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Modeling .Amino Acid Replacement 
I 

TOBIAS MOLLER 1 and MARTIN VINGRON 1•2 

ABSTRACT 

The estimation of amino acid replacement frequencies during molecular evolution is crucial for many applications in sequence analysis. Score matrices for database search programs or phylogenetic analysis rely on such models of protein evolution. Pioneering work was done by Dayhoff et al. (1978) who formulated a Markov model of evolution and derived the famous PAM score matrices. Her estimation procedure for amino acid exchange frequencies is re­stricted to pairs of proteins that have a constant and small degree of divergence. Here we present an improved estimator, called the resolvent method, that is not subject to these limita­tions. This extension of Dayhoff's approach enables us to estimate an amino acid substitution model from alignments of varying degree of divergence. Extensive simulations show the ca­pability of the new estimator to recover accurately the exchange frequencies among amino acids. Based on the SYSTERS database of aligned protein families (Krause and Vingron, 1998) we recompute a series of score matrices. 

1. INTRODUCTION 

MOST PROTEIN SEQUENCE ANALYSIS PROCEDURES rely on amino acid pair score matrices or exchange frequencies among amino acids. This is true in particular for sequence alignment methods (Waterman, 1995), database searching algorithms like BLAST (Altschul et al., 1990) or FASTA (Pearson and Lipman, 1988), and methods of phylogenetic reconstruction (Swofford and Olsen, 1990). In sequence alignment and database searching, score matrices attribute a similarity score to the matching of two amino acids. Thus, they are crucial for the correctness of the alignment or the ability of the search program to detect homologous sequences. In many cases, such a score matrix is derived from an estimator for amino acid exchange frequencies. Phylogenetic reconstruction is based on such frequencies, e.g., in the context of maximum likelihood estimation of phylogenies PROTML (Felsenstein, 1989). 
Score matrices have been derived in different ways. Initially, the number of DNA mutations necessary to convert one amino acid into another (Fitch and Margoliash, 1967) was used as an indicator of distance or relatedness. Later attempts looked at physical parameters of amino acids (Rao, 1987) or studied associations in structural superpositions (Risler et al., 1988). The first statistical approach is described in McLachlan ( 1971 ). The widely used BLOSUM matrix series was derived from observed exchanges in block alignments of sequences of certain degree of divergence (Henikoff and Henikoff, 1992). In an alternative approach, one can interpret amino acid differences between homologous proteins as the result of a substitution process starting from a common though unknown ancestor. The formalization of this view was pioneered 

1 Deutsches Krebsforschungszentrum, Theoretische Bioinformatik, 69120 Heidelberg, Germany. 2 Present address: Max-Planck-Institute for Molecular Genetics, lhnestrasse 73, D-14195 Berlin, Germany. 
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by Dayhoff et al. (1978) who modeled this process as a Markov chain acting independently on each site 

of a protein. 
Dayhoff et al. (1978) estimate the transition probabilities of this Markov chain. For each amino acid, they 

specify the probability that it is replaced by a particular other amino acid in some evolutionary period. A 

straightforward approach to this problem requires comparison of descendant sequences with their ancestors, 

which we do not know. The estimation thus needs to be based on indirect observations. For two homologous 

sequences, Dayhoff et al. (1978) estimate a common ancestor, restricting themselves to closely related 

pairs of sequences. Hence, they obtain a good estimation of replacement frequencies for short evolutionary 

periods. Modeling molecular evolution by a Markov chain, however, aims to interpret longer evolutionary 

periods by iterated application of this replacement dynamics. Dayhoff estimates exchange frequencies 

for short periods of time and extrapolates them to higher degree of divergence. Direct observation from 

alignments of remotely related sequences cannot be included in her method. 

Today, large families of homologous proteins are available for comparison. Consequently, score matrices 

are being recomputed on these larger data sets, frequently based on Dayhoff's formalism (Jones et al., 

1992; Gonnet et al., 1992). Furthermore, the advent of large numbers of structurally derived alignments 

has raised interest in using information also from very distant alignments for the purpose of estimating 

exchange frequencies and score matrices (Risler et al., 1988; Overington et al., 1990). The challenge arises 

to generalize Dayhoff's estimation procedure to handle input alignment of varying degree of divergence. 

First, Benner et al. (1994) suggest considering the evolutionary distances when deriving scoring matrices. 

In this paper, we present a different estimation procedure that fits a Markov model using alignment data 

of arbitrary degree of divergence. Our approach is more general and leads to different results than the one 

of Benner et al. (1994). 
Section 2 of this paper will review some notions from Markov chain theory and link them to the 

biological phenomenon we want to describe. We will define a special class of Markov chains that are 

appropriate for modeling the evolution of proteins. Then we will introduce the resulting estimation problem. 

In Section 3 we will focus on the estimation of evolutionary time using a maximum likelihood method. 

The results will be validated by simulations in order to guarantee proper behavior of the method. Our novel 

method for estimating exchange frequencies will be introduced in Section 4. It relies on the concept of a 

resolvent associated to a Markov chain. Using this result, we will formulate an ~stimation procedure for the 

evolutionary process and evaluate its performance by simulations. In Section 5 we apply these developments 

to the calculation of a new "variable time" score matrix VT and compare it to the established BLOSUM 

and PAM series. 

2. A STOCHASTIC MODEL FOR PROTEIN EVOLUTION 

2.1. Definition of an evolutionary Markov process 

A basic process in the evolution of proteins is the change of amino acids in time. Dayhoff et al. ( 1978) 

introduced the description of this process as a Markov chain. We start by summarizing the relevant notions 

in order to define "evolutionary Markov processes," abbreviated as "EMP." We assume th~t amino acids 

change independently at each site of the protein as depicted in Figure 1. Let us fix one site. Following 

Dayhoff et al. (1978), we model the evolution of this site as a continuous-time Markov chain X 1 • 

Let A= (a,, • ••, aw) denote the alphabet of the twenty amino acids. Transition probabilities are given 

by 

Pa;ai(t) = Prob[X(s + t) = ajlX(s) = a;] 

A s A R D ~ D 
.j. .j. .j. .j. .j. t .j. 
D s D A A s D 
.J. .j. .J. .j. .j. .j. .j. 
D s D R A s D 
.J. .J. .J. .J. .J. .J. .j. 
A E D A D s D 

FIG. 1. The evolutionary process operates independently on each site of the proteins. 



MODELING AMINO ACID REPLACEMENT 763 

for times t, s and amino acids a;, a J. For two different amino acids ai and a J, Pa;a /t) denotes the probability that amino acid a; has been replaced by amino acid a1 after a period t and Pa;a; (t) is the probability that the amino acid a; remains unchanged. We assume that these probabilities depend only on time increments t and not on absolute time points s. Mathematically, such a process is called time 
homogeneous. 

Following Dayhoff, we calibrate the Markov chain, such that on average 1 % of the amino acid are changed after one unit of time: 

Prhb[X(t) i=- X(t + l)] = 0.01. 

Once calibrated, the time t in the Markov chain can be used as a measure of evolutionary time. Dayhoff introduced the acronym "PAM" (point accepted mutations) for these time units, where 1 PAM corresponds to 1 % of amino acids changed. 
We denote by P(t) the transition probability matrix consisting of the entries Pa;aj (t). For simplicity we 

write PiJ (t) instead of Pa;a /t). 
Note thzit: 

• P(0) = I, 
• p;1(t):::: 0 and LJ p;1(t) = 1, 
• Ps+t = P5 Pr for s , t ::0: 0, 

where / denotes the identity matrix. The last equation is known as the Chapman-Kolmogorov equation. We assume further that the Markov chain is continuous in the origin: 

Jim p; ·(t) = { l, 
t ',,.O 1 0, 

i = j 
i i=- j, (I) 

which is equivalent to the continuity of the functions PiJ (·). These functions are also differentiable in that the limit 

P(t) - I 
lim---=Q 
t ',,.O t (2) 

exists. Q = (q;1) is called rate matrix. The diagonal entries of Q are negative; off-diagonal entries are 
positive. 

Due to the time homogeneity assumption, the rate matrix Q provides an infinitesimal description of the process: 

Prob[X(t + h) = ilX(t) = i] = 1 + quh + o(h) 

Prob[X(t + h) = JIX(t) = i] = %h + o(h), for ii=- j 

or more concisely in matrix notation 

P(h) ~ I +hQ 

for small h > 0 and times t :::: 0. 
From the Chapman-Kolmogorov equation, we get the forward and backward equation 

d 
- P(t) = P(t) Q = Q P(t). 
dt 

This differential equation can be solved under the initial condition P(0) = I and yields 

00 Q''t" 
P(t) = exp(tQ) = ~ -. 

L, n! 
n=O 

(3) 
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This formula allows transition probabilities after any time of divergence t to be computed from the rate 
matrix. Vice versa, one can show that a matrix Q is a rate matrix of a family of transition probability 
matrices if and only if 

% :'::. 0 for i -/- j and L % = 0 for all i 
j 

(see, e.g., Grimmet and Stirzaker 1992). 
A transition probability matrix determines the distribution of amino acids. We need to assume that any 

amino acid can mutate into any other during any period t > 0. In this case, there exists a unique limiting 
amino acid distribution rr: = (rr:1 , ... , rr:20) where 

rr: = lim p; ·(t) > 0 
J 1➔ 00 } 

independently of the initial residue a;. It fulfills the equations rr: Q = 0 and rr: P (t) = rr: for all t :".'.. 0. 
Practically, this means that, if the overall amino acid usage in a set of proteins is equal to rr:, this distribution 
remains unaffected by evolutionary change. We only consider ~arkov processes which are in equilibrium 
and therefore all X 1 are distributed according to rr:. Such a Markov chain is called stationary and rr: is 
called stationary distribution. 

With the transition probabilities (P1 ),~o and the overall amino acid distribution, we calculate the joint 
distribution mij (t) = rr:; Pij (t) of (Xs, Xs+t ). M (t) = m;,j (t) denotes the probability of finding amino acid 
a; and amino acid a j aligned with each other in two sequences that are t time units apart. 

The Markov chain X1 describes the evolution of a single site in a protein from ancestors to descendants. 
While data from ancestor sequences are not available, we do observe pairs of proteins that have evolved 
from a common though unknown ancestor. To account for this problem, we assume that the evolution from 
ancestors to descendants can be modeled by the same process as its reverse. This enables us to explain 
the difference in both sequences by the same process. In Markov chain theory, this property is called 
reversibility. Formally, the probability of being and going from amino acid a; · to CJ j in time t is the same 
as that of being and going from amino acid a j to a; in this time. This yields the detailed balance equation 
rr:; Pij (t) = rr: j p ji (t) for all t > 0 or equivalently, in terms of the entries of the rate matrix, rr:;q;j = rr: N ji , 
and results in a symmetric matrix M(t). 

The above conditions on a Markov process allow a meaningful description of the amino acid replacement 
process and lead us to the following definition. 

Definition 1 (EMP). We call a continuous-time Markov chain X, on the alphabet of amino acids an 

evolutionary Markov process (EMP), if 

• X 1 is time homogeneous, 
• X, is calibrated: Prob[X(t) i- X(t + l)] = 0.01, 
• X 1 is stationary: 3n, such that rr: Q = 0 and X 1 is distributed according to rr:, 

• X1 is reversible: rr:;p;j(t) = lT:jPJ;(t) for all i , j , and t, 
• P(t) is positive: p;j(t) > Ofor all i, j, and t . 

Note that an EMP is uniquely specified by Q or (Pt), ~o-

2.2. Parameter estimation for an EMP 

In modeling the evolutionary process, we are faced with t
1
he problem of estimating the rate matrix Q 

of an EMP. Typically, for this purpose we have pairwise sequence alignments at hand that are assumed 
to be correct. Dayhoff et al. (1978) restrict their estimation procedure to pairs of sequences that are very 
close to each other. With the enormous number of divergent alignments available today, this would imply 
a large loss of information. 

Thus, it is desirable to exploit sequence alignments of widely different evolutionary distances for purposes 
of estimating the EMP. 
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An appropriate estimator must account for the evolutionary divergence of each alignment in the data 
set. We simplify the problem by proposing two distinct estimation problems to be solved: 

• For each pairwise sequence alignment an evolutionary time t has to be estimated. 
• A rate matrix has to be estimated from the alignment data. 

The two problems are circular; the estimation of evolutionary time requires a rate matrix and vice versa. 
Our approach is iterative and cycles betreen estimating the evolutionary distances between the sequences 
in an alignment and updating the current rate matrix. 

3. ESTIMATING THE TIME OF DIVERGENCE 

Estimation of evolutionary distances is a major issue in molecular evolution. Several approaches are 
described in the literature, including stationary and nonstationary models, the log-det formula, and models 
with rate variation among sites. For a comprehensive review including a list of references, see Gu and Li 
( 1998). We apply a maximum-likelihood approach similar to the one described in Adachi and Hasegawa 
(1996a); see also Felsenstein ( 1993). 

3.1. Maximum likelihood estimator 

Assume that a rate matrix is given. For a pairwise sequence alignment A, a single parameter t , i.e. , the 
evolutionary time of divergence, needs to be estimated. For this one-dimensional problem, a maximum 
likelihood approach is feasible. By definition, the maximum likelihood estimator t for the time of divergence 
is the time t that maximizes the log likelihood .C(tlA) given the alignment A. Due to the reversibility, we 
count unordered pairs of aligned amino acids. This yields a symmetric data matrix N, where N;1 denotes 
the number of amino acid pairs {a;, a J) in the alignment. For reasons of consistency, we set Nii equal to 
twice the count of {a; , a;). 

Since P (t) is differentiable in t, a necessary condition that t is a maximum of the likelihood is that it 
is a solution of 

d 20 20 d 
0 = -.C(tlA) = '°' '°' N;1- log M(t)iJ dt ~~ dt 

i=I }=I 

where F is a diagonal matrix with the amino acid frequencies as entries. 
Using Equation (3), we get 

d 20 20 (P( )Q) 
0 = -.C(tlA) = '°' '°' N;1 t iJ . dt ~~ P(t) · 

i=I }=I I) 

(4) 

(5) 

A maximum likelihood estimator for the time parameter t is a solution of Equation (5), which can be 
found, e.g., by Newton's method. 

3.2. Simulations 

In order to validate the performance of the estimation, we did simulation. We studied the behavior of 
the estimator, in particular for different sample sizes varying between 100 and 1,000 sites. Let an arbitrary 
EMP specified by a rate matrix Q be given. Artificial alignments of known distances t were generated 
according to this process and their divergence times were reestimated. 
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FIG. 2. Histograms of 250 time estimations of sequence alignments that are 100 PAM related. 

We generated 1,000 pairwise sequence alignments of length l 00, 400, 800, and 1,000, the sequences 

of each being l 00 PAM apart. The resulting 250 estimates for each alignment length are plotted in the 

histograms in Figure 2. From the asymptotic theory, one would expect a normal distribution centered on 

the true distance of 100 PAM with variance equal to the inverse Fisher information of this alignment 

(Lindgren, 1993). The predicted distributions are also shown in this figure. This simulation 'shows that the 

normal approximation is also valid for practical alignment lengths. Theory and simulation agree on the 

wider spread of the distribution for shorter alignments. This coincides with the intuition that for small 

amounts of data the estimation is less reliable. Once the estimation is based on 800 or 1,000 sites, though, 

the distribution is sharply peaked around the true distance of 100 PAM, and most estimates remain within 

a window closely centered on this number. 

4. ESTIMATION OF AN EMP 

After having estimated the evolutionary distances for the given alignments one is confronted with the 

problem of estimating a rate matrix Q (the EMP) that explain in the best possible manner the observed 

exchange frequencies at their respective evolutionary distances. This question can, in principle, be solved 

by formulating a maximum-likelihood estimator for the EMP (Tavare, 1986). In a phylogenetic framework 

this was suggested by Adachi and Hasegawa (1996b). 
In order to specify this EMP, 210 parameters need to be estimated. Thus, optimizing this likelihood 

function is extremely computationally demanding, rendering this approach unpractical for large data sets. 

Here, we suggest an estimation procedure that is based on a representation of the rate matrix by the 

so-called resolvent of the transition probability matrices. 
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4. 1. Resolvent method 

Generally, the resolvent of a rate matrix Q is defined as the matrix Ra= (al - Q)- 1, or, equivalently, 

(6) 

independent of a. 
One can show (see appendix) that the' resolvent associated to an EMP equals the Laplace transform of 

transition probabilities of the process: 

(7) 

The theory of resolvents is comprehensively described in Fukushima (1980) and in a more general frame­
work in Ma and Rockner (1992). 

Once the resolvent is computed, one can derive the rate matrix by applying Equation (6). The problem 
is to put thrs formalism to use in the estimation problem where we do not have perfect knowledge of all 
transition matrices but instead are given discrete sets of counts drawn at arbitrary distances. 

Let a set of alignments (A 1, • ••,A,,) and the corresponding evolutionary distances (t, :S • • • :St,,) be 
given. Our goal is to estimate an EMP from this data. We first estimate P(t) by the empirical transition 
frequencies in the respective alignments. The estimator for p;1 (t) is the count of all occurrences of (a;, a J) 
and (a J, a;) or twice (a;, a;), where each row is normalized by the corresponding amino acid frequency. 
This yields one estimated transition matrix fa (t;) for each time t; . 

The estimated transition matrices fa (t;) are used for estimating the resolvent Ra by approximating 
Equation (7). To this end, we split the integral (7) into n summands 

100 lo'' 1.00 (Re,);/ = e-ar p;1(t) dt = e-ar p;1(t) dt + ... + e-at p;1(t) dt, 
0 0 t,, 

and substitute each summand by the linear approximation 

dt, (8) 

where Yk = PiJ (tk)- For a given parameter a, this sum is easily calculated. 
Theoretically, the rate matrix is independent of a, but in the context of our approximation 1t 1s not. 

.Therefore we require a rationale to selec~ a. Again, maximum likelihood can yield a method of selecting 
a by maximizing the likelihood of the observed amino acid exchange counts. From Equations (6) and (4), 
we get the following expression for the log likelihood of n independent alignments 

(9) 

where Ra denotes the resolvent depending on the parameter a . This is not exact, because it relies on the 
estimate Ra of the resolvent. Maximization of this expression for a yields the value that we use to estimate 
the rate matrix. 

We integrate the above methods into the following overall procedure for the estimation of an EMP: 

I. Choose a starting rate matrix Q, e.g. , Dayhoff's model. 
2. Estimate the pairwise evolutionary distances ik of the given alignments Ak using Q according to 

Section 3. 1. 
3. Calculate empirical transition matrices P(ik) . 
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4. Estimate the resolvent by a piecewise linear approximation between the estimated transition matrices 
according to (8). 

5. Estimate the unknown parameter a by maximizing the likelihood (9). 
6. Calculate the rate matrix of the EMP by Equation (6). 
7. Iterate steps 2-6 until convergence is achieved. 

Possibly the most surprising feature of the resolvent-based estimation procedure is that we have uncou­
pled the entries (i, j) of the transition matrices. An entry (i , j) of the rate matrix is computed using only 
(i, j) entries from transition matrices at other time points. This is the key to the computational simplicity 
of the method. In a maximum likelihood approach, on the other hand, one cannot achieve such an uncou­
pling but has to solve the high-dimensional optimization problem that reflects the interaction between all 
possible transitions. 

4.2. Simulations 

To evaluate the performance of the resolvent-based estimator, we generated alignments according to some 
fixed EMP but of various degree of divergence and reestimated the EMP parameters from the sample. We 
generated 5,000 pairs of letters for each PAM distance 10, 20, • • •, 300. 

The first experiment shows the power of the resolvent in recovering a rate matrix. We demonstrate this 
by focusing on particular entries of a rate matrix. Figure 3 illustrates that the entries (Ra)ij of the resolvent 
are well fitted by the exponentially-weighted empirical transition probabilities for an optimal choice of a . 

The thick line shows the theoretical values of e- ar PiJ (t) based on the parameters of the simulation. This 
is approximated by a dashed line representing the connected, estimated values e-ar PiJ ('i). The top figure 

I Theoretical I 
• • ._ _____ E_s_ti_m_a_te_d __ ...., · • 

fos 

t ... 

oL __ _J_ ___ i__ __ _::I=::=:==±======i===-=__J 
0 100 150 

PAM 
200 250 300 

o.01e.------,
11
,---r--------r------r------,--------.---~---, 

0.018 ............. / · \ 

0.014 

0.012 

f 0.01 

"ff 0.008 
a.. 

0.008 

0.004 

50 100 150 
PAM 

200 250 300 

FIG. 3. Approximation of the weighted ·substitution probabilities e-at P(t) for different PAM distances as they appear 
in the integral that defines the resolvent (7). The thick line shows the true function generated with the parameters of 
the simulation. The dotted line depicts the corresponding observed counts weighted by the exponential function. The 
top figure is for a leucine-leucine match (e-a1PLL(t)) while the bottom figure shows data for a leucine-methionine 
exchange (e-a 1PLM(t)). 
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FIG. 4. Amino acid pair frequencies. The estimations are based on a sample of 150,000 letter pairs varying from 
10-300 PAM. The pair frequencies are displayed at 100 PAM (M( I00)) . The true values (horizontal axis) are plotted 
versus the computed probabilities (vertical axis). The right plot is a zoom into the lower left comer of the left plot. 
Crosses denote results of our method while empty circles stand for Dayhoff's method. 

shows these data for two identical amino acids (leucine vs. leucine), while on the bottom methionine­
leucine exchanges are shown. For the identical pair there is hardly any fluctuation of the estimator around 
the true curve due to the large amount of data available. For the exchange, there is fluctuation but the areas 
under the two curves agree well. 

It is difficult to compare our method to others, since we are not aware of another method that assigns 
the data points to their own evolutionary distance. In extensive comparisons to a more rigorous yet slow 
maximum likelihood method (data not shown), we have found the two approaches to be almost equally 
good. Here, we need to restrict ourselves to the comparison of the resolvent-based estimator to Dayhoff's 
method although the latter is theoretically less well suited to solve the problem than ours. 

Figure 4 relates the entries of the matrix M (I 00) according to the true model parameters with the 
estimated values. As introduced in Section 2.1, the matrix M (I 00) describes the probability of observing a 
particular pair of amino acids after 100 time units. The full circles describe the resolvent-based estimator. 
The asterisks refer to an implementation of Dayhoff's method, where all available data were used. In 
reality, this would correspond to using Dayhoff's estimator on a large set of alignments, ignoring their 
individual evolutionary distances. The left plot shows the original data while the right one focuses on small 
values. It is obvious that the resolvent-based method recovers the original parameters with high accuracy. 

5. RESULTS 

5. 1. The variable time score matrix family VT 

A score matrix assigns a real number, a similarity score, to each pair of amino acids. Specifying an 
appropriate amino acid score matrix is central to protein comparison methods, and much effort has been 
devoted to defining, analyzing, and refining such matrices. We have applied the resolvent-based estimation 
procedure to a large set of protein sequence alignments in order to derive a matrix that is as accurate as 
possible. The result of this procedure is primarily a new rate matrix. Transition matrices and score matrices 
for the various PAM distances can be derived from this rate matrix. 

Usually, score matrices are log-odds ratios of the form 

SiJ = log ( mij) 
TC; TC j 

(10) 
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(Dayhoff et al., 1978), where miJ is the relative frequency of the amino acid pair (ai, a J) in a representative 
set of alignments and TCi denotes the overall frequency of amino acid a;. By convention, score matrices are 
calculated by Sij = IOiog(mij/(rciTCJ)). Multiplying the score matrix (and the gap cost) by some constant 
does not affect the optimal alignment. This ratio compares the probability of an event occurring under two 
alternative hypothesis; the numerator constitutes a model for related proteins, whereas the denominator is 
the probability that two amino acids are selected by chance. Obviously, the major issue is the estimation 
of the relative frequencies miJ. 

Our alignment data were extracted from the SYSTERS database (Krause and Vingron, 1998). SYSTERS 
provides a large-scale clustering of more than 100,000 protein sequences into families, each of which have 
automatically been multiply aligned. In order to avoid biases due to large families, we randomly selected 
one pair of aligned s~quences from each cluster. We obtained on the order of 2.7 million pairs of aligned 
amino acids of which approximately 1 million are mismatch positions. The alignment data were binned 
into classes of highly similar estimated evolutionary distances ensuring that in each class the off-diagonal 
matrix entries are well populated. This has resulted in 80 such bins covering PAM distances from 1 to 
approximately 300. We used such distant alignments because they constitute distant pairs from within 
large multiple alignments and as such are still credible. We needed to apply the cycling over the resolvent­
based estimation and the time estimation only three times for the rate matrix estimate to settle down. 
In this process, also the weight parameter a was estimated. Interpretation of the resulting exponential 
weight function shows that approximately 90% of the weight is put on alignments of a distance up to 
approximately 140 PAM while the alignments below 30 PAM account for only 22%. The result of our 
estimation procedure is a new rate matrix Q (see Table 1). 

From Q, the stationary amino acid distribution re (see Table 3) and the relative pair frequencies 

miJ(t) = TCi exp(tQ)iJ 

can be derived. Score matrices can be derived using Equation (10). We call these score matrices VT(t) 
(variable time), where tis the degree of evolutionary divergence that we are foc4sing on. The lower triangle 
of the matrix depicted in Table 2 shows the entries of the score matrix VT160. 

The alignments used for the derivation of the VT series are the product of an alignment procedure which 
itself has used a score matrix. Therefore we wanted to check for the possible influence of this procedure 
on our result. We therefore also applied our estimation procedure to pairwise alignments extracted from 
the 3D-ALI database of structural alignments (see Pascarella and Argos, 1992). This data set should be 
independent of an a priori choice of a score matrix since the alignments have been derived from (or at least 
checked against) structural superpositions of proteins. The rate matrix derived from this data set agrees 
very well with the rate matrix derived from the SYSTERS alignments. We thus exclude the possibility of 
having reproduced the score matrix that was used in those alignments. 

5.2. Comparison with other score matrices 
'-

The widely accepted BLOSUM series of score matrices has been derived by Henikoff and Henikoff 
(1992). They obtained amino acid substitution frequencies directly from multiple sequence alignments 
from the blocks database (Henikoff and Henikoff, 1991). Although not based on an evolutionary model, 
their alignments are selected from certain intervals of evolutionary distance. This is in contrast to the 
approaches of Dayhoff et al. (1978), Jones et al. (1992), and Gonnet et al. (1992) that rely on Markov 
models for protein evolution. 

Here we focus on the comparison of our matrix with Dayhoff's PAM series and with the BLOSUM series 
of matrices. Such a comparison relies on identifying the comparable representatives from the respective 
series. According to Altschul (1991) and Henikoff and Heni~off (1992), the PAM160 and BLOSUM62 
score matrices correspond to the same degree of divergence. Thus we compared our VT160 matrix (Table 2, 
lower triangle) to these two matrice~. Figure 5 shows the correlation between the entries of VT160 with 
BLOSUM 62 and PAM160, respectively. It is apparent that VT160 is well correlated with BLOSUM62 
while there is considerable difference to PAM160. Inspecting the differences between our matrix and each 
of the two others as given in the top triangle of the matrix in Table 2, this impression is reinforced. 
Especially for rare amino acids like tryptophan the PAM matrix seems to be the outlier. Due to the large 
data set and the improved derivation technique, we assume that the new data are more reliable. 
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FIG. 5. The scores of VT160 against those of BLOSUM62 (left) and PAM160 (right). The dotted lines indicate a 
difference of one unit of score. 

6. DISCUSSION 

We have presented a new method to estimate the parameters of an amino acid substitution model. 
Following Dayhoff et al. (1978), we model protein evolution as a Markov process. In contrast to Dayhoff's 
estimation method, our estimator can handle alignment data of various degrees of divergence. This is 
of particular importance for exploiting information from the available distant sequence alignments. Our 
approach is iterative and cycles between estimating the evolutionary distances between the sequences in 
an alignment and updating the current estimator for the rate matrix. 

The key to our estimation procedure is that we have avoided a full-fledged maximum likelihood com­
putation by approximating the resolvent of the transition matrices. This technique has, to our knowledge, 
not been applied in this context before. It results in a tremendous simplification of the computation with 
a subsequent acceleration by several orders of magnitude. From a theoretical standpoint it is worth noting 
that the resolvent allows one to estimate the entries of the inverse of the rate matrix in a component-wise 
fashion. Interaction between the different transitions is only reflected in the subsequent inversion. 

Adachi and Hasegawa ( 1996b) have approached similar estimation problems for a particular family 
given the phylogenetic tree of this family. Since we are studying many families simultaneously, we cannot 
assume that there exists one phylogenetic tree for our sequences. On the other hand, our method can 
also be applied to single families, particularly in the absence of a tree. However, when drawing many 
alignments from one family, these alignment will not be independent of each other. Avoiding this situation 
was also behind the decision to draw only one sequence pair from each SYSTERS family in our estimation 
procedure. Methods to weight sequence pairs in order to correct for the bias from sampling the same family 
repeatedly are under development. 



774 MULLER AND VINGRON 

The overall matrix that we derived from the SYSTERS database of protein families has been compared to 
other available matrices. It appears that at the respective time points where they are comparable, BLOSUM 
and VT are fairly similar. Our matrix, however, stems from a rate matrix. Thus, one can compute VT score 
matrices for every evolutionary distance. Furthermore, the new rate matrix can be applied in the context 
of maximum likelihood tree construction (e.g., PROTML (Adachi and Hasegawa, 1996a) or PUZZLE 
(Strimmer et al., 1997)), where a good estimator of transition probabilities is essential. 

The rate matrix, the overall amino acid frequencies, and the VT series of score matrices can be down­
loaded from http://www.dkfz-heidelberg.de/tbi/people/tmueller/. Matlab routines for the estimation proce­
dure can be obtained from the first author. 

APPENDIX: ASSOCIATION OF THE RESOLVENT TO THE RATE MATRIX 

Fukushima ( 1980) and Ma and Rckkner ( 1992) prove that the rate matrix Q of a Markov chain can be 
recovered from its resolvent in a very general setup of processes on infinite dimensional spaces. We give 
a simplified proof in the case of a finite state space Markov process. 

Theorem 1. The resolvent of transition probabilities of a Markov chain 

is related to its rate matrix by 

( 11) 

independent of the choice of a > 0. In particular, Ra and R/3 commute for a, f3 > 0. 

Proof. We need to show that Equation (11) is well defined. This means, Ra. is invertible for all a > 0. 
To do this, we need some more properties of the resolvent. 

We start with a given family of transition matrices (P(t)) 1-:::o fulfilling property (I). Using this and 
Lebesgue 's theorem, we get 

lim f3Rf3 lim f
00 

e-s P(s/{3) ds = I. 
{3-+oo {3-+oo lo 

A crucial property of (Ra)a >O is the first resolvent equation 

Ra - R/3 + (a - fJ)RaR/3 = 0 for all a, f3 > 0. 

By definition of the resolvent and the Chapman-Kolmogorov equation, we get 

(fJ - a)RaRfJ = ({3 - a) fo
00 

e-at P(t) fo
00 

e-/3s P(s) ds dt 

= (fJ - a) fo
00 

e<f3-a)t /
00 

e-f3s P(s) ds dt. 

But the right hand side is equal to 
I 

(fJ - a)RaRfJ = ({3 - a) fo
00 

e-f3s P(s) las e<f3-a)t dt ds 

= fo 00 

e-f3s P(s)(e<f3-a)s - 1) ds 

= Ra - Rf3 

for all a, f3 > 0. Interchanging the role of a and fJ in the proof shows that Ra and Rf3 commute. 

(12) 

( 13) 
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In the sequel, we show that the resolvent is invertible as well as that the generator of the resolvent (11) 
coincides with the rate matrix of the process (2). 

Let Rau= 0, then RfJu = 0 for all f3 > 0 by Equation (13). Using property (12) yields 

u=lu= Jim f3RtJu=O 
{J➔ oo 

\ 

showing that Ra is injective, therefore surjective and thus bijective and invertible. 
So far we have shown that the expres$ion (11) is well defined for all a > 0. The corresponding matrix 

Qa is also independent of the choice of a > 0, because for u = Rav we get 

', 

RfJ((a - R;; 1)u - ({3 - Rj 1)u) = aRfJRav - RfJV - f3RtJRav + Rav 

= Rav - RfJV + (a - f3)RfJRav 

=0. 

By the injectivity of Ra, we see that Qa = QfJ for all a, f3 > 0. 
It remains to identify the rate matrix Q Ra associated to the resolvent by Equation ( 11) with the rate 

matrix of the Markov process Q P(r ). 
Due to the surjectivity of Ra, it suffices to show the assertion for u =Rav. By the definition of the rate 

matrix of a Markov process (2) and by the definition of u, we get 

. 1 
QP(r)U = hm -(P(t)u - u) 

t ',,.O t 

= Jim -eat e-as P(s)v ds - - e-as P(s)v ds J 100 

• I 100 

t ',,.0 t r t O 

= !!_ (ear 100 

e-as P(s)v ds) I 
dt I t=O 

= a fo00 

e-as P(s)v ds - v. 

By the definition of the resolvent and by using the invertibility of Ra, we get: 

a 100 

e-as P(s)v ds - v = a Rav - v 
0 . 

and therefore Q P(t) = Q Ra . So we identify the rate matrix associated to the process with the rate matrix 
associated to the resolvent: 

(1 00 ) - 1 1 
al - e-ar P(t) dt = Q = Jim -(P(t) - I) 

O t'\.O t 

for all a > 0. ■ 
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