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(¢) A receiver is made up of the following component parts in series: Receiving an-
tenna with temperature 7, = 1160 K, lossy line 1 with L, = 6 dB, amplifier 1 with
noise figure F; = 3 dB and gain G| = 13 dB, lossy line 2 with L, = 10 dB, and
amplifier 2 with noise figure F, = 6 dB and gain G, = 10 dB. The input signal is 80
picowatts (pW) and the signal bandwidth is 0.25 GHz. Trace the values of signal
power, noise power, and SNR throughout the system.

. (a) An amplifier having a gain of 10 dB and a noise figure of 3 dB is connected to the

output of a receiving antenna directly (no line loss between them). Following the
amplifier is a lossy line with a loss factor of 10 dB. Consider that the input signal
poweris 10 pW, the antenna temperature is 290 K, and the signal bandwidth is 0.25
GHez. Find the SNR into and out of the amplifier, and out of the lossy line.

(b) Repeat part (a) with the antenna temperature equal to 1450 K.

. A receiver with 80-dB gain and an effective noise temperature of 3000 K is con-

nected to an antenna that has a noise temperature of 600 K.

(a) Find the noise power that is available from the source over a 40-MHz band.
(b) Find the receiver noise power referenced to the receiver input.

(¢) Find the receiver output noise power over a 40-MHz band.

. An antenna is pointed in a direction such that it has a noise temperature of 50 K. It is

connected to a preamplifier that has a noise figure of 2 dB and an available gain of
30 db over an effective bandwidth of 20 MHz. The input signal to the preamplifier
has a value of 1072 W.

(a) Find the effective input noise temperature of the preamplifier.

(b) Find the SNR out of the preamplifier.

. A receiver with a noise figure of 13 dB is connected to an antenna through 75 ft of

300-) transmission line that has a loss of 3 dB per 100 ft.

(a) Evaluate the composite noise figure of the line and the receiver.

(b) If a 20-dB preamplifier with a 3-dB noise figure is inserted between the line and
the receiver, evaluate the composite noise figure of the line, the preamplifier,
and the receiver.

(¢) Evaluate the composite noise figure if the preamplifier is inserted between the
antenna and the transmission line.

. A satellite communication system uses a transmitter that produces 20 W of RF

power at a carrier frequency of 8 GHz that is fed into a 2-ft parabolic antenna. The
distance to the receiving earth station is 20,000 nautical miles. The receiving system
uses an 8-ft parabolic antenna and has a 100-K system noise temperature. Assume
that each antenna has an efficiency of 0.55. Also assume that the incidental losses
amount to 2 dB.
(a) Calculate the maximum data rate that can be used if the modulation is differen-
tially coherent PSK (DPSK) and the bit error probability is not to exceed 107°.
(b) Repeat part (a) assuming that the downlink transmission is at a carrier frequency
of 2 GHz.

. Consider that an unmanned spacecraft with a carrier frequency of 2 GHz and a 10-W

transponder is in the vicinity of the planet Saturn (a distance of 7.9 x 10° miles from
the earth). The receiving earth station has a 75-ft antenna and a system noise tem-
perature of 20 K. Calculate the size of the spacecraft antenna that would be required
to just close a 100-bits/s data link. Assume that the required E,/N; is 10 dB and that
there are incidental losses amounting to 3 dB. Also assume that each antenna has an

:¢ such networks ] efficiency of 0.55.
1
| L
. -
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5.21.

5.22.

5.23.
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(a) Assume a receiver front end with the following parameters: gain = 60 dB, bang.
width = 500 MHz, noise figure = 6 dB, input signal power = 6.4 x 10! W, SOUreq
temperature, T3 = 290 K, line loss = 0 dB. A preamplifier with the follo\uing
characteristics is inserted between the antenna and the receiver: gain = 10 g
noise figure = 1 dB. Find the composite receiver noise figure, in decibels. How
much noise figure improvement, in decibels, has been realized?

(b) Find the output SNR improvement, in decibels, as a result of the Improved nojg,
figure.

(¢} Repeat part (b) for T3 = 6000 K. What is the output SNR improvement in
decibels?

(d) Repeat part (b) for 75 =15 K. What is the output SNR improvement in decibels?

(e) What conclusions can you draw from your answers with regard to how the jp,.
provement in output SNR tracks the improvement in noise figure? Explain,

(a) Given the following link parameters, find the maximum allowable receiver noise
figure. The modulation is coherent BPSK with a bit-error probability of 107 for 4
data rate of 10 Mbits/s. The transmission frequencyis 12 GHz. The EIRPis () dBW,
The receiving antenna diameter is 0.1 m (assume an efficiency of 0.55), and the
antenna temperature is 800 K. The distance between the transmitter and receiver
is 10 km. The margin is 0 dB and the incidental losses are assumed to be 0 dB.

(b) If the data rate is doubled, how will that affect the value of the noise figure ip
part (a)?

(¢) If the antenna diameter is doubled, how will that affect the value of the noise
figure in part (a)?

(a) Ten users simultaneously access a nonregenerative satellite repeater with a 50-
MHz bandwidth using an FDMA access scheme, Assume that each user’s EIRP
is 10 dBW; also assume that each user’s coefficient A; = Gy/L.L, = 140 dB,
What is the total power Py received by the satellite receiver?

(b) Assume that the satellite system noise temperature is 2000 K. What is the value
of the satellite receiver noise power in watts, referenced to the receiver input?

() Whatis the uplink SNR at the satellite receiver for each user’s signal?

(d) Assuming the received power at the satellite from each user is the same, what
fraction of the satellite EIRP is allocated to each of the 10 users’ signals? If the
satellite downlink EIRP, = 1000 W, how many waltts per user is downlinked?

(e) How much of the satellite EIRP is allocated to the transmission of uplink ther-
mal noise?

(F) Is the satellite uplink limited or downlink limited? Explain.

(8) At the carth station, the receiver noise temperature is 800 K. What is the resul-
tant (overall) average signal-to-noise power spectral density (P,/N,) for a single
user’s transmission across a S0-MHz band? Assume that the coefficient '3
G,/LL,=-140 dB.

(h) Recalculate P, /N, for a single user’s transmission, using an approximation resuit-
ing from your answer to part (f).

() In the absence of intermodulation noise, the following repeater relationship is
often used:

P! P! P\l
overall (ﬁ:) = uplink <ﬁ;> + downlink <ﬁ;>

Recaleulate P, /N, using this relationship, and compare the result with your answers
to parts (g) and (h):

Communications Link Analysis Chap.
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5.24. How many users can simultaneously access a nonregenerative satellite repeater with

5.25.

5.26.

5.27.

a 100-MHz bandwidth, such that each user is allocated 50 W of the satellite’s EIRP
of 5000 W? At the satellite, the effective system temperature T§ = 3500 K. Assume
that each user’s uplink EIRP is 10 dBW and that the G,/L, L, term that reduces this
EIRP at the satellite receiver is equal to —140 dB for each user.
An AWGN channel has the following parameters and requirements: The data rate =
2.5 Mbits/s: the modulation is coherent BPSK with perfect frequency-, carrier-, and
timing-synchronization, and the required bit-error probability is 10°%; the carrier fre-
quency is 300 MHz; the distance between transmitter and receiver is 100 km; the
transmitter power is 107 3 Watt: the transmit and receive antennas each have a diame-
ter of 2 m and an efficiency of 0.55; the receiver-antenna temperature is 290 K; the
line, from the receiver-antenna output to the receiver input has a loss factor, of 1 dB;
there are no other losses. Find the maximum receiver noise figure in dB that can be
used to just close the link.
A wristwatch radio is to transmit and receive 1 Mbit/s data with a bit-error probabil-
ity of 107, It is to operate over a range of 10 km at a carrier frequency of 3 GHz. The
modulation is DPSK, and the G/T is —30 dB/K. Such a radio might be used in a
moving vehicle and subject to a fading-signal loss. The radio designer wants to exam-
ine the trade-off between minimizing the required EIRP and maximizing the fading
loss that can be sustained. Produce a table showing several EIRP versus fading-loss
values to help in selecting the needed battery. Consider the EIRP values of interest
to be in the range of 300 mW to 10 W. Is it possible to meet the system specifications
with a fading loss of 20 dB and an EIRP under 10 W?
The designer decides that the wristwatch radio in Problem 5.26 does not have to
meet the stated specifications while in a moving vehicle, and hence the fading loss
can be established as 0 dB. Assume that the minimum allowable EIRP associated
with this 0-dB loss is chosen for the transmitter (from the solution to Problem 5.26).
What is the minimum value of transmitter power that can be used if the effective
area of the transmitting antenna is 25 cm??

QUESTIONS

5.1. Why is free-space loss a function of wavelength? (See Section 5.3.3.)
5.2. What is the relationship between received signal-to-noise (S/N) ratio and carrier-to-

noise (C/N) ratio? (See Section 5.4.)

5.3. How much link margin is enough? (See Section 5.4.3.)
5.4. There are two primary sources of noise and interference degradation at the input of

a receiver. What are they? (See Section 5.5.5)

5.5. In order to achieve equitable sharing of a nonregenerative satellite repeater, what

important relationship must exist among multiple users? (See Section 57.1.)

EXERCISES

Using the Companion CD, run the exercises associated with Chapter 5.
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Channel coding refers to the class of signal transformations designed to improve
communications performance by enabling the transmitted signals to better with-
stand the effects of various channel impairments, such as noise, interference, and
fading. These signal-processing techniques can be thought of as vehicles for accom-
plishing desirable system trade-offs (e.g., error-performance versus bandwidth,
power versus bandwidth). Why do you suppose channel coding has become such a
popular way to bring about these beneficial effects? The use of large-scale inte-
grated circuits (LSI) and high-speed digital signal processing (DSP) techniques
have made it possible to provide as much as 10 dB performance improvement
through these methods, at much less cost than through the use of most other meth-
ods such as higher power transmitters or larger antennas.

6.1 WAVEFORM CODING AND STRUCTURED SEQUENCES

Channel coding can be partitioned into two study areas, waveform (or signal
design) coding and structured sequences (or structured redundancy), as shown in
Figure 6.1. Waveform coding deals with transforming waveforms into “better
waveforms,” to make the detection process less subject to errors. Structured se-
quences deals with transforming data sequences into “better sequences,” having
structured redundancy (redundant bits). The redundant bits can then be used for
the detection and correction of errors. The encoding procedure provides the coded
signal (whether waveforms or structured sequences) with better distance properties

6.1 Waveform Coding 305
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than those of their uncoded counterparts. First, we consider some waveform coding
techniques. Then, starting with Section 6.3, we treat the subject of structured
sequences.

6.1.1 Antipodal and Orthogonal Signals

Antipodal and orthogonal signals have been discussed earlier; we shall repeat the
paramount features of these signal classes. The example shown in Figure 6.2 illus-
trates the analytical representation, s,(r) = —s,(f) = sin wyt, 0 <t < T, of a sinusoidal
antipodal signal set, as well as its waveform representation and its vector represen-
tation. What are some synonyms or analogies that are used to describe antipodal
signals? We can say that such signals are mirror images, or that one signal is the
negative of the other, or that the signals are 180° apart.

The example shown in Figure 6.3 illustrates an orthogonal signal set made up
of pulse waveforms, described by

and

T
sz(t)=p<t—5> 0=t=T

where p(¢) is a pulse with duration = 772, and 7 is the symbol duration. Another
orthogonal waveform set frequently used in communication systems is sin x and

cos x. In general, a set of equal-energy signals s,(f), where i =1, 2, ..., M, consti-
tutes an orthonormal (orthogonal, normalized to unity) set if and only if
1 (" {1 fori = j
5= — s:(t)s(t) dt = X 6.1
I E fo (8)s(8) 0 otherwise 6-1)
Analytic Waveform Vector
representation representation representation

s1(2)

l/\/\/\?t
VAAVARY

s1() = sin wot

s2(t) E | E ")
-« | = 1

s2(£) = —sin wot 0| /\ /\ /\ t *
NV U T

0<t<T

Figure 6.2 Example of an antipodal signal set.
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Analytic Waveform Vector

representation representation representation

51(6) = p(t) 0 L_¢ w2(t) /<\
/

T T d =\2E
2 VE [52 o
/
220 E Wa(t)
’——"I 1
s2(8) =p (t—I) 0 = ¢
2 T T
0<t<T 2

Figure 6.3 Example of a binary orthogonal signal set.

where z;; is called the cross-correlation coefficient, and where E is the signal energy,
expressed as

E= f s2(t) dt (62)

The waveform representation in Figure 6.3 illustrates that $1(¢) and s,(¢) cannot in-
terfere with one another because they are disjoint in time. The vector representa-
tion illustrates the perpendicular relationship between orthogonal signals. Consider
some alternative descriptions of orthogonal signals or vectors. We can say that the
inner or dot product of two different vectors in the orthogonal set must equal zero.
In a two- or three-dimensional Cartesian coordinate space, we can describe the
signal vectors, geometrically, as being mutually perpendicular to one another, We
can say that one vector has zero projection on the other, or that one signal cannot
interfere with the other, since they do not share the same signal space.

6.1.2 M-ary Signaling

With M-ary signaling, the processor accepts k data bits at a time. It then instructs
the modulator to produce one of M = 2 waveforms; binary signaling is the special
case where k= 1. For k > 1, M-ary signaling alone can be regarded as a waveform
coding procedure. For orthogonal signaling (e.g., MFSK), as k increases there is
improved error performance or a reduction in required E, /Ny, at the expense of
bandwidth; nonorthogonal signaling (e.g., MPSK) manifests improved bandwidth
efficiency, at the expense of degraded error performance or an increase in required
E,/N,. By the appropriate choice of signal waveforms, one can trade off error
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probability, E;,/No, and bandwidth efficiency. Such trade-offs are treated in greater
detail in Chapter 9.

6.1.3 Waveform Coding

Waveform coding procedures transform a waveform set (representing a message
set) into an improved waveform set. The improved waveform set can then be used
to provide improved Py compared to the original set. The most popular of such
waveform codes are referred to as orthogonal and biorthogonal codes. The
encoding procedure endeavors to make each of the waveforms in the coded
signal set as unalike as possible; the goal is to render the cross-correlation coeffi-
cient z;;—among all pairs of signals, as described by the integral term in Equation
6.1—as small as possible. The smallest possible value of the cross-correlation coef-
ficient occurs when the signals are anticorrelated (z;; = ~1); however, this can be
achieved only when the number of symbols in the set is two (M = 2) and the sym-
bols are antipodal. In general, it is possible to make all the cross-correlation coeffi-
cients equal to zero [1]. The set is then said to be orthogonal. Antipodal signal sets
are optimum in the sense that each signal is most distant from the other signal in
the set; this is seen in Figure 6.2 where the distance d between signal vectors is seen
to be d =2 \/E, where E represents the signal energy during a symbol duration T,
as expressed in Equation (6.2). Compared with antipodal signals, the distance
properties of orthogonal signal sets can be thought of as “pretty good” (for a given
level of waveform energy). In Figure 6.3 the distance between the orthogonal sig-
nal vectors is seen to be d = \/Q_L

The cross-correlation between two signals is a measure of the distance be-
tween the signal vectors. The smaller the cross-correlation, the more distant are the
vectors from each other. This can be verified in Figure 6.2, where the antipodal sig-
nals (whose z;; = —1) are represented by vectors that are most distant from each
other: and in Figure 6.3, where the orthogonal signals (whose z;; = 0) are repre-
sented by vectors that are closer to one another than the antipodal vectors. It
should be obvious that the distance between two identical waveforms (whose
z;;=1) is zero.

The orthogonality condition in Equation (6.1) is presented in terms of
waveforms s;(f) and s;(1), where i, j = 1,..., M, and M is the size of the wave-
form set. Each waveform in the set {s;(r)} may consist of a sequence of pulses,
where each pulse is designated with a level +1 or —1, which in turn represents the
binary digit 1 or 0, respectively. When the set is expressed in this way, Equation
(6.1) can be simplified by stating that [s;(r)} constitutes an orthogonal set if and
only if

_ number of digit agreements — number of digit disagreements

= 6.3
%y total number of digits in the sequence (63)
B {1 fori=j
0 otherwise
6.1 Waveform Coding 309




6.1.3.1 Orthogonal Codes

A one-bit data set can be transformed, using orthogonal codewords of two
digits each, described by the rows of matrix H, as follows:

Data set Orthogonal codeword set
0 0 0
1 H, = [ 0 J (6.4a)

For this, and the following examples, use Equation (6.3) to verity the orthogonality
of the codeword set. To encode a 2-bit data set, we extend the foregoing set both
horizontally and vertically, creating matrix H,.

Data set Orthogonal codeword set
0 0 00i00
0 1 01§01
H, = peessadosma ) [Hl g} (6.4b)
10 001 1| B H
11 01i10

The lower right quadrant is the complement of the prior codeword set. We
continue the same construction rule to obtain an orthogonal set H; for a 3-bit
data set,

Data Set Orthogonal codeword set

00 0 (000050000'

0 0 1 0101010 1

01 0 0001 1: 0011

01 1 01 10i 0110 HQHZ}

H; = = . 6.4

100 0000f 1111

1 0 1 01 01{ 1010

110 0011/ 1100

11 1 L011021001_

In general, we can construct a codeword set H,, of dimension 2% x 2% called a
Hadamard matrix, for a k-bit data set from the H, _, matrix, as follows:

H, = [ Her He] (6.4d)
H_, H_,
Each pair of words in each codeword set H,H, H,,... H,, ... hasas many digit

agreements as disagreements [2]. Hence, in accordance with Equation (6.3), z;;=0
(for i #J), and each of the sets is orthogonal.
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Just as M-ary signaling with an orthogonal modulation format (such as
MFSK) improves the Py performance, waveform coding with an orthogonally con-
structed signal set, in combination with coherent detection, produces exactly the
same improvement. For equally likely, equal-energy orthogonal signals, the proba-
bility of codeword (symbol) error, Pg, can be upper bounded as {2]

PyM) = (M~ 1) 0 (@) (65)

where the codeword set M equals 2% and k is the number of data bits per code-
word. The function Q(x) is defined by Equation (3.43), and E; = kE, is the energy
per codeword. For a fixed M, as E,/Ny is increased, the bound becomes increasingly
tight; for Pg(M) < 1073, Equation (6.5) is a good approximation. For expressing the
bit-error probability, we next use the relationship between Py and Pg, given in
Equation (4.112) and repeated here:

Py(k) 2kt Pg(M)  M/2

Pak) 25-1 7 PAM) (M—1)

Combining Equations (6.5) and (6.6), the probability of bit error can be bounded
as follows:

k) = (2 @ Q/%—) or  P(M)=2 0 (\/% 6.7)

6.1.3.2 Biorthogonal Codes

(6.6)

A biorthogonal signal set of M total signals or codewords can be obtained
from an orthogonal set of M/2 signals by augmenting it with the negative of each

signal as follows:
H,_
B, - { K 1]

Hk-l

For example, a 3-bit data set can be transformed into a biothogonal codeword set
as follows:

Data set Biorthogonal codeword set
000 [0 0 0 0]
0 01 0101
010 0 011
011 0110

L I
1 0 0 11 11
1 01 1010
1 10 11 00
1 11 11 0 0 1]
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The biorthogonal set is really two sets of orthogonal codes such that each code.
word in one set has its antipodal codeword in the other set. The biorthogonal se¢
consists of a combination of orthogonal and antipodal signals. With respect to Z;; of
Equation (6.1), biorthogonal codes can be characterized as

1 fori=j
M
-1 fori#j, |i—j| ==
o= ori#j, i — | ) (68)
M
0 fori;é/',li—jl;ég

One advantage of a biorthogonal code over an orthogonal one for the same
data set is that the biorthogonal code requires one-half as many code bits per code.-
word (compare the columns of the B; matrix with those of the H; matrix presenteq
earlier). Thus the bandwidth requirements for biorthogonal codes are one-half the
requirements for comparable orthogonal ones. Since antipodal signal vectors have
better distance properties than orthogonal ones, it should come as no surprise that
biorthogonal codes perform slightly better than orthogonal ones, For equally
likely, equal-energy biorthogonal signals, the probability of codeword (symbol)
error can be upper bounded, as follows [2]:

Po(M) = (M~ ZJQ(J%)) B Q< %VE—) 69)

which becomes increasingly tight for fixed M as K, /Ny is increased. Py(M) is a
complicated function of Pz(M); we can approximate it with the relationship [2]
Pp(M)
Py(M) =~

The approximation is quite good for M > 8. Therefore, we can write

Py(M) s%[(M— 2)Q<J§;) " Q< ZNEO)J (6.10)

These biorthogonal codes offer improved Py performance, compared with the
performance of the orthogonal codes, and require only half the bandwidih of
orthogonal codes,

6.1.3.3 Transorthogonal (Simplex) Codes

A code generated from an orthogonal set by deleting the first digit of each code-
word is called a transorthogonal or simplex code. Such a code is characterized by

1 fori=j :
g3 = -1 6.11
% voq fori#j (
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A simplex code represents the minimum energy equivalent (in the error-probability
sense) of the equally likely orthogonal set. In comparing the error performance of
orthogonal, biorthogonal, and simplex codes, we can state that simplex coding re-
quires the minimum E,/N;, for a specified symbol error rate. However, for a large
value of M, all three schemes are essentially identical in error performance.
Biorthogonal coding requires half the bandwidth of the others. But for each of
these codes, bandwidth requirements (and system complexity) grow exponentially
with the value of M; therefore, such coding schemes are attractive only when large
bandwidths are available.

6.1.4 Waveform-Coding System Example

Figure 6.4 illustrates an example of assigning a k-bit message from a message set of
size M = 2%, with a coded-pulse sequence from a code set of the same size. Each
k-bit message chooses one of the generators yielding a coded-pulse sequence or
codeword. The sequences in the coded set that replace the messages form a wave-
form set with good distance properties (e.g., orthogonal, biorthogonal). For the or-
thogonal code described in Section 6.1.3.1, each codeword consists of M =2 pulses
(representing code bits). Hence 2 code bits replace k message bits. The chosen se-
quence then modulates a carrier wave using binary PSK, such that the phase (d; =0
or ) of the carrier during each code-bit duration, 0 <7< T, corresponds to the am-
plitude (j=-1 or 1) of the jth bipolar pulse in the codeword. At the receiver in Fig-
ure 6.5, the signal is demodulated to baseband and fed to M correlators (or
matched filters). For orthogonal codes, such as those characterized by the
Hadamard matrix in Section 6.1.3.1, correlation is performed over a codeword du-
ration that can be expressed as T = 2FT.. For a real-time communication system,
messages may not be delayed; hence, the codeword duration must be the same as
the message duration, and thus, T can also be expressed as T' = (log,M) Ty, = kT,

Transmitter

pa— Gene;rator L o™
WM: 2k o—s| Generatorl g LK cos (ot + 0D 1k cos mot
aveforms 2 $;=0,m
. 0<t<T, Phase modulation
: by ¢;=0,mis
equivalent to
— Generator e _ amplitude
M modulation by
-1 and +1

Figure 6.4 Waveform-encoded system (transmitter).
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Where T' = £ Ty, = 2kT,

Figure 6.5 Waveform-encoded system with coherent detection (receiver).

where 7}, is the message-bit duration. Note that the time duration of a message bit
is M/k times longer than that of a code bit. In other words, the code bits or coded
pulses (which are PSK modulated) must move at a rate M/k faster than the mes-
sage bits. For such orthogonally coded waveforms and an AWGN channel, the ex-
pected value at the output of each correlator, at time 7, is zero, except for the
correlator corresponding to the transmitted codeword.

What is the advantage of such orthogonal waveform coding compared with
simply sending one bit or one pulse at a time? One can compare the bit-error per-
formance with and without such coding by comparing Equation (4.79) for coherent
detection of antipodal signals with Equation (6.7) for the coherent detection of or-
thogonal codewords. For a given size k-bit message (say, k = 5) and a desired bit-
error probability (say, 107), the detection of orthogonal codewords (each having a
5-bit meaning) can be accomplished with about 2.9 dB less Ey/N, than the bit-by-bit
detection of antipodal signals. (The demonstration is left as an exercise for the
reader in Problem 6.28.) One might have guessed this result by comparing the per-
formance curves for orthogonal signaling in Figure 4.28 with the binary (antipodal)
curve in Figure 4.29. What price do we pay for this error-performance improve-
ment? The cost is more transmission bandwidth. In this example, transmission of
an uncoded message consists of sending 5 bits. With coding, how many coded
pulses must be transmitted for each message sequence? With the waveform coding
of this example, each 5-bit message sequence is represented by M = 2% = 25 = 32
code bits or coded pulses. The 32 coded pulses in a codeword must be sent in the
same time duration as the corresponding 5 bits from which they stem. Thus, the
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required transmission bandwidth is 32/5 times that of the uncoded case. In general,
the bandwidth needed for such orthogonally coded signals is M/k times greater
than that needed for the uncoded case. Later, more efficient ways to trade off the
benefits of coding versus bandwidth [3, 4] will be examined.

6.2 TYPES OF ERROR CONTROL

Before we discuss the details of structured redundancy, let us describe the two
basic ways such redundancy is used for controlling errors. The first, error detection
and retransmission, utilizes parity bits (redundant bits added to the data) to detect
that an error has been made. The receiving terminal does not attempt to correct
the error; it simply requests that the transmitter retransmit the data. Notice that a
two-way link is required for such dialogue between the transmitter and receiver.
The second type of error control, forward error correction (FEC), requires a one-
way link only, since in this case the parity bits are designed for both the detection
and correction of errors. We shall see that not all error patterns can be corrected;
error-correcting codes are classified according to their error-correcting capabilities.

6.2.1 Terminal Connectivity

Communication terminals are often classified according to their connectivity with
other terminals. The possible connections, shown in Figure 6.6, are termed simplex
(not to be confused with the simplex or transorthogonal codes), half-duplex, and
full-duplex. The simplex connection in Figure 6.6a is a one-way link. Transmissions

Terminal Terminal
A B
Transmission in only one direction
{a)

Terminal Terminal
A Or B

Transmission in either direction,
but not simultaneously

(b)

Terminal -4 Terminal
A - B

Figure 6.6 Terminal connectivity T N .
classifications. (a) Simplex. (b) Half- Transmission in both directions simultaneously
duplex. (c) Full-duplex. (c)
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are made from terminal A to terminal B only, never in the reverse direction. The
half-duplex connection in Figure 6.6b is a link whereby transmissions may be made
in either direction but not simultaneously. Finally, the full-duplex connection i
Figure 6.6¢ is a two-way link, where transmissions may proceed in both directiong
simultaneously.

6.2.2 Automatic Repeat Request

When the error control consists of error detection only, the communication system
generally needs to provide a means of alerting the transmitter that an error has
been detected and that a retransmission is necessary. Such error control procedures
are known as automatic repeat request or automatic retransmission query (ARQ)
methods. Figure 6.7 illustrates three of the most popular ARQ procedures. In each
of the diagrams, time is advancing from left to right. The first procedure, called
stop-and-wait ARQ, is shown in Figure 6.7a. It requires a half-duplex connection
only, since the transmitter waits for an acknowledgment (ACK) of each transmis-

Transmitter 1’ [2! ‘3‘ I3l |&‘ [5] [S[

Transmission \ \‘\g:’{ q(%’;’d _gﬁ;’f g"‘ é—:’?( é._;:;{

S KN Y N Y N Y I I
Error Error

Transmitter i1 ‘2!3]4]5|6[?'8,4’5l6'7lﬂ’9|10|11!7’8[9,10
N v‘t’{?ﬁ’;?%’;ﬁ?”;?f’;‘?’;?Jf"’;?‘ﬁ';ﬁ?';‘ji"’{&’&?{?ﬁ‘@’!&'{d"'%

~

Transmission %

‘\:‘x SN ks Al Lol ol 7
HEEEIES I |1‘2ISB‘[‘135I617|3!4’5|5;?—8]9'10|11|?l8—’
Error Error
{b)

Transmitter ] 1] 2 ] 3]4]5 | 6 ‘ 7 ] 8|4 E |10|11]12[13[14]15[11[16[17[18
N 2 S R B

* -\ Fa ‘) Fd Iﬂ Fs rd II .f ra i r/ ‘i) 'f ‘) s s #
Recsiver [ ] 1 [ 2 ‘ 3 [}:14} 56 E | 8 [ 4 ] 9 |10E1:1§|12|13[14]15|11 16J

Error Error

Figure 6.7 Automatic repeat request (ARQ). (a) Stop-and-wait ARQ (half-
duplex). (b) Continuous ARQ with pullback (full-duplex). (¢) Continuous ARQ with
selective repeat (full-duplex).
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sion before it proceeds with the next transmission. In the figure, the third transmis-
sion block is received in error; therefore, the receiver responds with a negative ac-
knowledgment (NAK), and the transmitter retransmits this third message block
before transmitting the next in the sequence. The second ARQ procedure, called
continuous ARQ with pullback, is shown in Figure 6.7b. Here a full-duplex connec-
tion is necessary. Both terminals are transmitting simultaneously; the transmitter is
sending message data and the receiver is sending acknowledgment data. Notice
that a sequence number has to be assigned to each block of data. Also, the ACKs
and NAKs need to reference such numbers, or else there needs to be a priori
knowledge of the propagation delays, so that the transmitter knows which mes-
sages are associated with which acknowledgments. In the example of Figure 6.7b,
there is a fixed separation of four blocks between the message being transmitted
and the acknowledgment being simultaneously received. For example, when mes-
sage 8 is being sent, a NAK corresponding to the corrupted message 4 is being re-
ceived. In the ARQ procedure, the transmitter “pulls back” to the message in error
and retransmits all message data, starting with the corrupted message. The final
method, called continuous ARQ with selective repeat, is shown in Figure 6.7c. Here,
as with the second ARQ procedure, a full-duplex connection is needed. In this pro-
cedure, however, only the corrupted message is repeated; then, the transmitter
continues the transmission sequence where it had left off instead of repeating any
subsequent correctly received messages.

The choice of which ARQ procedure to choose is a trade-off between the re-
quirements for efficient utilization of the communications resource and the need to
provide full-duplex connectivity. The half-duplex connectivity required in Figure
6.7a is less costly than full-duplex; the associated inefficiency can be measured by
the blank time slots. The more efficient utilization iltustrated in Figures 6.7b and ¢
requires the more costly full-duplex connectivity.

The major advantage of ARQ over forward error correction (FEC) is that
error detection requires much simpler decoding equipment and much less redun-
dancy than does error correction. Also, ARQ is adaptive in the sense that informa-
tion is retransmitted only when errors occur. On the other hand, FEC may be
desirable in place of, or in addition to, error detection, for any of the following
reasons:

1. A reverse channel is not available or the delay with ARQ would be excessive.

2. The retransmission strategy is not conveniently implemented.

3. The expected number of errors, without corrections, would require excessive
retransmissions.

6.3 STRUCTURED SEQUENCES

In Section 4.8 we considered digital signaling by means of M = 2 signal waveforms
(M-ary signaling), where each waveform contains k bits of information. We saw
that in the case of orthogonal M-ary signaling, we can decrease Py by increasing M
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(expanding the bandwidth). Similarly, in Section 6.1 we showed that it is possible to
decrease Py by encoding k binary digits into one of M orthogonal codewords. The
major disadvantage with such orthogonal coding techniques is the associated ineffj.
cient use of bandwidth. For an orthogonally coded set of M = 2 waveforms, the re.
quired transmission bandwidth is M/k times that needed for the uncoded case. I
this and subsequent sections we abandon the need for antipodal or orthogonal
properties and focus on a class of encoding procedures known as parity-check
codes. Such channel coding procedures are classified as structured sequences be-
cause they represent methods of inserting structured redundancy into the source
data so that the presence of errors can be detected or the errors corrected. Struc.
tured sequences are partitioned into three subcategories, as shown in Figure 6.1:
block, convolutional, and turbo. Block coding (primarily) is treated in this chapter,
and the others are treated in Chapters 7 and 8 respectively.

6.3.1 Channel Models

6.3.1.1 Discrete Memoryless Channel

A discrete memoryless channel (DMC) is characterized by a discrete input
alphabet, a discrete output alphabet, and a set of conditional probabilities P( Jli)
(1<i< M, 1<j<Q), where i represents a modulator M-ary input symbol, repre-
sents a demodulator Q-ary output symbol, and P(j|i) is the probability of receiving
J given that i was transmitted. Each output symbol of the channel depends only on
the corresponding input, so that for a given input sequence U = Ul Upy v vy Uy o v
Uy, the conditional probability of a corresponding output sequence Z = z;, z, . . .,
Zm» - -+, Zy Mmay be expressed as

PEIU) = T Pznluy) 6.12)
m=1

In the event that the channel has memory (i.e., noise or fading that occurs in
bursts), the conditional probability of the sequence Z would need to be expressed
as the joint probability of all the elements of the sequence. Equation (6.12) ex-
presses the memoryless condition of the channel. Since the channel noise in a mem-
oryless channel is defined to affect each symbol independently of all the other
symbols, the conditional probability of Z is seen as the product of the independent
element probabilities.

6.3.1.2 Binary Symmetric Channel

A binary symmetric channel (BSC) is a special case of a DMC; the input and
output alphabet sets consist of the binary elements (0 and 1). The conditional prob-
abilities are symmetric:

P(O[1) = P(1|0) = p
and (6.13)
P(1]1) = POl0)=1—-p
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Equation (6.13) expresses the channel transition probabilities. That is, given that a
channel symbol was transmitted, the probability that it is received in error is p
(related to the symbol energy), and the probability that it is received correctly is
(1 - p). Since the demodulator output consists of the discrete elements 0 and 1, the
demodulator is said to make a firm or hard decision on each symbol. A commonly
used code system consists of BPSK modulated coded data and hard decision de-
modulation. Then the channel symbol error probability is found using the methods
discussed in Section 4.7.1 and Equation (4.79) to be

_0 ( 2EC>
p N,
where E_/N, is the channel symbol energy per noise density, and Q(x) is defined in
Equation (3.43).
When such hard decisions are used in a binary coded system, the demodula-
tor feeds the two-valued code symbols or channel bits to the decoder. Since the de-

coder then operates on the hard decisions made by the demodulator, decoding with
a BSC channel is called hard-decision decoding.

6.3.1.3 Gaussian Channel

We can generalize our definition of the DMC to channels with alphabets that
are not discrete. An example is the Gaussian channel with a discrete input alphabet
and a continuous output alphabet over the range (-, »). The channel adds noise
to the symbols. Since the noise is a Gaussian random variable with zero mean and
variance o?, the resulting probability density function (pdf) of the received random
variable z, conditioned on the symbol 1, (the likelihood of u,), can be written as

1 —(z — uk)z}
= 6.14
p (Z ,uk) . \/2—“_ exp |: 2{],3 ( )
for all z, where k=1, 2, ..., M. For this case, memoryless has the same meaning as

it does in Section 6.3.1.1, and Equation (6.12) can be used to obtain the conditional
probability for the sequence Z.

When the demodulator output consists of a continuous alphabet or its quan-
tized approximation (with greater than two quantization levels), the demodulator
is said to make soft decisions. In the case of a coded system, the demodulator feeds
such quantized code symbols to the decoder. Since the decoder then operates on
the soft decisions made by the demodulator, decoding with a Gaussian channel is
called soft-decision decoding.

In the case of a hard-decision channel, we are able to characterize the detec-
tion process with a channel symbol error probability. However, in the case of a
soft-decision channel, the detector makes the kind of decisions (soft decisions) that
cannot be labeled as correct or incorrect. Thus, since there are no firm decisions,
there cannot be a probability of making an error; the detector can only formulate a
family of conditional probabilities or likelihoods of the different symbol types.
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It is possible to design decoders using soft decisions, but block code Soft.
decision decoders are substantially more complex than hard-decision decodersg:
therefore, block codes are usually implemented with hard-decision decoders. For
convolutional codes, both hard- and soft-decision implementations are equally
popular. In this chapter we consider that the channel is a binary symmetric channe|
(BSC), and hence the decoder employs hard decisions. In Chapter 7 we further di.
cuss channel models, as well as hard- versus soft-decision decoding for convoly.
tional codes.

6.3.2 Code Rate and Redundancy

In the case of block codes, the source data are segmented into blocks of & data bits,
also called information bits or message bits; each block can represent any one of 2
distinct messages. The encoder transforms each k-bit data block into a larger block
of n bits, called code bits or channel symbols. The (n — k) bits, which the encoder
adds to each data block, are called redundant bits, parity bits, or check bits; they
carry no new information. The code is referred to as an (n, k) code. The ratio of re-
dundant bits to data bits, denoted (n — k)/k, within a block is called the redundancy
of the code; the ratio of data bits to total bits, k/n, is called the code rate. The code
rate can be thought of as the portion of a code bit that constitutes information. For
example, in a rate ; code, each code bit carries ! bit of information.

In this chapter and in Chapters 7 and 8 we consider those coding techniques
that provide redundancy by increasing the required transmission bandwidth.
For example, an error control technique that employs a rate 1/2 code (100%
redundancy) will require double the bandwidth of an uncoded system. However, if
arate 3/4 code is used, the redundancy is 33% and the bandwidth expansion is only
4/3. In Chapter 9 we consider modulation/coding techniques for bandlimited
channels where complexity instead of bandwidth is traded for error performance
improvement.

6.3.2.1 Code-Element Nomenclature

Different authors describe an encoder’s output elements in a variety of ways:
code bits, channel bits, code symbols, channel symbols, parity bits, parity symbols.
The terms are all very similar. In this text, for a binary code, the terms “code bit,”
“channel bit,” “code symbol,” and “channel symbol” have exactly the same mean-
ing. The terms “code bit” and “channel bit” are most descriptive for binary codes
only. The more generic names “code symbol” and “channel symbol” are often pre-
ferred because they can be used to describe binary or nonbinary codes equally well.
Note that such code symbols or channel symbols are not to be confused with the
grouping of bits to form transmission symbols that was done in previous chapters.
The terms “parity bit” and “parity symbol” are used to identify only those code
elements that represent the redundancy components added to the original data.
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6.3.3 Parity-Check Codes

6.3.3.1 Single-Parity-Check Code

Parity-check codes use linear sums of the information bits, called parity symbols
or parity bits, for error detection or correction. A single-parity-check code is con-
structed by adding a single-parity bit to a block of data bits. The parity bit takes on the
value of one or zero as needed to ensure that the summation of all the bits in the code-
word yields an even (or odd) result. The summation operation is performed using
modulo-2 arithmetic (exclusive-or logic), as described in Section 2.9.3. If the added
parity is designed to yield an even result, the method is termed even parity; if it is de-
signed to yield an odd result, the method is termed odd parity. Figure 6.8a illustrates
a serial data transmission (the rightmost bit is the earliest bit). A single-parity bit is
added (the leftmost bit in each block) to yield even parity.

At the receiving terminal, the decoding procedure consists of testing that the
modulo-2 sum of the codeword bits yields a zero result (even parity). If the result is
found to be one instead of zero, the codeword is known to contain errors. The rate of
the code can be expressed as k/(k + 1). Do you suppose the decoder can automatically
correct a digit that is received in error? No, it cannot. It can only detect the presence
of an odd number of bit errors. (If an even number of bits are inverted, the parity test
will appear correct, which represents the case of an undetected error.) Assuming that

Parity
bit

RN

> ) .
001010({100111 1001%

(a)

1117101011111 11({1011
off[1to0001]|101110((17110
0//1011000{|011000(]10011
1110000110111 10]([1T111
11/1710011||{010001([1011
1({/]111100((000110(|({0010]
T
Figure 6.8 Parity checks for serial Horizontal Vertical
and parallel code structures. (a) Se- parity check parity check
tial structure. (b) Parallel structure. {b)

6.3 Structured Sequences 321




all bit errors are equally likely and occur independently, we can write the probability
of j errors occurring in a block of n symbols as

P(j,n) = (7)17"(1 —p) (6.15)

where p is the probability that a channel symbol is received in error, and where

()= 610

is the number of various ways in which j bits out of n may be in error. Thus, for 4
single-parity error-detection code, the probability of an undetected error P,y with a
block of # bits is computed as follows:

n/2 (for n even)

(n—1)/2 (for n odd) < n

P, =
nd 2]

> pi( —p)y¥ (6.17)

j=1

Example 6.1 Even-Parity Code
Configure a (4, 3) even-parity error-detection code such that the parity symbol
appears as the leftmost symbol of the codeword. Which error patterns can the code
detect? Compute the probability of an undetected message error, assuming that all
symbol errors are independent events and that the probability of a channel symbol
error is p = 107,

Solution

Message  Parity Codeword

000 0 0 000

100 1 1 100

010 1 1 010

110 0 0 110

001 1 1 o001

101 0 0 101

o 0 0 on

111 1 1 111
AN
parity message

The code is capable of detecting all single- and triple-error patterns. The probability
of an undetected error is equal to the probability that two or four errors occur any-
where in a codeword.

Py = (;) P —p)l+ (:)p“

=6p°(1 = p)* +p*
= 6p* — 12p% + 7p*
= 6(107°)2 — 12(107%)° + 7(10 %) = 6 x 1076
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6.3.3.2 Rectangular Code

A rectangular code, also called a product code, can be thought of as a parallel
code structure, depicted in Figure 6.8b. First we form a rectangle of message bits
comprising M rows and N columns; then, a horizontal parity check is appended to
each row and a vertical parity check is appended to each column, resulting in an
augmented array of dimensions (M + 1) X (N + 1). The rate of the rectangular code
k/n can then be written as

k MN

n T ME DT D)

How much more powerful is the rectangular code than the single-parity code,
which is only capable of error detection? Notice that any single bit error will cause
a parity check failure in one of the array columns and in one of the array rows.
Therefore, the rectangular code can correct any single error pattern since such an
error is uniquely located at the intersection of the error-detecting row and the
error-detecting column. For the example shown in Figure 6.8b, the array dimen-
sions are M = N = 5; therefore, the figure depicts a (36, 25) code that can correct a
single error located anywhere in the 36-bit positions. For such an error-correcting
block code, we compute the probability that the decoded block has an uncorrected
error by accounting for all the ways in which a message error can be made. Starting
with the probability of j errors in a block of n symbols, expressed in Equation
(6.15), we can write the probability of a message error, also called a block error or
word error, for a code that can correct all f and fewer error patterns as

Py= 2 (’;)pf(l ) (6.18)

where p is the probability that a channel symbol is received in error. For the exam-
ple in Figure 6.8b, the code can correct all single error patterns (¢ = 1) within the
rectangular block of n = 36 bits. Hence, the summation in Equation (6.18) starts
withj=2: '

A= 3 (3F) pi - pyeo

j=2
When p is reasonably small, the first term in the summation is the dominant one;
Therefore, for this (36, 25) rectangular code example, we can write

B~ (%) pi -

The bit error probability Pg depends on the particular code and decoder. An ap-
proximation for Pp is given in Section 6.5.3.

6.3.4 Why Use Error-Correction Coding?

Error-correction coding can be regarded as a vehicle for effecting various system
trade-offs. Figure 6.9 compares two curves depicting bit-error performance versus
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104

10-6

Ey/No (dB) Figure 6.9 Comparison of typical codeq

versus uncoded error performance.

Ey/Ny. One curve represents a typical modulation scheme without coding. The
second curve represents the same modulation with coding. Demonstrated below
are four benefits or trade-offs that can be achieved with the use of channel coding,

6.3.4.1 Trade-Off 1: Error Performance versus Bandwidth

Imagine that a simple, inexpensive voice communication system has just been
developed and delivered to a customer. The system does not use error-correction
coding. Consider that the operating point of the system can be depicted by point A
in Figure 6.9 (E,/N, =8 dB, and P, = 107). After a few trials, there are complaints
about the voice quality; the customer suggests that the bit-error probability should
be lowered to 107, The usual way of obtaining better error performance in such a
system would be by effecting an operating point movement from point A to, say,
point B in Figure 6.9. However, suppose that the E,/N, of 8 dB is the most that is
available in this system. The figure suggests that one possible trade-off is to move
the operating point from point 4 to point C. That is, “walking” down the vertical
line to point C on the coded curve can provide the customer with improved error
performance. What does it cost? Aside from the new components (encoder and de-
coder) needed, the price is more transmission bandwidth. Error-correction coding
needs redundancy. If we assume that the system is a real-time communication
system (such that the message may not be delayed), the addition of redundant bits
dictates a faster rate of transmission, which of course means more bandwidth.

6.3.4.2 Trade-Off 2: Power versus Bandwidth

Consider that a system without coding, operating at point D in Figure 6.9
(Ey/Ny=14 dB, and Py = 107, has been delivered to a customer. The customer has
no complaints about the quality of the data, but the equipment is having somé
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reliability problems as a result of providing an E,/N; of 14 dB. In other words, the
equipment keeps breaking down. If the requirement on E,/N, or power could be
reduced, the reliability difficulties might also be reduced. Figure 6.9 suggests a
trade-off by moving the operating point from point D to point E. That is, if error-
correction coding is introduced, a reduction in the required E,/N, can be achieved.
Thus, the trade-off is one in which the same quality of data is achieved, but the
coding allows for a reduction in power or E,/N,. What is the cost? The same as
before—more bandwidth.

Notice that for non-real-time communication systems, error-correction coding
can be used with a somewhat different trade-off. It is possible to obtain improved
bit-error probability or reduced power (similar to trade-off 1 or 2 above) by paying
the price of delay instead of bandwidth.

6.3.4.3 Coding Gain

The trade-off example described in the previous section has allowed a reduc-
tion in E,/N, from 14 dB to 9 dB, while maintaining the same error performance.
In the context of this example and Figure 6.9, we now define coding gain. For a
given bit-error probability, coding gain is defined as the “relief” or reduction in
E,/N, that can be realized through the use of the code. Coding gain G is generally
expressed in dB, such as

E, E,,)
dB)=(— ) (dB)— | —] (dB 6.
G(dB) (No)u< )~ (5) @8) (619)
where (E,/Ny), and (E,/N,). represent the required E,/N,, uncoded and coded,

respectively.

6.3.4.4 Trade-Off 3: Data Rate versus Bandwidth

Consider that a system without coding, operating at point D in Figure 6.9
(E,/N, = 14 dB, and Py = 107°) has been developed. Assume that there is no prob-
lem with the data quality and no particular need to reduce power. However, in this
example, suppose that the customer’s data rate requirement increases. Recall the

relationship in Equation (5.20b):
BB (1)
Ny, MN\R

If we do nothing to the system except increase the data rate R, the above expres-
sion shows that the received E,/N, would decrease, and in Figure 6.9, the operating
point would move upwards from point D to, let us say, some point F. Now, envision
“walking” down the vertical line to point E on the curve that represents coded
modulation. Increasing the data rate has degraded the quality of the data. But, the
use of error-correction coding brings back the same quality at the same power level
(P,INy). The E,/N, is reduced, but the code facilitates getting the same error
probability with a lower E,/N,. What price do we pay for getting this higher data
rate or greater capacity? The same as before—increased bandwidth.
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6.3.4.5 Trade-Off 4: Capacity versus Bandwidth

Trade-off 4 is similar to trade-off 3 because both achieve increased capacity

A spread-spectrum multiple access technique, called code-division multiple accegg
(CDMA) and described in Chapter 12, is one of the schemes used in cellular te]e.
phony. In CDMA, where users simultaneously share the same spectrum, each usey
is an interferer to each of the other users in the same cell or nearby cells. Hence
the capacity (maximum number of users) per cell is inversely proportional t(;
E,/N,. (See Section 12.8.) In this application, a lowered E,/N, results in a raised ca.
pacity; the code achieves a reduction in each user’s power, which in turn allows for
an increase in the number of users. Again, the cost is more bandwidth. But, in thig
case, the signal-bandwidth expansion due to the error-correcting code is small com.
pared with the more significant spread-spectrum bandwidth expansion, and thus,
there is no impact on the transmission bandwidth.

In each of the above trade-off examples, a “traditional” code involving redun-

dant bits and faster signaling (for a real-time communication system) has been as.
sumed; hence, in each case, the cost was expanded bandwidth. However, there
exists an error-correcting technique, called trellis-coded modulation, that does not

require faster signaling or expanded bandwidth for real-time systems. (This tech-
nique is described in Section 9.10.)

Example 6.2 Coded versus Uncoded Performance

326

Compare the message error probability for a communications link with and without
the use of error-correction coding. Assume that the uncoded transmission characteris-
tics are: BPSK modulation, Gaussian noise, P,/N, = 43,776, data rate R = 4800 bits/s.
For the coded case, also assume the use of a (15, 11) error-correcting code that is capa-
ble of correcting any single-error pattern within a block of 15 bits. Consider that the
demodulator makes hard decisions and thus feeds the demodulated code bits directly
to the decoder, which in turn outputs an estimate of the original message.

Solution

Following Equation (4.79), let p, = QV2E,/N; and p, = QV2E, /N, be the uncoded
and coded channel symbol error probabilities, respectively, where E,/N, is the bit
energy per noise spectral density and E,/N, is the code-bit energy per noise spectral
density.

Without coding
5—5<1> =9.12 (9.6 dB
N, N, \R/ (9.6dB)
and
2E, .
p.=0 Y = Q(V1824) =1.02 X 10 (6.20)
0

where the following approximation of O(x) from Equation (3.44) was used:

1 2

Ofx) =

xp | —— forx >3
. 2We‘(p<2> or x
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The probability that the uncoded message block P, will be received in error is
1 minus the product of the probabilities that each bit will be detected correctly. Thus,

]lh: 1- (1 —Pu)k

=1-(01-p)" =112 x 107 (621)
[ — —
probability that all probability that at
11 bits in uncoded least 1 bit out of
block are correct 11 is in error

With coding

Assuming a real-time communication system such that delay is unacceptable, the
channel-symbol rate or code-bit rate R, is 15/11 times the data bit rate:

. = 4800 X B = 6545 bps

and

E, P,(l

'IVO = —]Vo Rc> = 6.69 (8.3 dB)

The E,/N, for each code bit is less than that for the data bit in the uncoded case
because the channel-bit rate has increased, but the transmitter power is assumed to
be fixed:

Pe= Q(d%—‘) = Q(VI338 =136 x 107* (6.22)
Y

It can be seen by comparing the results of Equation 6.20 with those of Equation
622 that because redundancy was added, the channel bit-error probability has de-
graded. More bits must be detected during the same time interval and with the same
available power; the performance improvement due to the coding is not yet apparent.
We now compute the coded message error rate P, using Equation 6.18:

n=15 15 ) .
Pi= 2, ( > Py (L —p)"
j=2 >/
The summation is started with j = 2, since the code corrects all single errors
within a block of z= 15 bits. An approximation is obtained by using only the first term
of the summation. For p., we use the value calculated in Equation 6.22:

Py~ <1§) (P — po)® =1.94 X 107 (6.23)

By comparing the results of Equation (6.21) with (6.23), we can see that the probabil-
ity of message error has improved by a factor of 58 due to the error-correcting code
used in this example. This example illustrates the typical behavior of all such real-time
communication systems using error-correction coding. Added redundancy means
faster signaling, less energy per channel symbol, and more errors out of the demodula-
tor. The benefits arise because the behavior of the decoder will (at reasonable values
of E,/N,) more than compensate for the poor performance of the demodulator.
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6.3.4.6 Code Performance at Low Values of E N,

The reader is urged to solve Problem 6.5, which is similar to Example 6.2, [,
part (a) of Problem 6.5, where an £,/N, of 14 dB is given, the result is a message.
error performance improvement through the use of coding. However, in part (b)
where the E,/N, has been reduced to 10 dB, coding provides no improvement: in
fact, there is a degradation. One might ask, Why does part (b) manifest a degrada-
tion? After all, the same procedure is used for applying the code in both parts of
the problem. The answer can be seen in the coded-versus-uncoded pictorial showy
in Figure 6.9. Even though Problem 6.5 deals with message-error probability, ang
Figure 6.9 displays bit-error probability, the following explanation still applies. In
all such plots, there is a crossover between the curves (usually at some low value of
Ey/Ny). The reason for such crossover (threshold) is that every code system hag
some fixed error-correcting capability. If there are more errors within a block than
the code is capable of correcting, the system will perform poorly. Imagine that
Ey/Ny is continually reduced. What happens at the output of the demodulator?
It makes more and more errors. Therefore, such a continual decrease in Ey/N,
must eventually cause some threshold to be reached where the decoder becomes
overwhelmed with errors. When that threshold is crossed, we can interpret the
degraded performance as being caused by the redundant bits consuming
energy but giving back nothing beneficial in return. Does it strike the reader
as a paradox that operating in a region (low values of E}4/N,), where one would best
like to see an error-performance improvement, is where the code makes things
worse? There is, however, a class of powerful codes called turbo codes that provide
error-performance improvements at low values of Ey/Ny; the crossover point is
lower for turbo codes compared with conventional codes. (These are treated in
Section 8.4.)

6.4 LINEAR BLOCK CODES

Linear block codes (such as the one described in Example 6.2) are a class of parity-
check codes that can be characterized by the (n, k) notation described earlier, The
encoder transforms a block of k message digits (a message vector) into a longer
block of n codeword digits (a code vector) constructed from a given alphabet of el-
ements. When the alphabet consists of two elements (0 and 1), the code is a binary
code comprising binary digits (bits). Our discussion of linear block codes is re-
stricted to binary codes unless otherwise noted.

The k-bit messages form 2* distinct message sequences, referred to as k-tuples
(sequences of k digits). The n-bit blocks can form as many as 2" distinct sequences,
referred to as n-tuples. The encoding procedure assigns to each of the 2 message
k-tuples one of the 2" n-tuples. A block code represents a one-to-one assignment,
whereby the 2 message k-tuples are uniguely mapped into a new set of 2¥ code-
word n-tuples; the mapping can be accomplished via a look-up table. For linear
codes, the mapping transformation is, of course linear.
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6.4.1 Vector Spaces

The set of all binary n-tuples, V,, is called a vector space over the binary field of
two elements (0 and 1). The binary field has two operations, addition and multipli-
cation, such that the results of all operations are in the same set of two elements.
The arithmetic operations of addition and multiplication are defined by the con-
ventions of the algebraic field [4]. For example, in a binary field, the rules of addi-
tion and multiplication are as follows:

Addition Multiplication

0@0=0 0-0=0
0P1=1 0-1=0
1@0=1 1-0=0
1@1=0 1-1=1

The addition operation, designated with the symbol ®, is the same modulo-2
operation described in Section 2.9.3. The summation of binary n-tuples always
entails modulo-2 addition. However, for notational simplicity the ordinary + sign
will often be used.

6.4.2 Vector Subspaces

A subset S of the vector space V,, is called a subspace if the following two condi-
tions are met:

1. The all-zeros vector is in S.
2. The sum of any two vectors in S is also in S (known as the closure property).

These properties are fundamental for the algebraic characterization of linear block
codes. Suppose that V; and V; are two codewords (or code vectors) in an (n, k) bi-
nary block code. The code is said to be linear if, and only if (V; @ V,) is also a code
vector. A linear block code, then, is one in which vectors outside the subspace can-
not be created by the addition of legitimate codewords (members of the subspace).

For example, the vector space V, is totally populated by the following 2t =

sixteen 4-tuples:
0000 0001 0010 0011 0100 0101 0110 0111
1000 1001 1010 1011 1100 1101 1110 1111
An example of a subset of V, that forms a subspace is

0000 0101 1010 1111

It is easy to verify that the addition of any two vectors in the subspace can only
yield one of the other members of the subspace. A set of 2¢ n-tuples is called a lin-
ear block code if, and only if, it is a subspace of the vector space V), of all n-tuples.
Figure 6.10 illustrates, with a simple geometric analogy, the structure behind linear
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2" n-tuples constitute
the entire space V,,

2k n-tuples constitute
the subspace of codewords

Figure 6.10 Linear block-code structure.

block codes. We can imagine the vector space V, comprising 2" n-tuples. Within
this vector space there exists a subset of 2% n-tuples making up a subspace. These 2¢
vectors or points, shown “sprinkled” among the more numerous 2" points, repre-
sent the legitimate or allowable codeword assignments. A message is encoded into
one of the 2 allowable code vectors and then transmitted. Because of noise in the
channel, a perturbed version of the codeword (one of the other 2" vectors in the
n-tuple space) may be received. If the perturbed vector is not too unlike (not too
distant from) the valid codeword, the decoder can decode the message correctly.
The basic goals in choosing a particular code, similar to the goals in selecting a set
of modulation waveforms, can be stated in the context of Figure 6.10 as follows:

1. We strive for coding efficiency by packing the V), space with as many code-
words as possible. This is tantamount to saying that we only want to expend a
small amount of redundancy (excess bandwidth).

2. We want the codewords to be as far apart from one another as possible, s0
that even if the vectors experience some corruption during transmission, they
may still be correctly decoded, with a high probability.

6.4.3 A (6, 3) Linear Block Code Example

Examine the following coding assignment that describes a (6, 3) code. There are
2" = 2% = 8 message vectors, and therefore eight codewords. There are 2¥ = 20 =
sixty-four 6-tuples in the V vector space:
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It is easy to check that the eight codewords shown in Table 6.1 form a sub-
space of V (the all-zeros vector is present, and the sum of any two codewords
yields another codeword member of the subspace). Therefore, these codewords
represent a linear block code, as defined in Section 6.4.2. A natural question to ask
is How was the codeword-to-message assignment chosen for this (6, 3) code? A
unique assignment for a particular (n, k) code does not exist; however, neither is
there complete freedom of choice. In Section 6.6.3, we examine the requirements
and constraints that drive a code design.

TABLE 6.1 Assignment of Codewords to Messages

Message vector Codeword
000 000000
100 110100
010 011010
110 101110
001 101001
101 011101
011 110011
111 000111

6.4.4 Generator Matrix

If k is large, a table look-up implementation of the encoder becomes prohibitive.
For a (127, 92) code there are 2°* or approximately 5 x 10¥ code vectors. If the
encoding procedure consists of a simple look-up table, imagine the size of the
memory necessary to contain such a large number of codewords. Fortunately, it is
possible to reduce complexity by generating the required codewords as needed,
instead of storing them.

Since a set of codewords that forms a linear block code is a k-dimensional
subspace of the n-dimensional binary vector space (k < n), it is always possible to
find a set of n-tuples, fewer than 2k, that can generate all the 2* codewords of the
subspace. The generating set of vectors is said to span the subspace. The smallest
linearly independent set that spans the subspace is called a basis of the subspace,
and the number of vectors in this basis set is the dimension of the subspace. Any
basis set of k linearly independent n-tuples V;, V5, ..., 'V, can be used to generate
the required linear block code vectors, since each code vector is a linear combina-
tion of Vy, V,, ..., V.. That is, each of the set of 2¥ codewords {U} can be de-

scribed by
U= WL1V1 + m'ZvZ + -+ mka
where m; = (0 or 1) are the message digitsand i=1,..., k.
In general, we can define a generator matrix by the following k x n array:
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Vi Vi1 Vi2 Vin

v, Vo Va2 Vay

G=1 .=l (6.24
Vi Via Vio Vin

Code vectors, by convention, are usually designated as row vectors. Thus, the meg.
sage m, a sequence of k message bits, is shown below as a row vector (1 x k Matry
having one row and & columns):

m = ml,nlz,...,mk

The generation of the codeword U is written in matrix notation as the product of m
and G, and we write

U=mG (6.25)

where, in general, the matrix multiplication C = AB is performed in the usual way
by using the rule

ci;y= Xagby i=1,...,1 j=1,...m
k

where A is an [ x n matrix, B is an # X m matrix, and the result C is an [ x m matrix,
For the example introduced in the preceding section, we can fashion a generator
matrix as

i 0 1 0 o0
G=|V,|=]/0 1 1 o0 1 o0 (6.26)
Vv, 1 1 0 0 1

where Vi, V,, and V; are three linearly independent vectors (a subset of the eight
code vectors) that can generate all the code vectors. Notice that the sum of any two
generating vectors does not yield any of the other generating vectors (opposite of
closure). Let us generate the codeword U, for the fourth message vector 1 1 0in
Table 6.1, using the generator matrix of Equation (6.26):

v
U=(1 1 0]|V,|=1-V,+1-V,+0-V,
V;

=110100+0110104000000
=101110 (codeword for the message vector 1 1 0)

Thus, the code vector corresponding to a message vector is a linear combination of
the rows of G. Since the code is totally defined by G, the encoder need only store
the k rows of G instead of the total 2 vectors of the code. For this example, notice
that the generator array of dimension 3 x 6 in Equation (6.26) replaces the original
codeword array of dimension 8 x 6 in Table 6.1, representing a reduction in syste!
complexity.

332 Channel Coding: Part 1 Chap. 6




(6.24)

Thus, the mes-
r (1 X k matrix

e product of m

(6.25)

the usual way

n [ x m matrix.
on a generator

(6.26)

set of the eight
sum of any two
rs (opposite of
vector 11 0 in

10)

combination of
need only store
axample, notice
ces the original
Iction in system

art 1 Chap. 6

6.4.5 Systematic Linear Block Codes

A systematic (n, k) linear block code is a mapping from a k-dimensional message
vector to an n-dimensional codeword in such a way that part of the sequence gener-
ated coincides with the k message digits. The remaining (n — k) digits are parity
digits. A systematic linear block code will have a generator matrix of the form

G=|P | I

_Pn Pz 0 Pin-p 1 0 0
_ | P pn t Pae-n 01 0 (627)
LPx P2 7 Pkin-n 0o 0 = 1

where P is the parity array portion of the generator matrix p; = (0 or 1), and I is
the k x k identity matrix (ones on the main diagonal and zeros elsewhere). Notice
that with this systematic generator, the encoding complexity is further reduced
since it is not necessary to store the identity matrix portion of the array. By com-
bining Equations (6.26) and (6.27), each codeword is expressed as

Pu P 7 Pian-k 10 0
ul,uz,...,un=[ml,mz,...,mk]x p.zl pa v Papen 001 0

Pua Pr 7 Prkn-k 0 0 1
where

w, = mipy + mapy+ v Fmyp fori=1.., (n — k)

=Mtk fori=(n—k+1),....,n

Given the message k-tuple

m = ml,mz,...,mk

and the general code vector n-tuple

U= u, Uy ..., U,

the systematic code vector can be expressed as

U= py,Paseees Prato M1, Mgy oo, M
P, P2 = P o M M2, - k (6.28)
parity bits message bits

where
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Py = mapy + mapy + o+ My Py

DPo=mpp+ mypy + -+ mypp, (6.29)
Pun-t = mlpl,(n—k) + m2p2,(n-/<) T o+ mkpk,(n*k)

Systematic codewords are sometimes written so that the message bits occup
the left-hand portion of the codeword and the parity bits occupy the right-hang
portion. This reordering has no effect on the error detection or error correction
properties of the code, and will not be considered further.

For the (6, 3) code example in Section 6.4.3, the codewords are described a4
follows:

L1 0i1 0 o
U=[my,myms] [0 1 150 1 0 (6.30)
10 1i0 0 1
P L
=my t my, my + my, My +om,, le, Zz, Tj (6.31)

i Uy Uy Uy Us U

Equation (6.31) provides some insight into the structure of linear block codes.
We see that the redundant digits are produced in a variety of ways. The first parity
bit is the sum of the first and third message bits; the second parity bit is the sum of
the first and second message bits; and the third parity bit is the sum of the second
and third message bits. Intuition tells us that such structure, compared with
single-parity checks or simple digit-repeat procedures, may provide greater ability
to detect and correct errors.

6.4.6 Parity-Check Matrix

Let us define a matrix H, called the parity-check matrix, that will enable us to
decode the received vectors. For each (k x n) generator matrix G, there exists an
(n ~ k) x n matrix H, such that the rows of G are orthogonal to the rows of H; that
is, GH" = 0, where H7 is the transpose of H, and 0 is a k x (n — k) all-zeros matrix.
H'"is an n x (n - k) matrix whose rows are the columns of H and whose columns
are the rows of H. To fulfill the orthogonality requirements for a systematic code,
the components of the H matrix are written as

H= (I, .| P (6.32)

Hence, the H” matrix is written as

H = | <o (6.33a)
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It is easy to verify that the product UH of each codeword U, generated by G and
the H” matrix, yields

UH'=p, +pL,pr+t Py - Pok T Pusi=10

where the parity bits py, py, . . . P, are defined in Equation (6.29). Thus, once the
parity-check matrix H is constructed to fulfill the foregoing orthogonality require-
ments, we can use it to test whether a received vector is a valid member of the
codeword set. U is a codeword generated by matrix G if, and only if UH"=0.

6.4.7 Syndrome Testing

Letr=ry, 5, ..., r, be a received vector (one of 2" n-tuples) resulting from the
transmission of U = uy, Uy, . . . , 4, (one of 2% n-tuples). We can therefore describe
Y as

r=U+te (6.34)
where e = e, €, ..., e, is an error vector or error pattern introduced by the

channel. There are a total of 2" — 1 potential nonzero error patterns in the space of
2" n-tuples. The syndrome of r is defined as

S = rH’ (6.35)

The syndrome is the result of a parity check performed onr to determine whether r
is a valid member of the codeword set. If, in fact, r is a member, the syndrome S has
a value 0. If r contains detectable errors, the syndrome has some nonzero value. If r
contains correctable errors, the syndrome (like the symptom of an illness) has some
nonzero value that can earmark the particular error pattern. The decoder, depend-
ing upon whether it has been implemented to perform FEC or ARQ, will then take
actions to locate the errors and correct them (FEC), or else it will request a retrans-
mission (ARQ). Combining Equations (6.34) and (6.35), the syndrome of r is seen
to be

§=(U+e)H"
.36
= UH"+ eH’ (6.36)
However, UH? =0 for all members of the codeword set. Therefore,
S =eH’ (6.37)
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The foregoing development, starting with Equation (6.34) and terminating wigh,
Equation (6.37), is evidence that the syndrome test, whether performed on eithey a
corrupted code vector or on the error pattern that caused it, yields the same syn-
drome. An important property of linear block codes, fundamental to the decoding
process, is that the mapping between correctable error patterns and syndromes jg
one to one.

It is interesting to note the following two required properties of the parity-
check matrix.

1. No column of H can be all Zeros, or else an error in the corresponding code-
word position would not affect the syndrome and would be undetectable.

2. All columns of H must be unique. If two columns of H were identical, errorg
in these two corresponding codeword positions would be indistinguishable,

Example 6.3 Syndrome Test

Suppose that codeword U=101110 from the example in Section 6.4.3 is transmitted
and the vectorr=00 111 0 is received: that is, the leftmost bit is received in error.
Find the syndrome vector value S = rH” and verify that it is equal to eH”.

Solution

=rH’

=[001110]

— O R OO -
S P _) O RO

0] (syndrome of corrupted code vector)

Next, we verify that the syndrome of the corrupted code vector is the same as
the syndrome of the error pattern that caused the error:

S=eH"=[100000JH =10 0] (syndrome of error pattern)

6.4.8 Error Correction

We have detected a single error and have shown that the syndrome test performed
on either the corrupted codeword, or on the error pattern that caused it, yields the
same syndrome. This should be a clue that we not only can detect the error, but
since there is a one-to-one correspondence between correctable error patterns and
syndromes, we can correct such error patterns. Let us arrange the 2" n-tuples that
represent possible received vectors in an array, called the standard array, such that
the first row contains all the codewords, starting with the all-zeros codeword, and
the first column contains all the correctable error patterns. Recall from the basic
properties of linear codes (see Section 6.4.2) that the all-zeros vector must be a
member of the codeword set. Each row, called a coset, consists of an error pattern
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in the first column, called the coset leader, followed by the codewords perturbed by
that error pattern. The standard array format for an (n, k) code is as follows:

U, U, SN 0 v Uk

€, U2 iy €5 e Ui + €, e U2k+ €y

€3 U2 = €, == Ui s €s ot U2k+ €,

: i 5 (6.38)
ej I.J2+ej U[+e]' Uzk +e]

ezf’l*k ]J2 + eznAk Ui + ezn—k U2k+ ezn—k

Note that codeword Uj, the all-zeros codeword, plays two roles. It is one of the code-
words, and it can also be thought of as the error pattern e,—the pattern that repre-
sents o error, such that r = U. The array contains all 2" n-tuples in the space V,.Each
n-tuple appears in only one location—none are missing, and none are replicated.
Each coset consists of 2¢ n-tuples. Therefore, there are (27/2%) =2"~* cosets.

The decoding algorithm calls for replacing a corrupted vector (any n-tuple ex-
cluding those in the first row) with a valid codeword from the top of the column
containing the corrupted vector. Suppose that a codeword U; (i=1, ...,2% is
transmitted over a noisy channel, resulting in a received (corrupted) vector U; +e;.
If the error pattern e; caused by the channel is a coset leader, where the index
i=1,...,2"k the received vector will be decoded correctly into the transmitted
codeword U,. If the error pattern is not a coset leader, then an erroneous decoding

will result.

6.4.8.1 The Syndrome of a Coset

If e; is the coset leader or error pattern of the jth coset, then U; + ¢ is an
n-tuple in this coset. The syndrome of this n-tuple can be written

S e (Ul + ej)HTZ UiHT+ ejHT
Since U, is a code vector, UH” =0, and we can write, as in Equation (6.37),
S et (Ul+ ej)HT s ejHT (639)

The name coset is short for “a set of numbers having a common feature.” What do
the members of any given row (coset) have in common? From Equation (6.39) it is
clear that each member of a coset has the same syndrome. The syndrome for each
coset is different from that of any other coset in the code; it is the syndrome that is
used to estimate the error pattern.

6.4.8.2 Error Correction Decoding

The procedure for error correction decoding proceeds as follows:

1. Calculate the syndrome of r using S = rH”.
2. Locate the coset leader (error pattern) e;, whose syndrome equals rH”.
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3. This error pattern is assumed to be the corruption caused by the channe].

4. The corrected received vector, or codeword, is identified as U = r + e, We can
say that we retrieve the valid codeword by subtracting out the iden[iﬁed
error; in modulo-2 arithmetic, the operation of subtraction is identical o thay
of addition.

6.4.8.3 Locating the Error Pattern

Returning to the example of Section 6.4.3, we arrange the 26 = SIXty-foyy
6-tuples in a standard array as shown in Figure 6.11. The valid codewords are the
eight vectors in the first row, and the correctable error patterns are the seyey
nonzero coset leaders in the first column. Notice that all 1-bit error patterns are cop.
rectable. Also notice that after exhausting all 1-bit error patterns, there remaing
some error-correcting capability since we have not yet accounted for all sixty-foy,
6-tuples. There is one unassigned coset leader; therefore, there remains the capa-
bility of correcting one additional error pattern. We have the flexibility of chousing
this error pattern to be any of the n-tuples in the remaining coset. In Figure 6, 1
this final correctable error pattern is chosen, somewhat arbitrarily, to be the 2-bj;
error pattern 01 0 0 0 1. Decoding will be correct if, and only if, the error pattery
caused by the channel is one of the coset leaders.

000000 110100 011010 101110 101001 011101 110011 000111

000001 110101 011011 101111 101000 011100 110010 000110
000010 1107110 011000 101100 101011 011111 110001 000101
000100 110000 071110 101010 101101 011001 110111 000011
001000 111100 010010 100110 100001 010101 111011 001111
010000 100100 001010 111110 111001 001101 100011 010111
100000 010100 111010 001110 001001 111101 010011 100111
010001 100101 001011 111111 111000 001100 100010 010110

Figure 6.11 Example of a standard array for a (6, 3) code.

We now determine the syndrome corresponding to each of the correctable
error sequences by computing eH” for cach coset leader, as follows:

1 0 o0
0 1 0
0 0 1
5=l 1
0 1 1
1 0 1]
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The results are listed in Table 6.2. Since each syndrome in the table is unique, the
decoder can identify the error pattern e to which it corresponds.

TABLE 6.2 Syndrome Look-Up Table

Error pattern Syndrome
000000 000
000001 101
000010 011
000100 110
001000 001
010000 010
100000 100
010001 111

6.4.8.4 Error Correction Example

As outlined in Section 6.4.82 we receive the vector r and calculate its syn-
drome using S = rH’. We then use the syndrome look-up table (Table 6.2), devel-
oped in the preceding section, to find the corresponding error pattern. This error
pattern is an estimate of the error, and we denote it & The decoder then adds étor
to obtain an estimate of the transmitted codeword U:

U=r+é=(Utre)+e=U+(e+e) (6.40)

If the estimated error pattern is the same as the actual error pattern, that is, if € = e,
then the estimate U is equal to the transmitted codeword U. On the other hand, if
the error estimate is incorrect, the decoder will estimate a codeword that was not
transmitted, and we have an undetectable decoding error.

Example 6.4 Error Correction

Assume that codeword U=101110, from the Section 6.4.3 example, is transmitted,
and the vector r=0011101s received. Show how a decoder, using the Table 6.2

syndrome look-up table, can correct the error.
Solution
The syndrome of  is computed:
S=[001 110]H =[100]
Using Table 6.2, the error pattern corresponding to the syndrome above is estimated
to be
e=100000

The corrected vector is then estimated by
U=r+é
-001110+10000090
=101110
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Since the estimated error pattern is the actual error pattern in this example, the errg,
correction procedure yields U= U.

Notice that the process of decoding a corrupted codeword by first detecting ang
then correcting an error can be compared to a familiar medical analogy. A patien,
(potentially corrupted codeword) enters a medical facility (decoder). The eXamining
physician performs diagnostic testing (multiplies by H') in order to find a SYmptom
(syndrome). Imagine that the physician finds characteristic Spots on the patient'g
X-rays. An experienced physician would immediately recognize the correspondence
between the symptom and the disease (error pattern) tuberculosis. A novice physiciap
might have to refer to a medical handbook (Table 6.2) to associate the symptom oy
syndrome with the disease or error pattern. The final step is to provide the proper
medication that removes the disease, as seen in Equation (6.40). In the context of
binary codes and the medical analogy, Equation (6.40) reveals an unusual type of
medicine practiced here. The patient is cured by reapplying the original disease.

6.4.9 Decoder Implementation

When the code is short as in the case of the (6, 3) code described in the previous
sections, the decoder can be implemented with simple circuitry. Consider the steps
that the decoder must take: (1) calculate the syndrome, (2) locate the error pattern,
and (3) perform modulo-2 addition of the error pattern and the received vector
(which removes the error). In Example 6.4, we started with a corrupted vector and
saw how these steps yielded the corrected codeword. Now, consider the circuit iy
Figure 6.12, made up of exclusive-OR gates and AND gates that can accomplish
the same result for any single-error partern in the (6, 3) code. From Table 6.2 and
Equation 6.39, we can write an expression for each of the syndrome digits in terms
of the received codeword digits as

S = rHT

S=1[nn T3 Fy4 Fs¥g)

_ O R OO -
e =R
= o =k O o

and
51:r1+r4+r6
S2:r2+r4+r5

S3:r3+r5+r6

We use these syndrome expressions for wiring up the circuit in Figure 6.12. The
exclusive-OR gate is the same operation as modulo-2 arithmetic and hence uses the
same symbol. A small circle at the termination of any line entering the AND gate
indicates the logic COMPLEMENT of the signal.

340 Channel Coding: Part 1 Chap. 6




example, the error

» first detecting and
analogy. A patient
sr). The examining
to find a symptom
ts on the patient’s
he correspondence
A novice physician
te the symptom or
srovide the proper
. In the context of
i unusual type of
sinal disease.

d in the previous
‘onsider the steps
the error pattern,
: received vector
upted vector and
der the circuit in
t can accomplish
ym Table 6.2 and
ne digits in terms

Figure 6.12. The
ad hence uses the
1g the AND gate

Part 1 Chap. 6

Received 1 - 7 = r3 > T4 t—>{ I > 76
vectorr
|
\ 2 \
Exclusive-OR
L | + +
gates
Syndrome S §1 52 N
1
Y

D_'—'
-
-
-

Error LJ AND gates

pattern e

€1 e2 e3 eq €p g
Received S
vectorr r1 r9 ra r4 rs re
Corrected uq us u3 U4 us Uug
output U

Figure 6.12 Implementation of the (6, 3) decoder.

The corrupted signal enters the decoder at two places simultaneously. At the
upper part of the circuit, the syndrome is computed, and at the lower part, that
syndrome is transformed to its corresponding error pattern. The error is removed
by adding it back to the received vector yielding the corrected codeword.

Note that, for tutorial reasons, Figure 6.12 has been drawn to emphasize the
algebraic decoding steps—calculation of syndrome, error pattern, and corrected
output. In the real world, an (n, k) code is usually configured in systematic form.
The decoder would not need to deliver the entire codeword; its output would con-
sist of the data bits only. Hence, the Figure 6.12 circuitry becomes simplified by
climinating the gates that are shown with shading, For longer codes, such an imple-
mentation is very complex, and the preferred decoding techniques conserve cir-
cuitry by using a sequential approach instead of this parallel method [4]. It is also
important to emphasize that Figure 6.12 has been configured to only detect and
correct single-error patterns for the (6, 3) code. Error control for a double-error
pattern would require additional circuitry.

6.4.9.1 Vector Notation

Codewords, error patterns, received vectors, and syndromes have been de-
noted by the vectors U, e, 1, and § respectively. For notational simplicity, an index
to denote a particular vector has generally been left off. However, to be precise,
each of these vectors U, e, r, and S is one of a set having the general form
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X/. = {xl’x27“'1x[5“'}

Consider the range of the indices j and i in the context of the (6, 3) code in Table
6.1. For the codeword Uj, the index j =1, ..., 2% indicates that there are 2° = 8 dis.
tinct codewords, and the index i = 1,...,nindicates that each codeword is made up
of n = 6 bits. For a correctable error pattern ey, the index j=1, ... 62" indicates
that there are 2° = 8 coset leaders (7 nonzero correctable error patterns), and the
indexi=1,...,nindicates that each error pattern is made up of n = 6 bits. For the
received vector ¥, the index j =1, ..., 2" indicates that there are 2° = 64 possible
n-tuples that can be received, and the index j = 1, ..., nindicates that each received
n-tuple is made up of n = 6 bits, Finally, for the syndrome §;, the index J=1,...,
2"~* indicates that there are 2° = 8 distinct syndrome vectors, and the index i = 1,
.-+, n—kindicates that each syndrome is made up of n— k =3 bits. In this chapter,
the index is often dropped, and the vectors U;, e, 1, and §; are denoted as U, e, I,
and S, respectively. The reader must be aware that for these vectors, an index is
always inferred, even when it has been left off for notational simplicity.

6.5 ERROR-DETECTING AND CORRECTING CAPABILITY

6.5.1 Weight and Distance of Binary Vectors

It should be clear that not all error patterns can be correctly decoded. The error
correction capability of a code will be investigated by first defining its structure.
The Hamming weight w(U) of a codeword U is defined to be the number of
nonzero elements in U. For a binary vector this is equivalent to the number of ones
in the vector. For example, if U=10010110 1, then w(U) = 5. The Hamming
distance between two codewords U and V, denoted d(U, V), is defined to be the
number of elements in which they differ—for example,

U=100101101
V=011110100
d(U, V) =6
By the properties of modulo-2 addition, we note that the sum of two binary vectors

is another vector whose binary ones are located in those positions in which the two
vectors differ—for example

U+V=111011001

Thus, we observe that the Hamming distance between two codewords is equal to
the Hamming weight of their sum: that is, d(U, V) = w(U + V). Also we see that the
Hamming weight of a codeword is eéqual to its Hamming distance from the all-zeros
vector.
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6.5.2 Minimum Distance of a Linear Code

Consider the set of distances between all pairs of codewords in the space V,. The
smallest member of the set is the minimum distance of the code and is denoted d ;.
Why do you suppose we have an interest in the minimum distance; why not the
maximum distance? The minimum distance, like the weakest link in a chain, gives
us a measure of the code’s minimum capability and therefore characterizes the
code’s strength.

As discussed earlier, the sum of any two codewords yields another codeword
member of the subspace. This property of linear codes is stated simply as: If U and
V are codewords, then W = U + V must also be a codeword. Hence the distance be-
tween two codewords is equal to the weight of a third codeword; that is, d(U, V) =
w(U + V) = w(W). Thus the minimum distance of a linear code can be ascertained
without examining the distance between all combinations of codeword pairs. We
only need to examine the weight of each codeword (excluding the all-zeros code-
word) in the subspace; the minimum weight corresponds to the minimum distance,
din- Equivalently, d,,;, corresponds to the smallest of the set of distances between
the all-zeros codeword and all the other codewords.

6.5.3 Error Detection and Correction

The task of the decoder, having received the vector r, is to estimate the transmitted
codeword U;. The optimal decoder strategy can be expressed in terms of the maxi-
mum likelihood algorithm (see Appendix B) as follows: Decide in favor of U if

P(x|U)= max P(x|U) (6.41)
over all U;

Since for the binary symmetric channel (BSC), the likelihood of U; with respect to r
is inversely proportional to the distance between r and U,, we can write: Decide in
favor of U; if

d(r,U)=  min d(r, U) (6.42)
over all U

In other words, the decoder determines the distance between r and each of the
possible transmitted codewords U, and selects as most likely a U, for which

dr,U) =d(x,U) forij=1,...,M and i#]j (6.43)

where M = 2% is the size of the codeword set. If the minimum is not unique, the
choice between minimum distance codewords is arbitrary. Distance metrics are
treated further in Chapter 7.

In Figure 6.13 the distance between two codewords U and V is shown using a
number line calibrated in Hamming distance. Each black dot represents a cor-
rupted codeword. Figure 6.13a illustrates the reception of vector ry, which is dis-
tance 1 from U and distance 4 from V. An error-correcting decoder, following the
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U IR v Figure 6.13 Error correction and detection
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{c) ceived vector r,. (c) Received vector ra

maximum likelihood strategy, will select U upon receiving r,. If r; had been the
result of a 1-bit corruption to the transmitted code vector U, the decoder has suc-
cessfully corrected the error. But if r; had been the result of a 4-bit corruption to
the transmitted code vector V, the result is a decoding error. Similarly, a double
error in transmission of U might result in the received vector r,, which is distance 2
from U and distance 3 from V, as shown in Figure 6.13b, Here, too, the decoder
will select U upon receiving r,. A triple error in transmission of U might result in a
received vector r; that is distance 3 from U and distance 2 from V, as shown in
Figure 6.13c. Here the decoder will select V upon receiving r;, and will have made
an error in decoding. From Figure 6.13 it should be clear that if error detection and
not correction is the task, a corrupted vector—characterized by a black dot and
representing a 1-bit, 2-bit, 3-bit, or 4-bit error—can be detected. However, five
€ITOrS in transmission might result in codeword V being received when codeword
U was actually transmitted; such an error would be undetectable.

From Figure 6.13 we can see that the error-detecting and error-correcting ca-
pabilities of a code are related to the minimum distance between codewords. The
decision line in the figure serves the same purpose in the process of decoding as it
does in demodulation, to define the decision regions. In the Figure 6.13 example,
the decision criterion of choosing U if r falls in region 1, and choosing V if r falls in
region 2, illustrates that such a code (with dy;, = S) can correct two errors. In gen-
eral, the error-correcting capability t of a code is defined as the maximum number
of guaranteed correctable errors per codeword, and is written [4]
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- Fﬂz;w (6.44)

where | x | means the largest integer not to exceed x. Often, a code that corrects all
possible sequences of ¢ or fewer errors can also correct certain sequences of £+ 1 er-
rors. This can be seen in Figure 6.11. In this example dyi, =3, and thus from Equa-
tion (6.44), we can see that all t=1 bit-error patterns are correctable. Also, a single
¢ + 1 or 2-bit error pattern is correctable. In general, a t-error-correcting (n, k)
linear code is capable of correcting a total of 2"~ k error patterns. If a t-error-
correcting block code is used strictly for error correction on a binary symmetric
channel (BSC) with transition probability p, the message-error probability, Py,
that the decoder commits an erroneous decoding, and that the n-bit block is in
error, can be calculated by using Equation (6.18) as an upper bound:

b= S () oo o2
j=r+1 \J

The bound becomes an equality when the decoder corrects all combinations of er-
rors up to and including ¢ errors, but no combinations of errors greater than £. Such
decoders are called bounded distance decoders. The decoded bit-error probability,
P, depends on the particular code and decoder. It can be expressed [5] by the
following approximation:

Py=r 3 (”) pi(t = p)' (6.46)
j=1+1 )

A block code needs to detect errors prior to correcting them. Or, it may be
used for error-detection only. It should be clear from Figure 6.13 that any received
vector characterized by a black dot (a corrupted codeword) can be identified as an
error. Therefore, the error-detecting capability is defined in terms of d;, as

e = dpm — 1 (6.47)

A block code with minimum distance d,;, guarantees that all error patterns of
di, — 1 or fewer errors can be detected. Such a code is also capable of detecting a
large fraction of error patterns with d., or more errors. In fact, an (n, k) code is ca-
pable of detecting 2" — 2k error patterns of length n. The reasoning is as follows.
There are a total of 2" — 1 possible nonzero error patterns in the space of 27
n-tuples. Even the bit pattern of a valid codeword represents a potential error pat-
tern. Thus there are 2¢ — 1 error patterns that are identical to the 2¥ — 1 nonzero
codewords. If any of these 2% — 1 error patterns occurs, it alters the transmitted
codeword U, into another codeword U;. Thus U; will be received and its syndrome
is zero. The decoder accepts Uj as the transmitted codeword and thereby commits
an incorrect decoding. Therefore, there are 2% — 1 undetectable error patterns. If
the error pattern is not identical to one of the 2° codewords, the syndrome test on
the received vector r yields a nonzero syndrome, and the error is detected. There-
fore, there are exactly 2" — 2% detectable error patterns. For large n, where 2k << 2",
only a small fraction of error patterns are undetected.
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6.5.3.1 Codeword Weight Distribution

Let A; be the number of codewords of weight j within an (n, k) linear code,
The numbers Ay, A, ..., A, are called the weight distribution of the code. If the
code is used only for error detection, on a BSC, the probability that the decode
does not detect an error can be computed from the weight distribution of the
code [5] as

P = 2 Api1 = py (6.48)
j=1

where p is the transition probability of the BSC. If the minimum distance of the
code is d,, the values of 4, to Ay -1 are Zero.

Example 6.5 Probability of an Undetected Exrror in an Error Detecting Code
Consider that the (6, 3) code, given in Section 6.4.3, is used only for error detection,
Calculate the probability of an undetected error if the channel is a BSC and the trans;.
tion probability is 1072,
Solution

The weight distribution of this code is Ag=1,4,=4,=0,A4;=4,A,=3,A;=0, Ag=0.
Therefore, we can write, using Equation (6.48),

Poa = 4p*(1 = p)* + 3p¥(1 — p)?
For p =107, the probability of an undetected error is 3.9%x10°

6.5.3.2 Simuitaneous Error Correction and Detection

It is possible to trade correction capability from the maximum guaranteed (1),
where 7 is defined in Equation (6.44), for the ability to simultaneously detect a class
of errors. A code can be used for the simultaneous correction of « errors and detec-
tion of B errors, where 2 a, provided that its minimum distance is [4]

dmin = o+ B a1l (649)

When ¢ or fewer errors occur, the code is capable of detecting and correcting them.
When more than ¢ but fewer than ¢ + 1 errors occur, where e is defined in Equation
(6.47), the code is capable of detecting their presence but correcting only a subselt
of them. For example, a code with din =7 can be used to simultaneously detect and
correct in any one of the following ways:

Detect (B) Correct ()
3 3
4 2
5 1
6 0

Note that correction implies prior detection. For the above example, when there
are three errors, all of them can be detected and corrected. When there are five er-
rors, all of them can be detected but only a subset of them (one) can be corrected.
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6.5.4 Visualization of a 6-Tuple Space

Figure 6.14 is a visualization of the eight codewords from the example of Section
6.4.3. The codewords are generated from linear combinations of the three indepen-
dent 6-tuples in Equation (6.26); the codewords form a three-dimensional sub-
space. The figure shows such a subspace completely occupied by the eight
codewords (large black circles); the coordinates of the subspace have purposely
been drawn to emphasize their nonorthogonality. Figure 6.14 is an attempt to illus-
trate the entire space, containing sixty-four 6-tuples, even though there is no

011010

101110

110011

110100

011101

101001

Figure 6.14 Example of eight codewords in a 6-tuple space.
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precise way to draw or construct such a model. Spherical layers or shells are shown
around each codeword. Each of the nonintersecting inner layers is a Hamming dis.
tance of 1 from its associated codeword; each outer layer is a Hamming distance of
2 from its codeword. Larger distances are not useful in this example. For each
codeword, the two layers shown are occupied by perturbed codewords. There are
six such points on each inner sphere (a total of 48 points), representing the six pos-
sible 1-bit error-perturbed vectors associated with each codeword. These 1-bit per-
turbed codewords are distinct in the sense that they can best be associated with
only one codeword, and therefore can be corrected. As is seen from the standarq
array of Figure 6.11, there is also one 2-bit error pattern that can be corrected.
There is a total of (§) = 15 different 2-bit error patterns that can be inflicted on each
codeword, but only one of them, in our example the 01 000 1 error pattern, can be
corrected. The other fourteen 2-bit error patterns yield vectors that cannot be
uniquely identified with just one codeword; these noncorrectable error patterns
yield vectors that are equivalent to the error-perturbed vectors of two or more
codewords. In the figure, all correctable (fifty-six) 1- and 2-bit error-perturbed
codewords are shown as small black circles. Perturbed codewords that cannot be
corrected are shown as small clear circles.

Figure 6.14 is useful for visualizing the properties of a class of codes known as
perfect codes. A t-error-correcting code is called a perfect code if its standard array
has all the error patterns of ¢ and fewer errors and no others as coset leaders (no
residual error-correcting capacity). In terms of Figure 6.14, a t-error-correcting per-
fect code is one that can, with maximum likelihood decoding, correct all perturbed
codewords occupying a shell at Hamming distance ¢ or less from its originating
codeword, and cannot correct any perturbed vectors occupying shells at distances
greater than &

Figure 6.14 is also useful for understanding the basic goal in the search for
good codes. We would like for the space to be filled with as many codewords as
possible (efficient utilization of the added redundancy), and we would also like
these codewords to be as far away from one another as possible. Obviously, these
goals conflict.

6.5.5 Erasure Correction

A receiver may be designed to declare a symbol erased when it is received ambigu-
ously or when the receiver recognizes the presence of interference or a transient
malfunction. Such a channel has an input alphabet of size Q and an output alpha-
bet of size O + 1; the extra output symbol is called an erasure flag, or simply an era-
sure. When a demodulator makes a symbol error, two parameters are needed to
correct that error, its location and its correct symbol value. In the case of binary
symbols, this reduces to needing only the error location. However, if the demodula-
tor declares a symbol erased, although the correct symbol value is not known, the
symbol location is known, and for this reason, the decoding of erased codewords
can be simpler than error correcting. An error control code can be used to correct
erasures or to correct errors and erasures simultaneously. If the code has minimufm
distance d;,, any pattern of p or fewer erasures can be corrected if [6]
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Amin Z p + 1 (6.50)

Assume for the moment that no errors occur outside the erasure positions. The ad-
vantage of correcting by means of erasures is expressed quantitatively as follows: If
a code has a minimum distance d.,,;,, then from Equation (6.50), d,,, — 1 erasures
can be reconstituted. Since the number of errors that can be corrected without
erasure information is (dn, — 1)/2 at most, from Equation (6.44), the advantage of
correcting by means of erasures is clear. Further, any pattern of a errors and
7y erasures can be corrected simultaneously if [6]

Apin =200 +y + 1 (6.51)

Simultaneous erasure correction and error correction can be accomplished in
the following way. First, the y-erased positions are replaced with zeros and the re-
sulting codeword is decoded normally. Next, the y-crased positions are replaced
with ones, and the decoding operation is repeated on this version of the codeword.
Of the two codewords obtained (one with erasures replaced by zeros, and the other
with erasures replaced by ones) the one corresponding to the smallest number
of errors corrected outside the y-erased positions is selected. This technique will
always result in correct decoding if Equation (6.51) is satisfied.

Example 6.6 Erasure Correction

Consider the codeword set presented in Section 6.4.3:

000000 110100 011010 101110 101001 011101 110011 000111

Suppose that the codeword 110011 was transmitted and that the two leftmost digits
were declared by the receiver to be erasures. Verify that the received flawed sequence
xx0011 can be corrected.

Solution

Since dpyiy = p + 1 = 3, the code can correct as many as p = 2 erasures. This is easily
verified above or with Figure 6.11 by comparing the rightmost four digits of xx0011
with each of the allowable codewords. The codeword that was actually transmitted is
closest in Hamming distance to the flawed sequence.

6.6 USEFULNESS OF THE STANDARD ARRAY
6.6.1 Estimating Code Capability

The standard array can be thought of as an organizational tool, a filing cabinet that
contains all of the possible 2" entries in the space of n-tuples—nothing missing, and
nothing replicated. At first glance, the benefits of this tool seem limited to small
block codes, because for code lengths beyond n = 20, there are millions of n-tuples
in the space. However, even for large codes, the standard array allows visualization
of important performance issues, such as possible trade-offs between error correc-
tion and detection, as well as bounds on error-correction capability. One such
bound, called the Hamming bound [7], is described as
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Number of parity bits: n — k = logz{l + (’I) + (;) + o+ (?)J (6.523)

or
Number of cosets; 27 ¢ = [1 + (n) + (”) + ot <”)}
1 2 t/1 (652

where (7}), defined in Equation (6.16), represents the number of ways in which bits
out of n may be in error. Note that the sum of the terms within the square brackegs
of Equation (6.52) yields the minimum number of rows needed in the standarq
array to correct all combinations of errors through -bit errors. The inequality gives
a lower bound on 7 — k, the number of parity bits (or the number of 2~ * cosets) ag
a function of the r-bit error-correction capability of the code. Similarly, the inequal-
ity can be described as giving an upper bound on the -bit error correction capabil-
ity as a function of the number of 7 — k parity bits (or 2" % cosets). For any (n, k)
linear block code to provide a r-bit error-correcting capability, it is a necessary
condition that the Hamming bound be met,

To demonstrate how the standard array provides a visualization of thjs
bound, let us choose the (127, 106) BCH code as an example. The array contains al]
2" =2"%" =~ 1.70 x 10° n-tuples in the space. The topmost row of the array containg
the 2% = 2'% ~ 811 x 10* codewords: hence, this is the number of columns in the
array. The leftmost column contains the 2"~ = 921 — 2,097,152 coset leaders; hence,
this is the number of rows in the array. Although the number of n-tuples and code-
words is enormous, the concern is not with any individual entry; the primary inter-
est is in the number of cosets, There are 2,097,152 cosets, and hence there are at
most 2,097,151 error patterns that can be corrected by this code. Next, it is shown
how this number of cosets dictates an upper bound on the -bit error correcting
capability of the code.

Since each codeword contains 127 bits, there are 127 ways to make single er-
rors. We next compute how many ways there are to make double errors, namely
('37) = 8,001. We move on to triple errors because thus far only a small portion of
the total 2,097,151 correctable crror-patterns have been used. There are (’%F) =
333,375 ways to make triple errors. On Table 6.3 these computations are listed. in-
dicating that the all-zeros error pattern requires the presence of the first coset. fol-
lowed by single, double, and triple errors. Also shown are the number of cosets
required for each error type and the cumulative number of cosets necessary
through that error type. From this table it can be seen that a (127, 106) code can
correct all single-, double-, and triple-error patterns, which only account for
341,504 of the available 2,097,152 cosets. The unused 1,755,648 rows are indicative
of the fact that more error correction 18 possible. Indeed, it might be tempting to
try fitting all possible 4-bit error patterns into the array. However, from Table 6.3 it
can be seen that this is not possible, because the number of remaining cosets in the
array is much smaller than the cumulative number of cosets required for correcting
4-bit errors, as indicated by the last line of the table. Therefore, for this (127, 106)
example, the code has a Hamming bound that guarantees the correction of up to
and including all 3-bit errors.
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TABLE 6.3 Error-Cotrection Bound for the {127, 106) Code

Number of Bit Errors Number of Cosets Required Cumulative Number of Cosets Required
0 1 1
1 127 128
2 8,001 8,129
3 333375 341,504
4 10,334,625 10,676,129

6.6.2 An (n, k) Example

The standard array provides insight into the trade-offs that are possible between
error correction and detection. Consider a new (1, k) code example, and the factors
that dictate what values of (n, k) should be chosen.

1. In order to perform a nontrivial trade-off between error correction and error
detection, it is desired that the code have an error-correcting capability of at
least t = 2. We use Equation (6.44) for finding the minimum distance, as fol-
lows: dp, =2t+1=5.

2. For a nontrivial code system, it is desired that the number of data bits be at
least k = 2. Thus, there will be 2% = 4 codewords. The code can now be desig-

pated as an (n, 2) code.

3. We look for the minimum value of n that will allow correcting all possible sin-
gle and double errors. In this example, each of the 2" n-tuples in the array will
be tabulated. The minimum value of n is desired because whenever 7 is incre-
mented by just a single integer, the number of n-tuples in the standard array
doubles. It is, of course, desired that the list be of manageable size. For real
world codes, we want the minimum 7 for different reasons—bandwidth effi-
ciency and simplicity. If the Hamming bound is used in choosing n, thenn="7
could be selected. However, the dimensions of such a (7, 2) code will not
meet our stated requirements of t = 2-bit error-correction capability and duin
— 5. To see this, it is necessary to introduce another upper bound on the t-bit
error correction capability (or d.;,). This bound, called the Plotkin bound [7],

is described by

n X 2kt
d.. =— 6.53
min k _ 1 ( )

In general, a linear (n, k) code must meet all upper bounds involving error-
correction capability (or minimum distance). For high-rate codes, if the Hamming
bound is met, then the Plotkin bound will also be met; this was the case for the ear-
lier (127, 106) code example. For low rate codes, it is the other way around [7].
Since this example entails a low-rate code, it is important to test error-correction
capability via the Plotkin bound. Because din =3, it should be clear from Equation
(6.53) that n must be 8, and therefore, the minimum dimensions of the code are
(8, 2), in order to meet the requirements for this example. Would anyone use such
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a low-rate double-error correcting code as this (8, 2) code? No, it would be tog
bandwidth expansive compared with more efficient codes that are available. It i
used here for tutorial purposes, because its standard array is of manageable size.

6.6.3 Designing the (8, 2) Code

A natural question to ask is, How does one select codewords out of the space of 28
8-tuples? There is not a single solution, but there are constraints in how choices are
made. The following are the elements that help point to a solution:

1. The number of codewords is 2% = 22 = 4.

2. The all-zeros vector must be one of the codewords.

3. The property of closure must apply. This property dictates that the sum of
any two codewords in the space must yield a valid codeword in the space.

4. Each codeword is 8 bits long.

5. Since d,,;, = 5, the weight of each codeword (except for the all-zeros code.-
word) must also be at least 5 (by virtue of the closure property). The weight
of a vector is defined as the number of nonzero components in the vector.,

6. Assume that the code is systematic, and thus the rightmost 2 bits of each
codeword are the corresponding message bits.

The following is a candidate assignment of codewords to messages that meets all of
the preceeding conditions:

Messages Codewords
00 00000000
01 11110001
10 00111110
11 11001111

The design of the codeword set can begin in a very arbitrary way; it is only neces-
sary to adhere to the properties of weight and systematic form of the code. The se-
lection of the first few codewords is often simple. However, as the process
continues, the selection routine becomes harder, and the choices become more
constrained because of the need to adhere to the closure property.

6.6.4 Error Detection versus Error Correction Trade-offs
For the (8, 2) code system selected in the previous section, the (k x n) = (2 x 8)

generator matrix can be written as

_[00111110}
(11110001

Decoding starts with the computation of a syndrome, which can be thought of as
learning the “symptom” of an error. For an (n, k) code, an (n — k)-bit syndrome § is
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the product of an n-bit received vector r, and the transpose of an (n— k) X n parity-
check matrix H, where H is constructed so that the rows of G are orthogonal to the
rows of H; that is GH” = 0. For this (8, 2) example, $ is a 6-bit vector, and H is a
6 x 8 matrix, where

(100000
010000
001000
000100
000010
000001
001111
(111100

HT =

The syndrome for each error pattern can be calculated using Equation (6.37),
namely

Sl.zeiHT =1, 20k

where S, is one of the 2"~ = 64 syndromes, and e; is one of the 64 coset leaders
(error patterns) in the standard array. Figure 6.15 shows a tabulation of the stan-
dard array as well as all 64 syndromes for the (8, 2) code. The set of syndromes
were calculated by using Equation (6.37); the entries of any given row (coset) of
the standard array have the same syndrome. The correction of a corrupted code-
word proceeds by computing its syndrome and locating the error pattern that cor-
responds to that syndrome. Finally, the error pattern is modulo-2 added to the
corrupted codeword yielding the corrected output. Equation (6.49), repeated
below, indicates that error-detection and error-correction capabilities can be
traded, provided that the distance relationship

dm'mZOL“‘B"‘l

prevails. Here, o represents the number of bit errors to be corrected, (3 represents
the number of bit errors to be detected, and § > a. The trade-off choices available
for the (8, 2) code example are as follows:

Detect (B) Correct ()

2 2
3 1
4 0

This table shows that the (8, 2) code can be implemented to perform only error cor-
rection, which means that it first detects as many as § = 2 errors and then corrects
them. If some error correction is sacrificed so that the code will only correct single
errors, then the detection capability is increased so that all § = 3 errors can be de-
tected. Finally, if error correction is completely sacrificed, the decoder can be im-
plemented so that all § = 4 errors can be detected. In the case of error detection
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Syndromes

000000
111100
001111
000001
000010
000100
001000
010000
100000
110011
111101
111110
111000
110100
101100
011100
001110
001101
001011
000111
011111
101111
000011
000101
001001
010001
100001
000110
001010
010010
100010
001100
010100
100100
011000
101000
110000
110010
110111
111011
100011
010011
11111
111001
110101
101101
011101
011110
101110
100101
011001
110001
011010
010110
100110
101010
101001
100111
010111
010101
011011
110110
111010
101011
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CENPTAWN

00000000
00000001
00000010
00000100
00001000
00010000
00100000
01000000
10000000
00000011
00000101
00001001
00010001
00100001
01000001
10000001
00000110
00001010
00010010
00100010
01000010
10000010
00001100
00010100
00100100
01000100
10000100
00011000
00101000
01001000
10001000
00110000
01010000
10010000
01100000
10100000
11000000
00000111
00010011
00100011
01000011
10000011
00001101
00010101
00100101
01000101
10000101
01000110
10000110
10010100
01100100
11000100
01101000
01011000
10011000
10101000
10100100
10100010
01100010
01010100
01010010
00101001
00011001
10010010

Standard array

11110001
11110000
11110011
11110101
11111001
11100001
11010001
10110001
01110001
11110010
11110100
11111000
11100000
11010000
10110000
01110000
11110111
11111011
11100011
11010011
10110011
01110011
11111101
11100101
11010101
10110101
01110101
11101111
11011001
10111001
01111001
11000001
10100001
01100001
10010001
01010001
00110001
11110110
11100010
11010010
10110010
01110010
11111100
11100100
11010100
10110100
01110100
10110111
01110111
01100101
10010101
00110101
10011001
10101001
01101001
01011001
01010101
01010011
10010011
10100101
10100011
11011000
11101000
01100011

00111110
00111111
00111100
00111010
00110110
00101110
00011110
01111110
10111110
00111101
00111011
00110111
00101111
00011111
01111111
10111111
00111000
00110100
00101100
00011100
01111100
10111100
00110010
00101010
00011010
01111010
10111010
00100110
00010110
01110110
10110110
00001110
01101110
10101110
01011110
10011110
11111110
00111001
00101101
00011101
01111101
10111101
00110011
00101011
00011011
01111011
10111011
01111000
10111000
10101010
01011010
11111010
01010110
01100110
10100110
10010110
10011010
10011100
01011100
01101010
01101100
00010111
00100111
10101100

11001111
11001110
11001101
11001011
11000111
11011111
11101111
10001111
01001111
11001100
11001010
11000110
11011110
11101110
10001110
01001110
11001001
11000101
11011101
11101101
10001101
01001101
11000011
11011011
11101011
10001011
01001011
171010111
11100111
10000111
01000111
11111111
10011111
01011111
10101111
01101111
00001111
11001000
11011100
11101100
100601100
1001100
11000010
11011010
11101010
10001010
01001010
10001001
01001001
01011011
10101011
00001011
10100111
10010111
01010111
01100111
01101011
01101101
10101101
10011011
10011101

11100110 Figure 6.15 The syndromes
110101170  and the standard array for the

01011101 (8, 2) code.
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only, the circuitry is very simple. The syndrome is computed and an error is de-
tected whenever a nonzero syndrome occurs.

For correcting single errors, the decoder can be implemented with gates 141,
similar to the circuitry in Figure 6.12, where a received code vector r enters at two
places. In the top part of the figure, the received digits are connected to exclusive-
OR gates, which yield the syndrome. For any given received vector, the syndrome
is obtained from Equation (6.35) as

S, =rH” i=1,--,2"°*
Using the H values for the (8, 2) code, the wiring between the received digits and
the exclusive-OR gates in a circuit similar to the one in Figure 6.12, must be con-
nected to yield
(100000
010000
001000
000100
000010
000001
001111
1111100

Si=[rirnrrrstsn rs]

Each of the s; digits (j=1, ..., 6) making up syndrome §; (i=1, ..., 64) is related
to the input-received code vector in the following way:

Sy =rtrs S;=ntry sy=rmtrtr

S4:r4+r7+r8 S5:r5+r7 S6:r6+r7

To implement a decoder circuit similar to Figure 6.12 for the (8, 2) code necessi-
tates that the eight received digits be connected to six modulo-2 adders yielding the
syndrome digits as described above. Additional modifications to the figure need to
be made accordingly.

If the decoder is implemented to correct only single errors; that is a =1 and
B = 3, then this is tantamount to drawing a line under coset 9 in Figure 6.15, and
error correction takes place only when one of the eight syndromes associated with
a single error appears. The decoding circuitry (similar to Figure 6.12) then trans-
forms the syndrome to its corresponding error pattern. The error pattern is then
modulo-2 added to the “potentially” corrupted received vector, yielding the cor-
rected output. Additional gates are needed to test for the case in which the
syndrome is nonzero and there is no correction designed to take place. For single-
error correction, such an event happens for any of the syndromes numbered 10
through 64. This outcome is then used to indicate an error detection.

If the decoder is implemented to correct single and double errors, which
means that B = 2 errors are detected and then corrected, then this is tantamount to
drawing a line under coset 37 in the standard array of Figure 6.15. Even though this
(8, 2) code is capable of correcting some combination of triple errors corresponding
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to the coset leaders 38 through 64, a decoder is most often implemented as
bounded distance decoder, which means that it corrects all combinations of errors
up to and including ¢ errors, but no combinations of errors greater than ¢. The un-
used error-correction capability can be applied toward some error-detection en-
hancement. As before, the decoder can be implemented with gates similar to those
shown in Figure 6.12.

6.6.5 The Standard Array Provides Insight

In the context of Figure 6.15, the (8, 2) code satisfies the Hamming bound. That i,
from the standard array it is recognizable that the (8, 2) code can correct all combj-
nations of single and double errors. Consider the following question: Given that
transmission takes place over a channel that always introduces errors in the form of
a burst of 3-bit errors and thus there is no interest in correcting single or double ex-
rors, wouldn’t it be possible to set up the coset leaders to correspond to only triple
errors? It is simple to see that in a sequence of 8 bits there are (§) = 56 ways to
make triple errors. If we only want to correct all these 56 combinations of triple er-
rors, there is sufficient room (sufficient number of cosets) in the standard array,
since there are 64 rows. Will that work? No, it will not. For any code, the overriding
parameter for determining error-cotrecting capability is dyy,. For the (8, 2) code,
d.i, = S dictates that only 2-bit error correction is possible.

How can the standard array provide some insight as to why this scheme won’t
work? In order for a group of x-bit error patterns to enable x-bit error correction,
the entire group of weight-x vectors must be coset leaders; that is, they must only
occupy the leftmost column. In figure 6.15, it can be seen that all weight-1 and
weight-2 vectors appear in the leftmost column of the standard array, and nowhere
else. Even if we forced all weight-3 vectors into row numbers 2 through 57, we
would find that some of these vectors would have to reappear elsewhere in the
array (which violates a basic property of the standard array). In Figure 6.15 a
shaded box is drawn around every one of the 56 vectors having a weight of 3. Look
at the coset leaders representing 3-bit error patterns, in rows 38, 41-43, 46-49, and
52 of the standard array. Now look at the entries of the same row numbers in the
rightmost column, where shaded boxes indicate other weight-3 vectors. Do you see
the ambiguity that exists for each of the rows listed above, and why it is not possi-
ble to correct all 3-bit error patterns with this (8, 2) code? Suppose the decoder re-
ceives the weight-3 vector 110010 0 0, located at row 38 in the rightmost column.
This flawed codeword could have arisen in one of two ways: One would be that
codeword 11001111 was sent and the 3-bit error pattern 00000 1 1 1
perturbed it; the other would be that codeword 0 00 0 0 0 0 0 was sent and the
3-bit error pattern 1 1001 00 0 perturbed it.

6.7 CYCLIC CODES

Binary cyclic codes are an important subclass of linear block codes. The codes are
easily implemented with feedback shift registers; the syndrome calculation is easily
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accomplished with similar feedback shift registers; and the underlying algebraic
structure of a cyclic code lends itself to efficient decoding methods. An (n, k) linear
code is called a cyclic code if it can be described by the following property. If the
n-tuple U = (g, Uy, Uy, . . . , Uy _1) i @ codeword in the subspace S, then U = (u,_y,
Ug, Uy, Uy, - .. > Uy _ o) Obtained by an end-around shift, is also a codeword in S.
Or, in general, U = (i, _p, Uy 141 - - - Un— 1, Uos Uy + - - » Up - 1), ObLained by i
end-around or cyclic shifts, is also a codeword in S.

The components of a codeword U = (ug, Uy, Uy, - . . u,_,) can be treated as
the coefficients of a polynomial U(X) as follows:

UX) = up + u X+ X+ - +u, X071 (6.54)

The polynomial function U(X) can be thought of as a “placeholder” for the digits
of the codeword U; that is, an n-tuple vector is described by a polynomial of degree
n — 1 or less. The presence or absence of each term in the polynomial indicates
the presence of a 1 or 0 in the corresponding location of the n-tuple. If the u, _;
component is nonzero, the polynomial is of degree n — 1. The usefulness of this
polynomial description of a codeword will become clear as we discuss the algebraic
structure of the cyclic codes.

6.7.1 Algebraic Structure of Cyclic Codes

Expressing the codewords in polynomial form, the cyclic nature of the code
manifests itself in the following way. If U(X) is an (n - 1)-degree codeword
polynomial, then U?(X), the remainder resulting from dividing XUX) by X" +1,
is also a codeword; that is,

XU(X) UY(X)
e =X (6552)
or, multiplying through by X" +1,
X'U(X) = q(X)(X" + 1) + U(i)(X) (6.55b)
=t
remainder
which can also be described in terms of modulo arithmetic as
U(i)(X) = X'U(X) modulo (X" + 1) (6.56)

where x modulo y is defined as the remainder obtained from dividing x by y. Let us
demonstrate the validity of Equation (6.56) for the case of i=1:

U(X) = Uy + u1X+ M2X2+ FOCE unkzXnAZ + un_1XH*1
XU(X) = uX + u X* + u, X0+ - + U, X"+ u, X"

We now add and subtract u, _y; or, since we are using modulo-2 arithmetic, we add
u,_, twice, as follows:

XU(X) = 1 + upX + u X + u,X° + -
uOx)
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=UWX) + u, (X" +1)

Since UMV(X) is of degree n — 1, it cannot be divided by X" + 1. Thus, from Equa-
tion (6.55a), we can write
UN(X) = XU(X) modulo (X" + 1)
By extension, we arrive at Equation (6.56):
UX) = X'U(X) modulo (X" + 1)
Example 6.7 Cyclic Shift of a Code Vector

Let U=1101, for n = 4. Express the codeword in polynomial form, and using
Equation (6.56), solve for the third end-around shift of the codeword.

Solution

UX)=1+X+X° (polynomial is written low order to high order);
X'UWX)=X"+ X'+ X%  wherei = 3.

Divide X*U(X) by X* + 1, and solve for the remainder using polynomial division:

Xt+1)X0+ X+ X7
Xﬁ ___+ XZ
X'+ X+ x?
Xt 1
X'+ x?+1 remainder UPY(X)

Writing the remainder low order to high order: 1 + X? + X3 the codeword U™ =
101 1is three cyclic shifts of U =11 0 1. Remember that for binary codes, the
addition operation is performed modulo-2, so that + 1 = —1, and we consequently
do not show any minus signs in the computation.,

6.7.2 Binary Cyclic Code Properties

We can generate a cyclic code using a generator polynomial in much the way that
we generated a block code using a generator matrix. The generator polynomial
g(X) for an (n, k) cyclic code is unique and is of the form

g(X) =g+ @i X+ X+ +g XP (6.57)

where gy and g, must equal 1. Every codeword polynomial in the subspace is of
the form U(X) = m(X)g(X), where U(X) is a polynomial of degree n — 1 or less.
Therefore, the message polynomial m(X) is written as

m(X) =mo+ mX+mX*+ - +m,_,  XP (6.58)

There are 2" "7 codeword polynomials, and there are 2* code vectors in an (1, k)
code. Since there must be one codeword polynomial for each code vector,

n—p==k
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or

p=n-—k
Hence, g(X), as shown in Equation (6.57), must be of degree n — k, and every
codeword polynomial in the (n, k) cyclic code can be expressed as
+ me-, X Hg(X) (6.59)

U is said to be a valid codeword of the subspace S if, and only if, g(X) divides into

U(X) without a remainder.
A generator polynomial g(X) of an (n, k) cyclic code is a factor of X"+ 1; that

is, X" + 1 = g(X)h(X). For example,
X +1=(1+X+X)1+X+X+X"

U(X) e (mo + le+ m2X2 +

Usingg(X)=1+ X+ X7 as a generator polynomial of degree n — k =3, we can gen-
erate an (n, k) = (7, 4) cyclic code. Or, using g(X)=1+X+ Xt + X*wheren—-k=4
we can generate a (7, 3) cyclic code. In summary, if g(X) is a polynomial of degree
n — k and is a factor of X" + 1, then g(X) uniquely generates an (n, k) cyclic code.

6.7.3 Encoding in Systematic Form

In Section 6.4.5 we introduced the systematic form and discussed the reduction
in complexity that makes this encoding form attractive. Let us use some of the
algebraic properties of the cyclic code to establish a systematic encoding procedure.
We can express the message vector in polynomial form, as follows:

+ o X <! (6.60)

In systematic form, the message digits are utilized as part of the codeword. We can
think of shifting the message digits into the rightmost k stages of a codeword regis-
ter, and then appending the parity digits by placing them in the leftmost n — k
stages. Therefore, we manipulate the message polynomial algebraically so that itis
right-shifted n — k positions. If we multiply m(X) by X"~k we get the right-shifted
message polynomial:

Xn*km(X) — mOXn—Ic o len~k+l == F.E
If we next divide Equation (6.61) by g(X), the result can be expressed as

X" m(X) = ¢(X)g(X) + p(X) (6.62)

where the remainder p(X) can be expressed as

p(X) =P0+P1X+P2X2+ .

m(X):mo+le+mZX2+

F o X (6.61)

+ pn—lc—l)(n_k_1

We can also say that

p(X) = X" “m(X) modulo g(X) (6.63)

Adding p(X) to both sides of Equation (6.62), using modulo-2 arithmetic, we get
p(X) + X" Fm(X) = q(X)g(X) = UX) (6.64)
359
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The left-hand side of Equation (6.64) is recognized as a valid codeword polyno-
mial, since it is a polynomial of degree n — 1 or less, and when divided by g(X) there
is a zero remainder. This codeword can be expanded into its polynomial terms ag
follows:

PX) + X" "m(X) =py + p X+ - + p,_ Xk
+ mX" T+ m X My X1

The codeword polynomial corresponds to the code vector

U= (pO’pb"' sPu—k—15 mOaml,---,}nk—l)

(6.65)
(n — k) parity bits & message bits

Example 6.8 Cyclic Code in Systematic Form

Using the generator polynomial g(X) = 1 + X + X°, generate a systematic codeword
from the (7, 4) codeword set for the message vectorm=101 1.

Solution
mX)=1+X"+X n=7 k=4, n—k=3;
X"fm(X) = X1+ X2+ X% = X2+ X° + X°
Dividing X" ~*m(X) by g(X) using polynomial division, we can write

X+X+X= 1+X+XxX2+Xx) 1+X+Xx% + il
.
quotient generator remainder
q(X) g(X) p(X)

Using Equation (6.64) yields
UX) = p(X) + X’m(X) =1 + X° + X% + X6

U=100 1011
parity message
bits bits

6.7.4 Circuit for Dividing Polynomials

We have seen that the cyclic shift of a codeword polynomial and that the encoding
of a message polynomial involves the division of one polynomial by another. Such
an operation is readily accomplished by a dividing circuit (feedback shift register).
Given two polynomials V(X) and g(X), where

VX)) =vg+vi X+ v, X2+ - +y, X7
and

g(X) =go+ g X+ gX* + - + g, XP
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Figure 6.16  Circuit for dividing polynomials.

such that m > p, the divider circuit of Figure 6.16 performs the polynomial division
steps of dividing V(X) by g(X), thereby determining the quotient and remainder
terms:

V&) _ o, )
q(X) + 2(X)

The stages of the register are first initialized by being filled with zeros. The first
p shifts enter the most significant (higher-order) coefficients of V(X). After the pth
shift, the quotient output is g5V this is the highest-order term in the quotient. For
each quotient coefficient g; the polynomial g,2(X) must be subtracted from the div-
idend. The feedback connections in Figure 6.16 perform this subtraction. The dif-
ference between the leftmost p terms remaining in the dividend and the feedback
terms ¢,g(X) is formed on each shift of the circuit and appears as the contents of
the register. At each shift of the register, the difference is shifted one stage; the
highest-order term (which by construction is zero) is shifted out, while the next sig-
nificant coefficient of V(X) is shifted in. After m + 1 total shifts into the register,
the quotient has been serially presented at the output and the remainder resides in
the register.

Example 6.9 Dividing Circuit

Use a dividing circuit of the form shown in Figure 6.16 to divide V(X) = X° + X° + X 4
(V=0001011)bygX)=(1+X+ X?). Find the quotient and remainder terms.
Compare the circuit implementation to the polynomial division steps performed by
hand.

Solution

The dividing circuit needs to perform the following operation:

XX +X (x) + p(X)
T+ x+x° 3 1+ X+ X°
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Feedback polynomial

X0 xt X2 X3

Input — — Output
0001011

Figure 6.17 Dividing circuit for Example 6.9.

The required feedback shift register, following the general form of Figure 6.16, is
shown in Figure 6.17. Assume that the register contents are initially zero. The opera-
tional steps of the circuit are as follows:

Input queue Shift number Register contents Output and Feedback
0001011 0 000 —
000101 1 100 0
00010 2 110 0
0001 3 011 0
000 4 011 1
00 5 111 1
0 6 101 1
- 7 100 1

After the fourth shift, the quotient coefficients {g;} serially presented at the output are
seen to be 1111, or the quotient polynomial is q(X) =1 + X + X* + X°. The remainder
cocfficients {p;} are 1 0 0, or the remainder polynomial p(X) = 1. In summary, the
circuit computation V(X)/g(X) is seen to be

X+ X+ X6

_ 3--:1+X+X2+X3+;
1+ X+ X 1+ X+ X

The polynomial division steps are as follows:

Output after shift number:
4 5 6 7
N
X+X+ X +1
X+ Xx+1 J X6 + X5 T X0 '
X + X4+ X3 w«——  feedback after 4th shift
X’ + Xt -= register after 4th shift
X’ + X%+ X< feedback after Sth shift
X*+ X3+ X? -«—— register after Sth shift
X* + X? + X -« feedback after 6th shift

X3 + X ~«—— register after 6th shift
X’ + X + 1 =«— feedback after 7th shift
1-«—— register after 7th shift

(remainder)
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6.7.5 Systematic Encoding with an
(n — k)-Stage Shift Register

The encoding of a cyclic code in systematic form has been shown, in Section 6.7.3,
to involve the computation of parity bits as the result of the formation of
X"~ m(X) modulo g(X), in other words, the division of an upshifted (right shifted)
message polynomial by a generator polynomial g(X). The need for upshifting is to
make room for the parity bits, which are appended to the message bits, yielding the
code vector in systematic form. Upshifting the message bits by n — k positions is a
trivial operation and is not really performed as part of the dividing circuit. Instead,
only the parity bits are computed; they are then placed in the appropriate location
alongside the message bits. The parity polynomial is the remainder after dividing by
the generator polynomial; it is available in the register after n shifts through the
(n - k)-stage feedback register shown in Figure 6.17. Notice that the first n — k
shifts through the register are simply filling the register. We cannot have any feed-
back until the rightmost stage has been filled; we therefore can shorten the shifting
cycle by loading the input data to the output of the last stage, as shown in Figure
6.18. Further, the feedback term into the leftmost stage is the sum of the input and
the rightmost stage. We guarantee that this sum is generated by ensuring that
8o = 8n - =1 for any generator polynomial g(X). The circuit feedback connections
correspond to the coefficients of the generator polynomial, which is written as

gX) =1+ g X+ X2+ - +g,_, Xkl 4 Xk (6.66)

The following steps describe the encoding procedure used with the Figure 6.18
encoder:

e : Switch

eI TP Sl
A

n - k shift register stages ‘—‘—Q\ Output

~

|
mX) o0———4

Switch 2

Figure 6.18 Encoding with an (n - k)-stage shift register.
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. Switch 1 is closed during the first k shifts, to allow transmission of the
message bits into the n — k stage encoding shift register.

. Switch 2 is in the down position to allow transmission of the message bitg
directly to an output register during the first & shifts.

- After transmission of the kth message bit, switch 1 is opened and switch 2 g
moved to the up position.

- The remaining n — k shifts clear the encoding register by moving the parity

bits to the output register.

. The total number of shifts is equal to #, and the contents of the output regis-

ter is the codeword polynomial p(X) + X" *m(X).

Example 6.10 Systematic Encoding of a Cyclic Code

364

Use a feedback shift register of the form shown in Figure 6.18 to encode the message
vectorm = 1 0 1 1 into a (7, 4) codeword using the generator polynomial g(X) =
1+ X4+X°,

Solution

m=1011
mX)=1+Xx*+x°
X" 'm(X) = X’m(X) = X* + X° + X¢
X" 'm(X) = q(X)g(X) + p(X)
p(X) = (X* + X° + X% modulo (1 + X + X?)

For the (n — k) = 3-stage encoding shift register shown in Figure 6.19, the operational
steps are as follows:

Assume: g(X)=1+X+X3
and m = 1011

Switch
1

H o

3

>Q,
\

mX)=1+X2+X83

5 Output
Input o———-f

Switch 2

Figure 6.19 Example of encoding a (7, 4) cyclic code with an
(n— k)-stage shift register.
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Input queue Shift number Register contents Output
1011 0 000 -
101 1 110 1
10 2 101 1
1 3 100 0
- 4 100 1

After the fourth shift, switch 1 is opened, switch 2 is moved to the up position, and the
parity bits contained in the register are shifted to the output. The output codeword is
U=1001011, orin polynomial form, U(X) =1 + X3+ X5 + X°.

6.7.6 Error Detection with an
(n - k)-Stage Shift Register

A transmitted codeword may be perturbed by noise, and hence the vector received
may be a corrupted version of the transmitted codeword. Let us assume that a
codeword with polynomial representation U(X) is transmitted and that a vector
with polynomial representation Z(X) is received. Since U(X) is a code polynomial,
it must be a multiple of the generator polynomial g(X); that is,

U(X) = m(X)g(X) (6.67)
and Z(X), the corrupted version of U(X), can be written as
Z(X) =UX) + e(X) (6.68)

where e(X) is the error pattern polynomial. The decoder tests whether Z(X) is a
codeword polynomial, that is, whether it is divisible by g(X), with a zero remainder.
This is accomplished by calculating the syndrome of the received polynomial. The
syndrome S(X) is equal to the remainder resulting from dividing Z(X) by g(X);
that is,

Z(X) = q(X)g(X) + S(X) (6.69)

where S(X) is a polynomial of degree n — k — 1 or less. Thus, the syndrome is an
(n - k)-tuple. By combing Equations (6.67) to (6.69), we obtain

e(X) = [m(X) + q(X)]g (X) + S(X) (6.70)

By comparing Equations (6.69) and (6.70), we see that the syndrome S(X), ob-
tained as the remainder of Z(X) modulo g(X), is exactly the same polynomial ob-
tamed as the remainder of e(X) modulo g(X). Thus the syndrome of the received
polynomial Z(X) contains the information needed for correction of the error pat-
tern. The syndrome calculation is accomplished by a division circuit, almost identi-
cal to the encoding circuit used at the transmitter. An example of syndrome
calculation with an n — k shift register is shown in Figure 6.20 using the code vector
generated in Example 6.10. Switch 1 is initially closed, and switch 2 is open. The re-
ceived vector is shifted into the register input, with all stages initially set to zero.
After the entire received vector has been entered into the shift register, the con-
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Switch

vector 2 output
1001011

. Received __ ' _.., | | Switch | _ Syndrome

Figure 6.20 Example of syndrome calculation with an (n - k)-stage shift register.

tents of the register is the syndrome. Switch 1 is then opened and switch 2 is closed,
so that the syndrome vector can be shifted out of the register. The operationa]
steps of the decoder are as follows:

Input queue Shift number Register contents
1001011 0 000
100101 1 100
10010 2 110
100t 3 011
100 4 011
10 S 111
1 6 101

- 7 Syndrome

If the syndrome is an all-zeros vector, the received vector is assumed to be a valid
codeword. If the syndrome is a nonzero vector, the received vector is a perturbed
codeword and errors have been detected: such errors can be corrected by adding
the error vector (indicated by the syndrome) to the received vector, similar to the
procedure described in Section 6.4.8. This method of decoding is useful for simple
codes. More complex codes require the use of algebraic techniques to obtain prac-
tical decoders [6, 8].

6.8 WELL-KNOWN BLOCK CODES
6.8.1 Hamming Codes

Hamming codes are a simple class of block codes characterized by the structure
| (n k)= (2" = 1,2" = 1 — m) (6.71)

where m = 2, 3,.... These codes have a minimum distance of 3 and thus, from
Equations (6.44) and (6.47), they are capable of correcting all single errors or de-
tecting all combinations of two or fewer errors within a block. Syndrome decoding
is especially suited for Hamming codes. In fact, the syndrome can be formed to act
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as a binary pointer to identify the error location [5]. Although Hamming codes are
not very powerful, they belong to a very limited class of block codes known as
perfect codes, described in Section 6.5.4.

Assuming hard decision decoding, the bit error probability can be written,
from Equation (6.46), as

Py~ % E /(;‘) pL—py (6.72)

Wwhere p is the channel symbol error probability (transition probability on the
binary symmetric channel). For single error-correcting codes (such as Hamming
codes), in place of Equation (6.72) we can use the following equivalent equation.
Its identity with Equation (6.72) is proven in Appendix D, Equation (D.16):

Py~ p-p(l-p)y! (6.73)

Figure 6.21 is a plot of the decoded Py versus channel-symbol error probability,
illustrating the comparative performance for different types of block codes. For the

10-2
W

Hamming (31, 26) ¢ =1
1073 |- Hamming (15, 1) ¢ = 1

an ‘ Hamming (7, 4) t =1
>
E
8 104}
.
= Extended Golay (24, 12) ¢ = 3
g BCH (127, 64) ¢ = 10
E . _BCH{127,36)¢t=15
= 10> -
[}
©
Q
Q
4§}
a
108

107 \ ] | |

10" 102 103 10-4
Channel symbol error probability, p

Figure 6.21 Bit error probability versus channel symbol error probability
for several block codes.
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Hamming codes, the plots are shown for m = 3, 4, and 5,0r (n, k) =(7,4), (15, 11),
and (31, 26). For performance over a Gaussian channel using coherently demody.-
lated BPSK, we can express the channel symbol error probability in terms of EJIN,,

similar to Equation (4.79), as

p= Q< 2;:) (6.74)

where E./Nj is the code symbol energy per noise spectral density, and where O(x)
is as defined in Equation (3.43). To relate E./N, to information bit eNnergy per noise
spectral density (E,/N,), we use

E. <k> Ly 67
Ny, \n/ N, (675)
For Hamming codes, Equation (6.75) becomes

EC_Z’”—l—m Eb
N -1 N, (6.76)

Combining Equation (6.73), (6.74), and (6.76), Py can be expressed as a function of
E}/Nj, for coherently demodulated BPSK over a Gaussian channel. The results are
plotted in Figure 6.22 for different types of block codes. For the Hamming codes,
plots are shown for (1, k) = (7, 4), (15, 11), and (31, 26).

Example 6.11  Error Probability for Modulated and Coded Signals

A coded orthogonal BFSK modulated signal is transmitted over a Gaussian channel.
The signal is noncoherently detected and hard-decision decoded. Find the decoded bit
error probability if the coding is a Hamming (7, 4) block code and the received E,/N,
is equal to 20.

Solution

First we need to find E,/N, using Equation (6.75):

c

— =-(20) = 1143
N =7 @) =1

~

Then, for coded noncoherent BESK, we can relate the probability of a channel symbol
error to E./Nj, similar to Equation (4.96), as follows

1 ( s )
D =Texp N,
e

2
1 11.43
= = ——— ) =16 X ~3
2xp< 2) 1.6 X 10

Using this result in Equation (6.73), we solve for the probability of a decoded bit
error, as follows:

Pg~p—p(l-p)=16x10"°
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Figure 6.22 Pgversus E,/N, for coherently demodulated BPSK over a
Gaussian channel for several block codes.

6.8.2 Extended Golay Code

One of the more useful block codes is the binary (24, 12) extended Golay code,
which is formed by adding an overall parity bit to the perfect (23, 12) code, known
as the Golay code. This added parity bit increases the minimum distance d,, from
7 to 8 and produces a rate 3 code, which is easier to implement (with regard to sys-
tem clocks) than the rate 12/23 original Golay code. Extended Golay codes are
considerably more powerful than the Hamming codes described in the preceding
section. The price paid for the improved performance is a more complex decoder, a
lower code rate, and hence a larger bandwidth expansion.
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Since dy,;, = 8 for the extended Golay code, we see from Equation (6.44) that
the code is guaranteed to correct all triple errors. The decoder can additionally he
designed to correct some but not all four-error patterns. Since only 16.7% of the
four-error patterns can be corrected, the decoder, for the sake of simplicity, is usy-
ally designed to only correct three-error patterns [5]. Assuming hard decision de.
coding, the bit error probability for the extended Golay code can be written as 5
function of the channel symbol error probability p from Equation (6.46), as follows:

1 X /24 . -
Py~ f< j)p/(l‘P)”’ (6.77)

The plot of Equation (6.77) is shown in Figure 6.21; the error performance of the
extended Golay code is seen to be significantly better than that of the Hamming
codes. Combining Equations (6.77), (6.74), and (6.75), we can relate Py versus
Ey/Ny for coherently demodulated BPSK with extended Golay coding over a
Gaussian channel. The result is plotted in Figure 6.22.

6.8.3 BCH Codes

Bose-Chadhuri-Hocquenghem (BCH) codes are a generalization of Hamming
codes that allow multiple error correction. They are a powerful class of cyclic codes
that provide a large selection of block lengths, code rates, alphabet sizes, and error-
correcting capability. Table 6.4 lists some code generators g(x) commonly used for
the construction of BCH codes [8] for various values of n, k, and t, up to a block
length of 255. The coefficients of g(x) are presented as octal numbers arranged so
that when they are converted to binary digits the rightmost digit corresponds to the
zero-degree coefficient of g(x). From Table 6.4, one can easily verify a cyclic code
property—the generator polynomial is of degree n — k. BCH codes are important
because at block lengths of a few hundred, the BCH codes outperform all other
block codes with the same block length and code rate. The most commonly used
BCH codes employ a binary alphabet and a codeword block length of n =2" -1,
where m=3,4, . ...

The title of Table 6.4 indicates that the generators shown are for those BCH
codes known as primitive codes. The term “primitive” is a number-theoretic con-
cept requiring an algebraic development [7, 10-11], which is presented in Section
8.1.4. In Figures 6.21 and 6.22 are plotted error performance curves of two BCH
codes (127, 64) and (127, 36), to illustrate comparative performance. Assuming
hard decision decoding, the P, versus channel error probability is shown in Figure
6.21. The Py versus E,/N, for coherently demodulated BPSK over a Gaussian
channel is shown in Figure 6.22. The curves in Figure 6.22 seem to depart from our
expectations. They each have the same block size, yet the more redundant (127, 36)
code does not exhibit as much coding gain as does the less redundant (127, 64)
code. It has been shown that a relatively broad maximum of coding gain versus
code rate for fixed n occurs roughly between coding rates of  and 2 for BCH codes
[12]. Performance over a Gaussian channel degrades substantially at very high or
very low rates [11].
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Figure 6.23 represents computed performance of BCH codes [13] using coher-
ently demodulated BPSK with both hard- and soft-decision decoding. Soft-decision
decoding is not usually used with block codes because of its complexity. However,
whenever it is implemented, it offers an approximate 2-dB coding gain over hard-
decision decoding. For a given code rate, the decoded error probability is known
to improve with increasing block length » [4]. Thus, for a given code rate, it is

10-3

104 - \

10—5 -

10—6 -

Decoded bit-error probability, Pg

10—8 -

10—9 L

Bu!poogp pJeH 89
BU‘_pooep pJeH LE

10-19

Ey/Ny (dB)

Figure 6.23 P versus E,/N, for coherently demodulated BPSK
over a Gaussian channel using BCH codes. (Reprinted with permis-
sion from L. J. Weng, “Soft and Hard Decoding Performance Com-
parisons for BCH Codes,” Proc. Int. Conf. Commun., 1979, Fig. 3,
p. 25.5.5. © 1979 |EEE.)
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interesting to consider the block length that would be required for the harq.
decision-decoding performance to be comparable to the soft-decision-decoding pey.
formance. In Figure 6.23, the BCH codes shown all have code rates of approximately 1
From the figure [13] it appears that for a fixed code rate, the hard-decision-decodeq
BCH code of length 8 times 7 or longer has a better performance (for Py of about 16
or less) than that of a soft-decision-decoded BCH code of length n. One special subclagg
of the BCH codes (the discovery of which preceded the BCH codes) is the particularly
useful nonbinary set called Reed-Solomon codes. They are described in Section 8.1,

6.9 CONCLUSION

In this chapter we have explored the general goals of channel coding, leading to im-
proved performance (error probability, £,/N,, or capacity) at a cost in bandwidth,
We partitioned channel coding into two study groups: waveform coding and struc-
tured sequences. Waveform coding represents a transformation of waveforms into
improved waveforms, such that the distance properties are improved over those of
the original waveforms. Structured sequences involve the addition of redundant
digits to the data, such that the redundant digits can then be employed for detect-
ing and/or correcting specific error patterns.

We also closely examined linear block codes. Geometric analogies can be
drawn between the coding and modulation disciplines. They both seek to pack the
signal space efficiently and to maximize the distance between signals in the signal-
ing set. Within block codes, we looked at cyclic codes, which are relatively easy to
implement using modern integrated circuit techniques. We considered the polyno-
mial representation of codes and the correspondence between the polynomial
structure, the necessary algebraic operations, and the hardware implementation.
Finally, we looked at performance details of some of the well-known block codes.
Other coding subjects are treated in later chapters. In Chapter 7 we study the large
class of convolutional codes; in Chapter 8 we discuss Reed-Solomon codes,
concatenated codes, and turbo codes; and in Chapter 9 we examine trellis-coded
modulation.
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PROBLEMS

6.1. Design an (n, k) single-parity code that will detect all 1-, 3-, 5-, and 7-error patterns
in a block. Show the values of n and k, and find the probability of an undetected
block error if the probability of channel symbol error is 1072

6.2. Calculate the probability of message error for a 12-bit data sequence encoded with a
(24, 12) linear block code. Assume that the code corrects all 1-bit and 2-bit error pat-
terns and assume that it corrects no error patterns with more than two errors. Also,
assume that the probability of a channel symbol error is 107>,

6.3. Consider a (127, 92) linear block code capable of triple error corrections.
(a) What is the probability of message error for an uncoded block of 92 bits if the
channel symbol error probability is 107?
(b) What is the probability of message error when using the (127, 92) block code if
the channel symbol error probability of 107>?

6.4. Calculate the improvement in probability of message error relative to an uncoded
transmission for a (24, 12) double-error-correcting linear block code. Assume that
coherent BPSK modulation is used and that the received E,/N, =10 dB.

6.5. Consider a (24, 12) linear block code capable of double-error corrections. Assume
that a noncoherently detected binary orthogonal frequency-shift keying (BFSK)
modulation format is used and that the received E,/N, = 14 dB.

(a) Does the code provide any improvement in probability of message error? If it
does, how much? If it does not, explain why not.
(b) Repeat part (a) with E,/N, =10 dB.

6.6. The telephone company uses a “best-of-five” encoder for some of its digital data
channels. In this system every data bit is repeated five times, and at the receiver, a
majority vote decides the value of each data bit. If the uncoded probability of bit
error is 1073, calculate the decoded bit-error probability when using such a best-of-
five code.
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6.7.

The minimum distance for a particular linear block code is 11. Find the maximum
error-correcting capability, the maximum error-detecting capability, and the magi-
mum erasure-correcting capability in a block length.

Consider a (7, 4) code whose generator matrix is

1 1 1 1 0 0 0
G:1010100
601 1.0 0 1 0
110 0 0 0 1

(a) Find all the codewords of the code.

(b) Find H, the parity-check matrix of the code.

(¢) Compute the syndrome for the received vector 110 1 10 1. Is this a valid code
vector?

(d) What is the error-correcting capability of the code?

(e) What is the error-detecting capability of the code?

Consider a systematic block code whose parity-check equations are
pr=my+my, + my
P2 =my + ms+ my
Py =my -+ my + my
Pa=my+ ms+ my

where m; are message digits and p; are check digits.

(a) Find the generator matrix and the parity-check matrix for this code.
(b) How many errors can the code correct?

(¢) Is the vector 10101010 a codeword?

(d) Is the vector 01011100 a codeword?

Consider the linear block code with the codeword defined by

U =my + iy + my + mis, my + ms + my + ms, my + ny + m; + ms,
My + My + My + My, My, My, M3, Ny, Ms

(a) Show the generator matrix.

(b) Show the parity-check matrix.

(¢) Find n, k, and-d,,,.

Design an (#, k) = (5, 2) linear block code.

(a) Choose the codewords to be in systematic form, and choose them with the goal
of maximizing d,,.

(b) Find the generator matrix for the codeword set.

(¢) Calculate the parity-check matrix.

(d) Enter all of the n-tuples into a standard array.

(e) What are the error-correcting and error-detecting capabilities of the code?

(f) Make a syndrome table for the correctable error patterns.

Consider the (5, 1) repetition code, which consists of the two codewords 00000 and

11111, corresponding to message 0 and 1, respectively. Derive the standard array for

this code. s this a perfect code?

Design a (3, 1) code that will correct all single-error patterns. Choose the codeword
set and show the standard array.

Channel Coding: Part 1 Chap. 6
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6.14. Is a (7, 3) code a perfect code? Is a (7, 4) code a perfect code? Is a (15, 11) code a
perfect code? Justify your answers.

6.15. A (15,11) linear block code can be defined by the following parity array:

0011
0101
1001
0110
1010

P=|1100
0111
1110
=1 g i
1011

111 1]

(a) Show the parity-check matrix for this code.

(b) List the coset leaders from the standard array. Is this code a perfect code? Justify
your answer.

(¢) A received vectoris V=01111100101101 1. Compute the syndrome.
Assuming that a single bit error has been made, find the correct codeword.

(d) How many erasures can this code correct? Explain.

6.16. Is it possible that a nonzero error pattern can produce a syndrome of 8 = 0? If yes,
how many such error patterns can give this result for an (n, k) code? Use Figure 6.11
to justify your answer.

6.17. Determine which, if any, of the following polynomials can generate a cyclic code
with codeword length #n < 7. Find the (n, k) values of any such codes that can be
generated.

@@ 1+X°+Xx*
() 1+Xx2+Xx*
© 1l+x+X+Xx*
@ 1+X+X2+Xx*
(e 1+X°+X°

6.18. Encode the message 1 0 1 in systematic form using polynomial division and the
generator g(X) =1+ X +X*+ X*.

6.19. Design a feedback shift register encoder for an (8, 5) cyclic code with a generator
gx)=1+X+X 2 + X7, Use the encoder to find the codeword for the message 10101
in systematic form. ‘

6.20. In Figure P6.1 the signal is differentially coherent PSK (DPSK), the encoded symbol
rate is 10,000 code symbols per second, and the decoder is a single-error-correcting
(7, 4) decoder. Is a predetection signal-to-noise spectral density ratio of P,/Ny = 48
dB-Hz sufficient to provide a probability of message error of 107 at the output?

DPSK | |
Input —= detector (7, 4) decoder |— Output

Figure P6.1
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6.27.

Justify your answer. Assume that a message block contains 4 data bits and that any
single-error pattern in a block length of 7 bits can be corrected.

A (15, 5) cyclic code has a generator polynomial as follows:
gX) =1+ X+ X+ X"+ X%+ XY

(a) Draw a diagram of an encoder for this code.

(b) Find the code polynomial (in systematic form) for the message m(X) =
1+ X2+ X4

© IsV(X)=1+X"+ X%+ X%+ X' a code polynomial in this system? Justify your
answer.

Consider the (15, 11) cyclic code generated by g(X) =1+ X + X",

(a) Devise a feedback register encoder and decoder for this code.

(b) Illustrate the encoding procedure with the message vector 11001101011 by listing
the states of the register (the rightmost bit is the earliest bit).

(¢) Repeat part (b) for the decoding procedure.

For a fixed probability of channel symbol error, the probability of bit error for a
Hamming (15, 11) code is worse than that for a Hamming (7, 4) code. Explain why,
What, then, is the advantage of the (15, 11) code? What basic trade-off is involved?

A (63, 36) BCH code can correct five errors. Nine blocks of a (7, 4) code can correct
nine errors. Both codes have the same code rate.

(a) The (7, 4) code can correct more errors. Is it more powerful? Explain.

(b) Compare the two codes when five errors occur randomly in 63 bits.

Information from a source is organized in 36-bit messages that are to be transmitted

over an AWGN channel using noncoherently detected BFSK modulation.

(a) If no error control coding is used, compute the E,/N, required to provide a
message error probability of 107,

(b) Consider the use of a (127, 36) linear block code (minimum distance is 31} in the
transmission of these messages. Compute the coding gain for this code for a mes-
sage error probability of 107, (Hint: The coding gain is defined as the difference
between the E,/N, required without coding and the E,/N, required with coding.)

(a) Consider a data sequence encoded with a (127, 64) BCH code and then
modulated using coherent 16-ary PSK. If the received E,/N, is 10 dB, find the
MPSK probability of symbol error, the probability of code-bit error (assuming
that a Gray code is used for symbol-to-bit assignment), and the probability of
information-bit error.

(b) For the same probability of information-bit error found in part (a), determine
the value of E,/N, required if the modulation in part (a) is changed to coherent
orthogonal 16-ary FSK. Explain the difference.

A message consists of English text (assume that each word in the message contains

six letters). Each letter is encoded using the 7-bit ASCII character code. Thus, each

word of text consists of a 42-bit sequence. The message is to be transmitted over a

channel having a symbol error probability of 107,

(a) What is the probability that a word will be received in error?

(b) If a repetition code is used such that each letter in each word is repeated three
times, and at the receiver, majority voting is used to decode the message, what is
the probability that a decoded word will be in error?

(c) If a (126, 42) BCH code with error-correcting capability of ¢ = 14 is used to
encode each 42-bit word, what is the probability that a decoded word will be i
error?
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6.28.

6.29.

6.30.

6.31.

6.32.

6.33.

6.34.

(d) For a real system, it is not fair to compare uncoded versus coded message error
performance on the basis of a fixed probability of channel symbol error, since
this implies a fixed level of received E,/N, for all choices of coding (or lack of
coding). Therefore, repeat parts (a), (b), and (c) under the condition that the
channel symbol error probability is determined by a received E,/N; of 12 dB,
where E,/N, is the information bit energy per noise spectral density. Assume
that the information rate must be the same for all choices of coding or lack of
coding. Also assume that noncoherent orthogonal binary FSK modulation is
used over an AWGN channel.

(e) Discuss the relative error performance capabilities of the above coding schemes
under the two postulated conditions—fixed channel symbol error probability,
and fixed E,/N,. Under what circumstances can a repetition code offer error
performance improvement? When will it cause performance degradation?

A 5-bit data sequence is transformed into an orthogonal coded sequence using a
Hadamard matrix. Coherent detection is performed over a codeword interval of
time, as shown in Figure 6.5. Using a Py = 107 reference, compute the coding gain
relative to transmitting the data one bit at a time using BPSK.
For the (8, 2) code described in Section 6.6.3, verify that the values given for the
generator matrix, the parity-check matrix, and the syndrome vectors for each of the
cosets from 1 through 10, are valid.
Using exclusive-OR gates and AND gates, implement a decoder circuit, similar to
the one shown in Figure 6.12, that will perform error correction for all single-error
patterns of the (8, 2) code described by the coset leaders 2 through 9 in Figure 6.15.
Explain in detail how you could use exclusive-OR gates and AND gates to imple-
ment a decoder circuit, similar to the one shown in Figure 6.12, that performs error
correction for all single and double-error patterns of the (8, 2) code, and performs
error detection for the triple-error patterns (coset leaders or rows 38 through 64).
Verify that all of the BCH codes of length n = 31, shown in Table 6.4, meet the
Hamming bound and the Plotkin bound.
When encoding an all-zeros message block, the result is an all-zeros codeword. It is
generally undesirable to transmit long runs of such zeros. One cyclic encoding
technique that avoids such transmissions involves preloading the shift-register
stages with ones instead of zeros, prior to encoding. The resulting “pseudoparity” is
then guaranteed to contain some ones. At the decoder, there needs to be a reversal
of the pseudoparity before the decoding operation starts. Devise a general scheme
for reversing the pseudo-parity at any such cyclic decoder. Use a (7, 4) BCH
encoder, preloaded with ones, to encode the message 1011 (right-most bit is
earliest). Then demonstrate that your reversal scheme, which is applied prior to
decoding, yields the correct decoded message.

(a) Using the generator polynomial for the (15, 5) cyclic code in Problem 6.21,
encode the message sequence 11 0 1 1 in systematic form. Show the resulting
codeword polynomial. What property characterizes the degree of the generator
polynomial?

(b) Consider that the received codeword is corrupted by an error pattern e(X) =
X8+ X0+ X Show the corrupted codeword polynomial.

(¢) Form the syndrome polynomial by using the generator and received-codeword
polynomials.

(@) Form the syndrome polynomial by using the generator and error-pattern polyno-
mials, and verify that this is the same syndrome computed in part (c).
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(e) Explain why the syndrome computations in parts (c) and (d) must yield identicy)
results.

{f) Using the properties of the standard array of a (15, 5) linear block code, find the
maximum amount of error correction possible for a code with these parameters,
Isa (15, 5) code a perfect code?

(g) If we want to implement the (15, 5) cyclic code to simultaneously correct tyy
erasures and still perform error correction, how much error correction wouylg
have to be sacrificed?

QUESTIONS

6.1.

6.2.

6.3.

6.4.

6.5.

6.6.

380

Describe four types of trade-offs that can be accomplished by using an error-correct.
ing code. (See Section 6.3.4.)

In a real-time communication system, achieving coding gain by adding redundancy
costs bandwidth. What is the usual cost for achieving coding gain in a non-real-time
communication system? (See Section 6.3.4.2.)

In a real-time communication system, added redundancy means faster signaling, less
energy per channel symbol, and more errors out of the demodulator. In the face of
such degradation, explain how coding gain is achieved. (See Example 6.2.)

Why do error-correcting codes typically yield error-performance degradation at low
values of £,/N,y? (See Section 6.3.4.6.)

Describe the process of syndrome testing, error detection and correction in the
context of a medical analogy. (See Section 6.4.8.4.)

Of what usc is the standard array in understanding a block code, and in evaluating ils
capability? (See Section 6.6.5.)

EXERCISES

Using the Companion CD, run the exercises associated with Chapter 6.
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This chapter deals with convolutional coding. Chapter 6 presented the fundamen-
tals of linear block codcs, which arc described by two intcgers, n and k, and a gen-
erator matrix or polynomial. The integer k is the number of data bits that form an
input to a block encoder. The integer » is the total number of bits in the associated
codeword out of the encoder. A characteristic of linear block codes is that each
codeword n-tuple is uniquely determined by the input message k-tuple. The ratio
k/n is called the rate of the code—a measure of the amount of added redundancy.
A convolutional code is described by three integers, n, k, and K, where the ratio &/n
has the same code rate significance (information per coded bit) that it has for block
codes; however, n does not define a block or codeword length as it does for block
codes. The integer K is a parameter known as the constraint length; it represents
the number of k-tuple stages in the encoding shift register. An important character-
istic of convolutional codes, different from block codes, is that the encoder has
memory—the n-tuple emitted by the convolutional encoding procedure is not only
a function of an input k-tuple, but is also a function of the previous K — 1 input
| k-tuples. In practice, n and k are small integers and K is varied to control the capa-
bility and complexity of the code.

7.1 CONVOLUTIONAL ENCODING

il In Figure 1.2 we presented a typical block diagram of a digital communication sys-
tem. A version of this functional diagram, focusing primarily on the convolutional
encode/decode and modulate/demodulate portions of the communication link, 18
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shown in Figure 7.1. The input message source is denoted by the sequence m = my,
My, ..., m,...,where each m; represents a binary digit (bit), and i is a time index.
To be precise, one should denote the elements of m with an index for class mem-
bership (e.g., for binary codes, 1 or 0) and an index for time. However, in this chap-
ter, for simplicity, indexing is only used to indicate time (or location within a
sequence). We shall assume that each m; is equally likely to be a one or a zero, and
independent from digit to digit. Being independent, the bit sequence lacks any re-
dundancy; that is, knowledge about bit m; gives no information about (i #]). The
encoder transforms each sequence m into a unique codeword sequence U = G(m).
Even though the sequence m uniquely defines the sequence U, a key feature of
convolutional codes is that a given k-tuple within m does not uniquely define its as-
sociated n-tuple within U since the encoding of each k-tuple is not only a function
of that k-tuple but is also a function of the K — 1 input k-tuples that precede it. The
sequence U can be partitioned into a sequence of branch words: U= U, U,, ...,
U,, . ... Each branch word U, is made up of binary code symbols, often called chan-
nel symbols, channel bits, or code bits; unlike the input message bits the code sym-
bols are not independent.

In a typical communication application, the codeword sequence U modulates
a waveform s(z). During transmission, the waveform s(f) is corrupted by noise, re-
sulting in a received waveform 5(¢) and a demodulated sequence Z = Z;, Z,, . ..,
Z,,...,asindicated in Figure 7.1. The task of the decoder is to produce an estimate
fa = 77y, My, ..., B, . . . of the original message sequence, using the received se-
quence Z together with a priori knowledge of the encoding procedure.

A general convolutional encoder, shown in Figure 7.2, is mechanized with a
kK-stage shift register and n modulo-2 adders, where K is the constraint length.

Information _ | Convolutional s
source / encode > Modulate
m=mq, M2, ... , Mj, ... U = G(m) {s:(2))
Input sequence =Uy, Uy, ..., Ui, ...
Codeword sequence AWGN
where U; = uj, ... , Ujiy +o. Uni channel
Information | _ Convolutional | _ B
sink [ / decode | BEfEulats i
m =, M9, ..., Mi, .o Z=27Z,Z9 ..,%... {8:()}
where Z; =z, ... , Zjis --- Zni

and z;; is the jth demodulator output
symbol of branch word Z;

Figure 7.1 Encode/decode and modulate/demodulate portions of a
communication link.
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'r:ghtngéquenzg _"'[ , ‘ l |—| sh]?ff-rsgsgs?er

(shifted in £ at a time)
- n modulo-2
adders

Codeword sequence U = Uy, Uy, ..., U;, ...
where U; = uyj, ..., Wi, ... Uy
= ith codeword branch
uji =jth binary code symbol
of branch word U;

Figure 7.2 Convolutional encoder with constraint length Kand rate k/n.

The constraint length represents the number of k-bit shifts over which a single in-
formation bit can influence the encoder output. At each unit of time, k bits are
shifted into the first k& stages of the register; all bits in the register are shifted k
stages to the right, and the outputs of the n adders are sequentially sampled to yield
the binary code symbols or code bits. These code symbols are then used by the
modulator to specify the waveforms to be transmitted over the channel. Since there
are 7 code hits for each input group of k message bits, the code rale is k/n message
bit per code bit, where k < n.

We shall consider only the most commonly used binary convolutional en-
coders for which k = 1—that is, those encoders in which the message bits are shifted
into the encoder one bit at a time, although generalization to higher order alpha-
bets is straightforward [1, 2]. For the k = 1 encoder, at the ith unit of time, message
bit /m; is shifted into the first shift register stage; all previous bits in the register are
shifted one stage to the right, and as in the more general case, the outputs of the n
adders are sequentially sampled and transmitted. Since there are n code bits for
each message bit, the code rate is 1/n. The n code symbols occurring at time ¢, com-
prise the ith branch word, U, = u,, Uois - -+, Uy, Where wy; (=1,2, ..., n) is the jth
code symbol belonging to the ith branch word. Note that for the rate 1/n encoder,
the kK-stage shift register can be referred to simply as a K-stage register, and the
constraint length K, which was expressed in units of k-tuple stages, can be referred
to as constraint length in units of bits.

7.2 CONVOLUTIONAL ENCODER REPRESENTATION

To describe a convolutional code, one needs to characterize the encoding function
G(m), so that given an input sequence m, one can readily compute the output se-
quence U. Several methods are used for representing a convolutional encoder, the
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most popular being the connection pictorial, connection vectors or polynomials, the
state diagram, the tree diagram, and the trellis diagram. They are each described
below.

7.2.1 Connection Representation

We shall use the convolutional encoder, shown in Figure 7.3, as a model for dis-
cussing convolutional encoders. The figure illustrates a (2, 1) convolutional en-
coder with constraint length K = 3. There are n =2 modulo-2 adders; thus the code
rate k/n is 3. At each input bit time, a bit is shifted into the leftmost stage and the
bits in the register are shifted one position to the right. Next, the output switch
samples the output of each modulo-2 adder (i.e., first the upper adder, then the
lower adder), thus forming the code symbol pair making up the branch word asso-
ciated with the bit just inputted. The sampling is repeated for each inputted bit.
The choice of connections between the adders and the stages of the register gives
rise to the characteristics of the code. Any change in the choice of connections re-
sults in a different code. The connections are, of course, not chosen or changed ar-
bitrarily. The problem of choosing connections to yield good distance properties is
complicated and has not been solved in general; however, good codes have been
found by computer search for all constraint lengths less than about 20 [3-5].

Unlike a block code that has a fixed word length n, a convolutional code has
no particular block size. However, convolutional codes are often forced into a
block structure by periodic truncation. This requires a number of zero bits to be ap-
pended to the end of the input data sequence, for the purpose of clearing or flush-
ing the encoding shift register of the data bits. Since the added zeros carry no
information, the effective code rate falls below k/n. To keep the code rate close to
k/n, the truncation period is generally made as long as practical.

One way to represent the encoder is to specify a set of n connection vectors,
one for each of the n modulo-2 adders. Each vector has dimension K and describes
the connection of the encoding shift register to that modulo-2 adder. A one in the
ith position of the vector indicates that the corresponding stage in the shift register

First
“ {code symbol

(o]
Input bit | ‘-e._, Output
m o branch word
Second
= <{code symbol

Figure 7.3 Convolutional encoder (rate 5 K=3).
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is connected to the modulo-2 adder, and a zero in a given position indicates that ne
connection exists between the stage and the modulo-2 adder. For the encoder ex.
ample in Figure 6.3, we can write the connection vector g, for the upper connec.
tions and g, for the lower connections as follows:

g=111
=101

Now consider that a message vector m =10 1 is convolutionally encoded with the
encoder shown in Figure 7.3. The three message bits are inputted, one at a time, at
times ¢;, 1,, and t5, as shown in Figure 7.4, Subsequently, (K - 1) = 2 zeros are ip-
putted at times #, and f5 to flush the register and thus ensure that the tail end of the
message is shifted the full length of the register. The output sequence is seen to he
111000101 1, where the leftmost symbol represents the earliest transmission,
The entire output sequence, including the code symbols as a result of flushing, are
needed to decode the message. To flush the message from the encoder requires
one less zero than the number of stages in the register, or K — 1 flush bits. Another
zero input is shown at time ¢, for the reader to verify that the flushing is completed
at time ¢5. Thus, a new message can be entered at time #;.

7.2.1.1 Impulse Response of the Encoder

We can approach the encoder in terms of its impulse response—that is, the
response of the encoder to a single “one” bit that moves through it. Consider the
contents of the register in Figure 7.3 as a one moves through it:

Branch word

Register
contents 1y 1y
100 1 1
010 il 0
001 1 1 !
Input sequence: 10 o0

Output sequence: 11 10 11

The output sequence for the input “one” is called the impulse response of the en-
coder. Then, for the input sequence m = 1 0 1, the output may be found by the su-
perposition or the linear addition of the time-shifted input “impulses” as follows:

Input m Output
1 11 10 11
0 00 00 00
1 11 10 11

Modulo-2 sum: 11 10 00 10 11

Observe that this is the same output as that obtained in Figure 7.4, demonstrating
that convolutional codes are linear—just like the linear block codes of Chapter 6. It
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m = 101 —[ Engoder]— U

Time Encoder Output

Uy U2

I ‘-6.—11

t2

13

: Figure 7.4 Convolutionally encoding a message

sequence with a rate 3, K= 3 encoder. Output sequence: 11 10 00 10 11

7.2 Convolutional Encoder Representation 387




|
|

is from this property of generating the output by the linear addition of time-shifteq
impulses, or the convolution of the input sequence with the impulse response of the
encoder, that we derive the name convolutional encoder. Often, this encoder chay-
acterization is presented in terms of an infinite-order generator matrix [6].

Notice that the effective code rate for the foregoing example with 3-bit inpuyt
sequence and 10-bit output sequence is k/n = {5—quite a bit less than the rate § that
might have been expected from the knowledge that each input data bit yields a pair
of output channel bits. The reason for the disparity is that the final data bit into the
encoder needs to be shifted through the encoder. All of the output channel bits are
needed in the decoding process. If the message had been longer, say 300 bits, the
output codeword sequence would contain 604 bits, resulting in a code rate of
300/604—much closer to 3.

7.2.1.2 Polynomial Representation

Sometimes, the encoder connections are characterized by generator polynomi-
als, similar to those used in Chapter 6 for describing the feedback shift register imple-
mentation of cyclic codes. We can represent a convolutional encoder with a set of n
generator polynomials, one for each of the n modulo-2 adders. Each polynomial is of
degree K — 1 or less and describes the connection of the encoding shift register to that
modulo-2 adder, much the same way that a connection vector does. The coefficient of
each term in the (K — 1)-degree polynomial is either 1 or 0, depending on whether a
connection exists or does not exist between the shift register and the modulo-2 adder
in question. For the encoder example in Figure 7.3, we can write the generator poly-
nomial g;(X) for the upper connections and g,(X) for the lower connections as follows:

gz(X) =1 +X2

where the lowest order term in the polynomial corresponds to the input stage of
the register. The output sequence is found as follows:

U(X) = m(X)g,(X) interlaced with m(X)g,(X)

First, express the message vectorm =10 1 as a polynomial—that is, m(X) =1+ X
We shall again assume the use of zeros following the message bits, to flush the reg-
ister. Then the output polynomial U(X), or the output sequence U, of the Figure
7.3 encoder can be found for the input message m as follows:

mXg(X)=1+X)1+X+X)=1+X+ X+ Xx*
m(X)g,(X) = (1 + X)(1 + X?) =1+ X*
mXg (X) =1+ X+0X>+ X°+Xx*
m(X)g,(X) =1+ 0X+ 0X* + 0X° + X*

UX) = (1,1) + (1,0)X + (0,0)X% + (1,0)X° + (1, 1)X*
U=11 10 00 10 11
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In this example we started with another point of view—namely, that the convolu-
tional encoder can be treated as a set of cyclic code shift registers. We represented
the encoder with polynomial generators as used for describing cyclic codes.
However, we arrived at the same output sequence as in Figure 7.4 and at the same
output sequence as the impulse response treatment of the preceding section.
(For a good presentation of convolutional code structure in the context of linear
sequential circuits, see Reference [7].)

7.2.2 State Representation and the State Diagram

A convolutional encoder belongs to a class of devices known as finite-state ma-
chines, which is the general name given to machines that have a memory of past
signals. The adjective finite refers to the fact that there are only a finite number of
unique states that the machine can encounter. What is meant by the state of a
finite-state machine? In the most general sense, the state consists of the smallest
amount of information that, together with a current input to the machine, can pre-
dict the output of the machine. The state provides some knowledge of the past sig-
naling events and the restricted set of possible outputs in the future. A future state
is restricted by the past state. For a rate 1/n convolutional encoder, the state is rep-
resented by the contents of the rightmost K — 1 stages (see Figure 7.3). Knowledge
of the state together with knowledge of the next input is necessary and sufficient to
determine the next output. Let the state of the encoder at time ¢, be defined as X, =
M; 1, M;_9, ..., M;_g,1. The ith codeword branch U, is completely determined by
state X; and the present input bit m;; thus the state X represents the past history of
the encoder in determining the encoder output. The encoder state is said to be
Markov, in the sense that the probability P(X;, | X;, X;_1, ..., X,) of being in state
X, .1, given all previous states, depends only on the most recent state X; that is, the
probability is equal to P(X; . |X)).

One way to represent simple encoders is with a state diagram; such a
representation for the encoder in Figure 7.3 is shown in Figure 7.5. The states,
shown in the boxes of the diagram, represent the possible contents of the right-
most K — 1 stages of the register, and the paths between the states represent
the output branch words resulting from such state transitions. The states of the
register are designated a = 00, b = 10, ¢ = 01, and d = 11; the diagram shown in
Figure 7.5 illustrates all the state transitions that are possible for the encoder in
Figure 7.3. There are only two transitions emanating from each state, correspond-
ing to the two possible input bits. Next to each path between states is written the
output branch word associated with the state transition. In drawing the path, we
use the convention that a solid line denotes a path associated with an input bit,
zero, and a dashed line denotes a path associated with an input bit, one. Notice that
it is not possible in a single transition to move from a given state to any arbitrary
state. As a consequence of shifting-in one bit at a time, there are only two possible
state transitions that the register can make at cach bit time. For example, if the
present encoder state is 00, the only possibilities for the state at the next shift are 00
or 10.
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Example 7.1 Convolutional Encoding

For the encoder shown in Figure 7.3, show the state changes and the resulting output
codeword sequence U for the message sequence m =110 1 1, followed by K —1 =2
zeros to flush the register. Assume that the initial contents of the register are all zeros.

Figure 7.5 Encoder state diagram

(rate 3, K=3).

Solution
Branch
word
. Ste'lte al at time ¢
i Input Register State at time
bit m; contents time ) Uy Uy
— 000 00 00 -
1 100 00 10 1 1
1 110 10 11 0 1
0 011 11 01 0 1
' 1 101 01 10 0 1
1 110 10 11 0 1
0 011 11 01 0 1
0 001 01 00 1 1
[

et

state
f,

i+l

|
] Output sequence:
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Example 7.2 Convolutional Encoding

In Example 7.1 the initial contents of the register are all zeros. This is equivalent to
the condition that the given input sequence is preceded by two zero bits (the encoding
is a function of the present bit and the K — 1 prior bits). Repeat Example 7.1 with the
assumption that the given input sequence is preceded by two one bits, and verify that
now the codeword sequence U for input sequence m =11 0 1 1 is different than the
codeword found in Example 7.1.

Solution

The entry “X” signifies “don’t know.”

Branch
word
State at .
. . at time ¢;
Input Register State at time
bit m; contents time ¢ L i Uy
- 11X 1X 11 —
1 111 11 11 1 0
1 111 11 11 1 0
0 011 11 01 0 1
1 101 01 10 0 0
1 110 10 11 0 1
0 011 11 01 0 1
0 001 01 00 1 1
7\
J state ¢
state
fiv1

Output sequence: U=10 10 01 00 01 01 11

By comparing this result with that of Example 7.1, we can see that each branch
word of the output sequence U is not only a function of the input bit, but is also a
function of the K — 1 prior bits.

7.2.3 The Tree Diagram

Although the state diagram completely characterizes the encoder, one cannot eas-
ily use it for tracking the encoder transitions as a function of time since the diagram
cannot represent time history. The tree diagram adds the dimension of time to the
state diagram. The tree diagram for the convolutional encoder shown in Figure 7.3
is illustrated in Figure 7.6. At each successive input bit time the encoding proce-
dure can be described by traversing the diagram from left to right, each tree branch
describing an output branch word. The branching rule for finding a codeword se-
quence is as follows: If the input bit is a zero, its associated branch word is found by
moving to the next rightmost branch in the upward direction. If the input bit is a
one, its branch word is found by moving to the next rightmost branch in the down-
ward direction. Assuming that the initial contents of the encoder is all zeros, the

7.2 Convolutional Encoder Representation 3N




Codeword
branch

00

—

o
Q

11

11

]

392

01
01 d
a
00
11 a
T
10 c
10
00 b
11
11
01
00
01 d
01
10 d
10 dp=r—
00
00 a
e
11 a
10
M1 b
10
11
10
S T
00 b
01
01 d
Lo 4y
b
00
1M1 a
T
01 ¢
10
00 b
e HETEE
01
11
01 ¢
T T
10 - d
01
10 d
t2 t3 ta s

Figure 7.6 Tree representation
of encoder (rate 3, K= 3).

Chap. 7

Channel Coding: Part 2




ee representation -
1 K=3). o

diagram shows that if the first input bit is a zero, the output branch word is 00 and,
if the first input bit is a one, the output branch word is 11. Similarly, if the first
input bit is a one and the second input bit is a zero, the second output branch word
is 10. Or, if the first input bit is a one and the second input bit is a one, the second
output branch word is 01. Following this procedure we see that the input sequence
11011 traces the heavy line drawn on the tree diagram in Figure 7.6. This path
corresponds to the output codeword sequence 1101010001.

The added dimension of time in the tree diagram (compared to the state dia-
gram) allows one to dynamically describe the encoder as a function of a particular
input sequence. However, can you see one problem in trying to use a tree diagram
for describing a sequence of any length? The number of branches increases as a
function of 2-, where L is the number of branch words in the sequence. You would
quickly run out of paper, and patience.

7.2.4 The Trellis Diagram

Observation of the Figure 7.6 tree diagram shows that for this example, the struc-
ture repeats itself at time &, after the third branching (in general, the tree structure
repeats after K branchings, where K is the constraint length). We label each node in
the tree of Figure 7.6 to correspond to the four possible states in the shift register,
as follows: a = 00, b = 10, ¢ = 01, and d = 11. The first branching of the tree struc-
ture, at time f,, produces a pair of nodes labeled a and b. At each successive
branching the number of nodes double. The second branching, at time t,, results in
four nodes labeled g, b, ¢, and d. After the third branching, there are a total of eight
nodes: two are labeled a, two are labeled b, two are labeled ¢, and two are labeled
4. We can see that all branches emanating from two nodes of the same state gener-
ate identical branch word sequences. From this point on, the upper and the lower
halves of the tree are identical. The reason for this should be obvious from exami-
nation of the encoder in Figure 7.3. As the fourth input bit enters the encoder on
the left, the first input bit is ejected on the right and no longer influences the output
branch words. Consequently, the input sequences 1 00 xy ... and000xy...,
where the leftmost bit is the earliest bit, generate the same branch words after the
(K = 3)rd branching. This means that any two nodes having the same state label at
the same time ; can be merged, since all succeeding paths will be indistinguishable.
If we do this to the tree structure of Figure 7.6, we obtain another diagram, called
the trellis diagram. The trellis diagram, by exploiting the repetitive structure, pro-
vides a more manageable encoder description than does the tree diagram. The trel-
lis diagram for the convolutional encoder of Figure 7.3 is shown in Figure 7.7.

In drawing the trellis diagram, we use the same convention that we intro-
duced with the state diagram—a solid line denotes the output generated by an
input bit zero, and a dashed line denotes the output generated by an input bit one.
The nodes of the trellis characterize the encoder states; the first row nodes corre-
spond to the state a = 00, the second and subsequent rows correspond to the states
b =10, ¢ =01, and d = 11. At each unit of time, the trellis requires 2K=1 podes to
represent the 2~ ! possible encoder states. The trellis in our example assumes a
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Input bit 0

————— Input bit 1

Figure 7.7 Encoder trellis diagram (rate 3, K = 3).

fixed periodic structure after trellis depth 3 is reached (at time ¢,). In the general
case, the fixed structure prevails after depth K is reached. At this point and there-
after, each of the states can be entered from either of two preceding states. Also,
each of the states can transition to one of two states. Of the two outgoing branches,
one corresponds to an input bit zero and the other corresponds to an input bit one.
! On Figure 7.7 the output branch words corresponding to the state transitions
appear as labels on the trellis branches.

One time-interval section of a fully-formed encoding trellis structure com-
pletely defines the code. The only reason for showing several sections is for viewing
a code-symbol sequence as a function of time. The state of the convolutional en-
coder is represented by the contents of the rightmost K — 1 stages in the encoder
register. Some authors describe the state as the contents of the leftmost K — 1
stages. Which description is correct? They are both correct in the following sense.
Every transition has a starting state and a terminating state. The rightmost K - 1
stages describe the starting state for the current input, which is in the leftmost stage
(assuming a rate 1/n encoder). The leftmost K — 1 stages represent the terminat-
ing state for that tramsition. A code-symbol sequence is characterized by N
branches (representing N data bits) occupying N intervals of time and associated
] with a particular state at each of N + 1 times (from start to finish). Thus, we launch
- bits at times £, &, . . . , ty, and are interested in state metrics at times ¢,, ,, . . . , by I-
The convention used here is that the current bit is located in the leftmost stage (not

i on a wire leading to that stage), and the rightmost K — 1 stages start in the all-zeros
\ '. state. We refer to this time as the start time and label it ;. We refer to the conclud-
ing time of the last transition as the terminating time and label it ¢y, ,.
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7.3 FORMULATION OF THE CONVOLUTIONAL
DECODING PROBLEM

7.3.1 Maximum Likelihood Decoding

If all input message sequences are equally likely, a decoder that achieves the mini-
mum probability of error is one that compares the conditional probabilities, also
called the likelihood functions P(Z|U"™), where Z is the received sequence and
U™ is one of the possible transmitted sequences, and chooses the maximum. The
decoder chooses U™ if

P(Z|U™)) = max P(Z[U"™)

over all U™ (Ve

The maximum likelihood concept, as stated in Equation (7.1), is a fundamental
development of decision theory (see Appendix B); it is the formalization of a
“common-sense” way to make decisions when there is statistical knowledge of the
possibilities. In the binary demodulation treatment in Chapters 3 and 4 there were
only two equally likely possible signals, s,(f) or s,(¢), that might have been transmit-
ted. Therefore, to make the binary maximum likelihood decision, given a received
signal, meant only to decide that s,(f) was transmitted if

p(zls1) > p(zls2)

otherwise, to decide that s,(f) was transmitted. The parameter z represents z(7T),
the receiver predetection value at the end of each symbol duration time ¢ = 7. How-
ever, when applying maximum likelihood to the convolutional decoding problem,
we observe that the convolutional code has memory (the received sequence repre-
sents the superposition of current bits and prior bits). Thus, applying maximum
likelihood to the decoding of convolutionally encoded bits is performed in the con-
text of choosing the most likely sequence, as shown in Equation (7.1). There are
typically a multitude of possible codeword sequences that might have been trans-
mitted. To be specific, for a binary code, a sequence of L branch words is a member
of a set of 2¥ possible sequences. Therefore, in the maximum likelihood context, we
can say that the decoder chooses a particular U™ as the transmitted sequence if
the likelihood P(Z[U"") is greater than the likelihoods of all the other possible
transmitted sequences. Such an optimal decoder, which minimizes the error proba-
bility (for the case where all transmitted sequences are equally likely), is known as
a maximum likelihood decoder. The likelihood functions are given or computed
from the specifications of the channel.

We will assume that the noise is additive white Gaussian with zero mean and
thus the channel is memoryless, which means that the noise affects each code sym-
bol independently of all the other symbols. For a convolutional code of rate 1/n, we
can therefore express the likelihood as

n

P(ziv™) = TTP(ZJUt) = TT 112G, ) 72

o0
i=1 j=1
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where Z; is the ith branch of the received sequence Z, U™ is the ith branch of 3
particular codeword sequence U™, z; is the jth code symbol of Z,, and u"" i the
Jth code symbol of U™, and each branch comprises # code symbols. The decoder
problem consists of choosing a path through the trellis of Figure 7.7 (each possibje
path defines a codeword sequence) such that

11 H P(z;ulV) is maximized (73)
=1

i=1 j

Generally, it is computationally more convenient to use the logarithm of the
likelihood function since this permits the summation, instead of the multiplicatiop,
of terms. We are able to use this transformation because the logarithm is a monot.
nically increasing function and thus will not alter the final result in our codeworq
selection. We can define the log-likelihood function as

n

w0 [==]
Yylm) =log P(ZIU™) = X log P(Z|UM) =3 3 log P(z,,ulm) (7.4)
i=1 i=1j=1
The decoder problem now consists of choosing a path through the tree of Figure
7.6 or the trellis of Figure 7.7 such that yy(m) is maximized. For the decoding of
convolutional codes, either the tree or the trellis structure can be used. In the tree
representation of the code, the fact that the paths remerge is ignored. Since for 3
binary code, the number of possible sequences made up of L branch words is 2,
maximum likelihood decoding of such a received sequence, using a tree diagram,
requires the “brute force™ or exhaustive comparison of 2¢ accumulated log-
likelihood metrics, representing all the possible different codeword sequences that
could have been transmitted. Hence it is not practical to consider maximum likeli-
hood decoding with a tree structure. It is shown in a later section that with the use
of the trellis representation of the code, it is possible to configure a decoder which
can discard the paths that could not possibly be candidates for the maximum likeli-
hood sequence. The decoded path is chosen from some reduced set of Surviving
paths. Such a decoder is still optimum in the sense that the decoded path is the
same as the decoded path obtained from a “brute force” maximum likelihood de-
coder, but the early rejection of unlikely paths reduces the decoding complexity.
For an excellent tutorial on the structure of convolutional codes, maximum
likelihood decoding, and code performance, see Reference [8]. There are several
algorithms that yield approximate solutions to the maximum likelihood decoding
problem, including sequential [9, 10] and threshold [11]. Each of these algorithms is
suited to certain special applications, but are all suboptimal. In contrast, the Viterbi
decoding algorithm performs maximum likelihood decoding and is therefore opti-
mal. This does not imply that the Viterbi algorithm is best for every application;
there are severe constraints imposed by hardware complexity. The Viterbl
algorithm is considered in Sections 7.3.3 and 7.3.4.

7.3.2 Channel Models: Hard versus Soft Decisions

Before specifying an algorithm that will determine the maximum likelihood deci-
sion, let us describe the channel. The codeword sequence U™, made up of branch
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words, with each branch word comprised of n code symbols, can be considered to
be an endless stream, as opposed to a block code, in which the source data and
their codewords are partitioned into precise block sizes. The codeword sequence
shown in Figure 7.1 emanates from the convolutional encoder and enters the mod-
ulator, where the code symbols are transformed into signal waveforms. The modu-
lation may be baseband (e.g., pulse waveforms) or bandpass (e.g., PSK or FSK). In
general, € symbols at a time, where € is an integer, are mapped into signal wave-
forms s,(t), where i=1,2,..., M= 2¢. When € = 1, the modulator maps each code
symbol into a binary waveform. The channel over which the waveform is transmit-
ted is assumed to corrupt the signal with Gaussian noise. When the corrupted sig-
nal is received, it is first processed by the demodulator and then by the decoder.
Consider that a binary signal transmitted over a symbol interval (0, T)is repre-
sented by s, () for a binary one and s,(¢) for a binary zero. The received signal is r(¢) =
st) + n(f), where n(t) is a zero-mean Gaussian noise process. In Chapter 3 we de-
scribed the detection of r(f) in terms of two basic steps. In the first step, the received
waveform is reduced to a single number, z(T') = a;+ i, where a; is the signal compo-
nent of z(T') and ny is the noise component. The noise component, 1, is a zero-mean
Gaussian random variable, and thus z(T) is a Gaussian random variable with a mean
of either a; or a, depending on whether a binary one or binary zero was sent. In the
second step of the detection process a decision was made as to which signal was trans-
mitted, on the basis of comparing z(T') to a threshold. The conditional probabilities
of z(T), p(zls;), and p(z|s,) are shown in Figure 7.8, labeled likelihood of s, and likeli-
hood of s,. The demodulator in Figure 7.1, converts the set of time-ordered random
variables {z(T)} into a code sequence Z, and passes it on to the decoder. The demod-
ulator output can be configured in a variety of ways. It can be implemented to make
a firm or hard decision as to whether z(T) represents a zero or a one. In this case, the
output of the demodulator is quantized to two levels, zero and one, and fed into the
decoder (this is exactly the same threshold decision that was made in Chapters 3

Likelihood of s2 Likelihood of s4
plzls2) pzlsy)

z(T)
000 001 010 011 100 101 110 111 8-level soft decision
6 1 2-level hard decision
Figure 7.8 Hard and soft decoding decisions.
7.3 Formulation of the Convolutional Decoding Problem 397




and 4). Since the decoder Operates on the hard decisions made by the demodulatOr,
the decoding is called hard-decision decoding.

The demodulator can also be configured to feed the decoder with a quantizeq
value of z(T) greater than two levels, Such an implementation furnishes the decodey
with more information than is provided in the hard-decision case. When the quantj.
zation level of the demodulator output is greater than two, the decoding is calleq
soft-decision decoding, Eight levels (3-bits) of quantization are illustrated on the
abscissa of Figure 7.8. When the demodulator sends a hard binary decision to the
decoder, it sends it a single binary symbol. When the demodulator sends a soft bi-
nary decision, quantized to eight levels, it sends the decoder a 3-bit word describing
an interval along z(7). In effect, sending such a 3-bit word in place of a single pb;.
nary symbol is equivalent to sending the decoder a measure of confidence along
with the code-symbol decision, Referring to Figure 7.8, if the demodulator sends
1 11 to the decoder, this is tantamount to declaring the code symbol to be a one
with very high confidence, while sending a 1 0 0 is tantamount to declaring the code
symbol to be a one with very low confidence. It should be clear that ultimately,
every message decision out of the decoder must be a hard decision: otherwise, one
might see computer printouts that read: “think it’s a 1,” “think it’s a 0,” and so on,
The idea behind the demodulator not making hard decisions and sending more
data (soft decisions) to the decoder can be thought of as an interim step to provide
the decoder with more information, which the decoder then uses for recovering the
message sequence (with better error performance than it could in the case of hard-
decision decoding), In Figure 7.8, the 8-level soft-decision metric is often shown as
-7,-5,-3,-1,1,3,5,7. Such a designation lends itself to a simple interpretation of
the soft decision: The sign of the metric represents a decision (e.g,., choose 8y if
positive, choose s, if negative), and the magnitude of the metric represents the
confidence level of that decision. The only advantage for the metric shown in
Figure 7.8 is that it avoids the use of negative numbers,

For a Gaussian channel, eight-level quantization results in a performance im-
provement of approximately 2 dB in required signal-to-noise ratio compared (o
two-level quantization. This means that eight-level soft-decision decoding can pro-
vide the same probability of bit error as that of hard-decision decoding, but
requires 2 dB less E,/N, for the same performance. Analog (or infinite-level quan-
tization) results in a 2.2-dB performance improvement over two-level quantization;
therefore, eight-level quantization results in a loss of approximately 0.2 dB com-
pared to infinitely fine quantization, For this reason, quantization to more than
eight levels can yield little performance improvement [12]. What price is paid for
such improved soft-decision-decoder performance? In the case of hard-decision
decoding, a single bit is used to describe each code symbol, while for eight-level
quantized soft-decision decoding 3 bits are used to describe each code symbol;
therefore, three times the amount of data must be handled during the decoding
process. Hence the price paid for soft-decision decoding is an increase in required
memory size at the decoder (and possibly a speed penalty).

Block decoding algorithms and convolutional decoding algorithms have been
devised to operate with hard or soft decisions. However, soft-decision decoding is
generally not used with block codes because it is considerably more difficult than
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hard-decision decoding to implement. The most prevalent use of soft-decision
decoding is with the Viterbi convolutional decoding algorithm, since with Viterbi
decoding, soft decisions represent only a trivial increase in computation.

7.3.2.1 Binary Symmetric Channel

A binary symmetric channel (BSC) is a discrete memoryless channel (see
Section 6.3.1) that has binary input and output alphabets and symmetric transition
probabilities. It can be described by the conditional probabilities

P(Ol1) = P(110) = p (1.5)

P@N) = P(0l0) =1~ p

as illustrated in Figure 7.9. The probability that an output symbol will differ from
the input symbol is p, and the probability that the output symbol will be identical to
the input symbol is (1 — p). The BSC is an example of a hard-decision channel,
which means that, even though continuous-valued signals may be received by the
demodulator, a BSC allows only firm decisions such that each demodulator output
symbol, z;;, as shown in Figure 7.1, consists of one of two binary values. The index-
ing of z;; pertains to the jth code symbol of the ith branch word, Z;. The demodula-
tor then feeds the sequence Z = {Z}} to the decoder.

Let U™ be a transmitted codeword over a BSC with symbol error probability
p, and let Z be the corresponding received decoder sequence. As noted previously,
a maximum likelihood decoder chooses the codeword U™ that maximizes the
likelihood P(Z[U) or its logarithm. For a BSC, this is equivalent to choosing the
codeword U that is closest in Hamming distance to Z [8]. Thus Hamming dis-
tance is an appropriate metric to describe the distance or closeness of fit between
U™ and Z. From all the possible transmitted sequences U™, the decoder chooses
the U sequence for which the distance to Z is minimum.

Suppose that U™ and Z are each L-bit-long sequences and that they differ in
d,, positions [i.e., the Hamming distance between U™ and Z is d,,]. Then, since the

Transition probabilities
1-
& 0

Received
signals

Transmitted
signals

1

Figure 7.9 Binary symmetric channel (hard-decision channel).
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channel is assumed to be memoryless, the probability that this U™ was trans.
formed to the specific received Z at distance d,, from it can be written as

P(Z’U('”)) = pdnl(l - p)L7dm (76)

and the log-likelihood function is

1 —
log P(Z[U™) = ~d,log < E p) + Llog (1 - p) (7.7

If we compute this quantity for each possible transmitted sequence, the last term in
the equation will be constant in each case. Assuming that p < 0.5, we can express
Equation (7.7) as

log P(Z|U™)) = —Ad, — B (7.8)

where A and B are positive constants. Therefore, choosing the codeword um)
such that the Hamming distance dy, to the received sequence Z is minimized, corre-
sponds to maximizing the likelihood or log-likelihood metric. Consequently, over a
BSC, the log-likelihood metric is conveniently replaced by the Hamming distance,
and a maximum likelihood decoder will choose, in the tree or trellis diagram, the
path whose corresponding sequence U™ is at the mininuum Hamming distance to
the received sequence Z.

7.3.2.2 Gaussian Channel

For a Gaussian channel, each demodulator output symbol z;;, as shown in
Figure 7.1, is a value from a continuous alphabet. The symbol z;; cannot be labeled
as a correct or incorrect detection decision. Sending the decoder such soft decisions
can be viewed as sending a family of conditional probabilities of the different sym-
bols (see Section 6.3.1). It can be shown [8] that maximizing P(Z|U"") is equivalent
to maximizing the inner product between the codeword sequence U™ (consisting
of binary symbols represented as bipolar values) and the analog-valued received
sequence Z. Thus, the decoder chooses the codeword U™ if it maximizes

@ n

> > zulm (7.9)

i=1 j=1
This is equivalent to choosing the codeword U™ that is closest in Euclidean dis-
tance to Z. Even though the hard- and soft-decision channels require different met-
rics, the concept of choosing the codeword U™ that is closest to the received
sequence, Z, is the same in both cases. To implement the maximization of Equa-
tion (7.9) exactly, the decoder would have to be able to handle analog-valued arith-
metic operations. This is impractical because the decoder is generally implemented
digitally. Thus it is necessary to quantize the received symbols z;;. Does Equal?oﬁ
(7.9) remind you of the demodulation treatment in Chapters 3 and 4? Equation
(7.9) is the discrete version of correlating an input received waveform, r(r), with a
reference waveform, s,(¢), as expressed in Equation (4.15). The quantized Gaussian
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channel, typically referred to as a soft-decision channel, is the channel model
assumed for the soft-decision decoding described earlier.

7.3.3 The Viterbi Convolutional Decoding Algorithm

The Viterbi decoding algorithm was discovered and analyzed by Viterbi [13] in 1967.
The Viterbi algorithm essentially performs maximum likelihood decoding; how-
ever, it reduces the computational load by taking advantage of the special structure
in the code trellis. The advantage of Viterbi decoding, compared with brute-force
decoding, is that the complexity of a Viterbi decoder is not a function of the num-
ber of symbols in the codeword sequence. The algorithm involves calculating a
measure of similarity, or distance, between the received signal, at time ¢;, and all the
trellis paths entering each state at time ¢,. The Viterbi algorithm removes from con-
sideration those trellis paths that could not possibly be candidates for the maxi-
mum likelihood choice. When two paths enter the same state, the one having the
best metric is chosen; this path is called the surviving path. This selection of surviv-
ing paths is performed for all the states. The decoder continues in this way to ad-
vance deeper into the trellis, making decisions by eliminating the least likely paths.
The early rejection of the unlikely paths reduces the decoding complexity. In 1969,
Omura [14] demonstrated that the Viterbi algorithm is, in fact, maximum likeli-
hood. Note that the goal of selecting the optimum path can be expressed, equiva-
lently, as choosing the codeword with the maximum likelihood metric, or as
choosing the codeword with the minimum distance metric.

7.3.4 An Example of Viterbi Convolutional Decoding

For simplicity, a BSC is assumed; thus Hamming distance is a proper distance mea-
sure. The encoder for this example is shown in Figure 7.3, and the encoder trellis
diagram is shown in Figure 7.7. A similar trellis can be used to represent the de-
coder, as shown in Figure 7.10. We start at time ¢, in the 00 state (flushing the en-
coder between messages provides the decoder with starting-state knowledge).
Since in this example, there are only two possible transitions leaving any state, not
all branches need be shown initially. The full trellis structure evolves after time t,.
The basic idea behind the decoding procedure can best be understood by examin-
ing the Figure 7.7 encoder trellis in concert with the Figure 7.10 decoder trellis. For
the decoder trellis it is convenient at each time interval, to label each branch with
the Hamming distance between the received code symbols and the branch word
corresponding to the same branch from the encoder trellis. The example in Figure
7.10 shows a message sequence m, the corresponding codeword sequence U, and a
noise corrupted received sequence Z =11 01 01 10 01.. ... The branch words seen
on the encoder trellis branches characterize the encoder in Figure 7.3, and are
known a priori to both the encoder and the decoder. These encoder branch words
are the code symbols that would be expected to come from the encoder output as a
result of each of the state transitions. The labels on the decoder trellis branches are
accumulated by the decoder on the fly. That is, as the code symbols are received,
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Figure 7.10 Decoder trellis diagram (rate % K=3).

each branch of the decoder trellis is labeled with a metric of similarity (Hamming
distance) between the received code symbols and each of the branch words for that
time interval. From the received sequence Z, shown in Figure 7.10, we sce that the
code symbols received at (following) time # are 11. In order to label the decoder
branches at (departing) time #; with the appropriate Hamming distance metric, we
look at the Figure 7.7 encoder trellis. Here we see that a state 00 — 00 transition
yields an output branch word of 00. But we received 11. Therefore, on the decoder
trellis we label the state 00 — 00 transition with Hamming distance between them,
namely 2. Looking at the encoder trellis again, we see that a state 00 — 10 transi-
tion yields an output branch word of 11, which corresponds exactly with the code
symbols we received at time ¢,. Therefore, on the decoder trellis, we label the state
00 — 10 transition with a Hamming distance of 0. In summary, the metric entered
on a decoder trellis branch represents the difference (distance) between what was
received and what “should have been” received had the branch word associated
with that branch been transmitted. In effect, these metrics describe a correlation-
like measure between a received branch word and each of the candidate branch
words. We continue labeling the decoder trellis branches in this way as the symbols
are received at each time #,. The decoding algorithm uses these Hamming distance
metrics to find the most likely (minimum distance) path through the trellis.

The basis of Viterbi decoding is the following observation: If any two paths in
the trellis merge to a single state, one of them can always be eliminated in the
search for an optimum path. For example, Figure 7.11 shows two paths merging at
time ¢ to state 00. Let us define the cumulative Hamming path metric of a givel
path at time ( as the sum of the branch Hamming distance metrics along that path
up to time ;. In Figure 7.11 the upper path has metric 4; the lower has metric 1. The
upper path cannot be a portion of the optimum path because the lower path, which
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Figure 7.11  Path metrics for two merging paths.

enters the same state, has a lower metric. This observation holds because of the
Markov nature of the encoder state: The present state summarizes the encoder his-
tory in the sense that previous states cannot affect future states or future output
branches.

At each time , there are 25~ ! states in the trellis, where K is the constraint
length, and each state can be entered by means of two paths. Viterbi decoding con-
sists of computing the metrics for the two paths entering each state and eliminating
one of them. This computation is done for each of the 2%~ states or nodes at time #;
then the decoder moves to time ¢, ; and repeats the process. At a given time, the
winning path metric for each state is designated as the state metric for that state at
that time. The first few steps in our decoding example are as follows (see Figure
7.12). Assume that the input data sequence m, codeword U, and received sequence
Z. are as shown in Figure 7.10. Assume that the decoder knows the correct initial
state of the trellis. (This assumption is not necessary in practice, but simplifies the
explanation.) At time ¢ the received code symbols are 11. From state 00 the only
possible transitions are to state 00 or state 10, as shown in Figure 7.12a. State 00 —
00 transition has branch metric 2: state 00 — 10 transition has branch metric 0. At
time 1, there are two possible branches leaving each state, as shown in Figure 7.12b.
The cumulative metrics of these branches are labeled state metrics I';, I, I, and
T, corresponding to the terminating state. At time 5 in Figure 7.12¢ there are again
two branches diverging from each state. As a result, there are two paths entering
cach state at time f,. One path entering each state can be eliminated, namely, the
one having the larger cumulative path metric. Should metrics of the two entering
paths be of equal value, one path is chosen for elimination by using an arbitrary
rule. The surviving path into each state is shown in Figure 7.12d. At this point in
the decoding process, there is only a single surviving path, termed the common
stem, between times ¢, and t,. Therefore, the decoder can now decide that the state
transition which occurred between ¢, and r, was 00 — 10. Since this transition is
produced by an input bit one, the decoder outputs a one as the first decoded bit.
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Here we can see how the decoding of the surviving branch is facilitated by having
drawn the trellis branches with solid lines for input zeros and dashed lines for input
ones. Note that the first bit was not decoded until the path metric computation had
proceeded to a much greater depth into the trellis, For a typical decoder implemen-
tation, this represents a decoding delay which can be as much as five times the con-
straint length in bits.

At each succeeding step in the decoding process, there will always be two
possible paths entering each state; one of the two will be eliminated by comparing
the path metrics. Figure 7.12e shows the next step in the decoding process. Again,
at time f5 there are two paths entering each state, and one of each pair can be elimi-
nated. Figure 7.12f shows the survivors at time ts. Notice that in our example we
cannot yet make a decision on the second input data bit because there still are two
paths leaving the state 10 node at time f. At time f; in Figure 7.12g we again see the
pattern of remerging paths, and in Figure 7.12h we see the survivors at time f
Also, in Figure 7.12h the decoder outputs one as the second decoded bit, corre-
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Figure 7.12 (Continued)

sponding to the single surviving path between %, and #;. The decoder continues in
this way to advance deeper into the trellis and to make decisions on the input data
bits by eliminating all paths but one.

Pruning the trellis (as paths remerge) guarantees that there are never more
paths than there are states. For this example, verify that after each pruning in Fig-
ures 7.12b, d, f, and h, there are only 4 paths. Compare this to attempting a “brute
force” maximume-likelihood sequence estimation without using the Viterbi algo-
rithm. In that case, the number of possible paths (representing possible sequences)
is an exponential function of sequence length. For a binary codeword sequence that
has a length of L. branch words, there are 2* possible sequences.

7.3.5 Decoder Implementation

In the context of the trellis diagram of Figure 7.10, transitions during any one time
interval can be grouped into 2"~ ! disjoint cells, each cell depicting four possible
transitions, where v = K — 1 is called the encoder memory. For the K = 3 example,
v=2and 2’ ! =2 cells. These cells are shown in Figure 7.13, where q, b, ¢, and d
refer to the states at time ¢, and a’, b’, ¢’, and d’ refer to the states at time ¢;, ;.
Shown on each transition is the branch metric 3,,, where the subscript indicates that
the metric corresponds to the transition from state x to state y. These cells and the
associated logic units that update the state metrics {I',}, where x designates a partic-
ular state, represent the basic building blocks of the decoder.
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;i . 7.3.5.1 Add-Compare-Select Computation
Continuing with the K = 3, 2-cell example, Figure 7.14 illustrates the logic unit
E that corresponds to cell 1. The logic executes the special purpose computation
l called add-compare-select (ACS). The state metric T, is calculated by adding the

=] previous-time state metric of state a, I',, to the branch metric 8,4 and the previous-
time state metric of state ¢, I',, to the branch metric 8. This results in two possible
path metrics as candidates for the new state metric I',. The two candidates are
compared in the logic unit of Figure 7.14. The largest likelihood (smallest distance)
of the two path metrics is stored as the new state metric I, for state a. Also stored
is the new path history m, for state a, where 1, is the message-path history of the
| state augmented by the data of the winning path.

[ I
T ¥
1
II s 'Sm'_"'G 6ab'_"'C'{ID 5:::’)'{*’)
tafl
" | ~ - - A
¥ Mg Mg Mg Mg
E : R by i
Select | _ | Select Select | _ | Select
1-0f-2 [~ | 1-of-2 1-of-2 1 1-0f-2
To another logic unit To another logic unit

Figure 7.14 Logic unit that implements the add-compare-select functions
corresponding to cell #1.
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Also shown in Figure 7.14 is the cell-1 ACS logic that yields the new state
metric I’y and the new path history . This ACS operation is similarly performed
for the paths in other cells. The oldest bit on the path with the smallest state metric
forms the decoder output.

7.3.5.2 Add-Compare-Select as seen on the Trellis

Consider the same example that was used for describing Viterbi decoding in
Section 7.3.4. The message sequence was m = 11011, the codeword sequence was
U =11 01 01 00 01, and the received sequence was 7 =11 01 01 10 01. Figure 7.15
depicts a decoding trellis diagram similar to Figure 7.10. A branch metric that labels
each branch is the Hamming distance between the received code symbols and the
corresponding branch word from the encoder trellis. Additionally, the Figure 7.15
trellis indicates a value at each state x, and for each time from time £, to ¢, which is a
state metric I',. We perform the add-compare-select (ACS) operation when there
are two transitions entering a state, as there are for times ¢, and later. For example
at time t,, the value of the state metric for state a is obtained by incrementing the
state metric T, = 3 at time # with the branch metric 5,, = 1 yielding a candidate
value of 4. Simultaneously, the state metric [, =2 at time £; is incremented with the
branch metric 8., = 1 yielding a candidate value of 3. The select operation of the
ACS process selects the largest-likelihood (minimum distance) path metric as the
new state metric; hence, for state a at time £y, the new state metric is I, = 3. The win-
ning path is shown with a heavy line and the path that has been dropped is shown
with a lighter line. On the trellis of Figure 7.15, observe the state metrics from left to
right. Verify that at each time. the value of each state metric is obtained by incre-
menting the connected state metric from the previous time along the winning path
(heavy line) with the branch metric between them. At a given time, starting with the

Z: 11 01 01 10 01

b=10e
c=01e
T
State

" .

d=11e metric

Decoded Output: 1 1 0 1 1 3

Branch
metric

Figure 7.15 Add-compare-select computations in Viterbi decoding.
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state having the smallest T", the decoder output is formed by tracing the winning
branches back to the oldest bit on the path. As an example, looking at time f, in Fig.
ure 7.15, we see that the minimum-distance state metric has a value of 1. From thjg
state d, the winning path can be traced back to time t;, and one can verify that the
decoded message is the same as the original message, by the convention that dasheq
and solid lines represent binary ones and zeros respectively.

7.3.6 Path Memory and Synchronization

The storage requirements of the Viterbi decoder grow exponentially with con-
straint length K. For a code with rate 1/n, the decoder retains a set of 25! paths
after each decoding step. With high probability, these paths will not be mutually
disjoint very far back from the present decoding depth [12]. All of the 2% paths
tend to have a common stem which cventually branches to the various states. Thus
if the decoder stores enough of the history of the 25! paths, the oldest bits on a]
paths will be the same. A simple decoder implementation, then, contains a fixed
amount of path history and outputs the oldest bit on an arbitrary path each time it
steps one level deeper into the trellis. The amount of path storage required is [12]

u = p2K-1 (7.10)

where h is the length of the information bit path history per state. A refinement,
which minimizes the value of &, uses the oldest bit on the most likely path as the
decoder output, instead of the oldest bit on an arbitrary path. It has been demon-
strated [12] that a value of 4 of 4 or 5 times the code constraint length is sufficient
for near-optimum decoder performance. The storage requirement u is the basic
limitation on the implementation of Viterbi decoders. Commercial decoders are
limited to a constraint length of about X = 10. Efforts to increase coding gain by
further increasing constraint length are met by the exponential increase in memory
requirements (and complexity) that follows from Equation (7.10).

Branch word synchronization is the process of determining the beginning of a
branch word in the received sequence. Such synchronization can take place without
new information being added to the transmitted symbol stream because the received
data appear to have an excessive error rate when not synchronized. Therefore, a sim-
ple way of accomplishing synchronization is to monitor some concomitant indication
of this large error rate, that is, the rate at which the state metrics are increasing or the
rate at which the surviving paths in the trellis merge. The monitored parameters are
compared to a threshold, and synchronization is then adjusted accordingly.

7.4 PROPERTIES OF CONVOLUTIONAL CODES

7.4.1 Distance Properties of Convolutional Codes

Consider the distance properties of convolutional codes in the context of the sim-
ple encoder in Figure 7.3 and its trellis diagram in Figure 7.7. We want to evaluate
the distance between all possible pairs of codeword sequences. As in the case of
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block codes (see Section 6.5.2), we are interested in the minimum distance between
all pairs of such codeword sequences in the code, since the minimum distance is re-
lated to the error-correcting capability of the code. Because a convolutional code is
a group or linear code [6], there is no loss in generality in simply finding the mini-
mum distance between each of the codeword sequences and the all-zeros sequence.
In other words, for a linear code, any test message is just as “good” as any other
test message. So, why not choose one that is easy to keep track of—namely, the all-
zeros sequence? Assuming that the all-zeros input sequence was transmitted, the
paths of interest are those that start and end in the 00 state and do not return to the
00 state anywhere in between. An error will occur whenever the distance of any
other path that merges with the a = 00 state at time ¢, is less than that of the all-
zeros path up to time f;, causing the all-zeros path to be discarded in the decoding
process. In other words, given the all-zeros transmission, an error occurs whenever
the all-zeros path does not survive. Thus, an error of interest is associated with a
surviving path that diverges from and then remerges to the all-zeros path. One
might ask, Why is it necessary for the path to remerge? Isn’t the divergence enough
to indicate an error? Yes, of course, but an error characterized by only a diver-
gence means that the decoder, from that point on, will be outputting “garbage” for
the rest of the message duration. We want to quantify the decoder’s capability in
terms of errors that will usually take place—that is, we want to learn the “easiest”
way for the decoder to make an error. The minimum distance for making such an
error can be found by exhaustively examining every path from the 00 state to the
00 state. First, let us redraw the trellis diagram, shown in Figure 7.16, labeling each
branch with its Hamming distance from the all-zeros codeword instead of with its
branch word symbols. The Hamming distance between two unequal-length se-
quences will be found by first appending the necessary number of zeros to the
shorter sequence to make the two sequences equal in length. Consider all the paths
that diverge from the all-zeros path and then remerge for the first time at some ar-
bitrary node. From Figure 7.16 we can compute the distances of these paths from
the all-zeros path. There is one path at distance 5 from the all-zeros path; this path
departs from the all-zeros path at time £, and merges with it at time ¢,. Similarly,
there are two paths at distance 6, one which departs at time 1, and merges at time fs,
and the other which departs at time #; and merges at time £, and so on. We can also
see from the dashed and solid lines of the diagram that the input bits for the
distance 5 path are 1 0 0; it differs in only one input bit from the all-zeros input
sequence. Similarly, the input bits for the distance 6 paths are 11 00and 1010 0;
cach differs in two positions from the all-zeros path. The minimum distance in the
set of all arbitrarily long paths that diverge and remerge, called the minimum free
distance, or simply the free distance, is seen to be 5 in this example, as shown with
the heavy lines in Figure 7.16. For calculating the error-correcting capability of the
code, we repeat Equation (6.44) with the minimum distance d;, replaced by the
free distance dyas

¢ = Ldf; 1J (7.11)
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State @ =00 g\

c=01e

Figure 7.16  Trellis diagram, labeled with distances from the all-zeros path.

where | x| means the largest integer no greater than x. Setting d;= 5, we see that the
code, characterized by the Figure 7.3 encoder, can correct any two channel errors,
(See Section 7.4.1.1.)

A trellis diagram represents “the rules of the game.” It is a shorthand descrip-
tion of all the possible transitions and their corresponding start and finish states as-
sociated with a particular finite-state machine. The trellis diagram offers some
insight into the benefit (coding gain) when using error-correction coding. Consider
Figure 7.16 and the possible divergence-remergence error paths. From this picture
one sees that the decoder cannot make an error in any arbitrary way. The error
path must follow one of the allowable transitions. The trellis pinpoints all such al-
lowable paths. By having encoded the data in this way, we have placed constraints
on the transmitted signal. The decoder knows these constraints, and this knowl-
edge enables the system to more easily (using less £,/N,) meet some error perfor-
mance requirements.

Although Figure 7.16 presents the computation of free distance in a straight-
forward way, a more direct closed-form expression can be obtained by starting with
the state diagram in Figure 7.5. First, we label the branches of the state diagram as
either D’ =1, D', or D?, shown in Figure 7.17, where the exponent of D denotes the
Hamming distance from the branch word of that branch to the all-zeros branch.
The self-loop at node a can be eliminated since it contributes nothing to the dis-
tance properties of a codeword sequence relative to the all-zeros sequence. Fur-
thermore, node a can be split into two nodes (labeled a and e), one of which
represents the input and the other the output of the state diagram. All paths origl-
nating at a = 00 and terminating at e = 00 can be traced on the modified state dia-
gram of Figure 7.17. We can calculate the transfer function of path a b ¢ ¢ (starting
and ending at state 00) in terms of the indeterminate “placeholder” D, as D?> D D’
= D’. The exponent of D represents the cumulative tally of the number of ones il
the path, and hence the Hamming distance from the ali-zeros path. Similarly, the
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paths ab d ceand a b ¢ b ¢ e each have the transfer function D® and thus a Ham-
ming distance of 6 from the all-zeros path. We now write the state equations as

X, = DX, + X,

X, = DX, + DX,
X, = D*X,
where X, ..., X, are dummy variables for the partial paths to the intermediate

nodes. The transfer function, T(D), sometimes called the generating function of the
code can be expressed as T(D) = X,/X,. By solving the state equations shown in
Equation (7.12), we obtain [15, 16]

DS
1-2D
=D’ + 2D+ 4D7 + - +2'DF5 + .

T(D) = (7.13)

The transfer function for this code indicates that there is a single path of distance 5
from the all-zeros path, two of distance 6, four of distance 7, and in general, there
are 2¢ paths of distance € + 5 from the all-zeros path, where €=0,1,2, . ... The free
distance d; of the code is the Hamming weight of the lowest-order term in the ex-
pansion of T(D). In this example dy= 5. In evaluating distance properties, the trans-
fer function, T(D), cannot be used for long constraint lengths since the complexity
of T(D) increases exponentially with constraint length.

The transfer function can be used to provide more detailed information than
just the distance of the various paths. Let us introduce a factor L into each branch
of the state diagram so that the exponent of L can serve as a counter to indicate the
number of branches in any given path from state a = 00 to state e = 00. Further-
more, we can introduce a factor N into all branch transitions caused by the input bit
one. Thus, as each branch is traversed, the cumulative exponent on N increases by
one, only if that branch transition is due to an input bit one. For the convolutional
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code characterized in the Figure 7.3 example, the additional factors L and N are
shown on the modified state diagram of Figure 7.18. Equations (7.12) can now be
modified as follows:

X, = D!LNX, + LNX,
XC = DLXb + DLX,

(7.14)
Xd = DLNXb W DLNXd
X, = D’LX,
The transfer function of this augmented state diagram is
D’I’N
7D, L,N) = :
(D, L, N) 1 = DL(1 + L)N

= D’L3N + DLY1 + L)N? + D'L(1 + L)*N® (7.15)
= mE +D£’+5L€+3N€+1 =

Thus, we can verify some of the path properties displayed in Figure 7.16. There is
one path of distance 5, length 3, which differs in one input bit from the all-zeros
path. There are two paths of distance 6, one of which is length 4, the other length 5,
and both differ in two input bits from the all-zeros path. Also, of the distance 7
paths, one is of length 5, two are of length 6, and one is of length 7 all four paths
correspond to input sequences that differ in three input bits from the all-zeros path.
Thus if the all-zeros path is the correct path and the noise causes us to choose one
of the incorrect paths of distance 7, three bit errors will be made.

-

- ~

Ve LN ~

Figure 7.18 State diagram,
labeled according to distance,
length, and number of input ones.

7.4.1.1 Error-Correcting Capability of Convolutional Codes

In the study of block codes in Chapter 6, we saw that the error-correcting ca-
pability, ¢, represented the number of code symbol errors that could, with maxi-
mum likelihood decoding, be corrected in each block length of the code. However,
when decoding convolutional codes, the error-correcting capability cannot be
stated so succinctly. With regard to Equation (7.11), we can say that the code can,
with maximum likelihood decoding, correct ¢ errors within a few constraint lengths
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where “few” here means 3 to 5. The exact length depends on how the errors are
distributed. For a particular code and error pattern, the length can be bounded
using transfer function methods. Such bounds are described later.

7.4.2 Systematic and Nonsystematic Convoiutional Codes

A systematic convolutional code is one in which the input k-tuple appears as part of
the output branch word n-tuple associated with that k-tuple. Figure 7.19 shows a bi-
nary, rate 3, K = 3 systematic encoder. For linear block codes, any nonsystematic
code can be transformed into a systematic code with the same block distance prop-
erties. This is not the case for convolutional codes. The reason for this is that con-
volutional codes depend largely on free distance; making the convolutional code
systematic, in general, reduces the maximum possible free distance for a given
constraint length and rate.

Table 7.1 shows the maximum free distance for rate 1 systematic and nonsys-
tematic codes for K =2 through 8. For large constraint lengths the results are even
more widely separated [17].

Input——

“~e— Output

Figure 7.19 Systematic convolu-
tional encoder, rate 1, K= 3. -

TABLE 7.1 Comparison of Systematic and
Nonsystematic Free Distance, Rate 3

Free Distance
Nonsystematic

Constraint Free Distance
Length Systematic

0~ OB
I e W e NV, AN AN O |
SO 0NN W

1
1

Source: A. J. Viterbi and J. K. Omura, Principles of Digital
Communication and Coding, McGraw-Hill Book Com-
pany, New York, 1979, p. 251.
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7.4.3 Catastrophic Error Propagation
in Convolutional Codes

A catastrophic error is defined as an event whereby a finite number of code sym bol
errors cause an infinite number of decoded data bit errors. Massey and Sain [1g
have derived a necessary and sufficient condition for convolutional codes to display
catastrophic error propagation. For rate 1/n codes with register taps designated b'y
polynomial generators, as described in Section 7.2.1, the condition for catastrophic
error propagation is that the generators have a commion polynomial Jactor (of
degree at least one). For example, Figure 7.20a illustrates a rate 3 K =3 encoder
with upper polynomial g;(X) and lower polynomial 2(X), as follows:

giX)=1+X (7.16)
g0 =1+Xx?
The generators g;(X) and g,(X) have in common the polynomial factor 1 + X, since
1+ X%=(1+ X1+ X)

Therefore, the encoder in Figure 7.20a can manifest catastrophic error propagation.

0
Input —— “Ne— Output

{a)

1 5 10 7 01

2
Y=
o

(o]
( 01
01\, d /11

00 Figure 7.20 Encoder displaying cata-
strophic error propagation. (a) Encoder-
(b) (b) State diagram.
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In terms of the state diagram for any-rate code, catastrophic errors can occur
if, and only if, any closed-loop path in the diagram has zero weight (zero distance
from the all-zeros path). To illustrate this, consider the example of Figure 7.20. The
state diagram in Figure 7.20b is drawn with the state a = 00 node split into two
nodes, a and e, as before. Assuming that the all-zeros path is the correct path, the
incorrect patha b d d. .. d c e has exactly 6 ones, no matter how many times we go
around the self-loop at node d. Thus for a BSC, for example, three channel errors
may cause us to choose this incorrect path. An arbitrarily large number of errors
(two plus the number of times the self-loop is traversed) can be made on such a
path. We observe that for rate 1/n codes, if each adder in the encoder has an even
number of connections, the self-loop corresponding to the all-ones data state will
have zero weight, and consequently, the code will be catastrophic.

The only advantage of a systematic code, described earlier, is that it can never
be catastrophic, since each closed loop must contain at least one branch generated
by a nonzero input bit, and thus each closed loop must have a nonzero code sym-
bol. However, it can be shown [19] that only a small fraction of nonsystem-
atic codes (excluding those where all adders have an even number of taps) are
catastrophic.

7.4.4 Performance Bounds for Convolutional Codes

The probability of bit error, Pg, for a binary convolutional code using hard-decision
decoding can be shown [8] to be upper bounded as follows:

dT(D, N)
)y S —— .
dN N=1,D =2Vp(1-p)

where p is the probability of channel symbol error. For the example of Figure 7.3,
T(D, N) is obtained from T(D, L, N) by setting L = 1 in Equation (7.15).

(7.17)

D°N
T(D,N) = T—2DN (7.18)
and
dT(D, N D3
41D, N) e (7.19)
dN |y.1 (1—2D)
Combining Equations (7.17) and (7.19), we can write
2Ap(l — p) 2V
{2[p(1 — p)]'"} (7.20)

B = 1/212

{1 —4[p - p)]"*F

For coherent BPSK modulation over an additive white Gaussian noise
(AWGN) channel, it can be shown [8] that the bit error probability is bounded by

[ E, E,\ dT(D,N)
Pg= Q| +/2d;— |ex (d —> —_———— (7.21)
b ! ]VO P ! ]VO dN N=1,D =exp(—E;/N;)
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where

EC/NO = }‘Eb/NO

E, /Ny = ratio of information bit energy to noise power spectral density
E /N, = ratio of channel symbol energy to noise power spectral density
r = kin = rate of the code

and Q(x) is defined 1n Equations (3.43) and (3.44) and tabulated in Table B 1
Therefore, for the rate 3 code with free distance dg=35, in conjunction with coherent
BPSK and hard-decision decoding, we can write

=0

‘EL;, L <%>[ exp (—5E,/2N;) 72

Ny 2Ny / [1 = 2 exp (—E,/2Ny) *
Q(VSE,/Ny)

(1= 2exp (=E,/2N)

7.4.5 Coding Gain

Coding gain, as presented in Equation (6.19), is defined as the reduction, usually
expressed in decibels, in the required E,/N, to achieve a specified error probability
of the coded system over an uncoded system with the same modulation and chan-
nel characteristics. Table 7.2 lists an upper bound on the coding gains, compared to
uncoded coherent BPSK, for several maximum free distance convolutional codes
with constraint lengths varying from 3 to 9 over a Gaussian channel with hard-
decision decoding. The table illustrates that it is possible to achieve significant cod-
ing gain even with a simple convolutional code. The actual coding gain will vary
with the required bit error probability [20].

Table 7.3 lists the measured coding gains, compared to uncoded coherent
BPSK, achieved with hardware implementation or computer simulation over a
Gaussian channel with soft-decision decoding [21]. The uncoded E,/N, is given in
the leftmost column. From Table 7.3 we can see that coding gain increases as the
bit error probability is decreased. However, the coding gain cannot increase indefi-
nitely; it has an upper bound as shown in the table. This bound in decibels can be
shown [21] to be

coding gain = 10 logy, (rdy) (7.23)

where 7 is the code rate and d, is the free distance. Examination of Table 7.3 also
reveals that at Py = 107, for code rates of 1 and 2, the weaker codes tend to be
closer to the upper bound than are the more powerful codes.

Typically, Viterbi decoding is used over binary input channels with either
hard or 3-bit soft quantized outputs. The constraint lengths vary between 3 and 9
the code rate is rarely smaller than 3, and the path memory is usually a few con-
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TABLE 7.2 Coding Gain Upper Bounds for Some Convolutional Codes

Rate + Codes Rate § Codes

K dg Upper Bound (dB) K de Upper Bound (dB)
3 5 3.97 3 8 4.26
4 6 4.76 4 10 5.23
5 7 543 5 12 6.02
6 8 6.00 6 13 6.37
7 10 6.99 7 15 6.99
8 10 6.99 8 16 7.27
9 12 7.78 9 18 7.78

Source: V. K. Bhargava, D. Haccoun, R. Matyas, and P. Nuspl, Digital Communications by
Satellite, John Wiley & Sons, Inc., New York, 1981.

straint lengths [12]. The path memory refers to the depth of the input bit history
stored by the decoder. From the Viterbi decoding example in Section 7.3.4, one
might question the notion of a fixed path memory. It seems from the example that
the decoding of a branch word, at any arbitrary node, can take place as soon as
there is only a single surviving branch at that node. That is true; however, to actu-
ally implement the decoder in this way would entail an extensive amount of pro-
cessing to continually check when the branch word can be decoded. Instead, a fixed
delay is provided, after which the branch word is decoded. It has been shown [12,
22] that tracing back from the state with the lowest state metric, over a fixed
amount of path history (about 4 or 5 times the constraint length), is sufficient to
limit the degradation from the optimum decoder performance to about 0.1 dB for
the BSC and Gaussian channels. Typical error performance simulation results arc
shown in Figure 7.21 for Viterbi decoding with hard decision quantization [12]. No-
tice that each increment in constraint length improves the required E,/N, by a fac-
tor of approximately 0.5 dB at Pz =107,

TABLE 7.3 Basic Coding Gain (dB) for Soft Decision Viterbi Decoding

Uncoded 54 Rate ; 4 : 3
ELIN,
| (dB) P, K 7 8 5 6 7 6 8 6 9
]
6.8 107 4.2 4.4 33 35 38 2.9 31 2.6 2.6
9.6 10°° 5.7 59 43 4.6 5.1 4.2 4.6 3.6 4.2
11.3 107 6.2 6.5 4.9 53 5.8 4.7 52 3.9 4.8
Upper bound 7.0 73 54 6.0 7.0 52 6.7 4.8 57
i Source: 1. M. Jacobs, “Practical Applications of Coding,” IEEE Trans. Inf. Theory, vol. 1T20, May 1974, pp.

305-310.
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Figure 7.21 Bit error probability versus E,/N, for rate 3 codes using
coherent BPSK over a BSC, Viterbi decoding, and a 32-bit path mem-
ory. (Reprinted with permission from J. A. Heller and I. M. Jacobs,
“Viterbi Decoding for Satellite and Space Communication,” /[EEE Trans.
Commun. Technol., vol. COM19, no. 5, October 1971, Fig. 7, p. 84. ©
1971 IEEE.)

7.4.6 Best Known Convolutional Codes

The connection vectors or polynomial generators of a convolutional code are usu-
ally selected based on the code’s free distance properties. The first criterion is to
select a code that does not have catastrophic error propagation and that has the
maximum free distance for the given rate and constraint length. Then the number
of paths at the free distance dj, or the number of data bit errors the paths represent,
should be minimized. The selection procedure can be further refined by consider-
ing the number of paths or bit errors at d; + 1, at d; + 2, and so on, until only on¢
code or class of codes remains. A list of the best known codes of rate 3, K =3t0 9,
and rate 1, K =3 to 8, based on this criterion was compiled by Odenwalder [3, 23]
and is given in Table 7.4. The connection vectors in this table represent the pres-
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ence or absence (1 or 0) of a tap connection on the corresponding stage of the con-
volutional encoder, the leftmost term corresponding to the leftmost stage of the en-
coder register. It is interesting to note that these connections can be inverted
(leftmost and rightmost can be interchanged in the above description). Under
the condition of Viterbi decoding, the inverted connections give rise to codes
with identical distance properties, and hence identical performance, as those in
Table 7.4.

TABLE 7.4 Optimum Short Constraint Length Convolutional Codes
(Rate § and Rate 1)

Rate Constraint Length Free Distance Code Vector

3 3 5 111
101

1 4 6 1111
1011

3 5 7 10111
11001

3 6 8 101111
110101

7 10 1001111
1101101

10 10011111
11100101

12 110101111
100011101

11

1 3 8 111
101

111

10 1011
1101

11111
12 11011
10101

101111
1 6 13 110101
111001

1001111
15 1010111

1101101

11101111

1 8 16 10011011
10101001

(S B
oo
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@l
~

(AR
wn

i
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Source: I. P. Odenwalder, Error Control Coding Handbook, Linkabit Corp.,
San Diego, Calif., July 15, 1976.
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7.4.7 Convolutional Code Rate Trace-Off

7.4.7.1 Performance with Coherent PSK Signaling

The error-correcting capability of a coding scheme increases as the number of
channel symbols n per information bit k increases, or the rate k/n decreases. Hovy.
ever, the channel bandwidth and the decoder complexity both increase with 5. The
advantage of lower code rates when using convolutional codes with coherent PSK,
is that the required E,/N, is decreased (for a large range of code rates), permitting
the transmission of higher data rates for a given amount of power, or permitting re-
duced power for a given data rate. Simulation studies have shown [16, 22] that for 4
fixed constraint length, a decrease in the code rate from § to L results in a reduction
of the required E,/N; of roughly 0.4 dB. However, the corresponding increase ip
decoder complexity is about 17%. For smaller values of code rate, the improve-
ment in performance relative to the increased decoding complexity diminishes
rapidly [22]. Eventually, a point is reached where further decrease in code rate is
characterized by a reduction in coding gain. (See Section 9.7.7.2.)

7.4.7.2 Performance with Noncoherent Orthogonal Signaling

In contrast to PSK, there is an optimum code rate of about % for noncoherent
orthogonal signaling. Error performance at rates of , 3, and 2 are each worse than
those for rate 3. For a fixed constraint length, the rate §, 3, and 2 codes typically
degrade by about 0.25, 0.5, and 0.3 dB, respectively, relative to the rate 4 perfor-
mance [16].

7.4.8 Soft-Decision Viterbi Decoding

For a rate % binary convolutional code system, the demodulator delivers two code
symbols at a time to the decoder. For hard-decision (2-level) decoding, each pair of
received code symbols can be depicted on a plane, as one of the corners of a
square, as shown in Figure 7.22a. The corners are labeled with the binary numbers
(0,0), (0,1), (1,0), and (1,1), representing the four possible hard-decision values that
the two code symbols might have. For 8-level soft-decision decoding, each pair of
code symbols can be similarly represented on an equally spaced 8-level by 8-level
plane, as a point from the set of 64 points shown in Figure 7.22b. In this
soft-decision case, the demodulator no longer delivers firm decisions; it delivers
quantized noisy signals (soft decisions).

The primary difference between hard-decision and soft-decision Viterbi de-
coding, is that the soft-decision algorithm cannot use a Hamming distance metric
because of its limited resolution. A distance metric with the needed resolution is
Euclidean distance, and to facilitate its use, the binary numbers of 1 and 0 are
transformed to the octal numbers 7 and 0, respectively. This can be seen in Figure
7.22¢, where the corners of the square have been re-labeled accordingly; this allows
us to use a pair of integers, each in the range of 0 to 7, for describing any point in
the 64-point set. Also shown in Figure 7.22¢ is the point 54, representing an
example of a pair of noisy code-symbol values that might stem from 2
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Figure 7.22 (a) Hard-decision plane (b) 8-level by 8-level soft-decision
plane (c) Example of soft code symbols (d) Encoding trellis section (e) De-
coding trellis section.

demodulator. Imagine that the square in Figure 7.22c has coordinates x and y.
Then, what is the Euclidean distance between the noisy point 5,4 and the noiseless
point 0,07 It is \/(5 -0+ (4 - 0)2 = \/Zﬁ . Similarly, if we ask what is the
Euclidean distance between the noisy point 5,4 and the noiseless point 7,77
Itis V(5 — 7)2 + (4 — 7)° = V13.

Soft-decision Viterbi decoding, for the most part, proceeds in the same way as
hard-decision decoding (as described in Sections 7.3.4 and 7.3.5). The only difference
is that Hamming distances are not used. Consider how soft-decision decoding is per-
formed with the use of Euclidean distances. Figure 7.22d shows the first section of an
encoding trellis, originally presented in Figure 7.7, with the branch words trans-
formed from binary to octal. Suppose that a pair of soft-decision code symbols with
values 5,4 arrives at a decoder during the first transition interval. Figure 7.22¢ shows
the first section of a decoding trellis. The metric (\/41 ), representing the Euclidean
distance between the arriving 5,4 and the 0,0 branch word, is placed on the solid line.
Similarly, the metric (\/13), representing the Euclidean distance between the arriv-
ing 5,4 and the 7,7 code symbols, is placed on the dashed line. The rest of the task,
pruning the trellis in search of a common stem, proceeds in the same way as hard-
decision decoding. Note that in a real convolutional decoding chip, the Euclidean dis-
tance is not actually used for a soft-decision metric; instead, a monotonic metric that
has similar properties and is easier to implement is used. An example of such a met-
ric is the Euclidean distance-squared, in which case the square-root operation shown
above is eliminated. Further, if the binary code symbols are represented with bipolar
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values, then the inner-product metric in Equation (7.9) can be used. With such a met-
ric, we would seek maximum correlation rather than minimum distance.

7.5 OTHER CONVOLUTIONAL DECODING ALGORITHMS

7.5.1 Sequential Decoding

Prior to the discovery of an optimum algorithm by Viterbi, other algorithms had been
proposed for decoding convolutional codes. The carliest was the sequential decoding
algorithm, originally proposed by Wozencraft [24, 25] and subsequently modified by
Fano [2]. A sequential decoder works by generating hypotheses about the transmitted
codeword sequence; it computes a metric between these hypotheses and the received
signal. It goes forward as long as the metric indicates that its choices are likely; othei-
wise, it goes backward, changing hypotheses until, through a systematic trial-and-error
search, it finds a likely hypothesis. Sequential decoders can be implemented to work
with hard or soft decisions, but soft decisions are usually avoided because they greatly
increase the amount of the required storage and the complexity of the computations.

Consider that using the encoder shown in Figure 7.3, a sequencem=11011
is encoded into the codeword sequence U=110101000 1, as shown in Example
7.1. Assume that the received sequence Z is, in fact, a correct rendition of U. The
decoder has available a replica of the encoder code tree, shown in Figure 7.6, and
can use the received sequence Z to penetrate the tree. The decoder starts at the
time # node of the tree and generates both paths leaving that node. The decoder
follows that path which agrees with the received n code symbols. At the next level
in the tree, the decoder again generates both paths leaving that node, and follows
the path agreeing with the second group of n code symbols. Proceeding in this
manner, the decoder quickly penetrates the tree.

Suppose, however, that the received sequence Z is a corrupted version of U.
The decoder starts at the time ¢ node of the code tree and generates both paths
leading from that node. If the received n code symbols coincide with one of the
generated paths, the decoder follows that path. If there is not agreement, the de-
coder follows the most likely path but keeps a cumulative count on the number of
disagreements between the received symbols and the branch words on the path
being followed. If two branches appear equally likely, the receiver uses an arbitrary
rule, such as following the zero input path. At each new level in the tree, the de-
coder generates new branches and compares them with the next set of n received
code symbols. The search continues to penetrate the tree along the most likely path
and maintains the cumulative disagreement count.

If the disagreement count exceeds a certain number (which may increase as
we penetrate the tree), the decoder decides that it is on an incorrect path, backs out
of the path, and tries another. The decoder keeps track of the discarded pathways
to avoid repeating any path excursions. For example, assume that the encoder in
Figure 7.3 is used to encode the message sequence m=1101 1 into the codeword
sequence U as shown in Example 7.1. Suppose that the fourth and seventh bits of
the transmitted sequence U are received in error, such that:

422 Channel Coding: Part 2 Chap. 7






