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Figure 4.6.2. The 1903 Wright flyer in the Smithsonian National Air and Space Museum.

Here we shall proceed with our analysis of the wing-canard configuration just as we
did with the wing-tail configuration. First we consider the requirements for trim and then
proceed to an examination of the pitch stability requirement. For the analysis presented
in this section, we use the simplified configuration shown in Fig. 4.6.3. We again take
the fuselage reference line to pass through the center of gravity parallel to the freestream
velocity at trim. Following the simplified analysis for the aft tail, we assume that the
aerodynamic centers of the wing and canard, as well as the center of thrust, all fall on this
fuselage reference line. Again, we also assume the thrust vector to be aligned with the
direction of motion.

The position of the CG shown in Fig. 4.6.3 may at first be confusing to the student
who is already familiar with the canard configuration. Here, for consistency, the CG is
shown as being forward of both the canard and the wing. In this textbook, the length, /,
for any lifting surface is always defined to be the distance that the aerodynamic center of
the surface is aft of the center of gravity. If this notation is consistently used, we need not
be concerned beforehand as to the location of any surface relative to the CG. If our
analysis shows that a negative value of / is required for any surface, this simply means
that this particular surface must be forward of the CG.

As was the case with the simplified analysis for the aft tail, the force balance in the
direction of flight simply allows us to determine the thrust required to maintain constant
airspeed. The trim requirements for pitch are the same as they were for the simplified aft
tail configuration. Simply restated, the total lift must balance the normal component of
weight, and the total pitching moment about the CG must be zero. Using the small-angle
approximations for the upwash angle g, this gives
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fuselage reference line

Figure 4.6.3. Forces and moments acting on a wing combined with a forward canard.

Cr, +20¢;, = IWC# (4.6.1)
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where a dynamic pressure ratio of 1.0 has been assumed for both the forward canard and
the main wing.

As was the case with the wing-tail analysis, the requirements that are specified by
Egs. (4.6.1) and (4.6.2) relate the lift forces developed by the wing and the canard to the
weight of the aircraft and the position of the center of gravity. Equation (4.6.1) requires
that at trim, the combined lift developed by the wing and the canard must support the
normal component of the weight of the aircraft. Equation (4.6.2) specifies how the total
lift must be divided between the wing and the canard in order to maintain the attitude
required for trim. These two equations can be solved for the lift on the wing and the
canard to give

c, S.c. l. Wecosy

C = Cu Cn m.
STl S -1 T =l L2,

(4.6.3)

Cp = —owbe WCOSY | SuEw o G o (4.6.4)
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By definition, the canard is forward of the main wing and (/, - [.) is positive.
Furthermore, the area and chord length for both the wing and the canard are always
positive. Thus, if neither the wing nor the canard have negative camber, both moment
coefficients and the first two terms on the right-hand side of Eq. (4.6.3) must be less than
or equal to zero. Since the lift on the main wing must be positive to support a major
portion of the weight, we see that the last term on right-hand side of Eq. (4.6.3) must
make a positive contribution to the lift. This requires /. < 0. In other words, the canard
must always be mounted forward of the CG to maintain trim.

For pitch stability, we require that the change in the total pitching moment
coefficient with respect to angle of attack is negative. Since C,, and C, are the
moment coefficients relative to the aerodynamic centers of the wing and the canard,
the moment terms in Eq. (4.6.2) are independent of angle of attack, and differentiating
Eq. (4.6.2), the stability condition for this wing-canard combination requires that

0Cw _ 1y C1, S, 9C,

da &, 0a S,o, oa

<0 (4.6.5)

The aerodynamic interactions between the wing and the canard are very complex.
Because the canard is forward of the lifting wing, the wing induces upwash on the
canard. Any lift that is generated on the canard will also produce wingtip vorticity that
interacts with the main wing. Because the span of the canard is typically less than that of
the wing, these wingtip vortices can even pass directly over the wing. As one might
imagine, this produces a very complex flow about the wing. This interaction can only be
evaluated from detailed computer simulations or wind tunnel tests. For preliminary
calculations, we have no choice but to neglect the effects of the canard’s vorticity on the
performance of the main wing. The effect of the upwash induced on the canard by the
main wing is typically small but is easily accounted for by using the method presented in
Sec. 4.5. With these approximations, the lift coefficients for the wing and the canard can
be expressed in terms of angle of attack. For small angles of attack, the lift coefficient
for the main wing is a linear function of angle of attack,

Cp, = Crala+ap,—arw) (4.6.6)

where C;, ., 1is the lift slope for the wing, « is the angle of attack for the airplane as
measured relative to the fuselage reference line, «y, is the angle that the wing chord
makes with the fuselage reference line, and aypg, is the zero-lift angle of attack for the
wing. Assuming small angles of attack and control surface deflections, the lift coefficient
for the canard varies linearly with angle of attack and control surface deflection,

CL = CL,,a (a+a0c — 10 &y +8g§e) (467)

where C; , is the lift slope for the isolated canard, . is the angle that the canard
chord makes with the fuselage reference line, a . is the zero-lift angle of attack for the
canard with no control surface deflection, ¢, is the upwash angle, ¢, is the control
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surface effectiveness, and o, is the control surface deflection. For small angles of
attack, the upwash angle is also a linear function of angle of attack,

Ey = EtEuad (4.6.8)

Using Eqgs. (4.6.6) through (4.6.8) in Eq. (4.6.5), the stability criterion for this wing-

canard combination is

oC,, L, Sel.
= -—=Cra—a—
oa Cy W

Cra(l+e,0) <0 (4.6.9)

The first term to the right of the equal sign in Eq. (4.6.9) is the wing contribution to
the airplane stability and the second term is the canard contribution. We have already
seen that trim requires /. < 0. Thus, since the lift slope is positive for angles of attack
below stall, Eq. (4.6.9) shows that a canard always has a destabilizing effect on the
airplane. At this point the student may ask: How is it possible to replace an aft stabilizer
with a destabilizing canard? The answer is also found in Eq. (4.6.9).

Since the second term to the right of the equal sign in Eq. (4.6.9) always makes a
positive contribution to the pitch stability derivative, the first term must make a negative
contribution if the airplane is to be stable in pitch. For angles of attack less than stall, the
lift slope is positive and this requires /,, > 0, which means that the aerodynamic center
of the main wing must always be aft of the CG for a stable wing-canard
configuration. Furthermore, it must be far enough aft of the CG to counter the
destabilizing effects of the cambered wing, the fuselage, and the canard. Thus, it is the
main wing and not the canard that provides stability for the wing-canard
configuration. Even though the canard is destabilizing, it provides the essential function
of generating a positive pitching moment about the CG, which is necessary to trim the
airplane against the negative pitching moment caused by having the CG ahead of the
main wing. From Eq. (4.6.4) we see that since both moment coefficients are typically
less than or equal to zero and [, must be positive, the lift on the canard must be
positive as well.

In summary, to maintain both trim and static stability, the center of gravity for
any wing-canard airplane must be located between the wing and the canard.
Additionally, in trimmed flight, both the wing and the canard will always carry
positive lift. This is one of the intrinsic advantages of the canard design. With a
conventional aft tail, the lift on the tail is negative over at least some portion of the
airplane’s operating range. This requires additional 1ift on the main wing and produces
additional induced drag on both the wing and the tail. With the canard configuration, the
positive lift that is always generated by the canard reduces the lift required on the main
wing and thus results in less induced drag than would be generated by a similar
conventional airplane carrying negative lift on the aft tail.

Notice that in both Egs. (4.6.2) and (4.6.9), a dimensionless ratio appears that looks
like the volume ratio, which was defined for the horizontal aft tail. Since the length, [, is
always negative, we shall define the canard volume ratio as
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7 = 2l (4.6.10)

Using this definition in Eq. (4.6.2) and rearranging gives

GUC = W v v e < 4.6.11
2, C. . Suew Cu “46.1D)

Using this same definition, for angles of attack less than stall, Eq. (4.6.9) can be
rearranged to yield

[ CL O
=z e 4.6.12
Cw CL(.,a (1 + gu,a) ( )

0 <
From Eq. (4.6.11), we see that trim requires a canard volume ratio large enough to
counter the negative pitching moments generated by the lift of the main wing and any
camber in the wing and/or canard. On the other hand, from Eq. (4.6.12), stability
requires a canard volume ratio small enough so as not to overpower the stability provided
by the main wing. Thus, the trim and stability analysis for the design of a canard
configuration is more critical than it is for the design of an aft tail. With the aft tail, pitch
control and pitch stability are both improved by increasing the volume ratio of the
horizontal tail. However, sizing the volume ratio for a canard requires a trade-off
between pitch control and pitch stability, which makes sizing a canard more critical than
sizing an aft tail.
Using the volume ratio requirement for trim, as given by Eq. (4.6.11), we can
eliminate the volume ratio from Eq. (4.6.12), and after some rearranging, we obtain

CLW < CLW,IZ +E_W me + SCEC Cm(‘
CL(, CL(,,a(l-f-Su,a) ZW CL_ Swlw CL(.

«

(4.6.13)

Because the canard must always support a portion of the aircraft weight, for best
aerodynamic efficiency, the canard should be designed with an aspect ratio as high as
possible, just like the wing. As a result, the lift slope for the canard should be about the
same as that for the wing. Since the upwash gradient, ¢, ,, is positive ahead of the main
wing, the first term on the right of Eq. (4.6.13) is typically slightly less than 1.0.
Furthermore, if both the wing and the canard have positive camber, the last two terms in
Eq. (4.6.13) have small negative values. Thus, to maintain both trim and static
stability with a typical wing-canard combination, the lift coefficient for the canard
must be greater than that for the wing. This underscores the importance of designing
the canard with a fairly high aspect ratio.

The fact that the canard must support a higher lift coefficient than the wing points
out what is sometimes considered to be another advantage of the canard configuration.
As the trim speed is reduced, the lift coefficients for both the wing and the canard must
be increased. However, since the lift coefficient for the canard must be greater than that
for the wing, the maximum lift coefficient is typically reached for the canard before the
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main wing stalls. Once the canard has stalled, it is not possible to generate the additional
positive pitching moment necessary to further increase the angle of attack and stall the
main wing. Thus, with a wing-canard combination so designed, it is almost impossible to
stall the main wing in a gradual maneuver. The wing can still be stalled in a rapidly
accelerating pitch-up maneuver known as a whip stall.

The higher lift coefficient carried by the canard also results in what can sometimes
be a disadvantage of the wing-canard design. If a very high maximum lift coefficient is
required for short takeoff and landing, it does no good to fit the main wing with complex
high-lift devices, unless the canard is similarly fitted. The maximum lift coefficient for
the complete airplane is controlled primarily by the maximum lift coefficient for the
canard. Furthermore, when high-lift devices are deployed, the magnitude of the negative
pitching moment coefficient for both the main wing and the canard is increased
significantly. From Eq. (4.6.13), we see that this decreases even further the ratio of the
allowable lift coefficient for the wing to that for the canard. Thus, even though the main
wing must carry the largest portion of the airplane’s weight, the canard must produce a
significantly larger lift coefficient to provide the positive pitching moment necessary to
rotate the airplane to liftoff. For this reason, the canard design is not particularly well
suited for short takeoff and landing applications.

EXAMPLE 4.6.1. Consider a general aviation airplane of a size and weight
similar to the one described in Example 4.3.1. This airplane is a wing-canard
configuration and weighs 2,700 Ibf. The wing and the canard are geometrically
similar, having the same aspect ratio and airfoil section with no sweep. The
following properties are known:

S, =1801t*, b, =33ft, Ry =040, C. , =444,
Aiow — —2.200, me = —0053,
S, =36ft*, £ =060, Cps5 =-055 I,~L=15ft

The aerodynamic centers of the wing and the canard both fall on the fuselage
reference line, which is the minimum drag axis of the fuselage. The wing and the
canard are mounted so that when the airplane is in level flight with an airspeed of
120 mph at standard sea level, trim is attained with no control surface deflection
and a zero angle of attack for the fuselage reference line. In the range of linear lift,
the static margin for this wing-canard combination is 5 percent. Neglecting any
moments associated with the thrust deck and the fuselage, determine the location
of the center of gravity and the mounting angles for the wing and the canard. Plot
the control surface deflection and the angle of attack at trim as a function of
airspeed from 80 to 160 mph. Also plot the lift coefficient on the wing and canard
at trim for the same range of airspeed.

Solution. From Figs. 4.5.2 and 4.5.3 (or using a computer program based on the
series solution to Prandt!’s lifting-line equation), for a wing aspect ratio of 6.05
and a wing taper ratio of 0.40, the following results are obtained:
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x, = 1.035

fl

xp = 0.759

From Egs. (4.5.6) and (4.5.12), the position factor and the sweep factor for the
position X =—0.909 and ¥ = 0.0 are found to be

K, = —0.061
ks, = 1.0

From Eq. (4.5.11), the upwash at the position of the canard is

KKy Cr, _ 1.035(0.06D)1.0 Cu, _ ) oos Cl

Kp RAW 0.759 RAW RAW

Ey = — &3 =

The upwash gradient is then

_ % _ gog3 L %Cu _ gog3 Clua _ 0.083% = 0.0609

Euna oa R4, Oa Ry, .05

Since the canard and the wing have the same aspect ratio,

S / 36
.= by, =< = — = 14. fi
b, by S, 331t 130 758 ft

and
_ S 180 ft?
= 2w = 5.455ft
& == T3y -0
e = Se 38 e
“ b, 147581t '

By definition, the moment slope relative to the neutral point is zero. Thus,

_ Sc’(lc - lnp)
oa Ew " SwEw

CL(.,tl(l + gu,a) =0
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Because the wing and the canard are geometrically similar, the lift slope is the
same for both surfaces. Thus, solving for the wing position,

lw_ln Sc ‘lc _lw lw_ n
_7chw,a+ ( t lp)CL(a(l+5u.a) =0
Cy chw ’
lw—ln Sc(lw_l ) S lw_lc
oy ) (4 g) = ST 14 ,)
Sellu=l) 145, ,)
lw SWCW ? lnp
- = S +—
Cw 1+ 50+ Eug) Cw
%5—;—5(1+0.0609)
= . +0.05 = 0.53

36
I+ 25(1+0.0609)

Thus, the CG is nearly 35 inches forward of the wing quarter-chord. The canard
volume ratio is then

Scle) _ fi(———’W”’" —i) - i(————ls —05314) — 0.4437

S, S,\ @ ©.) 180\180/33

For this configuration, trim requires that the total lift must equal the weight
and the total pitching moment about the CG must be zero,

CLW + Sc CL(. = -———-———1 W2
Sy 7pVOOSW
S.c, l S/,
C, +=—<<C, —X*C; ——<C;. =0
Y SuCw - Cw L S, Cw L

At the design airspeed of 120 mph, the airplane is trimmed with no control surface
deflection at zero angle of attack. Since the wing and the canard are geometrically
similar, they both have the same moment coefficient and lift slope, with no control
surface deflection. Thus, with zero fuselage angle of attack and zero controt
surface deflection,

36 ~ 2,700
Croo+-2=Cro = 5 B
180 70.0023769(120><5,280/3,600) 180

36(2.439)
0,053 - ~x2%2) 05305314 44 _
180(5.455) 5314C1,0 +04437C10 = 0
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or
I 02 |[CLo)| _ [0.40746
—0.53136 0.44373[|CLo|  |0.05774

The lift coefficients for the wing and the canard, with the fuselage reference line at
zero angle of attack and no control surface deflection, are then

Cro| _ 030773
Cro| 1049864
With this lift coefficient on the wing, the upwash angle on the canard is

C
w0 = 0.083 1% — 083230772

= 0.00422 rad
Ry, 6.05 re
For the range of linear lift, the lift coefficients are
Cr, = Cp ala+aow—arow)

CLL‘ = CL[‘,a [(1 +&ua )a +Qoe —ALpoe +Eu0 + 865&‘]

For zero angle of attack and control surface deflection, this gives

CLMO = CLw,a (aow —arow) = 0.30772
CLL‘O = CLL.,a (ao(.—awc+gu0) = (0.49868

The mounting angles for the wing and the canard are then found to be

Cro _ 030772
w = —— 4 w == 4 (-2.20 = 0.0309rad = 1.8°
o) CL“,,a aro 444 ( ) 180 ra
Cro 0.49868 7T
¢ = < ¢ =& = ————+(-2.20)——-0.00422
ay Crw T Lo — Eud 444 ( )180

= 0.0697 rad = 4.0°

For the range of linear lift, the canard moment coefficient about the aerodynamic
center is

Cm(, = Cm‘.O + Cm(.,é'(, 5e
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where C,, ¢ is the moment coefficient with no control surface deflection. The
trim requirements for pitch are then written in terms of angle of attack and control

surface deflection,

CLL a [(1 +Eua )a T &g —Xroe +Euo +€(;§e]

_w
L oV2S.,

S,
CLw,a (a + &gy _aL()w) + =<
Sw

S.c. 1,
Ch, + =(Cp0 +Crio 5, 0c) — ELCL,,,a (a+apw —arow)

SWCW w

S,
- #CL[.,(Z [(1 +Eua )a +ao. —droc +Eu0 + Eeée] =0

WCW

These two equations can be written as

Cra Crs, || _ Cp—Cro
Cm,a Cm,b}, 53 _CmO

where
S,
CL,a = CLW,a +S—CL"’a(1+gu’a) = 5.38209
Se
Crs, = 'S_CLL,age = 0.53280
¢, =
3 PVaS,
Cro = Cr o (@ow—arow) + 2=Cr o (@oc —aroc +Eu0) = 0.40746
Cm,a = _éW_CL“ a — SLE CL(,,a(l‘*'gu,a) = -0.26910
Cyw wCw
S.c, S
mie = a=Cm.s —a=Cp = 1.13289
Cmoc = g g Cmede ~g 7 Cloate
and

ScCe Ly

C,,,O = me + S S Cm(,O ___CLw,a (aOW_aLOW)
wCw Cw

S,

= CL(.,a (aOC —Qroc t 51:0) = 0.0
SwCuw
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After substituting the values for this particular airplane, we obtain a linear system
of equations that can be solved for the angle of attack and elevator deflection,
which are needed to support a given total lift coefficient:

538209 0.53280||a| |Cr—0.40746
~0.26910 1.13289 |5, [ 0
At 80 mph, the total lift coefficient is

C - W 2,700

LpVis,  10.0023769(80x5,280/3,600)7180
= 0.916785

and
—0.26910 1.13289 |6, 0

al _ [0.09246)  [5.3°
S, ]0.02196[  |1.3°

{ 5.38209 0.53280} {a} B {0.916785—0.40746}

With these values of angle of attack and control surface deflection, the lift
coefficients for the wing and the canard are
Cr, = Cro(a+apy —arow) = 0.72

and
Cr, = Cp ol +&y0)a+age —aroe +Euo + €01 = 0.99

Repeating these calculations at different airspeeds, the data plotted in Fig. 4.6.4 are
obtained. Notice that the lift coefficient for both the wing and the canard are
always positive and the lift coefficient for the canard is always greater than that for
the wing. These two characteristics are common to all canard configurations and it
is these characteristics that provide both the advantage and the disadvantage of the
canard design.

Figure 4.6.5 shows how the trim conditions change when the CG is moved
forward to give a static margin of 10 percent. Notice that while this CG location
provides greater stability, more control surface deflection is needed to trim the
airplane. This increases the lift on the canard, and the ratio of the lift coefficient
for the canard to that of the wing becomes even greater. Because moving the CG
forward increases the lift coefficient for the canard at any given airspeed, it
increases the stall speed for the airplane.
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Figure 4.6.4. Conditions at level trim for the canard airplane in Example 4.6.1, with a static
margin of 5 percent.
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Figure 4.6.5. Conditions at level trim for the canard airplane in Example 4.6.1, with a static
margin of 10 percent.



394 cChapter 4 Longitudinal Static Stability and Trim

EXAMPLE 4.6.2. Estimate the maximum total lift coefficient and the stall speed
for the wing-canard combination described in Example 4.6.1. Assume that the CG
is located to give a static margin of 5 percent. The maximum lift coefficient for
the main wing is 1.40. Because of control surface deflection, the maximum lift
coefficient for the canard is increased slightly to 1.50. However, this control
surface deflection also increases the magnitude of the negative pitching moment
coefficient for the canard to —0.077.

Solution. The maximum lift coefficient for the wing-canard combination is
reached when either the wing or the canard stalls. Since the lift coefficient for the
canard is higher than that for the wing, we will start by assuming that the canard
stalls first. Thus, for this airplane and operating condition, we have

S, =180ft?, &, =5455f, I,=2.899ft, Cr,max =140, C,, =-0.053,
S.=361t%, 7. .=2439ft, . =-12.1011 Cl max =1.50, C, =-0.077
At trim, the total moment about the CG must be zero,
S.C. l Sel.
Cm cte _tw _Befe =0
s T w e TS,
When the canard is at maximum lift coefficient, this gives
c, S.c, S,
C.. =<rc, +2Cc, —2dec,
S P W R
5.455 36(2.439) 36(—12.101)
= == (-0.053) + ——— 2 (-0.077) - ————-1.50 = 1.14
2.899( ) 180(2.899)( ) 180(2.899)

This is less than the maximum lift coefficient for the wing, so our assumption that
the canard stalls first was correct. At trim the total lift must also equal the weight,

CL = CLw + Se C, = ——
Sw ‘ lpVogSw

When the canard is at the maximum lift coefficient, this gives

S, 36
max = Cr +=Cr max = 1.14+—=—-1.50 = 1.44
C L, + 5, C + 120

The stall speed is then

Ve = 7 W = |5 2,700 = 93.6 ft/sec = 63.8 mph
5 PSwC Lmax 50.0023769(180)1.44 I
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EXAMPLE 4.6.3. The main wing of the wing-canard combination described in
Example 4.6.2 is fitted with high lift flaps. When these flaps are deflected by
10 degrees, the maximum lift coefficient for the main wing is increased to 1.7 and
the negative pitching moment coefficient for the wing is increased to —0.149.
Determine the maximum total lift coefficient and the stall speed for the wing-
canard combination with these flaps so engaged.

Solution. Again, we will start by assuming that the canard stalls first. Thus, for
this airplane and operating condition, we have

S, =1801ft%, 7, =54551t 1, =2.899ft, Cr.max =1.70, C,,, =-0.149,
S, =36ft*, . =2439ft, [ =-12.101ft, Cr.max =1.50, C,, =-0.077

When the canard is at maximum lift coefficient, trim requires that

_ @ S~ S
CLW - lw CmM + Swlw Cm( Swlw CL(‘ max
5455 36(2.439) 36(—12.101)
= 2= (-0.149) + ——————(~0.077) - —————=1.50 = 0.96
2899 ) 180(2.899)( ) 180(2.899)

This is again less than the maximum lift coefficient for the wing, which means that
our original assumption was correct. With the canard at maximum lift coefficient,
the second trim requirement gives

S, 36
C max — C ) - max — 0.96+=—1.50 = 1.26
L Lty C g 00 = L26

and the stall speed is

Vaal = |7 il = |3 2,700 = 100.1 ft/sec = 68.2 mph
5 PSwCLmax 50.0023769(180)1.26 —_—

Thus, we see that deploying flaps on the main wing will actually reduce the
maximum lift coefficient and increase the stall speed for this wing-canard
combination.

In summary, the canard configuration provides an alternative to the aft tail for
maintaining trim and static pitch stability in an airplane. To maintain both trim and
static stability with the canard configuration, the center of gravity must be located
between the wing and the canard, and the lift coefficient for the canard must be greater
than that for the main wing. A canard always has a destabilizing effect on an airplane
and it is only the main wing that provides pitch stability for the wing-canard design. One
advantage of the canard over the aft tail is that both the wing and the canard will always
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carry positive lift. In addition, the stall characteristics for the wing-canard configuration
are usually quite forgiving. This is because the canard typically stalls before the wing,
making it almost impossible to stall the main wing in a gradual maneuver. The major
disadvantage of the canard design is the difficulty in achieving the high overall lift
coefficient needed for short takeoff and landing applications.

4.7. Effects of Drag and Vertical Offset

In the stability analyses that we have considered to this point, we have assumed that the
acrodynamic center of both the wing and the tail or canard, as well as the center of thrust
and the center of gravity, all fall on the fuselage reference line. Additionally, the fuselage
reference line was assumed parallel to the freestream velocity at trim. These simplifying
assumptions allowed us to examine the major contributions to aircraft stability, without
unduly complicating the formulation. However, in reality, these conditions are almost
never exactly satisfied. In this section we examine some of the secondary effects that
result from relaxing these assumptions.

In general, the wing and the horizontal control surface, as well as the center of
thrust, can each be offset from the center of gravity in both the horizontal and vertical
directions. A general schematic of the forces and moments acting on such a system is
shown in Fig. 4.7.1. In this figure, the horizontal control surface has been drawn in the
configuration of an aft tail. However, all values associated with this surface are labeled
using the subscript, 4. This has been done because the results of the following analysis

Figure 4.7.1. Forces and moments acting on a wing combined with a horizontal control surface.
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can be applied to either an aft tail or a canard. The canard is distinguished from the aft
tail only by the signs of /, and ¢;. For an aft tail, both /, and ¢, are positive, whereas for
the canard, both [, and &; are negative. As has been our usual practice, the variable / is
used to denote a distance aft of the CG in a direction parallel to the fuselage reference
line. Similarly, the variable 4 is used to indicate a distance measured above the CG in a
direction normal to the fuselage reference line. If this sign convention is adhered to
rigorously, we need not make any distinction between the wing-tail configuration and the
wing-canard configuration. The signs will take care of the difference.

In the previous stability analyses, we assumed steady flight, with the thrust vector
and the fuselage reference line parallel to the direction of motion. For the present
analysis, we consider the more general case where the airplane is in a steady climb at
some climb angle, y, and has an angle of attack, «, relative to the fuselage reference line.
For this case, the fuselage reference line makes an angle, 6, with the horizontal, where
@=y+ «a. The angle, 8 is commonly referred to as the elevation angle. Since the
orientation of the fuselage reference line is arbitrary, for this analysis, we have chosen it
to be parallel to the thrust vector.

From Fig. 4.7.1, a force balance along the fuselage reference line requires that

T = Wsin@+D,cosa—L,sina+Dj,cos{(a—¢gz)— Ly sin(a—&4) “4.7.1)

Similarly, a balance of forces in the direction normal to the fuselage reference line gives
Lycosa+ D, sina+Lycos(a—¢g4)+ Dy sinf—g2) = Wcost 4.7.2)

A net moment balance in pitch about the center of gravity requires that the sum of the
aerodynamic moment, m, and the thrust moment, —#;7, is zero. Thus, we have

m = m, -I,L,cosa-h,L,sina+h,D, cosa—1[,D,sina
+my — Iy Ly cos(a — &g )~ by Ly sin{la —&4) 4.7.3)

+/’lhDh cos(a—gd)—lhD;, sin(a—gd) = hrT

Notice that when the thrust vector does not pass through the center of gravity, the
aerodynamic moment, m, is not zero at trim but must balance the moment produced by
the thrust of the engine. Since the thrust must balance the drag, it is a nonlinear function
of angle of attack, and significant nonlinearity is introduced into the trim equations.
Equation (4.7.1) specifies the thrust required for steady flight, while Eqs. (4.7.2) and
(4.7.3) provide the trim requirements.

Nondimensionalizing Egs. (4.7.1) through (4.7.3) in the usual manner, we have

r . _ W gne

LPVES,  LpViS,

(4.7.4)

+Cp,cosa—-Cyp, sina+%’—7yh[CDh cos(a—&g4)—Cy, sin(a—gd)]
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Cp,.cosa+Cp, sina +—§h—77h [CL,, cos(a—&4)+Cp, sin(a— &4 )]

- w 4.7.5)
= 1——2—0059
5 PVeSw
Cn = Cy, —(év—cosa+éisinajCLw +(—;_llcosa——l_ﬁsina]CDM
Cyw Cw w Cw
+ 388 o | Slh cog—g) + Sili_gin(a - £4) mC, (4.7.6)
SyCu SwCw SwCw g
+ Shﬁh cos(a—¢&4) - S"f" sin(@ —&4) [MiCp, = ﬁ—T—T——
chw chw ' Cw %pVaz)Sw

In the absence of stall, the lift coefficients for the main wing and the horizontal surface
can be written as

Cr, = Cu a(a+ao,—arow) 4.7.7)

CL,, = CL;,,a (a+a0h —droh —E4 +865(,) (478)

Similarly, the drag coefficients for the main wing and the horizontal surface can be
written as

2

C
Ly
Cp, = Cp,, +Cpy.1, Ci, +———”6WRAW (4.7.9)
C2
- Ly
CDh = CD()/, +CD(th CL/, + ”ehRA,, (4.7.10)

The moment coefficient for the wing, about its aerodynamic center, is constant and that
for the horizontal surface depends only on the elevator deflection. In the range of linear
lift, we can write

Cuy = Comyo + Cimy., Oe (4.7.11)

We can use Eq. (4.7.4) and Eqgs. (4.7.7) through (4.7.11) in the trim requircments
given by Egs. (4.7.5) and (4.7.6) to determine the required angle of attack and elevator
deflection. If the geometry of the airplane is completely known, this gives two equations
containing only two unknowns, the angle of attack, a, and the elevator deflection, 4.
However, this pair of equations is nonlinear, so in general, it must be solved numerically.
From such a solution, we can determine the angle of attack and elevator deflection
required for trim.
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Notice from Egs. (4.7.5) and (4.7.6) that even for the special case when 4, h;, and hr
are all zero, the equations that specify the trim requirements are still nonlinear. The
simplified linear analysis presented in Sec. 4.3 and 4.6 was based on the assumption that
the fuselage reference line was parallel to the direction of flight. Since the aircraft angle
of attack depends on airspeed, this condition can be exactly satisfied only at one
particular airspeed. However, since the angle of attack is usually small, this condition is
nearly satisfied at all airspeeds and the approximate linear analysis gives good results
when the wing, the horizontal surface, and the thrust vector are all in close vertical
alignment with the center of gravity. This is demonstrated in the following example.

EXAMPLE 4.7.1. Consider the general aviation airplane with an aft tail that was
described in Example 4.3.1. Neglecting any moments associated with the thrust
deck and the fuselage but accounting for the nonlinear trim requirements, plot the
elevator deflection and the angle of attack for trimmed level flight as a function of
airspeed from 80 to 160 mph. Also plot the lift on the horizontal tail at level trim
for the same range of airspeed. Compare the results with those obtained in
Example 4.3.1. For this airplane, the wing and the horizontal tail have the
following properties:

S, =180ft>, ©,=54545ft, R, =605 e,=095 L,=-0.7094ft,
L =0.0ft, W=27001bf, C, =444, ap,=0.05338,
Arow = —0.03840, C, =-0.053, Cp, =001, Cp, ., =0.00,
Sy=36ft>, & =3.0ft, R, =40, ¢ =097, [, =14.29061,
By =0.01t, 7, =10, Ci,q=397 g =0.04041,
arop =0.0, £.=0.60, Cpo=00, C,, 5 =-0.55 Cp, =0.015,
Cpot, =0.00, €40 =0.04041, &4, =0.44033, hr =001t

Solution. For level flight, y =0.0 and thus 6 =a. A free-body diagram of this
wing-tail combination is shown in Fig. 4.7.2. A balance of forces normal to the
fuselage reference line requires that

Cy, cosa+Cp, sina

+§—h[CL,, cos(a—&4)+Cp, sin(a—gd)] = l—Wz—cosa
w 7pVOO w

and a moment balance in pitch about the center of gravity gives

Ly .
C, —2-(Cy, cosa+Cp, sina)
CW

S"?’ Cm, — S”i” [CLh cos(a—&g4)+Cp, sin(a— &4 )] =0

+
SyCo SyCo
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Figure 4.7.2. Free-body diagram of the wing-tail combination in Example 4.7.1.

where

€4 = &40 T E4 a0

Cr, = Cpa(a+agw —arow)
Cr, = Cro(a+aoy —aron—€a +£.5:)
C;
CDw = CDO.« +CD01LH' CLM + -
”ewRA“.
2
L
CD = CD +CD L CL "
h 04 0-Lh h ”ehRAh

Cm;, = Cm;,O + Cm;,,()“. 59

Since the trim conditions are nonlinear in both o and &,, we use an iterative
procedure to find the angle of attack and elevator deflection that will satisfy both
conditions simultaneously. This nonlinear system is easily solved with Newton’s
method. The solution can be obtained quickly with a digital computer or a
programmable calculator. Here we shall outline the procedure and give some
example computations. The reader is cautioned that since Newton’s method will
involve numerical differentiation, round-off error will be amplified by several
orders of magnitude and could result in numerical instability. Thus, high precision
is required for the intermediate computations.

To facilitate finding the solution, it is convenient to write the trim conditions
in the form
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Cy, cosa+Cp, sina+ Sy [CL,, cos(a—&4)+Cp, sin(a — sy )]
—‘——W2—cosa = R;(a,0,)
3 pVoo Sw
Co, — —iL (Cp, cosa+Cp, sina)+ ——S”f’“ Cp,
"y wCw
Sl N Lo _
F[CL” cos(a —&4)+Cp, sin(a—&y )] = R,(a,6,.)
M'CW

where R, and R, are called residuals. We wish to find the values of « and &, that
will make R; and R, simultaneously go to zero. For any other values of a and/or
&, one or both of the residuals will be nonzero.

To demonstrate how the trim computations are carried out, consider the case
of level flight at 80 mph. For this airspeed, the total lift coefficient is

w__ 2,700 = 0.916785

1pV2S,  10.0023769(80x5,280/3,600)*180

We start with initial estimates for « and &, say, a = 0 and &, = 0. This gives
&g = 0.04041+0.44033(0.0) = 0.040410
Cp, = 4.44(0.0+0.05338+0.03840) = 0.407503

Cp, = 3.97[0.0+0.04041-0.0-0.04041+0.60(0.0)] = 0.0600000

(0.4075032)?
Cp, = 0.0l+———"2_ — 0019197
D 7(0.95)(6.05)
2
Cp, = 0015+ 0.0) = 0.015000

7(0.97)(4.0)
Cy, = 0.0-0.55(0.0) = 0.000000
Using these values, the residuals are found to be
R;(0.0,0.0) = —0.509403

R, (0.0,0.0) = 0.000316

To make an intelligent refinement to our initial guess, we must estimate the change
in both residuals, R; and R, with respect to both of the independent variables, «
and &,. These four derivatives can be estimated numerically as
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R R +0.001,8,)—R -0.001,6,
Ria(@5) = Foigs,) = Bl )Rl )

R
Res(@60) = Las,) =

R.(@,8, +0.001)— R, (@, 8, —0.001)
0.002

Rt +0.001,8,) = Ry (a —0.001,5.)
0.002

Rua(@0.) = 22(@,6,) =

OR,, -
65{) (asé‘e) =

Ru(@, 8, +0.001)— Rm(ar, 8, —0.001)

Rm,b} (a,0.) = 0.002

|

Recalculating the residuals for &= 0.001 and &, = 0 gives
R (0.001,0.0) = —0.504498
R, (0.001,0.0) = —0.000271
and for ¢ =-0.001 and &, = 0, we have

R;(-0.001,0.0) = —0.514307

R, (-0.001,0.0) = 0.000904

Thus
—0.504498 — (—0.514307) «
R; ,(0.0,0.0) = = 4.904
1.2(0.0,0.0) 0.002 04888
R (0.0,0.0) = —0.000271-0.000904 _ _0.587747 "

0.002
In a similar manner, we obtain
Ry 5,(0.0,0.0) = 0.476011

Ry 5,(0.0,0.0) = —1.307633

* The computations used to obtain the numbers in this example were carried out with much greater
precision than the reported six-place accuracy. By comparing these reported results with those
obtained using six-place computation, it can be seen that three significant digits of accuracy are lost
in this computation. This is one example of why intermediate computations should always be
carried out with the full precision of the tools at hand. Only in reporting the final result should the
output be rounded back to the precision of the input. If computations in this example were carried

out to only two-place accuracy, these computations would produce only random numbers.
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If both R, and R,, were linear functions of @ and &,, then the change in angle of

attack, Aa, and the change in elevator deflection, 48, required to make both
residuals zero would be found from

RL,a RL,EU Aa _ ~RL
Rm,a Rm,b} A5e - - Rm
Even though the residuals are not linear functions of a and &, an improved

estimate for the solution can be found by computing these changes and updating
our estimates according to the relation

a | N da
Se new ) Se old 40,

For the present case this gives
4.904888 0476011 |[Aar| [ 0.509403
—0.587747 —-1.307633{]45.[  1-0.000316
Aa) [ 0.108569
46,1 1-0.048557
o 0.000000 0.108569 0.108569
= —+ =
S, 0.000000[ | -0.048557 —0.048557

With these improved estimates for the angle of attack and elevator deflection, the
residuals can be recomputed. This gives

Ry | | 0.003929

R,|  |-0.000248
With the improved estimates for o and &,, the residuals are now smaller but not
zero. Repeating the process to refine the estimates a second time, we obtain

al  [0.107760 )  [62° R _ {0.000000
5. 1-0048379(  |-2.8°[" |R,| ~ 0.000000

The solution found in Example 4.3.1 using the simplified linear analysis was

al [010904) [62°
5. |-004889 |-2.8°
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For this airplane with 4, 4, and Ay all zero, the simplified linear analysis agrees
with the more exact solution to within about 1 percent. This is well within the
accuracy to which we could expect to estimate the aerodynamic parameters from
which this solution was obtained.

Using the computed values for the angle of attack and elevator deflection at
trim, the lift on the horizontal tail of this airplane in trimmed flight at 80 mph is
found to be

L = %pVogShCL;,,a [{l-esa)a+ag, —aron— &40 + 6.1 = 73 1bf

This compares to a value of 74 Ibf, which was computed in Example 4.3.1 using
the simplified linear analysis.

Repeating these calculations at different airspeeds, the data plotted in
Fig. 4.7.3 are obtained. In this figure, the dashed lines are the results computed in
Example 4.3.1 using the simplified linear analysis. The solid lines are the results
computed in the present example, using the full nonlinear trim conditions. The
difference is insignificant.

From Example 4.7.1, we see that the approximate linear analysis gives good
agreement with the more exact analysis when the wing, the horizontal surface, and the

thrust

vector are all in close vertical alignment with the center of gravity. When these

conditions are not met, the nonlinear effects that result from drag become more
significant. This is demonstrated in the following example.
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Figure 4.7.3. Conditions at level trim for the airplane in Example 4.7.1.
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EXAMPLE 4.7.2. Repeat Example 4.7.1 for the case where the thrust vector is
5 feet above the center of gravity. Assume that all other properties of the airplane
remain unchanged. For this airplane the wing and the horizontal tail have the
following properties:

S, =180 ft2, T, =54545ft, R, =605 e,=095 [, =-0.70941ft,
he=0.0f, W =27001bf, Cp =444, ap.=0.05338,
Arow = —0.03840, C, =-0.053, Cp,, =0.01, Cp,, =0.00,
Sy=3612, @ =3.0ft, Ry =40, e =097, I, =14.2906f,
By =00, 7, =10, Cpa=3.97, ao=0.04041,
aron =00, £ =060, Cpuo=00, Cps =-055 Cp, =0015,
Cpos, =000, £40=0.04041, &4, =044033, hr =501

Solution. A free-body diagram of this wing-tail combination is shown in
Fig. 4.7.4. The force balance for this example is exactly the same as that for
Example 4.7.1. The only difference is that the aerodynamic pitching moment is no
longer zero at trim but must balance the moment produced by the thrust of the
engine. In dimensionless form, the trim requirement for pitch now becomes

Com, _éL(CLW cosa+Cp, sina)+ Sich ¢,

Cw SyCu
Suln . hr T
~ 28k e cos(a—gq)+Cp, sifla —g4)| = =
SwCw [ h ) Dy ] Cw %pVﬁSu

Figure 4.7.4. Free-body diagram of the wing-tail combination in Example 4.7.2.
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For this geometry and level flight, the trim residual equations are

. S .
Cy, cosa+Cp, sina+ Eh— [CL,, cos{a —€4)+Cp, sin(a— &4 )]
w

~—W——cosa = Ri(a,0,)
1 2
5PV Sw
L, . Sic
Con., —__L(CLW cosa +Cp, sina)+240 ¢,
Cyy wCw
Sul . h T
— Dk [CLh cos(a — &4)+Cp, sin(a — &4 )]—_—T — 5 = Ru(a,6,)
chw Cw 5 pr S W
where
Eq = &40 +5d,0,a
Cp, = Cr, o (a+agy, —arow)
Cr, = Cpal(a+oaoy —aiop ~&q +E0,)
2
CLW
CD»\- = CD()w + CD(\.Lw CLw +
weywRa,
2
L
Cp, = Cp,, +Cp, 1, Cr, + 4
h 0h (RY h 7[6[1 RAh
th = thO + Cm/y O P
and
- Tz = W2 sinag+Cp, cosa—Cy, sina
3PVeSw 5 PVaSw
S .
+ TS’L [Cp, cos(a —e4)~Cy, sin(a— &4 ]
w

Following the procedure used in Example 4.7.1 with an initial estimate of =0
and ¢, = 0, for an airspeed of 80 mph we have

o) _ [0.000000) [R.|  [-0.509403
5.1~ 10.000000]" |R,|  |-0.020028

After one refinement we obtain
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a| 0115980 Ry) _ [0.004343
.| 1-0.124927 R, [  |0.040916

Two more iterations produce

al _[0111922] [64° R, _ {0.000000
5.0 1-0.091746(  |-53°[" |R.|  10.000000
Thus, the lift on the horizontal tail at trim is

Ly = 3 pVaSiCral(l-€aa)@+aon —aron — a0 +£.6.] = 181bf
which differs greatly from the 74 Ibf predicted from the simplified linear analysis.
Repeating the calculations at different airspeeds, the data plotted in Fig. 4.7.5 are
obtained. Again, the dashed lines are from the simplified linear analysis and the
solid lines come from the full nonlinear trim conditions.

We have seen that aircraft drag has a significant effect on trim when the wing, the
horizontal surface, and the thrust vector are not vertically aligned with the center of
gravity. In general, the nonlinear drag can have a significant effect on aircraft stability as

well.

For the more general airplane configuration being considered in this section, the

pitch stability derivative is evaluated by differentiating Eq. (4.7.6) with respect to a.
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Figure 4.7.5. Conditions at level trim for the airplane in Example 4.7.2.
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Since C,,, and C,, are the moment coefficients relative to the acrodynamic centers of
the wing and the horizontal surface, these terms in Eq. (4.7.6) are independent of angle of
attack. From Eqs. (4.7.9) and (4.7.10), the changes in the drag coefficients with respect
to angle of attack are

oC 2C oC

2Cy,
+ =iC —=\C 4.7.12
da Ly ”ewRAw da [ Do.L, T P j L.« ( )

mewRa,

oCh, 20, \oC, 20,
— = C —2 = = | C + -+ C 1- 4.7.1
80! [ Do ﬂehR/lh] aa [ Do-Ly ﬂ'@hRA/, L/“a( ngI) ( 7 3)

Thus, assuming constant thrust, the pitch stability derivative is

I _ [é‘_ sina — ﬁ”’ cos aj Cr, - (@ sina + Qcos aj Cp,
Cy

oo Cw C, Ty

_(@cosawtgsinajcbha +(—ﬁ‘icosa —gsin a](CDﬂ L. +_2.C__J Crow
Cyw Cyyp Cy Cy ’ enRy

{ Slh_sin(ar - £4) - W cos(ar - &, ):,ﬂhCL,, (1-¢44)
Sw(' w wCi

38 i — )+ S cos(a— e4) |3 Ci, (1= £4.0) (4.7.14)
SWCM S\l (’H

—[ghéh cos{a —&4) + S il sin(a — &4 )] mCryal—844)

4| S cos(er - g) - SEsin(a - 24) Copri+7
S SwC, -

n C w wbtw

RA,, jnhCL; a(l gd,a)

For this more general case, notice that even in the range of linear lift, the stability
derivative is not constant but varies with angle of attack. Thus, it is possible that an
airplane could be stable for some angles of attack and be unstable for others.

EXAMPLE 4.7.3. Consider a wing-canard airplane that is similar to the one
described in Example 4.6.1, except that this airplane has a high wing. The wing
and the canard are geometrically similar, having the same aspect ratio and airfoil
section with no sweep. The wing, canard, and engine are mounted so that, when
the airplane is in level flight at the design airspeed and altitude, trim is attained
with no elevator deflection and a zero angle of attack for the fuselage reference
line, which passes through the center of gravity paralle] to the thrust vector. At
this operating condition, the following properties are known:

S, =180 ft2, S, =361t%, b, =33.01t, b, =14.7581t, 7, =54551,
Tp=2439ft, R, =Ry =605 Ry, =Ry =040, Cp ,=Cy, =444,



4.7. Effects of Drag and Vertical Offset 409

CDon = CD(),, = 0008, CDﬂ,Lw = CDo,Lh = OO, ey =€y = 095,
me = th = -0.053, Hpogw = dpoh = —2.20, Oy = 1.80, oy = 4.00,
l,=30ft I[,=-120f, h,=40ft, h,=00, 7,=1.0

With the controls fixed at this design trim condition, plot the pitching moment
coefficient as a function of angle of attack from —20 to +10 degrees. Assume that
the force produced by the propeller is independent of angle of attack and that
neither the wing nor the canard stalls.

Solution. From Figs. 4.5.2 and 4.5.3 along with Eqgs. (4.5.6) and (4.5.12) (or using
a computer program), for a wing aspect ratio of 6.05, a wing taper ratio of 0.40, a
wing sweep of A =0.0, a canard position having x =-0.909, and y =-0.242,
the following results are obtained:

Kk, =1.035 Kk, =075, «x, =-0054, «; =10

From Eq. (4.5.11), the downwash at the position of the canard is

KyKpKy Cr,  1.035(=0.054)1.0 Cp,

= = = -0.012C
& Ky Ry 0759 6.05 L
At trim, the lift coefficients for the wing and the canard are
1.87 227
= ;- w) = 4 : -
CLW CL“,a (a+a/0w (2480 ) 44(0 0+ 10 180 )
= 0.3100
gq = —0012C,, = -0.012(0.3100) = -0.00372 = -0.21°
Cr, = Cp,a(@+oy—CQron—€4)
407 -227
= 4.44|0.0+ —=——"—==—-(-0.00372) | = 0.4970
{ 180 180 ( )}
and the drag coefficients at trim are
. (0.3100)
Cp, = Cp, +—=r— = 0.008+————— = 0.01332
e = D R 08+ (0.95)(6.0%)
c; (0.4970)?
Cp, = C b = 0.008+——2""__ = 0.02168
D o Y e R 72(0.95)(6.03)

The moment coefficient at trim is then
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Cyp = C,,,H,—(i—wcosa+@sina)CLn+(@cosa—i‘—”sina)CDh

w Cy w Cy

+;’:Z Cn, — {gj’éﬁ cos(a—¢&y )+Sw£lw sin(a — 5d)}CL,,
[S:ﬁ: cos(a—gy )—;VIW sin(a—sd)]CDh

= —0.053- {5 455 cos(0) + 3 455 sm(O)JOSlOO
J{st 25 c0s(0)~ 34 55in(0)}0.01332
_%0_053—[13;&5%005(0+0.00372)}0.4970

36(-12.0) .
— =22 6in(0+0.00372) [0.02168 = 0.00024
+[ T50(5.455) SN0 + 00037 )J 02168 = 0

Since this is the trim angle of attack, this small moment must exactly balance the
pitching moment that is produced by the thrust vector. From this moment and the
computations for the drag, we could compute the vertical offset for the thrust
vector if that were desired.

Following the same procedure that was used for zero angle of attack, the lift
coefficients for the wing and the canard at a 1.0-degree angle of attack are

Cr, = Cp o (@+aow—arow) = 444(1136[ llsg__lzé(z)ﬂ] = 0.3875
eq = —0.012C,, = —0.012(0.3875) = —0.00465
Cp, = Cryala+ap —aron —&q)
444“% ‘:gg 128'3”—(—0.00465)} = 0.5786

and the drag coefficients are

C; (0.3875)2
=C Lo = 0.008+——2"20 001632
Cp, Dt R " 7(0.95)(6.05)
C? 2
. (0.5786)
_ b = 0,008+ —027%0) (02654
Cow = Con ¥ R 7(0.95)(6.05)

Thus, with the controls fixed at the trim settings but with an angle of attack of 1.0
degree, the pitching moment coefficient would be
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Cn = C,,,w—(%cosa+@sinaj€b‘ (h—cosa-L—sma)CD

Cw Ty Ty Cy

Sw('w wlw

Shch Cp, {Shih cos(a — £4) + 170 Suhy sin(a — gd):|CLh
T S.e ' S

[;}Z?i cos(@ —&4)— Swéw sin(a — &4 )} Cp,

= —0.053- [ 5?425 cos( ll‘gg j + 5?‘4‘5)5 sin( ll'gg ﬂ 0.3875
’ [ Sass COS( i ) ~ 5455 Sin( T H 0.01632
9 g, [0 (18 s

36(-12.0) (1 Oz j
0.00465 | [0.02654 = —0.00920
{ 180(5.455) " 180 ¥ >4 = =0.00920

It is important to recognize that this operating condition does not correspond
to a trim point. At this angle of attack the airplane is not in trim, because the lift is
not equal to the weight and the aerodynamic pitching moment does not balance the
pitching moment that is produced as a result of the thrust developed by the engine.
This does not mean that the airplane could not be at this angle of attack with the
controls in this position. It simply means that since this is not a trim point, the
airplane must be accelerating. Atmospheric turbulence can cause the angle of
attack to deviate significantly from trim with no control input.

Repeating these calculations at different angles of attack, the data plotted in
Fig. 4.7.6 are obtained. In addition to the moment coefficient, this figure also
shows the lift coefficients for the wing and the canard over the same range of angle
of attack. Notice that the maximum lift coefficient for the canard is slightly
greater than 1.3, while the minimum lift coefficient for the wing is about —1.2.
Thus, the angle of attack range that is shown in Fig. 4.7.6 corresponds roughly to
the range between negative and positive stall.

The slope of the moment coefficient curve in Fig. 4.7.6 is the pitch stability
derivative. Notice that the change in the moment coefficient with respect to angle
of attack is negative for angles of attack greater than about —6 degrees. However,
the slope becomes positive when the angle of attack is less than —6 degrees. This
does not mean that the airplane is unstable according to our mathematical
definition of stability. Stability is always defined relative to a trim point. The only
trim point on this curve is that for zero fuselage angle of attack. The moment
slope is negative at this trim point, so this equilibrium flight condition is
mathematically stable in pitch. However, this simply means that the airplane is
stable with respect to an infinitesimal pitch disturbance. Unfortunately, the
atmosphere cares little for mathematics, and as anyone who has spent much time
in an airplane knows, disturbances are not always infinitesimal.
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Figure 4.7.6. Pitching moment and lift coefficients for the airplane in Example 4.7.3, with a
vertical wing offset of 4.0 feet.

The stable trimmed flight condition described in Example 4.7.3 is like the stable
equilibrium shown in Fig. 4.1.2d. From Fig. 4.7.6, we seec that large negative
disturbances in angle of attack do not produce a restoring moment. When the airplane is
flying at trim (a =0), a pitch disturbance of —6 degrees produces a maximum in the
restoring moment. For larger negative disturbances, the restoring moment decreases. A
pitch disturbance of about —12 degrees produces no restoring moment, and larger
negative disturbances will produce divergence. This trait could not be exposed using the
simplified linear stability analysis presented in Sec. 4.6.

The condition shown in Fig. 4.7.6 can be dangerous. The airplane is stable for the
angles of attack that are usually encountered in normal flight, but it is unstable for large
negative disturbances in angles of attack. Under normal flying conditions, the airplane
could be flown for years and never encounter the large negative angles of attack that are
required to expose this “instability.” However, in turbulence the angle of attack can
change vary rapidly, with no control input from the pilot. Under such conditions, large
negative angles of attack may be unavoidable. With an airplane that displays the
characteristic that is shown in Fig. 4.7.6, the airplane could suddenly and unexpectedly
become inverted in severe turbulence, even though the airplane has never previously
exhibited any unstable tendencies.

A similar situation sometimes occurs in ultralight hang gliders like the one shown in
Fig. 47.7. For the angle of attack range encountered in normal flight, the glider is
completely stable. However, when exiting a strong thermal the glider can suddenly pass
from a region of very high lift into heavy sink, which is caused by the displaced cold air
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spilling down over the outside of the warm air rising in the thermal. For obvious reasons,
this is commonly called “going over the falls.” When this happens, the glider can
suddenly undergo a very large decrease in angle of attack. If the glider is stable at all
angles of attack, the experience will simply result in a sudden decrease in the pitch
attitude and a rapid downward acceleration that increases the angle of attack and
eventually returns the glider to trimmed flight. However, if the glider is not stable at
large negative angles of attack, which are not normally encountered in flight, “going over
the falls” can cause the glider to flip and incur significant structural damage. Hang
gliders are naturally susceptible to this trait because of the large vertical separation
between the aerodynamic center of the wing and the center of gravity. This design flaw
can be avoided with proper use of sweep and washout.

The characteristic that is shown in Fig. 4.7.6 is most likely to occur in a canard or
tailless aircraft having a high-wing design and is sometimes called canard tuck. This
condition can be avoided with proper design, even with a moderately high wing.
However, the easiest way to avoid the characteristic is by keeping both the center of
gravity and the aerodynamic center of the wing closely aligned with an axis that is
approximately parallel with the direction of flight. To demonstrate this fact, Example
4.7.3 can be reworked with the wing moved down to the fuselage reference line (%, = 0).
The results of such computations are shown Fig. 4.7.8. Notice that for this configuration,
the pitching moment coefficient remains quite linear with angle of attack, from negative
to positive stall.

Figure 4.7.7. Ultralight hang gliders sometimes exhibit pitch instability at large negative angles of
attack. (Photograph by Barry Santana)
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Figure 4.7.8. Pitching moment and lift coefficients for the airplane in Example 4.7.3, with no
vertical wing offset.

A significant nonlinear variation in the pitching moment coefficient with angle of
attack will occur whenever the center of gravity is not in close vertical alignment with
the aerodynamic center of the airplane. The aerodynamic pressure and shear forces
acting on an airplane can always be resolved into a lift force, a drag force, and an
aerodynamic moment, all acting at the aerodynamic center, as is shown in Fig. 4.7.9.
Here we let m,,. denote the aerodynamic pitching moment about the aecrodynamic center.

neutral point or
center of gravity  aerodynamic center

Figure 4.7.9. Vertical offset between the aerodynamic center and the center of gravity.
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According to our usual notation, we use m to represent the aerodynamic pitching moment

about the center of gravity. Then from the free-body diagram in Fig. 4.7.9, a summation
of moments about the center of gravity gives

m =My =L+ By D (4.7.15)

Nondimensionalizing Eq. (4.7.15), we have

h:rp

In
7‘0 Cr+

w w

Cm i Cm:«' i

Cp (4.7.16)

By definition, the aerodynamic center is the point on the airplane where the aerodynamic
moment does not change with angle of attack. Thus, differentiating Eq. (4.7.16) with
respect to angle of attack results in

l” hl’!
Crma T pCL.a+ i

Cpa (4.7.17)

Cw w

Equation (4.7.17) provides a more general relation for the pitch stability derivative
than does the more commonly used result given by Eq. (4.4.13). Because the drag
coefficient is not linear with angle of attack, a vertical offset between the aerodynamic
center and the center of gravity will produce a nonlinear pitching moment coefficient.

Potential problems can also arise when the thrust vector has a significant vertical
offset from the center of gravity. For example, consider the amphibian shown in
Fig. 4.7.10. This airplane has a thrust vector that is considerably above the center of
gravity. This condition frequently occurs with amphibians, because of the need to keep
the propeller out of the water. When the thrust vector has a large vertical offset from the

Figure 4.7.10. Example of an airplane with a high thrust vector. (Photographs by Barry Santana)
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CG, a large aerodynamic pitching moment is required to trim the airplane against the
pitching moment produced by the engine. In the case of the airplane that is shown in
Fig. 4.7.10, the thrust developed by the engine produces a negative pitching moment
about the center of gravity. To offset this negative pitching moment, the airplane must be
trimmed so that the airframe produces a balancing positive moment. At takeoff, when the
engine is producing maximum thrust, the positive pitching moment needed to trim the
airplane is greatest. If the engine should suddenly fail just after liftoff, the thrust
developed by the engine would be replaced with drag. Thus, the negative pitching
moment produced by the engine would be replaced with a positive pitching moment.
This moment, combined with the additional positive pitching moment that is being
applied to trim the airplane at full throttle, will cause a rapid nose-up rotation of the
airplane. If the pilot does not respond ‘with a rapid nose-down control input, the wing
could easily stall. Engine failure just after liftoff is always dangerous. However, the
danger is greatly amplified if the wing should stall.

Such a high thrust vector can also cause some potential difficulties on landing,
should a go-around become necessary. On a typical landing the thrust is considerably
less than maximum thrust. When the pilot decides that a go-around is prudent, full
throttle is applied as rapidly as possible. With a high thrust vector, this rapid increase in
thrust causes a negative pitching moment, which puts the airplane out of trim and pitches
the nose down. Rapid nose-up control input is needed just to keep the airplane in trim.
This tendency for the airplane to pitch down when the throttle is increased makes it more
difficult for the pilot to climb out quickly after the go-around is initiated. Greater pitch
control authority is needed for such designs.

As we have seen from the material presented in this section, the moments associated
with the vertical offset of the wing, tail, and thrust vector can be important. While
accounting for these moments will increase the complexity of the trim and stability
analysis, it is not conceptually difficult. However, the added bookkeeping does increase
the possibility of making an error. To minimize this possibility, the student should
always draw a good free-body diagram. It also helps to use a consistent notation for
labeling the axial and vertical offsets. In this text it is suggested that the variable /
should always be used to denote a distance measured aft of the center of gravity, and
the variable / should always be used to denote a distance measured above the center
of gravity.

4.8. Contribution of the Fuselage and Nacelles

The contribution of the fuselage and nacelles to the static stability of an airplane is
typically destabilizing. Furthermore, in some cases this destabilizing effect can be quite
significant. Thus, the fuselage and nacelles should be included in the trim and stability
analysis during all phases of the airplane design process.

The aerodynamic forces and moments generated on the fuselage and nacelles are
extremely complex, and are significantly affected by aerodynamic interactions with the
wing and the tail. To estimate these forces and moments accurately, we must make use
of computer simulations and/or wind tunnel tests. Such methods should always be
employed in the later phases of the airplane design process. However, for the purpose of



4.8. Contribution of the Fuselage and Nacelles 417

preliminary design, it is useful to have some method that can be used to easily obtain a
first approximation for these effects.

As a first approximation, the effect of the fuselage and nacelles on airplane lift is
usually neglected. However, even for preliminary design, some estimation of the effect
of the fuselage and nacelles on the airplane moments should be made. The method to be
presented here is taken from Hoak (1960). The method is presented in terms of the
fuselage, but exactly the same approach can be used for the nacelles.

Consider the fuselage geometry shown in Fig. 4.8.1. As has been our usual
convention, / will indicate a distance measured aft of the CG and ¢ will indicate the total
length of an object in the chordwise direction. While the characteristic area for a lifting
surface such as the wing or the tail is always taken as the pianform area, the characteristic
area for a fuselage or nacelle is typically defined to be the projected frontal area. This is
the maximum cross-sectional area of the body in a plane normal to the axial chord.

A rough estimate of the fuseclage pitching moment coefficient about the airplane
center of gravity can be made from the experimental correlation,

3/2
My, I d
Crmy = ——— = 2L 1—1.76[—f] ay 4.8.1)
2PVaSsey s s "

where S;is the maximum cross-sectional area of the fuselage, ¢, is the chord length of the
fuselage, I, is the distance that the fuselage center of pressure is aft of the airplane center

of gravity, dy is the diameter of a circle having the same area as the maximum cross-
sectional area of the fuselage,

d; = 2JS; /% (4.8.2)

center of pressure center of gravity

minimum drag axis

location of maximum cross-sectional area S, = maximum cross-sectional area

Figure 4.8.1. Fuselage geometry.
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and oy is the angle of attack for the minimum drag axis of the fuselage. As a first
estimate, the fuselage center of pressure can be assumed to be halfway between the nose
and the point of maximum cross-sectional area. Since this point is normally forward of
the airplane center of gravity, /; is typically negative.

The pitching moment computed from Eq. (4.8.1) can be added to the contributions
from the wing and the tail to obtain an estimate for the complete airframe. However, the
characteristic area for the complete airplane was defined to be the area of the main wing,
and the characteristic length was defined to be the mean chord length of the main wing.
Thus, the contribution of the fuselage to the total airplane pitching moment coefficient
can be approximated by multiplying the result from Eq. (4.8.1) by the product Srcrand
dividing by the product S, ¢,

32
me. Src Sl ds
AC), = @Y e o g2 U g6 AL 483
( " )/ %me‘)’Z SWEW SWEW ! SWEW Cf a/ ( )
This can be written as
(4C,), = (4Cpo), +(4Cna) (4.8.4)
where
3/2
Syly dy
(ACwo), = S5 1—1.76[? o (4.8.5)
and
32
Sy d
(ACna), = —2’—_”{1—1.76[—-0 (4.8.6)
’ wCw cr

a is the airplane angle of attack relative to the fuselage reference line, and gy is the angle
that the minimum drag axis of the fuselage makes with the fuselage reference line. Since
the fuselage center of pressure is usually forward of the airplane center of gravity making
Iy negative, the fuselage contribution to the pitch stability derivative is typically
destabilizing.

It is important to remember that this method gives only a very rough estimate of the
aerodynamic pitching moment generated on the fuselage, and it should only be used as a
first estimate for preliminary design. Wind tunnel tests and/or computer simulations
should always be used in the later phases of design. Because the aerodynamic moments
generated on the fuselage are primarily the result of pressure forces, panel methods will
give a reasonable estimate for these moments. However, for best results, viscous
computational fluid dynamics (CFD) or wind tunnel tests should be used.
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EXAMPLE 4.8.1. The airplane described in Example 4.4.1 has a fuselage that is
23 ft long. The point of maximum cross-section is located 9 ft aft of the nose and
the airplane center of gravity is 8 ft aft of the nose. The maximum cross-sectional
area of the fuselage is 21 ft*. Estimate the static margin in the linear lift range for
the complete airframe, including the effect of the fuselage.

Solution. For this airplane we have

S, =180 ft2, b, =33ft, Cp =444, 1, =-0.71ft
S, =361t2, b =121t, Cp,,=3.97, [ =14291,

m =10, e4q=044, S;=211%, d, =2,21f>/x =5.17f,
cr =23ft, Iy =(9t/2)-8ft=-35f

By definition, the moment slope relative to the stick-fixed neutral point is zero.
Thus, using Eq. (4.8.6) to estimate the fuselage contribution yields

oC,, L, -1, S, ({, -1,
P -2 ——l(—t_—pz (1=€3.a)Crl,
5& cw Sw W

¥2
SPY AUl PR T
S, Cw cy

Solving for the static margin gives

2
S, d
1,Co o+ g gy )CL o + 22 1176 L
s Sw » S, cr

by _
Tl Croa+ 2 (1= 40)Ch 0 + 220 1-1.76) =1
" S, S, cf
~ 36(14.29) 21(-3.5)|, (5,17)3/2
(-0.71)4.44 + == =2 1.0(1-0.44)3.97 + 2= 2= 1= 176 23
B 32
180 36 517
4 1-
23 {444 T30 1-00-044)3.97+2 80{ 176 }
= 9%

Comparing this result with that from Example 4.4.1, we see that the destabilizing
effect of the fuselage was to move the neutral point forward by about 3 percent of
the wing chord. This is significant when one considers that the minimum design
criterion for static margin is only 5 percent of the wing chord.
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4.9. Contribution of Running Propellers

Running propellers can have a profound effect on the trim and static stability of an
airplane. The contributions of a running propeller to trim and static stability can be
divided into two main categories. These are the direct effects, arising from the
aerodynamic forces and moments on the propeller itself, and the indirect effects, which
result from the interaction of the propeller slipstream with other surfaces of the airplane.

The effects of the propeller slipstream on other airplane surfaces such as the wing,
tail, and fuselage are very complex and do not lend themselves to accurate analytical
treatment. These effects can be accurately evaluated only from powered wind tunnel
tests. Such tests are commonly performed in the final phase of the airplane design
process. Simply because of complexity, the slipstream effects are usually neglected in
the preliminary design phase. It should be remembered, however, that the slipstream
effects can be significant.

The direct effects of the propeller forces and moments, on the other hand, can be
estimated analytically using the method presented in Chapter 2. When a rotating
propeller is advancing through the air so that the axis of rotation make some angle of
attack with the freestream, in addition to the thrust, a normal force is produced that is
proportional to the angle of attack. This is shown in Figs. 4.9.1 and 4.9.2. The pitching
moment that the propeller produces about the airplane’s center of gravity is a result of the
thrust and normal force, each multiplied by the appropriate moment arm,

Mmeg, = —hpyT—1,N, (4.9.1)

where T and N, are, respectively, the propeller thrust and normal force. For consistency,
we are defining /, as the axial distance that the propeller is mounted aft of the CG and 7,
is the vertical distance that the propeller axis is above the CG. For a conventional tractor
prop, /, is typically negative, and for a pusher prop, , is usually positive.

Figure 4.9.1. Forces generated by an aft propeller. (Photograph by Barry Santana)
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Figure 4.9.2. Forces generated by a forward propeller. (Photograph by Barry Santana)

The pitching moment computed from Eq. (4.9.1) can be added to the pitching
moment obtained for all of the other airplane components to determine the pitching
moment for the complete airplane. Thus, the contribution of the propeller to the total
airplane pitching moment coefficient is found by nondimensionalizing Eq. (4.9.1),

m h / N
(4Cn), = —— = L2 T2 il A (4.9.2)
ijmchw Cyw 5prSW Cw fprSW

For small thrust angles the equilibrium thrust is nearly equal to the drag and Eq. (4.9.2)
can be closely approximated as

4 h L
(aC, ), widamienl. — by Rl (4.9.3)
L VI8, E, & Ty LpV2S,,

While the equilibrium thrust developed by an airplane’s propeller can be related to the
airplane drag, this cannot be said for the propeller normal force. To evaluate the
propeller normal force, we return to the material presented in Chapter 2.

Propeller forces are conventionally expressed in terms of the thrust coefficient and
the normal force coefficient,

T
o e RS 494
"7 pof2n)id] g
= Ny (4.9.5)

" " plwf2n)d}
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where d, is the propeller diameter and @ is the angular velocity. The normal force
coefticient is linearly proportional to the angle of attack, «,, that the propeller axis makes
with the direction of relative airflow,

CN/) = CN,,,a dp (4.9.6)

The proportionality constant is the dimensionless normal force gradient, defined as

_ 1 oN,
 plaf2mydy 9%

(4.9.7)

CN,, X4

For a given propeller geometry both the thrust coefficient and the dimensionless normal
force gradient are strong functions of the propeller advance ratio, J, which was defined in
Chapter 2 as

- 27V,

J
wd,

(4.9.8)

With a fixed-pitch propeller of given geometry, to attain some particular level flight
airspeed, the pilot must adjust the propeller’s rotational speed so that the propeller thrust
will balance the drag at the desired airspeed. The advance ratio that is required to
balance the drag with the thrust determines the propeller normal force gradient for a
particular operating condition. Since the thrust coefficient decreases with increasing
advance ratio while the dimensionless normal force gradient increases with increasing
advance ratio, the propeller’s effect on static stability and trim will vary significantly with
propeller advance ratio.

Using Egs. (4.9.5) through (4.9.8) in Eq. (4.9.3), the contribution of the propeller to
the total airplane pitching moment coefficient is

2
C
(ac,), = -2, - 2ile Cune

z. Sutw 2 o, (4.9.9)
The dimensionless normal force gradient, which appears in Eq. (4.9.9), depends on the
number and geometry of the propeller blades, as well as the advance ratio. For known
propeller geometry, the normal force gradient can be determined as a function of advance
ratio using the method presented in Chapter 2. For example, Fig. 4.9.3 shows the
dimensionless normal force gradient divided by the advance ratio squared, plotted as a
function of advance ratio and pitch-to-diameter ratio, K., for one particular propeller
blade geometry.

The propeller angle of attack in Eq. (4.9.9) is affected by the airflow around the
wing. If the propeller is aft of the wing, it is located in a region of downwash and the
propeller angle of attack is decreased. If the propeller is forward of the wing, it is in a
region of upwash and the propeller angle of attack is increased. The angle of attack that
the propeller axis makes with the local relative airflow can be written as
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Figure 4.9.3. Dimensionless normal force gradient divided by the advance ratio squared.

ap = O —Eq + oy (4.9.10)

where « is the airplane angle of attack relative to the fuselage reference line, g, is the
local downwash angle at the position of the propeller, and ¢, is the angle that the
propeller axis makes with the fuselage reference line. It should be noted that in some
textbooks, a propeller upwash angle is used in Eq. (4.9.10), because propellers are most
commonly mounted ahead of the wing. For consistency with the material presented in
Sec. 4.5, in this textbook we are defining &, as the propeller downwash angle. With the
present definition, if the propeller is forward of the wing, &, is negative. If the propeller
is aft of the wing, &, 1s positive.

Using Eq. (4.9.10) with Eq. (4.9.9), the contribution of the propeller to the total
airplane pitching moment coefficient can be written as

(4cy), = (4Cno), +(ACha), @ 4.9.11)
where

h, 2d;1, Cy,
(4Cw), = -~ Co -5 J’z (o —E€a0p) (4.9.12)
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2d;1 CN,
(4Cna), = L (1= 200, j’z (4.9.13)

wCw

&up is the propeller downwash angle with the fuselage reference line at zero angle of
attack and (&), is the downwash gradient at the position of the propeller. Since the
change in the normal force coefficient with angle of attack is positive, if the propeller is
forward of the center of gravity, /, is negative and the propeller contribution to the pitch
stability derivative is destabilizing. If the propeller is aft of the center of gravity, /, is
positive and the propeller contribution to the pitch stability derivative is stabilizing.

EXAMPLE 4.9.1. The airplane described in Examples 4.4.1 and 4.8.1 is powered
by a piston engine turning a 74-inch propeller at 2,350 rpm and is flying at 80
mph. The change in normal force coefficient with propeller angle of attack for this
propeller and operating condition is 0.04. The propeller is mounted in front of the
fuselage and is 9 feet forward of the center of gravity. Estimate the static margin
in the linear lift range for the complete airplane, including the effect of the
fuselage and propeller.

Solution. For this airplane we have

S, =1801t", b, =33ft, C; ,=444, [,=-071f,
S, =36ft>, b =121t, Cpqo=397, [, =14291t
Rr, =040, A, =0° 7,=1.0, (£44) =0.44,

Sp=211, d;=221t%/z =5.171t, ¢, =231, [, =-3.51,
d,=74/121t, ®/27=2,350tpm, I,=-9ft, ¥, =80mph, Cw,,=0.04

For this propeller and airspeed the advance ratio is

Veo 80x 5,280/3,600

/= (w/2m)d, ~ (2,350/60)(74/12) 04858

The downwash angle for the propeller can be estimated using the method
presented in Sec. 4.5. For this wing and propeller position, we have

I, =1
R4y =6.05, Ry, =040, X= Z 7 =-0.502, y=00, A,=0°

and the propeller downwash angle is

Ky KpKs Cu, _ 1035(-0.16510 Cr, oo Cr.
Ky Ra 0.759 Ry, TRy

W

Edp =

w
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The propeller downwash gradient is then

(Ga)y = —0225 5kt = 0225444 _ _ 65

Ra. 6.05

By definition, the moment slope relative to the neutral point is zero. Thus, using
Eqgs. (4.8.6) and (4.9.12) to estimate the fuselage and propeller contributions to the

moment slope,

acmnp lw - ln S, 1 - 1,/,
oa ( T & Crow = [(SIWE“, ) n(1=€4.0)Cl
l./v_l"ﬁ 2d;27 (lp_[np)
T (4Cna); = FSum, L Gadn e

=0

where

g , 3/2
(ACua), = —2?&’ {1—1.76[6{—]} }

WCW
B 32
_ 5 21(-3.9) ]_1.76(5.17)
180(180/33) 23

Solving for the static margin gives

G S (1600 Co s = CuldCoa) + zﬁi (100

" a{cL,‘ ot gm0 Coa = 4 (ACna), + Jzz‘fw (l—ed.a),,cN,,,a}

) (= 71)4.44+ %21.(1 _44)3.97 —%.mm %%‘;))2%09—)(1.165).04
13830{4.44 + 118%1.(1 — 44)3.97- 18_03/23 1216+ (ig: é )122]);0 (. 165).04}

= 6%

Comparing this result with that from Example 4.8.1, we see that the destabilizing
effect of the propeller was to move the neutral point forward by about 3 percent of
the wing chord. This is quite typical of what might be expected for an airplane
with low thrust-to-weight ratio. However, an even greater destabilizing effect can
be encountered for airplanes with higher thrust-to-weight ratio, such as the fighter
planes of World War 1I.
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4.10. Contribution of Jet Engines

Turbojet or turbofan engines can also make a significant contribution to the trim and
static stability of an airplane. These effects are also divided into two categories, those
arising directly from the forces and moments produced by the engine and those which
result from the interaction of the exhaust jet with other surfaces of the airplane.

Even if the exhaust jet does not impinge directly upon any surface of the airplane,
the jet can still have significant indirect effects resulting from the entrained flow.
Because the velocity of the exhaust gas is much greater than that of the surrounding air, a
turbulent shear layer develops between the exhaust jet and the freestream. The viscous
shear and turbulent mixing that occur between the exhaust jet and the surrounding air
decrease the velocity of the exhaust gas and increase the velocity of the adjacent air. This
entrainment of freestream air into the exhaust jet causes the jet to broaden as it moves
downstream and induces a flow of ambient air toward the axis of the jet, as is shown in
Fig. 4.10.1. If the tail or any other surface of the airplane is placed in this entrainment
flow field, the local angle of attack will be modified by the entrained flow. For example,
if the horizontal tail is above the exhaust jet, as shown in Fig. 4.10.1, the angle of attack
will be decreased as a result of the entrainment.

The indirect effects of the exhaust jet on other airplane surfaces, such as the wing,
the tail, and the fuselage, are very complex and can only be evaluated analytically with
the use of computational methods on a digital computer. Because entrainment is a
viscous phenomenon, inviscid methods such as panel codes cannot be used for this
analysis. A viscous CFD code must be used. Such methods can be used in the final
phase of the airplane design process. However, because of complexity, the indirect
effects of jet exhaust are usually neglected in the preliminary design phase. It should be
remembered, however, that such effects could be significant.

The direct effects of the forces and moments produced by a jet or turbofan engine
are essentially identical to those produced by an engine-propeller combination. Like a
propeller, a turbojet or turbofan engine produces both an axial thrust and an off-axis
normal force. The normal force is proportional to the angle that the axis of the exhaust
jet makes with the local freestream at the engine inlet. As was the case for a propeller,
the pitching moment that a jet engine produces about the airplane center of gravity is

Entrained Flow

Exhaust Jet

Figure 4.10.1. Flow entrained by the exhaust of a turbojet or turbofan engine.
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simply a result of the thrust and the normal force, each multiplied by the appropriate
moment arm. The only difference between computing the pitching moment contribution
for a jet engine and that for propeller is the manner in which the normal force is
computed.

The velocity of the air passing through a turbojet or turbofan engine can undergo a
change in direction as well as a change in magnitude. The thrust and normal forces
exerted on the airplane by the engine result directly from these changes in the velocity
vector. Consider a control volume that encloses the engine of the airplane that is shown
in Fig. 4.10.2. This control volume extends everywhere sufficiently far from the engine
so that ambient pressure exists on the entire enclosing surface. Writing the vector form
of Newton’s second law for this nonaccelerating control volume, we have

F; = mi(Vi-V;) (4.10.1)
where F; is the resultant force exerted on the airplane by the engine, V; and V; are,
respectively, the inlet and exit velocities, and 71, is the mass flow rate passing through
the engine. The axial and normal components of this vector equation result in

T =m;(V;-Vicosa;) (4.10.2)

N; = m;V;sina; (4.10.3)
where V; is the magnitude of the exhaust jet velocity, V; is the magnitude of the iocal
freestream velocity at the inlet, and & is the angle of attack that the axis of the exhaust
jet makes with the direction of the local freestream at the inlet. For small angles,

Eqs. (4.10.2) and (4.10.3) can be approximated as

T = i (V;—V) (4.10.4)

where V,, is the far-field airspeed. Solving Eq. (4.10.4) for the mass flow rate and using
the result in Eq. (4.10.5) gives

Figure 4.10.2. Forces generated by a turbojet or turbofan engine.
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Vo T

(4.10.6)

From the geometry in Fig 4.10.2, the pitching moment that the engine produces
about the airplane center of gravity is

Mg, = ~Th; =N, (4.10.7)

Nondimensionalizing Eq. (4.10.7) and applying Eq. (4.10.6), the contribution of the jet
engine to the total airplane pitching moment coefficient is

(AC,) Meg;
mli T e = 1 2
> PV Sy 7 PVaSw

T [hj+ Vool

= (Vj_Vw)EwajJ (4.10.8)

The local angle of attack in Eq. (4.10.8) is affected by the airflow around the wing.
If the engine inlet is aft of the wing, it is located in a region of downwash and the local
angle of attack is decreased. If the inlet is forward of the wing, it is in a region of upwash
and the local angle of attack is increased. The angle of attack that the exhaust jet axis
makes with the local relative airflow at the engine inlet can be written as

Aj = a&—&y +Qoj (4109)

where « is the airplane angle of attack relative to the fuselage reference line, g; is the
local downwash angle at the position of the engine inlet, and ay; is the angle that the
exhaust jet axis makes with the fuselage reference line.

Using Eq. (4.10.9) in Eq. (4.10.8), the contribution of a jet engine to the total
airplane pitching moment coefficient can be written as

(ACn); = (ACmo); +(ACpa) (4.10.10)
where
T h,‘ lej
(A4Cpo); = — —+ — (o — €40;) (4.10.11)
0 %pVogSW Cw (V] _Voo)cw ! !

Vil
r I (1-&4a), (4.10.12)

(ACpp); = —
alj %pVa%Sw (Vj—Vw)Cw

£q0; 1s the inlet downwash angle with the fuselage reference line at zero angle of attack,
and (&4,4); is the downwash gradient at the position of the engine inlet. Since the thrust
is positive in normal flight, if the inlet is forward of the center of gravity, /; is negative
and the engine’s contribution to the pitch stability derivative is destabilizing. If the inlet
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is aft of the center of gravity, /; is positive and the engine’s contribution to the pitch
stability derivative is stabilizing.

As discussed in Sec. 2.1, the ideal propulsive efficiency for a jet engine is a function
only of the exhaust jet velocity and the freestream velocity,

2., 2
= - 4.10.1
LA N (410.13)

Thus, we can express the ratio of the exhaust jet velocity to the freestream velocity as a
function of ideal propulsive efficiency. Rearranging Eq. (4.10.13), the velocity ratio for a
jet engine can be expressed as

V,
LA (4.10.14)
Voo Mp;
or
Ve  _ _TIn (4.10.15)

Vi—Ve 2(0—1,,)

The velocity ratio in Eq. (4.10.15), which also appears in Egs. (4.10.11) and (4.10.12),
is plotted in Fig. 4.10.3. This figure combined with Egs. (4.10.11) and (4.10.12) shows
that increasing the propulsive efficiency of a jet engine will also increase the engine’s
effect on static stability and trim.
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Figure 4.10.3. Velocity ratio for a jet engine as a function of ideal propulsive efficiency.
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Using Eq. (4.10.15) in Egs. (4.10.11) and (4.10.12), we have

T h; Mol
Acm i = —_—+ — i — i 4.10.16
(ACp0); %pVogSw Lw 201, )0, (@o; — €d0j) ( )
A
(Acm,a)j = - r LJiae — (1 _gd,a)j (41017)

L pVas, 21=1p,)c,

For small thrust angles, the thrust is very nearly equal to the drag and Egs. (4.10.16) and
(4.10.17) can be closely approximated as

h M.l
(ACmO)_/ = —CDIZ%‘FEﬁ[:—)C_‘:(a’OJ —Sd()j)j| (41018)
(UCpa), = ~Cp =0l (1 g, ), (4.10.19)
» z(l_np;)cw ’

From Eqgs. (4.10.18) and (4.10.19) we can estimate the effects of a jet engine on

airplane trim and stability if we know the ideal propulsive efficiency for the engine.
From knowledge of the engine type, a rough estimate for this efficiency can be made
from the information in Fig. 4.10.3. After replacing Eqgs. (4.9.12) and (4.9.13) with
Egs. (4.10.18) and (4.10.19), the direct contribution of a turbojet or turbofan engine to the
trim and static stability of an airplane is identical to that of an engine-propeller
combination, as described in Sec. 4.9.

4.11. Problems

4.1.

4.2

An airplane is to weigh 2,000 pounds and its fuselage is to be 15 feet long. The

center of gravity is to be 7.5 feet aft of its nose. The airplane is to be a wing-tail

configuration. It is to be designed to fly at 15,000 feet at 150 mph. For this first

analysis assume that all lifting surfaces are symmetric thin airfoils with infinite

aspect ratio. Neglecting changes in weight with the size of the wing and tail,

determine the following (there are many possible solutions):

a) The size of the wing and tail required to maintain trimmed cruise.

b) The location of the wing and tail in order to place the airplane’s neutral point
0.5 ft aft of the CG.

¢) The angle that the wing and the tail make with the upstream flow, taking the
fuselage to make an angle of 0° with the upstream flow.

For the airplane in problem 4.1, assume that the wing has an aspect ratio of 6.0, a
taper ratio of 0.4, and no sweep. Also assume that the horizontal tail has an
aspect ratio of 4.0, a taper ratio of 0.4, and no sweep. Refine your design to
account for downwash.
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4.3.  The British Spitfire Mark XVIII that is shown in Figs. 4.11.1 and 4.11.2 weighs
8,375 Ibf and both the wing and horizontal tail have elliptic planform shapes.
The horizontal tail has a symmetric airfoil section when the elevator is not
deflected. The wing and the horizontal tail have the following properties:

S, =244 %, b, =36.83f, C. o =4.62, ai,=-220° C, =-0.053,

w

Sy =311, b, =10.64f, Cp,,=406 & =060, C,,s =—0.55,
l,—1,=18.16ft

Figure 4.11.1. The British Spitfire Mark XVIII has an overall length of 32 feet 8 inches.
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Figure 4.11.2. The British Spitfire Mark XVIII has an elliptic wing with a planform area of 244
square feet. The wing spans 36 feet 10 inches and supports a normal gross weight of 8,375 pounds.
Later versions were powered by a liquid-cooled, 12-cylinder, Rolls-Royce Griffon engine
developing 2,375 horsepower at 2,750 rpm. The 132-inch, five-blade, Rotol propeller is turned
with 1.961:1 gear reduction. The airplane has a top speed in level flight of 450 miles per hour and
has a rate of climb at sea level of over 5,000 feet per minute. (Photographs by Barry Santana)
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For the CG located at the wing quarter-chord, the wing and the tail are mounted
so that in level flight with an airspeed of 200 mph at standard sea level, trim is
attained with no elevator deflection and a zero angle of attack for the fuselage
reference line. Neglecting any effects associated with the propeller and fuselage,
determine the mounting angles for the wing and the tail and the pitch stability
derivative for the wing-tail combination. Use the simplified analysis presented in
Sec. 4.3 and neglect the effects of wing downwash on the tail. In this and the
following problems that deal with the spitfire, any dimensions that are not
otherwise given may be scaled from Figs. 4.11.1 and 4.11.2.

Excluding the effects of wing downwash, determine the static margin in the range
of linear lift for the wing-tail combination of the Spitfire Mark XVIII that is
described in problem 4.3.

Using the method that was presented in Sec. 4.5, determine the relation between
the downwash on the horizontal tail and the lift coefficient for the wing of the
Spitfire Mark XVIII that is described in problem 4.3.

Using the results that were obtained from problem 4.5 for the downwash,
recompute the mounting angles for both the wing and tail of the Spitfire Mark
XVIII that is described in problem 4.3. Compare the result to that obtained in
problem 4.3.

Including the effects of wing downwash but neglecting any effects associated
with the propeller and fuselage, determine the static margin in the range of linear
lift for the wing-tail combination of the Spitfire Mark XVIII that is described in
problem 4.3. Compare the result to that obtained in problem 4.4.

Assume that the wing and the horizontal tail of the Spitfire Mark XVIII have the
following properties:

S, =244 1t b, =3683f, C, 4=462, C, =-0053
Qrow =-2.20°, g, =2.0°, 1,=0.0f,
Sy =311, by =1064ft, Cp ,=406, Cp,o=0.000,
aron =0.0° ao, =0.0° 1, =18.16 ft,
W =83751bf, & =0.60, C,,s =-0.55

Including the effects of wing downwash but neglecting the effects of the propeller
and fuselage, find the elevator deflection and the angle of attack required for
trimmed level flight at sea level for airspeeds of 100, 200, and 300 miles per
hour. Also determine the lift on the horizontal tail at level trim for the same
airspeeds. Assume a tail efficiency of 1.0 and use the simplified analysis that was
presented in Sec. 4.3.
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4.9.

4.10.

4.11.

4.12.

4.13.
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For the Spitfire Mark XVIII described in problem 4.8, including the effects of
downwash, plot the elevator deflection required to trim the airplane at 100 mph as
a function of CG location measured relative to the quarter-chord of the main
wing. Neglect the effects of the propeller and fuselage.

The Spitfire described in problem 4.8 has a fuselage 32 feet 8 inches long. The
point of maximum cross-section is 16 feet aft of the nose and the CG is 11 feet aft
of the nose. The maximum cross-sectional area of the fuselage is 15 ft>. Estimate
the static margin in the linear lift range for the complete airframe.

A 2.375-horsepower piston engine turning a 132-inch, five-blade propeller
powers the Spitfire Mark XVIII described in problem 4.8. When the airplane is
flying at 200 mph the propeller is turning at 1,300 rpm. The change in normal
force coefficient with propeller angle of attack for this propeller and operating
condition is 0.270. The propeller is mounted 9 feet 4 inches forward of the center
of gravity. Estimate the static margin in the linear lift range for the complete
airplane, including the effect of the fuselage and propeller.

Assume the following properties for the Spitfire Mark X VIII:

S, =244ft*, b,=3683ft, C; ,=462, C, =-0053
Arow ==2.20°, @gn =2.0° 1,=00ft, h,=-26ft,
Cp,, =0.01, Cp,z, =0.00, e, =1.00,
S, =31ft%, b, =10.64ft, C;, ,=4.06, C,,¢=0.000,
apon =0.0° gy =0.0° [, =18.16ft, h, =0.0ft,
Cp,, =0.01, Cp,s, =0.00, e, =1.00,
W =83751bf, & =0.60, Cpn, s =-0.55 1[,=-933ft h,=00ft

Including the effects of downwash but neglecting the propeller and fuselage, find
the elevator deflection and angle of attack required for trimmed level flight at sea
level for airspeeds of 100, 200, and 300 miles per hour. Also determine the lift
on the horizontal tail at level trim for the same airspeeds. Assume a tail
efficiency of 1.0 and account for the effects of drag and vertical offset as
discussed in Sec. 4.7. Compare the results with those obtained in problem 4.8.

Assume that the Spitfire Mark XVIII has the properties listed in problem 4.12.
With the controls fixed at the 200-mph trim condition, plot the pitching moment
coefficient as a function of angle of attack from —20 to +12 degrees. Include the
effects of wing downwash but neglect the effects of the propeller and fuselage.
Assume that neither the wing nor the horizontal tail stalls. Assume a tail
efficiency of 1.0 and account for the effects of drag and vertical offset as
discussed in Sec. 4.7. On the same graph plot the pitching moment coefficient as
obtained from the simplified analysis presented in Sec. 4.3.
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A small jet transport with an aft tail weighs 73,000 pounds. The wing and the
horizontal tail have the following properties:

S, =950 ft2, b,=75ft, C =430, aip,=-2.0° C,, =-0.050,
Sy =207 1t%, b, =31ft, Cp,4=4.00, & =051, C,,5 =-049,
I -1, =425t

The airplane’s main wing has a taper ratio of 0.35 and a quarter-chord sweep
angle of 15 degrees. The horizontal tail is mounted 17.5 feet above the wing and
has a symmetric airfoil section when the elevator is not deflected. The wing and
the horizontal tail are mounted so that when the airplane is in level flight with an
airspeed of 400 mph at an elevation of 30,000 feet, trim is attained with no
elevator deflection, no lift on the horizontal tail, and a zero angle of attack for the
fuselage reference line. Neglecting any moments associated with the thrust deck
and the fuselage, determine the location of the center of gravity, the mounting
angles for the wing and the tail, and the pitch stability derivative for the wing-tail
combination. Use the simplified analysis presented in Sec. 4.3 and assume a tail
efficiency of 1.0.

Including the effects of wing downwash, determine the static margin in the range
of linear lift for the wing-tail combination of the small jet transport that is
described in problem 4.14. Neglect any effects associated with the thrust deck
and the fuselage.

Two high-bypass-ratio turbofan engines power a small jet transport. Assume that
the airplane has the following properties:

S, =9501ft>, b,=75ft, Ry, =035 Cp ,=430, C, =-0.050,
Aw=15° auow=-2.0° ao,=15° 1,=07ft h,=-38f,
Cp,, =0.01, Cp, . =0.00, e, =0.95
S, =207 ft*, by =311t, Ry, =0.35 Cp,o=4.00, Cp,o=0.000,
Ay =15°, ap0p =0.0° aon=0.0° [, =432ft, h, =13.7f,
Cp,, =0.01, Cp, 1, =0.00, ¢, =0.96,

W =730001bf, & =0.51, C,, 5 =-049, [;=941ft, h, =241,
Cp,, =0.020, Cp, . =00, e=0.67

Including the effects of wing downwash but neglecting effects of the thrust deck
and fuselage, find the elevator deflection and the angle of attack required for
trimmed level flight at 30,000 feet for airspeeds of 300, 400, and 500 miles per
hour. Also determine the lift on both the wing and the horizontal tail at level trim
for the same altitude and airspeeds. Assume a tail efficiency of 1.0 and use the
simplified analysis that was presented in Sec. 4.3.
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4.17.

4.18.

4.19.

4.20.

4.21.

4.22.
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For the small jet transport described in problem 4.16, including the effects of
downwash, plot the elevator deflection required to trim the airplane at 400 mph as
a function of CG location measured relative to the quarter-chord of the main
wing. Neglect the effects of the thrust deck and fuselage.

The small jet transport described in problem 4.16 has a fuselage that is 78 feet
long. The point of maximum cross-section is located 37 feet aft of the nose, and
the center of gravity is also 37 feet aft of the nose. The maximum cross-sectional
area of the fuselage is 52 ft*. Estimate the static margin in the range of linear lift
for the complete airframe, including the effect of the fuselage.

Two high-bypass-ratio turbofan engines power the small jet transport that is
described in problem 4.16. When the airplane is flying at 400 mph, the engines
have an ideal propulsive efficiency of 0.64. The engine inlets are 9.4 feet aft of
the center of gravity. Estimate the static margin in the linear lift range for the
complete airplane, including the effect of the fuselage and thrust deck.

For the jet transport described in problem 4.16, including the effects of wing
downwash but neglecting effects of thrust deck and fuselage, find the elevator
deflection and the angle of attack required for trimmed level flight at 30,000 feet
for airspeeds of 300, 400, and 500 miles per hour. Also determine the lift on the
wing and horizontal tail at level trim for the same airspeeds. Assume a tail
efficiency of 1.0 and account for the effects of drag and vertical offset as
discussed in Sec. 4.7. Compare the results with those obtained in problem 4.16.

Assume that the wing and the horizontal tail of the small jet transport have the
properties listed in problem 4.16. With the controls fixed at the 400-mph trim
condition, plot the pitching moment coefficient as a function of angle of attack
from —20 to +12 degrees. Include the effects of wing downwash but neglect the
effects of the thrust deck and fuselage. Assume that neither the wing nor the
horizontal tail stalls. Assume a tail efficiency of 1.0 and account for the effects of
drag and vertical offset as discussed in Sec. 4.7. On the same graph plot the
pitching moment coefficient as obtained from the simplified analysis presented in
Sec. 4.3.

Estimate the maximum total lift coefficient and the minimum trimmed airspeed
for the wing-tail combination of the jet transport described in problem 4.16. The
maximum lift coefficient for the main wing is 1.40. The maximum lift
coefficient for the horizontal tail varies with elevator deflection according to

CLomax = 1.4+0.9555,

where &, is in radians. Consider maximum total lift coefficient and minimum
airspeed to be that for trimmed flight when either the wing or the horizontal tail
carries its respective maximum lift.
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A small jet transport of the wing-canard design weighs 73,000 pounds. The wing
and horizontal canard have the following properties:

S, =950 ft2, b,=75f, C, o=430, apo,=-2.0° C, =-0.050,

Sy=2191%, b, =361t, Cp4=430, don=-2.0°% Cpo=-0.050,
ly—ly=4258, £ =051, Cps =049

Both the main wing and canard have a taper ratio of 0.35 and a quarter-chord
sweep angle of 15°. The canard is mounted directly in front of the wing at the
same vertical level. The wing and canard are mounted so that when the airplane
is in level flight with an airspeed of 400 mph at an elevation of 30,000 feet, trim
is attained with no control surface deflection and a zero angle of attack for the
fuselage reference line. In the range of linear lift, the static margin for this wing-
canard combination is 5 percent. Neglecting any moments associated with the
thrust deck and fuselage, determine the location of the center of gravity, the
mounting angles for the wing and the canard, and the pitch stability derivative for
this wing-canard combination. Use the simplified analysis presented in Sec. 4.6
and assume a canard efficiency of 1.0. Include the effects of the upwash that is
induced on the canard by the main wing, but neglect all other vortex interactions
between the canard and the wing.

For the jet transport described in problem 4.23, recompute the mounting angles
and CG location, neglecting the upwash induced on the canard by the wing.

Two high-bypass-ratio turbofan engines power the jet transport that is described
in problem 4.23. Assume that the airplane has the following properties:

S, =950 ft*, b, =75ft, Ry =035 C; 4=430, C,, =-0.050,
Aw=15° row=-2.0° o, =15° [,=86f, h,=-381f,
Cp,. =0.01, Cp,,, =0.00, e, =095,

Sp=2191t>, b, =361, Ry, =035, Cp,q=430, C,,o=-0.050,
A =15° aon ==2.0° o, =2.0° I, =-3391t, h,=-38f,
Cp,, =0.01, Cp,z, =0.00, e, =0.95,

W =73,0001bf, £ =051, C,s =-049, [,=941ft, h; =241,
Cp,, =0.020, Cp, . =00, e=0.67

Including the effects of wing upwash but neglecting effects of the thrust deck and
fuselage, find the control surface deflection and angle of attack required for
trimmed level flight at 30,000 feet for airspeeds of 300, 400, and 500 miles per
hour. Also determine the lift on both the wing and the canard at level trim for the
same altitude and airspeeds. Assume a canard efficiency of 1.0 and use the
simplified analysis that was presented in Sec. 4.6.



438

4.26.

4.27.

4.28.

4.29.

4.30.
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For the small jet transport described in problem 4.25, including the effects of
upwash, plot the control surface deflection required to trim the airplane at 400
mph as a function of CG location measured relative to the quarter-chord of the
main wing. Neglect the effects of the thrust deck and fuselage.

The small jet transport described in problem 4.25 has a fuselage that is 78 feet
long. The point of maximum cross-section is located 37 feet aft of the nose and
the center of gravity is also 37 feet aft of the nose. The maximum cross-sectional
area of the fuselage is 52 ft’. Estimate the static margin in the range of linear lift
for the complete airframe, including the effect of the fuselage.

Two high-bypass-ratio turbofan engines power the small jet transport that is
described in problem 4.25. When the airplane is flying at 400 mph the engines
have an ideal propulsive efficiency of 0.64. The engine inlets are 9.4 feet aft of
the center of gravity. Estimate the static margin in the linear lift range for the
complete airplane, including the effect of the fuselage and thrust deck.

For the jet transport described in problem 4.25, including the effects of wing
upwash but neglecting the thrust deck and fuselage, find the control surface
deflection and the angle of attack required for trimmed level flight at 30,000 feet
for airspeeds of 300, 400, and 500 miles per hour. Also determine the lift on the
wing and canard at level trim for the same airspeeds. Assume a canard efficiency
of 1.0 and account for the effects of drag and vertical offset as discussed in Sec.
4.7. Compare the results with those obtained in problem 4.25.

Assume that the wing and canard of the small jet transport have the properties
that are listed in problem 4.25. With the controls fixed at the 400-mph trim
condition, plot the pitching moment coefficient as a function of angle of attack
from -20 to +12 degrees. Include effects of wing upwash but neglect the
effects of the thrust deck and fuselage. Assume that neither the wing nor the
canard stalls. Assume a canard efficiency of 1.0 and account for the effects of
drag and vertical offset as discussed in Sec. 4.7. On the same graph plot the
pitching moment coefficient as obtained from the simplified analysis presented in
Sec. 4.6.

Estimate the maximum total lift coefficient and the minimum trimmed airspeed
for the wing-canard combination of the jet transport described in problem 4.25.
The maximum lift coefficient for the main wing is 1.40. The maximum Ilift
coefficient for the canard varies with control surface deflection according to

Crymax = 1.4+0.9558,

where &, is in radians. Consider maximum total lift coefficient and minimum
airspeed to be that for trimmed flight when either the wing or the canard carries
its respective maximum lift.



4.11. Problems 439
4.32.  The turboprop transport shown in Fig. 4.11.3 has the following properties:

S, =1745ft%, b, =132.6ft, Ry, =057, Cp 4=5.16, Cn, =-0.050,
A, =0° Qrow=-2.0°% ag,=00° L,=-2.5Mft, h,=74ft,
Cp,. =0.01, Cp,.. =0.00, e, =0.96,

S, =528 %, by =5271, Ry, =035, Cpa=452, Cpuo=0.000,
Ay =7° aron =0.0° aop=-1.5° [, =445, h, =741,

Cpy, =0.01, Cp,z, =0.00, ¢, =097,

W =1550001bf, & =0.58, Cp,s =-049, [,=—11.9t, h,=621,
Cp,, =0.031, Cp,. =00, e=0.65

Including the effects of wing downwash but neglecting effects of the propellers
and fuselage, find the elevator deflection and the angle of attack required for
trimmed level flight at sea level for airspeeds of 200, 300, and 350 miles per
hour. Also determine the lift on both the wing and the horizontal tail at level trim
for the same altitude and airspeeds. Assume a tail efficiency of 1.0 and use the
simplified analysis that was presented in Sec. 4.3.

[u]n]

ooao D*

O 60

Figure 4.11.3. Turboprop transport described in problem 4.32.
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4.33.

4.34.

4.35.

4.36.

4.37.
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For the turboprop transport described in problem 4.32, including the effects of
downwash, plot the elevator deflection required to trim the airplane at 200 mph as
a function of CG location measured relative to the quarter-chord of the main
wing. Neglect the effects of the propellers, nacelles, and fuselage.

The turboprop transport described in problem 4.32 has a fuselage that is 87.9 feet
long. The point of maximum cross-section is located 41 feet aft of the nose and
the center of gravity is also 41 feet aft of the nose. The maximum cross-sectional
area of the fuselage is 173 ft*. Estimate the static margin in the range of linear lift
for the complete airframe, including the effect of the fuselage.

Four 4,910-horsepower constant-speed turboprop engines turning at 13,820 rpm
power the transport airplane described in problem 4.32. Each engine turns a 162-
inch propeller through a gear reduction assembly having a total reduction ratio of
13.54 to 1. The engines operate at constant rotational speed, independent of
flight speed. Changes in power requirements are met by changing the fuel flow
and propeller pitch. As the fuel flow is changed, an automatic control system
very precisely adjusts the propeller pitch to maintain constant engine rpm. For
level flight at sea level with airspeeds of 200, 300, and 350 mph, the change in
normal force coefficient with propeller angle of attack for these propellers and
operating conditions are 0.277, 0.721, and 1.025, respectively. The propellers are
mounted 11 feet 11 inches forward of the center of gravity. At all three of the
above airspeeds, estimate the static margin in the linear lift range for the complete
airplane, including the effect of the fuselage and propellers.

For the turboprop transport described in problem 4.32, including the effects of
wing downwash but neglecting effects of the fuselage, nacelles, and propellers,
find the elevator deflection and the angle of attack required for trimmed level
flight at sea level for airspeeds of 200, 300, and 350 miles per hour. Also
determine the lift on the wing and horizontal tail at level trim for the same
airspeeds. Assume a tail efficiency of 1.0 and account for the effects of drag and
vertical offset as discussed in Sec. 4.7. Compare the results with those obtained
in problem 4.32.

Assume that the wing and the horizontal tail of the turboprop transport have the
properties listed in problem 4.32. With the controls fixed at the 300-mph trim
condition, plot the pitching moment coefficient as a function of angle of attack
from —20 to +12 degrees. Include the effects of wing downwash but neglect
effects of the fuselage, nacelles, and propellers. Assume that neither the wing nor
the horizontal tail stalls. Assume a tail efficiency of 1.0 and account for the
effects of drag and vertical offset as discussed in Sec. 4.7. On the same graph
plot the pitching moment coefficient as obtained from the simplified analysis
presented in Sec. 4.3.



Chapter 5
Lateral Static Stability and Trim

5.1. Introduction

In Chapter 4 our consideration of static aircraft stability and trim was limited to what is
commonly called longitudinal motion, i.c., motion confined to the aircraft plane of
symmetry. For such motion, the total acrodynamic force can be resolved into a lift force
and a drag force, L and D, or a normal force and an axial force, N and 4, all of which fall
in the aircraft plane of symmetry. The only aerodynamic moment associated with
longitudinal motion is the pitching moment, m. The velocity vector associated with
longitudinal motion is completely defined by its magnitude, ¥, and angle of attack, a.
For general three-dimensional motion, there may be a component of velocity normal to
the aircraft plane of symmetry, which is called sideslip, and the aircraft may experience
aerodynamic moments in roll and yaw as well as in pitch.

Longitudinal motion involves three degrees of freedom; axial translation, normal
translation, and rotation in pitch. The other three degrees of freedom are commonly
called the lateral degrees of freedom. These are sideslip translation, rotation in roll, and
rotation in yaw. The longitudinal degrees of freedom constitute planar motion, which
has the great simplification of being two-dimensional. However, the lateral degrees of
freedom do not compose a planar motion and must be treated as three-dimensional.

There is some inconsistency in the literature regarding notation for the rolling
moment. Both L and / have been commonly used to signify the rolling moment. In this
text, a lowercase script ¢ will be used for the rolling moment to avoid confusion with
either the lift or a distance measured aft of the CG. The yawing moment is commonly
given the symbol N or n. Here, we shall choose n for the yawing moment, to avoid
confusion with the normal force. With this notation, all forces are represented with
uppercase letters and lowercase letters are used to denote all moments. By standard
notation the sideslip angle is given the symbol £ and the bank angle is denoted as ¢. The
sign convention for these moments and angles is shown in Figs. 5.1.1.

According to common practice, the aerodynamic coefficients for the rolling and
yawing moments are, respectively, defined as

!

Ch = ———— (5.1.1)
PN
and
= — (5.12)
7pVoowaw

Notice that by standard convention, the characteristic length used to nondimensionalize
the rolling and yawing moment is the wingspan, b,, while the pitching moment was
nondimensionalized with respect to the mean wing chord, ¢,,.
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fuselage

referenccizez

a A
v

Side View

Bottom View

Figure 5.1.1. Sign convention for the aerodynamic angles and the moments acting on an airplane
in free flight. (Photograph by Barry Santana)

At this point the reader should memorize the sign convention shown in Fig. 5.1.1. In
our study of longitudinal stability and trim we were concerned with one angle and one
moment: the angle of attack, @, and the pitching moment, m. It was quite easy to
remember that angle of attack is positive with the nose up, in the direction of increasing
lift. We then only needed to remember that the pitching moment is positive in the
direction of increasing angle of attack. For our study of lateral stability and trim, we have
now introduced two more angles and two more moments: the bank angle, ¢; the sideslip
angle, A, the rolling moment, /; and the yawing moment, n. There seems to be no
preferred direction for roll and yaw on which to base a sign convention. In fact, the
choice of sign convention is arbitrary as long as we are consistent. The need to be
consistent is the primary reason for defining and memorizing any sign convention.
Students are often confused by the sign convention for £ in Fig. 5.1.1. This confusion
stems from the fact that the pitching moment is positive in the direction of increasing
angle of attack, the rolling moment is positive in the direction of increasing bank angle,
but the yawing moment is positive in the direction of decreasing sideslip angle.
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The traditional way to remember the sign convention for angles or moments is to
use the right-hand rule relative to some right-hand coordinate system. In this case the
coordinate system is the (xp, ys,z,) system shown in Fig. 5.1.1. This coordinate
system is fixed to the body of the aircraft with the origin at the CG. The x,-z, plane is the
aircraft plane of symmetry. The x,-axis points forward and the z,-axis points downward.
The y;-axis must then point out the right-hand side of the airplane to complete the right-
hand coordinate system. Relative to this coordinate system, the aerodynamic moments 7,
m, and n are right-hand moments about the x;, y;, and z, axes, respectively.

Students are commonly confused by trying to apply a similar right-hand rule to the
angles ¢, a, and . The bank angle, ¢, in Fig. 5.1.1 is defined to be a right-hand rotation
of the airplane about the roll axis, x,. Similarly, a positive increase in angle of attack
could be thought of as a right-hand rotation of the airplanc about the pitch axis, y,.
However, to attain a positive sideslip angle, a left-hand rotation of the airplane about the
yaw axis, z,, is required. This could be viewed as an inconsistency in the sign convention
shown in Fig. 5.1.1 and it often leads to confusion. To resolve this confusion, we must
realize that the bank angle, ¢, is fundamentally different from the angle of attack, o, and
the sideslip angle, B Both « and £ are called aerodynamic angles because they are
defined with respect to the airplane’s velocity vector relative to the surrounding air. On
the other hand, ¢ is called an orientation angle, because it defines one component of the
airplane’s orientation relative to the earth. The bank angle, ¢, is completely independent
of the airplane’s velocity. We will later find it convenient to define two additional
orientation angles. Because of the fundamental difference between the aerodynamic
angles and the orientation angles, we should not expect the sign convention for fand ¢ to
be defined in exactly the same way. This still does not explain the difference between the
sign convention for « and £ when viewed as rotations about the y, and z, axes. To
resolve the confusion, we must think of sideslip not in terms of sideslip angle, but rather
in terms of sideslip velocity. The aircraft is defined to have positive sideslip when the
ye-component of aircraft velocity relative to the surrounding air is positive. This is
consistent with the sign convention for ¢, since a positive z,-component of aircraft
velocity relative to the surrounding air gives a positive angle of attack.

For equilibrium longitudinal motion, the side force, rolling moment, and yawing
moment must all be zero. All three of these equilibrium requirements can be naturally
satisfied with spanwise airplane symmetry. Furthermore, in level flight the gravity vector
is in the plane of symmetry and produces no side force. Hence, for a completely
spanwise symmetric airplane, there is no “fundamental” level flight trim problem in roll
or yaw. Level flight of a symmetric airplane is pure longitudinal motion. However, no
airplane can always be perfectly symmetric. Asymmetric loading, asymmetric thrust,
propeller rotation, or simply an asymmetric distribution of bugs on the wings can cause
either aerodynamic or inertial asymmetry. Thus, even for level flight, some provision
must be made for trimming the airplane in roll and yaw. Furthermore, if equilibrium
longitudinal motion is to be statically stable, the airplane must exhibit lateral static
stability as well as longitudinal static stability. This means that any small disturbance in
roll or yaw must produce an acrodynamic moment that will return the airplane to its
original longitudinal equilibrium. We shall now turn our attention to these aspects of
static stability and trim.
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5.2. Yaw Stability and Trim

Static yaw stability is provided primarily by the vertical tail and is defined as rotational
stability about the yaw axis, as shown in the bottom view of Fig. 5.1.1. This is also
commonly referred to as directional stability. In the early days of aviation, yaw stability
was called weathercock stability, in reference to the weathercocks that adorned the roof
of almost every barn in rural America. A weathercock points into the wind as a result of
the same aerodynamic principles that make an airplane stable in yaw. However, since the
word weathercock has little meaning in the experience of modern-day college students,
the more descriptive terminology yaw stability is used in this text.

If an airplane is to be statically stable in yaw, then a small disturbance in yaw must
produce a yawing moment that will tend to return the airplane to its original equilibrium
state. From Fig. 5.1.1, we see that a yaw disturbance resulting in a positive sideslip angle
requires a positive yawing moment to restore the disturbance to zero. Conversely, a
negative sideslip angle requires a negative restoring moment. Thus, in mathematical
terms, static stability in yaw requires that

in—>0

op

In dimensionless form, this gives the general criterion for static yaw stability,

aC,
op

= Cop > 0 (5.2.1)

The aerodynamic derivative, C, g, is the yaw stability derivative and is often called the
yaw stiffness. This is analogous to the pitch stability derivative, C,, The obvious
difference between Eqs. (5.2.1) and (4.2.8) is the sign. This difference in sign is simply a
result of the sign convention shown in Fig. 5.1.1.

It is very difficult to specify a general yaw stability criterion in terms of the
magnitude of C, s For typical airplane configurations, good handling qualities are
normally found with C, gin the range between about 0.06 and 0.15 per radian, with
0.03 being a reasonable lower limit. These values need to be increased for airplanes
with very high wing loading and low span. There is no direct upper limit for the
magnitude of C, 4. Usually, the more static stability an airplane has in yaw, the
better it will handle. This does not mean that there is no limit to the allowable size of
the vertical tail. The vertical tail also affects the handling qualities of an airplane through
certain dynamic characteristics that will be discussed later in this text. The size of the
vertical tail is not usually fixed by consideration of static stability. Fortunately, when the
vertical tail is sized based on control and dynamic handling quality requirements, which
will be discussed later, sufficient static stability is normally provided.

Static yaw stability is very similar to static pitch stability. When the center of
pressure acting normal to the plane of symmetry is aft of the center of gravity, any
sideslip angle will produce a pressure imbalance with a resultant force that acts aft of
the center of gravity. This causes the airplane to “weathervane” into the relative wind.
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An aft vertical tail provides static yaw stability in the same way that an aft horizontal tail
provides static pitch stability.

The yaw stability derivative, C, 5, is estimated in much the same way as the pitch
stability derivative, C,, .. It is synthesized by combining the contributions made by the
various components of the airplane. The major contributions are those made by the
fuselage, propeller, and vertical tail. The contributions from the fuselage and propeller
are typically destabilizing, but these are small and easily countered by the stabilizing
effect of an aft vertical tail. In contrast with pitch stability, an unswept wing has little
direct effect on static yaw stability and is usually neglected in preliminary calculations.

Effect of the Vertical Tail

When an airplane is flying with a positive sideslip angle as shown in the bottom view of
Fig. 5.1.1, the vertical tail is at an angle of attack to the freestream and develops lift, as is
shown in Fig. 5.2.1. The lift developed on the vertical tail as a result of positive sideslip
produces a side force from right to left, as also shown in Fig. 5.2.1. Since the vertical tail
is aft of the CG, this lift produces a positive yawing moment about the center of gravity.
This is a restoring moment, which tends to point the airplane into the relative wind and
return the sideslip angle to zero.

sidewash velocity o
relative wind

fuselage reference line

A~ center of gravity

Top View

Figure 5.2.1. Effect of sideslip on the aerodynamic yawing moment.
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If the vertical tail were isolated in a uniform flow field, the angle of attack for this
lifting surface would be equivalent to the sideslip angle, 8. However, when installed on
an airplane, the airflow relative to the vertical tail is modified in both magnitude and
direction. For example, the magnitude of the airflow relative to the vertical tail can be
decreased if the surface is in the wake of the wing or the fuselage. This magnitude can be
increased if the vertical tail is in the slipstream of a propeller or jet engine. The angle of
attack for the vertical tail can be modified by the slipstream of a propeller or by the
vorticity shed from the main wing.

As discussed in Chapter 2, the air in the slipstream of a propeller rotates as it moves
downstream. Since the vertical tail is usually above the axis of the propeller slipstream,
rotation of the slipstream will produce sidewash on the vertical tail, as is shown in
Fig 5.2.2. The effect of this sidewash on the vertical tail is analogous to the effect of
downwash on the horizontal tail. Sidewash is defined to be positive from left to right
as shown in Fig 5.2.1. Thus, if the propeller is rotating counterclockwise when viewed
from the front, the propeller slipstream will generate positive sidewash on a vertical tail
mounted above the slipstream axis. This produces a positive sidewash angle, &, which
reduces the sideslip angle felt by the vertical tail as shown in Fig. 5.2.1. The sidewash
angle induced on a centered vertical tail by the propeller of a single engine aircraft is
maximum when the sideslip angle is zero and decreases when £ becomes either positive
or negative. This affects the aircraft trim in yaw but has no effect on yaw stability.

The wingtip vortices can also induce sidewash on the vertical tail when the airplane
is flying with a sideslip angle. Since the wingtip vortices trail downstream with the
relative wind, when the airplane is in sideslip one vortex is closer to the tail than the
other. This is shown in Fig. 5.2.3. If the vertical tail is mounted above the wing, inboard
sidewash is induced by each wingtip vortex. When an airplane has zero sideslip angle,
the vertical tail is midway between the two wingtip vortices and the sidewash induced by
the right wing exactly cancels that induced by the left and the resulting sidewash angle is
zero. When the sideslip angle is positive, the vertical tail is closer to the right wingtip
vortex than it is to the left, as shown in Fig 5.2.3. Thus, the sidewash moving inboard
from the right is greater than that from the left and a negative sidewash angle is induced
by the wingtip vortices. Conversely, the sidewash angle induced on a high vertical tail by
the wingtip vortices is positive when the sideslip angle is negative. Since & is subtracted
from £ as shown in Fig. 5.2.1, the wingtip vortices add to the effect of sideslip and are
stabilizing, when the vertical tail is above the wing.

rotation of
slipstream

slipstream A
Front View Side View

Figure 5.2.2. Sidewash produced on a vertical tail by the propeller slipstream.
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O

l 9
Figure 5.2.3. Sidewash produced on a vertical tail by the wingtip vortices.

Multiple counterrotating propellers produce sidewash on the vertical tail in much the
same way as the wingtip vortices. If the engines that are mounted on the right rotate
clockwise, when viewed from the front, while the engines mounted on the left rotate
counterclockwise, then the propeller slipstream effect is similar to the wingtip vortex
effect. That is, the propeller slipstreams have no effect on trim but have a stabilizing
effect on an aft vertical tail mounted above the propeller axis. If these propellers were to
each rotate in the opposite direction, then there would still be no effect on trim, but the
slipstreams would be destabilizing for a high vertical tail.

For small sideslip angles, the sidewash angle on a vertical tail can be considered to
be a linear function of S,

& = &0+ Esp (5.2.2)
where & is the sidewash angle at zero sideslip and &, 4is the sidewash gradient,

ey = 2 (5.2.3)

op

For small angles of attack and rudder deflection, the lift developed on the vertical tail is
linear with both angle of attack and rudder deflection angle, .. By usual convention, a
Jeftward deflection of the rudder is defined to be positive, as shown in Fig. 5.2.1.
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Thus, positive deflection of an aft rudder produces a rightward increment in the lift
developed on the vertical tail and a negative increment in the aerodynamic yawing
moment for the airplane.

Using standard sign convention, the contribution of the vertical tail to the yawing
moment is

(an), = Lpr28,[0.Cp o(f~&5—6,6,)+E,Cn, 5, 5] (5.2.4)

where ¥, is the local magnitude of the relative airspeed at the position of vertical tail,
Cy, .« 1s the lift slope for the vertical tail, & is the rudder effectiveness, ¢, is the mean
chord length of the vertical tail, and C,,, s, is the change in the moment coefficient for
the vertical tail with respect to rudder deflection. Applying Eq. (5.2.2) and nondimen-
sionalizing Eq. (5.2.4) by utilizing the definition in Eq. (5.1.2), the contribution of the
vertical tail to the yawing moment coefficient can be estimated from

Sl
Sywby

(ACn )v =1y l:CL‘.,(X (1 —8s,lb’)vﬂ_cL‘,,a€sO _(ngLv,a —?—vcmh(&‘,. )é}jl (525)

where 7, is the dynamic pressure ratio for the vertical tail, which is analogous to that for
the horizontal tail and may be handled in the same way. The ratio S,/,/S.b, is called
the vertical tail volume ratio,

Syly

7 =
Suby

(5.2.6)

and is analogous to the horizontal tail volume ratio.
From Eq. (5.2.5), the contribution of the vertical tail to the yaw stability derivative or
yaw stiffness is

SVIV
(4C 5 )v =1 Eb—CL‘,,a (I-&5.5)v (5.2.7)

As long as the vertical tail is aft of the center of gravity, /, and this contribution to the
yaw stability derivative are both positive. Thus, an aft vertical tail is always stabilizing.

Equation (5.2.5) also provides us with the contribution that the rudder makes to the
yaw control derivative,

oC, Sl C
ns, = = -y —25CL a2 Chs 52.8
C 0, a5r n waw (8 Ly.a lv mnorj ( )

The aerodynamic derivative C,, s, 1s always negative. Thus, the change in the airplane
yawing moment coefficient with rudder deflection is always negative for an aft rudder,
when leftward deflection of the rudder is considered to be positive.
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The sidewash gradient, &; 4, is typically negative and thus increases the stabilizing
effect of the vertical tail. The sidewash gradient resulting from multiple propellers is
difficult to estimate with any degree of accuracy and is usually neglected in preliminary
design. The sidewash gradient produced by the wingtip vortices can be estimated using
the same vortex model that was used in Chapter 4 to estimate the downwash gradient for
the horizontal tail.

The lift slope for the vertical tail, C;, ., is not as easy to estimate as one might at
first expect. We have previously used the closed-form solution to Prandtl’s lifting-line
theory to estimate the lift slope for the wing and the horizontal surface. However, the
fuselage and the horizontal tail have a significant effect on the apparent aspect ratio of the
vertical tail. These surfaces of the airplane act like winglets for the vertical tail and
inhibit vortex shedding, thereby increasing the lift produced at a given angle of attack.
The lift slope for a vertical tail in combination with a horizontal tail can be accurately
estimated using the numerical lifting-line method or from a three-dimensional panel code.
However, prior to such calculations, a very rough estimate for this lift slope can be made
from the closed-form solution to Prandtl’s lifting-line theory by using an effective aspect
ratio that is between about 1.4 and 1.6 times the actual geometric aspect ratio. The lift
slope for the vertical tail is sensitive to the geometry of the horizontal tail, so this rough
estimate should be used with caution.

Effect of the Fuselage and Nacelles

The contribution of the fuselage and nacelles to the static yaw stability of an airplane is
very similar to their contribution to pitch stability and is typically destabilizing. In some
cases this destabilizing effect can be quite significant. Thus, the fuselage and nacelles
should be included in the yaw stability analysis during all phases of the airplane design
process.

To accurately estimate the yawing moment produced on the fuselage and nacelles,
we must make use of computer simulations and/or wind tunnel tests. However, as a first
approximation for preliminary design, the effect of the fuselage and nacelles on yaw
stability can be estimated using the method presented in Sec. 4.8. From this approximate
experimental correlation, a rough estimate of the fuselage yawing moment coefficient
about the airplane center of gravity is given by

32

. I d

Cop = B =7 1—1.76[—f) i (5.2.9)
7,0V00 Srey Cr cr

where again S; is the maximum cross-sectional area of the fuselage, ¢ is the chord length
of the fuselage, /;is the distance that the fuselage center of pressure is aft of the airplane
center of gravity, and dy is the diameter of a circle having the same arca as the maximum
cross-sectional area of the fuselage. The observed difference in sign between Egs. (5.2.9)
and (4.8.1) is simply a function of the sign convention defined in Fig. 5.1.1.

The characteristic area for the complete airplane is the wing area and the
characteristic length for yaw is the wingspan. Thus, the contribution of the fuselage to
the total airplane yawing moment coefficient can be approximated by multiplying the
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result from Eq. (5.2.9) by the product Sy¢,and dividing by the product S,b,. This gives a
result very similar to Eq. (4.8.3),

ne. Srcy
AC,), = € =2 e, = (4C, 5.2.10
( )_/ %prgwaw S.by " ( ,ﬂ)f s ( )
where
32
Syly dy
AC, ), = 2——|1-1.76| — 2.11
(4C,. ), waw{ 76(”. (5.2.11)

By comparing Eq. (5.2.11) with Eq. (4.8.6), we can see that this approximation predicts a
fuselage contribution to the yaw stability derivative that is related to its contribution to
the pitch stability derivative according to

(4Cp )_,- = —(ACpq )f Z—W (5.2.12)

W

The contribution of the nacelles to the yaw stability derivative can be approximated in
exactly the same manner. Since the fuselage and nacelles are normally symmetric in the
spanwise direction, they do not typically contribute to aircraft trim in yaw.

Because the fuselage and nacelles are not necessarily axisymmetric and the flow
induced by the wing is far from being axisymmetric, Eq. (5.2.12) should only be used
as a rough first approximation. The aerodynamic forces and moments generated on
the fuselage and nacelles are extremely complex and are significantly affected by
aerodynamic interactions with the wing and the tail. It is important to remember that
Eq. (5.2.12) gives only a very rough estimate of the contribution to the yaw stability
derivative generated by the fuselage and nacelles. It should only be used as a first
approximation for preliminary design. Wind tunnel tests and/or computer simulations
should always be used to evaluate this derivative in the later phases of design.

Effect of Rotating Propellers

A propeller can affect both the trim and static stability of an airplane in yaw. As shown
in Fig. 5.2.4, a rotating propeller advancing through the air so that the axis of rotation
makes some angle with the freestream can produce both a side force, Y, and a yawing
moment, #,, in addition to the thrust, 7. From the geometry shown in Fig. 5.2.4, the
yawing moment that the propeller produces about the airplane’s center of gravity is

Reg, = Hp—YppT —1pY, (5.2.13)
where y,, is the spanwise distance from the CG to the propeller axis, measured positive to

the right. For consistency, we are defining /, as the axial distance that the propeller is
mounted aft of the CG. For the airplane in Fig. 5.2.4, , is negative.
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Figure 5.2.4. Side forces and yawing moment generated by a rotating propeller.

The yawing moment computed for each propeller from Eq. (5.2.13) can be added to
the yawing moment obtained for all of the other airplane components to determine the
yawing moment for the complete airplane. Thus, the contribution of each propeller to the
total yawing moment coefficient is found by nondimensionalizing Eq. (5.2.13),

n n I Y,
(ac,), = —Fr— = Lr I T 2T (5514
7pVoowaw 7,0Voowaw by, %pVooSw by, %pVooSw

With all engines operational, the total thrust will usually be symmetrically distributed in
the spanwise direction and the net contribution of the thrust term in Eq. (5.2.14), for all
propellers combined, will typically be zero. However, this term is retained here to
account for the possibility of engine failure. For small thrust angles the total equilibrium
thrust from all propellers combined is nearly equal to the drag. Thus, the contribution of
each propeller can be closely approximated from Eq. (5.2.14) as

A Ybp lp Yp
AC, _ P - fCp - —L£ (5.2.15)
( )p %pVogswa b, b by, %pVOgSW

where f7 is the thrust fraction provided by the propeller.
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Following the material presented in Chapter 2, the propeller yawing moment and
side force are conventionally expressed in terms of the dimensionless aerodynamic
coefficients,

Ap

C”n 2 45
plw/2m)* d,

W

(5.2.16)

Y,
Cy, 2 44
olw)2m) d?

il

(5.2.17)

where d, is the propeller diameter and @ is the angular velocity. The yawing moment
coefficient is linearly proportional to the propeller angle of attack, o,

Cp, = Chatp (5.2.18)
and the side force coefficient is linearly proportional to the propeller sideslip angle, £,

Cv, = Cv, 5 Bp (5.2.19)
The coefficients C,,, and Cy, s depend on propeller geometry and advance ratio, J,

_ 27V

J
wd,

(5.2.20)

Because the propeller is axisymmetric, the side force is related to the sideslip angle in the
same way that the normal force is related to the angle of attack,

Cy

.2

s =-Cyna (5.2.21)
Here again the negative sign in Eq. (5.2.21) is simply a result of the sign convention
shown in Fig. 5.1.1. The reader should examine Fig. 5.1.1 carefully and be sure that the
sign in Eq. (5.2.21) can be justified.

Using Egs. (5.2.16) through (5.2.21) in Eq. (5.2.15), the direct contribution of the
propeller to the total airplane yawing moment coefficient is

2d; Chpar
Swbyw J?

2d31, C,
Swbw J?

(4ac.), = ap ——i”lfr Cp+ By (5.2.22)

The dimensionless yawing moment gradient and the dimensionless normal force gradient,
which appear in Eq. (5.2.22), depend on the propeller geometry as well as the advance
ratio. For known propeller geometry, these coefficients can be determined as a function
of advance ratio using the method presented in Chapter 2. In addition to the direct
contribution of the propeller, the interaction of the propeller slipstream with the vertical
tail can produce a significant yawing moment, as shown in Fig. 5.2.2.
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Both the propeller angle of attack and sideslip angle in Eq. (5.2.22) can be affected
by the airflow around the wing. Recall from Eq. (4.9.10) that the angle of attack that the
propeller axis makes with the local relative airflow can be written as

A, = A—Eg + A (5.2.23)
p ip P

where « is the airplane angle of attack relative to the fuselage reference line, &, is the
local downwash angle at the position of the propeller, and ¢, is the angle that the
propeller axis makes with the fuselage reference line. Likewise, as was the case for the
vertical tail, the propeller sideslip angle depends on the sidewash generated by the wing,

By = B-&y (5.2.24)

where £ is the airplane sideslip angle relative to the fuselage reference line and &, is the
local sidewash angle at the position of the propeller.

Using Egs. (5.2.23) and (5.2.24) with Eq. (5.2.22), the direct contribution of the
propeller to the total airplane yawing moment coefficient can be written as

(4c,), = (ACw), +(ACna),a+(4Cs5), B (5.2.25)
where
2d> C,
(4Cu), = < J’;’” (aop—edop)—z”” frCo (5.2.26)
2d3 C
(4Ca), = g (-caa)p =5~ (5.227)

CNp,a

2d31
(Acn,ﬁ)p = S pbp (1_85’ﬂ)l7

(5.2.28)
&np 1s the propeller downwash angle with the fuselage reference line at zero angle of
attack, (&;4), is the downwash gradient at the position of the propeller, and (&, g), is the
sidewash gradient at the position of the propeller. For a propeller that is mounted
forward of the wing, the sidewash gradient is small and can usually be ignored.
However, when the propeller is mounted aft of the wing, the effects of sidewash
should be considered.

Equation (5.2.28) provides the propeller’s direct contribution to the total airplane
yaw stability derivative. Since the change in the normal force coefficient with angle of
attack is positive, if the propeller is forward of the center of gravity, /, is negative and the
propeller contribution to the yaw stability derivative is destabilizing. If the propeller is
aft of the center of gravity, /, is positive and the propeller contribution to the yaw stability
derivative is stabilizing.
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Notice from Eq. (5.2.25) that the yawing moment contributed by a rotating propeller
depends on angle of attack as well as sideslip angle. Thus, rotating propellers can affect
trim in yaw as well as yaw stability. The direct contribution of a rotating propeller to the
airplane yawing moment coefficient at trim is found from Eq. (5.2.25) by setting the
sideslip angle to zero and the angle of attack to the equilibrium angle of attack, «,. This
gives

2d; Cua

= Ve
P Swby J2

5 2 frCp  (5.2.29)

(AC”lnm ) [a(]p - 5d0p + (] - gd,ll)p a()] -

The slipstream effects shown in Fig. 5.2.2 can add significantly to the trim requirement
specified by Eq. (5.2.29).

The change in propeller yawing moment coefficient with propeller angle of
attack is negative for right-hand turning propellers and positive for left-hand
turning propellers. Since y;, is positive for propellers mounted to the right of center and
negative for propellers mounted to the left of center, for a multiengine airplane the
trim requirement in yaw can be eliminated by using counterrotating propellers. If
the engine locations are symmetric in the spanwise direction and those on the left rotate
in one direction while those on the right rotate in the opposite direction, the net propeller
trim requirement specified by Eq. (5.2.29) will be zero. Since the change in propeller
normal force coefficient with propeller angle of attack is positive for both right- and
left-hand turning propellers, the use of counterrotating propellers does not affect
yaw stability. For a multiengine aircraft, the most significant trim requirement predicted
by Eq. (5.2.29) occurs under conditions of engine failure. The need to be able to trim a
multiengine aircraft with one or more engines inoperative usually provides the most
restrictive constraint on rudder size.

For a single-engine aircraft with the propeller axis in the plane of symmetry, there is
a yawing moment generated by the propeller at zero sideslip if the propeller angle of
attack is not zero. Some rudder deflection is required to trim the airplane against this
yawing moment. For an airplane with low thrust-to-weight ratio, this trim requirement is
small. However, for a very high-powered propeller-driven airplane, such as the fighter
aircraft of World War I, the rudder deflection needed to trim the airplane against the
propeller yawing moment can be quite substantial at high angles of attack.

EXAMPLE 5.2.1. The airplane described in Examples 4.4.1, 4.8.1, and 4.9.1 has
a vertical tail area of 11.9 ft* and the acrodynamic center of the vertical tail is
14.81 ft aft of the CG. For the operating conditions in Example 4.9.1, estimate the
yaw stability derivative for this airplane, including the effects of the fuselage and
propeller. Assume that the dynamic pressure ratio for the vertical tail is 1.0, the
sidewash gradient is —0.10, and the lift slope for the vertical tail is 3.40.

Solution. From Example 4.9.1 and the additional information presented here,

S, =1801ft>, b, =33ft, c,=5455ft, Cr,o=444, [,=-0.711,
S, =36 ftz, CL;,,a =3.97, [, =14.291t, m =1.0, (8,1,,1);, =0.44,
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(ACa), = 0.1216, d, =T74in, [, =-9ft, Cy,a=004, J=04858,
S, =119, Cp.=3.40, I, =14811ft, 7,=1.0, (&) =-0.10

From Eq. (5.2.7), the contribution of the vertical tail to the total yaw stability
derivative is

(Acn,ﬂ)v =1 g‘jll)v CLv,a(l—gsﬁ)v

11.9(14.81)
180(33)

=1.0 3.40[1-(-0.10)] = 0.1110

and from Eq. (5.2.12), the contribution of the fuselage is approximated as

C

(Acﬂ-ﬂ)_/ = _(Acm,a)fb— = —0.121

W

5455
6—— = -0.0201
33

Since the propeller is forward of the wing, we can neglect the sidewash gradient,
and from Eq. (5.2.28), the propeller contribution to the yaw stability derivative is

2d21 Cn,.a
(4C.p), = Swa: (=&ep)p —5—
2(74/12)*(-9.0) 0.04
= 2808 A7) (1-0.0) 2% = _0.0195
(180)(33) 0.48582

Thus, a reasonable first estimate for the yaw stability derivative of this airplane is

Copp = (4C, p), +(4C, ), +(4C p),
= 0.1110-0.0201-0.0195 = 0.071

EXAMPLE 5.2.2. The vertical tail of the airplane in Example 5.2.1 has a mean
chord of 2.0 ft, the rudder effectiveness is 0.56, and the change in the moment
coefficient for the vertical tail with respect to rudder deflection is —0.51. The
change in the propeller yawing moment coefficient with respect to propeller angle
of attack is —0.013. Assuming that the propeller is mounted with the axis of
rotation aligned with the airplane’s zero-lift axis, estimate the rudder deflection
required to trim the airplane for zero sideslip against the yawing moment produced
directly by the propeller in steady level flight at sea level and 80 mph. If no rudder
deflection is used, estimate the equilibrium sideslip angle.

Solution. For this airplane we have

S, =180ft%, b,=33ft, &,=5455f, C, ,=444, 1,=-07If,
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Sy =360, Cp,.=397, 1,=14291, 7, =1.0, (£s4)s =0.44,
d,=T4121, 1,=-9f, (s44),=-0.165, C, o=-0.013, J=04858,

S, =119, Cp =340, I,=1481fi, 7,=10, (g.4), =-0.10,
¢, =2.0ft, £ =056, Cns =-051, V=80mph, W =2,700Ibf

From Eq. (5.2.8), the yaw control derivative for this airplane is

SVIV _V
Crs, =~ S.b,, (‘WCLHa —%Cmv.é}j
11.9(14.81) ( 2.0 j
= —1.0——=—210.56(3.40)——=—(-051) | = -0.059
180(33) ( ) 14.81( )

The rotating propeller produces the only change in the airplane’s yawing moment
coefficient with respect to angle of attack. From Eq. (5.2.27) we have

24} Co
Cn,a = (ACn,a)p = S bp (l-gd,a)p_:;z_

3
_ 2(74/12) [1=(~0.165)] -0.013

= —~0.0051
180(33) 0.48582

The lift slope for the complete airplane can be estimated as

CL,a

S
Croat S—h MCrya(1=€4.0)n

= 4.44+%1.0(3.97)(1—0.44) = 488

With a level-flight airspeed of 80 mph at sea level, the lift coefficient is

c - W __ 2,700

= = >— = 0.9168
Lpr2s,  10.0023769(80x5,280/3,600)*180

and the angle of attack relative to the zero-lift line is

C. _ 09168
Cro. 488

a = = 0.1879 = 10.76°

Since the propeller rotation axis is aligned with the zero-lift line, a zero yawing
moment with zero sideslip requires that

Coad+Cns 8 =0
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or

Cy ~0.0051
5 = ——22 g = 20O 15560 - _g 930
Cro, ~0.059

In a similar manner, if the rudder deflection is zero, the propeller yawing
moment must be balanced with sideslip,

C,,,a 0(+C,,’/j' ,3 =0
From Example 5.2.1, C, ;= 0.071 and

Cra —0.0051
= —zne g o 20006 760 = 0770
F=-c,° 0.071 !

From Example 5.2.2, we see that negative rudder deflection is needed to trim the
airplane for straight and level flight against the yawing moment produced by the
conventional right-hand turning propeller. From the sign convention shown in Fig. 5.2.1,
we see that negative rudder deflection corresponds to a deflection of the rudder to the
right. This is commonly referred to as right rudder, not specifically because the rudder is
deflected to the right, but because this is the rudder deflection required to yaw the nose of
the airplane to the pilot’s right.

In Example 5.2.2, we included only the direct yawing moment that was produced by
the propeller. The propeller slipstream can also interact with the vertical tail to produce
an additional yawing moment. As can be seen in Fig. 5.2.2, the rotation of the slipstream
can induce sidewash on the vertical tail. For the conventional right-hand turning
propeller shown in this figure, the sidewash on a conventional high vertical tail is from
left to right. This changes the angle of attack for the vertical tail and produces a side
force to the right. Since the vertical tail is aft of the CG, this produces a moment that
tends to yaw the airplane to the left. This adds to the yawing moment produced directly
by the propeller and increases the amount of right rudder needed to trim the airplane. In
some cases, this slipstream effect can be as large or larger than the direct effect from the
propeller itself, so a few degrees of right rudder can be required to trim a single-engine
propeller-driven airplane for straight and level flight.

Most single-engine propeller-driven airplanes with a conventional right-hand turning
propeller will require some right rudder for trim. If this rudder deflection is not applied,
the airplane will yaw to the left. Even more right rudder is required during takeoff, when
the engine is at full power and the propeller advance ratio is low. This effect is more
pronounced in a tail dragger because during the first phase of the ground roll, the
propeller angle of attack is quite high, as seen in Fig. 5.2.5. Once the minimum ground
control speed is reached, the pilot can raise the tail, reducing the propeller angle of attack
and the required rudder deflection. However, even if the tail is raised enough to reduce
the propeller angle of attack to zero, some right rudder is still required to offset the
slipstream effect.
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Figure 5.2.5. Tail-dragger landing gear typically results in a large propeller angle of attack on
takeoff. (Photograph by Barry Santana)

For a tail dragger with very high power-to-weight ratio, such as the P-51 Mustang
shown in Fig. 5.2.5 or the Spitfire Mark XVIII shown in Fig. 4.11.2, the yawing moment
produced by the propeller can limit the power that can be used on takeoff. Even with full
rudder deflection, it is not possible to hold the Spitfire Mark XVIII on the runway if full
power is applied before the tail is raised. Most pilots did not apply full power until the
spitfire was in the air.

Floatplanes also require a great deal of right rudder during the first phase of the
takeoff run, because as full power is applied, the tail is held down with full up elevator
to keep spray away from the propeller, as shown in Fig. 5.2.6. This results in a very
high propeller angle of attack, which for a conventional right-hand propeller produces a
large yawing moment to the left. As the speed increases, the airplane “comes up on the
step,” as shown in Fig. 5.2.7. This reduces the propeller angle of attack and the required
rudder deflection.

S e

e SRR S hrak Tyt m:@www—‘ e —
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Figure 5.2.6. A floatplane requires ample right rudder on takeoff. (Photograph by Lona Santana)



5.2. Yaw Stability and Trim 459

Figure 5.2.7. A floatplane requires less right rudder once it comes up on the step and the propeller
angle of attack is reduced. (Photograph by Lona Santana)

For any propeller-driven airplane that does not have balanced counterrotating
propellers, the yawing moment produced by the propeller or propellers increases with
increasing angle of attack. Thus, the rudder deflection required to trim the airplane
against the propeller yawing moment will vary with angle of attack. Since the angle of
attack for an airplane in free flight depends on airspeed, rudder deflection at trim is a
function of airspeed as well.

Effect of the Wing and Horizontal Tail

As mentioned earlier, an unswept wing has little direct effect on the static yaw stability of
an airplane. Generally, the wing’s contribution to yaw stability is small and can be
neglected in the preliminary design phase. However, if the wing and/or horizontal tail are
highly swept, they can contribute to the yaw stability derivative.

When an airplane with swept-back wings yaws to the left with respect to the velocity
vector, each section of the right wing is moved farther from the line of flight that passes
through the center of gravity. Conversely, each section of the left wing is moved closer
to this line of flight. This can be seen in Fig. 5.2.8. If the wing has a quarter-chord
sweep angle of A, the distance measured parallel to the wing quarter-chord from the CG
to the wing section located at the spanwise coordinate, y;, can be expressed as y,/cos(A).
Since drag always acts parallel with the relative wind, the yawing moment arm for the
section drag acting on any particular wing section is the perpendicular distance from the
line of flight passing through the CG to the given wing section. The yawing moment arm
for the drag is then y,cos(A - f)/cos(A) on an arbitrary section of the right wing and
vpcos(A+ f)/cos(A) on an arbitrary section of the left wing. Thus, the wing’s
contribution to the airplane yawing moment coefficient can be written as

by/2

0
.~ Mdyb + ICWEDW
yp=0

Oy )
( )“ )"b=.—[:.:‘f2 A S\b,, cos(A)

¥b cos(A—f)

5.2.30
S, eaut Ay e 120
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Figure 5.2.8. Wing sweep can affect the static yaw stability of an airplane.

where the section drag coefficient in Eq. (5.2.30) includes both parasitic and induced
drag. For small angles of sideslip, we can use the small-angle approximations,

cos(A+ f) = cosAcos f—sinAsin f = cosA—fsinA
cos(A—ff) = cosAcos f+sinAsin f = cosA+ fsinA

and Eq. (5.2.30) can be closely approximated as

| bl2 N ,3 tan A by/2 -
(ac,), = S I YoewCp, dyy + o= j |s|ewCo, dve (5.2.31)
WEW pp=—bl2 WOW b2

Typically, both the wing chord and section drag coefficient will vary with y,.
The contribution of the wing to the aircraft yaw stability derivative is found by
differentiating Eq. (5.2.31) with respect to . At £ =0, this gives

| b, /2 65D tan A by /2 -
(4C,4). = [ yoew —p=dyy +222 [|yslenCo,dvy  (5.232)
v Suby yo=—bu/2 B Swbu Yo=—b/2

The total section drag coefficient and its derivative with sideslip angle are complex
functions of the spanwise coordinate, y,, and depend on the wing planform shape, sweep,
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and dihedral, as well as the aerodynamic interaction with the fuselage. Since there is no
closed-form solution for the spanwise distribution of induced drag acting on a swept
wing, neither of the two integrals on the right-hand side of Eq. (5.2.32) can be evaluated
analytically. Computer simulations or wind tunnel tests must be employed to accurately
determine the effect of the wing and horizontal tail on the yaw stability derivative.
However, by examining Eq. (5.2.32), we can determine the sign of this contribution.

Wing sweep is defined to be positive when the wings are swept back, placing the
wingtips aft of the wing root. The second term on the right-hand side of Eq. (5.2.32) will
always have the same sign as tanA. Thus, this term is stabilizing when the wings are
swept back and destabilizing when the wings are swept forward.

The sign of the first term on the right-hand side of Eq. (5.2.32) depends on the sign
for the change in section drag coefficient with respect to sideslip angle. For small
sideslip angles, the section parasitic drag is nearly independent of sideslip angle, so the
first term on the right-hand side of Eq. (5.2.32) is dominated by induced drag. Recall
that the local lift at any point on a lifting surface is proportional to the cross product of
the local velocity and vorticity vectors. The vorticity on the wing is roughly parallel to
the wing quarter-chord and the local velocity is roughly parallel to the freestream. From
Fig. 5.2.8, we see that as an airplane with positive sweep yaws to the left (positive ), the
right wing becomes more perpendicular to the velocity vector and the left wing becomes
less perpendicular to the velocity vector. Since the cross product is largest when the two
vectors are at 90 degrees to each other, a positive sideslip angle will increase the lift and
induced drag on the right wing and reduce the lift and induced drag on the left wing.
Thus, for a wing that is swept back, the change in section drag coefficient with respect to
sideslip angle is positive on the right wing (positive y,) and negative on the left wing
(negative y;,). So, for a wing with positive sweep, the product of the spanwise coordinate
and the change in section drag coefficient with sideslip angle is always positive. For a
wing with negative sweep, this product is always negative. As a result, the first term on
the right-hand side of Eq. (5.2.32) is also stabilizing when the wings are swept back and
destabilizing when the wings are swept forward.

Since both terms on the right-hand side of Eq. (5.2.32) have the same sign as the
sweep angle, positive sweep is stabilizing in yaw and negative sweep is destabilizing.
For most conventional airplanes with an aft tail, static yaw stability is dominated by the
vertical tail. However, for a tailless aircraft, wing sweep is about the only parameter that
the designer can vary to provide passive yaw stability. For this reason the wings of a
tailless aircraft are almost always swept back. Because of the associated symmetry,
sweep in the wing and horizontal tail of a conventional airplane has no effect on the
airplane trim in yaw.

Dihedral in the main wing and horizontal tail can also affect the static yaw stability
of an airplane. However, these effects are quite complex and intimately coupled with the
effect of wing sweep and side flow about the fuselage. Here again, computer simulations
or wind tunnel tests must be employed to accurately determine the effect of wing and tail
dihedral on the airplane yaw stability derivative. Fortunately, dihedral effects on yaw
stability are small and dihedral has no effect on airplane trim in yaw. Dihedral affects
roll stability to a much greater extent than it affects yaw stability and will be discussed in
greater detail under that heading.
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5.3. Estimating the Sidewash Gradient on a Vertical Tail
The sidewash induced on the vertical tail by the wingtip vortices from the main wing can
have a significant effect on the static yaw stability of an airplane. For a vertical tail
mounted above the main wing, the sidewash gradient is negative and has a stabilizing
effect on the airplane. The sidewash gradient produced by the wingtip vortices can be
estimated using the same vortex model that was used in Chapter 4 to estimate the
downwash gradient for the horizontal tail. Figure 5.3.1 shows this vortex model in
relation to a vertical tail mounted above the main wing.

Relative to the aerodynamic coordinate system shown in Fig. 5.3.1, the z-component
of velocity induced by this pair of wingtip vortices, at the arbitrary point in space (x,y,z),
1s readily found from the Biot-Savart law to be

1 20
x—=b'tan A
= % 2 - | =
TP - Lo tan ) 4y (2 b

(5.3.1)
~ y - x—%b'tan/l
,V2+(z—%b')2 J(?—%b'tan/l)2+y2+(z—%b')2

From the vortex lifting law, the wingtip vortex strength is proportional to the product of
the wing lift coefficient and airspeed. The vortex strength, 7,,, and spacing, b', can be
evaluated from Prandtl’s lifting-line theory.

Figure 5.3.1. Vortex model used to estimate the sidewash gradient for the vertical tail.
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Since we are using the sign convention that sidewash is positive from left to right,
combining Eq. (5.3.1) with Prandtl’s lifting-line theory and applying the small-angle
approximation, the sidewash angle can be written as

V.
& = ———
Veo
C v ¥
SCPLUN S R % tand (53.2)
T R4, |V +(Z-Kp) \/Zf—rchtanA)2+)72+(‘z‘—Kh)2
j/— 1 E_Kbtan/l
5243 i 2, =2 2
Y H(Z+Ks) \[(J?—K;,tanA) + 72 +(Z+Kp)

where C;_ and R, are the lift coefficient and aspect ratio for the wing and

F=—X y=
by/2’

= _Z
Z =

Y
by/2’ b2

The parameters &, and x;, depend on the planform shape of the wing. The vortex strength
factor, x;, is a ratio of the wingtip vortex strength to that generated by an elliptic wing
having the same lift coefficient and aspect ratio. The vortex span factor, xj, is defined as
the spacing between the wingtip vortices divided by the wingspan.

For a wing with no sweep or dihedral, both «; and x;, can be determined analytically
from the classical series solution to Prandtl’s lifting-line equation. For an elliptic wing
with no sweep, dihedral, or twist, &, is 1.0 and x;, is #74. For an unswept tapered wing
with no dihedral or twist, «; and «; are related to the aspect ratio and taper ratio as shown
in Figs. 4.5.2 and 4.5.3. A rough first approximation for swept wings can be made by
assuming that x; and x;, are independent of sweep.

Equation (5.3.2) can be directly applied to determine the sidewash angle only when
the sideslip angle, /3, is zero and the aircraft plane of symmetry is midway between the
two trailing vortices. When the airplane has some component of sideslip, the wingtip
vortices are displaced relative to the position of the vertical tail, as shown in Fig. 5.3.2.
For small sideslip angles, Eq. (5.3.2) gives a very close approximation for the sidewash
angle, if the z-coordinate, measured from the aircraft plane of symmetry, is replaced with
the z'-coordinate, measured from the centerline midway between the two wingtip
vortices, as shown in Fig. 5.3.2. Using the small-angle approximation, the z’-coordinate
is related to the z-coordinate according to

Z(B) = zcos f—(x—Lb'tanA)sin f = z—(x— b tan A)f
or

Z(B) = T—(¥—Kp tan A) B (5.3.3)
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Figure 5.3.2. Effect of sideslip on the position of the wingtip vortices relative to the vertical tail.

Within this small-angle approximation, the sidewash gradient can be written as

Oe Og, 07’
s = G8s OZ 3.4
op z' op 3.4
where, from Eq. (5.3.2),
- -
Ot _ Crkv | —29(Z—kp) 14 X —Kp tan A
Z' xR, DT +E-K)'T | \/(f—fc,, tan/l)2+)72+(2ﬂ1<,,)2_
r 1
29(Z+Kp) |, ¥—kptan A
2, = 242
V" +(EZ+xs)7] | \/&—K,, tan A) + 72 +(Z +x3)? 1 (53.9
B y (X—xptan A)Z — k)
V2 +(Z—kp)” | [(X~&p tan A) + 32 +(Z—x5)" 1 |

. y (x—xptan A)Z +xp) ]
P +(E+x5) | [(F-rptan )2 + 57+ +15)° T2 ||

and from Eq. (5.3.3),

g% = —(¥—xp tan A) (5.3.6)
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The sidewash gradient induced at an arbitrary point in space can be estimated by using
Egs. (5.3.5) and (5.3.6) in Eq. (5.3.4). In the plane of symmetry this reduces to

de. — _ KyKp CL‘
530 = - . 5.3.7
op (x.3.0) Ky Ra, ( )
where
45(X ~ K tan A)x} X -
) E70) = W( i _zb . 3 b4 X—Kkptan A
P | JE AP e |
27K (X~ tan A)* &

7[2(?2 +1c,f) [(x —xp tan A)2 +y2 +K,f]3/2

The tail sidewash factor, x5 depends on the planform shape of the wing and the
position of the tail relative to the wing. However, the planform shape of the wing affects
the value of x; only through A and x;,. Thus, x5 is a unique function of X/xp —tan A and
¥/k», as shown in Fig. 5.3.3.

0.7

| 1 T ‘ 1 1 T 1 rl ¥ 1 1 TI | IT L 1 IT T=F 1 1 ]
ﬁ —57 — tand=2.50 =
0.6 |- i 225
§ = 200
: 0.5 _
| - 175 ]
j 0.4 | 150
K - 125
0.3 -
- 1.00 E
S .
0.2 - 0.75
0.1 - 050 ]
Ry 025 3
0.0 ‘—‘ j I~ IALI [ IA;i | S ! i | S i IS N S ]
0.0 0.1 0.2 0.3 0.4 0.5 0.6
I
K,b/2

Figure 5.3.3. Effect of tail position on the sidewash gradient in the plane of symmetry.
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EXAMPLE 5.3.1. Consider the general aviation aircraft, which was described in
Examples 4.3.1 and 4.5.1. If the vertical tail is mounted with the aerodynamic
center 5 ft above the wing, using the approximate method presented in this section,

estimate the sidewash gradient for an airspeed of 80 mph at sea level.

Solution. For this wing-tail combination we have

S.=180ft°, b, =33, Ry =33%/180=6.05 C, ,=444, Ry =040,
A=10° I ~1, =156, X=15/(33/2)=0.909, ¥ =5/(33/2)=0.303

From Example 4.5.1,

x, = 1.035

0.759

I

Kp

From Eq. (5.3.8) or using the results plotted in Fig. 5.3.3, the sidewash factor is
found to be

From Example 4.3.1, the lift on the wing for 80 mph at sea level is 2,625.9 Ibf and
the lift coefficient for the wing is

L, 2,625.9

— =5 5 = 0.8916
3 PVoSy 50.0023769(80x5,280/3,600)° 180

C, =

From Eq. (5.3.7), the sidewash gradient at the position of the vertical tail is

e, _ KKy C | 10350230 0.8916 _ _ ou

0S8 T T TRy Ry, 0759 6.05

The predicted sidewash gradient on the vertical tail of the airplane in Example 5.3.1
is small. For this airplane with ample wingspan in cruise configuration, the net effect of
sidewash is to increase the yaw stability by about 5 percent. However, the reader should
recognize that the sidewash gradient goes up very rapidly with decreasing wingspan.
Thus, aircraft having wings of smaller span produce much larger sidewash gradients. For
example, if the wingspan for the airplane in Example 5.3.1 were cut in half, while the
wing area and all other parameters remained the same, the magnitude of the predicted
sidewash gradient would be increased by nearly an order of magnitude, to —0.435. In
addition, since the sidewash gradient is proportional to the wing lift coefficient, slow
flight with high-lift devices deployed can also result in a significant increase in the
sidewash gradient induced on the vertical tail.
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It is important to remember the orientation of the coordinate system used in the
development of Eqs. (5.3.5) and (5.3.8). As shown in Figs. 5.3.1 and 5.3.2, the x-z plane
of this coordinate system coincides with the plane of the trailing wingtip vortices and the
x-axis is aligned with the equilibrium relative wind. Thus, the y-coordinate is the vertical
distance measured above the plane of the trailing wingtip vortices. When computing the
downwash from this vortex model according to the relations presented in Sec. 4.5, the y-
coordinate was found to have only a second-order effect on downwash. However, as can
be seen from Eqs. (5.3.5) and (5.3.8), the y-coordinate has a first-order effect on the
sidewash. Thus, the orientation of the x-axis within the aircraft plane of symmetry is
critical for predicting the sidewash gradient. This orientation changes with angle of
attack as shown in Fig. 5.3.4. The y-coordinate of any point on the aft vertical stabilizer
decreases with increasing angle of attack. From Eq. (5.3.5), we have seen that the
sidewash on the vertical stabilizer is proportional to the product of the wing lift
coefficient and the dimensionless y-coordinate, . As angle of attack is increased, the
wing lift coefficient increases but y decreases. Thus, for a given flap setting, the
magnitude of the sidewash gradient does not increase linearly with lift coefficient. In
fact, as the angle of attack increases from zero lift, the magnitude of the sidewash
gradient will at some point begin to decrease with increasing angle of attack. Ultimately,
the sidewash gradient becomes positive and destabilizing, when the angle of attack is
large enough to put the vertical stabilizer below the wingtips. Normally, the wing would
stall well before this angle of attack was reached. However, this can produce an
important destabilizing effect in post-stall maneuvers.

I —
—_Ir

VA

(L

Low Angle of Attack (0°)

Figure 5.3.4. Effect of aircraft angle of attack on the y-position of the vertical stabilizer.
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It is also important to recognize that the sidewash gradient on the vertical stabilizer
increases rapidly with its distance aft of the wingtips. From Eq. (5.2.7), we have seen
that the yaw stability derivative increases linearly with the product of the area of the
vertical stabilizer, S,, and its distance aft of the center of gravity, /,. One important
consideration in tail design is the trade-off between changing either S, or /, to attain the
desired level of yaw stability. As the tail is moved aft, the required size of the vertical
stabilizer is decreased, which reduces aircraft weight and drag. However, moving the tail
aft increases the weight and drag associated with the structure supporting the tail. Thus,
there is an optimum in the trade-off between tail area and length. Since the sidewash
gradient on a high vertical tail becomes more stabilizing with increasing tail length,
sidewash moves this optimum in the direction of smaller tails placed further aft of the
CG. As the wingspan is decreased, this effect becomes more important. However,
moving the vertical stabilizer farther aft of the wingtips will aggravate the destabilizing
effect of sidewash in post-stall maneuvers.

Airplanes are sometimes designed with twin vertical stabilizers symmetrically offset
from the midspan. Two examples of aircraft that have used this design feature are the
P-38 Lightning and the F-14 Tomcat, both shown in Fig. 5.3.5. One advantage of this tail
design is very obvious in this front view of the Lightning. The twin vertical stabilizers
are directly aft of the twin counterrotating propellers. This keeps the rudders in the
propeller slipstreams and improves rudder control power, especially at low airspeed. A
similar but perhaps less obvious advantage is produced by the jet engines of the Tomcat.
As shown in Fig. 5.3.6, the entrainment caused by turbulent mixing in the shear layer
between the high-speed exhaust jet and the surrounding atmosphere draws increased

Figure 5.3.5. Use of twin vertical stabilizers above the wing places each stabilizer closer to a
wingtip vortex, which increases the sidewash gradient and total yaw stability.
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Figure 5.3.6. Increased airflow across the vertical stabilizer caused by exhaust jet entrainment.

airflow over the vertical stabilizers. In the case of the Tomcat, placing the twin vertical
stabilizers directly over the exhaust nozzles of the twin turbojet engines maximizes this
effect.

Improved rudder control power is not the only advantage of using twin vertical
stabilizers. With this tail design, because each of the two vertical stabilizers is closer to
one of the wingtip vortices, the sidewash gradient for each stabilizer is greater than that in
the aircraft plane of symmetry. For the conventional high tail, this gives the aircraft
greater yaw stability than would be attained with a single vertical stabilizer of the same
total area, placed the same distance aft of the wing midspan. To estimate the sidewash
gradient for this tail design, Eq. (5.3.4) can be used together with Egs. (5.3.5) and (5.3.6).

5.4. Estimating the Lift Slope for a Vertical Tail

As briefly mentioned in Sec. 5.2, the lift slope for the vertical stabilizer is significantly
affected by aerodynamic interactions with the horizontal stabilizer. For either the
conventional tail or T-tail configuration, the horizontal stabilizer acts like a very large
winglet for the vertical stabilizer. This inhibits vortex shedding and increases the lift
slope for the vertical stabilizer over that which would be observed for the same vertical
surface isolated in the freestream. Because of the very large number of variations in tail
geometry that are possible, it would be extremely difficult to develop a general closed-
form expression for estimating the in situ lift slope for the vertical stabilizer as a function
of horizontal and vertical tail geometry.

The easiest way to accurately estimate the in situ lift slope for the vertical stabilizer
in combination with the horizontal stabilizer is to use the numerical lifting-line method
for the actual tail geometry being used. This method gives results that agree almost
exactly with results obtained from the more complex vortex panel method. Since fluid
viscosity has very little effect on aerodynamic lift in nonseparated flow, these inviscid
flow calculations are also in close agreement with experimental data at aerodynamic
angles below stall.

To estimate the in situ lift slope for the vertical stabilizer using the numerical lifting-
line method, the complete tail geometry is included in the vortex model. The side force
coefficient is determined at a small positive angle of sideslip and again at a small
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negative angle of sideslip. The in situ lift slope for the vertical stabilizer is estimated as
the difference between the two side force coefficients divided by the difference in
sideslip angle in radians.

To give the reader a better feeling for the aerodynamic interactions between the
horizontal and vertical stabilizers, Fig. 5.4.1 shows the results of numerical lifting-line
computations for a specific conventional tail geometry. The vectors displayed along the
quarter-chord line show the magnitude and direction for the spanwise lift distribution,
and the vectors shown along the trailing edge indicate the magnitude and direction of
shed vorticity. In this example, both the horizontal and vertical surfaces have symmetric
airfoil sections with no geometric or aerodynamic twist. The quarter-chord sweep for
each surface is zero and the horizontal surface has no dihedral. The aerodynamic forces
shown in Fig. 5.4.1 were computed for zero angle of attack relative to the chord line of
the horizontal surface. All aerodynamic forces shown in this figure are the result of a
4-degree sideslip angle. Notice that the lift on the vertical stabilizer goes to zero at the
upper tip, and a strong wingtip vortex is shed in this vicinity. If the vertical stabilizer
were isolated in the freestream without the horizontal stabilizer, the lift would also go to
zero at the lower extremity, and a similar wingtip vortex would be shed in this region.
However, the presence of the horizontal stabilizer inhibits vortex shedding near the base
of the vertical stabilizer. The vorticity generated on the vertical stabilizer is spread out
over both sides of the horizontal stabilizer. This prevents the lift on the vertical stabilizer
from going to zero at the lower extreme and generates additional lift on the horizontal
stabilizer. The lift developed on the left semispan of the horizontal stabilizer is upward,
while that on the right semispan is downward. Thus, in addition to increasing the side
force developed on the vertical stabilizer, the aerodynamic interaction produces a net
rolling moment as a result of lift developed on the horizontal stabilizer. Since the vertical
stabilizer is usually above the center of gravity, the side force developed on this surface
as a result of positive sideslip produces a negative rolling moment. The positive rolling
moment produced on the horizontal stabilizer will partially counter this effect.

Figure 5.4.1. Aerodynamic interactions between the horizontal and vertical stabilizers in sideslip.
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As can be seen from Fig 5.4.1, the aerodynamic forces produced on the tail of an
airplane as a result of sideslip are quite complex, even for this very simple tail geometry.
Furthermore, the distribution and magnitude of these forces are affected by the geometry
of both the horizontal and vertical stabilizers. When one considers all of the many
possible variations in tail geometry, it is not practical to present results that show how the
lift slope for the vertical stabilizer varies with all attributes of tail geometry. However,
aspect ratio plays a major role in the variation of lift slope with tail geometry.

Figure 5.4.2 shows how the effective aspect ratio of the vertical stabilizer varies with
the true aspect ratio of both the horizontal and vertical stabilizers for one particular tail
configuration. The tail geometry used to generate the data plotted in Fig. 5.4.2 was a
conventional tail similar to that shown in Fig. 5.4.1. Both the horizontal and vertical
stabilizers had unswept rectangular planforms with the same chord and the horizontal
stabilizer had no dihedral. The true aspect ratio of the vertical stabilizer is defined to be
the square of the distance from root to tip divided by the planform area. The effective
aspect ratio for the vertical stabilizer was defined to be the aspect ratio that when used in
the analytical solution to Prandtl’s lifting-line equation for the isolated vertical stabilizer,
gives the same lift slope as that predicted by the numerical lifting-line solution for the
complete tail. Strictly speaking, Fig. 5.4.2 applies only to the particular tail geometry for
which it was obtained. However, in preliminary design the exact tail geometry is not
typically known, and Fig. 5.4.2 can be used as a guideline.
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Figure 5.4.2. Effective vertical aspect ratio for a conventional tail with both the horizontal and
vertical stabilizers having unswept rectangular planforms.
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EXAMPLE 54.1. For the preliminary design of an airplane we shall assume that
the conventional aft tail is constructed from unswept rectangular surfaces having
thin airfoil sections. The size of the tail is not yet known, but the horizontal
stabilizer is assumed to have an aspect ratio of 5. Assuming that the vertical
stabilizer will have a root-to-tip height of twice the chord, estimate the lift slope
for the vertical stabilizer from the results plotted in Fig. 5.4.2.

Solution. For this tail geometry we have
R4 =50, Ry =20

From Fig. 5.4.2,

(RAv )cff
Ry

n

1.5

\

and
(Ryderr = L.5R4, = 1.5(2.0) = 3.0

Using this aspect ratio and a taper ratio of 1.0 in the series solution to Prandtl’s
lifting-line equation presented in Chapter 1, the lift slope factor for the vertical
stabilizer is found to be

K; = 0.04

Using this result with the effective aspect ratio of 3.0 and using the theoretical
section lift slope for thin airfoils, 27, the lift slope for the vertical stabilizer is
estimated to be

_ Cro - 27 = 3.62
T +Cre [aRa)ei )+ Kp)  [(1+27/2(3.0)](1+0.04) T

If we had ignored the vortex interactions between the horizontal stabilizer and the
vertical stabilizer in Example 5.4.1, a smaller lift slope would have been predicted.
Using the true aspect ratio of 2.0, the lift slope for the isolated vertical stabilizer is
predicted from Prandtl’s lifting-line theory to be about 3.02. Hence, lifting-line theory
predicts that the presence of the horizontal stabilizer increases the lift slope for this
vertical stabilizer by about 20 percent.

The aerodynamic interaction between the vertical stabilizer and fuselage can also
increase the lift slope for the vertical stabilizer somewhat. This is typically more
significant for the T-tail configuration. The vertical lift slope is usually slightly higher
for a T-tail than it is for a conventional tail with the same aspect ratio. This is because
the horizontal stabilizer inhibits vortex shedding at the top and the fuselage inhibits
vortex shedding at the bottom.
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5.5. Roll Stability and Dihedral Effect

An airplane is said to be statically stable in roll if a restoring rolling moment develops as
a result of a disturbance in bank angle. At first thought, this may seem quite similar to
the definitions of static pitch and yaw stability. Static pitch stability requires that a
restoring pitching moment result from a disturbance in angle of attack, and static yaw
stability necessitates that a restoring yawing moment develop from a disturbance in
sideslip angle. Static roll stability is fundamentally different from static pitch and yaw
stability, because the bank angle is fundamentally different from the angle of attack and
sideslip angle. As shown in Fig. 5.1.1, the bank angle, ¢, is defined in terms of the
airplane’s orientation with respect to the Earth, while the angle of attack, «, and sideslip
angle, B, are defined in terms of the airplane’s orientation with respect to the relative
wind. The bank angle is completely independent of the relative wind.

The aerodynamic forces and moments acting on an airplane depend only on the
orientation of the airplane with respect to the relative wind. Since the gravitational force
acts through the center of gravity, the only moments produced about the center of gravity
are the aerodynamic moments, including thrust. Thus, there can be no moment about the
center of gravity that depends directly on the bank angle. As a result, static roll stability
is based on an indirect effect of bank angle rather than a direct effect.

A disturbance in pure roll, with no change in angle of attack, sideslip angle, or
forward airspeed, produces no direct change in the aerodynamic forces and moments
relative to the airplane. As can be seen in Fig. 5.5.1a, a bank angle disturbance with no
change in « or B produce a force imbalance in both the normal and spanwise directions.
If the airplane was originally trimmed for straight and level flight, the lift is equal to the
weight and there is no aerodynamic side force. After the bank angle disturbance, the lift
force remains in the plane of symmetry, and the gravitational force acts at an angle, ¢, to
the plane of symmetry. The net upward normal force is now W(l—cosg) and the net
side force is Wsing. If there is no change in the control inputs, this force imbalance
produces changes in both normal velocity and sideslip. The change in normal velocity
decreases the angle of attack until the lift balances the normal component of weight and
the sideslip will increase until the side force balances the spanwise component of weight.

bank angle
disturbance
with no change positive sideslip,
airplane moves

to the right

\ relative wind
\ right to left

plane of
? symmetry
¢

@ (b)

Figure 5.5.1. Force imbalance and resulting sideslip produced by a disturbance in roll.
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However, the change in @ and f required to restore the force balance can also produce a
change in the aerodynamic moments. For a perfectly symmetric airplane, the change in
angle of attack does not affect the rolling moment, but the change in sideslip angle can
produce a rolling moment that is either positive or negative, depending on the airplane
design.

Comparing Fig. 5.5.1b with the sign convention defined in Fig. 5.1.1, we see that a
positive disturbance in bank angle results in a positive sideslip velocity component,
which was defined to correspond with a positive sideslip angle. Also from the sign
convention in Fig. 5.1.1, we see that a negative rolling moment is required to restore a
positive disturbance in bank angle. Thus, static roll stability requires that a positive
sideslip angle must produce a negative rolling moment,

o

ﬁ<0

In dimensionless form, this gives the general criterion for static roll stability,

oC

— = C 0 5.5.1
8 0p < ( )

The aerodynamic derivative, C, 3, is the roll stability derivative. If C,pis negative, the
airplane is said to be statically stable in roll, and if C,; is positive, the airplane is
statically unstable in roll. When C, zis zero, the airplane is neutrally stable in roll.

Roll stability gives an airplane the inherent tendency to fly with the wings level
when the airplane is trimmed for zero sideslip. An airplane that is neutrally stable or
even unstable in roll can still be flown but requires greater attention by the pilot to keep
the wings level. The desired magnitude of roll stability depends significantly on the pilot
and aircraft application. Very proficient pilots typically prefer less roll stability than
inexperienced pilots do. Airplanes that execute rapid rolling maneuvers, such as fighter
aircraft and stunt planes, will be disadvantaged by a high degree of roll stability.
Transports and other aircraft that use more gradual rolling maneuvers usually have better
handling qualities with somewhat higher levels of roll stability.

For any aircraft and pilot, too much roll stability will be detrimental. Most of the
reasons for this can be traced to the coupling between roll and yaw. When roll stability is
excessive, an airplane becomes very sensitive in roll to the minor changes in sideslip
caused by very slight deflections of the rudder. This necessitates very precise
coordination between the rudder and ailerons, which can be annoying to a proficient pilot
and unacceptable to the less experienced. Excessive roll stability can be particularly
problematic in a crosswind landing that requires flying the airplane in sideslip with the
wings level. In addition, too much roll stability can result in increased passenger
discomfort because the airplane becomes very sensitive in roll to changes in sideslip
caused by atmospheric turbulence. The roll stability derivative, C, 4, also affects certain
dynamic handling characteristics of an airplane, which will be considered later in this
textbook.
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Because roll stability affects so many different aspects of an aircraft’s handling
characteristics, it is difficult to define a general roll stability criterion in terms of C, 4.
However, to give the student a place to start, typical airplane configurations
normally display good handling qualities with C,z in the range from about 0.00 to
—0.10 per radian. This should not be treated as an absolute rule but simply as a starting
point. About the only thing that can be said concerning roll stability in general is that a
little roll stability is advantageous, but too much can be worse than none at all.

The roll stability derivative is more difficult to estimate than either the pitch or yaw
stability derivative. This is because the roll stability derivative is significantly affected
by complex interactions between the fuselage, the wing, and the tail. Furthermore, these
interactions can change significantly with power and flap settings. Design changes to
vary roll stability are commonly required after wind tunnel testing and sometimes after
actual flight testing of the airplane. Nevertheless, the designer must have at least a
qualitative understanding of all design considerations that affect roll stability and should
be able to predict the effects of the design changes that will be used to make any final
adjustments in roll stability.

Effect of Wing Dihedral

The change in rolling moment due to sideslip is heavily influenced by the dihedral angle
of the wing, which is shown in Fig. 5.5.2. The dihedral angle is commonly given the
symbol 7" and is defined to be positive when the wingtips are above the wing root.
Negative dihedral is commonly called anhedral. Recall that the symbol 7 is also
commonly used to represent circulation and vortex strength. Because the circulation
theory of lift can be used to predict certain dihedral effects, this can be confusing if we
are not careful. Here an effort will be made to avoid confusion in this regard, but the
reader should be forewarned of this potential difficulty.

section lift decreased

positive sideslip, airplane moves to the right

section lift increased

-

relative wind right to left

vsinI”
Figure 5.5.2. Efect of sideslip and wing dihedral on local section lift.
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Wing dihedral affects the roll stability derivative of an airplane because it causes
the lift on the right and left semispans to respond differently to sideslip. As shown in
Fig. 5.5.2 for a wing with positive dihedral, sideslip produces an increase in angle of
attack on the windward semispan and a decrease in angle of attack on the lee-side
semispan. When the sideslip component of relative wind, v, is resolved into components
parallel with and normal to each semispan, as shown in Fig. 5.5.2, the upward normal
component is v sin/” on the right-hand semispan and ~v sin/” on the left-hand semispan.
For small aerodynamic angles, the sideslip velocity can be closely approximated as the
product of the airspeed and sideslip angle, V4. Likewise, the angle of attack is closely
approximated as the upward normal component of relative wind divided by the airspeed.
Thus, sideslip produces a change in angle of attack that can be closely approximated for
the right and left semispans, respectively, as

(4a)ign = vsin/. _ Vpsin/ BsinI” (5.5.2)
& 4 v

—vsinl” _ —Vfsin I
14 vV

(4a)ien = = —Bsinl" (5.5.3)

The differential in angle of attack between the right and left semispans creates a
differential in lift, which in turn produces a rolling moment. From Fig. 5.1.1, we see that
lift generated on the left semispan (y, < 0) produces a positive rolling moment, while lift
generated on the right semispan (y, > 0) produces a negative rolling moment. Thus, the
rolling moment arm for the lift on any wing section is —,. Using the small-angle
approximations given by Egs. (5.5.2) and (5.5.3), the net rolling moment that results from
sideslip combined with wing dihedral can be written as

0 . b2 .
~  —pfsinl” T sin/f”
(4C)p = JCa B Cyyendn s [Ca Bl cyyendy
Vo=—byl2 wlw V=0 wlw
(5.5.4)
. b2
_ Psinl Ty
= s, JCrabile

Yo ==by/2

where 5Lw,a is the local in situ section lift slope, including the effects of local induced
downwash. This should not be confused with the airfoil section lift slope, which depends
only on airfoil section geometry.

In general, the spanwise variation of local induced downwash is affected by the
sideslip. Thus, the derivative of Eq. (5.5.4) with respect to S must be written as

0 inr M Bsin " 2 5C, .
—(AC/) w = -l CLw,lZ Vb|Cw dyb - = Vb|Cw dyb
aﬁ 7 waw Vb :Ibw/z I I SWbW b =:"bw/2 aﬂ l I

However, the roll stability derivative, C, g, is evaluated at =0, and the contribution of
wing dihedral to this aerodynamic derivative can be written
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. b2
(Acf,ﬂ)rw - _sSme { j Cr o |yb|cwdyb} (5.5.5)
WEW A vh==b,/2 £=0

Since the integral in Eq. (5.5.5) is evaluated at =0, both the flow and the wing are
symmetric about the midspan. Thus, the integration from —b,/2 to 0 is equivalent to that
from 0 to b,/2, and Eq. (5.5.5) can also be written as

b,./2

_ 2sinl| tm

(4C1p)n, = Sb LISLM,a Vb Cu dyb} (5.5.6)
e 4o

For subsonic airspeeds with low Mach number, Prandt!’s lifting-line theory can be
used to determine the spanwise variation of in situ section lift slope, which is needed to
evaluate the integral on the right-hand side of Eq. (5.5.6). For large dihedral angles, it is
necessary to use a numerical lifting-line solution, because the classical infinite series
solution applies only to wings with no sweep or dihedral. However, for unswept wings in
the limit as the dihedral angle approaches zero, the integral in Eq. (5.5.6) can be
evaluated from the classical solution to Prandtl’s lifting-line equation. For an unswept
wing of arbitrary planform, this solution predicts that the change in local section lift
coefficient with respect to wing angle of attack is given by

Crya = 4b,, > a, sin(n8) (5.5.7)

W on=l

where a, denotes the coefficients in the infinite series solution to the lifting-line equation,
which is described in Sec. 1.8, and @is the change of variables given by

Vb = %bwcosﬁ (5.5.8)
From Eq. (5.5.8), we have
dyy, = —Lb,sin6do (5.5.9)

Using Egs. (5.5.7) through (5.5.9) in Eq. (5.5.6) results in

2sinl” ¢ [ 4by &
(Acf,ﬂ)rw =S I E—WZla,, sin(nﬁ)](%bw cosB)c, (—%bw sin@d8)
wOw g S\ € n=

After using the definition of aspect ratio, Ry, = b / Sw, together with the trigonometric
identity, sin(20) = 2sinfcos@, and applying the small-angle approximation, sin /" = [,
this reduces to
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s 72
(4Cip),,, = —Ra, T Y a, [sin(n0)sin(20)do (5.5.10)
n=1 6=0

The integral in Eq. (5.5.10) is readily evaluated to yield

a2 2sm(n7z;/2) a2
j sin(n@)sin(20)d0 = | 4-n
=0 —75, n=2
4
After applying this result, Eq. (5.5.10) becomes
(4Cip),, = —RAHI{%aI +Zay +225m(””/z) ] (5.5.11)
n=3 -

Also, from the classical solution to Prandtl’s lifting-line equation, the lift slope for the
complete finite wing is given by

CL,‘.,a = 7ZR,4wa|

Thus, Eq. (5.5.11) can be conveniently rearranged as
(AC1p)p, = ~2E k) Crra (5.5.12)

where

R4 ax " - SSin(mr/Z)&_

Ky = 1+=
8 a1 o 4-n* a

(5.5.13)

For the special case of an elliptic wing with no geometric or aecrodynamic twist, all
coefficients in the infinite series solution are zero, with the exception of ¢;. Hence, the
right-hand side of Eq. (5.5.13) is unity for an elliptic wing, and we see that x; is the ratio
of the roll stability derivative developed by a wing of arbitrary planform to that
developed by an elliptic wing having the same dihedral and lift slope. Note that since
the lift slope for an elliptic wing is greater than that for a wing of any other planform with
the same aspect ratio, the two wings that define the ratio for x, do not have the same
aspect ratio. Figure 5.5.3 shows how «, varies with aspect ratio and taper ratio for
tapered wings. Since the series solution to Prandtl’s lifting-line equation applies to
unswept wings with any spanwise variation in section geometry, the solution can be
used for unswept wings of any planform with arbitrary geometric and aerodynamic
twist. From Egs. (1.8.19) through (1.8.21), it can be shown that wing twist does not
affect the change in section lift with respect to wing angle of attack.
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Figure 5.5.3. Dihedral factor for a tapered wing with no geometric or acrodynamic twist.

Strictly speaking, Eqs. (5.5.12) and (5.5.13) apply only at low Mach number to
wings with no sweep. However, the contribution of wing dihedral to the roll stability
derivative results directly from the lift developed on the wing. Thus, higher subsonic
Mach numbers and small sweep angles should affect both lift and wing dihedral
contribution to the roll stability derivative in nearly the same proportion. With this line
of reasoning, Eqgs. (5.5.12) and (5.5.13) could be applied with caution to higher Mach
numbers and wings with some sweep, provided that the actual lift slope for the swept
wing at the actual flight Mach number is used in Eq. (5.5.12).

One important value in the development that led to Eq. (5.5.12) is the disclosure of
the linear relationship between C,z and /7 From Eq. (5.5.6), we see that the linear
relation holds for small dihedral angles, regardless of how the in situ section lift slope
varies in the spanwise direction. Thus, we should expect the roll stability derivative to
change linearly with small dihedral angles for any wing geometry and Mach number.

Effect of Wing Sweep

We now see that wing sweep has an indirect effect on the roll stability derivative, because
it affects the lift slope for the wing. This effect is included in our estimate for the
contribution of wing dihedral if Eq. (5.5.12) is used. However, wing sweep also has a
direct effect on the roll stability derivative, which is not accounted for in Eq. (5.5.12).
This direct effect is closely related to the same phenomenon that makes a swept-back
wing stabilizing in yaw. This was discussed in Sec. 5.2.
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To help the reader better understand the relation between wing sweep and roll
stability, we shall again turn to Prandt!’s lifting-line theory. In this well-validated model,
all of the bound vorticity generated on a lifting wing is represented as a single vortex
filament that passes through the aerodynamic centers of the airfoil sections that define the
wing (i.e., the wing quarter-chord line for thin airfoil sections in subsonic flow). From
the generalized vortex lifting law, for any potential flow containing vortex filaments, a
net lift force per unit filament length is exerted by the fluid, which is equal to the fluid
density multiplied by the cross product of the local fluid velocity vector and the local
circulation vector. Thus, for Prandtl’s model of a finite wing, the local lift force per unit
length measured along the quarter-chord line is given by

f, = pvyxT (5.5.18)

where V and I are, respectively, the local relative wind vector and the local section
circulation vector. Note that the force per unit length computed from Eq. (5.5.14) is
not the section lift, because section lift is defined as the lift force per unit span, not
the lift force per unit length along the quarter-chord line.

The local relative wind is the vector sum of the freestream velocity and the velocity
induced by the entire vortex system generated by the wing. The induced velocity is very
important in evaluating the induced drag component of the acrodynamic force. However,
because the induced velocity is much less than the freestream velocity, for determining
the magnitude of lift, the local velocity in Eq. (5.5.14) can be closely approximated with
the freestream relative wind.

The magnitude of the cross product of any two vectors is the product of the vector
magnitudes multiplied by the sine of the angle from the first vector to the second. With
no quarter-chord sweep and no sideslip, the circulation vector aligned with the wing
quarter-chord makes an angle of 90 degrees (/2 radians) with the relative wind. As can
be seen from the geometry in Fig. 5.5.4, positive sweep for a lifting wing decreases this
angle on the right semispan and increases it on the left semispan. Positive sideslip, on the
other hand, increases this angle on both semispans. Since a distance measured along the
quarter-chord line is the spanwise distance divided by the cosine of the quarter-chord
sweep angle, from Eq. (5.5.14) and the geometry in Fig. 5.5.4, the magnitudes for section
lift on the right and left semispans are, respectively,

sin[(7/2)— A+ ]

Lyignt = pVool v (5.5.15)
and

= i 2)+ A+

(Dyer = prfsm[(”c O)S = Pl (5.5.16)

Once again the reader is cautioned that the symbol /"is commonly used to represent both
circulation and wing dihedral. In Egs. (5.5.15) and (5.5.16), " denotes wing section
circulation, not wing dihedral.
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Figure 5.5.4. Effect of wing sweep on the cross product of the relative wind vector with the bound
vorticity vector.
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Using common trigonometric identities and applying the small-angle approximation
for f, it can be shown that

sin[(7/2)— A+ ] = cosAcos f+sinAsin f = cosA+ fsinA (5.5.17)
sin[(z/2)+ A+ B] = cosAcos f—sinAsin f = cosA-fsinA (5.5.18)

From the sign convention shown in Fig. 5.1.1, positive lift on the left semispan (v, < 0)
will produce a positive rolling moment, while positive lift on the right semispan (y, > 0)
produces a negative rolling moment. Thus the rolling moment arm for section lift is -y,
and afier using Eqgs. (5.5.17) and (5.5.18) in Egs. (5.5.15) and (5.5.16), the contribution to
the rolling moment that results from wing sweep is

by/2
(A0) g = ij (1= Btan A)(=yp)dyy + [ pVeo I'(1+ Btan A) (=15 ) dys
yh=—hbu/2 V=0

After rearranging and nondimensionalizing this result according to Eq. (5.1.1), the
contribution of wing sweep to the rolling moment coefficient is
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b,/2 bo/2
(ac),, = —V_Sz—b{ [ yydv+ptana [r Mdy,,} (5.5.19)
BEWEW | yy=—b,12 Vo=—byi2

Differentiating Eq. (5.5.19) with respect to S gives

0

7 (AC/ )

by/2 b2
=_VS2b': j' or ——ypdyp +tan A J'F|yb’dy,,+,8tanA .[ g—lﬂﬁ'yb’dyb}

%)
by /2 B Yp=—by/2 Yp=—byl2

Evaluating this result at #=0, the contribution of wing sweep to C g is

b2 b2
(AC/,ﬁ) w = = 2 { or Vo dyp +tan A I |\ys|dyp (5.5.20)
A Ve Swhy :ll.h,‘/z op u;[b /2| ’ o

The wing section circulation, /, varies with the spanwise coordinate, y;, as a result of
vorticity shed from the wing, which rolls up to form the wingtip vortices. The variation
of I"with y;, can be determined from the solution to the lifting-line equation. Since no
closed-form solution is available for swept wings, a numerical solution must be used and
the integration in Eq. (5.5.20) must be carried out numerically. For swept wings, the
spanwise variation in /” changes with angle of attack. Thus, the contribution of wing
sweep to the roll stability derivative depends on airspeed.

The sign of the wing sweep contribution to the roll stability derivative is readily
ascertained from Eq. (5.5.20). For small sideslip angles, the change in wing section
circulation with sideslip angle is small and the second integral in Eq. (5.5.20) dominates
the result. For a wing producing positive lift, the circulation is positive, and the
bracketed term in Eq. (5.5.20) will have the same sign as tanA. Thus, positive sweep
(sweep back) is stabilizing in roll and negative sweep (sweep forward) is
destabilizing. This is a direct result of the fact that as an airplane with swept-back wings
(positive A) yaws to the left (positive f), the vorticity gencrated on the right wing
becomes more perpendicular to the freestream, while that generated on the left wing
becomes less perpendicular to the freestream. This change in relative wind, which is
shown in Fig. 5.5.4, increases lift on the right, decreases lift on the left, and produces a
rolling moment to the left (negative ¢).

Fuselage Influence

When an airplane experiences sideslip, the cross-flow component of relative wind must
flow around the fuselage, as shown in Fig, 5.5.5. This flow field interacts with the wing
and can produce a net change in the roll stability derivative. As the airplane slips to the
right, the cross-flow above the fuselage center moves up on the right and back down on
the left. Below the center of the fuselage, this flow pattern is inverted.
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Figure 5.5.5. Effect of the fuselage-wing interaction on the roll stability derivative.

Notice from Fig. 5.5.5 that for a high-wing airplane, the cross-flow around the
fuselage creates upwash on the windward semispan and downwash on the lee-side
semispan. When the airplane slips to the right, producing a relative wind from right to
left (positive f3), this increases the angle of attack and lift on the right semispan and
decreases the angle of attack and lift on the left, creating a negative and stabilizing
contribution to the rolling moment.

For a low-wing airplane, Fig. 5.5.5 shows that flow around the fuselage has the
opposite effect on wing lift. When the wing is below the center of the fuselage and the
airplane slips to the right, the angle of attack and lift is decreased on the right and
increased on the left, as a result of flow around the fuselage. This creates a destabilizing
contribution to the rolling moment.

Hence we see that the fuselage contribution to the roll stability derivative of an
airplane depends on the vertical position of the wing relative to the fuselage. A high
wing is stabilizing and a low wing is destabilizing. The interaction between the wing
and the fuselage is very complex and depends on the geometry of both the fuselage and
the wing. Detailed computer simulations or wind tunnel tests are required to account
for this effect accurately. However, as a very rough initial estimate, a high wing
typically has a stabilizing effect equivalent to about 2 to 3 degrees of wing dihedral,
and a low wing has a destabilizing effect equivalent to about 3 to 4 degrees of
anhedral. For a mid-wing airplane, the contribution of the fuselage to static roll stability
is negligible.

The importance of considering the influence of the fuselage on the roll stability of an
airplane becomes very apparent when one examines a variety of airplanes with both high
and low wings. The next time that you are near an airport where a large number of
general aviation airplanes are tied down, look closely at these airplanes from the front.
You will notice that all of the low-wing airplanes have considerably more dihedral than
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the high-wing airplanes do. The low wings will typically have 4 degrees of dihedral or
more. The high wings, on the other hand, will usually have little or no dihedral. Most of
the roll stability for a high-wing airplane is commonly provided by the fuselage-wing
interaction. Sometimes a small amount of anhedral is even required in a high wing, to
partially counter the stabilizing effect of the fuselage-wing interaction.

Influence of the Tail
As discussed in Sec. 5.2 and shown in Fig.5.2.1, sideslip results in a side force acting on
the vertical stabilizer. This side force, applied aft of the CG, generates a stabilizing
moment in yaw. When the aerodynamic center of the vertical stabilizer is offset from the
axis of roll, as shown in Fig. 5.5.6, this side force can also create a significant rolling
moment. When the airplane slips to the right (positive f), the relative wind and side
force on the vertical stabilizer are from right to left. 1f the aerodynamic center of the
vertical stabilizer is offset a distance, #4,, above the center of gravity, a negative rolling
moment is produced by this side force.

Following a development similar to that used to obtain the yawing moment
contribution given by Eq. (5.2.5), the contribution of the vertical tail to the rolling
moment coefficient is

relative wind .
aerodynamic center

lift on vertical . o
of vertical stabilizer

stabilizer

Bl o Ty
RENCE ARt o

airplane velocity %ﬁ g J

Figure 5.5.6. Effect of the vertical stabilizer on the roll stability derivative.
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Syh,

S b CLv,a[(l_gs,ﬂ)vﬂ_gSO_5r5r] (5.5.21)

(AC/ )v =~y

and the contribution to the roll stability derivative is

Syhy,
S.wby

(4Cip), = -, (1-&55)v CL, a (5.5.22)

From Eq. (5.5.22), we see that when the aerodynamic center of the vertical tail is above
the center of gravity (4,>0), which is typically the case, the vertical tail makes a
stabilizing contribution to the roll stability derivative.

Equation (5.5.22) can be used to estimate the direct contribution to the roll stability
derivative from lift generated on the vertical tail. However, when lift is generated on the
vertical stabilizer, the resulting shed vorticity also produces a rolling moment on the
horizontal stabilizer, as shown in Fig 5.4.1. Although the contribution of the horizontal
stabilizer to the roll stability derivative has usually been neglected, it can be quite
significant. For typical conventional tail geometry, where the horizontal stabilizer is
below the vertical stabilizer, the stabilizing contribution that is predicted by Eq. (5.5.22)
will be reduced by about 25 to 35 percent as a result of vortex interaction with the
horizontal stabilizer. With a T-tail configuration, the horizontal stabilizer mounted above
the vertical stabilizer has the opposite effect and will typically increase the roll stability
provided by the vertical tail by 25 to 35 percent over that predicted by Eq. (5.5.22). The
aerodynamic interaction between the horizontal and vertical stabilizers can be quite
accurately determined from a numerical lifting-line solution. As a first approximation for
typical tail geometry, a rough estimate for the rolling moment induced on the horizontal
stabilizer can be obtained from the relation

(ACw)h = +£0.087, gvz” -0 Cra (5.5.23)

w

where the positive sign is used when the horizontal stabilizer is mounted below the
vertical stabilizer and the negative sign is used for a horizontal stabilizer mounted above
the vertical stabilizer. Equation (5.5.23) should be used as a rough estimate only when
the exact tail geometry is unknown. A numerical lifting-line solution will give more
accurate results if the tail geometry is known.

Effect of Rotating Propellers

As discussed in Sec. 5.2, a rotating propeller can have a significant effect on the trim and
static stability of an airplane in yaw. In a similar manner, a propeller will also affect the
trim and static stability in roll. One of the largest contributions that a rotating propeller
makes to the rolling moment is from the engine torque required to turn the propeller. For
a conventional right-hand-turning propeller, the engine must apply a right-hand moment
to the propeller. To support this torque, the engine must also exert an equal and opposite
moment on the airframe. Thus, a conventional right-hand-turning propeller produces a
left-hand rolling moment (negative £).
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The rolling moment that results directly from propeller torque is partially countered
by the effects of slipstream rotation. The torque applied to the propeller causes the air in
the slipstream to rotate in the same direction as the propeller. As shown in Fig. 5.5.7 for
a conventional right-hand propeller, slipstream rotation produces sidewash on the vertical
stabilizer, downwash on the right semispans of the wing and horizontal stabilizer, and
upwash on the left semispans of the wing and horizontal stabilizer. The interactions
between the lifting surfaces of the airplane and the rotation of the slipstream produce a
rolling moment that is opposite to that produced directly by the propeller (positive £ for a
right-hand propeller). In some cases, the effects of slipstream rotation will nearly balance
the rolling moment produced directly by the propeller. In any case, these moments
primarily affect the aircraft trim and have little effect on roll stability.

The axial velocity of the propeller slipstream can also influence the rolling moment
acting on an airplane. The slipstream increases the dynamic pressure and lift over the
inboard sections of the wing. This does not affect the rolling moment when there is no
sideslip. However, as shown in Fig. 5.5.7, sideslip causes the slipstream to impinge on
one semispan more than on the other. When the airplane slips to the right (positive f),
the slipstream is displaced to the left. This causes the increase in dynamic pressure from
the slipstream to affect the left semispan more than the right, which results in more lift
produced on the left. The positive increment to the rolling moment produced by this
slipstream interaction as a result of positive sideslip is destabilizing. The reduction in roll
stability caused by this slipstream effect is appreciably increased with the application of
full power at low airspeed, when the ratio of slipstream velocity to forward airspeed is
greatest. Flaps and other high-lift devices are normally installed in the inboard sections
of the wing where the slipstream influence is high. Thus, slipstream effects are most
significant in takeoff and landing configurations with high-lift devices engaged.

rotation of

) airplane
slipstream

velocity

slipstream

Figure 5.5.7. Effect of the propeller slipstream on an airplane’s rolling moment.
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The effect of the propeller slipstream on the roll stability derivative is very complex
and almost impossible to predict analytically. This effect is usually ignored in the early
phases of airplane design.

Summary

We have seen that the roll stability derivative for an airplane is significantly affected by
some very complex interactions among the fuselage, wing, vertical stabilizer, horizontal
stabilizer, and propulsion system. Furthermore, some of these effects vary with angle of
attack as well as flap and power settings. As a result, analytical calculations for the roll
stability derivative are not accurate and should be used only as an indication of the
expected magnitude of C, 4.

Fortunately, the roll stability derivative is easily adjusted in the later phases of the
airplane design process by making small changes to the wing dihedral. The dihedral
angle of the wing has such a profound effect on the roll stability derivative that this
aerodynamic derivative and its various components are commonly referred to as the
dihedral effect. For example, the fuselage-wing interaction shown in Fig. 5.5.5 is usually
called the fuselage dihedral effect.

It is also fortunate that small changes in wing dihedral do not typically have a large
effect on other aecrodynamic derivatives that also affect the aircraft handling qualities. In
a tailless airplane, the roll and yaw stability derivatives are primarily controlled with
wing dihedral and sweep. Dihedral has the greatest effect on roll stability, and sweep has
the greatest effect on yaw stability. However, the effects of sweep and dihedral are
coupled and some iteration is usually required with a tailless aircraft to bring the roll and
yaw stability derivatives to the desired magnitude. For an airplane with a conventional
aft tail, the roll and yaw stability derivatives are not so closely coupled and a single
adjustment of the wing dihedral, after wind tunnel and/or flight tests will usually be
sufficient.

EXAMPLE 5.5.1. The airplane described in Examples 5.2.1 and 5.2.2 has a high
wing of rectangular planform with no sweep. The tail is of the conventional
design, with the horizontal stabilizer mounted below the vertical stabilizer, and the
aerodynamic center of the vertical stabilizer is 3.0 ft above the CG. For this
airplane in cruise configuration, estimate the wing dihedral required to provide a
roll stability derivative of about —0.05.

Solution. For this airplane we have

S, =180ft>, b, =33ft, C; ,=444, Ry =6.05 Ry =10,
S, =11.91t%, Cp =340, n,=10, (&4),=-0.10, h, =301,
Sp=361t", Cpqa=397, by=121t, 1,=1.0, (£44)s =044
From Fig. 5.5.3, for an aspect ratio of about 6.0 and a taper ratio of 1.0, the

dihedral factor for the wing is approximately «, =1.07, and from Eq. (5.5.12) the
wing dihedral effect is given by
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2x, C
(Acl%,ﬂ)rw . _2xCra r= _2(1.07)4.44

I = -101r
3 RY/4 0

where I"is the dihedral angle in radians. Since this is a high-wing airplane and no
other information is available, we shall estimate the fuselage dihedral effect as
being equivalent to about +2.5 degrees of wing dihedral,

ACiz), = =101 = =1.01| 252 | = —0.044
(ace.p), ( 180)
From Eq. (5.5.22), the dihedral effect of the vertical stabilizer is

Svh,
Syby

(A=&5p)v Crya = —1 Ow

— . 1+0.10)3.40
(4acip), 7 500%) (1+0.10)3

= —0.022

Because this airplane has a conventional tail with the horizontal stabilizer below
the vertical stabilizer, the vortex interaction between the lifting surfaces of the tail
will produce a destabilizing rolling moment on the horizontal stabilizer. Since the
exact geometry of the tail is unknown, we will assume typical conventional tail
geometry and apply Eq. (5.5.23),

vah

Swhy

11.9(12.0)
180(33)

(acy ), = +0.087, (=55 CLa

+0.08(1.0) (1+0.10)3.40 = +0.007

Because the airplane is in cruise configuration, the effect of power on the roll
stability derivative is probably small. Since no other information is available, we
will ignore the propeller slipstream effects.

The net roll stability derivative can now be estimated as

Crp = (Acﬂ,ﬂ)rﬁ(i‘crzﬂ)f +(aCy ), +(4C0 ),

= —1.01 /7-0.044-0.022+0.007 = —0.05
Solving this relation for the wing dihedral gives

_ 0.05-0.044-0.022 +0.007

r
1.01

= —-0.009 = -0.5°

Thus, the tail and the aecrodynamic interaction between the fuselage and the wing
provide all of the desired dihedral effect. These approximate calculations predict
that about % degree of wing anhedral is needed.
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5.6. Roll Control and Trim Requirements

It is possible to design an airplane that can be flown with only elevator and rudder
controls. However, the handling qualities of such an airplane are severely compromised
at best. In order to obtain good handling qualities and to trim the airplane in roll over a
range of operating conditions, it is necessary to provide the pilot with some means of
controlling the aircraft’s rolling moment. This is typically accomplished with ailerons,
which are small trailing-edge flaps located in the outboard sections of the wing. The
ailerons are deflected asymmetrically to change the rolling moment. One aileron is
deflected downward and the other is deflected upward, as shown in Fig. 5.6.1. This
increases lift on the semispan with the downward-deflected aileron and decreases lift on
the semispan with the upward-deflected aileron.

The sign convention that is most commonly used for aileron deflection is shown in
Fig. 5.6.1. The aileron deflection is assumed positive when the right aileron is deflected
downward and the left aileron is deflected upward. With this sign convention, a positive
aileron deflection produces a rolling moment to the left (negative /). The two ailerons
are not necessarily deflected the same. To help prevent tip stall, the downward-deflected
aileron is sometimes deflected less than the upward-deflected aileron. The aileron angle,
O, 1s defined to be the average of the two angular deflections,

_ (éa)right“'(&a)left
‘o 2

(5.6.1)

At first thought, it may seem quite simple to predict the rolling moment produced by
a known deflection of the ailerons from our knowledge of section flap effectiveness. The
change in section lift coefficient that results from deflection of a trailing-edge flap was
presented in Sec. 1.7 and can be expressed for the ailerons as

(4L, = +Crutid, (5.6.2)

where &, is the local section flap effectiveness and the positive sign corresponds to the
right aileron while the negative sign applies to the left.

Q(641)ri ght

(54)16ﬁ

Figure 5.6.1. Ailerons are typically used to control an airplane’s rolling moment.
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A very simple method that is often recommended for estimating the rolling moment
produced by the ailerons is called strip theory. This amounts to multiplying the local
section lift increment by the local rolling moment arm and integrating over the wing
sections containing the ailerons. From Eq. (5.6.2) and the geometry shown in Fig. 5.6.2,
the result is

Yo —Ji
(Ag)(?, sz (5tz)r1ght..‘( yb)CL aga Cy dyb (5 )left j( yb)CL aga cwdyb

Yi —Yo

After nondimensionalizing and differentiating with respect to the aileron angle, for a
symmetric wing with constant section lift slope we have

oC, (4), (C)right +(Sa)iest x ¥~
C‘ s = = < = - C atw d
3, 25, % pVog S boo. S buda L. _[yb Eq Cy AYh

Yi

or in view of Eq. (5.6.1),

B 2CL o
Cis, = S b besacwdyb (5.6.3)

The variation in local section flap effectiveness with the spanwise coordinate, ys,
depends on the local ratio of flap chord to wing chord. Thus, the integrand in Eq. (5.6.3)
is a function of wing and aileron planforms and the integration is easily carried out.
Unfortunately, the physical model of aileron performance on which Eq. (5.6.3) is
based has little correspondence with reality. This model totally ignores the change in
vorticity that must accompany any change in lift. As shown in Fig. 5.6.2, the model
assumes that the only change in lift produced by a deflection of the ailerons occurs over
those wing sections that include the ailerons. This is not realistic. Equation (5.6.3)
gives only a very rough estimate of aileron performance. However, it has been
recommended in the literature and the student should be aware of its shortcomings.

right-side
lift increment

left-side /

lift increment

Figure 5.6.2. Lift increment resulting from aileron deflection, as predicted by strip theory.
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A more realistic lift distribution is predicted by lifting-line theory. For unswept
wings, the series solution presented in Sec. 1.8 can be used to obtain the rolling moment
produced directly on the wing by aileron deflection. In general, this can be used as an
initial estimate. However, the change in vorticity that results from aileron deflection also
produces a significant rolling moment on the tail. To account for the vortex interaction
between the wing and the tail, the lifting-line equation can be solved numerically.
Results of a numerical lifting-line solution for a particular wing and tail combination are
shown in Fig. 5.6.3. In this figure, the vectors displayed along the quarter-chord lines
show the magnitude and direction of the local section lift increment, and the lines along
the trailing edges indicate the magnitude of the increment in local shed vorticity.

From Fig. 5.6.3, we see that a deflection of the ailerons changes the lift distribution
on the entire airplane, not just on those wing sections that contain the ailerons. The
changes in lift brought about by the aileron deflection produce a change in the wing
vorticity distribution, which in turn modifies the lift distribution on all lifting surfaces.
Lift is increased on the entire wing semispan with the downward-deflected aileron and
decreased on the entire wing semispan with the upward-deflected aileron. In addition,
changes in vorticity shed from the wing modify the distribution of aerodynamic forces
acting on the tail. Most notably, a deflection of the ailerons creates sidewash on the
vertical stabilizer, which gives rise to a rolling moment that opposes that produced
directly by the ailerons.

In addition to producing a rolling moment, aileron deflection gives rise to a change
in vorticity that modifies wing downwash and the associated induced drag. The induced
drag is increased on the semispan with the downward deflected aileron and decreased on
the semispan with the upward-deflected aileron. This produces a yawing moment in the

i

Figure 5.6.3. Lift increment resulting from aileron deflection, as predicted by lifting-line theory.
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direction of the downward deflected aileron. For positive aileron deflection (right aileron
down), the rolling moment is to the left (negative ¢), whereas the yawing moment is to
the right (positive n). Because the primary reason for applying positive aileron deflection
is to initiate a roll to the left, we see that the yawing moment produced by aileron
deflection is in the wrong direction. Accordingly, this aileron-induced yawing moment is
commonly called adverse yaw. In airplanes having wings with very high aspect ratio,
aileron adverse yaw can cause significant lateral control problems. Some potential
solutions to this problem are discussed in Chapter 6, which treats aircraft controls and
maneuverability in greater detail.

Rudder deflection will also generate a moment about the roll axis of most airplanes.
The rolling moment contributed directly by the lift developed on the vertical stabilizer
can be estimated using Eq. (5.5.21). Differentiating this result with respect to rudder
deflection gives

Syh,
Swbw

(4Cis.), =m0 £ Cla (5.6.4)

As discussed previously, the vorticity associated with lift developed on the vertical
stabilizer will modify the distribution of lift developed on the horizontal stabilizer as
shown in Fig. 5.4.1. The aerodynamic interaction between the horizontal and vertical
stabilizers produces a rolling moment, which occurs whether the lift on the vertical
stabilizer is the result of sideslip or rudder deflection. For typical tail geometry, the
rolling moment predicted by Eq. (5.6.4) will change by 25 to 35 percent as a result of
vortex interactions with the horizontal stabilizer. For typical tail geometry, a rough
estimate for the rolling moment induced on the horizontal stabilizer as a result of rudder
deflection can be obtained from

S.by
Swhbw

(4C,5.), = £0.087, & Cl o (5.6.5)

where the negative sign is used when the horizontal stabilizer is mounted below the
vertical stabilizer, and the positive sign is used for a horizontal stabilizer mounted
above the vertical stabilizer. Equation (5.6.5) should only be used as a rough estimate
when the exact tail geometry is unknown. Here again, a numerical lifting-line solution
for the specific tail geometry being used will give a more realistic result.

Four lateral control derivatives, Cys,,Cys,,Crs,,and C, 5, have been discussed.
While the ailerons are intended to provide the pilot with roll control and the rudder is
meant for yaw control, very seldom are these two controls uncoupled. Aileron deflection
usually produces a yawing moment, and rudder deflection will typically gencrate a
rolling moment. This means that trim requirements for roll and yaw are coupled as well.
For example, as discussed in Sec. 5.2, a conventional right-hand-turning propeller
produces a yawing moment to the left, at positive angles of attack. A right-hand
propeller also produces a rolling moment to the left. To trim the airplane against the
propeller-induced yawing moment, some right rudder is required. For a conventional
high tail, right rudder generates a rolling moment to the left, which adds to that produced
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by the propeller. Right aileron is needed to compensate for the rolling moment that
results from propeller rotation and rudder deflection. However, the adverse yaw
associated with right aileron deflection also adds to the right rudder needed to trim the
airplane. These lateral trim requirements are best illustrated by example.

EXAMPLE 5.6.1. The P-38 Lightning shown in Fig. 5.3.5 is powered by two
1,425-horsepower Allison V-1710 engines turning 138-inch, three-blade, counter-
rotating Curtiss Electric propellers with 2:1 gear reduction. The propeller on the
pilot’s right has right-hand rotation, and the propeller on the left has left-hand
rotation. Each propeller axis is offset from the plane of symmetry by 8 feet and is
aligned with the direction of flight at the maximum airspeed of 400 mph at sea
level. With the left engine disabled and the prop feathered, the airplane is flying
with an airspeed of 240 mph at 25,000 feet. We wish to estimate the rudder and
aileron deflection required to trim the airplane for straight and level flight with no
sideslip. Use the following for this airplane and operating condition:

Sy =3275ft%, b, =521t, C,, =501, V,=352ft/sec, W =15480Ibf,
d,=138121ft, h, =0.0f, (@?27),=1350rpm,
(640)p ==0.175, C,, . =-0.046, Cp =0.0466,
Crs, =—0.131, C,5, =0.013, Cis5 =0.006, C,s5 =-0.052

Solution. For this estimate we shall neglect compressibility and the effects of
slipstream rotation. We will also assume a typical propulsive efficiency for the
propeller of 80 percent and will ignore any yawing moment produced by the added
drag of the feathered propeller on the left.

The lift coefficient at the maximum airspeed at sea level is

15,480
(CL)400 =7 4 =

Lov2s,  10.0023769(400x5,2803,600)2327.5

0.116

and at the actual operating condition, we have

716

w 15,480
(CL )240 = 1 2 = i 2 =0
7,0VOOSW 70.0010663(352) 327.5
Since the propeller is aligned with the flight direction for 400 mph at sea level, for
240 mph at 25,000 feet the angle between the propeller and the flight velocity is

(Chao—(Cidun _ 0.716-0.116

= 0.1198 = 6.86°
ClLa 5.01 8 =686

Qop =

The downwash angle in the plane of the propeller is the angle of attack relative to
the zero-lift line multiplied by the downwash gradient,
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c
sa0p = %i—“"—(ad,a)p - 876 (0.175) = ~0.0250 = ~143°

The propeller yawing moment is then
2 45
Hp = p(a)/27r) dpcn,,,a (@op —€a0p)

= 0.0010663(1,350/60) (138/12)°(~0.046)[0.1198 — (~0.0250)]
= ~723ft-Ibf

For steady level flight the thrust is nearly equal to the drag,
T =D= ngﬁsch = %0.0010663(352)2327.5(0.0466) = 1,008 Ibf

With the left engine disabled, the thrust vector is offset 8 feet to the right of center.
Thus, the total contribution that the propeller makes to the airplane yawing
moment coefficient is

1y —Vip T - -8. 8
(ACn),, _ l”p zybp - - 723 80(12,00) = _0.0078]
5prwaW 70.0010663(352) 327.5(52)

The rolling moment contributed by the right-hand propeller can be estimated
from the thrust and airspeed combined with the assumed propulsive efficiency,

VoIl :
0, = - B _ _(TWVulnp) _  1.008(352)0.80 _ 3137 i Ibf
w, w, 27(1,350/60)

This gives the propeller contribution to the airplane rolling moment coefficient,

(ac.), = L = 3137 = -0.00279

Lpr2sb,  10.0010663(352)*327.5(52)

To maintain straight and level flight with no sideslip, the moments produced
by the propeller must be balanced with rudder and aileron deflection. Since the
total rolling and yawing moments must be zero, this requires that

Crs, Cis {|9a _ _(AC(')p
Cn,b], Ch.s, Or - (AC’! )p

~0.131 0,006 ][5, _ [0.00279
0013 -0.052115.] ~ 10.00781

or
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da| _ |—0.0285 [-1.6°

s |-01573f T |-9.0°
which means that in the absence of slipstream effects, about 9 degrees of right
rudder and less than 2 degrees of right aileron are required to trim the airplane for
this engine-out flight condition. Slipstream rotation could significantly increase
the required rudder deflection while decreasing the required aileron deflection. At

lower airspeeds these slipstream effects and the required rudder deflection would
be larger.

This gives

Since actual wind tunnel data for the P-38 Lightning were not available to the author,
the aerodynamic derivatives used in Example 5.6.1 are only approximate and the
predicted result is probably not accurate. However, the example does demonstrate what
is usually the critical constraint on rudder size for multiengine airplanes. That is the need
to provide the yawing moment necessary to trim the airplane for the most critical
allowable engine-out flight configuration. The reader will also notice that while some
aileron deflection is required for trim, this is quite small. Static trim requirements are not
a significant consideration in sizing the ailerons of a conventional airplane. When the
ailerons are sized on the basis of dynamic considerations, which will be discussed later,
they will be capable of providing any rolling moments needed for static trim.

5.7. Longitudinal-Lateral Coupling

In this chapter and Chapter 4, considerations of aircraft static stability and trim were
divided into two distinct categories, those associated with longitudinal motion and those
associated with lateral motion. To reiterate, longitudinal motion involves only three
degrees of freedom, axial and normal translation in the aircraft plane of symmetry, and
rotation in pitch. Lateral motion comprises the remaining three degrees of freedom,
sideslip translation combined with rotation in roll and yaw.

The study of most topics within the field of flight mechanics has traditionally been
divided along these lines. Longitudinal and lateral motion are usually considered
separately and longitudinal-lateral coupling is commonly ignored. In a great many cases,
the coupling between the longitudinal and lateral degrees of freedom is very small, and
neglecting this coupling is well justified. However, the designer should never lose sight
of the fact that longitudinal-lateral coupling can sometimes be very important.

In this chapter we have observed one form of longitudinal-lateral coupling. A
rotating propeller produces a yawing moment that varies with angle of attack. This
means that lateral trim requirements in yaw can depend on longitudinal trim requirements
in pitch. This is only one of many forms of longitudinal-lateral coupling that will be
considered as we continue with our study of flight mechanics.

Some forms of longitudinal-lateral coupling were completely unknown prior to the
development of high-powered aircraft during and following World War II. On December
10, 1944, a German prototype He-162 jet fighter broke up during a high-speed roll.
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Later, a similar incident with the British Fairey Delta aircraft resulted in complete control
loss but no severe damage to the aircraft. Despite the fact that both incidents were well
documented, the aircraft behavior could not be explained on the basis of flight mechanics
knowledge available at that time. In both cases, a form of longitudinal-lateral coupling
that was not considered in the aircraft design process was at fault.

In the following chapters we continue to divide our study of flight mechanics along
the traditional lines of longitudinal and lateral motion. To begin with, we neglect
longitudinal-lateral coupling. This will simplify the initial presentation of fundamental
principals and should help the student to grasp the underlying concepts more easily.
However, this approach should not be taken as an indication that longitudinal-
lateral coupling is never important.

Most pilots who have flown an airplane with the tendency to yaw to the left at low
airspeeds and high angles of attack are aware of at least some aspects of longitudinal-
lateral coupling. On the other hand, the effects of longitudinal-lateral coupling have
often been neglected by the designer, sometimes at great cost.

5.8. Control Surface Sign Conventions

A few closing words on sign convention may be in order. The sign convention for aero-
dynamic angles and moments that is used in this textbook and shown in Fig. 5.1.1 is
widely used. If this sign convention is not absolutely universal, it is very close to being
so. The same cannot be said for the control surface sign convention used here.

The sign convention that is used in this textbook is based on the right-hand rule for
control surface rotations. The elevator sign convention is shown in Fig. 4.3.3, that for the
rudder is shown in Fig. 5.2.1, and that for the ailerons is shown in Fig. 5.6.1. Downward
deflection of the elevator is assumed positive, deflection of the rudder to the left is
assumed positive, and aileron deflection is assumed positive when the right aileron is
deflected down and the left aileron is deflected up. When this particular control surface
sign convention is combined with the moment sign convention shown in Fig. 5.1.1, the
three primary control derivatives (Cy5,, Cms,,and C, 5, ) are all negative. While the
control surface sign convention presented here is probably the most widely used, it
is by no means universal,

A sign convention opposite to that presented in this text is sometimes used for
control surface deflections. The argument for using this alternative sign convention is
specifically to make the three primary control derivatives positive. For example, since
the ailerons are intended to create a rolling moment, it is argued that positive aileron
deflection should produce a positive rolling moment. Similar arguments are made for the
elevator and rudder. While this argument makes sense, sigh conventions are clearly
arbitrary and often dictated more by history than by logic.

Any aeronautical engineer will almost assuredly encounter the use of different
control surface sign conventions. The author has actually seen different control surface
sign conventions used for two different airplanes within the same textbook. With only a
little thought, the student should not find this inconsistency too confusing. By simply
examining the signs of the primary control derivatives, it is easy to tell what sign
convention has been used.
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Because there is no universally accepted control surface sign convention, control
surface deflections are commonly described as being right or left and up or down. Right
aileron is always understood to mean an aileron deflection that will tend to bank the
airplane into a right turn. Left aileron will bank the airplane to the left. Similarly, right
rudder is always understood to be a rudder deflection that tends to yaw the airplane’s
nose to the right, and left rudder will yaw the nose to the left. Up elevator will pitch the
nose up, and down elevator will pitch the nose down. If you wish to avoid any possibility
of confusion, this terminology can be used.

5.9. Problems

5.1.  The airplane described in Example 5.2.1 is to be modified to increase the yaw
stability derivative to 0.10. As much as possible we would like to leave the other
characteristics of the airplane unchanged. What would you suggest as the least
expensive design change that would produce the desired result? Your suggestion
should be quantitative.

5.2 The vertical stabilizer of the airplane in problem 4.2 is to be sized to give a con-
tribution to the yaw stability derivative of 0.10. Suggest a preliminary design and
size for the vertical stabilizer. Use the aircraft dimensions and operating
conditions specified in problem 4.1 and clearly state all assumptions.

53 During its useful life the British Spitfire underwent many design changes. The
first Mark I was powered by a 1,030-horsepower Merlin II engine. Later, a
2,375-horsepower Griffon 67 engine powered the Mark XVIII. Along the way,
several changes in the tail were made to accommodate this growth in power. For
the Mark XVIII shown in Figs. 4.11.1 and 4.11.2, estimate the vertical tail
volume ratio that would be required to give the airplane a yaw stability derivative
of 0.10. Use the data given in problems 4.8, 4.10, and 4.11. Assume a lift slope
for the vertical stabilizer of 3.50 and clearly state all other assumptions.

5.4 The 2,375-horsepower Griffon engine that powers the Spitfire Mark XVIII turns
the 132-inch, five-blade, constant-speed Rotol propeller shown in Fig. 5.9.1. At
full power, the propeller turns 1,400 rpm. While taxiing with the tail wheel on
the ground, the propeller angle of attack is 11 degrees relative to the freestream.
Assume that the pilot uses full power for a takeoff run and raises the tail at an
airspeed of 55 mph. At this operating condition, the magnitude for the change in
the propeller yawing moment coefficient with respect to propeller angle of attack
is 0.0785. Estimate the rudder deflection required to trim the airplane for no
sideslip at the instant that the tail wheel leaves the ground. Use the data given in
problems 4.8, 4.10, and 4.11; neglect the slipstream effects; and assume the
following properties for the vertical tail:

S, =211t%, €, o=350, 1,=18.16f, 17 =10, (&.4), =00,
¢, =38ft, & =060, C, 5 =-0.58
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Figure 5.9.1. The five-blade, 132-inch, constant-speed Rotol propeller on the Spitfire Mark XVIIL.
(Photograph by Barry Santana)

55

5.6

5.7

Based on the photograph shown in Fig. 5.9.1, is right rudder or left rudder
required? Explain how you arrived at your conclusion. Do you expect your
estimate for rudder deflection to be low or high? What conclusions can you draw
from the result predicted?

For the wing of the Spitfire Mark XVIII described in problem 4.8, use the method
presented in Sec. 5.3 to estimate the sidewash gradient in the aircraft plane of
symmetry, 3.0 feet above the plane of the wingtip vortices, and 18.0 feet aft of
the wing quarter-chord.

Repeat the calculations in problem 5.5 for an unswept rectangular wing of the
same span and planform area. Explain any difference that you observe.

One way to increase the yaw stability of an airplane is to lengthen the tail boom.
In addition to increasing the moment arm for the vertical stabilizer, this also
changes the sidewash gradient. Repeat the calculations in problem 5.5 for an
increase of 25 percent in the distance aft of the wing quarter-chord. Explain how
this would affect the trade-off between tail boom length and vertical stabilizer
area. How would this trade-off change for a rectangular wing? How would this
trade-off change if the height of the vertical stabilizer were increased?
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Airplanes are sometimes designed with twin vertical stabilizers symmetrically
offset from the midspan, as shown in Fig 5.3.5. The sidewash gradient for such a
design is significantly different from that of a single vertical stabilizer placed
directly aft of the wing midspan. Repeat the calculations in problem 5.5 for a
spanwise position that is 30 percent of the distance between the midspan and the
wingtip. How does this affect the total vertical stabilizer area needed to stabilize
the airplane, all else being equal?

Repeat the calculations in problem 5.5 for the case where the wingspan is reduced
by 25 percent while the wing area and all other parameters remain unchanged.
How would this affect the yaw stability of the airplane if the vertical stabilizer
area and tail boom length were unchanged?

Consider a conventional tail with the horizontal stabilizer below the vertical
stabilizer. Both stabilizers are unswept, rectangular, and have the same chord.
The horizontal and vertical stabilizers have aspect ratios of 4.0 and 2.0,
respectively. Using Fig. 5.4.2, estimate the lift slope for the vertical stabilizer.

Use a numerical lifting-line solution to estimate the lift slope for the vertical
stabilizer in problem 5.10, with and without the horizontal stabilizer present.

The conventional aft tail described in problem 5.10 is modified to include taper,
sweep, and dihedral. The taper ratio for both stabilizers is changed to 0.50. The
quarter-chord sweep is changed so that the trailing edges remain unswept. The
horizontal stabilizer is given 3.0 degrees of dihedral. The aspect ratio and
planform area of each stabilizer remains unchanged. Use a numerical lifting-line
solution to estimate the lift slope for the vertical stabilizer, with and without the
horizontal stabilizer present.

Using Eq. (5.3.7) to approximate the sidewash gradient, estimate the total yaw
stability derivative for the Spitfire Mark XVII shown in Fig. 4.11.1 and
described in problems 4.8, 4.10, and 4.11. Assume an airspeed of 200 mph at
standard sea level, include the effects of the fuselage and propeller, and use the
following properties for the vertical stabilizer:

S, =211t*, ¢, =38ft, Cp ,=3.50, [,=18.161f, h, =3.0f, 7, =1.0

As a first approximation for the contribution of a swept wing to the yaw stability
derivative of an airplane, we can assume that the wing section drag coefficient is
constant. Using this assumption in Eq. (5.2.32), obtain an expression for the
contribution of a swept tapered wing to the yaw stability derivative.

Using the result obtained in problem 5.14, estimate the wing contribution to the
yaw stability derivative of the small jet transport described in problem 4.16.
Assume a constant section drag coefficient of 0.02.
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Using Eq. (5.3.7) to approximate the sidewash gradient, estimate the total yaw
stability derivative for the small jet transport described in problems 4.16, 4.18,
4.19, and 5.15. Assume an airspeed of 400 mph at 30,000 feet, include the
effects of the fuselage and thrust deck, and use the following properties for the
vertical stabilizer:

S, =138ft*, & =69ft, C,,=340, [,=432f, h,=7.0ft, 7,=10

Using Eq. (5.3.7) to approximate the sidewash gradient, estimate the total yaw
stability derivative for the turboprop transport shown in Fig. 4.11.3 and described
in problems 4.32, 4.34, and 4.35. Assume an airspeed of 300 mph at standard sea
level, include the effects of the fuselage, nacelles, and propeller, and use the
following properties for the vertical stabilizer:

S, =279, 7, =12.0ft, Cr.a=350, [,=4331ft, h,=1511t, 7,=1.0

Using Eq. (5.3.7) to approximate the sidewash gradient, estimate the total roll
stability derivative for the Spitfire Mark XVIII shown in Fig. 4.11.1 and
described in problems 4.8, 4.10, 4.11, and 5.13. Assume a wing dihedral angle of
4.8 degrees.

As a first approximation for the contribution of wing sweep to the roll stability
derivative of an airplane, we could assume that the wing section circulation does
not change with either £ or A. With this assumption in Eq. (5.5.20), use the
classical infinite series solution to Prandtl’s lifting-line equation to obtain an
expression for the contribution of a swept tapered wing with no dihedral to the
roll stability derivative.

Using the result from problem 5.19, estimate the wing sweep contribution to the
roll stability derivative for a 45-degree swept wing having linear taper with a root
chord of 20 ft, a tip chord of 8 ft, and a span of 70 ft. The wing has a thin
symmetric airfoil, no twist, and is operating at a lift coefficient of 0.50.

Using a numerical lifting-line solution, estimate the wing sweep contribution to
the roll stability derivative for the wing described in problem 5.20. Compare this
result with that obtained from the approximate solution in problem 5.20.

Using the result from problem 5.19, estimate the wing sweep contribution to the
roll stability derivative for a 45-degree swept wing having linear taper with a root
chord of 14 ft, a tip chord of 14 ft, and a span of 70 ft. The wing has a thin
symmetric airfoil, no twist, and is operating at a lift coefficient of 0.50.

Using a numerical lifting-line solution, estimate the wing sweep contribution to
the roll stability derivative for the wing described in problem 5.22. Compare this
result with that obtained from the approximate solution in problem 5.22.
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5.24  Using Eg. (5.3.7) to approximate the sidewash gradient, estimate the total roll
stability derivative for the small jet transport described in problems 4.16, 4.18,
4.19, and 5.16. Assume a T-tail and a low wing with 4.2 degrees of dihedral.

5.25 Using Eq. (5.3.7) to approximate the sidewash gradient, estimate the total roll
stability derivative for the turboprop transport shown in Fig. 4.11.3 and described
in problems 4.32, 4.34, 4.35, and 5.17. Assume no wing dihedral.

5.26 The XP-38 prototype for the P-38 Lightning had propellers that turned opposite
to those of the later production models. Repeat the computations in Example
5.6.1 for the case where the airplane’s propellers turn in the opposite direction
and all other conditions remain unchanged. Based on a comparison between the
results of these two computations and the photograph of the production model
that is shown in Fig. 5.9.2, can you suggest any reason why the direction of
propeller rotation may have been changed in going from the prototype to the
production model?

5.27 The wingtip vortices trailing behind a large airplane can cause loss of control or
structural damage to another airplane flying into this wake. Near a busy airport,
this can present a serious safety hazard. For this reason, the FAA has developed
separation requirements for aircraft of different size. Another situation that
presents a similar hazard is formation flying. Pilots engaged in formation flying
must take care to avoid flying directly through the core of a wingtip vortex shed
from one of the companion aircraft. On the other hand, these wingtip vortices
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Figure 5.9.2. A production model P-38 Lightning, showing the right-hand-turning propeller on the
pilot’s right and the left-hand-turning propeller on the pilot’s left.
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