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Preface 

In 1976 Terry Speed invited me to Perth, Australia where he conducted 
a research seminar exploring relations between statistics and statistical 
physics. Among other things we studied the relation between the notion of 
interaction as used in contingency table analysis and in thermodynamics. 
To our delight they were formally the same and one of the most inspiring 
periods in my life as a researcher was initiated. In the next couple of 
mouths we worked day and night and laid essentially the foundations for 
the papers Darroch et al. (1980) and Lauritzen et al. (1984). 

In 1979 I was invited to lecture at the Swedish summer school in statis­
tics. Here I met :'•fanny Wermuth and with her as the main source of inspi­
ration we set out to investigate possibilities for making graphical models 
that simultaneously deaJt with discrete and continuous variables. 

In 1985 David Spiegelhalter contacted me with the purpose of discussing 
possibilities for using graphical models in artificial intelligence. 

These three meetings have had a profound influence on my life as re­
searcher in general and in particular on the development of the material 
described in the present book. I am drnply indebted to the inspiration and 
ideas that Terry, Nanny, David, and others have provided. 

Over the years I have enjoyed being part of many research groups. Here 
I will particularly mention three. The Danes that have been enthusiasti­
cally interested in graphical models from their early beginning: Jens Henrik 
Badsberg, David Edwards, Morten Frydenberg, Svend Kreiner, and a bit 
later also Poul Svante Eriksen. The BAIES group working on probabilis­
tic expert systems, consisting of Robert Cowell, Phil Dawid, and David 
Spiegelhalter. The ODIN group in Aalborg involving far too many to men­
tion, but Stig Andersen, Finn Jensen, Frank Jensen, Uffe Kja:)rulff, and 
Kristian Olesen have been there all the time. The enthusiasm from mem­
bers of these groups has kept up my spirits. 

Countless colleagues in Denmark and throughout the world have en­
couraged me every time I was losing hope and energy. It is plainly impos­
sible to mention them all, but it is clear that without these the book would 
never have existed. It is a privilege to belong to a scientific community 
with so many fine people. 

Heidi Andersen, David Edwards, .Jinglong \Vang and Dorte Sorensen 
have read parts of the book in some detail and I am extremely grateful for 
their comments and criticism. This also applies to the students at Aalborg 
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vi PREFACE 

University who were exposed to the somewhat compact material in the 

spring of 1993 and survived. 
Various institutions deserve thanks for hosting me while I was writing 

parts of the book. This includes the Statistical Laboratory in Cambridge, 
where I began the writing during my sabbatical leave in 1987. Chap­
ter 6 was largely written during a wonderful stay at the institution of San 
Cataldo, a former nunnery beautifully situated in Southern Italy and run 
ru; a study home for Danish researchers and artists. 

The Danish Research Councils and the Carlsberg Foundation have in 
various ways contributed financially to the research. 

Oxford University Press and my colleague Frank Jensen have been of 
invaluable assistance with typographical matters. 

Aalborg 

December 1995 
S.L.L.

Meta 1023 
p. 4



Contents 

1 Introduction 

l. 1 Graphical models

1.2 OutlinP of book . .

2 Graphs and hypergraphs 

2.1 Graphs . . . . . . . . . . . . . . . . . . . . 

2.1.l Notation and terminology . . . .  . 
2.1.2 Decompositions of marked graphs 

2.1.3 Simplicial subsets and perfect sequences 

2.1.4 Subgraphs of decomposable graphs 

2.2 Hypergraphs . . . . . . . . . .  . 

2.3 

2.2.1 Basic concepts . . . . .  . 

2.2.2 Graphs and hypergraphs . 

2.2.3 Junction trees and forests 

Notes 

3 Conditional independence and Markov properties 

3.1 Conditional independence . . . . . . . . . . . . 

3.2 Markov properties . . . . . . . . . . . . . . . . . .  . 

3.3 

3.2.1 Markov properties on undirected graphs . .  . 

3.2.2 Markov properties on directed acyclic graphs 

3.2.3 Markov properties on chain graphs 

Notes 

4 Contingency tables 

4.1 Examples . . . . . . . . . . . .  . 

4. 2 Basic facts and concepts . . . . . 
4.2.1 Notation and terminology 

4.2.2 Saturated models . . . . .

4.2.3 Log-affine and log-linear models 

4.3 Hierarchical models . . . . . . . . . . . . 

4.3.1 Estimation in hierarchical log-affine models 
4.3.2 Test in hierarchical models . . . . . .  . 

4.3.3 Interaction graphs and graphical models 

4.4 Decomposable models . . . . . . . . . . . . . . 

1 

1 
2 

4 
4 

4 

7 

13 

19 

21 

21 

22 

24 

26 

28 
28 

32 

32 

46 

53 

60 

62 

62 

67 
67 

70 

71 

81 

82 

85 

88 

90 
Meta 1023 

p. 5



viii CONTENTS 

,1,4.1 Basic factorizations . !)0 

4.4.2 1faximum likelihood estimation . 91 

-l.4.3 Exact tests in decomposable models 98 

4.4.4 Asymptotic tests in decomposable models 105 

4.5 Recursive models 106 

4.5.1 RccursiYe graphical models 107 

4.5.2 Recursive hierarchical models 112 

4.G Block-recursive models . 113 

4.6.1 Chain graph models 114 

4.6.2 Dlock-recursive hierarchical models . 118 

4.6.3 Decomposable block-recursive models 119 
4.7 Notes 121 

4.7.1 Collapsibility 121 

4.7.2 Bibliographical notes . 121 

5 Multivariate normal models 123 

5.1 Basic fact.s and concepts 123 

5.1.1 Notation. 123 

5.1.2 The saturated model . 124 

5.1.3 Conditional independence 129 

5.1.4 Interaction 131 

5.2 Covariance selection models 131 

5.2.1 �Iaximum likelihood estimation . 132 

5.2.2 Deviance tests 1·12 

5.3 Decomposable models 144 

5.3.1 Basic factorizations . 144 

5.3.2 .\laximum likelihood estimation . 145 

5.3.3 Exact tests in decomposable models 149 

5.-l :-.;-otes 153 

5.-l. l Chain graph models 153 

5.4.2 Lattice models 156 

5.4.3 Collapsibility 15G 

5.4.4 Bibliographical notes 156 

6 Models for mixed data 158 

6.1 Basic facts and concepts 158 

6.1.1 CG distributions 158 

6.1.2 The saturated models 1G8 

6.2 Graphical interaction models 173 

G.2.1 CG interactions . 173 

6.2.2 Maximum likelihood estimation . 175 

6.3 Decomposable models 187 

6.3.1 Basic factorizations . 187 

G.3.2 Maximum likelihood estimation . 188 

Meta 1023 
p. 6



CO!'ffENTS 

6.3.�I Exact tests in decomposable models 

6.4 Hierarchical interaction models . . . . . . 

6.4.1 General propPrtics ........ . 

6.4.2 Generators and canonical statistics 

6.-1.3 :t\Iaximum likdihood estimation .. 

6.4.4 Mixed hierarchical model subspaces 

6.5 Chain graph models ........... . 

6.6 

6.5.1 CG regressions . . . . . . . . . . . 

6.5.2 Estimation in chain graph mod!'ls 

Notes 

6.6.1 Collapsibility . . . . . 

6.6.2 Bibliographical notes . 

7 li\J.rther topics 

7.1 Probabilistic expert systems ......... . 

7.1.1 Specification of the joint. distribution . 

7.1.2 Local computation algorithm 

7.1.3 Extensions .. 

7.2 :t\Iodel selection ........... . 

7.3 Modelling complexity . . . . . . .. . 

7.3.1 .\larkov chain Monte Carlo methods 

7.3.2 Applications .. . 

7.--1 ]'dissing-data problems ........ . 

7.4.1 The E:\I algorithm ...... . 

7.4.2 Hierarchical log- linear models . 

7.4.3 Recursive models . . . . . . . . 

Appendices 

A Various prerequisites 

A.I Inequalities

A.2 Kullback-Leiblcr divergence

A.3 :\Iobins inversion

AA Iterative partial maximization .

A.5 Sufficiency .

B Linear algebra and random vectors 

B.l Matrix results .

B.2 Factor subspaces and interactions .

B.3 Random vectors .

ix 

191 

199 

H)Q

201

205

213

21G

217

218

219

219

220

221 

221 

223 

226 

228 

229 

230 

231 

232 

2��3 

233 

234 

235 

237 

237 

238 

239 

239 

24 1 

243 

243 

246 

250 

Meta 1023 
p. 7



X CONTENTS 

C The multivariate normal distribution 

C. l Basic properties . . . . . . . 
C.2 The VVishart distribution ..

C.3 Other derived distributions .

C.3.1 Box-type distributions
C.3.2 V.'ilks's distribution .
C .3.3 Test for identical covariances 

D Exponential models 
D .l Regular exponential models 

D.1.1 Basic terminology .
D.1.2 Analytic properties .

D .1.3 Maximum likelihood estimation . 

D.1.4 Affine hypotheses ...... . .  . 
D.1.5 Iterative computational methods

D.2 Curved exponential models .
D .2.1 The non-singular case 
D.2.2 The singular case .. .

Bibliography 

Index 

254 
254 
258 
262 

262 
263 
264 

266 

266 
266 

267 
268 
268 
269 
272 
272 
276 

278 

295 

Meta 1023 
p. 8



1 

Introduction 

1.1 Graphical models 

Graphical models have their origin in several scientific areas. One of these 
is statistical physics. Here the ideas can be traced back to Gibbs (1902). 
The object of interest is a large system of particles, possibly the atoms 
of a gas or solid. Each particle is occupying a site where it can be in 
different states. The total energy of the system is composed by an external 
potential plus a potential due to interaction of groups of particles. It is 
usually assumed that only particles at sites close to each other interact. 
Sites that are close to each other are termed neighbours and an undirected 
graph is determined by the neighbour relationship. The total energy of the 
system is determining the behaviour of the system through the so-called 
Gibbsian distribution 

p(x) = z-
1 exp{-E(x)}, 

where E(x) is the total energy of the system when this is in configuration 
x, and Z is a normalizing constant. 

Another origin is in the subject of genetics, where the graphical models 
go back to Wright (1921, 1923, 1934), who founded the so-called path 
analysis. Here one is studying heritable properties of natural species and 
the graph relR.tions are directed, with arrows moving from parent to child. 
Ideas of path analysis were later taken up in economics and social sciences 
(Wold 1954; Blalock 1971). 

The third source has less obvious relation to graphs. Bartlett (1935) 
studied the notion of interaction in a threo-way contingency table. It turns 
out that, apart from differences due to notational conventions, this notion 
of interaction is formally identical to the notion used in statistical physics 
(Darroch et al. 1980). 

With this understanding, the graphical models are ready at hand for 
use in statistics. Their fundamental and universal applicability is due to a 
number of factors. Firstly, the graphs can visually represent the scientific 
content of a given model and facilitate communication between researcher 
and statistician. Secondly, the models are naturally modular so that com­
plex problems can be described and handled by careful combination of 

Meta 1023 
p. 9



2 INTRODUCTION 

::;imple C'lc >ments. Thirdly, the graphs are natural data structures for mo<l­
f'rn digital computers. Thus models ran be efficiently eommunicated to 
these and the road is paved for exploitiug their computational power. 

Over the Y<'ttr::; the tlwory and methodology have developed and been 
extended in a multitude of directions. This is true to such an extent that 
it has not bef'n possible to cover the area properly in the present book. 
Luckily a number of other books have been written that take care of some 
of lhe omissions in the present. Whittaker (1990b) focuses on the idea.-; 
behind graphical modelling and has many example::;. The samr holds for 
the book by Edwards (1995), just that here t.hc emphasis is on models for 
n1ixed data and special attention ii:; paid to problrms that are suit.able for 
curnlysis using the program MI!vl. Cox and \Yermuth (1996) is concentrat­
ing attention on the interpretation and application of multivariate' systems, 
in particular graphical models. Neapolitan (1990) deals with probabilistir 
expert systems based on graphical models, and the collection Oliver and 
Smith (1990) is primarily concerned with graphical models as influence 
diagrams, i.e. used as tools in dedsion analysis. 

The present book is primarily concerned with the fundamental math­
ematical and staf-istical thPOry of graphic-al models. The- book is mostly 
based on a traditional statistical approach. disrl!ssing aspects of maximum 
likd1ood methods and significance testing in the different variet_v of mod­
els. It is helieVC'd that these results are ha1,ic and therefore hopC'fully ,viii 
have intcrt>st for an:rnne who wants to enter the world of graphical models, 
iudependPntly of statistical paradigms. 

The book is a research monograph awl it has been written primarily 
for researchers and graduate students in mathematical statistics. However, 
I have tried to keep the mathematics at a reasonable leVPl of abstraction 
and exactness. Ko doubt. certain sections are mor£> difficult to read than 
others. but it is my hope that a relatively "·ide audiencP will lw able to 
take advantage of the central parts of the hook. 

1.2 Outline of book 

There are five main chapters. In Chapter 2 the basic graph theory is 
developed. It may not lw advisable to read this chapter in detail before 
continuing to chapters with a more statistical coutcut, but some familiarity 
with the notions is necessary to understand even the b&;ic ideas in tlu­
subsequent developments. Some of the heavier parts can he omitted at 
first reading and then returned to when necessary. 

Chapt<'r 3 is concerned with conditional m<lcpende>nce and !\1arkov 
proper! ies and these arc also cssc•nual for later chapters. If desired, the 
reader can skip f-11c description of directed and chain graph IVIarkov prop­
erties at first reaJing, and then return to these later. 
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OUTLINE OF DOOK 3 

The next three chapters of the book form the core of the statistical 
theory. Chapter 4 is concerned with discrete variables, Chapter 5 with 
variables that arc normally distributed, and Chapter 6 describes models 
for systems that contain both discrete and rontinuous variables. These 
three chapters are largely written so that they can be read independently 
of each other. However, as the results of Chapter 6 unify and generalize the 

results in Chapters 4 and 5, some readers may want to read them in the 

given order. On the other hand, Chapter 6 is the chapter which contains 
most original material that has not appeared elsewhere in the literature 
and others may want to attack this chapter directly. 

Chapter 7 is largely a guide to the literature on topics that have not 
bec.;n treated in the book but constitute important and natural extensions. 

Finally the hook contains four appendicoo with some material that is 
used at various places and may not be sufficiently familiar to the rc'lcler. 
Appendix A is a collection of various little topics. Appendix B has some 
results from linear algebra. Appendix C treats the multivariate normal 
distribution in some detail, and Appendix D describes basic elements of 
the theory of exponential families. By having these ready at hand I hope 
to help readers who do not have all of this present in their minds. However, 

it is not advisable to learn the material in all four appendices from the given 
expositions alone. 
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3 

Conditional independence 
and Markov properties 

3.1 Conditional independence 

Throughout this text a central notion is that of conditional independence of 
random variables, the graphs keeping track of the conditional independence 
relations. 

Formally, if X, Y, Z arc random variables with a joint distribution P, 
we say that X is conditionally independent of Y given Z under P, and 
write X lL YI Z [Pl, if, for any measurable set A in the sample space of 
X, there exists a version of the conditional probability P(A I Y, Z) which
is a function of Z alone. Usually P will be fixed and omitted from the 
notation. If Z is trivial we say that X is independent of Y, and write 
X lL Y. The notation is due to Dawid (1979) who studied the notion of 
conditional independence in a systematic fashion. Dawid (1980) gives a 
formal treatment. 

\\Then X, Y, and Z are discrete random variables the condition for 
X lL Y I Z simplifies as 

P(X = x, Y = y I Z = z) = P(X = x I Z = z)P(Y = y I Z = z), 

where the equation holds for all z with P(Z = z) > 0. When the three 
variables admit a joint density with respect to a product measure µ, we 
have 

where this equation is to hold almost surely with respect to P. If all 
densities are continuous, the equality in (3.1) must hold for all z with 
fz(z) > 0. Here it is uu<lerstoo<l that all functions on a discrete space are 
considered continuous functions. The condition (3.1) can be rewritten as 

X lLYIZ <=;> fxyz(x,y,z)fz(z)=fxz(x,z)fyz(y,z) (3.2) 

and this equality must hold for all values of z when the densities are con­
tinuous. 
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CONDITIONAL INDEPENDENCE 29 

The ternary relation X Jl YI Z has the following properties, where h 
denotes an arbitrary measurable function on the :-;ample space of X: 

(Cl) if X Jl YI Z then Y Jl XI Z: 

(C2) if X Jl YI Z and U = h(X), then U Jl YI Z; 

(C3) if X Jl YI Z and U = h(X), then X Jl YI (Z, U); 

(C4) if X Jl YI Z and X Jl H-' I (Y, Z), then X Jl (W, Y) I Z. 

\Ve learn the proof of these farts to the reader. Note that the converse to 
(C4) follows from (C2) and (C3). 

If we usr f as generic symLol for the probability density of the random 
variables corresponding to its arguments, the following statements are true: 

XllYIZ � J(x, y, z) = f(x, z)f(y. z)/ f(z) (3.3) 

XllYIZ � f(:rly.z) = f(xlz) (3.4) 

XllYIZ � f(:r, z I y) = f(x I z)f(z I y) (3.5) 

XllYIZ � f(:1:. y. z) = h(x. z)k(y. z) for :-;ome h. k (3.6)
XllYIZ � f(:1:. Y, z) = f(x I z)f (y, z). (3.7) 

'The equalit.iC's aboVP hold apart from a set of triples (x, y, z) with probabil­
ity zero. If the densities arc continuous functions (in particular if the state 
spaces are discrete), the equations hold whenever the quantitites involved 
arc well d<'fine<l, i.e. when the densities of all conditioning variables arc 
positive. \Ye also leave the proof of the:-;e equivalences to the reader. 

Another property of the conditional independence relation is often used: 

(C5) if X Jl YI Zand X Jl Z I Y then X Jl (Y, Z). 

However (C5) docs not hold universally, but only under additional con­
ditions - cssPntially that there be no non-trivial logical relationship be­
tween Y and Z. A trivial counterexample appears whPn X = Y = Z with 
P{X = l} = P{X = O} = 1/2. WP have however 

Proposition 3.1 If the joint density of all variables with respect to a prod­

uct measure is positive and continuous, then the statement (C5) will hold

true. 

Proof: Assume that the variables have a continuous density f(x, y. z) > 0 
and that X Jl Y I Z as well as X Jl Z I Y. Then (3.6) gives for all values 
of (x.y,z) that 

J(x, y, z) = k(x, z)l(y, z) = g(x, y)h(y, z) 
Meta 1023 
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30 CONDITIONAL INDEPENDENCE AND l\·IARKOV PROPERTIES 

for suitable strictly positive functions g, h, k, l. Thus, as the density is
assumed continuous, we have that for all z, 

( ) _ k(x, z)l(y, z) 
g x,y - h(y,z) ·

Choosing a fixed z = z0 we have g(x, y) = 1r(x)p(y) where 1r(x) = k(x, z0) 

and p(y) = l(y, zo)/h(y, z0). Thus J(x, y, z) = 1r(x)p(y)h(y, z) and hence
X ll (Y, Z) as desired. o 

The proposition can be weakened to more general functions than continuous 
functions, hut we abstain from pursuing this here. 

It is illuminating to think of the properties (Cl)-(C5) as purely formal 
expressions, with a meaning that is not necessarily tied to probability. If 
we interpret the symbols used for random variables as abstract symbols for 
pieces of knowledge obtained from, say, reading books, and further interpret 
the symbolic expression X ll Y I Z as:

Knowing Z, reading Y is irrelevant for reading X, 

the properties (Cl)-(C4) translate to the following: 

(Il) if, knowing Z, reading Y is irrelevant for reading X. then so is reading 
X for reading Y; 

(12) if, knowing Z, reading Y is irrelevant for reading the book X, then
reading Y is irrelevant for reading any chapter U of X;

(13) if, knowing Z, reading Y is irrelevant for reading the book X, it
remains irrelevant after having read any chapter U of X;

(14) if, knowing Z, reading the book Y is irrelevant for reading X and
even after having also read Y, reading W is irrelevant for reading X,
then reading of both Y and W is irrelevant for reading X.

Thus one can view the relations (Cl)-(C4) as pure formal properties of 
the notion of irrelevance. The property (C5) is slightly more subtle. In a 
certain sense, also the symmetry (Cl) is a somewhat special property of 
probabilistic conditional independence, rather than general irrelevance. 

It is thus tempting to use the relations (Cl)-(C4) as formal axioms for 
conditional independence or irrelevance. A semi-gmphoid is an algebraic 
structure which satisfies (Cl)-(C4) where X, Y, Z are disjoint subsets of
a finite set and U = h(X) is replaced by U � X (Pearl 1988). If also (C5)
holds for disjoint subsets, it is called ;i graphoid. Below we give further
examples of such structures. 
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CONDITIONAL INDEPENDENCE 31 

Example 3.2 A very important example of a model for the irrelevance 
axioms above is that of graph separation in undirected graphs. Let A. B, 
and C be subsets of the vertex set V of a finite undirected graph Q = (V, E). 
Define 

Q 

A ..LB IC <c=> C sPparates A from Bin Q. 

Then it is not difficult to see that graph separation has the following prop­
erties: 

Q g 

(S1) if A ..LB IC then B ..LA IC: 

g g 
(S2) if A ..LB IC and U is a subset of A, then U ..LB IC; 

Q g 

(S3) if A 1- BI C and U is a subset of B, then A ..LB I (Cu U); 

Q g g 

(S4) if A ..L BI C and A _l_ DI (BU C), then A ..L (BUD) IC. 

Eveu the analogue of (C5) holds when all involved subsets are disjoint. 
Hence graph separation satisfies the graphoid axioms. D 

Example 3.3 As another fundamental example, consider geometric or­

thogo11ality in Euclidean Vf'Ctor spaces. Let L, hf, and N be linear sub­
spaces of a Euclidean space V and dPfine 

L..LMIN � (LeN)..L(MeN), (3.8) 

where LeN = LnNJ. . If (3.8) is satisfied. then Land Mare said to meet 

orthogonally in N. Again. it is not hard to see that the orthogonal meet 
has the followiug properties: 

(01) if L ..LAI I ,.V then 1'I ..L LIN:

(02) if L ..L MIN and U is a linear subspace of L. then U ..L lif IN;

(03) if L ..L MIN and U is a linear subspace of M, then L ..L MI (N + U);

(04) if L ..L MIN and L ..L RI (M + N), th<'n L _l_ (AI+ R) IN.

1be analogue of (C5) does nut hold in general; for example if lvf = N we 
may have 

L 1- M I N and L 1- N I Af, 

but if L and M are not orthogonal then it is false that L ..L (M + N). □
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32 CONDITIONAL INDEPENDENCE AND MARKOV PROPERTIES 

An abstract theory for conditional independence based on graphoids 
and semi-graphoids has recently developed (Studeny 1989, 1993; Matus 
1992a). It was conjectured (Pearl 1988) that the properties (Cl)-(C4) 
were sound and complete axioms for probabilistic conditional indepen­
dence. However, the completeness fails. In fact, finite axiomatization of 
probabilistic conditional independence is not possible (Studeny 1992). See 
also Geiger and Pearl (1993) for a systematic study of the logical implica­
tions of conditional independence. 

3.2 Markov properties 

In this section we consider conditional independence in the special situation 
where we have a collection of random variables (Xn) oEV taking values in 
probability spaces (X0 )nEV· The probability spaces are either real finite-­

dimensional vector spaces or finite and discrete sets. For A being a subset 
of V we let XA = X aEAXa and further X = Xv. Typical elements of XA 
are denoted as XA = (xa ) aEA· Similarly XA = (X0 )nEA· vVe then use the 
short notation 

AlLBIC 

for 
XA lL Xa I Xe 

and so on. The set Vis assumed to be the vertex set of a graph Q = (V, E). 

3.2.1 Markov properties on undirected graphs 

Associated with an undirected graph Q = (V, E) and a collection of random 
variables (Xa )aEV as above there is a range of different Markov properties. 
A probability measure P on X is said to obey 

(P) the pairwise Markov property, relative to Q, if for any pair (o:,/3) of
non-adjacent vertices

o: lL /3 IV\ { o:, /3}; 

(L) the local Markov property, relative to Q, if for any vertex o: EV

o:JL V\cl(o:)i bd(o:); 

(G) the global Markov property, relative to Q, if for any triple (A,B,S)
of disjoint subsets of V such that S separates A from B in Q

A lL BIS-

The Markov properties are related as described in the proposition below. 
Meta 1023 
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MARKOV PROPERTIES 33 

Proposition 3.4 For any undirected graph 9 and any probability distribu­

tion on X it holds that 

(G) � (L) � (P). (3.9) 

Proof: Firstly, (G) implies (L) because bd(o:) separates a from V\cl(o:). 
Assume next that (L) holds. We have f3 E V \ cl(o:) because a and {3 are 
non-adjarcnt. Hence 

bd(a) u ((V \ cl(a)) \ {fJ}) = V \ {a, fJ}, 

and it follmvs from (L) and (C3) that 

a.ll V\cl(a) I V\{o:,,B}. 

Application of (C2) then gives o: .lL /31 V \ {a, ,B} which is (P). D 

It is worth noting that (3.9) only depends on the properties (Cl)-(C4) 
of mnditional independence and hence holds for any semi-graphoid. The 
various Markov properties are <lifferent in general, as the following examples 
show. 

Example 3.5 Define the joint distribution of five binary random variables 
U, lV, X, Y, Z as follows: U and Z are independent with 

P(U = 1) = I'(Z = 1) = P(U = 0) = P(Z = 0) = 1/2, 

ff = U, Y = Z, and X = WY. Th!:' joint distribution so defined is easily 
seen to satisfy (L) but not (G) for the graph below . 

• 

u 

• • 

W X 
• • 

z 

In fact, Matus (H)92b) shows that the global und local Markov properties 
coincide if and only if the dual graph g (defined as o:;;_,fJ if and only if 
a f /3) does not have the 4-cycle as an induced subgraph. □ 

Example 3.6 A simple example of a probability distribution of (X, Y, Z) 
that satisfies the pairwise Markov property (P) with respect to the graph 

. -

X Y Z 

but does not ::;atisfy the local Markov property (L) can be constructed by 
letting X = Y = Z with I'{X = 1} = P{X = O} = 1/2. It can be shown 
(Matu..i'; 1992b) that the global and pairwise Markov properties coincide if 
and only if the dual graph Q docs not have a subset of three vertices with 
two or three edges in its induced subgraph. D 
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If it holds for all disjoint subsets A, B, C, and D that 

if A lL B I ( C U D) and A lL C I ( B U D) tlwn A jJ_ (B U C) I D, ( 3.10) 

then the !\Iarkov propC'rtics are all equivalent. This condition is analogous 
to (C5) and holds, for example, if P has a positive and continuous density 
with respect to a product measure JL. This is seen as in Proposition 3.1. 
The result is stated in the tllC'orem below, due to PParl and Paz (1987): see 
also Pearl (1988). 

Theorem 3.7 (Pearl and Paz) If a probability distrib1ition on Xis snr-/1, 
that (3.10) holds for disjoint subsets A, B, C, D then 

(G) <==:> (L) <==:> (P).

Proof: We UC'Pd to sl1ow that (P) implies (G), so assume that S separates 
A from Bin Q and that. (P) as wrll as (3.10) hold. \Vitl10ut loss of generality 
we can also assume that hoth A and B an' non-0mpty. The proof is tlwn 
backward induction on the uumbcr of vertic-0s n = ISi in S. If n = WI - 2 
then both A auJ B consist of oue vertex and the required conditional 
independence follows from (P). 

So assume ISi = n < IVI - 2 and that SPparntion implies conditional 
independence for all s0parating sets S with more than n elements. \Ve first 
assume that V = AU BUS, implying that at least 0110 of A and B hai:; 
morP than one <>lemcnt, A., say. If o E A then SU {a} separates A \ { o} 
from Band also SU A\ {n} separatf's a: from B. Thus by the iuduct.ion 
hypothesis 

A. \ {a} lL B I S U { n} and o: lL B I S U A \ { o:}.

Now (3.10) gives A lL B I S. 
If AUBUS CV we choose a EV\ (AUBUS). Then SU{n} separates 

A and B, implying A jJ_ B I S U {a}. Further, either A U S separates 
B from {o:} or BUS separates A from {n}. Assuming the former gives 
a lL B I AU S. Using (3.10) and (C2) we dcnve that A lL B I S. The 
latter case is similar. D 

Note that the proof only exploits (Cl)-(C4) and (3.10) and therefore ap­
plies to any graphoi<l. 

The global :-.Iarkov property (G) is important because it gives a general 
criterion for deciding when two groups of variables A an<l B are condition­
ally indepPndent given a third group of variables S. 

As conclitional iudcpendcnce i::; intimately related to factorization, so arc 
the t-.Iarkov properti<'s. A probability measure P on X is said to factorize 
according to Q if for all complete subsets a � V there exist non-negative 
functions 1/Ja that depend 011 x through Xa only, and th0re exists a product 
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measure f-l = ®aE Vµa on X, such that P has density f with respect toµ
where f has the form 

f(x) = (3.11) 
a complete 

The functions 1/Ja are not uniquely determined. There is arhitrariness in 
the choice of /l, bnt also groups of functions '1/Ja can be multiplied together 
or split up in different ways. In fact one can without loss of generality 
assume � although this is not always practical � that only cliques appear 
as the sets a, i.e. that 

f(x) = IT 1/Jc(x), (3.12) 
cEC 

where C is the set of cliques of 9. If P factorizes, we say that P has property 
(F) and the set of such probability measures is denoted by lvlp(Q). We have

Proposition 3.8 For any undirected graph g and any probability distribu­

tion on X it holds that 

(F) =? (G) =? (L) =? (P).

Proof: We only have to show that (F) implies (G) as the remaining 
implications are given in (3.9). Let (A, B, S) be any triple of disjoint subsets 
such that S separates A from B. Let .4 denote the connectivity components 
in 9v\s which contain A and let B = V \ (AUS). Since A and B are 
separated by S, their elements are in different connectivity components of 
9vv, and any clique of Q is either a subset of .4 u S or of jj US. If CA 
denotes the cliques contained in AUS, we thus obtain from (3.12) that 

f(x) = IT 1/Jc(x) = IT 1/Jc(x) IT 1/Jc(x) = h(XJ,.us)k(:c8us)-
cEC cEC\CA 

Hence (3.6) gives that A Jl BIS. Applying (C2) twice gives the desired 
independence. □

In the case where P has a positive and continuous density we can use 
the Mobius inversion lemma to show that (P) implies (F), and thus all 
:\Iarkov properties are equivalent. This result seems to have been discov­
ered in various forms by a number of authors (Speed 1979) but is usually 
attributed to Hammersley and Clifford (1971) who proved the result in the 
discrete case. The condition that the density be continuous can probably 
he considerably relaxed (Koster 1994), whereas the positivity is essential. 
:\lore precisely, we have 
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Theorem 3.9 (Hammersley and Clifford) A probability distribution P 
with positive and continuous density f with respect to a product measure JL 
satisfies the pairwise Markov property with respect to an undirected graph 
g if and only if it factorizes according to g. 

Proof: If P factorizes, it is pairwise Markov as shown in Proposition 3.8, 
so we just have to show that (P) implies (F). 

Since the density is positive, we may take logarithms on both sides of 
(3.11). Hence this equation can be rewritten as 

logf(x) = L <Pa(x), (3.13) 
a :a�V 

where ¢
0 (x) = log1,!Ja(x) and ¢a = 0 unless a is a complete subset of V.

Assume then that Pis pairwise Markov and choose a fixed but arbitrary 
element x* EX. Define for all a<;;;; V

where (xa , X�c) is the element y with y
'Y 

= X
-y 

for 'Y E a and y
'Y 

= x; for 
-y (j. a. Since x* is fixed, Ha depends on x through Xa only. Let further for 
alla<;;;;V 

¢0 (x) = L (-l)la\blHb (x).
b:b�a 

From this relation it is also clear that ¢a depends on x through Xa only. 
Next we can apply Lemma A.2 (Mobius inversion) to obtain that 

logf(x) = Hv(x) = L <Pa(x)
a:a�V 

such that we have proved the theorem if we can show that <Pa = 0 whenewr 
a is not a complete subset of V. So let us assume that a, f3 Ea and a ,f (3. 
Let further c =a\ {a,.6}. If we write Ha as short for Ha (x) we have 

<Pa(x) = L (-l)ic\bl { Hb - Hbu{a} - Hbu{/3} + Hbu{a,/3}} • (3.14)
b:b�c 

Let d = V \ {a,(3}. Then, by the pairwise Markov property and (3.7), we 
have 

f(xb, Xn, xr,, xd\b) 
log ·* * f (Xb, Xe,, xr,, xd\b)

f(xc. I Xb, xd\b)f (x13, Xb, xd\b)
log 

f (xa. I Xb, xd\b)f (x;, Xb, xd\b)
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Thus all terms in the curly brackets in (3.1-1) add to zero and henceforth 
the entire sum is zero. This completes the proof. □

The expression inside curly brackets in (3.14) is the logarithm of what is 
known as tlw partial cross-product ratio so that we can alternatively write 

<Pa (x) = � ( -1 )lc\bl log cpr(xa, Xf.1; X�, X� I Xb, :i;d\b) • 
b:b�c 

The pairwise Markov property ensures that all these partial cross-product 
ratios are equal to 1. 

Example 3.10 The following example is due to Moussouris (1974) and 
shows that the global �farkov property (G) may not imply the factorization 
property (F) without positivity assumptions on the density. 

The example is concerned with the distribution of four binary random 
rnriahles, df'noted b_v (X1, X2, X3, X4). The following combinations are 
assumed to have positive probabilities, in fact each of them given a proba­
bility equal to 1/8: 

(0.0.0.0) (1.0,0,0) (1,1,0,0) (1, 1,1.0) 
(0,0,0,1) (0,0.1,1) (0,1,1.1) (1,1,1,1). 

The distribution so specified satisfies the global Markov property (G) ,vith 
respect to the chordless four-cycle 

□ 
-:,ii:h the vertices identified cyclically with thP. random variables. This is 
--een as follows. 

For example, if we consider the conditional distribution of (X1. X3), 
;::-iYen that (X2,X4) = (0, 1), we tind 

Since the mnditional distribution of X 1 is degenerate, it is trivially inde­
;•endent of X3. All other combinations of conditions on (X2, X4) give in a 
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similar way degenerate distributions for one of the remaining variables and 
this picture is repeated when conditioning on (X1, X3). Hence, we have 

which shows that the distribution is globally Markov with respect to the 
graph displayed. 

But the density does not factorize. This is seen by an indirect argument. 
Assume the density factorizes. Then 

0 =/- 1/8 = J(O, 0, 0. 0) = ¢{1 ,2} (0, 0)¢{2,3} (U, 0)¢{3.4} (0, 0)¢{ 4,l} (0, 0). 

But also 

0 = J(O. 0, 1, 0) = ¢{ 1.2} (0, 0)¢{2,J} (0, 1)¢{3,4} ( 1, 0)¢{ 4,l} (0, 0), 

whereby 

Since now 

0 =/- 1/8 = f (0, 0 , 1. 1) = ¢{1,2} (0, 0)¢{2,3} (0, 1 )¢{3,4} (1, 1 )¢{ 4,1} (1, 0), 

this implies ¢{2,3}(0, 1) /- 0 and hence ¢{3,4}(1,0) = 0, which contradicts 
that 

0 /- 1/8 = f(l, 1, 1,0) = ¢{1,2}(1, 1)¢{2.3}(1, 1)¢{3,4}(1, 0)¢{4,1}(0, 1). 

Hence the density cannot factorize. D 

In general none of the Markov properties are preserved under weak 
limits. This is because weak convergence of joint distributions does not 
imply convergence of conditional distributions. This fact is illustrated in 
the following example. 

Example 3.11 Let Y = (Y1, Y2, Y3) T be a trivariate normal random vari­
able with mean zero and covariance matrix 

E-( i• 1 
2 ,/n 

Using Proposition C.5 the conditional distribution of (Y1, Y3) T given Y2 is 
bivariate normal with covariance matrix 

and hence Yi Jl l":3 I Y2, which means that Y satisfies the global Markov 
property on the graph 
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As we shall i-;ee later in Proposition 5.2, this can alternatively be seen from 
iuspcrtion of tlw inVPrse covariance matrix 

-.jn 
3n 

-fo

The distribution of}' converges weakly to the normal distribution \Vith 
covariance matrix 

which is not l\larkoY on thP graph con:;idercd, since Y2 is degenerate and 

Hence the Markov property is not in general stable uuder wPak limits. D 

There are, however, important exceptions where the Markov property is 
preserved under limits and the case of discrete sample space is one. 

Proposition 3.12 Assume that a sequence of probability di.5bibutions Pn 

on a discrete sample space converges to P. If P,, all satisfy any of the 
.\larknv properties (P), (L), or (G), then P satisfies the same Markov prop­

erly. 

Proof: The density p of tlw limiting distribution is given asp= limpn, 
where JJn is the density of Pn - Let A, B, C he disjoint and assume that 
. ..\ Jl B IC for all P,1 • If p(ic) > 0 we get 

p(i.4., iB,ic) = lim Pn (iA,iu,ic)n�oo 
l. Pn(iA,ic)pn(iB,ic)
!111 

n-.oo Pn (ic) 
p(iA, ic )p(iB, ic) 

p(ic) 

whereby A lL B I C also in the limit. Thus we have shown that all 
conditional independencPs are prnserved, as desired. D 

ObserTe that the property (F) is not preserved under weak limits, even in 
-he discrete case, as the following Pxample shows.
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Example 3.13 Consider four binary random variables (X1, X2• X3, X4 ) 
and let 

nx1 x2+x2x3+x3x4-X1 X4-X2-x3+l 

fn(X1,X2,X3,X4) =
S + Sn 

Direct calculations show that, as n - oo, f n converges to the distribution 
in Example 3.10. Hence WP deduce that (F) is not stable under limits. □ 

It holds however, in the discrete case, that any probability distribution 
whkh satisfies (F) can he obtainoo as a limit of positive probabilities that 
factorize. This is true because if p factorizes we get 

where p, clearly is positive and factorizes. 
In the discrete case we refer to limits of positive �farkov probabilities as 

r.:rtendcd. Markov probabilities and denote these by Me(Q). Thr. argument 
above shows that MF(Q) � Me(Q) but the inclusion is strict for a general 
graph Q. 

Distributions in li-1e(9) are identified through their clique marginals 
when their state space is finite. This fact is a special case of the following 
lemma (when A L5 taken to be the set of cliques of the graph Q). 

Lemma 3.14 Lrt A be a set of subsets of a finite set 6. and P and Q be
probability mesures on the product space I = x6En'I.6 where, for each b, 
It, is a finite set. If P and Q have identical marginals to the sets a E A 
and both are limits of measures whose densities with respect to a prod1tct 
measure 11 factorize over A. then P= Q. 

Proof: It is no restriction to assume that 11 is the counting measure on 
I such that we have 

p(i) = lim II ¢�(ia), 
11.-(X) aEA 

Then we get 

LP(i) log q(i)

Jim � � p(i) log'lj!�(ia )n--.cc L-, � aEA i 

lim � � q(i) log 1/;�(ia ) n-oo� � aEA i 
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Jim � q(i) � log'4'1;(ia) 
n-.oo� L....t 

. 
aEA 

Lq(i)logq(i), 

41 

where we have exploited that L
i
P(i) logi/;;(ia) depends on P through its 

a-marginal only und therefore is equal to I;, q(i) lugw�(ia)-
Interchanging the role of p and q in the above calculations yields

L q(i) logp(i) = LP(i) logp(i). 
i 

Combining these identities with the information i1wquality (A.4) giws 

LP(i)logp(i) L q(i) logp(i) � L q(i) logq(i) 

LP(i) logq(i) � LP(i) logp(i). 

Since (A.4) is strict unless p(i) == q(i), we must have P = Q and the lemma 
is proved. □

Lemma 3.14 still holds in the finite case for a genera.I /£ and a general 
system of subsets A. For countable state spaces and general µ it does not 
hold, i.e. we may have two different probability distributions P and Q that 
both have factorizing densities (H. G. Kellerer, personal communication). 
This fact seems to contradict a remark in Csiszar (1975). 

If A b the set of cliques of a decomposable graph, the lemma holds 
under quite general circumstances (Kellerer 1964a, 1964b). It is not known 
whether the conclusion of the lemma holds for factorizing probability distri­
butions in the case of a product measure/Land countable (or more general) 
state spac-es. The critical point in the proof is the interchangP of the two 
sums. 

The following example is due to :tvlatus and Studeny (1995) and shows 
,hat not all global t-.Iarkov probabilities can be obtained as limits of fac­
::orizing distributions. 
Example 3.15 Let Q be the four-cycle as in Example 3.10, but let all four 
rnriables have three possible values a, b, and c. Let P he the distribution 
7,ith each of the following nine states having probability equal to 1/9: 

(a,a,a,a) 

(a,b,b,b) 

(a, c, c, c)

(b, a, b. c) 
(b,b,c,a) 

(b, c, a, b)

(c,a,c,b) 

(c, b, a, c) 
(c,c,b,a) 
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This distrihution is globally Markov with respect to Q because the condi­
tional distribution of (X1, X3) given (Xi, X4) is ah1rays degenerate 1111d this 
is also true for the conditional distribution of (X2. X4) given (X 1• X3

). It
rannot b<' obtairwd nS a limit of factorizing distributions, as the argument 
below shows. 

All pairs (X;., Xi+1) are marginally independent in P (where we have 
let X5 = X1). Hence P has the same clique marginals as the distribu­
tion Q defined by X1, .•• , X4 being mutually independent and uniformly
distributed on the spacP {a,b,c}. Clearly Q E ME(Q). By Lemma 3.14 
there is only one element in 1'1E(Q) with these marginals so WP must have 
P </. 11h(Q). □ 

We introduce Uw uotation JvJ+ (Q) for the positive Markov probabilities, 
J\fp(Q) for the pairwise. Ah(Q) for the local, Ma(Q) for the global, and 
recall that w� USP A-1p (Q) for thrn;e that factorize. \Ve can thC'll summarize 
the previous considerations as follows. In the general case we have the 
chain of inclusions 

(3.15) 

In the discrete case we have further that l\la(Q). Ah(Q). aud Mp(Q) arc 
all closed under limits and 

(3.16) 

All inclusions in (3.15) and (3.16) are strict for a general graph Q as shown 
through Yarious examples. 

\\"hen (A. B. S) form a weak decomposition of Q the !\larkov properties
decompose accordingly. This is expressed formally in three propositions 
below. 

Proposition 3.16 Assume that (A, B, S) cfr'COmpose Q = (V, E) weakly.
Then a probability distribution P factorizes with respect to Q if and only 
if both its marginal distributions P,1us and Paus factorize ·urith resvect to 
QAus and 9Rus respectively and the densities f satisfy 

(3.17) 

Proof: Suppose that p factorizes wit.h respect to Q such that 

J(x) = IT �1c(x).
cEC 

Since (A. B. S) decomposes Q, all diques are either subsets of AUS or of 
BUS. Let A dPuote the cliques that are subst>tS of AUS and B t.hoi-;e that.
arc subsets of BUS. ThPn

f(x) = IT l/Jc(x) IT 'l/lc(:i:) = h(xAus)k(xBus)-
cEA cEB\.A 
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By direct integration we find 

where 
k(xs) = .I k(xHus)µB(dxB),

43 

and similarly with the other marginals. This gives (3.17) as well as the 
factorizations of both marginal densities. 

Conversely, assume that (3.17) holds and that f Aus and f aus factorize. 
Then let 

if fs(xs) f. 0 
otherwise. 

Since fs is obtained from integration of J, the latter must also be almost 
everywhere zero when fs is. Hence 

is a density for P and P factorizes. □ 

The analogous result is also true for the global Markov property (G), as 
we shall now show. 

Proposition 3.17 Assume that (A, B, S) decompose g = (V, E) weakly.
Then a probubility distribution Pis globally Markov with respect tog if and 
only if both marginal clistri,butions I'Aus and Pnus are globallty Markov with 
respect to gAuS and gBus respectively and the densities satisf11 {3.17}. 

Proof: Suppose that a probability distribution P satisfies the global 
Markov property with respect to g. Then (3.1 7) follows because S separates 
A from B. To shmv that PAuS is globally Markov with respect to YAuS 
wP show that for any triple (.A, B, .S) of disjoint subsPts of AUS with S 
separating A from B in YAus, g separates .4 from Bin Q. So let (A, B, S) 
be sud1 a triple and let o: E ..A and f3 EB. Because S is complete, at least 
one of them, say o:, is in A. If there were a path from o: to f3 avoiding 
(AUS) \ { o:, (3} it would go via B, contradicting that A is separated from 
B by S.

Next, assume that PAus and Faus both satisfy the global ?vlarkov prop­
erty and the joint density f factorizes as in ( 3.17). Let U, W and C be 
disjoint subsets of V such that C separates U from W and assnme first 
that V = U u W u C.

Since S is complete and C separates U from W, either Un S or 1-V n S 
must be empty; ,ve assume the former. The entire set of variables is then 
partitioned into eight disjoint subsets 

Un A, en A, l-FnA, ens, wns, unB, cnB, WnB 
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and we denote the corresponding subsets ofrandom variables by X1 , ... , X8 ; 

see the diagram below. 

u C w 

A X1 X2 X3 

s X4 Xs 

B x6 X1 Xs 

It must hold that Cn(AuS) separates UnA from l-Vn(AUS) in YAuS, for 
otherwise C v,rould not separate U from W as assumed. Hence, from the 
global Markov property of PAuS and (3.6) we must. have the factorization 

f Aus(xAus) = h1(x1,x2,x4)k1(X2,x3,X4,x5). 

By symmetry we further find 

fBus(xBus) = h2(X4,X6,X1)k2(X4,X5,X7,Xs)­

Comhined with (3.17) this gives 

f (x)f s(xs) = hi (x1, x2, x,1)k1 (x2, X3,x4, x5)h2(x4, x5, x1 )k2(x4, X5, X7, xs)­

Using that xs = (x4, .rs) and letting h = h1h2 and k = k 1 k2/ fs yields 

f(x) = h(x1,Xz.X4,X5,x1)k(x2.x3,x4.X5,X7,:1:s) = h(xuuc)k(xwuc), 

which shows that U lL W I C. 
If U U ll' U C is not the entire set of variables V we proceed as in the 

proof of Proposition 3.8. Details are omitted. D 

In the case of discrete sample spaces we have the analogous result for 
extended :Markov probabilities. 

Proposition 3.18 Assume t}iat (A, B, S) decompose Q = (V. E) weakly 
and the sample space is discrete. Thr.n a probability distribution P is ex­
tended Markov with respect to Q if and only if both marginal distributions 
PAus and Faus are extended Markov with respect to 9Aus and 9BuS re­
spectively and the densities satisfy 

p(i)p(is) = p(iAus)p(iuus)­

Proof: Assume that Pis extP.nded Markov. Then 

p(i) = Jim Pn (i), 
n-+oo 

(3.18) 

where Pn are positive am! factorize. By Proposition 3.16 we therefore have 
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where the factors on the right-hand side factorize on gAuS and gBus re­
spectively. Hence their limits are extended Markov. Letting n tend to 
infinity in the equation yields thus the desired factorization. 

Suppose conversely that (3.18) holds with the factors being extended 
Markov. Then 

(3.19) 

where qn and r n factorize appropriately. Let now 

(3.20) 

Then 1r n defines a probability distribution that factorizes. We need to show 
that 

p(i) = lim nn (i). 
n-+oo 

This is trivial if p(-is)-=/- 0 .  If p(is) = 0 then both p(i) = 0 and p(iBus) =
0. Hence, by (3.19), the second factor in (3.20) converges to zero. The
first factor in (3.20) is bounded above by one and therefore the product
converges to zero a.s desired. D

As we have seen, the various Markov properties are different for general, 
undirected graphs, unless the densities are all positive. However, in the 
special case of decomposable graphs some Markov properties coincide. 

Proposition 3.19 Let g be weakly decomposable. Then 

Proof: The proof is by induction on ICI, the number of cliques in the 
graph g_ 

The result is trivial for ICI = 1, so let us assume the equation to be true 
for all graphs with at most n cliques and let g have n + l cliques. 

We only have to show that Ma(9) <;;; Mp(9). Assume that Pis globally 
Markov with respect to 9 and let (A, B, S) be a proper weak decomposi­
tion of g. By Proposition 3.17, both marginals P Aus and Paus are globally 
Markov and (3.17) holds. By the induction assumption the marginal dis­
tributions both factorize. The full factorization of P is now obtained from 
(3.17) by dividing with ls- □

And a direct consequence of this and (3.16) is the corollary below. 

Corollary 3.20 Assume that g is weakly decomposable and the state space 
is discrete. Then 
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It is an easy eonsequcnce of Example 3.10 that the converse to Proposi­
tion 3.19 holds in the sense that if the grnph is not decomposable. it has a 
chor<lless cycle and one can by analogy construct a distribution which docs 
not factorize but is globally :Markov. 

The global �Iarkov property is the strongest of the 11arkov properties 
in the sense that the a..<;:-;ociated list of rnndition�l independence statements 
strictly contains the statements associated with the other properties. I'dore­
owr, it cannot hP further strengthened. For example it holds (Frydenberg 
1990b) that if all state spaces are binary, LP. Xa = {1,-1}, thPu 

A lL BIS for all I' E MF(G) � S separates A from B. (3.21) 

In other \\'Ords, if A and Bare not SPparated by S then there is a factorizing 
distribution that makos them conditionally dependent. Geiger and Pearl 
(1993) conjecture that to any undirected graph (i and fixed state space X 
one can find a single PE lih(G) such that for this P it holds that 

A ll B I S <==> S separates A from B.

This is clearly a stronger statement but no proof is known. 

3.2.2 Markov properties on directed acyclic graphs 

Before WP proceed to tlw case of a general chain graph we consider the same 
sPtllp as in the previous subsection. only now the graph Q is assumed to be 
directed and acyclic. The :'.\Iarkov property on a directed acyclic graph was 
first studil'd systematically in Kiiwri et al. (1984) but see also for example 
Pearl and Verma (1987). Verma and Pearl (1990a) .. J.Q. Smith (1989), 
Geiger and Pearl (1990), Lauritzen et al. (1990) and other references given 
below. 

\Ye say that a probability distribution f' admits a recursive factorization 
according to Q, if there exist non-1wgativc functions, henceforth referred to 
as kernels. ka (·.·).a EV defined on Xa x Xpa\a), such that 

J ko. (Ya·Xpa(a))JLa(dya) = I 

and P has density f with respect to µ, where 

f(x) = IT k<> (xn,Xpa(a))-
aE\' 

We then also say that P has property (DF). It is an easy induction ar­
gument to show that if P admits a recursive factorization as above, then 
tlw kernels k0 (·, .rpa(a)) are dl'nsitiPs for the conditional distribution of Xa , 
given Xpa(a) = .rpa(a)· Also it is immediate that if we form the 1111direc­
tf'd morn! graph gm (marrying parPnts aud dPlcting directions) such as 
dPscrihPcl towards thP end of Section 2.1.1, we have 
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a b 

Fig. 3.1. ThC' directc•d global Markov property. IH all b I S?

Lemma 3.21 If I' admits a recursive factorization according to the di­
rected, acyclic graph g, it factorizes according to the mural gravh gm and 
olwys thenjore the global Markov property relative to gm . 

Proof: The factorization follows from the fact that, by construction, the 
sets {a}Upa(a) are complete in gm and we can therefore let "P{o:}upa(n) =
k0

. The rpmaining part of the statement follows from the fact that (F) 
implies (G) in the undirected case; see Proposition 3.8. □ 

It clearly also holds that 

Proposition 3.22 If P admits a recursive factorization according to the 
directed. acyclic graph g and A is an ancestral set, then the marginal dis­
tribution PA admits a recursive factorization according to g A. 

From this it directly follows that 

Corollary 3.23 Let P factorize recursively according to g. Then 

AJlBIS 

whenever A and B are sevarated by Sin WAn (AuBu�)) rn , the moral gravh
of the smallest ancestral set containing AU BUS. 

The property in Corollary 3.23 will be referred to as the directed global 
Markov property (DG). The directed global Markov property has the sanw 
role as the global Ivlarkov property has in the case of an undirected graph, 
in the sense that it giYes thP sharpest possiblP rule for reading conditional 
independence relations off the directed graph. The procedure is illustrated 
in the following example. 

Example 3.24 Consider a directed Markov field on the graph in Fig. 3.1 
and the problem of deciding whethPr a lL h I S. The moral graph of the 
Hnmllest ancestral Het containing all the variables involved is shown in Fig. 
3.2. It is immediate that S separates a from b in this graph. implying 
all b IS. □ 
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a b 

y 

S = {x,y} 

X 

Fig. 3.2. The moral graph of the smallest ancestral set in the graph of Fig. 3.1 
containing {a} U { b} U S. Clearly S separates a from b in this graph, implying 
a jJ_ b IS. 

Fig. 3.3. Example of an active chain from A to B. The path from c to dis not 
part of the chain, but indicates that c must have descendants in S.

An alternative formulation of the directed global Markov property was 
given by Pearl (1986a, 1986b) with a full formal treatment in Verma and 
Pearl (1990a. 1990b). A chain 1r from a to bin a directed, acyclic graph g 
is said to be blocked by S, if it contains a vertex --y E 1r such that either 

• --y E Sand arrows of 1r do not meet head-to-head at --y, or

• --y .J. S nor has --y any descendants in S, and arrows of 1r <lo meet
head-to-head at ')'.

A chain that is not blocked by Sis said to be active. Two subsets A and B 
are now said to be d-separated by S if all chains from A to B are blocked 
by S. We then have 

Proposition 3.25 Let A, B and S be dis_joint subsets of a directed, acyclic 
graph Q. Then S d-separates A from B if and only if S separates A from 
B in (QAn(AUBUS))m . 

Proof: Suppose S docs not cl-separate A from B. Then there is an active 
chain from A to B such ru;, for example, indicated in Fig. 3.3. All vertices in 
this chain must lie within An(AUBUS). This follows because if the arrows 
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Fig. 3.4. The moral graph corresponding to the active chain in Q. 

Fig. 3.5. The chain in the graph WAn(AuBus))m makes it possible to construct
an active chain in Q from A to B.

meet head-to-head at some vntex "f, either"( E S or"/ has descendants in 
S. And if not. either of the imbpaths away from "/ either meets another
arrow, in which case "/ has descendants in S, or leads all the way to A or
B. Each of these head-to-head meetings will give rise to a marriage in the
moral graph such as illustrated in Fig. 3.4, thereby creating a chain from
A to B in WAn (AuBuS))m , circmm,enting S.

Suppose conversely that A is not separated from B in WAn (AuBuS) )m . 
Then there is a chain in this graph that circumvents S. The chain has pieces 
that correspond to edgc�s in the original graph and pieces that correspond to 
marriages. Each marriage is c1. consequence of a meeting of arrows head-to­
head at some vertex "f. If 'Y is in Sor it has descendants in S, the meeting 
docs not block the chaiu. If not, "( must have descendants in A or B,

since' the ancestral set was smallest. In the latter case, a new chain can be 
created with one head-to-head meeting fewer, using the line of descent, such 
as illustrated in Fig. 3.5. Continuing this substitution process eventually 
leads to an active chain from A to B and the proof is complete. D 
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a b a b 

S=(x,y) 

Fig. 3.6. Jllm;tration of Pearrs separation criterion. There are two chains from a

to b, drawn with bold liiws. floth are blocked, but different vertices -y, indicated. 

with open circks. play the role of blocking vertices. 

\Ve illustrate- the concept of d-sPparation by applying it to the query of 
Example 3.24. As Fig. 3.G indicates, all chains between a and b are blocked 
by S, whereby the global Markov property gives that a lL b I S. 

Geiger and Pearl (1990) show in their Theorem 5 that the criterion of 
cl-separation cannot be improved, in the sense that for any given direct.C'd
acyclic graph 9. one can find state spaces X0 • o- E V and a probability P
such that

A lL B I S � S cl-separates A. from B. (3.22) 

Au argumeur analogous to that giwn in Frydenbcrg (1990b) shows that the 
analogue of (3.21) holds for cl-separation in directed, acyclic graphs. Geiger 
and PParl (1990) show that in the case of real sample spaces, a Gaussian 
distribution satisf;,ing (3.22) exists and conjecture the similar result to 
be true also for the case where the state spaces all have two points, i.e. 
Xa = {1. -1}. 

Also the directed case hac; analogues of tlw pairwise and lo cal Markov 
properties. \Ve say that I' obeys the directed pairwise Markov property 

(DP) if for any pair (o:, (3) of non-adjacent vertices with /3 E nd(o:), 

a lL /3 I nd(o-) \ {f3}. 

Similarly P obeys the dire.cted local Markov property (DL) if any variable 
is conditionally independent of its non-descendants, given its parents: 

n 1L nd(o-) I pa(a). 

As pa(o-) � nd(n). it follows from properties (C2) and (C3) of condi­
tional independence that the directed local Markov property (DL) implies 
the pairwise (DP). The converse is uot true in general, as the following 
example shows. 
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�v \' 
X 

z 

Fig. 3. 7. The local and pairwise directed l\Iarkov properties are not equivalent 

in general. This is illustrate by the directed acyclic graph above. 

Example 3.26 Let X = Y =Zand W be independent of X with 

P{X = l} = P{X = O} = P{W = l} = P{W = O} = 1/2. 

This distribution is pairwise Markov with respect to the graph in Fig. 3.7. 
However, it is not locally 1farkov, as this would imply X Jl (Y. Z) I H', 
which clearly is not the case. A ronsequencc of Theorelll 3.27 is that the 
density in this example does not admit a recursive factorization. □ 

In contrast to the undirected case we have that the remaining three 
properties (DF), (DL) and (DG) are equivalent, just assuming the existence 
of the density f. 

Theorem 3.27 Let Q be a directed, acyclic graph. For a probability dis­
tribution P on ,,Y which has density with respect to a product measure 11., 
the following conditions are equivalent: 

(DF) P admits a recursive factorization according to Q;

(DG) P obeys the directed global Markov property, relative to Q; 

(DL) P obeys the directed local Markov 71ropcrty, relative to Q.

Proof: That (DF) implies (DG) is Corollary 3.23. That (DG) implies 
(DL) follows by obsPrving that {u} U nd(a) is an ancestral set and that
pa(a) obviously separates {n:} from nd(o:) \ pa(o:) in (Q{o}und(n))m . The
final implication is shown by induction on the number of vertices IVI of Q.
Let n0 he a terminal vertex of Q. Then we can let k°'0 he the conditional
density of Xn0, given Xv\{no}> which by (DL) can be chosen to depend
on Xpa(oo) only. The marginal distl'ibut.ion of Xv\{oo} trivially obeys the 
directed local Markov propt>rty and admits a factorization by the inductive 
ru;snmption. Combining this factorization with k00 yields the factorization 
for I'. This completes the proof. □ 

In fact (DL) and (DG) are equivalent, even without assuming the ex­
istence of a density with respect to a product mea..<;ure (Lauritzen et al. 
1990). 

Meta 1023 
p. 35



52 CONDITIONAL INDEPENDENCE AND MARKOV PROPERTIES 

lf the probability distribution P satisfies (3.10), for example if the den­
sity is positive, then it is not difficult to see that (DP) implies (DL) and 
all directed !\farkov properties are equivalent. 

Since t.he three conditions in Theorem 3.27 are all equivalent, \\·e choose 
to speak of a directed Markov distribution as one where any of the conditions 
(DF), (DL) or (DG) is satisfied. The set of such distributions is denoted 
by M(Q) where Q is a directed and acyclic graph. 

It follows as in Proposition 3.12 that in the case of a discrete sample 
space, the directed !\Iarkov properties are preserved under weak limits. 
So there is no need for a special term or symbol for extended ;1.Iarkov 
probabilities on a directed acyclic graph. 

In the particular case when the directed acyclic graph Q is perfect (see 
Section 2.1.3) the directed Markov property on Q and the factorization 
Markov property on its undirected version g~ coincide. This is contained 
in the following 

Proposition 3.28 Let Q be a perfect directed acyclic graph and g~ its 
und.i,rectcd version. Then P admits <L recursive factorization with respect to 
Q if and only if it factorizes according to g~. 

Proof: That the graph is perfect means that pa(a) is complete for all 
a E V. Hence gm 

= g~_ From Lemma 3.21 it then follows that. any 
P E M (Q) also factorizes with respect to g~. 

The reverse inclusion is established by induction on the number of ver­
tices IVI of Q. For IFI = 1 there is nothing to show. For IVI = n + 1 
let P E .Up(Q~) and find a terminal vertex o: E V. This vertex has 
pa9(a) = bdg-(o:) and, since Q is perfect. this set is complete in both 
graphs as well. Hence (V \ {a}. {o:}. bd(n)) is a weak decomposition of g~ 
and Proposition 3.16 gives the factorization 

where the first factor factorizes according to 9v\{a}· Using the induction
assumption on this factor gives the full rC'cursive factorization of P. □

In the discrete case Proposition 3.18 implies that the above result can bP 
strengthened to comprise the extended 1Iarkov property. 

Proposition 3.29 Let Q be n perfect directed acyclic graph and g~ its 

undirected version. If all verti ces are discrete and hence the total sample 
space, then 

In particular, any extended Markov probability factorizes. 

Meta 1023 
p. 36



MARKOV PROPERTIES 53 

Proof: The proof that .M(Q) = ME((;;~) is completely analogous to the 
proof of the preceding proposition. Since M(Q) � MF(Q~) � ME(Q~) the 
result follows. D 

3.2.3 Markov properties on chain graphs 

In the present section we deal with the Markov properties for a general 
chain graph Q = (V, E) thereby unifying the directed and undirected cases. 
A detailed study of the Tvlarkov property on chain graphs can be found in 
Frydenberg (1990a). Here we give the most basic results and definitions. 

The factorization in the case of a chain graph is more complex and 
involves two parts. Denote the set of chain components of the graph by T. 

Then we first assume a factorization of the density as in the directed 
acyclic case: 

f(:r) = II f(xr I Xpa(r))- (3.23) 
rET 

But there is one more assumption. To explain this assumption, let T* 

denote the undirected graph that has TU pa(T) as nodes and undirected 
edges between a pair (a, (3) if either both of these are in pa(T) or there is 
an edge, directed or undirected, between them in the chain graph Q. Thus 
for chain components that are singletons, T* is complete. This is the casP 
for all chain components if Q is a directed acyclic graph. In an undirected 
graph, T* is just the subgraph induced by the connected component T. 

The second requirement in the chain graph factorization is then that 
the factors in (3.23) can be further factorized as 

(3.24) 
a 

where a varies over all subsets of TU pa(T) that are complete in T*, and
¢a ( x) as usual represent functions that depend on x through Xa only.

This factorization clearly unifies the directed and undirected cases. A
probability distribution P on X that has a density f with respect to a prod­
uct measure which satisfies (3.23) and (3.24) is said to factorize according 
t.o Q, and we also say that P has property (FC). 

The chain graph factorization has several equivalent formulations. To 
describe these, let the vertex set be partitioned in a dependence chain as 
V = V(I) U · • - U V(T) such that each of the sets V(t) only has lines 
between vertices, and arrows point from vertices in sets with lower number 
to those with higher number. The set of concurrent variables relative to 
this partitioning is next defined to be the set C(t) = V(l) U • • • U V(t). Let 
Q*(t) be the undirected graph with vertex set C(t) and a: adjacent to (3 in 
Q*(t) if either (a, (3) EE or ((3, a) EE or if {o:,(3} � C(t-1), i.e. C(t-1) 
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is made complete in Q*(t) by adding all missing edges between these and 
directions on existing edges are ignored. Let. further B(t) = pa{V(t)} and 
Q.(t) = Q*(t)v(t)uB(t)· Then we have the following equivalent formulations 
of the chain graph factorization. There are obviously others, for example 
described through conditioning. \Ve abstain from listing them all. 

Proposition 3.30 For a probability d·istribution P on X that admits a 
density with respect to a pmduct measure, the following conditions are 
equivalent: 

(i) P factorizes according to Q;

(ii) P admits a density that factorizes as

(3.25) 

and each of the denumeratof's factorizes on the graph r*; 

(iii) for any dependence chain, P admits a density thnt factorizes as

(3.2G) 

and each of the denum.emtors factorizes on the graph Q*(t); 

(iv) for any dependence chain. P admits a density that factorizes as

(3.27) 

and each of the dmumemturs factorizes on the graph Q*(t); 

( v) for some dependence chain, P admits a density that factorizes <LS in
either of (iii) or (iv).

Proof: \Ve leave the details of this to the reader. □ 

Also in the case of chain graphs, then' are pairwise, local and global 
:Markov properties, in an even greater variety. We say that a probability 
P satisties 

(PB) the pairwise block-recursive .Markov property relative to the depen­
dc>nce chain V ( 1), ... , V (T), if for any pair ( a, (3) of non-adjacent 
vc>rtices we hm·e 

a lL /31 C(t*) \ {a,(3}, 

wherP t* is the smallest t that has 0:,(3 E C(t); 
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(PC) the pairwise chain Markov property, relative to Q, if for any pair 
(a, {3) of non-adjacent vertices with {3 E nd(a) 

a l.L {3 I nd(a) \ {{3}; 

(LC) the local chain Markov property, relative to Q, if for any vertex a EV 

a l.L nd(a) I bd(a); 

(GC) the global chain Markov property, relative to Q, if for any triple 
(A, B, S) of disjoint subsets of V such that S separates A from B 
in (Q An ( AuBuS)) ni, the moral graph of the smallest ancestral set con­
taining A U B U S, we have 

Al.LB IS. 

In general, the property (PB) depends on the particular dependence chain. 
Rece,ntly Bouckacrt and Studeny (1995) have given a separation crite­

:ion which is analogous to cl-separation and equivalent to the global chain 
.\Iarkov property (CC). They also show that any conditional independence 
:<rntement that is derivable from the local chain Markov property and the 
properties (Cl)-(C5) is represented in the global chain Markov property 
GC). Further, they show that probability distributions exist that satisfy 

7he local chain Markov property and violate all conditional independence 
srnrements that are not of the form given by (CC). In this sense, the global 
chain Markov property is therefore the strongest possible. 

�ote that the Markov properties unify the corresponding properties for 
,he directed and undirected cases. For in the undirected case we have 
,hat nd(a) = V \ {a} and Q = (QAn (AuBuS))m . And in the directed case 
bd(a) = pa(a). 

Generally all these Markov properties are therefore different without 
additional assumptions, just as in the undirected case. In the remaining 
part of the section we assume that all probability measures have positive 
densities, implying that all five of the basic properties of conditional in­
dependence (Cl)-(C5) hold. As we shall see, this implies that all Markov 
properties a.re equivalent. We first need a few lemmas. 

Lemma 3.31 If V(I), ... , V(T) is a dependence chain for Q and and P 
satisfies the pairwise block-recursive Markov property relatfoe to Q, then 

Pc (T-I) satisfies the pairwise block-recursive Markov property relative to
Q*(T- 1). 

Proof: This is trivial, as the pairwise block-recursive Markov property 
is defined to be identical to the combination of the pairwise undirected 
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Markov properties for the marginal distributions Pc(t) of the concurrent 
variables C(t) on the graphs g*(t), fort= I, ... , T. □

In the case of the p . vise chain graph Markov property, the corresponding 
result needs an extra condition. 

Lemma 3.32 If C is a terminal chain component in g and P satisfies

(3.10) and the pairwise chain Markov properly relative to g, then Pv\c 
satisfies the pairwise chain Markov property relative to gV\C· 

Proof: Let o:, f3 E V \ C be non-adjacent in g and assume (3 E nd(o:). 
We have to show that o: Jl /3 I (nd(o:) \(CU {/3})), since nd(o:) \ C

is the set of non-descendants of o: in gv\C· If C n nd(o:) = 0 this is a 
direct consequence of the fact that (PC) holds for (}. Else we must have 
C � nd(o:). Since no pair o, 1 with o E de(o:) U {o:} and '"YE C can be 
adjacent and nd('-y) = V \ b} for all such '"Y, the pairwise chain Markov 
property implies that {; Jl I I V \ { o, 1} for any such pair. Repeated use of 
(3.10) yields 

de(a) U {o:} Jl CI nd(o:) \ C

and thus hy (C2), 
a Jl CI nd(o:) \ C. (3.28) 

The pairwise property gives directly that 

a Jl /31 nd(a) \ {,6}. (3.29) 

Thus (3.10) used on (3.28) and (3.29) yields 

o- Jl (CU {/3}) I nd(o:) \ (CU {/3})

and the result follows from (C2). □ 

Lemma 3.33 If P satisfies the pairwise chain Markov properly (PC) with

respect to g as well as (3.10), it satisfies the pairwise undirected Markov

properly (P) with respect to gm . 

Proof: \Ve use induction on the numher of chain components. If there 
is only one chain component in g, it is undirected and connected, gm = g 
and there is nothing to show. 

Assume then the lemma to hold for all graphs with n or fewer chain 
components and let g have n + I components. Let a, f3 he non-adjacent in 
gm _ Without loss of generality we assume that f3 E nd(a). If V \ {a} = 
nd(o:), the mnditional independence o: Jl /3 I V \ {o:,/3} follows directly. 
Else there must be a terminal chain component C � ( V \ ( {a} U nd (a)). 
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Because a and (3 are non-adjacent in gm they will also be in (Qv\c)m. 
The induction assumption together with Lemma 3.32 gives that 

all (3 I V \ (Cu { a, (3} )- (3.30) 

Also at least one of a and (3, say the former, cannot be in bd(C), since 
otherwise they would be adjacent in the moral graph. Thus 

o: Jl -y IV\ {a,-y} for all -y EC. (3.31) 

Repeated use of property (3.10) of conditional independence on (3.31) 
yields 

o:llCIV\(CU{a}). (3.32) 

We can now use (C4) on (3.30) and (3.32) to obtain that 

all {(3} UC IV\ (CU {a,(3}). 

From (C3) and (C2) it follows that all f3 IV\ {a,(3}, which was to be 
shown. □

Clearly, from arguments analogous to the directed and undirected cases, 
we have in general that 

(FC) =? (CC) =? (PC) =? (PB) for any dependence chain, 

but if we assume (3.10), all Markov properties are equivalent. 

Theorem 3.34 Assume that P is such that (3.10) holds for disjoint sub­

sets of V; then 

(CC) {=} (LC) {=} (PC) {=} (PB) for some dependence chain. 

Proof: We must show that the pairwise block-recursive property for 
any dependence chain implies the global chain Markov property (CC). We 
argue first that (PB) implies (PC) and then that (PC) implies (CC). 

The first part is shown by using induction on the number of chain 
components of Q. If there is only one chain component the statement is 
trivially true. Assume that (PB) implies (PC) for all chain graphs with at 
most n chain components and let Q have n + 1 chain components. Assume 
then that P satisfies (PB) with respect to a given dependence chain and 
let a and (3 be non-adjacent vertices. 

If t* < T, marginalization to C(t*) and the inductive assumption will 
give that 

all (3 J nd(a) \ {(3}. 

If t* = T and V(T) has only one chain component, the same conclusion 
can be drawn because then nd(a) = C(T) \ {a}. 
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� 
3 5 9 10 

Fig. 3.8. A chain graph. The chain components are {1,2,3,-1}, {5,6}, {7,8}, 
{9.10}, {11}. Is :i Jl 8 I {2,5}? Is 3 Jl 812 "? 

7 8 

tff 
1 3 5 

Fig. 3.9. The moral graph of the smallest ancestral set in the graph of Fig. 
3.8 containing {2.3,5,8}. A connection between 3 and 1 has been introduced 
since th<'se both have children in the same chain component { 5, 6}. \Ve cannot 
conclude 3 Jl 8 I {2. 5}. 

If there is more than one chain component in V(T), Theorem 3.7 yields 
that Pis globally l\Iarkov with respect to 9*(T) and hence the same con­
clusion holds. Thus P satisfies (PC). 

Assume next that P satisfies (PC). If R is any ancestral set in 9, it can 
be obtained from V by stepwise removal of terminal chain components. By 
Lemma 3.32 each removal preserves the pairwise property. Combining with 
Lemma 3.33 we find that PR is pairwise Markov with respect to (9R )m. 
Theorem 3. 7 yields that PR is globally Markov relativP to the same graph. 
Thus, the result follows by letting R = An(A U BUS). □ 

Example 3.35 As an illustration of the global chain Markov property, 
consider the graph in Fig. 3.8 and the question of deciding whether it holds 
that 3 Jl 8 I {2, 5}. The smallest ancestral set containing these variables 
is the set {1,2,3,4,5,G,7,8}. The moral graph of this adds an edge between 
3 and 4, because these both have children in the chain component {5,6}. 
Thus the graph in Fig. 3.9 appears. Since there is a path between 3 and 8 
circumventing 2 and 5 in this graph, we cannot concludf' that 3 Jl 8 I {2, 5}. 

If we instead consider the question whether 3 Jl 8 I 2, the smallest 
ancestral set becomes {1.2,3,4,7,8}, no edge has to be added between 3 and 
4 and Fig. 3.10 reveals t.hat 3 Jl 8 I 2. D 
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Fig. 3.10. The moral graph of the smallest ancestral set in the graph of Fig. 3.8 

containing {2,3,8}. We conclude that 3 ll 8 J 2. 

We cannot expect factorization results to he more general for chain graphs 
than for undirected graphs, since the chain graphs contain these as special 
cases. But there is a result analogous to Theorem 3.9. 

Theorem 3.36 A probability distribution with strictly positive and contin­

uous density f satisfies the pairwise block-recursive Markov property with 

respect to Q if and only if it factorizes according to Q. 

Proof: That any d1ain graph Markov density factorizes as in (3.26) is 
immediate. That the denumerators also factorize appropriately is seen as 
follows. Since the density is assumed positive and continuous, (3.10) holds 
and the different Markov properties are equivalent. From the pairwise 
block-recursive Markov property it follows that any two variables a, and 
/3 that are not adjacent in Q*(t) are conditionally independent given the 
remaining concurrent variables C(t). But since V(t) Jl C(t - 1) I B(t) we 
have that 

£ (Xa, X.e I Xc(t)\{a,,6}) = £ (Xa:, X.e I Xcv(t)UB(t))\{a:,,6}) 

and hence the marginal distribution of the variables in V(t) U B(t) is pair­
wise Markov with respect to the undirected graph Q*(t). Hence the densi­
ties factorize by Theorem 3.9. 

Conversely, assume a factorization given with the stated properties and 
let a,/3 be non-adjacent in Q. Lett* be the smallest t with a.{3 E C(t). 
Clearly, if the density factorizes, so does the marginal density of C(t) for 
all t and hence we can assume that t* = T. If a, and /3 are not both 
in V(T) U B(T), the expression (3.27) directly gives that a, and f3 are 
independent given the remaining variables in C(t*) = C(T) = V. Else if 
a,, f3 E V(T) U B(T) they are not both in B(T) since t* = T. Therefore 
they are also non-adjacent in Q*(T). Hence f (xv(T)UB(T)) is a product 
of functions, one of which does not depend on f3 and one of which does 
not depend on a. Since this is the only factor in (3.27) containing both 
variables, the same is true for the full joint density. Hence a, and f3 are 
conditionally independent given the remaining variables, and the pairwise 
block-recursive Markov property has been established. D 
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If P is not strictly positive but extended Markov, i.e. P is the limit of 
positive chain graph Markov distributions, there is a modified version of 
Theorem 3.3G: 

Corollary 3.37 A probability distribution on a discrete sample space sat­
isfies the extended Markov property with respect to a chain graph g if and 
only if it factorizes as 

(3.33) 

where O /0 = 0 and each of the terms in the denurnemtor are extended 
Markov with respect to the graph Q*(t). 

Proof: This follows as in the undirected case from Theorem 3.36 by 
taking limits. D 

Also this factorization cau he written in a number of equivalent ways. 

3.3 Notes 

There are several aspects of graphs and conditional independence that have 
not been covered here. Cox and \\'ermuth (1993) discuss alternative ways 
of encoding conditional independence assumptions through graphs. In An­
dersson and Perlman (1993), conditional independence models for the mul­
tivariate normal distribution are determined through certain distributive 
lattices of subspaces. The precbe relation between sucl1 conditional inde­
pendence restrictions and those given by graphs is discussed in Andersson 
et al. (1995b). Basically. conditional independence restrictions given by 
lattices correspond to those given by directed acyclic graphs that are tran­
sitive, i.e. they satisfy that a 1-+ f3 implies a -+ (3. 

An important question is related to the notion of Markov equivalence. 
Two graphs are called Markov equivalent if they induce the same condi­
tional independence restrictions. Conditions for two chain graphs to be 
Markov equivalPnt were given by Frydenberg (1990a) and further results 
relat.ed to this notion are given in Andersson et al. (1995a, 1996). 

Recently, Koster (1996) has studied Markov properties of reciprocal 
graphs. Thc.5e generalize chain graphs hut permit directed cycles and ap­
pear therefore to be natural objects for studying systems with feedback, 
such as encountered in connection with structural equation models (Gold­
berger and Duncan 1973: Joreskog 1977). Paz and Gev11. (1996) study 
annotated graphs that are even more general. 

Another recent development is the systematic use of directed acyclic 
graphs for the iutcrpretatio11, conjecture and discovery of causal relations 
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(Spirtcs et al. 1993; Pearl 1995; Shafer 1996). This development is a natural 
extension of earlier work by Wright (1921), Wold (1954, 1960), Blalock 
(1971), and others. 
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Appendix A 

Various prerequisites 

A.I Inequalities

Some elementary inequalities will be of frequent use. First recall that for
x>O 

logx::; x -1 (A.I)
and (A.I) is strict unless x = l. Here, and throughout the text, log de­
notes the natural logarithm. This follows from Taylor's formula, expanding
around x = I:

(x -1)2 log x = x -I - 202 
for some 0 between I and x. It follows that for x, y � 0 we have

(A.2)
and (A.2) is strict unless x = y. This is seen by first considering the caseswhere at least one of x and y is zero, and using (A.I) to see that if x andy are both positive, we have 

y log ( �) ::; y ( � - I) = x -y.

Taking exponentials on both sides yields (A.2). Also we will make much
use of the following inequality. 
Lemma A. l Let ( a( i) LEI and ( b( i)) iET be vectors of non-negative num­
bers with L; a(i) = L; b(i) < oo. Then 

IT a( il(i) ::; IT b( i)b(i).
iET 

The inequality is strict unless a( i) = b( i) for all i E 'I.
Proof: From (A.2) we get

IT a(i)b(i)e-a(,) ::; IT b(i)b(i)e-b(i).
iET iET

(A.3)

Meta 1023 
p. 46



238 VARIOUS PHEREQUISITES 

The inequality (A.3) now follows upon dividing both sides with the common 
positive constant exp{ - L; a( i)}. □

The in011uality (A.3) is a version of the so-called information ineqnalit11.
Taking logarithms on both sides of (A.3) yields the version 

L)(i) loga(i) ::; � b(i) logb(i), (A.4) 
1.EI iEI 

holding for non-negative a anti b with L-i. a(i) = Li b(i). It should be 
noticed that O log O = 0 and the inequality is strict unless a(i) = b(i). 

A.2 Kullback-L0ibler divergence

The Kullhack-Lcibler divergenre D(I', Q) of the probability measure P from 
Q is defined as 

D(I'. Q) = j p log� dJt,

whne P and Q have densities p and q with respect to the a-finite mcasurC' 
Jl. If P has density with respect to Q this may also be written as 

J 
dI' dP 

D(I'. Q) = 
dQ log 

dQ dQ.

If not, D(I'. Q) = oo. If also Q has density with re.5pect to I', the divergence 
can alternatively be expressed as 

J 
dP D(P,Q) = log 
dQ dP.

The notion was introdur.ed by Kullbn.ck and Leibler (1951) although they 
use the term dh·ergence for the symmetrized version D(P, Q) + D(Q, P).

The divergence is always non-negative and D(P, Q) = 0 if and only if 
I' = Q. In the discrete case this is a din,ct consequence of the inequality
(A.4). Even though neitlwr D nor its symmetrized version is a true met­
ric as they do not satisfy the triangle inequality. the divergence D has a 
clear geometric interpretation as a non-symmetric distance measure, and a 
version of Pytliagorns's theorem applies to the divergence (Chentsov 1972; 
Csiszar 1975). 

\Vhen in the discrete case I' is taken to be the empirical distribution 
and Q is varying in a family specifiPd by a statistical model, then 

1
D(P,Q) = -- logL(Q), 

n 

where L denotes the likelihood function. Hence minimizing D(I', Q) ovn 
Q corresponds to ma..ximum likelihood estimation. Reversing the role of 
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P and Q leads to minimum discriminant information estimation (K ullback
1959; Ireland et al. 1969). See also Brown (1986) and E.S. Christensen 
(1989). 

A.3 Mobius inversion

An important combinatorial trick is contained in the following 

Lemma A.2 (Mobius inversion) Let '11 and <l> be functions defined on 
the set of all subsets of a finite set V, taking values in an Abelian group. 
Then the following two statements are equivalent: 

(1) for all a� V: w(a) = Lb :b�a <l>(b);

(2) for all a� V: <P(a) = Lb:
b
�a(-l)la\b lw(b).

Proof: We show (2) ==> (1):

b:b�a c:c�b 

,�. 'V(
c
) L�eo (-1 )'''''}

~ I. "'(c{f ,}-'''''}
The latter sum is equal to zero unless a\ c = 0, i.e. if c = a, because any
finite, non-flmpty set has the same number of subsets of even as of odd 
cardinality. The proof of (1) ==> (2) is performed analogously. D 

The Abelian group referred to in the lemma can be the real numbers, but 
often also just the additive group of a real vector space V, the vector space 
of linear maps on V or the vector space of symmetric k x k matrices etc. 
More general versions of the lemma exist that relate to general lattices 
rather than the lattice of subsets of a set; see for example Aigner (1979). 

A.4 Iterative partial maximization

For computation of maximum likelihood estimates we shall rely on proce­
dures involving iterative partial maximization in the sense that the likeli­
hood function is maximized over different sections in the parameter space. 
This is then repeated cyclically. 

We cousidPr a continuous real-valued function L on a compact set e,
and assume that the value iJ that maximizes Lis uniquely determined. 
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\Ve assume further that there for all 0* E e are sections 8i (0*), i =

1, .... kin 8 in such a way that Lis globally maximized at 0* if and only 
if L is maximized over all of the sections. 

Finally we assume that the operations of maximizing L over sections is 
continuous and well defined, i.e. there are continuous transformations T; of 
8 into itself 8Uch that if 0 E 8i(0*) for i =I. . .. , k,

L{T,(0*)} > L(0), if 0 -f Ti(B*). 

In other words, T;(0*) is the uniquely determined point where L is maxi­
mized over the section 0,(0*). 

Now let 00 he arbitrary and define recursively 

Then we can show 

Proposition A.3 Under the assumptions given above the sequence (B
n

) 
converges to 0, the unique point where L attains its maximum. 

Proof: Since(:;) is assumed mmpact, the :-;equence (0n) has a convergent 

subscqumcc (011k
) with limit 0*, say. ·we need to show that 0 = 0*. Let 

S = Ti··· Tf<. Since each T-operation is a partial maximization, L(011 ) 

must be non-dec·rea:,ing in n. Since also each operation is continuous, we 
have 

But using that 7� partially ma.ximizes L gives 

L{S(0*)} � L{T2 · · -n(e*)} � · · · � L(0*). 

Thus there must everywhere lw equality. Uniqupness of the partial maxima 
yields, when the chain of inequulitic>s is read from right to left, that 

Finally, since the global maximum was uniquely determined by maximizing 
L over all s<•ctions, the proof is complete. □ 

The above result is the basis of a class of algorithms used in this book to 
maximize likelihood functions. Sections are chosen appropriately such that 
the partial maximization prob!Pms are rPlatively simple. A starting value 00 

is found and is iteratively changed by partial maximization over sections. In 
all cases the exi5tence. uniqueness and necessary continuity properties will 
be established SPparatcly, but c:onvergent algorithms necessarily appear. 
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A.5 Sufficiency

If the random variable X has distribution P which is unknown apart from
belonging to a class of distributions P, a statistic T = t(X) is said to be 
sufficient for P if the conditional distributions 

I'10 = .C{X I t(X) = to, P} 

can all be chosen so that they do not depc•nd on P E P. 
If the measures PEP have densities f(x IP) with respect to au-finite

mea:-;ure 11 which factorize as 

f(x IP)= g(:r)h{t(x), P}, (A.5) 

i.e. into a term that, does not depend on P and a term that depends on
x through t(x) only, then Tis sufficient. A suitable converse is also true.
The criterion (A.5) is known a.'i Neyman's factorization criterion.

We sa.v that a statistic T as above is (boundedly) complete with respect 
to P if it holds for any bounded and measurable function f that 

[E {f(T) IP}= 0 for all PEP] =? [f(t) = 0 (PC 1 -a.s. for all PEP)]. 

The following important result is Theorem 2 of Basu (1955) and will be 
used extensively. 

Theorem A.4 (Basu) If T is sufficient and complete with respect to P 
and the distribution of Y = s(X) does not depend on PEP, then T and 
Y are independent. 

Proof: \Ve have for all PEP, 

g(A) = P(Y EA)= E {XA(Y) IP}= E (E h'.A(Y) IT. P} IP].

Since T is sufficient, the inner conditional expectation does not depend on 
P and we can define a function f as 

f(t) = E {XA(Y) IT= t, P} - g(A) = P(Y EA IT= t) - P(Y EA).

The first equation then reads 

{ J{t(x)}P(dx) = 0. 
lx 

Since this hold:- for all P E P, we conclude that 

P(Y E A IT= t) = P(Y E A)

and hence Y and T are independent. D 
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Complete sufficient statistics exist typically in exponential models; see Ap­
p<'ndix D. 

An important notion related to sufficiency is that of Y being a cut in 
(X, Y) (Barndorff-Nielsen 1978), which means that the family P can be 
parametrized by a pair (1-s, ,\) where,,;, and .X are variation-independent and 
the joint dPnsity of (X, Y) factori&!s as 

f (J:, YIP) = f(x I Y, 1,,)f(y I .X). 

That Y is a cut implies that for any fixed value of 1,,, t(x, y) = y is a 
sufficient statistic for .X, but many other interesting properties follow. In 
particular the likelihood function factorizes, so that the joint likelihood can 
be maximized by maximizing each factor separately. 

Similarly we say that Z is a split in (X, Y, Z) if P can be parametrized 
with the triple (,,;,, >., ,,.) with all variation-indepmdent and 

f (�i:, y. z IP) = J(x I z, ,,;,)f(y I z, >.)J(z I 11.). 

Henre in particular X and Y are conditionally independent given Z, written 
as X lL YI Z; see Chapter 3. 
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Linear algebra and random vectors 

B.1 Matrix results 

Lemma B.l A symmetric block diagonal matrix E with 

where D is assumed to be regular, is positive {non-negative) definite if and 
only if E = A-Bn- 1 BT and Dare both positive (non-negative) definite. 

Proof: If we let 

we find 

11,T En = xT A:i:+2xTB(y-D- 1BTx)
+(y - n-

1 BT.'"C) T D(y - n- 1 BT x)

= xT(A-BD- 1 BT)x+yTD,1J.

Hence' the result follow:-;. 

The determinant of a partitioned n x n matrix can be factorized as 

<let ( � � ) = ((!PtE)(detD), 

D 

(B.1) 

where A and D arc supposed to be p x p and q x q matrices respectively, 
and E = A- BD- 1 C if Dis non-singular. The correctness of (B.l) follows 
from the calculation 
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det { ( i � ) ( 
= D

B
) = (detE)(detD). 

Finally, the inverse of a partitioned matrix is given as 

)· (B.2) 

The inverse on the lPft-hand sidP exists if and only if the inverses on the 
right-hand sidl' Pxist. Here E = A - B D- 1 C, F = D- 1 C, and G = B D- 1

. 

Performing the multiplication sho,vs the correctness. 

The Kronecker product of matrices 

Let A be an m x n and Ba p x q matrix. \Ve define the Kronecker product 
A © B ,1$ the mp x nq matrix with entries 

where A = {a;j} and B = {b,-s }- When displaying A© B it looks slightly 
different, depending on how we choose to arrange the indices ij and rs.

For c>xample. we ran arrange it as 

(B.3) 

i.e. as a block matrix with m x n bloeks of size p x q, or as p x q blocks of
size 1n x n, as

Abu Ablt< Ab1q 

Ab,r l Ab,rK Ab1rq (B.4) 

Ab
p

l _4bJJK Abvq 

Th<' two ways of writ.ing arP equivalent and the important point is how to 
use the KronP.cker product in the calculations. 
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As A and B can be interpreted as matrices of linear maps from nn to 
nm and R,q to R,P, the product A 0 B can be interpreted as a linear map 
from Rnx q to Rmx p as follows. An clement x in Rnx q is an n x q matrix 
and we simply !Pt 

(B.5) 

where the expression on the right-hand side involvPs usual matrix products. 
The correctness of this intC'l'pretation follows from the calculation 

II K 

V K, VI< 

Expressions such as (A 0 B)(U) will sometimes refer to the usual matrix 
product and sonwtimes to the map (A013) evaluated at U. The dimensions 
of the demcnts will always id0ntify which. 

Proposition B.2 The Kronecker product satisfies: 

Tl: 0 0 A = A 0 0 = 0 

T2: A0(B1+B2)=A®B1+A ®B2 

T3: (A1 + A2) 0 B = A1 0 B + A2 0 B 

T4: (>..A) 0 (µB) = (>..µ)(A 0 B) if>..,µ ER, 

T5: (A®B)T=A T rgnT 

T6: (A1 0 Bi)(A2 0 B2) = (A1A2) 0 (B1B2) 

T7: (A0B)- = .4- 0n-

T8: tr(A 0 B) = (tr A)(tr B) if A and B are symmetric matrices 

T9: det(A 0 B) = (det A)P(det B)n if A is n x n and fl is p x p 

TlO: If iP and� are both positive (scmi}definite matrices, then so is <1>0�. 

Proof: This is straightforward algebraic manipulation. □

Here A- denotes any generalizc<l inverse of A, i.e. a matrix satisfying 
AA- A = A, and T7 should be wad: if A- and n- are g-invPrses of 
A and B, then A- 0 B- is a g-inverse of A 0 B. If <P and � are symmet­
ric matricPs of dimensions n x n and p x p respectively, then iP 0 � is a 
symmetric matrix. ThP corresponding bilinear form is given as 
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The outer product 

Con�ider two Euclidean spaces V and H' with inner products (·, •)v and 
( ·, ·) w. For vectors v E F and w E lV we define the outer product w 0 v
m; the linear map from V to H • that has

(w 0 v)(u) = (u, v)vw. 

Thus the range of the map 11 1 
,_. w 0 vis the subspace span{w}. 

B.2 Factor subspaces and interactions

(D.6) 

\Ve spend some time here considering interaction spaces and generating 
classes from an algebraic point of view, inspired by Darroch and Speed 
(1983). 

Let t::. be a finite set and assume that for each 8 E l::. a finite set I0 of 
possible levels is given. \Ve often refc>r to the elements of t::. as variables.
The elements i = (io)liE..). of the product I of the level sets 

are denoted cells of the table I.
The VPctor space L = 'R,7 of real-valued functions defined on I. L is a 

Euclidean space with inner product 

(.1:,y) = Lx(i)y(i). 
iEI 

An a-marginal table is obtai1wJ for a C l::. by only considering the 
variabk•s in a. It has marginal cells

For an arbitrary :z; E 'R,7 and an arbitrary subset a oft::., the a-marginal 
of x is defined as 

nnd lxl = L iEI 
lx(i)I. For a= 0 we write x(i0) = L

iEi
x(i), so that if 

:1:(i) � 0 for all i thP-u we also have that lxl = x(i0)-
If a is a subset oft::., we considf'r the factor subspace F,, of L of functions 

that only depend on i through ia, i.e. 

:r E F,, {==> x(i) = x(j) for all i,j with i,, = j0 • 
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The space F fl is L itself and F0 is tlw space of constants. The orthogonal 
projPctions onto Fa are given as 

(B.7) 

From this it directly follows that 

(B.8) 

Subspaces of the form 

whPre A is a class of subsets of D., are called hierarchical model subspaces. 
Denote t.he orthogonal projection onto HA by TIA· "\Ve then have the 
following useful lemma. 

Lemma B.3 For :r, y EL the equntion 

is equivalent to the system of equations 

Ilux = Ila!! for all a E A. 

(B.9) 

(B.10) 

Proof: It is obvious that the equation (I3.9) implies the system of equa­
tions (B.10), since IlailA = Ila . Conversely, assume that the pair (x, y) 
satisfies (D.10). To t:>stablish (B.O) we just have to show that 

or, equivalently, that 
{y. u) = (x, u) 

for an arbitrary u E HA. If u = L
a 

Ua with Ua E Fa , we have 

aEA aEA 

nEA uEA 

and the rPsult is established. 

Introduce the suhspacf's for a � .6.: 

Ea = Fa n ( n F/) .

b:bca 

□
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The space Ea is called the space of interactions among criteria in a and its
elements are called !al-factor interactions or interactions of order lal - 1.
For !al= I we also speak of main effects. Note that (B.7) implies that

x E Ea {=;> :r E Fa and x(ib) = 0 for all b Ca, (B.11)

which is the familiar relation that 'summing an interaction tPrm over any
index gives O'.

\Ve assume in the following that F0 � HA for all 8 E 6., i.e. all main
effects are reprcsentC'd in A.

If WP let Qa denote the orthogonal projection onto the interaction sub­
spare Ea, we get

if d 2 a
otherwise

(B.12)

since the first of the::;c assertions is obvious and the second is a consequence
of (B.11) and the calculation

Since

we also have

From this we obtain

n Ff= n F�m,
b:bCa 6:f,Ea 

Qa = Ila II (I - IIa\fo}),
6:6Ea 

(B.13)

which in particular implies that all Qa and IIb commute. As a consequence
we derive

(B.14)
since a =J. b implies either b <l:_ a or the converse, wherPby

Thus the interaction subspaces are mutually orthogonal. By direct multi­
plication we obtain
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A consequPnce is the formula 

Qu = L (-l)la\blnb- (B.15) 
b:b<:::;a 

Using Lemma A.2 (Mobius inversion) on (B.15) we obtain 

Proposition B.4 The factor subspaces Fa are direct orthogonal sums of 
the interaction subspaces (Eb)b<:::;a and for all a� b.. we have

In particular, any vector in R,'L has a unique expansion into its interactions, 
in symbols expressed as 

RI
= EBa:a<:::;Ll.Ea. 

Letting .A denote the permissible interactions 

c E .A {==;> c � a for some a E A, 

we• further have the expressions 

HA 
= EBcE .AEc, nA = L Qc­

cE.A 

(B.16) 

(B.17) 

If A is a collection of subsets of b.., we let red A denote the elements of 
A that are maximal with respect to inclusion, i.e. red A is obtained from 
A by throwing away all subsets that are contained in other subsets in A. 
SincP 

HA = HredA, 

this reduced collection is the 1110:;t economical way of spPcifying the modd 
space. If no sets in A are subsets of other sets, A is reduced already, and 
the collection is called a generating class. 

As shown in Section 2.2, tlw set of gc•nerating classes forms a distributive 
lattice with join and meet operations given as 

\\'e then havP 

AVB 

A/\B 

rcd(AU B) 

red { a n b I a E A, b E B}. 

Proposition B.5 Lrt A and B be generating classes. Then the following 
relations hold for their hierarchical model subspaces: 

HAvl3 = HA -j- H13, HAAl3 = HA n H13 

and correspondingly for the orthogonal projections 

nAnl3 = IlailA = nAAl3· (B.18) 
Meta 1023 

p. 58



250 LINEAR ALGEBRA AND RANDOM VECTORS 

Proof: It is trivial that H.AAa <::;; HA n Ha. Let u E HA n Ha . Then, 
from (B.17) we get 

Since also u E Ha, 

u E HA =* u = IT.Au= L Qcu.
cE.A 

u = Dan= L Qd L QciL.
dEB cE.A 

From (D.14) it now follows that u E H.AAa - That the projections commute 
follows directly horn (B.14) and (D.17). □

In the special case where the generating class C is the direct join of gener­
ating classes A and B with A I\ B ={An B}, we find 

(B.19) 

B.3 Random vectors 

It seems convenient for the purposes in this book to dPal with multivariate 
distributions in some gerwrality, allowing these to be discussed in general 
Euclidean vector spaces V rather than in the particular case of V = Rn 

with the standard inner product. In particular, when discussing the exact 
and asymptotic distribution of maximum likelihood estimates, it is most 
natural to work with random variables that, for example, take values in 
the vector space of symmetric matrices. 

\Ye do not intend to dwell ou formal details of the theory. Therefore it 
will create few diffi.c-ulties and indeed be very close to the more usual matrix 
formulation. The reader is referred to Eaton (1983) for a comprehensive 
and detailed exposition along similar lines. 

First we have to discuss the notion of mean and covariance of a random 
vector X taking values in V, where V is a Euclidean space with inner 
product (·. ·). 

Definition B.6 An clement � of V is said to be the mean vector or expec­

tation of X if it holds that 

(v,�) = E(v,X) for all v EV. 

Vie allow ourselves to write � = EX and have therefore that (v, EX) =
E(v,X). 

Definition B. 7 A bilinear form :E on V is said to be the covariance of X 
if it holds that 

Cov((u,X),(v,X)) = :E(u,v) for all u,v EV. 
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We write V X = E. Note that the covariance, as WC'll as any other bilin­
ear form. is determined from its values on the diagonal E(u,u), for the 
bilincarity gives 

1 
E(u. v) = - {E(u + v, u. + v) - E(v - v, u - v)}. 

4 

To any such bilinear form there b a linear operator, which we also 
denote by E, such that 

E(u. v) = (u, Ev). 

This is referred to as thP covariance operator of X. If (c 1 •... ,e
p
) is an 

orthonormal basis of F, we let 

The p x p-matrix of these nurnbNs is the covariance matrix of X and we 
also df'note this by V X = L So the same symbol is w,cd to refer to 
t.he covariancP, thC' covariance opt•rator and the covMiance matrix, and the 
context will dPtermine the exact meaning of the symbol. 

The covariance E is called regular if E(u, u) > 0 for all u i- 0. Int.his 
case its matrix is positive definite and the covariance determines an inner 
product on V which WP shall denote as (·, •h:::, i.e. 

(u, v)E = E(u, v) = (u. Ev). 

\Vhen the covariance is rPgular. the invC'rse operator K = E-1 is called
the conrentmfinn operator and its matrix with respect to a chosen basis is 
called the concentration matrix. The concentration operator determines a 
symmetric bilinear form as usual by 

K(u.v) = (u.Kv). 

This bilinear form is called the concentmtion of the distribution. 
The concentration operator K is equivalently defined through the rela­

tion 
(u. v) = (Ku, Ev). (B.20) 

If E is not regular, any K which satisfies E = EKE, i.e. I{ is a generalized 
iuverse to E. can be used as the concentration operator, and the relation 
(B.20) then holds for all u, v in the range of E, since 

(KE:c, EEy) = (EKEx, Ey) = (Ex, Ey). 

)J"ote that the concPntration and the covariance operator depend on the 
given inner product on V. and thP covariance and concentration matric<'s 
further depend on a chosen orthonormal basis. A fully invariant approach 
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to random vectors and the normal distribution on vector spaces avoids 
introducing the first inner product, but we have chosen not to proceed to 
this level of abstraction. 

In most cases the space V will be Rn with the usual inner product and 
standard orthonormal basis, but we also frequently deal with the space 
Rnx p of n x p--matrices with inner product 

(B.21) 

and canonical basis formed by the matrices Eij with ij-th entry equal to 
one and the remaining entries equal to zero. In the case where n = p, an 
interesting subspace is formed by the set SP of symmetric p x p matrices 
where the transpose in (B.21) becomes unnecessary. An orthonormal basis 
for this space consists of the symmetric matrices 

(B.22) 

If V = Rn, the maan vector is of the form � = ( 6, ... , �n) T and we 
have 

(ci, �) = E(ei, X) = �i = EXi, 
where X = (X1, ... , Xn) T. Similarly for the covariance we get 

O"ij = �(ei, e1) = Cov ( (ei, X), (e1, X)) = Cov(Xi, Xj ). 

These formulae indicate how the notation conforms with that used in most 
statistical literature. 

Suppose we have two Euclidean spaces V and vV where to avoid confu­
sion we denote their inner products by (·, ·)v and (·, ·)w respectively. Let 
A be a linear map from V to vV and b an element of W. Then Y = AX + b 
is a random vector in W. Its mean and covariance are given below. 

Proposition B.8 If the random vector X has mean� and covariance E, 
then the mean and covariance operator of Y are 

EY = A�+ b, VY = A�AT.

In the special case of V = Rn and W = Rm , the same expressions hold for

matrices. 

Proof: Direct calculation gives 

E(w,Y)w E(w,AX + b)w = E(AT w,X)v + (w,b)w
(AT w,�)v + (w, b)w = (w,A� + b)w,

which gives the result for the mean, and similarly, 

Cov ((w, Y)w, (y, Y)w) Cov ( (w, AX)w, (y, AX)w) 
Cov ((AT w, X)v, (AT y,X)v) 

(AT w, �AT y)v = (w, AEAT y)w, 
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which gives the covariance operator. \Ve abstain from repeating the calcu­
lations in the matrix case. □

Finally we mention that the distribution of a random vector is uniquely 
determined by the distribution of all linear functions of the vector. More 
precisely, the following holds. 

Proposition B.9 If X and Y are two random vectors in V and 

V 

(v, X) = (v, Y) for all v in V, 

then X g Y. 

This is essentially equivalent to the fact that the characteristic function of 
X, 

1/J(v) = Eei (v,X)' 

determines the distribution. Here i is the complex unit, i.e. i2 
= -1. 

This result can be found in Cramer (1946). That this is equivalent to the 
statement in Proposition B.9 follows from the uniqueness of the Fourier 
transform in the case where V = R. 
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Appendix C 

The multivariate normal distribution 

The exposition of the multivariate normal distribution and derived distri­
butions is close to that given in Eaton (1983). Proofs not given here can 
be found there or in Anderson (1984). 

C.1 Basic properties

We first formally define what it means for a random vector in V to be 
normally distributed: 

Definition C.1 A random vector X on a Euclidean space V is said to 
have a normal distribution on V if there exists an element t E V and a 
bilinear form � on V such that 

(v,X) ~N{(v,t).�(v,v)} for all v in V,

where N(/L, a2) denotes the univariate normal distribution with mean µ, 
and variance a2 . 

From Proposition B.9 it follows that the definition is unambiguous and the 
preceding pages show that then t is the mean and � the covariance of the 
random vector X. If X is normally distributed on V we write 

In the special cases V = RP and V = nnx p we write 

The mean t and covariance � determine a unique normal distribution on 
V. Conversely, to any pair (t, �). where t is a vector in V and � is a
bilinear form on V which is non-negative, i.e. �(v,v);:::: 0 for all v EV,
there is a normal distribution with these as mean and covariance.

If� is regular, the normal distribution has density with respect to the 
Lebesgue measure on V that gives mass 1 to a unit cube. This density is 
equal to 

hr. (x) = (21r)-p/2(dct�)-lf2e-(x-{,K (x-{))/2, (C.l) 
Meta 1023 

p. 63



BASIC PROPERTIES 255 

where J{ = I;-1 is the concentrat.ion operator of the normal distribution.
If (., . } is standard inner product. on nn . we have in matrix notation that 

where J( is the inverse of the covariance matrix. Note that we have then 
assumed an orthonormal basis in V to bP chosen and I< depends on this 
choice. 

Adding two indPpcndcnt normal random vectors gives a normal random 
vector. More accurately: 

Proposition C.2 If X1 ~ Nv(6, Ei) and X2 ~ Nv(6, E2) are indepen­
dent, then 

Proof: For v E V it holds that 

The t.erms on the right-hand side are independent and univariate normal. 
Hence the sum is univariate normal. Definition C.1 implies that X1 + X2 
is a normal random vector and the expressions for mean and covariance 
follow by direct calculation. D 

Another important fact about the normal distribution is that an affine 
transformation of a normal random vector is itself a normal random vector. 
\Ve consider a situation analogous to that in Proposition B.8. 

Proposition C.3 If A is a linear map from V to l--V, b an element of lV, 
and X ~ Nv(f;,, E), then 

Y =AX+ b ~ Nw(Af;, + b.AEAT). 

Proof: The mC>au aud covariance of Y have been given in Proposition B.8. 
\Vhat remains to he established is that Y follows a normal distribution. But 
for all w E lV ,ve have 

(w, Y}w = (w,AX + b)w = (ATw,X)v + (w,b)w. 

Since X has a normal distribution, (AT w, X)v is univariate normally dis­
tributed. This is not changed by adding the constant (w, b)w. Defini­
tion C.1 then establishes the result. D 

A special case of this result is of interest. Suppose V = n
n and assume the 

random vector X partitioned into components X1 and X2 , where X1 E R,P 
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and X 2 E nq with p + q = n. The mean vector and covariance matrix can then be partitioned accordingly into blocks as 
( Eu and E = E21 

such that E11 has dimensions p x p and so on. If A in Proposition C.3 is the linear map that sends X into X2, we obtain: 
Proposition C.4 Let X be distributed as Nn(l, E), where X, € and E are

partitioned as above. Then the marginal distribution of X2 is Nq(6, �22)-
The conditional distribution of X1 given X2 = x2 can be found as follows. 
Proposition C.5 Let X be distributed as Nn(l, E), where X, € and E are

partitioned as above. Then the conditional distribution of X1 given X2 = X2 

is Np(612, E112), where

€112 =fa+ E12E22(x2 - �2) and E112 = I:u - �12E22E21- (C.2) 
Here E22 is an arbitrary generalized inverse to E22-
Proof: We abstain from giving the proof of this well-known result in the general case and assume E to be regular. Then let K = �-

1 denote the concentration matrix and assume this to he partitioned in the same fashion as E. The conditional density is proportional to the joint density of X1 and X2. Hence, exploiting that x2 is fixed, we find by direct cakulation that 
f(x1 I x2) ex ft;.'f:.(x) cx:cxp{-(x1 -€t)T Kn(x1 -6)/2-(xi -6)T K12(x2-6)}. 

The linear term involving -i:1 has coefficient equal to 
K116 - K12(X2 - 6) = Ku { 6 - Ku1 K12(X2 -6)}. 

Using (I3.2) we find that 
K1/ = Eu - E12E221 I:21 

and further that 
which then gives 

and the result follows. 

(C.3) 
(C.4) 

□
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Note that the proportionality constant may in principle depend on the 
parameters as well as on xz. But as the distribution is normal, this turns 
out not to be the case. It follows from (B.1) that we have 

det E22det E = det E 1 12 det E22 = K <let 11 

(C.5) 

Note also the identities (C.3) and (C.4), which are quite useful in their 
own right. The first expresses that the concentration matrix of the condi­
tional distribution is-obtained from the concentration matrix of the joint 
distribution by deleting rows and columns corresponding to the variables 
conditioned upon. This gives a formulation of Proposition C.5 which is 
symmetric to that of Proposition C.4. 

Corollary C.6 Let X be distrib1tted as Nn(I;,, E), where X, I;, and E are 
partitioned as above. Then X 1 and X 2 arc independent if and only if E 12 =

0. If E is regular, this holds if and only if K1 2 = 0.

Proof: The first statement follows directly from the expression for the 
conditional mean t;, 1 12 in Proposition C.5. The second statement then fol­
lows from (C.4). D 

Consider X 1
, ... , X11 independent random vectors in RP and assume 

X i to be distributed as Np(l;,i , E) such that the covariances are identical. 
If these random vectors are arranged in an n x p array with (Xi) T as rows, 
the resulting random matrix will he distributed as Nnxp(/;,, In® E), where 
f;, has ( t;,i) T as its rows. For this reason, it is of special interest to consider 
normal distributions with covariance structure of the form cl> ® E. 

Proposition C. 7 Let A and B be m x n and q x p matrices and X ~ 
Nnxp(I;,, cl>® E). Then 

(A® B)(X) = AXBT 
~ Nmxq {At;,BT , (Acl>AT) ®(BEET)}. 

Proof: The result follows directly from Proposition C.3 by noting that 

and that 

where we have used TG and T5 of Proposition B.2. D 

Next we partition the matrix X into n x r and n x s matrices X1 and 
X2 with p = r + s and partition the mean f;, and covariance matrix E 
accordingly. Further, let E 1 12 be given as in (C.2). 
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Proposition C.8 The conditional distribution of X1 given X2 = x2 is

Proof: This follows directly from translation of Proposition C.5. □ 

Finally we mention that in the case when cl> and E are both regular, the 
density becomes 

h.<P0r:.C-c) = 
(21r)-np/2( dPt cl>)-p/2( det E)-nf2e- tr{(x-0 T ;p-'(x-(p.�-1 }/2. (C.6)

This follows from the properties of the direct product, the expression (C.l) 
and the cakulat.ion 

C.2 The \Vishart distribution

The \Vishart distribution is the sampling distribution of the empirical co­
variance matrix when the variables themselves follow a multivariate normal 
distribution. 
Definition C.9 A random p x p matrix Sis said to follow a p-dimensional

Wish.art distribution with parameter E and n degrees of freedom if 

\Ve then write S ~ W
v

(n, :E). If X; denote the rows of X, then 

xT x= LX;X; 
i=l 

such that the empirical covariance matrix is equal to n- 1 s. In the case 
p = 1 the \Vishart distribution is identical to the x2 distrihution: 

Below we list some well-known propmties of the Wishart distribution. 
Proofs not given here can be found in Eaton (1983). 

Proposition C.10 If S ~ W
p
(n, :E), its mean and covariance operator

v.rith respect to trace inner product are equal to 

E(S) = n:E. Cov(S) = 2nE@ E. 
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The inverse s-
1 has mean and covariance operator equal to

Cov(S-1) 

where K = �-1.

1
---I< Jorn> p+ 1
n-p-1 

2(I<0K+�K0K)

(n - p)(n - p - l)(n - p - 3) 
Jorn> p+ 3,

259 

It is important that the covariance opPrators are interpreted with respect 
to the trace imwr product. 

(A. B) = tr(AB) 

on the space S
P 

of symmetric p x p matrices. In particular, the outer 
product is determined as in (D.6) such that 

(K 0 K)(A) = tr(AK)K. 

If for example we wish to calculate the variance of Sij for i =/:- j we must 
first write 

where Eij is df'fined in (D.22), and t11cn its variance is calculated as 

The general expression for the covariance of the entries in S becomes 

Similarly for the inverse we have 

2 (tr(.4KAK) + {tr(AK)t)
V {tr(AS- 1)} = (n-p- > 

(n-p)(n-p- l)(n-p-3)

and for the single elements of the inverse matrix we find 

k k. + k k 2k,;k,rn
. . ij ILV ill jv + (n-p-1) Cov(S'1 .S"v) = -----------'-�-'-

(n - p)(n - p - l)(n - p - 3)

(C.7) 

A Jirect consequence of the definition of the \Vishart distribution is the 
convolution property. 
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Proposition C.11 If S1 and S2 are independent and Wishart-distributed 
as Si~ Wp(ni, E), then 

Next, a transformation property: 

Proposition C.12 If A is a q x p matrix and S ~ Wp (n, I:), then 

In particular, for q 
VE RP, 

1 we get that when S 

v T Sv ~ a�x2 (n), 

Wp(n, E), then for any 

where a� = v T:Ev. The next fact relates the Wishart distribution to a 
slightly different normal distribution. 

Proposition C.13 If X ~ Nnxp(O, <P®:E) and cp- is a generalized inverse 
to <P, then 

where f = rank <P. 

And there is a partitioning theorem analogous to that for the x2 distribu­
tion: 

Proposition C.14 Assume that X ~ Nnxp(�, In ®E) and that A1, ... , Ak 
are n x n matrzces for orthogonal projections onto subspaces L1, ... , Lk of 
nn , that is, 

AiAj = 5ijAi and A; = A;. 
Then A1X, ... , AkX are independent and 

Further, if A;�= 0, then 

where f; = dim Li= rank Ai= tr A;. Further, S1, ... , Sk are independent. 

A special case of interest is when A represents the projection onto the n-1-
dimensional subspace of Rn of vectors that are orthogonal to the constant. 
Then under the assumption that X ~ Nnxp

(µ, In ® I:) with µij = �j for 
all i, j, we have that 

SSD = L(X' - X)(Xi - X)T 
= xT AX~ Wp(n -1, :E). (C.8) 

i=l 
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The above properties arc all natural extensions of similar results for the 
x2 distribution. The next result is genuinely for the Wishart distribution. 
We assume E to be partitioned as 

where E11 has dimensions r x r, E12 = EJ1 is r x s and E22 is an s x s

matrix. Further assume S to be partitioned similarly and let 

E112 = E11 - E12E2z1E21, S112 = Su - S12S221 821, 

provided E22 and S22 are both regular. 

Proposition C.15 Let S ~ Wp(n, E) with E regular and n > s. Then

S22 is regular with probability one and

(a) S112 is independent of (S21, S22);

(b) S112 ~ Wr(n - s, E112);

(c) S22 ~ Ws(n, E22); 

(d) .C(S21 I S22 = s22) = Nsxr(s22E"i_/E21, s22 ® E112)-
In particular, if we consider the statement for the case where p = s and 
thus S = S22, we deduce 
Corollary C.16 If S ~ Wp(n, E), where E is regular, then S is regular

with probability one if and only if n � p. 

If the condition of the corollary is satisfied, then the distribution has density 
equal to

Wp,n,ds) = c(p, n)-1 (<let E)-n12(det s)(n-p-l)/Z exp { - tr(E-1 s)/2}
(C.9) 

with respect to Lebesgue measure on the set of positive definite matrices. 
When the Lebesgue measure giving mass one to the unit cube in the space 
S

P 
of symmetric p x p matrices with inner product (A, B) = tr(AB), the 

Wishart constant c(p, n) is 

c(p, n) = 2npf2(21r)P(p-l)/4 fI r{(n + 1 - i)/2}.
i=l 

Finally the result in Proposition C.15 can be strengthened in a special case: 
Corollary C.17 Suppose that in Proposition C.15 we further have that

E12 = 0. Then S112 , S12S2/ S21 and S22 are mutually independent and

distributed as 

S112 ~ Wr(n-s,E11), S12S2/S21 ~ Wr(s,En), S22 ~ Ws(n,E22)-
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C.3 Other derived distributions

C.3.1 Box-type distributions

Important distributions associated with the Wishart distribution have a 
common structure (Box 1949). \Ve say that the distribution of a positive 
random variable X is of Box type if it has Laplace transform (defined for 
sufficiently small t) equal to 

where Li ui = L
j 

Vj, z = L i ui logui-L
J 

VJ logvj, and further ui, ui+{i, 
VJ, VJ+ TJJ are all positive. If X1, •.. , Xk are independent and have Box­
type distributions, so does a 1 X1 + · • • + akXk for any non-negative numbers 
a1, ... , ak which are not all zero. This follows from straightforward direct 
verification as the Laplace transforms multiply. 

If B has a beta distribution with parameters (a, /3), then the distri­
bution of X = - log B is of Box type, because we get for the Laplace 
transform that 

This is of Box type with m = n = l, u = v = 1/2, � = a - 1/2 and 
TJ = a+ {3- 1/2. The negative logarithm of a beta distribution is probably 
the simplest distribution of Box type. I3ut most distributions associated 
with testing problems in the multivariate normal distribution are of Box 
t.ype.

An important feature ofI3ox-type distributions is that they are a unified 
technique can be used to approximate them. The approximations given 
below in (C.13) are simple to use and more accurate than the version of 
the original approximations given by Box (1949) used in Anderson (1984). 
The new approximations arc clue to .J.L. Jensen (1991, 1995), to whom we 
refer for further details. 

The simplest approximation uses a gamma distribution with correct 
mean and variance. The mean and variance of X can be found as the first 
and second derivatives of the logarithm of the Laplace transform, evaluated 
at s = 0. From (C.10) we find the logarithmic derivatives as 

m n 

i=l j=l 
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and 
m n 

i=l j=l 

where 'I/; is the digamma function and 'lj;' the trigamma function; see for 
example Abramowitz and Stegun (1965). The digamma and trigamma 
functions arc the first and second logarithmic derivatives of the gamma 
function. Algorithms for their computation are given in Bernardo (1976) 
and Schneider (1978). Abbreviate µ(O) = 11 and cr2(0) = cr2. Then the 
distribution of X is approximated by a gamma distribution r(µ2 / cr2, µ/ cr2 ), 

where r(a:, f3) is the gamma distribution with density 

f( ) _ _f!::_ a:-1 -{3x x -
r(a::)

x e 

A very accurate approximation to P(X 2'. x) can be obtained for a 
fixed x as follows. First determine the value t* such that µ(t*) = x by the 
iteration t n+l = t n + {x - J.l(t n )}/cr2(t n )- Next let).*= µ(t*)2 /cr2(t*) = 
x2/cr2(t*). Then it holds to a high degree of accuracy that 

(C.13) 

where --y(s, >-) is the tail of the gamma distribution 

�t(s, >-) = 1= 

r(.>-)-lu).-le-u du.

This can be evaluated from the gamma function and the incomplete gamma 
function (Bhattacha1jee 1970). Note that the expression (C.13) differs 
slightly from (2.3) in J.L. Jensen (1991), partly because the latter contains a 
misprint ( J.L. Jensen 1995) , partly because we have reduced the expression 
exploiting that µ(t*) = x. The approximation is particularly accurate for 
large values of x, as the relative error tends to zero when x tends to oo. 

C.3.2 Wilks's distribution

In multivariate testing problems concerned with linear hypotheses for the 
mean and block independence for the covariance, the following distribu­
tional result is important (Wilks 1932, 1935). 

Proposition C.18 If S1 ~ Wp
(fi, I:) and S2 ~ Wp(h, I:), where S1 and 

S2 are independent, I: is regular. and Ji 2'. p, then 

p 
A = 

det S 1 g 
IT Bi det(S1 + S2) 
i=l ' 

(C.14) 

where Bi, ... , B
p 

are independent and Bi rv B{(J1 + 1 - i)/2, h/2}. 
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The distribution so obtained does obviously not depend on :E and is called 
Wilks 's distribution with parameters p, h, h, and is denoted by A(p, h, /2). 
The distribution of - log A is clearly of Box type with ui = Vj = 1/2, 
€i = (!1 - i)/2, and 1]j = (h + h - j)/2, hence the approximations de­
scribed above apply. Wilks's distribution satisfies the identity 

A(p, h, h) = A(/2, h + h - p,p). 

C.3.3 Test for identical covariances
If S 1, ... , Sk are independent with Si ~ Wp(li, :Ei ), where p 2:: /i and :Ei 
are all regular, then the deviance for testing identical covariances is 

k k 

d = p Lfilogf; - pflogf + flogdets - Lhlogdetsi, 
i=l i=l 

(C.15) 

where f = I:i f; and s = I:; s;. If :E 1 = · • · = :Ek = :E, then the distri­
bution of D does not depend on :E and it has moment-generating function 
equal to 

¢(t) 

with 

m k 

( ) II II r{IJ(l - 2t)/2 + (I - i)/2}exp 2tz 
i=lj=l 

r{(/J + 1 - i)/2} 
k f{ (f + I - l)/2} 

x II r{f(I - 2t)/2 + (1 - l)/2}
l=l 

Hence the distribution is of Box type with U;j = fj/2, €ij = (1 - i)/2, 
v1 = f /2, and 171 = (1 - l)/2. 

If S1, ... , Sk are sums of squares and products of residuals from inde­
pendent linear models each with n;. observations and dimensions qi of the 
linear expectation spaces, then /; = ni - q; and the deviance for testing 
identical covariances becomes

k k 

dw = p L ni logn; - pnlogn + nlogdets - L n; logdets;, 
i=l i=l 

(C.16) 

where n = I:; n;. If :E1 = · · · = :Ek = :E, then the distribution of Dw does 
not depend on :E and it has moment-generating function equal to 

m k 

( ) II II r{nj (l - 2t)/2 + (1 - qj - i)/2}<J;(t) = exp 2tzw 
i=lj=l 

r{(fj + l _ i)/2} 
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k f{(f + 1 - l)/2} 
x II r{n(l - 2t)/2 + (1- q- l)/2}

1=1 

with q = I; qi and 

So this distribution is also of Box type with U;j = ni /2, {ij = ( 1- q1 -
v1 = n/2, and IJl = (1 - q - l)/2. 

Meta 1023 
p. 74



Appendix D 

Exponential models 

In this appendix we give a brief survey of some important results in the 
exact theory of regular exponential models and the asymptotic theory of 
curved exponential models. 

The exact theory is described in detail in Barndorff-Nielsen (1978) and 
important parts of it also in Johansen (1979), Brown (1986) and S.T. Jensen 
(1989). The asymptotic theory was first described by A.H. Andersen (1969) 
and Berk (1972). The description given here of both cases is mainly based 
upon Johansen (1979) and S.T. Jensen (1989). 

All the results will be stated without proof. The reader should consult 
the above references for documentation. 

D .1 Regular exponential models 

D.1.1 Basic terminology

Let X be a sample space. In the present text X is typically either a discrete 
set, R}, or a product of these. Also let t be a statistic defined on X taking 
values in a real Euclidean vector space V with inner product(·,•}. Further, 
let µ be a fixed a-finite measure on X and 

e = { 0 EV I / e <0 ,t(x)) µ(dx) < 00}. 
For 0 E 8 we let 

'1};(0) = log J e <0 ,t(x)) µ(dx).

The exponential model generated by (t, µ) has parameter space 8 and den­
sities for Pe with respect to µ equal to 

f(x, 0) = exp { (0, t(x)} - '1};(0)}. (D.l) 

The statistic t is referred to as a canonical statistic, 0 is a canonical param­
eter, µ is a base measure, and '1}; is the cumulant function of the model.

In the following we assume that 8 is not contained in an affine proper 
subspace of V. If the set 8 is open, we say that the exponential model is
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regular. The convex support of the statistic t is the convex hull of the sup­
port of the measure µt- 1 and is denoted by C. The representation (D.1) 
of a regular exponential model is minimal if no affine proper subspace of V 
contains t(X) with Pe-probability one, i.e. if no affine proper subspace of 
V contains C. In general we will allow representations to be non-minimal 
and possible over-parametrization of the model. The case where the repre­
sentation is not minimal is referred to as the singular case. 

The order of an exponential model is the dimension of V in any minimal 
representation of the model. 

The relative interior of C is the interior of C when C is considered as 
a subset of the smallest affine subspace containing it. Thus if the represen­
tation is minimal, the relative interior is just the interior. \Ve denote the 
relative interior of C by ri C.

D.1.2 Analytic properties

Much of the structure in a regular exponential model is contained in the 
analytic properties of the function 'lj;. We list some of them here. First let 
r(0) and v(0) denote the gradient vector and Hessian map of '1/;(B). That 
is, for 17, p E V we have 

and 

:,l '1/;(B + h71(
=0 

= (r(B), 71)

·p
ID;iak 

'1/;(B + h71 + kp) 
h=k=O

= (71, v(B)p). 

Both these are well defined in regular exponential models and they deter­
mine the mcau and covariance of the statistic t(X) as 

Eo(71, t(X)) = (71, r(B)). Ve{ (71, t(X)), (p, t(X))} = (71, v(B)p). (D.2) 

If a basis is chosen for the vector space V and everything is expressed in 
coordinates, these will he the usual vector of means and covariance matrix 
of t(X). \Ve therefore allow ourselves to write 

r(0) = Ee{t(X)}, v(0) = Ve{t(X)} 

instead of (D.2). The covariance v(0) will be positive definite if and only if 
the model is minimally represented. In a minimally represented exponential 
model the map r is strictly increasing in the sense that 

(D.3) 

The mean value map r can be used to parametrize the model, since one 
can show that 

r(0) = r(0*) � Pe = Pe·. 

Such a parametrization is called a mean value parametrization of the model. 
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D.1.3 Maximum likelihood estimation

Suppose an observation X = xo from a regular exponential model is given. 
From (A.5), t(X) is sufficient, so we let to= t(x0). If the model is minimally 
represented, t(X) is complete with respect to P = {Pe, 0 E 0}. The main 
result about maximum likelihood estimation is the following. 

Theorem D.l The likelihood function attains its maximum in 0 if and 
only if t0 E ri C. The maximum is then attained exactly at points that solve 
the equation 

(D.4) 

If 0 is, any particular solution to this equation, any other solution fr satisfies
0* = 0 + u where (u, v) is constant for v EC and thus P0• = P0.

In particular we note that in the non-singular case there is a unique solution 
to the equation (D.4). 

A consequence of the above result is that the parameter space T(0) for 
the mean value parameter in a regular exponential model is equal to ri C. 
Also, in the non-singular case, we have the following useful lemma. 

Lemma D.2 Suppose t0 E riC in a minimally represented, regular expo­
nential model. Then for any Bo E 0 the set 

0* = {0 I L(B) � L(0o)} (D.5) 

is compact. 

D.1.4 Affine hypotheses

Consider a regular exponential model in the situation where we want to 
test the hypothesis that e E 00, where 

0o = 0nRo 

for some affine subspace Ro= r + V0 of V. Such a hypothesis is called an 
affine hypothesis. The calculation 

(0, t(x)) (0 - r, t(x)) + (r, t(x)) 
(8 - r, Ilot(x)) + (r, t(x)) 
(8,Ilot(x)) + (r, t(x) - Ilot(x)), 

where 110 denotes the orthogonal projection onto Vo, shows that the reduced 
model {Pe, 0 E 00} is again a regular exponential model with II0t(x) as 
its canonical statistic, e E 00 as its canonical parameter and µr as its base 
measure, where 

µr(dx) = e<r,t (x)-II0t (x)) µ(dx). 
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When the original model is regular and minimally represented, so is the
submode!. Further, if thf' maximum likelihood estimate exists in the origi­
nal model, it will also exist in the smaller model. The standard test statistic
to use is the deviance givPn as

d(x) = -2 log l(�) = 2 {(e - 0, t(x)) + 'l/)(0) - 'l/)(0)} I L(0)
where B denotes the maximum likelihood estimate of 0 in the reduced
model. Large deviances speak against the hypothesis.

Other test statistics can be of interest for a variety of reasons, in par­
ticular to obtain high powPr against specific alternatives.

In most cases, asymptotic theory is needed to evaluate test probabil­
ities for the deviance and other statistics; cf. Section D.2. Occasiona!Iy,
however, exact results can be obtained hy considering the distribution of
the test statistic conditionally on Il0t(X) = Ilot0. By considering this
conditional distribution, the :;ufficicncy of Il0 t(X) under the hypothesis
ensures that the test probabilities arc independent of the unknown param­
eter 0 E 80, thus i<'ading to similar rejection regions. There are other
reasons for choosing to evaluate the test probability in this conditional dis­
tribution, but it is outside the scope of the present text to discuss general
principles of inference in any detail.

In some cases the unconditional distribution of the deviance D docs
not depend on 0 for 0 E 00• Then, since the canonical statistic Ilot(X) is
complete with respect to the submode!, I3asu's theorem (Theorem A.4) en­
sures that D and Il0t(X) are independent. It therefore makes no difference
whether the conditional or unconditional distribution is considered.

Tests based 011 probabilities in the conditional distribution given Ilot(X)
will be referred to as exact conditional tests or simply exact tests.

D.1.5 Iterative computational methods

None of thf' results so far give direct guidance as to how to compute the
maximum likelihood estimate1a in a full and regular exponential model if it
exists. Here iterative methods are in general necessary. The most common
is Newton's method appliP.d to the logarithm of the likelihood function.
This begins at a value Bo and then lets

Bn+i = 0n - v(Bn)-(T(Bn) - to),

where v(B)- is a genPralizcd inverse to v(0), i.e. it satisfies vv-v = v. The
convergence is rapid when the starting value is sufficiently close to 0.

It is oft<>n convenient and more stable to use Newton's method on the
reciprocal likelihood function, which leads to the iteration
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where 

i.e. v( 0) is determined as

(77, v(0)p) = (77, v(0)p) + (77, T(0) - to)(p, T(0) - t0). 

In fact it has been shown by S.T. Jensen et al. (1991) that the latter 
iteration is always convergent in regular Pxponential models of order one. 

One problem with Newton's method is that it can involve much storage 
space and procesi;or time to calculate v- or v- in models of high order. 
Another is that its behaviour may depend on where the iteration is started. 
If the starting value is far from the true maximum, it may not converge 
or approach the true maximum 1,Jowly. Often a combination of Newton's 
method and the method of iterative partial maximization (see Section A.4) 
is appropriate. \Vhen suitable functions of 0 are held fixed, sections in 8" 
of (D.5) appear that satisfy the conditions necessary for Proposition A.3 
to apply. 

A typical variant of the algorithm of iterative partial maximization is 
as follows. Consider a full, regular and minimally represented exponential 
model of order k. Further, assume there is chosen a basis such that V = 
nk and 0 = ( 0 1

, . . . .  Bk) and choose a fixed element Bo in the canonical 
parameter set f>. Also !Pt A denote a class of subsets of {l, ... , k} that 
eovers all coordinates. i.e. UaE.Aa = {1. ... , k}. We next define sections for 
0* E 8: 

8a(0*) = { 0 E 8 I 0i = 0*\ i rt a}. 
These arc affine subspaces of 8 and therefore identify full and regular sub­
models of the original model with canonical statistics ta(x) = (ti (x), i E a). 
If we now cyclically maximize the likelihood function over the sections 
0a (0*), we obtain a convergent algorithm. If we let Ta(0) denote the ex­
pected value of ta (X) under 0, the problem is at each stage to solve the 
equation Ta(0) = t0 (x) for 0 E 8a(0*). 

But this computation may itself be too involved. \Ve can then instead 
do the following. First suppose that 00 can be ehosen so that we can 
easily maximize the likelihood function over 00 (00), no matter what the 
observed value of the statistic t0 is. Let Ba denote the value that maximizes 
the likelihood function over 80 (00) had the statistic been observed to be 
Ta(0*), and 0a that which maximizes over 80 (00) for the actual observed 
v-alue t0(x), i.e. 

(D.6) 

Further, define the sections 
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If fin = Ba, these sections consist of the single point 0*. Otherwise thesections 0a (0*) are affine hypotheses in 0 and form full and regular one­dimensional exponential models. These sections are _sailed line sections. We can then maximize the likelihood function over 0a (0*), for exampleusing Newton's method applied to the reciprocal likelihood function asdescribed earlier. This process of maximization is referred to as line searchand we denote the maximizing value by Ta (0*), i.e.
L {Ta(0*)} � L(0) for all 0 E 0a (0*).

By repeating these line searches cyclically over the sets a E A, we obtainanother variant of the algorithm of iterative partial maximization. To show
that the modification gives a convergent algorithm, we must ensure that if avalue 0' maximizes the likelihood function L(0) over all line sections, then0' maximizes L(0) globally, and the maximum over any section dependscontinuously on B*. But if we let 0; = 0* + ,\( 0a - Ba), we get 

:
A 

logL(0;)',\=0 = (0a -Ba)T {ta (x) -ra (0*)}.
Since 0a and Ba solve the equations (D.6), this expression is by (D.3) strictlypositive unless 0a = Ba , which again is equivalent to ta (x) = ra (B*). If this happens, the sections consist of a single point and consequently 0* triviallymaximizes L over the full section 0a (0*). Otherwise logL(B;) is strictlyincreasing in ,\ at ,\ = 0 and its maximum is not at 00 = 0*. 

Hence 0* maximizes Lover all line sections 0a (0*) if and only if it holdsthat ta (x) = ra (0*) for all a EA. This system of conditions is equivalentto having r(0*) = t(x), which implies that Lis globally maximized at 0*. Finally, we must realize that the maximizing value Ta (0*) depends con­tinuously on 0*. We abstain from giving the details of this. 
In the special case where ta (X) is a cut with ,\ = (0i, i E a) (seeSection A.5) we have from Corollary 10.4 of Barndorff-Nielsen (1978) thatthe difference 0a - Ba does not depend on the chosen value of 0a. H�nce wecould for a moment assume that 0o = 0*, which would imply that 0a = 0*,and thus it must hold that

whereby ra (0* + 0a - Ba)= ra (0a) = ta (x).
Hence 0* + 0a - Ba maximiz61S L not only over the line section 0a (0*)but also over the full section 0a (0*). 
\Vhen ta is a cut, the iterative step for a fixed subset a changes the jointdensity as 
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where fa(ta ,0) denotes the marginal density of ta . This only depends on 
0 through coordinates in Bi with i E a, because ta is a cut. The algorithm 
therefore properly dcsen·es the name of general iterative proportional scal­

ing if all groups a E A make tn a cut. 
\Vhen ta is not a cut, it is sometimes favourable to let 00 vary with 0* or 

t(x). This can make ta nearly a cut, which typically speeds up computation. 
In practice, it is in general difficult and unnecessary to make a full line 

search over 8"(0*). Instead we just look for a new value of 0 in the section 
that has higher likC'lihood. For example, inspired by the situation where 
we have a cut, one can choose 

,,\*=max{>- E {1, 1/2, 1/4, 1/8 .... } j 0; E 8 and L(B;) > L(B*)}. 

If we have a cut as above, we have ,,\ * = 1 and this would lead to the full 
maximum over the large section. Otherwise the procedure is called mod­

ified iterative proportional scaling (Fl:ydenberg and Edwards 1989). This 
variant of the algorithm is not theoretically known to be convergent, as the 
maximizing value-' at each stage is not a continuous function of 0*. But, as 
implemented for mixed hierarchical models in the program MIM (Edwards 
1995), it has so far appeared to converge in all examples. 

D.2 CurvC'd exponential models

There is no essential difference between the asymptotic theory of regular 
exponential models and that of curved models, so we might as well treat 
the curved case immediately. However, there are some technicalities in the 
singular case that could obscure the basic ideas. Therefore the non-singular 
case will be treated first. 

D.2.1 The non-singular case

\Ve consider a rC'gular exponential base model of ordC'r k as described in 
the previous section and assume that the corresponding representation is 
minimal such that dim F = k. Without loss of generality we can then 
assume a basis tu be chosen such that V = R,k . 

Consider now a submode! 80 s;:; 8 given as 80 = </>(B), where B is an 
open 1mbset of nm for some m with 1 � m � k. Assume that the map¢ 
satisfies 

(i) ¢ is a homeomorphbm onto 80,

(ii) ¢ is twice conti1111ously differentiable,

(iii) the matrix 8¢/iJ/3 ha:; full rank m for all f3 EB,
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where
(::ts = O;s 4>r(f3), r = 

1, ... , k, s = 
1, ... , 1n

is the matrix of partial derivatives. The condition (i) says that ¢ is con­tinuous, globally one-to-one and has a continuous inverse. Condition (ii)is a smoothness condition that can be replaced by weaker conditions, andthe last condition ensures that the hypothesis everywhere locally resembles
nm , i.e. the local dimension is constant. A hypothesis of this kind is called a curved hypothesis and the cor­responding reduecd exponp.ntial model a curved exponential model. Its
dimension is the local dimension m of its parameter space. Note in particular that if 00 = 0 and ¢ is the identity, the condi­tions are fulfilled, such that a regular exponential model is a special curvedmodel. Also, affine hypotheses are special cases of curved hypotheses. Thedimension is then simply the order of the corresponding regular model. When we have observed X = .r, the observed Fisher information about(3 under 00 is the matrix function Jo with entries

. 

D2 logf(x,¢(f3)) Jo(f3; x)rs = - 0{3rOf3s , r, s = 1, ... , m.
Denoting as usual the corresponding random variable with the capital letterJ0, the expected Fisher information is its expected value i0 = EJ0 and canbe expressed as

(D.7)
The condition (iii) is equivalent to i0({3) being positive definite for all (3 E B. Now let X1, ... , Xn be independent and identically distributed withdistribution given by a member of a curved exponential model with trueparameter 0o E 80• Multiplying the densities, we again obtain an exponen­tial model with the same parameter space as before and t(X i )+· • -+t(Xn )as canonical statistic. This holds in the base model 0 as well as in the re­duced model 80. Let

and let f3n denote the maximum likelihood estimate of (3 in the reducedmodel 00 based upon tlwse observations. The basic asymptotic result is the following: 
Proposition D.3 As n----► oo, Uw probability that /Jn exists uniquely tends
to 1. 1'l1,e estimate is then given as the solution to the equation 

(D.8)
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and 

Here Xn }!:, N(ln , an E) means that the distribution of a;;- 112 (Xn - {n ) 
converges weakly to a normal distribution with mean zero and covariance 
matrix E. 

The asymptotic distribution simplifies when the parameters and distri­
bution decompose simultaneously. If Y is a cut in (X, Y) (see Section A.5) 
the joint density oi (X. Y) factorizes as 

f (x, y I /3) = f (x I y, i's)f (y I>.). 

In this case it follows directly from the definition of the Fisher information 
that this is block-diagonal such that k and ). are asymptotically indepen­
dent, since all mixed second derivatives vanish in the observed information 
and hence also in the expected. Similarly if Z is a split in (X, Y, Z), we 
have 

f (x. y. z I /3) = f(x I z, K)f(y I z, >.)f(z Iµ). 

VVhen there is a split, the estimates k, >-, and JL are also asymptotically 
mutually independent. which is seen as in the case of a cut. 

Consider next a further subhypothesis 8 1 � 80 with 8 1 = <J>(b(A)), 
where A is an open subset of 7?} for some l with 1 ::; l :S m and b satisfies 
similar conditions as did <i>. Let us simultaneously consider the hypotheses 

H : 0 E 8, Ho : 0 E 80, Hi : 0 E 81 

or, in an equivalent formulation,

H: 0 E 0. Ho: 0 = ¢(/3), /3 EB, H1 : 0 = cf>(b(a)), a EA. 

A third <'quivalent formulation of H1 is that Ho holds and /3 = b(o:). 
We now omit the index n and let f 

=
f be the average statistic, 0 the 

es.timate of 0 under H, fJ the estimate of /3 under Ho and a the estimate 
of o: under H1 . Further, we let 

Finally let i 1 denote the information about o: under H1. 

Assume now that H1 holds and fix o: at the true value of the parameter. 
Then the matrices 

8<J>._109 T 

Ilo = aio 8/3 v,

wh<'fe expressions are evaluated at the value corresponding to a, are ma­
trices for the orthogonal projections with respect to the inner product de­
termined by v onto the tangent spac.es of 80 Md 8 1 at 0 = <J>(b(a)). 
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If we further let Cr = 7(8r) for r = 0, 1, their transposes II; are 
projection matrices with respect to v- 1 onto the tangent spaces of Cr at 
T(b(a)). Alternatively, II;= {Jfr/fH. 

Letting X
n 

� Y
n 

denote that Xn - Yn converges to zero in probability, 
we moreover have the fundamental 

Theorem 0.4 Under the assumptions above, 

(I - IIo, IIo - II1, II1)Y (D.9)

(I -IIJ,IIJ - IIl,IIi)Z, (D.10)

where Y ~ N(O, v-1) and Z ~ N(O, v). Thus the three components on the 
left-hand side of the asymptotic equations are asymptotically independent 
and normally distributed. 

It follows that if 0 E 80 we have 

00 /;.,N(0,u/n), f0 �N(T,w/n), (D.11) 

where u and w are found by direct calculation using the expression for II0 

and (D. 7) for the Fisher information. We obtain 

and 

II -l IIT
8¢ ·-1 8¢ T 

U = 0V O = 

8{/o 8/3

T 8¢ ·-18¢ T 
w = II0 vII0 = v 

8/3 
i
0 8/3 

v = vuv. 

Note that u and w are mutual generalized inverses, i.e. we have that wuw =
w and uwu = u. Another consequence of Theorem D.4 is that if we let 

we have 

Ko 

K01 
I( 

A A T A A 

n(0 - Bo) v(0)(0 - Bo) 
A A T A A 

n(0o - 01) v(0)(0o - 01) 
A T A 

n(0 1 - 0) v(0)(01 -0), 

Proposition D.5 The approximately quadratic forms K0 and K0 1 defined 
above are asymptotically independent and x_2-distributed with k - m and 
m - l degrees of freedom and independent of 01. Finally K is asymptotically
distributed as x2 with l degrees of freedom. 

The importance of this result lies in the fact that the above quadratic forms 
approximate the deviance statistics. More precisely, let 

L(0o) 
Do = -2 log-,-

L(0) 

L(0i) 
Doi = -2 log-,­

L(0o)' 
L(0) D = -2log-,-
L(01) 
Meta 1023 

p. 84



276 

and 

as well as 

Then we have 

EXPONENTIAL MODELS 

Do n(r - ro)T v(e)-1(f- fo)

Doi n(fo - f1)T v(0)- 1(fo - f1)
[) n(f-1 - 7)T v(0)-1(f-1 - 7),

Proposition D.6 The following asymptotic equalities hold: 

a - a . a -

Du1 = D01 =Kai= Ko1, 

These statistics are therefore all asymptotically x2 -distributed with appro­
priate degrees of freedom. 

Thus the deviance test of a curved hypotheses assuming a larger one 
can asymptotically be performed by using any of the quadratic approx­
imations and an appropriate x2-distribution. Note that the asymptotic 
independence implies that it does not matter asymptotically whether the 
test is conditional ou the sufficient statistic under the hypothesis, should 
this be affine. 

Note also that v(0) in any of the quadratic expressions can be replaced 
with either of v( 0), v( Bo) or v( 01) without altering the asymptotic distri­
bution as long as the true value of 0 is in 01• 

D.2.2 The singular case

In the case where the model i:; not minimally represented, most of the 
asymptotic results carry over with minor modifications. Essentially one 
only has to modify at the following points. Inverses have to be rf'placed 
with generalized inverses where appropriate and all expressions directly 
involving the canonical parameter - which is not uniquely defined - should 
be avoided or at least interpreted with care. Finally the formulation of the 
smoothness condition is replaced by 

(a) 7 o 4> is a homeomorphism onto C0; 

(b) 7 o </> is twice continuously differentiable;

(c) the matrix 8(7 o </>)/8{3 = v(0)80/8f3 has full rank m for all {3 EB. 
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The main reason for this is that T is always in a unique correspondence 
with the distribution. 

The Fisher information matrices are defined exactly as in the non­
singular case and condition ( c) ensures that these are regular. The expected 
Fisher information can be calculated by either of the expressions 

where v(e)- is any generalized inverse to v(0). 
Then the basic asymptotic result Proposition D.3 holds verbatim. In 

Theorem D.4 some care has to be taken to make sense out of (D.9), whereas 
(D.10) carries over directly as it stands. The same is true for the indepen­
dence of the components. 

Of the various approximate quadratic forms, those involving 0 should be 
treated carefully. Also v- 1 should be replaced by an arbitrary generalized 
inverse v- in the D-versions. Otherwise both Propositions D.5 and D.6 
hold. Just keep in mind that k is the order of the model rather than the 
dimension of V.
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