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Abstract. Estimating the number of congeneric mRNA molecules in a
preparation is an essential task in DNA technology and biochemistry.
However, DNA sequencing methods can only distinguish molecules with
different sequences or of different lengths. Recently, it was shown that it
is possible to combine RNA molecules with short DNA molecules (tags)
such that, with high probability, any two RNA molecules are combined
with tags having different sequences. For this technique, we propose a
statistical estimator and a confidence interval to determine the number
of mRNA molecules in a preparation.
In a second approach, the mRNA molecules are lengthened by attaching a
random number of linker oligonucleotides. The original number of mRNA
molecules is then determined by the number of different lengths obtained
from the experiment. We also give estimator and confidence interval for
this method.
Both methods can be implemented using recent as well as established
methods from DNA technology. The methods can also be applied to
a larger number of molecules without the need to exhaust the complete
preparation. The computation of estimators and confidence intervals can
be accomplished by dynamic programming.

1 Introduction

Using DNA sequencing methods it is possible to determine the number of differ-
ent nucleic acid molecules in a preparation. However, it remains difficult to esti-
mate the number of molecules (or the concentration) of a single mRNA species.
Methods currently used (e.g., measuring uv-absorption, gel electrophoresis with
DNA size markers, northern blotting, linear PCR, or chip hybridization) are not
sufficiently reliable or may require more RNA than available. If the number of
molecules is increased by PCR, the estimation error roughly doubles in each
amplification round. In this case, a quantitative analysis of the probe is even
more difficult.

Recently, it was shown that it is possible to sequence many DNA molecules
with different sequences simultaneously [3,2,10]. Short oligonucleotides (DNA
molecules) are attached to the DNA molecules. If the number of different oligonu-
cleotide sequences is large enough (100 times larger than the number of DNA
molecules), almost all oligonucleotides that are combined with a DNA molecule

G. Benson and R. Page (Eds.): WABI 2003, LNBI 2812, pp. 55–62, 2003.
c© Springer-Verlag Berlin Heidelberg 2003

PARSE EX1056.001



56 B. Hollas and R. Schuler

will contain a unique sequence. The oligonucleotide sequences which are selected
by this process are a random subset of the set of all oligonucleotide sequences.
Furthermore, the sequences can be chosen such that the combined molecules
can be separated by the oligonucleotide sequences (by hybridization to reverse
complementary sequences which are bound to the surface of micro beads). This
fact is used in [3], for further DNA sequencing.

As discussed in [7], this technique can be used to determine the number of
molecules of a single mRNA species. Molecules with the same sequence of base
pairs are combined with oligonucleotides with many different (tag-) sequences.
The number of different tag sequences coupled to the mRNA molecules depends
on the number of mRNA molecules in the preparation. However, in some cases
several mRNA molecules might be coupled with oligonucleotides having the same
sequence.

A different technique to determine the number of molecules is proposed in
[7]. In this approach molecules of different length are prepared from the RNA
molecules. This can be achieved, e.g., by ligation of multimeric linkers which
can be used to assemble DNA of different length and sequences. Short linker
oligonucleotides are attached to a molecule until ligation is terminated by adding
a stop linker. The lenght of a molecule is random and depends on the ratio of
stop linkers. Again, in some cases several molecules will have the same length.

In this paper we consider the relationship between the observed number of
different tag sequences or molecule lengths and the number of molecules in the
preparation.

Uniform Model. In the first approach described above, the combination
of molecules with oligonucleotides containing different tag sequences is random.
Moreover, each tag sequence is chosen with a certain probability, depending on
the length and the concentration of oligonucleotides with that sequence. If all
oligonucleotides containing the tag sequences are of the same length and each
tag sequence is present in the same quantity then each tag sequence is chosen
with the same probability. The maximal number of tag sequences can be quite
large, e.g., 106 tag sequences can be distinguished by a DNA sequencing method
(MPSS) [3]. We describe the outcome of the experiment with the uniform model.

In the uniform model, s denotes the number of molecules (we wish to es-
timate) and Ti denotes the tag sequence of molecule i, 1 ≤ i ≤ s. We assume
that the tag sequences are independently and uniformly (equiprobably) selected.
Furthermore, we assume that all random variables Ti are identically distributed,
i.e., that the ratio of the tag sequences does not change.

Geometric Model. In the second approach, DNA molecules are lengthened
at random. Linker oligonucleotides and stop linkers are mixed with a certain ratio
and added to the DNA molecules. Linker oligonucleotides are attached to the
end of the molecule until the lengthening is terminated by adding a stop linker.
The probability that the assembly is terminated depends on the concentration of
the terminating linkers. Thus, we obtain a random number of different lengths.
The maximal number of different lengths that can be distinguished, e.g., by
gel electrophoresis, is approximately 1000. For the mathematical modelling, we

PARSE EX1056.002



A Stochastic Approach to Count RNA Molecules 57

neglect several experimental factors, e.g., that the addition of stop linkers is
length dependent and that the maximum length of the molecules is bounded.

For the geometric model, let again s denote the number of molecules. The ran-
dom variables L1, . . . , Ls denote the number of linker oligonucleotides that have
been attached to the molecules. We assume that molecules are independently
lengthened with termination probability 1 − p, thus we assume that L1, . . . , Ls

are independent and geometrically distributed. Hence, L1, . . . , Ls are geometri-
cally distributed. We denote the maximal number of different lengths that can
be distinguished experimentally by kmax.

For both models, we derive a maximum-likelihood-estimator and an approximate
confidence interval for the unknown number of molecules.

2 Uniform Distribution

Let T1, . . . , Ts be random variables that are independent and uniformly dis-
tributed on the set of tags {1, . . . , t}, that is, all tags are equiprobable, and
let

Ns = |{T1, . . . , Ts}|
be the (random) number of different tag sequences obtained from an experiment
on s sequences. Accordingly, denote by

Ps,n = {(t1, . . . , ts) | 1 ≤ t1, . . . , ts ≤ t ∧ |{t1, . . . , ts}| = n}

the set of tags assuming exactly n different values. Then

P (Ns = n) =
∑

(t1,...,ts)∈Ps,n

P (T1 = t1, . . . , Ts = ts)

= (
1
t
)sSs,n

(
t

n

)
n!

whereby Ss,n is the number of ways to partition the set {t1, . . . , ts} into n
nonempty subsets (Stirling numbers of the second kind [6]).

Note that {T1 = T2 = 5, T3 = 1} and {T1 = 1, T2 = T3 = 5} are different
events, each having the same probability.

To calculate P (Ns = n) we consider the two cases Ts ∈ {T1, . . . , Ts−1} and
Ts �∈ {T1, . . . , Ts−1}. Since Ss,n = Ss−1,n−1 + nSs−1,n and

(
t
n

)
=

(
t

n−1

)
t+1−n

n ,
we get

P (Ns = n) = (
1
t
)s−1Ss−1,n−1

(
t

n − 1

)
(n − 1)!

t + 1 − n

t

+(
1
t
)s−1Ss−1,n

(
t

n

)
n!

n

t

= P (Ns−1 = n − 1)
t + 1 − n

t
+ P (Ns−1 = n)

n

t
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For the edges (s = 1 or n = 1) holds

P (N1 = n) =
{

1 n = 1
0 n > 1 and P (Ns = 1) = (

1
t
)s−1

Though this recursion can readily be computed, it is much more efficient with
regards to time and space to build up an array containing the values P (Ns = n)
(dynamic programming [4]). Note that, since necessarily s ≥ n, only half of the
array elements need to be computed. Then, a maximum-likelihood-estimator

ŝ(n) = arg max
1≤s≤smax

P (Ns = n)

for the unknown number of sequences s, given n different tags obtained, can be
computed. The upper limit smax must be sufficiently large to ensure that the
maximum is really attained.

Apart from the most likely number of sequences ŝ, we are also interested in
the reliability of this result. A (1 − α) confidence interval for s must satisfy

1 − α ≤ P (ŝ + l ≤ s ≤ ŝ + r)

= P (s − r ≤ ŝ ≤ s − l)

Remember that ŝ = ŝ(Ns). Thus, we get

P (ŝ−1(s − r) ≤ Ns ≤ ŝ−1(s − l)) (1)

However, Ns depends on the unknown parameter s. Therefore, we construct an
approximate confidence interval by replacing s with ŝ = ŝ(n) in (1) and compute
a, b such that

P (a ≤ Nŝ ≤ b) ≥ 1 − α

Then, ŝ(a) and ŝ(b) are the bounds for this confidence interval.
Figure 1 shows the most probable number of sequences ŝ (thick line) to-

gether with the bounds for the approximate confidence interval (thin lines). The
confidence interval was constructed according to the density of Nŝ. Thus the
confidence interval has minimum length. The chart on the top shows the results
for 500 tag sequences, the chart on the bottom for 1000 tag sequences. n denotes
the number of different tags that result from the experiment.

3 Geometric Distribution

Let L1, . . . , Ls be independent and geometrically distributed random variables,
that is P (L = l) = plq, l ≥ 0, for p ∈ (0, 1) and termination probability q =
1 − p. Let Ns = {L1, . . . , Ls} denote the number of different values (numbers)
obtained from an experiment on s sequences. Let ps,n,k := P (Ns = n ∧ ∀i ∈
{1, 2, . . . , s}Li ≤ k). For k holds 1 ≤ k ≤ kmax, whereby kmax is the maximal
number of different linker length detectable. With current technology kmax is
approximately 1000.
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Fig. 1. Uniformly distributed lengths.

For the number |{L1, L2, . . . , Ls} ∩ {1, 2, . . . , kmax}| of different values ob-
tained from the experiments we get

P (|{L1, L2, . . . , Ls} ∩ {1, 2, . . . , kmax}| = n)

=
s∑

d=0

P (∃I ⊆ {1, . . . , s}, |I| = d ∧

∀i �∈ I Li > kmax ∧ ∀i ∈ I Li ≤ kmax ∧ |
⋃

i∈I

{Li}| = n)

=
s∑

d=0

(
s

d

)
P (L1 > kmax)s−d · pd,n,kmax

since P (L1 ≤ kmax) =
∑kmax

i=0 piq = q 1−pkmax+1

1−p = 1 − pkmax+1, this equals

=
s∑

d=0

(
s

d

)
p(kmax+1)(s−d) · pd,n,kmax
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To compute ps,n,k, observe that either some lengths are equal to k and the
remaining lengths are shorter than k, or all lengths are shorter than k.

ps,n,k = P (Ns = n ∧ ∃I ⊆ {1, . . . , s}∀i ∈ I Li ≤ k − 1 ∧ ∀i �∈ I Li = k)

=
s−1∑

d=n−1

∑

I,|I|=d

P (|
⋃

i∈I

{Li}| = n − 1 ∧ ∀i ∈ I Li ≤ k − 1

∧ ∀i �∈ I Li = k) + ps,n,k−1

=
s−1∑

d=n−1

(
s

d

)
pd,n−1,k−1 · (pkq)s−d + ps,n,k−1

For the edges holds

ps,0,k =

{
1, if s = 0, k ≥ 0
0, otherwise.

ps,n,0 =

{
qs, if n = 1, s ≥ 1
0, if n > 1.

The recursion to calculate the values of ps,n,k can be computed using a three-
dimensional array. However for larger values of n, s, and k space can be saved.
The array is computed for increasing values of s′, k′ and n′. For the calculation
of ps′,n′,k′ only the values pd,n,k−1 and pd,n−1,k−1 for any d < s′ are needed.

A maximum-likelyhood-estimater for the unknown number of sequences s
can be defined by taking the number ŝ with maximum probability.

ŝ(n) = arg max
1≤s≤smax

P (|{L1, L2, . . . , Ls} ∩ {1, 2, . . . , k}| = n))

The upper limit smax must be sufficiently large to ensure that the maximum is
really attained.

Using the approach from section 2 we construct an approximate confidence
interval by replacing s with ŝ = ŝ(n) and compute an interval a, b such that

P (a ≤ |{L1, L2, . . . , Lŝ} ∩ {1, 2, . . . , k}| ≤ b) ≥ 1 − α

Then, ŝ(a) and ŝ(b) are the bounds for this confidence interval.
Figure 2 shows the most probable number of sequences ŝ (thick line) to-

gether with the bounds for the approximate confidence interval (thin lines). The
chart on the top shows the results for termination probability 1− p = 1/50 and
maximum length kmax = 800, the chart on the bottom for 1 − p = 1/80 and
kmax = 1100. n denotes the number of different tags that result from the exper-
iment. For these numbers the probability that all lengths are less than kmax is
at least 0.99998 and 0.9998, respectively.
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Fig. 2. Geometrically distributed lengths.

4 Discussion

The technology to obtain the data is already established. Oligonucleotides which
contain the tag sequences can be synthesized (by repeatedly adding 12 different
sequences of length 4) [3]. Detecting the number of different tag sequences using
the MPSS method from [3] is only feasible in laboratories with sophisticated
equipment. However, smaller number of tag sequences can be separated using
DNA chips.

Similarly, the technique to assemble DNA sequences of different length is
well established in DNA sequence analysis [9]. We note however, that the exact
mixing ratio of terminating linkers has to be obtained experimentally. Further-
more, the assembly of multimeric linkers, i.e., the addition of linker oligonu-
cleotides and stop linkers is dependent on the length of the molecules. That is,
the lengths of the molecules are not truly geometrically distributed. This can
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be taken into account if we can rearrange the distorted distribution PL to a
geometric distribution: e.g., if there is a permutation π : N → N such that π(L)
is geometrically distributed, the results of section 3 are valid even for PL since
Ns = |{L1, . . . , Ls}| = |{π(L1), . . . , π(Ls)}|.

The proposed methods are particularly suitable for small numbers of
molecules. This is important since often only a small amount of RNA is available.
By drawing a sample from a large preparation, our method can also be applied
without the need to exhaust the complete preparation.
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