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chapter 1 

Adaptive Syst~ms 

DEFINITION AND CHARACTERISTICS 

adapt, v.t., 1. to make suitable to requirements or conditions; adjust or modify fittingly; 
... v.i., 2. to adjust oneself to different conditions, environments, etc. (Random House 
Dictionary, 1971) 

In recent years, a growing field of research in "adaptive systems" has resulted 
in a variety of adaptive automatons whose characteristics in limited ways resemble 
certain characteristics of living systems and biological adaptive processes. According 
to the Random House Dictionary, some of the meanings of "adaptation" are: 

1. the act of adapting. 2. the state of being adapted; adjustment. 3. Bioi. a. any 
alteration in the structure or function of an organism or any of its parts that results 
from natural selection and by which the organism becomes better fitted to survive and 
multiply in its environment. b. a form or structure modified to fit changed environ-
ment. 5. Physiol. the decrease in response of sensory receptor organs, as those of 
vision, touch, temperature, olfaction, audition, and pain, to changed, constantly ap-
plied, environmental conditions. 6. Ophthalm. the regulating by the pupil of the 
quantity of light entering the eye. 7. Socio/. a slow, usually unconscious modification of 
individual and social activity in adjustment to cultural surroundings. 

It will be noted that the definition above is expressed primarily in terms of 
biological adaptation to environment. The same definitions serve at least to some 
extent for "artificial" or human-made adaptive systems, which are the central 
concern of this book. 

An adaptive automaton is a system whose structure is alterable or adjustable in 
such a way that its behavior or performance (according to some desired criterion) 
improves through contact with its environment. A simple example of an automaton 
or automatic adaptive system is the automatic gain control (AGC) used in radio and 
television receivers. The function of this circuit is to adjust the sensitivity of the 
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,J L, • • f receiver inversely as the average incoming signal strength. The receiver is thus able 
f't-" ; , • -1. i to adapt to a wide range of input levels and to produce a much narrower range of 

..,..__J_ ...... "'ll 0 •• 

• -~v,.• ,.. fY' r, : •, output mtensttles. 
, ~~ ., . ; .r'-tt' .•)h'·' ;· : The purpose of this book is to present certain basic principles of adaptation; to 

explain the design, operating characteristics, and applications of the simpler forms of 
adaptive systems; and to describe means for their physical realization. The types of 
systems discussed include those designed primarily for the purposes of adaptive 
control and adaptive signal processing. Such systems usually have some or all of the 
following characteristics: 

1. They can automatically adapt (self-optimize) in the face of changing (nonsta-
tionary) environments and changing system requirements. 

2. They can be trained to perform specific filtering and decision-making tasks. 
Synthesis of systems having these capabilities can be accomplished automati-
cally through training. In a sense, adaptive systems can be "programmed" by 
a trammg process. ~-..-- .· , , { 4 • ! , , .{ .... , •. L1!J...h:" 

3. Because of the above, adaptive systems do not req~lie the elaborate synthesis 
procedures usually needed for nonadaptive systems. Instead, they tend to be 
"self-designing." 

4. They can extrapolate a model of behavior to deal with new situations after 
having been trained on a finite and often small number of training signals or 
patterns. 

5. To a limited extent, they can repair themselves; that is, they can adapt around 
certain kinds of internal defects . 

.J, • < 6. They can usually be described as nonlinear systems with time-varying parame-
ters . 

.r.-~ 7. Usually, they are more complex and difficult to analyze than nonadaptive 
systems, but they offer the possibility of substantially increased system perfor-
mance when input signal characteristics are unknown or time varying. 

AREAS OF APPLICATION 

Recent progress in microcircuit design and production has resulted in very compact, 
economical, and reliable signal processors that rival biological nervous systems in 
size and are clearly superior to biological systems in speed. The tesult has been a 
very fast-growing field of applications for all types of digital signal processing, 
including adaptive processing. Current applications for adaptive systems are in such 
fields as communications, radar, sonar, seismology, mechanical design, navigation 
systems, and biomedical electronics. 

Part IV of this book concerns certain classes of applications, and the chapter 
headings provide a rough picture of the application areas. Chapter 9 covers adaptive 
modeling and system identification, in which an adaptive system models an un-
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known system or "plant," which may be slowly varying with time. For a given input 
signal, the adaptive system tries to match the plant output. Adaptive modeling is 
used in electrical and mechanical design and testing. 

Chapter 10 is on inverse modeling, deconvolution, and equalization. All of 
these terms, as well as the term "inverse filtering," refer to the process of removing 
the effect of some device or medium on a signal. For example, we may wish to make 
an audio system respond with equal gain to all speech frequencies, or to remove the 
effects of a transmission line on a radar pulse. 

Chapter 11 is on adaptive control systems, that is, control systems whose 
characteristics change with time and adapt to the environment. An example is the 
flight control system whose gain and response times change with air density. 
Adaptive noise canceling, discussed in Chapter 12, has been applied to areas such as 
speech communications, electrocardiography, and seismic signal processing. Adap-
tive noise canceling is in fact applicable to a wide variety of signal-enhancement 
situations, because noise characteristics are not often stationary in real-world 
situations. Chapters 13 and 14, on adaptive arrays, describe an area where adaptive 
signal processing concepts have proved to be especially useful. 

GENERAL PROPERTIES 

The essential and principal property of the adaptive system is its time-varying, 
self-adjusting performance. The need for such performance may readily be seen by 
realizing that if a designer develops a system of fixed design which he or she 
considers optimal, the implications are that the designer has foreseen all possible 
input conditions, at least statistically, and knows what he or she would like the 
system to do under each of these conditions. The designer has then chosen a specific 
criterion whereby performance is to be judged, such as the amount of error between 
the output of the actual system and that of some selected model or "ideal" system. 
Finally, the designer has chosen the system that appears best according to the 
performance criterion selected, generally choosing this system from an a priori 
restricted class of designs (such as linear systems). 

In many instances, however, the complete range of input conditions may not 
be known exactly, or even statistically; or the conditions may change from time to 
time. In such circumstances, an adaptive system that continually seeks the optimum 
within an allowed class of possibilities, using an orderly search process, would give 
superior performance compared with a system of fixed design. 

By their very nature, adaptive systems must be time varying and nonlinear. 
Their characteristics depend, among other things, on their input signals. If an input 
signal x 1 is applied, an adaptive system will adapt to it and produce an output-let 
us call it h If another input signal, x 2 , is applied, the system will adapt to this 
second signal and will again produce ttn output-let us call it, this time, y2• 

Generally, the form or the structure or the adjustments of the adaptive system will 
be different for the two different inputs. If the sum of the two inputs is applied to 
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Figure 1.1 The lower output, y3 , is equal 
to y1 + y2 if H is a linear system. If H 
is adaptive, y3 is generally different from 
Y1 + Y2· 

the adaptive system, the latter will adapt to this new input-but it will produce an 
output that will generally not be the same as y1 + J2, the sum of the outputs that 
would have corresponded to inputs x 1 and x 2 • In such a case, as illustrated in 
Figure 1.1, the principle of superposition does not work as it does with linear 
systems. If a signal is applied to the input of an adaptive system to test its response 
characteristics, the system adapts to this specific input and thereby changes its own 
form. Thus the adaptive system is inherently difficult to characterize in conventional 
terms. 

Within the realm of nonlinear systems, adaptive systems cannot be dis-
tinguished as belonging to an absolutely clear subset. However, they have two 
features that generally distinguish them from other forms of nonlinear systems. 
First,_ad~tive systems are adjustable, and their adjustments usually depend on 
\ftnit~i!!le _ay~, signal characteristics rather than on instantaneous values of 
~ or instantaneous values of the internal system states. Second, the adjust-
ments of adaptive systems are changed purposefully in order to optin;lize specified 
performance measures. 

Certain for~.2f:.!l2~~ve ~y_sJ~. Q.~c:;:o~~in~ax~syst~ws .w]len-t!J.~ir-adjq,st­
... ~~~r&h~l~.7~t;mt...tJ:itsr__a.da,pJ.\lt!29--::.These may be called ~iQ~ar...a!!l}l?~}xr. 
systems." They are very useful; they tend to be mathematically tractable; and they 
~ar'?geii?rally easier to design than other forms of adaptive systems. 

OPEN· AND CLOSED-LOOP ADAPTATION 

Several ways to classify adaptive schemes have been proposed in the literature. It is 
most convenient here to begin by thinking in terms of open-loop and closed-loop 
adaptation. The open-loop adaptive process involves making measurements of input 
or environmental characteristics, applying this information to a formula or to a 
computational algorithm, and using the results to set the adjustments of the adaptive 
system. Closed-loop adaptation, on the other hand, involves automatic experimen-
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tation with these adjustments and knowledge of their outcome in order to optimize a 
measured system performance. The latter process may be called adaptation by 
"performance feedback." 

The principles of open- and closed-loop adaptation are illustrated in Figures 
1.2 and 1.3. In both cases it is helpful to envisage the adaptive process as it might be 
performed manually by a human operator or "supervisor." In Figures 1.2(a) and 
1.3(a) the supervisor is shown adjusting the controls of the processor by reading a 
display that registers measurements of the preselected performance criterion. In the 
eJ?~o:er.~&.x.~.~-H2f.~ .• Hi!~!i£~a_c~risti~Qf.,.t~R'!Yig~¥,~nE:£~I?a£~,. 

~o.t?~I:A!~~nd irc.tl!~J~;!oop.~~~~~~~~~~.EJ!.S!i~J?:.E~~e=<?u.tPu.t_s~fl1 
The adjustments in Figure 1.3 are made even though the operator may have no 
knowledge of what is inside the processor or of the functions performed by the 
controls. The operator does not process the input signal; he or she only controls 
the adjustments of the processor to keep its performance optimized according to the 
preselected criterion. Thus the operator's function is purely supervisory, and in real 
automatic adaptive systems the operator is replaced by computational or "adaptive" 
algorithms, as suggested by Figures 1.2(b) and 1.3(b). The "other data" in these 
figures may be data about the environment of the adaptive system, or in the 
closed-loop case, it may be a desired version of the output signal. 

Input 
signal e----------J~ 

Other 
data 

Processor 

¢ ¢---¢ 

• (a) 

(b) 

Output 1---__. signal 

Figure 1.2 Open-loop adaptation: (a) concept; (b) equivalent system. 
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Processor 

(a) 

(b) 

General Introduction 

Other 
data 

Figure 1.3 Closed-loop adaptation. 

Part I 

When designing an adaptive process, many factors determine the choice of 
closed-loop versus open-loop adaptation . .?,;~~ ~yail.~bili~~ .. o!..J?J?Ut ~ig!:~ls._ a~~ :::r 

.:P-i!"!~~I].f~~~~~~~~ng •. s.~~al2.Js .ll-:maj~:>l::79Ps~de;ati~n..~. Also, the amount of com-
putmg capacity and the type of computer reqmred to rmplement the open-loop and 
closed-loop adaptation algorithms will generally differ. Certain algorithms require 
the use of a general-purpose digital computer, whereas other algorithms could be 
implemented far more economically with special-purpose chips or other apparatus. 
Some of these structural considerations are discussed in later c:hapters. It is difficult 
to develop general principles to guide all choices,.but several advantages and a few 
disadvantages of closed-loop adaptation, which is the main subject of this book, can 
be pointed out here. 

Closed-loop adaptation has the advantage of being workable in many applica-
tions where no analytic synthesis procedure either exists or is known; for example, 
where error criteria other than mean-square are used, where systems are nonlinear or 
time variable, where signals are nonstationary, and so on. Closed-loop adaptation 

I~ 
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can also be used effectively in situations where physical system component values are 
variable or inaccurately known. Closed-loop adaptation will find the best choice of 
component values. In the event of partial system failure, an adaptation mechanism 
that continually monitors performance will optimize this performance by adjusting 
and reoptimizing the intact parts. As a result, system reliability can often be 
improved by the use of performance feedback. 

The closed-loop adaptation process is not always free of difficulties, however. 
In certain situations, performance functions do not have unique optima. Automatic 
optimization is an uncertain process in such situations. In other situations, the 
closed-loop adaptation process, like a closed-loop control system, could be unstable. 
The adaptation process could diverge rather than converge. In spite of these 
possibilities, performance feedback is a powerful, widely applicable technique for 
implementing adaptation. Most of the adaptive processes described in this book will 
be closed-loop processes utilizing performance feedback. 

APPLICATIONS OF CLOSED-LOOP ADAPTATION 

Let us now consider briefly some applications of the closed-loop, performance 
feedback concept. These will anticipate the applications chapters in Part IV, begin-
ning with Chapter 9. 

We begin by representing the performance feedback process [Figure 1.3(b)] 
more specifically in Figure 1.4. We call the input signal x and define a ;~~~sd 
f~~2.ns*e': ~!g£,~~-:f ... w,hi~h !!:!~s~~~2 :~2de~~t ~l}e. qe*s§ • .<?!EP~t .£>~.a§~J?.ti~~ 

$J!S.,_m.,. The SigiJ-al.,.d Js1'for our purpose here, tp.~ ~.<.:>!her.d.a_ta~.:.w Figure 1.3(b). 
The error signal, e, is the difference between the des'ir~ output signal and the 

actual output signal, y, of the adaptive system. Using the error signal, an adaptive 
algorithm adjusts the structure of the adaptive system, thus altering its response 
characteristics by minimizing some measure of the error, thereby closing the perform-
ance loop. 

Different structures are possible for the adaptive system, and these are dis-
cussed later, beginning in Chapter 2. Adaptive algorithms for adjusting these 
structures are also discussed later, beginning in Chapter 4. Here we wish only to 
show in a general way how the scheme in Figure 1.4 is applied in practical situations. 

d (desired output) 

x (input) e (error) 

Figure 1.4 Signals in closed-loop 
adaptation. 

I' 
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(a) 

X 

(b) 

(c) 

s + n 

n' 

X 

(d) 

d 

d 

d 

d 

e 

General Introduction Part I 

Figure 1.5 Examples showing how the 
configuration in Figure 1.4 may be 
applied: (a) prediction; (b) system 
identification (modeling); (c) equalization 
(deconvolution, inverse filtering, inverse 
modeling); (d) interference canceling. 
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Some examples of applications are given in Figure 1.5. Notice that Figure 1.4, 
which illustrates the basic closed-loop adaptive process, is simplified slightly and 
embedded in each part of this figure, and that the application determines how the 
desired signal, d, is obtained. 

The prediction application in Figure 1.5(a) is perhaps the simplest of the four. 
The desired signal is the input signal, s, and a delayed version of the latter is sent to 
the adaptive processor, which must therefore try to ~e<!i~t.:;,;t}l~l,lr~u.t:.JJJP.»t 
'*&Y!l..J.n..,sn:d~!~t2.~~~:-c.~--and~dqv,..~.Qward~~e~~ct~gv.is.~-ia, 
~Le~i~EE..E.<?.it~uc_ti2!},.~d is discussed in Chapters 8, 9, and 12. 

The system identification application in Figure 1.5(b) is also easy to under-
stand. Here a broadband signal, s, is the input to the adaptive processor as well as 
to an unknown "plant" (a term originating in the control literature). To reduce e, 
the adaptive processor tries to emulate the plant's transfer characteristic. After 
adaptation the plant is "identified" in the sense that its transfer function can be 
specified as essentially the same as that of the adaptive processor. Adaptive system 
identification or modeling can be used as such, to model a slowly varying plant 
whose input and output signals are available, for example, in vibration studies of 
mechanical systems. It can also be used in many other ways, some of which are 
described in Chapters 9 and 11. 

The inverse modeling application [Figure 1.5(c)] is discussed primarily in 
Chapter 10, and its uses in control are discussed in Chapter 11. In this application 
~!?:~~!~apti~e.;P.t:9.~s~~I?..£1~t.~l.tt£2~t.:-!..9~~~~n..e!..£he..sjgp~, s, w~ch 
1s assumed to have been altered by the slowly varymg plant and to contam addttlve 
noise. The delay in the figure is to allow for the delay, or propagation time, through 
the plant and the adaptive processor. Adaptive equalization could be used to undo 
(deconvolve) the effects of a transducer, a communication channel, or some other 
system, or to produce an inverse model of an unknown plant. It is also applicable in 
the design of digital filters, as well as in adaptive control problems, and so on. 

Finally, Figure 1.5(d) shows the adaptive processor in an interference-canceling 
configuration. Here the signal, s, is corrupted by additive noise, n, and a distorted 
but correlated version of the noise, n', is also available. ~ .. gg&_~e~~:~._pt.i,ye 

d2!?7.:S~.S~:~s~c.as_e isJ~t:q?~~a~,~:.tha&f!?~~~~~S.&4l<2..that.:J.he 
~~~~~<_>~tl?.u~r~~J¥..re~e~...,. We will show, under certain very broad 

conditions, that the optimal adaptive processor is that which minimizes the mean-
square value of e. The subject of adaptive interference canceling is discussed in 
Chapters 12 through 14. 

EXAMPLE OF AN ADAPTIVE SYSTEM 

By now we have seen that adaptive signal processing is really a very general and 
basic term which implies th~~s.e~~~!im::¥~&z&¥1l:!!slw~.to~ 
We think of the performance of these' systems as being purposeful, useful, and 
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sometimes even "intelligent" in a limited sense. Before concluding this introductory 
chapter we introduce just one specific example of such a system, to provide a more 
concrete illustration of adaptation in general and closed-loop adaptation in particu-
lar. We will use the "prediction" application in Figure 1.5(a), keeping in mind that 
in doing so we have a very restricted and specific example of a very broad and 
general class of systems. 

Figure 1.6 Example of an adaptive system: an adaptive predictor. 

0.1 

"" X ... 
0.0 "' c. c: 

-0.1 
't. .. , ' 1'100 200 300 400 

0.1 

"" > .. 0.0 "' c. .. 
:l 
0 

-0.1 
0 100 200 300 400 

0.02 

"' "' 
~ 0.00 g 
w 

-0.02 
0 100 200 300 400 

Sample number, k 

Figure 1.7 Signals in the adaptive predictor in Figure 1.6. The error (e) becomes 
nearly zero as the system learns to predict the input (x) and the output (y) 
approaches x. 
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The adaptive predictor diagram in Figure 1.5(a) is redrawn in Figure 1.6, with 
examples of several conventions of notation that are used throughout this text. The 
symbols xk, yk, and ek represent the kth elements in the time series represented by 
x, y, and e. Usually, the time series may be assumed to be obtained by sampling 
continuous signals. Thus xk = x(kT), and so on, where T is the time step or 
interval between samples. The symbol z-M stands for a fixed delay of M time steps, 
so that in Figure 1.6 the output of the z-M block is labeled xk-M· The symbol Hk 
represents the transfer characteristic of the adaptive processor or "adaptive filter." 
We leave a detailed description of Hk to subsequent chapters, except to note here 
that the subscript k indicates that the transfer characteristic possibly changes at 
each sample point. 

Thus in Figure 1.6 we see that the input signal, xk, is delayed and then filtered 
to produce Yk• and that Yk is subtracted from xk to obtain the error, ek. The 
transfer function, Hk, is adjusted to keep the average squared value of this error as 
small as possible. In this way, the processor always uses past values of x to predict 
the present value of x while using e to adjust H, and is thus involved in a 
performance-feedback process. 

An example of adaptive predictor performance is shown in Figure 1.7. The -
waveforms are c~nstructed from digital data (here as Wt?ll as in examples ahead) by 1'~.";. •·-· 
drawing st.!:_ais!!! l!n_eS'>between the sample points. The input, x, is a frequency-limite<f' . ' '-. 
random signal, and M = 1 in this case. Note that Yk becomes a better prediction of · ... 
xk, and that the magnitude of ek decreases, as k increases and the adaptive system 
learns progressively to predict xk. More detailed examples of adaptive prediction 
are covered in subsequent chapters. 

THE CHAPTERS AHEAD 

In Chapters 2 through 8 we present some basic discussion and mathematical 
description of the adaptive process. The performance of adaptive systems can be 
analyzed either in the time domain or in the frequency domain; in general, the 
frequency-domain analysis tends to be more elegant and difficult. Therefore, in 
Chapters 2 through 6 we stay in the time domain and avoid using transforms, 
transfer functions, and so on, as much as possible. In Chapter 2 we introduce the 
adaptive linear combiner, which is the basic nonrecursive form of the adaptive filter. 
Then in Chapters 3 through 5 we introduce the geometry of the "performance 
surface" and consider various methods of adaptively seeking the minimum point on 
this surface. 

In Chapter 6 we introduce the well-known least-mean-square (LMS) algorithm, 
which is the simplest, most important, and most widely used algorithm for adjusting 
the weights in a linear adaptive system. After reviewing Chapter 2, the more 
advanced reader or the reader wishing simply to apply the LMS algorithm without 
covering all of the theory may wish to skip to Chapter 6 a~d beyond, without 
covering all of the material in Chapters 3 through 5. 
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Som~ areas of adaptiye signal processing, includipg recursive adaptive filters, 
cannot be analyzed cop.veniently without reference t~ the frequency domain, so 
Chapter 7 is coqcerned mainly with developing foundations for this type pf analysis. 
Tpen ip Chapt~r 8 we introduce other type~> of algorithms that require frequency-
domain analysis. In Chapter 8 we also i~troduce th~ adaptive lattice, a structure 
different from the adaptive linear combiner of .Chapter 2. Finally, Chapters 9 
thro~gh 14 deal with sop.1e of the important applications of adaptive signal processing, 
as described above. 

.. 

' .. 

I· 
I 
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The Adaptive 
Linear Combiner 

GENERAL DESCRIPTION 

chapter 2 

The adaptive linear combiner, or nonrecursive adaptive filter, is fundamental to 
adaptive signal processing. It appears, in one form or another, in most adaptive 
filters and systems, and it is the single most important element in "learning" systems 
and adaptive processes in general. Thus a primary purpose of this book is to 
develop a thorough exposition of the properties, behavior, means of adaptation, rate 
of adaptation, and useful applications of the adaptive linear combiner. 

Because of its nonrecursive structure, the adaptive linear combiner is relatively 
easy to understand and analyze. In essence it is a time-varying, nonrecursive digital 
filter, and as such its performance is quite simple. Its behavior and the means of 
adapting it, as well as its implementation in different forms, are well understood. 
Furthermore, we know of specific applications where its performance is "best" in 
some sense. 

A diagram of the general form of the adaptive linear combiner is shown in 
Figure 2.1. There is alk--~&1!~.SU~:Y.e~~th elements x 0 , x 1, .•• , x v a corre-
sponding set o~djus~?l~-w~ig~~s, w0 , w1, ... , wv t_!u,~~n~,~!~,9;~ialgle 

t: outpl}t~i~~-~ procedure for adjusting or adaptmg the weights is called a 
'"~~s~e!_lt;,;..;~a¥t~sli\t~P.l~n!;~~daH!~.tl9E...E2~qur~,. The combiner 
is called "linear" because for a fixed setting of the weights its output is a linear 
combination of the input components. However, when the weights are in the process 
of being adjusted, they, too, are a function of the input components, and the output 
of the combiner is no longer a linear function of the input. That is, its operation 
becomes nonlinear in accordance with the general principle set forth in Chapter 1. 

15 
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Xo--------------------~ 

Input w1 
signal x1 --------------------~ y 
vector 

XL--------------------~ 
J'\ I ~..t..-c-, • It~ "t ~ .. 

~ 

Figure 2.1 General form of adaptive linear combiner. 

INPUT SIGNAL AND WEIGHT VECTORS 

", l,. 

. '' 

There are two important ways to interpret physically the elements of the input vector 
in Figure 2.1. ~ir1!2!:~Y:JP-~~~S9n.!de_:ed}o~£~'!lzE!~n:?.!-'§.Jl,l£.~~-sjro~ + 1 
.djffer..ent . signal..,sources. An example of' this interpretation would be an ad~.tiye 
)11:l(~iL-OC~=i.!£I~~~.u.~ti~::dt<tt;.eH2~§!SU1" in which each inp;Cline"is 
connected to a separate sensor. 

,A_!t~Fl}!~vely,Jhe_~lem~n.ts.~0 y-:.~L ~~y-~e.co~~!~.l2.c.P~e..4.::~-t~~'Lu.:nfial 
sampfesJor the same., sign'' al ·~sm.i&.e ':'l>iie exanip~e of this interpretation is' 'tbe 

• ..... -~~~ 01 ';I' 
"'adai)iive 'processor' descnoeo ·rn·~cnapter 1 and illustrated in Figure 1.6. 

We refer to these two interpretations as the multiple-input and single-input 
cases, and it is convenient to label the input vector differently for the two cases, as 
follows: 

Multiple inputs: Xk = [x0k xlk 

Single input: Xk = [xk xk-l 

(2.1) 

(2.2) 

In this notation T stands for transpose, so Xk is actually a column vector in both 
cases. :!l_l~ll~E.k"~.i~~asJ.~::;;~ii!d~,. Thus in the multiple-input case, all 
of the elements are taken at the kth sampling time, whereas in the single-input case, 
the elements are sequential samples taken at points k, k - 1, ... , going back in time 
through the sequence of data samples. 

In the single-input case, the adaptive processor can be implemented with an 
adaptive linear combiner and unit delay elements, as shown in Figure 2.2. The 
structure in Figure 2.2 is called an adaptive transversal filter. Note that a second 
subscript, k, has been added to the weights, to make them explicitly time varying. 
The adaptive transversal filter is the temporal (as opposed to spatial) form of the 
nonrecursive adaptive filter. It has a wide range of ,applications in the fields of 
adaptive modeling and adaptive signal processing. Most of the adaptive systems 
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Figure 2.2 Adaptive linear combiner in the form of single-input adaptive transver-
sal filter. 

17 

described in later chapters of this book are based on the use of an adaptive 
transversal filter. w'oit 

In some multiple-input systems, we need a bias weight" that simply adds a 
iasiable bias into the sum, Yk· We obtain this conveniently where it is needed by t 1 

setting the first inp~t element,~ in Figure 2.1 and (2.1), permanently equal to one . , 
(or some other coilstant value) as illustrated in Figure 2.3. The bias weight is not '/ •' 

~ /.,.'I 

normally required in single-input systems. ·· 
From the input signal notation in (2.1) and (2.2), we obtain the input-output 

relationships for Figures 2.2 and 2.3 as follows: 

L 

Single input: Yk = L W1kxk-t 
1=0 

L 

Multiple inputs: Yk = L w1kxtk 
1=0 

(2.3) 

(2.4) 

When x 0 k is set identically equal to 1 in (2.4) as just described, w0 k becomes a bias 
weight. 

Corresponding with (2.1) and (2.2), we have a weight vector, 

(2.5) 

With this d~ffnition we can express (2.3) and (2.4) in a single relationship using 
vector notation:t 

(2.6) 

With this description of the operation of the adaptive linear combiner, we can 

t We assume that the reader understands vector and matrix multiplication. Any elementary text on 
matrix algebra should serve as a review. 
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wok 

Xok ~ 1 

w,k 

x,k 

Yk 

x2k 

Figure 2.3 Multiple-input adaptive linear combiner with bias weight wok· 

proceed to a discussion· of how it adapts, that is, of the effect of changing the vector 
W k as the time index, k, changes. 

DESIRED RESPONSE AND ERROR 

The adaptive linear combiner can be used in both open- and closed-loop adaptive 
systems. As discussed in connection with Figure 1.2, the adjustment of the weight 
vector in open-loop systems does not depend explicitly on properties of the output, 
but only on the input and on properties of the environment. 

With closed-loop systems, however, as in Figure 1.3, the weight vector depends 
on the output signal as well as other data. 1;Qe~~rallY:,-!_.or J.hY.E~JiXS:_.linS 
CO!l}~in~ the_o~h~2~~in£l!!P,.~:!~~si~d.:£eAi?,g~}:~~;; :~~ui~.Our 
~scussion's"in this book will be involved primarily with closed-loop, performance-
feedback systems, so we need a thorough understanding of these signals. 

In the adaptation process with performance feedback, the weight vector of the 
linear combiner i~ .. a?j~~-~~ .!_o.-<;:aus~~.S.. QU!I?l!!~...l-k.l;-l~ a.&'~~Qs~-~!. ~sible~.:­
T."!.iJh.:the.~l~d...l~SRS?:tis¥.ign_@. This is accomplished ~o,m._Rarjll&.tb~ £!!tPJ:!J ~t!J 
~~~-d~~ife<! !~20!1S~£..Ob!1ti~~~~ ·~r;or'' si~n~. ap.£J.!lr:_.n_ ~<!i_~~n~ 0.~ on!~nE!:i!J.ltt~ 

:::~'Ye~!..:!'eE.!£Sto ,~!:i_II.ll~e_!~~~ ~i~~~ most practical mstances the adaptive 
process is oriented toward minirmzmg the mean-square value, or average power of 
the error signal. Optimization by this critenon, in both adaptive and nonadaptive 
systems, has been widely practiced in the past and has many advantages [1, 8-16]. 

, 
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Input 

x,. -------1 

Error 
}-------l~· "' ! €k "'):,.- C:~o.. 

XLk -------{ 

Figure 2.4 Multiple-input adaptive linear combiner with desired response and error 
signals. 

The method of deriving the error signal by means of the desired response input 
is shown in the multiple-input diagram of Figure 2.4. The output signal, Yk• is 
simply subtracted from the desired signal, dk, to produce the error signal, ek. 

The source of the desired response signal, d k• depends on the application of 
the adaptive combiner. For the present we will assume the availability of such a 
signaL In later chapters we discuss its derivation in more detaiL We note, however, 
that considerable ingenuity is often required to find a suitable signal, since if the 
actual desired response were available one would generally not need the adaptive 
system. 

We now proceed to a discussion of the performance function, which is a 
function of the error signal just described. 

THE PERFORMANCE FUNCTION 

As in Figure 2.4, the error signal with time index k is 

ek = dk- Yk 

Substituting (2.6) into this expression yields 

ek = dk- xrw = dk- WTXk 

(2.7) 

(2.8) 

Here we have dropped the subscript k from the weight vector W for convenience, 
because in this discussion we do not wish to adjust the weights"/ We now square (2.8) 
to obtain the instantaneous squared error, - r~- 1_. , 

(2.9) 

We assume that ek, dk, and Xk are statistically stationary and take the expected 
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·l 

valuet of (2.9) over k: , <(;'. ~: .. 

Part I 

E [ ez] = E [ dl] + ":TE [~kXI]W - 2E [ dkXI]W (2.10) 

Note that the expected value of any sum is the sum of expected values, but that the 
expected value of a product is the product of expected values when the variables are 
statistically independent. The signals xk and dk are not generally independent. 

The mean-square-error function can be more conveniently expressed as fol-
lows. Let R be defined as the square matrix 

XokXLk \\-- r.· , .. 
xlkxLk -:. (2.11) 

xik 
~~···.' 
~~~ma~~~is_d~signa.te<Lth~~p~~c~!atio~~~!t5' The main diagonal terms 

are the mean .. squaresor11ie mput components, and the cross terms are the cross 
correlations among the input components. Let P be similarly defined as the~'olumn 

~ 

vector 

P = E[dkXd = E[dkxOk dkxlk dkxLk]T~· ·: ·. (T.12) 

"' ~ 

~!¢iJ~~~o~}s t~~'~e} '&r. c~~~ c_o~e.lai~~-.b®~t~:~ 2!1~~e-~~:~ .. ~SP,_<2::s.~~ :m'!:·Ul~ 
inpq,t_CQ.llliNA~hJ.s. -Tlie'"'e1ements of both R and P are all constant second-order ')-.; 

... _ ,-;- .IN.;f... ..... ... ""~'· ~ 

statistics wlien Xk and d k -are stationary. Note that the multiple-input form of Xk 
was used in (2.11) and (2.12), but the single-input form could just as easily have been r· 
used. r r.., l 

We now let the mean-square erro~.iri' (2.10) be designated by~ and reexpress it~ 
in terms of (2.11) and (2.12) as '• .:; 

MSE £ ~ = E[ez] = E[dl] + WTRW- 2PTW (2.13) 
.,; 

It is clear from this expression that the mean-square error ~ is precisely a quadratic ,~ 
function of the components of the weight vector W when the input components and' 
desired response input are stationary stochastic variables. That is, when (2.13) is'~ 
expanded, the elements of W will appear in first and second degree only. ~, 

A portion of a typical two-dimensional mean-square-error function is il- ~ 

lustra ted in Figure 2.5. The vertical axis represents the mean-squ!lfe error and the~ 
horizontal axes the values of the two weights. The bowl-shaped quadratic error)' 
function, or performance surface, formed in this manner is a paraboloi<t(a-liyper-

- 1-o 
paraboloid if there are more than two weights). It must be concave upward; 
otherwise, there would be weight settings that would result in a negative mean-square 
error, an impossible result with real, physical signals. Contours of constant mean-

t For discussions of statistical concepts such as stationarity, expected value, and so on, we refer to 
the texts on signal processing and time-series analysis [5, 6]. 
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10.0 

8.0 

UJ 6.0 
(/) 

~ 

4.0 

2.0 

0.0 

21 

Figure 2.5 Portion of a two-dimensional 
quadratic performance surface. The 
mean-square error is plotted vertically, 
w0 ranges from - 3 to 4, w1 ranges from 
-4 to 0, and the optimum weight vector 
is W* = (0.65, - 2.10). The minimum 
MSE is 0.0 in this example. fr ~ 

.... ·. 
square error are elliptical, as can.be seen by setting g constant in (2.13). J;P~,,l'.R~~t 

.;;aSt£~;~,2!t_?~~f..ffl!J1e':.b<?,_1Y!'~. i~!..2i~!~n!£> -tl!.~~~~-:~ecJ2SE!!ill~-~ 'Y-!r ~the 
e:;§p_;ima~~~.l~I:-S'.E:.P9l!!1-,?.f ~~~~~~~~~ With a quadratic 

perfOrmance function there is only a single global optimum; no local minima exist. 

GRADIENT AND MINIMUM MEAN-SQUARE ERROR 

Many useful adaptive processes that cause the weight vector to seek the minimum of 
the performance surface do so by gradient methods. The ~radient of the mean-
square-error performance surface, designated \7( g) or simply ,y, can be obtained by 
differentiating (2.13) to obtain the column vector ,, 

'vi""~ · .t\7 £ K = [K K \.....: aw awo awl 
(2.14) 

= 2RW- 2P (2.15) 
where R and P are given by (2.11) and (2.12), respectively. This expression is 
obtained by expanding (2.13) and differentiating with respect to each component of 
the weight vector. Differentiation of the term WTRW can be treated as differentia-
tion of the product (W T)(RW). 

To obtain the minimum mean-square error the weight vector W is set at its 
optimal value W*, where the gradient is:'i;ero:-tt7{ ... 

'V!= 0 = 2RW * - 2P (2.16) 
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Assuming that R is nonsingular, the optimal weight vector W *, sometimes called the 
Wiener weight vector, is found from (2.16) to be 

W* = R- 1p (2.17) 

·~ l'his equation is an expression of the Wiener-Hopf equation [8, 9, 12] in matrix 
- form. The minimum mean-square error is now obtained by substituting W * from 

(2.17) for W in (2.13): 

gmin = E[d}j + W*TRW*- 2PTW* 

(2.18) 

We now simplify this result using three rules that are of general utility in discussions 
of the performance surface: 

..t• .\ r 
1. Identity rule for any square matrix: AA - 1 = I 
2. Transpose of a matrix product: [AB]T = BTAT 
3. Symmetry of the input correlation matrix: RT = R; [R- 1]T = R- 1 [see (2.11)]. 

Using these rules, (2.18) becomes 

grnin = E[dfl- pTR- 1P = E[dfl- PTW* (2.19) 

We now introduce an example to help clarify the concepts of quadratic performance 
surface, gradient, and mean-square error set forth so far. 

EXAMPLE OF A PERFORMANCE SURFACE 

A simple example of a single-input adaptive linear combiner with \WO weights is 
shown in Figure 2.6. The input and desired signals are sampled sinusoids at the 
same frequency, with N samples per cycle. We assume that N > 2 so that the input 

dk = 2 cos (21Tk/N) 

Figure 2.6 Example of an adaptive linear combiner with two weights. 
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samples are not all zero. We are not concerned here with the origin of these signals, 
only with the resulting performance surface and its properties. 

To obtain the performance function [i.e., g in (2.13)], we need the expected 
signal products in (2.11) and (2.12). Note that we must change the subscripts of x 
for the single-jnput case, as in (2.2). The expected products b fou d for any 
product of siiiusoidal functimi~, by averaging over one or more periods o the 

us, 

. 2'1Tn =-sin--· 
N' 

n = 0,1 

n = 0,1 

'. 

(2.20) 

(2.21) 

We note further that obviously E[xf_d = E[xn because the average is over k. 
With these results, the input correlation matrix R and the correlation vector P 

can be obtained from (2.11) and (2.12) for this two-dimensional, single-input 
example: 

(2.22) 

p = E[dkxk dkxk-l]T = [o -s~ ~ r (2.23) 

As in (2.20) and (2.21) we also obtain E[df] = 2. Using these results in (2.13), we 
obtain the performance function for this example: 

g = E[df] + WTRW- 2PTW 
• 

= 2 + 0.5[w0 w1][ 

1

2 '1T 

COSN 

cos ~ 1 [ w0 1 [ . 2 
'IT ] [ Wo 1 -2 0 -sm-

N 
1 w1 . w1 

(2.24) 

This performance surface is plotted in Figure 2.5 for N = 5 samples per cycle. Note 
that it is quadratic in w0 and w1 and has a single global minimum. The gradient 
vector at any point w0 , w1 ·can be found by substituting (2.22) and (2.23) into (2.15) 
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and is 
'\1 = 2RW- 2P 

1 cosN w0 0 

[ 

2

7T l [ l [ l cos~ 1 w1 -

2 
-sin~ 

(2.25) 

The Wiener weight vector for this example, W*, may be found formally from (2.17) 
by inverting R, or it may be found by setting '\1 equal to zero in (2.25). These are, of 
course, equivalent operations, and in either case the result is 

[ 
27T 27T]T W* = 2cotN -2cscN (2.26) 

Again, note that N > 2 was specified earlier, so that wri and wt in this result are 
always finite. 

Finally, the minimum mean-square error for this example is obtained by 
substituting (2.23) and (2.26) into (2.19): 

Emin = E[dl]- pTW* 

. 27T] [ 2 cot~ l -sm- = 0 N 2TT -2csc-
N 

= 2- [o (2.27) 

This result, which says in effect that the weights in Figure 2.6 can be adjusted to 
reduce ek to zero for any value of N, may seem surprising at first. The unit delay by 
itself can change xk from a sine into a cosine function only when N = 4, that is, 
only when the unit delay is one-fourth of a cycle. Note that in this case (2.26) gives 
w0* = 0 and wt = - 2. However, with two weights in addition to the delay, the 
adaptive linear combiner can always shift xk so that it becomes the proper cosine 
function, for any N greater than 2 (see also Exercise 3). 

ALTERNATIVE EXPRESSION OF THE GRADIENT 
., 

1."'. 
Since the mean-square errory.is a quadratic form in W which reaches its minimum 
value when W equals W *, one might expect that it could be expressed as 

(2.28) 
We demonstrate that this expression is valid in the following manner. Noting that in 
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~?~~=~B~2:._i ~.§.~~-::,.~;we expand (2.28) to obtain 
~ W*TRW* + WTRW- WTRW*- W*TRW (2.29) 

Each term in (2.2 is a scalar and therefore equal to its own transpose. Thus the 
last two terms are equal. We now combine these and also substitute (2.19) for ~min• 
and get 

(2.30) 

Next, substituting (2.17) for W* and recalling again that R is symmetric, we get 

~ = E[d1]- pTR- 1P + pTR- 1RR- 1P + WTRW- 2WTRR- 1P ---------- -
= E ( d}] + WTRW- 2WTP (2.31) 

= E[dl] + WTRW- 2PTW 

This result corresponds with (2.13) and thus validates (2.28). 
The quadratic form in (2.28) can be expressed more conveniently when '!'e 

define ~~!i? . ..O:::-~e~~s follows: .. 

V = W- W* = [v v 
~~.;;::;~.~ 0 1 

(2.32) 

Accordingly, (2.28) becomes . 
t J.o' I ~ .. , 

• H .. ...,_ ....... ~, ~ 
~ = ~ . + VTR\' ' ~·,· 

~.:..--=-~ ;;:-.. ;:;:-:.. .::_~ . (2.33) 

~~tity.~_i~;.!he..d_e_;vi~ti?E Jf th~~ei~.~~tPXJ.w~~n~...!b-~~t~k 
c:~~~. DY. denatture_of _W_from~W ·*~ w.ouJd::~au.s~~~eess..m. . ean:.square error ...... '.~4- \ -... -~ ~'~"'.._. . ._._ 'Vr,.,.T_.._... "'"' .. o --c-•-4--~~_.,."""1.1~ --~:t_,.;_, .. J' 
;~;c ~~~'!'> v~lt~..,:") 
. In order that ~ be nonnegative for all possible V, it is necessary that 
··vTRV ~ 0 for all V. When VTRV > 0 for all V =1= 0, the 'inatrix R is said to be 
"positive definite" [7]. When VTRV = 0 for certain finite values of V or for all V, 
the matrix R is said to be "positive semidefinite." In physical situations, R will 
almost always be positive definite, but a positive semidefinite R could occur. Texts 
on matrix theory generally discuss conditions of positive definiteness and positive 
sernidefiniteness. 

The gradient of the mean-square error with respect to V is obtained by 
differentiating (2.33): 

:~ = [ ::o :v~l (2.34) 

This gradient is the same as that given by (2.15), because Wand V differ only by a 
constant. Thus 

a~ a~ "V = - = - = 2RV = 2(RW - P) aw av (2.35) 

Expression (2.35) will be used in developing fnd analyzing a variety of adaptive 
algorithms. 

/ 
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~~0Jt~E~~~_-2f ~~~.~NO I~Jl~~O~~~~~t~~-15..:;). 

b~l!~f~p.ortant.statisJ~;P,c,QUdi~{Ci~.b.et-ween;;.the;.~mfl.arrd:the 
ic~EP!!.e!!~.~£f the}nE.l!U!gv.ll!:.YeGt.Qr~~ruak,.»' ~.JY.~. Recall from (2.8) that 

(2.36) 
• l• 

We multiply both sides of this equation by Xk. Since each terrins· a" scalar, we can 
put Xk on either side of each term. Thus f· 

ekXk = dkXk- XkXJW 

Next, we take the expected value of (2.37) and obtain 

E[ekXd = P- RW 

Finally, we let W take its optimum value, W* =R-Ip in (2.17), and get 

(2.37) 

(2.38) 

)l<'~) ~=w,:~P.::.R = 0 (2.39) 
~~'!'~-~·-·~ ·-~ 

This result is the same as the well-known restllt of Wiener filter theory: that when 
cJ!~tpp~e;.!espo~:.£~:f-lter3:s,. O.J?_~!~tn~r-SigQalJ~ .. ~C5>~!!~~!J.h _. 
(C?,~~,<>}~nal J?) !~~_et..sl~.-~~-~e..:.~~~~~ r 1--~ yJY 

A 1J' -

l .'-#-u '(' .. ~()-~a. .... 

EXERCISES 

1. Much of the discussion in this chapter and in subsequent chapters uses matrix algebra. 
Prove that the following simple relationships are true for any matrices A, B, and C: 
(a) AB -=F BA in general. 
(b) A(B + C) = AB + AC. 
(c) (ABl = BTAT and (ABr 1 = B-lA- 1. 

(d) If A is symmetric, then A -I is symmetric. 
2. Starting with Equation (2.13), give a detailed derivation of Equation (2.15). 
3. In the adaptive linear combiner example shown in Figure 2.6, let N = 10. Then: 

(a) Find the optimum weight vector. 
(b) Write an expression for Yk using the answer to part (a). 
(c) Using the result from part (b) and xk from Figure 2.6, prove that Yk = dk. 

4. In Figure 2.6, what weight values will produce a root-mean-square (rms) value of ek equal . 
to 2: · 
(a) With N = 5? 
(b) With N = 10? 

j On the performance surface of Figure 2.6, with N = 8, what is the gradient vector when 
w1 = 0 and the mean-squared value q.f ek is: 
(a) 2.0? 
(b) 4.0? 
Why is the gradient steeper in the latter case? 

') 

1 .. 
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d'consider the system shown here, which is an adaptive linear combiner with a single 
weight. Suppose that switch Sis open and E[xf] = 1, E[xkxk-d = 0.5, E[df] = 4, 
E[dkxk] = -1, and E[dkxk-d = 1. Derive an expression for the performance function. 
Make a plot of the performance function. 

s Jo Exercise 6 with switch S closed. 

w, 

+ 
}-----~ l: }--~ ek 

8. What is the optimum value of w1 for Exercise 6? What is the corresponding minimum 
mean-square error? 

9. In the adaptive linear combiner diagram of Exercise 6, let xk and dk be as given in 
Figure 2.6, and let N = 5. With switch S open: 

. (a) Find and plot an expression for t 
(b) Find the optimum value of w1• 

(c) Find the minimum value of g. 
10. Do Exercise 9 with switch S c~osed. 
11. The student should have some experience with correlation functions such as those derived 

in Equations (2.20) and (2.21). Consider the following continuous, periodic waveforms: 

u(t) 

8 

Square 
0 wave 

-a 
x(t) 

Sine 

Pulse _ _._ _ _,__.......__:+-, 0---'mLT_N_,_T _ _.._......,__.........__.___.. _ __.__ train 

2 

m<N/2 
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Suppose that each waveform is sampled at t = 0, T, 2 T, ... , such that there are exactly N 
samples per cycle in the first two cases, and N /2 samples per cycle in the third case. If a 
sample is taken where f(t) is discontinuous, give it the value just to the right of the 
discontinuity. 
(a) Find E[ukuk-nl· 
(b) Find E[ykyk_,,]. 
(c) Find E[ukxk-nl· 
(d) Find E[ukYk-nl· 
(e) Find E[xkYk-nl· 

12. By using an example from Exercise 11, illustrate that in general, autocorrelation is an 
even function of the shift variable n, but cross correlation is not. 

13. Consider the adaptive linear combiner shown below. Suppose that we wish to minimize 
E[ ef] rather than E[ e2J. Assume that the signals x0k, xlk, and d k are all stationary. 
(a) Derive an expression for E[et]. 
(b) Is E[ef] quadratic in w0 and w1? 
(c) Is E[ef] a unimodal function of w0 and w1? 

Wo 

Xok 

w, 

x,k 

ANSWERS TO SELECTED EXERCISES 

3. (a) W* = (2.753 - 3.403]T 
(b) Yk = 2.753 sin(h/5)- 3.403 sin[(k- 1)'17/5] 

4. (a) w~ + wf + 0.6180w0w1 + 1.902lw1 - 4 = 0 
(b) w~ + wf + 1.6180w0w1 + 1.1756w1 - 4 = 0 

5. (a) v = [0 1.4142]T 
(b) v = [2 2.8284]T, [ -2 O]T 

6. ~ = w1
2 - 2w1 + 4; w1* = 1 

7. ~ = w1
2 - w1 + 7; wt =. 0.5 

8. wt = 1; ~min = 3 

dk 

13. (a) E[e%J = w04E[xgk] + wfE[x{k]- 4wJE[dkx6kl + · · · +l2wow1 E[dkxOkxlk]-
4w0E[d~x0k]- 4w1E[dlxlk] + E[df] 

(b) No 
(c) Not in general 

€k 
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chapter 6 

The LMS Algorithm 

In Chapter 4 we introduced two algorithms, Newton's method and the steepest-
descent method, for descending toward the minimum on the performance surface. 
Both of these algorithms required an estimation of the gradient at each iteration, so 
in Chapter 5 we discussed general methods for estimating the gradient. The gradient 
estimation methods in Chapter 5 are general because they are based on taking 
differences between estimated points on the performance surface, that is, differences 
between estimates of ~. 

In this' chapter we introduce another algorithm for descending on the perfor-
mance surface, known as the least-mean-square algorithm, or LMS algorithm. The 
LMS algorithm uses a special estimate of the gradient that is valid for the adaptive 
linear combiner described in Chapter 2. t Thus the LMS algorithm is more restricted 
in its use than the algorithms in Chapter 4. 

On the other hand, t~kMS..alwti.thln is important because_Q(jts..signili<it.~ 
~<Lease. oL~mputatio and ecause.i~does.-.not-Joouil:e.-;.Qff-~ii}en~ltim~­
c~~r.:r~p~uuo:qs of-data. i_;adJlpSty~ sy?t~m i~ .. a~.!~PHYe, in€?~C!.m mer, 
a~.~ tf ~·~e.~l?t;~YC?C!.O! ~~ and tneee_s~-.ie.§P<?.ns~re_a~ad~l~areaCii" 
iteration, the~.~?rit~l~..s~qg~~~~shoice for manychfferent applica-
tions of adaptlve stgnal processing. 

DERIVATION OF THE LMS ALGORITHM 

We recall that the adaptive linear combiner of Chapter 2 was applied in two basic 
ways, depending on whether the input is available in parallel (multiple inputs) or 
serial (single input) form. These two ways are shown together in Figure 6.1. In both 

tHowever, it is possible to extend the LMS algorithm to recursive adaptive filters (see Chapter 8). 

99 
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cases we have the combiner output, Yk· as a linear combination of the input samples. 
As in (2.8), we have 

(6.1) 

where Xk is the vector of input samples in either of the two configurations in Figure 
6.1. 

To develop an adaptive algorithm using the previous methods, we would 
estimate the gradient of~= E[e~] by taking differences between short-term averages 
of e~. Instead, to develop the LMS algorithm, we take e~ itself as an estimate of ~k· 
Then, at each iteration in the adaptive process, we have a~gt;_adi~nt_~sjimate of the 
f .,., . '-··-----" 

(6.2) 

orm ,,.s-o .. ' t' 1,c."" .__ 

~~ r·" (,(.<,-/ ~1) 
~w ~~h= 

The derivatives of ek with respect to the weights follow directly from (6.1). 
With this simple estimate of the gradient, we can now specify a steepest-

descent type of adaptive algorithm. From ( 4.36), we have 

(6.3) 

This is the LMS algorithm [3, 4]. As before, p. is the gain constant that regulates the 
speed and stability of adaptation. Since the weight changes at each iteration are 
bas.ed on imperfect gradient estimates, we would expect the adaptive process to be 
noisy; that is, it would not follow the true line of steepest descent on the perfor-
mance surface. 

From its form in (6.3), we can see that the LMS algorithm can be implemented 
in a practical system without squaring, averaging, or differentiation and is elegant in 
its simplicity and efficiency. As noted above, each component of the gradient vector 
is obtained from a single data sample without perturbing the weight vector. Without 
averaging, the gradient components do contain a large component of noise, but the 
noise is attenuated with time by the adaptive process, which acts as a low-pass filter 
in this respect. We now proceed to discuss some of the properties of the LMS 
algorithm and to illustrate its use in some examples. 
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(a) 

(b) 

Desired 
response 
dk 

Desired 
response 
dk 

Error 
1------1-- € k 

Figure 6.1 The adaptive linear combiner: (a) in general form; (b) as a transversal 
filter. 

101 

CONVERGENCE OF THE·WEIGHT VECTOR 

As with all adaptive algorithms, a,p{imary..JX>ncem with . .the. Ul,lS algorithm is)ts 
;,.c.~~~r~e~:e..to, ~_?,Pt~~~-:~e~sll,r:~ecFsqlP~io~~wbe~~J!]Y~~Ze'et;TO"' 
examme I:MS convergence, we first note tliat the grad1ent est1tnate m (6:2) can 
readily be shown to be nbia.Se when the weight vector is held constant. The 
expected value of (6.2) "th Wk held equal toW is 

E [ Vk] = -2E[ekXk] 

= -2E[dkxk- xkxrw] 
= 2(RW - P) = 'V (6.4) 

The second line of (6.4) follows from (6.1) plus the fact that ek is a scalar and can 
thus be commuted. The last line follows from the definitions of P and R in Chapter 
2, and from (2.15). Since the mean value of v k is equal to the true gradient 'V, v k 

must be an unbiased estimate. 
Seeing that the,..~adient_estimate_is_unbiased we ~~! make-.the.~LMS, 

~?£Ltlwk p_!o,,&Jru,c:l;te~est- escent_algori!hgl, at least...in-J~!l'i!.~-.=~s~s., by 
es!imating,..,.'\1_ aLeach.step.~jn..( 6.2) but not. adapting {h& WJ:j.gl,}.t&.uQJ;il..:ut.~.X.~P,~ 
havi 6ccurred. ln. this way 'V k could be made to approach 'V k• and ( 6.3) to approach 
--~ 
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( 4.36). With the weight vector changing at each iteration, we need to examine the 
weight vector convergence in a different manner, as follows. 

From (6.3) we can see that the weight vector Wk is a function only of the past 
input vectors Xk_ 1,Xk_ 2 , ... ,X0• If we assume that successive input vectors are 
independent over time, Wk is independent of Xk. For stationary input processes 
meeting this condition, the expected value of the weight vector E[Wk] after a 
sufficient number of iterations can be shown as follows to converge to the Wiener 
optimal solution given by (2.17), that is, to W * ,;, R-IP. 

Taking the expected value of both sides of (6.3) yields the difference equation 

E[Wk+l] = E[Wk] + 2JLE[ekXk] .~- p- Rhl. 
~ ---------.. 

= E[Wk] + 2JL(E[dkXk]- E[XkXIWk]) (6.5) 
Using the foregoing assumption that Xk and Wk are independent, we have the 
expected products as in (6.4). Also, from (2.17) we have the optimum weight vector 
given as W* = R- 1P. Thus (6.5) becomes 

E[Wk+l] = E[Wk] + 2JL(P- RE[Wk]) 

(6.6) 

But now we have just the expected form of ( 4.38), which was solved (i.e., made 
nonrecursive) by changing to the principal-axis coordinate system. Using expected 
values, the solution from ( 4.42) is 

(6.7) 

where V' is the weight vector, W, in the principal-axis system, A is the diagonal 
eigenvalue matrix of R, and V0 is the initial weight vector in the principal-axis 
system. 

Thus, as k increases without bound, we see that the expected weight vector in 
(6.7) reaches the optimum solution (i.e., zero in the principal-axis system) only if the 
right side of the equation converges to zero. We saw in (4.45) that such convergence 
is guaranteed only if 

1 
y;:->JL>O 

max 
(6.8) 

where A max is the largest eigenvalue, that is, the largest diagonal element in A. 
So, in (6.8), we have bounds on JL for convergence of the weight vector mean to 

the optimum weight vector. Within these bounds, the speed of adaptation and also 
the noise in the weight vector solution are determined by the size of JL. We also note 
that A max cannot be greater than the trace of R, which is the sum of the diagonal 
elements of R, that is, 

A max:::;; tr[ A] = L (diagonal elements of A) 

= L (diagonal elements of R) = tr[R] (6.9) 

J 
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Furthermore, with a transversal adaptive ti.lter, (2.11) gives tr[RJ as just (L + 1)E[xn 
or L + 1 times the input signal power. Thus convergen-ce of the weight-vector mean-
isassured by: 

In general: 

Transversal filter: 
\... ~ 

1 
O<t-t<-[-] tr R 

1 0 < 1-' < ------,.--:------
( L + 1 )(signal power) 

(6.10) 

This is a more restrictive bound on t.t than (6.8), but is much easier to apply because 
the elements of R and the signal power can generally be estimated more easily than 
the eigenvalues of R. 

The assumptions of decorrelation and stationarity of the input vector used to 
derive the results in this section are not necessary conditions for convergence of the 
LMS algorithm but have been adopted in this chapter for analytic convenience. 
Convergence with certain correlated and nonstationary inputs is demonstrated in the 
literature on the LMS algorithm [2, 6]. Under these conditions the analysis becomes 
much more complex. We know of no unconditional proof of convergence of the 
LMS algorithm. 

AN EXAMPLE OF CONVERGENCE 

To illustrate the convergence of the mean weight vector when employing the LMS 
algorithm in a specific situation, we again consider the simple two-weight combiner 
used as an example in Figure 2.6. We modify the input by adding a random signal 
as in Figure 6.2, in order to introduce a statistical fluctuation into the adaptive 
process. The input correlation matrix R, which was determined in (2.22), must be 
modified to include the random signal as follows. Let cp represent the average 

. 27rk 
Sin-

N 

Random 
signal 
rk 

Figure 6.2 The adaptive linear combiner 
example from Chapter 2 with a random 
signal added at the input. 
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random signal power, that is, 

<f>=E[rf] 

and suppose the random samples are independent of each other. Then 

2'1T 
= 0.5cosN 

' Thus the modified version of R in (2.22) becQmes 

" 
_ [ 1 + 2<t> c:~ ~ j 

R- 0.5 2'1T 
COSN 1 + 2</> 

Part Ill 

(6.11) 

(6.12) 

(6.13) 

A similar modification in (2.24) gives the performance surface for this example as 

(6.14) 

The optimum weight vector, W*, can be found by solving RW* =Pas described in 
Chapter 2, with P given in (2.23). The result is 

[

1 + 2</> 

2'1T 
COSN 

cos~ j[w:] = 2[-s~2'1T l 
1 + 2</> W1 N 

2 cos(2'1T jN)sin(2'1T jN) 
(1 + 2</>)2

- cos2 (2'1T/N) 
-2(1 + 2<f>)sin(2'1T/N) 

(1 + 2</> /- cos2 (2'1T/N) 

(6.15) 

The performance of the LMS algorithm in (6.3) is illustrated in Figure 6.3 with 
N = 16 samples per signal cycle, and with a random signal power <f> = 0.01. 
Contours of ~ in (6.14) are shown in this figure, and we note that (6.15) gives 
w0* = 3.784 and w{' = -4.178 as the optimum weight values. 
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Together with the contours of constant ~ in the figure, there are two weight-
value tracks. The two tracks have the following characteristics: 

Upper track 
Lower track 

Starting weight 
values 

0,0 
4,-10 

Number of 
Value of p. iterations 

0.10 250 
0.05 500 

The nature of the steepest-descent algorithm can be seen in that both tracks are 
more or less normal to the~ contours, similar to Figure 4.7. 

Because of the noisy gradient estimate at each iteration, the weight tracks in 
Figure 6.3 are seen to be erratic; they do not always proceed in the direction of the 
true gradient . .:Q!eJt:ack for theJarger.value.of &is tQ;qte ecra.t:ic..b.ecause.Jhe wet~ 
adjustment j~~atet'.a'Leach iteratio~but it also arrives at. a6out illcts'iune distance 
"'fromllre tilliiilrium of ~ in about hill the iterations taken for the track with smaller 
~- If the LMS algorithm in Figure 6.3 were made to continue, either track would 
wander around the "bottom of the bowl," in the vicinity of the minimum of ~. 

-2.5 

"i 
:i -5.0 
0> 

~ 

-7.5 

0 2 4 6 
Weight, w0 

Figure 6.3 Performance surface contours and weight-value tracks for the LMS 
algorithm operating as in Figure 6.2 with N = 16 and E[rf] = 0.01. 

8 
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producing a noisy weight vector solution and an average misadjustment as discussed 
below. 

We can observe the LMS convergence process in still another way, by plotting 
the error, ek, versus the iteration number. An example is given in Figure 6.4, 
with the error being the same as for the upper weight-value track in Figure 6.3. At 
first the error is quite sinusoidal, but as the adaptive filter learns to cancel the 
sinusoidal component, the error becomes increasingly random. 

Finally, we note in the particular case of Figure 6.3 that the values of p. (i.e., 
0.05 and 0.10) are well below the upper bound given by (6.10). With <J> = 0.01 we 
have from (6.9) and (6.13) the trace of R as 

tr[R] = 2(0.5 + <J>) = 1.02 (6.16) 

Therefore, (6.10) gives 

0.98 >" J.L > 0 (6.17) 

With the LMS algorithm, it is typical to use values of J.L on the order of a tenth of the 
upper bound given in (6.10). 

" ... 
~ 

2 

-~ 0 ... g 
w 

-1 

0 50 100 150 200 250 
Iteration number, k 

Figure 6.4 Error versus iteration number for the upper track in Figure 6.3. 
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LI;ARNING CURVE 

In ( 4.59) we arrived at a formula for the learning curve, that is, the curve of ~ versus 
the iteration number k, for the steepest-descent method. The curve was theoretical 
in the sense that an exact knowledge of the gradient at each iteration was assumed. 
The theoretical learning curve was seen to decay in accordance with L + 1 geomet-
ric ratios of the form 

n = 0,1, ... ,£ (6.18) 

As a consequence of this result and of (5.86), the time constant for the exponential 
relaxation of the nth weight vector element to its optimal value is 

1 
'Tn :;::: 2p.An ; n = 0, 1, ... , L (6.19) 

From (5.87), the time constant associated with the nth mode of the learning curve is 
T ,/2, that is, 

n = 0,1, ... ,£ (6.20) 

Furthermore, since each gradient estimate in the LMS algorithm is based on a single 
data observation, the time constant in terms of the input sample index, Tmse• is the 
same as Tmse, the time constant in terms of algorithm iterations. Thus, for the LMS 
algorithm, 

n=0,1, ... ,L (6.21) 

In some cases where the LMS algorithm is used, namely those where e~ at each 
iteration is a good approximation to E[e~] for the current set of weight values, (6.21) 
gives a good approximation to the learning-curve time constants. But in general 
with the LMS algorithm, (6.21) will be somewhat optimistic, because e~ is not 
generally a good approximation to E[ e~], and the convergence process is erratic as in 
Figure 6.3. As an example we take the case illustrated in Figure 6.3, where the 
eigenvalues of R are found as follows, using (3.2) and (6.13) with </> = 0.01 and 
N= 16: 

[

0.51- A 
det 'TT 

0.5 coss 

0.5 cosi l =0 
0.51- A 

For the lower weight track in the figure with p. = 0.05, we have from (6.21) 

(Tmse)1 = 5 iterations 

(6.22) 

(6.23) 

(6.24) 
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For comparison with these values, a typical learning curve for this same 
situation is shown in Figure 6.5. Here t orE[ eZJ, is estimated by taking an average 
of 500 individual runs of ez versus k. Each run had a different random sequence 
and a different starting point on the sinusoidal signals in Figure 6.2. We observe on 
the logarithmic plot in Figure 6.5 two different slopes of the learning curve, 
corresponding with the two directions of the lower path in Figure 6.3 and with the 
two time constants in (6.23) and (6.24). At first, the steeper slope is estimated to be 
approximately one decade in 13 iterations. Since a decade is a factor of 10 or e 2·30, a 
decade also represents a lapse of 2.30 time constants. Thus the initial time constant, 
(Tmse) 1, is observed to be on the order of 13/2.30, or 6 iterations. After relaxation 
of this initial mode, the secondary time constant, (Tmseh, is similarly observed to be 
approximately 265/2.3, or 115 iterations. In summary: 

10 

0 

Theoretical Experimental 

\ 
~(Tmsel 1 ""6 

\ 
50 

5 
104 

6 
115 

Iteration number, k 
100 

Figure 6.5 Learning curve for the lower track in Figure 6.3, with p. = 0.05. ~ is 
estimated by averaging 500 runs as described in the text. 

150 
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Thus, due to the noisy estimate of E[e%1 discussed previously, the experimental time 
constants are seen to be somewhat above the theoretical time constants. Such a 
result is typical with the LMS algorithm. 

NOISE IN THE WEIGHT-VECTOR SOLUTION 

In Chapter 5 we discussed the variance of the gradient estimate and the noise in the 
weight-vector solution under the assumption that the gradient estimate was based on 
weight perturbation. With the LMS algorithm, the gradient estimate as given by 
(6.2) is not based on weight perturbation, so we must reexamine its variance. 

Just as in (5.34), let us define Nk as a vector of noise in the gradient estimate at 
the kth iteration. Thus, as in (5.34), 

{6.25) 

If we assume that the LMS process, using a small value of the adaptive gain constant 
p., has converged to a steady-state weight vector solution near W *, then ,v k in ( 6.25) 
will be close to zero. Then, in accordance with (6.2), the gradient noise is close to 

Nk = Vk = -2ekXk (6.26) 
The covariance of the noise is thus given by 

cov[Nk] = E [NkNl] = 4E [ e%XkXI] (6.27) 

If we assume that the weight vector, Wk, remains near its optimum, W*, we 
conclude from (2.39) that e% is approximately uncorrelated with the signal vector, so 
that (6.27) becomes. 

cov[Nk] =- 4E [ e%] E [xkxi] 

"""4~minR {6.28) 

To apply the results of Chapter 5, we need to transform (6.28) into the 
principal-axis coordinate system, as follows [see (3.38), (5.40), etc., for similar 
transformations 1: 

cov[Nk] = cov[Q- 1Nk] 

= E[Q-lNAQ-lNk)T] 

= Q-1E [NkNl]Q 

= Q-Icov[Nk]Q =- 4~.minA {6.29) 

Now we can apply (5.52), which gives the weight vector covariance in the principal-
axis coordinate system. The result is 

cov[v,;] =%(A- p.A2 ) -
1cov[N,;] 

{6.30) 
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In practical situations the elements of p.A t~nd to be considerably less than 1, so we 
simplify the expression in (6.30). by neglecting the term p.A2 to obtain 

cov[v,;] ""P.~minA - 1A 
(6.31) 

Thqs, transforming b~ck to unprimed coordinates, we have the steady-state noise in 
the weight vector solution given approximately by 

cov[Vd = Qcov[v,:]Q-1 

""p.~m4tQIQ-l 

"" IL~minl (6.32) 

A fprther development of cov[Vk] under less restrictive (nonstationary) conditions 
than those imposed to obtain (6.32) may be found in Parden [6]. In the example of 
Figure 6.3 the values of IL were 0.1 and 0.05 and ~min was about 0.4. Therefore, the 
diag~nal elements of cov[Vk] are 0.04 and 0.02 for the unper and lower tracks, 
re~pectively. These values correspond to rms weight fluctuations of 0.20 and 0.14, 
respectively. 

MI~~PJUSTMENT 

We recall from (5.96) that the misadjustment in an adaptive process is defined as the 
ratio of the excess lllean-square error to the .n;Unimum mean-square error, and is thus 
a measure of how closely the adaptive process tracks the true Wiener solution, that 
is, a measure of the "cost of adaptability." The excess mean-square error is 
illustrated in Figure 5.3, and is given in (5.60) as 

(6.33) 

If we use the L + 1 elements of V,: and note that A is a diagonal matrix, we can 
express (6.33) in terms of a sum: 

L 
excess MSE = L A.nE [ v~~] (6.34) 

n=O 

If we assume that the adaptive transient has died out and therefore that the squared 
error is near the "bottom of the bowl," we may assume that E[v~~] in (6.34) is an 
element of cov[Vi] in (6.31). Using (6.31) in (6.34) then gives the following ap-
proximation: 

L 
excess MSE"" IL~min L An 

n-O 

(6.35) 
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From this result we may compute the misadjustment, defined above and in (5.96), as 

M = excess MSE 
~min 

== p. tr[R] 
(6.36) 

For example, in Figure 6.3, the values of p. were 0.1 and 0.05 and the trace of R was 
found in (6.16) to be 1.02, so we have for Figure 6.3, 

M== {
0.1 (uppertrack) 
0.05 (lower track) 

( 6.37) 

We can seen in (6.36) that the misadjustment, M, is directly proportional to 
the adaptive gain constant, lA· Thus there is a trade-off between the misadjustment 
and the rate of adaptation. To see this trade-off more clearly, let us recall from 
(6.20) that the time constant for the nth mode of the learning curve is 

1 
( Tmse)n = 4 /LAn (6.38) 

From this the trace of R can be written 
L 

tr[R] = L An 

Using this result in (6.36), we have 

M==L+1(_1_) 
4 Tmse av 

In the special case where all eigenvalues are equal, (6.40) reduces to 

M==L+1 
4Tmse 

(6.39) 

(6.40) 

(6.41) 

Experience shows this expression to be a good approximation to the relationship 
between misadjustment, time constant of the learning curve, and number of weights 
even when the eigenvalues are not equal. Such a relationship is needed in designing 
an adaptive system when the eigenvalues are unknown. 

Since the trace of the R-matrix is the total power of the inputs to the weights,. 
which is generally known, one can use (6.36) in choosing a value of p. that will 
produce a desired value of M. One can accordingly combine (6.41) and (6.36) to 
obtain a general expression for the time constant of the learning curve with equal 
eigenvalues: 

L+1 
T. "" mse 4p. tr[R] (6.42) 
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This expression is also a good approximation in many cases when the eigenvalues of 
the R-matrix are unequal. 

Since adaptive transients die out or settle in approximately four time constants, 
(6.41) can be used to derive the following rule of thumb: 

Misadjustment equals number of weights divided by 
settling time, when the eigenvalues are equal. 

Operation with 10 percent misadjustment, satisfactory in many applications, can 
generally be achieved with an adaptive settling time equal to 10 times the memory 
time span of the adaptive transversal filter. 

PERFORMANCE 

We have noted previously that the LMS algorithm differs from the algorithms 
discussed in Chapters 4 and 5 primarily in the way in which the gradient, v k• is 
estimated at each time step. In effect, the LMS algorithm takes advantage of 
additional a priori information, namely that the performance surface is quadratic. 
We might expect that the LMS algorithm would have a performance advantage over 
the previous algorithms that used the difference method to estimate v k• and in fact 
it does. 

TABLE 6.1 MISADJUSTMENT AND TIME CONSTANTS OF STEEPEST-DESCENT 
AND LMS ALGORITHMS 

Misadjustment, M 

Perturbation, P 

Total misadjustment, M 101 

Time constant of nth mode: 
In number of adaptive 

iterations, 1'nue 

In number of data 
samples, T DIJC 

Steepest-descent 
algorithm 

p.(L+l)~. 
4N82 rrun 

= (L + 1t (-1-) 
8P Tmse av 

1 
4p.An 
N(L + 1) 

2p.An 

LMS algorithm 

p.trR 

= L; 1 ( T~ .. L 
M 

1 
4p.An 

1 
4p.An 
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The performance advantage of the LMS algorithm over the steepest-descent 
algorithm of Chapters 4 and 5 can readily be understood by comparing the 
expressions for misadjustment and time constant given in Table 6.1. The table 
entries originate from (5.16), (5.86) through (5.88), (5.99), (5.106), (6.20), and (6.40). 
It is apparent in both cases that misadjustment is reduced by slow adaptation; that 
is, by making the value of the time constant large. For a given time constant, 
however, the misad:..s.tmen1....Qfhe LMS algorithm increases linearly with the 
number of weights rather-than-witlrtlre-sqnare-oJ-the..nnmber of weights. In typical 

r circumstances much faster adaptation is thus possible. -.... 
The relative performance of the two algorithms is indicated in another way in 

Figure 6.6, which shows the time constant of adaptation Tmse as a function of the 
number of weights. For this comparison the misadjustment of the LMS algorithm · 
was fixed at 10 percent. The total misadjustment of the steepest-descent algorithm 
was also fixed at 10 percent, with the perturbation P optimized according to (5.109). 
The eigenvalues of the R-matrix were further assumed to be equal. We obtain the 
curves in Figure 6.6 ~rom Table 6.1 as follows: 

S d T = (L + 1)2 = 50(L 1)2 teepest escent: rose 8MP + 
L+1 

Tmse = 4M = 2.5(L + 1) 
(6.43) 

LMS: 

The figure il~auhe..LMS algorithm .has a much shorter adaptation time, 
particulaiJYWhen the number of wei ts is lar e. 

apter we derived the time constant of adaptation of the method of 
steepest descent for an adaptive filter with ten weights and a total misadjustment of 
10 percent with P optimized. The result obtained is given in (5.110) and is equal to 
5000 data samples. A similar calculation for the LMS algorithm yields a time 
constant of adaptation of only 25 data samples. This value is much more favorable 
even than that of 625 data samples obtained in (5.111) for off-line adaptation to 
eliminate the effects of perturbing the weight vector. Since adaptive transients 
generally die out within approximately four time constants, the settling time would 
be approximately 100 sampling periods or iterations. 

The efficiency of the LMS algorithm has been shown to approach a theoretical 
limit for adaptive algorithms when the eigenvalues of the R-matrix are equal or 
nearly equal [5]. With disparate eigenvalues, however, misadjustment is primarily 
determined by the fastest modes of adaptation, while settling time is limited by the 
slowest modes. Algorithms similar to the LMS algorithm but based on Newton's 
method rather than the method of steepest descent have been devised in an attempt 
to sustain efficiency under these conditions. In these algorithms the gradient esti-
mate is premultiplied at each iteration by an estimate of the inverse of the R-matrix: 

wk+l = wk + p.R-lvk (6.44) 
or -wk+l = wk + 2p.R-1ekxk (6.45) 
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LMS algorithm 

0 
Number of weights, L + 1 

Figure 6.6 Time constant of adaptation versus number of weights for steepest-
descent and LMS algorithms. Total misadjustment fixed at 10 percent. 

Part Ill 

This process causes all adaptive modes to have essentially the same time constant. 
Algorithms based on this principle are discussed in Chapter 8. They are potentially 
more efficient than the LMS algorithm but also typically more difficult to implement. 

Attempts have also been made to devise algorithms more efficient than the 
LMS algorithm by using a time-varying value for the constant of adaptation JL. 
High values are first chosen to achieve rapid convergence; after convergence has 
been achieved low values are chosen to minimize misadjustment. This method works 
well as long as the input statistics remain stationary. 

EXERCISES 

1. Express the LMS algorithm for an individual weight in a single-input adaptive linear 
combiner. 

2. If an adaptive linear combiner has an input signal power equal top, what is a reasonable 
range for the adaptive gain constant, p.? 

3. Describe the principal axes of the performance surface in Figure 6.3. 
4. Explain why Tmse and 1'mse are identical in the case of the LMS algorithm. 
5. In the example in Figure 6.3, what is the approximate covariance matrix for the gradient 

noise, assuming that the adaptive transient has died out? 
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6. What are the eigenvalues in the example in Figure 6.3? 
7. What is the effect of adding a third weight to the adaptive linear combiner in Figure 6.2: 

(a) On the minimum mean-square error? 
(b) On the misadjustment? 
(c) On the learning curve? 

8. Consider the adaptive signal-canceling situation in the diagram below. 

. 'll'k 
Sin-

7 

(a) Write an expression for the performance surface. 
(b) Determine a range for the adaptive gain constant. 
(c) Express the LMS algorithm for this situation. 
(d) Using p. = 0.05 and 0.005 with zero initial conditions, run the LMS algorithm and 

plot two learning curves similar to Figure 6.5 on the same graph. Estimate the two 
time constants. 

9. Consider the adaptive predictor shown below. 

xko----.----------------------------~ 

(a) Given tf>xxCn) = E[xkxk+nl, write an expression for the performance sur~ce. 
(b) Give a specific expression for the performance surface when xk is equal to sin(k'IT/5). 
(c) Write the LMS algorithm for the case where xk = sin(k'IT/5), with p. at one-fifth of 

its maximum in (6.10). 
(d) Using the LMS algorithm in part (c), list the first 20 error values, e0 through e19 • 

Assume that W0 = 0. 
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10. For the predictor in Exercise 9, generate 5000 samples of the input as follows, using zero 
initial conditions: 

k = 0,1, ... ,4999 

where rk is the k th number in the random sequence in Appendix A. Then: 
(a) Using the data, estimate the input correlation matrix, R. 
(b) Using (6.21), select p. to produce an average learning time constant equal to 100 data 

samples. 
(c) Run the LMS algorithm with p. as above. Plot the first 5000 weight values, w0 k and 

w1k, versus k. 
(d) Plot a learning curve similar to that shown in Figure 6.5. 
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