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Summary-Synthesis  through  linear  optimal-control  theory  is 
applied to two types of model-following systems. Although the two 
system concepts are  fundamentally different, the optimal-control 
theory  in  both  cases  generates  constant  feedback  gains which 
modify the plant  dynamics so that  the  resultant  system  response 
approaches  that of the model. Each  synthesis  method  produces  an 
optimal-control  law that  has  a closed-form  solution and minimizes 
an  integral  quadratic  performance  index involving both  system 
errors  and control  motions. 

The  &st type of model-following system is generated by in- 
corporating the  model only in  the performance  index. The  integral 
square  error  between  the model and  the  system is minimized by one 
term  in  the performance index.  The basic idea in this  system  is  to 
alter, by the  feedback,  the coefficients in  the  equations of motion 
for the plant so that  these coefficients  approach those of the model. 
The  feedback control obtained  from  this  method  depends on the 
solution of the  matrix Riccati equation,  and  also on a product of con- 
stant  matrices.  For  an infinite  weight on the  error  term  in  the per- 
formance  index,  the solution of the  Riccati equation approaches zero. 

The  second type of model-following system  incorporates  the 
model  as  part of the control system,  and places it  ahead of the plant 
as a preflter.  The  dfierence  between  the  model output and  the  plant 
output  is minimized in  the  performance  index.  The  resulting  system 
has  not only feedback  gains for the plant state  variables  but also 
feedforward  gains for the  model  state variables.  Evaluation shows 
that  the  feedback  gains  are  independent of the  model,  and  are ex- 
actly those which  would be  obtained for the  normal  regulator prob- 
lem. The  feedforward  gains  depend on both plant  and model. 

LIST OF SYMBOLS ASD ABBREVIATIONS 

state  vector 
output  vector 
model state  vector 
control  vector 
system  adjoint  vector 
element of a vector 

null  matrix 
identity  matrix 
system  matrix 
input  matrix 
output  matrix 
model  system  matrix 
error  weighting  matrix 
control  n-eighting  matrix 
time-varying  matrix:  solution of the  Riccati 
differential  equation 
constant  matrix:  solution of the  steady-state 
Riccati  equation 
control  matrix  from  the  Riccati  equation 

K ,  control  matrix  resulting  from  product  of  ma- 
trices 

K total  control  matrix  for  model-in-the-perform- 
ance-index  method  or  the  control  matrix  for 
the  model-in-the-system  method 

K f f  feedforward  control  matrix 
f i j  element of the F matrix 

T'ariables 
4 bank  angle,  rad 
$, bank  angle  rate,  rad/sec 
p sideslip  angle,  rad 
r >yawing velocity,  radisec 

4 V incremental  airspeed,  ft/sec 
an, rigid-body  acceleration in z direction,  ft/'sec2 

lz altitude, ft 
01 angle of attack,  rad 
0 pitch  angle,  rad 
q pitch  rate,  radisec 

6, rudder  angle,  rad 
6, aileron  angle,  rad 
6, elevator  control  deflection,  rad 
S t  throttle  change = T/Tmax 

Scalars 
X? Hamiltonian  function of the  dynamic  system 
I/' performance  index 

Subscripts and Superscripts 
( ) O  optimal -uo 

( * )  time  derivative 
( t )  running  time  variable 

( )' (prime)  transpose of a matrix 
(-) (hat value) equivalent  matrix  in  the  model-in- 

the-performance-index  method 

Matrix A bbre-uiations 
Q I R  refers to  the  ratio of the  elements in the Q 

matrix  to  those in the R matrix-increasing 
this  ratio  means  more  weight  on  the  error  term 
in the  performance  index 

Q( ) abbreviation  referring  to  the power of ten  for 
each  diagonal  element, e .g . ,  

p o z  o o o 1 
Q(2, 2 ,  1, 2) = 1 lo' 1. 
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I. INTRODUCTION 

I[, INEAR  OPTIkIAL-COSTROL  THEORY  has  had 
limited  use as  a  practical  synthesis  technique for 
multivariable  control  system  design  because  the 

quadratic  performance  index  does  not  alwaps  express 
the real  design  objective.  Other  criteria  on  the  system 
transient  response  may  be  more  meaningful.  However, 
if the  criteria  can  be  formulated  as a linear  model.  ap- 
plication of the  quadratic  performance  index  can  be sig- 
nificantly  extended by  incorporating  into  the index the 
error  between  the  system  and  the  model.  In  particular, 
the  introduction of the model may  facilitate  selecting 
relative  weights  on  the  state  variables.  The  main  ad- 
vantage in using  optimal-control  theory for synthesizing 
a multivariable  system  is  the  fact  that a total  design 
is produced. -Also, high-order  systems  can  be  designed 
including  actuator  and  sensor  dynamics. 

The  purpose of  this  paper  is  twofold.  First  it is in- 
tended  to  clearly  indicate  the  characteristics of each 
model technique  by a brief development of the  theory 
including  simple  second-order  examples,  and  second, i t  
is desired to  show  that  optimal-control  theory  can  be 
used in  the design of a practical  system. 

The  paper is the  result of research  performed a t   the  
Flight  Research  Department of Cornel1 .Aeronautical 
Laboratory  and performed  in  conjunction  with  the  au- 
thor’s  doctoral  thesis  for  University.  This  paper 
describes  two model-following techniques  and  their  ap- 
plication to  practical  systems.  The first technique,  u-hich 
incorporates  the model only  in  the  performance  index, 
was  developed  by  Dr. R. E. Kalman [l 1. The second 
technique, which incorporates  the  model-in-the-s>-stem 
has been used by  Dr.  Kalman,  the  Flight Research  De- 
partment  at  CAL [SI, and F. T. Smith [ 2 ] .  -Also, the 
optimal-control  theory  that is considered  in  this  paper 
was  developed by  Dr.  Kalman. 

-Although these  are  primarily model-follo\t-ing optimal 
synthesis  techniques,  they  also would be useful as  the 
basis  for  adaptive  systems  providing  the  calculations 
can  be  done in real  time.  Each  method  represents  a  basic 
type of adaptive  control  system.  The model-in-the- 
performance-index  method  depends  on  identifJ-ing  the 
plant  and  then  adjusting  the  plant  feedback  to  match 
the model. The model-in-the-system  method is basically 
similar  to high-gain  feedback  methods which eliminate 
the  plant  dynamics,  but  the feedforward  loops that  are 
generated  modify  the  concept  significantly. The  inlple- 
mentation  of  these  methods  for  real-time  computation 
has  not  been  considered  in  this  paper, that  is, i t  is only 
the  synthesis  technique which is discussed. 

11. h’IODEL-IX-THE-PERFORML4XCE-INDEX 
The  model-in-the-performance-index  method uses the 

feedback  gains  generated by the  optimal-control  theory 
to  alter  the open-loop plant coefficients such  that  they 

approach  the coefficients of the model. The model,  how- 
ever, is included  only in the  quadratic  performance in- 
dex,  not  in  the  ph>-sical  s>-stem.  The  plant  may  be ex- 
pressed in standard form as 

where 3 is the  state  vector, 23 is the  control  vector,  and 
F and G are respectively the  plant  and  input  matrices. 
The  dynamics of some ideal system,  which will be  called 
the model, may  be  written in the  form, 

f = L f .  (2) 

Since  it is  desired to  have  the  plant  dynamics  approach 
those of the  model,  the  performance  index is set  up so 
that  one  term will consist of the  error  between  the  model 
and  the  plant  derivatives. 

The  performance  index is defined as  

where j is the  output  vector  and is defined as 

j = H g .  (4) 

The  output  vector 9 might  not  be  the  same  as  the  state 
vector 3 i f ,  for  example,  not all of the  state  variables  are 
to be  compared  with  the model variables. If two differ- 
ent  vectors  are included  in  the  performance  index, P and 
f ,  where f may now be  considered as  an  input,  the  prob- 
lem would  become what  Ralman refers to  as  the  servo 
problem [3]. 117th only  one  state  vector in the per- 
formance  index,  the  system is optimized  for an  initial 
condition  response  and  is  called  the  regulator  problem. 
For  this  reason,  the  transformation L is taken on 3?: 
rather  than f. 

If (1) and (4) are  substituted  into (3),  

217 = [‘{ ( H F 3  + HGz7 - LHz) ’Q(HFz  + HGzi 

- L H Z )  + . d ~ n ) d t .  (5) 

The  fact   that   the first term in the  performance  index 
which is an  error  term now includes  the  control  vector zi 
will be  later  shown  to  produce  interesting  results  for 
this method. 

The derivation of the  control  which will minimize the 
performance  index of ( 5 )  is  developed  in [3] and is in- 
cluded  in -Appendix -1. The  form of the  optimal  control 
for this  performance  index is 

4’ = - (G’H’QHG + R)-l 

* { G’X + G’H‘Q(BF - LH) ] 2. ( 4 )  

The canonical  equations  are: 
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Eqs. (7)  and (8) with  the  “hat”  matrices  are  the  same 
form  as  the  canonical  equations of the  regulator  prob- 
lem.  These  equations  may be solved  for the  adjoint 
vector X, and  the  control of (6). The  adjoint  vector X 
depends  on  the  solution of the  matrix  Riccati  equation 
for P(t) and is expressed as 

x = P ( / ) f .  (9) 

The  Riccati  equation for the  “hat”  matrices  has  the 
form 

P ( t )  - P(t)6i?-le,P(/) + P(t)E + W ( t )  

+ B‘QB = [o]. (10) 

The  control  matrix  resulting  from  the  Riccati  equation 
is then 

K R ( f )  = R-le,P(l) .  (11) 

The  control  from  the  product of matrices  is 

K ,  = i?-’&H’Q(HF - LH). (12) 

The  total  control of (6) may  be expressed as 
a0 = - { K&) + K m )  f = - K ( t ) f .  (13) 

Since i t  is desirable  to  have  constant  feedback  gains 
in  airplane  flight  control  systems,  only  the  steady-state 
value of the  Riccati  equation will be used in this  work. 
This  eliminates  the need to  define the origin of time  and 
program  and  time-varying  gains.  Constant  gains  are  ob- 
tained  by  letting  the  upper  limit of integration in the 
performance  index  approach  infinity  and  solving  the 
algebraic  rather  than  the  differential  Riccati  equation. 
This  algebraic  solution is denoted  by  omitting  the indi- 
cation of time  variation  on  the P(t) and K(t )  matrices. 
In  practice  this  solution  may  be  obtained  analytically 
for  single-input  systems.  For  multi-input  systems a 
digital  program  is used to  solve the  matrix  Riccati 
differential equation,  and  only  the  steady-state  value is 
used. (See Kalman  and  Englar [4] and  Shed [j].) 

The use of steady-state  control  values  assumes  that 
the period of regulation  or  control will approach infin- 
ity.  In  practice, of course,  this is not  true  and so there 
would  be some loss of optimality. I t  is also true, how- 
ever,  that in designing a flight control  system  for  an  air- 
plane  it would be  impossible to  know in advance  the 
exact  control  inputs  and  disturbances for  which the con- 
trol  system was to  be  optimized.  Under  these considera- 
tions,  the loss of optimality  from  the  regulator  problem 
would  seem to  be  more of an  academic  question  than  a 
practical loss. 

The  simplicity of the  control as well as  the  way in 
which this  method  works  may  be  shown  by  considering 

a  second-order,  single-input  example. (See  Fig. 1.) 
second-order  system that  is to follow the  same  order 
model will be considered. The  matrices will then  have 
the  form, 

Q = [ ‘ I 1  ‘1 (14) 
0 4 2 2  

0 1 
L =  

L 1  - - i ? z l ,  

If these  matrices  are  substituted  into  the  “hat”  value 
formulas of (56), 

i? = G’H’QHG + R = q22g21’  4- r, 
E = F - G~?--IGIH!Q(HF - L H ) ,  

and 

0 = Q - QHG&lG’H’Q 

The  control  can be  found  from 

u o =  - f ((2-1~~~ + ~ ? - ~ G I H ‘ Q ( H F  - L H ) ] ~ .  (20) 

The first  term  depends  upon  the  steady-state  solution 
of the  Riccati  equation, KR, while the second term, K,, 
may be  evaluated  directly  from (12) as 

g 2 1 q 2 2 ( 2 2 1  - f 2 1 )  g ? l q ? 2 ( Z 2 2  - f??) 
q 2 2 g 2 1 ?  + r q 2 2 g 2 1 2  + K ,  = [ 
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For  this  single-input  case,  the  steady-state  Riccati 
equation  may be  evaluated  by  letting P(t )  = O  in ( lo) ,  
and solving the  individual  algebraic  equations. If these 
equations  are  evaluated for Ppl  and P2?, the  results  are 

and 

Since P is a  symmetric  matrix Pzl= PIz, therefore,  only 
one of these  equations  must  be  solved. Also, P1l need 
not  be  found,  as i t  has  no effect on the  control.  This is 
due  to  the  fact  that  the  control  depends on the  product 
of G' and P in (20), and  the g l l  element which  would 
multiply Pll is zero. This is true for any  single-input 
system, .i.e., an  nth  order  system will only  have  n  feed- 
back  control  terms,  rather  than  the n X n  terms from 
the P matrix. 

The  normal  procedure for  using  optimal-control  the- 
ory  to  obtain  feedback  gains is to  vary  the  ratio of the 
weight  on  the  error  to  the  weight on the  control (Q."R) 
until  a  satisfactory  result is obtained. If too Inuch 
weight  is  placed on the  control,  the s!;stem would not be 
fast  enough,  and  there would be  little  improvement  over 
the open-loop  plant  dynamics. If too much  weight is 
placed  on the  error  term,  the  resulting  feedback  terms 
might well be  out of the  range of ph>,sical realizabilit!. 
for the  particular problem at  hand.  For  this  method, 
however, it is significant to  observe  the effect of a  large 
weight  on  the  error  term.  For  the  example  being  con- 
sidered,  this  amounts  to  making q22g?l2:'r>>l. R in this 
case is a  scalar r ,  and q l l  does  not  appear.  For  high qr2:r, 
the  matrix R becomes  approximatel?- 

This effect in the 2 matrix  affects  the  other  matrices  as 
follows: 

( 2 i )  

Eq. (25) shows that  the equivalent  system  matrix 
becomes the  model,  and  the q22 term which is the  only Q 
element  that  has  any effect,  becomes  zero. Eqs. (22) 
and (23) show that  if ! j S ? = O ,  Pgl and Pr2 are zero. Thus 
as the  weight  on  the  error  term becomes greater,  the 
control  terms  from  the  Riccati  equation  approach zero. 
For large ¶ ~ ? . . I ' Y ,  then,  the  total  control is simply  the K, 
of (37). This effect has  been  found to be true for  multi- 
input  systems  as well, and  may be  verified analytically 
by  assuming R of (3) to be the null  matrix. The  result of 
evaluating  the  control for this  performance  index is that  
the  term K R ( ~ )  in (13) will be  zero. The way in  which 
the model  is  matched  may be seen by  evaluating  the 
closed-loop sl-stem as 

F - GK,  

=[ O ' 1  
- Lg:J c q 2 2 g ? 1 2  i- 

1, (28) 

[-L - l J  (29) 

-f21 -f22 

g 2 1 q 2 2 ( 1 2 1  - f ? J  g21q22(122 - f22) 

q 2 2 g Z l 2  + r 

which, for e2g21?>>r, reduces  to 

0 1 
F - GK,  = 

This is the  exact  expression for the model, and  therefore 
the model has  clearly  been  matched for qP2g2l?>>r. I t  
might  also be pointed  out  that  although  the  product 
GK, contains GI?-'G'N'Q(NF-LH) all terms cancel 
out for  large qr2,'r except  the ( H F - L H ) .  In  other words, 
the  control  simply  depends on the difference between  the 
system coefficients and  the model  coefficients. This  can- 
cellation  has  also been  noticed i n  higher-order  systems. 

11 1, ~IODEL-IN-THE-PERFORM.4SCE-ISDES ,\PPLIED 

TO AIRPLANE LATERAL EQCATIOSS 
This particular  synthesis  technique was applied  to 

practical  systems,  involving  the  airplane  lateral  equa- 
tions of motion.  The following lateral  equations were 
used : 
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where 
C#I = bank  angle 
p =sideslip  angle 
r =yaw  rate 

6, =rudder deflection 
6, =aileron  deflection. 

These  equations  have  been  transformed  to  decouple  the 
inertia  terms. 

This  example  was  considered  to  see  whether  a  control 
system  designed by  this  optimal  synthesis  method would 
be  physically  realizable. The B-26 airplane, which has 
been  mechanized by  the  Flight  Research  Department 
of the Cornell  Aeronautical  Laboratory  as a variable 
stability  airplane, was chosen  for  this  example. S o t  
only  did  the  system  have  to follow the model  well, but  
also the feedback  gains could not exceed certain  limit- 
ing  values. Furthermore,  the  variables  that were  fed 
back  had  to  be  compatible with  those that  are measured 
i n  the  actual  system. 

The  matrices  for  the B-26 were 

1 0 
O -1 

F = I  
0 -2.93 -4 .75  - 

.OS6 0 - . l l  -1.0 

L 0 -.042 2.59 - .39A 

The model  was 

1 0 

0 -1 -73 .14  3.18 O l  
- . l l  -1 1‘ 

L. 0086 . OS6 8.95  -.49J 

This model  would result  approximately in the following 
response  parameters: 

7R-I =inverse of roll mode  time  constant = 1 sec-’. 
7S-I =inverse of spiral  mode  time  constant = 0 sec-I. 

{ d  = Dutch roll damping  ratio = 0.1. 
w , , ~  = Dutch roll natural  frequency = 3 rad,:sec. 

lC#I$l =8.  

This model  was  also  chosen so that  only  the  parameters 
that  could  be  physically  changed  in  the  airplane differed 
in the model  from  those of the  system. 

The  results of trying  various  weighting  schemes for 
this  system  indicated  that  the  best feedback  gains 
were produced  by  weighting 4 2 2  and p~ heavily and 411 

and q 3 3  not   a t  all. This is due  to  the  fact  that  the first 
and  third  rows of the model and  the sqrstem matrices 
were identical.  The  value  of  the R matrix for this  exam- 

ple,  as well as the  examples  that follow,  was the  identity 
matrix.  Since  the  control K ,  (12) depends  on  the dif- 
ference  between the  system  matrix  and  the model 
matrix ( F - L ) ,  the  product G’H’Q(HF-LH) is in- 
dependent of both 411 and 4 3 3 .  The responses to  an 
initial  sideslip  angle (p) and  an  initial  bank  angle  rate 
(4)  are  shown  in  Figs. 2 and 3 ,  respectively. Closed-loop 
responses  are  plotted  for  three  different (Q) weighting 
matrices  as well as the model and  the  open-loop  system 
responses. The closed-loop system  matrices,  the  eigen- 
values of these  matrices,  and  the  control for the  best 
weighting  scheme  are  listed  in  Table I. 

The  results of this  example  indicate  that  this  method 
is feasible  for  designing a  control  svstem  for  an  actual 
system.  The  magnitude of the  feedback  gains  for  the 
case  where Q(0. 6, 0, 6) were  perfectly  reasonable  and 
although was fed back  in  the  actual  system,  it is pos- 
sible  through  a  simple  transformation  to  convert  the 
optimal-control  feedback  gains to  the  cockpit  gains of 
t h e  variable-stability  airplane. 

IV. ~IODEL-IN-THE-SYSTEM 
I t  was  shown  in  the  previous  method  that  feedback 

could  be  placed around  the  plant so that  i t  would be- 
have like the model. \Gth  the model in the  system, how- 
ever,  no  effort  is  made  to  make  the  system  response 
similar to   that  of the model  for the  same  input.  Instead, 
the model is included in the physical  system as a  pre- 
filter  ahead of the  plant.  The  optimal-control  theory 
generates  constant  feedback  gains  around  each of the 
plant  state  variables which improve  the  plant  dynamics, 
and  constant feedforward  gains  from  each of the model 
state  variables which provide  a lead network. If enough 
weight is placed on the  error  term in the  performance 
index,  the  feedback  sl-stem  around  the  plant will be 
fast  enough  to follow the output of the model. The  
model is incorporated  into  the  optimal-control  theory 
by  writing  it  as  an  uncontrollable  part of the  state  equa- 
tion. A suitable choice  for the H matrix allows the model 
variables  to  be  compared  with  the  plant  variables.  This 
amounts  to defining the  output  vector as the difference 
between  the  model  variables  and  the  state  variables, 
and minimizing  this difference i n  the  performance  index. 

The  equations of the  plant  are 

The model dynamics  are defined as 

The  state  equation is now defined as a combination of 
the  plant  and  the model  equations 
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Fig. 2-B-26 model-in-the-performance-index  responses to initial sideslip angle. 
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( 4  
Fig. 3-B-26 model-in-the-performance-index responses to initial  bank  angle  rate (+). 
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TABLE I 
MODEL-IN-THE-PERFORMATCE-IKDEX FOR E-26 

I Open-Loop System Model I €9 ,  6, 0,  6) 

Closed-Loop 1 0 0 
Matrix F-GK 1: -2.93 -4.75 .58 

Model and ! 0 
(F) fo r the  ! .086 0 -.11 -1.0 

-.042 2.59  -.39 

System 
Open-Loop 

Closed-Loop 
Roots (Open- 

T R - ~  -2.98 sec-’ 
~ g - 1  .00173 8ec-I 

Loop for Model .t-d .08 
and System) wad 1.68 rad/sec 

0 1 0 0  
0 -1 -73.14  3.18 

.086 0 -.11 -1 

.0086  .086  8.95  -.49 

- 1.065 sec-l 
,000275 sec-I 
.09 i6  

2 .95  rad/sec 

0 1 0 0 
0 -1 -73.1 

,086 
3.18 

.0086  .086  8.95 - .49 
- .00389  -.123 -1 .0  

- 1 .OS sec-l 
.000154 sec-I 
.0914 

2.92 rad/sec 

Feedback RR I 0 0 I ,256XlO-5  -.955X10-7  .154X10-i  -.304X10-4 
Control ~ .51  X10-7  -.39 XlO-’ .784X10-6  - .615X10-6 
Matrices - 

I 

i K i  0 I 0 ,0034 .111 ,371 ,0356 
0 ,494  -17.5  ,614 

! 

This  can  be  represented  as 

f = F a  + Ga?.. 

If both  the  plant  and model  vectors  are of the  order n, 
and it is  desired to  compare all the  state  variables  with 
all the model variables,  then  a  typical  choice for the H 
matrix would  be 

H = [ I  -I], an n~ 212 matrix. (34) 

This defines the  output  vector which is to  be minimized 
in the  performance  index  as 

3 = [ I  -11 [“I = f, - f,. (35) 
XP 

The model has now  been  incorporated  into  the  standard 
form of the  regulator  problem.  The  performance  index 
is defined as 

T 
21;- = s, { (y’@ -F 22’Ra))dt. (36) 

The  development of the problem is now identically  the 
same  as  that of the  regulator  problem of Kalman [3] .  
The  control which  minimizes the  performance  index of 
(36) subject  to  the  constraints of the  differential  equa- 
tions of (32) may be  evaluated  by  the  method of Ap- 
pendix The  result  is: 

2i.O = R-lG’P(t).? (3 7 )  

where P(t)  is the  time-varying  matrix  solution of the 
Riccati  equation. As in the  previous  method,  only  the 
steady-state  value is  used. I t  should  be  pointed  out  that 
the  complexity of the  computation  is now  twice what it 
would be  for  the  normal  regulator  problem.  This is 
because the  order of the  system  matrix  has been 
doubled,  and  therefore P(t) is a 272x272 matrix,  assum- 
ing  the  plant  and  the  model  are of the  same  order.  The 
type of system  that  this  method  produces  may  be  seen 
by considering  a  second-order  example  with  the  matrices 

R = Y ,  

0 1 0 0 -  

0 
0 0 0 1 

0 0 -jx -f?L 

The  state  variables  are now 

x =  [I, 
where  the  first  two  variables  are  the model variables, 
and  the second  two  are  the  system  variables.  The  fact 
that   the difference between  the  model  variables  and 
the  plant  variables will be  minimized by  the  perform- 
ance  index  can  be verified by  finding the  output  vector, 

9 = H 2  

or 

The  feedback  and  feedforward  terms  may  be  found from 
the  steady-state  Riccati  equation.  For  this  example,  the 
Riccati  equation  becomes 
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Because of the  structure of the G matrix,  the  terms 
Pd3, P44 produce  the  feedback  terms  and  the  terms Pjl, 
P42 produce  the  feedforward  terms. Eq. (41) shows  that 
P43 and P44 may be  solved  exactly as  they were i n  
t h e  regulator  problem,  that  is, by combining  elements 
in the  third row and  third  column,  and  fourth row and 
fourth  column,  respectively.  Exactly  the  same PU and 
Pe4 will be  found  in  this  example  that would have  been 
found  without  the  model.  The  feedforward  terms  may 
be  found  by  combining  elements in the  upper  right- 
hand 2 X2 matrices of (41). The  fact  that  the  feedback 
terms  are  completely  independent of the model is an 
important  result  that is characteristic of this  method. 
LA block diagram of this  system is shown in Fig. 4. 

The results  that were found  concerning  the  inde- 
pendence of the feedback terms  may be  generalized to 
any  order  system  and model. A system will be  con- 
sidered that  has  an  nth  order  plant,  an  mth  order  input, 
and Zth order  model. The  matrices for  such a system, 
with  the  order of each  matrix  written  above,  would  be 

where L is an 1 X 1 and Fp is an it X >I  

Fig. 4-Model-in-the-system method: block diagram 
for second-order case. 

The p subscript  denotes  the  plant. 
H would depend  on  what  variables were to  be  mini- 

mized, but  if,  for  example,  the  order of the  system were 
equal  to  the  order of the  model, i.e., n = I ,  

Zx(Z+n) a = [I - I ]  

where I is an I XI and -I is an 1 x z .  If the  order of the 
plant were greater  than  the  order of the  model,  the 
decision  would have  to be  made of which model  vari- 
ables  to  compare  with which of the  system  variables. If 
these  generalized  matrices  are  substituted  into  the 
stead>--state  Riccati  equation, 

P12GR-’GfP21 P12GR-’GfPz2 
P??GR-‘G‘P?1 P22GR-’GfPz2 1 + r p 1 I  FpPz1 FpPm Lp121 

[$1:: Pz2Fp p12Fp] + [ ] = [o]. 
Q -Q 

-Q Q 
The closed-loop system  matrix  would  be 

This simplifies to  

(42) 

Eq. (44) indicates  that  the  feedback  terms  depend on 
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Pzz. P22, however, is independent of the  model;  that is, 
if this  matrix  and  the  other  matrices which are  multi- 
plied by  it  to  obtain  the  control were expanded  for a 
particular  system,  the  feedback  terms would be exactly 
the  same  as  they would  be without  the model. Eq. (42) 
also  shows  that  the feedforward terms  are a function of 
the  model,  the  plant,  and  the  feedback  terms.  This  can 
be  verified by  combining  the  elements  in  the  upper  right 
and lower left  corner of each  matrix  in (42). 

1,'. NUMERICAL EXUIPLE-SECOSD-ORDER 
SYSTEM AND M O D E L  

T o  illustrate how this  method  works,  a  numerical  ex- 
ample will be  considered.  Eqs. (38) and (39) apply,  with 
the following  matrices. 

1 0 -1 

0 1 0 - 1  
R = l  H =  

This  produced  the  system of Fig. 5. 
The  results of increasing the weight to 1001 and 10001 

are  shown  in Figs. 6 and 7 respectively.  Bode  diagrams 
for  these  three  systems  are  plotted  in  Fig. 8. Fig. 8 
shows  the model  response and  the over-all  system  re- 
sponse,  including  the  model, for various Q's. The  plant 
poles tend  to move apart  which tends  to  make  the sys- 
tem  faster.  The zero  from the feedforward  moves  such 
that  more  lead is added  to  the over-all  system. I t  may 
also  be  noted  that  the  dc  gain  decreases  as Q becomes 
large,  until  when Q is 10001, there is an  appreciable  drop 
in dc  gain between the  output of the model and  the  out- 
put of the  plant.  This  might  have been  expected, as 
there is nothing in the  performance  index  that mould in- 
sure  that  the  dc  gains of the  plant  and  the model  would 
be  the  same.  Transient  responses  to  an  initial  condition 
for the  three Q cases are shown  in  Figs. 9 and 10. 

I n  the  first  case, Q= 101, and  the  results of solving the 2 
equations in (41) are 

a 

k' = [2 .75 -.735 2.32 3.631 

M O D E L  F E E D F O R W A R D  

I I 

P L A N T  

5' + 7 0 7 5  + 25 
x 3  

52 + 2 s  + !  1 -  
I 

FEED  SACK 

Fig. 5-Block diagram for Q= 101. 

M O D E L   P L L N T  
FEED  FORWARD 

2 715-1611 
I x 3  

S2+ 7075 + 2 5  
-~ 
5 ' +  2 S t I  

6 53iS+ 7821 

F E E D  BACK 

Fig. 6-Block diagram for Q= 1001. 

M O D E L   P L A N T  

FEED  FORWARD 
I I x 3  

s 2 t r o 7 s   t 2 5  sz+ - 2 s  +I  

10.715 t .a421 

FEED BACK 

Fig. 7-Block diagram for Q = 10001. 

.. 

FREQdENCY - RAE ANS/SECONC 

Fig. 8-Model-in-the-system: amplitude  response for model and 
over-all  system for different error weights. 
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, . .  
- 4.---i j .... .-...: ...... 1 ..... :.....: ...... ~ ......................... I ............... ^ 

0 .2 4 6 .8 I O  
TIME- SEC 

Fig. !9-?vlodel-in-the-system: second-order system and model. 

TIME-SEC 

Fig. 10-Model-in-the-system second-order system  and model. 
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VI. h'IODEL-IX-THE-sl'STEhf TECHNIQUE APPLIED 
TO AIRPLANE LBTEFUL EQUATIONS 

The  model-in-the-system  technique  was  applied  to 
the  same B-26  variable  stability  airplane  system  dis- 
cussed in Section 111. The  purpose of doing  this  was  to 
get a comparison  between  the  two  methods  as well as   to  
evaluate  this  particular  method. Since the  two  methods 
are basically  different, i t  is not  appropriate  to  compare 
the  two  systems for the  same  error  weighting. I t  is inter- 
esting,  however, to  see how well the  two  systems  match 
the model  for  approximately  the  same  control  magni- 
tudes.  Because of the  magnitude of the  feedback  control 
terms would approach  infinity  for  an  infinite  weight  on 
the  error,  it  was  also  interesting  to see how well this 
method would work for control  magnitudes  that  did  not 
exceed the  limits of the  physical  system. 

The  state  equation for this  method,  (32), \vas ob- 
tained  by  combining  the F ,  L and G matrices for the B- 
26 example in Section 111. The  closed-loop  system  mat- 
rix, the  roots of this  matrix,  and  the  control  matrices  are 
listed  in Table 11. The  open-loop  system matris  and  the 
model  matrix would  be the  same  as  Table  I.  The responses 
to  an  initial sideslip  angle (0) are  shown  in  Fig. 11. 

I t  was  found  that  although  selecting  the Q matrix was 
more of a  trial-and-error  procedure  than  it  was for the 
model in the  performance  index  method,  the  resultant 
system  performed well. Runs were  tried for Q(1, 1, 1, 1) , 
Q(2, 2 ,  2, 2 )  and  Q(3,  3,  3,  3).  In  the  cases  where 
Q(2, 2,  2 ,  2 ) ,  Q(3,  3,  3,  3),  the model followed the  system 
almost identicall!.. The  case where  Q(3,  3,  3, 3) was  not 
plotted  since i t  was  impossible t o  discriminate  between 
the model and  the  system responses. The  control  result- 
ing  from Q( l ,  1, 1, 1) proved  to  be a reasonable  design. 
The  elements of the  control  matrix  were  not  too  large, 
with  the  exception of the K22 feedback  term.  This  term 
can  be reduced  from  -2.73 to  - 1.9 by  making q 2 2 = 5  

rather  than 10. A comparison of the  feedback  gains of 
this  method  (Table 11) with  those of the model-in-the 
performance-index  method  (Table  I)  shows that  al- 
though  the  model-in-the-system  method  might a t  first 
appear  as a high-gain  system, the  actual  feedback  gains 
obtained  (Table 11) are  not  as high as would be  ex- 
pected. 

1'1 I. ~'IODEL-IN-THE-SYSTEai TECHNIQL-E .APPLIED  TO 
,AIRPLANE LONGITUDIN~XL EQWTIOKS 

A final evaluation  was  obtained  by  applying  the 
model-in-the-system  method  to a higher-order  variable 
stability  airplane  that  had  proved  to  be a difficult sys- 
tem  to design by  conventional  techniques.  The longi- 
tudinal  mode was considered and  actuator  dynamics 
for both  the  throttle  and  the  elevator were  included. 
The model for  this  example  has  characteristics  similar  to 
those  for  the  Supersonic  Transport. 

The  equations in terms of the original  variables  were 

Ti = F% + G 3  (46) 

T.%BLE I1 
B-26 MODEL-IS-THE-SYSTEN RESULTS 

1 0 0 
Closed-Loop Matrix  -12.3  -13.6 -2.06  1.04 
F - G R  1 O.390 .0941 .00777 - ,192  -.886 

,242 8.27  -8.68 
I 

Closed-Loop Roots  -1.00 -1.26 -7.66 -12.7 

FeedbackControl 1 -2.32 -.222 2.33 -3.27 
hIatrices K I -3.15 -2.73 .687 .06i 

Feedfonvard  Control ,127 .393 -4.10 4.58 
hIatrices K f f  I 3.01 3.11 -16.6 2.15 

Fig. 11-B-26 model-in-the-system  responses to an initial 
sideslip  angle. 

where 
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T =  

F =  

- 1  0 0 0 

a T / T ” T  1 0 0 

0 -*44& 1 0 

0 0 0 1  

0 0 0 0  

0 0 0 0  

- 0  0 0 0 

0 0 0- 

0 0 0  

0 0 0  

0 0 0  

1 0 0  

0 1 0  

0 0 1- 

-g 0 
28 z6e 

0 M a ,  

0 0 

0 0 

x =  ;I S T  

= 

G =  

- 0  0 

0 

0 0  

LJJn2 0 

J Lo  
0 --VrDaT- 
0 0 

0 0 

0 0 

1 0 

0 -wnz -2[wn 0 

0 0 0 -1/7 - 

f 

These  variables,  however,  were not the  ones  that would  be  measured in the  actual  system. A transformation 
therefore was found t o  convert  the  original  variables  into  the  ones to be  measured.  This  transformation, 

3 = ] j / r j  (47) 

produced a final state  equation of 

v = T f 7 ~ 1 F ~ . f . ~ - I 1 ,  + J;i:T-IG’a (48) 
where 

0 

0 

V T  

-g 
0 

0 

0 0 

0 1 

0 0 
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V,?3DEL- 'h-THE-SYSTEM METt iCC 
T;ME  'N  SEC 

Fig. 12-Responses to  an  elevator  step 6eAvc = - lo. 

'Eq. (48) for both  the model  and  the  plant  numerical 
values  was  substituted  into  (32).  The  numerical  values 
used are  listed  in .Appendix B. The  synthesis  problem  in 
this  example  was  to  obtain a system  that would  follow 
the model  well with  feedback  gains of a  reasonable  mag- 
nitude.  The responses to a  step  function  on  the model 
were  used rather  than  initial  condition  responses  be- 
cause  they  produced  results  that  were  easier  to  interpret 
and  compare  with  results  that  had been  obtained  by 
conventional  methods.  The  steady-state  errors  for  the 
step  function  response  were  very  small  for high Q  cases, 
but became  progressively  worse as the  weighting  was 
decreased. The  results of this  example  are  shown  in 
Figs. 12 through 14. The  variables AI;-, n,, and il were 
the  hardest  to  match.  However,  the  feedback  gains 
l i e / &  and 6e/v were the  most difficult to  reduce to  an 
acceptable  value.  The  cases of Q( -3,  -3, -3, -3, 0,  0) 
and  Q(-2,  -2,  -2, -2 ,  0, 0)  were  tried to  get  an  idea 
of the over-all  performance  and  the  resulting  gains.  The 
case  Q(-2,  -2, -2,  -2, 0,  0) resulted in a very good 
model-following  system.  However,  some of the  gains 
were  too  large  for  this  case. I t  was  desired to  have  the 
feedbacks  from 6, and 6, as low as  possible, and so no 
weight  was  placed  on  these  variables.  Lowering  the 
weighting to  Q(-3, -3 ,  -3,  -3, - 3 ,  0,  0) produced  a 
response  which  was  not as good for A V. A final run was 
made in an  effort  to  improve  the AI? response  while 
maintaining  a good An, and iz response. Also the  vari- 
ables & and I' were not  weighted  at  all  as  the  feedback 
gains  from  these  variables  had  been  too high in previous 
cases. 

The result of this final case  shows a good  response in 
A V  (Figs. 12 and 13). However,  the j z  response to  a 
throttle  step suffered i n  this  case  (Fig.  14). final de- 
sign  would have  to  represent  a  compromise  between 
these  three  cases  while still maintaining  the  magnitude 
of the  feedback  gains below t h e  prescribed  values. I t  
should  be  noted that  to jus t  obtain  the  feedback  gains 
or to vary  the  weighting  in  the Q matrix t o  see  how a 
different  weighting  affects  the  magnitude of the  gains, 
the  complete  system need not  be  used. I t  is possible to 
compute  the  same  feedback  gains  by  optimizing  the 

4 t - - - - ~ ~ ~ ! ~ Z , - Z , - Z , - Z , - Z , O , C j  ........... 

2 ..................................................... 
- 1  /// \\\ 

................. 

, . I .  

:-3.-3.-3,-3.-3,0,0! 

............... ;-- .................... ............... 

Fig. 13-Responses to a throttle  step 6 T u c = . ~ ( ~ T / T o = 1 0 ~ ) .  

MCJEL-IN-TEE-SYSTEW  METHO@ 

-2  IV. T I Y E  IN SEC 

Fig. 14-Responses to a throttle  step  6~,,=.1(AT/T~=10%). 

plant  only  and  setting  the  model [F.11] t o  zero  due to the 
fact  that  the  feedback  gains  are  independent of the 
model.  In  this  example,  this  method  would  be a con- 
siderable  advantage  and would result in the  computa- 
tion  with 1 4 x  14 matrices  rather  than  the 28 x 2 8  matri- 
ces of the  complete  system.  In  general, i t  is  quite  easy 
to affect the  response of a  particular  variable  by  chang- 
ing  the  weighting  ivith  the  corresponding q i i  term. I t  is 
not,  however,  always  easy  to  make  one of the  feedback 
gains (Kij) come out   to  be  a  certain  value  by  this  same 
technique of altering  the  weighting  matrix. 

\-II. CONCLESIOKS 
Both  model-following  techniques that  have  been 

evaluated  in th i s  paper mould be  feasible  for the design 
of multivariable  control  systems.  The  particular  method 
used ~ o u l d  depend  upon  the  application. 

If the  plant  can  be  identified  accurately,  and i t  is 
physically  possible to  match  the  model,  then  the model- 
in-the-performance-index  would  probably  be  the  more 
useful technique.  Because  the  model-matching  ability 
of this  method is highly  dependent  on  whether  each 
coefficient of the  system  can  be  independently  made  to 
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match  each of the model  coefficients, this  method  is 
somewhat  limited.  The  fact  that,  with  a large  weight  on 
the  error  term in the  performance  index,  the feedback 
gains  approach a limiting  value  makes  the  selection of 
weighting  matrices  much  easier. Xlso, because the  con- 
trol  depends  predominantly  on a product of constant 
matrices,  real-time  computation would be  very  easy. It 
should  be  noted,  however,  that  it is not  always possible 
to  disregard  the  control  terms  from  the  Riccati  equa- 
tion. In  any  practical  system  there would be  limitations 
on the  magnitude of the  control. If the weight on the 
error is so high that  the  Riccati  terms  are negligible, the 
limitations on the  control  may  be  exceeded. 

The  model-in-the-system  method is perhaps  a  more 
general  method. I t  is  not  limited directl,? by  the de- 
pendence of the coefficients in the model and  the  plant. 

Results  indicate,  however,  that  the  control  terms  are 
not as large as  might be  expected  because of the  favora- 
ble  effect of the feedforward  terms. The  fact that   the 
basic  feedback  system, ;.e., feedback  gains,  are  inde- 
pendent of the model or  input seems  also to  be  an  advan- 
tage in this  method. 

I t  should  be  emphasized that  these  methods,  like  any 
other  synthesis  technique,  involve  to  some  extent  a  trial 
and  error  procedure,  rather  than  an  automatic  way of 
designing  a  control  system. 

-4PPEh.DIX 

Derizlafion of the Control 
The  derivation of the  control  for  a  quadratic  per- 

formance  index  has  been  shown  by  Kalman  and  others 
and is included  here  for  completeness. 

Once the  performance  index is defined, an X function 
is  set  up  to  introduce  the  system differential  equations 
as constraints.  For  the  performance  index of (5) and 
the  plant described by ( I ) ,  

2X = (HFZ + HGti - LH%) 'Q(HFi  + HGii - L H z  

+ &Rt? + 2X. ( F 2  + Ga)  (49) ' 
This  function  evaluated for the  optimal  control  vector 
uo is  called the  Hamiltonian, T o  find the form of the 
optimal  control,  the  partial  derivative of (49) is taken 
with  respect  to t? and  the  result is  equated  to  zero.  This 
minimizes (49) with  respect  to t?. 

ax 
a4 
-- - (G'H'QHG + R)ii + G'H'Q(HF - LH)Z  

+ G'K = [0] (50) 

or 

t Z Q  = - (G'H'QHG + R)-l 

{ G ' X  + G ' H ~ Q ( H F  - L H ) Z ]  (5 1) 

Pontryagin's  maximum  principle  may  be used to  evalu- 

2h-(Ff+Gzi) is a dot product in this equation. 

ate  the necessary  conditions  for  optimizing  the  per- 
formance  index.  These  conditions  are 

Evaluating (52) and (53) for (49) yields the following: 

d X  
-= - - x=  ' { ( H F  - LH) 'Q(HF - L H )  
a.t 

- ( H F  - LH)'QUG(G'H'QHG 

+ R)--IG'H'Q(HF - L H ) } %  

+ { F' - ( H F  - LH)'Q'HG(G'H'QHG 

+ R')-~G' 1 X (54) 

and 

ax _ -  - k = { F - G(G'H'QHG + R)-'G'H'Q(HF - L H ) }  2 
aX 

- G(G'H'QHG + R)-'G'X (55) 

These  equations  are  equivalent  to  the  canonical  equa- 
tions of the  regulator  problem. If the  matrix coefficients 
of the canonical  equations of the  regulator  problem  are 
equated  to  the  coefficients of (54) and ( S ) ,  the  results 
are 

i? = (G'H'QHG + R).  

P = F - G ~ - ~ G ' H ' Q ( H F  - LH).  

G = G. 

0 = Q - QHGk 'G 'H 'Q.  

B = H F  - L H .  (56) 

Eqs. (54) and (55) may now be  simplified t o  
. A  A -  2 = ~2 - GR-I& (57) 

and 

= - H'QH2 - A A _  

( 5  8) 

These  two  equations  with  the  "hat"  matrices  are now 
the  same  as  the canonical  equations  for  the  regulator 
problem  and  therefore  the  same  solution will apply.  It  is 
assumed  that 

x = P(t)2 (59) 

where P is  a  symmetric  time-varying  matrix.  The ca- 
nonical  equations of (59) may  be  written  as a matrix 
Riccati  equation  from (59) : 

i = i ( t ) z  + P( t ) i .  (60) 

Substituting (57) and (58) into (60), 

- H'QHf  - $'X = P(t)2 + P(t)(@* + Gk-'&). (61) 
A _ A  

Simplifying (61) for an  arbitrary %, results  in 

P - P G k ' e ' P  + E'P + PE + poi!? = [O]. (62) 
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This  is  the  matrix  Riccati  differential  equation.  Eq. -4CKNOWLEDGhlEKT 
(62) is necessary  for  computing  the  control The help  of C. AIesiah in  obtaining  computer  solu- 

270 = - 8-1G‘P(t)n. (63) tions is gratefully  acknowledged. The  advice of P. 
I 

This  part of the  control  may  be  found  the  same  as  it 
would be  for  the  regulator  problem,  it  is  only  necessary 
to  compute  the  “hat”  values,  and  enter then1  in  place 
of the  normal  matrices. 

Reynolds  and E. Rynaski,  and of J. Schuler,  who  di- 
rected  this work, is appreciated.  The  author is indebted 
to  Dr. R. Kalman  and T. Englar of RIAS for the use 
of the .ASP digital  program. 
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Optimal-Control  Theory Applied  to  a  Probabilistic 
Intercept Problem 

F. B. TUTEUR, XEMBER, IEEE, AND J. S. TITER, JR., MELIBER, EEE 

Summary-The  method of dynamic  programming is applied to 
the problem of the optimum guidance of an  interceptor  designed  to 
intercept  a  target  capable of random  maneuvers. A cost is associated 
with  any hal m i s s  distance  and with the  interceptor  maneuvers,  and, 
because of the  randomness of the  target motion, the cost is also a 
random variable. By assuming  that  the cost components  are quad- 
ratic  functions of their  arguments  and by  utilizing the ensemble 
average of the cost, a relatively  simple  closed-form expression for 
the control and for the  average cost is  obtained.  It  is found that  the 
optimum  system  is  stable  and well damped,  and  that  the effect of the 
random  maneuvers is relatively  small. 

paper was  presented in an abbreviated  form a t  the 1963 Sortheast 
Manuscript received March 30, 1964; revised July 7. 1961. This 

Electronics  Research and Engineering  Meeting,  Boston, Mass., 
November 5, 1963. 

Science,  Yale  University, S e w  Haven,  Conn. 
The  authors  are with  the  Dept. of Engineering and Applied 

INTRODUCTIOK 
H E  0PTIIICAI-GL-ID.ASCE  PROCEDURE 
for  an  interceptor designed to intercept  a  target 
capable of random  maneuvers  can  be  derived b>. 

considering the  cost of missing the  target  and  the 
maneuvering  cost. The  cost of missing the  target is 
generally  some  even  function of the  minimum miss dis- 
tance.  It  might  range from  zero in the case of a direct 
h i t  to  a very  large  value if the miss distance  is  greater- 
than  the  interceptor’s  lethal zone. The  maneuvering cos1 
can  be  related  directly  to fuel expended in making  the 
n~aneuver. 

For a target  capable of random  maneuvers,  the  opti- 
mum-control  procedure is not  completely  obvious. ,411 
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