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This is often used as the covariance model of a scan line of monochrome images. 
For an N x 1 vector u = {u(n), 1 :5 n :SN}, its covariance matrix is {r(m - n)}, i.e., 

R= (2.68) 

which is Toeplitz. In fact the covariance and autocorrelation matrices of any stationary 
sequence are Toeplitz. Conversely, any sequence, finite or infinite, can be called 
stationary if its covariance and autocorrelation matrices are Toeplitz. 

Orthogonality and Independence 

Two random variables x and y are called independent if and only if their joint 
probability density function is a product of their marginal densities, i.e., 

(2.69) 

Two random sequences x(n) andy(n) are called independent if and only if for every 
n and n ', the random variables x(n) and y(n ') are independent. 

The random variables x and y are said to be orthogonal if 

E[xy*] = 0 (2.70) 

and are called uncorrelated if 

E[xy*] = (E[x])(E[y*]) 

or 

(2.71) 

Thus zero mean uncorrelated random variables are also orthogonal. Gaussian ran­
dom variables which are uncorrelated are also independent. 

The Karhunen-Loeve (KL) Transform 

Let {x (n ), 1 ::5 n ::5 N} be a complex random sequence whose autocorrelation matrix 
is R. Let cl> be an N x N unitary matrix, which reduces R to its diagonal form A [ see 
(2.44)]. The transformed vector 

y = cl>*T X 

is called the Karhunen-Loeve (KL) transform of x. It satisfies the property 

E[yy*1 = cl>*T{E[xx*1}cI> = cl>*TRcl> = A 
E[y(k)y* (l )] = X.k8(k - l) 

34 Two-Dimensional Systems and Mathematical Preliminaries 

(2.72) 

(2.73) 

Chap. 2 
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i.e., the elements of the transformed sequence y (k) are orthogonal. If R represents 
the covariance matrix rather than the autocorrelation matrix of x, then the sequence 
y(k) is uncorrelated. The unitary matrix <1>H is called the KL transform matrix. Its 
rows are the conjugate eigenvectors of R, i.e., it is the conjugate transpose of the 
eigenmatrix of R. The KL transform is of fundamental importance in digital signal 
and image processing. Its applications and properties are considered in Chapter 5. 

2.10 DISCRETE RANDOM FIELDS 

In statistical representation of images, each pixel is considered as a random 
variable. Thus we think of a given image as a sample function of an ensemble of 
images. Such an ensemble would be adequately defined by a joint probability 
density of the array of random variables. For practical image sizes, the number of 
random variables is very. large (262,144 for 512 x 51Z images). Thus it is difficult to 
specify a realistic joint density function because it would be an enormous task to 
measure it. One possibility is to specify the ensemble by its first- and second-order 
moments only (mean and covariances). Even with this simplifying constraint, the 
task of determining realistic model parameters remains difficult. Various ap­
proaches for stochastic modeling are considered in Chapter 6. Here we consider 
some basic definitions that will be useful in the subsequent chapters. 

Definitions 

When each sample of a two-dimensional sequence is a random variable, we call it a 
discrete random field. When the random field represents an ensemble of images 
(such as television images or satellite images), we call it a random image. The term 
random field will apply to any two-dimensional random sequence. 

The mean and covariance functions of a complex random field are defined as 

E[u(m, n)] = µ(m, n) (2.74) 
Cov[u(m, n),u(m', n)] ~ E[(u(m, n)- µ(m, n))(u*(m', n')- µ*(m', n'))] 

= r (m n · m' n ') = r(m n · m' n ') 
u , ' ' ' ' ' 

Often, we will consider the stationary case where 

µ(m, n) =µ=constant 

(2.75) 

ru(m, n;m', n') = ru(m - m', n - n') = r(m -m', n -n') (2.76) 

As before, whenever there is no confusion, we will drop the subscript u from ru. A 
random field satisfying (2.76) is also called shift invariant, translational (or spatial) 
invariant, homogeneous, or wide-sense stationary. Unless otherwise mentioned, 
stationarity will always be implied in the wide sense. 

We will denote the covariance function of a stationary random field u ( m, n) by 
ru(m, n) or r(m, n), implying that 

r(m, n) = Cov[u(m, n), u(O, O)] = Cov[u(m' + m, n' + n), u(m ', n ')] V(m ', n ') 
(2.77) 
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Nyquist sampling intervals would be 6.x = 6.y ~ 6.1 = 1. If the sampling grid G2 is 
chosen, which is a 45° rotation of G1 but with intersample distance of 6.2 , the 
spectrum of the sampled image will repeat on a grid similar to G2 (with spacing 1/ Li2) 
(Fig. 4.9e). Therefore, if 6.2 = V2, there will be no aliasing, but the sampling density 
has been reduced by half. Thus if an image does not contain the high frequencies in 
both the dimensions simultaneously, then its sampling rate can be reduced by a 
factor of 2. This theory is used in line interlacing television signals because the 
human vision is insensitive to high spatial frequencies in areas of large motion (high 
temporal frequencies). The interlaced television signal can be considered as a three­
dimensional signal/(x, y, t) sampled in vertical (y) and temporal (t) dimensions. If 
t 1 and t2 represent the temporal and vertical frequencies, respectively, then Fig. 
4.9e represents the projection in (t1, t2) plane of the three-dimensional spectrum of 
the interlaced television signal. 

In digital television, all three coordinates x, y, and t are sampled. The pre­
ceding interlacing concept can be extended to yield the line quincunx sampling 
pattern [10]. Here each field uses an interlaced grid as in Fig. 4.9c, which reduces 
the sampling rate by another factor of two. 

Hexagonal Sampling 

For functions that are circularly symmetric and/or bandlimited over a circular 
region, it can be shown that sampling on a hexagonal lattice requires 13.4 percent 
fewer samples than rectangular sampling. Alternatively, for the same sampling rate 
less aliasing is obtained on a hexagonal lattice than a rectangular lattice. Details are 
available in [14]. 

Optimal Sampling 

Equation (4.16) provides the interpretation that the sampling process transforms a 
continuous function f(x, y) into a sequence f(m6.x, n6.y) from which the original 
function can be recovered. Therefore, the coefficients of any convergent series 
expansion off(x, y) can be considered to give a generalized form of sampling. Such 
sampling is not restricted to bandlimited functions . For bandlimited functions the 
sine functions are optimal for recovering the original function f(x, y) from the 
samples f(m6.x, n6.y). For bandlimited random fields, the reconstructed random 
field converges to the original in the mean square sense. 

More generally, there are functions that are optimal in the sense that they 
sample a random image to give a finite sequence such that the mean square error 
between the original and the reconstructed images is minimized . In particular , a 
series expansion of special interest is 

f(x, y) = LL am,11 <l>m,11(x, y) (4.24) 
m,n = O 

where {<l>m,11(x, y)} are the eigenfunctions of the autocorrelation function of the 
random field f(x, y). This is called the Karhunen-Loeve (KL) series expansion of 
the random field. This expansion is such that a111,11 are orthogonal random variables, 
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and, for a given number of terms, the mean square error in the reconstructed image 
is minimum among all possible sampling functions. This property is useful in devel­
oping data compression techniques for images. 

The main difficulty in utilizing the preceding result for optimal sampling of 
practical ( finite size) images is in generating the coefficients am,n • In conventional 
sampling ( via the sine functions), the coefficients am,n are simply the values f (max, 
nay), which are easy to obtain. Nevertheless, the theory of KL expansion is useful 
in determining bounds on performance and serves as an important guide in the 
design of many image processing algorithms. 

PRACTICAL LIMITATIONS IN SAMPLING 
AND RECONSTRUCTION 

The foregoing sampling theory is based on several idealizations. Real-world images 
are not bandlimited, which means aliasing errors occur. These can be reduced by 
low-pass filtering the input image prior to sampling but at the cost of attenuating 
higher spatial frequencies . Such resolution loss, which results in blurring of the 
image, also occurs because practical scanners have finite apertures. Finally, the 
reconstruction system can never be the ideal low-pass filter required by the sam­
pling theory. Its transfer function depends on the display aperture. Figure 4.10 
represents the practical sampling/reconstruction systems. 

Sampling Aperture 

A practical sampling system gives an output gs(x, y), which can be modeled as (see 
Fig. 4.10) 

g(x, y) ~p.(x, y) *f(x, y) = p,(-x , - y) ©f(x , y) 

= II p,(x' - x,y'-y)f(x',y')dx'dy' 
Jf 

g,(x, y) = comb(x, y; ax, ay)g(x, y) 

(4.25) 

(4.26) 

where p,(x, y) denotes the light distribution in the aperture and .A denotes its 
shape. In practice the aperture is symmetric with respect to 180° rotation, that is, 
p,(x ,y) = p,(-x, -y). Equation (4.25) is the spatial correlation of f(x ,y) with 

Sec. 4.4 

r------------------, 
I I 

Input I I 
image I Scanning g(x, y) Ideal g,(x, V! Display g(x, y) 

aperture samp ler spot 
I p,(-x, -y) Ax, Av I pd(-x, - y) 
I I 
I I L ____ ___ ___ __ _ __ ____ ~ 

Practical scanner model 

Figure 4.10 Practical sampling and reconstruction. In the ideal case p,(x, y) = 
Pd(x, y) = 6(x, y). 
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·=N +1 
l 2 ' sequency = 3 

i = even 

i =odd 

THE KL TRANSFORM 

The KL transform was originally introduced as a series expansion for continuous 
random processes by Karhunen [27] and Loeve [28]. For random sequences Hotel­
ling [26] first studied what was called a method of principal components, which is 
the discrete equivalent of the KL series expansion. Consequently, the KL transform 
is also called the Hotelling transform or the method of principal components. 

For a real N x 1 random vector u, the basis vectors of the KL transform (see 
Section 2.9) are given by the orthonormalized eigenvectors of its autocorrelation 
matrix R, that is, 

R<f>k = Ak <l>k, 

The KL transform of u is defined as 

0:;; k:5N-l 

v=<l>*ru 

and the inverse transform is 
N-1 

u = <l>v = L v(k)<f>k 
k=O 

(5.132) 

(5.133) 

(5.134) 

where <f>k is the kth column of <I>. From (2.44) we know <I> reduces R to its diagonal 
form, that is, 

(5.135) 

We often work with the covariance matrix rather than the autocorrelation 
matrix. Withµ~ E[u], then 

Ro~ cov[u] ~ E[(u - µ)(u - µ)7] = E[uur] - µµr = R - µµr (5.136) 

If the vector µ is known, then the eigenmatrix of Ro determines the KL 
transform of the zero mean random process u - µ. In general, the KL transform of 
u and u - µ need not be identical. 

Note that whereas the image transforms considered earlier were functionally 
independent of the data, the KL transform depends on the (second-order) statistics 
of the data. 

Example 5.4 (KL Transform ofMarkov-1 Sequences) 

The covariance matrix of a zero mean Markov sequence of N elements is given by 
(2.68). Its eigenvalues Ak and the eigenvectors <!>k are given by 

1- p2 
Ak 

1 - 2p COS Wk + p2 

Sec. 5.11 The KL Transform 163 

Microsoft Exhibit 1040 - Page 22 
Microsoft Corporation v. RealD Spark, LLC 
IPR2023-01046 - U.S. Patent No. 10,740,985



«h(m) = <J>(m, k) 

( 
2 ) uz . ( ( N + 1) (k + l),r) = --- sm wk m + 1 --- + 2 , 

N+>..k 2 

where the {wk} are the positive roots of the equation 

(1 - p2
) sin w 

tan(Nw) = 
cosw - 2p + p2 cosw' 

(5. l r 

0:5m, k :5N-l 

Neven (5.1: 

A similar result holds when N is odd. This is a transcendental equation that gives rise -
nonharmonic sinusoids q>k (m). Figure 5.1 shows the basis vectors of this 8 x 8 
transform for p = 0.95. Note the basis vectors of the KLT and the DCT are q -
similar. Because <l>k(m) are nonharmonic, a fast algorithm for this transform does 
exist. Also note, the KL transform matrix is cl>r ~ {<l>(k, m)}. 

Example5.5 

Since the unitary DFT reduces any circulant matrix to a diagonal form, it is the 
transform of all random sequences with circulant autocorrelation matrices, that is. 
all periodic random sequences. 

The DCT is the KL transform of a random sequence whose autocorrela · 
matrix R commutes with Qc of (5 .95) (that is, if RQc = QcR). Similarly, the DST is 
KL transform of all random sequences whose autocorrelation matrices commute \\ 
Q of (5 .102). 

KL Transform of Images 

If an N x Nimage u(m, n) is represented by a random field whose autocorrelaf 
function is given by 

E[u(m, n)u(m', n')] = r(m, n;m', n'), 0:5m , m', n, n' :5N- l (5. b 

then the basis images of the KL transform are the orthonormalized eigenfuncti 
\jlk,1 (m, n) obtained by solving 

N- 1 N-1 

L L r(m, n;m' , n')ljlk,1(m', n') 
m' = 0n' = 0 

= A.k,/ \jlk,I (m' n ), 0 :5 k, l:;; N - l, 0::; m, n:;; N - l 

In matrix notation this can be written as 

9'l\f,; = A;\f,;, i = 0, ... , N2
- l 

(5.1-

(5 .1-

where \f,; is an N 2 x 1 vector representation of \jlk,t (m, n) and 9'l is an N 2 x _ 
autocorrelation matrix of the image mapped into an N 2 x 1 vector u,. Thus 

(5 .1-: 

If 9'l is separable, then the N 2 x N 2 matrix '\fl whose columns are {\f,;} beco 
separable (see Table 2.7). For example , let 

r(m, n; m', n ') = r1 (m, m ')r2 (n, n ') (5 .1-: 
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In matrix notation this means 

where 

<l>i Ri <I>t T = Aj, 

and the KL transform of u, is 

j = 1, 2 

0- = -qt*T u, = [<l>t7@<f>f7)u, 

For row-ordered vectors this is equivalent to 

V = <I>t 7 U<l>f 

and the inverse KL transform is 

(5.144) 

(5 .145) 

(5.146) 

(5.147) 

(5.148) 

(5.149) 

The advantage in modeling the image autocorrelation by a separable function is that 
instead of solving the N 1 x N 1 matrix eigenvalue problem of (5.141), only two 
N x N matrix eigenvalue problems of (5.146) need to be solved. Since an N x N 
matrix eigenvalue problem requires O (N3

) computations, the reduction in dimen­
sionality achieved by the separable model is O (N6)!O (N3

) = 0 (N3
), which is very 

significant. Also, the transformation calculations of (5.148) and (5.149) require 2N3 

operations compared to N 4 operations required for '11* 7 
u, . 

Example 5'.6 

Consider the separable covariance function for a zero mean random field 

(5.150) 

This gives ut = R ® R, where R is given by (2 .68). The eigenvectors of R are given by 
<f>k in Example 5.4. Hence 'I'= <I>® <I> and the KL transform matrix is <l>T ® <l>T. 
Figure 5.2 shows the basis images of this 8 x 8 two-dimensional KL transform for 
p = 0.95. 

Properties of the KL Transform 

The KL transform has many desirable properties, which make it optimal in many 
signal processing applications. Some of these properties are discussed here. For 
simplicity we assume u has zero mean and a positive definite covariance matrix R. 

Decorrelation. The KL transform coefficients {v(k), k = 0, . . . , N - 1} are 
uncorrelated and have zero mean, that is, 

E[v(k)] = 0 

E[v(k)v* (/)) = X.k8(k - /) 

The proof follows directly from (5 .133) and (5.135), since 

E[vv*1] ~ <1>* 7 E[uu1]<1> = <1>* 7 R<I> =A= diagonal 

Sec. 5.11 The KL Transform 

(5.151) 

(5 .152) 

165 

Microsoft Exhibit 1040 - Page 24 
Microsoft Corporation v. RealD Spark, LLC 
IPR2023-01046 - U.S. Patent No. 10,740,985



which implies the latter relation in (5.151). It should be noted that cl> is not a uniqu 
matrix with respect to this property. There could be many matrices ( unitary an 
nonunitary) that would decorrelate the transformed sequence. For example, a lower 
triangular matrix <I> could be found that satisfies (5.152). 

Example 5.7 

The covariance matrix R of (2.68) is diagonalized by the lower triangular matrix 

[ 
1 ol [1 - P

2 

2 0] 
L~ -p~ ⇒ L7RL= O l~ 

2 

~D 

0 -p 1 1- p 
1 

(5.15 

Hence the transformation v = LT u, will cause the sequence v(k) to be uncorrelated 
Comparing with Example 5.4, we see that L -4- <I>. Moreover, Lis not unitary and th 
diagonal elements of D are not the eigenvalues of R. 

Basis restriction mean square error. Consider the operations in Fig. 5.16. 
The vector u is first transformed to v. The elements of w are chosen to be the first m 
elements of v and zeros elsewhere. Finally, w is transformed to z. A and B ar 
N x N matrices and Im is a matrix with ls along the first m diagonal terms and zero_ 
elsewhere. Hence 

w(k) = {v(k), 
0, (5 .15 

Therefore, whereas u and v are vectors in an N-dimensional vector space, w is a 
vector restricted to an m :5 N-dimensional subspace. The average mean square 
error between the sequences u(n) and z(n) is defined as 

1 (N-J ) 1 
lrn ~ NE ~

0
iu(n) - z(n)l2 = N Tr[E{(u - z)(u - z)H}] (5.15 

This quantity is called the basis restriction error. It is desired to find the matrices A 
and B such that lrn is minimized for each and every value of m E [1, N]. Thi 
minimum is achieved by the KL transform of u. 

Theorem 5.1. The error lrn in (5.155) is minimum when 

A=cl>*r, B=cl>, AB=I (5.156) 

where the columns of cl> are arranged according to the decreasing order of the 
eigenvalues of R. 

Proof. From Fig. 5.16, we have 

v=Au, w = Imv, and z = Bw (5.157) 

A Im B 
NXN 1~m~N NXN 

Figure 5.16 KL transform basis restriction. 
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Using these we can rewrite (5.155) as 

Im=! Tr[(I - BlmA)R(I - BlmA)*T] 

To minimize Im we first differentiate it with respect to the elements of A and set the 
result to zero [see Problem. 2.15 for the differentiation rules]. This gives 

ImBT(I - BlmA)*R = 0 (5.158) 

which yields 

lmB*T = lmB*TBJmA 

At m = N, the minimum value of IN must be zero, which requires 

I - BA = 0 or B = A - 1 

Using this in (5.160) and rearranging terms, we obtain 

l:sm:sN 

(5.159) 

(5.160) 

(5.161) 

(5.162) 

For (5.162) to be true for every m, it is necessary that B*TB be diagonal. Since 
B = A- 1

, it is easy to see that (5 .160) remains invariant if B is replaced by DB or 
BD, where D is a diagonal matrix. Hence, without loss of generality we can 
normalize B so that B*TB = I, that is, B is a unitary matrix. Therefore, A is also 
unitary and B = A *T. This gives 

Since R is fixed, Im is minimized if the quantity 
m-1 

lm ~ Tr(ImARA*7) = L a{RaZ 
k=O 

is maximized where aI is the kth row of A. Since A 1s unitary, 

aiaZ,,;, 1 

To maximize lm subject to (5.165), we form the Lagrangian 
m-1 m- l 

lm = L a{RaZ + L Ak(l - aian 
k = O k=O 

and differentiate it with respect to ai . The result givfs a necessary condition 

where a;* are orthonormalized eigenvectors of R. This yields 
m-1 

Jm = L Ak 
k=O 

Sec. 5.11 The KL Transform 
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which is maximized if {at, 0::; j ::; m - 1} correspond to the largest m eigenvalues 
of R. Because lm must be maximized for every m, it is necessary to arrange 
Ao 2: A1 2: X.2 2: · · · 2: AN-1 . Then af, the rows of A, are the conjugate transpose of the 
eigenvectors of R, that is , A is the KL transform of u. 

Distribution of variances. Among all the unitary transformations v = Au. 
the KL transform <l>*T packs the maximum average energy in m ::; N samples of v. 
Define 

m- 1 

Sm(A) ~ L CTl 
(5.169 

k=O 

Then for any fixed me [1, N] 

(5 .170 

Proof Note that 
m-1 

Sm(A) = L (ARA *7)k,k 
k=O 

= Tr(ImA*TRA) 

=lm 

which , we know from the last property [see (5.164)], is maximized when A is the KL 
transform. Since <Tl= X.k when A= <1>H, from (5.168) 

m- 1 m-1 

L Ak2= L <Tl, (5. 1 
k=O k=O 

Threshold representation. The KL transform also minimizes E[m], t _ 
expected number of transform coefficients required, so that their energy j 
exceeds a prescribed threshold (see Problem 5.26 and [33]). 

A fast KL transform. In application of the KL transform to images, the .• 
are dimensionality difficulties. The KL transform depends on the statistics as well 
the size of the image and, in general, the basis vectors are not known analyticall_ 
After the transform matrix has been computed , the operations for performing • 
transformation are quite la.rge for images. 

It has been shown that certain statistical image models yield a fast KL tram 
form algorithm as an alternative to the conventional KL transform for images. I 
based on a stochastic decomposition of an image as a sum of two random sequen 
The first random sequence is such that its KL transform is a fast transform and 
second sequence, called the boundary response, depends only on information at • 
boundary points of the image. For details see Sections 6.5 and 6.9. 

The rate-distortion function. Suppose a random vector u is unitary tr 
formed to v and transmitted over a communication channel (Fig. 5.17). Let v· an 
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A 
(Unitary) Channel 

Figure 5.17 Unitary transform data transmission. Each element of v is coded 
independently. 

be the reproduced values of v and u, respectively. Further, assume that u, v, v·, and 
u· are Gaussian. The average distortion in u is 

Since A is unitary and u = A *T v and u· = A *T v·, we have 

D = ..!.. E[(v - v·)*T AA *T(v - v·)] 
N 

= ..!.. E[(v - v·)*T(v - v·)] = _!_ E(8v*T8v) 
N N 

(5.172) 

(5.173) 

where 8v = v - v· represents the error in the reproduction ofv. From the preceding, 
Dis invariant under all unitary transformations. The rate-distortion function is now 
obtained, following Section 2.13, as 

where 

cri=E[Jv(k)l2] =[ARAHh,k 

depend on the transform A. Therefore, the rate 

R =R(A) 

(5.174) 

(5.175) 

(5.176) 

(5.177) 

also depends on A. For each fixed D, the KL transform achieves the minimum rate 
among all unitary transforms, that is, 

This property is discussed further in Chapter 11, on transform coding. 

Example 5.8 

Consider a 2 x 1 vector u, whose covariance matrix is 

The KL transform is 

Sec. 5.11 The KL Transform 

R = [ ! ~], I Pi < 1 

ct,*T = cl)= _1_ [1 1] 
V2 1 -1 

(5.178) 
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N->< 
t:, 
Q) 

" 

100.00 

10.00 

fij 1.00 
·.:: 
"' > 

0.10 

The transformation v = <l>u gives 

E{[v(0)]2} =Ao= 1 + p, E{[v(1)]2} = 1- p 

1[ ( I 1 + p) ( I 1 - p)] R(<I>) = 2 max 0, 2 log -
0

- + max 0, 2 log-
0

-

Compare this with the case when A= I (that is, u is transmitted), which gi,_ 
<ri = cd = 1, and 

R(I) =¼[-2 log0], 0<0 < 1 

Suppose we let 0 be small, say 0 < 1- IPI- Then it is easy to show that 

R (<I>) < R (I) 

This means for a fixed level of distortion, the number of bits required to transmit 
KLT sequence would be less than those required for transmission of the ori ·~ 
sequence. 

Cosine, KL 

0.01 ,___....__ _ ____. __ _._ _ _._ __ .___....._ _ __.._ __ ..__ _ _._ _ ____. __ ...__ _ _._ _ ___,.___....._ _ _ 

0 2 

170 

3 4 5 6 7 8 9 10 11 12 13 

Index k 

Figure 5.18 Distribution of variances of the transform coefficients (in decreasing 
order) of a stationary Markov sequence with N = 16, p = 0.95 (see Example 5.9). 
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TABLE 5.2 Variances di- of Transform Coefficients of a Stationary Markov 
Sequence with p = 0.95 and N = 16. See Example 5.9. 

Transform Unitary 
!k KL Cosine Sine DFf Hadamard Haar Slant 

0 12.442 12.406 11.169 12.406 12.406 12.406 12.406 
1 1.946 1.943 1.688 1.100 1.644 1.644 1.904 
2 0.615 0.648 1.352 0.292 0.544 0.487 0.641 
3 0.292 0.295 0.421 0.139 0.431 0.487 0.233 
4 0.171 0.174 0.463 0.086 0.153 0.144 0.173 
5 0.114 0.114 0.181 0.062 0.152 0.144 0.172 
6 0.082 0.083 0.216 0.051 0.149 0.144 0.072 
7 0.063 0.063 0.098 0.045 0.121 0.144 0.072 
8 0.051 0.051 0.116 0.043 0.051 0.050 0.051 
9 0.043 0.043 0.060 0.045 0.051 0.050 0.051 

10 0.037 0.037 0.067 0.051 0.051 0.050 0.051 
11 0.033 0.033 0.040 0.062 0.051 0.050 0.051 
12 0.030 0.030 0.042 0.086 0.051 0.050 0.031 
13 0,028 0.028 0.031 0.139 0.051 0.050 0.031 
14 0.027 0.027 0.029 0.292 0.050 0.050 0.031 
15 0.026 0.026 0.026 1.100 0.043 0.050 0.031 

Example 5.9 (Comparison Among Unitary Transforms for a Markov Sequence) 

Consider a first-order zero mean stationary Markov sequence of length N whose 
covariance matrix R is given by (2.68) with p = 0.95. Figure 5.18 shows the distribution 
of variances CJl of the transform coefficients (in decreasing order) for different 
transforms. Table 5.2 lists CJl for the various transforms. 

Define the normalized basis restriction error as 
N-1 

L CJ'l 
J. _ k-m - - - - , 

m N-1 m =0, ... ,N-1 (5.179) 

I al 
k-0 

where <Tl have been arranged in decreasing order. 
Figure 5.19 shows lm versus m for the various transforms. It is seen that the 

cosine transform performance is indistinguishable from that of the KL transform for 
p = 0.95. In general it seems possible to find a fast sinusoidal transform (that is, a 
transform consisting of sine or cosine functions) as a good substitute for the KL 
transform for different values of p as well as for higher-order stationary random 
sequences (see Section 5.12). 

The mean square performance of the various transforms also depends on the 
dimension N of the transform. Such comparisons are made in Section 5.12. 

Example 5.10 (Performance of Transforms on Images) 

The mean square error test of the last example can be extended to actual images. 
Consider an N x N image u (m, n) from which its mean is subtracted out to make it zero 
mean. The transform coefficient variances are estimated as 

CJ2 (k, l) = E[\v (k, /)12] = \v (k, l)\2 
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0 2 
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3 4 5 6. 7 8 9 10 11 12 13 14 15 

Samples retained (m) 

Figure 5.19 Performance of different unitary transforms with respect to basis 
restriction errors (Jm) versus the number of basis (m) for a stationary Markov 
sequence with N = 16, p = 0.95 . 

Figure 5.20 Zonal filters for 2 : 1, -
8: 1, 16: 1 sample reduction. White 
are passbands, dark areas are stopba 
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The image transform is filtered by a zonal mask (Fig. 5.20) such that only a fraction of 
the transform coefficients are retained and the remaining ones are set to zero. Define 
the normalized mean square error 

LL lvk,,12 
l /1 k ,I e stopband 

s - N- 1 

LL lvk,il2 

k,l ~ O 

energy in stopband 
total energy 

Figure 5.21 shows an original image and the image obtained after cosine transform 
zonal filtering to achieve various sample reduction ratios. Figure 5.22 shows the zonal 
filtered images for different transforms at a 4: 1 sample reduction ratio . Figure 5.23 
shows the mean square error versus sample reduction ratio for different transforms. 
Again we find the cosine transform to have the best performance. 

(a) Original ; (b) 4 : 1 sample reduction; 

(c) 8: 1 sample reduction; (d) 16: 1 sample reduction. 

Figure 5.21 Basis restriction zonal filtered images in cosine transform domain. 
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(a) Cosine; (b) sine; 

(c) unitary DFT; (d) Hadamard; 

(e) Haar; (fl Slant. 

Figure 5.22 Basis restriction zonal filtering using different transforms with 4 : I 
sample reduction. 
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Figure 5.23 Performance comparison of 
different transforms with respect to basis 
restriction zonal filtering for 256 x 256 
images. 

: 12 A SINUSOIDAL FAMILY OF UNITARY TRANSFORMS 

This is a class of complete orthonormal sets of eigenvectors generated by the 
parametric family of matrices whose structure is similar to that of R- 1 [see (5 .96)], 

(5.180) 

In fact, for k1 = k2 = p, k3 = 0, ~2 = (1 - p2)/(1 + p2
), and a = p/(1 + p2

), we have 

J(p,p,O) = ~2 R- 1 (5.181) 

Since Rand ~2 R- 1 have an identical set of eigenvectors, the KL transform 
associated with R can be determined from the eigenvectors of J(p, p, 0). Similarly, it 
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can be shown that the basis vectors of previously discussed cosine, sine, and discre 
Fourier transforms are the eigenvectors of J(l, 1, 0), J(0, 0, 0), and J(l, 1, - 1 
respectively. In fact, several other fast transforms whose basis vectors are sinusoi 
can be generated for different combinations of ki, k2, and k3. For example, ~ 
0 ::Sm, k :SN - 1, we obtain the following transforms: 

1. Odd sine - 1: k1 = k3 = 0, k2 = 1 

,1,. (k) = 2 . (k + 1)(2m + l)1r 
'+'m Y2N + 1 sm 2N + 1 

(5 .1 -

2. Odd cosine - 1: k1 = 1, k2 = k3 = 0 

(k) = 2 cos (2k + 1)(2m + l)1r 
<l>m \i2N + 1 2(2N + 1) 

(5. 1 : 

Other members of this family of transforms are given in [34]. 

Approximation to the KL Transform 

The J matrices play a useful role in performance evaluation of the sinusoidal tr 
forms. For example, two sinusoidal transforms can be compared with the · 
transform by comparing corresponding J-matrix distances 

Ll(k1, k2, k3) ~ IIJ(k1, k2, k3) - J(p, p, 0)112 (5 .1 

This measure can also explain the close performance of the DCT and -
KLT. Further, it can be shown that the DCT performs better than the sine tr 
form for 0.5 ::S p ::S 1 and the sine transform performs better than the cosine for o 
values of p. The J matrices are also useful in finding a fast sinusoidal transfo­
approximation to the KL transform of an arbitrary random sequence whose 
variance matrix is A. If A commutes with a J matrix, that is, AJ = JA, then the 
have an identical set of eigenvectors. The best fast sinusoidal transform may 
chosen as the one whose corresponding J matrix minimizes the commuting dista 
IIAJ - JAf Other uses of the J matrices are (1) finding fast algorithms for inver · 
of banded Toeplitz matrices, (2) efficient calculation of transform coefficient , 
ances, which are needed in transform domain processing algorithms, and (3) es 
lishing certain useful asymptotic properties of these transforms. For details see [~ 

5.13 OUTER PRODUCT EXPANSION 
AND SINGULAR VALUE DECOMPOSITION 

In the foregoing transform theory, we considered an N x M image U to be a v 
in an NM -dimensional vector space. However, it is possible to represent any 
image in an r-dimensional subspace where r is the rank of the matrix U. 

Let the image be real and M ::S N. The matrices UUT and UT U are n 
negative, symmetric and have the identical eigenvalues, {X.m}. Since M ::SN, th 
are at most r :SM nonzero eigenvalues. It is possible to find r orthogonal, M 
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eigenvectors {cl>m} of uru and r orthogonal N x 1 eigenvectors {"1m} of uur, that is, 

urUcl>m = )\m cl>m , 

uur "1m = )\m "''" ' 
The matrix U has the representation 

u = WA112 <1>T 

r 

m=l, ... ,r 

m = l, . .. ,r 

= I ~ "1m cl>~ 
m=I 

(5.185) 

(5.186) 

(5.187) 

(5.188) 

where Wand <I> are N x rand M x r matrices whose mth columns are the vectors 
tflm and cl>m, respectively, and A112 is an r x r diagonal matrix, defined as 

A 1/2 = [¼i .............. 0 l 
0 --~ (5.189) 

Equation (5.188) is called the spectral representation, the outer product expansion, 
or the singular value decomposition (SYD) of U. The nonzero eigenvalues (of 
ur U), )\m , are also called the singular values of U. If r ~ M, then the image contain­
ing NM samples can be represented by (M + N)r samples of the vectors 
{)\!;,4 "1m , )\);.4 cl>m ; m = l, ... , r}. 

Since Wand <I> have orthogonal columns, from (5.187) the SVD transform of 
the image U is defined as 

(5.190) 

which is a separable transform that diagonalizes the given image.The proof of 
(5.188) is outlined in Problem 5.31. 

Properties of the SVD Transform 

1. Once cl>m, m = l, ... , rare known, the eigenvectors "1m can be determined as 

m = l, ... ,r (5.191) 

It can be shown that tflm are orthonormal eigenvectors of uur if c!>m are the 
orthonormal eigenvectors of uru. 

2. The SYD transform as defined by (5.190) is not a unitary transform. This is 
because Wand <I> are rectangular matrices. However, we can include in <I> and 
W additional orthogonal eigenvectors cl>m and tflm , which satisfy Ucl>m = 0, 
m = r + l, ... , M and ur "1m = 0, m = r + l, ... , N such that these matrices 
are unitary and the unitary SVD transform is 

(5.192) 
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3. The image Uk generated by the partial sum 
k 

Uk~ r ~l!Jm<!>:, 
m=l 

(5.19" 

is the best least squares rank-k approximation of U if Am are in decreasin: 
order of magnitude. For any k :s: r, the least squares error 

M N 

El= r r lu(m,n)-uk(m,n)l2, k=l,2, ... ,r (5 .19-
m=ln=l 

reduces to 

(5.19: 
m=k+l 

Let L ~ NM. Note that we can always write a two-dimensional unitary transfo 
representation as an outer product expansion in an L-dimensional space, namel_ 

L 

U= r W1a1bf (5.1 
/= I 

where w1 are scalars and a1 and b1 are sequences of orthogonal basis vectors 
dimensions N x 1 and M x 1, respectively. The least squares error between U 
any partial sum 

is minimized for any k E (1 , L] when the above expansion coincides with (5.19: 
that is, when lh =Uk. 

This means the energy concentrated in the transform coefficients w1, l = l, .. .. · 
is maximized by the SVD transform for the given image. Recall that the KL tr -
form, maximizes the average energy in a given number of transform coefficients, 
average being taken over the ensemble for which the autocorrelation function 
defined. Hence, on an image-to-image basis, the SYD transform will concentra· 
more energy in the same number of coefficients. But the SYD has to be calculat 
for each image. On the other hand the KL transform needs to be calculated o 
once for the whole image ensemble. Therefore, while one may be able to find 
reasonable fast transform approximation of the KL transform, no such fast tra -
form substitute for the SYD is expected to exist. 

Although applicable in image restoration and image data compression pr -
lems, the usefulness of SYD in such image processing problems is severely limi 
because of large computational effort required for calculating the eigenvalues 
eigenvectors of large image matrices. However, the SYD is a fundamental resul 
matrix theory that is useful in finding the generalized inverse of singular matri 
and in the analysis of several image processing problems. 

ExampleS.11 

Let 
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The eigenvalues of uru are found to be A1 = 18.06, .>..2 = 1.94, which giver = 2, and the 
SVD transform of U is 

The eigenvectors are found to be 

[
0.5019] 

cf>i = 0.8649 ' 
cf> = [ 0.8649] 

2 - 0.5019 
(continued on page 180) 

TABLE 5.3 Summary of Image Transforms 

DFf/unitary DFf 

Cosine 

Sine 

Hadamard 

Haar 

Slant 

Karhunen-Loeve 

Fast KL 

Sinusoidal transforms 

SVD transform 

Fast transform, most useful in digital signal processing, convolution, 
digital filtering, analysis of circulant and Toeplitz systems. Requires 
complex arithmetic. Has very good energy compaction for images. 

Fast transform, requires real operations, near optimal substitute for 
the KL transform of highly correlated images. Useful in designing 
transform coders and Wiener filters for images. Has excellent 
energy compaction for images. 

About twice as fast as the fast cosine transform, symmetric, requires 
real operations; yields fast KL transform algorithm which yields 
recursive block processing algorithms, for coding, filtering, and so 
on; useful in estimating performance bounds of many image 
processing problems. Energy compaction for images is very good. 

Faster than sinusoidal transforms, since no multiplications are 
required; useful in digital hardware implementations of image 
processing algorithms. Easy to simulate but difficult to analyze. 
Applications in image data compression, filtering, and design of 
codes. Has good energy compaction for images. 

Ve fast transfQIDl. Useful in feature extr2,cton, image coding, and 
image analysis problems. ~,ergy compaction is fair. 

Fast transform. Has "image-like basis" ; useful in image coding. Has 
very good energy compaction for images. 

Is optimal in many ways; has no fast algorithm; useful in performance 
evaluation and for finding performance bounds. Useful for small 
size vectors e.g., color multispectral or other feature vectors. Has 
the best energy compaction in the mean square sense over an 
ensemble . 

Useful for designing fast, recursive-block processing techniques, 
including adaptive techniques. Its performance is better than 
independent block-by-block processing techniques. 

Many members have fast implementation, useful in finding practical 
substitutes for the KL transform, analysis of Toeplitz systems, 
mathematical modeling of signals. Energy compaction for the 
optimum-fast transform is excellent. 

Best energy-packing efficiency for any given image. Varies drastically 
from image to image; has no fast algorithm or a reasonable fast 
transform substitute; useful in design of separable FIR filters, 
finding least squares and minimum norm solutions of linear 
equations, finding rank of large matrices, and so on. Potential 
image processing applications are in image restoration, power 
spectrum estimation and data compression. 
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From above '1,1 is obtained via (5.191) to yield 

[

1.120 
U1 = ¼i "61 cl>{= 0.935 

1.549 

1.94] 
1.62 
2.70 

as the best least squares rank-1 approximation of U. Let us compare this with the t\\ 
dimensional cosine transform U, which is given by 

[
\/2 \/2 \/2 ][1 2][1 1] [10\/2 -2V2] V = C3 ucI = , ;.,, V3 0 - V3 2 1 1 - 1 = , ;.,, -V3 V3 

vl2 1 -2 1 1 3 vl2 -1 - 5 

It is easy to see that LL v2 (k, /) = A1 + A2 • The energy concentrated in the · 
k,I 

samples of SVD, ~! = 1 Am , K = 1, 2, is greater than the energy concentrated in any · 
samples of the cosine transform coefficients (show!). 

5.14 SUMMARY 

In this chapter we have studied the theory of unitary transforms and their prope-­
ties. Several unitary tranforms, DFT, cosine, sine, Hadamard, Haar, Slant, 
sinusoidal family, fast KL, and SVD, were discussed. Table 5.3 summarizes 
various transforms and their applications. 

PROBLEMS 

5.1 For given P, Q show that the error CT~ of (5.8) is minimized when the series coefficie­
v (k, /) are given by (5.3). Also show that the basis images must form a complete set -
CT~ to be zero for P = Q = N. 

5.2 (Fast transforms and Kronecker separability) From (5.23) we see that the number 
operations in implementing the matrix-vector product is reduced from O(N4

) 

0 (N3
) if ./4 is a Kronecker product. Apply this idea inductively to show that if ~ I 

M xMand 

5.3 

180 

where Ak is nk x nk, M = TT;;'= 1 nk, then the transformation of (5 .23) can be im 
mented in O (M 2.;;' = 1 nk), which equals nM logn M if nk = n. Many fast algorithms; 
unitary matrices can be given this interpretation which was suggested by Good [ 
Transforms possessing this property are sometimes called Good transforms. 

For the 2 x 2 transform A and the image U 

I [V) 1 ] 
A = 2 - l V3, 

calculate the transformed image V and the basis images. 
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cepstrum of the building image generalized cepstra 

(a) original lliEb 
(b) DFT 
(c) DCT c d 
(d) Hadamard transform 

Figure 7 .37 Generalized cepstra: 

called the generalized homomorphic transform, .<7[, of the image u(m, n). T: 
generalized homomorphic linear filter performs zero-memory operations on -
%-transform of the image followed by inverse Jr'..transform, as shown in Fig. .:­
Examples of cepstra are given in Fig. 7 .37. The homomorphic transforma 
reduces the dynamic range of the image in the transform domain and increases i 
the cepstral domain. 

7.6 MULTISPECTRAL IMAGE ENHANCEMENT 

In multispectral imaging there is a sequence of J images U; (m, n ), i = l, 2, . . . 
where the number I is typically between 2 and 12. It is desired to combine th 
images to generate a single or a few display images that are representative of t 
features. There are three common methods of enhancing such images. 

Intensity Ratios 

Define the ratios 

d U;(m, n) 
R;,i(m,n)= ( )' ui m,n 

d=j (7.:: 

where U; (m, n) represents the intensity and is assumed to be positive. This met 
gives 12 

- I combinations for the ratios, the few most suitable of which are chosen 
visual inspection. Sometimes the ratios are defined with respect to the ave 
image (1/ I) L{ = 1 U; (m, n) to reduce the number of combinations. 
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Log-Ratios 

Taking the logarithm on both sides of (7.53), we get 

L;,J ~ log R;, 1 = log U; (m, n) - log u1 (m, n) (7.54) 

The log-ratio L;,J gives a better display when the dynamic range of R;,J is very large, 
which can occur if the spectral features at a spatial location are quite different. 

Principal Components 

For each (m, n) define the I x 1 vector 

[

u1 (m, n)l 
u(m, n) = u2(~, n) 

u1 (m, n) 

(7.55) 

The Ix I KL transform of u(m, n), denoted by <I>, is determined from the auto­
correlation matrix of the ensemble of vectors { U; ( m, n ), i = l, ... , l}. The rows of 
<I>, which are eigenvectors of the autocorrelation matrix, are arranged in decreasing 
order of their associated eigenvalues. Then for any 10 s l, the images v; (m, n ), 
i = l, ... , 10 obtained from the KL transformed vector 

v(m, n) = <l>u(m, n) 

are the first 10 principal components of the multispectral images. · 
Figure 7.38 contains examples of multispectral image enhancement. 

Sec. 7.6 

Originals (top), visual 
band: (bottom), I.R. 

Log Ratios Principal Compounds 

Figure 7.38 Multispectral image enhancement. The clouds and land have been 
separated. 

Multispectral Image Enhancement 

(7.56) 
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