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Chapter9
Object recognition

Even the simplest machine vision tasks require the help of recognition. Basic methods of
pattern recognition must be understood in order to study more complex machine vision
processes leading to region and object classification. Classification of objects or regions
has been mentioned several times; recognition is then the last step of the bottom-up
image processing approach, and is often also used in other control strategies for image
understanding.

Consider a simple recognition problem. Two different parties take place at the same
hotel at the same time—the first is a celebration of a successful basketball season, and
the second a yearly meeting of jockeys. The receptionist is giving directions to guests,
asking which party they are to attend, but quickly learns that no questions are necessary
and directs the guests to the right places, noticing that instead of questions, the obvious
physical features of basketball players and jockeys can be used. Maybe just two features
are used to make a decision: weight and height: All small and light men are directed
to the jockey party, all tall and heavier guests are sent to the basketball party. So the
early guests answered the doorman’s question as to which party they are going to visit
and this information, together with characteristic features of these guests, resulted in
the ability to classify them based only on their features. Plotting height and weight in
a two-dimensional space (see Figure 9.1), it is clear that jockeys and basketball players
form two easily separable classes and that this recognition task is extremely simple. Real
object recognition problems are often more difficult, and the classes do not differ so
substantially, but the principles remain the same.

Pattern recognition is discussed at length in many references [Duda and Hart, 1973;
Haykin, 1998; Duda et al., 2000; Bishop, 2006], and only a brief introduction will be given
here. We will also introduce some other related techniques: graph matching, neural nets,
genetic algorithms, simulated annealing, and fuzzy logic. Many open-source pattern
recognition packages have become available; the Weka project (in Java) and pattern
recognition for the R statistical package are perhaps the most prominent [Weka 3 Team,
2013; R Development Core Team, 2008; R Software Team, 2013]. Since many pattern
recognition tasks can be efficiently solved by employing such well-developed and well-
tested tools, becoming proficient with their use may be of interest.
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386 Chapter 9: Object recognition

*
* *

**
**

*

** *
*

^^ ^

^^
^

^
^̂̂
^

^^ ^

*
*

*

^
^^

Jockeys

Weight

Height

Basketball 

players

Figure 9.1: Recognition of basketball play-
ers and jockeys. © Cengage Learning 2015.

No recognition is possible without knowledge. Decisions about classes into which
objects are classified are based on such knowledge. Both specific knowledge about the
objects being processed and hierarchically higher and more general knowledge about
object classes is required.

9.1 Knowledge representation
Here we present a short outline of common knowledge representation techniques and
representations as they are used in AI, and an overview of some basic knowledge rep-
resentations. More detailed coverage can be found in [Michalski et al., 1983; Wechsler,
1990; Reichgelt, 1991; Sowa, 1999; Brachman and Levesque, 2004].

A good knowledge representation design is the most important part of solving the
understanding problem and a small number of relatively simple control strategies is often
sufficient for AI systems to show complex behavior, assuming an appropriately complex
knowledge base is available. In other words, given a rich, well-structured representation
of a large set of a priori data and hypotheses a high degree of control sophistication is
not required for intelligent behavior.

Other terms of which regular use will be made are syntax and semantics [Winston,
1984]. The syntax of a representation specifies the symbols that may be used and the
ways that they may be arranged while the semantics of a representation specifies how
meaning is embodied in the symbols and the symbol arrangement allowed by the syntax.
A representation is then a set of syntactic and semantic conventions that make it
possible to describe things.

The main knowledge representation techniques used in AI are formal grammars and
languages, predicate logic, production rules, semantic nets, and frames. Note that know-
ledge representation data structures are mostly extensions of conventional data structures
such as lists, trees, graphs, tables, hierarchies, sets, rings, nets, and matrices.

Descriptions, features

Descriptions and features are not pure knowledge representations but can nevertheless
be used for representing knowledge as a part of a more complex structure. Descriptions
usually represent some scalar properties of objects, and are called features. Typically,
several descriptions are combined into feature vectors. Numerical feature vectors are
inputs for statistical pattern recognition techniques (see Section 9.2).
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9.1 Knowledge representation 387

Grammars, languages

Feature description is not adequate to describe an object’s structure; a structural descrip-
tion is formed from existing primitives (elementary structural properties of the objects)
and relations between them.

The simplest form of structure representations are chains, trees, and general graphs.
A well-known example is structural description of chromosomes using border segments
as primitives [Fu, 1982] (see Figure 8.15), where borders are represented by a chain of
symbols, the symbols representing specific types of border primitives. Hierarchical struc-
tures can be represented by trees—the concavity tree of Figure 8.31 is an example. A
more general graph representation is used in Chapter 15, where a graph grammar (Fig-
ure 15.11) is used for texture description. Many examples of syntactic object description
may be found in [Fu, 1982].

One object can be described by a chain, a tree, a graph, etc., of symbols. Nevertheless,
the whole class of objects cannot be described by a single chain, a single tree, etc., but a
class of structurally described objects can be represented by grammars and languages.
Grammars and languages provide rules defining how the chains, trees, or graphs can
be constructed from a set of primitives. A more specific description of grammars and
languages is given in Section 9.4.

Predicate logic

Predicate logic plays a very important role in knowledge representation—it introduces a
mathematical formalism to derive new knowledge from old knowledge by applying mathe-
matical deduction. Predicate logic works with combinations of logic variables, quantifiers
(∃,∀), and logic operators (and, or, not, implies, equivalent). The logic variables are bi-
nary (true, false). The idea of proof and rules of inference such as modus ponens and
resolution are the principal building blocks.

Predicate logic forms the essence of the programming language PROLOG, which
is widely used if objects are described by logic variables. Requirements of ‘pure truth’
represent the main weakness of predicate logic in knowledge representation, since it does
not allow uncertain or incomplete information.

Production rules

Production rules represent a wide variety of knowledge representations that are based on
condition action pairs. The essential model of behavior of a system based on production
rules (a production system) can be described as follows:

if condition X holds then action Y is appropriate.

Information about what action is appropriate at what time represents knowledge. The
procedural character of knowledge represented by production rules is another important
property—not all the information about objects must be listed as an object property.
Consider a simple knowledge base where the following knowledge is presented using a
production rule:

if ball then circular. (9.1)
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388 Chapter 9: Object recognition

and suppose the knowledge base also includes the statements

object A is_a ball,
object B is_a ball,
object C is_a shoe,

etc.

(9.2)

To answer the question how many objects are circular?, if enumerative knowledge repre-
sentation is used, the knowledge must be listed as

object A is_a (ball, circular),
object B is_a (ball, circular),

etc.
(9.3)

If procedural knowledge is used, the knowledge base (equation 9.2) together with the
knowledge (equation 9.1) gives the same information in a significantly more efficient
manner.

Both production rule knowledge representation and production systems appear fre-
quently in computer vision and image understanding problems. Furthermore, production
systems, together with a mechanism for handling uncertainty information, form a basis
of expert systems.

Fuzzy logic

Fuzzy logic was developed [Zadeh, 1965; Zimmermann et al., 1984] to overcome the
obvious limitations of numerical or crisp representation of information. Consider the use
of knowledge represented by production rule (equation 9.1) for recognition of balls; using
the production rule, the knowledge about balls may be represented as

if circular then ball.

If the object in a two-dimensional image is considered circular then it may represent a ball.
Our experience with balls, however, says that they are usually close to, but not perfectly,
circular. Thus, it is necessary to define some circularity threshold so that all reasonably
circular objects from our set of objects are labeled as balls. Here is the fundamental
problem of crisp descriptions: how circular must an object be to be considered circular?

If humans represent such knowledge, the rule for ball circularity may look like

if circularity is HIGH then object is a ball with HIGH confidence.

Clearly, high circularity is a preferred property of balls. Such knowledge representa-
tion is very close to common sense representation of knowledge, with no need for exact
specification of the circularity/non-circularity threshold. Fuzzy rules are of the form

if X is A then Y is B,

where X and Y represent some properties and A and B are linguistic variables. Fuzzy
logic can be used to solve object recognition and other decision-making tasks, among
others; this is discussed further in Section 9.7.
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9.1 Knowledge representation 389

Semantic nets

Semantic nets are a special variation of relational data structures (see Chapter 4). The
semantics distinguish them from general nets—semantic nets consist of objects, their
description, and a description of relations between objects (often just relations between
neighbors). Logical forms of knowledge can be included in semantic nets, and predicate
logic can be used to represent and/or evaluate the local information and local knowledge.
Semantic nets can also represent common sense knowledge that is often imprecise and
needs to be treated in a probabilistic way. Semantic nets have a hierarchical structure;
complex representations consist of less complex representations, which can in turn be
divided into simpler ones, etc. Relations between partial representations are described
at all appropriate hierarchical levels.

Figure 9.2: A human face: A face is a circular part of the human body that
consists of two eyes, one nose, and one mouth; One eye is positioned left of
the other eye; The nose is between and below the eyes; The mouth is below
the nose; An eye is approximately circular; The nose is vertically elongated;
The mouth is horizontally elongated. © Cengage Learning 2015.

Semantic nets are represented by labeled graphs: nodes represent objects and arcs
represent relations between them. A simple example is illustrated in Figure 9.2, and its
associated semantic net is shown in Figure 9.3.
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Figure 9.3: Semantic net of a human face. © Cengage Learning 2015.

The descriptive structures found in real images match the knowledge represented by a
semantic net with varying degrees of closeness. How well such structures are represented
by a semantic net is discussed in Section 9.5 and Chapter 10.

A detailed discussion of semantic nets related to image information can be found in
[Niemann, 1990], and more general properties of semantic nets are described in [Michalski
et al., 1983; Sharples et al., 1989].
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390 Chapter 9: Object recognition

Frames, scripts

Frames—which are considered high-level knowledge representation—provide a very gen-
eral method for knowledge representation which may contain all the knowledge represen-
tation principles discussed so and is suitable for representing common sense knowledge
under specific circumstances. They are sometimes called scripts because of their sim-
ilarity to film scripts. Consider a frame called plane_start, which may consist of the
following sequence of actions:

1. Start the engines.

2. Taxi to the runway.

3. Increase RPMs of engines to maximum.

4. Travel along runway increasing speed.

5. Fly.

Assuming this frame represents knowledge of how planes usually start, the situation of
a plane standing on a runway with engines running causes the prediction that the plane
will start in a short time. The frame can be used as a substitute for missing information
which may be extremely important in vision-related problems.

Assuming that one part of the runway is not visible from the observation point, using
the plane_start frame, a computer vision system can overcome the lack of continuous
information between the plane moving at the beginning of the runway and flying when
it next appears. If it is a passenger plane, the frame may have additional items such
as time of departure, time of arrival, departure city, arrival city, airline, flight number,
etc., because in a majority of cases it makes sense to be interested in this information if
we identify a passenger plane.

From a formal point of view, a frame is represented by a general semantic net ac-
companied by a list of relevant variables, concepts, and concatenation of situations. No
standard form of frame exists. Frames represent a tool for organizing knowledge in pro-
totypical objects, and for description of mutual influences of objects using stereotypes
of behavior in specific situations. Examples of frames can be found elsewhere [Michalski
et al., 1983; Sharples et al., 1989].

9.2 Statistical pattern recognition
A physical object is usually represented in image analysis and computer vision by a region
in a segmented image. The set of objects can be divided into disjoint subsets, that, from
the classification point of view, have some common features and are called classes. How
objects are divided into classes is imprecise and depends on the classification goal.

Object recognition assigns classes to objects, and the algorithm that does this is
called a classifier. The number of classes is usually known beforehand, and typically can
be derived from the problem specification. Nevertheless, there are approaches in which
the number of classes may not be known (see Section 9.2.6).

The classifier (similarly to a human) does not decide about the class from the object
itself—rather, sensed object properties serve this purpose. For example, to distinguish
steel from sandstone, we do not have to determine molecular structures, even though
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9.2 Statistical pattern recognition 391

this would describe them well. Properties such as texture, specific weight, hardness, etc.,
are used instead. These properties are called the pattern, and the classifier actually
recognizes the patterns and not the objects. Object recognition and pattern recognition
can be considered synonymous.

The main pattern recognition steps are shown in Figure 9.4. The block ‘Construction
of formal description’ is based on the experience and intuition of the designer. A set of
elementary properties is chosen which describe some characteristics of the object; these
properties are measured in an appropriate way and form the description pattern of the
object. These properties can be either quantitative or qualitative in character and their
form can vary (numerical vectors, chains, etc.). The theory of recognition deals with
the problem of designing the classifier for the specific (chosen) set of elementary object
descriptions.

Classifier
formal description

of
ConstructionObject Pattern Classification

Figure 9.4: Main pattern recognition steps. © Cengage Learning 2015.

Statistical object description uses elementary numerical descriptions called features,
x1, x2, . . . , xn; in image analysis, the features result from object description as discussed
in Chapter 8. The pattern (also referred to as pattern vector, or feature vector) x =
(x1, x2, . . . , xn) that describes an object is a vector of elementary descriptions, and the
set of all possible patterns forms the pattern space X (also called feature space). If
the elementary descriptions are chosen well, patterns of objects of each class are ‘close’
in pattern space. The classes form clusters in the feature space, which can be separated
by a discrimination curve (or hyper-surface in a multi-dimensional feature space)—see
Figure 9.5.
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Figure 9.5: Discrimination functions between three classes.
© Cengage Learning 2015.

If a discrimination hyper-surface exists which separates the feature space such that
only objects from one class are in each separated region, the problem is called a recogni-
tion task with separable classes. If the discrimination hyper-surfaces are hyper-planes,
it is called a linearly separable task. Intuitively, we may expect that separable classes
can be recognized without errors.

The majority of object recognition problems do not have separable classes, in which
case the locations of the discrimination hyper-surfaces in the feature space can never
separate the classes correctly and some objects will always be misclassified.
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392 Chapter 9: Object recognition

9.2.1 Classification principles
A statistical classifier is a device with n inputs representing the n features x1, x2, . . . , xn
measured from an object to be classified, and 1 output. An R-class classifier will generate
one of R symbols ω1, ω2, . . . , ωR as an output, and the user interprets this output as a
decision about the class of the processed object. The generated symbols ωr are the class
identifiers.

A decision rule is a function d(x) = ωr which describes relations between classifier
inputs and the output. The decision rule divides the feature space into R disjoint subsets
Kr, r = 1, . . . , R, each of which includes all the feature representation vectors x′ of
objects for which d(x′) = ωr. The borders between subsets Kr, r = 1, . . . , R form the
discrimination hyper-surfaces. The determination of discrimination hyper-surfaces (or
definition of the decision rule) is the goal of classifier design.

The discrimination hyper-surfaces can be defined by R scalar functions g1(x), g2(x),
. . . , gR(x) called discrimination functions. gr(x) is maximal for x ∈ Kr:

gr(x) ≥ gs(x) , s 6= r . (9.4)

Then the discrimination hyper-surface between class regions Kr and Ks is defined by

gr(x)− gs(x) = 0 . (9.5)

The decision rule results from this definition:

d(x) = ωr ⇐⇒ gr(x) = max
s=1,...,R

gs(x) . (9.6)

Linear discrimination functions are the simplest and are widely used. Their general
form is

gr(x) = qr0 + qr1x1 + . . .+ qrnxn (9.7)
for all r = 1, . . . , R. If all the discrimination functions of the classifier are linear, it is
called a linear classifier.

Non-linear classifiers usually transform the original feature space Xn into a new fea-
ture space Xm applying some appropriate non-linear function Φ, where the superscripts
n,m refer to the space dimensionality

Φ = (φ1, φ2, . . . , φm) : Xn → Xm . (9.8)

After the transformation, a linear classifier is applied in the new feature space—the role
of the function Φ is to ‘straighten’ the non-linear discrimination hyper-surfaces of the
original space into hyper-planes in the transformed space. The discrimination functions
of such a classifier are

gr(x) = qr0 + qr1 φ1(x) + . . .+ qrm φm(x) , (9.9)

where r = 1, . . . , R. We may re-write the formula in vector representation

gr(x) = qr ·Φ(x) , (9.10)

where qr, Φ(x) are vectors consisting of qr0, . . . , qrm and φ0(x), . . . , φm(x), respectively,
φ0(x) ≡ 1. Non-linear classifiers are described in detail in [Sklansky, 1981; Devijver and
Kittler, 1982]. This important idea is revisited in Section 9.2.5 in considering support
vector machines.
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9.2 Statistical pattern recognition 393

9.2.2 Nearest neighbors
We may construct classifiers based on the minimum distance principle; the resulting
classifier is just a special case of classifiers with discrimination functions, but has com-
putational advantages and may easily be implemented on digital computers. Assume
that R points are defined in the feature space, v1,v2, . . . ,vR that represent exemplars
(sample patterns) of classes ω1, ω2, . . . , ωR. A minimum distance classifier classifies a
pattern x into the class to whose exemplar it is closest.

d(x) = ωr ⇐⇒ |vr − x| = min
s=1,...,R

|vs − x| . (9.11)

Discrimination hyper-planes are perpendicular to and bisect line segments vsvr (Fig-
ure 9.6). If each class is represented by just one exemplar, a linear classifier results; one
implementation of this is:

Algorithm 9.1: Minimum distance classifier learning and classification

1. Learning: For all classes, compute class exemplars vi based on the training set

vi(ki + 1) = 1
ki + 1

(
ki vi(ki) + xi(ki + 1)

)
,

where xi(ki+1) are objects from the class i and ki denotes the number of objects
from class i used thus far for learning.

2. Classification: For an object description vector x, determine the distance of x
from the class exemplars vi. Classify the object into the class j if the distance
of x from vj is the minimum such (equation 9.11).

If more than one exemplar represents some class, the classifier gives piecewise linear
discrimination hyper-planes—this is the elementary but widely applied nearest neigh-
bor or NN classifier, which classifies an unseen pattern into the class of the nearest
known training pattern. This simple idea is often made more resilient by allocating the
new pattern to the most populous class of the k closest training patterns—this a k-NN
classifier.
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Figure 9.6: Minimum distance discrimination functions. © Cengage Learning 2015.
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394 Chapter 9: Object recognition

The nearest neighbor principle is very widely used in computer vision; often it is com-
puted in some feature space as we outline here, and sometimes in connection with 2D or
3D spatial issues. It will be clear that for large data sets, especially if the dimensionality
of the feature space is high—as it often is—the computation of nearest neighbor infor-
mation may be very expensive. If the data come, for example, from a video stream then
the expensive computation may need repeating with high frequency. The fundamental
problem is that distance computation is costly and the total cost is unavoidably linear
in the number of points compared. To increase the processing speed, it is possible to
partition the data space and reduce this number significantly using K-D trees [Friedman
et al., 1977]. If the data are in N dimensions, this data structure recursively partitions it
on the co-ordinate which exhibits maximum variation: the resulting tree has leaves which
are ‘small’ in densely occupied areas, and large in more sparse ones. The NN search is
performed firstly in the leaf occupied by a test vector, and then only in neighboring leaves
which contain plausible candidates.

Algorithm 9.2: Nearest neighbor search with K-D trees

1. For an N -dimensional dataset X = {x1,x2, . . . ,xn} determine the dimension i,
1 ≤ i ≤ N which exhibits greatest variation. Cut the data with a plane at its
median value along that dimension.

2. Recurse this procedure to create a balanced binary tree of depth d.

3. To locate the NN of an input vector y, determine which leaf cell it lies within.
Perform an exhaustive search within this cell.

4. Traverse neighboring cells that could contain an element closer to y than the
current best candidate.

Since the exhaustive search is performed at a small number of leaves (perhaps only
one), this algorithm will run in log(n) time and is a great improvement.

Algorithm 9.2 works well for low N , but the number of neighbors to search can be-
come high as N increases. For these reasons, a selection of approximate nearest neighbor
algorithms is available that most of the time generate solutions that, if imperfect, are
near optimal: at simplest, we may terminate after step 3. Very often this delivers the
NN but if not, it is likely to be close.

Better approximate algorithms rely on selectively applying step 4—Beis and Lowe
[Beis and Lowe, 1997] have developed a Best Bin First (BBF) algorithm which prioritizes
the order in which neighbors are searched. A hypersphere centered at y of radius the
best yet NN distance is considered, and leaves with the largest intersection to it are
considered first. The search is halted after some pre-determined number of neighbors
Emax has been searched.

BBF is open to various improvements—Muja and Lowe have developed an approach
which chooses a ‘best’ algorithm for the problem in hand [Muja and Lowe, 2009]. A soft-
ware suite implementing this is publicly available at http://www.cs.ubc.ca/~mariusm/
index.php/FLANN/FLANN.
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9.2 Statistical pattern recognition 395

9.2.3 Classifier setting
A classifier based on discrimination functions is a deterministic machine—one pattern
x will always be classified into the same class. Note however that one pattern may
represent objects from different classes, so the classifier decision may be correct for some
objects and incorrect for others. The choice of optimal classifier will seek to minimize
these incorrect judgements in some sense.

Suppose a particular classifier is characterized by a parameter vector q. The value
of the mean loss J(q) of this classifier depends on the decision rule that is applied:
ω = d(x,q). We will seek q∗ that minimizes the mean loss:

J(q∗) = min
q
J(q) d(x,q) ∈ D . (9.12)

—then q∗ is the vector of optimal parameters.
The minimum error criterion (Bayes criterion, maximum likelihood) uses loss

functions of the form λ(ωr|ωs), where λ(.) describes quantitatively the loss incurred if
a pattern x which should be classified into the class ωs is incorrectly classified into the
class ωr

ωr = d(x,q) . (9.13)

The mean loss is

J(q) =
∫
X

R∑
s=1

λ
(
d(x,q)|ωs

)
p(x|ωs)P (ωs) dx , (9.14)

where P (ωs), s = 1, . . . , R are the a priori probabilities of classes, and p(x|ωs), s =
1, . . . , R are the conditional probability densities of objects x in the class ωs.

A classifier that has been set according to the minimum-loss optimality criterion is
easy to construct using discrimination functions; usually, unit loss functions are consid-
ered

λ(ωr|ωs) = 0 for r = s ,

= 1 for r 6= s ,
(9.15)

and the discrimination functions are

gr(x) = p(x|ωr)P (ωr) r = 1, . . . , R , (9.16)

where gr(x) corresponds (up to a multiplicative constant) to the value of the a posteriori
probability P (ωr|x).

This probability describes how often a pattern x is from the class ωr. Clearly, the
optimal decision is to classify a pattern x to a class ωr if the a posteriori probability
P (ωr|x) is the highest of all possible a posteriori probabilities

P (ωr|x) = max
s=1,...,R

P (ωs|x) . (9.17)

Bayes theorem tells us

P (ωs|x) = p(x|ωs)P (ωs)
p(x) , (9.18)
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Figure 9.7: Minimum error clas-
sifier: a posteriori probabilities.
© Cengage Learning 2015.

Class 1 Class 2 Class 3

Figure 9.8: Minimum error classifier: discrimination hyper-
surfaces and resulting classes. © Cengage Learning 2015.

where p(x) is the mixture density. An example plot of a posteriori probabilities is shown
in Figure 9.7, and corresponding discrimination hyper-surfaces for a three-class classifier
are in Figure 9.8.

Analytic minimization of the extrema problem is in many practical cases impossible
because the multi-dimensional probability densities are not available. Criteria for loss
function evaluation can be found in [Sklansky, 1981; Devijver and Kittler, 1982]. The
requirements for classification correctness, and the set of objects accompanied by infor-
mation about their classes, are usually available in practical applications—very often this
is all the information that can be used for the classifier design and setting.

The ability to set classification parameters from a set of examples is the very impor-
tant issue of classifier learning. Classifier learning is based on a set of objects (rep-
resented by their feature vectors), each being accompanied by knowledge of its proper
classification—this set of patterns and classes is called the training set. Clearly, the
quality of the classifier setting depends on the quality and size of this finite training set.
After setting, we may expect patterns that were not used for classifier learning to enter
the classifier. Classifier learning methods must be inductive in the sense that infor-
mation obtained from the elements of the training set must be generalized to cover the
whole feature space, implying that the learning should be (near) optimal for all feasible
patterns, not only for those patterns that were present in the training set. The classifier
should be able to recognize even those objects that it has never ‘seen’ before.

It may be that a solution for a given problem does not exist. The larger the training
set, the better the guarantee that the classifier may be set correctly—classification cor-
rectness and the size of the training set are closely related. If the statistical properties
of patterns are known, the necessary sizes of the training sets can be estimated, but in
reality this is rarely the case. The training set is actually supposed to substitute this
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9.2 Statistical pattern recognition 397

missing statistical information. Only after processing of the training set can the designer
know whether it was sufficient, and whether an increase in size is necessary. Typically,
training set size will be increased several times until the correct classification setting is
achieved.

In practice, some proportion of the known training data will be held back to provide
an objective test of performance when the classifier has been trained—this is called the
test set, and will generate a measure of performance on hitherto unseen data. If just
one data item is held back, this is called leave one out testing, and leave K out testing is
defined similarly. If the K data items used for testing are selected randomly N times, a
statistically robust testing scheme called N-fold leave K out testing results.

The general idea of sequential increase in training set size can be understood as
presenting small portions of a large training set to the classifier, whose performance is
checked after each portion—the smallest portion size is just one element. Sequential
processing of information (which cannot be avoided in principle) has some substantial
consequences in the classifier setting process.

All properties of classifier learning methods have analogies in the learning process of
living organisms.

• Learning is the process of automated system optimization based on the sequential
presentation of examples.

• The goal of learning is to minimize the optimality criterion. The criterion may
be represented by the mean loss caused by incorrect decisions.

• Finite training set size requires the inductive character of learning. The goal of
learning must be achieved by generalizing the information from examples, before
all feasible examples have been presented. The examples may be chosen at random.

• The unavoidable requirements of sequential information presentation and the fi-
nite size of system memory necessitate the sequential character of learning.
Therefore, learning is not a one-step process, but rather a step-by-step process of
improvement.

The learning process searches out the optimal classifier setting from examples. The clas-
sifier system is constructed as a universal machine that becomes optimal after processing
the training set examples (supervised learning), meaning that it is not necessary to repeat
the difficult optimal system design if a new application appears. Learning methods do
not depend on the application—it is possible to use the same learning to train a medical
diagnostics classifier as an an object recognition classifier for robot vision.

The quality of classifier decisions is closely related to the quality and amount of infor-
mation that is available. From this point of view, patterns should represent as complex
a description as possible, but conversely, this would imply a large number of description
features. Therefore, object description is always a trade-off between permissible clas-
sification error, the complexity of the classifier construction, and the time required for
classification. This results in a question of how to choose the best features from a set of
available features, and how to detect the features with the highest contribution to the
recognition success. Methods of determination of informativity and discriminativity
of measured features can be found in [Young and Calvert, 1974; Pudil et al., 1994].
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9.2.4 Classifier learning
Two common learning strategies will be presented in this section:

• Probability density estimation estimates the probability densities p(x|ωr) and
probabilities P (ωr), r = 1, . . . , R. The discrimination functions are computed
according to the minimum error criterion (equation 9.16).

• Direct loss minimization finds the decision rule ω = d(x,q∗) by direct mini-
mization of losses J(q) without estimation of probability densities and probabilities.
The criterion of the best approximation is applied.

Probability density estimation methods differ in computational difficulty according
to the amount of prior information available about them. If some prior information is
available, it usually describes the shape of probability density functions p(x|ωr). The
parameters of the distribution are usually not known, and learning must estimate them.
Therefore, this class of learning methods is sometimes called parametric learning.

Assume the patterns in the rth class can be described by a normal distribution,
N(µr,Ψr). The probability density for patterns from the class ωr can be computed as

p(x|ωr) = 1
(2π)n/2

√
det Ψr

exp
(
−1

2(x− µr)T Ψ−1
r (x− µr)

)
, (9.19)

where Ψr is the covariance matrix. Details about multi-variate probability density func-
tion estimation may be found in [Rao, 1965; Johnson and Wichern, 1990]. The compu-
tation process depends on additional information about µr and Ψr; three cases can be
distinguished:

1. The covariance matrix Ψr is known, but the mean vector µr is not. A feasible
estimate may be the average

µ̃r = x̄ (9.20)

which can be computed recursively

x̄(k + 1) = 1
k + 1

(
k x̄(k) + xk+1

)
, (9.21)

where xk+1 is the (k + 1)st pattern from the class r from the training set. This
estimate is unbiased, consistent, efficient, and linear.
Alternatively, if the a priori estimate of the mean µ̃r(0) is available, the Bayes
approach to estimation of the normal distribution parameters can be used. Then,
the estimate can be computed recursively

µ̃r(k + 1) = a+ k

a+ k + 1 µ̃r(k) + 1
a+ k + 1xk+1 . (9.22)

The parameter a represents the confidence in the a priori estimate µ̃r(0). In train-
ing, a specifies the number of steps during which the designer believes more in the
a priori estimate than in the mean value so far determined by training. Note that
for a = 0, the Bayes estimate is identical to equation (9.21).
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9.2 Statistical pattern recognition 399

2. The covariance matrix Ψr is unknown, but the mean value vector µr is known.
The estimate of the dispersion matrix Ψr is then usually taken as

Ψ̃r = 1
K

K∑
k=1

(xk − µr)(xk − µr)T (9.23)

or, in recursive form

Ψ̃r(k + 1) = 1
k + 1

(
k Ψ̃r(k) + (xk+1 − µr)(xk+1 − µr)T

)
. (9.24)

This estimate is unbiased and consistent.
As another option, if the a priori estimate Φ̃r(0) of the dispersion matrix Ψr is
known, the Bayes approach can be applied. Let K be the number of samples in
the training set, and Ψ̃r(K) be calculated as in equation (9.24). Then

Φ̃r(K) = b Φ̃r(0) +K Ψ̃r(K)
b+K

(9.25)

and Φ̃r(K) is considered the Bayes estimate of the dispersion matrix Ψr. Parameter
b represents the confidence in the a priori estimate Φ̃r(0).

3. Both the covariance matrix Ψr and the mean value vector µr are unknown. The
following estimates can be used

µ̃r = x̄ , (9.26)

Ψ̃r = S = 1
K − 1

K∑
k=1

(xk − x̄)(xk − x̄)T (9.27)

or, in the recursive form

S(k + 1) = 1
k

(
(k − 1)S(k) +

(
xk+1 − x̄(k + 1)

)(
xk+1 − x̄(k + 1)

)T
+ k
(
x̄(k)− x̄(k + 1)

)(
x̄(k)− x̄(k + 1)

)T )
.

(9.28)

Alternatively, if the a priori estimate Φ̃r(0) of the dispersion matrix Ψr and the a
priori estimate ν̃r(0) of the mean vector for class r are known, the Bayes estimates
can be determined as follows

ν̃r(K) = a µ̃r(0) +K µ̃r(K)
a+K

, (9.29)

where K is the number of samples in the training set and µ̃r(K) is determined
using equations (9.20) and (9.21). The dispersion matrix estimate is calculated as

Φ̃r(K) = b

b+K
Φ̃r(0) + a ν̃r(0) ν̃r(0)T + (K − 1) Ψ̃r(K)

+K µ̃r(K) µ̃r(K)T − (a+K) ν̃r(K) ν̃r(K)T ,
(9.30)

where Ψ̃r(K) is calculated as given in equation (9.24). Then, ν̃r(K) and Φ̃r(K)
are considered the Bayes estimates of the mean vector and the dispersion matrix
for class r, respectively. Again, parameters a, b represent the confidence in the a
priori estimates of Φ̃r(0) and ν̃r(0).
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400 Chapter 9: Object recognition

The a priori probabilities of classes P (ωr) are estimated as relative frequencies

P (ωr) = Kr

K
, (9.31)

where K is the total number of objects in the training set; Kr is the number of objects
from the class r in the training set.

Algorithm 9.3: Learning and classification by estimating normal distribution prob-
ability densities

1. Learning: Compute estimates of the mean vector µr and the covariance ma-
trix Ψr.

2. Compute estimates of the a priori probability densities p(x|ωr), equation (9.19).

3. Compute estimates of the a priori probabilities of classes, equation (9.31).

4. Classification: Classify all patterns into the class r if

ωr = max
i=1,...,s

(
p(x|ωi)P (ωi)

)
(equations 9.16 and 9.6).

If no prior information is available (i.e., even the distribution type is not known), the
computation is more complex. In such cases, if it is not necessary to use the minimum
error criterion, it is advantageous to use a direct loss minimization method.

No probability densities or probabilities are estimated in the second group of methods
based on direct minimization of losses. The minimization process can be compared to
gradient optimization methods, but pure gradient methods cannot be used because of
unknown probability densities, so the gradient cannot be evaluated. Nevertheless, the
minimum can be found using methods of stochastic approximations that are discussed
in [Sklansky, 1981].

The most important conclusion is that the learning algorithms can be represented
by recursive formulae in both groups of learning methods and it is easy to implement
them.

9.2.5 Support vector machines
The support vector machine [SVM] approach has proved powerful and popular. Optimal
classification of a separable two-class problem is achieved by maximizing the width of
the empty area (margin) between the two classes—this width is defined as the distance
between the discrimination hyper-surfaces in n-dimensional feature space. Vectors from
each class that are closest to the discriminating surface are called support vectors. The
support vectors thus specify the discrimination function. Usually, many discriminating
hyper-surfaces exist, and the ability to identify the optimal discriminating surface is a
major strength of this approach and assists in dealing with the problem of over-fitting
during training. From the theoretical viewpoint, it can be shown that such an optimal
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9.2 Statistical pattern recognition 401

hyper-surface has the lowest capacity—a requirement based on the statistical learning
theory of Vapnik and Chervonenkis [Burges, 1998].

Consider first the two-class linearly separable case, with a set of n-dimensional feature
vectors x and class identifiers ω associated with them, ω ∈ {−1, 1}. For simplicity, assume
that the individual feature values xi are scaled so that xi ∈ [0, 1] to overcome uneven
influence from features with different variance. Discrimination between the two classes
is achieved by defining a separating hyper-plane

w · x + b = 0 (9.32)

(compare equation 9.7). To maximize the margin, two parallel hyper-planes are defined

w · x + b = 1 , w · x + b = −1 , (9.33)

passing through the support vectors and having no training patterns between them. To
guarantee that no training patterns are present between these two hyper-planes, for all
xi we must have

ωi(w · xi + b) ≥ 1 . (9.34)
Suppose x+ is on the positive plane, and x− is the closest point on the negative plane.
Then x+ − x− is normal to the plane(s) and so for some λ

λw = x+ − x− ,
λ||w||2 = x+ ·w− x− ·w ,

λ||w||2 = 2
(9.35)

and hence |x+ − x−| = (2/||w||). To maximize the margin, we need to minimize ||w||
subject to the constraint given in equation (9.34), which is a quadratic programming
optimization problem. Once optimized, the discrimination hyperplane is parallel to and
positioned in the middle between these two parallel hyper-planes (Figure 9.9c).

Lagrangian theory is employed to reformulate the minimization problem avoiding
inequality constraints, and thereby simplifying the optimization process. The Lagrangian
function is defined as

L (w, b, α) = 1
2 ‖ w ‖ −

N∑
i=1

αi ωi (wi · xi + b) +
N∑
i=1

αi , (9.36)
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Figure 9.9: Basic two-class classification idea of support vector machines. (a) and (b) show two
examples of non-optimal linear discrimination. (c) An optimal linear discriminator maximizes
the margin between patterns of the two classes. The optimal hyperplane is a function of the
support vectors. © Cengage Learning 2015.
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402 Chapter 9: Object recognition

where αi are Lagrange multipliers. L (w, b, α) is minimized with respect to w and b, while
αi are constrained to αi ≥ 0. Taking the partial derivative of the Lagrangian function
with respect to w and b results in

∂L (w, b, α)
∂w = w−

N∑
i=1

αi ωi xi , (9.37)

∂L (w, b, α)
∂b

=
N∑
i=1

αi ωi , (9.38)

and setting both equations to zero creates the following relationships:

w =
N∑
i=1

αi ωi xi , (9.39)

N∑
i=1

αi ωi = 0 . (9.40)

These relations are substituted back into the original Lagrangian function, equation
(9.36), to create an alternative optimization problem known as a dual formulation, taking
into consideration pairwise relationships between training patterns xi and xj and their
respective class labels ωi, ωj ,

L (w, b, α) =
N∑
i=1

αi −
1
2

N∑
i,j=1

αi αj ωi ωj(xi · xj) , (9.41)

where L (w, b, α) is maximized with respect to αi, subject to
∑N
i=1 ωiαi = 0 and αi ≥ 0.

The scalar b has dropped out, but can be easily computed from the original dataset once
equation (9.41) is optimized.

The two-class classification of a pattern x can be accomplished according to the
following discrimination function:

f (x) = w · xi + b , (9.42)

where

ωx = +1 if f (x) ≥ 0 ,
= −1 if f (x) < 0 .

(9.43)

The discrimination function is restated in terms of training vectors and multipliers by
substituting w using equation (9.39)

f (x) =
∑
i∈SV

αi ωi(xi · x) + b . (9.44)

Each of the Lagrange multipliers αi shares a corresponding training vector xi. Those
vectors that contribute to the maximized margin will have non-zero αi and are the support
vectors. The rest of the training vectors do not contribute to the final discrimination
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9.2 Statistical pattern recognition 403

function—therefore, the summation is only performed over those values of i for which xi
is a support vector (i ∈ SV).

Equation (9.43) shows that the decision as to whether a vector x belongs to class
ωx = +1 or ωx = −1 depends only on the support vectors associated with the maximum
margin as identified in the training phase. Therefore, the discrimination hyperplane in
the feature space can be obtained from vectors in the input space and dot products in the
feature space. Consequently, the training can be based on a small set of support vectors,
even in large training sets, thus limiting the computational complexity of training with
explicitly represented feature vectors.

If a separating hyperplane cannot be found to partition the feature space into two
classes, one explanation is a linear inseparability of the training patterns. One solution is
to tolerate some minimal mis-classification, but this is difficult to formulate as a quadratic
programming problem. More commonly, the kernel trick (due to Aizerman [Aizerman
et al., 1964]) is employed [Boser et al., 1992]. In the linear space, we determined the
similarity of two patterns xi and xj with a kernel function k(xi,xj) = (xi · xj). The
dot products of the linear support vector classifier can be replaced with non-linear kernel
functions

k(xi,xj) = Φ(xi) · Φ(xj) . (9.45)

—the idea here is to transform the vectors into a space in which a linear discrimination
hyperplane can be determined, corresponding to a non-linear hyper-surface in the original
feature space (Figure 9.10, see also Section 9.2.1, and equations 9.8–9.10). The support
vector classification algorithm is formally identical to that used for linear discrimination,
while every dot product used earlier is replaced by a non-linear kernel function. Due to
the kernel trick, the support vector classifier can locate the linearly separating hyperplane
in the transformed space by defining an appropriate kernel function.

While calculating the right-hand side of equation (9.45) may be expensive in general,
a number of simple kernels can be used to serve the purpose, for example homoge-
neous dth order polynomials, equation (9.46); non-homogeneous dth order polynomials,
equation (9.47); radial basis functions, equation (9.48); Gaussian radial basis functions,

Figure 9.10: Achieving linear separability by application of a kernel function. On the left, the
two classes are not linearly separable in 1D: on the right, the function Φ(x) = x2 creates a
linearly separable problem. © Cengage Learning 2015.
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equation (9.49); and other kernels:

k(xi,xj) = (xi · xj)d , (9.46)
k(xi,xj) = (xi · xj + 1)d , (9.47)
k(xi,xj) = exp

(
− γ||xi − xj||2

)
, for γ > 0 , (9.48)

k(xi,xj) = exp
(
−||xi − xj||

2σ2

)
. (9.49)

Applying the kernel technique to the dual Lagrange function yields

L (w, b, α) =
N∑
i=1

αi −
1
2

N∑
i,j=1

αiαjωiωjk (xi,xj) (9.50)

and the resulting discrimination function is

f (x) =
∑
i∈sv

αi ωi k (xi,x) + b . (9.51)

Linear support vector classification is identical to a classifier with linear discriminant
functions if we somehow knew which training patterns constitute the support vectors,
and disregard the remaining training patterns.

Algorithm 9.4 summarizes the training and classification steps using a support vector
machine.

Algorithm 9.4: Support vector machine learning and classification

1. Training: Select an appropriate kernel function, k (xi,xj).

2. Minimize ||w|| subject to the constraint given in equation (9.34). This is accom-
plished by maximizing the kernel-modified Lagrange function, equation (9.50),
with respect to αi subject to the constraints

∑N
i=1 αiωi = 0 and αi ≥ 0.

3. Store only the non-zero αi and corresponding training vectors xi. These are the
support vectors.

4. Classification: For each pattern x, compute the discrimination function, equa-
tion (9.51) using the support vectors xi and the corresponding weights αi. The
sign of the function determines the classification of x.

Interestingly, the choice of the kernel function is frequently not critical and clas-
sifier performance is often comparable for several of the simple kernel functions, with
performance much more dependent on data preparation [Schoelkopf, 1998; Hearst, 1998;
Leopold and Kindermann, 2002].

Figure 9.11 shows an example of support vector machine training for a non-linearly
separable problem; here, the kernel of equation (9.49) was used.

N -class classification is accomplished by combiningN 2-class classifiers, each discrim-
inating between a specific class and the rest of the training set. During the classification
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9.2 Statistical pattern recognition 405

stage, a pattern is assigned to the class with the largest positive distance between the
classified pattern and the individual separating hyperplane for the N binary classifiers.
(This approach can lead to very imbalanced classes in training, with one much more
populous than the other—this issue is considered in [Li et al., 2009]). Alternatively, we
might build N(N−1)

2 pairwise classifiers: classification is performed by applying them all
and using a voting mechanism.

The support vector optimization problem can be solved analytically for small amounts
of data, or if the support vector sets can be identified beforehand, but in most real-world
cases the quadratic optimization problem must be solved numerically. For small prob-
lems, almost any general purpose quadratic optimization package will work sufficiently
well. A survey of available solvers for larger-scale problems can be found in [More and
Toraldo, 1993]. There is a substantial literature available discussing theoretical treatment
as well as practical issues of support vector machine applications.

(a) (b)

(c) (d)

Figure 9.11: Support vector machine training; Gaussian radial basis function kernel used (equa-
tion 9.49). (a,c) Two-class pattern distribution in a feature space. (Note that the “+” pat-
terns in (a) and (b) are identical while the “o” patterns in (a) are a subset of patterns in
(b)). (b,d) Non-linear discrimination functions obtained after support vector machine training.
© Cengage Learning 2015.
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406 Chapter 9: Object recognition

9.2.6 Cluster analysis
We noted earlier that unsupervised learning classification methods do not require training
sets, and in particular do not need information about the class of objects in the learning
stage. One such group of classification methods is called cluster analysis. Cluster
analysis methods divide the set of patterns into subsets (clusters) based on the mutual
similarity of subset elements. Objects that are dissimilar reside in different clusters.

Cluster analysis methods are hierarchical or non-hierarchical. Hierarchical methods
construct a clustering tree; the set of patterns is divided into the two most dissimilar
subsets, and subsets are recursively divided into smaller subsets. Non-hierarchical meth-
ods sequentially assign each pattern to one cluster. Methods and algorithms for cluster
analysis can be found in [Duda et al., 2000; Everitt et al., 2001; Romesburg, 2004]

Non-hierarchical cluster analysis methods are either parametric or non-parametric.
Parametric approaches are based on known class-conditioned distributions and require
distribution parameter estimation similar to that used in minimum error classification
described in Section 9.2.4.

Non-parametric cluster analysis is a popular, simple, and practically useful non-
hierarchical approach to cluster analysis: the k-means algorithm is very well known and
widely applied. It takes as input N n-dimensional data points and assumes the number of
clusters K is known. The location of cluster exemplars is initialized, perhaps at random,
or exploiting known data structure if available. Iteratively, data points are allocated to
their closest exemplar, and then the exemplars are recomputed as the centroid of their
associated data points. The algorithm terminates when the exemplars’ positions have
stabilized.

Algorithm 9.5: K-means cluster analysis

1. Define the number of clusters K to be sought in a set X = {x1,x2, . . . ,xN} of
n-dimensional data.

2. Initialize the cluster starting points (exemplars, initial guesses) v1,v2, . . . ,vk,
. . . ,vK . This may be random, or from K data points, or from other prior
knowledge.

3. Allocate data points to the closest vi using some distance metric d (Euclidean
is obvious and common).

4. Recompute the vi as centroids of their associated data, Vi

Vi = {xj : d(xj ,vi) = min
k

(d(xj ,vk))} .

5. If the vi have not stabilized, go to 3.

The ‘error’ in the clustering is given by the sum of square distances of the data points
to their allocated exemplar

E =
K∑
i=1

∑
xj∈Vi

d2(xj ,vi) . (9.52)
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9.3 Neural nets 407

It is straightforward to show that the algorithm monotonically decreases this quantity
(so it must converge).

K-means is exceptionally widely used as it is effective and simple. Minimizing the
square error can be made computationally efficient and works well for compact hyper-
spherical clusters. When Mahalanobis distance is used, K-means forms hyper-elliptical
clusters.

Determining a good value for k automatically is a widely considered problem. A
popular heuristic approach is to consider when the overall cost reduction by adding
another cluster appears to benefit little: the graph of optimal E (equation 9.52) against
K characteristically adopts an L-shape, and the location of the elbow of the L is a
good choice for K. One approach locates the position of this plot that gives the best
straight line fit to the left and right of each candidate K [Salvador and Chan, 2004]. A
better theoretically founded approach considers incrementally increasing K by splitting
the cluster which gives the optimal increase in the Bayesian Information Criterion—
informally, splitting the ‘sparsest’ cluster—and then rerunning the algorithm [Pelleg and
Moore, 2000]. Further answers to these and many related questions can be found in
[Romesburg, 2004].

K-means is one of a family of algorithms that see wide use: similar others include
the ISODATA cluster analysis method [Kaufman and Rousseeuw, 1990], the mean shift
algorithm described in Section 7.1, fuzzy k-means (or fuzzy c-means) in which cluster
membership is ‘fuzzy’ (see Section 9.7), Kohonen networks described in Section 9.3.2,
Hopfield networks described in Section 9.3.3, and Gaussian Mixture Models described
in Section 10.13. Note that statistical pattern recognition and cluster analysis can be
combined—for instance, the minimum distance classifier can be taught using cluster
analysis methods.

9.3 Neural nets
Neural nets have seen widespread use for some decades and represent a tool of great value
in various areas generally regarded as ‘difficult’, particularly speech and visual pattern
recognition.
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Figure 9.12: A simple (McCulloch-Pitts) neuron. © Cengage
Learning 2015.

Most neural approaches are based on combinations of elementary processors (neu-
rons), each of which takes a number of inputs and generates a single output. Associated
with each input is a weight, and the output (in most cases) is then a function of the
weighted sum of inputs; this output function may be discrete or continuous, depending
on the variety of network in use. A simple neuron is shown in Figure 9.12—this model is
derived from pioneering work on neural simulation conducted over 70 years ago [McCul-

Copyright 2013 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s).

Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it.Microsoft Exhibit 1045 - Page 25 
Microsoft Corporation v. RealD Spark, LLC 
IPR2023-01046 - U.S. Patent No. 10,740,985



408 Chapter 9: Object recognition

loch and Pitts, 1943]. The inputs are denoted by v1, v2, . . . , and the weights by w1, w2,
. . . ; the total input to the neuron is then

x =
n∑
i=1

vi wi (9.53)

or, more generally

x =
n∑
i=1

vi wi − θ , (9.54)

where θ is a threshold associated with this neuron. Also associated with the neuron is a
transfer function f(x) which provides the output; common examples are

f(x) =
{

0 if x ≤ 0
1 if x > 0

, (9.55)

f(x) = 1
1 + e−x

. (9.56)

[Rosenblatt, 1962].
The general idea of collections (networks) of these neurons is that they are intercon-

nected (so the output of one becomes the input of another, or others)—this idea mimics
the high level of interconnection of elementary neurons found in brains, which is thought
to explain the damage resistance and recall capabilities of humans. Such an intercon-
nection may then take some number of external inputs and deliver up some (possibly
different) number of external outputs—see Figure 9.13. What lies between then spec-
ifies the network: This may mean a large number of heavily interconnected neurons,
or some highly structured (e.g., layered) interconnection, or, pathologically, nothing (so
that inputs are connected straight to outputs).

v

v

2

n
y

y
2

m

1 1
yv

Figure 9.13: A neural network as a vector associator. © Cen-
gage Learning 2015.

There are many uses to which such a structure may be put; the general task being
performed is vector association. Examples may be:

• Classification: If the output vector (m-dimensional) is binary and contains only
a single one, the position of the one classifies the input pattern into one of m
categories.

• Auto-association: Some uses of neural networks cause them to re-generate the input
pattern at the outputs (so m = n and vi = yi); the purpose of this may be to derive
a more compact vector representation from within the network internals.

Copyright 2013 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s).

Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it.Microsoft Exhibit 1045 - Page 26 
Microsoft Corporation v. RealD Spark, LLC 
IPR2023-01046 - U.S. Patent No. 10,740,985



9.3 Neural nets 409

• General association: At their most interesting, the vectors v and y represent pat-
terns in different domains, and the network is forming a correspondence between
them. For example, the inputs may represent a stream of written text and the out-
puts phonemes, making the network a speech generator [Sejnowski and Rosenberg,
1987].

Here we give only a brief overview to show the main principles of neural nets and
their connections to conventional statistical pattern recognition. We do not discussed
many alternative neural net techniques, methods, and implementations. Many further
references may be found in a host of published papers and various introductory texts.

9.3.1 Feed-forward networks
Early neural networks involved no ‘internals’ (so the box in Figure 9.13 was empty);
these perceptrons had a training algorithm developed which was shown to converge if a
solution to the problem at hands exists [Minsky, 1988]; unfortunately, this proved very
restrictive, requiring that the classification being performed be linearly separable This
restriction was overcome by widely used back-propagation algorithm [Rumelhart and
McClelland, 1986], which trains strictly layered networks in which it is assumed that at
least one layer exists between input and output (it fact, it can be shown that two such
‘hidden’ layers always suffice [Kolmogorov, 1963; Hecht-Nielson, 1987]). Such a network
is shown in Figure 9.14, and is an example of a feed-forward network: data are admitted
at the inputs and travel in one direction toward the outputs, at which the ‘answer’ may
be read.

Input

Output

v v v
2 3 4

y y
2 3

wij
1

1

v
1

w 2
ij

y

Figure 9.14: A three-layered neural net structure. © Cengage Learning 2015.

Such networks are ‘taught’ from a known training set. Back-propagation proceeds by
comparing the output of the network to that expected, and computing an error measure
based on sum of square differences. This is then minimized using gradient descent by
altering the weights of the network. Denoting a member of the training set by vi, the
actual outputs by yi, and the desired outputs by ωi, the error is

E =
∑
i

∑
j

(yij − ωij)2

Copyright 2013 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s).

Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it.Microsoft Exhibit 1045 - Page 27 
Microsoft Corporation v. RealD Spark, LLC 
IPR2023-01046 - U.S. Patent No. 10,740,985



410 Chapter 9: Object recognition

and the algorithm performs the iterative updates

wij(k + 1) = wij(k)− ε ∂E

∂wij
(9.57)

until ‘good’ performance is seen.
The literature on back-propagation is large and thorough, and we present here a

summary of the algorithm only.

Algorithm 9.6: Back-propagation learning

1. Assign small random numbers to the weights wij , and set k = 0.

2. Input a pattern v from the training set and evaluate the neural net output y.

3. If y does not match the required output vector ω, adjust the weights

wij(k + 1) = wij(k) + ε δjzi(k) , (9.58)

where ε is called the learning constant or learning rate, zi(k) is the output
of the node i, k is the iteration number, δj is an error associated with the node
j in the adjacent upper level

δj =
{
yj(1− yj)(ωj − yj) for output node j ,
zj(1− zj)

∑
l δlwjl for hidden node j .

(9.59)

4. Go to step 2 and fetch the next input pattern.

5. Increment k, and repeat steps 2 to 4 until each training pattern outputs a suitably
good approximation to that expected. Each circuit of this loop is termed an
epoch.

The convergence process can be very slow, and there is an extensive literature on
speeding the algorithm (see, for example, [Haykin, 1998]). The best known of these tech-
niques is the introduction of momentum, which accelerates convergence across plateaus
of the cost surface, and controls behavior in steep ravines. This approach rewrites equa-
tion (9.57) as

∆wij = ε
∂E

∂wij

and updates it to
∆wij := ε

∂E

∂wij
+ ε∆wij ,

which updates equation (9.58) to

wij(k + 1) = wij(k) + ε δj zi(k) + α
(
wij(k)− wij(k − 1)

)
; (9.60)

α is called the momentum constant and is chosen to be between 0 and 1, having the
effect of contributing a proportion of the update of the previous iteration into the current
one. Thus, in areas of very low gradient, some movement continues.
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9.3 Neural nets 411

9.3.2 Unsupervised learning
A different class of networks are self-teaching—that is, they do not depend on the net
being exposed to a a training set with known information about classes, but are able to
self-organize themselves to recognize patterns automatically. Various types of networks
exist under this general heading, of which the best known are Kohonen feature maps.

Kohonen maps take as input n-dimensional data vectors and generate an n-dimen-
sional output that, within the domain of the problem at hand, ‘best represents’ the
particular input given. More precisely, the network has a layer of neurons, each of which
is connected to all n input vector components, each neuron calculates its input (equation
9.53), and that with the largest input is regarded as the ‘winner’; the n weights associated
with the input arcs to this node then represent the output. Figure 9.15 illustrates this.
The weights are updated using a learning algorithm that finds the data structure for
itself (i.e., no prior classification is needed or indeed known). It may be clear that such a
network is performing the role of clustering—similar inputs generate the same output.

Inputs

Determine maximal response

Kohonen neuron layer

v

Figure 9.15: Kohonen self-organizing neural net. © Cengage Learning 2015.

The theory underlying Kohonen networks is derived from the operation of biological
neurons, which are known to exist in locally 2D layers and in which neural responses
are known to cluster. The derivation of the algorithm may be found in various standard
texts [Kohonen, 1995] but may be summarized as follows.

Algorithm 9.7: Unsupervised learning of the Kohonen feature map
1. Assign random numbers with a small variance around the average values of the

input feature vector elements to the weights wij .

2. Collect a sample of vectors V = {v} from the set to be analyzed.

3. Select a new vector v ∈ V , and determine the neuron with the biggest input:

j∗ = argmax
j

∑
i

wij vi .

4. For all neurons nj within a neighborhood of radius r of nj∗ , perform the weight
update with step size α > 0 (learning rate)

wij := wij + α (vi − wij) . (9.61)

5. Go to step 3.

6. Reduce r and α, and go to step 3.
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412 Chapter 9: Object recognition

Several other varieties of self-teaching net exist, of which the best known is perhaps
ART (Adaptive Resonance Theory) [Carpenter and Grossberg, 1987]. More specialized
texts provide ample detail.

9.3.3 Hopfield neural nets

Hopfield nets are used mostly in optimization problems [Hopfield and Tank, 1986]; how-
ever, it is possible to represent recognition as an optimization task—find the maximum
similarity between a pattern x and one of the existing exemplars v.

In the Hopfield neural model, the network does not have designated inputs and
outputs, but rather the current configuration represents its state. The neurons, which
are fully interconnected, have discrete (0/1 or -1/1) outputs, calculated from equation
(9.55). Weights between neurons do not evolve (learn), but are computed from a set of
known exemplars at initialization

wij =
∑
r

(vri vrj ) , i 6= j , (9.62)

where wij is the interconnection weight between nodes i and j; and vri is the ith element
of the rth exemplar; wii = 0 for any i.
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Figure 9.16: Hopfield recurrent neural net. © Cengage Learning 2015.

The Hopfield net acts as an associative memory where the exemplars are stored; its
architecture is shown in Figure 9.16. When used for recognition, the feature vector to
be classified enters the net in the form of initial values of node outputs. The Hopfield
net then recurrently iterates using existing interconnections with fixed weights until a
stable state is found—that such a state is reached can be proved under certain conditions
(for which equation 9.62 is sufficient). The resulting stable state should be equal to the
values of the exemplar that is closest to the processed feature vector in the Hamming
metric sense. Supposing these class exemplars v r are known, the recognition algorithm
is as follows.
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9.4 Syntactic pattern recognition 413

Algorithm 9.8: Recognition using a Hopfield net

1. Based on existing exemplars v i of r classes, compute the interconnection weights
wij (equation 9.62).

2. Apply an unknown feature vector x as initial outputs y(0) of the net.

3. Iterate until the net converges (output y does not change):

yj(k + 1) = f
N∑
i=1

wij yi(k) . (9.63)

The final output vector y represents the exemplar of the class into which the processed
feature vector x is classified. In other words, a Hopfield neural net transforms a non-
ideal representation of an object (fuzzy, noisy, incomplete, etc.) to the ideal exemplar
representation. The transformation of a noisy binary image of characters to a clear letter
is one vision-related application.

The Hopfield neural net converges by seeking a minimum of a particular function—
this is usually a local minimum, which may mean that the correct exemplar (the global
minimum) is not found. Moreover, the number of local minima grows rapidly with
the number of exemplars stored in the associative network. It can be shown that the
minimum number of nodes N required is about seven times the number of memories M
to be stored (this is known as the 0.15N ≥ M rule) [McEliece et al., 1987], causing a
rapid increase in the number of necessary nodes.

9.4 Syntactic pattern recognition
Quantitative description of objects using numeric parameters (the feature vector) is used
in statistical pattern recognition, while qualitative descriptions are characteristic of
syntactic pattern recognition. The object structure is contained in the syntactic de-
scription. If feature description is not able to represent the complexity of an object, or
when an object can be represented as a hierarchical structure consisting of simpler parts,
syntactic object description is appropriate. The elementary properties of the objects are
called primitives: Section 8.2.4 covered the syntactic description of object borders using
border primitives, these primitives representing parts of borders with a specific shape).
Graphical or relational descriptions of objects where primitives represent subregions of
specific shape is another example (see Sections 8.3.3 to 8.3.5). After each primitive has
been assigned a symbol, relations between primitives in the object are described, and
a relational structure results (Chapters 4 and 8). As in statistical recognition, the
design of description primitives and their relation is not algorithmic. It is based on an
analysis of the problem, designer experience, and abilities. However, there are some basic
principles:

1. The number of primitive types should be small.

2. The primitives chosen must be able to form an appropriate object representation.
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414 Chapter 9: Object recognition

3. Primitives should be easily segmentable from the image.

4. Primitives should be easily recognizable using some statistical pattern recognition
method.

5. Primitives should correspond with significant natural elements of the object (image)
structure being described.

For example, if technical drawings are described, primitives are line and curve seg-
ments, binary relations describe relations such as to be adjacent, to be left of, to be above,
etc. This description structure can be compared with the structure of a natural lan-
guage. The text consists of sentences, sentences consist of words, words are constructed
by concatenation of letters. Letters are considered primitives in this example; the set
of all letters is called the alphabet. The set of all words in the alphabet that can be
used to describe objects from one class (the set of all feasible descriptions) is named the
description language and represents descriptions of all objects in the specific class. In
addition, a grammar represents a set of rules that must be followed when words of the
specific language are constructed from letters (of the alphabet). These definitions will
be considered in more detail in Section 9.4.1.

Assume that the object is appropriately described by some primitives and their re-
lations. Moreover, assume that the grammar is known for each class that generates
descriptions of all objects of the specified class. Syntactic recognition decides whether
the description word is or is not syntactically correct according to the particular class
grammars, meaning that each class consists only of objects whose syntactic description
can be generated by the particular grammar. Syntactic recognition is a process that
looks for the grammar that can generate the syntactic word that describes an object.

Each relational structure with multiple relations can be transformed to a relational
structure with at most binary relations; the image object is then represented by a graph
which is planar if relations with adjacent regions only are considered. A graphical de-
scription is very natural, especially in the description of segmented images—examples
were given in Section 8.3. Each planar graph can be represented either by a graph gram-
mar or by a sequence of symbols (chain, word, etc.) over an alphabet. Sequential rep-
resentation is not always advantageous in image object recognition because the valuable
correspondence between the syntactic description and the object may be lost. Neverthe-
less, work with chain grammars is more straightforward and understandable, and all the
main features of more complex grammars are included in chain grammars. Therefore, we
will discuss principally sequential syntactic descriptions and chain grammars. More pre-
cise and detailed discussion of grammars, languages, and syntactic recognition methods
can be found in [Fu, 1974, 1982].

Algorithm 9.9: Syntactic recognition

1. Learning: Based on the problem analysis, define the primitives and their possible
relations.

2. Construct a description grammar for each class of objects using either hand
analysis of syntactic descriptions or automated grammar inference (see Section
9.4.3).
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9.4 Syntactic pattern recognition 415

3. Recognition: For each object, extract its primitives first; recognize the primi-
tives’ classes and describe the relations between them. Construct a description
word representing an object.

4. Based on the results of the syntactic analysis of the description word, classify an
object into that class for which its grammar (constructed in step 2) can generate
the description word.

It can be seen that the main difference between statistical and syntactic recognition
is in the learning process. Grammar construction can rarely be algorithmic using today’s
approaches, requiring significant human interaction. It is usually found that the more
complex the primitives are, the simpler is the grammar, and the simpler and faster is the
syntactic analysis. More complex description primitives on the other hand make step 3
of the algorithm more difficult and more time consuming; also, primitive extraction and
evaluation of relations may not be simple.

9.4.1 Grammars and languages
Assuming that the primitives have been successfully extracted, all the inter-primitive
relations can then be described syntactically as n-ary relations; these relations form
structures (chains, trees, graphs) called words that represent the object or the pattern.
Each pattern is therefore described by a word. Primitive classes can be understood as
letters from the alphabet of symbols called terminal symbols. Let the alphabet of
terminal symbols be Vt.

The set of patterns from a particular class corresponds to a set of words. This set
of words is called the formal language and is described by a grammar. The grammar
is a mathematical model of a generator of syntactically correct words (words from the
particular language); it is a quadruple

G = [Vn, Vt, P, S] , (9.64)

where Vn and Vt are disjoint alphabets, elements of Vn are called non-terminal sym-
bols, and elements of Vt are terminal symbols. Define V ∗ to be the set of all empty or
non-empty words built from the terminal and/or non-terminal symbols. The symbol S
is the grammar axiom or the start symbol. The set P is a non-empty finite subset of
the set V ∗ × V ∗; elements of P are called the substitution rules. The set of all words
that can be generated by the grammar G is called the language L(G). Grammars that
generate the same language are called equivalent.

A simple example will illustrate this terminology. Let the words generated by the
grammar be squares of arbitrary size with sides parallel to the co-ordinate axes, and let
the squares be represented by the Freeman chain code of the border in 4-connectivity
(see Section 8.2.1). There are four terminal symbols (primitives) of the grammar in this
case, Vt = {0, 1, 2, 3}. Let the non-terminal symbols be Vn = {s, a, b, c, d}. Note that the
terminal symbols correspond to natural primitives of the 4-connectivity Freeman code;
the non-terminal symbols were chosen from an infinite set of feasible symbols. The set
of substitution rules P demonstrates how the start symbol S = s can be transformed to
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416 Chapter 9: Object recognition

words corresponding to the Freeman chain code description of squares:

P : (1) s → abcd , (9.65)
(2) aAbBcCdD → a1Ab2Bc3Cd0D , (9.66)
(3) aAbBcCdD → ABCD , (9.67)

where A (B,C,D, respectively) is a variable representing any chain (including an empty
one) consisting only of terminal symbols 1 (2, 3, 0). Rule 3 stops the word generating pro-
cess. For example, a square with a side length l = 2 with the Freeman chain description
11223300 is generated by the following sequence of substitution rules (see Figure 9.17)

s→1 abcd→2 a1b2c3d0→2 a11b22c33d00→3 11223300 ,

where the arrow superscript refers to the appropriate substitution rule. The simple
analysis of generated words shows that the language generated consists only of Freeman
chain code representations of squares with sides parallel to the plane co-ordinates.

2

3

3

0 0

1

1

22

0
1

3

Figure 9.17: Square shape description. © Cengage Learning 2015.

Grammars can be divided into four main groups ordered from the general to the
specific [Chomsky, 1966]:

1. Type 0—General Grammars
There are no limitations for the substitution rules.

2. Type 1—Context-Sensitive Grammars
Substitution rules can be of the form

W1αW2 →W1UW2 , (9.68)

which can contain the substitution rule S → e, where e is an empty word; words
W1,W2, U consist of elements of V ∗, U 6= e, α ∈ Vn. This means that the non-
terminal symbols can be substituted by the word U in the context of words W1
and W2.

3. Type 2—Context-Free Grammars
Substitution rules have the form

α→ U , (9.69)
where U ∈ V ∗, U 6= e, α ∈ Vn. Grammars can contain the rule S → e. This means
that the non-terminal symbol can be substituted by a word U independently of the
context of α.
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9.4 Syntactic pattern recognition 417

4. Type 3—Regular Grammars
The substitution rules of regular grammars are of the form

α→ xβ or α→ x , (9.70)

where α, β ∈ Vn, x ∈ Vt. The substitution rule S → e may be included.

All the grammars discussed so far have been non-deterministic. The same left-
hand side might appear in several substitution rules with different right-hand sides, and
no rule exists that specifies which rule should be chosen. A non-deterministic gram-
mar generates a language in which no words are ‘preferred’. If it is advantageous to
generate some words (those more probable) more often than others, substitution rules
can be accompanied by numbers (for instance, by probabilities) that specify how often
the substitution rule should be applied. If the substitution rules are accompanied by
probabilities, the grammar is called stochastic. If the accompanying numbers do not
satisfy the properties of probability (unit sum of probabilities for all rules with the same
left-hand side), the grammar is called fuzzy [Zimmermann et al., 1984].

Note that the evaluation of the frequency with which each substitution rule should
be used can substantially increase the efficiency of syntactic analysis in the recognition
stage [Fu, 1974].

9.4.2 Syntactic analysis, syntactic classifier
If appropriate grammars exist that can be used for representation of all patterns in their
classes, the last step is to design a syntactic classifier which assigns the pattern (the word)
to an appropriate class. It is obvious that the simplest way is to construct a separate
grammar for each class; an unknown pattern x enters a parallel structure of blocks that
can decide if x ∈ L(Gj), where j = 1, 2, . . . R and R is the number of classes; L(Gj) is
the language generated by the jth grammar. If the jth block’s decision is positive, the
pattern is accepted as a pattern from the jth class and the classifier assigns the pattern
to the class j. Note that generally more than one grammar can accept a pattern as
belonging to its class.

The decision of whether or not the word can be generated by a particular grammar is
made during syntactic analysis. Moreover, syntactic analysis can construct the pattern
derivation tree which can represent the structural information about the pattern.

If a language is finite (and of a reasonable size), the syntactic classifier can search for
a match between the word being analyzed and all the words of the language. Another
simple syntactic classifier can be based on comparisons of the chain word descriptions
with typical representatives of classes comparing primitive type presence only. This
method is very fast and easily implemented, though it does not produce reliable results
since the syntactic information is not used at all. However, impossible classes can be
rejected in this step, which can speed up the syntactic analysis process.

Syntactic analysis is based on efforts to construct the tested pattern by the appli-
cation of some appropriate sequence of substitution rules to the start symbol. If the
substitution process is successful, the analysis process stops and the tested pattern can
be generated by the grammar. The pattern can be classified into the class represented
by the grammar. If the substitution process is unsuccessful, the pattern is not accepted
as representing an object of this class.
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418 Chapter 9: Object recognition

If the class description grammar is regular (type 3), syntactic analysis is very simple.
The grammar can be substituted with a finite non-deterministic automaton and it is easy
to decide if the pattern word is accepted or rejected by the automaton [Fu, 1982]. If the
grammar is context free (type 2), the syntactic analysis is more difficult. Nevertheless,
it can be designed using stack automata.

Generally, which process of pattern word construction is chosen is not important;
the transformation process can be done in top-down or bottom-up manner.

A top-down process begins with the start symbol and substitution rules are applied
in the appropriate way to obtain the same pattern word as that under analysis. The
final goal of syntactic analysis is to generate the same word as the analyzed word; every
partial substitution creates a set of subgoals, just as new branches are created in the
generation tree. Effort is always devoted to fulfill the current subgoal. If the analysis is
not successful in fulfilling the subgoal, it indicates an incorrect choice of the substitution
rule somewhere in the previous substitutions, and back-tracking is invoked to get back
to the nearest higher tree level (closer to the root), and to pick another applicable rule.
The process of rule applications and back-tracking is repeated until the required pattern
word results. If the whole generating process ends unsuccessfully, the grammar does not
generate the word, and the analyzed pattern does not belong to the class.

This top-down process is a series of expansions starting with the start symbol S. A
bottom-up process starts with the analyzed word, which is reduced by applying reverse
substitutions, the final goal being to reduce the word to the start symbol S. The main
principle of bottom-up analysis is to detect subwords in the analyzed word that match
the pattern on the right-hand side of some substitution rule, then the reduction process
substitutes the former right-hand side with the left-hand side of the rule in the analyzed
word. The bottom-up method follows no subgoals; all the effort is devoted to obtaining
a reduced and simplified word pattern until the start symbol is obtained. Again, if the
process is not successful, the grammar does not generate the analyzed word.

The pure top-down approach is not very efficient, since too many incorrect paths
are generated. The number of misleading paths can be decreased by application of
consistency tests. For example, if the word starts with a non-terminal symbol I, only rules
with the right-hand side starting with I should be considered. Many more consistency
tests can be designed that take advantage of prior knowledge. This approach is also
called tree pruning (Figure 9.18) [Nilsson, 1982].

Tree pruning is often used if an exhaustive search cannot be completed because the
search effort would exceed any reasonable bounds. Note that pruning can mean that the
final solution is not optimal or may not be found at all (especially if tree search is used
to find the best path through the graph, Section 6.2.4). This depends on the quality of
the a priori information that is applied during the pruning process.

There are two main principles for recovery from following a wrong path. The first
one is represented by the back-tracking mechanism already mentioned, meaning that the
generation of words returns to the nearest point in the tree where another substitution
rule can be applied which has not yet been applied. This approach requires the ability to
re-construct the former appearances of generated subwords and/or remove some branches
of the derivation tree completely.

The second approach does not include back-tracking. All possible combinations of
the substitution rules are applied in parallel and several generation trees are constructed
simultaneously. If any tree succeeds in generating the analyzed word, the generation pro-
cess ends. If any tree generation ends with a non-successful word, this tree is abandoned.
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(b)(a)
Figure 9.18: Tree pruning. (a) Original tree. (b) Pruning decreases size of the searched tree.
© Cengage Learning 2015.

The latter approach uses more brute force, but the algorithm is simplified by avoiding
back-tracking.

It is difficult to compare the efficiency of these two and the choice depends on the
application; Bottom-up analysis is more efficient for some grammars, and top-down is
more efficient for others. As a general observation, the majority of syntactic analyzers
which produce all generated words is based on the top-down principle. This approach is
appropriate for most grammars but is usually less efficient.

Another approach to syntactic analysis uses example relational structures of classes.
The syntactic analysis consists of matching the relational structure that represents the
analyzed object with the example relational structure. The main goal is to find an
isomorphism of both relational structures. These methods can be applied to n-ary
relational structures as well. Relational structure matching is a perspective approach
to syntactic recognition, a perspective way of image understanding (see Section 9.5).
A simple example of relational structure matching is shown in Figure 9.19. A detailed
description of relational structure matching approaches can be found in [Barrow and
Popplestone, 1971; Ballard and Brown, 1982; Baird, 1984].

(a) (b) (c)

Figure 9.19: Matching relational structures: (a) and (b) match assuming nodes and relations of
the same type; (c) does not match either (a) or (b). © Cengage Learning 2015.
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420 Chapter 9: Object recognition

9.4.3 Syntactic classifier learning, grammar inference
To model a language of any class of patterns as closely as possible, the grammar rules
should be extracted from a training set of example words. This process of grammar
construction from examples is known as grammar inference, the essence of which can
be seen in Figure 9.20.

representing

the source

Grammar

Source of sample

words

Inference

algorithm

Teacher

C
x L (G)

x L(G)

j

i

G

Figure 9.20: Grammar inference. © Cengage Learning 2015.

The source of words generates finite example words consisting of the terminal sym-
bols. Assume that these examples include structural features that should be represented
by a grammar G which will serve as a model of this source. All the words that can be
generated by the source are included in the language L(G), and the words that cannot be
generated by the source represent a residuum of this set LC(G). This information enters
the inference algorithm whose goal is to find and describe the grammar G. Words that
are included in the language L(G) can be acquired simply from the source of examples.
However, the elements of LC(G) must be presented by a teacher that has additional
information about the grammar properties [Barrero, 1991].

Note that the number of example words generated by the source is finite and it
is therefore not sufficient to define the possibly infinite language L(G) unambiguously.
Any finite set of examples can be represented by an infinite set of languages, making it
impossible to identify unambiguously the grammar that generated the examples. Gram-
mar inference is expected to construct the grammar that describes the training set of
examples, plus another set of words that in some sense have the same structure as the
examples.

The inference methods can be divided into two groups, based on enumeration and
induction. Enumeration detects the grammar G from the finite set M of grammars
that can generate the entire training set of examples or its main part. The difficulty is in
the definition of the set M of grammars and in the procedure to search for the grammar
G. Induction-based methods start with the analysis of words from the training set; the
substitution rules are derived from these examples using patterns of similar words.

There is no general method for grammar inference that constructs a grammar from
a training set. Existing methods can be used to infer regular and context-free grammars,
and may furthermore be successful in some other special cases. Even if simple grammars
are considered, the inferred grammar usually generates a language that is much larger
than the minimum language that can be used for appropriate representation of the class.
This property of grammar inference is extremely unsuitable for syntactic analysis because
of the computational complexity. Therefore, the main role in syntactic analyzer learning
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9.5 Recognition as graph matching 421

is still left to a human analyst, and the grammar construction is based on heuristics,
intuition, experience, and prior information about the problem.

If the recognition is based on sample relational structures, the main problem is in
its automated construction. The conventional method for the sample relational struc-
ture construction is described in [Winston, 1975], where the relational descriptions of
objects from the training set are used. The training set consists of examples and counter-
examples. The counter-examples should be chosen to have only one typical difference in
comparison with a pattern that is a representative of the class.

9.5 Recognition as graph matching
Graphs with weighted nodes and weighted arcs often appear in image descriptions using
relational structures. Graph comparisons can tell us whether the reality represented by
an image matches prior knowledge incorporated into graphical models. Figure 9.21 shows
a typical graph matching task.

Model Model graph Reality Reality graph 1 Reality graph 2Reality 2

Figure 9.21: Graph matching problem. © Cengage Learning 2015.

If the problem is to find an object (represented by a model graph) in a graphical
representation of the image, the model must match a subgraph in the image graph
exactly. An exact match of graphs is called graph isomorphism—for example, the
graphs in Figure 9.21 are isomorphic.

Graph isomorphism and subgraph isomorphism evaluation is a classical problem in
graph theory and is important from both practical and theoretical points of view. Graph
theory and algorithms have an extensive literature (for example, [Harary, 1969; McHugh,
1990; Tucker, 1995; Bollobas, 2002]), The problem is actually more complex in reality,
since the requirement of an exact match is very often too strict in recognition problems.

Because of imprecise object descriptions, image noise, overlapping objects, lighting
conditions, etc., the object graph usually does not match the model graph exactly. Graph
matching is a difficult problem, and evaluation of graph similarity is not any easier–an
important problem is to design a metric which determines how similar two graphs are.

9.5.1 Isomorphism of graphs and subgraphs
Graph isomorphism problems can be divided into three main classes [Harary, 1969; Bal-
lard and Brown, 1982].
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422 Chapter 9: Object recognition

1. Graph isomorphism. Given two graphs G1 = (V1, E1) and G2 = (V2, E2), find
a one-to-one and onto mapping (an isomorphism) f between V1 and V2 such that
for each edge of E1 connecting any pair of nodes v, v′ ∈ V1, there is an edge of E2
connecting f(v) and f(v′); further, if f(v) and f(v′) are connected by an edge in
G2, v and v′ are connected in G1.

2. Subgraph isomorphism. Find an isomorphism between a graph G1 and sub-
graphs of another graph G2. This problem is more difficult than the previous one.

3. Double subgraph isomorphism. Find all isomorphisms between subgraphs of
a graph G1 and subgraphs of another graph G2. This problem is of the same order
of difficulty as number 2.

It is known that the subgraph and double subgraph isomorphism problems are NP -
complete (using known algorithms, solution time is proportional to an exponential func-
tion of input length)—it is still not known whether the graph isomorphism problem is
NP -complete. Non-deterministic algorithms for graph isomorphism that use heuristics
and look for suboptimal solutions give a solution in polynomial time in both graph and
subgraph isomorphism testing. Isomorphism testing is computationally expensive for
both weighted and unweighted graphs.

Node and arc weights can simplify isomorphism testing. More precisely, the weights
may make disproof of isomorphism easier. Isomorphic weighted graphs have the same
number of nodes and arcs with the same weight. An isomorphism test of two weighted
graphsG1 = (V1, E1) andG2 = (V2, E2) can be based on partitioning the node sets V1 and
V2 in a consistent manner looking for inconsistencies in the resulting set partitions—the
goal is to achieve a one-to-one correspondence between nodes from sets V1 and V2. The
algorithm consists of repeated node set partitioning steps, and the necessary conditions of
isomorphism are tested after each step (the same number of nodes of equivalent properties
in corresponding sets of both graphs). The node set partitioning may, for example, be
based on the following properties:

• Node attributes (weights).

• The number of adjacent nodes (connectivity).

• The number of edges of a node (node degree).

• Types of edges of a node.

• The number of edges leading from a node back to itself (node order).

• The attributes of adjacent nodes.

After new subsets are generated based on one of these criteria, the cardinalities of corre-
sponding subsets of nodes in graphs G1 and G2 are tested; see Figure 9.22a. Obviously,
if v1i is in several subsets V1j , then the corresponding node v2i must also be in the
corresponding subsets V2j , or the isomorphism is disproved

v2i ∈
⋂

j|v1i∈V1j

V2j . (9.71)
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Figure 9.22: Graph isomorphism. (a) Testing cardinality in corresponding subsets. (b) Parti-
tioning node subsets. (c) Generating new subsets. (d) Subset isomorphism found. (e) Graph
isomorphism disproof. (f) Situation when arbitrary search is necessary. © Cengage Learning 2015.

If all the generated subsets satisfy the necessary conditions of isomorphism in step i, the
subsets are split into new sets of nodes W1n,W2n (Figure 9.22b)

W1i
⋂
W1j = ∅ for i 6= j ,

W2i
⋂
W2j = ∅ for i 6= j . (9.72)

Clearly, if V1j = V2j and if v1i /∈ V1k, then v2i ∈ V C2k, where V C is the set complement.
Therefore, by equation (9.71), corresponding elements v1i, v2i of W1n,W2n must satisfy

v2i ∈
{ ⋂
{j|v1i∈W1j}

W2j

}⋂{ ⋂
{(k|v1i /∈W1k)∧(W1k=W2k)}

WC
2k

}
. (9.73)

The cardinality of all the corresponding sets W1n,W2n is tested to disprove the graph
isomorphism.

The same process is repeated in the following steps, applying different criteria for
node subset generation. Note that new subsets are generated independently in W1i,W2i
(Figure 9.22c).

The process is repeated unless one of three cases occurs:

1. All the corresponding sets W1i,W2i contain one node each. The isomorphism is
found (Figure 9.22d).
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424 Chapter 9: Object recognition

2. The cardinality condition is not satisfied in at least one of the corresponding subsets.
The isomorphism is disproved (Figure 9.22e).

3. No more new subsets can be generated before one of the previous cases occurs. In
that situation, either the node set partitioning criteria are not sufficient to establish
an isomorphism, or more than one isomorphism is possible. In this case, systematic
arbitrary assignment of nodes that have more than one possible corresponding node
and cardinality testing after each assignment may provide a solution (Figure 9.22f).

The last part of the process, based on systematic assignment of possibly corresponding
nodes and isomorphism testing after each assignment, may be based on back-tracking
principles. Note that the back-tracking approach can be used from the very beginning
but it is more efficient to start the test using all available prior information about the
graphs. The back-tracking process is applied if more than one potential correspondence
between nodes is encountered. Back-tracking tests for directed graph isomorphism and a
recursive algorithm are given in [Ballard and Brown, 1982] together with accompanying
hints for improving efficiency.

Algorithm 9.10: Graph isomorphism

1. Take two graphs G1 = (V1, E1), G2 = (V2, E2).

2. Use a node property criterion to generate subsets V1i, V2i of the node sets V1
and V2. Test whether the cardinality conditions hold for corresponding subsets.
If not, the isomorphism is disproved.

3. Partition the subsets V1i, V2i into subsets W1j ,W2j satisfying the conditions
given in equation (9.72) (no two subsets W1j or W2j contain the same node).
Test whether the cardinality conditions hold for all the corresponding subsets
W1j ,W2j . If not, the isomorphism is disproved.

4. Repeat steps 2 and 3 using another node property criterion in all subsets
W1j ,W2j generated so far. Stop if one of the three above-mentioned situations
occurs.

5. Based on the situation that stopped the repetition process, the isomorphism
either was proved, disproved, or some additional procedures (such as back-
tracking) must be applied to complete the proof or disproof.

A classic approach to subgraph isomorphism uses a brute force enumeration process,
described as a depth-first tree search algorithm [Ullmann, 1976]. As a way of improving
efficiency, a refinement procedure is entered after each node is searched in the tree—
the procedure reduces the number of node successors, which yields a shorter execution
time. An alternative approach transforms the graph problem into a linear programming
problem [Zdrahal, 1981].

The double subgraph isomorphism problem can be translated into a subgraph isomor-
phism problem using the clique—a complete (totally connected) subgraph—approach.
A clique is said to be maximal if no other clique properly includes it. Note that a graph
may have more than one maximal clique; however, it is often important to find the largest
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9.5 Recognition as graph matching 425

maximal clique: this is a well-known problem in graph theory. An example algorithm
for finding all cliques of an undirected graph can be found in [Bron and Kerbosch, 1973].
The maximal clique Gclique = (Vclique, Eclique) of the graph G = (V,E) can be found as
follows [Niemann, 1990].

Algorithm 9.11: Maximal clique location

1. Take an arbitrary node vj ∈ V ; construct a subset Vclique = {vj}.

2. In the set V Cclique search for a node vk that is connected with all nodes in Vclique.
Add the node vk to a set Vclique.

3. Repeat step 2 as long as new nodes vk can be found.

4. If no new node vk can be found, Vclique represents the node set of the maximal
clique subgraph Gclique (the maximal clique that contains the node vj).

To find the largest maximal clique, an additional maximizing search is necessary.
Other clique-finding algorithms are discussed in [Ballard and Brown, 1982; Yang et al.,
1989].

The search for isomorphism of two subgraphs (the double subgraph isomorphism)
is transformed to a clique search using the assignment graph [Ambler, 1975]. A pair
(v1, v2), v1 ∈ V1, v2 ∈ V2 is called an assignment if the nodes v1 and v2 have the same
node property descriptions, and two assignments (v1, v2) and (v′1, v′2) are compatible if
(in addition) all relations between v1 and v′1 also hold for v2 and v′2 (graph arcs between
v1,v′1 and v2,v′2 must have the same weight, including the no-edge case). The set of
assignments defines the set of nodes Va of the assignment graph Ga. Two nodes in Va
(two assignments) are connected by an arc in the assignment graph Ga if these two nodes
are compatible. The search for the maximum matching subgraphs of graphs G1 and G2
is a search for the maximum totally connected subgraph in Ga (the maximum totally
compatible subset of assignments).

The maximum totally connected subgraph is a maximal clique, and the maximal
clique-finding algorithm can be applied to solve this problem.

9.5.2 Similarity of graphs
Perfect matches are unlikely in reality, and the foregoing approaches are not able to
distinguish between a small mismatch of two very similar graphs and the case when the
graphs are not similar at all. If graph similarity is sought, the main stress is given to
the ability to quantify the similarity. Having three graphs G1, G2, G3, the question as to
which two are more similar is a natural one [Buckley, 1990].

The similarity of two strings (chains) can be based on the Levenshtein distance,
which is defined as the smallest number of deletions, insertions, and substitutions neces-
sary to convert one string into the other [Schlesinger and Hlaváč, 2002]. Transformations
of string elements can be assigned a specific transition cost to make the computed simi-
larity (distance) more flexible and more sensitive. This principle can be applied to graph
similarity as well. A set of feasible transformations of nodes and arcs (insertion, dele-
tion, substitution, relabeling) is defined, and these transformations are accompanied by
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(a) (b) (c)

Figure 9.23: Templates and springs principle. (a) Different objects having the same description
graphs. (b), (c) Nodes (templates) connected by springs, graph nodes may represent other graphs
in finer resolution. © Cengage Learning 2015.

transition costs. Any sequence of transformations is assigned a combination of single
step costs (like the sum of individual costs). The set of transformations that has the
minimum cost and transforms one graph to another graph defines a distance between
them [Niemann, 1990].

Note that similarity can be searched for in hierarchical graph structures. The graphs
consist of a number of subgraphs in which isomorphism (or similarity) has already been
proved. The next step is to detect, describe, and evaluate relations between these sub-
graphs (Figure 9.23, cf. Figure 9.21).

To explain the principles, a physical analogy of templates and springs [Fischler and
Elschlager, 1973] is usually considered. The templates (subgraphs) are connected by
springs (relations between subgraphs). The quality of the match of two graphs relates to
the quality of the local fit (in corresponding templates) and to the amount of energy used
to stretch the springs to match one graph onto the second (reference) graph. To make
the graph similarity measure more flexible, extra costs may be added for missing parts
of the graph as well as for some extra ones. The spring energy penalty may be made
highly non-linear, better to reflect the descriptive character in particular applications.

9.6 Optimization techniques in recognition
Optimization is very flexible. In image recognition and understanding, the best image
representation is sought, or the best match between image and model is required, or the
best image understanding is the goal. Whenever ‘the best’ is considered, some objective
function of goodness must be available, implying that an optimization technique can be
applied which looks for the maximum . . . for the best.

A function optimization problem is defined by some finite domain D and a function
f : D → R, R being the set of real numbers; optimization seeks the best value in D under
f . The ‘best’ is understood as finding a value x ∈ D yielding either the minimum or the
maximum of the function f :

fmin(x) = min
x∈D

f(x) , fmax(x) = max
x∈D

f(x) . (9.74)
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9.6 Optimization techniques in recognition 427

The function f is called the objective function. Optimization methods for seeking
maxima and minima are logically equivalent, and optimization techniques can be equally
useful if either a maximum or minimum is required.

No optimization algorithm can guarantee finding a good solution to a problem if the
objective function does not reflect the goodness of the solution. Therefore, the design of
the objective function is a key factor in the performance of any optimization algorithm.

Most conventional approaches to optimization use calculus-based methods which
can be compared to climbing a hill gradient of the objective function gives the steepest
direction to climb. The main limitation of calculus-based methods is their local behavior;
the search can easily end in a local maximum, and the global maximum can be missed
(see Figure 9.24).

(a) (b)

Global maximum

Local maximum

(a)

(a) (b)

Global maximum

Local maximum

(b)

Figure 9.24: Limitations of hill climbing methods. © Cengage Learning 2015.

Several methods improve the probability of finding the global maximum; to start the
hill climbing at several points in the search space, to apply enumerative searches such
as dynamic programming, to apply random searches, etc. Among these possibilities are
genetic algorithms and simulated annealing.

9.6.1 Genetic algorithms
Genetic algorithms (GA) use natural evolution mechanisms to search for the maximum
of an objective function [Goldberg, 1989; Mitchell, 1998; Haupt and Haupt, 2004]. GAs
do not guarantee that the global optimum will be found, but empirical results from
many applications show that the final solution is usually very close to it. This is very
important in image understanding applications, as will be seen in the next chapter. There
are almost always several consistent (feasible) solutions that are locally optimal in image
understanding, or matching, and only one of those possible solutions is the best one
represented by the global maximum. The opportunity to find a (near) global optimum
is very valuable in these tasks.

GAs differ substantially from other optimization methods in the following ways [Gold-
berg, 1989].

1. GAs work with a coding of the parameter set, not the parameters themselves.
They require the natural parameter set of the problem to be coded as a finite-
length string over some finite alphabet. This implies that any optimization problem
representation must be transformed to a string representation; binary strings are
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often used. The design of the problem representation as a string is an important
part of the method.

2. GAs search from a population of points, not a single point. The population of
solutions that is processed in each step is large, meaning that the search for the
optimum is driven from many places in the search space simultaneously. This gives
a better chance of finding the global optimum.

3. GAs use the objective function directly, not derivatives or other auxiliary know-
ledge. The search for new, better solutions depends on the values of the evaluation
function only. Note that, as in other recognition methods, GAs find the (near)
global optimum of the evaluation function but there is no guarantee at all that the
evaluation function is relevant to the problem. The evaluation function describes
the goodness of the particular string. The value of the evaluation function is called
fitness in GAs.

4. GAs use probabilistic transition rules, not deterministic rules. Rules of transition
from the current population of strings to a new and better population of strings
are based on the natural idea of supporting good strings with higher fitness and
removing poor strings with lower fitness. The best strings representing the best
solutions are allowed to survive the evolution process with a higher probability.
The survival of the fittest and the death of poor code strings is achieved by applying
three basic operations: reproduction, crossover, and mutation.

The population of strings represents all the strings that are being processed in the current
step of the GA. The sequence of reproduction, crossover, and mutation generates a new
population of strings from the previous population.

Reproduction

The reproduction operator is responsible for the survival of the fittest and for the death
of others based on a probabilistic treatment.

The mechanism copies strings with highest fitness into the next generation of strings.
The selection process is usually probabilistic, the probability that a string is reproduced
into the new population being given by its relative fitness in the current population—this
is their mechanism of survival. The lower the fitness of the string, the lower the chances
for survival. This process results in a set of strings where some strings of higher fitness
may be copied more than once into the next population. The total number of strings in
the population usually remains unchanged, and the average fitness of the new generation
is higher than it was before.

Crossover

There are many variations of crossover. The basic idea is to ‘mate’ newly reproduced
strings at random, randomly choosing a position for the border of each pair of strings,
and to produce new strings by swapping all characters between the beginning of the
string pairs and the border position; see Figure 9.25.

There is a probability parameter representing the number of pairs which will be
processed by crossover, so not all newly reproduced strings are subject to it. It may be
performed such that the best reproduced strings are kept in an unchanged form.
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9.6 Optimization techniques in recognition 429

Crossover together with reproduction represent the main power of GAs. However,
there is one more idea in the crossover operation: Blocks of characters can be detected in
strings that have locally correct structure even if the string as a whole does not represent
a good solution. These blocks of characters in strings are called schemata: they are
substrings that can represent building blocks of the string, and can be understood as the
local pattern of characters. Clearly, if schemata can be manipulated as locally correct
blocks, the optimal solution can be located faster than if all the characters are handled
independently. In every generation of n strings, about n3 schemata are processed. This
is called the implicit parallelism of genetic algorithms [Goldberg, 1989].

Figure 9.25: Principle of crossover. Two
strings before (left) and after the crossover
(right). © Cengage Learning 2015.

Mutation

Mutation plays only a secondary role in GAs. Its principle is randomly to change one
character of some string of the population from time to time—it might, for example,
take place approximately once per thousand bit transfers The main reason for mutation
is the fact that some local configurations of characters in strings of the population can
be totally lost as a result of reproduction and crossover—mutation protects GAs against
such irrecoverable loss of good solution features.

Population convergence in GAs is a serious question. For practical purposes this
question becomes one of when to stop generating new string populations. A common
and practically proven criterion recommends that the population-generating process be
stopped when the maximum achieved fitness in the population has not improved sub-
stantially through several previous generations.

The starting population can be generated at random, assuming the alphabet of char-
acters and the desired length of strings are known. Nevertheless, as always, if some prior
knowledge about the solution is available (the probable local patterns of characters, the
probable percentages of characters in strings, etc.), then it is advantageous to use this
information to make the starting population as fit as possible. The better the starting
population, the easier and faster the search for the optimum.

Algorithm 9.12: Genetic algorithm

1. Create a starting population of code strings, and find the value of their objective
functions.

2. Probabilistically reproduce high fitness strings in the new population, remove
poor fitness strings (reproduction).

3. Construct new strings combining reproduced code strings from the previous
population (crossover).
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430 Chapter 9: Object recognition

4. From time to time, change one character of some string at random (mutation).

5. Order code strings of the current population according to the value of their
objective function (fitness).

6. If the maximum achieved string fitness does not increase over several steps,
stop—otherwise return to step 2. The desired optimum is represented by the
current string of maximum fitness.

See Section 10.10.2 for an example of the algorithm use for image analysis. A more
detailed and precise description of genetic algorithms can be found in [Goldberg, 1989;
Rawlins, 1991; Mitchell, 1996]. Many examples and descriptions of related techniques are
included there as well, such as knowledge implementation into mutation and crossover,
GA learning systems, hybrid techniques that combine good properties of conventional
hill climbing searches and GAs, etc.

9.6.2 Simulated annealing
Simulated annealing [Kirkpatrick et al., 1983] represents another group of robust opti-
mization methods. Similarly to GAs, simulated annealing searches for an extremum of
an objective function (cost function) that represents the fitness of some complex system.
Searching for a minimum is considered in this section because it simplifies the energy-
related metaphor with the natural behavior of matter. Simulated annealing combines
two basic optimization principles, divide and conquer and iterative improvement
(hill climbing). This combination avoids getting stuck in local optima. It has as a ba-
sis a strong connection with statistical mechanics or thermodynamics, and multi-variate
or combinatorial optimization. Simulated annealing may be suitable for NP -complete
optimization problems; it does not guarantee that the global optimum is found, but the
solution is usually near-optimal.

To explain the principle of simulated annealing, imagine a sugar bowl filled with
cube sugar [Cerny, 1985]. Usually, some cubes do not fit and the lid cannot be closed.
From experience, everybody knows that shaking the bowl will result in compaction of
the cubes and the lid will close properly. In other words, considering the number of
cubes that can be inside the bowl as an evaluation function, shaking the bowl results
in a near-maximal solution. The degree of shaking is a parameter of this optimization
process and corresponds to the heating and cooling process as described below.

Simulated annealing consists of downhill iteration steps combined with occasional
uphill steps that make it possible to escape from local minima. The physical model of
the process starts with heating matter until it melts; then the resulting liquid is cooled
down slowly to keep a quasi-equilibrium. The cooling algorithm [Metropolis et al., 1953]
consists of repeated random displacements (state changes) of atoms in the matter, and
the energy change ∆E is evaluated after each state change. If ∆E ≤ 0 (lower energy),
the state change is accepted, and the new state is used as the starting state of the next
step. If ∆E > 0, the state is accepted with probability

P (∆E) = exp
(
−∆E
kB T

)
. (9.75)
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9.6 Optimization techniques in recognition 431

To apply this physical model to an optimization problem, the temperature parameter T
must be decreased in a controlled manner during optimization. It will be clear that at
high values of T , changes that increase energy will be probable, but they become less
likely as T declines.

Algorithm 9.13: Simulated annealing optimization

1. Let x be a vector of optimization parameters; compute the value of the objective
function J(x). Initialize T .

2. Perturb x slightly, creating xnew, and compute the new value of the optimization
function J(xnew).

3. Generate a random number r ∈ (0, 1). If

r < exp
(
−
[
J(xnew)− J(x)

]
kB T

)
(9.76)

then assign x = xnew and J(x) = J(xnew).

4. Repeat steps 2 and 3 some number of times determined by the cooling schedule.

5. Decrease T according to the cooling schedule, and go to 2.

6. When the cooling schedule is finished, x represents the solution of the optimiza-
tion problem.

The sequence of temperatures and number of iterations nT at each temperature is
called the cooling (or annealing) schedule. Large values of nT and small decrements
of T yield low final values of the optimization function (the solution is close to the global
minimum) but require long computation time. (Remember the sugar bowl example: the
shaking is much stronger at the beginning and gradually decreases for the best results).
Smaller values of nT and large decrements in T proceed faster, but the results may not be
close to the global minimum. The schedule must be chosen to give a solution close to the
minimum without wasting too much computation time, but there is no known practically
applicable way to design an optimal annealing schedule, although some general guidelines
exist and appropriate parameters can be found for particular problems.

The annealing algorithm is easy to implement, and has been applied to many opti-
mization problems, including pattern recognition, graph partitioning. It has been demon-
strated to be of great value, although examples of problems do exist in which it performs
less well than standard algorithms and other heuristics. In the computer vision area,
applications include stereo correspondence [Barnard, 1987], boundary detection [Geman
et al., 1990], texture segmentation [Bouman and Liu, 1991], and edge detection [Tan
et al., 1992]. Implementation details and annealing algorithm properties together with
an extensive list of references can be found in [van Laarhoven and Aarts, 1987; Otten
and van Ginneken, 1989].
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9.7 Fuzzy systems
Fuzzy systems are capable of representing diverse, non-exact, uncertain, and inaccurate
knowledge or information. They use qualifiers that are very close to the human way of ex-
pressing knowledge, such as bright, medium dark, dark, etc. They can represent complex
knowledge, and knowledge from contradictory sources. They are based on fuzzy logic,
which represents a powerful approach to decision making [Zadeh, 1965; Zimmermann
et al., 1984; Kosko, 1992; Cox, 1994; Haykin, 1998; Kecman, 2001].

9.7.1 Fuzzy sets and fuzzy membership functions
When humans describe objects, they often use imprecise descriptors such as bright, large,
rounded, elongated, etc. For instance, fair-weather clouds may be described as small,
medium dark or bright, somewhat rounded regions; thunderstorm clouds may be de-
scribed as dark or very dark, large regions—people are quite comfortable with such
descriptions. However, if the task is to recognize clouds from photographs of the sky
automatically by using pattern recognition approaches, it becomes obvious that crisp
boundaries (discrimination functions) must be drawn that separate the cloud classes.
Decisions about boundaries may be quite arbitrary—a decision that a region R1 charac-
terized by average gray-level g, roundness r and size s represents a thunderstorm cloud,
while R2 characterized by average gray-level g + 1, the same roundness r, and size s
does not. It may be more appropriate to consider a region R1 as belonging to the set
of fair-weather clouds with some degree of membership and belonging to the set of thun-
derstorm clouds with another degree of membership. Similarly, another region R2 might
belong to both cloud sets with some other degrees of membership. Fuzzy logic facilitates
simultaneous membership of regions in different fuzzy sets. Figures 9.26a,b demonstrate
the difference between the crisp and fuzzy sets representing the average gray-level of the
cloud regions.

A fuzzy set S in a fuzzy space X is a set of ordered pairs

S =
{(
x, µS(x)

)
|x ∈ X

}
, (9.77)

where µS(x) represents the grade of membership of x in S. The range of the membership
function is a subset of non-negative real numbers whose supremum is finite. For conve-
nience, a supremum of 1 is often used, supx∈X µS(x) = 1. Fuzzy sets are often denoted
solely by the membership function.

The description of dark regions presented in Figure 9.26b is a classic example of a
fuzzy set and illustrates the properties of fuzzy spaces. The domain of the fuzzy set
is depicted along the x axis and ranges from black to white (0–255), and the degree
of membership µ(x) is along the vertical axis. The membership is between zero (no
membership) and one (complete membership). Thus, a white region with an average gray-
level of 255 has zero membership in the dark fuzzy set, while the black region (average
gray-level = 0) has complete membership. As shown in Figure 9.26b, the membership
function may be linear, but a variety of other curves may also be used (Figure 9.26c,d).

Consider average gray-levels of fair-weather and thunderstorm clouds; Figure 9.27
shows possible membership functions associated with the fuzzy sets dark, medium
dark, bright. As the figure shows, a region with a specific average gray-level g
may belong to several fuzzy sets simultaneously. Thus, the memberships µDARK(g),
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Figure 9.26: Crisp and fuzzy sets representing cloud regions of the same size and roundness,
varying average gray-level g. (a) Crisp set showing the Boolean nature of the dark set. (b) Fuzzy
set dark. (c), (d) Other possible membership functions associated with the fuzzy set dark.
© Cengage Learning 2015.
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Figure 9.27: Membership functions associated with fuzzy sets dark, medium dark, and bright.
Note that several membership values may be associated with a specific average gray-level g.
© Cengage Learning 2015.

µMEDIUM DARK(g), µBRIGHT(g) represent the fuzziness of the description since they as-
sess the degree of certainty about the membership of the region in the particular fuzzy
set. The maximum membership value associated with any fuzzy set is called the height
of the fuzzy set.

In fuzzy system design, normalized versions of membership functions are used. The
minimum normal form requires at least one element of the fuzzy set domain to have
a membership value of one, and the maximum normal form is such minimum normal
forms for which at least one element of the domain has a membership value of zero.

In fuzzy reasoning systems, membership functions are usually generated in the min-
imum normal form; there is a wide range of possible fuzzy membership functions, such
as linear, sigmoid, beta curve, triangular curve, trapezoidal curve, shouldered curve,
arbitrary curve . . . [Cox, 1994].

Shapes of fuzzy membership functions can be modified using fuzzy set hedges,
which can intensify, dilute, form a complement, narrowly or broadly approximate the
membership of the fuzzy set elements. Zero or more hedges and the associated fuzzy
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set constitute a single semantic entity called a linguistic variable. Suppose µDARK(x)
represents the membership function of the fuzzy set dark; then the intensified fuzzy set
very dark may have the membership function (Figure 9.28a)

µvery dark(x) = µ2
dark(x) . (9.78)

Similarly, a diluting hedge creating a fuzzy set somewhat dark may have a membership
function (Figure 9.28b)

µsomewhat dark(x) =
√
µdark(x) . (9.79)

Multiple hedges can be applied to a single fuzzy membership function and a fuzzy set
very very dark can be created as

µvery very dark(x) = µ2
dark(x) · µ2

dark(x) = µ4
dark(x) . (9.80)

There are no underlying theoretically solid reasons for these hedge formulae, but they
have the merit of success in practice—they simply ‘seem to work’ [Cox, 1994].

9.7.2 Fuzzy set operators
It is unusual that a recognition problem be solved using a single fuzzy set and an asso-
ciated single membership function. Therefore, tools must be created to combine fuzzy
sets, and to determine membership functions of such combinations. In conventional logic,
membership functions are either zero or one (Figure 9.26) and for any class set S, a rule
of non-contradiction holds: an intersection of a set S with its complement Sc is an empty
set

S ∩ Sc = ∅ . (9.81)

Clearly, this rule does not hold in fuzzy logic, since domain elements may belong to fuzzy
sets and their complements simultaneously. There are three basic Zadeh operators
on fuzzy sets: fuzzy intersection, fuzzy union, and fuzzy complement. Let µA(x)
and µB(y) be two membership functions associated with two fuzzy sets A and B with
domains X and Y . Then the intersection, union, and complement are pointwise defined
for all x ∈ X, y ∈ Y (note that other definitions also exist) as

Intersection A ∩B : µA∩B(x, y) = min
(
µA(x), µB(y)

)
,

Union A ∪B : µA∪B(x, y) = max
(
µA(x), µB(y)

)
,

Complement Ac : µAc(x) = 1− µA(x) .
(9.82)

xx x

µ(  )x µ(  )x µ(  )x
1 1 1

(a) (b) (c)
0 255 0 255 0 255

Figure 9.28: Fuzzy set hedges. Fuzzy set dark is shown in Figure 9.26b. (a) Fuzzy set very
dark. (b) Fuzzy set somewhat dark. (c) Fuzzy set not very dark. © Cengage Learning 2015.
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9.7 Fuzzy systems 435

Note that fuzzy set operators may be combined with hedges and new fuzzy sets may be
constructed; e.g., a fuzzy set not very dark (see Figure 9.28) could be constructed as
not

(
very (dark)

)
µnot very dark(x) = 1− µ2

dark(x) .

9.7.3 Fuzzy reasoning
In fuzzy reasoning, information carried in individual fuzzy sets is combined to make a
decision. The functional relationship determining the degree of membership in related
fuzzy membership functions is called the method of composition and results in the
definition of a fuzzy solution space. To arrive at the decision, a de-fuzzification
(decomposition) process determines a functional relationship between the fuzzy solution
space and the decision. Processes of composition and de-fuzzification form the basis of
fuzzy reasoning (Figure 9.29), which is performed in the context of a fuzzy system
model that consists of control, solution, and working data variables; fuzzy sets; hedges;
fuzzy rules; and a control mechanism. Fuzzy models use a series of propositions called
fuzzy rules. Unconditional fuzzy rules are of the form

x is A (9.83)

and conditional fuzzy rules have the form

if x is A then w is B , (9.84)

where A and B are linguistic variables and x and w represent scalars from their respective
domains. The degree of membership associated with an unconditional fuzzy rule is simply
µA(x). Unconditional fuzzy propositions are used either to restrict the solution space or
to define a default solution space. Since these rules are unconditional, they are applied
directly to the solution space by applying fuzzy set operators.

Considering conditional fuzzy rules, there are several approaches to arrive at the
decision. Monotonic fuzzy reasoning is the simplest approach that can produce a
solution directly without composition and de-fuzzification. Suppose x represent a scalar
gray-level describing darkness of a cloud, and w the severity of a thunderstorm. The
knowledge of thunderstorm severity may be given by the fuzzy rule

if x is dark then w is severe . (9.85)

Solution 
space Decision

Hedges

Fuzzy
rules

Fuzzy 
variables

Fuzzy
composition De-fuzzification

Figure 9.29: Fuzzy reasoning—composition and de-fuzzification. © Cengage Learning 2015.
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Figure 9.30: Monotonic fuzzy reasoning based on a single fuzzy rule: If the gray-level of the
cloud is dark, then the thunderstorm will be severe. © Cengage Learning 2015.

The algorithm for monotonic fuzzy reasoning is shown in Figure 9.30. Based on determi-
nation of the cloud gray-level (x=80 in our case), the membership value µDARK(80) =
0.35 is determined. This value is used to represent the membership value µSEV ERE(w) =
µDARK(x) and the decision is made about the expected severity of the thunderstorm;
in our case severity w = 4.8 on a scale between 0 and 10. This approach may also be
applied to complex predicates of the form

if (x is A) • (y is B) • . . . • (u is F ) then w is Z , (9.86)

where • represents the conjunctive AND or disjunctive OR operations. Fuzzy intersection
and union operators can be used to combine the complex predicates; AND corresponds
to fuzzy intersection and OR corresponds to fuzzy union. While the monotonic approach
shows the fundamental concept of fuzzy reasoning, it can only be used for a monotonic
single fuzzy variable controlled by a single fuzzy rule (possibly with a complex predicate).
As the complexity of the predicate proposition increases, the validity of the decision tends
to decrease.

Fuzzy composition

Knowledge related to the decision-making process is usually contained in more than
one fuzzy rule. A large number of fuzzy rules may take part in the decision-making
process and all fuzzy rules are fired in parallel during that process. Clearly, not all fuzzy
rules contribute equally to the final solution, and rules that have no degree of truth in
their premises do not contribute to the outcome at all. Several composition mechanisms
facilitate rule combination.

The most frequently used approach is called the min–max rule; a sequence of
minimizations and maximizations is applied. First, the minimum of the predicate truth
(correlation minimum) µAi(x) is used to restrict the consequent fuzzy membership
function µBi(w). Let the rules be in the form specified in equation (9.84), and let i
represent the ith rule. Then, the consequent fuzzy membership functions Bi are updated
in a pointwise fashion and the fuzzy membership functions B+

i are formed (Figure 9.31).

µB+
i

(w) = min
(
µBi(w), µAi(x)

)
. (9.87)

Second, the pointwise maxima of these minimized fuzzy sets form the solution fuzzy
membership function

µS(w) = max
i

(
µB+

i
(w)
)
. (9.88)
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Figure 9.31: Fuzzy min–max composition using correlation minimum. © Cengage Learning 2015.

Figure 9.31 demonstrates the min–max composition process; again, complex predicates
may be considered.

The correlation minimum described above is the most common approach to perform-
ing the first step of the min–max composition. An alternative approach called corre-
lation product scales the original consequent fuzzy membership functions instead of
truncating them. While correlation minimum is computationally less demanding and
easier to de-fuzzify, correlation product represents in many ways a better method of
minimization, since the original shape of the fuzzy set is retained (Figure 9.32).
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Figure 9.32: Fuzzy min–max composition using correlation product. © Cengage Learning 2015.
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438 Chapter 9: Object recognition

De-fuzzification

Fuzzy composition produces a single solution fuzzy membership function for each solution
variable. To find the actual crisp solution that will be used for decision making, it is
necessary to find a vector of scalar values (one value for each solution variable) that
best represents the information contained in the solution fuzzy sets. This process is
performed independently for each solution variable and is called de-fuzzification. Two
de-fuzzification methods, called composite moments and composite maximum, are
commonly used; many other varieties exist.

Composite moments look for the centroid c of the solution fuzzy membership function
—Figure 9.33a shows how the centroid method converts the solution fuzzy membership
function into a crisp solution variable c. Composite maximum identifies the domain
point with the highest membership value in the solution fuzzy membership function. If
this point is ambiguous (on a plateau or if there are two or more equal global maxima),
the center of the plateau provides the crisp solution c′ (Figure 9.33b). The composite
moments approach produces a result that is sensitive to all the rules, while solutions
determined using the composite maximum method are sensitive to the membership func-
tion produced by the single rule that has the highest predicate truth. While composite
moments are used mostly in control applications, recognition applications usually use the
composite maximum.
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Figure 9.33: De-fuzzification. (a) Composite moments. (b) Composite maximum. © Cengage
Learning 2015.

9.7.4 Fuzzy system design and training

Algorithm 9.14: Fuzzy system design

1. Design functional and operational characteristics of the system—determine the
system inputs, basic processing approaches, and system outputs. In object recog-
nition, the inputs are patterns and the output represents the decision.

2. Define fuzzy sets by decomposing each input and output variable of the fuzzy
system into a set of fuzzy membership functions. The number of fuzzy mem-
bership functions associated with each variable depends on the task at hand:
typically, an odd number between three and nine is created for each variable.
It is recommended that neighboring functions overlap by 10–50%, and that the
sum of the membership values of the overlap are less than one.
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9.8 Boosting in pattern recognition 439

3. Convert problem-specific knowledge into the fuzzy if–then rules that represent
a fuzzy associative memory. The number of designed rules is related to the
number of input variables. For N variables each of which is divided into M
fuzzy membership functions, MN rules are required to cover all possible input
combinations.

4. Perform fuzzy composition and de-fuzzification as described in Section 9.7.3.

5. Using a training set, determine the system’s performance. If behavior does
not meet the requirements, modify the set descriptions and/or rules and/or
the composition and/or de-fuzzification approaches. The speed and success of
this fine-tuning step depend on the problem complexity, the designer’s level of
understanding of the problem, and the level of the designer’s experience.

As can be seen from steps 3 and 5 of this algorithm, the design of fuzzy rules may be a
tedious and time-consuming process if the rules are to be designed from human experts,
as has been typical in most existing applications. Several approaches have been reported
that generate fuzzy if–then rules automatically using a training set as the source of
knowledge and/or for automated adjusting membership functions of fuzzy sets [Ishibuchi
et al., 1992, 1995; Abe and Lan, 1995; Homaifar and McCormick, 1995]. Some of the
approaches use neural networks or genetic algorithms to control the learning process.

Many applications of fuzzy systems exist in pattern recognition and image process-
ing. In the field of pattern recognition, fuzzy logic has been used for supervised and
non-supervised recognition, sequential learning, fuzzy decision theoretic and syntactic
classifiers, feature extraction, etc. In image processing and vision, fuzzy logic has been
applied to image quality assessment, edge detection, image segmentation, color image seg-
mentation, etc. Extensive work has been done in developing fuzzy geometry approaches
[Rosenfeld, 1979, 1985]. Application of fuzzy logic to image segmentation was discussed
in Section 7.4. Three-dimensional fuzzy-logic-based analysis of airway trees extracted
from X-ray CT image data showed improved performance compared to crisp-rule-based
methods [Park et al., 1998]. Use of fuzzy cost functions in optimal graph based image
analysis (Section 7.7) was reported in [Haeker et al., 2007; Garvin et al., 2009].

9.8 Boosting in pattern recognition
It is rare that a single classifier will solve a problem completely, or indeed ‘well enough’;
recognizing this, it is common to combine a number of independent classifiers to improve
overall performance. Often, these individual classifiers may be very weak (or base) in
isolation (that is, in a two-class problem, a classifier may perform little better than 50%).
We might train up a number of these simple classifiers, each time working with a different
subset of the training examples, and somehow combine this collection of classifiers. This
approach to achieving improved performance of any given learning algorithm is called
boosting. The final combination of weak classifiers in a single classification rule that is
much more accurate than any of the constituent rules.

The specifics of this general approach let the weak classifiers function sequentially and
place the most weight on ‘difficult’ training examples, i.e., those that were misclassified
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440 Chapter 9: Object recognition

in the previous round(s). To combine the weak rules in a single strong rule, a weighted
majority vote of the weak classifier outputs is an obvious strategy. Boosting is then
capable of producing very accurate classifications by combining classifications which are
only moderately accurate. AdaBoost is the best known of these approaches and is
widely used [Freund and Schapire, 1997].

Consider a pattern space X, a training set T of n patterns xi, their corresponding
class identifiers ωi, and assume two-class classification (ωi ∈ {−1, 1})

T = {(x1, ω1), . . . (xn, ωn)} .

Suppose we have a supervised learning algorithmW : given a training set T it will deliver
a classifier CT = W (T ). The AdaBoost algorithm can then be summarized as Algorithm
9.15 [Schapire, 2002]. Weak classifiers Ck are applied to the training set in which the
importance of correctly classifying the individual examples varies step by step, and in
each step k is specified by a set of weights Dk(i), so that

∑m
i=1Dk(i) = 1. Initially, the

weights are uniform but at step k+1, the weights of examples incorrectly classified in step
k are increased (in a relative sense). Consequently, the weak classifierWk+1 concentrates
on the difficult examples misclassified in the previous round(s).

Algorithm 9.15: AdaBoost

1. Set D1(j) = 1
n , j = 1, . . . , n, i = 1, and choose K.

2. Sample Ti from T according to Di, and train Ci = W (Ti).

3. Determine the error εi in Ci. Set αi = 1
2 log

(
1−εi
εi

)
.

4. For all j, set Di+1(j) = Di(j)e−αi if Ci classifies xj correctly, and Di+1(j) =
Di(j)eαi otherwise. Renormalize the Di+1.

5. Increment i and go to 2 until i = K.

6. Use the classifier

C(x) = sign

(
T∑
i=1

αiCi(x)
)
. (9.89)

At step 3, the error is calculated as the probability of the classifier being wrong, with
respect to its training population:

εi =
∑

j:Ci(xj) 6=ωj

Di(j) .

It is assumed that W delivers better than random, so ε < 0.5 and hence α > 0. αi serves
two purposes:

• It underlies the adjustment to Di. These increase for ‘difficult’ instances and de-
crease for ‘easy’ ones.

• It weights the final classifier sum.
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Writing εi = 1
2 − γi, then γ measures how much better the classifier is than random (so

γ > 0). It can be shown [Freund and Schapire, 1997] that the final classifier C has an
error rate less than ∏

i

2
√
εi(1− εi) ≤ exp

(
−2
∑
i

γ2
i

)
.

Most problems are not binary: patterns may belong to one of a number of classes.
More generally, a pattern may belong to several of a number of classes. For example,
classifying documents as news, politics, sport, entertainment, . . . , a given item may belong
to more than one category. Adaboost can be adapted to these more general problems.

Algorithm 9.16: AdaBoost-MH

1. Take T = {(x1, A1), . . . (xn, An)}, Aj ⊂ Y = [1, k]. Set D1(j, l) = 1
nk for

j = 1, . . . , n, l = 1, . . . , k, and choose K.

2. Sample Ti from T according to Di, and train Ci = W (Ti). The sign of Ci(x, j)
indicates whether label j attaches to x or not.

3. Determine αi.

4. Update: set Di+1(j, l) = Di(j, l)e−αiCi(xj ,l) if Ci classifies xj correctly, and
Di+1(j) = Di(j)eαiCi(xj ,l) otherwise.

5. Renormalize the Di+1(j, l).

6. Increment i and go to 2 until i = K.

7. Use

C(x, l) = sign

(
T∑
i=1

αiCi(x, l)
)
. (9.90)

In addition to an ability to learn from examples, the ability to generalize and thus
correctly classify previously unseen patterns is of basic importance. Theoretical consid-
erations suggest that Adaboost may be prone to over-fitting, but experimental results
show that typically it does not overfit, even when run for thousands of rounds. More
interestingly, it was observed that AdaBoost sometimes continues to drive down the clas-
sification error long after the training error had already reached zero (see Figure 9.34).
The error decrease can be associated with an increase in the margin that was introduced
in association with SVMs (Section 9.2.5), which explicitly maximizes the minimum mar-
gin. In boosting, the margin is a number from the interval [-1,1] that is positive only
if the strong classifier correctly classifies the pattern. The magnitude of the margin
corresponds to the level of confidence in the classification.

Many modifications of AdaBoost exist. Incorporating a priori knowledge in the
boosting scheme is introduced in [Rochery et al., 2002]. AdaBoost has the ability to
identify outliers which are inherently difficult to classify; to deal with a possible decrease
in AdaBoost’s performance when a large number of outliers exists, Gentle AdaBoost
and BrownBoost were introduced in [Friedman et al., 2000; Freund, 2001], in which the
outliers’ influence is less pronounced.

Copyright 2013 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s).

Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it.Microsoft Exhibit 1045 - Page 59 
Microsoft Corporation v. RealD Spark, LLC 
IPR2023-01046 - U.S. Patent No. 10,740,985



442 Chapter 9: Object recognition

0

2

4

6

8

01

21

41

61

81

02

0001100101

Number of boosting rounds

E
rr

o
r 

ra
te

 [
%

]

Base classifier error rate

Final classifier error rate

Training

error

Classification

error
Figure 9.34: AdaBoost: training and
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Learning 2015.

A very well known application of the boosting approach is the Viola-Jones face
detector, explained in detail in Section 10.7. This in turn can be exploited as a pedestrian
detector in video, described in Section 16.4.

In AdaBoost, the weak classifiers are frequently statistical in nature, but there is
no special requirement on them. For example, rule-based classifiers may be considered.
The individual weak classifiers do not even have to be of the same kind. This flexibility
further increases the general character of boosting strategies when applied to pattern
recognition problems.

9.9 Random forests
Random forests are a classification approach that is especially well suited for problems
with many classes when large datasets are available for training [Breiman, 2001]. That
they naturally deal with more than two classes, provide probabilistic outputs, offer ex-
cellent unseen data generalization, and are inherently parallel are all very intriguing
characteristics of this approach [Criminisi and Shotton, 2013].

Here, we give a general overview of the underlying methodology, and a description
of their use in image understanding is given in Section 10.8. Their treatment here is
relatively brief, but many focused research articles devoted to them are easy to locate,
starting with seminal publications [Breiman et al., 1984; Ho and Ohnishi, 1995]. The
work of Quinlan offered an approach called the C4.5 algorithm to train decision trees
optimally [Quinlan, 1993]. The concept of a single decision tree was extended to multiple
such trees in a randomized fashion, forming random forests. Some aspects of random
forests resemble the boosting strategy described in Section 9.8 since weak classifiers are
associated with individual tree nodes and the entire forest yields a strong classification
decision. This presentation is primarily based on [Criminisi et al., 2011], in which dis-
cussion of recent developments and additional implementation details can be found.

Random forests are used for two main decision making tasks: classification and
regression. In classification (e.g., when classifying images into categories denoting types
of captured scenes – beach, road, person, etc.), the decision-making output is a class
label. In non-linear regression (e.g., predicting severity of flu season from – possibly
multi-dimensional – social network data), the outcome is a continuous numeric value.
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9.9 Random forests 443

A decision tree consists of internal (or split) nodes and terminal (or leaf) nodes (see
Figure 9.35). Arriving image patterns are evaluated in respective nodes of the tree and
– based on the pattern properties—are passed to either left or right child nodes. Leafs L
store the statistics of the patterns that arrived at a particular node during training. When
a decision tree Tt is used for classification, the stored statistical information contains
the probability of each class ωr, r ∈ 1, ..., R or pt(ωr|L). If used for regression, the
statistical information contains a distribution over the continuous parameter that is being
estimated. For a combined classification–regression task (Section 10.8), both kinds of
statistics are collected. A random forest T then consists of a set of T such trees and
each tree Tt, t ∈ {1, ..., T}, is trained on a randomly sampled subset of the training data.
It has been shown that ensembles of slightly different trees (differences resulting, e.g.,
from training on random training subsets) produce much higher accuracy and better
noise insensitivity compared to single trees when applied to previously unseen data,
demonstrating excellent generalization capabilities.

Once a decision tree is trained, predefined binary tests are associated with each
internal node and unseen data patterns are passed from the tree root to one of the leaf
nodes. The exact path is decided based on the outcome of the internal-node tests, each of
which determines whether the data pattern is passed to one or the other child node. The
process of binary decisions is repeated until the data pattern reaches a leaf node. Each
of the leaf nodes contains a predictor, i.e., a classifier or a regressor, which associates
the pattern with a desired output (classification label, regression value). If a forest of
many trees is employed, the individual tree leaf predictors are combined to form a single
prediction. In this sense, the decision-making process based on the node-associated
binary predictors is fully deterministic.
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Is bottom of 
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Figure 9.35: Decision tree. (a) Decision trees contain one root node, internal or split nodes (cir-
cles), and terminal or leaf nodes (squares). (b) A pattern arrives at the root and is sequentially
passed to one of two children of each split node according to the node-based split function until
it reaches a leaf node. Each leaf node is associated with a probability of a specific decision, for
example associating a pattern with a class label. Based on [Criminisi et al., 2011]. A color version
of this figure may be seen in the color inset—Plate 16.
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9.9.1 Random forest training
The decision-making capabilities of the individual tree nodes will depend on the prede-
fined binary tests associated with each internal node and on the leaf predictors. The
parameters of the binary tests can be either expert-designed or result from training. Let
Si denote the subset of training data reaching node i, and SLi and SRi denote subsets
of training data reaching the left or right child nodes of node i, respectively. Since the
decisions at each node are binary, we have:

Si = SLi ∪ SRi , SLi ∩ SRi = ∅ . (9.91)

The training process constructs a decision tree for which parameters of each binary test
were chosen to minimize some objective function. To stop construction of tree children at
a certain node of a certain branch, tree-growth stopping criteria are applied. If the forest
contains T trees, each tree Tt is trained independently of the others using a randomly
selected subset of the training set per tree.

Take a 4-class classification problem, in which the same number of 2D patterns belong
to each class (Figure 9.36). Comparing two of many ways in which the feature space may
be split—say, using a half-way horizontal or half-way vertical split line—it can be seen

Before split

(a)
Split 1

(b)
Split 2

(c)
Figure 9.36: Information gain resulting from a split. (a) Class distributions prior to the split.
(b) Distributions after a horizontal split. (c) Distributions after a vertical split. Note that both
yield more homogeneous subsets and that the entropy of both subsets is decreases as a result of
these splits. Based on [Criminisi et al., 2011]. A color version of this figure may be seen in the color
inset—Plate 17.
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Figure 9.37: Tree training. Distribution of two-dimensional feature patterns in the feature space
is reflected by the class distribution at the root-node level. Here class labels are color-coded
and each class includes an identical number of patterns. As a result of training, binary decision
functions associated with each split node are optimized—note the increased selectivity of class
distributions at nodes more distant from the root (reflecting decreasing entropy). Relative
numbers of training patterns passing through individual tree branches are depicted by their
thickness. The branch colors correspond to the distribution of class labels. Based on [Criminisi
et al., 2011]. A color version of this figure may be seen in the color inset—Plate 18.

that both yield more homogeneous subsets (higher similarity of subset-member patterns)
and result in a lower entropy of the subsets (Section 2.3.3) than was the case prior to
the splits. The change in entropy (equation 2.7), called the information gain I, is

I = H(S)−
∑

i∈{1,2}

|Si|
|S|

H(Si) . (9.92)

Clearly the vertical split in Figure 9.36 separates the classes much better than the hor-
izontal split and this observation is reflected in the differences in the information gain.
The parameters of the internal-node binary decision elements can be set so that the in-
formation gain achieved on the training set by each split is maximized. Forest training
is based on this paradigm.

As shown in Figure 9.37, the binary split function associated with a node j

h(x, θj) ∈ {0, 1} (9.93)

directs the patterns x arriving at node j to either the left or the right child (0 or 1
decision). These node-associated split functions play the role of weak classifiers (see also
Section 9.8). The weak learner at node j is characterized by parameters θj = (φj , ψj , τj)
defining the feature selection function φ (specifying which features from the full feature
set are used in the split function associated with node j), data separation function ψ
(which hypersurface type is used to split the data, e.g., axis-aligned hyperplane, oblique
hyperplane, general surface, etc.—see Figure 9.38), and threshold τ driving the binary
decision.

Parameters θj must be optimized for all tree nodes j during training, yielding opti-
mized parameters θ∗j . One way to optimize the split function parameters is to maximize
the information gain objective function

θ∗j = argmax
θj

Ij , (9.94)
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(a) (b) (c)
Figure 9.38: Weak learners can use a variety of binary discrimination functions. (a) Axis-aligned
hyperplane. (b) General hyperplane. (c) General hypersurface. Based on [Criminisi et al., 2011].
A color version of this figure may be seen in the color inset—Plate 19.

where Ij = I(Sj , SLj , SRj , θj) and Sj , SLj , SRj represent training data before and after the
left/right split at node j.

The decision tree is constructed during the training and a stopping criterion is needed
for each tree node to determine whether child-nodes should be formed, or tree-branch
construction terminated. Meaningful criteria include: defining a maximum allowed tree
depth D (this is very popular); or allowing the node to form child nodes only if a pre-
specified minimum information gain is achieved by a split during training; or not allowing
child-node construction if a node is not on a frequented data path, i.e., if a node processes
less than a pre-defined number of training patterns.

After training, tree leaf nodes contain information that will be used during the de-
cision making process. If the goal is classification, each leaf node L stores the empirical
distribution over the classes associated with a training subset that has reached that par-
ticular leaf node. Considering R classes, a probabilistic predictor model for pattern x
and tree Tt is

pt(ωr|x) , where r ∈ {1, ..., R} . (9.95)

If a regression task is considered, the output is a continuous variable. The leaf predictor
model yields a posterior over the desired continuous variable.

A forest T consists of T trees that are randomly different from each other. The
randomness is introduced during training, for example by employing a random subset of
the training data for each tree of the forest (so called bagging), using randomized node
optimization, or other approaches.

9.9.2 Random forest decision making
The behavior of the random forest decision process depends on the number T of trees
forming the forest, the maximum allowed tree depth D, parameters of the randomness,
choice of the weak learner model, objective function used for tree training, and of course
the choice of features representing the underlying data.

The training described above is performed independently for each tree and may be
performed in parallel. When using a forest consisting of T trees, the testing-set pattern x
is simultaneously provided to all T roots of T trained trees and the tree-level processing
can also be performed in parallel until the pattern reaches the tree leaves, each of which
is providing a leaf-specific prediction. All tree predictions must be combined to form a
single forest prediction that represents the forest output. The forest prediction can be
obtained in several ways, for example by averaging all tree predictions or multiplying the
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Tree t=1 t=2 t=3t=2 t=3Tree t=1t=1 t=2 t=3

x x x

p  (ϖ  |x)r1
p  (ϖ  |x)r3

p  (ϖ  |x)r2

Figure 9.39: Decision making process using classification random forests—the same unseen
pattern x arrives simultaneously at the roots of all trees forming the forest. At each node at
which the pattern arrives, a test optimized during training is employed to direct the pattern
to one of the two children. Due to the random character of training, each tree of the forest
includes different split functions and the same pattern follows a different path through the
tree nodes until a leaf is reached. Once the leaf is reached in each tree, the tree-specific class
posteriors pt(ωr|x) are averaged (or multiplied) to yield a forest posterior p(ωr|x). Note that
there is one and only one path how a specific pattern x passes through the tree during decision
making. Consequently, the probability pt(ωr|x), while linked to a single leaf node, represents
the posterior associated with the entire tree. Based on [Criminisi et al., 2011]. A color version of
this figure may be seen in the color inset—Plate 20.
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(a) Random forest
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(b) Tree posteriors (c) Average forest posterior (d) Product forest posterior
Figure 9.40: Random forest ensemble model for predicting continuous variable y. (a) Random
forest consisting of 4 trees. (b) Posteriors of individual trees pt(y|x). (c) Forest posterior
resulting from average-based ensemble model. (d) Forest posterior resulting from multiplication-
based ensemble model. Note the strongest influence of the more informative trees on the forest
posterior. Based on [Criminisi et al., 2011]. A color version of this figure may be seen in the color
inset—Plate 21.
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448 Chapter 9: Object recognition

tree outputs together:

p(ωr|x) = 1
T

T∑
t=1

pt(ωr|x) or p(ωr|x) = 1
Z

T∏
t=1

pt(ωr|x) , (9.96)

where 1/Z provides probabilistic normalization.
Tree ensemble models combine contributions from many trees into a single forest-

level output. Figure 9.39 depicts outputs from three randomly trained decision trees
used for a classification task, these outputs are combined according to equation (9.96).
Figure 9.40 shows how prediction outputs from multiple trees (T = 4) can be combined
for a regression-task random forest. Let the posterior outputs representing prediction of
the desired continuous variable y for all four individual trees for pattern x be pt(y|x),
t ∈ {1, .., 4}. Figure 9.40c shows the forest output obtained via averaging of individual
tree outputs, and Figure 9.40d gives the output obtained by multiplying tree outputs. In
both panels, the forest output benefits from combining the outputs and is influenced more
strongly by the more confident portions of the individual tree outputs. Individual tree
contributions may be noisy and averaging many tree posteriors decreases noise sensitivity.
Understandably, product-based ensemble models are more sensitive to noise.

9.9.3 Random forest extensions
Random forest approaches have been shown highly applicable to supervised, unsuper-
vised, and semi-supervised learning as well as for manifold learning using manifold forests.
Discussion of such extensions and description of the effect of random forest parameters
on their performance, accuracy, and generalization can be found in [Criminisi et al.,
2011; Criminisi and Shotton, 2013]. The same publications also contain useful compar-
isons with support vector machines (Section 9.2.5), boosting approaches (Section 9.8),
RANSAC (Section 10.3), and Gaussian mixture models/expectation-maximization (Sec-
tion 10.13). Section 10.8 gives several practical examples demonstrating how random
forests can be used for image analysis and understanding tasks.

9.10 Summary
• Object recognition, pattern recognition

– Pattern recognition is used for region and object classification, and repre-
sents an important building block of complex machine vision processes.

– No recognition is possible without knowledge. Knowledge about objects
being processed, and hierarchically higher and more general knowledge about
object classes is required.

• Knowledge representation

– Descriptions and features
– Grammars and languages
– Predicate logic
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9.10 Summary 449

– Production rules
– Fuzzy logic
– Semantic nets
– Frames, scripts

• Statistical pattern recognition

– Object recognition is based on assigning classes to objects, using a classi-
fier. The number of classes is usually known beforehand, and typically can
be derived from the problem specification.

– The classifier will use patterns sensed from the object to take decisions.
– Nearest neighbor classifiers are straightforward to understand and widely used.

They are expensive to use for high-dimensional or large datasets, and have
been improved via K-D trees and approximation approaches.

– For statistical pattern recognition, a quantitative description of objects using
elementary numerical descriptions—features—is used. The set of possible
patterns forms a pattern space or feature space. The classes form clusters
in this space, which can be separated by discrimination hyper-surfaces.

– A statistical classifier is a device with n inputs and 1 output. Each input
is given by one of n features measured from an object to be classified. An
R-class classifier generates one of R symbols ωr, the class identifiers.

– Classification parameters are determined from a training set of examples
during classifier learning. Two common learning strategies are probability
density estimation and direct loss minimization.

– Support vector machine training is based on maximization of margin
between two classes; non-linear classification is facilitated by the kernel trick.
Multi-class classification is achieved by combining multiple 2-class classifiers.

– Cluster analysis is one of many methods that do not need training sets for
learning. It divides the set of patterns into subsets (clusters) based on mutual
similarity of subset elements.

• Neural nets

– Most neural approaches are based on combinations of elementary processors
(neurons), each of which takes a number of inputs and generates a single
output. Each input has a weight, and output is a function of the weighted
sum of inputs.

– Feed-forward networks are common in pattern recognition problems. Train-
ing uses a set of examples and is often based on back-propagation.

– Self-organizing networks do not require a training set to cluster the patterns.
– Hopfield networks do not have designated inputs and outputs; rather, the

current configuration represents the state. The network acts as an associative
memory where exemplars are stored.
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450 Chapter 9: Object recognition

• Syntactic pattern recognition

– Syntactic pattern recognition uses a qualitative description of objects. Ele-
mentary properties of objects are called primitives. Relational structures
are used to describe relations between the object primitives.

– The set of all primitives is called the alphabet. The set of all words in the
alphabet that can describe objects from one class is called the description
language. A grammar is a set of rules that must be followed when words
of the specific language are constructed from the alphabet.

– Grammar construction usually requires significant human interaction. In sim-
ple cases, an automated process called grammar inference can be applied.

– The recognition decision of whether or not the word can be generated by a
particular grammar is made during syntactic analysis.

• Recognition as graph matching

– Matching of a model and an object graph description can be used for recogni-
tion. An exact match of graphs is called graph isomorphism. Determination
of graph isomorphism is computationally expensive.

– In the real world, the object graph usually does not match the model graph
exactly—isomorphisms cannot assess the level of mismatch. Graph similar-
ity may identify objects represented by similar graphs.

• Optimization techniques in recognition

– Optimization problems seek minimization or maximization of an objective
function. Design of the objective function is a key factor in performance.

– Most conventional approaches to optimization use calculus-based hill climb-
ing methods. Search can easily end in local rather than global extrema.

– Genetic algorithms use natural evolution mechanisms (‘survival of the fit-
test’) to search for the maximum. Potential solutions are represented as
strings. Genetic algorithms search from a population of potential solutions,
not a single solution. The sequence of reproduction, crossover, and mu-
tation generates a new population of strings from the previous population.
The fittest string represents the final solution.

– Simulated annealing combines two basic optimization principles, divide
and conquer and iterative improvement (hill climbing). This combination
avoids getting stuck in local optima.

• Fuzzy systems

– Fuzzy systems are capable of representing diverse, non-exact, uncertain, and
inaccurate knowledge or information. They use qualifiers that are very close
to the human way of expressing knowledge.

– Fuzzy reasoning is performed in the context of a fuzzy system model that
consists of control, solution, and working data variables; fuzzy sets; hedges;
fuzzy rules; and a control mechanism.
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9.10 Summary 451

– Fuzzy sets represent properties of fuzzy spaces. Membership functions
represent the fuzziness of the description and assess the degree of certainty
about the membership of an element in the particular fuzzy set. Shape of
fuzzy membership functions can be modified using fuzzy set hedges. A
hedge and its fuzzy set constitute a single semantic entity called a linguistic
variable.

– Fuzzy if–then rules represent fuzzy associative memory in which knowledge
is stored.

– In fuzzy reasoning, information carried in individual fuzzy sets is combined
to make a decision. The functional relationship determining the degree of
membership in related fuzzy regions is called the method of composition
and results in definition of a fuzzy solution space. To arrive at the decision,
de-fuzzification is performed. Processes of composition and de-fuzzification
form the basis of fuzzy reasoning.

• Boosting

– Boosting achieves an improved classification performance by combining clas-
sification outcomes of a (large) number of ‘weak’ classifiers of moderate per-
formance.

– A single complex classification rule is replaced with a number of simple rules,
which may perform only slightly better than random selection. Boosting is
capable of producing very accurate classifications by combining outcomes of
only moderately accurate classifiers.

– AdaBoost is a widely used boosting algorithm, in which weak classifiers are
sequentially trained on the training set, with each next classifier being trained
on a differently weighted set of training patterns. Weighting is set according
to the difficulty of classifying individual patterns, assessed according to the
classification outcomes in previous steps.

– The outcomes of all weak classifiers are combined to form a final strong clas-
sifier. The combination is based on a weighted majority vote.

– There are no other requirements on the weak classifier selection than that they
need to provide a better than random classification performance.

• Random Forests

– Random forests are especially well suited for problems with many classes
when large datasets are available for training.

– Random forests are used for two main decision making tasks: classification
and regression.

– In classification, the decision-making output is a class label.
– In non-linear regression, the outcome is a continuous numeric value.
– Each tree of a forest can be trained in parallel. Once trained, predefined

binary tests are associated with each internal node and previously unseen data
patterns are passed from the tree root to a leaf nodes based on the outcome
of the internal-node tests.
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452 Chapter 9: Object recognition

– A random forest consists of a set of decision trees, each of which may be
trained on a randomly sampled subset of the training data.

– Ensembles of slightly different trees produce much higher accuracy and bet-
ter noise insensitivity compared to single trees when employed for decision
making.

9.11 Exercises
Short-answer questions

S9.1 Define the syntax and semantics of knowledge representation.
S9.2 Describe the following knowledge representations, giving for each one at least one exam-

ple that is different from examples given in the text: Descriptions (features), Grammars,
Predicate logic, Production rules, Fuzzy logic, Semantic nets, Frames (scripts).

S9.3 Define the following terms: Pattern, Class, Classifier, Feature space.
S9.4 Define the terms: Class identifier, Decision rule, Discrimination function.
S9.5 Explain the main concepts and derive a mathematical representation of the discrimina-

tion functions for:

(a) A minimum distance classifier
(b) A minimum error classifier

S9.6 What is a training set? How is it designed? What influences its desired size?
S9.7 Explain the principle of a Support Vector Machine (SVM) classifier.
S9.8 Explain why learning should be inductive and sequential.
S9.9 Describe the conceptual differences between supervised and unsupervised learning.
S9.10 Draw schematic diagrams of a feed-forward and Hopfield neural networks. Discuss their

major architectural differences.
S9.11 For what is the back-propagation algorithm used? Explain its main steps.
S9.12 What is the reason for including the momentum constant in back-propagation learning?
S9.13 Explain the functionality of Kohonen neural networks. How can they be used for unsu-

pervised pattern recognition?
S9.14 Explain how Hopfield networks can be used for pattern recognition.
S9.15 Define the following terms: Primitive, Alphabet, Description language, Grammar.
S9.16 Describe the main steps of syntactic pattern recognition.
S9.17 Give a formal definition of a grammar.
S9.18 When are two grammars equivalent?
S9.19 What is grammar inference? Give its block diagram.
S9.20 Formally define: A graph, Graph isomorphism, Subgraph isomorphism, Double subgraph

isomorphism.
S9.21 Define Levenshtein distance. Explain its application to assessing string similarity.
S9.22 Explain why hill-climbing optimization approaches may converge to local instead of

global optima.
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S9.23 Explain the concept and functionality of genetic algorithm optimization. What are the
roles of reproduction, crossover, and mutation in genetic algorithms?

S9.24 Explain the concept of optimization based on simulated annealing. What is the anneal-
ing schedule?

S9.25 List the advantages and disadvantages of genetic algorithms and simulated annealing
compared to optimization approaches based on derivatives.

S9.26 Define the terms:

(a) Fuzzy set

(b) Fuzzy membership function

(c) Minimum normal form of a fuzzy membership function

(d) Maximum normal form of a fuzzy membership function

(e) Fuzzy system

(f) Domain of a fuzzy set

(g) Hedge

(h) Linguistic variable

S9.27 Use Zadeh’s definitions to define formally: Fuzzy intersection, Fuzzy union, Fuzzy com-
plement.

S9.28 Explain fuzzy reasoning based on composition and de-fuzzification. Draw a block dia-
gram of fuzzy reasoning.

S9.29 Explain the rationale behind using weak classifiers in the Adaboost training and classi-
fication process.

S9.30 The training process in boosting is sequential. Why is increasing weight placed on the
training examples that were misclassified in the previous steps?

S9.31 Provide a flowchart outlining the training process for a single tree of depth D = 3 from
a random forest. Using the flowchart, identify a path that a hypothetical single train-
ing pattern follows and describe how this training pattern contributes to the training
process.

S9.32 Give an example of deriving a random forest posterior from posteriors of at least 3
individual trees:

(a) Using average-based ensemble model.

(b) Using multiplication-based ensemble model.

Problems
Create the following training and testing sets of feature vectors to use in some of the Problems
that follow.

TRAIN1:

ωi ω1 ω1 ω1 ω1 ω1 ω2 ω2 ω2 ω2 ω2

x1 2 4 3 3 4 10 9 8 9 10
x2 3 2 3 2 3 7 6 6 7 6
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454 Chapter 9: Object recognition

TEST1:

ωi ω1 ω1 ω1 ω1 ω1 ω2 ω2 ω2 ω2 ω2

x1 3 6 5 5 6 13 12 11 11 13
x2 5 3 4 3 5 10 8 8 9 8

TRAIN2:

ωi ω1 ω1 ω1 ω1 ω1 ω2 ω2 ω2 ω2 ω2

x1 2 6 -2 7 5 -2 -6 2 -4 -5
x2 400 360 520 -80 180 -200 -200 -400 -600 -400

ωi ω3 ω3 ω3 ω3 ω3

x1 -10 -8 -15 -12 -14
x2 200 140 100 50 300

TEST2:

ωi ω1 ω1 ω1 ω1 ω1 ω2 ω2 ω2 ω2 ω2

x1 4 8 -3 9 6 -1 -4 3 -2 -3
x2 600 540 780 -120 270 -250 -250 -470 -690 -470

ωi ω3 ω3 ω3 ω3 ω3

x1 -15 -13 -6 -17 -16
x2 230 170 130 80 450

P9.1 Let a minimum distance classifier be used to recognize two-dimensional patterns from
three classes K1,K2,K3. The training set consists of five patterns from each class:

K1 :=
{(

0
6

)
,

(
1
6

)
,

(
2
6

)
,

(
1
5

)
,

(
1
7

)}
,

K2 :=
{(

4
1

)
,

(
5
1

)
,

(
6
1

)
,

(
5
0

)
,

(
5
2

)}
,

K3 :=
{(

8
6

)
,

(
9
6

)
,

(
10
6

)
,

(
9
5

)
,

(
9
7

)}
.

Determine (sketch) the discrimination functions in the two-dimensional feature space.
P9.2 Use some software to generate data from two or more Gaussian distributions: these

could be 1D but it is more interesting to use 2D or higher dimension. Use these data
to define training and test sets for ‘leave one out’ testing of an NN of kNN classifier.
Summarize the results for various selections of Gaussians and values of k.

P9.3 Let a minimum error classifier be used to recognize two-dimensional patterns from two
classes, each having a normal distribution N(µr,Ψr):

µ1 =
(

2
5

)
, Ψ1 =

(
1 0
0 1

)
, µ2 =

(
4
3

)
, Ψ2 =

(
1 0
0 1

)
.

Assume unit loss functions and equal a priori probabilities of classes P (ω1) = P (ω2) =
0.5. Determine (sketch) the discrimination function in the two-dimensional feature
space.
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P9.4 Repeat Problem P9.3 considering modified parameters of the normal distributions:

µ1 =
(

2
5

)
, Ψ1 =

(
1 0
0 3

)
, µ2 =

(
4
3

)
, Ψ2 =

(
1 0
0 3

)
.

P9.5 Repeat Problem P9.4 with P (ω1) = P , P (ω2) = (1−P ). Show how the discrimination
function locations in the two-dimensional feature space change as a function of P .

P9.6 Consider the training set specified in Problem P9.1. Assume that the three pattern
classes have normal distributions and that a priori probabilities of classes are equal
P (ω1) = P (ω2) = P (ω3) = 1/3. Determine (sketch) the discrimination functions of
the minimum error classifier in the two-dimensional feature space. Discuss under what
circumstances the discrimination functions of a minimum distance classifier are identical
to discrimination functions of the minimum error classifier if both were trained using
the same training set.

P9.7 Develop a program for training and classification using the minimum distance classifier.
Assess classification correctness.

(a) Train and test using data sets TRAIN1 and TEST1.
(b) Train and test using data sets TRAIN2 and TEST2.

P9.8 Develop a program for training and classification using the minimum error classifier,
considering unit loss functions. Assume the training data have normal distribution.
Assess classification correctness.

(a) Train and test using data sets TRAIN1 and TEST1.
(b) Train and test using data sets TRAIN2 and TEST2.

P9.9 Develop a program for cluster analysis using the k-means approach. Vary the initial-
ization of cluster starting points and explore its influence on clustering results. Vary
the number of classes and discuss the results.

(a) Use a combined data set TRAIN1 and TEST1.
(b) Use a combined data set TRAIN2 and TEST2.

P9.10 Create a training set and a testing set of feature vectors using the shape description
program developed in Problem P8.13 to determine shape feature vectors. Use simple
shapes (e.g., triangles, squares, rectangles, circles, etc.) of different sizes. Select up to
five discriminative features to form the feature vectors of analyzed shapes. The training
as well as the testing sets should consist of at least 10 patterns from each class. The
training and testing sets will be used in the experiments below.

P9.11 Apply the program developed in Problem P9.7 to the training and testing sets created
in Problem P9.10. Assess classification correctness.

P9.12 Apply the program developed in Problem P9.8 to the training and testing sets created
in Problem P9.10. Assume normal distributions, and that you have a sufficient number
to determine representative dispersion matrices and mean values from the training set.
Assess classification correctness in the testing set. Compare with the performance of
the minimum distance classifier used in Problem P9.11.

P9.13 Apply the program developed in Problem P9.9 to the testing set created in Prob-
lem P9.10. First, assume that the number of classes is known. Assess clustering cor-
rectness and compare it with that of the supervised methods used in Problems P9.11
and P9.12. Then, vary the initialization of cluster starting points and explore the
influence on clustering results.
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P9.14 Download a program that performs back-propagation learning and classification (there
are many to be found). Train and test a three-layer feed-forward neural network using
artificial data from a two-dimensional feature space representing patterns from at least
three separable classes.

P9.15 Apply the program of Problem P9.14 to the testing set created in Problem P9.10.
Assess classification correctness and compare it with that of the statistical classification
methods assessed in Problems P9.11 and P9.12.

P9.16 Choice of width of layers is often a problem. Repeat Problems P9.14 and P9.15, pay-
ing attention to the size of the hidden layer. Draw some conclusions about network
performance and training time as the size of this layer varies.

P9.17 Implement Algorithm 9.7. For some datasets devised by you, or extracted from some
known application, run the algorithm. Compare its performance for different sizes and
topologies of output layer, and various choices of parameters.

P9.18 Implement a Hopfield network. Train it on digitized patterns of the digits 0–9; study its
performance at pattern recall (e.g., of noisy examples of digits) for various resolutions
of the patterns.

P9.19 Design a grammar G that can generate a language L(G) of equilateral triangles of any
size; primitives with 0◦, 60◦, and 120◦ orientation form the set of terminal symbols
Vt = {a, b, c}.

P9.20 Design three different grammars producing the language L(G) = {abn} for n = 1, 2, . . ..
P9.21 Design a grammar that generates all characters P or d of the following properties:

• Character P is represented by a square with an edge length equal to one; a vertical
line is attached to the bottom left corner of the square and may have any length.

• Character d is represented by a square with an edge length equal to one; a vertical
line is attached to the top right corner of the square and may have any length.

Obviously, there are infinitely many such characters. Use the following set of terminal
symbols Vt = {N,W,S,E}; terminal symbols correspond to directions of the chain
code – north, west, south, east. Design your set of non-terminal symbols, using a start
symbol s. Validate your grammar design on examples. Show all steps in generating at
least two P and two d characters.

P9.22 Using Algorithm 9.10 prove or disprove isomorphism of the graphs shown in Figure 9.41.

A A

B

C B

B

A

B

C B

AB

A
B

BA

B
C

(a) (b) (c) 

Figure 9.41: Problem P9.22. © Cengage Learning 2015.

P9.23 Determine the Levenshtein distance for the following string pairs:

(a) S1 = abadcdefacde S2 = abadddefacde

(b) S1 = abadcdefacde S3 = abadefaccde

(c) S1 = abadcdefacde S4 = cbadcacdae
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9.11 Exercises 457

P9.24 Using genetic algorithm optimization, determine the maximum of the following function
(this function has several local maxima; its visualization is available in, e.g., Matlab by
typing peaks, see Figure 9.42):

z(x, y) = 3(1− x)2 exp
[
−x2 − (y + 1)2]− 10[(x/5)− x3 − y5] exp

[
−x2 − y2]

−(1/3) exp
[
−(x+ 1)2 − y2]

Locate or develop a program for genetic algorithm-based optimization following Algo-
rithm 9.12. Design the code string as consisting of n bits for the x value and n bits for
the y value, the value of z(x, y) represents the string fitness. Limit your search space
to x ∈ (−4, 4) and y ∈ (−4, 4). Explore the role of the starting population, population
size S, mutation rate M , and string bit length 2n on the speed of convergence and
solution accuracy. For several values of S,M, n, plot the function values of maximum
string fitness, average population fitness, and minimum string fitness as a function of
the generation number.

Figure 9.42: Problem P9.24. © Cengage Learning 2015.

P9.25 Using the definition of the fuzzy set severe as given in Figure 9.30b, sketch the following
fuzzy membership functions:

(a) very_severe
(b) somewhat_severe
(c) somewhat_not_severe

P9.26 Using the fuzzy sets dark and bright as given in Figure 9.27, sketch the single fuzzy
membership function (not_very_dark AND not_very_bright).

P9.27 Considering the fuzzy sets A and B given in Figure 9.43, derive intersection, union,
and complement of the two fuzzy sets.

P9.28 Use the composite moments and composite maximum approaches to de-fuzzification to
find the representative value of the fuzzy set provided in Figure 9.44.

P9.29 Flash flood represents a potential danger in many areas, and its prediction is an impor-
tant part of meteorological forecasting. Clearly, the following conditions increase the
flood danger:
(a) Rain amount in the past three days.
(b) Water saturation of soil.
(c) The rainfall expected in the next 24 hours.
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Figure 9.43: Problem P9.27. © Cengage Learning 2015.
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Figure 9.44: Problem P9.28. © Cengage Learning 2015.

Assuming the specified information is available, design a fuzzy logic system to determine
the expected flood danger within the next 24 hours.

P9.30 Develop a program implementation of the fuzzy logic system designed in Problem P9.29.
Explore, how different membership function shapes, and fuzzy logic composition and
decomposition methods, influence the achieved results.

P9.31 Using any of the previously developed classifiers as the learning algorithm W , imple-
ment Algorithm 9.15 (AdaBoost); train/test this on datasets from earlier Problems,
or on publicly available training/testing datasets with 2 classes. Compare AdaBoost
performance with that of the other classification approaches.

P9.32 Using any of the previously developed classifiers to serve as the learning algorithm W ,
implement Algorithm 9.16 (AdaBoost-MH) and train/test on one of the many publicly
available training/testing datasets with more than 2 classes. Compare AdaBoost-MH
performance with that of the other classification approaches.

P9.33 Repeat Problem P9.32 using the random forest approach.

P9.34 Formulate and solve a practical pattern recognition problem using available open-source
packages (e.g., [Weka 3 Team, 2013; R Software Team, 2013]).

P9.35 Make yourself familiar with solved problems and Matlab implementations of selected
algorithms provided in the corresponding chapter of the Matlab Companion to this text
[Svoboda et al., 2008]. The Matlab Companion homepage http://visionbook.felk.cvut.cz
offers images used in the problems, and well-commented Matlab code is provided for
educational purposes.

P9.36 Use the Matlab Companion [Svoboda et al., 2008] to develop solutions to additional
exercises and practical problems provided there. Implement your solutions using Matlab
or other suitable programming languages.
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