direct orthogonal sums of
the interaction subspaces (Ep)sca and for all a € A we have

Ha: Z Qb-

b:bCa

In particular, any vector in RT has a unique expansion into its interactions,
wn symbols expressed as
RT = @aacnEa- (B.16)

Letting A denote the permissible interactions
c€A < cCaforsomeacA,

we further have the expressions

Hai=® iE., Tla= Z Qec- (B.17)
ceﬂ

If A is a collection of subsets of A, we let red . A denote the elements of
A that are maximal with respect to inclusion, i.e. red A is obtained from
A by throwing away all subscts that are contained in other subsets in A.
Since

HA = Hied 4,

this reduced collection is the most economical way of specifying the model
space. If no sets in A are subsets of other sets, A is reduced already, and
the collection is called a generating class.

As shown in Section 2.2, the sct of generating classes forms a distributive
lattice with join and meet operations given as

AvB red(A U B)
ANB red{anb|ae€ Abe B}

We then have

Proposition B.5 Let A and B be generating classes. Then the following
relations hold for their hierarchical model subspaces:

Have =Ha+ Hg, Hang=HaNHg
and correspondingly for the orthogonal projections
[l =Tglla = ass- (B.18)
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Proof: 1t is trivial that Hqng € Ha N Hg. Let u € H4 N Hg. Then,
from (B.17) we get

ve Hy = u=HAu=ZQCu.
cEA

u=Ilpu = Z Q4 Z Qcu.

deB c€EA

Since also u € Hp,

From (B.14) it now follows that u € Haap. That the projections commute
follows directly fiom (B.14) and (B.17). O

In the special case where the generating class C is the direct join of gener-
ating classes A and B with AN B = {A N B}, we find

Mallg = Ngll4 = ans. (B.19)

B.3 Random vectors

It seens convenient for the purposes in this book to deal with multivariate
distributions in some generality, allowing these to be discussed in general
Euclidean vector spaces V rather than in the particular case of V = R™
with the standard inner product. In particular, when discussing the cxact
and asymptotic distribution of maximum likelihood estimates, it is most
natural to work with random variables that, for example, take values in
the vector space of symmetric matrices.

We do not intend to dwell on formal details of the theory. Thercfore it
will create few difficultics and indeed be very close to the more usual matrix
formulation. The reader is referred to Eaton (1983) for a comprehensive
and detailed exposition along similar lines.

First we have to discuss the notion of mean and covariance of a random
vector X taking values in V, where V is a Euclidean space with inner
product (-, -).

Definition B.6 An clement € of V is said to be the mean vector or expec-
tation of X if it holds that

(v,) =EBE(v,X) forallveV.

We allow ourselves to write £ = EX and have therefore that (v, EX) =
E(v, X).

Definition B.7 A bilinear form ¥ on V is said to be the covariance of X
if it holds that

Cov ({u, X),{v, X)) = Z(u,v) forallu,veV.
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We write VX = X. Note that the covariance, as well as any other bilin-
ear form. is determined from its values on the diagonal ¥(u,u), for the
bilincarity gives

Y(u.v) = % {(Z(u+v,u+v) —Z(v—v,u—v)}.

To any such bilincar form there is a lincar operator, which we also
denote by ¥, such that
Y(u.v) = (u, Xv).

This is referred to as the covariance operator of X. If (c;....,€p) is an
orthonormal basis of V, we let

03 = (e, €5) = (ei, Lej) = Cov ((ei, X). (€. X))

The p x p-matrix of these numbers is the covariance matriz of X and we
also denote this by VX = ¥. So the same symbol is used to refer to
the covariance, the covariance operator and the covariance matrix, and the
context will determine the exact meaning of the symbol.

The covariance X is called regular if £(u,u) > 0 for all u # 0. In this
case its matrix is positive definite and the covariance determines an inner
product on V which we shall denote as (-, )y, i.e.

(u, )y = L(u,v) = (u. Lv).

When the covariance is regular. the inverse operator K = £7! is called
the concentration operator and its matrix with respect to a chosen basis is
called the concentration matriz. ‘The concentration operator determines a
svmmetric bilinear forin as usual by

K (u.v) = (u. Kv).

This bilinear form is called the concentration of the distribution.
The concentration vperator K is equivalently defined through the rela-
tion
(u.v) = (Ku, Xv). (B-20)

If ¥ is not regular, any K which satisfies ¥ = ¥ K%, i.e. K is a generalized
inverse to X. can be used as the concentration operator, and the relation
(B.20) then hLolds for all u, v in the range of L, since

(KZx,E3y) = (EKEx, Ly) = (Zz, Zy).

Note that the concentration and the covariance operator depend on the
given inner product on V., and the covariance and concentration matrices
further depend on a chosen orthonormal basis. A fully invariant approach
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to random vectors and the normal distribution on vector spaces avoids
introducing the first inner product, but we have chosen not to proceed to
this level of abstraction.

In most cases the space V will be R™ with the usual inner product and
standard orthonormal basis, but we also frequently deal with the space
R™*P of n x p-matrices with inner product

(A, B) = tr(A" B) (B.21)

and canonical basis formed by the matrices E;; with ij-th entry equal to
one and the remaining entries equal to zero. In the case where n = p, an
interesting subspace is formed by the set S, of symmetric p x p matrices
where the transpose in (B.21) becomes unnecessary. An orthonormal basis
for this space consists of the symmetric matrices

E;=Ey. Ey=(E;j+E;)/V2 fori#j. (B.22)

If V = R", the maan vector is of the form & = (£;....,&,)" and we

have
(€;- &) = E(e;, X) =& = EX;,

where X = (X3, ... ,Xn)T. Similarly for the covariance we get
oij = X(es,e5) = Cov ({e;, X), (&5, X)) = Cov(X;, X;).

These formulae indicate how the notation conforms with that used in most
statistical literature.

Suppose we have two Euclidean spaces V and W where to avoid confu-
sion we denote their inner products by (-, -}y and (-,-)w respectively. Let
A be a linear map from V to W and b an element of W. ThenY = AX +b
is a random vector in W. Its mean and covariance are given below.

Proposition B.8 If the random vector X has mean € and covariance %,
then the mean and covariance operator of Y are

EY = AE+b, VY =A5AT.
In the special case of V. =R™ and W = R™, the same expressions hold for
matrices.
Proof: Direct calculation gives
E(w,Y)w = EBw, AX +bw =E(4Tw, X)v + (w,b)w
= (ATw,&)v + (w,b)w = (w, A + bYw,

which gives the result for the mean, and similarly,

Cov ((w, V)w, (. VIw) = Cov({w, AX)w,(y, AX)w)

= Cov((ATw,X)v,(ATy,X)v)

= (ATw,BATy)y = (w, AZATy)w,
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which gives the covariance operator. We abstain from repeating the calcu-
lations in the matrix case. O

Finally we mention that the distribution of a random vector is uniquely
determined by the distribution of all linear functions of the vector. More
precisely, the following holds.

Proposition B.9 If X and Y are two random vectors in V and
(v, X) 2 (v,YY forallvinV,

then X 2 Y.

This is essentially equivalent to the fact that the characteristic function of
X, )
P(v) = BN,

determines the distribution. Here i is the complex unit, ie. 2 = —1.
This result can be found in Cramér (1946). That this is equivalent to the
statement in Proposition B.9 follows from the uniqueness of the Fourier
transform in the case where V =R.
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The multivariate normal distribution

The exposition of the multivariate normal distribution and derived distri-
butions is close to that given in Eaton (1983). Proofs not given here can
be found there or in Anderson (1984).

C.1 Basic properties

We first formally define what it means for a random vector in V to be
normally distributed:

Definition C.1 A random vector X on a Euclidean space V is said to
have a normal distribution on V if there exists an element £ € V and a
bilinear form ¥ on V such that

(v, X) ~ N{(v.€),E(v,v)} forallvinV,

where N (11,0?) denotes the univariate normal distribution with mean p

and variance o2.

From Proposition B.9 it follows that the definition is unambiguous and the
preceding pages show that then £ is the mean and ¥ the covariance of the
random vector X. If X is normally distributed on V we write

X ~ Ny (&, %).
In the special cases V = RP and V = R™*P we write
X ~Np(€,8) and X ~ Npyp(§, 3).

The mean € and covariance ¥ determine a unique normal distribution on
V. Conversely, to any pair (£,X), where £ is a vector in V and ¥ is a
bilinear form on V which is non-negative, i.e. £(v,v) > 0 for all v € V,
there is a normal distribution with these as mecan and covariance.

If ¥ is regular, the normal distribution has density with respect to the
Lebesgue measure on V' that gives mass 1 to a unit cube. This density is
equal to

fes(@) = (2m) P2 (det £) M2 e b K =N /2, (C.1)
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where K = £~ is the concentration operator of the normal distribution.
If (-, ) is standard inner product on R"™. we have in matrix notation that

(z—&K@-98)=(z— € K(z—¢),

where K is the inverse of the covariance matrix. Note that we have then
assumed an orthonormal basis in V' to be chosen and K dcpends on this

choice.
Adding two independent normal random vectors gives a normal random

vector. More accurately:

Proposition C.2 If X| ~ Ny (£1,2)) and Xo ~ Ny (€2,32) are indepen-
dent, then
X+ X2 NN\/({] + &2, %1 + Z2).

Proof: For v € V it holds that
(v, X1 + X2) = (v, X1) + (v, X2).

The terms on the right-hand side are independent and univariate normal.
Hence the sum is univariate normal. Definition C.1 implies that X; + X»
is a normal random vector and the expressions for mean and covariance
follow by direct calculation. )

Another important fact about the normal distribution is that an affine
transformation of a normal random vector is itself a normal random vector.
We consider a situation analogous to that in Proposition B.8.

Proposition C.3 If A is a linear map from V to W, b an element of W,
and X ~ Ny (€,%), then

Y = AX + b~ Niy (A€ + b ATAT).

Proof: The mean and covariance of Y have been given in Proposition B.8.
What remains to be established is that Y follows a normal distribution. But
for all w € W we have

('w, Y)[V = (w,AX + b)w = (AT’U),X)V + (’w,b)w.

Since X has a normal distribution, {ATw, X)y is univariate normally dis-
tributed. This is not changed by adding the constant (w,b)w. Defini-
tion C.1 then establishes the result. O

A special case of this result is of interest. Suppose V = R™ and assume the

random vector X partitioned into components X; and X2, where X; € RP
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and X7 € R7 with p+ ¢ = n. The mean vector and covariance matrix can
then be partitioned accordingly into blocks as

= =
¢ = & and T = 1 212
&2 Yo1 X2
such that ¥;; has dimensions p X p and so on. If A in Proposition C.3 is

the linear map that sends X into X3, we obtain:

Proposition C.4 Let X be distributed as N, (€,X), where X, € and ¥ are
partitioned as above. Then the marginal distribution of Xz is Ny(€2, L22).

The conditional distribution of X; given X5 = x5 can be found as follows.

Proposition C.5 Let X be distributed as N, (€,X), where X, € and T are
partitioned as above. Then the conditional distribution of X, given Xy = x4
18 Np(§1|2, 21|2), where

€12 =& + Z1285(T2 — &2) and Tjp =T — TeZ%a. (C.2)

Here 335, is an arbitrary generalized inverse to Ygy.

Proof: Wec abstain from giving the proof of this well-known result in the
general case and assume ¥ to be regular. Then let K = £~1 dcnote the
concentration matrix and assume this to be partitioned in the same fashion
as X. The conditional density is proportional to the joint density of X,
and X9. Hence, exploiting that zo is fixed, we find by direct calculation
that

f(z1]|z2) o feu(z)
o exp{—(z1 = &)  K11(z1 —&)/2 — (1 — &) T Kia(z2 — £2) } -

The linear term involving z; has coefficient equal to
Kné — Kio(zs — &) = K {& — K1 Ki2(z2 — &)} -
Using (B.2) we find that
K3 =% — Z1255, T (C.3)

and further that
K K12 = —Z1255;, (C.4)

which then gives
Fler | z2) o exp {~(z1 — &p2) T Kun(z1 — €112)/2}

and the result follows. ]
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Note that the proportionality constant may in priuciple depend on the
parameters as well as on x2. But as the distribution is normal, this turns
out not to be the case. It follows from (B.1) that we have

det Yoo
det K1, )

det ¥ = det Zjjodet £op = (C.5)
Note also the identities (C.3) and (C.4), which are quite uscful in their
own right. The first expresses that the concentration matrix of the condi-
tional distribution is:obtained from the concentration matrix of the joint
distribution by deleting rows and columns corresponding to the variables
conditioned upon. This gives a formulation of Proposition C.5 which is
symmetric to that of Proposition C.4.

Corollary C.6 Let X be distributed as N,(€,%), where X, € and & are
partitioned as above. Then X1 and X2 are independent if and only if ¥12 =
0. If ¥ is reqular, this holds if and only if K2 = 0.

Proof: The first statement follows directly from the expression for the
conditional mean &) in Proposition C.5. The second statement then fol-
lows from (C.4). 0O

Consider X!,...,X" independent random vectors in RP and assume
X* to be distributed as Np(€%, Z) such that the covariances are identical.
If these random vectors are arranged in an n x p array with (X i)T as rows,
the resulting random matrix will be distributed as Mpxp(€, I, ® ), where
€ has (¢%)T as its rows. For this reason, it is of special interest to consider
normal distributions with covariance structure of the form ® ® X.

Proposition C.7 Let A and B be m x n and ¢ X p matrices and X ~
Noxp(§, @ @ L). Then

(A® B)(X) = AXB" ~ Ninxq {AEBT,(A®AT)® (BEBT)}.
Proof: The result follows directly from Proposition C.3 by noting that
(A® B)(§) = A¢BT
and that
(AQB)(®RX)(A®B)" = (49AT)® (BEB'),
where we have used T6 and T5 of Proposition B.2. O

Next we partition the matrix X into n x 7 and n X s matrices X; and

X, with p = 7 + s and partition the mean £ and covariance matrix ¥
accordingly. Further, let ;|2 be given as in (C.2).
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Proposition C.8 The conditional distribution of X, given Xo = x5 is

Naxr (€1 + (2 — €2)E5,221, 2 @ Xy)2).

Proof: This follows directly fromn translation of Proposition C.5. O

Finally we mention that in the case when ® and ¥ are both regular, the
density becomes

feoos(t) =
(2m) P2 (det ®) ~P/2(det £) ™/ 2e~ tr{(z=) T 2=0)E'}/2 (C.6)

This follows from the propertics of the direct product, the expression (C.1)
and the calculation

(4, (@' @7 (w) = tr(u’ @ 'uZh).

C.2 The Wishart distribution

The Wishart distribution is the sampling distribution of the empirical co-
variance matrix when the variables themselves follow a multivariate normal
distribution.

Definition C.9 A random p X p matrix S is said to follow a p-dimensional
Wishart distribution with parameter £ and n degrees of freedom if

SEXTX, where X ~ Npyp(0,In ® X).
We then write S ~ W,(n, £). If X;7 denote the rows of X, then
XTX =3 XX}
i=1

such that the empirical covariance matrix is equal to n™!S. In the case
p =1 the Wishart distribution is identical to the x? distribution:

Wi(n, %) = o%x%(n).

Below we list some well-known properties of the Wishart distribution.
Proofs not given here can be found in Eaton (1983).

Proposition C.10 If S ~ W,(n,X), its mean and covariance operator
with respect to trace inner product are equal to

E(S) =nX, Cov(S)=2nE® L.
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The inverse S™' has mean and covariance operator equal to

1

E(S_l) = m]( forn>p+1
l 2(1(®A+ K@K)
Cov(S~ = orn >p+ 3,
(5 = G pmr—Dmop=3 PTm>P

where K = 571,

It is important that the covariance operators are interpreted with respect
to the trace inner product

(A.B) = tr(AB)

on the space S, of symmetric p X p matrices. In particular, the outer
product is determined as in (B.6) such that

(K ® K)(A) = tr(AK)K.

If for example we wish to calculate the variance of S;; for i # j we must
first write

S = w{(V2/2)EsS} = (B, 5)/V2,
where E;; is defined in (B.22), and then its variance is calculated as
V(Sij) = (Ey,2n(S @ £)(Ey))/2 = n(By, SEy;Y)
= n tr(EijEEijE) = n(afj + 04i0jj)-
The general expression for the covariance of the entries in S becomes
Cov(Sij, Suv) = n(0ij0uy + Oiu0jy)- (C.7)
Similarly for the inverse we have

2 (tr(AKAK) + LA

(n—p)(n—p-1)(n—p—3)

and for the single elements of the inverse matrix we find

V {tr(457 1)} =

kzj'l'fuu + kluk]v + zn_%j

(n=p)(n—p—-1)(n—-p—3)

A direct consequence of the definition of the Wishart distribution is the
convolution property.

Cov(SY.5™) =
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Proposition C.11 If S; and Sz are independent and Wishart-distributed
as S; ~ Wp(n;, I), then

S1+ S2 ~ Wp(n1 + no, L).
Next, a transformation property:
Proposition C.12 If A is a ¢ x p matriz and S ~ W,(n, L), then
ASAT ~ W,(n, AZAT).

In particular, for ¢ = 1 we get that when S ~ W;,(n,X), then for any
v € RP,
v Sv ~ a2x%(n),

where 02 = v"¥v. The next fact relates the Wishart distribution to a
slightly different normal distribution.

Proposition C.13 If X ~ Npxp(0,P®L) and ™ is a generalized inverse
to ®, then
XT® X ~ W,(f,5),

where f = rank ®.

And there is a partitioning theorem analogous to that for the x? distribu-
tion:

Proposition C.14 Assume that X ~ Nypxp(§, [,QZ) and that Ay, ..., Ak
are n X n matrices for orthogonal projections onto subspaces Ly, ..., Ly of
R™, that is,

AiA; =6;A; and Al = A,

Then A1X,...,ArX are independent and
AiX ~ Noxp(4i€, A @ Z).
Further, if A;§ =0, then
Si = XTAiX ~ Wp(fz’, ),
where f; = dim L; = rank A; = tr A;. Further, S1,...,Sk are independent.

A special case of interest is when A represents the projection onto the n—1-
dimensional subspace of R™ of vectors that are orthogonal to the constant.
Then under the assumption that X ~ Nyp(p, In ® Z) with p;; = &; for
all 4, j, we have that

SSD= (X*-X)(X' - X)T =XTAX ~W,(n—1,%).  (CS8)
i=1
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The above properties arc all natural extensions of similar results for the
x? distribution. The next result is genuinely for the Wishart distribution.
We assume ¥ to be partitioned as

o Y Y2 ‘
To1 oo
where ¥;; has dimensions r x 7, ¥1p = Z;rl isTx s and oy isan s X s
matrix. Further assume S to be partitioned similarly and let

Sz =T — T12592 821, Sij2 = S — 51252, Sar,
provided 92 and S, are both regular.

Proposition C.15 Let S ~ W,(n,X) with ¥ regular and n > s. Then
Soo is regular with probability one and

(a) Si2 is independent of (S21,S22);

(b)  Si2 ~ Wr(n—s,Z12);

(¢) S22~ Ws(n,Za2);

(d)  L(S21| S22 = $22) = Nexr(522X55 To1, 522 ® T1)2).

In particular, if we consider the statement for the case where p = s and
thus S = S99, we deduce

Corollary C.16 If S ~ W,(n,X), where ¥ is reqular, then S is reqular
with probability one if and only if n > p.

If the condition of the corollary is satisfied, then the distribution has density
equal to

Wpn,5(s) = c(p.n) ! (det T) ™2 (det s)WP~ D/ 2 exp {—tr(="1s)/2}
(C.9)
with respect to Lebesgue measure on the set of positive definite matrices.
When the Lebesgue measure giving mass one to the unit cube in the space
S, of symmetric p x p matrices with inner product (4, B) = tr(AB), the
Wishart constant ¢(p,n) is

P
c(p,n) = 2"P/2(2m)PP—1)/4 H {(n+1-1i)/2}.
i=1
Finally the result in Proposition C.15 can be strengthened in a special case:

Corollary C.17 Suppose that in Proposition C.15 we further have that
Y12 = 0. Then Sy, 51252_21521 and Soo are mutually independent and
distributed as

Sijp ~ Wr(n—s,511), 51255 521 ~ Wi(s,511), S22 ~ Ws(n, S22).
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C.3 Other derived distributions

C.3.1 Box-type distributions

Important distributions associated with the Wishart distribution have a
common structurc (Box 1949). We say that the distribution of a positive
random variable X is of Boz type if it has Laplace transform (defined for
sufficiently small t) equal to

¢(t) = Ee*

e 11 T{w(1 — 2t) + &} T T{v; +n;}
e? H R H o J+ 5 (C10)

i=1

where Y, u; = Zj vj, 2= ) uilogu;—); v; log vy, and further w;, w;+&;,

vj, v; + 75 are all positive. If X|,..., X} are independent and have Box-
type distributions, so does a; X +- - - + ax X for any non-negative numbers
ai,...,ax which are not all zero. This follows from straightforward direct

verification as the Laplace transforms multiply.

If B has a beta distribution with parameters (o, 3), then the distri-
bution of X = —logB is of Box type, because we get for the Laplace
transform that

Jo s°M 15yt ds _ T(a—t)T(a+p)

M) =B = e pias | T a—t 1 f)

This is of Box type with m = n =1, u = v =1/2, { = a —1/2 and
71 = a+ 3 —1/2. The negative logarithm of a beta distribution is probably
the simplest distribution of Box type. But most distributions associated
with testing problems in the multivariate normal distribution are of Box
type.

An important feature of Box-type distributions is that they are a unified
technique can be used to approximate them. The approximations given
below in (C.13) are simple to use and more accurate than the version of
the original approximations given by Box (1949) used in Anderson (1984).
The new approximations arc due to J.L. Jensen (1991, 1995), to whom we
refer for further details.

The simplest approximation uses a gamma distribution with correct
mean and variance. The mean and variance of X can be found as the first
and second derivatives of the logarithm of the Laplace transform, evaluated
at s = 0. From (C.10) we find the logarithmic derivatives as

p(t) = 22— 2> wip{us(1—2t) + &} + 2 vp{v;(1 - 2t) + 73} (C.11)
i=1 i=1
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and

o) = 4wt {wi(l —2) + &} — 4> v/ {v;(1 —2t) + 4}, (C.12)

i=1 j=1

where ¥ is the digamma function and v’ the trigamma function; see for
example Abramowitz and Stegun (1965). The digamina and trigamma
functions arc the first and second logarithmic derivatives of the gamma
function. Algorithms for their computation are given in Bernardo (1976)
and Schneider (1978). Abbreviate (0) = p# and 0?(0) = 2. Then the
distribution of X is approximated by a gamma distribution I'(u? /02, p/c?),
where I'(a, 8) is the gamma distribution with density
— ﬁ a—1_-fz
flz) = F(a)z e P,

A very accurate approximation to P(X > z) can be obtained for a
fixed z as follows. First determine the value t* such that u(t*) = z by the
iteration t,4; = t, + {T — p(t,)}/0%(tn). Next let A *= pu(t*)?/o?(t*) =
z2/c?(t*). Then it holds to a high degree of accuracy that

A*

A"
* * * 3 3
_xt*+A*> y(xt* + A%, A7), (C.13)

P(X > ) ~ o(t") (

where (s, \) is the tail of the gamma distribution

(e )
“/(s,/\)z/ L)~ te % du.

This can be evaluated from the gamma function and the incomplete gamma
function (Bhattacharjee 1970). Note that the expression (C.13) differs
slightly from (2.3) in J.L. Jensen (1991), partly because the latter contains a
misprint (J.L. Jensen 1995) , partly because we have reduced the expression
exploiting that p(t*) = z. The approximation is particularly accurate for
large values of z, as the relative error tends to zero when z tends to co.

C.3.2 Wilks’s distribution

In multivariate testing problems concerned with linear hypotheses for the
mean and block independence for the covariance, the following distribu-
tional result is important (Wilks 1932, 1935).

Proposition C.18 If S ~ W,(f1,%) and Sz ~ W, (f2, ), where Sy and
Sy are independent, ¥ is regular. and f; > p, then

det51
ket S .14
det Sl +.52) HB“ (C1 )

i=1

where By, ..., B, are independent and B; ~ B{(f1 + 1 —1)/2, f2/2}.
Meta 1023
p-72



264 THE MULTIVARIATE NORMAL DISTRIBUTION

The distribution so obtained does obviously not depend on ¥ and is called
Wilks’s distribution with parameters p, f1, fa, and is denoted by A(p, f1, f2).
The distribution of —logA is clearly of Box type with u; = v; = 1/2,
& = (fi —14)/2, and n; = (fi + fo — 7)/2, hence the approximations de-
scribed above apply. Wilks’s distribution satisfies the identity

A(plfler) = A(fzafl +f2 _pap)'

C.3.3 Test for identical covariances

If Sy,..., Sk are independent with S; ~ W, (f;, X;), where p > f; and Z;
are all regular, then the deviance for testing identical covariances is

k k
d =pii log fi —pflog f + flogdets — Zfi log det s;, (C.15)
i=1 i=1
where f =5 . fiand s =) ;s;. If £y = --- = Ex = X, then the distri-
bution of D does not depend on ¥ and it has moment-generating function
equal to

~ T{f;(1—2t)/2+ (1 —14)/2}
o(t) = exp(2t2) H“H] ]r{(fj +1-14)/2}
k

H H{(f+1-1)/2}
“Urga-wrra-nz)

with
k
> filog f; — flog f
ji=1

Hence the distribution is of Box type with u;; = f;/2, &; = (1 —)/2,
v =f/2,and gy = (1 — /2.

If Sq,...,S; are sums of squares and products of residuals from inde-
pendent linear models each with n; observations and dimensions ¢; of the
linear expectation spaces, then f; = n; — ¢; and the deviance for testing
identical covariances becomes

k k
dy = pz n; logn; — pnlogn + nlogdet s — Z n;logdets;, (C.16)
i=1 i=1
where n =), n;. If &) = ... = X = L, then the distribution of D,, does

not depend on ¥ and it has moment-generating function equal to

B M{n;(1 —2t)/2+ (1 —g; —1)/2}
d(t) = exp(2tzy) }:[131—[1 o T{(f; + 1—z)/2j}
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r{(f+1-1)/2}
xHF{nl—Qt 2+ (1—-q-1/2}

with ¢ =) ¢; and
k
2w = Zn] logn; —nlogn
j=1

So this distribution is also of Box type with u;; = n;/2, &; = (1—-¢; —
y=n/2,and g = (1 — q—1)/2.
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Appendix D

Exponential models

In this appendix we give a brief survey of some important results in the
exact theory of regular exponential models and the asymptotic theory of
curved exponential models.

The exact theory is described in detail in Barndorff-Nielsen (1978) and
important parts of it also in Johansen (1979), Brown (1986) and S.T. Jensen
(1989). The asymptotic theory was first described by A.H. Andersen (1969)
and Berk (1972). The description given here of both cases is mainly based
upon Johansen (1979) and S.T. Jensen (1989).

All the results will be stated without proof. The reader should consult
the above references for documentation.

D.1 Regular exponential models

D.1.1 Basic terminology

Let X be a sample space. In the present text X is typically either a discrete
set, R*, or a product of these. Also let t be a statistic defined on X taking
values in a real Euclidean vector space V' with inner product (-, -). Further,
let u be a fixed o-finite measure on X and

6= {9 ev| /e(e't(’”)) p(dz) < oo}.

For 6 € © we let
P(6) = log/e(e’t(m)) p(dz).

The ezponential model generated by (¢, 1) has parameter space © and den-
sities for Py with respect to u equal to

f(z,0) = exp{(0,t(z)) — %(6)} - (D.1)

The statistic ¢ is referred to as a canonical statistic, 0 is a canonical param-
eter, u is a base measure, and 9 is the cumulant function of the model.

In the following we assume that © is not contained in an affine proper

subspace of V. If the set © is open, we say that the exponential model is
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regular. The convex support of the statistic ¢ is the convex hull of the sup-
port of the measure put~! and is denoted by C. The representation (D.1)
of a regular exponential model is minimal if no affine proper subspace of V
contains t(X) with Ps-probability one, i.e. if no affine proper subspace of
V contains C. In general we will allow representations to be non-minimal
and possible over-parametrization of the model. The case where the repre-
sentation is not minimal is referred to as the singular case.

The order of an exponential model is the dimension of V' in any minimal
representation of the model.

The relative interior of C is the interior of C when C is considered as
a subsct of the smallest affine subspace containing it. Thus if the represen-
tation is minimal, the relative interior is just the interior. We denote the
relative interior of C by riC.

D.1.2 Analytic properties

Much of the structure in a regular exponential model is contained in the
analytic properties of the function 1. We list some of them here. First let
7(0) and v(6) denote the gradient vector and Hessian map of 1(6). That
is, for 7, p € V we have

d
o0+ hn) T (r(6),m)
and o
gY@+ hn+kp) o (n,v(6)p)-

Both these are well defined in regular exponential models and they deter-
mine the mcau and covariance of the statistic ¢(X) as

Eo(n,t(X)) = (n,7(6))-  Ve{(n,8(X)), (p,t(X))} = (n,v(6)p). (D.2)

If a basis is chosen for the vector space V and everything is expressed in
coordinates, these will he the usual vector of means and covariance matrix
of t(X). We thercfore allow ourselves to write

7(6) = Eo{t(X)}, v(6) = Vo{t(X)}

instead of (D.2). The covariance v(6) will be positive definite if and only if
the model is minimally represented. In a minimally represented exponential
model the map 7 is strictly increasing in the scnse that

(61— 62) " {7(61) — 7(62)} > 0. (D.3)

The mean value map 7 can be used to parametrize the model, since one
can show that
T7(0) =7(6") <= Py = Pp-.
Such a parametrization is called a mean value parametrization of the imodel.
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D.1.3 Maximum likelihood estimation

Suppose an observation X = zg from a regular exponential modcl is given.
From (A.5), t(X) is sufficient, so we let tg = t(z¢). If the model is minimally
represented, £(.X) is complete with respect to P = {Fs, 6 € ©}. The main
result about maximum likelihood estimation is the following.

Theorem D.1 The likelihood function attains its mazimum in © if and
only if tq € riC. The mazimum is then attained exactly at points that solve

the equation
T(G) = {p. (D.4)

If 6 is _any particular solution to this equation, any other solution 6* satisfies
6* = 6 +u where (u,v) is constant for v € C and thus P, = P;.

In particular we note that in the non-singular case there is a unique solution
to the equation (D.4).

A consequence of the above result is that the parameter space 7(©) for
the mean value parameter in a regular exponential model is equal to ri C.
Also, in the non-singular case, we have the following useful lemina.

Lemma D.2 Suppose tg € riC in a minimally represented, regular expo-
nential model. Then for any 6y € © the set

o" = {6 L(6) > L(60)} (D.5)
18 compact.

D.1.4 Affine hypotheses

Consider a regular exponential model in the situation where we want to
test the hypothesis that § € ©g, where

O =06NRk,

for some affine subspace Ry = r + V of V. Such a hypothesis is called an
affine hypothesis. The calculation

(0,t(z)) = (6—rt(2))+(rt(z))
= (0 —r,Hot(z)) + (r, t(z))
= (60,Iot(z)) + (r, t(z) — ot(x)),

where I denotes the orthogonal projection onto Vp, shows that the reduced
model {Fy,6 € ©g} is again a regular exponential model with Igt(z) as
its canonical statistic, § € ©¢ as its canonical parameter and ., as its base
measure, where
pr(dz) = emHH) Tt ().
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When the original model is regular and minimally represented, so is the
submodel. Further, if the maximum likelihood cstimate exists in the origi-
nal model, it will also exist in the smaller model. The standard test statistic
to use is the deviance given as

_ nﬂé_) . 5 2 2 B ~
(@) = —2log £ = 2{(6-6,t(2)) +v(6) —v(0) },

where 6 denotes the maximum likelihood estimate of 6 in the reduced
model. Large deviances speak against the hypothesis.

Other test statistics can be of interest for a variety of reasons, in par-
ticular to obtain high power against specific alternatives.

In most cases, asymptotic theory is needed to evaluate test probabil-
ities for the deviance and other statistics; cf. Section D.2. Occasionally,
however, cxact results can be obtained by considering the distribution of
the test statistic conditionally on Igt(X) = Ilgtg. By considering this
conditional distribution, the sufficiency of IIpt(X) under the hypothesis
ensures that the test probabilitics arc independent of the unknown param-
cter 6 € O, thus leading to similar rejection regions. There are other
reasons for choosing to evaluate the test probability in this conditional dis-
tribution, but it is outside the scope of the present text to discuss general
principles of inference in any detail.

In some cases the unconditional distribution of the deviance D does
not depend on 8 for 8 € ©g. Then, since the canonical statistic ITot(X) is
complete with respect to the submodel, Basu’s theorem (Theorem A.4) en-
sures that D and Ilpf(X) are independent. It therefore makes no difference
whether the conditional or unconditional distribution is considered.

Tests based on probabilitics in the conditional distribution given Ilgt(X)
will be referred to as exact conditional tests or simply ezact tests.

D.1.5 Iterative computational methods

None of the results so far give direct guidance as to how to compute the
maximum likelihood estimates in a full and regular exponential model if it
exists. Here iterative methods are in general necessary. The most common
is Newton’s method applied to the logarithm of the likelihood function.
This begins at a value 6y and then lets

9'n+l =6, — L’(Bn)—(T(gn) - t0)1

where v(6)~ is a generalized inverse to v(6), i.c. it satisfics vo~v = v. The
convergence is rapid when the starting value is sufficiently close to 6.

It is often convenient and more stable to use Newton’s method on the
reciprocal likelihood function, which leads to the iteration

Ors1 = 6r — 0(6) (7(6,) — to),
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where

(6) = v(8) + {7(6) — t0}*?,

i.e. 9(0) is determined as

(n,0(0)p) = (m,v(0)p) + (n,7(6) — to)(p> 7(6) — to).

In fact it has hcen shown by S.T. Jensen et al (1991) that the latter
iteration is always convergent in regular exponential models of order one.

One problem with Newton's method is that it can involve much storage
space and processor time to calculate v~ or ¥~ in models of high order.
Another is that its behaviour may depend on where the iteration is started.
If the starting value is far from the true maximum, it may not converge
or approach the true maximum slowly. Often a combination of Newton’s
method and the method of iterative partial maximization (see Section A.4)
is appropriate. When suitable functions of 6 are held fixed, sections in ©*
of (D.5) appear that satisfy the conditions necessary for Proposition A.3
to apply.

A typical variant of the algorithm of iterative partial maximization is
as follows. Consider a full, regular and minimally represented exponential
model of order k. Further, assume there is chosen a basis such that V =

R* and § = (6,....6%) and choose a fixed element 6 in the canonical
parameter set ©. Also let A denote a class of subsets of {1,...,k} that
covers all coordinates. i.e. Uge aa = {1....,k}. We next define sections for
6* € ©:

0a.(6%) = {eeeleize*i,iga}.

These are affine subspaces of © and therefore identify full and regular sub-
models of the original model with canonical statistics t%(z) = (t*(z),i € a).
If we now cyclically maximize the likelihood function over the sections
©,.(6*), we obtain a convergent algorithm. If we let 7¢(0) denote the ex-
pected value of t*(X) under 6, the problem is at each stage to solve the
cquation 7(0) = t9(z) for 6 € ©4(6*).

But this computation may itsclf be too involved. We can then instead
do the following. First suppose that 6y can be chosen so that we can
casily maximize the likelihood function over ©,(6p), no matter what the
observed value of the statistic t¢ is. Let 8, denote the value that maximizes
the likelihood function over ©,(6p) had the statistic been observed to be
72(6*), and 6, that which maximizes over ©4(6p) for the actual observed
value t*(z), i.e.

76,) = t*(z), T“(éa) = 7%(6%). (D.6)
Further, define the sections
8.(6"y=0n {e* +,\(éa—éa) A€ R}
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If 6, = éa, these sections consist of the single point *. Otherwise the
sections ©,(6*) are affinc hypotheses in © and form full and regular one-
dimensional exponential models. These sections are called line sections.
We can then maximize the likelihood function over ©,(6*), for example
using Newton’s method applied to the reciprocal likelihood function as
described earlicr. This process of maximization is referred to as line search
and we denote the maximizing value by T,(6*), i.e.

L{T(6*)} > L(6) for all 6 € ©,(6*).

By repeating these linc searches cyclically over the sets a € A, we obtain
another variant of the algorithm of iterative partial maximization. To show
that the modification gives a convergent algorithm, we must ensure that if a
value 6’ maximizes the likelihood function L(8) over all line sections, then
6’ maximizes L(f) globally, and the maximum over any section depends
continuously on 8*. But if we let 6% = 8* + (6, — 8.), we get

o log L(B3)| = (fa ~6)T {1°(@) — 7(0")}
A=0
Since 6, and 6, solve the equations (D.6), this expression is by (D.3) strictly
positive unless 8, = 6,, which again is equivalent to t*(z) = 72(8*). If this
happens, the sections consist of a single point and consequently 6* trivially
maximizes L over the full section ©,(6*). Otherwise log L(6%) is strictly
increasing in A at A = 0 and its maximum is not at 65 = 6*.

Hence 6* maximizes L over all line sections O, (6*) if and only if it holds
that t¢(z) = 72(6*) for all a € A. This system of conditions is equivalent
to having 7(6*) = t(x), which implies that L is globally maximized at 6*.

Finally, we must realize that the maximizing value T,(6*) depends con-
tinuously on 6*. We abstain from giving the details of this.

In the special case where t(X) is a cut with A = (6,4 € a) (see
Section A.5) we have from Corollary 10.4 of Barndorff-Nielsen (1978) that
the difference 6, — 8, does not depend on the chosen value of 6. Hence we
could for a moment assume that 6 = 6*, which would imply that éa = 6%,
and thus it must hold that

b0 — 6 = 6, — 67,
whereby L 3
7460* + 0, — 0,) = 7%(0s) = t*(x).
Hence 6* + 6, — 6, maximizes L not only over the line section éu(()*)
but also over the full section @,(6).

When ¢ is a cut, the iterative step for a fixed subset a changes the joint
density as

@80 _ 1o goy Falt®,00)
Flz,6,) I )fa(t“,f)*)’
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where f,(t%,0) denotes the marginal density of t*. This only depends on
0 through coordinates in 6; with ¢ € a, because t° is a cut. The algorithm
therefore properly deserves the name of general iterative proportional scal-
ing if all groups a € A make t* a cut.

When t° is not a cut, it is sometimes favourable to let 8y vary with 6* or
t(z). This can make t* nearly a cut, which typically speeds up computation.

In practice, it is in gencral difficult and unnecessary to make a full line
search over ©,(6*). Instead we just look for a new value of 8 in the scction
that has higher likclihood. For example, inspired by the situation where
we have a cut, one can choose

A" = max {A € {1,1/2,1/4,1/8....} | 6% € © and L(6}) > L(6")}.

If we have a cut as above, we have \* = 1 and this would lead to the full
maximum over the large section. Otherwise the procedure is called mod-
ified iterative proportional scaling (Frydenberg and Edwards 1989). This
variant of the algorithin is not theoretically known to be convergent, as the
maximizing value at each stage is not a continuous function of 6*. But, as
implemented for mixed hierarchical models in the program MIM (Edwards
1995), it has so far appeared to converge in all examples.

D.2 Curved exponential modecls

There is no cssential difference between the asymptotic theory of regular
exponential models and that of curved models, so we might as well treat
the curved case immediately. However, there are some technicalities in the
singular case that could obscure the basic ideas. Therefore the non-singular
case will be treated first.

D.2.1 The non-singular case

We consider a regular exponential base model of order k as described in
the previous section and assumec that the corresponding representation is
minimal such that dimV = k. Without loss of generality we can then
assume a basis to be chosen such that V = RE.

Consider now a submodel ©g C © given as ©g = ¢(B), where B is an
open subsct of R™ for some m with 1 < m < k. Assume that the map ¢
satisfies

(i) ¢ is a homeomorphism onto Og,
(ii) ¢ is twice continuously differentiable,

(iii) the matrix 0¢/J0 has full rank m for all g € B,
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where

o¢ B o
(6,3) ﬁd)r(ﬁ) r=1,....k,s=1,...,m

is the matrix of partial derivatives. The condition (i) says that ¢ is con-
tinuous, globally one-to-one and has a continuous inverse. Condition (ii)
is a smoothness condition that can be replaced by weaker conditions, and
the last condition ensures that the hypothesis everywhere locally resembles
R™, i.e. the local dimension is constant.

A hypothesis of this kind is called a curved hypothesis and the cor-
responding reduced exponential model a curved exponential model. Its
dimension is the local dimension m of its parameter space.

Note in particular that if ©g = © and ¢ is the identity, the condi-
tions are fulfilled, such that a regular exponential model is a special curved
model. Also, affine hypotheses are special cases of curved hypotheses. The
dimension is then simply the order of the corresponding regular model.

When we have observed X = .r, the observed Fisher information about
[ under Oy is the matrix function jp with entries

0* log f (2. 4(8))
oBrfs
Denoting as usual the corresponding random variable with the capital letter

Jo, the expected Fisher information is its expected value ig = EJp and can
be expressed as

]O(ﬁv :E)rs = -

r,s=1,...,m.

io(B) = 3¢ (¢>(ﬁ)) (D.7)

The condition (iii) is equivalent to zo(ﬁ) being positive definite for all 8 € B.

Now let X1,...,X, be independent and identically distributed with
distribution given by a member of a curved exponential model with true
parameter g € Qg. Multiplying the densities, we again obtain an exponen-
tial model with the same parameter space as before and ¢(X)+- - - +t(X5)
as canonical statistic. This holds in the base model © as well as in the re-
duced model ©q. Let

th = {t(X1) +-- -+ t(Xn)}/n

and let B, denote the maximum likelihood estimate of 8 in the reduced
model ©q based upon these observations.
The basic asymptotic result is the following:

Proposition D.3 Asn — oo, the probability that Bn ezists uniquely tends
to 1. The estimate is then given as the solution to the equation

0¢ o¢
T33P =t 750 (D-8)
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and

B ~ N (B,30(8) 7" /n) .

Here X, ~ N(én,a,Z) means that the distribution of a;llz(Xn — &)
converges weakly to a normal distribution with mean zero and covariance
matrix L.

The asymptotic distribution simplifies when the parameters and distri-
bution decompose simultaneously. If Y is a cut in (X,Y) (see Section A.5)
the joint density or (X.Y) factorizes as

f(zy|B) = f(z|y,£)f(y]| )

In this casc it follows directly from the definition of the Fisher information
that this is block-diagonal such that & and X are asymptotically indepen-
dent, since all mixed second derivatives vanish in the observed information
and hence also in the expected. Similarly if Z is a split in (X,Y, Z), we
have

f(z.y.z|B) = f(z] 2 'i)f(ylza’\)f(ZIu)-

When there is a split, the estimates &, A, and /1 are also asymptotically
mutually independent. which is secn as in the case of a cut.

Consider next a further subhypothesis ©, C ©g with 6, = ¢(b(4)),
where A is an open subsct of R! for some | with 1 <! < m and b satisfies
similar conditions as did &. Let us simultaneously consider the hypothescs

H:0€©, Hy:0€6, Hi:60€6,
or, in an equivalent formulation,
H:0€0O. Hy:0=¢(08), 6 € B, H1:9=¢(b(a)),a€A.

A third equivalent formulation of H; is that Hy holds and § = b(a).

We now omit the index n and let + = £ be the average statistic, 6 the
estimate of # under H, ﬁ the cstimate of § under Hy and & the estimate
of o under H,. Further, we let

Bo = $(B), 70 = 7(6o), 61 = $(b(&)), 7 = 7(61).

Finally let #; denote the information about o under Hj.
Assume now that H, holds and fix « at the true value of the parameter.
Then the matrices

o 087 ap b _, " 98T
I = 22

36" a8 " 960" da 08 "

where expressions are evaluated at the value corresponding to «, are ma-

trices for the orthogonal projections with respect to the inner product de-
termined by v onto the tangent spaces of ©g and ©; at 6 = ¢(b(a)).

Meta 1023

p- 83

Im, =



CURVED EXPONENTIAL MODELS 275

If we further let C, = 7(©,) for r = 0,1, their transposes ILT are
projection matrices with rcspect to v~ ! onto the tangent spaces of C, at
7(b(ar)). Altematwcly, , = 07, /07.

Letting X,, = Y;, denote that X,, — Y, converges to zero in probability,
we moreover have the fundamental

Theorem D.4 Under the assumptions above,

Vil — 09,00 — 61,6, —6) = (I-Tp I ~1,,IL)Y  (D.9)
a

Vit 5,7 —H, 7 —7) = (I-Ig,0] -], 1] )Z, (D.10)

where Y ~ N (0,v71) and Z ~ N(0,v). Thus the three components on the
left-hand side of the asymptotic equations are asymptotically independent
and normally distributed.

It follows that if € ©g we have
o X N (6,u/n), 7o > N(1,w/n), (D.11)

where u and w are found by direct calculation using the expression for Il
and (D.7) for the Fisher information. We obtain

- 9%, a7
] = -1
and T
0
w=T] vlly = vagzala—z v = vuv.

Note that u and w are mutual generalized inverses, i.e. we have that wuw =
w and vwu = u. Another consequence of Theorem D.4 is that if we let

Ko = n(8— o) v(6)(6 — bo)

Koo = n(fo—61)Tv(8)(6o — b1)

K = n(6, —6)"v(6)(6; —9),
we have
Proposition D.5 The approzimately quadratic forms Ko and Ko defined
above are asymptotically independent and x2-distributed with k — m and

m —1 degrees of freedom and independent of 6,. F nally K is asymptotically
distributed as x? with | degrees of freedom.

The importance of this result lies in the fact that the above quadratic forms
approximate the deviance statistics. More precisely, let

Do = —2log L(HP), Do1 = —2log (9’), D= —2log L—(f’)—
L(6) L(90) L(6;
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and
Dy = n(# =) v(B) (- fo)
Do = n(fo—) v(0) " (Fo—#1)
D = n(h -7 (@) (1 —1),
as well as

Ko1 = n(f — b(@)) Tio (6(8)) (B — b(&)), K =(&—0a)Ti1(6)(&- ).
Then we have
Proposition D.6 The following asymptotic equalities hold:
Do2Dg2 Ko, Dyy2Dyy2Kan2Ko, DEDEKZK.

These statistics are therefore all asymptotically x?-distributed with appro-
priate degrees of freedom.

Thus the deviance test of a curved hypotheses assuming a larger one
can asymptotically be performed by using any of the quadratic approx-
imations and an appropriate x2-distribution. Note that the asymptotic
independence implies that it does not matter asymptotically whether the
test is conditional on the sufficient statistic under the hypothesis, should
this be affinc.

Note also that v(6) in any of the quadratic expressions can be replaced
with either of v(6), v(fg) or v(6;) without altering the asymptotic distri-
bution as long as the true value of 6 is in ©;.

D.2.2 The singular case

In the case where the model is not minimally represented, most of the
asymptotic results carry over with minor modifications. Essentially one
only has to modify at the following points. Inverses have to be replaced
with generalized inverses where appropriate and all expressions directly
involving the canonical parameter — which is not uniquely defined — should
be avoided or at least interpreted with care. Finally the formulation of the
smoothness condition is replaced by

(a) 7o¢ is a homeomorphism onto Co;
(b) 7o ¢ is twice continuously differentiable:

(c) the matrix 8(7 0 ¢)/08 = v(6)06 /0P has full rank m for all § € B.
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The main reason for this is that 7 is always in a unique correspondence
with the distribution.

The Fisher information matrices are defined exactly as in the non-
singular case and condition (c) ensures that these are regular. The expected
Fisher information can be calculated by either of the expressions

i) = 2228 (o) 2502 = 2 g0 2

where v(6)~ is any generalized inverse to v(6).

Then the basic asymptotic result Proposition D.3 holds verbatim. In
Theorem D.4 some care has to be taken to make sense out of (D.9), whereas
(D.10) carries over dircctly as it stands. The same is true for the indepen-
dence of the components.

Of the various approximate quadratic forms, those involving 6 should be
treated carefully. Also v~! should be replaced by an arbitrary generalized
inverse v~ in the D-versions. Otherwise both Propositions D.5 and D.6

hold. Just keep in mind that k is the order of the model rather than the
dimension of V.
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adjacent 5 chain graph 7
affine hypothesis 132, 268 factorization 53
ancestor 6 Markov property 54
ancestral set 6 chain graph model 114
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Basu’s theorem 241 characteristic function 253
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graphical 114 collapsibility 121, 156, 219
hierarchical 118 complete
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Box type 171, 192, 262 statistic 268, 269
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canonical parameter 132, 266 chain 7
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marginal 68, 246 concentration 251
CG distribution 158, 159 matrix 129, 251
canonical characteristics 159 operator 251
conditional 164 conditional independence 28, 32
canonical characteristics 164 normal distribution 129
moment characteristics 165 contingency table 67
homogeneous 160 asymptotic distributions 76
marginal 160, 161 cells 67
moment characteristics 161, 162 counts 68
weak 162, 165 dimension 68
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moment characteristics 159 log—affine model 72
CG regression 165, 217 deviance 79
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active 48 log-linear model 72
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contingency table (cont.)
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estimation 71
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matrix 251
operator 251
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estimation 145
test 149, 151. 152
decomposition 136
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estimation 133, 135, 138
likelihood equations 133
likelihood function 132
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directed 6
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decomposable model 90
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divergence 162, 238

INDEX

edge 4
directed 4
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EM algorithm 233

exnct test 269

expectation 250

expert system 221
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canonical statistic 266
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order 267
regular 267
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factorization
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recursive 46
Fisher information 273
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junction 24

gamma distribution 263
Gaussian graphical model 131
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generating class 82, 249
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mixed 202

graphical 203

Gibbs sampler 231
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complete 5
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dual 33

interaction 88

marked 4

moral 7

perfect 7

simple 4

star 10

triangulated 9

undirected 5

Meta 1023
p. 104



INDEX 297

undirected version 5 join

weakly decomposable 9 direct 22
graphical hypergraph 22, 89 junction
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property 85, 94, 148 marginal
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Markov chain Monte Carlo 231
Markov equivalence 60
Markov property
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global 55

information inequality 238 local 55
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mean 250 sequence 14
MIM 101, 201, 230 probability propagation 227, 235
MIM model 201, 203
mixed interaction model recursive graphical model
decomposable 187 cstimation 108
estimation 188 recursive hierarchical model
test 191 estimation 112
graphical 173 residual 15
decomposition 179 running intersection property 15, 25
estimation 175
likelihood cquations 178 saturated model
hierarchical 199 contingency table 70
estimation 205 Gaussian 124
likelihood equations 206 estimation 125
mixed model likelihood function 124
cut 183, 204 mixed 168
dimension 172 cstimation 169
generating class 202 recursive 107
graphical 203 semi-graphoid 30
likelihood function 172 separate 6
sampling distributions 168 separator 6, 15
saturated 168 simplicial 13
estimation 169 split 242, 274
homogenecous 168 statistic
test 170 complete 241, 268, 269
sufficient 241
ncighbour § sufficiency 241
non-adjacent 5
non-descendant, 6 tree 6
normal distribution 254 junction 24, 227
concentration 255
conditional 256, 258 vertex 4
conditional independence 129 continuous 4
covariance 254 discrete 4
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outer product 246, 259 Wilks’s distribution 263
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path 6 mean 258
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directed version 18 Yule-Simpson paradox 65
graph

Meta 1023
p. 106



The idea of modelling systems using graph theory has its origin in several
scientific areas: in statistical physics (the study of large particle systems),
in genetics (studying inheritable properties of natural species), and in
miteractions in contingency tables | he use of graphical models in stat-
wstics has increased considerably over i ont years and the theory has
been greatly developed and extended 1 s book provides the first
comprehensive and authoritative account of the theory of graphical
models and is written by a leading expert in the ficld. It contains the
fundamental graph theory required and a thorough study of the Markov
pioperties associated with various types of graphs. The statistical theory
of log—linear and graphical models for contingency tables and for mixed
discrete—continuous variables, 1s developed in detail. Special topics, such
us the application of graphical models to probabilistic expert systems, are
described briefly, and appendices give details of the multivariate normal
aistribution and of the theory of regular exponential families.
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