APPENDIX C

Complex Signals and
Negative Frequency

Complex numbers are used in just about every field of science and engi-
neering.” For us, complex signal notation is necessary to describe the
effects of quadrature and Fourier processing. It may be fair to say that no
other topic in digital signal processing causes more initial discomfort for
the beginner than complex numbers with their real and imaginary parts.
Why, even the terminology is bizarre. So here’s where we review the fun-
damentals of complex numbers, get comfortable with how they're used to
represent complex signals, and examine the notion of negative frequency
as it relates to complex signal notation.

To start this discussion, it’s important for us to be comfortable with the
concept of negative frequency because it's essential in understanding the
spectral replication effects of periodic sampling, discrete Fourier trans-
forms, and the various quadrature signal processing techniques discussed
in Chapter 7. The convention of negative frequency serves as a consistent
and powerful mathematical tool in our analysis of signals. In fact, the use
of negative frequency is mandatory when we represent real signals, such
as a sine or cosine wave, in complex notation.

The difficulty in grasping the idea of negative frequency may be, for
some, similar to the consternation felt in the parlors of mathematicians
in the Middle Ages when they first encountered negative numbers.
Until the thirteenth century, negative numbers were considered fictitious
because numbers were normally used for counting and measuring. So
up to that time, negative numbers just didn’t make sense [1,2]. In those
days, it was valid to ask, “How can you hold something in your hand
that is less than nothing?” The idea of subtracting six from four must
have seemed meaningless. Math historians suggest that negative num-

" That's because complex sinusoids are solutions to the second-order linear differential equa-
tions used to describe so much of nature,
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