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Preface 

This book has grown out of nearly three decades of research and teaching in the field 
of adaptive signal processing. It is designed primarily to be a basic text on adaptive 
signal processing and, at the time of its publication, it is believed to be the only basic 
text on the subject, or at least the only textbook covering the breadth of subject 
matter shown in the table of contents. 

The book is based on class notes for a one- or two- semester senior or 
graduate level course in adaptive signal processing taught at Stanford University, the 
University of New Mexico, and Sandia National Laboratories. Every chapter except 
Chapter 1 has exercises at the end, and these are considered to be an essential part of 
any course using the text. The exercises are often used to complete the reader's 
understanding of a concept or to present different applications of ideas in the text. 

Referring to the table of contents, the reader can see that the book is divided 
into four main parts. The first three parts - General Introduction, Theory of 
Adaptation with Stationary Signals, and Adaptive Algorithms and Structures- make 
up a little less than half of the text. The material in these parts is considered basic 
theory and would normally be included in any first course on adaptive signal 
processing. The fourth part- Applications- consists of six chapters on various 
engineering applications of adapt ive signal processing. In this part the instructor 
may wish to concentrate on subjects of special interest. However, even in a 
one- semester course, the instructor will probably wish to include at least the first 
portion of each chapter. 

For prerequisites, we assume that the student has at least senior-level academic 
experience in engineering and mathematics, and has the ability to write and run 
computer programs. The latter is essential for doing many of the exercises. A course 
in linear systems analysis, particularly in discrete systems with the use of the 
z-transform, would provide a very useful (if not essential) background. Also, a 
course in engineering statistics or probability, or the equivalent, provides a helpful 
background. 

In the first part of the text, Chapter 1 introduces the concept of adaptation as a 
property or characteristic of certain systems in engineering. Chapter 2 introduces the 

xiii 
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adaptive linear combiner, which is the simplest and most widely used adaptive 
structure. Chapter 2 also describes a geometric "performance surface" which is 
useful in the analysis of all adaptive systems. 

Part II , Theory of Adaptation with Stationary Signals, contains an analysis of 
the performance surface and its properties. The analysis begins in Chapter 3, and in 
Chapter 4 adaptation is viewed as the process of searching the performance surface 
for its minimum. Chapter 5 contains a statistical analysis of gradient estimation on 
the performance surface and a comparison of search methods. 

In Part Ill, Adaptive Algorithms and Structures, the least mean squares (LMS) 
algorithm is introduced and discussed in Chapter 6. In Chapter 7 basic signal 
processing concepts that are required for the rest of the book are introduced. These 
include primarily the z-transform relationships linking the time and frequency 
domains. To conclude Part III, Chapter 8 introduces adaptive algorithms other than 
the LMS algorithm and adaptive structures other than the adaptive linear combiner, 
including the adaptive lattice structure. The latter is considered, at the time of this 
writing, to be a rapidly developing area, and our introduction to it is therefore less 
comprehensive than we would wish it to be. 

Finally, Part IV covers the major application areas of adaptive signal process­
ing. Once the basics in Chapters 1- 8 have been learned, subjects can be chosen 
selectively from Part IV. In Chapters 9 and 10, forward and inverse adaptive 
modeling are introduced and applied to areas such as multipath communication, 
geophysical exploration, digital filter design, and telephone channel equalization. 
Adaptive control systems are introduced in Chapter 11, and Chapter 12 introduces 
adaptive interference canceling, with several examples of application. Chapters 13 
and 14 cover adaptive arrays and beamformers. 

While writing this text, the authors have had the benefit of critiques, com­
ments, and suggestions from many talented colleagues. We are very grateful for the 
reviews and ideas we have received, and thankful for the friendships engendered and 
increased through this work. We especially wish to acknowledge the help of Robert 
D. Fraser, Dennis R. Morgan, Dae H . Youn, Eugene Walach, Richard Gooch, Ruth 
A. David, Sharon K. Fletcher, Claude S. Lindquist, Daksheesh Parikh, Delores M. 
Etter, Edward S. Angel, Lloyd J. Griffiths, Nasir Ahmed, John R. Treichler, C. 
Richard Johnson, Jr. , Michael G. Larimore, Glenn R. Elliott, John M. McCool, John 
M. Cioffi, and T. C. Hsia. The book would not be in its present form without the 
con tri bu tions of these special friends. 

We also wish to thank all of the students who took the adaptive signal 
processing courses mentioned above. In effect, they have edited and corrected the 
text far beyond our ability to do so. We thank all of these students for their patience, 
interest, and enthusiasm. 

The only ones with more patience and perseverance than our students have 
been the talented ladies who have typed and retyped this text, Debra Shepperd at 
Sandia and Mieko Parker at Stanford. We also acknowledge their help with 
gratitude. 

Bernard Widrow 
Samuel D. Stearns 
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part I 

GENERAL INTRODUCTION 

(Chapters 1 and 2) 

OBJECTIVES OF PART I 

In the first two chapters of this book we have three major objectives. The first 
is to introduce the basic meaning of "adaptation" (or "adaption") in the 
engineering sense, and to set adaptive signal processing into the general 
signal processing context. 

The second objective is to describe the adaptive linear combiner, which 
is the simplest and most widely applicable adaptive processor. It is the basic 
adaptive device that will be used exclusively through Chapter 6, as well as in 
much of the rest of the text. 

The third objective is to persuade the reader to think of the overall 
process of adaptation in geometrical terms. We wish to think of adaptation as 
a procedure for moving generally downhill on a "performance surface" like 
the one shown on page 2, which is the L-dimensional surface in (L + 
1 )-dimensional space formed by plotting the mean-square error versus the 
adaptive parameters. These geometrical concepts and terms are described in 
Chapter 2. 
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Performance ~urface 

2 

chapter 1 

Adaptive Systems 

DEFINITION AND CHARACTERISTICS 

adapt, v.t. , l. to make suitable to requirements or conditions; adjust or modify fittingly; 
v.i., 2. to adjust oneself to different conditions, environments, etc. (Random House 

Dictionary, 1971) 

In recent years, a growing field of research in "adaptive systems" has resulted 
in a variety of adaptive automatons whose characteristics in limited ways resemble 
certain characteristics of living systems and biological adaptive processes. According 
to the Random House Dictionary, some of the meanings of "adaptation" are: 

l. the act of adapting. 2. the state of being adapted; adjustment. 3. Biol. a. any 
alteration in the structure or function of an organism or any of its parts that results 
from natural selection and by which the organism becomes better fitted to survive and 
multiply in its environment. b. a form or structure modified to fit changed environ­
ment. 5. Physiol. the decrease in response of sensory receptor organs, as those of 
vision, touch, temperature, olfaction, audition, and pain, to changed, constantly ap­
plied, environmental conditions. 6. Ophtha/m. the regulating by the pupil of the 
quantity of light entering the eye. 7. Socio/. a slow, usually unconscious modification of 
individual and social acti,~ty in adjustment to cultural surroundings. 

It will be noted that the definition above is expressed primarily in terms of 
biological adaptation to environment. The same definitions serve at least to some 
extent for "artificial" or human-made adaptive systems, which are the central 
concern of this book. 

An adaptive automaton is a system whose structure is alterable or adjustable in 
such a way that its behavior or performance (according to some desired criterion) 
improves through contact with its environment. A simple example of an automaton 
or automatic adaptive system is the automatic gain control (AGC) used in radio and 
television receivers. The function of this circuit is to adjust the sensitivity of the 

3 
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4 General Introduction Part I 

receiver inversely as the average incoming signal strength. The receiver is thus able 
to adapt to a wide range of input levels and to produce a much narrower range of 
output intensities. 

The purpose of this book is to present certain basic principles of adaptation; to 
explain the design, operating characteristics, and applications of the simpler forms of 
adaptive systems; and to describe means for their physical realization. The types of 
systems discussed include those designed primarily for the purposes of adaptive 
control and adaptive signal processing. Such systems usually have some or all of the 
following characteristics: 

1. They can automatically adapt (self-optimize) in the face of changing (nonsta­
tionary) environments and changing system requirements. 

2. They can be trained to perform specific filtering and decision-making tasks. 
Synthesis of systems having these capabilities can be accomplished automati­
cally through training. In a sense, adaptive systems can be "programmed" by 
a training process. 

3. Because of the above, adaptive systems do not require the elaborate synthesis 
procedures usually needed for nonadaptive systems. Instead, they tend to be 
"self-designing." 

4. They can extrapolate a model of behavior to deal with new situations after 
having been trained on a finite and often small number of training signals or 

patterns. 
5. To a limited extent, they can repair themselves; that is, they can adapt around 

certain kinds of internal defects. 
6. They can usually be described as nonlinear systems with time-varying parame­

ters . 
7. Usually, they are more complex and difficult to analyze than nonadaptive 

systems, but they offer the possibility of substantially increased system perfor­
mance when input signal characteristics are unknown or time varying. 

AREAS OF APPLICATION 

Recent progress in microcircuit design and production has resulted in very compact, 
economical, and reliable signal processors that rival biological nervous systems in 
size and are clearly superior to biological systems in speed. The result has been a 
very fast-growing field of applications for all types of digital signal processing, 
including adaptive processing. Current applications for adaptive systems are in such 
fields as communications, radar, sonar, seismology, mechanical design, navigation 
systems, and biomedical electronics. 

Part IV of this book concerns certain classes of applications, and the chapter 
headings provide a rough picture of the application areas. Chapter 9 covers adaptive 
modeling and system identification, in which an adaptive system models an un-

Chap. Adaptive Systems 5 

known system or "plant," which may be slowly varying with time. For a given input 
signal, the adaptive system tries to match the plant output. Adaptive modeling is 
used in electrical and mechanical design and testing. 

Chapter 10 is on inverse modeling, deconvolution, and equalization. All of 
these terms, as well as the term " inverse filtering," refer to the process of removing 
the effect of some device or medium on a signal. For example, we may wish to make 
an audio system respond with equal gain to all speech frequencies, or to remove the 
effects of a transmission line on a radar pulse. 

Chapter 11 is on adaptive control systems, that is, control systems whose 
characteristics change with time and adapt to the environment. An example is the 
flight control system whose gain and response times change with air density. 
Adaptive noise canceling, discussed in Chapter 12, has been applied to areas such as 
speech communications, electrocardiography, and seismic signal processing. Adap­
tive noise canceling is in fact applicable to a wide variety of signal-enhancement 
situations, because noise characteristics are not often stationary in real-world 
situations. Chapters 13 and 14, on adaptive arrays, describe an area where adaptive 
signal processing concepts have proved to be especially useful. 

GENERAL PROPERTIES 

The essential and principal property of the adaptive system is its time-varying, 
self-adjusting performance. The need for such performance may readily be seen by 
realizing that if a designer develops a system of fixed design which he or she 
considers optimal, the implications are that the designer has foreseen all possible 
input conditions, at least statistically, and knows what he or she would like the 
system to do under each of these conditions. The designer has then chosen a specific 
criterion whereby performance is to be j udged, such as the amount of error between 
the output of the actual system and that of some selected model or "ideal" system. 
Finally, the designer has chosen the system that appears best according to the 
performance criterion selected, generally choosing this system from an a priori 
restricted class of designs (such as linear systems). 

In many instances, however, the complete range of input conditions may not 
be known exactly, or even statistically; or the conditions may change from time to 
time. In such circumstances, an adaptive system that continually seeks the optimum 
within an allowed class of possibilities, using an orderly search process, would give 
superior performance compared with a system of fixed design. 

By their very nature, adaptive systems must be time varying and nonlinear. 
Their characteristics depend, among other things, on their input signals. If an input 
signal x 1 is applied, an adaptive system will adapt to it and produce an output-let 
us call it y 1. If another input signal, x 2 , is applied, the system will adapt to this 
second signal and will again produce an output-let us call it, this time, Yi· 
Generally, the form or the structure or the adjustments of the adaptive system will 
be different for the two different inputs. If the sum of the two inputs is applied to 
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Figure 1.1 The lower output, is equal 
to y 1 + Yi if ff is a linear system. If ff 
is adaptive, y3 is generally different from 

Yi + Y2· 

the adaptive system, the latter will adapt to this new input-but it will produce an 
output that will generally not be the same as Yi + y2 , the sum of the outputs that 
would have corresponded to inputs Xi and x 2 . In such a case, as illustrated in 
Figure 1.1, the principle of superposition does not work as it does with linear 
systems. If a signal is applied to the input of an adaptive system to test its response 
characteristics, the system adapts to this specific input and thereby changes its own 
form. Thus the adaptive system is inherently difficult to characterize in conventional 
terms. 

Within the realm of nonlinear systems, adaptive systems cannot be dis­
tinguished as belonging to an absolutely clear subset. However, they have two 
features that generally distinguish them from other forms of nonlinear systems. 
First, adaptive systems are adjustable, and their adjustments usually depend on 
finite-time average signal characteristics rather than on instantaneous values of 
signals or instantaneous values of the internal system states. Second, the adjust­
ments of adaptive systems are changed purposefully in order to optimize specified 
performance measures. 

Certain forms of adaptive systems become linear systems when their adjust­
ments are held constant after adaptation. These may be called "linear adaptive 
systems." They are very useful; they tend to be mathematically tractable; and they 
are generally easier to design than other forms of adaptive systems. 

OPEN- AND CLOSED-LOOP ADAPTATION 

Several ways to classify adaptive schemes have been proposed in the literature. It is 
most convenient here to begin by thinking in terms of open-loop and closed-loop 
adaptation. The open-loop adaptive process involves making measurements of input 
or environmental characteristics, applying this information to a formula or to a 
computational algorithm, and using the results to set the adjustments of the adaptive 
system. Closed-loop adaptation, on the other hand, involves automatic experimen-

Chap. 1 Adaptive Systems 7 

tation with these adjustments and knowledge of their outcome in order to optimize a 
measured system performance. The latter process may be called adaptation by 
"performance feedback." 

The principles of open- and closed-loop adaptation are illustrated in Figures 
1.2 and 1.3. In both cases it is helpful to envisage the adaptive process as it might be 
performed manually by a human operator or "supervisor." In Figures l.2{a) and 
l.3(a) the supervisor is shown adjusting the controls of the processor by reading a 
display that registers measurements of the preselected performance criterion. In the 
open-loop system this criterion is a characteristic of the input signal and perhaps 
other data, and in the closed-loop system it is also a function of the output signal. 
The adjustments in Figure 1.3 are made even though the operator may have no 
knowledge of what is inside the processor or of the functions performed by the 
controls. The operator does not process the input signal; he or she only controls 
the adjustments of the processor to keep its performance optimized according to the 
preselected criterion. Thus the operator's function is purely supervisory, and in real 
automatic adaptive systems the operator is replaced by computational or "adaptive" 
algorithms, as suggested by Figures l.2(b) and l.3(b). The "other data" in these 
figures may be data about the environment of the adaptive system, or in the 
closed-loop case, it may be a desired version of the output signal. 

Input --------llo-l 
signal 

Other 
data 

/ 

Display 
,,.✓ 

Input 
signal ----1...i 

Other 

/ 
/ 

/ 
/ 

/ 

(a) 

Processor 

Output 
f------l .... signal 

data ---.... ._ ___ ...,1 

(b) 

Output 
signal 

Figure 1.2 Open-loop adaptation: (a) concept; (b) equivalent system. 
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Part I 

When designing an adaptive process, many factors determine the choice of 
closed-loop versus open-loop adaptation. The availability of input signals and 
performance-indicating signals is a major consideration. Also, the amount of com­
puting capacity and the type of computer required to implement the open-loop and 
closed-loop adaptation algorithms will generally differ. Certain algorithms require 
the use of a general-purpose digital computer, whereas other algorithms could be 
implemented far more economically with special-purpose chips or other apparatus. 
Some of these structural considerations are discussed in later chapters. It is difficult 
to develop general principles to guide all choices, but several advantages and a few 
disadvantages of closed-loop adaptation, which is the main subject of this book, can 
be pointed out here. 

Closed-loop adaptation bas the advantage of being workable in many applica­
tions whereno analytic synthesis procedure either exists or is known; for example, 
where error criteria other than mean-square are used, where systems are nonlinear or 
time variable, where signals are nonstationary, and so on. Closed-loop adaptation 
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can also be used effectively in situations where physical system component values are 
variable or inaccurately known. Closed-loop adaptation will find the best choice of 
component values. In the event of partial system failure, an adaptation mechanism 
that continually monitors performance will optimize this performance by adjusting 
and reoptimizing the intact parts. As a result, system reliability can often be 
improved by the use of performance feedback. 

The closed-loop adaptation process is not always free of difficulties, however. 
In certain situations, performance functions do not have unique optima. Automatic 
optimization is an uncertain process in such situations. In other situations, the 
closed-loop adaptation process, like a closed-loop control system, could be unstable. 
The adaptation process could diverge rather than converge. In spite of these 
possibilities, performance feedback is a powerful, widely applicable technique for 
implementing adaptation. Most of the adaptive processes described in this book will 
be closed-loop processes utilizing performance feedback. 

APPLICATIONS OF CLOSED-LOOP ADAPTATION 

Let us now consider briefly some applications of the closed-loop, performance 
feedback concept. These will anticipate the applications chapters in Part IV, begin­
ning with Chapter 9. 

We begin by representing the performance feedback process [Figure 1.3(b)] 
more specifically in F:igure 1.4. We calI the input signal x and define a "desired 
response" signal d, which is assumed to represent the desired output of the adaptive 
system. The signal dis, for our purpose here, the "other data" in Figure 1.3(b). 

The error signal; e, is the difference between the desired output signal and the 
actual output signal, y, of the adaptive system. Using the error signal, an adaptive 
algorithm adjusts the structure of the adaptive system, thus altering its response 
characteristics by minimizing some measure of the error, thereby closing the perform­
ance loop. 

Different structures are possible for the adaptive system, and these are dis­
cussed later, beginning in Chapter 2. Adaptive algorithms for adjusting these 
structures are also discussed later, beginning in Chapter 4. Here we wish only to 
show in a general way how the scheme in Figure 1.4 is applied in practical situations. 

x (input) 

d (desired output) 

+ 
y (output) _ '3 (error) 

>----+-< l >----~ 

Adapt ive 
algorithm 

Figure 1.4 Signals in closed-loop 
adaptation. 
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Figure 1.5 Examples showing how the 
configuration in Figure 1.4 may be 
applied : ( a) prediction; (b) system 
identifi cation (modeling); (c) equalization 
(deconvolution. inverse filt ering. inverse 
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Some examples of applications are given in Figure 1.5. Notice that Figure 1.4, 
which illustrates the basic closed-loop adaptive process, is simplified slightly and 
embedded in each part of this figure, and that the application determines how the 
desired signal, d, is obtained. 

The prediction application in Figure 1.S(a) is perhaps the simplest of the four. 
l'he desired signal is the input signal, s, and a delayed version of the latter is sent to 
th~ adaptive processor, which must therefore try to "predict" the current input 
signal in order to have y cancel d and drive r toward zero. Prediction is used in 
signal encoding and noise reduction, and is discussed in Chapters 8, 9, and 12. 

The system identification application in Figure 1.5(b) is also easy to under­
stand. Here a broadband signal, s, is the input to the adaptive processor as well as 
to an unknown "plant" (a term originating in the control literature). To reduce r, 
the adaptive processor tries to emulate the plant's transfer characteristic. After 
adaptation the plant is " identified" in the sense that its transfer function can be 
specified as essentially the same as that of the adaptive processor. Adaptive system 
identification or modeling can be used as such, to model a slowly varying plant 
whose input and output signals are available, for example, in vibration studies of 
mechanical systems. It can also be used in many other ways, some of which are 
described in Chapters 9 and 11. 

The inverse modeling application [Figure l.S(c)] is discussed primarily in 
Chapter 10, and its uses in control are discussed in Chapter 11. In this application 
the adaptive processor attempts to recover a delayed version of the signal, s, which 
is assumed to have been altered by the slowly varying plant and to contain additive 
noise. The delay in the figure is to allow for the delay, or propagation time, through 
the plant and the adaptive processor. Adaptive equalization could be used to undo 
(deconvolve) the effects of a transducer, a communication channel, or some other 
system, or to produce an inverse model of an unknown plant. It is also applicable in 
the design of digital filters, as well as in adaptive control problems, and so on. 

Finally, Figure l.S(d) shows the adaptive processor in an interference-canceling 
configuration. Here the signal, s, is corrupted by additive noise, n, and a distorted 
but correlated version of the noise, n', is also available. The goal of the adaptive 
processor in this case is to produce an output, y, that closely resembles n , so that the 
overall output, r, will closely resemble s. We will show, under certain very broad 
conditions, that the optimal adaptive processor is that which minimizes the mean­
square value of r. The subject of adaptive interference canceling is discussed in 
Chapters 12 through 14. 

EXAMPLE OF AN ADAPTIVE SYSTEM 

By now we have seen that adaptive signal processing is really a very general and 
basic term which implies the use of time-varying, self-adjusting signal processors. 
We think of the performance of these systems as being purposeful , useful , and 
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sometimes even "intelligent" in a limited sense. Before concluding this introductory 
chapter we introduce just one specific example of such a system, to provide a more 
concrete illustration of adaptation in general and closed-loop adaptation in particu­
lar. We will use the "prediction" application in Figure l .S(a), keeping in mind that 
in doing so we have a very restricted and specific example of a very broad and 
general class of systems. 

x, --------------------~ 

Delay 
Adapt ive 
fil ter 

H, 

+ 
1--------• I k 1-------1• ,, 

Figure 1.6 Example of an adaptive system: an adap tive pred ictor. 
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Figure 1.7 Signals in 1he adaptive predictor in Figure 1.6. The error (,) becomes 
nearly zero as the system learns to predict the input (x) and ihc output (r) 

approaches x. 
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The adaptive predictor diagram in Figure l.S(a) is redrawn in Figure 1.6, with 
examples of several conventions of notation that are used throughout this text. The 
symbols xk , Yk , and Ek represent the kth elements in the time series represented by 
x , y , and £. Usually, the time series may be assumed to be obtained by sampling 
continuous signals. Thus xk = x (kT) , and so on, where T is the time step or 
interval between samples. The symbol z- M stands for a fixed delay of M time steps, 
so that in Figure 1.6 the output of the z - M block is labeled x k-· M· The symbol Hk 
represents the transfer characteristic of the adaptive processor or " adaptive filter." 
We leave a detailed description of Hk to subsequent chapters, except to note here 
that the subscript k indicates that the transfer characteristic possibly changes at 
each sample point. 

Thus in Figure 1.6 we see that the input signal, x k, is delayed and then filtered 
lo produce Y k , and that Yk is subtracted from xk to obtain the error, Ek . The 
transfer function , Hk, is adjusted to keep the average squared value of this error as 
small as possible. In this way, the processor always uses past values of x to predict 
the present value of x while using e to adjust H , and is thus involved in a 
performance-feedback process. 

An example of adaptive predictor performance is shown in Figure 1.7. The 
waveforms are constructed from digital data (here as well as in examples ahead) by 
drawing straight lines between the sample points. The input, x, is a frequency-limited 
random signal, and M = 1 in this case. Note that Y k becomes a better prediction of 
x k, and that the magnitude of Ek decreases, as k increases and the adaptive system 
learns progressively to predict x • . More detailed examples of adaptive prediction 
are covered in subsequent chapters. 

THE CHAPTERS AHEAD 

In Chapters 2 through 8 we present some basic discussion and mathematical 
description of the adaptive process. The performance of adaptive systems can be 
analyzed either in the time domain or in the frequency domain; in general, the 
frequency-domain analysis tends to be more elegant and difficult. Therefore, in 
Chapters 2 through 6 we stay in the time domai.n and avoid using transforms, 
transfer functions, and so on, as much as possible. In Chapter 2 we introduce the 
adaptive linear combiner, which is the basic nonrecursive form of the adaptive filter. 
Then in Chapters 3 through 5 we introduce the geometry of the " performance 
surface" and consider various methods of adaptively seeking the minimum point on 
this surface. 

In Chapter 6 we introduce the well-known least-mean-square (LMS) algorithm. 
which is the simplest, most important, and most widely used algorithm for adjusting 
the weights in a linear adaptive system. After reviewing Chapter 2, the more 
advanced reader or the reader wishing simply to apply the LMS algorithm without 
covering all of the theory may wish to skip to Chapter 6 and beyond, without 
covering all of the material in Chapters 3 through 5. 
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Some areas of adaptive signal processing, including recursive adaptive filters , 
cannot be analyzed conveniently without reference to the frequency domain, so 
Chapter 7 is concerned mainly with developing foundations for this type of analysis. 
Then in Chapter 8 we introduce other types of algorithms that require frequency­
domain analysis. In Chapter 8 we also introduce the adaptive lattice, a structure 
different from the adaptive linear combiner of Chapter 2. Finally, Chapters 9 
through 14 deal with some of the important applications of adaptive signal processing, 
as described above. The Adaptive 

Linear Combiner 

GENERAL DESCRIPTION 

chapter 2 

The adaptive linear combiner, or nonrecursive adaptive filter, is fundamental to 
adaptive signal processing. It appears, in one form or another, in most adaptive 
filters and systems, and it is the single most important element in "learning" systems 
and adaptive processes in general. Thus a primary purpose of this book is to 
develop a thorough exposition of the properties, behavior, means of adaptation, rate 
of adaptation, and useful applications of the adaptive linear combiner. 

Because of its nonrecursive structure, the adaptive linear combiner is relatively 
easy to understand and analyze. In essence it is a time-varying, nonrecursive digital 
filter, and as such its performance is quite simple. Its behavior and the means of 
adapting it, as well as its implementation in different forms, are well understood. 
Furthermore, we know of specific applications where its performance is "best" in 
some sense. 

A diagram of the general form of the adaptive linear combiner is shown in 
Figure 2.1. There is an input signal vector with elements x 0, x 1, . .. , xL , a corre­
sponding set of adjustable weights, Wo , w1, .• . , wL , a summing unit, and a single 
output signal, y. A procedure for adjusting or adapting the weights is called a 
"weight adjustment," "gain adjustment," or "adaptation" procedure. The combiner 
is called "linear" because for a fixed setting of the weights its output is a linear 
combination of the input components. However. when the weights are in the process 
of being adjusted, they, too, are a function of the input components, and the output 
of the combiner is no longer a linear function of the input. That is, its operation 
becomes nonlinear in accordance with the general principle set forth in Chapter 1. 

15 
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Xo ---· ·---------;, , 

Input w, 
signal x1 ---------------, 

vector 

XL._ _________ --\ 

Figure 2.l General form of adaptive linear combiner. 

INPUT SIGNAL AND WEIGHT VECTORS 

There are two important ways to interpret physically the elements of the input vector 
in Figure 2.1. First, they may be considered to be simultaneous inputs from L + l 
different signal sources. An example of this interpretation would be an adaptive 
antenna or an adaptive acoustic detection system, in which each input line is 
connected to a separate sensor. 

Alternatively, the elements x 0 - x L may be considered to be L + l sequential 
samples from the same signal source. One example of this interpretation is the 
adaptive processor described in Chapter 1 and illustrated in Figure 1.6. 

We refer to these two interpretations as the multiple-input and single-input 
cases, and it is convenient to label the input vector differently for the two cases, as 
follows: 

Multiple inputs: Xk [x 0k xlk 

Single input: xk = [xk xk-1 

(2.1) 

(2.2) 

In this notation T stands for transpose, so Xk is actually a column vector in both 
cases. The subscript k is used as a time index. Thus in the multiple-input case, all 
of the elements are taken at the kth sampling time, whereas in the single-input case, 
the elements are sequential samples taken at points k, k l, ... , going back in time 
through the sequence of data samples. 

In the single-input case, the adaptive processor can be implemented with an 
adaptive linear combiner and unit delay elements, as shown in Figure 2.2. The 
structure in Figure 2.2 is called an adaptive transversal filter. Note that a second 
subscript, k, has been added to the weights, to make them explicitly time varying. 
The adaptive transversal filter is the temporal ( as opposed to spatial) form of the 
nonrecursive adaptive filter. It has a wide range of applications in the fields of 
adaptive modeling and adaptive signal processing. Most of the adaptive systems 
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Xk---+----J-i 

'Figure 2.2 Adaptive linear combiner in the form of single-input adaptive transver­
sal filter. 

17 

described in later chapters of this book are based on the use of an adaptive 
transversal filter. 

In some multiple-input systems, we need a bias weight that simply adds a 
variable bias into the sum, Yk· We obtain this conveniently where it is needed by 
setting the first input element, x 0k in Figure 2.1 and (2.1), permanently equal to one 
(or some other constant value) as illustrated in Figure 2.3. The bias weight is not 
normally required in single-input systems. 

From the input signal notation in (2.1) and (2.2), we obtain the input-output 
relationships for Figures 2.2 and 2.3 as follows: 

Single input: 
L 

Yk = L W1kXk-l 
1=0 

L 

Multiple inputs: Yk L w1kxlk 

l=O 

(2.3) 

(2.4) 

When x 0k is set identically equal to 1 in (2.4) as just described, Wok becomes a bias 
weight. 

Corresponding with (2.1) and (2.2), we have a weight vector, 

(2.5) 

With this definition we can express (2.3) and (2.4) in a single relationship using 
vector notation: t 

(2.6) 

With this description of the operation of the adaptive linear combiner, we can 

twe assume that the reader understands vector and matrix multiplication. Any elementary text on 
matrix algebra should serve as a review. 
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Wo, 

Xrn,, = 1 

Wlk 

x,. 

w,. v, 
x,. 

xL, -------i 

Figure 2.3 Multiple-input adaptive linear combiner with bias weight wok· 

proceed to a discussion of how it adapts, that is, of the effect of changing the vector 
Wk as the time index, k , changes. 

DESIRED RESPONSE AND ERROR 

The adaptive linear combiner can be used in both open- and closed-loop adaptive 
systems. As discussed in connection with Figure 1.2, the adjustment of the weight 
vector in open-loop systems does not depend explicitly on properties of the output, 
but only on the input and on properties of the environment. 

With closed-loop systems, however, as in Figure 1.3, the weight vector depends 
on the output signal as well as other data. Generally, for the adaptive linear 
combiner the other data include a "desired response" or " training signal." Our 
discussions in this book will be involved primarily with closed-loop, performance­
feedback systems, so we need a thorough understanding of these signals. 

In the adaptation process with performance feedback, the weight vector of the 
linear combiner is adjusted to cause the output, Yk• to agree as closely as possible 
with the desired response signal. This is accomplished by comparing the output with 
the desired response to obtain an "error" signal and then adjusting or optimizing the 
weight vector to minimize this signal. In most practical instances the adaptive 
process is oriented toward minimizing the mean-square value, or average power of 
the error signal. Optimization by this criterion, in both adaptive and nonadaptive 
systems, has been widely practiced in the past and has many advantages [1 , 8- 16]. 
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Figure 2.4 Multiple-input adaptive linear combiner with desired response and error 
signals. 
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The method of deriving the error signal by means of the desired response input 
is shown in the multiple-input diagram of Figure 2.4. The output signal, Yk• is 
simply subtracted from the desired signal, dk , to produce the error signal, ek. 

The source of the desired response signal, dk, depends on the application of 
the adaptive combiner. For the present we will assume the availability of such a 
signal. In later chapters we discuss its derivation in more detail. We note, however, 
that considerable ingenuity is often required to find a suitable signal, since if the 
actual desired response were available one would generally not need the adaptive 
system. 

We now proceed to a discussion of the performance function , which is a 
function of the error signal just described. 

THE PERFORMANCE FUNCTION 

As in Figure 2.4, the error signal with time index k is 

€k = dk - Yk 

Substituting (2.6) into this expression yields 

ek = dk - x;;w = dk - wTxk 

(2 .7) 

(2.8) 

Here we have dropped the subscript k from the weight vector W for convenience, 
because in this discussion we do not wish to adjust the weights. We now square (2.8) 
to obtain the instantaneous squared error, 

(2 .9) 

We assume that Ek , dk , and Xk are statistically stationary and take the expected 
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value t of (2.9) over k: 

E[ezj = E[d1] + WTE[XkXT]W - 2E[dkXr]W (2.10) 

Note that the expected value of any sum is the sum of expected values, but that the 
expected value of a product is the product of expe.cted values when the variables are 
statistically independent. The signals xk and dk are not generally independent. 

The mean-square-error function can be more conveniently expressed as fol­
lows. Let R be defined as the square matrix l x~k XokXlk XokX2k 

X X X 2 X X 
R = E[xkxr] = £ lk: Ok lk lk 2k 

XuXok xLkxlk XuX2k 

(2.11) 

This matrix is designated the "input correlation matrix." The main diagonal terms 
are the mean squares of the input components, and the cross terms are the cross 
correlations among the input components. Let P be similarly defined as the column 
vector 

(2.12) 

This vector is the set of cross correlations between the desired response and the 
input components. The elements of both R and P are all constant second-order 
statistics when X k and dk are stationary. Note that the multiple-input form of X k 
was used in (2.11) and (2.12), but the single-input form could just as easily have been 
used. 

We now let the mean-square error in (2.10) be designated by; and reexpress it 
in terms of (2.11) and (2.12) as 

MSE £; = E[ef] = E[dl] + WTRW - 2PTW (2.13) 

It is clear from this expression that the mean-square error ~ is precisely a quadratic 
function of the components of the weight vector W when the input components and 
desired response input are stationary stochastic variables. That is, when (2.13) is 
expanded, the elements of W will appear in first and second degree only. 

A portion of a typical two-dimensional mean-square-error function is il­
lustrated in Figure 2.5. The vertical axis represents the mean-square error and the 
horizontal axes the values of the two weights. The bowl-shaped quadratic error 
function, or performance swface, formed in this manner is a paraboloid (a hyper­
paraboloid if there are more than two weights). It must be concave upward; 
otherwise, there would be weight settings that would result in a negative mean-square 
error, an impossible result with real , physical signals. Contours of constant mean-

t For discussions of statistical concepts such as stationarity, expected value. and so on. we refer to 
the texts on signal processing and time-series analysis [5, 6j . 
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Figure 2.5 Portion o f a two-dimensional 
quadratic performance surface. The 
mean-square error is plo tted vertically, 
"'O ranges from _, 3 to 4, w1 ranges from 
- 4 to O. and the optimum weight vector 
is w• - (0.65. - 2.10). The minimum 
MSE is 0.0 in this example. 

square error are elliptical, as can be seen by setting ~ constant in (2.13). The point 
at the "bottom of the bowl" is projected onto the weight-vector plane as W *, the 
optimal weight vector or point of minimum mean-square error. With a quadratic 
performance function there is only a single global optimum; no local minima exist. 

GRADIENT AND MINIMUM MEAN-SQUARE ERROR 

Many useful adaptive processes that cause the weight vector to seek the minimum of 
the performance surface do so by gradient methods. The gradient of the mean­
square-error performance surface, designated v'( O or simply v', can be obtained by 
differentiating (2.13) to obtain the column vector 

v' £ 1.£ = [1.L ,n a~ ]T (2.14) 
aw awo awl OWL 

= 2RW - 2P (2 .1 5) 

where R and P are given by (2.11) and (2.12), respectively. This expression is 
obtained by expanding (2.13) and differentiating with respect to each component of 
the weight vector. Differentiation of the term W TRW can be treated as differentia­
tion of the product (WT)(RW). 

To obtain the minimum mean-square error the weight vector W is set at i ts 
optimal value W *, where the gradient is zero: 

v' = 0 = 2RW* - 2P (2.16) 
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Assuming that R is nonsingular, the optimal weight vector W •, sometimes called the 
Wiener weight vector, is found from (2.16) to be 

(2.17) 

This equation is an expression of the Wiener--Hopf equation [8, 9, 12] in matrix 
form . The minimum mean-square error is now obtained by substituting W * from 
(2.17) for W in (2.13): 

~min= E[d;j + w•TRW* - 2PTW• 

(2.18) 

We now simplify this result using three rules that are of general utility in discussions 
of the performance surface: 

1. Identity rule for any square matrix: AA - 1 = I 
2. Transpose of a matrix product: [AB] T = BTAT 
3. Symmetry of the input correlation matrix: RT = R; [R- 1]T = R- 1 [see (2.11)]. 

Using these rules, (2.18) becomes 

tmin = E[dfj - PTR - 1P = E[dfj - pTw• (2.19) 

We now introduce an example to help clarify the concepts of quadratic performance 
surface, gradient, and mean-square error set forth so far. 

EXAMPLE OF A PERFORMANCE SURFACE 

A simple example of a single-input adaptive linear combiner with two weights is 
shown in Figure 2.6. The input and desired signals are sampled sinusoids at the 
same frequency, with N samples per cycle. We assume that N > 2 so that the input 

x, = sin (2~k/N ) __ ,__...,i d, = 2 cos (2nk/N) 

Figure 2.6 Example of an adaptive linear combiner wjtb two weights, 
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samples are not all zero. We are not concerned here with the origin of these signals, 
only with the resulting performance surface and its properties. 

To obtain the performance function [i.e., t in (2.13)], we need the expected 
signal products in (2.11) and (2.12). Note that we must change the subscripts of x 
for the single-input case, as in (2.2). The expected products may be found for any 
product of sinusoidal functions by averaging over one or more periods of the 
product. Thus, 

E[d ] - ~ ;, 2d . 21r(k - n) 
kxk - n - N ,:_, cos N sm N 

k - 1 

. 21r11 
= - smN; ll = 0 , 1 

(2.20) 

(2.21) 

We note further that obviously E[xf_ 1) = E[xfl, because the average is over k. 
With these results, the input correlation matrix R and the correlation vector P 

can be obtained from (2.11) and (2.12) for this two-dimensional, single-input 
example: 

27T l 0.ScosN 

0.5 
(2.22) 

(2.23) 

As in (2.20) and (2.21) we also obtain E[df] = 2. Using these results in (2.13), we 
obtain the performance function for this example: 

t = E[df] + WTRW - 2PTW 

=2+0.s[Wo w1l[ i21r 
COSN 

(2 .24) 

This performance surface is plotted in Figure 2.5 for N = 5 samples per cycle. Note 
that it is quadratic in Wo and w1 and has a single global minimum. The gradient 
vector at any point Wo , w1 can be found by substituting (2.22) and (2.23) into (2.15) 
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and is 

'v = 2RW - 2P 

1 COSN Wo 0 

[ 

217 l [ l [ l cos ~; 1 w1 -
2 

- sin 2;; 

(2.25) 

The Wiener weight vector for this example, W • , may be found formally from (2.17) 
by inverting R, or it may be found by setting 'v equal to zero in (2.25). These are, of 
course, equivalent operations, and in either case the result is 

[ 21r 21r ]T w• = 2cotN -2cscN (2.26) 

Again, note that N > 2 was specified earlier, so that "'o* and wt in this result are 
always finite. 

Finally, the minimum mean-square error for this example is obtained by 
substituting (2.23) and (2.26) into (2.19): 

~min= E [ dl] - pTw• 

_ 217 ][ 2cot2;; l -smN 217 = 0 
- 2cscN 

= 2 -[o (2.27) 

This result, which says in effect that the weights in Figure 2.6 can be adjusted to 
reduce E, to zero for any value of N, may seem surprising at first. The unit delay ~y 
itself can change xk from a sine into a cosine function only when N = 4, that 1s, 
only when the unit delay is one-fourth of a cycle. Note that in this case (2.26) gives 
Wo* = O and wt= -2. However, with two weights in addition to the delay, the 
adaptive linear combiner can always shift xk so that it becomes the proper cosine 
function, for any N greater than 2 (see also Exercise 3). 

ALTERNATIVE EXPRESSION OF THE GRADIENT 

Since the mean-square error is a quadratic form in W which reaches its minimum 
value when W equals W • , one might expect that it could be expressed as 

~ = ~m;n + (W - W*)TR(W - W*) (2.28) 

We demonstrate that this expression is valid in the following manner. Noting that in 
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general (A - B) T is just AT BT, we expand (2.28) to obtain 

~=~min+ W*TRW* + WTRW - WTRW* - w•TRW (2.29) 

Each term in (2.29) is a scalar and therefore equal to its own transpose. Thus the 
last two terms are equal. We now combine these and also substitute (2.19) for ~min• 

and get 

(2.30) 

Next, substituting (2.17) for W * and recalling again that R is symmetric, we get 

~ = E[dl] - pTR- 1P + pTR - 1RR - 1P + WTRW - 2WTRR- 1P 

= E[df] + WTRW - 2WTP (2.31) 

= E[df] + WTRW - 2PTW 

This result corresponds with (2.13) and thus validates (2.28). 
The quadratic form in (2.28) can be expressed more conveniently when we 

define a weight deviation vector, as follows: 

V = W - W*=[v0 V1 (2.32) 

Accordingly, (2.28) becomes 

(2.33) 

The quantity Vis the deviation of the weight vector from the Wiener optimal weight 
vector. Any departure of W from W * would cause an excess mean-square error 
according to the quadratic form VTRV. 

In order that ~ be nonnegative for all possible V, it is necessary that 
VTRV ~ 0 for all V. When V TRV > 0 for all V =I- 0, the matrix R is said to be 
"positi~ definite" [7]. When V TRV = 0 for certain finite values of V or for all V, 
the matrix R is said to be "positive semidefinite." In physical situations, R will 
almost always be positive definite, but a positive semidefinite R could occur. Texts 
on matrix theory generally discuss conditions of positive definiteness and positive 
semi definiteness. 

The gradient of the mean-square error with respect to V is obtained by 
differentiating (2.33): 

:t = [::o K K]=2RV 
avl auL 

(2.34) 

This gradient is the same as that given by (2.15), because W and V differ only by a 
constant. Thus 

a~ a~ 
'v = - = - = 2RV = 2(RW - P) aw av . (2.35) 

Expression (2.35) will be used in developing and analyzing a variety of adaptive 
algorithms. 
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DECORRELATION OF ERROR AND INPUT COMPONENTS 

A useful and important statistical condition exists between the error signal and the 
components of the input signal vector when W = W *. Recall from (2.8) that 

(2.36) 

We multiply both sides of this equation by Xk. Since each term is a scalar, we can 
put Xk on either side of each term. Thus 

ekXk = dkXk - xkxJw 
Next, we take the expected value of (2.37) and obtain 

E[tkXk] = p - RW 

Finally, we let W take its optimum value, W * = R - i P in (2.17), and get 

E[tkXklw-w• = P - P = 0 

(2.37) 

(2.38) 

(2.39) 

This result is the same as the well-known result of Wiener filter theory: that when 
the impulse response of a filter is optimized, the error signal is uncorrelated with 
(orthogonal to) the input signals to the weights. 

EXERCISES 

1. Much of the discussion in this chapter and in subsequent chapters uses matrix algebra. 
Prove that the following simple relationships are true for any matrices A, B, and C: 
(a) AB * BA in general. 
(b) A(B + C) =AB + AC. 
(c) (AB)T = BTAT and (AB) - 1 = B - 1A- 1. 

(d) If A is symmetric, then A - 1 is symmetric. 

2. Starting with Equation (2.13), give a detailed derivation of Equation (2.15). 

3. In the adaptive linear combiner example shown in Figure 2.6, let N = 10. Then: 
(a) Find the optimum weight vector. 
(b) Write an expression for Yk using the answer to part (a). 
(c) Using the result from part (b) and x, from Figure 2.6, prove that Yk = dk. 

4. In Figure 2.6, what weight values will produce a root-mean-square (rms) value of e, equal 
to 2: 
(a) With N = 5? 
(b) With N = 10? 

5. On the performance surface of Figure 2.6, with N = 8, what is the gradient vector when 
w1 - 0 and the mean-squared value of ,, is: 
(a) 2.0? 
(b) 4.0? 
Why is the gradient steeper in the latter case'/ 
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6. Consider the system shown here, which is an adaptive linear combiner with a single 
weight. Suppose that switch Sis open and E[xf] = 1, E[ x,x,_ iJ = 0.5, E[df] = 4, 
E[ d,x, ] = -1, and E[d, xk-il = 1. Derive an expression [or the performance function. 
Make a plot of the performance function. 

w, 

+ 

7. Do Exercise 6 with swi tch S closed. 

8. What is the optimum value of w1 for Exercise 6? What is the corresponding minimum 
mean-square error? 

9. In the adaptive linear combiner diagram of Exercise 6, let x, and d, be as given in 
Figure 2.6, and let N = 5. With switch S open: 
(a) Find and plot an expression for f 
(b) Find the optimum value of w1 . 

(c} Find the minimum value off 

10. Do Exercise 9 with switch S closed. 

11. The student should have some experience with correlation functions such as those derived 
in Equations (2.20) and (2.21). Consider the following continuous, periodic waveforms: 

ult) 

Square 

0 wave 

- a 
x(t) 

Sine 
wave 

yltl 

Pulse 

0 mT NT train 

2 
m < N/2 
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Suppose that each waveform is sampled at I = 0, T, 2 T, ... , such that there are exactly N 
samples per cycle in the first two cases, and N /2 samples per cycle in the third case. If a 

sample is taken where f(t) is discontinuous, give it the value just to the right of the 
discontinuity. 
(a) Find E[ukuk- nl• 
(b) Find E[y,y, _,,]. 
(c) Find £[ u,x, _ ,, ]. 
(d) Find E[u,y, _,,]. 
(e) Find E[x,y, _ ,,]. 

12. By using an example from Exercise 11, il lustrate that in general, autocorrelation is an 
even function of the shift variable 11, but cross correlation is not. 

13. Consider the adaptive linear combiner shown below. Suppose that we wish to minimize 
£[,fl rather than E[efj. Assume that the signals x0,, xa, and d, are all sta tionary. 
(a) Derive an expression for E[etJ. 
(b) Is £ [et ] quadratic in Wo and w1? 
(c) Is £[et] a unimodal function of w0 and w1? 

d, 

Wo 

Xo, 

w, 

x,_ 

ANSWERS TO SELECTED EXERCISES 

3. (a) W* = [2.753 3.403f 
(b} .v, = 2.753 sin(k?r/ 5) - 3.403 sin[(k - l)r./ 5] 

4. (a) w,; + Wf + 0.6180w0w1 + l.902lw1 - 4 0 
(b} w,; + w/ + l.6180Wow1 + l.1756w1 - 4 = 0 

5. (a) 'v = [0 l.4142]T 
(b) 'v = [2 2.8284]T, [ - 2 0]T 

6. t = wi' - 2w1 + 4; wt = 1 

7. t = w? - w1 + 7; wt = 0.5 

8. wt = l; tmm = 3 

13. (a) E[,t] = Wo4 E[xi,l + wfE[xt, ] - 4wo' E[d, x J, ] + · · · +12i.ow1E[dkx o, x 1.] -

4Wo E[d}x0,l - 4w1E[d]x 1, ] + E[dt] 
(b) No 
(c) Not in general 
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THEORY OF 
ADAPTATION WITH 
STATIONARY SIGNALS 

(Chapters 3 - 5) 

OBJECTIVES OF PART II 

part II 

If we have satisfied the objectives of Part I, the reader now understands the 
idea of the performance or error surface and how it represents the adaptive 
environment. An important property of the performance surface in adaptive 
signal processing is the following: If the signals are stationary and have 
invariant statistical properties, the performance surface remains fixed and 
rigid in its coordinate system. The adaptive process then consists of starting 
at some point on the surface, proceeding downhill to the neighborhood of the 
minimum, and staying there. 

On the other hand, if the signals are nonstationary and have statistical 
properties that slowly change, we can view the performance surface as being 
"fuzzy," or undulating, or moving in its coordinate system. The adaptive 
process then consists not only of moving downhill to the minimum, but also of 
tracking the minimum as it moves about in the coordinate system. 

Chapters 3 through 5 concern the stationary situation where the perfor­
mance surface is rigid, which is of course the simplest situation to discuss. In 
Chapter 3 our objective is to introduce certain mathematical properties of the 
fixed performance surface. These properties will be useful in later chapters, 
in comparing the performance of adaptive systems. 

The primary objective in Chapter 4 is to understand two basic methods 
for searching the performance surface - Newton's method and the method of 
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steepest descent - and to compare these two methods. Then the primary 
objective in Chapter 5 is to study the effect on these two methods of a noisy 
gradient estimate, which one generally must use in practical situations: 

These chapters are all "theoretical background" for Part Ill, rn which we 
begin to discuss practical adaptive algorithms. Thus the reader may wish to 
omit sections of Part II, or skip to Part Ill and then come back to Part II. 

Properties 
of the Quadratic 
Performance Surface 

chapter 3 

Having defined the performance surface for a class of adaptive systems, our goal is 
now to proceed to a discussion of algorithms for adjusting the weights and 
descending on the performance surface to the minimum mean-square error. We do 
this in the next three chapters, but first we need to discuss some important properties 
of the quadratic performance surface. The reader interested in simply having a 
description of the best way to search the performance surface may proceed to 
Chapter 6, but the intervening discussion is necessary for an understanding of the 
search process and how to evaluate and control it. 

The properties of the performance surface that we wish to introduce in this 
chapter are, in turn, due primarily to properties of the input correlation matrix, R. 
In (2.33) we showed that when an adaptive linear combiner is used with stationary 
inputs, the mean-square error can be expressed in terms of the input signal 
correlation matrix R as 

t = ~min + (W - W*)TR(W - W*) 

(2.33) 

Note that since there are L + 1 weights (components of W), the matrix R has L + 1 
columns and L + 1 rows. 

It is clear from (2.33) that the orientation and shape of the quadratic mean­
square-error performance surface is a function of R. Much can be learned about the 
performance surface by expressing R in normal form, in terms of its eigenvalues and 
eigenvectors. Any text on linear algebra will provide useful reference material. An 
excellent reference is Anton [5]. The next two sections contain a brief review of the 
basic concepts. 

33 



- 27 -

34 Theory of Adaptation with Stationary Signals Part II 

NORMAL FORM OF THE INPUT CORRELATION MATRIX 

The characteristic values (eigenvalues) of the matrix R are developed from the 
homogeneous equation 

[R - ,\J]Q" = 0 (3.1) 

where ,\ is a scalar variable, Q,, is a column vector, I is the identity matrix, and O is 
a vector with all elements equal to zero. This homogeneous equation has nontrivial 
solutions for ,\ and Q" if and only if the following determinant vanishes: 

det[R - H] = 0 (3.2) 

Equation (3.2), called the "characteristic equation" of R, is an algebraic equation in 
,\ of degree L + 1. Its L + l solutions are designated ,\ 0 , ,\ 1, ... , ,\ L. They are the 
eigenvalues of R, all of which may not be distinct from one another. 

Corresponding to each eigenvalue, .\,,, there exists at least one vector solution 
of (3.1), Q", which is determined as follows: 

RQ,, = .\,,Q" (3.3) 

The vector Q" is the nth eigenvector of Rand is associated with,\". 
Extending (3.3), we obtain 

(3.4) 

which can be rewritten as 

RQ = QA or R = QAQ- 1 (3.5) 

Equation (3.5) gives the normal form of R, in which the eigenvalues appear explicitly 
in A. The "eigenvalue matrix" A is diagonal, as indicated by (3.4). All its elements 
are zero except for the main diagonal, whose elements are the set of eigenvalues of 
R. The modal matrix Q is called the "eigenvector matrix" of R, because its columns 
are the eigenvectors of R. Both A and Q are square, with dimensions (L + 1) X 

(L + l), like R. 

EIGENVALUES AND EIGENVECTORS OF THE INPUT 
CORRELATION MATRIX 

From the definition (2.11), it is apparent that R is a symmetric matrix, with R = RT. 
The eigenvectors corresponding to distinct eigenvalues must therefore be orthogonal; 
that is, Q';;,Q,, = 0 for any vector pair. This fact can be easily demonstrated as 
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follows. Let ,\ 1 and ,\ 2 be two distinct e.igenvalues. Then 

RQl = ,\!QI 

and 

RQ2 = A2Q2 

Let (3.6) be transposed and then postmultiplied by Q2: 

Q[RTQ2 = A1QTQ 2 

Next let (3.7) be premultiplied by QT: 
Q[RQ2 = A2QTQ2 

Recalling that R = RT and combining (3.8) and (3.9), we then obtain 

,\,Qf Q2 = A2QTQ2 

Since ,\1 * ,\ 2 by hypothesis, it follows that 

Q[Q2 = 0 

so the eigenvectors of ,\ 1 and ,\ 2 are orthogonal. 
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(3.6) 

(3.7) 

(3.8) 

(3.9) 

(3.10) 

(3.11) 

Since R is real (all its elements are real numbers) in addition to being 
symmetric, all its eigenvalues must be real. This fact can be demonstrated by 
contradiction. Assume that ,\ 1 is a complex eigenvalue of R. The characteristic 
equation of R (3.2) is an (L + 1)-degree polynomial in ,\ set equal to zero. Since 
complex roots of such a polyno~al would occur in conjugate pairs, if ,\1 is a 
complex eigenvalue, its conjugate .\1 must also be an eigenvalue. Furthermore, if ,\ 1 

is complex, its eigenvector Q1 must also be complex, since R is real [Equation (3.6)). 
~oreover, the eigenvalue associated with X1 must be the conjugate of Q1 , which is 
Q1 . Since .\1 is assumed to be complex, it cannot be equal to its conjugate (i.e., 
.\ 1 * X1). Since ,\1 and X1 are distinct, the corresponding eigenvectors must be 
orthogonal (i.e., QTQ = 0). But this result is impossible because the inner product 
of a complex vector and its conjugate is equal to the sum of squares of its 
components, which must be a positive quantity. Therefore, the assumption that ,\ 1 

is complex leads to a contradiction, and all eigenvalues of the input correlation 
matrix R must be real. 

Another important result from matrix theory is that if an eigenvalue ,\k is 
repeated with multiplicity m, there are m corresponding linearly independent 
eigenvectors. These can always be constructed to be mutually orthogonal and 
ort hog on al to all of the other eigenvectors, if so desired. 

In forming the modal matrix Q, it is convenient to scale the eigenvectors so 
that they are normalized to have unit magnitudes. We have just shown that 
eigenvectors of distinct eigenvalues are orthogonal. If repeated eigenvalues occur, Jet 
the corresponding eigenvectors be chosen so that they too are all orthogonal. Then 
all L + 1 eigenvectors that make up the columns of Q are mutually orthogonal and 
normalized, and Q is said to be "orthonormal." Henceforth we will assume that the 
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modal matrix as represented by the symbol Q is orthonormal. We can thus write 

(3.12) 

and 

(3.13) 

Thus the inverse of Q always exists. 
Finally, we can show that the eigenvalues of the input correlation matrix are 

always greater than or equal to zero. As discussed in Chapter 2 in connection with 
(2.33), R is in general positive semidefinite, and thus 

VTRV 2: 0 (3.14) 

Using the result (3.13) in (3.5), we also have 

R = QAQ - 1 = QAQT (3.15) 

Now V is the deviation of the weight vector from its optimum value, and can be 
chosen to be any vector in (3.14). Let us therefore set V successively equal to each 
column of Q, that is, equal to Q 0, Q1, ... , Q L in order. Then (3.14) holds for each 
case, and the L + I cases can be expressed as 

QTRQ 2: 0 

Substituting (3.15) for R in (3.16), we have 

QTQAQTQ 2: 0 

and if we now use the result in (3.13), we have simply 

A 2: 0 

To summarize this section: 

(3.16) 

(3 .17) 

(3.18) 

1. Eigenvectors corresponding to distinct eigenvalues of R are mutually orthogo­
nal. 

2. The eigenvalues of R are all real and greater than or equal to zero. 

3. The eigenvector matrix Q can be normalized_ (made orthonormal) such that 
QQT = J. 

AN EXAMPLE WITH TWO WEIGHTS 

Solving the characteristic equation (3.2) requires in general that the roots of a 
polynomial of degree L + l be found. A computer is usually needed for this type of 
problem, and various well-known algorithms are available for finding the eigenvalues 
of a matrix (3, 6). In fact, there are special algorithms for real, symmetric matrices 
like R (4). 

In this section we examine a case with L + l = 2 weights, where the character­
istic equation is quadratic and therefore easy to solve. Consider the input correla-
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tion matrix used as an example in Chapter 2, and take the specific case where N = 6 
in (2.22). We have 

R = [0.5 
0.25 

0.25] 
0.5 

Solving for the eigenvalues using (3.2), we obtain 

det{R - ,\I) = det[ ~:~5- ,\ 0.25 ] 
0.5 - ,\ 

= ,\2 - ,\ + 0.1875 = 0 
Therefore, 

,\o, ,\I = 0.25, 0.75 

(3.19) 

(3.20) 

The eigenvectors are also easy to obtain in this case using (3.3) or, equivalently, 
(3.1): 

[
0.25 
0.25 

[ -0.25 
0.25 

0.25 l [q00 ] 
0.25 q1o = O 

0.25][qOl]=O 
-0.25 qll 

(3.21) 

(3.22) 

Note that since the determinant of R - ,\I vanishes as in (3.1), the coefficient 
matrices in (3.21) and (3.22) are singular, and thus the q-values can be determined 
only with the arbitrary constants, c1 and c2 • These constants are now chosen to 
normalize Q as in (3 .12) and (3.13): 

Therefore, 

and 

1 [ 1 
Q = ff -1 

1 2 = I - c2+c2] 
cf+ d 

(3 .23) 

(3.24) 

(3.25) 

Having the eigenvalues and eigenvectors, we can now write R in normal form, that 
is, in the form of (3.5): 

Therefore, 

[ 0.5 
0.25 

0.25] = .!.[ 1 
0.5 2 - 1 

11 ] [ 00 .25 0 ] [ 1 
0.75 1 

(3 .26) 

Notice that the elements of A and Q all have the properties described in the 
preceding section. The eigenvectors are orthogonal; that is, their inner product 
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vanishes: 

(3 .27) 

The two eigenvalues are real and positive, and Q is orthonormal with QQT = I , as in 
(3.23). 

GEOMETRICAL SIGNIFICANCE OF EIGENVECTORS 
AND EIGENVALUES 

The eigenvectors and eigenvalues are related directly to certain properties of the 
error surface, f Recall from Chapter 2 that t defined in (2.31), describes a 
hyperparabolic error surface in a space of L + 2 dimensions with coordinate axes 
corresponding to t w0, w1, .•• , wL. Let us for the moment discuss systems with just 
two weights, that is, a three-dimensional error space. We can then generalize to 
higher-dimensional spaces, or to the two-dimensional space of a one-weight system. 

In the two-weight case, I; is a paraboloid as in the example in Figure 2.5. If we 
cut the paraboloid with planes parallel to the Wow1- plane, we obtain concentric 
ellipses of constant mean-square error, as illustrated in Figure 3.1. From (2.13), the 
general form of any of these curves projected onto the WoW1 -plane is 

WTRW - 2PTW = constant (3 .28) 

As shown in Figure 3.1, we can translate from W to new coordinates V, with origin 
at the centers of the ellipses. The origin is of course at the coordinates of the 
minimum mean-square error and, as in (2.17), 

V=W-R - 1P=W - W* (3.29) 

Then (3.28) becomes 

V TRV = another constant (3.30) 

which represents an ellipse (or, in general, a hyperellipse) centered at the origin of 
the v0v1-plane. In this new coordinate system there are two (or in general L + I) 
lines normal to the ellipses. These are known as the principal axes of all ellipses 
[l, 2] and of the error surface, and are the lines labeled v0 and v1 in Figure 3.1. 

Any vector normal to the ellipses can be expressed by thinking of the ellipses 
as contours of F(V) = VTRV and taking the gradient of F, which is also the 
gradient of t since I; and F differ only by a constant. The gradient is 

[ BF oF BF ]T 
'i7 = ov0 Bv1 BuL 

= 2RV (3 .31) 

(One can arrive at this result by writing VTRV in the form of a double sum and 
taking each derivative in turn.) 

On the other hand, any vector passing through the origin at V = 0 must be of 
the form µ,V. But a principal axis passes through the origin and is normal to F(V). 

Chap. 3 Properties of the Quadratic Performance Surface 

2.5,------- ------- - --- ---~ 
v, 

0.0 

i t - 2.5 

i 

- 5.0 

Weigh t, w0 

Figure 3.1 Ellipses of constant mean-square error in the 'k,ow1- p!ane, with trans­
lated axes Vo and V1, and principal axes v() and vJ. . The ellipses are contours or the 
surface in Figure 2.5. 

Thus we must have 

2RV ' = µ,V ' 
or 
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[R - ~I]V ' = 0 (3 .32) 

where V ' now represents a principal axis. This result is in the form of (3.1), so V' 
must be an eigenvector of the matrix R. Thus 

The eigenvectors of the input correlation matrix define 
the principal axes of the error surface. 
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As a summary of these geometrical transformations, consider the following expres­
sions of the error surface in the three coordinate systems. From (2.28), (2.33), and 
(3.5), we have 

! !min +(W W*)TR(W - W*) 

+ VTRV 

=!min+ VT(QAQT)v 

=!min+ (QTV)TA(QTV) 

(3.33) 

(3.34) 

!min+ V'TAV' (3.35) 

Equations (3.33), (3.34), and (3.35) give ! in the natural, translated, and principal­
coordinate systems, respectively. We can verify (3.35) by again taking the gradient 
as in (3.31): 

V = 2AV' 

= 2[.\ 0vb .\ 1v;_ (3.36) 

In contrast with (3.31), we see that if only one component, v~, is nonzero, the 
gradient vector lies along that axis; therefore, V' in (3.35) represents the principal­
coordinate system. The transformations corresponding to (3.34) and (3.35) are 

Translation: V=W-W* (3.37) 

Rotation: V' = QTV Q- 1v (3.38) 

We can picture these transformations in the example of Figure 3.1. 
The eigenvalues of R also have important geometrical significance. As seen in 

(3.36), the gradient of ! along any principal axis, v~, could be written 

Ji_= 2,\ v' 
a , n n 

vn 
(3.39) 

and also 

fl 
av~2 

n=0,1, ... ,L (3.40) 

Thus the second derivative of ! is twice the eigenvalue along any principal axis, so 

The eigenvalues of the input correlation matrix, R, give 
the second derivatives of the error surface, t with 
respect to the principal axes of f 

We can see a simple example of this result by considering the one-weight case, 
where ! becomes a parabola. Let rmn represent the (m, n)th element of R. Then, 
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from (2.33), we have for this case 

! ~min+ roo(w - w*)
2 

(3.41) 

There is only one dimension to W here, so the w-axis is also the principal axis, and 
the eigenvalue is ,\ = r00 • Differentiating twice with respect to w1, we obtain 

a2~ 
aw2 = 2roo 2,\ (3.42) 

as in (2.34). Thus, with one weight, the second derivative of the parabola at any 
point equals 2r00 . A numerical example with two weights is considered in the next 
section. 

A SECOND EXAMPLE 

Let us now consider another example with two weights, similar to the first example 
above but more complete. Let the signal characteristics needed to specify the error 
surface be the following: 

p = [;] ( 3 .43) 

Substituting these values into (2.13), we have 

!=42+[Wo w1l[i ;)[::] 2[7 s1[::] 
2wl + 2w{ + 2w0w1 14w0 - 16w1 + 42 (3.44) 

This is the error surface, which is again a paraboloid in the three-dimensional space 
with axes t Wo, and Wi- We locate the optimum weight vector, W *, corresponding 
with the minimum mean-square error, ~min, from (2.17): 

RW* =P 

or 

Therefore, 

(3.45) 

Using (3.45) in (3.44), we obtain ~min = 4. If we define V W - W * as before, we 
can then write (3.34) in terms of the translated coordinates, v0 and v1: 

! [vo v1J[i ; ][::] + 4 (3.46) 

Contours of constant ! are shown in both coordinate systems in Figure 3.2. 
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10~-----------------------~ 

0 

-5--l--.---,-----,--.----l---.--,---.-,--t-r---r---i--.--7 
-5 0 

Weight, w0 

Figure 3.2 Contours of constant mean-square error in (3.44), showing translated 
( v0-v1 ) eoordinate system and principal axes ( v0, vi). Eigenvectors, Q0 and Q1, 

point in positive Vo and vi directions. 

10 

Similar to (3.22) in the previous example, the eigenvalues of R in this example 
are found as follows: 

A2 - 4A + 3 0 

Therefore, 
(3.47) 

Also, similar to (3.21) and (3.22), the eigenvectors are determined with arbitrary 
constants from (3.1): 

(3.48) 

(3.49) 
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These are the same eigenvectors as in the preceding example, so the normalized 
matrix of eigenvectors is the same as in (3.25), that is, 

1 [ 1 
Q = Ii -1 (3.50) 

These eigenvectors are shown on the error contour plot in Figure 3.2, colinear with 
the principal axes. Notice how Q0 and Q1, the columns of Q in (3.50), are unit 
vectors in the positive direction along the principal axes, v0 and v;_. As indicated by 
Exercise 15 at the end of this chapter, the Q-matrix is always of this form for the 
single-input adaptive linear combiner with two weights. 

Notice also in Figure 3.2 how the eigenvalues indicate the steepness of the 
error surface along the principal axes. The surface is steeper in the v1 direction with 
second derivative 2A1 6 than in the Vo direction with 2Ao = 2. 

EXERCISES 

1. (a) Prove that Equation (3.30) represents an ellipse when there are two weights. 
(b) What type of curve is represented when there is just one weight? 

2. Starting with the definition of the gradient, give a detailed derivation of Equation (3.31). 
3. Write the characteristic equation for R in terms of a polynomial, if: 

(a)R~[: !] (b)R [; % !] 
4. Find the eigenvalues of R [ ~ ; ] . 

5. Find the eigenvalues of R [ i ! ] . 
6. Write the characteristic equation for R in terms of a polynomial, if: 

(a)R=[~ ~] (b)R [~ : :] 
C e j 

7. Which of the four input correlation matrices in Exercises 3 and 6 would apply to 
single-input adaptive linear combiners? Which could apply to multiple-input combiners? 

8. Find the eigenvalues of R u n 
9. Find the eigenvalues of R = [ i ~]. 

Find the eigenvalues of R = [ l 3 n 10. 6 
2 

11. Find the eigenvalues of R = [ i 2 n 4 
3 
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12. Find the normalized eigenvectors: 
(a) In Exercise 4. (b) In Exercise 5. 
(c) In Exercise 8. (d) In Exercise 9. 
(e) In Exercise 10. (f) In Exercise 11. 

13. Demonstrate that the eigenvectors are mutually orthogonal: 
(a) In Exercise 12(a). 
(b) In Exercise 12(c). 
(c) In Exercise 12(f). 

Part II 

14. Consider an adaptive linear combiner in the form of Figure 2.4 with two weights (i.e., 
L I). The signals x and d have the following properties: E[xt~d 2, E[xfd 3, 

E[x0 kxul = 1, E[x0 kdd 6, E[xudd = 4, E[dI) = 36. 
(a) Write an expression for the mean-square error. 
(b) What is the optimal weight vector, W*? 
(c) What is the minimum mean-square error? 
(d) Find the eigenvalues and eigenvectors. 
(e) Make a plot similar to Figure 3.2. 

15. Show that the eigenvectors of any single-input adaptive linear combiner with two weights 

are given by Equation (3.50). 

ANSWERS TO SELECTED EXERCISES 

1. (a) Hint: The general quadratic form, Ax 2 + Bxy + Cy 2 + Dx + Ey + F 0, repre-

sents an ellipse if B 2 4AC < 0. 

3. (a) A2 - 2a;\ + a 2 
- b2 0 

(b) A3 - 3a;\2 + (3a 2 - 2b2 - c2 )A a3 + 2b2 (a - c) + ac2 O 

4. Ao, ;\1 = 1, 5 

5. Ao,\= 2,4 

6. (a) A2 (a+ c)A + ac b2 = 0 
(b) ;\3 +(a+ d + j);\2 + (b2 + c2 + e 2 - ad af dj)A + adj+ 2bce - ae 2 

- b2f 

c2d 0 
7. Single-input: 3a, b (also 6a if a = c; 6b if a = d f, b = e) Multiple-input: 6a, b 

(3a, b could also apply) 

8. ;\ 0 , A1 = 1.382, 3.618 

10. ;\ 0 ,;\1,A 2 2.1716,4, 7.8284 

12. (a) Same as Equation (3.50) 
(b) Same as Equation (3.50) 
(c) QI;= [0.851 -0.526]; Qf = [0.526 0.851] 
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Searching the 
Performance Surface 

chapter 4 

We have seen that the mean-square-error performance surface for the adaptive linear 
combiner is a quadratic function of the weights when the input signals and the 
desired response are statistically stationary. In many applications of interest the 
parameters of this quadratic performance surface are unknown, and an analytical 
description of it is not available. The location of points on the surface, however, can 
be measured or estimated by averaging the squared error over a period of time. The 
problem is to develop systematic procedures or algorithms capable of searching the 
performance surface and finding the optimal weight vector when only measured or 
estimated data are available. Most practical procedures of this type do not search 
exhaustively but find the optimal or nearly optimal solution by testing representative 
adjustments near it. 

METHODS OF SEARCHING THE PERFORMANCE SURFACE 

46 

In this chapter we shall be concerned with developing algorithms for two well-known 
methods of searching a performance surface: Newton's method and the method of 
steepest descent. These methods entail the use of gradient estimates to indicate the 
direction in which the minimum of the surface lies. They are thus referred to as 
"descent methods." We will show that these methods are applicable to the quadratic 
performance surface in particular, and also to other types of performance surfaces. 

Newton's method has fundamental mathematical significance, although it is 
frequently difficult to implement in practice. It is a method of gradient search that 
causes all components of the weight vector to be changed at each step in the search 
procedure or at what we shall later define as each iteration cycle. The changes are 
always in the direction of the minimum of the performance surface, provided that 
the surface is quadratic. 
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The method of steepest descent is readily implemented and has proven its 
value in a wide variety of practical applications. It is a method of gradient search 
that also causes all components of the weight vector to be changed at each step or 
iteration cycle. In this case, however, the changes are in the direction of the negative 
gradient of the performance surface. They are thus not necessarily in the direction 
of the minimum, since the negative gradient tends toward the minimum only when 
its origin lies on one of the principal axes of the surface, as discussed in Chapter 3 
(see Figure 3.1 or 3.2, for example). 

In subsequent chapters we shall describe additional methods of searching a 
performance surface and develop algorithms based on them. One is a gradient 
search method that uses a very rough estimate of the gradient at each step in the 
search procedure. Another is a method that does not employ gradients and has 
particular application to problems that we shall also introduce later with perfor­
mance surfaces that are not quadratic. These methods are designated, respectively, 
"LMS" and "random search." 

BASIC IDEAS OF GRADIENT SEARCH METHODS 

To introduce the basic concepts of gradient search methods, including those of the 
recursive algorithm and convergence, we first consider the simplest case where there 
is only one weight. For this case, which has limited practical significance, all 
methods of gradient search reduce to a single method. 

The one-weight (univariable) performance surface, which is a parabola, is 
illustrated in Figure 4.1. This surface can be represented as in (3.41): 

~=~min+ >.(w - w•)2 

1 
! m;r, ··----------_::"'--+---

Optimal 
sett ing 

w• 

Weight, w 

Initial 
guess 

Figure 4.1 Gradient search o f univariable performance surface. 

( 4.1) 
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We note that the eigenvalue, ,\ , equals r00 in the univariable case. The first 
derivative is 

dl 
dw = 2,\(w - w*) 

The second derivative, constant over the entire curve, is 

d2l = 2,\ 
dw 2 

(4.2) 

(4.3) 

The problem is to find w*, the weight adjustment that causes the mean-square 
error to be minimized. Not knowing the performance function, we begin with the 
arbitrary value lVo and measure the slope of the curve at this point. We then choose 
a new value 11\ equal to the ini tial value lVo plus an increment proportional to the 
negative of the slope.t Another new value, w2 , is then derived in the same way by 
measuring the slope of the curve at w1• This procedure is repeated until the optimal 
value w * is reached. 

The value obtained by measuring the slope of the performance curve at the 
discrete intervals \Vo, w1, w2, . • . is called the "gradient estimate." The method of 
making the measurement and the question of its accuracy are discussed in Chapter 5. 
For the purposes of the present chapter we simply assume that an exact value is 
available. Note that use of the negative of the gradient is necessary to proceed 
"downhill." 

A SIMPLE GRADIENT SEARCH ALGORITHM AND ITS SOLUTION 

With only a single weight, the repetitive or iterative gradient search procedure 
described above can be represented algebraically as 

wk+l =wk+ J.L( - 'vk) (4.4) 

where k is the step or iteration number. Thus wk is the "present" adjustment value, 
while wk +! is the "new" value. The gradient at w = wk is designated by 'vk- The 
parameter J.L is a constant that governs stability and rate of convergence; its choice is 
discussed later in this chapter. 

The gradient 'vk for the single-weight case is obtained from (4.2) as 

dl/ 'vk=-d = 2.\(wk-w*) 
W w=w,,.. 

(4.5) 

The dynamic or transient behavior of the iterative process, from initial value w0 to 
optimal solution w*, can be analyzed through the equation formed when (4.5) is 
substituted into (4.4): 

(4.6) 

t Note that here, unlike Chapte.r 3, we are using the subscript to designate the it era lion number 
rather th an the weight number. 
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Rearranging terms. we obtain 

wk+ l = (1 - 2µ,\)wk + 2J.L,\w* (4.7) 

This equation is a linear, first-order, constant-coefficient, ordinary difference equa­
tt0n [1]. It can be solved by induction from the first few iterations. Starting with the 
initial guess w0 , the first three iterations of ( 4. 7) yield 

w1 = (1 - 2J.L,\ )Wo + 2µ,\w* (4.8) 

w2 = (1 - 2J.L,\ )2w0 + 2µ,\w* [ (1 - 2J.L,\) + 1] ( 4.9) 

W3 = (1 - 2J.L;\) 3"'o + 2J.L,\w*[(l - 2µ.,\) 2 +(1 - 2J.L,\) + 1] 

From these results we can generalize to the kth iteration: 

k- l 
wk = (l - 2µ,\) kw0 + 2µ,\w * .[ (1 - 2µ,\ )" 

n= O 

= (1 - 2µ.,\)kwo + 2J.L,\w* 1 -(1 - 2µ,\)k 

1 - (1 - 2µ,\) 

= w* +(1 - 2J.L,\) k( w0 - w*) 

(4.10) 

(4.11) 

(4.12) 

(4.13) 

This result gives us wk explicitly at any point in the search procedure, and is thus a 
"solution" to the gradient search algorithm. 

STABILITY AND RATE OF CONVERGENCE 

In (4.13) the quantity r = 1 - 2µ,\ is known as the "geometric ratio" because it is 
the ratio of successive terms in the geometric sum in (4.11). It is evident that r is the 
critical quantity in the one-weight iterative process. Equation (4.13) is defined to be 
"stable" if and only if 

lrl = 11 - 2J.L.\i < 1 

This condition can also be expressed as 

(4.14) 

1 x-> J.L > 0 ( 4.15) 

If the condition in (4.14) or (4.15) is met, that is, if the algorithm in (4.13) is stable, 
the algorithm is seen to converge to the optimum solution: 

( 4.16) 

The rate of convergence also obviously depends on the geometric ratio. 
Figure 4.2 depicts typical action that takes place during the adjustment process 

for different values of the geometric ratio r. The lines have no physical significance 
but simply join the series of points representing the discrete values of wk. Note that 
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t 
~ 

w' 

0 5 10 15 

Iteration number, k 

Figure 4.2 \Veight adjustment for different values of the geometric ratio r. With 
r = 0 (Newton's method), w* is reached in one iteration. 

Part II 

when the absolute value of r is less than 1, the rate of convergence increases as r 
decreases, reaching its maximum at r = 0, when the optimal solution is reached in a 
single step. Note also that for positive values of r of magnitude less than 1 there is 
no oscillation in the transient weight values, while for negative values the transient 
weight values overshoot the optimal setting and converge in a decaying oscillation. 
In the former case the process is said to be "overdamped" and in the latter 
"underdamped." When r = 0 the process is equivalent to Newton's method (dis­
cussed below) and is said to be "critically damped." When the absolute value of r is 
greater than or equal to 1, in accordance with (4.14), the process is unstable and does 
not converge. 

The effects of the choice of µ on r and on the single-weight iterative process 
are summarized in Table 4.1. 

TABLE 4.1 EFFECT OFµ ON CONVERGENCE OF THE SINGLE-WEIGHT 
GRADIENT SEARCH PROCESS 

Stable (convergent) 
I 

O<µ < I lrl < I 

Overdamped 
1 

0 < µ < 2A l > r >O 

Critically damped 
1 

r = 0 µ=-
2A 

1 1 
0 > r > - 1 Underdamped n < µ<I 

1 
and µ $ 0 \r\ > l Unstable (not convergent) µ ;,_I 

Chap. 4 Searching the Performance Surface 51 

THE LEARNING CURVE 

The effect of variations in the adjustment of the weight on the mean-square error can 
be observed from (4.1). If we let Ek be defined as the value of the mean-square error 
when the weight is fixed at wk, then we can write from (4.1) 

Ek= Emin + >-(wk - w*) 2 (4.17) 

Substituting wk from (4.13) into this expression yields 

( 4.18) 

It is evident that since wk undergoes a geometric progression toward w* , the 
mean-square error also undergoes a geometric progression toward ~min· The geomet­
ric ratio of the mean-square-error progression is seen in (4.18) to be 

rm,e = r 2 = (1 - 2µA) 2 (4.19) 

Since this ratio can never be negative, the mean-square-error progression will never 
be oscillatory. Stability is assured as before by satisfaction of condition ( 4.14). 

For the single-weight system, Figure 4.3 shows the relaxation of the mean-square 
error from its initial value E0 toward the optimal value Emin· The instance shown 
represents a value of rm,e = 0.5, corresponding tor= 0.707. The curve once again 

0 

Iteration number, k 

10 

r = 0.707 

f rT'W = Q.5QQ 

Figure 4.3 The "learning curve" is a plot of the mean-square error, ~it: , versu.i k. 

15 
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has no physical significance between integer values of k; it simply connects the 
discrete transient values of the error. The curve is called the "learning curve" and 
indicates the reduction of mean-square error during the iterative process. 

GRADIENT SEARCH BY NEWTON'S METHOD 

We have indicated that the univariable gradient search process is critically damped 

when r = 0, that is, where 

r = l - 2µJ... = 0 
1 

µ=-
2A 

(4.20) 

In this case the process converges in one step with quadratic mean-square-error 
functions and is called Newton's method because of its relationship to a method of 
elementary calculus for finding the roots of a polynomial. Let us now investigate the 
application of this method to particular single-weight (or univariable) functions and 
then extend its application to the multivariable performance surface. 

Newton's method [2] is primarily a method for finding the zeros of a function, 
say /(w), that is, a method for finding solutions to the equation /(w) = 0. The 
method consists of starting with an initial guess, Wo, and then using the first 
derivative, /'(w0 ), to compute the next estimate, w1. As shown in Figure 4.4, w1 is 
found where the tangent at /(Wo) intersects thew-axis. Thus, using the geometry in 

Figure 4.4, 

or 

w, 

Weight, w 

f{w) 

Tangent; 
, f{w 0 ) 

f(w0 )= - -
Wo - W1 

(4.21) 

Figure 4.4 Newton's method for finding, 
a zero of/( w) proceeds from w0 to 1-1:1 

using the tangent to /(w). 
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The next point, w2 , is computed using w1 as the initial guess, and so on. In general, 
then , 

k = 0, 1, . . . (4 .22) 

The convergence of Newton's method obviously depends on the initial guess , w0 , 

and on the nature of /(w), but it is known to converge rapidly for a large class of 
functions. 

Equation (4.22) is called the continuous form of Newton's method because the 
continuous function, /(w), and its derivative are used explicitly. A discrete form 
also exists, and is used where f'(w) must be estimated. Assuming that /(w) is 
known or can be estimated accurately, we can estimate f '(w) using a backward 
difference formula: 

(4.23) 

Using this approximation in (4.22), the discrete form of Newton's method may be 
expressed as 

f(wk)(wk - wk -- t) 
Wh t = wk - /(wk) - /(wk- I) ; k = 0 , 1, ... ( 4 .24) 

Note that in (4.24) as well as in (4.22), steps must be taken to assure that the 
denominator does not vanish at any iteration. For the present, we will use the 
continuous form of Newton's approximation. 

To apply Newton's method in searching performance surfaces, we must begin 
with an equation of the form /(w) = 0, as above. This of course would be 
e(w) = 0, or 'v = 0 in general, as in (2.16), because we want to find the minimum 
of ~(w). Thus for the univariable performance surface, we use 

/(w) = e(w) (4.25) 

so that, for example, the continuous form in (4.22) becomes 

e(wk) 
w =w---- · 

k + I k ~"( wk) , 
k=0 , l, ... ( 4 .26) 

Note that the discrete form of the algorithm using (4.23) now involves an approxi­
mation to the second derivative of f 

When the performance surface is quadratic, as it has been in all of our previous 
discussions, the application of Newton's method leads to a one-step solution as 
shown in Figure 4.2. Using (4.2) in the algorithm (4.26) with k = 0 gives 

n(Wo- w*) 
W1 = Wo- 2J... = w* (4.27) 
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10 

<" 1 - -is [(1 - w2 )(4 + 3w) 2 + 1] 

- 2 -1 0 

Weight, w 

Figure 4.5 Newton's approximation on a nonquadratic performance surface. start­

ing at w = 0. 
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Thus Newton's method works simply in the univariate case where the performance 
surface is quadratic and specified for all values of w. 

There are two ways in which Newton's method can become more complicated 
in the univariate case. First, ~' and ~" in (4.26) must be estimated if ~(w) is not 
known exactly. The subject of gradient estimation is addressed in Chapter 5. 
Second, the performance surface may not be quadratic. So far we have discussed 
only the adaptive linear combiner, for which ~ is quadratic, but we will later 
introduce other adaptive structures with nonquadratic performance surfaces. An 
example is shown in Figure 4.5 using a performance surface for a particular 
recursive adaptive filter. Note that even though the performance surface is non­
quadratic, when the initial weight is at w = 0, Newton's method goes almost to the 
optimum, w* = 0.448, after only four iterations. For some initial weight values, 
however, Newton's method will not find the optimum in this example, further 
development of which is left to Exercises 7 through 9. 

NEWTON'S METHOD IN MULTIDIMENSIONAL SPACE 

We have seen that Newton's method finds the optimum weight, w*, in a single step 
when there is one weight and the performance surface is quadratic. We extend 
Newton's method to the multivariable case with many weights simply by defining it 
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as a method which will perform similarly, that is, which will go to the optimum in 
one step on a quadratic performance surface. 

Recall that in (2.17) the optimum weight vector is given by 

w• = R - 1p 

and that the gradient vector in (2.13) is 

'v = 2RW - 2P 

(4.28) 

(4.29) 

We can multiply ( 4.29) on the left by ½R - t and then combine these two equations to 
obtain 

w• = w - ½R- 1'v (4.30) 

We change this result into an adaptive algorithm as follows: t 

wk+ 1 = wk - ½R- 1'vk (4.31) 

The subscript (k) on the gradient vector implies that the gradient is measured at step 
k, where the weight vector is Wk. 

Equation (4.31) is thus Newton's method for the multivariable case. When the 
error surface is quadratic, the method proceeds to the optimum solution in one step, 
as in (4.30). The two-weight, quadratic case is illustrated in Figure 4.6. In this 
"perfect" setting the weights jump from any initial setting, W0 = ( Woo , w10 ) , to the 
optimum setting W • = ( w0, wt) in a single step. 

As shown in Figure 4.6 and in (4.31), the steps in Newton's method do not 
proceed in the direction of the gradient. To do so, the weight path in Figure 4.6 
would need to be perpendicular to each contour line. We observe that this would be 
the case only if W0 describes a point on one of the principal axes. 

Notice in (4.31) that we could generalize Newton's method by reintroducing 
the ccnstant, µ, introduced previously in ( 4.4) to regulate the convergence rate. If 
we change (4.31) to 

(4.32) 

then we obtain the one-step formula by settingµ = ½. Otherwise, we could choose 
any other value ofµ in the stable range seen in (4.35) below, that is, 

0 < µ<1 (4.33) 

However, reasons for desiring overdamped oper:ition and a smaller step size with µ 
less than ½ are discussed in the next section. In (4.32), µ is dimensionless. 

Furthermore, we can obtain a solution to (4.32) on the quadratic performance 
surface by substituting (4.29) for the gradient term and then using (4.28) to obtain 

wk+!= (1 - 2µ)Wk + 2µW* (4.34) 

Now we have an equation in the form of (4.7) , and we can obtain a solution 

1 Equation (4. 31) can also be derived by approximating ~ with a truncated Taylor series (see 
Lucnbcrger [3]). 
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2.5~------------------~ 

-2.5 
Weight, w0 

Figure 4.6 Illustration of Newton's method with µ = 1 and 2 weights. The quadratic 
performance surface is the same as in Figure 3.1. 

Part II 

inductively just as (4.13) was obtained from (4.7). The corresponding solution here 

is 

(4.35) 

As a check on this solution, observe that the one-step algorithm, W i = W • , results 
when we set /l =½,and that W00 = W* results when the condition (4.33) holds. 

GRADIENT SEARCH BY THE METHOD OF STEEPEST DESCENT 

The second principal search method to be discussed in this chapter is called the 
method of steepest descent, because in this method, unlike Newton's method, the 
weights are adjusted in the direction of the gradient at each step. An example is 
given in Figure 4.7 using the same quadratic performance surface as in Figure 4.6. 
Small steps are used in Figure 4.7 so that the path of steepest descent can be seen. 
This is unlike Figure 4.6, where convergence occurs in one large step . 

Convergence in one step is a source of satisfaction to a numerical analyst who 
would like to minimize the number of iterations necessary to accomplish a surface 
search. To an adaptive system designer, however, it is generally too fast and not 
really desirable. ln numerical analysis one can expect to be given the function to be 
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2.5,------- -----------
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Weight, w0 

Figure 4.7 Illustration of the steepest-descent method with two weights. The 
quadratic performance surface 1s the same as in Figures 4.6 and 3.1 , and µ. = 0.3. 
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searched,_ but in many practical adaptive system applications the performance 
funct10n ts unknown and must be measured or estimated on the basis of stochastic 
mput data. Slow adaptation provides a filtering process that ameliorates the effects 
of gradient measurement noise. Newton's method is thus not as useful for devising 
practical algonthms as certam other methods, among which the method of steepest 
descent has thus far proven to be the most widely applicable. 

From its definition, we can see that the method of steepest descent is expressed 
by the followmg algo~1thm, in which /l is a constant that regulates the step size and 
has d1mens1ons of reciprocal signal power: 

(4.36) 

Recall _that we had a one-dimensional version of (4.36) in (4.4). The nature of the 
relaxation process resulting when this algorithm is used to search a quadratic 
performance surface can be determined by substituting (4.29) for the gradient term 
and then using (4.28): 

w k+l = wk - 2µRVk 

=wk+ 2µR(w• - wk) ( 4.37) 

Rearranging yields 

Wk+l = (I - 2µR)Wk + 2µRW • ( 4.38) 
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The solution of this equation is complicated by the fact that the various components 
of Wk are "cross-coupled." The matrix coefficient of Wk in (4.38) is not diagonal 
because it contains the term 2µR, and in general R is not diagonal. The equation 
may be compared with the corresponding equation (4.34) for Newton's method to 
distinguish between a cross-coupled and an uncoupled system. 

We can, however, solve (4.38) by transforming to the principal coordinate 
system. First we translate as in (3.37), using V = W - W *, so that ( 4.38) becomes 

(4.39) 

Then we rotate to the principal axes using (3.38) together with (3.13); that is, we 
have V = QV', so 

QV/+ 1 = (I - 2µR)QV/ 

Multiplying on the left by Q- 1 then gives 

V/+ 1 = Q- 1(1 2µR)QV/ 

(Q 1IQ 2µQ- 1RQ)V[ 

= (I - 2µA)V[ 

(4.40) 

(4.41) 

Now the eigenvalue matrix, A, is diagonal as in (3.4), so (4.41) represents a set of 
L + l equations of the form in (4.7). Thus it is clear that there is no cross-coupling 
in the principal-coordinate system. Furthermore, reasoning inductively, the solution 
to (4.41) must be 

(4.42) 

The result in (4.42) shows that the steepest-descent algorithm is stable and 
convergent when 

lim (I - 2µA)k = 0 (4.43) 
k-.oc 

Since the product of two diagonal matrices is just the matrix of products of 
corresponding elements, ( 4.43) may also be written 

lim (1 - 2µA 0l 
k-.oo 

0 

lim (1 - 2µAL)k 
k-+ oo 

(4.44) 

Chap. 4 Searching the Performance Surface 

2.5-r-------------------

-2.5 0.0 2.5 5.0 
Weight, w0 

Figure 4.8 Steepest-descent algorithm with two weights. Ratios of distances are 
constant along principal axes v0 and vi, in accordance with ( 4.48). 
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In this form, we see that the convergence condition is satisfied by choosing µ so that 

0<µ< ( 4.45) 

where A max is the largest eigenvalue of R. Condition (4.45) is necessary and 
sufficient for convergence of the steepest-descent algorithm with a quadratic perfor­
mance surface. If this condition is satisfied, it follows that 

Jim v,; o (4.46) 
k~oc 

If we substitute V' Q- 1v = Q- 1(W W*) into (4.46) and transform back to 
natural coordinates, we find that 

(4.47) 

So the steepest-descent method is in general stable and convergent if and only if the 
condition in ( 4.45) is met. 

Another example of the steepest-descent algorithm with a two-dimensional 
quadratic surface is illustrated in Figure 4.8. The principal axes, Vo and vi, are 
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included. In accordance with ( 4.42), convergence takes place independently along 
each of the principal axes. The rate of convergence on each axis is governed by a 
unique geometric ratio. As seen in (4.44), these ratios are as follows: 

r0 = 1 2µ,A 0 

(4.48) 

That is, as the iterative process advances, the sequence of projections of Wk along 
each of the primed axes is purely geometric according to a ratio determined by the 
corresponding eigenvalue. The sequence of projections of Wk along the original 
unprimed coordinates is a sum of geometric progressions and is thus more com­
plicated. 

A description of the dynamic behavior of the iterative process in the natural 
coordinates can be obtained by reexpressing (4.42) in terms of W,.. We first 
premultiply both sides of (4.42) by Q to obtain 

Qv; = Q(I - 2µ,A)kv~ (4.49) 

Again we transform to natural coordinates using V' = Q- 1(W W *) and obtain 

Next, we use the following interesting relationship: 

(QAQ-1)k QAQ-lQAQ-1 ... QAQ-1 

= QAkQ--1 

{4.50) 

{4.51) 

where A is any matrix for which these products exist. Using A I - 2µ,A in (4.50), 
and also (3.5) again, we have 

wk= W* +(QIQ- 1 - 2µ,QAQ- 1)k(Wo - W*) 

W* +(I - 2µ,R)k(W0 - W*) (4.52) 

This is the "solved" version of the steepest-descent algorithm in natural coordinates. 
In summary, we have seen that the steepest-descent algorithm proceeds always 

in the direction of the gradient of the performance surface. The general form of the 
algorithm was given in (4.36), and its alternative or "solved" form in (4.52). The 
algorithm was seen to be stable if the condition in (4.45) is met. 
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COMPARISON OF LEARNING CURVES 

It is interesting to compare the method of steepest descent with Newton's method by 
comparing learning curves. To derive formulas for the two learning curves, we begin 
with the quadratic mean-square-error function in (2.33) and (3.34), namely 

~ = + VTRV {4.53) 

Into this we substitute the solution obtained in (4.35) for Newton's method, 
translated in accordance with (3.37). We can thus write 

~k = ~min + (1 - 2µ, )2
kVlRV0 (4.54) 

This is a simple geometric progression having a single geometric ratio of 

rmse = r2 (1 2µ,)2 (4.55) 

A typical learning curve for Newton's method, showing mean-square error as a 
function of number of iterations, is presented in Figure 4.9. This is a plot of a pure 
exponential function having a single time constant. 

5 10 

Iteration number, k 

Figure 4.9 Learning curve of Newton's method applied to a multidimensional 
quadratic performance function. The ratio of each successive pair of ordinates is 
(1 - 2µ,)2. In this example, the error surface is given by (2.24), its contours are in 
Figure 4.6, and µ, 0.3. 

15 
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The learning curve for the steepest-descent method is obtained similarly. We 
begin this time with the principal-coordinate version of (4.53), which is given in 
(3.35) as 

~=~min+ V'TAV' ( 4.56) 

When the steepest-descent solution in (4.42) is substituted, (4.56) becomes 

~k = ~min+ [ (I - 2µA) kvof A(l - 2µA) ky o 

=~min+ v(/ [(1 - 2µA)krA(l - 2µA)kVo (4.57) 

Now the matrices (I - 2µA) and A are of course diagonal and we know that 
products of diagonal matrices are commutative. Therefore, 

~ k =~min+ voT(l - 2µA)2k AVo 

L 

= ~min + L Vo~>-.(1 - 2µ>-J 2
k 

n~O 

The derivation of the final result in (4.59) is left to Exercise 18. 

w 

"' :e 

0 

Iteration number, k 

Figure 4.10 Leaming curve of me<hod of steepest descent applied to <he multidi­
mensional quadratic performance function given by (2.24). Contours are shown in 

Figure 4. 7, and µ. - 0.3. 

( 4.58) 

(4.59) 
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So we see that the learning curve for the steepest-descent method is the sum of 
decaying geometric progressions with geometric ratios of the form 

(4.60) 

Figure 4.10 shows a learning curve for the method of steepest descent as 
applied to a quadratic performance surface. This curve is like a sum of exponentials 
having as many modes as there are weights. 

Comparing Figures 4.9 and 4.10, we note that Newton's method seems to 
converge more rapidly than the steepest-descent method, given that µ and other 
factors are the same in both cases. Newton's method does indeed generally converge 
more rapidly, because it uses the information in the R matrix to find the direct path 
on the error surface to ~min• As sugges ted by Figures 4.7 and 4.8, the steepest­
descent algorithm generally finds a longer path to ~min • This discussion of the 
convergence of the two methods is continued later, in Chapter 8. 

Newton's method and the method of steepest descent may be regarded from 
another point of view as feedback processes: that is, as examples of what we have 
previously termed "performance feedback." We will show later how the perfor­
mance feedback concept can be applied to analyze the gradient search of a quadratic 
performance surface. 

EXERCISES 

1. A single-weight performance surface has the parameters A= 0. 1, ~min = 0, and w* - 2. 
Write an expression for this performance surface. 

2. In Exercise 1, if the initial guess at the optimum weight is w = 0 and the convergence 
parameter is µ = 4, what are the first five choices of w using the simple gradient search 
algorithm discussed at the beginning of this chapter? 

3. Do Exercise 2 with µ, = 8. 

4. For the univariable performance surface given by 

{ = 0.4w 2 + 4w + 11 

what range of values of the convergence parameter will provide an overdamped weight­
adjustment curve? 

S. Write an expression for and plot the learning curve for the performance surface in 
Exercise 4, given an initial value Wo = 0 and a convergence parameterµ= 1.5. 

6. Derive a discrete form of Newton's algorithm similar to Equation (4.26) but with 
differences instead of derivatives. 

7. Derive a weight-adjustment formula to apply Newton's method to the performance 
surface in Figure 4.5. 

8. Beginning with lib = 0, what are the first seven weight values in Figure 4.5 , to four 
decimal places? 
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9. In Figure 4.5, find w1 to four decimal places when "'o = 0, - 0.08, -0.14, -1.20, and 
- 1.30. Explain the results and show why Newton's method may not apply to non­
quadratic error surfaces. 

10. Write an algorithm in the form of Equation (4.31) specifically for the performance surface 
in Figure 3.2. Demonstrate one-step convergence from any starting point. 

11. Using the modified Newton method in Equation (4.32) with convergence parameterµ. set 
at 0.1, what are the first five wejgh( vectors beginning from W0 = (5, 2) in Figure 3.2? 
What is W10? 

12. Suppose that the inverse matrix, R - 1, and the gradient vector, '17, are specified in the 
following form: 

R- 1 = [Po Pi] 
Pi Po '17 = [;] 

Write explicit weight-adjustment formulas for Newton's method and for the steepest­
descent algorithm. 

13. Suppose that we have the following specifications: 

R=[i ;] P=rn 
Write explicit weight-adjustment formulas for the Newton and steepest-descent al­
gorithms, using Equations (4.34) and (4.38). Use the resulis to explain the notion of cross 
coupling. 

14. Using the steepest-descent method with µ. = 0.1, what are the first five weight vectors 
beginning from W0 = (5,2) in Figure 3.2? What is W20'1 

15. Given the error surface in Equation (3.44), plot the learning curve for Newton's method 
when the initial weights are zero and the convergence parameter is µ. = 0.05. 

16. Write the difference equations that describe the learning curves for Newton's method and 
the steepest-descent method in terms of natural coordinates. 

17. Given the error surface in Equation (3.44) , plot the learning curve for the steepest-descent 
method when the initial weights are zero and µ. = 0.05. 

18. Derive Equation (4.59) from Equation (4.58) by carrying out the matrix: products, element 
by element. 

19. Explain whyµ. is dimensionless in (4.32) and has dimensions of reciprocal signal power in 
(4.36). 

ANSWERS TO SELECTED EXERCISES 

1. ~ = 0.l(w 2) 2 

2. Wo = 0, WI = 1.6, W2 = 1.92, ... , W5 = 1.99936 
4. 0 < µ. < 1.25 

5 . . ~. = 1 + 10(-0.2)2' 

(3wk + 4)(6wf + 4wk - 3) 
7. w,~, = w, - ~~-~~~-~-~ 

54w; + nw. + 7 
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8. Wo = 0, w, = 1.7143, w, = 1.0347, .. . , w6 = w7 = 0.4484 
9. 0.4484, 0.4484, - 1.3335, - 1.1151, - 1.3333 

11. W 20 = [2.0346 2.9885]T 

14. W 20 = [2.0231 2.9769)T 

15. {, = 4 + 38(0.9)1k 

17. ~k = 4 + 0.5[(0.9) 2' + 75(0.7)2k) 
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Gradient Estimation 
and Its Effects 
on Adaptation 

chapter 5 

In Chapter 4 we assumed that an exact measurement of the gradient vector required 
by the adaptive process was available at each iteration. In most applications, 
however, an exact measurement is not available, and an estimate based on a limited 
statistical sample must be used. Such an estimate is "noisy" and can be considered 
as a true gradient plus additive noise. 

The purpose of this chapter is to describe a general method of estimating the 
gradient vector and to show the effects of noise in the estimate on the adaptive 
process. The method presented, called "derivative measurement," is equivalent to 
square-wave dithering of the weight vector. Methods based on sinusoidal dithering 
have also been successfully employed. They differ analytically from square-wave 
dithering, but their effects on the adaptive process are basically the same. 

Besides derivative measurement, there is an "instantaneous method" of esti­
mating the gradient that does not depend on dithering the weight vector. This 
method is the basis for the LMS algorithm and is discussed in Chapter 6. It is less 
general than derivative measurement because it requires spec.ific knowledge about 
the nature of the performance surface. Derivative measurement requires only very 
general knowledge of the performance surface, and is therefore discussed first in 
order to provide a general introduction to the subject of gradient estimation. 

GRADIENT COMPONENT ESTIMATION BY 
DERIVATIVE MEASUREMENT 

66 

A single component of the gradient vector can be measured in the straightforward 
manner illustrated in Figure 5.1. The parabolic mean-square-err0r function of a 
single variable was given in (3.41) and (4.1). In terms of the coordinate v = w - w*, 
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we have 

I; = /;min + Av 2 

Similar to (4.2) and (4.3), the derivatives of this function are 

di; 
- = 2Av 
dv 

67 

(5.1) 

(5.2) 

We recall that only the first derivative is required to implement the method of 
steepest descent, but that the first and second derivatives are both needed in 
Newton's method. 

As suggested in Figure 5.1, the derivatives in (5.2) are estimated numerically by 
taking "central differences" [l). Thus 

di; _ I;( v + 8) - I;( v - 8) 
dv - 28 (5.3) 

d 21; _ l;(v + 8) - 2/;(v) + !;(v - 8) 
dv 2 - 82 (5 .4) 

These _approximations become exact as 8 approaches zero. They are also exact even 
for fimte values of 8 when the performance function is quadratic in v. For quadratic 

+ 
> > :a; :a; 

Q V - /j v+/j 

Normalized weight, v 

Figure 5.1 Derivative measurement. 

1' 



- 44 -

68 Theory of Adaptation with Stationary Signals 

performance surfaces, using (5.1), we have 

Hu+o) Hu-8) A(u+o)2 -A(u - o)
2 

28 28 

A 
= 2o(u2 + 02 + 2uo - u2 

- 82 + 2uo) 

= Hu 

= d~ 
du 

Hu + o) - 2H u) + ~(u - o) _ A(u + 8)
2 

- 2A(u)2 + A( u - 0)2 
02 - 52 

2M 2 

02 

= 2A 

= d2~ 
du 2 

Part II 

(5.5) 

(5.6) 

THE PERFORMANCE PENAL TY 

The general procedure illustrated in Figure 5.1 requires that the weight adjustment 
be altered while the gradient measurement is being made. In order to estimate the 
first derivative, let us assume that the adaptive system spends time with the weight 
adjusted to u - 8 and to u + 8, in order to collect samples of the error and thus 
estimate ~( u - 8) and Hu + 8). Suppose further that N samples of the error are 
accumulated at each point, so that equal amounts of time are spent at u - 8 and at 
v + 8, with no time being spent at u. 

The "performance penalty" is defined as the increase, y, brought about by 
rnisadjusting the weight and not leaving it set at u (see Figure SJ). Thus 

y HHu - 8) + Hv + 8)] - ~(u) (5 .7) 

For the one-weight quadratic performance function, the increase in ~ can be 
found explicitly by substituting (5.1) into (5.7). We have 

Y = ½[2~mia + A(v - 8)
2 

+ A(u + 0)2] -(~min+ Av
2

) 

(5.8) 

In this result we see that y is constant over a given performance function; it is not a 
function of u. A dimensionless measure of the effect of the gradient estimate on the 
adaptive adjustment, called the "perturbation" P, can further be defined in terms of 
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y as follows: 

y M 2 
P=-= -

~ mm ~ min 
(5.9) 

This expression gives the average increase in mean-square error normalized with 
respect to the minimum achievable mean-square error. 

In the case of Newton's method, measurement of the second derivative using 
(5.4) requires an additional expenditure of time with u unperturbed in order to 
obtain the term 2H u ). This would obviously reduce the average perturbation, and 
thus the performance penalty. Since the second derivative in the case of quadratic 
performance surfaces is constant, however, it is measured only infrequently, and its 
effect on the perturbation can for practical purposes be ignored. 

DERIVATIVE MEASUREMENT AND PERFORMANCE PENAL TIES 
WITH MULTIPLE WEIGHTS 

Derivative measurement to estimate a two-dimensional gradient is illustrated in 
Figure 5.2. With two weights, the quadratic performance function is derived from 

Weight, w0 

Figure 5.2 Two-dimensional derivative measurement. 

N samples at each 
perturbed point 



- 45 -

70 Theory of Adaptation with Stationary Signals Part II 

(2.33) to be 

~ = ~min + VTRV 

= ~min + [vo V11(;: 
(5.10) 

When the partial derivative of this performance surface along coordinate v0 is 
measured, the normalized performance penalty in terms of perturbation P0 , similar 
to (5.9), becomes 

(5.11) 

Similarly, the perturbation for derivative measurement along coordinate v1 is 

(5 .12) 

Assuming that equal time is required for the measurement of each gradient compo­
nent (i.e., that 2N data samples are used for each measurement as before), the 
average perturbation during the entire measurement is given by 

li2 roo + ru 
= ~min --2- - (5.13) 

Let us now define a general perturbation for L + I weights as the average of 
the perturbations of the individual gradient component measurements as follows: 

p = £ trace(R] 
~min L + l 

(5.14) 

Since the trace of R is equal to the sum of its eigenvalues as well as the sum of its 
diagonal elements, (5.14) can be reexpressed as 

L 

p = £ .l:oA,, 
tm;n L + 1 

(5.15) 

Further, since the sum of the eigenvalues divided by the number of eigenvalues is the 
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average of the eigenvalues, (5.15) can be reexpressed as 

(5.16) 

This is a convenient general expression for the perturbation with any number of 
weights, when the gradient is measured as in Figure 5.2. 

VARIANCE OF THE GRADIENT ESTIMATE 

Gradients estimated in the manner of Figures 5.1 and 5.2 are noisy because they are 
based on differences in noisy measurements of t the mean-square error. The first 
step in determining the variance of the gradient estimate is thus to determine the 
variance fn the estimate of t where t = E[ez] as in (2.13). Our estimate of t 
denoted t is assumed to be based on N samples of fZ. 

For a review of the fundamental principles of variance, moments, and so on, 
the reader may refer to any elementary text on statistical or probability theory [2- 5, 
7). To begin our derivation of the variance of t and of the gradient estimate, we first 
define an unbiased estimate of the rth moment of ek as 

&., = ¾ £ (ek)' (5.17) 
k- 1 

From this definition we see that the true value or mean of &. , is the expected value of 
ek, that is, 

a,=£[&.,]= E[e~] (5 .18) 

As an example of (5.18), let us derive the expected fourth moment, a 4 , under 
the assumption that ek is Gaussian with zero mean; that is, the probability density 
of e, denoted p(e) in general, is normal with mean equal to zero and standard 
deviation equal to o. The true fourth moment is then 

a 4 = f 00 e4p(e)de 
·- oc 

Joo €4 2 2 

= --e- • 12• de = 3o 4 

-oo o& 
(5.19) 

Given p(e), we can find any true moment similarly. Note that when r = 2, we have 
in general 

(5 .20) 

Having defined the true moment, we next defme the variance of the moment 
estimate in (5.17) as the expected squared deviation from the mean, that is, 

var(&,]= E[(&., - a,)2] (5.21) 
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Using (5.17) and (5.18) in this result, we have 

var[&,] = Ek+ a: - 2a,&,] 

= E[ &~] - a~ 

I N N 

= 2 L LE[(Ekri)'] -a; 
N k = l l=l 

Part II 

(5.22) 

To simplify (5.22), we need to separate the N terms with k = l from the rest of the 
terms in the summation. With k = I, each term is of the form £[,tl- With k not 
equal to /, we assume ek and E1 to be independent samples, and thus the expected 
product is the product of expected values. Hence 

k = I 

k * l 
(5.23) 

We now use (5.23) in (5.22), noting that there are N 2 terms in the summation, N of 
which have k = I. The result is 

var[&, ]= ~[Na2, +(N 2 - N)a~] - a: 
N 

2 = a: 2r - ar 

N 

Accordingly, since a2 = ~ as in (5.20), the variance of ~ is 

(5.24) 

(5.25) 

The values of a in (5.25) depend, of course, on how Ek is distributed, since each a is 
just the mean of a power of Ek as in (5.18). For example, suppose that Ek is 
distributed normally with zero mean and with a variance of u,2 [3, 5]. Then the 
mean fourth moment, a4 , was found in (5.19) to be 3u,4, and the mean second 
moment, a 2, is just u,2 . So in this case, (5.23) becomes 

3u,4 - u,4 2u,4 2e 
var[~] = N = N = N (5.26) 

Thus, when Ek is normally distributed with zero mean, the variance of the estimate 
of EZ is proportional to e and inversely proportional to N. 

From this result for the normal distribution of Ek, we might anticipate that in 
general the variance of ~ could be expressed as 

· Ke 
var[~]= -

N 
(5.27) 

We have shown that K is 2 when Ek is distributed normally with zero mean. When 
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the distribution is normal but with nonzero mean, K is somewhat less than 2. When 
the distribu tion is not Gaussian, K is also generally somewhat less than 2. A 
nonzero mean in a non-Gaussian Ek may cause K to increase or decrease, depending 
on the distribution. Table 5.1 provides a summary of var[~] and the range of K for 
several different distributions of Ek. We observe that K = 2 is either exact or 

TABLES.1 VARIANCE OF THE MEAN-SQUARE-ERROR ESTIMATE 

Variance of the MSE 

estimate, var[t] Range of K 
Probability density of,, £[,] = 0 £[,]=a, in (5.27) 

p(el 

Gaussian 

(al 

2e 2 + 4ar/o2 r. 0 < K s 2 
N (1 + a/ja 2 )1 N o: 1 - u a, a, + o 

p(el 

Triangular 

1 -----
0 y'6 (bl 

1e 7 + 20a/jo 2 e 0 < K s 1.54 
SN 

5(1 + al / 02 ) 2 N <>, - oy'6 a, " ' + 0 y'6 

p(e) 
Uniform 

1 

2o -/3 I 
(cl 

I 
I 
I 4{' 4 + 20af/o 2 e I 0 < K s 1.25 
I SN 5(1 + ar/02 ) 2 N <>, - o./3 ", a,+ o ,/3 

p(el 
Impulsive 

1 
{di 

2 

0 
4ai/u2 r. 0 <Ks l 

(1 + aJ / u 2 ) 2 N 
a, - a a , a 1 + o 
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conservatively high for all cases in Table 5.1, so we will be using K = 2 for 
subsequent discussions. 

To illustrate a non-Gaussian case in Table 5.1 , suppose that Ek is uniformly 
distributed with zero mean and with a standard deviation of o. Then, similar to 
(5.19), the expected moments for even values of rare 

a,= j"" E'p(E)dE 
- 00 

a/3 ( 1 ) o'3'12 

= f-o,// 2o./3 dE = 7+I (5.28) 

Using this result in (5.25), we have 

2 4 4 [ •1 ll4 - ll 2 0 
var ~ = - N-- = 5N (5.29) 

Since the mean of Ek is zero in this case we have ~ = o 2, so (5.29) is the same as the 
result shown in Table 5.1. The other cases in Table 5.1 are covered in the exercises 
at the end of this chapter. 

Having obtained formulas for the variance of ~, we now proceed to a 
determination of the gradient estimate, recalling that the method of derivative 
measurement involves taking differences between values of f For this determination 
we will continue to assume that the error samples (values of Ek ) are independent. 
We can then conclude that the values of i used in the derivative measurement are 
also independent. Let v be any component of V = (W - W *) as before. Then, 
similar to (5.3), our estimate of the corresponding gradient component is 

~ 1 .( 1 . 
-=-~ v +ll) - -Hv-ll) au 2/l 2/l 

(5.30) 

Under the foregoing assumption of independence, the variance of this estimate is 
just the sum of the variances of the two terms in (5.30). Also, the variance of ct 
where c is a constant, is c2 times the variance off Thus, using (5.27) in (5 .30) with 
K = 2, we get 

var[ aag] = _!_2 var[i( v + ll)) + _!_2 var[i( u - ll)] 
V 4/l 4/l 

= 2: 82 [e{v+ll)+e{v-ll)] ( 5.31) 

This is the general (conservative) result for the variance of the estimate of a gradient 
component when the individual measurements of Ek are independent. 

If we assume that the perturbation ll in (5.31) is small and that the adaptive 
process has converged to a weight-vector solution near W *, the two values of ~ in 
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(5.31) are approximately equal to ~min· In this case, (5.31) simplifies to 

var[~] = ~~in av Nll 2 
( 5 .32) 

Since the values of N and ll are the same for the estimates of all components of 
the gradient vector, and since the samples of Ek used in all estimates were assumed 
to be independent, the errors in all estimates are independent and have the same 
variance. The covariance matrix of the estimated gradient vector at the kth iteration 
is accordingly given by 

cov( VJ£ £[(Vk - 'vk)(~k - 'vk)T] 

= g~in I 
Nll 2 

(5.33) 

EFFECTS ON THE WEIGHT-VECTOR SOLUTION 

Having derived formulas for the variance of the gradient estimate, we now examine 
the effect of a "noisy" gradient estimate on the weight vector during the adaptation 
process. We will see that adaptation based on noisy gradient estimates results in 
noise in the weight-vector solution and a loss in performance. The exact nature of 
these effects varies according to the method of adaptation. In this section we 
describe the propagation of noise into the weight vector for Newton's method and 
the method of steepest descent in preparation for calculating the excess mean-square 
error and "misadjustment" in the sections following. For purposes of analysis we 
define the gradient estimation noise vector at the k th iteration, that is , at W = Wk, 
as Nk. (N is thus a vector of size L + l , and should not be confused with the scalar 
N , used previously to denote the number of observations of the error, ek.) The 
gradient estimate at the kth iteration, ~k , is then equal to the true gradient at 
W = Wk plus the gradient estimation noise and can thus be written 

(5.34) 

We examine the effect of this noisy gradient estimate on the weight vector solution, 
first with Newton's method and then with the steepest-descent method. 

Newton's method in its ideal form was derived in (4.32) as 

(5.35) 

When the gradient is estimated and is therefore noisy as in (5.34), this expression 
becomes 

w k+ l = wk - µR-'vk 

= wk - µR - 1vk - µR - 'Nk (5 .36) 
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We can also write this expression for the weight vector in terms of the weight 
deviation V [Equation (2.32)] as 

(5 .37) 

As in (2.35), we can now substitute 'ii' = 2RV and obtain a difference equation in V: 

v k+ l = vk - 2,.,.vk - µR - 1Nk 

(5.38) 

So we have here a system of difference equations giving the weight deviation vector, 
V, in terms of a "driving function" given by the gradient noise vector, N. The 
system is cross-coupled as described in connection with (4.38), because here N is 
multiplied by R - 1. We can uncouple the driving function by rotating to the 
principal-coordinate system, just as we did with (4.38). We use V = QV ' from (3.38) 
as well as a - 1 = QA - 1Q - 1 from (3.5) in the result above and obtain 

QV{+ 1 = (1 - 2µ.)QV; - µQA ' 1Q - 1Nk 

or 

(5.39) 

In this result the quantity in parentheses is just the gradient noise projected into the 
principal-coordinate system. If we define this as Q- 1 N = N ', we can write 

(5.40) 

Here, since A - 1 is diagonal, (5.40) represents an uncoupled set of difference 
equations in the weight vector v;. We can obtain a solution for v; similar to (4.35) 
by induction. Using the first three iterations of (5.40), we reason inductively as 
follows: 

Vi'= (1 - 2µ)V0 - µA - 1N0 
V{ = (1 2µ)2v0 - µA - 1 [(1 - 2µ)N0 + N{) 

V3' = (1 - 2µ) 3V0 - µA - 1 [(1 - 2µ) 2N0 +(1 - 2µ.)N{ + N{ ] ( 5 .41) 

k - I 

v; = (1 - 2µ. )kv,; - µA - l L (1 - 2µ.)"N .'. _ ,, _ , 
n - 0 

Thus we have a solution as in (4.35) for Newton's method, except that here we are in 
the principal-coordinate system and the gradient noise, Ni'., is included at each step. 
In (4.35) we could let k approach infinity and obtain the optimum solution, 
W = W *, or V ' = 0, but here there is a residual error due to the gradient noise. If 
we let k approach infinity in (5.41) and assume that µ is in the stable range from 0 
to ½ as in (4.33), the factor (1 - 2µ.l will become negligible and we will obtain the 
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following " steady-state" solution: 
00 

v; = - µA - 1 I: (1 - 2µ.)"Nk- ,,- 1 (5.42) 
n ~O 

This gives us the steady-state error in the weight vector for Newton's method in 
terms of the input eigenvalues in A - i and the gradient noise in the series of values 
given by N ' = Q - 1N. Note that A - I is a diagonal matrix whose elements are 
1/ A0 , 1/ A1, . . . , 1/ AL. 

Having looked at Newton's method, let us now turn to the method of steepest 
descent and again examine the effects of gradient noise. Without noise, the 
steepest-descent method is described in Chapter 4. The difference formula in (4.36) 
is 

(5 .43) 

In this we substitute the translated coordinate vector, V = W - W • , and use the 
noisy gradient vector, "V = 2RV + N as above, to obtain 

v k+ 1 = vk - µ(2RVk + Nk) 

= (I - 2µ.R)Vk - µNk (5.44) 

This result is similar to (5.38) for Newton's method and we can solve for the 
steady-state error in the same way as before. We first rotate to principal coordinates 
using V = QV ' : 

QVk+J = (I - 2µ.R)QV; - µ.Nk 

Therefore, 

v : +1 = (I - 2µQ - 1RQ)v; µQ - 1Nk 

= (I - 2µ.A)V{ - µN; (5.45) 

Again N ' = Q ·· 1N is the gradient noise projected into the principal-coordinate 
system. Here we have a result similar to (5.40), and we can obtain a solution just as 
(5.41) was obtained by induction. The result in this case is 

k - 1 

v; = (I - 2µ.A )kv ,; -,.,. I: (I 2µ.A)"N;_ ,, _ 1 (5 .46) 
n - 0 

Again, if we assumeµ is in the stability range given by (4.45), the first term becomes 
negligible for large k , and the steady-state solution is 

00 

v; = - µ L (I - 2µ.A)"Nk- n- 1 (5.47) 
n - 0 

This result should be compared with (5.42) for Newton's method. 
Thus we have in (5.42) and (5.47) the steady-state effects of gradient noise on 

the weight vector solution. Now if we are given the gradient "noise" in terms of the 
covariance matrix derived in (5.33) in the preceding section, we can also derive 



- 49 -

78 Theory of Adaptation with Stationary Signals Part II 

covariance formulas for the weight vector. The covariance matrix of the weight 
vector is given by 

cov[v;] E[V£vt] ( 5 .48) 

with the expectation going over k, the iteration number. In the case of Newton's 
method, we can find the product v;v,:r from (5.39) as follows: 

v;v;r (1 2p,)2V£_1V£~1 + µ2A- 1N£-1Nk~1(A- 1f 
-µ(1 2µ)[v;_1N,;~ 1(A- 1)r + A- 1N£-1V£~1] (5.49) 

Now A - 1 is diagonal and so equal to its transpose, and the weight vector V £ and the 
noise N£ are assumed to be independent with zero mean, so the expectation of (5.49) 
is 

cov[v:] = (1 2µ)
2
cov[v;] + µ2 (A- 1}2cov[N,;] 

( A 1)· 2 
= µ cov[N'] 

4(1 µ) k 

In the steepest-descent case, a similar development from (5.45) results in 

v;v;r = (1 2µA)vk_ 1v;: 1(1 - 2µA)r + µ2 N;_ 1N;~ 1 

-µ[(1- 2µA)V;_ 1N£~ 1 + N£_ 1V{! 1(1 - 2µA)T] 

( 5 .50) 

(5.51) 

Again we note that I 2µA is diagonal and that the expected cross products will 
vanish. So in this case the expectation of both sides produces 

cov[v;] = (I - 2µA)
2
cov[v;] + µ 2cov[N£] 

(5.52) 

Thus we have in (5.50) and (5.52) the covariance of V { in terms of the 
covariance of the gradient noise. To relate these to the results of the preceding 
section, we first note from (5.33) and (5.34) that 

cov[N£] = E[N£Nt] = Q- 1E[N1cNI)Q 

= Q- 1E[(v1c - vk)(vk ~hf]Q 

= Q-1cov[v1c]Q 

(5.53) 

Notice again that the scalar N denotes the number of gradient observations, while 
the vector N stands for the gradient noise. Combining (5.53) with (5.50) and (5.52), 
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we find that cov[VJ] is diagonal, and can be expressed in the two cases as follows: 

Newton's method: cov[V'] = µ(A -1)2(~in 
k 4Nl3 2(l - µ) 

(5.54) 

Steepest descent: 
( A A2)-lt2 

cov[V'] = µ µ Srnin 
k 4Nl32 

(5.55) 

Now to map these results into the unprimed coordinate system, we first note that, 
from (3.38), 

cov[V1c] = E [vkvn 

= QE[v;vt]Q- 1 Qcov[v;]Q- 1 (5.56) 

Using this result with (5.54) and (5.55), we can derive the following final expressions 
for cov[V]. The details are left to Exercise 18. 

Weight-vector covariance (Newton's method): 

Weight-vector covariance (steepest-descent method): 

where µ adaptive gain constant 

(~n = minimum mean-square error 

R = input correlation matrix 

N = number of independent error 

(5.57) 

(5.58) 

measurements at each perturbed weight value 

l3 deviation of weights used to 

measure gradient 

Thus in these expressions for the covariance of the weight vector in terms of the 
variables involved in error measurement, we have the principal result of this section. 
In the next section, we proceed to look at the excess mean-square error in terms of 
these same variables. 
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EXCESS MEAN-SQUARE ERROR AND TIME CONSTANTS 

Without noise in the adaptive process Newton's method and the method of steepest 
descent, as well as other adaptive methods, would cause the weight vector to 
converge to a steady-state solution at the minimum point of the mean-square-error 
surface. The covariance of V would be zero, and the mean-square error would thus 
be equal to ~min- Noise in the adaptive process, however, causes the steady-state 
weight vector solution to vary randomly about the minimum point- that is, to 
" climb the sides of the bowl." The result is "excess" mean-square error and a 
steady-state value of~ greater than ~min-

The mean-square error was defined in Chapter 2 as the expected value of the 
error with the weight vector fixed at W. If the weight vector is not fixed , the 
instantaneous mean-square error ~ k at the kth iteration is defined as the expected 
value of the error with W = Wk· See equations such as ( 4.17), ( 4.54), and so on, for 
examples. To derive an expression for excess mean-square error we must now 
further define an average taken over an arbitrarily large number of iterations of ~ k ­

That is, we must allow the weight vector to be "noisy" and vary statistically as in the 
preceding section, and assess the resulting effects on ~k- Using the relationship 
between ~ and Vin (4.53), we can define the excess mean-square error as 

excess MSE = E[~k - ~minl 

(5 .59) 

with the expectation as before going over k, the iteration index. This definition is 
applicable only where V k undergoes a statistically stationary process over k-that is, 
where the noise Nk as well as the input signal vector Xk and desired response dk are 
statistically stationary. Thus it is applicable only in steady state, after adaptive 
transients have died out. 

Figure 5.3 illustrates the physical meaning of these definitions. Random 
weight variations about the optimum cause an increase in mean-square error. The 
average of these increases is the excess mean-square error. Note that the excess MSE 
here does not include the performance penalty discussed earlier, which was due to 
deliberate weight variations. 

The formula for excess MSE in (5.59) is similar to the covariance of Vk in 
(5.48). To derive results similar to (5.57) and (5.58) we must substitute for Vk in 
(5.59), and so separate derivations are again required for Newton's method and for 
the steepest-descent method. Since our previous solutions have been for Vk rather 
than for Vk, we modify (5.59) before beginning by using the relationship VTRV = 
V ,TAV ', as expressed, for example, in (3.34) and (3.35). We have then as our starting 
point 

excessMSE = E[vt Avk] (5.60) 
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Proceeding now in the case of Newton's method, we use (5.42) for V k in (5.60). 
To simplify the expression, we use r for the geometric ratio: 

r = l - 2µ 

The substitution of (5.42) into (5.60) then yields 

excess MSE = µ2£ [ I: r"Nl:.- 1A - 1AA -I I: rmN,;_,,,_ ,] 
n - 0 m = O 

(5 .61) 

(5 .62) 

We have previously assumed that the gradient noise, N, which results from indepen­
dent errors in the measurement of the error, is independent from one iteration to the 
next. Thus all terms in (5 .62) with m 4' n must vanish, and thus 

excess MSE = µ2 I: r 2"E[Ni'.~n- ,A - 1N,;_,, _1] 
n= O t 

MSE vari at ion 
(excess MSE = average value) 

Weight 
variat ion 

Figure 5.3 Illustration of the excess mean~square error. 

(5.63) 
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Also, the gradient noise is assumed to be a stationary process, so the expectation in 
(5.63) goes over all subscripts of N'. Thus 

oc 

excess MSE µ2E[NtA- 1N£) L r 2
n 

n=O 

2 

= _µ -E[N'TA- 1N') 
1 r2 k k 

(5.64) 

Here we have also assumed that the process is stable with r less than 1. Now, for 
NtA- 1N£, we have 

(5.65) 

where n:,,k is a component of N£. Using this result in (5.64), we obtain 

L 

excess MSE = 
1 

L A;;;1E [ n~kJ 
m=O 

(5.66) 

But E[n~k] is a diagonal element of the covariance matrix of N', and was shown in 
(5.53) to be ~~N8 2

• Thus (5.66) becomes 

f~nµ2 L 1 
excess MSE = 2 2 ) L ~ 

NB (1 r m=O m 

(5.67) 

Again using r = 1 - 2µ, we obtain the general result for the excess MSE with 
Newton's method: 

excess MSE (5 .68) 

For practical reasons, it is convenient to express this result in terms of time 
constants of the adaptive process. To determine the number of time constants equal 
to a given value of the geometric ratio r, as in Figure 5.4, we construct an 
exponential envelope through the geometric sequence of samples. We then let the 
envelope be described by exp(-t/T), where t represents time and T represents the 
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time constant. If one unit of time corresponds to one iteration, we can write 

exp( t) = r (5.69) 

which can be expanded as 

( 1) l .!+ 1 _1_+ 
r = exp - :;: T 2! 7"2 3! 7"3 

(5.70) 

Since in most applications T is large (10 or greater) and r is small (less than 
but near 1), the following is a useful approximation: 

r 1 - .! 
7" 

(large T) 

From the relationship r 1 - 2µ for Newton's method, we also have 

1 

so (5.68) becomes 

{large T) 

We now further simplify (5.73) by expressing the sum in terms of an average, 

\ 
\ 

L 1 ( 1' ,EoAm = (L+ l) xL 

\ A . '\~ pprox,mately (w0 - w*)e-ur 

'\ 

' ' w 1 r(w0 - w*) 

' ' ', 
"-, w 2 = r 2 (w0 w*) 

t---.. w,=r3 (w w*) 

(5.71) 

(5.72) 

(5.73) 

(5.74) 

I ---....:. __ :_ 
w• .._ ___ _._ ___ ...,___ ___ ...1... I ___ _ 

l<'igure 5.4 Exponential approximation 
to the geometric sequence of weight 
values. 

0 2 3 

Iteration number 
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and also by using the perturbation, that is, the average increase in MSE normalized 
with respect to ~min• given in (5.16) as P = 82 ,\.av/ ~min• With these substitutions, 

(5.73) becomes 

(L + lHmin,\.av{l/ ,\.)av 
excess MSE "' SNP-r 

(5.75) 

To derive the excess mean-square error for the method of steepest descent, we 
proceed in a similar manner. This time, instead of (5.42), we substitute (5.47) into 
(5.60). Using the fact that A is diagonal, we obtain 

excess MSE = E[V,;TAv,;] 

= µ. 2 f f E[N[':n-lA(I - 2µ.A)" +"'N[- m-11 (5.76) 

n-0 m=O 

The cross-terms vanish as they did in (5.62) and N' is again assumed to be 
statistically stationary as in (5.63), so (5.76) becomes 

excess MSE = µ. 2 f E[NtA(I - 2µ.A) 2"N,;j 
n~O 

(S.77) 

with the expectation going over k as before. Now since the matrices in the sum in 
this result are diagonal, each element of the sum may be computed as a power series. 

Therefore, we can write 

(5.78) 

(See Exercise 20 for more details on this result.) Using (S.78) together with Exercise 

l(c) of Chapter 2 in (5.77) gives 

excessMSE = µ. 2E[NtA}µ. (A - µ.A2 )-
1N[] 

(5.79) 

We have now arrived at a result that is the same as (S.64) if we use µ. / 4 in place of 
µ.2 /(1 - r 2 ) and (I - µ.A) in place of A. Making these same replacements in (S.67), 

Chap. 5 Gradient Estimation and Its Effects on Adaptation 

our result in (5.79) now becomes 

~ 2 L 
excess MSE = µ. min L 1 

4N82 m-o l - µ.,\.., 

/J-~min,\.av t l 
4NP m-o 1 - µ.,\.., 

85 

(S .80) 

where P is the perturbation caused by gradient measurement, equal to f, 2 ,\. /~ . as 
before. av mm 

In the preceding development for Newton's method we noted that it is 
convenient to express excess mean-square error in terms of time constant and we 
defined_ the time constant T pertaining to the relaxation of the weight vector. We 
now_ wish to define two other forms of time constant useful in describing the 
efficiency and rate of convergence of the adaptive process, the time constant of the 
learning curve, which we will call ,,.msc• and what may be called for lack of a better 
term the "time constant of adaptation," which we will call Tmsc· Both of these, as we 
shall see, are just scaled values of the weight relaxation time constant, r . 

The weight relaxation time constant -r is related by (5.71) to the geometric 
ratio r of the weights. The geometric ratio of the learning curve, on the other hand, 
from ( 4.19) is 

'msc = r 2 (5.81) 

The corresponding time constant ,,.mse is obtained using (5.69) as follows: 

exp(- ,,.~J =exp(-~)= r 2 = rmse 

Therefore, 

(5.82) 

This time constant is useful in describing the learning time of adaptive systems. 
The basic unit of rmsc is the iteration number. The basic unit of Tmse• the time 

constant of adaptation, on the other hand, is the data sample. Since, as illustrated in 
Figure S.2, 2N samples are required for each gradient component measurement, 
2(L + l)N samples are required during each iteration. The time constant of adapta­
tion is accordingly defined as 

Tmsc £ 2(L + l)N-rmsc = N(L + l)r (5.83) 

This time constant is readily related to real time if the sampling rate is known. 
The nth geometric ratio of the method of steepest descent was shown in (4.48) 

to be 

r,, = 1 - 2µ.J..,, (5.84) 
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The nth geometric ratio can be related to the nth weight relaxation time constant 

through (5 .71) 

(large ,-n) (5 .85) 

Combining (5.84) and (5.85) yields 

(5 .86) 

As in (5.82), we define the nth time constant of the mean-square-error learning curve 
as half the time constant of the weight relaxation process: 

Defining (Tm,. )n similarly and using (5.87) in (5.83), we also have 

(Tmse )n = N (L + 1),-,, 

= 2N( L + 1)( Tmse). 

Using the first line of this result in (5.86), we have 

N(L + 1) 
µ>..""' 2(T ) mse n 

On both sides of this result we can average over n to obtain 

>.. "'N(L + 1) (-1- ) 
µ av 2 Tmsc av 

(5 .87) 

(5.88) 

(5.89) 

(5 .90) 

The excess mean-square error for the method of steepest descent may now be found 
by substituting this result together with (5.86) into (5.80): 

(L + 1Hmin ( 1 ) ~ l (5 91) 
excess MSE "' SP T ruse av ~o 1 - 1/ (2,-m) . 

We have assumed that the steady-state weight-vector solution remains close to 
the optimal solution (hovers near the bottom of the bowl). In accordance with this 
assumption the adaptive process converges slowly, with small µ and large values of 

,-n • We can accordingly write 

l( =el ; n=0, l, . . . , L (5 .92) 
1 - 1/ 2,-n) 

This approximation further simplifies the excess mean-square-error approximation: 

(L + l) 2~nun ( 1 ) excess MSE "' 8P T (5 .93) 
mse av 
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To summarize the results of this section, we restate the approximations for the 
steady-state excess mean-square error: 

excess MSE (L + l)~minA av(l / A)av 
(Newton's method) "" 8NP'r 

"' ( L + 1)2~minAav(l / A )av 
8PTm,e 

(5 .94) 

excessMSE ( L +l)2~min( 1 ) 
(steepest descent) "' 8P T 

ruse av 

(5.95) 

where L + l = number of weights 

~ min = minimum mean-square error 

N = number of observations of the error 

(2N observations for each gradient estimate) 

P = perturbation (normalized increase in ~ 

caused by estimating the gradient) 

[see (5.9) through (5 .16)] 

,,. = time constant of weight adjustment 

process (see Figure 5.4) 

Tm,e = time constant of adaptation 

[see (5.83) through (5.90)] 

>.. = eigenvalue of input correlation matrix 

MISADJUSTMENT 

Excess mean-square error is the average mean-square error less the ffilrumum 
mean-square error. It provides a measure of the difference between actual and 
optimal performance averaged over time. Another measure of the difference be­
tween actual and optimal performance, particularly useful in the design of adaptive 
processes, is the rnisadjustment M, defined as the excess mean-square error divided 
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by the minimum mean-square error: 

M ~ ( excess MSE) 

~ min 

Part II 

(5 .96) 

The misadjustment is a dimensionless measure of the difference between adaptive 
and optimal Wiener performance as a result of gradient estimation noise. In other 
words, it is a normalized measure of the cost of adaptability. Note that M does not 
include the perturbation, P, which is due to deliberate weight variations rather than 
noise. 

In the case of Newton's method, the misadjustment follows from (5.94): 

M"' (L + 1)>- .v (l / A) av 
SNPT 

Alternatively, a preferable expression from (5.94) is 

M"' (L + 1) 2>-.v (l / A)av 
8PTmse 

(5 .97) 

(5.98) 

Equation (5.98) provides a ready means of evaluating the performance of 
Newton's method. We can see that misadjustment decreases as the perturbation and 
time constant increase. Greater perturbation permits more accurate gradient mea­
surements with the same amount of data, while a greater adaptive time constant 
allows more data to be averaged in arriving at the weight vector solution. We can 
also see that the misadjustment increases with the square of the number of weights, 
so that a substantial price must be paid for a small increase in adaptability. The 
eigenvalues can be seen to affect misadjustment significantly only when a great 
disparity exists among them. A separate examination of >- av and (1 / A) av is pre­
sented below. 

From (5.94) it can be seen that the excess mean-square error of Newton's 
method remains the same if the time constant is doubled and N simultaneously 
halved. One can double ,. by halving µ and one can reduce N by taking fewer error 
samples per iteration. It is clear that small steps with small amounts of data per step 
are equivalent to large steps with large amounts of data per step. The important 
factor, as shown by (5.98), is the amount of data processed per time constant of 
adaptation. 

The algorithm based on Newton's method described in this and the preceding 
chapter could be made somewhat more efficient by altering the gradient measure­
ment procedure illustrated in Figures 5.1 and 5.2. The altered procedure would 
consist of making a measurement of~ at the nominal setting of W = W k, taking the 
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difference between this common measurement and other measurements of t and 
changing one weight at a time by o. The amount of data per gradient vector 
estimate would be altered by a factor of (L + 2)/ 2(L + 1)"' 1/ 2. The analysis of 
this procedure, however, would be complicated because the gradient noise compo­
nents would be mutually correlated. In any case, the misadjustment would continue 
to increase with the square of the number of weights. 

For the steepest-descent method, the misadjustment is given by substituting 
(5.95) into (5.96): 

M"' (L + 1)2 (-l- ) 
SP Tmse av 

(5.99) 

This expression is similar to the corresponding expression (5 .98) for Newton's 
method. The latter contains the term >- .vCl/ >-) .,, which does not appear in (5.99). 
It also contains the term 1/ Tmse• whereas (5.99) contains the term (1 / Tm,c) av· 
Newton's method has only one time constant of adaptation, while the method of 
steepest descent has up to L + 1 separate Tm,e values. It is clear that the two 
expressions for misadjustment would be identical if all eigenvalues of R were equal. 
Under this condition the performance surface would have circular symmetry, and 
the negative gradient would always lie in the direction of the minimum. Newton' s 
method and the method of steepest descent would, in fact, be identical. 

COMPARATIVE PERFORMANCE OF NEWTON'S AND 
STEEPEST-DESCENT METHODS 

For a given perturbation and number of weights both Newton's method and the 
method of steepest descent show an increase in misadjustment with an increase in 
speed of adaptation (i.e. , a decrease in the time constant of adaptation). The two 
methods, however, do not necessarily produce the same misadjustment for the same 
speed of adaptation. In a given situation the better algorithm will be the one that 
has the greater speed of adaptation for a fixed level of misadjustment or the smaller 
misadjustment for a fixed speed of adaptation. 

To compare the two methods in terms of speed of adaptation and misadjust­
ment, we must first express (5.99) in a more convenient form . Adaptation with the 
method of steepest descent involves multiple time constants, and the speed of 
adaptation is thus governed by the rate of convergence of the slowest transient 
mode. Let the adaptive time constant of this mode be designated (T ) From 
(5.88), we then have mse max· 

( 5 .100) 
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From the same relationship (5.88) we can also obtain a formula for the average 
eigenvalue, Aav• in terms of average reciprocals of the adaptation time constants: 

A = (L + l)N (-1- ) 
av 2µ T mse av 

(5.101) 

Combining this result with (5.100), we have 

( T:J.v 
(5 .102) 

The misadjustment expression (5.99) for the steepest descent method can therefore 
be rewritten as 

(5 .103) 

If we now let (T mse)max in (5.103) be equal to Tm,e in (5.98) and further let L 
and P be the same in both expressions, the misadjustment of Newton's method and 
the method of steepest descent are the same except for the term (1 / A) av in the 
former case and 1/ Amin in the latter. Thus the misadjustment of the former (i .e., 
Newton's method) will generally be lower, since 

- -> -1 ( 1 ) 
Amin - A av 

(5 .104) 

Consider the following specific case. If the eigenvalues are 1 through 10, 1/ A min is 
equal to 1 and (1 / A)av is approximately equal to 0.3. The misadjustment of the 
method of steepest descent would thus be about three times that of Newton's 
method. 

When there is a large number of eigenvalues, it may be possible in some 
instances to represent them as being uniformly distributed between A min and A max · 
In this case the average value of 1 / A would be 

ln(Ama,/ Amin) 
Amax - Amin 

(5.105) 

If we let Am"' = 10Amin> we can see that (1 / A) av is about 0.26 times (1 / Amin), and 
thus that the steepest-descent misadjustment is about four times the misadjustment 
for Newton's method. Similarly, if Amax is 100A min• the steepest-descent misadjust­
ment is about 20 times the Newton misadjustment. 
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TOTAL MISADJUSTMENT AND OTHER PRACTICAL CONSIDERATIONS 

Equations (5.98) and (5.99) show that misadjustment is inversely proportional to the 
perturbation P. Thus it might seem that the misadjustment could be made as small 
as desired by increasing the perturbation. We will now show that an unlimited 
increase in the perturbation is not practicable. 

The perturbation has been defined as a dimensionless measure of the extent to 
which mean-square-error performance is affected by gradient component measure­
ment. Equation (5.16) shows the perturbation as the excess mean-square error 
normalized with respect to the minimum mean-square error. The perturbation is 
much like misadjustment and is in fact a form of misadjustment due to gradient 
measurement in an "on-line" adaptive system. The" total" misadjustment of such a 
system can thus be defined as the sum of two misadjustments, one due to a random 
disturbance and the other to an independent deterministic disturbance of the 
steady-state weight vector: 

(5.106) 

For the two methods discussed in this chapter, (5.98) and (5.99) give the total 
misadjustment as 

Newton's method: (5 .107) 

Steepest descent : M "' (L + 1)2(1/ Tmse )av + p 
IOI 8P (5.108) 

We note that both (5.107) and (5.108) give M101 in the form P + A/ P, where A is 
not a function of P. If we set the derivative of this form with respect to P equal to 
zero, we can find P0P" the value of P that minimizes M101 • In either case, this value 
is 

"" ½M101 (5.109) 

The total adjustment is thus minimized when the perturbation is equal to about half 
of the total misadjustment. 

A numerical example is useful in showing the application of these results. 
Suppose that a misadjustment of 10 percent is considered acceptable in a particular 
instance. Suppose further that the adaptive system contains an adaptive filter with 
10 weights and that all eigenvalues of the R-matrix are equal, so that the misadjust­
ments of Newton's method and of the method of steepest descent are equal. The 
best choice of P is thus 5 percent, and the adaptive time constant is found as 
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follows: 

Therefore, 
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(L + 1)2 + P 
M,01"' 8PT mse 

"' ( ) + 0.05 = 0.1 
8 0.05 Tmse 

Tm,c "' 5000 samples 

Part II 

(5.110) 

If we consider the convergence time of the adaptive process to be on the order of 
four time constants, adaptive transients will have died out after 20,000 data samples 
have been taken. Given a 10-weight filter with 10 percent misadjustment, this 
amount of data is excessive. It nevertheless represents the best performance achiev­
able with an on-line system and the given method of gradient estimation. 

However, in designing a system to implement the adaptive process, there is at 
least one possibility for improvement. If circumstances permit, better performance 
could be achieved by measuring the gradient vector in an off-line system that could 
be perturbed without effect on the on-line system. With this procedure, illustrated in 
Figure 5.5, Newton's method would yield a misadjustment given by (5.98), and the 
method of steepest descent would yield a misadjustment given by (5.99). The 
10-weight system described above with a specified misadjustment of 10 percent and 
a specified perturbation of 20 percent would have an adaptive time constant 
calculated as follows: 

Therefore, 

M=(L+l)z 
BPTmse 

Tm,e = 625 samples 

(10)2 = 0 1 
8(0 .2)Tmse · 

(5.111) 

The time constant in this case is greatly improved but still excessive. 

Input e-~---l'"i 
x, 

Adaptive 
linear 
combiner 

I-------- Output 

Copy 
weight 
values 

Off-line system for 
computing weight 
values 

Error 

Figure 5.5 Off-line adaptation lo 

alleviate effects of perturbation for 
gradient estimation. Output is not affected 
by gradient estimation process. 
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Since perturbing the off-line system does not contribute to the on-line system's 
misadjustment in Figure 5.5, it would seem reasonable to make the perturbation 
arbitrarily large to achieve the most accurate gradient estimate. Making P very 
large, however, violates the conditions assumed in deriving (5.33) from (5.32). These 
conditions were that P is small and that the system has adapted so that the weight 
vector solution is near the optimum. Making P large would thus eventually cause 
misadjustment to increase. 

Another way to increase efficiency using the procedure illustrated in Figure 5.5 
may be mentioned in concluding this discussion of practical considerations. If it is 
possible to operate at a rate much faster than real time, the input data can be 
repeated and all components of the gradient vector measured with the same data 
each iteration. Although an analysis will not be presented here, it can be shown that 
misadjustment in this case increases only as the first power rather than the square of 
the number of weights. An alternative or equivalent to repeating data is to use an 
array of off-line processors, each measuring one component of the gradient vector at 
each iteration. 

EXERCISES 

1. Explain why the central difference formulas (5 .3) and (5.4) are exact for quadratic 
performance functions. 

2. An adaptive system with a single weight has a performance surface given by 

l = 5w 2 - 20w + 23 

Make a plot of~ versus w, and on it show the values of ~ mi n• w•, and A. Also illustrate 
the performance penalty, y, caused by perturbing w around w = 2.5 , with a perturbation 
of ± o = ± 1.0. What is the value of y? 

3. Is a negative performance penalty possible with quadratic performance functions? Why 
or why not? Sketch a one-weight performance function with a negative performance 
penalty. 

4. What is the perturbation in the case of Exercise 2? 

5. Suppose that we have a transversal filter with the performance surface 

~ = 2wJ + 2w/ -,- 2w0 w1 - 14% - 16w1 + 42 

and with a stationary random input signal, x, having samples correlated such that 
E[xkxk] = 2 and E[xkxk- il = 1. What is the perturbation, P, in the mean-square error 
if there is a weight perturbation equal to fj? 

6. Suppose that a weight is added to a given transversal filter. What in general is the effect on the 
perturbation (P)? 

7. Suppose that in a particular case the error, '•, is distributed randomly such that all values 
from 1 to 3 are equally likely. What is the fourth moment, a4 , in this case? 
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8. Suppose that '• is distributed normally with the same mean and variance as in Exercise 
7. How does the fourth moment compare with a 4 in Exercise 7? 

9. In a certain situation, the error is distributed normally with zero mean and variance equal 
to 3. If the mean-square error is estimated on the basis of 10 independent samples of the 
error, what is the variance of the estimate? 

IO. Referring to Equation (5.25), show that K is somewhat less than 2 when the error, ' • , is 
distributed normally with nonzero mean. 

11. Derive the following results given in Table 5.1: 
(a) Row 2, column 2. (b) Row 4, column 2. 
(c) Row 1, column 3. (d) Row 2, column 3. 
(e) Row 3, column 3. (f) Row 4, column 3. 
(g) Row 2, column 4. (h) Row 3, column 4. 

12. In Table 5.1, row I , what must be true near the limits K = 0 and K = 2? 

13. In Table 5.1, what ratio a1/ a corresponds with the upper limit of K: 
(a) In row 2? 
(b) In row 3? 
(c) In row 4? 

14. Given the conditions in Exercise 2, suppose that the g.radient estimate is based on five 
observations of the error at each perturbed weight setting. What is the variance of the 
gradient estimate if , k is distributed normally? 

15. Given the conditions in Exercise 5, assume that the gradient estimate is based on 50 
observations of the error at each perturbed weight setting. Give the covariance matrix of 
the gradient estimate, assuming that ' • is distributed normally. 

16. Two time series, x k and Yk , are specified to be zero for k less than zero, and are related 
by 

x k = axk- 1 + byk 

Using induction, find a solution for xk that does not involve a recursion relationship. 

17. What is the variance of v, the translated weight vector, in the single-weight case, for 
Newton's method? How would your answer be affected if we changed to the steepest­
descent method? 

18. Derive the weight-vector covariance formulas (5 .57) and (5 .58), given the corresponding 
principal-axis formulas (5.54) and (5 .55). Show each derivation in detail, one step at a 
time. Hint: Use Equation (3 .38) together with Exercise 1( c) in Chapter 2. 

19. For the conditions specified in Exercise 5, what is the weight-vector covariance matrix, 
cov[V]? Assume a steepest-descent algorithm with µ. equal to ½ its maximum stable value, 
and with N = 10 error observations. 

20. In Equation (5. 78), a geometric sum of diagonal matrices was found. In such a sum, each 
matrix element can be computed as a separate geometric sum. Use this fact to prove that 

°E D"=(I - D) - 1 

11 - 0 

where D is a diagonal matrix. What are the conditions for convergence? Is this result ever 
true when D is not diagonal? If so, when? 
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21. For the conditions in Exercise 5, what is the excess mean-square error, assuming that µ. is 
one-half its maximum stable value [see Equations (4.33) and (4.45)] and that N = 10 
error observations: 
(a) With Newton's method? 
(b) With the steepest-descent method? 
In your answer, compare Equation (5.68) with (5.94) and Equation (5.80) with (5 .95). 
Explain any discrepancies. 

22. In a given adaptive process, there is only a single weight, the adaptive gain constant is 
µ. = 0.01, and the average squared input signal value is 2. What are the time constants for 
weight adjustment and for the learning curve: 
(a) With Newton's method? 
(b) With the steepest-descent method? 

23. In Exercise 21, if a total of 10 observations is made of the error in order to adjust the 
weight at each iteration, what is the time constant of adaptation, Tm,,, in each case? 

24. Given the conditions in Exercise 21 with N = 5 error observations and a 5 percent 
perturbation, what is the excess mean-square error in each case? 

25. An adaptive transversal filter with two weights is processing an input signal, x, having 
E[ x}J = 3 and E[ x. x. _ iJ = 2. At each iteration, a total of 80 observations of ,k is 
made. The corresponding weight perturbation causes P to be 0.05. The adaptive gain 
constant is µ, = 0.01. What is the misadjustment: 
(a) With Newton's method? 
(b) With the steepest-descent method? 

ANSWERS TO SELECTED EXERCISES 

5. P = li 2/ 2 

7. a4 = 24.2 

8. a4 = 24.33 (slightly larger) 

9. var[{]= a 4/ 5 

12. Near K = 0, Ja1/ al-> oo ; near K = 2, la1/ al -> 0 
15. cov[ V] = (8/ 25/i 2)I 
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part Ill 

ADAPTIVE ALGORITHMS 
AND STRUCTURES 

(Chapters 6- 8) 

OBJECTIVES OF PART Ill 

From Parts I and II we have most of the concepts necessary to the derivation 
and analysis of practical adaptive algorithms. These will be algorithms that 
work in nonstationary as well as stationary signal environments, algorithms 
that are meant to "track" as well as "seek" the minimum point on the 
performance surface. 

The primary objective of Part Ill is to help the reader understand the LMS 
algorithm, which is the simplest scheme for adjusting the weights in a linear 
adaptive processor. The LMS algorithm, which is covered in Chapter 6, is 
widely applicable to all of the types of adaptive systems described in Part IV. 
A central objective of this text is to describe the LMS algorithm and its 
applications. 

A second objective in Part Ill is to introduce types of adaptive algorithms 
other than the LMS algorithm, some of wh ich have important advantages. To 
facilitate this, we introduce certain frequency-domain analysis techniques in 
Chapter 7. These are standard techniques of digital signal analysis, and the 
reader familiar with this subject may wish to skim Chapter 7. 

The final objective in Part Ill is to acquaint the reader with lattice 
structures, which are introduced in the last part of Chapter 8. The lattice and 
its use in adaptive systems is a large subject, and only some basic ideas are 
covered in Chapter 8. 
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chapter 6 

The LMS Algorithm 

In Chapter 4 we introduced two algorithms, Newton's method and the steepest­
descent method, for descending toward the minimum on the performance surface. 
Both of these algorithms required an estimation of the gradient at each iteration, so 
in Chapter 5 we discussed general methods for estimating the gradient. The gradient 
estimation methods in Chapter 5 are general because they are based on taking 
differences between estimated points on the performance surface, that is, differences 
between estimates of f 

In this chapter we introduce another algorithm for descending on the perfor­
mance surface, known as the least-mean-square algorithm, or LMS algorithm. The 
LMS algorithm uses a special estimate of the gradient that is valid for the adaptive 
linear combiner described in Chapter 2.t Thus the LMS algorithm is more restricted 
in its use than the algorithms in Chapter 4. 

On the other hand, the LMS algorithm is important because of its simplicity 
and ease of computation, and because it does not require off-line gradient estima­
tions or repetitions of data. If the adaptive system is an adaptive linear combiner, 
and if the input vector Xk and the desired response dk are available at each 
iteration, the LMS algorithm is generally the best choice for many different applica­
tions of adaptive signal processing. 

DERIVATION OF THE LMS ALGORITHM 

We recall that the adaptive linear combiner of Chapter 2 was applied in two basic 
ways, depending on whether the input is available in parallel (multiple inputs) or 
serial (single input) form. These two ways are shown together in Figure 6.1. In both 

t However, it is possible to extend the LMS algorithm to recursive adaptive filters (see Chapter 8). 

99 
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cases we have the combiner output, Yk, as a linear combination of the input samples. 
As in (2.8), we have 

(6.1) 

where Xk is the vector of input samples in either of the two configurations in Figure 
6.1. 

To develop an adaptive algorithm using the previous methods, we would 
estimate the gradient of I; = E[ez ] by taking differences between short-term averages 
of ez. Instead, to develop the LMS algorithm, we take rf itself a.s an estimate of ~ k · 

Then, at each iteration in the adaptive process, we have a gradient estimate of the 
form 

ad ark 
aWo aWo 

'il k = = 2Ek - 2ekXk (6.2) 

aez ~ 
awL awL 

The derivatives of ek with respect to the weights follow directly from (6.1). 
With this simple estimate of the gradient, we can now specify a steepest­

descent type of adaptive algorithm. From (4.36), we have 

(6 .3) 

This is the LMS algorithm [3, 4). As before, µ. is the gain constant that regulates the 
speed and stability of adaptation. Since the weight changes at each iteration are 
based on imperfect gradient estimates, we would expect the adaptive process to be 
noisy; that is, it would not follow the true line of steepest descent on the perfor­
mance surface. 

From its form in (6.3), we can see that the LMS algorithm can be implemented 
in a practical system without squaring, averaging, or differentiation and is elegant in 
its simplicity and efficiency. As noted above, each component of the gradient vector 
is obtained from a single data sample without perturbing the weight vector. Without 
averaging, the gradient components do contain a large component of noise, but the 
noise is attenuated with time by the adaptive process, which acts as a low-pass filter 
in this respect. We now proceed to discuss some of the properties of the LMS 
algorithm and to illustrate its use in some examples. 

I 
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Input 
xo, ----i 

(a) 

(b) 

Desired 
response 
d, 

Error ., 

Figure 6.1 The adaptive linear combiner: (a) in general form; (b) as a transversal 
filter. 

CONVERGENCE OF THE WEIGHT VECTOR 

101 

As with all adaptive algorithms, a primary concern with the LMS algorithm is its 
convergence to the optimum weight vector solution, where E[e}J is minimized. To 
examine LMS convergence, we first note that the gradient estimate in (6.2) can 
readily be shown to be unbiased when the weight vector is held constant. The 
expected value of (6.2) with W k held equal to Wis 

E[-&k] = -2E[ekxk] 

= -2E[dkxk - xkxiw] 
= 2(RW - P) = 'v (6.4) 

The second line of (6.4) follows from (6.1) plus the fact that ek is a scalar and can 
thus be commuted. The last line follows from the definitions of P and R in Chapter 
2, and from (2.15). Since the mean value of v k is equal to the true gradient 'v , -& k 

must be an unbiased estimate. 
Seeing that the gradient estimate is unbiased, we could make the LMS 

algorithm into a true steepest-descent algorithm, at least in the limiting case, by 
estimating 'v at each step as in (6.2) but not adapting the weights until many steps 
have occurred. In this way ,&k could be made to approach 'vk, and (6.3) to approach 
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(4.36). With the weight vector changing at each iteration, we need to examine the 
weight vector convergence in a different manner, as follows. 

From (6.3) we can see that the weight vector Wk is a function only of the past 
input vectors Xk_1, Xk _2 , ... , X0. If we assume that successive input vectors are 
independent over time, Wk is independent of X k. For stationary input processes 
meeting this condition, the expected value of the weight vector £[Wk] after a 
sufficient number of iterations can be shown as follows to converge to the Wiener 
optimal solution given by (2.17), that is, to W * = R - 1 P. 

Taking the expected value of both sides of (6.3) yields the difference equation 

£(Wk+!]= £(Wk] + 2µE(EkX k] 

=£(Wk]+ 2µ(E(dkX k] - E[XkXiWk]) (6 .5) 

Using the foregoing assumption that X k and Wk are independent, we have the 
expected products as in (6.4). Also, from (2.17) we have the optimum weight vector 
givenasW*=R- 1P . Thus(6.5)becomes 

E(Wk+ tl = E(Wk] + 2µ(P - RE(WJ) 

= (I - 2µR)E[Wk] + 2µRW* (6 .6) 

But now we have just the expected form of (4.38), which was solved (i.e., made 
nonrecursive) by changing to the principal-axis coordinate system. Using expected 
values, the solution from ( 4.42) is 

(6.7) 

where V ' is the weight vector, W, in the principal-axis system, A is the diagonal 
eigenvalue matrix of R, and V0 is the initial weight vector in the principal-axis 
system. 

Thus, as k increases without bound, we see that the expected weight vector in 
(6.7) reaches the optimum solution (i.e., zero in the principal-axis system) only if the 
right side of the equation converges to zero. We saw in (4.45) that such convergence 
is guaranteed only if 

1 
-;\-> µ > 0 

max 
(6.8) 

where A max is the largest eigenvalue, that is, the largest diagonal element in A. 
So, in (6.8), we have bounds on µ for convergence of the weight vector mean to 

the optimum weight vector. Within these bounds, the speed of adaptation and also 
the noise in the weight vector solution are determined by the size ofµ. We also note 
that A max cannot be greater than the trace of R, which is the sum of the diagonal 
elements of R, that is, 

Amax .s tr[A] = L (diagonal elements of A) 

= L ( diagonal elements of R) = tr[R] (6.9) 

,;,, · 

.i.~ .... · 
I 
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Furthermore, with a transversal adaptive filter, (2.11) gives tr{R] as just ( L + 1)£[xtl, 
or L + 1 times the input signal power. Thus convergence of the weight-vector mean 
is assured by: 

1 
In general: 0 < µ < - [ -1 tr R 

Transversal filter : 
1 

0 < µ < - - - ---- - ­
(L + l)(signal power) 

(6.10) 

This is a more restrictive bound on µ than (6.8), but is much easier to apply because 
the elements of R and the signal power can generally be estimated more easily than 
the eigenvalues of R. 

The assumptions of decorrelation and stationarity of the input vector used to 
derive the results in this section are not necessary conditions for convergence of the 
LMS algorithm but have been adopted in this chapter for analytic convenience. 
Convergence with certain correlated and nonstationary inputs is demonstrated in the 
literature on the LMS algorithm (2, 6]. Under these conditions the analysis becomes 
much more complex. We know of no unconditional proof of convergence of the 
LMS algorithm. 

AN EXAMPLE OF CONVERGENCE 

To illustrate the convergence of the mean weight vector when employing the LMS 
algorithm in a specific situation, we again consider the simple two-weight combiner 
used as an example in Figure 2.6. We modify the input by adding a random signal 
as in Figure 6.2, in order to introduce a statistical fluctuation into the adaptive 
process. The input correlation matrix R, which was determined in (2.22), must be 
modified to include the random signal as follows. Let rp represent the average 

Random 
signal 

. 2~k srn -
N 

FiguTe 6.2 The adaptive linear combiner 
example from Chapter 2 with a random 
signal added at the input. 
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random signal power, that is, 

q,=E[rf ] (6.11) 

and suppose the random samples are independent of each other. Then 

=05cos 21T . N (6.12) 

Thus the modified version of R in (2.22) becomes 

[ 
1 + 2q, 

R = 0.5 21r 

COSN 

(6.13) 

A similar modification in (2.24) gives the performance surface for this example as 

( 6.14) 

The optimum weight vector, W*, can be found by solving RW* = Pas described in 
Chapter 2, with P given in (2.23). The result is 

cos 2;: ] [ w0• ] = 2 [ . O 21T ] 

1 + 2q, wt - smN 

r 
2 cos(21r / N )sin(21r / N) 1 

[
w0*] = (1 + 2q,)2 - cos2(21r/ N) 
wi -2(1 + 2q:,)sin(21r/ N) 

(1 + 2q:,) 2 - cos2 (21r/ N) 

(6.15) 

The performance of the LMS algorithm in (6.3) is illustrated in Figure 6.3 with 
N = 16 samples per signal cycle, and with a random signal power q:, = 0.01. 
Contours of ~ in (6.14) are shown in this figure, and we note that (6.15) gives 
Wo* = 3.784 and wi = -4.178 as the optimum weight values. 
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Together with the contours of constant ~ in the figure, there are two weight­
value tracks. The two tracks have the following characteristics: 

Upper track 
Lower track 

Starting weight 
values 

o.o 
4, - 10 

Value of I' 

0.10 
0.05 

Number of 
iterations 

250 
500 

The nature of the steepest-descent algorithm can be seen in that both tracks are 
more or less normal to the ~ contours, similar to Figure 4.7. 

Because of the noisy gradient estimate at each iteration, the weight tracks in 
Figure 6.3 are seen to be erratic; they do not always proceed in the direction of the 
true gradient. The track for the larger value ofµ is more erratic because the weight 
adjustment is greater at each iteration, but it also arrives at about the same distance 
from the minimum of ~ in about half the iterations taken for the track with smaller 
µ. If the LMS algorithm in Figure 6.3 were made to continue, either track would 
wander around the "bottom of the bowl," in the vicinity of the minimum of t 

- 2.5 

i 
t --5.0 

~ 

-7.5 

- 2 0 2 4 6 

Weight , w0 

figure 6.3 Performance surface contours and weight-value tracks for the LMS 
algorithm operating as in Figure 6.2 with N = 16 and £ [ r}] - 0.01. 
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producing a noisy weight vector solution and an average misadjustment as discussed 
below. 

We can observe the LMS convergence process in still another way, by plotting 
the error, ek, versus the iteration number. An example is given in Figure 6.4, 
with the error being the same as for the upper weight-value track in Figure 6.3. At 
first the error is quite sinusoidal, but as the adaptive filter learns to cancel the 
sinusoidal component, the error becomes increasingly random. 

Finally, we note in the particular case of Figure 6.3 that the values of µ (i.e., 
0.05 and 0.10) are well below the upper bound given by (6.10). With </> = 0.01 we 
have from (6.9) and (6.13) the trace of R as 

tr[R] = 2(0.5 + </>) 1.02 (6.16) 

Therefore, (6.10) gives 

0.98 > µ > 0 (6.17) 

With the LMS algorithm, it is typical to use values of µ on the order of a tenth of the 
upper bound given in (6.10). 

0 50 100 150 

Iteration number, k 

Figure 6.4 Error versus iteration number for the upper track in Figure 6.3. 
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LEARNING CURVE 

In (4.59) we arrived at a formula for the learning curve, that is, the curve of~ versus 
the iteration number k, for the steepest-descent method. The curve was theoretical 
in the sense that an exact knowledge of the gradient at each iteration was assumed. 
The theoretical learning curve was seen to decay in accordance with L + 1 geomet­
ric ratios of the form 

n 0, l, ... , L (6.18) 

As a consequence of this result and of (5.86), the time constant for the exponential 
relaxation of the nth weight vector element to its optimal value is 

T "" n 
1 

n 0, 1, ... ,L (6.19) 

From (5.87), the time constant associated with the nth mode of the learning curve is 
Tn/2, that is, 

n = 0, 1, .. , L (6.20) 

Furthermore, since each gradient estimate in the LMS algorithm is based on a single 
data observation, the time constant in terms of the input sample index T is the 
same as "mse• the time constant in terms of algorithm iterations. Thus, for~h~ LMS 
algorithm, 

n 0,1, ... , L (6.21) 

In some cases where the LMS algorithm is used, namely those where ei at each 
iteration is a good approximation to E[ei] for the current set of weight values, (6.21) 
gives a good approximation to the learning-curve time constants. But in general 
with the LMS algorithm, (6.21) will be somewhat optimistic, because ei is not 
generally a good approximation to E[ ez], and the convergence process is erratic as in 
Figure 6.3. As an example we take the case illustrated in Figure 6.3, where the 
eigenvalues of R are found as follows, using (3.2) and (6.13) with </> = 0.01 and 
N 16: 

l0.51 'A 
<let '1T 

0.5cos8 

0.5cosf l 
=0 

0.51 - 'A 
'Ai, 'A 2 = 0.972,0.048 

For the lower weight track in the figure withµ= 0.05, we have from (6.21) 

(Tmse) 1 ""' 5 iterations 

( T ms.) 2 "" 104 iterations 

(6.22) 

(6.23) 

(6.24) 
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For comparison with these values, a typical learning curve for this same 
situation is shown in Figure 6.5. Here t or E[ ez ], is estimated by taking an average 
of 500 individual runs of d versus k. Each run had a different random sequence 
and a different starting point on the sinusoidal signals in Figure 6.2. We observe on 
the logarithmic plot in Figure 6.5 two different slop~s o_f the learning .curve, 
corresponding with the two directions of the lower path m Figure_ 6.3 ~d with the 
two time constants in (6.23) and (6.24). At first, the steeper slope 1s estimated to be 
approximately one decade in 13 iterations. Since a decade is a f~c~~r of_ 10 or e 

230
, a 

decade also represents a lapse of 2.30 time constants. Thus the 1mt1al time constant, 
(T ) is observed to be on the order of 13/2.30, or 6 iterations. After relaxation 

mse 1' ) . . ·1 I b d t b of this initial mode, the secondary time constant, (Tmse 2 , 1s sum ar Yo serve o e 
approximately 265 /2.3, or 115 iterations. In summary: 

10 

Theoretical Experimental 

6 
104 115 

\ 

\ 
\-"•=', • 6 

\ 
\ 

10-1 -l..--~--1~~--l--...---.--....-----.-+--.---,----,--r---f 

0 50 100 

Iterat ion number, k 

Figure 6.5 Leaming curve for the lower track in Figure 6.3, with µ, 0,05. ( is 
estimated by averaging 500 runs as described in the tex t 

150 
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Thus, due to the noisy estimate of E[ez] discussed previously, the experimental time 
constants are seen to be somewhat above the theoretical time constants. Such a 
result is typical with the LMS algorithm. 

NOISE IN THE WEIGHT-VECTOR SOLUTION 

In Chapter 5 we discussed the variance of the gradient estimate and the noise in the 
weight-vector solution under the assumption that the gradient estimate was based on 
weight perturbation. With the LMS algorithm, the gradient estimate as given by 
(6.2) is not based on weight perturbation, so we must reexamine its variance. 

Just as in (5.34), let us define Nk as a vector of noise in the gradient estimate at 
the k th iteration. Thus, as in (5.34), 

(6.25) 

If we assume that the LMS process, using a small value of the adaptive gain constant 
µ, has converged to a steady-state weight vector solution near W *, then v k in (6.25) 
will be close to zero. Then, in accordance with (6.2), the gradient noise is close to 

Nk = {\ = -2ekXk 

The covariance of the noise is thus given by 

cov[Nd = E[NkNl] = 4E[ ezxkxI] 

(6.26) 

(6 .27) 

If we assume that the weight vector, Wk, remains near its optimum, W*, we 
conclude from (2.39) that el is approximately uncorrelated with the signal vector, so 
that (6.27) becomes 

cov[Nk] ""4E[el]E[XkXI] 

""4~minR (6.28) 

To apply the results of Chapter 5, we need to transform (6.28) into the 
principal-axis coordinate system, as follows [see (3.38), (5.40), etc., for similar 
transformations]: 

cov[N;] cov[Q - 1Nk] 

= E [Q -lNk( Q - 1N1JT] 

= Q - 1E[NkNl]Q 

= Q-lc;ov[Nk]Q ""4~minA (6 .29) 

Now we can apply (5.52), which gives the weight vector covariance in the principal­
axis coordinate system. The result is 

cov[v;] = ~(A µA2
) -

1
cov[N£] 

(6.30) 
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In practical situations the elements of µ.A tend to be considerably less than 1, so we 
simplify the expression in (6.30) by neglecting the term µ.A2 to obtain 

cov[v;] == µ.~minA - 111. 

(6.31) 

Thus, transforming back to unprimed coordinates, we have the steady-state noise in 
the weight vector solution given approximately by 

cov[Vk] = Qcov[V.,'.]Q- 1 

""/J.~minQIQ- 1 

"" P.~mml ( 6.32) 

A further development of cov[Vd under less restrictive (nonstationary) conditions 
than those imposed to obtain (6.32) may be found in Farden [6). In the example of 
Figure 6.3 the values ofµ. were 0.1 and 0.05 and ~min was about 0.4. Therefore, the 
diagonal elements of cov[Vd are 0.04 and 0.02 for the upper and lower tracks, 
respectively. These values correspond to rms weight fluctuations of 0.20 and 0.14, 
respectively. 

MISADJUSTMENT 

We recall from (5.96) that the misadjustment in an adaptive process is defined as the 
ratio of the excess mean-square error to the minimum mean-square error, and is thus 
a measure of how closely the adaptive process tracks the true Wiener solution, that 
is, a measure of the "cost of adaptability." The excess mean-square error is 
illustrated in Figure 5.3, and is given in (5.60) as 

excess MSE = E[v;r11.v;] ( 6.33) 

If we use the L + 1 elements of v; and note that A is a diagonal matrix, we can 
express (6.33) in terms of a sum: 

L 

excess MSE = L ,\"E [ v~i] {6.34) 
n = O 

If we assume that the adaptive transient has died out and therefore that the squared 
error is near the "bottom of the bowl," we may assume that E[v~il in (6.34) is an 
element of cov[V1c] in (6.31). Using (6.31) in (6.34) then gives the following ap­
proximation: 

L 

excess MSE"" µ.~min L "" 
n-0 

(6.35) 
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From th.is result we may compute the misadjustment, defined above and in (5.96), as 

M = excess MSE 
~min 

== µ. tr[R] 

(6.36) 

For example, in Figure 6.3, the values ofµ. were 0.1 and 0.05 and the trace of R was 
found in (6.16) to be 1.02, so we have for Figure 6.3, 

M== {
0.1 (uppertrack) 

0.05 (lower track) 
(6.37) 

We can see in (6.36) that the misadjustment, M, is directly proportional to 
the adaptive gain constant, µ.. Thus there is a trade-off between the misadjustment 
and the rate of adaptation. To see th.is trade-off more clearly, let us recall from 
(6.20) that the time constant for the nth mode of the learning curve is 

1 
( 'Tmsct = 4µ.,\" (6.38) 

From th.is the trace of R can be written 
L 

tr[R] = L ,\" 
n-0 

=i_ [-1-= L+l(_l_) 
4µn_O(Tmse)n 4µ Tmse av 

Using th.is result in (6.36), we have 

M==L+l(_l) 
4 7mse av 

In the special case where all eigenvalues are equal, (6.40) reduces to 

M==L+l 
4 rmse 

(6.39) 

(6.40) 

( 6.41) 

Experience shows th.is expression to be a good approximation to the relationship 
between misadjustment, time constant of the learning curve, and number of weights 
even when the eigenvalues are not equal. Such a relationship is needed in designing 
an adaptive system when the eigenvalues are unknown. 

Since the trace of the R-matrix is the total power of the inputs to the weights, 
wh.ich is generally known, one can use ( 6.36) in choosing a value of µ. that will 
produce a desired value of M. One can accordingly combine (6.41) and (6.36) to 
obtain a general expression for the time constant of the learning curve with equal 
eigenvalues: 

( 6.42) 
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Th.is expression is also a good approximation in many cases when the eigenvalues of 
the R-matrix are unequal. 

Since adaptive transients die out or settle in approximately four time constants, 
(6.41) can be used to derive the following rule of thumb: 

Misadjustment equals number of weights divided by 
settling time, when the eigenvalues are equal. 

Operation with 10 percent misadjustment, satisfactory in many applications, can 
generally be achieved with an adaptive settling time equal to 10 times the memory 
time span of the adaptive transversal filter. 

PERFORMANCE 

We have noted previously that the LMS algorithm differs from the algorithms 
discussed in Chapters 4 and 5 primarily in the way in which the gradient, ,:;h , is 
estimated at each time step. In effect, the LMS algorithm takes advantage of 
additional a priori information, namely that the performance surface is quadratic. 
We might expect that the LMS algorithm would have a performance advantage over 
the previous algorithms that used the difference method to estimate "vk• and in fact 
it does. 

TABLE 6.1 MISADJUSTMENT AND TIME CONSTANTS OF STEEPEST-DESCENT 
AND LMS ALGORITHMS 

Misadjustment. M 

Perturbation. P 

To tal misadjustment , M,ot 
Time constant of nth mode: 

In number of adc.ptive 

iterations, Tmse 

In number or data 
samples, Tmse 

Steepest-descent 
algorithm 

M + P 

LMS algorithm 

M 

4µ>. ,, 

I 
4µ>. ,, 
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The performance advantage of the LMS algorithm over the steepest-descent 
algorithm of Chapters 4 and 5 can readily be understood by comparing the 
expressions for misadjustment and time constant given in Table 6.1. The table 
entries originate from (5.16), (5.86) through (5.88), (5.99), (5.106), (6.20), and (6.40). 
It is appare_nt in both cases that misadjustment is reduced by slow adaptation; that 
1s, by making the value of the time constant large. For a given time constant, 
however, the misadjustment of the LMS algorithm increases linearly with the 
n_umber of weights rather than with the square of the number of weights. In typical 
circumstances much faster adaptation is thus possible. 

The relative performance of the two algorithms is indicated in another way in 
Figure 6.6, which shows the time constant of adaptation Tm,e as a function of the 
number of weights. For this comparison the misadjustment of the LMS algorithm 
was fixed at 10 percent. The total misadjustment of the steepest-descent algorithm 
was also fixed at 10 percent, with the perturbation P optimized according to (5.109). 
The eigenvalues of the R-matrix were further assumed to be equal. We obtain the 
curves in Figure 6.6 from Table 6.1 as follows : 

(L + 1)2 2 
Tmsc = 8MP = 50(L + 1) 

L + l 
Tmse = 4M = 2.5(L + l ) 

Steepest descent: 

LMS: 

( 6.43) 

The _figure illustrates that the LMS algorithm has a much shorter adaptation time, 
particularly when the number of weights is large. 

In Chapter 5 we derived the time constant of adaptation of the method of 
steepest descent for an adaptive filter with ten weights and a total misadjustment of 
10 percent with P optimized. The result obtained is given in (5.110) and is equal to 
5000 data samples. A similar calculation for the LMS algorithm yields a time 
constant of adaptation of only 25 data samples. This value is much more favorable 
even than that of 625 data samples obtained in (5.111) for off-line adaptation to 
eliminate the effects of perturbing the weight vector. Since adaptive transients 
generally die out within approximately four time constants, the settling time would 
be approximately 100 sampling periods or iterations. 

The efficiency of the LMS algorithm has been shown to approach a theoretical 
limit for adaptive algorithms when the eigenvalues of the R-matrix are equal or 
nearly equal [5]. With disparate eigenvalues, however, misadjustment is primarily 
determined by the fastest modes of adaptation, while settling time is limited by the 
slowest modes. Algorithms similar to the LMS algorithm but based on Newton's 
method rather than the method of steepest descent have been devised in an attempt 
to sustain efficiency under these conditions. In these algorithms the gradient esti­
mate is premultiplied at each iteration by an estimate of the inverse of the R-matrix: 

(6.44) 
or 

( 6.45) 
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Nurnb er of weights, L + 1 

Figure 6.6 Time constant or adaptation versus number of weights for steepest· 
descent and LMS algorithms. Total misadjustment fixed at JO percent. 

Part Ill 

This process causes all adaptive modes to have essentially the same time constant. 
Algorithms based on this principle are discussed in Chapter 8. They are potentially 
more efficient than the LMS algorithm but also typically more difficult to implement. 

Attempts have also been made to devise algorithms more efficient than the 
LMS algorithm by using a time-varying value for the constant of adaptation µ. 
High values are first chosen to achieve rapid convergence; after convergence has 
been achieved low values are chosen to minimize misadjustment. This method works 
well as long as the input statistics remain stationary. 

EXERCISES 

1. Express the LMS algorithm for an individual weight in a single-input adaptive linear 
combiner. 

2. If an aqaptive transversal filter has an input signal power equal top, what is a reasonable 
range for the adaptive gain constant, µ? 

3. Describe the principal axes of the performance surface in Figure 6.3. 

4. Explain why Tm,., and Tmse are identical in the case of the LMS algorithm. 
5. In the example in Figure 6.3, what is the approximate covariance matrix for the gradient 

noise, assuming that the adaptive transient has died out? 
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6. What are the eigenvalues in the example in Figure 6.3? 

7. What is the effect of adding a third weight to the adaptive transversal filter in Figure 6.2: 
(a) On the minimum mean-square error? 
(b) On the misadjustment? 
(c) On the learning curve? 

8. Consider the adaptive signal-canceling situation in the diagram below. 

rrk 
cos - - ---~--7 

(a) Write an expression for the performance surface. 
(b) Determine a range for the adaptive gain constant. 
(c) Express the LMS algorithm for this situation. 

.. 

(d) Using µ = 0.05 and 0.005 with zero initial conditions, run the LMS algorithm and 
plot two learning curves similar to Figure 6.5 on the same graph. Estimate the two 
time constants. 

9. Consider the adaptive predictor shown below. 

.. 
(a) Given </>,, (n ) = E[x, xk+ nl, write an expression for the performance surface. 
(b) Give a specific expression for the performance surface when x, is equal to sin(k'IT/ 5). 
(c) Write the LMS algorithm for the case where x* = sin(k'IT/ 5), with µ at one-fifth of 

its maximum in (6.10). 
(d) Using the LMS algorithm in part (c), list the first 20 error values, •o through ,19 . 

Assur. ,e that W0 = 0. 
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10. For the predictor in Exercise 9, generate 5000 samples of the input as follows, using zero 
initial conditions: 

x k = 0.95( rk - 0.5) + 0.05x, _ 1; k = 0, 1, ... ,4999 

where r k is the k th number in the random sequence in Appendix A. Then: 
(a) Using the data, estimate the input correlation matrix, R. 
(b) Using (6 .21), select µ to produce an average learning time constant equal to 100 data 

samples. 
(c) Run the LMS algorithm with µ as above. Plot the first 5000 weight values, Wok and 

w1k , versus k. 
(d) Plot a learning curve similar to that shown in Figure 6.5. 
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The z-Transform 
in Adaptive 
Signal Processing 

chapter 7 

In the preceding chapters we have described the adaptive linear combiner and its 
properties without recourse to the usual transform or frequency-domain analysis 
used with linear systems [1 - 4]. In this chapter we review some of these standard 
concepts and methods of digital signal processing and show how they apply 
particularly to the analysis of linear adaptive filters. 

Specifically, we review the z-transform method of analyzing digital systems 
and show how the z-transform relates to the frequency response (gain and phase 
shift) of a system. We also reformulate the least-squares method and the LMS 
performance surface in terms of the z-transform. Our presentation is brief. There 
are many complete texts on the subject of digital signal processing [1 - 4, 7--9]. 

In the case of the adaptive linear combiner, the ideas of this chapter give us an 
alternative view of the design and analysis of adaptive systems. For other types of 
adaptive filters such as recursive adaptive filters , the transform methods discussed 
here are required, rather than alternatives. 

THE z-TRANSFORM 

As we have seen, the analysis of signal processing systems such as the adaptive linear 
combiner involves the use of sample sets, that is, ordered sequences of samples. 
These sample sets include various time series such as the input, desired, and error 
signals as well as the set of weight values. 

The z-transform of any such sequence is defined as follows: 

oc (7.1) 
z-transform: X(z)= L xkz - k 

k - -co 

117 
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In this form z is a continuous complex variable and X( z) is called a "two-sided" 
z-transform because negative as well as positive values of the index k are involved. 
In fact, xk must be known for all integer values of k in order to produce X(z). 
Thus we could obtain a one-sided transform simply by assuming that x k is zero for 
k less than zero. 

As a simple example of a z-transform, let [xk] be the samples of an exponen­
tial function such that 

{
o 

X -k - e-ak 

k<O 

k ~ O; a>O 
(7.2) 

Then the z-transform is a simple rational function of a and z, expressed in Figure 
7.1. Since xk is zero fork less than zero, we have a one-sided transform in this case. 
The transform has a zero (i.e., has a value of zero) at z O and has a pole (i.e., 
becomes infinite) at z e-". 

As in the case of Figure 7.1, an infinite (or even a finite) geometric sum can 
always be written in closed rational form, so the z-transform allows us to express 
many sample sequences in a simple manner. Tabulations of z-transforms may be 
found in the literature [ 4]. 

Notice also that all of the information in the original sample sequence is 
conveyed by its z-transform. Each sample in (7.1) is associated with a unique power 
of z, so the complete sample set can be recovered from the z-transform. In other 
words, an inverse z-transform obviously exists. We will return shortly to a discus­
sion of the inverse transform. 

1.0 

0.0 -t---i--r-"'T'""~-t--+--+--+-+--+--+--l-+--+---. 
-5 0 5 10 

Sample number, k 

Figure 7.1 The sampled function xk e - ak and its z-transform, which has a zero 
at z = 0 and a pole at z e - ". 
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RIGHT-AND LEFT-HANDED SEQUENCES 

The sample sequence in (7.2) is "right-handed" because the signal starts at k 0 
and proceeds to the right with k increasing. A "left-handed" sequence proceeds 
from k = 0 toward decreasing k, and a two-sided sequence goes in both directions 
from k 0: All sequences can be transformed using (7.1) of course, but the region 
of z for which (7.1) converges varies. Consider the following examples: 

Sample sequence: 

xk e"k; k :s; O; a > 0 

xk cosak; k ~ 0 

z-Transform: 

00 

L (e-"z- 1l = 
k=O 

0 

L (e"z- 1l 
k= -oo 

00 

L cosakz ·· k 
k=O 

z 

z(z - cosa) 

z 2 2zcosa + I 

Note in the first example that the summation converges only if jzl > e-a so that the 
terms i~ the sum d~minish with k. Similarly, the second transform conv;rges only if 
lzl < e and the third transformt converges only if lzl > L Thus the following rules 
apply to these and other right- or left-handed sequences: 

If xk is left-handed, X(z) converges for lzl < 1 and has poles on or outside 
lzl L 
If xk is right-handed, X(z) converges for lzl > 1 and has poles on or inside 
lzl L 

These rules are general and do not give the exact region of convergence of X(z) on 
the z-plane.* In the case of xk e-ak for k ~ 0, for example, the region of 
convergence depends on a, but it always includes the region outside the unit circle 
defined by lzl > 1. We assume in all sequences that the samples [xd are finite and 
do not grow without bound as !kl increases. 

There are cases, such as with correlation functions (later in this chapter) or 
noncausal filters (Chapter 10), where we may wish to transform a two-sided 
sequence, even though a region of convergence does not exist at all. In these cases it 
is generall~ convenient either not to sum the two-sided series [as in (7.70)], or else to 
treat the nght- and left-handed portions of the sequence separately (as in Chapter 
10). For example, the transform of xk cosak fork< 0 is minus the transform in 

tThe third series may be summed by writing cosak (ejak + e·iak)/2, then summing the 
geometric series. 

;The complex z-plane contains points whose abscissas and ordinates are the real and imaginary 
parts of z. Every value of z corresponds to a point on the z-plane. 
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the example above,t where xk = coso:k fork 2 0, but the two regions of conver­
gence do not overlap. Thus the entire two-sided transform does not exist, even 
though the two-sided series may be used as in (7.70) to "represent" the entire 
sequence. 

TRANSFER FUNCTIONS 

Most of the readers of this book are already familiar with the transfer function 
concept, which is common to all types of linear systems analysis, continuous as well 
as digital. The transfer function is simply the transform of the output of a system 
divided by the transform of the input. With continuous systems we use the Laplace 
transform, and with digital systems we use the z-transform. 

A general linear digital processing system (or algorithm) is illustrated in Figure 
7.2. Compare this figure with Figure 2.2 and note that if we set the feedback 
coefficients (the b 's) equal to zero, we have in Figure 7.2 the single-input adaptive 
linear combiner. The weights are shown without arrows in Figure 7.2 because for 
the present we want them to be fixed rather than adjustable.* 

Thus Figure 7.2 represents the general single-input linear combiner, or digital 
filter . Without the feedback portion, the filter is called "nonrecursive." With the 
feedback portion it is called" recursive." The expression for the output, Yk, in either 
case is 

L L 

Yk = L anxk- n + L bnYk - n 
n=O 

(7 .3) 

Thus, without the b's, we have essentially (2.3), that is, the nonrecursive version. 
The filter is also causal, because an is nonzero only for n positive. 

To develop the transfer function, let us now take the z-transform of (7.3): 

oo L oo L 

Y( z) = L L anxk - nz - k + L L b,,yk _,,z-k (7.4) 
k -- oon = O k =- 0011 = 1 

If we are to express the right side of this result in terms of transforms, we must 
define an and bn for all values of n. As suggested above, we do this simply by 
letting an and bn be zero when n designates a position "outside of the filter" in 
Figure 7.2. Thus we define 

[an] = [ · · · 000a 0 a1 aL000 · ·· ] 

[b,,] = [ · · · 000b1 bL000 ... l (7 .5) 

t The reader may wish to verify this by summing the two series, 

*\Vhen the weights are adaptjng, the time-varying filter does not have a transfer function. A 
transfer function jmplies fixed weights. 

Chap. 7 The z-Transform in Adaptive Signal Processing 121 

1-.......---,-v, 

Figure 7.2 Equivalent digital signal processing diagrams. 

Now we can write (7.4) with infinite limits and exchange the order of summation to 
obtain 

Y(z) = (7.6) 
n - -oo k= - oo n = - oo k. --oo 

Next, the right side can be written in terms of transforms simply by changing 
subscripts. If we let m = k - n the limits on m are still ± infinity, and (7.6) 
becomes 

= A(z)X(z) + Y( z) B(z) (7.7) 

The transfer function, as mentioned above, is the output transform, Y( z ), divided by 
the input transform, X(z). From (7.7), then, 

transfer function = H ( z) = Y(( z) 
X z) 

A(z) 
1 - B(z) 

Thus, with B(z) = 0, we have Y(z) = A(z)X(z) for the nonrecursive case. 

(7.8) 
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FREQUENCY RESPONSE 

By simply replacing z with el"', where w is the normalized frequency,t we are able to 
obtain the discrete Fourier transform (DFT) of the impulse response in (7.22) below, 
i.e., the frequency response of a linear filter, from its transfer function. To demon-
strate this, we first divide A(z) by 1 B(z) in (7.8) to obtain 

00 

H(z) = L hnz-n 
n=O 

A(z) 

1 - B(z) 
(7.9) 

Note here that h is nonzero only for positive n because a,, is nonzero only for 
positive n. Thus ;ny causal recursive filter is equivalent to a causal nonrecursive 
filter of infinite length. From (7.3) and (7.9) we now have 

(7.10) 

Again, (7 .10) describes any causal linear filter. . . 
If we wish to find the frequency response of the filter given by [ h k] m (7 .10), 

we can let [xd be the sample set of a unit sinusoid at some fixed frequency w and 
compute [Jk]. So we let 

Then, in (7.10), we have 
00 

Yk L hne1w(k-n) 

n=O 

(7.11) 

(7 .12) 

Thus, since the sinusoid x k is multiplied by the quantity in parentheses to obtain t?e 
sinusoid Yk, this quantity must represent the frequency response of the filter, that is, 
the gain and phase shift, at the frequency w. 

But the quantity in parentheses could have been obtained by substituting e1
"' 

for z in (7 .9) or (7 .8). Thus, for any linear filter in the form of Figure 7 .2, 

Y( eJw) 
frequency response 

X(e1"') 

A( e1"') 

1 - B(e1"') 
(7 .13) 

We can see that the frequency response is a periodic function of w, because e1"' does 

tThat normalized so that the sampling frequency at w = 27T. The reader should be aware 
that some authors use w to represent an unnormalized frequency, which requires scaling by the time step 
T, as in (7.16). 
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not change as w is increased by any multiple of 21r. Furthermore, if we use 21r 
in place of w, we have 

w 

e1(2w-w) e-j(,J 
(7.14) 

Thus, since the coefficients of A(z) and B(z) are real, we have 

Y(el(2w-w)) Y(e-J"') 

X(e1(2w-w)) X(e-1"') (7.15) 

So the transfer function, Y /X, is unique only for 0::,;; w < 1r. This frequency range 
is called the Nyquist interval, with the folding frequency at w 1r and the sampling 
frequency at w = 21r. If we wanted to write xk in (7.11) as a function of time 
instead of the sample number k, we would let 

w = 0,T (0, in rad/s) 

= 21rfT (Jin hertz) (7.16) 

where T is the time step (distance between samples) in seconds, so that t = kT 
would appear in the exponent. Then the folding frequency would be at 1r /T radians 
per second, or at l/2T hertz, that is, at one-half the sampling frequency. 

A specific example of frequency response is shown in Figure 7.3. Here we have 
the transfer function 

H(z) Y(z) 0.27(z 2 +1) 

X(z) = z 2 - l.27z + 0.81 
(7.17) 

The frequency response, H( el"'), is in this case 

H( eJw) 0.27(e 2i"' + l) 
e 21"' - 1.27e1"' + 0.81 

= 0.54cosw(l.81cosw 1.27 - j0.19sinw) 

(I.8lcosw - 1.27)2 +(0.19sinw) 2 (7.18) 

The magnitude and phase of H( e1"') are called the amplitude gain and phase shift of 
the filter. As in (7.18), we have 

H( elw) =Real+ jlmag 

amplitude gain JH(ei"') / [Real 2 + Imag 2 ]
112 

phase shift tan - 1(Imag/Real) (7.19) 
The amplitude gain and phase shift for the present example are plotted in Figure 7.3. 
Besides the amplitude gain, the power gain of a filter is also used. The power gain is 
the square of the amplitude gain and is sometimes specified in decibels (dB). Thus 

power gain = I H( el"') 1
2 

= Real 2 + Imag 2 

power gain in dB 10log10JH(el"') 1

2 
(7.20) 
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Y(z) _ 0.27(z2 + 1 I 

X(z) - ,, - 1.27z + 0.81 

0 
(a) 
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W = lT w"O 
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Figure 7.3 Example of the frequency response of a digital filter: (a) filter; (b) 
response; (c) pole-zero plot. 

Part Ill 

In the example of Figure 7.3 we can also note the effect of the poles and zeros 
of H(z) on the gain and phase shift. To obtain the frequency response in (7.13) we 
set z = ej"', and thus as w changes from O to the folding frequency ( ,r ), z moves 
around the upper half of the unit circle on the z-plane. When w is such that z is 
near a pole, as it is at w = ,r/4 in Figure 7.3, the gain is high. When z is near a zero 
of H(z) , as at w = ,r/2 in Figure 7.3, the gain is low. As z on the unit circle passes 
near or through a pole or zero, there is a sharp change in the phase characteristic, as 
also illustrated in Figure 7.3. 

IMPULSE RESPONSE AND STABILITY 

Suppose that we have an "impulse" sample set consisting of a single unit sample at 
k = 0, that is, 

Ix.] = [ ·.. 00100 .. · l (7.21) 
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By definition in (7.1), the z-transform of the impulse sample set is 

X(z) = 1 

125 

So if [xd is the input to a filter with transfer function H(z), then from (7.8) the 
output must be the sequence whose transform is H(z): 

impulse response = Z- 1 [H(z)] (7.22) 

where z- 1 stands for "inverse z-transform." 
From this definition of the impulse response we can argue that nonrecursive 

digital filters such as the adaptive linear combiner are inherently "stable" in the 
sense that, as long as the weight values are finite, the impulse response is bounded 
and of finite length. 

On the other hand, recursive filters have impulse responses of infinite length as 
suggested by (7.10). The causal recursive filter is stable only if the poles are inside 
the unit circle, as in Figure 7 .3. We can show the stability requirement in the 
following way. Let the transfer function, H( z ), be a ratio of polynomials in z - 1 as 
in (7.8). If we expand H(z) into a sum of partial fractions, H(z) will contain terms 
of the form z - "/(1 - z0 z- 1), where z0 is a pole location. Thus we write H(z) in 
the form 

Az - n 
H(z) = _1 + G(z) 

1 - z0 z 
(7 .23) 

where G(z) represents the rest of H(z), and A is a constant. Since the input occurs 
at k = 0, we know that the response [i.e. , the inverse of H(z)] must be right-handed. 
Therefore, we can express the first term in (7.23) as a right-handed series, and 
reexpress H(z) as 

H(z) =AL z;-nz-k + G(z) 
k-n 

From this result we have the impulse response as 

hk = Z- 1 [H(z)] 

= Az;- n + Z- 1[G(z)] k?. n 

(7 .24) 

(7 .25) 

Although the pole location z0 is in general complex, we can see that the impulse 
response will grow without bound unless the modulus of z0 is less than 1, that is, 
unless z0 is inside the unit circle. (We define a filter with a pole on the urtit circle to 
be "conditionally" stable.) 

To summarize this section, we have the following tabulation of results for 
filters of finite length: 

Filter type 

Nonrecursive 
Recursive 

Impulse response 

Finite (FIR) 
Infinite (IIR) 

Stability condi tions 

Finite coefficients 
Finite coefficients; 

poles inside [z[ - 1 
for causal filter 
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The term "infinite" of course means infinite in extent, as in (7.10) or (7.25). The 
initials FIR and IIR are often used to specify the two classes of filters. 

THE INVERSE z-TRANSFORM 

As suggested by (7.24) and (7.25), the inverse z-transform of any rational function 
can be found via a partial fraction expansion and conversion to geometric series. 
For our analysis of least-squares systems, however, we need a more convenient form 
for the inverse. This is found in the realm of complex-variable theory and is 

1 /4 k -1 xk = 2 ,,,1'j1X(z)z dz (7 .26) 

The path of the integration is ta.ken to be counterclockwise on a circle centered at 
the origin on the z-plane, on which X(z) in (7.1) converges. 

The validity of (7.26) is easily proved by substituting the forward transform in 
(7.1). We have 

x = _l_,t. ~ X zk -n-l dz 
- k 2 ·'jl L, n 

'TT} n--oo 

(7.27) 

The integral theorem of Cauchy (5] can be adapted to give the following general 
result: 

m * -1 
m = l 

(7 .28) 

In (7 .27) x" is just a constant, so only one term in the sum, where n = k , is nonzero, 
and this term is xk. So (7.27) becomes an identity and the validity of (7.26) is 
proved. 

It is also useful to note that the substitution 

(7 .29) 

in (7 .26) gives an inverse frequency transformation. The substitution causes dz to be 
replaced by jz dw, and a path of integration may be taken on the unit circle from 
z = e -Jr, counterclockwise to z = eir. (i.e., once around the circle). Thus (7 .26) 
becomes 

(7 .30) 

and we have the sample set in terms of the spectral function, X( eiw ). This is 
essentially the inverse Fourier transform formula. 
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We tum now to the question of how to evaluate integrals like (7.26) or, 
equivalently, (7.30) in practice. If X(z) is a polynomial in z, then (7.26) gives xk 
simply as one of the coefficients of the polynomial, depending on k. But if X(z) is a 
ratio of polynomials, the residue theorem [10] is helpful. The theorem states that 

1 ,t. -xk = 2,,,1 'j1X(z)zk 'dz 

= LRes[X(z)zk -l at pole zn) (7 .31) 

That is, x k is the sum of the residues of the integrand at all of its poles inside the 
path of integration. Given that X(z)zk -l is a rational function of z, each of these 
residues is found as follows. Let zn be a pole of X(z)zk - 1, repeated r times. We 
write X(z)z k-l as 

(7 .32) 

and the residue at zn is 

k-1 1 [d'-1V(z)] 
Res[X(z)z at z,.] = -( _ )' , _1 r l . dz z =z,. 

{7 .33) 

In the case of r = l, we have for a 

simple pole: Res[X(z)zk -l at z" ] = V(z") (7.34) 

Thus, using (7.31) through (7.34), we have a method for finding the inverse 
transforms of rational functions of z. [Note especially in (7.31) that when k = 0, 
there is usually an extra pole at z = 0.] 

To illustrate, let us again examine the case of Figure 7.1. Here we had 
X(z) = z/(z - e-•) with xk being defined fork 2: 0, and so (7.31) becomes 

xk = 2~1 jx(z)zk - 1 dz 

= 2~)¢ z z~:z-a 
= Res[~ ate-• ] 

z - e 
(7 .35) 

Since we have a simple pole in this case, (7.34) applies and we have 

(7 .36) 

just as in Figure 5.1. Note that the range of k for which the inverse transform is 
valid is not carried within the integral formula itself and must therefore be known 
externally. 
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In the foregoing example, [xk] was right-handed and k O was assumed. For 
left-handed sequences, the factor zk-l in (7.26) makes using (7.33) difficult for the 
residue at z = 0. The easiest approach for left-handed sequences is to let u z··

1 
in 

the forward and inverse transforms (7.1) and (7.26). This substitution reverses the 
"handedness" of any sequence. For example, the "u-transform" of xk = eak for 
k ~ O would be u/(u e-a), and the inverse could be found as in (7.35) through 
(7.36) and then reflected to become a left-handed sequence. For further examples, 
see Exercises 16 through 18, 26, and 27. 

CORRELATION FUNCTIONS AND POWER SPECTRA 

Most of the analysis of adaptive filters assumes that the input signal or signals have 
statistical properties that are constant over the period of analysis, even though this 
may not be exactly true. Thus it is convenient to discuss signals that have either 
periodic or stationary random sample sequences. Such signals can be described in 
terms of correlation functions, which we define just as in (2.11) and (2.12), for the 
single-input adaptive linear combiner: 

Cross-correlation: q.>xy(n) = E[xkYk+n] 

Autocorrelation: q.ixJn) = E[xkxk+n] 

oo<n<oo 

(7 .37) 

(7 .38) 

The expectation goes over k, and we note that the autocorrelation function is just a 
special case of the more general cross-correlation function, with y = x in (7 .38). If 
the averages do not change with k, then xkYk+n and xk-nYk represent the same 
relative shift of x and y, and 

q.>yx(n) = E[ykxk+nl 

=E[Jk_nxk] <l>x/-n) (7.39) 

Thus the autocorrelation function is an even function, i.e., 

tPxx ( n) q.>xx ( - n) (7.40) 

We now define a discrete power spectrum as the z-transform of either of the 
correlation functions in (7.37) and (7.38). Thus 

Cross-powerspectrum: <l>xy(z) L q.>xy(n)z-n (7.41) 
n= -oo 

Auto-power spectrum: <I> xx< z) = L <f>xJ n) z n (7.42) 

Again, we note that <l>xJz) is just a special case of <l>x/z) with y x. And just as 
above in the section on frequency response, we can substitute e1

"' for z and obtain 
the power spectrum in terms of frequency: 

(7.43) 
n= -oo 
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I~ _this fo~ul~tio~ we have essentially the discrete Fourier transform of q.ix/ n ), 
givmg the d1stnbut10n of the sample products, [xkYk+nl, over frequency, with w 1r 

at one-half the sampling rate as above. 
. An important property ?f the power spectrum is the symmetry property that 

ans~s from (7.39). By reversing the order of the signals x and y, we have the 
eqmvalent of the time reversal in (7.39): 

00 

L q.>xy(m)zm <l>xy(z- 1) (7.44) 

Th~ su?stitution of z-1 for z here implies the conjugate when z is on the unit circle, 
which 1s always true when we discuss frequency response. 
. We now examine the relationships between power spectra and transfer func-

tions. Su~pose that [Yk] and [xd are related through a linear transfer function, 
JI_(z), ~s m Figure 7.4, which is in turn equivalent to Figure 7.2. Here we have H(z) 
given m the form of (7.10), so that the actual filter could be either recursive or 
nonrecursive. If we use first (7.37) and then (7.10) in (7.41), we obtain 

(7.45) 

Since the expectation of any sum is the corresponding sum of expectations, we can 
move the "E" operator in (7.45) inside the inner sum. If we also exchange the order 
of summation, we get 

00 C<) 

<l>xy(z) = L h, L E[xkxk+n-1Jz-n (7.46) 
l=O n=-oo 

Now a simple change of index, with m n - l, produces the desired transfer-func­
tion relationship: 

00 00 

<l>xy(z) L h,z·' L E[xkxk+mJz-m 
l=O 

00 C<) 

= L h,z-l L <f>xx(m )z ·m 

l=O m-··oo 

(7.47) 

l<'igure 7.4 Diagram equivalent to Figure 
7.2. 
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Proceeding in a similar manner, we can obtain a transfer-function relationship 

between <l>xx and <I>,,,, as follows : 

00 00 00 

L h,z' L hmz - m L E[x k- tXk+ n- mJz - 1"- m+I) 
l~O m - 0 n - - oo 

= r, h/ r, hmz - m r, <l>xx (n - m + l)z -( n- m+I) 
1-0 m =O n- - oo 

= H(z - 1)H(z)<l>x,( z ) 

= IH(z)l2 <1>x) z) 
(7.48) 

Note that in the fourth line of this development, the two samples of x are separated 
by a total of 11 - m + l sample points, and thus the expected product is <l>x, (11 - m 
+ l ). Then, as in (7.46) and (7.4 7), a simple change of index gets us to the final 
result. On the last line, we have again assumed that z is on the unit circle to obtain 

the squared-magnitude result. 
Furthermore, suppose that [ d k] is a third sample sequence with stationary 

properties, similar to [xd and [yd, which are still assumed to be related as in (7.10). 
Then the cross-spectrum <l>d,,(z) may be developed just as in (7.45) through (7.47): 

oc oc 

= L h,z - t L <PdJm)z - m 
l=O m -= - oo 

(7.49) 

If we replace d with x in this result, we obtain the result in (7.47). 
Besides these transfer-function relationships, we can also apply the inverse 

transform formula in (7.26) to get the correlation function in terms of the power 
spectrum. Since by definition in (7.41) <l>x y is the transform of </>xy' we have from 

(7 .26) 

E[XkYk+n l = <Px/n) = 2~1 ¢<t>x,,(z )z"- 1 dz 

E[xkx k+n l = <Px,(n) = 2~1 ¢<t>x)z) z" - 1 dz 

(7 .50) 

(7 .51) 
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In particular, with n = 0, we have 

E[XkYk] = <l>x,- (0) = 2~} ¢<1>x / z) ~z (7.52) 

E[xf] =<i>xx (0) = 2~1 ¢<1>,, (z)~z (7 .53) 

The latter quantity, the mean-square value of xk , is called the total power (or average 
power) m the sequence [xk]. Note that, in terms of frequency, as (7.26) is the same 
as (7.30) so (7.53) is the same as 

E[xf] = ;,,,{w<t>xx (eiw)dw (7.54) 

Thus the total power, E[xtl, is the integral of the discrete power spectrum. 
To summarize this section, we list the important relationships together as 

follows: 

If x, y, and d are stationary 
signals and if Y(z) = H(z )X(z ), 
then, with z on the unit circle, 

<l>x/ z) = H( z )<l>xx( z ) (7.55) 

<l>d,,( z) = H(z)<l>dx( z) (7.56) 
2 

<l>y,(z)=IH(z) I <l>xx(z) (7.57) 

<Px/n) = 2~1 ¢<t>x,,(z)z "- idz (7.58) 

E[xi] = <Pxx(0) = -21 ,t.<l>u (z/z 
'IT} 'j' . z (7.59) 

THE PERFORMANCE FUNCTION 

In previous chapters, beginning with Chapter 2, we have discussed the behavior of 
the adaptive linear combiner in terms of its performance function, t the mean-square 
error. Let us now formulate this performance function in terms of the transfer 
function of _the adaptive system and the signal power spectra. 

We will assume that we have a single-input adaptive transversal filter. The 
~onrecursive si~gle-input system (i.e., the single-input adaptive linear combiner) was 
illustrated first m Figure 2.2, and 1s shown again together with the desired output, 
dk , and the erro~, ek, m Figure 7.?. We omit the subscript k from the weight values 
here because theu dynarruc behavior does not enter into the present discussion. 
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The performance surface of the nonrecursive system, that is, the mean-square 
error as a function of the weights, was given in (2.13) as 

{ <PdA0) + WTRW 2PTW (7.60) 

where 

W = [w0 W1 wLf (7.61) 

[ 0,,(0) 
<Pxx(l) <Pxx(2) <fixxC L) 

<Pxx(l) <fixx(0) <Pxx(l) <fixxC L 
I) l R <Px(2) <Pxx(l) <PxJ0) <i>xJL 2) (7.62) 

<i>xx(L) <PxJL 1) <fixJL - 2) <Pxx (0) 

p [ qidx(0) <PdxC - l) <t>dA-LW (7 .63) 

Here we have replaced the expected value notation, E, of Chapter 2 with the 
correlation function, qi, used in this chapter. Using (7.61) through (7.63) in (7.60), 
we can express the performance function in terms of <j>'s: 

L L 

{ = <PdA0) + L L w,wm<fixx(l 
l=O m=O 

L 

m) 2 L w1<fidx(-l) 
l=O 

(7.64) 

Having again an expression for the performance function of the nonrecursive 
adaptive system, we turn now to the more general case in Figure 7.6. The transfer 
function H(z) is assumed to represent the type of digital filter shown in Figure 7.2. 
The weights (a's and b's in Figure 7.2) are now assumed to be adjustable, so that we 
can have { as a function of these weights. If the recursive weights (b's) are all zero, 
Figures 7.5 and 7.6 are equivalent. Using the results in the preceding section, 

Figure 7.5 Single-input adaptive transversal filter, 

1 Chap. 7 The z-Transform in Adaptive Signal Processing 

particularly (7.56), (7.57), and (7.59), we have 

~ E[en = E[(dk yk)2] 

= <t>dA0) + <Pyy(0) - 2qidy(0) 

= <PdA0) +-21 .-'[<t>yy(z) - 2<1>d (z)J dz 
'IT] 'J' y z 

133 

(7 .65) 

I~ thi~ result we ?ave a general expression for the performance function of any 
smgle-mput adaptive system. 
. We can sh?w the equivalence of (7.65) and (7.64) in the nonrecursive case, that 
1s, for the adaptive transversal filter. Using the notation in Figure 7.5, we have 

L 

H(z) = L w,z- 1 

1=0 

Using this nonrecursive form in (7.65), we have 

L L L 

<PdA0) + L L w,wm<l>xx(l - m) - 2 ~ ,r,,. ( ) .{.., Wm'l'dx -m 
l=O m=O m=O 

(7.66) 

(7 .67) 

To ?btain the final result here, ":e u~ed (7.58). Thus we have proved that (7.65) is 
eqmvalent to (7.6~) for the adaptive hnear combiner, and demonstrated that (7.65) is 
a general expression for the performance surface of a single-input adaptive system. 

Input 
x, H(z) Error 

Ek 

Figure 7.6 Single-input adaptive filter. 
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EXAMPLES OF PERFORMANCE SURFACES 

In this section we develop two examples of performance surfaces using (7.65). The 
first example is the same as the example of the adaptive transver_sal filter in Figure 
2.6. For this system there were two weights, Wo and w1• The mput and desired 

signals were 
. 21rk 

xk= smN and 

The correlation functions, found essentially in (2.20) and (2.21) , are 

21rn 
q,,, ( n) = 0.5 COSN 

. 21rn 
'Pd, (n) = smN 

'PdA0) = 2 

Thus the terms needed for (7.65) are 

- oo s nsoo 

H(z) = Wo + w1z - 1 

4>xx (z) = 0.5 

n- - oo 

(7 .68) 

(7 .69) 

(7 .70) 

It is important here that we keep 4>,, and 4>d., as sums, because the sums do not 
converge as described previously in the section " Right- and Left-Handed Sequences." 
In general, when the correlation function is periodic, the power spectrum is consid­
ered to be zero everywhere except at a single frequency where it is infinite, and the 
spectrum is represented correctly by the sums in (7 .70). . 

If we substitute (7.70) into (7.65), we have the performance surface given by 

1 ,{.[ 00 21rn - n 
~ = q,dA0) + l''Y (w0 + w1z )(0.5) L cosNz 

~ n - - oc 

1 ~ 21Tn[ l ,I.[ 2 2 ( - l)J dz] = 2 + - '-- cos - - - - . 'f' Wo + W1 + WoW1 z + z -:i:-
2 n -- oo N 21TJ z" 

00 21rn [ 1 ,{.( 1 ) dz ] 
- 2 L sinN y;-''f' Wo + w l z - zn +l 

n - - oo J 

(7.71) 
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Thus we have again the performance surface given in (2.24) and plotted in Figure 2.5 
for N = 5 samples per cycle. We note again that this surface is quadratic in Wo and 
w1 and has a single global minimum. 

For our second example of a performance surface, we consider the system 
shown in Figure 7.7. This is a type of " system identification" or " modeling" 
example in which the input, x k, is a broadband signal (white noise in this case; see 
below) and is applied simultaneously to the adaptive filter and to a system to be 
modeled. The desired output, dk, is the output of the system to be modeled, so 
when £[el ] is minimized, the adaptive filter becomes the best possible model within 
its realm of adjustment. Note that the adaptive filter itself is in the form of Figure 
7.2 with a 0 = 1, a 1 = Wo , and b1 = w1, and is recursive because of the feedback 
coefficient, w1• From Figure 7.7, the transfer function of the adaptive filter, in 
accordance with (7.8), is 

(7 .72) 

For the input sequence, [x k] in Figure 7.7, we define " white noise" as a signal 
having the following properties: 

Properties of white noise, [xk]: 

Uncorrelated samples: 'P, x(n) ={ E[;}J 

Constant power: 4>xx(z) = E[xzj 

n=O 
n*O 

(7.73) 

(7.74) 

Note that (7.74) follows from (7.73) because 4>x,(z) is the z-transform of 4'x,(n), as 
in (7.42). Here, for convenience, we will let 4>xx(z) = 1. 

1 + Q,2z- l + z - l 

xk (white 
noise) 

figure 7.7 Example of a recursive adaptive filter. 
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With <I>,,(z) = 1, we can find <l>d, (z) by using (7.55) and (7.44) with a change 
of subscript; that is, from Figure 7.7, 

<l>d,(z) = [(1 + o.2z - 1 + z - 2)<1>x,(z)L- , -• 

=1+0.2z+z 2 

Furthermore, from (7 .59), (7 .57), and (7 .28), we have 

(7.75) 

1 ¢ _1 _ 212dz 
<i>dAO) = -. 11 + 0.2z + z -

2'TTJ z 

= 2.04 (7 .76) 

So we now have all of the functions needed to find the performance surface from 

(7.65), which becomes 

1 ¢[ 1 + w z l z + wo dz ~ = 2 04 + - --0- - 2(1 + 0.2z + z 2 ) -- -
. 2'TTj l - W1Z z - Wi z 

(7 .77) 

In this integral there are poles at z = 0, w1, and l / w1• As discussed earlier in the 
section" Impulse Response and Stability," w1 must be less than_ 1 for stability, so the 
pole at l / w1 lies outside the unit circle. Thus, in accordance with (7.31), the mtegral 
in (7.77) must be the sum of the residues at z = w1 and z = 0. These are found 

20.0 

15.0 

w· 10.0 
V, 

:. 

5.0 

0.0 

w, 

.0 

~"' Figure 7.8 Mean-square-error 
performance surface for the system of 
Figure 7.7. 
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using (7.32) and (7.34) as follows: 

~ = 2.04 + 0 21 - 2( 1 [
1 + w w 

1 - W1 

1 + 2WoW! + we? [ 
= 2.04 + 2 - 2 1 +(w1 + 0.2)(Wo + w1 )] 

1 - W1 
(7 .78) 

In the first line of trus result, the second term is the residue at z = w1 and the third 
term, Wo/ w1, is the residue at z = 0. 

Thus we have in (7. 78) the performance surface for our second example. It is 
illustrated in Figure 7.8, where we note that in contrast with the first example above, 
~ is quadratic in Wo but is neither quadratic nor unimodal in w1• Thus, adapting Wo 
is generally straightforward, but adapting w1 is not. Choices of w1 beyond the 
stable range cause ~ to become infinite. An automatic system for adapting w1 would 
have two stability problems: stability of the adaptive algorithm and stability of the 
filter being adapted. 

EXERCISES 

L Find the z-transform of each of the following signals. Assume that each signal begins at 
k = 0. 
(a) Impulse function, x0 = 1, x• = O; k > 0 
(b) Step function, x, = 1, k ;;,, 0 
(c) Exponential function, x• - e- ••; k ;;,, O 
(d) Ramp function, xk = ak ; k ;;,, 0 
(e) Cosine function, x, = A cos(A 0 k); k ;;,, 0 

2. (Shifting Theorem) Find Y(z) in terms of X(z) if y, = xk - n (i.e., y is a shifted version 
of x). 

3. Find Y(z) in terms of F(z) if y, = e- •• F,. 

4. Prove that the z-transform of Ax, is AX(z). 

5. Prove that the z-transform of xk + Yk is X(z) + Y(z). 

6. For the adaptive transversal filter with two weights shown below: 
(a) Find H(z). 
(b) Write an expression for the amplitude gain. 

,-• 
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al fil h below plot the amplitude gain versus frequency for 
7. For the transvers ter s own , . 

0 1 and 10 to show how the gain changes with w1, 
W1 = 1 , ' 

z-• 

w, 

+ 
L--------\ 2: )------..... 

8. Plot the three phase-shift curves for Exercise 7 • 

9. A recursive linear system has the transfer function 

,2 + 1 
H(z)= z2- fi_z + l 

(a) Draw a filter diagram similar to Figure 7.2. 
(b) Plot the gain and phase shift versus frequency. 
(c) Explain the plots in terms of a pole-zero plot. . . 

f th linear combiner in Exercise 7 with w1 = - 1. 10. Plot the power gain versus frequency or e 

11. Express the impulse response in Exercise 7. . . 
· · Exercise 9 Note that the poles are on the urut cucle; 

l2. ::r:~~:e~~/:r!:/:::;;li~~ by using ~ slightly larger ~ontour. Also note that for 

k = 0 there is an extra pole at z = 0. 
' f d for which the system shown below is stable? 

13. What are the ranges o Wo an W1 

x, .,__,__,._--,~ , -, ,-, 

}---------'----¥, 

14. What is the impulse response of the system in Exercise 13? 

IS. Use residues to find the inverse z-transform. Assume that xk = 0 for k < 0. 

(a) X(z) = z/(z - a). -• _ 20 
(b) X(z) = ,e-•sin/3/(z 2 2ze cos/3 + e ). . . _1 

· · by x - e"k. k < 0 with a > 0. Using um place of z , 
16 A left-handed sequence 1s given k - • ' Th · 'd 

· find the u-transforrn and show that it converges outside iuJ < 1. en, usmg res1 ues, 

show how to recover [xd frorn X(u). 
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17. Suppose that [xk] has an autocorrelation function given by </>, , (n) = e-•l•I, defined for 
all n. Findthepower spectrumof[xdasa functionoffrequency (w). (Hint: Treat the 
right and left portions of <f>x ., separately.) 

18. Suppose that [xd is a right-handed sequence, nonzero only fork ::cc 0, and let [yd be the 
mirror image of [ x.J (i.e., y _ k - xt) for all k. 
(a) What is Y(z) in terms of X(z)? 
(b) What is the amplitude spectrum of [yd in terms of the an1plitude spectrum of [ x.J? 
(c) What is the phase spectrum of [yd in terrns of the phase spectrum of [xd? 

19. For the diagram in Exercise 13, write expressions for 
(a) <l>yy (z) in terms of <1>,,(z). 
(b) <l>xv(z) in terms of <1>,x(z). 
(c) <l>y~ (z) in terms of <l>,,(z). 

20. Suppose that RANDOM (1.) is a Fortran library function that returns independent 
random numbers, uniformly distributed from 0 to 1. Write a Fortran statement that will 
create a sample from a white-noise sequence having unit power. 

21. Suppose that the desired output, [dd, is developed by passing [x;] through a "plant," 
H1 (z), and that H2 (z) is an adaptive filter, as shown below. Develop a general expres­
sion for the performance function in this case. 

x, e---~---~ H1 (z) 

22. Io Exercise 21, derive an expression for the performance surface when [ x.J is unit white 
noise, H1 (z) = z/(z - 0.5), and H2 ( z) = L~-ownz- ". 

23. In Exercise 21, derive an expression for the performance surface when [x.l is unit white 
noise, H1(z) = 1 - 2, - 1, and H2(z) = Wc,Z/(z - w1). 

24. Suppose that '• is a sample of the uniform random variate described in Appendix A, 
with range frorn zero to 1. Suppose that a time series is generated from xk = a( rk - 0.5), 
where a is a constant. What are the correlation coefficients, </>,,(0) and </>,x(l)? 

25. What are <l>x,(0) and <l>xx(l) if x k = a(rk - 0.5) + bxk-l where rk is as in Exercise 24 
andibl<l? 

26. Use the u-transform concept to determine the inverse of (i.e .. the left-handed sequence 
corresponding to) X(z) = A/(1 - az- 1) , where a is any pole outside the unit circle, 
iz l = 1. 

27. Use the u-transform concept together with Equation (7.57) to determine the correlation 
func tion </>yy (n) shown below, assuming that xk is white noise with unit power. 
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ANSWERS TO SELECTED EXERCISES 

12. li(k) + 2sin(h/4); k 2' 0 

16. X(u) = u/(u - e-") 

24. a2/12,0 
25. a2 / [12(1 - b2 )]; a 2 b/[12(1 - b2 )] 

26. xk = O; k 2' O; and xk = -Aa\ k < 0 
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chapter 8 

In the introduction to Chapter 6 we remarked that the LMS algorithm, although 
simple and efficient, is restricted in its application, being applicable primarily to 
nonrecursive linear filters. We also saw that the LMS algorithm is a steepest-descent 
type of algorithm which does not necessarily descend by the most direct route to the 
minimum mean-square error. 

In this chapter we introduce different types of algorithms that are not as simple 
as the LMS algorithm, but have other advantages. First, the sequential regression 
(SER) algorithm is introduced as an approximation to Newton's method. The SER 
algorithm does not usually follow the path of steepest descent, but proceeds on a 
more direct course to the optimum set of weights. 

Next, we will extend the LMS algorithm to recursive adaptive filters, that is, to 
adaptive filters with poles. As we saw in the example in Figure 7.8, these filters can 
produce nonquadratic error surfaces with local minima and unstable regions, so 
special precautions must be taken when gradient search methods such as the LMS 
algorithm are used with recursive adaptive filters. 

In addition to following the direction of the gradient (steepest-descent method) 
or taking the direct path (Newton's method) to the minimum mean-square error, 
there is the possibility of searching the error surface in a random pattern for its 
minimum. We will therefore introduce the random search type of algorithm, which 
has advantages in situations where the error surface is not unimodal, as well as in 
some other situations. 

Besides these other types of algorithms, we will also introduce in this chapter 
the lattice structure, which is the major alternative to the direct form of the adaptive 
linear combiner used up to this point. We will show that the lattice structure has 
certain advantages over the direct form. 

141 
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AN IDEAL: THE LMS / NEWTON ALGORITHM 

Before introducing the SER algorithm, which approximates Newton's method, we 
consider here an ideal adaptive algorithm which we will call the ''LMS/Newton" 
algorithm. This is an algorithm that is ideal in the sense that i_ts performance can be 
approached but not equaled in practical situations, and thus lt becomes a standard 
to which the performance of other algorithms may be compared. , 

To derive the LMS/Newton algorithm, we start with the form of Newtons 
algorithm given in ( 4.32): 

(8.1) 

With this formula we saw that under ideal conditions, convergence to the optimum 
weight vector, W *, will occur in a single step; that is, starting with W0 , we have 
W1 = W*. The ideal conditions are: 

1. µ = ½ 
2. Exact knowledge of the gradient vector, v', at each iteration 
3. Exact knowledge of the (unchanging) signal inverse correlation matrix , R- 1 

If the first of these conditions is removed and µ is made to be between O and ½, 
the algorithm requires a larger number of steps, but still proceeds along a straight 
path to W •, as illustrated in Figure 8.1. The latter is similar to Figure 4.6, except 
that µ has been reduced from 0.5 to 0.05, thus requiring more than just one step_ to 
reach the optimum weights. (See also the learning curve in Figure 4.9.) The specific 
error surface used for Figure 8.1 is the same as that used in Figure 6.3, and given by 
(6.14) with N = 16 and </> = 0.01. 

Next let us remove the second condition above and assume that we must use a 
noisy gradient estimate, V, in place of v'. Then we have 

wk + 1 = wk - µR - 1Vk (8.2) 

The algorithm is now ideal only because of the third condition, that is, only_ ~ecause 
an exact knowledge of R- 1 is still assumed. Without relaxing the thlfd condition, we 
can now convert (8.2) into an "LMS" type of algorithm by using the same sort of 
gradient estimate used in Chapter 6, that is, by using EZ as an estimate for f As m 
(6.2), this gradient estimate is given by 

(8 .3) 

where Xk is of course the input signal vector at the kth iteration. Using (8.3) in 
(8.2), we have 

wk +i = wk+ 2µR - 1EkXk (8.4) 

Now this result is the same as the LMS algorithm in (6.3), except for the presence of 
R- 1 in the weight increment term. We can increase the similarity between the two 
algorithms by noting that when R is diagonal with equal eigenvalues, we have 
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Weight, w0 

Figure 8.1 Illustration of Newton's method with two we.ights, similar to Figure 4.6 
with µ. reduced to 0.05. Error surface is given by (6.14) with N - 16 and </> - 0.Ql . 
Note direct path from W0 tow•. 

143 

AavR - 1 =I.Thus we giveµ the same range of values as in Chapter 6 by using Aav 
as a scaling factor in (8.4) to obtain 

(8.5) 

We will call this the "LMS/Newton" algorithm. Note that the units of Aav and 
EkXk are units of power, the units of R - 1 and µ are units of reciprocal power, dnd 
W is of course dimensionless, so that (8.5) is correct dimensionally. Notice also that 
the range ofµ has now been scaled by Aav and, from (6.8) and condition 1 above, we 
now have 

For convergence: 1 
-A->µ> 0 

max 

For one-step convergence 
under noiseless conditions: 

1 
µ =--

2Aav 

(8.6) 

(8 .7) 

The LMS/ Newton algorithm in (8.5) is ideal in the sense that an exact 
knowledge of R - 1 is assumed. We have already discussed how such knowledge is 
usually not available in adaptive situations, that is, X is usually nonstationary and R 
is considered to change slowly with time, in an unknown way. The LMS/ Newton 
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algorithm is also ideal because, under noiseless conditions on a parabolic error 
surface, the weight track is a direct path to W * as in Figure 8.1. 

In this sense, even under noisy conditions, the LMSjNewton algorithm is 
generally superior to the LMS algorithm, as illustrated in Figure 8.2. To draw 
Figure 8.2 we used again the error surface given in (6.14) with N = 16 and </> = 0.01, 
and we used (6, - 9) as the starting weight vector, ( w00, w10 ). The inverse R matrix, 
which is assumed to be known for the LMS/Newton case, is found by inverting the 
two-dimensional R matrix: 

(8.8) 

We obtain the elements r1 and r2 from (6.13) with N = 16 and </> = 0.01. Also, for 
the LMS/Newton algorithm in (8.5), we need .\- 0,. From (3.2), we have 

.\-1 , .\- 2 = r1 ± r2 = 0.51 ± 0.4619 

Aav = r1 = 0.51 

-2 0 

Weight, w 0 

Figure 8.2 Illustration of LMS/Newton versus LMS. Error surface is given by 
(6.14) with N = 16, q, = 0.Ql , and µ = 0.05. Each track represents 100 iterations. 

(8.9) 
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So in Figure 8.2 we see the tracks produced from the first 100 iterations of (6.3) and 
(8.5). The LMS track follows approximately the path of steepest descent and will 
eventually reach the optimum point al w0*, wt, while the LMS/Newton track follows 
approximately the direct path and reaches the optimum in 100 iterations. Both 
tracks are noisy due to the noisy gradient estimate at each iteration, but the 
superiority of the LMS/Newton algorithm is clearly illustrated. 

PROPERTIES OF THE LMS / NEWTON ALGORITHM 

Since the LMS/Newton algorithm represents an ideal standard of performance, we 
are interested in its theoretical properties of convergence and its excess mean square 
error. In this section we derive these properties and compare them with those of the 
LMS algorithm. 

Under ideal, noiseless conditions the LMS algorithm behaves in accordance 
with the steepest-descent formulas developed in Chapters 4 and 5, while the 
LMS/Newton algorithm behaves in accordance with the formulas developed for 
Newton's method. Remembering that we have now scaled µ. by ,\. av (i.e., replaced µ. 
with /J-Aav) in (8.5), we recall from (5.61) and (5.84) that the geometric ratio for the 
relaxation of the nth weight is 

Newton: r = l - 2µ.Aav 

Steepest descent: r,, = l - 2µ..\.,, 0:o;,n:o;,L 

(8.10) 

(8.11) 

Thus the methods are equivalent when the eigenvalues of R are all equal. From 
these ratios, as in (6.21), we find that the time constant associated with the nth mode 
of the learning curve is 

(8.12) 

Steepest descent: 0 :5, n :o;, L (8.13) 

Thus, as in the example in Figure 8.2, learning is slower for LMS than for 
LMS/Newton when the eigenvalues are unequal. For the specific case of Figure 8.2, 
when we use (8.9) in (8.12) and (8.13) we obtain Tm,e "' 10 iterations for the 
LMS/Newton learning curve, whereas the longer time constant for the LMS 
learning curve is Tm,, "' 100 iterations. This result accounts in a rough way for the 
shorter LMS track in Figure 8.2. 

Besides the learning-curve time constant, which gives us a measure of the 
algorithm's speed of convergence to ~min• we are also interested in the excess 
mean-square error, which measures the algorithm's ability to remain near to ~ min• In 
Chapter 6 we derived the excess MSE for the LMS case, and we now proceed to a 
similar development for the LMS/Newton case. 
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To derive the excess MSE, we require the covariance matrix of V " ' the weiet 
vector in the principal-axis coordinate system, to use_ as rn _(6.34). In (S .50), _e 
derived cov[V;J for Newton's method with a noisy gradient esttmate, _so the result _is 
the same for the LMS/ Newton algorithm except that we must agam use µ/\. av rn 
place of µ, as we did above and in (8.5). Thus we have 

,1. (A - 1)2 
[V'] = µ av cov[N'] 

COV k 4(1 - µi\aJ k 
(8.14) 

N N, is the gradient noise in the principal-axis coordinate system, and in (8.3) we 
us:: th~ same gradient estimate [or LMS/ Newton as for LMS in (6.2). _Therefore, 
the gradient noise must be the same and the result for cov[N;J in (6.29) 1s vahd for 

the LMS/ Newton algorithm: 

cov[N£] = 4~minA 

Substituting (8.15) into (8 .14), we obtain 

[V '] _ µi\av~min A - 1 
COV k - 1 - µ/\. av 

(8.15) 

(8.16) 

We now use the diagonal elements of cov[V;J to obtain the excess mean-square error 

as in (6.34). The result is 
L 

excess MSE = L ,1..E [ v;l ] 
n- 0 

(8.17) 

We can simplify this result by noting that, as in (6.9), L + l times Aav is the same :s 
the sum of the diagonal elements of R (i.e., the trace of R) and ~!so that, m t e 
derivation of cov[N;J, µ was assumed to be small compared with the one-step 

convergence value in (8.7), that is, 
1 

µ. «. 2/\.av 
(8.18) 

Thus the denominator in (8.17) is assumed to be close to 1, and 
excess MSE ~ µ.~min tr [R] (8 .19) 

Therefore from (6.36) and (8.19) we conclude that the excess MSE. and the 
misadjust:Uent, M, are the same for the LMS and the LMS/ Newton algorithms. In 

either case the misadjustment is 
excess MSE 

M =-~-­
~min 

=µ.tr [R] (8.20) 
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To summarize, we tabulate the theoretical properties of the LMS/ Newton and 
LMS algorithms: 

LMS/ Newton LMS 

Longest learning-curve I I 
time constant, Tmsc 4µ,\ i ... 4µ;\, min 

Misadjustment, M fL!r{R] µtr[RJ 

Since both algorithms have the same misadjustment for a given µ, we can 
observe that the LMS/ Newton algorithm converges faster by the ratio of /\. av to 
/\.min• Thus, when R has highly unequal eigenvalues, the LMS algorithm and other 
steepest-descent algorithms fall far short of the ideal LMS/ Newton algorithm. In 
the next section we develop an algorithm whose performance approaches more 
closely that of the LMS/ Newton. 

THE SEQUENTIAL REGRESSION ALGORITHM 

Comparing the LMS and LMSjNewton algorithms in (6.3) and (8.5), we see that it 
is the knowledge of R - 1 that allows W to take the direct path, rather than the path 
of steepest descent, to W *. To develop an algorithm more like the LMS/ Newton, 
we might therefore think in terms of estimating R - 1 at each step, and thus 
approaching the ideal in (8.5). 

The sequential regression (SER) algorithm (1 , 2] embodies precisely this sort of 
improvement. It computes an estimate of R - 1 that generally improves with each 
iteration, and thus approaches (8.5). To develop the SER algorithm, let us look first 
at how we might estimate R, which is a simpler problem than that of estimating R- 1. 

Using the notation in (7.38) and (7.62), we have the elements of R given by the 
input correlation function, where n is the distance from the main diagonal: 

<P, , (n) = E[xkxk~ nl (8.21) 

Thus we could also write 

(8.22) 

as we did when R was first introduced in (2.11). The latter form suits our present 
purpose better, because we can include both single- and multiple-input adaptive 
systems. 

Instead of letting the expectation go over all values of k as in (8.22), suppose 
now that we have a finite number of observations of the signal X, say X 0 through Xk. 
Under stationary conditions, our best unbiased estimate of R would then be 

. 1 k T 
R k = -k l L x,x, (8.23) 

+ 1- 0 

" ' \ 
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In adaptive situations where X is nonstationary, we can see that (8.23) would not be 
a good estimate of R. Because of its infinite memory, this estimate would become 
insensitive to changes in R for large values of k. 

To provide the effect of a short-term memory in the estimate of R, consider the 

foUowing function: 

k 

Qk L ak-tx,x; 
1=0 

(8.24) 

Comparing this with (8.23), we see that we have here a measure similar to Rk times a 
scaling factor, except that current products are emphasized, giving the estimate a 
"fading" memory.t As a rule of thumb, we might let a be chosen such that the 
half-life of the exponential function is equal to the number of iterations over which 

X 1 is stationary. Thus 

O<a<l 

a ::::: 2 -1/(length of stationarity of X) 

Now the total value of this scaling factor over k iterations is 

k 

_LO'.k -1=----
!=0 

(8.25) 

(8.26) 

and thus our modified estimate of Rat the kth iteration (which would be exact, for 
example, if Xk were constant for k ~ 0) is 

(8.27) 

We can see that in the limiting case where X1 is stationary for all time, a approaches 
1 in (8.25), and if we take the limit as a approaches 1 in (8.27), we get agreement 

with (8.23). 
Having the estimate kk, we are ready to begin the derivation of the SER 

algorithm. It will be more convenient to omit the scaling factor and use Qk rather 
than Rk. To do this we begin with the formula for the optimum weight vector given 

first in (2.16): 

(8.28) 

i"The reader is cautioned not to confuse Qk here with its previous use to represent the eigenvectors 

in Chapter 3. 
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Here we have used the k th estimates in place of the true values used in Chapter 2. 
Let us assume that P is estimated as R is estimated in (8.27). Then, from the 
definition of P in (2.12), we obtain 

k ---:-+-1 L ak-td,X, 
a l=0 

Using (8.27) and (8.29) in (8.28), we can cancel the scaling factor and obtain 

k 

QkWk = L ak-ta,x, 
l=0 

(8.29) 

(8.30) 

The SER algorithm is now developed as follows, beginning with (8.30). This 
development is similar to that of Ahmed et al. [2], Graupe [1), Sage [32], and others. 
Let us assume that Wk+l (rather than Wk) is to be computed in terms of kk and Pk. 
Then, from (8.28) through (8.30), 

k-1 

QkWk+l a L a(k-1)-ta,x/ + dkXk 
1=0 

= aQk_lwk + dkXk 

(Qk xkxnwk dkXk (8.31) 

Here we rewrote (8.30), then in the last line used the following relationship from 
(8.24): 

Qk = aQk-1 + XkXk 

Next we substitute (2.8) for the desired signal, dk: 

QkWk+l = (Qk - XkXI)Wk +(Ek+ X[Wk)Xk 

= QkWk + EkXk 

We now multiply on the left by Qi 1 and obtain finally 

(8.32) 

(8 .33) 

(8.34) 

Since Qi::- 1 is a scaled approximation to R - 1, we have here the form of the 
LMSjNewton algorithm in (8.5). In fact, from (8.27), we have 

Q-1_ 1 a k-1 
k - l - ak+l k (8.35) 

and if we consider the steady-state case where k is large enough to neglect ak+l in 
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(8.35), we can make (8.34) an approximation to (8.5) as follows: 

2µ, Aav - l 
W k+l = Wk+ 1 _ a Qk ek Xk (8.36) 

Note that under nonstationary conditions, >-av is a changing quantity that may have 
to be adjusted during the adaptive process. Note also that omitting the factor 
(1 - a k+ 1) from the last term in (8.36) is equivalent to using a larger value of µ, at 
first in (8.5). If startup conditions are important, one could include the factor and 
revise (8.36) to obtain 

(8.37) 

In either of the latter two forms of the SER algorithm, we need to be able to 
compute Qi; 1 iteratively. The algorithm for doing this can be derived as above, 
beginning this time with the iterative formula for Qk in (8.32). If (8.32) is premulti­
plied by Q ; t and postmultiplied by Q;_\ and then by Xk, we obtain 

or 

Q ;~ ,xk = aQ;'xk + Q i;' XkXIQ ;-', X k 

= Q ; 'xk(a + XI Qi:~ txk) 

(8.38) 

(8.39) 

We can now divide by the scalar factor in parentheses and multiply on the right by 
XJ Q ;;~ 1 to get 

Q - l X XTQ - 1 k-1 k k k-1 = Q - 1x XTQ - 1 (8.40) 
a+XIQi:2tXk k k k k-l 

Substituting (8.38) for the right side of (8.40) and rearranging, we have 

Q_1 = .!_[Q-1 _ (Q i:2 ,xk)(Qi:21xS] (8.41) 
k a k - 1 a+ Xr{Q;~ lxk) 

So we have in (8.41) an iterative procedure for computing Q i," 1 in (8.34). Note that 
the vector 

sk = Q;2,xk (8.42) 

is used three times in (8.41) and would therefore be computed first in the algorithm, 
and also that the denominator term in (8.41) is a scalar and would therefore be 
computed separately. 

Concerning the initial value of Q i; 1 in (8.41), Lee [5] has presented an 
argument for starting with Q0 l = q01, where q0 is a large constant, for stationary 
stochastic situations. This choice would suffice in adaptive situations as well, al­
though it may be preferable to set Q O 1 closer to its correct value, if such can be 
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Figure 8.3 Convergence or elements Q k- 1; qu(k) in upper plot and magnitude of 
ql2 ( k ) in lower plot. Values of q0 and a are as shown. Mean final values arc from 
(8.43). 

estimated. An example of the convergence of Q i; 1 from different initial conditions 
is given in Figure 8.3. For this example we used the following data: 

R = [; ~] 

(8.43) 

The input signal X k, with correlation matrix R, was generated using the result of 
Exercise 25 in Chapter 7. The values in R - 1 and Q;;,1 then follow from (8.8) and 
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from letti11g k become large in (8.35). The upper curves in Figure 8.3 show the 
convergence of q11 for two values of a corresponding to sequence lengths of 10 and 
100 in (8.25) and two values of the starting constant, q0 • The lower curves show the 
convergence of q12 for the same values of a and q0 • With q0 nearer to the correct 
final value of q1 i, the situation is seen to be better for q11 but somewhat worse for 
q12 , considering the logarithmic vertical scale. As expected, the estimates are noisier 
but converge more rapidly for the smaller value of a. As seen from (8.41), Qi; 1 

remains symmetric if Q0 1 is symmetric, as is the case here. 
So we have completed our derivation of the SER algorithm. This algorithm 

has been developed similarly by Graupe [l], Ahmed et al. [2], Kailath [24], Lee [5], 
and others, usually with a set equal to 1. Another "finite-memory" form was also 
proposed by Ahmed et al. [4]. The finite-memory algorithm as developed here may 
be summarized as follows. As noted above, Aav can be estimated from actual data 
and may require continual updating in nonstationary situations. When signal statis­
tics are completely unavailable, note that the factor /J.Aav must always be between 
zero and 1. One may thus select a presumed "safe'' value (e.g., 0.05 in a typical 
application) for this factor (sec Exercise 14). 

SER 

er ::: 2 -1/(length of signal stationarity) 

Qo I = (large constant) X I 

W0 = starting weight vector 

fork;,; 1: 

y =a+ xrs 

1 
0 < /J. < -A-, Or/J.Aav « 1 

max 

(8.44) 
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The subscript was omitted from S and y to emphasize that these quantities need not 
be saved from one iteration to the next. The computation of Wk comes from the 
more accurate form in (8.37), Sis from (8.42), and Q;; 1 and y are from (8.41). The 
values of a and Q01 need only be approximated roughly, as illustrated in Figure 8.3, 
and Aav may be approximated with the input signal power. 

The performance of the SER algorithm in (8.44) is illustrated in Figure 8.4. 
The situation is the same as in Figure 8.2 and the two figures may be compared 
d1rectly. The value of a = 0.93 was chosen to correspond with a stationary sequence 
length of 10 samples in the first line of (8.44). The SER algorithm performs better 
than the LMS and reaches the optimum weight vector, W *, in well under 100 
iterations because, as seen in Figure 8.3, Q;;' approximates R- 1 quite well after a 
few iterations. On the other hand, the SER paths in Figure 8.4 are not quite as 
duect as the LMS/Newton paths in Figure 8.2 because of the inaccuracies in Q - 1 

during the first few iterations. * 

- 2 0 2 4 

Weight, w 0 

Figure 8.4 Ulustration of SER versus LMS. Error surface same a~ in Figure 8.2. 
Parameters were µ. = 0.05, a = 0.93. and q0 as shown. Each track represents 100 
iterations. In this example Amax= 0.97, soµ. is well within its acceptable range in 
(8.44). 

8 
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Here we have replaced the constant, µ, with the following diagonal matrix: 

M = diag(µ µv 1 v L ] (8.54) 

With the nonquadratic error surface, we now have a convergence parameter_µ for 
each a, and then a different convergence factor for each b. We m~y- even wish to 
have these factors vary with time. Using current values of the b s m (8.50) and 
(8.51) the LMS algorithm for recursive adaptive filters 1s as follows: 

IIR 
LMS 

L 

a,, k = x k -- n + L b ,kcx. 11.k - 1 
/ - 1 

L 

{J,,k = Yk-n + L blk fJn,k - 1 
1- 1 

,&-k = - 2(dk - Yk)faok 

w k+ I = wk - Mvk 

O s n :S L 

1 :S n s L 
(8.55) 

Initialization is the same as discussed previously except that here, in addition , the 
a 's and fJ 's should be set initially at zero unless their values are known. Note_ that 
the signal vector, Uk , is defined in (8.47) and that b1k 1s one of the feedback weights 
of Wk in (8.46). . . 

It is helpful to picture (8.55) in the form of a diagram. If we use the notauon 
in Chapter 7 with 

L 

Ak(z) = L a1kz - 1 
1~0 

and 
L 

Bk(z) = L b1kz- 1 
1- 1 

(8.56) 

then, just as in (7.8), we can write the transfer function for either the second or the 
third line of (8.55) as 

z - n 
transfer function = -1- _-B-k---c(-z-,--) (8.57) 

For example, the computation of a,, k is illustrated in Figure 8.6. Using this result, 

j 
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Figure 8.6 Configuration for producing 
a,,, in (8.55). 

the entire adaptive filter is illustrated in Figure 8.7. It is interesting to picture the 
operation in this form, even though the weight updates in the last line of (8.55) are 
not shown. Similar illustrations have been given by Hsia [8] and by White, who 
originally proposed the recursive LMS algorithm [9]. Various simplifications and 
improvements to the recursive LMS algorithm have been proposed by Feintuch [14], 
David and Stearns [15], Hsia [8], and others. 

An entire class of algorithms known as the HARF (hyperstable adaptive 
recursive filter) algorithms has been proposed by Larimore et al. [10]. The simplest 
member of this class, known as SHARF [10-13], can be described as follows. In 
(8.55), let a,. k and {J,,k be approximated with xk -n and Yk - n, respectively. Then, 
instead of using ,k = d k - Yk in estimating '\lk, we use a smoothed version of 'k• 
obtained by filtering ' k· The latter step is the key feature of the HARF class of 

d, 

A,( z) x, 
1 - B,lz) <, 

1 

1 - Bdzl "o, 
z-• 

1 
1 - B, (z) ii ,. 

1 
1 

1 - B, (z) "" ~ /ilk 

Figure 8.7 Configuration of (8.55). 

I 

I 
/1 

I 
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algorithms. We have 

IIR 
SHARF 

Yk = w.Tuk 
Ek = dk - Yk 

N 

vk = ek + L, C,/;k - 11 
n = l 

~. = -2vk[xk 

wk+'= w k - M~. 

Part Ill 

(8.58) 

The e's are constant coefficients used in smoothing Ek to obtain vk. The SHARF 
algorithm is thus simpler than (8.55). Its convergence has been_ proved i_n some 
situations [25] and it has been applied in noise canceling [12] and m pred1ct10n [U]. 
The choice of the smoothing coefficients, [ en], is a subject of current research and 1s 
beyond the range of our discussion here. . 

Since LMS algorithms in general are hampered by the nonquadrauc IIR error 
surface, we are again prompted to consider approximations to Newton's method, 
even though the latter may also be hampered for the same reason. We can easily 
develop an SER type of algorithm for recursive filters by replacing X with U, the IIR 
signal vector, and using the UR gradient estimate. Thus: 

Nonrecursive: 

ek = d. - w/xk 
~k = - 2Ek Xk 

e. = dk - w.Tu. 
~k= -2E. [aok 

Recursive: 

The easiest way to arrive at a recursive SER algorithm is to think of first replacing X 
with U in (2.11) and (2.12), thus redefining R and P, noting that the dimension 
increases from L + 1 to 2L + 1. 

Having done this, we have the IIR error surface given by (2.13). Now the only 
simple approach to an SER algorithm is to take the gradient of (2.13) and to assume 
that R and Pare not functions of W. Although this assumption was valid for FIR 
adaptive filters and led to (2.16), it is not valid for IIR filters during convergence, 
because both R and P contain expected products involving Y. - However, after 
convergence with stationary inputs, R and P become constants even in the lIR case, 
so (2.16) may be said to be correct near W = W *. . 

Using the revised R and P and assuming that (2.16) and (8.28) still represent 
the weight vector solution, we obtain the IIR SER algorithm simply by replacmg Xk 
by Uk in (8.36), that is, all of the derivation is the same as in the FIR case. We must 
also replace the gradient estimate (8.3) used in (8.5) and subsequently m (8.37) with 
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the recursive gradient estimate as above. When we do this, (8.37) becomes 

(8.59) 

As in the recursive LMS algorithm, we have replaced µ with M in (8.54) to allow 
different convergence factors for the b 's. The complete recursive SER algorithm is 

IIR 
SER 

S = Q;~,uk 
y =a+ U.TS 

L 

ank = xk - n + L b ,kan ,k-1 
/.- 1 

L 

fJ,,k = Yk - n + L, blkfJn.k - 1 
1- 1 

0snsL (8.60) 

l:Sn:SL 

Note that the unsubscripted a is the memory constant in (8.25), while the sub­
scripted a 's are the derivatives in (8.50). The SER initial conditions in (8.44) may be 
used here. Again, from (8.46) and (8.47), S and Q - 1 are now dimensioned 2L + 1. 
Convergence and stability are both potential problems and need to be considered in 
each application of (8.60). 

To provide an example of the performance of these algorithms, consider the 
identification configuration in Figure 8.8. Beginning with a0 = b 1 = b2 = 0, the 
recursive adaptive filter is to search the error surface for the point where a 0 = 1, 
b 1 = 1.2, and b2 = - 0.6, and thus identify the "unknown" system. With a white­
noise input, the three coefficients must converge to these exact values in order to 
reduce~= E[ez] to zero. 

Typical convergence tracks of the IIR LMS and SER algorithms, (8.55) and 
(8.60), are shown in Figure 8.9. Note that these are only examples from a wide 
variety of IIR algorithms and parameter settings. [A SHARF example could also 
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Figure 8.8 Configuration for the 
recursive performance examples in Figure 
8.9: adaptive modeling of an unknown 
system. 

have been included, with the appropriate choice of [cnl in (8.58).] However, several 
typical features of the IIR algorithms can be seen in these examples. 

First, the error surface is found from (7.65) (see exercises 35 through 37). Just 
as in the example in Chapter 7, g = E[ei) is quadratic in a 0 in this example. 
Therefore, we have shown the error contours only in the b1b2 plane in Figure 8.9. 
The contours are drawn with a 0 optimized for each pair (bt, b2). However, the 
tracks in the figure include the adaption of a 0 as well as bt and b2 . 

Second, as discussed in Chapter 7, the poles of the adaptive filter must lie 
inside the unit circle for stability. Thus there is a region of stability in the 
performance space, a triangle in Figure 8.9, and the b's should be constrained to 
stay within this region. The correspondence between the unit circle and the triangle 
is left for Exercise 12. 

As mentioned above, the weights were started at 
both cases were allowed to reach their optimum values. 

a 0 = b, = b2 = 0, and in 
The convergence parame-

ters, M , in (8.54) were 

LMS: 

SER: 

M = diag [0.05 0.005 0.0025] 

M = diag [0.5 0.1 0.05] 
(8.61) 

The SER algorithm was started with q0 = 1, and a = 0.93 for IO-sample stationar­
ity. Note that the LMS algorithm more or less follows the path of steepest descen t 
but is erratic in the bottom of the valley leading down to fm;n in the nonquadratic 
error surface. This type of performance is typical with IIR filters. 

The SER algorithm, on the other hand, is not a good approximation to 
Newton's method, at least during the initial part of the learning process, because, as 
mentioned above, Q,;; 1 is a function of Wk until Wk approaches the optimum point. 
Near this point, however, the SER track is smoother than the LMS track, and in this 
example the SER algorithm needed fewer iterations to reach the optimum at 
bt = 1.2, b2 = -0.6. 

The tracks in examples such as Figure 8.9 are sensitive to the choice of M as in 
(8.61), as well as q0 , a, and of course the starting weight values. The choice of M 
and the best form of the overall algorithm are still subjects of research in HR 
adaptive filter theory. 
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Figure 8.9 Convergence of the IIR LMS [(a), 800 iterations] and SER [(b), 600 
1terallons] algorithms. Normalized values of E{ Ef J shown next to error contours 
with £[,;;) = 0 at b1 = 1.2, b2 = -0.6. ' 
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Beside.s Newton's method and the steepest-descent method, there is the possibility of 
searchmg the performance surface in a random fashion. In this section we briefly 
mtroduce two types of random-search algorithms. First, the linear random search 
algorithm is a type of algorithm that chooses a random direction in which to travel in 
the weight space, and second, the genetic optimizer algorithm is presented as a type 
of algonthm that selects a series of random locations in the weight space. 
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In the linear random-search algorithm (16], a small random change, Uk , is 
tentatively added to the weight vector at the beginning of each iteration. The 
corresponding change in performance is observed as descnbed m Chapter 5. A 
permanent weight vector change, from Wk to W k+ i, proportional to the product of 
the change in performance and the initial tentative change, 1s then made. This 
procedure can be expressed algebraically as follows: 

wk+ 1 =wk+ 1\ [Hwk) - Hwk + uk)]uk (8.62) 
(J 

For the adaptive linear combiner, Uk is assumed to be a random vector with 

cov(Uk) = <1 21 (8.63) 

The functions ~(Wk) and ~(Wk + Uk) are the estimated mean-square errors of the 
present and tentative weight vector values, respectively. Both the convergence 
parameter, µ , and <J 2 are constants that affect stability and rate of convergenc~. 

The linear random-search algorithm has been analyzed for the adapuve hnear 
combiner, and the results are summarized in Table 8.1 [16]. Table 8.1 is_ similar to 
Table 6.1, with the random-search results substituted for the LMS results m Chapter 
6. As defined in Chapter 5, N is the number of observations used to make each 
estimate of the mean-square error. . . 

Although the linear random-search algorithm is based on changing t_he weight 
vector in a random fashion, its behavior is shown in Reference 16 to be qmte s1rmlar 
to steepest descent. The random-search weights relax geometrically toward W • with 
the same time constants that result \\~th steepest descent. We can see m Table 8.1 
that µ has the same effect as in the steepest-descent algorithm, and in fact the stable 
range of µ is the same for both algorithms. For a given convergence rate, the LRS 
misadjustment is twice the steepest-descent rnisadjustment. Thus the steepest-

TABLE 8.1 MISADJUSTMENT AND TIME CONSTANTS OF LINEAR RANDOM-SEARCH 
(LAS) AND STEEPEST-DESCENT ALGORITHMS 

LRS algorithm 

Misadjustmenl. M 

Perturbation, P 
a 1 (L + l)>," 

2{min 

Total mi sadjustment, Mw1 M + P 

Time constant of nth mode: 
In number of adaptive 

iterations, Tmse 4µ.A,, 

In number of data .N 
samples, Tm St! 2µ.A,, 

M -c p 

4µ/\,, 

N(L + 1) 

Steepest-descent 
algorithm 

~ 
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descent algorithm outperforms the LRS algorithm. However, the LRS algorithm is 
simple lo implement. It is also useful as a model for " natural selection," and for 
studying theories of the development of living systems. 

The steepest-descent and linear random-search algorithms are much less effi­
cient than the LMS algorithm in terms of data usage, and they have a higher 
misadjustment for a given speed of convergence. However, they are applicable 
where the LMS algorithm may not be usable, that is, where the input signals are 
unavailable or where the adjustable parameters are not signal weights. 

The linear random-search algorithm is, again, an algorithm that chooses a 
random direction to test at each iteration. An algorithm that tests random locations 
in the performance space has been developed for adaptive systems by Etter and 
Masukawa (17]. Since its behavior brings to mind the processes of cell division and 
selective survival, it is called the "genetic optimizer" algorithm. 

We will describe the operation of the genetic optimizer in terms of a single 
weight, w. The algorithm begins by selecting an initial population of M values of w, 
equally spaced over a predetermined range. Then Hw) is estimated at each of these 
M values of w, and a revised and larger population of N > M values is created. In 
this revised population, the M original values of w are replicated in inverse 
proportion to the corresponding values of Hw). Thus, if the original population 
contains the values w1 and w2, and if ~(w2 ) > Hw1 ), the revised population will 
contain more values of w1 than of w2• The size of the total population is now N, 
with some values of w repeated several times. 

Next, in the second generation, offspring are created as follows. Two values of 
w are chosen at random and, at an arbitrary point, the binary representations of the 
two values are split. The first segment of one binary string is concatenated with the 
second segment of the other to yield the offspring. For example, suppose that w is 
represented mth 8 bits so that 256 values are possible, and that splitting takes place 
in the middle of each string. Then 

Binary representation 
of parent 1: a 1a 2a 3a 4 a 5a6a 7a 8 

Binary representation 
of parent 2: b 1b2b3b4 b5b6b 7b8 

Binary representation 
of offspring: a 1a 2a 3a 4b5b6b 7b8 

The second generation is formed by creating M offspring in this manner and 
replacing all of the parents in the first generation. Note that if both parents 
represent the same value of w, their offspring also represents this same value. 

The population of the second generation is again increased from M to N as 
above, replicating values of w that have lower values of Hw) , and so on. The entire 
process converges as the offspring become more and more alike, and may be made to 
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diverge or search the error space by introducing random mutations. Examples of the 
genetic optimizer algorithm with an adaptive delay have been given by Etter and 
Masukawa [17]. 

LATTICE STRUCTURES 

In our discussion of adaptive algorithms so far we have given examples using only a 
direct realization of the adaptive system. For nonrecursive systems this amounts to 
the adaptive transversal filter introduced in Chapter 2, and for recursive systems we 
have the direct recursive form introduced in Figure 7.2. More generally there are at 
least four types of realizations or structures that are of potential interest in adaptive 
processing: 

1. Direct form 

2. Cascade form 
3. Parallel form 
4. Lattice structure 

Suppose that we have a single-input, recursive filter with transfer function 
similar to (7 .8): 

H(z) = A(z) 
1 + B( z) 

ao + aiz - 1 + ... +aLz-L 

1 + b1z- 1 + · · · +bLz - L 
(8.64) 

Thls is the direct form.t The cascade form is obtained from the direct form by 
factoring A(z) and 1 + B(z), usually into second-order sections, and the parallel 
from the cascade via a partial fraction expansion [20]. These two forms are not used 
extensively in adaptive signal processing, although the adaptive cascade structure has 
been a subject of research [21]. 

Various lattice structures can also be obtained from (8.64), and these are used 
in adaptive processing, particularly in linear prediction [22, 23]. Let us begin our 
introduction to adaptive lattices by reviewing how to convert (8.64) into a lattice 
type of structure. The following algorithm has been discovered by Gray and Markel 
[1 8]. We rewrite (8.64) as 

H(z) = Y(z) = A,_(z) 
X(z) B1.(z) 

al.O + auz - 1 + .. . +aLLz - L 

b,_0 + buz - 1 + · · · +b,_,_z-·L 

(8.65) 

(8 .66) 

Here X and Y are the input and output signal transforms, the subscript L is used to 

t For the sake of symmetry we let the b's here have a sign opposite to that in Chapter 7. 
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designate explicitly the filter size, and b,_0 is understood to be always equal to 1. 
Starting with (8.66), we form a succession of shorter polynomials. The algorithm is: 

For I= L , L - 1, . .. , 1: 

zC1(z) = z- 1B1(z· 1) 

"1 - 1 = bu 

B ( ) _ B1(z) - 1< 1_ 1zCi(z) 
1- 1 z - 2 

1 - "1-1 

v1 = a 11 

(8.67) 

(8.68) 

(8.69) 

(8.70) 

(8.71) 

Upon executing this algorithm, we have 1< 1_ 1 and P1 for I = 1, 2, ... , L , and we also 
define P0 £ a00 . These values of " and P will become the coefficients used in the 
lattice. To show thls, we note first that (8.71) can be substituted into itself to obtain 

AL(z) = A,_ _1(z) + PLzCL( z) 

= AL _2 (z) + P,_ _ ,zC,__ 1(z) + P,_zC,_(z) 

= A0 (z) + P 1zC1(z) + · · · + vl.zC,_(z) 

But A 0 (z) is a 00 , or P0 by the definition above, and from (8.67) we have 

zC0 ( z) = B0 ( z - 1) = B0 ( z) = b00 = 1 

Therefore, (8.72) may be written 

l 

A1,(z) = L P1zC1(z) 
1-0 

Using the signal transforms in (8.65), this result is also 

Y(z) = t X(z)P/Ci(z) 
l~O BL(z) 

(8.72) 

(8.73) 

(8.74) 

(8.75) 

We will use this result to describe the lattice structure, but first we need one 
additional result. With B1(z) and C1(z) as defined above, Itakura and Saito [19] 
have shown that 

(8.76) 

We will not repeat the proof of this result here, but will demonstrate it below in an 
example. A lattice element can be formed by rewriting (8.76), and then assembled 
into a lattice structure using (8.75). From (8.76) we have 

B1(z) = B1_ 1(z) + 1< 1_ 1C1_ 1(z) 
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B1_ 1(z) = B1( z ) - K 1_ 1z- 1 [zC,_1(z )] 

c ,( z) = z - 1K,_1B,_1( z) + z- 1c,_1( z) 

Part Ill 

(8.77) 

(8 .78) 

Using X(z )/BL(z ) as an input signal transform, we can see that (8.77) and (8.78) 
are implemented in the lattice element in Figure 8.10. Note that all summing inputs 
are positive, and that we use the triangular weight symbol here to emphasize the 
signal direction. 

We now assemble these lattice elements into a cascade structure, as in the 
example in Figure 8.11 with L = 3. On the right end of the structure we have the 
pair of nodes for which / - 1 = 0 in Figure 8.10, that is, 

. . X(z)Bo(z ) X(z) 
nght upper signal = ( ) = - . (-) (8 .79) 

BL z B1. z 

. . zX(z)C0 (z) X(z) 
nght lower signal = ( ) = - (-) 

BL z BL z 
(8.80) 

These results follow from (8. 73). Since these signals are the same, the right-hand 
nodes are always tied together as in Figure 8.11. 

On the left end of the structure we have the nodes for which I = L in Figure 
8.10, so 

X( z ) B (z) 
left upper signal = ( L) = X( z) 

BL z 
(8 .81) 

Thus we show the input signal, xk , entering the structure at the upper left in Figure 
8.11. In the lower part of the structure in Figure 8.11, we can see from Figure 8.10 

x~~~;i"l o----1~+ 

Q th term in (8 .75) 

zX(z)C, _ 1 (z) 

BL (z) 

Figure 8.10 Two-multiplier lattice element, from (8.77) and (8.78). 

El_ 0 N 

~-:. 
N a, 

x 

El_ + 
~ N 

~-:. 
N a, x, 

X 
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how each node produces a term in the sum in (8.75), and thus the lattice structure is 
equivalent to the direct form in (8.64). 

An important theorem by Jury [27] states that the poles of (8.64) will be inside 
the circle lzl = 1 if IK

1
1 < 1 for all /. Thus, we have a "stable lattice" if IK 11 < 1. 

Before giving an example, we note a ladder form that is equivalent to Figures 
8.10 and 8.11. First, substituting (8.77) into (8.78), we have 

zCi(z) K
11

Bi(z)+ Kf_ 1)[zC1_ 1{z)] (8.82) 

Equations (8.77) and (8.82) then describe the ladder element in Figure 8.12, which is 
equivalent to Figure 8.10. There is also a one-multiplier lattice element, with 
coefficients derived in Reference 18. 

For a more specific example of the lattice structure, let us convert the general 
second-order filter into a lattice form. The translation algorithm [Equations (8.67) 

through (8.71)] gives 

and 

zC2 ( z) z - 2 + + b2 

+ 

P2 a2 

A
1
(z) a0 - a2b2 +(a1 - a 2bi}z- 1 

_b_l_ 
Ko 1 + b2 

B0 (z) = 1 

P1 a1 - a2b1 

( 
b1(a 1 - a2b1) 

Po= Ao z) = ao - a2b2 - 1 + b2 

(8.83) 

(8.84) 

(8.85) 

(8.86) 

(8.87) 

From these results it is easy to solve for the direct coefficients in terms of the lattice 
coefficients. The results are listed in Table 8.2. Note that 1h2 1 must be less than 1 for 
stability. 

Let us now look at two special cases of the general lattice structure. The first, 
shown in Figure 8.13, is the "all-pole" version of Figure 8.11. If we set 

a 0 1 

(8.88) 

in (8.64), then we have an all-pole transfer function. If we use (8.88) in (8.70) and 
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X(z)B,(z) 
BL (z) U--------,------1>--J 

zX(z)C, (z) 
~ u---------1 

Figure 8.12 Three-multiplier ladder element equivalent to Figure 8.10. 

(8.71) we find that 

TABLE 8.2 CONVERSIONS WITH L = 2 

Direct to lattice: 

Lattice lo direct: 

V2 = a2 

" - b, 
o - 1 + b2 

"1 = b2 
ao = vo + v1"0 + v2"1 
a1 = v1 + v2 ,c 0 (1 + ,c1 ) 

a2 = vz 
b1 = ,c 0 (1 + ,ci) 

b2 = K1 

zX(z)C, - 1 (z) 

BL (z) 

169 

Po = 1 (8.89) 

Thus Figure 8.13 is the all-pole version of Figure 8.11. It is easy to see again from 
~8-_73), that t?e output on the right is just Y(z) X(z)/B1,(z). The all:pole version 
is Just a s~ecia! case of the general lattice structure. Note, as for Figure 8.11, that the 
~,tructure,,m F1~ure 8.13_ is sta?le if IK 11 < 1 for all /. The second special case is an 

all-zero version, obtained via a conversion of the all-pole lattice. Let us rewrite 
(8.77) and (8.78) as follows: 

(8.90) 

zCi(z) "1-1B1-1(z) + z- 1[zC1_1(z)] (8.91) 

~his "reversion" of Figure_ 8.10 is shown in Figure 8.14 with X(z) used as the input 
signal transf~rm .. Assembling these elements into a lattice, we have Figure 8.15 as an 
example, agam with L 3. On the left end of the lattice we have, again from (8.73), 
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X(z)B, (z) 

zX(z)C,._ , (z) zX{z)C, (z) 

Figure 8.14 Reversion of the two-multiplier lattice element in Figure 8.10. 

X(z)B0 1z) X(z)BL (z ) 

= Ylzl 

X(z)zCL (z) = 
X(z)z - LBL (z - 'I 

Figure 8.15 All-zero revers ion of Figure 8.1 3 using the lattice element in Figure 8.14. L = 3, 
H1(z) - 8 3(z), and H,(z)- , - 38 3(, - 1 ). 

X(z) at both input nodes, and on the upper right we have the desired all-zero 
output,t 

Y( z) = BL ( z) X( z) 
L 

H1(z) = L b1z- 1; (8.92) 
1-0 

Thus we have in Figure 8.15 the lattice version of the transversal filter in Chapter 2 
or the nonrecursive filter in Chapter 7, with the initial weight equal to 1. Notice also 
that at the lower right in Figure 8.15 we obtain a secondary output with the 
associated transfer function 

Hb (z) = z - LBL(z- 1) 
L 

= L bL - 1z - 1; 
1-0 

tFor simplici ty, we write bu simply as b1. 

b0 = 1 (8.93) 
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With the transfer functions in (8.92) and (8.93), the lattice in Figure 8.15 can 
be seen to function as a one-step predictor. Consider the equivalent one-step 
predictor diagrams in Figure 8.16. In part (a) we have the type of syste~ ~rst 
illustrated in Figure 1.4, with the prediction delay, M, equal to 1 and the prediction 
filter an adaptive linear combiner with weights [-b1]. Note that since l begins at 1, 
we have a one-step predictor in Figure 8.16(a). As shown by the (equivalent) second 
diagram in part (a) the upper transfer function is just H/z) in (8.92), so the output 
in Figure 8.16(a) is called the forward prediction error, E/z). The current sample, 
x , is being predicted in terms of the first L previous samples, xk-l through xk-L· 

k In Figure 8.16(b) we have, by the same argument, the backward prediction 
error. Here we have xk-L being "predicted" by xk through xk-L+I· The weights in 
this case are [ - bL_

1
] as shown. The bottom diagram in Figure 8.16(b) represents 

(8.93). To summarize, Figure 8.17 shows the complete case with L = 3, including 
the forward and backward prediction errors, e1k and ebk· The weights, Ko through 
KL• are variable in Figure 8.17 so that the predictor may be adaptive. The inter­
mediate forward and backward signals are labeled s,k and sfk, respectively, for use 

X(z) •----+1------------, 
y-,-J-,-(--b-,-)z-_,-....,~ E,1,1 

Equivalent 

(a) 

Equivalent 

(bl 

Figure 8.16 (a) One-step forward prediction; (b) one-step backward prediction. 
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Figure 8.17 One-step adaptive lattice predictor, L = 3. 

in the next section. Thus we have 

5 t+1.k = 5 1k + "15 1.k 1 

= K1Stk + 5!,k 1 

€/k SLk 

ebk s~k 

THE ADAPTIVE LATTICE PREDICTOR 

0 l ~ L 

0 ~ l ~ L 

173 

(8.94) 

In the one-step predictor in Figure 8.17 we have arrived at a lattice structure whose 
coefficients, [K1], are to be made time varying, or adaptive. The other lattice 
structures introduced in Figures 8.11 and 8.13 could be (and in fact have been) made 
adaptive [26], but the main applications of adaptive lattices involve the use of the 
adaptive lattice predictor, typically in speech-processing situations. 

To adapt the lattice in Figure 8.17, we would think of adjusting all of the K's to 
minimize the expected squared forward prediction error E [ s;J. Instead, however, 
the best method [28, 29] involves adjusting each K1 to minimize.E[sl+il, the expected 
squared error at each stage, with E[1:}] E[si] as in (8.94). We will derive a simple 
LMS type of algorithm for the adjustment of each K1, but first let us examine the 
implications of adjusting the K's in this manner. 

In Figure 8.17 and in (8.94) we have the forward and backward prediction 
errors at each stage given by s1k and sfk• To denote the various mean-square values 
of these errors, let us adopt a correlation notation similar to that in Chapter 7: 

4>,(n) ~ E[s1ksl.k+nl 

4>1(n) £ E[sfks1,k+nl (8.95) 

4>'/( n) ~ E [ sfksf, k+n] 
With these definitions we assume that the signals in the lattice are stationary. 

7 
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Let us first examine q,i(n) and .p7(n). Taking the mean-square value of (8.94), 

we have 

'1>1+1(n) = E[(s,k + K1S1.k-1)(s1.k+n + K,s;_k+n - 1)] 

= Ki.P,'(n) + K1[ .p;(1 - n) + q,;(l + n )] + .P,(11) (8.96) 

.P7+1(n) = E[(K1S1k + sf,k - 1)(K1S1,k+n + sf,k+n - 1)] 

= Kfq,i(n) + K1[.p;(l - n) + q,1(1 + n)] + q,1/(n) (8.97) 

At the left end of the lattice we have 

q,0(n) = q,;{(11) = E[xkxk+nl (8.98) 

Using (8.98) in (8.96) and (8.97), we can show that q, 1 ( n) = q,'{( n ), then '1>2(") 
= .Pl(n), and so on, so that we have 

'1>1 +1(n) = <!>;'+1( 11 ) 

=(Ki+ l)q,1(11) + K1[.p;(l - 11) + q,1(1 + 11)] (8.99) 

If Ki is adjusted to minimize the forward prediction error, E[s?+1.d = '1>1+ 1(0), 
at each stage, we have, from (8.99), 

or 

B.P,+i(O) = 2K,q,i(0) + 2.p,(1) = 0 
BK, 

(8.100) 

The asterisk is used here to denote the optimum value or K 1• To prove that Kf is the 
true optimum in the sense that not only .P1+ 1 (0) but also the final mean-square 
prediction error, q,L(O), is minimized with respect to K 1, we must return_ to the 
recursion formula (8.76) and find the optimum B1(z) at each stage. This mvolves 
essentially a derivation of Levinson's algorithm [30] for finding optimum filter 
weights, and Tretter [31] presents an excellent derivation of the algorithm for the 
type of situation that we have here. Rather than repeat the denvat10n, let us 
consider a two-stage lattice with just two parameters, Ko and K 1. 

For the two-stage lattice, (8.99) gives the mean-square output error as 

(8.101) 

In this result we could again express q, 1 using (8.99) and 1/>1 from the following 
general relationship, which follows in turn from (8.95) and (8.99): 

.P;+/11) = E[(K1S1k + sf,k _i)(s1 ,k+n + K1Si,k+n - i)] 

(8.102) 

In both cases, q,1(0) and q,'1(1) are not functions of K1, so we can minimize q,2(0) with 

·w 
'. \ 

i 
I 
I 
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respect to K1 using (8.100). With K1 = K{ = - q,'1(1)/q,1(0), we have 

(8.103) 

Now we must find the value of Ko that minimizes this result. If Ko is found in 
accordance with (8.100), then q, 1(0) is minimized in (8.103) and its derivative with 
respect to Ko must be zero. Thus, for [q,i(0)lm1n to be minimized with respect to Ko in 
this manner, the derivative of the remaining term in (8.103) must also equal zero. 
(Since the maximum is unbounded, this must lead to a minimum.) Therefore, from 
(8.102), 

Ko= 
E[xkxk+ il 

E[xf] 
(8.104) 

Thus we have shown that Kti in (8.100) is the true optimum weight in the sense that 
it minimizes q,2(0) as well as q, 1(0). We could have obtained the same result by 
finding the optimum adaptive linear combiner, then using Table 8.2 to convert from 
b's to K's, as in Exercises 24 through 26. 

Notice in the previous example that the global minimum is achieved only after 
both Ko and K 1 are adjusted to their optimum values. Thus, in an adaptive lattice, 
we would think of convergence occurring approximately stage by stage, with Ki 
being adjusted to minimize q,1+ 1(0) first for l = 0, then for I= 1, and so on. 
Convergence does not occur in this manner in the adaptive linear combiner. 

We can use the result in (8.100) to develop an LMS algorithm for the adaptive 
lattice predictor. Let us estimate the gradient of the mean-square error, q,1+ 1(0), 
using as before the gradient of the square error itself: 

81/>1+1(0) 8s?+1 k 
a;;- =~ 

(8.105) 

The final result is obtained by differentiating s,+t,k in (8.94). Then, just as in (6.3), 
we use the gradient estimate in the steepest-descent algorithm (4.36) to obtain the 

\ 
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lattice LMS algorithm: 

<7</>1 +1(0) 
Lattice 
LMS 

K l.k + I = K1k - /J-1~ 

= K1k - 2µ,,s1+ 1.ks;_k -1 
0::;t:,;L-1 

Part Ill 

(8.106) 

The signal values are of course computed in accordance with (8.94). The time­
invariant convergence parameter, µ 1, should be allowed to differ from stage to stage 
according to Griffiths (28], who presented essentially this same algonthm. 

Before presenting an application of (8.106) let us d1s_cuss bnefly the range ofµ, 
at each stage of the lattice. Assuming a perfect gradient estimate, we use the 

derivative of (8.99) in (8.106) to obtain 
K1.k+1 = K 1k - µ,,[2K1k<P,(O) + 2<1>;(1)] (8.107) 

Now let us define a translated weight, li1, that bears the same relation to K 1 that V 
had to W in Chapter 3 [Equation (3.29)] and following chapters: 

{ilk= Ktk - Kj 
(8 .108) 

Using this definition and also (8.100) in (8.107), we have 

s,. k+ 1 = s,k - 2µ,((s,. + Ki)<t>,(0) + <1>;(1)] 

= /il k - 2µ,l( {ilk - :)~~ )q,,(0) + </>1(1)] 

= li,k[l - 2µ ,<t>,(O)] 

= [1 - 2µ,<t>,(O)] k+l{j/0 (8.109) 

Since {j 1k must converge to zero, we conclude that for convergence we must have 

. 2,k 
s1n­

N 

Random 
noise 

o < µ, < _l_ (8.110) 
I 2<j,1(0) 

One-step 
predictor 

Figure 8. 18 One-step predictor used as an example. 
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In a practical adaptive lattice we could estimate q,i(O) by averaging sk over its recent 
history, and thus use (8.110) to assure that µ1 is kept within its limits. As with the 
adaptive linear combiner, these convergence parameters affect both the learning 
curve and the excess mean-square error, or rnisadjustment. 

An example of the performance of an adaptive lattice predictor is given in 
Figures 8.18 through 8.21. The predictor configuration is shown in Figure 8.18, and 
we see that the signal being predicted is the same sine wave plus noise that was used 
in previous examples. The predictor tries to predict the signal, xk, one time step 
ahead, and thus we would expect it to eliminate the sine wave from xk and leave the 
unpredictable white-noise component, rk . We would then expect the output power, 
E(ei], to equal the noise power, E[rlJ. 

The autocorrelation matrix of xk was derived previously in (2.20) and (6.13), 
and is 

0 

p0 =0.5+E [rn 
2'1T 

p 1 = 0.5cosN 

4'1T 
P2 = 0.5 COSN 

(8.lll) 

-2 --+-r-r-r-r--+~~~~-+-r-r-r-r-l-r-r-r-r-f-r-r~-r~ 

- 2.0 - 1.5 - 1.0 - 0.5 0.0 

Weight, Ko 

Figure 8.19 Error contours and LMS weight track for the two-stage adaptive lattice 
predictor used in Figure 8.18. Parameters are N ~ 16, E[r/J- 0.01, l'o - 0.0S, 
µ,1 = 0.1. Weight track consists of 200 iterations. 

0.5 
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- 1 
Weight, w0 

Figure 8.20 Sarne as Figure 8.19, but with an adaptive transversal filter in place .of 
the adaptive lattice. Weight track consists of 300 iterations, and µ, = 0.1. lrutial 

weights at (0, 0). 

Part Ill 

For this example we will use a two-stage lattice with weights Ko and K1. From (8.98), 
(8.99), and (8.102) we can develop the following expression for the performance 

surface: 

! = ,j,2(0) = (Kf + 1)¢1(0) + 2K1¢1{l) 

= (Kf + 1)[(K~ + 1)p0 + 2K 0P1] + 2K1[K5Po + 2KoP1 + P2] (8.112) 

This performance surface is seen to be a quadratic function of each weight, but 
unlike the case for the adaptive transversal filter, the contours of constant ! are not 

elliptical. . 
The contours of (8.112) are plotted together with a typical convergence track m 

Figure 8.19. Note the independence of Ko discussed previously: Fo.r any value of 
K K can be adJ·usted independently to its optimum value, which 1s given below. 

,, 0 

The following parameters were used: 

Signal parameters: N=l6; E[r,;}=0.01 

0 05 0 1 (8.113) Convergence parameters: µ. 0 = . , /1.1 = · 
With ,i,0 (0) = Po= 0.51, and, of course, ,j, 1(0) less than this value as long as Ko is less 
than 1, these values of µ. are well within the limits of (8.110). As with the adaptive 
linear combiner, it is typical to use values ofµ. on the order of 0.1 times the upper 
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limit in (8.110). Notice that the track in Figure 8.19 follows approximately the path 
of steepest descent, as we would expect with the LMS algorithm in (8.106). The 
optimum weight values for this example are found from (8.99), (8.100), and (8.102) 
to be 

'Po(l) - f!.l. = -0.906 
- 'Po(0) = Po 

¢'1 (1) Pi - P2Po = 0.?08 
- ,i,,(O) = P& - Pi 

(8.114) 

In less than 200 iterations, the weight track in Figure 8.10 reached the vicinity of 
these optimum values. 

For comparison with Figure 8.19, Figure 8.20 shows the same adaptive process 
using the adaptive transversal filter instead of the adaptive lattice. Here we have the 
familiar elliptical error contours. The bowl is quite flat in the vicinity of !min• 
however, and with µ. = 0.1, about 300 iterations were required to reach the vicinity 
of ! min· The advantage of having a different convergence parameter at each stage, 
computed as suggested after (8.110), generally allows the lattice predictor to con­
verge faster than the ordinary LMS algorithm [34]. (The same random sequence was 
used in Figures 8.19 and 8.20.) 

u.i 
u, 
2 
al 
~ 
~ 

0.6 

0.4 

0.2 

200 400 
Iteration, k 

Figure 8.21 Learning curves for the LMS adaptive transversal predictor and for the 
adaptive lattice predictor. Curves are nearly identical. 

600 
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Learning curves for the two types of predictors are compared in Figure 8.21, 
using the same parameters as in the previous two figures. The mean-squar_e error 
was estimated by averaging each et with its 10 nearest neighbors. With the 
parameters µ 0 , µ 1, and µ set in this manner, the two learning curves are nearly 
identical for the same random sequence. Note that the steady-state value of f 
appears to be arou.nd 0.05. Since E[rfl = 0.01 and since the sine wave is predicted, 
we have fnun = 0.01 and the misadjustment in this case must be _about M"" 4. 

In a manner similar to that used above with the adaptive lmear combmer, we 
can also develop a sequential regression algorithm (i.e., an approximation to 
Newton's method) for the adaptive lattice. From (8.99) the output mean-square 

error for the Ith lattice stage is 
(8.115) 

We take the derivative of (8.115) and designate the result as the gradient with respect 

to K;'. 

iJ<J>; +i (O) = 2K;<J>,(0) + 2q,;(1) 
iJK; 

Next we solve ,(8.116) for q,;{1) and place the result into (8.100) to obtain 

1 ( l iJ<J>1+1(0)) 
Ki = - q,;(0) - K,q,,(0) + 2-----a;;;-

1 l iJ<J>,+/0) 
= K; - 2 q,1(0) ----g;;;-

(8.116) 

(8.117) 

Here we have a one-step Newton formula similar to (4.30) in Chapter 4, so_ we 
multiply the second term byµ as in (8.1). If we do this and also replace the gradient 
with its estimate in (8.105), we obtain an SER algorithm comparable to that 

obtained above: 

µ , 
= K;k - <P,(O) s1+usu-- i 

(8.118) 

Just as we had to estimate R for the adaptive linear combiner, so here we must 
estimate q,1(0) = E[sld- For the nonstationary, _atlaptive environment we giv_e the 
past history of s,~ a decreasing emphasis as we did in (8.27), so that the estimate 

becomes 

(8.119) 
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By using (8.119) recursively we obtain the following recursion formula: 

(8.120) 

Assuming zero initial conditions and a chosen as in (8.44), the complete SER 
algorithm thus becomes 

Initially: a z 2 - 1/(length or signal stationarity) 

0 < µ < 1.0 

P10 = estimated signal power; 0 s / < L 

K ;o = 0; 0 s I < L 
Lattice 

SER For0 sl<L: 
(8.121) 

P,. = 1 _ ~k+I [(1 - a)s?. + a(1 - a•)Pu - i] k > O 

k <! 0 

As for the LMS_ algorithm in (8.106), the signal values are assumed to be computed 
m accordance with (8.94). In fact, observing (8.106) and (8.121) together, we see that 
the LMS and SER algorithms are essentially the same for the lattice, the only 
difference being that q,1(0) is estimated at each step in (8.121). An application of the 
SER algorithm to the preceding example is shown in Figure 8.22, and we note that 
the weight track is improved slightly over the track in Figure 8.19. 

Thus in this section we have seen how the adaptive lattice serves as a predictor. 
One of its main applications is in speech compression, where the speech is predicted 
by an adaptive lattice of length sufficient to produce a near-white output [35]. The 
lattice coefficient values are recorded at a relatively low sampling rate. To recon­
struct the speech, a time-varying all-pole lattice is then formed with these coefficients 
as in Figure 8.13 and driven with locally generated noise sequences. The recon­
structed speech is taken from the output of the all-pole lattice. The major advantage 
of the lattice in this application is that (as mentioned above) stability is guaranteed; 
that is, the zeros of the predictor and the poles of the all-pole inverse are all inside 
lzl = l provided that IK ,1 < 1 for 0 s I < L. 



- 100 -

182 Adaptive Algorithms and Structures Part Ill 

4~--------------------------, 

u 

Va lues oft: 
,,_ ____ 0.600 

'-'\.+--+--- - 0.272 
....,. _ _,,__ ____ 0.224 

,,...c\--'.---- 0.172 --,._..y.,.____,_ ____ 0.095 

--....\--\-'\-,.---".-- - - 0.060 
Qc+--.\---'rl,,._- -'<---- 0.048 

- 2.0 - 1.5 -1.0 - 0.5 0.0 

Weight, Ko 

Figure 8.22 Error contours and SER weight track for the two-stage adaptive lattice 
predictor used in Figure 8.18. Parameters are N = 16, E[rf ] = 0.01, µ = 0.02, 
a = 0.9. Weight track consists of 200 iterations. 

0.5 

ADAPTIVE FILTERS WITH ORTHOGONAL SIGNALS 

In the preceding section we saw how the weights of the adaptive lattice predictor 
could be adjusted independently, using local signals as in (8.106), to minimize the 
final prediction error. On account of this property, the signals within the lattice are 
mutually orthogonal. The error signal at each stage is uncorrelated with the other 
error signals. In this section we will discuss similar types of adaptive filters with 
orthogonal signals. 

Our motivation for considering such adaptive structures is to retain the 
simplicity of the LMS algorithm and yet incorporate some of the benefits of the 
more complex algorithms such as the LMS-Newton and SER algorithms discussed 
previously. Of all algorithms, the LMS algorithm involves the least computation per 
iteration cycle and the least use of memory; moreover, it is the easiest to implement 
in software and the simplest to debug and to understand. We saw in Chapter 6 how 
it is used to adjust the weights of a transversal filter with the goal of minimizing the 
mean squared error. In cases of high eigenvalue disparity, however, we have seen 
that other algorithms can often achieve faster convergence than the LMS algorithm 
and should be used accordingly. For a given level of misadjustment, the use of 
Newton's method or of some form of orthogonalization of the inputs to the adaptive 
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weights can result in more rapid adaptation than is possible with LMS alone when 
there is a large spread in the eigenvalues. The benefits of orthogonalization are 
explained in the literature [36]. 

Two orthogonalizing methods for preprocessing the signals before final weight­
ing and summing will be described here. One of these methods is based on the use 
of lattice filters, and the other uses the discrete Fourier transform. Other methods 
using "Gram-Schmidt" orthogonalization have been applied to adaptive antennas 
by Brennan and Reed, whose work has been included in the text by Monzingo and 
Miller [37]. 

The first orthogonalization scheme to be considered is based on the discrete 
Fourier transform (DFT) and was devised by Narayan and Peterson [38]. Narayan's 
adaptive filter is shown in Figure 8.23. The input signal is applied to a series of 
delays with taps connecting to a multi-input, multi-output implementation of the 
OFT, which was described in Chapter 7. With each new input sample, the data 
slides one step down the delay line and a new OFT is computed. Each of the OFT 
outputs is associated with a specific frequency band. The OFT used in this manner 
can be considered as a means of implementing a bank of band-pass filters uniformly 
spaced in frequency between zero and half the sampling frequency. 

The OFT outputs in Figure 8.23 are complex discrete functions of the 
sampling index, k. They are approximately uncorrelated with each other, being in 
different frequency bands. They are not perfectly uncorrelated because the OFT 
band-pass filters overlap somewhat [6], causing "leakage" of signal components from 
one band to another. 

These complex output signals of the OFT are weighted in Figure 8.23 with 
complex adaptive weights to produce Yk, which is also complex. The real desired 
response is treated as a complex signal with a zero imaginary part. The error signal 
used in the adaptive process is therefore also complex. Although Yk is complex, its 
imaginary part will generally be small since the desired response is real. The weights 
are adapted in accordance with the " complex LMS algorithm" of Widrow, McCool, 
and Ball [39]: 

wk + ! =wk+ 2µ.E/X.k. 

The bar over Xk represents the complex conjugate. Trus algorithm causes the 
complex weight vector Wk to converge in the mean to a complex least-squares 
solution which minimizes the sum of the mean square of the real part of the error 
plus the mean square of the imaginary part of the error. 

For example, suppose the input signal, xk in Figure 8.23, is a pure sinusoidal 
signal with exactly N samples per cycle. Then the only nonzero OFT output is the 
input to w1k, which is a complex sinusoidal signal with fixed amplitude and linearly 
changing phase. Suppose further that the desired output, d k • is sinusoidal and has 
the same frequency as the input signal. Then, to drive Ek to zero, wlk will converge 
to a constant complex value that creates a real output signal, Yk, with amplitude and 
phase equal to the amplitude and phase of dk , and the other weights will converge to 
zero. The reader may wish at this point to consider other examples of converged 
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Discrete fourier transform (DFTl 

response 

Figure 8.23 Adaptive filter with preprocessing to produce orthogonal signals. 

weight vectors that drive ek to zero, in order to understand better how the system in 

Figure 8.23 works. 
The adaptive process of Figure 8.23 can be improved by normalizing each of 

the OFT outputs to equal power levels. Coefficients having values that are inversely 
proportional to the square roots of the respective OFT average output powers could 
be incorporated into the signal paths. These power levels could be obtained by 
exponential time averaging, by uniform time averaging, or by some other weighting 
formula. The result is a practical algorithm that is highly effective with large 

eigenvalue disparity. 
When using a conventional transversal adaptive filter, the tap weights directly 

determine the filter impulse response. On the other hand, when using Narayan's 
frequency-domain orthogonalization scheme of Figure 8.23, the weights directly 
determine the frequency response of the filter, both in magnitude and in phase. 

The orthogonalization scheme of Figure 8.23 uses a fixed preprocessor consist­
ing of the discrete Fourier transform. The orthogonalization scheme of Figure 8.24 
uses a lattice filter which is adaptive. It is interesting to note that the adaptation of 
the weights of the lattice (the K's) depends only on the input signal, and not on the 

185 
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desired response, but the adaptation of the output weights (thew's) depends on both 
the input signal and the desired response. All weights may be adapted by the LMS 
algorithm, as suggested by Griffiths [23]. _ 

When the lattice weights (the K's) converge so that their correspondmg error 
signals are minimized in the mean square sense, the lattice outputs (the inputs to the 
w 's) are orthogonal and therefore uncorrelated, as discussed above. _ _ 

Adaptation of the output weights (the w 's) can be readily accomplished usmg 
the LMS algorithm to cause the system output Yk to be a best least-squares fit to the 
desired response d k· . _ 

Theoretically, the lattice weights in Figure 8.24 should match as m Figure 8.17, 
that is, Ki= K{, Kz = K;, and so on. However, because of noise_ in the weig~ts 
resulting from adaptation, this matching will not be perfect. By startmg the adaptive 
process with the weights matched and by averaging the corresponding corrections 
with each adaptation cycle, perfect matching can be sustained. 

Other "exact least-squares" algorithms have been devised by Morf and Lee, 
Kailath, Friedlander, and others [40-46] for adjusting the K's and the w 'sin Figure 
8.24. These algorithms should be as efficient in the use of statistical input data as 
Newton's method. With the LMS algorithm, Griffiths has emphasized the impor­
tance of power normalization ( or choosing appropriate values of µ for LMS 
adaptation of the K's and the w 's). Because the signals in the lattice structure are 
nonstationary (even if the input xk and the desired response dk are stationary) due 
to the weight variations of preceding lattice stages, power estimates of the vari?us 
weight inputs must be made with a moving average technique such as the one usmg 
an exponential window in (8.121). A similar exponential window was used by 
Griffiths and Medaugh [47]. Various time constants were used to produce perfor­
mances similar to the exact least-squares methods described above. 

Orthogonalizing algorithms and their applications are a subject of current 
research. They appear to be very useful when rapid transient adaptation is required 
and the eigenvalues of the input signal are highly disparate. Many situations exist, 
however, where the adaptive lattice provides no significant performance advantage 
over the transversal filter adapted by the LMS algorithm; for example, with certain 
types of nonstationary inputs such as those discussed by Widrow and Walach (see 
ref. 36). 

EXERCISES 

1. What two types of information must be known in order to have the perfect weight track 
in Figure 8.1? Why is this information not available for adaptive filters? 

2. Explain the difference between the "Newton" weight track in Figure 8.1 and the 
"LMS/Newton" weight track in Figure 8.2. 

3. What is the ratio of adaption time of the LMSjNewton algorithm to that of the LMS 
algorithm? When is this ratio equal to 1? 
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4. For the sequential regression algorithm, develop a formula for computing Qk in terms of 
Qk-l· What is the equivalent transfer function, H(z), from XkXl to Qk? 

Note: In some of the remaining exercises we will need the sequences [rk], [sk], and [xk]­
The sequences should go from k = 0 to k = 1000; however, they may be shortened as 
required to accommodate small computers. Generate the sequences as follows: 

rk = v12 [RANDOM(l.) - 0.5] 

. [ 2TTk ] 
sk = sm 30 - k/50 

00 

xk = L e(40n-k)/4u(k - 40n) 
n-0 

The sequence [ rk] is random white noise with unit power, generated using the RANDOM 
routine, version 1 or 2, in Appendix A The sinusoidal sequence, [sk], has a slowly 
changing period. The sequence [xk] is a train of exponential pulses occurring at 40-sam­
ple intervals. 

5. Given the one-step prediction situation illustrated below, write an LMS algorithm to 
adJust w0 and w1 at each iteration. What is the maximum useful value ofµ,? 

6. Using the result of Exercise 5 with W0 = 0 and µ, = 0.02µ,max, plot Ek versus k. Also plot 
w0 and w1 versus k. Also plot a learning curve, estimating E[EZ] at each point by 
averaging EZ with its 20 nearest neighbors. (Use any procedure to take care of end 
effects.) 

7. Using Equation (8.44), write an explicit SER algorithm for the predictor illustrated in 
Exercise 5. What is /J-max in this case? 

8. Using the SER algorithm from Exercise 7 withµ,= 0.1µ,max• plot Ek versus k. Also plot 
Wo and w1 ve~sus k. Also plot a learning curve, estimating E[EZ] by averaging EZ with its 
20 nearest neighbors. (Use any procedure to take care of end effects.) 

9. Give a modified version of the SER algorithm (8.44) for the completely stationary case 
with a = l. Give the corresponding limiting form of Equation (8.27). What difficulty 
would occur if the SER algorithm were allowed to go on in this form, with k unbounded? 

10. Given the system identification configuration in Figure 8.8, write an explicit IIR LMS 
algorithm using Equation (8.55). 
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11. Using µ. = 0.05, v1 = 0.005, and v2 = 0.0025, run lhe IIR LMS algorithm for Figure 8.8 
with [rk] as the input sequence. Plot ,k versus k. Also plot a 0,, blk, and b2k versus k. 
Also plot a learning curve as in Exercises 6 and 8. 

12. For the second-order adaptive recursive filter, prove lhat (b1, b1 ) must lie inside the 
triangles shown in Figure 8.9 in order for lhe filter to be stable, lhat 1s, that the tnangles 
correspond with the unit circle on the z-plane. 

13. Toe configuration shown below illustrates the " equalizing" or "inverse filte:ing" problem. 
Starting with w0 = O the weights are to be adjusted so thft the adaptive filter com· 
pensates for the channel, except for a propagation delay, z ~ . Wnte an LMS algonthm 
for this example and plot the learning curve, using µ. = 0.04µ.m,.,. Esllmate lhe residual 

error, E[ cf] tio al • 

Channel 

'• ___ __.__,., 1 - c 1 + 0.89z-2 

14. Do Exercise 13 using tbe SER algorithm with W0 = 0, a = 0.95, µ./\ av = 0.05, and 
Q01 = 100 I. Compare the learning curve with the LMS learning curve. 

15. The equalizer below is similar to tbat above, but with an IIR adaptive filter. _Write an 
LMS algorithm. Choose appropriate values forµ., v1, and v2 , and plot the learrung curve. 
Estimate the final mean value of ,z and compare with Exercise 13. 

Channel 

.,..._-4--...i 1 - z- 1 + 0.89z- 2 

16. For Exercise 15, plot aok• b1k, and bu versus k. 
17. Work Exercise 13 using [x, ], defined above, as the input data sequence. Explain any 

differences in your result. 

18. Work Exercise 14 using [xk] as the input. 

19. Work Exercise 15 using [x,l as the input. 
20. Do Exercise 13 using the linear random-search algorithm. Use the same µ. used in 

Exercise 13, and use N = 5 observations to get each f Adjust a 2 so that the theoretical 

misadjustment will be one-tenth of ~min· 
21. Develop a lattice structure equivalent to the one-step predictor that follows. 
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22. 

23. 

24. 

Other Adaptive Algorithms and Structures 189 
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Sketch the lattice in Figure 8.13 using three-multiplier ladder elements. 

Construct a lattice with transfer function H(z) = (z 2 -,- 2z + l)/(z 2 - z - 0.89). Verify 
the structure by computing and comparing the first five samples of the impulse response. 

For the one-step predictor shown below, find the optimum values of b1 and b1 in terms 
of input correlation coefficients. 

t , ••--<>-------------~ 4iH, .. ,!, 1 '• 
7 ~ 

25. Convert the predictor shown in Exercise 24 into a lattice predictor. Give the lattice 
coefficients in terms of the input correlation coefficients using the answer to Exercise 24. 

26. Given a two-stage lattice predictor, find the optimum weights in terms of input correla­
tion coefficients, using Equations (8.100), (8.99), and (8.102). Compare with the answer to 
Exercise 25 . 

27. TI!ustrate the convergence of the three-stage adaptive lattice predictor shown below by 
plotting , , versus k for k = 0, 1, ... , 500. Use the algorithm in Equation (8 .121) with 
a = 0.99, µ. = 0.1, and estimated signal power equal to input signal power. 

28. For the predictor described in Exercise 27, plot Ko, K1, and K 2 versus k for k 
= 0, 1, ... , 1000. Discuss briefly the behavior of these weights. 

29. Derive an expression for the error surface for the foregoing predictor, as it ex.ists in the 
vicinity of k = 500. 

30. In the system described in Exercise 27. assume that s, - sin(k,r/ 10) and that there is a 
two-stage lattice with adaptive weights Ko and K1. Derive an expression for the error 
surface and make a contour plot similar to Figure 8.19. 

31. What are the optimum weight values for the predictor in Exercise 27? 

32. What are the optimum weight values in Exercise 27 if the sequence [xk] is used in place 
of [s,J? 
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33. Select appropriate initial conditions for the situation depicted below and run the 
predictor for k = O, 1, ... , 1000, using µ = 0.2 times its maximum initial value in Equa­
tion (8.106). Plot a learning curve, estimating E[ef] by averaging each ef with its 10 

nearest neighbors. Estimate the time constant. 

Eight-stage 
lattice 

1------•, 

34. Using xk in place of s,, run the predictor shown in Exercise 33 until E[el] reaches a 
steady value. Explain the relationship between this value, E[r/], and E[x}]. 

35. In Figure 8.8, let <f>xx(z} = 1. What are 4>JJ(0) and <f>dx(z)? 

36. Find an expression for the performance surface, ~( a0 , b1 , b2 ) , in Figure 8.8. Begin with 

Equation (7.65). 
37. Show that the performance surface for Figure 8.8 has a single global minimum within the 

stable range of (b1 , b2 ). 
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part IV 

APPLICATIONS 

(Chapters 9- 14) 

OBJECTIVES OF PART IV 

The main objective of this final part of the text is to show how the theory 
developed in Parts I, 11, and Ill is put into practice in several different areas. A 
secondary _objective is to review some related topics such as spread-spec­
trnm techniques, equalization, basic control theory, etc., in order to make the 
d1scuss1on more useful. 
. In these final six_ chapters there are only four basic adaptive configura­

tions, which are used in different ways. First, adaptive modeling is introduced 
and applied to different situations in Chapter 9 and to adaptive control 
systems_ in Chapter 11. Sec_ond, inverse modeling (adaptive equal ization) 
appl1c~tions are introduced in Chapter 1 O and again in Chapter 11 . Third, 
adapt'.ve ,nterfe~ence canceling is discussed in Chapter 12 and applied to 
adaptive arrays in Chapers 13 and 14. A fourth basic configuration, adaptive 
pred,ctton, has already been introduced and is used again in Chapter 12. We 
recall that these four configurations were illustrated in Chapter 1, Fig. 1.5. 
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chapter 9 

Adaptive Modeling 
and System Identification 

Modeling and system identification is a very broad subject, of great importance in 
the fields of control systems, communications, and signal processing. Modeling is 
also important outside the traditional engineering disciplines, as when one studies 
social systems, economic systems, or biological systems. We cannot treat such a 
broad range of subjects here. Our goal is a modest one, that of showing how simple 
adaptive filters can be used in system modeling and of demonstrating the application 
of adaptive system identification to several physical situations. 

GENERAL DESCRIPTION 

An adaptive filter can be used in modeling, that is, imitating the behavior of physical 
dynamic systems which may be regarded as unknown "black boxes" having one or 
more inputs and one or more outputs. Modeling a single-input, single-output 
dynamic system or "plant" (control systems terminology) is illustrated in Figure 
9.l(a). Both the unknown system and the adaptive filter are driven by the same 
input. The adaptive filter adjusts itself with the goal of causing its output to match 
that of the unknown system, generally to cause its output to be a best least-squares 
fit to that of the unknown system. If enough flexibility resides in the adaptive 
system, if it is sufficiently adjustable and contains enough "degrees of freedom" 
(adjustable weights), a close fit or perhaps a perfect fit is possible. Upon conver­
gence, the structure and parameter values of the adaptive system may or may not 
resemble those of the unknown system, but the input-output response relationships 
will match. In this sense, the adaptive system becomes a model of the unknown 
system. If the input is wideband and if the structure of the adaptive system is such 
that when its adjustable parameters are suitably chosen an exact match is possible, 
adapting to minimize the mean-square error will result in an exact match in every 
detail. 

195 
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Figure 9.1 Modeling the single-input, single-output plant: (a) noise-free case; (b) 
noisy plant case. 

Part IV 

In many practical cases, the plant to be modeled is noisy, that is, has in~e~al 
random disturbing forces. As such, when the adaptive model has enough flex1b1lity 
to match the dynamic response of the unknown plant, its output will perfectly match 
that of the unknown plant except for plant noise nk, indicated in Figure 9.l(b) as a 
noise added to the plant output. Internal plant noise appears at the plant output 
and is commonly represented there as an additive noise. This no~se is gene:ally 
uncorrelated with the plant input. If this is the case and if the adaptive model 1s an 
adaptive linear combiner whose weights are adjusted to minimize mean-square error, 
it can be shown that the least-squares solution will be unaffected by the presence of 
the plant noise. This is not to say that the convergence ~f the adaptive process ~ill 
be unaffected by plant noise, only that the expected weight vector of the adaptive 
model after convergence will be unaffected. (Exercise 6 considers this issue.) The 
least-squares solution will be determined primarily by the impulse respon~e. of the 
plant to be modeled. It could also be significantly affected by the statistical or 
spectral character of the plant input signal. 

Chap. 9 Adaptive Modeling and System Identification 

Input 
x, 

1 + 1.a,-1 + 0.0,- 2 

Error 

Plant 

Figure 9.2 Configuration for the single-input system identification experiment in 
Figure 9.3. 
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We illustrate the single-input system identification process using the configura­
tion in Figure 9.2. Here we have an all-zero plant, so the "perfect fit" described 
above is possible provided that L ~ 2. We assume that the signal, xk, and the noise, 
n k• are mutually uncorrelated white random sequencest and that the adaptive 
transversal filter uses the LMS algorithm, with 

E[xn A, E[nz]=AorO, µ=0.5 (9.1) 

With these values we can determine the excess mean-square error and the learning­
curve time constant using (6.35) and (6.38). With no noise and with L ~ 2, the 
excess MSE is 

excess MSE (no noise) = µ~mintr[RJ = 0 (9.2) 

That is, if the adaptive filter is of sufficient length, ~ m.in is zero, so the excess MSE is 
also zero. When nk is added in Figure 9.2, the adaptive filter with L ~ 2 still 
cancels the plant output, so ~min is due entirely to the noise power: 

~min = E [ nz] ff (9.3) 

When the adaptive filter is of insufficient size with L < 2, then of course ~min is 
nonzero with or without plant noise. 

For white random noise the input correlation matrix is diagonal with elements 
equal to E[x}], so the convergence time constant is 

1 
41,LA. 4(0.5)(1/12) 6 iterations (9.4) 

tGenerated using RANDOM in Appendix A; for example, xk = RANDOM(l.) - 0.5 at each 
iteration. The variance of the unit uniform variate is E[xf] A_. 
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Figure 9.3 Learning curves showing convergence of the single-input system identifi­
cation process in Figure 9.2. Each curve is the average of 100 runs. 
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The excess MSE in (9.2) and (9.3) as well as the time constant in (9.4) are 
illustrated approximately in Figure 9.3, which gives six experimental learning curves. 
Each curve is the average of 100 computer runs of the configuration in Figure 9.2. 
There are curves with and without noise for two, three, and four adaptive weights. 

With only two weights we note a nonzero fmin even without noise, which 
indicates that the adaptive filter cannot completely identify the plant. With three or 
four weights we observe complete identification in the noiseless case and approxi­
mate verification of (9.3) in the noisy case. In all cases we observe approximate 
verification of the six-iteration time constant in (9.4). 

A means of modeling multiple input- multiple output systems can be inferred 
from the two input-two output case, as illustrated in Figure 9.4. The plant of Figure 
9.4 is a black box having two inputs and two outputs. Its internal structure is 
assumed to be unknown. The purpose of the adaptive filter is to determine the 
input- output characteristics of the unknown plant, and if possible, to unmask its 
detailed structure. Not knowing the plant structure but merely knowing that it is 
linear with two inputs and two outputs and is time invariant over the learning 
period, a general linear modeling structure can be chosen as shown in Figure 9.4. 
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Figure 9.4 Modeling a multiple-input , multiple-output plant. 
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Assuming that each adaptive filter has a sufficient number of degrees of freedom, 
upon convergence each of the subadaptive filters will match the corresponding 
component filters of the plant (i.e., G11 -+ H 11 G22 -+ H G -" H G -" H ) 
Thi ·11 . ' 22, 12 12, 2 l 2] . 

s ~1 certainly occur if the inputs x1 and x 2 are mutually uncorrelated. Good 
modeling may also occur when x1 and x 2 are correlated, as long as x cannot be 
perfectly generated by filtering x 2 , and vice versa. 1 
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Applications Part IV 

Three examples will now be presented which are representative of applications 
of adaptive modeling techniques to practical problems. The first application is to 
communications, the second application to a problem in geophysics, and the third is 
to the design of digital filters . 

ADAPTIVE MODELING OF A MULTIPATH 
COMMUNICATION CHANNEL 

The reader is probably familiar with the " multipath" type of communication 
problem illustrated in Figure 9.5. It is a problem in which the transmitted informa­
tion takes more than one path to the receiver, thus producing interference and 
echoes in the received signal. To see and appreciate how adaptive modeling is used 
to identify the paths (i .e., the impulse response in Figure 9.5), we will first describe 
briefly a " spread-spectrum" technique (1 , 13) for sending binary signals reliably in a 
high-noise, multipath environment. 

In spread-spectrum communications each information bit , either a ONE or a 
ZERO, is transmitted as a string of coded bits. The ONE bit may be represented by 
a particular string which, for example, may be 32 bits long. The ZERO bit would be 
represented by a different 32-bit string. For detection, the receiver tries to correlate 
the strings, which are decoded as ONEs or ZEROs, depending on correlation 
maxima. The ONE and ZERO codes are "pseudorandom" and are designed as well 
as possible to be mutually orthogonal and individually to have autocorrelations that 

Transmitter Eart h Receiver 

l "Time span of t he multipath- I 

Time 

Figure 9.5 Typical dispersive channel and its impulse response. 
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peak at zero lag and become essentially zero for other lags. Maximal-length shift 
register sequences have these properties and have been used widely in this applica­
t10n (1 ). The spectrum of a sequence of such strings tends to be very broad even for 
a regular pattern of ONEs and ZEROs: hence the term " spread-spectrum communi­
cations." Systems of this type are very effective in the presence of strong broadband 
additive interference. 

The effects of multipath, when present, could be disastrous to a spread-spec­
trum system of the type considered here, however. Bit strings could become scram­
bled at the receiver as a result of propagation through multipath, that is, parallel 
propagat10n through many natural paths from transmitter to receiver, each with its 
own delay time. The responses of the various paths add linearly at the receiver 
causing scrambling or smearing. The goal of adaptive techniques used in conjunc­
tion with the spread-spectrum techniques described above is to " unravel" the 
multipath and to permit communication essentially as if multipath were not present. 

Figure 9.6 shows a block diagram of a spread-spectrum communication system 
working in this illustrative case with a simple nondispersive, no-multipath channel. 
Channel noise is assumed to be present. At the transmitter, a key is switched to 
generate the data waveform, turning on a ONE or ZERO pseudorandom sequence 
as required to represent the information to be transmitted. Both the ONE and 
ZERO sequences are initiated at the same instant, triggered by a clock, and are 
repeated in accordance with the information pattern. The key must remain in the 
same state throughout the transmission of the entire ONE or ZERO sequence, 
whichever is selected. The key can then remain in the same state or switch to the 
opposite state, depending on the next information bit to be transmitted. The 
transmitted waveform, a sequence of concatenated ONE and ZERO sequences, 
propagates through the channel. Except for time delay, the receiver sees the same 
waveform plus additive channel noise. The receiver has a clock that also triggers the 
known ONE and ZERO sequences. The receiver clock generates triggers at exactly 
the same rate as the clock at the transmitter, but its pulses are phased relative to the 
transmitter clock taking into account the channel delay. The receiver ONE and 
ZERO sequences are cross-correlated against the noisy signal received, and if the 
local clock is phased properly, one of the cross-correlator outputs will build up to a 
peak value just before the clock triggers the repeat of the local sequences. Since the 
channel delay would generally be unknown, the phase of the local clock could be 
gradually slewed to maximize the peak outputs of the cross-correlators. A compara­
tor produces the data sequence at the receiver output by periodically deciding (just 
before the local clock pulses occur) which cross-correlator has the largest output. If 
the ONE cross-correlator has the largest output at the proper sensing time, the 
system output will be ONE, and so on. 

With a noise-free channel, the output of only one of the cross-correlators will 
peak at the proper sensing time; the other cross-correlator output will remain at a 
very low level. Noise confuses the outputs of the two cross-correlators, however, and 
forces decision making on the basis of taking the largest output. In designing such a 
system, some prior knowledge of channel signal-to-noise ratio is generally useful. 
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The poorer the signal-to-noise ratio, the longer one would make the ONE/ ZERO 
code strings. Averaging in the cross-correlation process reduces the effects of 
random channel noise. 

This form of spread-spectrum system provides resistance to background noise, 
to jamming, and to other forms of interference. A measure of privacy in communi­
cation is also afforded by this type of system, since the ONE and ZERO codes could 
be made unknown except to the intended recipient. 

We consider next the case where the channel is not only noisy but afflicted with 
multipath. Suppose, for example, that the impulse response of the channel consists 
of a pure delay followed by an impulse response that is smeared out over a finite 
time span, as sketched in Figure 9.5. Suppose that the time duration of the ONE or 
ZERO sequence is comparable to the time span of the multipath. Then, when the 
transmitted signal is convolved with the channel impulse response, severe inter­
ference will be experienced at the receiver-interference within the bit code and 
from one bit code sequence to the next. The phenomenon is known as "intersymbol 
interference." Our goal is to solve this problem with adaptive filtering, by modeling 
the multipath characteristics of the channel. 

Modeling an unknown channel to obtain a close approximation to its impulse 
response could be done as shown in Figure 9.7. ONEs and ZEROs are not 
transmitted in th.is case. Instead, a single known pseudorandom sequence is trans­
mitted cyclically into the channel. The channel output is observed at the receiving 
site. The adaptive ftlter output is compared with the channel output, which in th.is 
case is the desired response. The filter is adapted to minimize mean-square error, 
where the error is the difference between the channel output and the adaptive model 
output. Problems of synchronization introduced by the unknown bulk delay of the 
channel are avoided by the cyclic repetition of the pseudorandom sequence. It is 
necessary, however, that the transmitter and receiver clocks run at the same rate in 
order for the adaptive filter to converge to a model of the multipath channel. The 
time duration of the pseudorandom sequence should be longer than the time span of 
the multipath (the duration of the channel impulse response, excluding the bulk time 
delay). The memory time of the adaptive filter must be at least as great as the time 
span of the multipath. Notice that, for the system configuration of Figure 9.7, 
channel noise has no effect on the converged least-squares solution for the channel 
model. The cross-correlation in Figure 9.7 is used to measure the effectiveness of the 
adaptive model, to slew the receiver clock, and so on. 

A digital communication system using fixed nonadaptive channel models is 
diagrammed in Figure 9.8. An unrealistic assumption is made here for sake of 
argument-that an exact model of the channel is available at the receiver. As with 
the system of Figure 9.6, the two pseudorandom data bit sequences representing 
ONE and ZERO are selected to correspond at both transmitter and receiver sites. 
Once again, the data bit train is encoded by setting the key to select the proper code 
sequence at the transmitter. At the receiver, identical versions of the channel model 
are driven by the ONE and ZERO sequences, which are repeated as described 
previously. The model outputs are cross-correlated against the received channel 
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output in a continuous data-flow process. The comparator makes ONE or ZERO 
choices as one or the other cross-correlator output peaks up at the proper time 
instants, spaced corresponding to the transmission rate of the information bits. The 
two receiver clocks are synchronized, and their phasing would need to be slewed to 

maximize the correlator output peaks. 
In a practical system, some method must exist at the receiver to find the 

channel model. The method for obtaining the channel model by the adaptive 
process of Figure 9.7 is a workable one, except that transmission of real data is 
precluded since only one pseudorandom sequence is transmitted and repeated over 
and over again. A more comprehensive approach for channel modeling during 
actual data transmission is suggested by the scheme of Figure 9.9. The transmitted 
signal is generated as before, consisting of ONE and ZERO sequences representing 
the data. At the receiver, locally generated synchronized ONE and ZERO sequences 
are summed and fed to the adaptive modeling filter, whose output is compared with 
the signal emerging from the multipath channel. The filter is adapted to make a best 
least-squares match to the channel output. Since the adaptive filter input contains a 
sum of both the ONE and ZERO sequences, the received data will be correlated with 
one of these sequences or the other, roughly depenrung on whether a ONE or ZERO 
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Figure 9.9 Adaptive channel modeling during actual data transmission. 
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is being received at the moment. The adaptive filter of Figure 9.9 will converge to a 
least-squares solution which will be identical to the solution resulting from the 
scheme of Figure 9.7, except for a scale factor. As in Chapter 2 [Equation (2.17), 
etc.] the least-squ~es solution is R- 1 P. Comparing the two modeling schemes, the 
R-matnces at the mputs to the adaptive filters will be identical except for a factor of 
2, but the P-vectors will be the same. 

. Consider the following argument. Let the pseudorandom (PN) sequence in 
Figure 9.7 be, for sake of argument, the same as the ONE sequence in Figure 9.9. 
This sequence repeated over and over again will have an associated R-matrix. The 
components of the P-vector for the system of Figure 9.7 will be equal to the 
cross-correlation function between the repeated PN sequence and the multipath 
channel output. Referring now to Figure 9.9, the P-vector will be the same here as 
above regardless of the keying activity at the transmitter since the channel output 
will be correlated with the adaptive filter input whether the received signal is derived 
from transmission of either the ONE sequence or the ZERO sequence. (Recall that 
the ONE sequence is designed to be essentially uncorrelated with the ZERO 
sequence.) The R-matrix, on the other hand, will be twice as large for the adaptive 
filter of Figure 9.9 as for that of Figure 9.7. The reason is that in Figure 9.9, the 
R-matrix equals the sum of the R-matrix due to the repeated ONE sequence alone 
and that due to the repeated ZERO sequence alone. (Recall that the two sequences 
are designed to have identical autocorrelation properties.) The result is that the 
converged weight vector in Figure 9.9 will be half that of Figure 9.7. Since scaling in 
the channel model is unimportant when applied as in Figure 9.8 (where the final 
output decisions are made by a comparator), the scheme of Figure 9.9 will be as 
effective as that of Figure 9.7, yet it will permit actual data transmission. This 
scheme for adaptation during data transmission was invented by Michael J. Ball.t 

It should be noted once again that noise in the channel will not affect the form 
of the least-squares solution but will cause noise in the adaptive weights. Good 
results with high channel noise will necessitate slow adaptation (keeping misadjust­
ment low). This would only be workable when the channel impulse response is 
stationary, or if nonstationary, it must be slowly varying. Rapid variation in the 
multipath characteristics accompanied by high channel noise will cause the scheme 
to fail. Good success will result with either low noise or slow channel variation 
(most physical channels vary over time) or both. A system utilizing adaptive channel 
models and incorporating Ball's method of adapting the channel model while 
transmitting and receiving actual data is shown in Figure 9.10. The cross-correlators 
are represented by multipliers followed by " leaky" (single-pole) integrators. 

Slewing the phase of the receiver clock is not necessary since the impulse 
response of the adaptive filter would advance or retard itseU as required to make its 
output achieve a best fit to the actual channel output. This would automatically 
cause the correlator output peaks to be maximized. The system of Figure 9.10 has 
been tested for acoustic communication and has been shown to be workable in the 
presence of multipath, channel noise, and slow channel nonstationarity. 

t Private communication. 
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ADAPTIVE MODELING IN GEOPHYSICAL EXPLORATION 

Seismic reflection technology is the primary tool used in exploration for oil and gas. 
Geologic formations have been laid down over tens of millions of years. These are 
layers of material such as sand, sandstone, silt, shale, clay, and so on. In order that 
hydrocarbons such as oil and gas be able to accumulate, there must be a suitable 
reservoir. This generally consists of a porous rock, for example a layer of sand, and 
an impervious rock to cap and seal the reservoir to prevent the escape of the 
hydrocarbon. Oil and gas are generally lighter than surrounding fluids and therefore 
tend to float upward. A typical material that would cap a reservoir might be clay or 
shale. Natural layerings and faultings in the earth create traps or potential 
reservoirs. Most traps contain salt water rather than hydrocarbons. Thus the ex­
istence of a trap is a necessary condition for the accumulation of oil or gas, but 
unfortunately not a sufficient condition. When exploring in a new area, one uses 
seismic reflection techniques to identify traps or to identify regions where traps are 
likely to exist. [n most cases, this provides the best and most useful information for 
exploration purposes. 

In seismic exploration, a source of seismic energy is typically activated on the 
surface of the earth. On land, dynamite may be exploded to apply a seismic impulse 
to the earth. Or a source of vibration could be used which could be pulsed or 
continuous. On water, a spark source or an air gun could be used to impart 
underwater mechanical impulses which propagate through the water to the sea 
bottom and into the earth below. The earth behaves like an elastic medium, 
approximately linear. As the seismic waves (which are like acoustic waves except 
that the earth is able to propagate shear waves as well as compressional waves) 
propagate from one geologic layer into another, change of material often is accom­
panied by change in seismic impedance, which causes reflections. Detection of 
reflections allows one to detect changes in material and thus detect layering in the 
subsurface. Formation layers frequently extend laterally over distances of many 
kilometers. By measuring the time delay along a reflection path from the surface 
down to a reflection plane and back up to the surface and invoking some knowkdge 
of the speed of propagation, one may estimate the depth of the reflection plane. If 
this plane is sloped ("dipped") or if it is curved rather than flat, the nonflatness can 
be determined by measuring two-way travel time from many points on the earth's 
surface down to the reflection plane. In this way, layerings and potential traps and 
locales where traps might exist can be identified. 

Adaptive modeling techniques can be used to measure two-way travel times 
from the surface down to multiple-layered reflection planes. Described here is a 
method for doing this based on U.S. patent 2,275,735 by R. T. Cloud, filed on June 
23, 1939, and issued as a patent on March 10, 1942. We shall take some liberties 
with Cloud's invention, modernizing it by incorporating adaptive filtering tech­
niques. 

Figure 9.11 is based on Cloud's patent. Signals are received by geophones 13 
and 14. These are similar to low-frequency microphones which are coupled to the 
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earth. They produce output voltage waveforms corresponding to the vertical velocity 
of motion of the earth's surface in response to seismic waves. These waves propagate 
along ray paths as indicated in Figure 9.11. Geophone 13 is placed very close to the 
seismic source. It receives radiation from the source via a direct path 1. We will 
assume that this path is so short that its propagation delay is negligible. Geophone 
13 also receives reflections from layers 7, 8, and 9 via the dashed ray paths 15, 16, 
and 17. We will assume that the signals of geophone 13 resulting from the dashed 
paths are negligible in amplitude compared to the strong signals from the nearby 
seismic source arriving via direct path 1. Thus the output of geophone 13 is 
synchronized with and corresponds to the earth motion imparted by the seismic 
source. 

The seismic vibrations received by geophone 14 via paths 2, 3, and 4 are the 
"layer-identifying" signals. Path 5 is a surface duct and is not of geologic impor­
tance. If the seismic source in Figure 9.11 were to impart an ideal (perfect) impulse 
to the earth, the electrical impulse response at geophone 14 might appear as sketched 
in Figure 9.12. The adaptive filter of Figure 9.11 should develop an impulse 
response, after convergence, that matches this ideal impulse response. To achieve 
this result, the seismic source would need to deliver a broadband signal to the earth. 
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This could be a sinusoidal signal of continuously varying frequency as suggested in 
Cloud's patent, or it could be broadband random noise. The adaptive filter would 
become, upon convergence, a "dummy earth," quoting Cloud. The time delays of 
the various reflecting paths would be apparent from the converged adaptive filter 
impulse response. These delays have important significance in geological studies. 

The Cloud patent did not contemplate a dummy earth with a very large 
number of delay-line taps. The number of taps was chosen to be equal to the 
presumed number of discrete paths from the vibration source to geophone 14. The 
tap spacings and tap weights were adjusted manually to make the error as small as 
possible as seen on an oscilloscope. It is interesting to note that Wiener had not yet 
developed his filter-optimizing concepts and Cloud was already developing a manu­
ally adapted adaptive filter. Minimizing the mean-square error was apparently not a 
part of Cloud's idea, however. Nor were adaptive techniques available for adapting 
a large number of weights automatically. Adjusting the delays automatically is still a 
problem at the time of this writing. 

A transversal filter with a very large number of weights would converge to a 
solution having most of the weights near zero, with a few having large values as 
required to match the actual character of the geologic multipath. A more efficient 
modeling process would use weights and taps sparingly as Cloud suggests. To do 
this with an automatic adaptive filter, it would be necessary to adapt both weight 
values and delay times. For fixed delays, whether uniformly spaced or not, the 
mean-square error would be a quadratic function of the weights, with a stationary 
seismic source. On the other hand, the mean-square error would not be a quadratic 
function of the tap delay spacing. Methods of adapting the tap spacings are under 
development [3] . 

Somehow Cloud's method was lost in the labyrinth of technology. But with the 
advent of adaptive filtering techniques and digital software and hardware for their 
implementation, Cloud's method is now a feasible tool in geological exploration. A 
new patent application modernizing this method has been filed by B. Widrow. 
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ADAPTIVE MODELING IN FIR DIGITAL FILTER SYNTHESIS 

The synthesis of digital filters can be accomplished by making use of adaptive 
modeling techniques. The basic idea for the synthesis of FIR digital filters is 
represented in the block diagram of Figure 9.13. The adaptive filter, upon con­
vergence of the adaptive process, will assume an impulse response that best satisfies 
a set of design specifications. These specifications are embodied in the box labeled 
"pseudofilter." The pseudofilter does not exist because a filter to meet the exact 
specifications will generally not be physically realizable. The pseudofilter is concep­
tual only. Its purpose is to tie the filter synthesis problem to the plant modeling 
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Figure 9.13 Scheme for the adaptive synthesis of a specified filter: (a) excitation of 
a single frequency, /i; (b) excitation at N different frequencies. 
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problem. It need not exist physically in order for filter synthesis to be performed, as 
we shall see. 

Let us assume that the filter specifications are given in the form of a frequency 
response, as discussed in Chapter 7, that is, a set of requirements that the filter have 
prescribed gain magnitude and phase characteristics at the discrete frequencies 
f,, /2 , ••. , f N• measured in hertz. Generally, the number of weights to be used in the 
digital filter will be specified, thus defining L, the size of the adaptive filter. The 
adaptive process finds a design solution that is a best fit (in the minimum mean­
square-error sense) to the specifications. 

Referring to Figure 9.13, the adaptive filter models the pseudofilter derived 
from the design specifications. These specifications cannot in most cases be met 
perfectly in their entirety. f!owever, we imagine the existence of the pseudofilter 
having a frequency response, magnitude, and phase perfectly meeting the design 
specifications. 

In Figure 9.13(a), an input sinusoid of the form 

(9.5) 

is applied to both the pseudofilter and the adaptive filter. The frequency / 1 is one ot 
the specification frequencies. The output of the pseudofilter, which is assumed to be 
linear, is 

(9.6) 

The adaptive filter has this output as its desired response. Notice that it is not 
necessary for the pseudofilter to exist. Only its output signal is needed for the 
adaptive process, and this output can be readily constructed knowing the design 
specifications. The coefficient a I is the design response magnitude at frequency /,, 
and the angle 8, is the design phase shift at frequency / 1. 

In order for the specifications to be met ( or at least closely approximated) at 
many frequencies simultaneously, an input comprising a sum of sinusoids, one for 
each of N specification frequencies, is applied to both the pseudofilter and the 
adaptive filter in Figure 9.13(b). This input is 

N 

x(t) = L sin21rf1t 
1~ 1 

(9.7) 

The output of the pseudofilter, the desired response for the adaptive filter, is 
accordingly 

N 

d(t) = L a1sin(21Tfit + 81) (9.8) 
1-1 
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When specifications cannot be perfectly met at all frequencies, it is sometimes 
desirable to have specifications more tightly met at certain frequencies than at 
others. Certain parts of the design frequency response may be more critical than 
others. This can be accomplished easily by having input sinusoids with various 
individual amplitudes, rather than all unit amplitudes, and scaling the components 
of d(t) accordingly. The larger the amplitude of the input sinusoid, the more tightly 
will the specification be held at its frequency. When practicing this technique, the 
Ith individual input sinusoid is scaled by c1 and is given by 

(9.9) 

with c1 being a positive constant "cost function" for all l. The input signal , again a 
sum of sinusoids, is now 

N 

x(t) = L c1sin21rftf 
/ - 1 

The desired response, the output of the pseudofilter, is 
N 

d(t) = L a,c,sin(21rf,1 + o,) 
1-1 

(9 .10) 

(9 .11) 

Once again, the design specification magnitude is a, and the phase shift is 01 at 
frequency / ,. 

The adaptive filter converges to a least-squares solution which provides a best 
least-squares fit to the design specifications. The form of this solution is of interest. 
The least-squares solution has been discussed in previous chapters, particularly 
Chapters 2 and 7. The algebraic form of the least-squares solution in the case of the 
adaptive linear combiner was given first in (2.17). Using the correlation notation in 
(7.62) and (7.63), the solution is 

W* = R- lp = [t(O) 
</>x,{L) 

(9.12) 

As before, L + I is the number of weights in the adaptive linear combiner. Since we 
know the signals d and x , we can compute the correlation functions in (9.12). As in 
Chapter 7, let us define 

T £ time step between samples 

Then, from (7.38) and (9.10) we have 

<i>x,(n) = E[x(I - nT)x(t)] 

(9 .13) 

(9 .14) 
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Since the expected value of the product of two sinusoidal time functions of different 
frequencies is zero, (9.14) becomes 

<i>xAn) = E[ £ cJsin21rfh - nT)sin21Tf1t] 
1- 1 

Using the trigonometric identity 

sin21rfi(1 - nT) = sin21r/1tcos21rf,nT - cos21rf1tsin21rf1nT 

(9.15) becomes 

(9.15) 

(9.16) 

<i>xx(n) = E [ ,~ c;sin221rf,1cos 21rf1nT - cJsin 21rf,1cos 21Tf1t sin 21rf1nT] 

= E[ £ cJsin2 21rfi1cos21rf,nT] 
1- 1 

N l 
= L 2 c}cos 21rf,nT 

1- 1 
(9 .17) 

In obtaining (9.17), we recall that sine and cosine waves are uncorrelated and that 
the mean square of a sine wave is half the square of its amplitude. Thus in (9.17) we 
have all of the elements of the R-matrix in (9.12). The elements of the cross-correla­
tion vector P may be found in like manner. From (7.37), (7.63), (9.10), and (9.11), 
we have 

q,d,(-n) = E[x(t - nT)d(t)] 

(9.18) 
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Using (9.17) and (9.18) in (9.12), we can_ wri_te explicitly the least-squares 

solution for the adaptive filter weights. The solution IS 

W* = 

N 

I.:C? 
l~ l 

N 

L cfcos27f/1T 
/ = ! 

N 

L cfcos2L7T/1T 
/~ ! 

N 

N 

L cfcos27T/1T 
1= 1 

N 

L cf 
1- 1 

L a1cfcos(21f/1T + Ii,) 
X 1= 1 

N 

L a,cJcos(2L7f/1T + Ii,) 
1- 1 

- 1 
N 

L cJcos2L7f/1T 
/ = l 

(9.19) 

Some simplifications in this formulation result when the various specification fre­
quencies are uniformly spaced and when the input sine waves _are all of the same 
amplitude. Equation (9.19) provides a general form of the solution. . . . 

The least-squares solution in (9.19) does not in '.tseUg1ve much ms1ght mto the 
filter design. In some ways the adaptive process m. Figure 9.13 1s _much more 
appealing. The least-squares solution is often valuable m the computer 1mpl_ementa­
tion of the design process, however, because the R-matrix and the P-~ector m (9.19) 
can be computed directly from the design spec1ficahons. If the_ adapttve weights are 
fixed at W*, the least-squares solution, the mean-square error 1s 

(9.20) 

where s, is the complex transfer function of the specified pseudofilter at frequency 

/ 1, that is, 
(9 .21) 

and Ht is the complex transfer function of the optimal adaptive linear combiner 
with weights w * at frequency/,. In Chapter 7 we saw that the transfer function for 
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the adaptive transversal filter is 

L 

H*(z) = L w,7z - n (9.22) 
11 = 0 

and we also saw that eiw = e,nr is substituted for z to obtain the frequency 
response. The normalized angular frequency corresponding to / 1 is, of course, 

so H/ in (9.20) becomes 

L 

Hi* = L wn•e -J21t nf,T 

11=0 

(9.23) 

(9.24) 

In obtaining (9.20) we have used the idea that the error is a sum of sinusoids and 
that the power of the sum is ilie sum of powers when the sinusoids differ in 
frequency. 

The cost weighting can be determined by "cut and try." No general analytical 
procedure for its determination has been devised so far. When designing a filter, one 
might make all the e's equal at the outset, then examine the resulting filter frequency 
response, then increase the values of the c 's at frequencies where one wishes closer 
adherence to specifications, and so on. Experience has shown that this is not 
generally a difficult process. Although one would really like to have an analytical 
procedure to determine the e's, the cut-and-try method seems to be quite efficient. 

Without using the least-squares solution (9.19), one can adjust the adaptive 
filter using the LMS algorithm and thereby closely approximate the optimal solution. 
The procedure is simple and involves generating the sums of sinusoids in (9.10) and 
(9.11) to provide the proper training inputs for the adaptive filter, as illustrated in 
Figure 9.13. The adaptive method is often used when the filter to be designed 
requires a large number of weights. Using the formula in (9.19) would require the 
solution of a large number of simultaneous linear equations. If the number of 
weights is 256, for example, one would need to solve 256 linear equations for 256 
unknowns. Depending on computer characteristics, one might find it more conveni­
ent to use the LMS algorithm for filter design rather than to use the analytical 
approach. 

Because of the flexibility of this synthesis approach, unusual filter designs can 
be realized in addition to the more classic low-pass, high-pass, and bandpass designs. 
Figure 9.14 shows the results of an attempt to design a 50-weight filter by specifying 
its frequency response at 100 frequencies spaced evenly over the entire Nyquist 
interval, from zero to one-half the sampling frequency. The goal was to design a 
filter whose amplitude response was specified to vary linearly on a dB scale from 
- 50 dB at zero frequency to 0 dB at one-fourth the sampling frequency, and to have 
a constant gain of - 60 dB from one-fourth to one-half the sampling frequency. The 
specification is indicated by small crosses on the phase and magnitude plots. The 

i 
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Figure 9.14 Adaptive synthesis or an unusual digital filter specification using a 

uniform cost function. 
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least-squares solution is superimposed on these plots. The specification required a 
linear phase characteristic providing a phase shift of about - 13,r radians from zero 
frequency to one-fourth the sampling frequency. Note that the phase and amplitude 
specification were more closely met where the filter gain magnitude was high (see 
Exercise 24). 

In Figure 9.14, the e's, comprising the cost function, were chosen equal, as 
shown at the top of the figure. The same design was attempted again, but this time 
the e's were not all chosen to be equal. The results are shown in Figure 9.15. By 
increasing the values of the e's at some frequencies and reducing the values at other 
frequencies, an improved frequency response characteristic resulted. The design 
results were displayed using an interactive computer terminal. The effects of changes 
in the e's were immediately visible. Raising the e's of course causes tighter 
adherence to the specifications at the corresponding frequencies and reducing the c 's 
has the opposite effect. One must closely compare the results shown in Figures 9.14 
and 9.15 to see how the varying cost function was used. In some cases, a single 
isolated c-value was increased to suppress an individual undesired lobe of the 
frequency response. 

In many cases, a linear-phase characteristic or a zero-phase-shift characteristic 
is desired. As we saw in Chapter 7, linear phase corresponds to a time delay while 
zero phase corresponds to no time delay. Figure 9.16 shows first a noncausal filter 
that has an exact phase shift of zero at all frequencies, then a causal version that is 
the same except for a time delay. 

The tap weights are chosen in a symmetrical fashion about the central weight. 
Using the relationships in Chapter 7, we can easily show the linear phase characteris­
tics of these filters. For the upper filter we have 

I, 

H(z) = Wo + L w1(z 1 + z - 1) 

1-1 

L 

H(e fw ) = Wo + 2 L w,cosw 
1- 1 

(9.25) 

Since the transfer function is real , the phase must be zero. For the lower filter we 
have the same transfer function multiplied by z - L (i.e., by e-JLw): hence the 
linear-phase characteristic. In the event that there is an even number of weights in 
the linear-phase filter, the two central weights must be made equal and the other 
weights chosen symmetrically about the central weights. 

An adaptive process to adjust the linear-phase weights to minimize mean-square 
error while maintaining the symmetry constraint can be obtained by modifying the 
LMS algorithm. Referring to the zero-phase diagram in Figure 9.16(a), one adapts 
the central weight IVo in accord with (6.3): 

(9.26) 

The weights surrounding \Vo must then be initialized in pairs to equal values and 
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Figure 9.15 Adaptive filter synthesis as in Figure 9.14. but with a nonuniform cost 

function. 
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(a) 

Xk.,_' • • 

(b) 

Figure 9.16 (a) Noncausal zero-phase filter; (b) causal linear-phase filter. The two 
versions are identical except for a time delay. 

then adapted identically in pairs according to 

221 

(9.27) 

We can see that this algorithm will satisfy the symmetry constraint, ensuring a linear 
phase characteristic. It is also clear that with the weights locked together in 
symmetric pairs, the mean-square error is a quadratic function of the weights 
(although the number of degrees of freedom is roughly equal to half the number of 
weights). The gradient estimate is unbiased, so the algorithm is again a steepest­
descent algorithm. 
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Thus the algorithm in (9.26) and (9.27) will always give a linear-phase 
characteristic, but will otherwise permit a wide variation in frequency response. Let 
us now consider an example. 

Figure 9.17 shows the results of an attempt to synthesize a 50-weight low-pass 
filter with linear phase. As expected, the phase response meets the specification, as 
shown in the figure. The amplitude specification is almost perfectly met between 
zero frequency and one-fourth the sampling rate. Between one-fourth and one-half 
the sampling rate, the specification calls for a gain magnitude of - 100 dB, as shown 
in the lower plot. This specification was not achieved, but the gain everywhere in 
that range was lower than - 20 dB and in most places was lower than - 30 dB. This 
form of the filter, although suboptimal, would be useful for some applications. 

Better results could have been obtained by using more weights, because the 
SO-weight filter could control the complex gain only at 25 frequencies. On the other 
hand, better results may also be obtained by adjusting the c 's. For example, the cost 
function was adjusted as shown in Figure 9.18. Again the phase response meets the 
specification exactly as expected. To obtain the amplitude response, the cost func­
tion was reduced in the passband and increased in the stop band. The result was a 
10-dB loss of gain in the passband, but the stop-band gain was substantially reduced 
to below - 40 dB. This makes the stop-band gain at least 30 dB below the passband 
gain, thus producing an improved design. The cost function was made especially 
high at a few frequency points to suppress the strongest unwanted lobes in the stop 
band, near the transition between passband and stop band. 

As a final example, a notch filter with a broadband notch and a linear-phase 
characteristic was designed using these methods. The results are shown in Figure 
9.19. A flat response was obtained in the passbands. The stop-band gain specifica­
tion of - 50 dB was not achieved perfectly, but at least - 20 dB was obtained. 
Other designs may be produced similarly, and the method may be especially useful 
in cases where the specifications are unusual and analytical "cookbook" methods 
therefore do not exist. 

EXERCISES 

1. The modeling problem shown below is similar to the one discussed at the beginning of 
the chapter. Assume that x k is given by 

xk = RANDOM(l.) - 0.5 0 .'.5 k .S 500 

with the random numbers coming from the routine in Appendix A, initialized with 12357 
as shown in the appendix. For this exercise assume that there is no noise, let L = I and 
µ = O.lf'mu • and make plots of "bk and w1, versus k over a range of k long enough to 
show convergence. 

i .. ' 
l ! d 

l,tl! r" 
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nk (noise} 

xk (white 
random ._ __ ,,___.-l 
signal) 

2. What is the theoretical learning-curve time constant in Exercise l? 

3. Check the answer to Exercise 2 by running Exercise l 100 times (do not reinitialize the 
random routine) and plotting a curve of £( ,; ] versus k over a range large enough to 
show convergence. 

4. Repeat Exercise 3 with µ = 0.0Sµn,ax and explain the different learning curve. 

5. Repeat Exercise l with L = 3. Plot all four weights on the same graph and explain the 
behavior of the weights versus k . 

6. Repeat Exercise 3, this time using independent white noise, [n.J, with E[nf] = 0.00833. 
Explain the different learning curve. Comment on the learning-curve time constant. 

7. For the system shown below, let x, again be generated as in Exercise 1, let µ = 0,2/lmax, 
let L = 2, and assume no noise. Make a theoretical plot of E[ ,f] and an experimental 
plot of ,[ versus k on the same graph. 

n, 

x, .,__.,...._.-l2 - 3.6z- 1 + 2.6z- 2 

1------•· 

8. Do Exercise 7 with µ = 0.0Sµ max . 

9. Do Exercise 7 with (11 ,] a white-noise sequence having power E[n;] = 0.01. 

10. Assume the conditions of Exercise 7, but let L = l. Without reinitializing the random 
routine, make 100 adaptive runs out to k = 200 iterations, and plot an experimental 
curve of E[,z] versus k. Comment on the excess MSE and the learning time constant. 

7 
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11. Assume the conditions of Exercise 7, but this time with L = 3. Make three adaptive runs 
without reinitializing the random routine, and plot the weights versus k for each run. 
Compare the curves and comment. 

12. Assume again the conditions of Exercise 7, but for this exercise let x, be a unit sinusoid, 

. 2,,,k 
x, = sm15 

and let L = l. Make an experimental plot of ,f as well as the two weights versus k, and 
discuss the results. 

13. In the modeling situation shown below, describe the conditions under which ,, can be 
driven to zero. Assume that x, is as described in Exercise 1. 

0.2 
1 - o.az- 1 

14. For the conditions in Exercise 13, plot a theoretical curve of E[,zlm,n versus L. 

15. In addition to the conditions in Exercise 13, let L = 8 andµ= 0.2 µm ax· Plot a curve of 
, ; versus k over a range of k long enough to show convergence. 

16. Make an adaptive run with the multiple-signal configuration in Figure 9.4 using the 
following plant: 

Hu(z) = 1 - , - 1 

H12(z) = H21 (z) = 0.4,- 1 

H22 (z) = l + 0.82 · 1 + 0 .Sz- 2 

Let [x1,l and [x2k] be white random sequences generated by taking alternate samples 
from [x,l in Exercise 1, starting with x 10 , then x 20 , then xu, and so on. Let each 
adaptive model be of the form 

G(z) = w0 + w1, - 1 + w2 z ·· I 

and let µ = 2. Make the run long enough to show convergence and plot ,f, and •l, 
versus k to illustrate convergence. 

17. Explain in your own words why the term "spread spectrum" is used when information 
bits are represented by pseudorandom sequences. 

;i 
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18. To provide an exercise that involves adaptive modeling of a multipath channel, we 
modify Figure 9.7 as shown below, with the following specifications: 

PN sequence: 11101000 

Impulse response of 
multipath channel: H( z) = 1 - o.sz - 1 + 0.25z __ , + 0.4z- 7 - 0.2z · • + o.12z - 9 

Adaptive filter length: L + 1 = 12 

µ= 0.4 

Using the repeated PN sequence, run the adaptive process to convergence. Plot , } versus 
k. Plot and compare the channel and adaptive impulse responses. 

PN sequence 
generator 

Channel 
with 
multipath 

19. Do Exercise 18 using the PN sequcnr.:e 1111000011010010. Comment on any overall 
changes in perfonnance. 

20. The diagram below represents a situation similar to Figure 9.11 , where we are attempting 
to measure the earth's impulse response. Let the earth response be 

H( z) = 1- 102 + ,-112 + z - 11• 

which represents three earth paths(delays) from source to geophone. The delay, z- 100 , is 

Chirp 
signal 
x, 

Earth 

Dummy earth 
30 

H(z) = E wfz ·" ~ 
., .. o 

H(z) = 2 - tO?. + 2 -112 + 2 ~ 119 
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to compensate for most of the path delay. Let the signal x. consist of chirps of the form 

. 2Q,,,k 
sm 220 - k 

repeated at k = 0, 200,400, . .. . First plot the earth response, Yk. Then select an ap­
propriate value for µ and plot ,f versus k to convergence. Discuss the form of the 
converged weight vector. 

21 . In the adaptive filter synthesis application, suppose that the input, xk, consists of N unit 
sine waves spaced evenly at N frequencies from zero up to (but not including) one-half 
the sampling rate. Provide a simple formula for xk as a function of k. 

22. Do Exercise 21 using cosines in place of sines. 

23. Suppose that a filter is to be synthesized adaptively as in Figure 9.1 3(b), using equal 
excitation of 16 frequencies spaced evenly as described in Exercise 21. The pseudofilter 
has unit gain at all frequencies and phase shift, (}, shown below. Assume a uniform cost 
function and 12 adaptive weights. Select an appropriate µ and run the LMS algorithm to 
convergence. Then plot the gain and phase shift of the adaptive filter. Suggest possible 
subsequent modifications to the cost function. 

24. When a filter is synthesized as in Figure 9.13(b) and the pseudofiltcr has varying 
amplitude gain, explain why the synthesis tends to be more accurate at frequencies where 
the pseudofilter gain is high. 

"-
3 0 

0~------1,~------l------+--W 

25. A digital signal sk is transmitted through a linear transmission channel that introduces 
both distortion and additive noise. The transfer function of the channel is 

H( z) - l 
C - 1 - 0.3z-J 

The channel noise (referred to the output) is uncorrelated with the signal and has 
autocorrelation 

<1>nn(n)=a8(n) 

At the receiving (output) end, a Wiener filter l10 (z) (which could be causal or noncausal) 
is to be used to unravel the effects of the channel while minimizing noise. The desired 
receiver output is the signal s• itself. Its autocorrelation is 

</>,, (n)=8(n) 

(a) Find an expression for f-l0 (z ). 
(b) Let a= 0. Find /10 (z). Explain th.is result. 
(c) Let a= l. Find H0 (z) , and find h0 k, the optimal impulse response. 



- 124 -

230 

ANSWERS TO SELECTED EXERCISES 

2. Tmse = 5 iterations. 
6. Tmsc is not affected. 

Applications 
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chapter 10 

Inverse Adaptive Modeling, 
Equalization, 
and Deconvolution 

In C~apt~r 9 the fundamental subject of direct modeling and adaptive system 
idenuficat10n was discussed together with several applications of the technique to 
practical problem~. In this. chapter we consider another form of modeling, inverse 
modehng, agam with examples that show how the method is used in solving practical 
problems. The inverse model of a system having an unknown transfer function is 
itself a system having a transfer function which is in some sense a best fit to the 
reciprocal of the unknown transfer function. Sometimes the inverse model response 
contains a delay which is deliberately incorporated to improve the quality of the fit. 

The best way to appreciate the importance of inverse modeling is to visualize 
useful applications. One such application to speech processing was mentioned at the 
end of Chapter 8. Applications to communications systems and to digital filter 
synthesis are described in this chapter. Applications to control systems are also 
possible, in which an inverse model of an unknown plant is used to generate control 
command signals to the plant. Adaptivity is required when the plant characteristics 
are unknown or slowly varying. These applications to control systems will be 
descnbed more extensively in Chapter 11. Other applications (e.g., to the deconvolu­
tion of seismic data) are described in the literature [18, 31]. 

In the communication applications in this chapter, we discuss dispersive 
channels such as telephone and radio channels. A dispersive channel is one in which 
signals at different frequencies travel with different velocities, or with different group 
delays. To understand these terms, suppose that we have a channel whose transfer 
function (a_s described in Chapter 7) is H( w ), where w is the normalized frequency. 
If we multiply H( w) by exp( - Jnw ), we introduce a delay of n time steps into the 
channel. More generally, if we multiply H( w) by exp( - J0), where 0 is a function 
of w: we introduce a group delay of d0/dw time steps into the channel [l]. In a 
physic_al channel such as an acoustic path or a radio link, the overall or total group 
delay 1s equal to the distance in the channel divided by the propagation velocity of 
the signal. The channel is said to be dispersive [2] if the group delay is a noncon­
stant function of frequency (i.e., if d 20/dw2 * O). 

231 
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In a dispersive channel, an adaptive filter can be placed at the receiving end to 
"equalize" the channel, that is, to provide a frequency and phase response in the 
signal pass band which is the inverse or reciprocal of that of the channel itself, and 
thus compensate for the dispersion. The waveform of the transmitted signal arrives 
at the receiver convolved with the impulse response of the channel. The equalization 
filter at the receiver input "deconvolves" the channel characteristic and restores the 
original waveform. Once again, adaptivity is required when the channel characteris­
tics are unknown or slowly time varying. 

GENERAL DESCRIPTION OF INVERSE MODELING 

One way to perform inverse modeling is shown in Figure 10.l(a). The unknown 
transfer function to be inverse modeled, called the plant in control systems terminol­
ogy, is seen with input sk. Noise n k is added to its output to represent internal plant 
noise. The noisy plant output xk is available as an input to the adaptive filter. 
Upon convergence, the adaptive filter output is a best least-squares match to the 
plant input. As in previous chapters, the minimum mean-square error generally 
depends on the number of weights in the inverse model, and a better fit giving lower 
mean-square error is sometimes possible if one is willing to add more weights to the 
adaptive system. 

Assume for the moment that the noise n k is zero and assume that upon 
convergence, the error Ek is very small. Let the value of µ, in the LMS algorithm 
(Chapter 6) be small so that convergence is slow with negligible misadjustment. The 
adaptive filter impulse response then is essentially static. Its transfer function will be 
the reciprocal of the transfer function of the plant. The transfer function of the 
plant cascaded with the converged adaptive inverse will be unity, and the impulse 
response of the combination will be a unit impulse with no delay. 

The ability to form an inverse with low mean-square error will generally be 
lirrri led by three factors: 

1. The presence of plant noise n k causes the output of the adaptive inverse 
filter to be noisy, raising the mean-square error. Also, the noise n k affects the 
converged impulse response of the adaptive inverse filter. This impulse response is a 
least-squares solution to the problem of simultaneously rejecting the noise n k and 
providing an inverse to the plant. In the presence of noise, the transform of the 
converged adaptive impulse response, a least-squares solution, will not generally be 
the reciprocal of that of the plant. 

2. The plant is generally a causal system, and generally the signal sk will be 
delayed as it goes through a physical plant. Such conditions would require the 
inverse to be a predictor, a task that can only be performed approximately by a 
causal adaptive filter in a statistical sense. In many applications a delayed inverse is 
acceptable, alleviating the need for prediction in the adaptive filter. The scheme of 

Chap. 10 Inverse Adaptive Modeling, Equalization, and Deconvolution 

Input 
s, ... -T----1>-l 

Input ... -..---1>-l 
s, 

Plant 

Plant 
P(z) 

Delay 

Plant 
noise 
n, 

(a) 

Plant 
noise 
n, 

Delayed inverse 
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Figure to.I Types of adaptive inverse modeling: (a) undelayed; (b) delayed. 
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Figure 10.l(b)_ produces such an inverse. Inclusion of the delay of t:,. samples 
generally permits much lower values of minimum mean-square error and causes the 
converged adapt_ive impulse response, when convolved with that of the plant, to 
approximate an impulse with a delay of t:i.. A delayed inverse is also advantageous 
whenever the plant is non-minimum-phase, that is, when the plant has zeros outside 
the unit circle i~ the z-plane. A reciprocal transfer function would then have poles 
outside the umt cucle. In order for such an inverse to be stable, the impulse 
response would need to be left-handed in time (i.e., noncausal). A delayed non­
causal impulse response could be approximated, however, by a causal impulse 
response truncated in time. 

. 3. The adaptive filter, when realized as an adaptive transversal filter, has a 
finite impulse response. Such an impulse response can only approximate an infinite 
impulse response when the latter is required to realize the optimal inverse. 

i: 
i, 
ill 
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In the absence of the noise n k• excellent inverses are realizable when enough 
weights are utilized within the adaptive filter , and when the delay I:,. is suitably 
chosen. The latter choice is generally not critical. When a delay in the inverse is not 
disadvantageous to the particular application, a good rule of thumb is to let I:,. be set 
to half the time length of the adaptive filter. Generally, much smaller delays would 
also prove to be effective in producing inverses which, in the configuration of Figure 
10.l(b), would perform with low mean-square error. If noise n k is present, its 
properties may have some effect on the best choice of/:,. . Also, if n k is of significant 
amplitude, distortion of the inverse solution will result. 

We will now derive least-squares solutions to some specific inverse modeling 
problems. These least-squares solutions represent ideal performance in that misad­
justment is not considered for the time being. This level of performance can be 
achieved only in the limit as the rate of adaptation is reduced toward zero. 

Refer to Figure 10.l(b). The transfer function of the plant is P(z). The 
autocorrelation function of the input, s , is</>,,(/) and the power spectrum [Equation 
(7.42)] is 4\x(z). The delayed inverse filter has the transfer function H(z) as shown 
in the figure. Let us assume that H( z) represents a nonrecursive adaptive filter 
having an infinite two-sided impulse response. Then the performance surface is, 
from (7.67), 

00 00 

L w,wm<i>xx (l - m) - 2 L W1</>dx( - I) (10.l) 
I - -oc m = - oo I= - oo 

As before, we obtain the least-squares weight vector, W *, by setting the derivatives 
of (10.1) with respect to the weights equal to zero. Thus 

ag '° a;-= 2 L w,<J>x,{k - I) - 2</>dx( - k) = 0 
k I = - oo 

Therefore, 

L wt<J>, ,(k - I) = <i>xAk) - oo ,;;; k ,;;; oo (10.2) 
,_ - oo 

We used (7.39) and (7.40) to obtain (10.2) from (10.1), and again the star designates 
that wt is an optimum weight value. 

The solution in (10.2) can be transformed just as (7.3) was transformed (with 
bn = 0) to obtain (7.8). The convolution on the left in (10.2) becomes a product, so 
we can write the z-transform of the optimum weight vector as 

H*(z) = z-transform of [ w;] 

(10.3) 

Thus the transform of the optimum weights is the ratio of the cross power spectrum 
between x and d to the power spectrum of x , the input to the adaptive model. 

7 
I 
I 
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Let us now examine the spectra in (10.3) for the case of Figure 10.l(b). From 
(7 .48), the input power spectrum is 

<I>xx (z) = <I>,, (z ) IP( z)l 2 + cI>nJz) (10.4) 

Here we have assumed that the plant noise is independent of the input. The cross 
spectrum, <I>xAz) in (10.3), may be found as follows. From (7.47) in Chapter 7, we 
have 

(10 .5) 

where G(z) is the transfer function from d to x . In Figure 10.l(b) we can see that 
the delay does not alter the signal power, so 

G(z) = zllP(z) and (10 .6) 

From (7.44) we know that <I>xd(z) is found from cI>d_, (z) by replacing z with its 
reciprocal, z-• . Thus, using (10.6) in (10.5) and applying (7.44), we have 

<I>xAz) = <I>d,(z - •) 

= z - Ap(z - ')<I>,,(z) (10.7) 

Notice that</>,,(/ ) =</>,,(-/); thus cI>,, (z) = cI>,, (z - 1). 

So from (10.3), (10.4), and (10.7), the transform of the optimum two-sided 
weight vector is 

z ·· ll4> ( )P( ··I) 
H*(z)= " z z 

<I>,,(z)IP(z)i 2 + il>nn(z) 
(10 .8) 

A special case of interest is that of inverse modeling without noise. Let the 
noise n k be zero. Then, since iP(z) l2 = P(z)P(z - 1) , 

z - !l 

H*( z ) = P( z) (10.9) 

This result requires, as one would expect, that the optimal transfer function be the 
reciprocal of the plant transfer function cascaded with a delay of /:,. . In this case, the 
minimum mean-square error would be zero, corresponding to a perfect fit. 

Ne' ther a perfect fit (zero mean-square error) nor a perfect inverse is obtained 
by the least-squares solution when noise n k is present, as may be verified from 
(10.8) . For example, let the plant transfer function be P(z) as above, and suppose 
that the plant input is a white signal with unit power. As in (7.34), we then have 

<I>,, (z) = 1 (10.10) 

Let us assume that the plant has white noise at its input. Then the noise n k in 
Figure 10.l(b) would not be white but would have its spectrum shaped by P(z). 
That is, cI>n n would have the form 

<I>nn(z) = pP( z )P(z - ' ) (10.11) 

where p is the total power of the white noise at the input (see Exercise 1). 
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Using (10.10) and (10.11) in (10.8), we now have a more specific expression for 
the transform of the optimal weights: 

( ) z- 6 <1>,,(z) 
H* z =------=:......:. ___ _ 

<1>,,(z)P(z) + <l>nn(z)/P(z - 1 ) 

(l+p)P(z) 
(10.12) 

Since the true delayed inverse transfer function is the same as (10.12) with p = 0, we 
see that the least-squares solution differs only by a scale factor. 

When there is noise and the weights are given by (10.12), we can use (7.65) to 
show the nonzero minimum mean-square error. Using the optimal H(z) in (7.65), 
we have 

(10.13) 

1n this result we substitute H* in (10.12), <l>"x in (10.7) with z - 1 replacing z, and 
<l>xx in (10.4). When we also use (10.10) and (10.11), the final result is 

p 
~min= 1 + p (10.14) 

Exercise 4 involves the detailed derivation of (10.14) from (10.13). As indicated in 
this result, the optimal inverse model is able to produce a zero minimum mean-square 
error only when the noise power, p, is zero. 

If the plant noise were different from (10.11), it is clear that a different H*(z) 
would result. 1n most such cases. H*( z) would be quite different in form from 
(10.12). The least-squares solution is quite sensitive to noise and could, in many 
practical circumstances, be rendered ineffective as a plant inverse by the plant noise. 

For the noise-free case in (10.9) we can see that H*(z) is nonrecursive only if 
the plant, P(z), has no zeros. If P(z) has zeros, the poles of H*(z) can only be 
approximated with a finite-length adaptive transversal filter. A two-sided infinite­
impulse-response optimal filter can be approximated with a causal finite-length 
adaptive filter if the length, L , is made sufficiently long and if the delay, .:l , is chosen 
appropriately. 

To illustrate the foregoing remarks, we will consider some more specific cases 
of inverse modeling. 

SOME THEORETICAL EXAMPLES 

We will now consider three examples of adaptive inverse modeling, using specific 
plants in Figure 10.1. An important purpose of these examples is to illustrate some 
of the problems that were not found in the direct modeling applications in Chapter 
9: causality and the determination of an op timal delay. 

l 
{; 
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For the first example we will assume that the plant noise, nk, is zero. The 
plant characteristic is given by 

First example: P(z) = 0.2 - 0.52 - 1 + 0.2 2 - 2 (10.15) 

Let us first assume the case with zero delay in Figure 10.l(a). With no noise, the 
ideal inverse of (10.15) is 

H*(z)= l 
0.2 - 0.5z-l + o.2z ·· 2 

20/3 
} - 2z- l 

5/3 
1-0.52- 1 

(10.16) 

Since the ideal inverse has a pole inside and a pole outside the unit circle, its impulse 

2 2.5 

A= 0 A= 1 

0 0.0 

-2 - 2.5 
0 20 0 20 
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A=2 A=4 
t 
.E.° 0 0 .!Z• 

~ 

-5 -5 
0 20 0 20 

5 5 

A=B A= 16 

0 0 

-5 -5 
0 20 0 20 

Weight index, £ 

Figure 10.2 (First example) Impulse response or the optimal least-squares adaptive 
inverse model. using various values of the delay .6.. 
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0 10 

Delay, A 

15 20 

Figure 10.3 (First example) Minimum mean-square error ver.sus delay with L = 20, 
Optimal delay is around A - 11. 

response must be two-sided to be stable. As discussed in Chapter 7, the term of the 
partial fraction expansion having a pole outside the unit circle can be made to 
correspond to a noncausal, stable left-handed impulse response component. See 
especially Exercise 26 in Chapter 7. Similarly, the term of the partial fraction 
expansion whose pole is inside the unit circle must correspond to a right-handed 
impulse response component. The ideal impulse response, ht, the inverse z­
transform of H *( z ), is therefore a string of pulses extending infinitely two ways in 
time, represented by 

k < 0 

k > 0 
(10.17) 

Equation (10.17) is a least-squares solution whose implementation would 
require an infinite number of weights as discussed above. An approximate reali­
zation of (10.17) by an FIR filter adapted to minimize the mean-square error will 
produce a solution that generally resembles a truncated version of (10.17). Using the 
configuration of Figure 10.l(b) with a 21-weight adaptive filter and the LMS 
algorithm and a white input, some FIR solutions for various values of the delay b. 
are shown in Figure 10.2. t The delay provides an additional adjustable parameter. 

t The experiments shown in Figures 10.2 through 10.11 were performed by ?\-fichae] J. Larimore. 
His assistance is gra tefully acknowledged. 
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Its choice has a substantial effect on the minimum mean-square error achievable and 
in that sense on the quality of the inverse. The minimum mean-~quare error versus 
the delay b. is shown in Figure 10.3. This error is high for zero delay, decreases to a 
minimum around b. = 11, then starts back up again as the delay is increased. The 
choice of delay is seen to be noncritical, however, and the general rule of thumb, in 
whkh we let b. be half the length of the adaptive filter, applies well here. 

The optimal FIR impulse response for b. = 8, seen in Figure 10.2, is close to 
the unconstrained two-sided geometric response of (10.17), delayed by 8 units of 
time. Since the total number of weights used was adequate, the two-sided FIR 
truncation had very little effect on the optimal impulse response shape and the 
corresponding performance. Essentially the same shape results, as b. is varied 
between 5 and 6; the impulse response is correspondingly delayed. When b. is less 
than 5, portions of the impulse response are truncated and the optimal impulse 
response shape changes. Radical changes take place when the delay b. goes from 1 
to 0. This is accompanied by a sudden increase in the minimum mean-square error. 
When b. is too large (e.g., larger than 16) truncation on the right takes place and the 
minimum mean-square error again goes up. The form of the optimal FIR filters 
shown in Figure 10.2 for various values of b. can, of course, be derived analytically 
starting with (10.13). The algebra is straightforward but not simple. The curve in 
Figure 10.3 has a slope that is characteristic of many different examples. 

Let us now turn to a second example. A more complicated plant impulse 
response is shown in Figure 10.4. This 41-weight impulse response is a string of 
numbers having no special mathematical form. An inverse with 21 weights was 
obtained by LMS adaptive filtering as in example 1. The input signal was white 
noise. The result is shown in Figure 10.5. The best delay was found to be b. = 7. 

20 
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Figure 10.4 (Second example) Plan t impulse response. 
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FigtJTe 10.5 (Second example) Impulse response of optimal inverse model with 
L 20 and A 7. 
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Figure 10.6 (Second example) Impulse 
optimal 21-weight inverse model with 

of 41-weight plant cascaded with 
7. 

Part IV Chap. 10 Inverse Adaptive Modeling, Equalization, and Deconvolution 

0 

Figure 10.8 
L = 100 and 

10 20 30 40 

Sample number, k 

Figure 10.7 (Third example) Plant impulse response. 

25 50 75 

Sample number, k 

example) Impulse response of optimal inverse model with 
73. 
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Figure l0.9 (Third example) Impulse response ol 41-weight plant cascaded "ith 
optimal IOI-weight inverse model with I!. - 73. 
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Figure 10.10 (1bird example) Minimum mean-square error versus delay size for 
three adaptive model lengths. 
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Figure 10.11 (Third examp1e) Minimum mean-square error versus inverse filter size 
with delay adjusted to near-optimal values. 
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The smallest value of ~min was about 1 percent of the input signal power. Figure 
10.6 shows a plot of the 41-weight plant impulse response convolved with that of its 
21-weigbt inverse, with !1 = 7. As expected, the response is essentially a unit 
impulse located at k = 7. Some small sidelobes are present, however. 

Finally, for our third example, we choose a 41-weigbt plant that is more 
difficult to invert. Its impulse response is shown in Figure 10.7. A 101-weight 
inverse was tested, and the converged solution with !1 optimized at 73 is shown in 
Figure 10.8. Convolving this inverse with the original plant gives the cascade 
impulse response of Figure 10.9, which is approximately a unit impulse at k = 73, 
with small sidelobes. The sidelobes and the minimum mean-square error can be 
reduced by using more weights in the inverse, if desired. Figure 10.10 shows a plot 
of the minimum mean-square error versus the delay 11, as the number of weights is 
increased from 41 to 81 to 101. In each case, !1 can be optimized, although it is 
interesting to note that wide ranges of !1 values produce uniformly low minimum 
mean-square errors. Often the value of !1 for minimizing mean-square error is 
noncritical. In each of the cases illustrated in Figure 10.10, letting !1 equal half the 
length of the adaptive filter would not be precisely optimal but would be quite 
satisfactory. We can see the reason for this in Figure 10.l(b). If the plant itself 
contains a substantial delay, the optimal value of !1 will exceed L/2, but will not be 
critical if Lis large. FinaJly, with !1 optimized in each case, Figure 10.11 shows how 
the minimum mean-square error decreases as the number of adaptive weights is 
increased. 



- 131 -

--

244 Applications Part IV 

Inverse modeling techniques are very useful and have many important applica­
tions. In the following sections we consider applications to communications systems 
and to digital filter synthesis, and some control systems applications are discussed in 
Chapter 11. 

ADAPTIVE EQUALIZATION OF TELEPHONE CHANNELS 

In telephone channels, dispersion causes interference between successive samples 
(intersymbol interference) and greatly complicates reliable transmission and recep­
tion of digital signals. The direct-modeling adaptive communication scheme 
described in Chapter 9 is useful in cases of severe multipath and poor signal-to-noise 
ratio, but we recall that the pseudorandom scheme requires many bits to be 
transmitted per data bit. Here we describe an important application where disper­
sion is present, but of moderate severity, and where noise levels are low so that 
pseudorandom coding is not required. The application is the reliable transmission of 
digital data over conventional telephone circuits, based on an inverse modeling 
scheme developed by Lucky [11, 12, 16) and others [13, 15, 17, 19, 28, 29). Instead of 
a pseudorandom sequence, this method involves the transmission of only one bit for 
each data bit. 

Much work has been done since the mid-1960s on the adaptive equalization of 
telephone data transmission systems. Typically, in these systems, interference caused 
by the dispersive characteristics of long-distance telephone circuits necessitates 
limiting the sampling rate to only a small fraction of the channel bandwidth. With 
adaptive equalization (now common in commercial digital data transmission sys­
tems), it is possible to signal at much larger fractions of the channel bandwidth. The 
noise in telephone lines is generally low, and typically the main problem is 
intersymbol interference. To combat this problem, one would ideally require an 
equalizer in the receiver with a transfer function that is essentially the inverse of the 
channel transfer function. By approximating the ideal case with adaptive equaliza­
tion, fivefold increases in data rates through a given channel with the same error 
probability are not uncommon. 

Although systems with multiple carrier frequencies are generally used, we can 
discuss adaptive equalization by studying a telephone channel with a single carrier 
being modulated by a digital signal. Accordingly, an ideal channel has the bandpass 
frequency response characteristic shown in Figure 10.12(a). This response is uniform 
within the passband and zero outside the passband. The cutoff frequency is at 
/ 0 ± /,0 as shown, and the channel bandwidth is 2/,0 • The phase characteristic, not 
shown, is ideally linear, causing only time delay with no dispersion. The channel 
impulse response, which is the inverse transform of the demodulated channel 
transfer function, is the sine function sho\\-n in Fig~rc 10.12(b). The group delay of 
the channel is not included in Figure 10.12(b). Let us assume that this channel is 
used to carry a single digital data stream, to which the entire bandwidth 2/,0 is 
dedicated. 
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Figure 10.12 Digital communicat ion in an ideal channel: (a) channel amplitude 
r~sponse; (b) irnpul~e response after demodulation; (c) typical channel output at 2/co 
btts per second (bll value at each strobe time is constant and independent of 
neighboring bit values); (d) diagram of conventional communication system. 
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Binary data are generally encoded by using a positive pulse to represent a 
ONE data bit and a negative pulse to represent a ZERO data bit. Thus a stream of 
data is transmitted as a string of positive and negative pulses. The channel, being 
linear, produces at tbe receiver an analog signal which is the convolution of the data 
pulses with the channel impulse response. Figure 10.12(c) shows a typical channel 
output response to a finite burst of data. The binary data are recovered at the 
receiving site by sampling the channel output. Suppose that the channel has an ideal 
frequency response and that the original data are transmitted exactly at tbe Nyquist 
rate for the channel (i.e., at 2/co pulses per second). Then, when one samples the 
received signal at this rate and precisely phases the receiver sampling strobe pulses 
so that they are synchronized with the transmitter clock pulses delayed by the 
channel bulk delay, one obtains with each strobe pulse a response due uniquely to a 
single data pulse. There should be no interference from neighboring data pulses, 
because the impulse response of the ideal channel in Figure 10.12(b) has zero 
crossings which are precisely spaced at intervals of l / (2fc0 ) . Choosing the right 
sampling frequency and phase at the receiver allows one to sample the channel 
output at the peak of each individual sine pulse, while neighboring sine pulses are all 
passing through zero. A communication system based on this principle is dia­
grammed in Figure 10.12(d). 

In reality. telephone channels are nonideal ; each channel characteristic differs 
from all others, and the characteristic of each channel changes slowly but signifi­
cantly over time. A typical impulse response might resemble somewhat the ideal 
response of Figure 10.12(b), but the zero crossings would generally not be un.iformly 
spaced over time. Accordingly, no signaling frequency and strobe phase could be 
chosen such that sampled outputs could be uniquely derived from individual sine 
pulses with no interference from neighboring pulses. This type of intersymbol 
interference could cause errors and could make the communication system especially 
error prone in the presence of channel noise. Since even nonideal channel impulse 
responses tend to decay over time in both directions from the response peak as in 
Figure 10.12(b), one could reduce intersymbol interference by signaling slowly, much 
slower than the Nyquist rate, leaving adequate spacing betwen impulse responses. 
This approach was used before the advent of adaptive channel equalizers. 

Greater speed and reliability in digital telephone communication has been 
afforded by the use of adaptive equalization. Figure 10.13(a) is a block diagram of a 
communication system using channel equalization. The adaptive equalizer forms an 
inverse transfer function for the channel within the channel passband. Outside this 
passband, its gain is small or zero. The cascaded gain magnitude versus frequency of 
the channel and the equalizer, the product of their gain magnitudes, is essentially flat 
(constant) within the passband, and is essentially zero outside the passband. The 
equalizer must also correct for phase distortion in the channel. The cascaded phase 
response (i .e., the sum of the phase responses) must be a linear function of frequency 
within the passband from zero to fco · If these requirements are met, the combined 
impulse response is the sine function described in the preceding section, and 
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Figure 10.13 (a) Overall communication system with adaptive channel equaliza­
tion; (b) details o f the adaptive equalizer with decision-direcicd learning. 
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intersymbol interference can be eliminated. Adaptation is required in the equalizer 
because of the unknown and time-variable character of the channel itself. 

The adaptive process is diagrammed in Figure 10.13(b)_ An adaptive transver­
sal filter (LMS filter) is used in the inverse modeling configuration described 
previously. Since the signal bandwidth of the input xk is limited by the bandwidth 
of the channel, the adaptive linear combiner is adapted to equalize the channel gain 
and phase characteristics only over the passband of the channel. In order to adapt, 
however, a desired response dk is of course required. If one knew the channel input 
and accounted for the channel bulk delay, one would have d k , but usually one does 
not have this information. If the transmitted signal were available, one would 
generally not need to communicate at all, although in some systems it is possible to 
know the transmitted signal part of the time. Periodically, the transmission of 
information could be interrupted so that a known code sequence could be trans­
mitted, thus allowing intermittent adaptation. 

Another method of providing dk was devised by R. W. Lucky of the Bell 
Telephone Laboratories. This method uses the filter's own output to provide dk, 
thus obviating the need for any prior knowledge of the transmitted signal. Lucky 
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called his method "decision-directed" learning. More specifically, a "desired" signal, 
dk = sign( yk), is formed by quantizing the filter output, as shown in Figure 10.l3(b). 
Since the data are binary, the sampled output of the properly equalized channel at 
the strobe times should, except for channel noise, be either + 1 or -1. Comparing 
the filter output with the quantized filter output produces the error signal £k. The 
assumption is that the decision made by the quantizer is correct and is a true 
indication of the binary signal most of the time. Since the equalized outputs should 
uniquely represent the individual sine pulse at the proper strobe times, adaptation is 
permi tied only at the strobe times. This is accomplished by gating the error signal, 
ck, using strobe pulses which are synchronized to the signaling rate, as shown in 
Figure 10.13(b). On the average, if the quantized desired response is true and 
correct, adaptation progresses in the right direction. 

Lucky's method works when the channel is relatively noise free and has a 
frequency and phase response not having severe distortion. Kennedy [17) has shown 
that even if only 25 percent of the quantized decisions are initially incorrect, the 
adaptive filter will converge to an optimum solution. 

The filter weights may be initialized to zero, except that one weight near the 
center of the adaptive linear combiner should be set to unity. Then the equalizer 
initially has unit gain, and its impulse response evolves during the adaptation 
process to have the gain and phase characteristic required to perform channel 
equalization. 

Practical adaptive equalizers for telephone channels are digital. Their internal 
sampling rates typically are multiples of the basic data rate, usually 4 to 16 times 
faster, and typical adaptive filter sizes are 32 to 64 weights. Thus the total filter 
memory time spans several cycles of the sine data pulse. 

The degree of success of adaptive equalization can be viewed in what is known 
as an "eye pattern." An eye pattern is produced by synchronizing an oscilloscope to 
the strobe signal and connecting the input to the received signal, so that the received 
signal cycle is repeated over and over on the screen. The result before equalization is 
shown in Figure 10.14(a), and after equalization in Figure 10.14(b). Without equali­
zation, the eye pattern of Figure 10.14(a) shows a wide disparity in the positive sine 
pulses, and a similar disparity in the negative pulses, and thus indicates the presence 
of distortion in the sine pulses which is associated with intersymbol interference. 
After equalization, the eye pattern of Figure 10.14(b) is open and sharp and clear. 
The positive sine pulses are tightly clustered. Intersymbol interference has been 
greatly diminished. The likelihood of mistaking a positive pulse for a negative one is 
reduced, and sensitivity to random channel noise is also reduced. The adaptive 
process has forced all positive pulses to have close to + 1 amplitudes at their strobe 
times (at the center of the image) and forced all negative pulses to have - 1 
amplitudes at their strobe times. By equalizing the channel in this way, the adaptive 
filter effectively eliminates intersymbol interference. Using this approach, a tele­
phone channel with an unequalized error rate as high as 10 - 1 could typically have an 
equalized error rate of 10 - 6 or even lower. 

.'l,lf. 
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Figure 10.14 Eye patterns produced by overlaying cycles of the received waveform: 
(a) before equalization; (b) after equalization. (Courtesy of Hughes Aircraft Com• 
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ADAPTING POLES AND ZEROS FOR IIR DIGITAL FILTER SYNTHESIS 

In Chapter 9 adaptive modeling techniques were used to synthesize FIR digital 
filters. Here we discuss a similar synthesis of IIR digital filters. We will use direct 
modeling to synthesize the forward or nonrecursive portion of the IIR filter, and 
inverse modeling to synthesize the feedback or recursive portion. 

The form of the IIR filter to be synthesized is shown in Figure 7.2. As in (7.8), 
the transfer function is 

H(z) = A(z) 
1 - B(z) 

(10.18) 

This transfer function is diagrammed once again in Figure 10.15. Here we will allow 
the filter to have L zeros and M poles, so that (10.18) in detail is 

+ -I + + - L H( z) = a0 a1z · · · aLz 

1 - b1z - 1 - • • • -bMz-M 
(10.19) 

The filter thus has L + l feedforward weights and M feedback weights. Our 
goal is to develop an adaptive process that will automatically adjust these weights so 
that the filter transfer function is a best fit to a set of design specifications. As in 
Chapter 9, the design specifications are represented by a "pseudofilter." 

Figure 10.16 shows a filter synthesis scheme similar to Figure 9.13. As in 
Chapter 9, the N sinusoidal inputs correspond to the N specification frequencies and 
the signal d, is generated as in (9.8) or (9.11). In the IIR filter, both A(z) and B(z) 
must adapt to the pseudofilter. 

In Chapter 8 we examined adaptive IIR algorithms and saw that they had 
some associated difficulties. The error surfaces are not always unimodal and the 
adaptive filter can become unstable unless the zeros of 1 - B(z) are held inside the 
unit circle. To get around these difficulties, we will look at a scheme for UR 
adaptation that is especially suited to the filter synthesis problem and does not 
require an IIR adaptive algorithm. In this scheme, A(z) and B(z) are adjusted 
separately as adaptive transversal filters. 

Input ,,- Aizl 
+ 

+ 
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~-------• Y, 
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Figure 10.15 Block diagram o[ the adaptive !IR filter. 
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Figure 10.17 IIR filter synthesis by the equation error (simultaneous direct and 
inverse modeling) method. 
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The approach that we shall take does not quite minimize the expected value of 
, 2. It is called "simultaneous direct and inverse modeling" or "equation error" 
modeling [3] and is illustrated in Figure 10.17. The error is e', which is different 
from , in Figure 10.16. In many cases, however, we shall see that adjusting A and B 
to minimize the mean square of e' provides values of A and B that, if used in the 
system of Figure 10.16, would come very close to minimizing the mean square of e. 
Accordingly, once A and Bare found using the configuration of Figure 10.17, the 
IIR filter is constructed by copying the values of A and B into the system of Figure 
10.15. 

The roundabout approach in Figure 10.17 is used because the mean square of 
e' is a quadratic function of the coefficients of both A and B. The error surface in 
this case is unimodal, and so A and B can be adapted by the LMS algorithm. The 
adaptive process is like that illustrated in Figure 9.4, where a common error signal is 
used to adapt two adaptive filters whose outputs are summed. Note that B(z) 
is adjusted so that, ideally, 1 - B(z) cancels the poles of the pseudofilter, while A(z) 
is adjusted in the "direct modeling" mode to cancel the zeros of the pseudofi.lter. 
Further details of the adaptive process are given by Gooch [32]. 

The relationship between , and e' is interesting. Let the transfer function of 
the pseudofilter be designated by PS( z ). Let the sum of the driving sinusoidal 
signals be designated by F(z). With A(z) and B(z) fixed, the z-transform of the 
error e in Figure 10.16 is 

E(z) = F(z)[Ps(z) - 1 ~~lz)] (10.20) 

Referring now to Figure 10.17, let A(z) and B(z) again be fixed. The z-transform 
of the error e' is 

E'(z) = F(z)(PS(z)(l - B(z)) -A(z)] = E(z)(l - B(z)) (10.21) 

It is clear that E'(z) and E(z) are in proportion to the factor 1 - B(z), which is 
not fixed but varies as B adapts. Accordingly, adjusting A and B to minimize the 
mean square of e' would not necessarily cause the mean square of e to be minimized. 
However, if A and B are designed with adequate numbers of weights so that 
adjustments of A and B exist that would bring the mean square of , of Figure 10.16 
to zero, these same adjustments would obviously bring the mean square of e' of 
Figure 10.17 to zero. Adjustments for A and B can therefore be found with the 
system of Figure 10.17 simply by minimizing the mean square of e', and will produce 
the desired IIR design when an adequate number of degrees of freedom is allowed 
for both A and B. More weights than needed in either or both A or B would be 
wasteful but not otherwise harmful. 

This method of IIR ftlter design has been tested by computer implementation. 
Although one can obtain fine control of phase with FIR designs (such as perfectly 
linear phase; see Chapter 9), the control of frequency response that can be achieved 
with IIR designs is often much better than that obtained with FIR designs having an 
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equivalent number of weights and delays. We will now discuss some examples of 
IIR filter design using the LMS algorithm. The examples are similar to those given 
in Chapter 9, with similar values of µ and similar convergence properties. 

The results of a low-pass IIR design are shown in Figure 10.18. Notice the 
flatness of response in the passband and the sharpness of the dropoff into the stop 
band. The phase, intended to be zero at all frequencies, was achieved quite well 
except for the transition region between passband and stop band. Figure 10.19 
shows the results of another attempt at the same design problem. In this case, 
nonuniform cost weighting was used to obtain a sharper transition and deeper cutoff 
in the stop band. Some uniformity in the passband was sacrificed to achieve this 
result. In both attempts, the IIR filters had ten feedforward weights and nine 
feedback weights, and A(z) was noncausal. There were 25 equally spaced specifica­
tion frequencies. 

Figure 10.20 shows the results of the adaptive design of another IIR low-pass 
filter, but with linear phase specifications in both the passband and the stop band. 
Once again, there were 10 feedforward weights and nine feedback weights, and A(z) 
was causal in this case. Nonuniform cost weighting was used, as indicated in the 
figure. As in Figures 10.18 and 10.19, the magnitude and phase response plots were 
made from the converged solution by computing magnitude and phase values not 
only at the specification frequencies but at a large number of frequencies in between. 
The linear phase requirement was met in the passband, but only poorly realized in 
the stop band. The magnitude response is seen to be quite good. 

An example of the design of an unusual filter is shown in Figure 10.21. The 
specification required linear phase with a magnitude response in dB that is a 
sawtoothed function of frequency. The achievement of such a design is difficult 
without using an adaptive synthesis procedure. Note that responses even closer to 
the sawtooth and linear phase specifications could be obtained by incorporating 
more feedforward and feedback weights and by specifying these responses at more 
frequency points. At present, there is no simple way to predict closeness of fit as a 
function of the number of weights and the number of specification points. However, 
one may use a cut-and-try approach with computer implementation. This kind of 
interactive process can easily be done with a personal computer, or with a time-shar­
ing terminal. 

We must now discuss a problem that often arises when designing IIR filters by 
means of the procedure described above. Refer to Figure 10.17. The transversal 
filters A ( z) and B( z) are easily obtained from convergence of the LMS algorithm or 
any other least-squares procedure, such as the nonrecursive SER algorithm in 
Chapter 8. The problem is that when B(z) is used in the synthesized feedback filter 
of Figure 10.15, the feedback loop sometimes turns out to be unstable. The transfer 
function of the synthesized filter is 

A(z) 

1 - B(z) 
(10.22) 
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This causal transfer function is stable only when the polynomial 

l-B(z) 

has all of its roots zi, z2, .•• , zM inside the unit circle in the z-plane. 
The polynomial (10.23) can be factored as 

1 - B(z) = z - M(z - z1)(z - z1 ) · · · (z - zM) 

Part IV 

(10.23) 

(10.24) 

In all cases, a stable UR filter can be redesigned from an unstable IIR filter by 
replacing all roots of (10.24) outside the unit circle by their reciprocals. The 
redesigned stable filter will then have a magnitude response that is identical to that 
of the original unstable UR filter, which, of course, in turn approximates the design 
specifications. However, the phase characteristic of the redesigned filter may be very 
different from that of the original specification. 

Replacing roots outside the unit circle by their reciprocals is done easily by 
substituting z - 1 for z in all of the factors of (10.24) that correspond to roots outside 
the unit circle. In other words, suppose that the polynomial factor in (10.24) is 

( z - z p) where !zpj > 1 (10.25) 

This factor should then be replaced in the polynomial by the factor 

(z ··1 - zP) (10.26) 

The remaining factors corresponding to roots inside the unit circle should appear 
unchanged in (10.24). The result is a new polynomial having all roots inside the unit 
circle. Multiplying the factors together to find a new B(z) as in (10.24), one can 
incorporate the new B(z) into the system of Figure 10.15 to form a stable IIR filter. 

The factor replacement to achieve stability has no effect on the amplitude 
response for the following reason. Suppose that z P above is real. Then, as in (7 .19), 
one of the factors in the amplitude gain is jz - zPI with z = e iw, and clearly 

jz - zPI = jz - 1 - zP j for all z = e i w (10.27) 

Suppose, on the other hand, that zP above is complex. Then its conjugate i P must 
also be a root of the denominator of H(z). We isolate the factors (z - zP) and 
(z - i\) and replace them with the factors (z - 1 - zp) and (z - 1 - ip ). Once again, 
for a general value of z on the unit circle, 

l(z - zp)(z - ip)I =\(z - 1 - zP)(z - 1 - zP) I for all z = e1w (10.28) 

The same reasoning applies to all other factors needing replacement to ensure 
stability. Note that the factor replacement process does not preserve phase. Thus 
the final UR filter could have a phase characteristic very different from that 
specified, even though the amplitude characteristic is very close to the specification. 

As a matter of fact, the IIR filter described in Figure 10.18 has the type of 
instability just described. If we replace the poles as in (10.26), we obtain the stable 
ftlter described in Figure 10.22. Just as in Figure 10.18, 10 feedforward weights and 
nine feedback weights were used. Note the close adherence to the specifications of 
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Figure 10.23 Pole-zero plot for the IIR filter of Figures 10.18 and 10.22, showing the 
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the amplitude characteristic, and the discrepancy between the realized and specified 
phase characteristic. Figure 10.23 shows a pole-zero plot for the filter transfer 
functions of Figures 10.18 and 10.22 and indicates how the unstable conjugate poles 
were reciprocated as in (10.26) to create a stable filter. 

If our goal is to match both amplitude and phase specifications while maintain­
ing a stable IIR adaptive filter, at least two general approaches are available. We 
will describe each of these briefly in general terms. 
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Figure 10.24 Using a phase compensator to correct the phase error caused by 
reciprocation of poles. 

The first approach is illustrated in Figure 10.24. Here the stable IIR filter is 
designed as already described, with pole reciprocation to achieve stability. The 
stable IIR filter is then frozen and placed in cascade with a variable delay and a 
phase compensator. These are adjusted to minimize the mean-square error while the 
stable IIR filter is held constant. The phase compensator is a filter with unit 
amplitude gain and variable phase. It consists of one or more cascaded sections of 
the form 

Pseudofi lter 
(design 

specification) 

'---..i , ·• 

Cascaded stable 
two•pole sections 

11 - Blzll 

+ 
.,__ __ ,;~- i: 

Figure 10.25 IIR filter synthesis using cascaded two-pole sections to implement 
l - B(z). 
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As in Figure 8.9, the weights b1 and b2 must be adjusted such that the poles of 
Ph(z) remain inside the unit circle. The final UR filter design thus consists of the 
stable UR filter in Figure 10.24 in cascade with the delay and the phase compensa­
tor. 

The second method for matching both the amplitude and the phase of the 
pseudofilter is illustrated in Figure 10.25. Here the feedback polynomial, 1 - B(z), 
is composed of cascaded second-order sections. Then the poles of 1 - B(z) can be 
kept inside the unit circle as in Figure 8.9, and the resulting UR filter will again be 
stable. The delay, z-·\ may be required as before if the pseudofilter contains a 
significant group delay. We will not pursue the method of Figure 10.25 here, 
although the adaptive operation of cascade structures has been investigated by 
David [4]. 

Of the two methods just described, the second is considered at present to be 
the most straightforward. An experiment was performed to test this method, and the 
results are shown in Figures 10.26 and 10.27. First, Figure 10.26 shows the 
tude only" type of synthesis described previously, and we can see that the 
characteristic has been badly warped by reflecting zeros inside the unit circle in 
I B(z). Then Figure 10.27 shows the synthesis using the adaptive method in 
Figure 10.25, in which both magnitude and phase specifications are matched. Note 
that the magnitude response is better in Figure 10.26, where we are not trying to 
match the phase as well. Both designs could be improved by increasing the total 
number of poles and zeros. 

EXERCISES 

1. Show that the plant noise is given by Equation (10.11) when the white-noise power is p at 
the "front end" of the plant. 

2. In the inverse modeling situation shown below, suppose that sk is independent of sk+, 

for all i * k and that <f>ss(0) = 1. Also, suppose that nk is white noise independent of sk, 

with <l>nn(0) p. Derive expressions for the power spectra <I>ss(z), <l>xx(z), <I>dd(z), and 
<l>dx(z). 

1 Chap. 10 Inverse Adaptive Modeling, Equalization, and Deconvolution 

3. Der:ive_ an e~pression for the optimum inverse model, H*(z), for the situation above 
begmrung with the general expression in Equation (10.8). ' 

4. Using the answer to Exercise 3 in Chapter 7 and Equation (7 65). d · · 
1 ex r · f h • . ' · , enve a s1mp e 

p ess1on or t e illllllmum mean-square error in the system above. 

5. 'Yhat_are the minimum mean-square error and optimum weight values for the modeling 
slluation shown below? 

6· Withh Wo and w1 ?Ptimized, use the filtering algorithms in the system shown in Exercise 5 
to s ow that ek is exactly zero for k ~ O. 

7. Demonstrate the convergence of the LMS algorith · E · 
RANDOM(l ) . . m in xerc1se 5. Let s, 

2 · - -5, as m Appendix A. Use µ, = 0.08 and let w0 = w
1 

= 0 initially Plot 
ek over a range of k long enough to show convergence. · 

8. ~emo~strate the ability of the LMS algorithm to track a time-varying plant by plotting 
e w_eights Wo and W1 for the system below for O s: k 1500. Use s and as in 

Exercise 7. Assume initially that Wo = o.5 and w1 = _ 0.3. k µ, 

9. Write an expression for the error, ek> in terms of the input signal, sk, for the inverse 
modeling system shown here: 

Plant 
4 - 32~1 

265 
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10. For the system in Exercise 9, assume that sk is a white signal with unit power. Write an 
expression for the performance function, I; = £( ,f ], in terms of the adaptive weights, Wo 

through wL. 
11. For the system in Exercise 9, let s, be a white signal with unit power, and_ assume that 

L = A = 1. Using the answer to Exercise 10, solve analytically for the opt1mum weight 

values. 
12. For the system in Exercise 9, let sk be a white signal, let L = 15, and let A = 8. Program 

the LMS algorithm to converge to /;min• Plot the final impulse response of the adapllve 
linear combiner. Then plot the convolution of the latter with the impulse response of the 

plant. 
13. In the inverse modeling situation shown below, let s• be a white signal and let " • = 0. 

Let the LMS algorithm converge and then plot the impulse response of the optimal 
inverse model, and the convolution of the two impulse responses. 

Plant 1 - 0.62- 1 + O.sz- 2 

Adaptive 
transversal filter 

L = 31 

1------------i 2 - 1s 1------------' 

14. In the system shown in Exercise 13, determine experimentally the minimum mean-square 
error when the noise power, <l>nn(0), is 0.00, 0.01, and 0.10 times the signal power, </>,,(O). 
Assume that sk and n k are both white but independent of each other. 

IS. In the system shown below, plot an LMS learning curve by averaging ,i over 100 
adaptive runs. Use A = 15, let sk be white with unit power, and let µ. be 10% of the total 

power in xk. 

s, ----_,~ 2 2 - 0.6z + 0.25 
Adapt iv e 

transversal filter 
L = 15 

,-• 1-----------' 

16. Run the system in Exercise 15 to convergence using the LMS algorithm withµ.= 0.1, and 
plot /;min versus A for A= O through 15. To estimate l;mio• take an average of 100 values 
of ,} after convergence at each value of A. 

~ 
I 

Chap. 10 Inverse Adaptive Modeling, Equalization, and Deconvolution 267 

17. Explain in your own words the operation of the adaptive equalizer in Figure !0.13(b). 

18. In the "equation error" IIR synthesis model in Figure 10.17, show that the error surface 
is quadratic by deriving an expression similar to Equation (7.67). 

19. Assume that L - 0 andµ. = 1, that is, that A(z) and B(z) both have a single weight in 
Figure 10.17. Express the values of these weights that minimize the mean-square error in 
Figures 10.16 and 10.17. Are these values the same? 

20. Using the LMS algorithm, run the IIR design experiment in Figure 10.18. Use L = M = 9 
in (10.19) and use a value ofµ. that will cause the equation error model to converge within 
a few thousand iterations. Make a plot of , ;2 versus k. After convergence, plot a smooth 
magnitude response curve as in Figure 10.18. 

21. Show the location of the poles of the llR filter in Exercise 20. Compare your result with 
Figure 10.23. If necessary, reHecl all unstable poles to the interior of the unit circle and 
give the new (stable) version of the IIR transfer function. 

22. Show that the gain of the phase compensator in Equation (10.29) is the same at all 
frequencies. Find an expression for the phase, 0( w ), _where w is the normalized frequency 
[Equation (7.16)]. 

23. Using the method of Figure 10.25, try to produce the !IR filter synthesis in Figure 10.27. 
Use L = M = 4, and vary the cost function approximately as shown in the figure, so as 
to produce results similar to those shown. 

ANSWERS TO SELECTED EXERCISES 

l. See Equations (7.73), (7.74), and (7.57). 

2. ~,,(z) = ~dd(z) = 1, ~x,(z) = (1 + p)IP(z)i 2 , ~d , (z) = z"P(z) 

3. H*(z) = z- '/((1 + p)l'(z)) 

4, /;m;n = p/(1 + p) 
L 

9 . •• = ,. _, - I: w,(4sk - l - 3sk - l- l) 
1-0 

L l. 

10. € = 1 + 25 L w12 - 24 L w1w1_ 1 - 8w0 + 6w, _ 1 

1-0 1-1 

11. Wo, Wl = -0.0561; 0.1331 
2b1(b2 - l) sinw +(bi- 1)sin2w 

22. tan0( w) = ---:...:.--=---'----'--'--,-!-----
2b2 +bf+ 2b,(b2 + l)cosw +(b] + 1)cos2w 
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In this chapter we present some adaptive control applications of the direct and 
inverse adaptive modeling procedures in Chapters 9 and 10. Our purpose is to 
illustrate the use of adaptive modeling in adaptive control, but not to provide a 
complete discussion of the subject. There is already a large amount of literature on 
adaptive control, an example being the text by Landau [l]. 

In control theory, the "plant" is the physical system to be controlled. It 
prnduces an output response to an input control signal. An example of a plant 
llllght be the control surfaces and the airframe of an aircraft that respond to an 
input command signal, or the device that delivers fuel and its associated combustion 
system that responds to a demand for heat or power. 

In addition to the plant there is also the "controller" which, as shown in Figure 
11 .1, provides an input signal to the plant. The controller receives information from 
the external world and also, in the case of feedback control systems, from the plant 
output. The controller may be a fixed linear or nonlinear system, or it may be time 
varying so that it can adapt to changing plant or environmental conditions. In this 
chapter we will be concerned with adaptive linear control systems, that is, with 
adaptive control systems that become linear once their internal adaptive components 
converge. 

An example of such a system is shown in Figure 11.2. It is called a "unity 
feedback" system. The output, c(t), is subtracted from the input, r(t) , to form an 
error signal, e(t). The latter then drives the controller, which tries continuously to 
dnve the plant to cause e(t) to be driven toward zero. The intent is that c(t) should 
remain reasonably close to r( t ), and of course the overall transfer function from r( t) 
to c(I) must be stable. 

Although this system is simple in conception, it is rather inefficient and difficult 
to deal with from the viewpoint of adaptation. The controller could be of the form 
of a transversal filter, but to adapt it, one would need in real time its desired output 
correspondmg to the reqmred real-time plant input signal. This "desired" signal is 
very difficult to obtain when the plant is unknown, however. If it were available, so 
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Figure 11.1 Plant with feedback control. 

r(t) 
el t ) Adaptive 

1---'--'-----,..J controller Plar1t ---------cit) 
(compensator) 

Figure 11.2 Unity feedback control system with an adaptive series compensator. 

much would be known that the compensator and the feedback loop would be 
unnecessary. 

Another approach to the adaptation of the system of Figure 11.2 is the 
following. Suppose that the purpose of adaptation is the minimization of the servo 
error, e(t), in the mean-square sense. Gradient components could be measured by 
perturbing the compensator weights. The mean-square error could be minimized by 
using a gradient method such as the differential steepest-descent method of Chapter 
5. There are two difficulties here that limit this approach. Regardless of the method 
used in perturbing the weights, whether one at a time or all at once, the system 
transients must be allowed to die out before measurements can be taken each time 
the compensator adjustments change or the plant parameters change. Furthermore, 
assuming that the gradient can be measured successfully, the mean-square-error 
performance function will not be unimodal, as described in Chapter 7. Instability 
could result from improper controller adjustment. One must be concerned simulta­
neously with stability of the control system and stability of its adaptive algorithm. 

In this chapter we illustrate two approaches to adaptive control that cir­
cumvent the difficulties just described in connection with Figure 11.2. The first 
approach is based on direct modeling of the plant as in Chapter 9, and the second 
on inverse modeling as in Chapter 10. 

ADAPTIVE MODEL CONTROL 

The first approach to adaptive control, called adaptive model control (AMC), 
operates on the following principle. We form a model of the plant using direct 
modeling, and use the model to determine control inputs to the plant which will 
cause desired plant outputs. We then apply these same control inputs to the actual 
plant, and the result is plant outputs that closely match the desired outputs. This 
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type of control is in a sense open loop, but in fact the loop is closed through the 
adaptive process. 

To illustrate the AMC idea we will use the blood pressure regulating system 
shown in Figure 11.3. The experimental work on this system was performed by 
students at Stanford University and supervised by Mark Yelderman, William New, 
Noel Thompson, and Cristy Schade, whose assistance is gratefully acknowledged. 
The goal is to develop a closed-loop control system for regulating a patient's blood 
pressure. Thus the plant input in this case is the drug flow in Figure 11.3, and the 
plant output is the blood pressure. Experiments were performed with canine sub­
jects, who survived the procedure in good condition. 

To control the blood pressure, a powerful drug called Arfonad is injected into 
the animal. This drug has the effect of disabling the natural blood-pressure regulat­
ing system of the animal and inducing a prolonged state similar to a state of shock. 
If left alone, the blood pressure could drop close to zero and irreversible damage 
could be done to the animal. To prevent this, a vasoconstrictor drug called 
norepinephrine is infused slowly over many hours to compensate by raising the 
blood pressure. A computer continually monitors blood pressure and regulates the 
rate of infusion of the vasoconstrictor. The ultimate purposes of this work are to 
develop computer controls for human intensive care systems, and to further the 
development of adaptive control systems. 

Typical dynamic responses of the mean animal blood pressure to step changes 
in the rate of infusion of the vasoconstrictor drug are sketched in Figure 11.4. The 
shape of the response curve depends on the size, type, and especially on the 
condition of the animal. An animal in good health will respond to small increases in 
vasoconstrictor drug flow by eventually settling the blood pressure back to the 

Computer 

Figure 11.3 Closed-loop control system for blood pressure regulation. 
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original set point level. A sick animal will not be able to compensate for even 
moderate increases in vasoconstrictor inputs and hence the blood pressure will 
increase in a predictable manner and then settle at a higher level. Large variations in 
animal responses to the vasoconstrictor have been observed. Typically, there is a 
transport lag of 10 to 20 seconds before the animal responds, and settling times are 
usually from 50 to 100 seconds. 

The system illustrated in Figure 11.3 gives the appearance of being an ordinary 
feedback control system, but it is not. The dynamic response of an animal (includ­
ing the transport lag) is often too variable to be managed by conventional feedback 
control. 

A block diagram of the adaptive control system is shown in Figure 11.5. The 
functions labeled "forward-time calculation" and "adaptive model," which are 
described below, as well as many data logging and data display functions which are 
not shown but are necessary in the laboratory setup, are implemented using a 
minicomputer. The "zero-order hold" holds each sample value, xk, during the 

'" :,: 

E 
5 

160 . 
~ 140 

E 
Q. 

'O 
120 

8 
:0 100 . 
m 

~ 

~ 

30DPM Input to sick animal 

4 Input to healthy animal 

0102030 

Time (s) 

(al 

Sick 

Healthy ---------
20 -s 
transport 
lag 

50-s response~ 
! 

0 10 20 30 40 50 

Time {s) 

(bl 

Figure 11 .4 Typical average blood pressure responses to step changes in vaso­
constrictor infusion rates. 



- 146 -

274 

Reference 
input rk 

{Blood pressure 
command signal) 

Forward 
time 
ca lculation 

,-
1 
I 
I 
I 

Adaptive I 
model I 

I 
I 
I 

Zero-order 
1--....---->--l hold 

I / 
I L- - w(} I 
L __ _ _ _ ___ _ _ _J 

Drug 
flow 
rate 

+ 

Applications 

Plant 

Blood 
pressure 

! 

+ 

Figure 11.5 Block diagram of the adaptive model control system for Figure 11.3. 
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g(t) 

interval between samples, and is a part of the electronic system interfacing the 
computer to the drug-flow solenoid valve. The sampling interval is 5 seconds. 
During each interval the adaptive model is updated and a new drug rate (in drops 
per minute) is calculated as described below. 

The adaptive model in Figure 11.5 is a 20-weight FIR filter (L = 19) covering 
a total real-time window of 95 seconds. A bias weight ( w0) is included to represent 
the ambient average blood pressure when the input drug rate is zero. One can see in 
Figure 11.5 that the adaptive model is an example of the "direct model" discussed in 
Chapter 9. Instead of having a fixed linear compensator where the weight values are 
not functions of the input-signal characteristics, the adaptive process automatically 
adjusts the weights so that for the given input-signal statistics, the model provides a 
best minimum-mean-square-error fit to a sampled version of the combination of the 
zero-order hold and the plant. The LMS algorithm was used in all experimental 

runs. 
Referring again to Figure 11.5, when operating properly, the system causes the 

animal's blood pressure to track the reference command input rk. The plant .control 
x. is derived from the box labeled "forward-time calculation." This box generates 
x. from the reference command input r• and from the weight vector Wk and the 
input vector Xk (the "memory states" of the model). Let us now consider the 
operation of the forward-time calculation box. 

Assuming that £[ r;] has been driven close to zero by the adaptive process, the 
objective of the forward time calculation is to derive xk from rk sµch that rk and Yk 

are equal. If r. and Yk are equal, then (with r; small) the plant output, gk, will be 
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close to rk, which is our ultimate goal. Thus the forward-time calculation must 
become essentially an inverse of the adaptive model in Figure 11.5. Since the plant 
mvolves a delay, the mverse must therefore look forward in time. 

, We form the inverse model_ in _the following way. The entire weight vector 
(Wok, Wk) 1s updated at each iteration m accordance with the LMS algorithm. In the 
adaptive model, if we assume that Yk and '• are equal as discussed above we have 
for the k th iteration ' 

Therefore, 

L 

Y1c = w6k + L wnkxk - n 
n - 0 

(adaptive model) 

l [ L ] x = - r - ~' -Jc W Jc Ok L wnkxk-11 
Ok n-1 

( 
forward- ) 
time 
calculation 

(11 .1) 

(11.2) 

For this kind of" inversion" to work, we have to assume that x k excites the plant at 
8:11 ad'.:quate level so that adaptive modeling can take place. If not, a small "dither 
signal can be added to the plant input. 

We also_ have to assume that Wok in (11.1) does not get close to zero, and of 
course _there 1s no guarantee of this in LMS adaptation. In fact, when there are 
delays m the plant such as the transport lag in Figure 11.4, Wo will tend to be small 
and ~01s~, and _the_ values of xk computed by formula (11.2) may be very large and 
erratic, smce d1v1s10n by Wo 1s requued. Therefore, in the blood-pressure control 
system _where mass1~e doses of drug are undesirable and negative doses are generally 
1mposs1ble, we '.11od1_fy the ad_aptive portion to account for the transport lag. 

!he modification consists of constraining the first several weights of the 
adapt.Ive model to zero. The number of zero-constrained weights corresponds to the 
transport lag of the plant, which would be obtained from a priori knowledge. 
Suppose, for example, that the first two weights w0 k and wlk are constrained to zero. 
Then the current and previous inputs to the adaptive model x and x have no ffi · ' k k - 1, 
e ect on its output, but xk_ 2, x._ 3, .•. , xk-L do have an effect. Choosing inputs to 
cause the current model output to be equal to rk, we now have 

L 

YK = w6k + L wnkxk-n 
n~2 

(11.3) 

This result would allow us to calculate xk _ 2 as we di<:! in (11.2), but we really wish to 
know xk> not xk-i· Therefore, let us now shift (11.3) two units of time into the 
future: 

L 

Yk+2 = wO,k+2 + L wn , k+2Xk + 2 - n 
n-2 

(11.4) 

Now let us assume that the weights change slowly so that we may use current weight 
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values in place of future values. Then, with Yk equal to '• again, we have 

Xk = -1-( r k+2 - Wok - t WnkXk+1-n) 
W2k n = 3 

Part IV 

(11.5) 

This result requires knowledge of the reference command input two units of time 
into the future. Sometimes future values of this input are available, and (11.5) can 
be used to achieve the control objective. When only rk, the current reference 
command input is available, (11.5) can be modified to use the available knowledge, 

as follows: 

Xk = -1-(,k -Wok - t w,,kXk +2- n) (ll.6) 
W2k n-3 

Using (11.6) will cause the model output to track the reference command delayed by 
two time units. This delay in the response is thus an inevitable consequence of the 

plant transport delay. . . 
The AMC techniques in Figure 11.5 have been used a number of umes m 

experiments to regulate and control the average blood pressure in animals. In these 
experiments, the standard deviation of the noise in the blood-pressure sensing 
instrumentation has been about 5 to 10 millimeters of mercury (mm Hg). The mean 
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blood pressure is typically regulated to within about 2 to 4 mm Hg in steady state 
and could be off about 5 to 10 mm Hg temporarily under extreme transient 
conditions. Typical startup settling times were of the order of 2 minutes, somewhat 
longer than the total time window spanned by the adaptive plant model. To start 
the system as quickly as possible, the initial weight values in the modeling process 
are usually taken from a previous run. Initial values are not critical, but if they are 
close to correct, there will be only a small startup transient. 

Figures 11.6 through 11.9 present in sequence results developed during an 
experimental run while controlling an animal's average blood pressure. The dog was 
normal until the Arfonad was injected, whereupon the blood pressure plummeted, as 
seen in Figure 11.6. 

In this run the adaptive-model weights began to form, starting from initial 
settings, at the very outset before the Arfonad was injected. The two upper tracings 
show the actual average blood pressure of the animal and the output of the model, 
respectively. Note how they stay closely together. They stay moderately close 
together even in periods of great stress such as just after the Arfonad was injected. 

At the beginning of the run, the flow rate of the vasoconstrictor (the "drug 
rate" in the lower plot in Figure 11.6) was manually set at 10 drops per minute. This 
was manually raised to 20 drops per minute after the Arfonad took hold. Raising 
the drug rate checked the blood pressure decline. Soon thereafter, as indicated by 
the cross on the drug-rate tracing, control of the drug rate was turned over to the 
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automatic system and remained automatic thereafter. A pressure set point was 
entered through the computer keyboard, and this level was indicated by the cross 
near the upper two tracings. The control system then had the job of raising the 
animal blood pressure to the set point and controlling it in spite of natural 
disturbances. The middle curve shows a running average mean-square error ( on a 
log scale) between the plant and the adaptive model. 

The total time span of the adaptive model was 95 seconds. The model 
contained 20 taps with 5-second delays between taps of the adaptive transversal 
filter. Once automatic control was established, the blood-pressure settling time was 
about 5 minutes. Thus the system settling time was about three times as long as the 
memory span of the model, which is a short settling time for an adaptive control 
system. 

Figure 11.6 actually represents a portion of a long run in which the computer 
controlled the blood pressure for several hours with the animal under different 
degrees of influence of Arfonad. The results in terms of control were uniformly 
good, and the response data of Figures 11.7 and 11.8 are typical. The data records 
of Figures 11.6 through 11.8 are contiguous with slight time overlaps, and represent 
responses to changing set-point values. In each case, the settling time was approxi­
mately 5 minutes. 

The weight values of the FIR model were recorded at several times during the 
run and are plotted in Figure 11.9. The weight values are arranged chronologically 
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along the line so that they represent the model's view of the animal's impulse 
response. The twenty-first weight is the bias weight, w0 in Figure 11.5. The impulse 
response in the top frame was taken before the Arfonad was injected and here the 
animal was very sensitive to the vasoconstrictor drug. The next frame was taken 
after the Arfonad was injected and had taken effect, just before the automatic 
control was turned on. The shape of the response was changed somewhat, and the 
sensitivity level changed greatly. As time progressed there were no further drastic 
changes in the animal impulse response. This lack of further change was also 
considered a significant result. 

In summary, we have described a real-time computer control system for 
regulating the blood pressure of a subject in a prolonged state of shock. The system 
controls the infusion rate of a vasoconstrictor drug and monitors the blood pressure. 
An adaptive model of the subject's drug response in terms of blood pressure is used 
to derive the required input for control of future blood pressure values. An adaptive 
linear combiner is used for the model, and control is derived by forward time 
calculation based on the model impulse response. This is a control technique that we 
have called AMC. It is based on direct adaptive modeling of the unknown plant. 
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ADAPTIVE INVERSE CONTROL 

Adaptive inverse control is another approach to the adaptive control problem, based 
on the inverse modeling techniques described in Chapter 10. It was developed 
primarily to accommodate situations where the plant might be "non-minimum­
phase," that is, might have transfer function zeros in the right half of the s-plane or, 
in terms of a discrete ( digital) model, might have zeros outside the unit circle in the 
z-plane.t Controlling a non-minimum-phase plant by the AMC method could lead 
to difficulties, because the output signal of the forward-time calculation must have a 
transform essentially equal to the product of the transform of the reference com­
mand input and the reciprocal of the plant transfer function (refer to Figure 11.5). 
If the plant model has zeros outside the unit circle, the control signal xk will have a 
transform with poles outside the unit circle. In this case the control signal will be 
unstable. In the physical world, this signal will increase in magnitude until some 
part of the system is driven into saturation, causing loss of control. 

In other words, an unknown plant can be made to track an input command · 
signal when this signal is applied to a controller whose transfer function approxi­
mates the inverse of the plant's transfer function. The controller output becomes the 
driving signal for the plant. In the adaptive inverse control method, the parameters 
of the controller are obtained by an adaptive inverse modeling process applied to the 
plant. If the controller is realized as an adaptive transversal filter whose weights are 
adapted by a least-squares algorithm such as the LMS algorithm, we will show that 
the stability of the controller can be assured whether or not the plant is minimum 
phase. 

The inverse model of the unknown plant can be formed as shown in Figure 
11.10. The adaptive filter input is the plant output and the filter is adapted to cause 
its output to be a best least-squares fit to the plant input. A close fit implies that the 
cascade of the unknown plant and the LMS filter have a transfer function of 
essentially unit value, at least within the frequency band of the plant input signal. 
Close fits can be achieved in general with adaptive transversal filters of sufficient 
length, even when the unknown plant has many poles and zeros. 

If a continuous plant is stable, all of its poles lie in the left half of the s-plane. 
Some of its zeros could lie in the right half-plane, however, and then the plant would 
be non-minimum phase. The inverse of a minimum-phase plant has all of its poles 
in the left half-plane, and its inverse is therefore stable. But in the case of a 
non-minimum-phase plant, the inverse model in Figure 11.l0(a) may be unstab-le. 
This basic type of instability may be removed by including the inverse modeling 
delay, z-a, shown in Figure 11.lO(b). This delay effectively allows the adaptive 
model to have a two-sided impulse response as described previously in connection 

t fn the real world, plants to be controlled are continuous and are represented as having poles and 
zeros in the s·plane. Digital controllers work with samples of the continuous plant inpu ts and outputs 
and therefore "see" the plant as if it were discrete. The discussions, analyses, and computer simulations 
presented here are t~cn as if the p1ant were digita1. A more complete discussion of this subject is 
contained in Franklin and Powell (2]. 
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with Figure 10.1. Thus, by allowing the delay in Figure 11.l0(b), we can obtain 
approximate delayed inverse models to both minimum-phase and non-minimum­
phase plants without knowing a priori whether or not the plant is minimum phase. 
However, as discussed in Chapter 10, some knowledge of plant characteristics will 
always be helpful when choosing the delay t,. and the length of the transversal filter 
used for inverse modeling. 
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The adaptive inverse control method is illustrated in Figure 11.11. Here the 
delayed adaptive inverse, being an adaptive transversal filter without feedback, is an 
approximate stable inverse of the plant. The concept, including the random dither 
signal, is similar to the AMC concept above. The controller in Figure 11.11 is a copy 
of the approximate inverse model, and when the system is operating properly, the 
plant output will track the reference command signal, which is applied as an input to 
the controller. The controller output is the driving function for the plant. If the 
controller were an exact delayed plant inverse, the plant output, assuming no noise, 
would be an exact copy of the input reference command, but delayed, that is, 

c(r) = r(r - ~) (11.7) 

A step change in the reference command would cause a step change in the plant 
output after a delay of ~ seconds. If the inverse model is imperfect but a good 
approximation to the plant inverse, the step response c(r) might appear as il­
lustrated in Figure 11.12. The ideal delayed step response is superimposed in the 
same figure. For comparison, Figure 11.13 shows a typical step response of a simple 
feedback control system. It is often interesting to compare this type of response with 
that of the inverse model control scheme. 
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control system 
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Figure 11 .1 3 Step response of a 
convenlional closed-1oop control system. 
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A problem called "plant drift" is often observed in feedback control systems 
that have at least one stage of integration within the control loop. Plant drift is 
observed at the plant output as a low-frequency random component superimposed 
on other plant outputs, and it occurs spontaneously, not in response to plant inputs. 
When this effect is strong enough to require a cure, one can use the method based on 
a bias weight in the inverse model, which is illustrated in Figure] 1.14. 

Assume that the plant output has an additive drift, d, and that the adaptive 
plant inverse model has an adaptive bias weight, w0. Referring to Figure l l.14(a), 
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the mean value of the plant input is defined as u, the mean of the plant output is c, 
and the mean of the inverse model output is s. For the sake of this discussion, the 
plant is represented in Figure 11.14(b) as an FJR filter having the discrete impulse 
response [a0 , a1, a 2 , •.. , a Ml• Using these definitions, the mean of the plant output 
c can be expressed as a function of the plant drift and the mean of the plant input u: 

M 

C = d +U L am (11.8) 
m=O 

The adaptive inverse model, wruch is an FJR filter with a bias weight, is shown in 
Figure 11.14(c). The mean value of its output is 

L 

s = w6 + c I: w, 
1-0 

(11.9) 

Since the adaptive process minimizes mean-square error, the bias weight w0 
will be adapted so that the error will be unbiased (any bias will needlessly increase 
the MSE). Referring to Figure 11.14(a), we may conclude that 

s=u (11.10) 

Referring now to Figure ll.14(d), we recall that the reference command input for 
the entire system with mean f is applied to a copy of the plant inverse. 

Since trus copy of the plant inverse drives the plant with a signal whose mean 
has been defined to be u, driving the copy with an input whose mean is f causes its 
output mean to be 

L 

u = w~ + r L w, 
1-0 

Combining (11.10) and (11.11) yields 
L 

s = Wo + r L w, 
1- 0 

Comparing (11.12) with (11.9) gives the desired result, 

c=r 

(11.11) 

(11.12) 

(11.13) 

Trus result implies that regardless of the amount of plant drift, d, the mean of the 
plant output, c, is equal to the mean of the reference command input f. In effect, 
the feedback in the adaptive process compensates for the plant drift. 

Since this analysis of compensation for plant drift applies to zero-frequency 
(de) drift, it leaves some unanswered questions. For example, how fast can the drift, 
d, change wjthout causing an output bias? . How fast can the mean of the input 
reference command change without producing a significant error in the mean plant 
output? What are the effects of dynamic inverse modeling errors on system perfor­
mance? These questions are topics of current research. 

Another subject of importance in adaptive inverse modeling is the use of a 
dither signal to promote smooth and constant adaptation. Refer again to Figure 
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11.11. A random dither signal is injected to sustain the adaptive process when 
sufficient ambient signal activity is lacking. The dither is beneficial to the adaptive 
process but causes noise at the plant output, and should thus be kept small in 
amplitude so as not to unduly disturb the plant, but be strong enough to sustain the 
adaptive process. The design of adequate dither is another subject of current 
research. 

EXAMPLES OF ADAPTIVE INVERSE CONTROL 

Several examples of the adaptive inverse control system in Figure 11.11 have been 
simulated. Both the plant and the controller were simulated as discrete systems, and 
different combinations of plant pole and zero locations were tried. The following 
results are typical. We consider first a plant having two poles and no zeros. The 
pole locations of this plant (1) are shown in the z-plane in Figure 11.15, and its step 
response is shown in Figure 11.16. The inverse of trus plant, wjth two zeros, was 
easily realized by the adaptive FIR filter wruch had available 32 weights in the 
simulation. The impulse response of the adaptive inverse after convergence is 
plotted in Figure 11.17. Using this inverse as a controller as in Figure 11.11, the step 
response of the entire system is exact, as shown in Figure 11.18. Note the effect on 
trus step response of the inverse modeling delay!}._ 
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Figure 11.15 Locations of poles of 
plant 1. 

Figure .11.16 Step response of 
plant I. 
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Figure 11.17 Impulse response of the delayed adaptive inverse of plant l. 

A potentially more difficult case is that of controlling plant 2, which has a pole 
at the origin and a single zero located as shown in Figure 11.19, and is thus a 
non-minimum-phase plant. Again, the delayed adaptive inverse model was formed 
as in Figure 11.ll and used as a controller. The impulse response of the adaptive 
inverse with L = 32 and t!,, = 16 is shown in Figure 11.20 and the step response of 
the resulting control system is shown in Figure 11.21. In this case, using the delay, 
there was no real difficulty in controlling the non-minimum-phase plant. The step 
response is perfect except for a small amount of ringing. 
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Figure 11.18 Step response o f adaptive inverse control system with plant 1. 
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Figure 11 .19 Pole and zero of plant 2 
at 0.0 and - 1.5, respectively. 
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Figure 11.20 Impulse response of the delayed adaptive inverse of plant 2 with 
L = 32 and Cl - 16. 
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As seen in the preceding examples, the tightness of'control depends on the 
closeness of fit between the true inverse and the inverse realized by the adaptive 
filter. Also, the characteristics of the dither signal and the number of weights 
(L + 1) in the adaptive inverse affect the overall control in ways that depend on the 
signal characteristics as well as the plant. 

PLANT NOISE AND THE FIL TERED-x LMS ALGORITHM 

Let us now examine the general problem of plant noise in a control system. We have 
seen how the inclusion of a bias weight in the adaptive inverse model alleviates the 
problem of low-frequency plant drift. However, there is a difficulty in using this 
same remedy against plant noise at higher frequencies, a little above zero and 
beyond. The nature of the difficulty can be visualized from inspection of Figure 
11.22. In most physical si tuations, plant noise can be represented as additive noise, 
usually nonwhite, at the plant output, regardless of its source within the plant itself. 
The effects of such noise on the inverse modeling process are apparent. This noise is 
an additive input to the adaptive filter and is not correlated with the desired­
response input to the control system. As the adaptive process converges, the inverse 
model approaches the Wiener solution which, from (2.17), is of the form R - 1 P. The 
plant noise will have no effect on P, but will have an effect on R and of course on 
R - 1• The result of plant noise is therefore to cause the adaptive solution to be 
generally different from that of a close approximation to the delayed inverse. Thus, 
if the noise is significant, the adaptive inverse control approach as we have seen it 
expressed above may not be satisfactory. 

The problem of plant noise has motivated the development of a new algorithm, 
the "filtered-x " LMS algorithm, which allows adaptation of the inverse tilter placed 
forward of the plant in the cascade sequence. With this approach, partially ii-

Plant 
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mode ling 
delay 

Noise 

Adaptive 
inverse 
mode! 

+ 

Figure 11.22 Adaptive inverse modeling 

of a noisy plant. 
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lustrated in Figure 11.23, plant noise does not appear in the adaptive filter input. 
Even though the plant noise clearly is a component of the error Ek, as seen in Figure 
11.23, this noise will have no effect on the converged solution for the inverse filter 
provided that the adapting input can be derived properly. 

If we assume an FIR model, the mean square of error Ek in Figure 11.23 is a 
quadratic function of the adaptive filter weights. Therefore, adaptation has the 
potential for smooth convergence with a unimodal performance surface. But if the 
LMS algorithm is to be used to adapt the inverse filter, as suggested in Figure 11.23, 
we must derive an appropriate "desired" signal to compare with the model output, 
Yk· The signals dk and Ek will not suffice, because Ek is the error at the plant output, 
not at the adaptive filter output. If Ek is used directly with the LMS algorithm to 
adapt the inverse filter, the adaptive process is almost guaranteed to be unstable, or 
if not, to find an irrelevant solution. If we are to use ,k , we must make a 
fundamental change in the adaptive algorithm to permit its use in this situation. 
This change results in the filtered-x LMS algorithm. 

To make such a change, we must examine the structure of the LMS algorithm 
as applied to the adaptation of an FIR filter. A detailed schematic is shown in 
Figure 11.24. First, Figure ll.24(a) shows the overall adaptive filter and signals, 
similar to Figure 6.1. Then Figure ll.24(b) shows the details of the LMS algorithm 
in (6.3). The two diagrams represent exactly the same system. The more detailed 
representation is necessary for the construction of the filtered-x LMS algorithm. 

Returning to the problem of Figure 11.23, that is, how to adapt the adaptive 
filter, we neglect the plant noise for the moment and commute the plant with the 
L_MS filter as shown in Figure ll.25(a), whereupon the LMS algorithm is applied 
duectly. Adjusting the weights to minimize the mean square of Ek will yield the 
correct set of weights to minimize the mean square of Ek in Figure 11.23 with plant 
noise neglected. Next regard the system diagrammed in Figure ll.25(b). Here the 
adaptive filter and the plant P(z) are cascaded as originally in Figure 11.23. If the 
adaptive process shown in Figure ll.25(c) turns out to produce the same set of 
weights as that of Figure l l.25(a) and (b), it (the filtered-x LMS algorithm) is a 
viable solution to the adaptation problem of Figure 11.23. 
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Figure 11 .24 Block diagrams of the LMS adaptive filter: (a) in overall form 
similar to Figure 6.1; (b) showing the details of the LMS filter of (6.3). 

PartlV 

Comparing the systems of Figure ll.25(a) and (b), it is clear that the input 
signal vectors available to the LMS algorithms in both systems are identical at all 
times. The errors, the E/s, are not necessarily identical to each other at all times, 
however. They would be identical if the adaptive FIR filter weight vectors were 
identical to each other at all times and if the plant and the adaptive filter were 
commutable. 

For the same input, the same output results when the positions of two 
cascaded filters are commuted provided that the filters are linear and time invariant. 
The adaptive filter, however, is neither linear nor time invariant, as we see in Figure 
l 1.24(b ). On the other hand, the adaptive filter and the plant would, to a good 
approximation, be commutable if the plant were linear and if the time variations of 
the impulse responses of both the plant and the adaptive filter took place with time 
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constants long compared to the combined memory times or time constants of the 
adaptive filter and the plant. Thus, with slow adaptation, the adaptive filter may be 
considered linear and commutable with P(z). 

Assuming commutability of the plant and the adaptive filter and assuming that 
the adaptive weight vectors of the systems of Figure l l.25(a) and (b) are initialized 
identically, these weight vectors would then undergo identical changes and would 
therefore track each other. As such, the adaptive process of Figure 1 l.25(b) would 
be suitable for the adaptation problem of Figure 11.23. 

Convergence of the filtered-x LMS algorithm as defined by Figure ll.25(b) has 
been demonstrated in a variety of situations. Although the arguments above indicate 
that adaptation must take place very slowly, rapid adaptation has been achieved in 
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most cases with no particular difficulty. Other derivations of the filtered-x LMS 
algorithm are currently being examined in an attempt to account for its robustness. 
Physically, it appears to work as well as the LMS algorithm itself. The choice of 
initial conditions for the filtered-x LMS algorithm is not important. The algorithm 
is stable and transients die out just as with the conventional LMS algorithm. 

With this new algorithm, we musi again consider the effects of plant noise on 
the converged solution of the weight vector. Figure 11.25(c) shows the application of 
the filtered-x LMS algorithm to a system with a noisy plant. One can show that the 
expected value of the adaptive weight vector is the same for the system of Figure 
l 1.25(b) (zero plant noise) as for the system of Figure ll.25(c), where there is plant 
noise. Although the expected value of the adaptive weight vector is unaffected by 
independent plant noise, plant noise will of course cause an additional misadjust­
ment in this weight vector. 

INVERSE CONTROL USING THE FILTERED-x LMS ALGORITHM 

The plant transfer function, P(z), appears twice in Figure ll.25(b) and (c), so we 
must consider how to use the filtered-x method in an actual inverse control situation. 
One possible scheme is shown in Figure 11.26, in which two separate adaptive 
processes are used. One produces a direct model of the plant, P( z), and the other is 
the filtered-x _LMS process that estimates the plant's delayed inverse. The direct 
plant model, P(z), is exactly copied and used in the filtered-x algorithm in place of 
the unavailable plant, P(z) itself. Although none of the foregoing arguments 
i:_elating to the derivation of the filtered-x algorithm would lead one to expect that 
P(z) need not be very precise when incorporated into the algorithm, experience has 
shown this to be the case. The filtered-x algorithm appears to be robust, and current 
evidence indicates that the most important attribute of P( z) is that its impulse 
response have at least as great a transport delay as that of P ( z) itself. The transport 
delay is defined as the time from the initiating input pulse to the first nonzero output 
response. 

In the system of Figure 11.26, a delayed inverse model is used to provide the 
control signal, uk , to the plant. The reference command input, r k, drives the inverse 
model. As discussed previously, a small dither signal may be mixed with r k to 
sustain the adaptive processes in the event of inactivity on the part of r . When the 
individual adaptive processes converge, the overall system respons~ to a step 
function input will be a close approximation to a delayed step, delayed by time ~­
Although the two adaptive processes are not independent in a strict sense, they 
behave with slow adaptation as if they were independent. A precise analysis of the 
entire system of Figure 11.26 is currently in progress. 

The plant noise in Figure 11.26 would contribute to noise in the weights in 
both adaptive processes, but would have no effect on their converged expected 
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weight vectors. The plant noise is uncontrolled, and appears at the plant output as if 
the plant were totally isolated from the rest of the system. In some cases feedback is 
applied to plants for the purpose of reducing correlated output noise (1 - 3, 6, 7). 
Such feedback could be applied to the plant, P(z), in Figure 11.26 to reduce noise. 
If this were done, the combination of the plant and its feedback would be regarded 
by the rest of the system as a new " equivalent" plant which would be modeled and 
inverse modeled j ust as P( z) in Figure 11.26. 

Although plant noise is not controlled by the system of Figure 11.26, low­
frequency plant drift can be easily controlled by adding an adaptive bias weight to 
the inverse plant model, as illustrated in the system of Figure 11.27. The bias weight 
w0 has a fixed unit input in the figure, but it could have any other ftxed value. The 
LMS algorithm is used to adjust w0. To have a predetermined convergence rate for 
this weight, the choice of µ must take into account its fixed input value and the 
" zero-frequency gain" of the plant P(z), that is, the ratio of the mean of the output 
of P(z) to the mean of the input. When the bias weight converges, the mean of the 
error, E[ed, approaches zero and the mean of the plant output, E[ cd , becomes 
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Figure 11.27 Adaptive inverse model control simHa r to Figure 11.26, but with bias weight 
added to control plant drift. 

equal to the mean of reference command input, £[rd, regardless of the amount of 
plant drift (see Exercises 12 through 15). 

MODEL REFERENCE CONTROL 

With a slight modification of Figure 11.27 we can include the concept of "model 
reference control," which was introduced by Draper and Li [1 -3) in 1961. This 
concept has influenced much of the control systems literature since that lime. The 
idea is to build, design, or to adapt a system in such a way that its overall 
input- output response characteristic best matches a reference model response or 
some form of ideal response. For example, suppose that a high-performance aircraft 
has a subsonic dynamic response to its control surfaces which is substantially 
different from its response at supersonic speeds. To provide the pilot with a 
consistent aircraft response regardless of airspeed, an autopilot accepts the pilot's 
control inputs and actuates the control-surface servos. The aircraft response to pilot 
inputs follows the response of a reference model which is chosen by the system 
designer to give the aircraft a "control feel" that is liked by pilots. Many physical 
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systems are designed to respond like models, and many of these systems are 
adaptive. 

It is easy to modify either Figure 11.27 or Figure 11.11 to include a model-ref­
erence feature. We simply replace the inverse modeling delay with the reference 
model. Then the overall system response will be like that of the reference model 
rather than a simple delay. The modification is shown in Figure 11.28. 

The purpose of the delay (z . ,i.) in the systems of Figures 11.11 and 11.27 was 
to make possible accurate inverse modeling, corresponding to a low mean square of 
error ek. With the delay it is possible to trade away immediate system response for a 
delayed but more precise response. As discussed above. the delay is needed when 
the plant, P(z), has transport delay or when the plant is non-minimum phase. 
When replacing the delay with a reference model, in cases where the delay would be 
required to form an accurate inverse, generally the reference model should also 
include such a delay. One must ensure a reference model response that can be 
accurately realized by the adaptive filter cascaded with the plant P(z), given that the 
weights of the adaptive filter are set to minimize mean-square error. The concept of 
Figure 11.28 will perform remarkably well as long as the adaptive system is given a 
feasible task. One should not expect it to respond faster or more intricately than it is 
able for the given plant, P( z ), and its FIR adaptive controller. 
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T~ provide an e~am~le of a mo~el-reference adaptive inverse control system, 
we consider the followmg tmplementation of Figure 11.28: 

"' 
.~ 

~ 
<l'. 

Plant: P(z) = 2.4z 1(1 0.8z-1) 
(1 + 0.6z- 1)(1 - 0.7z- 1) 
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Figure 11.29 Step response of the uncompensated plant used in the example of model 
reference control. 

Chap. 11 Adaptive Control Systems 

45 controller weights ( L = 44) 

µ 0.0005 
20,000 iterations for the adaptive process 

297 

The step response (to a unit step function) of the uncompensated plant is given in 
Figure 11.29, and Figure 11.30 shows the step response of the compensated plant 
superimposed on the step response of the reference model. It is evident that a very 
close match has been obtained. 
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Figure 11.30 Step response of the compensated plant ( +) superimposed on the desired step 
response of the reference model, illustrating successful adaptation. 
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EXERCISES 

L 

1. Given the transfer function H(z) = L w1z · 1 with input xk and output Yk, derive an 
l=O 

inverse algorithm, that is, a formula for the input in terms of the output. Check your 
answer with Equation (11.2). 

2. Explain in 100 words or less the difference between adaptive model control and adaptive 
inverse control as described in this chapter. 

3. Given the system below with uk a white random signal, program the LMS algorithm and 
show convergence of the adaptive inverse model by averaging 100 learning curves. 

1 
Uk---....-i ----­

z2 vif.§z + 0.9 

Plant 

4. After convergence, plot the step response from uk to Yk of the system in Exercise 3. 

5. Use the LMS algorithm to adapt the system below and plot the model impulse response 
after convergence. Use a white random signal for uk. 

6. In the situation shown below, let rk again be a white random signal with power <1}, and 
let nk be independent white noise with power <Jt Let the model converge using the LMS 
algorithm and plot the overall step response, from rk to ck, for signal-to-noise ratios, 
<1//<1;, equal to 0.0, 0.01, 0.1, and 1.0. Adjust µ, to give near-optimal results. Compare 
and explain the four plots. 

Chap. 11 Adaptive Control Systems 299 

7. Prove that E[Et] in Figure 11.23 is a quadratic function of the inverse model weights, 
given that the model is an FIR filter. 

8. In the system with plant noise shown in Figure ll.25(c), show that the optimum weight 
vector is the same as when there is no noise. 

9. One can use the filtered-x concept in Figure 11.25(b) to obtain the adaptive recursive 
filter shown below, with transfer function Hdz) = Ak(z)/[l - Bdz)]. Try to relate the 
diagram below to Figure ll.25(b) and explain the inputs to each of the LMS algorithms. 

LMS 
algorithm 

recursive 
filter 

t-------,---i------r- Output 

B,(z) 

LMS 
algorithm 

Desired 
response 
d, 
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10. Write an algorithm similar to Equation (8.55) for the adaptive recursive filter above. 
Assume that both Ak(z) and Bk(z) have L + 1 weights as in (8.55) and that the 
convergence parameters are the same as in (8.55). Comment on any differences between 
the two algorithms. 

11. Suppose that we construct the system below to establish a "zone of silence" in a room 
containing noisy machinery. The idea is to get the loudspeaker to cancel the machinerv 
noise in the vicinity of the second microphone. Show that this is a filtered-x system b~ 
relating it in detail to Figure 11.26. Discuss some of the problems that might occur in 
making it work. 

/I~\ ' 

12. Derive an expression for the time constant of the bias weight in Figure 11.27. Let the 
zero-frequency plant gain be P0 . Assume that w0 is adjusted using the LMS algorithm 
with µ = µ0 , and assume that the plant drift is constant and equal to d. 

13 .. Assuming that µ is chosen properly for the bias weight in Figure 11.27 and that the 
weight converges, prove that the mean output, E[cd, equals the mean input, E[rk], 
regardless of plant drift. 

14. The inclusion of a bias weight accomplishes the same result as the feedback process 
below, in terms of plant output. What are a and p in terms of P0 , µ0 , and d in Exercise 
12? 
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P(z) 

~/z 

15. What is the range ofµ for stable operation of the bias weight, given that the zero-frequency 
plant gain is P0? 

16. Using the data from the example of the model-reference adaptive inverse control system 
at the end of this chapter, run the system shown in Figure 11.26. Use zero dither and 
plant noise, let rk be a white random signal, and use ~ = 22. Plot a learning curve of el 
versus k to get a rough idea of the convergence of the filtered-x process, and plot a 
similar learning curve for the prefilter, P(z). Using the final weights, make a plot like 
Figure 11.30. 

ANSWERS TO SELECTED EXERCISES 

12. -r = 1/(2µ0 P0 ) 

14. a= -2µd/P0 ; P = 1/P0 2µ 
15. 0 < µ < l/(2P0 ) 
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The usual method of estimating a signal corrupted by additive noiset is to pass the 
composite signal through a filter that tends to suppress the noise while leaving the 
signal relatively unchanged. The design of such filters is the domain of optimal 
filtering, which originated with the pioneering work of Wiener and was extended and 
enhanced by the work of Kalman, Bucy, and others [1-5]. 

Filters used for the foregoing purpose can be fixed or adaptive. The design of 
fixed filters must be based on prior knowledge of both the signal and the noise, but 
adaptive filters have the ability to adjust their own parameters automatically, and 
their design requires little or no prior knowledge of signal or noise characteristics. 

Noise canceling is a variation of optimal filtering that is highly advantageous in 
many applications. It uses an auxiliary or reference input derived from one or more 
sensors located at points in the noise field where the signal is weak or undetectable. 
This input is filtered and subtracted from a primary input containing both signal 
and noise. As a result, the primary noise is attenuated or eliminated by cancellation. 

At first glance, subtracting the noise from a received signal would seem 
dangerous. If done improperly it could result in an increase in output noise power. 
If, however, filtering and subtraction are controlled by an appropriate adaptive 
process, noise reduction can in many cases be accomplished with little risk of 
distorting the signal or increasing the output noise level. In circumstances where 
adaptive noise canceling is applicable, we can often achieve a degree of noise 
rejection that would be difficult or impossible to achieve by direct filtering. 

Our purpose in this chapter is to describe the concept of adaptive noise 
canceling, to provide a theoretical treatment of its advantages and limitations, and to 
describe some of the applications where it is most useful. The discussion here is 
based on the December 1975 Proceedings of the IEEE paper, "Adaptive Noise 
Cancelling: Principles and Applications," by B. Widrow, J. Glover, Jr. , J. M. 

t For simplicity the term '' noise" is used here to signify all forms of interference, deterministic as 
well as stochastic. 
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McCool, J. Kaunitz, C. S. Williams, R. H. Hearn, J. R. Zeidler, E. Dong, M.D., and 
R. C. Goodlin, M.D. 

EARLY WORK IN ADAPTIVE INTERFERENCE CANCELING 

Some of the earliest work in adaptive interference canceling was performed by 
Howells and Applebaum and their colleagues at the General Electric Company 
between 1957 and 1960. They designed and built a system for antenna sidelobe 
canceling using a reference input derived from an auxiliary antenna and a simple 
two-weight adaptive filter [6). 

At the time of this early work, only a handful of people were interested in 
adaptive systems, and the development of the multiweight adaptive filter was just 
beginning. In 1959, Widrow and Hoff at Stanford University were devising the 
least-mean-square (LMS) adaptive algorithm and the pattern recognition scheme 
known as Adaline (for "adaptive linear threshold logic element") [7 , 8). Rosenblatt 
had recently built his Perceptron at the Cornell Aeronautical Laboratory [9-11). 
Aizermann and his colleagues at the Institute of Automatics and Telemechanics in 
Moscow, USSR, were constructing an automatic gradient searching machine. In 
Great Britain, D. Gabor and his associates were developing adaptive filters [12). 
Each of these efforts was proceeding independently. 

In the early and middle 1960s, work on adaptive systems intensified. Hundreds 
of papers on adaptation, adaptive controls, adaptive filtering, and adaptive signal 
processing appeared in the literature. An important commercial application of 
adaptive filtering in digital communications grew from the work during this period 
of Lucky at the Bell Laboratories [13, 14) (see Figure 10.13). 

In 1965 an adaptive noise-canceling system was built at Stanford University. 
Its purpose was to cancel the 60-hertz interference at the output of an electrocardio­
graphic amplifier and recorder. A description of the system, which made use of a 
two-weight analog adaptive filter, is presented below together with analysis and 
results recently obtained by computer implementation. 

Since 1965 adaptive noise canceling has been successfully applied to a number 
of additional problems, including other aspects of electrocardiography, the elimina­
tion of periodic interference in general [15), and the elimination of echoes on 
long-distance telephone transmission lines [ 16, 17). A paper on adaptive antennas 
by Riegler and Compton [18) generalizes the work originally performed by Howells 
and Applebaum. More of the latter topic will be presented in Chapter 13. 

THE CONCEPT OF ADAPTIVE NOISE CANCELING 

The basic noise-canceling situation is illustrated in Figure 12.1. A signal is trans­
mitted over a channel to a sensor that receives the signal plus an uncorrelated noise, 
n 0 . The combined signal and noise, s + n 0 , form the "primary input" to the 
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canceler. A sec_ond sensor receives a noise n1 which is uncorrelated with the signal 
but correlated m some unknown way with the noise n This senso -d th " f · ,, o· r prov1 es . e 

re erence mput . to the canceler. The noise n1 is filtered to produce an output y 
that is a close repbca of 11 0 • This output is subtracted from the primary input s + 11 
to produce the system output, s + n 0 - y. 0 

If one knew the characteristics of the channels over which the noise was 
transnutted to the pnmary and reference sensors, one could, in general, design a 
fixed filter capable of changing n1 into y = n 0 . The filter output could then be 
s~btracted from the primary input, and the system output would be the signal alone 
Smee, however, the characteristics of the transmission paths are assumed to b~ 
unknown or kn~wn only approximately and not of a fixed nature, the use of a fixed 
filte~~sh not feasible. Moreover, even if a fixed filter were feasible its characteristics 
w~d av1e :0 be adjusted with a precision difficult to attain, and' the slightest error 
co resu t m mcreased output noise power. 

d !n the system shown in Figure 12.1, the reference input is processed by an 
a aptlve filter that automatically adjusts its own impulse response throu h a 
least-squares algonthm such as LMS that responds to an error signal depen~ent 
among other tbings, on the filter's output. Thus with the proper algorithm the filte; 
ca_n _ operate under _changmg conditions and can readjust itself contin~ously to 
numnuze the error signal. 

We have seen in previous chapters that the error signal used in an adaptive 
proc~ss depend_s on the nature of the application. In noise-canceling systems the 
prac11cal obJecuve 1s to produce a system output, s + n O _ y, that is a best fit in the 
least-squares sense to the signal s. This objective is accomplished by feeding the 
system output ba_ck_ to the adaptive filter and adjusting the filter through an adaptive 
algorithm to mm1ffi!Ze the total system output power. In an adaptive noise-canceling 
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Figure 12.1 Adaptive noise-canceling concept From B W'd l 
Noise Canceling: Principles and App!icatiotis. © December .197~,r;;~~ a ,, Adaptive 
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system, in other words, the system output serves as the error signal for the adaptive 
process. 

One might think that some prior knowledge of the signal s or of the noises n 0 

and n1 would be necessary before the filter could be designed, or before it could 
adapt to produce the noise-canceling signal y. A simple argument will show, 
however, that little or no prior knowledge of s, n 0 , or n1, or of their interrelation­
ships, either statistical or deterministic, is required. 

Assume that s, n 0 , n1, and y are statistically stationary and have zero means. 
Assume that s is uncorrelated with n0 and n1, and suppose that n 1 is correlated 
with 11 0 • The output is 

e = s + n 0 - y (12.1) 

Squaring, one obtains 

e2 = s 2 +(n0 - y)2 + 2s(n 0 - y) (12.2) 

Taking expectations of both sides of (12.2), and realizing that s is uncorrelated with 
n 0 and with y, yields 

E[e 2 ] = E(s 2 ] + E[(n 0 - y)2] + 2E[s(n 0 - y)] 

= E[s 2 ] + E[(n 0 - J)2] (12.3) 

The signal power E[s 2 ] will be unaffected as the filter is adjusted to minimize E[e2 ] . 

Accordingly, the minimum output power is 

Em;,,[e2 ] = E[s 2 ] + Emi0 [(n 0 -y)2j (12.4) 

When the filter is adjusted so that E[e 2 ] is minimized, E[(n 0 - y)2] is therefore also 
minimized. The filter output y is then a best least-squares estimate of the primary 
noise n0. Moreover, when E[(11 0 - y)2] is minimized, E[(e - s) 2 ] is also mini­
mized, since, from (12. l ), 

(12.5) 

Adjusting or adapting the filter to minimize the total output power is thus tantamount 
to causing the output e to be a best least-squares estimate of the signal s for the 
given structure and adjustability of the adaptive filter and for the given reference 
input. 

The output e will generally contain the signal s plus some noise. From (12.1), 
the output noise is given by (n 0 - y). Since minimizing E[e2 ] minimizes E[(n 0 -

y) 2 ], minimizing the total output power minimizes the output noise power and, since 
the signal in the output remains constant, minimizing the total output power 
maximizes the output signal-to-noise ratio. 

We see from (12.3) that the smallest possible output power is Em,ul e2 ] = E[s 2 ]. 

When this is achievable, E((n 0 - y) 2 ] = 0. Therefore, y = n 0 and e = s. In this 
case, minimizing output power causes the output signal to be perfectly free of noise. 

On the other hand, when the reference input is completely uncorrelated with 
the primary input, the filter will "tum itself off'' and will not increase output noise. 



- 162 -

r . 

I ],:, 
306 Applications Part IV 

In this case the filter output y will be uncorrelated with the primary input. The 
output power will be 

E[E2 ] = E[(s + n0 )2] + 2£[ - y(s + n0 )) + E[y2] 

= E[(s + n 0 ) 2] + E[y 2 ] (12.6) 

Minimizing output power requires that E[y 2 ] be minimized, which is accomplished 
by making all weights zero, bringing E[y 2 ] to zero. 

These arguments can readily be extended to the case where the primary and 
reference inputs contain, in addition to 11 0 and 11 1 , additive random noises uncorre­
lated with each other and with s, n0 , and n1• They can also readily be extended to 
the case where n 0 and n1 are deterministic rather than stochastic. Note that in 
making the arguments above, we have not assumed that the adaptive filter neces­
sarily converges to a linear filter ; that is, we have not used the Wiener filter theory 
described in Chapter 2. 

STATIONARY NOISE-CANCELING SOLUTIONS 

In this section optimal unconstrained Wiener solutions to certain sta tionary noise­
canceling problems are derived. Our purpose is to demonstrate the increase in 
signal-to-noise ratio and other advantages of the noise-canceling technique as 
opposed to the noise filtering technique, when using adaptive filters. 

As previously noted, fixed filters are for the most part inapplicable in noise 
canceling because the correlation and cross-correlation functions of the primary and 
reference inputs are generally unknown and often variable with time. Adaptive 
filters are required to "learn" the statistics initially and to track them if they vary 
slowly. For stationary stochastic inputs, however, the steady-state performance of 
slowly adapting adaptive filters closely approximates that of fixed Wiener filters, and 
Wiener filter theory thus provides a convenient mathematical analysis of statistical 
noise-canceling problems. 

Figure 12.2 shows a classic single-input, single-output Wiener filter. The input 
signal is xk, the output signal Yk• and the desired response dk. The input and 

lnput e--------1,.j 
x, w•l zl 

Desired 
output 
d, 

Error ,, 
Figure 12.2 Single-channel Wiener 
filter. From B. Widrow et al., Adaptive 

..__ __ _.__ ___ Output Noise Canceling: Principles and 

Y, Applications, © December 1975. IEEE. 
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output signals are assumed to be discrete in time, and the input signal and desired 
response are assumed to be statistically stationary. The error signal is Ek = d k - Yk· 
The filter is linear and discrete, and is designed to be optimal in the minimum 
mean-square-error sense. For our analysis here we will assume that it is an infinitely 
long, two-sided adaptive transversal filter. 

The error surface for such a filter is of course quadratic. It is described in 
(7.67) and (10.1). 

00 00 00 

w1wm¢xx(I- m) - 2 L W1</>xAI) (12.7) 
1- -oom=- oo /=- - oc 

The rninim•;m point on this performance surface corresponds with the optimum 
weight vector, w•, that is, the weights of the optimum Wiener filter with transfer 
function W*(z). In (10.3) we derived this optimal transfer function as a ratio of 
power spectra, 

W*(z) = <l>xiz) 
<l.>xx (z) 

(12.8) 

This result represents the unconstrained, noncausal solution to the Wiener filtering 
problem. The Shannon- Bode realization [2], by contrast, is constrained to be a 
causal filter. The causality constraint generally leads to a loss of performance and, 
as shown below, can usually be avoided in adaptive noise-canceling applications. 

Let us now consider how to apply the result in (12.8) in adaptive noise 
canceling. Figure 12.3 show.; a somewhat more detailed picture of the single-channel 
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Figure 12.3 Single-channel adaptive noise canceler wi th correlated and uncorre­
lated noises in the primary and reference inputs. From B. Widrow et al., Adaphve 
Noise Canceling: Principles and Applications. © December 1975. IEEE. 
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adaptive noise canceler in Figure 12.1. It includes a model of how the signal and 
noise inputs might have arisen. The primary input consists of a signal s k plus the 
sum of two noises, n k and m Ok · The reference input consists of the sum of two 
other noises, m,k and n k convolved with h k, the impulse response of the channel 
whose transfer function is H( z ).1 The two noise inputs, n k and n k convolved with 
h k, have a common origin, are correlated with each other, and are uncorrelated with 
the signal, sk . They are further assumed to have finite power spectra at all frequen• 
cies. The noises m 0 k and m u are uncorrelated with each other, with sk, and with n k 
and n k convolved v.ith h k · For the purposes of analysis all noise propagation paths 
are assumed to be equivalent to linear, time-invariant filters. 

The noise canceler of Figure 12.3 includes an adaptive filter whose input x k, 
the reference mput to the canceler, is m!k + n k convolved with h k and whose 
desired response d k, the primary input to the canceler, is sk + m 0k + n k· The error 
signal Ek is the noise canceler's output. If one assumes that the adaptive process has 
converged and the minimum-mean-square-error solution has been found, the adap­
tive filter is equivalent to the Wiener filter in (12.8). A least-squares solution for the 
interference canceler of Figure 12.3 is attractive for the following reason. The output 
is the error of the Wiener filter and, as shown in (2.39), the error ek is uncorrelated 
with the filter input xk. Therefore, all primary noise components which are corre­
lated with reference noise components will be perfectly canceled. Other noise 
components will not be canceled and could appear at the output, however. 

The optimal unconstrained transfer function, W*(z), of the adaptive filter is 
the Wiener solution (12.8), which we may now expand as follows. The spectrum of 
the filter's input '1>xx(z) can be expressed in terms of the spectra of its two mutually 
uncorrelated additive _comp~nents. The spectrum of the noise m1 is it>m,mJz), and 
that of the noise n amvmg VJa H(z) 1s 4>n n(z) IH( z )l 2• The filter's input spectrum is 
thus 

(12 .9) 

The cross power spectrum between the filter's input and the desired response 
depends only on the mutually correlated primary and reference components. and is 
~~ . 

'1>xd(z) = '1>nn(z)H(z - 1) (12.10) 

Using the results in (12.8), the Wiener transfer function is thus 

w•(z) = '1>nn( z )H( z- ') 
'1>m ,m,(z) + '1>,, n(z)IH(z)j 2 

(12 .11) 

t To simpljfy notation, the transfer function of the noise path from n,_ to the primary input has 
bee~ s_e t at unity. This pr~ed_ure does no t res trict the analysis, since by a suitable choice of H( :) and o f 
staustics f~r n,._ any combination of mutually correlated noises can be made to appear at the primary and 
reference mputs. Although 1-l(z) may consequently be required to have po les inside and outside the unit 
circle in the z-plane, a stable two-sided impulse response ht wi ll always exist to do this. 
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Note that W*( z) is independent of the primary signal spectrum <l>ss ( z) and of the 
primary uncorrelated noise spectrum '1>m0m/ z). 

An interesting special case occurs when the additive noise m 1 in the reference 
input is zero. Then 4> .. , .. /z) is zero and the optimal transfer function in (12.11) 

becomes 
w•( z ) = 1/ H(z) (12 .12) 

This result is intuitively correct, because the adaptive filter, as in the balancing of a 
bridge, causes the noise n k to be perfectly nulled at the noise-canceler output. The 
primary uncorrelated noise m 0 k remains uncanceled and appears with the signal at 

the system output. 
The performance of the single-channel noise canceler can be evaluated more 

generally in terms of the ratio of the signal-to-noise power density ratio at the 
output, Pou.(z), to the signal-to-noise power density ratio at the primary input, 
Ppn( z ).t Assuming that the signal spectrum is greater than zero at all frequencies and 
canceling out the signal power spectrum, we have 

Pout ( z) primary noise power density 
Ppn ( z ) = output noise power density 

4>,,,,( z) + '1>,,,0 ,,,0 (z) 

c}> output noise ( z) 
(12.13) 

The canceler's output noise power spectrum, as in Figure 12.3, is the sum of 
three components, one due to the propagation of m Ok directly to the output, another 
due to the propagation of m u to the output via the transfer function - W*(z), and 
another due to the propagation of n k to the output via the transfer function 
1 - H(z)W*(z). The output noise power spectrum is thus 

<l>outputnoise (z) = .'1>"'o"'o(z) + '1>,,,,m,(z)1w•(z)l2 

+it>nn(z)j[l - H(z)W*(z)t (12.14) 

For convenience, we now define the ratios of the spectra of the uncorrelated to 
the spectra of the correlated noises (" noise-to-noise density ratios") at the primary 
and reference inputs as 

(12.15) 

and 

(12.16) 

t The signal-to-noise density ratio is here defined as the ratio o f signal power densi ty to noise 
power density and is thus a function of frequency. These definitions apply on the unit circle in the 
z-plane, where we always have z = e jDT, and T is the sampling period, as described in Chapter 7, 
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With these definitions the transfer function (12.11) can be written as 

W*(z) = H(z)[Bl(z) + 1] (12 .17) 

The output noise power spectrum (12.14) can accordingly be rewritten as 

<l> ( ) <l> ( ) <11.,1.,.(z) I 1 12 
outpu1noise Z = m 0 m 0 Z + IH(z)l2IB(z) + ll2 + <l>nn(z) l - B(z) + 1 

_ () B(z) 
- <l>nn Z A(z) + <l>nn(z) ( ) 

B z + 1 
(12.18) 

The ratio of the primary to the output signal-to-noise power density ratios in (12.13) 
is now 

Pou.(z) <l>nn(z)[l + A(z)] 
Ppn{ Z) = «l>ouLput noise( Z) 

1 + A (z) 

A(z) + B(z) 
B(z)+l 

[A(z) + ll[B(z) + 1] 
A(z) + A(z)B(z) + B(z) 

(12.19) 

This expression is a general representation of the ideal noise-canceler perfor­
mance with single primary and reference inputs and stationary signals and noises. It 
allows one to estimate the level of noise reduction to be expected with an ideal 
noise-canceling system containing a two-sided unconstrained Wiener filter. In such a 
system the signal propagates to the output in an undistorted fashion, with a transfer 
function of unity.t Classical configurations of Wiener, Kalman, and adaptive filters, 
in contrast , generally introduce some signal distortion in the process of noise 
reduction. 

It is apparent from (12.19) that the ability of a noise canceling system to 
reduce noise is limited by the uncorrelated-to-correlated noise density ratios at the 
primary and reference inputs. When A ( z) and B( z) are relatively small, 
P0 u1(z)/Ppri(2) is relatively large and the action of the canceler is relatively more 
effective. The desirability of low levels of uncorrelated noise in both inputs is made 
still more evident by considering the following special cases: 

1. Small A(z): 

Pou,(z) 1 + B(z) 
Ppn(z) = B(z) 

(12.20) 

tSome signal cancellation is possible when adaptation is rapid (i_.e. , when the value of the 
convergence parameter µ, is large) because of the dynamic response of the weight vector, which 
approaches but does not equal the Wiener solution. In most cases this effect is negligible; a particular 
case where it is not negligible is described later in this chapter. 
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2. Small B(z): 

3. Small A(z) and B(z): 

PouJ Z) 1 + A ( Z) 
Ppri(z) = A(z) 

Pou1(z) _ 1 
Ppn ( z) - A ( z) + B( z) 
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(12.21) 

(12.22) 

Infinite improvement is implied by these relations when both A(z) and B(z) 
are zero. In this case there is complete removal of noise at the system output, 
resulting in perfect signal reproduction. When A(z) and B(z) are small, however, 
other factors become important in limiting system performance. These factors 
include the finite length of the adaptive filter in practical systems and " misadjust­
ment" caused by gradient estimation noise in the adaptive process, discussed in 
Chapter 5 and in References 19 and 20. A third factor, involving signal components 
sometimes leaking into the reference input, is discussed in the following section. 

EFFECTS OF SIGNAL COMPONENTS IN THE REFERENCE INPUT 

In certain instances the available reference input to an adaptive noise canceler may 
contain low-level signal components in addition to the usual correlated and uncorre­
lated noise components, and of course these signal components will cause some 
cancellation of the primary input signal. We must then ask whether they will cause 
sufficient cancellation to render the application of noise canceling useless. To 
provide an answer we will use the unconstrained Wiener solution as in the preceding 
section, and we will derive expressions for the signal-to-noise density ratio, signal 
distortion, and noise spectrum at the canceler output. 

Figure 12.4 shows an adaptive noise canceler whose reference input contains 
signal components and whose primary and reference inputs contain additive corre­
lated noises. Additive uncorrelated noises have been omitted to simplify the analy­
sis. The signal components leaking into the reference input are assumed to be 
propagated through a channel with the transfer function J(z). The other terminol­
ogy is the same as that of Figure 12.3. 

The input signal and noise power spectra in Figure 12.4 are <l>_,,(z) and <l>nn(z), 
respectively. The spectrum of the reference input, which is identical to the spectrum 
of the input xk to the adaptive filter, is thus 

(12 .23) 

The cross-spectrum between the reference and primary inputs, identical to the 
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Figure 12.4 Adaptive noise canceler with signal components leaking into the 
reference input. From B. \Vidrow et al. Adaptive Noise Canceling: Principles and 
Applications, © December 1975, IEEE. 

cross-spectrum between the filter's input xk and desired response d k• is similarly 

(12.24) 

When the adaptive process has converged, the unconstrained Wiener transfer 
function of the adaptive filter, given by (12.8), is thus 

W*(z) = <l>,, (z)J(z - 1 ) + <l>nn(z)H(z - 1 ) 

<1>,,(z)IJ(z)l 2 + <l>nn( z) IH( z )l 2 
(12.25) 

The first objective of our analysis is to find the signal-to-noise density ratio 
Pout ( z ), at the noise-canceler output. The transfer function of the propagation path 
from the signal input to the noise-canceler output isl - J(z)W*(z) and that of the 
path from the noise input to the canceler output is 1 - H(z)W*(z). The spectrum 
of the signal component in the output is thus 

<l>,,0 ., (z) = <l>s,(z) ll - J(z)W*(z) l2 

= <I> ( )I [H(z)-J(z)]<I>nn( z )H(z - 1 ) 12 

s, z <t>,, (z)IJ(z)l 2 + <I>,,,,(z)I H(z) l2 

and that of the noise component is similarly 

<l>nn 0 Jz) = <l>nn(z) [l - H(z)W*(zt 

= <l>n ,,(z) I [J(z) - H( z)] <I>,, (z)J(z - 1) 12 

I <l>,, (z)IJ(z)l 2 + <l>",,(z)IH(z)l 2 

(12.26) 

(12.27) 
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The output signal-to-noise density ratio is thus 

( ) = <I>s, (z) I <l>nn(z)H(z - 1 ) 1
2 

Pout Z </>,,,,(z) <I>,, (z)J(z - l) 

<I>n,,(z) IH(z)l2 

<l>,, (z)IJ(z) l2 
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(12.28) 

The output signal-to-noise density ratio can be conveniently expressed in terms 
of the signal-to-noise density ratio at the reference input, P,er ( z ), as follows. The 
spectrum of the signal component in the reference input is 

<l>,,,) z) = <I>,s (z)jJ(z) l2 

and that of the noise component is similarly 

<l>,, ,,,)z) = <I>nh) IH( z)l 2 

The signal-to-noise density ratio at the reference input is thus 

( z ) = <I>,, (z)IJ(z) l2 

P,,r <l>"Jz)IH(z)l2 

The output signal-to-noise density ratio (12.28) is, therefore, 

1 
Pou.(z) = -(- ) 

Prer z 

(12.29) 

(12.30) 

(12.31) 

(12.32) 

This result is exact and somewhat surprising. It shows that, assuming the 
adaptive solution to be unconstrained and the noises in the primary and reference 
inputs to be mutually correlated, the signal-to-noise density ratio al the noise-canceler 
output is simply the reciprocal at all frequencies of the signal-to-noise density ratio 
at the reference input. The process in (12.32) is called power inversion. 

With this result, our next objective is to derive an expression for signal 
distortion at the noise-canceler output. The most useful reference input is one 
composed almost entirely of noise correlated with the noise in the primary input. 
When signal components are present some signal distortion will generally occur. 
The amount will depend on the amount of signal propagated through the adaptive 
filter, which may be determined as follows. The transfer function of the propagation 
path through the filter is, from (12.25), 

( ) ( ) ( ) <I>,, (z)J(z - 1) + <l>,, ,, (z)H(z- 1 ) 
- J z w• z = - J z 

<I>,, (z)jJ(z)l 2 + <I>,,,,(z) !H(z)l 2 
(12.33) 

When jJ(z)I is small compared with IH(z )I, this function can be approximated as 

- J( z) w•( z) == J( z) (12.34) 
H( z) 
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The spectrum of the signal component propagated to the noise-canceler output 
through the adaptive filter is thus approximately 

IJ(z) l2 
<l>,, (z) H(z) (12.35) 

The summing of the component represented in (12.35) with the signal component in 
Figure 12.4 in the primary input results in signal distortion. The worst case, 
bounding the distortion to be expected in practice, occurs when the two signal 
components are of opposite phase. 

Let "signal distortion" D( z ) be definedt as a dimensionless ratio of the 
spectrum of the output signal component propagated through the adaptive filter in 
(12.35) to the spectrum of the signal component at the primary input: 

D(z)"' <l>,, (z)IJ(z)/ H(z)l2 
<l>,, ( z) 

=I~~:~ /2 

(12.36) 

This expression may be rewritten in a more useful form by combining the expression 
for the signal-to-noise density ratio at the primary input which, in Figure 12.4, 
would be 

( ) 
t,_ <l>,,(z) 

Ppri Z - <f>nn ( Z) (12.37) 

with the signal-to-noise density ratio at the reference input in (12.31 ). The result is 

D(z) ~ P,e1(z )/ Ppn(z) (12.38) 

Equation (12.38) shows that, with an unconstrained adaptive solution and mutually 
correlated noises at the primary and reference inputs, low signal distortion results 
from a high signal-to-noise density ratio at the primary input and a low signal-to-noise 
density ratio at the reference input. This conclusion is intuitively reasonable. 

Our final objective in this section is to derive an expression for the spectrum of 
the output noise. In Figure 12.4, the noise n k propagates to the output with a 
transfer function 

I - H(z)W*(z) = 1 - H(z)[<l>,, (z)J(z -l) + <l>nn ( z )H(z - l)] 
<l>,, ( z ) IJ(z)l2 + <l>nn(z)IH(z)l2 

<l>,,(z )J(z - 1)[J( z) - H( z)] 

<l>,, (z)IJ( z)l2 + <l>nn(z)IH( z )l2 
(12.39) 

tNo te that signal distortion as defined here is a linear phenomenon related to alteration of the 
signal waveform as it appears at the noise-canceler output and is not to be confused with nonlinear 
harmonic distortion. 
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When iJ(z)I is small compared with IH(z)I, (12.39) reduces to 

( ) ( ) _ - <l>,, (z)J(z - 1 ) 

I - H z W* z - (-) ( _1 ) <f>nn '- H Z 

The output noise spectrum, from Figure 12.4, is 

2 
<l>outputnoise = <l> •• (z)II - H(z)W*(z) I 

Again, when ll(z)I is small compared with IH(z)I, (12.41) reduces to 
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(12.40) 

(12.41) 

(12.42) 

This equation can be expressed more conveniently in terms of the signal-to-noise 
density ratios at the reference input (12.31) and primary input (12.37): 

(12.43) 

This final result, which may appear strange at first glance, can be understood 
intuitively as follows. The first factor implies that the output noise spectrum is 
proportional to the input noise spectrum and is readily accepted. The second factor 
implies that, if the signal-to-noise density ratio at the reference input is low, the 
output noise will be low; that is, the smaller the signal component in the reference 
input, the more perfectly the noise will be canceled. The third factor implies that if 
the signal-to-noise density ratio in the primary input (the desired response of the 
adaptive filter) is low, the filter will be trained most effectively to cancel the noise 
rather than the signal and consequently output noise will be low. 

Thus we have shown that small signal components in the reference input, 
though undesirable, do not render the application of adaptive noise canceling 
useless. t For an illustration of the level of performance attainable in practical 
circumstances, consider the following example. Figure 12.5 shows a multiple input 
(Chapter 2) adaptive noise-canceling system designed to pass a plane-wave signal 
received in the main beam of an antenna array and to discriminate against strong 
interference in the near field or in a minor lobe of the array. If one assumes that the 
signal and interference have overlapping and similar power spectra and that the 
interference power density is 20 times greater than the signal power density at 
the individual array elements, the signal-to-noise ratio at the reference input, P,er, is 
1/ 20. If one further assumes that, because of array gain, the signal power equals the 
interference power at the array output, the signal-to-noise ratio at the primary input, 
Ppri• is 1. After convergence of the adaptive filter the signal-to-noise ratio at the 

tNote that if the reference input contained signal components but no ooise components, correlated 
or uncorrelated. the signal would be completely canceled. When the reference input is properly derived, 
however, this condition should not occur. 
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Figure 12.5 Adaptive noise canceling applied to a receiving array. From B. 
Widrow et a1., Adaptive Noise Canceling: Principles and Applications, ~ December 
1975, l EEE. 

system output given in (12.32) will thus be 

1 
p = - =20 

out Pree 

The maximum signal distortion from (12.38) will similarly be 

Pref 1/ 20 
D = - = - - = 5 percent 

Prn 1 

In this case, therefore, adaptive noise canceling improves the signal-to-noise ratio 
2O-fold and introduces only a small amount of signal distortion. Adaptive arrays are 
discussed further in Chapters 13 and 14. 

THE ADAPTIVE INTERFERENCE CANCELER AS A NOTCH FILTER 

In certain situations a primary input is available consisting of a signal component 
with an additive undesired sinusoidal interference. The conventional method of 
eliminating such interference is through the use of a notch filter. In this section an 
unusual notch filter, realized by an adaptive noise canceler, is described. The 
advantages of this form of notch filter are that it offers easy control of bandwidth, an 
infinite nuU, and the capability of adaptively tracking the exact frequency and phase 
of the interference. In this section we analyze the adaptive formation of a notch at a 
single frequency. The results can easily be extended to show that if more than one 
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i 
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. ·n ut a notch for each component will be 
frequency is present m the refedrendce I p , where there is noise in the reference 
formed [21, 48], and also exten e to cases 

input i~9]. 12 6 shows a single-frequency noise canceler with two adaptive weigh~s. 
igure . . . . b kind of signal - stochasuc, determm1suc, 

The primary mput is assumed to e an:Ombination of signals. The reference input 
periodic, trans1_ent, and so on - ~r a7 The primary and reference inputs are 
is a pure cosme wave, Ccos~ ot d .p). 'b din Chapter 7. The reference input is 
sampled at intervals _of T secon s as es:r eoin a 900 phase shift, giving x 2k. 
sampled directly, givmg Xw a~d after u~ g . g anceler of Figure 12.6 may be 

A linear transfer funct10n for t . e nrse ~be primary input to the system 
obtained by analyzing signal propda_gauon rfoFmgure 12 7 showing the operation of 

t F th's purpose the flow iagram o 1 · ' · d . 
output. or I . . t d Note that the procedure for up atmg 
the LMS algorithm in detail, IS construe e _- . 
the weights, as indicated in the diagram, IS given by (6.3) . 

WI, k + 1 = Wi k + 2µ £kX lk } (12.44) 

Wz,k·d = w 2k + 2µ ekx 2k 

_ 2 .r T as in (7 16) the sampled reference inputs are 
lf we let w0 - 'IT1 0 • • ' 

x lk = Ccos(kwo + <P) } (12.45) 

x 2k = C sin(kw0 + <P) 
. . . . urc 12 6 is inherently nonl inear and timc-variabl~, 

\Although the 2-we,ght adaptive filter m Fig ./ . shown by the subsequent analysts 
when used with a sinusoidal reference the s1g,nal path from t k to (" is 
to be linear and time-invariant (21., 48]. 
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Part IV 

v, 

The first step in the analysis is to obtain the isolated impulse response from the 
error ek, point C, to the filter output, point G, with the feedback loop from point G 
to point B broken. Let an impulse of amplitude a be applied at point C at discrete 
time k = m; that is, 

ek = ao(k - m) (12.46) 

where o(k) is a unit impulse at k = 0, described in (7.21). The response at point D 
is then 

fork = m 

fork* m 
(12 .47) 

which is the input impulse scaled in amplitude by the instantaneous value of x 1k at 
k = m. The signal flow path from point D to point Eis that of a digital integrator 
with transfer function 2µ. / (z - 1) and impulse response 2µ.u(k - 1), where u(k) is 
the discrete unit step function 

u(k) = {~ fork< 0 
fork 2: 0 (12.48) 

j 

I • 
¥ 
!j 

','\ ~--5· 
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Convolving 2µ.u(k 1) with ekx lk yields the response at point E: 

w1k = 2µaC cos(mw0 + </>) 
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(12.49) 

where k 2: m + 1. When the scaled and delayed step function is multiplied by Xu, 
the response at point F is obtained: 

Y!k = 2µ.aC 2cos(kw0 + <t> )cos( mw0 + </>) (12.50) 

where k 2: m + 1. The corresponding response at point J, obtained in a similar 
manner, is 

(12.51) 

where k 2: m + 1. Combining (12.50) and (12.51) yields the response at the filter 
output, point G : 

Yk = 2µaC 2cos [(k - m)w0 ] fork 2: m + 1 

= 2µ.aC 2u(k - m - l)cos[(k - m)w0 ] (12 .52) 

Note that (12.52) is a function only of (k - m) and is thus a true impulse response, 
proportional to the input impulse. . . 

Having a formula for the output Yk, a linear transfer function for the nmse 
canceler may now be derived in the following manner. H the impulse time m is set 
equal to zero, the unit impulse response of the linear time-invariant signal flow path 
from point C to point G is 

Yk = 2µ. C 2u(k - l)cos(kWo) (12.53) 

and the transfer function of this path is then the z-transform of Yk , or [Exercise l (e) 
in Chapter 7] 

G(z = 2µ.C --'----- ~~ - 1 ) 2 [ z(z - cosw0 ) ] 

z 2 - 2zcos w0 + 1 

2µ.C 2(zcosw0 - 1) 

z 2 - 2z cosw0 + 1 
(12 .54) 

If the feedback loop from point G to point B is now closed, the transfer function 
H( z ) from the primary input, point A, to the noise-canceler output, point C, can be 
obtained from the feedback formula: 

1 z 2 - 2zcosw0 + 1 
H(z) = 1 + G(z) = z 2 - 2(1 - µ.C 2 )zcosw0 + 1 - 2µC 2 

(12.55) 

Equation (12.55) shows that the single-frequency noise canceler has the proper­
ties of a notch filter at the reference frequency w0 • The zeros of the transfer function 
are located in the z-plane at 

z = e ±Jwo (12.56) 
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and are precisely on the unit circle at angles of ± w0 rad. The poles are located at 

z = (l - µC 2)cosw0 ±J[(l - 2µC 2) - (1 - µC 2)2cos 2wo]112 (12.57) 

The poles are inside the unit circle at a radial distance (1 - 2µC 2)112, approximately 
equal to 1 - µC2, from the origin and at angles of 

±cos - 1[(1 - µC 2)(1 - 2µC 2) - 112cosw0 ] (12.58) 

For slow adaptation (i.e. , small values of µC 2) these angles depend on the factor 

1 - µc 2 = ( 1 - 2µc2 + µ2c•) 112 

(1 - 2µC 2)112 1 - 2µC 2 

= (1 + µ2c• + ... )1; 2 

= 1 + ½µ2c• + .. . (12 .59) 

which differs only slightly from a value of 1. The result is that, in practical instances, 
the angles of the poles are almost identical to those of the zeros. 

The locations of the poles and zeros and the half-power points of the transfer 
function are shown in Figure 12.8. Since the zeros lie on the unit circle, the depth in 
dB of the notch in the transfer function is infinite at the frequency w = w0 • The 
sharpness of the notch is determined by the closeness of the poles to the zeros. 
Corresponding poles and zeros are separated by a distance approximately equal to 
µC 2• The arc length along the unit circle (or the angle) spanning the distance 
between half-power points is the" bandwidth" of the notch filter, and is seen to be 

/Lei 
BW = 2µC 2 rad = -- Hz 

71T 
(12.60) 

A common measure of the sharpness of a notch is the "quality factor," Q, which is 
determined by the ratio of the center frequency to the bandwidth: 

Q g, center frequency=~ 
bandwidth 2µC 2 (12.61) 

The single-frequency noise canceler is thus equivalent to a stable notch filter when 
the reference input is a pure cosine wave. The depth of the null is generally superior 
to that of a fixed filter because the adaptive process maintains the correct phase 
relationships for canceling, even if the reference frequency changes slowly. 

Figure 12.9 shows the results of two experiments performed to demonstrate the 
characteristics of the adaptive notch filter. In the first the primary input was a 
cosine wave of unit power stepped through 512 discrete frequencies. The reference 
input was a cosine wave with a frequency w0 of 71 / 2 rad. The value of C was 1, and 
the value of µ was 0.0125. The frequency resolution of the discrete Fourier trans­
form [Equation (7.43)] was ~w = 71/ 512. The output power at each frequency is 
shown in Figure 12.9(a). As the primary frequency approaches the reference 
frequency, significant cancellation occurs. When w is near but not at w0 the weights 
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Figure 12.8 Properties of the transfer 
function of a single-frequency adaptive 
noise canceler: ( a) location of poles and 
zeros; (b) magnitude of transfer function. 
From B. Widrow ct al. , Adaptive Noise 
Canceling: Principles and Applications, 
© December 1975. IEEE. 

do not converge to stable values but "tumble" at the difference frequency,t and the 
adaptive filter behaves like a modulator, converting the reference frequency into the 

t When the primary and reference frequencies are held at a cons tant difference, the weights develop 
a sinusoidal steady state at the difference frequency. In other words, they converge on a dynamic rather 
than a s tatic solution. This is an unusual form of adaptive behavior that co mes from the LMS algorithm 
itself. Although the weight vector converges on a dynamic rather than static solution, it is in a sense 
forming a nonstationary least-squares solution. This is called " non-Wiener" behavior. The Wiener 
solution under these circumstances would require the weights to be zero . 
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primary frequency. The theoretical notch width between half-power points, 
0.0250 rad, compares closely with the measured notch width of 0.0255 rad. 

In the second experiment, the primary input was composed of uncorrelated 
samples of whlte noise at unit power. The reference input and the processing 
parameters were the same as in the first experiment. An ensemble average of 4096 
power spectra at the noise-canceler output is shown in Figure 12.9(b). An infinite 
null was not obtained in thls experiment because of the finite frequency resolution of 
the spectral analysis algorithm. 

In these experiments, filtering with a reference cosine wave at a given frequency 
caused cancellation of primary input components at adjacent frequencies. Thls 
result indicates that, under some circumstances, primary input components may be 
partially canceled and distorted even though the reference input is uncorrelated with 
them. ln practice thls kind of cancellation is of concern only when the adaptive 
process is rapid, that is, when it is effected with large values ofµ. When the adaptive 
process is slow, the weights converge to values that are nearly fixed, and although 
signal cancellation as described in thls section occurs it is generally not significant. 
The weights approximate the Wiener solution. 

Additional experiments have recently been conducted with reference inputs 
containing more than one sinusoid. The formation of multiple notches has been 
achleved by using an adaptive filter with multiple weights (typically, an adaptive 
transversal filter). Two weights are required for each sinusoid to achleve the neces­
sary filter gain and phase. Uncorrelated broadband noise imposed on the reference 
input creates a need for additional weights. A full analysis of the multiple-notch 
problem is contained in Reference 21. 

THE ADAPTIVE INTERFERENCE CANCELER AS A HIGH-PASS FILTER 

The use of a bias weight in an adaptive filter to cancel low-frequency drift in the 
primary input is a _special case of notch filtering with the notch at zero frequency. 
The method of incorporating only a bias weight is shown in Figure 12.10. Because 
there is no need to match the phase of the signal, only one weight is needed. The 
reference input may be set to a constant value of 1. 

Primary 
Output 
E(zl 

input -----------+-/ 1: ,__.-+ _ _,_ 
D(z) 

Reference 
input 

+ 

+ 1 

Figure 12.10 Setting the reference input 
to one produces an adaptive highwpass 
filter. 



- 171 -

324 Applications Part IV 

The transfer function from the primary input to the noise•canceler output is 
derived as follows. In Figure 12.10 we see that Yk is equal to wk, so the LMS 
algorithm (6.3) in this case gives 

Yk+l = Yk + 2µEk 

= Yk + 2µ(dk - Yk) 

Taking the z•transform of (12.62) yields the steady•state solution, 

Y( z) = 2µD(z) 
z-(1 -2µ) 

(12.62) 

(12.63) 

If we now substitute Y(z) = D(z) - E(z) into (12.63), we obtain the transfer 
function from D to E in Figure 12.10, 

H(z)=E( z)= z-1 
D(z) z - (1 - 2µ) 

(12.64) 

Equation (12.64) shows that the bias•weight filter is a high•pass filter with a 
zero on the unit circle at zero frequency and a pole on the real axis at a distance 2µ 
to the left of the zero. Note that this corresponds to a single.frequency notch filter, 
described by (12.55), for the case where w0 = 0 and C = 1. The half.power frequency 
of the notch is at w = 2µ rad. 

The single•weight noise canceler acting as a high•pass filter is capable of 
removing not only a constant bias but also a slowly varying drift in the primary 
input. Moreover, though it is not demonstrated here, bias or drift removal can be 
accomplished simultaneously with cancellation of low.frequency stochastic inter· 
ference, using the type of zero.frequency reference shown in Figure 12.10. 

EFFECTS OF FINITE LENGTH AND CAUSALITY 

In the analyses above, questions of the physical realizability of the adaptive filters 
were not considered. The expressions derived were ideal, based on the assumption 
of an infinitely long, two•sided (noncausal) adaptive transversal filter. Although 
such a filter cannot in reality be implemented, we will show that its performance can 
be closely approximated. 

Typical impulse responses of ideal filters approach amplitudes of zero ex• 
ponentially over time. Approximate realizations are thus possible with finite•length 
FIR filters. The more weights used in the FIR filter, the closer its impulse response 
will be to that of the ideal filter. Increasing the number of weights, however, also 
increases the cost of implementation. 

Noncausal filters, of course, are not physically realizable in real.time systems. 
In many cases, however, they can be realized approximately in delayed form, 
providing an acceptable delayed real·time response. Such cases were discussed in 
Chapters 10 and 11. In practical circumstances excellent performance can be 
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Figure 12.11 Adaptive noise canceller with delay in primary input path. From B. 
Widrow et al.. Adaptive Noise Canceling: Principles and Applications, © December 
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obtained with two•sided filter impulse responses even when they are truncated in 
time to the left and right. Using a delay, the truncated response can be made causal 
and physically realizable. 
. Fig~re 12.11 shows an adaptive noise•canceling system with a delay LI. inserted 
ID the pnmary 1Dput. This delay causes an equal delay to develop in the uncon• 
strained optimal filter impulse response, which remains otherwise unchanged. In 
practical, finite•length adaptive transversal filters, on the other hand, the optimal 
impulse response generally changes shape with changes in the value of LI. , which is 
chosen to cause the peak of the impulse response to center along the delay line in the 
adaptive filter. 

. As in Chapter 10, the value of LI. is not critical within a certain optimal range; 
that 1s, the curve showing minimum mean•square error as a function of LI. generally 
has a very_ broad minimum. A value typically equal to about half the time delay of 
the adapuve filter produces the least minimum output noise power. (Compare 
Figure 10.10, for example.) 

Figure 12.12 shows the results of a computer•simulated noise•canceling experi• 
'.11ent with an unconstrained optimal filter response that was noncausal. The primary 
1Dput consisted of a periodic triangular wave and additive colored noise. The 
reference input consisted of colored noise correlated with the primary noise.t The 
unconstrained optimal impulse response and the causal, finite.length adaptive im• 
pulse response obtained without a delay in the primary input are plotted in Figure 
12.12(a). The large difference in these impulse responses indicates that the noise· 
canceler output will be a poor approximation to the signal. The corresponding 

t Except for the deJay in the primary input, the simulated noise-canceling system was identical with 
the system shown in Figure 12.3. The transfer function !l(z) was a non-minimum phase, low-pass FIR 
filter with two zeros, 

H(z)~2z- 1(1 ½z - 1)(1-½z) 
The optimal unconstrained adaptive filter solution, in this case given by (12.13). is the reciprocal of fl(::). 
It has one pole inside and one pole outside the unit circle in the z-plane. A stable realization of W"'(z) 
must, therefore, be two-sided. 



- 172 -

- ----------~1-0 

~ 

" C. 
E 

C 

1·~ 
~ "§ 
~ ti; 
0 C 

~ .~ I :0\ __ ,,,,,, 
,._ ___ =-__,-~------o -+--~---..-,:_-.::_-------.... -....... 

326 

-,, 
' ' ' \ 

<X) 
I 

Chap. 12 Adaptive Interference Canceling 327 

optimal and adaptive impulse responses obtained with a delay of eight time units 
(half the length of the adaptive filter) are shown in Figure 12.12(b). These solutions 
are similar, indicating that performance of the adaptive filter will be close to optimal. 
Typical noise-canceler outputs with and without the delay are shown in Figure 
12.12(c) and (d). The waveform obtained with the delay is very close to that of the 
original triangular signal, whereas that obtained with no delay still contains a great 
amount of noise. 

MULTIPLE-REFERENCE NOISE CANCELING 

When there is more than one noise or interference to be canceled and a number of 
linearly independent reference inputs containing mixtures of each can be obtained, 
we can construct a multiple-reference noise-canceling system by expanding the 
single-reference noise canceler analyzed above. In the model shown in Figure 12.13 
the M inputs, ,f,1 through ,f,M, represent mutually uncorrelated sources of either 
signal or noise. The transfer functions G;(z) represent the propagation paths from 
these sources to the primary input. The F;/z) similarly represent the propagation 
paths to the reference inputs and allow for cross-coupling. This model permits 
treatment not only of multiple noise sources but also of signal components in the 
reference inputs and uncorrelated noises in the reference and primary inputs. In 
other words, it is a general representation of the adaptive noise canceler in Figure 
12.4. 

The unconstrained optimal transfer function of the multiple-reference canceler 
is the matrix equivalent of (12.8) and is derived in the following manner. The source 
power spectral matrix is defined as 

4>M,(z) 0 

I 4>.,,,( z) l 4>,;,,.,,(z) 
(12.65) 

0 4> ,,,,,,,,,( z) 

With this definition, the spectral matrix of the N reference inputs to the adaptive 
filters becomes 

(12.66) 

where 

(12.67) 

and again F;/z) is the transfer function from source i to input j. 
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Figure 12.13 GcneraJized multiple-reference adaptive noise canceler. From B. Widrow ct al., 
Adaptive Noise Can celing: Prindples and Applications, © December 1975, IEEE. 

The cross-spectral vector from the reference inputs to the primary input in 
Figure 12.13 is given similarly by 

(12.68) 

where 

(12 .69) 

and again G;(z) is the transfer function from source i to the primary input. 
With these relationships for Figure 12.13, the optimal weight vector solution is 

similar to (12.8). If we define 

[w•(z)] = [W/(z) WJ( z)] (12.70) 

as the set of optimal transfer functions (each containing an optimal weight vector), we 
then have, similar to (12.8), 

[w•(z)] = r~xx<zW 1~xAz) 

[[F(z - 1)] r[ ~H(z )] [F(z)]] - 1[ F(z - 1)] r[ ~H(z )] [G(z )] 

(12 .71) 

This solution represents the entire set of optimal weight vectors, Wi* through w;, 

• 
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which define the minimum of the overall error surface given by E[ ef ] as a function 
of all of the weights. We do not need mathematics to show that this surface is 
quadratic in all of the weights, because we can see in Figure 12.13 that Yk is a linear 
combination of adaptive linear combiner outputs, and thus Yf (and ef ) must 
contain only linear and quadratic weight terms. 

If [F(z)] in (12.67) is square (i.e., N = M) and has an inverse, then (12.71) 
simplifies tot 

(12.72) 

which is the matrix equivalent of (12.12). The inverse of [F(z)] may not exist at all 
frequencies. 

The expressions above can be used to derive steady-state optimal solutions to 
multiple-source, multiple-reference noise canceling problems more general than 
those discussed previously. An application of the multiple-reference problem in the 
field of fetal electrocardiography is given below. 

The foregoing generalization completes our discussion of the principles of 
adaptive noise canceling, which included a description of the concept and theoretical 
analyses of performance with various kinds of signal and noise. The following 
sections describe a variety of practical applications of the technique. These applica­
tions include the canceling of several kinds of interference in electrocardiography, of 
noise in speech signals, of antenna sidelobe interference, and of periodic or narrow­
band interference for which there is no external reference source. Experimental 
results are presented that demonstrate the performance of adaptive noise canceling 
in these applications. 

CANCELING 60-Hz INTERFERENCE IN ELECTROCARDIOGRAPHY 

Huhta and Webster [22] have pointed out that a major problem in the recording of 
electrocardiograms (ECGs) is "the appearance of unwanted 60-Hz interference in 
the output." They analyze the various causes of such power-line interference, 
including magnetic induction, displacement currents in leads or in the body of the 
patient, and equipment interconnections and imperfections. They also describe a 
number of techniques for minimizing it that can be effected in the recording process 
itself, such as proper grounding and the use of twisted pairs. Another method 
capable of reducing 60-Hz ECG interference is adaptive noise canceling, which can 
be used separately or in conjunction with more conventional approaches. 

Figure 12.14 shows the application of adaptive noise canceling in electro­
cardiography. The primary input is taken from the ECG preamplifier; the 60-Hz 
reference input is taken from a wall outlet with proper attenuation. The adaptive 
filter contains two variable weights, applied in a manner similar to that of Figure 
12.6. The two weighted versions of the reference are summed to form the filter's 

t sce Exercise l(c) in Chapter 2 . 
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Figure 12.14 Cancelling 60-Hz 
interference in electrocardiography. From 
B. Widrow et al., Adaptive Noise 
Canceling: Principles and Applications , 
© December 1975, IEEE. 

output, which is subtracted from the primary input. Selected combinations of the 
values of the weights allow the reference waveform to be changed in magnitude and 
phase in any way required for cancellation. The two variable weights, or two 
"degrees of freedom," are required to cancel the single pure sinusoid. 

A typical result of a group of experiments performed with real-time processing 
is shown in Figure 12.15. The samples had 10 bits and the sampling rate was 1000 
Hz. Figure 12.15(a) shows the primary input, an ECG waveform with an excessive 
amount of 60-Hz interference, and Figure 12.15(b) shows the reference input from 
the wall outlet. Figure 12.lS(c) shows the noise-canceler output. Note the absence 
of interference and the clarity of detail after the adaptive process has converged. 

CANCELING DONOR-HEART INTERFERENCE IN HEART-TRANSPLANT 
ELECTROCARDIOGRAPHY 

The electrical depolarization of the ventricles of the human heart is triggered by a 
group of specialized muscle cells known as the atrioventricular (AV) node. Although 
capable of independent, asynchronous operation, this node is normally controlled by 
a similar cell group, the sinoatrial (SA) node, whose depolarization initiates an 
electrical impulse transmitted by conduction through the atrial heart muscle to the 
AV node. The SA node is connected through the vagus and sympathetic nerves to 
the central nervous system, which by controlling the rate of depolarization controls 
the frequency of the heartbeat [23, 24). 
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Figure 12.15 Electrocardiographic noise canceling: (a) primary unit; (b) reference 
input; (c) noise canceler output. From B. Widrow et al., Adaptive Noise Canceling: 
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The cardiac transplantation technique developed by Norman Shumway of the 
Stanford University Medical Center involves the suturing of the "new" or donor 
heart to a portion of the atrium of the patient's "old" heart (25]. Scar tissue forms at 
the suture line and electrically isolates the small remnant of the old heart, containing 
only the SA node, from the new heart, containing both SA and AV nodes. The SA 
node of the old heart remains connected to the vagus and sympathetic nerves, and 
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the old heart continues to beat at a rate controlled by the central nervous system. 
The SA node of the new heart, which is not connected to the central nervous system 
because the severed vagus nerve cannot be surgically reattached, generates a sponta­
neous pulse that causes the new heart to beat at a separate self-pacing rate. 

Jo_ cardiac transplant research, as well as in cardiac research in general, one 
would like to deterrrune the firing rate of the old heart and observe the waveforms of 

Catheter 
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Adaptive noise canceler 

Reference 
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~ Chest 
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Figure 12.1_6 Deriving and processing ECG signals or a heart-transplant patient. 
From B. W1drow et al .. Adaptive Noise Canceling: Principles and Applications; © 
December 1975, IEEE. 
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its electrical output. These waveforms, which cannot be obtained by ordinary 
electrocardiographic means because of interference from the beating of the new 
heart, are readily obtained with adaptive noise canceling. 

Figure 12.16 shows the method of applying adaptive noise canceling in 
heart-transplant electrocardiography. The reference input is provided by a pair of 
ordinary chest leads. These leads receive a signal that comes mainly from the new 
heart, the source of interference. The primary input is provided by a catheter 
consisting of a small coaxial cable threaded through the left brachia! vein and the 
vena cava to a position in the atrium of the old heart. The tip of the catheter, a few 
millimeters long, is an exposed portion of the center conductor that acts as an 
antenna and is capable of receiving cardiac electrical signals. When it is in the most 
favorable position, the desired signal from the old heart and the interference from 
the new heart are received in about equal proportion. 

Figure 12.17 shows typical reference and primary inputs and the corresponding 
noise-canceler output. The reference input contains the strong QRS waves that, in a 
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Figure 12.17 ECG waveforms of a heart-transplant patient. (a) reference input 
(new hear t); (b) primary input (new and old heart); (cJ noise-canceler output (old 
heart), From B. Widrow et al, Adaptive Noise Canceli,1g: Pdncip{es and Applicarions. 
© December 1975, IEEE. 
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normal electrocardiogram, indicate the firing of the ventricles. The primary input 
contains pulses that are synchronous with the QRS waves of the reference input and 
indicate the beating of the new heart. The other waves seen in this input are due to 
the old heart, which is beating at a separate rate. When the reference input is 
adaptively filtered and subtracted from the primary input, one obtains the waveform 
shown in Figure 12.l 7(c), which is that of the old heart together with very weak 
residual pulses originating in the new heart. Note that the pulses of the two hearts 
are easily separated, even when they occur at the same instant. Note also that the 
electrical waveform of the new heart is steady and precise, whereas that of the old 
heart varies significantly from beat to beat. 

For this experiment the noise canceler was implemented in software with an 
adaptive transversal filter containing 48 weights. The sampling rate was 500 Hz. 

CANCELING THE MATERNAL ECG IN FETAL ELECTROCARDIOGRAPHY 

Abdominal electrocardiograms make it possible to determine the fetal heart rate and 
to detect multiple fetuses, and are often used during labor and delivery (26- 28]. The 
background noise due to muscle activity and fetal motion, however, often has an 
amplitude equal to or greater than that of the fetal heartbeat (29- 31]. A still more 
serious problem is the mother's heartbeat, which has an amplitude 2 to 10 times 
greater than that of the fetal heartbeat and often interferes with its record ing [32]. 

At Stanford University, some experimentst were performed to demonstrate the 
usefulness of adaptive noise canceling in fetal electrocardiography. The objective 
was to derive as clear a fetal ECG as possible, so that one could observe not only the 
heart rate but also the actual waveform of the electrical output. 

Four ordinary chest leads were used to record the mother's heartbeat and 
provide multiple reference inputs to the canceler.' A single abdominal lead was 
used to record the combined maternal and fetal heartbeats that served as the 
primary input. Figure 12.18 shows the cardiac electric field vectors of mother and 
fetus and the positions in which the leads were placed. Each lead terminated in a 
pair of electrodes. The chest and abdominal inputs were prefiltered, digitized, and 
recorded on tape. The multichannel adaptive noise canceler, shown in Figure 12.19, 
is a special case of Figure 12.13. Each reference-channel filter had 32 taps with 
nonuniform (log periodic) spacing and a total delay of 129 ms. 

Figure 12.20 shows typical reference and primary inputs together with the 
corresponding noise-canceler output. The prefiltering bandwidth was 3 10 35 Hz and 
the sampling rate was 256 Hz. The maternal heartbeat, which dominates the 

tA similar attempt to cancel the maternal heartbeat had previously been made by Walden and 
Birnbaum {33) without the use of an adaptive processor. Some reduction of the maternal interference was 
achieved by the careful placement of leads and adjustment of amplifier gain, but apparently better results 
can be obtained with adaptive processing. 

* More than one reference input was used to make the interference filtering task easier. The 
number o f reference inputs required to eliminate the maternal ECG is still under inves tigation. 

Chap. 12 Adaptive Interference Canceling 

Mother's 
card iac 
vector Chest 

leads 

335 

=--- Neutral 
el ectrode 

(al 

Fetal 
cardiac 
vector 

placements 

lb ) 

Figure 12.18 Cancehng matema1 heartbeat in fetal electrocardiography : (a) cardiac electric 
field vectors of mother and fetus; (b) placement of leads. From B. Widrow et al. , Adaptive 
Noise Canceling: Principles and Applications, © December 1975, IEEE. 
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Figure 12.19 Multiple-reference noise canceler used in fetal ECG experiment. 
Fro m B. Widrow el al. , Adaptive Noise Canceling: Principles and Applica tions , © 

December 1975, IEEE. 
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(a) 
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Figure 12.20 Result of fetal ECG experiment (bandwidth, 3-35 Hz; sampling 
rate, 256 Hz): (a) reference input (chest lead); (b) primary input (abdominal lead); 
(c) noise-canceler output. From B. Widrow et al., Adaptive Noise Canceling: Princi­
ples and Applications, 0 December 1975, IEEE. 

primary input, is suppressed in the noise-canceler output (The voltage scale of the 
noise-canceler output [Figure 12.20(c)] is approximately two times greater than that 
of the primary input [Figure 12.20(b)].) 

Figure 12.21 shows corresponding results for a prefiltering bandwidth of 0.3 to 
75 Hz and a sampling rate of 512 Hz. Baseline drift and 60-Hz interference are 
clearly present in the primary input, obtained from the abdominal lead. The 
interference is so strong that it is almost impossible to detect the fetal heartbeat. The 
inputs obtained from the chest leads contained the maternal heartbeat and a 60-Hz 
component sufficient to serve as a reference for both of these interferences. In the 
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Figure 12.21 Result of wide-band fetal ECG experiment (bandwidth, 0.3- 75 Hz; 
sampling rate, 512 Hz): (a) reference input (chest lead); (b) primary input (abdomi­
nal lead); (c) noise canceller output. From B. Widrow et al, Adaptive Noise 
Canceling: Principles and Applications, '1:> December 1975, IEEE. 
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noise-canceler output both interferences have been significantly reduced, and the 
fetal heartbeat is clearly discernible. 

CANCELING NOISE IN SPEECH SIGNALS 

Consider the situation of a pilot communicating by radio from the cockpit of an 
aircraft where a high level of engine noise is present. The noise contains, among 
other things, strong periodic components, rich in harmonics, that occupy the same 
frequency band as the pilot's speech. These components are picked up by the 
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Figure 12.22 Canceling noise in speech signals. From B. Widrow ct aL Adaptive 
Noise Canceling: Principles and Applicaiions. © December 1975, IEEE. 

microphone into which the pilot speaks and severely interfere with the intelligibility 
of the radio transmission. It would be impractical to process the received signal with 
a conventional filter because the frequency and intensity of the noise components 
vary with engine speed, the position of the pilot's head, and so on. By placing a 
second microphone at a suitable location in the cockpit, however, a sample of the 
ambient noise field free of the pilot's speech could be obtained. This sample could 
be filtered and subtracted from the transmission, significantly reducing the inter­
ference. 

To demonstrate the feasibility of canceling noise in speech signals, experiments 
simulating the cockpit noise problem in simplified form were conducted. In these 
experiments, as shown in Figure 12.22, a person (A) spoke into a microphone (B) in 
a room where strong acoustic interference (C) was present. A second microphone 
(D) was placed in the room away from the speaker. The output of microphones (B) 
and (D) formed the primary and reference inputs, respectively, of a noise canceler 
(E), whose output was monitored by a remote listener (F). The canceler included an 
adaptive filter with 16 weights, and the rate of adaptation was approximately 5 kHz. 
A typical learning curve, showing output power as a function of number of 
adaptation cycles, is shown in Figure 12.23. Convergence was complete after about 
5000 adaptations or 1 second of real time. 

In a typical experiment the interference was a triangular wave containing many 
harmonics that, because of multipath effects, varied in amplitude and phase, from 
point to point in the room. The periodic nature of the interference made it possible 
to ignore the difference in time delay caused by the different transmission paths to 
the two sensors. The noise canceler was able to reduce the output power of this 
interference, which otherwise made the speech unintelligible, by 20 to 25 dB, 
rendering the interference barely perceptible to the remote listener. No noticeable 

l 
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Figure 12.23 Typical learning curve for speech noise-canceling experiment. From 
B. Widrow et al , Adaptive Noise Canceling: Principles and Applications, © December 
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distortion was introduced into the speech signal. Convergence times were on the 
order of seconds, and the processor was readily able to readapt when the position of 
the microphones was changed or when the frequency of the interference was varied 
over a range from 100 to 2000 Hz. 

CANCELING ECHOES IN LONG-DISTANCE TELEPHONE CIRCUITS 

Long-distance telephone circuits have generally been impaired by echo effects 
[16, 17]. Echo suppressors developed at the Bell Telephone Laboratories have been 
highly perfected during the past decade. Transcontinental calls via satellite links 
have not been as successfully handled by conventional echo suppression techniques 
and for this reason, adaptive echo cancelers have been developed. The time delay 
involved in radio transmission to a synchronous satellite and back to earth is around 
250 ms and the two-way round-trip time is near half a second. Switching, which is 



- 179 -

340 Applications Part IV 

involved in conventional echo suppression, is very disruptive when the path delays 
are this long. Without adaptive echo cancellation, satellite circuits are best utilized 
like radiotelephone channels, one party talking at a time (i.e., "half-duplex"). 

We shall briefly review the workings of the telephone as required to understand 
the echo problem. We omit discussion of many of its functions , such as switching, in 
order to concentrate on the flow of signals. A simple two-party telephone system is 
pictured in Figure 12.24. In each direction, a carbon transmitter is connected in 
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Figure 12.24 Four-wire local telephone system. 
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series with an earphone and a battery. An independent circuit is used in each 
direction. This approach is very simple, but has some drawbacks. The system of 
Figure 12.25 has the advantage of using two wires from each customer to the central 
office (where batteries are housed and local switching is done). The system of Figure 
12.25 also introduces what is called "sidetone," making each user's speech available 
to his or her own earphone. This makes the telephone sound "alive." The feedback 
allows the user to adjust the speaking level. A modern telephone is somewhat more 
complicated than that of Figure 12.25. A highly simplified diagram is shown in 
Figure 12.26. A "two-wire/four-wire speech network," incorporated in the base of 
the telephone, consists of a transformer-coupled network that permits direct current 
(de) to flow from the central office battery through the carbon microphone, but 
blocks the flow of de in the earphone. The earphone contains a permanent magnet 
and is designed to work with an ac signal. Although the speech network blocks de 
flow through the earphone, it permits the injection of a controlled amount of 
sidetone from the microphone to the earphone. The four wires of the microphone 
and earphone are thus coupled to a two-wire "loop" connecting the customer to the 
central office. This is the basic telephone circuit used today for local calling. 

Long-distance calling is based on the use of repeater amplifiers which require 
separate circuits for the two directions, as shown in Figure 12.27. An important 
element of the system is the "hybrid" device, a circuit element that has the capability 
of applying the incoming long-distance trunk signal to the customer loop so that this 
signal is heard at the customer's earphone, while the signal from the customer's 
microphone is taken from the same loop and applied to the outgoing trunk. 

The hybrid converts the two-wire loop circuits (where the incoming and 
outgoing signals are together) to a four-wire circuit where the incoming and outgoing 
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signals are separated. The ideal hybrid passes an incoming signal from its "incom­
ing" port to its" two-wire" port, attenuating it by 3 dB, and does not pass anything 
to its "outgoing" port. Furthermore, it passes signals from its "two-wire" port, 
attenuated by 3 dB, to its "outgoing" port, without reflecting any energy back into 
the two-wire line. A simplified long-distance diagram is shown in Figure 12.28, 
where the repeaters and trunk lines are represented as delays. 

For many reasons, the hybrid devices do not provide ideal performance. 
Variations in instrument characteristics and in loop length and impedance cause 
imperfect separation of incoming and outgoing signals at the hybrid. Thus some 
incoming signal components leak into the outgoing port of the hybrid. Typically, 
the hybrid reduces the amplitude of the "leakage" signal by about 15 dB relative to 
the incoming signal. The "leakage path" is essentially linear and has an unknown 
amplitude and phase characteristic. The leakage on each end of the long-distance 
circuit causes echoes which may be very apparent to some .users even when the echo 
is as much as 40 dB below the incoming signal. 

During the past 50 years, echo suppressors have been in use on long-distance 
circuits in the United States, and they have successfully alleviated the problem when 
the round-trip delay is 100 ms or less. Figure 12.29 shows a two-way long-distance 
telephone system equipped with echo suppressors. On a given end of the circuit, a 
relay in the echo suppressor cuts the outgoing hybrid port when a signal-level 
detector determines that there is an incoming signal. On the other hand, the relay 
action is overruled and the outgoing hybrid path is reestablished when another 
signal detector determines that a microphone signal is present originating from the 
same end of the line. Thus the echo path is cut when receiving only. The outgoing 
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Figure 12.29 Long-distance system with echo suppressors. 
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path is established when transmitting, even during double talking, that is, simulta­
neous talking at both ends of the line. 

When the round-trip delay exceeds 100 ms, as with satellite circuits, the 
choppiness and missing pieces of words due to switching in the echo suppressors is 
quite annoying and this has stimulated the development of adaptive echo cancelers 
[17]. A long-distance system with adaptive echo cancellation is depicted in Figure 
12.30. The principle of operation is simple. At a given end of the long-distance line, 
the incoming signal is applied both to the hybrid and to the adaptive filter. The 
output of the adaptive filter is subtracted from the hybrid output. The difference, 
the error signal for the adaptive filter, is used to adjust the weights. Hybrid leakage 
causes a hybrid outgoing component which is correlated with the incoming signal. 
The adaptive filter will remove the leakage component as best possible in the 
least-squares sense. Its ability to cancel the hybrid leakage is limited only by its 
abi)ity to match the unknown hybrid leakage path. Economic considerations place 
limits on the fineness of sampling in time and on the fineness of quantization in the 
adaptive filter realization, but technological improvements are relaxing these limits. 
Fundamental limits come from misadjustment in the adaptive filter and from 
nonlinearities in the hybrid leakage path. A successful adaptive echo canceler for 
speech might, for example, use an 8-kHz sampling rate and 128 weights. 

Some of the problems in adaptive echo cancellation are due to the effects of 
noise in the weight vector. The diagram of Figure 12.31 shows the adaptive filters 
and the essential signals in the telephone system. We assume for this discussion that 
the adaptive filters contain a sufficient number of degrees of freedom to match the 
hybrid leakage transfer functions, that the µ-settings in the adaptive filters ensure 
stability, and that the local loop noises, llkAL and llkBL> and the microphone signals, 
skA and skB, are of zero mean. We also assume that the convergence mechanisms of 
the two adaptive filters act independently. This assumption is not strictly correct, 

Figure 12.30 Long.distance system with adaptive echo cancel1ation. 
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but experimental evidence has indicated that good approximate analyses of the 
adaptive processes can be obtained by treating them separately. Actually, the two 
adaptive filters and the telephone network comprise a feedback network. The input 
to the adaptive filter at terminus A comes partially from the output of the adaptive 
filter at terminus B, and vice versa. However, the microphone signals, the local loop 
noises, and the long-distance trunk noises are independent of the adaptive processes. 
Let us assume that signals and noises in Figure 12.31 are all independent and 
stationary. This assumption was made for purposes of analysis [16, 17], and the 
usefulness of the resulting analysis has been confirmed by experience. 

With all of the assumptions above, one concludes that upon convergence the 
mean weight vectors of the adaptive filters perfectly cancel the corresponding hybrid 
leakage transfer functions. However, another result of adaptation is that steady-state 
noise in the weights, randomly modulating the adaptive filter input signals, causes 
additional random interference components to be added to the microphone signals, 
which then propagate via the long-distance trunks. 

For purposes of analysis, suppose that the value of µ. in the adaptive filter at 
terminus A is very small, so that the noise in the weight vector is negligible. The 
adaptive filter then perfectly cancels the hybrid leakage at end A and introduces no 
other "side effects." The net signal from side A as applied to the A-to-B trunk is the 
microphone signal skA plus the local loop noise nkAL· Assuming a gain of unity on 
the trunk circuit, the incoming waveform available at terminus B is given by 
skA + nkAL + nkBT· The term n kBT is the noise at terminus B originating along the 
trunk from A to B. 

ln practice, µ. would need to be large enough to allow the adaptive filter to 
converge in a reasonable amount of time and to be able to track changes in the 
hybrid leakage path. Accordingly, there will be noise in the weights. Let the 
misadjustment of the adaptive filter at end A be designated MA. In Figure 12.31, 
the minimum mean square of ,kA is seen to be 

(12.73) 

We have tacitly assumed a double-talking situation in making this determination, 
with xkA = nkAT + (skB + nksddetayed and dkA = skA + nkAL being the adaptive 
filter input and desired response, respectively. The average excess mean-square' error 
is MA~Am,o' or 

(12.74) 

This is the power of the additive random independent interference caused by noise 
in the weights. Accordingly, the incoming noise power at terminus B is 

(12.75) 
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The signal-to-noise ratio at terminus B is therefore 

E[sfA] 
(12.76) 

ln cases of interest, M is substantially Jess than 1 and the power level of the local 
loop noise is very low compared with the noise level on the long-distance trunk. 
Neglecting the local loop noise power, we have 

SNR B = [ 2 l [ 2 l 
MAE skA + E nkBT 

(12.77) 

By making µ. small and adapting slowly, the misadjustment MA can be made small. 
When the product of MA times the signal power is negligible compared to the n01se 
power, the maximum signal-to-noise ratio is obtained: 

E[sJA] 
SNRBmu = -[ -2 - ] 

E n k BT 
(12.78) 

This is the signal-to-noise ratio that one would obtain with an echo suppressing 
system in the absence of double talk or with an adaptive. echo canceler in the 
absence of double talk. Because of misadjustment, the adaptive echo canceler with 
double talk will provide the SNR given by (12.77), which may be written as 

SNRa 
SNRa = 1 + M · SNR 

A B mu 

(12.79) 

Thus one should keep the misadjustment low in order to obtain an SNR close to the 
maximum during periods of double talk. 

CANCELING ANTENNA SIDELOBE INTERFERENCE 

Strong unwanted signals incident on the sidelobes of an antenna array can severely 
interfere with the reception of weaker signals in the main beam. When the number 
of spatially discrete interference sources is small, adaptive noise canceling can often 
provide a simple method of dealing with this problem. . . . 

To demonstrate tbe level of sidelobe reduction achievable with adaptive n01se 
canceling, an interference canceling problem was simulated on the co°".puter. The 
method is very similar to that of Howells and Applebaum [6, 35] descnbed 10 the 
next chapter. As shown in Figure 12.32, an array consisting of a circular pattern of 
16 equally spaced omnidirectional elements was chosen. The outputs of the _elements 
were properly delayed and summed to form a main beam steered at a relative angle 
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Figure 12.32 Array configuration for adaptive sidelobe canceling experiment. 
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of 0° . Simulated interference with the same bandwidth and with a power of 100 was 
incident at a relative angle of 58° . The array was connected to an adaptive noise 
canceler in the manner shown in Figure 12.5. The output of the beamformer served 
as the canceler's primary input, and the output of a single element (4) was chosen as 
the reference input. The canceler included an adaptive filter with 14 weights; the 
adaptation constant in the LMS algorithm was set atµ.= 7 x 10 - 6. 

Figure 12.33 shows two series of computed directivity patterns, one repre­
senting a single frequency of ¼ of the sampling frequency and the other an average 
of eight frequencies of from ½ to ¾ of the sampling frequency. These patterns 
indicate the evolution of the main beam and sidelobes as observed by stopping the 
adaptive process after the specified number of iterations. Note the deep nulls that 
develop in the direction of the interference, indicated by arrow. At the start of 
adaptation all weights were set at zero, providing a conventional 16-element beam 
pattern. 

The signal-to-noise ratio at the system output , averaged over the eight frequen­
cies, was found after convergence to be + 20 dB. The signal-to-noise ratio at the 
single array element was - 20 dB. This result bears out the expectation arising from 
(12.32) that the signal-to-noise ratio at the system output would be the reciprocal of 
the ratio at the reference input, which is derived from a single element. 
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Figure 12.33 Results of ad aptive 
sidclo be canceling ex:periment: (a) single 
frequency (0.5 relative to folding 
frequency); (b) average of eight 
frequencies (0.25 to 0,75 relative to 
folding frequency). From B, Widrow 
et aL. Adaptive Noise Canceling: Principles 
and Applications, © December 1975, 
IEEE. 

A small amount of signal cancellation occurred, as evidenced by the changes in 
sensitivity of the main beam in the direction of the signal (i.e., 0°). These changes 
were not unexpected, since the main-lobe pattern was not constrained by the 
adaptive process. A method of LMS adaptation with constraints that could have 
been used to prevent this loss of sensitivity bas been developed by Frost [37] and is 
described in Chapter 13. 

CANCELING PERIODIC INTERFERENCE WITH AN ADAPTIVE PREDICTOR 

There are a number of circumstances where a broadband signal is corrupted by 
periodic interference and no external reference input free of the signal is available. 
Examples include the playback of speech or music in the presence of tape hum or 
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Figure 12.34 Canceling periodic interference without an external reference source. 
From B. Widrow et al, Adaptive Noise Canceling: Principles and Applications, @ 

December 197 5, IEEE. 

turntable rumble, or sensing seismic signals in the presence of vehicle engine or 
powerline noise. It might seem at first that adaptive noise canceling could not be 
applied to reduce or eliminate this kind of interference. If, however, a fixed delay <l 
is inserted in a reference input drawn directly from the primary input, as shown in 
Figure 12.34, the periodic interference can in many cases be readily canceled.t The 
delay chosen must be of sufficient length to cause the broadband signal components 
in the reference input to become decorrelated from those in the primary input. The 
interference components, because of their periodic nature, will remain correlated 
with each other. 

One can see that the system in Figure 12.34 contains an adaptive predictor. 
The predictable component of the primary input is removed, leaving the unpredict­
able component at the output. 

Figure 12.35 presents the results of a computer simulation performed to 
demonstrate the canceling of periodic interference without an external reference. 
Figure 12.35(a) shows the primary input to the canceler. This input is composed of 
colored Gaussian noise representing the signal and a sine wave representing the 
interference. Figure 12.35(b) shows the output at the noise canceler. Since the 
problem was simulated, the exact nature of the broadband input was known and is 
plotted together with the output. Note the close correspondence in form and 
registration. The correspondence is not perfect only because the filter was of finite 
length and had a finite rate of adaptation. 

tToe delay ll may be inserted in the primary instead of the reference input i.f its total length is 
greater than the totaJ delay of the adaptive filter. Otherwise, the filter will converge to match it and cancel 
both signal and interference. 
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Figure 12.35 Result of periodic interference canceUng experiment: (a) input signal 
(correlated Gaussian noise and sine wave); (b) noise-canceler output (correlated 
Gauss ian noise). From B. Widrow et al. , Adaptive Noise Canceling: Principles and 
Applications, © December 1975, IEEE. 

AN ADAPTIVE SELF-TUNING FILTER 

351 

The previous experiment can also be used to demonstrate another important 
application of the adaptive noise canceler. In many instances where an input signal 
consisting of mixed periodic and broadband components is available, the periodic 
rather than the broadband components are of interest. If the system output of the 
noise canceler of Figure 12.34 is taken from the adaptive filter, the result is an 
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Figure 12.37 Result of self-tuning filter experiment. From B. Widrow et al. , 
Adaptive Noise Canceling: Principles and Applications, © December 1975, IEEE. 

adaptive self-tuning filter capable of extracting a periodic signal from broadband 
noise. 

Figure 12.36 shows the adaptive noise canceler as a self-tuning filter. The 
output of this system was simulated on the computer with the input of sine wave and 
correlated Gaussian noise used in the previous experiment and shown in Figure 
12.35(a). The resulting approximation of the input sine wave is shown in Figure 
12.37 together with the actual input sine wave. Note once again the close agreement 
in form and registration. The error is a small-amplitude stochastic process. 

Figure 12.38 shows the impulse response and transfer function of the adaptive 
filter after convergence. The impulse response, shown in Figure 12.38(a), closely 
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Figure 12.38 Adaptive filter characteristic in self-tuning filter experiment: 
(a) impulse response of adaptive filter after convergence; (b) magnitude of transfer 
function of adaptive filter after convergence. From B. Widrow et al. , Adaptive Noise 
Canceling: Principles and Applications,© December 1975, IEEE. 
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resembles a sine wave. If the broadband input component had been white noise, the 
optimal estimator would have been a matched filter, and the impulse response would 
have been sinusoidal. 

The transfer function, shown in Figure 12.38(b) is the digital Fourier transform 
of the impulse response. Its magnitude at the frequency of the interference is nearly 
1, the value required for perfect cancellation. The phase shift at this frequency is not 
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zero but when added to the phase shift caused by the delay tl forms an integral 
multiple of 360°. 

Similar experiments have been conducted with sums of sinusoidal signals in 
broadband stochastic interference. In these experiments the adaptive filter devel­
oped sharp resonance peaks at the frequencies of all the spectral line components of 
the periodic portion of the primary input. The system thus shows considerable 
promise as an automatic signal seeker. 

Further experiments have shown the ability of the adaptive self-tuning filter to 
be employed as a line enhancer for the detection of extremely low-level sine waves in 
noise. An introductory treatment of this application is provided in the next section. 

THE ADAPTIVE LINE ENHANCER 

A classical detection problem is that of finding a low-level sine wave in noise. The 
adaptive self-tuning filter, whose ability to separate the periodic and stochastic 
components of a signal was illustrated above (where these components were of 
comparable level), is able to serve as an "adaptive line enhancer" for the detection of 
extremely low-level sine waves in noise. The adaptive line enhancer becomes a 
competitor of the fast Fourier transform algorithm as a sensitive detector and has 
capabilities that may exceed those of conventional spectral analyzers when the 
unknown sine wave has finite bandwidth or is frequency modulated. 

The method is illustrated in Figure 12.39. The input consists of a sinusoidal 
signal plus some noise. The "output" is the discrete Fourier tranform of the filter's 
impulse response. Detection is accomplished when a spectral peak is evident above 
the background noise. A modified version of this method has been proposed by 
Griffiths [42] and is discussed in Exercise 17. 

Note that the filter output (y) is also available in Figure 12.39, and that this 
signal could be used directly or as an input to a spectral analyzer or phase-locked 
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Figure 12.39 Adaptive line enhancer. From B. Widrow et al. , Adaptive Noise 
Canceling: Principles and Applications. © December 1975, IEEE. 
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Figure 12.40 Ideal adaptive filter impulse response and transfer function of 
adaptive line enhancer for a given input spectrum: (a) input spectrum; (b)_ trans~er 
function magnitude; {c) impolse response. From B. Widrow et al.. Adaptrve Noise 
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loo Furthermore, the method of Figure 12.39 could be used for _the_ simultaneous 
det~~tion of multiple sine waves. We do not. consider these _poss1b1hues here, but 
discuss only the detection of single low-level sme waves m noise. . 

Figure 12.40 shows the ideal impulse response and transfer funcuon of the 
ada tive line enhancer for a given input spectrum. We assume that the mput n~1se 1s 
whiie with a total power of v 2, and that the input signal has a power of C / 2 at 
norm~lized frequency wo [see (7.16)]. The ideal impulse response: eqw~alent to the 
matched filter response, is a sampled sinusoid whose frequency 1s Wo- The phase 

t This assertion was pro ved analytically for arbitrary input signal-to -noise rat~o in~R. Zei~,t; an! 
D. M. Chabries, u An Analysis of the LMS Adaptive Filter Used as a Spectral Line ancer, av 

Undersea Center, Tech. Note 1476. Feb. 1975. 
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shift of this response at frequency w0 when added to that of the delay is an integral 
multiple of 360°. If the peak value of the transfer function is a, the peak value of 
the weights is approximately 2a/ (L + 1), where L + 1 is the number of weights. 

The adaptive process minimizes the mean-square error, E[ezj. In the present 
case this is the sum of three components: the primary input noise power, the noise 
power at the output of the adaptive filter, and the sinusoidal signal power. Accord­
ingly, the MSE may be expressed as 

2a 2 C 2 2 
MSE = v2 + v2 L + l + 2 (1 - a) (12.80) 

In this result v 2 is the input noise power, the second term is v 2 multiplied by the 
sum of the squared filter weights, and the third term is the power due to the input 
and filtered sine waves, which are assumed to subtract coherently. 

The optimal value of a that minimizes error power, a*, is obtained by setting 
the derivative of (12.80) with respect to a equal to zero: 

C2/ 2 L + l 
v2 2 

a*=-------

1 + C2/ 2 L + l 
v2 2 

(SNR)(L + 1)/ 2 
1 +(SNR)(L + 1)/ 2 

(12.81) 

At high signal-to-noise ratios, a* is close to 1. At low signal-to-noise ratios, a* is 
less than 1. To keep a* near 1 with low signal-to-noise ratios, one may use a large 
number of adaptive weights, although other problems could result because of 
weight-vector noise. The ability to detect peaks in the transfer function due to the 
presence of sinusoidal signals is limited by the presence of spurious peaks caused by 
noise in the weight vector. The methods of spectral analysis based on the use of the 
discrete Fourier transform (DFT) have analogous difficulties. Spurious spectral 
peaks develop and fade due to fluctuations in the input data. While present, such 
peaks may be confused with true signals. 

In Figure 12.41 we compare some experimental results, obtained by computer 
simulation, of a discrete Fourier transform power spectral density measurement 
process and an adaptive line enhancer. In each of three cases, the same data were 
analyzed by DFT and then fed to the adaptive line enhancer. In Figure 12.4l(a), the 
input noise was white and the signal was sinusoidal at ½ times the sampling 
frequency. The signal-to-noise ratio was 0.01562. The DFT was the average of 256 
transforms, each with 128 points. The signal peak is easily distinguished above the 
background noise baseline. The adaptive line enhancer with 128 weights produced 
comparable results. The time constant and number of weights were selected so that 
both the DFT and the adaptive line enhancer would have the same frequency 
resolution and would use the same amount of input data, allowing a critical but fair 
comparison between the two approaches. The signal peak that developed in the 
transfer function magnitude is easily seen above the baseline, which hovers slightly 
above zero. The ability to discern the real signal peak is about equal for both 
approaches. In Figure 12.4l(b), colored noise is present in the data to be analyzed. 
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This noise was 50% white, 50% colored. The colored component had 25 percent 
bandwidth and was generated by passing white noise through a four-pole bandpass 
digital filter. Again, the signal-to-noise ratio was 0.01562. The signal peak is seen in 
Figure 12.41(b) on a rolling baseline when analysis is done by the DFT, and on a flat 
baseline, again hovering just above zero, when analysis is done by the adaptive line 
enhancer. Our ability to detect the signal above the noise is about the same, except 
that the baseline is close to zero with the adaptive line enhancer and completely 
unknown with the DFT when the input noise has unknown spectral coloration. The 
experiment of Figure 12.4l(c) is similar to the previous case except that the signal 
frequency is much closer to that of the spectral peak of the noise. Generally, the 
adaptive line enhancer is the preferable detector when the input contains colored 
noise because the background baseline is close to zero and thus easy to anticipate. 

The DFT takes data in blocks and uniformly weights the samples, whereas the 
line enhancer works on a steady-flow basis and exponentially weights the data over 
time. In comparing the "data consumption" of the two techniques, the data "used" 
by the line enhancer were defined as the number of samples processed during four 
time constants of the adaptive process. The total amount of data used was 32,768 
samples in each case. 

Inspection of the plots of Figure 12.41, all drawn to the same linear scale, 
shows that the amplitudes of the signal components (the spikes) were approximately 
the same, and also that the background noise levels were similar, for the DFT and 
the line enhancer. The line enhancer in each case was implemented with its delay set 
at 256 samples, which was adequate to decorrelate and eliminate the colored-noise 
components. 

Another example of the use of the adaptive line enhancer in spectral analysis 
and detection of weak signals in the presence of both strong signals and background 
noise is illustrated in Figure 12.42, where a large-amplitude signal summed with 
small-amplitude signals in noise causes difficulties in detecting and/ or resolving the 
small signals. 

Figure 12.42(a) shows the formation of "input A" as the sum of white noise 
plus three sinusoidal signals as follows: 

Input Frequency ( w) Power 

I. Sinusoid 0.1 7969,r 125.0 
2. Sinusoid 0.1 5625,r 0.125 
3. Sinusoid 0.42187,r 0.5 
4. Random noise White 1.0 

Note that the first signal is 1000 times more powerful than signal 2, which is close in 
frequency. Figure 12.42(b) is a block diagram of the system used in this experiment. 
Its primary input is indicated by A and its outputs are B and C, which represent, 
respectively, the " error" of the adaptive process and the adaptive-filter output. An 
additional output is the weight vector of the adaptive filter, comprising its impulse 
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response, wruch can be transformed to provide a transfer function as discussed 
above. 

Figure 12.42(c) is a linear plot of the DPT power spectrum of input A. The 
frequencies of the three signals are indicated by the arrows. Notice that signal 2 is 
not resolvable; it is buried in the second sidelobe of signal 1. Even if this spectrum 
were plotted on a log scale, signal 3 would be smaller in amplitude than many of the 
sidelobes of signal 1, and signal 2 would be undetectable. 

When the DFT of the error, B in Figure 12.42(b), is taken instead, a power 
spectrum is obtained that clearly shows the weak signal at frequency f 2 . This 
spectrum, plotted on a linear scale in Figure 12.42(d), also shows the weak signal at 
frequency f 3 and the broadband background noise. The strong signal 1 was totally 
canceled as a result of the adaptive process. 

The plots of Figure 12.42(c) and (d) were normalized so that full scale 
corresponds to the largest-amplitude point of each plot. The spectra of outputs A 
and B were taken from 128 data points, with no ensemble averaging. 

The 64-weight adaptive filter in trus example canceled the strong signal within 
about five cycles of frequency j 1 (i.e., within about 30 sample periods). The DFT of 
error B was then taken so that the amount of data used in forming it was only 
slightly greater than the quantity of data used in forming the DFT of input A. In 
this case the line enhancer was used in a way that caused the strong signal to cancel 
itself, thus improving the capability of the DFT to resolve weak signals when they 
are close in frequency to a strong interference. An equivalent result can be obtained 
using the DPT alone, but generally more data are required. The principle illustrated 
in Figure 12.42 could also be used in a radio receiver to enhance reception of weak 
signals that would otherwise be overwhelmed by strong signals adjacent in frequency. 
One approach is diagrammed in Figure 12.43. 

We have seen that the adaptive line enhancer can be used as an alternative to 
the DFT to detect and estimate weak signals in noise, and that it also provides useful 
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RF 
ar'flplifier + 

IF 
amplifier 

Figure 12.43 Rad.io receiver with an adaptive s trong-signal eliminator. 

etc. 
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output signals and can function as a self-tuning filter to tune in or_ tune out other 
signals automatically. It embodies a methodology_ for spectral analysrn and is related 
to the maximum entropy technique [42, 43]. The lrne enhancer 1s entuely different rn 
structure from the DFT, and is more easily implemented in some cases. Research 1s 
currently proceeding toward a more extensive understanding of the behaVJor of the 
line enhancer with inputs of the types described above. 

CONCLUSION 

Adaptive noise canceling is a method of optimal filtering that can be applied 
whenever a suitable reference input is available. The pnnc1pal advantages of the 
method are its adaptive capability, its low output noise, and its low signal distortion. 
The adaptive capability allows the processing of inputs whose properues are 
unknown and in some cases nonstationary. It leads to a stable syste_m that_ automall­
cally turns itself off when no improvement in the signal-to-nmse rat10 can be 
achieved. The output noise and signal distortion are generally lower than that 
achievable with conventional optimal filter configurations. . . . 

The examples presented in this chapter demonstrate the _ab1hty of adapuve 
noise canceling to reduce additive periodic or stationary random rnterference m both 
periodic and random signals. In each instance canceling was accomplished with 
little signal distortion even though the frequencies of the signal and the mterference 
overlapped. The examples indicate the wide range of apphcat10ns m which adaptive 
noise canceling has potential use. 

EXERCISES 

t. In a given interference canceler, suppose that the referen~ signa~ is ~erived as shown 
below. If the independent noise ma 1s zero, what 1s the optunal W (z). 

Noise 
n, 

+ 

z - 0.2 

Output \----------,+ r J-r---- ,, 

W(z) 

Error 
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2. In the diagram for Exercise 1, suppose that n, m0 , and m1 are independent white noise 

processes with total power equal to N, M0 , and M1, respectively. Find a rational 
expression for the optimal transfer function, W*(z). 

3. Using the data in Exercise 2, express the ratio of the output SNR to the primary SNR. 

4. How is the answer to Exercise 3 affected when m0 is insignificant, when m1 is 
insignificant, and when both m 0 and m1 are insignificant? 

5. In the figure below we have the same situation as above, but with m 0 = m1 = 0 and a 
fraction of the signal leaking into the reference channel. Given that n k is independent 
white noise with total power N, express the optimal W*(z) in terms of the input power 
spectrum <l>,,(z). 

Signal 
,, ec-----------..-1 

+ 
~ f----------..; ~ >-+---- Output ,, 

Noise 
n, 

+ 

W(z) 

+ 

Error 

6. In Exercise 5, what is the output SNR in terms of the input power spectrum, <l>,.(z)? 
7. In Exercise 5, what is the "signal distortion," D( z )? 

8. In Exercise 5, let sk be a sine wave with 16 samples per cycle, let f3 = 0, and let the input 
SNR = 1. Using an adaptive linear combiner with three weights and the LMS algorithm 
with µ. = 0.03, plot an experimental learning curve as the average of 100 runs. Estimate 
the output SNR from the learning curve. 

9. Do Exercise 8 with 10 percent leakage (i.e., f3 = 0.1). 

10. What is the equivalent transfer function of the diagram below? 

11. In the 60-Hz canceling application in Figure 12.14, suppose that the weights w1 and w2 

arc set initially to zero and the system is then allowed to adapt. Assuming that the 60-Hz 
interference remains stationary, how does its amplitude change with time from the onset 
of adaptation? Make your answer as quantitative as possible. 

12. Modify Figure 12.30 to show how you would configure an echo canceling system to allow 
both cancelers to be physically located at the same end of the telephone circuit. Assume 
that one-way travel requires 270 milliseconds. 

Chap. 12 Adaptive Interference Canceling 363 

13. Assume that noise and signal power levels are symmetric in both directions in Figure 
12.31. Let the sampling rate be 8 kHz and let the adaptive filters have 128 weights each. 
Assume that local loop noises are negligible, that trunk noises have power levels of l, and 
that microphone signal levels have power of 5. Choose a value of µ. so that the adaptive 
process will converge as rapidly as possible but that the resulting SNR will be at least half 
as great as the maximum possible SNR. For this value ofµ., find Tmse· Assume that all 
eigenvalues are equal. 

14. The figure below shows a block diagram of a canceling system that allows a transmission 
line or a coaxial cable to carry signals in two directions simultaneously without using 
modulated carriers. The characteristic impedance of the cable is R, .. Each operational 
amplifier is assumed to have a zero output impedance and an infinite input impedance. 
Both ends of the transmission line are properly terminated to prevent reflections. 
(a) Explain how the single-weight adaptive canceler works. 
(b) Calculate the optimal value of the weight w for the nonadaptive canceler. In practice, 

what would be troubling about the nonadaptive approach in spite of the fact that it 
would be simpler to implement than the adaptive approach? (Note: Normally, one 
would use an adaptive canceler on both ends of the cable.) 

Transm itter 
signal 

Transmitter 
signal 

Receiver 
signal 

Receiver 
signal 

Nonadaptive canceler Adaptive canceler 

15. Using the signal transmission methodology suggested by the system of Exercise 14, design 
a "repeater" amplifying system that would allow two-way signal transmission. Start with 
the diagram below and fill in the missing components. Use the adaptive canceling 
technology suggested in Exercise 14. 

,------ ----------- --- ----------7 
I I 
I I 

Coaxial cable I 2Rc 1 Coaxial cable 

+-----
I 
I 
I 
I 

I I L ___ ______ ___ ___________ _ ___ ____ J 
Two•way repeater amplifier 

16. The figure below describes a system used in earthquake prediction. The primary sensor, 
geophone 1 (a microphone for receiving noise and vibration from the earth), is placed 
close to the San Andreas fault in California to pick up the signal, consisting of rock-
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crushing noise which may be indicative of an impending earthquake. But geophone I also 
picks up independent seismic noise plus a strong directional noise due to auto traffic, and 
so on, from the city of San Jose. A second identical sensor, geophone 2, is placed on a 
straight-line path between geophone l and the city of San Jose. Geophone 2 is far 
enough away from the fault so that it docs not pick up rock crushing, but it does pick up 
San Jose noise plus independent seismic noise. The Wiener filter attempts to cancel the 
San Jose noise from the output of geophone 1, hopefully without adding too much earth 
noise to it. The outputs of geophones l and 2 contain mutually uncorrelated white noises, 
both of variance 0.25 a 2• The San Jose noise picked up by both geophones has, after 
sampling, an autocorrelation of a 2(0.9)1' 1• The delay in propagation of San Jose noise 
from geophone 2 to geophone l is two sampling periods. 
(a) Design the digital Wiener filter to minimize the noise in the output. A noncausal 

filter is permissible. 
(b) In the absence of signal, what is the total output noise if the Wiener filter is 

disconnected? 
(c) Io the absence of signal, what is the total output noise when the Wiener filter is 

installed as shown? 
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17. In the adaptive line enhancer (Figure 12.39), suppose that the input consists of two sine 
waves, one with 16 and one with 17 samples per cycle, plus additive white noise with 
SNR = 0.25. Using A = 1, L = 63 , and µ. = 0.04, run the line enhancer for 1000 
iterations and then plot the "instantaneous spectrum," that is, the magnitude of the filter 
transfer function. Use the LMS algorithm and generate the noise as in Appendix A. 

18. A modified instantaneous spectral measure, also known as " maximum entropy spectral 
estimation" (42, 43, 53- 56], used with the adaptive line enhancer is 

instantaneous soectrum = ~ 
• IH(w)l2 

where H(w) is the overall transfer function , from input to error output, of the one-step 
( t. = 1) adaptive predictor in Figure 12.39. The scale factor ~min is generally unknown, 
but this function often gives a sharper indication of the spectral line than the function in 
Figure 12.39. Do Exercise 17 using this function with ~min = l and compare results. 
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chapter 13 

Introduction 
to Adaptive Arrays 
and Adaptive Beamforming 

S_o far, we have applied adaptive techniques to the problems of signal processing or 
signal cond1t1onmg in the time and frequency domains. In these final chapters, we 
develop further the idea of adaptive signal conditioning in the spatial domain. In 
order to achieve spatial selectivity, it is necessary to receive signals with an antenna 
array comprising two or more independent sensor elements that are spatially 
separated. Dependmg on the application, the antenna elements could be dipoles 
mtended for the receptton of electromagnetic signals, they could be hydrophones 
placed m the ocean to receive acoustic signals, they could be seismometers or 
geophones buried in the earth ljstening for seismic signals, or they could be other 
types of sensors. Many kinds of sensor elements exist for the reception of wavelike 
signals, and these_ sensors can be mounted in a spatial array to achieve signal 
recept10n with _vanable dtrectional sensitivity. We will be concerned primarily with 
adapttve rece1vmg arrays, but adaptive transmitting arrays are also of interest. 

Adaptive arrays are essentially multichannel adaptive signal processors, which 
were discussed m Chapter 12. In one practical example (Figure 12.19), an array of 
maternal _chest-lead_ reference inputs was applied to a bank of adaptive filters for 
cond1t10nmg, combming, ~nd subtraction from the abdominal-lead primary input. 
The result was a subtraction of the maternal ECG interference using an adaptive 
array. 

An adaptive antenna or adaptive beamforming system consists of a set of 
spatially disposed sensor elements connected to a single-channel or to a multichan­
nel adaptive signal processor. It is natural to discuss adaptive arrays for all types of 
s1_gnals. (electroma~netic, acoustic, seismic) at the same time. Adding the spatial 
d1_mens10n to the signal-processing picture introduces new capabilities leading to a 
wide_ range of unusual applications and unusual algorithms. It is impossible to 
descnbe them all here, because the technology is rapidly evolving. Instead, we will 
focus on several basic concepts and present a detailed ·bibliography to the current 
ltterature. 
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Adaptive receiving arrays can be used to reduce or eliminate directional 
interference by adaptive canceling or adaptive nulling, thus improving the signal-to­
noise ratio. Using different kinds of adaptive algorithms, adaptive receiving arrays 
can "self-cohere," that is, steer themselves automatically to pick out the signal 
without knowing beforehand its direction of arrival, and separate this signal from 
directional interferences as long as their directions of arrival are different from that 
of the signal. Using other adaptive algorithms, it is possible to determine the 
direction of arrival of the signal in the presence of interference. Using still other 
algorithms, one can separate weak signals from strong signals as long as the signals 
have different arrival angles. Adaptive receiving arrays can be made sensitive to 
signals origjnating nearby and higltly insensitive to distantly arriving signals, or vice 
versa. Or they can be made very sensitive to infrequent transient signals and 
insensitive to frequent or stationary signals, or vice versa. The number of possibili­
ties is very large. We will begjn by discussing receiving arrays that are capable of 
nulling directional interference. 

SIDELOBE CANCELLATION 

The simplest form of adaptive antenna is the sidelobe canceler originally devised by 
Howells in the late 1950s [27] and subsequently developed by Howells and 
Applebaum. Figure 13.1 is a block diagram of the Howells- Applebaum scheme. 
Two omnidirectional (equally sensitive in all directions) antenna elements are used, 
one the "primary," the other the "reference," in the fashion of adaptive noise 
canceling (see Figure 12.1, for example). Suppose that one signal is present, and at 
the same time one interferer (or jammer) is present. Both the primary and reference 
omnis receive the signal and the interference. Being at separated locations, their 
outputs are not identical but are related time functions. 

An important case occurs where the interference is much stronger than the 
signal. As such, the adaptive filter weigltts are almost completely controlled by the 

Interference 
Pr imary 
omni 

/. 
Signal / Reference 

omni 

Adap tive 
filter 

Error 

Figure 13.1 Adaptive sidelobe cancellation \v:ith two array elements. 
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interference. Upon convergence, the adaptive filter output contains an interference 
component which is close to an exact match to the interference component of the 
primary omni. The system output therefore contains almost no interference, but it 
does contain the signal, as described in Chapter 12. The output signal is equal to the 
primary signal component minus the adaptively filtered reference signal component. 
The amount of output signal to be expected is generally uncertain , since the 
converged adaptive filter transfer function is unpredictable without prior detailed 
knowledge of the character and directions of arrival of the interference and the 
signal. However, the output signal-to-interference ratio is generally improved by the 
scheme in Figure 13.1 when there is strong interference. 

In a practical system, each omni signal is typically fed to an individual receiver 
for amplification, tuning (bandpass filtering) , and signal detection. The receivers 
and the antennas themselves add independent noises to the incoming signal compo­
nents. We will designate these noises as "receiver noises." Their effects on adaptive 
antenna performance are significant. For directional interference to be able to be 
nulled by the system in Figure 13.1, it must be strong compared to receiver noise. 
For the useful signal not to be nulled , it must be weak compared to receiver noise. 
These conditions are frequently met in practice. 

Figure 13.2 shows the adaptive sidelobe canceler with receiver noises present at 
the outputs of the two omnis. The omnis are spaced apart by a distance I. A single 
signal is assumed to arrive from an angle 00 • The signal component at the primary 
omni is 

primary signal= Ccoskw0 

Receiver 
noise 
n, 

Adaptive 
filter 

Error 

Figure 13.2 Sidelobe canceler with single incident signa l. 

(13.1) 
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Signal 

where C is a constant amplitude, k designates the san1ple number, and w is in rad 
as in (7.16). Phase fronts perpendicular to the direction of signal arrival pass over 
the two-element array as indicated in Figure 13.2. If we use c to represent the 
propagation speed, the arrival of a given phase front at the reference omni is earlier 
than at the primary omni by a number of time steps equal to 

li = I sin00 = 21rl sin00 

0 cT A0w0 
(13 .2) 

where T is the time step size in seconds and A0 is the wavelength. Therefore, the 
signal component at the reference omni is 

reference signal = C cos [ ( k + li0 ) w0 ] (13 .3) 

In the absence of receiver noise, the weights of the adaptive filter would adjust 
themselves to cancel the signal exactly. With receiver noise present, however, we 
wish to show that the signal is not canceled unless it is strong compared to the 
receiver noise, and that the sidelobe canceler performs satisfactorily when the useful 
incoming signal is small compared with the interfering or jamming signal. 

To do this we will analyze the behavior of the adaptive sidelobe canceler with 
receiver noise present and with a single incoming signal. The primary and reference 
signal components are given by (13.1) and (13.3), respectively. For this analysis, we 
will use the narrowband tuned sidelobe canceler shown in Figure 13.3(a). The 
inclusion of tuned bandpass filters in the signal flow paths indicates that we are 
dealing \\~th a tuned, narrowband receiving system. Each of these filters is assumed 
to have unit gain at the center of the receiver passband. As in Figure 12.6, the 
adaptive filter needs only a direct and a quadrature weight to control the magnitude 
and phase at the signal frequency, w0, at the center of the receiver passband. 

Primary -r 
£ 

] _ t--:;>--R_e_fe_re_n_ce_+-i 

+ 

Figure 13.3(a) 

n, 

{al 

Bandpass 
fil rer 

Bandpass 
filter 

Tuned sidelobe canceler with signal incident at 80 = 0. 
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We assume that the receiver noises, n1 and n 2 in Figure 13.3(a), are indepen­
dent of each other and of the signal components, and we use a} to represent the 
in-band power of either 11 1 or 11 2• Then the autocorrelation vector of the reference 
signal is, from (13.3), 

[4>xx (n) ] = [(a}+ ~2
) (13.4) 

We note that the second component, 4>xx(l), is zero because it represents the 
correlation of (13.3) with its quadrature (sine) component, and of course the average 
product of these is zero. Similarly, assuming an arbitrary arrival angle B0 as before, 
the cross-correlation vector is 

[ 4>dx (O)] [E[Ccoskw0 · Ccos( k + 80 )Wo]] 
P= 4>dx (l) = E[Ccoskw0·Csin(k+80)w0] 

= C 2 [cos80w0 ] (l3.5) 
2 sin80w0 

With these results, (2.17) gives us the optimum weight vector in Figure 13.3a as 

[ ::~] = 2a,2c; c2 [ :~::::: ] (l3.6) 

This is the general solution. If we let B0 = 0 as in Figure 13.3a, then 80 = 0, and the 
optimum weight vector is 

[:(] [ 2a,2c; c 2] 
2 U0-o O 

(13.7) 

We can define an input signal-to-noise ratio in this case as the ratio of either primary 
or reference signal power to the passband receiver noise power: 

SNR £ C 2
/ 2 (13.8) 

a,2 
Accordingly, the least-squares solution expressed in terms of the SNR is 

SNR 
wt= 1 + SNR 

w2• = 0 (13 .9) 

This narrowband result is similar to the broadband result of (12.81) for the adaptive 
line enhancer. 

The output signal can be expressed using (13.1) and (13.7): 

output signal = Ccoskw0 - wiCcoskw0 

2o 2C 
2 ' 2 cos kw0 2a, + C 

(13 .10) 
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When the input signal is large, that is, when 

c2 
- »l 
2o} 

the output signal can be written as 

2a 2 

output signal = C cos kw0 
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(13.11) 

(13.12) 

From the analysis above, one can see that if the input signal is weak compared 
to the receiver noise in the reference channel, then the SNR is low, the weight wi is 
near zero, the output signal approximates the primary signal, and there is little or no 
signal cancellation. On the other hand, if the input signal is strong compared to the 
receiver noise, then the SNR is high, the weight wi has a value close to 1, and the 
output signal is small, approximately equal to the primary signal divided by the 
SNR. In this case, the output signal amplitude is inversely proportional to the input 
signal amplitude as seen in (13.12), and substantial signal cancellation will occur. 

If the angle of arrival of the signal is other than zero, the least-squares solution 
is given by (13.5). Weight w2 does not go to zero and weight w1 goes to a different 
value, but the amplitude of the output signal would be similar to that predicted by 
(13.10). 

It is also of interest to determine the sensitivity of the receiving system in 
Figure 13.3(a) at all angles of incidence, assuming that B0 = 0. Let the weights be 
frozen in accordance with (13.9) after adapting to a signal arriving at angle zero. 
Figure 13.3(b) is a simplified diagram of the sidelobe canceler useful in the 
determination of sensitivity versus arrival angle. Such a sensitivity pattern is often 
called a "directivity pattern" for the converged array. 

Output 

Figure 13.3(b) Simplified version of part (a) for determining the directivity 
pattern of the converged sidelobe canceler. 
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A test signal at frequency w0 is assumed to arrive at angle 8. If we let 
li = (I sin0)/cT as in (13.2) and let the primary component of the test signal be 
coskw0 as before with C = 1, then, in accordance with Figure 13.3(b), the reference 
component is 

cos[(k + li)w0 ] 

and the output signal is 

where 

and 

output signal = coskw0 - wfcos(k + li)wo 

= Acos(kw0 - a) 

_ 1 wtsin( liw0 ) 
a= tan 

1 - wfcos( liw0 ) 

(13.13) 

(13.14) 

(13 .15) 

(13.16) 

We define the "array amplitude gain" as the ratio of the output amplitude to the 
input amplitude. Since the amplitude of the test input, coskw0 , is 1, the array 
amplitude gain is 

. . output amplitude 
array amplitude gam = input amplitude 

= A in (13.14) 

We also define the "array power gain" as the square of the above: 

• A ( output amplitude )2 _ A 2 
array power gam = input amplitude -

= 1 + wf - 2wtcos( liw0 ) 

As in (7.20), the array power gain in dB is 

dB= 10log10 (A 2 ) = 20log10A 

(13 .17) 

(13.18) 

(13.19) 

We also define the "array output signal phase" as the output phase relative to the 
input phase which, from (13.14), is 

array output signal phase~ a in (13 .16) (13.20) 

When interpreting the response formulas for the converged beamformer, that is, the 
array gain in (13.18) and phase in (13.20), we recall that wt is a function of SNR m 
accord with (13.9), and that the original input signal that the array had adapted to 
was represented by (13.1) and had a direction of arrival of 8 = 0. The array gain has 
minimum value at 8 = 0, and this amounts to a spatial dip or spatial notch at the 
arrival angle of the original signal. The adaptive process in effect tries to eliminate 
the incoming signal. The stronger this signal, the deeper the notch. As the SNR of 

~ .?1J" 
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Signal 

\ 
Power gain 
= 10 dB 

Figure 13.4 Directivity pattern (power gain in dB versus OJ of the converged 
two-element sidelobe canceler with lw0/T = c'11 . Input SN R is 6 dB for outer curve, 
10 dB .for middle curve, and 100 dB for inner curve. Main signal arrival at O = 0. 
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the original signal increases past unity, the adaptive notch deepens rapidly and, as 
indicated by (13.12), the gain becomes inversely proportional to the signal strength. 

It is often useful to make a polar plot of the array power gain versus angle 8, 
as in Figure 13.4. The arrival angle of the original signal is assumed to be 80 = 0, 
and plots are shown for various values of the SNR in accordance with (13.9) and 
(13.18). For these plots, the array aperture is adjusted to /= C'TTT/ w0 = :\ 0/ 2. Note 
that this value of / is in a sense optimum, giving two distinct notches and a 
maximum variation in (13 .18). 

The array power gain at the bottom of the notch is obtained from (13.9) and 
(13.18) by setting 8 = 0. Thus 

( array power gain) e-o = ( 1 - wt )2 

(1 + SNR)2 
(13 .21) 

This minimum array power gain is plotted versus the SNR in Figure 13.5. The 
adaptive sidelobe canceler is in fact a power separator, as can be seen in this figure. 
Strong signals eliminate themselves, while weak signals pass through at other angles 
essentially with unit gain. We again note that " weak" and "strong" are relative to 
the receiver noise level. 

The Howells- Applebaum sidelobe canceler will work well as long as useful 
input signals are weak and the interfering or jamming signals are strong. Sometimes, 
however, the useful signal can be strong enough compared to receiver noise to delete 
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50 100 

Input $NA (dB) 

Figure 13.5 Array power gain of two-element sidelobc canceler at bottom of 
notch. 

itself. To prevent this, one could deliberately add random independent noise to the 
reference omni signal to augment the receiver noise, but this procedure has the 
disadvantage of adding noise to the system that will ultimately cause the output to 
be more noisy. A better method for obtaining a least-squares solution corresponding 
to a noisier input without actually adding input noise is the " leaky LMS algorithm." 

We can develop the leaky LMS algorithm by starting with the LMS algorithm 
itself. As in (6.3), the LMS algorithm can be written 

w k+ ] =wk+ 2µekXk 

=wk+ 2µXk(dk - xrwk) 

= (I - 2µXkXI)Wk + 2µXkdk (13.22) 

Assuming that x. is uncorrelated with w., we may take expected values of both 
sides of (13.22) as follows: 

E[Wk+I] = (I - 2µR)E(Wk] + 2µP (13 .23) 

The expected converged weight vector with µ in the stable range is, of course, 

lim E[Wk] = W* = R - 1p 
k-oo 

(13.24) 

An adaptive filter driven by the LMS algorithm is shown in Figure 13.6(a). 
White noise with power o 2 has been added to the input xk. For this situation, 
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Figure 13.6 Equivalent LMS adaptive 
filters: (a) LMS adaptive filter with noisy 
input; (b) equivalent leaky LMS adaptive 
filter. 

(13.23) becomes 

E[Wrn ] = (I - 2µ(R + o 2 I)}E(Wk] + 2µP 

and the expected converged solution becomes 

lim E[Wk] = (R + o 2I) - 1P 
k- oo 

The leaky LMS algorithm is specified as follows: 

w k+ 1 = ;-Wk + 2µekX k 

The parameter y is a positive constant chosen in the range 

IYI < 1 

(13.25) 

(13.26) 

(13.27) 

(13.28) 

With the conventional LMS algorithm in (13.22), ifµ were suddenly set to zero, the 
weight vector would remain constant indefinitely. With the leaky LMS algorithm, 
on the other hand, with y just under 1, if µ were suddenly set to zero, the weight 
vector would gradually leak away, undergoing a geometric decay toward zero. The 
leaky algorithm has to adapt to "stay alive" ~o to speak, like a shark needing to 
swim in order to breathe. 

The effect of leakage on the converged solution can be determined in the 
following way. A set of equations analogous to (13.22) for the leaky LMS algorithm 
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is 

w k+i = yWk + 2µtkXk 

= yWk + 2µXk(dk - xrwk) 

= ( y 1 - 2µ xkx[)wk + 2µX kdk (13.29) 

Once again, with X k uncorrelated with Wk, taking expected values of both sides 
yields 

E[Wk+ll = (yl - 2µR)E[W,l + 2µP 

= (1 - 2µ(R + 1
2-µ Y1))E[Wk] + 2µP (13.30) 

Comparing (13.30) with (13.25), it is clear that the same expected converged solution 
can be obtained with the leaky LMS algorithm as with the noisy case in Figure 
13.6(a). To obtain the effect of a specified added input noise power o , the leakage 
parameter y should be chosen according to 

or 

l - y = o2 
2µ 

y=l-2µo 2 (13.31) 

From (13.26) and (13.31), the converged solution for the leaky LMS algorithm is 

Jim £[Wk] = (R + 12-y1) -1P (13.32) 
k-oo µ 

In the sidelobe canceler, although it will increase the output noise, the leaky 
LMS algorithm can be used to establish an equivalent input noise power level. The 
power of the incoming signal can be strong or weak compared to this equivalent 
noise power and the ratio determines the extent of acceptance or cancellation in 
accordance with (13.21) and with Figures 13.4 and 13.5. The equivalent input noise 
power is 

o 2+ a 2= a2 + l-y 
' ' 2µ 

(13.33) 

where a,2 is the actual receiver noise power. 
The equivalent input noise power will be positive with y selected in range 

(13.28). In cases where the receiver noise level is high, causing a least-squares 
solution that is heavily biased by this noise, one could allow y to be greater than 
unity and cause the equivalent input noise power to be less than a,2. However, with 
y > 1, the direction of the leakage is reversed , and making µ equal to zero in this 
case causes the adaptive algorithm to be unstable. It is necessary lo adapt to remain 
stable, if possible. The leaky LMS algorithm is usable in the reverse mode (y > l), 
but in this case we should call it the "dangerous LMS algorithm." When stable, the 
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leaky LMS algorithm used in the presence of receiver noise develops an expected 
converged solution similar to (13.32): 

}~m
00 

E[Wk] = [R +( \~ y + a,2 )f 1P (13.34) 

The leaky LMS algorithm gives a weight vector solution like that obtained with a 
noisy input, but without requiring the injection of input noise. The algorithm itself 
accomplishes this, without causing additional noise in the output signal or the 
weights. 

Some directivity patterns for a sidelobe canceler driven by the leaky LMS 
algorithm are shown in Figure 13.7. They have been computed just like the patterns 
of Figure 13.4, except that the SNR in (13.8) is now taken as the ratio of signal 
power to the equivalent input noise power, a,2 + a 2• To obtain the patterns of 
Figure 13.7, the receiver noise power has been assumed to be unity and the input 
signal power has been assumed to be 10; thus the SNR without leakage is 10 dB. 
The value of y is varied to control the threshold of acceptance or rejection of the 
signal. A near-omnidirectional directivity pattern, indicating nonrejection of the 
input signal, is the desired result here. 

Next we consider the practical case for the sidelobe canceling array, where 
signal and interferers are present at the same time. Assuming that a single narrow­
band interferer is present and uncorrelated with the narrowband signal, we can add 
the R-matrices and the P-vectors given for either signal by (13.4) and (13.5). 

Signal path 

' '\ 
Power gain 
• 10 dB 

Figure 13.7 Directivity patterns (power gain in dB versus 8) of the converged 
two-element sidelobe canceler with I - >- 0 / 2, driven by the leaky LMS algorithm. 
Main sigoal arrival at 8 - 0, and input SNR - 10. Values of o 2 / o,2 are 0.5, 1.0, and 
1.5 for the inner, middle, and outer curves. 
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Suppose that a large jamming signal is present at 0 = 0 with power a/, and a 
smaller useful or "target" signal arrives at angle 00 with power a,2. Then, as in 
(13.4) and (13.5), we have 

((12 + (12 + 02) [1 
r s J 0 

where 50 = (I sin 00 )/cT as in (13.2). The solution is 

a/ + a/cos ll0w0 w* - ...!... _ _:_ _ __;:_::_ 

I - (12 + 0 2 + 0 _2 

' ' l 

(13.35) 

(13 .36) 

If we now assume that the weights are converged and fixed, and that a unit input test 
signal cos kw0 is arriving at some other angle 0, then, similar to (13.14), the output is 

output test signal= coskw0 - wtcos[(k + ll)w0 ] - w2*sin[(k + ll)w0 ] 

= Acos(kw0 - a) (13.37) 

Power gain 
= -60 dB 

Jammer 
(SNR • 1001 

" Power gain 
• 10dB 

Figure 13.8 Directivity pattern for 1hc "signal plusjammer" case with/- >- 0/2. 
The small signal has the effect of shifting slightly the interference notch. 
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where again ll = (lsin0)/cT as in (13.2). Thus the array power gain, similar to 
(13.18), is 

array power gain A A 2 

= 1 + wi* 2 + w2*2 - 2( wtcosllw0 + w2*sinllw0 ) (13.38) 

A directivity pattern for thi s "signal-plus-jammer" case is shown in Figure 
13.8. Here the jammer has 10 times the power of the signal arriving at 00 = 30°, and 
the signal has the effect of shifting both the notches slightly around toward its 
direction of arrival. 

Another practical case occurs where there are multiple jammers. To cope with 
more than one jammer at a time, it is necessary to have more than one reference 
omni. A system with two spatially separated reference omnis is shown in Figure 
13.9. Note that the error signal is formed by subtracting both reference outputs 
from the primary signal. 

Because the reference omnis are spatially separate, the system in Figure 13.9 
can form two separate notches in its directivity pattern. As in (13.2), let ll; = 
(/;sinO)/cT be the delay caused by the ith omni for a signal arriving at angle 0, 
where I; is the primary- to-reference omni separation as before, and let w;i and w;2 be 
the filter weights, with i = 1 or 2. Then the version of (13.37) applying to this case is 

output signal= coskw0 - w1'jcos[(k + oi)w0 ] - wt2sin[(k + ll 1)w0 ] 

(13.39) 

n, 

l--------+-J l: l: I--+---- Outpu t 
+ + 

Error 

Figure 13.9 Interference canceler with two reference omnis. 
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Figure 13.10 Directivity pattern for the system in Figure L3.9 with strong jam­
ming signals arriving at O = 30° and 6()0 . 
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An example of the directivity pattern formed by plotting the power gain using 
(13.39) with converged weights is shown in Figure 13.10. The data used to obtain 
the pattern in Figure 13.10 are as follows: 

Jammer 1 at 8 = 60°: 

Jammer 2 at 8 = 30°: 

Ao I=-
1 4 

Ao 
12 = 8 

W2j = 1.70 

wi'2 = - 0.87 

W2~ = 1.00 

We can see in Figure 13.10 the two distinct notches at jamming angles 30° and 60° , 
together with symmetric notches at 150° and 120°, respectively. We also note that 
the circular gain pattern is distorted more than in the previous examples due to the 
two jammers. 

lf more interferers were expected, one would need to include more reference 
omnis, at least one for each jammer. If the number of jammers exceeded the number 
of reference omnis, the adaptive algorithm would find the solution that minimizes 
output power, as in Figure 13.8, for example. On the other hand, when the reference 
omnis outnumber the jammers, the LMS algorithm has no problem locating the 
appropriate number of notches in the directivity pattern. 
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BEAMFORMING WITH A PILOT SIGNAL 

We have seen how the adaptive interference canceler is used to form nulls in the 
directivity pattern. Another type of adaptive beamformer, developed by B. Widrow, 
L. J. Griffiths; P. E. Mantey, and B. B. Goode [l], is based on a "pilot-signal" 
algorithm. Unlike the Howells- Applebaum beamformer which starts out being 
omnidirectional and loses sensitivity to strong (presumed jamming) signals as a 
result of the adaptive process, the pilot-signal adaptive beamformer forms a beam 
toward a specified "look direction" and uses adaptivity to support this beam while 
simultaneously forming notches to null interferences arriving outside the look 
direction. The nulling process is determined by direction of arrival and power level. 

While the system is adapting, an injected pilot signal simulates a received 
signal from a look direction chosen by the system operator. The same pilot signal is 
used as the desired response for the adaptive processor attached to the antenna array 
elements. Using the pilot signal, the adaptive beamformer is trained so that its 
directivity pattern has a main lobe in the specified look direction as well as notches 
corresponding with incident interference signals whose directions of arrival differ 
from the look direction. The array thus adapts to form the main lobe with its 
direction and bandwidth determined by the pilot signal; meanwhile it rejects 
interference signals or noise uncorrelated with the pilot signal which arrive outside 
of the main lobe. These characteristics are achieved as well as possible in the 
minimum-mean-square-error sense. 

Adaptive antenna algorithms which produce results similar to the pilot signal 
algorithm but which in fact are simpler to implement and in some cases perform 
better have been devised by Griffiths [28] and Frost [29] . In many applications, the 
pilot signal algorithm has been supplanted by the Griffiths and Frost algorithms, but 
the pilot signal algorithm was an important springboard for the development of the 
other algorithms. However, Compton et al. [30] have found specific uses for it and 
additional uses will be described here that could not be accomplished with other 
algorithms. Practical real-time adaptive arrays first came into being in the forms of 
the Howells- Applebaum sidelobe canceler and the pilot-signal adaptive beamformer. 
The latter is described in Reference 1; here we will summarize and expand on that 
description. 

Many arrays of sensors are "linear" in that the antenna elements (omnis) are 
arranged along a line, or the arrays are "planar" with the elements arranged in a 
plane. Antenna arrays are often configured this way. An example of a conventional 
linear-array receiving antenna is shown in Figure 13.11. The antenna of Figure 
13.ll(a) consists of seven isotropic elements spaced >.. 0/ 2 apart along a straight line, 
where Ao is the wavelength of the center frequency w0 of the array. The received 
signals are summed to produce an array output signal. The directivity pattern, that 
is, the relative sensitivity of response to signals from various directions, is plotted in 
this figure in a plane over an angular range of - 'lf/ 2 < 8 < 'TT/ 2 for frequency w0 . 

This pattern is symmetric about 8 = 0 as well as 8 = 90°, and the main lobe is 
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(a) 

(b) 

Array 
output 
signal 

Array 
output 
signal 

Figure 13.11 Directivity pattern for a linear arrav: simple array; (b) delays 
added. From B. Widrow et al., Adaptive Antenna Svs;ems, December 1967, IEEE. 
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centered at 8 = 0. The largest-amplitude sidelobe, at 8 = 24°, has a maximum 
sensitivity which is 12.5 dB below the maximum main-lobe sensitivity. This pattern 
would be different if it were plotted for frequencies other than wu. 

The same array configuration is shown in Figure 13.ll(b); however, in this case 
the output of each element is delayed in time before being summed. The resulting 
directivity pattern now has its main lobe at an angle of if; radians, where, similar to 
(13.2). 

where 

sin-1 Ao8wu = sin-1 c8 
2'TTdT d 

w0 normalized frequency of received signal (rad) 

AO wavelength at frequency w0 (m) 

8 = time-delay difference between neighboring 

element outputs (samples) 

d spacing between antenna elements (m) 

c signal propagation velocity 

T = time step ( s) 

(m/s) 

(13.40) 

The sensitivity is maximum at angle if; because signals received from a plane-wave 
source incident at this angle, and delayed as in Figure 13.ll(b ), are in phase with 
one another and produce the maximum output signal. For the example illustrated in 
the figure, d A. 0/2, 8 = (0.8131/w0 ), and therefore if; sin- 1(8w0/7T) = 15°. 
Derivation of the plots in Figure 13.11 is straightforward and is left to Exercises 13 
through 16. 

There are many possible configurations for phased arrays. Figure 13.12(a) 
shows one such configuration where each of the antenna-element outputs is weighted 
by two weights in parallel, one being preceded by a time delay of a quarter of a cycle 
at frequency w0 (i.e., a 90° phase shift, or 1TT /2w0 seconds). The output signal is the 
sum of all weighted signals, and since all weights are set to unit values, the directivity 
pattern at frequency wu is by symmetry the same as that of Figure 13.ll(a). For 
purposes of illustration, an interfering directional sinusoidal "noise" of frequency wu 
incident on the array is shown in Figure 13.12(a), indicated by the dashed arrow. 
The angle of incidence (45°) of this noise is such that it would be received on one of 
the sidelobes of the directivity pattern with a sensitivity only 17 dB less than that of 
the main lobe at 8 0°. 

If the weights are now set as indicated in Figure 13.12(b), the directivity 
pattern at frequency w0 becomes as shown in that figure. In this case, the main lobe 
is almost unchanged from that shown in Figures 13.ll(a) and 13.12(a), while the 
particular sidelobe that previously intercepted the sinusoidal noise in Figure 13.12(a) 
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Figure 13.12 Directivity pattern of linear array: (a) with equal weighting; (b) with 
weighting for noise elimination. From B. Widrow et al., Adaptive Antenna Systems. 

© December 1967, IEEE. 
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has been shifted so that a null is now placed in the direction of that noise. The 
sensitivity in the noise direction is 77 dB below the main-lobe sensitivity, improving 
the noise rejection by 60 dB. 

Let us now consider a simple example to illustrate the existence and calcula­
tion of a set of weights which will cause a signal from a desired direction to be 
accepted while a " noise" from a different direction is rejected. Such an example is 
illustrated in Figure 13.13. Let the signal arriving from the desired direction 0 = 0° 
be called the " pilot" signal P k = P sin kw0 , and let the noise, nk = N sin kw0 , be 
incident to the receiving array at 0 = 1r /6 radians. Both the pilot signal and the 
noise signal are assumed for this example to be at exactly the same frequency w0 . At 
a point in space midway between the antenna array elements, the signal and the 
noise are assumed to be in phase. In the example shown, there are two identical 
omnis spaced ;\ 0/2 apart. The signals received by each element are fed to two 
variable weights, one weight being preceded by a quarter-wave time delay of 
1rT /2w0 . The four weighted signals are then summed to form the array output. 

The problem in Figure 13.13 is to obtain a set of weights to accept P k and 
reject n k. Note that with any set of nonzero weights, the output is of the form 

A sin (kw0 + </>), 

and a number of solutions exist which will make the output be Pk· However, the 
output of the array must be independent of the amplitude and phase of the noise if 
the array is to be regarded as rejecting the noise. Satisfaction of this constraint leads 
to a unique set of weights determined as follows. The array output due to the pilot 
signal is 

P[(w1 + w3 )sin kw0 +(w2 + w4 )sin(kw0 -i)] (13.41) 

For this output to equal the desired output Pk = P sin kw0 (which is the pilot signal 

Figure 13.13 Pilot signal arriving at O = 0 and noise arriving at O - TT/ 6. 
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itself), it is necessary that 

W! + W3 = 

W2 + W4 = 0 (13.42) 

With respect to the midpoint between the antenna elements, the relative time 
delaysofthenoiseat the two elements are ±(d/ 2c)sin(r./ 6) = ±d/ 4c = ±r.T/ 4u:0 

seconds, which correspond to phase shifts of ± r. / 4 a_t frequency w0 . The array 
output due to the incident noise at (J = r./ 6 is then 

N [w1sin( kw0 - % ) + w2sin( kw0 - 3:) 

+ w3sin( kw0 + % ) + w4sin( kw0 - % ) ] 
For this response to equal zero, it is necessary that 

W! + w4 = 0 

W2 - w3 = 0 

(13.43) 

(13.44) 

Thus the set of weights that satisfies the signal and noise response requirements can 
be found by solving (13.42) and (13.44) simultaneously. The solution is 

(13.45) 

With these weights, the array will have the desired properties in that it will accept a 
signal from the desired direction, while rejecting noise which is at the same 
frequency w0 as the signal , but arriving from a different direction than that of the 
signal. 

The foregoing method of calculating the weights is more illustrative than 
practical. This method is usable when there is only a small number of directional 
noise sources, when the noises are monochromatic, and when the directions of the 
noises are known a priori. A practical processor should not require detailed infor­
mation about the number and the nature of the noises, and the adaptive processor 
described in the following meets this requirement. 1 t solves recursively a sequence of 
simultaneous equations, which are generally overspecified, and it finds solutions that 
minimize the mean-square error between the pilot signal and the total array output. 

SPATIAL CONFIGURATIONS 

Before discussing methods of adaptive filtering and signal processing to be used in 
the adaptive array, we need to extend the preceding discussion and consider some 
types of spatial array configurations. An adap tive array configuration for processing 
narrowband signals is shown in Figure 13.14. Each individual antenna element is 
shown connected to a variable weight and to a quarter-period time delay whose 
output is in tum connected to another variable weight. The weighted signals are 
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Figure 13.1 4 Adaptive array for receiving narrowband signals. From B. Widrow et 
al., Adaptive Antenna Systems, © December 1967, IEEE 
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summed, as shown in the figure. The signal at each sensor, assumed to be either 
monochromatic or narrowband, is thus weighted by a complex gain factor Aei~_ 
Any phase angle </> = - tan - I( wziw1) can be chosen by setting the two weight 
values, and the magnitude of this complex gain factor A = ywf + w} can take on a 
cange of values that is limited only by the range limitations of the two individual 
weights. Thus the two weights and the time delay (90° phase lag) provide completely 
adj us table linear processing for narrowband signals received by each individual 
antenna element. 

The full array of Figure 13.14 represents a completely general way to combine 
the antenna-element signals in an adjustable .linear structure when the received 
signals and noises are narrowband. We note that the same generality (for narrow­
band signals) can be achieved even when the time delays do not result in a phase 
shift of exactly .,, / 2 at the center frequency w0 • Keeping the phase shifts close to 
r, / 2 is desirable for keeping required weight values small, but is not necessary in 
principle. 

When one is interested in receiving signals over a range of frequencies, each of 
the phase shifters in Figure 13.14 can be replaced by an adaptive transversal filter as 
shown in Figure 13.15. This tapped delay line permits adjustment of gain and phase 
as desired at a number of frequencies over the band of interest. If the weight 
spacing (t,.) is sufficiently small, this network approximates the ideal filter which 
would allow complete control of the gain and phase at each frequency in the 
passband. 

Once the network connected to each array element has been chosen as in 
Figure 13.14 or 13.15, the next step is to develop an adaptation procedure so that the 
weights can adjust to achieve the desired spatial and frequency filtering. The 
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Figure 13.15 Adaptive array for receiving broadband signals. From B. Widrow c t 
al, Adaptive Amenna Systems, © December 1967, IEEE. 

Part IV 

procedure should produce a given array gain in the specified look direction while 
s1multaneously nulling out interfering noise sources. 
_ If the radiated signals received by the elements of an adaptive array consist of 

si~nal components plus undes1red n01se, the signal will be reproduced (and the noise 
elurunated) as best as p_ossible in the least-squares sense if the desired response of 
the_ adap!tve processor 1s made to be the signal itself. The signal is not generally 
available for adaptat10n purposes, however. If it were available, there would be 110 
need for a receiver and a receiving array. 
. In the adaptive antenna systems to be described here, the desired response 

s1_gnal 1s provided through the use of an artificially injected signal, the "pilot signal" 
discussed above, which_ 1s completely known at the receiver and usually generated 
there. The pilot signal 1s constructed to have spectral and directional characteristics 
~1m1lar to those of the incoming signal of interest. These characteristics may, in 
some cases, be known a pnon but, m general, represent estimates of the parameters 
of the signal of mterest. 

Chap. 13 Introd uction to Adaptive Arrays and Adaptive Beamforming 391 

Adaptation with the pilot signal causes the array to form a beam in the 
pilot-signal direction having essentially flat spectral response and linear phase shift 
within the passband of the pilot signal. Moreover, directional noises impinging on 
the adaptive array will cause reduced array response (nulling) in their directions 
with.in their passbands. These notions are demonstrated by experiments that are 
described below. 

Injection of the pilot signal would normally render the beamformer output 
useless. To circumvent this, "one-mode" and "two-mode" adaptation algorithms 
have been devised. The two-mode process alternately adapts on the pilot signal to 
form the main beam and then, with the pilot signal off, adapts on the natural inputs 
to eliminate noise. The array output is usable during the second mode, while the 
pilot signal is off. The one-mode algorithm permits listening at all times, but 
requires more equipment for its implementation. 

ADAPTIVE ALGORITHMS 

Figure 13.16 illustrates a method for providing the pilot signal wherein the latter is 
actually transmitted by an antenna located some distance from the array in the 
desired look direction. Figure 13.17 shows a sell-contained method for providing a 
local pilot signal that was originally suggested by M. E. Hoff, Jr. The inputs to the 
processor in Figure 13.17 are connected either to the actual antenna element outputs 
( during " mode A"), or to a set of delayed signals derived from the pilot-signal 
generator (during "mode P"). The filters 81, ... , 8K (ideal time delays if the array 
elements are identical) are chosen to result in a set of input signals identical with 

Mode A 

Pilot 
signal 

Transmitter 

Sensors 

Mode P 

Adaptive 
signal 
processor 

>---.--- Output 

Figure 13.16 Two-mode adaptation with distant external pilot signal. Mode P: 
adaptation with pilot signal present; mode A : adaptation with pilot signal absent. 
From B. Widrow ct al., Adaptwe Amenna Systems. © December 1967, lEEE. 
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Adaptive 
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Figure 13.17 Two-mode adaptation with a local internal pilot signal. Mode P: 
adaptation with pilot signal present; mode A: with pilot signal absent 
From B. Widrow et al., Adaptive Antenna Systems, December 1967, IEEE. 

those that would appear if the array were actually receiving a distant radiated 
plane-wave pilot signal from the desired "look" direction, the direction intended for 
the main lobe of the receiving directivity pattern. · 

During adaptation in mode P, the input signals to the adaptive processor are 
derived from the pilot signal, and the desired response of the adaptive processor is 
the pilot signal itself. If a sinusoidal pilot signal at frequency w

0 
is used, for 

example, adapting the weights to minimize mean-square error will force the gain of 
the antenna array in the look direction to have a specific amplitude and a specific 
phase shift at frequency w0 • 

During adaptation in mode A, all signals applied to the adaptive processor are 
received by the antenna elements from the actual noise field. In this mode, the 
adaptation process proceeds to eliminate all received signals, since the desired 
response is set to zero. Continuous operation in mode A would cause all the weight 
values to tend to zero however, and the system would shut itself off. However, by 
alternating frequently between mode P and mode A and causing only small changes 
in the weight vector during each mode of adaptation, it is possible to maintain a 
unit-gain beam approximately in the desired look direction and, in addition, to 
minimize approximately the reception of incident-noise power. 

The pilot signal can be chosen as the sum of several sinusoids with differing 
frequencies so that adaptation in mode P will constrain the antenna gain and phase 
in the look direction to have specific values at each of these frequencies. Further-
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more, if several pilot signals of different directions are added together, it is possible 
to constrain the array gain simultaneously at various angles as well as frequencies 
when adapting in mode P. This feature affords some control of the bandwidth and 
beamwidth in the various look directions. The two-mode adaptive process ap­
proximately minimizes the mean-square value (the total power) of all signals 
received by the antenna elements which are uncorrelated with the pilot signals, 
subject to the constraint that the gain and phase in the beam approximate prede­
termined values at the frequencies and angles dictated by the pilot-signal compo­
nents. 

In two-mode adaptation the beam is formed and supported during mode P and 
the noises are eliminated in the least-squares sense (subject to the pilot-signal 
constraints) in mode A. Signal reception during mode P is impossible because the 
processor is connected to the pilot-signal generator. Reception can therefore take 
place only during mode A. This difficulty is eliminated in the system of Figure 
13.18, in which the actions of modes P and A can be accomplished simultaneously. 
The pilot signals and the received signals enter into an adaptive processor, just as 
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Figure 13.18 Single-mode adaptation with a 
Adaptive Antenna Systems,© December 1967, 
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signal. From B. Widrow et al., 
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described previously. For this processor, the desired response is the pilot signal. A 
second slaved processor generates the actual array output signal, but it performs no 
adaptation. Its input signals do not contain the pilot signa~. It is slaved to the 
adaptive processor in such a way that its weights are exact cop1~s of the ~orr~spond­
ing weights of the adapting system, so that it never needs to ~ece1v.e the pilot. signal. 

In the single-mode system of Figure 13.18, the pilot signal ts on continuously. 
Adaptation to minimize the mean-square error will force the adap~ive proce~sor to 
reproduce the pilot signal as closely as possible an~, at the sa_me time, to reJect as 
well as possible (in the mean-square sense) all signals receIVed by t~e antenna 
elements which are uncorrelated with the pilot signal. Thus the adaptive process 
forces a directivity pattern having approximately the proper main lobe sensitivit~ in 
the look direction in the pilot signal passband (satisfying approximately the pilot 
signal constraints), and it forces nulls in the dir1.->ctions of the noises an~ in their 
frequency bands. Usually, the stronger the noises compared to the pilot signal, the 
deeper are the corresponding nulls. . 

The single-mode system of Figure 13.18 can be analyzed by LMS design theory 
in the following way. The converged weights of the adaptive processor can_ be 
obtained as R- 1P. The R-matrix is the sum of the R-matrix of the antenna-denved 
signals and the R-matrix of the set of pilot signals, assuming th_at the pil?t signal and 
the incoming antenna signals are uncorrelated. The vector _P ts dete~mmed only_ by 
the pilot signal. Its elements are values of the autocorrelation funct10~ of the ptl?t 
signal, with lags determined by the corresponding pilot signal de~ays: Smee the mam 
lobe is steered by choice of the pilot signal delays, the vector P 1s directly related to 
the steering angle. 

To demonstrate the performance characteristics of adaptive antenna systems, 
many simulation experiments, involving a wide variety of array geometries and 
signal- and noise-field configurations, have been carried out. . . 

For simplicity of presentation, the examples outlined m the fo~lowmg are 
restricted to planar arrays composed of ideal isotropic s_ensors, or omrus. In. every 
case, the LMS adaptation algorithm was used. All expenments were begun with all 
weight values initially equal. 

NARROWBAND EXPERIMENTS 

Figure 13.19 shows a 12-element circular array and signal processor_whi~h was used 
to demonstrate the performance of the narrowband system shown m Figure 13.14. 
The pilot signal was a unit-amplitude sine wave wi_th frequency

0 

w~ an? power 
a 2 0.5, which was used to tram the array to look m the 0 = 0 direct10n. The 
d'oise field consisted of a sinusoidal noise signal (with the same frequency and power 
as the pilot signal) incident at angle 0 40°, and a small amount of random, 
uncorrelated, zero-mean white noise with power a} 0.1 at each antenna element. 
In our simulation, the weights were adapted using the two-mode L_MS algorithm .. 

Figure 13.20 shows the sequence of directivity patterns which evolved dunng 
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(a) sensor arrangement; processing 
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et al., Adaptiue Antenna Systems. 
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the learning process. These computer-plotted patterns represent the decibel sensitiv­
ity of the array at frequency w0 , similar to the previous directivity patterns in this 
ch~pter. Each directivit~ pattern is computed from the set of weights resulting at 
vanous stages of adaptation. The solid arrow indicates the direction of arrival of the 
sinusoidal interference. Notice that the initial directivity pattern is essentially cir­
cul~r, _due_ to _the symmetry of the antenna array and the equal initial weight values. 
A_ tlrnmg m~1cat?r. NC, the number of elapsed cycles at frequency w

0
, is presented 

with each directivity pattern. The number of adaptations equals 20NC in these 
experiments. Note that if w0/2T = 1 kHz, then NC 1 corresponds to 1 ms of real 
time; if w0/2T = I MHz, then NC = 1 corresponds to I µs; and so 01). 

. Several observations can be made from the series of directivity patterns of 
Figure 13.20. Notice that the sensitivity of the array in the look direction is 
esse1_1~i~lly constant during the adaptation process. Also notice that the array 
senstll~ity dro~s v~I?' rapidly in the direction of the sinusoidal noise source; a deep 
notch m the dtrectIVIty pattern forms in the noise direction as the adaptation process 
progresses. After the adaptive transient has died out, the array sensitivity in the 
noise direction is 27 dB below that of the array in the desired look direction. The 
notch was created by the adaptive algorithm without prior knowledge of the noise 
frequency content or direction of arrival. 
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direction interference 
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Figure 13.20 Evolution of the directivitv 
pattern while learning to eliminate ., 
directional noise as well as uncorrelated 
noise (array configuration in Figure 
13.19). NC - number of elapsed cycles 
of frequency w0 : number of adaptations 
- 20 NC. From B. Widrow et al. , 
Adaptive Ancenna Systems, © December 
1967, IEEE. 

The total noise power in the array output is the sum of the sinusoidal noise 
power due to the directional noise source plus the power due to the white, mutually 
uncorrelated noise-input signals. The total noise power at the output generally drops 
during the adaptation process until it reaches an irreducible level. 

A plot of the total output noise power as a function of NC is shown in Figure 
13.21. This plot is a learning curve for the adaptive beamformer. Starting with the 
initial weights, the total output noise power was 0.65, as shown in the figure. After 
adaptation, the total output noise power was 0.01. In this noise field, the output 
signal-to-noise ratio after adaptation was better than that of a single isotropic 
receiving element by a factor of about 60. 

A second experiment using the same array configuration in Figure 13.19 and 
the two-mode adaptive process was performed to investigate adaptive array perform-
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TABLE 13.1 SENSITIVITIES OF ARRAY IN DIRECTIONS OF THE 
FIVE NOISE SOURCES OF FIGURE 13.22 AFTER ADAPTATION 

Noise 
direction 

(deg) 

67 
134 
191 
236 
338 

1.0 

0.8 

0.6 

0.4 

0.2 

Noise 
frequency 
(times w0 ) 

1.10 
0.95 
l.00 
0.90 
1.05 

Init ial noise power 

100 200 300 

Time, NC (cyc les of p1,) 

Array sensitivi ty in noise 
direction, relative to 

sensit ivi ty in desired look 
direction (dB) 

- 26 
-30 

28 
- 30 
- 38 

Figure 13.21 Learning curve for 
narrO\l.'band system of Figure 13 .19 with 
no.ise from one direction only. From R 

400 Widrow et al, Adaptiue A menna Sysrems , 
© December 1967, IEEE. 

ance in the presence of several interfering directional noise sources. In th.is example, 
the noise field was composed of five directional sinusoidal noises, each with 
amplitude 0.5 and power 0.125, acting simultaneously and, in addition, superposed 
uncorrelated white noises of power 0.5 at each of the antenna elements. The 
frequencies of the five directional noises are shown in Table 13.1. 

Figure 13.22(a) shows the evolution of the directivity pattern, plotted at 
frequency w0, from the initial conditions to the finally converged (adapted) state. 
The latter was achieved after NC = 682 cycles at frequency w0 . The learning curve 
for this experiment is shown in Figure 13.22(b). The final array sensitivities in the 
five noise directions relati ve to the array sensitivity in the desired look direction are 
shown in Table 13.1. The signal-to-noise ratio was improved by a factor of about 15 
over that of a single isotropic radiator. In Figure 13.22(b), one can roughly discern a 
time constant approximately equal to 70 cycles. Since there were 20 adaptations per 
cycle at w0 , the learning curve time constant was approximately T01" = 1400 
adaptations. Within about 400 cycles at w0 , the adaptive process virtually converges 
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Figure 13.22 Evolut ion of the directivity 
pattern while learning to eliminate five 
directional noises and uncorrela1ed noises 
(array configuration of Figure 13. 19): 
(a) sequence of directivity patterns during 
adapta tion; (b) learning curve (total 
number o f adaptations = 20 NC). From 
B. Widrow ct al., Adaptive Antenna 
Systems. © December 1967, IEEE 
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to steady state. If w0/2 7TT were 1 MHz, 400 µ,s would be the real settling time. The 
misadjustment for this process can be roughly estimated by using (6.41), although 
actually all eigenvalues were not equal as required by this equation: 

M = number of weights 24 6 0 43 = -- = -- = . percent 
4 'Tmse 4 Tmse 1400 

(13.46) 

This is a low value of misadjustment, indicating a very slow, precise adaptive 
process. This is evidenced by the learning curve Figure 13.22(b) for this experiment, 
which is smooth and noise-free. 

If all of the sinusoidal interferers were at the same frequency, they would have 
been just as easily attenuated by the adaptive beamformer, but generally nulls would 
not have formed at their angles of incidence. They would all have been accepted by 
the adaptive beamformer and would have been given just the right magnitude and 
phase characteristics so that they would add up at the output approximately to zero. 
If, as in the experiment above, all the frequencies are different, the adaptive 
beamformer must form individual nulls to eliminate the sinusoidal interferers. 

BROADBAND EXPERIMENTS 

Figure 13.23 shows an antenna array configuration and signal processor that was 
used in a series of computer-simulated broadband experiments. In these experi­
ments, the one-mode or simultaneous adaptation process was used to adjust the 
weights. Each omnidirectional sensor in a five-element circular array was connected 
to an adaptive transversal filter having five weights, as shown in the figure. A 
broadband pilot signal was used, and the desired look direction was chosen 
(arbitrarily) to be (J = 13°. The power spectrum of the pilot signal is shown in 
Figure l3.24(a). This spectrum is approximately one octave wide and is centered at 
frequency w0 . A delay increment of 8 = 7T/2 w0 time steps was used in the adaptive 
filter, providing a delay between adjacent weights of a quarter cycle at frequency w 0 , 

and a total filter delay of one wavelength at this frequency. 
The computer-simulated noise field consisted of two broadband directional 

noise sourcest incident on the array at angles (J = 50° and (J = - 70°. Each source 
of noise had power 0.5. The noise at (J = 50° had the same frequency spectrum as 
the pilot signal (though with reduced power) ; while the noise at (J = - 70° was 
narrower and centered at a slightly higher frequency. The noise sources were 
uncorrelated with the pilot signal. figure l3.24(b) shows the power spectra. Ad­
ditive white noises (mutually uncorrelated) of power 0.0625 were also present in each 
of the antenna-element signals. 

To demonstrate the effects of adaptation rate, the experiments were performed 
twice, using two different values of the adaptive gain constant, µ, in (6.3). Figure 

t The broadband directional noises were computer~simulated by first generatin g, a series o f 
uncorrelated (white) pseudorandom numbers. applying these to an appropriate digital filter to achieve the 
proper spectral characteristics. and then applying the resulting correlated noise waveform to each of the 
simulated antenna elements with the appropriate delays to simulate the effect of a propagating wavefront. 
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Figure 13.23 Configuration for the one-mode broadband experiment: (a) scnsm 
arrangement; (b) processing of each sensor signal. From B. W1drow et al. , Adaptwe 

Antenna Systems, © December 1967, IEEE. 
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Figure 13 24 Power spectra for broadband experiments: (a) pilot signal at 0 "'. - 13°: (b) 
incident ~oiscs at 8 -= 500 and (J ""' - 100. From B. Widrow et al. , Adapuue Amenna 

Systems, ~ December 1967, IEEE 
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Figure 13.25 Learning curves for broadband experiments: (a) rapid learning ( M - 13%); (b) 
slow learning (M ""' 1.3%). From 8. Widrow et al. , Adaptive Antenna Systems, © December 
1967, IEEE 

13.25 shows the learning curves obtained under these conditions. The abscissa of 
each curve is expressed in cycles of w0 , the array center frequency, and, as before, 
the array was adapted at a rate of 20 times per cycle of w0 . Note that the faster 
learning curve is much noisier. 

Since the statistics of the pilot signal and directional noises in this example are 
known (having been generated in the computer simulation) and thus the R-matrix is 
known, it is possible to check measured values of misadjustment against theoretical 
values. 

Using (6.36), the mi sadjustment for the two values ofµ, is calculated to give the 
following comparison: 

µ 

0.0025 

0.00025 

Measured 

value of M 

0.134 

0.0170 

Theoretical 

value of M 

0.1288 

0.0129 

The theoretical values of misadjustment check quite well with corresponding mea­
sured values. 

From the known statistics the optimum weight vector W • = R - 1 P can be 
computed. The antenna directivity pattern for this optimum weight vector is shown 
in Figure 13.26(a). This is a broadband directivity pattern, in which the rela tive 

1250 
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Figure 13.26 Comparison of optimum broadband directivity pattern with experi­
mental pattern after former has been adapted during 625 cycles at w0 ; Plotted at 
frequency w0 : (a) optimum least-squares pattern; (b) adapted with IJ = 0.00025. 
From 8. Widrow et al., Adaptive Antenna Systems , '~ December 1967, [EEE. 

sensitivity of the array versus incidence angle O is plotted for a broadband received 
signal having the same power spectrum as the pilot signal. This form of directivity 
pattern has few sidelobes, and nulls which are generally not very deep. In Figure 
13.26(b), the broadband directivity pattern resulting from adaptation (after 625 
cycles of w0 , with µ = 0.00025) is plotted for comparison with the optimum 
broadband pattern (i.e., the least-squares solution). Note that the patterns are 
almost indistinguishable. 

The learning curves of Figure 13.25 are composed of decaying exponentials 
with various time constants. When µ is set to 0.00025 in Figure 13.25(b), the 
misadjustment is about 1.3 percent, which is a small but practical value. With this 
rate of adaptation, we can see in Figure 13.25(b) that adapting transients are 
essentially finished after about 500 cycles at w0 • If w0/2'1TT is 1 MHz, for example, 
adaptation could be completed (if the processor is fast enough) in about 500 µ s. If 
w0/2'1TT is 1 kHz, adaptation could be completed in about one-half second. Faster 
adaptation is possible, but there will be more misadjustment. These figures are 
typical for an adaptive antenna with broadband noise inputs with 25 adaptive 
weights. For the same level of rnisadjustment, convergence times increase approxi­
mately linearly with the number of weights as shown, for example, by (6.22). 

The ability of this adaptive antenna array to obtain "frequency tuning" is 
shown in Figure 13.27. This figure gives the sensitivities of the adapted array (after 
1250 cycles at w0 ) as a function of frequency for the desired look direction [Figure 
13.27(a)] and for the two noise directions [Figure 13.27(b) and (c)]. The spectra of 
the pilot signal and noises are also shown in the figure. 

In Figure 13.27(a), the adaptive process makes the sensitivity of this simple 
array configuration close to unity over the band of frequencies where the pilot signal 
has finite power density. Improved performance could be attained by adding 
antenna elements and by adding more taps to each delay line; or, more simply, by 
limiting the output to the passband of the pilot signal. Figure 13.27(b) and (c) shows 
the sensitivities of the array in the directions of the noises. These plots illustrate the 
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Figu~e 13.27 Arra_y ~ower g~ ve:sus frequency for the broadband experiment in Figure 
13.23. (a) power ga.m m look d1rect1on, 8 = - 13°; (b) power gain in one noise direction. 
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reduction of the array sensitivity in the directions of the noises, withjn their specific 
passbands. The same idea is illustrated by the nulls in the broadband directivity 
patterns which occur in the noise directions, shown in Figure 13.26. After the 
adaptive transients subside in this experiment, the signal-to-noise ratio is improved 
by the array over that of a single isotropic sensor by a factor of 56. 

EXERCISES 

I. In Figure 13.2, show mathematically that cancellation is the same for signals arriving at 
incident angles B and 180° - B. 

2. In Figure 13.2, a plane wave with a frequency of 2 Hz and a speed of 5000 m/ s is 
incident at angle 80 = 30°. What would the array spacing need to be to produce a phase 
shift of 10° from the reference input to the primary input? 

3. In Figure 13.3(a), a plane wave at frequency 3 MHz and speed 3 X 108 m/s is incident at 
B = 20° (rather than B = 0° as in the figure). If the sensors are 20 m apart and if the 
SNR is 6 dB, what are the weight values for minimum mean-square output? 

4. Using the situation in Figure 13.3a with µ, equal to 0.01 times the input signal power, run 
the LMS algorithm and plot w,. and w2k versus k, showing convergence to wt and w,*. 
For noise, generate white uniform noise using rk in Appendix A. 

S. In Figure 13.3(b), suppose that the weight has converged to w1* = 0.9. What is the gain 
of the system for a small signal arriving at B = 40° at normalized frequency = 0.5 rad 
and wavelength = 0.305 m, if the omni separation is 0.229 m? 

6. In Exercise 5, plot the system power gain in dB versus omni separation /, for 1 5 I 5 

1.27 m. 

7. In Exercise 5, what is the phase shift from input to output? 

8. For a two-element adaptive array, what is the minimum power gain in dB if the input 
SNR is 8 dB? 

9. Plot a directivity pattern for a two-element array with weights w1 = 0.6, w2 = 0.8, and no 
receiver noise. 

10. In an adaptive array using the leaky LMS algorithm with y = 0.99, suppose that the 
entire input signal, X k, suddenly drops to zero. In how many time steps will the weights 
change by 10%? 

11. In an adaptive filter using the leaky LMS algorithm withµ,= 0.01 / a; , where a; is the 
input power, how much equivalent noise power is added to the input by setting y = 0.94? 

12. An adaptive array with two weights spaced 0.8 wavelength apart has a strong signal 
arriving at B = 0° and another signal with 25% of the strong signal power arriving at 
B = 90°. What are the converged weight values in this case, assuming no receiver noise? 

13. In the array shown in Figure 13.ll(a), an input signal, Ccoskw0 , arrives at angle B. Give 
an expression for the array output signal. 

14. Using the result of Exercise 13, express the array gain in dB as a function of B. 

15. Do Exercise 13 for the array in Figure 13.1 l(b). 

16. Using the result of Exercise 15, express the array gain in dB as a function of B. 

•EJ. /6 
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17. In F,_·gure 13.12, assuming that the weight values are w11 , ... , ,_,.. d h h •~ , . , w7 1 , w72 an t at t e 
om ru s are separated by 1/ 2 wavelength, derive a formula for array gain in dB as a 
function of U. 

18. In Figure 13.13 , what are the correct weight values if the noise arrives at B = ,r/ 4 instead 
of 11/6? 

19. 

20. 

21. 

For the leaky LMS algorithm, using the methods in Chapter 6: 
(a) Determine the range of µ, for stable operation. 
(b) Determine the time constant of the learning curve. 
(c) Give an expression for the misadjustment . 

Express the processor output signal for the system described in Figure 13.19. 

Assume that the array in Figure 13.12(b), with weights w01 through w62 , is to be trained 
usmg smgk-mode adaptation w,th a pilot signal of unit amplitude at a frequency of 1.0 
Hz_ and with simultaneous interference of unit amplitude at 1.1 Hz. Starting with all 
weights _= 1.0, run the LMS algorithm for this configuration with µ, = 0.01. and plot the 
dir~ct1V1ty pattern after 0, 10, 100, and 1000 cycles of the pilot signal. Use time step 
T - 0.02 s. 

22. A two-ekment pilot-signal adaptive beamformer is shown below with an incident plane 
wave, B sin kw,, at B = 0°. The pilot signal is A sin kw0 . Beam steering is accomplished 

Pilot signal 
A sin kw0 

Output 
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by varying the phase shift </> to cause the look direction to be at
0 
angle 0. Assume !hat wo 

and w, differ enough to decorrelate the signals but that the 90 urnts provide 90 phase 

shift for both signals. . 
(a) Express the R-matrix and the ?-vector as functions of A, B, and </>, assummg 

noise-free reception. 
(b) With A= B, determine the optimum weight vector for</>= 0, 22.5° , 45°, 67.5°, and 

90°. 
(c) What is the look direction, 0, corresponding to each value of </> above? . 
(d) On a single graph, plot directivity patterns for</>= 45° ,_ 60°_, and 90°. Discuss the 
angular resolution of this adaptive beamformer in the look dtrect10n. 

23. In the adaptive beamlormer of Exercise 22, suppose there is receiver noise with unit 
power at each omni. Repeat Exercise 22 first with A = B = 2, then with A = 5 and 
B = l, and finally with A = B = 5. What can we conclude regarding the relation of 
angular resolution to pilot and incident signal-to-noise ratios? 

ANSWERS TO SELECTED EXERCISES 

1. Hint: See Equations (13.2) and (13.3). 

2. I= 138.9m 

3. w;" = 0.7266, w; = 0.3330 
6 

13. y. = CL cos(kw0 + nrr sin0) 
n- 0 

14. dB= lOlog!O{Lt cos(nrrsin0)r + Ltsin(11,rsin0)n 

6 

15. y, =CL cos(kw0 + nrrsin0 - 0.813111) 

n - O 6 ]2 [ 6 ]2} 
16. dB= lOlogrn{ [ I; cosn(rrsin0 - 0.8131) + ~ sinn(rrsin0-0.8131) 

n-0 n 0 

17. dB = IO log!O{ Lto w,,icos( n,r sin 0) + w., sin( ll'TT sin 0) r 

+ Lto w. 2cos(nwsin0) - w,,1sin(11wsin0)]'} 
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chapter 14 

Analysis of 
Adaptive Beamformers 

In Chapter 13 we discussed some of the basic properties of linear arrays, and how to 
apply adaptive signal processing for the arrays using the LMS algorithm. Jn this 
chapter we discuss some additional adaptive beamforming techniques and al­
gorithms . 

First, however, we discuss some additional performance characteristics of 
receiving arrays connected to adaptive beamformers. As we have seen, such systems 
are intended to receive signals from a selected look direction while nulling interferers 
from other directions. 

PERFORMANCE CHARACTERISTICS OF RECEIVING ARRAYS 

The broadband adaptive array of F igure 13.15 is the basic system configuration to 
be discussed here. Its signals could be either narrowband or broadband. There are 
K receiving elements, each connected to a tapped delay line ( adaptive transversal 
filter) having L taps; thus the total number of weights in the system is KL. 

Incident upon the receiving array is a target signal plus noise which includes 
not only receiver noise but all forms of interference and jamming from point sources 
and from spatially distributed sources. Ideally, one would like the output to be the 
target signal itself, with no noise. In practice this is rarely achievable and one must 
make compromises in the design of the array processing scheme, choosing between 
target signal distortion and noise elimination. Two different approaches will be 
discussed in this section, one that provides a system output that is a best least-squares 
estimate of the target signal and another that provides an output which is an 
undistorted version of the target signal plus added noise of minimal power. The first 
approach is based on a minimum-mean-square-error criterion, while the second is 
based on a maximum likelihood criterion. Then, in sections to follow, adaptive 
algorithms will be presented for real-time processing of adaptive array signals in 

409 
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chapter 14 

Analysis of 
Adaptive Beamformers 

In Chapter 13 we discussed some of the basic properties of linear arrays, and how to 
apply adaptive signal processing for the arrays using the LMS algorithm. In this 
chapter we discuss some additional adaptive beamforming techniques and al­
gorithms. 

First, however, we discuss some additional performance characteristics of 
receiving arrays connected to adaptive beamformers. As we have seen, such systems 
are intended to receive signals from a selected look direction while nulling interferers 
from other directions. 

PERFORMANCE CHARACTERISTICS OF RECEIVING ARRAYS 

The broadband adaptive array of Figure 13.15 is the basic system configuration to 
be discussed here. Its signals could be either narrowband or broadband. There are 
K receiving elements, each connected to a tapped delay line (adaptive transversal 
fi]ter) having L taps; thus the total number of weights in the system is KL. 

Incident upon the receiving array is a target signal plus noise which includes 
not only receiver noise but all forms of interference and jamming from point somces 
and from spatially distributed sources. Ideally, one would like the output to be the 
target signal itself, with no noise. In practice this is rarely achievable and one must 
make compromises in the design of the array processing scheme, choosing between 
target signal distortion and noise elimination. Two different approaches will be 
discussed in this section, one that provides a system output that is a best least-squares 
estimate of the target signal and another that provides an output which is an 
undistorted version of the target signal plus added noise of minimal power. The first 
approach is based on a minimum-mean-square-error criterion, while the second is 
based on a maximum likelihood criterion. Then, in sections to follow, adaptive 
algorithms will be presented for real-time processing of adaptive array signals in 
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accord with these two performance criteria. The analytical approach to be followed 
here is based on the work of L. J. Griffiths (3, 4] and _o. L. Frost III [7 , 8]. . . 

Refer once again to the adaptive array of Figure 13.1_5. Let an ongm be 
defined at some point in space near the antenna elements (omrus). _ lmagme an omru 
element being placed at this origin to receive the signal plus the nmse. ~et the target 
signal component of the omni output be defined as gk , where k 1s the time mdex as 
usual. The set of KL weights can be described as follows. (In this chapter, for 
convenience, we use a single subscript to indicate the weight number, and the second 

subscript, k, is again the time index.) 

l WH 1 
W _;,_ w,k 

k - W(;L)k 

(14.1) 

Each of the weights, connected to a tapped delay line, receives the target signal plus 

noise. The ith weight has an input of 
(14.2) 

The target signal component is s;k, which is linearly related _to _g~. The hnear 
relationships between gk and the various input signals to the md1v1dual weights 
result from the passage of the target signal waveform across the array. For the 1th 

weight, 
S;k = F;(gk] 

where F;[. J is a linear function. For the entire array, it is clear that 

x k = sk + Nk 

xk~ f :::1 s) :::i N, • lV 
XKLJ l SKLk J Kl.J 

(14.3) 

(14.4) 

(14.5) 

For this system, the input correlation matrix will be the sum of that of the target 

signal plus that of the noise. Accordingly, 

R ss ~ E[SkSl"] R,,,;v ~ E[NkN:} (14.6) 

Rxx = Rss + R;vN 

The desired response at the adaptive array output is the target signal 
cross correlation between the desired response and the X-vector ts 

P5 = E[gkXk] = E[gkSk] 

(14.7) 

itself. The 

(14.8) 
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To obtain an output that is a best least-squares estimate of the target signal, 
the optimal weight vector is 

W* = RxlPs 

(14.9) 

One can approximately implement this formula by estimating R and finding its 
inverse, using actual signal-plus-noise input data. Without knowing the target signal 
(if this were known, one would not need the receiving array), one can determine P 
with knowledge of the autocorrelation function of the target signal and its direction 
of arrival. The cross correlations between the target signal gk and the various target 
signal components of the weight inputs s;k can be computed by taking into account 
the array geometry, the time delays that result as the target signal passes over the 
array, and the time delays that accrue at the taps of the tapped delay lines. In any 
event, R - i and P can be evaluated and the optimal least-squares processor can be 
constructed. 

Rather than use matrix methods for computing the least-squares solution, 
real-time adaptive techniques are more often used. The pilot-signal algorithm de­
scribed in Chapter 13 is one approach. Let us now examine the pilot-signal 
algorithm to determine whether its weight solution agrees with (14.9). 

We will analyze the single-mode pilot-signal algorithm whose block diagram is 
shown in Figure 13.18. Let the pilot signal be designated Pk• and suppose that this 
signal is applied to the system through an adjustable gain /3. The desired response 
for the adaptive process is then 

(14.10) 

The inputs to the weights consist of target signal components and interference 
components, as described above, and in this case additional pilot signal components. 
Let these pilot signal components be designated by the vector f3Tk. 

The target signal is of course unknown, but its direction of arrival and its 
statistical character are assumed to be known, together with the receiving array 
geometry and other characteristics. The pilot signal is designed to have the same 
autocorrelation function as the target signal. All of the weight input components, 
target signal, interference, and pilot signal, are assumed to be uncorrelated. There­
fore, the input R-matrix is 

(14.11) 

The third term of (14.11) is the autocorrelation matrix of the pilot signal components 
at the weight inputs, or 

(14.12) 

The cross correlation between the desired response and the weight inputs is the same 
as the cross correlation between the desired response and the pilot signal compo-
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nents of the weight inputs. Accordingly, 

P ) d<lk l E[dkTk] /5 2Ps 

ld1xwJ 
(14.13) 

The LMS algorithm used in the single-mode pilot-signal adaptive beamformer 
will converge to the following least-squares weight vector: 

W*=R· 1P (Rss + RNN + /J 2
Rssr

1

/J 2
Ps 

(Rxx + /] 2Rss r 1
Ps (14.14) 

This result does not exactly agree with the best least-squares solution given by (14.9). 
There is a bias in (14.14) caused by the introduction of the pilot signal. The bias can 
be kept small by making /3 small, however. Although it is not apparent from (14.14), 
making f3 small causes the effects of weight adaptation noise to become more severe, 
necessitating slow adaptation if a solution close to the true LMS solution is to be 

achieved. 
Griffiths [3] has developed an algorithm that not only converges to the weight 

vector (14.9) that produces the best least-squares estimate of the target signal, but 
also obviates the requirement of the pilot signal. Next we describe this algorithm 

and analyze its properties. 

THE GRIFFITHS LMS BEAMFORMER 

Griffiths' algorithm is a "spin-off' of the LMS algorithm, utilizing certain a priori 
knowledge (when available) to create a highly effective real-time adaptation process. 
The algorithm is presented here in general terms, and is then applied to adaptive 

beam forming. 
The LMS algorithm can be expressed as follows: 

wk+I wk+ 2µekXk 

wk+ 2µ(dk - Yk)xk 

=wk+ 2µdkxk 2µ,YkXk (14.15) 

If we now substitute the average E[dkXd Pin place of its instantaneous value in 
(14.15), the result is Griffiths' algorithm: 

(14.16) 

This algorithm can be used when the cross-correlations between the desired respo~se 
and the weight inputs are known a priori. Then, a real-time least-squares adaptive 
algorithm can operate without needing a real-time desired response input dk. Such a 

process is illustrated in Figure 14.1. 
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Figure 14.1 Diagram of Griffiths' algorithm, Note that there is no "desired 
response" input to the algorithm. 
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!he converged solution of (14.16) can be obtained in the following manner. 
Equation (14.16) can be rewritten by replacing Yk with xrwk: 

wk+ 1 =wk+ 2µ,P - 2µ(xJwk)xk 

wk+ 2µ,P 2µXkxrwk (14.17) 

Assuming that the stationary, zero-mean input vectors Xk, Xk_ 1, Xk- 2,... are 
uncorrelated, Wk and Xk are uncorrelated. Taking expectation of both sides of 
(14.17) yields 

E[Wk+tl = E[WkJ + 2µ,P 2µ,RE[WkJ 

[I 2µR]E[WJ + 2µP (14.18) 

We have already solved an equation like this one in Chapter 4, starting with (4.38). 
and have found that 

lim £[Wk] R- 1p 
k-oo 

(14.19) 

provided that, as in (4.45), 

> µ, > 0 (14.20) 

Like the LMS algorithm, the Griffiths algorithm is unbiased and produces at 
convergence an expected steady-state solution that is the true least-squares solution. 
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An adaptive beamformer based on the Griffiths algorithm is shown in Figure 
14.2. A set of bulk delays labeled t. 1, t. 2 , t. 3 , . . • , t.K is used to steer the receiving 
beam along the desired look direction. The target signal emerges from these delays 
in phase, that is, in proper time registration. Each of the blocks labeled "GLMS" 
contains a tapped delay line whose weights are adapted in accord with (14.16). The 
desired response is the target signal, and the components of the P•vector are the 
cross·correlations between the target signal components at the individual weight 
inputs and the desired response, which is the target signal itself. The elements of the 
P•vector are therefore obtained from the autocorrelation function of the target 
signal, choosing lags to correspond with the delays of the delay.Jine taps. 

In order to obtain an array output that is a best least•squares estimate of the 
target signal, it is necessary to know the target signal's direction of arrival as well as 
its autocorrelation function. One must also know the array geometry in order to 
choose the appropriate steering delays. Essentially, this same knowledge is required 
for the Widrow et al. pilot•signal algorithm, but the Griffiths algorithm has the 
advantages of providing an unbiased solution and of not requiring either the pilot 
signal or the slaved signal processor shown in Figure 13.18. On the other hand, the 
pilot signal algorithm is not obsolete, since it has many other applications to systems 
in which real pilot signals can be transmitted to the receiving array from a distance. 
In these cases, the look direction and array geometry need not be known. 

Receiving 
array 

Steering 
delays 

Array 
output 
v, 

Figure 14.2 Griffiths' adaptive beam former. Each filter labeled "GLMS" is adapted 
as in (14.16) and in Figure 14.l. 
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THE FROST ADAPTIVE BEAMFORMER 

Both the pilot•signal adaptive beamformer and the Griffiths adaptive beamformer 
place "soft constraints" for signal reception in the look direction. A weak target 
signal arriving in the look direction would have almost no effect on the sensitivities 
of these adaptive beamformers to this signal, but a strong signal would tend to be 
partially rejected, even if it were to arrive exactly in the look direction. To overcome 
this limitation, an adaptive beamformer that maintains a " hard constraint" in the 
look direction was devised by 0. L. Frost [7, 8]. With a hard constraint, the 
sensitivity of Frost's adaptive beamformer in the look direction is fixed regardless of 
the strength of the target signal arriving from this direction. 

A block diagram of the Frost adaptive beamformer is shown in Figure 14.3. 
Once again, steering delays are used to synchronize the target signal components 
coming from the look direction at the input nodes of the tapped delay lines. The 
delays in all the tapped delay lines are made equal to each other to synchronize the 
target signal components at all corresponding nodes of the entire set of tapped delay 
lines. 

Assume that the target signal arrives from the look direction. Then the target 
signal component at the system output can be considered to have originated from an 
"equivalent signal processor," shown in Figure 14.3. This processor is a tapped 
delay line having the target signal as its input. Its output will match the target signal 
component of the system output if, as suggested in the block diagram of Figure 14.3, 

Steering 
delays 

Target _ _,-+---------+-! ~ TDLn 
signal n • 1 

Equiva lent 
signal 
processor 
output 

Array 
output 
v, 

Figure 14.3 Diagram of the Frost adaptive beam(ormcr. Each weight in the 
equivalent signal processor is the sum of the K corresponding weights above. 
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each of the weight values of the equivalent signal processor is made equal to the sum 
of the weight values of lbe corresponding weights of the adaptive processor. To 
visualize this more clearly, imagine a rectangular matrix of weight values arrayed to 
correspond with the geometrical arrangement of weights in the adaptive processor 
shown in the figure. Each weight of the equivalent processor should have a value 
equal to the sum of the elements of the corresponding matrix column. 

The parameters of the equivalent processor can be chosen so that the target 
signal encounters linear filtration in propagating through the adaptive beamformer, 
with a specified frequency response. If no special filtration is required , the weights 
of the equivalent processor could all be set to zero except for one weight that would 
be set to unit value, thus producing a flat frequency response with unity gain in the 
look direction. The target signal components would then appear at the system 
output without distortion (except for additive noise). 

Once the parameters or weights of the equivalent processor are chosen and 
fixed for a specific look-direction response, the weights of the adaptive processor can 
be varied as long as the sum-on-columns constraint illustrated in Figure 14.3 (the 
"Frost constraint") is obeyed. The weights of the adaptive processor can be adapted 
to minimize the system output power subject to the Frost constraint. In this way, 
the Frost adaptive beamformer will filter the target signal arriving from the look 
direction in accord with a specified transfer function (which could simply be a unit 
gain) and, at the same time, minimize output power. Since the signal arriving from 
the look direction is defined as the desirable target signal and any incoherent signal 
arriving away from the look direction is defined as interference, minimizing output 
power subject to the Frost constraint causes the system output to be a minimum­
variance estimate of the filtered target signal. 

When the target signal transfer function specified in the equivalent signal 
processor is a unit gain with linear or zero phase, the target signal component 
appears undistorted, but with additive interference, at the system output. The 
system output is therefore a minimum-variance estimate of the target signal. Kelley 
and Levin [5], Capon et al. [6], and Griffiths [2) have shown that this minimum-vari­
ance estimate of the target signal is also a maximum-likelihood estimate of the target 
signal if all interferences and also the target signal are Gaussian with zero mean. 
This type of processor is thus sometimes known also as a maximum-likelihood 
adaptive beamformer. 

If there were no constraint and the output power were minimized, all of the 
adaptive weights would go to zero and the system output would vanish. The 
constraint is necessary to keep the system " alive". The Frost constraint is a linear 
constraint, forcing certain linear combinations of the adaptive weights to be equal to 
constant values. 

Jammers or interferers add output components which, if uncorrelated with all 
other signal or noise components, cause additional system output power. Minimiz­
ing system output power in turn causes the adaptive beamformer 10 create nulls in 
its sidelobe structure to eliminate the jammers. 
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The Frost adaptive beamformer has a limited number of degrees of freedom 
and allocates these in an optimal way to minimize the total output interference 
power due to directional jammers, spatially distributed noises, and receiver noise. 
The Frost constraint causes the number of degrees of freedom to be less than the 
total number of adaptive weights by an amount equal to the number of constraint 
equations, that is, equal to the number of weights in the equivalent signal processor. 

In order to adapt the weights, Frost devised a new form of the LMS algorithm 
that mm1m1zes mean-square error subject to general linear constraints. A clear and 
comprehensive development of this algorithm is presented in References 7 and 8. 
The following is a less detailed explanation. 

Suppose that there are K antenna elements and that each is connected to a 
tapped delay line having L taps. Assume that steering delays are used as in Figure 
14.3 to set the look direction, so that the received target signal components are in 
proper lime registration at corresponding points along the tapped delay lines. As 
described above, the adaptive weights can be arrayed in the form of a rectangular 
matrix: 

[ 

Hilk 

W( L - l) k 

Wk~ W(2L +1)k 

W(( K - i )L+ l )k 

,,,.Lk l W2L K 

w,:Lk 

(14.21) 

The input signals to the weights can also be arrayed in a corresponding rectangular 
matrix, 

[ 

Xlk 

X ( L + l )k 

)( k ~ X (2L+l)k 

X (( K - : ) L + l )k 

X2 k 

X ( L + 2)k 
X Lk l X uk 

XKLk 

The fixed weights of the equivalent processor comprise a vector given by 

The Frost constraint illustrated in Figure 14.3 can be expressed as 

(1 l]Wk = C for all k 

(14.22) 

(14 .23) 

(14.24) 

The Frost algorithm is an iterative process, in which each adaptation cycle can 
be viewed as consisting of two half-steps. The first half-step adapts in accord with 
the LMS algorithm to reduce output power, and the second half-step reestablishes 
the constraint by making a correction to the sum of each column of (14.21) so that 
(14.24) is satisfied. The corrections to reestablish the constraint are evenly divided 



- 219 -

418 Applications Part IV 

among the elements of each given column of (14.21). When the constraints are all 
reestablished, the present adaptive cycle is complete and the system is ready for the 
next cycle. 

Since the algorithm is minimizing output power, the output Yk serves as the 
"error" in this case. Half-step 1, to reduce output power in accord with the LMS 
algorithm, can be written 

w k+111 = w k + 2µykxk 

After half-step 1, there will be a constraint error equal to 

C -[l 1 l]Wk+ l/ 2 

(14.25) 

(14.26) 

Half-step 2 now adjusts the weights to correct this error in the following way. 
Define a correction vector as 

¼[c - [1 1 eu + 11 2 ] (14.27) 

Next define a K X L correction matrix as 

_ A [elk~1;2 eu;112] 
E k+l / 2 - . . 

elk+l/2 eLk+ l / 2 

(14.28) 

Half-step 2 now consists of adding EH 11 2 to the matrix of weight values, that is, 

wk+ 1 = wk+ 11 2 + Ek+ 11 2 (14.29) 

With the completion of half-step 2 (i.e., with the completion of the adapt 
cycle), the constraint in (14.24) is reestablished. The Frost algorithm can be ex­
pressed as a combination of (14.25) and (14.29): 

(14.30) 

where Ek+ 11 2 is obtained from (14.28), (14.27), and (14.25). . 
The flexibility of the LMS algorithm can be noted here. Although 1t may seem 

to be an involved process. the ease with which the linear constraints were incorpo­
rated into the recursive least-squares process is remarkable. Algorithms with nonlin­
ear constraints could also be devised , but proofs of convergence and determination 
of ra te of convergence for such algorithms would be difficult to work out. 

When the constraint is chosen to give unit array gain with zero or linear phase 
shift in the look direction, the array output contains an undistorted version of the 
target signal, plus additive noise. As such, the array output will be a maximum-like­
lihood estimate of the target signal. 

Other versions of the Frost adaptive beamformer have been devised. One such 
version, similar to the adaptive interference cancele.r in Chapter 12, has been 
analyzed by Griffiths and Jim [10, ll]. Although it achieves the Frost constraint, the 
Griffiths-Jim beamformer does so with an unconstrained least-squares algorithm. 
As discussed previously, the Howells- Applebaum scheme is also essentially an 
adaptive interference canceler and is in this sense related to Griffiths- Jim. However, 
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Howells-Applebaum produces a soft constraint in every direction, whereas 
Griffiths- Jim produces a hard constraint only in the look direction. 

A block diagram of the Griffiths- Jim beamformer is shown in Figure 14.4. As 
before, beam steering delays create the proper time alignment for the target signal 
components arriving from the look direction. In the terminology of adaptive noise 
canceling, the primary signal is a filtered version of the sum of these delayed antenna 
signals. The filter has an impulse response corresponding to the vector C of (14.23). 
If no filtering of the target signal is desired, the filter is set to have unit gain at a ll 
frequencies. In this case the primary signal will contain the target signal arriving 
from the look direction, plus interference. 

Again referring to Figure 14.4, since the in-phase target signals from the 
individual omnis are subtracted in pairs, the reference signals contain no target 
signal components from the look direction. They contain only interference, and are 
applied to a bank of adaptive filters (tapped delay lines), then summed, and finally 
subtracted from the primary signal. The result is a system output containing an 
undistorted target signal (or a suitably filtered version of the target signal) plus 
interference. If there are K antenna elements, then there are K - 1 adaptive filters. 
Since each of the L weights in each adaptive filter is not constrained, the number of 

Receiving Steering 

arrJ.____ delays l-----+-~---...i 
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Figure 14.4 Griffiths-Jim version of the Frost adaptive beamformer. 
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degrees of freedom is (K - l)L, the same as with the original Frost processor 
having KL weights. 

Griffiths and Jim [11 ] have shown that the system of Figure 14.4 is capable of 
producing the same converged beamformer solution as the original Frost beamformer 
in Figure 14.3. The adaptive time constants may not be the same for both systems, 
however. 

The Griffiths- Jim scheme is easy to understand and to apply. Almost any 
adaptive algorithm can be used in its implementation. Constraints are not required 
in the adaptive process, yet the system transfer function in the look direction is fixed. 

The Frost beamformer, the Griffiths beamformer, and the pilot-signal 
beamformer presented in Chapter 13 all have different mathematical descriptions, 
yet in most practical cases, their behavioral characteristics are similar. They all tend 
to null jammers and to have small sidelobes when omnidirectional noise is present. 
These three beam formers are generally described as being "full" adaptive 
beamformers to distinguish them from sidelobe cancelers (such as Howells-Apple­
baum), which generally have a smaller number of weights, with of course a small 
number of degrees of freedom. 

AN ADAPTIVE BEAMFORMER WITH POLES AND ZEROS 

As shown by Gooch [12, 14], adaptive poles as well as adaptive zeros can be useful in 
adaptive beamforming. Deeper and sharper nulling is possible with a pole- zero 
system than with a zeros-only system having an equivalent number of adaptive 
weights. Gooch showed how to obtain a quadratic mean-square-error function using 
the "equation-error" approach described in Chapter 10 (e.g., Figure 10.17). Mini­
mizing the "wrong" error function by adapting poles and zeros generally leads to 
better performance than minimizing the "right" error function by adapting zeros 
only. Minimizing the "right" error function by adapting both poles and zeros 
involves optimizing a nonquadratic, nonunimodal error function , and in Chapter 8 
we discussed how this is an unsure and potentially unstable process. 

The basic building block of a wide-band adaptive beamformer is an adaptive 
filter. We wish to use the UR adaptive filter introduced in Chapters 7, 8, and 10 and 
illustrated again in Figure 14.5. The mean square of the error, Ek , is a quadratic 
function of the feedforward weights of A ( z ), and a nonquadratic function of the 
feedback weights of B(z). As in Figure 7.2, the coefficient b0 of B(z) is assumed to 
be zero in order to have a realizable filter. The transfer function of the filter is 

A(z) 
(14.31) 

- B(z) 

Figure 14.6 shows, in a somewhat different arrangement, the equation error 
system introduced in Chapter 10. The errors Ek and E: are related, but the nature of 
the relationship changes as A(z) changes with the adaptive process, as shown in 
Chapter 10, Equation (10.21). Minimizing the mean square of the equation error is 
therefore not the same as minimizing the mean square of the output error. as shown 

'Ill' 
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Figure _14.~ General-purpose adaptive filter with feedback. TI1e notation is similar 
to that in Figures 7.2, 8.5. and 10.16. 
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in (10.21); however, an_ exceptional case occurs when values of A(z) and B(z) can 
be found that would bnng the equallon error to zero. Then the output error is zero, 
as long as the polynomial 1 - B(z) has no zeros on the unit circle in the z-plane. 
Gen_erally, makmg tbe equation error small makes the output error small. This is the 
mtu1t1ve basis for equation error minimization. 

The adaptation of A(z) and B(z) to minimize the mean square of the equation 
error ts 1llustr~ted m Figure 14.7.t The figure shows a practical form of the adaptive 
IIR fi_lter. It IS dear from t_he structure in the figure that the mean square of the 
equation error 1s a quadrattc funct10n of the weights of A(z) and of B( z). The 
output signal emerges from a filter whose transfer function is 

1 
1 - B(z) (14.32) 

The parameters of this filter are obtained by reciprocating the known transfer 
funct10n of the "l - B(z)" filter, which in turn is determined by the adaptive 
process. 

A(z) 

+ 

1 - Biz} 

1 
1 - B(z} 

Equation 
error 

1 
1 - B(z} 

Output 
v, 

Figure 14.6 Filter diagram for the equation error method. 

Output 
error 

1 The adaptive filters and the adaptive process are illustrated more cxplic.itJy in Figure 10.17. 
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Figure 14.7 Practical IIR adaptation using the equation error method. 

Part IV 

An implementation of the recursive transfer function (14.32) is easy and 
straightforward, except when one or more of its poles occur outside the unit circle. 
As in Chapter 10, several remedies can then be tried in order to realize a stable 
causal version of (14.32) as an output filter. The simplest approach uses the 
adjustable delay in the desired response path illustrated in Figure 14.7. A value of 
the delay a can almost always be chosen to cause 1 - B( z) to have minimum phase, 
that is, to have all zeros inside the unit circle. A potential problem in this approach 
is that the introduction of large values of a can cause the minimum mean-square 
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Figure 14.8 Practical IIR adaptation using the equation error method with phase 
compensation instead of input delay. 
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Figure 14.4. 
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error to become large. Also, the output Yk is delayed by a, which could be a 
problem in some applications. In general, a should be kept as small as possible for 
best performance. 

Other approaches can be pursued when the denominator of (14.32) is non­
minimum-phase. As described in Chapter 10, the polynomial 1 B( z) can be 
factored and then modified to a minimum phase form 1 B'(z) by reciprocating 
the positions of the roots outside the unit circle, thus preserving the magnitude 
response but distorting the phase response. Then, as illustrated in Figure 14.8, the 
phase response as well as discrepancies between ek and e" could be "patched up" by 
following the transfer function (14.32) with an adaptive FIR filter, C( z ), whose 
desired response is the original desired response of the entire filter. This approach 
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has been tried [14] and works quite well. However, as indicated in Chapter 8, more 
research is needed to find the best ways of dealing with a non-minimum-phase 
denominator of (14.32), and, in general, to gain a better understanding of the entire 
subject of adapting poles and zeros. 

Let us now examine an application of this IIR adaptation method to the 
Griffiths-Jim version of the adaptive beamformer. Figure 14.9 shows a system with 
two omnis and unity signal gain in the look direction which, in this case, is zero 
degrees. The adaptive filter will, as far as possible, cancel any input arriving outside 
the look direction. A pole-zero version of the same system is shown in Figure 14.10. 
Comparing Figures 14.4, 14.6, 14.9, and 14.10, note how the equation error concept 
has been incorporated into this application. Next, Figure 14.11 shows how the 
non-minimum-phase remedies discussed above may be included in a complete 
system. Comparing Figures 14.4 and 14.11, one can see how the same ideas can be 
extended to apply to array sizes larger than 2. 

Adaptive beamforming with pole-zero filtering is quite effective, as seen in the 
following two examples. Figure 14.12 shows the converged power gain of a conven­
tional Frost adaptive beamformer with a look direction of 0° and a single broad­
band jammer incident at 225°. For this example the Frost constraint (14.24) is such 
that the frequency response in the signal direction is flat, and the low gain at the 
jammer frequencies is evident from the frequency response in the jammer direction. 
Figure 14.13 shows the response of a pole-zero adaptive beamformer with the same 
look direction, the same broadband jammer input, and the same number of weights 
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Figure 14.11 Pole-zero version of the two-element Griffiths-Jim adaptive beamformer with 
non-minimum-phase compensation. 
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Figure 14.13 Power gain of the two-element Frost adaptive beamformer with pole-zero filtering using three zeros and two poles (five weights) per element. 
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Figure 14.14 Power gain of a three-element Frost adaptive beamformer with 
L 7. 
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per omni. With poles as well as zeros, the nulls are much sharper spatially and much 
deeper, although the same number of adaptive weights is used. In the case of Figure 
14.13, the denominator polynomial in (14.32) was minimum-phase, so no special 
measures were required for its realization. In the second example, shown in Figures 
14.14 and 14.15, two simultaneous broadband jammers produced similar results with 
3 omnis and L = 7. For a given number of adaptive weights the pole- zero method 
forms deeper notches in the direction of jammers. 

If it were necessary to reciprocate the zeros of 1 - B(z) in either Figure 14.12 
or 14.14, the jammer nulling process would not have been greatly affected, because 
nulling is determined by A(z) and B(z), and compensating the phase with C( z ) 
concerns primarily the phase of the target signal passing through C(z) to the output 
in Figure 14.8. 

SIGNAL CANCELLATION AND DISTORTION 

In all of the adaptive beamformers described so far and in similar systems not 
specifically described here but based on a common set of principles obtained from 
least-squares optimization, an effect of the adaptive process called " signal cancella­
tion" can take place when signals and jammers are present simultaneously. This 
effect is aggravated by rapid adaptation. 

The behavior of adaptive beamformers has been described above in terms of 
least-squares theory. Least-squares solutions are achieved by real-time adaptive 
algorithms only in the limit as µ approaches zero and the time constants of 
adaptation approach infinity. On the other band, rapid adaptation giving best 
least-squares solutions with relatively small amounts of input data leads to fluctua­
tion in the weights and non-Wiener behavior. In Chapter 5 we treated noise in the 
weights statistically as a random process which, in many circumstances, is a simple 
and proper approach. There are cases, however, where the noise in the weights is 
more structured and can have profound effects on the signals flowing through the 
weights. Such cases occur in adaptive beamformers when signals and interference 
are present simultaneously at the antenna elements. The result is partial signal 
cancellation as the adaptive process and the associated weight fluctuations modulate 
the interference or jamming signals to make them more closely resemble the target 
signal. Through this mechanism, partial signal cancellation results from rapid mini­
mization of the output power. 

To understand signal cancellation in more detail, consider first a simple 
example. Imagine the Frost beamformer in Figure 14.3 with a sinusoidal target 
signal arriving from the look direction. Suppose the constraint in (14.24) is such that 
the signal should appear with unit gain at the beamformer output. Now suppose 
that a strong jammer appears suddenly at the same frequency as the signal, 
somewhat away from the look direction. This interference would normally be 
rejected by the adaptive beamformer if the signal were not present. With the signal 
present, however, minimizing the total output power causes the jammer to be 
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admitted with just the right magnitude and phase to cancel the sinusoidal signal. 
Thus the signal sinusoid is admitted with a gain of 1, but just a "trickle" of the 
powerful jammer sinusoid is admitted to cancel the signal sinusoid perfectly and 
produce a net output of zero. The output power is minimized and the constraint is 
preserved, but the signal is lost in the process. Thus a smart jammer can kill the 
output signal by cancellation rather than by jamming with overwhelming inter­
ference. 

If the input signal in the look direction is broadband (rather than sinusoidal) 
and the jammer is sinusoidal, the adaptive algorithm 'Will (by varying the weights) 
modulate the sinusoidal jammer so that it will cancel some signal components at the 
jammer frequency and at neighboring frequencies. The signal spectrum will be 
notched at the jammer frequency. If the jammer signal contains a sum of sinusoids 
at spaced frequencies within the passband, the output signal spectrum will be 
notched at each of the jammer frequencies. This phenomenon could be troublesome 
even for spread-spectrum communications. 

These and similar signal cancellation phenomena have already been observed 
and analyzed in Chapter 12 with adaptive noise-canceling systems which are much 
simpler than adaptive beamformers. In the simple canceler shown in Figure 12.1, for 
example, the primary input contains a useful signal, s, plus interference n 0 • The 
reference input is separately obtained in practical systems and contains the inter­
ference n1, which is related to the interference of the primary input. Generally, the 
relationship between the two interferences is unknown a priori, and the adaptive 
filter shapes the reference interference to replicate the primary interference (in the 
least-squared-error sense) so that subtraction will remove the interference from the 
primary input, providing a more useful output. We saw in Chapter 12 how an 
adaptive filter that minimizes output power in the system shown in Figure 12.1 
causes the system output to be a best least-squares estimate of the useful signal s. 
Basically, the Howells-Applebaum sidelobe canceler in Figure 13.1 functions on the 
same principle, although in certain ways it is more complicated. Useful signals and 
jammer signals appear at both the primary and reference inputs, and spatial 
processing (i.e., array processing) is also involved. 

If the reference input is a sinusoid as it is in Figure 12.6, the signal flow path 
from the primary input to the output behaves like a sharp, linear, time-invariant, 
notch filter, as indicated in Figures 12.8 and 12.9. This discovery came initially as a 
surprise because the adaptive filter itself is intrinsically nonlinear and varies with 
time. An analysis of the notch filter effect was presented in Chapter 12, and a more 
detailed analysis treating both single and multiple notch cases is contained in Glover 
[15, 16]. 

Let us reexamine Figure 12.6, which shows an adaptive noise canceler with two 
adaptive weights. The primary input is assumed to be an arbitrary signal which 
could be stochastic, deterministic, periodic, or transient. The reference input is 
assumed to be a pure cosine wave, C cos( k w0 + c/> ). The reference input is sampled 
directly with time step T, giving xlk. After undergoing a 90° phase shift, it is 
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sampled again, giving x2k. The samplers are synchronous and are strobed at 
t = 0,T,2T, .... 

A transfer function for the noise canceler shown in Figure 12.6 was derived 
using Figure 12.7. The signal flow path from the primary input to the noise-canceler 
output was seen to produce a notch filter having a pair of complex-conjugate zeros 
exactly on the unit circle at frequency w0 • The bandwidth of the notch was seen in 
(12.60) to be proportional to µ, that is, proportional to the reciprocal of the time 
constant of the adaptive process. 

In Figure 12.9 we saw the results of two experiments performed to demonstrate 
the adaptive system's notch-filter behavior. In the first experiment, the primary 
input was a unit cosine wave stepped at 512 discrete frequencies, the reference input 
was a unit cosine wave with frequency w0 = 7T /2 rad, and the value ofµ was 0.0125. 
The spectra of Figure 12.9 were computed using 512-point Fourier transforms, and 
the output power at each frequency is shown in Figure 12.9(a). As the primary 
frequency approaches the reference frequency, significant signal cancellation occurs. 
The weights do not converge to stable values but instead they "tumble" at the 
difference frequency, and the adaptive filter behaves like a modulator, converting the 
reference frequency into the primary frequency. The theoretical notch width for 
Figure 12.9(a) was given in (12.60). 

In the second experiment of Figure 12.9, the primary input was composed of 
uncorrelated samples of white noise with unit power. The reference input and the 
processing parameters were the same as in the first experiment. The signal cancella­
tion phenomenon is again evident in Figure 12.9(b), where an ensemble average of 
4096 power spectra at the noise-canceler output is plotted. 

Thus, in these experiments in Chapter 12, adaptive filtering of a reference 
cosine wave at a given frequency canceled the primary input components at adjacent 
frequencies. In particular, the result in Figure 12.9(b) indicates that under some 
circumstances, primary input components may be partially canceled and distorted 
even though they are not correlated with the reference input. This kind of non-Wiener 
cancellation is significant only when adaptation is rapid, that is, with large values of 
µ. When adaptation is slow, the weights converge to values that are nearly fi::ed, 
close to the Wiener least-squares solution, and though signal cancellation occurs, it is 
generally not significant since the notch is extremely narrow. In any event, whatever 
the value of µ, we can say that the primary input appears at the output after having 
gone through a notch filter. Fluctuation of the weight vector about the Wiener 
solution causes signal cancellation. 

Other forms of signal cancellation phenomena also take place in adaptive 
beamformers. Suppose that the simple sidelobe canceler shown in Figure 13.1 is 
operating in an environment consisting of a signal plus a single jammer. The two 
array elements are omnidirectional, and both elements receive emanations from the 
signal source and the jammer. Assume that the jammer power is very much greater 
than the signal power, and that the number of degrees of freedom in the adaptive 
filter is sufficient to cancel the jammer but not sufficient to cancel both the jammer 
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and the signal. Then, since the jammcr is far more powerful than the signal, it will 
"grab" the degrees of freedom to effect its own cancellation. According to Wiener 
least-squares theory, the signal will have little influence on the adaptive weights and 
will appear at the system output together with certain small uncanceled jammer 
components. 

The system shown in Figure 13.1 is similar to the adaptive noise canceler 
pictured in Figure 12.1, except that the reference input in Figure 13.1 contains a 
signal together with strongjammer inputs. A[ter the weights have converged to the 
Wiener least-squares solution, the adaptive filter in Figure 13.1 will pass this signal 
and subtract the result from the primary signal, thereby introducing some signal 
distortion at the system output. We shall not concern ourselves with this type o[ 
distortion at this point because in many cases it will not be objectionable, and we are 
concerned here with non-Wiener phenomena. 

As stated above, a least-squares solution is obtained only in the limit as the 
speed of adaptation is brought to zero (i.e., as µ. is brought to zero). The weight 
dynamics inherent in adaptation give rise to modulation effects that cause signal 
cancellation, and it is these effects that we wish to examine further. 

If, as we have assumed, the signal power in the reference input is low 
compared to the jarnmer power, we can neglect the effects of the signal on the 
adaptive filter. If we assume that the jammer is narrowband or sinusoidal, the input 
to the adaptive filter will cause a situation like the one represented in Figure 12.6. 
As discussed above, the signal flow path from the primary input to the system output 
will behave like a notch filter. Thus, both jammer components and signal compo­
nents at and around the jammer frequency will be canceled at the sys tem output. 

An experiment wa~ conducted to confirm this type of behavior. A 
Howells- Applebaum sidelobe canceler was configured with two omnidirectional 
elements placed one-quarter wavelength apart, and with four weights in the adaptive 
filter. A bandlimited signal was selected to arrive at () = 90° with a center frequency 
at one-fourth of the sampling frequency and a bandwidth of 20 percent of the total 
bandwidth. A sinusoidal jammer was chosen to arrive at () = 45° with the same 
frequency and with 100 times the signal power. Figure 14.16 shows the antenna 
pattern and the frequency response after convergence, and shows that the sidelobe 
canceler appears to be functioning in the manner described above. Figure 14.16(a) 
and (b) show that a 40-dB null has been formed in the jammer direction at the 
jammer frequency, and Figure 14.16(c) shows that the frequency response of the 
array in the signal direction is reasonably flat over the signal bandwidth. Overall, 
Figure 14.16 indicates that the performance of the Howells-Applebaum sidelobe 
canceler is nearly ideal. 

However, steady-state observations of the antenna output spectra indicate 
otherwise. Figure 14.17 shows an ensemble average of the signal, jammer, and 
antenna output spectra with the sidelobe canceler operating with µ. = 2.5 X 10 - 4_ 

The modulation effect and signal distortion inherent in this simple system are 
evident from Figure 14.17(c). The notch will always be present, and it can be 
narrowed only by slowing the rate of adaptation. 
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Figure 14.16 Behavior of a converged Howells-Applebaum sidelobe canceler: 
(a) directivity pattern plotted at jamrncr frequency; (b) frequency response in 
jammer direction; (c) frequency response in signal direction. From B. Widrow et al.. 
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The Frost adaptive beamformer exhibits the same signal cancellation effects 
that were observed with the Howells-Applebaum sidelobe canceler. To demonstrate 
signal cancellation in a Frost array, another experiment was conducted using a 
four-element array with four weights per element. The same signal used in the 
preceding experiment was again generated to be incident at () = 90°. The constraint 
in the look direction was set to unit gain and zero phase from zero frequency to half 
the sampling rate, that is, to a flat response at all frequencies. The jammer was 
sinusoidal at one-fourth the sampling frequency. In these experiments, ambient 
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Figure 14.17 Power spectra of Howells- Applebau m beamfor mcr simulatjon: (a) input signal 
spectrum ; (b) jammcr spectrum; (c) bcamformcr output spectrum. From B. Widrow et al., 
IEEE Trans. on Ant. and Propagat., © May 1982. 
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noise and receiver noise were negligible. Figure 14.18 shows the converged antenna 
pattern and the frequency response plots in both the signal and jammer directions. 
In the vicinity of the jammer frequency the look-direction gain is flat and the gain in 
the jammer direction is quite small ; it was measured at 40 dB below the main beam 
gain. As in the Howells-Applebaum sidelobe canceler, the antenna pattern indicates 
that the adaptive beamformer is working perfectly. 

However, Figure 14.19 shows again that all is not well. The bandpass signal 
whose spectrum is shown in Figure 14.19(a) was received by the Frost adaptive 
beamformer, and the spectrum of the sinusoidal jammer at 8 = 45 ° is shown in 
Figure 14.19(b). Figure 14.19(c) shows the output power spectrum of the beamformer 
operating with µ. = 10 - 3_ The input signal appears at the output having gone 
through a notch filter . The notching effect is evident in the output signal spectrum 
and of course indicates a significant signal distortion at the beamformer output. The 
notch width is again given approximately by (1 2.60). The conditions for the deriva­
tion of the notch-width formula, that is, sinusoidal signals appearing with exact 90° 
separation at the input to the two weights, are not met with the 16-weight Frost 
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processor described in this experiment; nevertheless, the simple formula in (12.60) 
gives at least an approximate prediction of notch width that is applicable at most 
jammer angles. 

We can gain further understanding of the signal-canceling phenomenon by 
examining again the Griffiths-Jim configuration in Figure 14.4. For the sake of 
discussion, let the look direction constraint be unit gain and zero phase at all 
frequencies. With this constraint, the useful signal arriving from the look direction 
encounters unit gain from input to output, analogous to the direct primary signal 
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Figure 14.19 Power spectra of Frost beamformer simulation: (a) input signal spectrum; 
(b) jammer spectrum; (c) beamformer output spectrum. From B. Widrow et al., IEEE Trans. 
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path shown in Figure 12.l. A jammer signal arriving at an angle ot~er than the look 
direction encounters an adaptive filter, analogous to the reference signal path shown 
in Figure 12.l. A sinusoidal jammer off the look direction, therefore, causes fluctua­
tions in the weights which effectively cr_eate a notch along the primary signal flow 
path to the output via the fixed-weight filter. Notching phenomena in this system 
are much like those of the adaptive canceler shown in Figure 12.1. Look-direction 
signals do not appear at the adaptive filter inputs, where only interference is present. 
Both signal and jammer are present in the primary signal flow path, and both signal 
and jammer experience notching at the jammer frequency. With high-speed adapta­
tion, the notch could be very wide, incurring the risk of losing the signal in the 
jammer cancellation process, in effect "throwing the baby out with the bath water." 

To explore the signal cancellation problem further, we now consider some 
additional experiments with the Frost adaptive beamformer. The jammer was again 
sinusoidal, while the target signal from the look direction was composed of white 
noise with unit power. Spectra of the beamformer outputs for different jammer 
power levels are shown in Figure 14.20. With the jammer power set at its lowest 
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level, the signal c~ncellation notch has the smallest bandwidth, as indicated in Figure 
14.20(a). As the Jammer power is increased with all other parameters constant the 
~otch wi~th increases and Figure 14.20(c) shows the widest notch for the stro~gest 
Jammer signal that was applied. In all three cases, (12.60) for the notch width is 
approximately correct. 

Figure 14.21 shows the results of another experiment with the Frost 
~ea,mform~r. H~re the target signal was white and the jammer was strong band­
hm1ted n01se. Signal components were partially canceled over the jammer's spectral 
band and beyond, which of course implies extensive signal distortion. Results of this 
type .occur only in cases of rapid adaptation. For the experiment of Figure 14.21, 
t~e time ~onstant of the adaptive process was approximately equal to 20 time steps 
(1.e., five Jammer cycles). The bandwidth of the jammer was approximately equal to 
5 percent of its center frequency. 

One way to prevent signal cancellation in adaptive beamformers is to isolate 
the target signal from the adaptive processor during adaptation. A method devised 
by K. Duvall [9, 18] accomplishes this type of isolation for the Frost beamformer. 
Another method, applicable to all of the adaptive beamformers described above, is 
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Figure 14.21 Power spectra of Frost beam.former simulation with white-noise signal and 
Jammer : (a) input signal spectrum; (b) Jammer spectrum; (c) beamforrner output spectrum. 
From B. Widrow et al. , IEEE Trans. on Ant. and Propagat. , © May 1982. 

based on frequency-hop spread-spectrum techniques and is described in the next 
section. Here we will describe Duvall's beamformer, which is based on the use of 
two signal-processing systems, one to perform the adaptation and the other to 
generate the system output signal. A block diagram is shown in Figure 14.22. 

As we have seen, signal cancellation effects are due to an interaction between 
the signal and the jammer in the adaptive beamformer. Since this interaction is the 
root of the problem, it is useful to consider beamformer structures that somehow 
separate the signal from the jamrner. Duvall's approach is based on this rationale. 
The system in Figure 14.22 has the usual linear array driving two beamformers. The 
upper beamformer is connected directly to the antenna elements and produces the 
useful array output signal. It is, however, a slaved beamformer rather than the 
adaptive beamformer that would usually be expected in this position. The lower 
beamformer is a Frost adaptive beamformer connected to the antenna elements 
through a subtractive preprocessor as in Figure 14.4. The preprocessor excludes the 
look-direction signal from the beamformer and admits off-axis jammer signals in a 
modified form. This adaptive beamformer generates a set of weights that provides a 
specified look-direction gain (determined by the Frost constraints) while minimizing 
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(in the least-squares sense) the jammer contribution. These weights are copied into 
the slaved beamformer to provide the desired signal reception and jammer rejection. 

The basis for the Duvall approach is the relationship between the jammer 
signals in the two beamformers. The phasor diagram shown in Figure 14.22(b) helps 
to clarify this relationship. For simplicity, assume just a single jammer. The jammer 
components received by the antenna elements are indicated by a set of equal-ampli­
tude, uniformly spaced phasors J0 , J1 , J1 , J3 , and J4 . The uniform angular spacing 
results from the linear array with equally spaced omnis. The phasor inputs to the 
Frost beamformer are J 1- J0 , J2- J1, J3- J2, and J4-J3• These, too, are equal-ampli­
tude phasors with the same phase-angle separations as the received jammer compo­
nents. Since the relative phase angles are the same for the jammer components in 
both beamformers, correct alignment of the jammer null in the Frost beamformer 
assures correct alignment of the null in the slaved beamformer. Copying the weights 
will cause the slaved processor to have a main beam (resulting from the Frost 
constraints) in the direction of the target signal, and to have a null in the direction of 
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Figure 14.23 Comparison of Frost and Duvall beamformers: (a) input signal spectrum : 
(b) jammer spectrum ; (c) Duvall beam forrncr output spectrum ; (d) Fros t bearnformer output 
spectrum. From B. \Vidrow et al ., IEEE Trans. on Ant. and Propagat. , © May 1982. 
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the jammer. Although the phasor argument applies only to one jammer at one 
frequency, the principles of linearity and superposition can be used to show that the 
idea is applicable to multiple jammers and to broadband as well as narrowband 
jammers. 

The beamformer block diagram shown in Figure 14.22(a) shows steering delays 
for broadband processes. Phase shifters could be used behind each array element for 
narrowband processes. The Frost algorithm can be applied as shown, or any other 
constrained adaptive algorithm could be used . The pilot-signal algorithm, for exam­
ple, is easily applied in this sys tem. Generalization of the subtractive preprocessor is 
also possible, and Jim has described a class of spatial filters [10] that offer greater 
flexibility than that shown in Figure 14.22(a). 

Some experimental results with the Duvall beamformer are shown in Figures 
14.23 and 14.24. Figure 14.23 compares the output spectrum of the Frost beamformer 
with that of a Frost-based Duvall beamformer, both adapting with a time constant 
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Figure 14.24 Comparison o f time•domain outputs of the Frost and Duval l beamformers: (a) 
targcl signal input; (b) Duvall bcamformer output; {c) Frost bearnformer outpu L From B. 
Widrow et al. , IEEE Trans. on Ant. and Propaga t. , © May 1982. 
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of approximately 20 samples. In both cases here, the array signal and jammer are 
the same as in the experiment of Figure 14.19. In Figure 14.23(d) the Frost 
beamformer shows evidence of strong signal cancellation, while the Duvall 
beamformer in Figure 14.23(c) shows no evidence of signal cancellation. In the time 
~amain, Figure 14.24 compares the look-direction target signal with the output 
~i~~al~ of the Frost and Duvall beamformers. In both cases the weights were 
1mt1.alized to zero, and a~aptive transients are visible at the beginnings of the output 
tracmgs. Beyond the reg10n where the transients exist, the signal distortion power in 
the Frost beamformer output was measured to be 6 dB below the input signal power. 
At the output of the Duvall beamformer, the distortion was measured to be llO dB 
below the input signal power level. 

The Duvall ~eamformer appears to be an important step toward the mitigation 
of the effects of signal cancellation. The concept is new, however, and the limita­
tions on its performance have not yet been fully assessed. For example, the effects of 
component inaccuracies and array imperfections are not yet understood. Alternative 
techniques for steering nulls in the directivity pattern need to be studied. and 
perfo~mance ~easures need to be improved. Other methods for eliminating or 
reducing the signal cancellation effects of the adaptive process are also being 
pursued, such as spread-spectrum and frequency-hop techniques. Some results with 
these new techniques are discussed next. 

FREQUENCY-HOP SPREAD-SPECTRUM TECHNIQUES 

~nother method for reducing the sensitivity of a radio or radar receiving system to 
mterference or jamming utilizes the spread-spectrum techniques introduced in 
Chapter 9. This is a large family of techniques that cannot be described completely 
here, b~t _we hav~ seen th~t when data signals are spread-spectrum encoded prior to 
transrmss10n, the1r bandwidth is increased greatly. The likelihood that interference 
or jamming will interrupt correct data decoding at the receiving end is thereby 
reduced. 

Since adaptive beamforrning can be done with wideband as well as narrow­
band sign~ls, it is generally compatible with spread-spectrum techniques. Adaptive 
beamforrrung can be used to reduce the deleterious effects of directional interferers 
or j arnmers, and we have seen that the stronger the jammer, the deeper the null. The 
output of the adaptive beamformer may not be totally free of interference, however, 
and i~ such cases reliable data transmission can be achieved by spread-spectrum 
encodmg of the data before transmission, and by appropriate decoding of the data 
received by the adaptive beamformer. 

. ~ne of the major spread-spectrum methods is the "frequency-hop" approach, 
which 1s _based on the following idea. Digital data can be encoded by dedicating a 
fixed penod, called a time ''chip," for the transmission of each data bit. Within this 
time chip, a sine wave at a specified carrier frequency is generated to represent a 
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data bit, a "zero" corresponding to a specified phase and a "one" corresponding to a 
phase differing by 180°. This amounts to" phase-shift keying." To provide frequency 
hopping, the frequency of the sine wave carrier is changed from one chip to the next, 
hopping in a random fashion according to a random code known at both the 
transmitter and the receiver. The chip length is such that many cycles of the carrier 
are generated, with more cycles being generated for the higher frequencies. Correla­
tion techniques are used at the receiving location to determine the phase of the 
received sine wave for each chip. With long chips (i.e., with a low binary data rate), 
the phases can be determined reliably in the presence of severe noise and in this way 
the original binary data can be recovered. Typical signals have carrier frequencies 
around 1 GHz, spread ± 5% by frequency hopping. Typical hopping rates are from 
100 to 1000 hops per second. 

The frequency-hop spread-spectrum technique is of special interest because, 
using this technique, adaptive algorithms can be designed to greatly reduce or 
eliminate the signal cancellation phenomena that we have seen previously. The basic 
goal in these algorithms is to remove all target signal components from the adaptive 
process, yet make sure that the target signal appears in proper form at the array 
output. 

Figure 14.25 shows a Frost adaptive beamformer equipped to work with 
frequency-hop signals. A system of this type having a four-element linear array was 
simulated. The antenna signals were fed to a bank of identical "frequency-hop 
notch filters" with flat frequency responses and linear phases except for frequency 
response notches at any specified single frequency. The frequency of these notches is 
changed with electronic switching and, at any instant, the notch frequency is chosen 
to correspond to the incoming target signal frequency. The target signal frequency 
varies from chip to chip in accord with a known random sequence. Syncllfonized by 
a real-time clock, a frequency code generator at the receiver reproduces this sequence 
and relays the signal frequency setting to the notch filters and to a local sine-wave 
generator. Much of the necessary detail has been omitted for clarity of presentation 
in Figure 14.25. The method is applicable to arrays of general geometry as well as 
linear arrays. 

The frequency-hop notch filters keep signal components out of the adaptive 
process. Only interference can be present at the inputs to the Frost processor, in 
which the main beam constraints are sustained, as usual, and the jammers are nulled. 
The output signal of the Frost processor is not useful (aside from the implementa­
tion of the adaptive algorithm) since it does not contain the target signal. The 
weights of the adaptive processor are copied into a slaved processor having the same 
structure but no ability to adapt on its own. The inputs to the slaved processor come 
directly from the antenna elements without going through the frequency-hop notch 
filters, so the output of the slaved processor reproduces any target signal arriving 
from the look direction. In a computer simulation, the target signal from the look 
direction experienced unit gain and linear phase shift in accord with the Frost 
constraint that was set. When a bandpass jammer was simulated at 45° away from 
the look direction, it was deeply nulled. 
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Part IV 

Output 

The output of the slaved processor in Figure 14.25 is correlated with sine waves 
generated locally, with appropriate control of phase. The sine-wave frequency is 
selected by the frequency code generator as illustrated in the figure, and correlation 
is accomplished by multiplication followed by integration over each successive time 
chip. The integral of the product builds up during the chip interval as either a 
positive or a negative quantity, depending on the phase of the incoming signal, 
which in turn depends on whether the incoming signal corresponds to a zero or a 1. 
At the end of the chip interval, the integrator is initialized to zero in preparation for 
integration over the next chip interval. 

Figure 14.26 shows results of two simulations of the integrator. Figure 14.26(a) 
shows the integrator output of a system with a slaved beamformer like that of Figure 
14.25. One can see that the transmitted data sequence is 0, 1, 0, 0, 1, 1, then nothing. 
The correlations build up quite uniformly during the integration intervals, and 
almost no output results when no target signal is received. Figure 14.26(b) shows the 
output of a conventional Frost adaptive beamformer (no notch filters or slaved 
beamformer) with the same frequency-hop input signal. It is clear that signal 
cancellation in the Frost process is present, and that in some cases the signal 
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(a) 

(b) 

Figure 14.26 Integrator output waveforms: (a) frequency-hop adaptation in Fig­
ure 14.25; (b) with a conventional Frost beamformer. 
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distortion is severe enough to cause marginal data decoding. This example was 
developed and analyzed by Y. L. Su [19). 

Thus the effectiveness of the scheme of Figure 14.25 is clearly evident. Signal 
cancellation is prevented through the use of frequency-hop signaling, by us~ng 
frequency-hop notch filters to prevent the target signal components from entenn_g 
the adaptive processor and influencing the weight settings. The weights form as 1f 
there is no target signal present, and are copied into a slave processor in order to 
obtain the target signal output. This same concept can be applied to all forms of 
adaptive receiving arrays. 

BEAMFORMERS WITH SUPERRESOLUTION 

The resolution of a conventional nonadaptive antenna or antenna array is limited by 
the well-known Rayleigh criterion [13]. An approximate formula for the 3-dB 
beamwidth of such an antenna is 

. ;\ d" 3-dB beamw1dth::::: d ra rnns (14.33) 
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where \ is the wavelength of the radiation and d is the width of the aperture. 
However, when the target signal is received with a high signal-to-noise rat10, it is 
possible for a maximum likelihood adaptive antenna to _ achie~e a _much narrower 
"adaptive beamwidth" giving a much sharper target beanng esumat10n. 

The superresolution concept was developed and analyzed by W. F. _Gabriel 
[17] . Different methods for bearing estimation are descnbed ?Y Gabnel. One 
is the "maximum-entropy" approach, which works well with _a. Howells­
Applebaum adaptive beamformer which has an omnidirect10nal rece1vmg pattern 
except where signals are present. The presence of signals is indicated by nulls m the 
receiving pattern. Since antenna nulls are always sharper than antenna lobes, signal 
bearings can be obtained more accurately from the beam pattern, and _superresolu­
tion is the result. However, one can be fooled in this process by havmg spunous 
nulls appear with no signal inputs at corresponding bearings. . 

To analyze superresolution and its effects, we again discuss the maximum-ltke­
lihood adaptive beamformer using an analysis developed by Eugene Walach [l] for 

s + n1 .....,:,._ ___ ......,_ 

Signal --

Error 

1 
i< 

Figure 14.27 Griffiths-Jim adaptive beamformer for study of narrowband super~ 

resolu tion. 
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the Griffiths- Jim version in Figure 14.27. The receiving array is assumed to be 
linear and the signal is a single sinusoid given by 

s = Ccoskw0 (14.34) 

The receiver noises n1, n 2, ... , n K are assumed to be white and mutually uncorre­
lated, each with power equal to o,2. Steering delays have been omitted to simplify 
the beamwidth calculation, and the direction of arrival of the signal is indicated in 
the figure as the look direction (i.e., 8 = 0°). This is convenient for our discussion 
here, but of course the direction of arrival of the signal could vary. Maximum signal 
output results when the signal arrives from the look direction, because the main-lobe 
constraint gives the array unit gain in this direction. The array gain drops rapidly 
due to the adaptive cancellation process as the signal direction moves away from the 
look direction. An off-axis signal tends to be nulled by the adaptive beamformer. 
This is the basis of maximum-likelihood superresolution. 

Let us now examine the 3-dB beamwidth of a maximum-likelihood adaptive 
beamformer as a function of the array parameters and the signal-to-noise ratio. As 
before, the spatial response of the beamformer is obtained by varying the direction 
of arrival of the signal. For each direction, the adaptive process is allowed to 
converge and the output signal power is measured, giving a point on the directivity 
pattern. At convergence, the optimal weight vector is given by the least-squares 
Wiener solution 

(14.35) 

To determine this solution, we must first find R and P. 
Referring to Figure 14.27, with the signal arriving exactly from the look 

direction, the inputs to the weights contain no signal components, only receiver 
noise. Thus the correlations between the noises must be determined to obtain the 
R-matrix. The input to weight w2 is the same as the input to w1, but is delayed by an 
interval that causes a 90° lag at the signal frequency. Thus the noise components 
into w1 and w2 at the signal frequency are mutually uncorrelated. (We assume for 
this discussion that the noise power is concentrated at the signal frequency.) The 
same is not true of the inputs into w1 and w3 , however. The receiver noise n 2 is 
present (with sign reversal into w1) in both of these inputs. Since the power of each 
noise n1, n 2, .. . , nK is o,2, the correlation of the noise inputs to w1 and w3 is a}. 

Since the noises are mutually uncorrelated, the power adds going into each weight, 
and the diagonal elements of the R-matrix are therefore all 2o,2. From these 
arguments, we can infer the R-matrix to be 

2 0 -1 0 0 
0 2 0 1 0 

R = o,2 
- 1 0 2 0 -1 

0 -1 0 2 0 (14.36) 

0 0 - 1 0 2 I 
rl 

I I 
I, 
I 

I 

'I, 
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This matrix pertains to the situation in which the signal arrives exactly from the look 
direction. It changes only slightly for small changes in the angle of arrival of the 
signal, because it is dominated by receiver noise. The signal components in the 
weight inputs remain small for small deviations of the signal arrival angle away from 
() = 0° . For our discussion here, we shall assume that R is fixed and given by 
(14.36). 

The situation is different for the P-vector in the system of Figure 14.27. We 
can see that the desired response for the adaptive process is 

(14.37) 

This desired response is precise when the signal arrives from the look direction, 
because then all the signal components received by the array elements are added in 
phase to produce the desired response. We again assume that the changes in these 
signal components will be negligible for small changes in the direction of signal 
arrival away from the look direction. With this assumption, we allow (14.37) to 
represent the desired response under all conditions of interest (i.e., near 0 = 0°). 

To obtain the P-vector, we first consider the cross-correlation between the 
noise components of the weight inputs and the noise components of the desired 
response. The noise into weight w1 is n 1 - 11 2• The cross-correlation of interest is 
then 

(14.38) 

Similarly, the corresponding cross-correlations for the rest of the weights will be 
zero. We may therefore conclude that the receiver noise components have no effect 
on the P-vector, which must therefore be determined only by the signal components. 

When the signal arrives from the look direction, the signal components of the 
weight inputs are all zero, and therefore the P-vector is zero. When the signal arrives 
close to the look direction, small signal components appear at the weight inputs and 
the P-vector is no longer zero. Suppose that the signal arrival direction is such that 
the signal into array element 1 leads the signal into element 2 by ,} radians. 
Referring to Figure 14.27, one can see that for small values of i/, the signal into w1 is 
approximately 

signal to w1 = Ccos( kw0 + f) - Ccos( kw0 - ½) 

= 2c(sinf )cos(kw0 + 90°) 

"' Ci/, cos(kw0 + 90°) (14.39) 

This signal component is shifted 90° and thus uncorrelated with the signal compo-
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nent of the desired response which, from (14.37), is 

s = Ccoskw0 

449 

(14.40) 

Thus the signal components into all of the odd-numbered weights are uncorrelated 
with the desired response. On the other hand, because of the 90° lags, the signal 
components into the even-numbered weights will be correlated with the desired 
response in accord with 

Cl,j, 
E[C,j,cos(kw0 + 90° - 90° )Ccoskw0 ] = - 2-

Thus the P-vector is given by 

0 
I 

(14.41) 

(14.42) 

The least-squares solution can now be obtained by substituting (14.36) and (14.42) 
into (14.35). 

We are concerned primarily with the signal component of the system output, e 
in Figure 14.27, which appears as the difference between the signal component of the 
desired response and the sum of the signals through the weights. We have seen that 
the signal components at the inputs to the odd-numbered weights are all uncorre­
lated with the desired response. Thus, in the presence of receiver noise, each of the 
odd weights will converge to zero. On the other hand, the signal components into 
the even weights are all equal in amplitude and are all in phase with the signal 
component of the desired response. The output signal is therefore 

( output) ( signal component ) ( sum of signals ) 
signal = of desired response - , through even weights 

= Ccoskw0 - C,J,(coskw0 )(wz* + w: + · · · +wz*K_2 ) 

= Ccoskw0 [1 - ,J,(wz* + w: + · · · +wz*K_i) ] (14.43) 

When ,} is zero, the signal appears at the output with full power. Using 
(14.43), a half-power signal output corresponds to ,} 3 dB• given by 

(14.44) 
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Using vector notation, the sum of the even weights can be expressed as 

(wi' + w4* + · · · +wi K- 2) = [O O 1 0 l]W* 

= [O 1 0 

Part IV 

0 
1 

= [O 1 0 1 
c2.,. o 

0 1 ]R- 1 ~ 1 

0 
1 
(14.45) 

With the R-matrix taken from (14.36), Walach has determined that 

0 
1 
0 K(K 2 1) 

[O 1 0 1 0 l]R- 1 1 
12a,2 

(14.46) 

0 
1 

The derivation of this formula, which is exact, is lengthy and is therefore omitted 
here. Instead, we refer to Walach [l]. Combining (14.46) with (14.45) and (14.44), 
we obtain 

c 2_,,2 K(K 2 -1) = 0.293 
2 "' 3 dB 12a,2 

The signal-to-noise ratio at each array element is defined as in (13.8): 

SNR ~ C 2 

2a,2 

With this definition, (14.47) becomes 

_ J 3.s2 
'P 3 dB = V (SNR)K(K 2 - 1) 

(14.47) 

(14.48) 

(14.49) 

In this result we recall that ,f,3 dB is the signal phase shift between two neighboring 
array elements required to obtain a 3-dB drop in output signal power, and K is the 
number of antenna elements in the array in Figure 14.27. 

To fi nd the beamwidth of the maximum-likelihood beamformer, we must now 
translate the signal phase shift, ,f, 3 dB• into an arrival angle. The diagram in Figure 
13.2 is helpful for this purpose. Again, the spacing between neighboring antenna 
elements is I, the angle of signal arrival in this case is 83 dB• and the wavelength is A. 
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Then, similar to (13.2), the signal phase shift is given by 

211/ sin( 83 dB) (l4.50) 
o/ 3 dB = A 

We are assuming small angles where sin 8 == 8, so (14.50) therefore yields 

83dB == ;\t:;s (14 .51) 

Referring to Figure 14.27, the total aperture width d is seen to be 

d = !( K - 1) (14.52) 

Substituting this into (14.51) yields 

;\ K-1 
8 3 dB z d ~ 'P3 dB (14.53) 

The adaptive antenna beamwidth is twice 83 dB• and thus our final result is 

( 
adaptive ) ;,._ K _ 1 
antenna = d - 17- ,f, 3 dB 

beamw1dth 

;\ K - l ,,,d_11_ 3.52 

(SNR)K(K 2 - 1) 
radians (14.54) 

The basic assumptions in this derivation are that the phase difference at the signal 
frequency between neighboring antenna elements is a small angle, and that the 
beamwidth itself, given by (14.54), is a small angle. 

As stated in connection with (14.36), the analysis leading to (14.54) also 
assumed that R is invariant for small angular deviations from the look direction. 
Taking into account second-order variations of R as a function of 0, Walach has 
determined the following more precise estimation of the 3-dB beamwidth: 

( 
adaptive ) ;,._ K _ 1 V 5 
antenna == - --
beamwidth d 11 (SNR)K(K 2 - l) 

(14.55) 

It is interesting to compare (14.55) with the corresponding formula for the 
conventional nonadaptive beamformer given by (14.33) (i.e. , ;\/ d ). They differ by 
the factor 

K- I ✓ 5 
- 11 - (SNR)K(K 2 - 1) 

(14 .56) 

Whenever this factor is less than 1, superresolution is the result. Under the assump­
tions above, this factor is generally smaller than 1. As an example, let K = 10 
antenna elements and let the SNR = 1. This factor then equals 0.204. The angular 
resolution of the adaptive beamformer is therefore close to five times sharper than 
that of the conventional time-delay-and-sum beamformer. If the SNR = 10 with 
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K = 10, the adaptive resolution is more than 15 times better than that of the 
conventional nonadaptive beamformer. If the SNR 1 with K 20, the adaptive 
resolution is almost seven times better than that of the nonadaptive beamformer. 
The adaptive and nonadaptive bearnpatterns are shnwn for this case in Figure 14.28 
with a linear array of 20 elements spaced a half wavelength apart. 

To apply superresolution in a practical situation, some experiments were 
performed using data recorded while a helicopter was flying within range of a sensor 
array. The sensors were low-frequency microphones at the earth's surface. A five­
element circular array 30 m in diameter was used and acoustic emanations from the 
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Figure 14.28 Amplitude responses of nonadaptive and adaptive arrays. both with K = 20 
elements, SNR = 1, and spacing / '/\/2. 
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Figure 14.29 Passive receiving array for target bearing estimation. 
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Figure 14.30 Conventional and adaptive beamformers for target bearing estima­
tion: (a) conventional beamformer (resolution limited by array aperture): 
(b) adaptive beamformer (allows superresolution capability). 
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rotor blades were received with a good SNR at a range of 5 km. Figure 14.29 
illustrates the experimental situation. 

The conventional time-delay-and-sum beamformer and the Frost adaptive 
beamformer were compared in this situation, with the same steering delays used in 
both beamformers. With the helicopter in a fixed location, the output signal power 
was measured for selected steering angles covering 360°. Figure 14.30 illustrates the 
method of comparison. 

Figure 14.31 compares the results obtained with conventional processing 
against those resulting with adaptive beamforming using the experimental data, and 
we can see that the adaptive maximum-likelihood scheme was clearly superior to 
conventional processing. The angular resolution with adaptive processing was ap­
proximately ± 2° and the largest sidelobe was about 25 dB below the response of the 
main lobe. With conventional processing, the sidelobes were so strong that it was 
almost impossible to determine the signal arrival angle. At best, the angular resolu­
tion was ± 20°. The advantages of adaptive processing and the significance of the 
superresolution phenomenon in target bearing estimation are clear in this example. 

To summarize superresolution, let us again consider bow the Frost adaptive 
beamformer was used in this experiment. Using the appropriate steering delays, the 
look direction was scanned through 360°. In each selected look direction, the 
sensitivity of the receiving array in Figure 14.27 to incident radiation was con­
strained to have unit gain with linear phase shift. At the same time, the adaptive 
process minimized the total output power. The target signal, defined as any radia­
tion arriving from the look direction, passed through the adaptive beamformer 
without distortion. Interference, defined as any radiation arriving from a direction 
other than the look direction, was eliminated or nulled as best possible in the 
least-squares sense. The beamformer output was the undistorted target signal with 
minimum additive noise, that is, the maximum-likelihood estimate of the target 
signal. 

The helicopter signal originated from a fixed direction of about 137° in this 
experiment, as seen in Figure 14.31. As the Frost beamformer's look direction was 
slowly scanned toward thls signal angle, the adaptive beamformer nulled the 
helicopter signal, treating it like interference. Then, as the look direction came into 
close alignment with the direction of signal arrival, the beamformer accepted the 
helicopter signal as the target signal instead of interference and reproduced it at the 
output. Further scanning of the look direction away from the helicopter signal angle 
again caused nulling. The result was small response to the helicopter signal unless 
the look direction was very close to the true angle of arrival. This type of perform­
ance is the basis of superresolution. 

In other experiments, in the presence of multiple signals, the Frost beamformer 
tended to null all signals except for the signal arriving from the look direction. Not 
only did the adaptive beamformer provide sharp angular resolution, but it allowed 
one to "tune in" spatially on a signal from a selected look direction whlle adaptively 
" tuning out" other signals, interferences, jammers, and so on, from all other 
directions. 
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EXERCISES 

I. 

2. 

3. 

4. 

s. 

In the Griffiths algorithm (14.16), derive the expression given in Equation (14.20) for the 
acceptable range of µ.. 

Find the time constant of weight convergence for the Griffiths algorithm (14.16). 

Find the minimum mean-square error at convergence for the Griffiths algorithm (14.16). 

Devise a "leaky" v_ersion of the Griffiths algorithm, similar to Equation (13.27). What is 
tis conve_rged solut10n, W•? Is the introduction of leakage equivalent to the addition of 
mpu t noise as in Chapter 13? 

Write a version of the Griffiths algorithm (14.16) for the array shown in Figure 13.13 so 
that the look direction is: ' 
(a) At 0 = 0°. 
(b) At 0 = 90°. 
(c) At 0 = 30°. 

6. Consider the adaptive beamformer shown below. The target signal is sinusoidal with unit 
power. The jammer is broadband, uncorrelated with the target signal, with unit power at 
the filter outputs. 

,,, 
~ 

0 

Target signal 

Array 
output 

Error 
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(a) For this beamformer, what is the ?-vector needed for the Griffiths algorithm? 
(b) Find the R-matrix and the optimum weight vector, W* = R- 1 p, using the result in 

part (a). 
(c) Find the output signal and noise power using W *. Compare the input and output 

SNRs. 

7. Write a Frost algorithm, similar to Equation (14.30), for the array in Figme 13.13 , with 
the look direction at 0 = 0°, and the gain constrained to one in that d irection. 

8. The "constrained modeling" situation shown below is representative of a class of systems 
like the Frost beamformer, in which there is a constraint on the weights. The constrained 
weigh ts will adapt to model H ( z ). 

9. 

10. 

11. 

12. 

Uniform 
white noise 
power= 1 

Hlzl 

(a) Given H(z) = 1/(l - 0.3, - 1), devise an algorithm to adapt w1 and w2 to minimize 
E[ , , ], subject to the constraint w1 + w2 = 1. Find the constrained optimal solution. 
Find the minimum MSE. 

(b) Do part (a) using the constraint wi' + wf = l. Test the algorithm to see whether it 
will converge. Can you find the constrained optimal solution by analytical means? 

Draw the diagram of a Griffiths-Jim adaptive beamformer similar to Figure 14.4, having 
four omnis in a circular array, with four tapped delay lines. 

Draw the block diagram of a four-clement pole- zero version of the Griffiths-Jim 
beamformer, similar to Figure 14.11. 

Draw a block diagram showing how the Duvall beamforming concept is applied to the 
system in Exercise 10. 

A conventional linear array with six equally spaced omnis has a 3-dB beamwid th of 0.1 
for a particular target signal having 10 times the power of the receiver noise. What is tlic 
beamwidth when this array is connected to a maximum-likelihood adaptive processor 
constrained to have unit gain in the target direction? 

13. Suppose that steering delays are included in Figure 14.26 to produce a look direction of 
8 = 45°. Derive an expression similar to Equation (14.54) for the 3-dB beamwidth. State 
any assumptions that you made in the derivation. 
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Appendix A 

A Portable Random Number 
Generator 

We present here a simple, portable algorithm for generating a pseudorandom 
number sequence. The algorithm was chosen for use in engineering signal processing 
applications and has the following properties: 

1. It works in any machine that allows integer words up to 32 bits in length, that 
is, positive integers up to 2 31 - 1. 

2. It is easily initialized and can be started at any specified point in the sequence. 

3. The samples in the sequence and in subsequences of reasonable length are 
distributed approximately uniformly between zero and one. 

4. The samples are approximately independent and the spectrum is approxi­
mately flat. 

5. The period of the sequence (10 6 samples) is long enough for most engineering 
applications. 

THE ALGORITHM 

The algorithm is a member of a class of remaindering algorithms that generate 
"linear congruential" sequences. The properties of these sequences are described by 
Knuth.1 For our special case we generate integers recursively as follows: 

fn +1=(Jfn+l )modM n=l,2, ... ,M-1 (A.l) 

The integer sequence is then normalized to produce samples between O and 1. The 
initial value, 10 , is discussed below. 

The period of the sequence in (A.1) obviously cannot exceed M. According to 
Knuth, one way to guarantee a period equal to M is to let 

J = 4K + 1 and M = 2L (A.2) 

where Kand L are integers such that M is greater than J. The largest I . in (A.1) is 
M - l, and so in order for (A.1) to produce only factors less than 2 31 in magnitude 

459 
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in accordance with property 1 above, we must have 

J(M - 1) + 1 < 231
, or 

4K + 231 > 2L 
4K + 1 

Applications Part IV 

(A.3) 

Thus we have in (A.3) a relative bound on J and Min (A.l). We can establish 
a second constraint by noting that if J is small compared with A!, th~n a 
subsequence beginning with a small value for / 0 in(~·!) will be_ monotonic until the 
quotient Jin+ 1 exceeds M. For example, the tnv1al case 1s where J = l and 
/

0 
O. Then the sequence is 0, 1, 2, ... , M - l. Thus, the sequence tends to be 

"more random" for larger values of J. . . 
If we choose 106 as a minimum period for the sequence m accordance with 

property 5 above, we have L 20, and from (A.3), the largest possible K is 511. 
Thus, for our sequence in (A.l) we choose 

M = 220 1048576 

J 4(511) + 1 = 2045 

If in addition we choose (arbitrarily) 

10 12357 

then the first 70 integers, / 1 through 170 , are as follows: 

'IJ4.cll::: 
209405 
128452 
899255 
143046 
894113 
520215 

95291 
73242 

160261 

~ l ~~9E13 
414218 
540341 
822748 

10249ll3 
793118 
613337 
883535 
882099 
578034 

~2582li 
874973 
845818 
603757 
953588 
827815 
177270 
134673 
341 736 
334379 

/-'f,4?.21 
451 LIQ(, 
543835 
509'1 14 
784677 
480012 
758ll31 
679374 
498505 
133504 

c:, 751 e,E, 
8'33177 
E,52015 
950739 
343185 
157405 
147492 

1005207 
226854 
385921 

7607 ?S 
9/E, 150 
532E,25 
2(11352 
318027 

1028970 
679829 
439356 
445839 
679294 

74U,b8 
7:3E,52:C 
823918 
723049 
2ll8096 
800195 
887105 
901965 
528212 
841507 

(A.4) 

(A.5) 

We note that the integers are all between O and 1048576, and that at least this short 
sequence appears to have no undesirable patterns. 

Since the usual random number routine produces samples between O and 1, we 
can create the n th random sample as 

(A.6) 

so that the random samples are all greater than zero and less than 1. 
Using (A.l), (A.4), (A.5), and (A.6), we can write a subroutine to generate 

J1, / 2, ••• , In. With portability a requireme1:t, auton:atic initialization become~ a 
problem. The initializing scheme is necessanly machine-dependent. The following 
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version, however, will work in most computers: 

;~N(TI0N ~ANDOM<X> 
IF<INIT.EQ.12357) GO TO 1 
1N1T•l2'."?57 
1-rnr-

, >204~, .. ;:+1 

:-I-<I/1048576>•1048576 
RANDOM•FLOA7<1+11/1048577.G 
RETURN 
EN[l 
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Notice in this routine that the internal variable INIT must not be equal to 12357 at 
load time and that both INIT and / must remain intact between calls. The initial 
setting of J = INIT guarantees that the random sequence will always begin as 
described above. The variable X is a dummy variable and serves no purpose in this 
version of the algorithm. 

If one does not require the automatic initializing feature or wishes to provide 
variable initialization, the following version may be preferred: 

f0NCTI •N HANDOM<ll 
I-204:,• I +1 
I~I-<I/1048575l 4 1048576 
RANDOM=FLOAT(l+ll/1048577.8 
RETURN 
END 

In version 2, / is not changed except at initialization, where it is set to an initial 
value. Thus, for example, the following statements could be used with version 2 to 
initialize J to 12357 and generate the first two random numbers, say Rl and R2: 

K 12351 

Rl RANDOM(K) 

R2 = RANDOM(K) 

The argument (K) in the call to RANDOM in version 2 must, of course, not be 
changed elsewhere in the calling program. The advantages of version 2 over version 
1 are (1) we do not need to assume that intermediate variables remain intact between 
calls and (2) the routines can be initialized arbitrarily, using any integer from O to 
1048575 in the main program. The disadvantages are that the user must remember 
to initialize / (or whatever / is called in the main program) properly from O to 
1048575, and that I must be left alone between subsequent calls. 

An example of the use of version 2 is given in the following program, which 
prints the first 70 random samples corresponding with the above list of integers. 
Since I is initialized to 12357 in this example, the results are the same as if the first 
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v,ersion above were used. The program and results are as follows: 

?ROGRAH ij[RS2C!NPUT.OUTPUTI 
C-PRINT 70 RANDOM NUMBERS. 

DIMENSION Rc?0 I 
K•12357 
DO 1 J• l ,70 
R<J)•RANDOMO'.I 
PRINT 2 . R 

2 FORMAT<7F8.61 
STOP 
EN D 

FUNC 11ON RANDO HC ! I 
1· 20 45•1 +1 
I•I-tl/!048576>•1048575 
RANDOM•FLOAT!l+ll/1048577.0 
RET URN 
END 

i LGO 
. 099414 . 299419 . 310731 .44281 2 
. 199705 .395030 .834445 .440026 
. , 22502 . 51531 0 .80 7589 .518642 
.857597 . 784534 .5 75788 .485529 
. 136420 . 977 462 .90941 2 , 748327 
.852693 . 756376 . 789 466 . 45 7776 
, '.,91484 .584924 . 1690$9 . 723296 
. 090877 .84260 6 , 128435 .647902 
. 069850 .841235 .325905 .4754 12 
. 152838 .551257 ,318889 . 127320 

. S48521 .725532 .712078 

.85180 0 . 930929 , 750182 

.621811 .G03219 .785750 

. 906695 , 192025 .689554 

. 327288 . 303295 .2 36504 
, 150114 . 981302 . 7F.,312E­
.140660 ,648336 .84601 0 
.958640 .419003 .8601 81 
.2 16346 .425186 .503743 
.368044 . 647826 .802619 

Part IV 

In the case of version 2, we note again that the period of tbe random sequence is 
1,048,576 samples regardless of the initial value of J. 

PROPERTIES OF THE RANDOM SEQUENCE 

Some properties of the random sequence are shown in the figures below. First , 
Figure A.I shows roughly how the amplitudes of subsequences of length 10,000 are 
distributed. For each of the 100 successive subsequences of length 10,000, a histo­
gram was plotted. Each histogram has 10 cells in the range from 0.0 to 1.0, and all 
100 histograms are plotted together in Figure A.I. The ordinate in Figure A.1 is 
relative frequency, so that 0.1 is the ideal ordinate value with 10 cells. We can see 
that there are no large excursions from the ideal value. Figure A.2 is similar except 
that the sequence length is 512 instead of 10,000. In Figure A.3, we have a plot of 
the "white noise" waveform obtained by plotting the first 1000 samples of 

X(N) = RANDOM( ) - 0.5 (A.7) 

and we note in the figure the randonmess of the sequence, and that the mean is 
approximately zero. 

Appendix A A Portable Random Number Generator 463 

0.2 .---------------------

o.o -r--r--r--r--r+--,---,---,---,-+-,--,--,--,--l,hc--,c--,c--,-l 
0.00 · 0.25 0.50 0.75 1.00 

Amp litude 

Figure A.1 Histograms of 100 successive sequences. each of length 10,000 . 

. The autocorrelation function of the first 132,000 samples of X( N) in (A. 7) given by ' 
132 ,000 

E = L X 2(N) 

l 132,000 
R(K) = E L X(N)X(N + K) 0,,;K,,;100 (A.8) 

N-1 

is plotted in Figure A.4. The normalizing factor, E , assures R(0) = 1, and we note 
0.2,-------------------~ 

I 
! 0.1 

0.0 --f--r-r-r-r-f--,--,--,---,-+-,----,---,---,--l--,--,--,--,-...J 
0,00 0.25 0.50 

Amplitude 

0.75 1.00 

Figure A.2 His tograms of 100 successive sequences, each of length 512. 
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-1 -+~~-,---~t-----,---r-·-,--,-+--,--,--,-,-+-,-,-,-,-; 
1000 250 500 750 

Sample number 

Figure A.3 A plot or the first 1000 samples or RANDOM ( J -0.5. 

that R(1) through R(lOO) are close enough to zero to allow us to say that the 
samples, [X(N)], are uncorrelated, that is, independent. A similar plot for the next 
132,000 samples is presented in Figure A.5. Again, R(K) is less than 1% of R(O). 

In Figure A.6 we have a power spectrum of the entire random sequence. The 
power spectrum is computed at 513 points as follows: 

1 1023 2 
P(m) = 1024 L IFk(m)I m = O, l , ... ,512 (A.9) 

k-0 

C 
0 
·~ 
~ 0.00 

~ 
J 

25 50 

Lag 

75 100 

Figure A.4 Autocorrelation function of the first 132,000 samples o f RAN DOM 

( )-0.5. 

l 
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C 
0 

J 
<{ 

25 50 
Lag 

75 100 

Figure A.5 Autocorrelation function of the second 132,000 samples of 
RAN DOM ( J- 0.5. 
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E_ach term in (A.9) is a periodogram component, that is, the squared magnitude of a 
discrete Fourier transform (DFT) component. The 1024 DFf's are computed from 
successive nonoverlapping blocks in the random number sequence in (A.7), X(O) 
through X(l048575), as follows: 

1023 

Fk( m) = L X(l024k + n)e - ;2•••n / 1024 

11 - 0 

,100,---------------------

E 50--
0: 

o-t----,-----t----,,----4----,--_J 
200 400 600 

Fig~re A.6 Power spectrum of the random sequence obtained by averaging the 
penodograms of 1024 nonoverlapping segments, each of length 1024. TI1e expected 
value is 85,3. 

(A.10) 
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400-.--------------------~ 

200 600 

Frequency index (m) 

Figure A.7 Maximum and minimum power spectra of 102 sequences. each of 

length 10,240. 

Part IV 

Thus, Figure A.6 is an average periodogram, and we note that the plot is reasonably 
flat over the complete range of frequencies. Since the variance of a uniform 
distribution is 1/12 of its range, we can also note that the theoretical spectral value 

in Figure A.6 is 

E[F1c(m)] 1024E[X2(n)] 

1024(1/12) 85.3 (A.11) 

The spectral components in Figure A.6 are all close to this expected value. 
Finally, in Figures A.7 and A.8, we have compared RANDOM with RANF, 

the CDC-6600 random number routine. For this comparison a random sequence of 
1,044,480 samples was partitioned into 102 segments, each of length 10,240. A 
power spectrum was computed for each segment as described in connection with 
(A.9) and (A.10), using 10 instead of 1024 nonoverlapping blocks for each sequence. 
The maximum and minimum of the set of 102 spectral values at each frequency 
index is then plotted in Figure A.7 for RANDOM, and in Figure A.8 for RANF. 
Using this comparison, we do not notice a significant difference between the two 

routines. 
We conclude that the properties of RANDOM are satisfactory for signal 

processing applications. Other than the relatively short period (10
6 

samples), the 
only known shortcoming of RANDOM is the relatively long execution time of the 
FORTRAN versions given above, which may be regarded as the price of portability. 
For example, a DO loop that generates 10 5 random samples requires an average of 
2.55 s using version 2 of RANDOM on the CDC-6600, vs only 0.47 s for the library 
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400,--------------------

200 400 600 

Frequency index (ml 

Figure A.8 Same as Figure A.7 with RANDOM replaced by RANF, the CDC-6600 
random number routine. 
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routi~e, RAN~, on the same machine. The longer time could, of course, be reduced 
by usmg machine language code. 
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Acoustic interference, 338 
Adapt, 3 
Adaptation, 1, 6, 15 

time constant of, 85 
Adaption, 1 
Adaptive antenna, 315-16, 347-49 
Adaptive beamforming, 368, 409 

with a pilot signal, 383-404 
Adaptive control systems, 270 
Adaptive deconvolution, 231 
Adaptive equalization, 231 

of telephone channels, 244 
Adaptive filter, form of, 17 
Adaptive interference canceling, 302 
Adaptive inverse control, 280, 292 

examples of, 285 
Adaptive inverse modeling, 231, 280 
Adaptive lattice predictor, 173-82 
Adaptive line enhancer, 354-61 
Adaptive linear combiner, 1, 15 
Adaptive model control, 271 
Adaptive modeling, 195 

in control systems, 271, 280 
in FIR filter synthesis, 212 
in geophysical exploration, 209 
of a multipath channel, 200-208 

Adaptive noise canceling, 302 

Adaptive predictor, 12, 115, 173-82, 
349-51 

Adaptive recursive filters, 154-61 
Adaptive systems, 3 
Adaptive transversal filter, 16 

compared with lattice, 178-79 
All-pole lattice structure, 168-70 
All-zero lattice structure, 169-71 
AMC, 271 
Amplitude gain, defined, 123 

in an array, 374 
Antenna sidelobe interference canceling, 

347-79 
Array, adaptive, 315-16, 347-49 

performance characteristics of, 409-12 
Array gain and phase formulas, 374 
Autocorrelation, 128-31 

B 

Backward prediction error, 172 
Bandwidth, of notch filter, 320 
Beamwidth, 3-db, 445, 451 
Bias weight, 17, 283, 323 
Blood pressure regulating system, 272 
Broadband array pilot-signal experiments, 

399-404 
Broadband signals, array for, 390 

469 
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C 

Causality effects, 236-37, 324 
Characteristic equation, 34 
Closed-loop adaptation, 6, 9 
Cloud's patent, 209 
Communication channel, adaptive 

modeling of, 200-208 
equalization of, 244 

Controller, 270 
Convergence, Newton's method, 56 

example of, 103 
of LMS algorithm 101-2 
parameter, 48, 50, 55, 57, 59, 100, 102, 

143,146,152,156,176 
single-weight, 50 
steepest-descent method, 56-60 

Conversion, linear form to lattice form, 
164-65 

Correlation functions, 128-31 
Correlation matrix, 20 
Cost function, in FIR filter synthesis, 214 
Covariance matrix of gradient 

estimate, 75 
Covariance of weight vector, 79, 110, 146 
Critical damping, 50 
Cross-correlation, 128-31 
Cross-power spectrum, 128-31 

Damping, 50 
Decibel, 123 

D 

Decision-directed learning, 248 
Deconvolution, 10, 11, 231 
Decorrelation of error and input, 26 
Delay, use of in modeling, 233-34 
Derivative measurement, 66, 69-71 
Descent methods, 46 
Desired response, 18 
Digital communication system, modeling 

of, 200-208 
Direct form, conversion from lattice to, 

169 

Index 

Direct modeling, 196, 271 
Directivity pattern, 375 
Dispersive channel, 231, 244 
Distortion, in adaptive beamforming, 

429-42 
in interference canceling, 314 

Dither signal, 275, 284 
Dithering of weight vector, 66 
Drift, 283, 323 
Duvall beamformer, 437--42 

E 

Earthquake prediction, system used in, 
363-64 

Earth's impulse response, adaptive 
modeling of, 210 

Echo cancellation, 339-47 
Eigenvalues, 34, 40 
Eigenvectors, 34, 39 
Electrocardiology, canceling interference 

in, 329-37 
Equalization, 10, 11, 188, 231 

of telephone channels, 244 
Equation error, in beamforming, 420-29 
Equation error, in modeling, 252 
Error signal, 18 
Error surface, (see Performance surface) 
Exact least squares algorithms, 186 
Excess mean-square error, 80-87 

in adaptive modeling, 197 
Exponential memory, 148 
Eye pattern, 248-49 

F 

Feedback control, 270 
Fetal electrocardiography, 334 
Filter, self-tuning adaptive, 351-54 
Filtered-x LMS algorithm, 288-94 
Filter length effects, 236-37, 324 
Filter synthesis, FIR, 212 

IIR, 250 

Index 

Finite filter length effects, 236-37, 324 
FIR adaptive filter, 17 
FIR filter synthesis, 212-25 
Folding frequency, 123 
Forward modeling, 195 
Forward prediction error, 172 

minimized, 174 
Forward-time calculation, 274-75 
Fourier transform, 128 
Frequency, symbols for, 122-23 
Frequency-hop techniques, 442 
Frequency response, 122 
Frost beamformer, 415-18, 433-38 

G 

Genetic optimizer algorithm, 163 
Geometric ratio, 49 
Geophysical exploration, adaptive 

modeling in, 209 
Gradient, 21, 24 

estimation of, 66, 100 
in IIR filters, 15 8 
noise in, 75-79 

Gram-Schmidt orthogonalization, 183 
Griffiths beamformer, 412-14 
Griffiths-Jim beamformer, 418-20, 435-36 

with poles, 420-29 
Group delay, 231 

H 

HARF algorithms, 157-58 
Heart-transplant interference canceling, 

330-34 
High-pass filter, 323 
Howells-Applebaum sidelobe canceler, 

369, 432-34 

IIR adaptive filters, 154-61 
UR filter synthesis, 250 

IIR LMS algorithm, 156 
Impulse response, 124 
Input correlation matrix, 20 
Interference canceling, 10, 11, 302 
Intersymbol interference, 244 
Inverse control, 280, 292 
Inverse filtering, 10, 188, 231 
Inverse matrix, two-by-two, 144 
Inverse matrix product, 26 
Inverse modeling, 10, 11, 231, 271, 280 

general description of, 232-36 
Inverse z-transform, 126-28 

L 

Ladder form, 168-69 
Lattice elements, 166, 169 
Lattice form, comparison with FIR, 

178-79 
conversion from, 169 
conversion to, 164-65, 169 

471 

Lattice sequential regression algorithm, 
181 

Lattice structures, 164-82 
Leaky LMS algorithm, 376-79, 456 
Learning curve, 51-52 

lattice, 179 
LMS, 107-9 

Least-mean-squares algorithm, 99 
Left-handed sequences, 119 
Line enhancer, 354-61 
Linear random-search algorithm, 162 
Linear-phase filters, adaptive design of, 

219,225 
LMS algorithm, 99, 274 

for a lattice, 175-76 
for recursive filters, 141, 154-61 

LMS-Newton algorithm, 142-47 
properties of, 145-47 

Local minima, 54, 135-36, 154 
Long-distance telephone echo 

cancellation, 339-47 
Low-frequency drift cancellation, 283, 

323 
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Low-pass FIR filter, adaptive design of, 
225 

Low-pass IIR filter, adaptive design of, 
253 

LRS algorithm, 162 

M 

Maternal ECG interference canceling, 
334 

Matrix relationships, 26, 94, 144 
Maximum-entropy approach, 446 
Maximum-likelihood criterion, 409, 416 
Mean-square error, expressions for, 

19-20,25, 54,132,133, 173-74, 
178 

Minimum mean-square error, 21, 236 
Misadjustment, 87-89 

LMS, 110-12 
total, 91 

Modeling, 10, 135 
forward, 195 
inverse, 231 

Model reference control, 294-97 
Moment (of a statistical variate), 71 
Multipath channel, 200 
Multiple-input, 16, 198-99 
Multiple jammers, 381 
Multiple-reference noise canceling, 327-29 

N 

Narrowband array pilot-signal 
experiments, 394-99 

Narrowband signals, array for, 389 
Newton's method, 46, 52-56 

compared with steepest descent, 89 
in multidimensional space, 54 

Noise-canceling, ( see Interference 
canceling) 

Noise in gradient estimate, effect on 
weight vector, 75-79 

Index 

Noise in gradient estimate, with LMS 
algorithm, 100, 105 

Nonquadratic error surface, 54, 135-36, 
141,154 

Nonrecursive adaptive filter, 15 
Nonrecursive filter, 120 

synthesis of, 212-25 
Non-Wiener behavior, 321, 429 
Normal form of R-matix, 34 
Normalized frequency, 122-23 
Notch filter, 316 

adaptive design of, 225 
Nyquist interval, 123 

0 

One-step convergence, 49-50, 53, 143 
Open-loop adaptation, 6 
Optimal delay, in inverse modeling, 236 
Optimal lattice weight, 174 
Optimal transfer function, 234, 307 
Optimal weight value, 234 
Optimal weight vector, 22 
Orthogonal error and input signals, 26 
Orthogonal signals, 182-86 
Orthogonalization, using a lattice, 184-85 

using the DFT, 183-84 
Orthonormal Q-matrix, 35 
Overdamping, 50 

p 

Parabolic mean-square error, 40, 47, 66 
Performance feedback, 7, 63 
Performance function, 19 

of a linear system, 131-37 
Performance penalty, 68-71 
Performance surface, 1, 20, 33 

expressions for, (see Mean-square 
error) 

lattice, 177-78 
searching, 46 

l 

Index 

Periodic interference, canceling, 329-30, 
349-51 

Perturbation, 68-69 
LMS, 112 

Phase compensator, 261 
Phase shift, defined, 123 

in an array, 374 
Pilot signal, in adaptive beamforming, 

383-404 
Plant, 195, 270 
Plant drift, 283 
Plant noise, 196, 288 
Poles, adaptive beamformers with, 420-29 
Power gain, defined, 123 

in an array, 374 
Power-line interference canceling, 329 
Power spectrum, 128-31 
Prediction errors, lattice, 172 
Predictor, adaptive, 11-13, 115, 173-82, 

349-51 
lattice form of, 172-82 

Primary input signal, 303-4, 370 
Principal axes, 38, 39 
Pseudofilter, 212, 250 
Pseudorandom sequence, 201 

Q 

Q factor, 320 
Quadratic error function, 20 
Quantizer, in adaptive equalization, 247 

R 

Random number algorithms, 461 
Random number generation, 459-67 
Random number sequence, properties 

of, 462-67 
Random-search algorithms, 161-64 
Rayleigh criterion, 445 
Receiver noise, in adaptive arrays, 370 
Reciprocal poles to achieve stability, 

258-60 

Recursive adaptation algorithms, 156, 
158, 159 

Recursive adaptive filters, 154-61 
Recursive filter, 120 

synthesis of, 250 
Reference input, 302, 304 

signal components in, 311-16 
Reference model, 295 
Residue theorem, 127 
Right- and left-handed sequences, 119 
Rotation of coordinates, 40 

s 

473 

Sampling frequency, in radians, 122-23 
Searching the performance surface, 46 
Seismic exploration, adaptive modeling 

in, 209 
Self-tuning adaptive filter, 351-54 
Sequential regression algorithm, 141, 

147-53, 158-61, 180-82 
lattice, 180-81 

SER algorithm, (see Sequential regression 
algorithm) 

SHARF algorithm, 157-58 
Sidelobe interference canceling, 347-49, 

369 
Signal distortion, 314 

in adaptive beamforming, 429-42 
Single-input, 16 
Spatial array configurations, 388 
Speech signals, 181 
Speech signals, canceling noise in, 337 
Spread-spectrum techniques, 200, 442 
Stability and rate of convergence, 49-50 
Stability of a linear system, 124 
Stability triangle, 160-61 
Stationary signals, 30, 306 
Steepest descent, 46, 56-60 

compared with LRS, 162 
compared with Newton's method, 89 

Superresolution, 445-55 
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Synthesis, of FIR filters, 212 
of IIR filters, 250 

System identification, 10, 11, 135, 195 

T 

Telephone channel, equalization of, 244 
Telephone echo cancellation, 339-47 
Three-multiplier lattice element, 169 
Time constants, 82-87 

LMS, 107, 112 
Time index, 19 
Total misadjustment, 91 

with LMS algorithm, 112 
Trace of R-matrix, 70, 102 
Tracking the minimum MSE, 30 
Transfer function, defined, 121 
Translation of coordinates, 40 
Transversal filter, 16-17 
Two-multiplier lattice element, 166 

u 

Underdamping, 50 
Unity feedback, 270 
U-transform, 128 

V 

Variance, 71-75 

w 

Weight, 15 
lattice, optimal, 174 

Weight adjustment, 15 
Weight vector, 17 

covariance of, 79, 110, 146 
noise in, 79, 110 
optimal, 22 

White noise, example of, 462-64 
properties of, 135 

Wiener-Hopf equation, 22 
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Wiener least-squares solution 22 234 
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z 
z-transform, 117-18 
Zero-order hold, 273-74 
Zone of silence, 300 




