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Foreword ix

Foreword

The field of computer vision has its sights set on nothing less than enabling computers
to see. This monumental challenge has absorbed many creative minds over the course
of more than three decades. A basic premise held by the computer vision community
is that vision may be understood in precise computational terms, and that doing so
raises the possibility of engineering camera-equipped computer systems with human-
like perceptual abilities. Once envisioned only in science fiction, powerful machine
vision systems are now more than ever poised to become science fact. This is due
in part to the advent of increasingly potent microprocessors, as predicted by Moore’s
law, and in part to the slow but steady unraveling, on multiple scientific fronts, of the
mystery that is visual perception in living systems.

Model-based vision is a major trend in the field that approaches computational
problems attendant to vision using mathematical models. To see familiar objects
as normal people evidently do with ease, computer vision systems must be able to
analyze object shape and motion in real time. To this end, in the early 1980s, my
colleagues and I introduced a family of mathematical models, known as “deformable
models”. The motivation was to formulate visual models that unify the representa-
tion of shape and motion by combining geometry and physics; in particular, free-form
(spline) geometry and the dynamics of elastic curves, surfaces, and solids. We antic-
ipated that deformable models would lead to vision systems capable of interpreting
video sequences in terms of rigid and nonrigid objects moving before the camera. Per-
haps the simplest deformable model, deformable contours confined to the plane, also
known as “active contours” or “snakes”, quickly gained popularity following early pub-
lic demonstrations of these contours actively conforming to the shapes and tracking
the motions of object boundaries in video sequences.

I have admired Andrew Blake and his work for many years. His contribution
to computer vision is undeniable. A very readable author, Blake’s book on Visual
Reconstruction has become a classic in the field. It gives me great pleasure to see
the concept of active contours developed to the remarkable degree evident in this, his
latest book, which is authored with his talented student, Michael Isard.

In a characteristically no-nonsense, mathematically solid treatment, Blake and
Isard take the subject of active contours to new heights of theoretical sophistication
and practical application. The latter addresses the difficult task of visually tracking
the motions of a variety of complex objects captured by a video camera feeding a
frame-rate video digitizer. The impressive technical achievement of the book is a
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novel, probabilistic interpretation of active contours built on a geometric substrate
that combines B-spline curve bases with shape spaces defined by global deformations.
This combination leads to a new class of very fast and highly robust (non-Gaussian)
active contour propagation algorithms. Another noteworthy achievement is the ability
of these new tracking algorithms to learn the complex motions of specific objects
through observation, thereby automatically tuning the tracker with greater selectivity
to objects of interest, further enhancing its robustness.

This book defines the state-of-the-art of contour-based object tracking algorithms.
It is required reading for anyone interested in computer vision theory and in the design
of working computer vision systems.

Demetri Terzopoulos
November, 1997
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Preface

In the seventies and eighties, interest in Computer Vision was concentrated on the de-
velopment of general purpose seeing machines. There was wide agreement on research
priorities, developing “bottom-up” computer algorithms that would organise the raw
intensity values in images into a more compact form. The purpose of this was not just
to compress the data but also to extract its salient features. Salient features could
include corners, edges and surface fragments, to be used in identifying objects and
deducing their positions. However, experience suggests strongly that general purpose
vision is too difficult a goal for the time being.

If general purpose vision is abandoned, what alternative approach could be taken?
One answer is that generality can be abated by introducing some “prior” knowledge
— knowledge that is specific to the objects that the computer is expected to see. An
extreme form of this approach is exemplified by automatic visual inspection machines
of the kind used on factory assembly lines. In that context, it is known in advance
precisely what objects are to be inspected — it is rare, after all, for potatoes streaming
along a conveyor to give way, without notice, to a crop of spanners or chocolate
bars. When computer hardware and software are specialised entirely to deal with one
object, phenomenal performance can be obtained. A striking example is the “Niagara”
machine (Sortex, UK Ltd) for sorting rice grains which “sees” 70,000 grains every
second and almost literally spits out the rejects.

It is a commonly held view that it is hard to make progress in research by building
such specialised machines because general principles are lost to engineering detail.
That is a fair point but by no means, in our view, outlaws the use of prior knowledge
about shape in computer vision research. Instead, we would argue, scientific principles
for representing prior knowledge need to be developed. Then, when a new problem
area is addressed, the principles can be applied to “compile” a new vision system as
rapidly as possible. This includes such issues as how to represent classes of shapes
that are defined loosely. Potatoes, for instance, might be characterised as roundish
but with substantial size variations, with or without knobs. On the other hand, the
class of human faces could be represented in terms of a common basic layout, but with
considerable variation in the sizes and separations of features. Modelling classes of
shapes, their variability and their motion is one of the principal themes of the book.
The use of those models to help interpret moving images is the other central theme.

We have tried to present ideas about shape and motion in a way that will be,

readable not only by specialists, but also by those who are not regularly immersed in
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the ideas of machine vision. In particular we would hope that those with backgrounds
in graphics or signal processing or neural computing would find the book a useful and
accessible guide.
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Chapter 7

Pose recovery

In certain three-dimensional applications (chapter 1), such as the 3D mouse in fig-
ure 1.16 on page 20, a shape-vector X is used to compute pose, in that case the
position and attitude of the hand. Similarly, in facial animation, it is desirable to
compute the attitude of the head, independently of expression if possible. The prob-
lem is to convert a shape-vector X, from a planar or three-dimensional shape-space
respectively, into three-dimensional translation R, and rotation R.

7.1 Calculating the pose of a planar object

In the planar affine space, pose is recovered from a shape-vector X by first obtaining
affine parameters u, M via (4.5) on page 78. Then u, M are used to obtain pose pa-
rameters. This is fairly straightforward under orthographic projection. For large fields
of view however it is necessary to use weak perspective and then the pose-recovery
computation must be elaborated to compensate for the obliqueness of projection in
the periphery of the field of view.

Orthographic projection

First, a solution is presented for the pose of an object under orthographic projection,
suitable for use when the field of view is significantly smaller than 1radian. Given
a planar affine vector X, the algorithm computes object pose as the position vector
R. = (X, Y, ZC)T of the object’s centre and the orientation as a rotation R relative
to the reference pose. First the algorithm is given, then a short proof (optional).
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1. Compute u and M from
X = (u1,u2, M1 — 1, My — 1, M1, Mya)T.
2. Compute the eigenvectors vy, ve and eigenvalues A1, A2 (both must be
positive and are ordered so that A\; > A2) of the matrix MM T
3.
Ze = f/ \% A1
4. 22
cosf = (—C> det M
f
5.
(cos ¢,sin @)L = v;
6. 7
R(y) = 5y(1/ cosO)R(—¢) M 76
cos —sin 1 0
where R(¢) = 4 v and Sy(u) =

siny cosv 0 u

7.
Combined rotation: R = R,(¢)R.(0)R. ().
8.
Translation: R, = (X, Y¢, ZC)T where X, =w1Z./f, Y.=u2Z./f.

Figure 7.1: Algorithm for recovery of the pose of a planar object.

The algorithm is summarised in figure 7.1 and a commentary follows. Given u, M
from step 1 of the algorithm, we first work on M to recover the object’s attitude as
represented by the rotation matrix R. It is well known that a three-dimensional rota-
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Pose recovery 143

tion can be decomposed in terms of three Fuler angles 6, ¢, appearing in a sequence
of three standard rotations. It is particularly convenient here to use a decomposition
that is aligned with the image plane:

This should be read from right to left as a z-rotation through an angle v followed by
a rotation through angle # about the x-axis and finally a z-rotation through angle ¢,
as illustrated in figure 7.2. Our algorithm recovers 6, ¢ and 1 so that the rotation
matrix can be calculated as in (7.1). First Z., ¢, 6 and ¢ are computed in steps 3-6.
Note that a redundancy in ¢ arises from the indeterminacy of the sign of eigenvalue
vy: for a given rotation R, ¢ can equally well be replaced by ¢+ 180° (the substitution
¢ — 180° + ¢, 0 — —0, 1» — 180° + ¢ leaves R unchanged). Finally, the focal length
f of the camera is known, so the image-plane components of translation R, can be
recovered directly in step 8. The result of applying this algorithm to a sequence of
images of a moving hand are shown in figure 7.3.

Ambiguities

There are two kinds of ambiguity in the recovered parameter. The first is a straight-
forward indeterminacy in linear scale. If (X, Y., Z.) was doubled and accompanied
by a doubling in size of the object, there would be no visible effect on the image
contour. The scale factor is fixed here by our convention in orthographic perspective
that Z. = f in the standard view.

The second and more complex ambiguity is apparent in step (4) above: since
cos @ = cos(—@), there must be two possible solutions +6. Unlike the indeterminacy
of ¢ which represents simply an alternative representation of a given physical trans-
formation, this is a genuine ambiguity, a reversal as illustrated in figure 7.4. In the 3D
mouse application, for example, this could result in a “flip” of the object controlled
by the mouse. One practical solution is to arrange for the camera to be oblique to
the table so that the hand avoids the “singular” orientation 8 = 0, when image and
object planes are parallel. Then at each time-step, the value 6 is chosen which give
0, ¢ and v closest to their values at the previous time-step.

Derivation of pose-recovery algorithm. The key point is that the effect of a rotation
R.(0), on the image of a planar object lying on an zy plane, is to compress the image along
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'
. \

\

Y.
)
—
FE R.{30")
‘ — L. k0%
|
/ \
/
/
/
>
——
R.(50°)

Figure 7.2: Euler angles. The figure shows Euler angles to describe rotations in the camera
coordinate frame. A general rotation R is expressed as a sequence (7.1) and the case ¢ = 50°,
0 = 40°, 1 = 30° is illustrated.
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M

&

Figure 7.3: Computing pose. The outline of a hand is tracked in a planar affine
shape-space and the pose-recovery algorithm described above is applied. Computed pose is
displayed using the “target” icon in the corner of each image.

the y-axis, that is to apply a scaling transformation Sy(cosf). In that case, the affine image
transformation due to the Euler angle transformations (7.1) and to distance scaling is:

£
Z.

The algorithm given above is simply a decomposition of this sequence, using the fact that

M = =-R.(¢)Sy(cos )R ().

2
MMT = <Zi> R.(9)8y(cos” 0) Rz (~9)

which is in diagonal form.
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Figure 7.4: Ambiguity of pose recovery. A hand in two alternative positions with equal
and opposite slant (top row) gives rise to almost identical outline contours when viewed from
above (bottom row).
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Pose recovery 147

Weak Perspective projection

The pose-recovery method for orthographic projection can be simply extended for the
case of weak perspective projection, when the field of view may be large but the object
is still small. The most straightforward approach is to introduce a virtual orthographic
image as in figure 7.5. The pose-recovery algorithm extended for weak perspective is

l

virtual orthographic image

/ \

real im

ge

Figure 7.5: Pose correction for weak perspective. Under weak perspective, pose recovery
proceeds as in the orthographic case, on a virtual orthographic image as shown.
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1. Compute u and M from
X = (u1,u2, M11 — 1, Mo — 1, Moy, My2)T.

2. Compute polar angles a, 8:
a = arctan(|u|/f), B = arctan(u).

0
M' = S,(seca)R(—B)M where S;(u)= H ‘
0 1

(R(—p) is represented here as a 2 X 2 matrix.)
4. Apply steps 2-7 of the orthographic algorithm of figure 7.1 to M’ (in
place of M), giving R', Z., (in place of R, Z.).
R=R.(8)Ry(a) R'.
(These rotation matrices are now all 3 x 3)

6. Translation:
R. = (X, Y, Zc)T where Z.= Z.cosa, X.=u1Z./f, Ye=1u2Z./f.

Figure 7.6: Recovery of pose of a plane under weak perspective.

outlined in figure 7.6. First, express the image-translation vector u in terms of polar
angles

Q, _ggagg and /67 _WSﬁSTra
that is, so that
cos B
u= ftana . (7.2)
sin 8

Meta 1037
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Pose recovery 149

The next step 3 is to replace the affine matrix M by the affine matrix M’ on the virtual
orthographic plane. Then the orthographic pose-recovery algorithm is applied to M’
in place of M, to give a three-dimensional rotation matrix R’ (subject, of course, to
reversal ambiguity) and translation in depth Z., both in a virtual orthographic frame.
Finally, these parameters are transformed back into the camera coordinate frame in
steps 5 and 6.

7.2 Pose recovery for three-dimensional objects

The planar affine space survives intact as a subspace in the three-dimensional affine
case (see (4.17) on page 90), so the pose-recovery method for the planar case continues
to be usable, in principle, for the three-dimensional problem. Coefficients of the first
6 elements of the configuration vector X could be used to obtain u, M as before and
the planar pose-recovery algorithm would compute pose R, R correctly, subject to
the usual ambiguities. However, the planar algorithm does not make optimal use
of the information now available. The additional pair of shape parameters contain
valuable parallar information which is complementary to the information available in
the planar case. The planar algorithm is at its least accurate close to the standard
pose. The extreme case is the singularity at the standard pose itself, which gives rise
to the ambiguity in orientation discussed earlier. In contrast, the additional parallax
information is at its most useful precisely at the singularity, improving accuracy of
recovered pose, and removing ambiguity, as figure 7.7 shows.

Once Qg has been estimated for a given object (see below), the recovery of pose
from some outline X in an image of the object is relatively straightforward — the
algorithm is given in figure 7.8. Step 1 computes planar affine parameters u, M and
parallax parameter v from the shape-vector. Recovery of R, Z. in steps 2 and 3 is
based on solving (4.16) on page 88, expressing R in terms of its rows Rj, R, Rz, which
must be unit vectors, and mutually orthogonal. The matrix R resulting from step 3
need not be precisely orthogonal so step 4 finds the closest orthogonal matrix by
“singular value decomposition” (appendix A.1) of R. Finally, translation is calculated
as in the planar affine case.

Figure 7.9 illustrates that the pose of a three-dimensional object can be recovered
effectively over a wide range of views, using parallax as in the algorithm above.

Meta 1037
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N

/I L

Figure 7.7: Parallax in pose recovery. The poses of the top row of wheels, complete with
azxles, are easily discriminable. When parallax information is omitted by removing the azles, as
on the bottom row, the orientations of the first two wheels are discriminable with difficulty and
the last two actually appear identical because of the planar orientation ambiguity phenomenon.

Estimating Qf

In principle, it would be possible to rotate the object, from its standard view, through
90° about the y-axis, and the new view would be

( . )

Qj

from which Q§ could be obtained. This would be possible with a bent wire object,
but with a solid object such as the leaves above only a modest angle of rotation is

possible without alterations in hidden line structure. Therefore, practically, a method
is required for estimating Qf from a rotation R through a modest angle € about an

Meta 1037
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1. Compute u, M and v from the shape-vector X, using;:
X = (u1,u2, M11 — 1, Moz — 1, Moy, Mig, v1,v2)-

Z. = 2f [|(Mi1, Mg, v1)| + |(Ma1, Mag, vo)|] ™

R R R 1 Ze

R3=R1XR2 where . =—(M|V).
Ry f

4. Enforce orthogonality: R
R=UV where R=UDV

(in which D should be approximately the identity I3).

Translation: R, = (X, Y, ZC)T where X.=w1Z./f, Y.=u2Z./f.

Figure 7.8: Recovery of pose using parallax.

axis lying approximately parallel to the image plane. It is assumed that the object
does not translate significantly in depth (Z) during the rotation.

The rotated view ri(s) = U(s)Q; is a transformed version of standard views:
; Xo(s)
ri(s) = 7o |mt Rax3 | Yo(s) )
C
Zo(s) ||

in which Zy(s) is as yet unknown. The translation fu;/Z. can be calculated simply
as the centroid
f ( Qf-1 )
—Z—‘lll =r = .
[ Q:g . 1

Meta 1037
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152  Chapter 7

Figure 7.9: Pose recovery using the three-dimensional affine algorithm. The pose
can be accurately recovered over a wide range of transformations, including those near the
planar affine degeneracy at the standard pose.

Then Zy(s) can be estimated from

(aTa)Zy(s) = aT [(gfgrl(s) - ul) - Rgxzro(s)]

in which a = (Ri3, R23)T. The resulting Zy(s) is a spline that can be expressed in
terms of its control points as

Q= ;%E(a%l) [(%Ql - ®1) — (Rax2 ® 1) Qo] (7.3)

Meta 1037
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where [ is the Np x Np identity matrix and ® is the “Kronecker product” operation
(see appendix A.1).

A more accurate method

If the rotation matrix R in (7.3) is not accurately known, Qf will be imperfectly estimated.
The quality of the estimate can be improved by using more views and a more sophisticated
algorithm. Suppose the views are (Q%,QY), n = 1,..., N, then the following simultaneous
equations hold:

Q o1 Q5
y
where (Zn,Yn,2n,Tn), n = 1,...,N and Qf are unknown. Here (z,,Yn, 2,) is the object

translation in view n and T,, is the 2 x 3 rotation matrix. If f is only known approximately,
it can also be treated as an unknown in the system. The unknowns can be estimated using
any non-linear minimisation method, for example conjugate gradient descent. Convergence is
quick, and likely to find the correct local minimum, if the unknowns are initialised approx-
imately. An alternative linear algorithm which does not rely on careful initialisation, is the
“image-stream factorisation” algorithm of Tomasi and Kanade. This works by approximating
the image stream, laid out as a matrix

(@ @ @ a ...)

to have its theoretical rank (4 in this case), using singular value decomposition. Once this
is done, Qg could be calculated from the approximated image stream, subject to a certain
fundamental affine indeterminacy.

7.3 Separation of rigid and non-rigid motion

In chapter 4 shape-spaces for combined rigid and non-rigid motion were constructed
using key-frames. Such spaces are often too big for efficient or robust shape-fitting;
they prove still to be useful for interpretation of shape, decomposing displacements
into rigid and non-rigid components. This is done by projecting a fitted shape Q onto
the shape-space and applying “Singular Value Decomposition” (SVD).

The decomposition algorithm is given in figure 7.10 (and justified below). The
algorithm is illustrated in figure 7.11 for the problem of separating facial expression
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Algorithm:

Given a fitted spline curve Q:

1. Express Q in the key-frame basis:
(ul,u%{yvija 1=0,1,..., Jj= 1a27}) :W+Qa

where W is as defined in (4.21) on page 93.

2. Treating }A’ij as components of a rectangular matrix Y, apply SVD:
Y =UDV.

3. Approximate Y as a rank 1 matrix
Y =UD*V

where D* is D with all but the largest singular value set to 0.
4. Recovered pose is given by the shape-vector

X = (u1,uz, Yol, Yo2, ... )T

5. Recovered non-rigid deformation is expressed as a contour in standard

pose:
1

Y;
Q% =Qo+Y_A\Q; where Ai:?ST’ i=1,2,...

and Q; are key-frames as before.

Figure 7.10: Algorithm for decomposition of rigid and non-rigid displacement.

from head pose. Rigid transformations are modelled here as 3D affine, including
parallax to accommodate the modest departure from co-planarity of tracked eyebrows,
mouth and facial creases. Expression is represented in three-dimensional coordinates
whose axes are defined by key-frames for smile, surprise and disgust, relative to a
neutral expression. )
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Figure 7.11: Pose-invariant transmission of facial expression. Separation of non-rigid
from rigid motion by SVD is used here to extract the facial expression of an actor. The
extracted expression is displayed on this cat caricature in a fized pose, and can be seen to be
independent of the pose of the actor’s head. (Figure courtesy of Benedicte Bascle.)

Derivation of decomposition algorithm. Shape parameters Y;?, i = 0,... ,Ng, j =
1,..., N, are highly interdependent, in principle, because, given the structure of shape-space
in (4.21) on page 93, Y is a product of two vectors:

Y = XiXjyo,
where Ag = 1 is the weight of the template Qg and \; is the weight of key-frame Q; for

i=1,...,Ng. (The index j;o is an offset to allow for two image-translation parameters.)
Thus Y should have rank 1, and this is enforced by approximating ¥ to rank 1 in the SVD

step. Note that one should expect D to contain one dominant singular value, indicating that

Y is a good approximation to Y*.
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Bibliographic notes

Recovery of the pose of an object from its shape-space vector is based on an eigenvalue
method for recovery of the pose of a textured surface in (Blake and Marinos, 1990).
The “image-stream factorisation” algorithm (Tomasi and Kanade, 1991) uses singular
value decomposition (SVD) (Barnett, 1990) of the image stream for motion analysis.
Here, an adaptation of the algorithm was suggested for calibration of pose recovery
using parallax. The algorithm for decomposition of rigid and non-rigid displacement
is yet another application of SVD to bilinear decomposition problems in vision, oth-
ers being structure and motion (Tomasi and Kanade, 1991), and shape and shading
(Freeman and Tenenbaum, 1997).
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Chapter 8

Probabilistic models of shape

The purpose of this second part of the book is to put Active Contours into a prob-
abilistic setting. As chapter 2 claimed, the probabilistic framework is essential for
dealing with classes of shapes and motions. It is valuable even with deformable tem-
plates, in static problems, to describe classes of shapes. Then probabilistic modelling
is extended to dynamic problems, to mesh with the powerful Kalman filtering formal-
ism, in which cumulative temporal uncertainty about shape is counterbalanced by the
inflow of measurements from an image sequence.

This chapter concentrates on the application of probabilistic models to static prob-
lems. The ideas discussed so far about fitting curves by regularisation are to be
re-interpreted probabilistically. The deterministic approach of chapter 6 aimed to
generate a unique estimate X of curve shape from data ry(s), moderated via regu-
larisation towards a template X. Now, in a more general probabilistic setting, X is
merely one property, typically the mean or mode, of an entire probability distribu-
tion. The solution to the fitting problem is therefore no longer just a single value,
but a whole family of possible curves. In that case, the variance of the distribution
is a measure of how accurate the fitted curve is and can be used to generate a range
of plausible fitted curves. One application for this is to sweep out the search region
for image-processing operations. Another application, developed in later chapters on
tracking, is to achieve a fusion of shape information accumulated over time and the
latest visual measurements.

The distribution for curve shape X obtained from probabilistic fitting is expressed
as a posterior density p(X|ry). This is the conditional probability density for the curve
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shape X given the observed data r(s). According to Bayes’ formula for densities (see
appendix A.3) the posterior density can be obtained as a product of a prior density
po(X) and an observation density p(rs|X):

p(X|rg) o< p(rs|X)po(X). (8.1)

Note that although p(r¢|X) is a probability density over ry, in this formula ry is
considered fixed and it is the variation of p(r¢|X) with X — the “likelihood” of X —
that is of interest. The prior density is the probabilistic mechanism for regularisation.
For example, the norm-squared regulariser a||X — X||2 used in chapter 6 becomes a
Gaussian density function p(X) whose mean is the curve X. The other term |r —r||?
in the regularisation problem, conveying the influence of the data, also becomes a
Gaussian density whose value is high when the hypothesised curve r fits the data
closely. Then Bayes’ rule simply combines the competing influences of the prior and
the observations into a single density, also Gaussian.

Note that Bayesian principles of image interpretation reach far beyond Gaussian
modelling. However, the Gaussian is the simplest case and has attractive properties
that facilitate efficient computation. Consideration of more general distributions is
left until much later in the book, in chapter 12.

8.1 Probability distributions over curves

The Gaussian prior probability density for curves in shape-space S consistent with
the general quadratic regulariser (X — X)T5(X — X) is:

po(X) o exp _%(x ~X)TH(X - X), (8.2)

where the matrix S is the “information” matrix introduced in chapter 6. Note that
probability density decreases as the curve X deviates further from the mean X of
the distribution, as expected. Probabilistically, S has a particular interpretation:
its inverse Py = 3—1, if it exists, is a covariance matriz (appendix A.3), a multi-
dimensional measure of the variability of curve shape across a distribution. It can be
used to compute the positional variability of a given point r(s) on a curve as a 2 x 2
covariance matrix

P.(s) = U(s)WP,WTU(s)7, (8.3)
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in a two-dimensional Gaussian distribution N(¥(s), Pr(s)). In general, this distribu-
tion can be depicted as an ellipse whose axes are eigenvectors of Pr(s) and whose
semi-axes, representing positional variances, are the eigenvalues. The spatial variance
P,(s) is represented by an uncertainty ellipse giving a mean-square displacement

pi(s) = tr(Pr(s)) (8-4)

where tr(-) denotes the trace of a matrix. The mean-square displacement along the
entire curve can then be computed easily (the proof follows below) as

pe = tr(PoH). (8.5)

An isotropic prior, uniform in s, with mean-square displacement along the curve
P2 is projected onto shape-space S as

po(X) o exp — = [|X — X]|
275
This can be seen by considering its information matrix in shape-space, which is
-~ N
S="5H. (8.6)
Po

From (8.5) it is apparent that the mean-square displacement along the curve is

o [ PBgy1ay) = PBerre ) = 52
" vy = N;tr( Nx) = P
as required.

Spline space is an interesting special case in which the covariance at a given point
r(s) is Pr(s) « I3, a multiple of the identity matrix, so that positional error at each
point is isotropically distributed (see below for the derivation). The average displace-
ment of r(s) from its mean T(s), is po(s) and in fact po(s) =~ p, for all s. This suggests
circular confidence regions for r(s) (figure 8.1). (The average pointwise displacement
po(s) varies a little with s, relative to py; — by around +10% , for instance, on a
regular, closed, quadratic B-spline.)

In chapter 6, there was some discussion of the way in which image-processing
operations are applied along curve normals. In the interests of efficiency, processing
is limited to a segment of each normal within a search region. The probabilistic
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r(s)

length scale 0.5 I

Figure 8.1: Probability distribution for curves. An ezxample of a Gaussian probability
distribution in spline space with mean shape ¥(s) and uniform, isotropic covariance Py. The
distribution of the position of a given point r(s) is Gaussian, with circular confidence intervals
of radius 1.73p0(s) (95% confidence). The normal displacement has a Gaussian distribution

with standard deviation pp(s) and pn(s) = po(s)/V/2 in the special case of this ezample.
The search segments shown (arrowed) are intervals of length £2p,(s) for approzimately 95%
statistical confidence. (Average displacement p, = 0.14 here.)

framework provides a rationale, using the prior distribution, for fixing the search
segment along the normal Ti(s) at F(s). The normal component of displacement of the
curve is Gaussian with mean 0 and standard deviation p,(s) where

pp(5) = 1(s)T Pr(s)n(s).
or, directly in terms of shape-space covariance Fj,
pa(s) = h(s)" Poh(s) (8.7)

where h(s) was defined in (6.15) on page 124 in chapter 6. In the special case of
the norm-squared prior (S o< ) in spline space, the isotropy of Pp(s) means that

pn(s) = po(s)/ V2.
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A reasonable search segment is F(s) & 2p,(s)n1(s), corresponding to a confidence
interval (for the one-dimensional Gaussian distribution) at a level of approximately
95%. Such search segments are illustrated in figure 8.1. This idea is elaborated later
for validation gates, taking account not only of the prior but also the observation
density.

Derivation of average radius and isotropy results

The formula (8.5) for the root-mean-square displacement for the covariance ellipse is derived
first. Pointwise, the mean-square displacement is p3(s) whose average value along the curve,
from (8.4), is

L
%/0 tr (Pr(s)) ds

= % / e (U (W PBWTU(s)T) ds
0

% / C Us)TU(s) ds
0

= tr (RWTUW)

= tr (POWT

")

= tr (POH) b

as required.
The special case of the norm-squared prior (8.6) in spline space S = Sg was considered in
which W = I, and the pointwise covariance is

P.(s) = U(s)PyU(s)T.

Since Py o UL,
P.(s) o< (B(s)TB™'B(s)) I,

— a multiple of the identity matrix as claimed.

Random sampling

A graphic illustration of a statistical family of curves can be made by sampling ran-
domly from its distribution. Random curve sampling is a practical technique in its
own right, partly as a debugging aid to check whether a particular probabilistic prior: .
model of shape is appropriate to a given application. More importantly it forms the
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basis of some powerful algorithms for recognising patterns, used when the posterior
density for shape given data is too complex to be represented exactly and is repre-
sented instead by a set of samples.

Given an Nyx-dimensional Gaussian distribution A(X, P) in shape-space with
mean X and covariance matrix P, a random variate X from the distribution can
be generated by taking a vector w of Nx independent “standard” normal variables
each distributed as A (0,1) and transforming w linearly:

X=Bw+X (8.8)
where
B =P, (8.9)

a matrix square root with the property that BBT = P (Note that this does not
uniquely specify B, but any admissible B serves equally well, and generates the de-
sired distribution; see also appendix A.1). This technique is used to illustrate prior
distributions of curves in spline space Sg (figure 8.2) and in various shape-spaces
(figure 8.3). As before, the distributions are given by norm-squared densities over
shape-space.

8.2 Posterior distribution

The aim of the chapter is to express curve fitting in terms of the posterior distri-
bution for shape X given observed data r;. Realistically, ry must be obtained by
processing image data, and that is addressed in the next section. For now, the pos-
terior is illustrated with artificial data, using the random sampling method. As at
the start of chapter 6, the artificial image feature is modelled as a spline curve with
control-vector Qy. What was characterised there, in (6.3) on page 117, as fitting by
regularisation, becomes the construction by Bayes’ formula (8.1) of the posterior dis-
tribution p(X|Qy), given a Gaussian prior py(X) and an observation density p(Qy|X).
The measurement term ||Q — Qy||? in the regularisation problem is interpreted as an
observation density

P(QyIX) o exp ~ 25 |Q — QP (8:10)
Py
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where a variance constant ﬁfc /Nx has been included here to represent explicitly the
uncertainty of measurements. The distance constant p; can be interpreted as the av-
erage displacement, at a given point on the fitted curve, due solely to observation error
and without any influence from the prior. Finally, multiplying prior and observation
densities, in accordance with Bayes’ formula, the posterior distribution proves to be
a Gaussian

X|Q; ~ N(X,P). (8.11)

Its mean X is precisely the solution (6.7) to the earlier regularisation problem, adjusted
now to allow for the observation variance constant:

X=5"1 (EK + JX—fH)@) (8.12)
Py
where
S=5+ %y (8.13)
Pi

- /
length scale o s ' \

Figure 8.2: Sampling from curve families. Samples are drawn at random (left) from
a uniform, isotropic, Gaussian distribution in the spline space Sg such that ||r(s) — T(s)||
has a root-mean-square value of 0.2 length units. (Mean shape T is shown dashed). Parallel
curves depicting confidence intervals for normal displacement (spatially averaged), at 95%
significance, contain the random curves as expected (right).
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length scale

o
0

Figure 8.3: Random sampling in shape-space The families of bottle-outlines shown
have mean shape (top) and a uniform, isotropic, Gaussian distribution in shape-space with
root-mean-square displacement of 0.8 length units. Euclidean similarities (left); affine space

(right).
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The estimate X is also known as a “Maximum A Posteriori” (MAP) estimate because
it is the value of X at which the posterior probability density p(X|Qy) achieves its
peak value. The covariance of the posterior distribution is P = S™1, and S, the total
information matrix for the posterior, is just the sum of information in the prior and
observation distributions. (The derivation of the posterior distribution is essentially
a replay of the derivation on page 118 of the solution to the regularisation problem.)
The posterior distribution for the curve-fitting problem of figure 6.2 on page 119
can be illustrated by random sampling. Again, regularisation is made invariant to
transformations in a subspace S;. As in chapter 6, this is represented probabilistically
by modifying the information matrix (8.6) for a uniform, isotropic, Gaussian prior
using a projection E? outside the invariant subspace:
5= X gy pa, (8.14)
Po
This has the effect of producing a prior distribution that is invariant to Euclidean
similarities so that

po(X + X°) = po(X) for any X° € S,.

The posterior distribution, illustrated by random sampling in figure 8.4, clearly shows
the likely range of variability of possible solutions, something that regularisation alone
could not convey. This is also reflected mathematically by the fact that there is an
extra constant in the system. As before there is a regularisation constant o which is
now a ratio of the coefficients of the information matrices for the observation and for
the prior:
a=7%/ps

and which determines the mean X of the posterior distribution. In addition there
is now also the spatial variance parameter ﬁ% for the prior which also affects the
variability of fitted curves as modelled by the posterior distribution.

Finally, exploiting the additivity of information in (8.13), a mean spatial variance
p? for the posterior can be computed from

1_1,1
7 A7

and is exact if there is no invariant subspace (Ss = 0), and otherwise is a lower bound
on mean variance. A confidence region based on 7 is shown in figure 8.4.
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Figure 8.4: Sampling from the posterior Data (top) is given, together with a prior over
spline space with the Euclidean similarities as an invariant subspace (to allow free rotation and
translation). Curves sampled from the posterior distribution sweep out a distribution (left),
whose mean (dashed line) is simply the regularised estimate obtained in chapter 6 (figure 6.2 on
page 119), with a = 0.5. The sampled curves (right) lie comfortably inside a 95% confidence
interval.
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Note that the matrix S in (8.14) has become singular, so that the covariance matrix Py does
not exist and the prior density pg cannot formally be normalised. In fact pg can still be
treated as a consistent Gaussian distribution. It consists of a valid Gaussian density restricted
to shape-space § © S, excluding the invariant subspace S;, together with a uniform density
over S;. It is the uniform density that cannot be normalised and gives rise to unbounded
covariance. We could treat it formally as a sequence of Gaussians of increasing variance,
understanding that any expression incorporating pg will be evaluated in the limit, where one
exists. In fact this is achieved for our purposes simply by applying additivity of information
to S just in the same way as for a non-singular S. The result is a posterior Gaussian whose
covariance generally exists and which can be normalised.

8.3 Probabilistic modelling of image features

The example above of a posterior distribution is a contrived one, for tutorial purposes,
driven by ideal data in the form of a spline curve Q. In chapter 6, methods were
developed for fitting to real data ry in the form of a curve sampled from an image. The
importance of using only the normal component of displacement was explained. Now
the probabilistic approach needs to be developed to encompass normal displacements
in real image data.

As in the previous section, the data-term in the regularisation problem can be
interpreted probabilistically, but now based on normal displacement to give an obser-
vation density:

N .
p(rs|X) o< exp —T);Hr — rf||-ﬁ2 with r(s) = U(s)(WX + Q).
207 (8.15)

It can be shown (see below) that Té?‘ is the contribution to mean-square value of the
normal displacement (r — F) - n, in the fitted curve, due solely to measurement error.

Now the discrete form (6.13) from chapter 6 for ||r — I‘f”ﬁ2 can be used, giving
approximately:

N
(1) oc exp 55 D [(r4(s0) — x(s)) - Als)] (8.16)

=1

_ | N

where
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One interpretation of this observation density is in terms of the variability of
individual measurements. Suppose the marginal density of a single measurement

[rr(si) —r(si)] - A(s:)

were a Gaussian (0, 02) variable. Then the joint density (8.16) could be interpreted
as treating the data r; as a series of sampled image features

r7(si) ~ N((x(s:),0%) (8.18)

with mutually independent Gaussian distributions. To some extent such independence
is plausible but it depends rather on what is the chief source of the variability in image-
feature measurements. If the variability were thought to derive from noise, for example
electrical or optical noise at individual pixels, it is probably defensible to regard noise
sources at neighbouring pixels as independent; even then, noise due to lighting flicker
(especially fluorescent lighting) or power supply ripple would be highly correlated
across pixels. In practice, however, the variability in feature position due to such
noise is negligible. The dominant sources of variability reflect grosser discrepancies
than mere device noise from the camera.

e Imperfections in the shape-space model mean that the image outline r; will not
lie entirely in the shape-space S. The difference

e(s) =rs(s) = U(s)(WXs + Qo)

between the outline and its projection onto shape-space acts as spatially corre-
lated noise.

e Background texture and occasional obscuration by passing objects will cause
features to be picked up by image processing that do not belong to the modelled
object. Such errors may be gross and, again, spatially correlated.

The result is that statistical independence between neighbouring r¢(s;)|X is plausible
only if features are not sampled too densely, and this is a limitation of the observation
model (8.15). It is therefore important to note that the interpretation of (8.16) in terms
of statistically independent measurements r¢(s;) is by no means the only consistent
interpretation (see discussion at the end of this section).
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Algorithm to construct the posterior

Construction of the posterior density p(X|ry) from image measurements r(s;), ¢ =
1,..., N uses precisely the recursive fitting algorithm from chapter 6 (figure 6.7 on
page 127), but now interpreted probabilistically. The algorithm computes an “aggre-
gated observation” Z and the associated statistical information for estimation of X is
S, also output by the algorithm. In fact

Z|X ~ N(SX, S),

so that Z is an unbiased estimator for SX (rather than for X directly). Its covariance
is in fact S (sic), following from the fact that the statistical information in S~1Z is S.
The posterior distribution is a Gaussian

X|Z ~ N(X,P) where P=(5+8)"L. (8.19)

An example of a posterior constructed in this way from an image is given in figure 8.5.

Independence of measurements

The functional form of the density p(rz|X) does not in fact uniquely determine the conditional
distribution for observations until a parameterisation is specified for ry(s), the image feature.
For example rf(s) could be modelled as a spline with parameters Q of dimension N¢. Then
the conditional density can be used to compute probabilities via integrals of the form

/ p(rs|X) dQ;.

To examine the question of independence of the r¢(s;), the conditional density must be trans-
formed from the Qy parameterisation to a new parameter set (r¢(s1),... ,rs(sn)). This could
be done (without loss of generality) by expressing the new parameters in terms of the first N
components in the vector Qy, and integrating over the remaining Ny — N components. This
is possible only if N < Ny. Otherwise there exists no density in the new variables, let alone an
independent one. This is intuitively reasonable. When the underlying parameterisation Qy of
the image curve has relatively few degrees of freedom (N is small), this represents an image
curve with strong spatial correlation, such as a spline with few control points. In that case,
successive measurements made on the curve cannot be mutually independent. To summarise,
the form of (8.16) does not force the deduction that individual image measurements ry(s;) are
independent. This conclusion is important to the operation of the validation gate, discussed
below.
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Figure 8.5: Constructing a posterior distribution from an image. The image data
(left) is shown overlaid with a broad search region determined by the chosen prior. When
combined with image observations, a relatively tight posterior distribution results, illustrated
here by randomly sampled curves and 95% confidence region (right).

Mean-square normal displacement

It was claimed above that ﬁfc is the mean-square value of the normal displacement (r —ry) - n.
This could be proved directly by integration, as was done earlier for p, in the norm-squared
prior. A concise alternative is to appeal to the well-known property of Boltzmann distributions
in statistical mechanics for random systems whose energy U(X) is a quadratic function of
parameters X and is distributed as p(X) o« exp—U. The mean energy of such a system is
simply U = Nx /2, where Nx is the number of degrees of freedom of the parameter set.

8.4 Validation gate

The validation gate was introduced in chapter 6 (section 6.3) as a mechanism for
detecting outliers, features that are misplaced or missing when, for instance, part of
an object is obscured. The idea was to test the innovation v; to ensure that it was not
too large; the difficulty was to decide how large is too large. Now in the probabilistic
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framework, there is a basis for making this test as a statistical hypothesis test on
the innovation, whose Gaussian distribution is known. The innovation (6.14) can be
expanded as

vi = [r(s;) —T(sy)] - A(si) + [rf(si) —r(s;)] - A(si),

in which the first term has a N(0, p2(s)), distribution, from (8.7). The second term
is a little more difficult to deal with. In the case that the measurements rs(s;) are
considered independent, it is Gaussian A(0,02) from (8.18). At the other extreme,
in the limit of high spatial interdependence of measurements, its variance should tend
towards 0. This means that

vi ~ N(0,p%(s)) where p2(s) < p?(s) < p2(s) + o (8.20)
A conservative assumption of high spatial dependence would suggest

p(s) = pn(s). (8.21)

The distribution of the innovation suggests a test that if |v;| > kp(s) then the
measurement ry(s) is invalidated. Taking the default value x = 2, at approximately
95% statistical significance the measurement is regarded as an outlier. In practice
this is implemented by using a search segment (figure 8.1) of length p(s) so that when
|vi] > 2p(s), no feature will be found. The recursive fitting algorithm of chapter 6 can
be modified to take account of outliers. The iterative step in the original algorithm
(figure 6.7 on page 127) is rewritten to ignore outliers, as in figure 8.6.

Note that the modified algorithm requires that S have full rank and that excludes
the use of an invariant subspace in the prior which always makes S singular. This
is a real and reasonable limitation. The idea of the invariant subspace is that it
allows certain shape variables to be unconstrained. In that case, the absolute position
of a given point r(s) on the curve is also unconstrained by the prior (even though
constraints may apply to the relative positions of pairs of points). Validity checks
are only effective when the constraints imposed by the prior on individual points are
reasonably tight. This requires the prior on the shape X as a whole to be reasonably
tight — none of the eigenvalues of S should be too close to 0. The effect of outlier
rejection on fitting is illustrated in figure 8.7.
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Iterative fitting step
Iterate, fori=1,... ,N:

v = (ry(si) — T(si)) - T(s4);

h(si)T = ﬁ(si)TU(si)W;

pi = \/h(s))TPh(s;);

If (Ju;| < kpi) then
1

2

1
Y; =Y;_1+ sh(s)y;
g

Else
Si = Si—1; Yi=Yi;

Figure 8.6: Curve fitting with outliers. The recursive curve-fitting algorithm in figure 6.7
on page 127 can be modified to ignore outliers. Its iterative step is replaced by the one shown

here. The search-line length factor is taken to be k = 2 by default. (Note that P = 5 needs
to have been computed at the start of the algorithm, and that S must therefore be of full rank.)

8.5 Learning the prior

The importance of a prior distribution is that it draws interpretations of data towards
the more plausible shapes in a class of curves. The value of such stabilising behaviour
is only as good as the prior model itself, embodied by the coefficients in the information
matrix S. So far, we have proposed priors based on uniform, isotropic error (S o« H)
and a modification that allows for an invariant subspace. These are reasonable choices
if little is known precisely about the class of curves. If, however, a more specific
prior could be obtained from actual snapshots of a curve in a series of representative
configurations, stabilisation should be very much more effective, and this does indeed
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Figure 8.7: Validation failure causes a bulge in the posterior confidence region.
Validation fails around the fingertips (left) resulting in a bulge in the 95% confidence region
(right) such that it still contains the true edge of the hand.

prove to be the case.

The first step towards learning is to acquire a training set, a set of curves {Xy, k =
1,..., M}, where Xy, are vectors in a shape-space S = L(W, Q) which may either be
the spline space Sg or a subspace of Sg. The set is supposed to capture the outline
being modelled in many characteristic poses. For current purposes, the order in which
poses appear in the sequence is immaterial, though order will matter in later chapters
when object dynamics are being modelled. One could think of each X as a contour
drawn by hand on a given image but in practice the temporal tracking technology
developed later allows these outlines to be acquired automatically.

If the prior distribution is assumed to be Gaussian N(X,P), then “maximum
likelihood” estimators for the parameters of the distribution are given by the sample
mean

1M
X=—%"X 8.22)
M =~ k (8.22)
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Figure 8.8: Sampling from a prior for lip shape Lips are tracked during speech, as
in figure 1.10 on page 14, to capture a 60 second sequence comprising 3000 successive lip
shapes. The sequence is used to estimate a Gaussian prior distribution in shape-space for lip
shape; random sampling from the prior generates plausible lip configurations, as shown. (Data
courtesy of Robert Kaucic.)

and sample covariance
M
P= Z Xy — X) (X — X)T. (8.23)

For example, in figure 8.8 a Gaussian prior distribution has been learned from a long
sequence of lip motion during speech. The resulting prior is simulated by random
sampling and the sampled curves are plausible lip configurations.

The matrix P is a Nx x Nx matrix and should be invertible so that S = -}3_1 can be
calculated as required for the recursive curve-fitting algorithm. However, from (8.23),

rank(P) < M —1

so that P certainly cannot be inverted unless M > Nx, and in practice one would
expect a data set several times that minimum size. Alternatively, if a sufficiently
large data set is not available and the estimated P is singular then one approach is
to restrict the shape-space sufficiently that the reduced covariance matrix is no longer
singular, and this is discussed next.

8.6 Principal Components Analysis (PCA)

Even if the estimated prior covariance matrix P is not technically singular, it is fre-
quently close to singularity even when the training sequence is long (M > Nx). This
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happens when the typical motions of the object under study are largely accounted for
by a few independent modes of motion. If P is found to have a large condition number,
larger say than 100, this suggests that, on the basis of the available data, the shape-
space S in which data was collected is unnecessarily large. Efficiency of the matching
algorithms described earlier, and of later tracking algorithms, would be considerably
enhanced if it could be replaced by a smaller shape-space. The covariance matrix P
can be used to determine a smaller shape-space 8’ = L(W’,Q() C S, a subspace of S
with dimension N%, that spans, at least approximately, all of the shapes in a training
sequence X1i,...,Xps. This idea was first introduced by Cootes and Taylor, in the
special case of polygonal contour models, which they dubbed the “Point Distribution
Model” or PDM. The PCA method is explained starting with “classical PCA” which
is well-known and easily accessible in textbooks, via two refinements, to “Ls-norm
PCA in shape-space,” the recommended method for dealing with curves. In the spe-
cial case that M < Nx and the covariance matrix P is actually singular, the simplest
way to build a reduced shape-space is to take appropriate linear combinations of the
frames in the training sequence — so-called key-frames, as described in chapter 4.

Classical PCA

The classical approach to PCA would allow the following version of the approximation
problem to be solved. Given a long (M > Nx) training sequence, solve:

M
min Qr — Q.2 8.24
W,’QE)’XII""’X;;‘/X (Z I k kl ) ( )

k=1

where
Q;c = WlX;c + Q6 and Qp = WX + Qq.

The distance measure | - | is the Euclidean norm, that is, |Q|> = QTQ. The well
known solution to this problem gives Qj = Q, the mean of the training sequence, and
W' is a matrix whose columns are the first N of the orthonormal eigenvectors of the

covariance matrix v
1 — —
==Y (Q:-QQr-Q)7,
M=
ordering the eigenvectors in descending order of their (necessarily positive) eigenvalues.

The intuitive interpretation is that the eigenvalues represent variance in the training
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set in the mutually orthogonal directions of the eigenvectors; the first N eigenvectors
form a basis for the subspace of dimension N% that “explains” as much as possible
of the variance in the training set. Note that since the data Qp all live within a
shape-space of dimension Nx there will be at most Nx non-zero eigenvalues of X.

Lo-norm PCA

In previous chapters, it has been argued that the induced La-norm is the natural norm
over spline space. In that case, the classical problem above is not entirely applicable.
Instead, the approximation problem should be posed as follows:

M
> 11Qk - Q§g||2> ; (8.25)

/ IIllin ! (
!
WX X\

in which the Ly-norm || - || has been substituted where Euclidean norm | - | appeared
before. The solution to this problem, which can be derived from the solution to the
classical problem (see below), is that Q) = Q as before and W’ is a matrix whose
columns are the first N eigenvectors of the matrix XU.

Lo-norm PCA over shape-space

Finally Lo-norm PCA can be re-expressed in terms of training-set covariance P in
shape-space, without recourse to the (considerably larger) covariance matrix ¥ in
spline space. This gives the recommended algorithm in figure 8.9. Results from the
application of the algorithm to the lip-motion sequence are shown in figure 8.10. PCA
analysis for full facial expression is illustrated in figure 8.11. In neither case are
individual PCA components recognisable as particular expressions; rather they are
mixtures of expressions. It is when they are taken as a set that they are meaningful,
as a basis for the repertoire of commonly occurring deformations.

Remember that Euclidean norm |X| in shape-space has no clear geometrical mean-
ing. As a result classical PCA applied to the shape-space training set Xi,..., X
would certainly not be meaningful.

Residual PCA

A constructive description of shape-space, in which the shape-matrix is composed
from transformations of a template or from key-frames, is rather desirable because
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Problem: given training data X3,...,Xs over shape-space S, find a sub-

space 8’ = L(W',Qf) of dimension N% to minimise
M
> llQw - Q4P
k=1

where

Qr=WX;+ Qo and Q;C=W’ 2+Q6

Algorithm

1. Construct the training-set mean

3
=—3'X
Mk:l

o

2. Construct the training—set covariance

P=— Zxk— )X —X)7.

3. Find eigenvectors vy, ..., vy, of PH, in descending order of eigenvalue.

4. Construct W = (vl,... ,VN;(_>.

5. The parameters Qg and W' of the shape-subspace are then:
Q, = WX+Q
W= wWw”.

Figure 8.9: Algorithm for L; PCA in shape-space.

each of the components of the shape-vector X has a clear interpretation. For exam-
ple, the shape-space (4.20) composed of key-frames under Euclidean similarity is a
constructive shape-space for which a given X represents an explicit combination of
rigid transformation and facial expression. In contrast, deriving a shape-matrix from
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AR
/

N

Figure 8.10: The lip-motion sequence of figure 8.8 on page 176 is used here in PCA. The
first four eigenvectors, illustrated here, capture over 95% of the variance in the data set.
(Eigenvectors are displayed here as displacements either side of the mean, with magnitude
equal to their standard deviation over the sequence.) (Figures by courtesy of Robert Kaucic.)

PCA loses the clear interpretation, but has the advantage that no prior insight into
likely transformations or deformations is required. It is possible, to some extent, to
enjoy the best of both worlds. Residual PCA operates on a constructive shape-space
that does not totally cover a certain data set, and fills in missing components by
PCA. Then the constructive subspace retains its interpretation and only the residual
components, covered by PCA, cannot be directly interpreted.

Given training data Xj,... , Xy, collected from a shape-space S, and a construc-
tive subspace S, = L(W¢, Qf), it is desired to augment S, increasing its dimension
by N, to cover the training-data set more completely. Residual PCA achieves this
by computing, after steps 1,2 of the algorithm of figure 8.9, the mean and variance of
the residue of the training set:

X = (I-E9X (8.26)
P’ = (I-E9PU-ET (8.27)
Meta 1037
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Figure 8.11: Facial expression as in figure 1.2 on page 6 is analysed by PCA. The first two
eigenvectors are illustrated here. (Figures by courtesy of Benedicte Bascle.)

where E¢ = W(W¢)™ is the matrix for projection onto the subspace S.. Step 3 of the
algorithm computes the first N eigenvectors vy, ... , VNI, DOW of P, rather than P
as in the original algorithm. Steps 4 and 5 proceed as before, computing the template
Qf and shape-matrix W’ which now form a shape-space for the residual variation in
the training set that was not covered by S.. The augmented shape-space is then

Se = L(W?,Q5)
where
Q} = E°Q5+ WX’

and the shape-matrix

. Wa — (WC‘W’I‘) ,
a concatenation of columns from the shape-matrices for the constructive and residual
spaces.

As an illustration, the Residual PCA algorithm is applied to the lip-motion se-
quence used earlier. Instead of applying PCA directly to the motion sequence as in

figure 8.13, a constructive shape-space S, a two-dimensional space of rigid transla- -

tions, is used. Translation accounts for about 58% of the motion of the training set
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Figure 8.12: Sampling from a prior for lip shape, excluding translation Random
sampling illustrates how a learned prior generates plausible lip configurations, as in figure 8.8,
but now with the rigid translation due to head motion excluded, leaving just the lip motions
associated with speech.

(horizontal 24%, vertical 34%) and since head motion is likely to be somewhat inde-
pendent of speech, it is natural to try to discount it. The covariance P of the residue
of the sequence with translation removed can be used in its own right to construct a
prior, as in figure 8.13. Then the first two components from residual PCA, illustrated
in the figure, can be expected to bear the bulk of the visual information that is related
to speech.

o e, 2 | S —— |
U2 RN .
: \\__ g NeEe——

—l

Figure 8.13: The lip-motion sequence is analysed by residual PCA. All rigid trans-
lation is first excluded from the motion sequence by projection. Translation and the further 2
eigenvectors shown here account for over 95% of the variance in the data set.
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Derivation of PCA algorithms

First Ly-norm PCA is derived from classical PCA. Noting that ||Q|| = [4/!/2Q|, the prob-
lem (8.25) can be recast as a minimisation, in the form of the classical problem (8.24), of

i U2Qr — U2 QL)
k=1
with
U'PQ; =U"PW'X; + U Qy,
Its solution is therefore that
uvrqQl, = u?qQ
and that &/2W’ is made up of columns which are eigenvectors of the sample variance

Var(U?Qy) = UY/?sut/?.

This means that Q) = Q. Furthermore, a column U'/2w of U'/?>W" satisfies
u2yyL/? (ul/Qw) - (U1/2w>

which simplifies to

SUw = Aw,
each column of W' is an eigenvector of U, as claimed. Note that equivalently w is a generalised
eigenvector of the real, symmetric matrices UXU and U (i.e. solutions of UTUV = NUV) and
hence the eigenvalues are still positive, so that their descending order remains well-defined.

The shape-space version of the algorithm (figure 8.9) is obtained from the Ly-norm algo-
rithm above by substituting

Qr =WXr+Qo and Q) =W'X} +Qj

so that
G S WX+ Qo,

as in the algorithm, and
U - WPWTU

whose eigenvectors give W’. Writing W’ = WW", W” must therefore be composed of eigen-
vectors of PWTUW , but WTUW = H and this gives the required form for W’.
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Bibliographic notes

The chapter is based on probabilistic analysis — for a review of basic probability,
there is an excellent introductory book (Papoulis, 1990).

The use of a statistically estimated P in a Gaussian prior is equivalent to replacing
the norm || - || in the regulariser of chapter 6 with a “Mahalanobis metric” (Rao, 1973)
that emphasises improbable distortions, so that they are penalised more than probable
ones.

Confidence regions for shapes were delimited by parallel curves. These are a well-
known geometrical construct; one pitfall is that a smooth base curve can have offset
curves that are not smooth but contain cusps (Bruce and Giblin, 1984). They are also
known in CAD as “offset” curves (Faux and Pratt, 1979).

Principal Components Analysis (PCA) is a standard statistical technique (Rao,
1973). The idea of constructing a Gaussian curve model of reduced dimension, using
PCA, was first developed for the case of polygonal outlines and termed the “Point
Distribution Model” or PDM (Cootes et al., 1993), and subsequently extended to
splines (Baumberg and Hogg, 1994). A related idea based on image intensities rather
than curves is the eigen-image (Turk and Pentland, 1991) which can be used directly
in tracking e.g. (Bregler and Omohundro, 1994; Black and Jepson, 1996). PCA is
sometimes applied jointly to outline shape and image intensity distributions (Lanitis
et al., 1995; Beymer and Poggio, 1995; Vetter and Poggio, 1996), to impressive effect.
In standard PCA, it is common to pre-process the data by applying a diagonal scaling
transformation (Ripley, 1996). This proved to be too restrictive for building curve
models, for which general linear transformations were needed. In particular the idea
of performing PCA in the Ls norm, using the metric matrix H was developed in
(Baumberg and Hogg, 1995a), and this is equivalent to scaling the data by H/2,
Generalised eigenvalues (Golub and van Loan, 1989) are used to combine scaling and
PCA efficiently.

Shape priors discussed here have had a Gaussian form in shape-space. In the case
of a norm-squared density over spline space (S o U), the prior is actually a Gaussian
Markov Random Field (MRF), of second-order in the case of quadratic splines. MRFs
have been used widely for modelling prior distributions for curves (Grenander et al.,
1991; Ripley and Sutherland, 1990; Storvik, 1994).
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Mathematical background

A.1 Vectors and matrices

A brief summary of vector and matrix conventions and operations is given here. An
excellent handbook for vector and matrix computation is (Barnett, 1990) and readers
should refer to it for details. An alternative that may also be found helpful is (Golub
and van Loan, 1989). The vector and matrix operations described should be available
in appropriate programming languages such as matlab.

Vectors Throughout the book, vectors are denoted in bold, for example

ai
z

r= or a= | qo
Y

as

Scalar product and vector product take their usual meanings and are denoted
a-b and axb
respectively. In three dimensions, for instance,
a-b=aib; + agbs + asbs.
and

a x b = (agbs — agbz, aszby — a1bs, azby — arbs)?.
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The magnitude of a vector may be measured via its Euclidean norm:

r|=+vT-r

and a vector r for which |r| =1 is said to be normalised, or a “unit” vector.

Matrices Matrices are generally non-bold capitals, for example A, with components
denoted A;;. The transpose AT is defined by

AL = Aji.

The rank of a matrix A is the number of linearly independent vectors that comprise
its columns.
A matrix operation that is frequently useful is the Kronecker product

AnB ApB
A®B == A21B AQQB (Al)

which combines two arrays of dimension M; x N1 and My X N» to make a larger one
of dimension M]_M2 X N1N2.

Linear equations The linear simultaneous equations
Ax=Db

have a unique solution when A is square and is non-singular — that is, det A # 0,
where det A is the determinant of A. Then a solution can be found using the
standard inverse

x=A"'b.

If there is no solution, as may happen when A is not square, there may nonetheless be
a unique, optimal, approximate solution which is expressed using a pseudo-inverse
At

x = Atb where AT = (ATA)7147.

(More general definitions of pseudo-inverse can be made, but are not used in this
book.) -
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Rotation matrices Matrices for rotation about z, y and z axes are respectively
denoted Rz, Ry and R, where, for example,

cosf —sinf 0
R,(0) = [ sin@ cosf O (A.2)
0 0 1

so that a point in three dimensions given by a vector r = (z,y, z)T is transformed to
a rotated point

r = R.(0)r.
In two dimensions, a rotation is a 2 X 2 matrix

cosf) —sind
R(e)—<sin9 cos6>'

Rotation matrices have the property that they are orthogonal, satisfying RTR =
I. Generally, an orthogonal matrix U satisfies UTU = I and, in three dimensions,
can be interpreted as a rotation (when detU = 1) or a combination of rotation and
reflection (detU = —1).

Eigenvalues and eigenvectors The eigenvalues A, and eigenvectors u,, of a square
N x N matrix A are defined as satisfying

Au, = u,, n=1,... ,N.

Eigenvalues and eigenvectors may have complex values, unless A is symmetric (A7 =
A) in which case they are guaranteed to be real.
The trace of the matrix is defined to be

N
tr(A) = > Apn
n=1
and has the property that
N
tr(A) = Z An
n=1
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Diagonalisation Eigenvalues and eigenvectors can be used to decompose a square
matrix A as
A=UDU™!

where D is the “diagonal” matrix
D = diag(A1, ... ,AN)

with the eigenvalues along the diagonal and zeros elsewhere. The matrix U consists
of columns which are normalised eigenvectors of A. One important application of the
diagonal form is in computing powers of A:

AP =UDPU™! where DP = diag()},..., \}).

Setting p = % allows a square root of A to be computed.

Singular value decomposition (SVD) An alternative form of decomposition of a
matrix A is the SVD, which applies not only to square matrices but also to rectangular
ones of size M x N. It has the form

A=UDV

where U is an M x M matrix, D is a diagonal M x N matrix and V is an IV x N matrix.
Both U and V are orthogonal matrices. The diagonal values of D are D,,,, = ¢, where
A = 02 are eigenvalues of the symmetric matrix A7 A and are hence guaranteed to
be positive.

A measure of the “size” of A is its spectral radius ||Al|2 = v/A; where )\; is the
largest eigenvalue of AT A. The condition for an iterative process involving A, in which

arbitrarily large powers A™ of A are applied to vectors, to be stable is that ||Al]2 < 1.

A.2 B-spline basis functions

Useful introductory reference books on spiines are (Faux and Pratt, 1979; Foley et al.,
1990). An excellent, comprehensive reference is (Bartels et al., 1987).

In chapter 3, spline functions are written as a linear combination of a number of
spline “basis functions.” Basis functions are constructed using the following general
rule which can be used to define any arbitrary set of polynomial splines. Let B, 4 be
the nth basis function for a spline of order d. Then for a spline with single knots of
unit spacing, the following recursive rule applies:
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Ground instance

1 ifn<s<n+1
Bnl(s)::

’

0 otherwise
Inductive step

(s =n)Bngd-1(s) + (n+d — 5)Bpt1,4-1(5)
d—1

Bn’d(s) =

285

and some examples are shown in figure A.1. These functions satisfy the following

conditions:

Support B, 4(s) =0 for s ¢ [n,n+d)
Positivity B, 4(s) >0 for all s
Normalisation Y. B, 4(s) =1 for all s

Translational invariance By 4(s) = Bp4(s—1) for all s

and further, there is a smoothness constraint for d > 1, namely that B, 4 has contin-

uous (d — 2)th derivative for all s and all d > 1.

Non-uniform B-spline functions

The spline basis functions generated above, for which the knots are uniformly spaced
at unit intervals, can be generalised to produce spline functions with arbitrary knot
spacing. Consider a spline with Ng knots at positions kg < k1 < ... < knj—1, then

the recursive rule becomes

Ground instance

1 ifk,<s<k
Bn,l(S) _ n > n+1
0 otherwise
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A B,,:(s)
1.0

0.5 A

1.0 '
Bys(s)

1

Figure A.1: A spline basis function B,, 4 of order d is built up recursively from basis functions
of lower order.
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Inductive step

(s — kn)Bn,d—l(s) + (knta — S)Bn+1,d—1(3)
kn-}-d—l - kn kn+d - kn-{—l

Bn,d(s) =

which reduces to the uniform case when &k, = n. The rule can be used to generate
spline functions with knots of multiplicity m by setting m consecutive k, to be equal.
(Terms in the inductive step are zero when the denominator is zero. The validity of
this can be shown by taking a limit as the knots approach one another — it is easy to
see by induction that the basis function in the numerator is identically zero whenever
the denominator is zero). The conditions of positivity and normalisation still hold
in general, and now the support of the basis function B, 4 is [kn,kn+d). The basis
functions are clearly no longer necessarily translated copies of each other, however,
and the introduction of a multiple knot reduces the smoothness of a basis function;
the function is C4~1~™ at a knot of multiplicity m. This weakening of the smoothness
property is the motivation for using multiple knots; it permits B-spline functions, and
therefore curves, with sharp corners and discontinuities.

An implementation of B-spline functions

The recursive rule for generating By, 4 can be converted into an algorithm by express-
ing each basis function as a sequence of polynomials p,(s) defined over the intervals
[kn, kn+1). Since the support! of By, 4 is [kn, kntd), any spline basis function of order
d can be represented using just d polynomials B ;, one for each of the d spans S,
in the support of B, 4. Now the inductive step of the rule can be applied, over each
interval in turn, to obtain each of the B,;‘L’d.

Where a B-spline contains multiple knots, some of the inter-knot intervals have zero
length, so it is convenient to introduce the concept of “spans”. These correspond to
the non-empty inter-knot intervals above, and the span ends are called “breakpoints”.
A B-spline function, therefore, is a piecewise polynomial curve made up of a series
of L spans Sp...Sr_1 connected at breakpoints sg < 51 < ... < sr. We adopt the
convention that all spans are unit length, (s; = ¢), so the basis functions making up a
spline are uniquely determined by the knot multiplicities mg ... my at the breakpoints.
A periodic B-spline function is constructed by considering the basis functions to be

1The support of a function is the interval over which it is non-zero.
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periodic over the interval [0, L]. A periodic B-spline function must have mo = my, and
it has “multiple knot count”
L

M=Z(mi—l)

1

while for an aperiodic spline mg = my, = d to control the boundary conditions of the
spline, and
L

M = Z(ml - 1).

0

An L span B-spline is a linear combination of Ng basis functions, where
Np=L+ M = Ng—my
for a periodic spline, and
Npg=L+M+1-d=Nkg—d

for an aperiodic spline. Thus, for example, a simple L span aperiodic quadratic B-
spline is a linear combination of Ng = L+ 2 basis functions (see figure 3.6 on page 48).
The relationship between spans, knots and basis functions is illustrated for two cases
in figures A.2 and A.3.

Building a spline function from basis functions

B-spline functions can be evaluated efficiently using “span matrices.” Over the span
S5, any spline function is a linear combination of the basis functions By, g . .. By, +d—1,d
where

S0
bo+d—1
m(s)[""’“) =z(s)? = Z z;B; 4(s)
bo
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A S, S, S, S; Span
1.0 - : :
Bj4(s) Bo,s(s) ,E B s(s) ; B;s(s)
\Ba,a(s)
0 1 2 3 4 S
Ky Ky k, ks k, Knot

289

Figure A.2: A simple periodic B-spline with no multiple knots has L = 4 spans,

Nk =5 knots, and is a combination of Ng = 4 (periodic) basis functions.

Span
1.0 4
Bs,5(s)
Bys(s)
0.5
s
Ko, ky, K5 ks ky Ks, kg k;, kg, kg Knot

Figure A.3: An aperiodic spline must have knots of multiplicity d at its endpoints.
Here there is also a double knot between the third and fourth spans, leading to a discontinuity
in the first derivative of the function. Here L = 4, Ny =10, Ng = T.
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(with obvious variations for periodic splines). For each span, therefore, we can com-

pute a d x d span matrix B2 such that

Thy+d—1

where the ith column of the span matrix corresponds to the polynomial coefficients of
the basis function By, ;1 4 over the interval of that span (in practice it is convenient
to define each span matrix over the interval [0,1)). The span matrices for the spline

in figure A.3 are as follows:

1.00  0.00
B§ = | —2.00 2.00
( 1.00 —1.50

0.50  0.50

BY = | —1.00 1.00
( 050 —1.00

050  0.50

BS = | Z1.00 1.00
( 050 —1.50

1.06  0.00

BY = | —2.00 2.00
( 1.00  —2.00

0.00
0.00
0.50 /

0.00
0.00
0.50 )

0.00
0.00
1.00 )

0.00
0.00

1.00 )

and the algorithm used to calculate them is given in figure A.4. Once span matrices
have been computed off-line, the spline can be evaluated efficiently at any values of s
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To calculate span matrices for a non-periodic B-spline of order d with knot multiplicities

1. Calculate the knot values k;:
(a) Initialise: p=0, ¢=0
(b) Fori=0...L
i Forj=1...m;
kp=q¢, p=p+1
ii. g=q+1
2. For eachspano =0...L —1:

(a) Find the index b, of the first basis function whose support includes the span.
g
b, = (Z mi> —d
0

(b) For i =1...d recursively calculate the basis polynomial By ., , ; for span o
using the following rule

i. Ground instance
1 ifk, <o <knpt1
0 otherwise

ii. Recursive rule

(s+0— kn)BZ’d_l(s) n (kntd —s— U)Bg+1,d—1(3)
kn+d—1 - kn kn+d - kn+1

Z,d(s) =

where terms are zero when the denominator is zero.
iii. Store the coefficients of By ., ; ; as the ith column of the d X d span

ix BS
matrix By,

coefficient.

where the top row corresponds to the constant polynomial

Figure A.4: Algorithm to calculate span matrices for aperiodic B-splines. Obvious
modifications must be made for the periodic case.
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and zg...Tnz—1. For notational purposes it is convenient also to define the d x Np
“placement matrices” G,:

1 ifi—-b,=73
(Go)ij = (A.3)

0 otherwise

so that
z(s+o)=1s ... sTHBSG,Q

where 0 < s < 1. The derivative of the function can be calculated as
Z(s+0)=(01... (d-1)s*?B5G,Q

and so when considering a spline curve,

T B5G, 0 z
=(1s...s%7 1s ... 570 7 Q ,
Y 0 B5G, QY
the tangent to the curve is given by
x B3G, 0 T
=01...d-1s%201... (d=1)s2)| ° Q ,
y 0 BJG, Qv
and the normal is given by
Ng -1/

Ny x

Calculating the spline metric matrix

Using the span matrices it is straightforward to compute the spline metric matrix 5,
where

B= -2— /0 " B(s)B(s)T ds (A.4)
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as described on page 50.

8 =

S
MT
/_\

Il
»—\O

B(s+o0) (s+a)Tds>

~ 9

= Z T(BTPBIG,

b«l

where

—_

1
73=/ : (1 sd_1>d3,
0

sd—l

the “Hilbert” matrix (Barnett, 1990) whose coefficients are

1

Pi= o

Similarly, the matrix B’ used on page 65 to define the area coefficients A, was defined
as

L
B = % /0 B(s)BT(s) ds

and may be calculated as follows:
1 L1
~ 1 3 GHB) PBIG,
o=0

where

1
P = /O : (0 (d—1)sd-2>d8, S0
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A.3 Probability

An excellent introductory text on probability is (Papoulis, 1990). It is impossible
to cover the necessary ground here, but since much of the argument in the book is
probabilistic, a few basic concepts are reviewed here.

Probability distributions A continuous random variable z taking real values z €
R has a probability distribution defined by its density function p(z) > 0. Its
interpretation is that, for an interval Z = [a, b]:

Plzel)= /bp(a:) dz.

a

This definition extends to a multi-dimensional random variable X € RVX so that, for
a subset Z € RVx:

PXeT)= /I p(X) dX.

Since X has to take some value, p must satisfy the normalisation property that

/RNX p(X)dX = 1.

A conditional distribution for X specifies the probable values of X given that
the value of some related variable Y is known and is defined by the density p(X|Y).
This is interpreted, as before, via integration:

PX eI|Y) = /p(X|Y) dX.
A
The associated normalisation property is

/ p(X|Y)dX = 1.
RVx

Mean and variance The expectation or mean of the random variable X, denoted
E[X], is
E£[X] = / p(X) dX
RVx

which is a linear operation so that

E[AX +b] = AE[X] +b.
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The variance of X, denoted V[X] is defined as an expectation:
VIX] = £[(X - X)(X - X)T]

where X = £[X]. It scales quadratically, as V[AX + b] = AV[X]AT, and is invariant
to the additive constant b, naturally enough since it is a measure of “spread” about
the mean. It is also known as the “covariance matrix” of X and must be symmetric
and “positive semi-definite” (all eigenvalues positive or zero).

Bayes’ rule Suppose a density p(X) is given, based on prior knowledge of the state
X of some system and its likely values. Then suppose that observations Z are made
from an imperfect sensing device which is characterised by its observation density
p(Z|X), specifying the likely range of observations given a particular system state X.
Then Bayes’ rule gives the posterior density p(X|Z):

p(X|Z) = kp(Z|X)p(X),

where k is a constant, not dependent on X, whose value can be determined if need
be by insisting that the posterior be normalised. Note that p(Z|X) is also known as
a likelihood function for X.

Estimation When both the prior and observation density are available, a common
way to estimate the value of X given observations Z is simply to find the X that
maximises the posterior:

~

X =arg m)%xp(X|Z).

This is known as the MAP (Maximum A Posteriori) estimate. Alternatively, if no
prior is available, an estimator can be defined by

X = arg m)%xp(Z\X),
the MLE (Maximum Likelihood Estimator).

Normal distribution Much use is made in the book of multi-variate normal or
Gaussian distributions. A vector variable X distributed as a Gaussian is denoted

X ~ N (X, P) (A.5)
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where X is the mean of the distribution and P is its covariance matrix, assumed
non-singular. The density function for X is

_ 1 1 _1 A\ T %

where S = P71, the information matrix.

Alternatively, given a vector w of Nx independent standard normal distributions,
so that each w, ~ N(0,1) and w ~ N(0,In,), X can be described as a linear
transformation of w:

X =Bw+X

where B = v/P. Circles |w| < ¢ map to confidence ellipsoids in X space, regions
which contain the value of X with probability x?VX (c), where x2 is the “chi-squared
distribution function” for v degrees of freedom, and can be found in statistical tables.
For example, for Nx = 2,

P(lw| < 2) = 86% and P(jw| < 3) = 99%.
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Stochastic dynamical systems

B.1 Continuous-time first-order dynamics

A first-order AR process (9.7) can be regarded as a first-order “stochastic differential
equation” (SDE) in continuous time that has been sampled at regular intervals. If the
sampling interval is 7 so that t; = k7, then the AR process is obtained by integrating
the SDE over successive sampling intervals. The SDE is expressed as

X =FX-X)+Gw (B.1)

where X(t) is a vector in shape-space, F' and G are Nx x Nx matrices and w(t) is a
Nx-dimensional vector of independent, univariate Brownian processes in continuous
time. A univariate Brownian process w has the property that the value w(t) has a
Gaussian distribution with E[w(t)] = 0 and V[w(t)] = ¢. The derivative w(t) is a
“white noise” signal, that is one with equal power at all frequencies. The coefficients
F are the deterministic parameters of the process, in the sense that its eigenvalues \;
are the so-called “poles” of the AR process, constants with units of inverse time that
represent the rates of decay of the various characteristic motions of the system. (This
applies to the case that all poles are real-valued and negative. Any real positive pole
will cause the process to be unstable. There is also the possibility of complex poles,
representing oscillations or damped oscillations.) The matrix G represents a coupling
to the multi-dimensional white noise w that is driving the dynamical system. As in
the discrete case, there is a mean-state and a Riccati equation for continuous time:

A A

X=FX-X) and P=FP+PFT +Q (B.2)
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where the “covariance coefficient” Q = GGT.

Conversion-between continuous and discrete time

A continuous-time SDE can be converted to a discrete-time form (Gelb, 1974; Astrom
and Wittenmark, 1984) by computing A and C directly from F' and Q:

A=expFr and C = / (exp F't) Q(exp FTt) dt. (B.3)
0

It is possible to evaluate the integral for C exactly by diagonalising F' but in practice
the following approximation, to lowest order in 7, is convenient (and particularly so
for the second-order process):

A=(I—-Fr)™' and C=Qr sothat B=GT. (B.4)

The approximation for A is known as the “backward difference” approximation and
is preferable to the more obvious “forward difference” A = F'7 because it preserves
stability: that is, any SDE that is stable is approximated as a stable AR process, with
| Allz < 1.

Power spectrum

In chapter 9, a form (9.12) on page 199 for the power spectrum of a first-order ARP
is used. That form is derived briefly here. Restricting X(¢) in the continuous process
above to be one-dimensional X (t), so that F' and G are scalar coefficients, suppose
that

X (t) x exp 2mift,

and set its mean to zero for simplicity. Then (B.1) becomes

omifX = FX + G

so that i
w
X = omif — F
and the power spectrum
G 2
Sxx(f) = ‘m Suiris (1)
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where | - | denotes complex modulus. Now the power spectrum Sy;(f) of white noise
is constant, so

GQ
472 f2 4 F2

which can be rewritten directly in the required form.

Sxx(f) o

B.2 Second-order dynamics in continuous time

A second-order SDE can be written, as it was in the discrete case, as a first-order one
in a suitable state-space:

X=FX-X)+Gw (B.5)
where now
0 I 0
F = and G = . (B.6)
Fl F2 GO

This normal form is consistent with a state-space representation in terms of position
and velocity:

X = .
X

The white noise w can be interpreted mechanically as a (generalised) force applied to
a particle whose configuration is X. Now, from (B.3),

X(ty) — X = A'(X(tg_1) — X) + B'wy,
where A’ =exp FT,
which can be written in terms of its submatrices as
/ /
A/ _ 11 12
!/ !
21 22
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The matrix A’ does not yet conform to the normal form (9.18) on page 204 for discrete
coefficients A, which would require A}; = 0 and A}, = I. To reach the normal form,
a coordinate transformation X — M X with

I 0
M =

/ /

11 412
must be applied. The transformed process has A = M~'A’M which is in normal
form, and B = M !B’ which is only approximately (for small 7) in the normal form
for B in (9.18) on page 204.

The inverse transformation, obtaining continuous parameters F' and G from dis-
crete ones A and B requires a matrix logarithm

1
F'=ZlogA
T
followed by a coordinate change, similar to the one above, to reach the normal form.

Power spectrum

The expression (9.13) on page 200 for a second-order power spectrum is obtained
from (B.5) using a frequency analysis similar to the one in the first-order case.

B.3 Accuracy of learning

The claims concerning accuracy of learning, stated in chapter 11 on page 241, are
justified here. First the proportional error in the discrete dynamical parameters a1,
az and by is obtained. Then this is used to derive the proportional error of the
underlying continuous parameters f, 3 and p.

Discrete analysis

The error of estimators @i, as and 130 is derived from the Fisher information measure
for a maximum likelihood estimator (Kendall and Stuart, 1979). Asymptotically, for
large M,

Vibolbo] ™+ = —€ [62L/003)
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where L is the log-likelihood function (11.1) on page 237. Using (11.2) on page 237,
this gives
. b2
VIbglbg] = ————
lbolbol = 5737 =)

so that the proportional error in 130, denoted AEO, is

. \/Vbolb
b, [bo]bo] 1

bo = L0000 _ (B.7)

bo V2(M -2)

Applying a similar analysis to the vector a = (a1, az)” obtains error variances and
covariances for a; and ag. This gives

V[ala™ = -¢ [a2L/aa2]
_ ¢ 715 T11 T12
bO o1 T22

(M - 2)5[5%26(7:)»6@?]
l 0
b3

= (M -2)=Pw

where 7;; are the auto-correlation coefficients from the learning algorithm of figure 11.2
on page 238. Covariance Py, is obtained as the steady-state solution for P in the state
equation (9.19) on page 204 for the process. After some manipulation, this gives

14+ a9 1—ay —a1

M=2\ _4 1-a,

V[ala] =

(B.8)

For all 3 parameters a1, az and b it seems that estimator error < 1/v/M — 2 so
that a typical training sequence of 1000 video fields should lead to error of just a few
percent. This is a little misleading however because small changes in a; and a2 can
have a substantial effect on the ARP model. Looking at continuous parameters g3, f
and p gives a clearer picture.
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Continuous analysis

Making the assumption that 87 < 1 then, from (9.25) on page 206,

BT =~ =(1+ ag)

1
2
so that, using (B.8),

~

BT

1
V(BT = ZV[CLQ] ok v

and finally

Af = vadld 1 1

1
BT V2 Jar

as claimed in chapter 11. A similar analysis for f shows that

V[ f] _ 1 1
i 2’”\/55

Note that the error A f in the estimated frequency is defined here relative to B. F inally,
it remains to establish an error bound for the estimated value of p. From (9.27) on
page 206, and given that Aby (see above) can be neglected,

Aﬁ:%AB(H——————B )

ﬂfsin 27rf'T

Af

If
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Further shape-space models

C.1 Recursive synthesis of shape-spaces

Chapter 4 ended with a discussion about shape-spaces for articulated motion and a
summary comparing, for various hinged objects, the number of degrees of freedom of
the object and the dimension of linear shape-space needed to represent its motion.
There is a powerful general rule, presented here, for building up the dimension of a
shape-space as articulated components are tacked onto a body. The dimension is built
up recursively, tacking one component on at a time. It will be convenient to write
the equation of the curve in homogeneous coordinates, a standard geometric tool in
graphics and computer vision (Faugeras, 1993; Foley et al., 1990), giving

so that the curve ranges over the shape-space swept out by
rp(s) = TTh(s)

where the template Tx(s) (also in homogeneous coordinates) may be either two-
dimensional or three-dimensional as appropriate and T is a linear transformation. For
example, the Euclidean similarities discussed earlier are represented by the following

Meta 1037
p- 80



304 Appendix C

transformation 7
X1 X3 —X4

Tr = + r
Xo X4 X3

which can conveniently be written as a 3 x 3 matrix in homogeneous coordinates:

X3 —X4 X
T= X4 X3 X2 . (C'l)
0 0 1

This is appropriate, of course, for a body moving rigidly in the plane. More generally,
it applies to the end link of a series of hinged links attached to a base that moves
rigidly in the plane.

The new component is attached so that it is free to be acted on by transformations
T’ relative to the end body. For example, a simple planar hinge is represented in
homogeneous coordinates by

cos —sinf O
T'®)=| sin® cosh 0
0 0 1

Incremental rule: now the general rule can be stated, that when the hinged com-
ponent is added, the dimension of the shape-space is increased by:

dim{T, TT'}* — dim{T}*, (C.2)

where {T'} " is the vector space of transformations 7" and {73, 75} " denotes the vector
space spanned by the two transformations taken jointly (simply concatenating the
elements of 77 and T, into one vector). To make this clear, we will work through the
rule using the examples for 7" and T” given above of a planar base element moving
rigidly in the plane with a single hinged component.
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Planar rigid body with hinged appendage

First of all, dim{T}*L = 4, clearly, since T" has 4 independent linear parameters
Xi,...,X4. Next we compute T'T":

Yy -0 X
T =| 5 4 X (C.3)
0 0 1

where v = X3c0s0 — xz4sinf and § = X4 cosf + X3sinf so now
dim{T, TT'}* = dim{ X1, Xo, X3, X4,7,6} T =6
so that adding the hinge increases the dimension of shape-space by
dim{T, TT'}* —dim{T}* =6 -4 =2

and the dimension of the new space is increased from 4 to 6.

Further hinged appendages

Now suppose we want to add a further hinged appendage. If it is added to the main
body (figure C.1a), the argument above is unchanged (it is not in the least affected by
the existence of the previous appendage) and the increase in dimension is still 2. Now
the total dimension of the shape-space increases to 8. If instead the new appendage is
tacked onto the end of the previous appendage (figure C.1b) we can apply the general
method as follows. The matrix 77" in (C.3) above becomes the new T', and now

cos¢p —sing 0

T'=T'(¢)=| —sing cos¢ 0 |,
0 0 1

where ¢ is the angle of the latest appendage. Now the argument proceeds exactly as
for the addition of the first appendage except that we have -y, § and ¢ where before we
had X3, X4 and 0, so again the subspace dimension is increased by 2. Alternatively, a
quicker way to get to the same conclusion, is simply to note that the shape-space of the
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Figure C.1: Hinged appendages Hinging an appendage onto: a) the main body; b) the end
of another appendage; c) the end of a chain of appendages. d) A general planar articulated
body consisting of a base in rigid motion with n hinged bodies.

first appendage, considered in isolation, is the space of Euclidean similarities. (It can
execute any rigid motion given that it is hinged to a base that can execute any rigid
motion.) Therefore we are simply solving again the problem of computing the increase
in shape-space dimension when an appendage is hinged to a base whose shape-space
is the Euclidean similarities. Clearly we could continue to add appendages to a chain
(figure C.1c), adding 2 to the shape-space dimension each time.

Now a simple inductive argument shows the following rule. A rigid planar body
with n hinged appendages (figure C.1d) has a shape-space with dimension 4 + 2n.
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This is true regardless of how the hinges are arranged, provided there is no closed
kinematic chain (sequence of hinged bodies forming a loop).
Adding telescopic appendages

How is the dimension of shape-space affected if an appendage is added with a “pris-
matic” or telescopic joint? In that case

1 0 d
T'"=T(d=|010 |,
0 01

where d is the variable length by which the joint is extended and taking T for Euclidean
similarities of the base object as in (C.1), gives

X3 —Xy Xsd+ Xi
TT'=| X, X3 Xud+Xo |,
0 0 1

so that
dim({T,TT'}*) = dim({ X1, Xo, X3, X4, X3d, X4d}*) = 6

(since X3d, X4d extend the basis by two elements — even though there is only one
new degree of freedom d, it appears non-linearly and requires two degrees of freedom
to represent linearly). Just as in the hinged case therefore, each telescopic appendage
to a rigid body also raises the dimension of shape-space by two.

Planar body with co-planar appendage, in three dimensions

From earlier discussion in chapter 4, we know that images of a planar body in three
dimensions form an affine space, so that {T'}" is the usual 6-dimensional planar affine
space. Unfortunately, unlike rigid planar bodies in which hinged appendages cost only
2 degrees of freedom each, in the planar affine case they come relatively expensively.
Each requires 4 degrees of freedom so that insisting on linear parameterisation is
relatively costly.
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The argument, applying the incremental rule (C.2) is as follows. Transformations
are

X3 Xg Xi cos¢p —sing 0 \
T=| X5 X4 X and T"=| —sing cosd O
0 0 1 0 0 1

and after a little calculation
dim({T, TT'}*) = dim({ Xy, X2, ((Xn cos ¢, Xnsing),n = 3,... ,6)}") = 10,

an increase of 4 over the 6 affine degrees of freedom.

Proof of incremental rule

For completeness, a proof of the rule (C.2) for incrementing the dimension of shape-
space is included here. Consider a base shape v which we would normally represent
by a template either as a parameterised curve T(s) in two dimensions or R(s) in three
dimensions, or as a control point vector Q in two or three dimensions. It is subject to
linear transformations 7" onto the image plane, parameterised (not necessarily linearly)
by a parameter set A, giving a set of image shapes {T'(A\)y, A € A}. This set spans
a vector space denoted by the closure {T(\)y, A € A}* which generally (for non-
degenerate +y) is isomorphic to the closure of the space of transformations {T'(A), \ €
A}t regardless of the particular shape 7.

Next, it is assumed that the body to which an appendage is about to be added
is already articulated so that, already attached to the base, are a set of components
transformed relative to the base by a set of linear transformations T, (A,), An €
A for n = 1...N. The n' component is thus transformed into the image plane
by the transformation T'T,,(A\,). Finally, the appended component is attached via
T'(X), X € A'. Tt is assumed that the parameters A1,... , Ay, are all independent
— the hinging/telescopic actions of the individual components are not coupled and this
is where closed kinematic chains are excluded. We also assume that all components
are non-degenerate so that we can continue to consider the transformations only and
drop any reference to the component shapes themselves.

The independence of parameters for components means that

dim{T, TT'}* + dim{T, TTy,... , TTn}" = dim{T,TTy,... ,TTN,TT'}* + dim{T}*
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(omitting for simplicity explicit reference to parameters A, A; ...\, and ') and this
is simply rearranged into a formula for the increase in shape-space dimension:

dim{T,TT,... ,TTNn,TT'}* —dim{T,TTy,... ,TTy}" = dim{T,TT'}* —dim{T}*,

the right hand side of which is the required formula (C.2), simplified in that it involves
only the base and the new component.

Silhouettes

For smooth silhouette curves, it can be shown that a shape-space of dimension 11
is appropriate. This shape-space representation of the curve is an approximation,
valid for sufficiently small changes of viewpoint. The proof of this result follows from
results in the computer vision literature about the projection of silhouettes into images
(Giblin and Weiss, 1987; Blake and Cipolla, 1990; Vaillant, 1990; Koenderink, 1990;
Cipolla and Blake, 1992b).
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Glossary 311

SYMBOL MEANING see page

z an estimate for the quantity x

T a prediction of the quantity x

T temporal derivative of x

X-y scalar product of vectors x, y

Il norm for functions/curves 47,58

(-, ) inner product for functions/curves 47,58

A®B Kronecker product of matrices A, B 282

T superscript denoting vector/matrix transpose

0 vector of zeros, of length Np

1 vector of ones, of length Np

A deterministic coefficient matrix in discrete dy- 204
namical model

Ay, Ay components of A 204

B(s) vector of B-spline blending functions 44

By stochastic coefficients in second-order discrete 204
dynamical model

B stochastic coefficient matrix in discrete dynam- 193, 204
ical model

B metric matrix for B-spline functions 50

B (s) mth B-spline blending function 43

C covariance coefficient C = BBT 242

d order of spline polynomial

ElY] expectation of a random variable Y 294

H observation matrix for Kalman filter 216
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Glossary

SYMBOL

H
h(s)

MEANING

metric matrix for curves in shape-space S

image measurement matrix for recursive curve-
fitting

r X r identity matrix

Kalman gain

index for discrete time t; = k7

length factor for search lines

no. of spans on B-spline curve

no. of frames in a training sequence Xy,... Xy,

no. of sampled image features along a B-spline
curve

no. of control points on B-spline curve
dimension of spline space

dimension of configuration space (shape-space)

)

multi-variate Gaussian (normal) distribution
image-curve normal

innovation due to ith image feature
covariance components for shape X (&)
covariance of state X'(t)

covariance of predicted state-vector X ()
control points for spline curve

vector of control points

vector of z-coordinates of control points

vector of y-coordinates of control points

see page

79
124

216

174

45
175
124

43
65
69

295
122

124

218

204, 213
216

53

58

44, 58
58
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MEANING

éontrol points of template curve

rotation matrix

space-curve (3D)

auto-correlation coefficients of training sequence
training-sequence sums

image curve (2D)

root-mean-square displacement at s on a curve
root-mean-square displacement of curve
statistical information matrix

space of spline curves Q

shape-space

spatial parameter for curve

o2 is variance of image measurement process
time parameter

duration T' = M of an image sequence

sample interval for image capture

matrix mapping control point vector Q to image
curve r(s)

translation vector
metric matrix for B-spline parametric curves
variance of a random variable Y

shape-matrix mapping from configuration X to
control point vector Q

pseudo-inverse of mapping W

discrete noise: vector of independent standard
normal variables

Glossary 313

see page

74
283
83
244
244
53
161
161
127
o8
69

127,169

98

76
99
294
74

74
193
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Glossary

MEANING

curve shape-vector
mean value of curve configuration

state-vector for image-based dynamics at dis-
crete time k

estimated state-vector from a tracker
predicted state-vector in a tracker
mean value of state X

history of states X(t1),... , X (tk)

aggregated vector of visual measurements at
time ¢t = k7

measurement history {Z(t1),...,Z(tx)} up to
time ¢ = kT

see page

74
160
204

214
216
204
260
127

213
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accuracy
of learning, 241, 300
of pose recovery, 149, 153
active vision, 2, 21
actor-driven animation, 5, 21
adaptive search, 221
affine
derivation of planar, 78
moments of planar, 80
planar, 72, 76, 95, 141, 195
three-dimensional, 88, 149, 154
aggregated measurement, 126, 127,
171, 214, 217, 257
aggregation of training sets, 243
algorithm
CONDENSATION, 255, 263, 278
alternative curve-fitting, 131
alternative Kalman filter, 220
B-spline span matrix, 291
construction of posterior, 171
curve-fitting, 127, 130, 138
curve-fitting with corners, 132
factored sampling, 257
Fisher discriminant, 107
Kalman filter, 218, 220
learning motion, 252

learning motion in 1D, 236, 238
learning motion in shape-space,
242, 244, 245
planar pose recovery, 142, 143
principal components analysis,
179, 183
rigid /non-rigid decomposition,
154, 155
three-dimensional pose recovery,
151, 153, 156
ambiguity in pose recovery, 143, 149
animation, actor-driven, 5, 21
aperiodic B-spline, 45, 289, 291
aperture problem, 137
appendage of non-rigid body, 94, 305
approximation, least-squares, 51, 130,
139
arclength, 64, 126
area of B-spline, 63, 65, 66, 80, 293
ARP, see auto-regressive process
articulated bodies, 93, 96, 273, 303
assimilation of measurements, 126,
215, 216, 220
augmented shape-space, 181
auto-correlation coefficients, 238, 244,
301
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auto-regressive process
first order, 193, 297
second order, 200, 225, 238, 261,
263, 299
average curve displacement, see also
norm
dynamic, 195, 208, 225, 227
static, 60, 62, 79, 163, 165

B-spline, 41, 284
aperiodic, 45, 289, 291
area, 63, 65, 66, 80, 293
basis, 42, 284
construction, 42, 284
corner, 54, 287
degree, 41
discontinuity, 46, 54, 287
function, 42, 67, 284
hinge, 54, 287
implementation, 287
inertia, 80
metric matrix, 50, 292
norm, 47
normalisation, 285
order, 41
periodic, 45, 53, 287
quadratic, 41
regular, 42
smoothness, 47, 285, 287
vertex, 54, 287
weights, 43, 53
background subtraction, 110, 7118
backward difference, 298
basis
B-spline, 42, 284
PCA, 178

planar affine, 73, 78

shape-space, 74

three-dimensional affine, 89
Bayes’ rule, 160, 164, 265, 295
biometrics, 11
blue-screening, 17, 22, 277
Boltzmann distribution, 172
bootstrap filtering algorithm, 278
bootstrapping, 251, 269, 274
breakpoint, 41, 46, 287
Bresenham line algorithm, 712
Brownian motion, 188, 297

calculus of variations, 121
calibration, camera, 7, 84, 96
car tracking, 7, 196, 208
cardiac analysis, 15, 90
centroid, 63, 65, 75, 80, 151
chain
kinematic, 95, 306
Markov, 188, 210
classification of signals, 23
closed-loop steady state, 219
clutter resistance, see also background
subtraction
in target tracking, 278
problem, 18
using colour, 106
using dynamics, 134
using shape-space, 72
using validation gate, 224
using CONDENSATION, 255, 262
coherence, 239
colour, 8, 82, 104, 113, 232
computational complexity, 67, 132, 220
CONDENSATION, 4, 255, 259, 278
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conditional distribution, 294
confidence region, 161, 163, 184, 188,
296
configuration vector, see shape-vector
constant velocity, 196, 207, 211, 219,
221
construction
of B-spline, 42, 284
of dynamical model, 207, 243
of shape-space, 69, 90, 153, 179,
303
continuous-time dynamics, 197, 205,
211, 230, 241, 247, 255, 297
control point, 53
control polygon, 54
control vector, 57
conversion between continuous- and
discrete-time, 298
convolution, 101, 112
coordinate vector, see control vector
corner
image feature, 101, 112, 131
in B-spline, 54, 287
correlation, 105, 112
correspondence, point, 37
cost, computational, 67, 132, 220
covariance
definition, 295
dynamic, 194, 205, 298
for validation gate, 220
form of curve-fitting algorithm,
131
static, 160, 176
static prior for dynamic model,
247
critical damping, 206

Index 343

curve approximation
as projection, 52, 67
from measurements, 115, 127, 131,
132, 137
probabilistic, 159, 184, 257, 278
with outliers, 174
curve norm, 58, 67

damping, 200, 206, 225, 240
critical, 206
decay, 198, 240, 248, 297
decomposition
for pose recovery, 143, 145, 149
of rigid and non-rigid motion, 153
singular value, 149, 153, 156, 284
default dynamical model, 205
deformable template, 32, 36, 95, 136
deformation space, 190, 196, 207, 229
degeneracy of pose recovery, see
ambiguity in pose recovery
degree of B-spline, 41
density
conditional, 294
function, 294
Gaussian, 160, 184, 296
multi-modal, 255, 266, 267
non-Gaussian, 255, 277
observation, 160, 164, 169, 171,
215, 255, 258, 262, 295
posterior, 159, 164, 167, 171, 215,
258, 295
prior, 160, 184, 215, 257, 295
process, 192, 193, 215, 297
propagation, 255, 259
spectral, 200, 298
state, 256, 262
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detection
edge, 26, 27, 101, 112
feature, 21, 26, 97, 112
deterministic model, 35
DFT, see Discrete Fourier Transform
diagonalisation of square matrix, 284
difference, image, 112, 118
differential equation, see stochastic
differential equation
diffusion, 255
digital desk, 18, 23, 231
discontinuity in B-spline, 46, 54, 287
Discrete Fourier Transform, 109, 198
discrete-time dynamics, 190, 205, 211,
298
discriminant, Fisher, 105, 107, 118
distraction, see clutter resistance
distribution, see also density
Boltzmann, 172
definition, 294
dynamical prior, 186, 190
Gaussian, 295
learning prior, 174
of curve shape, 159, 160
probabilistic framework for image
interpretation, 3
sampling from, 163
steady-state
first-order, 193, 195, 196
second-order, 205-207, 230, 247,
254, 269, 301
drift of random walk, 189, 195
dynamic contours, 34, 36, 213
dynamic programming, 159
dynamical model, 185, 235, 297

edge feature, 26, 27, 101, 112
efficiency, see computational
complexity
eigenvalue, eigenvector, 283
for pose recovery, 142
of dynamical prediction matrix,
203, 248, 297
of shape covariance, 161, 177, 18/
elasticity of snake, 28
ellipse, covariance, 161, 194
EM, see expectation—maximisation
energy
of motion model, 201, 211
of snake, 28, 97
envelope of AR process, 190, 205, 247
equilibrium equation for snake, 28
estimation
curve, see curve approximation
least-squares, 51, 130, 139
of motion model, 235
Euclidean
distance measure, 58
norm, 59, 79, 177, 282
similarity, 70, 75, 80, 118, 303
Euler angle, 143
evolution of state density, 213, 255,
278
expectation of random variable, 294
expectation—maximisation, 240, 254
extended Kalman filter, 277

factored sampling, 257, 278
factorisation

image-stream, 153, 156

of rigid and non-rigid motion, 153
feature curve, 97, 116, 137, 164, 169
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feature detection, 21, 26, 97, 112

feature, image, see image feature

field of view, 85-87, 141, 147

first-order AR process, 193, 297

first-order dynamical model, 188, 297
limitations, 196

Fisher discriminant, 105, 107, 118

Fisher information measure, 300

fitting, see curve approximation

flow, optical, 21, 37, 81, 95

focal length, 83, 96, 143

Fokker-Planck equation, 255, 278

frequency of periodic motion, 198, 206,

225, 237
function, B-spline, 42, 67, 284

gain, Kalman, 216, 234, 239

Gaussian
density, 160, 184, 295
distribution, 295
Markov process, 188
smoothing, 101

gesture recognition, 23, 254

Gibbs sampler, 278

grasp, 8, 22

harmonic motion, 200, 206, 207, 209,
230, 248

Hidden Markov Model, 22, 279

hinge in B-spline, 54, 287

hinged appendage, 94, 303

homogeneous coordinates, 22, 303

hue, 105, 113

image difference, 112, 113
image feature, 26, 97
corner fitting, 131

Index 345

for CONDENSATION, 265
probabilistic, 169, 171
image processing, 97, 137, 278
image sequence, 188, 213, 238, 259
image-stream factorisation, 153, 156
implementation of B-splines, 287
importance sampling, 278
impulse response, 198, 200, 247
independence of measurements, 170,
171, 266
inertia
of B-spline, 80
of snake, 34
information, statistical, see statistical
information
initialisation, 63, 81, 95, 217, 220, 268
inner product, see norm
innovation, 124, 130, 173
interpolated image sampling, 99, 112
invariance, parameterisation, 59, 64,
65, 67, 80, 121
invariant norm, 122
invariant subspace, 117, 169, 173
isotropic prior, 161
iterative learning, see bootstrapping
iterative least-squares estimation, 51,
130, 139

JPDAF, 277

Kalman filter, 37, 213, 220, 253, 255
Extended, 277
for recursive fitting, 131
for snakes, 35
Kalman gain, 216, 234, 239
key-frames, 90, 153, 177
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346 Index

kinematic model, 94, 96, 303
knot, 42, 284

multiple, 46, 54, 287
Kronecker product, 282

Lo norm, 47, 59, 79
Ly norm PCA, 178, 183, 184
Lagrangian dynamics, 36, 203, 211
learning

dynamical model, 235

Fisher discriminant, 105

prior for shape, 174
least-squares estimation, 51, 130, 159
likelihood, 160, 295

maximum, 175, 237, 252, 295, 300
limiting covariance, 193
linear discriminant, 105, 107, 113
linear requirement for shape-space, 69
linear scanning, 99
local invariance to parameterisation,

121

low-level vision, 21

magnitude of a vector, 282

Mahalanobis metric, 184

manual selection of dynamical
parameters, 205, 225, 231

Markov chain, 188, 210

Markov Chain Monte-Carlo
simulation, 278

Markov process, 188, 193, 210

Markov Random Field, 184

mask, for feature detection, 26, 112

matching, see feature detection

matrix operations, 281

maximum a posteriori estimate, 167,
295

maximum likelihood estimate, 175,
237, 252, 295, 300
MCMC, see Markov Chain Monte
Carlo simulation
mean estimation, 242, 244, 254, 258
mean of random variable, 294
mean-square displacement, 161, 169,
172
mean-state equation, 193, 205, 297
measurement assimilation, 126, 215,
216, 220
measurement error, 126, 264
measurement history, 213, 260
metric matrix
B-spline, 50, 292
curve, 59
shape-space, 79
metric, Mahalanobis, 184
mixture of Gaussians filter, 277
MLE, see Maximum Likelihood
Estimation
modal analysis, 248
model
constant velocity, 207
examples of dynamics, 208, 231
first-order dynamical, 188, 297
learning dynamics, 235
learning shape prior, 174, 184
limitations of first-order, 196
observation for CONDENSATION,
262, 278
probabilistic feature, 169
probabilistic shape, 159, 18/
second-order dynamical, 200, 201,
297
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setting default dynamics, 205,
225, 231
shape, 69
modular learning, 243
moments
area, 63, 65, 66, 80, 293
estimation for CONDENSATION,
262
for initialisation, 81, 95
in shape-space, 79
invariant, 65, 80
of curves, 63
morphological filtering, 113
MRYF, see Markov Random Field
multi-modal density, 255, 266, 267
multi-variate Gaussian distribution,
295
multi-variate learning algorithm, 242
multiple control point, 54
multiple knot, 46, 54, 287
multiple-hypothesis filtering, 255, 277

nodal variable, 30
noise

in AR process, 198, 201, 207, 211,

297

in feature detection, 101, 170

resistance to, 117, 131
non-Gaussian density, 255, 277
non-linear filtering, 256, 277
non-linear shape models, 94, 95, 234
non-periodic B-spline, 45, 289, 291
non-rigid motion, 90, 153, 176
norm

Lo, 47, 59, 79

B-spline, 47

Index 347

curve, 58, 67
Euclidean, 59, 79, 177, 282
parameterisation invariant, 122
shape-space, 79
weighted, 125
normal displacement, 63, 120, 122,
137, 162, 169
normal form for SDE, 299
normal variable, see Gaussian
distribution
normal vector search-lines, 98, 113,
122, 161, 266, 278, 292
normalisation
B-spline, 285
probability distributions, 294
vector, 282

observation
aggregated, 126, 127, 171, 214,
217, 257
density, 160, 164, 169, 171, 215,
255, 258, 295
error, 165, 225, 230, 240, 254
history, 213, 260
model, 170, 262, 278
occlusion, 88, 224, 264
open-loop steady state, 219
operator, image-feature, 26, 101, 112
optical flow, 21, 87, 81, 95
order of B-spline, 41
orthogonal matrix, 283
orthographic projection, 87, 141
oscillator, harmonic, 206, 209, 299
oscillatory motion, 200, 206, 247, 299
outlier, 130, 139, 172, 174

parallax, 149
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348 Index

parameterisation invariance, 59, 64,
65, 67, 80, 121
parameters
learning, 235, 252, 300
setting manually, 205, 225, 231
paraperspective, see weak perspective
partition of motion across
shape-space, 207, 230
partition of shape-space, 190, 196
pattern theory, 2, 21
PCA, see Principal Components
Analysis
PDAF, 277
PDM, see Point Distribution Model
performance of tracker, 220, 231, 250
periodic B-spline, 45, 53, 287
periodic motion, 196, 206, 239
perspective, 72, 81, 96
weak, 81, 85, 96, 147
phase, signal, 203, 238, 249
physical realisability of dynamical
model, 201, 211
planar-affine, 72, 76, 95, 141, 195
point correspondence, 37
Point Distribution Model, 177, 184
Poisson process, 264
polar angles in pose recovery, 148
pole of dynamical model, 202, 297
polygon, control, 54
pose recovery, 141
ambiguity, 143, 149
of planar object, 141-143, 156
three-dimensional, 149, 151, 153,
156
weak perspective, 147, 148

posterior, 159, 164, 167, 171, 215, 258,

295

power spectrum, 198, 200, 201, 211,
237, 298, 300

Principal Components Analysis, 176,
179, 183, 184

prior, 160, 184, 215, 257, 295
probabilistic model
dynamical, 185
observation, 169, 264
shape, 159, 184
projection
onto shape-space, 116, 118, 161,
207
orthographic, 87, 141
perspective, 72, 81, 96
weak perspective, 81, 85, 96, 147
propagation of state density, 205, 214,
255
pseudo-inverse, 67, 79, 118, 282

quadratic B-spline, 41

radius, spectral, 284

random sampling, 87, 163, 243, 255,
278

random variable, 294

random walk, 188, 278

rank of a matrix, 282

RANSAC, 277

real-time tracking, 5, 31, 112, 139,
265, see also computational
complexity

realisability of physical model, 201,
211

recognition by synthesis, 3, 257
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recovery, pose, see pose recovery

recursive least-squares, see
least-squares estimation

region-based image processing, 95,
101, 109, 112

regular B-spline, 42

regularised matching, 115, 118, 137,
160

reparameterisation invariance, see
parameterisation invariance

residual PCA, 178

resonant peak, 199, 200, 211, 238

Riccati equation, 194, 297

ridge feature, 27, 101, 112

rigid motion, 70, 153

RMS, see root-mean-square

robust estimator, 139, see validation
gate

robustness to clutter, see clutter
resistance

robustness to illumination, 109, 7112

root-mean-square, 49

displacement, see average curve

displacement

rotation matrix, 283

sample
covariance, 176, 254
mean, 175
path, 193
point, 98, 123
set, 257
sampling
interpolated image, 99
random curve, 164, 257
scalar product, 281

Index 349

scan, linear, 99
SDE, see stochastic differential
equations
search region, 97, 131, 137, 162, 220,
221, 264
second-order dynamical model, 200,
201, 203, 238, 247, 299
segment, search, 97, 131, 137, 162,
220, 221, 264
segmentation, colour, 8, 81, 113
selectivity for motion, 250
sequence, image, 188, 213, 238, 259
setting parameters, 205, 225, 231
shape-space, 69, 74, 95
constructive, 69, 90, 153, 179, 303
examples, 75, 76
justification of linear, 93, 96
key-frame, 90, 153, 177
moments, 79
norm, 79
partition, 190, 196
PCA, 176, 179, 183, 184
planar affine, 72, 76, 95, 141, 195
projection, 116, 118, 161, 207
three-dimensional affine, 88, 149,
154
shape-vector, 69, 74
signal phase, 203, 238, 249
signal power, see power spectrum
signal processing, 67, 100, 112
silhouette curve shape-spaces, 309
similarity, see Euclidean similarity
simulated annealing, 278
simulation, 37, 163, 243, 255, 278
singular matrix, see numerical
stability
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350 Index

Singular Value Decomposition, 149,
153, 156, 284
singularity of planar pose recovery, 149
smoothing of tracked sequence, 278
smoothing, Gaussian, 101
smoothness
of B-spline, 47, 285, 287
of snake curve, 28, 30
snake, 2, 21, 26, 36, 233
elasticity, 28
energy, 28, 97
equilibrium equation, 28
inertia, 34
Kalman filter, 35
smoothness, 28, 30
stability, 30
stiffness, 28
viscosity, 34
space, see shape-space
span, 41, 287
matrix, 46, 288, 291
spatial variance, 161, 167, 206
spectral
analysis, 198, 211, 237, 298
density, 200, 298
radius, 284
spectrum, power, 198, 200, 201, 211,
237, 298, 300
spline, see B-spline
spline-vector, see control vector
square-root, matrix, 284
stability
numerical, 78, 134
of dynamical model, 193, 203, 206,
284, 298
of snake, 30

state density, 256, 262
state-vector, 204
static curve-fitting, see curve
approximation
statistical information, 296
in dynamical approximation, 185,
214, 216, 234
in static approximation, 126, 131,
160, 167, 171
steady-state distribution
first-order, 193, 195, 196
second-order, 205-207, 230, 247,
254, 269, 301
stiffness of snake, 28
stochastic differential equations, 206,
211, 297
stochastic model, see auto-regressive
process; probabilistic shape
model; second-order
dynamical model; first-order
dynamical model
subspace
invariant, 117, 169, 173
of shape-space, 190, 196
subtraction, background, 110, 118
SVD, see Singular Value
Decomposition
synthesis
of model, see parameters, setting
manually
of sequence, see random sampling

telescopic appendage, 94, 307
template
deformable, 32, 36, 95, 136
intensity, see correlation matchirig
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of default shape, 32, 70, 72, 74-76,
89, 120, 159
threshold
for outliers, see validation gate
in feature detection, 26, 101, 111
time to collision, 66
time-course, see impulse response
trace of matrix, 283
traffic monitoring, 6, 22, 95, 136, 208
training, see learning
transformation between continuous-
and discrete-time dynamics,
298
translation
invariance to regularisation, 134,
168
unconstrained motion, 190, 196,
207, 229
transpose of matrix, 282
trough, 27, 101, 112
tuning, see parameters, learning;
parameters, setting manually

uncertainty, see probabilistic model;
noise
unconstrained
Brownian motion, 188, 194
with drift, 195
shape prior, 173
translation, 190, 196, 207, 229
underconstrained
measurement process, 134, 137,
138
shape-space, 72, 94
uniform line-reading, 99
uniform measurement sampling, 126

Index 351

uniform shape prior, 161, 167
univariate learning, 236
unstable, see stable; underconstrained

validation gate, 130, 139, 172, 220, 233
validity
of orthographic projection, 87
of weak perspective, 85
valley feature, 27, 101, 112
variability, see covariance; spatial
variance
variance
of random variable, 294
spatial, 161, 167, 206

vector
colour, 104
control, 57

Fisher, see Fisher discriminant
magnitude, 282
normal, see normal vector
search-lines
observation, 126, 127, 171, 214,
217, 257
operations, 281
product, 281
state, 204
unit, 282
velocity initialisation, 219
velocity, constant, 196, 207, 211, 219,
221
vertex in B-spline, 54, 287
virtual orthographic image, 147
viscosity of snake, 34
visibility, see occlusion

weak perspective, 81, 85, 96, 147
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352 Index

weight matrix, 117, see regularised
matching

weighted norm, 125

weighted sample, 257, 260

weighting, information, see statistical
information

weights, B-spline, 43, 53

white noise, 203, 297

Wiener process, 203

writing, dynamics of, 243

Yule-Walker equations, 252

zero of dynamical model, 202
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