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Foreword

It is a great personal pleasure to have the opportunity to contribute the
foreword of this important volume.

Problems arising from new data arriving sequentially in time and
requiring on-line decision-making responses are ubiquitous in modern com-
munications and control systems, economic and financial data analysis,
computer vision and many other fields in which real-time estimation and
prediction are required.

As a beginning postgraduate student in Statistics, I remember being ex-
cited and charmed by the apparent simplicity and universality of Bayes’
theorem as the key logical and computational mechanism for sequential
learning. I also recall my growing sense of disappointment as I read Aoki’s
(1967) volume Optimisation of Stochastic Systems and found myself in-
creasingly wondering how any of this wonderful updating machinery could
be implemented to solve anything but the very simplest problems. This
realisation was deeply frustrating. The elegance of the Kalman Filter pro-
vided some solace, but at the cost of pretending to live in a linear Gaussian
world. Once into the nonlinear, non-Gaussian domain, we were without
a universally effective approach and driven into a series of ingenious ap-
proximations, some based on flexible mixtures of tractable distributions to
approximate and propagate uncertainty, or on local linearisations of non-
linear systems. In particular, Alspach and Sorenson’s (1972) Gaussian sum
approximations were developed into a systematic filtering approach in An-
derson and Moore (1979); and the volume edited by Gelb (1974) provides
an early overview of the use of the extended Kalman Filter.

In fact, the computational obstacles to turning the Bayesian handle in
the sequential applications context were just as much present in complex,
non-sequential applications and considerable efforts were expended in the
1970s and 1980s to provide workable computational strategies in general
Bayesian Statistics.

Towards the end of the 1980s, the realisation emerged that the only
universal salvation to hand was that of simulation. It involved combin-
ing increasingly sophisticated mathematical insight into, and control over,
Monte Carlo techniques with the extraordinary increases we have witnessed
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vi Foreword

in computer power. The end result was a powerful new toolkit for Bayesian
computation.

Not surprisingly, those primarily concerned with sequential learning
moved in swiftly to adapt and refine this simulation toolkit to the
requirements of on-line estimation and prediction problems.

This volume provides a comprehensive overview of what has been
achieved and documents the extraordinary progress that has been made
in the past decade. A few days ago, I returned to Aoki’s 1967 volume. This
time as I turned the pages, there was no sense of disappointment. We now
really can compute the things we want to!

Adrian Smith

Queen Mary and Westfield College
University of London

November 2000
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5)

Deterministic and Stochastic
Particle Filters in State-Space
Models

Erik Bglviken
Geir Storvik

5.1 Introduction

Optimal or Bayesian filtering in state-space models is a question of com-
puting series of linked numerical integrals where output from one is input
to the other (Bucy and Senne 1971). Particle filtering can be regarded
as comprising techniques for solving these integrals by replacing the com-
plicated posterior densities involved by discrete approximations, based on
particles (Kitagawa 1996). There is evidence that the numerical errors as
the process is iterated often stabilise, or at least do not accumulate sharply
(see section 5.2.5). Filters of this type can be constructed in many ways.
Most of the contributions to this volume employ Monte Carlo designs (see
also (Doucet 1998) and the references therein). Particles are then random
drawings of state vectors under the current posterior. This amounts to
Monte Carlo evaluations of integrals. Numerically inaccurate, but often
practical and easy to implement, general methods to run the sampling
have been developed. Alternatively, particles can be laid out through a
deterministic plan, using more sophisticated and more accurate numerical
integration techniques. Such an approach has been discussed in (Kitagawa
1987), (Pole and West 1988) and (Pole and West 1990), but recently most
work has been based on Monte Carlo methods. To some extent, Monte
Carlo and deterministic particle filters are complementary approaches, and
one may also wonder whether they may be usefully combined (see (Mon-
ahan and Genz 1997) for such a combination in a non-dynamic setting).
Emphasis in this paper is on deterministic filtering. A general framework
can be found in the above-mentioned references and in (West and Harrison
1997)[Section 13.5]. We shall present a common perspective in the next
section, where our contribution will be on design issues.
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98 Bglviken and Storvik

Deterministic filtering could be the method of choice when the state
process has low dimension and high numerical accuracy is wanted. Our
applications, which are a group of statistical problems from population
biology, are of that type. The biological signals in some of the examples
in Section 5.3 are extremely weak, yet governed by well-defined stochastic
models derived from basic theory on fluctuations of animal populations.
The scientific objective is in understanding the underlying mechanisms.
This means model identification, and in a frequency context, computation
and maximization of likelihood functions. Filtering is then a mean, to com-
pute such quantities, rather than an end in itself, but the computational
problems remain much the same as in engineering, where the interest is
usually in the filtering estimates. Even though our statistical applications
are off-line, computer speed is still highly relevant because the compu-
tations are often repeated many times to estimate uncertainty through
bootstrapping. One difference from engineering, however, may be the at-
titude towards Monte Carlo error. In ad-hoc situations in which a filtered
estimate is used for, say, guidance or control, added uncertainty that is
a small fraction of the total may not matter much. In a context of basic
science, as in Section 5.3, this could be different, and Monte Carlo error in
likelihood evaluations can be awkward if the function is to be maximised.
Various types of computing likelihoods will be compared in Section 5.3.

5.2 General issues

5.2.1 Model and ezact filter

We are dealing with a discrete time vectorial process {x:} in R"=, ob-
served indirectly through another process {y:} in R". The framework
is a Markov model for {x;} based on (possibly time-varying) transition
densities p(x¢|x;—1) and conditionally independent observations {y;} given
{x¢}. The latter usually means that the conditional density of the vec-

tor yi.¢ 2 (¥1,..-,¥t) given the corresponding x;.; 2 (x1,...,x:) factors
into p(y1.¢|x1:¢) = HZ=1 p(¥s|xs), where p(ys|xs) is the density of y, given
Xs. The symbol p will throughout be used to designate density functions
of various kinds, for example in addition to those above, p(y1.¢) for the
density function of y;.;. These functions may depend on ¢ themselves, say
De(¥1:t) or ps(ys|xs) rather than p(y1.¢) or p(¥s|xs), but it is not necessary
to include this in the notation.

The exact filter for {x;} can be written as a set of recursive integration

equations (Bucy and Senne 1971). Start with p(xg) 2 p(xo]yo) as prior for
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5. Deterministic and Stochastic Particle Filters 99

Xo and calculate recursively

P(Xe|y1:6-1) :/p(xtlxt—l)p(xt—l|y1:t—1)dxt—1 (5.2.1)
Ci =/P(}’t|xt)P(Xt|}'1:t—1)dXt (5.2.2)
p(xt|y1:t) ZCt_IP(Yt|Xt)P(Xt|}’1:t—1), (5.2.3)

for t = 1,...,T. The normalisation constants {C;} then produce the log-
likelihood function of observations y;.r through

T
log{p(y1.7)} = ) _ log(Cy). (5.2.4)

t=1

The relationships (5.2.1-5.2.4) are well known and are consequences of {x;}
being a Markov process and {y;} being conditionally independent given
{x¢}. The proof is an elementary application of Bayes’ formula.

5.2.2  Particle filters

Computation of the posterior densities p(x¢|y1.:) and the log likelihood
function p(y;.r) is an exercise in high-dimensional numerical integra-
tion. General purpose integration methods are bound to be inefficient,
and it seems better to design iterative schemes imitating the exact
one (5.2.1-5.2.3). Particle filters proceed in this manner through discrete
approximations to the exact posterior distributions. Let p(x;|y1.:) be some
discrete analogue to the exact density p(x;|yi.¢). The points xﬁ’) on which
P(x¢) assigns positive probabilities are known as the particles. Their num-
ber N; may vary. Suppose a reasonable approximation p;—j (X;—1[y1.t—1) is
available at time ¢t — 1. When inserted for the exact density p(x¢—1|y1:¢—1)
on the right in (5.2.1), we obtain

Ni—1
PXely1e-1) = Y pxe|x)p(x{, [y1.e-1). (5.2.5)
J=1
The main point of the design is to ensure a good approximation to the exact
predictive density p(x;|y1..—1). When (5.2.5) replaces its exact counterpart
in (5.2.3), we immediately have

P(xely1e) = ét_lp(yt|xt)]3(xt|y1;t_1), (CN't a constant),  (5.2.6)

as an approximate update density. To complete the recursion, (5.2.6) must
be replaced by a particle approximation p(x;|y1.;). Filters proposed in the
literature vary as to how this step should be carried out. Most of the papers

in this volume use Monte Carlo sampling. If the particles xgi) are drawn

randomly from (5.2.6), the probabilities become ﬁ(x§1)|y1:t) = N1 We
may enhance numerical accuracy by importance sampling (Doucet 1998),
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100 Bglviken and Storvik

the probabilities are then the importance weights. In recent years, many
tricks have been invented to obtain computationally fast sampling.

Stochastic generation of particles corresponds to Monte Carlo evalua-
tions of integrals. An alternative is to use other, more accurate integration
methods. This raises, as we shall see in Section 5.3, various issues regarding
design, but to understand this we shall first review elements of the theory
of numerical integration.

5.2.8  Gaussian quadrature

Consider the case of a scalar process z;, denoted z in this sequel. The
integrands in (5.2.1) and (5.2.2) are of the form h(z)p(z) with h some
function and p a density. Evaluations of integrals are often efficiently carried
out by Gaussian quadrature. The simplest among these rules is the Gauss-
Legendre method. The standard form is

1 m
/ h(z)p(z)dx = Z’y(’)h(f(i))p(ﬁ(i)) + &o, (5.2.7)
-1 =1

where the abscissas €1, ..., €™ and the positive weights (1), ... (™)
are tabulated in numerical literature; see also (Press, Teukolsky, Vetter-
ling and Flannery 1992) for a simple computer program. For a general
interval (5.2.7) changes into

B m
/‘h@m@Mx:E:meﬂ%Mﬂ%+f, (5.2.8)
A 1=1
where
ﬂ0=;A+B+w—Aw%, w@:%w—Amm. (5.2.9)

The error term & is
(m!)*
{@2m)1}3(2m + 1)

£ = (B~ Ay (ph) 2™ (), (5.2.10)
where (ph)(™(w) is the derivative of order 2m of ph at some w € (4, B).
The error term thus vanishes if the integrand is a polynomial of degree
< 2m, and the accuracy is almost startling otherwise. Assuming B—A = 10,
£ being of order 10710 times the derivative for m = 10 and of 10732 for
m = 20 for B — A = 10 (but higher order derivatives often grow!).

The integral approximation (5.2.8-5.2.9) has a probabilistic interpreta-
tion. Suppose the probability mass of p is negligible outside the interval
(A, B). Define

p(a") = wp(z™) (5.2.11)
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5. Deterministic and Stochastic Particle Filters 101

and insert h =1 in (5.2.8). Then

m B
3 ha) ~ / ple)dz ~ 1,
1=1 A

so that p(z(M),...,H(x(™)) is almost a proper probability vector. Normal-
isation is usually not worth the bother. Let p be the distribution assigning
these probabilities to (), i =1,..., m. Then (5.2.8) expresses that p is an
approximation to p in the sense that the expectation of h(z) for any smooth
function h is almost equal for the two distributions. Note that p(z(*)) and
p(z™) deviate.

Other quadrature rules produce similar particle approximations through
an idea similar to importance sampling. Choose some density % and note
that [ hp = [ hRy where R = p/v. Quadrature with 1 as a weight function
yields

/ h(z)p(z)de = / h(z)R(z)i(z)dz = iw(’)h(f(i))R(g(i) )+E, (5.2.12)
1=1

where abscissas £€(*) and weights 4(*), which depend on %, differ from those
n (5.2.7). The error term now vanishes if AR is polynomial of degree less
that 2m. The particle approx1mat10n (similar to (5.2.11)) becomes z(* =

£® and p(z@) = yOp(x®)/y(z®).

5.2.4 Quadrature filters

Quadrature filters are constructed by replacing the density p(x¢|y1.t—1)
in (5.2.6) by a particle approximation based on the quadrature formulas in
Section 5.2.3. This leads to the following recursive scheme, where

N¢—y

PO lyre—1) = 3 p(xi” Ix0)p(x s [y1ie-1) (5.2.13)
J—l

C, = Zp ye %) B ly1e-1) (5.2.14)

Bt ly) =Cr *plyelxi” Yl p(x [y 1.e-1) (5.2.15)
for ¢ = 1,..., N;. Implementing the scheme (5.2.13—5.2.15) when n, > 1
raises a number of problems. The mathematical theory of Gaussian quadra-
ture described above is inherently one-dimensional and must be applied
sequentially, one state variable at a time. The weights w(® in (5.2.14)
and (5.2.15) will then be products of weights from each of the n, variables;
see Section 5.3.2 for details. This also suggests that the computational
requirements will grow rapidly with n,. The number of operations in
quadrature filtering is proportional to N2 for each step of the recursion.
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102 Bglviken and Storvik

When n, = 1, as in the example, N; equaled the order m of the quadrature
rule. But if n, abscissas are used for each variable of the state vector, then
N; = m™=, easily a huge number. A particle representation of n, indepen-
dent variables actually needs such a large N; to be accurate, but if there
are correlations it may be possible reduce it.

5.2.5 Numerical error

It is possible to gain some insight into how numerical error propagates by
elementary methods. Let

t t
6 =log{p(y14)} — log{p(y1.)} = Y _logCs =D "logC;  (5:216)
s=1 s=1

be the accumulated error in the log-likelihood function, and define

e(x¢|y1:t—1) = exp(Fe—1)D(Xe|y1:6-1) — P(Xe|y1:6—1) (5.2.17)

as an indicator of numerical error present in the distribution p(xt|y1.t—1).
The factor exp(d;—1) is to avoid normalisations in the recursion (5.2.18)
below.

By elementary manipulations it is easily proved (see appendix) that

e(Xe+1lyne) = C;yp(xt+lIxt)p(yt|xt)5(xt|y1:t—1)dxt +n(x¢+1), (5.2.18)
where
n(Xt4+1) = eXP(5t)[Z p(Xer1 % )B(x( |ye) — /P(Xt+1|Xt)13(xt|}’1:t)dxt]-

(5.2.19)

If we insert (5.2.3) into (5.2.1) it emerges that the sequence of posterior den-
sities {p(x¢|y:—1)} themselves satisfy exactly the same recursion (5.2.18)
but for the term 7(x:41), which signifies the contribution of the numerical
error at time ¢t. Suppose now that r; is the smallest real number for which

le(xely1:e—1)| < rep(xelyiie—1) (5.2.20)

so that r; controls the relative error in p(x¢|yi.t—1). Then, by insert-
ing (5.2.20) in the integrand (5.2.18) it follows that

Tey1 < Tt N(Xeg1), (5.2.21)
where

A(Xe+1) = N(Xe1) /P(Xe41]Y1:t) (5.2.22)

is the relative numerical error introduced at time t¢.

Relative error in the approximations diminishes through the next step of
the scheme. New error is brought, as well, but the old relative error does
not blow up as the recursion is progressed.
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5. Deterministic and Stochastic Particle Filters 103

It is possible for Gaussian quadrature filters to give a rigorous error
statement. Suppose we have been able to find approximations so that

Ni—1

13w p(x 1x))p(xPy y1-1) — PO lye-1)] < ep(xy1e-1)
Jj=1
(5.2.23)

for all 4,t. Notice that this condition is for p(x53)|y1:t) known and for a

finite set of xt +1 values, which is always possible to obtain by setting N;
large enough. It is then proved (in the Appendix) that

rer1 <11 +€) +¢, (5.2.24)
which implies that
re< (146 —1. (5.2.25)
By defining
e(yely1:e-1) = exp(3e-1)B(¥ely1:e-1) — p(¥ely1:e-1) (5.2.26)

and replacing condition (5.2.23) with

Zwt p(yelx$)p(x [y 1:-1) — p(yelyi—1) < ep(xV lyre-1) (5.2.27)

for all ¢, it is by similar reasoning possible to show that

le(yelyii—1)] < [re(1 +¢) + elp(yely1:e—1)- (5.2.28)

However,
e(yely14-1) = exp(8;-1)C — Ci = [exp(6;) — Up(y:ly1:1-1),
which results in
lexp(0;) — 1| < re(14+¢€) +e < (1+e) —1, (5.2.29)
and consequently that
0 < (t+1)log(1 +¢), (5.2.30)

meaning the error is approximately linear in ¢. This shows that, although
the error will increase with time, it will not accumulate sharply. Notice
that, in general, a better limit for the error in the likelihood evaluation
is not possible. This can be seen by considering a situation in which all
observations are independent, such that it is straightforward to show that
the error involved in the computation of the log-likelihood is the sum of
errors at each time point.
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104 Bglviken and Storvik

5.2.6 A small illustrative example

In order to compare the quadrature filter with the Monte Carlo filter, we
shall consider the one-dimensional nonlinear reference model (Doucet 1998)

1 Ty

T :Ext_l + 25#‘1‘%—1 =+ 8COS(1.2t) + €t (5231)
xf

="t 4o (5.2.32)

where g ~ N(0,5), e; and v; are mutually independent white Gaussian
noises, e; ~ N(0,02) and e; ~ N(0,02) with 02 = 10 and ¢2 = 1. Data
were simulated according to this model for t = 1,...,T = 100. The quadra-
ture filter was implemented as described in Section 5.2.4, while rejection
sampling with the predictive distribution as a proposal was used for the
Monte Carlo filter. Although more effective Monte Carlo filters could be
used, our main concern here is to examine the variability in the result,
making the choice of Monte Carlo filter less important.

The filters were first run with a large number of particles (N; = N =
500 for the quadrature filter and N; = N = 2000 for the Monte Carlo
filter). The results from the two filters agreed in this case, giving us the
true posterior as a reference. In Figure 5.1, the estimates of the predictive
density p(x¢41|y1:¢) for t = 100 are displayed. For both filters, N = 50 were
used. The true density is given by the solid curve. The Monte Carlo filter
(long dashed curve) is able to find the two modes of the density, but is
somewhat inaccurate on the weights on these modes. The quadrature filter
(dotted) curve, on the other hand, is clearly able to yield the true density
on almost all parts.

5.3 Case studies from ecology

5.3.1 Problem area and models

Population biology is a field in which optimal filtering is likely to yield
substantial benefits, and we shall in this section demonstrate what can be
achieved with such a technique. It is generally recognised that, in the sta-
tionary regime, animal populations oscillate due to feedback links between
predator and prey and interactions with environment. A reasonable math-
ematical framework, see (Royama 1992), (Stenseth, Bjgrnstad and Falck
1996), imposes nonlinear autoregressive models of low order on logarithms
of abundance. The parameters of the models, influenced by vegetation and
climatic conditions, might vary between sites. There is a dearth of data.
The usual data reflect the number of animals caught in traps annually or
seasonally, sometimes gathered by means of scientific experiment. Other
data is arrived at deductively, e.g., from the number of skins delivered to
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Figure 5.1. True and estimated predictive density p(z101|y1:100) for the reference
model. The true density is given as a solid curve, the Monte Carlo filter estimate
is given as a long dashed curve, and the quadrature estimate is given by dotted
curve.

a company. The famous lynx series data, used in countless textbooks on
statistical time series analysis (for example (Tong 1990)), are of the latter
type.

The traditional approach in ecology (Stenseth, Bjornstad and Saitoh
1996, Stenseth, Falck, Bjgrnstad and Krebs 1997, Stenseth, Falck, Chain,
Bjgrnstad, Donoghue and Tong 1998)) is to identify the data with the ani-
mal population, but it is really more correct to regard data and population
as different entities and employ a state model. This generates a more re-
alistic picture of statistical uncertainties, deals with zero observations and
opens for utilisation sources of data that have traditionally not been used
scientifically; see below. Populations are, on first approximation, described
by linear autoregressive models on log-scale, e.g.,

Ty = 01T4—1+ ... 0, Tt_q + €4, (5.3.1)

where {e; } is independent noise with zero mean and constant variance. The
mean of x; is not estimable under the measurement models introduced
below, so has been subtracted out. Thus, in (5.3.1) z; is the difference
from the long-term average. Interest is directed towards the period (i.e.
the location of the maximum of the spectral density), the autoregressive
coefficients (which have ecological interpretations) and the order g of the
series (which relates to ecological hypotheses).
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The linear model (5.3.1) is useful, but fails to deal with the hypothesis
that the built-up phase of animal abundance tends to be faster for a popu-
lation in decline. There is for the lynx empirical evidence supporting such
a hypothesis; see (Stenseth et al. 1997). One possibility, utilised by these
authors, is to impose a TAR (truncated autoregressive) model of the type
outlined in (Tong 1990). The single autoregressive relationship is then split
into two separate ones, i.e.

_ _ ifx,_g<0:
7, = {alxt 1+ arTig+e, ifxi_g<0; (5.3.2)

bixi_1+... brl't_q +et, ifxi_g>0.

This split expresses that the population changes into a different phase (i.e.
decline) d time units after the threshold 6 has been passed. Mathematical
properties of these models are summarised in (Tong 1990).

We shall consider three different measurement regimes {y;}. The most
common ones are counts (based on trappings). The natural model for y,
given x; is then

2y .
P(ye|xe) = _yt' exp(—A¢), log(X\;) = a + fzy. (5.3.3)
t-

Notice that the parameter 3 influences the distribution of {y;} through So.,
where o is the standard deviation of the series {e;} in (5.3.1) and (5.3.2).
It is therefore not possible to estimate 8 and o, jointly. The same defect
occurs in the other observation models (5.3.4) and (5.3.5) below.

Other types of data are categorical, based on judgments by experienced
field observers. These sources of information have never been utilised sci-
entifically, but would be a welcome additional source of information in
population biology. One type of assessment is binary, y; being 0 or 1, y; =0
signifying a population below average and y; = 1 above. Such judgments
are with errors. There can be no precise definition as to the precise meaning
of these categories. A plausible model is

_ explot fm)
T 1+exp(a+ Bxy)

p(yelze) = pi* (1 — p)¥, Dt (5.3.4)
Here (3 is close to zero for bad observers and very large for good ones. The
other parameter a captures bias in observer evaluation (upwards if a > 0
and downwards if @ < 0). Other observations may be in terms of differences
¢ — x4—1 (ratios on the original scale). We shall in the next section discuss
an example where y; € {—1,0,1}, where y; = —1 means decline from one
time point to the next, y; = O signifies (at best) moderate changes and
ys = 1 growth. A possible model is now

cexp(—apn — B(xy —x4—1)) ifye=—1
p(yelze) = Q¢ ify=0 (5.3.5)
cexp(—ap + B(xy —x¢—1)) ifyy =1,
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where ¢ is a constant forcing the three probabilities to sum to one. In-
terpretations of the three parameters o, o, and B are similar to those
in (5.3.4).

5.8.2  Quadrature filters in practice

Constructing quadrature filters is a question of selecting particles xgl) and

their associated weights wt(l) in the scheme (5.2.13-5.2.15) above. In the
present instance, several issues are involved in this selection. How should
joint particle grids in several variables be defined? How is the discontinu-
ity in the TAR model (5.3.2) handled? The process {r;} describing the
population is stationary and varies within a well-defined, and in practice
limited, region. Should that process be utilised?

It is most convenient to answer these questions when the autoregressive
processes (5.3.1) and (5.3.2) have order ¢ = 2. The state vector at ¢ is then
(z¢,1—1) with state representation

(a)-(9 ) () (%) oo

Notice the zero noise in the second component. The relation (5.2.1) of the
exact filter becomes
(o0}

p(xtyxt—1|y1:t—1):/ P(lext—l,ivt—2)P($t—1,$t—2|y1:z-1)d$t—2,
—o00
(5.3.7)

which is a uni-dimensional integral despite the state vector’s having two
variables, it would have been univariate even for general q. Autoregres-
sive processes are special because only one (of ¢) relations of the state
representation has non-zero noise. This is responsible for the univariate in-
tegral (5.3.7) and is actually desirable. A general quadrature filter requires
O(N?) operations for each step t of the recursion, but the constructions
below are much faster.

However, the degenerate noise in (5.3.6) means that it is less clear how
the joint grid for (z:,z;_1) should be constructed. At first glance, it may
seem natural to use the version on the left of Figure 5.2, which utilises the
correlation structure between z; and x;_;. Skew grids, as in Figure 5.2 left,

follow by applying univariate particle approximations to the two factors

sequentially. First, quadrature abscissas IEJ_) 1 (needed for later integration)

are laid out for z;_; and the second approximation is conditioned on the
first. The problem with this design is that the number of particles will
grow explosively. Suppose there are NV;_; different particles for z;_;. Each
of them is unchanged as it moves ahead and each gives birth to m different
particles for x;, making Ny = mN;_1. One way to keep this under con-
trol is to change the grid with fewer particles before progressing, but this
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approach requires the posterior densities to be interpolated numerically,
adding to the error. Further it is not cheap computationally. Interpola-
tion from skew grids, such as that in Figure 5.2 left, is also a cumbersome
process, especially in higher dimensions.

=] -]
- T = {mmmsgngsntoseeseesnem
§n°°°ggo : 08000 B OG0 D GNnadooso00TE
g oo oo250068 GOCO0GR 0 A B 06 0 a0 OG0 0CceoIcTED
g g°°°°2°°°° OO0 0AaAB 0 C O 0D 000 O00DICToD
gogogﬂoﬁ'oof*g GODOCOD O 0 00 0 G 8 G Haaacdaomm
uy Ec°°°¢°o°o°g°g U3 | @poocoro o n ao ©aonsosoo0aoocam
(=] §°3§3°°Z°2°2°2° O | o000 00000 G0 SO aa6oacan
gagooo"oooooooog EOCAC0OD 000 0CAO0 DO Cd00DIcToN
o o
o°:°°°°°o°°°°o:g GroOCDOO R0 O R O 0O D6 GOCoAcoN
600 o
- g°°o:°o°°:°oz°°g arOcCO0D 0 0000 C 0D D QOO0 xTD
Ho o008
og:°o°°°°o°°o°°go O | mxcecccoco0o0e060c0DCcCococoTN
o o >
Soo°:°°°e°°°z°°gg§ © | amoococco 00000 0o 0o 00 cocoams
a co
gag°°:o°°°°o°°°gi @WOCOVC OO C OO0 O O C 0O G ooo0o0coD
- o
g°o°°°°°°o°°°gg§ @OC000 000 000 SR 0 adooancm
0g® -] oo
°o:ozo°o°°o°ag§ GrOCCOO BB O D 6 O 6 6 06 ad00couN
S o
o gn°°°°°¢§°°g§ UY | EOCOCCCOD DO DO 0O G GO S oO0oCoTE
°°og°o°o°038§ Q' EOOCCe D00 C DO O 0O U CC QD ooamy
°go°:o:€too§ GroccCC 0D O D O D DO OO0 DDoCouND
ano°o°g°§ GOOOOCTC O OO 0 G 6 00 a0 000 oooEEs
& ooﬂgo“o g GUOCOCON DG 0O 0 0G0 0T P00CCES
: 2efad E ETOOCC0 00 0000 0B 0LoJoOTEs
liii o | ERiiiiiiaaiidiiotinam
-
Y ¥ ~ . - -

Figure 5.2. Particles for (z¢,z:—1) as Gauss-Legendre abscissas in each dimen-
sion. On the left: particles constructed by conditioning x; on z:_1, on the right:
particles constructed independently in each direction.

We have tested versions such as these, and they certainly work, but for
stationary autoregressive processes we tend to prefer the simpler solution
in Figure 5.2 right where the particles have been laid out as quadrature
abscissas for the marginal densities of the two variables. This is not so par-
simonious as approximations to the joint distribution, but now the number
of particles can be kept constant as the algorithm progresses without in-
terpolation. In detail, these methods work as described below when based
on Gauss-Legendre quadrature.

First, a particle approximation to the density p(zg,z—1) is needed for
initialisation. In the linear, Gaussian case the corresponding distribution
has zero means and an easily computable covariance matrix; see (Priestley
1981). If o, is the standard deviation, we may apply (5.2.9) to each vari-
able with A = —Byo, and B = Byo, for, say By = 5. The square with
edges (B0, +Byo,) then contains virtually the whole probability mass
of the initial density p(xo,z_1), and the bivariate particle approximation
becomes:
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Initialisation
.’E(()Z) = a:(_l)l = Byoy&®
pag’,29) = p(af’, 29)) B3y ).
(5.3.8)

Closed-form expressions for the joint density p(xg,z_1) are rarely avail-
able apart from in the Gaussian, linear case. A technique that works well
(and which was used for the TAR model) is that of running the main re-
cursion below a suitable number of steps without data from a start such
as in (5.3.8). Since {z:} by definition is stationary, the recursion will settle
at a steady state. For the TAR model, where simple necessary and suffi-
cient conditions for stationarity are not available (see (Tong 1990)), this is
actually a way of checking for stationarity.

Next comes the main recursive step. By adapting the general scheme
(5.2.13-5.2.15) by means of Gauss-Legendre integration, we obtain the
following method (with N, = N for all t).

Algorithm 5.3.1 (Main recursion). Choose A; and B; (see text).
Put

1

.Z"é =§(At + Bt + (Bt - At)g(z))’ (539)
1

wh =5 (B. - Ay, (5.3.10)

Update the probabilities by

N
k k
P(xt vxt 1|y1t 1) ZP )Ixt 17$§ )2) (935 )1793§ )2) (5.3.11)

(2) (2)

Q(It T Y1) = (?Jtlxt s T )D(Ty o 377: 1|y1 1) D

Wy ’U)t 1
(5.3.12)
N N
:ZZ (e’ "rt A (5.3.13)
Pt 2 lyre) =Cr a2, 2Dy, ), (5.3.14)

fori,j=1,...,N.
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The form of the density functions p(y:|z:,z:—1) (equation (5.3.12)) will
vary for the different measurements models. Extension to higher-order pro-
cesses is straightforward. A modification is needed for the TAR model to
cope with the discontinuity at 6. The interval (A¢, B;) must now be split
into two pieces, i.e. (A¢,0) and (0, B;), and the Gauss-Legendre abscissas
applied to each part (if 6 ¢ (A¢, B:) only one of the pieces is needed). The
algorithm is in all other respects as above.

Several strategies can be used for selecting A; and B;. The simplest is to
keep them unchanged, i.e. A; = Ap and B; = By. The grids are then exactly
the same everywhere, and the first two lines of the algorithm disappear.
One advantage is that the transition probabilities p(a:il) |a:£3_)1, :rgli)z) do not
change with ¢ and can be pre-stored. This is our preferred method when
dealing with the very noisy observations (5.3.4) and (5.3.5), but it is a
possibility only because {x;} is stationary. In reality, many of the particles
(xgl), xij_) 1) have very low probabilities a-priori and can be removed with no
noticeable effect. When g = 3, this trick can lead to huge reductions, up to
several hundred times. When the data are more informative, as under the
Poisson model (5.3.3), this strategy of fixed particles is not effective, and it
is better to adapt (A;, B;) for each t. There are many ways to accomplish
this. A rough way is first to compute, from the observed y;, an interval
where z; is highly likely to be located, then a similar interval from the
prediction density p(z:|y1.:—1) and use their intersection as (A, By). This
worked well in all our examples. Notice that this must be done before to
finding updated means and variances of x:, and it is inadvisable to allow
the computer to spend too much time on this detail.

5.3.8 Numerical experiments

Different methods will be used in this section to evaluate likelihoods accord-
ing to the models in Section 5.3.1. Results produced by quadrature filters
and Monte Carlo filters will be compared, and we shall for linear auto-
regression (5.3.1) also investigate a simple approximate technique proposed
in (Schnatter 1992), which is a special case of the so-called Gaussian sum
filter in control engineering (Sorenson and Alspach 1971). Instead of work-
ing with particle approximations in the scheme described in Section 5.2.2,
we use Gaussian ones instead. See (Schnatter 1992) for details.

In Figure 5.3 we have computed likelihood functions from simulated data
based on the linear model (5.3.1) under the three scenarios shown in Ta-
ble 5.1, all of them taken from estimates obtained from real data. All data
are annual. Scenarios I and II represent lemmings or other small rodents.
The period of the population models (corresponding to the maximum of
the spectral density function) is a little over three years and the length
of the series (50 years) representative for real data. The third scenario
is constructed from real observations for the Canadian snow shoe hare;
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cenario Population Observations
ay as 0¢ | Type « 8 T S
I -0.5 —0.5 1.0 | Poisson (5.3.3) 1.0 1.0 50 1
1I -0.5 —0.5 1.0 | Logistic (5.3.4) 0.0 2.0 50 1
111 1.5 —09 1.0 | Categorical (5.3.5) —0.8 —0.8 17 100

Table 5.1. Scenarios for the linear auto-regression used in Figure 5.3. S is the
number of time series and T is the length of each time series.

see (Bglviken, Glockner and Stenseth 1999). The period is now much longer
(about 9.6 years), and the research question is whether it is possible to re-
cover the dynamics of the animal fluctuations from a large number of short
series of 17 years.

It is fairly clear that the categorical data must contain information about
the frequencies of oscillations of the underlying populations, but perhaps
not so obvious that these data can reflect other information about the
dynamics. We have therefore in Figure 5.3 plotted likelihood profiles along
curves of constant periods in the (a1, az)-space. The values of the nuisance
parameters in the measurement models (5.3.3-5.3.5) are the correct ones,
except on the lower right, where the horizontal axis represents variations
of 3. The results are encouraging. In scenario III (lower half of Figure 5.3),
where much data support the computations, it is shown that the parameters
can be consistently estimated, in accordance with the theoretical results
in (Bickel, Ritov and Ryden 1998). The Monte Carlo effects there are much
dampened as averages of 100 independent likelihoods, one for each 17—
year series. The similarity between methods is great in all cases considered,
but the Monte Carlo versions (based on 1000 replications) for scenario I
and II are too erratic to optimise by numerical software. By contrast, the
likelihood surfaces for the two other methods are smooth. The closeness
in shape between the results from the Schnatter approximation and the
more accurate quadrature filter is noteworthy, and most impressive because
Schnatter’s method is extremely fast. However, there are numerical errors
in the level of the likelihood curves produced by her method. If model
fit is to be judged through AIC or some other likelihood-based criterion,
her approximation is not good enough. The quadrature filter was run with
m = 20 abscissas in each direction in scenarios I and II, but in scenario III,
where the parameters are much closer to the boundary of the stationary
region, it was necessary to raise the number to m = 50. Computing time
for the Poisson case was about 14 seconds for each likelihood evaluation on
an Intel Pentium 200MHz MMX running on Linux 2.0.

A second round of experiments is presented for the TAR model (5.3.2)
in Figure 5.4 under the scenarios shown in Table 5.2. Notice that the
two regimes are defined at lag d = 2 in accordance with empirical stud-
ies (Stenseth, Bjgrnstad and Falck 1996). For the snow shoe hare (Scenario
IIT’),the model is the superposition of two stationary regimes, correspond-
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Scenario Population
ai as by by o
T —0.5 00 -05 -0.7 1.0
ar 1.0 -04 1.0 -09 1.0

Table 5.2. Scenarios for the TAR auto-regression used in Figure 5.4. S is the
number of time series and T is the length of each time series. The observation
models are equal to scenarios I and III in Table 5.1.

ing to periods of about 12 (a-regime) and 6 (b-regime) years. This reflects
prevailing ecological theory, deduced from studies of the lynx, of a slow
growth phase and a faster decline, but no empirical studies of this nature
have as yet been undertaken for the hare itself. The results displayed in
Figure 5.4 are, however, encouraging and indicate that statistical studies
may be able to estimate underlying nonlinear effects from categorical data.

It should be noted that for likelihood calculations, Monte Carlo esti-
mates obtained by running the filter independently for each parameter set
is probably not recommended. Some reduction in variability is obtained by
using common random numbers, but in our situation this did not suffice
to give smooth enough likelihood surfaces. A more promising alternative is
the simulated likelihood ratio method (Billio, Monfort and Robert 1998), in
which the filter (a smoothed version) is run only for one parameter set (the
null set) and the likelihood ratio can be estimated at all other parameter
sets by ratios of full likelihoods (including the underlying state process).
This approach is also not really satisfactory because, although a smooth
surface was obtained, the bias was too high for parameter sets insufficiently
close to the null set.

5.4 Concluding remarks

In this paper we have been concerned with filtering for problems with low-
dimensional state vectors. In such situations, deterministic filters may be
preferable. Some results on the errors involved are given. It is shown that
the errors in likelihood calculations propagate linearly in time. However,
since the errors at each step can be made very small with a moderate
number of particles, the linear increase is in many situations not a problem.

Constructing quadrature filters is a matter of selecting particles and their
associated weights. In contrast to Monte Carlo filters, whereby the parti-
cles are automatically laid out in the high-probable regions, particles now
have to be user-specified. Although many sophisticated designs are possible,
we prefer 10 select the particles marginally on each variable. This results
in many particles with weights close to zero, but this is outweighed by a
much smaller computational burden and easier implementation. Further,
for situations in which the information in the observations is sparse, parti-
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Figure 5.3. Estimated profile (log-)likelihood curves for the AR(2) process with
Poisson (upper left), binary (upper right) and categorical (lower left and right)
observations. Scenarios are given in Table 5.1. The z-axis displays the az values
used, except in the last plot, where the z-axis represents 8-values. The quadrature
filter estimate is given as a solid curve, and the estimate based on the Schnatter
filter is given as a solid curve with dots (not given in the last plot). The three
dashed dotted curves are different Monte Carlo estimates.

cles can successfully be specified directly from properties of the stationary
distribution.

Deterministic filters are compared with Monte Carlo filters on some sim-
ulated data based on models representing animal populations. For these
problems, likelihood-based inference is the primary concern, and large
variabilities in these functions are problematic if the likelihood is to be
maximised. In such cases, deterministic filters are superior because of their
high accuracy.
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Figure 5.4. Estimated profile (log-)likelihood curves for the TAR(2) process with
Poisson (left) and categorical (right) observations. Scenarios are given in Ta-
ble 5.2. The z-axis displays the a2 (b2 in right plot) values used. The quadrature
filter estimate is given as a solid curve. The three dashed dotted curves are
different Monte Carlo estimates.

5.5 Appendix: Derivation of numerical errors
Equation (5.2.18) is verified by first noting that by (5.2.5) and (5.2.19)
exp(0¢)p(Xe+1[y1:t) = exp(d¢) /p(xt+1lxt)ﬁ(xt|yht)dXt + n(X¢41)-
Hence,
e(Xe1ly1e) = /p(xt+1lxt)[exP(ét)ﬁ(xtlylzt) — p(Xe|y1:e)]dxe + 1(Xe41),
or, by using (5.2.3) and (5.2.6),
clxcralyie) = [ p(xesbx)p(vel) lexp(8)C; pxulya-n)

— Oy ' p(xelyrie—1))dxe + n(Xe41),

which reduces to (5.2.18).
The proof of (5.2.25) starts by noting that, using (5.2.14), we may write

Ny
e(xii1lyre) =exp(8r) Y p(xeir Ix{)p(x" Iy1e) — p(xesalyre)

=1
N
=5 pxea i) fexp(E)p(x{ y1) — wip(x{" [yre)] +
1=1

N
Z P(Xt+1 'XEZ))P(XEZ) [y1:t) = P(Xe41]Y1:0)-
1=1
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Now, using (5.2.2) and (5.2.14), the first term is equal to

Ny
3 p(xert [x)p(yelxE )l [exp(80) Oy B (x” [y 1:e—1)— C7 ' p(x” [y 1:6-1)]
=1

N,
= 75 p(xaa (el xd ywf fexp(Be-1)p(xE [y 1:e-1)—p(x{” ly1:e-1)]
=1

by noticing that exp(d;) = exp(&t_l)atq— 1 The expression in the bracket
is now equal to e(x¢|y1:4—1), showing that

Ny
e(xey1ly14) =C; ZP(Xt+1’Xy))P(Yt|th))wt(l)5(xt|Y1:t—1) +

1=1

N,
S p(xer X )p(x [y 1) — plxesalyre).  (5.5.15)
=1

By (5.2.20) an upper limit for the first term on the right side of (5.5.15) is

N
rtCtA Z wgz)p(xtﬂlxgl))P(Ytlxgl) )p(X£1)|}’1:t—l)a
1=1
which can be simplified to

Ny
ey wip(xe1 x4 )p(x” [y1:0),
1=1
using (5.2.2) again. By (5.2.23), this is less than or equal to (1 +

€)p(x¢+1]y1:t). By the same condition, the absolute value of the last two

terms on the right hand side of (5.5.15) is less or equal to 5p(x§21|yt).
Combining these upper limits gives

e(Xeq1ly1:e) < [re(1+€) + elp(Xe1]y1:e),
showing that

rev1 <1(l4¢€) +e,
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from which (5.2.25) can be proven easily by recursion. Now,

le(xt41ly1:e)] = |eXP((5t) (%e411y1:t) — P(Xeg1]y1:2)]

= | exp(6¢) EP xt+1|xt ) (xt [y1:¢) — P(Xe41y1:2)]
1=1

Ny
< IS pxes 16 exp(8e)p(xE [y1:0) — wip(x(y1.0)]]

1=1
N,
+ ZP(Xt+1|X§l))p(XEZ)IY1:t) — p(Xe41]y1:e)]
N, R )
<1 pxeax)p(yelxt”yw” lexp(6) Cr p(x(” [y 1:e-1)
- 051 % |y1e- )]l + ep(kes1lyre)
1|ZP xep1xt)p(yelx? )l fexp(e-1)p(x{ [y1:-1)

P(Xt )|Y1:t—1)]| + ep(Xet1lyi:t)-

Hence,
Nt
le(xeralyra)l < G Y pOxeralp(yel” ug e (x” [y r:e-1)]
=1

+ ep(xet1|y1:e)

<Ot ke )p (el (et lyre1)w” + ep(xsialy e)
1=1

N
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Statistical Models of Visual
Shape and Motion

Andrew Blake
Michael Isard
John MacCormick

16.1 Introduction

This paper! addresses some problems in the interpretation of visually ob-
served shapes, both planar and three-dimensional, in motion. Mumford
(1996), interpreting the Pattern Theory developed over a number of years
by Grenander (1976), views images as pure patterns that have been dis-
torted by a combination of four kinds of degradations. This view applies
naturally to the analysis of static, two-dimensional images. The four degra-
dations are given here, together with comments on how they need to be
extended to take account of three-dimensional objects in motion.

(i)

Domain warping, in which the domain of an image I is transformed
by a mapping g:

I(r) = I(g(r)).

The three-dimensional nature of the world means that the warp g
may be composed largely of projective or affine transformations. The
dynamic nature of the problems addressed here will require time-
varying warps g(r, t).

Superposition: objects may overlap, and in certain forms of imaging
this may produce linear combinations. This is fortunate because such
combinations can be analysed by linear spectral decomposition. In
images of opaque,three dimensional objects, however, far surfaces are
obscured by near ones.

IThis is a modified version of (Blake, Bascle, Isard and MacCormick 1998), and we
are grateful to the Royal Society for permission to reprint this material.
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(iii) Distortion and noise: image measurements are corrupted by noise
and blur:

I(r) — f(I(r),m).

Image degradations may be most effectively modelled as applying
to certain image features obtained by suitable pre-processing of an
image, rather than directly to an image itself.

(iv) Observation failure: disturbance of the observation process; often
caused, in the work described here, by distracting background clutter.

A key idea in pattern theory is recognition by synthesis, in which pre-
dictions following from particular hypotheses play an important role. The
predictions are generated and tested against the products of analysis of
an image. Bayesian frameworks, which have gained significant influence in
modelling perception (Knill, Kersten and Yuille 1996), seem to be a natu-
ral vehicle for this combination of analysis and synthesis. In the context of
machine perception of shapes, we can state the problem as one of interpret-
ing a posterior density function p(X|Z) for a shape X in some appropriate
shape-space S, given data Z from an image (or data (Zy,Zs,...) from a
sequence of images). The posterior density must be computed in terms of
prior knowledge about X and inference about X based on the observations
Z. Bayes’ formula expresses this as

p(X|Z) o< p(Z|X)po(X), (16.1.1)

in which po(X) is the prior density for X and the conditional density p(Z|X)
conveys the range of likely observations to arise from a given shape X.
All this connects directly to the four degradations above. In particular,
type 1 (warping) is represented in the prior py. Types 3 and 4 (noise and
observation failure) are incorporated into the observation density p(Z|X).
The framework for Bayesian inference of visual shape and motion that
forms the basis of this paper is set out in detail in (Blake and Isard 1998).
Here, we aim to summarise that framework and introduce several new ideas.
The organisation of this chapter is summarised by section, as follows.

16.2. Statistical modelling of shape — how to choose a suitable shape-space
S and a prior pg, or to learn them from a set of examples.

16.3. Statistical modelling of image observations — how to construct an
effective observation density p(Z|X) that takes into account image
intensities, both within the shape of interest and in the background.

16.4. Sampling methods — using random sample generation to construct
an approximate representation of the posterior for X, given that the
complexity of p(Z|X) can render exact representation of the posterior
infeasible.
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16.5. Modelling dynamics — extending the Bayesian framework to deal
with sequences of images demands priors for temporal sequences
X1,X3,.... These can either be constructed by hand or learned from
examples.

16.6. Learning dynamics — the most effective way to set up dynamic
models is to learn them from training sets.

16.7. Particle filtering— applied to the interpretation of shapes in motion.

16.8. Dynamics with discrete states — extending the dynamical repertoire
to modelling of motion with several modes, for example walk—trot—
canter—gallop.

16.2 Statistical modelling of shape

This section addresses the construction of a prior model pg(X) for a shape.
This can be done in a somewhat general way if the dimensionality of the
shape-space S is fixed in advance to be small, for example just translations
in the plane. Then extended observation of the positions of moving objects
in some area can be summarised as a histogram which serves as an approxi-
mate representation of the prior py (Fernyhough, Cohn and Hogg 1996). In
higher dimensional shape-spaces, involving three-dimensional rigid motion
and deformation of shape, histograms are less practical. Here we focus on
Gaussian distributions.

A Gaussian distribution is specified by its mean and covariance, and
these can be estimated from a training sequence X, Xa,... of shapes by
taking the sample mean X and the sample covariance

(X - X) (X — X)T-

k=1

1
2:_

Moreover, Principal Components Analysis (PCA) (Rao 1973) can be used
to restrict the shape-space S to explain most of the variance in the training
set while keeping the dimension of S small, in the interests of computational
efficiency (Cootes, Taylor, Lanitis, Cooper and Graham 1993, Baumberg
and Hogg 1994, Lanitis, Taylor and Cootes 1995, Beymer and Poggio 1995,
Baumberg and Hogg 1995a, Vetter and Poggio 1996, Bascle and Blake
1998). An example is given in figure 16.1.

However, the resulting shape-space, though economical, is not especially
easy to interpret because Principal Components need not be meaningful.
More meaningful constructive shape-spaces can be generated by acknowl-
edging three-dimensional projective effects and constructing affine spaces,
for instance, whose components are directly related to rigid body trans-
formations (Ullman and Basri 1991, Koenderink and van Doorn 1991). In
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%QQ@
S = S

= || =)

Figure 16.1. PCA for faces. A shape-space of facial expressions is reduced here
by PCA to the two-dimensional space that best covers the expressions in a certain
training sequence.

addition, named deformations can be included in a basis for S as key-frames
(Blake and Isard 1994), as in figure 16.2.

Template Qo Key-frame: opening Q1  Key-frame, protrusion Qs

Figure 16.2. Key-frames. Lips template followed by two key-frames, representing
interactively tracked lips in characteristic positions. The key-frames are combined
linearly with appropriate rigid degrees of freedom, to give a shape-space suitable
for use in a tracker for non-rigid motion.

A constructive shape-space S¢ can be combined with PCA to give the
best of both worlds. ‘Residual PCA operates on a constructive shape-space
that does not totally cover a certain dataset, supplying missing components
by PCA. Then the constructive subspace retains its interpretation and only
the residual components, covered by PCA, cannot be directly interpreted.
This is done by constructing a projection operator E¢ that maps S to S°¢
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and applying PCA to the residual training-set vectors X7, X7, ... where
X" =X - E°X.

Full details of the algorithm are given in (Blake and Isard 1998) and an
example of its application is shown in figure 16.3.

Figure 16.3. Sampling from a prior for lip-shape, excluding translation
Random sampling illustrates how a learned prior represents plausible lip con-
figurations. Any rigid translations in the training set, due to head-motion, are
separated out as a constructive shape-space in residual PCA.

16.3 Statistical modelling of image observations

Gaussian distributions may often be acceptable as models of prior shape,
but they are adequate as observation distributions only in the clutter-free
case. Typically, in our framework, observations are made along a series
of splines, normal to the hypothesised shape, as in figure 16.4. Consider
the one-dimensional problem of observing, along a single spline, the set of
feature positions {z = (z1, 22,... ,2znm)}. Assuming a uniform distribution
of background clutter, and a Gaussian model for error in measurement
of the position of the true object edge, leads (Isard and Blake 1996) to
the multi-modal observation density p(z|X) depicted in figure 16.5. The
multiple peaks in the density are generated by clutter and cannot possibly
be modelled by a single Gaussian. A mixture of Gaussians might be feasible,
but a very efficient alternative is to use random sampling (next section).

The observation model above was based on the assumption that the
observable contour is a “bent wire” resting on a cluttered background.
This is not very realistic. It is highly desirable in practice to allow for object
opacity and to distinguish between the textured interior of an object and
its cluttered exterior. A probabilistic model that reflects this is based on
the following assumptions.

Feature localisation error. It is assumed that the feature detector re-
ports object outline position with an error whose density is £(+), taken
usually to be Gaussian.
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Figure 16.4. Observation process. The thick line 1s a hypothesised shape, rep-
resented as a parametric spline curve. The spines are curve normals along which
high-contrast features (white circles) are sought.

Occlusion probability. The possibility that the outline is missed by the
feature detector is allowed, with probability q.

Clutter model. Detection of clutter features is regarded as an i.i.d. ran-
dom process on the portion of each measurement line that lies outside
the object. The probability 7(n) that n clutter features are detected
on a normal is generally taken to be uniform.

Interior model. Interior features on a measurement line are modelled as
uniformly distributed along the interior portion of the normal. The
distribution p(m) for the number m of interior features observed is
taken to be Poisson with a known density parameter, which is actually
learned by observing instances of the object.

A density p(z|X) based on these assumptions can be constructed and
expressed as p = AD where A is a constant and

D(X) = p(z|X)/p(z|no object present)
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Figure 16.5. Multi-modal observation density (one-dimensional sllustration).
A probabilistic observation model allowing for clutter and the possibility of missing
the target altogether is specified here as a conditional density p(z|X). It has a peak
corresponding to each observed feature.

— the contour discriminant. This is a discriminant function (Duda and
Hart 1973) in the form of a likelihood ratio. It has the attraction that, in
addition to conveying the relative values of p(z|X), its absolute value is
meaningful: D(X) > 1 implies that the observed features z are more likely
to have arisen from the object in location X than from clutter.

Lastly, densities p(z|X) for each normal need to be combined into a
grand observation density p(Z|X), and this raises some issues about in-
dependence of measurements along an object contour. Details of the form
and computation of the full observation density are given in (MacCormick
and Blake 1998). Results of the evaluation of the contour discriminant on a
real image are shown in figure 16.6. Analysis of the same image using the
simpler bent wire observation model degrades the results, failing altogether
to locate the leftmost of the three people. The explicit modelling of object
opacity has clearly brought significant benefits.

16.4 Sampling methods

The next stage of the pattern recognition problem is to construct the poste-
rior density p(X|Z) by applying Bayes’ rule (16.1.1). In the previous section,
it became plain that the observation density has a complex form in clutter.
This means that direct evaluation of p(X|Z) is infeasible. However, iter-
ative sampling techniques can be used (Geman and Geman 1984, Ripley
and Sutherland 1990, Grenander, Chow and Keenan 1991, Storvik 1994).
The factored sampling algorithm (Grenander et al. 1991) — also known
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Figure 16.6. Finding head-and-shoulders outlines in an office scene. The
results of a sample of 1,000 configurations are shown ranked by value of their
contour discriminant. The figure displays the cases in which D > 1, indicating a
configuration that is more target-like than clutter-like.

as sampling importance resampling, or SIR (Rubin 1988) — generates a
random variate X from a distribution p(X) that approximates the poste-
rior p(X|Z). First a sample-set {s(!),... ,s(™} is generated from the prior
density p(x) and then a sample X = X,, i € {1,...,N} is chosen with
probability

p(Z|X = s?)
Y p(ZIX =)

Sampling methods have proved remarkably effective for recovering static
objects from cluttered images. For such problems, X is a multi-dimensional
set of parameters for curve position and shape. In that case the sample-set
{s(l), ...,sM} is drawn from the posterior distribution of X-values, as
illustrated in figure 16.7.

i =

16.5 Modelling dynamics

In order to be able to interpret moving shapes in sequences of images, it
is necessary to supply a prior distribution, not just for shape, but also for

Meta 1024

p- 55



16. Statistical Models of Visual Shape and Motion 347

Figure 16.7. Sample-set representation of posterior shape distribution
for a curve with parameters X, modelling a head outline. Each sample s(™ g
shown as a curve (of varying position and shape) with a mass proportional to
the weight 7™ The prior is uniform over translation, with some constrained
Gaussian variability in the remainder of its affine shape-space.

the motion of that shape. Consider the problem of building an appropriate
prior model for the position of a hand-mouse engaged in an interactive
graphics task. A typical trace in the z-y plane of a finger drawing letters
is given in figure 16.8. If the entire trajectory were treated as a training
set, the methods discussed earlier could be applied to learn a Gaussian
prior distribution for finger position. The learned prior is broad, spanning
a sizeable portion of the image area, and places little constraint on the
measured position at any given instant. Nonetheless, it is quite clear from
the figure that successive positions are tightly constrained. Although the
prior covariance ellipse spans about 300 x 50 pixels, successive sampled
positions are seldom more than 5 pixels apart.

For sequences of images, then, a global prior pg(X) is not enough. What
is needed is a conditional distribution p(X|X—1) giving the distributions
of possibilities for the shape Xy at time ¢t = k7 given the shape X;_; at
time ¢ = (k —1)7 (where 7 is the time-interval between successive images).
This amounts to a first order Markov chain model in shape space in which,
although in principle X} may be correlated with all of X; ...Xg_1, only
correlation with the immediate predecessor is explicitly acknowledged.
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- -200 -100 ] 100 200

Figure 16.8. The moving finger writes. The finger trajectory (left), which has
a duration of about 10 seconds, executes a broad sweep over the plane. When the
trajectory is treated as a training set, the learned Gaussian prior is broad, as the
covariance ellipse (right) shows. Clearly, though, successwe positions (indwidual
dots represent samples captured every 20ms) are much more tightly constrained.

For the sake of tractability, it is reasonable to restrict Markov modelling
to linear processes. In principle and in practice it turns out that a first order
Markov chain is not quite enough, generally, but second order suffices. The
detailed arguments for this, addressing such issues as capacity to represent
oscillatory signals and trajectories of inertial bodies, can be found in (Blake
and Isard 1998, Chapter 9). Figure 16.9 illustrates the point for a practical
example. A second order, Auto-Regressive Process (ARP) is most concisely
expressed by defining a state vector

X, = ( §:—1 > , (16.5.2)

and then specifying the conditional probability density p(Xx|Xk—1). In the
case of a linear model, this can be done constructively as follows:

Xy — X = A(Xk_l - :Y—) + Bwy, (1653)

where

A:<?42 21>, T:(%) and B:(OB()). (16.5.4)

Each wy is a vector of Nx independent random N'(0,1) variables and
Wi, Wi are independent for k # k’. This specifies the probable temporal
evolution of the shape X in terms of parameters A, B, and covers multiple
oscillatory modes and/or constant velocity motion. The constructive form is
attractive because it is amenable to direct simulation, simply by supplying
a realisation of the succession of random variates wy.

Meta 1024

p- 57



16. Statistical Models of Visual Shape and Motion 349

pixels

T pixels

Figure 16.9. Motion data from talking lips. Training sequence of 60 seconds
duration (top). Random simulations of learned models — 1st order (left) and 2nd
order (right). Only the 2nd order model captures the natural perodicity (around
1 Hz) of the training set, and spectrogram analysis confirms this.

16.6 Learning dynamics

Motion parameters (A, B in this paper) can be set by hand to obtain desired
effects, and a logical approach to this has been developed (Blake and Isard
1998, chapter 9). Experimentation allows these parameters to be refined
by hand for improved tracking, but this is a difficult and unsystematic
business. It is far more attractive to learn dynamic models on the basis of
training sets. A number of alternative approaches have been proposed for
learning dynamics, with a view to gesture-recognition — see for instance
(Mardia, Ghali, Howes, Hainsworth and Sheehy 1993, Campbell and Bobick
1995, Bobick and Wilson 1995). The requirement there is to learn models
that are sufficiently finely tuned to discriminate among similar motions. In
our context of the problem of motion tracking, rather different methods are
required so as to learn models that are sufficiently coarse to encompass all
likely motions.

Initially, a hand-built model is used in a tracker to follow a training
sequence that must be not be too hard to track. This can be achieved
by allowing only motions that are not too fast and limiting background
clutter, or eliminating it using background subtraction (Baumberg and
Hogg 1994, Murray and Basu 1994, Koller, Weber and Malik 1994, Rowe
and Blake 1996). Once a new dynamic model has been learned, it can be
used to build a more competent tracker, one that is specifically tuned to
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the sort of motions it is expected to encounter. This can be used either to
track the original training sequence more accurately, or to track a new and
more demanding training sequence involving greater agility of motion. The
cycle of learning and tracking is illustrated in figure 16.10. Typically two

IShape—space Fast test
sequences

Hand-built dynamics

Faster training

sequence
lterate
Training sequence Infer dynamic
slow, clutter—free model

}

Figure 16.10. Iterative learning of dynamics. The model acquired in one cycle
of learning is installed in a tracker to interpret the training sequence for the next
cycle. The process is initialised with a tracker whose prior is based on a hand-built
dynamic model.

or three cycles suffice to learn an effective dynamic model.

In mathematical terms, the general problem is to estimate the coefficients
A;, Ay, X and B from a training sequence of shapes X, ... , Xy, gathered
at the image sampling frequency. Known algorithms to do this are based on
the Maximum Likelihood principle (Rao 1973, Kendall and Stuart 1979)
and use variants of Yule-Walker equations for estimation of the parameters
of auto-regressive models (Gelb 1974, Goodwin and Sin 1984, Ljung 1987).
Suitable adaptations for multidimensional shape-spaces are given by (Blake
and Isard 1994, Baumberg and Hogg 1995b, Blake, Isard and Reynard
1995), with a number of useful extensions in (Reynard, Wildenberg, Blake
and Marchant 1996). One example is the scribble in figure 16.11, learned
from the training-sequence in figure 16.8.

A more complex example consists of learning the motions of an actor’s
face, using the shape-space described earlier that covers both rigid and non-
rigid motion. Figure 16.12 illustrates how much more accurately realistic
facial motion can be represented by a dynamic model actually learned from
examples.

The learning algorithms referred to above treat the training set as ex-
act, whereas in fact it is inferred from noisy observations. Dynamics can
be learned directly from the observations using Expectation-Maximisation
(EM) (Dempster, Laird and Rubin 1977). Learning dynamics by EM is
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Figure 16.11. Scribbling: simulating a learned model for finger-writing. A
training set (left) consisting of siz handwritten letters is used to learn a dynamical
model for finger motion. A random simulation from the model (right) ezhibits
reasonable gross characteristics.
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Figure 16.12. Trained dynamics for facial motion. Hand-built dynamics,
ezhibited here by random simulation (left) are just good enough, when used in
tracking, to gather a training sequence. Trained dynamics (right) however, capture
more precisely the constraints of realistic facial motion.

suggested by Ljung (1987) and the detailed algorithm is given in (North
and Blake 1997). It is related to the Baum-Welch algorithm used to learn
speech models (Huang, Arika and Jack 1990, Rabiner and Bing-Hwang
1993) but with additional complexity because the state-space is continuous
rather than discrete. In practice, accuracy of the learned dynamics is signif-
icantly improved when EM is used, especially in the case of more coherent
oscillations.

An extension of the basic algorithm for classes of objects, dealing inde-
pendently with motion and with variability of mean shape/position over
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the class, is described in (Reynard et al. 1996). The same algorithm is also
used for modular learning — the aggregation of training sets for which a
joint dynamic model is to be constructed.

16.7 Particle filtering

The principles of particle filtering have been developed earlier in the book.
Particle filtering has been introduced into the practice of Computer Vision
(Isard and Blake 1996, Isard and Blake 1998a) over the past few years,
where it is known as the CONDENSATION algorithm, and has been applied
to great effect for tracking moving objects in image sequences.

Each time-step of the particle filter generates a weighted, time-stamped
sample-set, denoted s(k"), n = 1,...,N with weights ﬂ,(cn), representing
approximately the conditional state-density p(Xk|Z; ) at time t = k7, where
Z, = (Zy,...,Z;), the history of observations. How is this sample-set
obtained? Clearly, the process must begin with a prior density, and the
effective prior for time-step & should be p(Xx|Z;_,). This prior is of course
multi-modal in general and no functional representation of it is available.
It is derived from the representation as a sample set {(Sk l,w,(c")l) n =

,N} of p(Xk-1|Z)_;), the output from the previous time-step, to
which prediction must then be applied.

The iterative process applied to the sample-sets is depicted in figure
16.13. At the top of the diagram, the output from time-step k& — 1 is the
weighted sample-set {(sgcn_)l, w,(ci)l), n=1,...,N}. The aim is to maintain,
at successive time-steps, sample sets of fixed size IV, so that the algorithm
can be guaranteed to run within a given computational resource. The first
operation therefore is to sample (with replacement) N times from the set
{SEC"_)1 , choosing a given element with probability ﬂ',(cyi)l. Some elements,
especially those with high weights, may be chosen several times, leading
to identical copies of elements in the new set. Others with relatively low
weights may not be chosen at all.

Each element chosen from the set is now subjected to a predictive step,
using an ARP dynamic model, as in equation (16.5.3). This involves sam-
pling a value of X} randomly from the conditional density p(Xg|Xk—1)
to form a new set member sk . Since the predictive step includes a
random component, identical elements may now split as each undergoes
its own independent random motion step. At this stage, the sample set
{s } for the new time-step has been generated but, as yet, without its
weights; it is approximately a fair random sample from the effective prior
density p(Xx|Z,_;) for time-step ¢ = k7. Finally, the observation step
from factored sampling is applied, generating weights from the observation
density p(Zy|Xy) to obtain the sample-set representation {(SEC") T )} of
state-density for time t.

Meta 1024
p. 61



16. Statistical Models of Visual Shape and Motion 353

U] 0}
Srr™ ket

PXygl Zyy) ///4///%%/%///////'/////, i, ////////,,,,. L

II measure

@
|
|

Pxyl Zq) —

p(z,l x)

) _ {n)
S Tk

Figure 16.13. One time-step in the CONDENSATION algorithm. Blob centres
represent sample values and sizes depict sample weights.

In general sequential importance sampling, almost any “importance dis-
tribution” can be used to propagate particles from one time-step to the
next, provided the weights are calculated so as to counteract the effects
of the importance distribution. The dynamical model p(Xy|Xk—1) used to
propagate members of the sample set here is a particular choice of im-
portance distribution that is effective for the visual tracking problems to
be addressed. Of course this distribution cannot guarantee that the sam-
ple weights have low variance — indeed, the optimal distribution for this
purpose is p(Xk|Zk, Xx—1) (Doucet, Godsill and Andrieu 2000), but this
distribution is unknown and intractable in the problems considered here.
Using p(Xk|Xk—1) as the importance distribution has two advantages: it
can be learnt by the methods described in the last section, and samples
can be drawn from it easily.

A good deal of experimentation has been conducted in applying the CON-
DENSATION algorithm to the tracking of visual motion, including moving
hands and dancing figures. Perhaps one of the most stringent tests involved
the tracking of a leaf on a bush, in which the foreground leaf is effectively
camouflaged against the background. Results are shown in figure 16.14 and
experimental details can be found in (Isard and Blake 1996).
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1.46s 2.66s

5.94s 7.30s

Figure 16.14. Tracking with camouflage. Stills depict mean contour configu-
rations, with preceding tracked leaf positions plotted at 40 ms intervals to indicate
motion.

16.8 Dynamics with discrete states

A recent development of the dynamic models already described is to append
to the state variable X’ a discrete state yx to make a mixed state

Xk
X = , 16.8.5
d=(3) (16:85)
where yx € {1,...,Ng} is drawn from a finite set of discrete states with

integer labels. Each discrete state represents a mode of motion such as
stroke, rest and shade for a hand engaged in drawing. Corresponding to each
state yx_1 = i there is a dynamical model p, (X |Xkx—1), which, in the case of
the drawing hand, is likely to be an ARP as in (16.5.3). The stroke model,
for instance, might represent constant velocity motion, whereas shading
would be oscillatory. In addition, and independently, state transitions are
governed by

P(yk = jlyp—1 = 1) = Ty j,
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a transition matrix following usual practice for Markov chains. More gen-
erally, transition probabilities could be made sensitive to the context Xj_;
in state-space, so that

P(yr = jlyk—1 = 1, Xe—1) = T j(Xi—1).

For example this could be used to express an enhanced probability of
transition into the resting state when the hand is moving slowly.

The incorporation of mixed states into the CONDENSATION algorithm is
straightforward. It involves using the extended state X: in place of the

original X, so that a sample SEC") is now a value of the extended state. The

prediction step, which generates a new sample s,(c") from an old one s,(c"_)l,
requires a discrete step and a continuous one. First, the discrete state y;, for
the new sample is y; = 7, chosen randomly, with probability T; ;, where 4 is
the discrete state of the old sample. Then the continuous state is chosen by
sampling randomly from a continuous density, as in the original algorithm,
but now one of several possible densities p,(Xy|Xx—1), where again ¢ is the
discrete state of the old sample.

Experiments with a three-state model for drawing have been described in
detail elsewhere (Isard and Blake 1998b). In addition to enhancing tracking
performance, there is the bonus that the current discrete state y, can be
estimated at each time ¢ = k7, effectively carrying out gesture recognition
as a side-effect. One interesting variation on the mixed-state theme uses
continuous conditional densities p,(Xx|Xk—1) which are not ARP models.
Consider the example of a moving ball, which may occasionally bounce.
This could be represented using two states {1,2} in which ¢ = 1 stands
for the free ballistic motion of the ball, and ¢ = 2 is the bounce event. A
suitable transition matrix would be

l1—¢ €
r-(17"5)

in which 0 < € <« 1 so that ballistic motion has a mean duration 7/e
between bounces. The fact that T2 2 = 0 ensures that the model always
returns to ballistic motion after a bounce — bouncing at each of two con-
secutive time-steps is disallowed. Now p;(...|...) is an ARP for ballistic
motion but pa(...|...) models the instantaneous reversal of velocity nor-
mal to the reflecting surface. Details of experiments with such a model are
in (Isard and Blake 1998b), but the results are illustrated in figure 16.15.
The use of mixed discrete/continuous states in a particle filter has been
proposed independently by (Semerdjiev, Jilkov and Angelove 1998).

16.9 Conclusions

A high-speed tour has been given of a framework for probabilistic modelling
of shapes in motion, and of their visual observation. The key points are that
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Figure 16.15. Mixed states tighten constraints in dynamic models. A
conventional, continuous-state ARP model (left) used to track ballistic motion
fails unrecoverably as the ball bounces. Introducing an explicit discrete state for

the bounce allows the sample set to split, so that a significant proportion are able
to track the bounce.
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visual clutter makes motion analysis difficult, and demands sophisticated
probabilistic mechanisms to handle the resulting uncertainty. Further, prior
models of motion and observation provide powerful constraints, especially
so when the models are learned. A more detailed treatment is given in
(Blake and Isard 1998). Since that account, several new modelling tools
have been developed. First, the contour discriminant is a new observational
model expressed as a likelihood ratio taking opacity of objects into account.
Second, complex models for combined rigid and nonrigid motion have been
constructed, with a new algorithm for decomposing the two components.
Third, extending dynamic states to include discrete labels can significantly
enhance their power to constrain perceptual interpretation of shape.
Many interesting questions remain to be addressed. One of these is
whether sampling methods for object localisation can be fused elegantly
with the CONDENSATION algorithm, to allow robust handling of birth and
death (Grenander and Miller 1994) processes in which objects enter and
leave the scene. A second is to extend mixed-state models to give reli-
able gesture recognition on the fly, in a manner that is integrated with
the tracking process. A third is to develop algorithms, based on EM, to
learn dynamical models from sequences tracked by CONDENSATION, using
the full richness of its probabilistic representation, both for continuous and
mixed state systems. Finally, another important goal is the extension of
particle filtering to allow its use in many dimensions and complex con-
figuration spaces. Such techniques are emerging all the time, and recent
contributions include the partitioned sampling of (MacCormick 1999) and
the layered sampling of (Sullivan, Blake, Isard and MacCormick 1999).
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