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STRUCTURES FOR
DISCRETE-TIME SYSTEMS

6.0 INTRODUCTION

Aswesaw in Chapter 5, alinear time-invariant systemwitha rational system function has

the property that the inputa nd output sequences satisfy a linear constan

t-coefficient dif-

ference equation. Since the system function is the z-transform of the impulse response,
and since the difference equation satisfied by the input and output can be determined
by inspection of the system function, it follows that the difference equation, the impulse
response, and the system function are equivalent characterizations of the input-output
relation of a linear time-invariant discrete-time system. When such systems are imple-
mented with discrete-time analog or digital hardware, the difference equation or the sys-
tem function representation must be converted to an algorithm or structure that can be
realized in the desired technology. Aswe will see in this chapter, systems deseribed by lin-
ear constant-coefficient difference equations can be represe nted by structures consisting
of an interconnection of the basic operations of addition, multiplication by a constant.
and delay, the exact implementation of which is dictated by the technology to be used.

As an illustration of the computation associated with a difference equation, con-

sider the system described by the system function

The impulse response of this system is

hn] = boa"uln] + bya"ufn — 11,
340
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Sec. 6.1 Block Diagram Representation of Linear Constant-Coefficient Difference Equations 31

and the first-order difference equation that is satisfied by the input and output sequences
is

y[n] —ay[n — 1] = box[n] + bix[n —1]. (6.3)

Since the system has an infinite-duration impulse response, it is not possible to
implement the system by discrete convolution. However, rewriting Eq. (6.3) in the form

yln] = ay[n — 1]+ box[n] + by x[n — 1] (6.4)

provides the basis for an algorithm for recursive computation of the output at any time
n in terms of the previous output y[n — 1], the current input sample x[#n], and the previ
ous input sample x[r — 1]. As discussed in Section 2.5, if we further assume initial-res!
conditions (i.e.,if x[n1] = Oforn < 0, then y[n] = 0forn < 0),and if we use Eq. (6.4) as
recurrence formula for computing the output from past values of the output and prese::
and past values of the input, the system will be linear and time invariant. A similar pro-
cedure can be applied to the more general case of an Nth-order difference equation.
However, the algorithm suggested by Eq. (6.4) and its generalization for higher order
difference equations is not the only computational algorithm for implementing a partic-
ular system, and often it is not the most preferable. As we will see. an unlimited variety
of computational structures result in the same relation between the input sequence x[n]
and the output sequence y[n].

In the remainder of this chapter, we consider the important issues in the imple-
mentation of linear time-invariant discrete-time systems. We first present the block
diagram and signal flow graph descriptions of computational structures or networks
for linear constant-coefficient difference equations representing linear time-invariant
causal systems. Using a combination of algebraic manipulations and manipulations of
block diagram representations, we derive a number of basic equivalent structures for
implementing a causal linear time-invariant system. Although two structures may be
equivalent with regard to their input—output characteristics for infinite-precision repre-
sentations of coefficients and variables, they may have vastly different behavior when
the numerical precision is limited. This is the major reason that it is of interest to study
different implementation structures. The effects of finite-precision representation of
the system coefficients and the effects of truncation or rounding of intermediate com-
putations are considered in the latter sections of the chapter.

6.1 BLOCK DIAGRAM REPRESENTATION OF LINEAR
CONSTANT-COEFFICIENT DIFFERENCE EQUATIONS

The implementation of a linear time-invariant discrete-time system by iteratively eval-
uating a recurrence formula obtained from a difference equation requires that delayed
values of the output, input, and intermediate sequences be available. The delay of se-
quence values implies the need for storage of past sequence values. Also, we must
provide means for multiplication of the delayed sequence values by the coefficients,
as well as means for adding the resulting products. Therefore, the basic elements re-
quired for the implementation of alinear time-invariant discrete-time system are adders,
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342 Structures for Discrete-Time Systems Chap. 6

x[n ax[n]
[n] ®)
= Figure l_5:1 Block diagram symbols.
x[n] ® x[n-1] (a) Addition of two sequences.
(b) Multiplication of a sequence by a
() constant. (c) Unit delay.

multipliers, and memory for storing delayed sequence values. The interconnection of
these basic elements is conveniently depicted by block diagrams composed of the ba-
sic pictorial symbols shown in Figure 6.1. Figure 6.1(a) represents the addition of two
sequences. In gencral block diagram notation, an adder may have any number of in-
puts. However, in almost all practical implementations, adders have only two inputs.
In all the diagrams of this chapter, we indicate this explicitly by limiting the num-
ber of inputs as in Figure 6.1(a). Figure 6.1(b) depicts multiplication of a sequence
by a constant, and Figure 6.1(c) depicts delaying a sequence by one sample. In digi-
tal implementations, the delay operation can be implemented by providing a storage
register for each unit delay that is required. Tn analog discrete-time implementations,
such as switched-capacitor filters, the delays are implemented by charge storage de-
vices. The unit delay system is represented in Figure 6.1(c) by its system function, z~'.
Delays of more than one sample can be denoted as in Figure 6.1(c), with a system
function of z—¥, where M is the number of samples of delay; however, the actual im-
plementation of M samples of delay would generally be done by cascading M unit
delays. In an integrated-circuit implementation, these unit delays might form a shift
register that is clocked at the sampling rate of the input signal. In a software imple-
mentation, M cascaded unit delays would be implemented as M consecutive memory
registers.

Example 6.1 Block Diagram Representation
of a Difference Equation

As an example of the representation of a difference equation in terms of the elements
in Figure 6.1, consider the second-order difference equation

yin} = avyln — 1]+ azyln — 2} + box{n). (6:5)
The corresponding system function is

bo

T 6.6
l-mz ! —amz? (69)

H(z) =

The block diagram representation of the system realization based on Eq. (6.5) 18
shown in Figure 6.2. Such diagrams give a pictorial representation of a computational

Page 14 of 110



Sec. 6.1 Block Diagram Representation of Linear Constant-Coefficient Difference Equations 343

2%
x[n]

Y y@

y[n-1]

y[n-2)

Figure 6.2 Example of a block diagram representation of a difference equation.

algorithm for implementing the system. When the system is implemented on either a
general-purpose computer or a digital signal processing (DSP) chip, network structures
such as the one shown in Figure 6.2 serve as the basis for a program that implements
the system. If the system is implemented with discrete components or as a complete
system with VLSI technology, the block diagram is the basis for determining a hardware
architecture for the system. In both cases, diagrams such as Figure 6.2 show explicitly
that we must provide storage for the delayed variables (in this case, y[n — 1] and
y[n —2]) and also the coefficients of the difference equation (in this case, ay, a2,
and bo). Furthermore, we see from Figure 6.2 that an output sequence value y[n]
is computed by first forming the products a;y[n — 1] and azy[n — 2], then adding
them, and, finally, adding the result to byx[n]. Thus, Figure 6.2 conveniently depicts
the complexity of the associated computational algorithm, the steps of the algorithm,
and the amount of hardware required to realize the system.

Example 6.1 can be generalized to higher order difference equations of the form!

N M
Ynl = ayln— K= bx[n — k], 6.7)
k=0

k=1

with the corresponding system function

M
Z ka‘k

Hz)= =2 —— (6.8)

N
1- Z apz K
k=1

'The form used in previous chapters for a general Nth-order difference equation was

N

M
Zaky[nfk]z brx[n — k.
k=0

k=0

In the remainder of the book, it will be more convenient to use the form in Eq. (6.7), where the coefficient
of y[n] is normalized to unity and the coefficients associated with the delayed output appear with a positive
sign after they have been moved to the right-hand side of the equation. (See Eq. (6.9).)
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344 Structures for Discrete-Time Systems Chap. 6

Figure 6.3 Block diagram
representation for @ general Nth-order
v[n-N] difference equation.

Rewriting Eq. (6.7) as a recurrence formula for y[n] in terms of a linear combination of
past values of the output sequence and current and past values of the input sequence
leads to the relation

N M
vl = S awyln = K+ bixln = K 6.9)
k=1 k=0

The block diagram of Figure 6.3 is an explicit pictorial representation of Eq. (6.9).
More precisely, it represents the pair of difference equations

M

v[n] = Z bex[n — K. (6.10a)
k=0
N
yinl =S awyln — Kl +vinl- (6.10b)
k=1

The assumption of a two-input adder implies that the additions are done in 4 specified
order. That is, Figure 6.3 shows that the products any[n — N] and ay-1¥[n — N +1]
must be computed, then added. and the resulting sum added to an_avln — N +2],and
so on. After y[n] has been computed, the delay variables must be updated by moving
y[n — N + 1] into the register holding y[n — N]. and so on.

A block diagram can be rearranged or modified ina variety of ways without chang-
ing the overall system function. Each appropriate rearrangement represents a different
computational algorithm for implementing the sarmre system. For example, the block
diagram of Figurc 6.3 can be viewed as a cascade of two systems, the first representing
the computation of v[n] from x[n] and the second representing the comput ation of y[1]
from v[n]. Since each of the two systems is a linear time-invariant system (assuming
initial-rest conditions lor the delay registers), the order in which the two systems are
cascaded can be reversed, as shown in Figure 6.4, without affecting the overall system
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Sec. 6.1 Block Diagram Representation of Linear Constant-Coefficient Difference Equations 345

w(n| bo
O yinl

<—

win-1] —J:I—-v-G)

-1

M

O v 22
1
b

! z Figure 6.4 Rearrangement of block
diagram of Figure 6.3. We assume for

fy | N convenience that N = M. If N # M,
wln-N] some of the coefficients will be zero.

-

function. In Figure 6.4, for convenience, we have assumed that M = N, Clearly, there
is no loss of generality, since if M # N, some of the coefficients a or by in the figure
would be zero, and the diagram could be simplified accordingly.

In terms of the system function H(z) in Eq. (6.8), Figure 6.3 can be viewed as an
implementation of H(z) through the decomposition

M
H(z) = Hy(2) h(2) = + (Z byz '*’) (6.11)
1- Z arz* =0
k=1

or, equivalently, through the pair of equations

M

V(z) = Hi(2)X(2) = (Z bkz*k> X(z2), (6.12a)
k=0

Y(z) = H2(2)V(z) = Nl V(2). (6.12b)

1- Z agz *
k=1
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346 Structures for Discrete-Time Systems Chap. 6

Figure 6.4, on the other hand, represents H(z) as

M
H(z) = H)(2) Ha(2) = (Zbu"") — Nl (6.13)
o 1- Z az
k=

1

or, equivalently, through the equations

W(2) = H2(9)X(29) = = X(2), (6.142)
1- axz*
k=1
M
Y(2) = Hi(9W(2) = (Z bkz'k) W(2). (6.14b)
k=0

In the time domain, Figure 6.4 and, equivalently, Egs. (6.14a) and (6.14b) can be rep-
resented by the pair of difference equations

N
win] = Zakw[n — k) + x[n], (6.15a)
k=1
M
yin) = bwln — K. (6.15b)
k=0

The block diagrams ol Figures 6.3 and 6.4 have several important differences. In
Figure 6.3, the zeros of H(z). represented by H,(z), are implemented first, followed by
the poles, represented by H>(z). In Figure 6.4, the poles are implemented first, followed
by the zeros. Theoretically, the order of implementation does not affect the overall
system function. However. as we will see, when a difference equation is implemcnled
with finite-precision arithmetic, there can be a significant difference between two Sys-
tems that are theoretically equivalent. Another important point concerns the number
of delay elements in the LW systems. As drawn, the systems in Figures 6.3 and 6.4 cach
have a total of (N + M) delay elements. However. the block diagram of Figure 6.4 can
be redrawn by noting that exactly the same signal, w(n]. is stored in the two chains of
delay elements in the figure. Consequently, the [wo can be collapsed into one chain. as
indicated in Figure 6.5.

The total number of delay elements in Figure 6.5 is less than in either Figure 6.3
or Figure 6.4, and in fact it is the minimum number required to implement a system
with system function given by Eq. (6.8). Specifically, the minimum number of delays
required is, in general, max(N, M). An implementation with the minimum number of
delay elements is commonly referred to as a canonic form implementation. The non-
canonic block diagram in Figure 6.3 is referred to as the direct form [ implementation
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) vl b
x[n] A l yln]

Il

ay ' by Figure 6.5 Combination of delays in
<+ »> Figure 6.4.

of the general Nth-order system because it is a direct realization of the difference equa-
tion satisfied by the input x[#] and the output y[n], which in turn can be written directly
from the system function by inspection. Figure 6.5 is often referred to as the direct
form Il or canonic direct form implementation. Knowing that Figure 6.5 is an appropri-
ate realization structure for H(z) given by Eq. (6.8), we can go directly back and forth
in a straightforward manner between the system function and the block diagram (or
the equivalent difference equation).

Example 6.2 Direct Form I and Direct Form Il
Implementation of an LTI System

Consider the LTI system with system function

1 4-2771

_ 6.16
I —1.5z71 409z 2 (6.16)

H(z) =
Comparing this system function with Eq. (6.8), we find by = 1, by = 2, a, = +1.5.
and a = —0.9, so it follows from Figure 6.3 that we can implement the system in a
direct form I block diagram as shown in Figure 6.6. Referring to Figure 6.5, we can also
implement the system function in direct form I1, as shown in Figure 6.7. In both cases,
note that the coefficients in the feedback branches in the block diagram have opposite
signs from the corresponding coefficients of z=' and z =2 in Eq. (6.16). Although this
change of sign is sometimes confusing, it is essential to remember that the feedback
coefficients {ax} always have the opposite sign in the difference equation from their
sign in the system function. Note also that the direct form II requires only two delays
to implement H(z), one less than the direct form Iimplementation.
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Figure 6.6 Direct form | implementation of Eq. (6.16)-

ynl

Figure 6.7 Direct form 1l implementation of Eq. (6.16).

In the preceding discussion, we developed two equivalent block diagrams for
implementing a linear time-invariant system with system function given by Bq. (6.8).
These block diagrams, which represent different computational algorithms for imple-
menting the system, were obtained by manipulations based on the linearity of the system
and the algebraic properties of the system function. Indeed, since the basic difference
equations that represent a linear {ime-invariant system are linear, equivalent sets of dif-
ference equations can be obtained simply by linear transformations of the variables of
the difference equations. Thus, there are an unlimited number of equivalent realizations
of any given system. In Section 6.3, using an approach similar to that employed in this
section, we will develop a number of other important and useful equivalent structures
for implementing a system with system function as in Eq. (6.8). Before discussing these
other forms, however, it i convenient to introduce signal flow graphs as an alternative
to block diagrams for representing difference equations.

6.2 SIGNAL FLOW GRAPH REPRESENTATION OF LINEAR
CONSTANT-COEFFICIENT DIFFERENCE EQUATIONS

A signal flow graph representation of a difference equation is essentially the same as
a block diagram representation, except for a few notational differences. Formally, 8
signal flow graph is a network of directed branches that connect al nodes. Associated

Page 20 of 110 2



-

Sec. 6.2 Signal Flow Graph Representation 349

\ Node j
i
/ wy[n]

w;[n) / .
Figure 6.8 Example of nodes and
Node & branches in a signal flow graph.

d

i

Sourcem Sink . )
node ([, [ﬂ]\r Wa[n] y[n]Dode  Figure 6.9 Example of a signal flow
’ ' c graph showing source and sink nodes.

with each node is a variable or node value. The value associated with node k might
be denoted wy, or, since node variables for digital filters are generally sequences, we
often indicate this explicitly with the notation wi[n]. Branch (j, k) denotes a branch
originating at node j and terminating at node k, with the direction from j to & being
indicated by an arrowhead on the branch. This is shown in Figure 6.8. Each branch
has an input signal and an output signal. The input signal from node ; to branch (J, k)
is the node value wj[n]. In a linear signal flow graph, which is the only class we will
consider, the output of a branch is a linear transformation of the input to the branch.
The simplest example is a constant gain, i.e., when the output of the branch is simply a
constant multiple of the input to the branch. The linear operation represented by the
branch is typically indicated next to the arrowhead showing the direction of the branch.
For the case of a constant multiplier, the constant is simply shown next to the arrowhead.
When an explicit indication of the branch operation is omitted, this indicates a branch
transmittance of unity, or the identity transformation. By definition, the value at each
node in a graph is the sum of the outputs of all the branches entering the node.

To complete the definition of signal flow graph notation, we define two special
types of nodes. Source nodes are nodes that have no entering branches. Source nodes
are used to represent the injection of external inputs or signal sources into a graph.
Sink nodes are nodes that have only entering branches. Sink nodes are used to extract
outputs from a graph. Source nodes, sink nodes, and simple branch gains are illustrated
in the signal flow graph of Figure 6.9. The linear equations represented by the figure
are as follows:

wi[n] = x[n] + aw;[n] + bw[n],
woln] = cw[n], (6.17)

yln] = dx[n] + ews[n].

Addition, multiplication by a constant, and delay are the basic operations required
to implement a linear constant-coefficient difference equation. Since these are all lin-
ear operations, it is possible to use signal flow graph notation to depict algorithms for
implementing linear time-invariant discrete-time systems. As an example of how the
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flow graph concepts just discussed can be applied to the representation of a difference
equation, consider the block diagram in Figure 6.10(a), which is the direct form II real-
ization of the system whose system function is given by Eq. (6.1). A signal flow graph
corresponding to this system s shown in Figure 6.10(b). In the representation of differ-
ence equations, the node variables are sequences. In Figure 6.10(b), node 0 is a source
node whose value is determined by the input sequence x[n], and node 5 is a sink node
whose value is denoted y[n]. Notice that the source and sink nodes are connected to
the rest of the graph by unity-gain branches to clearly denote the input and output
of the system. Obviously, nodes 3 and 5 have identical values. In Figure 6.10(b), all
branches except one (the delay branch (2. 4)) can be represented by a simple branch
gain; i.e.. the output signal is a constant multiple of the branch input. A delay cannot
be represented in the time domain by a branch gain. However, the z-transform rep-
resentation of a unit delay is multiplication by the factor zL. If we represented the
difference equations by their corresponding ~transform equations, all the branches
would be characterized by their system functions. In this case, each branch gain would
be a function of z; ¢.g., @ unit delay branch would have a gain of 2. By convention, we

represent the variables in a signal flow graph as sequences rather than as z-transforms
of sequences. However, L0 simplify the notation, we normally in
by showing its branch gain as 7' but it is understood that the output of such a branch
is the branch input delayed by onc sequence value. The
shown in Figure 6.11 with this convention. The equat

wlnl bo
—
x[n] yln]
(a)
Source Sink
node 0 | 2 by 3 node 5

) Y]

wylnl by sl

yin

w 4(" ]
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Figure 6.10 (3) Block diagram
representation of a {irst-order digital
filter. (b) Structure of the signal flow
graph corresponding to the block
diagram in (a).

Figure 6.11 Signal flow graph of
Figure 6.10(b) with the delay branch
indicated by 2~

dicate a delay branch

graph of Figure 6.10(b) is

ions represented by Figure 6.11 are
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as follows:
wi[n] = awa[n] + x[n], (6.18a)
wa[n] = wi[n], (6.18b)
w3[n] = bowa[n] + bywy[n], (6.18¢c)
waln] = waln — 1], (6.18d)
yln] = ws[n], (6.18¢)

A comparison of Figure 6.10(a) and Figure 6.11 shows that there is a direct corre-
spondence between branches in the block diagram and branches in the flow graph. In
fact, the important difference between the two is that nodes in the flow graph represent
both branching points and adders, whereas in the block diagram a special symbol is used
for adders. A branching point in the block diagram is represented in the flow graph by a
node that has only one incoming branch and one or more outgoing branches. An adder
in the block diagram is represented in the signal flow graph by a node that has two (or
more) incoming branches. Signal flow graphs are therefore totally equivalent to block
diagrams as pictorial representations of difference equations, but they are simpler to
draw. Like block diagrams, they can be manipulated graphically to gain insight into
the properties of a given system. A large body of signal flow graph theory exists that
can be directly applied to discrete-time systems when they are represented in this form.
(See Mason and Zimmermann, 1960; Chow and Cassignol, 1962; and Phillips and Nagle,
1995.) Although we will use flow graphs primarily for their pictorial value, we will utilize
certain theorems relating to signal flow graphs in examining alternative structures for
implementing linear systems.

Equations (6.182)—(6.18¢) define a multistep algorithm for computing the out-
put of the linear time-invariant system from the input sequence x[n]. This example
illustrates the kind of data precedence relations that generally arise in the implementa-
tion of IIR systems. Equations (6.18a)—(6.18¢) cannot be computed in arbitrary order.
Equations (6.18a) and (6.18¢c) require multiplications and additions, but Egs. (6.18b)
and (6.18¢) simply rename variables. Equation (6.18d) represents the “updating” of the
memory of the system. It would be implemented simply by replacing the contents of
the memory register representing w4 [n] by the value of w[r], but this would have to be
done consistently cither before or after the evaluation of all the other equations. Initial-
rest conditions would be imposed in this case by defining w,[—1] = 0 or w,[0] = 0.
Clearly, Eqgs. (6.18a)—(6.18¢) must be computed in the order given, except that the last
two could be interchanged or Eq. (6.18d) could be consistently evaluated first.

The flow graph represents a set of difference equations, with one equation being
written at each node of the network. In the case of the flow graph of Figure 6.11, we
can eliminate some of the variables rather easily to obtain the pair of equations

waln] = awy[n — 1] + x[n], (6.19a)
y[n] = bowz[n] + byw,[n — 1), (6.19b)

which are in the form of Egs. (6.15a) and (6.15b); i.e., in direct form IL Often, the
manipulation of the difference equations of a flow graph is difficult when dealing with
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the time-domain variables, due 1o feedback of delayed variables. In such cases, il is
always possible to work with the z-transform representation, wherein all branches are
simple gains. Problems 6.1-6.26 illustrate the utility of z-transform analysis of flow
graphs for obtaining equivalent sets of difference equations.

Example 6.3 Determination of the System Function
from a Flow Graph

To illustrate the use of the z-transform in determining the system function [rom &
flow graph, consider Figure 6.12. The flow graph in this figure is not in direct form.
Therefore, the system function cannot be written down by inspection of the graph.
However, the set of difference equations represented by the graph can be written
down by writing an equation for the value of each node variable in terms of the other
node variables. The five cguations are

wiln} = waln] = x[nl. (6.20a)
waln) = ewi[n]. (6.20b)
waln) = waln] -+ x[nl. (6.20c)
waln] = waln — 11, (6.20d)

yinl = waln] + wan). (6.20¢)

21 owmilnl w wo(n]

NI v{n]

wiln) 27U owylnl

Figure 6.12 Flow graph notin standard direct form.

These are the equations that would be used to implement the system in the form
described by the flow graph. Equations (6.20a)—(6.20¢) can be represented by the
z-transform equations

Wi(2) = Wal2) — X(2). (6.21a)
Wa(2) = aWi(2). (6.210)
Wa(z) = Wal(2) + X (). (6.21¢)
Wa(z) = 27 Wa(2). (6.21d)
Y (2) = Wa(2) + Wa(2)- (6.21€)
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We can eliminate W;(z) and W3(z) from this set of equations by substituting Eq.(6.21a)
into Eq. (6.21b) and Eq. (6.21c) into Eq. (6.21d), obtaining

Wa(z) = a(Wa(z) — X(2)). (6.22a)
Wi(z) = 27 "(Wa(z) + X (2)). (6.22b)
Y(2) = Wa(z) + Wa(2). (6.22¢)
Equations (6.22a) and (6.22b) can be solved for Wa(z) and Wy(z). yielding
W) = & Dy, (6.2%)
1—oz
T
Wi(z) = #Zj))((z). (6.23b)

and substituting Eqs. (6.23a) and (6.23b) into Eq. (6.22¢) leads to

e ‘._—1 ¢ z_l—oz
Y(2) = <:z{~ L) +z7'(1 rJ) X(z) = (m) X(2). (6.24)

I —wz!
Therefore, the system function of the flow graph of Figure 6.12 is

-1
H(z) = 1‘5_—”.

- (6.25)
oz

from which it follows that the impulse response of the system is
hin) =" 'uln— 1] = " uln]

and the direct form I flow graph is as shown in Figure 6.13.

—
o >

Figure 6.13 Direct form I equivalent of Figure 6.12.

Example 6.3 shows how the z-transform converts the time-domain expressions,
which involve feedback and thus are difficult to solve, into linear equations that can be
solved by algebraic techniques. The example also illustrates that different flow graph
representations define computational algorithms that require different amounts of com-
putational resources. By comparing Figures 6.12 and 6.13, we see that the original im-
plementation requires only one multiplication and one delay (memory) element, while
the direct form I implementation would require two multiplications and two delay ele-
ments. The direct form [T implementation would require one less delay, but it still would
require two multiplications.
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6.3 BASIC STRUCTURES FOR lIR SYSTEMS

In Section 6.1, we introduced two alternative structures for implementing a linear time-
invariant system with system function as in Eq. (6.8). In this section we present the
signal flow graph representations of those systems, and we also develop several other
commonly used equivalent flow graph network Structures. Our discussion will make
it clear that, for any given rational system function, a wide variety of equivalent sets
of difference equations or network structures exists. One consideration in the choice
among these different structures is computational complexity. For example, in some
digital implementations. structures with the fewest constant multipliers and the [ewest
delay branches are often most desirable. This is hecause multiplication is generally
a time-consuming and costly operalion in digital hardware and because each delay
element corresponds to a memory register. Conseq uently, a reduction in the number
of constant multipliers means an increase in speed. and a reduction in the number of
delay elements means a reduction in memory requirements.

Other, more subtle, trade-offs arise in VLSI implenn:nlatiums, in which the area
of a chip is often an important measure of efficiency. Modularity and simplicity of data
transfer on the chip are also frequently very desirable in such implementations. In
multiprocessor implementations. the most important considerations are often related
to partitioning of the algorithm and comm unication requirements between processors.
Another major consideration is the elfects of a finite register length and finite-preécision
arithmetic. These effects depend on the way in which the computations are organized,
... on the structure of the signal flow graph. Sometimes it is desirable Lo use 4 structure
that does not have the minimum number of multipliers and delay elements if that
structure is less sensitive to finite register length effects.

In this section, we develop several of the most commonly used forms for imple-
menting a linear time-invariant IR system and obtain their flow graph representations.

6.3.1 Direct Forms

In Section 6.1, we obtained block diagram representations of the direct form I (Fig-
ure 6.3) and direct form 11, or canonic direct form (Figure 6.5), structures for a linear
time-invariant system whose input and output satisfy a difference equation of the form

N M
yin) =S ayln =K = bxln = K (6.26)
k=1 k=0
with the corresponding rational system function
M
bez "
H(z) = —=—— (627)

i .
1- E akz'k
k=1

In Figure 6.14, the direct form I structure of Figure 6.3 is shown using signal low graph
conventions, and Figure 6.15 shows the signal flow graph representation ol the direct
form 11 structure of Figure 6.5. Again, we have assumed for convenience that N=
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by v[n]
& ‘
x[n] yn
7 z
b il
x[n—1] yln-1]
! o
by tt
x[n—Z]I | ; ‘)’["—2]
| | | |
| | | |
| | | |
| N-1 ' ' ay-1 !
x[n-N+1] - yln-N+1]
. z
by ay
x[n-N] L y[n-N]

Figure 6.14  Signal flow graph of direct form I structure for an N'th-order system.

win] by
x[n] o Y[
a, by
:.-I
a s
| | i
| | |
I | |
| | I
I ay_y 1 by_, |
o1 Figure 6.15 Signal flow graph of
ay by direct form 1 structure for an
~+ Nth-order system.

Note that we have drawn the flow graph so that each node has no more than two inputs.
Anode in a signal flow graph may have any number of inputs, but, as indicated earlier,
this two-input convention results in a graph that is more closely related to programs and
architectures for implementing the computation of the difference equations represented
by the graph.

Example 6.4 Illustration of Direct Form I and Direct
Form Il Structures

Consider the system function

142271 4272
—0.75z7V 012572
Since the coefficients in the direct form structures correspond directly to the coeffi-
cients of the numerator and denominator polynomials (taking into account the minus
sign in the denominator of Eq. (6.27)), we can draw these structures by inspection with

(6.28)

H(z) = ]
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reference to Figures 6.14 and 6.15. The direct form I and direct form II structures for
this example are shown in Figures 6.16 and 6.17, respectively.

Figure 6.17  Direct form 1 structure for Example 6.4.

6.3.2 Cascade Form

The direct form structures Were obtained directly from the system function H(z), written
as a ratio of polynomials in the variable z—! as in Eq. (6.27). If we factor the numerator
and denominator polynomials, we can express H(z) in the form

M,y M
H(l — fiz ™) H(l — gz H(A - giz )
H(z) = Ak;ll =] e ; (6.29)

Na
[10 —eeH 10— di” H(L —diz™)
f=) k=1

where M = M, +2M, and N = N +2N,. In this expression, the first-order factors
represent real zeros at fi and real poles at ¢k, and the second-order factors represent
complex conjugate pairs of zeros at gk and g and complex conjugate pairs of poles at
d, and d . This represents the most general distribution of poles and zeros when all the
coefficients in Eq. (6.27) arereal. Equation (6.29) suggestsa class of structures consisting
of a cascade of first- and second-order systems. There is considerable freedom in the
choice of composition of the subsystems and in the order in which the subsystems are
cascaded. In practice, however, it is often desirable to implement the cascade realization
using a minimum of storage and computation. A modular structure thatis advantageous
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w [n] yiln]
Y bot .":

Figure 6.18 Cascade structure for a sixth-order system with a direct form I
realization of each second-order subsystem.

for many types of implementations is obtained by combining pairs of real factors and
complex conjugate pairs into second-order factors so that Eq. (6.29) can be expressed as

Ny 2 -2

T bor + bzt + bz ?
H(z) = , 6.30
(2) kI:Il | —apz — apz? (6.30)

where Ny = [(N + 1)/2] is the largest integer contained in (N + 1)/2. In writing
H(z) in this form, we have assumed that M < N and that the real poles and
zeros have been combined in pairs. If there are an odd number of real zeros, one
of the coefficients by, will be zero. Likewise, if there are an odd number of real
poles, one of the coefficients ay; will be zero. The individual second-order sections
can be implemented using either of the direct form structures; however, the previous
discussion shows that we can implement a cascade structure with a minimum num-
ber of multiplications and a minimum number of delay elements if we use the direct
form II structure for each second-order section. A cascade structure for a sixth-order
system using three direct form II second-order sections is shown in Figure 6.18. The
difference equations represented by a general cascade of direct form II second-order
sections are of the form

yoln] = x[n]. (6.31a)
wi[n] = apwr[n — 1]+ anwi[n — 2] + yei[n], k=1,2.....N,, (6.31b)
ye[n] = boxwi[n] 4+ bywi[n — 1]+ bawi[n —2], k=1,2,...,N,. (6.31c)

yinl = yu,[n]. (6310)

It is easy to see that a variety of theoretically equivalent systems can be obtained
by simply pairing the poles and zeros in different ways and by ordering the second-order
sections in different ways. Indeed, if there are N, second-order sections, there are Ny!
(N factorial) pairings of the poles with zeros and N, ! orderings of the resulting second-
order sections, or a total of (N,!)? different pairings and orderings. Although these all
have the same overall system function and corresponding input-output relation when
infinite-precision arithmetic is used, their behavior with finite-precision arithmetic can
be quite different, as we will see in Section 6.8.
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Example 6.5 lllustration of Cascade Structures

Let us again consider the system function of Eq. (6.28). Since this is a second-ordey

system, a cascade structure with direct form I1 second-order sections reduces to the

structure of Figure 6.17. Alternatively, to illustrate the cascade structure, we can use

first-order systems by expressing H(z) as a produet of first-order factors, as in
1+2¢7 +272 Q1+ +z")

H - = -
(D)= 075 T+ 012522 (1 -05z D)1 -025z7")

(6.32)

Since all of the poles and zeros are real, a cascade structure with first-order sections has
real coefficients. If the poles and/or zeros were complex, only a second-order section
would have real coefficients. Figure 6.19 shows two equivalent cascade structures, cach
of which has the system function in Eq. (6.32). The difference equations represented
by the flow graphs in the figure can be written down easily. Problem 6.22 is concerned
with finding other, equivalent system configurations.

(a)

—0

vinl

0.25
(b)

Figure 6.19 Cascade structures for Example 6.5. (a) Direct form | subsections.
(b) Direct form Il subsections.

A final comment should be made about our definition of the system function for
the cascade form. As defined in Eq. (6.30), cach second-order section has five constant
multipliers. For comparison, let us assume that M = Nin H(z) as given by Eq.(6.27). and
furthermore, assume that N is an even integer, so that N, = N/2. Then the direct form
I and 11 structures have 2N + 1 constant multipliers, while the cascade form structure
suggested by Eq. (6.30) has 5N/2 constant multipliers. For the sixth-order system in
Figure 6.18, we require a total of 15 multipliers, while the equivalent direct forms would
require a total of 13 multipliers. Another definition of the cascade form is

Ny T = T L5
> | bzt 4 barz ™
H(z) = by || 2202 _voRkS 6.33)
(2) =bo H 1—apz ! —axi™? (
k=1
where by is the leading coefficient in the numerator polynomial of Eq. 6.27) and
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bix = big/bor fori = 1,2 and k = 1,2, ..., N,. This form for H(z) suggests a cascade
of four-multiplier second-order sections, with a single overall gain constant by. This
cascade form has the same number of constant multipliers as the direct form structures.
As discussed in Section 6.8, the five-multiplier second-order sections are commonly
used when implemented with fixed-point arithmetic, because they make it possible to
distribute the gain of the system and thereby control the size of signals at various critical
points in the system. When floating-point arithmetic is used and dynamic range is not a
problem, the four-multiplier second-order sections can be used to decrease the amount
of computation. Further simplification results for zeros on the unit circle. In this case,
b = 1, and we require only three multipliers per second-order section.

6.3.3 Parallel Form

As an alternative to factoring the numerator and denominator polynomials of H(z),
we can express a rational system function as given by Eq. (6.27) or (6.29) as a partial
fraction expansion in the form

Ny

_ Bi(1— ez
i : 6.34
H(z) = zckz +21_CM_1 ZJ_(_I_M_[)“_JEZ_]) (6.34)

where N = N; +2N,. If M > N, then N, = M — N; otherwise, the first summation
in Eq. (6.34) is not included. If the coefficients ax and by are real in Eq. (6.27), then
the quantities Ay, By, Ci. ¢, and ey are all real. In this form, the system function
can be interpreted as representing a parallel combination of first- and second-order
IR systems, with possibly N, simple scaled delay paths. Alternatively, we may group
the real poles in pairs, so thal H(z) can be expressed as

eor + ez
H C ; 6.35
(2) = ; kZ +Z | —apuz ' — anz™? (6.35)
where, as in the cascade form, N, = [(N + 1)/2] is the largest integer contained in

(N+1)/2,andif N, = M — N is negative, the first sum is not present. A typical example
for N = M = 6isshown in Figure 6.20. The general difference equations for the parallel
form with second-order direct form II sections are

wiln] = ayewi[n — 1]+ appwi[n — 2] + x[n]. k=1.2,....N,, (6.36a)

ye[n] = eqpwiln] + eppwi[n — 1], k=1,2..., N, (6.36b)
N, Ny

=Y Cuxln—k+> ylnl. (6.36¢)
k=0 k=1

If M < N, then the first summation in Eq. (6.36¢) is not included.
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y2[n]

yinl

Figure 6.20 Parallel-form structure for sixth-order system (M = N = 6) with
the real and complex poles grouped in pairs.

Example 6.6 lllustration of Parallel-Form Structures

Consider again the system function used in Examples 6.4 and 6.5. For the parallel
form, we must express H(z) in the form of either Eq. (6.34) or Eq. (6.35). If we use
second-order sections,

14271 4272 74820 A
H(z) = 1= L (6.37)

I e Y- BTt
0.75z7" +0.125¢2 T 1075z T+ 012522
The parallel-form realization for this example with a second-order section is shown in
Figure 6.21.
Since all the poles are real, we can obtain an alternative parallel form realization
by expanding H(z) as

18 25

2 6.38)
1-05z7" 1-025z7! (

H(z) =8+
The resulting paralle] form with first-order sections is shown in Figure 6.22. As in the
gcneral case, the difference equations represented by both Figures 6.21 and 6.22 can
be written down by inspection.
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o—— i)
vl

x[n]

Figure 6.21 Parallel-form structure for Example 6.6 using a second-order

system.
8
18
o——O— O
x[n] y[nl
Z—T
0.5
=25
fa
0.25

Figure 6.22 Parallel-form structure for Example 6.6 using first-order systems.

6.3.4 Feedback in lIR Systems

All the flow graphs of this section have feedback loops; i.e., they have closed paths that
begin at a node and return to that node by traversing branches only in the direction of
their arrowheads. Such astructure in the flow graph implies that anode variable in aloop
depends directly or indirectly on itself. A simple example is shown in Figure 6.23(a),
which represents the difference equation

yln] = ay[n — 1] + x[n]. (6.39)

Such loops are necessary (but not sufficient) to generate infinitely long impulse
responses. This can be seen if we consider a network with no feedback loops. In such a
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—0

¥lnl

Figure 6.23 (a) System with feedback
loop. (b) FIR system with teedback loop,
(c) (¢) Noncomputable system.

case, any path from the input to the output can pass through each delay element only
once. Therefore, the longest delay between the input and output wou ld occur {or a path
that passes through all of the delay elements in the network. Thus, for a network with
no loops. the impulse response is no longer than the total number of delay elements in
the network. From this, we conclude that if a network has no loops, then the system
function has only zeros (except for poles at z = 0), and the number of zeros can be no
more than the number of delay elements in the network.

Returning to the simple example of Figure 6.23(a), we see that when the input is
the impulse sequence, the single-input sample continually recirculates in the feedback
loop with either increasing (if Ja| = 1) or decreasing (if la| < 1) amplitude due to
multiplication by the constant . so that the impulse response is h[n] = a"u[n). This is
the way that feedback can create an infinitely long impulse response.

1f a system function has poles.a corresponding block diagram or signal flow graph
will have feedback loops. On the other hand, neither poles in the system function nor
loops in the network are sufficient for the impulse response 10 be infinitely long. Fig-
ure 6.23(b) shows a network with a loop, but with an impulse response of finite length.
This is because the pole of the system function cancels with a zero: i.e.. for Figure 6.23(b),

Ly | —. -
H(2) = {—a’z? (1-02 Bl 4az’") _{4az . (6.40)
L—az™ L —az™

The impulse response of this system is h[n] = 8n) + adln— 1]. The system is a simple
example of a general class of FIR systems called frequency-sam pling systeims. This class

of systems is considered in more detail in Problems 6.30 and 6.37.
Loops in a network pose special problems in implementing the computations
implied by the network. As we have discussed, it must be possible to compute the
node variables in a network in sequence such that all necessary values are available
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when needed. In some cases, there is no way to order the computations so that the
node variables of a flow graph can be computed in sequence. Such a network is called
nonconputable (Crochiere and Oppenheim, 1975). A simple noncomputable network
is shown in Figure 6.23(c). The difference equation for this network is

y[n] = ay[n] + x[n). (6.41)

In this form, we cannol compute y[n] because the right-hand side of the equation
involves the quantity we wish to compute. The fact that a flow graph is noncomputable
does not mean the equations represented by the flow graph cannot be solved: indeed,
the solution to Eq. (6.41) is y[n] = x[n]/(1 — a). It simply means that the flow graph
does not represent a set of difference equations that can be solved successively for
the node variables. The key to the computability of a flow graph is that all loops must
contain at least one unit delay element. Thus, in manipulating flow graphs representing
implementations of linear time-invariant systems, we must be careful not to create delay-
free loops. Problem 6.28 deals with a system having a delay-free loop. Problem 7.45
shows how u delay-free loop can be introduced.

6.4 TRANSPOSED FORMS

The theory of linear signal flow graphs provides a variety of procedures for transforming
such graphs into different forms while leaving the overall system function between
input and output unchanged. One of these procedures, called flow graph reversal or
transposition, leads to a set of transposed system structures that provide some useful
allernalives to the structures discussed in the previous section.

Transposition of a flow graph is accomplished by reversing the directions of all
branches in the network while keeping the branch transmittances as they were and
reversing the roles of the input and output so that source nodes become sink nodes and
vice versa. For single-input, single-output systems, the resulting flow graph has the same
system [unction as the original graph if the input and output nodes are interchanged.
Although we will not formally prove this resull here,” we will demonstrate that it is
valid with two examples.

Example 6.7 Transposed Form for a First-Order System
with No Zeroes

The first-order system corresponding to the flow graph in Figure 6.24 has system
function
1

l—az!

H(z) = (6.42)
To obtain the transposed form for this system, we reverse the directions of all the
branch arrows. taking the output where the input was and injecting the input where
the output was. The result is shown in Figure 6.25. It is usually convenient to draw the
transposed network with the input on the left and the output on the right, as shown in
Figure 6.26. Comparing Figures 6.24 and 6.26 we note that the only difference is that
in Figure 6.24 we multiply the delayed output sequence y[n — 1] by the cocfficient a,

¥The theorem follows directly from Mason’s gain formula of signal flow graph theory. (See Mason and
Zimmermann, 1960; Chow and Cassignol, 1962; or Phillips and Nagle. 1995.)
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Figure 6.24 Flow graph of simple first-order system.

————3

vln x[n]

a

Figure 6.25 Transposed form of Figure 6.24.

Figure 6.26  Structure of Figure 6.25 redrawn with input on left.

whereas in Figure 6.26 we multiply the output y|n1] by the coefficient a and then delay
the resulting product. Since the two operations can be interch anged, we can conclude
by inspection that the original system in Figure 6.24 and the corresponding transposed
system in Figure 6.26 have the same system function.

In Example 6.7, it is straightforward to sce that the original system and its transpose
have the same system function. However, for more complicated graphs, the result is
often not so obvious. This is illustrated by the next example.

Example 6.8 Transposed Form for a Basic
Second-Order Section

Consider the basic second-order section depicted in Figure 6.27. The corresponding
difference equations for this system are

wln] = ayw[n — 1]+ aawln = 2] + x[n]. (6.43a)
yln] = bow[n] + bywln - 1]+ bow[n —21. (6.43b)

The transposed flow graph is shown in Figure 6.28; its corresponding difference equa-
tions are

vo[n] = box[n] +viln - 1]. (6.44a)
y[n] = voln]. (6.44b)
viln] = @ y[n) + bix[n] + va[n =11, (6.440)
va[n] = azy[n] + bax[nl. (6.44d)

Equations (6.43a)—~(6.43b) and Eqs. (6.44a)—(6.44d) are different ways to orga-
nize the computation of the output samples y[n] from the input samples x[nl, and
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Figure 6.27 Direct form Il structure for Example 6.8,

by vg[n]

0l

x[n]

vsn]

Figure 6.28 Transposed direct form Il structure for Example 6.8.

it is not immediately clear that the two sets of difference equations are equivalent.
One way to show this equivalence is to use the z-transform representations of both
sets of equations, solve for the ratio Y(z)/ X (z) = H(z) in both cases, and compare the
results. Another way is to substitute Eq. (6.44d) into Eq. (6.44c), substitute the result
into Eq. (6.44a), and finally, substitute that result into Eq. (6.44b). The final result is

v =aiyln =1+ wyln =21+ box{n] + by x[n — 1] + bax[n = 2].  (6.45)

Since the network of Figure 6.27 is a direct form II structure, it is easily seen that
the input and output of the system in Figure 6.27 also satisfies the difference equa-
tion (6.45). Therefore. for initial-rest conditions, the systems in Figures 6.27 and 6.28
are equivalent.

The transposition theorem can be applied to any of the structures that we have
discussed so far. For example, the result of applying the theorem to the direct form 1
structure of Figure 6.14 is shown in Figure 6.29, and similarly, the structure obtained by
transposing the direct form II structure of Figure 6.15 is shown in Figure 6.30. Clearly.
if a signal flow graph configuration is transposed, the number of delay branches and the
number of coefficients remain the same. Thus, the transposed direct form IT structure
is also a canonic structure.

An important point becomes evident through a comparison of Figures 6.15 and
6.30. Whereas the direct form II structure implements the poles first and then the
zeros, the transposed direct form 1I structure implements the zeros first and then the
poles. These differences can become important in the presence of quantization in finite-
precision digital implementations or in the presence of noise in discrete-time analog
implementations.

When the transposition theorem is applied to cascade or parallel structures, the
individual second-order systems are replaced by transposed structures. For example,
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Figure6.29 General flow graph resulting fromapplying the transposition theorem
to the direct form | structure of Figure 6.14.

o

x[n)

Figure 6.30 General flow graph
resulting from applying the transpasition
theorem 1o the direct form |l structure of
Figure 6.15.

applying the transposition theorem to Figure 6.18 resullsina cascade of three transposed
direct form II sections (like the one in Example 6.8) with the same coefficients as in
Figure 6.18, but with the order of the cascade reversed. A similar statement can be made
about the transposition of Figure 6.20.

The transposition theorem further emphasizes that an infinite variety of imple-
mentation structures exists for any given rational system function. The transposition
theorem provides a simple procedure for gencrating new structures. The problems of
implementing systems with finite-precision arithmetic have motivated the development
of many more classes of equivalent structurcs than we can discuss here. Thus, we con-
centrate only on the most commonly used structures.

6.5 BASIC NETWORK STRUCTURES FOR FIR SYSTEMS
The direct, cascade, and parallel-form structures discussed in Sections 6.3 and 6.4 ar¢

the most common basic structures for [TR systems. These structures were develnped
under the assumption that the system function had both poles and zeros. Although the
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o Figure 6.31 Direct-form realization of
y11 an FIR system.

——— o

h[M] hM-1] dh[M-2] h[2) N n[o]

e ———0

x[n]
Figure 6.32 Transposition of the network of Figure 6.31.

direct and cascade forms for IIR systems include FIR systems as a special case, there
are additional specific forms for FIR systems.

6.5.1 Direct Form

For causal FIR systems, the system function has only zeros (except for poles at z = 0),
and since the coefficients a, are all zero, the difference equation of Eq. (6.9) reduces to

M
ylnl =" bex[n — k. (6.46)
k=0

This can be recognized as the discrete convolution of x[n] with the impulse response

_ b, n=0,1,..., M,
hln] = {O otherwise. (6.47)

In this case, the direct form I and direct form IT structures in Figures 6.14 and 6.15 both
reduce to the direct-form FIR structure shown in Figure 6.31. Because of the chain of
delay elements across the top of the diagram, this structure is also referred to as a tapped
delay line structure or a transversal filter structure. As seen from Figure 6.31, the signal
at each tap along this chain is weighted by the appropriate coefficient (impulse-response
value), and the resulting products are summed to form the output y[n].

The transposed direct form for the FIR case is obtained by applying the transpo-
sition theorem to Figure 6.31 or, equivalently, by setting the coefficients a; to zero in
Figure 6.29 or Figure 6.30. The result is shown in Figure 6.32.

6.5.2 Cascade Form

The cascade form for FIR systems is obtained by factoring the polynomial system
function. That is, we represent H(z) as

M M
H(z) =Y hln)e™ = [ [(boc + buz™ + bz ?), (6.48)
n=0 k=1
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by by bonrg
o——20- T R — —— - -
x[n] yin]
- = -
by J by bypg
(] T——o—\ 4
7! z 7!
by by bayeg
— O

Figure 6.33 Cascade-form realization of an FIR system.

where M, = |(M+1)/2] is the largest integer contained in (M + 1)/2. 11 M is odd, one
of the coefficients by will be zero, since H(z) in that case would have an odd number
of real zeros. The flow graph representing Eq. (6.48) is shown in Figure 6.33, which is
identical in form to Figure 6.18 with the coefficients a and o all zero. Each of the
second-order sections in Figure 6.33 uses the direct form shown in Figure 6.31. Another
alternative is to use transposed direct-form second-order sections or, equivalently, to
apply the transposition theorem to Figure 6.33.

6.5.3 Structures for Linear-Phase FIR Systems

In Chapter 5, we showed that causal FIR systems have generalized linear phase if the
impulse response satisfies the symmetry condition

h[M — n] = hin] n=01,....M (6.49a)
or
h[M — n] = —h[n] n=0,1,..., M. (6.49b)

With either of these conditions, the number of coefficient multipliers can be essen-
tially halved. To see this, consider the following manipulations of the discrete convolu-
tion equation, assuming that M is an even integer corresponding to type I or type 841
systems:

M

yln) = Z h{kix[n — K]
k=0

M2-1 M
= hklxln — K]+ h{M/2]xln — M/2] + ST hfkix(n — K
k=0 k=M/2+1
M/2—-1 Mj2—1
= 3" hlkfxln — K+ R[M/2]x[n — M/2)+ > hM = kx[n — M+ k).
k=0 k=0

For type I systems. we use Eq. (6.49a) to obtain

M/2-1
yinl = S Akl (xln — Kl + x[n = M+ kD) + h(M/2)x[n — Mj2). (6:50)
k=0
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For type III systems, we use Eq. (6.49b) to obtain

M/2—1

ylnl = Y hlk)(x[n — k] — x[n — M + k]). (6.51)

k=0
For the case of M an odd integer, the corresponding equations are, for type II systems,

(M-1)/2
nl= > hlKl(x[n — k] + x[n — M+ k) (6.52)
k=0
and, for type IV systems,
(M—-1)/2
ylnl= > hlKl(x[n — k] — x[n — M+ k]). (6.53)
k=0

Equations (6.50)—(6.53) imply structures with either M/2 4+ 1, M/2, or (M +1)/2
coefficient multipliers, rather than the M coefficient multipliers of the general direct-
form structure of Figure 6.31. Figure 6.34 shows the structure implied by Eq. (6.50), and
Figure 6.35 shows the structure implied by Eq. (6.52).

In our discussion of linear-phase systems in Section 5.7.3, we showed that the
symmetry conditions of Egs. (6.49a) and (6.49b) cause the zeros of H(z) to occur in
mirror-image pairs. That is, if zg is a zero of H(z), then 1/z; is also a zero of H(z).
Furthermore, if A[n] is real, then the zeros of H(z) occur in complex-conjugate pairs.

it
x[n]

yln]

Z 2z
z_l _.._-l
h10] i1l k(2] hMI2]  Figure 6.34 Direct-form structure for
an FIR linear-phase system when M is
an even integer.
7! 7! 7!
& & e
x[n]
Z—I
z:' R
h[o} h[1] h[2} h[(M-1)/2]
o
y[n]

Figure 6.35 Direct-form structure for an FIR linear-phase system when M is an
odd integer.
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Sm o ;

z-plane

24

k&3 I
°z

Figure 6.36  Symmetry of zeros for a
linear-phase FIR filter.

As a consequence, real zeros not on the unit circle oceur in reciprocal pairs. Complex
seros not on the unit circle occur in groups of four, corresponding to the complex con-
jugates and reciprocals. If a zero is on the unit circle, its reciprocal is also its conjugate,
Consequently, complex zeros on the unit circle are conveniently grouped into pairs.
Zeros at z = +1 are their own reciprocal and complex conjugate. The four cases are
summarized in Figure 6.36, where the zeros at z), 2}, 1/21. and 1/z] are considered asa
group of four. The zeros at 2 and 1/z; are considered as a group ol two, as are the zeros
at zyand z3. The zero at z41s considered singly. If H(z) has the zeros shown in Figure 6.36,
it can be factored into a product of first-, second-, and fourth-order factors. Each of these
factors is a polynomial whose coefficients have the same symmetry as the coefficients
of H(z): i.e., cach factor is a linear-phase polynomial in 7z~'. Therefore, the system can
he implemented as a cascade of first-. second-, and fourth-order systems. For example,
the system function corresponding to the zeros of Figure 6.36 can be expressed as

H(z) = h[0)(1 + 21 +az” +27) (1 +bz + %)

(6.54)
x (1+czt+dz 2 +e+ ),

where
a=(z+1/2), b =2Relz3}, c=2Relzi +1/21h d=2+z -+l

This representation suggests a cascade structure consisting of linear-phase elements. It
can be seen that the order of the system function polynomial is M =9 and the number
of different coefficient multipliers is five. This is the same number ((M + 1)/2 = 5)
of constant multipliers required for implementing the system in the linear-phase di-
rect form of Figure 6.34. Thus, with no additional multiplications, we obtain a modular
structure in terms of a cascade of short linear-phase FIR systems.

6.6 OVERVIEW OF FINITE-PRECISION NUMERICAL EFFECTS

We have seen that a particular linear time-invariant discrete-time system can be 5_“1’
plemented by a variety of computational structures. One motivation for considerng
alternatives to the simple direct-form structures is that different structures that are 1]15'
oretically equivalent may behave differently when implemented with finite numerical
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precision. In this section, we give a brief introduction to the major numerical problems
that arise in implementing discrete-time systems. A more detailed analysis of these
finite-word-length effects is given in Sections 6.7-6.9.

6.6.1 Number Representations

In theoretical analyses of discrete-time systems, we generally assume that signal values
and system coefficients are represented in the real-number system. However, with ana-
log discrete-time systems. the limited precision of the components of a circuit makes
it difficult to realize coefficients exactly. Similarly, when implementing digital signal-
processing systems, we must represent signals and coefficients in some digital number
system that must always be of finite precision. Most general-purpose digital computers,
DSP chips, or special-purpose hardware use a binary number system.

The problem of finite numerical precision has already been discussed in Sec-
tion 4.8.2 in the context of A/D conversion. We showed there that the output samples
from an A/D converter are quantized and thus can be represented by fixed-point binary
numbers. For compactness and simplicity in implementing arithmetic, one of the bits
of the binary number is assumed to indicate the algebraic sign of the number. Formats
such as sign and magnitude, one’s complement, and two's complement are possible, but
two’s complement is most common.> A real number can be represented with infinite
precision in two’s-complement form as

oo
X=X, <b0 +) b,-2’> . (6.55)

i=I
where X, is an arbitrary scale factor and the b;’s are either 0 or 1. The quantity by is
referred to as the sign bit. If by = 0,then 0 < x < X,,, andif by = 1, then — X, <x < 0.
Thus, any real number whose magnitude is less than or equal to X, can be represented
by Eq. (6.55). An arbitrary real number x would require an infinite number of bits for
its exact binary representation. As we saw in the case of A/D conversion, if we use only
a finite number of bits (B + 1), then the representation of Eq. (6.55) must be modified
to

B
X= QB[,\'] = Xy <—[)O + Zblz’) = X, ¥s. (656)

i=1

The resulting binary representation is quantized, so that the smallest difference between
numbers is

A= X275 (6.57)

In this case, the quantized numbers are in the range — X, < ¥ < X,,. The fractional
part of ¥ can be represented with the positional notation

X'B = boolﬂbg[); s bg, (658)

where o represents the binary point.

FA detailed description of binary number systems and corresponding arithmetic is given by Knuth
(1997).
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The operation of quantizing a number to (B + 1) bits can be implemented by
rounding or by truncation, but in cither case quantization is a nonlinear memory-
less operation. Figures 6.37(a) and 6.37(b) show the input-output relation for Lwo's-

complement rounding and truncation, respectively, for the case B

— 2. In considering

the effects of quantization, we often define the quantization error as

e = Qgplx] — x.

(6.59)

For the case of two's-complement rounding, —A/2 < e = A/2, and for two's-

complement fruncation, —A < e < 0.4

*Note that Eq. (6.56) also represents the result of rounding or truncating any (B + 1)-bit binaﬂ‘
representation, where By > B. In this case A would be replaced by (A — X;,2751) in the bounds on the size

of the quanlization error.
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If a number is larger than X, (a situation called an overflow), we must implement
some method of determining the quantized result. In the two’s-complement arithmetic
system, this need arises when we add two numbers whose sum is greater than X,,. For
example, consider the 4-bit two’s-complement number 0111, which in decimal form is 7.
If we add the number 0001, the carry propagates all the way to the sign bit, so that the re-
sultis 1000, which in decimal form is —8. Thus, the resulting error can be very large when
overflow occurs. Figure 6.38(a) shows the two’s-complement quantizer, including the

011 ' ' oIl

010 010

001 001
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o
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=
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=
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i

101 101
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I _4A |-

(a)

0l

010

m“’,’

w‘ﬁ‘—

l\)‘l:l—
=

101

100

(b)

Figure 6.38 Two's-complement rounding. (a) Natural overflow. (b) Saturation.
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effect of regular two’s-complement arithmetic overflow. An alternative. which is cyljeq
saturation overflow or clipping, is shown in Figure 6.38(b). This method of handling ovey.
flow is generally implemented for A/D conversion, and it sometimes is implemente
specialized DSP microprocessors for the addition of two's-complement numbers, Wiy,
saturation overflow, the size of the error does not increase abruptly when overfloy
occurs; however, a disadvantage of the method is that it voids the following interest.
ing and useful property of two’s-complement arithmetic: If several two's-complemen;
numbers whose sum would not overflow are added, then the result of two's-complemeny
accumulation of these numbers is correct, even though intermediate sums might ovey-
flow.

Both quantization and overflow introduce errorsin digital representations of num-
bers. Unfortunately, to minimize overflow while keeping the number of bits the same
we must increase X,, and thus increase the size of quantization errors pl‘Oportionatelyj
Hence, to simultancously achieve wider dynamic range and lower quantization error.
we must increase the number of bits in the binary representation. i

So far, we have simply stated that the quantity X, is an arbitrary scale factor;
however, this factor has several useful interpretations. In A/D conversion, we considered
X, to be the full-scale amplitude of the A/D converter. In this case, X, would probably
represent a voltage or current in the analog part of the system. Thus, X, serves as a
calibration constant for relating binary numbers in the range —1 < I < 1 to analog
signal amplitudes.

In digital signal-processing implementations, it is common to assume that all signal
variables and all coefficients are binary fractions. Thus, if we multiply a (B+1)-bitsignal
variable by a (B -+ 1)-bit coefficient, the result is a (2B + 1)-bit fraction that can be
conveniently reduced to ( B+ 1) bits by rounding or truncating the least significant bits.
With this convention, the quantity X, can be thought of as a scale factor that allows the
representation of numbers that are greater than unity in magnitude. For example, in
fixed-point computations, it is common to assume that each binary number has a scale
factor of the form X,, = 2°. Accordingly, a value ¢ = 2 implies that the binary point is
actually located between b, and b3 of the binary word in Eq. (6.58). Often, this scale
factor is not explicitly represented; instead, it is implicit in the implementation program
or hardware architecture.

Still another way of thinking about the scale factor X, leads to the floating-point
representations, in which the exponent ¢ of the scale factor is called the characteristic
and the fractional part &5 is called the mantissa. The characteristic and the mantissa
are each represented explicitly as binary numbers in floating-point arithmetic systems.
Floating-point representations provide a convenient means for maintaining both a wide
dynamic range and a small quantization noise; however, quantization error manifests
itself in a somewhat different way.

6.6.2 Quantization in Implementing Systems

Numerical quantization affects the implementation of linear time-invariant discrete-
time systems in several ways. As a simple illustration, consider Figure 6.39(a), which
shows a block diagram for a system in which a bandlimited continuous-time signal x.(f)
is sampled to obtain the sequence x{n], which is the input to a linear time-invariant
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Figure 6.39 Implementation of discrete-time filtering of an analog signal.
(a) Ideal system, (b) Nonlinear model. (c) Linearized model.

system whose system function is

H() = 5 (6.60)

—az U
The output of this system, y[n], is converted by ideal bandlimited interpolation to the
bandlimited signal y.(r).

A more realistic model is shown in Figure 6.39(b). In a practical setting, sampling
would be done with an A/D converter with finite precision of (B; + 1) bits. The sys-
tem would be implemented with binary arithmetic of (B + 1) bits. The coefficient a in
Figure 6.39(a) would be represented with (B + 1) bits of precision. Also, the delayed
variable ?[n — 1] would be stored in a (B + 1)-bit register, and when the (B + 1)-bit
number $[n — 1] is multiplied by the (B + 1)-bit number 4, the resulting product would
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be (2B + 1) bits in length. If we assume that a (B + 1)-bit adder is used, the product
av[n — 1] must be quantized (i.e., rounded or truncated) to (B + 1) bits before it can
be added to the (B; + 1)-bil input sample ¥[n]. When B; < B, the (B - 1) bits of the
input samples can be placed anywhere in the (B + 1)-bit binary word with appropriate
extension of the sign. Different choices correspond to different scalings of the inpuyt.
The coefficient @ has been quantized, so leaving aside the other quantization errors,
the system response cannol in general be the same as in Figure 6.39(a). Finally, the
(B 4 1)-bit samples i[n], computed by iterating the difference equation represented
by the block diagram, would be converted to an analog signal by a (B, + 1)-bit D/A
converter, When B, = B. the output samples must be quantized before D/A conver-
sion.

Although the model of Figure 6.39(b) could be an accurate representation of areal
system, it would be difficult 1o analyze. The system is nonlinear due to the quantizers
and the possibility of overflow at the adder. Also, quantization errors are introduced
al many points in the system. The effects of these errors are impossible to analyze
precisely. since they depend on the input signal, which we generally consider to be
unknown. Thus, we are forced to adopt several different approximation approaches to
simplify the analysis of such systems.

The effect of quantizing the system parameters, such as the coefficient @ in Fig-
ure 6.39(a), is generally determined separalely from the effect of quantization in data
conversion or in implementing difference equations. That is, the ideal coefficients of a
system function are replaced by their quantized values, and the resulting response func-
tions are tested tosee whether quantization has degraded the performance of the system
to unacceptable levels. For the example of Figure 6.39, if the real number 4 is quantized

to (B + 1) bits, we must consider whether the resulting system with system function

H(z) = 1—_1~ (6.61)

az!
is close enough to the desired system function H(z) given by Eq. (6.60). Since there
are only 254! different (8 + 1)-bit binary numbers, the pole of H(z) can occur only at
2B+ Jocations on the real axis of the z-plane. This type of analysis is discussed in more
general terms in Section 6.7.

The nonlinearity of the system of Figure 6.39(b) causes behavior that cannot occur
in a linear system. Specifically, systems such as this can exhibit zero-input limit cyeles,
whereby the output oscillates periodically when the input becomes zero after having
been non-zero. Limit cycles are caused both by quant ization and by overflow. Although
the analysis of such phenomena is difficult. some useful approximate results have been
developed. Limit cycles are discussed briefly in Section 6.9.

If care is taken in the design of a digital implementation, we can ensure that
overflow occurs only rarely and quantization e1rors are small, Under these conditions.
the system of Figure 6.39(b) behaves very much like a linear system (with q-.mmi/.t‘d
coefficients) in which quantization errors are injected at the input and output and at
internal points in the network where rounding or truncalion 0ccurs. Therefore, we can
replace the model of Figure 6.39(b) by the linearized model of Figure 6.39(c), where
the quantizers are replaced by additive noise sources (Gold and Rader, 1969 Jackson,
1970a, 1970b). Figure 6,39(¢) is equivalent to Figure 6.39(b) if we know ¢ach of the
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noise sources exactly. However, as discussed in Section 4.8.3, useful results are obtained
if we assume a random noise model for the quantization noise in A/D conversion.
This same approach can be used in analyzing the effects of arithmetic quantization in
digital implementations of linear systems. As seen in Figure 6.39(c), each noise source
injects a random signal that is processed by a different part of the system, but since
we assume that all parts of the system are linear, we can compute the overall effect by
superposition. In Section 6.8, we illustrate this style of analysis for several important
systems.

In the simple example of Figure 6.39, there is little flexibility in the choice of
structure. However, for higher order systems, we have seen that there is a wide variety
of choices. Some of the structures are less sensitive to coefficient quantization than
others. Similarly, because different structures have different quantization noise sources
and because these noise sources are filtered in different ways by the system, we will find
that structures which are theoretically equivalent sometimes perform quite differently
when finite-precision arithmetic is used to implement them.

6.7 THE EFFECTS OF COEFFICIENT QUANTIZATION

L

Linear time-invariant discrete-time systems are generally used to perform a filtering
operation. Methods for designing FIR and IIR filters are discussed in Chapter 7. These
design methods typically assume a particular form for the system function. The result
of the filter design process is a system function for which we must choose an imple-
mentation structure (a set of difference equations) from infinitely many theoretically
equivalent implementations. Although we are almost always interested in implemen-
tations that require the least hardware or software complexity, it is not always possible
to base the choice of implementation structure on this criterion alone. As we will see in
Section 6.8, the implementation structure determines the quantization noise generated
internally in the system. Also, some structures are more sensitive than others to pertur-
bations of the coefficients. As we pointed out in Section 6.6, the standard approach to
the study of these issues is to treat them independently. In this section, we consider the
effects of quantizing the system parameters.

6.7.1 Effects of Coefficient Quantization in IIR Systems

When the parameters of a rational system function or corresponding difference equation
are quantized, the poles and zeros of the system function move to new positions in the
z-plane. Equivalently, the frequency response is perturbed from its original value. If the
system implementation structure is highly sensitive to perturbations of the coefficients,
the resulting system may no longer meet the original design specifications, or an IR sys-
tem might even become unstable.

A detailed sensitivity analysis for the general case is complex and usually of limited
value in specific cases of digital filter implementation. Using powerful simulation tools, it
is usually easiest to simply quantize the coefficients of the difference equations employed
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in implementing the system and then compute the frequency response and compare it
with the desired [requency-response function. Even though simulation of the system is
generally necessary in specific cases. it is stil worthwhile to consider, in general. how the
system function is affected by quantization of the coefficients of the difference equations,
For example, the system function representation corresponding to both direct forms is
the ratio of polynomials
M
brz”
0

H(Z) = - N : (662)

k=1

The sets of coefficients {ax} and {bi} are the ideal infinite-precision coefficients in both
direct-form implementation structures. If we quantize these coefficients. we obtain the
system function

k

A(z) = 22—, (6.63)

where @ = ax + Aay and by = by + Aby are the quantized coefficients that differ from
the original coefficients by the quantization errors Ady and Aby.

Now consider how the roots of the denominator and numerator polynomials (the
poles and zeros of H(z)) are affected by the crrors in the coefficients. Clearly, each
polynomial root is affected by all of the errors in the coefficients of the polynomial.
Thus, each pole and zero will be affected by all of the quantization errors in the de-
nominator and numerator polynomials, respectively. More specifically, Kaiser (1966)
showed that if the poles (or zeros) are tightly clustered, it is possible that small errorsin
the denominator (numerator) coefficients can cause large shifts of the poles (z¢ ros) for
the direct-form structures. Thus, if the poles (zeros) are tightly clustered. corresponding
to a narrow-bandpass filter or a narrow-bandwidth lowpass filter, then we can expect
the poles of the direct-form structure to be quite sensitive to quantization errors in
the coefficients. Furthermore, Kaiser’s analysis showed that the larger the number of
clustered poles (zeros), the greater is the sensitivity.

The cascade- and parallel-form system functions, which are given by Eqgs. (6.30)
and (6.35), respectively. consist of combinations of second-order direct-form systems.
However, in both cases. each pair of complex-conjugate poles is realized independently
of all the other poles. Thus, the error in a particular pole pair is independent of its
distance from the other poles of the system function. For the cascade form, the sanme
argument holds for the zeros, since they are realized as independent second-arder [cm—
tors. Thus, the cascade form is generally much less sensitive to coefficient quantization
than the equivalent direct-form realization.

As seen in Eq. (6.35). the zeros of the parallel-form system function are realized
implicitly, through combining the quantized second-order sections to obtain a common
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denominator. Thus, a particular zero is affected by quantization errors in the numerator
and denominator coefficients of all the second-order sections. However, for most prac-
tical filter designs, the parallel form is also found to be much less sensitive (o coefficient
quantization than the equivalent direct forms because the second-order subsystems are
not extremely sensitive to quantization. In many practical filters. the zeros are often
widely distributed around the unit circle, or in some cases they may all be located at
z = *1. Inthe latter situation, the zeros mainly provide much higher attenuation around
frequencies w = 0 and w = x than is specified, and thus, movements of zeros away from
z = +1 do not significantly degrade the performance of the system.

6.7.2 Example of Coefficient Quantization in
an Elliptic Fiiter

To illustrate the effect of coefficient quantization, consider the example of a bandpass
IR elliptic filter. The filter was designed to meet the following specifications:

0.99 < |H(e/")| < 1.01, 037 < |w| <04,
|H(e!*)| <0.01(i.e., —40dB), lw| < 0.297,
|H(e®)| < 0.01(ie., — 40dB), 0417 < |o] <.

A filter of order 12 is required to meet these sharp-cutoff narrowband specifications.

In the filter design process, the coefficients of the cascade form were computed
with 32-bit floating-point accuracy. These are coefficients defined as “unquantized.”
Table 6.1 gives the coefficients of the six second-order sections (as defined in Eq. (6.30)).
Figure 6.40(a) shows the log magnitude in dB, and Figure 6.40(b) shows the magnitude
response in the passband (i.e.. 0.37 < |w| < 0.47) for the unquantized system.

To illustrate how coefficients are quantized and represented as fixed-point num-
bers, the coefficients in Table 6.1 were quantized to 16-bit accuracy. The resulting coef-
ficients are presented in Table 6.2. The fixed-point coefficients are shown as a decimal
integer times a power-of-2 scale factor. The binary representation would be obtained
by converting the decimal integer to a binary number. In a fixed-point implementation.
the scale factor would be represented only implicitly in the data shifts that would be
necessary to line up the binary points of products prior to their addition to other prod-
ucts. Notice that binary points of the coefficients are not all in the same location. For
example, all the coefficients with scale factor 27!> have their binary points between the

TABLE6.1  UNQUANTIZED CASCADE-FORM COEFFICIENTS
FOR A 12TH-ORDER ELLIPTIC FILTER

k ag arg by by bay

1 0.738409  —0.850835  0.135843 0.026265  0.135843
20960374  —0.860000 0.278901  —0.444500  0.278901
3 0629449  —0.931460 0.535773  —0.249249  0,535773
4 1L116458  —0.940429  0.697447  —0.891543  0.697447
5 0.605182 —0.983693  0.773093  —0.425920  0.773093

(=2}

1.173078  —0.986166  0.917937  —1.122226  0.917937
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Figure 6.40 IIR coefficient )
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TABLE 6.2 SIXTEEN-BIT QUANTIZED CASCADE-FORM COEFFICIENTS FOR A
12TH-ORDER ELLIPTIC FILTER

k ar ay boy bk bay

1 24196 x 275 27880 % 27'5 17805 x 217 3443 %2717 17805 x 2717
20 31470 x 271 28180 x 2715 18278 x 2716 29131 x 2716 (8278 x 216
3020626 x 2717 —30522 x 2715 17556 x 2715 _8167 x 275 17556 x 2—'9
418292 x 27 30816 x 271 22854 x 2710 20214 x 2715 22854 x 2-15
5019831 x 27 32234 %2715 25333 x 2715 13957 x 2715 25333 x 215

19220 x 271% 32315 x 275 15039 x 2= 18387 x 2711 15030 x 2— M

N

sign bit. by, and the highest fractional bit, b;. as shown in Eq. (6.58). However, numbers
whose magnitudes do not exceed 0.5, such as the coefficient by, can be shifted left by
one or more bit positions.” Thus, the binary point for by, is actually to the left of the

¥The vsc of diflerent binary point locations retains greater accuracy in the coefficients, but it compli-
cales the programming or system architecture,
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sign bit. On the other hand, numbers whose magnitudes exceed 1 but are less than 2
such as a,¢, must have their binary points moved one position to the right, L.e., betweeli
by and b in Eq. (6.58).

Figure 6.40(c) shows the magnitude response in the passband for the quantizeq
cascade-form implementation. The frequency response is only slightly degraded in the
passband region.

To obtain other equivalent structures, the cascade-form system function must be
rearranged into a different form. For example, if a parallel-form structure is determined
(by partial fraction expansion of the unquantized system funetion), and the resulting
coefficients are quantized to 16 bits as before. the frequency response in the passband
is as shown in Figure 6.40(d).

If the second-order factors in the numerator and denominator of the unquantized
cascade form are multiplied together to form 12th-order numerator and denominator
polynomials, and if the resulting coefficients are quantized to 16 bits and used in a
direct-form structure, the log magnitude of the frequency response is as shown in Fig-
ure 6.40(¢). In this case, the passband response is virtually destroyed by the quantization.
Comparing Figure 6.40(¢) with Figure 6.40(a) shows that the widely separated zeros on
cither side of the passband (at approxi mately @ = .2 and .54 ) have not moved off the
unit circle. However, the unquantized system has a pair of zeros on the unit circle just at
both stopband edges. These zeros, being clustered, move away from the unit circle with
quantization and thus contribute to the overall degradation of the frequency response.

6.7.3 Poles of Quantized Second-Order Sections

The example just discussed illustrates the robustness of the cascade and parallel forms
to the effects of coefficient quantization, and it also illustrates the exireme sensitivity
of the direct forms for high-order filters. Because of this sensitivity, the direct forms
are rarely used for implementing anything other than second-order systems.® Since the
cascade and parallel forms can be configured to require the same amount of memory and
the same or only slightly more computation as the canonic direct form, these modular
structures are the most commonly used. More complex structures may be more robust
for very short word lengths, but they require significantly more computation for systems
of the same order.

Even for the second-order systems that are used to implement the cascade and
paralle! forms, there remains some fexibility to improve the robustness to coefficient
quantization. Consider a complex-conjugate pole pair implemented using the direct
form, as in Figure 6.41. With infinite-precision coefficients, this network has poles at
z = re/” and z = re”/". However, if the coefficients 2r cos@ and —r? are quantized,
only a finite number of different pole locations is possible. The poles must lie on a grid
in the z-plane defined by the intersection of concentric circles (corresponding 10 the
quantization of r*) and vertical lines (corresponding to the quantization of 2r cosf)-
Such a grid is illustrated in Figure 6.42(a) for 4-bit quantization (3 bits plus 1 bit for the
sign); i.e., 2 is restricted to seven positive values and zero, while 2r cos 8 is restricted Lo

nted

0 An exception is in speech synthesis, where systems of 10th order and higher are routinely impleme :
dely

using the direct form. This is possible because in speech synthesis the poles of the system function are wi
separaled (Rabiner and Schafer. 1978).
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Figure 6.41 Direct-form
implementation of a complex-conjugate
pole pair.
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L - second-order IR direct-form system of
0 0.5 1O % Figure 6.41. (a) Four-bit quantization of
(b) coefficients. (b) Seven-bit quantization.

seven positive values, eight negative values, and zero. Figure 6.42(b) shows a denser erid
obtained with 7-bit quantization (6 bits plus 1 bit for the sign). The plots of Figure 6.42
are, of course, symmetrically mirrored into each of the other quadrants of the z-plane.
Notice that for the direct form, the grid is rather sparse around the real axis. Thus, poles
located around 6 = 0 or & = 7 may be shifted more than those around § = /2. Of

Page 55 of 110



384 Structures for Discrete-Time Systems  Chap_ g

Figure 6.43 Coupled-form
implementation of a complex-conjugate
pole pair.

course, it is always possible that the infinite-precision pole location is very close to one
of the allowed quantized poles. In this case, quantization causes no problem whatsoever,
but in general, quantization can be expected to degrade performance.

An alternative second-order structure for realizing polesat z = rei® and z = re /¢
is shown in Figure 6.43. This structure is referred to as the coupled form for the second-
order system (Rader and Gold, 1967). Tt is easily verified that the systems ol Figures 6.41
and 6.43 have the same poles for infinite-precision coefficients. To implement the system
of Figure 6.43, we must quantize r cos@ and rsin@. Since these quantities are the real
and imaginary parts, respectively, of the pole locations, the quantized pole locations
are at intersections of evenly spaced horizontal and vertical lines in the z-plane. Fig-
ures 6.44(a) and 6.44(b) show the possible pole locations for 4-bit and 7-bil quantization,
respectively. In this case, the density of pole locations is uniform throughout the interior
of the unit circle. Twice as many constant multipliers are required to achieve this more
uniform density. In some situations, the extra computation might be justified to achieve
more accurate pole location with reduced word length.

6.7.4 Effects of Coefficient Quantization in FIR Systems

For FIR systems, we must be concerned only with the locations of the zeros of the
system function, since, for causal FIR systems, all the poles are at z = 0. Although we
have just seen that the direct-form structure should be avoided for high-order IR sys-
tems. it turns out that the direct-form structure is commonly used for FIR systems. To
understand why this is so, we express the system function for a direct-form FIR system
in the form

M
H(z)=)»_h[n)z™" (6.64)

n=0 '

Now, suppose that the coefficients {h[n]} are quantized, resulting in a new set of coeffi-
cients {A[n] = h{n] + Ah[n]}. The system function for the quantized system is then

M
H(zx) = k[l = H(2) + AH(). (6.65)
n=0
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z-plane
o Realizable pole positions
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Figure 6.44 Pole locations for
coupled-form second-order |IR system
of Figure 6.43. (a) Four-hit quantization

% of coefficients. (b) Seven-hit

(b) quantization.
where
M
AH(2) = Ahln]z™". (6.66)

n=0

Thus, the system function (and therefore, also the frequency response) of the quantized
system is linearly related to the quantization errors in the impulse-response coefficients.
For this reason, the quantized system can be represented as in Figure 6.45, which shows
the unquantized system in parallel with an error system whose impulse response is
the sequence of quantization error samples { Ah[n]} and whose system function is the
corresponding z-transform, A H(z).

Another approach to studying the sensitivity of the direct-form FIR structure
would be to examine the sensitivity of the zeros to quantization errors in the impulse-
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H(z)
SE—
x[n] v[n]
| AH(z) Figure 6.45 Representation of
coefficient quantization in FIR systemg

response coefficients, which are, of course the coefficients of the polynomial H(z). 1t
the zeros of H(z) are tightly clustered, then their locations will be highly sensitive o
quantization errors in the impulse-response coefficients. The reason that the direct form
FIR system is widely used is that, for most linear phase FIR filters, the zeros are more
or less uniformly spread in the z-plane. We demonstrate this by the following example,

6.7.5 Example of Quantization of an Optimum FIR Filter

As an example of the effect of coefficient quantization in the FIR case, consider a
linear-phase lowpass filter designed to meet the following specifications:

0.99 < |H(e/*)| < 1.01, 0 < |w| < 0.4,
|H(e'®)| < 0.001(i.e., —~60dB),  0.67 < |o| < 7.

This filter was designed using the Parks-McClellan design technique, which will be
discussed in Section 7.4.3. The details of the design for this example are considered in
Section 7.5.1.

Table 6.3 shows the unquantized impulse-response coefficients for the system,
along with quantized coefficients for 16-, 14-, 13-, and 8-bit quantization. Figure 6.46
gives a comparison of the frequency responses of the various systems. Figure 6.46(a)
shows the log magnitude in dB of the frequency response for unquantized coefficients.

TABLE 6.3 UNQUANTIZED AND QUANTIZED COEFFICIENTS FOR AN OPTIMUM FIR
LOWPASS FILTER (M = 27)

Coelficient Unguantized 16 bits 14 bits 13 bits 8 bits
1[0] = h[27] 1.359657 x 1073 45 x 271 11x27"3 6x27'? 0x27’
h[1] = h26] 1616993 x 1073 —53x271% —13x 271 —7x2712 0x27]
h2) = h[25)  —7738032x 107 254 %278 —63x 271 —32x 272 I x27
N3] = h24]  —2.686841 x 1073 —88 x271% —202x 271 —11x2712 0x27"
h[4] = h[23] 1255246 x 1072 411 x 2715 103 x 2713 51x2712 2x27!
h[5] = h[22] 6.591530 x 1073 216 x 2719 54 x 2713 27 x 2712 1x277
n6] = A[21]  —2217952x 1072 727 %278 —182x 27 91 x27 -3 !
h7)=h20]  —1524663 x 102 —500x 275 —125x 27 —62x 2712 2x 2!
h(8] = h[19] 3.720668 x 1072 1219 x 2715 305 x 2713 152 x 2712 5%x27
h[9] = h[18] 3.233332 x 1072 1059 x 271 265 x 2713 132 x 2712 4x27"

B10) = h[17]  —6537057 x 102 —2142x2715  —536x 271 —268x 2712 8x 27
R[11] = h[16] —7.528754 x 1072 —2467 x 2715 —617x 273 —308x 2712 ~10x 2"
h(12] = h[15] 1.560970 x 10~ 5115 x 2715 1279 x 2713 639 x 2712 20x 27"
h[13] = h[14] 4394004 x 1071 14399 x 271 3600 x 2713 1800 x 2712 56 x 27"

Page 58 of 110



Sec. 6.7 The Effects of Coefficient Quantization 387

-80 |

-100 | | |
0 0.27 04m 0.6 0.87 g

Radian frequency (w)

@

0.010 —‘

0.005

Amplitude
[}
[
%‘

Amplitude

~0.005 [~
-0.010 L ' L | :
0 0.2 0.4 0.6 0.87 T
Radian frequency (w)
(b)
0.010
0.005 |-
T AT
-0.005 |-
Figure 6.46 FIR guantization example.
) | | (a) Log magnitude for unquantized case.
’0'0100 027 047 0.6m 087 - (b) Approximation error for unquantized
Radian frequency (v) case. (Error not defined in transition
adian lrequency (@ band.) (c) Approximation error for 16-bit
(c) quantization,

Page 59 of 110



Amplitude

-0.005

-0.010
0

0.2

0.010

0.005 |-

Amplitude

—-0.005

Amplitude

-0.01

-0.02
0 0.2

Page 60 of 110

0.4m 0.6
Radian frequency (w)

(d)

|
0.4 0.67
Radian [requency (@)

(e)

|
0.4m 0.6
Radian frequency (o)

(0

L AAA

0.8m

- — NS\

0.8

Structures for Discrete-Time Systems

Figure 6.46 (continued)

quantization. (g) Approximatic

Chap. §

(d) Approximation error for 14-bit
n error for

13-bit quantization. (f) Approximation

error for 8-bit quantization.



Sec. 6.7 The Effects of Coefficient Quantization 389

Figures 6.46(b), (c), (d), (e). and (f) show the passband and stopband approximation
errors (errors in approximating unity in the passband and zero in the stopband) for
the unquantized, 16-, 14-, 13-, and 8-bit quantized cases, respectively. From Figure 6.46,
we see that the system meets the specifications for the unquantized case and both the
16-bit and 14-bit quantized cases. However, with 13-bit quantization the stopband ap-
proximation error becomes greater than 0.001, and with 8-bit quantization the stopband
approximation error is over 10 times as large as specified. Thus, we see that at least 14-
bit coefficients are required for a direct-form implementation of the system. However,
this is not a serious limitation, since 16-bit or 14-bit coefficients are well matched to
many of the technologies that might be used to implement such a filter.

The effect of quantization of the filter coefficients on the locations of the ze-
ros of the filter is shown in Figure 6.47. Note that in the unquantized case, shown in
Figure 6.47(a), the zeros are spread around the z-plane, although there is some clustering
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Figure 6.47 Effect of impulse response quantization on zeros of H(z). (a) Un-
quantized. (b) Sixteen-bit quantization. (c) Thirteen-bit quantization. (d) Eight-bit
quantization.
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on the unit circle. The zeros on the unit circle are primarily responsible for develop-
ing the stopband attenuation, while those at conjugate reciprocal locations off the unit
circle are primarily responsible for forming the passband. Note that little difference
is observed in Figure 6.47(b) for 16-bit quantization, but in Figure 6.47(c), showing
13-bit quantization, the zeros on the unit circle have moved significantly. Finally, ip
Figure 6.47(d), we see that 8-bit quantization causes several of the zeros on the unjt
circle to pair up and move off the circle to conjugate reciprocal locations. This behavior
of the zeros is entirely consistent with the behavior of the frequency response shown in
Figure 6.46.

A final point about this example is worth mentioning. All of the unquantized
coefficients have magnitudes less than 0.5. Consequently, if all of the coefficients (and
therefore, the impulse response) are doubled prior to quantization, more efficient use
of the available bits will result, corresponding in effect to increasing Bby 1. In Table 6.3
and Figure 6.46, we did not take this potential for increased accuracy into account.

6.7.6 Maintaining Linear Phase

So far, we have not made any assumptions about the phase response of the FIR sys-
tem. However, the possibility of generalized linear phase is one of the major advan-
tages of an FIR system. Recall that a linear-phase FIR system has either a symmetric
(h[M — n] = h[n]) or an antisymmetric (h[M —n] = —h|n]) impulse response. These
linear-phase conditions are easily preserved for the direct-form quantized system. Thus,
all the systems discussed in the exa mple of the previous subsection have a precisely linear
phase, regardless of the coarseness of the quantization. This can be seen in the way in
which the conjugate reciprocal locations are preserved in Figure 6.47.

Figure 6.47(d) suggests that, in situations where quantization is very coarse or for
high-order systems with closely spaced zeros, it may be worthwhile to realize smaller
sets of zeros independently with a cascade-form FIR system. To maintain linear phase,
each of the sections in the cascade must also have linear phase. Recall that the zeros of
a linear-phase system must occur as illustrated in Figure 6.36. For example, if we use
second-order sections of the form (1+azt+ z72) for each complex-conjugate pair of
zeros on the unit circle, the zero can move only on the unit circle when the coefficienta is
quantized. This prevents Zeros from moving away from the unit circle, thereby lessening
their attenuating effect. Similarly, real zeros inside the unit circle and at the reciprocal
location outside the unit circle would remain real. Also, zeros at z = +1 can be realized
exactly by first-order systems. 1f a pair of complex-conjugate zeros inside the unit circle
is realized by a second-order system rather than a fourth-order system, then we must
ensure that, for each complex zero inside the unit circle, there is a conjugate reciprocal
zero outside the unit circle. This can be done by expressing the fourth-order factor
corresponding to zeros at z = ref® and z =r"le /% as

+czt+dz24cz 3+
1 (6.67)
= (1—2rcosfz + rzz‘z)r—z(r2 —2rcosfzt +279).

This condition corresponds to the subsystem shown in Figure 6.48. This system uses the
same coefficients, —2r cos 6 and r2, to realize both the zeros inside the unit circle 2}11
the conjugate reciprocal zeros outside the unit circle. Thus, the linear-phase condition
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Figure 6.48 Subnetwork to implement fourth-order factors in a linear-phase FIR
system such that linearity of the phase is maintained independently of parameter
quantization.

is preserved under quantization. Notice that the factor (1 —2rcosOz7! +r2z72) is
identical to the denominator of the second-order direct-form IIR system of Figure 6.41.
Therefore, the set of quantized zeros is as depicted in Figure 6.42. More details on
cascade realizations of FIR systems are given by Herrmann and Schiissler (1970b).

6.8 EFFECTS OF ROUND-OFF NOISE IN DIGITAL FILTERS

L

Difference equations realized with finite-precision arithmetic are nonlinear systems.
Although it is important in general to understand how this nonlinearity affects the per-
formance of discrete-time systems, a precise analysis of arithmetic quantization effects
is generally not required in practical applications, where we are typically concerned with
the performance of a specific system. Indeed, just as with coefficient quantization, the
most effective approach is often to simulate the system and measure its performance.
For example, a common objective in quantization error analysis is to choose the digital
word length such that the digital system is a sufficiently accurate realization of the de-
sired linear system and at the same time requires a minimum of hardware or software
complexity. The digital word length can, of course, be changed only in steps of 1 bit, and
as we have already seen in Section 4.8.2, the addition of 1 bit to the word length reduces
the size of quantization errors by a factor of 2. Thus, the choice of word length is insensi-
tive to inaccuracies in the quantization error analysis; an analysis that is correct to within
30-40% is often adequate. For this reason, many of the important effects of quantization
can be studied using linear models. We develop such models in this section and illus-
trate their use with several examples. An exception is the phenomenon of zero-input
limit cycles, which are strictly nonlinear phenomena. We restrict our study of nonlinear
models for digital filters to a brief introduction to zero-input limit cycles in Section 6.9.

6.8.1 Analysis of the Direct-Form IIR Structures

To introduce the basic ideas, let us consider the direct-form structure for a linear time-
invariant discrete-time system. The flow graph of a direct form I second-order system
is shown in Figure 6.49(a). The general Nth-order difference equation for the direct
form I structure is

N M
yinl =3 ayln— K+ bex[n — K], (6.68)
k=1 k=0
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Figure 6.49 Models for direct form

. , | system. (a) Infinite-precision model.
el el) (b) Nonlinear quantized model.
(© (c) Linear-noise model.

and the system function is

H(z) = 22— = i—%. (6.69)
1- Z akz_k
k=1

Let us assume that all signal values and coefficients are represented by (B + 1)-
bit fixed-point binary numbers. Then, in implementing Eq. (6.68) with a (B + 1)t
adder. it would be necessary to reduce the length of the (2B+ 1)-bit products 1o ( B+1)
bits. Since all numbers are treated as fractions, we would discard the least significant
B bits by either rounding or truncation. This is represented by replacing cach constant
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multiplier branch in Figure 6.49(a) by a constant multiplier followed by a quantizer,
as in the nonlinear model of Figure 6.49(b). The difference equation corresponding to
Figure 6.49(b) is the nonlinear equation
N M
$lm) = Olaisln ~ Kl + Y Qlbix{n — K], (6:70)
k=1 k=0
Figure 6.49(c) shows an alternative representation in which the quantizers are
replaced by noise sources that are equal to the quantization error at the output of each
quantizer. For example, rounding or truncation of a product bx[n] is represented by a
noise source of the form
e[n] = O[bx[n]] — bx[n]. (6.71)
If the noise sources are known exactly, then Figure 6.49(c) is exactly equivalent to
Figure 6.49(b). However, Figure 6.49(c) is most useful when we assume that each quan-
tization noise source has the following properties:

1. Each quantization noise source e[n] is a wide-sense-stationary white-noise process.

2. Each quantization noise source has a uniform distribution of amplitudes over one
quantization interval.

3. Each quantization noise source is uncorrelated with the input to the corresponding
quantizer, all other quantization noise sources, and the input to the system.

These assumptions are identical to those made in the analysis of A/D conversion
in Section 4.8. Strictly speaking, our assumptions here cannot be valid, since the quanti-
zation error depends directly on the input to the quantizer. This is readily apparent for
constant and sinusoidal signals. However, experimental and theoretical analyses have
shown (see Bennett, 1948; Widrow, 1956, 1961) that in many situations the model just
described leads to accurate predictions of statistical averages such as the mean, variance,
and correlation function. This is true when the input signal is a complicated wideband
signal such as speech, in which the signal fluctuates rapidly among all the quantization
levels and traverses many of those levels in going from sample to sample (Gold and
Rader, 1969). The simple linear-noise model presented here allows us to characterize
the noise generated in the system by averages such as the mean and variance and to
determine how these averages are modified by the system.

For (B + 1)-bit quantization, we showed in Section 6.6 that, for rounding,

1

—52_3 <eln] < =278, (6.72a)

and for two’s-complement truncation,
278 < e[n] < 0. (6.72b)

Thus, according to our second assumption, the probability density functions for the

random variables representing quantization error are the uniform densities shown in

Figure 6.50(a) for rounding and in Figure 6.50(b) for truncation. The mean and variance
for rounding are, respectively,

m, =0, (6.73a)

2~ZB

0,2

2= (6.73b)
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Pe(©)
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(a)
Pe(e)
1
A
A . Figure 6.50 Probability density
function for quantization errors.
(b) (a) Rounding. (b) Truncation.

For two’s-complement truncation, the mean and variance are

2—B
Me = == (6.74a)
- 2—23

In general, the autocorrelation sequence of a quantization noise source is, according to
the first assumption,
beeln] = a2 s[n] + n. (6.75)

In the case of rounding, which we will assume For convenience henceforth. ni, = 0.sothe
autocorrelation function is ¢ee[n] = o2 8[n]. and the power spectrum is & e(e/”) = a?
for |w| < m. In this case, the variance and the average power are identical. In the
case of truncation, the mean is not Zero, so average-power results derived for rounding
must be corrected by computing the mean of the signal and adding its square Lo the
average-power results for rounding.

With this model for each of the noise sources in Figure 6.49(c), we can now proceed
to determine the effect of the quantization noise on the output of the system. To aid
us in doing this, it is helpful to observe that all of the noise sources in that figure are
effectively injected between the part of the system that implements the zeros and the
part that implements the poles. Thus, Figure 6.51 is equivalent to Figure 6.49(c) if e[n]
in Figure 6.51 is

e[n] = eo[n] + ei[n] + ealn] + esfn] + eq[n]. (6.76)

Since we assume that all the noise sources are independent of the input and independent
of each other, the variance of the combined noise sources for the second-order direct

form I case is
-2B
2

o, :Ué—}—oez[—i—aé—l—oi—}—aizs‘ —5 (6.77)
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e[n]

l —

] =v[n) + f[n]

x[n]

a

Figure 6.51  Linear-noise model for direct form | with noise sources combined.

and for the general direct form I case, it is

2—23

o = (M+1+N)7. (6.78)

To obtain an expression for the output noise, we note from Figure 6.51 that the

system has two inputs, x[n] and e[n], and since the system is now assumed to be linear,

the output can be represented as y[n] = y[n] + f[n], where y[n] is the response of the

ideal unquantized system to the input sequence x[n] and fln] is the response of the

system to the input e[n]. The output y[n] is given by the difference equation (6.68), but

since e[n] is injected after the zeros and before the poles, the output noise satisfies the
difference equation

N
Fln) =S ax fln— K] + efnl: (6.79)

k=1

Le., the properties of the output noise in the direct form I implementation depend only
on the poles of the system.

To determine the mean and variance of the output noise sequence, we can use
some results from Section 2.10. Consider a linear system with system function H,f(z)
with a white-noise input e[n] and corresponding output f[n]. Then, from Egs. (2.189)
and (2.190), the mean of the output is

my =m, Z hes[n] = m, H,1(e°). (6.80)

H=—0C

Since m, = 0 for rounding, the mean of the output will be zero, and we need not be
concerned with the mean value of the noise if we assume rounding. From Egs. (6.75) and
(2.195), it follows that, because, for rounding, e[r2] is a zero-mean white-noise sequence,
the power density spectrum of the output noise is simply

Prp(w) = ®7(e/°) = 02| Hop(e/®)2. (6.81)
From Eq. (2.197), the variance of the output noise can be shown to be
1/ 1 [ v
of = 5 /_ Pir(w)dw = gfﬂ [ |Hor(e/”)dow. (6.82)
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Using Parseval’s theorem in the form of Eq. (2.167), we can also express o} as

oo
or=02 Y lherlnll. (6.83)
Nn=-—0d
When the system function corresponding to hefln]isa rational function, as it will always
be for difference equations of the type considered in this chapter, we can use Eq. (A.66)
in Appendix A for evaluating infinite sums of squares of the form of Eq. (6.83).

We will use the results summarized in Egs. (6.80)—(6.83) often in our analysis
of quantization noise in linear systems. For example, for the direct form 1 system of
Figure 6.51, Hep(2) = 1/ A(z): i.e.. the system function from the point where all the
noise sources are injected to the output consists only of the poles of the system function
H(z) in Eq. (6.69). Thus, we conclude that, in general, the total output va riance due to
internal round-off or truncation is

2 M1+ N 2-28 ] ¥ dw
o} =(M+1+N)— 5 _/_H AP
g (6.84)

28 =
2 Z Ilhrr'l”“b'

n=—oc

=(M+1+N)

where h.¢[n] is the impulse response corresponding to Hep(z) =1/ A(z). The use of the
preceding results is illustrated by the following examples.

Example 6.9 Round-off Noise in a First-Order System
Suppose that we wish to implement a stable system having the system function
b
H@) = 7= lal < L. (6.85)
Figure 6.52 shows the flow graph of the linear-noise model for the implementation
in which produets are quantized before addition. Each noise source is filtered by the

system from ¢[n] to the output, for which the impulse response is hepln] = a"uln].
From Eq. (6.81), the power spectrum of the output noise is

2=28 1
Pry(@) =25~ (_/__) , (6.86)

1+ a2 —2acosw
The total noise variance at the output is

2-2B e 2-2B 1
2 m n _ 1. 6.87
71=273 2'“' LSV (1—|a|2> (687

eln] = e [n] + eylnl

Figure 6.52 First-order linear noise model.
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From Eq. (6.87), we see that the output noise variance increases as the poleatz=a
approaches the unit circle. Thus, to maintain the noise variance below a specified level
as |a| approaches unity, we must use longer word lengths. The following example also
illustrates this point.

Example 6.10 Round-off Noise in
a Second-Order System

Consider a stable second-order direct form I system with system function

b+ bzt +bhaz?

H(z) = - - - - . 6.88
(@) (1 —relfz= 1)L —refPz-1) ( )
The linear-noise model for this system is shown in Figure 6.49(c) or, equivalently
Figure 6.51, with @) = 2r cos§ and a; = —r2. In this case, the total output noise power
can be expressed in the form
27281 7 dw
2
=5——— — e 6.8
7% 12 2n [7 [(1—relfe=lw)(1 — pe=ife—fw)2 (6.89)
Using Eq. (A.66) in Appendix A, the output noise power is found to be
2728 1447 1
2
=5—— . 6.90
°f 12 <1—r2 r44+1-2r2cos26 (6:90)

Asin Example 6.9, we see that as the complex conjugate poles approach the unit circle
(r — 1), the total output noise variance increases, thus requiring longer word lengths
to maintain the variance below a prescribed level,

The techniques of analysis developed so far for the direct form I structure can
also be applied to the direct form IT structure. The nonlinear difference equations for
the direct form II structure are of the form

N

wln] = Z Qlawv[n — k]| + x[n], (6.91a)
k=1
M

In] =" Qlbww[n — K]J. (6.91b)
k=0

Figure 6.53(a) shows the linear-noise model for a second-order direct form II system. A
noise source has been introduced after each multiplication, indicating that the products
are quantized to (B + 1) bits before addition. Figure 6.53(b) shows an equivalent linear
model wherein we have moved the noise sources resulting from implementation of the
poles and combined them into a single noise source e,[n] = e3[n] + ey[n] at the input.
Likewise, the noise sources due to implementation of the zeros are combined into the
single noise source ey[n] = eg[n]+¢)[n]+e,[n] that is added directly to the output. From
this equivalent model, it follows that for M zeros and N poles and rounding (m, = 0),
the power spectrum of the output noise is
-28 2-2B

2 " »
Pry(w) = N =5~ | H(! W4 (M + D= (6.92)
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e, [n) ey[n)

e,[n ep|n]

Figure 6.53 Linear-noise models for
direct form 11. (a) Showing quantization
of individual produets. (b) With noise
sources combined.

and the output noise variance is

o:=N 2;2—BL ’ |H(e/*)*dow + (M + 1)3_248
f 12 27 ), 12
pap o s (6.93)
=N 3 (DT

That is. the white noise produced in implementing the poles is filtered by the entire
system, while the white noise produced in implementing the zeros is added directly
to the output of the system. In writing Eq. (6.93). we have assumed that the N noisé
sources at the input are independent, so that their sum has N times the variance of a
single quantization noise source. The same assumption was made about the (M + L)
noise sources at the output. These results are easily modified for two’s-complement
truncation. Recall from Eqs. (6.73a)-(6.73b) and Egs. (6.74a)—(6.74b) that the variance
of a truncalion noise source is the same as that of a rounding noise source, but the T_ﬂea“
of a truncation noise source is not zero. Consequently, the formulas in Egs. (6.84) and
(6.93) for the total output noise variance also hold for truncation. However, the outpul
noise will have a nonzero average value {hat can be computed using Eq. (6.80)-
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A comparison of Eq. (6.84) with Eq. (6.93) shows that the direct form I and direct
form Il structures are affected differently by the quantization of products in implement-
ing the corresponding difference equations. In general, other equivalent structures such
as cascade, parallel, and transposed forms will have a total output noise variance differ-
ent from that of either of the direct-form structures. However, even though Egs. (6.84)
and (6.93) are different, we cannot say which system will have the smaller output noise
variance unless we know specific values for the coefficients of the system. In other
words, it is not possible to state that a particular structural form will always produce the
least output noise.

It is possible to improve the noise performance of the direct-form systems (and
therefore cascade and parallel forms as well) by using a (2 B+ 1)-bit adder to accumulate
the sum of products required in both direct-form systems. For example, for the direct
form I implementation, we could use a difference equation of the form

N M
$ln] = 0 {Zakﬁ[n — K+ bixln — 4| ; (6.94)
k=1 k=0

i.e., the sums of products are accumulated with (2B + 1)- or (2B + 2)-bit accuracy, and
the result is quantized to ( B+ 1) bits for output and storage in the delay memory. In the
direct form I case, this means that the quantization noise is still filtered by the poles, but
the factor (M +1+ N)in Eq. (6.84) is replaced by unity. Similarly, for the direct form II
realization, the difference equations (6.91a)-(6.91b) can respectively be replaced by

N
wln] = Q [Z agw[n — k] + x[n) (6.95a)
k=1
and
M
Jnl=Q {Z bpw[n — k]} . (6.95b)
k=0

This implies a single noise source at both the input and output, so the factors N and
(M + 1) in Eq. (6.93) are each replaced by unity. Thus, the double-length accumulator
word provided in most DSP chips can be used to significantly reduce quantization noise
in direct-form systems.

6.8.2 Scaling in Fixed-Point Implementations of IIR Systems

The possibility of overflow is another important consideration in the implementation
of ITR systems using fixed-point arithmetic. If we follow the convention that each fixed-
point number represents a fraction (possibly times a known scale factor), each node in
the network must be constrained to have a magnitude less than unity to avoid overflow. If
wy[n] denotes the value of the kth node variable and h[n] denotes the impulse response
from the input x[n] to the node variable w[n], then

o0

[we[n]| = Z x[n — mlhyg[m]

m=—od

; (6.96)
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The bound
‘Wk[”]l = Xmax Z |hk[’77]| (697)

is obtained by replacing x[n — m] by its maximum value xpnay and using the fact that the
magnitude of a sum is less than or equal to the sum of the magnitudes of the summands.
Therefore, a sufficient condition for pwi[n]] < 11is

1

Z |y ]l

m=—=°0

'\‘lT] ax < -

(6.98)

for all nodes in the network. If xp., does not satisfy Eq. (6.98), then we can multiply
x[n] by a scaling multiplier s at the input to the system so that s,y satisfies Eq. (6.98)
for all nodes in the network; i.e.,

1

S¥max < — T F ~ ] ° (699)
mﬁlx{ Z Ih;\-[m]q

m=—oc

Scaling the input in this way guarantees that overflow never occurs at any of the nodes
in the network. Equation (6.98) is necessary as well as sufficient, since an input always
exists such that Eq. (6.97) is satisfied with equality. (See Eqg. (2.68) in the discussion of
stability in Section 2.4.) However, Eq. (6.98) leads to a very conservative scaling of the
input for most signals.

Another approach to scaling is to assume that the input is a narrowband signal,
modeled as x[n1] = xax cOS wpn. In this case, the node variables will be

wi[n] = | Hi(e/™°)|Xmax cos(won + S H(e/®)). (6.100)
Therefore, overflow is avoided for all sinusoidal signals if
k1|nz\‘x ‘Hk(ejwﬂ-\'max <1 (6.101)

or if the input is scaled by the scale factor s such that

1
max | Hi(e’)|

kol<m

(6.102)

SXmax <

Still another approach is to scale the input so that the total energy of each node
variable sequence is less than or equal to the total energy of the input sequence. We can
derive the appropriate scale factor by applying the Schwarz inequality and Parseval’s
theorem. The total energy of the sequence wy[n] is bounded by

o 1 - '
S bl = 5 / | Hy(e™) X (¢1)2de
n=—oc T J-x (6103)

<> it [ IHie) P

n=-oC
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Therefore, to ensure that )~ |wy[n]|* < 3" |x[n]|?, we can multiply the sequence x[n] by
a scale factor s such that

S — 1 — , (6.104)
3= [ S g
It can be shown that
oo 12 o
{ > lhk[nhz} < max|He(e")) < 3 |ln]l. (6.105)
n=-—oc n=—oo

Hence, Eqs. (6.99), (6.102), and (6.104) give three decreasingly conservative ways of
obtaining scaling multipliers for the input to a digital filter. Of the three, Eq. (6.104) is
generally the easiest to evaluate analytically, because the sum of squares can be eval-
uated by the partial fraction method described in Appendix A. On the other hand,
Eq. (6.99) is difficult to evaluate analytically, except for the simplest systems. Of course,
for specific systems with known coefficients, the scale factors can be estimated by com-
puting the impulse response or frequency response numerically.

If the input must be scaled down (s < 1), the signal-to-noise ratio at the output
of the system will be reduced. Figure 6.54 shows second-order direct form I and direct
form II'systems with scaling multipliers at the input. In determining the scaling multiplier
for these systems, it is not necessary to examine each node in the network. Some nodes

Figure 6.54 Scaling of direct form
systems. (a) Direct form I. (b) Direct
(b) form II.
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do not represent addition and thus cannot overflow. Other nodes represent partig]
sums. If we use nonsaturation two's-complement arithmetic, such nodes are permitteq
to overflow if certain key nodes do not. For example, in Figure 6.54(a), we can focyg
on the node enclosed by the dashed circle. In the figure, the scaling multiplier is showr,
combined with the by’s. so that the noise source is the same as in Figure 6.51: i.e., it hag
five times the power of a single quantization noise source.’ Since the noise source is
again filtered only by the poles, the output noise power is the same in Figures 6.51 ang
6.54(a). However, the overall system function of the system in Figure 6.54(a) is s H(z)
instead of H(z). so the unquantized component of the output ¥[n] is sy[n] instead of
y[n]. Since the noise is injected after the scaling, the ratio of signal power to noise power
in the scaled system is s° times the signal-to-noise ratio for Figure 6.51. Because s < |
if scaling is required to avoid overflow, the signal-to-noise ratio is reduced by scaling,

The same is true for the direct form II system of Figure 6.54(b). In this case, we
must determine the scaling multiplier to avoid overflow at both of the circled nodes.
Again, the overall gain of the system is s times the gain of the system in Figure 6.53(b),
but it may be necessary to implement the scaling multiplier explicitly in this case to
avoid overflow at the node on the left. This scaling multiplier adds an additional noise
component to e,[n], so the noise power at the input is, in general, (N 4+ 1)2728/12,
Otherwise, the noise sources are filtered by the system in exactly the same way in both
Figure 6.53(b) and Figure 6.54(b). Therefore, the signal power is multiplied by s?. and
the noise power at the output is again given by Eq. (6.93), with N replaced by (N -+ 1).
The signal-to-noise ratio is again reduced if scaling is required to avoid overflow.

Example 6.11 Interaction Between Scaling
and Round-off Noise

To illustrate the interaction of scaling and round-off noise, consider the system of
Example 6.9 with system function given by Eq. (6.85). If the scaling multiplier is
combined with the coefficient b, we obtain the flow graph of Figure 6.55 for the scaled
system. Suppose that the input is white noise with amplitudes uniformly distributed
between —1 and +1. Then the total signal variance is ol = 1/3. To guarantee no
overflow in computing j{n}, we use Eq. (6.99) to compute the scale factor

1 _1~|a|

§= ——— 6.106
= T (6.106)
> iblal”
n=0
The output noise variance was determined in Example 6.9 to be
2728 1
2 2
H=2— = 6.107)
=t Y (
and the variance of the output y'[n] is
) 1\ $°° 22 3
w= (§ 1—a? =50 (6-108

TThis eliminates a separate scaling multiplication and guantization noise source. However, scaling (an

quantizing) the by’s can change the frequency response of the system. If a separate input scaling multiphier
precedes the implementation of the zeros in Figure 6.34(a), then an additional quantization noise source
would contribute to the output noise after going through the entire system H(z).
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e'[n]

sb l

e
x[n] Pln) =sv[n) + ']

Figure 6.55 Scaled first-order system.

Therefore, the signal-to-noise ratio is

o2 [1—Ja]\’ o2
=5t = -, (6.109)
a7 o bt /) og

As the pole of the system approaches the unit circle, the signal-to-noise ratio decreases
because the quantization noise is amplified by the system and because the high gain
of the system forces the input to be scaled down to avoid overflow. Again, we see that
overflow and quantization noise work in opposition to decrease the performance of
the system.

6.8.3 Example of Analysis of a Cascade IIR Structure

The previous results of this section can be applied directly to the analysis of cither

parallel or cascade structures composed of second-order direct-form subsystems. The

interaction of scaling and quantization is particularly interesting in the cascade form.

Our general comments on cascade systems will be interwoven with a specific example.
An elliptic lowpass filter was designed to meet the following specifications:

0.99 < [H(e/*)| < 1.01, lw| < 0.57,
|H(e/®)| < 0.01, 0.567 < |o] < 7.

The system function of the resulting system is

3 )
bz 4 z72
H(z):0.079459H( L+buz~ +

3
) =0.079459 [ [ Hi(z).  (6.110)
k=1

1 —apz' — agez=2
1k 232 el

where the coefficients are given in Table 6.4. Notice that all the zeros of H(z) are on
the unit circle in this example; however, that need not be the case in general.

TABLE 6.4 COEFFICIENTS FOR
ELLIPTIC LOWPASS FILTER IN
CASCADE FORM

k a axy bk

—_

0.478882  —0.172150  1.719454
2 0.137787  —0.610077  0.781109
3 —0.054779  —0.902374  0.411452
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Figure 6.56(a) shows a flow graph of a possible implementation of this system
as a cascade of second-order transposed direct form IT subsystems. The gain constant
0.079459. is such that the overall gain of the system is approximately unity in the pasp;:
band. and it is assumed that this guarantees no averflow at the output of the system,
Figure 6.56(a) shows the gain constant placed at the input to the system. This approach
reduces the amplitude of the signal immediately, with the result that the subsequent
filter sections must have high gain to produce an overall gain of unity. Since the quantj-
sation noise sources are introduced after the gain of (.079459, but are likewise amplified

0.079459

bii ¥ by ¥ by}

wiln)
il

<

—0
7'l

(©)

Figure 6.56 Models for sixth-order cascade system with transposed direct form It sub-
systems. (a) Infinite-precision model. (b) Linear-noise model for scaled system, show-
ing quantization of individual multiplications. (c) Linear-noise model with noise sources
combined.
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by the rest of the system, this is not a good approach. Ideally, the overall gain constant,
being less than unity, should be placed at the very end of the cascade, so that the signal
and noise will be attenuated by the same amount. However, this creates the possibility
of overflow along the cascade. Therefore, a better approach is to distribute the gain
among the three stages of the system so that overflow is just avoided at each stage of
the cascade. This distribution is represented by

H(z) = s1 Hi(2)s2 Hy(2)s3 H3(2), (6.111)

where 515,583 = 0.079459. The scaling multipliers can be incorporated into the coeffi-
cients of the numerators of the individual system functions H;(z) = sk Hx(z), as in

3

By, + bl 2t + by 2 S
H(Z) _ H ( 0k + 1k + 2k ) _ H Hk(Z), (6112)
k=1

P S ——
P | —ayz a2

where by, = by, = sg and b}, = s¢biy. The resulting scaled system is depicted in
Figure 6.56(b).

Also shown in Figure 6.56(b) are quantization noise sources representing the
quantization of the products before addition. Figure 6.56(c) shows an equivalent noise
model, for which it is recognized that all the noise sources in a particular section are
filtered only by the poles of that section (and the subsequent subsystems). Figure 6.56(c)
also uses the fact that delayed white-noise sources are still white noise and are inde-
pendent of all the other noise sources, so that all five sources in a subsection can be
combined into a single noise source having five times the variance of a single quantiza-
tion noise source.® Since the noise sources are assumed independent, the variance of the
output noise is the sum of the variances due to the three noise sources in Figure 6.56(c).
Therefore, for rounding, the power spectrum of the output noise is

228 T3 Hy(e™)Ps3| Ha(e™)* | s3I Ha(e™)? 1 }
Ppp(w) =5— | = - e e 6.113
poe) =ty S Aemp t ) O
and the total output noise variance is
o2 / S ()P Hy(e )2,
! 12 [27 ) . |41 (e/@)2
(6.114)

1 /7 s3|Hs(e/®))? " 1
21 Jop | Ax(er)? 21 J_, |As(e/®)|?

If a double-length accumulator is available, it would be necessary to quantize only
the sums that are the inputs to the delay elements in Figure 6.56(b). In this case the
factor of 5 in Egs. (6.113) and (6.114) would be changed to 3. Furthermore, if a double-
length register were used to implement the delay elements, only the variables vy[n]
would have to be quantized, and there would be only one quantization noise source per
subsystem. In that case, the factor of 5 in Egs. (6.113) and (6.114) would be changed to
unity.

S5This discussion can be generalized to show that the transposed direct form II has the same noise
behavior as the direct form I system.
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The scale factors s, are chosen to avoid overflow at points along the cascade syste,
We will use the scaling convention of Eq. (6.102). Therefore, the scaling constants al-é
chosen to satisfy

sy max [Hy(e!)] < 1. (6.115a)
$152 max |H\ (¢! Hy(e/)| < 1, (6.115D)
515253 = 0.079459. (6.115¢)

The last condition ensures that there will be no overflow at the output of the system
for unit-amplitude sinusoidal inputs, because the maximum overall gain of the filter ig
unity. For the coefficients of Table 6.4, the resulting scale factors are sy = 0.186447, 5, =
0.529236, and s3 = 0.805267. ‘

Equations (6.113) and (6.114) show that the shape of the output noise power spec-
trum and the total output noise variance depends on the way that zeros and poles are
paired to form the second-order sections and on the order of the second-order sections in
the cascade-form realization. Indeed, it is easily seen that, for N sections, there are (N!)
ways to pair the poles and zeros, and there are likewise (N!) ways to order the resulting
second-order sections, a total of (N!)? different systems. In addition, we can choose
either direct form I or direct form II (or their transposes) for the implementation of the
second-order sections. In our example, this implies that there are 144 different cascade
systems to consider if we wish to find the system with the lowest output noise variance.
For five cascaded sections, there would be 57,600 different systems! Clearly, the complete
analysis of even low-order systems is a tedious task, since an expression like Eq. (6.114)
must be evaluated for each pairing and ordering. Hwang (1974) used dynamic pro-
gramming and Liu and Peled (1975) used a heuristic approach to reduce the amount of
computation. Dehner’s program for the design and analysis of cascade-form IR filters
includes the optimization of both pairing and ordering (DSP Committee, 1979).

In spite of the difficulty of finding the optimum pairing and ordering, Jackson
(1970a, 1970b, 1996) found that good results are almost always obtained by applying
simple rules of the following form:

1. The pole that is closest to the unit circle should be paired with the zero that is
closest to it in the z-plane.

2. Rule 1 should be repeatedly applied until all the poles and zeros have been paired.

3. The resulting second-order sections should be ordered according to either increas-
ing closeness to the unit circle or decreasing closeness to the unit circle.

The pairing rules are based on the observation that subsystems with high peak
gain are undesirable because they can cause overflow and because they can amplify
quantization noise. Pairing a pole that is close to the unit circle with an adjacent zero
tends to reduce the peak gain of that section.

One motivation for rule 3 is suggested by Eq. (6.113). We see that the frequency re-
sponses of some of the subsystems appear more than once in the equation for the power
spectrum of the output noise. If we do not want the output noise variance spectrum 10
have a high peak around a pole that is close Lo the unit circle, then it is advantageous
to have the frequency-response component due to that pole not appear frequently 1n
Eq. (6.113). This suggests moving such “high Q" poles to the beginning of the cascade.
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z-plane

1 e

o x| Figure 6.57 Pole—zero plot for

sixth-order system of Figure 6.56,
showing pairing of poles and zeros.

On the other hand, the frequency response from the input to a particular node in the
network will involve a product of the frequency responses of the subsystems that pre-
cede the node. Thus, to avoid excessive reduction of the signal level in the early stages
of the cascade, we should place the poles that are close to the unit circle last in order.
Clearly, then, the question of ordering hinges on a variety of considerations, including
total output noise variance and the shape of the output noise spectrum. Jackson (1970a,
1970b) used L, norms to quantify the analysis of the pairing-and-ordering problem and
gave a much more detailed set of “rules of thumb” for obtaining good results without
having to evaluate all possibilities.

The pole—zero plot for the system in our example is shown in Figure 6.57. The
paired poles and zeros are circled. In this case, we have chosen to order the sections
from least peaked to most peaked frequency response. Figure 6.58 illustrates how the
frequency responses of the individual sections combine to form the overall frequency
response. Figures 6.58(a)—(c) show the frequency responses of the individual unscaled
subsystems. Figures 6.58(d)—(f) show how the overall frequency response is built up.
Notice that Figures 6.58(d)—(f) demonstrate that the scaling equations (6.115a)—(6.115¢)
ensure that the maximum gain from the input to the output of any subsystem is less
than unity. The solid curve in Figure 6.59 shows the power spectrum of the output noise
for the ordering 123 (least peaked to most peaked). We assume that B+ 1 = 16 for the
plot. Note that the spectrum peaks in the vicinity of the pole that is closest to the unit
circle. The dotted curve shows the power spectrum of the output noise when the section
order is reversed (i.e., 321). Since section 1 has high gain at low frequencies, the noise
spectrum is appreciably larger at low frequencies and slightly lower around the peak.
The high Q pole still filters the noise sources of the first section in the cascade, so it still
tends to dominate the spectrum. The total noise power for the two orderings turns out
to be almost the same in this case.
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Figure 6.58 (continued)
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The example we have just presented shows the complexity of the issues that arise
in fixed-point implementations of cascade TIR systems. The parallel form is somewhat
simpler because the issue of pairing and ordering does not arise. However, scaling is still
required to avoid overflow in individual second-order subsystems and when the outputs
of the subsystems are summed to produce the overall output. The techniques that we
have developed must therefore be applied for the parallel form as well. Jackson (1996)
discusses the analysis of the parallel form in detail and concludes that its total output
noise power is typically comparable to that of the best pairings and orderings of the cas-
cade form. Even so, the cascade form is more common, because, for widely used TR fil-
ters such that the zeros of the system function are on the unit circle, the cascade form
can be implemented with fewer multipliers and with more control over the locations of
the zeros.

6.8.4 Analysis of Direct-Form FIR Systems

Since the direct form I and direct form II TIR systems include the direct-form FIR sys-
tem as a special case (i.e., the case where all ag’s in Figures 6.14 and 6.15 are zero), the
results and analysis techniques of Sections 6.8.1 and 6.8.2 apply to FIR systems if we
climinate all reference to the poles of the system function and eliminate the feedback
paths in all the signal flow graphs.

The direct-form FIR system is simply the discrete convolution

M
yin] = hlklx(n — k. (6.116)
k=0

Figure 6.60(a) shows the ideal unquantized direct-form FIR system. and Figure (1,6[}(]3)
shows the linear-noise model for the system, assuming that all products are guantize
before additions are performed. The effect is to inject (M + 1) white-noisc sources
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h2] h[3]

(@)

hM)

epr—1[n]

Flm) =y [n] + fn)

(b)

Figure 6.60 Direct-form realization of an FiR system. (a) Infinite-precision model.
(b) Linear-noise model.

directly at the output of the system, so that the total output noise variance is
9-2B

12
This is exactly the result we would obtain by setting N = 0 and h./[n] =

of=(M+1)

41

(6.117)

8[n] in

Egs. (6.84) and (6.93). When a double-length accumulator is available, we would need
to quantize only the output. Therefore, the factor (M + 1) in Eq. (6.117) would be
replaced by unity. This makes the double-length accumulator a very attractive hardware

feature for implementing FIR systems.

Overflow is also a problem for fixed-point realizations of FIR systems in direct
form. For two’s-complement arithmetic, we need to be concerned only about the size
of the output, since all the other sums in Figure 6.60(b) are partial sums. Thus, the
impulse-response coefficients can be scaled to reduce the possibility of overflow. Scaling
multipliers can be determined using any of the alternatives discussed in Section 6.8.2.
Of course, scaling the impulse response reduces the gain of the system, and therefore

the signal-to-noise ratio at the output is reduced as discussed in that section.

Example 6.12 Scaling Considerations for the FIR System

in Section 6.7.5

The impulse-response coefficients for the system in Section 6.7.5 are given in

Table 6.3. A simple calculation shows, and from Figure 6.46(b) we see, that
27

> ) = 1751352,

n=>0

1/2

i
(Z m[nn?) = 0.679442,

H=l

max | H(e/”)| ~ 1.009.

| <z
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These numbers satisfy the relationship in Eq. (6.105). Thus, the system, as given, is
scaled so that overflow is theoretically possible fora sinusoidal signal whose amplitude
is greater than 1/1.009 = 0.9911, but even so, overflow is unlikely for most signals.
Indeed, since the filter has a linear phase. we can arguc that, for wideband signals,
since the gain in the passband is approximately unity and the gain elsewhere is less
than unity, the output signal should be smaller than the input signal.

In Section 6.5.3, we showed that linear-phase systems like the one in Example 6.12
can be implemented with about half the number of multiplications of the general FIR
system. This is evident from the signal flow graphs of Figures 6.34 and 6.35. In these
cases. it should be clear that the output noise variance would be halved if products
were quantized before addition. However, the utilization of such structures involves a
more complicated indexing algorithm than the direct form. The architecture of most
DSP chips combines a double-length accumulator with an efficient pipelined multiply—
accumulate operation and simple looping control to optimize for the case of the direct-
form FIR system. For this reason, direct-form FIR implementations are often most
attractive, even compared with IR filters that meet frequency-response specifications
with fewer multiplications.

In Section 6.5.3, we discussed cascade realizations of FIR systems. The results
and analysis techniques of Section 6.8.3 apply to these realizations; but for FIR systems
with no poles, the pairing and ordering problem reduces to just an ordering problem.
As in the case of IR cascade systems, {he analysis of all possible orderings can be
very difficult if the system is composed of many subsystems. Chan and Rabiner (19734,
1973b) studied this problem and found experimentally that the noise performance is
relatively insensitive to the ordering. Their results suggest that a good ordering is an
ordering for which the frequency response from each noise source to the output is
relatively flat and for which the peak gain is small.

6.8.5 Floating-Point Realizations of Discrete-Time Systems

From the preceding discussion, it is clear that the limited dynamic range of fixed-point
arithmetic makes it necessary to carefully scale the input and intermediate signal levels
in fixed-point digital realizations of discrete-time systems. The need for such scaling
can be essentially eliminated by using floating-point numerical representations and
floating-point arithmetic.

In floating-point representations, a real number x is represented by the binary
number 2¢3, where the exponent ¢ of the scale factor is called the characteristic and
% is a fractional part called the mantissa. Both the characteristic and the mantissa are
represented explicitly as fixed-point binary numbers in floating-point arithmetic sys-
tems. Floating-point representations provide a convenient means for maintaining l‘lul.h
a wide dynamic range and low quantization noise: however. quantization error mani-
fests itself in a somewhat different way. Floating-point arithmetic generally maintains its
high accuracy and wide dynamic range by adjusting the characteristics and normalizing
the mantissa so that 0.5 < Xu < 1. When floating-point numbers are multiplied. thelr
characteristics are added and their mantissas are multiplied. Thus, the mantissa must

be quantized. When two floating-point numbers are added, their characteristics must
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be adjusted to be the same by moving the binary point of the mantissa of the smaller
number. Hence, addition results in quantization, too. If we assume that the range of the
characteristic is sufficient so that no numbers become larger than 2¢, then quantization
affects only the mantissa, but the error in the mantissa is also scaled by 2¢. Thus, a
quantized floating-point number is conveniently represented as

T=x(14+e)=x+ex. (6.118)

By representing the quantization error as a fraction ¢ of x, we automatically represent
the fact that the quantization error is scaled up and down with the signal level.

The aforementioned properties of floating-point arithmetic complicate the quan-
tization error analysis of floating-point implementations of discrete-time systems. First,
noise sources must be inserted both after each multiplication and after each addition.
An important consequence is that, in contrast to fixed-point arithmetic, the order in
which multiplications and additions are performed can sometimes make a big differ-
ence. More important for analysis, we can no longer justify the assumption that the
quantization noise sources are white noise and are independent of the signal. In fact, in
Eq. (6.118), the noise is expressed explicitly in terms of the signal. Therefore, we can
no longer analyze the noise without making assumptions about the nature of the input
signal. If the input is assumed to be known (e.g., white noise), a reasonable assumption
is that the relative error ¢ is independent of x and is uniformly distributed white noise.

With these types of assumptions, useful results have been obtained by Sandberg
(1967), Liu and Kaneko (1969), Weinstein and Oppenheim (1969), and Kan and
Aggarwal (1971). In particular, Weinstein and Oppenheim, comparing floating-point
and fixed-point realizations of first- and second-order IR systems, showed that if the
number of bits representing the floating-point mantissa is equal to the length of the
fixed-point word, then floating-point arithmetic leads to higher signal-to-noise ratio at
the output. Not surprisingly. the difference was found to be greater for poles close to
the unit circle. However, additional bits are required to represent the characteristic, and
the greater the desired dynamic range, the more bits are required for the characteristic.
Also, the hardware to implement floating-point arithmetic is much more complex than
that for fixed-point arithmetic. Therefore, the use of floating-point arithmetic entails
an increased word length and increased complexity in the arithmetic unit. Its major
advantage is that it essentially eliminates the problem of overflow, and if a sufficiently
long mantissa is used, quantization also becomes much less of a problem. This translates
into greater simplicity in system design and implementation.

6.9 ZERO-INPUT LIMIT CYCLES IN FIXED-POINT
REALIZATIONS OF IIR DIGITAL FILTERS

For stable IIR discrete-time systems implemented with infinite-precision arithmetic,
if the excitation becomes zero and remains zero for n greater than some value 1,
the output for n > ny will decay asymptotically toward zero. For the same system,
implemented with finite-register-length arithmetic, the output may continue to oscillate
indefinitely with a periodic pattern while the input remains equal to zero. This effect is
often referred to as zero-input limit cycle behavior and is a consequence either of the
nonlinear quantizers in the feedback loop of the system or of overflow of additions. The
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limit cycle behavior of a digital filter is complex and difficult to analyze. and we will pgy
attempt to treat the topic in any general sense. To illustrate the point, however, we wil|
give two simple examples that will show how such limit cycles can arise.

6.9.1 Limit Cycles due to Round-off and Truncation

Successive round-off or truncation of products in an iterated difference equation can
create repeating patterns. This is illustrated in the following example.

Example 6.13 Limit Cycle Behavior
in a First-Order System

Consider the first-order system characterized by the difference equation
yln] = ayln — 1] +x[nl, la] < 1. (6.119)

The signal flow graph of this system is shown in Figure 6.61(a). Let us assume
that (he register length for storing the coefficient a, the input x[n], and the filter node
variable y[n— 1] is 4 bits (i.e., a sign bit to the left of the binary point and 3 bits to the

(b)

Figure 6.61 First-order 1IR system. (a) Infinite-precision linear system. (b) Non-
linear system due to quantization.

right of the binary point). Because of the finite-length registers, the product ay[in— 1]
must be rounded or truncated to 4 bits before being added to x[a]. The flow graph
representing the actual realization based on Eq. (6.119) is shown in Figure 6.61(b):
Assuming rounding, of the produet, the actual output P[n] satisfies the nonlinear dif-
ference equation

$[n] = Qlajln— 1]+ x[nl. (6.120)

where Q[] represents the rounding operation. Let us assume that ¢ = 1/2 = 0,100
and that the input is x[n] = (7/8)8[n] = (0111 )8[n]. Using Eq. (6.120), we sce that for
n =0, §{0] = 7/8 = 0,111. To obtain (1], we multiply 9{0] by . obtaining the result
ay[0] = 0,011100, a 7-bit number that must be rounded 1o 4 bits. This number, 7/1¢
is exactly halfway between the two 4-bit quantization levels 4/8 and 3/8. Il we choos®
always to round upward in such cases, then 0,011100 rounded to 4 bits is 0,100 = 1/2
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Since x[1] = 0, it follows that $[1] = 0,100 = 1/2. Continuing to iterate the difference
equation gives [2] = Q[ay[1]] = 0,010 = 1/4 and $[3] = 0,001 = 1/8. In both
these cases, no rounding is necessary. However, to obtain $[4], we must round the
7-bit number a $[3] = 0,000100 to 0,001. The same result is obtained for all values of
n = 3. The output sequence for this example is shown in Figure 6.62(a). If « = —1,/2,
we can carry out the preceding computation again to demonstrate that the output is as
shown in Figure 6.62(b). Thus, because of rounding of the product a {1 — 1], the output
reaches a constant value of 1/8 when a = 1/2 and a periodic steady-state oscillation
between +1/8 and —1/8 when a = —1/2. These are periodic outputs similar to those
that would be obtained from a first-order pole at z = +1 instead of at z = +1/2.
7
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Figure 6.62 Response of the first-order system of Figure 6.61 to an impulse.
@a=3 (b)a=—3.
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When a = +1/2. the period of the oscillation is 1, and when a = —1/2. the period
of oscillation is 2, Such steady-state periodic outputs are called limit cycles, and thejy
existence was first noted by Blackman (1965), who referred to the amplitude intervals
to which such limit cycles are canfined as dead bands. In this case the dead band is
—2 B < pn] = +2 B where B = 3. ’

The foregoing example has {lustrated that a zero-input limit cycle can result
from rounding in a first-order IIR system. Similar results can be demonstrated for
truncation. Second-order systems can also exhibit limit cycle behavior. In the case of
parallel realizations of higher order systems. the outputs of the individual second-order
systems are independent when the input is zero. In this case, one ormore of the second-
order sections could contribute a Jimit cycle to the output sun. In the case of cascade
realizations, only the first section has zero input; succeeding sections may exhibit their
own characteristic limit cycle behavior, or they may appear to be simply filtering the
Jimit cycle output of a previous section. For high-order systems realized by other filter
structures. the Jimit cycle behavior becomes more complex, as does its analysis.

In addition to giving an understanding of limit cycle effects in digital filters, the
preceding results are useful when the zero-input limit cycle response of a system is the
desired output. This is the case. for example, when one is concerned with digital sine
wave oscillators for signal generation or for the generation of coefficients for calculation
of the discrete Fourier transform.

6.9.2 Limit Cycles Due to Overflow

1n addition to the classes of limit cycles discussed in the preceding section, a more severe
type of limit cycle can oceur due to overflow. The effect of overflow is to insert a gross
error in the output, and in some cases the filter output thereafter oscillates belween
large-amplitude limits. Such limit cycles have been referred to as overflow oscillation.
The problem of oscillations caused by overflow is discussed in detail by Ebert et al.
(1969). Overflow oscillations are illustrated by the following example.

Example 6.14 Overflow Oscillations
in a Second-Order System
Consider a second-order system realized by the difference equation
$ln) = x[n] + Qlai $ln = 1] + Olaz9[n — 2] (6.121)

where Q[:] represents two's-complement rounding with a word length of 3 bits plus 1
bit for the sign. Overflow can occur with two's-complement addition of the rounded
products. Suppose that @ = 3/4 = 0,110 and az = —3/4 = 1.010, and assume that
x[n] remains equal Lo zE10 for n = 0. Furthermore, assume that y[—1] = 3/4= 0,110
and $[=2] = —3/4 = 1,010. Now the output at sample 11 =01

$[0] = 0,110 x 0,110 + 1,010 x 1010.
If we evaluate the products using two's-complement arithmetic, we obtain

9[0] = 05100100 + 0, 100100,
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and if we choose to round upward when a number is halfway between two quantization
levels, the result of two’s-complement addition is

$[0] = 06101 40,101 = 1,010 = —3.

In this case the binary carry overflows into the sign bit, thus changing the positive sum
into a negative number. Repeating the process gives

I = 16011+ 1,011 = 0,110 = .

The binary carry resulting from the sum of the sign bits is lost, and the negative sum is
mapped into a positive number. Clearly, $[n] will continue to oscillate between +3/4
and —3/4 until an input is applied. Thus, §[n] has entered a periodic limit cycle with a
period of 2 and an amplitude of almost the full-scale amplitude of the implementation.

The preceding example illustrates how overflow oscillations occur. Much more
complex behavior can be exhibited by higher order systems, and other frequencies
can occur. Some results are available for predicting when overflow oscillations can be
supported by a difference equation (Ebert et al., 1969). Overflow oscillations can be
avoided by using the saturation overflow characteristic of Figure 6.38(b) (Ebert et al.,
1969).

6.9.3 Avoiding Limit Cycles

The possible existence of a zero-input limit cycle is important in applications where a
digital filter is to be in continuous operation, since it is generally desired that the output
approach zero when the input is zero. For example, suppose that a speech signal is
sampled, filtered by a digital filter, and then converted back to an acoustic signal using
a D/A converter. In such a situation it would be very undesirable for the filter to enter
a periodic limit cycle whenever the input is zero, since the limit cycle would produce an
audible tone.

One approach to the general problem of limit cycles is to seek structures that do
not support limit cycle oscillations. Such structures have been derived by using state-
space representations (Barnes and Fam, 1977; Mills et al., 1978) and concepts analogous
to passivity in analog systems (Rao and Kailath, 1984; Fettweis, 1986). However, these
structures generally require more computation than an equivalent cascade- or parallel-
form implementation. By adding more bits to the computational word length, we can
generally avoid overflow. Similarly, since round-off limit cycles usually are limited to the
least significant bits of the binary word, additional bits can be used to reduce the effective
amplitude of the limit cycle. Also, Claasen et al. (1973) showed that if a double-length
accumulator is used so that quantization occurs after the accumulation of products, then
limit cycles due to round-off are much less likely to occur in second-order systems. Thus,
the trade-off between word length and computational algorithm complexity arises for
limit cycles just as it does for coefficient quantization and round-off noise.

Finally, it is important to point out that zero-input limit cycles due to both over-
flow and round-off are a phenomenon unique to IIR systems: FIR systems cannot
support zero-input limit cycles, because they have no feedback paths. The output of an
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FIR system will be zero no later than (M + 1) samples after the input goes to zero and
remains there. This is a major advantage of FIR systems in applications wherein limit
cycle oscillations cannot be tolerated.

6.10 SUMMARY

In this chapter, we have considered many aspects of the problem of implementing a
linear time-invariant discrete-time system. The- first half of the chapter was devoted
to basic implementation structures. After introducing block diagram and signal flow
graphs as pictorial representations of difference equations, we discussed a number of
basic structures for IR and FIR discrete-time systems, These included the direct form 1,
direct form 11, cascade form, parallel form. and transposed form. We showed that these
forms are all equivalent when implemented with infinite-precision arithmetic. However,
the different structures are most significant in the context of finite-precision implemen-
tations. Therefore, the remainder of the chapter addressed problems associated with
finite precision or quantization in digital implementations of the basic structures.

We began the discussion of finite precision effects with a briefl review of digital
number representation and an overview which showed (hat the quantization effects that
are important in sampling (discussed in Chapter 4) arcalsoimportantin represent ing the
coefficients of a discrete-time system and inimplementing systems using finite-precision
arithmetic. We illustrated the effect of quantization of the coelficients of a difference
equation through several examples. This issue was {reated independently of the effects
of finite-precision arithmetic. which we showed introduces nonlinearity into the system.
We demonstrated that in some ¢ases this nonlinearity was responsible for limit cycles
that may persist after the inputtoa system has become zero. We also showed that quan-
tization effects can be modeled in terms of independent random white-noise sources
that are injected internally into the network. Such linear-noise models were developed
for the direct-form structures and for the cascade structure. In all of our discussion of
quantization effects, the underlying theme was the conflict between the desire for fine
quantization and the need to maintain a wide range of signal amplitudes. We saw that
in fixed-point implementations, one can be improved at the expense of the other, but Lo
improve one while leaving the other unaffected requires that we increase the number
of bits used to represent coefficients and signal amplitudes. This can be done either by
increasing the fixed-point word length or by adopting & floating-point representation.

Our discussion of quantization effects serves two purposes. First, we developed
several results that can be useful in guiding the design of practical implementations. We
found that quantization effects depend greatly on the structure used and on the specific
parameters of the system to be implemented, and even though simulation 0 { the system
is generally necessary 10 evaluate its performance, many of the results discussed are
useful in making intelligent decisions in the design process. A second, equally important,
purpose of this part of the chapter was to illustrate a style of analysis that can be applie
in studying quantization effects in a variety of digital signal-processing algorithms. The
examples of the chapter indicate the types of assumptions and apln-uximmiuns that
are commonly made in studying quantization effects. In Chapter 9 we will apply the
analysis techniques developed here (o the study of quantization in the computation 0
the discrete Fourier transform.
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Basic Problems with Answers

6.1. Determine the system function of the two networks in Figure P6.1-1, and show that they
have the same poles.

o —0
x [n] " y [n]
Z
-1
Network 1
(a)
© o
x[n]
2
rsin
—rsiné
0
ylnl
Z—I
Network 2
(b) Figure P6.1-1

6.2. The signal flow graph of Figure P6.2-1 represents a linear difference equation with constant
coefficients. Determine the difference equation that relates the output y[n] to the input x[n].

Figure P6.2-1
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systems. Determine which one of the last five, (b)—(f), has the

6.3. Figure P6.3-1 shows six
(a). You should be able to eliminate some of the possibilities by

same system function as
inspection.

B =

(®)

Figure P6.3-1
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Lo

x[n]

(¥

vin]

e

(f) Figure P6.3-1 (Continued)
6.4. Consider the system in Figure P6.3-1(d).

(a) Find the system function relating the z-transforms of the input and output.
(b) Write the difference equation that is satisfied by the input sequence x[n2] and the output
sequence y[n].

6.5. A linear time-invariant system is realized by the flow graph shown in Figure P6.5-1,

Figure P6.5-1

(a) Write the difference equation relating x[i7] and v[n] for this flow graph.

(b) What is the system function of the system?

(¢) In the realization of Figure P6.5-1, how many real multiplications and real additions
arc required to compute each sample of the output? (Assume that x[n] is real, and
assume that multiplication by 1 does not count in the total.)

(d) The realization of Figure P6.5-1 requires four storage registers (delay elements). Ts it
possible to reduce the number of storage registers by using a different structure? 1f
s0, draw the flow graph: if not, explain why the number of storage registers cannot be
reduced.

6.6. Determine the impulse response of each of the systems in Figure P6.6-1.
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(d)
Figure P6.6-1

6.7. Let x[n] and y[n] be N-point sequences (N > 3) related by the following difference equa-
tion:

y[n] — %y[n —2)=x[n-2]- %x[n].

Draw a direct form 11 signal flow graph for the causal LTI system corresponding to this
difference equation.
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6.8. The signal flow graph in Figure P6.8-1 represents an LTI system. Determine a difference
equation that gives a relationship between the input x[#] and the output y[n] of this system.

As usual, all branches of the signal flow graph have unity gain unless specifically indicated
otherwise.

Figure P6.8-1

6.9. Figure P6.9-1 shows the signal flow graph for a causal discrete-time LTI system. Branches
without gains explicitly indicated have a gain of unity.
(a) Determine A[1], the impulse response at n = 1.
(b) Determine the difference equation relating x[n] and y[n].

y[n]

Figure P6.9-1

6.10. Consider the signal flow graph shown in Figure P6.10-1.
(a) Using the node variables indicated, write the set of difference equations represented
by this network.
(b) Draw the flow graph of an equivalent system that is the cascade of two first-order
systems.
(c) Is the system stable? Explain.

wn] Figure P6.10-1

6.11. Consider a causal LT1 system S with impulse response /4[n] and system function

(1 =211 =4z
(1= 5

(a) Draw a direct form II flow graph for the system S.
(b) Draw the transposed form of the flow graph in Part (a).

H(z) =
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6.12. For the linear time-invariant system described by the flow graph in Figure P6.12-1, deter.
mine the difference equation relating the input x[n] to the output y[n]. i

Figure P6.12-1

6.13. Draw the signal flow graph for the direct form 1 implementation of the LTT system with
system function

H(z) =

_ Ll 1
1-3z 52

6.14. Draw the signal flow graph for the direct form 1I implementation of the LTI system with
system function

6.15. Draw the signal flow graph for the transposed direct form 11 implementation of the LTT sys-
tem with system function

H@ =T 12—
6.16. Consider the signal flow graph shown in Figure P6.16-1.
(a) Draw the signal flow graph that results from applying the transposition theorem to this
signal flow graph.
(b) Confirm that the transposed signal flow graph thatyou found in (a) has the same system
function H(z) as the original system in the figure.

Figure P6.16-1
6.17. Consider the causal LTI system with system function
1 1
H@) =1z "+ 7z 2427
(2) 3¢ + 57 +z

(a) Draw the signal flow graph for the direct form implementation of this system
(b) Draw thesignal flow graph for the transposed direct form implementation of the syster™
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6.18. Forsome choices of the parameter a, the signal flow graph in Figure P6.18-1 can be replaced
by a second-order direct form II signal flow graph implementing the same system function.
Give one such choice for a and the system function H(z) that results.

0
y[n]

Figure P6.18-1
6.19. Consider the causal LTI system with the system function
T T = 21‘2
H(z) = 1,

Draw asignal flow graph that implements this system as a parallel combination of first-order
transposed direct form II sections.

6.20. Draw a signal flow graph implementing the system function

H(z) = (40 =2+ (L+ j/2)z")
(G = (/DN = (1/2)z 1)1 —227)

as a cascade of second-order transposed direct form Il sections with real coefficients.

Basic Problems

6.21. For many applications, it is useful to have a system that will generate a sinusoidal sequence.
One possible way to do this is with a system whose impulse response is /i[n] = e/*v"y[n].
The real and imaginary parts of /i[n] are theretore h,[n] = (coswyn)u[n] and h;[n] =
(sin wgn)uln], respectively.

In implementing a system with a complex impulse response, the real and imaginary
parts are distinguished as separate outputs. By first writing the complex ditference equation
required to produce the desired impulse response and then separating it into its real and
imaginary parts, draw a flow graph that will implement this system. The flow graph that you
draw can have only real coefficients. This implementation is sonietimes called the coupled
fornt oscillator, since, when the input is excited by an impulse, the outputs are sinusoidal.

6.22. For the system function

14277 4272
Hy)= —"———
@ 1—3z g b2

draw the flow graphs of all possible realizations for this system as cascades of first-order
systems.

6.23. Consider a causal linear time-invariant system whose system function is
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(a) Draw the signal flow graphs tor implementations of the system in each of the followiy e
forms: 5
(i) Direct form I
(ii) Direct form 11
(iii) Cascade form using first- and second-order direct form I sections
(iv) Parallel form using first- and second-order direct form II sections
(v) Transposed direct form II
(b) Write the difference equations for the flow graph of (v) in Part (a), and show that this
system has the correct system function. y
6.24. Several flow graphs are shown in Figure P6.24-1. Determine the transpose of cach Aow
graph, and verily that in each case the original and transposed flow graphs have the same
system function.

xln] - y[n]

()

y[n]

(c)

x[n]

rcost Z

rsinf
-rsinf
O

v([n]

51
Z

(d) Figure P6.24-1

—
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6.25. Consider the system in Figure P6.25-1,

Figure P6.25-1

(a) Find the system function relating the z-transforms of the input and output.

(b) Write the difference equation that is satisfied by the inputsequence x[n] and the output
sequence y[n].

(¢) Draw asignal flow graph that has the same input-output relationship as the system in
Figure P6.25-1, but that has the smallest possible number of delay elements.

6.26. A linear time-invariant system with system function
02(1 +z7 "0
(-2 + L) (14" + L) (1= LT 1 )

is to be implemented using a flow graph of the form shown in Figure P6.26-1.

H(z) =

Figure P6.26-1

(a) Fillin all the coefficients in the diagram of Figure P6.26-1. Is your solution unique?
(b)y Define appropriate node variables in Figure P6.26-1, and write the set of difference
equations that is represented by the flow graph.

Advanced Problems

6.27. Consider a general flow graph (denoted network A) consisting of coefficient multipliers
and delay elements, as shown in Figure P6.27-1. If the system is initially at rest, its behavior
is completely specified by its impulse response h{n]. We wish to modify the system to create
anew flow graph (denoted network A;) with impulse response /1y [n] = (—1)"h[n].
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Network A Figure P6.27-1
(a) 1f H(e/®) is as given in Figure P6.27-2, sketch Hy (/).
H(e™)
1
-7 7 T T
2 2 Figure P6.27-2

(b) Explain how to modify network Aby simple modifications of its coefficient multipliers
and/or the delay branches to form the new network A; whose impulse response is
h[[l‘l].

(¢) Ifnetwork Aisasgivenin Figure P6.27-3,show how to modify it by simple modifications
to only the coefficient mudtipliers so that the resulting network Aj has impulse response

h[n].

Figure P6.27-3

6.28. The flow graph shown in Figure PG6.28-1 is noncomputable; i.e., it is not possible t0 COmP‘f‘Z
the output using the difference equations represented by the flow graph because 1t contalnt
a closed loop having no delay elements.
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Figure P6.28-1

(a) Write the difference equations for the system of Figure P6.28-1, and from them, find
the system function of the network.
(b) From the system function, obtain a flow graph that is computable.

6.29. The impulse response of a linear time-invariant system is

hjn] = a’, 0<n<T7,
T 10, otherwise.

(a) Draw the flow graph of a direct-form nonrecursive implementation of the system.
(b) Show that the corresponding system function can be expressed as

I —adz8

H(z) = .
@ 1—az !

|z > |a|.
(¢) Draw the flow graph of an implementation of H(z). as expressed in Part (b), corre-
sponding to a cascade of an FIR system (numerator) with an IIR system (denominator).
(d) Is the implementation in Part (¢) recursive or nonrecursive? Is the overall system FIR
or IIR?
(e) Which implementation of the system requires
(i) the most storage (delay elements)?
(i) the most arithmetic (multiplications and additions per output sample)?

6.30. Consider an FIR system whose impulse response is

%(1 +cos[(2m/15)(n —ng)]), 0 <n <14,
hn]=4 b X
0. otherwise.

This system is an example of a class of filters known as frequency-sampling filters. Prob-
lem 6.37 discusses these filters in detail. In this problem, we consider just one specific
case.
(a) Sketch the impulse response of the system for the cases ng = 0 and ng = 15/2.
(b) Show that the system function of the system can be expressed as
i 1 ‘l_t,—jlmilu’l-i

— 15 3 3

HEZ)=(1-277) 15 [1 s TR . o R

ll,il:rm.HS jl

(c) Show that if np = 15/2, the frequency response of the system can be expressed as

sin(ew15/2) 1sin[(w —27/15)15/2]
sin(w/2) 2 sinf(w—2m/15)/2]
Lsin[(w +27/15)15/2]
2 sinf[(w+2r/15)/2] |°
Use this expression to sketch the magnitude of the frequency response of the system

for ng = 15/2. Obtain a similar expression for 119 = 0. Sketch the magnitude response
for ng = 0. For which choices of n1y does the system have a generalized linear phase?

H(e®) = eI {
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(d) Draw asignal flow graph of an implementation of the system as a cascade of an FIR g
tem whose system function is 1 -z~ 15 and a parallel combination of a first- and Secoﬁ’csl,
order IIR system. i

6.31. Consider the discrete-time system depicted in Figure P6.31-1.

G 1+r

L-r Figure P6.31-1

(a) Write the set of difference equations represented by the flow graph of Figure P6.31-1,

(b) Determine the system function £1)(z) = Yj(z)/ X(z) of the system in Figure P6.31-2
and determine the magnitudes and angles of the poles of Hi(z) as a function of r fo;
—1l<r<l.

(¢) Figure P6.31-2 shows a different flow graph obtained from the flow graph of Fig-
ure P6.31-1 by moving the delay elements to the opposite top branch. How is the
system function Ha(z) = Y(z)/ X (z) related to Hi(z)?

1+7r !

[

L-r Figure P6.31-2

6.32. The three networks in Figure P6.32-1 are all equivalent implementations of the same two-
input, two-output linear time-invariant system.

1+7r

Network A Network B
(a) (b)

y2ln] xa[n]
Network C
(©)
Figure P6.32-1
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(a) Write the difference equations for network A.

(b) Find values of a, b, ¢, and d for network Bin terms of  in network Asuch that the two
systems are equivalent.

(¢) Find values of ¢ and f for network C in terms of » in network A such that the two
systems are equivalent.

(d) Why might network B or C be preferred over network A? What possible advantage
could network A have over network B or (7

6.33. Consider an all-pass system with system function

27l —0.54
H(p) = ——— 77
’ @ =1z 054z

A flow graph for an implementation of this system is shown in Figure P6.33-1,

Figure P6.33-1

(a) Determine the coefficients b, ¢, and d such that the flow graph in Figure P6.33-1 is a
realization of H(z).

(b) In a practical implementation of the network in Figure P6.33-1, the coelficients b, c,
and d might be quantized by rounding the exact value to the nearest tenth (e.g, 0.54
will be rounded to 0.5 and 1.8518. . .will be rounded 10 1.9). Would the resulting system
still be an all-pass system?

The difference equation relating the input and output of the all-pass system with
system function H(z) can be expressed as

vl = 0.54(y[n — 1] = x[n]) + x[n—1].

(¢) Draw the flow graph of a network that implements this difference equation using two
delay elements, but that requires only one multiplication by a constant other than +1.
(d) With quantized coefficients, would the network of part (c) be an all-pass system?

The primary disadvantage of the implementation in part (c) compared with the im-
plementation in part (a) is that it requires two delay elements. However, for higher order
systems, it is necessary to implement a cascade of all-pass systems, For N all-pass sections
in cascade, it is possible to use all-pass sections in the form determined in Part (c) while
requiring only (N + 1) delay clements. This is accomplished by sharing a delay element
between sections.

(e) Consider the all-pass system with system function

-1 -1
' —a 270 —=b
H(z)={ —— = 7.
) (l—az*'> (l—bz‘l)

Draw the flow graph of a “cascade” realization composed of two sections of the form

obtained in Part (¢) with one delay element shared between the sections. The resulting

network should have only three delay elements.
(f) With quantized coefficients a and b, would the network in Part (e) be an all-pass system?

6.34. All branches of the signal flow graphs in this problem have unity gain unless specifically
indicated otherwise.
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o
x[n) Figure P6.34-1

(a) Thesignal flow graph of System A, shown in Figure P6.34-1, represents a causal LT[ sys.
tem. Ts it possible to implement the same inpui-output relationship using fewer delays?
If it is possible, what is the minimum number of delays required to implement ap
equivalent system? If it is not possible, explain why not.

(b) Does the System Bshown in Figure P6.34-2 represent the same inpul-output relation-
ship as System A in Figure P6.34-1 7 Explain clearly.

Figure P6.34-2

H(z) = ——.

(a) Draw the direct form | signal flow graph for the system. How many delays and multi-
pliers do you need? (Do not count multiplying by &1.)

(b) Draw asignal flow graph for the system that uses one multiplier. Minimize the number
of delays.

(¢) Now consider another all-pass system whose system function is

(' - D' -2)
(-3 hHa -2z

H(z) =

Find and draw a signal flow graph for the system with two multipliers and three delays.

6.36. The flow graph shown in Figure P6.36-1 is an implementation of a causal, LTI system.

o —0
xX|n yin
(1] ap yin]
2 77!
12
! 2

(a) Draw the transpose of the signal flow graph.

(b) Foreither the origi nal system or its transpose, determine the difference equation relat-
ing the input x[n] to the output y[n]. (Nore: The difference equations will be the sameé
for both structures.)

(¢) Is the system BIBO stable?

(d) Determine y[2] if x[n] = (1/2y"uln).

Figure P6.36-1
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Extension Problems

6.37. In this problem, we will develop some of the properties of a class of discrete-time systems
called frequency-sampling filters. This class of filters has system functions of the form

zkz

where z; = e/@T/ Nk for k= 0,1, ..., N—1.

(a) System functionssuch as H(z) can be implemented as a cascade of an FIR system whose
system function is (1 —z~) with a parallel combination of first-order IIR systems, Draw
the signal flow graph of such an implementation.

(b) Show that H(z) is an (N — 1)st-degree polynomial in z~!. To do this, it is necessary to
show that H(z) has no poles other than z = 0 and that it has no powers of z~! higher
than (N —1). What do these conditions imply about the length of the impulse response
of the system?

(¢) Show that the impulse response is given by the expression

N-1
hn] = ( Z H[k J2/N) k") (u[n] — uln — NJ).
k=0
Hint: Find the impulse responses of the FIR and the IIR parts of the system, and
convolve them to find the overall impulse response.

(d) Use I’'Hopital’s rule to show that
H(zy) = H(elCriNmy — 1:[[771]. m=0,1,.... N—1;

i.e., show that the constants H[m] are samples of the frequency response of the system,
H(el”), at equally spaced frequencies w,, = 2/ N)mform =0,1,..., N— 1. Itis this
property that accounts for the name of this class of FIR systems.

(e) In general, both the poles z; of the IIR part and the samples of the frequency response
H[k] will be complex. However, if i[n] is real, we can find an implementationinvolving
only real quantities. Specifically, show that if i[n] is real and N is an even integer, then
H(z) can be expressed as

H) = (1Y) { H(1)/N  H(~1)/N

R

+‘N§: 2|H(c/(z”/N)")|_cos[9(2nk/N)]—z‘lcos[G(an/N) an/N]}

1—2cos(2rk/N)z=! + z72

where H(e/®) = |H(e/®)|e/?“)., Draw the signal flow graph representation of such a
system when N = 16 and H(e/“) =0fork=3,4,...,14.
6.38. In Chapter 4, we showed that, in general, the sampling rate of a discrete-time signal can be
reduced by a combination of linear filtering and time compression. Figure P6.38-1 shows
a block diagram of an M-to-1 decimator that can be used to reduce the sampling rate by
an integer factor M. According to the model, the linear filter operates at the high sampling
rate. However, if M is large, most of the output samples of the filter will be discarded by
the compressor. In some cases, more efficient implementations are possible.

> (@) > | M >
x[n] hln] | win] ylnl=w[Mn]  Figure P6.38-1
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(a) Assume that the fller is an FIR system with impulse response such that iifnn] = 0 o,
n < 0 and for n = 10. Draw the system in Figure P6.38-1, but replace the filter hn)
with an equivalent signal flow graph based on the given information. Note that it is not
possible to implement the M-to-1 compressor using a signal flow graph. so you mugg
leave this as a box, as shown in Figure P6.38-1. ’

(b) Note that some of the branch opcral‘.ons can be commuted with the compression
aperation. Using this facl. draw the flow graph of a more efficient realization of the
system of Part (a). By what factor has the total number of computations required in
obtaining the output y[n] been decreased?

(¢) Now suppose thal the filter in Figure P6.38-1 has system function

H(z) = 17> L.

1
1-1z7V
Draw the flow graph of the direct-form realization of the complete system in the figure
With this system for the linear filter, can the total computation per output sampfe be
reduced? If so, by what factor?
(d) Finally, suppose that the filter in Figure P6.38-1 has system function

1+ 277!
H(z) = ——, HERE
(2) e | 3

Draw the flow graph for the complete system of the figure, using each of the following
forms for the linear filter:
(i) direct form I
(i) direct form 11
(iii) transposed direct form I
(iv) transposed direct form 11
For which of the four forms can the system of Figure P6.38-1 be more efficiently im-
plemented by commuting operations with the compressor?

6.39. Speech production can be modeled by a linear system representing the vocal cavity, whichis
excited by puffs of air released through the vibrating vocal cords. One approach to synthe-
sizing speech involves representing the voeal cavity as a connection of cylindrical acoustic
{ubes of equal length, but with varying cross-sectional arcas, as depicted in Figure P6.39-1.
Let us assume thal we want Lo simulate this system in terms of the volume velocity repre-
senting aitflow. The input is coupled into the vocal tract through a small constriction, the
vocal cords, We will assume that the input is represented by a change in volume velocity
at the left end, but that the boundary condition for traveling waves at the Jeft end is that
the net volume velocity must be zero. This is analogous Lo an electrical transmission line
driven by a current source at one end and with an open circuit at the far end. Current in the
(ransmission ling is then analogous to volume velocity in the acoustic tube, while voltage
is analogous Lo acoustic pressure. The output of the acoustic tube is the volume velocity at
the right end. We assume that each section is a lossless acoustic transmission line.

Figure P6.39-1

Page 106 of 110 —



Chap.6  Problems 435

At each interface between sections, a forward-traveling wave f is transmitted to the next
section with one coefficient and reflected as a backward-traveling wave f~ with a different
coefficient. Similarly, a backward-traveling wave f~ arriving at an interface is transmitted
with one coefficient and reflected with a different coetficient. Specifically, if we consider a
forward-traveling wave f in a tube with cross-sectional area A; arriving at the interface
with a tube of cross-sectional area A, then the forward-traveling wave transmitted is
(1+r)f* and the reflected wave is r f*, where

A A
"TAY Ay

Consider the length of each section to be 3.4 cm, with the velocity of sound in air equal to
34,000 cm/s. Draw a flow graph that will implement the four-section model in Figure P6.39-1,
with the output sampled at 20,000 samples/s.

In spite of the lengthy introduction, this a reasonably straightforward problem. If
you find it difficult to think in terms of acoustic tubes, think in terms of transmission-line
sections with different characteristicimpedances. Just as with transmission lines, it is difficult
to express the impulse response in closed form. Therefore, draw the network directly from
physical considerations, in terms of forward- and backward-traveling pulses in each section.

6.40. In modeling the effects of round-off and truncation in digital filter implementations, quan-
tized variables are represented as

%[n] = Qlx[n]] = x[n] + e[n],

where Q[:] denotes either rounding or truncation to (B4 1) bits and e[n] is the quantization
error. We assume that the quantization noise sequence is a stationary white-noise sequence
such that

Elle[n] — m.)(e[n + m] — m,)} = o7 8[m)]

and that the amplitudes of the noise sequence values are uniformly distributed over the
quantizationstep A = 2 8. The first-order probability densities for rounding and truncation
are shown in Figures P6.40-1(a) and (b), respectively.

1| p@ ple)
A

1
A

[4 -A e

[S1 =3
31>

(a) (b) Figure P6.40-1

(a) Find the mean m, and the variance aez for the noise due to rounding.
(b) Find the mean m, and the variance (Tez for the noise due to truncation.

6.41. Consider a linear time-invariant system with two inputs, as depicted in Figure P6.41-1. Let
hy[n] and ha[n] be the impulse responses from nodes 1 and 2, respectively, to the output,
node 3. Show that if x)[#n] and x»[n] are uncorrelated, then their corresponding outputs
yi[n] and y[n] are also uncorrelated.
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ax,[n]

yla] =y () +yaln]
Network

Figure P6.41-1

6.42. The networks in Figure P6.42-1 all have the same system function. Assume that the systems
in the figure are implemented using (B + 1)-bit fixed-point arithmetic in all the compu-
tations. Assume also that all products are rounded to (B + 1) bits before additions are
performed.

(c)
Figure P6.42-1

(a) Draw linear-noise models for each of the systems in Figure P6.42-1.

(b) Two of the networks in Figure P6.42-1 have the same total output noise power due to
arithmetic round-off. Without explicitly computing the output noise power, determine
which two have the same output noise power.

(¢) Determine the output noise power for each of the networks in Figure P6.42-1. Express
your answer in terms of o3, the power of a single source of round-off noise.

6.43. The flow graph of a first-order system is shown in Figure P6.43-1.

Figure P6.43-1

(a) Assuming infinite-precision arithmetic. find the response of the system to the input

1
5, n=0,
x[n) = {6 n < 0.

What is the response of the system for large n?
Now suppose that the system is implemented with fixed-point arithmetic. The Coefﬁ};
cient and all variables in the network are represented in sign-and-magnitude notation wit
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5-bit registers. That js, all numbers are to be considered signed fractions represented as
bob1bab3by,
where bg, by, b2, ba, and by are either 0 or 1 and
|Register value| = b127 52272 4 53270 + b2~

If by = 0, the fraction is positive, and if by = 1, the fraction is negative. The result of a
multiplication of a sequence value by a coefficient is truncated before additions occur; i.e.,
only the sign bit and the most significant four bits are retained.

(b) Compute the response of the quantized system to the input of Part (a), and plot the
responses of both the quantized and unquantized systems for 0 < n < 5. How do the
responses compare for large n?

(¢) Now consider the system depicted in Figure P6.43-2, where

o] = {(%)v(—l)”, n=0,

n <0,

Repeat Parts (a) and (b) for this system and input.

.‘\?[n] i y [’::i

Figure P6.43-2

6.44. A causal LTI system has a system function

1
—1.04z7" +0.98z2"

H(z) = 1

(a) Is this system stable?
(b) If the coefficients are rounded to the nearest tenth, would the resulting system be
stable?

6.45. When implemented with infinite-precision arithmetic, the flow graphs in Figure P6.45-1
have the same system function.

Lo

x[n]

Network 2
Figure P6.45-1
(a) Show that the two systems have the same overall system function from input x[n] to
output y[n].
(b) Assume that the preceding systems are implemented with two’s complement fixed-
point arithmetic and that products are rounded before additions are performed. Draw
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signal flow graphs that insert round-off noise sources at appropriate locations in the
signal flow graphs of Figure P6.45-1.

(¢) Circle the nodes in your figure from Part (b) where overflow can occur.

(d) Determine the maximum size of the input samples such that overflow cannol occur in
either of the two systems.

(e) Assume that |a| < 1. Find the total noise power at the output of each system, and
determine the maximum value of a| such that Network 1 has lower output noise power
than Network 2.
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