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Chapter 5 Lateral Static Stability and Trim

can be used to advantage in formation flying if proper position is maintained.
While downwash is induced between the wingtip vortices, upwash is induced
outboard from the wingtips of any airplane in flight. Another airplane flying
slightly aft and outboard from the wingtips of a lead airplane will be flying in a
region of constant upwash. This upwash decreases induced drag and can signifi-
cantly reduce the fuel consumed during a long flight for a large formation of
airplanes. Migrating ducks and geese use this same strategy. Use the vortex
model presented in Sec. 4.5 to develop an expression for the upwash angle that is
induced outboard from the wingtip vortex shed from one semispan of an
airplane’s wing. Express this upwash angle as a function of the distance aft of the
wing, the distance outboard from the center of shed vorticity, and any other
parameters that you find to be important.



Chapter 6
Aircraft Controls and Maneuverability

6.1. Longitudinal Control and Maneuverability

From the material presented in the previous chapters, the student should now have a good
understanding of the trim and static stability requirements for nonaccelerating flight.
Both trim and static stability were defined only for an equilibrium flight condition.
While the operation of an airplane in equilibrium flight is a very important consideration
in aircraft design, it is also important to understand how aircraft controls are used to
accelerate an airplane from one equilibrium state to another. The force that provides
nearly all of the acceleration typically used to maneuver an airplane is the lift. For the
most part, the aerodynamic controls of an airplane are designed to change the magnitude
and direction of this force. Angle of attack governs the magnitude of the lift, and the
elevator controls the angle of attack. The ailerons are used primarily to control the
direction of the lift vector and the rudder is normally used only to coordinate the
maneuver and eliminate the sideslip. Since the elevator provides pitch control, it controls
the magnitude of the lift and is used in almost all airplane maneuvers.

In Chapter 4 we learned how the elevator is used to trim an airplane. To determine
the elevator angle required for trim, we set the summation of normal forces and pitching
moments both equal to zero. These two coupled equations are then solved for the
equilibrium angle of attack and elevator deflection. Clearly, the elevator must be large
enough to trim the airplane for any possible operating condition, with or without flaps
deployed. However, simply being able to trim the airplane is not sufficient. The elevator
must also be large enough to maneuver the airplane adequately over the full range of
operating conditions as well.

While the elevator trim analysis was based on static equilibrium, for maneuverability
analysis we consider accelerating flight. The elevator is used to accelerate the airplane in
a direction normal to the flight path. Consider, for example, the constant-speed pull-up
maneuver that is shown in Fig. 6.1.1. For this maneuver, the airspeed, V, is held constant
but the airplane has an acceleration, ay, that is normal to the flight path. This normal
acceleration requires lift in excess of the weight. From Newton’s second law we can
write

ay = L-W 6.1.1)
or

ay = (%— l)g (6.1.2)

The ratio of the lift generated during an accelerating maneuver to the weight of the
airplane is the load factor that was defined in Chapter 3. That is,
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504 chapter 6 Aircraft Controls and Maneuverability

Figure 6.1.1. Constant-speed pull-up maneuver.

n = 7 6.1.3)

Recall that load factor is usually stated in terms of g’s. For example, a maneuver that
produces a lift force that is five times the aircraft weight is said to be a “5-g maneuver.”
Using the definition of load factor with Eq. (6.1.2), the normal acceleration for the pull-
up maneuver can be written

ay = (n-1)g 6.1.4)

The acceleration normal to the direction of flight can also be expressed in terms of
the radius of curvature of the flight path and the airplane’s forward airspeed,

2
ay = L= (6.1.5)
¥p

where 1, is the radius of curvature for the pull-up maneuver. Using Eq. (6.1.4) to express
the normal acceleration in terms of the load factor, Eq. (6.1.5) is solved for the radius of
curvature,

_
ity (6.1.6)

As the airplane travels this curved path it rotates in pitch, as can be seen in Fig. 6.1.1.
This is where the elevator comes in. Elevator deflection is required to initiate and sustain
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this rotation. The rate of pitching rotation about the aircraft center of gravity is called the
pitch rate and is commonly given the symbol, g. If the airplane were to travel a curved
path of radius r, at constant speed for one complete revolution, the total rotation angle
would be 27 radian. The distance traveled would be 277, and the time of rotation would
be 27r,/V. Since the rotation rate is the rotation angle divided by the rotation time, the
pitch rate is the forward velocity divided by the radius of curvature,

_ 27 _r
7= 2, [V 1y ©.1.7

Using Eq. (6.1.6) to eliminate the radius of curvature from Eq. (6.1.7), the pitch rate for a
constant-speed pull-up maneuver can be expressed in terms of the airspeed and the load
factor,

_(n-Dg
g =7 (6.1.8)

As the airplane negotiates the pull-up maneuver, the center of gravity has a transla-
tional velocity, ¥, and the airplane is rotating about its center of gravity with an angular
velocity, g. Since the airplane is traveling a curved path through the air, the relative
airflow past the airplane is also curved, as shown in Fig. 6.1.2. This curvature changes
the pressure distribution and the aerodynamic forces and moments acting on the airplane.
As can be seen in Fig. 6.1.2, all points aft of the center of gravity experience an increase
in angle of attack, while all points forward of the center of gravity experience a decrease
in angle of attack. While this alters the pressure distribution over the entire airplane, by
far the most significant effects on the aerodynamic forces and moments result from the
change in the angle of attack for the horizontal surface and the wing. From Fig. 6.1.2, the
change in angle of attack for the horizontal surface can be written as

radial line to aerodynamic

! radial line to center of gravity
center of horizontal surface

‘\Aa,,\,

"

Figure 6.1.2. Airflow relative to the airplane during a pull-up maneuver.
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Aay = tan_lilij = In (6.1.9)
Fp Tp

where again /, is the distance that the aerodynamic center of the horizontal surface is aft
of the center of gravity and r, is the radius of curvature. For an aft tail, this change in
angle of attack is positive, and for a forward canard, the change is negative. From
Eq. (6.1.7), the radius of curvature is the forward velocity divided by the pitch rate.
Thus, Eq. (6.1.9) can be written

l
day = 14 (6.1.10)
14

Unlike the angle of attack, the pitch rate, ¢, is not dimensionless. Thus, in order to
maintain all variables in dimensionless form, it is standard convention to define a
dimensionless pitch rate to be

_ _ q¢,/2
= 1= 6.1.11
g 7 ( )

The choice of ¢,,/2 as the characteristic length is the usual convention. However, this is
arbitrary and has no real physical significance. Other characteristic lengths could and
have been used. Using Eq. (6.1.11) in Eq. (6.1.10), we can write

day = Z_ACT (6.1.12)
Cy
Similarly, for the wing we can write
Ao,y = Hug (6.1.13)
Cw

These changes in angle of attack affect both the lift and the pitching moment for the
airplane. In the range of linear lift, the lift coefficients for the wing and the horizontal
surface are, respectively,

C,. = CL“,a (o + Aay + Aoy — A row) (6.1.14)

CL;, = CL]HQ(OC-%A(I;, +&on —CAron — &4 +8956) (6115)

Thus, assuming no vertical offsets and using the effects of pitch rate from Eqgs. (6.1.12)
and (6.1.13), the total lift coefficient for the two surfaces combined is

CL = CL“.,a (a + 2._lw ‘7+a0w _aLOWJ
Cw
(6.1.16)
L

S 21, _
+ 2 Cy | @+ 2 G +aon — apon — €4 + E5e
Sw Cw
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and the total moment coefficient is

C'm = me _éV—CLu Re1 (0{ + 2_lw
C

q+aow— aLOw]
w w

S #Ch
SW_W
 Sula
SWEW

174 (Cmyo + Chyy.5, Oc) (6.1.17)

mCr, [a+2_i§+a0h —aLop — €4 +€eée]
C

w

These two equations can be written as

C, = CL()+CL’,1(Z+CL@67+CL,5‘, 59 (6118)
Cn = Cuo +Crn,01 a+Cm,§ 67+Cm,5(, 56 (61 19)
where
Sy
Cro = Cp, o (@ow —row)+—— 5. 174Cy .0 (Con —Cron —Eq0) (6.1.20)
S
Cro = Croa +S_77hCL;,,a(1_5d,a) (6.1.21)
Cry = 220¢y 4258 ey (6.1.22)
CM chw
Sh
Crs, = < MCrabe (6.1.23)

Sw

Ly Sie,
Cmo = me _E_CLW,(I (a0w aLOw)+ nhcm,,
" we (6.1.24)

- ;fg 1 Cr, o (Qon —Lon —€a0)
Co = ~2Croa =5 M Cl 1= 20.) (6.1.25)
Cog = -2 2 Cpy - S,,122 Ml (6.1.26)
Cw wCw
Cms, = 5”? M6Comy 5. — 5 ”é” MCL, aée (6.1.27)
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The coefficient C,, 57 is the change in the pitching moment coefficient with respect to
the dimensionless pitch rate. This is commonly referred to as the pitch-damping
derivative. Notice that in unstalled flight, this derivative is always negative. In the
absence of stall, the only parameters in Eq. (6.1.26) that can ever be negative are /,, and
. Since both of these parameters are squared in Eq. (6.1.26), the pitch-damping
derivative is negative. This means that the contribution to the pitching moment that
results from the pitch rate always opposes the pitching motion. A positive pitch rate will
produce a negative pitching moment, and a negative pitch rate will produce a positive
pitching moment.

When an airplane is flying in trimmed flight, the pitch rate is zero. As the pilot first
introduces an elevator deflection to initiate a pull-up maneuver, a nonzero pitching
moment is generated about the CG. This causes acceleration in pitch, which in turn
produces an increasing pitch rate. As the pitch rate increases, the pitching moment
decreases as a result of pitch damping. The acceleration in pitch quickly results in a pitch
rate that returns the pitching moment to zero. At this point, the negative pitching moment
that results from the positive pitch rate exactly balances the positive pitching moment
produced by the added elevator deflection. Since there is no longer an imbalance in the
total pitching moment, the pitch rate cannot increase farther without additional elevator
deflection.

As a measure of the airplane’s maneuverability in pitch, we wish to predict the
maximum normal acceleration that could be sustained in a constant-speed pull-up
maneuver with a given elevator deflection. To this end, we apply the definition of
dimensionless pitch rate from Eq. (6.1.11) to the pitch rate relation expressed in
Eq. (6.1.8). This gives

g = (n-1) f;“; (6.1.28)

This equation relates the maximum dimensionless pitch rate to the load factor for a
constant-speed pull-up maneuver. From the definition of load factor, the lift coefficient
for the maneuver is

=L __L_W
%szSW w %szSW

= nCy (6.1.29)

where Cy is sometimes called the weight coefficient and is defined as

Cy = —2 (6.1.30)

B %szSw

Maximum normal acceleration for any given elevator deflection occurs at maximum
pitch rate, when the net pitching moment is zero. Thus, using Eqs. (6.1.28) and (6.1.29)
in Egs. (6.1.18) and (6.1.19) while setting the total pitching moment coefficient to zero
gives
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Craa+Cprs 6o = nCy —Cro—Cprg (n—1) ;’;'5 (6.1.31)
gCy
Crna @+Cps, 8¢ = =Crp—Cpz (n—=1) por (6.1.32)

For any given load factor, these two equations are readily solved for the angle of attack
and the elevator deflection,

. _ (nCw ~C10)Co +Crs Cun +(Crs, Cng —~Crg Cns Y =D(ge/2V°)
CL,a Cm,b], ‘CL,J(, Cm,a

(6.1.33)

 (nCw —C10)Crma + Cra Cino +(Cra Cng = Crg Cma)n—1)(gC0 /2V'?)
CL,a Cm,a} - CL,JB Cm,a

5, =
(6.1.34)

Since trimmed flight can be viewed as a 1-g maneuver, the elevator deflection required
for trim can be found as a special case of Eq. (6.1.34) with the load factor set to 1.0.

An important measure of maneuverability for an airplane is the increase in ¢levator
deflection that is required to produce a given level of normal acceleration. This is
typically specified as the elevator deflection that is required to produce a unit increase in
load factor. This can be found by differentiating Eq. (6.1.34) with respect to n,

35, _ CwCma+(CraCmg =Cug Cna)g0/2V7) (6.135)
on CL,a Cm,()} “Cl,ég Cm,a o

This derivative is commonly referred to as the elevator angle per g, because it specifies
the elevator deflection required to sustain each additional g of normal acceleration,
beyond the 1 g that is required to sustain trimmed flight. It provides a measure of
airplane maneuverability. The smaller this derivative is, the more maneuverable the
airplane. In other words, when this derivative is small, large accelerations are produced
with small elevator deflections. While maneuverability is important, particularly for
aerobatics and combat, if the elevator angle per g is too small, the airplane becomes
difficult to fly.

We have previously seen that the location of the center of gravity has a profound
effect on airplane stability. In a similar manner, the location of the CG also affects
maneuverability. Since we are neglecting vertical offsets, from Eq. (4.4.13), the pitch
stability derivative can be written in terms of the lift slope and the static margin,

Ly
Crag = —=2Cra (6.1.36)
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Using Eq. (6.1.36) to eliminate the pitch stability derivative, Eq. (6.1.35) can be written
in the form

Cy —Cpz(gc,/2V? Cnz(gC,/2V? 1,
09, L4 L,g (gc / ) g (gc / ) bt (6.1.37)

on Cms, +CLgs, (lnp/Ew) Cw—Crg (ng/ZVz) Cw

Following the development that was presented in Example 4.4.2, we let x denote the
aerodynamic coordinate measured aft of some fixed point on the airplane. (Remember,
the x-axis points aft and the x,-axis points forward; see Figs. 1.1.1 and 5.1.1.) We then
have

lnp = Xup — X6 (6138)
Using this in Eq. (6.1.37) gives
05, _ __ Cw-Cig(gen/2r?) Cng (82/V?) Xy xep
on Cm,&. + CL,()}, [(xnp —Xco )/Ew] Cw —CL@ (gc_‘w/ZVz) Cy Cy
(6.1.39)

By examining the three terms in the brackets on the right-hand side of Eq. (6.1.39), we
see that there is some particular location for the center of gravity that will cause the
elevator angle per g to go to zero. With the CG located at this point, an infinite
acceleration would result from an infinitesimal elevator deflection. This would make it
impossible to control the airplane. The CG location that causes the elevator angle per g
to go to zero is commonly called the stick-fixed maneuver point and will be denoted as
Xump. From Eq. (6.1.39) we see that

Yop _ Xp. Cng (6.1.40)

Ew Ew _CW (2V2/g5w)_CL,(7

Similar to the stick-fixed static margin, the distance aft from the CG to the stick-fixed
maneuver point, expressed as a fraction of the mean chord, is called the stick-fixed
maneuver margin,

by _ Xwp =X _ Ly _ Cng (6.1.41)
Zo T Cw  Cw (2V*/geu)-Crg

Since both C, 7 and C; 7 depend on the location of the CG, finding the stick-fixed
maneuver point and maneuver margin from Egs. (6.1.40) and (6.1.41) is not quite as
simple as it looks. However, we can deduce the relative position of the maneuver point
by examining the signs of the various terms in Eq. (6.1.40).

The weight coefficient, Cy, is positive and the term 2V ?/gz,, is positive and quite
large. So, in general,
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CLgy < Cw (2V%/gz,)
and

Cw (2V*/ge,)-Crz > 0

As previously discussed, the pitch damping derivative is always negative in unstalled
flight. Thus,

Cng

T <0
Cy V?/ge,)~Crg

Using this result with Eq. (6.1.40), we see that the stick-fixed maneuver point is always
aft of the stick-fixed neutral point. Thus, the maneuver margin is always greater than
the static margin, and if the airplane is statically stable, the maneuver margin will always
be positive. Therefore, it is not possible for a statically stable airplane to have a zero
stick-fixed maneuver margin.

Although a positive static margin will always assure a positive maneuver margin,
many airplanes have been designed, built, and flown with a negative static margin. In
fact, the 1903 Wright Flyer had a static margin that was slightly negative. While a
positive static margin is desirable for good human handling qualities, it is possible for a
human pilot to control an airplane with a static margin that is somewhat negative.
Furthermore, to improve maneuverability, most modern fighters have a negative static
margin. Such airplanes are typically fitted with computer control systems, which are
called stability augmentation systems. A computer control system has a much faster
reaction time than any human pilot does. Thus, a computer can control an airplane that
would be much too unstable for a human pilot. However, even a computer cannot control
an airplane with a zero maneuver margin. For this reason, if an airplane is to be
operated with a negative static margin, great care must be taken to assure that the
center of gravity is always kept forward of the stick-fixed maneuver point.

Because C,5,, Cmgz, and C, 7 all depend on the position of the center of gravity,
it is not at all obvious from Eq. (6.1.39) exactly how the elevator angle per g varies with
the location of the center of gravity. This is examined in the following example.

EXAMPLE 6.1.1. For the wing-tail combination described in Example 4.4.2, plot
the elevator angle per g at 80 mph and sea level as a function of the location of the
CG measured relative to the quarter-chord of the main wing.

Solution. Let x denote the distance measured aft of the quarter-chord of the main
wing. For this airplane we have

S, =180 ft2, b, =33f, C, . =444, C, =-0053, W =2,700Ibf,

Sy =36ft>, by, =121t, Cp, =397, Cpo=00, C,, s =-0.55,
£, =060, x,=15, n,=1.0
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From Example 4.4.2,

Crs, = —TS?thCLh,a g = 04764

and the weight coefficient is simply the lift coefficient required for steady level
flight,

v = —  ~ 09168

Also from Example 4.4.2, the change in pitching moment coefficient with respect
to elevator deflection for this wing-tail combination is

Sich Sp(xn —Xe)
Cus, = Cuy 5, ————=
sé(’ SWEW 77}’ h~5¢ SWCW

= 0.4764 %, —1.3706

77h CL;, N4 ge

where X.; = x.;/¢,. The position of the neutral point was found to be

/
T~ L 92504
Cw Cw  Cuw
At 80 mph,
e 32.2(180/33)

> = 5 = 0.006379
2V 2(80x5,280/3,600)

From Egq. (6.1.22),

Cry = 22 CLWNZWMCW

EM S w E\'V

= 4.367-10.468%;

and from Eq. (6.1.26),

2 2
—Xeg Sp(xn —Xeo
Cng = _2( _(20) CLoa =21 O __'2(0) Clya
Cw wCw

= —12.009+8.734%,, —10.468z2,

Using these results in Eq. (6.1.39), the elevator angle per g can be written as
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on Cms, +Crs, [(xnp _x(‘G)/Ew] Cw-Crz (gEW/ZVz) Cw Oy

0.9168—-(4.367-10.468%;)(0.006379)
0.4764%x., —1.3706+0.4764(0.2504 — X )

(~12.009+8.734 %, —10.468%2.)(0.006379) .
—0.2504 + %
x[ 0.9168—(4.367—10.468% ) (0.006379) e

659 _ CW _CL@ (ng/zVZ) Cm,q (ng/ZVz) _ xnp + X(vc}

or after simplifying,

06, 139.35+10.468% ., | —12.009+8.734% ., —10.468%2, .
e - —0.2504 + %
on -196.16 { 139.35+10.468% * Feo)
_ —12.009+8.734%, —10.468%2, —34.893—2.621%,, +139.35%,, +10.468%2,
196.16
_ —46.902+145463% _ (930140741 63
196.16

So we see that within the approximations used for this example, the elevator angle
per g is a linear function of CG location. This is not obvious from Eq. (6.1.39).
Results for the particular wing-tail combination used in the present example are
shown in Fig. 6.1.3 for airspeeds of 80, 120, and 160 mph.
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Figure 6.1.3. Elevator angle per g as a function of CG location measured aft of the wing quarter-
chord for the airplane in Example 6.1.1.
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From Example 6.1.1 we see that within the approximations used, the location of the
stick-fixed maneuver point is independent of airspeed. We also see that for a stable
aircraft, the elevator deflection required to produce a given normal acceleration increases
as the airspeed is decreased. Moreover, as the CG is moved forward, the elevator
deflection required for a given maneuver is increased. At low airspeed with the CG
forward of the wing quarter-chord, large clevator deflections are required to maneuver
the airplane. In Fig. 4.4.3, we saw that large negative elevator deflections are required
just to trim the airplane under such conditions. Furthermore, with flaps fully deployed in
landing configuration, this condition is further aggravated.

Also notice from Fig. 6.1.3 that as the CG is moved aft, the elevator control becomes
more responsive, so the airplane becomes more maneuverable. That is, smaller elevator
deflections are required to produce a given normal acceleration. With the CG located at
the stick-fixed maneuver point, the elevator control becomes so sensitive that an
infinitesimal elevator deflection will result in an infinite normal acceleration. With the
CG located aft of the stick-fixed maneuver point, the elevator deflection required to
produce a constant normal acceleration is reversed.

6.2. Effects of Structural Flexibility

To this point we have considered the airplane to be a rigid body. In reality, no structure
is completely rigid. This is particularly true of an airplane. By necessity, airplanes are
designed to be as light as possible, and elastic flexibility is a natural characteristic of
lightweight structures. We have seen that even very small changes in airplane geometry
(particularly angular changes) can have very significant effects on the aerodynamic
forces and moments produced on the airplane. Furthermore, because of unavoidable
elastic flexibility, the geometry of the airplane is not fixed but changes as the
aerodynamic forces and moments are applied to the structure. For example, when an
airplane is at rest on the ground, the fuselage supports the weight of the wings. When
the airplane is in the air, the wings support the weight of the fuselage. The lift produced

Figure 6.2.1. Elastic deformation of the wings resulting from aerodynamic lift.
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by the wings results in significant elastic deformation, as shown in Fig. 6.2.1. In a large
airplane, the wingtips can deflect several feet as a result of the applied lift. This
deformation in turn affects the forces and moments acting on the airplane. This is only
one of many ways in which an airplane can deform under acrodynamic loading.

The study of the coupling between the aerodynamic forces and moment and the
elastic deformation of the airplane is a separate branch of aecronautical engineering known
as aeroelasticity. Complete textbooks have been written on aeroelasticity and no attempt
is made here to cover this topic in detail. However, to give the student an appreciation
for the importance of the topic, a very simple example is considered. The serious student
is encouraged to study the topic further, either through formal coursework or independent
study.

Like the wings of an airplane, the structure supporting the tail is subject to elastic
deformation. As shown schematically in Fig. 6.2.2, the stiffness of a typical tail boom is
not constant but varies along the length of the boom, from the center of gravity to the
aerodynamic center of the horizontal surface. Typically, the fuselage is quite stiff near
the CG. However, the aft portion near the tail is usually much more flexible. The
aerodynamic forces and moments produced on the tail cause the tail boom to deflect.
This deflection changes the angle of attack for the horizontal surface, which in turn
affects the acrodynamic load. For example, when the elevator is deflected downward,
the lift on the tail is increased and the pitching moment becomes more negative. Thus,
both the force and the moment resulting from a downward elevator deflection tend to
deflect the tail boom upward and rotate the tail to a more negative angle of attack, as
shown in Fig. 6.2.3. The reduction in tail angle of attack, which results from this elastic
deformation, reduces the lift produced by the tail. Thus, flexibility in the tail boom

le >
< A >

Figure 6.2.2. Schematic diagram of the structure supporting the aft tail of an airplane.

L,

Figure 6.2.3. Deflection of the aft tail as a result of elevator deflection.
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reduces the effectiveness of the elevator to produce the pitching moments necessary to
trim and maneuver the airplane.

The elastic deflection of a beam can be found by relating the local curvature to the
local bending moment and the local stiffness. The governing differential equation is

ay _ My (6.2.1)

where M, is the local bending moment, E is the material modulus of elasticity, and [ is
the local area moment of inertia. In terms of the lift and pitching moment acting on the
tail, this can be written as

d*y  Ly(ly—x)—my
i EI

(6.2.2)

The change in tail angle of attack that results from bending of the tail boom is found by
integrating this equation from the center of gravity to the aerodynamic center of the tail.
This gives

dy ljl 1 [jl i —x
Ay = -2 = my | —dx— L, | 2—Ldx (6.2.3)
dx S El Jo El

x:l;,

The lift and pitching moment acting on the horizontal tail can be written as

Ly = +pVSumiCl,al(—6aa)a+ Ay +@on —aron —&a0 +€5.]  (6.2.4)

My = %pVZShEh nh(thO + th,b], de) (6.2.5)

So the change in the tail angle of attack must satisfy the equation

Iy
Aay = [%pVZShL_‘h N J- Ell-dxj(cmho + th,(sv 59)
x=0

(6.2.6)

Iy
EI

Iy
- (%szsh h I d dx]CLh’a [(l—gd‘a)a+Aah +&op —Aron —€do +ge5g]
x=0

or

Aah = Km (thO + th,b}. 59)

6.2.7)
— KL Cp, ol —€a0)a+Aay +aop —0ron — €40 + Ee0e]

where
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=
s
Il

Iy
1 2¢ = 1
= LpV’S, nhxioﬁdx (6.2.8)

L ‘[x dx (6.2.9)

Iy
Ki=3pV2Spm | 22
x=0

The elastic deflection angle for the horizontal tail appears on both sides of Eq. (6.2.7).
This is readily solved for the elastic deflection angle to give

Ky Cual(l=€a.0)a+aon —aron —€do +€ebe] = K (Cmyo + Cmy 5, Oe)

A =
@ 1+ KL CL,,,a
(6.2.10)
Thus, the change in the elastic deflection angle with respect to elevator angle is
OAay, _ K CL;,,a e — K Cm;,,b} (6211)
656 1+ KL CL;,,!I

The contribution that the aft horizontal stabilizer makes to the aerodynamic pitching
moment about the airplane center of gravity is given by

(dmee), = ma—InLy (6.2.12)
Using Egs. (6.2.4) and (6.2.5), this can be written as

(dmee ), = PV ShTh 111(Cimyo + Cny 5, 5e)

| 5 (6.2.13)
=5 PV Suly hCry o [(1— a0 ) + Aty + Qo —QLok — €d0 + €O ]

In dimensionless form, this gives

_ Sucy
(AC’”)/I - S

_ Suly
SwCw

z T (Cm;,O + Cm;,,b) 5@)
wC (6.2.14)
1Cya[(1 = Eu0 ) + Acty + Qon — Lo — Eao + O]

The total change in the pitching moment coefficient with respect to elevator
deflection, including the effect of elastic deformation of the fuselage, is found by
differentiating Eq. (6.2.14) with respect to &,. This gives

6Cm ShEh S},lh 6Aah
Cns, = = — O C ——+&. 6.2.15
O = 58S, T S, Mome TG T i Lh*“( o5, 6.2.15)
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or after using Eq. (6.2.11),

NN
Cm S — —
o SwCw

[6‘ KL CL,,,a Ee — Km Cm;,,b}
. —

6.2.16
1+KL CL,,,a j ( )

Snl
~_h:h_ Mh C1L/, a

Mh th O T
S1Ce

In Eq. (6.2.16), &, denotes the rigid-body elevator effectiveness. From Egs. (6.2.8)
and (6.2.9), we see that both K,, and K, are zero for a rigid airframe. However, for an
airframe of finite stiffness, both K,, and K; increase with the square of the airspeed.
Thus, as the airspeed is increased, the actual elevator effectiveness is reduced, due to the
flexibility of the fuselage. This reduces the capacity of the elevator to control the
pitching moment for the airplane. From Eq. (6.2.16), the reduction in the elevator control
derivative that results from fuselage bending can be expressed as

Sply

(Acm,a“, )_fb = S, ﬂhCLh,a[

KiCr, g8 —KnChmys, j 62.17)

I+KL CLh,a

In a similar manner, bending of the fuselage also reduces the stability of the airplane.
The contribution that the aft tail makes to the pitch stability derivative is found by
differentiating Eq. (6.2.14) with respect to the angle of attack. This gives

Syl o
(ACna), = —#nthh,a (1—ad,a+ azhj (6.2.18)

Differentiating Eq. (6.2.10) with respect to angle of attack, we have

oday, _ K1 Cuo(l-€aa) (6.2.19)
Ja 1+K; CL;,,a -

Using Eq. (6.2.19) in Eq. (6.2.18), the net contribution that the aft tail makes to the pitch
stability derivative, including the effect of fuselage bending, is found to be

_ Suly
Sl

(Acm,a )h = Mk CLh o (1- €d,a )(1 - (6.2.20)

Thus, we find that the contribution to the pitch stability derivative that results from
fuselage bending is

Sl
(Acm,a)ﬂ, = 2k 1Cry (l"gd,a)(

(6.2.21)

SyCyw

KiCra
1+ KL CL,,,a

From this result, we see that fuselage bending makes a positive contribution to the pitch
stability derivative and is therefore destabilizing.
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From Eq. (4.4.13), the static margin can be written in terms of the pitch stability
derivative and the lift slope,

ll’lp Cm (24
bp _ _Lma (6.2.22)
Cyw CL,a

Since the tail has only a small effect on the net lift slope for the complete airplane,
combining Eq. (6.2.21) with Eq. (6.2.22), the effect of fuselage bending on the static
margin is approximated as

Al Suly Cria K CpL o
= - l= )| el 6.2.23
( G ] w Sutn " Cra Ty T\ TR O (6.223)

From Eq. (6.2.23), we see that fuselage bending causes the neutral point to move
forward, making the airplane less stable. Both the decrease in elevator effectiveness and
the decrease in stability become more severe at higher airspeeds.

EXAMPLE 6.2.1. To demonstrate the effects of insufficient tail boom stiffness,
consider the wing-tail combination that is described in Examples 4.3.1 through
4.4.2. Assume that the tail is attached to the wing with a thin-walled aluminum
tube (E = 10x10° psi) that extends from the tail to the center of gravity, which is
located at the wing quarter-chord. The aluminum tube has a constant cross-section
of 4-inch diameter and 0.125-inch wall thickness. Neglecting all effects of
compressibility but accounting for tail boom bending, plot C,, 5, and Cn, as a
function of the airspeed at sea level from 80 to 600 mph.

Solution. For this airplane we have

S, =180 ft2, b, =33ft, 1,=00f C, ,=444, C, =-0.053,
Sp=361t2, b, =121t, [, =15.0ft, Cj, =397, Cpo=0.0,
£.=0.60, Cp,s,=-0.55 &£44=044, 17,=1.0

From Example 4.3.1, assuming a rigid tail boom, we find that

L Sl
(ot = = 2Crua ~ 5 2= mCra(1=s00) = ~1.22276

Cw wC

(Cm,&» )rigid - g_ nhcmh (

SSwi mCr,.a€e = —1.37060

For this wing-tail combination, the tail volume ratio multiplied by the tail lift
slope is
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Sull 36(15.0)
CLo = —2X29 0397y = 21835
5,7, "Cue = Tgoas0/33) 07

The moment of inertia for a thin-walled tube of radius, #, and wall thickness, ¢, is

[ = zr’t = 7(2/12)%0.125/12 = 0.0001515ft*

Thus, the tail boom stiffness is

EI = (10x144x10° Ibf/ft?)0.0001515ft* = 218,1601bf- ft*

From Egs. (6.2.8) and (6.2.9),

Iy
_ 1 20 = 1
Ky = 5 pV°Sich nhx.[O_EI dx

Iy

Iy
K, = Lpr3s g
L =50V h77hx_£0 17 dx
For a tail boom of constant cross-section
lj_l_ _
B El
lfl;,—x — l;?
EI 2El
x=0
Thus,
K - oVESicliy  pVE(B6RHGB (IS0 .0 pV?
" 2E1 2(218,160 1bf- ft?) 269.33 Ibf/ft?
P PVSilimn  pV2(36 fH)(15.0 )’ 1.0 pV?
L AEl 4(218,160 Ibf- ft?) 107.73 Ibf/ft2
For example, at 200 mph,
B pV? _ 0.0023769(200x 5,280/3,600)° _ 0.75935
"o - 269.33 '

269.33 Ibf/ft?
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) 2
. oV _ 0.0023769(200x5,280/3,600)° _ | ¢oeqg

107.73 1bf/ft? 107.73

Thus, from Eqgs. (6.2.17) and (6.2.21),

Cm,b} = (Cm,b} )rigid + (Acm,b} )_fb

AYY) K C,,age_KmCm,}
= (Cm,()‘u )rigid + S:E;;, nhCLh,a[ L b .0 j

1+KL CLh,a

1.89838(3.97)(0.60) — 0.75935(—0.55)
1+1.89838(3.97)

—1.37060+2.1835[ ] = -0.107
Cma = (Cowa)gia +(ACa ),

Suln
S, Cw

K; C
= (Cua )rigid + __éb—a]

C 1-
MCr,a( gd,a)(1+KL o

= —1.22276+2.1835(1-0.44) (Mj

= —-0.143
1+1.89838(3.97) -
Repeating these calculations for airspeeds from 80 to 600 mph, the results shown
in Fig. 6.2.4 are obtained.
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Figure 6.2.4. Effect of fuselage bending on stability and elevator effectiveness.
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From Example 6.2.1, excluding compressibility effects, we have seen that both pitch
stability and elevator control can be reduced drastically as a result of fuselage bending.
Furthermore, from Fig. 6.2.4 we see that these effects are rapidly amplified as airspeed is
increased. This could cause a very serious problem for an aircraft that enters a steep dive.
The airplane might have adequate pitch stability and elevator power for normal flight
conditions. However, if the tail boom stiffness is inadequate and the airplane enters a
steep dive, as airspeed is quickly increased, both pitch stability and elevator power are
reduced. This can cause the airplane to nose over or “tuck,” which places the aircraft in
an even steeper dive. With the ensuing reduction in elevator power, the airplane could
become locked in the dive, and even with maximum elevator deflection, it may be
impossible for the pilot to recover.

Compressibility effects at high subsonic airspeeds can amplify the tendency for an
airplane to tuck under in a dive as a result of aeroelastic bending. When an airplane
exceeds some critical Mach number, shock waves form on the upper surface of the wing.
Such shock waves can induce premature flow separation, which increases the drag and
decreases the lift. Since the downwash on an aft tail is directly related to the lift
developed by the main wing, compressibility effects at high subsonic speeds can
drastically reduce the downwash on an aft tail. This decrease in downwash causes an
increase in the angle of attack for the tail and creates a nose-down pitching moment,
which in turn aggravates any tendency for the airplane to tuck under in a dive.

Early versions of the Lockheed P-38 Lightning, shown in Fig. 6.2.5, were victims
of such phenomena. Several pilots, including Ralph Virden, one of Lockheed’s top test

Figure 6.2.5. Lockheed P-38 Lightning. (Photograph by Terry Gleason)
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pilots, were killed as a result of the Lightning’s inability to recover from a steep dive.
Enemy pilots soon learned of this flaw in the P-38 design and used the trait to their
advantage. The problem was solved with the addition of dive recovery flaps on the lower
surface of the main wing and a small fillet at the juncture between the wing leading edge
and the canopy. When the dive recovery flaps were engaged in a high-speed dive, more
lift was developed on the main wing, and as a result, the downwash was increased on the
tail plane. This decreased the angle of attack for the horizontal tail, making it possible for
the pilot to recover from the dive.

As shown in Fig. 6.2.4, under extreme conditions aeroelastic bending of the tail
boom can result in elevator control reversal. As can be seen from Egs. (6.2.8) and
(6.2.9), both K,, and K; are directly proportional to the airspeed squared and inversely
proportional to the tail boom stiffness. From this fact combined with Eq. (6.2.16), we see
that elevator control reversal occurs at an airspeed that is proportional to the square root
of the tail boom stiffness. The tail boom must be stiff enough so that the elevator
control reversal speed exceeds the maximum airspeed that could ever be attained by
the airplane. A conservative rule for fixing the minimum tail boom stiffness is to allow
no more than 10 percent control loss at the maximum allowable airspeed.

6.3. Control Force and Trim Tabs

We have now seen that an airplane’s elevator must be large enough to trim and maneuver
the craft in pitch, throughout the allowable flight envelope. We have also seen that the
fuselage must be stiff enough to avoid substantial aeroelastic control loss at high
airspeeds. These are not, however, the only constraints that must be placed on the pitch
control system of an airplane. If we are to provide good handling qualities for a human
pilot, consideration should also be given to the forces that must be exerted by the pilot to
initiate and maintain the required elevator deflections.

The elevator of an airplane is actuated with the stick or control yoke. The control is
pushed forward when a nose-down pitching moment is needed, and to provide a nose-up
pitching moment, the pilot pulls back on the control. Obviously, the force required to
move the stick or control yoke must fall within acceptable limits throughout the entire
flight envelope of the airplane. FAR Part 23 allows a maximum temporary elevator-
actuation-force of 60 pounds on a stick and 75 pounds on a control yoke. For prolonged
application, the elevator-actuation force cannot exceed 10 pounds for either a stick or a
control yoke.

In addition to limiting the maximum force required to provide needed elevator
deflection, the variation in elevator control force with airplane trim speed must be
sufficient to provide the pilot with a good “feel” for the trim attitude of the airplane. As
we have seen, elevator deflection is used to control angle of attack and trim the airplane
for level flight at any desired airspeed. To decrease the angle of attack and increase the
trim speed, the pilot must push forward on the control. The control force should increase
smoothly as the trim speed is increased beyond that associated with the neutral position
of the control. Likewise, the pull force required to decrease the trim speed should
increase smoothly as the trim speed is decreased. The change in elevator control force
with respect to aircraft trim speed is commonly called the control force gradient.
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For longitudinal maneuvers, like the pull-up or push-over maneuver, good handling
qualities require a smooth increase in the stick force with increasing load factor. This
gives the pilot a good feel for the severity of the maneuver being executed. In transport
aircraft, the large elevator deflection needed to induce a rapid pull-up mancuver, near the
structural limit of the aircraft, should require a fairly large stick force, near the FAR Part
23 limit. To provide good handling qualities for combat or stunt aircraft, a much lower
stick force is needed. In combat, a longitudinal stick force per g between about 4 and 10
pounds per g is usually acceptable. Experienced pilots can easily adapt to lower stick
force gradients, which make an airplane less tiring to fly in combat.

Large transports and modern fighter aircraft typically have irreversible hydraulic or
electric systems for actuating the control surfaces. In these aircraft, the stick forces are
provided artificially by a system commonly called a control loader. With such control
systems, a motor provides the power required to move each control surface, and the
control force felt by the pilot can be totally uncoupled from the aerodynamic hinge
moment needed to deflect the control surface. There are many possible ways to provide
such artificial feedback to the pilot, and the details of control loader design will not be
discussed here.

For light aircraft, the power required to move the control surface is often supplied
directly by the pilot, through a system of cables, pulleys, gears, rods, and levers. The
range of options for mechanically connecting the cockpit controls to the aerodynamic
control surfaces of an airplane is very great, and a detailed discussion of actual
mechanisms would not be appropriate for this text. For our purpose, it is sufficient to
understand that such control systems require a pilot-supplied control force that is in direct
proportion to the aerodynamic hinge moment needed to deflect the control surface.

Whether the cockpit controls are linked to the aerodynamic control surfaces
mechanically or through a modern “fly-by-wire” control system, knowledge of the
control surface hinge moment is needed to properly design the aircraft control system.
The moment that is required to rotate an airplane control surface about its hinge line is
primarily a function of the aerodynamic pressure difference between the upper and lower
surface. For example, consider the symmetric airfoil section of the horizontal tail that is
shown schematically in Fig. 6.3.1. With no angle of attack and no elevator deflection, the
aerodynamic pressure acting on the upper surface exactly balances that acting on the
lower surface and no aerodynamic moment is produced about the hinge line. If this tail
plane is given a positive angle of attack, the pressure on the upper surface is decreased
and that on the lower surface is increased. This produces an aerodynamic hinge moment
that must be countered by the control system to prevent the elevator from rotating
upward. A negative angle of attack will produce an aerodynamic hinge moment in the
opposite direction. Similarly, when the elevator is deflected downward, the pressure on
the upper surface becomes less and the pressure on the lower surface becomes greater.
This produces an aerodynamic hinge moment that opposes the downward rotation of the
elevator. Likewise, an upward rotation of the elevator produces a downward acting hinge
moment, which also opposes the rotation of the control surface. At any given angle of
attack there is one elevator deflection angle that will result in a zero acrodynamic hinge
moment. Elevator deflection in either direction from this neutral elevator position will
produce an opposing aerodynamic hinge moment.
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Figure 6.3.1. Aerodynamic hinge moment acting on the elevator of an aft tail.

Since elevator deflection controls the airplane angle of attack and trim speed, any
airspeed that requires an elevator deflection that differs from the neutral position of the
elevator will result in a nonzero elevator hinge moment. If the cockpit controls are
mechanically connected to the elevator, the pilot must supply a control force proportional
to this hinge moment. Suppose, for example, that an airplane with an aft tail is flying at
some airspeed that produces steady level flight with absolutely no force on the control. If
the pilot wishes to increase the airspeed to some faster level trim setting, she or he must
increase the power in order to balance the thrust with the drag at this higher airspeed.
However, if the angle of attack remains unchanged, the increased airspeed will produce
lift in excess of the weight and the airplane will begin to climb. In order to maintain
constant elevation, the pilot must also push forward on the control to deflect the aft
elevator downward and rotate the airplane to a lower angle of attack. With the proper
elevator deflection, the balance between lift and weight is reestablished at the higher
airspeed. To balance the aerodynamic hinge moment produced on the elevator at this
new trim speed, if no other trim adjustment is supplied, the pilot will need to maintain a
continuous push force to hold the control at the new trim position. When flying at
constant airspeed for a long period of time, it becomes uncomfortable for the pilot to
maintain even a small force on the control. A trim tab, such as that shown in Fig. 6.3.2,
can be used to relieve the pilot of this load.
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Figure 6.3.2. Elevator trim tab on an aft tail.

A trim tab is a small secondary control surface located somewhere along the trailing
edge of the primary control surface. Since the planform area of the trim tab is very small,
it usually has only a negligible effect on the lift produced by the acrodynamic surface to
which it is attached. However, because there is a fairly large moment arm between the
aerodynamic center of the trim tab and the hinge line of the primary control surface,
deflection of the trim tab does have a significant effect on the aerodynamic hinge moment
of the primary control surface. A downward deflection of the trim tab produces an
alteration in the hinge moment that tends to deflect the primary control surface upward.
Conversely, when the tab is deflected upward, a more downward-deflecting hinge
moment is produced on the primary control surface.

The aerodynamic moment produced about the hinge line of an airplane’s elevator
depends on the local angle of attack for the horizontal surface, the deflection angle of the
elevator itself, and the deflection angle of any trim tab. An elevator hinge moment
coefficient is commonly defined as

Cy = —He 6.3.1)

e 1 2 _
5PV Sete

where, according to common notation, ., is the aerodynamic elevator hinge moment, S,
is the planform area of that portion of the elevator that is aft of the hinge line, and ¢, is
the mean chord for that same portion of the elevator, aft of the hinge line. Since our sign
convention defines a downward rotation of the elevator to be positive, a hinge moment
that tends to rotate the elevator downward is also defined as positive. According to this
convention, a positive elevator deflection usually tends to produce a negative hinge
moment, and a negative elevator deflection will normally produce a positive hinge
moment. In other words, the change in elevator hinge moment with respect to elevator
deflection angle is typically negative.

Aerodynamic theory predicts that for small angles of attack and small control surface
deflections, in both subsonic and supersonic flight, the hinge moment coefficient is very
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nearly a linear function of the local angle of attack for the horizontal surface, the elevator
deflection angle, and the trim tab deflection angle,

Cu, = Cy,0+Ch,an+Ch,s,0. +Cp. 506 (6.3.2)
where
CH,a, = a;!f:
Cy,s5 = aacg
Cuy.s, = 5{%:

and Cy ois the elevator hinge moment coefficient with the local angle of attack, the
elevator deflection angle, and the trim tab deflection angle all set at zero. In nearly all
cases, an aft tail will have a symmetric airfoil section. Thus, Cp,¢is usually zero for an
aft tail. For a canard, Cp,¢1is typically negative.

While experiments confirm the linear relation given by Eq. (6.3.2) for small angles,
the actual magnitudes of the coefficients cannot be accurately determined by analytical
means. These constants depend in a very complex way on the section and planform
geometry of the elevator, the horizontal surface, and the hinge. The coefficients are very
sensitive to local boundary layer separation near the hinge and the state of the boundary
layer near the trailing edge. These factors vary with Reynolds number. Typically, the
coefficients in Eq. (6.3.2) are determined from wind tunnel tests.

From Eq. (6.3.2) we can show how a trim tab is used to zero the hinge moment at
any desired elevator deflection angle and eliminate the pilot-supplied control force at any
desired trim speed. Setting the hinge moment coefficient in Eq. (6.3.2) to zero and
solving for the elevator deflection angle, we obtain

Cuo Ch.a Cu,s
Ocly g = — e e g ———l S, 6.3.3
( )H"‘O Cu,s5. Cn,s, g Cu,s ( )

From Eq. (6.3.3) we have

o6, Cu,s
3 = - 6.3.4
(5(2 ]Hé,_o CHB,é‘E ( )

Since Cy, s, and Cy, s are both negative, we see that the change in the neutral elevator
position with respect to the trim tab deflection angle is negative. In other words, a
downward deflection of the trim tab will move the neutral elevator position upward, and
an upward deflection of the tab will move the neutral elevator position downward.
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The trim tab of a mechanical control system is typically held in position by an
irreversible mechanism, such as a worm gear or jackscrew, that can be adjusted by the
pilot but requires no pilot input to maintain. By adjusting the trim tab deflection angle,
the pilot can change the neutral position of the elevator at any angle of attack. Thus, the
pilot is able to zero out the elevator control force that is required to trim the airplane for
any desired airspeed.

While a trim tab can be used to zero the stick force at trim, it does not significantly
affect the force needed to deflect the elevator away from its neutral position. The
magnitude of the force needed for such elevator deflection is also important to the
handling qualities of an airplane, since the pilot will need to make temporary changes in
elevator deflection to maneuver the airplane or simply to correct for disturbances caused
by turbulence.

As the size of an airplane is increased, the size of the elevator and the power needed
to deflect it from its neutral position, against the aerodynamic hinge moment, will
typically increase as well. Within limits, the designer has some control over the
aerodynamic hinge moment produced on an elevator of a given size. While that portion
of the elevator aft of the hinge line produces a negative change in hinge moment with
respect to deflection angle, any part of the elevator that is forward of the hinge line will
tend to make this derivative more positive. The power required to deflect the elevator
from neutral can be decreased by increasing the fraction of the total elevator area that is
forward of the hinge line. When a significant portion of the elevator is forward of the
hinge line, as shown in Fig. 6.3.2, it is commonly called an aerodynamic balance.

Two important control force derivatives are commonly used to quantify the stick
force needed to deflect the elevator from its neutral position. The first of these
derivatives is the control force gradient, which is defined to be the change in elevator
control force with respect to airplane trim speed for a constant trim tab setting. The
second of these important control force derivatives is the change in elevator control force
with respect to load factor for the constant-speed pull-up maneuver. This derivative is
commonly referred to as the longitudinal control force per g. To gain a better
understanding for these stick force derivatives, we shall now examine the longitudinal
control force in more detail.

When the cockpit controls are mechanically linked to the aerodynamic control
surfaces, the pitch control force provided by the pilot, F,, is proportional to the
aerodynamic hinge moment produced on the elevator,

Fo= He _ %pthS()EeCH(, (635)
P T ly o

where /, is the length of the effective lever arm associated with the mechanism or gearing
that links the cockpit control to the elevator. Using Eq. (6.3.2) in Eq. (6.3.5), the pitch
control force can be written as

1 2 -
= PV npSec.
Fy = 2= o + Crtoany @0+ Ci0.0e + Ct8) (63.6)
8
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where 77, is the usual dynamic pressure ratio for the horizontal surface and V is the
airplane’s true airspeed.

Including the effect of pitch rate given by Eq. (6.1.12), the local angle of attack for
the horizontal surface can be written as

2y
ay = aop— a0 +(1-cag)a+=17 (6.3.7)

w

where ay, is the angle that the horizontal surface makes with the fuselage reference line,
&p is the downwash angle when the airplane angle of attack relative to the fuselage
reference line is zero, &, is the downwash gradient, « is the airplane angle of attack
relative to the fuselage reference line, and g is the dimensionless pitch rate that was
defined in Eq. (6.1.11). Using Eq. (6.3.7) in Eq. (6.3.6), the pitch control force exerted
by the pilot is

%szm,S()Ee

F, =
14 lg

(6.3.8)
21,
Cw

x {CH(,() +Ch, o l00n —€a0 + (A~ a0)a+="q1+Cpy, 5,0, +Cp, s, 5f}

The elevator deflection affects both the airplane angle of attack and the pitch rate.
Recall from Sec. 6.1 that for constant airspeed and constant normal acceleration, the
airplane angle of attack, «, the elevator deflection angle, J,, and the dimensionless pitch
rate, g, can all be related to the airspeed, ¥, and the load factor, n. From Egs. (6.1.33),
(6.1.34), and (6.1.28), we have

_ (nCy ~C10)Cs, +Crs, Co +(Crs, Cng ~Crg Cro )n =182 /2V7)
CL,a Cm,b} - CL,{)], Cm,a

(6.3.9)
S, = — (nCW - CLO )Cm,a + CL,a CmO + (CL.a Cm.q - CL,E Cm.a )(}’I _1)(g5w/2V2)
¢ CL.a Cm.()) - CL.()'(, Cm,a
(6.3.10)
_ gCyw
= (n-)= (6.3.11)
7 2V=

Here it is important to remember that the weight coefficient, Cy, is a function of the
airspeed,

Cy = —W (6.3.12)
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Using Eqgs. (6.3.9) through (6.3.12) in Eq. (6.3.8), after some algebraic manipulation, the
pitch control force can be written as

F, = m geje {Can+Cz(n_1)ﬂg%+(C3 +CH(,,515,)(l2pV2SW)} (6.3.13)
wlg

where

Cm,a} CHe,ah (1 - Ed,a) - Cm,aCHL,,b‘(.
CL,a Cm,é} - CL,()} Cm,a

¢ = (6.3.14)

20,Cy, a4
Cy

. (CL,b} Cm,Z]’ - CL,(7 Cm,()} )CHg,ah a- Ed,a) - (CL,a Cm,i - CL,(7 Cm,a )CH(.,é},
CL,af Cm,b'e - CL,()} Cm,a

C, =
(6.3.15)

and

C3; = Ch,0+Ch, o, (Con —€40)

+ (CmaCro —Cr.a Cno)Ch,.5. —(Cn5.Cro~Crs, Cno)CH, 0, (1 —Ed.a) (6.3.16)
CL,a Cm,b} - CL,b} Cm,a

While the coefficients C,, C,, and C, are not affected by the cockpit controls, the
trim tab setting can be used to adjust the value of &, so that the control force is zero at
some desired airspeed. At level trim, the load factor is unity. Thus, if we let Vi, denote
the airspeed that requires no pitch control force for level trimmed flight with a trim tab
setting of &, then Eq. (6.3.13) requires that

SoCe '
0= m s'Cz [QW +(C3 +CHB,5,6,)(% thfimSW)]
wig
or
_ w
C3+Cp, 5,6, = ———5—0C (6.3.17)
fthrimSW

Using this result in Eq. (6.3.13), the pitch control force required for constant airspeed
and constant normal acceleration is

S.C. V2 028,y
= =< - - 6.3.18
Fp = m Sul, I:Cl[” 2 ]W +Ca(n=D)—= ( )

trim
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In the absence of Reynolds number and Mach number effects, the control force
gradient is obtained by differentiating Eq. (6.3.18) with respect to airspeed at constant
load factor and evaluating the result at V' = Vi,

oF, SeCp - W

_—r = —2p,2ceC 6.3.19

[ oV jr&:constant T Swlg ! Vtrim ( )
=Viim

Similarly, the longitudinal control force per g is found by differentiating Eq. (6.3.18)
with respect to load factor at constant airspeed,

oF z 082S, C
== = e w v 0, PBEn (6.3.20)
on v Syly 4

=constant

From Eq. (6.3.19) we see that the magnitude of the control force gradient is
proportional to the aircraft gross weight, inversely proportional to the trim speed, and
independent of altitude. Thus, the controls become heavier when gross weight is
increased or trim speed is decreased. From Eq. (6.3.20) we see that the longitudinal
control force per g also increases linearly with aircraft gross weight. However, apart
from Mach number and Reynolds number effects, the control force per g is independent
of airspeed. Altitude affects the control force per g only through the second term in
Eq. (6.3.20). Comparing the two equations, we find that the change in the two control
force derivatives with gross weight have opposite signs. The coefficient C| is positive, so
the control force gradient decreases with gross weight, whereas the control force per g
increases with gross weight. This is simply a result of our sign convention for the control
force. This sign convention, which was implicitly stated in Eq. (6.3.5), specifies that a
pull force is positive and a push force is negative. The difference in sign between
Egs. (6.3.19) and (6.3.20) results from the fact that increasing the trim speed requires a
push force, whereas increasing the load factor requires a pull force.

Note that both control force derivatives are proportional to the ratio S.c./S./,. For
geometrically similar airplanes of different size, the ratio of elevator area to wing area
does not change appreciably. Thus, in addition to the effect of weight, we see that
aircraft size increases the control force derivatives in direct proportion to the elevator
chord length, which is roughly proportional to the linear size of the airplane. When the
effects of weight and linear size are combined, we see that the magnitudes of the
mechanical control force derivatives increase very rapidly with increasing aircraft size.

Increasing the length of the lever arm associated with the mechanical gearing can
decrease the magnitude of the control force derivatives. However, this is severely limited
by the range of motion of the pilot’s arms. When the aerodynamic control surfaces are
connected to the cockpit controls with an all-mechanical linkage, the control force can be
reduced by changing the gearing. However, this does not decrease the mechanical work
required for a given control surface deflection. For example, if the control force were cut
in half by doubling the mechanical gear ratio, the required displacement of the pilot’s
control would be doubled. The pilot can comfortably move the stick or control yoke only
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through a limited range. Thus, the designer’s ability to vary the control force with
mechanical gearing is very limited. Since the mechanical control force increases rapidly
with aircraft size, large airplanes typically utilize either power boost controls or complete
fly-by-wire control systems.

Since several of the aerodynamic derivatives used in the definitions of C; and C,
depend on the position of the center of gravity, the pitch control force is also CG
dependent. The nature of this dependence is not obvious from Eq. (6.3.18). This is
examined in the following example.

EXAMPLE 6.3.1. For the wing-tail combination that is described in Examples
4.4.2 and 6.1.1, plot the control force gradient and the longitudinal control force
per g at sea level and 80 mph as a function of the location of the CG measured
relative to the quarter-chord of the main wing. For this elevator and stabilizer the
change in the hinge moment coefficient with angle of attack is —0.63 and the
change in the hinge moment coefficient with elevator deflection is —0.97, based on
a 12-ft* elevator with a mean chord of 1.1 ft. Assume that the mechanical linkage
between the stick and the elevator has an effective lever arm of 2.0 ft.

Solution. Again we let x denote the distance measured aft of the wing quarter-
chord. For this airplane we have

S, =180f°, b, =33f, Ci o =444, C,, =-0053 W =27001bf,
Sy=36f%, by=12ft, Ci, =397, Cuo=00, Cnm,s =-0.55
S, =12ft, Z =11ft, & =060, x,=15ft, 7,=1.0, &4, =0.44,
CHya, =063, Ch, 5, =—097, [, =2.0ft

By definition
ly = Xp—Xeo = —Xeo
Iy = Xp—Xeg

Using results obtained in Examples 4.4.1,4.4.2, and 6.1.1,

S
CL.a = CL“.,a +S_h77hCLh,a(l_5d,a) = 4.8846

CL,c7 -2 Xea CL“,a+277r S (x —x¢)

Cy SwCw

= 4.367-10.468%,

CL, W

Crs, = S—hﬂth,,,aé‘e = (0.4764
Sy
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Cm,a = _:f;GCL“,a_UrMCL,,a(l_gd,a)
Cw SwCuw
= 4.8846 %, —1.2228
2 2
~XcG Sp(xn —Xe
Crng = _2( _Czc) CL,,,a’zﬂhh(—h_T(E)_CLh,a
Cyw SWCW

= —12.009+8.734 % —10.468 %2,

C. . = Such Co s Sp(xn —Xe)
moe T o= MhCmy8, — Sz
wtw W w

= 04764 % —1.3706

h CLh ae

where X = x.;/C,. Using these results in Eq. (6.3.14), we obtain

. =0.3528(C5,) +0.97(Crrr)
4.88464(Cyn5,)~0.4764(Cp.c)
 ~0.3528(0.4764 £, —1.3706) +0.97(4.8846 %, —1.2228)
4.8846(0.4764 %, —1.3706) —0.4764(4 8846 3 —1.2228)
= 0.11494—0.74767 %,

1

Similarly, using Eq. (6.3.15) with considerable algebraic manipulation gives
Cy = 5.01202-0.80192 %

For level trimmed flight at 80 mph, Eq. (6.3.19) results in

oF —
[O P Sece CI W

= -2
oV )nconstant & Swlg Vtrim
V:Vlrim

= (-0.1940+1.262 %, ) Ibf-s/ft

and at sea level, Eq. (6.3.20) reduces to

oF z =
P = Sece CI W + C2 pgSuCu
on ), Sulg 4
V' =constant

= (14.83-74.57 %) Ibflg

Thus, within the approximations used for the present example, the control force
derivatives vary linearly with the axial position of the CG. Results for the
particular wing-tail combination used in this example are shown in Figs. 6.3.3
and 6.3.4 for trim speeds of 80, 120, and 160 mph.
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Figure 6.3.3. Control force gradient as a function of CG location measured aft of the wing quarter-
chord for the airplane in Example 6.3.1.
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Figure 6.3.4. Longitudinal control force per g as a function of CG location measured aft of the
wing quarter-chord for the airplane in Example 6.3.1.
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The exact linear nature of the relations found in Example 6.3.1 is a direct result of
neglecting the vertical offsets. If the vertical offsets were accounted for as described in
Sec. 4.7, then the relations would no longer be exactly linear. However, the variation in
pitch control force with the location of the center of gravity is very nearly linear for most
airplanes.

For the airplane in Example 6.3.1, with the CG located near the wing quarter-chord,
a stick force of about 15 pounds per g is required for the constant-speed pull-up
maneuver. This means that executing a 4-g pull-up, which is near the structural limit of
most general aviation airplanes, would require a stick force of about 60 pounds, which
corresponds to the FAR Part 23 limit for a stick. With the CG so located, even at speeds
above the maneuver speed, the pilot would need to exert considerable effort to initiate a
pull-up that would damage the aircraft. It is not likely that such a maneuver could be
initiated unintentionally.

In all cases, as the center of gravity is moved forward, the control becomes heavier,
and as the CG is moved aft, the control becomes lighter. Notice that the control force
gradient goes to zero for a CG location that is forward of the stick-fixed neutral point.
The CG location that produces a zero longitudinal control force gradient is called the
stick-free neutral point. The CG location that results in a zero longitudinal control force
per g is aft of the stick-free neutral point but forward of the stick-fixed maneuver point.
The CG location that gives a zero longitudinal control force per g is normally referred to
as the stick-free maneuver point.

6.4. Stick-Free Neutral and Maneuver Points

The physical significance of the stick-free neutral point and stick-free maneuver point
has often been misinterpreted. For this reason, some space has been devoted here to
examining these two parameters. First, we discuss how the stick-free neutral point gets
its name.

Consider a hypothetical elevator that has no mass and rotates about a frictionless
hinge. Assume that this elevator is coupled to the cockpit control with a mechanical
linkage that also has no mass and no friction. If no force were applied to the cockpit
control of this hypothetical elevator, then the elevator deflection would always
instantaneously take the value that would make the hinge moment go to zero. That is,
from Eqs. (6.3.3) and (6.3.7),

CH,O CH,a 2];, — CH,O‘
So)y g = ————— -t - -840 Zh - s (641
( )HL,-U Troo Cha Qon = &q0 +(1 -84 )a+ z s " (6.4.1)

What is normally referred to as the lift slope for a complete airplane is defined to
be the change in lift coefficient for the complete airplane differentiated with respect to
angle of attack at constant elevator deflection. That is,

oCy
Cra = (_j (6.4.2)
“ Oa 8, =constant
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Similarly, what is commonly referred to as the pitch stability derivative is defined to be
the change in pitching moment coefficient with respect to angle of attack at constant
elevator deflection,

Cone = (GC’" (6.4.3)

Oa ]()} =constant

For our hypothetical massless and frictionless elevator, we can define a stick-free lift
slope to be the change in lift coefficient with respect to angle of attack at zero hinge
moment. From Egs. (6.4.1) and (6.4.2), this gives

cp. = [ach B [ach +(acL) (a&ej
a = | A =\ A A
oa H.=0 da J, =constant 65" a=constant Oa H,.=0

Crs.Clpuy 1 =840)
Cy,.s.

e

(6.4.4)
= CL,a -

Similarly, from Egs. (6.4.1) and (6.4.3), we define the stick-free pitch stability derivative

o= [acm) (acmj (acmj (aaej
ma = =17 + .
Ja H.=0 Oa d,=constant 65" a=constant Oa H,=0

Cm,(sp CH(,,a/, (1 - gd,a)
Ch,s

O

(6.4.5)
= Cm,a -

If we neglect the effects of vertical offsets, the stick-fixed neutral point is related to
the lift slope and the pitch stability derivative according to Eq. (4.4.13),

lnp Cm o
- 6.4.6
Ew CL,a ( )

For our hypothetical massless and frictionless elevator, we can define a stick-free neutral
point as

8 ,'n
by _ _Lna (6.4.7)
Cy CL,a

This is exactly the CG location where the longitudinal control force gradient goes to zero,
as was shown in Fig. 6.3.3, hence the name.

The stick-free neutral point for an airplane is the aerodynamic center that the
airplane would have with no pilot control force if the elevator and its mechanical
linkage to the cockpit control had no mass and no friction. The mass and friction
associated with any real elevator and mechanical control system will move the stick-free
aerodynamic center of an airplane considerably aft of the point given by Eq. (6.4.7).
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Thus, the name stick-free neutral point is somewhat misleading. More appropriately,
the stick-free neutral point should be thought of simply as that CG location for
which the equilibrium stick force gradient goes to zero.

The stick-fixed maneuver point for an airplane is that CG location for which the
elevator angle per g goes to zero. In Sec. 6.1 it was stated that the elevator deflection
required to produce constant normal acceleration is reversed when the center of gravity is
located aft of the stick-fixed maneuver point. In that context, control reversal was
implicitly defined in terms of elevator deflection. Under normal conditions, with the CG
located forward of the stick-fixed maneuver point, downward rotation of an aft elevator,
which occurs when the pilot moves the control stick forward, will result in a downward
increment in the normal acceleration. Conversely, when the pilot moves the control stick
back to rotate the aft elevator upward, the resulting increment in normal acceleration is
upward. If the CG were located aft of the stick-fixed maneuver point, this relationship
between control stick displacement and steady normal acceleration would be reversed.

With a normal CG location, the pilot exerts a pull force to move the control stick
back and initiate upward acceleration from trimmed flight. Conversely, a push force is
required to move the control stick forward and initiate a downward acceleration from
trim. From the result shown in Fig. 6.3.4, one might conclude that when the CG is
located aft of the stick-free maneuver point, this normal relation between control force
and the initiation of normal acceleration is reversed. This is also misleading. We must
remember that the control force per g, which is plotted in Fig. 6.3.4, is defined in terms of
the steady-state load factor. That is, the control force required when the pitch damping
moment exactly balances the pitching moment produced by the elevator deflection. This
says nothing about the stick force required to initiate a normal acceleration from trimmed
flight. Even when the CG is located at the stick-free maneuver point, a pull force is
typically required to initiate upward acceleration and a push force is required to
initiate downward acceleration. However, when the center of gravity is located near
the stick-free maneuver point, these forces become very small.

In summary, the stick-free neutral point is defined to be that CG location for which
the equilibrium stick force gradient goes to zero for an all-mechanical control system.
The stick-free maneuver point is defined as that CG location for which the equilibrium
stick force per g goes to zero for an all-mechanical control system. Any interpretation
of these parameters beyond those by which they were defined should be made with
extreme caution. The stick-free neutral and maneuver points for an airplane are of little
or no importance in the design of a modern fly-by-wire control system.

6.5. Ground Effect, Elevator Sizing, and CG Limits

During takeoff and landing an airplane must briefly fly in very close proximity to the
ground. Under such conditions the flow around the airplane is significantly modified by
the presence of the ground. The resulting changes in lift and drag are commonly referred
to as ground effect. The vorticity trailing aft of a lifting wing is substantially diminished
in ground effect. This reduces the downwash that is induced on the wing and other
components of the aircraft. The reduction in downwash increases the lift slope, decreases
the induced drag, and shifts the neutral point aft.
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The shift in the neutral point that results from ground effect has an important
influence on aircraft controls. For a conventional airplane with an aft tail, there are three
primary factors that contribute to this shift in the neutral point: an increase in lift slope for
the wing, an increase in lift slope for the tail, and a reduction in the downwash induced
on the tail by the main wing. All three of these factors arise directly from a reduction in
downwash. The increase in wing lift slope will move the neutral point toward the
aerodynamic center of the wing and the increase in lift slope for the horizontal stabilizer
will move the neutral point toward the tail. These two effects tend to cancel. As can be
seen from Eq. (4.4.3), if the lift slopes for the wing and horizontal stabilizer are increased
in the same proportion, there is no net shift in the neutral point resulting directly from
these lift slope changes. However, for most conventional airplanes, ground effect
increases the lift slope for the wing by more than that for the horizontal stabilizer. Thus,
lift slope changes resulting from ground effect will normally produce a slight forward
shift in the neutral point. On the other hand, ground effect also reduces the downwash
induced on the horizontal stabilizer by the main wing, and since this downwash is
destabilizing, its reduction produces an aft shift in the neutral point. Typically, the aft
shift caused by the decrease in g, is much greater than the forward shift caused by the
change in lift slope. As a result, ground effect usually produces a substantial rearward
shift in the neutral point for a conventional airplane.

Moving the neutral point farther aft affects the airplane controls in much the same
way as moving the center of gravity forward. Thus, ground effect increases the amount
of up elevator required to trim the airplane at low airspeeds. In a similar manner, ground
effect also increases the magnitude of the control force gradient. For an airplane with an
all-mechanical control system, this causes the control to become heavier as the airplane
approaches the ground.

The fundamental analytical methods presented in this and the eariler chapters apply
to airplanes in ground effect as well as in flight remote from the ground. The only
significant difference is that some of the aerodynamic derivatives change as the airplane
approaches the ground. Thus, the problem of evaluating stability and control for aircraft
flying close to the ground is resolved into that of estimating the aecrodynamic derivatives
in ground effect. For the dimensions and airspeeds encountered in most atmospheric
flight, ground effect is essentially an inviscid phenomenon. Thus, a potential flow
solution will normally provide a satisfactory estimate for the aerodynamic changes
produced by ground effect.

One convenient way to model an aircraft in ground effect for use with a potential
flow algorithm is to replace the surface of the ground with an image of the aircraft,
positioned and orientated as though it were reflected in the surface of the ground. Such a
model is shown in Fig. 6.5.1. By design, the flow around this aircraft combined with its
mirror image is symmetric across the plane of reflection. At any point on this plane of
symmetry, the downwash generated by the aircraft will be exactly offset with upwash
generated by its mirror image. Thus, there can be no net flow normal to the plane of
reflection, which is accordingly a stream surface for the flow. This means that potential
flow about the aircraft combined with its mirror image is identical to potential flow about
the aircraft combined with a flat solid surface representing the ground. Since the two
flows are identical, the associated aerodynamic forces will be identical as well.
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From Eq. (4.5.11), the downwash induced on the horizontal stabilizer by the
primary vortex system was found to be

KK, K'Sj Cr, _1.03500433)1.015 C1, _ (o CL.
primary

(€4 )prnmary - ( Kp R, 0.759 Ry, R4,

As shown in Fig. 6.5.2, the mirror image of this vortex system is identical to
the primary system, except for the direction of rotation and its position relative to
the horizontal stabilizer of the actual airplane. The image vortex system is located
a distance below the ground equal to the height of the wing above the ground.
Thus, the height of the horizontal stabilizer above the image vortex system is twice
the distance from the wing to the ground plus the distance that the horizontal
stabilizer is above the primary vortex system. Therefore, relative to the image
vortex system, we have

F=(2x4.0+3.4)/(33/2) =0.691

From Egs. (4.5.6) and (4.5.12), the position factor and sweep factor for the image
vortex system are found to be

(Kp )image =0.244, (Ks)image =1.001

The span factor, &3, for the image vortex system is the same as that for the primary
system. Since the image vortex rotates in the opposite direction from the primary
vortex, the strength factor, «,, for the image vortex is equal in magnitude but
opposite in sign to that of the primary vortex. Thus, from Eq. (4.5.11), the
downwash induced on the horizontal stabilizer by the image vortex system is

v Ay C —1. . . 1 C .
- :[K KpK j L _ (£1.035)(0244)1.001 C1, _ 515 Cu,
image

Kp RAW 0.759 RA“ RA

W

primary vortex systefr{l 34 f

/ — v J—
e &
Y 40 f
Z _ _ _ __gowmd I
4.0 ft
- . U 3
e )
\4

image vortex system

Figure 6.5.2. Vortex system and its mirror image for Example 6.5.1.
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actual aircraft

Figure 6.5.1. Mirror image model used to simulate ground effect.

The model shown in Fig. 6.5.1 can be used with either the vortex panel method or
the vortex lifting-line method to obtain a detailed numerical estimate for the important
aerodynamic derivatives, which affect an airplane’s controls in ground effect. However,
since lift slope effects for the wing and horizontal stabilizer tend to cancel, a reasonable
first estimate can be obtained by considering only the reduction in downwash gradient
induced on the tail by the main wing. This procedure is best demonstrated by example.

EXAMPLE 6.5.1. For the wing-tail combination that is described in Examples
4.3.1, 44.1, 44.2, and 4.5.1, estimate the downwash gradient induced on the
horizontal stabilizer when the airplane is flying in ground effect with the main
wing 4.0 feet above the ground. Also estimate the static margin.

Solution. For this estimate we will ignore changes in lift slope and will model the
downwash using the vortex system described in Sec. 4.5. To account for ground
effect, we combine this vortex system with an image of the vortex system that is
positioned and orientated as though it were reflected in the surface of the ground,
much like the image shown in Fig. 6.5.1. From Example 4.5.1, the geometry
associated with the primary vortex system gives

S.=180f%, b, =33ft, R, =33°/180=6.05 C, =444, Ry =040,
A=10° [, -1, =15ft, ¥=15/(33/2)=0.909, ¥ =3.4/(33/2)=0.206

which was found to yield

x, = 1.035, x, = 0759, «, = 0433, «, = 1.015
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The net downwash in ground effect is then

C
&q = (ga' )primary + (gd )image = (0599 - 0333) —be = 0.266 —CLW
Ry, Ra,

For this first approximation we are neglecting the change in lift slope caused by
ground effect. Thus, the downwash gradient in ground effect is estimated to be

Cr e 4.44
~ 0266t — 026623 _ 0.195
éd.a R, 605

W

From Example 4.4.1, the center of gravity is located 0.71 feet aft of the
aerodynamic center of the wing. Thus we have

S, =180 ft>, b, =33ft, C, , =444, [, =-07If,
S, =361, by=12ft, Cp,o=397, I, =1429f, 1 =10

Using these values combined with the downwash gradient that was predicted for
the horizontal stabilizer in ground effect and following Example 4.4.1, the static
margin in ground effect is estimated to be

l
WClya + S‘S{' nCry (1= Eda)

Iy ,
LA S” = 0.2158 = 22%
Cy —

Cwl:CLH a*t TSL.UhCLh,a(l_gd.a )J

For the particular geometry and flight condition that were used in Example 6.5.1, we
see that ground effect reduces the downwash on the horizontal stabilizer by more than 50
percent and nearly doubles the static margin. Since the computations used in this
example were made neglecting changes in lift slope, the estimated changes in downwash
and static margin are somewhat greater than would be observed for this airplane in actual
flight.

The decrease in downwash that results from ground effect increases the local angle
of attack for the horizontal stabilizer. This increases the lift on the aft stabilizer and
produces a negative pitching moment about the center of gravity. To counter this nose-
down pitching moment and maintain trim, additional up elevator must be applied in
ground effect. Again this is best demonstrated by example.

EXAMPLE 6.5.2. We wish to examine the near-ground trim requirements for
the wing-tail combination described in Example 4.4.2. For the ground-effect
operating condition described in Example 6.5.1, plot the elevator deflection
required to trim the airplane for 80 mph at sea level as a function of the location of
the center of gravity measured aft of the wing quarter-chord. Compare these
results with those obtained in Example 4.4.2 for flight at the same airspeed and
altitude but out of ground effect.
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Solution. Again we let x denote the distance measured aft of the quarter-chord of
the main wing and we shall continue to ignore changes in lift slope caused by
ground effect. For this wing-tail combination we have
S, =1801t>, b, =33ft, C, o =444, C, =-0.053, W =2700Ibf,
Sy =361, b,=121t, Cp, =397, Cn, s =-0.55,
g, =060, x,=15f, n,=1.0,

Arow = —-2.200, (2 :3.10, ron = 0.00, Aop = 2.3°

For this geometry, the lift coefficient for the main wing at zero fuselage angle of
attack is

Cro = Cp, ofaow —arow) = 0.4107

Thus, from Example 6.5.1 for the specified ground-effect flight condition, the
downwash angle for the horizontal stabilizer at zero fuselage angle of attack is

&40 = 0.266-CM = 0.0181 = 1.03°
Ry,

Following Example 4.4.2, we obtain

S
Cro = Cr,a(@ow—arLow) + 22 14Cr, o (cton — a0) = 0.4282

Sy
_ Si
Crs, = S—UhCL,,,ase = 0.4764
¢, = —X— = 09168
7PV00SW

For these sample calculations we continue to follow Example 4.4.2 for the case
where the center of gravity is located at x.,/C,, =0.1. In ground effect, we obtain

Xco Sn(xn —Xe)
Cwo = Co, + =Cp, 0 (CYOW—OCLOW)-—(——_—‘L
Cw chw

0 Cr, .o (@on — €40)
= —-0.05840

SiCh
Cns, = —— 114 Cmy,5, —
S.Cow

S (x5 —Xeg)
S,Cw

mCryate = —1.3230

S
30Cra + 26 Cly (= 50.)

_ ' — 03460
Ew]:CLn,(l + _‘STh_UhCLh Ked (1 ~Eda )}

Xnp

z.
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Cmo—(Cr — CLO)[(xnp —Xcg )/Ew]
Seluim = — = = -0.1481 = —8.5°
( )t " Cm,é'f + CL,Jt, [(xnp —Xco )/CW]

This compares to an elevator deflection of about —4 degrees for the same operating
condition outside of ground effect.

Repeating the previous computations for several different values of x../c,,
we obtain the result shown in Fig. 6.5.3. It should be remembered that these
computations are based on constant elevator effectiveness. In reality, elevator
effectiveness decreases when the deflection angle exceeds about 10 degrees. Thus,
even larger elevator deflections would be required for the most forward CG
locations shown in Fig. 6.5.3.
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Figure 6.5.3. Elevator angle required for level trim at 80 mph and sea level as a function of CG
location measured aft of the wing quarter-chord for the airplane in Example 6.5.2.

From Example 6.5.2 we see that trimming a conventional airplane in ground effect
requires more up elevator than is required for the same operating condition remote from
the ground. Additionally, from the results obtained in Example 4.4.2 and plotted in
Fig. 4.4.3, we have seen that reducing airspeed also requires more up elevator for trim.
Since it is desirable to land an airplane as slowly as possible, the combination of low
airspeed and ground effect often make the landing case a critical constraint on elevator
size and forward CG limit. In a perfect fill stall landing, the airplane will stall just as
the wheels touch the ground. Thus, the elevator must be sized and the forward CG limit
set such that the elevator angle required to trim the airplane in ground effect for a lift
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coetfficient of Cna, does not exceed full up elevator. If the forward CG limit has been
specified by some other means, this constraint can be used to size the elevator. On the
other hand, for a given elevator geometry, the constraint could be used to specify the
forward CG limit.

When a pilot sets up for landing, the airplane’s trim setting is usually adjusted to
zero the control force at the approach speed, which is below cruise but somewhat above
landing speed. As the airplane is slowed from approach speed to landing speed, the pilot
must apply a continuously increasing pull force to move the control back and provide the
additional up elevator needed to maintain trim. Obviously, the control force required to
land the airplane from the approach speed should not exceed that which can be applied
comfortably by a human pilot. If the control force gradient were constant, the control
force required to land would simply be the control force gradient multiplied by the
difference between the approach speed and the landing speed. However, as the airplane
approaches the ground, the contro! force gradient is increased by ground effect. This is
readily demonstrated by repeating the computations in Example 6.3.1 for the ground-
effect operating condition described in Example 6.5.1. The result of these computations
is shown in Fig. 6.5.4. Notice that the stick-free neutral point is moved aft as a result of
ground effect. When the center of gravity is forward of the stick-free neutral point, the
magnitude of the control force gradient is increased in ground effect. This means that a
greater pull force is required to reduce the trim speed in ground effect than would be
required to achieve a similar speed reduction when the airplane is flying far from the
ground.
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Figure 6.5.4. Control force gradient at 80 mph as a function of CG location measured aft of the
wing quarter-chord for the airplane in Example 6.5.2.
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EXAMPLE 6.5.3. For the wing-tail combination described in Example 6.3.1, we
wish to estimate the control force required for a full stall landing from an approach
speed of 80 mph, with the CG located 15 inches forward of the aerodynamic center
of the wing. We will assume that the touchdown wing position relative to the
ground is that described in Example 6.5.1. Using the trim tab setting, the control
force is zeroed at the approach speed outside of ground effect, and the maximum
lift coefficient for the wing-tail combination is 1.3.

Solution. For this wing-tail combination and CG location, we have

S, =180 ft2, b, =331, Cp o =444, C,, =-0.053, W =2,700Ibf,
Sy =361, by=12ft, Cpq=397, Cpuo=00, C, s =-055,
Aoy =—2.20° g, =3.1°, apop =0.0° oy =2.3°
S,=121t*, 7, =111, £ =060, 1, =125ft 1,=1625f 7n,=1.0,
Ch,0 =000, Ci. g4 =063, Cy s =-097, I, =201t

From Eq. (6.3.13) evaluated for a load factor of 1.0, the pitch control force
required for level trim is

C,
F ee
i Slg

e + s +cus8)(Lpv2s, )| (6.5.1)

where

Cm,é} CHﬁ,ah (I- gd,a) - Cm,aCHy,é‘U
CL.(I Cm,(i, - CL,JB Cm,a

G =

C3y = Ch,o+Ch, g, (Cor ~Ea0)

+ (Cm,aCLO - CL,a Cro )CH‘,@, - (Cm,b'y Cro— CL,b}, CmO)CHA.,a;, (l — Ed,a)
CL,a Cm,b} _CL,O} Cm,a

Since both C; and C; depend on the downwash induced on the horizontal
stabilizer, these two coefficients change when the airplane enters ground effect.
From Example 6.5.1, outside of ground effect the downwash angle for the
horizontal stabilizer is given by

g4 = 0.599 —Lr

and we have

Cro = Cr,a(0ow—0row) = 04107
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C
£40 = 0.5997;';‘) = 0.0407 = 2.33°

A,
Cr,
Eda = 0599 —=— = 04396
RAW
Sy
Cro = Cp, o (pw — aLOw)+S M Cry o (Gon ~arop —Eq0) = 0.4103

S
Cra = CLW,,,+—S” Crya(l—€44) = 4.8850
"

S

Crs, = S—hn,,cLh,age = 0.4764
L, Sie
Cuno = Cy, - E—CLW,a (Gow —arow)+ Shilh 1w Cmyo
_ Suln o~ - _
Sz MCry . (@on —Aron —€d0) = —0.1459
WwCw
Ly Sl
Cng = —=Cy, a h_h MCr,a(l—€44) = —2.3431
Cw wCp
Siue Silp
Cmq(yy = Sh;h MhCmy, 5, S — 77hCL;, abe = —1.4798
whw W w
Cm ('C I- —Lm .
Cl _ 00 Hmah( 8d,a) C ’aCHE’ﬁL — 02864

CroCns, —CLs, Cha

C3 = Cy,0+Ch,.q, (Qos — €40)

N (CnaCro—Cra Cuo)Ch, 5, = (C.5,CLo—Crs5, Cino)Ctl, ., 1 =€)
CL,a Cm,&, - CL,(S(, Cm,a

= —0.0081

Since the pitch control force is set to zero when the airplane is trimmed for 80 mph
out of ground effect, from Eq. (6.5.1) we have

Ch,5 01 = —CI—Z———C3 = —0.2544
2PV S,

For the full stall landing, the touchdown airspeed is
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2w

- = 98.53 ft/sec
pSwCLmax

Vsl =

From Example 6.5.1, in ground effect the downwash angle for the horizontal
stabilizer is given by

Cy,
Ry

gq = 0.266

w

Repeating the previous computations using the airspeed at stall and the downwash
in ground effect gives

. C = 0.3402
C; = —0.0071
and from Eq. (6.5.1), the control force at touchdown is

Sz,
Suly

Fy = m [C1W+(C3+CHF,5,§,)(%szSW)] = 13.8 Ibf

If these same computations are carried out excluding the reduction in downwash
produced by ground effect, we find that a control force of only 8.4 1bf is predicted
to stall the airplane outside of ground effect.

In most cases, the increase in pitch control force that results from ground effect is not
a critical concern to the designer. In fact, the slightly heavier pitch control gives the pilot
increased sensory feedback at a time in the flight when maintaining precise pitch attitude
is very critical. Since pilot effort and concentration is quite naturally increased as the
airplane approaches the ground, most pilots are not aware of the increasing control force
gradient.

Since trim requirements for landing often provides a critical constraint on elevator
size and forward CG limit, it is important to understand how the airplane’s landing
configuration affects trim. Because the landing gear is always below the center of
gravity, aerodynamic drag on the gear produces a nose-down pitching moment about the
CG. Thus, when the landing gear is down, some additional up elevator is needed to
compensate for the negative increment in pitching moment produced on the gear. Flaps
and/or other high-lift devices are also commonly deployed for landing. The deployment
of wing flaps gives rise to four significant aerodynamic changes; a positive increment in
maximum lift coefficient, a negative increment in zero-lift angle of attack, a negative
increment in wing pitching moment, and a positive increment in wing drag. The elevator
angle required to trim the airplane for any given lift coefficient is significantly affected
by the zero-lift angle of attack as well as the pitching moment produced on wing and the
landing gear.
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From Eqgs. (6.1.33) and (6.1.34) evaluated for a load factor of 1.0 combined with the
relation for static margin given by Eq. (4.4.13), the fuselage angle of attack and elevator
angle at level trim can be estimated as

_ (Cw =Cr9)Cns, +Crs, Cmo
(a)trim = —
CL,a [Cm,()} + CL,()} (lnp /Cw)]

(5 ) - (CW _CLO)(lnp/Ew)_CmO
e/tnm Cm,()} + CL,(Y(, (lnp /Ew)

(6.5.2)

(6.5.3)

When flaps are deployed for landing, Cy, is increased and except for the case of a very
high wing, flaps and landing gear contribute to a negative increment in C,o. The drag
increment that results from deploying flaps on a high wing contributes to a positive
increment in C,,. If the flap deflection is not too large, deploying flaps and gear does not
appreciably change the remaining terms in Eqgs. (6.5.2) and (6.5.3). Thus, the increments
in fuselage angle of attack and elevator angle at trim, which results from deploying the
flaps and landing gear, are, respectively,

~Crn5.(AC10) sy + Cr5,(ACmo) s
CL,a [Cmﬁp + CL,()} (lnp /Ew)]

(4a);, = (6.5.4)

_(lnp /Ew )(ACLO)fg - (ACmO ) 1z
Ab) = : — - 6.5.5
( )'f& Cm,é} + CL,()}, (lnp /Cw) ( )

where (ACp), and (4C,0)y are, respectively, the increments in C, and G,y that result
from deploying the flaps and gear.

The change in pitching moment coefficient with elevator deflection is negative and
larger in magnitude than the change in lift coefficient with elevator deflection, which is
positive. Thus, the denominators in Egs. (6.5.4) and (6.5.5) are both negative. With this
knowledge, inspection of the right-hand side of Eq. (6.5.4) reveals that the positive
increment in C;y produced by the flaps results in a decrease in fuselage angle of attack.
On the other hand, the negative increment in C,,, will tend to increase fuselage angle of
attack at trim. Since the change in lift coefficient with elevator deflection is typically
small, the first term in the numerator of Eq. (6.5.4) dominates and the fuselage angle of
attack is significantly reduced in landing configuration. From the pilot’s point of view,
this is perhaps the most important advantage of deploying flaps for landing, because it
gives the pilot better visibility over the nose of the airplane.

In a similar manner, inspection of the right-hand side of Eq. (6.5.5) shows that when
the CG is forward of the neutral point, the positive increment in C;4 produced by the flap
deflection requires a positive increment in elevator deflection to maintain trim. However,
the negative increment in C,, requires a negative increment in elevator deflection. It is
important to notice that the magnitude of the first term in the numerator of Eq. (6.5.5)
increases as the CG is moved forward, while that of the second term remains constant.
When the CG is located close to the neutral point, the second term in the numerator of
Eq. (6.5.5) dominates and additional up elevator is needed to compensate for the nose-
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down pitching moment produced by deploying the flaps and landing gear. As the CG is
moved forward, the magnitude of the first term in the numerator of Eq. (6.5.5) increases
and less up elevator is needed to compensate for flap and gear deployment. If the CG is
moved far enough forward, some down elevator will be required to compensate for the
net acrodynamic effects of deploying the flaps and gear.

Landing often provides a critical constraint on elevator size. To provide better pilot
visibility and slower landing speed, airplanes are typically landed with flaps. However,
at some point it may be necessary to land the airplane without flaps. Thus, the elevator
should be sized large enough to trim the airplane at C; ., in ground effect, with the CG
at its forward limit, and the landing gear down, both with and without flaps. Depending
on the forward CG limit, either of these two cases could provide the critical constraint on
elevator size. Demonstration of this point is left as an exercise for the student.

6.6. Stall Recovery

For the most part, the stability and control analysis that we have considered to this point
has been based on a linear relation between angle of attack and lift. Furthermore, we
have assumed a positive lift slope for ali lifting surfaces. These assumptions are
reasonable when the angle of attack is sufficiently below stall. However, as the angle of
attack approaches stall, the variation in lift with angle of attack becomes nonlinear, and at
angles of attack beyond stall, the lift slope becomes negative. Consequently, the post-
stall stability and control characteristics of an aircraft are quite different from those at low
angles of attack.

Fighter aircraft and stunt airplanes are commonly taken to angles of attack well
beyond stall. The ability of a modern fighter to perform post-stall maneuvers, like the
one shown in Fig. 3.9.7, is critical. Furthermore, missiles frequently operate at angles of
attack that produce separated flow. For these reasons and many others, high angle of
attack aerodynamics, stability, and control are of great interest, particularly to military
aircraft designers.

While most transports and general aviation airplanes are not routinely flown at
angles of attack beyond stall, the possibility of stall always exists. Hence, any airplane
should be designed so that recovery from stall is at least possible. For most civilian
airplanes, it is usually preferable if the airplane is designed to provide stall recovery with
little or no control input from the pilot. In the most forgiving designs, the airplane will
naturally recover from a stall if the pilot simply releases the controls.

At angles of attack beyond stall the airflow about an airplane is extremely complex
and the aerodynamic forces and moments become highly nonlinear. At high angles of
attack the drag forces acting on the wing and tail will contribute significantly to the
aircraft’s pitching moment, which adds to the nonlinear variation of pitching moment
coefficient with angle of attack. Figure 6.6.1 shows how airplane lift, drag, and pitching
moment coefficients vary with angle of attack for one particular geometry. The airplane
used to generate this figure had a rectangular wing with no sweep and no geometric or
aerodynamic twist. The airplane had a conventional aft tail and was trimmed for steady
level flight with a fuselage angle of attack of about 4 degrees. The CG was located to
provide a static margin of about 7 percent.
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Figure 6.6.1. Lift, drag, and pitching moment coefficients for an airplane with an unswept rectan-
gular wing and conventional aft tail.

Notice in Fig. 6.6.1 that for the region just to the right of Cn,,, the change in
pitching moment coefficient with angle of attack becomes significantly more negative.
This is primarily the result of two contributing factors. First of all, for this aircraft the
CG was located somewhat aft of the aerodynamic center of the main wing, which makes
the wing destabilizing when the lift slope is positive and the effects of drag are small.
When the main wing stalls, its lift slope becomes negative and the contribution of wing
lift becomes stabilizing (i.e., C,, , becomes more negative).

The aft horizontal stabilizer also contributes to the more negative pitch stability
derivative, which is seen in Fig. 6.6.1 for the region between 10 and 20 degrees angle of
attack. As is often the case for an airplane with a conventional aft tail, the main wing of
this airplane stalls before the horizontal stabilizer. Because downwash is induced on the
aft tail by the main wing, the local angle of attack for the horizontal stabilizer is less than
that for the main wing and stall of the stabilizer is postponed. We have seen that when
the lift slope for the main wing is positive, this downwash reduces the stabilizing
contribution that an aft tail makes to the pitch stability derivative. In a similar manner,
when the lift slope for the main wing is negative, downwash increases the stabilizing
contribution of an unstalled aft tail. When the main wing stalls, the decrease in lift
reduces the downwash aft of the wing and increases the local angle of attack for the
horizontal stabilizer. This increases the lift developed on the unstalled stabilizer and
produces a greater nose-down pitching moment, which tends to reduce the angle of attack
and return the airplane to unstalled flight. This increased contribution to pitch stability
continues only as long as the horizontal stabilizer does not stall.
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At the larger angles of attack shown in Fig. 6.6.1, both the wing and the horizontal
stabilizer are stalled. From Eq. (4.7.6), for the special case where the vertical offset, A,
is zero, the contribution of the horizontal stabilizer to the airplane pitching moment
coefficient is

(AC,,, )h = SShéh 70 Comy, — Suli

1 [cos(a —&4)Cy, +sin(a—&4)Cp, ] 6.6.1)
wCi SuCuw

When both the wing and the horizontal stabilizer are stalled, the downwash angle and lift
coefficient decrease with increasing angle of attack, while the drag coefficient increases
with angle of attack. With these facts in mind, from Eq. (6.6.1) we see that lift developed
on this stalled aft stabilizer produces a nose-down pitching moment that decreases with
increasing angle of attack. Drag, on the other hand, produces a nose-down pitching
moment that increases with angle of attack. Thus, the lift developed on this stalled
horizontal surface has a destabilizing effect on the moment slope, whereas the drag has a
stabilizing effect. At angles of attack just slightly beyond the stabilizer stall point, the
effects of lift are greater than the effects of drag and the aft horizontal surface is
destabilizing in pitch. At somewhat higher angles of attack the drag term dominates and
the horizontal surface again becomes stabilizing. This is the reason for the two changes
in slope that are seen in the pitching moment curve of Fig. 6.6.1.

While the derivative of the pitching moment coefficient with respect to angle of
attack is positive over a portion of the range shown in Fig. 6.6.1, the pitching moment
coefficient is always negative at angles of attack beyond stall. This means that with the
controls in this position, the stalled aircraft will always experience the nose-down
pitching moment needed to recover from stall and return the airplane to trimmed flight.
While post-stall stability characteristics similar to those shown in Fig. 6.6.1 are exhibited
by many well-designed conventional airplanes, this is not necessarily the case for all
airplanes and loading conditions.

The vertical position of the aircraft center of gravity relative to the wing and tail can
have a significant effect on the post-stall stability characteristics of an airplane. This is
demonstrated in Fig. 6.6.2. This figure shows the lift, drag, and pitching moment
coefficients for the same airplane geometry that was used to generate Fig. 6.6.1. The
only difference between the airplanes used for these two figures is the location of the
center of gravity. For the results plotted in Fig. 6.6.2, the CG was lowered by a distance
equal to one-half of the wing chord length, and the trim setting was adjusted to maintain
the same level trim airspeed as that in Fig. 6.6.1. Notice that for the lower center of
gravity, the destabilizing effect of the stalled aft tail is greater and extends over a larger
range of angle of attack.

Wing sweep also affects the post-stall stability of an airplane. Figure 6.6.3 shows the
lift, drag, and pitching moment coefficients for one particular airplane with a swept-back
wing. The wing has a tapered planform with no geometric or aerodynamic twist. The
airplane has the same conventional aft tail as that used for Fig. 6.6.1 and was trimmed for
steady level flight at the same fuselage angle of attack. The center of gravity was located
to provide the same static margin of about 7 percent, and the wing, horizontal stabilizer,
and center of gravity were all placed on the fuselage reference line.
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Figure 6.6.2. Lift, drag, and pitching moment coefficients for an airplane with an unswept rectan-
gular wing, a conventional aft tail, and a low center of gravity.

0-1 .—I T I T ¥ T T l T T T T l T T T 1 l T T T ¥ l T T T [ T LI T | 1-8
~_C,, conventional trim pONp-stall trim point ] 16
0.0 | =
- 414 8
- B unstable equilibrium ] g
£ .01 1 )
) X J12 &
g I 17§
= B . S
& 02l 310 O
o 5 1 &
= - -108 &
£ N 1 =]
g 03 C S <
< - — 0.6 §
E i CD J E‘:‘
-0.4 - —-104 3
: o2
-0.5 5 ]
1 L | L Ll I L L L | | 1 1 L L I Il L 1 L l L L bl | 1 L L I | L l_ 0.0
0 10 20 30 40 50 60

Fuselage Angle of Attack (degrees)

Figure 6.6.3. Lift, drag, and pitching moment coefficients for an airplane with a swept-back
tapered wing and conventional aft tail.
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Figure 6.6.3 demonstrates what can be a very significant problem for an airplane
with a swept-back tapered wing. On a wing of this planform shape with no geometric or
aerodynamic twist, the outboard wing sections will tend to stall before the sections near
the root. As the angle of attack is increased from unstalled flight, the wingtips will stall
first and the stall will progress inward and forward toward the root of the swept wing, as
shown schematically in Fig. 6.6.4. Since positive sweep places the wingtips aft of the
root, losing lift on the aft wingtips while retaining lift on the forward wing root produces
a nose-up increment in the pitching moment, which tends to further increase the angle of
attack and deepen the stall. This effect, combined with the destabilizing effects of a
stalled aft tail, can cause the total airplane pitching moment to become positive over
some range of angle of attack beyond stall. At even larger angles of attack, the pitching
moment will again become negative, due to the stabilizing effects of drag. This behavior
can be seen in Fig. 6.6.3.

Notice that for the pitching moment coefficient curve shown in Fig. 6.6.3, there are
two stable trim points. The first occurs at an angle of attack of about 4 degrees and is the
conventional trim point for unstalled flight. For this airplane, a second stable trim point
occurs at about 40 degrees angle of attack. Since this point is well past stall, it is
frequently called a deep-stall trim point or sometimes simply deep stall. An airplane

progression of stall
with increasing angle of attack

initiation of stall

Figure 6.6.4. Stall progression on a tapered swept wing with no geometric or aerodynamic twist.
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with the stall characteristics shown in Fig. 6.6.3 will recover from a shallow stall in much
the same way as those shown in Figs. 6.6.1 and 6.6.2. For this particular case, as long as
the angle of attack remains less than about 25 degrees, a nose-down pitching moment is
created with the control in this position, and the airplane will recover from the shallow
stall. However, if the angle of attack should ever exceed that of the 25-degree unstable
equilibrium point with the control held in the same position that would result in recovery
from a shallow stall, the airplane would quickly rotate to the deep-stall trim point. It can
be difficult or even impossible to recover from this deep stall with conventional controls,
because control surfaces may be immersed in the stalled wake and become ineffective.
The T-tail can be particularly problematic in this regard.

One way to avoid the stall characteristic shown in Fig. 6.6.3 is through the use of
washout in the swept wing. By decreasing the geometric angle of attack at the wingtips
relative to that at the root, wingtip stall can be postponed to a higher angle of attack. If
sufficient washout is used, the wing root will stall prior to the wingtips and the onset of
stall will produce a nose-down pitching moment that counters the destabilizing effect of
the lift developed on a stalled aft tail. Sometimes it is not possible to avoid the stall
characteristic shown in Fig. 6.6.3 and still maintain the other characteristics needed to
provide mission effectiveness. In such cases, some means must be provided for the pilot
to recover from deep stall. Alternative controls such as movable canard surfaces,
flaperons, and thrust vectoring are sometimes used for this purpose.

6.7. Lateral Control and Maneuverability

In Sec. 6.1 we examined how the elevator is used to control the normal acceleration of an
aircraft in longitudinal motion. The elevator is used to control the angle of attack at
which the pitching moment is zero. Thus, the elevator indirectly controls the magnitude
of lift developed by the wing. If the lift does not equal the component of weight normal
to the flight path, a normal acceleration will occur. Up to this point in the chapter, we
have limited our study of aircraft maneuverability to the case where the normal
acceleration is confined to the longitudinal plane.

To maneuver an aircraft outside the longitudinal plane, the ailerons and rudder are
typically used in combination with the elevator to control not only the magnitude of the
lift but also the direction in which the lift vector acts, thereby controlling both the
direction and magnitude of acceleration for the maneuver. Consider, for example, the
steady coordinated turn shown in Fig. 6.7.1. The term steady requires that both the
airspeed and angular velocity are held constant. By definition, a coordinated maneuver
is one in which the controls are coordinated so that the vector sum of the airplane’s
acceleration and the acceleration of gravity produces an apparent body force that falls
in the aircraft’s plane of symmetry. In other words, the apparent body force has no
component in the spanwise direction. By definition, the turning axis for the steady
coordinated turn is vertical, but the airplane may be climbing or descending during the
turn. The climb angle, y, is defined to be the angle that the airplane’s velocity vector
makes with the horizontal. For convenience, the body axis is chosen to align with the
direction of flight, and the bank angle, ¢, is the angle that the airplane is rolled about this
velocity vector, as measured with respect to the upright “wings-level” orientation.
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helical flight path

angular velocity vector /YY

| vertical axis of turn

Wcosy

Horizontal Side View Front View

Figure 6.7.1. Steady coordinated turn.

We will use the (x,ys,25) coordinate system shown in Fig. 5.1.1. The origin of
this coordinate system is located at the aircraft center of gravity. For convenience, the
x;-axis is aligned with the direction of flight and the z,-axis points downward in the
aircraft plane of symmetry. To complete the right-hand coordinate system, the y;-axis is
then in the spanwise direction pointing to the pilot’s right.

From Fig. 6.7.1, we see that the component of aircraft weight in the direction of
flight is —W siny and the component of weight in the plane normal to the direction of
flight is W cosy. The normal component of weight is easily resolved into a spanwise
component, Wcosysing, and a component in the plane of symmetry, W cosy cosg.
Thus, the components of weight expressed in the (xp,5,25) coordinate system are

—Wsiny
W = <Wecosysing (6.7.1)
W cosycosg

The angular velocity vector for this steady coordinated turn is constant and parallel
to the weight vector. Thus, using the same geometric relations that were used for the
weight vector, the components of the airplane’s angular velocity vector in (x4, ¥s,25)
coordinates are
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—Qsiny
Q = {Qcosysing (6.7.2)
Qcosycosg

where €2 is the magnitude of the angular velocity vector. The (x,Vs,25) coordinate
system was chosen so that the x,-axis is aligned with the direction of flight. As a result,
there is no velocity component in the y;-z, plane and the components of the translational
velocity vector in the (xp, yp,2,) coordinate system are

(6.7.3)

<
It
S o X

Since neither the translational velocity nor the angular velocity is changing with
time, the only acceleration associated with the steady coordinated turn is the centripetal
acceleration resulting from the changing direction of flight. Thus, from elementary rigid-
body dynamics, the airplane’s acceleration vector in the steady coordinated turn can be
written as the cross product of the angular and translational velocity vectors,

0
% = QxV = ¢ QV cosycos¢g (6.7.4)
— £V cosysing

This acceleration vector includes the restriction that the turn is steady. However, an
additional restriction is needed to account for the fact that the turn is also coordinated.
The total apparent body force for this accelerating coordinate frame is the vector sum of
that due to gravity and that due to the acceleration of the coordinate frame. Since an
upward acceleration adds to the downward force of gravity, the apparent body force is

W dv
B=W- " 6.7.5
¢ dt ( )

Using Egs. (6.7.1) and (6.7.4) in Eq. (6.7.5), the (xp,¥s,25) components are

—siny 0
B = W<cosysing —KQV COs ¥ COs ¢ (6.7.6)
cosy cos¢ —cosysing

The definition of a coordinated maneuver requires that the spanwise component of this
apparent body force must be zero, i.e.,

W cosysing —(WEV/g)cosycosg = 0 (6.7.7)
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This imposes a relation between the turning rate and the bank angle,

Q= -gt%w— (6.7.8)

Using Eq. (6.7.8) in Eq. (6.7.4), the acceleration for this steady coordinated turn is

0
% - gcosysing (6.7.9)
~-g cosysin2¢/cos¢

The total force acting on the aircraft is the vector sum of the thrust force, the
aerodynamic force, and the weight. Drag acts in the negative x;-direction and lift acts in
the negative z,-direction. For this analysis we assume a thrust vector aligned with the x,-
axis and will let ¥ represent the side force acting in the positive y,-direction. Thus, using
Egs. (6.7.1) and (6.7.9), Newton’s second law requires that

T-D ~Wsiny 0
Y t+<Wcosysing, = w gcosysing (6.7.10)
-L W cosy cos¢ —gcosysin2¢/cos¢

or after rearranging and applying the trigonometric identity sin®g +cos’¢ =1,

T-D Wsiny
y L= 0 (6.7.11)
L W cosy/cosg

Because the turn is steady, the angular rates are constant. Furthermore, at the angular
rates encountered in a coordinated turn, second-order angular momentum effects are
negligible and the moments acting on the airplane are very close to zero:

(6.7.12)

o o o

¢
my =
A

Newton’s second law, as expressed in Egs. (6.7.11) and (6.7.12), provides six scalar
equations that can be solved for the thrust, angle of attack, sideslip angle, and the three
control surface deflections. From a conceptual point of view, this problem is identical to
the longitudinal control problem considered in Sec. 6.1. Since longitudinal motion is
two-dimensional, the longitudinal control problem involves only three degrees of
freedom and three unknowns: the thrust, the angle of attack, and the elevator deflection.
Because lateral motion is three-dimensional, the present problem involves six degrees of
freedom and six unknowns, but is otherwise identical.
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The first component of Eq. (6.7.11) allows us to determine the thrust needed to
maintain constant airspeed at a specified climb angle, or if the thrust were specified, the
climb angle could be determined from this relation. The remaining five components of
Eqgs. (6.7.11) and (6.7.12) will be used to determine the aerodynamic angles and control
surface deflections. In traditional dimensionless form, these five scalar equations are

o Cw cosy[cos ¢
Cy 0
Cepr = 0 (6.7.13)
Cy 0
C, 0
From Eg. (6.1.18), the lift coefficient for the airplane can be written as
C, = Cypp +CL,0,(Z+CL,,7L7+CL,()", Oe (6714)

where g is the dimensionless pitching rate defined in Eq. (6.1.11). The pitching moment
coefficient for pure longitudinal motion was given by Eq. (6.1.19). However, lateral
motion allows sideslip and we have seen that a rotating propeller produces a pitching
moment that is proportional to the sideslip angle. Thus, for turning flight, Eq. (6.1.19)
should be modified to account for the change in the pitching moment coefficient with
respect to sideslip angle,

Cpn = Coo+Cnga+Cup B+Crzgd+Cuygs, O (6.7.15)

Just as the longitudinal forces and moment depend on the pitching rate, the lateral
force and moments depend on the rolling and yawing rates. By standard convention, the
rolling and yawing rates are given the symbols p and r, respectively, and they are
traditionally nondimensionalized with respect to the forward velocity divided by the wing
semispan,

pb 2V
qe, 2V (6.7.16)
rby [2V

SR R
[

With these definitions, the lateral aerodynamic force and moments are written
Cy = Cypgf+Cypp+Cyrr+Cyys, O, (6.7.17)
Cf = Cpﬁ ﬂ+C’,l7 ﬁ+C/q,—. F+C(‘y5(‘ 5{1 +C/’§,_ 5r (67]8)

C, = Cn,a a+ Cn,ﬂ ﬂ+ Cn,i?' p+ Crr,i7 F+ Cn,d,, 04+ Crl,é',- Oy (6719)
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Using Egs. (6.7.14) through (6.7.19) in Eq. (6.7.13), we have

CL,a

0 0 Cis 0 (e
Cyp O 0 Cys || P
Crp Cis, 0  Cis |10a
Cunp 0 Cus, 0 O,

C"vﬂ C’lﬁa 0 Cn,&, 5r
- ] (6.7.20)
Cy cosy[cosg—Cpro 0 Ciz O
0 Cry 0 Cyvrl||P
0 - Cf,ﬁ O C/,f q
- CmO 0 Cm,q 0 ¥
0 Cop O Cur)

From Egs. (6.7.2), (6.7.8), and (6.7.16), we obtain

where

- Ry siny tang
= {Rg cosysingtang (6.7.21)
Rg, cosysing

R IIE ST T]

Ry = f;g (6.7.22)
Rey = —f:;’; (6.7.23)

Using Eq. (6.7.21) in Eq. (6.7.20) gives

CL,a

0 0 Crs, 0 o
Crp O 0 Cys (|8
Cip Cis, 0 GCis, |50
Cup 0 Cpns, 0 o
Cop Cns, 0 Cyus ||0r
Cw cosy[cosg—Cro — RecCy 7 cosy sindtan g

Ry (Cy psiny tang—Cy y cosy sin @)
Ry (Cy 5 siny tang —Cy 7 cosy sin @)
—Cio —RgxCrg cosysingtan g
Rgy (Cp psinytang—~C, 7 cosy sing)

S

Y

(6.7.24)
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If the aerodynamic derivatives are all known, Eq. (6.7.24) can be solved for the
control surface deflection angles required to maintain a steady coordinated turn with
airspeed, V¥, climb angle, » and bank angle, ¢. In this formulation, we have used the
bank angle to characterize the severity of the turn. Other important measures that are
commonly used to characterize a turn include the turning radius, the turning rate, and the
load factor. In the steady coordinated turn, these four quantities are all related. If any
one is known together with the climb angle and airspeed, the other three can easily be
determined. From Eq. (3.9.6), the bank angle can be related to the turning radius, R,

V2 cos
1 Y ”
=t —_— 1.25
¢ an [ ] (6 )

Similarly, from Eq. (6.7.8), the bank angle can be computed from the turning rate, £2,
Q
¢ = tan”' (—VJ (6.7.26)
g

and from Eq. (6.7.11), the bank angle can also be related to the load factor, L/W,

B _1f cosy
¢ = cos (L/Wj (6.7.27)

Here, the reader may recall that the traditional symbol used to denote load factor is n,
which is also the symbol traditionally used to signify the yawing rate. This was a very
unfortunate choice of notation, but it is well established in the literature and we must
learn to live with it. Both load factor and yawing rate are important parameters in the
analysis of turning flight and it is common to see the symbol, #, used to represent both of
these parameters in the same formulation. It is usually left up to the reader to determine
where »n denotes load factor and where it denotes yawing rate. In this text, tradition will
not be carried to that extreme. Whenever load factor and yawing rate are used in the
same formulation, the more explicit notation, L/W, will be used for the load factor.
However, the reader should be forewarned that this is not the norm.

EXAMPLE 6.7.1. Consider a level coordinated turn for the airplane described in
Examples 5.2.1, 5.2.2, 5.5.1, and 6.1.1. All control surfaces are trimmed for
steady level flight at 80 mph and sea level. Ignoring any possibility of stall, we
wish to plot the change in aileron, elevator, and rudder deflection angles required
to maintain the level coordinated turn, at the same airspeed and altitude, as a
function bank angle. For this airplane and operating condition we will use

S, =1801t%, b, =331, W=27001bf, V=80 mph, Cy =0.9168,
CLa =488, CLs =0476, C,7=3.00,
Cyp=-0.508, Cys =0.131, Cy;=000, Cyr=0.142,



6.7. Lateral Control and Maneuverability 561

Cip=-0.050, Cis5 =-0.134, Cr5 =0012, Cp=-0411
Cpa =—0.587, Cpp=-0031, Cns =-131, Cpng=-1105,
Cra =—0.0051, Cyp=0.071, Cps, =0.0035, Cys =-0.059, C, 5 =-0.057,
Cr7 =0.020+0.25C,, Cnr=-0.114-0.024CF,
Ry = g8,/2V% = 0.00637, Ry = gb./2V? = 0.03856

Solution. Let the acrodynamic angles and control surface deflections for the
steady level coordinated turn be expressed as

a a Aa
B B ap
Sur = 104 + <49, (6.7.28)
Se O A9,
S o) o

7 J trim

where the trim condition is evaluated for steady level flight at the same airspeed
and elevation. Steady level flight is a special case of the steady coordinated turn
where both the bank angle and climb angle are zero. Thus, the trim condition must
satisfy Eq. (6.7.24) with both ¢ and yset to zero.

Cra 0 0 Crs. 0 a Cy —Cpo

0 Cyp 0 0 Cys || B 0

0 Crp Copg, 0 Crs 190, = 0 (6.7.29)
Chag Cuwp 0 Cus 0 O, —Cmo
Coa Cup Cosi 0 Cos |16:) . 0

Using Eq. (6.7.28) in Eq. (6.7.24) and applying Eq. (6.7.29) gives

[CLw 0 0 Crs O W Aa
0 Cyp 0 0 Crs || A8
0 Cip Crs, 0 Cis, (440,
Cha Cmp 0 Cus, 0 Ao,
(Coa Cup Cus, 0 Cug |45,
Cy(cosy/cos@)—1]— Ry Cp g cosysingtang
Ry (Cy 5 siny tang — Cy 7 cos y sing)

(6.7.30)

li

Ry (Cr psinytang—Cy 7 cosy sin @)
— RoxCiy g cOsy singptang
Ry (Cppsiny tang —C, 5 cosy sin @)
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Using the acrodynamic derivatives for this airplane, the 5x 5 matrix on the left-
hand side of Eq. (6.7.30) is

[Cl 0 0  Cis, 0
0 Cyﬁ 0 0 CY,(s
0 Cip Cos 0 Ces

Cuna Cmp 0 Cms, 0

| Cra Cunp Cus 0 Cus,

[l

[ 4.88 0 0 0.476 0
0 ~0508 0 0 0.131

= 0 -0.050 -0.134 0 0.012
~0.587 —0.031 0 -131 0

|—0.0051 0.071 0.0035 0 -0.059

Since this matrix is independent of both climb angle and bank angle, the system of
equations does not need to be solved separately for each value of bank angle to be
used in the plot. The matrix need only be inverted once. The matrix can be
inverted numerically to give

021427 -0.00685 —0.00040 0.07786 —0.01529
~0.00692 ~2.83723 —0.16542 —0.00251 —6.33325
[A]" = 0.00018 0.75698 —7.45841 0.00007  0.16380
~0.09585  0.07021  0.00409 —0.79819  0.15672
~0.02684 ~3.36879 —0.64148 —0.00975 —24.55949

Choosing an example bank angle of 30 degrees and applying Eq. (6.7.11), the
coordinated turn with y =0 at 80 mph and sea level gives

C, = Cwcosy/cosg = 1.05861

i1

Cr7 = 0.020+0.25C;, = 0.28465

I

Cpr = —0.114-0.024Cf = —0.14090

Cw [(cosy[cos @) —1]— ReCy 7 cos y sin ¢ tan ¢ 0.13631
Ry (Cy psiny tan g —Cy  cosy sin @) —0.00274

Ro (Cy psinytang—Cy r cosysing) = <~0.00549
=Ry Cyp 5 cOsy singtan g 0.02033

R (Cp psiny tang ~Cp 7 cosy sing) 0.00272
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The changes in the aerodynamic angles and control surface deflections for this
particular bank angle can now be found by multiplying this vector by the inverted
matrix [A]™,

Aa 0.13631 0.03077 1.8°
AB ~0.00274 ~0.00952 ~0.5°
A8, = [A]"{-0.00549 = { 0.03933 | = | 2.3°
AS, 0.02033 ~0.02908 -1.7°
45, ], 0.00272 ~0.05782 ~33°

Similarly, a bank angle of —30 degrees requires that

Aa 0.13631 0.03081 1.8°
AB 0.00274 0.00753 0.4°
A8, = [A]" 4 0.00549 | = 1-0.03928} = {-2.3°
A8, 0.02033 ~0.02950 -1.7°
A5, ], s ~0.00272 0.05011 2.9°

Repeating these computations for a range of bank angles and neglecting the
possibility of stall, we obtain the results that are plotted in Fig. 6.7.2.

Sl'llj—rlllll1l'lll T T T [ T T T

Control Deflection (degrees)

- 1 5 L | § I I L ] L | L L L ] —l, L LAL L L L l L i 1 ‘ L
-60 -40 -20 0 20 40 60
Bank Angle (degrees)

Figure 6.7.2. Control surface deflections for a steady coordinated turn, from Example 6.7.1.
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Notice that for the airplane in Example 6.7.1, the rudder deflection is not symmetric
with respect to right and left turns. This is a direct result of the yawing moment produced
by the airplane’s conventional right-hand propeller. When the airplane is turned either to
the right or to the left, additional lift is needed to produce the turning acceleration. As
seen in Fig. 6.7.2, an increment of up elevator (negative A6,) must be applied to increase
the angle of attack and generate this added lift. However, the increase in angle of attack
also produces an increased propeller yawing moment to the left. This must be countered
with an increment of right rudder (negative Ad,). If the airplane is being turned to the
right (positive @), the right rudder needed to compensate for the propeller yawing
moment adds to the right rudder needed for the turn. If the airplane is being turned to the
left, the right rudder needed to compensate for the propeller yawing moment decreases
the left rudder needed for the turn.

It should also be noted from Fig. 6.7.2 that left aileron (positive Ad,) is needed to
maintain a right turn (positive ¢). This may seem counterintuitive to some. From the
sign convention and definitions presented in Sec. 5.6, it is clear that right aileron
(negative Ad,) is needed to initiate a roll to the right. Why then was left aileron predicted
for the right turn in Example 6.7.1? To answer this question we must recognize that in a
steady level coordinated turn, the bank angle is held constant and the airplane is not
rolling. To initiate a right turn the pilot does need to provide right aileron input. This
will start the airplane rolling to the right, increasing the bank angle. However, if the pilot
continues to apply right aileron, the airplane will continue to roll and the bank angle will
continue to increase. To stop the roll when the desired bank angle is reached, it seems
reasonable that the pilot may need to briefly apply a little left aileron. Nevertheless, this
still does not explain why left aileron should be needed to hold the bank angle constant in
a coordinated right turn. This can be better understood by examining the reason that the
rudder is needed to coordinate the turn.

The amount of right rudder needed to sustain a right turn depends primarily on the
change in the yawing moment coefticient with respect to yawing rate, C,, which is
commonly referred to as the yaw-damping derivative. As the airplane negotiates a right
turn, the center of gravity follows a curved path and the airflow relative to the airplane is
curved as shown in Fig. 6.7.3. This curvature of the relative wind has a significant effect
on the yawing moment acting on the airplane. As seen in Fig. 6.7.3, this curvature
produces sidewash on the vertical stabilizer, increases the airspeed over the outside wing
semispan, and decreases the airspeed over the inside wing semispan. Thus, a right turn
generates a side force to the right on the aft vertical stabilizer, increases the lift and drag
on the left wing semispan, and decreases the lift and drag on the right wing semispan.
For a conventional airplane with an aft vertical stabilizer having an aerodynamic center
above the airplane’s center of gravity, all of these effects tend to yaw the airplane to the
left and roll it to the right. To counter the yawing moment produced by flight-path
curvature in a right turn, some right rudder is required. Additionally, a left increment in
the rolling moment is needed to compensate for the effects of flight-path curvature on the
rolling moment produced in a right turn. Because of the roll-yaw coupling, right rudder
will usually produce some left increment in the rolling moment, but this is almost never
sufficient to counter the effects of flight-path curvature, and some left aileron is also
typically needed.
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Figure 6.7.3. Top view of the airflow relative to an airplane in a right turn.

Example 6.7.1 was confined to the special case of a level turn (ie., y=0). Ina
steady level coordinated turn the rolling rate is zero. This is not the case for a climbing
or diving turn. Even though the bank angle remains constant in any steady turn, the
airplane will experience a constant rolling rate when climbing or descending during a
turn. As can be seen in Eq. (6.7.2), when climbing or descending while turning about the
vertical axis, an airplane has a rolling rate that is proportional to the turning rate
multiplied by the sine of the climb angle, p=-2siny. This rolling rate can have a
significant effect on the control surface deflections required to sustain the turn, because
the rolling rate substantially affects the aerodynamic moments. The investigation of
these effects is left as an exercise for the student.

6.8. Aileron Reversal
In Sec. 6.2 we have seen that the lift developed on the horizontal stabilizer at a given
fuselage angle of attack and the pitching moment created as the result of a given elevator
deflection are reduced by aeroelastic bending of the fuselage. The aerodynamic forces
and moments produced on the wing are also affected by deformation, which is caused by
the aerodynamic loading. Aeroelastic bending of the wing causes a change in wing
dihedral, as was shown in Fig. 6.2.1. However, the wing’s bending stiffness typically has
little effect on the rolling moment produced by the ailerons. The torsional stiffness of the
wing, on the other hand, can significantly alter ajleron effectiveness.

Flap deflection produces a pitching moment about the aerodynamic center of an
airfoil section. Thus, when the right aileron is deflected down and the left aileron is
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deflected up, the outboard wing sections on the right experience a negative increment in
pitching moment while those on the left experience a positive increment in pitching
moment. This differential pitching moment between the outboard sections of right and
left semispans produces a twisting deformation of the wing, as shown in Fig. 6.8.1. The
wing twist increases the angle of attack on the left and decreases it on the right, thereby
reducing the rolling moment produced by the ailerons.

For small deflection angles, the acrodynamic twisting moment generated by aileron
deflection is linearly proportional to the product of the dynamic pressure and the aileron
deflection angle,

am, = L pV?S,2,Cn, 5,84 (6.8.1)

where C,, s, can be simply viewed as an acrodynamic proportionality constant. From a
structural viewpoint, the twisting moment on the wing must be linearly proportional to
the twist deformation angle, 7,

Am; = kT (6.8.2)

where £; is a torsional stiffness coefficient. For small deflection angles, the net change in
the rolling moment coefficient is linearly proportional to both the aileron deflection angle
and the twist deformation angle,

AC{’ = (C(,(Yu) 50 ’CV,TT (683)

rigid
Combining Egs. (6.8.1) through (6.8.3), we obtain

ACy = [(Ci5, )gga =3 PV S CrcCo 5, [k1 16 (6.8.4)

rigid

undeformed position

Figure 6.8.1. Deformation of a wing due to the twisting moment produced by aileron deflection.
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From Eq. (6.8.4), we see that the net lateral control derivative, including the effect of
wing twist, is given by

pV 2 SwEka.r Cm, O
2k,

Cro, = (Crs, )igia— (6.8.5)
which shows that aileron effectiveness is decreased in direct proportion to the airspeed

squared and in inverse proportion to the torsional stiffness of the wing. From this result
we see that there is an aileron reversal speed that is proportional to the square root of the

wing’s torsional stiffness,
. 2ki\Ce.s, Digia 6.8.6)
“ N PSueuCi i Ch, 5, o

At this airspeed, aileron deflection produces no rolling moment. At higher airspeeds,
aileron control is reversed.

Because of the complex cross-sections used to construct the wing of an airplane, its
torsional stiffness can only be determined experimentally or through the use of finite
element analysis on a digital computer. Accurate estimation of the a¢rodynamic loading
resulting from aileron deflection and wing twist also requires computer simulation. Since
wing twist depends on acrodynamic loading and aerodynamic loading depends on wing
twist, an iterative procedure must be used to estimate the change in rolling moment with
respect to aileron deflection for a nonrigid wing. We can start by computing the
aerodynamic loading for the undeformed or rigid wing. This loading is then used in a
finite element structural analysis to determine the wing deformation. The aerodynamic
computations are then repeated using the deformed geometry to obtain an improved
estimate for the aerodynamic loading. The process is repeated until no further changes
are observed.

All fixed-wing aircraft can be classified in one of two very broad categories, rigid-
wing and flex-wing aircraft. Since aeroelastic deformation can never be eliminated in
the lightweight structures required for flight, one might think that no airplane could ever
be classified as a rigid-wing. However, this is not how the two categories are defined.
A rigid-wing aircraft is one in which the moments that result from the elastic
deformation of the wing are less than those that result from control surface
deflections. On the other hand, a flex-wing aircraft is one that derives the control
moment primarily from elastic deformation of the wing. When all things that fly are
considered, most could be categorized as flex-wings. However, when we consider only
those aircraft designed and built by humans, most are rigid-wings. In a rigid-wing
airplane, the wing should have sufficient torsional stiffness so that the aileron
control reversal speed exceeds the maximum airspeed that could ever be attained
by the airplane.

When a wing is very flexible in torsion, as it is on birds and some ultralight aircraft
such as hang gliders, the aileron control reversal speed for the wing could actually be less
than the wing stall speed, and ailerons would not work at all in the conventional manner.
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On such a wing, ailerons would work very much like trim tabs. A downward deflection
of an aileron would twist the outboard sections of the wing semispan to sufficiently
reduce the angle of attack so that a rolling moment would be produced in the same
direction as the aileron deflection. This could still work as an aircraft control. However,
the control derivative would be positive instead of negative and the ailerons would need
to be linked to the stick or control yoke accordingly.

6.9. Other Control Surface Configurations

To this point we have treated trim, control, and maneuverability as though the airplane
had fixed horizontal and vertical stabilizers combined with a control set composed of
movable ailerons, elevator, and rudder, all with adjustable trim tabs. Alternative control
surface configurations are commonly used. However, with suitable variable definitions,
results obtained for these other configurations are very similar to those obtained for the
conventional controls that have already been discussed.

Three different control surface configurations that are used for pitch control are
shown in Fig. 6.9.1. The first is the conventional fixed stabilizer with movable elevator,
which has already been treated. The second is often referred to as an all-flying tail and
can be thought of as a special case of the stabilizer-elevator configuration with an
elevator chord fraction of 1.0. The last configuration shown in Fig. 6.9.1 is called a
stabilator. With this configuration, the entire horizontal surface is movable, but there is
also an aft trailing-edge flap that moves relative to the forward portion of this surface.

Stabilator

Figure 6.9.1. Three different configurations used for pitch control.
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The Stabilator
Since both the stabilizer-elevator configuration and the all-flying tail can be viewed as
special cases of the stabilator, this configuration is the most general of the three. From an
external visual inspection, most people could not distinguish between a stabilator and a
conventional stabilizer-clevator configuration. The external geometry i1s essentially the
same. The difference is that there are two degrees of freedom associated with the
deflection of a stabilator. The entire horizontal surface can be moved through a
deflection angle that shall be denoted here as o,. Additionally, the trailing-edge flap can
be deflected relative to the forward portion of the surface through a deflection angle
indicated here by &,. The sign convention that will be used for both of these angles is
positive with the leading edge up and the trailing edge down, as shown in Fig. 6.9.1.
While a stabilator has two deflection angles that could be controlled independently,
the pilot has only one pitch control. To induce a nose-down pitching moment the pilot
pushes the stick or control yoke forward, and pulling the control back creates a nose-up
pitching moment. To maintain the conventional cockpit controls, the two stabilator
deflection angles are linked together, either mechanically or electronically. The cockpit
control is linked to the primary control surface deflection, &, and the trailing-edge flap
deflection, &, is linked to the primary control surface deflection so that

5@ = kesé‘s +§et (691)

where the constant k, can be varied by the designer but not usually by the pilot. In a
mechanical system, 4, is fixed by the mechanical linkage between the primary control
surface deflection and the trailing-edge flap deflection. The offset, J,,, can usually be
adjusted by the pilot as a trim setting to zero the control force at trim for some desired
airspeed, much as a trim tab is used on a conventional elevator.

Following a procedure similar to that used to obtain Eqgs. (6.1.16) and (6.1.17), the
lift and pitching moment coefficients for a wing combined with a stabilator are

CL = CL a(a+2[

w

q + oy —aLow)

(6.9.2)
+ 28 ) (a+2_iﬁ+a0h—awh—gd +5S+£g5e)
Sy Cy
C,n = me —?Y—C[lma [(Z-F ZEIW ?-!—(Z()w —OlL()W)
Shch
S — Uh(cmho + Cm;, o 5 ) (693)
W w
- ;"lh 1CL, .« (a+ 2 g+aon —opon— &4 + 55 +seﬁej
Cop Cw

where the remaining notation is the same as that defined for the stabilizer-elevator
configuration. Using Eq. (6.9.1), these two equations can be written as
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C, = Cro+ CL,g‘, Our + CL,a o+ CL@ q -+ CL’& O (6.9.4)
Con = Cog+Crs, St +Crg @+ Chg G+ Chs, Oy (6.9.5)
where

Sh
CL,ti = '—_ﬂhclh Ke4 (1 + gekes ) (696)

Sy

Sy, Syl

C'm,()‘V = S:Efv M Cm;,,& kes - S:,IE’:V TIhCL,,_a (1 + Egkgx) (697)

and all of the other acrodynamic coefficients are the same as those for the stabilizer-
elevator configuration as defined in Eqs. (6.1.20) through (6.1.27). Continuing to follow
a development similar to that used for the stabilizer-clevator configuration, the fuselage
angle of attack at level trim for the stabilator configuration is found to be

(Cw —Cr0—Clr5,00)Cms, +(Cro+Cns, 6 )Cls
rim = = — = = 6.9.8
(a){ " CL,(X Cm,a} '_CL,J\- Cm,a ( )

The stabilator angle at level trim is

_ (CW - CLO - CL,&} 5et )Cm,a + (CmO + Cm,b}, 59! )CL.a

fim = 6.9.9
(95 )sim CroCons —Cro Coa (6.9.9)
Similarly, the stabilator angle per g is
35, _  CwCna+(CruCng =Cig Cna)(g8u/2V7) (69.10)
on CL,a Cm,& ’_CL,()'\. Cm,a o

Because the primary stabilator hinge is used to rotate the entire horizontal surface,
the stabilator hinge moment coefficient is defined as

Cy = — s (6.9.11)

* % pVh2 Sh Eh

where H, is the hinge moment for the primary stabilator hinge. With this definition, the
stabilator hinge moment coefficient can be written as

CH& = Cm;,() + Cm;,,bl. 56
] (6.9.12)

Ly 21, _
~%CL,,,a 0-’+E—hq +aop —Aron — &4 + 05 + E.0,
h w
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where Iy, is the distance that the acrodynamic center of the entire stabilator surface is
aft of the primary hinge. The designer can vary this length, but it is typically set close
to zero so that the pitch control force can be kept within allowable limits. Applying
Eq. (6.9.1), Eq. (6.9.12) can be rearranged as

20y —
CHF‘_ = CHA.O + CH,V an [aon —&a0 + (1- Ed.a Ya + E: q] (6913)
+ CH.\-,O‘\- 5S + CH.\-,(YB 5ez
where
Ch,0 = Cumyo +!_{I_SCL;, o CLOR (6.9.14)
Ch
Chiw = — L CLya (6.9.15)
Ch
i
CH,\ by = Cm;,,()} kes — EH—‘CL,,,O( (1 + gekes) (69 16)
h
lH.v
Ch,s. = Coys. —?CLW Ee (6.9.17)

The pitch control force exerted by the pilot for a stabilator operated by an all-mechanical
control system would then be

b He _ 2PV mSic
_H 3PV S

e le (6.9.18)
2,

Cyw

x {CH\O +Ch,ap[ton — €40 + (1 - 84.0)a+ =g+ Cy, 5,05 + Cy 5, 5er}

Notice that this has exactly the same form as Eq. (6.3.8).
Continuing to follow the development in Sec. 6.3, with a stabilator the pitch control
force required for constant airspeed and constant normal acceleration is

_ 2 =
b= mlen fi e conBSE] o
wrg

trim
where

Cin5.Clon (= €d,0) =~ CimaChuys,
C, = oMo . 2 s 6.9.20
: CraCms, ~Crs, Coa ( )
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ZIhCH.c,ah

Cy
+ (CL,&\v Cm,t7 - CL,(?Cm,a\- )CH,\,,a/, (1 - gd,a) - (CL,aCm,q_ — CLﬁC’"ﬂ )CHS’J\‘
CL,a Cm,&- - CL~5.\- Cm’a

C, =
(6.9.21)

The control force gradient and longitudinal control force per g for the stabilator are
obtained from Eq. (6.9.19) in the same way that Egs. (6.3.19) and (6.3.20) were obtained
from Eq. (6.3.18).

The primary advantage of the stabilator over the stabilizer-elevator configuration is
the extra flexibility afforded the designer in adjusting the control force derivatives for an
all-mechanical control system. As discussed in Sec. 6.3, the mechanical control force for
a stabilizer-clevator configuration increases rapidly with aircraft size. The added
versatility of the stabilator allows the designer the possibility of using mechanical
controls on larger airplanes. Investigation of this potential is left as an exercise for the
student. A disadvantage of the stabilator is added complexity. An additional mechanism
is required to link the primary hinge to the flap hinge. With all else being equal,
increased complexity always translates to reduced reliability.

The All-Flying Tail

The all-movable or all-flying tail, which is also shown in Fig. 6.9.1, is hinged like the
primary hinge of the stabilator, but it has no movable trailing-edge flap. For the purpose
of analysis, the all-flying tail can be treated like an elevator having a flap chord fraction
of 1.0. On the other hand, it could also be treated as a special case of the stabilator,
having both k. and &, set to zero. For these reasons, no additional analysis need be
presented for this configuration.

Like the stabilator, the all-flying tail can provide an advantage for designs where it
is difficult to keep the pitch control force within allowable limits and a mechanical
control system is desired. If a symmetric airfoil is used and the hinge is located at the
aerodynamic center, then the only moment needed to rotate the horizontal surface is that
needed to overcome friction. With this design, the needed control force and trim
adjustment could be provided by an adjustable spring mechanism. This allows a
mechanical control system to be used on larger airplanes.

A disadvantage of this configuration, which is also shared by the stabilator, is that
the hinge must carry all of the lift developed on the surface. The design of a freely
moving hinge with adequate strength and stiffness for this purpose can be challenging
but is not impossible. The problem is amplified by the fact that failure of the hinge
would be catastrophic.

The Stabilizer-Elevator Configuration with All-Movable Trim Adjustment

There is a common variation of the stabilizer-elevator configuration that has exactly the
same external geometry as the stabilator, which is shown in Fig. 6.9.1. The only
difference between these two configurations is in how the pilot controls the two
deflection angles. For this stabilizer-elevator configuration, the cockpit pitch control is
linked to the elevator deflection, &, just as it is in any stabilizer-elevator configuration.
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However, instead of using a trim tab, the trim adjustment is linked to the stabilizer
deflection angle, &, This provides a broader range of trim adjustment than can be
attained with a trim tab. With this type of trim adjustment the control force can be zeroed
over a wider range airspeed, gross weight, and CG location. In addition to increased
manufacturing cost, the price for this increased flexibility is linked to the possibility of
failure. While the mechanism used to adjust the trim setting by changing the incidence
angle of the stabilizer is probably no more likely to fail than a trim tab mechanism, the
consequences of failure are very different. If the pilot looses the ability to adjust a trim
tab, the result will be increased control forces over some portions of the flight. However,
if the jack screw controlling an airplane’s stabilizer incidence angle were to fail, the
result would likely be complete control loss.

The V-Tail
A variation of the conventional aft tail with separate horizontal and vertical stabilizers is
the v-tail, shown in Fig. 6.9.2. With this configuration, the vertical stabilizer is absent
and the “horizontal” stabilizer has considerable dihedral, usually close to 45 degrees.
The normal and spanwise components of lift developed on this v-shaped surface can be
used to provide stability and control in both pitch and yaw.

Unlike the conventional elevator, the control surface on each side of a v-tail can be
deflected separately. Each of these control surfaces is linked to both the stick or control

Figure 6.9.2. A general aviation airplane with the v-tail empennage.
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yoke and to the rudder pedals. The position of the stick or control yoke determines the
sum of the two deflection angles, and the position of the rudder pedals determines the
difference. With the rudder pedals in the neutral position and the stick or control yoke
pushed forward, both control surfaces are deflected downward through the same
deflection angle, as shown in Fig. 6.9.3(a). With the pitch control in the neutral position
and the left rudder pedal depresses, the control surface on the left is deflected downward
and that on the right is deflected upward through the same deflection angle, as shown in
Fig. 6.9.3(b). In addition to generating a yawing moment to the left, the control surface
deflections that are shown in Fig. 6.9.3(b) will also produce a substantial rolling moment
to the right.

Estimating the aerodynamic forces and moments developed by a v-tail as a function
of angle of attack, sideslip angle, and control surface deflection angles is not a simple
matter of using the results for a horizontal stabilizer multiplied by the appropriate sines
and cosines. Lift developed on one side of the v-tail generates vorticity that produces
downwash on the other side. This downwash affects the lift distribution over the entire
empennage, and its effect depends significantly on the dihedral angle. The vortex
interactions between the two sides of a v-tail are similar to those between the horizontal
and vertical stabilizers of a conventional tail. This was discussed in Sec. 5.4 and shown
schematically in Fig. 5.4.1. The classical infinite series solution to Prandt!’s lifting-line
theory cannot be used to estimate the forces and moments created by a v-tail, because this
solution is only valid for lifting surfaces with no sweep or dihedral. In Sec. 5.5 an
analytical method was developed for predicting the effects of dihedral and sideslip on the
rolling moment coefficient. This method cannot be used for the v-tail, because it is based
on the assumption of a small dihedral angle. The simplest analytical method that can be
used to accurately estimate the aerodynamic forces and moments developed by a v-tail is
the numerical lifting-line method.

The v-tail empennage has never been widely used. Perhaps the best known example
of the v-tail design is the Beech Bonanza, which was the model for Fig. 6.9.2. The
earliest versions of this airplane were manufactured in the late 1950s and early 1960s.
Although many of these v-tail Bonanzas are still flying today, in later models the v-tail
was replaced with a conventional aft tail. One possible reason for the dearth of v-tails is
the inefficiency associated with producing control moments in this manner. When the
control surfaces are deflected as shown in Fig. 6.9.3, only about 70 percent of the lift

L right L right
Lien Ly
(a) (b)

Figure 6.9.3. Control surface deflections for the v-tail empennage showing (a) down elevator
equivalent and (b) left rudder equivalent.
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developed on the empennage is useful in producing the desired moment. When the
control surfaces are used to generate a pitching moment as shown in Fig. 6.9.3a, the
horizontal components of lift on the right and left sides of the v-tail cancel. Only the
vertical components of lift contribute to the pitching moment about the center of gravity.
Similarly, when the control surfaces are used as shown in Fig. 6.9.3b to produce the
equivalent of rudder deflection, only the horizontal components of lift contribute to the
desired yawing moment and the vertical components cancel. The need to generate
opposing components of lift on the two sides of a v-tail increases induced drag and
reduces the maximum moment that can be produced by an empennage of any given size.

Ailerons, Spoilers, and Adverse Yaw

In Sec. 5.6 we learned that when conventional ailerons are used for roll control, an
adverse yawing moment is generated as a result of the change in induced drag produced
by aileron deflection. This tends to yaw the airplane in the direction opposite to the
intended roll. The Frise aileron, shown in Fig. 6.9.4, can be used to reduce or eliminate
this adverse yaw. These ailerons are shaped and hinged so that on the upward deflected
aileron only, the leading edge projects out into the airflow. This increases the parasitic
drag on the semispan with up aileron, producing a favorable yawing moment that
counters the adverse yawing moment generated by the change in induced drag.

Aileron adverse yaw can also be avoided by using spoilers for roll control. A spoiler
is a panel on the upper surface of a wing that can be raised into the airflow as shown in
Fig. 6.9.5. The purpose of raising the spoiler is to induce flow separation, which destroys
or “spoils” the lift on the wing sections involved. Raising a spoiler on the outboard
sections of the left wing semispan produces a rolling moment to the left (negative £). The
raised left spoiler also increases the drag on the left semispan and produces a favorable
yawing moment (negative n).

Spoilers could be used as the sole means of roll control, or they could be used in
conjunction ailerons, as shown in Fig. 6.9.5. Since conventional ailerons produce
adverse yaw and spoilers generate favorable yaw, aileron and spoiler deflection could be
coordinated to produce a pure rolling moment. This could help to relieve the pilot of the
need for careful aileron-rudder coordination in situations where maintaining precise
aircraft attitude is critical.

Figure 6.9.4. Frise ailerons used to eliminate adverse yaw.
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Figure 6.9.5. Spoilers used for roll control.

There are some objections to the use of spoilers as the primary source of roll control.
For one, spoilers become ineffective at high angles of attack. Additionally, spoilers
produce a nonlinear rolling moment, and they introduce hysteresis in the roll control
because the boundary layer does not reattach as quickly as it separates. Another
objection, which applies only to mechanical control systems, is the nonlinear hinge
moment associated with spoiler deflection. Nevertheless, with proper attention to design
detail, these difficulties can be circumvented, and spoilers are becoming more popular as
a means of roll control.

With a modern fly-by-wire control system, it is possible to electronically reduce or
eliminate coupling between the roll and yaw controls. This can be accomplished by
“mixing” the electronic input signals. Output signals to determine aileron and rudder
control surface deflections could be computed from input signals obtained from the
pilot’s cockpit controls according to the relation

544 kau kar §a
= (6.9.22)
5, control km k,.r 5, pilot
input

surface

where k,,, ko, k., and k,, are control system gain coefficients. For traditional “unmixed”’
control, both 4, and k., would be zero. For small deflection angles, the contributions of
control surface deflections to the rolling and yawing moment coefficients are

ACy _ Crs, Cis ||,
AC, control B C">5u Cn,()‘,. O, | control

surface

Crs Cis kaa kar 5{1
fou o (6.9.23)
Cn,b‘,, Cn,(f,v kra krr 51‘ pilot
Input
_ (Cl/,()'u kaa + C(’,&, kra) (C(’ﬁu kar + C/,b', krr ) 5{1
(Cn,ﬁu kaa + Cn,b} kra) (Cn,du kar + Cn,()‘r krr) 5r pilot

input
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By choosing suitable values for the off-diagonal gain coefficients, the airplane could be
made to “feel” as though the roll and yaw controls were uncoupled. Setting the off-
diagonal terms on the far right-hand side Eq. (6.9.23) to zero, this requires that

{kgr} _ {—(Cz,a‘,. [Ces,)ksn } (6.9.24)

kra - (Cn,(f., /Cn,J, )kaa

The diagonal gain coefficients can be adjusted to give the desired sensitivity to the
cockpit controls. One significant advantage of this approach to adverse yaw abatement is
that the gain coefficients are easily modified to provide improved handling qualities, even
after final design and flight testing. In fact, these gain coefficients could be varied with
airspeed, altitude, and flap settings; or they could be adjusted by the pilot to provide
improved handling qualities for a range of operating conditions and pilot preference.

6.10. Airplane Spin

In Sec. 6.6, airplane stall was treated as longitudinal motion. In reality, an airplane
almost always has sufficient asymmetry to cause one wing to stall before the other.
When one wing stalls, the asymmetric loss of lift produces a moment that rolls the
airplane in the direction of the stalled wing. At stall, the fuselage angle of attack is
typically quite high. When an airplane at a high angle of attack rolls about the fuselage
axis, angle of attack is converted to sideslip. Since the airplane is stable in yaw, this
sideslip will produce a moment that tends to yaw the airplane in the direction of the
stalled wing. Because the wing typically stalls before the horizontal stabilizer, loss of lift
on the wing also results in a nose-down pitching moment. These moments, combined
with the force imbalance between lift and weight, cause the airplane to roll and yaw in
the direction of the stalled wing while pitching nose down as it falls in response to the
lost lift. This motion clearly involves all six degrees of freedom.

The yawing rate that is typically generated in an asymmetric stall can induce what is
commonly called a spin. Airplane spin is a stalled motion in which the airplane rapidly
descends while rotating about a nearly vertical axis that passes fairly close to the center
of gravity. During the spinning descent, the airplane’s center of gravity follows a helical
path centered about the spin axis. As shown in Fig. 6.10.1, the spin can occur with the
airplane in a rather steep nose-down attitude, or it can occur with the wings and fuselage
closer to horizontal. The later case is called a flat spin. As shown in Fig. 6.10.1, the axis
of a flat spin is closer to the center of gravity than that of a steep spin. In a flat spin, the
wings of the airplane have a motion that is somewhat similar to that of the rotating blades
of a helicopter, and in the limiting case, the spin axis may actually pass through the center
of gravity. Because of the high descent rate, the wings of an airplane remain completely
stalled in a spin. Both steep and flat spins can occur in either direction, right or left.

A spin can develop into stable motion. Spin rates on the order of 90 to 180 degrees
per second can occur in the fully developed spin of a light aircraft. It can be difficult for
the pilot to recover from a developed spin if the airplane is not specifically designed for
spin recovery or spin resistance. Whether or not an airplane develops a stable spin
depends on the airplane’s inertia properties and aerodynamic moments.
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Figure 6.10.1. Top and side views of airplane pitch attitude and motion in steep and flat spins.

Airplane spin was encountered very early in the history of aviation. In the early days
of flight, airplane spin was the cause of many fatal accidents. Even today, spin is one of
the primary causes of accidents in general aviation. Since spin is always preceded by
stall, the first solution to the spin problem was stall avoidance. Today, thanks to years of
experimental investigation, most general aviation airplanes will recover from a spin if the
pilot simply relinquishes control of the airplane. This does not mean that spins are not
dangerous. FAR Part 23 requires that a single-engine airplane be able to recover from a
one-turn spin in no more than one additional turn. Even so, because the airplane is
descending very rapidly (100 to 200 ft/sec), a great deal of altitude is lost during any spin
recovery. With insufficient altitude, the initiation of any spin will almost certainly be
disastrous.

The aerodynamic forces and moments produced by the separated flow around a
spinning airplane are highly nonlinear and quite complex. Thus, it is very difficult to
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accurately predict the unsteady motion of a spinning airplane from theoretical analysis
alone. Most of what is known about designing airplanes for spin resistance and spin
recovery has been obtained from experimental investigation. Nevertheless, some insight
into the physics of airplane spin can be gained by examining the equations of motion for
a fully developed steady spin.

Development of the equations of motion for steady spin about a vertical axis is
similar to that for the steady coordinated turn, which was presented in Sec. 6.7. In both
cases the airplane’s center of gravity traces a helical path centered about a vertical axis.
The primary differences are the orientation of the aircraft and the radius of the helix.
During the steady coordinated turn depicted in Fig. 6.7.1, the fuselage axis is nearly
tangent to the flight path, and the radius of the helix is large compared to the wingspan.
As shown schematically in Fig. 6.10.1, in a spin, the velocity vector for the airplane’s
center of gravity makes a rather large angle with the fuselage axis, and the radius of the
helix is less than the wingspan. For simplicity, Fig. 6.10.1 was drawn with the bank
angle set to zero. Although the bank angle can be small in a spin, it is not necessarily
zero. Figure 6.10.2 shows a schematic of a spinning airplane with nonzero bank angle.
In this figure, the spin radius has been somewhat enlarged for the sake of clarity. If the
radius of the helix in Fig. 6.10.2 had been drawn to scale, the spin axis would pass
through or very near the airplane, as was shown in Fig. 6.10.1.

\ vertical

axis of spin

angular velocity vector, 2

‘ horizontal

spin radius, R

helical path of

center of gravity —\

Horizontal Side View Front View

Figure 6.10.2. Airplane spin, showing the spin radius exaggerated for clarity.
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Here again we shall use the (x;, v», z») coordinate system that is shown in Fig. 5.1.1.
For convenience in simplifying the angular momentum equations, we will choose this
coordinate system to coincide with the primary inertial axes of the airplane. The angle
that the fuselage axis makes with the horizontal, commonly called the elevation angle, is
usually given the symbol € According to standard convention, € is positive with the
nose of the airplane above the horizontal. In a spin, the airplane has a nose-down
attitude, which as shown in Fig. 6.10.2 corresponds to a negative elevation angle. As can
be seen in Fig. 6.10.2, the airplane’s weight can be resolved into components parallel
with the x;-axis, W sin(—6), and normal to the x;-axis, W cos(-#). The component of
weight normal to the x,-axis can be resolved into components parallel with the y,-axis,
W cos(—)sin(@), and parallel with the z,-axis, W cos(—8)cos(¢). Thus, the components
of the weight vector expressed in our chosen coordinate system are

—Wsin@
W = W cosfsing (6.10.1)
W cosOcos ¢

Since the angular velocity vector is parallel with the weight vector, the airplane’s angular
velocity components can similarly be written in the same coordinate system as

)4 —2sinf
Q =<g; = {Qcosbsing (6.10.2)
r £2cosBcosg

Likewise, the airplane’s descent velocity, V,, is parallel to the weight vector and

—V;siné
V; = <V;cos0sing (6.10.3)

V4 cos@cosg

The total velocity of the airplane’s center of gravity is the vector sum of the descent
velocity and the circumferential velocity. By definition, the spin axis is vertical and the
circumferential velocity is in the horizontal plane. In Fig. 6.10.1, the fuselage axis was
drawn in the radial plane of the spin helix. We have no way of knowing a priori that this
will be the case. In general, we must allow the fuselage axis to be rotated relative to the
radial plane through some angle, o, as shown in the top view of Fig. 6.10.3. The
magnitude of the circumferential velocity is R¢2, and as can be seen from Fig. 6.10.3, its
X;-, Y-, and z,-components are

—RQsinocosl
V. = {R€2(—cosocos¢g—singsinfsin g) (6.10.4)
RQ(cososin ¢ —sin o sin 0 cos @)
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Figure 6.10.3. Top, side, and front views of an airplane’s circumferential velocity in a spin.

Combining the components of Eq. (6.10.3) with those from Eq. (6.10.4), the total velocity
of the airplane’s center of gravity in our body-fixed coordinate system is

—Vysinf@—RO2sino cosl
V = v = <V cosfsing— R{(coso cosg+sinosindsin @) (6.10.5)

w V4 cosfcosg+ RE(cos o sin ¢ —sin o sin 6 cos @)

It is sometimes assumed that both ¢ and o are zero in the developed spin of a conven-
tional airplane. However, this cannot be justified in general.
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Because we have chosen our coordinate system to coincide with the primary inertial
axes of the airplane, the angular momentum vector can be written from Eq. (6.10.2) as

— 1, 2sinf
H = {1, Q2cosfsing (6.10.6)
I,;,£2cosfcosg

where Iy, , I, , and [, are, respectively, the x,, ys, and z, moments of inertia.

By definition, we are considering the case of a fully developed steady spin. Thus,
the translational velocity components in our body-fixed coordinate system are not
changing with time. The only translational acceleration is the centripetal acceleration
associated with the rotating coordinate system. From Egs. (6.10.2) and (6.10.5), we have

cosocosf
av _ QxV = RQ? cososin #sin ¢ —sin o cos ¢ (6.10.7)

dt
cososinfcos @ +sin osin g

Similarly, the airplane’s angular velocity components in this body-fixed coordinate
system are constant and the only angular acceleration is that associated with coordinate
system rotation. Using Egs. (6.10.2) and (6.10.6) gives

(I, =1y, )cos” Ocos gsin g
% = QxH = Q% (I;, — I, YcosOsinHcos g (6.10.8)
(Ix, —1,y,)cos@sinOsin g

Applying Egs. (6.10.1) and (6.10.7), the body-fixed components of the translational
momentum equation are written as

T+X —sind coso cosf
. _ WRQ? o .
Y (+W<icosOsing, = cososindsin ¢ —sin o cos @ (6.10.9)
Z cosfcosg £ cososinfcosg +sin o sin @

where X, Y, and Z are, respectively, the x,-, y,-, and z,-components of the aerodynamic
force acting on the airplane and 7 is the thrust developed by the engine or engines. Here,
we are assuming that the thrust vector is aligned with the x,-axis. Similarly, assuming
that the thrust vector passes through the airplane’s center of gravity, using Eq. (6.10.8)
the angular momentum equation requires that

4 Iz, — 1y, )cos” @ cos gsin @
mp = Q%% (I, ~ Ly, )cosOsin O cos § (6.10.10)
n (Ixx, —1,y, YcosOsinfsin g
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Equations (6.10.9) and (6.10.10) provide six scalar equations that relate the forces,
moments, and mass properties of the airplane to the dynamic parameters of the spin. If
we could express the forces and moments in terms of the translational and rotational
velocity components, we would have six equations in six unknowns, ¢, 6, o, £2, R, and
V4. The aerodynamic forces and moments depend on the relative wind. At any point on
the airplane, the relative wind can be expressed in terms of the position relative to the
center of gravity and the translational and rotational velocities. If we let r represent the
position vector from the center of gravity to some arbitrary point on the airplane, using
the definitions in Egs. (6.10.2) and (6.10.5), the local relative wind can be expressed as

u Vot —2Zpq
V, = =V4rxQ = -0+ zpp—xpr (6.10.11)

w Xbd —YbP
Since the wing is stalled, the force on the wing’s surface dominates the acrodynamic
force on the airplane. Furthermore, the force acting on a stalled surface is dominated by
pressure, which acts normal to the surface. Thus, the total longitudinal force is closely

aligned with the negative z,-direction and is proportional to the square of the normal
velocity, Vy, which is the negative z,-component of relative wind,

Vi = w? +2ybpw+yfp2 —2quw—2xbybpq+x§q2 (6.10.12)

For example, the force and associated moments produced on the wing are then given by

2
Zw _ by /2 - VN
Zw = %PCW J. _be/\zl cwdyb
iy 2| XV

— . — (6.10.13)
—w? —)ipz +2X,qw—Xng”
= 1pS.Cy —2ynpw+2xuyupq
x_ww2 + xwyﬁ,p2 —2xiqw+xiq2

where éw is the section normal force coefficient for the stalled wing (i.e., about 2.0 for a
thin airfoil section), S,, is the planform area of the wing, and

buf2
[ frewdys (6.10.14)
~b,./2

ko L
=5
Similar results are obtained for the other surfaces of the airplane, with the side force and
yawing moment being proportional to the square of the sideslip velocity.

As previously discussed, a rotating propeller produces a yawing moment that is
proportional to the normal component of relative wind. Because an airplane’s normal
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velocity component is typically quite large in a spin, a rotating propeller can contribute
significantly to the yawing moment needed to initiate and sustain the spin. If the
propeller’s rotational velocity is sufficiently large compared to the relative wind, the
propeller yawing moment can be approximated according to Eq. (2.5.31). Using the
negative z,-component of Eq. (6.10.11) for the normal component of relative wind, this
gives

onp TVy ony T
= Vy = — = + — = - — 6.10.15
v , 7 (W+ypp—xp9) o, (w+ypp—xpq) ( )

np

where x, and y, are the x,- and y,-coordinate of the propeller axis and the propeller’s
angular velocity, @,, is positive for a conventional right-hand propeller and negative for a
left-hand propeller. Notice from Eq. (6.10.15) that even balanced counterrotating
propellers will produce a net yawing moment in a spin. For counterrotating propellers
mounted equal distance on opposite sides of the CG, contributions from the first and third
terms on the right-hand side of Eq. (6.10.15) will cancel, since @, will be positive for one
propeller and negative for the other. However, the contributions from the second term on
the right of Eq. (6.10.15) will add, because both w, and y, have opposite signs.

Assuming the thrust to be a linear function of the forward velocity and combining
contributions from the wing, horizontal stabilizer, vertical stabilizer, fuselage, propellers,
and rudder, the net forces and moments are approximated as

VT20 + VT]M + CXuZ

T+ (Cy10° +2Cb Cy2b2r? —=2Cy3b
v+ W0+ e = w DU
% _ %pSW Y1 nl 2)'2 7 2}'32 p (6.10.16)
7 —ZCnSwa"‘?‘CMwa )Q/M
—Cwiw” = Crabyp® +2Cmbwgw— Cysbig’
, ~2Cy2by pw+2Cmabi pq
I’;l — lpS b i C‘mlu)2 +Cm2b\'%p2 _2CN3bwqw+Cm3b\iq2 (61017)
2N (Conv? +2Cy a0 + Crab2r? — 2C y3by, pv = 2C,sb2 pr
n
+Cusha p?) 2JNA =V w0~V by p +V 3bug + (ACy ), 1u” ]
where
VTZOEzTu:O,VTlE 2 a—T‘" CXE—X—z"(ACn)rE—%a
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CN3 = 3 CYI = >
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The vertical stabilizer efficiency factor, 7,, is less than unity to account for the
reduced yaw stability resulting from the vertical stabilizer being partly shadowed by the

wake of the horizontal stabilizer as shown in Fig. 6.10.4.

The vertical stabilizer

efficiency factor can be approximated as the ratio of the unshadowed stabilizer area to the
total stabilizer area. The 15-degree expansion angle shown in Fig. 6.10.4 is typical but

depends somewhat on the section geometry of the horizontal stabilizer.

0
at1s a-1s°

horizontal stabilizer wake

A

Figure 6.10.4. Schematic diagram showing the reduction in yaw stability due to the vertical

stabilizer being partially shadowed by the wake of the horizontal stabilizer.
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Starting with the definitions in Eqs. (6.10.2) and (6.10.5), then using Eqgs. (6.10.16)
and (6.10.17) in Egs. (6.10.9) and (6.10.10), we have a complete formulation for the
steady developed spin of a stalled airplane,

u —V4sin@—RE2sinocosl p —0sind
v =<V cosdsing — R{2(cosocosg+sinosinfsing) ;, < g =< £2cosfsing
w V4 cosfBcosg+ RO(cososing —sinosindcos @) r QcosBcosg
VTZ() +VT1u+CXu2 _sin@
Cy10° +2C by, 10+ Cyabir® —=2Cy3b,, pv
% Sy (Cn : ;2 2”2 P + W< cos@sin g
—2Cu3by pr+ Craby p®) /103 cosOcos
— Cyiw? —Crabl p* +2Cubyqw — Cysbiq? (6.10.18)

coso cosd

2
WRQ . . .
= cososindsing —sin o cos¢g

cososinfcos ¢+ sin o sin @

—2CN2by pw +2C,ab2 pg
Conw? + Cpabl p* —2Cn3byqw + Cozblq?
N(Cmv? +2Cy b0+ Crzb2r? = 2Cy3by pv — 2Cpsbl pr
+ Cusbivp™) QNA=V 1w =V p2by p+V p3bug +(AC,), u%]]  (6.10.19)
Uz, =1y, )cos2 Gcosgsing
= Q% (I, — I, )cosBsinécosp
({xx, =15y, )cOsB@sinbsin ¢

1pSub

The six components of Egs. (6.10.18) and (6.10.19) can be solved numerically for the six
unknowns ¢, 6, o, £, R, and V,. However, with some further assumptions it is possible
to obtain an approximate solution in closed form.

The difference between the thrust and the axial component of drag is typically quite
small compared to the normal force developed on the stalled wing. Furthermore, it is
often assumed that both o and ¢ are small in a spin. If we also assume that the wing and
tail are in close vertical alignment with the center of gravity (z, = 0), a reasonable first
approximation for the aerodynamic forces and moments is obtained by using

V7'20 +V7-|u+CXu2 = Cy3 = Cy4 = C,,3 = C,,4 = Cn5 =0

u —V,sind pr —{2sind
vy = -RO +,<5q; = 0
w V4 cos@ r cosf
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Also applying the small-angle approximation for ¢ and o, the formulation reduces to

0
1 p8,3(CriR? =2C,1b, Reos 8+ Cyaby, c0s’6)2 |

~CniV] 08’0 — Cyoba 2 sin’0
_ (6.10.20)
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The yawing moment is very critical to the physics of airplane spin. Both spin
initiation and spin recovery depend primarily on the magnitude and sign of the yawing
moment. For positive spin (£2> 0), a positive yawing moment supports spin and a
negative yawing moment opposes spin. From the definition of C, it can be seen that the
second yaw term on the left-hand side of Eq. (6.10.21) always opposes spin, while the
definitions of C,; and C,, show that the first and third terms can either support or oppose
spin, depending on airplane geometry. Since the vertical stabilizer is aft of the CG
(x»<0), the aerodynamic yawing moment generated by the vertical stabilizer opposes
spin. However, the aerodynamic center of the fuselage is typically forward of the CG
and the yawing moment generated on the fuselage usually supports spin. If the vertical
stabilizer is sufficiently shadowed by the wake of the horizontal stabilizer, the fuselage
can dominate to produce a net yawing moment in support of the spin.

The fourth and fifth yaw terms on the left-hand side of Eq. (6.10.21) result from the
propeller or propellers. For a single-engine airplane with the propeller axis in the plane
of symmetry, only the first of these terms is nonzero and the sign of the propeller yawing
moment is independent of the direction of airplane spin. In such configurations a
conventional right-hand propeller supports negative spin, while a left-hand propeller
supports positive spin. For a twin-engine configuration with counterrotating propellers,
the first of the two propeller terms that appear in Eq. (6.10.21) is zero and the propeller-
induced yawing moment is proportional to £2. If the right-hand propeller has right-hand
rotation and the left-hand propeller has left-hand rotation, the resulting yawing moment
always opposes the spin (remember sind < 0), which makes the design more spin
resistant. If each of these twin propellers were to rotate in the opposite direction, the
propeller-induced yawing moment would support spin in either direction.
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With algebraic manipulation, the six components of Egs. (6.10.20) and (6.10.21) can
be rearranged to eliminate ¢ and o. Thus, the formulation can be reduced to a system of
four nonlinear equations that can be directly solved for the spin rate, €2, the spin radius,
R, the sink rate, ¥, and the required yaw control coefficient, (AC,),, all as a function of
the elevation angle, 6,

-1

2 21, —L,)  Cumby  Cw,ba
0% = b bl matw 2N 6.10.22
8, Cy, cosOsin’@ | pSwbiCom tand  Cp, Cy, ( )
R - _ggrz‘g (6.10.23)
pro 2w Cwbufiun’s (6.10.24)
¢ pS,Cy, cos’d Cy, o

(AC,), = 2Cx, (Ixx, =1y, )b 82 . Vp cos@  Vp,b,82

" Uz =1y, Wa Vysin®@  V}sing
(6.10.25)

[ CuR®  2Cy,buR . Cpybi | 2100
sin?g sinftand 329 de

Typically, the elevation angle required to support a fully developed steady spin is not
known a priori. Instead, the yaw control coefficient might be known for a given rudder
deflection. For example, (4C,), would be zero with no rudder deflection. After using
Egs. (6.10.22) through (6.10.24) to eliminate 2, R, and V, Eq. (6.10.25) provides a
single nonlinear equation for the unknown elevation angle, 8. The roots of this equation,
if they exist, are the elevation angles that will support a fully developed steady spin, with
the assumption that ¢ and o are small.

Figure 6.10.5 shows an example of spin characteristics that were predicted from
Eqgs. (6.10.22) through (6.10.25) for a light aircraft having similar moments of inertia for
roll and pitch. For these predictions, the normal force coefficient for the wing and both
surfaces of the tail were assumed to be 2.0 and that for the fuselage was taken as 1.0.
Several important observations can be made from Fig. 6.10.5. First of all, notice that the
spin radius for a flat spin is much smaller than that for a steep spin. For a very flat spin,
the spin radius approaches zero. For the more common steeper spins, which typically
occur with the airplane’s nose about 40 to 60 degrees below horizontal, the predicted spin
radius is about 25 to 30 percent of the wingspan. Also notice that the predicted sink rate
is much larger for a steep spin than for a flat spin. For the common elevation angle range
between —40 and —60 degrees, the current analytical model predicts sink rates ranging
from about 100 to 200 ft/sec, which is in good agreement with experimental data (see, for
example, Stough, DiCarlo, and Patton 1985). For this same range of elevation angles, the
predicted spin rate only varies from about 110 to 140 deg/sec. This is also in good
agreement with experimental observation.
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Figure 6.10.5. Example of spin characteristics for a light airplane, which is not spin resistant.

For the airplane used to generate Fig. 6.10.5, the analytical model predicts that there
are two elevation angles that will support a steady developed spin with no rudder
deflection, i.e., (4C,),=0. These correspond to a flat spin at about —12 degrees and a
steep spin at about —58 degrees. The flat spin would most likely be difficult to initiate,
because the airplane’s nose usually drops very rapidly when the wing stalls. However, if
this flat spin were to develop, it could be difficult or impossible for the pilot to recover,
because the rudder may be completely shadowed by the horizontal stabilizer unless the
airplane is specifically designed for this contingency.

Today, unlike the airplane used to generate Fig. 6.10.5, most general aviation
airplanes will not support a steady spin without maintained rudder deflection. In such
spin-resistant airplanes a spin can usually be initiated by applying full rudder just as the
wing stalls. If some rudder deflection is maintained, the airplane may develop a steady
spin. However, when the controls are returned to neutral, the airplane will usually
recover from the spin in less than one complete revolution. The spin characteristics
predicted from Eqs. (6.10.22) through (6.10.25) for a typical general aviation airplane are
shown in Fig. 6.10.6. Notice that a very large yaw control input would be required to
maintain a flat spin. This is usually significantly more than can be achieved with a
conventional rudder. In a steeper nose-down attitude there would be sufficient rudder
power to stabilize the spin. However, the predicted rudder control moment required to
support the spin only goes to zero in the limit as the elevation angle for the spin
approaches —90 degrees. Such a steep maneuver is not a spin at all but a spiral dive, and
the present analytical model does not apply because the angle of attack would be below
stall. Furthermore, the present model does not account for compressibility effects, which
become important in very steep spins and dives.
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Figure 6.10.6. Example of predicted spin characteristics for a typical spin-resistant light airplane.

It should be reemphasized that Eqgs. (6.10.22) through (6.10.25) are based on an
approximation to the steady equations of motion for airplane spin. In reality, the net axial
force will not be exactly zero in a spin. However, compared to the normal force
generated on the stalled wing, this force is small. Furthermore, the angles o and ¢ are not
necessarily small in a spin. Thus, the model does not apply to all spins and all airplanes.
The model is based on the assumption of large angle of attack and thus does not apply to
extremely steep spins and spiral dives because the angle of attack becomes small in such
cases. Also, the model does not account for compressibility effects, which become
important in very steep spins and dives. Nevertheless, this approximate model can
provide some valuable insight into the physics of airplane spin.

6.11. Problems
6.1.  Consider the British Spitfire Mark XVIII that is described in problem 4.8. The
wing and horizontal tail have the following properties:

S, =244 >, b, =36831t, C, =462 C, =-0.053, W =8375Ibf,
Sp=311t2, b, =10.641t, Cp,q =406, Cpuo=0.00, Cp 5 =-0.55,
£.=0.60, l—1,=18.16f 1, =10

Including the effects of wing downwash but neglecting all effects of the propeller
and fuselage, plot the elevator angle per g as a function of CG location relative to
the wing quarter-chord. Use an airspeed of 100 miles per hour at sea level.
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The small jet transport that is described in problem 4.16 has the following
properties:

S, =9501t%, b, =75f C =430, C, =-0.050, W =73000Ibf,
Sy =207 ft2, by =31, Cq=4.00, Cpo=000, Cp,s =-049,
£.=051, I, —1,=425ft ;=10

Including the effects of wing downwash but neglecting effects of the thrust deck
and fuselage, plot the elevator angle per g as a function of CG location relative to
the wing quarter-chord. Use an airspeed of 300 miles per hour at sea level.

Consider the small jet transport that is described in problem 4.25. The wing and
canard have the following properties:

S, =950 ft?, b, =75ft, Cp 4 =430, C, =-0.050, W =73,000 Ibf,
Sy =2191t%, b, =361t, Cp, 5 =430, Cpo=-0.050, C,, s =-0.49,
£ =051, I,-1,=-425f =10

Including the effects of wing downwash but neglecting effects of the thrust deck
and fuselage, plot the elevator angle per g as a function of CG location relative to
the wing quarter-chord. Use an airspeed of 300 miles per hour at sea level.

The turboprop transport that is described in problem 4.32 has the following
properties:

S, =1745ft* b, =132.61t, C; 4 =516, Cn, =-0.050, W =155000 Ibf,
Sy =528ft%, b, =527H, Cp,q=452, Cuo=000, C,, 5 =-049,
Ee :O_58, lh -—IW =47.0 ft, Ny = 1.0

Including the effects of wing downwash but neglecting effects of the propellers
and fuselage, plot the elevator angle per g as a function of CG location relative to
the wing quarter-chord. Use an airspeed of 200 miles per hour at sea level.

Consider the wing-tail combination that is described in Example 6.2.1. Assume
that the tail is attached to the wing with a thin-walled aluminum tube that extends
from the tail to the center of gravity, which is located at the wing quarter-chord.
The aluminum tube has a constant circular cross-section and constant wall
thickness. To avoid buckling, the ratio of tube diameter to wall thickness is kept
less than or equal to 32. Neglecting all effects of compressibility but accounting
for tail boom bending, what are the diameter, wall thickness, and weight of the
lightest aluminum tube that would result in no more than 10 percent control loss
with an airspeed of 400 mph at sea level?
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6.6.

6.7.

6.8.

6.9.

6.10.

6.11.
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The diameter of the thin-walled aluminum tube connecting the wing and tail in
problem 6.5 is allowed to vary linearly along the length of the tube. To avoid
buckling, the ratio of tube diameter to wall thickness is to be kept equal to 32 at
every cross-section. Neglecting all effects of compressibility but accounting for
tail boom bending, what are the maximum diameter, maximum wall thickness,
taper ratio, and weight of the lightest tapered aluminum tube that would result in
no more than 10 percent control loss with an airspeed of 400 mph at sea level?

For the Spitfire in problem 6.1, neglecting the effects of propeller and fuselage,
plot the control force gradient at sea level and 100 mph as a function of CG
location relative to the wing quarter-chord. The change in elevator hinge moment
coefficient with angle of attack is —0.59 and the change in the hinge moment
coefficient with elevator deflection is —0.90, based on a 14-ft* elevator with a
mean chord of 1.4 ft. The mechanical linkage between the stick and elevator has
an effective lever arm of 2.0 ft. Where is the stick-free neutral point?

For the British Spitfire Mark XVIII and operating conditions in problem 6.7,
neglecting the effects of the propeller and fuselage, plot the longitudinal control
force per g as a function of the location of the CG measured relative to the
quarter-chord of the main wing. Also find the stick-free maneuver point.

For the small jet transport in problem 6.2, neglecting the effects of the thrust
deck and fuselage, plot the control force gradient at sea level and 300 mph as a
function of the location of the CG measured relative to the quarter-chord of the
main wing. For this elevator and stabilizer the change in the hinge moment
coefficient with angle of attack is —0.63 and the change in the hinge moment
coefficient with elevator deflection is —0.97, based on a 69-ft* elevator with a
mean chord of 2.5 ft. Assume a mechanical linkage between the control yoke and
the elevator that has an effective lever arm of 2.0 ft. Also find the stick-free
neutral point. Do you think that a mechanical control is feasible for this airplane?

For the small jet transport and operating conditions in problem 6.9, neglecting the
effects of the thrust deck and fuselage, plot the longitudinal control force per g as
a function of the location of the CG measured relative to the quarter-chord of the
main wing. Also find the stick-free maneuver point.

For the small jet transport in problem 6.3, neglecting the effects of the thrust
deck and fuselage, plot the control force gradient at sea level and 300 mph as a
function of CG location measured relative to the quarter-chord of the main wing.
For the control surface on the canard, the change in hinge moment coefficient
with angle of attack is —0.63 and the change in the hinge moment coefficient with
elevator deflection is —0.97, based on a 69-ft* control surface with a mean chord
of 2.5 ft. Assume a mechanical linkage between the control yoke and the control
surface that has an effective lever arm of 2.0 ft. Also find the stick-free neutral
point. Do you think that a mechanical control is feasible for this airplane?
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For the small jet transport and operating conditions in problem 6.11, neglecting
the effects of the thrust deck and fuselage, plot the longitudinal control force per
g as a function of the location of the CG measured relative to the quarter-chord of
the main wing. Also find the stick-free maneuver point.

For the large turboprop transport described in problem 6.4, neglecting the effects
of the propellers and fuselage, plot the control force gradient at sea level and 200
mph as a function of the location of the CG measured relative to the quarter-
chord of the main wing. For this elevator and stabilizer, the change in the hinge
moment coefficient with angle of attack is —0.63 and the change in the hinge
moment coefficient with elevator deflection is —0.97, based on a 176-ft* elevator
with a mean chord of 3.4 ft. Assume a mechanical linkage between the control
yoke and the elevator that has an effective lever arm of 2.0 ft. Also find the stick-
free neutral point. Do you think that a mechanical control is feasible for this
airplane?

For the turboprop transport and operating conditions in problem 6.13, neglecting
the effects of the propellers and fuselage, plot the longitudinal control force per g
as a function of the location of the CG measured relative to the quarter-chord of
the main wing. Also find the stick-free maneuver point.

For the British Spitfire Mark XVIII that is described in problems 4.3 and 4.5,
estimate the downwash gradient induced on the aft horizontal stabilizer when the
airplane is flying in ground effect with the tips of the main wing 4.0 feet above
the ground.

For the small jet transport that is described in problem 4.14, estimate the
downwash gradient induced on the horizontal stabilizer when the airplane is
flying in ground effect with the main wing 8.0 feet above the ground.

For the turboprop transport that is described in problem 4.32, estimate the
downwash gradient induced on the horizontal stabilizer when the airplane is
flying in ground effect with the main wing 18.3 feet above the ground.

For the British Spitfire and the ground effect operating condition described in
problem 6.15, plot the elevator deflection required to trim the airplane at 100 mph
and sea level as a function of the location of the center of gravity measured aft of
the wing quarter-chord. Compare this result with that obtained in problem 4.9 for
flight at the same airspeed and altitude but out of ground effect.

For the turboprop transport and the ground effect operating condition described in
problem 6.17, plot the elevator deflection required to trim the airplane for 200
mph at sea level as a function of the location of the center of gravity measured aft
of the wing quarter-chord. Compare this result with that obtained in problem
4.33 for flight at the same airspeed and altitude but out of ground effect.
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6.24.
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For the British Spitfire Mark XVIII in problem 6.7, estimate the control force
required for a full stall landing from an approach speed of 120 mph, with the CG
located at the aerodynamic center of the wing. Assume that the touchdown wing
position relative to the ground is that described in problem 6.15. Using the trim
tab setting, the control force is zeroed at the approach speed outside of ground
effect and the maximum lift coefficient for the wing-tail combination is 1.4.

Rework Example 6.7.1 for the case of a climbing coordinated turn., Use a climb
angle of 20 degrees. Assume that the airplane’s engine has sufficient power to
support the climbing turn. Ignore any possibility of stall and hold all parameters,
except the climb angle, the same as those used in Example 6.7.1.

Rework Example 6.7.1 for the case of a descending coordinated turn. Use a
climb angle of —20 degrees. Assume that the airplane’s drag is sufficient to
maintain the desired airspeed simply by throttling back the engine. Ignore any
possibility of stall and hold all parameters, except the climb angle, the same as
those used in Example 6.7.1.

Consider a level coordinated turn for the British Spitfire described in problem
6.1. All control surfaces are trimmed for steady level flight at 300 mph and sea
level. Ignoring any possibility of stall, plot the change in aileron, elevator, and
rudder deflection angles required to maintain the level coordinated turn, at the
same airspeed and altitude, as a function bank angle. For this airplane and
operating condition use

S, =2441t2, b, =36831t, W =8375Ibf, ¥ =300 mph,
CrLq =488, CLs =0305 C.;=283,
Cyp=-0212, Cys =0209, Cyj=0045 Cy;=0282,
Cip =000, Ci5 =-0201, C,5 =0019, C,5=-0889,
Cpy =—0.469, Cpp=0.0085 Cps =—0.879, Cynz=-7.75
Cp =0.0018, C, 5 =0.095, C, 5 =0.0053, C,5 =—0.094,
Cpp =—0.0186, C,; =0.017+0.148C,, C,r =—0.137-0.0274C}

Discuss the differences that you observe between the results predicted for this
airplane and the one in Example 6.7.1.

A later version of the British Spitfire eliminated the propeller torque problem by
using twin coaxial-contrarotating propellers. Repeat problem 6.23 assuming that
all parameters remain the same except that C,, , =C,, 3 =0.

Following a procedure similar to that used in Sec. 6.1 for the stabilizer-elevator
configuration, show that the stabilator configuration leads to the results given in
Egs. (6.9.8), (6.9.9), and (6.9.10).



6.26.

6.27.

6.28.

6.29

6.11. Problems 595

Following a procedure similar to that used in Sec. 6.3 for the stabilizer-elevator
configuration, show that the stabilator configuration leads to the results given in
Egs. (6.9.19), (6.9.20), and (6.9.21).

Following a procedure similar to that used in Sec. 6.3 for the stabilizer-elevator
configuration, show that the trim setting, &, for the stabilator configuration
varies with level flight trim speed according to the relation

Su = ~[CiV [ PV 5inS)+ C31[Cs

trim
where C, is given by Eq. (6.9.20) and

Cs = Cho+Cu, a,(Con —Ea0)

N (CneCro = CrLaCm0)Cr,.8, —(Cm.5,Cro —Cr.5,Cno)C, .0, 1 —E4.0)
CL,a ij,dV - CL,()} Cm,a

Cs = Cu,s,

N (CnaCrs, ~CraCuns )Ch,5, —~(Cns.Crs, —Cr 5 Cns.)Cl, e, (1~8aa)
CL,a Cm,b} - CL,()',\ Cm,a

Consider replacing the aft stabilizer and elevator of the airplane described in
Example 6.3.1 with a stabilator having exactly the same geometry. Assume that
the primary hinge of the stabilator will pass through the aerodynamic center of
this horizontal surface. The trailing-edge flap will be mechanically linked to the
stabilator so that k. will be 0.50. Assume a mechanical linkage between the
stick and the stabilator having an effective lever arm of 2.0 ft. For this stabilator,
repeat the computations that were carried out in Example 6.3.1 for the stabilizer-
elevator configuration and compare the results.

One advantage of using the stabilator configuration for pitch control is that the
hinge location, I, and the linkage coefficient between the stabilator and the
trailing-edge flap, k., can be varied by the designer to adjust the control forces.
In the absence of Reynolds number and Mach number effects, show that a desired
control force gradient, F,y, can be attained at a specified trim speed, Viim, by
enforcing the relation

lﬂ _ Cl (CL,a Cm,(Y\ - CL,(Y\ Cm,a) + Cm;, O Cm,a kes

Eh CLh,a[Cm,a (l+geke.v)_cm,§v (l"gd,a)]

where

Swlg Fp,V Vtrim

C =
! 277hShEhW
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6.30.

6.31

6.32.

6.33.

6.34.

Chapter 6 Aircraft Controls and Maneuverability

For the airplane and stabilator that is described in problem 6.28, use the result
obtained in problem 6.29 to estimate the stabilator hinge location that would be
required to provide a control force gradient of —0.20 1bfisec/ft at a trim speed of
80 mph. Assume that the trailing-edge flap is mechanically linked to the
stabilator so that k., is 0.50, and that the CG is located 10 percent forward of the
wing quarter-chord.

The designer can also adjust the control forces for an airplane with a mechanical
stabilator by changing the gear ratio for the linkage between the main hinge of the
stabilator and the trailing-edge flap. Starting with the result obtained in problem
6.29, develop a relation for the linkage coefficient, %, that is required to attain a
desired control force gradient at a specified trim speed for a fixed location of the
main stabilator hinge.

For the airplane and stabilator described in problem 6.28, use the result obtained
in problem 6.31 to estimate the linkage coefficient, k., that would be required to
provide a control force gradient of —0.20 Ibf-sec/ft at a trim speed of 80 mph.
Assume that the primary hinge of the stabilator passes through the aerodynamic
center of the horizontal surface, and that the CG is located 10 percent forward of
the wing quarter-chord.

For a light airplane with the properties listed below, use the approximate model
for airplane spin that is given by Eqgs. (6.10.22) through (6.10.25) to plot the fully
developed spin rate, spin radius, and sink rate as a function of elevation angle.
Assume standard sea-level air density and neglect the yawing moment produced
by the airplane’s propeller.

I, =1,000slug - ft*, 1,,, =1,000slug ft*, I.., =3,300 slug ft?,
S, =1801t%, b, =33ft, C,=2.0, x,=071ft, W =2700Ibf,
Sp=361t2, b, =121ft, C,=20, x,=-14291t,

S, =119, C,=20, x,=-14811, 7, =0.1,
Sp=638ft%, C;=10, x;5=351,

Sp =802 xp=35ft, x, =223ft", x}, =149

For the steady coordinated turn analysis presented in Sec. 6.7, it was assumed that
the angular rate was sufficiently small so that the angular acceleration associated
with the rotating coordinate system could be ignored. Because the angular rate is
much higher in a spin, this assumption was not made for the spin analysis
presented in Sec. 6.10. Assume that the body-fixed coordinate system coincides
with the primary inertial axes of the airplane and follow a procedure similar to
that used in Sec. 6.10 to add the angular acceleration terms to the steady
coordinated turn analysis presented in Sec. 6.7.
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Using the more general formulation developed in problem 6.34, repeat the
computations in problem 6.22, accounting for the angular acceleration terms.
Use the following moments of inertia,

I, =1,000slug ft>, 1,,, =3,000slug ft*, 1., =3500slug

Compare your results with those obtained in problem 6.22. Do you think that
angular acceleration would ever be significant in a typical steady coordinated
turn?

The XP-38 prototype for the P-38 Lightning had propellers that turned opposite
to those of the later production models. Based on spin considerations and the
photograph of the production model that is shown in Fig. 5.9.2, can you suggest a
reason why the direction of propeller rotation may have been changed in going
from the prototype to the production model?

Supersonic flow is characteristically very different from subsonic flow. Recall
that camber does not contribute to the section lift developed on a thin airfoil at
supersonic airspeeds. As a result, control surface effectiveness is reduced at
Mach numbers greater than 1. Consider, for example, the symmetric diamond-
wedge airfoil section with trailing-edge flap shown in Fig. 6.11.1. The thickness
distribution increases linearly from zero at the leading edge to the point of
maximum thickness located at the half-chord. The thickness then decreases
linearly from the half-chord to the sharp trailing edge. Recall that the pressure
coefficient at any point in the flow over a thin airfoil at supersonic airspeeds
depends only on the freestream Mach number and the slope of the local
streamline relative to the freestream, i.e.,

C = P~ Ps  _ + 2 (6_)})
p = ==+
% Poo Vé A Mi -1 Ox streamline

where the positive sign applies above the airfoil and the negative sign applies
below. With the maximum thickness denoted as ¢ and assuming that all angles
are small, start with this result and develop an expression for the ideal section
flap effectiveness.

\/L—c,*»

& C »

Figure 6.11.1. Diamond-wedge supersonic airfoil and trailing-edge flap used in problem 6.37.



598

6.38

6.39

6.40
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For the supersonic airfoil section that was described in problem 6.37, develop a
small-angle expression for the half-chord section moment coefficient as a
function of the flap deflection angle and the angle of attack measured relative to
the undeflected chord line.

For the supersonic airfoil section that was described in problem 6.37, develop a
small-angle expression for the section wave drag coefficient as a function of the
flap deflection angle and the angle of attack measured relative to the undeflected
chord line.

A trim tab with chord length ¢, is added to the supersonic airfoil section that was
described in problem 6.37 (see Fig. 6.11.2). Develop a small-angle expression
for the section hinge moment coefficient as a function of the flap deflection
angle, trim tab deflection angle, and angle of attack measured relative to the
undeflected chord line.

Figure 6.11.2. Diamond-wedge supersonic airfoil section with trailing-edge flap and trim tab used
in problem 6.40.



Chapter 7
Aircraft Equations of Motion

7.1. Introduction

The process involved in carrying out any engineering analysis can be divided into two
phases, problem formulation and problem solution. The formulation phase requires
understanding the physics of an engineering problem and converting that physics into a
consistent set of mathematical equations. The solution phase involves applying the rules
of mathematics and/or numerical methods to obtain a solution to the system of equations
that was developed in the formulation phase. Both phases are equally important. A
system of equations is of little direct use in engineering analysis unless it can be
accurately solved. Likewise, a mathematical solution is of no use unless the formulation
from which it came provides a reasonable description for the physics of the original
engineering problem.

In Chapters 3 through 6 of this text, the formulation and solution for many flight
mechanics problems were obtained starting from fundamental principles of Newtonian
mechanics. In each case we started with the physics of a particular engineering problem
and applied all appropriate simplifications as the governing mathematical equations were
being developed. This approach minimizes mathematical complexity and emphasizes
understanding the physics of each engineering problem. This approach also allows us to
begin with simple problems, like those associated with steady level flight, and progress
toward more complex problems, such as the analysis of turns and spins. However, as the
reader has probably observed, there is a great deal of repetition involved in formulating
different but related problems in this manner. For most students, this repetition and the
progression from the simple to more complex are helpful in building an understanding of
new material.

Once an engineer has developed a good understanding of the physics associated with
a particular discipline, there is another approach that can be used for the formulation of
engineering problems, that is, starting with a very general formulation and obtaining the
formulation for more restricted problems by direct mathematical reduction. For example,
had we begun our study of flight mechanics with analysis of the steady coordinated turn,
the formulation for steady level flight could have been obtained from the more general
formulation by simply setting the climb angle and bank angle to zero. The obvious
advantage of this method is reduced formulation time once the more general formulation
has been developed. There is a less obvious disadvantage. No formulation has ever
been completely general. Human limitations being what they are, we all have a
tendency to forget the restrictions that apply to a “general” formulation. Sooner or later
most engineers have used a so-called “general formulation™ for a problem to which it
does not apply. Nevertheless, if the engineer exercises appropriate care, the advantage of
using this method of formulation outweighs the disadvantage.

In this chapter we develop a more general formulation of the rigid-body equations
of motion. Since the chapter could serve as a starting point for a second-semester
course in flight mechanics, it includes a review of coordinate systems and mathematical
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notation that were introduced gradually throughout Chapters 3 through 6. This chapter
was deliberately written to be more or less independent of the presentation in Chapters 3
through 6. Thus, a student or practicing engineer who is already familiar with the
principles of static stability and control could start with this chapter to begin a study of
aircraft dynamics.

Before the equations of motion for a physical system can be formulated
mathematically, a coordinate system must be chosen. Furthermore, this choice of
coordinate system can have a profound effect on the complexity of the ensuing
mathematical formulation. Thus, before developing the more general rigid-body
equations of motion for an aircraft in flight, it is worth spending some time considering
the advantages and disadvantages of the coordinate systems that could be used. Here we
discuss the advantages and disadvantages of some common coordinate systems and settle
on three different coordinate systems to be used in our development of the aircraft
equations of motion.

Study of aerodynamics typically begins with the consideration of two-dimensional
flows, such as the flow around airfoils and long cylinders. When formulating any two-
dimensional problem in Cartesian coordinates, it is conventional to use an x-y coordinate
system. When considering flow over an airfoil, it was quite convenient to have the x-axis
aligned with the chord, pointing in the general direction of flow with the origin at the
leading edge. The y-axis was quite naturally chosen normal to the x-axis in the upward
direction. It was also quite natural to choose the angle of attack to be positive with the
leading edge high, since increasing the angle of attack in this direction increases the lift
produced by the airfoil. Once the sign convention for angle of attack was established,
both the pitching moment and the pitching rate were naturally defined to be positive in
the direction of increasing angle of attack.

When the study of aerodynamics is extended to include three-dimensional flow
around finite wings, retaining the original x-p coordinate system and choosing a
conventional right-handed system requires the z-axis to be pointing in the spanwise
direction from right to left, as shown in Fig. 7.1.1. Here, this coordinate system is

Figure 7.1.1. The acrodynamic coordinate system.
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referred to as aerodynamic coordinates. When using aerodynamic coordinates it is
conventional to choose the origin to be at the leading edge of the object of study, in this
case the nose of an airplane, with the x-axis lying along a somewhat arbitrary fuselage
reference line.

There are two primary objections to continuing with aerodynamic coordinates as the
sole coordinate system to be used in our study of aircraft dynamics. First, because the
aerodynamic coordinate system is fixed to the aircraft, the position and orientation of the
aircraft cannot be conveniently described in terms of aerodynamic coordinates. Second,
the sign convention for the moment and angular velocity components used with
aerodynamic coordinates does not follow the conventional right-hand rule.

To describe the position and orientation of an aircraft relative to the Earth, we
normally use a coordinate system fixed to the Earth. Position relative to the Earth is
usually described in terms of latitude, longitude, and elevation above mean sea level.
However, because this coordinate system is not a Cartesian system, it introduces
unnecessary complexities to the dynamic formulation. Since the radius of the Earth is
large compared to the distance traveled by an airplane in the relatively short time periods
that characterize aircraft motion, the formulation can be greatly simplified by using a
Cartesian coordinate system fixed to the Earth. For all practical purposes, such a
Cartesian system can be considered to be an inertial coordinate system. Of course, this
so-called “flat Earth” approximation is not appropriate for tracking the position of an
aircraft over long distances.

While an Earth-fixed coordinate system allows us to conveniently describe aircraft
position and orientation, the components of the inertia tensor become time dependent in
Earth-fixed coordinates. The complexity associated with carrying a time-dependent
inertia tensor in the equations of motion is almost prohibitive. The mathematical
description of the inertia tensor can be greatly simplified by formulating the angular
momentum equation in terms of a coordinate system that is fixed to the aircraft with the
origin located at the aircraft’s center of gravity.

The aerodynamic forces and moments acting on an aircraft depend not on the
velocity of the aircraft relative to the ground, but rather, on the velocity relative to the
surrounding air. Thus, these forces and moments are most conveniently described in
terms of a coordinate system fixed to the atmosphere. The atmosphere can have motion
relative to the Earth, i.e., wind. In our development of the aircraft equations of motion
we shall consider the atmosphere in the immediate vicinity of the aircraft to be moving at
a constant velocity relative to the Earth. Thus, within this approximation, an atmosphere-
fixed coordinate system can also be considered to be an inertial coordinate system.

In summary, position and orientation are best described in terms of an Earth-fixed
coordinate system; the inertia tensor is most conveniently described in terms of a body-
fixed coordinate system; and forces and moments are more easily described in terms of
an atmosphere-fixed coordinate system. For this reason, these three different coordinate
systems will all be used in developing the aircraft equations of motion. Furthermore, it is
desirable to define the body-fixed system such that the usual sign conventions for the
moment and angular velocity components follow the conventional right-hand rule. The
Earth-fixed and body-fixed Cartesian coordinate systems commonly used for this
purpose are shown in Fig. 7.1.2.
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Earth-fixed
zZ, coordinates

Figure 7.1.2. The body-fixed and Earth-fixed coordinate systems.

The body-fixed coordinate system has the origin located at the aircraft center of
gravity. The x-axis points forward along some convenient axis of the fuselage in the
aircraft’s plane of symmetry. The y-axis is normal to the plane of symmetry pointing in
the direction of the right wing. The z-axis then points downward in the aircraft plane of
symmetry, completing the right-handed Cartesian system. In the present text, (xs, Vs, 25)
will always denote this particular body-fixed coordinate system and it will often be
referred to simply as body coordinates. In this coordinate system, a positive angle of
attack corresponds to a positive z,-component of the airplane’s velocity vector relative to
the surrounding atmosphere. Similarly, a positive sideslip angle corresponds to a positive
ys-component of airspeed. Also, the sign conventions for roll, pitch, and yaw all follow
the right-hand rule relative to the x;-, y;-, and z,-axes, respectively.

For the Earth-fixed coordinate system shown in Fig. 7.1.2, the x-y plane is normal
to the local gravitational vector with the x-axis pointing north and the y-axis pointing
east. The z-axis then points down, completing the right-handed Cartesian system. In the
present text, this coordinate system will be designated (x; y; z) and will normally be
referred to simply as fixed coordinates. While the student may find a downward-pointing
z-axis to be somewhat unconventional, when the aircraft heading or azimuth angle is
described in terms of a conventional right-handed angular rotation about the z~axis, the
heading angles conform to conventional compass headings, that is, a heading angle
measured clockwise from north with east being 90 degrees, south being 180 degrees,
west being 270 degrees, and north being either 0 or 360 degrees.
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The atmosphere-fixed coordinate system is denoted (x,, v,, z,) and defined such
that all three axes are always parallel to those of the Earth-fixed coordinate system.
However, the atmosphere-fixed system moves at a constant velocity relative to the Earth-
fixed system. The atmosphere-fixed and Earth-fixed systems are defined to be coincident
at time equal to zero. The atmosphere-fixed coordinate system will be used only
temporarily, in the development of the aircraft equations of motion. The final equations
will be expressed completely in terms of Earth-fixed and body-fixed coordinates.

The vector V, will denote the velocity of the body-fixed coordinate frame relative
to the Earth-fixed coordinate frame. The magnitude of this velocity vector is commonly
termed the ground speed, which is simply the speed of the aircraft relative to the ground.
The velocity of the body-fixed coordinate frame relative to the atmosphere-fixed
coordinate frame is denoted here simply as V, and its magnitude is commonly termed
the airspeed. Ground speed and airspeed are related through the simple vector equation

V, = V4V, (7.1.1)

where V,, is the velocity of the atmosphere relative to the Earth, which is commonly
called the wind.

The aerodynamic forces and moments acting on an aircraft could be expressed as
functions of the translational and rotational velocity components relative to the
surrounding air. However, in the study of aerodynamic forces and moments, it is more
convenient to express the translational dependence in terms of total airspeed, angle of
attack, and sideslip angle. Of course, the velocity vector relative to the surrounding air
can be equivalently described either in terms of three velocity components or in terms of
a magnitude and any two independent aerodynamic angles. The total airspeed is readily
expressed in terms of the body-fixed components according to the relation

N S (7.1.2)

As standard convention, angle of attack has always traditionally been defined according
to the mathematical relation

V.
= tan'| 2= 7.1.3
a an (V%J ( )

Unfortunately, there are two different mathematical definitions for the sideslip angle that
are sometimes used in the determination of aerodynamic forces.

In Chapter 5, the side force and yawing moment contributed by the vertical stabilizer
were estimated from the sideslip angle and section properties of the vertical stabilizer in
the same way that the 1ift and pitching moment were estimated from the angle of attack
and section properties for the wing and horizontal stabilizer. This method of estimating
the aerodynamic forces and moments tacitly assumes that the sideslip angle is related to a
vertical surface in the same way that the angle of attack is related to a horizontal surface.
This implies a mathematical definition of sideslip angle analogous to Eq. (7.1.3), i.e.,
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Ba = tan*‘(ﬁ] (7.1.4)
Vxh

Here the subscript a is used with this definition of sideslip angle because the definition is

most convenient for the analytical estimation of aerodynamic forces and moments.

For the experimental determination of aerodynamic forces and moments, another
definition of sideslip angle is used almost exclusively. This definition comes about as a
result of the way in which data are gathered in a wind tunnel. Typically, the rotational
mechanism used to adjust the angle of attack is mounted on a turntable, which is used to
set the sideslip angle. When this gimbal mechanism is used to orient a model in a wind
tunnel, one of two gimbal angles is exactly the angle of attack as defined by Eq. (7.1.3).
However, the other gimbal angle is not that defined by Eq. (7.1.4). The angle set by the
turntable of such a mechanism is related to the body-fixed velocity components by

v,
2 (7.1.5)

,/V} +V:4v?
Xp Yh P

where the subscript e is used here to indicate the definition that is most convenient for
experimental determination of aerodynamic forces and moments. The definitions given
by Eqgs. (7.1.4) and (7.1.5) are identical only when the angle of attack is zero. Of course,
these two definitions are essentially equivalent for small angles of attack, but as the angle
of attack becomes large, the difference becomes significant.

Clearly, both the aerodynamic angle defined by Eq. (7.1.4) and that defined by
Eq. (7.1.5) are independent of the angle of attack defined by Eq. (7.1.3). Thus, either of
these two sideslip definitions could be combined with the angle of attack and the total
airspeed to uniquely describe the velocity vector relative to the air. However, the
aerodynamic angle defined by Eq. (7.1.4) has the same geometric relationship to a
vertical surface as the angle of attack has to a horizontal surface. This cannot be said of
the aerodynamic angle defined by Eq. (7.1.5). Most textbooks define the sideslip angle
only in terms of Eq. (7.1.5), but for analytical predictions this angle is often used as if it
were defined according to Eq. (7.1.4).

The sideslip angle defined by Eq. (7.1.5) depends on the z,-velocity component,
while the angle of attack as defined from Eq. (7.1.3) does not depend on the y,-velocity
component. This asymmetry in the two definitions is not at all attractive from a physical
point of view, especially when considering large angles of attack. For example, consider
an aircraft that is symmetric about both the x,-y, and the x,-z, planes, such as a rocket
with four identical tail fins. Let the velocity of this aircraft be such that the x;-, y,-, and
zp-components of velocity are all equal. From Egs. (7.1.3), (7.1.4), and (7.1.5) we have
a=45°, f,=45° and £,=35.26°. If the sideslip angle were used to obtain the side force
in the same way that the angle of attack is used to obtain the normal force, the
aer(')dynamic angles defined by Eqgs. (7.1.3) and (7.1.5) would result in an asymmetric
aerodynamic loading produced by this completely symmetric flight condition. This is
clearly not consistent with reality.

B. = sin”
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One reason commonly given for defining the sideslip angle according to Eq. (7.1.5)
is that this definition gives a sideslip angle that is completely independent of the
orientation of the x,-axis within the x,-z, plane of symmetry. Clearly, the side force
should not depend on our choice for the direction of the x,-axis within this plane.
However, the sweep angle that any vertical surface makes with the z,-axis does depend
on the x;-axis orientation. Thus, the sideslip angle should also vary with the x,-axis
orientation, such that the combined effects of sweep and sideslip make the airflow
relative to a vertical surface independent of the x,-axis orientation within the x,-z, plane
of symmetry. The definition of sideslip angle that is given by Eq. (7.1.4) satisfies this
requirement, while that given by Eq. (7.1.5) does not. Thus, the definition in Eq. (7.1.5)
is not nearly as convenient for analytical prediction as that in Eq. (7.1.4).

Either of these two definitions for sideslip angle may be used in a formulation of
the rigid-body equations of motion for aircraft dynamics. The important thing to
remember is to be consistent. Whenever a relation for some particular aerodynamic
coefficient has been obtained using one definition of sideslip angle, it should be applied
using that same definition. It is easy to violate this requirement unintentionally if some
aerodynamic coefficients are estimated analytically from airfoil section properties, while
others are taken from experimental data.

During most of the flight of a conventional airplane the aerodynamic angles remain
relatively small and the difference between the two definitions for sideslip angle is
insignificant. However, for flight conditions that may involve large aerodynamic
angles, care should be taken to avoid the common pitfall of using one definition for
sideslip angle in a relation that was developed using the other.

The transformation equations given by Eqs. (7.1.2) through (7.1.4) can readily be
rearranged to yield an inverse transformation, which can be used to compute the three
body-fixed velocity components from known values of ¥, &, and f,. We start by solving
Eq. (7.1.2) for the x;-velocity component. This gives

Ve, = (7.1.6)
Solving Eq. (7.1.3) for the z,-velocity component yields
V. =V, tana = ¥, S0 (7.1.7)
cosa
and solving Eq. (7.1.4) for the y,-velocity component results in
V= Vo tanf, = ¥, Sl (7.1.8)

cos f3,

Using Egs. (7.1.7) and (7.1.8) in Eq. (7.1.6), we obtain

.2 .2
Ve = \/Vz—Vf tan’ B, — V2 tan’ar = \/VZ—VZ Sinfa o sa g g
h Xp Xp Xh 2 Xp 2
cos” B, cos“a
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Solving Eq. (7.1.9) for the x,-component of velocity and using the result in Egs. (7.1.7)
and (7.1.8), we obtain the inverse transformation equations

Ve, =V L -y Sosacosfa (7.1.10)
\/1+tan2a +tan’ g3, \/l—sinza sin’ 3,

v, =V tan S, - p__cosa sin f3, (7111
J1+tan2a +tan’ g, \/l—sinza sin? 3,

v, =V tana _ p_ Sina cos f3, (7.1.12)

\/1+tanza +tan? g3,

Vi- sin’a sin? g3,

Similarly, if Eq. (7.1.5) is used for the sideslip angle, the inverse transformation is

Vi, = Vcosacosf, (7.1.13)
Vy, = Vsing, (7.1.14)
V., = Vsinacosf,. (7.1.15)

Notice the symmetry that exists between Eqs. (7.1.11) and (7.1.12). There is no such

symmetry between Egs. (7.1.14) and (7.1.15).

EXAMPLE 7.1.1. A rocket is flying at an airspeed of 1,000 ft/sec. The angle of
attack is 30 degrees and the sideslip angle, 8,, is 20 degrees. Determine the axial,
sideslip, and normal velocity components.

Solution. From Eqgs. (7.1.10), (7.1.11), and (7.1.12), the velocity components are

Voo vV _ 1,000 ft/sec
Xp -
Jl+tan2e +tan28,  1+(0.577350)% +(0.363970)2
= 825.96 ft/sec
,o V tan B, 1,000 fi/sec(0.363970)
Yo = -
Jl+tanZa +tanf,  14(0.577350)% + (0.363970)
= 300.63 ft/sec
,o_ V tana 1,000 ft/sec(0.577350)
Zp -

\/1+tan2a +tan’ g,

J1+(0.577350)2 +(0.363970)2

= 476.87 ft/sec
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EXAMPLE 7.1.2. A rocket is flying at an airspeed of 1,000 ft/sec. The angle of
attack is 30 degrees and the sideslip angle, £,, is 20 degrees. Determine the axial,
sideslip, and normal velocity components.

Solution. From Egs. (7.1.13), (7.1.14), and (7.1.15), the velocity components are

Ve, = Veosacosf. = 1,000 ft/sec(0.866025)(0.939693) = 813.80 ft/sec
V,, = Vsing, = 1,000 ft/sec(0.342020) = 342.02 ft/sec
V., = Vsinacosf, = 1,000 ft/sec(0.500000)(0.939693) = 469.85 ft/sec

In certain situations it may be necessary to estimate some aerodynamic coefficients
using airfoil section properties and the definition given by Eq. (7.1.4), while others may
be taken from experimental results that were obtained using the definition in Eq. (7.1.5).
In such cases it is convenient to be able to transform results from one definition to the
other. The mathematical relation between £, and S, can readily be established by using
Egs. (7.1.13) and (7.1.14) in Eq. (7.1.4). This results in

tan g, = Al (7.1.16)
Cos&x

Now consider some aerodynamic coefficient, C, that is somehow known as a function of
V, a, and f,. Suppose that we also know the partial derivative of C with respect to £, at
constant ¥ and a. The partial derivative of C with respect to £, at constant } and « can
then be expressed as

oC _ oC .
OB~ 0. .

(7.1.17)

Differentiating both sides of Eq. (7.1.16) with respect to /3, and rearranging, it is readily
shown that

op. cosacos’ f,
P cos’ S,

After applying the trigonometric identity, cos’f=1/(1 + tan’f3,), and using Eq. (7.1.16)
to eliminate tan/f,, we have

%P _ cosa (7.1.18)

0B coszﬂa +cos’asin’ B,

Using Eq. (7.1.18) in Eq. (7.1.17) results in
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oC cosa oC
= 7.1.19
Pa cos’ B, +cos’a sin?f, 9P ( )
In a similar manner, it can be shown that
oC cosa oC (7.1.20)

ope sin’ B, +cos’a cos” B, B

EXAMPLE 7.1.3. An airplane model is mounted in a wind tunnel with the angle
of attack set at 12.0 degrees and the sideslip angle, £., set to 8.0 degrees. By
varying £, slightly to both sides from this orientation, the change in the yawing
moment coefficient with respect to f, is estimated to be 0.250. Find the angle, A,
and estimate the change in the yawing moment coefficient with respect to £,

Solution. From Eq. (7.1.16),

-1 tan g, -1 0.140541
=t Rl st S =BT — 0.142704 = 8.2°
Z an ( cosa j an (0.978148)

Using this in Eq. (7.1.19) yields

oC _ cosa ocC
e cos’P, +cos’asin’® B, OBe
0.978148

= 0.250 = 0.245
(0.989835)% +(0.978148)7 (0.142220)° -

EXAMPLE 7.1.4. An airplane model is mounted in a wind tunnel with the angle
of attack set at 40 degrees and the sideslip angle, £, set to 30 degrees. By varying
. slightly to both sides from this orientation, the change in the yawing moment
coefficient with respect to 4. is estimated to be 0.250. Find the angle, £,, and
estimate the change in the yawing moment coefficient with respect to f3,.

Solution. From Eq. (7.1.16),

-1 tan S, -1( 0.577350
_ tanfe | _ 0.5773501 _ ¢ 645850 = 37°
fa = tan [cosa ] fan (0.766044)

Using this in Eq. (7.1.19) yields

oc _ cosa oC
9B cos’ B, +cos’asin® B, OB
0.766044

0.250 = 0.225

(0.798588) +(0.766044) (0.601878)>
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From the results of Example 7.1.3 it can be seen that at angles of attack below stall,
there is no significant difference between our two definitions for sideslip angle. Even for
the relatively high angles used in Example 7.1.4, the difference between C, 45, and C, g,
is only about 10 percent. This should not be taken as a general license for carelessness
with regard to sideslip angle definition. There are important applications where angles of
attack can approach or even exceed 90 degrees. For such cases, the difference between
the definitions in Eqs. (7.1.4) and (7.1.5) is quite large. For instance, when the angle of
attack is 80 degrees, a value for g, of 30 degrees corresponds to a value of g4, of
approximately 73 degrees. Nevertheless, in the vast majority of all flight, the angle of
attack remains small. For analysis of such flight the subscript on £ will be dropped and
no distinction will be made.

7.2. Newton's Second Law for Rigid-Body Dynamics
The foundation for the formulation of most problems in flight mechanics is Newton’s
second law (often stated as F=ma). Newton’s second law applied to a rigid body
requires that the summation of forces must equal the time rate of change of translational
momentum, and the summation of moments must equal the time rate of change of angu-
lar momentum. Application of this principle is not always as simple as it sounds. For the
present formulation, we will be using a body-fixed coordinate system and allowing both
translational and angular acceleration. At this point you may wish to review the chapter
on accelerating coordinate systems in your introductory dynamics textbook.

Newton's second law for rigid-body motion can be expressed in the following vector
equations, which are written in terms of a body-fixed coordinate system (see, for
example, Hibbeler 1998 or Beer and Johnston 1997),

Fs+W = %(mV)+ ox(mV) (7.2.1)
M = g?([l]m)+ ox (1] o) (71.2.2)

where Fs is the net surface force vector, W is the weight vector, M is the net moment
vector about the body-fixed origin (i.e., the CG), m is the mass, [1] is the inertia tensor,

Ixxh - Ix'\';7 - [x:/,

Ul = |1 Lny  —1y (7.2.3)
-1 ZXp -1 zZyvp ! Zzp
Lay, = [[Ji +2)dm (7.2.4)

Ly, = [[fe +20)dm (7.2.5)
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L, = ([[ (e + v3)dm (7.2.6)
Ly, = I, = [[[xsypdm (7.2.7)
Ly, = Iy, = [[[ozpdm (1.2.8)
L = I, = mxbzbdm (7.2.9)

and V and o are, respectively, the translational and rotational velocities of the body-
fixed coordinate frame relative to some inertial reference frame. For convenience in
describing the aerodynamic forces and moments, the atmosphere-fixed coordinate system
is selected as our inertial reference frame.

Mass is a scalar, so the second term on the right-hand side of Eq. (7.2.1) is written

iy, 1, g @y V,, — 05V,
cox(mV) = mw,, O, ;= mio.,V, -0,V (7.2.10)
Vxh V,Vh Vzh @Dy, Vyh — Wy, Vxh

Equation (7.2.10) can be used in Eq. (7.2.1) to yield the body-fixed Cartesian
components of the translational momentum equation,

Vs, Fsg, + Wy —mo, V., +ma,, V.

Yo
d
&l ™ Vet | = 1Fsy, +W,, —mo,, Vs, +may, V-, (7.2.11)
V., Fs;, + W, —ma.V, +mw, V.,

The total surface force, Fg, is simply the vector sum of all pressure and shear forces
acting on the surface of the control volume enclosing the aircraft.

Aircraft mass typically changes with time as a result of fuel burn. Furthermore, fuel
weight can be a very significant fraction of total aircraft weight, and the mass of an
aircraft can change very rapidly with time. For example, a rocket may burn off a large
fraction of its total weight in fuel within just a few seconds. During midair refueling, the
mass of both airplanes can change quite rapidly. Also, bombers, crop dusters, and fire-
fighting aircraft can drop a large fraction of their total mass in a very short time.

When mass exits an aircraft, it carries momentum with it. Any mass that leaves an
aircraft (or enters, in the case of an aircraft being refueled) could have velocity different
from that of the aircraft. With a jet or rocket, the fuel mass leaves at a velocity that is
significantly higher than the velocity of the aircraft. However, the difference between the
exit velocity and the aircraft velocity is commonly included in the thrust force. Care
must be taken to see that this momentum flux is not counted twice when formulating
Newton’s second law. Thus, including mass transfer, Eq. (7.2.11) is written as
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5 Vx,, Vx;, a Vex;, FSx;. +Wx;, —mM@y, V., +maw;, Vyh
m .
AV 4V B ey, ¢ = 3 Py + Wy, = Vi +ma Vo, | (1.212)
Vzh Vzh V‘-‘Zb F, Sz, T th —My, VVh t+tmw,, be

where 1, is the mass flow rate leaving the aircraft and V, is the velocity of the mass
leaving or entering the aircraft, as measured relative to the inertial coordinate system.
The mass flow rate, r1., is negative for an aircraft being refueled.

In addition to Newton’s second law, we must also assure that mass is conserved.
The continuity equation requires that

4, =0 7.2.13
Er ( )

Using Eq. (7.2.13) in Eq. (7.2.12), the body-fixed Cartesian components of the transla-
tional momentum equation can be written

Vxh Fxh + th —may, Vlh +ma;, V,Vh
miV,, v = < Fy, +W, —mw.,V, +tmo,V,, (7.2.14)
Ve, F, +W., —mo,,V,, +mo,V,,

where F is a pseudo aerodynamic force including thrust, F = Fs —m(V,. —V), and the
dot indicates a time derivative. It is important to recognize that Eq. (7.2.14) is not
based on the assumption that aircraft mass does not change with time. This
equation is valid regardless of how rapidly the aircraft mass is changing, provided
that the pseudo thrust force accounts for any difference between the exit velocity
and the velocity of the aircraft.

As discussed in the preceding section, the Cartesian body-fixed coordinate system,
which is commonly used in aircraft dynamics, has the x,-axis pointing forward from the
center of mass along some convenient body-fixed axis in the aircraft plane of symmetry.
The y,-axis is normal to the plane of symmetry pointing out the right-hand side of the
aircraft, and the z,-axis points downward in the aircraft plane of symmetry. Here the
designation (xp, y,, z») always refers to this body-fixed coordinate system. Since the
coordinate system was chosen so that the airplane is symmetric in y,, we have

Ly, = Ly = Iy = Iy = 0 (7.2.15)
and
[xx;, 0 _Ixz;,
m=|0 1, 0 (7.2.16)
—szz, 0 Izzl,
The product of inertia terms in Eq. (7.2.15) could be carried through the analysis.

However, virtually all aircraft possess this symmetry, which simplifies the linearized
equations of motion. With this symmetry, the angular momentum vector, H, is
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1 XXp 0 -1 XZ) Wy, 1 xx, Dy — 1 xzp Dz
H = [l] W = 0 [,VJ"h 0 wy,, = [,V]"h a),Vh
- IZXh 0 122/7 Wz, ]:zh Wz — [,\zh Py,
X% ([I] co) = oxH
Ly, 1y, g @y H; —w, Hy, Uzzy = 1yy Y0y, 0z, = Lz, 01, @y,
2 2
= |y, @, o @3 Hy —wo Hzy ¢ = (U, — 12050z, + 1o (0] —@ )
Hxh H_,Vb HZ/, Wy, H}’h — Wy, be (Iyyh - IXX/) )a)xh @y, + IXZh Wy, Wy,
(7.2.17)

Using Eq. (7.2.17), the body-fixed Cartesian components of Eq. (7.2.2) are

)OO + L, 05, @y,

d ]xx;, 0 - 1x:1, Wy, MSx;, + (Iyy;, - Iz:
2 2
oo 1y, 0 o] = 1Ms, +Uz, ~ Lo )05z, + 1, (02, ~02)

dt
I, 0 I, ||lo:

<h

MSZ;, + (Ixxh - [yyh )a)x/, a)y,, - ]xz,, a)yh @z,
(7.2.18)

As aircraft mass changes with time, so does the moment of inertia. However, when mass
is expelled from an aircraft, it can carry angular momentum with it. Thus, including the
effects of mass transfer and applying conservation of mass in a manner similar to that
used for translational momentum, Eq. (7.2.18) can be written as

1 XXp 0 -1 Xz d)xl, M x t ([ e T 1 zzj, )a)yh Wz, + 1 ¥z, W, Dy,
0 1, 0 Wy =AMy, + Iz, — L )0, @2, + 1, (wi - a)f',, )
=1z, 0 Iz, @z, M, + (T, — 11y, )02, @y, — 11z, 0y, @2,
(7.2.19)

where M is a pseudo aerodynamic moment including any and all effects of thrust. This
pseudo moment accounts for all the effects of mass leaving or entering the aircraft.
Equation (7.2.19) does not require constant moment of inertia.

The explicit notation (Vx,, Vy,, V=) and (wx,, @y, @), which is commonly used in
classical dynamics for the components of the translational and angular velocity vectors in
body-fixed coordinates, is not normally used in the field of aircraft flight dynamics. The
notation that is used almost exclusively by the aircraft community is

u Ve, the axial velocity P @y, the rolling rate
v =<V, » = {thesideslip velocity,, {qr = (@, r = {the pitching rate
w V., the normal velocity r ., the yawing rate

This notation has always had the potential for causing some confusion with new students.
However, the notation is well established in the literature and it should be memorized.
Be careful not to confuse the rolling rate with the pressure and remember that p
does not stand for pitch and r does not stand for roll.
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As a memory aid, notice that p, g, and r are in alphabetical order, as are the rotation
axes X, ¥, and z,. If we think of the rotation triad “roll, pitch, and yaw,” in that order,
the symbols used for the angular velocity components and the axes of rotation form
alphabetic triads in the same order.

There is another potential confusion associated with using lowercase m for mass, as
is commonly done in classical dynamics. This is because in the field of aecrodynamics,
lowercase m is normally used to signify the aerodynamic pitching moment. To avoid this
confusion, the x-, y»-, and z,-components of the aecrodynamic moment vector {excluding
the effects of thrust) are denoted ¢, m, and »n, whereas the mass is designated as /g with
W denoting the weight and g signifying the acceleration of gravity.

The flight mechanics community sometimes uses the symbols L, M, and N to
designate the x,-, y,-, and z,-components of the total moment vector, including any
moment produced by the thrust vector, which in some cases may not act through the
center of gravity. This has been extremely confusing to new students, since L is also
used to signify lift and N is commonly used to denote the normal force. In at least one
textbook, the author has seen the symbol L used twice in the same equation, once to
represent lift and once to represent the rolling moment. In the present text, we shall not
carry tradition quite that far. Here we shall continue to use Mx,, M,,, and M, to designate
the body-fixed components of the total moment vector.

In the remainder of our development of the aircraft equations of motion we
shall use the following notation:

u = x,-component of aircraft translational velocity relative to surrounding air.

v = y,-component of aircraft translational velocity relative to surrounding air.

w = z,component of aircraft translational velocity relative to surrounding air.

p = x,component of aircraft rotational velocity (rolling rate).

g = y,-component of aircraft rotational velocity (pitching rate).

r = zycomponent of aircraft rotational velocity (yawing rate).

F,, = xj,-component of total pseudo aerodynamic force vector, including thrust.
F,, = y,-component of total pseudo aerodynamic force vector, including thrust.
F., = z,-component of total pseudo aerodynamic force vector, including thrust.
M,, = x,-component of total pseudo aerodynamic moment vector, including thrust.
M,, = y,-component of total pseudo aerodynamic moment vector, including thrust.
M., = z,-component of total pseudo aerodynamic moment vector, including thrust.
X = xs-component of aerodynamic force, excluding thrust (axial force).

Y = y,-component of aecrodynamic force, excluding thrust (side force).

Z = zp;-component of acrodynamic force, excluding thrust (normal force).

¢ = x,component of acrodynamic moment, excluding thrust (rolling moment).
m = y,-component of acrodynamic moment, excluding thrust (pitching moment).
n = z,-component of acrodynamic moment, excluding thrust (yawing moment).
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Students should memorize this notation before proceeding with their study of this
and the following chapters.

Substituting the aircraft notation just defined into Egs. (7.2.14) and (7.2.19), we have
a system of six first-order differential equations for the six components of aircraft
velocity relative to the surrounding atmosphere. These are the velocity components
associated with the six degrees of freedom for the aircraft treated as a rigid body. This is
our statement of Newton’s second law,

Wig 0 0 |(a F, +W,, +(ro—quw)Wl/g
0 wig 0 vy = F, +W, +(pw-ru)Wlig
0 0 W/g_ w F,, +W,, +{(qu—po)W/g (7.2.20)
Iy O =1y ||P My, +yy, —12,)qr+ 1z, g
0 I, 0 |§4p = My +Uuy L) pr+1e, (7 = p?)
Iy, 0 I |7 Mz, + L, =13y, )Pg = 1z, qr

where W,,, W,,, and W, are body-fixed components of aircraft weight. It is important
to keep in mind that the forces and moments listed in Eq. (7.2.20) represent the total
summation of forces and moments, including those due to thrust and gravity. Thrust can
contribute to both the net force and the net moment if the thrust vector does not act
through the center of gravity. The gravitational force can never contribute to the net
moment, since by definition it always acts through the center of gravity.

When an aircraft is operating in steady flight, with some equilibrium airspeed, V,,,
some equilibrium angle of attack, a,, no sideslip velocity, and no angular velocity, the
summation of forces and moments will vanish and the terms on the right-hand side of
Eq. (7.2.20) will be zero. For example, in steady level flight with the thrust vector
aligned with the direction of flight, the lift is equal to the weight, the thrust is equal to the
drag, and the summation of moments must be zero. If any of the parameters on the right
deviate from the equilibrium values, the aircraft will accelerate and the translational and
rotational velocities will change. The terms on the right may be thought of as
disturbances to steady equilibrium flight. These disturbances are usually divided into
two categories. The disturbances that affect the motion only in the x;-z, plane are called
the longitudinal disturbances,

u-V,cos(a,), w—V,sin{e,), q, Fy, +W,,, F,, +W,, M,,
The remaining disturbances are called the lateral disturbances,
v, pr, Fy +W, , M, , M,
If all of the lateral disturbances are zero,

v=p=r=F,+W, =M, =M, =0 (7.2.21)
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and Eq. (7.2.20) becomes

Fo + Wy, —quW/g

‘wig 0 0 0 0 0 } i
0 Wwig 0 0 0 0 ||lv 0
0 0 wig 0 0 0 ||w F, +W., +quWlg
0 0 0 L. 0 —-I.|lp[ 0
0 0 0 0 I, 0 |4 M,,
|0 0 0 -I. 0 I ||# 0

(7.2.22)

From Eq. (7.2.22), we see that the longitudinal disturbances affect only the longitudinal
velocity components, 4, w, and g. The longitudinal disturbances produce no change in
the lateral velocity components, v, p, and r. This results from the assumed symmetry of
the aircraft about the x,-z, plane. Eliminating the trivial results, © = p =# =0, which are
easily obtained from the second, fourth, and sixth rows of Eq. (7.2.22), the longitudinal

equations of motion for the aircraft reduce to

Wig 0 0 ||u Fo, +W,, —quW/g
0 Wig 0 [lwy = 1F, +W, +quWig
0 0 Iy, |19 M,

If, on the other hand, all of the longitudinal disturbances are zero,

u-Vycos(a,) = w-Vysinfa,) = g
= Fy, +W,, = F., +W., = M}"b =0

and Eq. (7.2.20) becomes

(wig 0 0 0 0 0 ||z
0 Wwig 0 0 0 0 |[|o
0o 0 wig 0 0 0 ||w
0 0 0 I, 0 —I.llp
0 0 0 0 I, 0 ||g
L0 0 0 Iy 0 I ||F
roWlg
Fy, +W,, +[pV,sin(a,) -1V, cos(a, )W/g
—poWig
= M.
Uy = Lo )PP+ 1, (7 = P)
M.,

(7.2.23)

(7.2.24)

(7.2.25)
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Thus we see that while the longitudinal disturbances affect only the longitudinal velocity
components, the lateral disturbances have an effect on both the lateral and the
longitudinal velocity components. 1t should be noted that longitudinal motion (axial
translation, normal translation, and pitching rotation) is simple planar motion confined to
the x;-z, plane. On the other hand, lateral motion (sideslip translation, rolling rotation,
and yawing rotation) is not a simple planar motion at all. Roll is rotation in the y,-z;
plane and yaw is rotation in the x;,-y, plane. The longitudinal velocity components are
directly affected by the lateral velocity components, in part because of the Coriolis
accelerations. For example, sideslip combined with a yawing rate results in a Coriolis
acceleration in the axial direction. Similarly, sideslip combined with a rolling rate
produces a normal Coriolis acceleration. Rolling and yawing rates also produce a
pitching acceleration that results from the asymmetry of the aircraft in the x,-z, plane.
The latter coupling term is usually referred to as the inertial cross coupling.

EXAMPLE 7.2.1. Consider an object moving through space with no forces of
any kind acting on the body. The body is initially moving relative to an inertial
coordinate system with a velocity of ¥, and is rotating about an axis normal to the
velocity vector with an angular velocity of ay. We wish to use Newton’s second
law to determine the translational and rotational velocity of this object as a
function of time. This problem is, of course, trivial to solve using an inertial
coordinate system. However, to gain some familiarity and confidence in working
with body-fixed coordinates, we wish to solve this simple problem using only
body-fixed coordinates.

Solution. Because the rotation vector is normal to the translation vector, this is
planar motion. Choosing the body-fixed coordinate system so that at time £ = 0 the
x;-axis coincides with the direction of motion and the y,-axis coincides with the
axis of rotation, the motion is planar longitudinal motion. Newton’s second law is
given by Eq. (7.2.23) with all forces and moments set to zero,

Wig Q0 0 ||u —-quwW/g
0 Wig 0 sy =4 quWl/g (7.2.26)
0 0 Iy, |l9 0

The initial conditions for this first-order system of differential equations is

U Vo
wl =10 (7.2.27)
q

=0 ®o

The third equation in Eq. (7.2.26) is not coupled to the other two. This equation is
easily integrated subject to the third initial condition in Eq. (7.2.27) to give

q = 0o
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Using this result in the remaining two equations from Eq. (7.2.26), we have

1 0flu 0 wyl||lu 0
+ =
0 1||w -wy 0 ||w 0
This is a homogeneous system of first-order linear differential equations. At
this point students may wish to review the chapter on systems of linear differential

equations from their introductory course on ordinary differential equations.
Rewriting this system of equations in the usual differential operator notation, we

have
[D wo}{u} {O}
= (7.2.28)
-wy D ||w 0

where D the differential operator.  Differentiating the first equation and
multiplying the second equation by @, gives

LD@Z& Zﬂ{w} i {8}

Subtracting the second equation from the first, we have

(D*+w3) 0 {u}:{o}
—wi weD | |Ww 0

In a similar manner the system can be further reduced to yield

7 wtolld
0 (D* +0d) | (w 0

We have now reduced a system of two coupled first-order equations to a system of
two uncoupled second-order equations. Each of these are easily solved separately
to give

{u} _ {Cl sin(wot) + C> cos(a)ot)} (7.2.29)

w Cs sin(wt) + Cq cos(wgt)

Using this result in Eq. (7.2.28), we have

Ciag cos(wot) — Carmg sin(wot) + Czwg sin(wot) + Cyaq cos(mot) 3 0
— Ciag sin{wyt) — Corwg cos(wyt) + Cymg cos{wyt) — Cawy sin{wot) 0
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G| |G
{Q} _ {_Cl} (7.2.30)

Using Eq. (7.2.30) in Eq. (7.2.29) gives

{u} ) {CI sin(wot) + C2 cos(wot )} (7.231)

w C, sin{wgt) — C) cos(wot)

which requires that

Applying the initial conditions,

M(O) _ "
w©o)| o
al_Jo 72.32
ol = (7.2.32)

Using Eq. (7.2.32) in Eq. (7.2.31) and including the result obtained for the angular
velocity gives the complete solution,

we obtain

u Vi cos(agt)
wr = < Vosin(wpt)
q Wy

This problem is, of course, trivial to solve relative to an inertial coordinate
system. For an inertial coordinate system, Eq. (7.2.26) reduces to the completely
uncoupled system,

wig 0 0 |[V 0
0 Wig 0 |V =40
0 0 I, ||ay, 0

which can be directly integrated subject to the initial conditions to give

I/X I VO
V., b =140

@y
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Thus, to a fixed observer in the inertial coordinate system, the velocity of the
object appears to be constant with time. On the other hand, to an observer in the
body-fixed coordinate system, the velocity appears to be changing sinusoidal with
time. These are simply two equivalent ways to describe exactly the same motion.

The advantage of using the body-fixed coordinate system is not at all obvious from
Example 7.2.1. This very simple problem is much easier to solve using the inertial
coordinate system. We do see, however, that Newton’s second law can be stated and
solved either in terms of inertial coordinates or in terms of body-fixed coordinates. The
advantage of using a body-fixed coordinate system will become more apparent in the
following sections.

7.3. Position and Orientation: The Euler Angle Formulation

In the preceding section, Newton's second law was written in terms of a coordinate
system fixed to the aircraft. For complex geometry and/or complex motion, this
coordinate system can simplify the equations of motion by making the inertia tensor
independent of time. Furthermore, onboard instruments report flight parameters only as
viewed from a body-fixed coordinate system. Thus, the body-fixed coordinate system
extends considerable utility to the study of aircraft dynamics. Unfortunately, this moving
coordinate system cannot easily be used for describing the position and orientation of the
airplane. The aircraft position and orientation are most conveniently described in terms
of a coordinate system fixed to the Earth.

The position of an aircraft relative to the Earth is normally described in terms of
latitude, longitude, and elevation. However, over short time periods, the distance
traveled is small compared to the radius of the Earth and we can describe position in
terms of a Cartesian system. As previously discussed, the Cartesian system commonly
used has the x-axis pointing north, the y-axis pointing east, and the z-axis pointing down.
This Earth-fixed coordinate system has been designated (x;, y; z). The position of the
aircraft is specified by the location of the origin of the body-fixed coordinate frame
relative to the Earth-fixed coordinate frame.

The orientation of an aircraft relative to the Earth can be described in terms of what
are called Euler angles. The orientation of the body-fixed coordinate frame, (x, v, z1),
relative to the Earth-fixed coordinate frame, (x;, v, z,), is described in terms of three
consecutive rotations through three Euler angles, in the specific order as follows:

a) Rotate the (x;, y;; z) coordinate system about the z-axis through an angle  to the
coordinate system (x;, y|, z{), as shown in Fig. 7.3.1a.

b) Rotate the (x,, y|, z1) coordinate system about the y;-axis through an angle & to
the coordinate system (x,, ¥, 22), as shown in Fig. 7.3.1b.

¢) Rotate the (x,, y2, z2) coordinate system about the x,-axis through an angle ¢ to
the coordinate system (x;, y4, 25), as shown in Fig. 7.3.1c.
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\ (¢) View projected from view (b) with
fold line perpendicular to true view
of x,-axis.

@ (b) View projected from view (a) with fold line
perpendicular to true view of y,-axis.

Figure 7.3.1. True views of the three Euler angles shown following the standard conventions of
engineering graphics and descriptive geometry.

An isometric view of these three rotations is shown in Fig. 7.3.2. The order of rotation is
very important. In general, if these three rotations were to take place in a different order,
the final orientation would be different.

The three Euler angles, ¢, 6, and y are, respectively, called the bank angle, the
elevation angle, and the azimuth angle or heading. These three angles are sometimes
incorrectly referred to as the roll, pitch, and yaw. There is a subtle but very important
difference between the Euler angles and roll, pitch, and yaw. The azimuth angle is a
rotation about the z~axis and yaw is a rotation about the z,-axis. Similarly, the elevation
angle is a rotation about the y,-axis and pitch is a rotation about the y;-axis. Roll, pitch,
and yaw are orthogonal. The Euler angles are not.

The Euler angles can be related to roll, pitch, and yaw, but this is not a one-to-one
relationship. For example, it is possible to change the bank angle of an aircraft without
using any roll input whatsoever. To demonstrate this, consider an airplane in a level
attitude with all three Euler angles at zero, as shown in Fig. 7.3.3. Now let the airplane
move through a pitch angle of 90 degrees, followed by a yaw angle of 90 degrees and a
pitch angle of —90 degrees. The airplane now has a bank angle of 90 degrees, but there
was no roll input throughout the process. Try it with a model.
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West -~

Pitch up, 90°
$=0,0=90",y=0

Yaw right, 90° Pitch dowh, -90°
$=90",0=0",y =90 $=90"0=0",y=0

Figure 7.3.3. Relationship between Euler angles and roll, pitch, and yaw.

621
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Any set of three Euler angles describes a unique orientation of the aircraft (i.e., no
two different orientations have the same three Euler angles). A specific set of Euler
angles specifies an instantaneous orientation that does not depend in any way on how the
aircraft came to be so orientated. While a given set of Euler angles specifies a unique
orientation for the aircraft, orientation is a periodic function of the Euler angles. Thus,
any orientation of an aircraft could be described by more than one set of Euler angles.
Clearly, adding 360 degrees to any one of the Euler angles will result in a different but
equivalent set of Euler angles. If we are to define the Euler angles so that any given
orientation has a unique set of Euler angles, then we must restrict each Euler angle to fall
within some range including no more than 360 degrees. However, even this is not
sufficient. This is demonstrated in Fig. 7.3.4. In this figure we start with an airplane
pointed due north with both the wing span and the fuselage reference line parallel to the
ground. Normally, we would specify this orientation as having all three Euler angles
equal to zero. From this starting point, shown in Fig. 7.3.4a, we let the airplane move
through a pitch angle of 180 degrees to the orientation shown in Fig. 7.3.4b. Clearly,
this orientation could be described as having a bank angle of zero, an elevation angle of
180 degrees, and azimuth angle of zero. The airplane could be placed in this same

% Z
Start From (a) pitch 180°
$=0%0=0%y=0° $=0°06=180" y=0°
(a) (b)

Zf Z_/‘
From (a) yaw 180° From {c) roll 180°
$=0°0=0° y=180° $=180°0=0° y=180°
(c) (d)

Figure 7.3.4. Two equivalent Euler angle descriptions for the same aircraft orientation.
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orientation by starting with all Euler angles at zero and rotating the airplane through a
yaw angle of 180 degrees to the orientation shown in Fig. 7.3.4c. From this point the
airplane is rolled through 180 degrees to the orientation shown in Fig. 7.3.4d. This final
orientation could be described as having a bank angle of 180 degrees, an elevation angle
of zero, and an azimuth angle of 180 degrees. Since the orientation shown in Fig. 7.3.4b
is identical to that shown in Fig. 7.3.4d, the Euler angle set ¢ = 0°, &= 180°, and y=0°
is obviously equivalent to the set ¢ = 180°, = 0°, and = 180°. To avoid this duality
and make the Euler angle definitions unique, the Euler angles are by standard convention
usually restricted to the range —180° < ¢ < 180°, -90° < < 90°, and 0° < < 360°.

To obtain the transformations between coordinate systems (x», s, 2») and (x; 5 zp),
we now review some principles from calculus and analytic geometry. In terms of the
three Euler angle rotations shown in Fig. 7.3.1, we wish to develop two transformation
matrices, one to transform from body-fixed to Earth-fixed coordinates and another to
transform from Earth-fixed to body-fixed coordinates. We first consider each of the
three rotations shown in Fig. 7.3.1 as a separate transformation and then combine the
three transformations into one transformation matrix.

Consider first an arbitrary vector v having components (vy,, vy, vz,) in coordinate
system (x;, ¥y, z1) and having components (vx, vy, vz) in the (x; y5, z) coordinate system.
From the geometry in Fig. 7.3.1a, we see that the x-component of the vector v in
coordinate system | can be broken up into two components in coordinate system f. Thus
we have

Vly = vy COS(W)iyx, + vy sin(p)iy, (7.3.1)
Similarly, the y-component transforms as
Vyly, = —v, sin(p)i,, +v,, cos(w)i,, (7.3.2)
and the z-component transforms as
valy = vyiz, (7.3.3)

Combining Eqgs. (7.3.1) through (7.3.3), we obtain the transformation equation

Vi, cos(y) —sin(y) O|[vy
vy, ¢ = |sin(y) cos(y) 04vy, (7.3.4)
Vz 0 0 1 vz]

i

In a similar manner, the inverse transformation can be written

Vy, cos(y) sin(y) 0| vy,
vy, ¢ = [—sin(y) cos(y) O0yv,, (7.3.5)
vz, 0 0 1]|v,

J
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Likewise, from Fig. 7.3.1b, (vx,,vy,,v-,) can be expressed in terms of (vx,, vy, Vz,),

cos(d) 0 sin(@) ||vs,
Vy ¢ = 0 1 0 vy, (7.3.6)
—-sin(d) 0 cos(d)||v.,

and the inverse transformation is found to be

Vi, cos(d) 0 —sin(@)||v,
Vi, p = 0 1 0 vy, (7.3.7)
Ve, sin(@) 0 cos(@) ||v;
From Fig. 7.3.1¢ we obtain
12 (1 0 0 Vy,
Vi, ¢ = [0 cos(@) —sin(g) |{vy, (7.3.8)
Vs, 10 sin(g) cos(¢@) ||v;,
and
Vi, (1 0 0 Vi,
Vi, r = |0 cos(@) sin(g) |{v,, (7.3.9)
Vs, |0 —sin(@) cos(@) || vz,
Combining Egs. (7.3.4), (7.3.6), and (7.3.8), we have
Vy, cos(y) —sin(y) 0| cos(@)y 0 sin(@) |1 0 0 Vi,
Ve, r = | sin(y) cos(y) O 0 1 0 0 cos(g) —sin(@) [<vy,
v, 0 0 1| —sin(@) 0 cos(8) || 0 sin(¢) cos(@) ||v:,
(7.3.10)
and combining Eqs. (7.3.5), (7.3.7), and (7.3.9), gives the inverse transformation,
Vi, | 0 0 cos(@) 0 —sin(@) || cos(y) sin(y) O]|v,,
Vit = |0 cos(d) sin(g) 0 1 0 —sin(y) cos(y) 0|yv,,
Vs, 0 —sin(@) cos(p) )| sin{@) O cos(H) 0 0 1)),
(7.3.11)

The three individual transformation matrices in Eq. (7.3.10) and Eq. (7.3.11) may
be multiplied together to obtain a single transformation matrix for each equation. Using
the shorthand notation S = sin(g), C,= cos(@), Sy= sin(8), Cy= cos(8), S, = sin(y), and
C,= cos(y), from Eq. (7.3.10), we have the transformation equation,
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Vx; CQC,/, S¢SQCW —C¢S,/, C¢SOC,// +S¢SW Vi
Vy, = COSV/ S¢SQSW +C¢CW C¢SQSW ~S¢CV, Vi, (7.3.12)
Vz, —-Sg S¢C9 C¢Cg Vz,

and from Eq. (7.3.11) we obtain the inverse transformation equation,

Vi, CoCy CoSy =Sg || vy,
w [ = S¢S@Cl/, —C¢S,,, S¢S9SW +C¢CV, S¢Cg Vy
2 C¢S,9Cl,, + S¢SV, C¢S(;Su, — S¢CW C¢C9 v,

v (7.3.13)

T~

V-

Equation (7.3.12) can be used to transform the components of any vector from body-
fixed to Earth-fixed coordinates, and Eq. (7.3.13) can be used to transform vector
components from Earth-fixed to body-fixed coordinates. It should be noted that the
inverse of the transformation matrix in Eq. (7.3.12) is its transpose.

In body-fixed coordinates, the velocity of the aircraft relative to the surrounding air
has been designated (u, v, w), and in Earth-fixed coordinates, the velocity of the aircraft
relative to the Earth is the time rate of change of the position vector (X7, ys,Z,). The
airspeed is related to the ground speed and the wind through Eq. (7.1.1). Thus,
combining Egs. (7.1.1) and (7.3.12), we can write

f(_/' CoC,/, S¢S9Cy, 4C¢S,/, C¢S(;CW +S¢SV, u wa,
j/_/' = C,gS,/, S¢SOS|// +C¢CV, C¢SOSV, —S¢CV, U+ VH-_‘-f (7314)
21’ —Sg S¢C9 C¢Cg w V“‘Zr

where Vi, Viy, and V., are the components of the wind in Earth-fixed coordinates.
Integration of this equation will yield the airplane's position as a function of time, relative
to the Earth-fixed coordinate system.

Since we are using Newton's second law in body-fixed coordinates, we must express
the gravitational force in body-fixed coordinates as well. In Earth-fixed coordinates, the
representation of the gravitational force vector is (0, 0, W). Thus, from Eq. (7.3.13), the
gravitational force vector in body-fixed coordinates is represented as

W, ~sin(0)
W, t = W1sin(g)cos(d) (7.3.15)
w., cos(¢@)cos(d)

In a similar manner, the time derivatives of the Euler angles, (gb', 4, ¥ ), are related to
the body-fixed components of the angular velocity vector, (p, g, r). However, we must
remember that each of the Euler angles is defined relative to a different coordinate
system. The bank angle, ¢, is defined relative to the coordinate system (x», y3, ), the
elevation angle, 6, is defined relative to {(xi, ¥y, z1), and the azimuth angle, v, is defined
relative to (x5, v z). Thus, using Egs. (7.3.5), (7.3.7), and (7.3.9), we can write
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P 1 0 0llg] [1 0 oc, 0 -8y
gy =10 Cs Sy R0:+[0 C4 S4| 0 1 0
r 0 —Ss CsllO] [0 =S5 C4llSs 0 Cp
1 0 0fCe 0 -Sp]C, S, 0

+0 C4 S410 1 0 |-5, C, 0

0 -Ss Cy|Se 0 Co | 0 0 1

(7.3.16)

| oo o o

or after combining terms,

r 1 0 S5 |[¢
gt =0 Cs4 S4Cq |30 (7.3.17)
r 0 —Ss CyCo ||y

Inverting Eq. (7.3.17), we get the Euler rates in terms of the roll, pitch, and yaw rates,

¢ 1 S¢Sg /Cg C¢Sg /Cg p
6y =10 Cy ~Sy q (7.3.18)
W 0 S4/Cy Cy/Cy r

Here, we see that the inverse of the matrix in Eq. (7.3.17) is not its transpose.
Integration of this equation will yield the airplane's orientation as a function of time in
terms of the Euler angles ¢, 4, and .

Combining Eqgs. (7.3.14) and (7.3.18), we have a system of six first-order differential
equations that relate the time rate of change of the position and orientation of the aircraft
in Earth-fixed coordinates to the translational and rotational velocity components,
relative to the surrounding air, in body-fixed coordinates,

fC/‘ CgCV, S¢SQCW —C¢SW C¢S,9CW + S¢Su/ u waf
)'/f = C{)SW S¢S9SW +C¢C./, C¢S9SW —S¢C,/, U+ waj
Zys =S S,C C4C w Vs,
/ ¢ e oo (1319
¢ 1 S¢S9 /Cg C¢Sg /Cg P
6" =10 C¢ —S¢ q

l// 0 S¢/Cg C¢/C9 s

These six equations are called the kinematic transformation equations, in terms of
Euler angles. This transformation contains a singularity. This singularity can be seen in
the last two terms in both the fourth and sixth equations in Eq. (7.3.19). Clearly, these
four terms become singular when the Euler angle, £, is £90° and coséd becomes zero. At
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these points the transformation breaks down, and integration of the Euler angles becomes
indeterminate. This singularity in the integration of the Euler angles is commonly known
as gimbal lock. Due to its existence, virtually no commercial or widely used six-degree-
of-freedom code (6-DOF) employs the transformation given by Eq. (7.3.19) for
determination of the Euler angles. Rather, other methods are generally employed, which
avoids these singularities through the use of either a quaternion transformation or a
direction cosine transformation. However, the Euler angle transformation is widely used
in the linearized equations of motion. Clearly, under normal operation, most airplancs
stay within the range of motion that can be described by Eq. (7.3.19). Except for vertical
launch vehicles, fighter aircraft, and stunt planes that might pass through these attitudes,
the Euler angle singularities at £90° are not a problem. The main disadvantage of using
the quaternion formulation for aircraft attitude is the increased complexity of the physical
interpretation. Thus, the student should have a good understanding of the Euler angles
discussed in this section before attempting to understand the quaternion formulation to be
presented later in this text.

For pure longitudinal motion, the bank angle is typically zero and the azimuth angle
must remain constant. For simplicity, we could align the x~axis of the Earth-fixed
coordinate system with the x,-z, plane of the body-fixed coordinate system and make the
assumption of no wind. Thus, we can write

v=p=r=¢=y=0 (7.3.20)

For this pure longitudinal motion, from Eq. (7.3.15), the gravitational force described in
body-fixed coordinates reduces to

W, —sin(@)
Wyt =Wy 0 (7.3.21)
W, cos(8)
and Eq. (7.3.19) becomes

Xr [ Co 0 S 00 0 |[u

vy 01 0 00 0 0

2 ~S9 0 Co 00 0

S el ¢ “ (71.3.22)

é 0 10 S0/Col]0

0 0 01 0 q

v | 0 00 1/Co |0

Here again we see that longitudinal motion has no tendency to introduce lateral motion.
Eliminating the trivial results, #),, =y, = @ =y =0, longitudinal motion requires that

{Wm } {_ Sln(g)}
=W (7.3.23)
w., cos(6)
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Xy cos(d) sin(@) 0]|u
Zpe = |=sin(@) cos(?) 0w (7.3.24)
] 0 0 1llg

For pure lateral motion, the axial velocity, normal velocity, and elevation angle must
remain constant and the y,-component of the angular velocity must be zero. For
simplicity, we shall neglect wind and consider the special case of lateral motion relative
to an equilibrium flight path where the elevation angle is zero. Thus, we can write

u-Vvy,cos{a,) = w—V,sinfe,) = g =60 =0 (7.3.25)

Thus, for this pure lateral motion, Eqgs. (7.3.15) and (7.3.19) become

W, 0
W, + = W1sin(g) (7.3.26)
th COS(¢)

Xr [C, —CySy  SpS, 0 0 0 ][V, cos(e,)

Vs Sy CyCy —S54Cy 0 0 0 Vy,

; 0 S Cy, 0 0 0 ||V,sina,

il ’ ¢ sin(a, ) (13.27)

é 0 0 1 0 0 p

0 0 0 0 Cy -5y 0

14 L 0 0 0 S¢ C¢ ] r

Here again we find that while the longitudinal disturbances affect only the longitudinal
motion, the lateral disturbances have an effect on both the lateral and the longitudinal
motion.

EXAMPLE 7.3.1. Determine the position and orientation of the object in
Example 7.2.1 as a function of time. Starting with the body-fixed solution to
Example 7.2.1, describe the position in terms of Earth-fixed coordinates, and the
orientation in terms of Euler angles.

Solution. From the solution to Example 7.2.1,

u Vo cos(wopt)
wr = 3V sin(a)ot)
q

@o

Since this is longitudinal motion, we can apply this result to Eq. (7.3.24):
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Xy cos(€) sin(@) O (Vp cos(wot)
Zpo = |—sin(f) cos(d) 0|3 Vpsin(@ot) (7.3.28)
0 0 0 1 @

The initial conditions are

X/
rp =

7

t=0

(7.3.29)

|
[l e B -]

The third equation in Eq. (7.3.28) is easily integrated subject to the third initial
condition in Eq. (7.3.29) to yield

0:(001

Using this result in the first two equations in Eq. (7.3.28), we have
Xr| | cos(wor) sin(agl) | |Vo cos(wol)
Zr T - sin(wot) cos(wgt) | | Vo sin(wot)
Performing the indicated multiplication gives
Xri Vo cos” (wot) + Vo sin® (wot) 3 Vo}
Zy — ¥y cos(wot) sin(wyt) + Vg sin(wyt) cos(wot) 0

Integrating this result subject to Eq. (7.3.29), the complete solution is

Xr Vot
Z/ = 0
g wy t

EXAMPLE 7.3.2. The rocket in Example 7.1.1 has a bank angle of 40 degrees,
an elevation angle of 20 degrees, and an azimuth angle of 70 degrees. Assuming
no wind, what is its velocity in Earth-fixed coordinates?

Solution. From Example 7.1.1,

Vs, u 825.96 ft/sec
V., vy = 4300.63 ft/sec
V., w 476.87 ft/sec

It
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From Eq. (7.3.19),

Vx/ C,gC./, S¢S9Cu, —C¢SV, C¢S,9CV, +S¢SV,
V,Vr = CgS,/, S¢SHS1// + C¢C./, C¢SQSV/ _S¢CV/ %
Vz( —Sg S¢C9 C¢Cg w

For this example,

Cy = cos40° = 0.766044, §; = sind0° = 0.642788,
Cp = c0s820° = 0939693, Sy = sin20° = 0.342020,
Cy, = cos70° = 0.342020, §, = sin70° = 0.939693

Ii
I

Substituting, we have

Vi, 0321394 -0.644654 0.693633 | (825.96 ft/sec
V,, r =] 0883022 0.468591 0.026356 |1300.63 ft/sec
V., -0.342020 0.604023 0.719846 | | 476.87 ft/sec

and the matrix multiplication gives

V., 402.43 ft/sec
V,, + = 188278 ft/sec
V, 242.37 ft/sec

r

As a cross-check on our math we can compute the magnitude of this vector. It
should be the same as the magnitude in body-fixed coordinates, 1,000 ft/sec.

V= \/ v avlav: = V402,432 +882.78 +242.37 fissec = 1,000.00 fi/sec

EXAMPLE 7.3.3. The flight of a stable projectile, such as an arrow or a stable
bomb, can be approximated as pure longitudinal motion. If the projectile is stable
enough, the angle of attack remains small and we can approximate the longitudinal
acrodynamic forces and moment as

X = 1 pus, ko +kia?) (7.3.30)
7 =~ —lpuzsrkza (7331)

2

m = —1pu*S,, (kza +kal, q/u) (7.3.32)
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where X is the x,-component of the acrodynamic force, Z is the z,-component of
the aerodynamic force, m is the acrodynamic pitching moment, ko, k1, k2, ks, and &,
are dimensionless constants, S, is a reference area, /, is a reference length, and o is
the angle of attack, which can be approximated as

a =z (7.3.33)
u

Using these approximations and assuming no wind, we wish to determine the
position and orientation of the projectile as a function of time. Formulate the
problem in a manner suitable for solution by fourth-order Runge-Kutta. Assume
that at time equal zero, the position and orientation are (xo, zo, 6), the magnitude
of the velocity is ¥y, while the angle of attack and angular velocity are both zero.

Solution. Fourth-order Runge-Kutta requires a system of first-order differential
equations and initial conditions in the form

.l' = i ) ) ety i’l?t
i = iuynysesynt) s
»i(0) = %,

Using Eq. (7.3.33) in Egs. (7.3.30) through (7.3.32), we can write
ko uz +k w2

X
Zt=-1ps, kyuw
m k31,uw+k4lr2 qu

The total force is the aerodynamic force plus the gravitational force. Since this
is longitudinal motion, we can apply this result along with Eq. (7.3.23) to
Eq. (7.2.23),

wig 0 0 ][
0 Wig 0 [{w

0 0 1,4
kou® +kyw? ~Wsin(0)) [-quwWig
= —%pS, kyuw +4 Wceos(0) >+ quWig
ksl, uw+kyl? qu 0 0

Solving for the time derivatives, we have

i ~Kou? - K w? - gsin(@)~—qw
Wy = -Kyuw+gcos(@)+qu (7.3.34)
q -Ksuw-Kqqu
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where
Ko 5P Srkog /W
K, %PSrklg/W
Ky =1 3pSckag/W
K3 %pS,lr k3/1),.y,,
K4 LS kafly,

Combining Eq. (7.3.24) with Eq. (7.3.34), we obtain a complete system of first-
order differential equations in a form suitable for solution by fourth-order Runge-

Kutta,
7 —KouZ—Kle—gsinH—qw
{ ~Kruw+gcos@+qu
q - —K3MZU—K4C]7/[ (7335)
Xz ucos@+wsiné -
Zy wcos@—usind
0 q
The appropriate initial conditions are
u(0) "
w(0) 0
0 0
a0 | _ (7.3.36)
xr(0) X0
z,(0) Zg
6(0) &y

Starting with the initial values given in Eq. (7.3.36), Eq. (7.3.35) can be integrated
forward in time using fourth-order Runge-Kutta. After the first four steps the
computation time can be decreased with no loss of accuracy by switching to the
fourth-order Adams-Moulton method. The details of the fourth-order Runge-
Kutta and the fourth-order Adams-Moulton numerical methods can be found in
any undergraduate text on numerical methods (see, for example, Hoffman 1992).
The details of obtaining this solution are left as an exercise for the student.

EXAMPLE 7.3.4. An arrow is shot from a bow with a velocity of 210 ft/sec and
an elevation angle of 5.0 degrees. Using the formulation developed in Example
7.3.3, we wish to obtain the position, orientation, and airspeed of the arrow 100
yards downrange. For this arrow the aerodynamic coefficients that were defined
following Eq. (7.3.34) in Example 7.3.3 arc K, = 0.00061 ft"', K, = 0.14 ft ',
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K> =0.00059 ft”', K5 = 0.0016 ft >, and K, = 0.0064 ft”'. Also plot the elevation of
the arrow in inches above the starting point, its airspeed in feet per second, its
elevation angle in degrees, and its angle of attack in degrees as a function of
horizontal distance downrange in yards, from zero to 100 yards.

Solution. The details of obtaining a Runge-Kutta solution are straightforward and
left as an exercise for the student. However, the formulation given by Eq. (7.3.35)
is written with time as the independent variable and we wish to obtain a solution
for a specified downrange distance of 100 yards. We have no way of knowing, a
priori, the length of time required for the arrow to travel 100 yards. Since x;is a
monotonically increasing function of time, rather than using the formulation with
time as the independent variable, which requires stepping forward in time, it
would be convenient to have x, as the independent variable, so that we could step
forward in range. To facilitate this change of variables, we recognize that

dg _ dF [y
dx s dt | dt

where & could be any one of the dependent variables. The change in x, with
respect to time is given by the fourth equation in Eq. (7.3.35). Thus we can write

aF déf/(ucosmwsina) (7.3.37)
de dt

Using this result in Eq. (7.3.35) gives

u’ —KOuZ—Klwz—gsinﬁ—qw
w’ —Kruw+gcosf+qu

| 1 —Ksuw—-Kiqu
5 (MCOSQ‘FWSingj ucosf+wsin @

z wcos@—usinf

& q

where the prime indicates differentiation with respect to x, With this change of
variables, the fourth equation becomes trivial, and if we do not care about time, we
can reduce the order of the system from six to five. However, since computation
time is of no concern with this very simple system, we could as well compute time
as a dependent variable. Using Eq. (7.3.37) for &= ¢, we have

dt _dr [y _ I

dx;  dtl dt ucos@+wsind

Replacing the fourth equation with this result, we obtain the complete system of
first-order differential equations with x,as the independent variable,
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u —KOuZ—Kle—gsiné?—qw
w' -Kruw+gcosf+qu
q 1 ~Ksuw—-Kqqu
SR [ S— 7.3.38
t (ucosﬁ+wsin0) 1 ( )
2 wcos@ —usin @
6’ q
The appropriate initial conditions are
u(0) Vo
w(0)
0 0
9O | _ (7.3.39)
t0) 0
zr(0)
6(0) &

We can now use fourth-order Runge-Kutta to step the solution in horizontal
position rather than time. Using a specified change in horizontal position, say ox;,
we can integrate numerically from zero to some specified downrange distance, say
Xmax» @S demonstrated in the following algorithm:

g =322
u="

w = 00

qg = 0.0

t =00

zp =00

g = 6,

a = tan”(w/u)

V = vJu? +w?

print ¢, xs /3., =12.z¢, V, 57.29577950, 57.2957795«

do xy = 0.0, xmax, Xy
call Runge-Kutta for range step ox to find u, w, ¢,1,z,,6
a = tan ' (w/u)
Vo= vJu’ +w?

print ¢, x_,~/3., -12.z,, V, 57.29577958, 57.2957795«
end do
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Using this algorithm with &, = 3 ft and xma = 300 ft, we obtain the following
numerical results, which are plotted in Figs. 7.3.5 and 7.3.6. For comparison,
Fig. 7.3.5 also shows the elevation and airspeed of the projectile for the classical
solution corresponding to the case of no drag.

Time Range Elevation Speed o o

(sec) (yd) (in.) (ft/sec) (degrees)  (degrees)
0.000000 0.000 0.000 210.000 5.000000 0.000000
0.014353 1.000 3.110 209.575 4999698 0.125461
0.028733 2.000 6.140 209.150 4997596 0.249642

1?543669 98?000 —125?007 176?654 —10?014533 —0?126531
1.560924 99.000 -131.340 176.422 -10.156230 —0.090636
1.578210 100.000 —137.788 176.192 —-10.294110 —0.050468

Example 7.3.4 demonstrates how to compute the free trajectory of an aerodynami-
cally stable object moving through a fluid. The object, in this case an arrow, is given
some initial velocity in some initial direction. In free trajectory problems, the only
forces acting on the moving object are the gravitational force and the aerodynamic
force. The force of gravity tends to give the object a constant acceleration in the
positive z-direction. If there were no aerodynamic force, the trajectory would be a
parabola, as is shown in Fig. 7.3.5. Since the aerodynamic force on a streamlined body
such as an arrow is quite small compared to the weight, the trajectory does not deviate

100 1 T T I T T T ¥ I T I T T I I I 1 T 220
50 <7 e NN —— T 210
T . 3
= I ] @
g r q200 3
- - ] ~—
£ 1 3
Nt
S 50 — —10 &
= i ~ ] <
= [ | —— Elevation ~. -]
o -~ — Airspeed ™~ -
-100 I - Zero-Drag Elevation ] 180
- | — - Zero-Drag Airspeed =
-150 C ] 1 I ] I 1 1 1 1 1 | l 1 I 1 l 1 ] | ] 170
0 20 40 60 80 100
Range (yards)

Figure 7.3.5. Elevation and airspeed as a function of range for the trajectory of an arrow.
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Figure 7.3.6. Elevation angle and angle of attack as a function of range for the trajectory of an
arrow.

dramatically from the zero-drag parabola, but the deviation is significant. Most readers
will probably find nothing surprising in the results that are shown in Fig. 7.3.5.

This problem would be very difficult to solve using only Earth-fixed coordinates.
Because the object is aerodynamically stable, it rotates as it moves, weathervaning into
the relative wind as the force of gravity curves its trajectory. This change in orientation
causes the inertia tensor to change with time in Earth-fixed coordinates. In addition, the
aerodynamic force and moment components were much easier to describe in body-fixed
coordinates than they would be in Earth-fixed coordinates. The change in orientation of
the arrow as it moves over the ground is shown in Fig. 7.3.6.

This figure also shows something that the reader may not have expected. The angle
of attack oscillates as the arrow moves through the air. This is our first look at a
phenomenon that can affect any object in stable flight. The reader may ask, why should
the angle of attack oscillate? The answer is linked directly to the same aerodynamic
forces and moments that make the arrow stable in flight. When the angle of attack
deviates from zero, an aerodynamic lift force is generated on the vanes of the arrow.
Since the vanes are well aft of the center of gravity, the center of pressure is aft of the
center of gravity, and this lift produces a moment that tends to restore the angle of attack
toward zero. This restoring moment acts like an aerodynamic torsional spring, since the
restoring moment increases with angle of attack. Whenever a torsional spring force is
applied to an object with a finite mass moment of inertia there is always the possibility of
oscillating angular motion. Similar oscillating motion can occur in any aircraft and is
discussed in greater detail in later chapters.



7.4. Rigid-Body 6-DOF Equations of Motion 637

7.4. Rigid-Body 6-DOF Equations of Motion

Starting at a time when we know the airplane's position, orientation, translational
velocity, and rotational velocity, we can determine the airspeed and the aerodynamic
angles from the translational velocity components,

Vo= Jul+0? +w? (7.4.1)

a = tan”! (ﬂj (74.2)

u

Ba = tan‘l(—Z—) and/or B, = sinfl(v/\/uzﬂJz +w2j (7.4.3)

From the known airspeed, aerodynamic angles, and angular velocity components, we can
compute the aerodynamic forces and moments, including thrust. We can then compute
the time derivatives from Newton’s second law and the kinematic transformation
equations. For a spanwise symmetric aircraft, the Euler angle formulation is

Fxh —Sg ro—quw
= % Fy, t+g{SsCo ++4 pwo—ru (7.4.4)
w ., CyCo qu— pv
-1
Ixx,, 0 _Ixz;, Mx;, + (Iyy;, —[z:h )qr+ Ixz,, pPq
gr=1 0 I, 0 My, + Iy ~ Ly )pr+ L, (FF = p*) b (74.5)
F =1, 0 Iz, M., + Uy, 1y, Ypq — 1z qr
)'Cf CgC,,, S¢S@CU, —C¢S,/, C¢SQCW +S¢SV/ u wa,-
Vir = |CoSy SpSeSy +CeCy CySeSy =84Cy 1§ vV, (7.4.6)
Z'f —Sg S¢C9 C¢Cg w sz,

¢ 1 S¢Sg /Cg C¢Sg /Cg 4
0 =10 G, ~ Sy q (7.4.7)
W 0 S4/Co  Cy/Co ||F

where F,, F,,, Fy,, My,, My, , and M, are the body-fixed components of the aero-
dynamic force and moment vectors, including thrust. This system of 12 equations can be
integrated numerically to yield the position vector, Euler angles, translational velocity,
and rotational velocity of the aircraft as a function of time.
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7.5. Linearized Equations of Motion

The rigid-body 6-DOF equations of motion, summarized in Sec. 7.4, are nonlinear.
Solutions can only be obtained numerically, for all but the most trivial conditions.
However, the dynamics of aircraft motion depend on many aircraft design and operating
parameters, and the nature of this dependence is not easily observable from a numerical
solution. For this reason, closed-form solutions that accurately describe the essential
features of aircraft dynamics are desirable. In addition, closed-form solutions are useful
for the optimization of aircraft control systems. In most cases, closed-form solutions can
be obtained only for linear systems of equations.

In this section we simplify the rigid-body equations of motion by applying a very
powerful analytical tool, which is widely used in almost every field of engineering and
science. Since this analytical technique, known as small-disturbance theory, has broad
application outside the field of flight mechanics, the student should strive to understand
the method at a fundamental level. To help facilitate this understanding, we shall begin
by examining how small-disturbance theory is applied to a simple one-dimensional
problem.

For example, consider some function of time, x(#), that is governed by a nonlinear
second-order differential equation of the form

X = f(x,x,1)

Now suppose that there is a known particular solution to this problem, x,(f). Expanding
the differential equation in a Taylor series about this particular solution gives

e
O | i=1, (¥=%0) + Ox |

X=Xy X=X

i = f(%,x0,8)+

If we assume that the general solution does not deviate greatly from the particular
solution, then the higher-order terms in the Taylor series can be ignored. Since the
particular solution satisfies X, = f(%,,%,,t), any small disturbances from the particular
solution must satisfy the differential equation

po

of
Toox Ax

i=i, Ox |i=x,
X=X, X=X,

where Ax is the deviation from the particular solution, Ax = x—x,. Since the derivatives
of fwith respect to % and x in this approximate differential equation are evaluated for the
known particular solution, the approximate equation is linear in Ax.

EXAMPLE 7.5.1. Consider a tractor pulling a trailer of mass m. The trailer is
attached to the tractor with an elastic tongue having a spring constant k. The
tractor is moving along a straight and level roadway with constant velocity V.
Assuming that the total resistance force on the trailer is proportional to velocity
squared, obtain a linearized differential equation for the position of the trailer.
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Solution. Newton’s second law governs the motion of the trailer. This requires
that the mass of the trailer multiplied by its acceleration must equal the net force
acting on the trailer. There are two forces acting along the axis of motion, the
force applied to the tongue by the tractor and the resistance force between the
trailer and its surroundings. Because of the elastic tongue, the force between the
tractor and trailer varies linearly with the distance between them. Since the tractor
is moving with a constant velocity, its position is changing linearly with time.
Letting x denote the position of the trailer relative to some convenient origin, you
should be able to draw a free-body diagram of the trailer and show that the
governing differential equation is

mi = k(V,t-x)-Cx*
where C is the proportionality constant between the resistance force acting on the
trailer and its velocity squared.
Physics dictates that there should be a steady solution, x,(¢), for which the

trailer velocity is constant and equal to the tractor velocity. From the governing
differential equation this requires that

0 = k(Vt—x,)-CV}

or

which requires that

We now define the position disturbance to be the difference between the general
solution, x(¢), and this static equilibrium solution, x,(7),

cv?
k

Ax = x—x, = x—V,t+

Since the trailer is attached to the tractor by the elastic tongue, its position cannot
deviate far from the equilibrium position. Thus, assuming the disturbance to be
small, the governing differential equation is expanded in a Taylor series with all
but the first-order terms neglected. This gives

max = g—[k(Vot —x)- cx2]

X

- A%+ %[k(Vot—x)—Cfcz] . Ax

X=X, x=x,
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or
mAX = =2CV, A% — kAx

This is the linearized second-order differential equation that governs the small
disturbance motion of the trailer relative to its equilibrium position behind the
moving tractor.

Small-disturbance theory can also be applied to systems of differential equations.
The rigid-body 6-DOF equations of motion, written in terms of Euler angles, consist of
12 coupled nonlinear differential equations in 12 unknowns. Using small-disturbance
theory, these equations can be linearized. The small-disturbance approximation requires
that the motion of the aircraft be confined to small deviations about some steady
equilibrium flight condition. Under normal operating conditions, the forces and moments
acting on an aircraft change slowly and do not deviate far from equilibrium. Thus, small-
disturbance theory can be applied to aircraft motion for many commonly encountered
flight conditions.

In the application of small-disturbance theory to aircraft dynamics, we write each
variable in the equations of motion as its value at the equilibrium reference state plus a
small disturbance from that equilibrium state,

U= u,+A4u U= v, +40 w= w,+Aw
P= po+4ap q= qo+4q r=r,+A4r
Xp= Xo+Axy V= Yo+ Ay Zp= Zo+ Ay
d= ¢, +A4¢ 0= 0,+46 W= w,+Ay
Fy, = Fio+A4F,, F, = F,,+A4F, F,, = F.,+A4F;, (7.5.1)
Wy = Weo + AW, w,, = W,,+A4aWw,, W, = W.o,+AW.,
My = M,,+AM,, My =M,,+AM,, M., =M,,+A4M,,
Oq = Oy + 45, Oe = Oop + A O, = Oy + A0,

The first 12 variables in Eq. (7.5.1) are commonly known as the state variables, because
they define the instantaneous state of the aircraft in terms of velocity, position, and
orientation. Since there are only 12 scalar components in Egs. (7.4.4) through (7.4.7), the
remaining 12 variables must somehow be known as functions of the state variables and
pilot control inputs.

Here we consider the reference condition to be steady flight, at some equilibrium
airspeed, V,, with no sideslip, no bank angle, and no angular velocity. Since the
alignment of the axes is arbitrary, we shall align the x,-axis with the aircraft’s
equilibrium direction of flight and place the x~axis so that the equilibrium azimuth angle
is zero. Furthermore, since the summation of forces is zero in steady flight, we have

Uy =Vo, Xo=Vix, +V,€0805)t, yo =Viy,t, 2o =(Vyz, =V,ysinb,)t, (7.5.2)
Fxho = _thoy tho = —WZ},Oa Vo =Wp =Po=¢o =% :¢0 =Wo = Fy/,o = Wv;,o = Mo =0
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By substituting the results from Eq. (7.5.2) for the equilibrium values in Eq. (7.5.1), the
system variables are expanded in terms of the disturbances from this equilibrium flight
condition. This gives

u=V,+A4u v= Av w= Aw
p= 4p qg= Aq r= Ar
xp= Vs, +Voc0s@ )+ Ay yp= Vi t+Av,y zp= Vi, =Vosing,)t+ Az
b= Ad 0= 0,+A40 w= Ay (1.5.3)
F\'h = _tha +Ath F‘yh = AF_V/, th = _Wz;,o +AF:/7
th = tho +AW¥}, VVyh = AWV/, th = thn +Ath
M, = AM,, M, = AM,, M. = AM.,
Oy = 04 + 40, O, = O, + A0, 0o = Oup + 40,

Newton’s second law of motion can be written in terms of the disturbance variables
by using Eq. (7.5.3) in Eq. (7.2.20). Since the disturbances are assumed small, we can
neglect the product of disturbances, and Newton’s second law can be approximated as

wig 0 0 0 0 0 |4 AF,, + AW,
0 wWig 0 0 0 0 || AR, + AW, — AV, Wig
0 0 Wg 0 0 0 ||Ab| |AF, +AW. +AqV.Wig 7.5.4)
0 0 0 I, 0 —I.||4 M,
0 0 0 0 I, 0 ||4 aM ,
0 0 0 —I. 0 I |l aM

The aerodynamic forces and moments are functions of the translational and rotational
velocities, the translational acceleration, and the deflection of the control surfaces. Thus,
for small-disturbance theory, the aerodynamic force is approximated as

[ OF, Xh OF, Xp 6Fx;, I oF, Xb aF-\’h aFY/,
AF,, ou v ow |{Au aap oq aar Ap
| _|oF, @oF, @F, F, oF, oF,
Aot = 1% @ T 1Y e e ||Y
AFZh anh anh an;, Aw 6F2h 6th anh AI”
ou v ow o g or
o ) L 7 - (7.5.5)
oF, OF, OF,, OF, OF, OF,

5 80 ow |(4i) | 00« 6. 06, |(46,
oF, oF, oF, || .| |oF, oF, oF,

v Dn T ) 4 wo D Cn 1) 45,
o o0 ow ||°°(T| s, d6. 35, '
OF., OF., OF, |\4Ww] |oF, oF., OoF., |l46

ou ov ow 08, 06, 00,
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and for the aerodynamic moment we use the approximation

M, M, M, [oM,, oM, oM,
% 661,1 ov aaw Au op oq or Ap
M, oM M oM, oM, oM
AM _ Vb Vb Yb A Vb Yo Vb A
Vb ou v ow D+ 6p aq ar q
AMz,, 8MZ,, aMZh aMZb Aw 5Mz,, aMzh 6Mzb Ar
ou ov ow 15 1%, or
) L 1 ) (7.5.6)
(aMxh oM, oM, oM, oM, oM,
aaa o0 ow |(du 06, 85, 95, |(as,
M,, oM, M, | |oM,, oM, oM,
+ — 4 A6,
ar o ow || [T 86, 85, oo,
oM. oM, oM, ||4w M., oM, oM, |45
Lo % ow | | 3. 085, 06, |

where all derivatives are evaluated at the equilibrium flight condition.

The body-fixed aerodynamic force and moment components, which are expressed in
Egs. (7.5.5) and (7.5.6), are shown as independent of the Euler angles. The aerodynamic
force and moment components in body-fixed coordinates do not depend on the aircraft
orientation relative to the Earth, but only on the motion of the aircraft relative to the
surrounding air. This is why atmosphere-fixed coordinates were chosen as the inertial
coordinate system in the formulation of Newton’s second law.

In Egs. (7.5.5) and (7.5.6) we have assumed that the force and moment components
depend on the translational acceleration components. The forces and moments depend
on the translational accelerations because the vorticity generated by the wing requires a
finite time to travel from the wing to the tail. As the angle of attack changes, the lift and
vorticity generated by the wing also change. This change in vorticity alters the
downwash at the tail and hence alters the forces and moments produced by the tail.
However, since the vorticity travels from the wing to the tail at the speed of the aircraft, it
takes a finite time for the altered downwash to reach the tail. Since sideslip has little
effect on lift or vorticity, the sideslip acceleration terms are not significant. In addition,
several of the remaining terms can be eliminated on the basis of symmetry. Thus, for the
linearized equations of motion we shall use

OF,, OF,,

_OF oF,,

= =2 _ =2 9
ou oo ov o0 ow (7.5.7)
oM, oM., oM, oM, oM, oM, oM., 0
oun ow o 9w & ow  ow

Several more of the derivatives in Egs. (7.5.5) and (7.5.6) can be eliminated on the
basis of symmetry. For example, at the equilibrium flight condition, the change in axial
force with respect to the sideslip velocity must be zero, because the aircraft is assumed
symmetric about the x,-z, plane and the equilibrium sideslip velocity is zero. Keep in
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mind that the derivatives in Eqs. (7.5.5) and (7.5.6) are all evaluated at the equilibrium
flight condition. Clearly, the axial force is not totally independent of sideslip. However,
from the assumed symmetry, a positive sideslip should have the same effect on the axial
force as a negative sideslip. Thus, the axial force must be a symmetric function of
sideslip, and the change in axial force with respect to sideslip velocity must be zero,
when the sideslip velocity is zero. By similar reasoning we can eliminate all of the
following derivatives evaluated at the reference flight condition:

aFXh_aFyb_aEVh__anh =0
dv  ou ow ov

oM, oM. oM, M. oM.,

u | ow az,; T Tow | ow =0
anh _anb _aFyh _anh _aFZh _0
op o dg o  or
7.5.8
oM., _aMy,, _aMy,, _aMzh _o ( )
dg o  or  og
OF, _OF, _9F, _OF, _OF, _,

a6, 096, 96, 09, 06,

M, _ M, oM, oM,

99, 09, 00, a9,

The body-fixed components of the gravitational force vector change with aircraft
orientation. Since the body-fixed gravitational components only depend on the Euler
angles, from Eq. (7.3.15) we have

W, —sin(4)
W, + = W4sin(@)cos(d) (7.5.9)
w., cos(¢)cos(f)

which at the equilibrium flight condition gives

(ow,, oW, oW, |
awy, 09 08 al/j A¢ 0 —Wcosby 0| A¢

ow,, oW, OW,,
aw,, = 8(}) 30 oy AQ = |Wcosly 0 0346+ (7.5.10)
AW, ow., oW, oW, Ay 0 -Wsingy, 0| Ay

| 0¢ o6 oy |

By definition, the gravitational force does not produce a moment about the CG.
Using Egs. (7.5.7) and (7.5.8) in Egs. (7.5.5) and (7.5.6) and adding Eq. (7.5.10), the
small-disturbance force approximations are given by



644 Chapter 7 Aircraft Equations of Motion

-

AF,, +AW,, Fou 0 Fyl|du 0 Fu,q, O Ap
AFy, +AW, v =| 0 F,, 0 M+ Fy o, 0 F, |14
AF;, + AW, Fopw 0 Fi o || 4w 0 r,, 0 Ar
(Fou 0 Fy . |[ 40 0 F,s 0 (45,

+ 0 0 0 A0 o+ | Fy 5 0 Fys [<48.; (7.511)
| o 0 F 0 || AW 0 F.,s 0 A8,
0 —Wecosby 0| Ag
+| W cos @y 0 0|< a6
0 -Wsinfy 0||Ay

and the small-disturbance moment approximations become

aM 0 M, 0 Au My, p 0 M,.,|[4
aMy, » = | My, 0 My wiydo,+ 0 M,, 0 Ag
AM ,, 0 M., 0 Aw M. » 0 M., ||4ar

(7.5.12)
0 0 0 ()] [Mys, 0 Mg (45,

+ Myh,l'l 0 My;,,w A0 7+ 0 Myh,b} 0 Adg
0 0 0 |law| |M,s 0 M.,s |46,

Notice that within the accuracy of small-disturbance theory, 4F,,, AF,,, AW,,, AW,
and AM,, depend only on Au, 4w, Au, Aw, Aq, AS,, and A8, while aF,, , AW, ,
AM,,, and AM ,, depend only on Av, Ap, Ar, AS,, AS,, and A .

Rearranging Eqgs. (7.5.11) and (7.5.12), we have

AFx,, +AWx,, E\’h,il Fxh,w 0 Au Fxh,u Fxh’w FXh,q Au
AFz,, +Ath = Fz,,,fl FZ/,,ZU 0 < Adwp+ thu th,w th‘q Aw
AMy" M-V”'“ My,,,w 0] 44 M}’/uu My/,,w Myh.q Aq (7.5.13)
FXI;,&} _WCOS(Q())
+9 Fo 6, 140+ —Wsin(6y) A8
Myh,&, 0
AF,, + AW, Fpo Fyp Fy, |40 Fos, Fys A
AM, =| My Mxh’p My, 34p ¢+ My 5, My, {Ab‘a}
r
AMzh Mz;,,v M-’-'h,[’ Mzh,r Ar MZ,“&‘U Mtha»r (75]4)

W cos(6y)
+ 0 A
0
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Applying these results, the system of six equations in Eq. (7.5.4) may be separated into
two uncoupled systems, each containing three equations,

wig 0 0 |[4u AF,, + AW,
0 Wig 0 i} = 4F, +AW., +AqV,Wig (7.5.15)
0 0 I, |4 AM
wig 0 0 (40 AF,, + AW,, - MV, Wig
0 Iy, —lg 3407 = aM., (7.5.16)
0 Iy Iz |\OF AM ,,

or after using Eqgs. (7.5.13) and (7.5.14),

Wig—Fyiy —Fow 0 |[4u
—Fou Wig=F., 0 |{Aw

~My, ~Myw Ly, 144 (7.5.17)
Fo Fow Fog Au Fiy.6 —W cos(Bp)
=\ Fou Fow Fog+tVWig|{dwp+q Fr s, A0+ =Wsin(6p) 146
My, My w M, 4 Aq My, s, 0
Wig 0 0 Ao
0 Iy, g, 140y,
0 -I. I [{Ao,
L Fop Foo ~VWIg] (0] [ Fug Fuo |y
M., M,, M., , Ar M. s M.
W cos(By)
+ 0 A¢
0

Using the small-disturbance variables from Eq. (7.5.3), applying the small-angle
approximations,

sin(g) = A¢ sin(@) = sin(d,)+cos(6,)A8 sin(y) = Ay

. (7.5.19)
cos(g) = 1 cos(f) = cos(d,)—sin(6,)A46 cos(y) = 1

and neglecting second-order terms in the kinematic transformation matrix, Eq. (7.3.19)
reduces to
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Vie, +V,Co, + At
waf + Ay/
sz/’ - VOSH,, + AZ/

(7.5.20)
an —8p,40 Sy, A — Ay Se, +C9”A9 V, +Au wa’
= Cg()[]l// 1 Sg“Al//—-A¢ Av + wa,
~Sq, —Cp, 40  CoAp  Co, —Sg,40 || Aw Viz,
Ad I So,4¢/Co, So,[Co, +20/C; |[4p
461 =10 1 ~Ap Agq (7.5.21)
Ay 0  Ag/Cs  VCy +5y, Ae/ Cy |lar
or, after eliminating the remaining second-order terms, we have
Ak g [ cos(8,) 0 sin@,) 0 0 0 (4u
Ay 0 1 0 00 0 Av
Ay |-sin(6,) 0 cos(d,) 0 O 0 Aw
A 0 0 0 10 tan@,)]|]d
A0 0 0 0 01 0 Aq
Ay 0 0 0 00 sec(d,)||ar
- ) , _J (7.5.22)
0 - Vo Sln(go) 0
0 0 V, cos(6,
0,) A
0 —V,cos(8,) 0
+ A6
0 0 0 p
0 0 0 v
K 0 0 |

Equations (7.5.17), (7.5.18), and (7.5.22) provide 12 first-order linearized differen-
tial equations for the velocity and position associated with each of the six degrees of
freedom that are possible in rigid-body flight. These include three translational degrees
of freedom (axial, normal, and transverse) and three rotational degrees of freedom (roll,
pitch, and yaw). We could solve this system of equations as a fully coupled system of 12
equations in 12 unknowns. However, this is not a fully coupled system of equations.
The subsystem given by Eq. (7.5.17) provides three equations, which include only four of
the 12 unknowns, Au, M&w, Ag, and 46. The subsystem in Eq. (7.5.18) provides three
more equations in four entirely different unknowns, Av, Ap, Ar, and A¢ . Combining
Eq. (7.5.17) with the first, third, and fifth equations from Eq. (7.5.22), we have a
complete subsystem that can be solved for six of the 12 unknowns, independent of the
other six. Similarly, by combining Eq. (7.5.18) with the second, fourth, and sixth
equations from Eq. (7.5.22), we can solve for the remaining six of the 12 unknowns.
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Thus, rearranging Eqs. (7.5.17), (7.5.18), and (7.5.22), we obtain two separate systems of

six equations in six unknowns:

the linearized longitudinal equations,

(Wig—Fou —Fow 0 00 0] 4u Fo 5.
~F,u Wig=F,s 0 00 0f|4w F., s
-M . My Ly, 00 0{) 4G My, 46,
0 0 0 1 0 0f|ai, 0
0 0 0 01 0|4, 0
|0 0 0 00 1][46 0
_ N B} (7.5.23)
Fou Fouw Fy 4 0 0 —Wcosby || Au
Fou Fow Fog +VoWig 0 0 —Wsin6, || 4w
o] Mo My, w M, 4 00 0 Agq
cosf, siné, 0 0 0 -V,sinB, || Axy
—~sinfd, cosé, 0 0 0 -V,cos0, ||Azy
| 0 0 1 00 0 |46
and the linearized lateral equations,
(wig 0 0 00 0] a0 [Fy 5. Frs |
0 I, 1. 00 0|4 M,s M,.s
0 —Io, I., 00 0| 4 M. s, M.,s |[46,
o o o toolla] | o 0 {Aé‘,}
0 0 0 01 0||aé 0 0
| 0 0 0 00 1] 4y |0 0 | (7.5.24)
(Frow Fup Fyr~VWig 0 Wcosé 0 {4
My, M, M,, ., 0 0 0 Ap
o Mano M., M., 0 0 0 Ar
0 0 0 0 Vocost, |1 Ay
1 tand, 0 0 0 Ag
| O 0 sect, 0 0 0  |l4w

Equations (7.5.23) and (7.5.24) combined are the linearized 6-DOF equations of
motion. They provide a tremendous simplification over the general nonlinear 6-DOF
equations. However, we must remember that these equations are valid only if the motion
of the aircraft is confined to small deviations about some steady equilibrium flight
condition. Larger deviations will introduce coupling between the lateral and longitudinal
motions and nonlinearity in the aecrodynamic forces and moments.
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With this said, it should be pointed out that this linearized theory yields considerable
information and many valuable insights with comparatively little effort. Furthermore, it
gives good engineering accuracy over a surprisingly wide range of application. The
small-disturbance model is actually valid for disturbance magnitudes that would seem
quite violent to most passengers. In fact, after experiencing flight disturbances of a
magnitude that is near the limit of applicability for small-disturbance theory, most
individuals would not care to investigate a large-disturbance theory experimentally.
Small-disturbance theory is valid for most commonly encountered flying situations.
Nearly all of the flying time logged by commercial and private pilots is spent within the
boundaries of the constraints imposed by small-disturbance theory. There are, of course,
limitations. Small-disturbance theory is not applicable to spinning motion, stall recovery,
or any other application that involves rapid maneuvers or large-amplitude oscillations.

EXAMPLE 7.5.2. Over a short distance, the flight of an arrow or other such
projectile does not deviate a great deal from motion along a straight line at
constant speed. Small-disturbance theory can be used to approximate such
motion. Using small-disturbance theory, linearize the system of equations that
was developed in Example 7.3.3. Linearize the equations relative to motion at
constant speed, V,,, along a horizontal line. After the full system of equations has
been linearized, solve the linear system for the special case where K is zero and
K; is infinity. Assume that initially the projectile starts from x,= 0 and z,= 0 with
a speed of ¥V, and a small elevation angle of A46,.

Solution. From the solution to Example 7.3.3,

u —Kou? —Kyw’ —gsinf—qw
w —Kruw+gcos@+qu
1 ~Ksuw=Kiqu (7.5.25)
Xy ucos@+wsinf
Zy wcosd —usiné
0 g
Expanding relative to horizontal motion at constant speed, we use
u(t) V, + Au(t)
w(t) Aw(t)
¢ Aq(t
q0) | _ q(t) (7.5.26)
xr(2) Vot + Ax s (1)
zr(0) Az (1)
o) A9(t)

Using these definitions in Eq. (7.5.25) gives
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Al — KoV, + Au)? — K\ (Aw)? — g sin(A6) — AgAw
Aw - Ky (V, + Au)Aw + g cos(A40) + Ag(V, + Au)
4G | — K3V, + Au) Aw— K4 Ag(V,, + Au)

Vo +dip| (V, + Au) cos(A0) + Aw sin(AB)
Az Mw cos(AB) —(V, + Au)sin(A8)
A0 Agq

Retaining only first-order terms, we have

At — Ko (V2 +2V,Au)— gAd
Pa'ry KV, Aw+g+V,Aq
Aq | KV, Aw—-KaV,Aq
Vo + A%y - V., + Au
Az Aw—V,A0
A8 Aq
or
Al [—2KeV, O 0 00 —glfau] [—KW}
A 0 KV, V, 00 0 ||l4w g
Aq | 0 ~K¥, —KdVo 00 0 [ 4q| | 0
Ak 1 0 0 00 0 || 0
iy 0 1 0 00 ~V, ||, 0
A0 | 0 0 i 00 0 ][40 0
This can be written in differential operator notation as
[(D+2KyV,) 0 0 0 0 glfdu — KoV}
0 (D+KyV,) -V, 0 0 0]l dw g
0 KV, (D+K4V,) 0 0 0| 4q 0
1 0 0 Do ollay[ | o
0 -1 0 0 D V,||A 0
|0 0 -1 0 0 D]l a6 0

This is the linearized system of differential equations that applies to the
motion of a stable projectile having small deviations from motion along a
horizontal line at constant speed. For a projectile such as an arrow that has a large
static margin but does not have a large lifting surface, the lift force has little effect
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on the motion, and the change in aerodynamic moment with respect to angle of
attack is quite large. For such projectiles, we can assume that K, is very small and
K is very large.

Setting K to zero and Kj to infinity, this system becomes

[(D+2KoV,) O 0 0 0 g du - KoVt
0 D -V, 0 0 0] dw g
0 1 0 0 0 0|4
71_1 0 (1.5.27)
-1 0 0 D 0 0| 0
-1 0 D V,||dzy 0
L 0 -1 0 0 D48 0
The appropriate initial conditions are
Au(0) 0
Ax (0 0
rO _ (7.5.28)
Az 5 (0) 0
A6(0) A6,
From the third equation in Eq. (7.5.27),
Aw = 0 (7.5.29)
Using this result in the second equation in Eq. (7.5.27), we have
g
Ag = —= .5.30
q v, (7.5.30)
Using this with the last equation in Eq. (7.5.27) gives
g
DAG = —=
g 7
Integrating and applying the fourth initial condition from Eq. (7.5.28),
40 = -4
Vo
_ g
A0 = A6, —V—t (7.5.31)

o

Using Egs. (7.5.29) and (7.5.31) in the fifth equation in Eq. (7.5.27) results in
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DAz = gt-V,460y
Integrating and applying the third initial condition from Eq. (7.5.28) yields

Aoy = %12 ~V,AByt (7.5.32)

Using Eq. (7.5.31) in the first equation in Eq. (7.5.27) gives

2
(D+2KoV,)Au = “;'/ t— KoV - gAb,

(o]

Integrating this subject to the first initial condition from Eq. (7.5.28) yields

2

Vo 846, g’ “2K eVt gt
Au = | ++ +—=— e " —1)+
[2 2KV, 4KV, ( ) 2KV,

(7.5.33)

Using this result in the fourth equation in Eq. (7.5.27), we have

Vo , 8460 g’ SR g’
DAxy = | —+ + U1+
! {z 2KoVs | 4KV . ) 2KV

Integrating subject to the second initial condition from Eq. (7.5.28) gives

v, g8  g° Y 1-e 2K g’
Acr = | Yoy + —r |+ (7.5.34)
/ [2 2KV, 4K} N 2KoVs 4K oV,

Applying Egs. (7.5.29) through (7.5.34) to Eq. (7.5.26), the full solution is

2 2
Vo+{£+—-—g‘46° L J(e‘zK“V‘"—l)+ g!

2 2KoV, 4KV} 2KV

u(?) 0
w(r) _&

%
q®) | _ S
x7(t) A Vo o 240 + g - 2t —t |+ gt
: T2 2KV, akiv? )\ 2KoV, 4KV}
zy () 2
o(t) Etz —V, A6t

Aﬁo——f—t

o
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7.6. Force and Moment Derivatives

While computer simulations or wind tunnel tests are required for accurate determination
of aerodynamic derivatives, some first-order approximations can be made analytically.
Formulation of the linearized equations of motion requires evaluation of the derivatives
of the aerodynamic forces and moments with respect to the translational velocity
components. However, in our study of aerodynamic forces and moments, we found it
convenient to express these forces and moments in terms of total airspeed,

Vo= Vu? +0? +w? (7.6.1)

angle of attack,

a = tan"(%) = % (7.6.2)

and sideslip angle,

i
e

B =p = tan“(§)

Be =sin!| —2— | =2 (7.6.3)
‘ Vu? +0° + w? u

The change in any function, S(V,a,f), with respect to axial velocity component is

oF _ a5 oV, oF oa 0T Of
ou oV ou  oa ou OB ou (7.64)

Since the angle of attack is not a function of the sideslip velocity, a change with respect
to the sideslip velocity component is

oF _oF oV, oF o
S oV oo % (7.6.5)

Likewise, within the approximation of Eq. (7.6.3), the sideslip angle is not a function of
normal velocity, so a change with respect to normal velocity component is given by

6F  oF oV . 0F da
oF _ oF ov , oF da 6.
ow - oV dw | da ow (7.6.6)

From Eq. (7.6.1),

g—V S (7.6.7)
o Vut ot +w?
o _ v (7.6.8)

ov ‘\}u2+02+w2
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oV w
e —————— 7.6.9
ow 2,2 2 ( )

For small angles, Eq. (7.6.2) gives

?a% ~ —u—“; (7.6.10)
%% = ZIZ (7.6.11)
and Eq. (7.6.3) results in
%é ~ _uiz (7.6.12)
%f- = i (7.6.13)

The particular body-fixed coordinate system that we are using was chosen so that at
the equilibrium reference state,

Vo
ol =140 (7.6.14)
0

The result given by Eq. (7.6.14) is valid only for this particular body-fixed coordinate
system, which is normally referred to as the stability axes. This particular coordinate
system was chosen specifically to make the angle of attack zero at the reference flight
condition. This choice of coordinate system simplifies the results considerably, just as it
did for the static analysis.

Using Eq. (7.6.14) in Egs. (7.6.7) through (7.6.13), at the reference state, we obtain
the results

Ay (7.6.15)
ou
oa op |
= = = — 6.1
ow - w Y, (7.6.16)
v _ov _da 9B _, (7.6.17)

ov  ow ou  Ou

Using Egs. (7.6.15) through (7.6.17) in Eqs. (7.6.4) through (7.6.6) results in
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oF _ oF
Eoaey (7.6.18)
oF 1 oF
0 _Vo _aﬂ (7.6.19)
and
oF 1 oF
il (7.6.20)

The forces and moments acting on an aircraft are the sum of those due to gravity,
aerodynamic loading, and thrust. Figure 7.6.1a shows the body-fixed components of
the force due to gravity. Figure 7.6.1b shows the body-fixed components of the
aerodynamic forces and moments. Finally, the thrust force, which acts in the plane of
symmetry, is shown in Fig. 7.6.2 along with the longitudinal components of the
aerodynamic and gravitational forces. Combining these, the total force and moment in
body-fixed coordinates are given by

Cy cos(arg) —sin(6)
F+W = Lpl?s,4Cy 4T 0 + W sin(¢) cos(8) (7.6.21)
Cz —sin(ary) cos(¢)cos(8)
b, Cy 0
M = L pV28,48,Cp ¢ +T1 27 cos(aro) + xr sin(aro) (7.6.22)
by Cy 0

%pVZSWCX
$pV25,b,C,

Ny Weas($)eos(6) Q!DVZS“J)WC"
N
/ 7 1oV ? $.Cy
4 ’ 7ipV?’S,z,C,
Wsin(¢)cos(6) /- | ) 2
’ 1pV=S,Cy
Weos(0) -

(@) \v ®)

Figure 7.6.1. Gravitational and aerodynamic forces and moments in body-fixed coordinates.
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center of
thrust

center of
gravity
Zp

\/

Figure 7.6.2. Longitudinal forces and moments acting in the aircraft plane of symmetry.

It is sometimes convenient to express the x;- and z,-components of the acrodynamic
force in terms of lift and drag. As shown in Fig. 7.6.2, these two equivalent descriptions
of the aerodynamic force are related through the angle of attack measured relative to the
stability axes,

Cy Cy sin{fa) — Cp cos(a)
Lpris, Cy b = L pV?s, Cy (7.6.23)
Cy —Cy cos(a)~Cp sin(a)

For the nonaccelerating reference state, the lift, drag, and aerodynamic pitching moment
can be related to the weight and thrust. The fuselage reference line was defined so that
is zero at the equilibrium reference state. Thus at equilibrium, the drag force must
balance the x,-components of thrust and weight; the lift force must balance the z,-
components of thrust and weight; the aerodynamic pitching moment must balance the
moment due to thrust; and the remaining aerodynamic force and moment components
must vanish. Therefore, at the equilibrium reference state, we have

Cy -Cp —Tcos(are)+Wsin(d,)
Cy 0 0
C -C T sin(arg)—W cos(d,)
1 2 z _ 1 2 Ll _ T0
3pVo Sy b.C, = 7,0V0 Sy 0 = 0 (7.6.24)
CwChni cwCm —z7T cos(are) — xr T sin{arg)
b,,C, 0 0
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An important and often used special case of this equilibrium force and moment
balance occurs for level flight, with the thrust vector aligned with the center of gravity
and the direction of flight. In this case, for nonaccelerating flight, the thrust must equal
the drag; the lift must equal the weight; and the aerodynamic pitching moment must
vanish along with the remaining force and moment components. The lift, weight, thrust,
and drag are sometimes referred to as the four forces of flight and the relations /ift
equals weight and thrust equals drag are often used. However, we must keep in mind
that these are only for the special case of steady level flight when the thrust vector is
aligned with the direction of flight. A more general relation is provided by Eq. (7.6.24).

The force and moment derivatives with respect to total airspeed are obtained by
differentiating Eqs. (7.6.21) and (7.6.22) with respect to ¥ at constant angle of attack.
Using Eq. (7.6.23) to replace the axial and normal coefficients, this gives

6_;% = ba—V [% PV28,Cx + T cos(atry) — Wsin(e)]
V ac o7 (7.6.25)
= pVSW[C,\/ +“2“—87X)+6—V‘005(0‘T0)
Cy ) . C
= pVSWKCL +% %VL )sm(a)—(CD +%a¢3VD )cos(a)}+g—£cos(am)
5F‘,, 6 1 9 . vV a(7)’ ]
—_ 2 = X 1L “S.. Nl = w — .6.26
FTG TG [2 PV °S,.Cy +W sin(¢) cos( )] oVSs [Cy + a1 7 )
% - ?% 1 pV28,C = Tsin(arro) + W cos(g) cos(0)]
’ v ac o7 (7.6.27)
_ pvsw(cz +5—071}—Wsm(am)
- _ ¥ oG, _ Y Cp \ _OT
= pVSw[ (CL + T o )cos(a) [CD + TG )sm(a)J v sin(ary )
aMX/, _ 0 ! 2 _ 14 OC(
W = “a—V<§IDV Su-wa/) = pVwaw C, +5'0—V (7628)
oM, > .
_TV'I/Y = b% [% ,DV- SH'EH'CW + ZTT COS(aT()) + XTT Sln(aT())]
(7.6.29)
= pVSM'Ew(Cm + % 0;;1 j+ 2_;[2T COS(aT()) + Xy Sin(aT())]
aA4Z/ (9 1 2 V aC,
— = =5 B Wiy = V. Wi Cn ——1 7630
- (W(szSbCI) PVSubi| Cy 4 250 (7.6.30)

Remember, these derivatives are all evaluated at the reference flight condition.
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The aerodynamic coefficients are generally functions of geometry, Reynolds
number, and Mach number. Both the Reynolds number and the Mach number depend on
the flight speed. In certain flow regimes, the effect of Reynolds number on the aerody-
namic coefficients can be quite pronounced. The coefficients can change dramatically
over the Reynolds number region that encompasses the transition from laminar to
turbulent boundary layers. However, in other flow regimes, the effect of the Reynolds
number is much less. As a result, aerodynamic coefficients are often considered to be
rather weak functions of Reynolds number, R, and strong functions of the Mach number,
M, and the aerodynamic angles, & and . Furthermore, the drag coefficient, the lift
coefficient, and the pitching moment coefficient can be considered functions only of R,
M, and «, while the side force coefficient, the rolling moment coefficient, and the yawing
moment coefficient can be taken as functions only of R, M, and f.

Aerodynamic data are generally computed analytically or collected in the wind
tunnel as functions of Mach number and Reynolds number rather than the flight velocity.
Thus, derivatives of the acrodynamic coefficients with respect to the flight velocity are
not as convenient as derivatives with respect to Mach number and Reynolds number.
However, if the Mach number and Reynolds number derivatives are known, the
derivative of any aerodynamic coefficient with respect to flight velocity can easily be
computed from the definition of Mach number and Reynolds number,

M=L
a
R = Vlrcl‘
v

where M is the Mach number, a is the speed of sound, R is the Reynolds number, /. is
the reference length, and vis the kinematic viscosity. From these definitions we have

9C (aM aC , IR acj _ V(l_ag ey a_c] _ M2C L, R3IC (7631

Var =V am Tav or eV oM T RoR

where C could be any one of the aerodynamic coefficients. In general, the derivatives of
the aerodynamic coefficients with respect to Mach number and Reynolds number could
be determined from wind tunnel tests or computer simulations. The results could then be
used with Eq. (7.6.31) in Egs. (7.6.25) through (7.6.30) to obtain the required derivatives
with respect to forward velocity.

For applications with very low Mach number, the flow can be considered to be
incompressible and the acrodynamic coefficients are independent of Mach number but
may be strongly dependent on the Reynolds number. However, for most applications,
the Reynolds numbers encountered in normal flight are quite large, and for large
Reynolds number, the aerodynamic coefficients are nearly independent of Reynolds
number. Thus, for most atmospheric flight we can neglect derivatives with respect to
Reynolds number, and Eq. (7.6.31) can be approximated as
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(7.6.32)

Applying Eq. (7.6.18) with Egs. (7.6.25) through (7.6.30) and Eq. (13.7.32), for high
Reynolds number at the equilibrium reference state, the derivatives with respect to

forward velocity can be approximated as

oF, oF,
Fou = a;” = 737” = pV,Sy [CX+ 5 CXMJ SV cos(trg)
2 Cp  Cpm |, 0T
= —7pV,, SW[ZZJr » ] aVcos(Olm)
JoF oF,
Fia = S = S = pvsu[cr+Bon | = 0
oF, oF,
Fou = auh = —87h = pVoSw [Cz+ CZM] gV sin(¢tro )
C
= —%prSw[z et L'M} g;sm(aro)
oM, oM,
Mxh,u = aub = th = pVowaw(CZ'f’-l\ziC/,M] =0
oM, M _ T
MYh.LI = T}h = aVyh = pVDSwa[Cm"" C ’M]+ZT0_87
_[fCm  Cu, T
= %pVOZSwa(2 2 + aM] ZTOS—V
oM., oM,
Moo= S50 = S = oS, [Ce M, = 0

(7.6.33)

where zp, is the perpendicular offset between the thrust vector and the CG,

Zyg = Zp COS(&TO ) + xr Sin(aro)

The derivatives of the aerodynamic coefficients with respect to Mach number can be
determined from wind tunnel data, which are generally gathered as a function of the

Mach number.

The derivatives are estimated from the data using finite difference.

However, the required wind tunnel tests are time consuming and expensive. Thus, for
preliminary design, it is convenient to have a first-order approximation for these

derivatives that can be used to estimate their values prior to wind tunnel testing.

When the flow around an airfoil section remains subsonic, thin airfoil theory with
the Prandtl-Glauert compressibility correction predicts a section lift coefficient given by

_ 2rn(a— )

C, =
1-M?
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Within the limitations of thin airfoil theory, the section lift coefficient for a subsonic
airfoil depends only on angle of attack, Mach number, and camber line shape.

At supersonic flight speeds, Ackeret’s theory predicts that the section lift coefficient
for thin airfoils at low angles of attack is determined from

G, = Ao
M2 -1

Within the accuracy of this theory, the supersonic section lift coefficient is found to be a
function only of angle of attack and Mach number. Camber is predicted to have no effect
on the supersonic section lift.

These theoretical results for thin airfoils in both subsonic and supersonic flow are
plotted in Fig. 7.6.3. From this figure we see that the variation in lift coefficient with
Mach number is negligible only for Mach numbers less than about 0.3. In the transonic
region near Mach 1, both of these theories break down. There is no simple theory that is
capable of predicting the variation in section lift coefficient with Mach number in the
transonic region. At Mach numbers near 1, the flow around an airfoil is extremely
complex and very sensitive to section shape. In the transonic region we must rely on
experimental data.

At subsonic speeds, a first approximation for the variation in airplane lift coefficient
with Mach number can be obtained by assuming that the Prandtl-Glauert compressibility
correction for airfoils can be applied to the lift coefficient for a complete airplane. This
approximation results in

rrrJrrrrrrrrrrrrrry LIS N A N I D D N I B O D A
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|l||lll|||I‘[lllllﬂ_vflllll|lt|l
llllllllllllllllllllllIllllJ_l

III|lll|Il|Ill i 4

olllllllllllllllllll
0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4 1.6 1.8 2.0

Freestream Mach Number

Figure 7.6.3. Theoretical lift slope for a thin airfoil as a function of freestream Mach number.
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C, = Gt (7.6.34)

Vi-M?

where Cy,,_, is the lift coefficient for incompressible flow. Equation (7.6.34) can easily
be differentiated with respect to the Mach number to yield

Cim = Cr (7.6.35)

—M?

Equation (7.6.35) provides a reasonable first approximation for the change in lift
coefficient with Mach number, which can be used in the absence of experimental data.
However, it should be used with caution. Remember that Eq. (7.6.35) applies only for
Mach numbers less than the critical Mach number, where sonic flow is first attained at
some point around the airfoil. Furthermore, even below the critical Mach number,
experimental observations show that Eq. (7.6.35) underestimates C;u for some airfoil
sections and overestimates it for others.

In a similar manner, subsonic thin airfoil theory predicts that the Prandtl-Glauert
compressibility correction, which was used for the section lift coefficient, also applies
directly to the section moment coefficient. Thus, by reasoning similar to that used for the
lifi coefficient, a first-order approximation for the subcritical derivative of the pitching
moment coefficient with Mach number is given by

Ch (7.6.36)

Here again, this should be used with caution and only in absence of experimental data.

Unlike the lift and moment coefTicients, which increase with subsonic Mach number,
the zero-lift drag coefficient remains relatively constant with Mach number, up to the
critical value at which sonic flow is first encountered at some location around the aircraft.
The total drag is the zero-lift drag plus the drag due to lift. Using Eq. (7.6.34), the drag
coefficient for subsonic flow can be approximated as

2

- - i _ Cl
Cp = CDL() +CD). = CDL() +m = CDN +m (7637)

Differentiating this resuit with respect to Mach number gives a first approximation for
the change in drag coefficient with Mach number, which can be used with caution for
subcritical Mach numbers in the absence of experimental data,

2MC§M:“ 2M

meR (1-M?2)?  1-M?

CD,M = CD,» (7638)

At some Mach number slightly above the critical, drag divergence is encountered and
Eq. (7.6.38) becomes very inaccurate.
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Using Egs. (7.6.35), (7.6.36), and (7.6.38) together with the equilibrium requirement
given by Eq. (7.6.24) in Eq. (7.6.33), we obtain a first-order approximation for the
derivatives with respect to forward velocity in subsonic flight,

2m? Cp,
~-M? CD

CD + or cos{aro)

Feu = sz S (2+ o

T W sin(@,
COS((ITO)VO Sm( ) a; COS(aTU)

I\

2M? Cp
-2+ —
{ 1-M* Cp

_CL or
1~ v, oV =7 sin(aro)

_ 2-M?* Wcos(0,)-Tsin(ar)) oT
= 7 — 57 sin(aro) (7.6.39)

2 C .
S ¢ 2 1\1\//[12 v, +2—£[ZTCos(aro)"‘erln(aT(,)]

_ 2 M? T  or
—M2 ¥V, oV
Fy,,,u = Mxh u = M:;,u =0

Flh,u

its

pVS

M, .

1%

3PVs

)[zr cos(ary) + x7 sin(aro )]

These approximations should only be used for subsonic flight below the critical
Mach number and only for preliminary results in the absence of wind tunnel data.

In a similar manner, the force and moment derivatives with respect to angle of attack
are obtained by differentiating Egs. (7.6.21) and (7.6.22) with respect to a. Since only
the axial force, the normal force, and the pitching moment depend on the angle of attack,
we have

OFy _ 0 [ PV28,Cx +Tcos(ary)— Wsm(@)] VZSM,&—
da  odal? o
aC o (7.6.40)
= %pVZSw[a—aL sin{ar) + Cy cos(a) — 6015) cos(a)+Cp sin(a)]
Ao _ i[l pV28,Cy — Tsin(ar) + W cos(@)cos(®)] = L pr 25, X2
oa oa ‘2 2 oa
. . (7.6.41)
= %szSW[—a—aLcos(a) +Cy sin(a) - 80? sin(er) - Cp cos(a)}
oM
2 SLE aa [2 pV S C C +ZTTCOS(QTO)+xTTsln(aT())]
a a (7.6.42)

_ 0Cn
- 5 V SM W
p oa
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The side force and the rolling and yawing moments do not depend on angle of attack.
Thus, the derivatives of the remaining force and moment components with angle of
attack are zero,

or,, _ oM, M., 0
da  da  da

Using Egs. (7.6.20), (7.6.24), and (7.6.40)-(7.6.42), the derivatives with respect to
normal velocity evaluated at the reference flight condition are

_ anb 1 anh _ pVoSw oCyx _ ,OVoSw oCp
Fx;,,w = = T = = CL—

ow V, oa 2 Ja 2 oa
_ Wcos(6,)-Tsin{ar) pV,S, 8Cp
V, 2 o
Fy oy = OF, _ 1 0F, _ pVoS,aCz _  pVoSw (GCL N D)
’ ow V, oa 2 Oa 2 oa (7.6.43)
_ PVoSw 8C, T cos(ar)—Wsin(8,)
2 da V,
M = aA/[)’h — LGM,V/; — pVoSwEw aCm
e ow V, da 2 da

Likewise, at the reference state, the derivatives with respect to sideslip velocity are

F — OFy, _ LaFJ’h - PY,.S, oCy
T a v, op 2 o8
Moo My 1 My, pV,Suby 8C
TV, 88 2 op (7.6.44)
M — aMZh _ _l_aMz;, _ pI/()SWbW 8Cn
=TT eV, 88 2 op

Foov =F,0 = My/y,v =0

As we have seen previously, the aerodynamic forces and moments depend on the
angular velocity components as well as the translational velocity components. As an
aircraft rotates in roll, one wing moves down and experiences an increase in the
z,-component of velocity, while the other wing moves up, experiencing a decrease in the
z;-component of velocity. This results in a differential angle of attack between the two
wings, as shown in Fig. 7.6.4. The rolling motion increasing the lift on the falling wing,
decreases the lift on the rising wing, and creates a rolling moment that opposes the
rolling rate. The change in the rolling moment with respect to the rolling rate is called
the roll-damping derivative.
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Yo

Figure 7.6.4. Effects of rolling rate on the local angle of attack and section lift.

The rolling rate also affects the yawing moment. The primary contribution to this
yawing moment comes from the wing. The wing contribution arises from the increase in
angle of attack on the falling wing and the decrease in angle of attack on the rising wing.
Since the lift vector at any section of the wing must be perpendicular to the local
freestream, the section lift vector on the falling wing L + AL is tilted forward and the
section lift vector on the rising wing L — AL is tilted back, as is shown in Fig. 7.6.4. The
result is the generation of a negative yawing moment from a positive rolling rate.

Using Prandtl’s lifting-line theory, the change in the rolling and yawing moment
coefficients with respect to rolling rate can be approximated as

/ by,
o = Koo L (7.6.45)
P ) ing 16V, oa
—ac BKVﬁ aCL , waL )
, =-|1- * - 7.6.46
( op ]wing [ 7Ry, Oa j 167, ( )

where b,, Ry, and C;,, are, respectively, the wingspan, aspect ratio, and lift coefficient
for the wing at the equilibrium reference state. The coefficient «, depends on wing
planform and aspect ratio as described in Sec. 1.8 and shown in Fig. 1.8.25. Both the
horizontal and vertical tail also contribute to the change in the rolling and yawing
moments with respect to rolling rate. However, the tail contribution is small compared to
that of the wing and is usually neglected in a first analysis.

If the wing has dihedral, then the lift differential between the right wing and the left
wing that is caused by the roll rate will also produce a side force. However, this term is
small and can be neglected as a first approximation.
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Thus, for a first approximation, the derivatives with respect to roll rate evaluated
at the reference flight condition are

aFVh

oC
F, == = 1 V()ZSW e — =0
Vb P ap 2 P ap
oM ; 5 OCl,
M.n,,/) = — = ‘]‘ pVOZwaw @ = - pVUSWb&’ ﬂﬂa#
a 3 op 32 da (7.6.47)
_ 8MZ)7 g > oC N 2 31(/17 6CL“_ CLW
lehp = F =3 ,DVU waw apn = — pVowaw 1- 7Z'RA“ da 32
Er;,, p F Znp M Yo p O

The pitching rate affects the forces and moments on the aircraft primarily through
the horizontal tail. As the aircraft rotates in pitch about the center of mass, an aft tail
experiences an increase in the z,-component of velocity that is equal to the product of the
pitching rate and the distance the tail is aft of the center of mass (see Fig. 7.6.5). This
increases the effective angle of attack for the horizontal tail, which produces a change in
the lift force and the associated induced drag, as well as a pitching moment that opposes
the pitching rate. The change in the pitching moment with respect to the pitching rate is
called the pitch-damping derivative. The wing and the fuselage can also affect the
pitch-damping derivative, but these effects are small and are often neglected in a first
analysis.

The lift produced by the horizontal tail of a pitching aircraft is proportional to the
local angle of attack, which is the sum of the geometric angle of attack and the angle of
attack that is induced by the pitching rate (—x,; q/V,). Thus, we can write

(7.6.48)

a¢ ). = "sv, oa

(acz] . Spxp 0C,
tail

Figure 7.6.5. Effects of pitching ratc on the local angle of attack at the tail.
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and

oC Suxp, 9Cy
)= = 7.6.49
( aq )tail m SonEw Ja ( )

where 7, S, and x;, are, respectively, the efficiency factor, area, and x;-coordinate of the
aerodynamic center for the horizontal tail. Because the pitching rate changes the lift on
the horizontal tail, it also changes the induced drag. However, this effect is small and is
usually neglected in a first analysis. The wing is included in the same manner.

As a first approximation the derivatives with respect to pitch rate evaluated at the
reference flight condition are then given by

dCp

F" = = -1 V02 w—— =
Xpoq aq 7 ,0 S aq 0
E; - % = -1 V2 w L =1 Vol S —_ S il
) aq 5 PVo S aq 5 1% wX by o +pdpXyy, 3o (7650)
aM. 20 = aC,,, 1 2 E)CL“ 5 aCL
Myh,q = ath = %/OVG SWCWW = —ijo wabw EP +’7hthbh—a7h

Floyg = My g = Mg =0

In a similar manner, the yawing rate affects the side force, the rolling moment, and
the yawing moment by changing the effective sideslip angle for the vertical tail, as shown
in Fig. 7.6.6. Thus we have

aCY vabv aC'L
=S, 9B 6.
( jlail s, OB (7.6.51)

or

Figure 7.6.6. Effects of yawing rate on the sideslip angle at the tail and the local forward velocity
of the wings.
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oC, Sy xpzpy 0CL,
o ) = Sb, B 76.52
( a}" jtall waon aﬁ ( )
and
aC = Sv'xlgv aCL\,
[ or jta,l = T Sb, Of (7.6.53)

where 7,, S, x,,, and z,, are, respectively, the efficiency factor, area, x,-coordinate, and
zy-coordinate of the aerodynamic center for the vertical tail. The change in the yawing
moment with respect to the yawing rate is called the yaw-damping derivative.

The main wing also makes a significant contribution to the change in the rolling
moment with respect to the yawing rate. It the airplane is rotating with a positive yawing
rate, the forward speed of the left wing is increased and the forward speed of the right
wing is decreased, as shown is in Fig. 7.6.6. This increases the lift on the left wing and
decreases the lift on the right wing, creating a positive rolling moment. Again using
Prandtl’s lifting-line theory, the change in the wing’s rolling moment coefficients with
respect to yawing rate can be approximated as

(aﬂ) —z(acn] = (1— 3Ky ach]b‘“CLw (7.6.54)
or wing wing

dp 7Ry, Oda | 8V,
Thus, at the reference state, derivatives with respect to yaw rate are approximated as

N

My, = 8154; VS aa?
= %pVO Hl_;;i aaCCL; jSWbVECLW + DSy XpvZpy aa%} (7.6.55)
Mz, = alg—ﬁ = aac = — LoV, nS,x2, aaCﬁL

Fx;,,r = th,r = Myh,r =0

As previously discussed, the longitudinal forces and the pitching moment also vary
with translational acceleration, because a change in the vorticity generated by the wing
requires a finite time to alter the downwash on the tail and fuselage. The aerodynamic
derivatives with respect to the translational acceleration components are quite complex,
depending on the shape and position of the wing, the tail, and the fuselage. In general,
these derivatives would need to be determined from an unsteady fluid flow analysis.
However, for a first estimate, the following quasi-steady approximations may be used
with some caution.
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From Prandtl’s lifting-line theory, the downwash angle behind an elliptic wing in
steady flight can be approximated as

A

~ Ve
Eq = T/o— = —‘iCL" (7656)

The time required for the downwash generated by the wing to reach the tail is the
distance from the wing to the tail, /,,, divided by the forward velocity, V (see Fig. 7.6.7).
During unsteady flight, this time lag can be approximated as At = [, /V, and the
downwash angle at the tail can be approximated as

g4 = 25 (CLW ——aCL”‘ Atj ~ 28w (CLW - 0CL, lL’j

2 ot 2 ot v,
b iy (7.6.57)
_ 2wl _%CL 8alu
From Eq. (7.6.2),
o oo ow | Oa Ou
e _ ceow  v&on .6.58
a0 owor ouot (7.6:58)
or using Egs. (7.6.16) and (7.6.17),
Ja 1 ow 1 .
ve _ 2 2 = 7.6.59
a Voo V" (7.6.59)

velocity of the air K

relative to the airplane

velocity of the airplane
relative to the air

Figure 7.6.7. Effects of downwash from the wingtip vortices acting on the tail.
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Using Eq. (7.6.59) in Eq. (7.6.57), we have

£y = fgg’[ch—aCLwlﬂw] (7.6.60)

The lift produced by the horizontal tail is proportional to its local angle of attack, which
is the geometric angle of attack less the downwash angle,

oC
(L)tail = ﬂh(%erfSh )_aél(at “'5(1) (7.6.61)

or in view of Eq. (7.6.60),

(L) = ﬂh(%,OVfSh

aCy, 28, oCyr, L, .
) . {a,—”bz [CL_ — = wj] (7.6.62)

-
The pitching moment produced by the tail is the product of the lift developed on the
horizontal tail and the moment arm between the aerodynamic center of the horizontal tail
and the aircraft center of gravity,

(M.Vh )tail = Xbh (L )tail

oC
=L VO?S\ Ly
77h(2/0 " oo 27

28, oCyr, 1, . (7.6.63)
_ﬂ-bz CL,,‘_ aa" Fw Xbh

0

Differentiating Egs. (7.6.62) and (7.6.63) with respect to the normal acceleration, we
have an approximation for the contribution that the horizontal tail makes to the change in
normal force with respect to normal acceleration,

oF, BLJ 0SuSplye C,. Cy,
R : 7.6.64
( o ]tail (aw tail 7 i  da da ( )

and the change in pitching moment with respect to normal acceleration,

aM.yh - pSwShlwlxbh aCLW aCL;, (7665)
ow il 72 da Jda

To obtain an estimate of these derivatives for the complete aircraft, including the effects
of the wing-fuselage interaction, it is recommended that these values be increased by 10
percent for an airplane with an aft tail and set to zero for an airplane with a forward
canard. As a first approximation, the remaining longitudinal derivatives with respect to
the translational acceleration components are usually assumed to be zero.
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Thus, as a first estimate, the longitudinal derivatives with respect to translational
acceleration can be approximated as

-

Fx;,,ﬂ = th,u = Myh,[l = Fxh,zlv =0
g L OFy 1 OF, _3PVISw ae,
T Bw vV, da Ve oo
~ _ pSwShlwt aCLw aCL/,
ST ba da
y oM, 1 oM, 1 VS ac, (7.6.66)
N A v, oa

pSwShlwtxbh aCL“ aCLh
bl da  Oa

L {1-1(th~‘xbh), Xbw > Xoh

wt

0-0» Xph > Xpw

As previously mentioned, all of the lateral derivatives with respect to translational
acceleration are either zero or negligible.

All of the aerodynamic derivatives that appear in the linearized equations of motion
are complex functions of the shape and placement of the wing, tail, fuselage, and engines.
For any given aircraft, these derivatives also vary with airspeed and other operating
conditions. In general, these derivatives will need to be determined either from computer
simulations or from wind tunnel tests. However, as a first estimate, the approximations
given in this section may be used.

EXAMPLE 7.6.1. A large jet transport is flying at 30,000 ft with a steady level
airspeed of 450 mph, which is the minimum drag airspeed for this altitude. This
airplane has the following properties in cruise configuration:

S, =5500ft>, b, =1961t, G, =28ft, xp, =0, Cp o =467,
S, =1300 f2, xpp =—100ft, /. =55ft, Cy, . =3.50,
W =636,6001bf, Cpo =550, Cpnq=-126

The maximum lift-to-drag ratio is 14. Assuming constant thrust aligned with the
direction of flight and the center of gravity, estimate all dimensional longitudinal
aerodynamic derivatives that appear in the homogeneous form of Eq. (7.5.23).

Solution. For this airplane the airspeed and the Mach number are

V, = 4505—’2& ft/sec = 660 ft/sec

3,600
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_V, _ 660ft'sec
M= a 99485 ftsec 663

At the minimum drag airspeed the lift-to-drag ratio is equal to the maximum lift-
to-drag ratio, and since the thrust is aligned with direction of flight, we have

a7=0, L:W,

L W 636,600 Iof
T =D = - = = 45470 Ibf
L/'D LD 14

At the minimum drag airspeed, the drag due to lift is approximately equal to the
zero-lift drag. Thus, the drag due to lift is about half the total drag. Since we are
assuming constant thrust, from Eq. (7.6.39), this level flight reference state gives

s [y M Cplr [, 20663 1|454701bf
e t-M? Cp |V, 1-(0.663)? 21 660 ft/sec

= —192 Ibf-sec/ft

2-M* W 2-(0.663)* | 636,600 Ibf
Fo,=-22M 0 = —2,686 Ibf-sec/ft
’ 1-M? {1—(0.663)2 660 fuse 200 oleecl

Since the thrust is aligned with the direction of flight and the center of gravity,

also from Eq. (7.6.39),

aro = 0, zr = 0,

2
f—i\;{z L[zr cos(crro) + xr sin(am)] = 0.0

Since the total drag is the zero-lift drag plus the drag due to lift, the drag coeffi-
cient for subsonic flow can be approximated as

Ct
7Z’€R,4

Cp = CDL()+CD, = CDLO+

and the change in Cp, with respect to angle of attack is approximated as

5CD ~ 2CL é’CL _ 2CD, 6CL

da ~ meRy; da ~ Cp da

At the minimum drag airspeed, the drag due to lift is approximately equal to the
zero-lift drag. Thus, the drag due to lift is about half the total drag and
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6Cp  2Cp, 0C, . Cp OCL _ 5.50 _ 393
da ~ C; Ba ~ C, Oa 14 .

Thus, from Eq. (7.6.43),

w pVeSw 8C
Fx;,,w = ..__.p______D_

Ty, 2 Ja
636,600 Ibf  0.00089068 slug/ft3 (660 ft/sec)(5,500 ftz)
- — 0.393
660 ft/sec 2

= 329 Ibf-sec/ft

__ 0.00089068 slug/fit* (660 ft/sec)(3,500 ft?) 5 50 45470 Ibf
B 2 : 660 ft/sec

= ~8,960 Ibf-sec/ft

VySyB 8Cy,

Mo = P2
_0.00089068 slug/ft’ (660 fi/sec)(5,500 fi*)(28 fo)
- 2

(-1.26)
= —57,033 Ibf-sec

From Eq. (7.6.50), assuming 7, = 1.0, the derivatives with pitching rate are

Fyq =00
acy, oC
th,q = %pVo(wabw—aai”—‘f' MhShxpy, a;h]
_ 0.00089068 slug/ft® (660 ft/sec) [0 04 1.0(1300 fi2)(~100 3.5 0]
5 0+1.00, .
= 133,700 Ibf-sec
aCy. ocy,
Mog =~ b5, 2ol misia, 5L
000089068 shug/ft* (660 ft/sec)

= 5 [0.0 +1.0(1,300 ft?)(-100 ft)23.5o]

= —~13,370,000 ft- Ibf-sec

From Eq. (7.6.66), the derivatives with respect to translational acceleration are
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F-\’h,l'l = FZh,U = My,,,[l EFxh,w = 0.0

-7 ,agtvSh/w'f aCYLW aCL;,

Fou = w2  da da
3 2 2
- _10 0.00089068 slug/ft’ (5,500 ft2 )(1,300 ft7)(55 ft) (4.67)(3.50)
(196 ft )
= —47.4slugs
wSnlwiXp 0Cp, 9C
Myh,w = ) 72;‘3,1 bh aOLJ BOL;
3 2 2
. ft°)(1,30 -
_ ]'0000089068 slug/ft” (5,500 £t~ )(1,300 ft°)(55 ft)(—100 ft) (4.67)(3.50)

(196 ft )?
= —4,740 shugs- ft

Notice that for this example, the effect of the translational acceleration
derivative on the z,-component of the translational momentum equation is
essentially equivalent to adding about 1,500 pounds of weight to the aircraft. This
is hardly significant for an airplane that weights more than 300 tons. On the other
hand, its effect on the pitching component of the angular momentum equation
could be significant.

7.7. Nondimensional Linearized Equations of Motion

We can see from the results presented in the preceding section that even within the
approximation of linear aerodynamics, most of the force and moment derivatives needed
to fill out the matrices in Eqs. (7.5.23) and (7.5.24) are functions of airspeed and/or
elevation angle as well as aircraft design. Furthermore, many of the derivatives in these
linearized equations of motion are dimensional and thus dependent on the system of units
being used. It is often more convenient to rearrange the equations of motion in a
nondimensional form so that, as much as possible, the nondimensional force and moment
derivatives are independent of airspeed, at least within the accuracy of the approxima-
tions used for linear acrodynamics.

To nondimensionalize the independent and dependent variables, we require only a
characteristic length and velocity. One half the mean wing chord length is normally used
as the characteristic length for longitudinal motion, and the wing semispan is ordinarily
used as the characteristic length for the lateral motion. The equilibrium airspeed is quite
naturally chosen as the characteristic velocity for both longitudinal and lateral motion.
Thus, the three components of velocity disturbance are readily nondimensionalized with
respect to the reference velocity. Within the approximation of small disturbance theory,
the normal velocity disturbance divided by the reference velocity is simply the
disturbance in angle of attack and the sideslip velocity disturbance divided by the
reference velocity is the sideslip angle disturbance.
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Thus, nondimensionalizing the three velocity components in this manner introduces
only one new nondimensional variable, and we have

Au
Ap = —
=,
Av
Ap = 7.7.1
=4 (7.7.1)
Aw
Aa =
a 7

Angular velocity has dimensions of inverse time and 1s nondimensionalized with respect
to the characteristic velocity divided by the characteristic length. Since we are using
different characteristic lengths for longitudinal and lateral motion, we use

AGE,
Aa = s
“ =
Apb,
&=
A 2 (7.7.2)
_ g
Ag =
7= T,
Ar b,
A = i
T

In a similar manner, the disturbances in aircraft position are nondimensionalized as

24,
AE, = 2
CU'
24
ag, = =21 (7.7.3)
bH'
24,
ag, = =4
Cop

The Euler angles are already dimensionless, so no change in variables is required for
describing the aircraft orientation.

Time is nondimensionalized with respect to the characteristic length divided by the
characteristic velocity. Again, since we are using different characteristic lengths for
longitudinal and lateral motion, the dimensionless time for longitudinal motion, z,, is not
the same as the dimensionless time for lateral motion, 7,

2Vt
Ty = —C
Cw
i 7.7.4
Wt ( )
T, =

bw



674 Chapter 7 Aircraft Equations of Motion

Using the dimensionless variables that were defined in Egs. (7.7.1) through (7.7.4),
the linearized equations of motion that were given by Egs. (7.5.23) and (7.5.24) may be

written as:

the nondimensional linearized longitudinal equations,

[(1-R.z) ~Rs 000 04
~R.; (1-R.4) 0 0 0 0|44
~Rmpi  —Rma 100 0[] 4G
0 0 01 0 0}]laé
0 0 001 0|4t
0 0 000 1) 46
s - - (71.7.5)
Ry, Ria Riz 0 0 —Ry cosby || Au R:.s,
Ry R (Rg+1) 00 —Rysingy |{4a| |R.s
_ R, I'vaa mg 0 0 -O Ag N Rys, A5,
cosf, sind, 0 0 0 -sing, A&, 0
—sinf, cosé, 0 0 0 -—cosd, Aé, 0
L0 0 100 0 |l46 0
and the nondimensional linearized lateral equations,
1 0 0 00 0][48
0 1 -4 0004
0 -, 1 00 0| 4F
0 0 0 10 0[laé
0 0 0 01 0} 4¢
0 0 0 00 1|4y
- > ) (7.7.6)
Rup Ry (Rur-1) 0 Rycos€y 0 1{48) [Rys, Ry, |
Rig Riz Ry 0 0 0 Ap Ris, Ris
_ | Rup R, R, O 0 0 A | | o, Rus, {Aé‘a}
1 0 0 0 0 cosf, || AL, 0 0 A6,
0 1 tand, 0 0 0 Ag 0 0
| 0 0 secd, O 0 OJAa//_O 0 |
where we are using the notation for both longitudinal and lateral motion,
f = aa{x for longitudinal motion and / = aa{ X for lateral motion (7.1.7)
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Here the nondimensional components of the coefficient matrices are those that arise
naturally as a result of nondimensionalizing each of the 12 equations using the dimen-
sionless variables defined in Egs. (7.7.1) through (7.7.4). Thus we define

- [xz,, Ly = [xz;7 = ng = gbw
Iy, I, 8 o2 £y
08 ,Cry PS,,Co PSuCor
R, = i Rz g = o——C Rm g = Cm
“E Taprg N A= Tawig AT gL,
pSw-C_w pSwCM pgwai
R = a za = Cz.a Rm y = Cm by
YT awlg T : g “ T 8L,, M
Wl Ty cos(x
Rey = fW/ 2Cx +Cx y+ _Kl__(ﬂl
3 VoS
PSwCi [ Ty sin(are)
R.u = 202+ Cp———
4W/ 5pVOSW
R - PSWEEv 20 +Co . + Tylzr cos(aro) + xr sin(ar,)]
my = o7 m m, —
# 8[_vyh a %PVoSwa
PSwlw ST S
R.w = 5=7-C R, ="—"F— Rpyo = Cn
. 4W/g X,a . 4W/g Za o 8]}% a
PSubi PSubiy PSubi
R,z =+—72-C Rip = Cip R,p = ——C 7.7.8
A= Tawig Y “BT Rl mh = R, (7.7.8)
3
pS wa pSm w ﬂswbw
5 = Y5 Ry = Cip Rup = Cuy
T I d 87, P 8I., 7
0S8 S, Cu £S5,
o= P o R = Cr;  Rmg = Ch.
7= Tawrg T 7= Tawig ma 81yM
_ PSuby pSubin _ PSubi
WE= C 7 R FE o7 Cir Rn F C F
R% 4W/g Y. t 81)0(,7 ' SIZZh "
ﬂgwbw pSw W ﬂsn w
R,s, = ——+—Cys, Ris, = Cis, R.s, = Chs,
Y 4W/g 8Ixx;, SIZZh "
pSwEw pSwa pswai
R.s. = +—7—C R.s5 = C R,s = Co,
.5 WWig X5, 5. 4Wig 7.5, 3, SIU,,
£Subu PSubiv _ PSubi
R,s = 2 C R = C Rn = C
V.5, 4W/g Y,5, 0,0, 8[,0% 0,0, 0, 8Izzh n,0,

All of the dimensionless force and moment derivatives are expressed in terms of the
usual force and moment coefficients and their derivatives with respect to the previously
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defined dimensionless variables. Derivatives with respect to normal acceleration have
been replaced by derivatives with respect to dimensionless rate of change in angle of
attack. The normal and sideslip velocity derivatives are replaced with derivatives with
respect to the aerodynamic angles, and the derivatives with respect to angular velocity are
replaced with their nondimensional counterpart.

In this nondimensional form, many of the aerodynamic derivatives no longer depend
on the airspeed. From Eq. (7.6.66), the approximate nondimensional longitudinal
derivatives with respect to translational acceleration are

oCy oCy, oC oCy
Cxp=—F72Crp=—5 2Cpp =22 =Cyyg =X 20
R =50 AT o K &= o4
Cro =2 00 _ WoiCy _ 48k 3Cu 0Cy,
74 = a4 24 & 0a  Mipiz da oa
7.9
c . = 9Cn _ 2 3Cu _ . 4Suluxm 9CL, OCy, (7.79)
"7 %a T e, oa T " izl ba da
I 1-1(wa—xhh), Xpw > Xpi
" 0.0, Xph > Xpw
N

In general, the aerodynamic forces and moments as well as the thrust are functions of
forward velocity. However, for equilibrium flight, the change in side force with respect
to forward velocity is zero. In addition, the derivatives of the rolling and yawing
moments with forward velocity are also zero at equilibrium. Thus, from Egs. (7.6.33)
and (7.6.39), the nondimensional derivatives with respect to forward velocity are

Ty cos(ary) Ty cos(ary)

2Cx +Cyx , + -2Cp-MC +
s s, T s,
~ 2M? Cp, Ty cos(@rg)
) —[2+ -M? C_]C s
I-M D 7/0 orw
< i T .
2Cz+Cz —M = —2C, ~MCpu __Jl/_SlM
—’)‘pVoSW ”z'pV()Sw
) 2 . (7.7.10)
~ _[2-M C _ Ty sin(aro)
-l LoVuS,
2C, +Co i+ Lylzr cosl(am)+)_cr sin(aro)]
7pl/(,SwCW
= 2C, +MCpm + T,V[ZT COS(QT())-FXT sin(arg)]
= - i,

1 —
‘2‘pVochw

~ | 2= M? Co + Ty [zy cos(ary) + x7 sin{ar,)]
- 1 —M2 " —%pVoSwEw
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The stability derivatives with respect to angle of attack and sideslip angle were discussed
in Chapters 4 and 5. From Eq. (7.6.43), the nondimensional derivatives with respect to
angle of attack are

oCyx oCp
Cxg =~ =(C; —
X Ja L 0
Cpo =%z _ _0C ) (7.7.11)
’ o oa
oC
Cma = om
’ Ja

The pitch stability derivative, C,,,, can be estimated from the material presented in
Chapter 4. From Eq. (7.6.44), the nondimensional derivatives with respect to sideslip
angle are

aCy
Cyﬁ =
k3 aﬂ
Cip = %% (7.7.12)
aC,
Cuhp = 2P

These lateral stability derivatives can be estimated from the material that was presented
in Chapter 5. From Eq. (7.6.47), the approximate nondimensional derivatives with
respect to roll rate are

Cys = - =0
P b o
c, 2V, oC; Ky 0Cy,
Cip = ‘3’6[_7’ - el s I (7.7.13)
o2 0C, 200, [ 3%p CL \CL
P g b, 0p xRy O« 8

From Eq. (7.6.50), the approximate nondimensional derivatives with respect to pitch
rate are

o Lk _ 3G _ il L
. og oq Cw O
0Cy oC, _ 2V, 0CL _ 2xpm 9CL, - 2Suxpn OCL,

“1=% T @ " a a4 o da " SE oa

_ Cw _ 2y Cw . 2%, 8Cu 25wy, OCy,

(7.7.14)

oq cw 0q g2 Oa 4 S.c. Oa

9
o
I
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From Eq. (7.6.55), the approximate nondimensional derivatives with respect to yaw
rate are

- 6CY Z_VLGCY ~ ZSVXI,V ach

C F o= = = —Ily
. orF b, or S,b, OB
GC/ ZVO 6Cr 3’(@7 aCL CL‘ ZSV)C},VZ}, 8CL
o= Gt 2o Ohr Ly S v b (7715
Co = T o ( 7Ry 0a ) 4 Mg ap U7
c o 0C _ W, 08C, _ _ 283, 0C,
TS T b, o Mt op

Equations (7.7.5) and (7.7.6) are both nonhomogeneous systems of differential
equations with constant coefficients. The general solution to such a system of equations
is the sum of the homogeneous solution and a particular solution. The homogeneous
solution is the solution to the system with all of the control inputs set to zero. The
particular solution is any set of values for the state variables that when substituted into
the nonhomogeneous system will satisfy all equations.

EXAMPLE 7.7.1. The large jet transport described in Example 7.6.1 has a
pitching moment of inertia of 3.31x 10" slug-fi®. Using the same operating
conditions and assumptions that were used in Example 7.6.1, fill out the
nondimensional longitudinal coefficient matrices associated with the
homogeneous form of Eq. (7.7.5).

Solution. From Example 7.6.1, for this airplane and flight condition we have

Sw=55001t", b,=1961, &, =281t, xp,=0, C, . = 4.67,
W =636,6001bf, Ci,=550, Cpg=-126, Cps =0.393,

Sp=1300ft*, xp, =-1001, 1, =55f, Cy,q=3.50,
V, =660 ft/'sec, M=0.663, C./Cp=14, Cp /Cp=0.5,
1, =3.31x107 slug- ft?

At the minimum drag airspeed the lift-to-drag ratio is equal to the maximum lift-
to-drag ratio, and since the thrust is aligned with direction of flight, we have

(ZT:O, L:W

e L W _ 636,600 Ibf
b 1PVESy  LpViS, 1(0.00089068 slug/ft> (660 ft/sec)” (5,500 ft?)
= 0.597
Cp = C, - 0597 _ 0.0426

- C,/Cp T 14
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Thus, from Eq. (7.7.9), the approximate nondimensional derivatives with respect
to translational acceleration are

Cxp2Crp2Cup=Cxra =0

48,1, 0Cr, oCy, 10 401,300 ft?)(55 ft)
' - _

Crg = ~ = -1 4.67)3.50 = -1.38
% 7 zblc, fa Oa 7r(196ft)2(28ft)( )
xp, OC 2 P)(—100 fi
Cos = 1y 4Shl;,,x2;,;, 1, 0Cr, _ | 0201300 fi )(525f)( 12)0 1) (4.6713.50
rblel Oa Oa (196 ft)* (28 ft)

= —4.94

From Eq. (7.7.10), the approximate nondimensional derivatives with respect to
forward velocity are

Ty cos(are)

N oM? Cp,
e N [+ 22 e,
2
- 2+2—(Oﬁ6—3)70.5 0.0426 = —0.1186
1-0.663
Ty si 2
s+~ LINEN) o0, MOy = —(2 M )CL
7pV()Sw ]—M
2
- _(A—_O;6_637j 0.597 = ~1.662
1-0.663

and since the thrust is aligned with the center of gravity, the aerodynamic moment
for the reference state must be zero:

2C, +Cp o + =

Ty [zr cos(are) + X7 sin(aro )] - (2— M?
1 _—
5 PVSyCy

)Cm = 0.0

From Eq. (7.7.11), the nondimensional derivatives with respect to angle of attack
are

Cxoa = C.—Cpy = 0597-0.393 = 0.204
Cra = —Cra—Cp = —550-0.0426 = -5.54

Cna = —1.26

From Eq. (7.7.14), the nondimensional derivatives with respect to pitch rate are
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C&Qg x 0
2
Crq = ny 2302 OCu ) (2013001 JEIOM 5 50~ 591
SuCw  Oa 5,500 ft°(28 ft)
284x2, 8C 2y 2
Cug =~y 2220 %00y (2030080 L9 350 = —21.10
S.cn Oa 5,500 ft* (28 ft)
From Eq. (7.7.8), we have
— 3 2
PSwlw _ 0.00089068 slug/ft*(3,500 *)(28 ft) _ 0.001733
awig 4(636,600/32.17) slug
3 3 2 3
PSuCy _ 0.00089068 slug/ft* (5,500 fi*)(28 1) _ 0.0004061

814y, 8(3.31x10 slug-ft?)

and

g%, _ 32.17 f/sec? (28 ft)

Ry = 5 = 5 = 0.00103
2V, 2(660 ft/sec)
pSwEw
Rx L= po= .0
4 awlg Cxa 20
PSwCw
R, , = s = 0.0
AT g A 0
Ruiy = pSwai Cna = 00
ma = T I, mp = U
= PSuCy
Rx,a - 4W/g Xa = 00

R4 = MCM = 0.001733(—1.38) = —0.00239
’ aWlg

_3
Rpg = Bxlw 0 0.0004061(-4.94) = —0.00201
81XW

Ty cos(ary)

%pVDSW

PSyCy
R, = 2220 oc, +Cx , +
o 4W/g( YA

] = 0.001733(~0.1186)

= -0.000206
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G Ty sl
Rey = B398l 0c, vy, -2 8000 sin@ro) | _ . 001733(-1.662)
aWig L VoS,
= ~0.00288
Ry = PSuT | e s Gy Tl cosl(am)ﬂir sin(@ro)} | _ ¢ o
8 ) 7/01/0chw
Re, = B8 ¢ = 0.001733(0.204) = 0.000354
4Wig ’
PSuCy
Rig = Cra = 0.001733(=5.54) = —0.00960
a Wig ( )

Rma = ’;5;‘ Cra = 0.0004061(~1.26) = —0.000512

Y¥p
pSVtc‘t
Ry = Cys = 0.0
g aw/g
pSWEW
R.; = ", - = 0.001733(-5.91) = —0.0102
27 = g 79 (=5.91) 0
oS 'c'f
Rug = B2 g = 0.0004061(-21.10) = ~0.00857
AL

Using these results in Eq. (7.7.5), the nondimensional form of the homogeneous
linearized system of equations for longitudinal motion is

10 000 04
0 1.00239 0 0 0 0! 44
0 000201 1 0 0 0| A
0 0 010 0llaé
0 0 00 1 0|4L
0 0 000 1|46

[—0.000206 0.000354 0 0 0 -0.00103]( 4u

—0.00288 —0.00960 09898 0 0 0 Aa

~ 0 ~0.000512 —0.00857 0 0 0 AF

- i 0 0 00 0 A&,

0 1 0 00 -1 AE.

. 0 0 1 00 0 46
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7.8. Transformation of Stability Axes
In our original definition of the body-fixed coordinate system, the origin was fixed to the
aircraft center of gravity; the x,-axis was defined to point “forward” along “some
convenient line” in the aircraft’s plane of symmetry; and the z;-axis was defined to point
“downward” in the plane of symmetry. Thus, the y,-axis is normal to the plane of
symmetry pointing in the direction of the right wing. When developing the linearized
equations of motion, we found that the most convenient orientation for the x,-axis was
pointing in the direction of the aircraft’s equilibrium velocity relative to the surrounding
air. This particular body-fixed coordinate system is usually called the stability axes.
Aligning our body-fixed coordinate system with the stability axes significantly
simplifies the linearized equations of motion. However, since angle of attack is a
function of aircraft operating parameters such as airspeed and elevation angle, the
orientation of the stability axes within the plane of symmetry depends on the equilibrium
operating conditions. The inertia tensor and the aerodynamic derivatives are measured
relative to some reference body-fixed coordinate system, which may or may not be
aligned with the stability axes for a given equilibrium operating condition. Thus, it is
convenient to be able to transform the inertia tensor and the aerodynamic derivatives
from one body-fixed coordinate system to another within the aircraft plane of symmetry.
Consider the two different body-fixed coordinate systems shown in Fig. 7.8.1. For
both of these coordinate systems the x-z plane is coincident with the plane of symmetry.
Thus, transformation from one of these coordinate systems to the other is a simple
rotation about the y,-axis. For an arbitrary vector, v, we can write

Vi cosp 0 sing |[v,,
Vin p = 0 L0 |qv,. (7.8.1)
vz, —-sing 0 cose||v,,

Figure 7.8.1. Two choices for the body-fixed coordinate system.



7.8. Transformation of Stability Axes 683
and

cosp 0 —sing||vy,
Ve =1 0 1 0 vy, (7.8.2)

sing 0 cose ||vz

The angular momentum in the body-fixed coordinate system (xg, vy, 25) is

H Xh I XXp 0 - 1 Xzp p
Hy, ¢ = 0 1y, 0 q (7.8.3)
HZ;, - szh 0 Izzh r

Transforming both sides of Eq. (7.8.3) using Eq. (7.8.2), we have

H,, cosp 0 —sing|| I, 0 —Ig||p
Hy = 0 1 0 0 I, 0 q (7.8.4)
H., sing 0 cosp |1z O 1., r

The angular velocity vector on the right-hand side of Eq. (7.8.4) can be written in terms
of the body-fixed coordinate system (x;’, ¥, z,") by using Eq. (7.8.1),

Hy, cosp 0 —sing| [y, 0 -1, || cosp 0 sing||p
Hy,+=] 0 1 0 0 I, O 0 1 0 q (7.8.5)
HZ,;J sing 0 cosg |—1,, O [ |—sing O cose||r

The angular momentum in the body-fixed coordinate system (x5’ y5',z5") can also be
written in terms of the inertia tensor written in the same coordinate system,

Hy, P Iy, 0 I p'
Hyt=Dgt=| 0 I, 0 |i¢ (7.8.6)
H,, r' Iy 0 I.., r'

Combining Eqs. (7.8.5) and (7.8.6), we see that the inertia tensor written in the body-
fixed coordinate system (x;', 5 z»") can be found from

cosp 0 —singll I, 0 —1Iy, || cosp O sing
m =10 1 0 0 Iy, 0 0 1 0 (7.8.7)
sing 0 cose | -1, 0 I, |-sing 0 cos¢
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Equation (7.8.7) can be used to transform the inertia tensor from one body-fixed
coordinate system to another whenever the two coordinate systems are related to each
other through a simple rotation of ¢ about the y,-axis from x; to x;’. Multiplying the
three matrices on the right-hand side of Eq. (7.8.7), we obtain the component
transformation equations

f

(Igy) = Iny, cOS? @+21,, cospsing+1 -, sin? @

(I}’.Vh) = Ly, (7.8.8)

(IZZ,, ) =1, cos? @—21, cospsing+1,,, sin” 7]

(Ixz,, ) = I, (cosz o - sin? @)+, — I, YCOS@SIn @

The aerodynamic force and moment derivatives for the airplane can be transformed
in a similar manner. In the linearized equations of motion, the aerodynamic force
disturbances are written as

AF,, [Fou 0 Fool[du 0 Fo,, 0 [[#4
AFy, r = 0 Fyo 0 Mo+ Fy o, 00 Fy 14
AF, F, 0 F, Aw 0 F, 0 ar
voo L " r (7.8.9)
E\'h,u 0 Et;,,zh Au 0 Fx,,.a} 0 A5a
+ 0 0 0 A0+ Fy s, 0 Fy s Ad,
| Fopur O F | |40 0 F,5 0 AS,
and the aerodynamic moment disturbances are
AM ., 0 M, » 0 Au M, 0 M, ,||4p
aAM,, =M, 0 My ,|ydo,+ 0 M,, 0 Aq
AM ., 0 M., 0 Aw M. , 0 M., ||ar
: (7.8.10)

0 0 0 Au M.r/,,du 0 M.th,5,. Ada
+ My;,,i{ 0 Myh’w AV S+ 0 Myh,ﬁ(, 0 Aé‘g
0 0 0 |4 |M,s 0 M.,y |las

Each of the eight matrices in Egs. (7.8.9) and (7.8.10) can be transformed using
Egs. (7.8.1) and (7.8.2) in a manner similar to that used to obtain Eq. (7.8.7). For
example,

Foi 0 Fyu cosp 0 —sing| Fy,; 0 Fyu| cosp 0 sing
0O 0 o0 (=] 0 1 0 0 0 0 0 1 0 (7.8.11)
0 F,w sing 0 cosg ||[F,,; O F., 4 |l—-sing 0 cose
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and
0 Fy o5, 0 cosep 0 —sing 0 Fi 5. 0
th Sy 0 Evh,b‘, = 0 1 0 F"h By 0 E\’b,d,. (78 1 2)
0 F, 5, 0 sinp 0 cosg 0 F,, s, 0

When the matrix of aerodynamic derivatives in Eq. (7.8.12) is transformed, it is only
premultiplied by the transformation matrix from Eq. (7.8.2). It is not postmultiplied by
the transformation matrix from Eq. (7.8.1), because only the output vector for the last
term in Eq. (7.8.9) depends on the coordinate system. The input vector of control surface
deflections is the same in both coordinate systems. Similarly, we can also write

!

—
Fou 0 Fyu

0 F,. O
Fou 0 Fu|

cosp 0 —singoTFx,hu 0 Fyuwl cosp 0 sing
=1 0 I 0 0 F,o O 0 1 0

sing 0 cosg | Fr,n O [ .| —sing 0 cosp

r

0 F,, O
Fop 0 Fy,
0 F,, O

cosp 0 —sinp)) 0 F,, O cosp 0 sing
=1 0 1 0 o, 0 F,, 0 10
sinp 0 cosgp 0 F,y 0 |-sing 0 cose

0 My, 0
M, 4 0 M,
0 M., 0
cosg 0 —sing 0 M. 0 cosp 0 sing
= 0 1 0 M, . 0 M, 0 1 0
sing 0 cosg 0 M., 0 —sing 0 cosg

r

My, s, 0 My, s, cosp O —sing | M, s, 0 My, s,
0 M, s 0 = 0 1 0 0 M., s 0

M, s, 0 M., s, sing 0 cose | M, s, 0 M., s,

and so on.
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By transforming each of the eight individual matrices in Egs. (7.8.9) and (7.8.10), we
obtain the component transformation equations for the longitudinal aerodynamic
derivatives:

’

(FX,“L,) = Fyu cos> @— (Fxh,w +Fu )cos psing+F,, 4 sin? 17

’

(Fx;,,w) = Fow cos’ P+ (Fxh,u — e w )cos psing—-F, , sin? 17

r

2 . )
(Fx,,,u ) = F, ,co8” o~ (FX,”w +Fou )cos psing+F,, ,sin” @

’

(Fx,,,w) = Fow cos’ o+ (Fxh,,; -Fuw )cos¢)sin¢)—th,,-, sin? @

(Foq) = Fuoyqcosp—F,, 4sing

’

(Fxbﬁu) = Fy, 5, co80—F,, 5 sing

!

(th,u) = F,u cos’ <p+(FW -Fow )cos psing—Fy, 4 sin’ ]

]

(th,w) = w cos’ @+ (Fx,,,w +F, )coswsinq)+ Fiu sin? @
(

2 . . 2
(th,w) = F,, wcos” p+ (Fx,,,w + £ )cos psing+F,, ;sin” @

!

i) = Fon cosz(p+ Foun—Fow cosgosinqo—Fx,,,wsinz(p (7.8.13)
by b s

=

(FZM) = I, 4co80+ I, ,sing

’

(Fz,,,(s(,) = F,, 5, cos@+Fy, 5 sing
¢ .
(Myh,u) =M, cosp—M,, ,sing

¥
(My,“w) =M, ncosp+M, ,sing

’

(My/,,u) =M, ycosp—M, 4sing
(M, )’ =M, wcosp+M,, ;sing
(Myh,q )' =My,

r
(My1>,5e ) =M,
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and the component transformation equations for the lateral aerodynamic derivatives:

(Fuo) = Fue
(Fyp) = Fyp.pcosp—Fy, ,sing
(F,,) = F,,, cosp+F, ,sing
(Fy .5, )' = Fy s,

(Fyhadr) = F}’baﬁr
(Mxh,v), = M, pcosp—M, ,sing
(Mxh,p), = M,,,cos’ o—(M,,, + M., , )cosq)sin(p+MW sin” @

r

(Mxh,,) =M, . cosz(p+(MXW—Mz,,‘,)cosq)sin(p—Mzb,p sin® @ (7.8.14)

’

(Mxhﬁa) = My, c080-M;, s, sin @

’

(Mxhﬁr ) = be,fsr CosQ — MZb,ﬁ,- sin o

’

(Mzh,v) =M, ,cosp+M,, ,sing
- 2 . .2
(Mz,”p) = M., ,cos (p+(be,p—Mzh,,)cosgosm(p—MWsm ]
| 2 . .2
(Mzh,,) = M, ,cos qo+(be,r+Mzh,p)cosqosm¢+MXh,,,sm @

’

(Mzm‘u) = M:, 5, 0050+ My 5, 5in@

i

(Mz“;,) M., 5 cosp+ M, s sing

The orientation of the stability axes for any given operating condition depends on
some of the aerodynamic derivatives. Thus, we cannot know the exact orientation of the
stability axes prior to determining these derivatives. For this reason, it is not convenient
to directly measure the aerodynamic derivatives relative to the stability axes. However,
the aerodynamic derivatives and inertia tensor can be measured relative to another
convenient reference system, and the results can be transformed to the stability axes
using Eqgs. (7.8.8), (7.8.13), and (7.8.14).
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EXAMPLE 7.8.1. The large jet transport described in Examples 7.6.1 and 7.7.1
has the following moments of inertia and product of inertia relative to the zero-lift
axes of the airplane:

I, =1.888x107 slug-ft*
Iy, =3.310x107 slug ft*
I, =4.902x107 slug. ft?
1z, =4.075x10° slug: fi?

h

For the same flight condition used in Examples 7.6.1 and 7.7.1, estimate the
components of the inertia tensor relative to the stability axes.

Solution. From Example 7.7.1, for this airplane and flight condition we have

C, = 0597, C.,=550

Assuming the lift to be linear with angle of attack, we can approximate the
equilibrium angle of attack relative to the zero-lift axes as

o = St = 0397 _ 01085 ad = 6.22 degrees

Cr. 5.50

Since the equilibrium angle of attack is zero relative to the stability axes, the
rotation about the y,-axis from the zero-lift axes to the stability axes is

¢ = —a, = —6.22 degrees

Using Eq. (7.8.8), the four nonzero components of the inertia tensor relative to the
stability axes are

(lv\.'\.,, )S = (Im )LO cos’ o+ 2(1,\.2,, )LO cos @ sin (p+(]zz,7 )L() sin® @
= 1.888x10 cos’ g0+2(4.075>< 10“)cos¢sinq)+4.9ozx 107 sin?
= 1.836x107 slug: ft?

(I), = (14y,),, = 3:310x107 slug: ft?

(1), = (1) o co8® @=2(1 ., ), , cosgsing + (I, ) o sin” @
= 4.902x10 cos’ (p72(4.075><106)cos¢)sin(p+l.888><107 sin? ¢
= 4.954x107 slug ft*
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(Ix_,.,, )_v = (Im )Lo(cos2 @ —sin? (p)+[([zzh )LO ‘(lm )LO] cos@sing
= (4.075x10° Jcos? p—sin? p) + (4.902x107 ~1.888x107 Jeos g sin
= 7.330x10° slug- ft*

Notice that this transformation has little effect on the moments of inertia but has a
large effect on the product of inertia.

7.9. Inertial and Gyroscopic Coupling

In our previous development of the rigid-body equations of motion, we assumed that the
aircraft was symmetric about the x,-z, plane. It was this assumed symmetry that allowed
us to uncouple the longitudinal equations from the lateral equations after applying the
small disturbance approximation. While most aircraft possess this symmetry, it is not
unusual for an aircraft to be flown in an asymmetrical configuration. For example, a
military airplane might be flown with a missile under only one wing, and any airplane
could be flown with more fuel in one wing than in the other. If the symmetry assumption
is relaxed, the longitudinal and lateral equations become coupled, even within the
approximation of small disturbance theory.

There is also another form of cross coupling that arises from the spinning rotors
associated with aircraft power plants, i.e., turbines, compressors, and propellers. In
treating the aircraft as a rigid body, we tacitly neglected the angular momentum of these
rotors relative to the body-fixed coordinates. If we relax the rigid-body assumption to the
extent that we allow some parts of the aircraft to be rotating relative to the body-fixed
coordinate system, then additional terms appear on the right-hand side of the angular
momentum equation, Eq. (7.2.2). These terms are called the gyroscopic couples.

Relaxing both the symmetry assumption and the rigid-body assumption as
mentioned above, the angular momentum equation can be written as

M = E‘%HMH (7.9.1)

where
H = [Ilo+h (7.9.2)
I XXp - 1 XV - 1 xzp

[l] = |- 1}'x/, I_\{\'/, - [y:/, (793)
- 1:.\‘/, - [:_\’/, l::/7

and h is the total angular momentum of all spinning rotors relative to the body-fixed
coordinate system. If we assume all rotors to be spinning with a constant angular
velocity relative to the aircraft, Eq. (7.9.1) can be written as
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M = %([I]m)+ ox(To+h) (7.9.4)

or after expanding and rearranging,

]xxb _Ixy;, _Ixz;, p Mxh 0 —hzb hyb 14
- Ixy,, Iyyh - Iyzh g = Myb + hz;, 0 - hXh q
- [xzh - I,VZ/; ]Zzb F Mz;, - hy,, hx,, 0 r

(7.9.5)
(Iyyh =1z, )qr+1y2h (qz _”2)+1x2bpq_1xy,,pr

+ (Izz,7 _[xx,,)pr"’]xzh(rz _p2)+1Xthr_1yzhpq
(]Xxh —Iyyh)pq+1xy,,(p2—q2)+1yz,,p’”—1xzbq’”

From Eq. (7.9.5) we see that for this more general case, there is both linear and
nonlinear coupling between the longitudinal and lateral degrees of freedom. These
effects can be accounted for in the Euler angle formulation of the general 6-DOF
equations of motion simply by replacing Eq. (7.4.5) with Eq. (7.9.5). This adds no
significant complexity to the general nonlinear 6-DOF equations.

In steady linear flight, the first-order coupling between the longitudinal and lateral
equations of motion results only from asymmetry about the x,-z, plane and/or from the
gyroscopic effects of the spinning rotors. From Egq. (7.9.5), we see that both the rolling
and yawing rates affect the pitching equation through the terms -7, p and —/,,,7.
Likewise, the pitching rate affects both the rolling and yawing equations through the
terms —/y,q and —I,,,q. In conventional airplanes the spinning rotors are usually
aligned very closely with the x,-axis. In this case the gyroscopic effects result primarily
in a coupling between pitch and yaw, through the terms A, g and —h,r. For
helicopters, the primary rotors are aligned more closely with the z,-axis, which produces
a roll-pitch coupling from the terms 4., p and -4, q .

During very rapid manecuvers, even the second-order terms in Eq. (7.9.5) can become
significant. While pitching and yawing rates are not usually large, fighter aircraft
routinely execute maneuvers with very high rolling rates. Such maneuvers can result in
significant longitudinal-lateral coupling. Most notably, long slender aircraft have a
moment of inertia about the roll axis that is much less than that about either the pitch or
yaw axis. When such an aircraft executes a rapid rolling maneuver, the second-order
term (I, ~ /., )pq can produce a pitching motion large enough to cause loss of control
or even structural failure. Similarly, an aircraft with significant asymmetry will have
significant product of inertia terms. A rapid rolling maneuver in this type of aircraft will
also produce significant pitching motion as a result of the terms /., (# - p*) and
-1z, pg . Such coupling between rolling and pitching motion is particularly important,
since rolling rates can be very large in fighter aircraft and because pitching motion can
result in rapid changes in angle of attack. These changes in angle of attack can have a
profound and sometimes catastrophic effect on the aerodynamic forces. Fortunately, the
angular rates in most flying situations are small and the second-order terms in Eq. (7.9.5)
are not significant.



7.10. Problems 691

7.10. Problems

7.1.

7.2.

7.3.

74.

7.5.

7.6.

7.7.

7.8.

7.9.

7.10.

A rocket is flying with an axial velocity component of 1,000 ft/sec, a sideslip
velocity component of 500 ft/sec, and a normal velocity component of 2,000
ft/sec. Determine the total airspeed in miles per hour and the angle of attack and
sideslip angles A, and £, in degrees.

An aircraft has an airspeed of 400 ft/sec. The angle of attack is 20 degrees and
the sideslip angle, £, is 10 degrees. Determine the axial velocity component, the
sideslip velocity component, and the normal velocity component relative to the
same body-fixed coordinate system.

An aircraft has an airspeed of 400 ft/sec. The angle of attack is 20 degrees and
the sideslip angle, /., is 10 degrees. Determine the axial velocity component, the
sideslip velocity component, and the normal velocity component relative to the
same body-fixed coordinate system.

An aircraft has an airspeed of 800 ft/sec. The angle of attack is 75 degrees and
the sideslip angle, £, is 60 degrees. Determine the axial velocity component, the
sideslip velocity component, and the normal velocity component.

An aircraft has an airspeed of 800 ft/sec. The angle of attack is 75 degrees and
the sideslip angle, £, is 60 degrees. Determine the axial velocity component, the
sideslip velocity component, and the normal velocity component.

Consider some aerodynamic coefficient, C, that is somehow known as a function
of V, a, and f,. Using the definitions in Egs. (7.1.2) through (7.1.4), obtain an
expression for the change in C with respect to sideslip velocity in terms of the
derivatives with respect to ¥, o, and f£,.

Consider some aerodynamic coefficient, C, that 1s somehow known as a function
of V, a, and .. Using the definitions in Egs. (7.1.2), (7.1.3), and (7.1.5), obtain
an expression for the change in C with respect to sideslip velocity in terms of the
derivatives with respect to V, &, and f..

Using Eqgs. (7.1.16), (7.1.19), and (7.1.20), show that the results obtained in
problems 7.6 and 7.7 are equivalent.

A rectangular solid of density p has length L, in the x,-direction, length L, in the
vp-direction, and length L, in the z,-direction. Starting with Egs. (7.2.3) through
(7.2.9), obtain an expression for the inertia tensor for this object. Use a body-
fixed coordinate system aligned with the primary axes of the body.

Starting with Egs. (7.2.3) through (7.2.9), obtain an expression for the inertia
tensor for a cylinder having density p, radius R, and length L. Use a body-fixed
coordinate system aligned with the primary axes of the cylinder.
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7.11.

7.12.

7.13.

7.14.

7.15.

7.16.

7.17.

7.18.

7.19.
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If the rocket in problem 7.1 has a bank angle of —30°, an elevation angle of 60°,
and an azimuth angle of 230°, what is its velocity in Earth-fixed coordinates?

If the aircraft in problem 7.2 has a bank angle of 40°, an elevation angle of —20°,
and an azimuth angle of 290°, what is its velocity in Earth-fixed coordinates?

An airplane has an angle of attack of 10 degrees and the sideslip angle, £, is 5
degrees. If the airplane has a bank angle of 60 degrees, an elevation angle of —30
degrees, and an azimuth angle of 0 degrees, what direction is the nose of the
airplane pointing, and in what direction is the airplane moving?

An airplane has an angle of attack of 10 degrees and the sideslip angle, £, is 5
degrees. If the airplane has a bank angle of 60 degrees, an elevation angle of -30
degrees, and an azimuth angle of 0 degrees, what direction is the nose of the
airplane pointing, and in what direction is the airplane moving?

During a post-stall maneuver, an airplane has an angle of attack of 80 degrees
and the sideslip angle, A, is 30 degrees. If the airplane has a bank angle of 90
degrees, an elevation angle of 10 degrees, and an azimuth angle of 180 degrees,
what direction is the nose of the airplane pointing, and in what direction is the
airplane moving?

During a post-stall maneuver, an airplane has an angle of attack of 80 degrees
and the sideslip angle, ., is 30 degrees. If the airplane has a bank angle of 90
degrees, an elevation angle of 10 degrees, and an azimuth angle of 180 degrees,
what direction is the nose of the airplane pointing, and in what direction is the
airplane moving?

Write a computer subroutine that uses fourth-order Runge-Kutta to solve the
projectile equations developed in Example 7.3.4. Start with Eq. (7.3.38).

Using the subroutine from problem 7.17, obtain the Earth-fixed coordinates and
airspeed at 25 and 100 yards downrange for an arrow having K = 0. 00061 ft!
K, = 0.14 f'', K, = 0.00059 ft'', K3 = 0.0016 ft2, and K, = 0.0064 ft”' The
arrow starts at the Earth-fixed origin with a speed of 210 ft/sec, no angle of
attack, no angular velocity, and an elevation angle of 0.0 degrees. How far is the
arrow below the initial line of motion at 25 and 100 yards downrange?

Using the subroutine from problem 7.17, obtain the Earth-fixed coordinates and
airspeed at 25 and 100 yards downrange for an arrow having K, = 0. 00061 ft™!
K, = 0.14 ft”', K, = 0.00059 ft”', K; = 0.0016 ft, and K4 = 0.0064 fi”’ The
arrow starts at the Earth-fixed origin with a speed of 210 ft/sec, no angle of
attack, no angular velocity, and an elevation angle of 45 degrees. How far is the
arrow below the initial line of motion at 25 and 100 yards downrange? Consider
the downrange distance to be measured along the initial 45-degree flight line.



7.20.

7.21.

7.22.

7.23.

7.24.

7.25.

7.26.

7.27.

7.28.

7.29.
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Modify the computer subroutine written for problem 7.17 so that time is used as
the independent variable, i.e., use Eq. (7.3.35) instead of Eq. (7.3.38). Also
account for the variation in air density with elevation.

A projectile is dropped from an aircraft flying at 10,000 ft with an airspeed of
500 ft/sec. At sea level, the projectile has Ky = 0.002 ft!, K, = 0.2 ft!,
K>=0.001 ft”', K3=0.001 ft”*, and K4 = 0.01 fi"". Use the subroutine written for
problem 7.20 to determine the horizontal distance traveled by the projectile from
the time it is dropped from the aircraft until it falls to sea level. What are the
elevation angle and the angle of attack for the projectile when it reaches sea
level? Assume that the projectile leaves the aircraft with no angular velocity and
no angle of attack. Use a time step of 0.05 second and assume no wind.

Using the subroutine that was written for problem 7.20, plot the trajectory of the
projectile in problem 7.21 from 10,000 feet to sea level.

Using the subroutine that was written for problem 7.20, plot both the horizontal
and vertical components of velocity as a function of time for the projectile in
problem 7.21.

Using the subroutine written for problem 7.20, plot the angle of attack as a
function of time for the projectile in problem 7.21.

A spherical projectile 24 inches in diameter and weighing 50 pounds is dropped
from an aircraft flying at 10,000 ft and 500 fi/sec. Use the subroutine written for
problem 7.20 to determine the horizontal distance traveled by the projectile from
the time it is dropped until it falls to sea level. Assume a constant drag
coefficient of 1.0. Use a time step of 0.05 second and assume no wind.

Modify the computer subrouiine written for problem 7.20 to account for the
effects of wind. Assume constant headwind and no crosswind.

Using the subroutine written for problem 7.26, plot the trajectory of the projectile
in problem 7.21 from 10,000 feet to sea level for the case of a constant headwind
of 75 ft/sec.

Using the subroutine that was written for problem 7.26, plot the horizontal and
vertical components of ground speed as a function of time for the projectile in
problem 7.27.

For the arrow described in problem 7.18, use the fourth-order Runge-Kutta
integration method with the linearized system of equations developed in Example
7.5.2 to plot the elevation and airspeed as a function of range from zero to 100
yards. Use a time step of 0.015 second. Compare your results to those obtained
in problem 7.18.
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7.30.

7.31.

7.32.

7.33.

7.34.

7.38,

7.36.

In Example 7.5.2, the projectile equations developed in Example 7.3.3 were
linearized relative to motion along a horizontal line at constant speed. We wish
to develop a more general system of linearized projectile equations. Linearize
the equations developed in Example 7.3.3 relative to constant-speed motion along
a straight line having an elevation angle of ,.

For the arrow described in problem 7.19, use the linearized system of equations
developed in problem 7.30 to plot the elevation and airspeed as a function of
range from zero to 100 yards. Use a time step of 0.015 second. Compare your
results to those obtained in problem 7.19.

For the airplane and flight conditions in Example 7.6.1, estimate all of the
dimensional lateral acrodynamic derivatives that appear in the homogeneous
form of Eq. (7.5.24). In addition to the properties given in Example 7.6.1, this
airplane has the following properties:

(c//c/)w =0286, S, =8751t%, xp, =-961t, z,, =-231i,
Cr.p =330, Cyy=-0890, Cip=-0.144, C,;=0.182

Repeat Example 7.6.1, for a thrust vector that is inclined upward at an angle of
9.0 degrees to the direction of flight and passes through a point that is 9.0 ft
below the center of gravity. Assume that all other parameters, including the lift-
to-drag ratio, remain unchanged.

For the airplane and flight conditions in problem 7.32, fill out the nondimensional
lateral coefficient matrices associated with the homogeneous form of
Eq. (7.7.6). For this airplane, the components of the inertia tensor relative to the
stability axes were computed in Example 7.8.1.

For the airplane described in Example 7.8.1, what rotation angle about the y,-axis
is required to move from the zero-lift axes to the primary axes?

The Spitfire Mark XVII that is shown in Figs. 4.11.1 and 4.11.2 is in level flight
at sea level. Assume the following properties and operating conditions:

S, =244>, b,=3683f, C; ,=462, C, =-0.053,
A =0.0°% apo.=-22° ao,=3.0° [,=00f, h,=-261f,
Cp,, =0.01, Cp, ., =0.00, e, =1.00,

Sy =311%, b, =10.64ft, Cp, 4 =406, C,,o=0.000,

Ay =0.0°% agor =0.0° apy=0.0° I, =18.161t, h, =0.0ft,
Cpy, =0.01, Cp,.z, =0.00, ¢, =1.00, 7, =1.0,

S; =156, ¢, =32.671t, ay, =0.0° I, =-3.0f,
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d, =132/12ft, @/27=13501pm, Cy,q =0.390,
Ty =—2.40 Ibf-sec/ft, aqp, =0.0°, 1, =-9.33f, h, =001,
W =83751bf, 1, =10,060slug-ft*, ¥, =300 mph,
CLa=4884, Cp, =00173, Cp,. =00, e=080, Cyp,=-03786

Estimate all of the dimensionless longitudinal aerodynamic derivatives and fill
out the nondimensional longitudinal coefficient matrices associated with the
homogeneous form of Eq. (7.7.5).

7.37. Two high-bypass-ratio turbofan engines power a small jet transport of the wing-
canard design. The airplane is in level flight at 30,000 feet. Assume the
following properties and operating conditions:

S, =950 ft>, b, =75ft, Ry, =035 Cp, o=430, C,, =-0.050,
Ay =15°, aron=-2.0° ao.=15° I, =86f h,=-38f,
Cp,, =0.01, Cp, 1, =0.00, e,=0.95,

Sp=2191t%, b, =36ft, Ry, =035, CLa=430, Cy,o=-0.050,
Ap =15° aon =—-2.0% ap =2.0° I, =-339f, h,=-38f
Cp,, =0.01, Cp, 1, =0.00, e, =095 n;=10,
S;=521t%, ¢, =78ft, aoy =0.0° Iy =-1851,

Ty =-10.51bf-sec/ft, ag; =0.0°, 7, =064, [; =941t h; =241,
W =173,0001bf, 1, =451,500slug ft>, ¥, =400 mph,

Crq =5327, Cp,, =0.020, Cp,; =00, €=0.67, Cpngo=-0.122

Estimate all of the dimensionless longitudinal aerodynamic derivatives and fill
out the nondimensional longitudinal coefficient matrices associated with the
homogeneous form of Eq. (7.7.5).

7.38. The turboprop transport that is shown in Fig. 4.11.3 is in level flight at sea level.
Assume the following properties and operating conditions:

S, =1,745fi%, b, =132.61t, Ry, =057, Cp, o=516, C,, =-0.050,
A =0.0° @row =-2.0° ag,=00° [,=-25ft h,=74f,
Cp,, =0.01, Cp,.r, =0.00, e, =096,

S, =5281ft%, b, =527f, Ry, =035, Cp,q0=452, Cp,o=0.000,
Ay =7° agon=0.0°% aoy=-1.5% I, =4451t, h, =74,

Cp,, =001, Cp, 1, =0.00, e, =097, n; =10,
Sp=173f%, ¢, =87.91t, ag, =0.0°, [, =-2051,
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S, =287, ¢, =23ft, @y, =00° [,=-92f,
d, =162/12ft, @/2r =1020tpm, Cy,, =0.721,
Ty =-40.41bf-sec/ft, o, =0.0°, 1, =-11.91ft, h, =62 f,
W =155,000 Ibf, 1,,, =894,700 slug-ft>, ¥, =300 mph,
Cro =6.087, Cp,, =0.031, Cp, . =00, e=0.65 Cpgy=—1.645

Estimate all of the dimensionless longitudinal aerodynamic derivatives and fill
out the nondimensional longitudinal coefficient matrices associated with the
homogeneous form of Eq. (7.7.5).

7.39. For the Spitfire Mark XVIII that is described in problem 7.36, fill out the
nondimensional lateral coefficient matrices associated with thc homogeneous
form of Eq. (7.7.6). In addition to the properties and operating conditions listed
in problem 7.36, assume the following:

I, =1,500stug ft*, 1., =11,700 slug-ft>, /.., =100slug ft?,
Cyp=-0212, C;p5=0.000, C,z=0.095,
Cy;=0.000, C/,5=-08885 C,,=-00186,
Cyr=0282, C,r=0.037, C,r=-0.139

7.40. For the small jet transport that is described in problem 7.37, fill out the
nondimensional lateral coefficient matrices associated with the homogeneous
form of Eq. (7.7.6). In addition to the properties and operating conditions listed
in problem 7.37, assume the following:

L, =393,700slug ft*, 7., =808,200slug:ft>, /.. =75,000slug ft>,
Cyp=-0.735 Cip=-0220, C,z=0.135,
Cy 5 =0.000, C,;=-0385 C,,=-0.049,
Cyr=0.092, C/r=0.143, C,r =-0.165

7.41. For the turboprop transport that is described in problem 7.38, fill out the
nondimensional lateral coefficient matrices associated with the homogeneous
form of Eq. (7.7.6). In addition to the properties and operating conditions listed
in problem 7.38, assume the following:

L, = 1,136,000 slug-ft*, 7., =1,860,000 slug-ft>, /., =1100slug ft?,
Cyp=-0362, Crp=-0.125 C,;z=0.101,
Cyp =0.000, Cip=-0.530, C,;=-0.037,
Cyr=0082, Cr7=0.113, Cpr=-0.171



Chapter 8
Linearized Longitudinal Dynamics

8.1. Fundamentals of Dynamics: Eigenproblems

The linearized 6-DOF equations of motion developed in Chapter 7 consist of 12 first-
order linear differential equations with constant coefficients. These 12 first-order
equations are equivalent to a system of six second-order equations for the six-degrees of
freedom associated with rigid-body flight. Similar systems of second-order equations can
be used to model many other physical phenomena. Systems of second-order differential
equations with constant coefficients are frequently encountered in every branch of
engineering. For this reason, such systems of equations have been studied at great length
and their solutions are well understood. Because an understanding of second-order
systems is prerequisite to an understanding of aircraft dynamics, here we review the
characteristics of such systems in general before considering their application to dynamic
aircraft stability and control.

First consider a one-degree-of-freedom system, modeled with a single second-order
differential equation with constant coefficients. While several electrical and mechanical
systems can be modeled with a single equation of this type, here we illustrate the problem
by examining the motion of a one-degree-of-freedom spring-mass system with linearized
viscous damping (see Fig 8.1.1). The equation of motion is developed by summing
forces acting on the mass to obtain the second-order differential equation

d’x  dx _
mzz—+cd—f+k(x—xo) = F(t) (81])

where m is the mass, ¢ is the damping coefficient, k is the spring constant, x, is the
equilibrium value of the x-position that results in no spring force, and F(¢) is a forcing
function that may vary with time, . The general solution to this equation, referred to as
the forced response, is the sum of the homogeneous solution and a particular solution.
The homogeneous solution, or free response, is the solution with the forcing function set

Figure 8.1.1. Damped spring-mass system with one degree of freedom.

697
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to zero, and the particular solution is any solution that will satisfy the nonhomogeneous
equation. Because system dynamics are characterized primarily by the free response, we
start our discussion with a consideration of the homogeneous solution.

Equation (8.1.1) can be rewritten as

d*Ax | dAx
A = 12
m % +c ” +kAx = F(r) (8.1.2)

where Ax is the displacement from equilibrium, Ax =x —x,. The reader should recognize
the homogeneous solution to Eq. (8.1.2) from his or her introductory class on ordinary
differential equations. The only existing solutions are given by

Ax(r) = CeM + Cre™ (8.1.3)

where C; and C;, are arbitrary constants, to be determined from the initial conditions, and
Ay and A, are the eigenvalues, which are the roots of the characteristic equation,

_ o —cxVt—amk ¢ cY k
Ay = ——F——— = ——+ | —| - & (8.1.4)
' 2m 2m 2m m

The motion that occurs when the system is disturbed from equilibrium and then
released will depend on the eigenvalues A; and A,. The reader should be familiar with
three types of motion that are shown in Fig 8.1.2. Overdamped motion occurs when the
eigenvalues are real, negative, and distinct,

( ¢ )2 > % (8.1.5)

2m

In this case any disturbance from equilibrium will result in a smooth exponential return to
the equilibrium position with no oscillation or overshoot. Underdamped motion occurs
when the eigenvalues are complex,

(LT < % (8.1.6)

2m

In this case, disturbance from equilibrium results in damped sinusoidal motion with a
damped natural frequency equal to the magnitude of the eigenvalue’s imaginary part,

2
damped natural frequency = w,; = Iimag(/l)] = _rk;-(?cn?) 8.1.7)

and a damping rate equal to the negative of the real part of the eigenvalue,

damping rate = 0 = —real(d) = —2—(’;; (8.1.8)
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overdamped motion
critically damped motion

T

underdamped motion

Deviation from
Equilibrium

Time

Figure 8.1.2. Overdamped, critically damped, and underdamped motion.

Critically damped motion occurs when the eigenvalues are real, negative, and identical,

< - |k (8.1.9)

This case is the boundary between overdamped exponential motion and underdamped
sinusoidal motion. Critically damped motion provides the most rapid exponential return
to equilibrium that is possible without inducing sinusoidal oscillations.

For an underdamped mode, the eigenvalues form a complex pair. This complex pair
and the nature of the associated motion can be specified in terms of the damped natural
frequency, wy, and the damping rate, o, defined by Egs. (8.1.7) and (8.1.8),

Ma = —ctayi (8.1.10)

where i=+-1. For underdamped motion, both the damped natural frequency and the
damping rate have rather obvious physical meanings. However, for overdamped or
critically damped motion, the concept of damped natural frequency is meaningless. For
this reason, it is often more convenient to describe an eigenvalue pair in terms of what are
called the undamped natural frequency and the damping ratio. The undamped natural
frequency is the frequency that the mode would exhibit if the damping were identically
zero. This undamped natural frequency is related to the eigenvalue pair according to

undamped natural frequency = w, = A4z (8.1.11)

The damping ratio is the actual damping rate divided by the damping rate that would be
required to make the mode critically damped. In general, to determine the damping ratio
from the eigenvalue pair, we use

_Atdh
2\ AiAs

Using Eq. (8.1.10) in Egs. (8.1.11) and (8.1.12), for an underdamped mode, the
undamped natural frequency and the damping ratio can be related to the damped natural
frequency and the damping rate. This gives

damping ratio = ¢{ = (8.1.12)
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@, = J(~o+w4i)(-o-w4l) = o'+, (8.1.13)

—CH+wyi—0c—wyi

B _ o
2\/(—0'+60d N-o~w,i) \[0'2 +a)5

£ = (8.1.14)

While Egs. (8.1.13) and (8.1.14) can only be applied to a mode that is underdamped,
Egs. (8.1.11) and (8.1.12) can be applied to underdamped, overdamped, and critically
damped modes. For the damped spring-mass system that is shown in Fig 8.1.1, using
Eq. (8.1.4) in Eq. (8.1.11) gives

@, = Jk/m (8.1.15)

and using Eq. (8.1.4) in Eq. (8.1.12) results in

¢ = ¢/lim) (8.1.16)

Combining Eqgs. (8.1.11) and (8.1.12), the eigenvalue pair can be expressed in terms of
the undamped natural frequency and the damping ratio,

Ay = L@, £@,4/7 1 (8.1.17)

If the damping ratio is less than 1.0, comparing Eq. (8.1.17) with Eq. (8.1.10), we see that
the damping rate and the damped natural frequency are related to the damping ratio and
the undamped natural frequency according to

o = Lo, (8.1.18)

wg = 1= (8.1.19)

When the eigenvalues are complex, using Eq. (8.1.10), the homogeneous solution
given by Eq. (8.1.3) can also be written in terms of sinusoidal functions,

Ax(t) = e [Cs sin(wgt) + Cy cos(wyt)] (8.1.20)

where C; and C, are arbitrary constants, different from C) and C,. In this form it is easy
to see that the homogeneous solution is a sinusoidal oscillation with period 27w, We
also see that the amplitude of oscillation decreases exponentially with time. The rate at
which the oscillations decay is sometimes specified by the time constant, which is 1,/ or
the time required for the amplitude to be reduced by about 63 percent. Another common
measure of the decay rate is the time to half amplitude, which is —In(0.5) /o or about 69
percent of the time constant.

In summary, the nature of the homogeneous solution to Eq. (8.1.2) depends on two
constants, the eigenvalues 4, and A,, which can be either real or complex. In general,
these ‘eigenvalues can be written in terms of the damping ratio, ¢, and the undamped
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natural frequency, w,, according to Eq. (8.1.17). If the damping ratio is less than 1.0, the
eigenvalues are complex and can be written in terms of the damping rate, o, and the
damped natural frequency, @y, in accordance with Eq. (8.1.10). The homogeneous
solution obtained from these eigenvalues is called the fiee response.

System motion resulting from the application of a time varying force is called the
forced response. For example, consider the case where the forcing function, F(2), is
sinusoidal with frequency, @), and amplitude, F,. In this case Eq. (8.1.2) becomes

2
m ddtf" +ci§tﬁ+kAx = F,sin(, 1) (8.1.21)

The general solution to this equation is the homogeneous solution in Eq. (8.1.3), plus a
particular solution, which can be found using the method of undetermined coefficients,

A1) = GeM +Cre™ + Ay %sin(ayt —y) (8.1.22)

where A, is the amplification factor shown in Fig. 8.1.3 and given by

1
J[l (@, Jon?] +2¢ (@, jw,))

A, = (8.1.23)
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Figure 8.1.3. Amplification factor associated with the forced response.
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and ¥ is the phase angle given by

g = 2@r/on) (8.1.24)

I~ (@, /wn,)?

Figure 8.1.3 shows the amplification factor, given by Eq. (8.1.23), plotted as a
function of the forcing frequency, @, divided by the undamped natural frequency, @,.
In the limiting case of zero damping, the amplitude of the forced vibration is seen to
approach infinity as the forcing frequency approaches the undamped natural frequency.
This phenomenon is called resonance. The response amplitude of the forced vibration
is maximum when the forcing frequency is somewhat less than the undamped natural
frequency. The forcing frequency that results in maximum response amplification is
found by differentiating the right-hand side of Eq. (8.1.23) with respect to @y, and setting
the result to zero. This gives

maximum response frequency = w,, = w41 —2§2 (8.1.25)

Clearly, from Eq. (8.1.25) we see that the frequency of maximum response, @, is less
than the undamped natural frequency, @,. Furthermore, after comparing Eq. (8.1.25)
with Eq. (8.1.19), we see that the frequency resulting in maximum response is also less
than the damped natural frequency, @,.

For lightly damped systems when the forcing frequency is close to w,, the
amplification factor is much greater than 1; when the forcing frequency is much less than
w,, the amplification factor approaches 1; and for a forcing frequency much greater than
@,, the amplification factor approaches zero. As the damping ratio is increased from
zero, the amplification due to resonance is reduced. For damping ratios that are greater
than ¢ =172, all resonance amplification is eliminated.

Because the spring-mass system having one degree of freedom is modeled with a
single second-order differential equation, the eigenvalues can be found analytically.
However, this is not the case for systems with many degrees of freedom. For second-
order systems having more than two degrees of freedom, the eigenvalues must be found
numerically. To facilitate the numerical solution, it is convenient to express each second-
order differential equation as two first-order equations. To demonstrate, we shall first
apply this procedure to Eq. (8.1.2).

Defining a second dependent variable to be the time rate of change of the position
disturbance, i.e., the velocity disturbance,

dAx

we can rewrite the homogeneous form of Eq. (8.1.2) as

L e
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where the dot indicates a time derivative. Equation (8.1.27) is of the form

[Bl{X} = [Al{X} (8.1.28)
where
X} = av 8.1.29
Xy = A (8.1.29)
NI 8.1.30
[A] = Lo (8.1.30)
B =|" 0 8.1.31
[B] = 0 1 (8.1.31)

The solutions to Eq. (8.1.28) are of the form

X} = ciue’ (8.1.32)

where C is an arbitrary scalar constant, {X} is a vector with explicit constant components,
and A is an explicit scalar constant. Using Eq. (8.1.32) in Eq. (8.1.28), we have

cABlx " = CclA)e™ (8.1.33)

Equation (8.1.33) can be written in the alternative form

([A] = A[BD{X} = 0 (8.1.34)

Equation (8.1.34) represents a homogeneous system of linear algebraic equations. This is
the generalized eigenproblem. Nontrivial solutions to this system of equation will exist
only if the determinant of [A]~ A[B] is zero. The values of A that will force this
determinant to be zero are the eigenvalues. There exists a pair of eigenvalues for each
degree of freedom associated with the problem. A one-degree-of-freedom problem has
two eigenvalues; a two-degree-of-freedom problem has four eigenvalues; and so on. For
each eigenvalue there exists a nontrivial solution for {X} that will satisfy Eq. (8.1.34).
These solution vectors are called eigenvectors. While the eigenvectors are nontrivial,
they are not unique. Clearly, because Eq. (8.1.34) is homogeneous, any multiple of an
eigenvector will also be an eigenvector.

In summary, the eigenvalues are found by obtaining the roots to the characteristic
equation obtained by setting the determinant of [A] ~ A[B] to zero,

[A1-4[B] = 0 (8.1.35)
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Each set of eigenvectors is found by using the corresponding eigenvalue in the system of
equations given by

([A] = 4, (BD{X}; = 0 (8.1.36)

Because the eigenvectors are unique only to within some arbitrary constant multiplier,
they are commonly defined so that each eigenvector has a magnitude of unity, with the
largest component being real,

N
Slef =1 imaglmaxcz)) = o (8.1.37)

The absolute value or magnitude of any component of an eigenvector is defined to be the
square root of the sum of the squares of its real and imaginary parts. Once any form of an
eigenvector is found, it can easily be normalized according to Eq. (8.1.37). First, the
component having the largest magnitude is found. All components of the eigenvector are
then multiplied by the complex conjugate of this largest component. This makes the
largest component real. Next, the magnitude of the entire eigenvector is found by taking
the square root of the sum of the squares of the magnitudes of all components. Finally,
all components of the eigenvector are divided by this magnitude, giving the final form of
the eigenvector a magnitude of unity.

The two eigenvalues for a one-degree-of-freedom problem can easily be obtained
analytically. Using Eqgs. (8.1.30) and (8.1.31) in Eq. (8.1.35) and evaluating the

determinate, we have
-c -k m 0
— l =
1 0 0 1

= mA+cA+k = 0

[A]-A[B] =

—(c+mA) —k,

1 oy (8.1.38)

which gives the well-known solutions expressed in Eq. (8.1.4).

The eigenvalues and eigenvectors for systems with multiple degrees of freedom can
readily be obtained numerically using a digital computer. Because of the importance of
eigenproblems in all fields of engineering and science, algorithms for computing
eigenvalues and eigenvectors are widely available. Most modern computer facilities will
have subroutines available for determining eigenvalues and eigenvectors. In fact, today,
most hand-held scientific calculators have preprogrammed algorithms for obtaining
numerical solutions to eigenproblems.

The details associated with obtaining numerical solutions to eigenproblems can be
found in any undergraduate text on engineering numerical methods (see, for example,
Hoftfman 1992 or Press et al., 1986). Since an introductory course in numerical methods
is assumed to be a prerequisite to the material presented in this text, the details
associated with implementing numerical solutions to the eigenproblem will not be
repeated here.
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Figure 8.1.4. Damped spring-mass system with two degrees of freedom.

As an example of an eigenproblem with multiple degrees of freedom, consider the
free response of the damped spring-mass system illustrated in Fig. 8.1.4. This system has
two degrees of freedom, one associated with the independent translation of each mass.
Applying Newton’s second law of motion to this system, we have

4°
my ——dz)zcl = —q gdxt—l—kl (1 = x10) + k2 [(x2 = x1) = (x20 — X10)] (8.1.39)
2
d
ms & 2 = —er B ko[ —x1) = (x20 — X1)] (8.1.40)
dt dt

Equations (8.1.39) and (8.1.40) can be rewritten in terms of the axial displacement of
each mass from equilibrium, Ax; =x, —x, and 4x; = x> — X2,

2
m d* Ax +ey dAx +(ky + k) Ax, —kayAxs = 0 (8.1.41)
dt2 dt
2
mzd A 989 e A, = 0O (8.1.42)
dt2 dt

Defining the dependent variables,

dAx,
AV, = —/ 8.1.43
| o ( )
dAx,
AV, = —= .1.44
2 ” (8.1.44)

we can rewrite Eqgs. (8.1.41) and (8.1.42) as
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m 0 0 0](ar e 0
my; 0 0|4V, 0 -0
o tollay| |1 o
0 0 1At 0 1

—(ki+ky) ka1 AN
k —k || AV
: 2 (8.1.45)
0 0[] 4x
0 0 || ax

In general, the solutions to the homogeneous system of equations given by Eq. (8.1.45)

are all of the form

an ,
AV;
2L o elFnlen (8.1.46)
Axy X
Ax; X
Using Eq. (8.1.46) in Eq. (8.1.45), we have
m 0 00 Ay, —C) 0 —(k1+k2) ks ZV\
00 0 -c k -k
ci ™ rler - ¢ < ’ 2 Frler (8.147)
0 1 0}, 1 0 0 0 || Xy
0 0 0 1)|x, 0 1 0 0 || Xx
or after rearranging,
- 0 —(kl +k2) k, m 0 00 )[Vl 0
0 - k -k 0 00 0
N 2la ™ Al (8.1.48)
1 0 0 0 0 0 1 0]|]x, 0
0 1 0 0 0 0 0 1}lxy, 0

This system of linear algebraic equations is in the form of the generalized eigenproblem

given by Eq. (8.1.34), where

- 0 — (k1 +k3) k>
) ky —k;
Al = 8.1.49
[A] 1 0 0 0 ( )
0 1 0 0
n 0 0 0
0 my 0 0
B] = 8.1.50
[B] 0 0 1 0 ( )
0 0 0 1
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If the masses, damping coefficients, and spring constants in Eq. (8.1.48) are all known,
the eigenvalues and eigenvectors associated with the motion of this system can be found
by using these matrices in any generalized eigensolver.

The character of each mode of motion associated with the free response of this
system can be identified as being overdamped, underdamped, or critically damped, by
examining the eigenvalues, just as was done for the one-degree-of-freedom problem.
Any eigenvalue that is real, distinct, and negative corresponds to an overdamped mode,
with the damping rate being equal to the negative of this real eigenvalue. A pair of
eigenvalues that are real, identical, and negative corresponds to a critically damped
mode, having a damping rate that is also equal to the negative of the real eigenvalue.
When complex eigenvalues are found, they are always found in complex pairs. Each
complex pair of eigenvalues corresponds to a mode that is underdamped. Such modes
result in sinusoidal motion having a frequency equal to the magnitude of the imaginary
part of the eigenvalue and a damping rate equal to the negative of the real part of the
eigenvalue.

Most readers should be quite familiar with the foregoing interpretation of the
eigenvalues, from their study of elementary dynamics with one degree of freedom.
However, many readers may not be as familiar with the physical interpretation of the
eigenvectors. Since a real number is a special case of a complex number, we shall first
describe the interpretation of an eigenvector that is associated with a complex eigenvalue.
The components of the eigenvectors associated with a complex pair of eigenvalues also
form complex pairs. To demonstrate the physical meaning of such eigenvectors, consider
the eigenvectors associated with a complex pair of eigenvalues that are solutions to
Eq. (8.1.48). Let the eigenvalues be

A Ay = ~otwyi (8.1.51)

and let the eigenvectors associated with these two eigenvalues be

,},’Vl ZVl RV} i[Vl i
- X Ry, £1y, i
At Pl e (8.1.52)
X X R, X1, i
Zo), Xn), Ry, t1,, i

where o is the damping rate and @; is the damped natural frequency.
Recall that a complex number can be written in exponential form in terms of its
amplitude and phase. Thus, Eq. (8.1.52) can be written as

ZVl Z[/l AV| ei@y,i

el x| | Anet® 8.1.53)
ZX; ’ ZX) - Ax;eiQ'"i ( -
sz l IXZ ) AXZ ei@rzi
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where for each component of this complex pair of eigenvectors, the amplitude, 4, and the

phase angle, O, are related to the real part, R, and the imaginary part, /, according to the
relations

A =R*+T1? (8.1.54)
and
© = tan'(I/R) (8.1.55)

From Eq. (8.1.46), the general solution corresponding to this pair of eigenvalues can be
written as

AV, Ay e’ Ay e’
AV, A, | o A€ i
=G 8] o el 0’+(Uz/l)f+C2 2 o el~o@a it (8.1.56)
Ax) 4,e% Aqe
AX'2 sz e@rz ' sz e_@ﬂ '

AV Ay, el (@at+0n) Ay, o i(@a1+6y)
AV, ot Ay, el (@at+61) AVze-i(wd +6,,)
= €O T o (YC T ey (8.1.57)
AX] A)q e ' Xl Ax1 e d AL
Ax; szef(ludl+@rz) Ay, o l(@i1+0y)

To facilitate writing the solution in terms of circular functions, Eq. (8.1.57) can be
further rearranged to give

AV] AV ei((ud +6y ) AV e;,'(wd 1+6y)
! 1
. O, iy 146y
AV, - C +C AVZez(amH ) +Cl +Cy | Av,e (@4 t+O)
Axy 2 A ei(a)dH—@xl) 2 A, e—i((o,;t+@,])
X )
Axy A ei(a)d[+@x2) A e_i(a)fi""@rz)
X2 v
(8.1.58)
Ay ei(w4t+@n) Ay e_,-((,,dH@V])
! |
4 Oy —i(wy t+6y,
+eo! @ AVzel(wdH— ) _ﬂ AVze (g t+Oy,)
2 Ax, ei((ugt«h@q) 2 Ax, e"f(“’" t+60y )
A ' @1+0n) A, o (@a1+6y)
X2 X

Now, recalling the exponential definitions of the circular functions,
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cosx = & Jrzei' (8.1.59)
sinx = & ;Ief (8.1.60)
Eq. (8.1.58}) becomes
AV Ay, cos(wg t + 6y)
AV Ay, cos(wy t + 6y,
2 _ (€1 +Caye v, cos(@y V)
Ax; Ay, cos(mg t+6y)
Axs Ay, cos(wy 1 +6y,) (8.1.61)

Ay, sin(wg t +6,)
Ay, sinlwy t+6y,)\ |
Ay, sin{@g t+6y)
Ay, sin(@g 1 +6,,)

+(C - Cr)e™ !

Here we see that this solution corresponds to damped sinusoidal oscillation. Each of the
four dependent variables oscillates with exactly the same frequency. However, each
dependent variable has a different amplitude and a different phase shift. The eigenvalues
give us the damped natural frequency and the damping rate for all of the oscillation,
while the components of the eigenvectors give us the amplitudes and the phase shifts.
Since the sinusoidal terms are multiplied by arbitrary constants, the eigenvectors describe
only relative amplitudes and phase shifts. If the eigenvector has been normalized
according to Eq. (8.1.37), making the largest component real, from Eq. (8.1.55) we see
that the phase angle for this component will be zero. Thus, an eigenvector in this form
describes the phase of each component relative to the component having the largest
magnitude.

Eigenvectors corresponding to purely real or purely imaginary eigenvalues can be
viewed as special cases of the complex eigenvalue. Purely imaginary eigenvalues simply
describe undamped sinusoidal motion, and the eigenvectors are interpreted exactly the
same as those corresponding to complex eigenvalues. A purely real eigenvalue could be
thought of as describing damped sinusoidal motion with a frequency of zero. All
components of the eigenvector corresponding to a purely real eigenvalue are also real.
Thus, the magnitude of each component of such an eigenvector is simply equal to its
absolute value and the phase angle is either zero or 180 degrees. So we see that for a
purely real eigenvalue, the components of the eigenvector also describe the relative
amplitudes associated with the temporal variations of the dependent variables. The only
difference between the results obtained from real eigenvalues and those obtained from
complex eigenvalues is that the temporal variations associated with the real eigenvalues
are exponential, while those associated with the complex eigenvalues represent damped
sinusoidal motion.
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Before proceeding with some example calculations, it is worth spending a few
words talking about the special eigenproblem. The generalized eigenproblem specified
by Eq. (8.1.34) contains two n x n matrices, [A] and [Bl. No special requirements are
placed on either [A] or [Bl. In general, both of these matrices could have #* nonzero
terms. However, many physical problems can readily be formulated in terms of a
somewhat simpler system of equations called the special eigenproblem. For example,
consider the spring-mass system shown in Fig. 8.1.4, which yields the eigenproblem
specified by Eq. (8.1.48):

—C1 0 *(k1+k2) kz m 0 00 ZV] 0
0 - ky —k _2 0 m 00 ZVZ _ 0
10 0 0 0o 0 1 0|[|x, 0
0 1 0 0 0 0 01 X 0

This eigenproblem can readily be rearranged to the form of the special eigenproblem.
Dividing the first row by m, and the second row by m,, we have

—cy/m 0 —(ki+k2)/my kyfmy ]
0 —Cz/m2 kz/mz ——kz/}’nz
1 0 0 0
0 1 0 (U
(8.1.62)
100 0]\ 0
_10 10 0|y L
001 X, 0
000 1j){x, 0

This is exactly the form of the special eigenproblem, which is a special case of the
generalized eigenproblem where the matrix [B] is exactly equal to the identity matrix [if,

(1Al - Ali){xy = 0 (8.1.63)

Eigensolvers for the special eigenproblem are more widely available than are those for
the generalized eigenproblem. If you have an eigensolver that requires only one matrix
as input, it is more than likely solving for the eigenvalues and eigenvectors associated
with Eq. (8.1.63).

The specifications for a subroutine intended to solve the special eigenproblem might
say that the subroutine finds the eigenvalues and eigenvectors of the matrix [A]. Strictly
speaking, a single matrix [Al by itself does not have eigenvalues. Only when the matrix
[Al is combined with a second matrix [B] and used in Eq. (8.1.34) to form a system of
equations can we define the eigenvalues. Strictly speaking, it is the system of equations
that has eigenvalues, not the matrix. However, in the usual manner of speaking,
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whenever the second matrix [B] is not mentioned, it is assumed to be the identity matrix
and it is assumed that we are solving the special eigenproblem given by Eq. (8.1.63).

The generalized eigenproblem can be reduced to the special eigenproblem. In the
special case of Eq. (8.1.48) this was particularly easy because [B} was a diagonal matrix.
In the more general case, a special eigenproblem can be obtained from a generalized
eigenproblem by multiplying by the inverse of the matrix [B]. From Eq. (8.1.34) we can
write

(1B1"'[A] - AIBI'[BI) {X} = 0 (8.1.64)

Since any matrix multiplied by its inverse is equal to the identity matrix, Eq. (8.1.64) is in
the form of the special eigenproblem. The only difficulty comes in finding the inverse of
[B]. If the matrix [B] is of a form that easily allows us to evaluate its inverse, then the
generalized eigenproblem is easily reduced to the special eigenproblem. For example, if
[B] is tridiagonal, the Thomas algorithm can be used to invert [B]. If [B] is diagonally
dominant and otherwise quite sparse, it may be very simple to manually reduce the
generalized eigenproblem to the special eigenproblem by using Gauss elimination.
However, if a good generalized eigensolver is available, it is usually easier to leave the
eigenproblem in the generalized form and let the computer do the work.

EXAMPLE 8.1.1. For the damped spring-mass system that is shown in Fig. 8.1.4,
find the eigenvalues, the eigenvectors, the damping rate, the 99 percent damping
time, and the damped natural frequency and period if underdamped, for each mode
associated with the case:

m; = 20.0 slugs, ¢; = 30.0 Ibf-sec/ft, ki =2.0 Ibf/ft,
ms = 20.0 slugs, ¢y =15.0 Ibf-sec/ft, ky =100.0 1bf/ft

For each pair of eigenvalues, compute the undamped natural frequency and the
damping ratio. For each oscillatory mode, compute the amplitude and phase angle
for each component of the eigenvector.

Solution. Using these values for the masses, damping coefficients, and spring
constants in Eq. (8.1.48), the generalized eigenproblem for this system is

~300 0 -1020 1000] [200 0 0 0]\[zy 0
0 -150 1000 ~100.0| | 0 200 0 0|||z;| _ )0
I 0 0 0 0 0 10]||]x, 0
0 1 0 0 0 0 0 1))lx 0

The solution to this characteristic equation can be obtained numerically using a
generalized eigensolver. This system of equations is also easily reduced to the
special eigenproblem,
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-15 0 =51 50] [100 o\\[x, 0
0 -075 50 -50| 010 0|z, |0
1o 0 o oot olllx] Jo
o 10 0 000 1)z, |0

The solution to either of these systems yields the eigenvalues and eigenvectors that
correspond to the following modes:

Mode 1 (4, = —0.556387 sec™'+3.098306 i sec™')

From the eigenvectors associated with this mode, the corresponding homogeneous
solutions are

A4 (-0.644717 7 0.153945 i) ft/sec
ava| Ly 0.684817 fi/sec

Axy ' (~0.011934 £0.210230 ) ft
Ao (~0.038452 70214124 4) ft

xexp[(—0.556387 £3.098306 i) t/sec)
The damping rate is
o = —real(d) = 0.556387 sec”!
The 99 percent damping time is the time required for the amplitude of the

oscillations to be reduced by 99 percent, in other words, the time required for the
amplitude to be reduced to 1 percent of its original value. Thus, we can write

exp(—otgg )
— = —olgg) = 0.01
exp(—o0.0) exp(~'fs9)
99% damping time = ln(0.0l) = ln(0.0l) T = 8.277 sec
-0 —0.556387 sec”
The damped natural frequency and period for this motion are
wq = |imag(d)| = 3.098306 rad/sec
2
period = 27 . —— YT sec

y 3.098306 sec ™!

For the pair of complex roots associated with this mode, the undamped natural
frequency is
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0, = JAdy = {J(=0.556387 +3.098306 i)(—0.556387 —3.098306 1)

= 05563872 +3.0983062 = 3.147867 rad/sec

and the damping ratio is

[ _Awds ___ —0.556387.43.008306 10556387 ~3.098306
2 AA2 2\/(—0.556387 +3.098306 i)(—0.556387 —3.098306 /)
0.556387

- = 0.176750
J0.556387 2 +3.098306 2

Notice that for this mode, the frequency is decreased by less than 2 percent as a
result of damping.

Mode 2 (A3 = —1.090975sec™)
From the eigenvector associated with this mode, the homogeneous solution that
results from this real eigenvalue is

AV, 0.539609 ft/sec
AV, 0.502243 ft
S e /32| cp(=1.090975 ¢/scc)
Ax, 0494612 ft
Axy —0.460362 ft

Since the eigenvalue is real and negative, this is overdamped motion having a
damping rate and 99 percent damping time of

o = —real(A) = 1.090975 sec™

in(0.01) _ n(001) 450y

- ~1.090975 sec™

99% damping time =

Mode 3 (4, = —0.046251sec™")
From the associated eigenvector, the homogeneous solution for this overdamped
mode is

AV ~0.032563 ft/scc
AV, —-0.032776 ft/sec
= Cy ' exp(—0.046251 t/sec)
v, 0.704041 ft
Axy 0.708654 fi

The damping rate and 99 percent damping time are
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o = —real(A) = 0.046251sec™’

99% damping time = In(0.01) _ In(0.01)

- = 99.569 sec
-0 ~0.046251 sec”

For the pair of roots that are associated with modes 2 and 3, the undamped natural
frequency is

@n = Az = 4J(-1.090975)(-0.046251) = 0.224630 rad/sec

and the damping ratio is

= 2.531330

ceo A+As _ __ —1.090975-0.046251
2 A4 2,/(~1.090975)(-0.046251)

For this eigenproblem, mode 1 is underdamped, while modes 2 and 3 are
overdamped. Thus, mode 1 is the only oscillatory mode. The complex
components of the eigenvectors associated with any complex pair of eigenvalues
can be written in terms of amplitude and phase. The amplitude of each component
is simply the magnitude of that complex number. Thus, for component X,

amplitude = \/Ereal()(i)]z +[imag(z:)]°

The phase angle associated with each eigenvector component is the arctangent of
the imaginary part divided by the real part. Thus, for component %;,

phase = atan2[imag(y;),real(y;)]

For mode 1, the amplitude and phase of the eigenvectors associated with the
positive and negative frequencies are, respectively,

an 0.662842 fi/sec
. AV, 0.684817 ft/sec
amplitude = Cio
Ax 0.210569 ft
Axy 0.217549 ft
AV, —2.9039 —166.38°
AV, 0.0000 0.00°
phase =t =z
Axy 1.6256 93.14°

Axy —-1.7466 -100.07°
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Thus, the homogeneous solutions associated with this pair of eigenvalues can be

written as
AV 0.662842 exp[i(F2.9039 +3.098306 t/sec)] ft/sec
Ay | 0.684817 exp[i(+3.098306 t/sec)] ft/sec
A [ "] 0.210568 expli(+1.6256 +3.098306 1/sec)] ft
Ax 0.217549 exp[i(F1.7466 % 3.098306 t/sec)] ft

x exp(~0.556387 1/sec)

The damped spring-mass system in Example 8.1.1 is typical of systems that result in
underdamped, overdamped, and/or critically damped motion, when disturbed from
equilibrium.  Underdamped modes produce sinusoidal oscillations in velocity and
displacement for all degrees of freedom. The oscillations for each component of velocity
and displacement can have a different amplitude and phase. Notice in Example 8.1.1 that
the oscillations in Ax; and Ax, have similar amplitudes but are nearly 180° out of phase.
In general, it is also possible for second-order systems to result in modes that are not
underdamped, overdamped, or critically damped. One such mode, called a rigid-body
displacement mode, is demonstrated in the following example.

EXAMPLE 8.1.2. Repeat Example 8.1.1 for the case

my = 20.0 slugs, ¢ =30.0 Ibf-sec/ft, ky = 0.0 Ibf/ft,
m> = 20.0 slugs, ¢, =15.0 Ibf-sec/ft, ky =100.0 Ibf/ft

Solution. The generalized eigenproblem for this system is

-30.0 0 -100.0 10007 [200 0 0 0])\[xy 0
0 150 100.0 —100.0| | 0 200 0 0}|}zy| _ |0
1 0 0 0 0 0 10|[z, 0
0 1 0 0 0o 0 0 1||x 0

X2

The numerical solution to this characteristic equation yields the eigenvalues and
eigenvectors corresponding to the following modes:

Mode 1 (4> = —0.554492 sec™' +3.090658 i sec ™)

AN (—0.641297 70.152667 i) ft/sec
A\ i 0.688002 ft/sec

Ax ’ (—0.011790+£0.209611 ) ft
Axy (-0.038692 F 0.2156651) ft

x exp[(~0.554492 +3.090658 i) t/sec]
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o = —real(A) = 0.554492 sec”

99% damping time = ln(0.0I) = ln(0.0l) T = 8.305sec
-c —-0.554492 sec™
wg = Iimag(/l)‘ = 3.090658 rad/sec
period = 2% 27 = 2.033sec

4 3.090658 sec!

Following Example 8.1.1, the amplitudes for the four components of this pair of
eigenvectors are

AV 0.659219 ft/sec
) AV, 0.688002 ft/sec
amplitude = Cp
Ax 0.209942 ft
Axy 0.219109 ft

and the phase shifts relative to AV, are

AV —2.9045 -166.42°

AV, 0.0000 0.00°
phase =+ =+

Axy 1.6251 93.11°

Axs —~1.7464 -100.06°

Notice that this mode has changed very little from mode 1 in Example 8.1.1. This
is because the mode primarily involves the vibration of only the second spring,
which has not changed.

The undamped natural frequency for this mode is

o, = JAdy = |J(-0.554492+3.090658 i)(~0.554492 — 3.090658 1)

= /0.554492% +3.090658 % = 3.140004 rad/sec

and the damping ratio is

oo Aitdy | —0.554492+3090658i—0.554492-3.090658
2 A, 24J(=0.554492 + 3.090658 i)(—0.554492 — 3.090658 i)
0.556387 0176590

V0554492 2 +3.090658 >
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Mode 2 (13 = —1.141016sec™)

This overdamped mode corresponds to the homogeneous solution

AN 0.553987 ft/sec
AV, 0.508604 ft/sec
= (3 exp(-1.141016 /sec)
Ax) —0.485521 ft
Ax; —0.445746 ft

o = —real(d) = 1.141016 sec™

1n(0.01) In(0.01)

99% damping time = = - = 4.036sec
e -1.141016 sec™
Mode 3 (1; = 0.0sec™!)
This trivial mode results in
AV, 0.0 ft/sec
AV, 0.0 ft/sec
= (y exp(0.0 #/sec)
Ax 0.707107 ft
Axy 0.707107 ft

For the pair of roots associated with modes 2 and 3, the undamped natural
frequency is

w, = JA3ds = 4J(-1.141016)(0.0) = 0.0 rad/sec

and the damping ratio is

N 2 J(1.141016)0.0) ”

In Example 8.1.2, the eigenvalue for mode 3 is identically zero. This results in a
constant solution with no velocity components and equal but arbitrary values for both
displacements. This rather trivial mode arises from the fact that the spring constant, &, in
Eq. (8.1.39) is zero. This is equivalent to removing the left-hand spring that is shown in
Fig. 8.1.4. With this spring missing, there is no force that depends on the absolute
position of the center of mass. The forces exerted on the components of the system
depend only on the distance between the two masses and their respective velocities.
Thus, the center of mass can be placed at any arbitrary position along the x-axis without
changing the characteristics of the system response. This is simply a rigid-body
displacement of the complete spring-mass system.

po_atAa _ 1141016400
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Many other physical systems exhibit one or more modes with eigenvalues of zero.
Modes that have zero eigenvalues are called rigid-body displacement modes, since they
correspond to simple rigid-body displacements of the system. Such a mode occurs
whenever there is no force that depends on the displacement associated with a particular
degree of freedom. The linearized rigid-body equations of motion for an aircraft exhibit
four rigid-body displacement modes. In the linearized equations, there are no forces that
depend on the translational displacements. Within the small displacement approximation,
we neglect changes in air density and all forces are independent of longitude, latitude,
and altitude. The aerodynamic forces depend only on the velocity components, and the
gravitational forces depend only on orientation. Furthermore, while components of the
gravitational force in body-fixed coordinates depend on the elevation angle and the bank
angle, they do not depend on the azimuth angle. Thus, in the homogeneous solution to
the linearized equations of motion for an aircraft, we should expect to find rigid-body
displacement modes associated with four of the six degrees of freedom, x4, yj z; and .

There is yet another type of motion that can be associated with the free response of
physical systems. This type of motion normally does not occur in simple spring-mass
systems. Linearized viscous damping coefficients associated with conventional spring-
mass systems are always positive or zero. As a result, the real part of each eigenvalue
associated with such spring-mass systems will be either negative or zero. However, the
analogous terms in systems of equations describing other physical phenomena, including
aircraft dynamics, can result in eigenvalues with positive real parts. The motion
associated with an eigenvalue having a positive real part is called a divergent mode.
When a system having a divergent mode is disturbed from equilibrium, the disturbance
will grow with time rather than decaying, as is shown in Fig 8.1.5. An aircraft can
exhibit some divergent modes. In fact, divergence in some modes can be acceptable,
provided that the time required to double the amplitude of a disturbance is not too short.
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Figure 8.1.5. Types of motion associated with the free response.
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In summary, the nature of the motion associated with the free response of a physical
system, which is described by an eigenproblem, can be characterized by examining the
eigenvalues and eigenvectors. The eigenvalues describe the form of the motion as shown
in Fig. 8.1.5.

A purely real eigenvalue is associated with a nonoscillatory mode, having a
damping rate equal to the negative of the eigenvalue.

If a real eigenvalue is zero, the solution corresponds to a rigid-body
mode, describing a simple rigid-body displacement.

If a real eigenvalue is negative, the solution corresponds to a convergent
mode, describing an exponential return to equilibrium following any
disturbance.

If a real eigenvalue is positive, the solution corresponds to a divergent
mode, describing an exponential deviation from equilibrium following any
disturbance.

A complex pair of eigenvalues is associated with an oscillatory mode, having a
damping rate equal to the negative of the real part of the eigenvalue and a damped
natural frequency equal to the magnitude of the imaginary part of the eigenvalue.

If the real part of the eigenvalue is zero, the solution corresponds to an
undamped mode, describing sinusoidal motion having constant amplitude.

If the real part of the eigenvalue is negative, the solution corresponds to a
damped mode, describing sinusoidal motion having an amplitude that
decreases exponentially with time.

If the real part of the eigenvalue is positive, the solution corresponds to a
divergent mode, describing sinusoidal motion having an amplitude that
increases exponentially with time.

The components of the eigenvector that is associated with any particular eigenvalue
describe the relative participation of each dependent variable in the motion that is
described by that eigenvalue. The eigenvectors are interpreted as follows:

A purely real eigenvalue always has a purely real eigenvector, whose
components describe the relative amplitudes associated with the exponential
motion.

For a real eigenvalue, the amplitude of the exponential variation in each
dependent variable is proportional to the real component of the eigenvector
that is associated with that dependent variable.
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In general, a complex eigenvalue will result in an eigenvector with complex
components, which describe the relative amplitudes and phase shifts associated
with the sinusoidal motion.

For a complex eigenvalue, the amplitude of the sinusoidal variation in each
dependent variable is proportional to the magnitude of the complex eigen-
vector component that is associated with that dependent variable.

For a complex eigenvalue, the phase of the sinusoidal variation in each
dependent variable is equal to the arctangent of the imaginary part divided
by the real part of the complex eigenvector component that is associated
with that dependent variable. If the eigenvector is normalized to make the
largest component real, then this phase is measured relative to the phase of
the dependent variable having the largest amplitude.

in this section we have talked about three separate frequencies that can all be
associated with any oscillatory mode, which represents a solution to an eigenproblem.
These are the undamped natural frequency, w,, the damped natural frequency, w,, and
the maximum response frequency, @,. In structural vibration problems these three
frequencies are often used interchangeably, because structural damping is typically very
light. With extremely light damping these three frequencies are, for all practical
purposes, identical. However, the modes encountered in aircraft dynamics are not all
lightly damped. For this reason, we cannot use these three frequencies
interchangeably and the reader must be sure that he or she understands which of these
three frequencies is being used in each case. Throughout this text an effort has been
made to keep this distinction clear.

8.2. Longitudinal Motion: The Linearized Coupled Equations
The dynamic response of any real aircraft involves an extremely large number of degrees
of freedom. An aircraft in flight has three translational degrees of freedom, three
rotational degrees of freedom, and more elastic degrees of freedom than one would care
to count. The equations of motion developed in Chapter 7 assume the aircraft to be a
rigid body. This reduces the problem to one of six degrees of freedom. While the elastic
degrees of freedom are important and cannot be completely neglected in aircraft design,
much can be learned from the study of rigid-body aircraft dynamics. Thus, in this
chapter we shall restrict our discussion entirely to the six degrees of freedom associated
with rigid-body flight.

As we have seen, the general 6-DOF equations of motion are highly nonlinear.
However, when the motion of the aircraft is confined to small deviations from steady
equilibrium flight, the equations can be linearized. Furthermore, the linearized 6-DOF
equations of motion can be separated into two subsystems, each with three degrees of
freedom. These have been called the linearized longitudinal equaiions and the linearized
lateral equations. For small deviations from equilibrium, there is no coupling between
the longitudinal motion and the lateral motion. Thus, each of these three-degree-of-
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freedom subsystems can be solved independently. In this section we examine the stick-
fixed free response associated with linearized, longitudinal rigid-body motion. These
results provide a reasonable description of longitudinal aircraft dynamics provided that
the aircraft is not undergoing large-amplitude oscillations or rapid maneuvers.

The longitudinal motion comprises two translational degrees of freedom (axial and
normal) and one rotational degree of freedom (pitch). Since this motion has three
degrees of freedom, it is characterized by six eigenvalues. The eigenvalues associated
with the linearized longitudinal motion of a typical airplane contain two complex pairs,
corresponding to two oscillatory modes. One of these modes is lightly damped with a
period on the order of 30 seconds or more and is called the long-period or phugoid mode.
The other oscillatory mode is heavily damped with a much shorter period and is simply
called the short-period mode. The remaining two longitudinal eigenvalues are always
zero, corresponding to simple rigid-body displacement modes.

The free response of the longitudinal system is obtained from the homogeneous
equations, with the control deviations set to zero. As indicated in Eq. (7.7.9), for all
practical purposes, four of the derivatives with respect to the translational accelerations
are zero,

Rep =0
R.,=z0
Ry, =0
R,y =0

From Eq. (7.7.5), the homogeneous linearized longitudinal equations can then be written
in the form

B! 0 000 0}fAx
0 (1I-R-4) 000 0}|4a
0 ~Ryg 1 00045
0 0 01 0 0)]Aaf,
0 0 001 0flac.
0 0 000 1|46
- - (8.2.1)
Ry Ria Rig 0 0 —Rycosf|[Au 0
Rey Ry (+R.z) 0 0 —Rysingy || Aa 0
Runs Rﬂ,,a Rug 00 0 Az | |0
"l cosf, sinf, 0 00 -—sing, ||a&| o
—sind, cosé, 0 0 0 -—cos6, A& 0
0 0 I 00 0 |46 0
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Equation (8.2.1) exactly fits the form of the eigenvalue problem given by Eq. (8.1.28).
Thus, the generalized eigenproblem for longitudinal motion is

| R., R Rgg 0 0 —Rycosby]
Roy Reo (1+R.7) 0 0 —Rysing,
Ruy Rug Roy 00 0
cosf, sind, 0 0 0 -—sind,
—~sinf, cosé, 0 0 0 —cosd,
0 0 t 00 o0 |
' (8.2.2)
10 000 0|z, 0
0 (1-R.s) 0 0 0 0| 2, 0
0 —Raa 100 0f]x| o
o o 0100z 0
o 0 001 ofllz]| o
0 0 000 1)z 0

The eigenvalues and eigenvectors associated with longitudinal motion can be found
by solving Eq. (8.2.2) using a generalized eigensolver. If a generalized cigensolver is not
available, this system of equations is easily rearranged to give the special eigenproblem
for longitudinal motion:

| Ry u Ryo Rig 00 —Rgx coséy
R, R, 4 1+R. 5 00 Ry sin
1-R. 4 1-R. 4 I-R. 5 1-R. 4
R Rl"‘_‘dej:‘ Rua + Ij":dklj; “ Ry +———R’"’1“£11:j“7 ) 00 -—ﬁR’”’ffi‘j;n %
coséd, sing, 0 00 —~sind,
—siné, cosd, 0 00 —cosd,
L 0 0 1 00 0 ]
10000 0]\[x, 0
01000 0]]]|x, 0
) 001000 x; _ 0
00010 0|z 0
00001 Oz 0
(00 000 1}/|% 0

(8.2.3)
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A variety of different numerical techniques are commonly used for finding eigen-
values and eigenvectors. The most popular of these techniques uses the method of
Householder (1964) to transform the system to upper Hessenberg. The transformed
system is then solved using the QR method. See Wilkinson (1965) for a discussion of the
QR method.

From Eq. (8.2.2) or Eq. (8.2.3) we obtain dimensioniess eigenvalues. To obtain the
dimensional eigenvalues in terms of time, the dimensioniess eigenvalues must be divided
by the characteristic time, ¢, /2V,,.

Thus, the damping rate for a longitudinal mode is

a = —rl::al(/l)z_l—/1 8.2.4)
Cye

w

and the damped natural frequency for a longitudinal mode is

g = fimag(2) 22 (82.5)
Cyw
The damping ratio is
A+ /12
{ = - ——= (8.2.6)
2 AAs
and the undamped natural frequency for a longitudinal mode is
W, = 1112 2._V0 (827)

W

EXAMPLE 8.2.1. For steady level flight at sea level, find the dimensionless
eigenvalues and eigenvectors, the damping rate, the 99 percent damping time, and
the damped natural frequency and period if underdamped, for each longitudinal
mode of the typical general aviation airplane with the characteristics listed below.
For each pair of eigenvalues, find the undamped natural frequency and the
damping ratio. For each oscillatory mode, compute the amplitude and phase for
each component of the eigenvector associated with the positive frequency.
Neglect the effects of compressibility and assume constant thrust aligned with the
flight path and center of gravity.

S, =185ft%, b,=33ft, W =28001Ibf, ¥, =180 ft/sec, Cp, =0.05,
Ly, =1,000slug-ft%, 1, =3,000slug ft*, I.., =3,500slug ft*,
I, =30slg fi2,
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Cra=440, Cp,=035 C,,=-068, Cra =160, C,4=-435
Cyp=-0560, C,pz=-0.075 C,z=0.070,
CD@ = 00, C[‘ﬁ 23.80, Cmﬁ = —9.95,
Cyp5 =200, Crp=-0410, C,;=-0.0575,
Cy,r— = 0240, C/’F = 0105, Cn’,: = “—0125
Solution. For this aircraft we have

W/g = 2800/32.17 = 87.04 slugs
Cw = Su/b, = 185/33 = 5.606 ft

PS,C  (0.0023769)(185)(5.606)

= =0.007080
4wlg 4(87.04)
PS,Cn  (0.0023769)(185)(5.606)°
= = 0.003228
81, 8(3,000)
g 32.17(5.606)
Ry = 2% = — = 0.00278
b1 2(180)
c, = Weosb, _ 2,300(1.0) _
Lo — = =
LAVIS,  (0.5)(0.0023769)(180)%(185)
pS WE w ﬂg wc_'w
Rogy =L Cpy = 2220 (L0 5) = 0.007080(-1.60) = —0.01133
a 4W/g Z.a 4W/g ( L,a) ( )

_3
Rog = 23590 ¢ 0.003228(-4.35) = —0.01404
81)0‘5

- /)SWEW . ﬂgwgw _ _ _
Rey = Lot (2Cyx) = e (=2Cp,) = 0.007080( —2(0.05))

= —-0.00071

— ﬂg w! EW —_ p S VVC w _ - _
R = L5 (2Cz) = T (-2C.,) = 0.007080(~2(0.393))

= —0.00556

R = PSuTul =21+ Vo Ty [zr costary) +xrsin(ar)] _ oo
m - — .
“ 4] YV pV 02 S w Cy
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= pSWEW ﬂgwcw
Ra = "7 Cxa = G (CLo —Cpa) = 0.007080(0.393 - 0.35)

= 0.00030

PS,Coy _ PSuey

e Cra = (~Cpa—Cpo) = 0.007080(4.40-0.05)

R:a =

= —-0.03151

Ryma = ‘;SI"C“ Crna = 0.003228(-0.68) = —0.00220
¥

P£5,.Cyy PSwCw
Ry = L2 ¢y o = 22000 (L) ) = 0.007080(0.0) =
<7 = Qg Y awig (=Coa) ©0

,0’5 w 5\4’ ,DS WE w
Rz' = C = = — _J = . O O 3. —" 1
1" Tawig P T awig (-Crz) = 0.007080(-3.80) = —0.0269

Rz = ’g“cw Cpg = 0.003228(-9.95) = —0.03212
V¥

For this level flight equilibrium condition, the characteristic equation given by
Eq. (8.2.2) then becomes

[~0.00071 0.00030 0 0 0 —0.00278]
-0.00556 —0.03151 0.97309 0 0 0
0 —-0.00220 —-0.03212 0 0 0
1 0 0 00 0
0 1 0 00 -1
|0 0 1 00 0 |
1 0 0000}z, 0
0 1.01133 0 0 0 0]|] %, 0
_/10 0.01404 1 0 0 O[{jxz| _ JO
0 0 0100z, 0
0 0 001 0}])xs 0
0 0 000 1j){zx, 0

Using a generalized numerical eigensolver, the dimensionless eigenvalues
and eigenvectors for this eigenproblem are easily obtained. The solution to the
characteristic equation results in two complex pairs of ecigenvalues and two
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eigenvalues that are identically zero. The two complex pairs describe the two
oscillatory modes (the short-period mode and the long-period or phugoid mode)
that are associated with the longitudinal free response of an aircraft in flight. The
two zero eigenvalues correspond to two longitudinal rigid-body displacement
modes (horizontal displacement and vertical displacement). From the numerical
solution, these longitudinal modes are:

The short-period mode (1 = —0.038484 +0.040513 )
The eigenvalue pair having the largest magnitude will always correspond to the
short-period mode. In this case we have

Au -0.000147+0.003381¢
Aa 0.010268+0.098873
Aq —0.004242% 0.000301: .
= Cia _ exp[(-0.038484+0.0405134) 7, ]
A&, 0.045683%0.039762
A, 0.990267
A0 0.048378+0.058755
2 2(180) 4
= — 1], =9 - . 4 = . 1
o real(4) z, 0.038484 5 606 2.471324 sec
99% damping time = IH(O'OI) = ln(0.0l) - = l.86sec
-0 —-2.471324 sec”
;= - A+d,  —0.038484+0.0405137-0.038484 - 0.040513
22 2,/(~0.038484 +0.040513 i)(~0.038484 — 0.040513 /)
_ 0.038484 ~ 0.688718
1/0.038484 2 +0.040513 2
o = [imag) 22 = 0.040513288D _ 601620 radssec
Cw 5.606
period = 2 = 7 = 2.42sec

@ 2.601620 sec™!

Ay

@y

It

2V,
c

w

2(180)
5.606

= \/0.0384842 +0.040513 2 25(16—%06) = 3.588296 rad/sec

Il

\/(—0.038484 +0.040513 /)(—0.038484 —0.040513 1)
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The long-period (phugoid) mode (1 = —0.000264 £0.003272 /)
The second largest eigenvalue pair will always be associated with the phugoid.
For the current example,

Au 0.002090+ 0.000366 i
Aa —0.000118F 0.000023
A7 0.000008+0.000001 _

= Cig - L exp[(~0.000264+ 0003272 1) 7,]
AL, 0.059947F 0.643541;
AL, 0.763053
A6 0.000083F0.002520

o = —real(h) e Z’EV — 0.000264 2(18?6) — 0.016953 sec™!

99% damping time = ln(O'OI) = ln(0.0l) - = 271.6sec
-0 -0.016953 sec™
oo Atds | ~0.000264+0.003272i-0.000264 0003272
WA 2,/(=0.000264 + 0.003272 i)(~0.000264 — 0.003272 i)
= 0.000264 = 0080423
J0.000264 % +0.003272 2
= fimag()| 2L = 00032722839 _ 0210118 rad/sec
Ty 5.606
period = i = ————2ﬁ—»—1~ = 299sec
[aF] 0.210118 sec”
Ay %V"
o
= J(Z0.000264 + 0.003272 1)(~0.000264 — 0.003272 /) 25(16%06)
= /0.000264 % +0.003272 > 2(18006) = 0.210801 rad/sec

The amplitudes and phase shifts for both the short-period and long-period
eigenvectors are listed in Table 8.2.1. The amplitudes in this table are normalized.
In this case, for both short-period and long-period motion, the largest amplitude is
associated with the oscillation in vertical displacement. Thus, all of the phase
shifts listed in Table 8.2.1 are reported relative to the phase for the vertical
displacement.
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Eigenvector Short-period Long-period ]
Component Amplitade Phase Amplitude Phase
Ay 0.003384 92.39° 0.002122 9.93°
Aa 0.099405 83.97° 0.000121 —168.60°
Ag 0.004253 —175.74° 0.000008 6.52°
A, 0.060564 —40.99° 0.646327 —84.58°
AE, 0.990267 0.00° 0.763054 0.00°
A0 0.076108 50.47° 0.002521 ~-88.00°

Table 8.2.1. Longitudinal eigenvectors for a typical general aviation airplane.

The rigid-body modes (1 = 0.0,0.0)

Ap
Aa
Aq
Ac:
Vil
A8

exp(0.07,), Co exp(0.0 7,,)

SO - O O O
o - O O O O

These trivial rigid-body modes simply state the obvious fact that steady level flight
can be maintained at different latitudes and/or different altitudes.

The two oscillatory longitudinal modes observed in Example 8.2.1 are illustrated in
Figs. 8.2.1 through 8.2.3. These oscillatory modes are typical of the small-amplitude
longitudinal modes associated with any airplane in flight. While the period and damping
will vary with aircraft design and operating conditions, all airplanes exhibit these two
modes of longitudinal motion.

=S
e =
B Yy L= s (05 47 e |~
& -
S =
2 <
3 = ) Short period .
= order of 1 to 5 seconds
Minimum Maximum
a¢ angle of attack | angle of attack Oscillations occur at nearly constant airspeed
o @
- &
=
£ = r\
-
R
.; S W i i
3 "on Damping is typically much greater than shown here
=
«

Figure 8.2.1. Short-period mode with reduced damping.
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From examination of Example 8.2.1, several observations can be made. From this
example we see that short-period motion is a heavily damped oscillatory mode that is
composed of pitching motion with superimposed vertical oscillations, From the short-
period eigenvector, we see that the amplitude for the dimensionless axial velocity
deviation is small compared to that for the deviation in angle of attack. Thus, this mode
is characterized by rapid changes in angle of attack and vertical position, with little
change in axial velocity. Note that the deviation in angle of attack leads the deviation in
vertical displacement by about 90° in phase. This can be seen in Fig. 8.2.1.

The motion depicted in Fig. 8.2.1 is shown starting from the left with the airplane
moving downward from the equilibrium altitude to the point of maximum positive
displacement in z, (i.e., minimum altitude). At this point, the vertical velocity component
is zero, but the angle of attack is somewhat greater than the equilibrium value. Thus, the
lift is greater than the weight and the airplane is accelerated upward, back toward the
equilibrium altitude. However, at the minimum altitude, the angle of attack is rapidly
decreasing with time and the angular momentum of the aircraft causes the angle of attack
to overshoot the equilibrium value. Once the angle of attack becomes less than the
equilibrium value, the lift becomes less than the weight and the vertical velocity of the
airplane begins to slow. As the airplane reaches its equilibrium altitude, the angle of
attack approaches its minimum but the vertical velocity is still quite large. The vertical
momentum of the airplane carries it above the equilibrium altitude as the angle of attack
begins to increase. As the airplane reaches maximum altitude, the angle of attack is still
less than the equilibrium value. So, the weight is still greater than the lift and the airplane
accelerates back toward the equilibrium altitude once again. This oscillatory interchange
between rotational kinetic energy and potential energy continues until it is damped out,
primarily as a result of pitch damping.

In a well-designed airplane, the short-period damping is much greater than shown
in Fig. 8.2.1. In this figure the damping was deliberately reduced to better show the
physics of the oscillatory motion. Short-period motion with more typical damping is
shown in Fig 8.2.2. Because short-period motion is heavily damped in most airplanes, it
is not normally objectionable and most pilots are not even aware of its existence.

g3
S =3
E==
S -
-; —
z <
| E
g
= o In most airplanes, short-period motion is not objectionable, because it is so heavily
s . - . O
= = damped. A pilot would usually not even be aware of its existence. The motion is
e < normally felt only as a single vertical bump in response to a turbulent gust or rapid
= S control input.
S 2
3 %
==
<

Figure 8.2.2. Short-period mode with typical damping.
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While the short-period mode is a heavily damped oscillatory interchange between
rotational kinetic energy and potential energy, the long-period or phugoid mode is a very
lightly damped oscillatory interchange between translational kinetic energy and potential
energy. From the long-period eigenvector, we see that the amplitude for the deviation in
angle of attack is small compared to that for the dimensionless axial velocity deviation.
This mode is then characterized by gradual changes in airspeed, altitude, and elevation
angle, with very small changes in angle of attack. Notice that the axial velocity deviation
is approximately 90° out of phase with the deviation in elevation angle, with the velocity
leading the elevation angle. Also notice that the velocity deviation leads the deviation in
vertical displacement by only a few degrees. This can be seen in Fig. 8.2.3.

The phugoid mode is, at best, very lightly damped, and some modern airplanes can
have negative phugoid damping at certain airspeeds. Even so, this motion is usually not
objectionable to VFR' pilots, because the period of the phugoid is so long. When a pilot
is controlling an airplane using visual references, his or her response time is very short
compared to the phugoid period and the pilot will normally correct for this motion
without ever being cognizant of its existence. On the other hand, when flying an airplane
solely from the references provided by instruments, the pilot’s response to the gradual
changes associated with phugoid motion is not nearly so rapid. Thus, IFR* pilots often
find low phugoid damping to be very objectionable.

Once the aerodynamic derivatives for an aircraft are determined from wind tunnel
tests or other means, the frequency and damping for both the short-period and phugoid
modes can be evaluated by numerically determining the eigenvalues of Eq. (8.2.2).
However, these eigenvalues depend on many aircraft design and operating parameters,
and the nature of this dependence is not easily observable from a numerical solution.
Thus, a closed-form solution that describes the essential features of these modes is
desirable. In addition, closed-form solutions have always been useful for application to
aircraft control systems. For this reason, we shall now proceed to the development of
some closed-form approximations for the two modes of longitudinal motion.

@ | Oscillations occur at nearly constant $=S "
g3 angle of attack 4 Oscillations are
=} g & lightly damped
R -
[
=

Minimum
airspeed airspeed
=g
S
R @
==
> o
Q< \
_ g Long period
order of 30 seconds or more

Figure 8.2.3. Phugoid or long-period mode.

' Visual Flight Rules. 2 Instrument Flight Rules.



8.3. Short-Period Approximation 731

8.3. Short-Period Approximation

For the short-period mode, the amplitude of the dimensionless axial velocity deviation is
small compared to that for the deviation in angle of attack. Thus, an approximation for
short-period motion can be obtained by neglecting changes in axial velocity and ignoring
the x-momentum equation. For motion relative to steady level flight, assuming that

A =0 (8.3.1)

and replacing the x-momentum equation from Eq. (8.2.1) with Eq. (8.3.1) gives

K 0 000 0][A4z 10 0 00 01fA4u
0 (I-R.2) 0 0 0 0||4d 0 R.o (R7+1)0 0 0]|4a
0 —Ru,g 1000 A(? _ |0 Rug mg 0 0 0|47 (832)
0 0 01004 0 0 0 00 0fl4s
0 0 001 0|4 0 0 0 0 —1]]A4&,
0o 0 000 1]40] [0 0 I 00 0] 40

The z-force ratios, R.; and R; 7, are much less than 1 and usually neglected, to give

0o 0 000 0]f4a (1o 0 00 0]fAau
0 1 000 0||da 0 R,y 00 0]|A4a
0 ~Rug 1000|457 |0 Rug Rug 00 0 || 4 83.3)
0 0 010 0|4 0 0 0 00 01las
0 0 001 0|4 0 0 00 —1]{4&
0 0 000 1]46] (o 0 00 0|46

The second and third equations in Eq. (8.3.3) are not coupled to any of the other four
equations. Thus, Eq. (8.3.3) can be rearranged and separated to yield

{ 1 0} [/ua} {Rm 1 Hm}
Tl= _ (8.3.4)
— Rm,d 1 liﬂq Rm,a Rmﬁ Aq

and
Au 0
Aa A
a4 = R? MA =R o) 2 (8.3.5)
AE, o 0
A0 A-R.q4

The eigenvalues are obtained from Eq. (8.3.4) and the eigenvectors from (8.3.5).
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The eigenproblem associated with Eq. (8.3.4) is

[{RZ’“ : }—z[ : OD{Z“}:{O} (8.3.6)
Rm,a Rmﬁ —Rm,d 1 sz 0

The eigenvalues are obtained from the roots of the characteristic equation, which is found
by setting the determinate of the coefficient matrix on the left-hand side of Eq. (8.3.6)
equal to zero,

(e =2) bl (8.3.7)
(Rna + RugA) (Rug—2)| 3.
Equation (8.3.7) can be expanded to yield
22 ~(Reg+ Rog + Ry )A+ (R Ry — Rmy) = O (8.3.8)

From Eq. (8.3.8), the dimensionless eigenvalues for the short-period approximation
are easily found to be

2
Rz,a + Rm,‘ + Rm,,} RZ, + R,,,‘* + Rm, 5
Ay = ( 2" ji\/[ z 2" a ] ~(ReqRmg —Rua)  (83.9)

which gives the approximate short-period damped natural frequency,

3% oV Rog+Rpz+Rmg
w4, = E"[imag(/u,,)t = E" (Rz,aRm,q—Rm,a)—( = ”5" ’"‘“J (8.3.10)

and the approximate short-period damping rate,

Z_V() l‘eal(lsp) = _?(Rz,a +Rm,17 +Rm,d) (8.3.1 ])

c W w

Oyp = —

The short-period approximation, as given by Eq. (8.3.9), agrees very closely with the
exact solution for the short-period mode obtained from Eq. (8.2.2). This is demonstrated
in the following example.

EXAMPLE 8.3.1. Using the short-period approximation given by Eq. (8.3.9),
find the dimensionless eigenvalues and eigenvectors, the damping rate, and the
damped natural frequency for the short-period mode of the typical general aviation
airplane described in Example 8.2.1. Compare these approximate results with the
fully coupled short-period solution that was obtained in Example 8.2.1.
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Solution. From Example 8.2.1, for this general aviation airplane and operating
conditions, we have

V, =180 ft/sec, ¢ = 5.6006 ft,
R. o =-0.03151, Ryo =-0.00220, R,z =-0.01404, R,;=-0.03212

Using these values in Eq. (8.3.9), the short-period approximation gives the
eigenvalues

P (—0.03151—0.03212—0.01404)
sp 2

2
i\/(—0.03151—0.023212—0.01404} —[(-0.03151)~0.03212)~ (- 0.00220)]

= —0.038835+£0.041279
The damping rate is

o = —real(i)—zg—" - 0.038835—25-(% _ 2493864 sec”

and the damped natural frequency is

2(180)

5 60¢ = 2.650801 rad/sec

vy = |imag(l)(z;—“ — 0.041279

The eigenvectors for the short-period approximation are found by using the
complex eigenvalues in Eq. (8.3.5),

Au 0

Aa A

a7 | = LA Rea )2
A&, o 0

A6 A-R.,

The only requirement for the six components of this eigenvector is that they must
satisfy these five equations. Thus, we can only determine the eigenvector to
within an arbitrary constant. We can find one possible form for the eigenvector by
setting A& equal to some arbitrary constant and then using the relations above to
find the other five components. For example, in this particular case we can
simplify the complex arithmetic by using

AE, = R, [
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This gives the eigenvector

Xy 0
Xa A
70 JAMA-R..)
Xe| 0
Ze, Reo/A
Xo A=R. 4
or
X 0
X -0.038835+0.041279 i
X7 | _ ](~0.038835£0.041279 i)(—0.038835+0.041279 i + 0.03151)
ze, - 0
Ze. —0.03151/(-0.038835+0.041279 /)
Zo —0.038835+0.041279 i + 0.03151

After performing the complex arithmetic, this yields

9 0

Za ~0.038835+0.041279
Z; | |-0.001419F0.001905 i
Ze| 0

e 0.380963 + 0.404936 i

Zo ~0.007325+0.041279 ;

To make the largest component real we multiply the entire eigenvector by the
complex conjugate of the largest component,

X 0
Ko ~0.038835+0.041279 i
Xy _ |-0.00141970.001905 i
71 = (0.380963F 0.404936 ;)
X 0
Sx
Xe, 0.380963 + 0.404936 i
Zo ~0.007325+0.041279 i

This gives
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Za 0
y” 0.001921+£0.031451
X7l ~0.001312%0.000151
A, 0

Xe. 0.309106

Xo 0.013925+0.018692 i

This eigenvector has a magnitude

iwz = 0311584
IR

Normalizing the eigenvector, we have

This gives

Aut
Aa
7
AL
Az
A6

1

0
0.001921+£0.031451
—0.001312F0.000151

T 0311584 0

0.309106
0.013925+£0.018692 i

0.0600000
0.006164+0.100940
—0.004212F0.000485i

0
0.006164 + 0.100940
—0.004212+0.000485 i
0
0.992048
0.044690 £ 0.059990 i

exp[(~0.038835+0.0412797) 7,]

0.000000
0.992048
0.044690+£0.059990

The exact solution from Example 8.2.1 is

Ap
Aa
A7
AL,
AL
A6

—-0.000147+0.003381:
0.010268+0.098873i
—0.004242F0.000301:
0.045683F0.039762
0.990267

0.048378+0.058755i

exp[(~0.038484+0.0405131) 7, ]

735
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For the airplane and operating conditions used in Example 8.3.1, the eigenvalues
computed from the short-period approximation agree with the exact solution to within
about 2 percent. This result is quite typical of what can be expected from this short-
period approximation.

8.4. Long-Period Approximation

The first closed-form solution for phugoid motion was developed by Lanchester (1908).
In his original solution, Lanchester assumed no change in angle of attack and no change
in the net axial force. With these assumptions, Lanchester obtained an approximation
for the frequency of phugoid motion. However, this approximation predicts completely
undamped sinusoidal motion and gives no information about the phugoid damping. A
variation of Lanchester’s solution, which does included an approximation for phugoid
damping, has been widely used. In this approximation, Lanchester’s original assumption
of no change in axial force is dropped, but the assumption of no change in angle of attack
Is retained,

da = 0 (8.4.1)

Restricting the analysis to deviations about level flight and neglecting the force
derivatives with respect to rate of change of angle of attack and pitching rate, the
linearized longitudinal equations from Eq. (8.2.1) can be written as

10 00 0 0]f4n [Riy Rew 0 00 =Ry |[Au
0 1 000 0|laa R.y Ry 1 00 0 ||lda
0 ~Rug 1 000 ch _ | Buu Rma Rug 00 0 |47 (842)
0 0 010 0{las, 0 0 00 0 [|l4ag
0 0 001 0]laé 0 ] 0 00 -1 |laz
0 0 000 1J[40)] |0 0 1 00 0 [l40

Applying Eq. (8.4.1) to Eq. (8.4.2) and then replacing the angular momentum equation
with Eq. (8.4.1) yields

[1 0 000 0|4z [Reyy 00 0 0 =Ry, [[Au
00000 0[[Aa R., 0100 0 ||Adu
000000 4?2010000 Ag 8:4.3)
00010 04 1 0000 0 ||az
00001 0[lal 0 0000 -1 ||45
00000 1]{a6)] |0 0100 0 |lag

Notice that within this approximation, the second and third equations in Eq. (8.4.3) do not
contain any derivative terms, and are thus algebraic.
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Rewriting Eq. (8.4.3) after subtracting the second of these equations from the last

gives the eigenproblem

(1 0000 0|f4a Rey 0000 —Ry
00000 O0||da R., 0100 0
00000 O||4g 0 1000 O
0001 00[ai{ | 1 0000 o0
00001 0f|aé 0 0000 -1
100000 148 L—Rz,ﬁ,oooo 0 |

The first and last equations in Eq. (8.4.4) are not coupled to any
equations. Thus, Eq. (8.4.4) can be rearranged and separated to yield

R IR

Au A

Aa 0

A7 ¢ = =Ry A pAS,
Ag; Reuf2

A0 ~R.,

Au
Aa
Aq
VS
as:
Al

(8.4.4)

of the other four

(8.4.5)

(8.4.6)

The eigenvalues for Eq. (8.4.5) are obtained from the roots of the characteristic equation,

which is readily expanded to give
2
A =Ry yA-RuR., =0

Thus, from Eq. (8.4.7), the dimensionless eigenvalues for this phugoid

given by
2
Ry R,
Ap = 2"’ iJ{—T“-j +ReR.

which gives the approximate phugoid damping rate,

c w W

RX 2
o, = _2¥, real(4,) = -‘_2&(__"_) = “’Zin,,u

and the approximate phugoid damped natural frequency,

(8.4.7)

approximation are

(8.4.8)

(8.4.9)
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[2F] p = Z_Vo

»)

5 (8.4.10)

2V R. R,
RyR: , 1/ Rz,
Cw ‘/ ( ] e 4Rngzx1

If we also neglect compressibility and assume that the thrust is constant and aligned
with the direction of flight, then from Eqgs. (7.7.8) and (7.710), the equilibrium lift force
must equal the weight and we can write

_ pSwa C ,agwcw CLo

Rz = 0 =
T owig A Wlg
_ B (8.4.11)
_ _ PSuCuw w _ _&% _ _5p
= = ox
2Wig |\ 1 pV}s, vy
and
pSwEw pchw pSwEw CD CD

Rx = v = = C 0 g = —2R,x < 8.4.12
T owrg X 2Wlg wig e, © T, ¢ )

Using Eqgs. (8.4.11) and (8.4.12), in Eq. (8.4.8), the dimensionless eigenvalues become

2 — 2
C o . C 77} Cw C 0 . C 0
2y = Ry _CLL)O +i 2—((;?()) = sz —CZ, +i 2—(&) (8.4.13)

The approximate phugoid damping rate then reduces to

_ 2, CD() _ 2V0 ng CD() _ g CDo
o, = _o(Rgx ij = _—[—ZVOZJ—CLU T (8.4.14)

Cw

and the approximate phugoid damped natural frequency is

_ W, J_Rgx [CD,,j _ 2, (ﬁgcwj l"f(cmj

CLo Cw ZV{, CL()
(8.4.15)
2
g 1 CD(]
= 2 _w/l__
J_ Vo 2 ( CLa j

This approximation predicts the same undamped natural frequency as Lanchester’s
original approximation. This very simple result gives a phugoid frequency that depends
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only on airspeed and not at all on the airplane or its altitude. The phugoid damping as
predicted by Eq. (8.4.14) is also quite simple, depending only on the airspeed and the lift-
to-drag ratio for the airplane.

The phugoid approximation, given by Eq. (8.4.13), is not nearly as accurate as the
short-period approximation, given by Eq. (8.3.9). Furthermore, many of the fundamental
characteristics of phugoid motion are not captured in Eq. (8.4.13) and the approximation
can be quite misleading in some regards. This approximation has, however, been used
extensively for many years as a first approximation for the frequency and damping

associated with phugoid motion. The inaccuracy of this approximation is demonstrated
in the following example.

EXAMPLE 8.4.1. Using the long-period approximation given by Eq. (8.4.13),
find the dimensionless eigenvalues and eigenvectors, the damping rate, and the
damped natural frequency for the phugoid mode of the typical general aviation
airplane described in Example 8.2.1. Compare these approximate results with the
long-period solution that was obtained in Example 8.2.1 from the fully coupled
longitudinal equations.

Solution. From Example 8.2.1 we have

V, =180 ft/sec, Cw = 5.606 ft,
Cr, = 0.393, Cp, = 0.050

Using these values in Eq. (8.4.13), the long-period approximation gives

— 2
— ch _CD() il 2_(CDOJ

L 2V02 CL() CLo

(3217 ft/sec”)5.6061t | 0.050 , . 2_(0.050)2
2(180ft/ sec)” 0.393 0.393

= -0.000354+0.003920

2221 = 0.022738 sec”!

2V, Cpo & 0.050 32.17
- _realty e - Loo & _ 0050
o = —reall) = = T T 0393 180

wg = Iimag(/l)‘%Vi = Vi 2-(Cpo/Cro ¥
w 2]

- %Jz —(0.050/0.393) = 0.251727 rad/sec
The long-period eigenvectors for this first-order approximation, as are found from
Eq. (8.4.6), give
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Au 0.002237+0.000408 ;
Aa 0.000000
Aq 0.000012+0.000002 ; ,
= Cia _ ¢ exp[(~0.000354+0.003920/) 7, ]
AE, 0.051978F0.575432
AE, 0.816187
A0 0.000289F0.003199

The exact long-period solution from Example 8.2.1 is

Au 0.002090+ 0.000366 i
Aa ~0.000118F0.000023
A 0.000008+0.000001 ; ,

= Cy4 - 1 exp[(-0.000264+0.0032721) 7, ]
AL, 0.059947F 0.643541
AE. 0.763053
A0 0.000083F 0.002520

From this example we see that the phugoid eigenvalues, computed from Eq. (8.4.13),
are significantly in error. For this example, the frequency from Eq. (8.4.13) is about 20
percent high and the damping is overpredicted by more than 33 percent. Furthermore,
this type of aircraft, with low aspect ratio and high drag, is particularly flattering to this
approximation. For high-performance aircraft, the result predicted by Eq. (8.4.13) is
much worse. In fact, under certain conditions, this approximation does not even predict
the correct sign for the phugoid damping. Since the gravitational acceleration, airspeed,
lift coefficient, and drag coefficient are always positive, Eq. (8.4.14) will always predict a
convergent phugoid mode. In reality, however, modern airplanes can exhibit a divergent
phugoid at certain airspeeds.

The most restrictive approximation associated with the development of Eq. (8.4.13)
comes from the assumption that all changes in angle of attack are exactly zero. Clearly,
we have seen in Example 8.2.1 that phugoid motion does produce changes in angle of
attack that are small compared to changes in the dimensionless axial velocity. On the
other hand, we have also seen that even very small changes in angle of attack can have a
significant effect on aircraft motion. In fact, angle of attack has such a profound effect on
aircraft dynamics that one is usually ill advised to neglect changes in angle of attack
under almost any circumstance.

Clearly, the approximation given by Eq. (8.4.13) does not accurately describe the
phugoid motion under many conditions. Another closed-form approximation, which was
first presented by Bairstow (1939), gives a much more accurate prediction of the phugoid
frequency. However, this approximation was never widely used, since in most cases the
damping predicted by Bairstow’s approximation is less accurate than that predicted by
Eq. (8.4.13). Here we shall use a closed-form approximation, which was developed by
Phillips (2000a) and more accurately describes both the period and the damping for the
long-period mode.
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To this end, we recognize that phugoid motion is always underdamped. Thus, the
eigenvalues describing the phugoid will always form a complex pair, 4 = A, * i4;, where
the imaginary part specifies the phugoid frequency and the real part specifies the
damping. With this recognition, the eigenproblem associated with Eq. (8.4.2) could be
written as

(A, £id;)Au Reyw Riw 0 00 —R,|[4u
(A, til)Aa R.y Rg 1 00 0 ||4a
(Ar £idN4G = RnaA@)| | Ruy Rma Rug 00 0 |47 (8.4.16)
(A, 2id)AE, 10 0 00 0 ||as
(A, £id)AE 0 1 0 00 -1 ||lac
(A, £id;)A0 L0 0 1 00 o0 |(a0

Since phugoid motion is lightly damped, the real part of the phugoid eigenvalue pair
is very small. Furthermore, while both the angle of attack and the pitching rate change
significantly with time, the amplitudes for these changes are also very small. Thus, the
products A,.Aa and A,A4G are extremely small and can be ignored. This means that we
can approximate the variation in angle of attack and pitching rate as undamped sinusoidal
motion,

(Ar tid)Aat

it

tio,Aa (8.4.17)

(Ar%id)Aq

I3

+im,AF (8.4.18)

where @, is the dimensionless undamped natural frequency. Because the rate of change
of angle of attack is very small, we also neglect the change in pitching moment with
respect to the time rate of change of angle of attack. Furthermore, we shall assume that
the thrust force is aligned with the center of gravity so that the equilibrium aerodynamic
pitching moment is zero. With these approximations, Eqs. (7.6.24) and (7.7.8) require
that R, , =0 and Eq. (8.4.16) reduces to

AAu [Rey Rew O 00 —Rgﬂ Au
tiw,Aa R., R., 00 O Aa
i@, 7| | 0 Rua Rug 00 0 Ag (8.4.19)
AAE, 1 0 0 00 0 |la&,

AAE, 0 1 0 00 -1 ||4&

A0 | 0 0 1 00 0 |[48

The second and third equations in Eq. (8.4.19) provide an algebraic system that can be
used to relate the deviation in angle of attack and pitching rate to the deviation in forward
velocity,
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(Rzaiiwn) 1 Ac -R.,Au
’ = ’ 8.4.
[ Rua  (RmgFim,)|| 47 0 (8420

The remaining four equations form the eigenproblem,

AAu Rep Rew 0 —Ry](4u
s 10 0 0 ||da|

x| _ “ (8.421)
AAE, o 1 0 -1]|\4g
446 o 0 1 0 |lao

The algebraic solution to Eq. (8.4.20) is rather straightforward and gives

Aa| _ Rl , 8.4.22
a7 &, u (8.4.22)

where the complex coefficients R, and R, are defined as

R y(Rug Fim,
R = sl my 717 ) (8.4.23)
Rma —R:aRpmg+w, tiw, (RZ.a + Rmﬁ)

and

~R, 4 R
R, = e (8.4.24)
R —ReoRng + @2 +i@,(Reg + Rnz)

Equation (8.4.22) describes both the amplitude and phase relationships between
the angle of attack, pitching rate, and dimensionless axial velocity deviation. Using
Eq. (8.4.22) in Eq. (8.4.21) to eliminate the angle of attack from the first equation and the
pitching rate from the last equation, we obtain

Adu (Reyi+ReaRe) 0 0 —Ry | [du
AAE, 1 00 0 |4
el _ ¢ (8.4.25)
AAE, 0 10 -1 (|49
AA6 Ra. 00 0 |la6

The first and fourth equations in Eq. (8.4.25) contain only the forward velocity deviation
and the elevation angle. Thus, these two equations can be separated from the other two

equations to give
Riy+RegRie—A) —Rye |4 0
(Res + R, ) ~Rex][au] (8.4.26)
R: -1 1140 0
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Combining Egs. (8.4.22) and (8.4.25) and rearranging, we also have

Au A

Aa R A

Ag v = R..A AE, 8.4.27)
A, R.—R./2

A6 R..

Equation (8.4.26) can be used to solve for the phugoid eigenvalues, and the resulting
complex eigenvalucs can then be used in Eq. (8.4.27) to obtain the eigenvectors. The
characteristic equation associated with Eq. (8.4.26) is

A —(Rep+Rea R A+ RyRee = 0 (8.4.28)

and the eigenvalues are the roots of this quadratic equation,

=
Ry y+Ryo Ry Roy+RaR |
R —— il i\[[ AL ] —RycR:, (8.4.29)

2 2

Because the phugoid frequency is very low, we can neglect terms in Egs. (8.4.23)
and (8.4.24) that contain the phugoid frequency raised to any power greater than 1. Thus,
these complex coefficients can be approximated as

Rz Ry g —. @, - wn(Rza+R/rx_) —
R, = A N TF i N 1F ’ 22 = R,(1Fiw,R,,) (8.4.30
g Rm,a - Rz,a Rmﬁ ! Rm,ﬁ : Rm,a - Rz a Rm,q g ( l Xp) ( )
R o - Rz,y Rm,a 15§ Wy (Rz,a + Rm?) ~ R (1 Ti R ) (8 4 31)
= Rm,a - Rz,a Rm,q_ l Rm,a - Rz,a Rm,q_ - za 1 * o
where R,,, R.,, R.,, and R_, are defined,
R, ,Ruz
Ry = ———4— 8.4.32
’ Rm,a - Rz,a Rm,q ( )
-R. R
Ry = o———% 8.4.33
Rm,a —Rz,a Rm,q ( )
Rua+ Rz
Rxp = : . (8.4.34)

Rm,q— (Rm,a - Rz.a Rmﬁ )



744 cChapter 8 Linearized Longitudinal Dynamics

R:o+Ryzg

Ry = ————
v Rma - Rz,a Rm,q

(8.4.35)
Using the approximations that are given by Egs. (8.4.30) and (8.4.31) in Eq. (8.4.29), the
phugoid eigenvalues can be approximated as

Repy+ R oR(1Fi@,R,,)
2

—. 2
i\KRX’” +R**“R"”(I+IW”R"”)J ~ReR.(1Fiw,R,,)

A=

(8.4.36)

2

The imaginary components of the complex coefficients R, and R,. are very small.
The result of this very small phase shift is to transfer a small fraction of the imaginary
part of the eigenvalue to the real part and to transfer a small fraction of the real part to the
imaginary part. Because phugoid motion is so lightly damped, the small fraction of the
real part that is phase-shifted to the imaginary part can be neglected. However, when a
very small fraction of the much larger imaginary part is phase-shifted to the real part, it
becomes significant.

Thus, ignoring the phase shift in R, Eq. (8.4.36) can be written

2
RX» +R g qu Rx’ +Rx, Rx .
A~ o 2xa i\/[ R J ~RuR,(1Fio,R,) (8437)

or

i

Rep+ReaRua | . (Reys + R Rea )
A= iﬂ—z"—iz,/RgXRm \/1+1w,,Rz,,— ”4 Rng"m (8.4.38)

Since both the phase shift and the square of the damping term are very small, we can
further approximate Eq. (8.4.38) as

Ry +ReaRea Ry (Rey+ReaRua)
Az mi ey \/ﬁ—{l_ w2 , | s )} (8.4.39)
axlzq

which can be rearranged to give

Rx +RV Rxa N . HZ)RR" r,+R,Ra2
o Rt e (oY

(8.4.40)
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or

A=

2
R, , +12ew Re  @iRy zRng:a Y \/ RyReo _(RX_ ot 12em R j (8.4.41)
From Eq. (8.4.41) it is clearly seen that there is a component of phugoid damping
that is related to the phugoid frequency. This will be called phase damping, because it
results from the phase shift between angle of attack, pitching rate, and forward velocity.
As will be shown, the phase damping contribution to the real component of the
eigenvalue is always positive and tends to reduce the total phugoid damping. In fact,
under certain circumstances, the phase damping can result in a large enough positive
contribution to render the phugoid divergent.
The dimensionless undamped natural frequency, @,, has to this point been unknown.
We can now evaluate this frequency by neglecting the damping terms in Eq. (8.4.41).
This gives

@, = \[ReRe (8.4.42)

Using Eq. (8.4.42) in Eq. (8.4.41), the phugoid eigenvalues can be expressed as

Rey+ReqRu RopRgRe . Rey+ReaRia )
A= n P Ry Ry | TS (8443)

2 2

Thus, for this approximation, the dimensionless phugoid eigenvalues can be written as

2
Ry |{ Ry 4R Ry
Ap = “2"‘ ( S +R,1—R,,]ii\/— 7 £ R‘,.—(Rﬁ‘; +Rdj (8.4.44)

where we define the phugoid stability ratio,

= Ry
R, = — R @ (8.4.45)
R:,,u Rm‘a - R:,(z Rm.?

the phugoid pitch-damping ratio,

Ria R: ReaRngz
R, = —xallu _ o Zng (8.4.46)
R:,y Rm,a - R:.a Rm,¢7

and the phugoid phase-divergence ratio,

(8.4.47)

R, = _ RypRy R, Rey+Rug ]

R'r Rm,a - Rz,a Rm.c7
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This gives the approximate phugoid damped natural frequency,

2
2V, 2V R, . 4R, Ry,
= Zlo A — R, — 2 +R 8.4.48
o = Tolimesdp)| = TH = ‘{ = =Ry || (84.48)

NS z,p

Wq

and the approximate phugoid damping rate,

W w

R
op = — 2o real(d,) = _2_01/_{ : [ﬂ—md—R,,H (8.4.49)

If the flow is incompressible and the thrust is independent of airspeed and aligned
with the direction of flight, the approximation can be somewhat simplified by invoking
Egs. (8.4.11) and (8.4.12). From these equations we can write

S = Ry = - f;g (8.4.50)

Rx y2 CD
o= =2 8.4.51
Rz,y CLo ( )

Thus, for incompressible flow and constant thrust aligned with the direction of flight,
the approximate dimensionless phugoid eigenvalues can be written as

gCw Cpo : Cp :
A, = =2 R, +R, |1+i, 2R, ~ < +R 8.4.52
k 2V02 ( CLo ¢ p) l\[ [ CLo T ) ( )

This gives the approximate phugoid damped natural frequency,

2 2
w0y, = Dol L JZR [CD”+R) _ \/Ef/g—\/Rx-%(QDimd) (8.4.53)

Cw | 2 V(, CL() CLo

and the approximate phugoid damping rate,

2V, | gc Cho Cpo
2 -0 2|~ =L _R;+R +R;—R 8.4.54
Or Ew [21/02 ( CLo - P ji} ( CL() ) ( )

The eigenvalues and eigenvectors predicted using Eq. (8.4.44) or Eq. (8.4.52) are greatly
improved over those predicted from Eq. (8.4.13). This is demonstrated in the following
example.
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EXAMPLE 8.4.2. Repeat Example 8.4.1 using Eq. (8.4.52). Again, compare the
results obtained from this approximation with the long-period solution that was
obtained in Example 8.2.1.

Solution. From Example 8.2.1, we have

V, =180 ft/sec, T, =5.6061t, R, = 0.00278, C., =0.393, Cp, =0.050,
R., = 0.00030, R., = —0.03151, R,, = —0.00220, R,z = -0.03212

From Eq. (8.4.45), the pitch-stability ratio is

R, = — fna - —0.00220 = 0.684910

Rma —RegRmg  —0.00220—(=0.03151)(~0.03212)

From Eq. (8.4.46), the pitch-damping ratio is

R\’ Rm q . —V.
R, = vaRng  _ 0.00030(~0.03212) _ 0.003000
Rua —ReoRug  —0.00220—(-0.03151)(-0.03212)

From Eq. (8.4.47), the phase-divergence ratio is

R0 +Runz
R, = RyR| 25—
Rm,a _R:,a Rmﬁ

—0.03151-0.03212
—0.00220 - (-0.03151)(-0.03212)

= 0.00278(0.684910)( j = 0.037718

From Eq. (8.4.52), we have

2
Ap = Re [—%4@ +Rpjii\[2Rs—(%L)i+Rdj

- 0.00278{(—M— 0.003000+0.03771 8)

0.393

2
ii\/2(0.684910)—(0'050+0.003000j 1 — ~0.000257+0.003233

0393
o = —real(i)z—;:i — 0.000257 25('16%06) — 0.016504 sec™!
w4 = fimag(i] e = 00032332530 _ 0207613 radisec

Cu 5.606
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From Eqs. (8.4.32) through (8.4.35),

R, Rz
Ry = — £ ™1 — 055598
Rm,a _Rz,a Rm,(j
_Rz Rma
R, = ——2£71% _ (003808
Rm,a _Rz,a Rm,cj
Rmo+R2 .
R, = 2 4 = —11.323787
Rm,? (Rm,a _Rz,a Rm,c?)
R, 0o +R, 5
R, = —2=2% "9  _ 19809463
? Rm,a _Rz,a Rm,ﬁ

From Eqgs. (8.4.30), (8.4.31), and (8.4.42),

@y = \[ReR. = 4/0.00278(0.003808) = 0.003254
R = Ru(IFim,R,,) = —0.055598F i0.002049
R = R.,(1Fim,R.,) = 0.003808Fi0.000245

Using these results in Eq. (8.4.27), the eigenvectors for this long-period
approximation are

Au 0.002077+0.000370:
Aa —-0.000115%0.000025:
Ag 0.000008+0.000001 )
= Ci2 _ . 1 exp[(=0.000257+0.003233) 7]
A&, 0.062894+0.6473991
AL, 0.759545
A6 0.000081+0.002481

The exact long-period solution from Example 8.2.1 is

A 0.002090+ 0.000366
Aa —0.0001187 0.000023

Ay, Q0000080000001 60026440.0032724) 7,
AL, 41 0.05994770.643541

AL, 0.763053

A0 0.000083F 0.002520




8.4. Long-Period Approximation 749

From Example 8.4.2 we see that the long-period eigenvalues that are computed
from Eq. (8.4.52) arc in excellent agreement with the fully coupled solution. For this
example, the frequency prediction from Eq. (8.4.52) is accurate to within about 1 percent
and the damping error is less than 3 percent. Furthermore, all components of the
eigenvectors predicted from this approximation are in good agreement with the exact
solution. Figures 8.4.1 through 8.4.3 show how this approximation compares with
Eq. (8.4.13) and the exact solution over a broad range of acrodynamic parameters.

Here it should be noted that as the pitch-stability derivative approaches infinity, the
phugoid stability ratio approaches unity, while both the phugoid pitch-damping ratio and
the phugoid phase-divergence ratio approach zero. So we see that in the limit of infinite
pitch stability, the result given by Eq. (8.4.52) reduces exactly to Eq. (8.4.13). Thus,
Eq. (8.4.13) represents an asymptotic solution for very large pitch stability. This can be

————— ey

0.004 |-lmaginary _ -0.00025
& O,

=

2 -

g 5

g —— Eq. (8.4.52) £

S 0003 - ——- Eq.(8.4.13) -0.00030 &

E ©  Exact (3

E G

=14}

= 5 =4

E - 0

= 0002 gt -0.00035

[ | | L 1 il

-10 -8 -6 -4 2 0
Pitch-Stability Derivative, C,, ,

Figure 8.4.1. Effect of pitch stability on the dimensionless phugoid eigenvalues.

0.005 e R e AARAamasanass
- 0.0000
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2 0.004 | g
g . )
=] 1 =
o . -0.0005 E
[ Imaginary | o
N —
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Ed 0003 ¢ — Eq.(8.4.52) j &
E ——- Eq.(8.4.13)

© Exact - -0.0010
0.002 :- NEETETE TR ETEET] SURTERANE CUNRRNRREY SURNRRERTE i “ﬂ

0 10 20 30 40 50 60
Lift-to-Drag Ratio

Figure 8.4.2. Effect of lift-to-drag ratio on the dimensionless phugoid eigenvalues.
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0.0040 —r———+r— T -0.0002
jﬁla_gin;r; ________________
- A
5 i
g Real ] ]
&, 0.0035 - : 1 g
g - -0.0003 ¢
S S
J :
g _Rea o -t
£ 0.0030 S
g ] : —— Eq.(84.52) j o:
E [lmaginary : ——— Eq.(8.4.13) 7 -0.0004
L. : ©  Exact 1
0.0025 [T T T NN S T W S SR S A S S S
-30 =20 -10 0

Dimensionless Pitch-Damping Derivative, C, -

Figure 8.4.3. Effect of pitch damping on the dimensionless phugoid eigenvalues.

seen graphically in Fig. 8.4.1. Notice that as the pitch stability is increased, the result
predicted by Eq. (8.4.52) approaches that predicted by Eq. (8.4.13). In this figure all
parameters except the pitch stability ratio have been held constant at those values given in
Example 8.2.1. In Fig 8.4.2, a comparison between Eq. (8.4.13), Eq. (8.4.52), and the
exact solution is shown for a broad range of lift-to-drag ratio. A similar comparison
showing the effect of pitch damping is displayed in Fig. 8.4.3.

This approximate closed-form solution allows us to more easily examine how the
aerodynamic coefficients and stability derivatives affect phugoid motion. As we have
seen, damping has very little effect on the phugoid frequency. Thus, neglecting the
damping in Eq. (8.4.53) and applying the definition of the phugoid stability ratio from
Eq. (8.4.45), the undamped natural frequency for phugoid motion is

AWig
PR F -
\/'_ ——’— _ 58 wCw
v, Rma R, aRmﬁ Vo 4W/C_g Cm,a-CZ,UlC’"ﬁ

(8.4.55)

From Eq. (8.4.55), we first notice the well-known fact that the phugoid frequency
is inversely proportional to forward speed. In addition, there are four other parameters
that affect the phugoid frequency, the dimensionless mass, the change in pitching
moment with respect to angle of attack, the change in z-force with respect to angle of
attack, and the change in pitching moment with respect to pitching rate. For a stable
aircraft, all of these parameters except the dimensionless mass are negative. Thus, the
phugoid stability ratio is always between zero and unity. From this term we see that the
phugoid frequency increases with dimensionless aircraft mass and pitch stability, while
it decreases with lift slope and pitch damping. As the product of dimensionless mass and
pitch stability becomes large compared to the product of lift slope and pitch damping, the
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phugoid stability ratio approaches unity and the undamped phugoid frequency predicted
from Eq. (8.4.55) reduces to that predicted by Eq. (8.4.15). Conversely, as the product of
pitch stability and dimensionless mass approaches zero, so do the phugoid stability ratio
and phugoid frequency.

From Eq. (8.4.54) we see that there are three distinct components to phugoid
damping. Here these are called the drag damping, the pitch damping, and the phase
damping. In most cases the drag damping is the largest of these three components. From
Eq. (8.4.54), we define
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o CLa
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drag damping = (8.4.56)
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Clearly, since the velocity, drag coefficient, and lift coefficient are all positive, the drag
damping is always positive. The total drag is the sum of the parasitic drag and the
induced drag. The parasitic drag coefficient is very nearly constant. The induced drag
coefficient is proportional to the lift coefficient squared, and the lift coefficient is
inversely proportional to the velocity squared. Thus, we can write
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At very high airspeeds the parasitic drag dominates, the drag-to-lift ratio is proportional
to velocity squared, and the phugoid drag damping increases linearly with forward
velocity. At very low airspeeds the induced drag dominates, the drag-to-lift ratio is
inversely proportional to velocity squared, and the phugoid drag damping varies inversely
with the forward velocity cubed. At some intermediate airspeed, phugoid drag damping
will exhibit a minimum. The airspeed that results in minimum phugoid drag damping is
somewhat faster than the minimum drag airspeed.
The phugoid pitch damping is defined from Egs. (8.4.54) and(8.4.46) to be
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pitch damping =
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(8.4.58)

To determine the sign of the phugoid pitch damping, we note that the dimensionless mass
is positive, while the pitch-stability derivative, the z-force derivative, and the pitch-
damping derivative are all negative. Thus, the phugoid pitch damping will have the same
sign as the change in axial force with respect to angle of attack. Depending on the
airplane design, this axial force derivative can be either positive or negative.
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The change in the x-force coefficient with respect to angle of attack can be written in
terms of the lift and drag coefficients,

%(CL sina—Cp cosa)

Crecosa+Crgasina+Cpsina—Cpgycosa = Cr, —Cpyg

CX,a

(8.4.59)
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The change in drag coefficient with angle of attack can be approximated as
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Using Eq. (8.4.60) in Eq. (8.4.59), we have
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Using Eq. (8.4.61) in Eq. (8.4.58), the phugoid pitch damping can be expressed as
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From Eq. (8.4.62), we see that phugoid pitch damping is inversely proportional to
the cube of the forward velocity; it increases with the pitch-damping derivative; and it
decreases with increasing pitch stability. We also see that phugoid pitch damping can be
either positive or negative. Furthermore, the pitch damping is more negative for planes
with low aspect ratio and low Oswald efficiency, and it is more positive for planes with
high aspect ratio and Oswald efficiency. This may seem counterintuitive. However, the
total phugoid damping is the sum of the drag damping, the pitch damping, and the phase
damping. Lowering the aspect ratio or Oswald efficiency factor will increase the drag
damping more than it will decrease the pitch damping. Thus, total phugoid damping will
increase with decreasing aerodynamic efficiency, as expected.

Because lift slope decreases with decreasing aspect ratio, phugoid pitch damping can
be negative only for airplanes with very low aspect ratio. For example, Prandtl’s lifting-
line theory combined with thin airfoil theory predicts that for an elliptic wing,

2Cia . 4 (8.4.63)
ﬂ'eRA RA +2

If we were to use this result in Eq. (8.4.62), it would predict that phugoid pitch damping
would be negative only for an airplane having an aspect ratio less than 2. Of course,
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Prandtl’s lifting-line theory does not apply to wings having an aspect ratio as low as 2.
However, Eq. (8.4.63) does show that phugoid pitch damping will be positive for typical
subsonic airplanes, which usually have aspect ratios of 5 or above.

Using Eq. (8.4.47) in Eq. (8.4.54), the phugoid phase damping is defined as
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We have already seen that the phugoid stability ratio can vary from zero to positive
unity. The dimensionless mass and moment of inertia are always positive, while the
pitch-stability derivative, the pitch-damping derivative, and the z-force derivative are all
negative. Thus, for a stable aircraft, the phugoid phase damping is always negative,
tending to decrease the total phugoid damping. In fact, under certain circumstances, it
is possible for this negative phase damping to overpower the drag and pitch damping,
which makes the phugoid divergent. Since the phugoid phase damping is inversely
proportional to the forward velocity cubed, this condition is aggravated at low airspeed.

The phugoid approximation given by Eq. (8.4.13) predicts that only by increasing
drag can we increase phugoid damping. Increasing aircraft drag to improve phugoid
damping is obviously not a particularly desirable solution. From the present improved
approximation, we see that phugoid damping can in fact be increased without increasing
aircraft drag. This can be done by either increasing the phugoid pitch damping or by
decreasing the magnitude of the negative phugoid phase damping.

8.5. Pure Pitching Motion

In addition to the short-period and long-period modes associated with free flight, there is
a third type of oscillatory longitudinal motion that does not occur in free flight, but which
has implications for wind tunnel testing. While it is not practical to perform free flight
tests in a wind tunnel, it is possible to obtain much information about the free-flight
characteristics of an aircraft from wind tunnel tests.

Here we shall consider the case in which the airplane’s center of gravity is fixed in
the wind tunnel. The airplane is constrained so that the lateral motions (sideslip, roll,
and yaw) arc all maintained at zero. In addition, the airplane’s center of gravity cannot
move axially or vertically within the wind tunnel. The aircraft is, however, free to rotate
in pitch about the center of gravity. A model constrained in this manner has only one
degree of freedom, rotation in pitch. Figure 8.5.1 shows a schematic drawing of a wind
tunnel model so constrained. The oscillatory motion that can develop in such a wind
tunnel test is pure pitching motion.

The equations of motion for this model can be obtained by applying the following
constraints to the general longitudinal equations:
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Figure 8.5.1. Wind tunnel model constrained to pure pitching motion.

Au = AE, = AE, = 0 8.5.1)
40 = Aa (8.5.2)

Because the axial and vertical motion is constrained, we can disregard the axial and
vertical momentum equations. Thus, applying Egs. (8.5.1) and (8.5.2) to Eq. (8.2.1) and
eliminating the trivial equations, we have

Al = _ (8.5.3)
1 0](4q 0 1 Aq

The eigenproblem associated with Eq. (8.5.3) is

| i Y A

The characteristic equation is

(R + Rmd) (Rmg—A2)
) 1

l =0 (8.5.5)

or

22 ~(Rpg + R )A~Rua = 0 (8.5.6)
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The eigenvalues for pure pitching motion, as obtained from Eq. (8.5.6), are then

2
Rug +Rma Rug +Rus
A= *"2 *“i\/[ *"2 ’ j + Ry (8.5.7)

Equation (8.5.7) looks very similar to Eq. (8.3.9), which expresses an approximate
relationship for the eigenvalues associated with short-period motion in free flight. In
fact, if we allow the mass to approach infinity, the z-force ratio in Eq. (8.3.9) goes to zero
and Eq. (8.3.9) reduces to Eq. (8.5.7). Thus we see that as the dimensionless mass
becomes large compared to the dimensionless moment of inertia, the short-period motion
associated with free flight becomes pure pitching motion.

By performing wind tunnel tests on an aircraft model that is constrained to pure
pitching motion, we could determine the eigenvalues experimentally. The model’s
moment of inertia should be adjusted to produce underdamped pitching motion. In the
wind tunnel, the model is displaced in pitch from the equilibrium angle of attack and then
released. The resulting oscillatory pitching motion is then recorded as a function of time.
By measuring the period of oscillation and the time required to reduce the amplitude of
oscillation by one-half, we could determine the sum of the two pitch-damping derivatives
as well as the pitch-stability derivative.

From Eq. (8.5.7), the 50 percent damping time and the period for this pure pitching
motion are given by
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Rearranging Eqs. (8.5.8) and (8.5.9), we have
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Using Egs. (8.5.10) and (8.5.11), we can determine the sum of the two pitch-damping
derivatives as well as the pitch-stability derivative from the measured period and
damping time, provided that we know the wind tunnel airspeed and density, along with
the geometry and moment of inertia for the aircraft model. While the airflow and
geometric parameters are readily determined, the mass moment of inertia is more easily
resolved from a separate but related experiment.

The components of the mass moment of inertia tensor for any object could be
determined using the concept of a simple torsional pendulum. To determine the pitching
moment of inertia, the model is suspended from a wire as shown in Fig. 8.5.2. One end
of the wire is rigidly attached to the model at the center of gravity, while the other end is
rigidly attached to a supporting member. To determine the pitching moment of inertia,

Figure 8.5.2. Aircraft model suspended as a torsional pendulum relative to the pitch axis.
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the model is suspended so that the axis of the wire is coincident with the axis of pitch.
The wire can pass through a small eyelet on the wing to help keep it aligned with the
pitch axis. Thus, when the model is rotated about the pitch axis, the wire is loaded in
pure torsion. The diameter and length of the wire can be adjusted to control the natural
frequency of this torsional pendulum. The frequency should be low enough so that any
aerodynamic forces on the model are negligible compared with the torsional force exerted
by the wire. In addition, the diameter of the wire will be small enough so that the
moment of inertia of the wire is small compared to that of the model.
Neglecting aerodynamic forces, Newton’s second law for this torsional pendulum is

2
L L85 k0 = 0 (8.5.12)
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where £, is the torsional spring constant for the wire, which the student should be able to
evaluate using elementary principles of solid mechanics for a known wire diameter,
length, and modulus of elasticity. The eigenvalues from this second-order equation
predict undamped torsional oscillations with a natural frequency of

w, = X (85.13)
[_Vyh

In the real experiment, of course, there will be some damping. However, this
damping will have little effect on the frequency. Thus, by measuring the natural
frequency and determining the torsional spring constant, the mass moment of inertia
about the axis of pitch is found to be

Iy, = —k’z (8.5.14)
wy,

The pitching moment of inertia so determined can be used in Egs. (8.5.10) and (8.5.11) to
obtain the related aerodynamic derivatives. Other components of the moment of inertia
tensor can be obtained in a similar manner, by suspending the model in different
orientations.

8.6. Summary

In this chapter we have examined the stick-fixed longitudinal dynamics of an aircraft in
free flight. Our analysis was based on the assumptions of rigid-body motion and small
deviations from equilibrium. We found that the same aerodynamic forces and moment
that make an airplane statically stable in trimmed flight, will tend to produce oscillations
in the aircraft operating parameters, such as airspeed and angle of attack, whenever the
aircraft is disturbed from equilibrium. Furthermore, we found that under certain
conditions it is possible for these oscillations to be dynamically unstable (i.e., divergent),
even though the aircraft is statically stable in all regards. For a divergent mode, the
amplitude of oscillation grows exponentially with time, if uncontrolled.
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Two longitudinal modes of oscillation were found for a rigid airplane in free flight.
These are the short-period mode and the phugoid or long-period mode. The short-period
mode is composed of relatively high-frequency oscillations primarily in angle of attack
and vertical displacement, with little change in airspeed. The short-period mode is
typically heavily damped, with a period and 99 percent damping time both on the order of
1 to 5 seconds. The phugoid, on the other hand, is a low-frequency oscillation composed
primarily of changes in airspeed and altitude, with little variation in angle of attack. The
phugoid is usually very lightly damped and may even be divergent for some airplanes at
certain airspeeds. The period for the phugoid is typically on the order of 30 seconds or
more, and even when the mode is convergent, the 99 percent damping time is usually on
the order of several minutes. The frequency and damping for both the short-period mode
and the phugoid are determined form the eigenvalues, which are obtained from the
linearized longitudinal equations of motion. The eigenvectors obtained from this system
of equations tell us the relative amplitudes and phase shifts for the oscillations in each of
the longitudinal flight variables.

These natural modes of oscillation for an aircraft in free flight are like the natural
frequencies of vibration for a spring-mass system. If periodic flight disturbances are
encountered of a frequency close to either that of the short-period mode or the phugoid,
the oscillations associated with the affected mode can be excited in a manner similar to
what is called resonance in a spring-mass system. With an aircraft, as with a spring-mass
system, there are two ways to avoid resonance. One way is to make sure that the natural
frequency of oscillation is not close to the frequency of any periodic disturbances that
may be encountered. The other way is to provide sufficient damping in the oscillatory
mode so that resonance does not produce significant amplification. For the longitudinal
modes of a typical airplane, resonance is not usually a problem, because the short-period
mode is heavily damped and the phugoid frequency is far below the frequency of any
disturbances that are normally encountered in flight.

The material presented in this chapter is based on the assumption that the aircraft is a
rigid body. Of course, in reality, airplanes are not rigid and have many modes of elastic
vibration in addition to the two longitudinal flight modes discussed in this chapter. The
flight modes are not significantly affected by the elastic modes provided that frequencies
are not too closely aligned. The study of the effect of elastic deflection on the dynamics
and aerodynamics of flight is a branch of aeronautical engineering called aeroelasticity.
This is normally taught as a complete course, separate from flight mechanics, and many
books have been written on the subject. The coupling between the elastic vibration
modes of an airplane and the dynamic flight modes is beyond the scope of this textbook
and is not covered here in any detail.

The reader should never lose sight of the fact that the material presented in this
chapter is based on the assumption of small deviations from equilibrium flight. This
approximation is quite good for the low angle of attack conditions that are encountered in
nearly all flight of commercial and general aviation aircraft. However, fighter aircraft
and stunt airplanes routinely execute maneuvers that involve high angles of attack, large
angular rates, and substantial deviation from equilibrium flight. Dynamic analysis of
such aircraft motion requires a much more sophisticated analysis than the application of
linear theory that is presented in this chapter.
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8.7. Problems

8.1.

8.2.

8.3.

8.4.

8.5.

8.6.

8.7.

8.8.

Use a numerical eigensolver to find the eigenvalues and eigenvectors for the
spring-mass system described in Example 8.1.1. Verify that the results obtained
from your solver agree with the results presented in Example 8.1.1. The solution
may be obtained using either a generalized or a special eigensolver.

Use a numerical eigensolver to find the eigenvalues and eigenvectors for the
spring-mass system described in Example 8.1.2. Verify that the results obtained
from your solver agree with the results presented in Example 8.1.2.

Use a numerical eigensolver to find the eigenvalues and eigenvectors associated
with the longitudinal modes of the typical general aviation airplane described in
Example 8.2.1. Verify that the results obtained from your solver agree with the
results presented in Example 8.2.1.

For the large jet transport and flight conditions in Examples 7.6.1 and 7.7.1, find
the eigenvalues, the eigenvectors, the 99 percent damping time, and the period, if
underdamped, for each longitudinal mode. For each oscillatory mode, compute
the amplitude and phase for each component of the eigenvector associated with
the positive frequency.

For the large jet transport and flight conditions in Examples 7.6.1 and 7.7.1, using
the short-period eigenvalue approximation given by Eq. (8.3.9), find the
eigenvalues, the 99 percent damping time, and the period for the short-period
mode. Compare these approximate results with the fully coupled short-period
solution that was obtained in problem 8.4.

For the large jet transport and flight conditions in Examples 7.6.1 and 7.7.1, using
the short-period eigenvector approximation given by Eq. (8.3.5), find the
eigenvectors for the short-period mode. Normalize these eigenvectors according
to Eq. (8.1.37). Compare these approximate eigenvectors with the fully coupled
short-period solution that was obtained in problem 8.4.

For the large jet transport and flight conditions in Examples 7.6.1 and 7.7.1, using
the phugoid eigenvalue approximation given by Eq. (8.4.8), find the dimension-
less phugoid eigenvalues, the 99 percent damping time, and the period for the
long-period mode. Compare these approximate results with the fully coupled
long-period solution that was obtained in problem 8.4.

For the large jet transport and flight conditions in Examples 7.6.1 and 7.7.1, using
the phugoid eigenvector approximation given by Eq. (8.4.6), find the dimension-
less phugoid eigenvectors for the long-period mode. Normalize these eigen-
vectors according to Eq. (8.1.37). Compare these approximate eigenvectors with
those obtained from the fully coupled long-period solution that was obtained in
problem 8.4.
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8.9.

8.10.

8.11.

8.12.

8.13.

8.14.

8.15.
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For the large jet transport and flight conditions in Examples 7.6.1 and 7.7.1, using
the phugoid eigenvalue approximation given by Eq. (8.4.44), find the dimension-
less phugoid eigenvalues, the 99 percent damping time, and the period for the
long-period mode. Compare these approximate results with the fully coupled
long-period solution that was obtained in problem 8.4.

For the large jet transport and flight conditions in Examples 7.6.1 and 7.7.1, using
the phugoid eigenvector approximation given by Eq. (8.4.27), find the dimension-
less phugoid eigenvectors for the long-period mode. Normalize these eigen-
vectors according to Eq. (8.1.37). Compare these approximate eigenvectors with
the fully coupled long-period solution that was obtained in problem 8.4.

For the large jet transport in Examples 7.6.1 and 7.7.1, the level flight airspeed is
changed from 450 mph to 350 mph. All other operating conditions remain
unchanged. Find the eigenvalues, the eigenvectors, the 99 percent damping time,
and the period, if underdamped, for each longitudinal mode. For each oscillatory
mode, compute the amplitude and phase for each component of the eigenvector
associated with the positive frequency. Compare these results with those that
were obtained for an airspeed of 450 mph in problem 8 4.

For the large jet transport in Examples 7.6.1 and 7.7.1, the airspeed is maintained
at 450 mph while the aircraft is climbing at 2,000 ft/min. All other operating
conditions remain unchanged. Find the eigenvalues, the eigenvectors, the 99
percent damping time, and the period, if underdamped, for each longitudinal
mode. For each oscillatory mode, compute the amplitude and phase for each
component of the eigenvector associated with the positive frequency. Compare
the results with those obtained for level flight at 450 mph in problem 8.4.

For the Spitfire Mark XVIII and flight conditions described in problem 7.36, find
the eigenvalues, the eigenvectors, the 99 percent damping time, and the period, if
underdamped, for each longitudinal mode. For each oscillatory mode, compute
the amplitude and phase for each component of the eigenvector associated with
the positive frequency.

For the Spitfire Mark XVIII and flight conditions described in problem 7.36,
using the short-period cigenvalue approximation given by Eq. (8.3.9), find the
eigenvalues, the 99 percent damping time, and the period for the short-period
mode. Compare these approximate results with the fully coupled short-period
solution that was obtained in problem 8.13.

For the Spitfire Mark XVIII and flight conditions described in problem 7.36,
using the short-period eigenvector approximation given by Eq. (8.3.5), find the
eigenvectors for the short-period mode. Normalize these eigenvectors according
to Eq. (8.1.37). Compare these approximate eigenvectors with the fully coupled
short-period solution that was obtained in problem 8.13.
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8.18.

8.19.

8.20.

8.21.

8.22.
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For the Spitfire Mark XVIII and flight conditions described in problem 7.36,
using the phugoid eigenvalue approximation given by Eq. (8.4.8), find the
dimensionless phugoid eigenvalues, the 99 percent damping time, and the period
for the long-period mode. Compare these approximate resuits with the fully
coupled long-period solution that was obtained in problem 8.13.

For the Spitfire Mark XVIII and flight conditions described in problem 7.36,
using the phugoid eigenvector approximation given by Eq. (8.4.6), find the
dimensionless phugoid eigenvectors for the long-period mode. Normalize these
eigenvectors according to Eq. (8.1.37). Compare these approximate eigenvectors
with those obtained from the fully coupled long-period solution that was obtained
in problem 8.13.

For the Spitfire Mark XVIII and flight conditions described in problem 7.36,
using the phugoid eigenvalue approximation given by Eq. (8.4.44), find the
dimensionless phugoid eigenvalues, the 99 percent damping time, and the period
for the long-period mode. Compare these approximate results with the fully
coupled long-period solution that was obtained in problem 8.13.

For the Spitfire Mark XVIII and flight conditions described in problem 7.36,
using the phugoid eigenvector approximation given by Eq. (8.4.27), find the
dimensionless phugoid eigenvectors for the long-period mode. Normalize these
eigenvectors according to Eq. (8.1.37). Compare these approximate eigenvectors
with the fully coupled long-period solution that was obtained in problem 8.13.

For the Spitfire Mark XVIII described in problem 7.36, the level-flight airspeed is
changed from 300 mph to 200 mph. All other operating conditions remain
unchanged. Find the eigenvalues, the eigenvectors, the 99 percent damping time,
and the period, if underdamped, for each longitudinal mode. For each oscillatory
mode, compute the amplitude and phase for each component of the eigenvector
associated with the positive frequency. Compare these results with those that
were obtained for an airspeed of 300 mph in problem 8.13.

For the Spitfire Mark XVIII described in problem 7.36, the airspeed is maintained
at 300 mph while the aircraft is climbing at 5,000 ft/min. All other operating
conditions remain unchanged. Find the eigenvalues, the eigenvectors, the 99
percent damping time, and the period, if underdamped, for each longitudinal
mode. For each oscillatory mode, compute the amplitude and phase for each
component of the eigenvector associated with the positive frequency. Compare
the results with those obtained for level flight at 300 mph in problem 8.13.

For the jet transport and flight conditions that are described in problem 7.37, find
the eigenvalues, the eigenvectors, the 99 percent damping time, and the period, if
underdamped, for each longitudinal mode. For each oscillatory mode, compute
the amplitude and phase for each component of the eigenvector associated with
the positive frequency.
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8.23.

8.24.

8.25.

8.26.

8.27.

8.28.

8.29.
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For the jet transport and flight conditions that are described in problem 7.37,
using the short-period eigenvalue approximation given by Eq. (8.3.9), find the
cigenvalues, the 99 percent damping time, and the period for the short-period
mode. Compare these approximate results with those obtained from the fully
coupled short-period solution that was obtained in problem 8.22.

For the jet transport and flight conditions that are described in problem 7.37,
using the short-period eigenvector approximation given by Eq. (8.3.5), find the
eigenvectors for the short-period mode. Normalize these eigenvectors according
to Eq. (8.1.37). Compare these approximate eigenvectors with the fully coupled
short-period solution that was obtained in problem 8.22.

For the jet transport and flight conditions that are described in problem 7.37,
using the phugoid eigenvalue approximation given by Eq. (8.4.8), find the
dimensionless phugoid eigenvalues, the 99 percent damping time, and the period
for the long-period mode. Compare these approximate results with the fully
coupled long-period solution that was obtained in problem 8.22.

For the jet transport and flight conditions that are described in problem 7.37,
using the phugoid eigenvector approximation given by Eq. (8.4.6), find the
dimensionless phugoid eigenvectors for the long-period mode. Normalize these
cigenvectors according to Eq. (8.1.37). Compare these approximate eigenvectors
with those obtained from the fully coupled long-period solution that was obtained
in problem 8.22.

For the jet transport and flight conditions that are described in problem 7.37,
using the phugoid eigenvalue approximation given by Eq. (8.4.44), find the
dimensionless phugoid eigenvalues, the 99 percent damping time, and the period
for the long-period mode. Compare these approximate results with the fully
coupled long-period solution that was obtained in problem 8.22.

For the jet transport and flight conditions that are described in problem 7.37,
using the phugoid eigenvector approximation given by Eq. (8.4.27), find the
dimensionless phugoid eigenvectors for the long-period mode. Normalize these
eigenvectors according to Eq. (8.1.37). Compare these approximate eigenvectors
with those obtained from the fully coupled long-period solution that was obtained
in problem 8.22.

For the jet transport described in problem 7.37, assume that the pitch-stability
and pitch-damping derivatives are doubled while all other parameters remain
unchanged. Find the eigenvalues, the eigenvectors, the 99 percent damping time,
and the period, if underdamped, for each longitudinal mode. For each oscillatory
mode, compute the amplitude and phase for each component of the eigenvector
associated with the positive frequency. Compare these results with those that
were obtained in problem 8.22.
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The jet transport described in problem 7.37 is climbing at 2,000 ft/min. Assume
that the airspeed and all aerodynamic derivatives remain unchanged. Find the
eigenvalues, the eigenvectors, the 99 percent damping time, and the period, if
underdamped, for each longitudinal mode. For each oscillatory mode, compute
the amplitude and phase for each component of the eigenvector associated with
the positive frequency. Compare these results with those that were obtained for
level flight in problem 8.22.

For the turboprop transport and flight conditions described in problem 7.38, find
the eigenvalues, the eigenvectors, the 99 percent damping time, and the period, if
underdamped, for each longitudinal mode. For each oscillatory mode, compute
the amplitude and phase for each component of the eigenvector associated with
the positive frequency.

For the turboprop transport and flight conditions described in problem 7.38, using
the short-period eigenvalue approximation given by Eq. (8.3.9), find the
eigenvalues, the 99 percent damping time, and the period for the short-period
mode. Compare these approximate results with the fully coupled short-period
solution that was obtained in problem 8.31.

For the turboprop transport and flight conditions described in problem 7.38, using
the short-period eigenvector approximation given by Eq. (8.3.5), find the
eigenvectors for the short-period mode. Normalize these eigenvectors according
to Eq. (8.1.37). Compare these approximate eigenvectors with those from the
exact solution for the fully coupled short-period mode, which was obtained in
problem 8.31.

For the turboprop transport and flight conditions described in problem 7.38, using
the phugoid eigenvalue approximation given by Eq. (8.4.8), find the dimension-
less phugoid eigenvalues, the 99 percent damping time, and the period for the
long-period mode. Compare these approximate results with the fully coupled
long-period solution that was obtained in problem 8.31.

For the turboprop transport and flight conditions described in problem 7.38, using
the phugoid eigenvector approximation given by Eq. (8.4.6), find the dimension-
less phugoid eigenvectors for the long-period mode. Normalize these
eigenvectors according to Eq. (8.1.37). Compare these approximate eigenvectors
with those from the fully coupled long-period solution, which was obtained in
problem 8.31.

For the turboprop transport and flight conditions described in problem 7.38, using
the phugoid eigenvalue approximation given by Eq. (8.4.44), find the
dimensionless phugoid eigenvalues, the 99 percent damping time, and the period
for the long-period mode. Compare these approximate results with the fully
coupled long-period solution that was obtained in problem 8.31.
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8.37.

8.38.

8.39.

For the turboprop transport and flight conditions described in problem 7.38, using
the phugoid eigenvector approximation given by Eq. (8.4.27), find the
dimensionless phugoid eigenvectors for the long-period mode. Normalize these
eigenvectors according to Eq. (8.1.37). Compare these approximate eigenvectors
with those from the fully coupled long-period solution, which was obtained in
problem 8.31.

For the turboprop transport described in problem 7.38, assume that R, , is
doubled while all other aerodynamic derivatives and operating conditions remain
unchanged. Find the eigenvalues, the eigenvectors, the 99 percent damping time,
and the period, if underdamped, for each longitudinal mode. For each oscillatory
mode, compute the amplitude and phase for each component of the eigenvector
associated with the positive frequency. Compare these results with those that
were obtained in problem 8.31.

The turboprop transport described in problem 7.38 is climbing at 5,000 ft/min.
Assume that the airspeed and all acrodynamic derivatives remain unchanged.
Find the eigenvalues, the eigenvectors, the 99 percent damping time, and the
period, if underdamped, for each longitudinal mode. For each oscillatory mode,
compute the amplitude and phase for each component of the eigenvector
associated with the positive frequency. Compare these results with those
obtained for level flight in problem 8.31.



Chapter 9
Linearized Lateral Dynamics

9.1. Introduction

If one understands the material presented in Chapter 8 it should be fairly easy to
understand the material presented in this chapter, at least from an analytical point of
view. Mathematically speaking, there is little difference between linearized lateral
dynamics and linearized longitudinal dynamics. In each case we are dealing with an
eigenproblem associated with a homogeneous system of six first-order linear differential
equations. In both cases the six first-order equations were obtained from a second-order
system representing uncontrolled motion with three degrees of freedom. It is a matter of
little wonder that the homogeneous solutions for lateral aircraft dynamics have much in
common with those for longitudinal dynamics. There are, however, some significant
differences between the uncontrolled dynamic response of an aircraft to a lateral
disturbance and its response to a similar longitudinal disturbance. In studying the
material in this chapter, the student should strive to understand both the similarities and
the differences between longitudinal and lateral aircraft dynamics.

A significant difference between lateral and longitudinal motion is that longitudinal
motion is true two-dimensional motion, involving two translational degrees of freedom
and one rotational degree of freedom. Lateral motion, however, is three-dimensional,
involving two rotational degrees of freedom and one translational degree of freedom.
Pure longitudinal motion can exist in free flight, even outside the approximation of small
disturbance theory. Because longitudinal motion is two-dimensional, there is no
tendency for a longitudinal disturbance to induce lateral motion in a perfectly symmetric
aircraft, even if the disturbance is large. On the other hand, recall that the lateral
equations of motion were separated from the longitudinal equations only as a result of the
small disturbance approximation. Thus, lateral motion is only an approximation that can
never truly exist in the world of finite disturbance. The actual response of an aircraft to a
finite lateral disturbance will always involve all six degrees of freedom. Nevertheless,
the lateral approximation to be studied in this chapter is very close to the response of a
real aircraft for the disturbance magnitudes that are encountered in normal tlight.

9.2. Lateral Motion: The Linearized Coupled Equations

The lateral dynamic response of an aircraft disturbed from equilibrium flight involves a
complex combination of sideslip, roll, and yaw. These three degrees of freedom are
very closely coupled. As we have already seen, sideslip produces both rolling and
yawing moments, which in turn produce rolling and yawing rates. The rolling rate
produces a significant yawing moment in addition to the rolling moment, and the
yawing rate generates a side force and a rolling moment as well as a yawing moment.
In general, the sideslip, roll, and yaw are also coupled to the longitudinal and elastic
degrees of freedom. However, in this chapter we are restricting our discussion to the six
degrees of freedom associated with rigid-body flight and we are confining the aircraft
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motion to small deviations from steady equilibrium flight. For small deviations from
equilibrium, the lateral motion is not coupled to the longitudinal motion and the lateral
equations can be solved independently. In this section we examine the stick-fixed free
response associated with linearized, lateral, rigid-body motion. Here again, these results
provide a reasonable description of lateral aircraft dynamics provided that the aircraft is
not undergoing large-amplitude oscillations or rapid maneuvers. We should also keep in
mind that the separation of the longitudinal and lateral equations of motion depended on
our neglecting the angular momentum of the spinning rotors in the aircraft’s engines. In
conventional airplanes, such gyroscopic effects can sometimes cause significant yaw-
pitch coupling.

Since rigid-body lateral motion has three degrees of freedom (sideslip, roll, and
yaw), it is characterized by six eigenvalues. The eigenvalues associated with the
linearized lateral motion of a typical airplane contain two distinct real roots, one complex
pair, and two identical zero roots. The real and distinct roots correspond to two
nonoscillatory modes, one heavily damped motion called the roll mode and one lightly
damped or divergent motion called the spiral mode. The complex pair describes a
damped oscillatory motion that is called Dutch roll. The remaining two zero eigenvalues
correspond to simple rigid-body displacement modes. The roll mode is so heavily
damped that it is of no concern to pilots or passengers. As we shall see, the
nonoscillatory spiral mode can be divergent even in an aircraft with a high degree of
directional stability. However, in most aircraft, the spiral mode is convergent or so
slowly divergent that it does not create significant problems for either the pilot or the
designer. The Dutch roll mode is an out-of-phase combination of sideslipping, rolling,
and yawing oscillations that can be very objectionable. In this section we examine these
coupled lateral motions in detail.

The free response of a conventional airplane to small lateral disturbances is obtained
from the linearized homogeneous system of lateral equations, with both lateral control
inputs set to zero. From Eq. (7.7.6), the homogeneous linearized lateral equations can be
written as

1 0 0 00 0](ap
0 1 -z, 0004
0 -, 1 00 0|4
0 0 0 1004
0 0 0 01 0|4
"O_ 0 0 00 1|4y _ ©2.1)
Rys Ry5 (Ryr—1) 0 Rycos@y 0 (48 0
Riy Ry Ry O 0 0 || 4p 0
Rip Rip Ry O 0 0 ||ar| o
oo 0 0 0  cost,|las, [ o
0 1 tand, O 0 0 || A¢ 0
| 0 0 secd, O 0 0 ||l4y 0
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Here again, Eq. (9.2.1) exactly fits the form of the eigenvalue problem that was given by
Eq. (8.1.28), and the generalized eigenproblem for lateral motion is

[R,p Ryp (R,r—1) 0 Rgcosfy 0 }
Rig Riy Rz 0O 0 0
R,p Rup R, 7 0 0 0
1 0 0 0 0 coséd,
0 1 tan@, O 0
0 0 secd, O 0
- . . N (9.2.2)
1 0 0 000} xs 0
0 1 1, 00 0|||lx5 0
0 1000y o
00 0 100|||x 0
0 0 0o ot1olllz| o
00 0 00 1))z, 0

The eigenvalues and eigenvectors associated with linearized lateral aircraft motion
can be found by solving Eq. (9.2.2) using a generalized eigensolver. If a generalized
eigensolver is not available, the system can easily be rearranged to give the special
eigenproblem for lateral motion:

[ Rup R, (Ry7=1) 0 Rgcosfy O
Rip+ticR,p Rip+ieRip Ris+iRyr 0 0
L=yt =iy |y FET PN
Rop+izRep Rup+izRep Ryr+1Ri5 0 0
|l 1=zt |
1 0 0 0 0 cosd,
0 1 tand, 0 0 0
0 0 sy 00 o | ©23
(10000 0]\, 0
010000/||% 0
Joorooofx] o
000100|||lz 0
00001 0|z |0
00000 1]/[z| o
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From Eq. (9.2.2) or Eq. (9.2.3), we obtain dimensionless eigenvalues. To obtain the
dimensional eigenvalues in terms of time, the dimensionless eigenvalues must be divided
by the characteristic time, b,/2V,,.

Thus, the damping rate for a lateral mode is

o = —real(/l)% (9.2.4)

W

and the damped natural frequency for a lateral mode is

w4 = |imag(l)|% (9.2.5)
The damping ratio is
/1] + /12
= -——=== (9.2.6)
2\ As
and the undamped natural frequency for a lateral mode is
on = i szU (92.7)

EXAMPLE 9.2.1. For steady level flight at sea level, find the dimensionless
eigenvalues and eigenvectors, the damping rate, the 99 percent damping time, and
the damped natural frequency and period, if underdamped, for each lateral mode of
the typical general aviation airplane described in Example 8.2.1. For each pair of
eigenvalues, find the undamped natural frequency and the damping ratio. For the
oscillatory mode, compute the amplitude and phase. The characteristics of this
airplane are again listed below.

S, =185ft?, b, =33ft, W =28001Ibf, V, =180 ft/sec, Cp, =0.05,
Iy, =1000slugft®, 1, =3000slgft, 1., =3500slugft?,
I, =30 slugft?,

Cra=440, Cp,=035 Cpne=-0.68 C,q=160, C,4=-435

Cyp =-0.560, Cyp=-0075 C,z=0.070,

Cpg =00, Crz =380, Cpng=-995,
Cyp =00, C;p=-0410, C,;=-0.0575,
Cyr=0240, C;7=0.105 C,7=-0.125
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Solution. The additional parameters that affect the lateral eigenvalues and eigen-
vectors for this aircraft are:

e = Lo/l = 00300, 1. = I, /I, = 0.0086,

3 3
Doulv _goa1679,  Lobr _ 975306, Ll - 564373

4W/g 81,0‘,, 812:/>
PSyb,, PSubi
R, = Cy s = —0.0233 Rip = Crp = —0.1481
.o 4W/g Y.p 5 ‘B 81xx’1 np 5
0S,.ba PS,b,
R, 5 = Cop = 00395, R,; =22y =00,
» =, O 7= g 0
R, . = PSwbi Ci5 = —0.8099 R,5 = pSyby C,» = —0.0325
tp = Slxxb Lp = . 9 np = 8[;;;,, np — . 5
PSuby pS.bi
R, = X" ¢y = 0.0100, Ry = 222" C,. = 02074,
¥ awig " . 81,
3
Ruy = £ Sui Cpr = —0.0705, Ry = 800 _ 40164
' 81.., : 22

For this level-flight equilibrium condition, the cosine of the equilibrium
elevation angle is unity while the tangent is zero. Thus, for this aircraft and flight
condition, the eigenproblem given by Eq. (9.2.2) becomes

[-0.0233 0 -0.9900 0 0.0164 0]
~0.1481 ~0.8099 02074 0 0 0
0.0395 —0.0325 —0.0705 0 0 0
1 0 o 0 0 1
0 1 0 0 0 0
0 0 I 0 0 o
1 0 0 00 0])[xg 0
0 1  —00300 00 0[||lzs| [0
0 00086 1 00 0||[x] o
o o o 10o0|llx,] o
0 0 0 01 o|llxyl o
0 0 0 00 1]/|z,] o
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The solution to this characteristic equation yields one pair of distinct real eigen-
values, one complex pair of eigenvalues, and two eigenvalues that are identically
zero. These roots describe two nonoscillatory modes, one oscillatory mode, and
two rigid-body displacement modes that are associated with lateral motion. These

modes are:
The roll mode (1, = -0.813797)
A8 -0.054317
4p —-0.629391
A —0.030559
= C exp(-0.8137977,)
A€, 0.020602 ’
Ag 0.773401
Ay 0.037551

The damping rate is

o = —real(i)% = 0.813797

W

2(;80) = 8.877785sec”

and the 99 percent damping time is

99% damping time = ln(0.0l) = ln(0.0l) - = 0.519 sec
-g —8.877785sec”
The spiral mode (1, = —0.000918)
AB 0.000001
Ap 0.000000
A 0.000001
=0 exp(-0.000918 r,)
AE, 0.999999
Ag 0.000053
Ay -0.000920
The damping rate and the 99 percent damping time are
o = —real(/l)zbﬁ - 0.000918@ — 0.010015 sec™!
99% damping time = ln(0.0l) = ln(0.0l) = 460 sec

-c —~0.010015 sec™
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The eigenvalues for the roll and spiral modes form a mathematical pair. For this
roll-spiral pair, the undamped natural frequency is

2(180)

@y A /12 b = 4/(—0.813797)(-0.000918) = 0.298173 rad/sec
and the damping ratio is
;o Aatha ___ —0813797-0000918 _ _ 49038
2 A2 2\/(—0.813797)(—0.000918)
The Dutch roll mode (134 = —0.044202+£0.217908 i)
A6 0.589580
ap —0.109648F0.001442
a4 0.013967F0.121744 ]
= Cs4 _ ~ rexp[(-0.044202£0.2179081) 7, ]
A€, 7| 0172251%0.220690 ’
Ag 0.091681+0.4845861
Ay -0.549104£0.047290
The damping rate for the Dutch roll mode is
o = —real(d) sz = 0044202200 2(1 80) — 0.482204 sec”!
The 99 percent damping time is
99% damping time = l“(_of ) _ - g‘i‘;gg‘* — — 955sec
and the damping ratio for this mode is
£ = - AB+d —0.044202 +0.217908 i —0.044202 - 0.217908 ;
24 34 2J(—0.044202 +0.217908 i)(—0.044202 — 0.217908 i)
0.044202 — 0.198798

0.044202 2 +0.217908 2

The damped natural frequency for the Dutch roll oscillations is

= 2.377178 rad/sec

- fimag(2) 2> = 0217908 2032
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and the period is

2 2z
iod = — = 7 _— .64
perio wy 2.377178 64 sec

The undamped natural frequency for the Dutch roll mode is

2V,

w, = /13 14 bw

2(180)
33

— 0.0442022 +0.217908 2 @ = 2.425592 rad/sec

= J(—0.044202 +0.217908 i)(—0.044202 — 0.217908 i)

Notice that for this airplane and these operating conditions, damping reduces the
Dutch roll frequency by about 2 percent.

The rigid-body modes (45 = 0.0, 0.0)

Ap 0 0

g 0 0

A = (s 0 exp(0.07,), Cq 0 exp(0.07,)
A€, 1 ’ 0 ’
A 0 0

Ay 0 1

The trivial rigid-body displacement modes simply state the fact that steady level
flight can be maintained, with no change in dynamic characteristics, at different
longitudes and/or at different headings. These modes arise from the fact that the
forces and moments are independent of &, and y. The eigenvectors for the
nontrivial modes are summarized in Table 9.2.1.

Eigenvector Roll Mode Spiral Mode Dutch Roll

Component Amplitude Amplitude Amplitude Phase
AB 0.054317 0.000001 0.589580 0.00°
4ap 0.629391 0.000000 0.109657  —179.04°
ar 0.030559 0.000001 0.122543 -83.36°
AE, 0.020602 0.999999 0.279954 -51.97°
A¢ 0.773401 0.000053 0.493182 79.20°
Ay 0.037551 0.000920 0.551136 174.88°

Table 9.2.1. Lateral eigenvectors for a typical general aviation airplane.
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The lateral modes observed in Example 9.2.1 are quite typical of the small-amplitude
lateral motions associated with any conventional airplane in flight. While the damping
associated with all of the nontrivial modes and the period associated with Dutch roll can
vary with aircraft design and operating conditions, all conventional airplanes exhibit
these three modes of lateral motion.

In this example we see that the roll mode is a heavily overdamped motion, which
has a rolling rate that is much greater than the yawing rate. The significance of the roll
mode is best explained in connection with the airplane’s response to aileron deflection.
Recall that the solutions given in Example 9.2.1 are homogeneous solutions, obtained
from the linearized lateral equations with all control inputs set to zero. The aileron
deflection enters the lateral equations of motion as a nonhomogeneity. The solution to
any nonhomogeneous linear system of equations is obtained by adding a particular
solution to the homogeneous solution. The particular solution is a steady-state solution.
If the motion is convergent, after some time the homogeneous solution approaches zero
and the nonhomogeneous solution approaches the particular solution. The roll response
of a typical airplane to a step change in aileron deflection is shown in Fig. 9.2.1. In this
figure the initial bank angle and initial rolling rate are both zero. At time ¢ = 0, a step
change in deflection is applied to the ailerons. Notice that as time increases, the rolling
rate approaches a constant value. The time required for the rolling motion to approach a
constant rate is determined by the roll mode eigenvalue. Since the roll mode for typical
fixed-wing aircraft is overdamped and highly convergent, transients in roll are very
quickly damped out. Thus, when an airplane responds to a change in aileron input, the
transient time is very short and the airplane quickly approaches a steady rolling rate.

The spiral mode is characterized primarily by changes in heading and direction of
travel. For conventional airplanes, this root is real but is usually only slowly convergent
or even somewhat divergent. A slightly divergent spiral mode is acceptable provided
that the time required to double the amplitude is not too short. The uncontrolled motion
resulting from a divergent spiral mode is shown in Fig. 9.2.2. Since the lateral motion
is uncoupled from the longitudinal motion only for small deviations from equilibrium,

o)
%‘] The time required for the rolling
< |motion to approach a constant rate
= |is determined by the roll mode
s eigenvalue. 14 tran
/M £ After the iniid

—O

Time

L I i .
é After the initial transient, the rolling rate approaches a constant.
g” When an airplane responds to any change in aileron input, the
":;‘ transient decay time transient tim.e is very short and the airplane quickly approaches
&~ order of 0.5 second a steady rolling rate.

Time

Figure 9.2.1. Roll response to a step change in aileron deflection.
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uncorrected
spiral divergence

Figure 9.2.2. Spiral divergence.

as the spiral deviation becomes large, longitudinal motion is also induced. When an
airplane with a divergent spiral mode is disturbed laterally from trimmed flight, the
airplane will begin a slow spiral in the direction of the disturbance. If uncorrected, this
spiral will continue to tighten as the airplane gradually enters an ever-tightening high-
speed spiral dive. However, since the spiral mode is normally only slowly divergent, the
time required to double the amplitude is long compared to the reaction time of either a
VFR or an IFR pilot. Thus, even though the airplane is unstable, the pilot will usually not
be aware of this instability and will instinctively provide the control inputs necessary to
maintain straight and level flight.

Although an airplane with spiral instability is not considered dangerous in the hands
of a qualified pilot, spiral divergence can result in extreme attitude changes and even
structural failure if for some reason pilot control is absent for a few minutes. If a pilot
without proper working instruments and the ability to use them should fly into a cloud, he
or she would lose all visual reference with which to control the airplane. In this situation
spiral divergence will prove catastrophic if the airplane does not emerge from the cloud
very quickly.

While the spiral mode and the roll mode seem very different in character, they are
mathematically quite closely related. Since the equations of motion are second order in
each of the six degrees of freedom, the eigenvalues always occur in pairs. The
eigenvalues for the roll and spiral modes together form one of these pairs. Because
complex eigenvalues can occur only in complex pairs, if one of these roots is real, they
both must be real. The large wing area of conventional airplanes inherently produces
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ample roll damping, causing the eigenvalues for both the roll and spiral modes to be real.
However, some modern aircraft have very little wing area and the roll damping for such
aircraft can be quite low. For aircraft of this type, it is occasionally possible for the
eigenvalues associated with the usual roll and spiral modes to combine, forming a
complex pair. In this case, the aircraft will exhibit a long-period lateral oscillation similar
to the phugoid mode associated with longitudinal dynamics.

Dutch roll is the lateral counterpart to the short-period mode associated with
longitudinal dynamics. As shown in Fig. 9.2.3, Dutch roll is a damped oscillatory motion
that is characterized by a combination of rolling, yawing, and sideslip. This yawing and
rolling motion is similar to the rolling and twisting gait of an ice skater. Hence, the mode
derives its name from the country well known for ice-skating. Here again, the lateral
equations become coupled to the longitudinal equations for all but very small lateral
oscillations. Thus, when the Dutch roll amplitude becomes large, longitudinal motions
are also induced. Since the period for this motion is typically on the order of a few
seconds, Dutch roll motion can be very annoying to both passengers and pilots. For well-
designed airplanes, Dutch roll is not objectionable because the damping is large.
However, this motion can be quite noticeable in flight and has been very objectionable in
some aircraft, because of light damping. When flying an airplane with a lightly damped
Dutch roll mode, the pilot will experience an unpleasant feel to the aircraft. Because of
the large yaw component in the Dutch roll oscillations, this feel sometimes gives the
impression that the tail of the airplane is trying to pass the nose. If the Dutch roll
damping is extremely light, the airplane can be quite difficult to handle and very
uncomfortable for passengers.

/
{ azimuth 4
4 angle maximum bank angle 4
/ near-zero azimuth angle /
{ . . { bank
\ near-zero sideslip
angle

AN N AN
sideslip h
~ ~
\/ N
\ \
/ !
/
7
- 1
-~ -~
7 '
Ve s
] /
\ \ . .
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~.L maximum azimuth angle ~4 [
>~ minimum sideslip ~
~ ~
~o small bank angle ~o

Horizontal Displacement
Figure 9.2.3. Dutch roll mode.
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9.3. Roll Approximation

For the roll mode, the sideslip angle and yawing rate are small compared to the rolling
rate. Thus, an approximation for the roll mode can be obtained by neglecting the rolling
and yawing moments that result from the sideslip and yawing rate compared to those
generated from the rolling rate. Since the yawing rate is much less than the rolling rate,
we can also neglect the x-z product of inertia in the x-component of the angular
momentum equation. The side force derivatives with respect to sideslip and yawing rate
are also neglected, since they have little effect on the roll motion. Using these
approximations for motion relative to steady level flight, Eq. (9.2.1) can be written

1 0 00 00| as 0 Ry -1 0 Ry 0|48
0 1 0000| A 0 Ry 0 0 0 0| dp
0 -2, 1 00O 2 0 R, 0 0 0 0| 4
' A "P (9.3.1)
0 0 01 004, 1 0 0 0 0 14
0 0 001 0|l 4g 0 1 0 0 0 0]}4¢
10 0 00 0 1] Ay 0 0 1 0 0 0] 4y
The second equation in Eq. (9.3.1) is uncoupled from the remaining five,
Ap = Ri4p (9.3.2)
and can be solved directly to give
the dimensionless eigenvalue for the roll mode approximation,
e = Rip (9.3.3)

and the approximate roll mode damping rate,

2V, 2, [ PSubi SV,
, 2 —SC R = -2 Crpl|=-522220C5 93.4
o= T, P T T, [ 8 i, v O

Since the eigenvalue is now known, the remaining five equations in Eq. (9.3.1) can be
written in algebraic form,

A48 [0 R,, -1 Ry 0](48
ANF =1, AP 0 R,; 0 0 0|4
AAE, =[1 0 0 0 1548 (9.3.5)
Ang 0 1 0 0 O0ffl4g
ANy 0 0 1 0 0]ldy
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Equation (9.3.5) can be rearranged to yield

A8 Ryp =t + (Rg)" -Ry 5 )/’1

A5 !

AF b = LA+ Ry 5 Ad (9.3.6)
A&, Ry p/A+ Ry |2

Ay Ly +R, 5[4

The roll mode eigenvalue is determined from Eq. (9.3.3), and the eigenvector is found
from Eq. (9.3.6).

The roll approximation given by Eq. (9.3.3) agrees closely with the exact solution for
the roll mode obtained from Eq. (9.2.2). For the typical general aviation airplane in
Example 9.2.1, this roll mode approximation results in

AB ~0.053453
Ap ~0627612
A7 ~0.030583

=C exp(~0.809900 7, )
A&, 0.019375 :
Ap 0.774925
Ay 0037761

The details of obtaining this result are left as an exercise for the reader. The exact roll
mode solution obtained in Example 9.2.1 is

AB ~0054317
Ap ~0.629391
AF —0.030559
= Q exp(~0.813797 7,)
A&, 0.020602 :
A 0.773401
Ay 0037551

For this airplane, the approximate roll mode eigenvalue is accurate to within one-half of
1 percent, which is typical of what can be expected for most conventional airplanes.

9.4. Spiral Approximation

The spiral mode is characterized primarily by changes in heading and direction of travel.
This mode is either slowly convergent or slowly divergent. Because the magnitude of
the eigenvalue is so small, the change in heading occurs very slowly, with very little
sideslip. The rolling and yawing rates also remain very low during spiral motion. The
usual approximation for the spiral mode is obtained by neglecting the product of inertia,
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rolling rate, bank angle, and sideslip momentum equation. With these approximations,
Eq. (9.2.1) reduces to

000000O0][O 0 1 0 00 0|(as
0100000 Rig 0 Riy 00 O| 4p
00100 0|4 Ryp O R,z 0 0 O 4F

= : (9.4.1)
00010 0|4, 1 0 0 00 1|4,
000O0T1O0[|| O 0 0 0 01 0||4g
00000 1|4y L0 0 1 00 0]{dy

Using the second equation in Eq. (9.4.1) to eliminate the sideslip angle from the third
equations, Eq. (9.4.1) becomes

0 0 1 0 000 AB
0 Rep O o RMR . 000 &
& 0 o | ZEETTRE N g o of| A7
A= Rip A (9.4.2)
oy 10 0 00 1|4
o 0 0 0 01 0|4
A Lo o0 I 00 0|l
The third equation in Eq. (9.4.2) can be solved directly for the characteristic root,
RigRyr—RiFR
hy = —LpTnr 0T b (9.4.3)

Rip

The remaining equations in Eq. (9.4.2) can be combined with Eq. (9.4.3) to obtain the
spiral mode eigenvector for this approximation. Rearranging Eq. (9.4.2), we have

AB —RizA/Rep

4p 0

A b= A Ay (9.4.4)
AE, 1/A=Ri7/Rip

Ad 0

Using the definitions from Eq. (7.7.8) in Eq. (9.4.3), the dimensionless spiral mode
cigenvalue for this approximation can be written

A = 0S,uby (CopCur = CorCup (9.4.5)
¥ 8122}7 CZ"B



9.4. Spiral Approximation 779

and the approximate spiral mode damping rate is

b2V, (Cr7Cop—Ci5Car

o, = S —
§ b, ° ar_., Crp

Equation (9.4.5) has been widely used as a spiral mode approximation. However,
the accuracy of this approximation is very poor. The eigenvalue and some components
of the eigenvector obtained form this approximation can be in error by more than two
orders of magnitude. Furthermore, Eq. (9.4.6) predicts a damping rate that is directly
proportional to airspeed, when in fact, the damping rate for spiral motion decreases with
airspeed. A more realistic closed-form approximation for the spiral mode can be
obtained by retaining the sideslip momentum equation and including the effects of rolling
rate and bank angle.

While changes in rolling rate and bank angle are significant for spiral motion, the
damping rate is very low, so all changes occur very slowly. Thus, for the spiral mode
approximation, we neglect all acceleration terms in the lateral equations of motion,

AR = Ap = AF

Iy

0 9.4.7)

The side force derivatives with respect to sideslip, rolling rate, and yawing rate are also
neglected in the spiral approximation, since they have little effect on spiral motion.
Using these approximations for lateral motion relative to steady level flight, Eq. (9.2.1)
reduces to

1 0o o0 o0o0o0][0O [0 0 -1 0 Ry O|(ap
0 1 —yz 000 0 Rf‘ﬂ Rﬁylj R(ﬂf 0 0 AZ?_
0 -2z 1 000 0 R.g R.p Rir 0 0 AF
R e : (9.4.8)
0 0 0 10 0|l4 10 0 0 0 AE,
0 0 0 01 0|4 0 1 0 0 0 0lfdag
00 0 00 1fa¢] [0 0 1 0 0 04y

These approximate lateral equations contain only three differential equations. The
remaining three equations are algebraic. These three algebraic equations can be
combined to express the rolling rate in terms of the bank angle. This result can be used
in the right-hand side of the fifth equation in Eq. (9.4.8) to obtain a single first-order
differential equation containing only one dependent variable, the bank angle,

. RepRyr —RisR,
Af = — Ry, | SEonl STl Ay (9.4.9)
RipRos—RipRup

Equation (9.4.9) can be used to obtain the spiral mode eigenvalue and the remaining five
equations in Eq. (9.4.8) can be rearranged to obtain the eigenvector,
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Ap - (Rn,ﬁ A+ Rn7 Ry, )/R"ﬁ

Ap A

- Ry Ag (9.4.10)
4E, Ryy /ﬂLz —(R,l,ﬁ/1+Rn,,- Ry )/(Rn,ﬁ /1)

Ay ng/’1

From Eq. (9.4.9) the approximate dimensionless spiral mode eigenvalue is

Ri s R, 7 —Ri7 R, w{ CrpCpr—Ci7Cy
dy = —Rg| —oLonl TP _8bu  CopCnr ZCrrCnp |9 411y
RipRyp—RipRup 2V02 C/,ﬂCn,ﬁ—Cp,,—,Cn,ﬁ
and the approximate spiral mode damping rate is
CopChr—CiiC
o, = oy - 8| ot TEIT TS (9.4.12)
bw Vo Cff,ﬂ Cn,f) _C/.[_)Cn,ﬁ

The spiral mode approximation given by Eq. (9.4.11) agrees with the exact solution
obtained from Eq. (9.2.2) to within about 10 percent. For the typical general aviation
airplane in Example 9.2.1, obtaining the eigenvalue from Eq. (9.4.11) and using the result
in Eq. (9.4.10) to obtain the eigenvector results in

A8 0.000002
Ap 0.000000
AF 0.000001

=C exp(—0.001002 7,)
A&, 0.999999
A 0.000061
Ay ~0.001004

The exact solution for the spiral mode from Example 9.2.1 is

AB 0.000001
4p 0.000000
4F 0.000001

=G exp(~0.000918 7,)
A&, 0.999999 :
A 0.000053
Ay ~0.000920

For this same airplane, the spiral mode approximation that is given by Eq. (9.4.5) yields
the very different result
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A6 0.000330
ap 0.000000
A 0.000236

=C exp(-0.015184 ¢,)
48, 0.999880 ’
Ag 0.000000
Ay -0.015512

The details of this numerical comparison are left as an exercise for the reader.

Clearly, the spiral mode approximation expressed in Eq. (9.4.11) represents a
tremendous improvement over Eq. (9.4.5). The most serious inaccuracy in the
approximations associated with obtaining Eq. (9.4.5) is neglecting the effects of bank
angle. The bank angle component of the eigenvector for spiral motion is one to two
orders of magnitude larger than either the sideslip angle or the dimensionless yawing
rate, both of which were retained in the earlier approximation. In fact, the change in
bank angle provides the primary driving force associated with spiral motion.

Comparing spiral mode damping rate from Eq. (9.4.6) with that from Ea. (9.4.12)
shows some similarity in dependence on stability and damping derivatives. However,
these two approximations show a very different dependence on other aircraft design and
operating parameters. The spiral approximation given by Eq. (9.4.6) predicts a damping
rate that is proportional to airspeed, whereas Eq. (9.4.12) shows an inverse relation
between airspeed and spiral mode damping rate. Equation (9.4.6) predicts a spiral mode
damping rate that is directly proportional to air density, wing area, and the square of the
wing span, while being inversely proportional to the yawing moment of inertia. On the
other hand, Eq. (9.4.12) predicts no dependence on any of these parameters. Results
obtained from Eq. (9.4.12) are much more consistent with reality.

EXAMPLE 9.4.1. The general aviation airplane described in Example 9.2.1 is
modified so that the directional stability is doubled,

C,.p =+0.140

All other parameters affecting lateral motion are unchanged. For this modified
airplane, use Eq. (9.2.2) to find the eigenvalue and eigenvector corresponding to
the spiral mode. Compare this exact solution with the spiral mode approximation
given by Eq. (9.4.11).

Solution. For the modified airplane, we have

S b PSubiy
Rep = ——C, 5 = —0.148], R,p = Cyp = 0.0790,
f’ﬂ 8],\’X/, "ﬂ 8 ‘ﬁ 812’3/7 ‘/j’
pS H,vbar ,OS wb a
R; 5 = C B = —0.809 N Rn 7 = Cn 7 = —0~0325a
4" 8, 7 ? v 8, 7
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3

3
Rip = 500 o _ 00074, R, = £3Pvc o _0.0705,
: 8., ’ 8., "

_ ghu _
Ry = 2V02 = 0.0164

With this design change, the eigenproblem given by Eq. (9.2.2) is the same as that
in Example 9.2.1, with the exception that the first term in the third row of the first
matrix is doubled,

[-0.0233 0 -0.9900 0 0.0164 O]
—0.1481 -0.8099 0.2074 0 0 0
0.0790 -0.0325 -0.0705 0 0 0
1 0 0 0 0 1
0 1 0 0 0 0
| 0 0 1 0 0 0]
10 0 00 01 X5 0
0 1 -0.0300 0 0 O ||xp 0
_10—0.0086 1 00 0)]| % _ 0
0 0 0 10 0|2, 0
0 0 0 01 0|y 0
|0 0 0 00 1|)|x, 0
and the spiral mode solution is
A8 0.000002
Ap 0.000000
AF 0.000002
=G exp(+0.001348 7,)
A5, 0.999999 ’
A¢ 0.000112
Ay 0.001346

Using the parameters for the modified aircraft in Eq. (9.4.11), the approximate
spiral mode eigenvalue is

RisRur~RisR,
Jy = — Ry mfonl Z L in/

RipRus~RipRup
(~0.1481)(—0.0705) — (0.2074)(0.0790)
(—0.1481)(~0.0325) — (~0.8099)(0.0790)

= —0.0164( j = +0.001417
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Applying this result to Eq. (9.4.10), we have

W) [ ARhe R R
Ap A
AF b= Ry, A
A8, R@/lz _(RnﬁlJfRnngy)/(Rmﬂ’l)
Ay Ry, [A
—[-0.0325(0.001417) +0.0164(~0.0705)}/0.0790 0.015218
0.001417 0.001417
- 0.0164 Ap = 1 0.016400 tAg
0.0164/(0.001417)2 +0.015218/0.001417 8178.5220
0.0164/0.001417 11.573747

which gives the normalized solution,

AB 0.000002
Ap 0.000000
ar 0.000002
=C exp(+0.001417 z,,)
a4, 0.999999
Ag 0.000122
Ay 0.001415

For comparison, using Eq. (9.4.5) with Eq. (9.4.4) gives the very different result

a8 0.002134

Ap 0.000000

a7 0.001524
=C exp(+0.0401327,)

4¢, 0.999276

Ag 0.000000

Ay 0.037969

From Example 9.4.1, we see that doubling the directional stability of this particular
aircraft will change the spiral motion from slowly convergent to slowly divergent. This
may scem counterintuitive at first thought. Because divergent spiral motion is charac-
terized primarily by changes in heading and direction of travel, with a seemingly
insignificant rolling rate, it could be thought of as some type of directional instability.
With this line of reasoning, it may seem natural to think that increasing the directional
stability should improve the convergence of the spiral mode. To understand why this is
not so, one must understand that spiral motion is not caused directly by a disturbance in
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yaw, but rather by a disturbance in roll. This is not to say that a disturbance in yaw will
not induce spiral motion. Quite the contrary, because of the roll-yaw coupling, any
disturbance in yaw will induce a disturbance in roll, and even the slightest roll
disturbance can induce spiral motion.

To continue with our explanation of what was observed in Example 9.4.1, let us
consider exactly how a disturbance in roll induces spiral motion. Even the smallest
disturbance in roll will tend to induce some sideslip, because it results in a component of
gravity in the y,-direction. If the airplane is stable in both roll and yaw, this sideslip will
tend to return the bank angle to zero, but it will also tend to yaw the aircraft in the
direction of sideslip, in an attempt to return the sideslip angle to zero. If the directional
stability is large enough, or the roll stability is low enough, the yaw correction will
occur faster than the roll correction, and the airplane’s heading will change continuously
in the direction of the original roll disturbance, unless corrected with control input.
Under such conditions the spiral motion is divergent. If the directional stability is low
enough compared to the roll stability, then the roll correction will occur faster than the
yaw correction and the spiral mode will be convergent. Thus, we see why increasing
directional stability makes the spiral mode more divergent. A comparison between
directional divergence and spiral divergence for a conventional airplane is shown in
Fig. 9.4.1.

From this description of spiral motion, we also see why the commonly used spiral
approximation given by Eq. (9.4.5) is so poor. This approximation totally neglects all
changes in rolling rate and bank angle. In so doing, the approximation neglects the
very essence of the spiral motion that it is attempting to capture. This can be seen more
dramatically by considering an aircraft with neutral roll stability. From Eq. (9.4.5) we
see that if the change in rolling moment with respect to yawing rate has the usual
positive sign and the aircraft is stable in yaw, then this approximation predicts infinite
spiral convergence for neutral roll stability. This is not consistent with reality. In fact,
neutral roll stability normally produces spiral divergence.

spiral divergence
insufficient roll stability
or excess yaw stability

directional divergence
insufficient yaw stability \

lateral

disturbance \

Dot e N N e e S

Figure 9.4.1. Comparison between directional divergence and spiral divergence.
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If the aircraft in Example 9.2.1 is modified so that the roll stability becomes neutral
while all other parameters remain unchanged, we have

Riy = 0.0

and the exact solution for the spiral mode becomes

Ap 0.000033
ap 0.000004
4 0.000016

=C exp(+0.003993 7))
AE, 0.999992 ’
Ap 0.001010
Ay 0.003960

For this case, the approximate spiral mode solution given by Eq. (9.4.11) gives

4B 0.000035
4dp 0.000004
a7 0.000017
=C exp(+0.004200 7,)
AE, 0.999991
A 0.001067
Ay 0.004165

As mentioned previously, with neutral roll stability, the spiral mode approximation from
Eq. (9.4.5) gives

Ap
Ap
&
A€,
Ap
Ay

= Cexp(-wo17,) = 0.0

Here again, we see that the spiral approximation given by Eq. (9.4.11) agrees closely with
the exact solution while Eq. (9.4.5) predicts a much different result. In this case, the
eigenvalue predicted by Eq. (9.4.5) does not even have the correct sign.

The spiral mode approximation given by Eq. (9.4.5) should never be used. It is
based on a mathematical approximation that is not consistent with physical reality and is
very misleading. It has been included here for historical reasons only and because the
reader may encounter this approximation in the literature.
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9.5. Dutch Roll Approximation

As noted previously, Dutch roll is a damped oscillatory motion that is characterized by a
combination of sideslip, roil, and yaw. Nevertheless, the usual approximation for Dutch
roll is obtained by assuming the motion to consist solely of sideslip and yaw. The rolling
rate, bank angle, and rolling momentum equation are completely neglected in the usual
Dutch roll approximation. Also, the change in side force with respect to yawing rate is
usually neglected, because this is small and has little effect on lateral motion. Using
these approximations for motion relative to level flight, Eq. (9.2.1) becomes

[1 0 000 0][ap Ryp 0 (Ry7-1) 0 0 0][4p
0 0 000O0(lO0 0 1 0 000||4p
0~ 1000 Af _|Rap O Ry 00047 ©5.1)
0 0 01 00([a, 1 0 0 00 1{|4
0 0 000O0]||o0 0 0 0 01 0flag
0 0 000 ijlag| | 0 © 1 00 0]|4y

The first and third equations in Eq. (9.5.1) are not coupled to the other four equations.
Thus, this system of equations can be rearranged and separated to yield

[(Ryﬁ -4) (Ryr- l)} {A@} _ {o} ©52)
Ris  (Ryz—2A) || AF 0
and
Ap 0
AF Ry p /(/1— Ru7)
2,1 = WA+ [Ry /AR 2 L2 (9.5.3)
Ad 0
Al// [Rn,ﬂ /(A_Rnf )]/ﬂ'

The approximate Dutch roll eigenvalues are obtained from the roots of Eq. (9.5.2), and
the approximate eigenvectors are obtained by using the result in Eq. (9.5.3).
The characteristic equation for Eq. (9.5.2) is

(R, p+Ry)A+(1=Ry;)Rup+ Ry pRyr = 0 (9.5.4)

From this quadratic equation the dimensionless Dutch roll eigenvalues predicted by this
approximation are found to be

2
Ryp+Rus . Ry p+Rus
Apr = }—’/’%iz‘ﬂ—zeﬂ)zw+Ry,ﬁRn,;—(Lk—] (9.5.5)
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From Eq. (9.5.5), the approximate damped natural frequency and damping rate are

2
w4y = —2b—V“~imag(iD,) = 2 J(l—R_\,,,)R,,,ﬂ+RyﬁRnf—[&£;—Rﬁj (9.5.6)
W w
oo = —2bV 2 real(Ap, ) = —bV—”(Ry,ﬁJar,;) (9.5.7)

Not surprisingly, results obtained from this commonly used approximation do not
always give particularly good values for the frequency, damping, or eigenvectors that are
associated with Dutch roll. The reason for poor agreement between this uncoupled Dutch
roll approximation and the exact solution is that Dutch roll strongly involves all three
lateral degrees of freedom, with significant coupling between sideslip, roll, and yaw. As
we have seen in Example 9.2.1, the largest Dutch roll oscillations are typically in sideslip.
However, the Dutch roll amplitude for rolling rate is nearly as large as that for sideslip
and is about the same as that for yawing rate. Furthermore, Dutch roll oscillations in bank
angle are typically as large as those in heading. Thus, it is very difficult to justify
neglecting any of the three lateral degrees of freedom when attempting to develop a
Dutch roil approximation. Here, we consider an improved Dutch roll approximation
developed by Phillips (2000b), which includes the effects of roll as well as those of
sideslip and yaw.

In this approximation, we neglect the product of inertia and the change in side force
with respect to rolling rate because these values are typically small and have little effect
on Dutch roll. Using these approximations for motion relative to steady level flight, the
lateral equations of motion, given by Eq. (9.2.1), become

[1 0000 0)ap (R,; 0 (R.-1 0 Ry 0|48
01000 0|4 Rig Riyp R 0 0 Ofl 4p
00100 0|4 R.g Rz Ry 0 0 0| 4F
I R "l 958
0001004, 1 0 0 0 0 1{]|4é,
00001 0[|4g 0 1 0 0 0 0fl 4¢
100000 1]{ay 1 0 0 1 0 0 0]ldy
which results in the eigenproblem
(R, 5—2) 0 (Ry7=1) 0 R, 0](4a8 0
Ripg (Rip—A) Res 0 0 0|l 4 0
R, R, 5 Ris—A) 0 0 0 ||aF 0
/ 7o Far =4 ar 9.5.9)
1 0 0 —A 0 1 [{4¢E, 0
0 1 0 0 -4 0 |[|A4g 0
|0 0 1 0 0 -i|ldy 0
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Using the second and fifth equations in Eq. (9.5.9), we can eliminate the rolling rate and
bank angle from the first and third equations. Thus, Eq. (9.5.9) can be rearranged and
separated to yield

R R; it Ry Ry F
Rop——2 " __J —~|1-R,,+——2"0T
(yﬁ (Riz-)A j ( y’+(&ﬁ-zﬂl 48] [0 9.5.10)
R RigRup R RirR, 5 2 A7 0 o
n,pB R;/‘[‘, ) n,r Rfj) )
and
ap Ry
AF R..
Ay v = S+ R [A) 2245, (9.5.11)
A R /A
Ay R.[A
where
R = RipRiz—Reg(R,7—A)
* (R(/vﬁ _;l')(Rn.F _/’L)_R/,T‘ Rn,ﬁ
and
R - R/,’,ﬂ Rn,ﬁ - Rn,ﬂ (RV,I_J - A)

(Rep - Rur—A)—Ri5R, 5

The characteristic equation for Eq. (9.5.10) is

Re Rip Ry Rer
: p—— ALY A (N T
[ B Ry~ M)A j ( 2 Rep DA

R R R, -R =0 9.5.12)
08 Rnp 07 Rnp
RII T RH ¥ T 4 2’
( 7 Rﬂﬁ_/lj ( CORp-A J
which can be expanded to give
2 R¢ F Rn P
y — Ry,ﬂ + R,,,F —ﬁ A+ (1 — R_Vf) Rn’ﬂ + Ry.ﬂ R,,j
P (9.5.13)

Rip[Re ~ =Ry Rup |- Ry Ris Rup | Ry (Rer Rup = RipRur)
Riy—72 (Rep —A)A
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In our study of the roll mode, we found that roll is typically very heavily damped.
Thus, all of those terms in Eq. (9.5.13) that are inversely proportional to the roll-damping
ratio are small, but not necessarily totally negligible. This suggests that we might expand
Eq. (9.5.13) in terms of a Taylor series in one over the roll-damping ratio. For this
purpose we use the expansion

= + + + +ee- (9.5.14)

If we define A, to be the eigenvalue corresponding to an infinite roll-damping ratio,
Ry — o (9.5.15)
then from Eq. (9.5.13), we have
22~ (Ryp+Rui) o +(1=R, )Ry p+ Ry pRe7 = 0 (9.5.16)

and

2
R, s+R,7 R,s+R,5
ﬂ,oo = ’—_)’ﬂz - il.Jr(l—Ry,r)Rmﬂ +Ry,ﬂRn,r_( }’ﬁz - ] (9517)

At this point it is interesting to note that the eigenvalues obtained from Eq. (9.5.17)
are identical to those obtained from Eq. (9.5.5). Thus, we see that this earlier Dutch roll
approximation is valid only in the limit as the roll-damping ratio approaches infinity. If
the roll-damping ratio were large enough, the rolling motion associated with Dutch roll
would be completely suppressed and the motion would indeed consist solely of sideslip
and yaw. However, as the name implies, an aircraft seldom has sufficient roll damping to
eliminate the rolling motion from Dutch roll. The effects of roll can be included in the
Dutch roll approximation by carrying some of the low-order terms from the Taylor series
in Eq. (9.5.14).

Because the roll-damping ratio is several times larger than the Dutch roll eigenvalue,
all terms beyond the first in Eq. (9.5.14) are small and become smaller with increasing
order. Thus, for the purpose of evaluating this Taylor series, we can replace the actual
eigenvalue on the right-hand side with the approximate eigenvalue from Eq. (9.5.17),

2 3
1 L, l;c N /1300 N ﬂ,f N
Rip =4 Rip Ri; Riz R’

(9.5.18)

Furthermore, because the Dutch roll damping is an order-of-magnitude less than the
Dutch roll frequency, we can also neglect the damping from Eq. (9.5.17) and use the
approximations
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1 1 . @, @i _. @ ,
= +i - Fi—+ (9.5.19)
Rip=4 Ry Rz Rlp R
1 1 1 @ @
> Fj + e R L (9.5.20)
(Rk‘,[/] _ﬂ')/1 W Rf,ﬁ R/%ﬁ Rf‘{lj R;‘,p
where
@ = J(1-Ry7)Ryp+ Ry sRor (9.5.21)

Retaining the first two terms in each of these Taylor series and applying the results to
the characteristic equation given by Eq. (9.5.13), we obtain a quadratic equation for the
approximate Dutch roll eigenvalues,

A (Ryp+Ru;+Ru)A+(1-Ry )R, g+ R, gRy7+Rp = 0 (9.5.22)
where the complex coefficients R, and Ry. are defined as

ka,? Rn,f) T W Ré,r R

np
(9.5.23)
Rip R?5

Ry = —

and

Ry = [Raﬂ [Rey = (1= Ry#) Rus |~ Ry Rir Rup R (R Rup—Rip R,,,;)}

Rip R
(9.5.24)

W R/",f) szf

+{ng (RopRuz =RirRup) @ {Rip[Ro ~ (1= Ryr)Rup |- Ryp R(,,-Rn,,—,}}
P

The eigenvalues obtained from Eq. (9.5.22), with the application of Eq. (9.5.21), are
found to be

1 = Ry,ﬂ + Rn,F + Rd(r Ry”g + an +Rdc jz

2 i—i\/(l_Ry,F)Rn,ﬁ+Ry,ﬁRVl,7 +Rﬁ_[ 2

2 2 2.,

2
RupthertRe J” R (Foatrthe)
Do

(9.5.25)

Since both R; and the damping term are small compared to @., Eq. (9.5.25) can be
further approximated as
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2 Zwi B

~ . ; i _ 2
1 = R},‘Ig + R,,J + R Yimo| 1+ real(Rﬁ.) + 1mag(122ﬁ.) B (Ry’ﬂ + R,,’; +Rdc)
205 8w

) 2
Ry g+ R, 5 +Ry ~imag(R )/ @ tim. \ﬁ+ real(R ) _[Ryﬁ +Ry7 + Ry ]

2 w’é 2 W

. 2
Ry, s+ R, 7+ Ry ~1mag(R_/-C)/ww +i‘/wz + real(Ry )_(Ryﬁ + R, 7 +Rdcj
2 N 2

(9.5.26)

Because the imaginary component of the Dutch roll eigenvalue is typically an
order of magnitude larger than the real component, the second-order terms in Ry and Ry
do not have a significant effect on the Dutch roll frequency. However, the second-order
terms are crucial to an accurate determination of the much smaller Dutch roll damping
rate. For this reason we retain all second-order terms in the real component of the
eigenvalue but neglect second-order terms in the imaginary component. Thus, because
the imaginary component of R,. is second order, it can be neglected in the Dutch roll
approximation. We can also neglect the second-order term in the real part of R, since it
affects only the frequency. On the other hand, we must retain the second term in the
imaginary part of R, because this term is part of the damping.

Thus, for this approximation, the dimensionless Dutch roll eigenvalues are

- R},,ﬂ + R”,,t _RDC + RDp

/’lDr = 2
3 (9.5.27)
R +R, 5
ii\/(l ~Ry7)Rup +RypRuz +Rpy —[%—’j
where we define the Dutch roll stability ratio,
RiglRey —(1—=R,7)R, 5 |- Ry s Ri7 Ry 5
Rp, = '.ﬂ[ g~ ( Vs ) ,p] y.BA, P (9.5.28)
Re 5
the Dutch roll coupling ratio,
RI/ ¥ Rn P
Rp = ———=£ (9.5.29)
R/’p'
and the Dutch roll phase-divergence ratio,
Ro(Ri 7Ry p—RigRy7
Rpy = —£ (RiRup —RepRur) _ Rps (9.5.30)

R/,f) (Rn,ﬂ +Ry,ﬁ' Rn,?) Rf,;_)
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This gives the approximate Dutch roll damped natural frequency,

2
Ry p+Rur
Ddp, = 2bV0 J(] _Ryf)Rn,ﬂ +Ry,/3 Rn.? +RDs _(‘—y’ﬁTn’_] (9531)

R

and the approximate Dutch roll damping rate,

| ~

opr = ~~2(R, 3 +Ryr—Rpc +Rpp) (9.5.32)

w

=y

EXAMPLE 9.5.1. Using the Dutch roll approximation given by Eq. (9.5.27), find
the eigenvalues, eigenvectors, damping rate, and damped natural frequency for the
Dutch roll mode of the airplane described in Example 9.2.1. Compare these
approximate results with the exact Dutch roll solution that was obtained in
Example 9.2.1 and with the results obtained from Eq. (9.5.5).

Solution. From Example 9.2.1 we have

V, =180 ft/sec, b, =331, Ry =0.0164,
R, 5 =-0.0233,  R,;=0.0, R, 7 =0.0100,
Rs 5 =—0.1481, R5 =—0.8099, R, =0.2074,
R, =0.0395, R,5=-0.0325  R,;=-0.0705

From Eq. (9.5.28), the Dutch roll stability ratio is

R"«ﬂ [ng - (1 - Ry,F ) Rn,;‘y ] - Ry,ﬂ R(’,F Rn,ﬁ
Rip
(~0.148 1)[0.0164 — (0.9900)(~0.0325)] — (~0.0233)(0.2074)(—0.0325)
—-0.8099

Rps =

1

0.009076
From Eq. (9.5.29), the Dutch roll coupling ratio is

Ry, = RrRup _ (02074Y00325) _ o ocars
R, ~0.8099

From Eq. (9.5.30), the Dutch roll phase-divergence ratio is

Rgy(Re7 Rup —RipRur)  Rp,

RI’,;‘)(Rn,,B +Ry,ﬁRn,7) R/g’l—,
~0.0164{(0.2074)(0.0395) ~ (-0.1481)(~0.0705)]  0.009076
- —0.8099[0.0395 + (-0.0233)(-0.0705)] ~-0.8099

RDp =

= 0.012313
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Using these values in Eq. (9.5.27), the approximate Dutch roll eigenvalues are

Ry‘ﬂ + Rn’; _RDC +RDp
2

A«Dr =

2
R,z +Rn,;j

ii\/(l'—Ryj)R,,,ﬂ +Ry,ﬂRn,r+RDs—( 7

—-0.0233-0.0705-0.008323+0.012313
2

~0.0233— 0.0705j2

+ i\/0.9900(0.0395) +(~0.0233)(=0.0705) + 0.009076 —( -

~0.044904 1+ 0.218230

I

The damping rate and damped natural frequency of oscillation are

o = real(ﬁ,)%Vi = 0.044904 2(220) = 0.489862 sec ™!
Wy = |imag(,1)|2b—V°— = 0.218230£;—83Q = 2.380691 rad/sec

The eigenvectors for this Dutch roll approximation are found by using the
complex eigenvalues in Eq. (9.5.11). This gives

A8 0588877
Ap —0.110484F 0.001381
A7 00144387 0.121348 .
= 1z i L exp[(—0.044904+0.2182301) 7, ]
A8, 01652217 0.228052
Ag 0093870+ 0.486957 i
Ay —0.546529+0.046297 i

The exact solution from Example 9.2.1 is

AB 0.589580
Ap ~0.109648F 0001442
AF 0.013967F 0.121744 ,

= Csa - L exp[(~0.044202+0.2179084) 7, |
A&, 0.172251F0.220690 :
A 0.091681+0.484586
Ay —0.549104+0.047290

From Egs. {9.5.3) and (9.5.5), the infinite roll-damping solution is



794 cChapter9 Linearized Lateral Dynamics

A8 0.653476
4p 0.000000
A 0.015578F 0129597 i ‘
= Cs N .t exp[(-0.046900+0.1963371) 7, |
AE, 03442887 0138783
Ap 0.000000
Ay ~0.642375+0.074105

Figures 9.5.1 through 9.5.5 show how the Dutch roll approximation that is given by
Eq. (9.5.27) compares with that given by Eq. (9.5.5) and the exact solution for a broad
range of aerodynamic parameters. Here it should be noted that as the roll-damping
derivative approaches infinity, the Dutch roll stability ratio, coupling ratio, and phase-
divergence ratio all approach zero. So we see that in the limit of infinite roll damping,
the result that is given by Eq. (9.5.27) reduces exactly to that given by Eq. (9.5.5). Thus,
as was mentioned previously, Eq. (9.5.5) represents an asymptotic solution for infinite
roll damping. This can be seen graphically in Fig. 9.5.1. In this figure, all parameters
except the roll-damping ratio have been held constant at those values given in Example
9.5.1. For a conventional airplane, the roll-damping derivative is large compared to the
other aerodynamic derivatives. Thus, it may seem reasonable to use an asymptotic
solution for large roll damping as an approximation for Dutch roll. However, the roll-
damping ratio for conventional airplanes is typically somewhat less than 1.0. Figure
9.5.1 shows that this level of roll damping is not sufficient to produce the asymptotic
behavior.

Figures 9.5.2 through 9.5.5 show how other aerodynamic derivatives affect Dutch
roll. In Fig. 9.5.2, a comparison between Egs. (9.5.5), (9.5.27), and the exact solution is
shown for a broad range of roll-stability ratio. Figure 9.5.3 shows the same comparison
for a broad range of yaw-stability ratio. Similar comparisons, showing the effects of roll
and yaw coupling, are displayed in Figs. 9.5.4 and 9.5.5.
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Figure 9.5.1. Effect of roll damping on the dimensionless Dutch roll eigenvalues.
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Figure 9.5.2. Effect of roll stability on the dimensionless Dutch roll eigenvalues.
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Figure 9.5.4. Effect of roll coupling on the dimensionless Dutch roll eigenvalues.
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Figure 9.5.5. Effect of yaw coupling on the dimensionless Dutch roll eigenvalues.

The improved closed-form approximation allows us to see more easily how the
aerodynamic coefficients and stability derivatives affect the Dutch roll motion. In order
to help the student develop some insight into the genesis of Dutch roll, we shall now
examine the predictions of this improved approximation in greater detail.

Damping has very little effect on the Dutch roll frequency. Thus, neglecting the
damping terms in Eq. (9.5.31) and applying the definition of Dutch roll stability ratio
from Eq. (9.5.28), the undamped natural frequency for Dutch roll motion is approximated
as

2V, [ 2
S TU— m’w+RDg

Q]
w

- ’wi L Rep [Rey = (1= Ry Rup) —RypRis Ry

bw Rl‘,ﬁ

(9.5.33)

where @, is the traditional dimensionless undamped natural frequency for infinite roll
damping. The roll-damping derivative is always negative, and for a stable aircraft, the
roll-stability derivative is also negative. The gravitational acceleration ratio is positive;
the dimensionless change in side force with yawing rate is always less than unity; and for
a conventional airplane generating positive lift, the change in yawing moment with
rolling rate is typically negative. Thus, the Dutch roll stability ratio is positive, and from
Eq. (9.5.33) we see that increasing roll stability will increase the Dutch roll frequency
while increasing roll damping will decrease the Dutch roll frequency. Furthermore, since
the change in side force with sideslip angle is negative and the change in rolling moment
with yawing rate is typically positive, Eq. (9.5.33) shows that increasing the roll-yaw
coupling will normally increase the Dutch roll frequency.

Using the definitions from Egs. (9.5.28) through (9.5.30) in Eq. (9.5.32), the Dutch
roll damping for the improved approximation can be written as
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Vo
Opr £ Ox +b_(RD(’_RDp)
Ri7Ry5 Rey(ResR,p—RepgRyy
_ g, + Vo[ RirRup  Rer(RisRop = RipRur) (9.5.34)
bw Rl’,ﬁ R/',ﬁ(Rn,ﬂ +Ry,ﬂ Rn,F)

, RiplRo = (=R, Rup) ~RypRir Rup
R

where o, is the traditional yaw damping term, which provides the total Dutch roll
damping for the case of infinite roll damping. The second term on the right-hand side of
Eq. (9.5.34) is the Dutch roll coupling ratio. Since the roll-yaw coupling derivatives
typically have opposite signs and the roll-damping derivative is always negative, the
Dutch roll coupling ratio will normally increase the Dutch roll damping. However, it is
possible for the roll-yaw coupling derivatives to have the same sign, in which case this
Dutch roll coupling would tend to decrease the total Dutch roll damping.

The third and fourth terms on the right-hand side of Eq. (9.5.34) compose the Dutch
roll phase-divergence ratio. This has been called the phase-divergence ratio because it
results from the phase shift between the various components that comprise the Dutch roll
motion and because it will typically decrease the total Dutch roll damping. For an
aircraft that is stable in yaw, the denominator in the third term on the right-hand side of
Eq. (9.5.34) is negative, and the denominator in the last term is always positive. Thus,
since the roll-stability derivative is negative for a stable aircraft, Eq. (9.5.34) shows that
increasing roll stability will decrease Dutch roll damping. In a similar manner, from
further examination of Eq. (9.5.34) it can be shown that increasing yaw stability will
increase Dutch roll damping.

The design of an airplane having good Dutch roll characteristics while maintaining
acceptable roll, yaw, and spiral stability can present somewhat of dilemma. The aero-
dynamic derivatives that have greatest influence on the Dutch roll and spiral damping are
the roll-stability derivative, the roll-damping derivative, the yaw-stability derivative, and
the yaw-damping derivative. From the improved approximations for the Dutch roll and
spiral modes, we see how each of these derivatives affect the damping for these two
modes. For a conventional airplane that is stable in both roll and yaw, the influence of
these derivatives is summarized as follows:

Increasing roll stability will: Increasing roll damping will:
Decrease Dutch roll damping. Increase Dutch roll damping.
Increase spiral damping. Decrease spiral damping.

Increasing yaw stability will: Increasing yaw damping will:
Increase Dutch roll damping. Increase Dutch roll damping.
Decrease spiral damping. Increase spiral damping.

While increasing roll stability has a favorable effect on the spiral damping, it has an
adverse effect on the Dutch roll damping. On the other hand, roll damping has an
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adverse effect on spiral stability while improving the Dutch roll damping. Increasing
yaw stability improves the damping for Dutch roll but renders the spiral mode more
unstable. Only by increasing yaw damping can we have a favorable impact on the
damping for both Dutch roll and the spiral mode. Unfortunately, increasing yaw
damping without increasing yaw stability is not easy to achieve through geometric design
changes, without significantly increasing the drag.

The most obvious way to increase yaw damping is to increase the area of the vertical
tail. However, this will add drag and increase yaw stability, which has a destabilizing
effect on the spiral mode. By adding a vertical surface forward of the center of gravity,
we could increase yaw damping while decreasing yaw stability. By selecting the proper
combination of vertical surfaces both forward and aft of the center of gravity, it would be
possible to design an airplane to have any desired combination of yaw stability and yaw
damping. However, vertical surfaces placed in front of the center of gravity add
unnecessarily to the drag and are not normally used. As a better solution to this problem,
modern airplanes are often fitted with a feedback control system to provide additional
yaw damping without the added drag and yaw stability that are produced by increasing
the area of the vertical tail.

An electronic yaw damper can be constructed by using a rate gyro that produces an
output signal proportional to the yawing rate of the aircraft. This output signal is
multiplied by a gain coefficient and fed back into a control system to produce a rudder
deflection proportional to the yawing rate. From the yawing momentum equation given
by Eq. (7.7.6), we have

M =1, 4D = Ry pAB— Ry p Ap ~ Ry s AF = Ry, 5,40, + Ry, 45,  (9.5.35)

With the yaw damper activated, the total rudder deflection is the sum of that imposed by
the feedback control system and that imposed by the pilot,

45, = KAF+(46,) (9.5.36)

pilot

where K is a dimensionless gain coefficient for the control system. Using Eq. (9.5.36) in
Eq. (9.5.35) and rearranging gives

N =1, Ap ~ Ry pAB — Ry 549 ~ (R 5 + K Rys, ) AF

9.5.37
= Ry5,404 + Rus, (A5r )pilot ( )
Thus, the effective yaw-damping ratio for the aircraft is
(Ri7 estoctive = Rni + K Ryus, (9.5.38)

With the sign convention used in this textbook, the sign of the rudder deflection is
defined such that a negative yawing moment is produced by positive rudder deflection.
Thus, K must be positive to increase the effective yaw damping (i.e., to make the yaw
damping derivative more negative). By adjusting the gain on the feedback control
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system, we can provide any desired amount of yaw damping without affecting the yaw
stability. This allows us to control the Dutch roll damping without the adverse effects
associated with increasing the vertical tail area.

While the discussion above was aimed at controlling the yaw damping for an
airplane, it is possible to control both the yaw damping and yaw stability. This is
accomplished by producing a rudder deflection that is proportional to both the sideslip
and yawing rate,

AS, = K\AB+ K A7 +(A46,) (9.5.39)

pilot

Including the effects of this feedback control system, the linearized yawing momentum
equation becomes

A =180 — (Ry g + Ki Ry 5,)AB — Ry 50 — (R + K2Ry 5, ) AF

.5.40
= Ry5, (484 ) 0 + Rns, (45,) (9.5.40)

pilot pilot

The dimensionless gains for the feedback control system, K; and K, can be selected
to provide any desired level of yaw damping and yaw stability. By adjusting these two
gains it is possible to independently control both the Dutch roll damping and frequency.
Furthermore, these gains can be varied with airspeed and flap setting to provide good
Dutch roll characteristics over the full range of operating conditions. However, we must
remember that both directional and spiral stability also impose constraints on the yaw
stability and damping. The use of feedback control systems for stability augmentation is
not a cure-all to be used in place of good geometric design. However, it does provide the
designer with an additional degree of freedom, which can be used to ensure good flying
qualities over the full range of operating conditions while maintaining satisfactory
performance relative to other mission objectives.

9.6. Pure Rolling Motion
While pure rolling motion does not occur in free flight, a wind tunnel model could be
constrained to allow motion only in pure roll. In free flight, rolling motion will always
produce some sideslip and yaw. However, if a wind tunnel model is constrained as is
shown in Fig. 9.6.1, the mounting sting will supply whatever moments are necessary to
resist the aerodynamic moments except for those about the roll axis. With a model so
constrained, it is possible to obtain information from which certain aerodynamic
derivatives can be extracted.

The equation of motion for this model can be obtained from the general lateral
equations by applying the constraints

AB = AF = A5, = 0 9.6.1)

Using these constraints in Eq. (7.7.6) with 4p = p, the rolling momentum equation
becomes
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Figure 9.6.1. Wind tunnel model constrained to pure rolling motion.

ap ~Ri5P = R, A0, (9.6.2)
dr,
where
—_ pbw 2ng pSw W pSw w
P = , T, = , Rep = Cip, Ris, = Crs, (9.6.3)
2w, 0 o ? 81, 7 81,

The solution to this first-order differential equation for a step change in aileron detlection
is

R, AS
P = (T()R————[l—exp(R/p ) (9.6.4)

After applying the definitions in Eq. (9.6.3), this solution can be written as

wa C(?,é‘ Aé‘a
= : l-expl—o,t 9.6.5
2Vo —C/,ﬁ [ exp( o )] ( )
where &, is the roll-damping rate,
o, = ~ LSV ¢ (9.6.6)
T 4, 7P o

Because the roll-damping derivative is always negative, the rolling rate will
exponentially approach a steady value, as shown in Fig. 9.6.2. From Eq. (9.6.5), the
steady rolling rate, which develops after the rolling transient is damped out, must satisfy
the equation
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wa _ C/,§“A5a
2Vo B -Cﬁ,p

(9.6.7)

Since the roll-damping rate is large, the transient term, exp(—o; ), decays to zero
very rapidly and the rolling rate quickly approaches a constant value. This large roll-
damping rate gives the pilot the impression that aileron deflection controls rolling rate
rather than rolling acceleration. For this reason, the maximum rolling rate that can be
attained with maximum aileron deflection is an important measure of the lateral control
power available from the ailerons. Maximum rolling rate is attained when the rolling
moment produced by the aileron deflection is exactly balanced by the rolling moment
resulting from the rolling rate. This produces a net rolling moment of zero. The
maximum dimensionless rolling rate that is attained at full aileron deflection can be used
for sizing the ailerons. The minimum requirements commeonly used for aileron sizing
are:

> 0.07
27,

high- maneuverability aircraft} [ pbw)
max

low- to medium- maneuverability aircraft pb,,
such as cargo and transport airplanes max

> 0.09

such as fighters and stunt airplanes 2y,

The rolling rate of the aircraft could be measured as a function of time using a rate
gyro. By recording the roll response to a step change in aileron deflection, we could
determine both the roll-damping rate and the steady rolling rate that develops after the
transient has decayed. This could be done by fitting the measured response to the
analytical solution given by Eq. (9.6.5). From the measured damping rate, the
dimensionless roll-damping derivative could be determined by rearranging Eq. (9.6.6),

B 41, o

Crp = ——220
T S,

(9.6.8)

Using Eq. (9.6.8) in Eq. (9.6.7), the change in rolling moment with respect to aileron
deflection could be evaluated from the measured values of the roll-damping rate and the
steady rolling rate, which develops after the damping transient has decayed,

After the initial transient, the rolling rate approaches a steady value.

transient decay time

Rolling Rate

Time

Figure 9.6.2. Roll response to a step change in aileron deflection.




802 chapter9 Linearized Lateral Dynamics

21 xx; Or Psteady

Crs, = 3
0S, b VEAS,

(9.6.9)

If the rolling moment of inertia, geometric properties of the model, and wind tunnel
operating conditions are all known, Egs. (9.6.8) and (9.6.9) can be used to determine the
aerodynamic derivatives. The rolling moment of inertia for the model could be
determined in a manner similar to that described in Sec. 8.5.

9.7. Pure Yawing Motion

In a similar manner, a wind tunnel model could be constrained to pure yawing motion, as
shown in Fig. 9.7.1. The equation of motion for this model is obtained from the general
lateral equations by applying the constraints

A = A, = Ap = A5, = 0 9.7.1)
AB = — Ay 9.7.2)

Using these constraints in Eq. (7.7.6) with 47 =7 and Ay =y , from the third and sixth
rows we have

dr

—_— = Rn,& Adr —R”’lgl// +R,,,77 (973)
dr,
dy _
—_— = 9.7.4
il (9.7.4)

where

Figure 9.7.1. Wind tunnel model constrained to pure yawing motion.
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SR L fl;“ Cra
e g (9.7.5)
Rn,/? = 81.., Ca B Rn,F = —8_1“_ Cn,?
Using Eq. (9.7.4) in Eq. (9.7.3) and rearranging, we have
C:ir‘/v/ Rur 3"’ +Rypy = Rys AS, (9.7.6)
The characteristic equation for Eq. (9.7.6) is
A2 ~RysA+Ryp =0 (9.7.7)
Thus, the eigenvalues for pure yawing motion are
2
P R;f N (R;f} “Rug (9.7.8)

By performing wind tunnel tests on an aircraft model that is constrained to pure
yawing motion, we could determine the eigenvalues experimentally. The model’s
moment of inertia should be adjusted to produce underdamped motion. In the wind
tunnel, the model is displaced from equilibrium and then released. The resulting
oscillatory yawing motion is recorded as a function of time. By measuring the period
of oscillation and the time required to reduce the amplitude of oscillation by one-half,
we could determine the yaw-damping derivative as well as the yaw-stability derivative
for the model.

From Egs. (9.7.5) and (9.7.8), the 50 percent damping time is given by

o by In(0.50) _ b, In(0.50) 8., In(0.50)
50%d t =ty = =
o Campmg Hme = 150 = oy real(4) V Rz pSubiV, Car
(9.7.9)
and the period is
by, 1671,
by, 2x 2 PSubiVs

period = ¢, = —— = =

2V, |imag(A)| Rur 2s, o _c2,
A st

(9.7.10)
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Rearranging Eqgs. (9.7.9) and (9.7.10), we have

_ 81, In(0.50)

Cor (9.7.11)
PSWbiV, tso
21 ® (1n(0.50))>
Crp = M= [2_er +(_“(~ )) (9.7.12)
AN '50

Using Egs. (9.7.11) and (9.7.12), we could determine the yaw-damping derivative as
well as the yaw-stability derivative from the measured period and 50 percent damping
time, provided that we know the wind tunnel airspeed and density, along with the
geometry and yawing moment of inertia for the aircraft model. Here again the yawing
moment of inertia could be determined in a manner similar to that described in Sec. 8.5.

9.8. Longitudinal-Lateral Coupling

As discussed previously, the lateral equations of motion were uncoupled from the
longitudinal equations of motion only as a result of imposing the small-disturbance
approximation. The actual response of an aircraft to a finite lateral disturbance will
involve all six degrees of freedom. Furthermore, as discussed in Sec. 7.9, inertial and
gyroscopic effects can produce coupling between the lateral and longitudinal equations,
even within the framework of small disturbance theory. What is normally referred to as
inertial coupling occurs whenever the aircraft’s mass is not completely symmetric about
the x;-z, plane, and gyroscopic coupling occurs as a result of any net angular momentum
associated with rotors spinning relative to the body-fixed coordinate system. Aircraft
asymmetry can also give rise to aerodynamic coupling, because aerodynamic derivatives
such as C,,, C,,, and C, g can become nonzero. The occurrence of such first-order
coupling is not unusual.

Uncoupling the longitudinal and lateral equations of motion reduces the eigen-
problem associated with linearized aircraft dynamics from one 12x12 system to two
6x6 systems. Decades ago, when the theory of linearized aircraft dynamics was
developed, this represented a significant computational savings. To reduce computation
time even further, each of these 6 x 6 systems was commonly reduced algebraically to a
4 x4 system. The eigenvalues obtained from the 4 x4 system are identical to those
obtained from the 6 x6 system, except that the lower-order system does not yield the
trivial rigid-body displacement modes. This represents no loss of information. However,
there is a loss of information in the eigenvectors when the 6 x 6 systems are reduced to
4x4. Two components of each eigenvector are lost. This was a small price to pay for
the computational savings that were realized in the mid-twentieth century.

Today, there are no significant computational savings to be gained by uncoupling the
linearized longitudinal and lateral equations of motion. Using modern computational
facilities, the solution of a 12x12 eigenproblem is trivial. Thus, it is quite simple to
account for the effects of longitudinal-lateral coupling in linearized aircraft dynamics.
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The Euler angle formulation of the rigid-body 6-DOF equations of motion, which
was summarized in Sec. 7.4, can be modified to account for the effects of longitudinal-
lateral coupling by replacing Eq. (7.4.5) with Eq. (7.9.5). Thus, including the effects of
gyroscopic and inertial coupling, the 12 first-order differential equations that
govern the motion of a rigid aircraft can be written as

u F, — Sy o —quw
Wiol = 1R, LewdSsCo b+ 24 pw—ru (9.8.1)
g
w FZh C¢7C6’ qu— pv
Ly Ly, —1x ||P My, 0 —h; hy |[|p
-1 XVh 1 why o T I vz g =M v ¢t hzh 0 - hx,, q
Ay Ay, Mz, F M., —hy, 0
5 (9.8.2)
(]){v/, =1z )qr+1,;, (g —r")+ 1z, pq—1y, pr
+3 Uz, =L )pr+ 1y, (2 = p2)+ Ly, qr =112, pq
Uxe, =Ly, )PG+ 1y, (pz - qz Y+ 1z, pr— I, qr
X’f CgC,,, S¢S@CW = C¢SV/ C¢SQCW + S¢Su/ u wa/
Vip = | CoSy SpSeSy +CyCy CpSeSy —SeCy |0 p Vo, (9.8.3)
Z'f —S(y S¢C9 C¢Cg w sz,

¢ 1 S489/Co CySe/Col|[p
0r =10 G, - Sy q (9.8.4)
1/7 0 S¢/Cg C¢/C9 r

To obtain the classical dynamic modes from these 12 equations, the system must be
linearized relative to some equilibrium flight condition. In Sec. 7.5, the equilibrium
flight condition chosen for this purpose was steady climbing flight. This condition was
chosen specifically to eliminate the coupling between the longitudinal and lateral modes.
However, this is not the most general equilibrium flight condition that can be used to
linearize the equations of motion if we are willing to accept longitudinal-lateral coupling
in the final result.

Perhaps the most common cause of longitudinal-lateral coupling is simple turning
flight. In Sec. 7.5 the equations of motion were linearized relative to a flight path having
both the equilibrium bank angle and azimuth angle set to zero. Since there is no force in
body-fixed coordinates that depends on azimuth angle, the choice of equilibrium azimuth
angle is arbitrary and has no effect on the disturbance equations. On the other hand,
allowing for a nonzero equilibrium bank angle will significantly affect the disturbance
equations, introducing longitudinal-lateral coupling.
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Figure 9.8.1. Equilibrium flight conditions for a steady coordinated turn.

For example, consider the steady coordinated turn shown in Fig. 9.8.1. In a steady
coordinated turn the ailerons, elevator, and rudder are coordinated to maintain constant
airspeed and angular acceleration while eliminating the side force. The equilibrium
angular velocity vector is aligned with the z~axis, and by our choice of the body-fixed
coordinate system, the equilibrium translational velocity vector is aligned with the
xp-axis. The equilibrium angular velocity vector in body-fixed coordinates can be
determined by applying Eq. (7.3.13) to the angular velocity vector in Earth-fixed
coordinates,

P C,gC,/, CgSu, —Sg 0 —Sgo
qp = |S4SeCy —CySy SpSeS, +CsC, S4Cy |10+ = 2084 Cp + (9.8.5)
v C¢S,9Cy, + S¢S,/, C¢SgS,/, —S¢C,,, C¢Cg Q0 C¢U Cgo

o

The translational velocity vector, in body-fixed coordinates, for this equilibrium flight
condition and our choice for the body-fixed coordinate system is

(9.8.6)

Q
I
S O N

o
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From Eq. (9.8.1), constant airspeed and zero side force requires that

0 K, - Sp U —quw
0b =40 b+wds,cot+ ) pwo—ru (9.8.7)
0 F, CysCo & qu—po

Applying Egs. (9.8.5) and (9.8.6) to Eq. (9.8.7), this equilibrium flight condition gives

0 Fxhu —6, WO
0; = 0 »+W S% Co, ¢+ Vo —C@, Cg” (9.8.8)
0 Fro Cy,Co, £ Sy, Co,

The second equation in Eq. (9.8.8) can be solved for the equilibrium turning rate as a
function of airspeed and bank angle,

gtang,

Q=
Vo

(9.8.9)

From Egs. (9.8.8) and (9.8.9), the net equilibrium aerodynamic force required to
maintain a steady coordinated turn is

F\’h SH,,
F,t =W, 0 (9.8.10)
th - CHU /C¢u

¢
6 =<0 (9.8.11)
y Q2

Integrating Eq. (9.8.11) subject to the initial condition of zero heading at time =0, we
find that the equilibrium Euler angles for a steady coordinated turn are

¢ Po
g, =16, (9.8.12)
W Q1

0

Similarly, using this result in Eq. (9.8.3) and integrating, the equilibrium position for the
steady coordinated turn can be written as
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Xy waft+V0C9“S_Q,/.Q
Vit = Wi t=VoCo Cat ]2 (9.8.13)
zZf (sz, _VoSH(, )t

o

Expanding the aircraft flight variables relative to this equilibrium state, we have

u=V,+A4u, v= Av, w= Aw,
p=—8Tp,Se,Vo+p,  q= gT4,84,Co, Vo +4q, r= g8y Co,V, + A,
Fxh= WS@U-I_AFXM Fyh: AF,Vh’ Fth _WCH,)/C¢';+AFZ/7’
My = My, +AM,,, M, = Myh0+AMyh, M, = M,,+A4AM,,,
ViCy S ViCy C
X5 = wafl-i-ﬂ yr= V‘,,,yfl"—M Zf = (VWZf ‘-VoSHU)t
g7y, g7y,
+AZf,
+AXf, +Ayf,
o= @, + A9, = 06,+A40, w=(gV,)Tyt+Ay

where Tyis shorthand for tan@ and the equilibrium moments are obtained by using these
values in Eq. (9.8.2) with all disturbances set to zero. Equations (9.8.1) through (9.8.4)
can now be linearized following Sec. 7.5 (see Phillips and Santana 2002). This gives the
general linearized 6-DOF equations of motion for aircraft dynamics,

An Au
A0 Av
Aw Aw
a4p Ap
[B], [n] [n] [n]}| 44 [Als [Alw [n] [Als || 49

[Bl. 1] [n] [n]|] 4| |[Alw [Alnw [n] [n] |} 4r
[n] [n] [i] [n]}|4% [Aly [n]  [n] [A]||4x
[n] [n] [n] [i] j|4p. [n]  [Ake [n] [Ale ||4v.

&, A, (9.8.14)
Ap 49
A6 A6
Ay Ay
[g]f 45,
|
A9,

[n]

where
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w
Y ooFyi 0 ~Fua
w
Bl.=| o % o
g
_th,l'l 0 Z_sz,w
0 0 0 Ixx,, - ]xyh - Ixz;,
[B]iv = —My,,.u 0 _My;,,u') [I] = _Ixyh Iyyh —I,Vzh
0 0 0 - I)cz;7 _Iyzh Izz;,
| F WSy, Co, WTy,Ss,Ca, |
Xp,H _‘T X W0 _—V—o—
WS, Co, W1y, Se,
[A]fv = _"%— E\rh,z7 _—;—
WT¢ S¢ Co Wi, Sy
F. .+ g, -0, 26, F.
L Vo Vo " ]
0 Faq 0 0 ~WC,, 0
V., W
[A]./'w = | Fyp 0 Fyyr _T [A]w = | WCy,Co, —WS4,56, 0
o F Y 0 -WSy,Co, —WC4,Sg, 0
|0 P
0 Mx,,,v Mx;,,w A/p qu A/,r
[A]mv = Myh,u Myb,v My;,,w [A]mw = Amp Amq Amr
0 M., M, Ay Ang  Aw
81z, T4, 8¢,Co, — 1y, S4,Co,)
A/p = Mxh,p+ b Vo i
glyy, —1:2,)84,Co, + 2112, T4,S4,Co, —1x3,T4,50, ]
Aqq = —hzh + %
A = My, +h, + gllyy, —122,)Ty,S4,Co, —21,2,84,Co, + 14y, 14,5,]
r T Xhot Vb VU
A - b+ g[(IZZ;, _IXXh )S¢n CHU +21, T¢0 S‘% _1}’217 T¢u S¢u Ct‘%]
mp Zp Vo
8y, Sp,Co, +1,2,T4,50,)
Ang = My, 4+ ! 7 i

Bl ~L)Ty o, +21,56.Co, + Lo T, 54.Co]
mr Xb
Vo
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8l xe, =11y, )T4,S4,Co, =219, T4, S0, +1,2,54,Co, ]

b
Vo
3 gl vy, —1x, T3, S6, =214, T4,54,Co, —112,54,Co, 1
Apg = hy, +
Vo
o a2 8CDa Ty Ss, ~ 1 Ty,54,Co,)
nr Zp VU
CH,, S B0 S 4, C & S g, 0 - Vo S g, 0
[Alv=| 0 Cp =S, [Al,e= [0 0 V.G,
—SB,) S¢(, Cg“ C¢" Cg“ 0 - Vo Cgu 0
r
T, |
0 £, 0
1 S¢” T 4, C¢0 T g, T C Voc.ga
(Alo= 1[0 Cy, -8y, (Al = _8%.%6, 0 0
Sy Gy Vo
e 1 gT¢0 Tgn
Cop, Co, 0 === 0
L Vo ]
0 Fys O Mys, 0 My |
[C]f = | Fy,.0, 0 Fy, .5, [C]m = 0 My, s, 0
0 FZ/;,ISL 0 Mz;,,é‘,, 0 Mz,,,d, |
Ax, Cor So. 0| 4y 1 00 0 0 0
A)'/C = —Sgt Cgt 0 A)’)f [l] =10 1 0 [n] =0 0 0
Az, 0 0 1|4y 00 1 00 0

Equation (9.8.14) can also be used to study steady climbing flight along a linear
flight path. With the equilibrium bank angle, @,, set to zero, Eq. (9.8.14) provides the
linearized equations of motion for linear climbing flight, including the effects of inertial,
gyroscopic, and aerodynamic coupling. Steady level flight corresponds to the special
case where both ¢, and 6, are zero.

As can be seen from the formulation presented here, a wide range of longitudinal-
lateral coupling is introduced by simple turning flight. Gyroscopic coupling enters the
linearized equations of motion only through its effect on {A},,, and with no bank angle,
inertial asymmetry produces coupling only through the moment of inertia tensor, [I]. A
nonzero bank angle, on the other hand, has broader effects on the linearized equations of
motion. Turning flight introduces coupling in the translational velocity components as a
result of the Coriolis forces seen in [A]4. Additional translational coupling is introduced
through the weight tensor, [A],,, when the bank angle is nonzero. Turning also produces
considerable rotational coupling as a result of the gyroscopic effects seen in [A]ne.
Finally, turning produces coupling in the position and orientation equations through
[A]pv’ [A]ewa and [A]ee~
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To nondimensionalize Eq. (9.8.14), it is convenient to select a single reference length

for all longitudinal and lateral variables.

Au = —

AB = =

Aa =

Retaining the equilibrium airspeed as the
reference velocity, the nondimensional velocity disturbances remain,

(9.8.15)

Denoting the reference length as /., the dimensionless angular rate disturbances are

defined as
Aaler
A r = e
a —Vo
= Ap [ ref
4p = ———
7
— Aq lref
AG = ————
q v,
AF = Ar lref
Vo

Similarly, the disturbances in aircraft position are now nondimensionalized as

Ac, = A _
lref
Ave
Agy = ly
ref
Ag, = Az,
lref
For dimensionless time we define

and

'=1—lrii: 2rer

T or v, ot C

With these definitions, the nondimensional linearized equations of motion are

— 2lref Al
Cy
2[rcf

= =2t B
bw v
2lref —

= et 4
e 1

— 2lrcf AF

w

Cw
21 ref
b,

Aé

= 4E,

2lref

Cy

L= e

21 ref

(f)\ongitudinal =

(9.8.16)

(9.8.17)

(9.8.18)

(9.8.19)
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ly = ~ Iy = - Ly = ly: = ’ Iy = = Iy = =
. Ixxh Ixxh . 1 YV ’ 1)’)’/ [ZZI ’ [ZZI
,DS wEw PS wE w PS wEw l ref
= C B. = 7 Bm L= Cm
ST g XA TR T g SR T 41, A
pS wEw pS wEw pS WE‘%Z ref
Biw = Crsg Bow = Crio By = 222owiet o .
x.a 4W/g X.a z 4W/g Z, K] 4[yyh a
Nee = A 1,74, 54, Co, =12, S, Co,
XX g Ixxh
Ny = hzh lref + A4 (Izzh - Iyyh )S¢,, CH,, - 21yz;, T¢,, S¢,) Cé),, + Ixzh T:A, SH,)
Xy ]XXh Vo g Ixx;,
h Vb { ref (I s T I 2z )T¢,, S IR CQ,, =21 ¥zZp S o CHO +1 XVh T o S o,
N = + Ay
1 xxp, V() ] xxp
o = hzh lrer iy (IZZh Iy, )S¢u Clgu + 21X2b T¢u SHU - I,Vzh T¢u S¢n Cﬁu
Yoy, Ly,
— A Ixy b S¢0 Cen + 1)"Zb T¢o Sg“
Ty = Ag 7
Vb
M = hxh Lref ny (Izzh - Ix.rh )T¢u SHO - 2[th S¢u Ct‘).) B Ith T¢u S¢u CHU
* I pad VU € 1 Y
— h Vb l ref’ A (1 v T I XXp )T @0 N Po C&, +21 XVh T, o S g, — 1 VZp S 'R C(),,
Mzx Izz;. Vo g Izzh
oy = hxh Lrer ny (Iyyh Ly, )T¢u SHU - 21th T¢(. S¢n Co, =1, S¢o C6r7
= [ZZ/, V() £ I_'Z/,
1., T4, Sg, — L2, Ty, S4,Ca
=4 vzp L ¢, 26, xzp L g P 0 -0,
= £ 1z,
Ag = glr;f e = pSwlref 20y + CX,,u + TV] COS(aTO)
v, 2Wig 1 PVoSw
] Ty sin(a
oy = /;S‘V;/ref [ZCZ 4 CZ,,u _ Jl/ ( TO)J
g 3 PoV,S,
S,E,,l2 T s(arg) + xr sin{a
Ay = D20l S 2C + G+ Lzr co 1( ro) ¥ Xr sin(aro)]
b 3 PVeSuCw
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Ayp = ant/b; Crp Arp = pS:Iihl’ef vy Anp =2 ;[bﬂllmf Crp
Aeg = TV;Z' Crq Ag = ZSV;VZ 2a Ang = ——pgiiilfﬁ Cug

2 2
Ayr = pSW w CYr A/r = MC/ Anj = ﬂgwbwlref C

aWlg 41, 41, "
2 2
pSwlref pwa 1 f pwa { £
D = ——Cys, D =——rf( 5 —— Cys
V.04 2w/g Y.04 1,04 2[xvc,, 1,6, 1,84 2122,, Sy
pSw ref pSwlref ﬂswcw f
Dx,b} = Cx X0, DZ,é} = CZ,bl. Dm,d = ——& Cm S,
2Wig 2W/g 21,
pSu ref pS b lret pS b lref
D,s = Cys, Dpg = 2l D,s = 220t
V,0, 2W/ Y.8, 4,5, 2[)“,7 0,6, ,0; 2[zz,, S,

Even for the special case of no coupling, Eq. (9.8.20) can be used to obtain the
eigenvalues and eigenvectors for both longitudinal and lateral motion. When all the
coupling terms are zero, results obtained from Eq. (9.8.20) are identical to those obtained
from Eqgs. (7.7.5) and (7.7.6). The only advantage to be gained from using Egs. (7.7.5)
and (7.7.6) in place of Eq. (9.8.20) is computational efficiency. Two 6 x 6 eigenproblems
can be numerically solved slightly faster than one 12 x12 eigenproblem. However, with
the computational hardware and software available today, when solving something as
simple as a 12x12 eigenproblem, it typically takes longer to display the results than it
does to perform the numerical computations. Thus, with problems of this level of
complexity, computation time is no longer an issuc. With current computational tools,
the advantages of being able to account for inertial, gyroscopic, and aerodynamic
coupling, as well as turning flight, far outweigh any computational advantage of using the
uncoupled equations for longitudinal and lateral motion. Thus, when developing
computer code for today’s hardware, it is recommended that Eq. (9.8.20) be used instead
of Egs. (7.7.5) and (7.7.6).

When the longitudinal-lateral coupling terms in Eq. (9.8.20) are present but small, all
of the traditional longitudinal and lateral modes are still observed in the solution to the
associated eigenproblem. The net effect of a small amount of coupling is to produce
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modest changes in the frequencies and damping rates associated with the traditional
modes while introducing some lateral motion into the longitudinal modes, and vice versa.
This is the case that most accurately describes the majority of conventional airplanes. At
least a small amount of longitudinal-lateral coupling is usually present in any aircraft. If
the coupling terms in Eq. (9.8.20) are large enough, the interactions between the
longitudinal and lateral degrees of freedom can be sufficient to render the traditional
longitudinal and lateral modes unrecognizable.

Aerodynamic coupling between the longitudinal and lateral modes is embodied in
the linearized formulation through the inclusion of additional aerodynamic derivatives,
which were not included in Egs. (7.7.5) and (7.7.6). In the present formulation three
additional aerodynamic derivatives have been included: the change in rolling moment
coefficient with angle of attack, C,,; the change in yawing moment coefficient with
angle of attack, C,,; and the change in pitching moment coefficient with sideslip angle,
C,p. These three derivatives were included in the present formulation because they are
the coupling derivatives that most commonly become significant when an airplane is
flown in an asymmetric configuration. This type of acrodynamic coupling is produced by
a rotating propeller and can occur whenever an aircraft is flown with an asymmetric
distribution of external stores attached to the wings. This is not to say that no other
longitudinal-lateral coupling derivatives can ever be significant. Additional aerodynamic
coupling derivatives can easily be added to the formulation presented here. Once the first
coupling term is included, adding others does not significantly increase the complexity.

Perhaps the most common cause of aerodynamic coupling between the longitudinal
and lateral modes is simply a rotating propeller. No propeller-driven aircraft can be truly
symmetric unless it has an even number of counterrotating propellers symmetrically
distributed in the spanwise direction. An aircraft with a single rotating propeller will
always display some degree of aerodynamic coupling between the longitudinal and
lateral modes. Recall from Chapter 2 that a rotating propeller produces a yawing moment
that is proportional to the propeller angle of attack. In Eq. (5.2.27) we found that the
propeller’s contribution to the change in airplane yawing moment coefficient with angle
of attack can be expressed as

2d;
Sy by

P&

Cy .
U-Qab—jf‘ (9.8.21)

(ACpa), =

Similarly, the propeller also produces a change in the airplane’s pitching moment
coefficient with sideslip angle, which can be expressed as

2d3 Crp.a
(ACmﬁ)p =3 E(1-&p)p 2 (9.8.22)

WEW

Before attempting to use Egs. (9.8.21) and (9.8.22), the reader may wish to review the
related material in Chapters 2 and 5. For airplanes with low thrust-to-weight ratio these
coupling terms can usually be neglected.



816 Chapter 9 Linearized Lateral Dynamics

EXAMPLE 9.8.1. The airplane described in Examples 8.2.1 and 9.2.1 is in a
steady level coordinated turn at sea level. The airspeed is 180 ft/sec and the bank
angle is 60 degrees. Determine the period and damping rate of the dynamic modes
for this equilibrium flight condition, neglecting both gyroscopic and aerodynamic

coupling. Compare these results with those obtained for steady level flight in
Examples 8.2.1 and 9.2.1.

Solution. For this aircraft and a reference state corresponding to steady level
flight at sea level, from Example 9.2.1 we have

S, =1851t?, b, =331, W =28001bf, V,=1801t/sec,
I, =1,000slug-ft%, 1,,, =3,000slug ft>, 1., = 3,500 slug- ft*,
1y, =0slug: ftz, I, =30slug- ftz, 1., =0slug: ftz,
hy, =0slug ft/sec, hy, =0slug: ft?/sec, h;, =0slug: ft2/sec,
C;, =0.393, Cp, =0.050, C,, =0.000,

Cr; =0.000, Cp;=0.000, C, ;=0.000,
CLa=1600, Cpgz=0000, C,,=-4350,
Cim=00, Cpm=00, C,m=0.0,
Crqo=4400, Cp,=0.350, Cip =00, Cpgo=-0680, C,n=0.0,
Cyp=—0560, Cip3=-0075 Cpnp=00, C,pz=0.070,
Cy5 =0.000, C;p=-0.410, C,5=-0.0575,

Crgz =3.800, Cpz=0.000, C,z=-9.950,
Cyr=0240, C;7=0.105 C,r =-0.125

At the level-flight reference state, the lift coefficient was found to be

From Eq. (9.8.10), the lift coefficient in the coordinated turn is

W cosd,

Co=v—5
3pV,, S, cos g,

= 0.786 (9.8.23)

The drag coefficient can be closely approximated as a linear function of the lift
coefficient squared,

Cp = C +CyC? (9.8.24)

where C; and C, are constants. Thus, the change in Cp with « is given by
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Cpo = 2C3CCpy (9.8.25)

From the known characteristics at the level-flight reference state, Eqs. (9.8.24) and
(9.8.25) can be solved for the constants C and Cs:

CD aCL CD o
C =\1Cp—~+——— Cy) = | ———
! ( P 2CL*“ jn:f ’ ( 2C1‘ CL,a ref

Thus, Egs. (9.8.24) and (9.8.25) can be written as

CpaCy Ci
Cp = (C B}
D ( D )ref + { 2CL,a Jref \: (Cl‘ )2 :\

ref

(9.8.26)
(0.35)(0.393) (0.786)2
- 0.05 “1| = o
005+==Ga0) |\ozes, ~1| =007
C 0.786
Coa = (Cou). - 03500786 _ ¢ 9.8.27
pa = (Coa)es o o150 = 0.700 (9.8.27)

and

Cxoa = C.—Cp, = 0.786-0.700 = 0.086

Cro = —Cra—Cp = —4400-0.097 = —4.497

Assuming constant lift slope, the increase in angle of attack between the level-
flight reference state and the coordinated turn is

Co~(Ci)er _ 0.786-0393

= 0.08932 = 5.118°
CiLa 4.40 0.089 8

Aa =

Using the results presented in Sec. 7.8, the stability derivatives can be transformed
from the stability axis for level flight to the stability axis for the coordinated turn.
It should be pointed out that the lift and drag do not need to be transformed, since
the required transformation is already included in Egs. (9.8.23), (9.8.26), and
(9.8.27). This is due to the fact that lift and drag are defined relative to the
direction of motion. For this transformation

¢ = —Ada = ~0.08932 = —5.118°

and, after performing the required transformation, the aircraft characteristics for
the coordinated turn are found to be
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L, =1,015slug-t%, 1,,, =3,000slug ft>, 1., =3,485slug ft°,
Iy, =0slug-ft*, 7., =-193slug-ft>, I, =0slug ft’,
hy, =0slug: ft?/sec, hy, =0slug: ft%/sec, hz, =0slug: ft%/sec,
Cyo =—0.097, Cz, =—0.786, C,, = 0.000,
Cyn=-0013, Cz,=-0.142, C,,=-0388,
Cxg=-0142, Cz4=-1587, C,q4=-4333,

Cx, =00, Cz,=00, Cn,=00,
Cxoq=0086, Czq=-4497, Cry =00, Cpo=-0677, C,q =00,
Cyp=-0.560, Csp5=-0.0685 Cnpz=00, C,z=0.0764,
Cyp=0.0214, C,;=-0.4035 C,5=-0.0326,
Cxg=-0339, Czz=-3.785, Cnz=-9.950,
Cyr=0239, C;r=0.130, C,;=-0.131

Choosing the reference length to be the square root of the wing area, /.. = 13.6 ft,
the nondimensional [A] and [B] matrices are, respectively,

-0.0067 0.0117-0.0173 0.0000-0.0024 0.0000 0.0000 0.0000 0.0000 0.0000-0.0135 0.0000
~0.0117-0.0192 0.0000 0.0009 0.0000-0.9900 0.0000 0.0000 0.0000 0.0068 0.0000 0.0000
-0.0338 0.0000-0.1545 0.0000 0.9732 0.0000 0.0000 0.0000 0.0000-0.0117 0.0000 0.0000
0.0000 -0.0905 0.0000 -0.6514 -0.0056 0.1988 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
0.0000 0.0000-0.0515 0.0096 -0.1558 -0.0015 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
0.0000 0.0294 0.0000-0.0267 0.0006 -0.0603 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
1.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
0.0000 0.5000-0.8660 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 1.0000
0.0000 0.8660 0.5000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000-1.0000 0.0000
0.0000 0.0000 0.0000 1.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0234 0.0000
0.0000 0.0000 0.0000 0.0000 0.5000-0.8660 0.0000 0.0000 0.0000-0.0234 0.0000 0.0000
0.0000 0.0000 0.0000 0.0000 0.8660 0.5000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000

1.0001 0.0000 0.0010 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
0.0000 1.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
0.0010 0.0000 1.0112 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
0.0000 0.0000 0.0000 1.0000 0.0000 0.1899 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
0.0061 0.0000 0.0679 0.0000 1.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
0.0000 0.0000 0.0000 0.0553 0.0000 1.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 1.0000 0.0000 0.0000 0.0000 0.0000 0.0000
0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 1.0000 0.0000 0.0000 0.0000 0.0000
0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 1.0000 0.0000 0.0000 0.0000
0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 1.0000 0.0000 0.0000
0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 1.0000 0.0000
0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 1.0000
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Using a numerical eigensolver to obtain the eigenvalues associated with this

generalized eigenproblem, the dimensionless phugoid eigenvalues are found to be
A =-0.000556 £0.029026. Thus, for the phugoid we have

o = —real(1) Vo _ 0.00055613% = 0.00736 sec
Lref 13.6
w4 = Jimag|~ = 0.02902618% _ 0384 sec™
Liet 13.6
Similarly, for the other modes
60° Bank Angle Level Flight
Period Damping Period Damping
Mode (sec) Rate (sec’) (sec) Rate (sec™)
Short-period 2.44 2.48 2.42 2.47
Phugoid 16.4 0.0074 29.9 0.0169
Roll o 8.67 o0 8.88
Spiral o0 0.0488 0 0.0100
Dutch roll 2.61 0.591 2.64 0.482

From these results we see that turning flight and longitudinal-lateral coupling
can have a significant effect on aircraft dynamics. For the conventional airplane
used in this example, there is nothing too detrimental in the observed changes.
However, for some aircraft configurations, longitudinal-lateral coupling has
proven more deleterious.

9.9. Nonlinear Effects

Here again it is emphasized that the linearized analysis used in this and Chapter 8 is
based on the assumption of small deviations from equilibrium flight. The linearized
aerodynamic model provides a good approximation for most flight conditions when the
angular rates and aerodynamic angles are small. However, many of the maneuvers
executed by modern fighter aircraft and stunt planes involve high angular rates and/or
large angles of attack that sometimes approach 90 degrees. Such maneuvers can produce
important dynamic effects that are not predicted by linear theory. A few of these are
mentioned here.

Inertial Pitch and Yaw Divergence in Roll Maneuvers

When the angular rates are large, nonlinear inertial coupling is introduced between the
longitudinal and lateral degrees of freedom. This nonlinear coupling results from the
product terms seen on the right-hand side of Egs. (9.8.1) and (9.8.2). As mentioned in
Sec. 7.9, the most problematic nonlinear inertial coupling results from the terms
(I, =1, )pr and (I, —1,,, )pg, which occur in the pitching and yawing momentum
equations, respectively. For long slender aircraft undergoing rapid roll maneuvers, this
nonlinear coupling can produce changes in angle of attack and sideslip angle that are
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large enough to cause pitch and/or yaw divergence, which can result in complete control
loss or even structural failure. This problem is often aggravated by the fact that to
improve maneuverability, modern fighters have reduced pitch stability.

The dynamic effects of nonlinear inertial coupling were not understood or even
encountered until late in World War II. On December 10, 1944, the German He-162
prototype jet fighter disintegrated during a high-speed roll maneuver just four days after
its maiden flight. In spite of the fact that the incident was well recorded on film, the
response of the aircraft could not be explained based on the knowledge of flight dynamics
available at that time. It was not until several years later that the cause of this and other
similar incidents was understood. This behavior cannot be predicted using the linearized
theory presented in this chapter. To analyze such motion we must utilize the fully
coupled nonlinear equations of motion.

Aerodynamic Yaw Departure at High Angles of Attack

Maneuvers involving large aerodynamic angles produce strong nonlinearity in the
acrodynamic forces and moments as a result of flow separation. This flow separation
can also produce nonlinear coupling between the longitudinal and lateral degrees of
freedom. For example, at high angles of attack, the flow around an airplane’s fuselage
will separate. Separated flow around a slender body at high angles of attack can result in
stable forebody vortices that are shed near the nose. As the angle of attack for a slender
body is increased slightly beyond the point of separation, the cross flow generates a pair
of stable symmetric vortices, as shown in Fig.9.9.1. As the angle of attack continues to

Forebody Vortex

Figure 9.9.1. Forebody vortices shed from a slender fuselage at high angle of attack.
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increase somewhat beyond the point of initial separation, the normal force increases
nonlinearly as a result of vortex lift. At angles of attack that are only slightly above the
separation point, the stable vortex pair remains symmetric and no side force is generated
without sideslip. As the angle of attack is increased even further, the axial flow
component remains sufficient to maintain stable vortex shedding, but the vortex pair
becomes asymmetric. This can produce a large side force, even in the absence of
sideslip. Since the vortex pair is shed far forward from the center of gravity, this side
force also produces a strong yawing moment. The interaction of these asymmetric
vortices with the wing and tail can also produce a rolling moment. At even higher angles
of attack, the axial flow component is no longer adequate to maintain the stable vortex
pair and the flow again becomes symmetric, as a vortex wake forms over the entire
leeward side of the fuselage. At the angles of attack that produce the greatest vortex-
induced yawing moment, yaw control can be drastically reduced as well, because the
rudder is typically shadowed by the wake of the fuselage and wing. The problem can be
reduced or eliminated with nose strakes or other reshaping that promotes symmetric
vortex shedding. Clearly, the nonlinear dynamics of such high angle of attack flight
cannot be studied using the method presented in this and Chapter 8.

Wing Rock
The nonlinear aerodynamics associated with high angle of attack flight can also produce
dynamic oscillations that are not predicted by linear theory. One of the most common
phenomena of this type is called wing rock. As the name implies, wing rock
is an oscillatory motion, predominantly in roll. However, the motion can be very
complex and typically involves several degrees of freedom. Any aircraft with highly
swept wings and/or a long slender forebody is usually susceptible to wing rock at high
angles of attack.

When such an aircraft is exposed to high angles of attack, a very complex vortex
flow-field develops, as shown in Fig. 9.9.2, The interactions of the vortex wakes with

Forebody Vortex

Wingtip Vortex

Strake Vortex

Vertical Tail Vortex
Horizontal Tail Vortex

Figure 9.9.2. High angle of attack vortex wakes shed from a typical fighter aircraft.



822 cChapter9 Linearized Lateral Dynamics

the wing and tail can cause the aerodynamic derivatives to change very dramatically with
angle of attack. For example, Fig. 9.9.3 shows how the roll-damping derivative might
vary with angle of attack for a typical jet fighter. Notice that at certain angles of attack,
the roll-damping derivative is positive. For angles of attack in this range, a disturbance in
rolling rate produces a rolling moment in the same direction as the roll rather than
opposing it. This destabilizing phenomenon results from the fact that the lift slope for the
wing is negative beyond stall. At higher angles of attack the roll-damping derivative
again becomes negative, because the effect of wing drag on roll damping overpowers the
effect of wing lift.

Roll-Damping Derivative

-10 0 10 20 30 40 50 60
Angle of Attack (degrees)

Figure 9.9.3. Loss of roll damping at high angles of attack for a typical fighter aircraft.

The presence of vortex wakes at high angles of attack also introduces aerodynamic
hysteresis in the forces and moments produced on the aircraft. For example, the forebody
vortices influence the forces and moments developed on the wing and tail. However,
since the vortex wake is convected relative to the aircraft by the freestream, the airflow
around the tail at any given instant in time depends on the motion history and vortex
development as well as the instantaneous airspeed and aerodynamic angles. The vortex-
induced forces and moments developed on the vertical tail depend not only on the
instantaneous angle of attack, but also on the angle of attack history and the time required
for the vortex wake to be transported from the nose to the tail.

The genesis of wing rock is related directly to nonlinearities and hysteresis in the
aerodynamic forces and moments acting on an aircraft at high angles of attack.
Oscillations that occur as a result of such nonlinear behavior can be quite different in
character from those associated with the classical modes of linear dynamics. The
amplitude for any classical oscillatory mode will always change exponentially with time
if uncontrolled. If the mode is convergent, the amplitude of oscillation will decay
exponentially to zero. If the mode is divergent, the uncontrolled oscillation will grow
exponentially without limit. However, as the oscillations associated with wing rock
begin to develop, the amplitude grows with an increasing rate and the frequency
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decreases. After a time, the rate of amplitude growth begins to decrease and the
amplitude eventually approaches a steady-state value. From this point on, the oscillations
continue at constant amplitude and frequency, unless controlled in some manner. This
type of motion, which is shown in Fig. 9.9.4, is called limit-cycle oscillation.

Since high angle of attack hysteresis and nonlinearities are the direct cause of wing
rock, this and similar phenomena cannot be predicted from linear theory. To study such
phenomena, we must turn to experimental methods or numerical flight simulation using
the complete nonlinear equations of motion, including a model for the unsteady aero-
dynamics. Numerical flight simulation is treated in Chapter 11.

Bank Angle

Time

Figure 9.9.4. Limit-cycle oscillations in bank angle associated with wing rock.

9.10. Summary

In this chapter we have examined the stick-fixed lateral dynamics of an aircraft, based
on the linearized rigid-body equations of motion. As was the case for longitudinal
motion, the linearized lateral equations have four nonzero eigenvalues. These typically
consist of one pair of distinct real eigenvalues and one complex pair. The real
eigenvalues correspond to two nonoscillatory modes, the roll mode and the spiral mode.
The complex pair describes an oscillatory mode called Dutch roll. For a conventional
fixed-wing airplane, the roll mode is very heavily damped, with a 99 percent damping
time on the order of 1 second. The spiral mode is very slowly convergent or even slightly
divergent and is characterized by changes in heading and direction of travel. Even when
the spiral mode is convergent, the 99 percent damping time is on the order of several
minutes or longer. For an aircraft with very little wing area, the roll and spiral modes can
combine to produce a long-period lateral oscillation. Dutch roll is a damped oscillatory
motion that involves an out-of-phase combination of sideslip, roll, and yaw. The period
for Dutch roll is typically on the order of 2 to 10 seconds, with a 99 percent damping time
of 10 seconds or longer. Dutch roll is typically the most troublesome of the dynamic
modes for a conventional airplane.
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The reason that Dutch roll can sometimes be troublesome is because the quarter-
period of oscillation is typically quite close to the response time of a human pilot, and
Dutch roll is often lightly damped. The natural response of most pilots to a disturbance
that causes one wing to drop is initiation of an aileron input to bring the low wing back
up. However, there is always some delay between the time of the disturbance and the
time of the control input, because it takes a finite length of time for the pilot to recognize
the disturbance and respond. If the disturbance is periodic in nature and the quarter-
period of oscillation is equal to or slightly less than the pilot’s response time, then the
control input to raise the low wing comes not as the wing is falling but as the wing is
rising. This means that the pilot’s control input will actually be applied in the direction
of motion and not in the opposing direction, as the pilot intended. This control input can
still feel correct to the pilot, because the aileron input to raise the low wing comes near
the time when the wing is at its lowest point and the aircraft seems to respond correctly to
the control input as the low wing begins to rise. However, such pilot response will
actually amplify the oscillations of the airplane. This is much like pushing a child in a
swing. If the push comes at or slightly after the swing reaches the apex of oscillation, the
amplitude will increase. On the other hand, if the push comes just prior to the apex, the
oscillation of the swing will quickly cease. In both cases the push is in a direction that
returns the swing toward its equilibrium position, but the response is very different,
depending on the timing.

The suitability of this analogy is demonstrated by an experience that was related to
the author by Dr. Frank Redd. In the early 1960s Frank was flying KC-135s for the
U.S. Air Force. Early models of the KC-135 had very light Dutch roll damping, when
the yaw damper was not functioning for some reason. Since the yaw damper could
be damaged and become inoperative, it was important for pilots to learn to control the
aircraft with the yaw damper disengaged. For safety sake, this was done at altitude.
With few exceptions, when pilots first tried to fly the KC-135 with the yaw damper
disengaged, they only succeeded in aggravating the Dutch roll. To suppress the Dutch
roll oscillations rather than aggravate them, a pilot needs to supply out-of-phase control
inputs rather than the in-phase control inputs that result from doing what at first seems
natural. One way to achieve the desired result would be to shorten pilot reaction time.
However, there are human limits that place constraints on what can be done in this
regard. Another option is to keep the reaction time constant, but supply the opposite
control input. While this control strategy seemed counterintuitive at first, with a little
practice, most pilots were able to reprogram their reflexes and compensate successfully
for the disengaged yaw damper.

From this example and the analogy with pushing a child in a swing, we can see that
the dynamic response of an airplane can be very closely coupled to the reaction time of
the pilot, and human reaction times are widely varied. For example, a Dutch roll mode
that would be totally unacceptable to one pilot might be only mildly annoying to a second
pilot and go unnoticed by a third.

Because of their tailless design, hang gliders often have light Dutch roll damping. In
these tiny aircraft, Dutch roll oscillations have sometimes been referred to as pilot-
induced oscillations (P10s). There have been many heated arguments about whether
these oscillations are caused by the aircraft or the pilot. For example, Dick flies glider A
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on several occasions and observes lateral oscillations on each flight. Jane, who has also
flown glider A many times, has never observed such oscillations. Jane tells Dick that
there is absolutely nothing wrong with the glider and that the oscillations must be entirely
pilot induced, since she has never observed these oscillations while flying the same
glider. The counterargument made by Dick is that the oscillations cannot possibly be
pilot induced since he has flown glider B for many hours and has never observed any
lateral oscillations in that glider. Thus, Dick strongly argues that he is not causing these
oscillations, so they must be inherent in the aircraft. Both pilots have a strong argument
from their own frame of reference, and the conflict is never resolved. The truth is that
both pilots are right and both pilots are wrong. The Dutch roll oscillations are inherent in
the aircraft and Dick is exciting this natural frequency with the timing of his control
inputs. Most likely, Jane has a faster reaction time than Dick and is thus able to
instinctively suppress the Dutch roll without even being aware of its existence.

The dynamic interaction between an aircraft and its human pilot can be a very
important consideration in aircraft design. In this chapter and in Chapter 8 we confined
our study of aircraft dynamics to the stick-fixed dynamic response of an aircraft to small
disturbances from equilibrium flight. In so doing we have removed the pilot from the
equation. To continue to ignore the pilot’s influence on the human-machine system that
constitutes a modern airplane would be ill advised. This is the topic of Chapter 10.

9.11 Problems

9.1. For the large jet transport and flight conditions in problem 7.34, find the
eigenvalues, the eigenvectors, the damping rate, the 99 percent damping time, and
the damped natural frequency and period, if underdamped, for each lateral mode.
For each pair of eigenvalues, find the undamped natural frequency and the
damping ratio. Compute the amplitude and phase for each component of the
eigenvectors associated with the oscillatory mode.

9.2.  To improve the Dutch roll characteristics, the large jet transport in problem 9.1 is
to be fitted with a feedback control system to provide additional yaw damping.
For the flight conditions used in problem 9.1, find the yaw-damping ratio, R, 7,
necessary to make the Dutch roll damping rate equal to 0.35 sec™'. Repeat all
calculations in problem 9.1 for the modified airplane.

9.3.  For the large jet transport and flight conditions in problem 7.34, using the roll
mode eigenvalue approximation given by Eq. (9.3.3), find the eigenvalue and the
99 percent damping time for the roll mode. Compare this approximate result with
the fully coupled roll mode solution that was obtained in problem 9.1.

9.4.  For the large jet transport and flight conditions in problem 7.34, using the roll
mode eigenvector approximation given by Eq. (9.3.6), find the eigenvector for
the roll mode. Normalize this eigenvector according to Eq. (8.1.37). Compare
this approximate eigenvector with the fully coupled roll mode solution that was
obtained in problem 9.1.
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For the large jet transport and flight conditions in problem 7.34, using the spiral
mode eigenvalue approximation given by Eq. (9.4.3), find the eigenvalue and the
99 percent damping time for the spiral mode. Compare this approximate result
with the fully coupled spiral mode solution that was obtained in problem 9.1.

For the large jet transport and flight conditions in problem 7.34, using the spiral
mode eigenvector approximation given by Eq. (9.4.4), find the eigenvector for
the spiral mode. Normalize this eigenvector according to Eq. (8.1.37). Compare
this approximate eigenvector with the fully coupled spiral solution that was
obtained in problem 9.1.

For the large jet transport and flight conditions in problem 7.34, using the spiral
mode eigenvalue approximation given by Eq. (9.4.11), find the eigenvalue and
the 99 percent damping time for the spiral mode. Compare this approximate
result with the fully coupled spiral mode solution obtained in problem 9.1.

For the large jet transport and flight conditions in problem 7.34, using the spiral
mode eigenvector approximation given by Eq. (9.4.10), find the eigenvector for
the spiral mode. Normalize this eigenvector according to Eq. (8.1.37). Compare
this approximate eigenvector with the fully coupled spiral solution that was
obtained in problem 9.1.

For the large jet transport and flight conditions in problem 7.34, using the Dutch
roll eigenvalue approximation given by Eq. (9.5.5), find the eigenvalues, the 99
percent damping time, and the period for the Dutch roll mode. Compare these
approximate results with the fully coupled Dutch roll solution that was obtained
in problem 9.1.

For the large jet transport and flight conditions in problem 7.34, using the Dutch
roll eigenvector approximation given by Eq. (9.5.3), find the eigenvectors for the
Dutch roll mode. Normalize these eigenvectors according to Eq. (8.1.37).
Compare these approximate eigenvectors with the fully coupled Dutch roll
solution that was obtained in problem 9.1.

For the large jet transport and flight conditions in problem 7.34, using the Dutch
roll eigenvalue approximation given by Eq. (9.5.27), find the eigenvalues, the 99
percent damping time, and the period for the Dutch roll mode. Compare these
approximate results with the fully coupled Dutch roll solution that was obtained
in problem 9.1.

For the large jet transport and flight conditions in problem 7.34, using the Dutch
roll eigenvector approximation given by Eq. (9.5.11), find the eigenvectors for
the Dutch roll mode. Normalize these eigenvectors according to Eq. (8.1.37).
Compare these approximate eigenvectors with the fully coupled Dutch roll
solution that was obtained in problem 9.1.
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For the Spitfire Mark XVIII in problems 7.36 and 7.39, find the eigenvalues, the
eigenvectors, the damping rate, the 99 percent damping time, and the damped
natural frequency and period, if underdamped, for each lateral mode. For each
pair of eigenvalues, find the undamped natural frequency and the damping ratio.
Compute the amplitude and phase for each component of the eigenvectors
associated with the oscillatory mode.

For the Spitfire Mark XVIII in problems 7.36 and 7.39, using the roll mode
eigenvalue approximation given by Eq. (9.3.3), find the eigenvalue and the 99%
damping time for the roll mode. Compare this approximate result with the fully
coupled roll mode solution that was obtained in problem 9.13.

For the Spitfire Mark XVIII in problems 7.36 and 7.39, using the roll mode
eigenvector approximation given by Eq. (9.3.6), find the eigenvector for the roll
mode. Normalize this eigenvector according to Eq. (8.1.37). Compare this
approximate eigenvector with the fully coupled roll mode solution that was
obtained in problem 9.13.

For the Spitfire Mark XVIII in problems 7.36 and 7.39, using the spiral mode
eigenvalue approximation given by Eq. (9.4.3), find the eigenvalue and the 99
percent damping time for the spiral mode. Compare this approximate result with
the fully coupled spiral mode solution that was obtained in problem 9.13.

For the Spitfire Mark XVIII in problems 7.36 and 7.39, using the spiral mode
eigenvector approximation given by Eq. (9.4.4), find the eigenvector for the
spiral mode. Normalize this eigenvector according to Eq. (8.1.37). Compare this
approximate eigenvector with the fully coupled spiral solution that was obtained
in problem 9.13.

For the Spitfire Mark XVIII in problems 7.36 and 7.39, using the spiral mode
eigenvalue approximation given by Eq. (9.4.11), find the eigenvalue and the 99
percent damping time for the spiral mode. Compare this approximate result with
the fully coupled spiral mode solution that was obtained in problem 9.13.

For the Spitfire Mark XVIII in problems 7.36 and 7.39, using the spiral mode
eigenvector approximation given by Eq. (9.4.10), find the eigenvector for the
spiral mode. Normalize this eigenvector according to Eq. (8.1.37). Compare this
approximate eigenvector with the fully coupled spiral solution that was obtained
in problem 9.13.

For the Spitfire Mark XVIHI in problems 7.36 and 7.39, using the Dutch roll
eigenvalue approximation given by Eq. (9.5.5), find the eigenvalues, the 99
percent damping time, and the period for the Dutch roll mode. Compare these
approximate results with the fully coupled Dutch roll solution that was obtained
in problem 9.13.
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For the Spitfire Mark XVIII in problems 7.36 and 7.39, using the Dutch roll
eigenvector approximation given by Eq. (9.5.3), find the eigenvectors for the
Dutch roll mode. Normalize these eigenvectors according to Eq. (8.1.37).
Compare these approximate eigenvectors with the fully coupled Dutch roll
solution that was obtained in problem 9.13.

For the Spitfire Mark XVIII in problems 7.36 and 7.39, using the Dutch roll
eigenvalue approximation given by Eq. (9.5.27), find the eigenvalues, the 99
percent damping time, and the period for the Dutch roll mode. Compare these
approximate results with the fully coupled Dutch roll solution that was obtained
in problem 9.13.

For the Spitfire Mark XVIII in problems 7.36 and 7.39, using the Dutch roll
eigenvector approximation given by Eq. (9.5.11), find the eigenvectors for the
Dutch roll mode. Normalize these eigenvectors according to Eq. (8.1.37).
Compare these approximate eigenvectors with the fully coupled Dutch roll
solution that was obtained in problem 9.13.

For the small jet transport in problems 7.37 and 7.40, find the eigenvalues, the
eigenvectors, the damping rate, the 99 percent damping time, and the damped
natural frequency and period, if underdamped, for each lateral mode. For each
pair of eigenvalues, find the undamped natural frequency and the damping ratio.
Compute the amplitude and phase for each component of the eigenvectors
associated with the oscillatory mode.

For the small jet transport in problems 7.37 and 7.40, using the roll mode
eigenvalue approximation given by Eq. (9.3.3), find the eigenvalue and the 99
percent damping time for the roll mode. Compare this approximate result with
the fully coupled roll mode solution that was obtained in problem 9.24.

For the small jet transport in problems 7.37 and 7.40, using the roll mode
eigenvector approximation given by Eq. (9.3.6), find the eigenvector for the roll
mode. Normalize this eigenvector according to Eq. (8.1.37). Compare this
approximate eigenvector with the fully coupled roll mode solution that was
obtained in problem 9.24.

For the small jet transport in problems 7.37 and 7.40, using the spiral mode
eigenvalue approximation given by Eq. (9.4.3), find the eigenvalue and the 99
percent damping time for the spiral mode. Compare this approximate result with
the fully coupled spiral mode solution that was obtained in problem 9.24.

For the small jet transport in problems 7.37 and 7.40, using the spiral mode
eigenvector approximation given by Eq. (9.4.4), find the eigenvector for the
spiral mode. Normalize this eigenvector according to Eq. (8.1.37). Compare this
approximate eigenvector with the fully coupled spiral solution that was obtained
in problem 9.24.
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For the small jet transport in problems 7.37 and 7.40, using the spiral mode
eigenvalue approximation given by Eq. (9.4.11), find the eigenvalue and the 99
percent damping time for the spiral mode. Compare this approximate result with
the fully coupled spiral mode solution that was obtained in problem 9.24.

For the small jet transport in problems 7.37 and 7.40, using the spiral mode
eigenvector approximation given by Eq. (9.4.10), find the eigenvector for the
spiral mode. Normalize this eigenvector according to Eq. (8.1.37). Compare this
approximate eigenvector with the fully coupled spiral solution that was obtained
in problem 9.24.

For the small jet transport in problems 7.37 and 7.40, using the Dutch roll
eigenvalue approximation given by Eq. (9.5.5), find the eigenvalues, the 99
percent damping time, and the period for the Dutch roll mode. Compare these
approximate results with the fully coupled Dutch roll solution that was obtained
in problem 9.24.

For the small jet transport in problems 7.37 and 7.40, using the Dutch roll
eigenvector approximation given by Eq. (9.5.3), find the eigenvectors for the
Dutch roll mode. Normalize these eigenvectors according to Eq. (8.1.37).
Compare these approximate eigenvectors with the fully coupled Dutch roll
solution that was obtained in problem 9.24.

For the small jet transport in problems 7.37 and 7.40, using the Dutch roll
eigenvalue approximation given by Eq. (9.5.27), find the eigenvalues, the 99
percent damping time, and the period for the Dutch roll mode. Compare these
approximate results with the fully coupled Dutch roll solution that was obtained
in problem 9.24.

For the small jet transport in problems 7.37 and 7.40, using the Dutch roll
eigenvector approximation given by Eq. (9.5.11), find the eigenvectors for the
Dutch roll mode. Normalize these eigenvectors according to Eq. (8.1.37).
Compare these approximate eigenvectors with the fully coupled Dutch roll
solution that was obtained in problem 9.24.

For the turboprop transport in problems 7.38 and 7.41, find the eigenvalues, the
eigenvectors, the damping rate, the 99 percent damping time, and the damped
natural frequency and period, if underdamped, for each lateral mode. For each
pair of eigenvalues, find the undamped natural frequency and the damping ratio.
Compute the amplitude and phase for each component of the eigenvectors
associated with the oscillatory mode.

For the turboprop transport in problems 7.38 and 7.41, using the roll mode
eigenvalue approximation given by Eq. (9.3.3), find the eigenvalue and the 99
percent damping time for the roll mode. Compare this approximate result with
the fully coupled roll mode solution that was obtained in problem 9.35.
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For the turboprop transport in problems 7.38 and 7.41, using the roll mode
eigenvector approximation given by Eq. (9.3.6), find the eigenvector for the roll
mode. Normalize this eigenvector according to Eq. (8.1.37). Compare this
approximate eigenvector with the fully coupled roll mode solution that was
obtained in problem 9.35.

For the turboprop transport in problems 7.38 and 7.41, using the spiral mode
eigenvalue approximation given by Eq. (9.4.3), find the eigenvalue and the 99
percent damping time for the spiral mode. Compare this approximate result with
the fully coupled spiral mode solution that was obtained in problem 9.35.

For the turboprop transport in problems 7.38 and 7.41, using the spiral mode
eigenvector approximation given by Eq. (9.4.4), find the eigenvector for the
spiral mode. Normalize this eigenvector according to Eq. (8.1.37). Compare this
approximate eigenvector with the fully coupled spiral solution that was obtained
in problem 9.35.

For the turboprop transport in problems 7.38 and 7.41, using the spiral mode
eigenvalue approximation given by Eq. (9.4.11), find the eigenvalue and the 99
percent damping time for the spiral mode. Compare this approximate result with
the fully coupled spiral mode solution that was obtained in problem 9.35.

For the turboprop transport in problems 7.38 and 7.41, using the spiral mode
eigenvector approximation given by Eq. (9.4.10), find the eigenvector for the
spiral mode. Normalize this eigenvector according to Eq. (8.1.37). Compare this
approximate eigenvector with the fully coupled spiral solution that was obtained
in problem 9.35.

For the turboprop transport in problems 7.38 and 7.41, using the Dutch roll
eigenvalue approximation given by Eq. (9.5.5), find the eigenvalues, the 99
percent damping time, and the period for the Dutch roll mode. Compare these
approximate results with the fully coupled Dutch roll solution that was obtained
in problem 9.35.

For the turboprop transport in problems 7.38 and 7.41, using the Dutch roll
eigenvector approximation given by Eq. (9.5.3), find the eigenvectors for the
Dutch roll mode. Normalize these eigenvectors according to Eq. (8.1.37).
Compare these approximate eigenvectors with the fully coupled Dutch roli
solution that was obtained in problem 9.35.

For the turboprop transport in problems 7.38 and 7.41, using the Dutch roll
eigenvalue approximation given by Eq. (9.5.27), find the eigenvalues, the 99
percent damping time, and the period for the Dutch roll mode. Compare these
approximate results with the fully coupled Dutch roll solution that was obtained
in problem 9.35.



9.45.

9.46.

9.47.

9.48.

9.49.

9.50.

9.51.

9.11. Problems 831

For the turboprop transport in problems 7.38 and 7.41, using the Dutch roll
eigenvector approximation given by Eq. (9.5.11), find the eigenvectors for the
Dutch roll mode. Normalize these eigenvectors according to Eq. (8.1.37).
Compare these approximate eigenvectors with the fully coupled Dutch roll
solution that was obtained in problem 9.35.

Write a computer program that can be used to solve the 12x12 eigenproblem
associated with the homogeneous form of Eq. (9.8.20). The program should
import all required data from an input file of the same format as the sample file
airplane.txt, which can be provided by your instructor. This sample data file is
for the airplane and operating conditions in Example 9.8.1. Using only the data
obtained from the input file, the program should fill out the two dimensionless
12 x12 matrices needed for the generalized eigenproblem. The program should
then use a generalized eigensolver to obtain the eigenvalues and eigenvectors
from these matrices. A special eigensolver can be used if the system is first
numerically reduced to the special eigenproblem. Be sure that all computations
are done in double precision. Test your program by comparing results with those
presented in Example 9.8.1.

Use the computer program that was written for problem 9.46 to obtain the
solutions to problems 8.4 and 9.1. A formatted data file for this airplane and
operation conditions is available as B747.txt, which can be provided by your
instructor.

Use the computer program that was written for problem 9.46 to obtain the
solutions to problems 8.13 and 9.13. A formatted data file for this airplane and
operation conditions is available as Spitfire.txt, which can be provided by your
mstructor.

Use the computer program that. was written for problem 9.46 to obtain the
solutions to problems 8.22 and 9.24. A formatted data file for this airplane and
operation conditions is available as CJT00/.txt, which can be provided by your
instructor.

Use the computer program that was written for problem 9.46 to obtain the
solutions to problems 8.31 and 9.35. A formatted data file for this airplane and
operation conditions is available as C/30H.txt, which can be provided by your
instructor.

Modify the data file airplane.txt, which was used in problem 9.46, to include the
gyroscopic effects of the propeller and crankshaft turning at 2,350 rpm. The
moment of inertia for the crankshaft and propeller combined is 4.7 slug-ft”. Use
the computer program that was written for problem 9.46 to obtain an improved
solution to Example 9.8.1, including the gyroscopic effects of the rotating
propeller and crankshaft.
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The 2,375-horsepower, 12-cylinder Rolls-Royce Griffon engine of the Spitfire
Mark XVIII in problem 9.48 is turning the five-blade, 132-inch Rotol propeller at
1,350 rpm. The effective mass moment of inertia for the crankshaft, hub, and
propeller combined is 95 slug-ft’, based on propeller speed. With a forward
airspeed of 440 ft/sec, the change in propeller yawing moment coefficient with
angle of attack is C, , =+0.296 (the Griffon engine has left-hand rotation).
Use the computer program that was written for problem 9.46 to obtain an
improved solution to problem 9.48, including the gyroscopic and aerodynamic
effects of the rotating propulsion system. Compare the short-period and Dutch
roll eigenvectors both with and without the inclusion of the gyroscopic and
aerodynamic coupling terms.

The Spitfire Mark XVIII in problem 9.48 is executing a level coordinated turn
with an airspeed of 440 ft/sec and a bank angle of 60 degrees. Use the computer
program that was written for problem 9.46 to obtain a solution to problem 9.48
for this operating condition. Obtain the solution both with and without the
gyroscopic and aerodynamic effects of the rotating propulsion system, which
were described in problem 9.52.

Repeat problem 9.52 assuming that mass moment of inertia for the crankshatft,
hub, and propelier combined is doubled while all other parameters and operating
conditions remain unchanged.

Four 4,910-horsepower constant-speed turboprop engines, turning at 13,820 rpm,
power the transport airplane described in problem 9.50. Each engine turns a 162-
inch propeller through a gear reduction assembly having a total reduction ratio of
13.54 to 1. The equivalent moment of inertia for each turbine rotor and gear
reduction assembly combined is 6.5 shug-ft’, based on turbine speed. The
moment of inertia for each hub and propeller is 388 slug-ft”. The change in
propeller yawing moment coefficient with angle of attack is C, . =-0.154.
Assuming that all four engines turn in the same direction, use the computer
program that was written for problem 9.46 to obtain a solution to problem 9.50,
including the gyroscopic and aerodynamic effects of the rotating propulsion
system. Compare the short-period and Dutch roll eigenvectors both with and
without the inclusion of the gyroscopic and aerodynamic coupling terms.

The turboprop transport in problem 9.55 is executing a level coordinated turn
with an airspeed of 440 ft/sec and a bank angle of 60 degrees. Use the computer
program that was written for problem 9.46 to obtain a solution to problem 9.50
for this operating condition. Include the gyroscopic and aerodynamic effects of
all four engines and propellers turning in the same direction.



Chapter 10
Aircraft Handling Qualities and
Control Response

10.1. Introduction

The material presented in Chapters 8 and 9 dealt primarily with determining the
eigenvalues and eigenvectors associated with the stick-fixed longitudinal and lateral
modes of an airplane relative to some equilibrium flight condition. We found that
longitudinal motion includes two oscillatory modes, the short-period mode and the long-
period or phugoid mode. The lateral motion of a typical airplane includes two
nonoscillatory modes, the roll mode and the spiral mode, as well as one oscillatory mode,
Dutch roll. The damping rate for each of these modes and the damped natural frequency
for the oscillatory modes can be determined from the eigenvalues. We have found that
these damping rates and frequencies depend on the geometric and mass properties of the
airplane as well as the aerodynamic derivatives and flight speed. The designer has some
control over the characteristics of each dynamic mode through his or her selection of the
airplane geometry. Furthermore, the designer can exercise additional control over the
characteristics of these dynamic modes through implementation of an active feedback
control system, which is referred to as stability augmentation.

Since the airplane designer has some control over the frequencies and damping rates
associated with the longitudinal and lateral modes, a simple but important question quite
naturally arises. What is considered to be good? The answer to this question is closely
linked to the pilot’s involvement in the control of the aircraft and has long been an
important topic of research. Recent developments, such as fly-by-wire and digitally
controlled aircraft, have generated renewed interest in such research, and the final
statement relating to this topic has certainly not yet been expressed. It is still not
uncommon to have a modern aircraft development project delayed by difficulties
associated with dynamic stability and control. Such difficulties are often due, at least in
part, to an insufficient understanding of the aircraft handling qualities discipline. This
chapter gives only a brief introduction to aircraft handling qualities, as they apply to the
dynamic modes of a typical airplane. For a more in-depth treatment of this topic, the
reader is referred to Hodgkinson (1999).

10.2. Pilot Opinion

Ultimately, pilots will assess the handling qualities of any aircraft. For this reason,
research on aircraft handling qualities has always centered on pilot opinion. Extensive
research has been conducted by the federal government and the aviation industry to relate
the static and dynamic stability characteristics of an airplane to the pilot’s opinion of the
aircraft’s handling qualities. Since pilot opinion is subjective, it is difficult to quantify
and measure. By contrast, measuring the dynamic characteristics of the aircraft itself is
relatively simple.

833
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The Cooper-Harper rating scale is most commonly used to quantity pilot opinion of
aircraft handling qualities. The decision tree used by pilots when rating an aircraft
according to the Cooper-Harper scale is shown in Fig. 10.2.1. This scale is dichotomous
in that it forces the pilot to make a series of binary decisions, which ultimately lead to a
quantitative rating from 1 to 10. A rating of 1 indicates excellent handling qualities, and
a rating of 10 represents uncontrollable conditions. Subsequent to each dichotomous
decision, the pilot further refines the rating according to the level of pilot compensation
required. In the Cooper-Harper scale, pilot compensation is defined to be the measure of
additional pilot effort and attention required to maintain a given level of performance in
the face of deficient vehicle characteristics.

A 10-point rating scale is usually considered to be excessive for gathering subjective
opinions. Perhaps for this reason, the U.S. Military Specifications for aircraft handling
qualities are centered around levels of handling qualities, which are defined with
reference to the Cooper-Harper scale. Cooper-Harper ratings of 1, 2, and 3 are defined to
be Level I, while Level 2 consists of ratings 4, 5, and 6. Ratings of 7, 8, and 9 fall in
Level 3. Common practice has unofficially labeled flying qualities having a Cooper-
Harper rating of 10 as being Level 4. Table 10.2.1 shows the relationship between these
U.S. Military Specifications for levels of handling qualities and mission effectiveness,
which is reported by Hodgkinson (1999).

ADEQUACY FOR SELECTED TASK AIRCRAFT DEMANDS ON PILOT IN SELECTED  PILOT
‘OR REQUIRED OPERATION CHARACTERISTICS TASK OR REQUIRED OPERATION  RATING
Excellent Pilot compensation not a factor for
Highly desirable desired performance.
o] Good Pilot compensation not a factor for

Negligible deficiencies desired performance.

Fair — Some mildly Minimal pilot compensation required
unpleasant deficiencies for desired performance.

Minor but annoying Desired performance requires
Isit Deficiencics deficiencies _ moderate pilot compensalim.],
satisfactory without warrant b Modt':rate'ly objectionable Adequate perfc':rmance requires
improvement? improvement deficiencies considerable pilot compensation.
Very objectionable but Adequate performance requires
tolerable deficiencies extensive pilot compensation.
[ Adequate performance not attainable with
Is adequate o Major deficiencies maximum folerable pilot compensation.
performance No Deﬁc1epc1es Controllability not in question.
attainable with a tolerablg | require  peey . L Considerable pilot compensation is
pilot workload? improvement Major deficiencies required for control.
Major deficiencies lnten5§ pilot compensation is required
to retain control.

Is
it controllable?

No [im Control will be lost duri
provement . N ontrol will be lost during some
mandatory Meajor deficiencies portion of required operation. @

/

.

Figure 10.2.1. The Cooper-Harper handling qualities rating scale. (Cooper and Harper 1969)
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Pilot Handling Pilot Workload and
Rating Characteristics Mission Effectiveness
Levell 123 Satisfactory Flying qualities clearly adequate for the mission

flight phase. Desired performance is achievable
with no more than minimal pilot compensation.

Level2 4,56 Acceptable Flying qualities adequate to accomplish the
mission flight phase, but some increase in pilot
workload or degradation in mission effectiveness,
or both, exist.

Level3 789 Controllable Flying qualities such that the aircraft can be
controlled safely in the context of the mission
flight phase, but pilot workload is excessive or
mission effectiveness is inadequate, or both.
Category A flight phase can be terminated safely,
and Category B and C flight phases can be
completed.

Level 4 10 Uncontrollable Flying qualities worse than Level 3 (unofficial).

Table 10.2.1. U.S. Military Specifications for levels of handling qualities and their relation to the
Cooper-Harper scale.

It is not surprising that a pilot’s opinion of an aircraft’s handling qualities depends
somewhat on the task that the pilot is performing. For those who have never flown an
aircraft, this may be more easily understood in reference to driving a car. For example,
drivers might rate the handling characteristics of a particular automobile as being
excellent when referenced to high-speed highway driving. However, the same
automobile may be rated as having very poor handling characteristics when drivers are
ask to consider the ease of parking the car in a confined space or driving in heavy traffic.
In a similar manner, pilot opinion of aircraft handling qualities must be referenced in
some way to piloting task. For example, a pilot may rate an airplane as having very poor
handling characteristics during takeoff. Yet, the same pilot could rate the same airplane
as having good handling characteristics on landing and during the gradual coordinated
maneuvers associated with climb, cruise, and descent.

The essence of piloting task definitions can be crucial to the process of gathering
reliable pilot opinions on aircraft handling qualities. For many years, piloting tasks have
been loosely classified into three categories, which are called flight phase categories. As
reported by Nelson (1998), these categories are defined in Table 10.2.2. Today, piloting
tasks are often more narrowly defined in terms of what are called mission task elements,
which are more precisely defined tasks that can be incorporated into flight tests and flight
simulations. While more precisely defined piloting tasks lead to more reliable pilot
ratings, the rather loosely defined task categories specified in Table 10.2.2 are still useful
for classifying pilot opinion relative to piloting task, particularly in the design phase of an
aircraft development program.
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Flight Piloting Task
Phase Classification
Category A Nonterminal flight phases that require rapid maneuvering,

precision tracking, or precise flight-path control. Included in the
category are air-to-air combat, ground attack, weapon delivery or
launch, aerial recovery, reconnaissance, in-flight refueling
(receiver), terrain following, antisubmarine search, and close-
formation flying.

Category B Nonterminal flight phases that are normally accomplished using
gradual maneuvers and without precision tracking, although
accurate flight-path control may be required. Included in the
category are climb, cruise, loiter, in-flight refueling (tanker),
descent, emergency descent, emergency deceleration, and agrial
delivery.

Category C Terminal flight phases that are normally accomplished using
gradual maneuvers and usually require accurate flight-path control.
Included in this category are takeoff, catapult takeoff, approach,
wave-off/go-around and landing.

Table 10.2.2. Flight phase categories.

The reader should likewise not be surprised to learn that the size and type of
aircraft being flown has a significant effect on the handling qualities that are expected
by a pilot and on the ratings that result from a particular handling characteristic. Here
again we can relate this to the more commonplace experience of driving a car. For
example, a handling characteristic that might be considered only mildly unpleasant in a
passenger car may be considered totally unacceptable in a racing car. On the other
hand, a delivery truck that exhibits exactly the same characteristic could be rated as
having excellent handling qualities. Likewise, some handling characteristics that are
typically considered to be excellent in a large transport aircraft may be considered to be
poor in a fighter or stunt airplane. To help account for the influence of airplane size and
type on pilot opinion of aircraft handling qualities, airplanes are usually classified
according to size and maneuverability. Table 10.2.3 shows the classification of aircraft
that was adopted in the U.S. Military Specification on flying qualities, as reported by
Hodgkinson (1999).

Pilot opinion of one handling characteristic can also be influenced significantly by
the presence of another. For example, if significant pilot concentration is required to
compensate for poor longitudinal handling qualities, the pilot will be less tolerant of
deficiencies in the lateral modes. In measuring and specifying handling qualities it is
commonly assumed that any degradation in pilot opinion is the result of degrading only
one handling characteristic at a time. To estimate what might be expected from the
combined effects of more than one poor handling characteristic, the reader is referred to
Mitchell, Aponso, and Hoh (1990).
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Aircraft Aircraft
Classification Size and Type
Class 1 Small, light aircraft such as:

Light utihity
Primary trainer
Light observation

Class I1 Medium-weight, low- to medium-maneuverability aircraft such as:
Heavy utility/search and rescue
Light or medium transport/cargo/tanker
Early warning/electronic countermeasures/airborne command,
control or communications relay
Antisubmarine
Assault transport
Reconnaissance
Tactical bomber
Heavy attack
Trainer for Class 11

Class 1 Large, heavy, low- to medium-maneuverability aircraft such as:
Heavy transport/cargo/tanker
Heavy bomber
Patrol/early warning/electronic countermeasures/airborne
command, control or communications relay
Trainer for Class I

Class IV High-maneuverability aircraft such as:
Fighter-interceptor
Attack
Tactical reconnaissance
Observation
Trainer for Class [V

Table 10.2.3. Aircraft classification, from the U.S. Military Specification on flying qualities.

Level 1 aircraft handling qualities are not necessarily required for all possible flight
circumstances. Handling quality requirements for a particular situation depend to some
extent on the probability that the situation will be encountered. The handling qualities
that are required for a particular aircraft in a particular situation depend on what are
called the flight envelope and the aircraft state.

Three nested flight envelopes are defined. The operational flight envelope encom-
passes those flight tasks that are encountered in the normal day-to-day operation of the
aircraft: for example, takeoff and landing. The service flight envelope is defined by the
service limits of the airplane, such as the service ceiling and maximum airspeed. The
permissible flight envelope comprises all flight conditions that are allowable and
possible, including stalls, spins, and other such extreme situations.
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A normal state is defined as any normal operational configuration for the airplane,
in terms of flap settings, gross weight, CG location, and so on. A failure state is a
normal state modified by a malfunction in one or more of the airplane’s components.
Failure states are categorized according to the probability of occurrence.

In general, Level 1 handling qualities are always required in the operational flight
envelope for an aircraft in any normal state. In a failure state, the handling qualities are
allowed to degrade in accordance with the probability of occurrence for that particular
state. For failure states that are very likely to occur, handling qualities must remain at
Level 1. A failure state that is likely to occur more than once every 100 flights can result
in handling qualities no worse than Level 2. Handling qualities as poor as Level 3 are
allowed only if the failure state is likely to occur less than once in every 10,000 flights.
In some cases, handling qualities have been allowed to degrade to Level 2 in moderate
turbulence and to Level 3 in the presence of severe turbulence.

10.3. Dynamic Handling Quality Prediction

We have the ability to mathematically estimate the eigenvalues for the longitudinal and
lateral modes associated with the dynamic response of a particular airplane design at
some particular operating condition, prior to fabrication and flight testing. However,
these eigenvalues do not provide a direct measure of aircraft handling qualities. What is
needed is some means of predicting aircraft handling qualities from knowledge of the
airplane’s dynamic response eigenvalues and other design characteristics. This is one of
the primary objectives of handling qualities research and is the topic of this section. Here
each of the airplane’s dynamic modes will be addressed separately. The handling
qualities predicted for any mode are based on the assumption of Level 1 handling
qualities for all other modes.

The Short-Period Mode

As discussed previously, the short-period mode is comprised primarily of high-frequency
oscillations in angle of attack and vertical displacement, with little change in forward
velocity. Humans are highly sensitive to acceleration but quite insensitive to small
changes in position and orientation. From the pilot’s viewpoint it is the acceleration
associated with short-period motion that is of greatest importance. Since the forward
velocity remains nearly constant for the short period, it is primarily the normal
acceleration associated with this mode that pilots feel. Oscillations in angle of attack
and the resulting oscillations in lift produce this normal acceleration. Thus, it is not
surprising that a pilot’s opinion of how the airplane’s handling qualities are affected by
the short-period mode depends on how the airplane’s normal acceleration varies with
angle of attack. The load factor, n, is the usual measure of an airplane’s normal
acceleration. Recall that because normal acceleration is generated by lift, the load factor
can be expressed as the lift divided by the weight. The change in load factor with respect
to angle of attack is called the acceleration sensitivity:

on _ 1oL _ 1 0C (10.3.1)
oa

acceleration sensitivity = e - O Ay
w



10.3. Dynamic Handling Quality Prediction 839

Pilot opinion of how the short-period frequency influences handling qualities has
been found to vary significantly with the acceleration sensitivity of the airplane. When
pilot opinion data are correlated with the short-period frequency and acceleration
sensitivity, results similar to those reported by Hodgkinson (1999) and shown here in
Fig. 10.3.1 are obtained. These results are based on adequate short-period damping.
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Figure 10.3.1. Short-period frequency requirements.



840 chapter 10 Aircraft Handling Qualities and Control Response

From Fig. 10.3.1 it can be seen that, when the acceleration sensitivity is above some
minimum value, the boundaries between the different levels of handling qualities are all
defined by lines of constant slope on a log-log plot. Furthermore, the slope for each of
these boundary lines is exactly Y. This means that the square of the undamped natural
frequency at any point along any one of these boundary lines is proportional to the
acceleration sensitivity. Thus, the square of the short-period undamped natural frequency
divided by the acceleration sensitivity is an important correlation parameter associated
with the short-period frequency requirements. This parameter is commonly called the
control anticipation parameter (CAP),

CAP = (w2)sp/ 20 = (@)sp _ (on)sp

S Lo/W — CLa/Cw

(10.3.2)

For the prediction of short-period frequency requirements, when the airplane’s
acceleration sensitivity is above some minimum value (about 3.5 to 5.0), the
boundaries between different levels of handling qualities are lines of constant
CAP. For example, the top two sloping lines in Fig. 10.3.1a through d have constant
CAP values of 3.6 and 10.0. The lower two sloping lines have constant CAP values of
0.15 and 0.28 in Fig. 10.3.1a, 0.038 and 0.085 in Fig. 10.3.1b, and 0.096 and 0.15 in both
Fig. 10.3.1c and d.

The short-period damping ratio also has a significant effect on airplane handling
qualities as judged by pilot opinion. The short-period damping requirements given by
Hodgkinson (1999) are listed in Table 10.3.1. The results presented in this table are
based on the assumption that the short-period frequency falls within the range that would
give Level 1 handling qualities according to Fig. 10.3.1.

If the acceleration sensitivity is large enough so that the short-period frequency
requirements depend only on the CAP, then the short-period frequency and damping
requirements can be combined in a single plot with CAP on one axis and damping ratio
on the other. For example, from Fig. 10.3.1a we see that Level 1 handling qualities for
Category A flight phases require a control anticipation parameter between 0.28 and 3.6,
while Table 10.3.1 shows a required damping ratio between 0.35 and 1.30. These
combined requirements are shown as the inner rectangle in Fig. 10.3.2. The Level 2 and
3 handling qualities boundaries are also shown in this figure. Similar results for flight
phase Categories B and C are shown in Figs. 10.3.3 and 10.3.4.

Category A & C Flight Phases Category B Flight Phases
Level Minimum ¢ Maximum ¢ Minimum ¢ Maximum §
1 0.35 1.30 0.30 2.00
2 0.25 2.00 0.20 2.00
3 0.15 - 0.15 -

Table 10.3.1. Short-period damping ratio requirements for all aircraft classes.
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Figure 10.3.2. Short-period frequency and damping requirements for Category A flight phases and
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Figure 10.3.4. Short-period frequency and damping requirements for Category C flight phases and
airplanes of all classes having acceleration sensitivity greater than 5 g/rad.

The Phugoid

The period of the phugoid is always long compared to a pilot’s response time. Thus,
pilots can easily suppress phugoid oscillations with appropriate control inputs. Because
of the large difference between the phugoid period and a pilot’s response time, the exact
value of the phugoid frequency has almost no effect on a pilot’s opinion of an airplane’s
handling qualities. However, if the phugoid damping is too low, suppressing the phugoid
does require some pilot attention, and this makes other tasks more difficult. For this
reason, aircraft handling qualities do correlate with phugoid damping. The phugoid
damping requirements presented by Hodgkinson (1999) are given in Table 10.3.2. From
the pilot opinion data currently available, these damping requirements appear to be
independent of both aircraft class and flight phase.

Level All Flight Phases for all Aircraft Categories
Minimum Phugoid Damping
1 Damping ratio should be greater than 0.04
Damping ratio should be greater than 0.00
3 Time-to-double-amplitude should be greater than 55 sec

Table 10.3.2. Phugoid damping requirements for all aircraft classes.
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The Roll Mode

As discussed in Chapter 9, the roll mode is a heavily overdamped motion. Thus, when
a typical-fixed wing aircraft responds to a change in aileron input, the time constant is
very short and the airplane quickly approaches a steady rolling rate that is proportional
to aileron deflection. This gives the pilot the perception that aileron input commands
the airplane’s rolling rate. The time constant for any mode is defined simply as the
inverse of the damping rate. For favorable handling qualities, the time constant for the
roll mode is typically on the order of 1 second or slightly longer. If the roll mode time
constant is much longer than a second, the transient persists well into the maneuver and
the pilot begins to feel as though he or she is commanding roll acceleration instead of
rolling rate. This will normally degrade the pilot’s opinion of the airplane’s handling
qualities. Table 10.3.3 lists the minimum damping requirements for the roll mode, which
are reported by Nelson (1998) in terms of maximum time constant.

Flight Phase Aircraft Handling Quality
Category Class Level 1 Level 2 Level 3
LIV 1.0 14 10
A&C
11, 111 1.4 3.0 10
B ALL 1.4 3.0 10

Table 10.3.3. Roll mode damping requirements, maximum time constant (1/o) in seconds.

The Spiral Mode

In Chapter 9 we found that the spiral mode is usually either slowly convergent or slowly
divergent. The time constant for this mode is large compared to pilot reaction time.
Thus, like the phugoid, this motion is readily controlled with pilot input. Even if the
spiral mode is divergent, the pilot can typically control the motion with little or no
conscious effort, provided that the time required to double the disturbance amplitude is
not too short. However, if the spiral divergence is too rapid, pilot attention is required
that will detract from the performance of other tasks and degrade the pilot’s opinion of
the aircraft’s handling qualities. The spiral mode damping requirements presented by
Nelson (1998) are shown in Table 10.3.4.

Flight Phase Aircraft Handling Quality
Category Class Level 1 Level 2 Level 3
LIV 12 12 4
A
I, 111 20 12 4
B&C ALL 20 12 4

Table 10.3.4. Spiral mode damping requirements, minimum time-to-double-amplitude in seconds.



844 chapter 10 Aircraft Handling Qualities and Control Response

The Lateral Phugoid

Some modern aircraft have very little wing area and the roll damping for such aircraft can
be quite low. For aircraft of this type, it is occasionally possible for the eigenvalues
associated with the usual roll and spiral modes to combine, forming a complex pair. In
this case, the aircraft will exhibit a long-period lateral oscillation, which is sometimes
called the lateral phugoid. While this characteristic is not normally associated with good
handling qualities, it can be acceptable if the damping is sufficient. Hodgkinson (1999)
reports the damping requirements for this mode that are given in Table 10.3.5. The
damping criteria in this table are based on the product of the undamped natural
frequency, w,, and the damping ratio, &

Level All Flight Phases for all Aircraft Categories
Minimum Damping for the Oscillatory Roll-Spirai Mode
1 The o, product should be greater than 0.50 rad/sec
The (o, product should be greater than 0.30 rad/sec
3 The {w, product should be greater than 0.15 rad/sec

Table 10.3.5. Total damping requirements for the seldom-encountered low-frequency mode that is
sometimes called the lateral phugoid.

Dutch Roll

Dutch roll is often the most troublesome of the dynamic modes associated with the stick-
fixed longitudinal and lateral response of a conventional airplane. As discussed in
Chapter 9, Dutch roll is a damped oscillatory motion that involves an out-of-phase
combination of sideslip, roll, and yaw. Since the period for this mode is typically on the
order of 2 to 10 seconds, Dutch roll motion can be very annoying to both pilots and
passengers if the damping is light. Because the quarter-period of oscillation for Dutch
roll can be quite close to the response time of a human pilot, it can be extremely difficult
for a pilot to suppress this motion with control inputs. In fact, as discussed in Chapter 9,
the natural Dutch roll characteristics of some aircraft are such that most pilots will
actually excite the Dutch roll in an attempt to suppress it. If the period of oscillation is
not too short and the damping is not too light, Dutch roll motion does not require
significant pilot attention. However, if the Dutch roll damping is extremely light and the
period is short, the airplane can be quite difficult to handle.

As might be expected, both the Dutch roll frequency and damping ratio affect the
handling qualities of an airplane. The Dutch roll frequency and damping requirements
reported by Hodgkinson (1999) are presented in Table 10.3.6. Notice that this table gives
a minimum value for the damping ratio, the undamped natural frequency, and the product
of the damping ratio and the undamped natural frequency. All of these requirements
should be met. The minimum frequency requirement is always based on the undamped
natural frequency and minimum damping requirement is that which yields the largest
damping ratio.
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Level Flight Phase Aireraft Minimum?® Minimum?® Minimum®
Category Class 4 Cw, (rad/sec) | w, (rad/sec)
IV-CO'&GA* 0.4 0.4 1.0
A I, IV-other 0.19 0.35 1.0
1L, 111 0.19 0.35 04
! B ALL 0.08 0.15 04
I I-C3, IV 0.08 0.15 1.0
¢ H-L*, 111 0.08 0.10 0.4
2 ALL ALL 0.02 0.05 0.4
ALL ALL 0.00 - 0.4

'CO: combat, 2GA: ground attack, 3C: carrier-based, ‘L: land-based,
5The minimum damping requirement is that yielding the greatest damping ratio,
®The minimum frequency requirement is always based on the undamped natural frequency.

Table 10.3.6. The Dutch roll frequency and damping requirements.

EXAMPLE 10.3.1. For the airplane and operating condition that was described in
Examples 8.2.1 and 9.2.1, compare the predicted dynamic response with the
frequency and damping requirements presented in this section. What level of
handling qualities should be expected for this airplane and operating condition,
based on the dynamic response modes?

Solution. This is a Class I aircraft. Since the operating condition is cruise with
no special requirement for precision tracking, the flight phase is in Category B.

From Example 8.2.1, the short-period damping ratio and undamped natural
frequency are

=069, w,=3.59rad/sec
The lift slope and weight coefficient for this airplane and operating condition are
Cra =440, Cy =0.393

Thus, the acceleration sensitivity is

acceleration sensitivity = C,,/Cy = 4.40/0.393 = 11.2 g/rad

and the control anticipation parameter is

2y 2 2
CAP = (w:)sp  3.59° _ L15 (rad/sec)

Cra/Cw 11.2 ) g/rad
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For this airplane and Category B flight phase, the short-period frequency and
damping requirements are prescribed in Fig. 10.3.3. The damping ratio of 0.69
and CAP of 1.15 fall well within the limits for which Level 1 handling qualities
would normally be expected, based on short-period requirements.

Also from Example 8.2.1, the phugoid damping ratio for this airplane and
operating condition is 0.080. Based on the requirements given in Table 10.3.2,
this is well over the limit needed to provide Level 1 handling qualities.

From Example 9.2.1, the predicted damping rate for the roll mode is 8.9 sec™,
so the roll mode time constant is

roll mode time constant = 1/ = 1/8.9 = 0.11sec

From Fig 10.3.7 we see that this is considerably less than the maximum time
constant that would normally yield Level 1 handling qualities.

A convergent spiral mode was predicted in Example 9.2.1. Thus, from the
results presented in Table 10.3.4, we see that the spiral mode should not contribute
to reducing the handling qualities below Level 1.

For this airplane and operating condition, the Dutch roll damping ratio and
undamped natural frequency as predicted in Example 9.2.1 are

$=0.20, w,=243rad/sec
and

Sw, =0.49 rad/sec

All three of these values satisfy the requirements for Level 1 handling qualities as
specified in Table 10.3.6.

The frequencies and damping rates for all of the stick-fixed dynamic modes
associated with this airplane and operating conditions are well within the limits
that would typically provide Level 1 handling qualities. Thus, for this operating
condition, we would expect that the stick-fixed dynamic response of this airplane
is adequate to provide Level 1 handling qualities. However, to predict the
airplane’s handling qualities for all normal operation, these calculations would
need to be repeated for the full range of operating conditions within the
operational flight envelope.

10.4. Response to Control Inputs

Pilot opinion of aircraft handling qualities seems to correlate quite well with the
eigenvalues for the traditional stick fixed dynamic modes, which are obtained from
aircraft small-disturbance theory with all control inputs set to zero. One might ask the
question: Why should results obtained using the case of no control input have such a
significant effect on a pilot’s ability to control the airplane? The answer is linked to the
transient response of the airplane to control inputs.
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As we have seen, airplane controls are used to establish trim and maneuver or
accelerate an airplane from one trimmed state to another. To this point, our treatment of
aircraft control and maneuverability has been mostly confined to the case of constant
angular rates, which produce constant acceleration. For example, our analysis of the
elevator angle and control force per g in the pull-up maneuver was based on the
assumption that the maneuver had progressed to the point where the pitching rate had
reached a steady value. Similarly, our analysis of the steady coordinated turn was based
on the assumption that the wings were already banked at the correct angle and that the
airplane was turning with a constant angular rate.

In a typical flying situation, an airplane might be flying at level trim. If the pilot
wishes to climb, descend, or turn, then he or she must change the control inputs. For
example, assume that the pilot wishes to change the airplane’s flight path from level
trimmed flight to climbing flight, without changing the throttle setting. To accomplish
this, he or she must pull the stick or control yoke back. After the control has been held
back for a period of time, the airplane will attain a new trim state, which then has a
positive climb angle and lower airspeed. The maneuver that takes the airplane between
these two trimmed states is the pull-up mancuver. However, this maneuver starts with
zero pitch rate and ends with zero pitch rate. While there may be a period of time during
the maneuver when the pitch rate is constant, clearly this entire maneuver cannot take
place at constant pitch rate and constant airspeed. Thus, our Chapter 6 analysis for the
constant-speed pull-up maneuver cannot possibly tell the whole story in regard to this
common airplane maneuver.

When the pilot first initiates a pull-up maneuver from trimmed flight, the pitching
moment generated by the elevator deflection produces acceleration in pitch and the pitch
rate begins to rise. As the pitch rate increases, an opposing moment develops as a result
of pitch damping. If this pitch rate becomes large enough, the pitch damping moment
will just balance the moment produced by the elevator deflection, returning the pitch
acceleration to zero. A question then naturally arises: How does the airplane respond
during the transient period of angular acceleration?

We have at least superficially examined the analogous problem associated with
aileron deflection. Because the roll damping is quite large for a conventional airplane,
transients associated with aileron deflection are quickly damped out and the airplane
rapidly approaches a constant rolling rate. This gives pilots the perception that aileron
deflection commands rolling rate. However, the pitch and yaw damping for a typical
airplane are much less than that for roll. Thus, the pitch and yaw controls “feel” very
different from the roll control. In this section we examine the transients associated with
elevator and rudder deflection.

In general, maneuvering flight with substantial translational and rotational accelera-
tion can involve significant inertial, gravitational, and aerodynamic nonlinearities. To
accurately predict the response of an airplane during such maneuvers, we must return to
the nonlinear equations of motion developed in Chapter 7. These equations would need
to be integrated numerically. This is the topic of Chapter 11. However, by continuing
somewhat further with small disturbance theory, we can obtain some useful results that
provide valuable insight into the control process. Furthermore, such results are of great
value in the design of autopilot control systems.
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Transfer Functions
The linearized aircraft equations of motion presented in Sec. 7.5, 7.7, or 9.8 are of the
mathematical form of the generalized linear control problem,

(BI{X} = [A]{X} +[C]{D}

where {X} is a vector of  state variables, [A] and [B] are constant # x n matrices, {D} is
a vector of m control deflections, and [C] is a constant n x m matrix. A special case of
the generalized linear control problem is of particular interest. That is the special linear
control problem, where [B] is the identity matrix. The generalized linear control problem
is easily converted to the special linear control problem by multiplying both sides of the
equation by the inverse of [B],

[B]”'[Bl{X} = [B] '[A]{X}+[B]'[C]{D}

Thus, any generalized linear control problem is readily converted to the special linear
control problem, which has the form

(X} = [A]{X}+[C](D} (10.4.1)

If the control deflections, {D}, were known as a function of time, the solution to this
linear control problem would allow us to determine the state variables, {X}, as a function
of time.

Linear time-invariant systems of the form given by Eq. (10.4.1) are commonly
solved using the method of Laplace transforms. Recall that the Laplace transform of
some function of z, say x(¢), is defined by

x(s)

I

foo)eﬁ”dz (10.4.2)

Thus, using integration by parts, the Laplace transform of the derivative of x with respect
to ¢ is given by

dx _ (= dx

—st Dt —st]®
= | =eVdt = | edx = xe
dt 0 dt -[0 0

~[Txde™)
(10.4.3)

= —x(0)+s[ xe™*dt = sx~x(0)
0

An important concept called the transfer function is widely used in the application
of Laplace transforms to Eq. (10.4.1). Each element of the transfer-function matrix, [G],
is defined to be the ratio of the Laplace transform of the response in one of the state
variables to the Laplace transform of one control input, for the special case where the
state variable response is zero at time 1=0. Specifically, [G] is defined to yield

X} = [G]{D} (10.4.4)
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If the transfer-function matrix is known, the state variable response vector in the Laplace
domain can be found for any control deflections input vector by simple matrix
multiplication according to Eq. (10.4.4).

The transfer-function matrix, [G], is readily obtained from Eq. (10.4.1). Taking the
Laplace transform of Eq. (10.4.1) and applying Eq. (10.4.3) along with the null initial
condition gives

${X} = [A]{X} +[C]{D} (10.4.5)
or after solving for the Laplace transform of the state variable response vector,

Xy = [s[i)-1A]] " [C){D} (10.4.6)

where [i] is the identity matrix. By comparing Eq. (10.4.6) with Eq. (10.4.4), we see that
the transfer-function matrix is given by

[G] = [s[i]-[A]]" [C] (10.4.7)

To evaluate the inverse matrix in Eq. (10.4.7), we recall from linear algebra that if the
determinant is not zero,

T
[stil-Al =

- M 10.4.8
|s [il-[A) ( :

where [M]” is the transpose of the matrix of cofactors. The components of [M] are
defined as

My = (=D my (10.4.9)

where my; is the minor determinate of s[i]-[A], obtained from the matrix that remains
after row / and column j are removed.

The significance of this mathematics is best demonstrated by example. To help the
student relate the mathematics to the physics of commonplace experience, we shall begin
with a simple spring-mass system.

EXAMPLE 10.4.1. Consider the spring-mass system described in Example 8.1.1.
An independent time-varying control force is applied to each of the two masses as
shown in Fig. 10.4.1. Find the transfer-function matrix for this system. For the
special case where AF) is a unit step function and AF, is zero, find the Laplace
transform of the state variable response vector.

my = 20.0 slugs, c; = 30.0 Ibf- sec/ft, k, = 2.0 Ibf/ft,
my = 20.0 slugs, ¢y =15.0 Ibf-sec/ft, k> =100.0 Ibf/ft
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Figure 10.4.1. Damped spring-mass system with two degrees of freedom.

Solution. Following the development that led to Eq. (8.1.45) but including the
control forces, we have

AW —c1/my 0 —(ki+ka)/m  kyfmy | [4AW
av | 0 —ca/my ka/m; ~ka/my || AV,
Ml |1 0 0 0 Ay
A 0 1 0 0 |40
l/my 0 ]
. 0 1/my {Aﬂ}
o o [l4aF
0o 0 |

After using the specified masses, damping coefficients, and spring constants, the
special linear control problem for this system is

AV, -15 0 -51 50][an] [005 0
AV | 0 -075 50 -50|jarn| | 0 0.05|[4R
a1 0 0o o |la[ o o {AFZ}
At 0 1 0 0 [(4a] [0 o

By direct comparison with Eq. (10.4.1), we have

s+1.5 0 51 =50
0 s+075 =50 50
-t = 7 | = (E

0 -1 0 s
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The cofactors of this matrix as determined from Eq. (10.4.9) are

My = $2+0.75s> +5.0s

My = 508

Mz = s*+0.755+5.0
My = 5.0
My = 5.0s

My = s*+1.55% +5.1s
Moy = 5.0

Moy = s*+1.55+5.1

Ms = —5.157—3.8255-0.5

My = 5.0s% +7.5s
My = s3 422552 +6.1255+7.5
Msy = 5.0s+7.5
M4 = 5.0s° +3.75s
Mgy = —5.05°=7.55-0.5
My = 5.0s+3.75
Mays = s> +2.255% +6.2255+3.825

From these cofactors, the determinate is found to be

4 4
|stil-[A] = [E] = X EsMy = 3 EsMy
i=l

Jj=1
= % +2.25¢% +11.225s2 +11.3255+0.5

From Egs. (10.4.7) and (10.4.8), the transfer-function matrix can be determined
from the cofactors and the control force coefficient matrix,

T
(G = MIIC]
[s [i1-[A]
where in this case
005 0
Cl < 0 005
[C] = 0 0
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After performing the indicated algebra, we have

0.05s” +0.0375s% +0.25s 0.25s
0.25s 0.055% +0.075s% +0.255s
0.05s% +0.0375s +0.25 0.25
0.25 0.055° +0.075s +0.255

[G] = 4 3 2
sT+2.25s7 +11.2255° +11.3255+ 0.5

Tables of Laplace transforms are widely available, and from any such table we
would find that the Laplace transform of a unit step function is 1/s. Thus, for the
special case where AF is a unit step function and AF; is zero,

F] _ 1/ S

AF > 0
From Eq. (10.4.4), the Laplace transform of the state variable response vector is
found to be

0.055° +0.0375s° +0.25s
s(s*+2.2557 +11.2255% +11.3255 +0.5)

arv, 0.25s
ara g {l/s} _Us(s® 422557 +11.2255% +11.3255 +0.5)

A 0 0.055° +0.0375s +0.25
Ax? s(s* +2.2557 +11.2255% +11.3255+0.5)
0.25

s(s* +2.2557 +11.2255% +11.3255+0.5)

Step Response

Results like those obtained in Example 10.4.1 are quite useless unless we are able to
transform the solution back to the time domain. As a precursor to doing exactly that,
several important observations can be made from Example 10.4.1.

First, notice that each of the transfer functions for the system is the ratio of two
polynomials in s. Furthermore, it is seen that all of the transfer functions have exactly the
same denominator and the order of the polynomial in the numerator is lower than that in
the denominator. These characteristics hold for the solution to Eq. (10.4.1) in general,
regardless of the order of the system.

The polynomial in the denominator of each transfer function is the characteristic
polynomial for the system of equations. From Eq. (10.4.8) we see that the characteristic
polynomial comes from the determinate of a characteristic matrix, which is identical to
that used to obtain the eigenvalues, i.e., Eq. (8.1.63). Thus, the roots of the characteristic
polynomial are the eigenvalues for the homogeneous system.
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With the discussion above in mind, Eq. (10.4.8) can be used in Eq. (10.4.7) and the

denominator can be factored to give

[MJ'[C]

6] = (5 =A)(s = A2)(s = A3) (s = Ay)

(10.4.10)

where 7 is the order of the system. Since [M]” is the transpose of the matrix of cofactors
and [C] is a matrix of constants, each component of the numerator on the right-hand side
of Eq. (10.4.10) is a polynomial of order less than ».

When the Laplace transform of some function of 7 is the ratio of two polynomials in
s, the inverse transform can be obtained from the Heaviside expansion theorem. For
instance, assume that the Laplace transform of x(¢) is given by

N(s)

Ll P P S, P

(10.4.11)

where N(s) is a polynomial in 5. In the absence of repeated roots, the inverse transform is
then given by

< N(r)
x(t) = Z e exp(rit) (10.4.12)
k=l H»,‘zl(r/‘ =) jek

Again, the significance of the mathematics is best demonstrated by example.

EXAMPLE 10.4.2. Consider the spring-mass system in Example 10.4.1. For the
special case where AF| is a unit step function and 4F; is zero, obtain a time-
domain expression for the Ax; component of the system response vector.

Solution. From Example 10.4.1,

0.055% +0.0375s5 +0.25

Aai(s) = 2 3 2
s(s” +2.25s7 +11.2255° +11.3255 +0.5)

The roots of the polynomial in the denominator of this Laplace transform are the
eigenvalues found in Example 8.1.1 combined with the root zero,

n =4 = —0.556387+3.098306i

rn = Ay = —0.556387-3.098306i

Il

= /13 —1.090975
ry = A4 = —0.046251

s = 0.0
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Thus, using Eq. (10.4.12),

0.054% +0.03754; +0.25
M = WA = 3 A~ A4)

M (1) = { exp(Ait)

A
T2 — ) — A — ) | P2

{ 0.052 +0.03754, +0.25 }
}exp(/bt)

0.0543 +0.03754; +0.25
(A3 =AM =)A= Ag)

0.054% +0.037524 +0.25 { 0.25 }
" { Ao (Rt = A = 22) (Rt — m}"p(l“” AN A

Using the known eigenvalues and carrying out the algebra gives

Ax(£) = (—0.001254—0.000081 /) exp[(~0.556387 + 3.098306 i)¢]
+(—0.001254+0.000081 /) exp[(—0.556387 —3.098306 i)¢]
+0.023840exp(~1.090975¢) — 0.521332 exp(—0.04625 1£) + 0.500000

The first two terms in this solution could be combined and written as a damped
sinusoid. The solution for the output response to a step function input that is not
of unit amplitude is found simply by multiplying this solution by the amplitude of
the input step function.

We see from Example 10.4.2 that the response to a step function control input is a
constant plus a weighted sum of the homogeneous solutions, which are obtained directly
from the system eigenvalues independent of the control inputs. If the two matrices [A]
and [C] in Eq. (10.4.1) are known, the method used in Examples 10.4.1 and 10.4.2 to
obtain the system response to a step control input is very systematic and quite suitable for
programming on a digital computer.

EXAMPLE 10.4.3. For steady level flight at sea level, determine the longitudinal
response to a negative 1-degree step change in elevator deflection for the general
aviation airplane, which was described in Example 8.2.1. Using the linearized
longitudinal equations of motion, plot the angle of attack and airspeed as a
function of time. For this airplane and operating condition, we have

S, =1851t%, b, =331, ,=5.606f, W =2800Ibf,
V, =180 ft/sec, Cp, =0.05,
Iy, = 1000 slugft®, 1, =3000slugft®, .., =3500slugit’,
I, =30slugft’,
Cra =440, Cpg =035 Cuy=-068 Cpz=160, C,4=-435,
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Cy.p=-0.560, Cip=-0075 C,z=0.070,
Cpg 200, CLz7=3.80, Cng=-995
Cyp =00, C;5=-0410, C,;=-0.0575,
Cyr=0240, C,7=0.105 C,;=-0.125,
CLs, =0350, Cpg, =0.00, C,gs, =-0.920,
Cys, =000, Crs =-0.135, C,z, =0.0035,
Cy.s, =0.155, Cis, =0.105, C,5 =-0.075

Solution. From Example 8.2.1 we have

PSCw pSWES,
— =00 = 0.003228
Wi 07080, S, 003

From Eq. (7.7.8), this gives

pch_‘w pSwEw
R.s = Cys = —L22w cp s = 0.00
e 4Wig XS aWlg D.o.
,agwEw pSWEW
R.s = Crs = — CLs = —0.00248
O T Tawrg T4 awig %
_3
Ros, = 235% ¢ o — 000297
S 81,

Combining these results with those obtained in Example 8.2.1, the linearized
longitudinal equations of motion as given by Eq. (7.7.5) result in a system of
equations in the form of the generalized linear control problem,

(1 0 00 0 0] aa 0

0 1.01133 0 0 0 O|| 44 -0.00248

0 0.01404 1 0 0 0 A? _ |-0.00297 45,

0 0 010 0/|4s 0

0 0 00 10| 4 0

0 0 000 1] 46 0

[-0.00071 0.00030 0 0 0 —0.00278]( Au

-0.00556 —0.03151 0.97309 0 0 0 Aa
0 —-0.00220 —-0.03212 0 0 0 AG

" 1 0 0 00 0 AL,
0 1 0 00 -1 AE.

|0 0 1 00 0 ||l46
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Since here we are only interested in airspeed and angle of attack, and because all
coefficients of A&, and A&, are zero, this system can be reduced to fourth order by
removing the fourth and fifth rows and columns. In addition, the system is readily
reduced to the special linear control problem that is in the form of Eq. (10.4.1).

This gives

Al —0.00071  0.00030 0 -0.002781 [ Au
Ad —-0.00550 —0.03116 0.9622 0 Aa
A [ 7 | 0.00008 —0.00176 —0.04563 0 A
A 0 0 1 0 A0

0

-0.00245

"1-0.00294 [

0

The eigenvalues of this system are the nonzero eigenvalues that were obtained in
Example 8.2.1. Only the rigid-body displacement modes are lost as a result of
reducing the system to fourth order. The airspeed and angle-of-attack response to
a negative l-degree step change in clevator deflection (A5,=-0.01745), as
computed from this system of equations, is shown in Fig. 10.4.2.

- 180

Angle of Attack
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160

Airspeed (ft/sec)

150

Angle of Attack (degrees)

140

0‘0 1 1 A
0 15 30 45 60

Time (seconds)

Figure 10.4.2. Responsc to a step change in elevator deflection for the airplane in Example 10.4.3.
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A few observations should be made from the results predicted in Example 10.4.3.
Here again we see that system response to a step change in control input has the same
characteristic form as the homogeneous solution, which is obtained with the control input
set to zero. From Fig. 10.4.2, we clearly see the nature of both the short period and the
phugoid in this solution. Because the frequency of the phugoid and short period differ so
greatly, for the first second or so after the elevator deflection has been applied, the
response of the system depends almost entirely on the short-period characteristics. After
a few seconds have passed, damping has removed all traces of the short period from this
solution. However, the phugoid oscillations persist for much longer. With the elevator
deflection maintained, a new trim state would eventually be reached, corresponding to
climbing flight at about 160 ft/sec with an increase in angle of attack of approximately
1.3 degrees. If the elevator deflection were actually held constant, it would take several
minutes for the phugoid oscillations to die out. However, if the pilot uses the stick or
control yoke to hold the nose of the airplane at the desired position relative to the
horizon, the phugoid oscillations will disappear almost immediately. In fact, since pilots
always control an airplane by watching the horizon or an instrument, not by watching the
stick or control yoke, phugoid oscillations are not normally encountered in a pull-up
maneuver. The short-period characteristics, on the other hand, affect the pull-up
maneuver significantly, even more so in airplanes which exhibit lower short-period
damping. Figure 10.4.3 shows how reduced pitch damping affects the step response to
elevator deflection.

{

180

Angle of Attack

170

160

Angle of Attack (degrees)
Airspeed (ft/sec)

150

140

0.0 I I |
0 15 30 45 60

Time (seconds)

Figure 10.4.3. Response to a step change in elevator deflection for the airplane in Example 10.4.3,
with a significant reduction in pitch damping.
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EXAMPLE 10.4.4. For steady level flight at sea level, determine the lateral
response to a 1-degree step change in rudder deflection for the general aviation
airplane that was described in Example 9.2.1. Using the linearized lateral
equations of motion, plot the sideslip angle and bank angle as a function of time.
For this airplane and operating conditions, we have

S, =185ft>, b, =331ft, ¢, =5.6061f W =23800Ibf,
V, =180 ft/'sec, Cp, =0.05,
I, =1,000slugft®, 1, =3,000slugft®, 1. =3,500slgft?
I, =30 slugft?,
Croa=440, Cp, =035 Cuo=-068 Crs=160, C,a=-435,
Cyp =-0.560, C;p=-0.075 C, =0.070,
Cpg =00, Crz;=3.80, C,z;=-9.95
Cyp =00, Crp=-0410, C,p=-0.0575,
Cyr=0240, C,7=0.105 C,;=-0.125,
Crs, =0.350, Cps =000, C,.s5 =-0.920,
Cys, 20.00, Crs, =-0.135, C,s =0.0035,
Cys, =0.155, Cr5 =0.105, C,s =-0.075

Solution. From Example 9.2.1, we have

3
PSubv 041679,  LSubu

3
_ 1975306, PSubw
aWwig

XXp zzp

= 0.564373
From Eq. (7.7.8), this gives

Rys, = BSubw o _ .00

awig
3
R/(s = Pwaw C// 5, = —0.2667
Wa 81”,, .
PSuby
Rus, = C,s, = 0.00198
Ou 8122;, Ca
S\Br
5 = ’ZW/g Cys = 0.00646
3
R, PSubw Crs, = 02074
81,
3
Ry.5, PS by Chs = —0.04233
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Combining these results with those obtained in Example 9.2.1, the linearized
lateral equations of motion as given by Eq. (7.7.6) result in a generalized linear
control problem,

10 0 00 0}||4ap 0 0.00646 |
0 1 -0.0300 0 0 0|| 4 -0.2667 0.2074
0 0008 1 00 0| 4 0.00198 —0.04233 | (45,
0 0 o 1oollag[ ] o 0 Aﬁr}
0 0 0 01 0] aé 0 0
0 0 0 00 Lf{ag| | O 0 |
[-0.0233 0 —-0.9900 0 0.0164 0| 48
~0.1481 -0.8099 02074 0 0 0|l 4
,| 00395 00325 —0.0705 0 0 0} 4
1 0 0 0 0 1|]4g
0 1 0 0 0 0| 4
|0 0 1 0 0 0] 4y

Similar to Example 10.4.3, this system can also be reduced to fourth order. Notice
that rows 1, 2, 3, and S are not coupled in any way to rows 4 and 6. Thus,
removing rows and columns 4 and 6 reduces the order of the system. The result is
readily reduced to the form of Eq. (10.4.1),

AB -0.0233 0 ~0.9900 0.0164](A48
Ap -0.1470 —0.8111 0.2053 0 Ap
A0 7| 00382 -00395 —0.0687 0 ||
A 0 1 0 0 ||4¢

0 0.00646
~0.2667  0.2062 |{Ad,
T120.00031 —0.04056 {A&,}

0 0

The eigenvalues for this system were already obtained in Example 9.2.1. These
are the eigenvalues for the roll, spiral, and Dutch roll modes, which were found in
that example. The trivial rigid-body displacement modes are not found in this
system of reduced order. Figure 10.4.4 shows the response in bank angle and
sideslip angle to a 1-degree step change in rudder deflection, as computed from
this linear system.

Despite rather heavy yaw damping, excitation of Dutch roll can clearly be
seen in Fig. 10.4.4. To demonstrate how yaw damping affects control response,
Fig. 10.4.5 shows similar results, as predicted with reduced yaw damping.
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Figure 10.4.4. Response to a step change in rudder deflection for the airplane in Example 10.4.4.
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Figure 10.4.5. Response to a step change in rudder deflection for the airplane in Example 10.4.4,
with a significant reduction in yaw damping.
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In Examples 10.4.3 and 10.4.4, we have seen that an airplane’s initial response to a
change in control input has the same characteristic form as the stick-fixed dynamic
modes, which are obtained from the homogeneous equations of motion with all control
inputs set to zero. For this reason, the “feel” of an airplane’s controls is significantly
affected by the eigenvalues for the stick-fixed dynamic modes. For example, the feel of
the elevator control is affected by the short-period eigenvalues, and the feel of the rudder
control is affected by the Dutch roll eigenvalues. This explains why pilot opinion of
aircraft handling qualities correlates so well with these eigenvalues.

Frequency Response

Another very important type of input that can be analyzed with the aid of the transfer
function is the sinusoidal input. Consider a particular state variable that has a transfer
function with respect to some particular input parameter, which has the usual form

N(s)

G(s) = 10.4.13
O = ARG s ) ) (10419
where M(s) is a polynomial of order less than n. Now let the input be given by
exp{iwt) = cos(wt)+isin(wr) (10.4.14)

If we multiply the Laplace transform of this input by the transfer function, the result is
the Laplace transform of the response to a unit sinusoid. The real part of the result will
be the Laplace transform of the response to a unit cosine input, and the imaginary part of
the result will be the Laplace transform of the response to a unit sine input. From any
table of Laplace transforms we find that

exp(ion) = 1/(s—iw) (10.4.15)

Thus, combining Egs. (10.4.13) and (10.4.15), the Laplace transform of the response to a
unit sinusoid is

N(s)
(s—iw)s—A)s—~A2)(s—Ay)

X(s) = G(s)explion) = (10.4.16)

Afier applying Eq. (10.4.12) to Eq. (10.4.16), we find that the time-domain response to a
unit sinusoidal input is

" N exp(Aet)
Xty = Y| = ;
S T e = A0 s | B mi@) (10.4.17)

N N(iw)
(io—A))io— ) iw—13)---(io-1,)

exp(iot)
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Some important observations can be made from Eq. (10.4.17). Here again we see
that the initial response to the control input includes a weighted sum of the homogeneous
solutions that are obtained from the system eigenvalues. The last term in Eq. (10.4.17)
describes a sinusoidal oscillation having the same frequency as the input. If all of the
system eigenvalues are associated with convergent modes, after some time has passed,
each of the homogeneous solutions will go to zero. Thus, the last term in Eq. (10.4.17) is
the steady periodic response to a unit sinusoidal input. This is a sinusoidal output having
the same frequency as the input but with different amplitude and phase.

Notice by comparing the transfer function in Eq. (10.4.13) with the response
predicted by Eq. (10.4.17) that the steady periodic solution can simply be written as

x(t) = Giw) exp(iot) (10.4.18)

The function G(iw) is called the complex amplitude and is simply the transfer function
evaluated at s=i®. In general, G(iw) is a complex number that can be expressed in terms
of amplitude and phase, just as we did with the eigenvectors in Chapter 8. The
magnitude of G(iw) is calied the gain and is simply the ratio of the response amplitude to
the input amplitude. When the input frequency w is zero, Eq. (10.4.17) reduces to the
step response. Thus, G(0) is called the static gain and |G(iw)|/|G(0)| is called the
dynamic gain. Figure 10.4.6 shows how the dynamic gain varies with frequency and
damping ratio for a second-order system.
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Figure 10.4.6. Dynamic frequency response for a second-order system.
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Curves like those shown in Fig. 10.4.6 are commonly called frequency-response
curves. A second-order linear-invariant system, like that used for Fig. 10.4.6, has only
one undamped natural frequency and will exhibit at most one resonance peak. Higher-
order linear-invariant systems, such as those associated with aircraft controls, typically
have multiple natural frequencies and will commonly exhibit multiple resonance peaks.
The examination of frequency-response curves for aircraft controls is left as an exercise
for the student.

Autopilots and Automatic Control

The concept of transfer functions and the Laplace transform description of system
dynamics are employed extensively in the application of classical automatic control
theory to the design of autopilots and aircraft stability augmentation systems. To study
autopilot design successfully, the student would need a good background in the
fundamentals of automatic control theory as well as flight mechanics. At least one
undergraduate engineering course in control theory would typically be needed to provide
the minimum essential background. A detailed treatment of automatic control theory is
not within the intended scope of this textbook. However, a few words on automatic
control may help the interested student to decide whether or not additional coursework
along these lines would be in order.

The important and exciting field of automatic control theory is commonly divided
into two very broad areas, which are traditionally called classical control theory and
modern control theory. The term “modern” control theory can be misleading, because it
seems to imply that classical automatic control theory is obsolete and no longer used.
This is not the case. To fully understand the design of autopilots and aircraft stability
augmentation systems, an engineer would need to understand both the classical and
modern approaches to automatic control.

Classical automatic control theory is based on the frequency-response method and
utilizes the Laplace transforms and transfer functions that were briefly introduced in this
section. As we have seen in Eq. (10.4.10), knowledge of the transfer functions depends
on knowledge of the system’s eigenvalues. Thus, the reader may begin to see why
closed-form approximations for these eigenvalues would be of value in autopilot design.
If the reader has made only a cursory attempt to follow the material that was presented
here, he or she may have the false impression that Laplace transforms and transfer
functions are very complicated and difficult to understand. However, if an honest
attempt is made to follow these mathematical developments, most readers will see that
describing system dynamics through the use of Laplace transforms and transfer functions
is remarkably simple. In fact, the primary advantage of the classical approach to
automatic control theory is the great simplification in the mathematical description of
system dynamics that is afforded by the Laplace transform.

Modern automatic control theory, which is sometimes referred to as the state space
approach, has its origins in the early 1960s with the development of the high-speed
digital computer. With this approach, system dynamics is expressed directly in terms of
a system of first-order linear differential equations, like those presented in Chapter 7 for
aircraft dynamics. One significant advantage of this approach to automatic control has
been the application of numerical optimization algorithms to the development of what is
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commonly called optimal control theory. Modern automatic control is mathematically
quite similar to digital flight simulation. Thus, an understanding of the material to be
covered in Chapter 11 should be helpful in a later study of automatic control theory.

For many years autopilots have been used to relieve human pilots of the monotonous
task of maintaining attitude and heading during long periods of steady level flight.
Stability augmentation systems have long been used to enhance the handling qualities of
airplanes and provide maneuverability that would otherwise be unattainable. Today the
application of automatic control theory to the world of aviation goes far beyond these
traditional applications. Totally autonomous flight is now an attainable reality. Recent
developments of extremely small electromechanical systems are making flight on a very
small scale possible and practicable. The next 50 years will surely see some very
exciting advancements come out of the marriage between the disciplines of flight
mechanics and automatic control theory.

If a student finds the topic of autopilots and aircraft stability augmentation systems to
be of particular interest, he or she is encouraged to pursue this interest further with formal
coursework on automatic control theory. The starting point would typically be the first
undergraduate engineering course in automatic control. If interest continues, this
introductory class should be followed with courses on digital and optimal control. These
three classes, combined with a thorough background in fluid mechanics, aerodynamics,
and flight mechanics, should find the engineering graduate well prepared to contribute to
this exciting field.

10.5. Nonlinear Effects and Longitudinal-Lateral Coupling

It should be reemphasized that all of the material on aircraft handling qualities and
control response that has been presented in this chapter is based on the linearized
equations of motion with negligible coupling between the longitudinal and lateral degrees
of freedom. Such results are restricted to low-angle-of-attack flight with relatively small
departures from equilibrium. These results are also restricted to aircraft and operating
conditions having little or no inertial, gyroscopic, or aerodynamic coupling between the
pitch axis and the roll or yaw axes. While these conditions are satisfied for many
airplanes and operating conditions, there are also important cases for which these
approximations are not valid.

In Sec. 9.8, the longitudinal-lateral coupling resulting from inertial, gyroscopic, and
aerodynamic asymmetry was discussed. Since coupling of this type has first-order
components, it can affect aircraft handling qualities even during gradual maneuvers at
low angles of attack. While these effects are not accounted for in the handling quality
predictions presented in this chapter, they are of significant interest, particularly in some
military application where substantial aircraft asymmetry can be encountered.

Handling qualities during very rapid maneuvers have also been ignored in this
chapter. Even in a completely symmetric airplane, during very rapid maneuvers, second-
order inertial coupling between roll and pitch (Secs. 7.9 and 9.8) can significantly alter
control response and aircraft handling qualities. The analytical treatment of such
phenomena requires numerical solution of the nonlinear equations of motion, which is
discussed in Chapter 11.
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Today, aircraft control and handling qualities at angles of attack beyond stall are of
significant interest. For a combat aircraft, high turning rates are very critical to mission
effectiveness. The maximum turning rate that can be achieved in a conventional turn is
severely limited by the load factor that can be endured by an aircraft and pilot. Turning
rates at low load factor can be increased substantially if the aircraft is capable of
controlled flight at angles of attack well beyond stall. The cobra maneuver, which is
shown in Fig. 3.9.7, is one example of how high turning rate can be achieved in such
aircraft. An aircraft capable of such maneuvers has a decisive tactical advantage over an
airplane that is limited to conventional turns. Because conventional airplane control
surfaces become ineffective at angles of attack beyond stall, alternative methods of
control have been developed for high-angle-of-attack flight. These include thrust
vectoring, actuated forebody strakes, and forebody blowing and suction. Because flight
dynamics becomes highly nonlinear at angles of attack beyond stall, the methods
presented in this chapter do not apply. Here again, the numerical solution techniques
presented in Chapter 11 provide a good alternative for the analytical investigation of such
phenomena.

10.6. Problems

10.1. For the airplane and operating conditions in problem 9.47, compare the predicted
dynamic response with the frequency and damping requirements presented in
Sec. 10.3. What level of handling qualitics should be expected for this airplane
and operating conditions, based on the dynamic response modes?

10.2. For the airplane and operating conditions in problem 9.48, compare the predicted
dynamic response with the frequency and damping requirements presented in
Sec. 10.3. What level of handling qualities should be expected for this airplane
and operating conditions, based on the dynamic response modes?

10.3.  For the airplane and operating conditions in problem 9.49, compare the predicted
dynamic response with the frequency and damping requirements presented in
Sec. 10.3. What level of handling qualities should be expected for this airplane
and operating conditions, based on the dynamic response modes?

10.4. For the airplane and operating conditions in problem 9.50, compare the predicted
dynamic response with the frequency and damping requirements presented in
Sec. 10.3. What level of handling qualities should be expected for this airplane
and operating conditions, based on the dynamic response modes?

10.5. For the airplane and operating conditions in Example 10.4.3, find the angle-of-
attack transfer function for response to elevator deflection.

10.6. From the transfer function obtained in problem 10.5, find the Laplace transform
of the angle-of-attack component of the state variable response vector for a unit
step change in elevator deflection.
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10.7.

10.8.

10.9.

10.10.

10.11.

10.12.
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From the Laplace transform acquired in problem 10.6, obtain a time-domain
expression for the angle-of-attack response to a negative 1-degree step change in
elevator deflection. Using this expression, plot the angle of attack as a function
of time.

For the airplane and operating conditions in Example 10.4.4, find the sideslip
angle transfer function for response to rudder deflection.

From the transfer function obtained in problem 10.8, find the Laplace transform
of the sideslip angle component of the state variable response vector for a unit
step change in rudder deflection.

From the Laplace transform acquired in problem 10.9, obtain a time-domain
expression for the sideslip angle response to a 1-degree step change in rudder
deflection. Using this expression, plot the sideslip angle as a function of time.

From the transfer function obtained in problem 10.5, examine the angle-of-attack
frequency response for sinusoidal variation in elevator deflection. Plot the
dynamic gain as a function of input frequency.

From the transfer function obtained in problem 10.8, examine the sideslip angle
frequency response for sinusoidal variation in rudder deflection. Plot the
dynamic gain as a function of input frequency.



Chapter 11
Aircraft Flight Simulation

11.1. Introduction

In Chapter 7, the six-degree-of-freedom (6-DOF) rigid-body equations of motion for an
aircraft in flight were developed in terms of Euler angles. This Euler angle formulation
was then linearized, and in Chapters 8, 9, and 10, we examined some aspects of aircraft
dynamics as predicted from the linearized formulation. However, there are many
applications in the discipline of flight dynamics to which the linearized equations of
motion do not apply. For such applications, we must return to a fully coupled nonlinear
formulation. For this purpose, the Euler angle formulation developed in Chapter 7 could
be used. However, as we shall see, this is not the best alternative.

The Euler angle formulation contains a singularity known as gimbal lock, which is
encountered when the nose of the airplane is pointed either straight up or straight down.
While this singularity is of no concern when simulating the flight of most conventional
airplanes under typical operating conditions, it does limit the general utility of a flight
simulator based on the Euler angle formulation. In addition, the Euler angle formulation
has significant computational disadvantages compared to other formulations that have
been developed for flight simulation. In this chapter we compare some of these alterna-
tive formulations. Emphasis is placed on what is called the guaternion formulation,
which has substantial advantages over the Euler angle formulation. For example, the
computation time required for vector transformation using the Euler angle formulation is
about 11 times that required with the quaternion formulation.

For simulating aircraft motion, Newton's second law is written in terms of a non-
inertial coordinate system fixed to the aircraft. Position and orientation are described
using a coordinate frame fixed to the Earth, which for all practical purposes is an inertial
coordinate system. The location and orientation of the noninertial frame relative to the
inertial frame specify the aircraft’s position and orientation. The noninertial or body-
fixed coordinates are designated (x;, ys, z») and the inertial or Earth-fixed coordinates,
which have been used to this point in the text, are denoted (x5 5 z). The orientations of
these two Cartesian coordinate systems relative to the Earth and the aircraft were shown
in Fig. 7.1.2. The flat-Earth coordinate system (xz; yy, z,) can only be used for relatively
short flights that do not traverse a significant portion of the Earth’s surface. For longer
flights, position is described in terms of latitude, longitude, and altitude.

To develop a complete 6-DOF formulation for flight simulation, some means of
transforming the components of a vector between noninertial and inertial coordinates is
required. The equations used for this purpose are called the kinematic transformation
equations. For a complete review of the literature on the mathematical formulations that
have been used for aircraft kinematics the reader is referred to Phillips, Hailey, and
Gebert (2000 and 2001). Much of the material presented in this chapter was taken
directly from these references. The reader is cautioned that the equations in the 2001
Journal of Aircraft paper contain numerous typesetting errors, which are not found in the
2000 ATAA meeting paper or in the material presented in this chapter.

867
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11.2. Euler Angle Formulations

The orientation of the noninertial reference frame relative to the inertial reference frame
can be described in terms of three consecutive rotations through three body-referenced
Euler angles. There are 12 possible ways to define three independent body-referenced
Euler angles. Starting from the inertial reference frame, three consecutive rotations are
performed, each about one of the three body-referenced axes, to arrive at the final
noninertial reference frame. The only restriction required to provide three degrees of
freedom is that no two consecutive rotations can be about the same axis. With this
restriction, there are six symmetric sets of Euler angles,

and six asymmetric sets,

Px > Qy = Px, Px > QP —> Px,
Py > Px > Py, Py > @, —> @y,
Pz > Px > Pz, P D> Py D@,

Py > Py > P,
Py = Px 2 Pz,
Pz > P > Py,

Px D> Pz D> Py,
(/7y _)gof.' __)gox,

Pz > Py > Py

Tandon (1978) presents the rotation matrix for each of the 12 sets of Euler angles. Any
of these 12 Euler angle sets can be used for attitude representation. For example, in the
field of orbital mechanics the g.—@,— @, sequence is typically used. The aeronautics
community commonly uses the last of the rotation sequences above, ¢,—>@,—@,. These
three Euler angles, commonly written w, 6, and ¢, are, respectively, the azimuth angle,
elevation angle, and bank angle, which were described in detail in Sec. 7.3 and shown in
Figs. 7.3.1 and 7.3.2.

With these common Euler angle definitions, in Sec. 7.3 we considered an arbitrary
vector v having components (vy, vy, vz) in the inertial coordinate system and having
components (Vy,, Vy, Vz,) in the noninertial coordinate system. Using the shorthand
notation S, = sin(y) and C, = cos(y), the transformation of the components of this vector
from inertial coordinates to noninertial coordinates was found to be

Vi, [1 0 o0fcCo 0 -Se[C, S, 0][v,
v, b =10 Cs Sg| 0 1 0 |-5, C, 0y,
Vz, _O —S¢ C¢ Sg 0 CQ 0 0 1_ VZ,.
or
Vi [ CoCy CoS, —So |[vy,
Vy, ¢ = S¢S9CV, —C¢S,/, S¢SQS¢, +C¢Cy, S¢Cg Vy, (1 121)
vz, _C¢SHCU, +S¢SV, C¢SHSW —S¢CW C¢Cg_ Vz,
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The inverse of the transformation matrix in Eq. (11.2.1) is its transpose, which gives

vy, CoCy S4SoCy —CsSy CsSaCy +54S, ] s,
Vy, ¢ = CHSW S¢SQS,// + C¢Cw C(pSgSV, _S(bcy/ Vy, (1 122)
sz —Sg S¢C9 C¢C9 Vaz,

Since Newton's second law is written in terms of the noninertial coordinate system,
the gravitational force must be expressed in terms of noninertial coordinates. Applying
Eq. (11.2.1) to the weight vector, we found that

W, CoCy CoSy -Sp [0
VVyh = S¢S{)CW —C(/;S,/, S¢SQSW +C¢CW S¢C9 0
th quSgC(// + S«;SV, C¢SgSy/ —S¢Cu/ C(ng w
or
WX}, _S9
W+ = = W{SsCo (11.2.3)
w., CyCo

Similarly, from Eq. (11.2.2), the ground speed was related to the airspeed and wind by

).Cf wa/ CgC‘// S¢S5Cu, - C¢S,// C¢)S(7C,// + S(])S(/, u
)./f = VW,V,/ + CgSu, S¢SHS,/, + C¢Cl// C¢S0SV/ - S(pcu, U (1 1.2.4)
Zr sz, -Ss S¢C,9 C¢;Cg w

Using these same Euler angle definitions, we found that the relationship between the
body-fixed angular rates and the time rate of change of the Euler angles is

é 1 S4S9/Co CySe/Cy |[p
6y =10 Cy — Sy g (11.2.5)
1/7 0 S¢/C9 C¢/C9 ¥

In terms of this particular set of Euler angles, Eqs. (11.2.4) and (11.2.5) provide the
kinematic transformation equations, which are needed to update the position and
orientation of the aircraft with time. The gimbal lock singularity is seen in the last two
terms of the first and last rows of Eq. (11.2.5). Likewise, a similar set of kinematic
transformation equations can be developed for any one of the other 11 Euler angle sets.
However, in no case will a singularity-free formulation result. One possible means to
avoid the singularity associated with an Euler angle formulation is to use two different
Euler angle formulations, which have their singularities located at different orientations.
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As the singularity associated with one formulation is approached, the computation
algorithm is switched to the other formulation. While this avoids the gimbal lock
singularity, for reasons of computational efficiency, it is not the best solution.

11.3. Direction-Cosine Formulation

The direction-cosine matrix can be formed from any of the symmetric or asymmetric
Euler angle sets. For example, the matrix on the right side of Eq. (11.2.1) is a direction-
cosine matrix. One way to avoid the singularity in Eq. (11.2.5) is to treat the nine
components of this matrix as a fundamental description of orientation. The elements of
this matrix are called the direction cosines. 1f these nine direction cosines are known, the
components of an arbitrary vector in body-fixed coordinates are quite simply related to
the components of the same vector in inertial coordinates through the definition of the
direction-cosine matrix, [C],

Vi Cu Cu Gy,
Vy, = Cz] sz C23 Vy/ (1 131)
v, Gy Gy Gz || ve,

and the gravitational force vector, expressed in body-fixed coordinates, is

W\’h C13
W, + = W{Cs; (11.32)
Wz;, C33

The inverse of the direction-cosine matrix is simply its transpose, so the ground speed is
related to the airspeed and wind by

Xr Vi, | |Gt Car Gay || u
Vip =3V, ;1] C2 Co Cip 3o (11.3.3)
Zy Vi, Cz Gz Gz | |w

When the body-fixed reference frame is undergoing rotation, the elements of the
direction-cosine matrix are functions of time. To complete the kinematic formulation in
terms of direction cosines, a set of differential equations relating the temporal derivatives
of the nine elements of the direction-cosine matrix to the body-fixed angular rates is
required. These nine equations, known as Poisson’s kinematic equations, can be written
in matrix form as

Ci Co G 0 »r —q|lCi Cao Cp
Cau Cn Cu|=|-r 0 plCi Cn Cn (11.3.4)
Cy Cn Cxy qg —-p 0]|G Cn Cx
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It should be noted that there is no standard convention for numbering the direction
cosines. Here, the numbering in Eq. (11.3.1) has been defined relative to the forward
transformation, from Earth-fixed coordinates to body-fixed coordinates. This is the most
commonly used notation. However, other authors have numbered the direction cosines
relative to the inverse transformation, from body-fixed to Earth-fixed coordinates. One
notation is simply the transpose of the other. Nevertheless, the reader should be careful
to observe which of these notations is being used when reviewing a publication or
simulation code.

There are only three degrees of freedom associated with orientation. However, there
are nine components in the direction-cosine matrix. Thus, these nine components cannot
be independent. There must be six levels of redundancy associated with this formulation.
It can be shown that rigid-body rotation is a proper orthogonal transformation.
Therefore, the direction-cosine matrix must be proper orthogonal, which means that the
inverse of the direction-cosine matrix must be its transpose, [C]™ = [C). This requires
the constraints

Cli+C3 +C3y =1,

Ch+Ch+Ch =1,

C+CH+Ch =1, (11.3.5)
C1iCiz + C1C + C51C3; = 0,
ChCi3 + CCa3 +C31C33 =0,
Ci2Ci3 +CCr3 + C32C33 =0

These six constraints are usually called the redundancy relations. Mathematically, the
relation in Eq. (11.3.4) preserves the orthogonality of the direction-cosine matrix.
However, errors associated with the numerical integration of Eq. (11.3.4) can cause
degradation in the orthogonality of the matrix. Furthermore, these orthogonality errors
can build up with time during the simulation. A method for avoiding this error buildup
with the direction-cosine formulation was first developed by Corbett and Wright (1957)
and is still commonly used today.

The direction-cosine formulation contains no singularities and is frequently used by
the aeronautics community to avoid the possibility of gimbal lock. However, numerical
integration of Eq. (11.3.4) is excessively time-consuming and a computational penalty is
paid for its use.

11.4. Euler Axis Formulation

The orientation of the noninertial reference frame relative to the inertial reference frame
can also be described in terms of a single rotation through an angle, @, about a particular
axis, E, which is commonly called the Euler axis or the eigenaxis. This description of
orientation was first introduced by Euler (1775). A comparison between this Euler axis
rotation and the three Euler angle rotations that are commonly used by the aircraft
community is shown in Fig. 11.4.1.
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Figure 11.4.1. Comparison between the Euler angle rotations and the Euler axis rotation.
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The Euler axis rotation gives rise to a four-component description of orientation.
The four components in this description are the total rotation angle, &, and the three
components of a vector directed along the Euler axis, E,, E,, and £.. Since these four
parameters describe an orientation having only three degreeé of freedom, there is some
redundancy in the Euler axis description. By describing orientation in this manner, a
fourth mathematical degree of freedom has been introduced. Clearly, the length of the
vector describing the orientation of the Euler axis is arbitrary. To remove this additional
mathematical degree of freedom, a constraint must be applied to fix the magnitude of the
Euler axis vector. While this constraint is somewhat arbitrary, the usual and most
obvious solution is to require the Euler axis vector to be of unit magnitude,

EI+E;+E; =1 (11.4.1)

During the Euler axis rotation, the orientation of the Euler axis is invariant. Thus, the
vector, E, has the same components in both inertial and noninertial coordinates,

E Xy E Xp E X
E,, E, +=1{E, (11.4.2)
E., E., E.

The components of an arbitrary vector, v, in body-fixed coordinates are related to the
components of the same vector in Earth-fixed coordinates through what is commonly
called Euler’s formula,

Vi, Exx + C@ Exy + E:SO Exz - EVS(-) Vi,
Vye (= Exy - E:So Eyy +Co Eyz +ESo Vy, (11.4.3)
Vs, E + E}*S@ Ey: -E.Se E..+Co Vo,

where E;=EE (1 - Cp). The inverse of the transformation matrix in Eq. (11.4.3) is
obtained by simply rotating through the negative of the total rotation angle that is used in
the forward transformation (i.e., change the sign of each sine),

Vx, Ex.\‘ + C@ E.xy - E:S@ Ex: + E}'S@ Vx,
vy, t = |Eq+E-Se En+Co En—ESo |{vy (11.4.4)
Vz, E.\': _E}’S@ Eyz +ExS(~) E-- +C0 vz,

From Eq. (11.4.3) the weight vector in noninertial coordinates is

W\’h Exz - EySG)
Wyt = WiE: +ESe (11.4.5)
th E:: + CO
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and from Eq. (11.4.4), the ground speed can be related to the airspeed and wind by

Xr waf Ex+Co Ey—E.So E.+ E,Se ||u
Yrr = waf + Ewt+ESe E,+Co E,-ESe |5v (11.4.6)
Zy szf Exz-EySG E.+ESo E,+Co w

The relationship between the noninertial angular rates and the rate of change of the Euler
axis rotation parameters is given by

o 2E, 2E, 2E,

E. EL+C/S Ey~-E. Ewn+E

ol I / A w (11.4.7)
E,[ 2| Ey+E, En+C/S E.-E,

E, E.-E, E.+E. E.+C/S

where Ej; =—E.E; C/S, S=sin(6/2), and C=cos(6/2). Equations (11.4.6) and (11.4.7)
are the kinematic transformation equations in terms of the Euler axis rotation parameters.
Notice that Eq. (11.4.7) also has a singularity. When the total rotation angle, @, is zero or
180 degrees, the integration of these equations is indeterminate.

The singularity in the Euler axis formulation is particularly problematic in airplane
flight simulation, because it occurs when the fuselage axis is level with the ground and
the aircraft is headed either due north or due south. These aircraft orientations are much
more likely to occur in normal flight than the vertical orientations that give rise to the
gimbal lock singularity associated with the traditional Euler angle formulation. For this
reason, the Euler axis formulation is never directly applied to flight simulation. The
primary reason for examining the Euler axis formulation is that it can be used with a
change of variables to develop another formulation that is singularity free.

11.5. The Euler-Rodrigues Quaternion Formulation

The Euler-Rodrigues formulation is related to the Euler axis formulation through a simple
change of variables. The four parameters in the Euler axis description of orientation are
used to define four different parameters, which are significantly more convenient. These
four new parameters are defined as

€ cos(0/2)

ex| _ |Ex sin(@/2) (115.1)
e,|  |E,sin(@/2) o
e, E. sin(©/2)

These four parameters, known as the Fuler-Rodrigues symmetric parameters or the
quaternion of finite rotation, form the basis of a very widely used description of
orientation and rigid-body rotation. The Euler-Rodrigues formulation for rigid-body



11.5. The Euler-Rodrigues Quaternion Formulation 875

kinematics was developed well before 1844, when the well-known mathematician
William R. Hamilton first developed the quaternion and the detailed theory of a
noncommutative algebraic system known as quaternion algebra (see Hamilton 1844).
Much has been written about the life of Hamilton and his moment of enlightenment
concerning quaternion formulas while crossing a bridge with his wife (see Graves 1975,
Hankins 1980, and O’Donnell 1983). Hamilton, in a letter to his son, noted that he could
not resist the impulse to carve the fundamental quaternion formula into the stone on the
bridge. However, it is clear that Hamilton did not develop quaternion algebra as a means
of describing rotational transformations.

The brief review of the history of the Euler-Rodrigues formulation that is presented
here is taken primarily from Altmann (1986 and 1989), Shuster (1993), and Cheng and
Gupta (1989). An early work of Euler (1758) showed that any differential movement of a
rigid body can be expressed as a translation and a rotation about some specific axis.
Euler’s theorem on the motion of a rigid body and Euler’s formula were both published
in 1775. The first publication of the derivation of the Euler angles is commonly reported
as being in 1862. Although the work was published posthumously, the date is probably
in error, as Euler died in 1783.

Whether or not Euler knew of the Euler-Rodrigues symmetric parameters is a subject
of some debate. Euler (1770) did develop four symmetric parameters for orthogonal
transformations (without the use of half angles). Roberson (1968) and Jacobi (1969)
argue that Euler had presented a rotation matrix in terms of the so-called Euler-Rodrigues
parameters. Shuster (1993) notes that the symmetric parameters developed by Euler in
the 1770 paper contained sign errors and formed an improper orthogonal matrix. It is
important to note that Euler viewed a matrix as a table. The matrix as a mathematical
object would not evolve until vector space was studied by Grassman (1862 and 1878) and
Gibbs (1901). As a side note, Hamilton (1884) worked out the chief properties of vectors
in his investigation of quaternion algebra (see Boyer and Merzbach 1989).

Four years before Hamilton began his algebraic study of quaternions, Olinde
Rodrigues (1840) published his work on the Euler-Rodrigues symmetric parameters, the
rules for the compositions, and a geometrical construction for combining two rotations.
Unlike Hamilton, whose accomplishments are well documented, the only detailed
published article on Rodrigues did not appear until Gray (1980). Some additional
historical details can be found in Van der Waerden (1985), Kline (1972), Crowe (1967),
and McDuffee (1946).

There is no universal agreement on the choice of indices for the Euler-Rodrigues
symmetric parameters. Most authors use the indices 1 through 4 or 0 through 3. Some
authors have chosen indices 1 through 3 for the vector components while using 4 as the
scalar index, whereas others have used 1 for the scalar index and 2 through 4 for the
vector components. The scalar index has also been chosen as 0, with indices 1 through 3
denoting the vector components. There is not even universal agreement on the order of
the vector components. Whereas most authors assign the x-, y-, and z-components in
ascending order, some authors have used 4 to denote the x-component, 3 for the y-
component, and 2 for the z-component. To avoid confusion in this text, the vector
components are explicitly labeled using the subscripts x, y, and z, while a 0 subscript is
used to denote the scalar component.



876 Chapter 11 Aircraft Flight Simulation

Since the four parameters defined by Eq. (11.5.1) uniquely describe an orientation
having only three degrees of freedom, these four parameters must be related in some way.
This relation is easily seen by squaring the four components of Eq. (11.5.1) and adding
them together. This gives

ef +el+el+el = cos?(O)2)+(EI +E; +EZ)sin’(0/2) (11.5.2)

Since the Euler axis vector, E, is a unit vector and cos’(@/2) + sin’(@/2) = 1, it follows
directly that

ef +eltesrel =1 (11.5.3)

The transformation expressed in Eq. (11.4.3) can be written in terms of half the

total rotation angle by applying the trigonometric identities, sin(@®) = 2sin(&/2)cos(&/2),

cos( @) = cosX(@/2)-sin*(@/2), and 1—cos( @) = 2sin*(@/2). Thus, with shorthand notation
S=sin(@/2), C=cos(O/2), and E; = 2E,-E,»SZ, Eq. (11.4.3) can be rewritten as

Eq+C*-8* Eo+2E,SC E.-2E,SC |[v,

Vxi r
Vy t = | Eq—2E.SC E,,+C*>-8% E, +2E.SC |{v,, (11.5.4)
v, E.+2E,SC E, -2ESC E.+C*-S*||v.,

Recognizing that E;=2ee; and S?=(E: + Eﬁ +ENHS? = e’ +e§ +e?, after applying
Eq. (11.5.1) to Eq. (11.5.4), we obtain

2,2 2 2
Vi, ex +ej—ey,—er  2(ee, +ezen)  2(exe; —epeg) ||Vx,
Vi, ¢ = | 2(exe, —ezeg) ef + eg ~ef —ef 2(eye; +exey) |{Vy, (11.5.5)

5

2(ece; +e,eq) 2(eye; —exep) ez2 + eg —e,% —ey || vz

The inverse of the transformation matrix in Eq. (11.5.5) is

2,2 2 2
Vi, ex +ej—ey —e;  2(ece, —ee)) 2(ece; +eveq) ||Vvx,
vy, = 2(ece, +ez€p) ei + eé - ef - eZ2 2(eye- —exeq) 1qVy, (11.5.6)
2,2 2 2
vz, 2(eve: —eyep) 2eye; +exep) er +ey—er—ey || Vs,

The transformation equation given by Eq. (11.5.5) can be used to obtain the gravitational
force vector in body-fixed coordinates,

W\’/, 2'(e)rez - eyeO)

W, b = Wi 2eye. +eceq) (11.5.7)

Vb
2,2 2 2
w., ez +ey —ey —e
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and from Eq. (11.5.6), the ground speed is related to the airspeed and wind by

. 2, 2 2 2

Xy Viex, extey—ey—ei  2ewe,—eey) 2ee:tepe) || U

Vit = Wy, t ) 2ewe, +ee) eltef—ei—el  2ee.—ew) |{v¢ (11.5.8)
Zy Vi, 2ece; —epep)  2(eve; tevey) ef + eé - e,% - 6‘)2, w

The time rate of change of the Euler-Rodrigues symmetric parameters can be related
to the time rate of change of the Euler axis rotation parameters. Simply differentiating
Eq. (11.5.1) with respect to time produces

€0 —sin(@/2) 0

e.'x _ E, cos(0/2) Q+ E.X 31.n(@/2) (115.9)
éy E,cos(0/2); 2 |E,sin(0)2)

é. E. cos(6/2) E. sin(6/2)

Using Eq. (11.4.7) to express the time rate of change of the Euler axis rotation parameters
in terms of the noninertial angular rates, Eq. (11.5.9) can be written as

éo -E.S -E.S -E.S
el 1| ¢ -Es Es||f
= — : (11.5.10)
éy 2 EzS C _EXS
é, -E.S ES C
or after applying Eq. (11.5.1),
€ —€x —€» —é€
€ e —e€. € P
Lo Lo TS, (11.5.11)
éy 2 e. e —e
éz —€y €y €q

Because Eq. (11.5.11) is linear in both the noninertial angular rates and the Euler-
Rodrigues symmetric parameters, it can also be written as

éy 0 —p —q —-rile

éx_lpO roo—q||ex

= 11.5.12
ey 2lg -r 0 p|ley ( )

é; r g —-p 0 jle

Equation (11.5.8) and either Eq. (11.5.11) or Eq. (11.5.12) provide the kinematic trans-
formation equations in terms of the Euler-Rodrigues symmetric parameters.
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Robinson (1958) described the advantages of the Euler-Rodrigues quaternion for-
mulation over the Euler angle or the direction-cosine formulation almost 50 years ago.
Most of his observations, obtained on analog computers, are still valid in today’s digital
world. When the Euler elevation angle, &, is £90°, the Euler angle integration becomes
indeterminate. Despite the singularity, the Euler angle formulation is widely used
because the three Euler angles have the simple interpretation of heading, elevation angle,
and bank angle. The Euler-Rodrigues formulation is free of singularities. However, the
physical interpretation of the quaternion is much less intuitive than that associated with
the Euler angles. In a mathematical study, Stuelpnagel (1964) considered parameter-
ization of a general three-parameter rotation group, four-parameter rotation group, and
five- and six-parameter groups. He proves that the three-parameter rotation group always
leads to nonlinear kinematic equations and that the Euler-Rodrigues symmetric
parameters represent the smallest number of parameters (four) with linear kinematic
equations. Errors associated with numerical integration of the kinematic equations for
attitude have been characterized for both the quaternion and the direction-cosine
parameterizations, and the superiority of the quaternion parameterization is well
documented. Another advantage of the Euler-Rodrigues formulation is the application of
Kalman filtering to quaternion estimation (see, for example, Shuster 1993).

A very significant advantage of the quaternion formulation over either the Euler
angle formulation or the direction-cosine formulation is increased computational speed.
Numerical integration of the nine component direction-cosine formulation is excessively
time-consuming compared with the four component Euler-Rodrigues formulation. The
trigonometric functions in the Euler angle transformation matrix make simulations that
use this nonlinear formulation much more computationally intensive than those using the
linear equations of the quaternion formulation. Furthermore, the computational
advantage of the quaternion formulation can be extended even further through use of
Hamilton’s quaternion algebra. While the Euler-Rodrigues formulation was originally
developed before quaternion algebra was conceived, the most computationally efficient
algorithms are in fact based on this mathematical rule set, which was first introduced by
Hamilton (1844). To demonstrate this computational advantage, a brief introduction to
quaternion algebra is presented here.

11.6. Quaternion Algebra

A general quaternion, {Q}, is defined as
{Q} = Qo+ QO +0Qyiy + 0. (11.6.1)

where Oy, Q., O,, and Q. are scalars and iy, i, and i. are unit vectors in the Cartesian
x-, y-, and z-directions, respectively. A quaternion has both vector and scalar properties.
Vectors and scalars can be thought of as special cases of the more general quaternion. A
scalar is a quaternion with Q,, Q,, and Q. equal to zero and a vector is a quaternion where
0O, equals zero.

For quaternion multiplication, a procedure called the quaternion product is defined.
Since a vector is a special case of a quaternion, care should be taken to distinguish the
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quaternion product from either the dot product or the cross product. Here, the quaternion
product will be indicated using the operator ® The quaternion products of the usual
Cartesian unit vectors are defined according to the following rule set:

i, ®i,=-1, i,®i,=i., i,®i =i,
i, ®i,=-i,, i,®i,=-1, i,®i.=i,, (11.6.2)
i.®i, =i, i.®i,=-,, i.®i =1

The quaternion product simply follows the distributive law. Thus, the quaternion product
of one quaternion, {A}, with another quaternion, {B}, is

{A}®{B} = (Ao +Aix + 4,0, +4:i,)®(Bo + B, + B,i, +B.i;)
= (AoBy — AB: - 4,B, — 4.B;)
+(AoBx + A:Bo + A B. — 4:B,)i, (11.6.3)
+(AoB, - A, B; + A By + 4;B,)i,
+(AoB; + A:B, — A,B, + A:By)i:

The quaternion products defined in Eq. (11.6.2) are nearly like cross products, following
the right-hand rule. However, special treatment is given to the quaternion product of a
unit vector with itself. It should also be noted that, in general, {A} ® {B} = {B} ® {A},
so the quaternion product is not commutative. Also notice that the quaternion product
reduces to simple multiplication for the special case when either operand is a scalar.
However, it does not reduce to either the dot product or the cross product when both
operands are vectors. In general, the quaternion product of two simple vectors is a four-
component quaternion, equal to the negative of the dot product added to the cross
product,

A®B = —(A4,B, + A,B, + 4,B.)
+(A4,B. — 4,B,)i,
+(A.By — AB.)i,
+(AB, —A,B,)i. = —A-B+AxB

(11.6.4)

Quaternions not only have properties of scalars and vectors, but quaternion algebra
also has similarities to complex algebra. The magnitude of a quaternion is defined
similar to that of a complex number or a vector,

Q)| = Y0} +07+ 02 +0? (11.6.5)

Also, the conjugate of a quaternion is defined as

Q) = 0y~Qiix—0yi, —Q:i, (11.6.6)
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where the asterisk indicates a quaternion conjugate. Using Eq. (11.6.6) with Eq. (11.6.3)
produces

Q®Q) = 03 +02+02+0? = [1QYf} (11.6.7)

Thus, similar to a complex variable, the quaternion product of a quaternion with its
conjugate generates a scalar equal to the square of the magnitude of the quaternion.

The Euler-Rodrigues symmetric parameters can be thought of as the components of a
particular unit quaternion, {€}, having components (e, e, ey, e, ), which uniquely
specifies the orientation of the noninertial coordinate system relative to the inertial
coordinate system. Furthermore, the rotational transformation given by Eq. (11.5.5) can
also be expressed in terms of quaternion products. Let v be an arbitrary vector having
quaternion components (0, vy, v, vz,) in the body-fixed coordinate system and having
quaternion components (0, vy, vy, vz) in the Earth-fixed coordinate system. The
components of v in body-fixed coordinates are related to the components of v in Earth-
fixed coordinates through the quaternion transformation

vy = {e)"®(v, ®{e}) (11.6.8)

Expanding Eq. (11.6.8) using Eq. (11.6.3), the orthogonal transformation can be written
as a two-step process using a temporary quaternion, {T},

(T} = vy ®le} = (v ec=vy, e =vs,e2)

+(vx/ e tvy e "vz/ey)ix,-

. (11.6.9)
+(—vy, e:+v, e0+vy e )iy,
+(vi ey — vy e TV, )iz,
vp = {&) ®{T} = (eTy —eTy—e, T +e.T, )iy,
+(eoT, +e I, —e, Ty —e:Ty)i,, (11.6.10)

+ (eOTz _exrv + eyT.\' _ezTO)izh

From Eq. (11.6.8) and the definitions in Eqs. (11.6.1) and (11.6.6), it is worth noting that
the conjugate of an Euler-Rodrigues quaternion represents the inverse rotation.

The advantage of Eqgs. (11.6.9) and (11.6.10) over Eq. (11.5.5) is a matter of reduced
computation time. The rotational transformation as expressed in Eq. (11.5.5) requires 39
multiplications and 21 additions. On the other hand, computing the same transformation
from Egs. (11.6.9) and (11.6.10) requires only 24 multiplications and 17 additions. This
translates to a significant computational saving. For typical modern computers, the
transformation computed from Eq. (11.5.5) requires about 50 percent greater computation
time than does that computed from Egs. (11.6.9) and (11.6.10). This can be quite
significant in a flight simulator, which requires a very large number of such
transformations for the visual display.
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For aircraft that are not all-attitude vehicles, such as transports, helicopters, and roll-
stabilized missiles, Euler angles are often used to compute attitude because the singu-
larity is not encountered. However, the computational advantage of the quaternion
transformation is even more impressive when compared with the Euler angle transfor-
mation given by Eq. (11.2.1). Even when each trigonometric function in Eq. (11.2.1) is
only evaluated once, the transformation computed from Eq. (11.2.1) requires about 11
times as long to evaluate as the quaternion transformation computed from Egs. (11.6.9)
and (11.6.10). Thus, even ignoring the singularity in the Euler angle formulation, the
quaternion formulation is far superior to the Euler angle formulation, based on
computational efficiency alone.

In the mid-1980s, algorithms were developed, which further reduced the compu-
tation time for quaternion multiplication on the hardware available at that time. For
example, Dvornychenko (1985), based on the work of Winograd (1970 and 1977),
presented two algorithms that were claimed to reduce computation time. The first of
these algorithms requires 11 multiplications and 19 additions. The second requires 10
multiplications and 26 additions. This compares to 16 multiplications and 12 additions
for the conventional quaternion muitiplication described in Eq. (11.6.3). The hardware
available at that time required something on the order of five instruction cycles for
multiplication and only one cycle for addition. Thus, trading five multiplications for
seven additions would result in a significant reduction in computation time, for the
hardware of that era. However, typical modern hardware requires only one instruction
cycle for multiplication and one instruction cycle for addition. Thus, the algorithms that
were developed in the 1980s to speed up quaternion transformations will actually slow
down the transformations when used with today’s hardware. For simulations run on
modern hardware, these old algorithms should be replaced with the more straightforward
algorithm specified by Eq. (11.6.3).

The system of differential equations that governs the change in the transformation
quaternion with time can also be written in terms of a quaternion product. This
differential system, specified by either Eq. (11.5.11) or (11.5.12), can be written as

€ = Lel®an (11.6.11)

where ® is the angular velocity vector in body-fixed coordinates. Writing the quaternion
differential equation in this form provides no computational savings over the matrix form
given by Eq. (11.5.12). From Eq. (11.6.3), it is observed that the quaternion product in
Eq. (11.6.11) requires 16 multiplications and 12 additions. This is exactly equivalent to
that required for the matrix multiplication in Eq. (11.5.12). However, the matrix
multiplication in Eq. (11.5.11) requires only 12 multiplications and eight additions.
Thus, the temporal derivative of the transformation quaternion should always be
computed from Eq. (11.5.11).

Aircraft simulations often deal with more than two coordinate systems. For
example, a single simulation could use an inertial coordinate system fixed to the center of
the Earth, an Earth-fixed coordinate system at the aircraft’s local latitude and longitude,
an atmosphere-fixed coordinate system, and an aircraft body-fixed coordinate system. In
such simulations, it is convenient to be able to efficiently combine a succession of
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coordinate rotations into a single transformation. This is, of course, readily accomplished
when using a direction-cosine transformation by simply multiplying the direction-cosine
matrices for each successive rotation. For example, if [C],, is the direction-cosine
matrix for the transformation from coordinate system 1 to coordinate system 2 and [C},3
is the direction-cosine matrix for the transformation from coordinate system 2 to
coordinate system 3, we can write

[Clis = [Cl2:]Cli2 (11.6.12)

where [C},; is the direction-cosine matrix for the transformation from coordinate system
1 to coordinate system 3. Since matrix multiplication is not commutative, the right-to-
left order of the multiplication is important.

In an analogous manner, a succession of coordinate rotations can be combined into a
single Euler-Rodrigues quaternion by making use of the quaternion product defined in
Eq. (11.6.3). If {€},, is the quaternion for the transformation from coordinate system 1
to coordinate system 2 and {€},.; is the quaternion for the transformation from coordinate
system 2 to coordinate system 3, then the Euler-Rodrigues quaternion for the transfor-
mation from coordinate system 1 to coordinate system 3 is given by

e}z = {eh o ®{er; (11.6.13)

Here again the order of multiplication is important because the quaternion product is not
commutative. Notice that this quaternion product requires a left-to-right order, which
contrasts with the right-to-left order required for direction-cosine matrix multiplication.
The relation given by Eq. (11.6.13) is not obvious from examination of Eq. (11.6.8).
Whittaker (1937) demonstrates the validity of this result.

There is some confusion in the literature regarding the order of multiplication
required when using the Euler-Rodrigues quaternion for a succession of coordinate
rotations. For example, Dvornychenko (1985) presents a right-to-left ordering of the
quaternion product, which is opposite to that shown in Eq. (11.6.13). This is because
Dvornychenko has also used an unconventional quaternion definition, which has the
vector components defined as the negative of those defined in Eq. (11.5.1). The positive
signs used in Eq. (11.5.1) correspond to the conventional right-hand Euler-Rodrigues
quaternion, which is based on a right-hand rotation about the Euler axis. The negative
signs used by Dvornychenko result in a left-hand quaternion, which is not normally used.
When the right-hand Euler-Rodrigues quaternion is used, successive coordinate rotations
are expressed using the left-to-right quaternion product that is shown in Eq. (11.6.13).

11.7. Relations between the Quaternion and Other Attitude
Descriptors

The physical interpretation of the Euler-Rodrigues quaternion is much less intuitive than
that associated with the Euler angles. For this reason it is convenient to be able to relate
the Euler-Rodrigues quaternion to the Euler angles. Such a relation can be obtained by
combining Egs. (11.2.1yand (11.5.5). These two equations require that
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e +ed —eﬁ —e? 2(exe, +ezeq) 2(ece; —eyep)

2(eve, —e:ep) e}z, + eé —eﬁ —ez2 2(eye; +exep)

2(exe; +e,ep) 2(e e, —exep) e? +e3 —eﬁ —e%
- (11.7.1)
CoC, CoS, -8y |

= S¢S,9C,,,-—C¢S,,, S¢S9SW+C¢CW S¢C9
C¢SgCV, +S¢S,/, C¢SQSW—S¢CW C¢C9_

This matrix equation provides nine scalar equations relating the four components of the
Euler-Rodrigues quaternion, {€}, to the three Euler angles, ¢, 6, and y. However, the
nine components of the matrices on both sides of Eq. (11.7.1) each describe a rotation
having only three degrees of freedom. Thus, there are six levels of redundancy in Eq.
(11.7.1). Additionally, Eq. (11.5.3) must also be satisfied, which simply requires {€} to
be a unit quaternion. The three degrees of freedom in Eq. (11.7.1), combined with the
requirement in Eq. (11.5.3), provide exactly the four degrees of freedom needed to solve
for the four components of the quaternion {€}.

Combining the diagonal components of Eq. (11.7.1) with the requirement for a unit
quaternion expressed in Eq. (11.5.3), a 4x 4 system of algebraic equations for the squares
of the quaternion components is obtained,

11 -1 -1]|ed CoCy
1 -1 1 -1 e]% _ S¢S9SV/ +C¢CW (11 72)
1 -1 -1 1 ||e? CyCo
111 1| 1
This system is readily solved by direct elimination to give
eé 1+C,9C,/, +S¢S9SV/ +C¢C9 +C¢C,,,
e% _ l 1—C¢C9 —S¢S9SW —C¢C,,, +C5C,,, (11.7.3)
6}2, 4 I—CQC,/, - C¢C9 + S¢SQSW + C¢Cu, o
6‘22 I—CQCW +C¢C9 —S¢SQSW —-C¢CW
Applying the half-angle identities, Eq. (11.7.3) is written as
| [(CopConCypa +Ss2So12Su12)*
er _ J(842Cep2Cy 2 —Cy2S0p2Su 12 ) (11.7.4)
e (Cp12Sa12Cy 2 +Sg2CopSup2)’
2] |(SpaSap2Cypr —Cop2CopSyp2)’

Each of these component equations has two possible solutions, so the signs are
indeterminate at this point.
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The off-diagonal components of Eq. (11.7.1) may be extracted to produce

[0 0 2 2 0 0](eer CoSy

0 0 -2 20 0||ee, S4S6Cy, —CyS,

0 -2 0 0 2 0f|ege: _ - Sy (11.7.5)
0 0 0 2 0f|ecey CySoCy + 548,

2 0 0 0 2}]ece; S§4Co

-2 0 0 0 0 2]|ee: CySoS, —SsC,

This simple algebraic system is easily solved by adding and subtracting appropriate pairs
of equations. Replacing the first and second equations with their sum and their difference
and doing likewise with the other two pairs of equations results in

epey S3Co —CpSpSy +54Cy

epey CySeCy + 854Sy +So

epe; 1 CoSy —S4S6Cy +CySy (11.7.6)
exey 41CoSy +8559C, —CySy

e.e; CySeCy + 548y —So

eye, S4Co +CySpSy ~S4Cy

Using Eq. (11.7.4) in Eq. (11.7.6) and applying the half-angle identities, the off-diagonal
components of Eq. (11.7.1) reduce to

S()SX(S¢C9 —C¢SQS,/, +S¢CW) S¢Cg —C¢S9SV, +S¢Cu,
505, (CySeCy + 854S, +Sp) CySoCy + 545y, +Sp
505:(~CoS, +54S0Cy ~CoSy)| _ |CoSy=SeSaCutCoSy| 1100
5:5,(CaSy +54S6C, —CySy) CpSy +5450C, —CyS,
5:5:(=C4SeCy — S48, +Sp) CySoC, +S4S, — S
5,5:(=84Co —CySoSy +54Cy) S4Co+CySoSy, —S4Cy

where so, 55, 5,, and s, are the unknown signs of the quaternion components obtained from
Eq. (11.7.4). Thus, the off-diagonal components of Eq. (11.7.1) provide only three
additional pieces of information, sos, =1, so5, =1, and ses,=—1. Using these signs with
Eq. (11.7.4), only two possible solutions to Eq. (11.7.1) exist, which are

€ Cy12Co12Cy 2 + Syj2S6/25y 2

S32Ca12Cy 2 —Cp12S9/2S
€y — #/2L0/20y /2 $/2°6/29y/2 (11.7.8)
ey Co1280/2Cy 2 + Sp2Cop2Sy 2

e: Co12Cop2Syf2 = Sg12502Cy )2
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Both solutions in Eq. (11.7.8) are valid. Any orientation of one coordinate system
relative to another can be described in terms of two right-hand rotations. For example, a
right-hand rotation of 90 degrees about the positive x-axis is equivalent to a right-hand
rotation of 270 degrees about the negative x-axis. The two solutions in Eq. (11.7.8)
represent these two equivalent rotations. Usually, the positive sign is selected.

The inverse of Eq. (11.7.8) is obtained from Eq. (11.7.1) as well. This is rather
straightforward and yields

¢ atan2[2(ege, + €,€; ) (6(% + ezz - eﬁ - eﬁ )
0, = asin[2(ege, —exe: )] (11.7.9)
v atan2[2(epe; +eey), (eg + ef — ef - ez2 )]

The function atan2 in Eq. (11.7.9) is a two-argument arctangent that returns a result in the
proper quadrant, such as the atan2 intrinsic provided in Fortran and C. The two-argument
function is not needed for the elevation angle, 6, because this angle is defined only in the
range —7z/2 to 7/2.

The gimbal lock singularity appears again in Eq. (11.7.9). For example, consider a
due north heading with an elevation angle of —90 degrees and no bank angle, i.e.,

] 0
6 =<-x/2
7 0

Using the positive sign in Eq. (11.7.8), the quaternion representation for this attitude is

e Crya 0.70710678
ex| 0 0
e[ |=Sua  |-0.70710678
e, 0 0

Using these quaternion components in Eq. (11.7.9) to evaluate the Euler angles gives

@ atan2(0.,0.)
f, = 4 asin(-1.)
v atan2(0.,0.)

This returns an elevation angle of —90 degrees. However, both the bank angle and the
heading are indeterminate. This results from the fact that when the elevation angle is
exactly $90 degrees, the Euler angles are not unique. For example, the attitude specified
by a due north heading with an elevation angle of 90 degrees and no bank angle can also
be specified as a due east heading with an elevation angle of —90 degrees and a bank
angle of —90 degrees, i.e.,
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¢ —7/2
6, =<-x/2
v 7f2

Again using the positive sign in Eq. (11.7.8), this set of Euler angles also yields the
quaternion representation

e Cr/aCraCris + 8714872874 0.70710678
ex | _ | =Sx/aCr/aCrpa+ CrjaSujaSaya| 0

e[ | =CuaSujaCrja = SzjaCrjaSnia|  |-0.70710678
e; Cr/aCraSnia — SxjaSzjaCrys 0

When the Euler elevation angle is exactly +90 degrees, the heading angle is completely
arbitrary because the orientation of the x,-axis is fully specified by the elevation angle
alone. Specifying a heading with a +90-degree elevation angle is like specifying the
longitude at the North or South Pole on the Earth’s surface. When the latitude is +90
degrees, there is no need to specify the longitude because each of these two latitudes
alone uniquely describes a point on the surface of the Earth. Thus, longitude is arbitrary
for latitudes of £90 degrees.

Because of gimbal lock, the transformation given by Eq. (11.7.9) cannot be used for
a completely arbitrary Euler-Rodrigues quaternion. Whenever the Euler elevation angle
passes through +90 degrees, the Euler heading and bank angle will each undergo a step
change of 180 degrees. Furthermore, at an elevation angle of exactly +90 degrees the
heading angle is arbitrary and the bank angle can only be expressed as a function of this
arbitrary heading. From Eq. (11.7.8), the Euler-Rodrigues quaternion at gimbal lock is
found to be

€ Co12Cyj2 = 84128y 2 cos(¢/2F y/2)

el _ o 1 SonCupFCopSyp | _ sin(¢/2%y/2) | |«
- 7[/4 - C;r/4 _ s 9 = i?

ey iC¢/2C,/,/2 +S¢/2S,/,/2 iCOS(¢/2+l///2)

e Co12Sy2 ¥ S412Cy 2 Fsin(g/2F y/2)

Using this result, the Euler angles at gimbal lock can be found from the Euler-Rodrigues
quaternion at gimbal lock according to the relation

¢ 2asine, /cos(z/N]tw
g, = +7/2 (11.7.10)
7 arbitrary

Combining Eq. (11.7.9) with Eq. (11.7.10), a generalized algorithm for computing the
Euler angles from the components of an arbitrary Euler-Rodrigues quaternion can be
written as
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if (ege, —exe; =0.5)

P 2asin[e, /cos(z/)}+w
6\ = /2
% arbitrary
if (ege, —eye. =—0.5)
Z ) 2asm[ex/_c7<;;(27r/4)] 4 (11.7.11)
% arbitrary
else
P atan2[2(egey +eye: ), (ef +e2 —er —er)]
oL = asin[2(ege, —exe;)]
atan2[2(epe. +exe, ), (ef +ei —e; —e?)]

Since the heading at gimbal lock is arbitrary, any convenient value may be used.

The Euler-Rodrigues quaternion is also related to the total rotation angle and the
components of the Euler axis vector through the definitions of the Euler-Rodrigues
symmetric parameters,

e cos(0/2)
e | _ E, sin(®/2) (11.7.12)
ey E, sin(©/2) o
e, E. sin(@/2)
The inverse of Eq. (11.7.12) is readily found to be
o 2cos”!(eg)
E, - e, /sin(@/2) (11.7.13)
E, e, [sin(@/2)
E. e- [sin(®/2)

Thus, from the four components of the Fuler-Rodrigues quaternion, the orientation of the
noninertial reference frame with respect to the inertial reference frame can be expressed
as a single rotation about a known axis through a known angle. For nonzero rotation
angles, the three vector components of this unit quaternion compose a vector directed
along the Euler axis. The scalar component of this quaternion is equal to the cosine of
one half the angle of rotation about this axis, in a direction defined by the right-hand rule.
If the scalar component of this quaternion is +1, the orientation of the Euler axis is
indeterminate. However, a scalar component of +1 would indicate a total rotation angle
of zero, making knowledge of the Euler axis unnecessary. It is important to recognize
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that like the Euler axis vector, E, the four components of the unit quaternion, {€}, are the
same in both the inertial and the noninertial reference frames. Thus, a reference frame
need not be specified when referring to the components of this particular quaternion.

During the 1970s the spacecraft community utilized both the direction cosines and
the Euler-Rodrigues quaternion to describe attitude. For example, in space shuttle
steering algorithms the command attitude was computed as a direction-cosine matrix,
whereas the attitude error was more conveniently described as a quaternion. The
quaternion was used to describe the attitude error because of its simpler physical
interpretation. The error axis coincides with the vector part of the error quaternion and
the total error is readily determined from the scalar part. To compute the error
quaternion, the command-attitude quaternion was first extracted from the direction-cosine
matrix. Several other space shuttle flight algorithms also required the determination of an
attitude quaternion from a direction-cosine matrix. Consequently, a number of algo-
rithms have been developed for extracting the quaternion from the direction cosines.
Shepperd (1978) first published the most efficient method. The aircraft and missile
community is still using both the direction cosines and the Euler-Rodrigues quaternion as
attitude descriptors for aircraft flight simulation.

The direction cosines can be expressed in terms of the four components of the Euler-
Rodrigues quaternion by equating the left-hand sides of Egs. (11.3.1) and (11.5.5),

2,2 2 2
Cn Cn Cis ex +ey—e, —e;  2ece, te.e) 2ere;—e,e)
Co Cu Cu| = | 2ee,—e.e0) e5+eh—er—el 2epe, +ee) | (11.7.14)
2,2 2 2
Gy Gy Css 2(exe; +ey60) 2(eyez_ex30) e; tey —ex —ey

Combining the diagonal components of Eq. (11.7.14) with Eq. (11.5.3) provides a 4 x4
system of equations that is readily solved to relate the squares of the quaternion
components to the diagonal components of the direction-cosine matrix,

eg 1+C|]+C22+C33
2 1+Cj~Cyn —-C
el - 1 SRR (11.7.15)
ey 411-Cii+Cp—Cx
e? 1-C1 —C +Cs3
The off-diagonal components of Eq. (11.7.14) can be rearranged to give
eey C—Cx
€€y C31—Ci3
2 Cp-C
el _ 10t (11.7.16)
€xe 4 Cpp +Cyp
exe: G +Ci3
eye; C23 + C32
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The components of the quaternion can be computed, without singularities, from the
direction cosines by using Egs. (11.7.15) and (11.7.16). This is done by first finding the

quaternion component of greatest magnitude from Eq. (11.7.15),

2 2 2 2 2
€max = max(e() »€x,€y,€z )

(11.7.17)

Once the component of largest magnitude has been determined, the quaternion is

computed from one of the following algorithms:

2 2
If €0 = €max »

eo =1+ Cyy +Ca
e =(Cp3 —Cx2)/4ep
e, =(C31 —Ci13)/4eg
e: =(Cia —Cyy)/4ey

2 2
If €y = €max,

+C33/2

Q

)

2 2
If €y = €max,

ey Zi\/l—C” +Coro
eg = (C31 —C13)/4e,

2 2
If e; = efnax,

ey Zi\/1+C1| —Cx» ~C33/2
eg =(Cp3 —Cyp)/4e,
v =(C2 +Cy1)/4ey
2 =(C31 +Ci3)/4e,
—Cy /2
ey =(Ciy +Cyy)/4e,
e: =(Ca +C3y)/4e,
e :i\/l—C“ —Cy» +C33/2

ey =(Cia —Cay)/de.
ex =(C31 +C13)/4e.
y =(Ca3 +Cxp)/4e.

I

(11.7.18)

(11.7.19)

(11.7.20)

(11.7.21)

Notice that as was the case with Eq. (11.7.1), there are two possible quaternions that will
satisfy Eq. (11.7.14). These are the same two equivalent quaternions that were discussed

following Eq. (11.7.8).
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EXAMPLE 11.7.1. For the rocket and flight condition described in Example
7.3.2, find the Euler-Rodrigues quaternion that specifies the rocket’ s orientation.
Using this quaternion and the quaternion product description of rotation, determine
the rocket’ s velocity components in Earth-fixed coordinates.

Solution. From Example 7.3.2, the orientation of the rocket expressed in terms of
Euler angles and the rocket’s velocity components expressed in terms of body-
fixed coordinates are

¢ 40° Vs, u 825.96 ft/sec
6 = 420° and {V,, + = yo; = 1300.63 ft/sec
W 70° V2, w 476.87 ft/sec

Using the positive sign in Eq. (11.7.8), the Euler-Rodrigues quaternion that is
equivalent to this set of Euler angles is

€ Cp2Cop2Cy )2 + 841280128y 12 0.79212226
ex | |8412CopCypp—CyaSopSypa|  |0.18231628
ey 1C2802Cy 1 +Ss2ConSyp | 1032686024
2 Cy/2Co2Sy 2 = Spj2S612Cy 2 0.48214674

Because the conjugate of an Euler-Rodrigues quaternion represents the inverse
rotation, from Eq. (11.6.8) we have

v, = eV, o)

or using a temporary quaternion, {T},

T, 0 ey +ue, +ve, +we, 478.7713 ft/sec
T, u ®l” ey +Uey —ve, +we, 665.1834 ft/sec
T, ol |-e | |+ue +veo—we, | |549.4285 ft/sec
T, w —e, —ue, +ve; +Weg 162.5756 ft/sec
€g T()
Xy el +e Ty +e, I —e,T, 402.43 ft/sec
| e T,
Yrp = “l® = qeoly, —e, T, +e,Ty +e.T,y = {88278 ft/sec
' ey 7,
Zr e’ T el +e;T), —e, T, +e.Ty 242.37 ft/sec

Comparing this result with that obtained in Example 7.3.2, we sece that the
quaternion transformation produced exactly the same result as the Euler angle
transformation in a more efficient algorithm.
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11.8. Applying Rotational Constraints to the Quaternion
Formulation

It 1s occasionally desirable to simulate aircraft motion with one or more of the rotational
degrees of freedom constrained. This is normally accomplished using the Euler angle
formulation. However, since the quaternion transformation is more than an order of
magnitude faster than the Euler angle transformation, the ability to apply rotational
constraints to the quaternion formulation may be of some interest.

When applying rotational constraints, the coordinate system in which the constraint
will be applied must be specified. For example, a roll constraint is very different from a
bank angle constraint. The roll can be constrained very simply, in either the Euler angle
formulation or the quaternion formulation, by simply replacing the x,-component of the
angular momentum equation with the roll constraint

p=0 (11.8.1)
However, note that constraining the roll does not constrain the bank angle. All three
Euler angles can still take any possible value with the roll completely constrained.
To constrain the bank angle, using the quaternion formulation, Eq. (11.7.9) can be
employed. If the bank angle is to remain zero, Eq. (11.7.9) requires that
epex +e,e; = 0 (11.8.2)
and
ey +epéy +eé, +eé, = 0 (11.8.3)

Applying Eq. (11.5.12) to Eq. (11.8.3) produces

ex(—pex —qge, —re; ) +eq(peg +re, —qge;)

(11.8.4)
+e.(qgey —re, + pe;)+e,(rep +qgex —pe,) = 0
This can be simplified to yield the quaternion bank angle constraint
(ed +e2 —e? —ef,)p+2(eoey ~—eze)r =0 (11.8.5)

Thus, to constrain the bank angle, the roll and the yaw must be coordinated according to
Eq. (11.8.5).
If the roll is to be constrained as well as the bank angle, then Eq. (11.8.5) requires
2(epey, —exe:)r = 0 (11.8.6)

From Eq. (11.7.9), this is equivalent to

sin(@)r = 0 (11.8.7)
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Here it is observed that if both the roll and bank angles are to be constrained, then either
the yaw or the elevation angle must also be constrained. With any nonzero elevation
angle, any amount of yaw will produce a bank angle. This is not a function of the
quaternion formulation. It is a simple kinematic fact.

The relationship between the body-fixed angular rates and the Euler angles, which
was demonstrated here by using the roll and bank angles, is true in general. None of the
Euler angles can be constrained by constraining only one of the body-fixed angular rates.
The bank angle can be changed using only pitch and yaw, the elevation angle can be
changed using only roll and yaw, and the azimuth angle can be changed using only roll
and pitch. 4ny motion having only one of the rotational degrees of freedom constrained,
in body-fixed coordinates, allows for all three degrees of freedom in orientation.

Similarly, the other rotational degrees of freedom can be constrained by using the
pitch constraint

g =0 (11.8.8)

the quaternion elevation angle constraint

(ef +e2 —ef —eb)g—2(epe, +eye)r = 0 (11.8.9)
the yaw constraint
r=20 (11.8.10)
and the quaternion azimuth angle constraint
2(eoex—eyez)q+(e5+ef—ef—ezz)r =90 (11.8.11)

Motion with only one rotational degree of freedom, in body-fixed coordinates, can
also be simulated using the quaternion formulation. Constraining any two rotational
degrees of freedom in body-fixed coordinates will constrain two degrees of freedom in
orientation. For pure rolling motion,

g=r=0 (11.8.12)

Using these constraints in Eq. (11.5.12) gives

éo 0 —-p 0 O]]eo —ex

0 0 0 e

“l_ 1P Cxl _ P (11.8.13)
éy 210 0 0 plle 2 e

éz O 0 _p 0 ez _ey

If the elevation angle and the azimuth angle are both initially zero, from Eq. (11.7.8), the
initial condition is
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€ cos(¢ /2)

€x _ sm(¢0/2) (11 8 14)
e, 0 o

e: ), 0

Using Eq. (11.8.14) with Eq. (11.8.13), it is noted that both e, and e. remain zero during
this motion. Thus, pure rolling motion can be simulated using the constraints

g=r=e =¢ =0 (11.8.15)
Similarly, pure pitching motion can be simulated by using the quaternion constraints

p=r=e =¢ =0 (11.8.16)
and pure yawing motion results from the constraints

p = q et ex = ey = 0 (11.8.17)

11.9. Closed-Form Quaternion Solution for Constant Rotation

It is possible to obtain a closed-form solution to the quaternion formulation for the case
of constant rotation. While such a condition would frequently occur in spacecraft
applications, it almost never occurs in aircraft applications. The angular rates
experienced by a moving aircraft depend on the aerodynamic moments acting on the craft
and are almost always changing with time. In this case, closed-form solutions to the
quaternion formulation are very difficult or impossible to obtain for all but the most
trivial conditions. Nevertheless, closed-form analytic solutions to the quaternion
formulation for the case of constant angular rates provide an excellent mechanism for
verifying the numerical algorithms used to integrate the quaternion formulation. For such
verification it is useful to have a general solution that allows for rotation about any or all
of the body-fixed axes. The development of such a solution, from Eq. (11.5.12), is rather
straightforward.

Consider a rigid body that is rotating at a constant angular velocity. The differential
equations governing the change in the components of the quaternion, {€}, with time are
given by Eq. (11.5.12). This system of differential equations can be written in matrix
notation as

{€}-[M]{e} = 0 (11.9.1)

(11.9.2)
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When the matrix [M] is constant, the solution to Eq. (11.9.1) is

{e} = [exp(IM]1)]{€}i=0 (11.9.3)

where the matrix exponential [exp([M]#)] is computed from the matrix series definition

2 3
MM | (MMM

[exp(MIN] = [il+[M]z+— 3

(11.9.4)

Here {€},- is the initial value of the quaternion at time =0 and [i] is the identity matrix.
If the matrix [M] were completely arbitrary, the matrix exponential would need to be
evaluated by summing a large number of terms in the infinite series. However, in this
particular case we can take advantage of a special property of the matrix that is defined in
Eq. (11.9.2).

By direct multiplication it is readily shown from Eq. (11.9.2) that

MI[M] = -1 o’[i] (11.9.5)

where o’ = p*+ ¢*+ 7. By making use of Eq. (11.9.5), the infinite series in Eq. (11.9.4)
can be rearranged as

2 4
kwmmn:n@—wm)+wﬂ>+q

2! 4

‘2 [M][ or_(@2) (@)’ +)

2 3 5!
or

[exp(IM]?)] = [i]cos(a)t/2)+%[M] sin(wt/2) (11.9.6)
Using Eq. (11.9.6) in Eq. (11.9.3) yields the general solution for constant rotation

{e} = {[i] cos(a)t/2)+%[M]sin(wt/2)} {€}:-0 (11.9.7)

For the special initial condition where all three Euler angles are zero,

e (0)
ex(0)
ey(o)
e-(0)

(11.9.8)

o O O =
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the solution given by Eq. (11.9.7) reduces to the rather obvious result

€o cos(wt/2)

ex| _ (p/a))s.in(a)t/Z) (11.9.9)
e, (g/w)sin(wt/2)

e, (rlw)sin(wt/2)

Equations (11.9.7) and (11.9.9) provide an excellent means for testing most numerical
algorithms used to integrate the quaternion formulation.

EXAMPLE 11.9.1. Consider an object moving relative to the surface of the Earth
under the assumption of no atmosphere. Initially, at time ¢ = 0, the primary inertial
axes of the body are aligned such that the Euler angles are

¢ 0°
gt = {90°
Y)io 0°

The initial translational and rotational velocities of the body relative to this same
primary body-fixed coordinate system are

u V, p 0
v =40, and {¢q =@
w (=0 Vh r (=0 0

Using the body-fixed quaternion formulation for the case where all three primary
moments of inertia are equal, obtain a solution for the position and orientation of
the body as a function of time.

Solution. Because we are assuming no atmosphere, the only force is gravity and
there is no moment acting about the center of gravity. Applying Newton’s second
law as expressed in Eq. (7.2.20) and using Eq. (11.5.7) to express the gravitational
force in terms of the Euler-Rodrigues quaternion, we obtain

U 2(exe; —e,e) rv—qw
wil.l _ w
—< 0 = W3 2epe: +eey) y+—pw—ru (11.9.10)
g |. 2, 2 2 2f &

w e; +ej—e; —e; qu— pv

(11.9.11)

o O O

P
q. =
i.
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Using the kinematic transformation equations given by Egs. (11.5.8) and (11.5.12),
for the Euler-Rodrigues formulation with no wind, we have

Xy e,% +el —ei ~¢? 2ere, —e.eg)  2(eve; +eyen) || U
Jre = | 2ece, teep) eltes~er—er  2eve; —ewen) |Svp (11.9.12)
Zf 2(ece; —eyeq)  2(eye; +erep) el + eg —e? —eﬁ w
) 0 -p —q -rijle
é, 0 ro- e,
Lo Lp 1 (11.9.13)
éy 2lg -r 0 plle
é, r g —-p 0|le

Choosing the positive sign from Eq. (11.7.8) and using the specified initial
condition in terms of Euler angles, the initial Euler-Rodrigues quaternion is

e Cy12Ca/2Cy 2 + Sp12S0/2Sy 2 Cop

ex|  [842CepCypr —CyppSopSypa| | 0

ey |CopSonCypn+SsnConSun| | San
e:),g  (CopConSup=SeppSep2Cypa) , L 0 ],

or

€ 1/ V2

el ] 0 (11.9.14)
ey 1/v2 .
€z)i=0 0

Defining the position of the body to be measured relative to the initial position at
time ¢ = 0, the initial condition for position is

Xf
yr =

z
T =0

(11.9.15)

[ e i

This completes the formulation for the 13 state variables, x;, yy, 25, €y, €y, €5, €, U, U,
w, p, ¢, and r.

From Eq. (11.9.11), it is easily seen that the body-fixed angular rates remain
constant at the initial values and from Eq. (11.9.13) with the specified initial
angular rates, we have
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p 0
gt = {o (11.9.16)
r 0
and

é() 0 0 -w 0 €

> 00 0 -

l_ 1 @16 (11.9.17)

éy w0 0 0 |le

é, 0w 0 0 |le,

Since w is constant, the solution to Eq. (11.9.17) is specified by Eq. (11.9.7).
Applying Eq. (11.9.14), this gives

e 1000 00 -0 0 1/\2
0100 00 0 -
el cos(@i/2) + 2L @ sin(@rr2) |1 °
e 0010 ®2lo 0 0 1/v2
e. 0001 0 w O 0 0
or
€ cos{(w?/2)—sin{wt/2)
ey 1 0
- L . (11.9.18)
e, 2 |cos(wt/2) + sin(wt/2)
e, 0
Using Eqgs. (11.9.16) and (11.9.18) in Eq. (11.9.10) gives
u —2[cos(@t/2) + sin{@t/2)][cos(w?/2) —sin{wt/2)] - 0w
o =§ 0 +1 0
w [cos(wt/2) - sin(wt/2)]* —[cos(wi/2) +sin(wt/2)]* wu
sin*(wt/2) —cos*(w1/2) -ow
=g 0 +< 0
—2cos(wt/2)sin{wt/2) wu
or
i ow —cos(wt)
vty 0 b =g 0 (11.9.19)

w -ou —sin(wt)



898 Chapter 11 Aircraft Flight Simulation

The general solution to Eq. (11.9.19) is found by adding a particular solution to the
homogeneous solution. This gives

u C sin(wt) + C; cos(wt) — g cos(wt)
Uy = C; +t 0
w C; sin(wt) — C) cos(wt) — gsin(wt)

After applying the initial condition that is specified in the problem statement, the
solution for the body-fixed velocity components is

u V, cos(wt) -V} sin(wt) — gcos(wt)
vy o= 0 +1 0 (11.9.20)
w V, sin(wt) +V;, cos(wt) - gsin(w?)

Using Eqgs. (11.9.18) and (11.9.20) in Eq. (11.9.12) results in

Xf —sin{wt) 0 cos(wt) ||V, cos(wt) -V}, sin(wt)— gt cos(wt)
Vrp = 0 1 0 0
Zy ~cos(wt) 0 —sin(wrt) ||V, sin(wt)+ V) cos(wt)— gt sin{ewt)
or
x_/ Vh
Yrp = 0 (11.9.21)
Z'f -V, +gt

Equation (11.9.21) is readily integrated subject to Eq. (11.9.15) to yield

Xr Vit
yyb = 0 (11.9.22)
zy -Vit+ % gt2

Equation (11.9.22) specifies the position of the object as a function of time.
This is the well-known parabolic solution for the trajectory of a projectile in the
absence of aerodynamic drag. Equation (11.9.18) gives the object’s orientation as
a function of time, specified in terms of the Euler-Rodrigues quaternion.

The problem in Example 11.9.1 could have been solved more easily had it been
formulated using an inertial coordinate system. However, this example does demonstrate
that simple problems can be solved analytically using the quaternion formulation. Such
closed-form solutions are useful for verifying computer codes that have been written for
numerical integration of the quaternion formulation.
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11.10. Numerical Integration of the Quaternion Formulation
When integrating Eq. (11.5.12) numerically, the zeros on the diagonal can cause some
problems. Integration of this system can result in very large numerical errors if a first-
order method is used. For this reason, a higher-order method, such as fourth-order
Runge-Kutta or fourth-order Adams-Bashforth-Moulton (see, for example, Hoffman
1992 or Gerald and Wheatley 1999) should always be used to integrate the quaternion
formulation. Since most modern numerical codes use such methods, this is not at all
restrictive for simulations run on modern digital computers.

Historically, aircraft simulations using the quaternion formulation were first
commonly run using analog computers. Since these analog simulations were inherently
first-order, the raw quaternion formulation did not work well. When such simulations
were run, the magnitude of the quaternion would grow quite rapidly with time. Since the
formulation requires the magnitude of the quaternion to remain unity in order to maintain
orthogonality in the attitude transformation, these large orthogonality errors would render
the simulations almost useless. To remedy this problem, techniques were developed to
reduce this orthogonality error. One such method, developed by Robinson (1958) and
popularized by Mitchell and Rogers (1965), is based on the method first suggested by
Corbett and Wright (1957) for maintaining orthogonality in the direction-cosine matrix.
With this method, the kinematic equations in Eq. (11.5.12) were modified to include error
reduction terms on the diagonal,

€o ke —p —-q -rlleo
éx _ 17 ke r -—qllex (11.10.1)
éy 2l g -r ke p|le o
e r q —p ke|le:
where ¢ is the orthogonality error, defined as
£ =1-(e) +el +e) +el) (11.10.2)

and £ is a gain coefficient, which Mitchell and Rogers (1965) said should be “set to a
very high value.” This error reduction scheme, called Corbett-Wright orthogonality
control, worked quite well when used with the analog computers of that era.

While analog computers are no longer widely available, it is possible to demonstrate
approximately how Corbett-Wright orthogonality control worked with an analog
computer by integrating Eq. (11.10.1) using a first-order Euler integration scheme.
Results of such integration are shown in Fig. 11.10.1. For this figure the total error was
computed as the difference between the numerical integration result and the exact
solution from Eq. (11.9.7). Notice that as the value of the Corbett-Wright gain
coefficient approaches zero, which is the case of no orthogonality control, the total error
becomes very large. For gain coefficients larger than about 0.5, the error is reduced to a
more or less acceptable level. With the exception of the increase in error on the right, the
results shown in Fig. 11.10.1 are very similar to the results reported by Mitchell and
Rogers (1965) for a typical analog computer.
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Figure 11.10.1. Effect of changing the gain coefficient on the accuracy of a first-order Euler
algorithm using Corbett-Wright orthogonality control.

Unlike first-order digital integration, analog simulations were well behaved for very
large values of k. The abrupt increase in error that is seen in Fig. 11.10.1 for /@ greater
than about 5.7 is a result of the well-known Euler instability that is associated with any
first-order numerical integration. For Eq. (11.10.1), Fang and Zimmerman (1969) have
shown that this first-order instability occurs whenever the product of the gain coefficient
and the time step is greater than unity,

kot > 1

When digital computers first became fast enough to replace analog computers for
running such simulations, Corbett-Wright orthogonality control was often used in the
digital solution algorithms. Furthermore, this orthogonality control is still widely used
for aircraft flight simulation today. It is, however, not necessary. When a modern digital
computer is used to integrate Eq. (11.5.12) with any of the prevalent fourth-order
numerical methods, the orthogonality error is extremely small. Using the Corbett-Wright
orthogonality control scheme with these modern numerical algorithms increases the
computation time but does little to improve the accuracy of the simulation.

Even though the orthogonality error for modern numerical algorithms is very small,
it can accumulate. Thus, if a simulation is to be run for long periods of time using large
time steps, the quaternion should be renormalized periodically. The quaternion may be
renormalized by dividing each component by the magnitude,

e}, = S ¢} (11.10.3)

Tl [ relielse?
Jeb +ex +ey+e:

where the subscript r indicates renormalized. As seen in Fig. 11.10.1, renormalization
is not as accurate as Corbett-Wright orthogonality control for first-order integration.
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However, a different result is obtained for higher-order integration. If the time steps
used with fourth-order Runge-Kutta are of a size to produce about 10 degrees of
revolution per time step, it requires about 3,000,000 iterations to degrade the magnitude
of the quaternion by 1 percent. Since a very long renormalization period can be used,
periodic renormalization of the quaternion is much faster than using the Corbett-Wright
orthogonality control scheme. However, if computation time is not a concern, Corbett-
Wright orthogonality control will eliminate the growth of the orthogonality error for
simulations using large time steps. If the time steps are small enough to produce about 5
degrees of rotation or less per time step, no orthogonality control whatsoever is required
with fourth-order Runge-Kutta integration.

If the Corbett-Wright orthogonality control scheme is to be used for large time-step
simulations, it should be remembered that this only eliminates the growth of the
orthogonality error. It does not eliminate the drift error, which for modern algorithms can
be much larger than the orthogonality error. In fact, when a large gain coefficient is used
with fourth-order integration and Corbett-Wright orthogonality control, the drift error is
increased by more than the orthogonality error is reduced, which actually increases the
net error for the simulation. This is shown in Fig. 11.10.2. In contrast with the older
analog simulations that used a very large gain coefficient, when Corbett-Wright
orthogonality control is used with a fourth-order digital integration, a gain coefficient
larger than about 2w should not be used. As can be seen in Fig. 11.10.3, this is truly
independent of the angular rate. Furthermore, as is seen in Fig. 11.10.4, decreasing the
time step does not eliminate this problem. For such fourth-order numerical integration, a
gain coefficient equal to the magnitude of the angular velocity will effectively eliminate
the growth of the orthogonality error associated with large time steps without adversely
affecting the drift error. However, for common aircraft flight simulations, the angular
rates are not typically known a priori. Furthermore, the angular rate is typically changing
with time and a very low angular rate requires a very low gain coefficient for accurate
simulation.
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Figure 11.10.2. Effect of changing the gain coefficient on the accuracy of a fourth-order Runge-
Kutta algorithm using Corbett-Wright orthogonality control.
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Figure 11.10.4. Effect of reducing the step size on the accuracy of a fourth-order Runge-Kutta
algorithm using Corbett-Wright orthogonality control.

To avoid increasing the total error, a variable gain coefficient equal to the angular
rate should be used with a fourth-order Runge-Kutta algorithm using Corbett-Wright
orthogonality control,

k=w= \/p2+q2+r2 (11.10.4)

The implementation of Eq. (11.10.4) adds substantially to the computational burden of
Corbett-Wright orthogonality control. Thus, for greatest computational efficiency, it is
much preferred to use periodic renormalization of the quaternion over any use of the
Corbett-Wright orthogonality control scheme.
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Fang and Zimmerman (1969) proposed a pseudo fourth-order method for integrating
Eq. (11.10.1). With conventional fourth-order Runge-Kutta the time rate of change of
the quaternion is computed from Eq. (11.10.1) four times for each time step. With the
Fang and Zimmerman algorithm, this same fourth-order numerical procedure is used to
integrate Eq. (11.10.1), except that ¢ is held constant through all four computations in
each time step. The orthogonality error is updated only once at the beginning of each full
time step.

The Fang and Zimmerman algorithm exhibits features of both first- and fourth-order
numerical integration. Although both the angular velocity and the quaternion on the
right-hand side of Eq. (11.10.1) are estimated to fourth-order accuracy, ¢ is estimated
only to first-order accuracy. Results of integrating Eq. (11.10.1) using the Fang and
Zimmerman algorithm are shown in Fig. 11.10.5. Notice that the accuracy of the method
for small values of the gain coefficient is comparable to that for full fourth-order
integration. However, the method also exhibits an abrupt first-order instability when the
gain coefficient is greater than 1 divided by the time step, £>1/6t.

One striking observation that should be noted from Figs. 11.10.2 through 11.10.5 is
that Corbett-Wright orthogonality control offers no significant reduction in simulation
error for modern numerical integration algorithms. On the other hand, if the gain
coefficient is not chosen judicially, Corbett-Wright orthogonality control can signifi-
cantly increase the simulation error. Periodic renormalization of the quaternion does not
present this problem and is more computationally efficient.

The computation time required for periodic renormalization of the quaternion can be
reduced even further by recognizing that the orthogonality error is always very small for
modern fourth-order integration algorithms. Equation (11.10.3) can be written as

ie} ie}
{e}, = = (11.10.5)
\[e§+ef+efvz+e? ‘/1‘5

LA LA B B O B S B B N B

Renormalizing 1
0.02 & Constant Rolling Rate -
- o Constant Pitching Rate

o Constant Yawing Rate

ap

opo

0.01 - B

F wdt =10 degrees
I accumulated angle = 14,400 degrees
0.00 Lot i, P SO T

0 1 2 3 4 5 6
Corbett-Wright Gain Coefficient, k/@

Maximum Total Error (degrees)

Figure 11.10.5. Effect of changing the gain coefficient on the accuracy of the numerical Fang and
Zimmerman algorithm using Corbett-Wright orthogonality control.
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where ¢ is the error in the square of the quaternion magnitude, as given by Eq. (11.10.2).
Since ¢1s very small, Eq. (11.10.5) can be closely approximated as

e}, = {et(1+1¢) (11.10.6)
or after applying Eq. (11.10.2),
€}, = (€1 [1.5-0.5(es +el +ef +e2)] (11.10.7)

Periodic application of Eq. (11.10.7) is sufficient to eliminate the orthogonality error.

Renormalizing the quaternion with Eq. (11.10.7) requires nine multiplications and
four additions. Using Eq. (11.10.3), on the other hand, requires eight multiplications,
three additions, one square root, and one division. Typical modern hardware requires
one instruction cycle for addition, one instruction cycle for multiplication, something on
the order of four instruction cycles for division, and anywhere from about 4 to 30
instruction cycles for the square-root operation, depending on the processor and compiler.
Therefore, renormalizing with Eq. (11.10.3) requires anywhere from 50 to 250 percent
greater computation time than using Eq. (11.10.7), on typical modern hardware.
Furthermore, even if future developments reduce the time required for division and
squate root to one instruction cycle each, Eq. (11.10.7) will be, at worst, computationally
equivalent to Eq. (11.10.3).

While periodic renormalization of the quaternion using Eq. (11.10.7) provides a
computationally efficient means for controlling the orthogonality error, it does not control
the drift error. In fact, for higher-order algorithms, it does nothing whatsoever to reduce
the total error. In Figs. 11.10.2 through 11.10.5, the points that correspond to a Corbett-
Wright gain coefficient of zero were obtained using no orthogonality control at all. In
each case the total error obtained with no orthogonality control was the same as that
obtained when the quaternion was renormalized after each time step. From this, one may
be tempted to conclude that there is no value in orthogonality control. This is not exactly
true. If the orthogonality error is controlled, a small amount of drift error does not
adversely affect a flight simulator, since it is constantly being corrected with virtuaily
imperceptible pilot input. The pilot’s perception of the drift error is similar to that caused
by an infinitesimal change in the aerodynamics of the aircraft. The orthogonality error,
on the other hand, has no counterpart in the physical world and cannot be compensated
for by the pilot. When the quaternion magnitude deviates from unity, transformations
obtained from Eq. (11.5.5) or Eq. (11.6.8) become nonorthogonal and vector length is not
preserved through the transformation. Since rotation is an orthogonal transformation,
large orthogonality errors can cause physically unrealistic distortion in the kinematic
transformations. For large time-step simulations with no orthogonality control, these
transformation distortions will continue to increase with time, unaffected by pilot input.

To demonstrate the effects of both orthogonality error and drift error on the visual
display, Fig. 11.10.6 shows a three-dimensional image displayed after four different
quaternion simulations. Each of the four simulations was carried out using fourth-order
Adams-Bashforth-Moulton numerical integration. In each case all aspects of the
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integration, except the error control, were the same. All four images are viewed from
exactly the same position and with exactly the same perspective. The differences in the
images result entirely from numerical integration errors in the transformation quaternion.

The image in Fig. 11.10.6a is essentially error-free. The orthogonality error was
removed using periodic renormalization, and the drift error was eliminated with pilot
input. The darker image in Fig. 11.10.6b was generated using periodic renormalization
without pilot input and thus contains no orthogonality error but about 17 degrees of drift
error. To emphasize the error, this image has been overlaid on an error-free image in
light gray. The integration used to obtain the darker image in Fig. 11.10.6¢ had no
orthogonality control or pilot input and produced about 8 percent orthogonality error and
about 17 degrees of drift error. Again, the light gray image in this figure is error-free.
By comparing Fig. 11.10.6b and c, it can be seen that orthogonality error produces a
scaling distortion in the visual display. As seen in Fig. 11.10.6d, pilot input eliminates
drift error but does nothing to eliminate scaling distortion caused by orthogonality error.
It can readily be shown from Eq. (11.6.8) that when orthogonality error is present, all
objects in the visual display are scaled by a factor of | {e}".

(2)

(d)

Figure 11.10.6. Effects of drift error and orthogonality error on the visual display after 2,000,000
iterations using fourth-order Adams-Bashforth-Moulton with (a) periodic renormalization, no
orthogonality error, and drift error eliminated by the pilot; (b) periodic renormalization, no
orthogonality error, and 17 degrees drift error; (¢) no orthogonality control, 8 percent orthogonality
error, and 17 degrees drift error; (d) no orthogonality control, 8 percent orthogonality error, and
drift error eliminated by the pilot.
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Since the orthogonality error is only a small fraction of the total error, reducing the
size of the time step and/or increasing the order of the numerical integration algorithm are
the only effective ways to reduce total error. The effects of time-step size on the
orthogonality error and the total error for a fourth-order Runge-Kutta algorithm with no
orthogonality control are shown in Figs. 11.10.7 and 11.10.8 for both single- and double-
precision computations. These two figures point out a common misconception
concerning the origin of the orthogonality error, which is often attributed to the round-
off error associated with the finite word size used for numerical computation. As can be
seen by comparing Fig. 11.10.7 with Fig. 11.10.8, neither the orthogonality error nor the
total error is significantly affected by the computation precision for a large step size.
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Figure 11.10.7. Effect of step size on the accuracy of a fourth-order Runge-Kutta algorithm with
no orthogonality control using single-precision computations.
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Figure 11.10.8. Effect of step size on the accuracy of a fourth-order Runge-Kutta algorithm with
no orthogonality control using double-precision computations.
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Furthermore, for a step size of less than about 5 degrees, the single-precision
orthogonality error is exactly zero, whereas the double-precision orthogonality error is
very small but finite. This is because orthogonality error does not result from the round-
off error associated with word size and computation precision. It is, rather, the result of
errors associated with the order of the integration algorithm. This numerical integration
error is called truncation error because it results from truncating the Taylor series for
differentiation to a finite number of terms.

In an aircraft flight simulation, computing the time derivatives of the translational
and angular velocity components requires computation of the aerodynamic forces and
moments. Depending on the method used, these computations can be quite time
consuming. Because a digital simulation using the fourth-order Runge-Kutta algorithm
requires evaluating these time derivatives four times for each time step, first- and
second-order integration methods have occasionally been used in an attempt to reduce
computation time. As will be demonstrated, this is not a particularly good choice.

Results of second-order Runge-Kutta integration with Corbett-Wright orthogonality
control are shown in Fig. 11.10.9. Notice that as was the case for fourth-order integration,
Corbett-Wright orthogonality control offers no reduction in total simulation error for this
second-order integration. Furthermore, for the time step used, the accuracy of this
second-order simulation is not significantly improved over that of the first-order
simulation shown in Fig. 11.10.1. At first thought, this may seem counterintuitive.

From the theory of numerical methods we know that in the limit as the step size
approaches zero, the global error for first-order integration should be linearly propor-
tional to the step size, whereas the global error for the second-order integration should
be proportional to the step size squared. For very small step size, this is confirmed in
Fig. 11.10.10. However, for larger step size, the global error results primarily from the
higher-order terms, which have been neglected in both the first- and second-order
algorithms. Thus, for larger time steps, the second-order algorithm offers little increase
in accuracy over the first-order algorithm. This can be seen in Fig. 11.10.11.
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Figure 11.10.9. Effect of changing the gain coefficient on the accuracy of a second-order Runge-
Kutta algorithm using Corbett-Wright orthogonality control.
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When digital computers first became practical for aircraft flight simulation, new
integration algorithms were developed in an attempt to reduce computation time without
sacrificing accuracy. Pope (1963) proposed one such algorithm, which was called the
exponential method. This algorithm was first used to integrate the quaternion formula-
tion at the NASA Langley Research Center (see Barker et al., 1973). In the aircraft
community, the method is commonly known as the local linearization method. Since the
method has been used in aircraft flight simulation for many years but is not commonly
used elsewhere, a development of this algorithm will be presented here.

The differential equations governing the change in the components of the quaternion,
{e}, with time are given by Eq. (11.5.12). This system of differential equations written
in matrix notation is
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e} = [M]{e} (11.10.8)

where

(11.10.9)

The right side of Eq. (11.10.8) can be expanded in a Taylor series about #=1¢ and
e} = (e},
f

€ = [Ml;{e}; +[M];({e} - {e};)+[M];{e} (1)

25 (20 (€] — €10 —1)+ M 01,7 (11.10.10)
+ L (30911t - 1)1 + I e} =)+

where the subscript i indicates evaluation at time ¢ = ¢;.

Equation (11.10.10) forms the basis for the local linearization algorithms that have
been used to integrate the quaternion formulation. These algorithms are based on the
method proposed by Pope (1963), which was originally called the exponential method.
Barker, Bowles, and Williams (1973) first applied this method to the quaternion
formulation using a first-order approximation to Eq. (11.10.10),

€ = (Ml {e}; + (Ml (e} - {e}) +IMLi{e}i (7~ 1) (11.10.11)

In an attempt to improve the local linearization algorithm, Yen and Cook (1980) used the
approximation

€ = [M],{e}; +[M];({e}—{e};)+[M],{e};(r — ;) +[M]; [M]; {e};(r—1;)* (11.10.12)

Equation (11.10.12) includes an approximation for the second term on the right-hand side
of Eq. (11.10.10). Within the second term, this approximation implies that

(fey—{e}) = (€ t—1) = M| {e};(t—1)
and
IM] = 0

Since Eq. (11.10.12) completely ignores [M] in the second-order term of Eq. (11.10.10),
this equation should not be expected to give higher-order accuracy than Eq. (11.10.11).
This fact was confirmed by the numerical results of Yen and Cook (1980).
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From Egs. (11.10.9) and (11.10.10), we see that a full second-order approximation
for the right-hand side of Eq. (11.10.10) would require knowledge of the second
derivative of the angular rate vector. While the first derivative of the angular rate vector
is always available from the equations of motion, its second derivative is not directly
available in a six-degree-of-freedom flight simulation. For this reason, a complete
second-order approximation to the right-hand side of Eq. (11.10.10) has not been used.
Since the approximation given by Eq. (11.10.12) is no more accurate than that given by
Eq. (11.10.11), only the local linearization algorithm based on Eq. (11.10.11) is presented
here.

The local linearization algorithm of Barker, Bowles, and Williams (1973) has been
used in aircraft flight simulation for many years. This algorithm is based on the closed-
form solution to Eq. (11.10.11),

{€}i = [exp(IM]; o0} {e};

e (11.10.13)
+([eXp(lM]i&)]—[i]—[M]f&)IM]i MJ; " [M]; {e};

where ot =t1—t. Applying Eq. (11.9.6) to replace the matrix exponential on the right-
hand side of Eq. (11.10.13) gives
{e},1 = cos(w; dt/2){e}; + (2w;)sin(w; ot/2)|[M]; {€};
+[cos(e; 6t/2) —1][M;! [M];' [M]; {e}; (11.10.14)
+[(2w;)sin(e; 6/2) - 1M, [M];' [MIT [M], {e},

From Eq. (11.10.9), it is readily shown that the inverse of [M] is

M| = —(@e*)M] (11.10.15)

and
M]' M} = —@oHIMIM] ' = - @)l (11.10.16)

Thus, using Eq. (11.10.16) in Eq. (11.10.14), the local linearization algorithm can be
written as

{€}1 = cos(w, dt/2){e}; + (2w;)sin(w; ot/2)[M]; {€};
+ (w1 - cos(w; 6t/2)|[M]; {€}; (11.10.17)
+ (W) [t — (Yw,)sin(w; 5/2)][M]; [M]; {€};
Notice that for the special case where [M] is constant, Eq. (11.10.17) reduces to the exact
solution given by Eq. (11.9.7).
Also note that Eq. (11.10.17) is numerically indeterminate for the special case when

w; is zero. However, using the series expansion for the sine and the cosine, it is readily
shown that when ; is zero, Eq. (11.10.17) reduces to
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€ = fel; + ot [M]; {€}; +(5t°/2)[M], {€}; + (&’ /6)[M]); [M]; {€}; (11.10.18)

i

Furthermore, from Eq. (11.10.9) we see that when w; is zero, all 16 components of [M]
are also zero. Thus, even though Eq. (11.10.18) is not numerically indeterminate, it can
be further simplified to give

€ = el +(3*/12)[M]; {e}; (11.10.19)

d

Equations (11.10.17) and (11.10.19) provide the foundation for the local linearization
algorithm.

The order of the truncation error associated with the local linearization algorithm can
be evaluated by using the Taylor series expansion, which is defined in Eq. (11.9.4), for
the matrix exponential in Eq. (11.10.13). This gives

(€l = [[i]+[M1ﬁr+w+~}{e}i

2!

[M];[M]; 6°
+[ 2

+~--]{M1,-‘ [M];'[M]; {e},

or

[M];[M]; +[M],

1€} = {e}; +[M];{e}; o + o {e}; ot
: (11.10.20)
IMLMLIML ML ..
The Taylor series expansion of the exact solution is
€} = {e},—+{é}i5t+%§t2+%5t3+--- (11.10.21)
From Eq. (11.10.8) we have
{e}; = [M];{e}; (11.10.22)
@) = M€}, + ML (e} = (IMLIML +M] )ie},  (11.1023)
and
{e}: = [M];{e}; +2[M]; {e}; +[M], {e}; (11.10.24)

= ([M]i[M]i[M]i +[M];[M}; +2[M],[M]; +[M]i){e}i
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Using Egs. (11.10.22) through (11.10.24) in Eq. (11.10.21) gives

tehr = dey + 1My dey o ML A IM gy 5
. 2 (11.10.25)
 IMILIVIL (MY, + ML M, + VLMY (M gy o,

3

Comparing the exact expansion from Eq. (11.10.25) with the expansion of the local
linearization algorithm that is given by Eq. (11.10.20), the local truncation error for this
algorithm is found to be

2[M];[M]; +[M],

R =
3!

o +osty+- (11.10.26)

Thus, the method produces third-order truncation error with components proportional to
both the first and second derivatives of the angular rate vector. Except for the special
case of constant rotation, it does not provide an exact solution, as has sometimes been
stated in the literature. Since the truncation error is of order &, the local linearization
method provides second-order accuracy in a single-point, single-step, numerical integra-
tion algorithm.

A more widely known integration method, which was also developed to reduce
computation time over that required for fourth-order Runge-Kutta, is fourth-order
Adams-Bashforth-Moulton (see, for example, Hoffman 1992). This commonly used
numerical integration scheme is a four-point, two-step, backward-difference method.
Because starting values at four different points are required, the method must be started
using a single-point method such as fourth-order Runge-Kutta. However, after the first
three time steps, this method requires evaluating the time derivatives only twice for each
time step. This provides fourth-order accuracy similar to that provided by the fourth-
order Runge-Kutta algorithm, but at a computational cost similar to that required for
second-order Runge-Kutta. Since the development of the fourth-order Adams-Bashforth-
Moulton algorithm is presented in most undergraduate textbooks on numerical methods,
it will not be repeated here.

In general, simulation error can be reduced by either reducing the size of the time
step used for the simulation or by increasing the order of the integration method. Both
approaches require increased computation time per simulated second. Figure 11.10.12
shows how total error varies with step size for four different integration algorithms,
second-order Runge-Kutta, seccond-order local linearization, fourth-order Runge-Kutta,
and fourth-order Adams-Bashforth-Moulton. The results shown in Fig. 11.10.12 were
obtained from numerical integration of the quaternion formulation for the special case of
a sinusoidal rotation vector,

p Wy SIN(@ (1)
qp = @q sin(wpt)
-

@y Sin(w ;.1)
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Figure 11.10.12. Comparison between second-order Runge-Kutta, second-order local lineariza-
tion, fourth-order Runge-Kutta, and fourth-order Adams-Bashforth-Moulton integration.

The error was defined relative to a fourth-order Runge-Kutta solution using very small
time steps. As expected, the fourth-order algorithms produce less error for a given time
step than do the second-order algorithms. However, the higher-order algorithms also
require a greater number of computation cycles for each time step. For this reason, it
may not be directly obvious which of the four methods will result in the fastest
computation for a given level of accuracy.

The second-order local linearization algorithm requires only one cycle of computa-
tion for the aerodynamic forces and moments at each time step. The second-order
Runge-Kutta algorithm and the fourth-order Adams-Bashforth-Moulton algorithm each
requires two computation cycles per time step, whereas the fourth-order Runge-Kutta
algorithm requires four. For the same simulations that were used to produce the results in
Fig. 11.10.12, the number of computation cycles per simulated second are shown as a
function of step size in Fig. 11.10.13.

Because computation time depends on the method of integration as well as the step
size, Fig. 11.10.12 does not present a fair comparison of the error produced by the four
algorithms. Since computation time is proportional to the number of computation cycles
per simulated second, a better comparison is shown in Fig. 11.10.14. In this figure, the
total simulation error is plotted as a function of the number of computation cycles per
simulated second. From this figure it is seen that fourth-order Adams-Bashforth-Moulton
produces the smallest error for a given level of computation. Furthermore, it can be seen
that a simulation vusing fourth-order Runge-Kutta is only slightly less efficient than one
using fourth-order Adams-Bashforth-Moulton. In addition, Fig. 11.10.14 shows that the
second-order algorithms are much less efficient than either of the fourth-order algorithms.
These low-order algorithms should not be used, unless for some other reason very small
time steps are required. The maximum total error shown in Figs. 11.10.12 and 11.10.14
was computed using

Way =Wqp =Waz =W fr =Wf =W = 1.0 rad/sec
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Figure 11.10.14. Simulation error as a function of computation cycles per simulated second for
four numerical integration algorithms.

The absolute magnitude of the error shown in Figs. 11.10.12 and 11.10.14 depends on the
angular rates. However, the relative comparison between the errors realized by the four
different numerical methods is independent of these angular rates.

In some cases extremely small time steps are required for aircraft flight simulation,
because of the method used to compute the aerodynamic forces and moments. When this
is the case, a fourth-order integration algorithm may add unnecessarily to the computa-
tional burden. In such simulations, the second-order local linearization algorithm is by
far the best alternative. Like the first-order Euler algorithm, second-order local lineari-
zation requires only one computation cycle per time step. However, it provides second-
order accuracy. In no case should a first-order Euler algorithm ever be used for
aircraft flight simulation.
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11.11. Summary of the Flat-Earth Quaternion Formulation

In numerical flight simulation there is no significant advantage to neglecting any form of
longitudinal-lateral coupling. Thus, starting with the Euler angle formulation presented
in Egs. (9.8.1) through (9.8.4) and expressing orientation in terms of the Euler-Rodrigues
quaternion, including gyroscopic and inertial coupling, the 13 first-order differential
equations that comprise this quaternion formulation for rigid-body motion are

7

1 2(ece- —eyeg) X+T,, U —quw
ol = g Aeye, +exep) +% Y +T,, b+ pw—ru (11.11.1)
i ezz+eg—ef—e$ zZ+T,, qu— pu
-1
p Ixxh - ]th - IXZh 0 - hZh h)’h P
Gp = | =Ly, Ly, —Ip, hz, 0 —hy |yg
7 1, —1y, I, —hy,  hy, 0 r
o, (11.11.2)
(+T, Yibp — T)’h Zpp + (Iyyh =1,)qr+ IJ’Zh (g°—r)+1y, pg- Ixyh pr
3 m+ Tz —Toy sy + Uy =L Y1+ Loy (72 = p*)+ Loy g7 — 1,2, g
n+Ty, Xpp — Ty yop + U e, — [yy/, Ypg+ 1y, (p2 - qz) + 1y, pr— 1,7
) €o 0 ey
Xy Vier,
. €x u —€x ’
Vrr = ® ® +1 (11.11.3)
N €y [ —e, ’
Zf sz/
e, w —e.
€p —€x —€y [
é e —e e P
AR (11.11.4)
ey 2 e €0 — €y
é; —€y € €p

Since this formulation is based on the local flat-Earth approximation, it directly applies
only to short flights that do not traverse a significant fraction of the Earth’s surface.

To complete the formulation, we require a model relating the aerodynamic forces,
moments, and thrust to the velocity components, u, v, w, p, ¢, #, and their temporal
derivatives. Anything from linearized aerodynamics to full CFD computations and table
look-up algorithms combined with wind tunnel data can be used for this purpose.

Among some fraction of the aircraft community, the quaternion formulation has
gained the somewhat undeserved reputation of being hard to understand. This reputation
has more to do with the scattered nature of the literature on this topic, particularly in
aircraft journals and textbooks, than it does with the raw complexity of the quaternion
formulation itself.
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To avoid the perceived complexity of the quaternion formulation, either the direc-
tion-cosine formulation or the Euler angle formulation has often been implemented in air-
craft flight simulators. This has been done at significant computational cost. In addition
to eliminating the singularity in the Euler angle formulation, the quaternion formulation
is far superior to either the Euler angle formulation or the direction-cosine formulation,
based on computational efticiency alone. Numerical integration of the nine component
direction-cosine formulation requires more than double the computation time needed for
the four component quaternion formulation. The Euler angle transformation requires
about 11 times as long to evaluate as the quaternion transformation. Consequently, even
in cases where the aircraft is not an all-attitude vehicle and the gimbal lock singularity is
not encountered, the quaternion formulation provides important computational savings
that should be seriously considered.

In order to take full advantage of the speed and accuracy of the Euler-Rodrigues
quaternion formulation, it is necessary to give consideration to the numerical integration
method used. Early aircraft flight simulations were run on analog computers that were
inherently first-order. Numerical integration of the quaternion rate equations with a first-
order method results in very large errors. Early analog programmers observed similar
behavior and employed an error reduction scheme called Corbett-Wright orthogonality
control. This orthogonality control is still found in some aircraft simulation codes that
are in use today. Integration with any of today’s prevalent fourth-order numerical
methods produces very little orthogonality error. Using the Corbett-Wright orthogonality
control scheme with modern numerical algorithms increases the computational time but
does nothing to improve the accuracy of the simulation.

Even though the orthogonality error for modern numerical algorithms is very smail,
it can accumulate. Periodic renormalization of the quaternion eliminates this error.
Corbett-Wright orthogonality control will also eliminate orthogonality error, but it does
not eliminate drift error. In some cases, for certain values of the Corbett-Wright gain
coefficient, the drift error is increased by more than the orthogonality error is reduced,
which actually increases the total error for the simulation. Periodic renormalization of
the quaternion provides a computationally efficient means for controlling orthogonality
error without increasing drift error. If the orthogonality error is controlled, a small
amount of drift error does not adversely affect a flight simulator, since it is constantly
being corrected with virtually imperceptible pilot input. The pilot’s perception of the
drift error is similar to that caused by an infinitesimal change in the aerodynamics of the
aircraft. Because an exact model for aircraft aerodynamics is not possible, a small
amount of drift error has no significant effect on numerical flight simulation. The
orthogonality error, on the other hand, has no counterpart in the physical world and
cannot be compensated for by the pilot.

Reduction in size of the time step and/or increasing the order of the integration are
the only effective ways to reduce total error. The fourth-order Runge-Kutta and fourth-
order Adams-Bashforth-Moulton algorithms, with periodic renormalization, provide the
fastest simulation for a given level of total error. If extremely small time steps are
required for any reason and a single-point, single-step, algorithm is desired, the local
linearization algorithm is the next best alternative. A first-order Euler algorithm should
never be used for numerical integration in flight simulation.
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EXAMPLE 11.11.1. Using the full 6-DOF quaternion formulation, we wish to
reformulate the projectile problem in Example 7.3.3. Assume that the projectile is
symmetric with respect to the pitch and yaw axes, that the products of inertia are
zero, and that the rolling moment is directly proportional to the negative of the
traditional dimensionless rolling rate.

Solution. From Example 7.3.3 and the symmetry of the projectile, the forces and
moments are modeled as

X —ko —ki (@ + %) ¢ —ksl, p/u
Y =1 pu’s, ~k23 and {m =1 pu’S,l.a—ksa —kal, q/u
Z —ka n +k3,B—k4l,r/u

where kg, ky, ky, k3, ks, and ks, are dimensionless constants, S, is the reference area,
1, is the reference length, « is the angle of attack, and £ is the sideslip angle. The
aerodynamic angles will be approximated as,

oz;—zgandﬁ’;2
u u

Since there is no thrust and no wind, Egs. (11.11.1) through (11.11.4) become

u —K()uz—Kl(wz+02)+2g(exez—e),e0)+rv—qw
Dy o= —Kyuv+2g(e.e; +erep)+ pw—ru (11.11.5)
w —Kzuw+g(e:2+e§—ef—ef,)+qu—pv
P —K5p1/l
gt = {—Ksuw—Kaqu+Kepr (11.11.6)
P + K3uv — Karu—Kg pg
. €0 0 €o
Xy
ey u —e,
Yrp = ® ® (11.11.7)
R e, v —e,
zr ) ‘
e. w —e.
€o —e, —e, —e;
€y e —e. e,
ol Lo y g (11.11.8)
€y 2 € €Q — €y
N r
é. —e, e e
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where using the symmetry condition, /,,, = 1, , we have

Ky 2 pSko g/W
K, 3PSk g/W
K, 1 PSiky gIW
Ky = %pS,l, k3 /1y,
Ks %pS"IVZ ka /1y,
Ks 1 pSA; ks,
Ke u wh -1 XX, )/ 1 b

From Eq. (11.7.8) and the initial condition in Example 7.3.3, the initial condition
for this formulation is

u Vo

v 0

w 0

p 0

q 0

r 0
Xy = Xo (11.11.9)
ys 0
zy zZ0

€0 cos(6y/2)
€y 0

e, sin(6y/2)
e, 0

Starting with the initial values given by Eq. (11.11.9), fourth-order Runge-Kutta
can be used to integrate Eqgs. (11.11.5) through (11.11.8).

EXAMPLE 11.11.2. Using the quaternion formulation from Example 11.11.1,
plot the elevation of the arrow in Example 7.3.4 in inches above the starting point
and its airspeed in feet per second as a function of the horizontal distance
downrange in yards, from zero to 100 yards. Also plot its elevation angle and
angle of attack in degrees as a function of downrange distance in yards. Compare
these results with those obtained in Example 7.3.4. The aerodynamic coefficients
and mass properties for this specific arrow result in Ky=0.00061 ft'!, K, =0.14 ft'!,
K,=0.00059 ft'!, K;=0.0016 ft2, K,=0.0064 fr!, Ks=0.19 f!, and K;=0.98.
The initial values are V,,=210 ft/sec, ay=0, =0, and =35 degrees.
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Solution. Starting with this initial condition and integrating numerically with
fourth-order Runge-Kutta, using 0.01-sec time steps and applying Eq. (11.10.7) to
renormalize the quaternion after each full time step, we obtain

t 0.000000 0.010000 0.020000 1.580000
u 210.000000| |209.703259| |209.406998 176.168493
v 0.000000 0.000000 0.000000 0.000000
w 0.000000 0.320201 0.637777 -0.141709
p 0.000000 0.000000 0.000000 0.000000
q 0.000000| | —0.000535| | —0.002126 -0.137030
# | | 0.000000 0.000000 0.000000 0.000000
x[ ] 0000000] 2090670 4.178666(" *]300.310279
7 0.000000 0.000000 0.000000 0.000000
zy 0.000000| | —0.181301| | —0.359151 11.538452
eo 0.999048 0.999048 0.999049 0.995957
ex 0.000000 0.000000 0.000000 0.000000
e, 0.043619 0.043618 0.043612 -0.089835
e 0.000000 0.000000 0.000000 0.000000

Using Eq. (11.7.9) to convert the components of the quaternion to Euler angles, we
obtain the following results:

Time Range Elevation Speed 6 a

(sec) (vd) (in.) (ft/sec)  (degrees) (degrees)
0.000000  0.000 0.000 210.000 5.000000 0.000000
0.010000  0.697 2.176  209.704 4999898 0.087486
0.020000 1.393 4310 209.408 4999185 0.174502
1.560000 98.947 —130.998 176.434 -10.148741 —0.092663
1.570000 99.525 -134.713 176301 -10.229081 -0.070022
1.580000 100.103 —138.461 176.169 —-10.308173 —0.046088

Plotting these data duplicates the results plotted in Figs. 7.3.5 and 7.3.6.

EXAMPLE 11.11.3. The vanes of the arrow in Example 11.11.2 were mounted
parallel with the axis of the shaft. With the vanes mounted in this manner, no
rolling moment is produced when there is no rolling rate. Often, the vanes of an
arrow are mounted with some twist, which causes the arrow to rotate as it moves
through the air. Assume that the vanes of the arrow in Example 11.11.2 are 4.0
inches long. They are mounted such that the leading edge is twisted 10 degrees
around the circumference of the shaft relative to the trailing edge. The direction of
this twist is that which produces a positive rolling moment with no rolling rate.



920 Chapter 11 Aircraft Flight Simulation

We wish to repeat the computations made in Example 11.11.2 for the case where
the vanes of the arrow are mounted in this manner. Assume that the rolling
moment coefficient is independent of airspeed when there is no rolling rate.

Solution. This twist in the vanes of the arrow can be modeled simply by adding a
constant term to the rolling moment coefficient. Thus, the rolling moment is

0 = L pu*S,0,(Cro—ksl, p/u) (11.11.10)

The vanes are twisted 10 degrees in 4 inches or 30 degrees per foot. With this
twist, the rolling moment should be zero when the arrow is rotating 30 degrees for
each foot that it moves forward through the air (i.e., p/u =30 degrees per foot).
Applying this to Eq. (11.11.10) gives

/
O = . —k » ————7[ © ft = T
C;() 51 180° 30°/ or Cpo k5 61

Using this result in Eq. (11.11.10), the aerodynamic moments for this arrow are
expressed as

! ksl (m/61ft—p/u)
my = %pqu,l,. —ksa—kal, q/u
n +k3ﬂ—k4l,r/u

Applying this to Eq. (11.11.2) gives

p K7L12—K5pll
Gb = |- Ksyuw—Kaqu+ Ko pr (11.11.11)
¥ +K3MU—K4VLI—K6pq

where K, K4, K5, and K are the same as in Example 11.11.2 and K is given by

Cip _ 7pSAtks  7Ks

= = = 0.099 i~
L, 12ft I, 6fi

K7 = %pS,I,

Replacing Eq. (11.11.6) with Eq. (11.11.11), the formulation can be integrated
numerically as was done in Example 11.11.2.

Before proceeding with numerical integration, some consideration must be
given to the length of the time step to be used. Because the arrow will be rotating
at a substantial rate, the angular velocity must be considered in selecting the time
step. From the material in Sec. 11.10, we find that a fourth-order numerical
integration algorithm, with periodic renormalization of the quaternion, will provide
good accuracy if the time step is selected to give about 10 steps per revolution.
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For this arrow, the maximum rotation rate will be about 30 degrees per foot of
travel and the maximum airspeed is 210 ft/sec. Thus, the maximum rotation rate
will be somewhat less than 20 revolutions per second. With this knowledge, we
shall select a time step of 0.005 second.

By using the same integration algorithm that was used in Example 11.11.2 and
changing only the time step and the rolling moment equation, we obtain

t 0.000000 0.005000 0.010000 1.580000
u 210.000000| |209.851551| |209.703258 175.750367
v 0.000000 0.008189 0.061034 -1.863796
w 0.000000 0.160073 0.314323 0.988304
p 0.000000| | 19.776041| | 35.952271 91.793405
q 0.000000| | —0.000134| | —0.000526 0.117901
r| ] 0.000000 0.000007 0.000101 ~0.155337
xe[ ] 000000007 1.045723[7] 2.090739(" 7]300.030653
vy 0.000000 0.000000 0.000001 —0.108566
zy 0.000000| | —0.091086] | —0.181306 11.549914
e 0.999048 0.998722 0.994459 ~0.342722
e, 0.000000 0.025524 0.095653 0.935250
e, 0.043619 0.043605 0.043418 0.024611
e. 0.000000| | ~0.001114] | —0.004176 0.085112

Time Range Elevation o a B
(sec) (yvd) (in.) (degrees) (degrees) (degrees)
0.000000  0.000 0.000  5.000000 0.000000 0.000000
0.005000  0.349 1.093 4999987 0.043705 0.002236
0.010000  0.697 2176  4.999897 0.085880 0.016676
0.015000  1.045 3.248 4999655 0.120445 0.051740
0.020000  1.393 4310 4999184 0.135724 0.109670
0.025000  1.741 5361 4998411 0.117124 0.183424
1.555000 98.567 —129.291 —9.868364 —0.725605 0.177986
1.560000 98.856 —131.135 -9.922927 —-0.718113 -0.160449
1.565000 99.145 —132.988 -9.977478 —0.563182 —0.455324
1.570000 99.433 —134.850 —10.032015 —0.297676 —0.647150
1.575000 99.722 —136.720 —10.086538  0.019859 —0.699886
1.580000 100.010 —138.599 —10.141047 0.322194 —0.607610

The airspeed and elevation of the arrow do not differ substantially from those
results obtained in Example 11.11.2. However, as can be seen in Fig. 11.11.1, the
aerodynamic angles are significantly affected by the rotation of the arrow.
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Figure 11.11.1. Effect of axial spin on the flight of an arrow.

11.12. Aircraft Position in Geographic Coordinates

The local flat-Earth Cartesian coordinate system (x5 3y zp) can only be used to directly
describe aircraft position for relatively short flights that do not traverse a significant
fraction of the Earth’s surface. For longer flights, aircraft position is usually described in
terms of the Earth-fixed latitude, @, longitude, ¥, and geometric altitude, H. Lines of
constant latitude, or parallels, are labeled in degrees north or south of the equator, with
the North Pole located at 90 degrees north and the South Pole at 90 degrees south. Lines
of constant longitude, or meridians, are commonly labeled in degrees east or west of the
prime meridian, which runs north-south through Greenwich, England. Latitude and
longitude uniquely specify any location on the Earth’s surface. For example, the location
of New York’s, John F. Kennedy International Airport (JFK) is specified in latitude and
longitude as 40 degrees 38 minutes N, 73 degrees 47 minutes W.

For the purpose of numerical computation, latitude and longitude are normally
expressed in radians. North latitudes are defined to be positive and south latitudes are
defined as negative. By similar convention, east longitude is defined positive and west
longitude is negative. Thus, the allowable range for latitude is —7/2 <@ <7z/2 and for
longitude —7<¥ < 7. With this sign convention, the location of JFK is @=0.709185
and ¥=—1.287762.

To transform the components of a vector from local flat-Earth coordinates (x5 vy zp)
to geographic coordinates (@, ¥, H), a spherical-Earth approximation is often used. The
historical definition of a nautical mile is the distance along a meridian on the Earth’s
surface that subtends 1 minute of latitude. The nautical mile is currently defined as 1,852
meters. To be consistent with the historical definition, this implies a spherical-Earth
radius of 6,366.707 kilometers. This value falls between the currently accepted polar
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radius of 6,356.752 km and the accepted equatorial radius of 6,378.137 km. Thus, a
value of 6,366.707 km is commonly used for the radius of the Earth, Rg, when the
spherical-Earth approximation is used.

Since aircraft altitude is usually small compared with the radii of the meridian and
local parallel, time derivatives of latitude, longitude, and altitude can be approximated in
terms of the aircraft’s velocity vector represented in local flat-Earth coordinates,

Xp /R
= Vs /(Rycos D) (11.12.1)

—Zy

R

For the spherical-Earth approximation,
R = Ry = Rp = 6,366.707 km (11.12.2)

For a spheroidal-Earth model,

Req(1- &2 R
| _ eq ) R2 — eq

- N . S (11.12.3)
(- e Si“2¢)3/2 1—-£lsin’®

Ry = 6378.137km, &° = 6.68313865x10™

At any time during a simulation the aircraft’s velocity components in local flat-Earth
coordinates can be obtained from the body-fixed velocity components and the wind
vector by using Eq. (11.11.3). The geographic position rates can then be determined
from Eq. (11.12.1). Numerical integration of these results yields the aircraft position as
a function of time, expressed in terms of geographic coordinates. Either the spherical
model given by Eq. (11.12.2) or the spheroid model described in Eq. (11.12.3) can be
used with Eq. (11.12.1). The spheroid model is slightly more accurate, but a spherical
model is accurate enough for most practical purposes encountered in flight simulation.
Equation (11.12.1) is singular at both poles and becomes inaccurate in the close
proximity of either pole. However, these singularities are not too restrictive and would
not be encountered in most flight simulations.

Another important aspect of any flight simulation is navigation, which also makes
use of the geographic coordinate system. Navigation is the art and science of getting
from one point on the Earth’s surface to another. One of the simplest forms of navigation
is called rhumb-line navigation. In reality, a thumb line is not a line at all but a curve on
the surface of the Earth that traces a path of constant bearing. Rhumb-line navigation is
commonly used only for traveling short distances over the Earth’s surface. Even for
short-distance navigation, rhumb lines are not useful for approaching locations close to
either pole, because in the vicinity of a pole rthumb lines become tightly wound spirals.
Some rhumb-line navigation algorithms fail completely if either the start point or the
destination is a pole.
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The rhumb-line bearing, or ground tract, y,, from any global location (@, ¥, H) to
any global destination (@, ¥, H;) together with the shortest distance, d,, measured
over the Earth’s surface along this path of constant bearing, can be computed from the
following algorithm:

A¥p =mod(¥, —¥, 27); if(A¥s <0) AWp = A¥s + 21
A%y =mod(¥ — ¥, 2x), A%y <0) A¥y = A¥y + 21

@, T @ T
b =1 -4 4 £
A n tan( =+ )/tan( + )

if (|0, - o[ <z )
r = cos(D)

else (11.12.4)
r=(@; ~D)/AD

end if

if (AP < A¥g)
Wy =atan2(-A¥y ,AD);, if(y, <0)w, =wg +27

d, = Re(rd ¥y ) +(@y ~ D)

else
W =atan2(A¥e, AD); if(y, <0)y, =y, +27
d, = Rp\(rd ¥ ) +(@g - D)

end if

where & is a small tolerance on the order of machine precision, which is used as a test to
avoid the indeterminate divide by zero for east-west courses.

EXAMPLE 11.12.1. Compute the rhumb-line bearing and distance from John F.
Kennedy International Airport (JFK) (40° 38' N, 73° 47" W) to the Los Angeles
International Airport (LAX) (33°57' N, 118°24' W).

Solution. For the course from JFK to LAX the coordinates of the start point and
destination are

JFK: @ =(40+38/60) /180 =0.709185
¥ = —(73+47/60) /180 =—1.287762

LAX: @, =(33+57/60)7/180=0.592539
¥, =—(118+24/60) 7/180 = —2.066470

Using these values in Eq. (11.12.4) produces
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AY¥y =mod(¥,; —¥, 2x)

if(AYE <0)A¥E = A¥e + 27
Ay =mod(¥ —¥,, 2xr)

APy <0) Ay =AYy + 27

_ Py 7 @ 7 —_
A(D—ln{tan( > +4j/tan(2 +4H} AD =-0.146801

} A¥y =5.504477

} Ay =0.778708

if (]@d - <J§)
r =cos(P)

else r=0.794587
r= (@4 - D)/ AD

end if

if (A Yy <A l[/E)
W, = atan2(-A¥y , AD) }

. vy =4.526057 = 259.32°
ifly, <0)y, =y, +27

dy = ReA(rA Py ) + (D — )? } d, = 4008.8 km = 2164.6 naut mi
else
vy = atan2(a¥s, A9) } Wy =1.597459 =91 53°
iy, <0y, =y, +27
d. =Rg J(m Ye) + (@, - D)? } d, =27856.5 km = 15041.3 naut mi

end if

Notice from Example 11.12.1 that the westerly course required to reach LAX from
JFK along a path of constant bearing is not 180 degrees from the easterly course, which
would accomplish the same result after traveling a much greater distance. This is
because except for the case of north-south and east-west courses, rhumb lines are not
circles, even within the approximation of a spherical Earth. A rhumb line, which is not
aligned east-west or north-south, is a spiral that continues to circumnavigate the globe
indefinitely in coils that are ever tightening as they approach the poles. By definition,
any northeasterly rhumb line will always continue in a northeasterly direction, moving
farther north with each circumvolution of the Earth’s axis. However, there is no way to
reach the North Pole except by traveling due north. Thus, such a rhumb line on the
Earth’s surface is of infinite length and never intersects itself.

From this discussion, one may begin to suspect that the shortest distance between
two points on the surface of the Earth is not a path of constant bearing. Of course, the
shortest distance between any two points is a straight line. However, it is not possible to
travel along a straight line between two distant points on the Earth’s surface without
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digging a substantial tunnel. If the travel must remain above ground, the shortest path
connecting any two points on the Earth’s surface is a segment of what is called a great
circle. Any great circle is the intersection of the Earth’s surface with a plane passing
through the Earth’s center. Because any three points define a unique plane, there is one
and only one plane that passes through two points on the surface of the Earth and the
Earth’s center. Thus, there is one and only one great circle connecting any two points on
the surface of the Earth.

Since a great-circle route is the shortest path on the Earth’s surface between two
points, such routes are commonly used for navigation between distant locations. The
initial great-circle bearing, . from any global location (@, ¥, H) to any global
destination (@,, ¥, H,) together with the shortest great-circle distance, d,., measured
over the Earth’s surface, can be computed from the following algorithm:

=2 sin_l{‘/sinz[i,h—z-gj + cos(@)cos(Dy) sinz(z‘iz_—yl)}

if [sin(¥, -%)>0.]
Ve COS_{sin(@d ) —sin(®) cos(@)J
g

sin(®) cos(D)
else (11.12.5)
4| sin(@y ) —sin(@) cos(O)
R | sin(@y
Ve oS [ sin(@) cos(P)
end if
dee =RpO

In general, the bearing does not remain constant along such great-circle routes. The
bearing varies from point to point along the route, deviating from the rhumb line toward
the nearest pole. Only for exact north-south routes or a route directly along the equator
does the great-circle route follow the rhumb line.

EXAMPLE 11.12.2. Compute the great-circle distance and the initial bearing
from JFK (40° 38' N, 73°47' W) to LAX (33° 57' N, 118° 24' W).

Solution. For the route from JFK to LAX the coordinates are

JFK: @ =(40+38/60)7/180 =0.709185
W = —(73+47/60) /180 =—1.287762

LAX @, =(33+57/60)7/180 =0.592539
¥, =—(118+24/60) 7/180 = - 2.066470

Using these values in Eq. (11.12.5) results in
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@ =2sin "I{Jsinz(@d—z_d—jj +cos(P)cos(D,) sinz(z’dT_L]iﬂ =0.623585

if [sin(¥y —¥) > 0.]
| sin(@y) —sin(@) cos(®)
Ve = €08 { sin(@)cos(P) }
else Wee = 4779727 = 273.86°

sin(@y ) —sin(@) cos(®)
sin(@) cos(P)

Yoo =27 — cos"[

end if
dg = Rp® =3970.2 km = 2143.7 naut mi

Notice from Example 11.12.1 that the path of constant bearing from JFK to LAX is
more than 10 degrees south of due west. However, from Example 11.12.2, we see that
the shortest route to LAX departs JFK almost 4 degrees north of due west. For this
example, the difference in length between the great-circle route and the rhumb line is
only about 21 nautical miles in more than 2,100. For longer routes and routes closer to
the poles, the difference is much larger. For example, the rhumb-line route from
Fairbanks, Alaska (64° 50’ N, 147° 43" W) to Moscow, Russia (55° 45’ N, 37° 35" E) is
9,601.4 km at a bearing of 263.97 degrees. The great-circle route between these same
two locations is 6,594.8 km with an initial bearing of 356.54 degrees.

Since the bearing is seldom constant along a great-circle route, it is often useful to
calculate the position of enroute waypoints that lie on the great circle between the start
point and the destination. This is accomplished with the following algorithm:

O = ZSin"[\/sinz(m‘]; (Dj +cos(®) cos(@d)sinz(ﬂ;—'{ln

Oy =dp, [Rg

A=5sin(@-06,,)/sin(O)

B =sin(B,,)/sin(®)

x = Acos(@)cos(¥)+ Bcos(@,)cos(¥y) (11.12.6)
y = Acos(@)sin(¥)+ Bcos(@y)sin(¥y)

z = Asin(@) + Bsin(@,)

D, = atan2(z,\/x2 +y2 )

Yop = atan2(y, x)

where @,, and ¥,, are, respectively, the latitude and longitude of the waypoint and d,,, is
the distance measured along the great circle from the start point to the waypoint.
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EXAMPLE 11.12.3. On the great-circle route connecting JFK and LAX, find the
geographic coordinates of the waypoint that is 1,000 nautical miles from JFK.

Solution. From Example 11.12.1 or 11.12.2, the geographic coordinates are
JFK: (0.709185, -1.287762)  LAX (0.592539, -2.066470)

Using these values in Eq. (11.12.6) gives

o= 2sin‘{\/sin2(w) +cos(P) cos(CDd)sinz(Wd 2_ L ﬂ =0.623585

2

O = dw,,/RE =0.290888

A=sin(® -6, )/sin(@) =0.559283

B =sin(6,, )/sin(@) =0.491144

x = Acos(@)cos(¥) + Bcos(@,)cos(¥y ) =-0.075245
y = Acos(D)sin(¥) + Bcos(Py)sin(Fy ) = —0.765932
z = Asin(@)+ Bsin(@;) = 0.638503

?,, = atanZ(z,\/xz +y? j =0.692551

¥, = atan2(y,x)= —1.668721

(39°40"49" N, 95°36'39" W)

11.13. Problems

11.1.

11.2.

11.3.

11.4.

Write a computer subroutine to evaluate the quaternion product of two arbitrary
quaternions. Use the general relation given by Eq. (11.6.3).

Write a computer subroutine to evaluate the components of the Euler-Rodriques
quaternion from known values of the traditional aircraft Euler angles. Use the
positive sign in Eq. (11.7.8). Test your subroutine against the result that was
obtained in Example 11.7.1.

Write a computer subroutine to determine the traditional aircraft Euler angles
from known values of the components of the Euler-Rodriques quaternion. Use
Eq. (11.7.9) and remember that the arctangent function in most programming
languages returns a value in the range —x to 7, whereas the heading angle is
traditionally defined in the range 0 to 2. Test your subroutine against the result
that was obtained in Example 11.7.1.

Write a computer subroutine that uses the Euler-Rodriques quaternion and the
subroutine written for problem 11.1 to transform the components of an arbitrary
vector from body-fixed coordinates to Earth-fixed coordinates. Test your
subroutine against the result that was obtained in Example 11.7.1.
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11.6.

11.9.

11.10.

11.11.

11.12.
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Modify the subroutine written for problem 11.4 to eliminate all unnecessary
multiplication and assignment. Test your subroutine against the result that was
obtained in Example 11.7.1.

Write a computer subroutine that uses the Euler-Rodriques quaternion and the
subroutine written for problem 11.1 to transform the components of an arbitrary
vector from Earth-fixed coordinates to body-fixed coordinates. Test your
subroutine against the result that was obtained in Example 11.7.1.

Modify the subroutine written for problem 11.6 to eliminate all unnecessary
multiplication and assignment. Test your subroutine against the result that was
obtained in Example 11.7.1.

Write a computer program that uses a fourth-order Runge-Kutta solution to the
Euler-Rodriques quaternion formulation to solve the problem in Example 11.9.1.
Apply Eq. (11.10.7) to renormalize the quaternion after each full time step. Run
this code for the case ¥, = 100 ft/sec, ¥, =200 ft/sec, and w=2rsec’!. Compare
your numerical solution with the analytical solution obtained in Example 11.9.1.

Modify the computer program written for problem 11.8 to eliminate that part of
the code used to renormalize the quaternion after each full time step. Using this
modified code, repeat the computations made in problem 11.8. Compare your
numerical solution with the analytical solution obtained in Example 11.9.1.

Write a computer program to repeat the computations made in Example 11.11.2.
Use fourth-order Runge-Kutta to integrate the Euler-Rodriques quaternion formu-
lation. Apply Eq. (11.10.7) to renormalize the quaternion after each full time
step. Test your program against the numerical results that were presented in
Example 11.11.2. To test your program even further, use an initial condition that
has the arrow rotated 90 degrees about the x,-axis. Also try an initial condition
that has a heading of 225 degrees. You should be able to deduce how these
solutions will differ from the one presented in Example 11.11.2.

Write a computer program to repeat the computations made in Example 11.11.3.
Use fourth-order Runge-Kutta to integrate the Euler-Rodriques quaternion formu-
lation. Apply Eq. (11.10.7) to renormalize the quaternion after each full time
step. Test your program against the numerical results that were presented in
Example 11.11.3. To test your program even further, use an initial condition that
has the arrow rotated 90 degrees about the x,-axis. Also try an initial condition
that has a heading of 225 degrees. You should be able to deduce how these
solutions will differ from the one presented in Example 11.11.3.

Modify the computer program written for problem 11.11 so that it switches to the
fourth-order Adams-Bashforth-Moulton algorithm after the first three time steps.
Thoroughly test your program as was done in problem 11.11.
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11.13.

11.14.

11.15.

11.16.

11.17.

11.18.
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Write a computer program to simulate the flight of an airplane with conventional
controls (ailerons, elevator, and rudder). Use a fourth-order Runge-Kutta algo-
rithm to integrate the Euler-Rodriques quaternion formulation. Renormalize the
quaternion after each full time step by applying Eq. (11.10.7). Use linearized
aerodynamics to approximate the forces and moments, but be sure to design the
program so that it is easy to change the mathematical model for the forces and
moments without altering the rest of the program. Be sure that the inertia tensor
is inverted only once, before the simulation is started.

Use the program that was written for problem 11.13 together with appropriate
aerodynamic coefficients and mass properties to repeat the computations made in
problem 11.11. Use the following properties for the arrow:

S, =0.15ft%, 1, =2.0ft, p=2.0x107slugft*>, W =0.0483 Ibf,
L, =1.5x107 slug-ft2, 1, =1, =7.5x107* slug ft?,
ko =0.0061, k =1.40, k; =0.0059, k3 =0.0040,
ks =0.0080, ks =0.00475, Cyo=0.00495

Thoroughly test your program as was done in problem 11.11.

Use the program that was written for problem 11.13 together with appropriate
aerodynamic coefficients and mass properties to repeat the computations made in
Example 10.4.3. Be sure that the airplane is trimmed for the correct airspeed
before the step change in elevator deflection is applied. Compare your numerical
solution with the analytical solution presented in Example 10.4.3.

Use the program that was written for problem 11.13 together with appropriate
acrodynamic coefficients and mass properties to repeat the computations made in
Example 10.4.4. Be sure that the airplane is trimmed for the correct airspeed
before the step change in rudder deflection is applied. Compare your numerical
solution with the analytical solution presented in Example 10.4.4.

Modify the computer program written for problem 11.13 so that it switches to the
fourth-order Adams-Bashforth-Moulton algorithm after the first three time steps.
Also modify the program to renormalize the quaternion only after each 100 time
steps. Test your modified program by using it to repeat the computations made in
problems 11.14 through 11.16.

Starting with the definition of a great circle on the surface of a sphere, develop
the relation for the great-circle arc length, which is expressed in Eq. (11.12.5).
Hint: Start by developing Cartesian expressions for the vectors from the Earth’s
center to the start and destination points.
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Standard Atmosphere, Sl Units

Appendix A

Geometric Geopotential Speed of
Altitude Altitude  Temperature Pressure Density Sound
(m) (m) (X) (N/m?) (kg/m’) (m/sec)
0 0 288.150 1.0133E+05 1.2250E+00 340.29
2,000 1,999 275.154 7.9501E+04 1.0066E+00 332.53
4,000 3,997 262.166 6.1660E+04 8.1935E-01 324.59
6,000 5,994 249.187 4.7218E+04 6.6011E-01 316.45
8,000 7,990 236.215 3.5652E+04 5.2579E-01 308.11
10,000 9,984 223.252 2.6500E+04 4.1351E-01 299.53
12,000 11,977 216.650 1.9399E+04 3.1194E-01 295.07
14,000 13,969 216.650 1.4170E+04 2.2786E-01 295.07
16,000 15,960 216.650 1.0353E+04 1.6647E-01 295.07
18,000 17,949 216.650 7.5652E+03 1.2165E-01 295.07
20,000 19.937 216.650 5.5293E+03 8.8910E-02 295.07
22,000 21,924 218.574 4.0475E+03 6.4510E-02 296.38
24,000 23,910 220.560 2.9717E+03 4.6938E-02 297.72
26,000 25,894 222.544 2.1884E+03 3.4256E-02 299.06
28,000 27,877 224.527 1.6162E+03 2.5076E-02 300.39
30,000 29.859 226.509 1.1970E+03 1.8410E—-02 301.71
32,000 31,840 228.490 8.8906E+02 1.3555E-02 303.02
34,000 33,819 233.744 6.6341E+02 9.8874E-03 306.49
36,000 35,797 239.282 4.9852E+02 7.2579E-03 310.10
38,000 37,774 244818 3.7714E+02 5.3665E-03 313.67
40,000 39,750 250.350 2.8714E+02 3.9957E-03 317.19
42,000 41,724 255.878 2.1997E+02 2.9948E-03 320.67
44,000 43,698 261.403 1.6950E+02 2.2588E-03 324.12
46,000 45,670 266.925 1.3134E+02 1.7141E-03 327.52
48,000 47,640 270.650 1.0229E+02 1.3167E-03 329.80
50.000 49.610 270.650 7.9779E+01 1.0269E-03 329.80
52,000 51,578 270.650 6.2228E+01 8.0097E-04 329.80
54,000 53,545 267.560 4.8491E+01 6.3137E-04 32791
56,000 55,511 263.628 3.7657E+01 4.9761E-04 32549
58,000 57,476 259.699 2.9137E+01 3.9085E-04 323.06
60.000 59.439 255.772 2.2460E+01 3.0592E-04 320.61
62,000 61,401 251.045 1.7246E+01 2.3931E-04 317.63
64,000 63,362 243.202 1.3150E+01 1.8837E-04 312.63
66,000 65,322 235.363 9.9405E+00 1.4713E-04 307.55
68,000 67,280 227.529 7.4447E+00 1.1399E-04 302.39
70,000 69,238 219.700 5.5204E+00 8.7534E-05 297.14
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Appendix B
Standard Atmosphere, English Units

Geometric Geopotential Speed of
Altitude Altitude  Temperature Pressure Density Sound
(ft) (fv) (°R) (Ibf/ft) (slugs/ft’) (ft/sec)
0 0 518.670 2.1162E+03 2.3769E-03 1116.45
5,000 4,999 500.843 1.7609E+03 2.0482E~-03 1097.10
10,000 9,995 483.025 1.4556E+03 1.7555E-03 1077.40
15,000 14,989 465.216 1.1948E+03 1.4962E-03 1057.36
20,000 19,981 447.415 9.7327E+02 1.2673E-03 1036.93
25,000 24.970 429.623 7.8634E+02 1.0663E-03 1016.10
30,000 29,957 411.839 6.2967E+02 8.9068E-04 994 85
35,000 34,941 394.063 4.9935E+02 7.3820E-04 973.14
40,000 39,923 389.970 3.9313E+02 5.8728E—-04 968.08
45,000 44,903 389.970 3.0945E+02 4.6227E-04 968.08
50,000 49.880 389.970 2.4361E+02 3.6392E-04 968.08
55,000 54,855 389.970 1.9180E+02 2.8652E-04 968.08
60,000 59,828 389.970 1.5103E+02 2.2561E-04 968.08
65,000 64,798 389.970 1.1893E+02 1.7767E-04 968.08
70,000 69,766 392.246 9.3727E+01 1.3920E-04 970.90
75,000 74,731 394.971 7.3990E+01 1.0913E-04 974.26
80,000 79,694 397.693 5.8511E+01 8.5710E-05 977.62
85,000 84,655 400.415 4.6350E+01 6.7434E-0S 980.95
90,000 89,613 403.135 3.6778E+01 5.3147E-05 984.28
95,000 94,569 405.854 2.9232E+01 4.1959E-05 987.59
100.000 99,523 408.572 2.3272E+01 3.3182E-05 990.90
105,000 104,474 411.289 1.8557E+01 2.6285E-05 994.18
110,000 109,423 418.385 1.4837E+01 2.0659E-05  1002.72
115,000 114,369 425.983 1.1912E+01 1.6290E-05 1011.79
120,000 119313 433.578 9.6013E+00 1.2900E-05  1020.77
125,000 124,255 441.170 7.7689E+00 1.0259E-05 1029.67
130,000 129,195 448.758 6.3095E+00 8.1907E-06  1038.48
135,000 134,132 456.342 5.1427E+00 6.5650E-06  1047.22
140,000 139,066 463.923 4.2062E+00 5.2818E-06 1055.88
145,000 143,999 471.500 3.4518E+00 4.2648E-06  1064.47
150,000 148,929 479.073 2.8419E+00 3.4558E-06 1072.99
155,000 153,857 486.643 2.3471E+00 2.8097E-06  1081.43
160,000 158,782 487.170 1.9419E+00 2.3221E-06 1082.02
165,000 163,705 487.170 1.6068E+00 1.9215E~-06 1082.02
170,000 168,625 487.170 1.3297E+00 1.5901E-06  1082.02
175,000 173,544 483.944 1.1000E+00 1.3242E-06 1078.43
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Index

A

Accelerating climb, 315,317

Acceleration sensitivity, 838-841

Ackert’s theory, 659

Adams-Bashfourth-Moulton, 899, 904-905,
911-912,916

Adams-Moulton, 632

Adiabatic, 15, 93

Advance angle, 135-136, 138, 148, 181

Advance ratio, 145-154, 159, 161, 176, 187—
188, 422-423, 452, 457

Adverse yaw, 77, 299, 492-493, 575

Aerodynamic, 1

angle, 442443, 469, 496

angle of attack, 59, 70, 74, 76, 137, 147, 151,

181
balance, 526, 528

coefficients, 3, 145, 186, 224, 441, 452, 570,

605, 607, 632, 657-658

controls, 503

coordinates, 1-2, 462, 601

coupling, 804, 808, 814-815, 864

derivatives, 444, 448, 487, 652-672, 730,
794, 797, 804

drag, 222-223, 300

efficiency, 224, 226, 228, 351, 386

force, 14, 10, 14, 24-26, 42, 45, 79, 84-92,

105, 221, 365
force vector, 87
hinge moment, 524
hysteresis, 822

moment, 1-4, 88-90, 92, 221, 365, 397, 414,

418,441, 443, 473
nondimensional derivatives, 676-678
pitch angle, 131-132, 135, 137, 143-144,
147148, 180-181
pitch length, 132, 145, 147
pressure, 365, 414
properties, 22
torsional spring, 636
twist, 47-51, 53-54, 59, 68, 478-479
yaw departure, 820
Aerodynamic center, 5, 26, 41, 107, 343-357,
362, 365, 373, 380, 382, 384-385, 387,
390, 396, 398, 408, 413-414, 480, 484—
485 (see also Neutral point)
ideal, theoretical, 26
Aerodynamics, 1, 3, 16, 24, 45,97, 101
compressible, 93
inviscid, 12, 24

inviscid compressible, 93-96
overview, 1
Acroelastic bending, wing, 565
Aeroelasticity, 515, 758
Aft tail, 346-347, 351-352, 356-357, 396-397,
515, 518, 522, 525-527, 549-554
estimating downwash angle on, 371-381
Afterburner, 126, 203-204
Aileron, 68, 339, 474, 489490, 495-496, 554,
575
angle, 69, 489490
deflection, 69-72, 74, 7678, 489-492, 495—
496, 566-567
Frise, 575
response, 801
reversal, 565
reversal speed, 567
sizing, 801
Air density, 94-95, 192, 227, 230, 234-235,
239,241, 244, 246, 249-251, 255-256,
260-261, 266, 273, 278, 289, 293-294,
307-308
Aircraft, 1, 6-7, 10-14, 44, 49, 79, 92-93, 100,
115-130, 207, 215
control response, 833, 854-864
controls, 503
design, 221, 225-226, 234, 487
dynamics, 611
engine, 116-117, 119, 152, 162, 198-199
equations of motion, 599, 603
fixed wing, 70, 567
flight simulation, 867-926
handling qualities, 833-864
maneuverability, 503
performance, 12, 221-689
plane of symmetry, 80, 441
position, 922
propulsion, 115-130, 153, 215
stability, 185, 342-343, 396, 407
stability and control, 187, 221
state, 837
tailless, 413, 461, 487
weight, 241, 254, 284, 318
Airflow, 1, 43, 93
Airfoil, 4, 22-24, 106, 280
cambered, 105
coordinates, 29-30
modern, 280
section, 3, 5, 22, 24, 28, 30, 34-46, 80-81,
85, 96, 100, 130, 346, 350, 387, 408

943



944

Index

section geometry, 12
section moment data, 26
section theory, 46
supercritical, 101
supersonic, 100, 105, 107
symmetric, 22, 26, 105, 107, 280, 346, 350-
355, 357
theory, 35
thickness, 24, 26, 34, 41
thin, 24, 96, 105, 107
Airplane
high-wing, 483484
low-wing, 483
spin, 577-579, 587, 590
spin-resistant, 589, 590
stall, 577
Airscrew, 132 (see also Propeller)
Airspeed, 10, 12, 77, 120-123, 126, 133-141,
152-153, 159, 162, 178181, 193-194,
221-330, 339-341, 349, 354-355, 359,
399, 482, 603
best climb, 243
best glide, 272-278
design, 280, 355
forward, 135-138, 149, 152, 169, 178
freestream, 167
indicated, 289, 293
liftoft, 306-307
maximum, 236-239
maximum endurance, 253-255, 261, 263
maximum range, 258-264, 267
minimum, 221, 279
minimum drag, 226, 229, 258, 261-263
minimum power, 235, 269
minimum sink, 269-270
minimum thrust, 235
optimum, 227
subsonic, 117, 127, 130
supersonic, 106, 126, 215
true, 289
VNE, 287-288
All-flying tail, 347, 568, 572
All-moveable trim adjustment, 573
Altitude, 6-8, 13, 152, 226-227, 234-235,
243-244,251, 254, 256, 259-260, 267—
269, 273, 289, 320, 339
density, 268
geometric, 6, 13
geopotential, 6-7
obstacle clearance, 315-323, 326
Ambient
pressure, 115, 165, 195-196, 208, 427
temperature, 199, 207
Amphibian, 415

Amplification factor, 701-702 (see also
Dynamic gain)
Angle
advance, 135-136, 138, 148, 181
aerodynamic, 442443, 469, 496
aerodynamic pitch, 131-132, 135, 137, 143~
144, 147-148, 180181
aileron, 69, 489-490
azimuth, 620, 868 (see also Heading)
bank, 222, 283-286, 298, 441-443, 473-474,
620, 781, 868
climb, 222, 240, 244-248 271, 283-286,
294-296, 319-322, 348, 354, 397
crab, 257
dihedral, 80, 475, 479, 487488
downwash, 135-136, 138, 180181, 349,
352-353, 356-357, 371, 373, 375, 377—
380, 423-424, 428, 453, 493
elevation, 397, 580, 620, 868
Euler, 619-627, 637-638, 643, 807, 867868
ground track, 257
heading, 257, 620 (see also Azimuth angle)
induced, 135, 137, 143, 145, 180
Mach, 102, 104-105
orientation, 443
phase, 702
pitch, 131-132, 138, 142, 144, 147-148, 181
roll, 74
sideslip, 187, 441-447, 452-455, 460-463,
470, 473-474, 476, 482, 603, 605, 781
sidewash, 446-447, 453, 463
sweep, 80-81, 377-378
thrust, 133, 224, 227-232, 236, 240-241,
258,282, 300
upwash, 382, 384-385, 388, 423
wind direction, 257
wind-track, 257, 270
Angle of attack, 3-5, 10-12, 24-28, 33-38, 41,
48-54, 71, 84-85, 92, 105, 147, 151, 162,
178, 181, 187, 208, 224-225, 228, 296—
297, 300, 302, 306-308, 341-348, 352
365, 373, 383, 397-400, 403-404, 408—
409, 413414, 418, 420, 422, 428, 443—
445, 467, 473, 509, 603
aerodynamic, 59, 70, 74, 76, 137, 147, 151,
181
blade, 151-152, 180
differential in, 476
effective, 46, 353, 371
equilibrium, 354, 614, 688
fuselage, 355, 358, 389
geometric, 47, 69-70
high, 11, 820-822, 865
induced, 46-47, 74, 81



local aerodynamic, 59, 70
local section, 46, 86, 91, 138, 145
low, 10
optimum, 311
propeller, 133-134, 163, 178-182, 184, 187,
424, 452454, 457459
small, 96
trim, 410
zero, 105, 353, 357-358, 366, 368, 388, 408,
410, 424, 428
zero-lift, 26-27, 36-38, 47, 55, 132, 146—
147, 352, 384
Angular momentum equation, 168-169, 174
Anhedral, 80, 475
Area, 34
characteristic, 417
frontal, 3, 417
planform, 3, 49, 81
wing, 221, 227, 280, 307
Area rule, 101
Aspect ratio, 45, 49--50, 53, 58, 62-63, 66, 72,
81,87,90-91, 224, 231, 234, 237, 280,
351, 353, 372-373, 375, 380, 386-388,
408-409, 449, 471,477, 752
apparent, 449
effective, 449, 471-472
high, 87,227
low, 91
true, 471472
Atmosphere, 610
desert, 7
polar, 7
standard, 7, 10
Atmospheric pressure, 10
Atmospheric temperature, 10
Attitude, 342, 349, 383
descriptors, 882
equilibrium, 341-343
liftotf, 299
quaternion representation, 885, 888
Autopilot, 847, 863804
Axis of propeller rotation, 133, 135, 138, 178
Azimuth angle, 620, 868 (see also Heading)
constraint, 892

B
B-17 Flying Fortress, 119, 121
B-29 Superfortress, 119
Bairstow approximation, 740
Balanced field length, 315-317, 325-327
Bank angle, 222, 283-286, 298, 441443, 473—
474, 620, 781, 868
load-limited, 285-286
maximum, 284-286
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stall-limited, 284-286
Beech Bonanza, 574
Bell Airacomet, 123124
Bernoulli’s equation, 165, 170
Betz condition, 141, 161, 179
Biot-Savart law, 21, 372, 377, 462
Blade
angle of attack, [51-152, 180
drag, 152, 162
mterference, 121
section, 135,137, 151, 180
wake, 161
Blade-tip vortex, 139-141, 177
helical, 177
Body, 3 (see also Fuselage)
axis, 1
bluff, 3, 11
streamlined, 10, 11
Body force, 556
Boeing 707, 125
Boeing 747, 127
Boundary conditions, 34
Boundary layer, 10-13, 15, 38, 96, 100, 108,
161
concept, 10
equations, 10
flow, 10, 34
separation, 11-12, 25, 38, 100
solution, 35
theory, 10, 34
viscous, 10, 12
wake, 12
Bow shock, 105
Brake power, 121, 133, 144, 146, 151-159,
167, 174~175, 255
British Fairey Delta, 496
British Spitfire, 120-121, 347, 431432, 458,
498
Bypass ratio, 126, 207, 210-215

C
C-130 Hercules, 128, 483-484
Camber, 22-24, 35, 105-107
line, 22-24, 26-27, 33-38, 105, 107
maximum, 23, 26, 28
negative, 346
positive, 346, 352
Camber line geometry, 36-38
Camber line ordinate, 36
Cambered wing, pitch stability of, 343-346
Canard, 381-397, 409413, 506
lift coefficient, 384, 386, 392
lift slope, 384
moveable, 554
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volume ratio, 385-386, 389
Cartesian aerodynamic coordinates, 1-2, 462,
601
Ceiling
absolute, 244
service, 244
Center of gravity, 343-345, 348-357, 361-369,
382-385, 395-396, 399, 404405, 408,
413-417, 444-445, 448-450, 484
limits, 537
low, 552
vertical position, 551
Center of pressure, 5, 25-26, 107
fuselage, 417-418
Center of thrust, 348, 357, 382, 396
Center of vorticity, 375-377
Centripetal acceleration, 556, 582
CFD, 35, 81, 90-92, 418, 426
Characteristic length, 84, 88
Characteristic polynomial, 852
Chord, 2, 23, 37
flap, 37
length, 2-3, 23, 26, 47, 50-51, 55, 59, 73,
88, 137-138, 145-148, 162, 182
line, 1-5, 22-23, 42, 83, 105, 223
root, 51
tip, 51
Chord length ratio, 145-146, 148
Circulation, 17, 20, 44, 47, 74, 79, 83, 139,
142-143
distribution, 48, 51, 71
local section, 47, 139
vector, 480
Climb, 239-249
accelerating, 315, 317
Climb angle, 222, 240, 244-248, 271, 283-286,
294-296, 319-322, 348, 354, 397
load-limited, 295-296
stall-limited, 295
steady, 320
Clustering, 28, 89
cosine, 28-29, 89-90
Cobra maneuver, 296, 865
Coefficient, 34
axial force, 3
drag, 34, 11-12, 26, 48-51, 54, 58, 92, 100,
107
induced drag, 48-51, 54-55
lift, 3, 11-12, 26, 34, 37-38, 48-59, 62, 76,
91, 97, 108, 137, 144-145, 162, 224-229,
233-234, 239, 245-246, 272, 279, 282,
284, 296, 298-302, 306, 308, 319-322,
344-345, 349-353, 358, 360, 363, 371—
372,375,384, 409-411, 414, 506

Index

moment, 3, 5, 25, 32, 38, 97, 107-108, 344,
349, 354, 409, 507
normal force, 3, 5
pressure, 97-99, 104105
yawing moment, 74-77
Cofactor, 851, 853
Combustion chamber, 190, 195197, 199, 203,
209
Complex amplitude, 862
Compressibility, 93, 121, 158
Compressible flow theory, 192
Compressible subsonic flow, 96-101
Compressor, 190, 195, 199200, 208
inlet, 196197
outlet, 196
Computational fluid dynamics (CFD), 35, 81,
90-92, 418, 426
Conservation of mass, 165, 170
Constant speed pull-up maneuver, 504-505
Constraint
azimuth angle, 892
design, 280
elevation angle, 892
pitch, 892
roll, 891
rotational, 8§91
yaw, 892
Continuity equation, 12-14, 172
Contrails, 139-140
Control, 44, 568
alternative, 554
anticipation parameter, 840
automatic, 863
derivatives, 496
inputs, 846
lateral, 554
loader, 524
longitudinal, 503, 557
orthogonality, 904-906
pitch, 68, 347, 386, 416, 503, 523, 528, 529—
532, 535, 545-547, 568-572 (see also All-
flying tail; Elevator; Stabilator; V-tail)
roll, 68-69, 489, 492, 575-576, 847 (see also
Ailerons; Spoilers)
surface deflection, 68, 70, 384-394, 558,
560, 563
yaw, 448, 492, 576, 577, 588, 821, 847 (see
also Rudder; V-tail)
Control derivative, 448, 456, 492, 496, 518,
567
Control force, 523
derivative, 530
gradient, 523, 528, 531, 534, 544
per g, 528, 531, 534



pitch, 503, 530, 546-547
Control point, 28-31, 84-90
Control problem
generalized linear, 848, 855, 859
special linear, 848, 850, 856
Control response, 833, 846-864
Control reversal
aileron, 565
elevator, 523
Control surface, 68
asymmetric, 68
deflection, 68, 70, 384-394, 558, 560, 563
distribution function, 70, 76
effectiveness, 385
geometry, 72
hinge moment, 524
other configurations, 568-577
sign convention, 69, 397, 457, 489, 496-497,
526, 564, 569, 798
spanwise asymmetric, 68
Control system, 524
autopilot, 847, 863-864
digital, 833
fly-by-wire, 524, 537, 576, 833
gain coefficient, 576
Control theory
automatic, 864
classical, 863
modern, 863
optimal, 864
Control volume, 115-116, 190-191
Cooper-Harper rating scale, 834835
Coordinated
maneuver, 554, 556
turn, 284-286, 290293, 299, 806, 807, 816
817
Coordinates, 1, 17, 467, 599-600
aerodynamic, 1-2, 462, 601
airfoil, 29-30
atmosphere-fixed, 601, 603, 610
body-fixed, 581-582, 601-602, 609, 619,
623, 625, 653, 654, 682, 806, 867, 871,
873
Cartesian, 601, 922
Earth-fixed, 601-602, 619, 623, 625, 806,
867, 871, 873
fixed, 602
flat-Earth, 922, 967
geographic, 922-928
inertial, 601, 611, 616, 618, 619, 642, 867-
868, 870, 873, 880
nodal, 29
noninertial, 867-869, 873, 880
panel, 29
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polar, 17
right-hand, 443
surface, lower, 23-24
surface, upper, 23-24
transformation, 97
Corbett-Wright
gain coefficient, 900-904, 907
orthogonality control, 899-904, 907, 916
Coriolis acceleration, 616
Coriolis forces, 810
Cosine clustering, 28-29, 89-90
Crab angle, 257
Critical engine failure speed, 316-317, 326~
327
Curl, 12, 14, 16
Curved vortex sheet, 28
Cycle analysis, 195

D
Damped natural frequency, 698-701, 620, 723,
768,770
Dutch roll, 771, 792
lateral mode, 768
phugoid/long period, 727, 736, 738, 746
short-period, 726, 732
Damped sinusoid, 698, 699, 709, 854
Damping
drag, 751-752
Dutch roll, 771, 775, 789, 791-792, 796—
799, 819, 823-824
phase, 745, 751-752
phugoid/long period, 736, 739, 745, 751—
753, 819, 842
pitch, 508, 729, 751-752, 857
rate, 698-701, 723, 737, 768, 776, 779-781,
791-792
ratio, 699-702, 723, 768, 771, 840, 842, 844
requirements, 840846
roll, 74, 775, 789, 794, 819, 843
short-period, 729, 732, 819, 841-842, 857
spiral mode, 781, 797, 819, 843
yaw, 798, 859
Decay rate, 700 (see also Damping)
Deflection, 37
aileron, 6978, 489492, 495496, 566567
control surface, 68, 70, 384-394, 560, 563
efficiency, 39-40, 77
elevator, 351-362, 367-370, 398-404, 408,
504, 509
flap, 35-42, 84-85
rudder, 447-448, 454-459, 492495, 564
Degrees of freedom, 441
lateral, 441, 495
longitudinal, 441, 495
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DeHavilland Dash 8, 128
Derivatives (see also Gradient)
aerodynamic, 444, 448, 487, 652-672, 730,
794, 797, 804
control, 496
force and moment, 652672
nondimensional, 676-678
Design, 41, 222, 487, 496
aircraft, 221, 225-226, 234, 487
airspeed, 280, 355
constraint, 280
final, 221-222
parameters, 221-222, 225
preliminary, 41, 92, 221-222, 350-353, 371,
378, 417, 449-450, 459, 471-472
requirements, 221
tail, 468469
Differential equations, 97
elliptic, 97
hyperbolic, 97, 101
partial, 97, 101
Differential operator, 617
Dihedral, 48-51, 79-83, 8990, 373, 375, 461,
463, 483
angle, 80, 475, 479, 487-488
factor, 479, 487
Dihedral effect, 473, 475, 487-488
fuselage, 487488
vertical stabilizer, 488
Dimensionless, 3-4, 71-73, 84-89, 92
Direction cosine, 870
formulation, 870-871, 878, 916
matrix, 870
transformation, 882
Direction of flight, 223 (see also Heading)
Distance
acceleration, 299-300, 306-307, 311, 313,
323
braking, 313-314
FAR takeoff, 315-317, 320, 323-326
free-roll, 313314
ground roll, 299, 315
liftoff, 299
rotation, 299-300, 306, 309, 313
Disturbance (see also Perturbation)
lateral, 614, 765, 784
longitudinal, 614, 765
pitch, 411412
roll, 784
to steady equilibrium flight, 614
yaw, 444, 784
Divergence
directional, 784
drag, 100, 660

pitch, 819-820
spiral, 773-774, 777, 781, 784, 843
Divergent mode, 718-719, 740, 757, 822
Doublet, 17
Doubling time, 718, 773-774, 843
Douglas X-3 Stiletto, 468
Downwash, 44, 46, 79-81, 89, 134-139, 141,
302, 352-353, 371, 373, 375, 377-380,
409, 422, 428, 467, 486
angle, 135-136, 138, 180-181, 349, 352
353, 356-357, 371, 373, 375, 377-380,
423-424, 428, 453, 493
distribution, 352
gradient, 359, 380, 424, 428, 449, 453, 493
induced, 139, 376
uniform, 59
velocity, 353, 371-373
Drag, 2-3, 130, 133136, 151, 178, 181-182,
190, 221222, 229, 240, 258, 299, 301
302, 309, 341-342
aerodynamic, 222-223, 300
additive, 191-194
blade, 152, 162
coefficient, 3-4, 11-12, 26, 48-51, 54, 58,
92, 100, 107
curve, 100
damping, 751-752
divergence, 100, 660
effects of, 396-416
force, 2, 133, 136, 181, 190, 223-224, 239,
319, 343, 365, 414
induced, 46, 48-62, 133, 135, 138, 182, 224,
226, 234, 240, 301-302, 319, 342, 351,
385, 461
level flight, 240, 279
local section, 137—138
minimum, 260-261, 280-281
nacelle, 191, 194
nonlinear, 407
parasitic, 92, 133, 138, 162, 182, 224, 226—
227,234, 301
pre-entry, 191
section, 26, 107, 182
viscous, 108
wave, 107-108
zero-lift, 234, 280
Drag coefficient, 3, 138, 144-146, 162, 182,
227,229, 298, 300, 307-309, 314, 319—
322, 408-410
constant, 308
parasitic, 224, 227, 280281
zero-lift, 281, 302, 308
Drift error, 901, 904-906, 916
Ducted fan, 127, 207



Dutch roll, 766, 773, 775, 786799, 823-825,
844,859, 861
amplitude, 772, 775, 787
approximation, 786—799
coupling ratio, 791, 792, 794, 797
damped natural frequency, 771, 792
damping, 771, 775, 789, 791-792, 796-799,
819, 823-824
eigenvalues, 786, 789-796, 861
eigenvectors, 771, 772, 786, 787, 793
frequency, 772, 789, 791, 796, 844
handling qualities, 844-845
mode, 766, 771, 772,775,792, 824
oscillation, 771, 775, 824-825
period, 773, 819
phase, 772
phase-divergence ratio, 791, 792, 794, 797
stability ratio, 791, 792, 794, 796
undamped natural frequency, 772, 796
Dynamic frequency response, 862
Dynamic gain, 862 (see also Amplification
factor)
Dynamic handling quality predictions, 838-846
Dynamic pressure, 345, 349-350, 383
ratio, 448
Dynamics, fundamentals of, 697720 (see also
Eigenprobicm)

E
Effective headwind, 259
Efficiency, 117, 120-121, 126-130, 153, 155,
159, 161,207, 211215
acrodynamic, 224, 226, 228, 351, 386
deflection, 39-40, 77
fuel, 130
hinge, 39-40, 77
ideal, 167
maximum, 121, 149, 152-153
propeller, 117, 120-121, 152-153, 162, 255
tail, 350
thermal, 198-212
thermodynamic, 130
Eigenaxis, 871
Eigenproblem, 697-720, 765
generalized, 703, 706, 710-711, 722, 767
special, 710-711, 722, 767
Eigenvalue, 698, 703-704, 707, 709-714, 718~
719, 721-723, 766768
complex, 698, 700-701, 707, 720
dimensionless, 723, 732, 737738, 746, 749,
780
Dutch roll, 786, 789-796, 861
phugoid/long period, 727, 737, 738, 740,
743-746, 749-750
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pure pitching motion, 755
pure yawing motion, 803
real, 698, 707
rigid-body displacement mode, 718, 728,
772
roll mode, 773, 776-777
short period, 726, 731-733, 861
spiral mode, 777, 778-780
Eigenvector, 703-704, 707, 708, 709, 710, 714,
719, 720, 722, 723, 728, 758, 767, 772,
804, 805, 814
complex components, 720
complex pair, 708
components, 709
Dutch roll, 771, 772, 786, 787, 793
lateral, 772
longitudinal, 728
phugoid/long period, 730, 737, 739-740,
746, 748
roll mode, 770, 777
short period, 729, 731, 733
spiral mode, 770, 778-781
Elastic deflection angle, 517
Electronic yaw damper, 798
Elevation angle, 397, 580, 620, 868
constraint, 892
Elevator, 339, 347, 352, 503, 526, 554
angle per g, 509
control reversal, 523
deflection, 351-362, 367-370, 398—404,
408, 504, 509
effectiveness, 518522
hinge moment, 526
response, 854-857
sizing, 537, 547, 549
Empennage, 346-347, 574
Endurance, 249-257
maximum, 253-256, 261-262, 265-266, 279
specific, 254-256
Energy
equation, 167, 174
potential, 234, 319, 729-730
rotational kinetic, 729-730
translational kinetic, 730
Engine, 119-130, 133, 135, 152, 157-160, 178,
190-195, 207, 209-213, 215, 222, 239,
244,255,428
air-cooled piston, 117, 121
air-cooled radial, 119
aircraft, 116-117, 119, 152, 162, 198-199
bypass, 126
failure, 315-317, 323, 325, 327
failure reaction speed, 324
failure recognition speed, 324, 326-327
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gas turbine, 122, 130, 190
horizontally opposed, 121
ideal, 195
internal combustion, 117-118, 120, 250
jet, 117,122, 126, 232, 244, 426, 428-430
liquid-cooled piston, 117
piston, 120, 130, 152, 157, 159, 302
radial, 118-119
reciprocating, 244
reciprocating jet, 122
reciprocating piston, 121
Rolls-Royce Griffon, 120, 123
rotary-radial, 117-118
static-radial, 119
supercharger, 121
turbofan, 117, 126-128, 130, 207-211, 214~
215, 268, 302, 426-427, 430
turbojet, 117, 122128, 190-200, 203204,
207,210-211, 214, 230, 232, 236-237,
244,248, 265, 302, 320, 323, 426427,
430
turboprop, 128-130
turboshaft, 130
Engine-out flight configuration, 495
Engine-propeller combination, 117, 121-123,
126, 135, 158, 160, 207, 232, 244, 426,
430
Enthalpy, 116, 167, 197
freestream, 167
Equations of motion, 600, 619, 910
6-DOF, rigid body, 637
aircraft, 599, 603
general linearized, 808
lateral, 766, 823
linearized, 638651, 823, 848, 855, 864
longitudinal, 766, 855
nondimensional linearized, 672—682, 811
nonlinear, 847, 864
rigid-body, 599-600, 637, 718, 823, 867
Equilibrium, 339-343, 348, 411
angle of attack, 354, 614, 688
neutrally stable, 341
stable, 339-341, 412
static, 339-345, 348-349, 352
unstable, 339-343, 552
Error
drift, 901, 904-906, 916
orthogonality, 899901, 904-907, 916
quaternion, 888
round-off, 906-907
simulation, 903, 907, 912-914
truncation, 907, 911, 912
Euler angle, 619-627, 637-638, 643, 807, 867—
869, 875, 878, 881886, 891, 894-896

definitions, 619-621, 868-869
formulation, 619-637, 867-871, 874, 881,
891, 915-916
integration of, 627
rotation, 871-872
sets, 870
singularities, 627
time derivatives of, 625
transformation, 627, 881, 891, 916
Euler axis, 871-873, 887
formulation, 871-874
rotation, 871-874, 877
vector, 887-888
Euler instability, 900
Euler integration, 908, 914
Euler-Rodrigues
quaternion, 874, 878, 882, 886890, 915
quaternion conjugate, 880
quaternion formulation, 874883, 887-888,
895-898,915-916
symmetric parameters, 874875, 877-880,
887
Euler’s formula, 871, 875
Euler’s theorem, 875
Exhaust nozzle, 195-197
Exhaust jet, 426428, 469
entrainment, 469
Exit nozzle, 190, 197
Exit plane, 191
Exponential method, 908-909 (see also Local
linearization method)

F
F-14 Tomcat, 468
FAR takeoff, 315-317, 320, 323-326
Failure state, 838
Fang and Zimmerman algorithm, 903
Fan nozzle, 208-210
Feathering the prop, 151
Feedback control system, 798-799
Finite thickness, 34
Finite wing, 21, 42-45, 50, 54, 79, 82, 84, 134,
352,480
theory, 42-79
First law of thermodynamics, 115-116, 196—
197, 203, 208
Fixed-wing aircraft, 70, 567
Flap, 35-42
chord fraction, 38
chord length, 36
deflection, 35-42, 84-85
trailing-edge, 3542, 47, 68
sealed, 3940
Flap effectiveness, 35, 38-39, 41, 489490



ideal section, 37-38
local section, 71
Flaperons, 554
Flat-Earth
approximation, 601, 915
coordinate system, 867, 922
quaternion formulation, 913-920
Flat vortex panels, 28
Flex-wing aircraft, 567
Flight
accelerating, 503
envelope, 287-288, 837
free, 341-342, 345, 354
gliding, 268, 271, 274, 279
level, 231, 240-241, 257-258, 279, 284, 348,
351
mechanics, 1,215, 221-222, 599
powerless, 269-270
simulation, 221, 867, 874, 907, 910
simulator, 880
steady, 13-14
steady level, 222225, 229-233, 236-237,
241-245, 249-252, 255, 257, 260, 268,
279, 320, 339
testing, 215
trimmed, 339, 341-342, 346, 354, 385, 404,
412-413
turning, 283-284, 558, 560
Flight envelope, 837
operational, 837, 846
permissible, 837
service, 837
Flight phase categories, 835-836
Floatplane, 458-459
Flow, 10
adiabatic, 15, 93
axisymmetric, 171
boundary layer, 10, 34
compressible, 16, 93, 96-97, 101
compressible subsonic, 96-101
core, 208,210
doublet, 2-D, 17
entrained, 426, 469
fan, 208
field, 14, 43, 98, 371, 482
fluid, 12, 105
freestream, 13, 16, 133, 178
incompressible, 14, 16, 22, 42, 94, 96-98,
155156, 162-165, 174
induced, 177
inviscid, 10, 11--15, 79, 93, 97
inviscid irrotational, 13
irrotational, 16, 93, 95, 101
isentropic, 15, 93, 192, 208-209
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leakage, 38
lifting, 2-D, 20
over multiple lifting services, 79-92
potential, 16-21, 25-26, 28, 33-34, 45, 93,
98, 161
separation, 194, 820 (see also Stall)
source, 2-D, 17
stagnation, 2-D, 17
streamtube, 165, 176
subsonic, 26, 96, 101, 105, 107
supersonic, 96-101, 105
three-dimensional, 600
turbine, 195
two-dimensional, 600
uniform, 14, 1618, 24, 28, 30, 84, 93, 95,
168-171, 174, 191, 446
viscous, 194
vortex, 2-D, 17
Fluid, 15
compressible, 15
density, 139
flow, 12, 105
inviscid, 194
statics, 6
Flying wing, 345-346
Flying qualities (see Handling qualities)
Force, 2, 221, 346
aerodynamic, 1-4, 10, 14, 24-26, 42, 45, 79,
84-92, 105, 365
axial, 24
braking, 317
buoyant, 14, 190
derivatives, 652-672
drag, 2, 133, 136, 181, 190, 223224, 239,
319, 343, 365, 414
friction, 313
gradient, 452
lift, 223, 284-285, 343,414
normal, 2, 134, 178, 185-189, 420422, 424,
426-427
off-axis, 178
pressure, 10-14, 34, 100, 414, 418
resultant aerodynamic, 14
rolling friction, 302
section, 2
shear, 365, 414
side, 2, 178, 185, 187, 281, 284, 339, 343,
349, 443, 445, 450-452, 457, 470, 473,
484
thrust, 133, 178, 232, 314, 319-320
vector, 232
viscous, 34, 100
viscous shear, 10
Forced response, 697, 701
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Forcing frequency, 702
Ford Tri-motor, 118119
Forebody blowing, 865
Forebody strakes, 821, 865
Forebody suction, 865
Forward airspeed, 135-138, 149, 152, 169, 178
Forward CG limit, 370, 547
Fourier, 48
coefficients, 48-58, 6377
integral, 73
series, 4851
Free response, 697-698, 701, 718
Freestream, 2--3, 14, 25-26, 46, 83—84, 95-96,
101-103, 105, 116, 133, 167, 178, 192—
196, 348, 420, 426
airspeed, 167
conditions, 94
density, 3
dynamic pressure, 349-350
enthalpy, 167
flow, 13, 16, 133, 178
Mach number, 98, 100, 101-105, 199, 659
pressure, 116, 167, 170, 190
static pressure, 164, 169, 172, 193
temperature, 192
velocity, 2, 13, 17, 31, 44, 47, 95-98, 101,
115-116, 144, 165-166, 169, 184, 198,
348, 353,371, 373, 382, 396, 429, 480
Frequency
Dutch roll, 772, 789, 791, 796, 844
phugoid/long period, 738, 740, 745, 750—
751, 758, 842
response, 701, 861, 862
response curves, 863
short period, 730, 732, 839842
Fuel consumption, 249, 251-252, 257, 266
minimum, 251-253
power-specific, 249, 279
rate, 251-254, 265-266
specific, 121, 249-252, 260-261, 265-266
thrust-specific, 266, 268
total rate, 251, 254, 265
Fuel injection, 121
Full stall landing, 543, 546
Fuselage
angle of attack, 355, 358, 389
bending, 518-519, 521
center of pressure, 417418
contribution of, 416-420
dihedral effect, 487488
effect, 449
reference line, 223, 348, 353, 355, 357, 363,
382, 384, 396-399, 408, 423-424, 428
Fuselage-wing interaction, 483

G
Gain, 862
coefficient, 899, 903, 907
Corbett-Wright, coefficient, 900-904, 907
dynamic, 862
static, 862
Gas turbine, 122, 130, 190
Gauss elimination, 711
Geographic coordinates, 922-928
Geometric shape, 22
Geometric twist, 47-48, 51, 80, 90, 478-479
Geometric washout, 131
Gimbal lock singularity, 627, 867-871, 874,
885-887, 916
Glide ratio, 270277
maximum, 273-279
zero-wind, 272-273, 279
Gliding flight, 268
Gloster Meteor, 123124
Gloster/Whittle E28/39, 123-124
Goldstein’s hypothesis, 142, 161
Goldstein’s kappa factor, 142
Goldstein’s vortex theory, 141-142, 147, 149,
158, 162164, 176, 179
Gossamer Albatross, 234
Gossamer Condor, 234
Gradient, 13-15
control force, 523, 528, 531, 534, 544
downwash, 359, 380, 424, 428, 449, 453,
493
moment, 452
normal force, 422423
pressure, 11, 15
sidewash, 447449, 453, 455, 462-469
temperature, 7, 15
upwash, 385, 388
velocity, 15
Great circle, 926
navigation, 926-928
Gross weight, 221-224, 229, 252-254, 261—
263,274, 276, 280-281, 284, 288-289,
307
maximum, 285-288
Ground control speed, 308
Ground effect, 301-302, 319-321, 537-547
Ground roll, 299-303, 306, 308, 311-312, 314,
320
landing, 313-314
takeoff, 315
Ground speed, 257-258, 271, 300, 316, 603
Ground track, 257
Gyroscopic coupling, 689--691, 804-805, 808,
814, 864,915
Gyroscopic effects, 117, 690



H
Half-chord, 49, 107
Handling qualities, 339, 343, 524, 833-846,
861, 864
aircraft, 833-865
Dutch roll, 844-845
lateral phugoid, 844
phugoid/long period, 842
roll mode, 843
short period, 838-842
spiral mode, 843
Heading, 257, 620 (see also Azimuth angle)
Headwind, 257-260, 272-278, 300
effective, 259
Heavily damped motion, 70, 729, 766
Heaviside expansion theorem, 853
Heinkel He-162, 495
Heinkel He-178, 122
Heinkel He-280, 122
Helical
blade-tip vortex, 177
path, 139-141
surface, 141
vortex, 139, 141, 142
Helix, 132, 177
High-lift device, 280, 300, 302, 313, 387, 395,
486
High thrust vector, 416
Hinge-cfficiency, 3940, 77
Horizontal tail, 346, 348, 351, 353, 357, 371,
373, 380, 404-407, 426, 445-449
Horizontal tail volume ratio, 356357, 448
Horseshoe vortex, 8§1-84, 8689, 90
Householder method, 723

I
Ideal gas, 6, 10,93, 192, 195
constant, 6, 8, 15, 192, 201
law, 103
Incompressible, 14, 167
flow, 14, 16,22, 42, 94, 96-98, 155156,
162-165, 174
inviscid flow, 14, 165
velocity potential, 14
Induced
angle, 135, 137, 143, 145, 180
downwash, 139, 376
Induced drag, 46, 4862, 133, 135, 138, 182,
224,226,234, 240, 301-302, 319, 342,
351, 385, 461
minimum, 58
Inertia tensor, 601, 609, 619
Inertial coordinates, 601, 611, 616, 618, 619,
642, 867-868, 870, 873, 880
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Inertial coupling, 689691, 804-805, 808, 814,
819-820, 864,915
Inertial cross coupling, 616
Inertial reference frame, 610
Infinite series, 25, 27
Inlet, 195
duct, 190
plane, 191
pressure, 194
velocity, 126
Inverse rotation, 880
Inverse transformation, 605-606, 853
equations, 606
Inviscid, 10-15
aerodynamic force, 24
aerodynamic moment, 24
aerodynamics, 12, 24
adiabatic flow, 15, 93
CFD solution, 90-92
compressible aerodynamics, 93-96
flow analysis, 11
fluid, 194
forces, 91
lift coefficient, 32-33
moments, 91
panel codes, 92
theory, 108, 161
Irrotational, 14, 16, 93, 101
Isentropic, 15, 93, 104, 195

J
Jacobian, 86
Jet engine, 117, 122, 126, 232, 244, 426, 428—
430
contribution of, 426-430
Jet propulsion, 122-123
Jet transport, 669, 678, 688

K
Kalman filtering, 878
Kinematic
equations, 899
formulation, 870
transformation equations, 626, 637, 867,
869, 874, 877, 896
Kinetic energy, 115, 198, 204, 209-210, 319
Kutta, 42
condition, 24, 30
lift, 45
Kutta-Joukowski law, 20, 25, 4445

L
Landing, 299-315
Landing configuration, 548
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Landing gear, 300, 302, 304
tail-dragger, 300, 307, 457458
tricycle, 300, 307-308
Landing performance, 299
Laplace
equation, 14, 94, 96-98
transform, 848-849, 852, 853, 861, 863
Lapse rate, 7
Lateral control and maneuverability, 554
Lateral disturbance, 614, 765, 784
Lateral dynamics, linearized, 765-825
Lateral equations, 766
linearized, 647, 720
Lateral mode, 838
damped natural frequency, 768
damping rate, 768
undamped natural frequency, 768
Lateral motion, 557-558, 720, 765-767
Lateral phugoid, 775, 844
handling qualities, 844
Lateral static stability, 441-497
Lateral trim, 441-497
Leading edge, 1-2, 4-5, 22-23, 29, 49, 80, 105
blunt, 105
moment coefficient, 26
sharp, 105
Length, 2-3
characteristic, 84, 88
I’Hoéspital’s rule, 63
Lift, 2-3, 100, 137-138, 178, 181, 221-222,
229, 239-240, 299
force, 223, 284-285, 343, 414
vector, 46, 74, 135, 138-139, 182, 281
Lift coefficient, 3, 11-12, 26, 34, 37-38, 48—
59,62,76,91,97, 108, 137, 144145,
162, 224-229, 233-234, 239, 245-246,
272,279, 282, 284, 296, 298-302, 306,
308, 319322, 344-345, 349-353, 358,
360, 363, 371-372, 375, 384, 409411,
414, 506
canard, 384, 386, 392
design, 58, 77
differential, 299
inviscid, 32-33
maximum, 12, 35, 280, 289, 292-293, 304,
308, 313, 346, 370
optimum, 309, 312
section, 3, 26-27, 32-35, 42, 84-85, 91, 106,
137
tail, 350
thin airfoil, 37
wing, 350
Lift slope, 33, 35-38, 49-52, 55, 58, 73, 107,
345, 352, 356, 364, 367, 384, 535

canard, 384
in situ section, 476-479
section, 26, 38, 47, 51, 182
Lifting-line, 81-82
equation, 48, 79, 81, 471-472, 478, 480
numerical method, 81, 90-92, 353, 469471,
477, 485, 492, 539, 574
solution, 83
theory, 44-79, 81, 90, 91, 353, 372, 374,
377, 449, 462-463, 477, 480, 491, 663,
666667
Liftoff, 304, 308, 313, 315, 317-322
attitude, 299
speed, 304-308, 315, 323-326
Lift-to-drag ratio, 224-229, 272,276
Linear control problem
generalized, 848, 855, 859
special, 848, 850
Linear time-invariant systems, 848
Linearized equations
coupled, 720-731, 765
lateral, 647, 720
longitudinal, 647, 720
of motion, 638-651, 823, 848, 855, 864
Linearized lateral dynamics, 765-825
Linearized longitudinal dynamics, 697-757
Load factor, 284-286, 289, 293, 295, 297, 319,
503-504, 537, 560, 838
allowable, 288289
load-limited, 287, 289, 291, 298
maximum, 286, 288
stall-limited, 287, 289, 291, 298
Load-limit, 292-293
negative, 285, 287
positive, 285, 287-289, 292-293
Local linearization method, 908-914 (see also
Exponential method)
Lockheed C-5 Galaxy, 127
Lockheed P-38 Lightning, 468, 493-495, 501,
522-523
Lockheed P-80, 125
Longitudinal control, 503, 557
Longitudinal disturbance, 614, 765
Longitudinal dynamics, 721
linearized, 697757, 765
stick-fixed, 757
Longitudinal equations, 766
linearized, 647, 720
Longitudinal mode, 723, 758, 838
Longitudinal motion, 441, 495, 720-731
Longitudinal static stability, 339-430
Longitudinal trim, 339430
Longitudinal-lateral coupling, 495-496, 804—
819, 864, 915



nonlinear effects, 864-865
Long-period, 730, 736 (see also Phugoid)

amplitude, 727-728

approximation, 736-753

damped natural frequency, 727, 736, 738,
746

damping, 736, 739, 745, 751-753, 819, 842

damping rate, 737-738, 746, 819

eigenvalues, 727, 737, 738, 740, 743-746,
749-750

eigenvectors, 730, 737, 739-740, 746, 748

frequency, 738, 740, 745, 750-751, 758, 842

handling qualities, 842

lateral oscillation, 844

mode, 721, 726-727, 730, 740, 753, 758

motion, 730, 741, 744, 750

oscillations, 727, 758, 857

period, 727, 819

phase, 727-728

phase-divergence ratio, 745

pitch-damping-ratio, 745

stability ratio, 745, 750-753

undamped natural frequency, 727, 738, 745,
750

M
Mach angle, 102, 104-105
Mach lines, 105-106
Mach number, 14-15, 94-101, 128, 130, 158,
162,197, 202,204, 209, 224
critical, 96, 98-101
design, 194
design cruise, 193
exit, 203
flight, 93, 96-97, 192-194, 199-207, 211,
214-215
freestream, 98, 100, 102, 104105, 199, 659
hypersonic, 96
inlet, 192-194
local, 98, 162
low, 32
subsonic, 9697
supersonic, 96, 102, 104
tip, 158
transonic, 96
zero, 97
Maneuver, 287288
cobra, 296, 865
coordinated, 554, 556
margin, 511
post-stall, 549, 296
pull-up, 503-505, 508, 524, 528, 535, 847,
857
Maneuverability, 503, 554, 568
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aircraft, 503
analysis, 503
Maneuvering speed, 288-289, 292-293
Mass flow rate, 115, 116, 121, 126-127, 155,
166, 190-192, 207, 427, 611
Mass moment of inertia tensor, 609, 756
Mass transfer, 610
Maximum range, 221, 259-264, 266-268, 279
Mean chord length, 3, 345, 349, 356, 364
Messerschmitt Me-262, 123
Minimum power required, 242, 251
Minimum runway length, 315 (see also FAR
takeoff)
Mirror image model, 539540
Mission task elements, 835
Mode
convergent, 719, 740, 822, 862
critically damped, 700, 707
damped, 719
divergent, 718-719, 740, 757, 822
Dutch roll, 766, 771, 772, 775, 792, 824
longitudinal, 723, 758, 838
long-period, 721, 726-727, 730, 740, 753,
758
non-oscillatory, 719
oscillatory, 719, 823
overdamped, 700, 707
phugoid, 720, 726-727, 730, 740, 758, 775,
842
rigid-body, 715, 718, 719, 728, 772
roll, 766, 770-776, 789, 823, 843
short-period, 721, 726, 728-731, 758, 775,
838
spiral, 766, 770, 773-775, 777785, 823,
843
time constant, 843
undamped, 719
underdamped, 700, 707
Moment, 1-4, 221, 346
aerodynamic, 1-4, 88-90, 92, 221, 365, 397,
414, 418, 441, 443, 473
about leading edge, 4
coefficient, 3, 5, 25, 32, 38, 97, 107-108,
344, 349, 354, 409, 507
derivatives, 652—672
gradient, 452
nondimensional derivatives, 676678
pitching, 2, 100, 107, 178, 185, 187, 339,
343-349, 352-359, 362, 365, 380, 382,
405, 409410, 418, 420-421, 426, 428,
441
propeller-induced, 133
propeller yawing, 452, 454, 459, 494
quarter-chord, 26, 28, 37-38, 41, 88
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restoring, 444-445
rolling, 2, 68-70, 72-73, 76-78, 133, 138,
178, 339, 343, 349, 441-443, 470, 474—
475, 481-486, 489495, 765
section, 2
slope, 41, 354, 366, 419, 425
thrust, 397
yawing, 2, 74-78, 134, 178, 186187, 339,
343, 349, 441-445, 448-454, 457, 459,
473-475, 481-485, 489-492, 587, 765
Moment coefficient, 3, 5, 25, 32, 38, 97, 107—
" 108, 344, 349, 354, 409, 507
leading edge, 26
pitching, 3, 5, 41, 106-107, 186, 346, 352,
354,356, 367368, 384, 394-395, 405,
410415, 417,421, 423
quarter-chord, 26, 28, 37
rolling, 72-73, 78
section, 3, 88
yawing, 74-78, 186187, 448, 473
Momentum, 79, 115, 166, 191
angular, 168-170, 173
axial, 190
downward, 79
equation, 12—14, 93, 103, 168-171, 173, 190
fluid, 135, 166
flux, 177, 190--191
theory, 166, 169, 174-178
Motion
critically damped, 699
lateral, 495
longitudinal, 441, 495, 720, 722
overdamped, 698699
phugoid, 730, 741, 744, 750
pure pitching, 753-755, 893
underdamped, 698699
Multiple lifting surfaces, 79-92

N
Nacelle, 190-191, 353, 356, 371, 416417
contribution of, 416-420
drag, 191, 194
effect, 449-450
Natural frequency
damped, 698-701, 620, 723, 768, 770
undamped, 699, 702, 720, 723, 750, 768, 771
Navier-Stokes equations, 10, 94
Navigation, 923
great circle, 926-928
rhumb line, 923-925
Neutral point, 363, 365-366, 369, 388, 419,
425, 538 (see also Aerodynamic center)
Neutral roll stability, 784-785
Newtonian mechanics, 169, 599

Newton’s corrector equation, 236
Newton’s law of gravitation, 6
Newton’s method, 86-87, 236-237, 278, 400
Newton’s second law, 2, 79, 115, 190-191,
222,300, 317, 324, 427, 503, 557, 609—
611,614, 616, 619, 625, 637, 641, 705,
757, 867, 895
Nodes, 28-31, 82, 84, 87, 89
Nondimensional derivatives, 676-678
Nonlinear effects, 819-823, 847, 864
Nonlinear inertial coupling, 819-820
Normal force
coefficient, 3—5
gradient, 422-423
North American XB-70, 125
Notation, 1, 600, 612-614, 624, 674, 871
Nozzle, 208
core, 208-210
exhaust, 195-197
exit, 190, 197
fan, 208-210
Numerical lifting-line method, 81, 90-92, 353,
469-471, 477, 485, 492, 539, 574
Numerical panel method, 26, 90-91

O
Operating conditions, 221
Optimum, 50, 58, 308, 311
airspeed, 227
angle of attack, 311
flight profile, 268
induced drag, 59
lift coefficient, 309, 312
thrust angle, 227-228
total washout, 58
washout, 58, 60-61, 76-78
washout distribution, 59-62, 76
washout distribution function, 65, 67
Orthogonality
control, 904-906
error, 899-901, 904-907, 916
Oscillations
Dutch roll, 771, 775, 824-825
limit-cycle, 823
long-period lateral, 775, 844
phugoid/long period, 727, 758, 857
pilot induced, 823
rolling, 766
short period, 729, 758
sideslipping, 766
sinusoidal, 862
yawing, 766
Oscillatory roll-spiral mode, 775, 844
Oswald efficiency, 224, 227, 234, 280-281



P
P-38 Lightning, 468, 493-495, 501, 522-523
P-51 Mustang, 458
Panel codes, 32, 83, 98, 426
3-D, 81, 449
inviscid, 92
vortex, 99
Panel methods, 91, 418
numerical, 26, 90-91
vortex, 28, 32-35, 3841, 353, 539
Panels, source, 2-D, 18-20
Panels, vortex, 2-D, 20-21
Payload-to-power ratio, 234
Performance, 12, 130, 133, 159, 165, 211
aircraft, 12, 221-222
characteristics, 266
landing, 299
takeoff, 299, 306, 308
turning, 298
Perturbation, 95-96, 103 (see also Disturbance)
Phase angle, 702
Phase damping, 745, 751-752
phugoid, 753
Phugoid, 730, 736, 842, 857 (see also Long-
period)
amplitude, 727-728
approximation, 736-753
damped natural frequency, 727, 736, 738,
746
damping, 736, 739, 745, 751-753, 819, 842
damping rate, 737-738, 746, 819
eigenvalues, 727, 737, 738, 740, 743-746,
749-750
eigenvectors, 730, 737, 739-740, 746, 748
frequency, 738, 740, 745, 750-751, 758, 842
handling qualities, 842
lateral, 775, 844
mode, 720, 726-727, 730, 740, 758, 775,
842
motion, 730, 741, 744, 750
oscillations, 727, 758, 857
period, 727, 819, 842
phase, 727-728
phase damping, 753
phase-divergence ratio, 745
pitch-damping-ratio, 745
stability ratio, 745, 750-753
undamped natural frequency, 727, 738, 745,
750
Pilot
compensation, 834
opinion, 833-840, 846, 861
reaction time, 313, 314, 325, 774, 824-824,
843
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response time, 824, 842
technique, 319
Piloting task
classification, 836
definitions, 835
Pitch, 2, 68, 132, 142, 145, 147, 157, 339, 341—
343, 352, 405, 473, 620-621
angle, 131-132, 138, 142, 144, 147-148, 181
constraint, 892
control, 68, 347, 386, 416, 503, 523, 528,
529-532, 535, 545-547, 568-572 (see
also All-flying tail; Elevator; Stabilator;
V-tail)
control force, 503, 530, 546-547
damping, 508, 729, 751-752, 857
disturbance, 411412
divergence, 819-820
length, 132-133, 145, 147, 162
rate, 505-506, 626
stiffness, 345
Pitch-damping derivative, 508, 664
Pitch stability, 343-347, 356-357, 366, 381,
382, 384, 386, 449, 522
derivative, 345, 359, 363, 367, 384, 407—
408,411, 414,417, 424, 429, 444445,
450, 475, 509, 518, 536
static, 381, 395, 444-445
Pitching, 2
moment, 2, 100, 107, 178, 185, 187, 339,
343-349, 352-359, 362, 365, 380, 382,
405, 409-410, 418, 420-421, 426, 428,
441
moment of inertia, 756
motion, pure, 753-755, 893
Pitch-to-diameter ratio, 120, 145-161, 187
188,422
Planar, 18
curve, 22
segment, 18
source sheet, 18
Planform, 3, 45, 48-51, 53-54, 56, 58, 62, 72,
81, 85, 88, 145
arbitrary, 55, 58, 62, 73, 161
elliptic, 45, 54, 58-59, 73, 146
rectangular, 62-63, 65
spanwise symmetric, 72
tapered, 66
wing, 56, 58, 68, 73, 76
Poisson’s kinematic equations, 870
Position and orientation, 619-637 (see also
Euler angle; Quaternion)
Position factor, 380, 388
Position vector, 637
time rate of change, 625
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Post-stall
dynamic turn, 296
mancuver, 549, 296
stability, 549, 551
Potential
energy, 274, 319, 729-730
field, 18
perturbation, 103
perturbation velocity, 95-96
scalar field, 16
scalar velocity, 94
uniform flow, 95
velocity, 14, 93-96
velocity field, 17
Potential flow, 16-21, 25-26, 28, 33-34, 45,
93,98, 161
compressible, 94, 103
elementary, 16, 18
incompressible, 16, 97-98
linearized approximation, 96, 101
small angle, 102, 104107
solution, 33-34, 81, 91, 538
supersonic, 102, 105, 107
theory, 34, 44, 107
Potential line, 102
Power, 115,117, 121, 127-130, 133, 149-152,
155-159, 162, 168, 198, 207, 210
available, 236, 239, 241-246, 255, 257, 260,
265, 268, 283-284
brake, 121, 133, 144, 146, 151159, 167,
174-175, 255
coefficient, 144, 146, 149-150, 154, 159,
163-164
distribution, 147-148
excess, 241-242, 283-284
failure, 268
full throttle, 235, 237, 241, 246
input, 116, 156
propulsive, 133, 151, 160, 167, 198, 235,
255
required, 232-239, 241-246, 250-252, 255,
257,260, 265, 267, 269, 283--284
Power-specific fuel consumption, 249, 279,
332
Power-to-weight ratio, 117-122, 130, 236-237,
247
Prandtl-Glauert compressibility correction, 96—
97, 658660
Prandtl’s tip loss factor, 143
Pressure, 11, 79, 105
aerodynamic, 365, 414
ambient, 115, 165, 195-196, 208, 427
coefficient, 97-99, 104-105
difference, 79

distribution, 3334
dynamic, 345, 349-350, 383
force, 10-14, 34, 100, 414, 418
freestream, 116, 167, 170, 190
gradient, 11, 15
local static, 14
stagnation, 15, 93, 192, 195-197, 203
uniform, 168, 171
Pressure ratio, 127, 196, 199200, 210
compressor, 128, 199-207, 211, 214-215
fan, 210-215
stagnation, 208
Propeller, 115-178, 215
angle of attack, 133-134, 163, 178-182, 184,
187, 424, 452-454, 457-459
blade, 130-131, 135-136, 138-139, 143, 161
blade shape, 121
blade theory, 135-164, 176
blade-tip speed, 121
brake power, 133
constant-pitch, 133, 147, 302
constant-speed, 120-121, 152-153
contribution of, 420426
counter-rotating, 447, 468
diameter, 121, 144-145, 156, 159-161
disk, 164166, 169-173, 177, 181, 184, 186
downwash angle, 423424
downwash gradient, 425
effect of, 450
efficiency, 117, 120-121, 152-153, 162, 255
fixed-pitch, 133, 146, 149, 151-152, 154,
159, 250, 422
forces and moments, off-axis, 178—190
geometry, 143, 163-164
induced velocity, 134-138
momentum theory, 164—178
normal force, 421422
performance, 133, 162-163
pitch, 153-154, 162-163, 255, 308
plane of rotation, 133-134, 178, 184185
slipstream, 420, 446447, 452, 457, 468,
486-487
theory, 161
thrust, 144, 146, 163, 184
variable-pitch, 120-121, 133, 151-153, 235,
255
yawing moment, 452, 454, 459, 494
Proper orthogonal transformation, 871
Propulsion, 115, 215
aircraft, 115-119, 121-122, 130, 153, 215
overview, 115-215
Propulsion system, 115, 117, 190
aircraft, 115, 117
ideal, 115-117, 121, 126



Propulsive efficiency, 116, 121, 126127, 133,
146, 149-152, 159-160, 167-168, 175-
176, 198-199, 207, 210-214, 429-430
Propulsive power, 133, 151, 160, 167, 198,
235, 255
available, 249, 266
Pull-up maneuver, 503-505, 508, 524, 528,
535, 847, 857
constant speed, 504-505
Pure pitching motion, 753-757, 893
eigenvalues, 755
Pure rolling motion, 799-802, 893
Pure yawing motion, 802-803, 893
eigenvalues, 803

Q
QR method, 723
Quarter-chord, 26, 41, 84, 90
line, 46, 49, 80-82, 89
moment coefficient, 26, 28, 37
moment slope, 37-38
wing, 352, 356, 361-362, 367-369, 377, 388
Quaternion, 875, 878-882, 887-889
algebra, 875, 878-879, 903, 916
attitude, 888
bank angle constraint, 891
closed-form solution, 891-898
command-attitude, 888
components, 889, 908
conjugate, 879-880
error, 888
Euler-Rodrigues, 874, 878, 882, 886-890,
896, 915 (see also Euler-Rodrigues
symmetric parameters)
formulation, 627, 867, 881, 891-893, 898
899, 908-909,916-918
magnitude, 879
numerical integration of, 897-912
of finite rotation, 874
product, 878-882
relations with other attitude descriptors, 882—
889
renormalization, 900-901, 904, 916, 920
rotational constraints, applying, 889-891
transformation, 627, 891, 916
unit, 887-888

R

Radius of curvature, 504

Ramjet, 122, 341

Range, 257
maximum, 221, 259-264, 266268, 279
specific, 257-267

Rate gyro, 798
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Rate of climb, 221-222, 239-249, 268, 283—
284
maximum, 242, 244, 246-248
steady, 239, 268-269
Reaction force, 115
Reaction time, 313, 314, 325, 774, 824-824,
843
Redundancy relations, 871
Relative air flow, [
Relative airspeed, 139
Relative wind, 2
local, 46
Residual, 99
Resonance, 702, 758
Response frequency, 701, 861-862
maximum, 720
Response time, 824, 842
Response to control inputs, 846864
Restoring moment, 444445
Reynolds number, 10-12, 53
Rhumb line, 923
bearing, 924
navigation, 923-925
Right-hand rule, 443
Rigid body, 222
displacement, 717
dynamics, 609-619, 720
equations, 6-DOF, 640
equations of motion, 599-600, 605, 637,
718, 823, 867
mode, 715, 718-719, 728, 772
Rigid-wing aircraft, 567
Roll, 2, 68-70, 74, 76, 339, 341-343, 620-621,
765
amplitude, 772
acceleration, 69-70, 843
angle, 74
approximation, 776777
constraint, 891
control, 68-69, 489, 492, 575-576, 847 (see
also Ailerons; Spoilers)
convergence, 773
coupling, 795
damping, 74, 775, 789, 794, 819, 843
disturbance, 784
Dutch, 766, 773, 775, 786-799, 823-825,
844, 859, 861
eigenvalue, 773, 776777
eigenvector, 770, 777
handling qualities, 843
mode, 766, 770-776, 789, 823, 843
moment, 2, 68-70, 7273, 76-78, 133, 138,
178, 339, 343, 349, 474-475, 481486,
489-495, 765
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Index

oscillations, 766
rate, 68-71, 73, 76-78, 626, 765, 776, 843
response, 70
rotation, 441
time constant, 843
trim requirements, 489-495
Roll stability, 461, 473475, 480, 795
derivative, 474-476, 479, 482-488, 797
dihedral effect, 473-489
insufficient, 784
neutral, 784-785
ratio, 795
Roll-axis, 443, 492
Roll-damping, 74, 775, 789, 794, 819, 843
derivative, 662, 794, 797
rate, 800-801
ratio, 789, 794
Roll-spiral pair, 771, 775
Roll-yaw coupling, 564, 784, 796
derivatives, 797
Rolling friction, 300-302, 306, 308, 313
Rolls-Royce Griffon, 120, 123
Rollup, 46
Rotary-radial configuration, 117
Rotation
constant, 893-894, 9]2
rate, 306
triad, 613
Rotational
constraint, 891
speed, 138, 304
Round-off error, 906-907
Rudder, 339, 554
deflection, 447448, 454-459, 492-495, 564
effectiveness, 448
response, 858-860
Runge-Kutta
fourth-order, 631, 899, 901-903, 906-907,
913,916
second-order, 907-908, 913

S
Sailplane, 280
Scalar potential field, 16
Secant method, 99, 160
Section flap effectiveness, 35-42, 71
Section flap deflection-efficiency, 39-40
Section flap hinge-efficiency, 39-40
Section lift, 2, 48, 59, 71, 74, 91, 106, 137
Section lift coefficient, 3, 26-27, 32-35, 42,
84-85,91, 106, 137

Segment, 18, 21-22, 82-83, 92

bound, 82, 84, 87, 89

differential, 18, 20, 25

trailing, 82
Semispan, 69-70
Shock, 100
bow, 105
waves, 100, 194
Short takeoff, 387
Short-period, 728, 729, 731, 857
amplitude, 727-728
approximation, 731-736, 739
damped natural frequency, 726, 732
damping, 729, 732, 819, 841-842, 857
damping rate, 732
damping ratio, 840
eigenvalues, 726, 731-733, 861
eigenvectors, 729, 731, 733
frequency, 730, 732, 839-842
handling qualities, 838-842
mode, 721, 726, 728-731, 758, 775, 838
oscillation, 729, 758
period, 726
phase, 727-728
undamped natural frequency, 726
Side force, 2, 178, 185, 187, 281, 284, 339,
343, 349, 443, 445, 450-452, 457, 470,
473, 484
coefficient, 186, 452, 469—470
Sideslip, 178, 185, 441, 445, 463, 468, 476,
480, 484, 492, 765
angle, 187, 441447, 452-455, 460-463,
470, 473-474, 476, 482, 603, 605, 781
effect of, 464, 475
oscillations, 766
translation, 441
velocity, 443, 474, 476
zero, 447, 454, 456, 473
Sidewash, 446447, 453,457, 463, 466-467,
486, 491
angle, 446-447, 453, 463
factor, 466
Sidewash gradient, 447-448, 453, 455, 462,
465-469
induced, 465466
Sign convention, 69, 496, 531, 922
aircraft position, 922
angles/moments, 69, 74, 441444, 448-449,
452,463, 474, 481, 496, 600601
control forces, 531
control surface, 69, 397, 457, 489, 496-497,
526, 564, 569, 798
Sink, 17-18
rate, 269-270, 279
Singularity, 626, 869-870, 874, 878, 881, 916
gimbal lock, 627, 867-871, 874, 885-887, -
916



Sinusoidal
input, 861
oscillation, 862
Slipstream, 115, 139, 141, 168-172, 177, 420,
446-447, 452,457, 468, 486-487
rotation, 168-169, 174-176, 486
ultimate, 116, 167, 171-173, 175
velocity, 127, 155, 165-166, 171, 174-175
Slipstream effects, 486
Small climb angle approximation, 244-248,
284-286, 294
Small glide angle, 272
Small glide angle approximation, 276
Small thrust angle, 245, 421, 430, 451
Small thrust angle approximation, 229-232,
236, 240, 258, 282
Small-angle approximation, 3642, 179-184,
228, 283, 349-350, 382, 463, 481
Small-disturbance theory, 638, 640, 644, 648
Sound barrier, 100
Source, 17
negative, 17
panel, 2-D, 18-20
sheet, 18
Span, 2
efficiency factor, 49, 224
finite, 42, 46
infinite, 42
Spanwise
circulation distribution, 71
coordinate, 22
differential section, 85
section lift distribution, 71
symmetric airplane, 443
variation in airspeed, 297-299
vorticity distribution, 376
Spatial vector, 21-22, 82, 84, 87-88
Specific endurance, 254-256
Specific fuel consumption, 121, 249-252, 255,
260-261, 265-266
Specific heat, 192, 195
constant, 195
Specitic range, 257-267
maximum, 259-264, 267
Speed of sound, 15, 93-94, 100, 121, 192, 204
Spherical-Earth approximation, 922-923
Spin, 577-580, 584-587
airplane, 577-579, 587, 590
axis, 578
characteristics, 588589
dynamic parameters of, 583
flat, 577-578, 589
fully developed, 581, 588
initiation, 587
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recovery, 577, 587
resistance, 577
steady developed, 586, 589
steep, 577-578, 589
Spiral
amplitude, 772
approximation, 777-785
convergence, 777, 781, 784
damping, 781, 797, 819, 843
damping rate, 779, 781, 819
dive, 589, 774
divergence, 773-774, 777, 781, 784, 843
eigenvalues, 777, 778-780
eigenvectors, 770, 778781
handling qualities, 843
instability, 774
mode, 766, 770, 773-775, 777785, 823,
843
stability, 798
Spirit of St. Louis, 118
Spitfire Mark XVII, 120-121, 347, 431-432,
458, 498
Spoilers, 313, 575-576
Stabilator, 347, 568-569
Stability, 339, 346, 351, 396, 407, 518-521
aircraft, 185, 342-343, 396, 407
analysis, 385, 397, 416
augmentation system, 511, 833, 863-864
axes, 653, 655, 687
axes, transformation of, 682-689
derivative, 364, 408
directional, 444
dynamic, 697, 833
lateral static, 441-497
longitudinal static, 339—430
neutral, 340
pitch, 343-347, 356-357, 366, 382, 384,
386, 449, 522
post-stall, 549, 551
ratio, 745, 750-753, 791, 794, 796
roll, 461, 473-475, 480, 795
rotational, 444
static, 339, 342-346, 348, 357, 364, 371,
385-386, 416, 419, 422, 426, 429430,
441-444, 450, 511, 833
translational, 341-342
weathercock, 444 (see also Yaw stability)
yaw, 444-446, 449, 454, 459, 461-462, 466,
468-469, 473, 795, 798
Stabilizer, 79
horizontal, 79-80, 347
vertical, 79
Stable
equilibrium, 339-341, 412
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neutrally, 363
unconditionally, 356
Stagnation, 15
conditions, 16, 94, 196, 209
density, 15, 93
flow, 17
point, 17, 30
pressure, 15, 93, 192, 195-197, 203
temperature, 192, 196-197, 200, 203-204,
207-208, 211
Stall, 11, 38, 41, 87, 91, 231, 244, 279, 286—
289, 342, 345-346, 355, 364, 549, 577
airplane, 577
asymmetric, 577
deep, 553
limit, 292
negative, 411, 413
positive, 411, 413
recovery, 549
shallow, 554
wake, 554
wingtip, 53, 297-299
Stall speed, 279, 288, 313, 392, 394-395
level flight, 279
Standard sea level, 8, 154, 159, 193, 225, 230~
233,237, 241244, 249, 294, 320, 357
State variable response vector, 849, 852
Static equilibrium, fundamentals, 339
Static gain, 862
Static instability, 366
Static margin, 362-367, 387, 392-394, 419,
424-425,511, 519, 548
Static pressure taps, 34
Static stability, 339, 342-346, 348, 357, 364,
371, 385-386, 416, 419, 422, 426, 429-
430, 441444, 450, 511, 833
fundamentals, 339
lateral, 441, 443
longitudinal, 339, 443
pitch, 381, 395, 444445
Static thrust, 133, 154-159
Static-radial configuration, 118
State space approach, 863
State variable, 640
Steady flight, 13-14
Steady climbing flight, 239-240, 317
Steady coordinated turn, 281-299, 554, 555
557, 560, 563, 579, 806-807
Steady level flight, 222-225, 229-233, 236—
237, 241-245, 249-252, 255, 257, 260,
268, 279, 320, 339
Steady level turning flight, 284
Step function, 853, 854
Step response, 852

Stick-fixed dynamic response, 825, 844, 861
Stick-fixed lateral dynamics, 823
Stick-fixed maneuver margin, 510
Stick-fixed maneuver point, 510-511, 514, 537
Stick-fixed neutral point, 362-365, 419, 511,
536
Stick-fixed static margin, 364
Stick-free maneuver point, 535, 537
Stick-free neutral point, 535-537
Strakes, 821, 865
Streamline, 24, 105, 164-165, 171
Streamtube, 164-165, 168-171
Strip theory, 490
Structural flexibility, 514
effects of, 514-523
Structural limit, 285, 289
Subsonic
airspeed, 117, 127, 130
flight, 194, 202
Supersonic, 81
aircraft, 100, 107
airspeed, 106, 126, 215
flight, 105, 194, 202
flow, 96-101, 105
Supersonic airfoil theory, 107
Sweep, 48, 51, 79-83, 87, 89-91, 413, 460,
463, 487
angle, 80-81, 377-378
back, 482
factor, 378, 380, 388
forward, 482
variation, 81
Symmetric
airfoil, 22, 26, 105, 107, 280, 346, 350-355
flight condition, 343
spanwise, 68-76

T
Tail, 346-362, 506
design, 468-469
effect of position, 465
efficiency, 350
lift coefficient, 350
position factor, 375
sidewash factor, 465
volume, 356
volume ratio, 357
Tail boom stiffness, 520
Tailplane, 347
Takeoff, 299-327
acceleration phase, 300, 302
distance, 12, 221
FAR, 315-317, 320, 323-326
performance, 299



Taper
linear, 61-62
ratio, 50-51, 53, 58-60, 373, 479
Temperature, 95, 104, 122, 191-192, 199-204
ambient, 199, 207
atmospheric, 10
freestream, 192
gradient, 7, 15
local, 103
ratio, 105, 192
stagnation, 192, 196-197, 200, 203-204,
207-208, 211
static, 197
turbine inlet, 128-129, 199-202, 210, 214
Thermal efficiency, 198-212
Thermodynamic cycle analysis, 190, 203, 208
Thickness, 10, 23, 24, 26, 33-35, 38, 41, 90,
105-107
airfoil, 24, 26, 34, 41
distribution, 24, 33, 35
finite, 34
maximum, 23-24
Thin airfoil approximation, 33
Thin airfoil theory, 2442, 658-659
Thomas algorithm, 711
Throttle setting, 241, 260
Thrust, 115, 130, 138, 143144, 151153, 158,
165-167, 173177, 183-184, 221222,
229-231, 279, 283, 294-296, 300-302,
420, 427, 450
angle, 133,224, 227-232, 236, 240-241,
258,282,300
asymmetric, 339
available, 190-191, 230, 235, 239241, 244
245,260, 295, 320
coefficient, 151, 154, 158, 160, 163, 176,
186, 421422
equilibrium, 421
fraction, 451
full throttle, 230
installed, 190, 194
maximum, 156, 300
moment, 397
normal, 239
specific, 199-207,210-211, 213
required, 222234, 258, 282, 320
reversal, 313-314, 317
static, 133, 154-159
uninstalled, 191, 194, 198-199, 204, 210
vector, 222, 228, 241, 244-245, 343, 348,
397, 404-405, 408, 410, 415
vectoring, 554, 865
Thrust-specific fuel consumption, 123, 128,
130
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Thrust-to-weight ratio, 117, 128, 199, 207,
230-231, 239, 241, 244, 246, 268, 425
Time constant, 700
Time domain, 852
response, 861
Time to double amplitude, 718, 773-774, 843
Time to half amplitude, 700
Torque, 133, 138, 143—144, 168-170, 174175,
184
coefficient, 144, 146, 186
Torsional pendulum, 756757
Torsional stiffness, wing, 565, 567
Total aircraft weight, 241
Trailing edge, 4, 22, 29-30, 43, 346
reflexed, 346
Trailing vortex sheet, 43-44, 46, 79, 81-83,
141, 161, 375
Trailing vortex filaments, 46
Trailing-edge flap, 3542, 47, 68
Transfer function, 848, 852, 861-863
matrix, 848-849, 851
Transformation, 623
direction cosine, 627
equations, 605
Euler angle, 627, 881, 891, 916
inverse, 605-606, 853
matrices, 623
quaternion, 627
Transition phase, 317, 319
Translational coupling, 810
Transonic, 100, 659
Trim, 339-346, 348-364, 367-372, 380401,
404-413, 416, 420, 422, 426, 429-430,
443, 568
analysis, 386, 416
lateral, 441-497
longitudinal, 339-430
level, 361
requirement, 405
residual equations, 406
stability, 385-386, 429-430
stable, 341, 345-346, 350
static, 495
tab, 523, 525-526
Trim point
conventional, 552-553
deep-stall, 552-553
Truncation error, 907, 911, 912
T-tail configuration, 469, 472, 485, 554
Turbine, 122, 128, 130, 190, 203, 207-208, 210
inlet, 197, 200, 207, 211
outlet, 203, 208
Turbofan, 115, 117, 126128, 130, 207-215,
268, 302, 426430

Index
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Turbomachinery, 128 A%

Turboprop, 128-130 Variable, 6

Turbojet, 115, 117, 122-128, 190-200, 203~ change of, 6, 24, 26-28, 53, 89, 95-97, 101
204, 207, 210-211, 214, 230, 232, 236— disturbance, 641
237,244, 248, 265, 302, 320, 323, 426— state, 640
430 Vector, 2, 65, 80, 86

afterburner, 203-207
cycle analysis, 195-203
thrust equation, 190-195
Turbulence, 411
Turbulent mixing, 426
Turbulent shear layer, 426
Turn, 221, 281-284, 291, 296-299
axis, 297

coordinated, 284-286, 290-293, 299, 806,

807, 816-817
dynamic, 296
level, 283, 285, 289, 294-295
level coordinated, 283286, 293
steady, 282, 295
steady coordinated, 281-285, 291
steeply climbing, 294-296
Turning radius, 12, 282-286, 289-298, 560
load-limited, 289—290
minimum, 289-299
short, 293
stall-limited, 289-290, 298
Turning rate, 291, 295, 560
load-limited, 291-292
maximum, 291-293, 295, 298
stall-limited, 291-292
Twist, 47-51, 131, 373, 375, 463 (see also
Washout)

aerodynamic, 47-51, 53-54, 59, 68, 478479

blade, 131
geometric, 47-48, 51, 80, 90, 478-479
wing, 53-68

Twisting moment, 566

U
Ultimate slipstream velocity, 165-166, 171,
174-175

Undamped natural frequency, 699, 702, 720

723,750, 768, 771
Dutch roll, 772, 796
lateral mode, 768
phugoid/long period, 727, 738, 745, 750
short-period, 726

Uniform flow, 14, 16-18, 24, 28, 30, 84, 93,

95,168-171, 174, 191
Untwisted, 49-52, 62
Upwash, 80, 139, 384, 388, 422, 428, 483
angle, 382, 384-385, 388, 423
gradient, 385, 388

addition, 92

calculus, 12

circulation, 480

correction, 87

differential aecrodynamic force, 45

differential vortex length, 45

dimensionless acrodynamic moment, 89

dimensionless vortex strength, 87

field, 16-17

fluid velocity, 12, 103

freestream velocity, 96, 101

lift, 46, 74, 135, 138-139, 182, 281

net aerodynamic force, 92

net aerodynamic moment, 92

notation, 12

spatial, 21-22, 82, 84, 87-88

thrust, 222, 228, 241, 244-245, 343, 348,
397, 404-405, 408, 410, 415

total aerodynamic force, 87

unit, 1-2, 17, 22, 82-85, 88,92, 95

velocity, 12-14, 21-22, 45, 83, 92, 95-96,
103, 135, 178,232

vorticity, 83, 141, 480

Velocity, 14, 16, 30-31, 84, 94-96, 103, 115,

127,131, 144, 165, 170, 177-179, 192,
194, 198 (see also Airspeed)

angular, 133, 135, 144, 169178, 291

axial, 169-170, 173, 177, 191

characteristic, 144

circumferential, 169, 171

corner, 288 (see also Maneuvering speed)

disturbance, 702 (see also Perturbation)

downwash, 353, 371-373

exhaust gas, 126, 207, 429

exit, 204

field, 14, 17, 93-94

flow, 165

fluid, 13, 45, 137, 165, 169-170

forward, 135, 137, 141, 178

freestream, 2, 13, 17, 31, 44, 47, 95-98, 101,
115-116, 144, 165-166, 169, 184, 198,
348, 353,371, 373, 382, 396, 429, 480

gradient, 15

increment, 117, 121, 126, 155, 207

induced, 18-22, 28-31, 44, 82-84, 134138,
141-142, 147, 161, 164-169, 176, 178,
480

inlet, 126



liftoft, 309
local, 94, 103
normal, 21, 30
perturbation, 95-96, 103 (see also
Disturbance)
potential, 14, 93-96
potential field, 17
radial, 171172
ratio, 236-237, 246248, 256, 265, 267,
276-277, 429
rotational, 144, 637
sideslip, 443, 473, 476
slipstream, 127, 155, 165-166, 171, 174-175
tangential, 21, 30
translational, 637 .
vector, 1214, 21-22, 45, 83, 92, 95-96,
103, 135, 178, 232
vector field, 16-17
Vertical offset, 396
effects of, 396416
Vertical stabilizer, 469, 484, 491
dihedral effect, 488
Vertical tail, 346, 445, 447449, 452, 457,
461-466
estimate lift slope for, 469473
estimate sidewash gradient on, 462469
volume ratio, 448
Viscous effects, 26, 33, 35, 44, 79, 91, 108
Viscous flow analysis, 34
V-n diagram, 287-288
Volume
control, 115-116, 190-191
characteristic, 356
tail, 356
Vortex, 20, 4344, 79, 82, 84, 139, 141
blade-tip, 139-141, 177
filament, 21, 42, 4446, 141
force, 45
forebody, 820-822
helical trailing, 139, 141, 142
horizontal tail, 821
horseshoe, 81-84, 86-89, 90
induced flow, 140
lift, 821
lifting law, 44-46, 48, 84, 139, 371, 462, 480
line segment, 3-D, 21
model, 79, 373, 376, 449, 462, 466, 469
panel, 2-D, 20-21
panel, flat, 28
panels, 29-32
segment, 21-22, 82
shedding, 821
sheet, 24-25, 28, 30, 42-44
sheet, curved, 28
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sheet, trailing, 4344, 46, 79, 81-83, 141,
161, 375
sheet, trailing helical, 142
span factor, 372, 374, 376, 463
strake, 821
strength, 21-25, 28-31, 42, 45, 82-83, 86—
89, 371-372, 462463
strength factor, 372, 374, 376
trailing, 301, 352
vertical tail, 821
wake, 821-822
wingtip, 4344, 79, 139, 371-372, 375, 377,
446-449, 462, 464, 821
Vortex panel method, 28, 32-35, 3841, 353,
539
Vortex segment, 21-22, 82
bound, 82, 84, 90
straight, 21-22, 84
straight semi-infinite, 22
trailing, 82-83
Vorticity, 12-13, 44, 79, 83, 139, 141, 371
bound, 46, 81, 139, 376, 480
distribution, 45, 375-376
free, 82
net, 82
shed, 89, 134, 139, 376
vector, 83, 141, 480
V-tail, 573-574

W
Wake, 11, 585
blade, 161
boundary layer, 12
trailing, 12
ultimate, 161
viscous, 161
Washout, 47, 53-71, 373, 413 (see also Twist)
distribution, 53-71, 76, 78
distribution function, 53, 58, 65, 67
effectiveness, 56, 61
elliptic, 78
geometric, 131
linear, 55-56
maximum total, 53
negative, 58
optimum, 58, 6061, 76-78
positive, 58, 60
spanwise symmetric, 72
symmetric, 70
total, 53, 58, 62
Weathercock stability, 444 (see also Yaw
stability)
Weight, 222-224, 227,229, 234, 239, 242,
252-254
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aircraft, 241, 254, 284, 318
coefficient, 508
constant, 227, 274, 301
gross, 221-224, 229, 252-254, 261-263,
274,276, 280-281, 284, 288-289, 307
Weight-shift control, 370
Whip-stall, 387
Wind
direction, 257
local relative, 348
speed, 257-258, 271, 275
-track angle, 257, 270
Wind tunnel model, 799-800, 802
Wind tunnel test, 753, 755
Windmilling, 151
Wing
area, 221,227, 280, 307, 345, 349
cambered, 343-346
-canard combination, 381-382, 385-387,
394-397
elliptic, 44, 49-50, 53, 58, 62, 73, 372-373,
377, 380, 463, 478
finite, 21, 42-45, 50, 54, 79, 82, 84, 134,
352, 480
finite lifting, 79
lift coefficient, 350
loading, 226, 234-235, 237, 272-275, 279—
280, 293, 297, 299
planform, 56, 58, 68, 73, 76
quarter-chord, 352, 356, 361-362, 367-369,
377, 388
rectangular, 47, 68
rock, 821-823
sweep, 551
sweep factor, 378
swept, 376-377, 461
tapered, 50-61, 68, 73, 373, 377, 463, 479
twist, 53-68 (see also Washout)
unswept, 62, 373, 445, 459, 463
Wing dihedral, 475-476, 479, 487
effect of, 475
Wing sweep, 479-482
effect of, 479
Wing-canard, 381-382, 385-387, 394-397,
408
Wing-canard combination
simplified pitch stability analysis, 381-396
Winglet, 449, 469
Wing-tail, 346, 363-369, 380, 382, 397-400,
405, 466
Wing-tail combination
Simplified pitch stability analysis, 346-362

Wingtip, 42-43
stall, 53, 297-299
vortex, 43-44, 79, 371-372, 375-376, 446—
449, 462, 464, 821
Wright Flyer, 117, 130
Wright R-3350-23 Cyclone, 120
Wright Whirlwind, 118-119

X
X-3 Stiletto, 467
XB-70, 125

Y
Yaw, 2, 74, 299, 339, 342, 450, 620-621, 765
adverse, 77, 299, 492-493, 575
constraint, 892
control, 448, 492, 576, 577, 588, 821, 847
(see also Rudder; V-tail)
control derivative, 448, 456
coupling, 796
damping, 798, 859
disturbance, 444, 784
divergence, 819-820
rate, 626, 776
stiffness, 444, 448
trim, 444, 454
Yaw-damping derivative, 564, 666, 797, 804
Yaw stability, 444-446, 448—450, 453455,
459, 460462, 466, 468-469, 473, 795,
798
derivative, 444-445, 448, 449, 453, 455,
459-461, 468, 475, 487, 797, 804
excess, 784
insufficient, 784
ratio, 795
Yawing, 2
moment, 2, 74, 76-77, 134, 178, 186—187,
339, 343, 349, 441-445, 448454, 457,
459, 473-475, 481-485, 489-492, 587,
765
moment gradient, 452
motion, pure, 802-803, 893
oscillations, 766
rate, 560, 577, 765
rotation, 441

Z

Zero lift, 55, 226, 229

Zero-lift angle of attack, 26-27, 36-38, 47, 55,
132, 146-147, 352,384

Zero-lift line, 131-132, 135, 137, 147, 180,
348, 456, 493
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