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Preface 

A central goal of signal processing is to describe real life signals, be it for 
computation, compression, or understanding. In that context, transforms or 
linear expansions have always played a key role. Linear expansions are present 
in Fourier's original work and in Haar's construction of the first wavelet, as well 
as in Gabor's work on time-frequency analysis. Today, transforms are central 
in fast algorithms such as the FFT as well as in applications such as image and 
video compression. 

Over the years, depending on open problems or specific applications, the­
oreticians and practitioners have added more and more tools to the toolbox 
called signal processing. Two of the newest additions have been wavelets and 
their discrete-time cousins, filter banks or subband coding. From work in 
harmonic analysis and mathematical physics, and from applications such as 
speech/image compression and computer vision, various disciplines built up 
methods and tools with a similar flavor, which can now be cast into the common 
framework of wavelets. · 

This unified view, as well as the number of applications where this frame­
work is useful, are motivations for writing this book. The unification has given 
a new understanding and a fresh view of some classic signal processing prob­
lems. Another motivat_ion is that the subject is exciting and the results are 
cute! 

The aim of the book is to present this unified view of wavelets and subband 

xiii 

.... 
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xiv PREFACE 

coding. It will be done from a signal processing perspective, but with sufficient 
background material such that people without signal processing knowledge 
will find it useful as well. The level is that of a first year graduate engineering 
book (typically electrical engineering and computer sciences), but elementary 
Fourier analysis and some knowledge of linear systems in discrete time are 
enough to follow most of the book. 

After the introduction (Chapter 1) and a review of the basics of vector 
spaces, linear algebra, Fourier theory and signal processing (Chapter 2), the 
book covers the five main topics in as many chapters. The discrete-time case, 
or filter banks, is thoroughly developed in Chapter 3. This is the basis for most 
applications, as well as for some of the wavelet constructions. The concept 
of wavelets is developed in Chapter 4, both with direct approaches and based 
on filter banks. This chapter describes wavelet series and their computation, 
as well as the construction of modified local Fourier transforms. Chapter 5 
discusses continuous wavelet and local Fourier transforms, which are used in 
signal analysis, while Chapter 6 addresses efficient algorithms for filter banks 
and wavelet computations. Finally, Chapter 7 describes signal compression, 
where filter banks and wavelets play an important role. Speech/audio, image 
and video compression using transforms, quantization and entropy coding are 
discussed in detail. Throughout the book we give examples to illustrate the 
concepts, and more technical parts are left to appendices. 

This book evolved from class notes used at Columbia University and the 
University of California at Berkeley. Parts of the manuscript have also been 
used at the University of Illinois at Urbana-Champaign and the University of 
Southern California. The material was covered in a semester, but it would 
also be easy to carve out a subset or skip some of the more mathematical 
subparts when developing a curriculum. For example, Chapters 3, 4 and 7 can 
form a good core for a course in Wavelets and Subband Coding. Homework 
problems are included in all chapters, complemented with project suggestions 
in Chapter 7. Since there is a detailed review chapter that makes the material 
as self-contained as possible, we think that the book is useful for self-study as 
well. 

The subjects covered in this book have recently been the focus of books, 
special issues of journals, special conference proceedings, numerous articles 
and even new journals! To us, the book by I. Daubechies [73] has been invalu­
able, and Chapters 4 and 5 have been substantially influenced by it. Like the 
standard book by Meyer [194] and a recent book by Chui [49], it is a more math­
ematically oriented book than the present text. Another, more recent, tutorial 
book by Meyer gives an excellent overview of the history of the subject, its math­
ematical implications and current applications [195]. On the engineering side, 

' ---- - --- --- - -- -- ----- --- - --~- -- - - - - -
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PREFACE xv 

the book by Vaidyanathan (308] is an excellent reference on filter banks, as is 
Malvar's book (188] for lapped orthogonal transforms and compression. Several 
other texts, including edited books, have appeared on wavelets (27, 51,251], as 
well as on sub band coding (335] and multiresolution signal decompositions [3]. 
Recent tutorials on wavelets can be found in (128, 140, 247, 281], and on filter 
banks in (305, 307]. 

From the above, it is obvious that there is no lack of literature, yet we hope 
to provide a text with a broad coverage of theory and applications and a different 

I 

perspective based on signal processing. We enjoyed preparing this material, and 
simply hope that the reader will find some pleasure in this exciting subject, and 
share some of our enthusiasm! 
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1 

Wavelets, Filter Banks and Multiresolution 
Signal Processing 

"It is with logic that one proves; 
it is with intuition that one invents." 

- Henri Poincare 

The topic of this book is very old and very new. Fourier series, or expansion 
of periodic functions in terms of harmonic sines and cosines, date back to the 
early part of the 19th century when Fourier proposed harmonic trigonometric 
series [100]. The first wavelet (the only example for a long time!) was found by 
Haar early in this century [126]. But the construction of more general wavelets 
to form bases for square-integrable functions was investigated in the 1980's, 
along with efficient algorithms to compute the expansion. At the same time, 
applications of these techniques in signal processing have blossomed. 

While linear expansions of functions are a classic subject, the recent con­
structions contain interesting new features. For example, wavelets allow good 
resolution in time and frequency, and should thus allow one to see "the forest 
and the trees." This feature is important for nonstationary signal analysis. 
While Fourier basis functions are given in closed form, many wavelets can only 
be obtained through a computational procedure (and even then, only at specific 
rational points). While this might seem to be a drawback, it turns out that 
if one is interested in implementing a signal expansion on real data, then a 
computational procedure is better than a closed-form expression! 

The recent surge of interest in the types of expansions discussed here is due 
to the convergence of ideas from several different fields, and the recognition that 
techniques developed independ~ntly in these fields could be cast into a common 
framework. 
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2 CHAPTER 1 

The name "wavelet" had been used before in the literature, 1 but its cur­
rent meaning is due to J. Goupillaud, J . Morlet and A. Grossman [119, 125]. 
In the context of geophysical signal processing they investigated an alternative 
to local Fourier analysis based on a single prototype function, and its scales 
and shifts. The modulation by complex exponentials in the Fourier transform 
is replaced by a scaling operation, and the notion of scale2 replaces that of fre­
quency. The simplicity and elegance of the wavelet scheme was appealing and 
mathematicians started studying wavelet analysis as an alternative to Fourier 
analysis. This led to the discovery of wavelets which form orthonormal bases 
for square-integrable and other function spaces by Meyer [194], Daubechies 
[71], Battle [21, 22], Lemarie [175], and others. A formalization of such con­
structions by Mallat [180] and Meyer [194] created a framework for wavelet 
expansions called multiresolution analysis, and established links with meth­
ods used in other fields. Also, the wavelet construction by Daubechies is closely 
connected to filter bank methods used in digital signal processing as we shall 
see. 

Of course, these achievements were preceded by a long-term evolution 
from the 1910 Haar wavelet (which, of course, was not called a wavelet back 
then) to work using octave division of the Fourier spectrum (Littlewood-Paley) 
and results in harmonic analysis (Calderon-Zygmund operators). Other con­
structions were not recognized as leading to wavelets initially (for example, 
Stromberg's work [283]). 

Paralleling the advances in pure and applied mathematics were those 
in signal processing, but in the context of discrete-time signals. Driven by 
applications such as speech and image compression, a method called subband 
coding was proposed by Croisier, Esteban, and Galand [69] using a special 
class of filters called quadrature mirror filters (QMF) in the late 1970's, and 
by Crochiere, Webber and Flanagan [68]. This led to the study of perfect 
reconstruction filter banks, a problem solved in the 1980's by several people, 
including Smith and Barnwell [270, 271], Mintzer [196], Vetterli [315], and 
Vaidyanathan [306]. 

In a particular configuration, namely when the filter bank has octave 
bands, one obtains a discrete-time wavelet series. Such a configuration has 
been popular in signal processing less for its mathematical properties than be­
cause an octave band or logarithmic spectrum is more natural for certain appli-

1 For example, for the impulse response of a layer in geophysical signal processing by Ricker 
[237] and for a causal finite-energy function by Robinson [248] . 

2For a beautiful illustration of the notion of scale, and an argument for geometric spacing of 
scale in natural imagery, see [197]. 
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1.1 SERIES EXPANSIONS OF SIGNALS 3 

cations such as audio compression since it emulates the hearing process. Such 
an octave-band filter bank can be used, under certain conditions, to generate 
wavelet bases, as shown by Daubechies [71]. 

In computer vision, multiresolution techniques have been used for various 
problems, ranging from motion estimation to object recognition [249]. Images 
are successively approximated starting from a coarse version and going to a fine­
resolution version. In particular, Burt and Adelson proposed such a scheme 
for image coding in the early 1980's [41], calling it pyramid coding.3 This 
method turns out to be similar to subband coding. Moreover, the successive 
approximation view is similar to the multiresolution framework used in the 
analysis of wavelet schemes. 

In computer graphics, a method called successive refinement iteratively 
interpolates curves or surfaces, and the study of such interpolators is related 
to wavelet constructions from filter banks [45, 92]. 

Finally, many computational procedures use the concept of successive ap­
proximation, sometimes alternating between fine and coarse resolutions. The 
multigrid methods used for the solution of partial differential equations [39] 
are an example. 

While these interconnections are now clarified, this has not always been 
the case. In fact, maybe one of the biggest contributions of wavelets has been to 
bring people from different fields together, and from that cross fertilization and 
exchange of ideas and methods, progress has been achieved in various fields. 

In what follows, we will take mostly a signal processing point of view of 
the subject. Also, most applications discussed later are from signal processing. 

1.1 SERIES EXPANSIONS OF SIGNALS 

We are considering linear expansions of signals or functions. That is, given any 
signal x from some space S, where Scan be finite-dimensional (for example, 
1r, en) or infinite-dimensional (for example, l2 (Z), L2 (R)), we want to find a set 
of elementary signals { 'PihEz for that space so that we can write x as a linear 
combination 

(1.1.1) 

The set { 'Pi} is complete for the space S, if all signals x E Scan be expanded 
as in (1.1.1). In that case, there will also exist a dual set {c,oihEz such that the 

3The importance of the pyramid algorithm was not immediately recognized. One of the re­
viewers of the original Burt and Adelson paper said, "I suspect that no one will ever use this 
algorithm again." 
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<p 1 (b) <1io (c) 

Figure 1 .1 Examples of possible sets of vectors for the expansion of R2 . (a) 
Orthonormal case. (b) Biorthogonal case. (c) Overcomplete case. 

CHAPTER 1 

expansion coefficients in (1.1.1) can be computed as 

O\ = L <t?i[n] x[n], 
n 

when x and 'Pi are real discrete-time sequences, and 

ai = j 'Pi(t) x(t) dt , 

when they are real continuous-time functions. The above expressions are the 
inner products of the cp/s with the signal x , denoted by (cp;, x). An important 
particular case is when the set { cp; } is orthonormal and complete, since then we 
have an orthonormal basis for S and the basis and its dual are the same, that 
is, 'Pi = <p;. Then 

(cp;, 'PJ ) = 8[i - j], 

where 8[i] equals 1 if i = 0, and O otherwise. If the set is complete and the vectors 
'Pi are linearly independent but not orthonormal, then we have a biorthogonal 
basis, and the basis and its dual satisfy 

(cp; , 'Pi) = 8[i - j]·. 

If the set is complete but redundant (the cp/s are not linearly independent), 
then we do not have a basis but an overcomplete representation called a frame. 
To illustrate these concepts, consider the following example. 

Example 1 .1 Set of Vectors for the Plane 

We show in Figure 1.1 some possible sets of vectors for the expansion of the plane, or R 2
• 

The standard Euclidean basis is given by e0 and e1. In part (a), an orthonormal basis is 
given by cpo = [1 , lf /../2 and cp1 = [1 , - lf /../2. The dual basis is identical, or 'Pi= 'Pi• In 
part (b), a biorthogonal basis is given, with cp0 = e0 and cp1 = (1, 1f. The dual basis is now 
,po = [1, -lf and rp1 = (0, lf. Finally, in part (c), an overcomplete set is given, namely 
cpo = [1 ,of, cp1 = (-1 / 2,v13/ 2f and cp2 = (-1 / 2, - y'3/ 2f . Then, itcanbeverifiedthat 
a possible reconstruction basis is identical (up to a scale factor), namely, 'Pi = 2/ 3 'Pi (the 
reconstruction basis is not unique). This set behaves as an orthonormal basis, even though 
the vectors are linearly dependent. 
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1.1 SERIES EXPANSIONS OF SIGNALS 5 

The representation in (1.1.1) is a change of basis, or, conceptually, a change 
of point of view. The obvious question is, what is a good basis { cpi} for S? 
The answer depends on the class of signals we want to represent, and on the 
choice of a criterion for quality. However, in general, a good basis is one that 
allows compact representation or less complex processing. For example, the 
Karhunen-Loeve transform concentrates as much energy in as few coefficients 
as possible, and is thus good for compression, while, for the implementation 
of convolution, the Fourier basis is computationally more efficient than the 
standard basis. 

We will be interested mostly in expansions with some structure, that is, 
expansions where the various basis vectors are related to each other by some 
elementary operations such as shifting in time, scaling, and modulation (which 
is shifting in frequency). Because we are concerned with expansions for very 
high-dimensional spaces (possibly infinite), bases without such structure are 
useless for complexity reasons. 

Historically, the Fourier series for periodic signals is the first example of a 
signal expansion. The basis functions are harmonic sines and cosines. Is this 
a good set of basis functions for signal processing? Besides its obvious limita­
tion to periodic signals, it has very useful properties, such as the convolution 
property which comes from the fact that the basis functions are eigenfunctions 
of linear time-invariant systems. The extension of the scheme to non periodic 
signals,4 by segmentation and piecewise Fourier series expansion of each seg­
ment, suffers from artificial boundary effects and poor convergence at these 
boundaries (due to the Gibbs phenomenon). 

An attempt to create local Fourier bases is the Gabor transform or short­
time Fourier transform (STFT). A smooth window is applied to the signal cen­
tered around t = nT0 (where T0 is some basic time step), and a Fourier expansion 
is applied to the windowed signal. This leads to a time-frequency representa­
tion since we get an approximate information about the frequency content of the 
signal around the location nT0 • Usually, frequency points spaced 21r /To apart 
are used and we get a sampling of the time-frequency plane on a rectangular 
grid. The spectrogram is related to such a time-frequency analysis. Note that 
the functions used in the expansion are related to each other by shift in time and 
modulation, and that we obtain a linear frequency analysis. While the STFT 
has proven useful in signal analysis, there are no good orthonormal bases based 
on this construction. Also, a logarithmic frequency scale, or constant relative 
bandwidth, is often preferable to the linear frequency scale obtained with the 

4The Fourier transform of nonperiodic signals is also possible. It is an integral transform 
rather than a series expansion and lacks any time locality. 
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-------- ----------Figure 1.2 Musical notation and orthonormal wavelet bases. (a) The western 
musical notation uses a logarithmic frequency scale with twelve halftones per 
octave. In this example, notes are chosen as in an orthonormal wavelet basis, 
with Jong low-pitched notes, and short high-pitched ones. (b) Corresponding 
time-domain functions. 

CHAPTER 1 

STFT. For example, the human auditory system uses constant relative band­
width channels (critical bands), and therefore, audio compression systems use 
a similar decomposition. 

A popular alternative to the STFT is the wavelet transform. Using scales 
and shifts of a prototype wavelet, a linear expansion of a signal is obtained. 
Because the scales used are powers of an elementary scale factor (typically 2), 
the analysis uses a constant relative bandwidth (or, the frequency axis is loga­
rithmic). The sampling of the time-frequency plane is now very different from 
the rectangular grid used in the STFT. Lower frequencies, where the bandwidth 
is narrow (that is, the basis functions are stretched in time) are sampled with 
a large time step, while high frequencies (which correspond to short basis func­
tions) are sampled more often. In Figure 1.2, we give an intuitive illustration of 
this time-frequency trade-off, and relate it to musical notation which also uses 
a logarithmic frequency scale. 5 What is particularly interesting is that such a 
wavelet scheme allows good orthonormal bases whereas the STFT does not. 

In the discussions above, we implicitly assumed continuous-time signals. 
Of course there are discrete-time equivalents to all these results. A local anal­
ysis can be achieved using a block transform, where the sequence is segmented 
into adjacent blocks of N samples, and each block is individually transformed. 
As is to be expected, such a scheme is plagued by boundary effects, also called 
blocking effects. A more general expansion relies on filter banks, and can 
achieve both STFT-like analysis (rectangular sampling of the time-frequency 
plane) or wavelet-like analysis (constant relative bandwidth in frequency) . 
Discrete-time expansions based on filter banks are not arbitrary, rather they 

5This is the standard western musical notation based on J.S. Bach's ''Well Tempered Piano". 
Thus one could argue that wavelets were actually invented by J .S. Bach! 
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1.1 SERIES EXPANSIONS OF SIGNALS 7 

are structured expansions. Again, for complexity reasons, it is useful to impose 
such a structure on the basis chosen for the expansion. For example, filter banks 
correspond to basis sequences which satisfy a block shift invariance property. 
Sometimes, a modulation constraint can also be added, in particular in STFT­
like discrete-time bases. Because we are in discrete time, scaling cannot be 
done exactly (unlike in continuous time), but an approximate scaling property 
between basis functions holds for the discrete-time wavelet series. 

Interestingly, the relationship between continuous- and discrete-time bases 
runs deeper than just these conceptual similarities. One of the most interesting 
constructions of wavelets is the one by Daubechies [71]. It relies on the itera­
tion of a discrete-time filter bank so that, under certain conditions, it converges 
to a continuous-time wavelet basis. Furthermore, the multiresolution frame­
work used in the analysis of wavelet decompositions automatically associates a 
discrete-time perfect reconstruction filter bank to any wavelet decomposition. 
Finally, the wavelet series decomposition can be computed with a filter bank 
algorithm. Therefore, especially in the wavelet type of a signal expansion, there 
is a very close interaction between discrete and continuous time. 

It is to be noted that we have focused on STFT and wavelet type of expan­
sions mainly because they are now quite standard. However, there are many 
alternatives, for example the wavelet packet expansion introduced by Coifman 
and coworkers [62, 64], and generalizations thereof. The main ingredients re­
main the same: they are structured bases in discrete or continuous time, and 
they permit different time versus frequency resolution trade-offs. An easy way 
to interpret such expansions is in terms of their time-frequency tiling: each 
basis function has a region in the time-frequency plane where most of its en­
ergy is concentrated. Then, given a basis and the expansion coefficients of a 
signal, one can draw a tiling where the shading corresponds to the value of the 
expansion coefficient. 6 

Example 1 .2 Different Time-Frequency Tilings 

Figure 1.3 shows schematically different possible expansions of a very simple discrete-time 
signal, namely a sine wave plus an impulse (see part (a)). It would be desirable to have 
an expansion that captures both the isolated impulse (or Dirac in time) and the isolated 
frequency component (or Dirac in frequency). The first two expansions, namely the identity 
transform in part (b) and the discrete-time Fourier series7 in part (c), isolate the time and 
frequency impulse, respectively, but not both. The local discrete-time Fourier series in part 
(d) achieves a compromise, by locating both impulses to a certain degree. The discrete-time 

6Such tiling diagrams were used by Gabor [102), and he called an elementary tile a "logon." 
7Discrete-time series expansions are often called discrete-time transforms, both in the Fourier 
and in the wavelet case. 
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Figure 1.3 Time-frequency tilings for a simple discrete-time signal [130]. (a) 
Sine wave plus impulse. (b) Expansion onto the identity basis. (c) Discrete­
time Fourier series. (d) Local discrete-time Fourier series. (e) Discrete-time 
wavelet series. 

CHAPTER 1 

wavelet series in part (e) achieves better localization of the time-domain impulse, without 
sacrificing too much of the frequency localization. However, a high-frequency sinusoid 
would not be well localized. This simple example indicates some of the trade-offs involved. 

Note that the local Fourier transform and the wavelet transform can be 
used for signal analysis purposes. In that case, the goal is not to obtain or­
thonormal bases, but rather to characterize the signal from the transform. The 
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1.2 MULTIRESOLUTION CONCEPT 9 

local Fourier transform retains many of the characteristics of the usual Fourier 
transform with a localization given by the window function, which is thus con­
stant at all frequencies (this phenomenon can be seen already in Figure 1.3(d)). 
The wavelet, on the other hand, acts as a microscope, focusing on smaller time 
phenomenons as the scale becomes small (see Figure 1.3(e) to see how the im­
pulse gets better localized at high frequencies). This behavior permits a local 
characterization of functions, which the Fourier transform does not. 8 

1.2 MULTIRESOLUTION CONCEPT 

A slightly different expansion is obtained with multiresolution pyramids since 
the expansion is actually redundant (the number of samples in the expansion 
is bigger than in the original signal). However, conceptually, it is intimately 
related to subband and wavelet decompositions. The basic idea is successive ap­
proximation. A signal is written as a coarse approximation (typically a lowpass, 
subsampled version) plus a prediction error which is the difference between the 
original signal and a prediction based on the coarse version. Reconstruction is 
immediate: simply add back the prediction to the prediction error. The scheme 
can be iterated on the coarse version. It can be shown that if the lowpass 
filter meets certain constraints of orthogonality, then this scheme is identi­
cal to an oversampled discrete-time wavelet series. Otherwise, the successive 
approximation approach is still at least conceptually identical to the wavelet 
decomposition since it performs a multiresolution analysis of the signal. 

A schematic diagram of a pyramid decomposition, with attached resulting 
images, is shown in Figure 1.4. After the encoding, we have a coarse resolution 
image of half size, as well as an error image of full size (thus the redundancy). 
For applications, the decomposition into a coarse resolution which gives an 
approximate but adequate version of the full image, plus a difference or detail 
image, is conceptually very important. 

Example 1.3 Multiresolution Image Database 

Let us consider the following practical problem: Users want to access and retrieve elec­
tronic images from an image database using a computer network with limited bandwidth. 
Because the users have an approximate idea of which image they want, they will first 
browse through some images before settling on a target image [214] . Given the limited 
bandwidth, browsing is best done on coarse versions of the images which can be transmit­
ted faster. Once an image is chosen, the residual can be sent. Thus, the scheme shown in 
Figure 1.4 can be used, where the coarse and residual images are further compressed to 
diminish the transmission time. 

8For example, in [137], this mathematical microscope is used to analyze some famous lacunary 
Fourier series that was proposed over a century ago. 
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Figure 1.4 Pyramid decomposition of an image where encoding is shown on 
the left and decoding is shown on the right. The operators D and I correspond to 
decimation and interpolation operators, respectively. For example, D produces 
an N /2 x N /2 image from an N x N original, while I interpolates an N x N 
image based on an N /2 x N /2 original. 

CHAPTER 1 

The above example is just one among many schemes where multiresolution 
decompositions are useful in communications problems. Others include trans­
mission over error-prone channels, where the coarse resolution can be better 
protected to guarantee some minimum level of quality. 

Multiresolution decompositions are also important for computer vision 
tasks such as image segmentation or object recognition: the task is performed 
in a successive approximation manner, starting on the coarse version and then 
using this result as an initial guess for the full task. However, this is a greedy 
approach which is sometimes suboptimal. Figure 1.5 shows a famous counter­
example, where a multiresolution approach would be seriously misleading ... 

Interestingly, the multiresolution concept, besides being intuitive and use­
ful in practice, forms the basis of a mathematical framework for wavelets 
[181, 194]. As in the pyramid example shown in Figure 1.4, one can decompose 
a function into a coarse version plus a residual, and then iterate this to infin­
ity. If properly done, this can be used to analyze wavelet schemes and derive 
wavelet bases. 

1.3 OVERVIEW OF THE BOOK 

We start with a review of fundamentals in Chapter 2. This chapter should 
make the book as self-contained as possible. It reviews Hilbert spaces at an el-
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Figure 1.5 Counter-example to multiresolution technique. The coarse ap­
proximation is unrelated to the full-resolution image (Comet Photo AG). 

11 

ementary but sufficient level, linear algebra (including matrix polynomials) and 
Fourier theory, with material on sampling and discrete-time Fourier transforms 
in particular. The review of continuous-time and discrete-time signal process­
ing is followed by a discussion of multirate signal processing, which is a topic 
central to later chapters. Finally, a short introduction to time-frequency distri­
butions discusses the local Fourier transform and the wavelet transform, and 
shows the uncertainty principle. The appendix gives factorizations of unitary 
matrices, and reviews results on convergence and regularity of functions. 

Chapter 3 focuses on discrete-time bases and filter banks. This topic is 
important for several later chapters as well as for applications. We start with 
two simple expansions which will reappear throughout the book as a recur-
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ring theme: the Haar and the sine bases. They are limit cases of orthonormal 
expansions with good time localization (Haar) and good frequency localization 
(sine). This naturally leads to an in-depth study of two-channel filter banks, 
including analytical tools for their analysis as well as design methods. The 
construction of orthonormal and linear phase filter banks is described. Mul­
tichannel filter banks are developed next, first through tree structures and 
then in the general case. Modulated filter banks, corresponding conceptually 
to a discrete-time local Fourier analysis, are addressed as well. Next, pyra­
mid schemes and overcomplete representations are explored. Such schemes, 
while not critically sampled, have some other attractive features, such as time 
invariance. Then, the multidimensional case is discussed both for simple sep­
arable systems, as well as for general nonseparable ones. The latter systems 
involve lattice sampling which is detailed in an appendix. Finally, filter banks 
for telecommunications, namely transmultiplexers and adaptive subband filter­
ing, are presented briefly. The appendix details factorizations of orthonormal 
filter banks (corresponding to paraunitary matrices). 

Chapter 4 is devoted to the construction of bases for continuous-time sig­
nals, in particular wavelets and local cosine bases. Again, the Haar and sine 
cases play illustrative roles as extremes of wavelet constructions, After an in­
troduction to series expansions, we develop multiresolution analysis as a frame­
work for wavelet constructions. This naturally leads to the classic wavelets of 
Meyer and Battle-Lemarie or Stromberg. These are based on Fourier-domain 
analysis. This is followed by Daubechies' construction of wavelets from iter­
ated filter banks. This is a time-domain construction based on the iteration of 
a multirate filter. Study of the iteration leads to the notion of regularity of the 
discrete-time filter. Then, the wavelet series expansion is considered both in 
terms of properties and computation of the expansion coefficients. Some gener­
alizations of wavelet constructions are considered next, first in one dimension 
(including biorthogonal and multichannel wavelets) and then in multiple di­
mensions, where nonseparable wavelets are shown. Finally, local cosine bases 
are derived and they can be seen as a real-valued local Fourier transform. 

Chapter 5 is concerned with continuous wavelet and Fourier transforms. 
Unlike the series expansions in Chapters 3 and 4, these are very redundant 
representations useful for signal analysis. Both transforms are analyzed, in­
verses are derived, and their main properties are given. These transforms can 
be sampled, that is, scale/frequency and time shift can be discretized. This 
leads to redundant series representations called frames. In particular, recon­
struction or inversion is discussed, and the case of wavelet and local Fourier 
frames is considered in some detail. 

Chapter 6 treats algorithmic and computational aspects of series expan-
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sions. First, a review of classic fast algorithms for signal processing is given 
since they form the ingredients used in subsequent algorithms. The key role of 
the fast Fourier transform (FFT) is pointed out. The complexity of computing 
filter banks, that is, discrete-time expansions, is studied in detail. Important 
cases include the discrete-time wavelet series or transform and modulated filter 
banks. The latter corresponds to a local discrete-time Fourier series or trans­
form, and uses FFT's for efficient computation. These filter bank algorithms 
have direct applications in the computation of wavelet series. Overcomplete 
expansions are considered next, in particular for the computation of a sampled 
continuous wavelet transform. The chapter concludes with a discussion of spe­
cial topics related to efficient convolution algorithms and also application of 
wavelet ideas to numerical algorithms. 

The last chapter is devoted to one of the main applications of wavelets and 
filter banks in signal processing, namely signal compression. The technique is 
often called subband coding because signals are considered in spectral bands 
for compression purposes. First comes a review of transform based compres­
sion, including quantization and entropy coding. Then follow specific discus­
sions of one-, two- and three-dimensional signal compression methods based 
on transforms. Speech and audio compression, where subband coding was first 
invented, is discussed. The success of subband coding in current audio coding 
algorithms is shown on specific examples such as the MUSICAM standard. A 
thorough discussion of image compression follows. While current standards 
such as JPEG are block transform based, some innovative subband or wavelet 
schemes are very promising and are described in detail. Video compression is 
considered next. Besides expansions, motion estimation/compensation meth­
ods play a key role and are discussed. The multiresolution feature inherent in 
pyramid and subband coding is pointed out as an attractive feature for video 
compression, just as it is for image coding. The final section discusses the in­
teraction of source coding, particularly the multiresolution type, and channel 
coding or transmission. This joint source-channel coding is key to new applica­
tions of image and video compression, as in transmission over packet networks. 
An appendix gives a briefreview of statistical signal processing which underlies 
coding methods. 
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Signal Compression and Subband Coding 

"That which shrinks must first expand." 
- Lao-Tzu, Tao Te Ching 

The compression of signals, which is one of the main applications of digital 
signal processing, uses signal expansions as a major component. Some of these 
expansions were discussed in previous chapters, most notably discrete-time 
expansions via filter banks. When the channels of a filter bank are used for 
coding, the resulting scheme is known as subband coding. The reasons for 
expanding a signal and processing it in transform domain are numerous. While 
source coding can be performed on the original signal directly, it is usually more 
efficient to find an appropriate transform. By efficient we mean that for a given 
complexity of the encoder, better compression is achieved. 

The first useful property of transforms, or "generalized" transforms such 
as subband coding, is their decorrelation property. That is, in the transform 
domain, the transform coefficients are not correlated, which is equivalent to di­
agonalizing the autocovariance matrix of the signal, as will be seen in Section 
7.1. This diagonalization property is similar to the convolution property (or the 
diagonalization of circulant matrices) of the Fourier transform as we discussed 
in Section 2.4.8. However, the only transform that achieves exact diagonal­
ization, the Karhunen-Loeve transform, is usually impractical. Many other 
transforms come close to exact diagonalization and are therefore popular, such 
as the discrete cosine transform, or, appropriately designed subband or wavelet 
transforms. The second advantage of transforms is that the new domain is 
often more appropriate for quantization using perceptual criterions. That is, 
the transform domain can be used to distribute errors in a way that is less 

369 
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objectionable for the human user. For example, in speech and audio coding, the 
frequency bands used in subband coding might mimic operations performed in 
the inner ear and thus one can exploit the reduced sensitivity or even masking 
between bands. The third advantage of transform coding is that the previous 
features come at a low computational price. The transform decomposition itself 
is computed using fast algorithms as discussed in Chapter 6, quantization in 
the transform domain is often simple scalar quantization, and entropy coding 
is done on a sample-by-sample basis. 

Together, these advantages produced successful compression schemes for 
speech, audio, images and video, some of which are now industry standards 
(32 Kbits/sec subband coding for high-quality speech [192], AC [34, 290], PAC 
[147], and MUSICAM for audio [77, 279], JPEG for images [148, 327], MPEG 
for video [173, 201]). 

It is important to note that the signal expansions on which we have focused 
so far are only one of the three major components of such compression schemes. 
The other two are quantization and entropy coding. This three part view of 
compression will be developed in detail in Section 7 .1, together with the strong 
interaction that exists among them. That is, in a compression context, there 
is no need for designing the "ultimate" basis function system unless adequate 
quantization and entropy coding are matched to it. This interplay, while fairly 
obvious, is often insufficiently stressed in the literature. Note that this section is 
a review and can be skipped by readers familiar with basic signal compression. 

Section 7 .2 concentrates on one-dimensional signal compression, that is, 
speech and audio coding. Subband methods originated from speech compression 
research, and for good reasons: Dividing the signal in frequency bands imitates 
the human auditory system well enough to be the basis for a series of successful 
coders. 

Section 7 .3 discusses image compression, where transform and sub band/ 
wavelet methods hold a preeminent position. It turns out that representing 
images at multiple resolutions is a desirable feature in many systems using 
image compression such as image databases, and thus, subband or wavelet 
methods are a popular choice. We also discuss some new schemes which contain 
wavelet decompositions as a key ingredient. 

Section 7.4 adds one more dimension and discusses video compression. 
While straight linear transforms have been used, they are outperformed by 
methods using a combination of motion based modeling and transforms. Again, 
a multiresolution feature is often desired and will be discussed. 

Section 7.5 discusses joint source-channel coding using multiresolution 
source decompositions and matched channel coding. It turns out that sev­
eral upcoming applications, such as digital broadcasting and transmission. over 
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(a) X C 

(b) 
T 

Figure 7.1 Compression system based on linear transformation. The linear 
transform Tis followed by quantization (Q) and entropy coding (E). The 
reconstruction is simply :ii = T - 1y. (a) Global view. (b) Multichannel case 
with scalar quantization and entropy coding. 
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highly varying channels such as wireless channels or channels correspond­
ing to packet-switched transmission, are improved by using multiresolution 
techniques. 

7 .1 COMPRESSION SYSTEMS BASED ON LINEAR TRANSFORMS 

In this section, we will deal with compression systems, as given in Figure 7. l(a). 
The linear transformation (T) is the first step in the process which includes 
quantization (Q) and entropy coding (E). Quantization introduces nonlineari­
ties in the system and results in loss of information, while entropy coding is 
a reversible process. A system as given in Figure 7.1 is termed an open-loop 
system, since there is no feedback from the output to the input. On the other 
hand, a closed-loop system, such as the DPCM (see Figure 7.5), includes the 
quantization in the loop. We mostly concentrate on open-loop systems, be­
cause of their close connection to signal expansions. Following Figure 7 .1, we 
start by discussing various linear transforms with an emphasis on the opti­
mal Karhunen-Loeve transform, followed by quantization, and end up briefly 
describing entropy coding methods. We try to emphasize the interplay among 
these three parts, as well as indicate the importance of perceptual criterions in 
designing the overall system. Our discussion is based on the excellent text by 
Gersho and Gray [109], to which we refer for more details. This chapter uses 
results from statistical signal processing, which are reviewed in Appendix 7 .A. 

( 
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Let us here define the measures of quality we will be using. First, the 
mean square error (MSE), or, distortion, equals 

N - 1 

D = E( L lxi - xi l2 ) , (7.1. 1) 
i =O 

where x i are the input values and x; are the reconstructed values. For a 
zero-mean input, the signal-to-noise ratio (SN R) is given by 

0"2 

SNR = 10log10 D, (7.1.2) 

where Dis as given in (7.1.1) and o-2 is the input variance. The peak signal-to­
noise ratio (SN Rp) is defined as [138) 

M2 
SNRP = 10log10 D , (7.1.3) 

where M is the maximum peak-to-peak value in the signal (typically 256 for 
8-bit images). Distortion measures based on squared error have shortcomings 
when assessing the quality of a coded signal such as an image. An improved 
distortion measure is a perceptually weighted mean square error. Even better 
are distortion models which include masking. These distortion metrics are 
signal specific, and some of them will be discussed in conjunction with practical 
compression schemes in later sections. 

7.1.1 Linear Transformations 

Assume a vector x[n] = (x[n], x[n+ 1], . .. x[n+N -1] f of N consecutive samples 
of a real wide-sense stationary random process (see Appendix 7 .A). Typically, 
these samples are correlated and independent coding of the samples is ineffi­
cient. The idea is to apply a linear transform1 so that the transform coefficients 
are decorrelated. While there is no general formal result that guarantees more 
efficient compression by decorrelation, it turns out in practice (and for certain 
cases in theory) that scalar quantization of decorrelated transform coefficients 
is more efficient than direct scalar quantization of the samples. 

Since we assumed that the process is wide-sense stationary and we will be 
dealing only with the second-order statistics, we do not need to keep the index 
n for x[n] and can abbreviate it simply as x. From now on, we will assume that 
the process is zero-mean and thus its autocorrelation and autocovariance are 

1This can also be seen as a discrete-time series expansion. However, since it is usually imple­
mented as a matrix block transform we will adhere to the compression literature's convention 
and call it a transform. 
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the same, that is, K [n, m] = R [n, m]. The autocovariance matrix of the input 
vector xis r 

K x = E(x · x). 

Again, since the process is wide-sense stationary and zero-mean, K [n , m] 
K [n - m] = R [n - m] (see Appendix 7.A). Therefore, the matrix K x has the 
following form: 

R[l] R[O] 

( 

R[O] R[l] 

K, - R[N:-1] R[N - 2] 

... R [N -1]) 

... R[N - 2] 
. . . . . . . 

... R[O] 
This matrix is Toeplitz, symmetric (see Section 2.3.5), and nonnegative definite 
since all of its eigenvalues are greater or equal to zero (this holds in general for 
autocorrelation matrices). Consider now the transformed vector y, 

y = Tx, (7.1.4) 

where Tis an N x N unitary matrix which thus satisfies TTT = TTT = I. 
Then the autocovariance of y is 

Ky = E(yyr) = E(TxxTTT) = TE(xxr)TT 

= TKxTT. (7.1.5) 

Karhunen-Loeve Transform We would like to obtain uncorrelated transform 
coefficients. Recall that for each two coefficients to be uncorrelated, their co­
variance has to be zero (see Appendix 7.A). Thus, we are looking for a diagonal 
Ky, For that to hold, T has to be chosen with its rows equal to the eigenvectors 
of K x• Call vi the eigenvector (normalized to unit norm) of K x associated with 
the eigenvalue Ai, that is, K xvi = Aivi, and choose the following ordering for 
the A/s: 

(7.1.6) 

where the last inequality holds because K x is nonnegative definite. Moreover, 
ince K x is symmetric, there is a complete set of orthonormal eigenvectors (see 

Section 2.3.2). Take T as 

(7.1.7) 

then, from (7.1.5), 

(7.1.8) 

where A is a diagonal matrix with Aii = Ai = a-; = y;, i = 0, ... , N - 1. The 
ransform defined in (7.1.7) which achieves decorrelation as shown in (7.1.8) is 

the discrete-time Karhunen-Loeve (KLT) or Hotelling transform [109, 138]. The 
following approximation result is intuitive: 
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PROPOSITION 7.1 

If only k out of the N transform coefficients are kept, then the coefficients 
y0 , ... , Yk-1 will minimize the MSE between x and its approximation x. 

Although the proof of this result follows from general orthonormal expansions 
results given in Chapter 2, we describe it here for completeness. 

PROOF 

Following (7.1.1), the MSE is equal to 

D = E (~(Xi -Xi) 2
) = E((x - af. (a-: - &)) = E((y - yf. (y - y)) , (7.1.9) 

where the last equality follows from the fact that Tis a unitary transform, that is, the MSE 
is conserved between transform and original domains. Keeping only the first k coefficients 
means that Yi = Yi for i = O, ... , k - I and Yi = 0, for i = k, ... , N - 1. Then the MSE 
equals 

Dk = E (~(yi -Yi)2) = ! ~y; = ! ~Ai, 

and this is obviously smaller or equal to any other set of N - k coefficients because of the 
ordering in (7 .1.6). Recall here that the assumption of zero mean still holds. 

Another way to say this is that the first k coefficients contain most of the 
energy of the transformed signal. This is the "energy packing" property of the 
Karhunen-Loeve transform. Actually, among all unitary transforms, the KLT 
is the one that packs most energy into the first k coefficients. 

There are two major problems with the KLT, however. First, the KLT is 
signal dependent, since it depends on the autocovariance matrix. Second, it is 
computationally complex, since no structure can be assumed for T, and no fast 
algorithm can be used. This leads to an order N 2 operations for applying the 
transform. 

Discrete Cosine Transform Due to the discussed problems, various approxima­
tions to the KLT have been proposed. These approximations usually have fast 
algorithms for efficient implementation. The most successful is the discrete 
cosine transform (DCT), which calculates the vector y from x as 

l N -1 

./Fi ~Xn , Yo = (7.1.10) 

(2 ~ (21r(2n + l)k) y N L.,; Xn COS 4N , 
n=O 

k = 1, . .. , N - 1. (7.1.11) 
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The DCT was developed [2] as an approximation for the KLT of a first-order 
Gauss-Markov process with a large positive correlation coefficient p (p-+ 1). In 
this case, K "' is of the following form (assuming unit variance and zero mean) 

l p p2 p3 
p l p p2 

Kx p2 p l p 

For large p's, the DCT approximately diagonalizes K x. Actually, the DCT (as 
well as some other transforms) is asymptotically equivalent to the KLT of an 
arbitrary wide-sense stationary process when the block size N tends to infinity 
[294]. It should be noted that even if the assumptions do not hold exactly 
(images are not first-order Gauss-Markov), the DCT has proven to be a robust 
approximation to the KLT, and is used in several standards for speech, image 
and video compression as we shall see. 

The DCT also has shortcomings. One must block the input stream in 
order to perform the transform and this blocking is quite arbitrary. The block 
boundaries often create not only loss of compression (correlation across the 
boundaries is not removed) but also annoying blocking effects. This is one of the 
reasons for using lapped transforms and subband or wavelet coding schemes. 
However, the goal of these generalized transforms is the same, namely, to create 
decorrelated outputs from a correlated input stream, and then to quantize the 
outputs separately. 

Discussion We recall that decorrelation leads to independence only if the input 
is Gaussian (see Appendix 7 .A). Also, even independent random variables are 
better quantized as a block (or as a vector) than as independent scalars, due 
to sphere packing gains (see discussion of vector quantization in Section 7.1.2). 
However, the complexity of doing so is high, and thus, scalar quantization is 
often preferred. It will be shown below, after a discussion of quantization and 
bit allocation, that the KLT is the optimal linear transformation (under certain 
assumptions) among block transforms. The performance of subband coding will 
also be analyzed. 

The major point is that all these schemes are unitary transformations 
on the input and thus, if x and iJ are the approximate versions of x and y, 
respectively, we always have (similarly to (7.1.9)) 

(7.1.12) 

Note that nonorthogonal systems (such as linear phase biorthogonal filter 
banks) are usually designed to almost satisfy (7.1.12). If they do not, there 
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Coding Gain Now that we have discussed quantization and bit allocation, we 
can return to our study of transform coding and see what advantage is obtained 
by doing quantization in the transform domain (see Figure 7.1). 

First, recall that the Karhunen-Loeve transform leads to uncorrelated 
variables with variance Ai (see (7.1.8)). Assume that the input to the transform 
is zero-mean Gaussian with variance a-;, and that fine quantization is used. 
This leads us to Proposition 7 .2. 

PROPOSITION 7.2 Optimality of Karhunen-Loeve Transform 

Among all block transforms and at a given rate, the Karhunen-Loeve 
transform will minimize the expected distortion. 

PROOF 

After the KLT with optimal scalar quantization and bit allocation, the total distortion for 
all N channels is (following (7.1.20)), 

(

N - 1 ) 1/ N 

DKLT = N-C•T 2R,p2 = N-c-2 - 2R IT Ai ' 
i=O 

(7.1.21) 

where C = v'37r/2 (see (7.1.18)). Since the determinant of a matrix is equal to the product 
of its eigenvalues, the last term is equal to (det(K., )) 1

/ N where K ., is the autocovariance 
matrix (assuming zero mean, K ., = R ., ). To prove the optimality of the KLT, we need 
the following inequality for the determinant of an autocorrelation matrix of N zero-mean 
variables with variances a} [109]: 

N-1 

det(R., ) s; IT O"i , (7.1.22) 
i=O 

with equality if and only if R,, is diagonal. It turns out that the more correlated the 
variables are, the smaller the determinant. 

Consider now an arbitrary orthogonal transform, with transform variables having 
variance O"i . The distortion is 

(

N-1 ) 1/ N 

DT = N · C • T 2
R IT O"i 

i = O 

Because of (7.1.22) and the fact that the determinant is conserved by unitary transforms, 
this is greater or equal than 

DT 2: N • C . r 2
R det(R,, )1

/ N. 

Since the KLT achieves a diagonal R ., , then the equality is reached by the KLT following 
(7.1.21). This proves that if the input to the transform is Gaussian and the quantization 
is fine, the KLT is optimal among all unitary transforms. 

What is the gain we just obtained? If the samples are directly quantized, the 
distortion will be 

(7.1.23) 
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(where PCM stands for pulse code modulation, that is, sample-by-sample quan­
tization) and the coding gain due to optimal transform coding is 

DPcM a-; 1/N"£~o1
o-; 

DKLT - (rrN-1 2) l/N - (rrN-1 2) 1/N · 
i=O a-, i=O a-, 

(7.1.24) 

where we used the fact that N · a-; = "£a-;. Recalling that the variances 
a-; are the eigenvalues of R x, it follows that the coding gain is the ratio of 
the arithmetic and geometric means of the eigenvalues of the autocorrelation 
matrix (under the zero-mean assumption). The lower bound on the gain is 1, 
which is attained only if all eigenvalues are identical. 

Sub band coding, being a generalization of transform coding, has a similar 
behavior. If the input is Gaussian, the channel signals are Gaussian as well. If 
the filters are ideal bandpass filters, the channels will be decorrelated. In any 
case, the distortion resulting from optimally allocating R = N · R bits across N 
channels with variances a-; is, as in the usual transform case 

D snc = N - C · T 2R•p2 , 

where pis the geometric mean of the subband variances. Using (7.1.23) for 
direct quantization we get, similarly to (7 .1.24), the subband coding gain as 

DPCM 1/N "£~o1 a-; 
D - ( )1/N' SBC rrN-1 2 

i =O a-, 
where the o-;'s are the subband variances. That is, if the spectrum is far from 
being flat, there will be a large coding gain in subband methods. This is to be 
expected, since it becomes possible to match the spectral characteristics of the 
signal very closely, unlike in a sample-domain quantization. It is worthwhile 
to note that when the number of channels grows to infinity, both transform and 
subband 'coding achieve the theoretical performance of predictive coding with 
infinitely long predictor [143]. 

The obvious question is of course how do transform and subband coding 
compare? The ratio of DKLT and Dsnc is: 

2 
PKLT 
- 2- , 
Psnc 

that is, the one with the smaller geometric mean wins. Qualitatively, the one 
with the larger spread in variances will achieve better coding gain. The exact 
comparison thus requires measurements of variances in specific transform 
(such as the DCT) versus filter banks (of finite length rather than ideal ones). 
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While the above considerations use some idealized assumptions, the con­
cept holds true in general: The wider the variations between the component 
signals (transform coefficients or subbands), the higher the potential for coding 
gain. More about the above can be found in [5, 220, 273, 292, 295]. 

7.1.3 Entropy Coding 

The last step in transform coding as shown in Figure 7 .1 is entropy coding. 
Similarly to the first step, it is reversible and thus, there is no approximation 
problem as in quantization. After quantization, the variables take values drawn 
from a finite set {ai}- The idea is to find a reversible mapping M to a new set 
{bi} such that the average number of bits/symbol is minimized. A historical 
example is the Morse code which assigns short codes to the letters that appear 
frequently in the English language while reserving long codes to less frequent 
ones. The parameters in searching for the mapping M are the probabilities 
of occurrence of the symbols ai, p(ai)- If the quantized variable is stationary, 
these probabilities are fixed, and a fixed mapping such as Huffman coding can 
be used. If the probabilities evolve over time, more sophisticated adaptive 
methods such as adaptive arithmetic coding can be used. Such mappings will 
transform fixed-length codewords into variable-length ones, creating a variable­
length bit stream. If a constant bit rate channel is used, buffering has to smooth 
out variations so as to accommodate the fixed-rate channel. 

Huffman Coding Given an alphabet { ai} of size Mand its associated probabil­
ities of occurrence p(ai), the goal is to find a mapping bi = F(ai) such that the 
average length l(bi) is minimized: 

M -l 

L p(ai)l(bi)- (7.1.25) 
i=O 

We also require that a sequence of b/s should be uniquely decodable (note 
that invertibility of F is not sufficient). This last requirement puts an extra 
constraint on the codewords bi, namely, no codeword is allowed to be a prefix to 
another one. Then, the stream of b/s can be uniquely decoded by sequentially 
removing codewords bi. The lower bound of the expected length (7.1.25) is given 
by the entropy of the set {ai} 

M - l 

Ha = - L p(ai) log2 (p(ai)). (7.1.26) 
i=O 

Huffman's construction elegantly meets the prefix condition while coming quite 
close to the entropy lower bound. The design is guided by the following property 
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The filter bank is based on the cosine modulated banks presented in Sec­
tion 3.4.3, with window switching. The psychoacoustic analysis provides a noise 
threshold for L (Left), R (Right), S (Sum) and D (Difference) channels, where 
S = L + R and D = L - R. One feature of the PAC algorithm is that it is 
adaptive in time and frequency since, in each frequency band, it sends either 
the (L, R) or (S, D) signals, depending on which one is more efficient. 

This coder provides transparent or near-transparent quality coding at 192 
Kbits/sec/stereo pair, and high-quality coding at 128 Kbits/sec/stereo pair. 

AC System Two well-known algorithms for high-quality audio compression are 
the AC-2 and AC-3 algorithms, coming from Dolby [34, 290]. They have both 
stereo and five-channel, surround system, versions. 

The AC-2 version exploits both the time-domain and frequency-domain 
psychoacoustic models. It uses a time-frequency division scheme, achieving a 
trade-off between time and frequency resolutions, on a signal-dependent basis. 
This is achieved by selecting the optimal transform block length for each lOms 
analysis interval. The filter bank is based again on the cosine-modulated filter 
bank [229,228]. This coder operates at a variety of bit rates ranging from 64-192 
Kbits/sec/channel. The 128 Kbits/sec/channel AC-2 version has been selected 
for use in a new multichannel NTSC compression system [34]. 

As can be seen from the above three examples, filter bank methods had 
a substantial impact on audio compression systems. Note that sophisticated 
time-frequency analysis is a key component. 

7.3 IMAGE COMPRESSION 

Multiresolution techniques are most naturally applied to images, where notions 
such as resolution and scale are very intuitive. Multiresolution techniques have 
been used in computer vision for tasks such as object recognition and motion 
estimation as well· as in image compression, with pyramid [41] and subband 
coding [111, 314, 337]. An important feature of such image compression tech­
niques is their successive approximation property: As higher frequencies are 
added (which is equivalent to more bands in subband coding or, difference 
signals in pyramids), higher-resolution images are obtained. Note that mul­
tiresolution successive approximation corresponds to the human visual sys­
tem which helps the multiresolution techniques in terms of perceptual quality. 
Transform coding also has a successive approximation property (see the dis­
cussion on the Karhunen-Loeve transform in Section 7.1.1) and is thus part of 
this broad class of techniques which are characterized by multiresolution ap­
proximations. In short, besides good compression capabilities, these schemes 
allow partial decoding of the coded version which lead to usable subresolution 
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approximations. 
We start by discussing the standard image compression schemes, which 

are based on block transforms such as the discrete cosine transform (DCT) or 
overlapping block transforms such as the lapped orthogonal transform. This 
leads naturally to a description of the current image compression standard 
based on the DCT, called JPEG [148, 327], indicating some of the constraints 
of a "real-world" compression system. 

We continue by discussing pyramid coding, which is a very simple but 
flexible image coding method. A detailed treatment of subband/wavelet image 
coding follows. Several important issues pertaining to the choice of the filters, 
the decomposition structure, quantization and compression are discussed and 
some examples are given. 

Following these standard coding algorithms, we describe some more recent 
and sometimes exploratory compression schemes which use multiresolution as 
an ingredient. These include image compression methods based on wavelet 
maximums [184], and a method using adaptive wavelet packets [15, 233]. We 
also discuss some recent work on a successive approximation method for image 
coding using sub band/wavelet trees [259], quantization error analysis in a sub­
band system [331], joint design of quantization and filtering for sub band coding 
[162], and nonorthogonal sub band coding [200]. 

Note that in all experiments, we use the standard image Barbara, with 
512 x 512 pixels and 8-bit gray-scale values (see Figure 7.13). For comparison 
purposes, we will use the peak signal-to-noise ratio (SN RP) given by (7.1.3). 

7.3.1 Transform and Lapped Transform Coding of Images 

We have introduced block transforms in Section 3.4.1, and while they are a 
particular case of filter banks (with filter length L equal to the downsampling 
factor N), they are usually considered separately. Their importance in practical 
image coding applications is such that a detailed treatment is justified. As we 
mentioned in audio coding examples, lapped orthogonal transforms are also 
filter bank expansions since they use modulated filter banks with filters of 
length typically twice the downsampling factor, or L = 2N. They have been 
introduced as an extension of block transforms in order to solve the problem of 
blocking in transform coding. Because of this close relationship between block 
transforms and lapped transforms, quantization and entropy coding for both 
schemes are usually very similar. A text on transform coding of images is [54], 
and lapped transform coding is treated in [188]. 

Block Transforms Recall that unitary block transforms of size N x N are defined 
by N orthonormal basis vectors, that is, the transform matrix T has these basis 
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Figure 7.13 Standard image used for the image compression experiments, 
called Barbara. The size is 512 x 512 pixels and 8 bits/pixel. 

401 

vectors as its rows (see Section 3.4.1 and (7.1.4)). For two-dimensional signals, 
one usually takes a separable transform which corresponds to the Kronecker 
product of T with itself, 

In other words, this separable transform can be evaluated by taking one­
dimensional transforms along the rows and columns of a block B of an image. 
This can be written as: 

where the first product corresponds to transforming the columns, while the 
second product computes the transform on rows of the image block. Many 
transforms have been proposed for the coding of images. Besides the DCT 
given in (7.1.10-7.1.11), the sine, slant, Hadamard and Haar transform are 
common candidates, the last two mainly because of their low computational 
complexity (only additions and subtractions are involved). All of the trans­
forms have fast, O(N log N) algorithms, as opposed to the optimal KLT which 
has O(N2 ) complexity and is signal dependent. The performance of the DCT in 
image compression is sufficiently close to that of the KLT as well as superior 
to other transforms so that it has become the standard transform. Figure 7.14 
shows the 8 x 8 DCT transform of the original image. Note the two representa­
tions shown. In part (a), we display the transform of each block of the image, 
while part (b) has gathered all coefficients of the same frequency into a block. 
This latter representation is simply a subband interpretation of the DCT; for 
example, the lowest left corner is the output of a filter which takes the average 
of 8 x 8 blocks. The similarity of this representation with sub band-decomposed 
images is obvious. Note that for quantization and entropy coding purposes, the 
representation (a) is preferred. 
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Figure 7 .14 8 x 8 DCT transform of the original image. On the left is the 
usual block-by-block representation and on the right is the reordering of the 
coefficients so that same frequencies appear together (subband interpretation 
ofDCT). The lowest frequency is in the lower left corner. 

CHAPTER 7 

The quantization in the DCT domain is usually scalar and uniform. The 
lowest two-dimensional frequency component, called the DC coefficient, is 
treated with particular care. According to (7.1.10), it corresponds to the lo­
cal average of the block. Mismatches between blocks often lead to the feared 
blocking effect, that is, the boundaries between the blocks become visible, a 
visually annoying artifact. Because the DC coefficient has the highest energy, 
a fine scalar quantization leads to a large entropy. Also, as can be seen in Fig­
ure 7.14(b), there is still high correlation among DC coefficients (it resembles 
the original image). Therefore, predictive quantization, such as the DPCM, of 
the DC coefficients is often used to increase compression without increasing 
distortion. 

The choice of the quantization steps for the various coefficients of the DCT 
is a classic bit-allocation problem, since distortion and rate are additive. How­
ever, perceptual factors are very important and careful experiments lead to 
quantization matrices which take into account the visibility of errors (besides 
the variance and entropy of the coefficients). While this has the flavor of a 
weighted MSE bit-allocation method, it relies heavily on experimental results. 
An example quantization matrix, showing the quantizer step sizes used for var­
ious.OCT coefficients in JPEG, is given in Table 7.3 [148]. What is particularly 
important is the relative size of the steps, because within a certain range one 
can scale this quantization matrix, that is, multiply all step sizes by a scale 
factor greater or smaller than one in order to reduce or increase the bit rate, 
respectively. This scale factor is very useful for adaptive quantization, where 
the bit allocation is made between blocks which have various energy levels. 
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7.3.3 Subband and Wavelet Coding of Images 

The generalization of sub band decomposition to multiple dimensions is straight­
forward, especially in the separable case [314). The application to compression 
of images has become popular [1,111,265,330,332,335,337]. The nonsepara­
ble multidimensional case, using quincunx [314] or hexagonal downsampling 
[264], as well as directional decompositions [19, 287], has also found applica­
tions in image compression. Recently, using filters specifically designed for 
regularity, methods closely related to subband coding have been proposed un­
der the name of wavelet coding [14, 79, 81, 101, 176, 244, 260, 341]. The main 
difference with pyramid coding, discussed in Section 7.3.2, is that we have a 
critically sampled scheme and often an orthogonal decomposition. The price 
paid is more constrained filters in the decomposition, which leads to poorer 
coarse resolution pictures in general. In what follows, we discuss various forms 
of subband and wavelet compression schemes tailored to images. 

Separable Decompositions We will call separable decompositions those which 
use separable downsampling. Usually, they also use separable filters (but this 
is not necessary). When both downsampling and filters are separable, the 
implementation is very efficient since it can be done on rows and columns 
separately, at least at each stage of the decomposition. 

While being constrained, separable systems are often favored because of 
their computational efficiency with separable filters, since size-N x N filters 
lead to order N rather than N 2 operations/input sample (see Section 6.2.4). 
Conceptually, separable systems are also much easier to implement since they 
are cascades of one-dimensional systems. However, from the fact that the two­
dimensional filters are products of one-dimensional filters, it is clear that only 
rectangular pieces of the spectrum can be isolated. 

Nonseparable Decompositions Recall that coding gain in subband coding was 
maximized when the variances ·in the channels were as different as possible 
(see Section 7.1.2). If one assumes that images have a power spectrum that is 
roughly rotationally-invariant and decreases with higher frequencies, then it is 
clear that separable systems are not best suited for isolating a lowpass channel 
containing most energy and having high pass channels with low energy. A better 
solution is found by opting for nonseparable systems. The two most important 
systems for image processing are based on the quincunx [314] and hexagonal 
downsamplings [264], for two- and four-channel sub band coding systems, re­
spectively. Quincunx and hexagonal sublattices of Z 2 are shown in Figure 7 .20, 
together with the more conventional separable sublattice. They correspond to 
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Figure 7.20 Sublattices of Z 2 and shapes of possible ideal lowpass filters 
(corresponding to the Voronoi cell of the dual lattice, which is indicated as 
well). (a) Separable sublattice D 8 . (b) Quincunx DQ, (b) Hexagonal DH. 

integer linear combinations of the columns of the following matrices6
: 

Ds = ( ~ ~ ) , DQ = ( ~ ~ ) , DH = ( ~ ~ ) , 

411 

where the sampling density is reduced by a factor of four for the separable sam­
pling, two for the quincunx sampling (see also Appendix 3.B) and by a factor 
of four for the hexagonal sampling. The repeated spectrums in Fourier domain 
due to downsampling appear on the dual lattice, which is given by the trans­
posed inverse of the lattice matrix. Also shown in Figure 7.20 are possible ideal 
lowpass filters that will avoid aliasing when downsampling to these sublattices. 
If, as we said, images have circularly symmetric power spectrums that decrease 
with higher frequencies, then the quincunx lowpass filter will retain more of 
the original signal's energy than a separable lowpass filter (which would be one­
dimensional since the downsampling is by two). Using the same argument, the 
hexagonal lowpass filter is then better than the corresponding lowpass filter in 
a separable system with downsampling by two in each dimension. Thus, these 
nonseparable systems, while being more difficult to design and more complex 
to implement, represent a better match to usual image spectrums. 

Furthermore, the simple quincunx case has the following perceptual ad­
vantage: The human visual system is more accurate in horizontal and vertical 
high frequencies than along diagonals. The lowpass filter in Figure 7.20(b) 
conserves horizontal and vertical frequencies, while it cuts off diagonals to half 
of their original range. This is a good match to the human eye and often, 
the highpass channel (which is complementary to the lowpass channel) can 

6Recall from Appendix 3.B, that a given sampling lattice may have infinitely many matrix 
representations. 
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Figure 7.21 Frequency decomposition of iterated quincunx scheme. 

be disregarded altogether. That is, a compression by a factor of two can be 
achieved with no visible degradation. Such preprocessing has been used in 
intraframe coding of HDTV [12] . The above quincunx scheme is often iterated 
on the lowpass channel, leading to a frequency decomposition as shown in Fig­
ure 7.21. This actually corresponds to a two-dimensional nonseparable wavelet 
decomposition [164] and has been used for image compression [14]. 

The. hexagonal system, besides having a fairly good approximation to a cir­
cularly symmetric lowpass, has three directional channels which can be used to 
detect directional edges [264]. However, the goal of an isotropic analysis is only 
approximated, since the horizontal and vertical directions are not treated in the 
same manner (see Figure 7 .20( c)). Therefore, it is not clear if the added complex­
ity of a nonseparable four-channel system based on the hexagonal sublattice is 
justified for coding purposes. 

Choice of Filters Unlike in audio compression, the filters for image subband 
coding do not need high out-of-band rejection. Instead, a number of other 
constraints have to be satisfied. 

Linear phase In regular image filtering, the need for linear phase is well-known 
since without linear phase, the phase distortion around edges is very visible. 
Therefore, the use of linear phase filters in subband coding has been often 
advocated [14]. Recall from Section ~.2.4, that in two-band FIR systems, linear 
phase and orthogonality are mutually exclusive and this carries over to four­
band separable systems which are most often used in practice. 

However, the case for linear phase is not as obvious as it seems at first 
sight. For example, in the absence of quantization, the phase of the filters has no 
bearing since the system has perfect reconstruction. This argument carries over 
for fine quantization as well. In the case of coarse quantization, the situation 
is more complex. One scenario is to consider the highpass channel as being set 
to zero. Look at the two impulse responses of this system. Nonlinear phase 
systems lead to nonsymmetric responses, but so do some of the linear phase 

a 
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systems. Only if the filters meet additional constraints do the two impulse 
responses remain symmetric. Note also, that for computational purposes, linear 
phase is more convenient because of the symmetry of the filters. 

Note that orthogonal FIR filters of sufficient length can be made almost lin­
ear phase by appropriate factorization of their autocorrelation function. Also, 
there are nonseparable orthogonal filters with linear phase. Finally, by resort­
ing the IIR filters, one can have both linear phase and orthogonality, and such 
noncausal IIR filters can be used in image processing without problems since 
we are dealing with finite-length input signals. 

Orthogonality Orthogonal filters implement a unitary transform between the 
input and the subbands. The usual features of unitary transforms hold, such 
as conservation of energy. In particular, the total distortion is the sum of the 
subband distortions, or: 

(7.3.1) 

and the total bit rate is the sum of all the subband's bit rates. Therefore, optimal 
bit-allocation algorithms which assume additivity of bit rate and distortion can 
be used (see Section 7.1.2). In the nonorthogonal case, (7.3.1) does not hold, 
and thus, these bit allocation algorithms cannot be used directly. It should be 
noted that well designed linear phase FIR filter banks (that is, with good out­
of-band rejection) are often close to being orthogonal and thus satisfy (7.3.1) 
approximately. 

Filter size Good out-of-band rejection or high regularity require long filters. 
Besides their computational complexity, long filters are usually avoided be­
cause they tend to spread coding errors. For example, sharp edges introduce 
distortions because high-frequency channels are coarsely quantized. If the fil­
ters are long (and usually their impulse response has several sign changes), 
this causes an annoying artifact known as ringing around edges. Therefore, 
filters used in audio subband compression, such as length-32 filters, are too 
long for image compression. Instead, shorter "smooth" filters are. preferred. 
Sometimes both their impulse and their step response are considered from a 
perceptual point of view [167]. The step response is important since edges in 
images will generate step responses at least in some of the channels. Highly 
oscillating step responses will require more bits to code, and coarse quantiza­
tion will produce oscillations which are related to the step response. As can 
already be seen from this short discussion, there is an intertwining between 
the choice of filters and the type of quantization that follows. However, it is 
clear that the frequency-domain criterions used in audio (sharp cut-off, strong 
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out-of-band rejection) have little meaning in the image compression context, 
where time-domain arguments such as ringing, are more important. 

Regularity An orthogonal filter with a certain number of zeros at the aliasing 
frequency (1r in the two-channel case) is called regular if its iteration tends to a 
continuous function (see Section 4.4). The importance of this property for coding 
is potentially twofold when the decomposition is iterated. First, the presence of 
many zeroes at the aliasing frequency can improve the coding gain and second, 
compression artifacts might be less objectionable. To investigate the first effect, 
Rioul [243] compared the compression gain for filters of varying regularity 
used in a wavelet coder, or octave-band subband coder, with four stages. The 
experiment included bit allocation, quantization, and entropy coding and is thus 
quite realistic. The results are quite interesting: Some regularity is desired 
(the performance with no regularity is poor) and higher regularity improves 
compression further (but not substantially). 

As for the compression artifacts, the following argument shows that the 
filters should be regular when an octave-band decomposition is used: Assume a 
single quantization error in the lowpass channel. This will add an error to the 
reconstructed signal which depends only on the equivalent - iterated lowpass 
filter. If the iterated filter is smooth, this will be less noticeable than if it is 
a highly irregular function (even though both contribute the same MSE). Note 
also that the lowest band is upsampled 2i-i times (where i is the number of 
iterations) and thus, the iterated filter's impulse response is shifted by large 
steps, making irregular patterns in the impulse response more visible. 

In the case of biorthogonal systems such as linear phase FIR filter banks, 
one is often faced with the case where either the analysis or the synthesis is 
regular, but not both. In that case, it is preferable to use the regular filter at 
the synthesis, by the same argument as above. Visually, an irregular analysis 
is less noticeable than an irregular synthesis, as can be verified experimentally. 

When the decomposition is not iterated, regularity is of little concern. A 
typical example is the lapped orthogonal transform, that is, a multi-channel 
filter bank which is applied only once. 

Frequency selectivity What is probably the major criterion in audio subband 
filter design is of much less concern in image compression. Aliasing, which is a 
major problem in audio, is much less disturbing in images [331]. The desire for 
short filters limits the frequency selectivity as well. One advantage of frequency 
selectivity is that perceptual weighting of errors is easier, since errors will be 
confined to the band where they occur. 

In conclusion, subband image coding requires relatively short and smooth 
filters, with some regularity if the decomposition is itemted. 
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LL,HH LH,HH HH,HH HL,HH 

LL,LH LH,LH HH,LH HL,LH 

LL,LL LH,LL HH,LL HL,LL 

Figure 7.23 Uniform subband decomposition of an image into 16 subbands. 
The spectral decomposition and ordering of the channels is shown. The first two 
letters correspond to horizontal filtering and the last two to vertical filtering. 
LH, for example, means that a lowpass is used in the first stage and a high pass 
in the second. The ordering is such that frequencies increase from left to right 
and from bottom to top. 

Figure 7.24 Uniform subband decomposition of the Barbara image. The 
ordering of the subbands is given in Figure 7.23. 

CHAPTER 7 

Because higher bands tend to have large amounts of zeros (especially after 
deadzone quantizers), run-length coding and an end of block symbol can be 
used to increase compression substantially. 

Examples Two typical coding examples will be described in some detail. The 
first is a uniform separable decomposition. The second is an octave-band or 
constant relative bandwidth decomposition (often called a wavelet decomposi­
tion). 

Uniform decomposition By using a separable decomposition into four bands and 
iterating it once, we obtain 16 subbands as shown in Figure 7.23. The resulting 
sub band images are shown in Figure 7 .24. The filters used are linear phase 
length-12 QMF's [144] and the image was symmetrically extended before fil­
tering. The variances of the samples in the bands are shown in Table 7.4. We 
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Table 7.4 Variances in the various bands of a 
uniform decomposition (defined as in Figure 7.23). 

II LL LH HH HL 

HL 0.58959 0.86237 1.77899 0.88081 
HH 2.87483 6.71625 8.56729 3.25402 
LH 23.5474 33.4055 60.9195 14.8490 

LL 2711.45 56.0058 52.5202 13.9685 

Table 7.5 Step sizes for the quantizers in the 
various bands (as defined in Figure 7.23), for 
a target rate of 0.5 bits/pixel. The lowest 
band was JPEG coded, and the step size cor­
responds to the quality factor (QF) used in 
JPEG. 

II LL LH HH HL 
HL 9.348 8.246 8.657 22.318 
HH 8.400 10.161 8.887 13.243 
LH 6.552 7.171 10.805 16.512 
LL QF-89 8.673 11.209 15.846 

419 

code the lowest subband (LL,LL) with JPEG (see Section 7.3.1). For all other 
bands, we use uniform quantization with a dead zone of twice the step size used 
elsewhere. Using a set of step sizes, one can derive rate-distortion curves by 
measuring the entropy of the resulting quantized channels. A true operational 
rate-distortion curve would have to include run-length coding and actual en­
tropy coding. Based on these rate-distortion curves, one can perform an optimal 
constant-slope bit allocation, that is, one can choose the optimal quantizer step 
sizes for the various bands. The step sizes for a budget of 0.5 bits/pixel are 
listed in Table 7 .5. A set of Huffman codes and run-length codes are designed 
for each subband channel. Note that the special symbol "start of run" (SR) is 
entropy coded as any other nonzero pixel. Altogether, one obtains the final rate 
of 0.497 bits/pixel (the difference in rate comes from the fact that bit allocation 
was based on entropy measures). Then, the coded image has SN RP of 30.38 dB. . 
Figure 7.27 (top row) shows the compressed Barbara image and a detail at the 
same rate. 

Octave-band decomposition Instead of uniformly decomposing the spectrum of 
the image, we iterate a separable four-band decomposition three times. The 
resulting split of the spectrum is shown in Figure 7 .25, together with the sub­
band images in Figure 7 .26. Here, we used the Daubechies' maximally flat 
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Figure 7.25 Octave-band or wavelet decomposition ofan image into unequal 
subbands. The spectral decomposition and ordering of the channels is shown. 

Figure 7.26 Subband images corresponding to the spectral decomposition 
shown in Figure 7.25. 

CHAPTER 7 

orthogonal :filters of length 8. At the boundaries, we used periodic extension. 
The variances in the bands are shown in Table 7.6. Histograms of pixel values 
of the bands are similar to the ones in a uniform decomposition. Because the 
lowest band (LLL, LLL) is small enough (64 x 64 pixels), we use scalar quanti­
zation on it as on all other bands. Again, uniform quantizers with double-sized 
dead zone are used and rate-distortion curves are derived for bit-allocation pur­
poses. The resulting step sizes for the target bit rate of 0.5 bits/pixel are given 
in Table 7.7. 

The development of entropy coding (including run-length coding for higher 
bands) is similar to the uniform-decomposition case discussed earlier. The final 
rate is 0.499 bits/pixel, with SN RP of 29.21 dB. The coded image and a detail are 
shown in Figure 7.27 (bottom row). Note that there is little difference between 
the uniform and the octave-band decomposition results. 

We would like to emphasize that the above examples are "textbook ex-
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Figure 7.27 Compression results on Barbara image. Top left: Subband cod­
ing in 16 uniform bands at 0.4969 bits/pixel and SN Rp = 30.38 dB. Top right: 
Detail of top left. Bottom left: Octave-band or wavelet compression at 0.4990 
bits/pixel and SNRp = 29.21 dB. Bottom right: Detail of bottom left. 
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amples" for illustration purposes. For example, no statistics over large sets of 
images were taken and thus, the entropy coders might perform poorly for a sub­
stantially different image. The aim was more to demonstrate the ingredients 
used in a subband/wavelet image coder. 

State of the art coders, which can be found in the current literature, im­
prove substantially the results shown here. Major differences with respect to 
the simple coders we discussed so far are the following: 
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7.4.3 Pyramid Coding of Video 

The difficulty of including motion in three-dimensional subband coding will 
be discussed shortly. It turns out that it is much easier to include motion in 
pyramid coding, due to the fact that the prediction or interpolation from low 
resolution to full resolution (see Figure 7.18) can be an arbitrary predictor [9], 
such as a motion based one. This is a general idea which can be used in various 
forms for video compression and we will describe a particular scheme as an 
example. 

This video compression scheme was studied in [301, 302, 303]. Consider a 
progressive video sequence and its subresolutions, obtained by spatial filtering 
and downsampling as well as frame skipping over time. Note that filtering 
over time would create so-called "double images" when there is motion and 
thus straight downsampling in time is preferable. This is shown schematically 
in Figure 7 .34(a), where the resolution is decreased by a factor of two in each 
dimension between one level of the pyramid and the next. Now we apply the 
classic pyramid coding scheme, which consists of the following: 

(a) Coding the low resolution .. 

(b) Predicting the higher resolution based on the coded low resolution. 

(c) Taking the difference between the predicted and the true higher resolution, 
resulting in the prediction error. 

( d) Coding the prediction error. 

While these steps could be done in the three dimensions at once, it is 
preferable to separate the spatial and temporal dimensions. First, the spatial 
dimension is interpolated using filtering and then the temporal dimension is 
interpolated using motion-based interpolation. This is shown in Figure 7 .34(b). 
Following each interpolation step, the prediction error is computed and coded 
and this coded value is added to the prediction before going to the next step. 
Because at each step, we use coded versions for our prediction, we have a pyra­
mid scheme with quantization noise feedback, as was described in Figure 7.19. 
Therefore, there is only one source of error, namely the compression of the last 
prediction error. 

The oversampling inherent in pyramid coding is not a problem in the three­
dimensional case, since, following (3.5.4), we have a total number of samples 
which increases only as 
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Figure 7.34 Spatio-temporal pyramid video coding. (a) Three layers of the 
pyramid, corresponding to three resolutions. (b) Prediction of the higher res­
olution. The spatial resolution is interpolated first (using linear filtering) and 
then the temporal resolution is increased, using motion interpolation. 
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or at most 14%, since every coarser level has only 1/8th the number of samples 
of its predecessor. 

The key technique in the spatio-temporal pyramid scheme is the motion 
interpolation step, which predicts a frame from its two neighbors based on 
motion vectors. Assume the standard rigid-object and pure translational motion 
model [207]. lfwe denote the intensity of a pixel at location r = (x, y) and time 
t by I(r, t), we are looking for a mapping d(r, t) such that we can write: 

I(r, t) = I(r - d(r, t), t - 1). 

If motion is not changing over time, we also have: 

I(r, t) = I(r + d(r, t), t + 1). 

The goal is to find the function d(r, t), that is, estimate the motion. This is a 
standard estimation procedure, where some simplifying assumptions are made 
(such as constant motion over a neighborhood). Typically, for a small block bin 
the current frame, one searches over a set of possible motion vectors such that 
the sum of squared differences, 

L II(r, t) - i(r, t)l2, (7.4.1) 
TEb 

is minimized, where 
I(r, t) = I(r - db, t - 1), (7.4.2) 

corresponds to a block in the previous frame displaced by db (the motion for the 
block under consideration in the current frame). It is best to actually perform 
a symmetric search by considering the past (as in (7.4.2)), the future ((7.4.2) 
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with sign reversals for db), and the average, 
A 1 
I(r,t) = 2[I(r-db,t-l)+I(r+db,t+l)], 

and then to choose the best match. Choosing past or future for the interpola­
tion is especially important for covering and uncovering of background due to 
moving objects, as well as in case of abrupt changes (scene changes). 

Interestingly, a very successful technique to perform motion estimation 
(that is, finding the displacement db that minimizes (7.4.1)) is based on mul­
tiresolution or successive approximation. Instead of solving (7.4.1) directly, one 
solves a coarse version of the same problem, refines the solution (by interpo­
lating the motion vector field), and uses this new field as a starting point for 
a new, finer search. This is not only computationally less complex, but also 
more robust in general [31, 302]. It is actually a regularization of the motion 
estimation problem. 

As an illustration of this video coding scheme, a few representative pictures 
are shown. First, Figure 7 .35 shows the successive refinement of the motion 
vector field, which starts with a sparse field on a coarse version and refines 
it to a fine field on the full-resolution image. In Figure 7.36, we show the 
resulting spatial and temporal prediction error signals. As can be seen, the 
spatial prediction error has higher energy than the temporal one, which shows 
that temporal interpolation based on motion is quite successful (actually, this 
sequence has high frequency spatial details, which cannot be well predicted 
from the coarse resolution). 

A point to note is that the first subresolution sequence (which is down­
sampled by 2 in each dimension) is of good visual quality and could be used 
for a compatible coding scheme. This coding scheme was implemented for high 
quality coding of HDTV with a compatible subchannel and it performed well 
at medium compression (of the order of 10-15 to 1) with essentially no visible 
degradation [301, 303]. 

7 .4.4 Sub band Decompositions for Video Representation and Compression 

Decompositions for Representation We will discuss here two ways of sampling 
video by 2; the first, using quincunx sampling along (vertical, time)-dimensions 
and the second, true three-dimensional sampling by 2, using the FCO sampling 
lattice. 

Quincunx sampling for scanning format conversions We have outlined previously the 
existence of different scanning standards (such as interlaced and progressive) as 
well as the desire for compatibility. A simple technique to deal with these prob­
lems is to use perfect reconstruction filter banks to go back and forth between 

Microsoft Exhibit 1041 - Page 51 
Microsoft Corporation v. RealD Spark, LLC 
IPR2023-01046 - U.S. Patent No. 10,740,985



3 

Discrete-Time Bases and Filter Banks 

"What is more beautiful than the Quincunx, 
which, from whatever direction you look, 

is correct?" 
- Quintilian 

0 ur focus in this chapter will be directed to series expansions of discrete­
time sequences. The reasons for expanding signals, discussed in Chapter 1, are 
linked to signal analysis, approximation and compression, as well as algorithms 
and implementations. Thus, given an arbitrary sequence x[n], we would like to 
write it as 

kEZ 

Therefore, we would like to construct orthonormal sets of basis functions, 
{cpk[n]}, which are complete in the space of square-summable sequences, l2 (Z). 
More general, biorthogonal and overcomplete sets, will be considered as well. 

The discrete-time Fourier series, seen in Chapter 2, is an example of such 
an orthogonal series expansion, but it has a number of shortcomings. Discrete­
time bases better suited for signal processing tasks will try to satisfy two 
conflicting requirements, namely to achieve good frequency resolution while 
keeping good time locality as well. Additionally, for both practical and compu­
tational reasons, the set of basis functions has to be structured. Typically, the 
infinite set of basis functions { 'Pk} is obtained from a finite number of proto­
type sequences and their shifted versions in time. This leads to discrete-time 
filter banks for the implementation of such structured expansions. This filter 
bank point of view has been central to the developments in the digital signal 
processing community, and to the design of good basis functions or filters in par­
ticular. While the expansion is not time-invariant, it will at least be periodically 

92 
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time-invariant. Also, the expansions will often have a successive approximation 
property. This means that a reconstruction based on an appropriate subset of 
the basis functions leads to a good approximation of the signal, which is an 
important feature for applications such as signal compression. 

Linear signal expansions have been used in digital signal processing since 
at least the 1960's, mainly as block transforms, such as piecewise Fourier series 
and Karhunen-Loeve transforms [143]. They have also been used as overcom­
plete expansions, such as the short-time Fourier transform (STFT) for signal 
analysis and synthesis [8, 226] and in transmultiplexers [25]. Increased inter­
est in the subject, especially in orthogonal and biorthogonal bases, arose with 
work on compression, where redundancy of the expansion such as in the STFT 
is avoided. In particular, subband coding of speech [68, 69] spurred a detailed 
study of critically sampled filter banks. The discovery of quadrature mirror 
filters (QMF) by Croisier, Esteban and Galand in 1976 [69], which allows a sig­
nal to be split into two downsampled subband signals and then reconstructed 
without aliasing (spectral foldbacks) even though nonideal filters are used, was 
a key step forward. 

Perfect reconstruction filter banks, that is, subband decompositions, where 
the signal is a perfect replica of the input, followed soon. The first orthogonal 
solution was discovered by Smith and Barnwell [270, 271] and Mintzer [196] for 
the two-channel case. Fettweiss and coworkers [98] gave an orthogonal solution 
related to wave digital filters [97]. Vaidyanathan, who established the relation 
between these results and certain unitary operators (paraunitary matrices of 
polynomials) studied in circuit theory [23], gave more general orthogbnal so­
lutions [305, 306] as well as lattice factorizations for orthogonal filter banks 
[308, 310]. Biorthogonal solutions were given by Vetterli [315], as well as mul­
tidimensional quadrature mirror filters [314]. Biorthogonal filter banks, in 
particular with linear phase filters, were investigated in [208, 321] and mul­
tidimensional filter banks were further studied in [155, 164, 257, 264, 325]. 
Recent work includes filter banks with rational sampling factors [160,206] and 
filter banks with block sampling [158]. Additional work on the design of filter 
banks has been done in [144,205] among others. 

In parallel to this work on filter banks, a generalization of block transforms 
called lapped orthogonal transforms (LOT's) was derived by Cassereau [43] and 
Malvar [186, 188, 189]. An attractive feature of a subclass of LOT's is the 
existence of fast algorithms for their implementation since they are modulated 
filter banks (similar to a "real" STFT). The connection of LOT's with filter banks 
was shown, in [321]. 

Another development, which happened independently of filter banks but 
turns out to be closely related, is the pyramid decomposition of Burt and Adel-
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son [41). While it is oversampled (overcomplete), it clearly uses multiresolution 
concepts, by decomposing a signal into a coarse approximation plus added de­
tails. This framework is central to wavelet decompositions and establishes 
conceptually the link between filter banks and wavelets, as shown by Mallat 
[179, 180, 181) and Daubechies [71, 73). This connection has led to a renewed 
interest in filter banks, especially with the work of Daubechies who first con­
structed wavelets from filter banks [71) and Mallat who showed that a wavelet 
series expansion could be implemented with filter banks [181). Recent work on 
this topic includes [117, 240, 319). 

As can be seen from the above short historical discussion, there are two 
different points of view on the subject, namely, expansion of signals in terms 
of structured bases, and perfect reconstruction filter banks. While the two are 
equivalent, the former is more in tune with Fourier and wavelet theory, while 
the latter is central to the construction of implementable systems. In what 
follows, we use both points of view, using whichever is more appropriate to 
explain the material. 

The outline of the chapter is as follows: First, we review discrete-time 
series expansions, and consider two cases in some detail, namely the Haar and 
the sine bases. They are two extreme cases · of two-channel filter banks. The 
general two-channel filter bank is studied in detail in Section 3.2, where both 
the expansion and the more traditional filter bank point of view are given. The 
orthogonal case with finite-length basis functions or finite impulse response 
(FIR) filters is thoroughly studied. The biorthogonal FIR case, in particular 
with linear phase filters (symmetric or antisymmetric basis functions), is con­
sidered, and the infinite impulse response (IIR) filter case (which corresponds 
to basis functions with exponential decay) is given as well. 

In Section 3.3; the study of filter banks with more than two channels starts 
with tree-structured filter banks. In particular, a constant relative bandwidth 
(or constant-Q) tree is shown to compute a discrete-time wavelet series. Such 
a transform has a multiresolution property that provides an important frame­
work for wavelet transforms. More general filter bank trees, also known as 
wavelet packets, are presented as well. 

Filter banks with N channels are treated next. The two particular cases of 
block transforms and lapped orthogonal transforms are discussed first, leading 
to the analysis of general N-channel filter banks. An important case, namely 
modulated filter banks, is studied in detail, both because of its relation to 
short-time Fourier-like expansions, and because of its computational efficiency. 

Overcomplete discrete-time expansions are discussed in Section 3.5. The 
pyramid decomposition is studied, as well as the classic overlap-add/save algo­
rithm for convolution computation which is a filter bank algorithm. 
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Multidimensional expansions and filter banks are derived in Section 3.6. 
Both separable and nonseparable systems are considered. In the nonseparable 
case, the focus is mostly on two-channel decompositions, while more general 
cases are indicated as well. 

Section 3. 7 discusses a scheme that has received less attention in the 
filter bank literature, but is nonetheless very important in applications, and is 
called a transmultiplexer. It is dual to the analysis/synthesis scheme used in 
compression applications, and is used in telecommunications. 

The two appendices contain more details on orthogonal solutions and their 
factorizations as well as on multidimensional sampling. 

The material in this chapter covers filter banks at a level of detail which 
is adequate for the remainder of the book. For a more exhaustive treatment of 
filter banks, we refer the reader to the text by Vaidyanathan [308]. Discussions 
of filter banks and multiresolution signal processing are also contained in the 
book by Akansu and Haddad [3]. 

3.1 SERIES EXPANSIONS OF DISCRETE• TIME SIGNALS 

We start by recalling some general properties of discrete-time expansions. 
Then, we discuss a very simple structured expansion called the Haar expansion, 
and give its filter bank implementation. The dual of the Haar expansion - the 
sine expansion - is examined as well. These two examples are extreme cases 
of filter bank expansions and set the stage for solutions that lie in between. 

Discrete-time series expansions come in various flavors, which we briefly 
review (see also Sections 2.2.3-2.2.5). As usual, x[n] is an arbitrary square­
summable sequence, or x[n] E l2 (Z). First, orthonormal expansions of signals 
x[n] from l2 (Z) are of the form 

x[n] = L (cpk[l], x[l]) 'Pk[n] L X[k] cpk[n], (3.1.1) 
kEZ kEZ 

where 
(3.1.2) 

is the transform of x[n]. The basis functions 'Pk satisfy the orthonormality1 

constraint 
(cpk[n], cpi[n]) = o[k - l] 

and the set of basis functions is complete, so that every signal from l2 (Z) can 

1The first constraint is orthogonality between basis vectors. Then, normalization leads to 
orthonormality. The terms "orthogonal" and "orthonormal" will often be used interchangeably, 
unless we want to insist on the normalization and then use the latter. 
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be expressed using (3.1.1). An important property of orthonormal expansions 
is conservation of energy, 

llxll 2 = 11x11 2
• 

Biorthogonal expansions, on the other hand, are given as 

x[n] L (cpk[l], x[l]) ch[n] L X[k] ch[n], 
kEZ kEZ 

L (<i'k[l], x[l]) c.pk[n] L X[k] cpk[n], 
kEZ kEZ 

where 
X[k] = (cpk[l], x[l]) and X[k] == (<j,k[l], x[l]) 

(3.1.3) 

are the transform coefficients of x[n] with respect to { <pk} and { c.pk}. The dual 
bases { cpk} and { <pk} satisfy the biorthogonality constraint 

(cpk[n], <j,i[n]) = 8[k - l]. 

Note that in this case, conservation of energy does not hold. For stability of the 
expansion, the transform coefficients have to satisfy 

AL IX[k]l 2 ~ llxll 2 ~BL IX[k]l 2 

k k 

with a similar relation for the coefficients X[k]. In the biorthogonal case, 
conservation of energy can be expressed as 

llxll 2 = (X[k], X[k]). 

Finally, overcomplete expansions can be of the form (3.1.1) or (3.1.3), but with 
redundant sets of functions, that is, the functions cpk[n] used in the expansions 
are not linearly independent. 

3.1.1 Discrete-Time Fourier Serles 

The discrete-time Fourier transform (see also Section 2.4.6) is given by 

x[n] = - X(w) ejwn dw 1 11' 
27r -Tr 

00 

X(w) L x[n] e-jwn. 

n=- oo 

(3.1.4) 

(3.1.5) 

It is a series expansion of the 21r-periodic function X(w) as given by (3.1.5), 
while x[n] is written in terms of an integral of the continuous-time function 
X(w). While this is an important tool in the analysis of discrete-time signals 
and systems [211], the fact that the synthesis of x[n] given by (3.1.4) involves 
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stage 2 
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stage 2 

stage J 
(b) 

·-~ 
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stage J 

Figure 3.7 . An octave-band filter bank with J stages. Decomposition spaces 
V;, Wi are indicated. If hi[n] is an orthogonal filter, and gi[n] = hi[-n], the 
structure implements an orthogonal discrete-time wavelet series expansion. 
(a) Analysis part. (b) Synthesis part. 

3.3 TREE-STRUCTURED FILTER BANKS 

CHAPTER 3 

An easy way to construct multichannel filter banks is to cascade two-channel 
banks appropriately. One case can be seen in Figure 3.7(a), where frequency 
analysis is obtained by simply iterating a two-channel division on the previous 
lowpass channel. This is often called a constant-Q or constant relative band­
width filter bank since the bandwidth at each channel, divided by its center 
frequency, is constant. It is also sometimes called a logarithmic filter bank 
since the channels are equal bandwidth on a logarithmic scale. We will call it 
an octave-band filter bank since each successive highpass output contains an 
octave of the input bandwidth. Another case appears when 2J equal bandwidth 
channels are desired. This can be obtained by a J-step subdivision into 2 chan­
nels, that is, the two-channel bank is now iterated on both the lowpass and 
highpass channels. This results in a tree with 2J leaves, each corresponding 
to (1/2J)th of the original bandwidth, with a downsampling by 2J. Another 
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possibility is building an arbitrary tree-structured filter bank, giving rise to 
wavelet packets, discussed later in this section. 

3.3.1 Octave-Band Filter Bank and Discrete-Time Wavelet Series 

Consider the filter bank given in Figure 3.7. We see that the signal is split 
first via a two-channel filter bank, then the lowpass version is split again using 
the same filter bank, and so on. It will be shown later that this structure 
implements a discrete-time biorthogonal wavelet series (we assume here that 
the two-channel filter banks are perfect reconstruction). If the two-channel 
filter bank is orthonormal, then it implements an orthonormal discrete-time 
wavelet series. 9 

Recall that the basis functions of the discrete-time expansion are given by 
the impulse responses of the synthesis filters. Therefore, we will concentrate 
on the synthesis filter bank (even though, in the orthogonal case, simple time 
reversal relates analysis and synthesis filters). Let us start with a simple 
example which should highlight the main features of octave-band filter bank 
expansions. 

Example 3.7 

Consider what happens if the filters g; [n] from Figure 3. 7(a)-(b) are Haar filters defined in 
z-transform domain as 

Go(z ) = ~(1 + z- 1), G1(z) = ~(1- z-1). 

Take, for example, J = 3, that is, we will use three two-channel filter banks. Then, using 
the multirate identity which says that G(z ) followed by upsampling by 2 is equivalent to 
upsampling by 2 followed by G(z2

) (see Section 2.5.3), we can transform this filter bank 
into a four-channel one as given in Figure 3.8. The equivalent filters are 

Gi2) (z) 

Gi3\ z) 

G1(z) = ~(1 - z-1), 

Go(z ) G1(z2
) = ½(1 + z-1 - z-2 - z - 3), 

Go(z ) Go(z2
) G1(z4

) 

_1_(1 + z-1 + z-2 + z - 3 - z-4 - z-5 - z - 6 - z-7) 
2v'2 ' 
Go(z ) Go(z2) Go(z4) 

\,(1 + z-1 + z-2 + z-3 + z- 4 + z-s + z - 6 + z - 1), 
2v2 

preceded by upsampling by 2, 4, 8 and 8 respectively. The impulse responses follow by 

9This is also sometimes called a discrete-time wavelet transform in the literature. 
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Parseva/'s Equality Orthogonality together with completeness (which follows 
from perfect reconstruction) leads to conservation of energy, also called Bessel's 
or Parseval's equality, that is 

J 

llx[n]ll 2 = I)IX(Jl[2k]l 2 + L IX(j)[2k + 1]12). 
kEZ j=l 

3.3.3 Multiresolution Interpretation of Octave-Band Filter Banks 

The two-channel filter banks studied in Sections 3.1 and 3.2 have the property 
of splitting the signal into two lower-resolution versions. One was a lowpass or 
coarse resolution version, and the other was a highpass version of the input. 
Then, in this section, we have applied this decomposition recursively on the 
lowpass or coarse version. This leads to a hierarchy of resolutions, also called 
a multiresolution decomposition. 

Actually, in computer vision as well as in image processing, looking at 
signals at various resolutions has been around for quite some time. In 1983, 
Burt and Adelson introduced the pyramid coding technique, that builds up a 
signal from its lower-resolution version plus a sequence of details (see also Sec­
tion 3.5.2) [41). In fact, one of the first links between wavelet theory and signal 
processing was Daubechies' [71) and Mallat's [180) recognition that the scheme 
of Burt and Adelson is closely related to wavelet theory and multiresolution 
analysis, and that filter banks or subband coding schemes can be used for the 
computation of wavelet decompositions. While these relations will be further 
explored in Chapter 4 for the continuous-time wavelet series, here we study 
the discrete-time wavelet series or its octave-band filter bank realization. This 
discrete-time multiresolution analysis was studied by Rioul [240). 

Since this is a formalization of earlier concepts, we need some definitions. 
First we introduce the concept of embedded closed spaces. We will say that the 
space V0 is the space of all square-summable sequences, that is, 

(3.3.18) 

Then, a multiresolution analysis consists of a sequence of embedded closed 
spaces 

VJ C · · · C ½ C Vi C Vo, 

It is obvious that due to (3.3.18-3.3.19) 
J 

LJ ½ = Vo = l2{Z}. 
j =O 

(3.3.19) 

The orthogonal complement of ½+1 in½ will be denoted by WH1 , and thus 

½ = ½+i EB wj+1, (3.3.20) 
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