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Preface 

This book bas grown out of nearly three de.cades of research and teaching m the field 
o£ adaptive slgnal processing. It is d11signcd primarily to be a basic text on adaptive 
signal processing and, at the time of its publication. it is believed to be the only basic 
te>tt on the subject, or at least the only te ... tbook coven.og the breadth l)f subject 
matter shown an the table of contents. 

Tlte book is based on class notes for a one- or two- semester seruor or 
graduate Jevcl course in adaptive signal processing taught at Stanford Universlly, the 
University or Nc" Mexico, and Sandia NauonaJ Laboratooe.-.. Every chapter except 
Chapter 1 hns exercises at the end, and these arc considc:red to be unessential part of 
any course using the text. The exercises are often used to complete the reader·~ 
understanding of a concept or tO present dillerenl applications of ideas in the texl. 

Referring to the table oi contents, the reader can sec that the book is dtvided 
into fo11r main parts. The fust three: pans- General In troduction, Theory o r 
Adaptataon with Stationary Signals, and Adaptive Algonthm~ and Structures- make 
up a little les~ than half of the teAl. The material io these parts as oonsidered baloiC 
theory and would normally be included in any first course on adaptive sagnal 
processing. The fourth pan- Applicallons- consists of six chapters on vamtus 
engineering appUca.taons of adaptive Signal processing. ln this part the instructor 
may wish to concentr,ate on subjects of special interest. However. even in a 
one- semcste( course. the instruclOr will probably wish to includ..: at least the first 
portion or each chapter. 

For prerequisites, weas:.ume that the studeo1 has at least senior-level academic 
experience in engineering and mathematics. and has the ability to write and run 
computer programs. The latter is essenl13l for do10g m.:1ny of the exercises. A course 
io line:u systems analysis. particularly in dist.Tete systems with the use of the 
z-transform, would provide a very useful (if not essential) background. Also. a 
cour~e in engineering st<ttistics or pcobability, or the equivalent. provides u helpful 
background. 

In the lirst pan of the text, Chapter I introduces the con~:ept of adaptation as a 
property or characteristic of certain systems in engjneering. Chapter 2 introduces the 

sill 
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xiv Preface 

adaptive Linear combiner, whicb is the simplest and most widely used adaptive 
structure. Chapter 2 also describes a geometric "performance surface'' which is 
useful in the analysis or all adaptive systems. 

Part !L Theory or Adaptation with Stationary Signals. contains an analysis of 
the performance surface and its properties. The analysis begin'> in Ch~ptcr 3. and in 
Chapter 4 adaptation is viewed as the process of searching the performance surface 
for its minimum. Chapter 5 contains a statistit,al ann lysis or gradient estima tion on 
the performance surface and a comparison o r seaN:h methods. 

In Part III. Adaptive Algorithms and Structur.:s. the least mean squares (LMS) 
algorithm is introduced and discussed in Chapter 6. In Chapter 7 basic signal 
pro..:essing concepts that are required for the rest of the book ure introduced. These 
illclude primarily the z-transform relationships linking the time and frequency 
domains. To conc:.ludc Pan Ill, Chapter 8 introduces adaptive algorithms other than 
the LMS algorithm and adaptive structures other than the adaptive linear combiner, 
including the adapt:ivc. lattrce structure. The latter is considered, at the time of thi s 
writing. to be a rapidly devclopmg area, and our introduction to it is therefore less 
comprehensive than we would wish it to be. 

Finally, Part IV covers the major applicatie>n areas or adaptive signal process­
ing. Once the basic-s in Chapters 1- 8 have been teamed. subjects can be chosen 
selectively from Part lV. In Chapters 9 and 10. forward and inverse adaptive 
modeling are introduced and applied to areas sucb as multipath communication, 
geophysical ex.ploration, digital filter design, and telephone channel equalization. 
Adaptive control systems are introduced in Cbapter 11. and Chapter 12 introduces 
adaptive interference ,-anccling, with several examples of application. Chapters 13 
and 14 cover adaptive arrays and beamformers. 

While writing this text. t.he authors have had the benefit of critiques, eom­
mems, and suggestions from many talemed col leaguc.s. We are very gratefu l for the 
reviews and ideas we have received, and thankful for the friendships engendered ~nd 
increased through this work. We especially wish to acknowledge tbe belp of Robert 
D . Fraser, Dennis R. Morgan, Dae H. Youn. Eugene Walach, Richard Gooch, Ruth 
A. David. Sharoo K. Fletcher, Claude S. Lindquist, Dakshce.sb Parikh, D elores M. 
Etter. 8dward S. Angel , Lloyd J. Griffiths, Nasir Ahmed, John R. Treichler. C. 
Richard Jobnsor., Jr .. Michad G , Larimore. Glenn R. EI.Hott, John M. McCool. John 
M. Ciofli, and 1 . C. Hsia_ The book would not be .in i~s present form without the 
contributions or these special friends. 

We also wish to thank all of the students who took the adaptive signal 
processtng courses menliont!d above. In effect, they haw edited and corrected tbe 
text far beyond our ability to do so. We thank all of these students for t.heir palience, 
interest, and cntbusiasm. 

The only ones with more patience and persevemnce tha:n our students have 
been the talented ladic~ wbo have typed and retyped this text, Debra Shepperd at 
Sandia a nd Micka Parke.r at. Stanford, We also acknowledge their help with 
gratitude. 

Bernard w ·idrow 
Samuel D. S teams 
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part I 

GENERAL INTRODUCTION 

(Chapters 1 and 2) 

OBJECTIVES OF PART I 

In the first two chapters of this book we have three maJor objectives. The first 
is to introduce the baslc meaning of " adaptation" (or ''adaption") ln the 
engineering sense, and to set adaptive signal processing Into the general 
signal processing context. 

The second oblective Is to describe the adaptive linear combiner, which 
Is the slmplest and most Widely appffcable adaptive processor It is the basic 
adaptive device that will be used exclusively through Chapter 6. as well as in 
much ot the rest of the text 

The third objective Is to persuade the reader to lhil')k of the overall 
process of adaptation In geometrical terms. We wish to think of adaptation as 
a procedure for moving generally downhill on a " performance surface" like 
the one shown on page 2, which is the L-dimensional surface in (L + 
1)-dimensional space formed by plotting the mean-square error versus the 
adaptive parameters. These geometrical concepts and terms are described in 
Chapter 2. 
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Performftuto rurface 

2 

chapter 1 

Adaptive Systems 

DEFINITION AND CHARACTERISTICS 

ad apr. v.L,l. 10 mnlcc $ul1~blc to requirements or condiuon~: o.dJUSI or modi(y 1\tttn&lv; 
• .• vi.. 2. 10 adju~t ont'Stlr to different conditiolll>, eovironmt:niS. etc. (Random Jlouse 
D ICt iOntJT)I, 1971) 

In reCent yeMs, u growmg field o f reseiUch io "o.dapttvc &ystcms" bas re<.'Uited 
tn a variety of adaptive automatoru. whose characteri~ltC) tn limited ways resemble 
certain characteristics of living ~ystems and biological adaptive processes. According 
to the Random House Dicrtonary, some of the meaoing.s of "adaptauon" are: 

1. 1he act or odapung. 2. the ~tnte of being adnplcd; udjus trnenl. 3. BitJI. a. any 
altera1ioo i1l tJ1e structure or fuocrinn of an or_ganism or noy ()( itS parts that r'esults 
(rom naiural selection and t>y which the organism becomes l:>cltor Rated 111 ~u('Vive and 
multiply ill its environmcnL b. a form or structure modified to fat changed environ• 
meoL 5. Physlol. the decrease in response of J.Cn~oory receptor organs, ~ those of 
vision, touch, temperniUJC, ol faction, aWitioo, and p.Un, lo chllnged. constantly ap· 
plied, enVironmental conditiOn$. 6. Ophthalm. the 1'\:&ulattn& by the pupil of the 
quanti ty or li&ht mtering the eve. 7. Soci.H. a slo~~o , ut.uallv unc~'icious m<Xhficalion o( 

individual and \OCial .1cti"iry in adJustmmt to cultural ~urround•n!IS 

It will be noted th3J the definition above is expre.~c;ed primarily in terms of 
biological adaptation to environrnenL The same definttions s~:rve at least to some 
extent for "artificial" or human-made adaptive systems, which are the central 
concern of this book. 

An adaptive automaton is a syst.:m whose structure is alterable or adjustable in 
such a way that its behavior or performance (according to some desired criterion) 
improves through M ntact with its environment. A simple example of an automaton 
or au tomatic adaptive system is tha: automatic gain contro l (AGC) used in radio and 
television receivers. The function of this zucuit i> to adjust the sensitivity of the 

3 
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4 General Introduction Part I 

receiver inve!'M'ly a~ the d\erage incoming signal stn:ngth. The receiver is thus 3blc 
to adapl 10 a wide range of input le\el!'. and to produce a much n.1rrowec range of 
output inttm~ities. 

The purpose of thts book is lo present certain basic pnnciple.~ of adaptation; lo 
explain th~: design. operating characteristics. tl nd appli~1Hions of the ~impler forms of 
adaptive systems: and lt.> describe means for their physical realization. The types of 
system!> di~~d include those designed primarily for the purJl(oSCl> of adapllvc 
control and udo~ptive signal processing. Such system~ usually ha,·e some or all of the 
following .:haracteristi.:~· 

1. They can automatically adapt (~elf-optimize) in the fac.e of changing (nonsta· 
uonary) Cll' ironment!i and changif11, system r.:quirc:ments. 

2. Thq can be t ratned to perform spectfic filtcnng and dtc1sion-maldng ta.~ks. 
Synth~sis of systems h~ving these cupabi litie~ t<ln be accompli!'.hed automati­
cally through lratning. In a sense. adaptive systi:lrnS can be " progr;unrned'' by 
a tratning process. 

3. Be<:Qu.se of the above. adaptive syMems do not require the elaborate synthc:sis 
procedwes u~ually needed for nonadaptive ~ysttm~. Instead, they tend to be 
"self·designing." 

4. They can exlrapolate J mode) o f hehavror to dc:al with new situations aflc.:r 
louvinr. bo<:n trained on a finite tmd often small number of tnaining signals or 
pauc:ms 

5. T o a limited ext~nt, they can repatr themselveS: that is. they can adapt around 
certain kinds or internal dt:rwt~. 

6. They can usually bo: described as nonl inear syRtems with tim~:-varyi.ngparnmc· 
ters. 

7. Usually, they aJC more eomple.>. nnd difficult to analyu thun nonadaptive 
system~. but they otTer lhe possibility of substantially incrl"ased system perfor­
mance when input signal cbaracLcristic~ are unknown or time varying. 

AREAS OF APPLICATION 

Recen t progt."es~ in !1Ucrocircuit design and production hu> resulted in very compact. 
economicnJ, und reliable signal processors that rival biological nervous systems in 
size and aJe clearly superior to biological systems in speed. The rt.:5ult has been a 
very iast-gro"ing field ()( applications for all types of digital si&nal processing. 
including adaptive proce~ing. Current applications for adapuve sy~tem1o are in ~uch 
fields as communications, radar, sonar. setsmology, mechanical design. navigation 
~'Ystems, &nu biomedical electronirs. 

Pare IV of this book concerns certain classes of 01pplications, and the chapter 
h12dings pro'·•de a rou!h picture of the application areas. Chaptu 9 covers adaptive 
modehng 11nd system idenuticauon. tn wluch an adaptive. sy~tcm modeb an un-

Chap. 1 Adaphve Systems 5 

known ~ystem or "plant." which may be slowly varymg with ttme. l·or a given input 
s•gnal. the adaptive system tries to match the planL out.puL Adapu"e modelong is 
used In ~lc~:tricaJ and mechanical dtl$i&n and tesung. 

Chapter 10 os on inverse modehfll!-- deconvoluuon, and cquahzntion. All pf 
the~e terms, a~ well as the term "inverse filtering,'' refer to rhe process of removtng 
the elfect of some deVJce o r medium on a signal. For example, we may wi~h: to make 
an audio \y~tem respond lvtth equnlgJm to all speech frequenctes, or to remove the 
eiTects of a transmi.,..s.on line on a radar puhe. 

Chupter ll is on adapthe control system,, that 1S. comrol systems who~e 
charactcd~t tCS change "'lth time and adilpt w the cn~1ronm.:nt ·\n I.!Mmple ,~ fht: 
Hight control system whose gain anu n:~pon$.: lrmto.~ change: wtth alr dcn~tty. 
Adaptive notse cancd•ng. discussed to Chapter 12. hus be.."' applt.:d to dfeas such a> 
speech communicatio~. c:lecuocardiograpby. and s.:llimic signal processing. Adap­
tive noise canceling IS tn fact applic:~bt.: to a wide van.:t~ of SJgnal-enhaocement 
situations. hccause noise chara.cteri~Hcs are not orten stationary m real-world 
situations. Chapters U and 14, on adaptive arrays, d~:Scribe an areu wher.: adaptive 
SJgna] proct:S~ing concc:pts have proved to be especoally useful. 

GENERAL PROPERTIES 

The ~o::nuaJ aml priuc1pal propcmy .,( the audptivt' syM.:m i~ i~ t.irru:.-varying. 
self-adj\1.\ting performance. The nt:ed for such performance may r.:ndtly be ~een by 
realizmg lhat if a designer develops a sy~tem of jiud detign which he or ~he 
considers Optimal, the implic"-tions are that the designer has fore~ecn all pos~thle 
input conditions, at least statistically, and knows whal be <;>r she would like the 
system LO do under each of these conditions. Tht: de.•<igner has lhen chosen a spectlic 
criterion "'hereby performMce is to be Judged, such a~ the amount of error betv.cc:n 
the output o f the actual ystem 31ld thut or some !.elected model or •·idc!al'" system. 
finally, ihe designer has chosen the system that oppears hest according to the 
performance criterion selected, generally choosing thi~ system from M a prion 
restricted class of d<!$igns (such as linear system.~). 

In many insl31lce~. bo,\·ever, the complete range or input condiuons may not 
be known exnctly, or l!ven Matistically; or the coodiLi11oS may change (rom timt: to 
time. In such circum~tnnc~s. an ndapthe system that contmually seeks the optimum 
within llll allowed class of pussibililie~. usiug an Clrdc:rly ~earch process, would giv~ 
superior perfotmnnce compared with a system of lhed design. 

By their very nature, adapthc: systl!ms must be ume Vaf)tng .1od nonline:~r 
Their charactc:ristics depend, &mong ott.er things. on their mput signals 1£ an input 
signaJ r 1 is apptied,an lldaptive system IJ.tll adapt to it ond produce: on output- let 
us tall it y1• lf anothet· input signal, r 2, is applied. the system wiU adapt to this 
second signnl and will again product an output- let us call it, this time. t·l· 
Generally, the form or the structure or the ;,dJustm.:nts of the udapth.: system \\ill 
be diOerent ror the two dt.ffcrent inpuU U the sum of tbe IIJ.O inputs IS appiJed tO 
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Figure Lt Tbdo" or nu !put. ,., . ,. cqu•l 
to v1 + .12 if If "\ a hn~liO} stem tr If 
is adaplivt. o1 "R•ncrall)' dilfcl't'nt from 
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the adaptive system, the latter will ttdapt to this new input- but it will produce an 
output that wil l generally ool be the snme as y1 + y~, the sum of th.e outputs that 
would have corresponded to inputs x 1 and xJ. !n suc.h a case, us illusmned in 
Fi&ure 1.1, the principle of superposition does not work as 11 docs with linear 
systems. Ir a 1;ignal i~ applied to the input or an adaptive system to test its r~pon!iC 
characteristics, the syMcrn adapts to this specific input and thereby changes its own 
form Thus t.he adaptive :.ysu:m is inherently difficult to characterize in conventional 
term~. 

Withm the r~lm o[ nonlinear systems. adaptive systems cannot be dis­
tinguished as belonging to an ab~olutely dear subse1. However. they have two 
features th3t gcneraiJy distinguish them from other forms of nonlinear systems 
Fint, adapll~ S)'Stem~ are adjustable, and their adjusrmeou usually depend on 
fini te-time average ~.1gnal t hanlCteristics rather than on instantaneous values or 
signals or instantancou.~ values or the mteroal system states. Second. the adjust­
ments of adaptjve systems are changed purposeiuUy in order to optimize specified 
performance measures. 

CerttUn fol11l.> of adapuve systems become linear system.~ when their adjust­
ments are held constant after adaptation. These ma)' be called "linear adnptwc 
systems." They :ue very useful: they tend to be mathematically tractable: and they 
are geocmUy e-asier to design t.han other fomlS or adaptive systems 

OPEN· AND CLOSEI>-LOOP ADAPTATION 

Several ways to classify adaptive schemes have been proposed in the literature. It i~ 
most convenic:nt here to begi n by thinking in terms of open.fMp and clti.ti!d-loop 
adaptation. ilhc open-loop adaptive process involves making measurements or input 
or environrhont;d chara~:tcristics, applying this information to a formula or to a 
computationa.l a lgorithm, :J.nd using the result~ 1o se t the adjustments of tho adaptive 
system. Closed-loop adaptation, on the other hand, involves auiortllltic cxperimcn· 

Chap. 1 Adap!Ne SyS1ems 7 

tation with these adjustment.) and knowledge of their outcome in order to optim1ze a 
meas~red system performance. The Iauer procesl> may be called adaptation by 
·• performance feedback." 

The prinCiples of open- and closed-loop adap tauon arc illustrated in Figures 
1.2 and l.3. In both casc:l> it is helpful to envisage the adap twe prcx:ess as it might be 
performed manually by a human operator or ··supc:rvisor." In Figures 1.2(a) and 
1.3(al the supervisor is shown adj~ting lhoe controls of the processor by re-11ding a 
display t.hat registers measurementS of the preselec.u:d performance criterion. In the 
open··loop ~)'stem this criterion rs a characteristic of the tnput signal and perhaps 
other data, and tn the closlld-loop system 11 is uJso a function of the output signal. 
The .adjustments in Figure 1.3 are rnude eveo though the operator may have no 
knowledge l)f what is inside the processor or of the functions performed by tbe 
controls. The operator does not pmcess the input StQ.nal ; he or she only controls 
the adjustments of the processor to keep its performance optimi.zed according to lhe 
preselected criterion. n10s the operator's funcLton rs purely supervisory, and in real 
aulO!natic adaptive system~ I he opt~ra tor is replaced by coo1putational or" adaptive" 
algori thms, as suggested hy Figures 1.2(b) and 1.3(bl. The "other data" in tht.<se 
ilgurc:s may be data about the ilnvi ronment of the adaptive system, or in the 
closed-loop case, it may be a de.~ircd version or the output signaL 

It) 

(b) 



- 14 -

8 Generatlntroductton Part 1 

I at 

I b) 

When designmg an adaptive process, many rnctors determine the ch01ct of 
closed-loop vr""us open-loop adaptauon. The avrulabihty of 10put signals and 
perfurmnnce-indictlting signals ·~ a major consideral.ion. Also. the amount of com· 
puung capuC'l ty and lhe type of computer required to jmplement the open-loop and 
cloSCd·IOOp :JdaptUiiliD algOnlhmS wllt generally dilfer. Urtain nlgorithrnb require 
the ulit' of a gc:nerul-purpose digital computer. wllereas other algorithms could be 
implemented far more.' economically witll speciaJ-purpose chips or o ther apparatus. 
Some of theM ~tructural cons1derauons arc discussed m latt~r chap t t~rs. lt is difllcult 
to develop g~neral principles to guide aU choices, but several advanwges and ll few 
dhadvantages or dosed-loop adapl:ltion. which is the main ~ubjoct of thts book. can 
be pointed out here. 

Closed-loop adaptation has the advantage of being workable in many applkn· 
twn~ where 110 analytic synthesis procedure either exists or is known; for ~xampl e. 
"here error criteria otht~r thtln mean-square are used. where systems are nonlinear or 
t1rnt variable, where signals are nonstationary, and ~~ on. Closed-loop aduprntion 

Adaptive systems 9 

can also be usc:d eJTcctivcly m situations 11here physical :.y$tem component values are 
,-.~mtble or inaccurately known. Closed-loop adaptation will find the best choice or 
componem values. ln the event of partial system fadure. an adaplation mechanism 
that continually monitnrs performance "ill opttm•z~ this perfnrmance by adJusling 
and reoplimiling the intact parts. As a r~ult. syMem reliabili ty can often be 
•mprowd by I he use or pcrfnrmance Jeedt>ack_ 

The clo.ed-loop adapwtion procc.« is not ah' ay~ frte or difficulties. however. 
lo cenaio shuation~. per(ormance functicms do not have uniqu~ optima. Automatic 
optimization is .ln uncenain pmces.s in such situation~. ln other situations. the 
closed-loop adaptation process, liken closed-loop control sys tem. could be unstable. 
The adaptation process could diverge r-Jther than com·erge. In spite of rhesl! 
possibilities, performance feedback is a powerful, widely applit:ab le le<:hnique for 
implementing adap1111ion. Most of the adAptive pmcesses described in thjs book will 
t>e dosed-loop processes utilizing performance feedback. 

APPLICATIONS OF CLOSED-LOOP ADAPTATION 

Let us now consider briclly :.ome applications of the clnscd-loop. performance 
feedback concept. These will anticipate the applications chapters in Part IV. begin­
ning "ith Chapter 9. 

We begin by representing the performanc-e feedback process [Figure 1.3(b)] 
more specifically in J:jgure 14. We call the tnput signal t and deJ1oe a - desir.:d 
response" ~gnal d, \\'hlcb i)o assumed tO repr~nl the d.:.slred outpul of the adapuve 
system. Tbe otignal dis. for our purpose here. lhe "other da10" in Figure J .3(b). 

Tlte enw Stgnal1 t. is the dilference bl!t\\l'Cn the d(!,(ired output signaJ and the 
actual output ~tgnal. y. or the adaptive svstem. U~mg the error ~ignal. an adapti\1! 
algorithm adjusts the structure or the adapthe sy~lem. thus altering its response 
charactenstics by mirumt7jng some measure of the error, thereby closing the perform­
ance loop. 

Different structures are possible for the adapliVI! ~ystem. and these are d~· 
cussed later. beginning in Chapter 2. Adaptive algori thms for adJUSting thew 
s1ructures are also discussed later, beginmns 111 Chapter 4. Here we "''ish only to 
show in a. general w:.~y how the sch.:me in Figure ).4 1s applied in practical situations. 

d (dUI/I!d OU'PUl) 

"!lnl'>vtl r tmor) 

fi~:ure I .4 Sig.nal' in tl<!~rd-torp 
~d•p1a~lln 
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Figure 15 E.xa.mplt'S .show1o! how th(! 
conliguralllln in l'igpce I A rnay be 
appl ied: la) prcdicti<'n: lbl >1'>1<01 
idcntifieu;ion fnhldctiug); (c) ~qunli>lli()O 

(d~1m•plu1lon. fnver;c. fillrring. invcr>C 
mN!t liog): {d) interrcrcn<c '"ncelong. 

Chap. 1 AClaptwe Systems 11 

Some examples of applicatlorJS are gjven in figure 1.5. Not ice that Figure 1.4. 
which illustrates the basic cl6sed-loop adaptive proeess. is simplified slightly and 
embedded i:n each pan of this 6gure, avd Lhat the application determines how Lhe 
desired signal, 4. is obtainecL 

The prediction application in Figure. U(a) is perhaps the simplest of the four. 
The desired ~ignal is the input signal. s, and a delayed version of tne Iauer is sent to 
the adaptive processor, which must therefore try to "predict" the current input 
signal in o rder 10 have y cancel d and drive e toward zero. Prediction is used i.n 
s ig_nal encoding and noise reducr.ion, and is discussed in Chapters 8, 9. and 12. 

The system identification application in F(gure U(b) is also easy to under­
stand. Here a broadband signal. s, is the input to the adaptive processor as well as 
to an unknown "'plant'' (a terrn originating in the cootrolliterarure), To reduce e, 
the adaptive processor tries to emulate the plant's transfer characteristic. After 
adaptation the plant is ''identified" ln !he sense that its transrer function can be 
specified as essentially the same as that of the adaptive processor. Adaptive system 
identiftcation o r modeling can be used as such, to model a slowly varying plant 
whos.e input and output signals are available. for example, i.n vibration studies of 
mechanical systems. It can also be used in many other ways. some of which are 
described in Chapters 9 and 11. 

The in.verse modeling application [Figure l.S(c)] is discussed primarily in 
Chapter 10, and its uses in control are discussed in Chapter J l. ln this application 
the adaptive processor attempts to recover a delayed version of the signal. s. which 
is assumed to have been altered by the slowly varying plant and to contain additive 
noise. The delay in the figure is tO aUow for the delay, or propa_gation time. through 
the plant avd the adaptive processor. Adaptive equalization could be used to undo 
(deconvo'lve) the effects of a transducer, a communictllion channel, or some other 
system, or to produce an inverse model of an unknown plant. [t is also applicable in 
the design of digital filters, as well as in adaptive control problems, and so on. 

F inaOy. Figure 1.5(d) shows tbe adaptive processor in an interference-canceling 
configuratlon. Here the signaL s, is corf\!pted by additive noise. 11. and a distorted 
but correlated version of the. noise.. n'. Js also available.. The goal of the adaptive 
p rocessor in this c~e is Lo produce an output, Jl, that c losely resembles n , so that the 
overall ou tput. e, will closely resemble .<. We will show. under cen~in very broad 
conditions, that the optimal adaptive processor is that which minimizes the mean­
square value of e. The subject of adaptive interference canceling is discussed in 
Chapters 12 through 14. 

EXAMPLE OF AN ADAPTIVE SYSTEM 

By now we have seen that adaptive signal processing is re!llly a very gene.ral and 
basic term which implies the use of ~me-varying, self-adjusting signal processors. 
We think of the performance of these systems as being purposeful , useful, and 
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sometimes even" intelligent' ' in a limited sense. Berore concluding this Introductory 
chapter we introduce jus I one specilic example of such a system. to provide s more 
concrde illustration of adaptation in geneJ'aJ and closed-loop adaptation in particu­
lar, We will use the "prediction" npplicalion in Figure l.S(a), keeping in mind Lh!lt 
in doing so we have a very restricted and specific ex31nple of a wery broad and 
general claSl> or systems. 

.: 

figure 1.6 baruple <>fun ~dnplive >y~t~n: on ad:~pu\'c prcdlctor_ 
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Figure 1.7 Sign~!, i~ th< Qdnp!lvc predictor in figure l .6 lht error (•) become> 
nturl> -.,.,,, i l> the >Y>tcm learns to prcdtcl the input ( ') ond Uoc output ( 1 1 
oppr,~;1c.:hc:> t . 
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The adaptive predictor diagram in F1gure I.S(a) is redrawn in Figure 1.6, WJ lh 
examples or several conventions of no tation that are used throughout this tcxL The 
symbols x~ . y~, and e~ r.:presenl the kthelcrnents 1n the time series represented by 
\', y. and t . U:,ually , the time series may be assumed to be obtained by sampling 
continuous signals. Thus x~ = x(kT), and so on, 1vhcre T is the time step or 
interval betwe-en samples. The symbol ! - ''stands for a fix:ttd delay of M time steps. 
so that in Figure 1.6 th!!" output of the :. "'block is labeled x~ .If· The symbol H~ 
represents the transfer characteristic of the adaptiv;:; processor or "adaptive Hlter." 
We leave a detailed description of H~ to subsequent chapters, except to note here 
that the subscript k indicates that the transfer characteristic possibly ~'hanges at 
each sample poinL 

Thus in Figure 1.6 we see that 1be input s~gnal. x A .is delayed and then filtered 
to prod'Uce Yk · and that y~ is subtracted rrom xk to obtain the e rror. ~k· The 
transfer fllnction, H,. is adjllsted to keep the average squared value of this error as 
J;mall as possible. In this way, the processor alw3ys uses past values of x to predicl 
the present value of x while using f. to adjust H. and is thu~ involved in a 
performance-feedbad prorc.~s. 

An example of adaptive predictor performance is shown in Figure 1.7. The 
waveforms are c.Qnstrurtcd from digi tal data (here as well as in example~ ahead) by 
d rawing straighllines between the sample points. The input, x. is a frequency-limited 
random signal. and M ~ 1 in this case. >Jote lhul Y1< becom~ a better prediction o f 
.~". ;tnd that the magnitude of £• decreases. ask increases and !he adaptive system 
learns progressively to predict .>:1 , More delailed examples of adaptive predict.io.o 
are covered in ~ubscquent chnpters. 

THE CHAPTERS AHEAD 

In Chapters 2 th rough 8 we pr.:~ent some ha~ic discussion and mathematical 
Jesc,riptioo of the ud:~pt1ve process. The perfonnsoce of adaptive systems can he 
analyzed eith.:r ln the time domain or 1n the freqllency domain; in general. the 
frequency-domain analysis tends tO be more elegant and difticulL There fore. in 
Chapters 2 througll 6 we stay in lhe time dunlain and avoid using. transforms. 
transfer fuoetioos. and so on. a~ much as po>sible. In Chapter 2 we imroduce the 
adaptive linear combiner, whtch is the basic nonn:cursive form of the adaptive filter. 
l'bcn in Chapters 3 through 5 we i.nlroducc the geometry of the .. p..:rfonnance 
surface" and consider various methods or adaptively seeking the minimum p<'int on 
tltis surface. 

In Chapter 6 we inlroduce the well-known least-mean-square (LMS) algonthm. 
which is tbe simple$t. most important. and most widely used algorithm for adjust ing 
the weights In a linear adap ttve system. After reviewing Chapter 2. the more 
advanced reader or the reader wishing simply to :tpply the LMS algorithm without 
covering al l of the theory m:Jy wi~h to sldp lO Chapter 6 and beyond, without 
covering all of the material in Chapters 3 tbrougb 5. 
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Some areas of adaptive signal processing. including recursive ndnptive filters. 
cannot be analyzed cooveruently without refecence to the frequency domain, so 
Chapter 7 is concerned mainly with developing foundations for this type of analysis. 
Then in Chapter 8 we introduce other types of algorithms that require frequen<..'Y· 
domain analysis. In Chapter 8 we also introduce tbe adaptive lauice . a structure 
different frorn the adaptive linear cDmbiner of Chapter 2. Finally, Chapters 9 
through 14 deal with some of the important appticalions of adaptive signal processing, 
us described above. The Adaptive 

Linear Combiner 

GENERAL DESCRIPTION 

chapter 2 

The adaptive linC".:Lr combiner, or nonrecursivc adaptive filter. is rundamental to 
adaptive signal processiTig. lt appears, ln one fom1 or another. In most adaptive 
filters and systeQlS, and it is the single most important element in" learning" systems 
and adaptive p.roces~es in general. Thus a primary purpose of thi~ book is to 
develop a thorough exposition of the properties, behavior, means of adaptation. rate 
of adaptation, and useful appl ications of the adaptive linear combiner. 

Because of irs non recursive stru.cture. the adaptive linear combiner is relatively 
easy to understand and annlyze. In es:;ence il is a time-varying, non recursive digital 
filter. and as such its performance is quite simple. lis behavior and the means of 
adapting i l, as we ll as its implementation in dilferent forms. are well understood. 
Furthermore, we know of specilic applicat ions where iL~ performance is "best" in 
some sen~e. 

A diagram of the geneml form of the adaptive linear combiner is shown in 
Figure 2.1. l·h~e is an input signal vector with elements x0 • x 1 .... , xL• a corr~ 
spending set of adjustable weights, w0, wt •... , w1_, a summing unit, and a single 
output signal, y. A procedure for adjusting or adapting the weights is called a 
" weight adjustment," ·•~rain adjustment," or '·adaptation" procedure. The combiner 
is called " linear" because for 11. f1xe.d selling of the weights its outpul is a linear 
combination of the input components. However, when the weights are in the process 
of being adjusted, they, too, are a function of tbe input components, and -the output 
af the combiner is no longer ~ linear function of the input That is, its operation 
becomes nonlinear in accordance with the general principle set forth in Chapler1. 

15 
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Part I 

INPUT SIGNAL. AND WEIGHT VECTORS 

There are two important ways tu interpret physically the elements of the input vecto r 
in Figure 2.1 . First. they may be considered to be stmultaneous input~ from L + 1 
different signal source:t. An cxampl~ of this interpretation would be an adaptive 
antemu1 or an ad:lptive acou~tic detection system, in wh1ch each input line is 
connected to a separate scmor. 

Alternative!). th.: t:lemenb .\ 11 - :x L may be considered co be L "'- l .1equemial 
samples from the same signal source. One example of tbis 1nterprett11ion is the 
adap11ve processor dCS<'Jibed 1n Chapter 1 and illustrated in Figure 1.6. 

We refer to these two interpretations as tbe rtwluple-urput and ,\lllgle·mput 
cases, and it is convenient to label, the i11put vector differently for the two cases, as 
follows: 

Multiplefllpr.m: XA- [xok x,, 

Singleinput: x~ - lx,. x, I 

( 2.1) 

(2.1) 

In tllis not:Jtion T stands ror tron\po e. so X ~ is actually a column vector in b01h 
cas~. The wbscript k rs u$td as a time index. Thus in th.e multrple·tnput case. all 
of the elements are taken at the 1.. th samphog time, whereas 10 the SUlgle-input case. 
the elements are ~equential ~amp!~ taken at point~ k. k - 1. • . going bad. in time 
through the sequence of data ~amples. 

In the single-input case. the adaptive processor can be implemented with an. 
adaptive linear combrner and unn delay elements. as shown in Figure 2.2. The 
structure in Fioure 2.2 is called lln adaptive transversal Biter. Note tbut a second 
subscript, k, h;s been ndded to the weights, to make them Cll.p!icitly time varying. 
The adaptive transversal filter i~ the temporal (as opposed to spatial) form of the 
nonrecur~ive adaptive filter. It has a wide range of appUcations in the fields of 
adaptive mtxleling and adaphve signal processing. Most or the adaptive systems 
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Fo~lll1! 2.1 IW~p,.·• lo""or l'l>rnbln<r in th~ £<nrn ,,r •Jngl•·•nl'lll Jdal'l"e lr.uu"""'· 
,;11 hltr• 
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described in later chapters of this book are based o n the use of an adaptive 
1 ransversal filter. 

In some multiple-input systems, we need a bta.r ll'etshr that simply adds a 
variable bias into the ~urn. y4 , We obtain tltis convenit~ntly where it is needed by 
seuing the first input ekmcnt, x 0A in Figure 2.1 and (2.1}. permanently equal to one 
(or some other constant \'llluo.:) as illustrated in Figure 2.3. The btas weight is not 
normnUy requued tn sin&Je·rnpulsy<>tems. 

From the tnpul signal notation in (2.\) and (2.2). we obtain the inpul-oulput 
relationships for Fip.urc!.ll 21 and 2.3 as follows: 

I. 

Smglc input: I'~ = L ,.ti·Y 1o 1 
I U 

£. 

Muhip/1' mprw: Y< = L w,,_.>." 
t•ll 

(2.3) 

(2.4) 

When .x0k is set identically equal to 1 i.n (2.4) as just cle~cnbed. ''il4 becomes a bias 
welghl. 

Corresponding wilh (2.1) and (2.2), we have a werght vector, 

(2.5) 

With this defiruuon "'e can express (2.3) and (2.4) in a ~ingl~ relation$hip us111g 
vector notalion:1 

(2,6) 

With thjs description or the opemtion or the l\dapcive linear combiner, we ran 

'We a .. ~umo lh.ol lh« rcod~r undtr•l:lnd.• •<:<:k'f and 0\lllrlt l'tlultoploc~tiun 1\ny clcmonGirt tellt on 
marn" alscbrn ,boultJ Mrve"" J I'C'""' 
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proceed to a discussiOn of how it adapts, that is. of the elTect or chQngi-ng the vector 
WA as the time index, k. changes. 

DESIRED RESPONSE AND ERROR 

The adaptive linear combin~r c.an be used in both open· and closed·l011p adaptive 
systems. As djscussed in connection with Figure 1.2. the adjustment of the weight 
vcclor in open-loop systems does not depend explicitly on properties or the output. 
but only on the input and on properties of the environment. 

With closed-loop sys tems, however, as in Figure 1.3. the weight vector depends 
on the output signal as well as other data. Generally. [or tbe adap~e linear 
combiner the other data include a "desired response·· or ·•trammg signal.'' Our 
discussions in this book "ill be involved primarily with closed·I•)Op, performance­
feedback systems, so we need a thorough understanding or these signal:.. 

In the adaptation prtx'CSS witb performance feedback. the we~ght vector of the 
linear combiner is adjusted to cause the otuput, h• to agree as closely ~~~ possible 
with the desired res(X'nse signal. This is ac-complished by comp:uing the output with 
the desired response tCl ontain an "error" signal and then. adjusting l'i nptimiz.ing the 
weight vector to minimiz.e thi~ signal. ln most practical instanc~.:s the adaptive 
process is oriented toward minimi2.ing the mean-square value. or awragc power of 
the error signal Optimization by this criterion, in bolb ad3plive and nonadaptive 
system~ ha~ been widely prnctic~ in the past o.nd has many advantages p. 8-16). 
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The method or denvin.g the c.rror signal by means Qf the desired response input 
is showtJ in the multiple·inpul diagram of Figure 2.4. The output signal, Yk• is 
simply subtracted from the desired signal, d •. to produce the error s tgn:li. c4• 

The !>Ource of the desired response signal. d l• depends on the :ipplication or 
the adaptive rombtner. For the present we wul !!Sl>ume the avatlabtlicy of such a 
signal Jo later chapters "e ruscuss itS deri,•ation in more deU!il. We note, ho"ever. 
that COilSldcmble mgenully tS often required to find a ~uitablc signal, since if the 
actual desired response were available ooc wnuld generally not need the adapti,•e 
system. 

We now prC'CC«t to a di~cussion of the performanc~ function, which is a 
runction pf the crrur signal just described. 

THE PERFORMANCE FUNCTION 

As in Figure 2.4. the trror signal with time inde:-.. k is 

e4 = d~- h 

Subsutuung (2.6) mto thl) expression yields 

c, - tl,- Xl W = dl- w Tx 4 

(:! 7) 

(2.8) 

Here we have dropped the subscript k ftom the weight vector W for convenience, 
because in this ruscussion we do not wlsh to adjust the weights. We now square (2.8) 
to obt.ain the instamancous squared error. 

(2.9) 

We assume that 1! •• 114• and x. are statistically ~UllloMry and take the expected 
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valuet of (2.9) over k: 

E{Ef] = E[df] + wTEix .... xrJw - 2E[dkxrJw {2.10) 

Note that the expected value of any sum is the sum of expected values, but thai the 
e.~pected value of a product is the product of <!xpected values when the Vflriables are 
s tatistically mdependenl. Th<! signals ::1~ and d, are not tenerally inde-pendent. 

The mean-square-error function can be m1ore coo.venieotly expressed as fol· 
lows. Let R be defined as the square matrix 

r ·~· Xo,;X!A Xo.tX2A ,,.,." l 
R = E[x. xf] = E xll.tl'k 

xf,. r!Ax~A x!~:xu 
(2.1 1) 

Xt.kXO! _( L~·\'1 4 .-.:,l~ xlk xtA 

This matrix i~ designated the "input correl:uion matrix.'' The main diagonal terms 
are the mean squares of the input componentS, and the cross terms are Lhe cross 
correlations among ~be input components. Let P' be si_miJarly defined as Lhe column 
vector 

(2.l2) 

This vector is the set of cross conelatioo.s between the desirt~d response and the 
input components. The element> of both R and P a.re all cons tant set·ond-order 
statistics when Xk and dl< are ~t11tionary. Note that tbe multiple-input form of X* 
was used i.n (2.11) and (2.12), but the single-input form could just as easily have been 
used. 

We now let the mean-square error in (2.10) be designateu by~ and ree1tpress i t 
in terms of (2.1 1 1 and (2.12) as 

MSE £ { = E[eZJ = E(di] + w rRW - 2P1 W (2.0) 

lt is clear from this expression that the mean-square error t is precisely a quadratic 
function of the components of the weigbt vector W when tbe input components and 
desired re~ponse input are stationary stochastic variables. That is, when (2. !3) is 
t~xpanded, the elements of W will appear In first and second degree only. 

A portion of a tYpical two-dimensional mean-square-error func::tion is il­
lustrate-d in Figure 2.5. The vertica l axis rcpres(rnts the mcan-~quare error and the 
horizontal axes the values of the !W(} weighL~. The bowl-shaped quadratic error 
function, o r performaHce surface. formed in this: manner is a paraboloid (a hyper­
paraboloid if there are more than twu weigbts). h must be concave upward: 
Otherwise, Lhcre would be weight setting~ that wo•uld re~ult in a negative m~n-.square 
error. an impossible- result with real. physical signals. Contours of constant mean-

'For disru~~tou~ of stntlsticui l'OllCCplo: bUt'h as ~aa.uonarhy, C!Xpo-.:aro valu~. ttnd ~~)on. "-'c rdcr' to 
thi!'tt'~"' on $i~n~l proc~ng ~nJ time-~crjos :moJv<~< [5,1tl 
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flgu,.., 2.S PQrUon l'>f" '"o-J'm<nmonsl 
qundr'41><' pcrfonnan•~ »>rfa«. TI1e 
m~arr·sqtlarc error •>l>l()neJ venicully. 
\\11 ~tl&CS [rt,n\ - 1 to'~~ 1-\i r»ngc~ (rom 
- 4 to 0. and I he op\lnlUffi \\1.'\gh\ vector 
is w· - (0.6~. -~10). Tit<- minimum 
MSE. b 0 0 in thi~ •:.ample. 

square error a re ellipti(.,-aL as c.an be seen by serting ~ constant in t2.13). The point 
at the "bottom of the howl'' is projectecl onto the weight-vecLOr plane as W *, the 
optimal weight vector or point of mi11imum mean-square error. With a quadratic 
performance funolinn there is only a siogl·e global optimum; no local minima exist. 

GRADIENT AND MINIMUM MEAN·SOUARE E:RROR 

Many useful udaptive processes that caus1~ the wcigh.l vector w s.:ck the minimum of 
Lhe performance surface do so by grad•ient methods. lhc gradient of the mean­
square-error performance ~urface, de.<igmtted 'V(~) or s imply v. can be obtained by 
differentiating (2,13) to obtain the colunlln vecwr 

-v ~ .!!.l = [ a~ a~ J!i ]r 
aw 8w0 aw1 d~t•, 

{2,14) 

= 2RW - 2P p ,15) 

where R and P arc given by (.2.11) and (2.12), respe~;tively_ Tllis .expression is 
obtained by cxpnnding (2.13) and diffcre:ntiating WJth respett 10 each component of 
the weight vector. Din·erentiation of the term w r RW can be treatcQ as differentia­
tion of the product (W ')(RW). 

To obtain the minimum mean-square error the weigbt vector \V is set at its 
optitnaJ value \V ". where the gradient is ~.ero: 

v = 0 = 2RW " - 2P (2. 16) 
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Assuming lhnt R IS nonsingular. the Clpumal weight vector W•, sometime-~ called the 
W1ener weight vector. is found from (2.16) to be 

(2.17) 

Tbjs equation is an ellpression o f the Wiener- Hopf equation 18. 9, 121 in matrix 
form. The mimmum mean-square error 1s now nbtamcd by substituting w• from 
(2.17) for W in (2.13): 

fmu,= Efdfl + W •TRW' -1PTW • 

(2.18) 

We now sunplify this result usang tluee rules that are of general uulity in discu~tnn~ 
of the performance surface: 

l. fdentity rule for any square malr:ix: AA - I= 1 
2. Transpose of a matrix product: lABJT = BTAT 
3. Symmetry of rhe input correlation matrix: Rr ~ R: IR 1]T = R 1 fsee (2.11]]. 

Using lhesc rules, (2.18) tlecornes 

~"".= £(dfJ- P1R- 1P = £[d;j- pTw• (2.19) 

We now introduce an example to help clarify lht: conceprs or quadratiC perforrnnnre 
surf net:, gradient, and roeo.n-squ11re 11rror set forth so far. 

EXAMPLE OF A PERFORMANCE SURFACE 

A simple example of a singk-inpul :~dapu'e lmt:ar combmer with two wetghts is 
shown m Figure 2.6. The input and desired s ignals are sampled sinusoids at the 
same frequency, ~~o•itb N samples rcr cycle. We .assuml! lha t N > 2 so that the input 

.. 
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samples are not all zero. We a re not concerned here with the ongio of these signals, 
nnly with the resuhmg performance surface and its properties 

To obtrun the perfo rmance function lt.e., f in (LU)}. we need lhe expected 
signal products in (2.11) and (2.12). Notc t.hat we must change thc subscnpts of x 
for the smgle-input CliSt!. ss in (2.2). The expected products may be found for any 
prnducl of sinusoidAl functions by averaging over on~ or more per•ods of the 
producr. Thus, 

21711 
= 0.5co.s-;v : , = 0. 1 (2.20) 

{2.21) 

We note fur1her that obv10usly E[.xf a) = E[:cfl. because lhe average tS over k. 
With lhel>e results, the input oorrelatton matri:t R and the corrclatton vector P 

can be obtained from (2.11) and (2.12) for tlus two-dimenstonal stngle-1npu t 
example: 

(2.12) 277 l 0.5cos-;v 

0.5 

p - E[d~xA d,.x~ - tlT - ro -Mn ~ r (2.23) 

As in (2.20) and (2.21) we also obtatn £[dfJ - 2. Using these result s in (2. 13). we 
obtain I he perfo rmance function for this exnmple: 

f = F.(dtJ ~ W TRW - 2P TW 

= J + 0.5( "h ... , , 
2-.r 

COSN 

cos~ j["o] [ . 2w l["'o] -2 0 - ?ot n -;:r 

1 w, "'• 

05( l ' ) 2w . 2w = • ll'o ... wr + IVnWlCOSN + 2w,Mn-,; + 2 (2.24) 

T h is performance surfnce is plotted in Figure 2,S fo r N = 5 samples per cycle. Note 
lho.t it Is quadratic in ~<'11 and w1 and has a btngle global minimum. The &radient 
ve~tor at any poiot "'<>· .._, can be found by substituting (L22) and (2.231 into (2.15) 
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and is 

'\! - 2RW - 2P 

1 cos-;; "o 0 

[ 

2

'"][ l l I = co~ 2 "' I 1>'
1 

- l -sin:; 

"" [ ~~·~ + "'
1
cos ~. 

2
rr l 

" ·1pos/i + "' .._ 2smN 
(2.25) 

The Wtener weight vector for lhis example, W *. may bt found fo rmally from (2.171 
by inverting R. or it may be found by salting v equal H) l.~ro in (2.25). These are. or 
course, equivalent operations, and in either case the resu lt is 

w· [2co1~ -2csa; r (2.26) 

Again. note that N > 2 was specified earlier. so that w1r and wj in this result are 
a lways finite. 

Finally. the minimum meru~-square error for this e11ample is obtained by 
substituting (2.23) and (2.26) mto (2. 19): 

~mu. = t.! dil - pTw• 

- 2- [o -sin~ J[ 2001 ~'"]- 0 (2.27) 
- 2cscN 

This result, which says in effect t1111l the weights in Figure 2.6 Clln be adjusted IO 
reduce c~ to zero for any value of N, may seem surpnsiog al fi.rsl. The unil delay by 
hsclf can change x, from a sine into a cosine function only when N ~ 4, iliat is, 
only when the unil delay is one-fourth of a cycle, Note that in thi~ ca;,e (2.26) gives 
.. ,; = 0 and wt = -2. However, wub two weights in addition to the delay. 1he 
adaptive linear combiner can always shirt x4 so that it beGom~ the proper cosine 
£unction. £or any N greater than 2 (see also Exercise 3). 

ALTERNATIVE EXPRESSION OF THE GRADIENT 

Since 1he mean-square error is o quadratic form in W whi~:h re.oches its minimum 
vttlue when W equals W •. one might expect thai it could be expressed as 

~- ~uun + (W- W ")rR(W - W'" ) (2.28) 

We demonstrate that tht$ expre.ssion 1s valid in the following manner. Noung that tn 

Chap 2 The Adamwe Ltnear Combtner 25 

general (A - 8 )1 is just A1 - BT, we expand (2.28) to obtnin 

~ - ~mln + w • TRW ., + W 'rRW - W TRW• - W" TRW (2.29) 

Each tenn in {2.29) •~ a scalar and thererore equal to its own Lr~tnspose. Thus the 
las t two tem1s are equal. We now combine these und a l$0 substi lute {2.19) for~.,,,, 
and get 

(2.30) 

Next. substitut ing (2.17) fo r W • and recalling <~gain that R is symmetric, we get 

~ = E!dl l - r r R ' P + p T a 1RR 1P + w TRw - 2WTRR 1P 

= EldlJ + W 1 RW - 2W Tp {2.31) 

= £!dfl + W l RW - 1 Pr W 

This result correspond~ with (2.l3) and thus validates (2.28). 
The quadra tic fornt tn (2.28) can be cxprcssoo more t·onveniently when we 

define a weight devwtlon vector. as Follows: 

V - W - W" .,. [llu tl1 

Accordingly, (2,28) becomes 

1',]' (2.32) 

(2.33) 

The quantity V is I he: deVIation o r the weight vector from lhe Wiener Optimal weight 
vector. Any depanure of W from W • would cause an cxctss mean-square error 
according 10 the quadratic form VTRV. 

In order that ( be nonnegative for aU possible V, 11 i~ necessary thai 
V1 RV > 0 ror all V. When V TRV > 0 for all V + 0, the matrix. R is said lo be 
"posili~ definite'' [7]. Whca y T RV = 0 for cerwi.n tintte values of V or for all V. 
the matrix R is said to be ·•positive semidefinite." Jn phys ical siluations. R will 
almost alway~ be positive definite. but a posi tive semidefinite R could occur. Texts 
on mat.rL" theory generally dtscuss conditions of positive dctinitenes.~ and posi tive 
se.midefini tenes.'-. 

The gradtcnt of the mean-square error with rcsptet to V is obuuned by 
dilfereatiaring (2.33): 

B( [ 8E 8! 
av - at'(• at•1 

(2.34) 

This gradient IS !he sam~ as thai &iven by (2.15), bccausil W and V differ only by a 
constant. Thus 

at a~ .., - - = - = 2RV »< 2( RW - P) 
v aw av · (2.35) 

Expression (2.35) will be used in developing and analy1.ing a varle1y l1f adap tive 
algorithms. 
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DECORRELATION OF ERROR AND INPUT COMPONENTS 

A useful and important statis tical condition exists between the error signal and the 
components of the input signal vector when W = W'"· Recall from (2.8) that 

(2.36) 

W e multiply both sides of this equation by X,. Since each term is a scalar, we can 
put X~ on either side or each term. Thus 

eA X~ = dJ. X~- X~ x;w 

Next, we take the expected value of (2.37) and obtain 

t:[s4Xk] = P - RW 

Finally. we let W take its optimum value, W '" = R _,Pin (2.17). and get 

E[t,Xklw. w· = p - p = 0 

(2.37) 

(2.38) 

(2.39) 

This result is the same as the we.ll-knowo result or Wiener filter theory: that when 
the impulse response of a filter is opti.miz.ed, the error signal is oncorrelated with 
(orthogonal to) the inpu t signals to tbe weights. 

EXERCISES 

I. Much or Lhe disCl•ssion in thl~ chapter and In subsequent chapters u.'es mauve algchra. 
Prove tbat the following simple relationslJiP> arc !Tue (or any tnllctrices A. B. !Uld C; 
(:t) AB ~ BA in g~neral. 
(h) A(B + C) - AD + AC. 
(c) (ABjT- BTAT and (AB) 1 ~ B 1A -I. 

(d) rr A is symmetric, Lhen A I is symmetric. 

2. Starting W1lh Equation (2.13), give t< detailed derivation of P..quation (2.15). 
3. In the adaptive linear combiner exa.mple shown •n Figure 2.6, let rV - I 0. Then: 

(a) f'ind 1he optfmum weight ve~ tor. 

(b) Write an expression for y, \ISing the aJJswcr lO part \3). 
(c) Using fllc result from part (p) and x, [rom Figure 2.6, prove that y, ~ d, . 

4. In Fi.gurc 2.6. wha t weight values wiU produce a root-mevn-square (1ms) value of r, equal 
10 2 ~ 
(s) Wilh N = S? 
(b) Wilh IV = 107 

5. On l.bc perfonnance SUTfaoe of Figure 2,6, wirh N- 8. what is the gradient Vector when 
w1 - 0 and l.be mean-squared value of ~, is: 
(al 2.0? 
(b) 4.07 
Wb} is l.bc gradient s teeper in ~be lauer case? 
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6. Con~ider the system shown llcn:, which is an adaptive linear combiner with a $Jngie 
welgbr. Suppose that swifch Sis open and F.f xfJ= 1, E'(x~,.x1 _,]=05, £(dfl "" 4, 
£[ d1 -'I I a - t. and £[ d, x, .J = l Derive an cxprt'ssion for the petforrnancc function. 
Make a p!o1 of the perfom1ancc function. 

7. Do Exercise 6 with swi tch S closed. 

8. What is the optimum value or w1 [or Exercise 6'1 What is the correspondin~ minimum 
mean-square error? 

9. Ttl the adaptive linear combiner d(agr;tm of ExeJcist b. kt x, and ciA be as ~ivcn in 
Figure 2.6, and let N- 5. With switch S opm: 
(:t} Pind and plot an expression tor t. 
(b) Find the optimum value o[ w1. 

(c) Find the minimum vl\)ue of ~. 

10. Do Exercise 9 wi\.b switch S c.los~d. 

11. The i tudcnl should have so01c e:>Jlerience with corre!Dtion functions such as those derived 
ln E.quatloru; (2.20) and (2.21). Con~ider the following continuous, penodic waveforms; 

uhl 

---+-- -+-- -+---+---+---+-- S~u.trF. o 1 wove 
'--- --1-a 

m < N/2 



- 24 -

28 General lrwoduction Part 1 

Suppose that each waveform is sampled at 1 - 0. 7'. 2T, . .. . >uch that tJterc are exactly N 
~amples per cycle in the ii m two cases, and N / 2 san1plcs per cycle in the thJrd cnl;e, 1f a 
sample i> taken where /( t) i> discootinuoi.IS. give it the valne JUSt to th~ right {>f the 
dist:ontinuitv. 

(a) Find e[li!U! - .1· 
(b) FirJd Ei>V;.-.1· 
(c) Pind £{ u, ·'• .,j. 
(d) Find £!u;. v, .,I· 
(e) Find B(XI)'>-• 1 

ll. 1ly unng an example from tl<erdsc 11, illustrate that in general, autororrclation is an 
even function of the &bift variable u, but cross correlation io n or. 

13, Con~idec the ndaptive lli!c:J.r combiner sho"''l\ hc!ow. Suppose that we -..~sh to minim tzc 
£[~~I rather than £[en As~ume that Lhe sig.nals x0 ;. . ·' ~< .and d, are all stationary. 
(a) Derive an e>.presslon for .Bf t: ). 
(b) l s t.'[ fZ 1 q~Jadnnic in "(, and "1? 
(c) Is 61 ez J a unintodaf function of ~'b and "'t'l 

ANSWERS TO SELECTED EXERCISES 

3. {u) w~ - [2.753 -3.40311 

(b) 1~ = 2.753~in(l..w/5)- J.40hin[(l.; - l)7r/ 51 

4. (a) w.f + wt + 0.6I80w,w1 -t J.902lw1 - 4 = 0 
(b) "\~ + ~'f + 1.6180»0>v1 1- l.l756w, - 4 co 

S. (n) '<J - [0 1.4l42]T 
(b) v = (2 2 82&41 r, [ -2 lilT 

b. { ~ w? - ?.w1 + 4; wt ~ 1 

7. { - w1~ - ''I + 7; W( - 0.5 

8 . . Wf :a l ; ( ,\ln c= 3 

l3. {9) £(£tl'" "l~clx~d+ "i'R(x:JJ- 41<~F.[t14 .\~1 J ; •· · +l2."~.1''1 E (d, xr,1 "td -
4»1lt:rt1l'o.J- 4,1,Jl[d~xu l + Eldt l 

(b) ~0 
(c) !'>lot in general 
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THEORY OF 
ADAPTATION WITti 
STATIONARY SIGNIALS 

(Chapters 3 - 5) 

OBJECTIVES OF PART II 

part II 

If we have satisfied the objectives of Part I. the reader now understands the 
idea ot the performance or error surface and how 11 represents the adaptive 
environment. An important property or the performance surface in adaptive 
signal processing is the following· II the si9nals are stationary and have 
invariant statistical propert1es, the performance surface remains fixed and 
rigid in its coordinate system The adaptive process then consists or starting 
at some point on the surface. proceeding downhill to the neighborhood of the 
minimum, and staying there. 

On the other hand. if the signals are nonstaltonary and have s1atistical 
properties that slowly change, we can view thEl performance surface as being 
"fuzzy," or undulating, or moving In Its coordinate system The adaptive 
process then consis1s not only or moving downhill to the minimum. but also or 
trackmg the minimum as It moves about in thE! coordinate system 

Chapters 3 through 5 concern the stationary situation where the perfor­
mance surface is rigid, which is ol course the ~>implest situation to discuss. In 
Chapter 3 our objective is to introduce oertaln mathematical properties of the 
fixed performance surface. These properties ·will be useful In later chapters, 
in comparing the performance of adaptive systems. 

The primary objective in Chapter 4 Is to understand two basic methods 
fof searching the performance surlace - Newton's method and the method of 
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steepest descent - and to compare these two methods. Then the primary 
objectiVe in Chapter 5 is to study 1he effect on these two methods of a noisy 
gradient estimate, which one generally must use In practical situations: 

These chapters are all ''theoretical background" for Part Ill, In WhiCh we 
begin to discuss practical adaptive algorithms. Thus the reader may wish to 
omit sections of Part II, or skip to Part Ill and tnen come back to Part II, 

Properties 
of the Quadratic 
Performance Surface 

chapter 3 

Having defined the performance surface !or a class o( adaptive systems. our goal is 
now to proceed to a discussioo of algori thms for adjusting the weights and 
descending on the performance surface to the minimum mean-square error. We do 
this in ihe next three chapters, but first we need to discuss some impQrtant properlies 
of the quadratic performance surface. The reader interested in simply having a 
description of the best way to search the pe-rformance surface may proceed to 
Chapter 6, but the intervening diseussinn is ue-ee.~sary for an unders tanding of the 
search process and bow to evaluate and c.ontrol it. 

The properties of the perfom1ancc surface that we wish to introduce in this 
chapter a re, in turn, due. primarily to properties of rbe input correlalil)n matrix, R. 
In (2.33) we snowed that wben an. adaptive linear combiner is used witb stationary 
1nputs. the mean-square error can be expressed ln terms or the input signal 
correlation matrix R as 

(2.33) 

Note tha t since there are l. -t 1 weigh t.s (components of W), the matrix R has L -t l 
columns and L + l rows. 

It is clear from (2.33) that the o rientation and shape or the quadr11tic mean­
square,error performance ~urfac.e is a function of R Much can be learned about tile 
performancesurfare by expressing R in normal form, in terms of its eigenvalues and 
eigenvectors. Any text on linear algebra will provide useful reference ma terial. An 
excellent reference is Anton [5]. The next two sections conrain a brief review of the 
basic concepts. 

33 
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NORMAL FORM OF THE INPUT CORRELATION MATRIX 

The characteristic values (eig<:nvalues) o! the matrix R are developed from the 
homogeneous equation 

[R - >. t]Q., = 0 (3 .1 > 

where>. is a scalar variable. Q . is a c:.olumn vector, l i~ the identity matrix, and 0 is 
a vector viith -all elements equal to Lero. Tlus homogeneous equatton hru. nonuivtal 
solutions for >.. and Q~ if and only if the following determinant vanishes: 

det[R - AI]= 0 (3.21 

bquation (3.2). called the "chara.ctenstic equation" or R, IS an algebraic equation tn 

A of degree L + 1. l ts L + I solutions a re designated ;\0, >.1,. , >., . They are the 
t~ig••nualues or R, all or whtch may not be distinct from one another, 

Corresponding to each eigenvalue. J\., there exists :u least t)no vector solution 
of (3.1), Qh. which Is determined as follows: 

RQ . = >-..Q. 
The vector Q. is the nth eigenvector of R and is associated with " •· 

Extending (3..3), we obtain 

R[Qu Q, 

which can be rewritten a.-. 

RQ • Q i\ or R = QAQ I 

(3.3) 

(3.4) 

(3.5) 

Equation (3.5) gives the norma/form of R. in which the eigenvalue$ appear explicitly 
in A . The "eigenvalue matrix" A u. diagonaL as indicated by (3.4), All its elements 
are zero except for the main diagonal. whose clements a re the set of eigenvaluc.s of 
R. Tbe modal matrix Q is called the "eigenvector matrilt" of R. bccau&e iLS columns 
ure the eigenvectors of R. Both A and Q are square, wi th dilllensions ( L ~ l) X 

CL + 1), h'keR. 

EIGENVALUES AND EIGENVECTORS OF THE INPUT 
CORRELATION MATRIX 

From the definition (2.11), it is apparen t that R is a symmetric matrix. wiib R = Rr. 
The eigen\'ectors corresponding to distlnct eigenvalues mus t therefore be o rthogonal; 
that is. Q'J,.Q. = 0 for nny vector pair. This fact can be easlly llemonsLrated as 
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follows. Let >. 1 and X2 be two distinct eigenvalues. Then 

RQ , = ;\IQ , 

and 

RQ! = XaQ ; 

Let (3.6) be transpostd and thw postmultiplied by Q !; 

Q[ RTQ! = }I.IQ[ Q l 

Next let (3.7) be premultiplied by QJ: 

Q[ RQ 2 = A2Q fQ : 

Recalling that R - R1 nod combining (3.8) and (3.9), we then obtain 

A, Qf Q z = A2Q[Q1 

Since X,+ Ai by hypotho:.Sts. it fallows that 

Qj Q1 = 0 

s-o the eigenvector~ of A 1 and )\ .L are orthogonal. 
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(3.6) 

(3.7) 

(3.1!} 

(3.9} 

(3.10) 

{3.11) 

Si.oce R is real (all its demenLS are real numbers) in addition to being 
symmetnc. all 11s etgenvalues must be real. Tlus foct enn be demon.sLrated by 
conuadictJon. Assume that A1 is a complex eigenvalue of R. The cha ractenstic 
equation o f R (3.2) is an (L 1 1)-degroo polynom•ol in >.. &el equal to zero. Since 
complex roots of sucb a polynomial '-"'Ould occur 10 con;ugate pairs, if A1 JS a 
complex eigenvalue. its COnJugate X1 must also be an eigenvalue. Furthermore, if i\1 
is complex, its eigenvector Q 1 must also beoomplcx, since R is rcai[Equation (3.6)). 
~oreover, the eigenvalue as~ociated with X1 must be the conjugate o f Q1, which ~~ 
Q 1• Since ;\1 is assumed to be complex, it cannot be equal to iLS conj uga te (i.e., 
X1 *X,). Since ;\1 and >. , are distinct, the corresponding eigenvectors must be 
orthogonal (i.e .. Q1Q ~ 0), But this re5ult is impossible because the inner product 
of a comp)e)( vector and its conjugate is equal 10 the sum of squares of its 
components, which must be 11. positive quanlity. Therefore, the assumption that ;\, 1 
is complex leads to "- contradiction. and all eigenvalues of the input corr~lation 
matrix R must be real. 

Another tmponant re.!.ult f.rom matrix thOOI) is that if an eigenvalue X.~. i~ 
repeated with muhiplkity m. there are m corre~ponding linearly independent 
etgenvectors. These .:an always be constructed to be mutually orthogonal and 
orthogonal to all or the other eigenvectors. if so dtstred. 

In forming the modal matrix Q, it is convenien t to scnle the eigenvecto rs so 
that they nrc normalized to bave un it magnitudes. We have J USl shown that 
eigenvectors of distinct eigenvalues are orthogonal. If repented eigenvalues occur, let 
the corresponding eigenvectors be chosen so that lhey too are all orthogonal. Then 
all L + 1 eigenvectors th:n make up the columns or Q are mutually orthogonal and 
normalized, and Q is said to be "orthonormal.'' Hencefo rth we will assume that the 
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modal matrix :IS r.:presemed by the symbol Q IS orthonormal. We can thus write 

QQT ,. J (3.12) 

and 
(3 13) 

Thus th~: inverse of Q always eXl~ls. 
Finally, we can show t'bat the eigenva lt,JCS of the input c,(lrrclation matT!,\ :l.re 

always greau~r lhan or equal to zero. As discussed in Chaplet 2 m connection wrth 
(2.33), R is in &eneral po~"itive ~etmdclirute, and thus 

vrRv ~ o (3.14) 

Using the result (3.13) in (3.5), we ~tlso have 

R - QAQ - 1 = QAQT (3.15) 

Now V is the deviation of the weight vector from its optimum value, and C:JD b\! 
chosen to be any vector in (3. 14). Let us therefore set V successively equal to each 
column of Q, tbat is, equal to Q 0. Q 1 ..... QL in order. Then (3.14) ho lds for each 
case, and lhe L + 1 cases can be e.~prcsscd as 

QTRQ ~ 0 

Substitutmg (3.15) for R in (3.16), "e bave 

QTQAQTQ ~ 0 

and jf we now use the result in (3.l3). we have simply 

A~ 0 

To summari te this ~ection: 

(3.16) 

(3. 17) 

(3.18) 

I Eigenvectors corresponding to distinct eigenvalues of R are mutually o rthogo­
nal. 

2. The etgenvalues of R are uU real11nd greater than or equal to Lero. 
3. The eigenvector matrix Q can be normalized (made orthonormal) such thnt 

QQ1 = I. 

AN EX.AMPLE WITH TWO WEIGHTS 

Solving the cha.ructenstic equation (3.2) requires in g~:neral that the roots of a 
polynomtal of dl!gree L + 1 be found. A com puler is usually needed for this type of 
problem, and various weD-known algorithms are avuilable for finding the eigenvalues 
o[ a matrix [3, 6]. In fact. there arc specinl algorithms for rea l, symmatri~: matrices 
like R [4). 

In thi> sect lOll we c.'tllrnine a case wrth L + 1 ~ 2 weights, where the character­
istic equation i£ quadratic and therefore easy to solve. Com.ic.ler the input correl:l· 

Chap. 3 Properties of the Quadratfc Pertormance Surface 37 

tion matrix used as an example in Chapter 2, Q!Jd take tbe lipecrfic case where N = 6 
in (2.22). We have 

R = [0.5 
0 25 

0.25] 
0.5 

Solving for the eigenvalues using (3.2), we obt:lln 

dct(R - >. I} ~ d.tlc[ 0.5 - >. 0.25 ] 
0.25 0.5- A 

- >.1 
- >. + 0 .1875 "' 0 

Therefore. 

>. 0 • 7o.1 "'0.2S.0.75 

(3.19) 

(3.20) 

The eigenvectors are also easy to obtain in this case using (3.3) or. eqUJvalently, 
(3.1): 

[
0.25 
0.25 

[ 
-0.25 
0.25 

0.25] [qi¥11 
0.25 q10 - 0 (3.11) 

0.25 )fq01 ] .. O 
-0.25 qll 

{3.12} 

Note that sin~:e the determinant of R - >. I vanishes as in ( 3.1 ), the coeffictent 
matrices in (3.21) and (3.22) are sing.ulur. and thus lbe q-valuc.\ can be determined 
only with the arbitr:u:y constants, c1 and c1• These constantS are now chosen to 
nonnalize Q us in (3.12) and (3.13): 

QQT _ ( '1 cl][c'. 
-r1 c1 c~ 

' '] -cr + ci 
.., .. - I 

Cj + c: (3.23) 

Therefo re. 

c1 - ±c~ - _!_ . 12 (3.24) 

and 

1 I 1 Q ~ .fi -t n \).25) 

Having lhe eigenvalues and eigi!llvcctors. we <.110 no\\ write R in normal form. that 
is, in the form of (3.5); 

R = QAQ I- QAQT 

Therefore. 

[
0.5 
0.25 

0.25],.![ 1 
0.5 2 - 1 11 Jf0o.2s o ][l 

0.75 1 
(3.26) 

Notice thnt tbe elements of A and Q all !)ave the propertie:- described in tlu: 
preceding section. Tbe eigenvectors are orthogonal: tbac rs. their inner product 
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vnnishes; 
q00q~1 + q10q11 ~ 1 - I - 0 (3.17) 

The two eJgcovalu.;s nrc real and positive, and Q is orthonormal with QQ1
- I, as in 

(3.23). 

GEOMETRICAL SIGNIFICANCE OF EIGENVECTORS 
AND EIGENVALUES 

The eigenvectors and etgenvalues are related directly to cenain propertic~ of the 
error surface, E. Recall from Chapter 2 that E, defined m (2.31), de5cribes a 
hyperparabolic error surface m a space of L + 2 dimensions with coordinate 3Jies 
corresponding to £, "'o• w1, •.• , w1 • Let us for the moment discuss system~ With just 
two weights. that is, IJ three-dimensional error space. We can then generalize I() 
higher-diroetlsional spaces, or to the two-dimensional space of a one-weight system. 

ln the two-weight case. E is a paraboloid as in the ~ample io figure 2.5. If we 
cut the paraboloid with planes parallel to the ~0w1-plaJ!c. we obtain conceotnc 
ellipses of constant mean-square error, as illustrated in Figurt 3.1. From (2.1 3), the 
general Jorrn of any of these curves projected onto the w0w1- plnne is 

W TRW - 2P1 W ~constant (3.28} 

As shown in Figure 3.1, we can trnnsla1e from W to new coordinates V, with origin 
a t the center~ of tht ellipses. The ori&ifl is of course nt the c:oordinntes of the 
minimum mean-square error and, as in (2. 17), 

V • W - R 'P - W - w• (3.29) 

Then (3.28) becomes 

VTRV =another constant {3.30) 

which represents !III ellipse (or, in general, a hypercllipse) cente red <~l the origin of 
the uQ~~ 1-plane. In this new coordinate system there are two (or tn general L + 1) 
lines normal to the ellipses. These are known as the pnnt'ipal a:ces of nil ellipses 
(1, 2) and of the error surface, and are the lines labeled v0 and u\ in Fig,ure 3. 1. 

Any vector normal to the ellipses can be expressed by thinking of the ellip~es 
as contours of F(V) = VTRV and taking the gredient of F, which l5 also the 
gradient or ~. since E and F differ only by a constanL The gradient is 

'i1' "'l iJF iJF E]T 
Ql.lo a;;; f) pL 

- 2RV (3.31) 

(One can arnve at tlus result by writing VTRV io the form of a double sum and 
taking each derivallVe in tum.) 

On the other band. any vector passing through tiJe on gin at V = 0 must be of 
the form J.IV. But a principal axis passes through the origin and is normal to F(V). 
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2.5-,---- --- ---------------.. 

0.0 

25 

- 50 

- 5.0 2.5 0.0 2.6 

Wei<;111 .,0 

F'iaur~ 3.1 EltiJ)'iCS of oonll~nr meGn-$4lu.&re •nor m tbt .., .. ,-plane. with tr.tm­

l~ted axes t'O Mid "• , and pnncipal iLl<<> t•o iUid '" The elltpu-> are ooorours or rite 
>urface m Figure 2.5, 

Thus we must have 

2RV ' ~ p.V ' 

5.0 

(3.32) 

where V ' now represents a principal runs. This resull is in the form of (3.1). so V ' 
must be an eigenvector of the malrilt R. Thus 

The eigenvectors or the i:nput correlation matrix define 
the principal axes of the error surface. 
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As a summary of these geometricnl transformations. consider the following tltpres­
s.ions of the error surface in the three toordinale system~. From (2.28). (2.33). and 
(3.5), we have 

~,.~min +(W - W*)
1

R(W - W"') 

=~min+ VT RV 

= t llln + y"~.(QAQT)\' 

=~min +(QTV)TA(Q1 V) 

(3.33) 

(3.34) 

~ ~onin + V 'TAV ' (3.35) 

Equations (3.33}, (3.34), and (.3.35) give~ in lhe natural. translated. and principal­
c-oordinate ~y;;tems, respectively. We can verify (3.35) by again taking the gradienl 

as in (3.31): 

'Q=2AV' 

= 2[:>.. 0u0 t.1u! t.Lu~r (3.36) 

l o conuast with (3.31), we see that if only one component, v~ . is non:~.oro, the 
gradienL vector lies along that a.-os; therefore, V' In (3.35) represents the principal­
CQOrd1nate system The transformations corresponding to (3.34) and CU5) are 

Translation: V = \V - W .. (3.37) 
Rotation: V' = Q' V = Q - ty (3.38) 

We cao picture the»e transformations in the example of Figure 3_1. 
T he eigenvalues of R also nave important geometrical si~nificance. As seen in 

{3,36), the gradienr o( t along any principal axis, v~ . could be written 

and also 
(Jl~ 

- -= n.; 
8t•~2 

(3.39) 

'l = 0, l, . . . , L (3.40) 

Thus the second derivative of ~ is twice the eigenvalue along any principal axis, ·so 

The eigcnvaJues of the input correlation maulx. R, give 
1he second derivatives of the error surface, ~- with 
respect to the principal axes of f. 

We can see a simple eltample or this result by considering the one-weight case. 
where ~ becomes a parabola. Let 'rnn represent the {m.11)tb element of R. Then, 
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from (2.33). we have for this case 

~ = ~""" + lroo,(w - w•)l (3.41) 

There is only orte dimension .to W ht~re. so the w-B)(is is also the principal axis, and 
the eigenvalue is A = r00• Differentiating twice with respect to w1, we obtain 

(3.42) 

as in (2.34). Thus. ,vi~h one weight. the second derivative of the parabola at any 
point equals 2rw- A numencal elt3roplc with two weights is considered in the ne:d 
section .. 

A SECOND EXAMPLE 

Let us now consider another example with two weights. similsr to the first example 
above bu~ more compl<! te. Let the signal characteristics needed to specify the error 
surface be the followLng; 

R = [ ~ i] P = [~ ] Eldl] = 42 (3.43) 
Substituting these values into (2.13). we have 

[ 2 211 [~!1'] - 2(7 E = 42 + [ w0 wd 1 ~ - [II\)] 
8] ll't 

= 2w6 + 1w~ + lw0w1 - l4wa- L6w1 + 42 (3 .44) 

This is the error &urface. whicb is again n paraboloid in t:he three-dimensional space 
with a;>-es t w0, and w1" We loca te the optimum wdght veclo r. W \ corresponding 
with the o.1i.•1imum mean-square error. ~m••' from (2.17): 

RW..,= P 
or 

l'berdore, 

(3.45) 

Using {3.45) in (3.44), we obtajn ~"''" = 4. If we define V = W - W"' as before. we 
can then write (3.34) In terms of the translated coordinatl.ll', o0 and o 1: 

~~[t•0 v , l(~ ~][~:]+4 (3.4.6) 
Contours of constant ( are shown ln both coordinate systems in Figure 3.2. 
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10~----------~------------------------~ 

f 
t:.' 
,£'> .. 
~ 

5 

vo 

0 

- 5 0 5 

Figur~ 3.2 Contour• of roost3J11 mcnn·sqoare trror io (3.44), >l\Owin~ tr•nslatcd 
(1 0-u1) coordin~te ~·stenl at'd rnndpal axes (IIG. v~ ), EigcnvNtot>, Q., •nd Q,. 
pQint in positive tJQ und ut dirtction~. 

10 

Similar t<1 (3.12) in Lhe previous I!.Xample. the eigenvalues of R io this example 
are found as follows: 

>..1 - 4A. + 3 = 0 

Therefore 
(3.47) 

AJSQ. si.llll lar to (3.21 ) and (3.~2), the eigenveclors are determined with arbitrary 
constants from (3. 1 ): 

1 ][q()(l] = 0 
1 Qw 

(3.48) 

l] [q()l] = 0 
-l qll 

(3.49) 
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Tht.~e arc the same eigenvectors as it\ the preceding example. so the normalized 
matrix of eigenvectors is 1he same as in (3.25 ). that ls. 

1 [ 1 
Q = fi -] ~ ] ( 3.50) 

These eigenvectors are shown on the error contour plot in Figure 3.2, colinear with 
the principal axes. Notice hQw Q 0 and Q1, 1he column~ of Q in (3.50). are unit 
vectors in the positive direction along the principal ax·es. vll and v;. As mdicated by 
Exen:ise 15 at the end of this chapter, the Q-matrix is always Qf this rorm for the 
single-input adaptive line.arcombinerwith two weights. 

t-: ntiee also in Figure 3.2 ho'" the eigenvalues indicate the stecpnc.ss of the 
error surface along the principal axes. The surface is steeper in the uj direction wi th 
sec.o.nd derivative 2>.. 1 = 6 than in the ~·0 directi~m with 2).0 = 2. 

EXERCISES 

I . (a) Prove t.hat Equation (3.30) rt.'J)rc;,ents an ellipse when !here Ol!e two weights, 
(b) What type of curv(• is represented when there i&jus1 one weight? 

2. Starting with lhr definition of the gradient. give a detai led derivation of Equatlcm (J.31). 

'· :: :r ~;t:~,:,:rr ,,~ · 11 "~ ,, · ,,,,,.;. ;r 

4. Find the eigenvalues of R ~ [ ~ 

5. Find the efgenvnlue;, of R = [ : 

n 
n 

6. Write the characteristic cquallon for .R in term$ of a potyoo1lli~l, if: 

(a) R = [: ~ 1 (b) R - r~ ! ~] 
c ~ f 

7. Which of th~ four input correlation matrices an E."eroscs 3 and 6 '''9\lld apply 10 

single-input adaptive linear combiner.•? Which C9Uld apply (o multiple-input t\'lfllbint>rs~ 

8. Find the eigenvalue~> of R ~ [ ~ ~ ] . 

9. Find lhe eigenvalues of R - [ i ~ J, 
10. Find rbe eigenvalues of R ~[i i ~J 
II. r:ind the eigenvalues of R = [i ; ! ]. 
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12. Find the normalized eigenvectOr>: 
(Q) In EKcrdsc 4. (b) In Exerci.~ 5. 
(c) In Exercise 8. (d) In Exercise 9. 
(e) In Exercise IQ. (f) Jo Exercise H. 

U. Demonstrate thal the eigenvectors are mutually orthogonal: 
(a) In Ex~rcise 12(a). 
(b) In EKercise 12(c). 
(e) (n Exercise 12(f). 

Part II 

14. Considet an adaptive linear combiner m r.he form of Figure 2.4 wttb two weir,llts (i.e .. 
L - I). rhc signals X uod d have the following properties: Et.cak J ... 2. £[Xf; 1- ~~. 
El x0~x1d= I, El 'u•d, I= 6, £[x~ 4 dd ~ 4, £(dlJ .. 36. 
(u) Write an expression for the mean·squart> error. 
(b) What is the optunal weight vector, W•? 
(c) What is the minimum meM·square ~rror? 
(d) Find the e tgcovalues and eigenvectors. 
(e) Make a plQt similar to Figure 3.2. 

IS. Show that the eigenvectors of any single-input adaptive linear combiner wl.tb two weig.h.lls 
arc given by Equation (3.50). 

ANSWERS TO SELECTED EXERCISES 

1. (a) mnr: The general quadratic lorm. Ax:1 + Bxy + Cy 2 + Dx + Ey + F= 0, repr•:­
scnts an ellipse i.f B1 

- 4AC < 0. 

J. (a) ).Z- 2aA. • a1 
- b1

- 0 
(b) )..3 - Ja~' + (3a' - 2bl - c~)>. - a1 + 2b2(a- <! I+ ul'2 = 0 

4. >..g.>.,= 1,5 
S. >.0 .>.1 = 2, 4 

6. (o) >.a -(a+'' )>..+ ac - b~ = 0 
(h) >..3 + (a + d + j)'A1 + ( b2 + c2 + e2 - ad - af - df)>. + adf-! 2/x:e - ae2 

- h~/ 
- cltf .. 0 

7. Singlc4nput: 3a, b (also 6a i! a= c; 6b ir a - d - r. b = ~1 Multiplc·input: 6a, b 
(3a, b could also apply) 

8. >.0 , 1.1 - 1.382. 3.618 

10. >. 0 • >.. 1, >.. 1 = 2.1716, 4 , 7,82&4 
12. (a) Same as Equation (3,50) 

(b) Same a_s Equation (3,50) 
(.:) Ob ~ !0.851 - 0.526]; Of = (0.526 0.8511 
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Searching the 
Performance Surface 

chapter 4 

We have seen thrn the mean-square-error performance surrucc ror the adoptive linear 
combiner b a quadratic function n r the weights when the input signal\ und the 
destrcd response are ~tutlstlcally stationary. In many applications o r rotercst tbe 
parameter~ of this quudrattc petformllllce surface are unknown, and an anulyttcal 
dcscnptioo or it ·~not avo&lablr The location of points on the wrrace. htmever. can 
be measured or estimated by averaging tbe squared error over a period or ttme. The 
problem ·~ to develop ~ystcrn.allc procedures o r algorithms capable or se.u-ch&ng the 
performance surface and findtng. the op tunal weight ' -ector '-"hen onl\o' me.a~wed or 
cst&mated data :u e available. Mo!>t practic.al p rocedures o( th•s type do not search 
exhausttvch• but find the optimal or nearly o ptimal soluuon b) tblln& representative 
o~dju~tment~ near 11 . 

METHODS OF SEARCHING THE PERFORMANCE SURFACE 

46 

In thiS chapter "e shall be oonccrned "itb de,·eloping algorithm~ for two "ell-known 
methcxl.s or searching :1 perronn .wce surface: NC\\-1on's method lllld the method nf 
steepest descenL Thbe methods enta1l the use or gradient esumate~ to tndtcate the 
direction in "hich the minunum nf the suJ'face lie£. They are thu~ referred to ~ 
"descent methods." We will~>ho" that these methods aJ'c appltcable to the quadrattc 
performance ~urroce tn particular, ttnd also to other types o f performance surfa~ 

Newrc>o's method has fundamental mathematical sigmflcance. ahhough it IS 
fr~:quent.ly difficult ~~~implement tn practice. It is a method of gmdicnt search that 
cuu~es all cornpnncn ts o f the weight vector to be changed nt each ~tep tn the search 
procedure or at wh111 we ~ha ll later define a~ each iteration cycle. 1 he changes lll'C 

always in the directton o r the minimum of the performance surface. provtdcd that 
the ~urface is quadratic. 
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The method of stccpt:>t de.-.cent is r.:adily Implemented and has proven ns 
value tn a wide vanc:tv nf pro~cucal :tpplicauon~. It t~ a method Q[ gradient search 
that also caus~ all component\ or the weight vector to be changed at each step o r 
Iteration cycle. In th1~ ca~. however. the change~ are in the direction or the 11egative 
gradient o r the performance ~urfacc. They are thu~ nnt ncce~\;Hily 1n the direction 
of the mimmum, since the negative gradient tend. toward the minimum only when 
ib ongin lies on one of the pnnc1pal 3'<~ of the :.urface, a> d t•cu.sed in Cb~pter 3 
(see F igure 3.1 or 3.2, for aample). 

In subsequent cha(ltcr!> "e shall d~nbe addt ltonn.l methods or searching n 
performance surface and develop algorithm& based on them One is a gradient 
S<!llrcb method that u.se~ a 'ery rough C'Slimate of the grawc:nt at each step in the 
~earch procedure. Another IS a method that does not employ gradieots and has 
pa rticular application to problems thill we shall nlso introduce la ter with perfor­
mance suTfaces thnt nre no t quadratic. TI1ese mcthnd~ are de;ignated. respect.ively. 
"LMS" and " random search.'' 

BASIC IDEAS OF GRADIENT SEARCH METHODS 

To introduce the ba~c concept~ of gmdient search method~. including those or tbe 
recursive algonthm and convergence. we first constder the ~implest case wbece there 
is onl) one ~A<eJgbt For thts case. which has linut.:d pracucal $igruficance. aU 
methods of yndieot M:atcb reduce to a ~ingle method 

The one-\\etgbt (uruvartablel performance surface. "luch is a pam bola. is 
illustrated in Figwe-tl . llus urfacecan be rcpre.)cnted :1!1 in (3.41): 

(4.1) 
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We note that the cigenvnluc, 71 equals rClC, in the unJvanllble case. The 11r~1 
derio;all~.: 1:. 

;:. - 2'-!"'- w•) (4.2} 

The '«om! dem·au~.:. lOnSIJUlt O\er the entire cui' e. is 

(4 J) 

The: pmhlem 1~ to lind " •. the v.-eigbl adjustment that cau'>CS the me.1n-~quarc 
error 10 b.: mirunuzcd. Not l..no~~>1ng the p.:rronnance funcuon, we bcg10 wtth the 
artutrary valu.: w., and measure the :.lope or the 1:urve at lhi> point. We then .:hoose 
a new value w

1 
equal to the uutial value w0 pllllS an increment proporhonnl 10 the 

negative or the slope:.' Another new value. "'l· i.s then derived in the same way by 
meo~unng the ,tope of the curve nt w1. This procedure is repeated until th.: optimal 
value w• i~ reached. 

Tho: ,,due obtained by measuring the slope or the performance curve at the 
du,o:rete tntervat~ t~ •0,K 1 ,11':. .. is catlett the "gradtem estimate." The methud <If 
mnking the m.:asurcmcnt iLnd the que1otion of its accuracy are dtscu~sed in Chapto!r 5. 
For the purposes or the present chapter we simp!)' :mume that an exact value b 
ao;;.dab1e. Note tbot use or the negat.he of the gradient is necosary to proceed 
"downhill" 

A SIMPLE GRADIENT SEARCH ALGORITHM AND rrs SOLUTION 

Wuh only a ~inglc wetght. Lbc repeull'e or iterative gradient !!earch procc<lure 
d~bcd oboH~ can be reprc:.ented algebra.icall) as 

(4 4) 

where 1.. tS the step or tterut.ion number. Thus II; 1S the "pr.:scnt'' adJU~tment vaJuc. 
whtlc .. , 1 1S the "n~ .. 'aluc:. The gradient at 11 • II\ tS de~tgnated b) 'C' 4• The 
parameter J• 1~ a 001\!ltant that go,-erm St.lbility and ra te of convergence. ~~~ chotec " 
dtscussed later ttl thl\ chapto!r 

The l!lad.ient v1 for the ingle-wetght case "obtained from (4.2) a~ 

uE 1 v 1 - -; • 2.\( II\ - w•) IM ,._,, 
{4.5) 

1 he dynamic or tran~tcnt behavior of the Iterative process. from inillnl ''alue "" to 
optimal \nluuon w•. can be analyzed through Lbc equation formed when (4 .5) IS 

~uhstitutcd u\to (4.4}: 
(4 6) 

'~'<<•I• ohJI lwrc, unhkc Ot•ptro 3. ,.. &1\' U>lotg the '"b"'npl In dc"&a•tr •h• urr•tinn nuonl>< r 

r4thvr th•n ''"' wt tsl•t numlX'r 
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Rca.rranSU~g terrru.. ~~oe obtain 

~~ 1 (I 2~t~ ).. • 2}1~'> ' (4 7) 

l_llls cqunuon 1s :1 hncar, fil"'t·order, con)tant-cocffic:icnt. ordinary difference equa­
uon I I I· It can be :.alved by tnducuon hom the hr.;t r~ iterauon~ Stamng with the 
iniual !Ut:SS " ih the fu"St tbr-e.: tteraLion:. of (4.7) )'teld 

.... "" (I - 2~t~ )11\, T 2j.I.AI<. 

"'~~(I - 2}1h)1~>., + 21'71" • ((1 - 21•71)- lj 

w1 = (1 2,...>.)J" il + 21'.\w ' [(l - 211>.}~ .,-( 1 2~tll) + 1) 
From these r~ults we can gcneraliu to the 1.. th tteratlon· 

~ I 

... ~=(1 -2jJll)'llu-l 211~w· L ( I - 2,..>.)" 

" 0 

~(I 21'71) 4'11;,. 2J.LAII. I -(I- 211.\)A 
l -(1- 21tll) 

~ 1< • + (I - 2,...71) 1 
( w0 II' • ) 

t4 8) 

(4.9) 

(4.10) 

( 4.) 1) 

( 4.12) 

(4.13) 

This result gtvQ u~ Ill cxpticotly at any point 111 the ~arch prooedure. and iJ, thus a 
"solution" to the gradtent search algorithm 

STABILITY AND RATE OF CONVERGENCE 

ln (4. 13) the quanut)' r = I - 2ii~ ·~known .ill the "goomctric rauo" because 11 ~~ 
Lbe ratio of SU(.CCS\IVc: tenns 10 tho: ge..~nwtnc sum to (4.11) It i.s C\ idcnt Lbat r 15 the 
critical quantity in the onc-~~oetghttteraltl•e process Equaloon (4.13) i~ defmed tO be 
"stable" if and onlv if 

frl - II - 211~ <. I 

This conditton can ntso be e~prcssed a.~ 

I X .. " ~ o 

(4 14) 

{4.1)) 

If the condition 111 (4.14) or (4.15) is met. that ~~. if the algorithm in (4 13) is stable. 
the algorithm is ~ccn to cunvcrge to the opttmum ~olutil10 : 

hm (ud • ,... 
J. '"' 

(4.16) 

The rate or convergence also obvtou~ly depends on the geometric rat1o. 
Figure 4.2 depicts typical ouion that takes place dunng the adjustment process 

for different valu~ or the: g,~!omctric rat in r. The hnel> huve no phystcal significance 
but simply join the &eric~ uf potnts reprc~cnting the discrete values or w1 • Note tllat 
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wo 

{ 
;; 
r 
3; 

w• 

0 5 10 '" 
F'l~t!fc 4.2 \Ve.ghl odJU<IIRL111 r"' dlilercnt v>itJc.< o>f the &<<>l!lclric roti<• r Whh 
r- 0 t N<'"ton't nretho'ld) ... • I> rr.d~ed In on< iteration 

Part II 

when the absolute 'alue or r 1s less than I, the rate o f convergence increases as r 
decrea,-es, reaching its maximum at r - 0. when the optimal solution IS reached m a 
single olep. Note aLo;o that for po!litive values of r o£ magnitude les~ than 1 there is 
no oscillation in the transient weight values, while for negative values lh.e transiem 
weight values overshoot the opumaJ setting and converge in a decaying OSt-·il lntion 
In the rormcr case the process i~ ~aid to be "ovcrdampcd'' and in the latte r 
·• undc.-rdarnpcd.'' When r ~ 0 the proce» is equivalent to NewtM's method (dis­
CUS$ed bell'\w) and •s said LObe ·•criticaUy dampo:d," When the absolute value of r ts 
greater than or equal to I, in acc{)rdanOC! with (414). the proce$$ i~ unstable and d~ 
not cQnvcrge. 

The effects or the choice of,. on r and on the singl~-weight iterative pr~s 
ate summarized in Table 4.1. 

TABLE 4.1 EFFECT OF 1• ON CONVERGENCE OF THE SINGLE-WEIGHT 
GRADIENT SEARCH PROCESS 

St.>bk:lc<mwry.L'tll) 
I 

O<""'I lrl< I 

O•<:rd:uu~ 11• ,. ~ _!_ n t ' r 'O 

C'rollrallv Jil1!lpcd 
1 

0 ~ •1A r 

Undtrdltrupcd 
J 1 

J.l. <" <}; 0 ~ r '> - t 

Un>lll.hle(n<'l con-.r&enll 
I 

" ~Yi and " ~0 lrt > l 
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THE LEARNING CURVE 

The effect of vari;uions in the adjustn\tnl of the weight on the mean-square error can 
be observed from (4.1). If we let ~l be defined as the value of the menn-squareerro r 
when the ~eight is fi1o.ed at "'k• then we can write from (4.1) 

tA = ~ "'"' 1- ?.{w,- w'" )
2 

Subs tituting w, from (4.13) into this expression yields 

( 
' ,, 

E.= E...,"+>. "o- ~~-~n1- 2p.>. )· 

(4.17) 

(4.18) 

It is evident that ~oince "l undergoes a geomrtric progression toward w• . the 
rnean-~quare error also undergoes a geomelric progresswn toward E,..P' The geomet­
ric ratio or the mean-squllre-er:ror progres.sion is seen in (4.18) ro be 

'"'"'- , ~ .j (I - 2j.<X)l (4.19) 

Since tlu.s ratio can never be negative, tiLe mean-square-error progression will Mver 
be oscillatory. Stabili1y is assured as before by satisfaction or condition (4.14). 

For the ~mgle·we~ght system, Figure4.3 shows the relaxation or the mean·square 
error from ils imliol value ~0 tOward the optJmal value ~no•· The mstllnce shown 
represent" a value of r"'"' = 0.5, corr..-spon<hn& tor~ 0.707. The CUI'\<e once agam 

0 5 10 15 

f'lgur~ 4.J f'be ~lamm~ lOr.c" l• • pf('IL of !tiC tneaO->QU;Il'e trror, (,. ~<r>'l> t . 
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has no physical signitlcance between integer ' 'alucs of k; jt simply connects the 
discrete transient values of the error. Tite curve is called the "learniJig curve" and 
indicates the reduction of mean-square error during the itt'rative proccs~. 

GRADIENT SEARCH BY NEWTON'S METHOD 

We have indicated that the univariable gradient search process is critically damped 
wben r = 0, lhat is. where 

1 
j.l=-

2l\ 
(4.20) 

In this case the process converges in one step with quadratic meau-square-·error 
functions and is called Newton·s method because of it.s relationship to a method of 
elementary calculus for finding the ro~1l.'i of n polynomial. Let us now investigate tbe 
application of rhis method ro particular single-weight (or univariable) functions and 
then extend ils application to the multivarjable performance surface. 

Newton's method [2) is primarily a method for finding the zeros of a function. 
say/( w), thnt is, a method for finding solutions to the equatiOIJ j(w) = 0. Tbe 
metbod c-onsists of starting with an initia l guess, w0 • and then u.sing the first 
derivative, f'(l•o)· to compute the next estimate,~~,. As shown in Figure 4.4. w, is 
found where tbe umgcnt -at /( ••o) i.nten;e('!.~ the w-~xis. Thus. using the geometry in 
Figure 4.4, 

or 

w, wu 
WOight,w 

{ '(IV ) = /( 11
il) 

• II IVIJ - w, 

( 4.21) 

f igure ~.4 !'~wton's moLhcd Ior finuh1~ 
a ·~ru oi jc '') rroc~"d!\ fmm ~o th \1 1 

u~lng Ute aan~nt 10 {( w 1 
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The next point, ~~'2.· is computed using w1 as the initial guess. nntl so on. In general. 
then, 

/( ·t~) 
IV~ - t =w~- i'< ·.): k :: 0, 1. .. - (4.21) 

The convergence of Newton's method obviously depends on lbe initial guess. '"o· 
and on the nature of f(w), but it is known to converge rapidly fo_r n large cla.ss of 
functions. 

.Equation (4.22) is called the C'OIIfillliOII$ /()rm or NewtOn's meiJlOd because the 
continuous function, j(w), and its derivative are used explicitly. A discrete fnnn 
also exists, and is used where /'(w) must be estimated- Assuming that /(W} is 
known or can be estimated acCUn)tely. we can estimate ['(w) using a backward 
difference rorruu1a: 

(4.23) 

Using this appro:Umation in (4.12), the discrete form of Newton's method may be 
expressed as 

k = 0,1 .... (4.24) 

Note thm in (4.24) as well as in (4.22), .steps must be taken to assure that the 
denominator doe.s not vanish at any iu·ration. For the present, we wiU use tbe 
c.onlinuous form of Newton's appmximaliou. 

To apply Newmn's method in searching performance surfaces. we must begin 
with an equation of the form f(w) = 0, as above. This of course would be 
e(w) = 0, or '17 = 0 in general, as in (2.16), because we want to lind the minimum 
of Hw). Thus for the univariab le performance surface, we use 

(4.25) 

so that, for exampk. the cont-inuous form in (4.22) b&omes 

e< w,) 
w :::w - ---· 

k• l ~ ~"( wk) • 
{4.26) A = O,l, •• • 

Note that the discrete form of the a lgorithm using (4.23) now involves an approxi ­
mation to the second derivative of ~. 

Wht:'n the performance surface is quadrutic, .as it has been in all of ou.r previous 
d iscussions, the. application of Newton's method leads to a one-step solution as 
shuwn in F igure 4.2. Using (4.2) in the ~lgorithm (4.26) with k :c 0 gives 

21\{ ''\' - w•) 
Wt ~ Wu- 21\ =IV ... (4.27) 
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w~,~~ " 
A,<>U~ 4.5 Srwlnn·fi oppw.UnliiUQI\ •m ~ nc•nquru:!r~uc P•"l<mmotc~ .ur(a..._,, •larl 

•nr. al "- 0 

Thus Newton's melhod wor~ simply in the univanate ca.~ where the performa•tce 
:.urfm;e is yuad1 atic o~nd ~pcc-ified for all va lues of w. 

There are two ways in which Newton's method can become more complicated 
in the univariate case. Fir$!, f' and ~" in (4.26) must be estimated If ~( w) is not 
known .:-xac11y. The subject of gradiclll ~~timat.ioo is addressed in Chapter 5. 
Second. the pcrfom1ancc stttfacc may not be quadmtic. So far we hav~: discussed 
only the adaptive linear t·ombiner, for whiCh ~ is Ljuadratit". but we wfll later 
introduce olher adaptiH~ structure!. With nonquadrauc performance surfaces. An 
example is shown in Figure 4.5 u~mg a performance surface for a particular 
recursive adaptive fi1ter. Note that e'en though the performnnc:~ ~urfuc:c is non­
quadratic. when t.he iruual wcight i~ at w = 0. Ncwton·s method goe> almebt to lbe 
opumum. w• = 0.448. alter only fo ur iterauons. For some mitial weig,ht valullS. 
however. Newton's flll:tbod will not find the opti(llllm tn thi5 example. funher 
development of which is left to Exercises 7 lbrough 9. 

NEWTON'S METHOD IN MULTIDIMENSIONAL SPACE 

We have seen that Newton·~ method finds the optimum weight. w•. in 11 smgte step 
when there is one weight and the performance surface i5 qu.-drauc. We e~tlend 
Newton·s melhod to lhe multi variable ca.~e with many weight~ simply by defining it 
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as a method which will perform similarly. that es. which wlll go to the optimum in 
one ~tep on u ljuadratic pcr!ormance ;;urface. 

Recall that in (2.17) the optimum weight ve~:tor is given by 

W* = R 1 P 

and that lhe grlldient vector in (2. 13) Is 

'Q = 2RW - 2P 

(4.28) 

(4.29) 

We can multiply (4.29) on the le.ft b) ! R 1 and lben combine: the.~ two equations to 
obtain 

w· ~ w -!R 1v (4 .30) 

We change thh result into nn adaptive algorithm as follows: ' 

w,i , = wk-1R 1v, (4.3 !) 

The stJbscript ( k) on the graJient vector implies that the gradient is measured at step 
k. where the weight vce!Qr is w •. 

Equation (4.11) IS thus Newton•s method for tht! multlvariable case. Wb~n the 
crwr surface is quadratic. the method proceeds tl) the opumum solullon in one step. 
as in (4.J0). The two-wag)u. quadratic case is •llustrutcd tn Figure 4.6. ln tlus 
"perfect'. ~tlti.n& the weightS jump from any Initial seumg, W0 ~ l"uu· w10 ) . to lhe 
optimum setting W • == ( "ii', wt) in a single step. 

As shown io Figurl! 4.6 and in (4.31). lhe ~t ep~ in Newton·s method do not 
proceed in lhe direcuon of lhc gradient. To do so. lhc weight path in Figure 4.6 
would need to be pCfPClldicular to each contour line. We observe that this would be 
the ~~~e only if W0 de~cnhe.~ n poonl on one nf the prioctp;ll ll K<'S 

Notice in (4.31) thnt we could generali..Ge Newton·s method by rdntroducing 
the constant, p., introduced previously in {4.4) to regulate tl1c convergence rate. If 
we change (4.31) to 

W A4 1 = Wk - I!R - 1
'Q4 (4.32) 

then we obtain the r-ne-step fomJU!a by setting I! - ! . Otherwise, we could choose 
<1ny oth<-r value of 11 in the stable range seen in (4 . .35) below, that is. 

0 < II < 1 (4 .J3) 

H owever. re:ISoos for desiring overdaruped opem11on and a smaller srcp sl1e with 11 
less lban l are dJ:.cusl>Cd in the next section. lo {4.32). p. l$ dimensionless, 

Furtltcrmon:, we can obtain a solution to (4.32) on the quadratic performance 
surface by sub~ututing (4.29) for the gradient term and then using (4.28) to obtain 

W4 _ 1 = (1 - 2p)W4 + 2pW• (4.34) 

Now we have an equation in the form t,f (4.7), and we can 0bLajn a solution 

I EQu .. lic>n (4 ) t l '"" 11),.; be <ienvcd II\ approJUnlllung t Y, tl!l ' lrliRCJI<;l r.lytor .cries l>ee 
Lucn~rgor 131l 
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-2.5 s.o 
W~.i\LY..o 

Pl~uro: -1.6 UJ..,If11!10'1 or NcwiM'• nldb:>d "'Ill- I' - l >nU l .. oll)lt~ The QUldrlloc 
perfonnanc~ ~urrace 1S the ~:tmc ~~ '" Figure J.l. 

Par! II 

inductively just as (4.13) was obtained ffOrtl (4.7). The corr<!~pondlng solution here 

is 

(4.35) 

As a check on this ~olution. observe that the one-step algorilhm. W1 = W •, results 
when we ser IL - ~. and !.bat W,. • W • results when the condiuon (4.33) holds. 

GRADIENT SEARCH BY THE METHOD OF STEEPEST DESCENT 

TI1e second principal search method tn he discussed in this chapter is called the 
method of steepest descent, becauM~ tO this method. 0111tkc NC!\\Ion's method. the 
weights are adjusted in the direction of the gradient at e'o~eh :.lep. An example is 
given in Figure 4.7 using the same quadratic performance surfac~ a" tn Figure 4.6. 
Small steps ore used in Figure 4. 7 so tbat the pa1h of Ste<!pCSt desct!llt can be seen. 
lbls is unlllte Fi~;urt- 4.6 , wber.: convergence occurs In one I urge step. 

Convergence in one step is a snurce of satisfaction to a numerical analyst who 
would Uke to minimize the number or iterations nec.:s~ary to accomplish n surface 
search. To an udaptivt- system de~igner, however. jt is generally too fast and not 
really desirable. Ln numerical annl)'sis one can expect to be g1ven the function to be 
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W11-gh1.w0 

f~lln> ~.7 lllujtration of tbc Sle<pcn d<-,c;cnt mo:lh<>d with I"' C) "~•&J!I> The 
quadr~IIC rcrrormailcc 'urface i• the >.101¢ d.> 10 Figure-- 4.6 !llld l 1, un~ I' - 0. \, 
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searc~ed .. but in many practical adaptive system applicatlnrt~> the performance 
funct1on tS unknown und must be mt:&~ured or estimated on the bttM£ of s tochastic 
input data. Slow adaptation provtde~ a fltcriog process that ameliorates the elfecLS 
of gr~imt m~asurement n~. NewlOn':. method is tlJus not as useful for deviSing 
practical algonthms as certa~n other method~. among which the method of steepest 
descent has thus far proven to be the mo>l widely applicable. 

From it~ definiti~n. we_ can s.ee thn.ttbe meth()d of steepest descl'nt is expressed 
by tbe followmg ulgonthm, tn wh1ch iJ ts ~ constant that regulates the step size and 
has dimensions of reciprocal signal power: 

(4.36) 

Recall that we bad a one-dimensional version of (4.36) in (4 4) The nature of the 
rela.'(ation process n:.~ulting when thi:. algonthm is used to searoh a quadratJc 
performance surface can be determined by ~ubslitut.ing (4.29) for the !tadient term 
and then usms (4.2t<): 

WA I= w, l~RY4 

= W1 t 2~ R(w· - wJ (4.37) 

Rearranging yields 

(·Ull) 
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The solulion of t.Jus equation is complicated by the fact that the various components 
of w, are ··cross·coupled." The matrix coefficient of \VA io {4.:38) i> not diagonal 
because it contains tbe term 2tlR, and in general R is not dingonal. The equation 
may be compared with lhe coHc~ponding equation (4.34) [or Ne,vwn's method to 
d istinguish between a cross-coupled and an uncoupled system. 

We can, however, solve (4.38) by t.ransrormiog to the pdncipal coordinate 
system. First we transl!tte as i.n (3.37), using V = W - w•. so that (43R) become~ 

V11 1 = (I - 2~otR)V, ( 4.39) 

Then we rotate to the principal axes us.ing (3.38) together with {3.13): that is, we 
have V = QV ' . .so 

ov;. I= (1 - 2JL R)QV,~' 

Multiplying on the left by Q - 1 then gives 

V{+1 = Q 10 - 21tR)QV,~' 

= (Q 1IQ - 2JlQ - 1RQ)V( 

=(I - 2p.A.)Vf 

r 4.40l 

(4.41) 

NI)W thr eigenvalue matrix. A. is diagonal as irt (3.4), so (4.41) represents a set of 
L + 1 equation~ of the form in (4.7). Thus it is clear that therc.is no cross-coupling 
in the principal-coordinate system. Furthermore, Teasoning inductively, the solution 
to ( 4.41) must be 

(4.42) 

The result in (4.41) shows that tbe steepest-de.scenl algorithm is stable and 

corwcrgenr when 

lim (I - lJlA.) l = 0 (4.43) 
k-"X-

Since the product o f two diagonal matrices is just t:bc matrix of products or 
correspondi.ng elements, (4.43) may also be written 

lim (1 - 2p.A 0 )
4 

~-OQ 

- 0 

Om (l - 2p.A L)k 
k-oo 

(4.44) 
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l'ieure -1.8 Sl<ep~t-de.<C<'Ill :dgorill)m with two W<i!!,hts Ratios of distance~ ar<! 
con•tant gfong prindpal a.<t!t t'o ond •·1. in accorilanct '-'ith (4.48) 
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In this form, we see that the convergence condition is satisfied by choosing f.l so that 

0 < .. 1 < ;-- (4.45) 
~ ........ 

where A,.., is the largest eigenvalue of R . Condition (4.45) is nece.ssary and 
sufficient Jor convergence of the steepest-descent algorithm with a quadratic perfor­
mance surface. lf this condition is satisfied. it follows that 

Jim v; = 0 
lt-x 

(4.46) 

If we substitu te V ' = Q -•v = Q l(W - w• ) into (4.46) and transfonn back to 
natura l coord.instcs, we find that 

( 4.47) 

So the stcepest-desc.:nt method is in general stable and convergent ir and only if the 
condition in (4.45) is roet.. 

Anothe.r example of the s(eepesl-descenl algorithm wi th il. two-dimensional 
quadratic surface Is illustrated in Figure 4.8. Tbe principru 8.lt.es, v{J and vi, nre 
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included, Jr. accordance wi th (4.42), conv.:rgence take~ place independently along 
each of the principal axes. The rate nf convergence on each axis is govern.:d by a 
unique goometric ratio. As seen in (4.44), these ratios life as follows : 

r0 == 1 - 2J!Ao 

(4.4lS) 

r1_ = 1 - 2p.A. 1 

That i.~. as the iterative process ~~dvances, the sequence of prqjcctions of Wk along 
eacb of the primed axes is purely geometric according to a ratio detennined by the 
corresponding eigenvalue. The sequence of p rqjections of W, along the original 
unprimt:d coordinates is a Sllill or geometric progressions and is thus more com­
plicated. 

A description of the dynamic hehavior of fhe iterative prcx:ess in the natural 
coordinates can be obtained by reexpn:ssing (4.4.2) in terms of W k. We 6tst 
premuloply both sides or (4.42) by Q to obtain 

( 4 .49) 

Again we uansform to natural coordin;.Hes using V' ~ Q- 1(W - w•) and ob1ain 

Next, we use tbe following interesting relat.ionship: 

{QAQ 1)' = QAQ- IQAQ-1 .. . QAQ I 

= QAkQ · l 

(4,50) 

( 4.51) 

where A is any matrix for which the.~e products exist. Using A = 1 - 2p.A in l4.50). 
and also (3.5) again. wtJ have 

w~ = w· +(QIQ - 1 - 2J~QAQ -l ) 4 (w11 - w ~) 

= w~ +(I - 21,R)"(w0 - w •') (4.52) 

This is the" solved'' version of the steepest-descent algorithm in natural coordinates 
In summary. we have seen !hat the steepest-desc-ent algori thm proceeds alway>. 

in the direction of the gradient or the performance surface. The general form of the 
algorithm was given in (4.36), and its aJtcrnative or ·•solved'' form in (4.52). The 
algorithm was seen to be s table if the condition i.n (4.45) is met, 
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COMPARISON OF LEARNING CURVES 

Jl is interesting to compare the method of steepest dC~>cent with Newton 's method by 
comparing learning curves. To derive formulas for the two learning curves. we begin 
with the quadratic meao-;,quare-error function in (2.33) and (3.34). namely 

~ = ~..Un + VTRV (4.53) 

fnto this we substitute the solution obtained in (4.35) for Newton's method. 
translated in accordance with ('3.37). We can thus write 

;~ = ~.,;. + (1 - 2/k )aVl.RV0 {4.54) 

This is a simple geometric progression having a si.ngle geomet ric ratio of 

'·- = ,~ = (J - 2p.)2 (4.55) 

A typical learning curve for Newton's method. showing mean-square error as a 
function of number of iterations, is presented in Figure 4.9. Thi.~ is a plot of a pure 
exponential function having a single time constant. 

~-; 
w' 

"' :; 

2 

lteraJ.ion numQer. k 

Flglire 4.9 learning curve or N~wton';. method appljed to a multidimensional 
quadralic pcrtorroauce function. The ratio of eacll succes,r~c pacr of <lrdin~tcs 1$ 

(1 2~t)'. [n lhi> example, the error ~urfoc.c is given b) !2.2~). i t< C'ODI9 Ur> ar,· on 
Figure 4.6, and JJ. - O.J 
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The learning curve fnr the.: Mcepcst-desccnt mc.:thod i~ obtatntld ~imtlarly. We 
begin this time with the principul·coordinate version of (4.53), whlcl:l IS given in 

t3.35) as 

~ ~ ~omn + V'TAV . (4.36) 

When t.he steepest-descent solution tn (4.42) •~ subshtuted. (4.56) becomes 

Ek ;o ~ "'"' + [(t - 2~tA)lV0fA(I - 21'A)AVn 

- Em•• + v.;T[(t - 2"A)krA(I - 2~tA) 4V,j (4.57) 

Now tbc matrices (I - 2p.A) and A are of course dtagonal und ~e know llr'.u 
products or diagonal matrices are commutative. TI1en:fore, 

(! • Emon + V/(1 - 11'A)
24

AV,) ~4.58) 
L 

• Emln + L I)~~AN(l - 2~tAn )1k (4.59) 
,_o 

Tbc derivation of the final rc)ul\ tn (4.59) is left to Exercise 18. 

0 5 10 

Figvl'\' 4.10 Leanuog CUI'\'C ur ml•liloo "' &lecptSI dOliCCDI ~ppUi:tl Ill lbc tnullldi· 
mtn!Moal quad~ti• perfc•nnancc funN100 giV\'fl hy (2.24). ContC'ur• arc lh('>wn 111 

f"'l!-11l<47, and !'-OJ 

15 
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So we see that the lt:.aming curve for the steepest-descent method is the sum or 
decayiJ1g geom.:tric progruss1ons witb geometric ratlos of the form 

( 4.60) 

Figure 4.10 :.bows a learning curve for the method of steepest descent as 
applied to a quadratic performance surface. This curve i:. like u sum of exponentinls 
having as man) modes ru. there are -weights. 

Comparing Figures 4.9 and 4.10, we note thai Ne\\tl'ln's method seems to 
converge more rapidly than the steepcst-dc:sccOI method, given thai 11 and other 
factors are the same in both cases. Newton's met.hod does ind.:ed generally converge 
more rapidly, because it UM:S the information in the R matrix to find the direct path 
on t.ht! error surface to ~ ...... A!> ~uggested by Figur.:~ 4.7 11 nd 4.R, the steepest­
desc-ent algorithm general ly finds a long<!r patb to ~m•n· Thi~ discussion of the 
convergence of tl:lc two methods is continued later. in Chapter 8. 

Newton's method nnd the method of Sleept!.St descent may he regarded (rom 
another point of vi.:w n~ feedback processes: that is, a~ cxampli!..~ of what we have 
previously term<:d ··performance feedback," We will ~how Jatt!r bow the perfor­
mance feedback concept CWI be applied to analyze lhe gradient >corch of a quadratic 
performance surface. 

EXE R CISES 

l. A sin&k·wclght pcr£crrmllllcc ~urracc has the paramet~rs ~ - ().I, (.,,,. - 0, and ,... - 2. 
Write an c;ocpre~.ion lor tbiJ pcrfor1l'lance surface. 

2. ln E,~crcise I, if the lnhinl &ucss ~~ tl1c opL•mum weight ~~ w • 0 and the convergence 
paramete-r is I'"' 4, wbal :Ire the Jirsl live choices o( w u>mg the $implc grad1cnt sear<"h 
algori1hm discuS>Cd Ul the beginning of !hi~ t:hap1cr7 

l. Do Ex<"rcisc 2 with 11 - R 

4. For the uniwriablc perforn1ancc surface givro by 

whal runge o( values or lhc coo\~rgcnre paraml!tcr '"" pro,,de: o.n overd.unped .. eight· 
UdjUStllKllt CUcvc? 

S. Wri1e an expreSSion for nnd plo1 the tCil.rrun& cum: for the pcrform"n~ 5urfucc in 
Exercise 4, l!lven ;tn loJIJaJ vatu~ "o - 0 and a convergence pllJWliC!er 11-- I.S 

6. Derive a dil;cwe form of Newton's :ilgorilhm simllar 10 Equation f426) but with 
diiTercnCC> iostc:ud or dcrivntive.s. 

7. Derive 3 wciF)II·nclju$11ller)l formula 1\> apply Newton\ mclh<l(f It> the performance 
surface in Figure 4.5. 

8. &!tinning with ")1 - 0, whbt .1re the first seven weight values in Pigurl' 45, to four 
dt'Cfmal plaetli? 
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9. rn Figure ~ 5. flnd "t 10 four decimal placo:s when .... - o. 008. -0.14, - I 20. and 
- l.30. El!,_pla.in the resuhs and $how wbv Ncwton'5 method may not 3pply to non­
quadratic error surface:.. 

10. Writ~ an algorithm 111 the form ol Equation t4.31) s~ciflcallv for the ~rformance surfaGe 
10 Figure 3.2. Oemoru.tratc onc·stcp Nn•ergence lrom any Marung poia1. 

1 I. Using the modtficd Ncv.·ton method in Equation (4.32) wnh convergence p.ll'amcter It set 
at 0.1, wbat :ut• the lirst 1\"e we~ght Vt>Ctors b.:~g from W0 = (S. 2) tn FlguJC .3.2? 
Wh:ll ;, W111'1 

12. Suppo!.C that the inverse matrix, a-•. Jnd thi! gradient vcctc.r. 'V ' are ~pccllicd in the 
foli('Jwing form: 

R 1 • [AI Pt J 
Pt Pu "' .. l8l 

Wnte explicit weight-adJustmeot formul~r, {oY Newton\ method and Cor the .tec-pest· 
descent algorithm. 

13. Suppose that we h:wc the following sp~citkations : 

R -[~ ~] 
Wn1e explicit wctghHidJUStmcnt formul3s for the Newton und stocpat·dc.sccnt a!· 
gorithms, umt, t!qu3Uoru. (4.34) and (43MI Use \he result$ to aplam the nouon ot cross 
coupling. 

14. Using the SteCJ)CM·dCS('ent method wi th iJo = OJ, what ~ r~ the first J\ve wci&ht vectors 
beginning from W0 - (5,2) .in Figure 3.2'! What is W20! 

IS. Oivt:n the error burfat-e in Equation tl 44), plot the learning curve for Newton'" method 
when lhe iruttal wcigbts ar~ uro and tbe convergcoce parameter ~ !l = 0.05. 

16. Write 1b" dill'ereo<:c "'luations tlutl dc3Cn1><: the Jeo.rnin& curves for NCW1oo's method und 
the steq>est·de!iC<nt method in term.• of natural coordinate>. 

17. Given the error surfac:e in EQu<1tioo (3.44), plot the lcaming t,.rve for the stccpest·descen1 
mcllJod when the initial weigh~ arc l'.~ro nnd fl = 0.05. 

18. Derive Equation (4 .59) rrorn Equation (4.5~) by carrying out the matnx productS. elemenl 
b) clement. 

19. Explain why I' i.\ dimeiiSlonles~ in (4.32) und has dimeostOilli or reciprocal signal l")Wt:r m 
(4.36). 

ANSWERS T O SELECTED EXERCISES 

1. £ - 0.1(1 .. - 2)1 

2. "1•- 0. '"1 • ).{), ~ •1.92, .. ., ll'j 1 1.999)6 

4, 0 < II < 1.25 
s. ,, - l + 10( - 0 2) l ' 

"{l_~>_,_4_T_4...;)""( 6_w..:.·!_+_4...:"'•~-_,;..t.3) 
7 "'I -I = .... - -

S4wf + 1lw, + 7 
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8. "h = 0, ... , - 1.7143, " '! = ).()J47. . '"'· = " ' - 0 4484 
9. 0.4484, 0.44R4, 1 3335. - l.JISJ. - 1.3333 

II. W:!ll -12 0346 .2.9885]T 
14. W!q = 12.0231 2.9769}T 

ts. t, ... 4 + 31!(0.9)" 
17 t, = 4 ~ 0. 51(0.9)'~ + 75(0. 7)1 ' } 
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Gradient Estimation 
and Its Effects 
on Adaptation 

chapter 5 

In Chapter 4 we assumed that an exact measurement of the gmdtcnt vector required 
by the adoptive prOCCSl> wus available at each iteration In most applications. 
ho~cver. an c'\llct mea.~urement is not available, and an estimate based on o lirr11ted 
Mnustical Mmple must be u\Cd. Such an estimate is " n01sy•· and can be con~idered 
a.\ a tru\' gradienl plu.\ additive noise. 

The puf'P\l:><: of this o:b .. pter is to describe a general method or estimaung the 
yadtent vector .1nd to sho"' the elfcct) of nl>isc: m lhe esumate on the adapu~-e 
proccM. Tbl.' method preSc:ntcd. called ''deriv;auve measuremcml," is equrvaknt to 
square-wave dtthenng of the weight vecror. Methods based on ~musorduJ dithenng 
ba\e al$0 been ~uccessrullv emplo~ed They dJfer nna.Jyocally from square·""ave 
dithenng. but thcrr effect~ on lhe adapll\e prooe&.<o o~re bas:tcally the ~e 

Be<tdes denvative measurement. there is an "tn.~tant.aneou~ method" of esu­
mnttng tbe gradto:nt that does not depend on dnhenng the werghl vector Thl' 
method is the basi~ for tho: LMS algorithm and is dbcussed tn Chapter 6. It tS les\ 
&cncral th3n dcnvauve measurement because it reqwres speolic l.no,.ledge about 
lhc nature (I( the perfonnancc "urface. Deri,·a the measuremt..-nt requires onl} very 
general knowledge of the performance surface., and is therefore dt.&eu~,)cd first 1n 
(lrder to provrJe a 11eneral mtroductroo to the ·,ub;cct of grad1ent est1mauoo 

GRADIENT COMPONENT ESTIMATION BY 
DERIVATIVE MEASUREMENT 

66 

1\ single compCIII('nl of the gradient vector can be measured in the su:tightforward 
manner illustrah:d in Figure 5.1. The parabolic mean-squarc:·err<>r function (If a 
'lngh: V:lritlblc W3\ g1\le11 in (3.41) and (4.1). {n term~ Of tbe roordinatc t - II w• , 
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~ ~mon + Al'l (5.1} 

Similar 10 (4.2) and (4.3), the denvattves of tlu:. funwon are 

(5.2) 

We recall that only the lir5t derivatt\le i~ requrred to rmplement the method of 
steepest descent, but that the first and sc.:ond derivauvcs are both needed in 
Newton's method. 

As suggested in Ftgurc S.l. the dcrivaL.tY~'S in (5.2) are esumated numencaUy by 
tal.rng "central dilfcrences"(l). Thu) 

d~ "' ~( u I 6 I - ~li.!.:..:.iL 
do 28 

(5.3) 

1/ 2~ ""E(t + 8) -1~E(t) ~ ~(,,- 8) 
dt•' 81 

(54) 

Titese _apprtmmations ~ome c.\llct as 8 appr(laches zero. Thej areal~ exact even 
for limte va]u() or 6 v.hen the perform.llnce function is quadratic in II. For quadrauc 

0 y- ~ 

No~nwllltd \\ft<Jh' ~ 

FiJtUre 5.1 Ucnv:tu"'e rnC't'burctni:rtt 
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performance surfaces, using. (5.1 ), we have 

Ht• 1" 8)- ~(u - 8) >..(u + 8)2
- i.{c•- B)~ 

28 28 

= ~(v2 + l{1 + 2t•8 - r} - 8 2 + 2u8) 
28 

= 2>..u 

Part II 

= ~: (5.5) 

H u r 8) - 2~( II)+ e{v- 8) - >..(u + 8)
2

- 1?-(uf + >..( u- SY
2 

sz - 82 

2>..81 
=7 
= 2>.. 

d2~ 

= du2 
(5.6) 

THE PERFORMANCE PENAL TV 

The general p rocedure illustrated in Figure 5.1 requires that the weight adjustm.:nt 
be altered while the gradient measurement is being made. In order to estimate the 
first derivative, let us assume that the adaptive system spends lime. with the weigh t 
adjusted l<l v - 6 and t.o v + 15, in order to collect samples of the error and thus 
estimate H v - 8) and ~( v + 6). Suppose further that N samples or the error are 
accumulate~ at each point, so thar equal amounts of time -are spent at u- 8 and at 
11 + 8, with n o t ime being spent at 11. 

The ''performance penalty'' is delined as the increase, y, brought about by 
misadjusting the weigllt and not leaving it sei at u (see Figure 5.1). Thus 

r = HE(v-8)+Hu + 8)] - f(c•} (5.7) 

For clhe one-weight quadratic performance function, the i.ncrease in ~ can be 
round expJiicitly by substituting (5.l) into (5.7). We have 

y = ![Umlo + >..( u- 8}2 + A.( u t B)lj - (~rn•n + A.u2
) 

(5.8) 

In this resu lt we see that y i6 constant over a given performance function; it is not a 
function o f u. A dimensionless measure of the effect of the gradient estimate on the 
adaptive adjustment, called the "perto.rbation'' P, can. further be defined in terms of 
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y as follows: 

'Y M~ 
P=-=-

~min ~m1o 
(5.9) 

This e:.xprcssion gives tbe average Increase in mean-square error normalized with 
respect to the minimum achievable mean-square error. 

ln the case of Newton's method. measurement of the second derivative usi.og 
(5.4) 1·equires an additional expenditure of lime witn v unpertu rbed in order to 
obtain the term 2Hu). This would obviously reduce the 3Verage perturbation, and 
thus tJ~e performance penalty. Since the second derivative in the case or quadratic 
performance ~urfaces is constant. however, it is measured only infrequently, and its 
eff'ect •on the perturbation can for practical purposes be ignored. 

DERIVATIVE MEASUREMENT AND PERFORMANCE PENAL TIES 
WITH MULTIPlE WEIGHTS 

Derivative measurement to estimate a two-dimensional gradient is illustrated m 
Figure 5.2. With two weights, tbe quadratic performance function is derived from 

N Rlrnptps ar e;Bc.h 
perturbed po1nt 

Figure 5.2 Twn-dtmen~1onaJ deriv11uve mcas-art'mena. 
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(2.33) to be 

(5.10) 

When the partial derivative or tllis performance surface along coordinate v0 is 
mcsSUTed, t.be normalized performance penalty in terms or perturb:Hion P0 , ~imilar 

to (5.9), become.< 

rrx-fi1 
Pn --­

~mm 

Similarly, lhe perturbntion for derivative measurement along C<JOrdinute 11 1 is 

(5.11) 

(5.12) 

As~uming that equal time IS reqwred for tbe measurement of each gradient compo­
nent (i.e., that 2N data samples arc used for each measurement ~~~ before). the 
average perturbation during the entire measurement is given by 

P -H P0 + P1) 

(5.1 3) 

Let us now define n general peflurbation for L + 1 weights as the average or 
the perturbations of the individual gradient component measurements as follows: 

(5.14) 

Since the t:ace of R i.~ equal to the sum of its eigenvalues as well as the sum of its 
diagonal elements, (5.14) can be rceltpressed as 

I . 

2 I:>... 
p ..__6_~ 

E"'m L + 1 
(5.15) 

Further, s.ince-th.e sum of 1 he eigenvalues di.vided by the number of eigenvalues is the 
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average of the eigenvalues. (5.15) can be reexpressed as 

(5.16\ 

TI1is is a tfloven•ent general expression for the perturbat ion with aoy number of 
weights, when the gradien t is measured as io Figure 5.1. 

VARIANCE OF THE GRADIENT ESTIMATE. 

Gradients cstun.ated 10 the manner of Figures 5.1 and 5,2 arc notsy because they are 
based on difi'erences in noisy mt:asurements of ~- the mean-square error. The first 
step in determining the v:m:toce o f the gradient estimate IS thus to determine the 
variance in the eslimate o f e. where e = E[e:l as to (2.13). Our estimate of t 
denoted t is assumed IQ be bu~ed on N samples of Fz. 

For a review or the fundamental principles of variance. moments, and so on. 
the reader may refer to any elementary text on stati~tical or pmhability theory (2- 5, 
7). To begin our derivation of tbe variance off and of the gradient estimate. we lirst 
define an unbiased estimate or the rth moment of rk as 

1 ' , 
6, ~ N L (el) (5J7) 

•-1 
From this defmllion we see that tht true value or mean o f ci, is the expected value of 
t4, t.hat is. 

(5.18) 

As an example or (5.18), let us d~'Tive the expected fourth moment. a:4 • under 
the assumption that ck i~ Gaussi3n with zero rneao; that is, the probability density 
of !. denoted p( t) in gen~ral, is normal with mean equn.l to z.cro and standard 
deviation equal t!l o. The true fourth moment is lben 

0'0 .,. J"' ~;•p(c) de 
X 

- --e-• F-• d£ ~ Jo }
-:... e4 

3 _ .. 

-«= o& 
(5.19) 

Gtven p {c). we can lind any true moment similarly. Note lbat when r = 2. we have 
in general 

llz = E[ EZJ = ~ (5.20) 
Having ddined the tru.: moment. we next deftne the variance of tbe moment 

estimate io (5.17) as the expected squared deviation from the mean, tbttt is. 

varlti, J = E[(u,- a,)
2
1 (5.21) 
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Using (5.17) and (5.18) in this result. we have 

var[&,] - E(cr; +a:- 2a,a,j 

~ E[a~] -a; 
1 ·' N 

-l L L El(e4~,)'j- o: 
N 1-1 1-1 

Part II 

(5.22) 

To simplify (5.22), we need to separate the N terms with k .c I from the rest of the 
terms in the summation. With 1.. =I, each term is of the form Elr~'). With k not 
equal to I, we assume t 1 and e1 to be indep.:ndenL sample~ a.nd thus the expected 
product is the product of expected values. Hence 

k=l 

k 'fl I 
(5.23) 

We now use (5.23) in (5.22), noting that there are N1 terms 1n the ~ummation, N of 
which have k = I. The result is 

var[&,j • ~[Noh+ (N"- N la?] - n; 
N· 

o:z, - a; 
-~ 

Accordingly, since a 'l • ( as in (5.20), the variance of E is 

a - ai 
var[E] ~ var(ii-1 ] = 7--

(5.14} 

(5.25) 

The values of a in (5.25) dt•pend, of course, on how t 4 is distributed, since each a is 
just the mean or a power of • ~ as in (5.18). For exampk, suppose that e4 is 
distributed normally ....-ith z.ero mean and with a variance of o,' 13, 5). Then the 
rneao fourth moment, o •. wa~ found in (S.19) to be Jo: . and the mean second 
moment. a 7• is just o/. So in th1s case. (5.23) becomes 

. 3o,4 
- o; 1o;' 2~2 

var[~l ~ N =N~N (5.26) 

Thus. when t, is normally distributed with zero mean. the vanance of the estimate 
of tf is proportional lO e and inversely proportional to ]II. 

From this result for lhe normal distribution of ~ •• we might anticipate that in 
general the vari!lnce of E could be expressed as 

Ke 2 
var[~] = -f;- (5.27) 

We have shown that K is 2 when t 4 i$ distributed normally with zero mean. When 
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the distribution is normal but with nonzero mean. K is somewhat less than 2. When 
the distribution is not Gau~sian, K is also generally somewhat less than '2. A 
nonzero mean in a non-Gaussiun ek may cause K to incre3.Se or decrease, depending 
on the distribution. Table 5.1 provides a summary or varffl and the range of K for 
several diR'crcnt dtstributions of e1 • We observe that K ~ 2 is either e>.act or 

TABLE 5.1 VARIANCE OF THE MEAN-SOUARE-ERAOR ESTIMATE 

p(<l 

_,_ 
0 ./6 

"' o./6 

P(•l 

__ 1_ 

2o ,f.i 

"•- 0 ../3 

p(f) 

a, 

I 
I 
t 

a, 

o.u~tan 

Tn~ngular 

lbl 

f<o '. v'ir 

Uni/urm 

lei 

o, I o '"fl 

lmpulst•e 

(d) 

"""""""or the MSF. 
C$tlmatc. '.uifl ---------- ---------

Er.j-0 El•l•u1 

0 

1 + 20oil• r_ 
s(t ' "fl•l)l N 

RanJ;.,cl K 
in (5 Y71 
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conservauvcly high for nil cases in Tabk 5.1. so we wiU be using K ~ 1. for 
subsequent d1scu.~ions. 

To illumate a non-Gnu)siao case in T able 5.l. suppose that t, 1$ uniformly 
distributed 11i1h zero mean and with a standard deviation or o. Then. similar to 
(5.19), the expected moment.~ for even valu.:s of r are 

a,- J"' c'p(t)dE 
- -x 

fob ( 1 ) Cl r•y/ 2 
~ -•~c' 2o/3 de=;-+) 

Using this rc,ult in (5.25). we have 

a ~ - a~ 4o 4 

vur[E) = - -· =-
N SN 

(5.21!1) 

(5.29) 

Since the mc-10 c•f c4 is 7~() in this case we have ~ = o 1• so (L!9) is the same as the 
rc~.-u l t ~howo in Table 5.1. The other cases in Table 5.1 are c<Jvered in the exercises 
at the end or this chapter. 

Hov111g obtained fMmulas for the variance of ~. we now proceed to n 
de termimuion of the gradient elotimatc. recalling that the method of d~rivat ive 
mea)urement inv.:liVI!S tak.ing differences berween values of f. For tltis determmauon 
we will continu~ 111 a~sume that the crmr samples (va lues of c4 ) are independent. 
We can then conclude tlull the values of ~ used in the. derivative measurement are 
l:lho indq>endent. Let t• be any component of V = (\V - W " I as befo~. Then. 
simih1r to (5.3), our estimate of the correspondjng gradient c.>mponent i~ 

iJE 1 1 -- --E{r + 8) - -He- 6) au 18 28 
(5.30) 

Under the foregomg a;sumplion of Independence. the variance uf this estimatl' i$ 
JUSt the sum or the \lllnances or the two terms In (5.30). Also, the vannnc.e or cl. 
where c IS a constant. IS c~ limes the variance of f. Tbus, using (5.27 I in (5.30) with 
K = 2, we get 

Vllrl ~] ~ _.!._, var[ f( t• + o)] + _!_
1 

varW tJ - 8) l 
ul' 46· 46 

- -
1 

- [e( /} + s > + Ez< u - s >1 
2N8 2 

(5.3]) 

Tlus Is the g~neral (con~t·rvattve) re.sult for the varia nce o f the estimate or a gradien t 
component when the individua l measurements o f <~ are independent. 

If we aswme that the perturbatiOn 6 in (5.31) is small and that the ndnptive 
proce~s ha~ C011Vcrged to a. weigh t-vector solu tioJl near W •, the two va lues of E in 
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(5.31) are approximately equal to E,.,.n In thi~ ca;e, (5.31) simplifle:. 10 

var[ aE 1-~~"" 
iJt• NfJl 

(5.32) 

Since the values or Nand 8 are the >ame ror the e ... timates of aU components of 
the gradient va·tor, and Since the sampl~ of c1 u~ed in all estimates were assumed 
to be independent. the error;; in all \!Stimalc~ life mdcpendent and have the same 
variance. The{'Ovanance matrix of the es:imated gradumt vector at the k rh tteration 
is accordingly given b) 

covl ~d ~ E j( ~~ - vd( ~~ - vd"1 

:s ~~"" I 
N6 1 

(5.33) 

EFFECTS ON THE WEIGHT-VECTOR SOLUTION 

Having derived formulas for the vnnance of Ulc grodient estimate. we now exam me 
the effect or a " noisy" gradient esumatc on the weight vector during the adaptation 
process. We will see th11t adaptation bnsed on noisy gradient estimates results in 
noise in the weight-vector ~olution and 11 loss 10 perfonnance. The e_,act nature of 
these effects varies according to the method of adaptation. In rhi, section we 
d~cnbe the propagation of no1se into the we1ght vector for Newtnn·s method and 
the method of Sleepest descent in prcponlllon ror calcul3ung the etcl!)s mean-square 
error and "mi!.adju~tment" m the secuon~ followmg. For purposes or analysi> we 
define the gradient ~timation no1sc vector <ll the /.; th otcration. that''· at W = W1• 

as N4 • (N is thus a v.x·tor of SlZe /.. + I. and should not be confused with the scalar 
N. used previously to denote the number of Ob)Crvallon) of the error. t 1 .) The 
gradient estimate at the kth iteration, ~~· is tbeu <qual to the true gradient a t 
W = W4 plus the gr:~dient esomauon n01se :tnd can thus be wntlen 

(5.34) 

We examine the efl'ect of th1s noisy gr:.dicnt estirn:lle on the weight vector solutioo, 
first with Newton's method and then wuh the stee~t-desc~nt metbod. 

Newton's method in it~ 1de:.l Corm was derived io {4.32) as 

W4 1 1 ~ Wl p R 1V4 (5.35) 

When the gradient is estimated ond h t.hcrefore noisy as in (5.34). thi~ expression 
become~> 

WI I I - WI -~tR - l\7-A 

- W1 - J• R 1V1 - ~t R 1N, (5..36) 
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We can also write lhis expression ror the weight vector in terms of the weight 
deviation V tElluation (2.32)] as 

(5.37) 

As in (2.35). we can now substitute~ = 2RV and obtain a dif:fercnce equation in V: 

Vk- t = V~; - 211Vf - !+ R- 1Nk 

(5 .38) 

So we have here a system of dilfcrence equations giving the weight deviation vector. 
V, in terms of a ' ' driving [unction'' given by the gradient noise vector. N . The 
system is cross-c.oupled as described in connection with (4.38). because here N is 
muJtipJfed by R 1• We can uncouple the driving function by rotating to th.: 
principal-coordinate system, just as we did with (4.38). We use V = QV ' from (3.38) 
as well as R- 1 = QA 'Q ·I from (J.S) in the result above and obtain 

QV~. 1 = (l - 2tl)QV£- ~QA - rQ - 1NA 

or 

(5.39) 

ln this resulT the quanthy in parentheses is just the gradient noise projected into the 
principaJ-coordinate system. 1f we define lhis as Q- 1N = N ', we can write 

V/ +1 = (J - 2EL)V/- p.A 1Nk (5.40) 

Here, since A - I is diagonal, (5.40) represents an uncoupled set of difference 
equations in the weight vector V{ We can obtain a solution !or v; similar to (4.35) 
by induction. Using the first three iterations of (5.40). we reason inductively as 
follows: 

Vj = {l - 2Jl)Vo - MA - 1 N0 
V{=(l-21J)1

V0 - !-IA 1 (11 -2~)N,j+ N{j 

V,' = (1 - 21J)'vc{ - ,..A- 1 [(1 - 2~)1No +(1 - 21-' )Nj + N{j 

A I 

V."=(l -2~t) "V,;- tJ.A - 1 L (1 - 2~t)"Nk - n- J 
11-0 

(5.41) 

Thus we have a solution as in (4.35) for J'liewton's method, except lbat here we<tre in 
the principaJ-coordinatesystem and the gradient nois.,, Nt. is included at each step. 
In (4.35} we could let k approach. inlinity and obtain the optimum solution, 
W = w•. or V ' = 0, but here there is a residual error due to the gradient noise. If 
we let k approach infinity in (5.41) and assume that /l is in the stable range (rom 0 
to } as in (4.33). the facto r (1 - 21J)k will become negligible und we will ob tain rhe 
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following "steady-state" solution: 

"" 
VA'= - MA- lL (.l -2!!)"N£_. I 

n-O 

This gives us the steady-state error in the weight vector for Newton·s method in 
terms of the input eigenvalues in A - J and the gradient noise in the series of va lues 
given by N' = Q~ 1 N. Note that A - I is a diagonal mntrix whose elements are 
[/>.. 0•1 ; >..1 ..... 1/A I • . 

Having looked at Newton's method, let us now turn to the method o f steepesr 
descent and again examine the effects of gradient noise. WithouL noise, the 
steepest-descent method is described in Chapter 4. The difference formula in (tl .36) 
is 

(5.43) 

Tn this we substitute the Iran slated coordinate ve-ctor, V = W - W "', and use the 
noisy gradient vector, v = 1RV + N as above, to obtain 

v kl 1 = vk- /'(2RVk + Nt) 

=(I - 2~R)V*- 11N4 (5.44) 

This result is similar to (5.38) for Newton's method and we can solve for the 
steady-state error in the same way as before. We first rotate to principal coordinatel> 
using V = QV ': 

Thcrerore, 

Qv;., 1 = (T- 21-! R)Qv,:- ~N~. 

V/.-1 = (! - 2~Q - 1RQ)V,;- 1!0 -1Nk 

= (1 - 2p.A)V4- p.Nk (5.45) 

Again N' = Q 1N is the gradient noise project<!d into the principal-coordinate 
sy~tem. Here we have a result similar to (5.40). and we can obtain a solution just as 
(5.41) was obtained by ittduction. The result in this case is 

k - I 

Y/."'- (J -2JtA)
4
Vr)- IJ L (1 - 2j.IA)"Nj_n 1 (5.46) 

, _() 
Again, if we assume I' is in tJ1e slability range given by (4.4.'\), tbdirst term bceQrnes 
negligible for large k, and the steady-state solution is 

.., 
v: = - p L (t- 2!!A)"Nk n - I (5.47) 

n•O 

This Jesuit sl1ou1d be compared with l5A2) for Newton's method. 
Thus we have in (5.42) and (5.47) the steady-stat~ efl'ects of gradient noi>e on 

the weight vector solution. Now if we arc given the gradient·' noise" in terms of the 
covariance matrix derived in (5.33) in the preceding section, we can also derive 
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covarfance formulas for the weight vector. The covariance matrix of the weight 
vector is given hy 

(5.48) 

with the expectation going over k. the iteration number~ ln the case of Newtqn's 
method. we can find the produc:t v;,v;T from (5 .39) as follows: 

V,v,., (I 2 1!o" v 'r 2' 'N' N'T (A - ')T l A - - ~ ·~ · l ,_, + 11 H A - J 4 j 

-~t(l- 2~-L)!v,; 1Nt 1(A _,)r + A 1Nj_ 1V{~,] (5.49) 

Now A - l is diagonal and so equal to its transpose. and the weight vector V 4 and the 
noise N,: are assumed to be independent with ·Gero mean. so the expectation of (5.49) 

is 

cov [v;] =(I - 2~t) 2cov[v;, ] + , .,(A 1)
1
covjN,; I 

J.L(A I )2 [ '] 
= 4( I - Jl) COV N k 

In the steepest-descent case. a similar devtlloprnent from (5.45) results in 

v,:v;T = ( t - 2p.A )v~ _1V /",(I - 2~LA ) T + p.zN;, 1N4~ 1 
- J~[( l - 2J!A)V:_,Nt, + N4 1Y,t~ ,(l- 2J.4A)Tj 

(5SO) 

(5.5 1) 

Again we. note that I - 2tJA is diagonal and that the expected cross product~ will 
vanish. So in this case the expectation of both sides produces 

c:ov[v:l =(I- 2p.A )
2
cov[v;] + p.lc{)v!NI] 

=~(A- !LA1r 'cov[ Ni l (5.5'2) 

Thps we have in (5.50) and (5.52) the covariance of v; tn terms of the 
covariance of the gradient noise. To relate thc!)e to the results of the preceding 
sect.ion, we first note from (5.33) and (5.34) thal 

covlN;j = E(NtNt] = Q- 1E(N~NJ)Q 

= Q- 'E[(~. - vd(~k - -vd']Q 

= Q 1cov{~4 ] Q 

= t~unQ-'IQ = f:."" l 
N8 2 N8~ 

(5.53) 

Notice again that the scalar N deno tes the number of gradient observations, while 
the vector N stands for tbe gradient noise. Combining (5.53) with (5.50) and (5.52), 
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we find that CO\'(VIJ is diagonal. and can be expressed iu the two cases as follows: 

Newlon's method: oov V'] = !'(A -t)l~~~~ 
~. 4N8 1(l - fJ) 

(5.54) 

Steepest descenr: 
V ' j }J-(A -}l .i\2 ) - 1 ~,;,., 

COV J. = 4N8~ (5.55) 

Now to map these results into the unprimed coordinate syslen1. we fi rst note that, 
from (3.38), 

eovfV.J = E{v.v;r) 

= QE[v;,vt ]Q 1 = Qcov[vl]Q- 1 (5.56) 

Using this r~uJt witl1 (5.54) and (5~55), we can derive tbe following final eXpressions 
for cov[Vt. Tbc details arc left to Exercise 1 S. 

Weight-vector covariance (Newton's method): 

cov{V~] = J.LE~(R - l )2 1 
4N8 2( l - J.L) 

Weight-vector covariance (steepest-descent method); 

1 ( 2) - 1 
cov(V ] = Mfwn R - ,uR 

k 4N82 

where Jl = adaptive gain constant 

~~;0 =minimum mean-square error 

R = input correlation matri<t 

N = number of mdependent error 

(5.57) 

(5.58) 

measuren1cnts at each perturbed weight value 

6 = deviation of weights used to 

measure gradient 

Thus in these expressions for the covariance of the weight vector i.n terms of the 
variables involved in error measurement, we have the principal result of this section. 
ln the next section, we proceed to look at the excess mean-square error in terms of 
these same variables. 
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EXCESS MEAN-SQUARE ERROR AND TIME CONSTANTS 

WithoUt noise in the adaptive process Newton's method and the method of steepest 
descent, as welt as other adaptive methods, would cause the weight vector to 
converge to a steady-state solution at the mil).icrmm point of the mean-square-error 
surface. The covariance of V would be zero, and the mean-square error would thus 
be equal to ~•u•· Noise in the adaptive process, however, causes the steady-st-ate 
wclght vector solution to vary randomly about the minimum point- that is, to 
"cl.imb the sides of the bowl." The result is "excess" mean-square error aod a 
steady-state value of ~ greater than ~min· 

The mean-square error was defined in Chapter 2 as the expected value of the 
error with the wt;igbt vector fixed at W. If the weight vector is oot fixed, lbe 
fnstantanoous mean-square error ek at the k lh iteration is defmed as the expected 
value of the error with W = W~- See equations S\!Ch as (4.17). (4.54), and so on, for 
Cl(amples. To derive an expression for ex(!ess mean-square error we must now 
fu r ther define an average taken over an Mbltrarily large number of iterations of ~k· 
That is, we must allow the weight vector to be "noisy" and vary statistically @Sin the 
p(eccdiog section, and assess the resulting effects on (". Using the relationship 
between ~ and V in (4.53). we can deftne the exress mean-square ercor as 

e.' cess MSE = E [ fk - { "'rn ] 

= E(V~TRVk) (5 .59) 

with the ex-pectation as before going over k, the iteration inde.x.. This definition is 
applica'ble only where Vk undergoes a statistically stationary process over I>- that is, 
where the noise Nk as well as the input signal vector X~o and desired response d~ are 
s tatistically stationary. Thus it is applicable only in steady state. after adaptive 
transients have died ou t. 

Figure 5.3 illustrates the physical mea.nin.g of these definitions. Random 
weight variations about the optimum cause an increase in mean-square error. The 
average of these increases is the exee:;s mean-square error. Note that the e,'{cess MSE 
here dees not include the performance penalty discussed earlier. which was due to 
delibetate weight variations. 

The formula for excess MSE in (5.59) is similar to the c<>va riance of Vk in 
(5.48). To derive results similar to (5.57) and (5.58) we must substitute for v.~ in 
(5.59), and so st~pant te derivations are again required for Newton's method and for 
1he ste~pest-desoenl method. Sinc.e o ur p revious solutions have been (or V~,' rather 
than ror Vk• we modif)' (5.59) before beginning by using tbe reJationship v r RV = 
V'TAV', as expre..<;:;ed, Jor el(ample, in (3.34) and (3.35). We have then ns our starting 
point 

(5.60) 
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Proceeding now in the case of Newton's method. 'VC use (5.42} for V; in (5.60). 
To simplify the cxpre&Sion, we use r for the geometric ratio: 

r = 1 - 2!! (5.61) 

The substitution of (5.42) into (5.60) then yields 

ex.ccss MSE = p.2E [ [ r"N~~"_ 1 A - 1AA -I f. r"'N; . ,._ 1] 

,'""'o ,,.-o 
00 "" 

= P.2 L L r•'mE[Nk~n - lA -lN;_.,_J (5.62) 
A-0 m- 0 

We bave .previously assumed that the gradient noise, N, which results from indepen­
dent errors in Lbe ro.easureme11t of the error, is independent from one iteration to the 
nex.!. Thus aU terms in (5.62) with m * n must vanish, and thus 

excess MSE = j.l2 E r 2"E[N{._1A · IN; ,,_1] 

n•O ' 
(5 .63) 

MSE vatiiuion 
(e:.cas MSE • aV~~rauo volv•l 

Figure S.J !Uustraatnn nf ahc eKCI:Sl' mean·<qu~n: error. 



- 51 -

82 Theory oi Adaptation W1th Stationary Signals Part II 

Also. the gradient n01se ts assumed to be a stationary p.rocess. so the e.xpectation in 
(5.63) goes over all subscripts of N '. Thus 

1>C 

excess MSE '"' t.h'[N{A 'Nd [. r 1
" 

,, - Q 

Here we have also assumed that the process is smble with r less than l . Now. for 
NtA - ! N_t, we have 

(5.65) 

where 11 ~.11 is a component of N;. Using this result in (5.64), we obtain 

(5.66) 

But £[ n;;kl is a diagonal element of the c.ovariance. matrix of N ', and was shown in 
(5.53) to be f!.JJN8 2

• Thus (5.66) becomes 

e 11! L 1 
excess MSE '"' 

1 
nnn 1 L X 

NS (1 - r ) m•O "' 
(5.67} 

Again using r = 1 - 21-1. we obtain the general result ror 1he excess MSE with 

Newton's method: 

e f,L L 1 
e~cess MSE = t"' [. X 

4NS (l -I') m- o "' 
(5 .68) 

For practical reasons, it is convenient to express this result in terms of time 
constants of the adaptive process. To determine the number of time constan ts equal 
to a given value of the geometric ratio r, as in Figure 5.4, we construct an 
exponential envelope through the geometric sequence of samples. We then let the 
envelope be described by e.'<p(- t/-r}, where t represents time and r represents the 
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time constant. If one unit of time corresponds to one iteration, we can write 

(5.69) 

which can be expanded as 

r = exp{ - ~) = 1 - .!.. + ~ - - 1
- + .. . 

• 7 "' 2!r· 3!7 3 
(5.70) 

Since in most applications r is large (10 or greater) and r is smaU (less than 
but near 1). !he foUowing is a usefuJ approximation: 

r '"" 1 -.; (large-r) (5.71) 

From the relationship r = 1 - 1,. for Newton's method. we also have 

so (5.68) becomes 

l 
Jl.=-

21' 

(larg.: -r) 

We now further 5impliCy (5.73) by expressin,g Lhe sum in terms of an average. 

w l ;; rfwu - w•J 

' ' 

1.. 1 ( 1 ) [. - =(L+l)-
1/t '"'-o A, A ;tv 

.... , 
'-.... w, # r~(~0 • w• ) 

....... ....._ __ wi -=-r;t (w
0

- w•) ----

(5.72) 

(5.73) 

(5.74) 

fligurt' 5.4 El<ponenual appro>.i matim1 
I<> the g<tlltletn~ &<quence of wo1ghl 

tten,tion numcer val u.s. 
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and tdso by us:in.g the perturbation. that Js. the average increase in MSE normaliz.OO 
with respect to E.,. •• given in (5.16) as P = rJlJ.. •viE.,. •. With these subsllWILOI!S, 

(5.73) becomes 

(5.75) 

To dcnve the excess mean-square error foe the method oJ steepest descent, we 
proceed in a similar manner. This time, instead •of (5.42). we substitute (5.47) in to 
(5.60). Usmg thr- fnct that A is diagonal, wi! obtain 

exco:ss MSE ~ E[V{Av;] 

00 "" 
= p.2 L: L: £fN.{ •. 1A(r 1p.A)~ '"'N; .,., . , ] (5 .76) 

,_Q Hi .. O 

The ctoss-terms vanish as they did in (5.62) and N ' is again a~sumed to be 
statistically stationary as in (5.63), so (5.761 becomes 

C"(Ce5S MSE ~ 1'2 f £lNI~(l- 21'11 )~"N4l 
n•O 

(5.77) 

.,,..ith the expectation going over k as before. Now since the matrices 10 the sum in 
this rcsull are diagonal, each element of the sum may be computed as 11 power series 
Therefore, we can \\•rite 

~ 2o 1 ( 1)- 1 
t... (1 - 2J~.A) =4 A - p.A 
• -o I' 

(5 78) 

(See Exercise 20 for more details on this result.) Using {5.78) together with Exercise 
\(c) or Chl\pter 2 in (5.77) p,ive& 

exccssMSE = p1.£(NtA 4
1

11
(A - 11J\

2r 1N;l 
=~£[N{(1- ~~A) 1

Nkj (5 .79) 

We have now arrived at a result that is the samoe as (5.64) if we use 1'/ 4 in plac~ of 
/.l~ / (1 - r 1 ) and ( I - vA) in place of A . Makiotg these same replacements in (5.67), 
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ou.r result in (5.79) now becomes 

{5.80) 

where P is the perturbation caused by gradJient measurement. equal to li 2J...v/E8 • as 
before. 

In the preceoing dovcloprru:nl for Ncwlqn'5 method 'IVC noted tbat it is 
convenient to express excess mean-square error in terms of Lime constant and we 
defined the time constant T pertaining to lhe relaxation or the weight vector. We 
now_ wish to deline two other forms of time constant useful in describing the 
~ctency and rate of convergence of the adaptive process. the time constant or the 
learning curve, which we will l':lll T"""'' andl what may be called for lack or a better 
term the "time constant of adaptalton,'' which we will call T ,...,. Both of these. as. we 
shall see, are just scaled values of the weight relaxation time cons rant. T. 

. The weight relaxation time constant T is related by (5.71) to the geometric 
ratio r of the weights. The geometric ratio or the learning curve. on the other hand, 
from (4.19) is 

(5.81) 

The corresponding time constaut ,...,. is obtained using (5.69) as follows: 

cxp(- .,.~ .. ) • exp(- ~}- ,: - r,_ 

Therefore, ,. 
T: ~-

- 2 
(5.82) 

This time constant is useful in describing the learrung time of adaptive systems . 
The basic uni~ of .,......, is the i teration _number. The baSic unit of T ~·the ume 

constant .of adaptation, on the other hand, IS the data sample. Since, as illustrated in 
Figure 5.2. 2N sample~ :ue required for each gradient component measurement. 
2(L + l )N samples are reqwred dunng each iternuon. Tbe wnc constant of adapta­
tion is accordingly defined as 

T_..&2(L+l)N.,.omo~N(L+1)T (5.83) 

This time constant is readily related 10 real time if the sa.mpling rate is known. 
The nlh geometric ratio of the method or stccpcsl descent was shown in (4.48) 

to be 

r,, .. I - 2~t.>..,, (5.84) 
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The nth geometric ratio can be relnled to the nth weight relaxation lime const=t 

through (5.71) 
1 

~ "'1-­
n 7• 

Combining (5.84) and (5.85) yields 

( large 7") ( 5 .85) 

(5.86) 

As in (5.82), we define the Hth time constant of tJ1e mean-square-error learning curve 
as bali the time constant of U1e weight rclaxatic~n proce.~s: 

(r.,..).=i· (5.87) 

Defllling (T """). similarly and using (5.87) in (5.83), we a lso have 

(T.,,,). = N(L + 1)7. 

=1N(L + l)(T.,..,) . 

Using the first line of this result i.o (5.86), we ll:ave 

N(L '+ 1) 
p.'A"""' 2(T,...."f: 

On both sides ot tll.is result we can average over n to obtain 

A ,..N(L+l){_l_) 
P. •• 2 llrrns:. ... 

(5.88) 

{5.89) 

(5.90) 

The excess mean-square error for the method of steepest descent may now be found 
hy substituting t.his result together with (5.86) into (5.80): 

(L + lHmm ( 1 ) I . l 
excess MSE = BP T- L 1 _ 1; (27 ) 

m.sc. -avm-0 m 

(5.91) 

We have assumed thal the steady-state wt!ight-vector solution Temains close to 
the optimal solution (hovers near the bottom cor the bowl). In accordance with this 
assuntption the adap1ive prQOe&s converges slowly, with s mall Jl a nd large values of 

7 • • We can acc{)rdingly write 

1 ( =1; 11=0,l, . .. ,L (5.92) 
1 - 1/ 27.) 

This approximation further simplifies the excess mean-square-error approximation: 

excess MSE "'----- -- (5.93) ( L + 1 )'
1

~nlin ( 1 ) 
SP T....., >V 
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To summa.rize the results of this section. we restate the approximations Jor the 
steady-state excess mean-square error: 

excess MSE (L + l)ltn•u.A,,.(l / A),.. 
(Newton's method) ~ 8NP7 

(L + 1}1 En~;n>--..(1/A)~. 
= 8PT.n~ (5.94) 

excess MS~ _ (L + l)J.~mi"( -1- ) 
(st.:epest descent) - BP Tm.., .. (5.95) 

where L + 1 = number of wl::ights 

~min : minimum me:an-square error 

N = number o f observations of the error 

(2N observations for each gradient estimate) 

P = perturbation (normalized incrMse in ~ 

caused by estimating the gradient) 

[see (5.9) thrc>ugh. (5.16)] 

7 = timeconstanrt of weight adjustment 

process (see 1'1gure 5.4) 

1;_ = time constant! of adaptation 

[see (5.83) tlu:ough. (5.90)) 

X = eigenvalue of input correlation matrilC 

MISADJUSTMENT 

Excess mean-square error is the average: mean-square error less the minin1um 
m~an-square. error. It provides a measufle of the d ifference between actual and 
optimal perforolance averaged over time. Another measure of the difference be­
tween actual and optimal perfo rmance, particularly useful in the design of adaptive 
processes, is the rnisadjusuneni M , defined. as the ex.cess mean-square error divided 
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b) the mmtmum mean-:.quare error: 

" (excess MSE) 
\1 ~ ~nUn (5 96) 

The muadJU)lJ'IIem IS a dunenSJoolc:ss measure of the dtflhence between adapll'e 
and opumal Wtener performance as a result of gradient cswnallon ootsc. In lllhcr 
word), 11 i~ a norm.tli.tcd mea)ure of the cost of adaptabtlit~. }/otc: LhBL \I doe' nut 
Ulclude the pcrturbatton. P. wluch i:> due to de.liberate wetght variauon\ rather than 
nOI~C:. 

In the eil)C ~;~f Newton·~ method, the misadjustmc:nt folio\\$ from (5.9-t) 

(L + 1)>.~,(1/;\).,. 
M"' 8NPT (5.97) 

Altemutivcly, a prcfer11blc expression from (5.94) is 

( L + 1)2>. .. (1/>-) ••. 
M,.. 8PT 

"'""' 
(5.98) 

Equa1Jon (5.98) proVIdes o ready means of evalun:ting the performlltlcc ,,r 
Newton's method We c~n &ee that mi~:tdjustment decreases as the ~rturbatton wtd 
tune con~tant tnc:n:ase Grc;ller pcnurbatJon pennjtS more accurate gradtent mea­
~urement~ ...,,th the ~me amount of data. while a greater adapuve time constant 
allo"' more data to be a'eraged in arriving at the "'eight vector soluuon We c.an 
abo see tlut the rmwdjustment in~ with the squ;1n of the number o r weight~. 
so that a sub,ta.nnal pnce must be paid for a small increase tn adaptabtht) The 
etgenvalu~ can be ~co to affect misadjustrnent 5igoificantl~ onl) when .1 gre • .t 
da p .. nty e'isb amon& them. A separate examination or A4~ and (I A) •• •~ pre­
..ented belo~ 

From (5 94) 11 can be ~o that tbe excess mean·$quare error or 'ewton·~ 
method remnuu the same if the time cortStant is doubled and "' ''mu.ltanec'lu~l} 
halv(d. One can doubleT by b.Uviog I' and one c:tn reduce N by ta!Jng fewer error 
sa.mpl~ per m:rataon. It tS clear that small steps with small amount:. or data per ~tep 
are cquavak:nt to large steps wllb large amounts of data per slep .. lhe imp<1rlont 
factor. ~.!! shown b)' (5.98). 1s the amount of data processed per ume const,Lnt of 
.Jdaptauon. 

The algorithm bused on Newton's method described in this and the preccdang 
chapter cou.ld be rnudc wm<~what more efficient by al tering tllc Y'ldtcnt mtllsure­
ment procedure Lllustrnted ln Figures 5.1 and 5.2. The altered procedure would 
consi~t of malting u measurement of (at the nominal setting of W - WA, lakln& the 
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difference between thu common mea~urement and other mea.sun:ments of ~- and 
changing one weight at 1 ume b) 8 The :~mount or daUl. per gradient \ector 
esumale would be altered b) a factor or ( l. - 2), 2( L + I) ~ I '2.. The lUiai)Sis of 
this procedure, howC\er, would be compbc.1ted bec:a~ the gcadtent no1se compo­
nents "'Ollld be mutually corre~ued In liD) ClbC tlte mtSlldJustment "ould continue 
tO lllt'~ W)Ut the square or lb.: number or ""tl&Jlt~ 

For t.hc steepest-descent method. tl:c mt~dJU~tment IS gJ\'cn by -;ubstituting 
(5.95) ioto (5.96)· 

M•(L..+tf(-1 ) 
8P 1,_ "" 

(5.99) 

Tb.Js expression is similar to the corresponding c"pression (5.98) for Newton's 
method. The latter contruns the term A0,(1/ X) ••• which docs not appear in (5.99), 
lt also contains the term LIT,,,.., whcrcus (S.99) c<mtains the Lerm (1/Tm,.,)._. 
Newton's method bas only one time c~lnstant or adaptation. while the method of 
steepest descent has up to L + J separate T,,..., values. Jt is dear that the two 
expressions for misadjustmel\l would be identical if :ill eigenvalues of R were equal. 
Under tb.is condition the performance surface would have circular symmeey, and 
tbe negative gradient would always he in the direction of the minimum. Newton's 
method and the method of ~tecpe!it dcMJ~:nt would, 1n fact, be identical. 

COMPARATIVE PERFORMANCE OF NEWTON'S AND 
STEEPEST-DESCENT METHODS 

For a gi\en perturbll1lon and number ol "'eight~ both ·ewtoo s method and the 
method of steepest descent •how an increa.s.: in mtsadJu,tment wtth an mcrease in 
speed of adaptation (i.e., a decrealoe m the ume ~-on Lant or adaptation). The two 
methods. ll~e~-er, do not necello;aril)' produce the ~o3me mJSadjusun.::nt (or the same 
speed of adaptation. In a g.ven Sttullllon the better ollgonthm will be the one that 
has the grl!:ltcr speed or adaptallon for n fi~ed level of masodJustment or the smaller 
misadjustment for a fixed ~peeJ <lf adaptwcm. 

To compare the two method~ an term~ of ~peed of adapLaUOn and misadjust· 
ment. we must first e\press (5.99) an .1 rnore .:onventent form. Adaptation with the 
method of steepest descent anvolvc:s mulllple lime constants, and the speed or 
adaptation is thus governed by the rate o r convergence of the slowest lnlnsieot 
mode. Let the adaptive time coa~tnn t of thas mode be dcstgnated (T

0
,,.) ..... ,. From 

(5.88), we then have 

. 1 ( L + l)N 
( 7111,. l.nW\ l u .). -

r """' 

(5. 100) 
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From the: same relation\hip (5.88) "e can also obtam a formula for the average 
eigenvalue. >.,.. . an terms or average recipnx.-als or the adaptauoo time constants· 

A _ (L+l)N(_l) 
•• 21' T...., • ., 

(.S. IOI) 

Comb1rung this resull wub (5 100). '"'e have 

(5.102) 

The misadjustment c"pres~1nn (5.99) for the steepest descent method can therefore 
be rewritten as 

(5.103) 

If we no"' let I r.,...,),,... in (5.103) be: equd toT~ in (~.98) nud further let L 
and P be the same in both eltpressions, the mis3tdJustmcnt or Newton's method and 
the method of steepest dc.went arc the same (:xcept for the tem• (1/h} •• 10 the 
former case and 1; :>....,. •n the latter. Thus the misadJustment of the former (i.e., 
Newton's method) "ill generally be lov.er. smce 

I (1) - -> ->......, - A ,., 
(5.104) 

Consider the foUowmg sp(cllic C4.SC. If the eigenvalues 3Ie I through 10. 1/:>. m.n is 
equal to 1 and (1 / A )

0
, •~ approximately equal to 0.3. The rrusadJuStment or th~ 

method of steepest descent would thus be about three ume~ tbat or Newton 's 
method. 

When there is a hlige number of eigen"alues, It ma) he po)Sible in some 
IO.Slances to represent them .&.> bcmg uniionnl.y distnbuted bctv.cen A.,.. and Am._, 
In this case the average value of 1/ t. would be 

15. 105) 

IC we let x .. , ... - lOt."""' we can see that (1/l.)., is about 0.26 times (1 / X .. .,,). a.nd 
rhus tbat the stcepcst·d~sc.:nt nusadjustment is about four Urn!!$ tbc misadjustrnent 
ror Newton 's method. Similarly. tr A. 111.,. tS lOO.X••n• the stecpest·d~c<:n t misadjust· 
menl is abou t 20 times the Newlon rnisadJustm eot. 
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TOTAL MISADJUSTMENT AND OTHER PRACTICAL CONSIDERATIONS 

Equations (5.98) and (S 99) show thut m•~ciJustment IS mversely proponional to the 
perturbation P. Thus 11 might seem that lhe ausndJUSlment could be made as smaU 
as desirc:d b) increastng the pertu_rbauoo We will nov. sbow lhat an unlimited 
increase in the penurb:nion is not procticable. 

The penurbat•on b3$ been dcfintd 3$ a dunerutonless measure of the extent to 
which mean-square-<rror perfomtance is affected by gradient component m~ 
ment. Equaoon (5.16) show~ lhe penurbattOO a~ the e'cess mean-square error 
normalized with respect to the m111.1tnum mean-squ.ar"' cnor The perturbation is 
much like misadjustment and is tn fact 3 form or m.is3djustment due to gradient 
measurement in an Mon·linc" ndapuvc syst<om. The" 10131" mtsadJUStment of such a 
sy~tem can thus be defined DS the sum or two mu.adjusunent~. one due to a random 
disturbance and the other to nn indcpeJndent determini tic disturbance of the 
Steady-state weig.b t vee tot . 

M,Ol j. M + p (5.106) 

For the two methods discussed in this chapter, (5.98) and (5.99) give lhe total 
misadjustment B-'i 

,V~·ton 's mrthod· (5.107) 

(5.108) 

We note that both (5.107) and (5.108) g~vc J./101 10 the Corm P + A. f P, where A is 
not a function of P. If '"'e set tbe deriv:uiv-e of th•~ form \O•IIb respect to P equal to 
zero. we can find P opo• the value of P that minimt7.es M,0 1• In either case, this value 
~ 

A 
Poro•-p •M..,. P<'f" 

""' 
• i .Mooo (5.109) 

The total adjustment 1~ thus mtnimi7ed when the p.!nurballon ~ cqUDJ to about baH 
of the totaJ m•S3dJUStmenL. 

A numenc:1l example •s u~ful tn showmg the npphcanon or these results. 
Suppose that a rrusadJuStment or 10 percent IS con~idcred at:cl!ptable •n a particular 
instance. Suppose funher that tbc adaptivl: ~ystc.:n1 co.nhuns un adapuve Jilter with 
10 weights and tbat a ll e•&envulues or the R.· mntnx ur.: equal. ~o that the rnisadjust· 
ments of Newton 's mc:thod and of tlle me thod or stccpc~t descent are equal. T he 
best ¢hoice Of p is thuS 5 percent, and llhe adaptive time C~10Stanl iS [ound as 



- 56 -

92 

follows: 

Therefore. 
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(L + 1)2 

M"''"" 8PT. + p 
""" 

(tO)z + M5 - o.t 
8(0.05)T.,~ 

r.,., ~ 5000 samples 

Part II 

(5.110) 

If we oon$id~r the convergence time of the ad<Jptive process to be on the order or 
four time constants, adapuve transients will have died out after 20,000 data samples 
bave been taken. Givl!ll a 10-weight filter with 10 percent mJsadjustmem. tltis 
amount or data is excesSive. It nevertheless represents the best performance achiev­
able witll an on-line system u.nd the given method of gradient estimation. 

However, in designing a system to implement the adaptive process. there is Cll 

least on.: possibility for improvement. If circumstances permit, better performance 
could be achieved by meJSuring the grndlomt vector in an otT-line system that could 
be perturbed wiLhout encct on the on-line system. Wllh this procedure, illustrated in 
Figure 5.5, Newton's method would yield a misadjustment given by (5.98), Md the 
method of steepest descent would yield a misadjustment given by (5.99). The 
10-wcight system described above with a ~-pe(.:ilied trusadJustmem of 10 percent and 
a specified perturbation of 20 percent would have an adaptive time constant 
calculated as follows: 

(10)~ 
S(O.l)T..,.. - O.l 

Therefore, 

1;,., • ..,.. 625 samples (5.lll) 

Th.e lime constant in this case is greatly improved but .still exccsslve. 

1-----~ Outpijl 

I'IGurr S.S Olr-bnc •<lnptauon 10 

ollc~intc cffccl8 c>l perturbation for 
Sf11dtenl "'-limation OulpUil$ nor afl'eclc..t 
b)l $flldirnt <slim•• ion pr~ 
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Since pcnurhiog the oiT-Iine system does not contnbut.e 1.0 the on-line system\ 
mis_adjustmcnt in Figure 5.5. it would ~eem rea&onuble to make the penurbanon 
arbtlranly large to aclueve the mrut accurate gradient estimate. Making J> verv 
large, however violatCJ; the condllions GS$umed io derivlflg (S.3J) from (5.31). Thes~ 
conditions were that P •s small and thot the system has adapted so that the wei&I'Jt 
vector solu tion is near the optimum, MnJting P large wouJd thus eventually cause 
m.isadjustment to increase. 

Another v.ay to increase efficic:ocy usmg the proe«lure illustr:ued in F1gure 5.5 
may be menuooed in concluding this d1.scussion of practical considerations. tr it IS 

possible w operate at a rate much fa.l>tcr tha:n real t1me, the mput data t.-an he 
repeated n.nd a ll components of lhe gradient vector measured with th~ ~ame data 
each iteration. Although an analysis will not be prc:sentro here. 1l CD.n be shown that 
nusadjustment!O this ca.se increase$ only as the fir:.t power rather rh3n the square of 
the numb<:r of weiglm. An alternati,•e or equivalent to repeaung data •s to use an 
array of oiT-Ijne processor$, each measuring one component of Lh<! gradient vector at 
each iteration. 

EXERCISES 

I. E.,pl:un wb) the cenlrlll differ~ncc formuJ>~>' (5.31 :.nd (SAl ;m, ~~act for quadnltu' 
pcrfnnunn~ funcuon,. 

2. An odapllve ~ysrem wrth J ~ingle woght bru. a perform:1na: •urfdcc &•~en bv 

~- S..•l - 20w ~ 23 

Malec a plot of~ vcrsu~ " · .md on 1t show the mlue_' o( t own• .... . and ), Aho tllusltstc 
!he performance penalty, y. caused b)· pcrturbmg ... around ... = 2.5. " lib ~ pcnurbation 
of :::.8 - •1.0. Wruu is the value of y' 

3. 1s n ncgau•;: performance penal ty possible wnh quadrauc p;:rformanec funcuons1 Whv 
or why nor'! Sketch a onc-wc..&hl perrormahc:e runcunn wrth a ncgn1ive performam:~ 
penalty. 

4. What ., the pcrturbauon m the ca-'e or E•~·n:ue 2? 
S. Suppose lhat we ba\'e 3 uansversal filter wuh the performance Mltf..tc 

( - 2~1f + 2•.,? • 2•nh - 14•'\• l6w1 - 42 

and with a ~tation~ry random input ~ignal. x, h:IVIn~ <amples correlated such 1h~l 
£[ .. , T• I - 3 ~nd E[x, x, 1 I~ l . Wh:u ;, the perturbao<m. P, in the mea11-square errcv 
if the~e is a. weight perturbauon o!qual tt> 8? 

6. Suppo:;e that a weight is added to a given transw.rs.'ll filler. Wb.'tt 10 genernl b Uu! effect on the 
pcrtllrbtrlifln (P)? 

7, Suppose lh:tt in a particulanasc: the errPt. c, , ib dislnbutcd randomly su~h thnl all va lucb 
(I'Qm I to 3 are o!qUally likely. Wb3t i1 tht c ... urtb moment. o•. in t1us tilst'! 
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8. SuppoK that r4 i$ di•l ributw noanally wilb the sstmc mean and vanaocc as m Excretse 
7. lfow docs the fourth moment compan- "'ith a. iQ Exerc~ l'! 

9. lo 11 et:rtrun siruatJon. 1h.c error is distributed normally v.ith zero mean and vanancc equal 
to 3. tr lb.e mun·square error is estimated on tbe basis oi 10 independent <amplc:s or the 
urcx. what 1S the ~tui3JIC~ of tbc es1unatc? 

10. Rdcrnn~ to Equauon (S.25). show thai K ~somewhat less lhan 2 wb~o the crror. tt, ~~ 
diStributed oormillly v•ith ooouro mean. 

II. f><orivt thl' fnlk>wing r~<ults giv,;n in Tabl<' S. l: 
(aj Row 2, column 1. (b) Row 4, column 2. 
(c) Row I, column 3. (d) Row 2. column 3. 
(e) Row 3, column 3 Cf) Row 4. column 3. 
(g) Row '2, oolumn 4. (h) Row 3, column 4. 

12. ln Tabk 5.1, row 1, what must be true nC'.ar the limits K - 0 and K- 2'/ 

13. ln Table 5.1, whAt mtio o1/a corresponds with the· upper Utrtit of 1<.': 
(a) fn row 1.'1 
(h) In row 3'r 
(c) In row 4? 

14. Given lbc conditions in Exercise 2, suppose that l!he gradi(nt est'unate ts bn.~ed on five 
obscrvauons of the error at cnch perturbed weigbll setting. What is the variance: of tbc 
grlldlc:nt estimate if ' • is distributed normally? 

IS. Gnen 1h~ condiuons in E.\ercisc 5, assume that the gndienr c~limatc ~ ba...:d on SO 
ob~ervJJt.ioos of lh~ error at each perturbed wei&bt set ling. Give the covartanc:c: tnatnx of 
the gradient estimate. 3.)5Uil\ing that f£ .is distributed normally. 

16. Two t.io:te senes. x1 and y,, i)CC sp«ified to be ~ero for k 1~ lhan zero. and arr rdaled 
by 

U~ing lnductJOn. 1\nd a solution for x, that dOC$ not invoh'e a rectmion rdattorulup 

17. What ~ the llarianc:c: of r, lh<: =bred wright vector. in tht single·wvght cal-C. for 
Newton's method? How v.-oold your answer be aJfccted if we changed to the ~tccpcst· 
descent method? 

18. Derwc the wcight·vector covariance formulas (5.57) and (5.58). given tbe corrcspondmg 
principal-axis formul:J.S (S.34) and {S.SS). Show each denvation in detail. one step at a 
Lime. 1/mr: Usc Equation (3.38) togctb<'r with B..crci:se l (c) in Cll3ptu 2. 

19. For the condlttons sp«~hed in Exttcue S, whllt is the weight·vt'ctor cm•lll"lanct matnx, 
co\{Vp At.Sume n $1t<'pt5t-de.went lllt,orithm with f' equal to ! its ma.>Jmum s tab!• ' 'nlv•, 
and witb N - 10 error observations. 

20. In Equ11lion (5.78), a geometric sum of diagonal ma.tnc:c:s was found. ln ~uch a sum. each 
matrix element can be computed as a scpa.rate geometric sum. Usc tlti~ fact lo provr that 

"" [ o• - ( I - n) -1 

••0 

where 0 i~ 11 diagonal matrix. What are the conditions for convergence? Is th1s result ever 
true when D is not d!Jl&nnal? lf 50. when? 
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21. For tb~ conditions in &erose 5. what IS lbe UQt'SS mean-square error, :uruming ibal JA is 
one-balC ill! maximum stable -..aJue (Set: Equllltons (4.33) and (4.45)) and tbat ..; = 10 
error ob~rvauons: 
(a) With Nc:Moo's method? 
(bJ W ith the st.«pest-de!UIIt method? 
In your answer. comp.are Equnuoo (S 68) "'lth (5.94) and EqWIIiott (5.80) with (5 95). 
Ellplain any dtscrepancic:s. 

22. ln a given adaptive process, there i.5 0111y a <ln&lr v.•<"is,hl, the 11d~ptive t,aln con•wnt is 
p- O.ot, and the average $qUatc:d inputl!gnaJ value j) 2. What arc the time comtanLs for 
w~i.gbt adjusrmmr and for tbe lco.mlng curve: 
(a) WIth Newton's method? 
(b) With the st«~t-desccnt method? 

23. In Exercise 21, if a mtol of 10 observatioro~ ·~ made: of rhc error in order to adJust lhe 
weight at each iteration. what is the ti111e co,nstant or adaptation, r ...... in each ca::;e? 

24. Given the conditions in wrcise 21 with N - 5 erro,r observations artd a 5 percent 
perturbation. what ili the execs.~ n1ean-~qua1re error ln each ca.~e? 

25. An ~aptive transversal filter with two weights IS prc>c:c:ssil18 ~n input signal, x, having 
E[xiJ"" 3 and £[,t 4.x4 _,J- 2. At Cj!Ch it~rntion, a total o( 80 observations of •A is 
made. The corresponding weight pcrturb3.llon c:all3~S P to be 0.05. The adaptive gain 
constant is I'- O.Ol . What i~ tbe mi~adjusl meat: 
(a) With Newton's method? 
(b) W1th the Stcepc:st-de.l(:enl method? 

ANSWERS TO SELECTED EX IERC I SES 

S. P = B!/ 2 

7 .... - 24.2 

8. a. = 24.3) (slig.btly larger) 
9. \'llf({)= o•;s 

ll. ~ear K = 0. ja1/ ol- oo, near K • 2. l<t1f ol- 0 
15. co•1 U J- (8/ 2581)1 
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part Ill 

ADAPTIVE ALGORITHMS 
AND STRUCTURES 

(Chapters 6- B) 

OBJECTIVES OF PART Ill 

From Parts I and II we have most of !tie concepts necessary to the derivation 
and analysis of practical adaptive algorithms. These will be algorithms that 
work in no{'lstationary as well as stationary signal environments, algorithms 
that are meant to '•track" as well as "seek" the minimum point on the 
performance surface. 

The primary obfective ot Part Ill is to help the reader understand the LMS 
algorithm, whlch is the simplest scheme for adjusting the weights In a linear 
adaptive processor. The LMS algorithm, which Is covered in Chapter 6, rs 
widely applicable to all ot the types of adaptive systems described in Part IV. 
A central objective of this text is to describe the LMS algorithm and its 
applications. 

A second objective in Part Ill is to introduce types of adaptive algorithms 
other than the LMS algorithm, some ot which have important advantages. To 
facilitate this, we introduce certain frequency-domain analysis techniques in 
Chapter 7. These are standard techniques of digital signal analysis, and the 
reader familiar with this subject may wish to skim Chapter 7. 

The final objective in Part Ill is to acquaint the reader with lattice 
structures, which are introduced fn the last part of Chapter 8. The lattice and 
its use in adaptive systems is a large subject, and onJy some basic ideas are 
covered in Chapter 8. 
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chapter 6 

The LMS Algorithm 

ln C hapter 4 we introduced two a lg1Jrithms. Newton's method and the steepest­
descent method, for descending toward the mlnimum on the performance surface. 
Both of these algorithms required an estimation of the grndit.'l1t at each iteration, so 
in Chapter 5 we discussed gencml methods for estimating the gradient. The gradient 
estimatjon methods in Chapter 5 are general because they are based on taking 
differences between estimated points on the performance surface, that is, dilferen~ 
between estimates of ~. 

In this chapter we introduce another algorithm Cor descending on the perfor­
mance surface, known us the: l~t-meno·squarc algorithm, or LMS algorithm. The 
LMS al.gorithm uses a special eslimate of the gradient that is valid for the adaptive 
linear combinc:r <h:M.Ti~d m Chapter 2. t Thub the LMS wgorirlun u more n:~tne~ed 
in its ~e than the algorithms in Chapter 4. 

On the other hand, the LMS algorithm rs importl!nt because of its simplicity 
and case of computation, and because it doe!. not require off-line gradient estima­
tions or repetitions of data. H the adapme system is an adaptive linear combiner. 
and if the input vector X4 and the desired respon:.e dk ar~ available at each 
iteration. the LMS algoritlun is generally the best chorce ror many different applica­
tions of adaptive Signal processing. 

DERIVATION OF THE LMS ALGORITHM 

We recall tha1 the adaptive linear combiner of Chapter 2 was applied tn 1wo basic 
ways, depending on whether the input is available in parallel (multiple inputs) or 
serial (singlehtpul) form. These two ways nre shown toget'her in Figure 6.1. In both 

99 
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cases we ha~c thoe .:omhiner output. Yt• as a linear combination of the tnput Sllmplc~. 
A• tn {2.8), we have 

(6.1) 

-whert' X, ·~ thoe vector of tnput samples in either of the rwo conligurauon~ en figure 
6.1. 

To de,-elop on odapuvc algorithm using the previous methods. we would 
e~tnnate the &radlcnt of ( • E[ tz] by taking, differences between shorHcrm ovemgt) 
of ci. Instead. 10 develop the LMS algorithm, we take el ttselr a~ an c.sllmate of(~ 
fhcn, at each herotion in the adapuve process, we have a gradient cstimnte of 1hc 
form 

iiF~ ae~. 
awo awn 

'VA - "" 2£k = -2c,~.Xk (6.2) 

fie~ iJek 

iJwL awl. 

The dtUYllllYe.~ or r1 \l.ith respect to the \l.eights foUow directJ) (rom (6.1). 
Wtt.h thts simple estimate of the gradient, w-e can nov. spectfy a SIC\:P~t· 

descent type of adiipuvc algorithm. From (4.36). we bave 

(6.3) 

11m ts the LMS algorithm 13, 4). As before, I' is the gain constant that regulate:. the 
speed and >U1b1hty of adaptatton. Since the weight changes at each iteriltion :~re 
b&-;ed on tmperfecl gradient estimates, we would expect the ndaplJ,•e proces' to be 
no•sy: t.hat iJ.. 1t would not follow the true line of steepest descent on the perfor· 
mance surface. 

From its form m (6.3), we can see that the LMS algorithm can be Implemented 
in :1 prnctical .system without squaring, averaging, or differentiation ::tOd 15. elegunt in 
it~ bimplicity and efficiency. A~ noted above. cach component of the grudumt vectm 
i~ obtained fmm 11 single dato st~mplc without perturhing tbl!" weight vector. Without 
averaging, the gr11dient C<lmp<mcnts do cQntain a liugt component of noise, but the 
noise is attenuated with time by the adaptive process, wrucb acts as a low-pass niter 
in this rc~pect. We now prOC'eed to discuss some of the properties of the t MS 
nlguri1hm Jnl.l to illu.~tr:lte it$ use in some examples. 
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(b) 

Error ., 
f~ 6.1 Tbc ad•ptl\c LnCir '""'h.nct. (1) Ul p<rJII"""; tbl .u o tr.anmr531 
lilt:e<. 

CONVERGENCE OF THE WEIGHT VECTOR 

101 

As ~ith all ad.lpu~e algorilhms, a pnmary concern wi1h the LMS algorithm is Its 
convergence to the optimum v.-ctgbt vector solutton. ~~ohere £(cf) iJ> minimized. To 
elUilline LMS convef!encc. we fiN note that the gradtent esurruu e in (6.2) can 
readily ~ sbov.-n to be unbt!be!d "'hen the \\<:lgbt \ectOr IS held constant. The 
expected value of (6.2) with W~, held equallo \\ 1~ 

c!v,J- -2 /. [,,x~ J 

- -2.c.jt1,x.- x.xrwJ 
• 2(RW P)- '\l (6.4) 

The second line o!(6.4) follows from (6.1) plus the fact that el is a scalar (l.nd can 
thus be commuted. The lost line follows from the definitions of P and R in Chapter 
2. and from (2.15). Since tbe meon value of v, · ~equal to the true gradient v . flk 
must be an unbiased estimate. 

Seeing that the gradient cstunatc ts unbiased, we ouuld make the LMS 
algorithm into a true steepe~l·desccnt algt•rithm, at least in the limiting case. by 
estimating \J at e.aob .step as in (li.2) but not adapting the weights until many s teps 
have occurred. In this way .;.A could be made to approach "'•· and (6.:3) to approach 
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(4.36). With tbe \\eight vector cb.tngmg at each iteration. we need to examine the 
weight vector convergence an a d11ferent manner, as foUow:.. 

From (6.3) we can ~~e th:ll the welght vector w, is a functJon only of the past 
input vectors X4 1. X, 1, ... , X1,. If we assume that successave Ulput vectors arc 
andcpcndcnt o'er umc. W4 a\ andependcnt of X4 • For J.tationary mput processes 
meeting th1s condition. the e'pe.:ted value of the we1ght vector £(W4 J after a 
sufficient number of 1teraUOO'\ can be ~hown as follows to converge to the W1ener 
opumal 'IOJuuon ghen by (2..11), th:lliS, tOW*= x- 1P . 

Taking the t'pected vaJuc of both sides of (6.3) yields the daOerence cquat1on 

E(W .. al • E(Wd t 2p£ftlX,J 

• E(Wd + 2p( £(d4Xd - E(XA.>.Jw.]) (6.5) 

Using the foregoing as~wnphon that X ,. and Wt are independent, we have the 
cxpt!cted productb as 10 (6.4). Al&o, from (2.17) we have the optimum weaght vtoctor 
given as W • - R 1 P. ll1u.s ( 6.5) becomes 

E(W4 , .J '"' E[W.j 1- 2.,..(P - R£(Wd) 

(6.6} 

But now we have j~t tbc Cllpct:ted fotttJ of (4.38), which wa.\ :oolvcd (i.e .• made 
nonrecumvc) by changmg to the princ1pa!-axis coorduute system Us1ng expected 
\'alucs. the solutJon from (4.42) 1S 

(6.7) 

where V ' is the wetght \CCtor. W. tn Lbe principal-axis ,y~tcm. A 1S the diagonal 
etgenvaluc matriJ of R, and ViJ is the initial \\eight vector tn the pnnc1pal-ws 
sybtem 

1 hus. as /... incrc:~~es wtthout bound. we see that the ex peeled weight vector 10 

(6.7) reaches the optimum M>lution (i.e.. zero in the prineipal·:l!US sy~tcm) only tithe 
nght sade of the e.:juauon con,ergcs to zero. We saw tn (4.45) that such convergence 
~~ guaranteed only if 

1 
>.--> p>O 

.a. 
(6 8) 

"'here >. _ is lbe laq~e~L ctgenvaluc:. that 1s. tbe largest d1agonal dement an A. 
So. tn (6.8). we have bounds on p for convergence of the wc1ght \·ector mean to 

the ophmum weight vector. Within tb~ bounds, the speed of adaptation and also 
the noise in the wc1ght vector solution are determined by the $ize or I'· We also nolc 
that >. '"'" c:annol be greater than the trace of R, whi~h is th( ~urn or the diagonal 
elements or R, that JS, 

>-",.. <; tr[A I • L (diagonal elemenLS o( A) 

- L (diagon3lclementsof R) - u[RI (6.9) 
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Furthermore, ·with a transversal adapuvc filter, (2.11) gives tr{ R} 4SJUSL(L + l)£(:\;1. 
or L + 1 times the 1nput ,..,gn~~l power. Thus convcrgen.:e of the wcight-\-ector mean 
is assured by: 

L 
In flenertJ/. 0 < p < tr(RJ 

Transr ~nolfl/tu (6.10) 

This rs a more restnct.1vc: bound on p than (6.8), but is much caster to apply because 
the elements of R and till: >ignal power can generally be esllmntcd more easily than 
the eigenvalue.~ or R. 

The Msumptions or llecorre13tinn and stationarl\y or the input vector used to 
derive the results in thas section nrc not necessary conditions for convergence of the 
LMS algorithm but have been adopted in thas chapter ror analytic convenience. 
Convergence with ccrtnin correlated and nonstntionarv Jnputs is demonstrated in the 
literature on the LMS ol~onthm (2, 6). Under these conditions the analysis be-comes 
much more complex. We know of no unconditional proof of convergence or the 
LMS algorithm 

AN EXAMPLE OF CONVERGENCE 

To illustrate the «~nvergencc or the mean "'e1ght vector when employing the LMS 
algorithm 1n a specific \iluation. we agrun coJUidcr the s•mple two-wC~r,ht cOmbiner 
used as an example in Figure 2.6. We mootfy the 1nput by adding a random s:ign31 
as in Figure 6.2, in order to introduce a statistical Ouctuation tnto the adapuve 
process. The Ulput ce>rrclataon m31nx R, which w:b dctcrmaned in l2.22). must be 
modified to include the random ignal as follow~ Let 9 represent the average 

'· 

Fi~ur11 11.2 T11c o~dnptii'C lin<"orcombiMr 
e'~"'l'k rr.tt11 LhJpLtr 2 \\1lh ~ r;rndt>m 
't&l'llt •dd~J •1 the onput 
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random signal power, that is, 

.p=E[r}] (6.11) 

and suppose the random sample!: are independent of each. other. Then 

[( 
. 271k )( . 2-.r(k - 1) )] E(x.._x'-_1] = £ SJnN + r4 Sln N + r._.._1 

(6.12) 

Thus the modified version of R in (2.22) becomes 

[

1 + 2cf! 
R = 0.5 211' 

COSN 

(6.13) 

A similar mudilication in (2 .24) gives the perform:in¢¢ surface for this example as 

(6.14) 

The optimum weight vectOr. W"', can be found by solving RW" = P as described in 
Chapter 2. wirh P given in (2.23). The result is 

[ 

1 + 2cp 

2'11 
OOSN 

= 2 . 2'iT COS~; l [w,j] [ 0 l 
• -sm -

1 + 2¢ "'1 . N 

(6.15) 

The performance of the LMS algorithm in (6.3) is illustrated in Figure 6.3 with 
N = 16 samples per signal cycle, and with a random signal power 4> = O.Ql . 
Contours of f in (6.14) are shown in this figure. and we note that (6.15) gives 
w,,' = 3.784 and wt = -4.178 as the optimum welght values. 
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Together with the contours of constan1 f in the figure. there are two weight­
value tracks. The tWO tracks have the following characteristics: 

Siarlin.g weight Number of 
values Value of J' iu:r.ation!t 

Upper track 0.0 0.10 2$0 
Lower tra<k 4, - Hi 0.05 soo 

The nmure of the steepest-descent algorithm can be seen in that both tracks are 
more or less normal to the ~contours. similar to Figure 4.7. 

Be-cause o f the nrusy gradient estimate at each iteration. lhe weight i.ra;cks in 
Figure 6.3 are seen to be erratic: they do not always proceed in the direction of the 
true gradient. The track for the larger value of p ls more erratic because the weight 
adjustment is greater at each iteration, but it also arrives at abou t the same d is tance 
!rom the minimum of E in about haJC the iterations taken for the track with smaller 
~- lf the LMS algorilhm in Figure 6.3 were made to continue. either track would 
wander around the "bot1onl of the bowl," in the vicinity o£ the minimum of ~~ 

i 
~ 
;s 
!: 

2.5 

- 5.0 

-7.5 

- 1 0 4 6 

l'igure 6.3 l'crformnnce SUr/Ace contCiur• and WciE)u-valuc !ra~•~ fOr the LMS 
algt>n thm operating as in Figure ·6.2 wilh N • t6 and f.. [ ,ll ~ 0 01. 

8 
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producing a noisy weight vector solution and an average misadju~tment as discussed 

below. 
We can observe the LMS convergence process in still anotbt:r way. b) plotting 

the error, e•, versus the iteration number. An example is given in Figure 6.4 , 
with the error being the same ns for the upper weight-value track in Figure 6.3. At 
first the error is quite Slnuso•dal, but as the adaptive tiller learns to canccl the 
sinusoidal component, the error becomes increasingly random. 

Finally. we note in the particular case of Figure 6.3 that the values of p. (i.e .. 
0.05 and 0.10) are well below the upper boUJld given by (6.10). With <p "' 0.01 we 
have from (6.9) and (6.13} the trace of R as 

tr(R) "" 2(0.5 + 4>) _,_ 1.02 (6.16) 

Therefore, (6.10) gives 

0.98 > I! > 0 (6.17) 

With the LMS algorithm.. il is typical to use values or Jl on the order of a tenth or the 
upper bound given in (6.10). 

2 

~-

·~ 0 

~ 
w 

- I 

-z-l-1 ~...,.-, -1--.-1 ,.....,.....,...,-1-1........,, ,,........., ...,......, hi ,........-.--.,-1-l...,......,, ~. I 
60 100 150 200 '&0 

ltoration nurnbl!r. k 
0 
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LEARNING CURVE 

In (4.59) we arrived at 11 formula for the learning curve, that is, the curve off versus 
the iteration number k, ((1f the steepest-descent method. The curve was the{)retical 
in the. sense lhat an exact knowledge of the gradient at each iteration was assumed. 
The theoret~alleaming curve was seen to decay in accordan(."C with L + 1 geomet­
ric rntios of lhe form 

rr-O, l , ... ,L {6.18) 

As a consequence or this result and of (5.86), the time ~nstant for tbe exponential 
relaxation or the nth we~ght vector element to its optimal value ls 

l T."' ?""": II= 0,1, .... L (6.19) 
~!"'" 

From (5.87), lhe rime constant associated witll the nth mode or the learning curve 1s 

T./2, that is, 

n =O,l ..... L (6.20) 

Furthermore, since each gradient estimate in lhe LMS algorithm is based on a single 
data observation, the time constant in terms of the input sample mdex, T..,.. is t.he 
same as T--' the time cooMant in terms or algorithm iterations. Thus, for the LMS 
algori t.hm, 

n- 0,1, ... , L {6.21) 

In some cases where lhc: LMS algorithm is used, namely those where e: at each 
lteratjon is a good approximation to £[ e~; for the eorrent set of weight values. (6.21) 
gives a good approxlmatlon to tbe learning-curve lime constants. But in seneral 
with the LMS algorithm. (6.21) will be somewhat optimistic, because ef i.s not 
generally a good approximation to EL sfj, and the convergence. process is erratic as in 
Figure 6.3, As an example we take the: case ilJustrated in Figure 6.3, where the 
eigenvalues of R are found as follows, using (3.2) and (6.13) With rf> = 0.01 and 
N = 16: 

[

0.51 - A 
del ., 

o.scos8 

0.5cosj l 
"'0 

0.51- )o. 

For the lower weight track in tbc: figure with p. = 0.05, we have from (6.21) 

( 7; ...... ) 1 = 5 iterations 

(6,12) 

(623) 

(6.24) 
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For companl'On wllh these v3.lue~. a typical learmng curve for th1s ~ame 
snuation is ~hown tn Figure 6.5. llc:re tor ElttJ. is esumated by takmg an average 
of 500 individual run~ of tZ VCI"iUS k. Each run had a dttferent random sequence 
and 11 ditferen t st<~rting pomt on the ~musoidal signals in Figure 6.2. We observe on 
the logarithrmc plot tn Figure 6.5 two different slopes or the leamang curve. 
l'Orrcsponding wtth the tWO dire..:tiOn) or the lower path io Figure 6 J and wttb the 
two ume con~tanlS in (o.21) and (6.24) AI firsl. the steeper 'lope ts ottm.lted to be 
approximatCI:J ODC decade lD n ltcmuons Since It dCC3de I:> ll factor or_ to or c2 

'0, a 
dcc.Jdc also r.:pre.<oenlS a lapse of 2.30 time constants. Thus the miiiJitamc coru.tanl, 
(T ) 1S ob,erved to be oo the order of 13/2.30. or 6 iteranon,. After relaxauoo 
or '7bi~o1 lniual mode. the secondary tJme consta:nl (T.,.h. is stmilarly observed to be 
oppro~imatei:Y 265/2.3, or 115 itcrataons. 1n summary: 

J 
I ... 

1l•el"lr<lltal apcrimental 

5 6 
]114 11 5 

tO 

IT-17 ~ 11!> 

Cl tOO 

1;'\gurc 6.~ l<orn•n§ CUI>< (M lhr low<r trw:k. in l"igure b.), with ~ (1m ( l' 
<>llffiUIW bv overogmR YlCI run' "' Jtllcribed in lhe tut 

\:10 
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Thus. due to !be noisy oumate or Elcfl dtscusscd preYiousl), the e~tpenmentaltime 
constants are ~en to be wmewhat above the theoretical umc constantS. Such a 
result is typical wuh the LMS olgornhm. 

NOISE IN THE WEIGHT-VECTOR SOLUTION 

1o Chapter 5 we di<oc:~d the vanance of Lbe gradient c<>IJmale and the noise m the 
wei,ght-\'CCIOf solution under tht a~umplton that the gradient estimate wa.s based on 
weight perturbauoo. Wtth the LMS algorithm. the gradient e'llmate as &iven by 
(6..2) is not based on ""eight perturb•lt•on. so we mu~t rce~~:amine tl~ variance. 

Iu.st as in (5.34), let us de fmc N~ as a vector of noi~ tn the gradient estimate at 
the k th iteration. Thu~, ns to (5.34). 

~~- 'ilk+ N~ {6.25) 

Tr we as!;u.me lbat the LMS pmcess, using a small vnluc ~f the a,dnp tivc gain constant 
11. has ~'nve rged to a St l!ad~NUtte weight vector ~elution o~:ar W •, then 'il A in (6.25) 
wi ll be dose to z.ero. Then, to accordance with (6.2), the grudtcnt no~e is close to 

N.- ~.- -ze.x. (6.26) 

The covanaru:e of the nOt~e IS thU$ g~ven by 

cov(N4 ) • E(N.NI} • 4£(t! X. Xr! (6.27) 

ll we. assume that the we1ght ve..:tor, w •. remain> near tiS opumum, w•. we 
conclude from (2.39) tb:ll ci 1S appro'limatel} uncorrelated wtlh the sigoal vector, so 
that (6.27) becomes 

cov(N4 ) ~ 4£!tfJ£1x . x J] 

""4~mmR (6.2!!) 

To apply the resulls of Chapter 5. v. e need 10 transfonn (6.28) into the 
principal-axis coordinate system. a.~ followb [see (3.38). (5.40). etc .. for similar 
transformations): 

coviN:) .. covfQ 1NtJ 
- EIQ 1N.lQ 1N. )Tl 

• Q 1£[N4NrJ Q 

• Q 'cov[N.JQ • 4E,..nA (6.29) 

Now we can apply (5.52), which gives the weight vector covarlnnce in lbe principal­
axis coordinate syMem. The result JS 

..:ovl v: l - ~(A- p.A,l) -
1
cov[N; ] 

(&.30) 
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Jn practical si tuations the elements of p./1. tend to be considerably less than 1. so we 
simplify the expression in (6.30) by neglecting the term 11-N to obtain 

cov[v ;) ,.,. Jl~minA - tA 

(6.31) 

Thus, transforming back to unprimed coordinates. we have the steady-sta te noise in 
the weight Vo!Ctor solution given appro)(i.mately by 

covfVk] = Q cov[v;) Q - 1 

"' I'Cn:unQIQ 1 

== J.l~cnin l (6.32) 

A further devdopment of covfVA) under less restrictive (nonsta!ionary) conditions 
than those imposed to obtain (6.32) may be found in farden [6]. In the example of 
Figure 6.3 the yalues of p. we-re 0.1 and 0.05 and ~m.m was about 0.4. Therefore. the. 
diagonal elemeu!S of covjVk] are 0.04 and 0.02 for the uppe; and lower traclcs, 
respectively. These values correspond to rms wo:ifJtt fluctuations of 0.20 and 0.14, 
respectively. 

MISADJlJSTMENT 

We recall from (5.96) that the m..isadjustment in an adaptive process is defined as the 
ratio of the exce£s mean-square error to the minimum mean-square error. and is thlls 
a measure of how closely the adaptive process tracks the true Wiener solution, that 
is,. a measure of tbe "cost oi adaptability." The excess mean-square error is 
Illustrated in Figure 5.3, and is given in (5,60) as 

excess MSE = E l V t T_I\V ;] (6.33) 

If we use the L + 1 elements of V/; and note that A is a diagonal matri;>~., we can 
express (6.33) in terms of a. sum: 

L 

excess MSE = L A "E [ v~! ] (6.34) 
n- () 

lf we assume that the adapl'ive transient has died out and therefore that the squared 
error is near the "bottom of the bowl," we may assume that E[v:,~) in (6.34) is an 
element of cov[V/<1 ill (6.31). Using (6.31) to (6.34) then gives the following ap­
proximation: 

L 

excess MSE""' ~~~""" LA, 
.,~o 

,. fl€n,ntrl R J ( 6.35) 
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From this result we may compute the misadjustmenL defined above and in (5.96). as 

M = excess MSE 
~min 

"'P.tr(R) 

(6.36) 

For example, io Figure 6.3, the values of f1 were O.l and 0.05 and the trace of R was 
found in (6.16) 10 be 1.02, so we have for Figure 6.3. 

{ 
0 .l (upper track) 

M-
- 0.05 {lower track) 

(6.37) 

We can see in (6.36) that the misadjustment. M, is directly proportional to 
the adaptive gain constant. 11· Thus there is a lrade-ofi' between the rnisadjustrnent 
and the rate of adaptation. To see this trade-off more clearly, let us ret'ltll from 
(6.20) that tile time constant for the nth mode of the learning curve is 

1 
('Tmoc)n = 4/lAn (6.38) 

From this the trace of R can be written 

1. 

tr[R) = I A" 
•-o 

Usi.ng th..is resuJt in (6.36), we hove 

M""' I..; 1 (f-) 
rose: .1'\' 

Ln the special case where all eigenvalues are equal. (6.40} reduces to 

Mz L + 1 
4''T 

llUC 

(6.]9) 

(6 .40) 

{6.41) 

Experience shows dlis expression to be a good approximation 10 the relationship 
between mi£adjustment, time constant of lhe learning curve, and number of weights 
even when tbe eigenvalues are not equal. Such a relationship is needed in designing 
an adaptive system when the eigenvalues are unknown. 

Since the trace of the R-rna.trix is the total power of the inputs to the weights. 
which is generally known, one can use (6.36) in choosing a value of I' that will 
produce a desired value o f M. On,e can accordingly combine (6.41) and (6.36) to 
obtain a general expression for the time constant of the learning curve with equal 
eigenvalues: 

(6.42) 
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Tltis expression is ai!>O a good approximation in many c.:asc!> when the eigenvnlucs of 
the R-matrix are unequal. 

Since adaptive transients djc out or sculein approximately fClur time constants, 
(6.4l) can be used to denve the following rule otf thumb: 

MLSadJUSimcnt equals number or weight:. diVIded by 
settling ume, 14hen the: eigenvalues are equal 

Operation with 10 percent mtlll!dJUSlmcot. satisfactory in many applications. can 
generally be achieved with an ndapuvc settling time equal to 10 llmelt the memory 
time span of the ad:tptivc tran~vcrsnl filter. 

PERFORMANCE 

We have noted pre,iousl) that lhe LMS algorithm d1tTe~ from lhc atsorilh:ms 
diScussed in Chapters 4 and 5 pnmaril\' in the wa} in 14hich the gradient. v._. is 
estimated at each lime ~tcp In efTcct. the LMS algonthm ukes advantage of 
add11ional a prion information, n3Jildy that the performance surface i.s quadratic. 
We might ~pea that the LMS algonthm would have a perform .. nee advantage over 
the previous algonthms that ~cd the djfTerence method to esumatc "'•· and in fact 
it doe~. 

TABLE 8.1 MISAOJUSTMENT ANO TIME CONSTANTS OF STEEPEST-DESCENT 
AND LMS ALGORITHMS \ 

Total mi'la<IJU.Irllent, AI,,, 
Tim• cnn,tanl of n 1h rnNit 

lo nuonherof odllpllvc 

iLerutlons. '"'"' 
In oumt..r or dol~ 

$8mpk•, r_ 

St<'t'ptst-<l<:scrnt 
alg<>ntltm 

-~(-') 
J '~-
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The performance advantage of the LMS algorithm over the steepest-descent 
algorithm or Chapters 4 aml 5 can readily be understood by comparing the: 
expressions for misadjOMmcnl and time constant gavcn in Tublc 6.1. The table 
entries onginate from (5.16), (5.86) lbrough (5.~8), (5.'19), (5. l(l<•). (6.20), and (6.40). 
It is apparent in both ca6CS tl1at llliSadJUSt ment IS reduced by slow adaptation: that 
is, by making th.; value of the llme COJ'IIStant large. For a &iven time constant. 
however. the rrusadJuStment of the LMS algorithm 1ncrcases hnearly with the 
number of we~ghts rathtr than wtth the square or the number of we1glus_ 1n ~'Jltcal 
cut:umstances much faster o~daptahon is thus poSSible. 

The rel:lt>\e ~·'nn3rK'e <'f the t'"'n aJgonlhm•" ontloc-31r<f to IIOnther u:ay in 
figure 6.6. \\hich shows the time constant of adaptatoon T,,. a~ a runctk"lo of the 
number of weoghts For lhl~ compari.son the misa4.Justment of the LMS algorithm 
was IUed at 10 percent. The to1ul misadjustment of the M\."Cpt'l-dcscent algorithm 
was also IUed at 10 p.:rcent, w1th the perturbation P optimu.cd .1ccordmg to (5.109). 
The cijlcnvalues of the R-onatnx were further assumed to be uqual. We obtain the 
curve..~ in Figurc6.6 from Tnt>Jc 6.1 as follows: 

(L + l )1 
2 

S1rt>prs1 dtsrent; Tm,., = SM p - 50( L + 1) 

LMS: L + 1 
T._= 4M 2.S(L + 1) 

(6.43) 

The_figure illustr:.ue~ that the LMS algorithm h35 a much \horter adapulion time. 
parttcularly ~hen the number or ~oghts is large 

In Chapter 5 ~e demed the time constant of adaptauon or the method of 
steepest descent for ;~n adaptive filter with ten v.eight~ and 11 total rrusadjustment of 
10 percent with P opUm11.cd. The result obtained L~ gaven in (5 I 10) and ts equal to 
5000 data samples, A ~imilar calculalioD, for the LMS algonthm yields a tim<! 
constant of ndapwaion o f only 25 data samples. Tbis value is much more favorable! 
e~en. than that of 625 dntn srunples obtained in (5. 1 I 1) for oil'- line adapta tion to 
elurunate lbe effects of perturbing the weight vector, Since adaptive transients 
generally die out wuhin approxlmatdy folllT tim.: constant!>. the ~cttling time wnuld 
be approximately 100 S<lmplmg pcnods or itersuons. 

Tbe dficu:nC)- of tbe LMS algorithm .has b.:en silo" n to approach a theoretical 
hmi1 for adapt"~ ntaori1hrn~ when the eigewalue~ of 1he R-m:unx are equal or 
nearly equal 151 With d~parate ctgen"alues. ho\\ever. aus.tdJ~tment ts prunaril} 
do:tenmne.d b) the: fastest mode~ of .ldaplatton. ~hile settling tune IS !muted b) the 
slowest modes. Algorithms suruldl' to the lMS algonthm but ba~cd on Newton·s 
melbod rather than the methoc.l or steepest descent have !wen dcv15cd in an attempt 
lo sustain efficiency under thc~e conditions. Io theSI! algonthms the graJient esti­
mate is prcmulllphcd ut cuch iteration by an esumate of the tnversc of the R-roatrix; 

\VI, L ~ Wk 1 jJ?V~ (6.44) 
or 

(6.45) 
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Nurnbar of weight<, L ' I 

F'igufe 6.6 l'ime constant or adaprattM vrrsu; number of weights fM _,rccpeyr­
desccnt.aod l~1S algorit.hm~. T<)!3l niliadjUstment fitcd .at JO perc~nl 

Part Ill 

This process causes all adaptive modes to have essentially the same tune constant. 
Algorithms based on this principle a re discussl:d rn Chapter 8. They are potentially 
more efficient than the LMS algori thm but also typically more difficult to implement. 

Attempts have also been made to devise algorithms more efficient than the 
LMS algorithm by using a time-varying value for the constant of adaptation JL. 
High values are first chosen m achieve rapid convergence; after corwergence has 
been achieved low \'alues are chosen to minimize misadjustment. This method works 
well as long as the input statistics remain stationary. 

EXERCISES 

1. ExpreSs the LMS al&orilhn1 for an individual weight io a sin&lc·mput adaptive li oear 
combiner. 

2. IJ an ad_aptive transversal filter bas an input signal power equal \0 p, wb.at.is a reasonable 
ra.n&e (or tht adaptive &ain constant, 1!7 

3. Describe t.be- principal axes of the performance surf~ce ill Figure 6.3. 

4, Explaht why r.""' and ~- are identical io the case of the LMS algorit.bm. 
5. ln tbe e,;ample in Figure 6.3 , wbat is tbe approximate covariance matrix for the gradteot 

noise, assUJl'tin& that the ndaptiw transic'tlt bas died out? 
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6. Wbal are the eigenvalues in the example in Figure 6.3'1 

7. What i& the effect of adding a third weight to the adaptive transverS<tl filter in Fi&ure 6 .2: 
(a) On the minimum mean-square error'! 
(b) On the m.isadjustment7 
(c) On the learni11g curve? 

8. Consider the adapjjve signal-canceling situation in the diagram below . 

(11) Write an expression for the performance surface. 
(b) Determine a range for tbe adaptive gai n con>tant. 
(c) Express the LMS algoritb.rp {or !hi$ situation.. 

. , 

(d) Usin& !! - 0.05 and 0.005 with z.cro initial conditions, run the LMS algorithm and 
p.lo t two learnin& curves similar to Pi&ure 6.5 on the ~am~ graph. Estimate the two 
time constants. 

9. Con$ider t.be adaptive predictor shown below 

., 
(~ Given <~>~ •. ( n)- E[xkxu.l· write an expression for t.be performance surface. 
(b) Give a specific eJCpression for tbe performance surface when :(• is equal to sin(k,-/5). 
(c) Write (be LMS algo rithm for the case where .x4 - .sln(k.,/5), with )! at one-fifth ot 

its max.imum in (6.10) . 
(d) Using the LMS algorithm in part <c), list the first 2.0 error value.s, r0 through tr• · 

AsstJi; ,~ that W0 - 0. 
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10. For the predictor m Exera~ 9, gemrate SOOO samples or tbe input os rolfo~~os. \131n~ :tero 
irulillronditions. 

IC~ - 0.95( r, - 0.5) -+ 0 .05/Cl-t; k- 0,1, • , . 4999 

where r
1 

IS the k lh number tn thr random sequence in Appendix A. Tbl!ll: 
(a) u~ing tbe data. cMimate !he input corrdation matri,.;. R 
(b) UW!g (6.21), select I' to produtc ~n average learning limt con.stant equal to 100 data 

samples. 
(c) Run the LMS algonthm with " as above. Plot tbe first 5000 \\ogbt values, "'I& and 

"'u , \<crsus k 
(d) Plot a learning curve ,imilu.r to that shown ill Fi!',ure 6 .S. 
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The z-Transform 
in Adaptive 
Signal Processing 

chapter 1 

In the pr~diog chapters we have described rhe ndaptive liuea.r combiner ~.nd its 
properties without recourse to the usual lransform o r frequency-domain analy$iS 
used with linear systems IJ -4]. In this chapter we review some of tbese standard 
conceprs and methods of digttal signal processing and show bow they app 'ly 
particularly to the analysis or hnear adaptive filters. 

Specifically. we review the: .:'·lr.lnsform method of aoalynog digital systems 
a.nd show how the z-transfonn relate_'\' to th.: frequency response (gain and phas.: 

shift) of a system .. We also tdorrnulate tbe least-squares method and the LMS 
performance surface in terms of the .Hransforn1. Our presentation is brief. There 
are many complete texts on the subject oi dtgital signal processing (1- 4. 7 91. 

In the case of the adaptive linear combiner. the ideas or this chapter give us an 
alternative ~icw of the destgn and analysis of adaptive systems. For other types of 
adaptive filters such as recursive adaptive fillers. the transform methods di.'iCussed 
here are required. rather than altertlath es. 

THE z..TRANSFORM 

As we have seen. the analysts ot stgnol proce.~stng systems such as the adapr!Ve linear 
combiner involves the use of sample sets. that is, ordered sequences of samples. 
These sample sets include various time series such as the input, desired. and error 
signals a~ well as the set of wetghr values. 

ll)e ;-transform of any ~'tlc.h sequence is defined as fallows: 

"' 
(7 .1 ) 

z-transform: X(;) - L :o:k; 
t.. - - oe 

111 
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In ttus form; 15 a oonunuous complex variable and X(:J ·~called a "two-sided'' 
.:-transform becaw.e ncgau•e as well as posiuve values of the mdcx k are in\olved. 
In fact, x • must be known for all lllteger values of /., 10 order to produce Y( z ). 
Thus we could obtam a one-sided transform simply by asouming that x ~ •~ 1ero for 
k less than uro. 

As a Simple e>.arnple of .t t-transform. let (x.J be the ~amples of an exponen­
tial function such that 

k<O 
k ~ O: e>. > 0 

(7.2) 

Then the r-trM~form IS a sunple rational function of a and : , c~pressed 1n Figure 
7.1. Slnlle x4 is 1..ero fork less tbao L.eto, we have a one-sided transform in this case. 
The transform has n zero (i .e., 1135 a value of zero) at • - 0 und has a pole (i.e., 
beoomes infinite) at : ... I! ~ 

As in the ca~e of Figure 7.J, an infinite (or even a finite) geometric sum c::m 
always be wnuen in clo~~ rational form, so the :-transform allow~ Ub to express 
mnny ~pie sequences in a ~unple manner. T;~buJauon~ or :•tnln\forms may be 
found in the literature (41. 

Notice also that nll of the mform11tioo •n the origmill 'illlTiple sequence u. 
con\eyed by u.s :-tr:msforrn f.ach sample in (7.1) ts aMOCJilted watb a ullJque power 
of 1. 60 the complete ~pic~~ can be TI!CO\ered from the ~-tran)form. In other 
\\Ords. an anver~e Nran-.rorm obVIOu.~ly eltists. We wall return sbonly to a dtscus­
o;ion of the inver!~~! tra~forrn. 

1.0 

•• 0.5 

., 
.. 

XU1 • ~ e-•:' .. , 

S.mpltt nun\ber, at 

Foaur~ 7.1 lb< ..atnplcd fund•M c. - ~ a!< :md ou :-tr;anslnrm, "luth h•• •lw> 
~• : - 0 uDd u pale a1 ; • • 
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RIGHT- AND LEFT-HANDED SEQUENCES 

The sample sequence in (7.2) •~ ·• right-handed" because the signal starts at k = 0 
and proceeds lO tbe ngllt with k m~;reasing A "left·hnoded" sequence proceeds 
from k = 0 toward d<.-ere.ul.llg k, and a t"'o-sided !ll!quen ... c goes •n both directions 
from k = 0: AU sequences cao be transformed ustog (7. 1) or course. but the region 
of : for wh1eb (7.1) COfl\ergtlo van~ Consider the followang examples: 

X~ ~ l'•l<; k S 0; a > () 

x,_ ~ cosak; k 2: 0 " E cosakz 
4-0 

~ _ t(J - cosa) 

1:- 2zc.-osn ..f 1 

Note~ the first example that the summauon converge~ only 1f j: f > e v. so that the 
terms m tbe sum d~rni.n.im "' ith k. Samilarly. the &CCOnd transform com·er&e:. only jf 
1.:1 < ~· and ahto lhttd aran,form• com~rg .... only if J:l ~ 1 Th~ the follOWUlg rules 
apply to these :md other ngbt- or left-handed sequence.~: 

H x.., ~ left-oonded. .Y(z I «lll~erges for I! I < I :tnd has poles on or outside 
lzl- I. 

If x, is ngllt-handed .• \'(:)converge.~ for f.!J > 1 aod ~ poles on or inside 
J.!l ~I. 

TheSe rules are gener a.l and do not gJve the exact reg~oo of convergence of X(:) on 
the <-plane.* In the ~ of tt - ~ •• for k ~ 0, for e\ample, the region of 
con\"C'rgenc:e depends on n, but ot alway~ llldudes the n!gaon out<ide the unit circle 
deli.ned by 1~ 1 > I. We ~sume mall -;cque~ that the ~mples (.\k) are finite and 
do not grow without bound as 1kl mcreases. 

There are cases, &uc:h as wuh correlaooo funcuom (lo~ ter in Llus chapter) or 
noncausal liltefS (Chapter 10). where we rna} w1~h to transform a two-sided 
sequence, ~eo thougll o rCgJ.On of ~onvergcmce docs not ClOSt at ull lo these cases 1t 

is general!! oonveoient cuher not to sum the two-stded scnes [as in (7.70)). or else to 
treat the nght- and left-banded portions of the sequ~nce scpnratdy cas l.ll Chapter 
10). For example. the tran.o.form or x~ • l'OS ok for k <. 0 1s mmus the transform in 

'!he ~ird S<ric.> m•y I>" ~ummod hy v.nll!\g l.l'><>h- (~•·1 ',, '"')/~. then Mlmrnong lite 
~£tl)mct"c X"nt! 

1Tbc ccmple.~ z"f'l»oc <O.nlllln• pfunt~ who!><' ab<e~<...,) :u>tl N\lon•lc' orr lhc r .. J oux1 imag111-.ry 
por<> o[ : Every •aluc o.r : ~orrc.'·l""'d• "' 1 pnonl on the : pla!k 
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the example above,t wbere xk = rosak for k >- 0, but the two regions of conver­
genc-e do not overlap. Thus the entire two-sided tr.ansform does not exi~t. even 
though the two-sided series may be used as u1 (7.70) to "represent .. th.: entir~ 

sequence. 

TRANSFER FUNCTIONS 

Most of the readers of this book are already familiar with the transfer function 
concept.. which is common to aU types of linear systems a.naJysls, ronun.uou.~ as well 
as digital. The transfer function is simply the transform of the ou tput of a system 
divided by the transform of toe input. With continuous systems we use the Laplace 
transform, and with digital sy> tems we use tlle z- trans(orm. 

A general linear digital processing system (or algoritlun) is illustrated in Figure 
7.2. Compare this figure with Figure 2.2 and note l.bat 1f we set the reedbacl: 
coefficients (l.be b's) equal to z.ero, we have in Figure 7.2 the single--i npu t adaptive 
linear rombiner. Tbe weights are shown without arrows 1n Figure 7.2 because for 
the present we want 1hem to be fixed rather than adjustable.* 

Thus Figure 7.2 represents the gcnentl single- input linear combiner, o r digital 
fi lter. Without the feedback portion, the fi.l ter is called "nonrecursil'e." With the 
feedback portion ilis called " recursive.'' The expression for the output, yk, in eitlwr 
case is 

L L 

Y• = .L a.xk- • + E b~Y4-• (7.3) 
n•O 11-J 

Thu~. wi th.Out the b 's, we have essentially (2.3), that is, the nonrecursive version. 
The filter is also caosal, because a. is nonzero only for '' positive. 

To develop llie transfer function, let us now take the :-transform of (7 .3 ): 

::c L "' L 
Y(z) = E L a.,.""<k - nz k + 2:: L: b.J~t_ ,, z-1. (7 .4) 

~--.,.,.-o ( -a-J n-1 

If we are to express the right side o f thi$ result in terms of transfom1s, w~:: mlbt 
define o., a nd b. for all values of 11. As sugges ted above, we do this simply by 
lett ing a. and b. be zero when n designates a position "outside of the fi lter" in 
Figure 7 ,2. Thus we define 

[a.,) = [ • · · 000a0o 1 

[b.,)= [ · - · OOOb, 

aLOOO • · · ) 

b~.ooo ·. · J 

' The reo.der mtiY w.,h 10 -.:nfy thu. by ~omnHOg tbe (wo ><ri.e> 

(7 ,5) 

' \Vhco th( weights u~ ad.t.pting, the timc.varyJog filter does nC'IL ba.ve J .&rum fer function .. A 
tra.n.~(cr function impUes hxtd wd,&ht5.. 
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}--.---- Yo 

Flgur<> 7.2 Equivalent diy"'l signal processing Jiagrams 

Now we can write (7.4) with inJinite limits and exchange the order of summa lion to 
obtain 

.., ec 

Y(z) = L a. E xk_.z-k+ (7.6) 
n• - :c lt.•-o::. 

Next, the right side can be written in terms of transforms simply by changing 
subscripts. If we let rn = k- •z the limits on m are s till ± infinity, and (7.6) 
becomes 

=A(z)X(;:} + Y(:)B(:) (7.7) 

Tbe transfer foQction. as menti.ooed above, is 1be output tra nsform, Y(.:), divided by 
the input trans[o~ X(.:). From (7.7), tben, 

transfer fiJ.Oclion - H(.:) = Y{z) 
X(:) 

A(:) 

1 - B(:) 

Thus. with B(t> = 0. we have Y(z) = A(z)X<: ) for the oonrecursiye case. 

(7.8) 
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FREQUENCY RESPONSE 

By simply replacing z withe' "'· where Ci) Is the nol1l_lalized frequency.~ we ~e able to 
obrain the discrete Fourier transform (DFI) of the tmpulse response m (7.,2) below. 
i.e., the frequency response of n linear filter, from irs transfer function . To demon­
Strate this, we.first divide A(z) by 1 - B( s) in (7.8) to obtain 

"" -• A(r) 
H(::) = E h.t - 1 - 8(:) 

, ... o 
(7.9) 

Note bere that h. is nonzero only for positive n bocuuse a. is nonzero only for 
positive , .. Thus any causal recursive Iiller j;; equivalent to a causal oonrccursJve 
filter of infinite length. From (7.3) .and (7.9) we now have 

(7.10) 

Again, ( 7.] 0} describes a11y causal linear filter. . . 
(f we wish to find the frequency response of the filter gtveo by lh;]m (7.10), 

we can let [xd be Lhc sample set of a unit sinusoid at some li~ted frequency w and 
compute IYd· So we let 

(7.11) 

Then, in (7JO), we have 
OCI 

Y~::c: L h~~eJwt~ - ,, 

t~ •O 

(7.12) 

Thus since the siou!>Oid :c~.- is multiplied by the quan~ity in parentheses to obtain the 
sinus~id y4• this quantity must represen1 Lhe frequency response of the filter, that is, 
the gain und phase shirt, at the frequency w. 

Bul the quantity in parentheses could have been obtained ~y substituting c1
w 

for z in (7.9) or (7.8). Thus. for any linear tiller in the forlll of Ftgure 7 .2, 

Y( e1"' ) 

frequency response = X( e'" ) 

A (t' "') 
1-8(<'1'"') 

{7.13) 

We can seelhar the frequency response is a periodic: function of w, because e l"' does 

tThat i!>. nonnlili2ed w that lhc samphnr. fn-quoncy 1> at .., = 2.~ The re:~d•r should t>• ._ .. '11"" 

thllt son1e at>tbors use w to rcpr<$nl an unnormolitcd fre<Jueocy. which roquires ..:aling by the um• >tep 
T. as in (7 161 
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nor change as w is increased by any multiple of 2'11. Furthermore. if we use 2., - w 
in place of w. we have 

e1(Z" - f 1 = e -"" 

Thus, since the coefficients of A(z) and P(:) are real, we have 

!J.eit2• ~l) = Y(c -'"' ) 
X(e112~- .. 1) X(e -1" ) 

(7.14) 

(7.15) 

?o the trans fer func1ion. Y I X. is unique only for 0 s w < 1T. This frt:([uency range 
tS called rbe Nyquist fnlervtil. with the folding fn•quency at w = "' and tbe san1pling 
frequency at w = 2.,. If we wanted to write X), in (7.1 1) as a function of time 
ins tead of the san1ple number k, we would let 

w = QT (!l in radj s) 

= lwjT U in henz) (7 .16) 
where T is the time step (distance between samples) in seconds, so lhar 1 = kT 
would sppear in the exponent Then the foldrng frequency would be at "'j T radians 
per second, or at l / 2T bertz, ibat is. at one-half the :;ampl\og fr<!quency. 

A specific ex:~mple of frequency response is shown in figure 7.3. Here we have 
the transfer function 

H(z)= Y(z) = 0.27(;2 + i ) 
X(z) ; 2 - l.27z. + 0.81 

The frequency response. H( el"'), is in this case 

1/(e' .. )"' 0.27(e~1" + 1) 
e ll"' - 1.27e'~ + 0.81 

= 0.54 cos t.>(l.Sl cos{,) - 1.27-}0.19 sm w) 

( 1.81 cos w-- 1.27) 1 + (O.l9 sin w ) 1 

(7.17) 

(7.18) 

The magnitude and phase of !/(e 1"') arc called the amp}llude [(Oin and phtLve shift of 
the filter. As in (7.18). we have 

lf(e 1" ) =Real + J lmag 

runplitudegain ~jH(e'wJI= [Reat 2 + Imagl J1 1 

phase shirt = tan 1(lma,g/Real) (7.19) 

The amplitude gain and phase shift for t.he present example are plotted in Figure 7.3. 
Besides the amplitude gain, the power gain of a tlHer is also used. The. power gain is 
Lhe square of the amp.litude gain and is sometimes specified in decibels {dlJ). Thus 

power gain = jH( e 1"' )lz 

= Real2 + lmag~ 

power gain io dB = lO log,1j H(cfo•) j
2 

(7 .10) 
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In the example of Figure 7.3 we L'3JI also note lhe elfC!'Ct or the f"''•·f mtd :.,,.,,. 
or f/(:) <)0 the g.Itn .1nd phase shift. To obtain the frequ~cy rc:spon~ tO (7 13) "'c: 
~t : • ~ 1", Jnd thus as "' changes from 0 to the foldtng rrequenc) ( w ). : mo' c:.' 
around the upper hoalr of the umt circle on the =-plane. When .., is ~uch that : " 
near o pole. as 11 u at .., ~ <r/ 4 tn Figure 7.3. the gain IS lugh. When : •~ neJr a LN(I 

<)( 11(:). J.S nt ,., -1112 tn Ftgure 73. the gain is low. As: on the unll Ctrclc pa~·.es 
ncar or through o pole or o:ro, there is a sharp change 10 the phdM: char:h.:tcraMtc, a~ 
nbo illustrated 10 figure 7.3. 

IMPULSE RESPONSE AND STABILITY 

Surposc that we huve an "impulse" sample set con~isting of n ~inglu unit snmplt! Ill 
k .. o. th.ll ·~. 

(xtl ~ [ •.. 00100 · · • I (7 1:1) 
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B) definition tn (7 lt. the z.tran\fOrm of the tmpulse \:lmple ~~ 1!. 

\'(:) - I 
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So if(.\"; I IS the input to a filter \<1th triMfcr funcii!'O H<n. then from a.S) the 
ootpot must be the ~uencc who.,\C tr~form u H(: 1· 

tmpul'trc.loponse / 1[ 11(.1) (7.22) 

1VhCTe z-t stands for "in\CT\1! l•tramform" 
From this delinitiCin of the tmpul\t rcspon~e we can argue that nonre..'UTSive 

dtgital fillers such as the udapthe hncar combiner are inherently "stable" in the 
sense that, as long as the wetght value!> are hnite, the impulse response LS bounded 
and of finite lel'lgth. 

On the t1thcr hand, recu r~iv~ fi lter~ hove impul~c respoMcs of infinite length as 
suggested by (7.10). The t'41 usal recur~ivc filter i~ stable only if the poles are inside 
the urut circle. as in Figure 7 .3. We ran sht'w tlu: stabili ty requirement i.o the 
following way. Let the transfer func.:uon. /-1(:), be a ratio or pol)'nomials in z - 1 as 
in (7.8). If we expand N(:) into a sum of p.1rtiul fnu:tlons. f/( l) will contain terms 
of the form .C"/(1- au:- 1), where :,1 is a pol~ location. Thus we wri te H (z) 10 

the form ,. " 
H(:)• '• 

1
tG(z) 

I - z11: 
(7 .23) 

where G(;:) represents the rl:!>t or f/(: ). and .j 15 "con:.tolnl. Since the input O<X:UTS 

at k = 0. we k:oov. tha t the rcspon~ [1 c .. the tn•crs~ or H( z)] must be right-handed 
Therefore, we can e'pr~ the fu~t h:rm 10 (7 23) as a right-handed series, and 
ree.tpre.ss H( : ) £IS 

JC 

II(:) • I L ; 4 -: • t Ci(z) . -· 
From this resuh \\'t h.t~e the tmpul~ rcsporue tlS 

h~ z · •[ H(:)J 
• A:~ • t / '(GC:)I k fl! ll 

(724) 

{7.25) 

Although tlte pole locatton ;:0 " tn general c(lmple\ . we can see that the tmpulse 
rcs.ponsc wiU grow without bound unless the modulus of : n •~ less than 1. that is. 
unles~ : ., i~ imtde the un•t c1rclc (We define a filter Wi th a pole 1111 tht: umLcm:le to 
be "conditionall)" ~table.) 

T o summarize this !«liOn, "'e have lhe rollowmg tabul31ion of results for 
fillers of finite length: 

------------------
Nt=~t1re..·""'''~ 
Rtl."'!jt),ve 

l'lnolct i·Ut) 
tn llnil•(liR) 

f'1nllt l.'dcm(!itnb 
I ini1t t.•utffi«.:ltnt~t: 

p<ol<"' in>odo I 'I ~ l 
(nrcau••l flhtr 
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The term " mtlnite" or course means mlinite in elltcnl. as in (7.10) or (7.25) 1'be 
initiab FIR and UR a.re often used Lo speetfy Lbe two clmes or filters. 

THE INVERSE z·TRANSFORM 

As suggested by (7.241 and (7.2)), the inverse :-transform of any rationnl funcb10n 
CliJl be found via 11 p:trlial fraction expansion and conwrsioo to geometric :.om~ 
For o ur anal)sis or least-squares systems. however, we need a more <'onvenient form 
for lhc mver~c. Tbi~ i~ found in the realm o£ complex-variable theory and is 

xk - -
2

1 . ,{.X(::)z*-1dz 
'fT./ 'f' 

Thu palh of the integration is taken to be counterclockwise on a clrcle centered al 
the origin on the l·planc, on wttich X(t) in (7.1) conv~rg&. 

The vo lidity of (7.26) is easily proved by substitutJOg the fonv3td trans form in 
(7. 1). WO!have 

(7 .:27) 

The inu:grnl theorem of Cauchy [5] can be adapted to give the following general 
re~ult: 

_l ,;. .... dz ~ {0 
2'"j'r 1 

m.,. -1 
m= - 1 

(7 .:28) 

In (7.271..1.. is JWt a constant, so only one urrm in Lbe sum. where 11 ... k. •~ nonJ.tTO, 
and tlu) rerm lS x. So (7.27) becomes an identity nod tbe valtdity of (7.26) •~ 
proved 

It is al~ useful to note thai the substitution 

(7 •. 2.9} 

in (7.26) give;, an inverse frequency transformation. The sub~titu tion causes d: to be 
replaced by ;:d<J, and a path of integration may be take-n on the unit circle fn:>m 
; • e "' counterclockwise to :. = e 1• (i,e~ once around the circle). Tbus (7 •. l6) 
become~ 

(7 . .JO) 

and we have the sample set in tcnns or the spectral function, X{e'w). Thi)· is 
esscnlHIIly the inverse Fourier tTau;,form fom1ula. 
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We tum now to the quesuon of how to evaluate lntt.>grals Like (7.26) or, 
equivalently, (7.30) 10 practJce. tr X(:) IS n polynomial in .:, then (7.26) giv~ .-c, 
simply as one of the ooefficients or the polynonlisl.depcnding on k . But if X( : ) is a 
ratio of polynomials, the resuh1e lh~orem (101 i.s helpful. The theorem state.~ that 

Xt ""~,{.X(.: ): 4 1tk 
-1T) 'f' 

- LR&I X(.:)z 4"
1 at pole ~.J (7...31) 

That is, x 4 is the sum of the residues of the integrand at :ill of 1ts poles inside lhe 
path of iotegrat.lon. Given that X(:)J• - t is a r3tional function of z. each of these 
residues is found as follows. Let •• he a pole of XC z )z•- 1

, repeated r limes. We 
write X(z)z 4 - I as 

(? .32) 

and the residue at z. is 

(7.33) 

ro the case of r ~ 1. we have for a 

simple pole: Rcs[X(:}z 4 1 at '•] ~ Y(=.) (7.34) 

Thus. using (7.31) through (7.34). we have n method for finding the inverse 
transforms of rational functions or :. (Note e.o.peciaUy in (7.31) that when k = 0, 
there is usually an extra pole :u ; .- 0.) 

To illustrate, let us ogatn examine uu~ e~ of Figure 7.L Here we had 
X(.!)= : j (z - e-•) with x~ being defined fork ~ 0. and so (7.31) be.:omes 

(i .35) 

Since we have a si111ple pole in thi ~ case, (7.34) applies and we have 

(7.36) 

just as jn Figure 5.1. Note Lba.t the rangu or k. for whicb the inverse transform is 
valid is not carried within the integral fonnula itself and must therefore be known 
el(tecrnally. 
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In the foregoing CJtllmph:. [xd was rigbt-banded and k ~ 0 was assumed. For 
left-handed sequences, the factor ,:A-I in (7.26) m&l..e. ustng (7.33) difficult for the 
residue at : = 0. The ea>i~t approach for left·bandcd M:quenco ~~to let u - L 

1 in 
tbc forward and inverse tran~forms (7.1J and (7.26). l'lu~ 'ubstitution reverses the 
.. h:mdednc:ss" of .ll1 ~cquence For example. the ·• u·transform" of xk ~ e•' for 
k .s 0 would ~ uj(11 - e •). and the inverse could l)e found as 10 (7.35) through 
(7.36J and then rellc:ctcd to become a left-banded sequence. For funber C'lCamplt!>. 
~ E:cerc1ses 16 through 18. 26. and 27. 

CORRELATION FUNCTIONS AND POWER SPECTRA 

M~t of the analysis or adapttve filters as.'umes that the 1nput oignal or signa~ ha\e 
~ta1istica l properties that are con~lanl over the penod l>f anulys1~. even thougll th1s 
may not be exoctly true. Thus it i~ convenient to discuo~ ~ignals that have either 
perir:l4.hC or stationary rundom sampltl sequences. Such s1gnuls C'lln be described in 
term~ of correlation fwrcflnns, which we define just il$ in (2.11) and (2.12). for the 
smgle-input ad~pth·e linear combrner 

Cron-correlotum: 9,, (n) ~ £I'C'4 1t .. J (7.37) 

Autocornlatwn : (>,.~l n) £ £L~,x, -1 (7.38) 

-oo< n <cc:. 

The expectation goes over k, and we note tlult the auux:orrelation funchon IS JUSl a 
special .:asc o f the more gencml cro)~-corrclation function. w11h ~ - x rn (7.38). If 
the averages do not change with J... then Xcl'••• and x~ • ~A represent tbe same 
relative )hJ(I or x and .h and 

9,,(rt)- £lh·~4 •• 1 
• £l>... - .-'l:d = 9.,( - n) (7.39) 

1 bus the autocorrelauon funct1on IS an even runcuon, 1.e .. 

9,.(n) • r/1'",( -n) (7.40) 
We now define n thsrrett' powt•r spL'Ctrum as the z·tr.tnhfOml of either or the 

correlation runctioru. in (7 ~7> and (7.J8). Thus 

"' 
Cro.u·pn~~tow spn:uwn: ~ .... <=1- L: 9,J(n): . (7.41) 

lt 

" Aut&-po-..tr JP~CITWII ~ .. (:) ~ L: <o,,(n): . (7.41) 

·- ~ 

Again, we note that ~ .. (:) "JUS! a special ease of ~., (:I with v .. x. And just as 
above in the section on frequency re~ponse, we can >ubM1tute 1!1w for z and obtain 
the power speclrurn in terms or frequency: 

X. 

<ll ,,(r''")- E ct>,.(n)e -1""' (7.43) ---- ., 
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1~ .this formul.luon we have esscnti01lly the discrete Founcr tra_nsrorm of 9..,.(n). 
&JVmg the dtstnbullon or tbc sample producb, [x1y4 .. .,}. over frequency . ..,.;th w ~ '" 
at one-half the snmphng rate as above. 

. An 1mportaot property of the pow~r spectrum IS the ~ymrnt!tr)' property that 
anses from (7.39) By reven.1ng the order of the signals l und 1. "'C ha"-e the 
equivalent or the time reversal 1n (7.39): 

~ .. (c)• [ 9,,(-n).: " 
•- -x 

"' E ~ .• (m)r"' ~ ~ .. (.: 1 ) (7.44) 
.. - :w; 

The subs rrtuttoo of; 1 for z here 1mphes the conjugate when t i> on the unit circle, 
which rs alw~~ true when we discuss frequency response. 

We now cxurni11e the: rclationshtps between power spcctro and transfer func­
tions. Suppose tbar lYd and (x.J are related through a linear tran;f~r function, 
l~(z ). ~in Figure: 7.4, "'hich i. in turn cqu1valentto Figure 7.2. Here we bave H (:} 
g.ven 10 the form of 17 101. ~ that the actual filter could be other recursive or 
nonr<:eursi\-e If we u...e rust (7.37) and thco (7101 m {7 411 \\C obtam 

... 
~ •. (:)- L E[-'C' .. ~ .... J: -· 

" 

(7.45) 

Since the elCJXCtatron or any sum IS the correspondmg sum of tApcctalluns. we can 
move the"£" operator tn (7.45) iru.ide the inner sum. If we aho eJo:change the order 
or summation. we get 

>< "' 
~ .. (:)- L h, L E[x, x4 , • 1): ·• 

1• 0 ,_ ~ 
(7 .46) 

Now a simple Change of indel(, witb m - n I, produce:. the d1:s1red transfer-fum: .. 
tton rela1tonsh1p 

"' "' ~ .. (:) = [h1: ' L E[x4x4 . .. ].: "' 

.. "' 
"" [h,: ' L ~ .. (m):'" 

1• 0 ..... - .;_ 

(7 .47) 
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Proceeding m a •amrlar m;mn~:r, we can obtain a tnmSfer-functaon rtlationshap 

between$, , and $,1 as follo""-s ... 
$ .,(:) • E ~,,(n)z ~ ·- -...:: .. 

L E(.~A.J'A •w}t ~ 
1\-- Ot 

I: Er [ h,x, , i h,..x<+ . . ... J:: · 
.... • x l1-o ,.,-o 
w (ll'"j oe 
[Ia,:.' L h,.z. -~ £ £[x, ,X4-• .,. ].: r. M.,, 
1·0 m-.0 ,--oo 
"' "' co • L 1!1:

1 E h,.z- "' [ <l>,,_.(h- m + l)l · l• 
1•0 ,,-o ..n- -co 

- H(z 1)H(;)<ll .. ,(zl 

•I H(.: )1~41, J.:) 

'" .. ,, 

(7 .4X) 

Note \hat m the fo11rth line of 1his development, the two samples of,,. ~re separatt'd 
by u tntol of, ,, + 1 'ampl!! potnts. :~nd thus IJ\e ~peeled product aS 9,.(11 - m 
~ /). Then. u m (7.46) and (7.47). a simple change of index gets us to tbe final 
res.ult. On the last bne, we have again assumed that :: is on the unit ctrde 10 obwn 

tht MJU:I~·magnttude resulL 
rurtherrnore, ~uppose that [dd is a third umpk ~uenee v.ilh stat.aonary 

pr<>pertae~ ~amtlar to f.t"&J and 1.~,1. v. hich are still assumed to be related as 10 (7 10). 
Titen the cros..-spo;trum $~1( ;) m.1y be devdoped JUSt a.. in {1.4~) throup,h (7.47). 

,. 
$.,,( d ~ E E{dJ._r, •• ]: • 

,._ -<C 

"" .,... - E h 1z"
1 L 9~.(mh-'" 

l•tl lf4;- oe 
(7 49) 

H \lit repl.a~'C J wllh l tn this result, we obtain the :resull1n (7.47). 
8es1des these ~n~nsfer-function relationships. we can also apply the mverse 

transform formula In (7.26) tO get the correlation function in terms llf the JXIWCr 
Npeclrum. Since by deftniuon in (7.41) 41._. is IJ\e transform of <j>,.. "e hnve from 

(7 26} 

£l.xk.l'4 ••]- .p_.,,(n) ~ 2~) ¢(1),\'(l)3" " J d: (7.50) 

El ~,.l,~ .• l- ~ .. (n) = 2~1 ¢<fl,"(~);" 'd: (7 .5)) 
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In particular. '1\ith n • 0. v.e h3"e 

(1.511 

lJ.SJ) 

The latter quantity, the mean·Mjuare ~o~alue or x,. ·~ caiJild the /Q/o/ pow.er (oc average 
J>QWer) m the scquc:nee fxd. NOte thllt, 1n teems nf frequency, as (7.26) tS the ~e 
as (7.30) so (7.53) is the snme a,, 

E[o~fJ - 2
1
.,{ ~ .. (r'")Jw (7.54) .. 

Thus the total power. E[xl l. L~ the integra.! of the discrete powl'r spectrum. 
To summarize this section. w~: list the imp()rtunt relationships together as 

follows: 

If ;c, y, and dare ~tntiMary 
si&nal~end If Y(:}- 1/(;)X(:), 

then, with ; ''" the unit circle, 

•ll.,(z)- H(:Jill,.t:) 

ll!J .( ;)•//(:)41~.(:1 

41,,(:) •IH(:) ·41,,(:) 

<> (n) • -
1-k (z)z••I J: 

A\ 2~} '1'..,.•, 

(7.55} 

(7.56) 

(7.57) 

(1.58) 

(7.59) 

THE PERFORMANCE FUNCTION 

In previou.~ chapters. beginning wuh Chapter 2. we have discussed the behavior of 
the adaptive linear combmer m tc.rms or 1ts performance function, ~. the mean-square 
error. Let us now formulnte th1s performon~ function in terms of the trans(er 
function or the adaptive system and the Sal!,ttttl power ~pcctra. 

We wfll assume that we hBve 11 siragl1!•inp11r adaptive transversal filter. The 
~omecursive si~gle-input system (i.e., the single· input adaptive Linear combiner) was 
1Uustrate<l first •n ftg~re 2.2. and is shown again togotlter with the desired ou1puL, 
d k· and the crro~, e~, m r:•sure 7.~. We orralt the ~ub~eript k from the weight values 
here because theu dynam1c bchav1or doc~ not enter into the present dlsc~sion. 
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The performance surface of the nonrecursive sy~tem, that is, 1he mean-square 
er(Or as a function of the weights, wa$ given in {2.13) as 

~ ~ .pda{O) + W "' RW - 2P1W (7.60) 

where 

W = fw(, WI \V1. f 
(7 .61) 

[."(OJ .P~, tl) .Pu(2) 
... (L) I 

<1>.,(1) 4>_., (0) </>,.(1) <i>,_.(L- l) 

R = .;.,i(2) <I>~.J l) cp,..(O) +.A L - 2) 

<1>,,( L) 4>.n(L -1) .p._(l. -2) 4> .... (0) 

{7 .62} 

P - [<i>d,(O) q..,.,( -1) <~> .. ~(-LW (7.63) 

Here we have replaced the expected volue. JlOtation. E. or Chapter 2 with the 
correlation function, q., used in this chapter. Using (7.61) through (7.63) in. (7 .60). 
we can e)Cprcss tbe perfoTfllance function in terms of •fs~ 

L L L 

€ = <f>Jd(O) + L [ wlw.,</>,,(1- m) - 2 [ WJ'i>d .• ( - 1) 
1~0 m-o 1-0 

(7.64) 

Having a,gain an ex-pression for the performance function of the nonrecursive 
adaptive system. we tum now to the more general case in Figure 7.6. The transfer 
function H(z) is assumed to represent the type of digital til!cr shown in Figure 7.2. 
The weights (a's and b's ln Figure 7.2) a re now assumed to be adjustable. so that we 
can have f as a function of these weights. If tbe recursive weights ( /J 's) are all zero. 
Figure.~ 7.5 and 7.6 are equivalent. Using the results in lhe preceding section, 

Fill'~ 7.5 Singlo-inpUl ad:lptivc &r~nsvorsn1 filler 
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particularly (7.56). (7.57), and (7.59). we bave 

~ = E[ei] = E[(dk - >'k)ij 

= <t>dAo) + 4>,Jo)- 24>,;,(0) 

= 1Jdq{O) + 2~/¢[ ~ •• (•)- 241a; (: lj ~ 

= ol>ao~{O) + 2~) ¢f H( z- 1) 41",. ( z)- 2~4• (:)j H(~) ~ 

133 

(7.65) 

T~ thi~ result we .nave n general expression for the performance function of any 
~mgle-mput adapllve system. 
. . We can sb~r the equivalence of (7.65) and (7.64) in the nomecurs1ve case. that 
1s, for the adapttve transversal filter. Vsing the notation in figure 7.5. we have 

I. 

H(::)· = LIVI:- 1 
1-0 

lJsing this noorecUJsive form in (7.65), we have 

(7.67) 

To ~btain the ·final result here, we used (7.58). Thus we have proved that (7.65) is 
eqwvalent to (7"~) for the adaptive li.near combiner, and demonstrated tbat (7.65) is 
a -general ex.press1on for the performance ~urface of a single-input adaptive system. 

Error ., 
figure 7.6 Singlo-i~pu1 adapli•• filter 
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EXAMPLES OF PERFORMANCE SURFACES 

In this sec:;lioo we uevdop two examples of perform311ce surfaces using (7 6S). The 
first example IS 1hc same os !he example of lhe adaptive 1ranwer J! filler 10 f tgurc 
2.6. For thl5 syMem !here were 1wo weights, "'o and "I· The enput and deSired 
~•gnals were 

2vk 2r~ 
"C 4 - sm-,;- and d~ ~ 2oosN 

The correlauon funcuom, found C$senlially in (220) and (2.21). are 
2rrn 

~.,(n) ~ 0.5cosN 

( ) 
• 2'1TII 

tPd," •SJ.nN 

4>dd(O) • 2 

Thu:. the u:rms needed for (7.65) arc 

-oosnsoo 

H(;)..,. "a+ .... z-1 

~ 21111 
~ .. (.:)- 0.5 ~ COSNZ " 

,.--;;1. 

.. - - !10 

(7 611) 

(7.69) 

(7.70) 

It u important here thai v.c keep ~u and 41.~, as sums. bec;au~ the sum~ do not 
com ergc .ss descnbed preVIously 10 the sec~on ··Right· and Lc:ft-Handed ~uences." 
fn general. when 1he correlahoo function IS pl'nodrc, the power spectrum IS conStd­
crtd to be uro everywhere .:.~ec:pl at a single. frequency where It i~ mfinile, and the 
~J)(Ctrum ~ repre...cnted corrcc1ly by the sums in (7.70). 

If we sut»utute (7 70) tnto (7.65). we have the perfurmanc.: ~urface g~vcn by 

l A..[ ~ 2r.ll • 
E•9,u(OP2rC"n+-"lz)(0.5) ~ cosT: "' ·--.. 

"" 2wn ] J: -2 [ sinNz "( .. \. + w1z 1)7 
~- -~ 

Chap. 7 The z-Tr81lslorm m AdaptiVe Signal Process•ng 185 

Thus we bave ag:un the performance surface given io (2.24) and plotted 10 Figure 2.S 
for N = 5 S41T1ples per cycle:. We note agam thai lhts ~urfacc is quadratic in " \:; (llld 
w1 and has a single glob:tl rrummum. 

For our second example of o performance surface, we con~1der the system 
sho\\11 in Figure 7.7 Tht) i a t)pe of ")ystem ldentilicalion" or "modeling'' 
example m "'1lich the mput. x •. 15 a (>road bond stgnaJ (white noise 10 this case; see 
~low) and IS appl1ed Slmultolllcously to the: adapll\le filler and to a system to be 
modeled The desired output, d4 • IJ> the output of the sy~lem 10 be modeled, so 
when E[ril is mininuud. the ad.tpuve filter becomo the best po~1ble model within 
its realm Of adjUStment 1',/ote lh.ll the .. dapllve filter itself IS in the form of Figure 
1.2 with o0 - I , o1 • w11• and b1 - w1, and is nxuruv.: hccau~e of the feedback 
coefficien1, w1• From Figure 7.7. the transfer functton of the adapllve filter, in 
acoordao.cc with ('7.8), is 

fl( :) .. l !- w r 1 
• r + w0 

1 - IV z I ! - 11'1 
(7.72) 

For the input sequence, {.t£1 in Figure 7.7, wc dcllnc "while noise" as a SJgoal 
having Lhe following proper1ies: 

Uncorrt'latcd samples· ~ .. (n)•{ E!;fl 

C011Stw1tpo..cr: ~.t<=>l - Efx?J 

n-O 
n~O 

(7.13) 

(7.74) 

Note that (7.74) foliO\\~ from (7.73) because ¢1 .. (.:) IS the :·transform of 9..,.(11). as 
m (7.42). Here, rOI' converuence, we w.U lcr 41,~(:)- I. 

I ·0.2<"' • ,·> 
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With~ •.• (:)~ 1. we CM find ct>d,(z) by u..~ing (7.55) and (7.44) with a change. 

of subscrip t: that is, from Figure 7.7, 

<llJ, (!) = !<t + 0.2.:-1 + • - l) <l>,.<( !~L-~·· 

= 1 + 0.2.! + .?.
1 {7 .75) 

Furthermore, from (7.59), (7.57), and (7,28), we have 

l ¢ .,
1
l dZ 

tPJtJ(O) = -
2 

• 11 + 0.2z- 1 + ! • -;-
"'1 • 

= '2.04 (7.76) 

So we now have all of the functions needed to lind the ptr[or:mancc surface £rom 

(7.65), which becomes 

~ = 2.04 + -. --·~- - 2(1 + 0.2! + z < ---=-1 ¢[ 1 + ~ ll )1 z + w0 dz 
217} [ - Wl_!; Z - WI • 

(7 .77) 

1n this integral there- <'.rt': poles at ~ = 0. w1, and l / w1. As discussed ea~~er in the 
section "lmpulse Kesponse and Stability," w1 mu~l be less than. 1 for stabilil~, so the 
pol~ at l/w

1 
lies outside the unjt circle. Thus, in accordance wtth (7 .31 }. the anlegral 

in (7.77) must be the sum of the residues a t z = w1 and = = 0. These: are found 

'20.0 

15.0 

5.0 

0.0 ,....,_.,_ ___ / 

o.& 
0.0 - 0.6 - 1.0 

WI 

.o 
0.0 

.;>0 F'igur« 7.!1 Mean-~quar<·etror 

perfo rmanc<-.urfac< for th< ~stem of 
Figure 7.7. 
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using (7.32) and (7.34) as follows: 

~ = 2.04 + ll + wr,·~~ - 2(1 + o.2wt + ... ·n] ..,, + w,1 + wo 
] -w; .... 1 W 1 

1 + 2w0w1 + wl [ ] 
= 2.04 + I - 2 1 + (WI + 0.2)( \Vo + wt) 

1 - Wt 
(7 .78) 

In the first line or this result. the second term is the residue at : = w1 and the third 
term. w0j w1• is the residue at z = 0. 

Thus we bave in (7.78) the performance surface £or 0ur second e.tample. It is 
illustrated in Figure 7.8, where we note that in contrast with the lirsi example above. 
E is quadratic in "o but is neither quadratic nor unimodal in w1• Thus. adapting w0 
is generally straightforward, but adapting w1 is not. Choices o! w1 beyond the 
stable range cause ~ to be..'Ome inJinlte. An automatic system for adapting w1 would 
have two stability problems: stability or the adaptive algorithm aod stability of the 
fi lter being adapted. 

EXERCISES 

t. Find the o-transform nf cacb of the followlns sisnals. Assume tbat each signal begins at 
k=O 
(a) Impulse function, x0 = 1, "• = 0; k > 0 
(b) Step [unction, x1 = 1, k ~ 0 
(c) Exponential (unction, x~ - e ••: k ~ 0 
(d) Ramp function, "A - ak ; k ~ 0 
(e) Co~inc function, "• -A oos(~ 0k); k ~ 0 

2. (Shi!tio~ Theorem) Find Y{t) m terms of X(z) if \'~ = "• • (i.e.. v \sa shi fted version 
of ~). 

3. Find Y(:) in terms or F(:) ii y, = <' ••F •. 
4. Prove that the z·transfonn of Ax• is AXU). 
5. Prove that the ~-transform of x, + y. is X( z) + Y( • ). 

6. For the ndaptive trnn;versal filler wiih two weights shown below: 
(a) Find /1( :). 
(b) Write an expression foY theamplitud• gain. 
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I lit de •ai.n ver~uS frequency for 
'1. For the uansve.rsal filter sbowo be l?w· plot t te_ am~ u ., 

.. , .. 0 1 and 10 to show how the gaJO changes With "t· ..,., ' . , 

8. Plot tbe three. ph:\SC·Sbift curves for Exercise 7. 

9. A recursive linear system bas the Lransfer function 

(a} Draw a filter diagram similar to Figure 7.1. 
(b) P!ot tn~ gain and pbase sbilt versus. frequency. 
(c} Expi::Uo the ploLs in terms of a pok->.ero ploL . 

[ th )j ar (;Q'mbtocr tn EJ<e.tCJSC 7 Wllh wl - - l . 
10. Plot the power gain versus [rcquem:y or e nc 

1 l. Express the impulse rvsponse io Exercise 7. . . . 
· · E,'(ercise 9 Note tbst tbc pole~ arc oo tbe uml ctrclc; 

1l Ex-press the =pulse response to · A Is th 1 for 
· therefore, (7.26) may be applied by usin.g, a sli[!shtly larger contour. o note a 

k ~ O, there is an extra p<11e al : - 0. ? 

h · r d ~ Jor which the system showo below tS Stable. 13. What are I e ranges o "b ao •·1 

14. Wha t is the tmpulse response of the .'lystem in Exercise 13? 

15. Use residues 10 find t.he inverse : · lransform. Assume tbat x4 = 0 fot k < 0. 

(a) X(z)- ~/(< - o). - • - z• 
(b) X( ~)~ ze""oinP/ (t:- 2:e cosP + ~ ). . . _

1 
_, ' · by x - e•~· k < 0 with a > 0. tJ;LDg u 10 place or z • 

16 A left-bandc-u sequence •S g,tven A • • • • ··d , 
· " d th f a d ··•ov.' that it converges outS•de iul < L Then, us10g r..s• ues. un e u· trans onn o ~ 

show bow to recover lx,j from X(u). 
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17. Suppose that [x,) b.as an autocorrelation function given by'~> .. (")= ,.-U~"- . dcfio~d for 
all n . Find the power spectrum of [ .ll, ) as a function of frequency(..,}. ( Hmt : Treat the 
right and left portions of 9 .. ,, separately.} 

18. Suppo;;e that [ xd is a righr-b:tnded ~cquencc, non:z:em only fork ~ 0. and l~l ()·1 ] be the 
mirror image of [xk J (i.e., y - ~ = xt) for all k. 
(a) What is Y( z) in terms of X( z )? 

(b) Wh.at is the amptitttdc speclrum of [J;.] in terms or the amplitude spectrum ofl x.J? 
(c) WbJtis the phase spectnun of fYkl in terms of the phase spectrum of [,t4 ]? 

19. For the diagram in Exercise 13, write expressions for 
(a) ~ ... >.(z) io terms of ¢1.,(:). 
()J) <ll" {a)ln rcrms of <ll,~p). 
(c) ¢1>' • ( z) in terms of ¢>,., ( z ). 

20. Suppose th.at RANDOM (1,) is a Fortmn library function that returns independent 
random numbers, uniformly distributed fro m 0 to L Write a Fortran statement t.h~l. will 
create a sample from a wl:rite-noise sequence having unit power. 

21. Suppose that t.he desired output. [ d.J, is developed by passing, 1 x~ J throug.b a .. plant." ' 
HL(:), and th3t 17z(J) is an adaptive filter, as s.bown below. Develop a gen,-rnl e;tprcs ­
sion for tbe performance function in tb.i~ case, 

.. ..... -..,..---+-1 1----,d· 

•• 

22. lJl Exe.rcise 21. derive an cxpre.<sion for the pt.>rformancc surface when I xk J is umt white 
noise, f/1(z) ~ z j (: - 0.5), and HJ.(i!) - r;_ow.z •. 

23. lJl Exercise 21. derive an exptes!;ion for the performance sutface wbco {xd is unit whltc 
noise, H, ( :) - 1 - 2: - l , and Hl l:}., "n"/ C= - wt>. 

14. Suppos<> that '• is a sample of tbc uniform random variate described in Appendix: A, 
with range from uro to I. Suppose th:!l :1 time series is generated from x, = u( r, - 0.5). 
wh.ere a is a COnStant. What are the correlation coefficient~. 1/>~, (0) and 1'>. , (1)1 

25. What are ~., (0) and 1/>~, (l) if x4 - u( r, - 0.5) + bx~ - t where'' i~ as in Exercise 24 
and Jbl < 1? 

2.6. Uoe the a-transform con.cept 1<> deu.·rmine the inverse of (i.e. , the left·baoded sequence 
corfespondiog to) X(~) =A/ (1- az- 1), where u is any pole outside the unit circle, 

1:1 = l. 
27. Use tbe u-tron$form concept together with Equation (7.57) to detennioc the ccmela tion 

function .;. .... (n) shown below. aSsumiog that J<' is white noise wi th unit power. 
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ANSWERS TO SELECTED EXERCISES 

12. 6(k) + lsu•(lpr/4), k ~ 0 

16. X! u)- uj(u - t'-
0

) 

14. D~/12.0 
25. a~/{12(1- bl)l: a1b/tlU1 b1 )J 

26. i• = 0; k ~ 0; and x1 • - Aat. I. < 0 
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Other Adaptive 
Algorithms 
and Structures 

chapter 8 

ln tht: introduction to Chapter 6 we remarked that tho: I.MS algonthm.. although 
simple and etlicic:nt, b n:stncu~d m tl$ applicauon, betng applicable primarily to 
oonrecursive llncM rtlters We also !law that !.he LMS .llgorithm is 3 steepest-de:scem 
type of ulgonthm wluch does not nece;,sarilydescend by the mooLdiJL'CI route to the 
minimum mean-square error. 

ln this chapt~r we: 1ntroducc different types of algorithms tbal ure not as simple 
as the t..MS 1\lgonthm, bur have other advanwge~. First, the ~equenriaJ regre."ion 
{SER) algorithm i& introduced a. un approllimation to Newlon's method. The St::R 
algorithm J oes nor u.~unl ly f11llnw the path 1Jf steepest de~ccnt, but proceeds on a 
more direct course ro t.he optimum set of weigh~<~. 

Next, wl! will cxtcou tho.: LMS aJgonthm to recursive odapuvc: filters, that is. to 
adaptive mtcrs with pol~. A\ we saw in the example in Figure 7.8. the,;e filters can 
produce nonqu.adratic error ~urface~ with local minima and un.;table regions. so 
special precaution.' must b.: taken when gradtent s~rch methods .. uch as the LMS 
algorithm are ll.';ed ''llh I'L'Cursive adapti.,.e ftlrers_ 

In addition to following the direclioo of the gradi~nt (blecpcst-des.:enr method) 
or taking the direct path (Newton's n1elltod) to th<! mirumum meao-square error. 
there is the poSSlbiUry of seurclung the error surface 10 a random pauem for it.s 
n:Unimum. We will thet<lfore introdu!.'e the random sroreh type of algorithm, which 
bas advantages in situations wht:rc: the error surface •~ nut unimodal. as well as '" 
some other si tuations. 

Be;idcs these other types of algC1rithms, we will Jls,l introduce in this chapter 
the lattice structure. which is the major aHemative to the direct form of the adaptive 
linear combiner used op to this point. We will show that the l3llice ~tructure has 
certain advantages over the direct form. 

141 
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AN IDEAL: THE LMS / NEWTON ALGORITHM 

Bdore ullroducing lhl! S£R nlgorithm. which approximates Newton's method, we 
consider here an ideal adaptive algorilhm v. bich "e v.1ll call the ·• LM.Sj Nev.ton .. 
algorithm. This is an algorithm that is ideal in the sense that i~s performance can be 
approached but oat equaled in practical situaUM~. and thus u becomes a s tandard 
to wbich the performance of otha algorithms may be compared. 

To denve the LMSjNewton :!lgorilhm. we start with the form of Newton's 
a.l&<•rithm glven in (4.32): 

(8.1} 

With this formula we saw that under ideal conditions, convergenCe: to the optimtam 
weight vector, w•, will occur in a singh! step: that is. s tarting with W11 • we have 
W1 - w~ The ideal condallons are: 

Lll ~! 
2. E.llact knowledg~ of the gradicn1 vector, V, at each iteration 
J Ell act knowledge of the (unchanging) signal inverse correlation matnx, R -• 

1f the first of these conditions is removed and 11 is made to be between 0 and l. 
the a.lgonthm requll"eS a larger number or step~ but still proceeds along a suaig;ht 
path toW •, as iUustr'<~ted in Figure 8.1. The Iauer is bimilar to Fi~ure 4.6, exC~::pl 
that li bas been reduced from 0.5 t.co 0.05, thus requiring more than JUSt one step. to 
reach the optirnum weigh~. (See also the learning curve ~n F~we 4.9.) The ~pe<afic 
error surface used [Cir Figwe 8.1 is the same liS that used lO Ftgure 6.3. and g.veo lby 
(6.14) with N- 16 and 4> .. 0.01. 

Next. let us remove the second condition above and assume tho! we must use a 
noisy gnldttnt esumate, v, in place of V. Then we have 

w
4

_
1

- W4 - 11 R - t~. (8.2) 

The algomhm JS now ideal onJy beca~ of the llurd con~ lion. tha~ is. only_ ~caUtSC 
an ex.act knowledge of R- 1 is s till assumed. Wathour rehuong the tlmd condauoo, we 
can now convert (8.2) into an "LMS" type or algorithm by using the same sort of 
gradient estimate used in Chapter 6, that is. by uslllg a; as an t!>Umate Cor ~. As in 
(6.2). thi> gradient estimate is given by 

(8.3} 

where X;, as of t:ourse the mput signal vector t1t the /.. th iteratton. Using (8.3) tn 

(1!.2.), we have 
W~. 1 z W, + 2pR- 1et X4 (8.4) 

Now this result is the same u~ the LMS algoridun in (6.3). eJtcept for the presence of 
R 1 in the weight increment term. We can increase the similarity between the two 
algontbms by noting that when R tS diagonal with equal cjgenvalues, 11e have 
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i 
.r 
"" -5 

l 

0 1 

Figure 8.1 lllustrntoon or Nt-.oon'$ method Wtlh tWO "o::iilJL~, $imilar '" FJ&urr 4.6 
wotb I' tedua:d to OJ)$ l!rrO<" >Urflcc l> g,h"-11 by !6141 ...,th N ~ 16 ~nd ~- OOt 
Note dir"'t I'Ptb Crom W0 to \V• 
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8 

A., R - • - I. Thus we give 11 the same range of values as 10 Chapter 6 by using ;\ •• 
as a scaling factor in (8.4) to obtrun 

w k • 1 = w~ + .:lJLt- •• R- 1e4X. (8.5} 

We wtll call tlus the "LMSjNewton•· algonthm. Note that the units or >-., and 
e0 X" arc unit~ of power, Lbc units of R 1 anJ JL nre untts o[ reciprocal power, and 
W is of course djmensionless, so thut (8.5) is correct dtm<'nsionaJiy. NotiCe also that 
I he range o/11 ~ now been ~caled by i\ •• and. (rom (6.8) and condition l above. we 
now have 

For cmwergence: 
J 

r> jt >o 
n,.. 

For on~'-slcp ronvergenl'e 
rmtkr noi<eless condJtlnn.\ 

1 
jL --­v ..... 

(8.6) 

(8.1) 

The LMS/ Newton algonlbm in (S.S) is ideal in Lbe sense that an exact 
knowledge of R- 1 fs assumed. We ha\'c already discus.~d how such knowledge is 
usually not available in adaptive silui!tions. that is. X i~ usually nons1ationary and R 
15 considered t.co change slowly with time. in oo unknown way. The LMS/ Newton 
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algori thm is also ,d,·nl hccause. under noiseless condition' on a ruro.hohc error 
surfac~ ~he weight tr.tck IS u dir.:ct path to W" a.~ in Figur.: 8.). 

In thb s~nse. even und~r noi~y conditions, the LMS/No.:wton algorithm ts 
general!) supcnor 10 the l.MS iilgorilhm. as 111ustr:ucd 111 F1gurc 8.2. To dnw 
Figure8.2weu,edagoin thccrrorsurfacegivenin(6.14)"~th V • 16and 4>= O.OL 
and we used (6. 9) a.' the \1.3rting "''eight vecror. ( """'" ., I f hc 10\ct\e R main'l:. 
which is a,sumed w ~ l.netwn for the L\1S/Ne"10n c~. 1\ found h) tn'l~ning the 
two-dimensional R main~ 

(8.8) 

We ohtnin i.hc clement.' r1 and r, (rom (6.U) with N It> lind</> • O.Ol. Also, for 
the LMS/N<:wmn algorithm in (8.5). we need >- ••• Prom (.\.2). wo.: have 

>. 1 • >. 1 - r1 ± r, = 0.51 ± 0.4619 

>. •• -'I - 0.51 

Welgln, w0 

FiJ;Ute 8.Z IUo.-lf~llt•~ nf I M!>/N<wl0n veroU> LMS hrtlr >url~•e " ~1wn by 
1~.1 4) wuh 'I • lf>. • Ol)l and~ • 0.05 J;a.;h lro<L "'P"'"'"" 1(111 tl<~•linn• 

(8.9) 
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So in Figure: 8.2 '.1.: >cc tht: trolch produced from tho: fiht 100 11e1 uuon$ of (63) nnd 
(8.5). l11c LMS t n1c~ follow~ approximately the path of ~tecpCJ. l dewent and will 
evctnually rtl\ch the optimum potnt at ~<(;'.wj". while I he LMS/Ncwtontrad follows 
approximntelv the dira:c-t path and reaches lhe optimum in 100 lleratioos. !loth 
tracks are OOI'SY due to the nojsy gradient eshmotc :u each Iteration. hut the 
supcrionl}' of tho: LMSfNe\l.ton algorithm i:. clear!~ tlluMratcd 

PROPERTIES OF THE LMS NEWTON ALGORITHM 

Since Lilt U•-fS/Ne" tt'n 11lgontbm represents an 1deal tandarJ 1>f performam~- wa: 
are intere~ted tn llS thcorcltcal properties of con,crp.cnce ond II\ e\a.>S.S mean square 
error. In th1~ secunn w.: dertve these propenies and oompare them wuh those of the 
LMS algl)n thm. 

Under ide:tl . nm~clc~~ o:ouditlons the LMS ll lgllfltlun hehav.:~ in accordance 
with the ~tecpest·dc.o,ccn t formulas developed in Chapter. 4 and 5. wlule the 
LMSjNewton a lgorithm hehuves in accord3ncc wilh the formuhu developed for 
Newton's method Remcmherin& that webave now \Cd)t'<.l I' h~ >.. •• (t.e .. replaced 11 
with p>. •• ) m (8.Sl. "e recall from (5.61) and (5.84) thot the geomet.nc ratio for tbe 
rcla.uuoo of lht nth "tl&)lt u 

Stftpcll d.:Ju:m. r. = 1 - 21'}1.. Oc,n 1.. 

{8.10) 

{g.ll) 

Thus the methods are equ1valcnt "hen the etgeoHtlur~ of R are all equal From 
lhc:se ratio~. a m (6.21), "'c find lhat the time coru.unt a\\CXIUII."d "1th lhe nth modt' 
of the learmng curve i\ 

Nen•ton : 

I 
Srn'""St di!JC'f.'llt' (T. ) = --

r- .,. • 411>.. 

(8.12) 

O<!.n~L (8.13) 

Thus. as •n lh< cumple •n Figure 8.2. leammg 1s lower for L""'S than for 
L~IS/Ne"-lon "ben lhe eJgen' alu~ a~ unequal For the: ,pe.:tfic COl$C of Figure 8.2. 
-..hen "'e use (8.9) 111 C8.12) and (8.13} "'e obutn I .. • 10 uerouons for the 
LMS/Ne¥;ton 1.-ammg t'Uf'\oe, whereas the longer umc const411t for the LMS 
learning cuf\e i~ T..., • 100 llerauons. This re~ult 3ti:Ount.' 10 3 rough wav for the 
shorter LMS track in F1gurc 8.2 

Besidt:S the leJmlng .... urw lime constant. whJch a1~e~ us u mca.•ure o£ the 
algorithm's speed cor convergence 10 ~ ...... we nre :tlbO entcreMcd 111 the excel-S 
roenn-s4uare error. which mcn~urcs the algorit.bm's nhi li ty II> rcmom ncar to ;m·n· In 
Chapter 6 we derived the cxcc~s MSE for the LMS cm.e, ond we now proet'ed to a 
similar de~elopment f~lr the LMS/New1on ca~e. 
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To den'e the Cl1Ce:.5 'iSE. we reqwre the covaoance matrt.' of v:. the "'ei~t 
.. ector in the pnncap.ti·;LU\ o;oordiruue system. to use as an (6 34). In (5.!i0). "''" 
deri-cd C0\1Yt'l for "ie..,ton's method wtth a ooisJ gradJem csumate. .\0 the rc<-uh 1 .. 

the s.une for \he LMS Newton algonthm except lbat v.e must llj!:Un u<e 11>. • m 
plate of p. :.ct we d1d abu\e and tn (8_5). Thus we ba\ e 

( l ,.x • .< A- 1)2 (""] tS14l 
ctW Vl ~ 4(] _ ,U...,) COY ,, .1 • 

'-low Nt 1~ the gradumt noise in the pnncipal·a.JtiS coordinate systent, and an (8.3) "'c: 
used the same: gradat:nt c:stim.ite for LMS(Ncwton as for LMS to (6.2). Thc:refnrt·, 
the grndlcnl nni:~t must be cb~: same and tne result lor cov[N:J an (6.211) is vuhd for 

ahe I.MS/ Ncwtnn algonthm: 
(I!. IS) 

Substituting (tl. l!i) inm (l\.14), we obtain 

[V 'l - p.X ,v~nun/\ • 1 (K.l6} 
cov 4 - I - ,_.>. _. 

W~; now u..c the dingonal elements of c.o,1Y4]to obtain the excess mean-square error 

a.s an (6.34). The result as 
l 

cxcess .MSE - [.>..El l';!] 

-r }. ,.x.~{.,...X. I 
.. -(l • 1- ,.x ... 
I l. ..c. I ),U.. .. E ...... 

1 - pA., 
(8 17) 

We c:tn s1mphfv thu ~ult by noung that, J.S in (6.9), L ..- 1 umes A •• IS the wme a~ 
the ,um of th~ d1agonal elements of R (u:.. the trace of R) aod .tho thai en I he 
o.knv.£taM of oovtN:~ I' wa:. 3MU11lcd to bt- small compared \\lth the one-\1 ep 
con~ergenl-e v.!luc in (8 7), that tS, 

1 
,. c: 2J..., 

Thu~ lhC dcnomanator '" (8.17) is aSliumed LQ be close to 1. and 

e""<ccss MSE "= !!Emin Lr [Rj 

(8. 11!) 

(1:1 .19) 

Therefore. from (6.36) and (8.19) we conclude that the excess MSI: and the 
misad

1
ustment. M, arc the same for the. LMS and tbe LMSj Newton algonthms. In 

either ca~e the naisndjusrmcnt is 

!8 .20} 
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To summanzc. \\e t.:lbulare the the«etacal propcru~ Clf the LMS/Newron and 
L\.15 algorithms: 

l..un&tlt ICU1't,.,,..,.urw'" 
hme LCO~••nt r r 

M•.adfU'Imcna '' 

LMS'""'"* LMS 

Since both algonthms have lhe Mlm.: ma5adJu~tment for a given ,..., we can 
observe that Lhe LMS/ Nc"' ton algorithm ecanverg() raster by the ratio of ~ •• to 
~moo· Tbus. when R hns highly unequal eagcnval ue~. the LMS algorithm and other 
sleepest-descc.nt algori thms fall far short of the idenl tMS; Ncwcon algorith:m. In 
the next sccuon we develup nn algomhm whose performance approaches matt\ 
closely that or the LMS/ Ncwt(lfl. 

THE SEQUENTIAL REGRESSION ALGORITHM 

Comparing the LMS :~~~d 1 MS/Nel\1011 nlgonlhms m (6.3) and 18.5). we see l.hl.lt iJ 
is the knowledge of R- 1 that allows W to t.1ke the darecl palh. rather than the path 
of sl~t descent, to W • . To d~:velop :1n algonthm more hke !he LMSJ!'ewton. 
we 1111gh1 therefore Uu.nJ,. 10 terrn~ of t.)lJOI.;hng R 1 a t each slep. and thus 
approadting the adc:al tn (8.5) . 
. The sequential regr~n (SER) algnmhm (1 • .!) crnbodJes preosely lbas son of 
~mp~ernenL h computes :111 estunab: of R 1 that general!) uuproves with each 
1teranon. :<nd thus GJli'I"OOChc-s (1!.5). To dC\elop the SER algorithm. let us look lirst 
at ho-. "-e might estirJiiltc R, "'bach I) .a ~impler problem thOIJI that or ~hmating R - 1_ 

Us.IOg the DN3htm an (7.38) 31ld (7.62) ... c b:l\e the elenv:nb or R gi-= b) the 
mput correlation fWicuon, where n IS the da,w.nee from the IILlln dugorul. 

41,.( '') • C( \4..x, •• ) (8.21) 
Thus we rould also wme 

R ~lx , xn (8.22) 

as we d1d when R was fi rst tntre>duced in (2 ll). The latter form suits our present 
purpose beller. be<."tluse we can anclude both sangle- aod multiple-input adaptive 
systems. 

fnstead <>f Jcu.in~ the t:.~tpectJtiOn 110 over all values o f k as in (8.22). suppose 
now that w.e have a fimlc number of ohs<~rvo &ion~ or the ~ignal X. say X0 through x •. 
Under s tationary ct, nditinns, <lllf best unbiased ~sti 1 11 0te of R would then be 

" 1 ~· l K l - m '- x,x, (8.23) 
I() 
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In adaruve suuauon~ when: X •• nonslationary. 1'-e can see that (8.2.3) would notl!c: 
u good e.>limate of R. Because (lf 1t~ infinite memory. th1~ e\umatc '~!luld become 
msen~1ttve to ch~nge!t 10 R fur large \'alues or /.. _ 

To pru,1de the eft'ec;t of o ~hort-tenn memory in the: e.tmtJte of R. c!IO\Idc:t the 
folio" 1ns runct1on· 

(8.24) 

Compnring tim \\llh 111.23), "e ~et that 'A't h:~vc here a me11~u~ sim.il;~r t<1 R, umes il 

3c:~ltog factor. cu:cpt th.ll current products are emphlbtttd, g.vtng the e~umau: a 
"fad10g" m~mory.i /1" o rule of thumh. we might let n llc cho~~n ~uch that 1he 
hutf-life of the eAponcntinl function is equal 10 lhe number of it"rotion\ over which 
X1 is SUltiOMI)'. 1'1lUS 

O<a<l 
(8.25) 

No" the total \nluc: of th'-' 'ICilting factor over k iterations ~~ 

A } l I .E •-• -a 0 
- 1- n 

I •U 

(R 2h) 

and tbJs our modtficd c:'um.m: of R at tbc: 1... th Jlerauon (\\ruth would he e'act for 
u.unplc. 1f X, \\crt con~tant for 1.. ~ 0) IS 

1 - a 
k,- 1 4 l Q~ - a 

(8 27) 

We can ...:e that m the hmmng case" here X, ts ,llltionilt)· for all time. n approaches 
1 m (t-.25). and 1f we take the limit as o appr0:1ches I tn (11271 \\c get agreement 
Wtlh (3.23) 

lla,mg lht' e~umate k~ . we are ready r.o begm the derl\at10n or the SE.R 
algorithm It "ill he mor~: c.:oo~en1ent to omit the scaling faCior and u~ Q~ rJther 
than R ,. To do this \lot' he!!,ln "alh the formula for the optimum wcaglu ,,ector ~ven 
nr~t in (2.16): 

(8.21\) 

I The read('r '"'" .,:.lU(\QfU."c.l not tn ~onru~ Q, hc.IC with It~ rue-.·iou~ u....: lt• n.·rte.wiH the t'~""o.,'t't.:tOr,.o, 

tnCh•~lrr1 
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Here we have used the A th estimates in place of the tna~ 'alues used '" Chapter 2. 
let us assume that P ~~ ~um:lled as R •• 1!1>timJted rn (11.27) Then, from the 
definition or p in (2.12). "e ohtam 

p - I -Ia . [ u• 'd X 
; ~t•IJ I 

(829) 

l;;tng (8.27) and (8.29) tn (8.28). "e can cancel the .cahog f;~Clor 3nd obtain 

' Q,w. = [ n• 1ci1X1 (8.30) 
1 .. u 

The SER algontltm I> now developed ns follows. hegmning wtlh l!UO). This 
development b >irnilur to that of Ahmed ct al. [21. Oraupc f1 ). Sago: [321. ilOd others. 
Let us ~sume dtu t w, , 1 (ruther than w4) is to bo c.:omputcd in tcrrru of R~ and P*. 
Then, from (8.28)throtap,h (8 JO). 

4 I 

Q AW4 , 1 • cr L «14 11 1d1X I 114 X4 
t - u 

.a I\Q 4 I\\ I -1 d, '(, 

- (Q, - '<,X!)\\ , ' 11, X, (8.31) 

Here ~e rewrote: (8 30). then 10 the l:.st lme U>ed the followang relauooship from 
(8.24)· 

QA • oQ 4 _ 1 ' X,XJ 

Ne'tl we suhstitute (2.8) for the: d~Jred >ignal, 11,: 

Q,w, 1 - (Q~ - x,xJ)w, -+ (~. ~ x:w,)x, 
- Q,w. ,,x, 

We no" muluply on the left h) Q • 1 aod ohtatn llnall) 

w. - \l' .... Q, 
1
f. " · 

(8.32) 

(8331 

(8.34) 

Since Q ,-1 b u ..cllled apprl•'U.mauon tO R 1, we have here the form of the 
LMSjNewton olgonthm ao (!< 5). In fact, from (R 27). "e ha\C: 

Q ~-~R I 
k •t - O'A • I 4 

(8.35) 

and if we consider the Mc:Ddy-Mate case 11 here A I' Iorge enough to neglect ak~ J io 
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(8.35), we can make (8.34) an approximation to (!1.5) as follows: 

W - W ""' 21ll> •• Q t X 
k+ l - ' " . 1 - a: h tk' k 

(8.36) 

N<)!e that under nonstationary (\Qnditions. i\•v is a changing quantity lhar may have 
to be 3djusted during Lhe ad11ptive process. Note also lhat omitting Lhe factor 
( l - n1+r) from the last term In (8.36) is equivalent to using a larger value <lf fJ at 
tlr$t in (8.5). If startup c<>nditions are im!JOrtant, one could include the factor and 
revise (3.36) to obtain 

(8.37) 

Jrt either of Lhe latter two forms of the SER algorithm, we need to be able to 
compute Qk 1 iterarively. The algorithm for do·ing tltis can be derived us above, 
beginning Lrus time with the iterative formuh for Q k in (8.32). H (8.32) Is premulti­
plied by Qk 1 and postmultiplied by Q! 1

1 and then by Xk. we obtain 

or 

Q4~,xk = o:Qk'Xk + Q; 1xk xJQ;:~ 1x. 

= Q;:'xk( tx + XI Qi:' 1,X,) 

(8.38) 

(8.39) 

We can now divide by the scalar fac.tor in parentheses and multiply on the rig).n b_v 
X'[Q421 to ger 

Q' - J X XTQ- l 
4-l , A k - 1 = Q- lx x TQ-1 

a+ xrQi~lxk k k k k-l 
(8.40) 

Substituting {8.38) for the right side of (8.40) and rearranging. we have 

Q-l- .!_[Q- 1 - (Qi~IXA)(Q..l~tXk)TJ (8.41) 
A a " '

1 
a + XJ(Q;~ 1X4 ) 

So we have in (8.41) an iterative procedure for computing Qi: 1 in (8.34). Nme that 
the vector 

s, ~ Qi~lx, (8.42) 

is used three times in {8.4l) and would therefore be computed first in the algorithm, 
and also tbat the denominator Lerro 111 (8 ,41) is a scalar and wottld therefore be. 
computed separately. 

Concerning tbc initial value tlf Qk 1 in (8.41). Lee [5] has preseoted an 
argument for sta:nl.ng with Q0 

1 
- q0 1. where q0 is a large constant, fot sta1.iooary 

s tochastic si.tuations. Tills choice would suffice in udaprive situations as well, al­
though it roay be preferable to set Q0 ~ closer tc• its correct value, if soch can be 
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Mean fln.a! 
values 

tO -' 

0 100 200 300 

0 100 200 300 

Figure 8.3 Cnovugenoe of clcmen1~ Ql 1: q11 ( k] >n upper p lot and ma!\llitlldc <'f 
q1 ~(k) 1n lower rlol- Values of~~ and,, ate 3S shown. Moan finnl vaJu.:sarc !rom 
(8.43). 

estimated_ An example of the convergence of Q; 1 [rom dilferem initial conditions 
is given in Figure 8.3. For this example we used the following data; 

R = [~ ~ ] 

(8.43) 

Th~ iopuL signaJ X,, witb correlation matrix R, was geneTated using the resu lt or 
E.>iercise 25 in Chapter 7, The vaJues in R - 1 and Q; 1 Lhen follow fTom (8.8) and 
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from lewng k become large in !8.35). The upper cur>es in Ftgu.re 8.3 :\how the 
convcrgc.ncc of Qu for two values of a corresponding to sequence lengths of 10 and 
100 iJl (8.251 uJld two vstues of the starting conotunt, q0• The lower curves show the 
conv.:rgene.! or q11 for the .ame vlllues or oc and q0• Wtlh q11 nearer to the correct 
final value or q 11 , the Sttuation i~ seoln to be belter for q 11 hut somewhat worse for 
q 1~, coosidcringthe logari thmic vcrtlcal scale. 1\ s expected, the estimates nrc noister 
but converge more rapidly for tile smaller va lue of c. As seen from (8.4 1). Q; 1 

remains symmetric if Q,1 
1 is symmetnc, M .is the Gal>C here 

So " .: have C(rmplet.:d our dcnvauon of the SER algorithm_ Tbos algorithm 
hns been developed si rnil3rly by Graupe (1], Ahmed ct al . [2]. Kailath [24), Lee l5J, 
und Nhers, usually wi th o set egual to 1. Another " Hn ttc-mcmory'' form was also 
proposed by Abm.:d et nl. [4). The linitc·memory algorithm as de\'cloped here may 
be summanzcd as follows. As noted above. ~ .. can be e.-timatcd from actual dam 
and may require continual updating in non~atoonary situauoni>. When signal statiS­
tics ure .,;ontpletely unnv~il,tble. note rhat the factor /'A ., must always be between 
zero and l. One may thus select a presumed "safe" value (e.g .• 0.05 1n ~ typical 
!lpplicalion) for this factor lsee &a.:-tse 14). 

Q0 
1 - (large constant) x I 

Wn- starting weight vector 

fork ~ l : 

SER (!<.44) 

y =a+ X}S 

I 
0 < ji < ~· or ~x .. « 1 

...... 
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The subscript was omitted fJ'om and y m emphasize that these quantiti~ need not 
be saved from one itera tion to the next. The:: compullltion of W come~ from th~ 
more uccuratc form in (8.37), Sis from (8.42). and Q;;' and y arc

4 
from (8.41). The 

values or a and Q~' need only be appro-um~tcd roughly, as illuStrated in Figure 8.3. 
and >- •• nlay be appro>.imated wuh tbe input s1gnal po"er. 

:ne ~rf?rmance of the. SER algorithm u1 (8.44) is illustrated in FigUTe 8.4 
Tbe snuatton os the sa.me as m f-igure 8.2 and the two ligures may be compared 
dJrectly. The \'aluc of a = 0.93 was chosen to correspond " 't.b a stationary sequence 
length of 10 sample~ tn the first line of (8.44). The SER algorithm per{oflll_~ better 
than tbc LMS a.nd reach~ tbc optimum "eight vector. w•. io well under 100 
i tecation~ because, a..~ seen in Ptgurc !!.3. Q11"

1 apprmdmntc~ R 1 q\litc wcU after 11 
r~w i terations. 0~ the other hand: the SE'.R paths in Figure 8.4 are not quite as 
direct 3S tbe LMS/Newtoo paths tn Figure 8 2 because of 1J1e inaccuracies 10 Q

1 
I 

dunng the first re .... llt:rauoos. 

F'lgure &4 lliU>II•hon or SF.R I'<NI,; LMS Err<" •urluC<' ~·•nt"" in F·~urc ~ ~ 
PI'Umicct'~ ""en.· p. • 0.05. a • 0 Q\. aru.J 41o n.~ -$hl"wn_ .E.ach tnck reprrH'f11!C H)i) 

ll<'!Jii<-n>. tn 1kl• <>riliDPlt "··u • 0 91, ><1 ~ 1< wcll ,.;ohm II> :O.'t'qlt:obk rungt '" 
(It•"• 
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Here we r.a~e replaced the constal\1, )l. wuh the following diagonal matrix: 

M = diag[l! Jl"• vtJ (8.54) 

With the nonquadrat.ic error surl'acc. wt: now have a convergence pnrameter .1! for 
c;nt.!h a, and then a different convergence factor for each b. We ~:r .eve~ WISh tO 

hnve these roclors vary with time. Using current va l~cs or tht b. s tn (8.50) nnu 
(8..51) the LMS algonlhm for recursive adapttve liltcrsJ.S as follows. 

IIR 
LMS 

L 

IJ•• =X> • + L h/._('(n,l -1 
I• I 

L. 

{J.,, = Yl-• + L h/I P •. t I 
I-I 

-c-4 = - '!{dl- .r.J1~4 

w\ I= w.- Mv. 

(8.55) 

lnitiali?.atJorl is the s-ame as discussed previously except that here. ll1 additron, the 
• and 11 •s should b;: ,et initiall) at zero unless therr values are J.nowo Note: that 

~h: signal ~ector. u,, 1s defined 10 (8.47) and that 1114 is one of the fo:edback w~1ghts 
of W4 m (8A6), . 

It is helpful to picture (8.55) in the form of a diagram. If ~e use the notatiC•n 

Ln Ch:1pt~r 1 with 

/, 

A•l ; ) = [ a,.~ ' 
/-0 

and 
L 

B4l;) • [ b,.z- 1 

1- 1 

then. JUSt as tn (7.8), ,~e can wnte the uamfcr function ror e~ther the second or the 

third line tlf (8..55) as 

- " (8.5'1) 
transfer function - 1 _-Bk(: l 

For o:x<UJlple. the cOmpuuuion or o.n~ is illustrated tn Figure 3.6. Using this re~ult, 
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FIRure 8.1) Confiaur•Linn for pr<oduw1~ 
"·• •O tit ~5) 

the t!lltire adaptive filter is Illustrated 10 Figun: 8.7. lt h interesting 10 p•cwrc 1he 

operation in thi$ form. even though tbt: weight updMes in the hm line or (8.55) are 
not ~hown. Similur iUu~trations ha'e been given by tfbin [8] nnd by Wbtte, who 
or\giru!lly proposed the recursive LMS algonthm (9]. VariOU} simpllliClltions 3nd 
improvements 10 the recur.;ive LMS algorithm have been propo~ed b) Feintueh [14]. 
David ond Steams (15). lisia (8]. and others. 

An entire class or algorithms known as the HARF ~hyperstable adapuve 
recursive !liter) algorithms hns been propru;ed b} Lllrimore et al. 1101 The 5implest 
member or this clas •• known as SHARF [10-13], Clln be described us follows. In 
t8.55), let a., and /3.,~ be approximab!d with x • • and y, •. respective!) . 1 hen. 
instead of u~ing r. = d, - "• in es11ma1ing -v,. we use a smoothed version or ~,. 
obta1ned by filtering e,. The Iauer step is the kt~y fcalure of the HARF .:las~ of 

'· - -----1 .. 

Fiaur~ 8. 7 Confi8llnl l<m or 1~.SS! 

I 
I 
{ 

l 
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:tlgonthms. We have 

IIR 
SHARF 

Y*- w.ru. 
'• - d4-Yt 

N 

"• .,. E, + L t,.E._,. 

~- · 
v,- -2•.tx. 

Wh 1 • W;- MVt 

(8.58) 

The c's are constant coellic.:1ents used in smoolhing ek to obtain ''•· The SHARF 
algorithm is thus ~implcr lhun {8.5.5! Its convergence h.n~ heen proved in some 
situations [25] find it bns been applied in noise c3IIccling 112) and in prcdJctlon [13]. 
The choice of &be smoothmg coefficients,[ c.l. Is a subject or current research and is 
beyond the range of our dillCUSsion here. . 

Since LMS alg,)ritbms in gen.:ral are hamp<.-red by lhe nonquaJrauc liR error 
surface. "'e 3I'C ~ain prompted to consider approxim:uions to Ncwt,m's method. 
even though !he Iauer may also be hampered for the same reason. We can eaSJiy 
devclop an SER type nf algouthm for recursive filters by Nplacing X w1th U, tlte llR 
signal vec1or. and using I he II R gmdient estimate. Thus: 

Nonrecursive: 

e. ~ d k - wJx. 
V~;. = - 2e~X4 

f~- d"" - w,J u, 
vk = -2£~ f ao, 

Recursive: 

The easiest w:tv to arrive al :1 recursive SER algorithm is tu thm~ of first replacing X 
with U in (2.ll) and (2.12). thus redefining R and r. noting lh;u the dimension 
&nCteliSCS from L +- 1 lU 2L + 1. 

Havin:g done LhtS, we bllve the UR e11or surface g,iven by (2.13). Now the only 
simple approach to an S£R algorithm is to take the grudlent or {2.13) and to assume 
that R and P are not fuoctionl> of W. Altbou.&h this :u sumphon was valid for FIR 
adaptive filter$ and led to l2.16). it i5 noL valid for UR filt~rs during convergtnce, 
b1.:cause both R and P c:on11un u pected products !Dvolvmg y , . However. after 
convergence with stationctr)' mputs. R and P become constants even tn the llR case. 
so (2.16) may be said to be correcL near W = w• 

Using tlte revised R and P and assuming tha.L (2,16) and (8.28) bLi ll represenL 
the we1gh.t vector solution. we. ohmin 1he IlR SER algorithm simply by replacing x . 
by Uk in (8.36), that is. all ur the derivation is the same as in the FIR case. We m~st 
also replace the p,radient estimate (l:l3) used in (8.5) and subsequently Jn (8.37) w1th 
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th~ recursive gradient cstunate ru, above. Wh.:n we do th iS, (8.37) becomes 

(8.59) 

As in t11e rccu~ive LMS algorithm. we have replaced I' witb M ln {8.54) to allow 
djlferent convergence fsctor~ for the IJ 's. The complete recursive SER algorithm is 

U.R 
SER 

s - Q;~ 1u. 

"( - a + u,rs 

Q-1 = .!..(Q-1 _ .!.ssr) 
' t:l k-! 1' 

t 
Q•k ... x, " + [ b1~a•.k-l 0 S 11 .$ L 

I • I 

l. 

P., - Yt • + [ b,. fJ •. L I ] s II s L ,_, 
v.- - l(d. r.)faol «u /1,, 

u M)..,.(l-a"•') Q 1 , 

w~-· - ~ •• - 1 - " .. v, 

(8.60) 

Note 11131 the unsubscripted <\ is the memory constant in (8.25). while the sub­
scripted a's are 1he derivatives in (8.50). The S£R initial conditions in (8.44) may be 
used here. Again, from (8.46) and (8.47), Sand Q 1 are now dimen~ioned 2L t I. 
Convergenc.e and ~tubility are beth potential problems and need to llC considered in 
each application or Ut60) 

To prov1dc nn example of tbc performantl! or the54! algonthms. c:onsider the 
identification configurauon in Figure 8.8. Beg~nning wuh a 0 - b1 ~ b2 = 0. the 
recursive adnpuve Iiller i; to search the error surface for the pomt where u0 ~ 1. 
b, = 1.2, and b:- - 0.6. and thus identify lhe " unknown" sy&tern. With a white­
noise input, the three coeffic1ent> must converge to these exaCt values 111 order 10 
reduce ~ - E [ ez) to ?.Cro. 

Typical convergl.'nce trucks nr the TlR LMS and SER a.lsorlthms. (8.55) and 
(8.60), are shown in Figure 8.9. Note that these are only examples from a wide 
variety of UR algorithm~ and p&r<Lmeter settings. lA SHARF example could also 
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fill\IN 8,8 C~nft~pti.>n fur th< 

~~~'~"" ~rf»nlllli\C.OC """""'" on r.cur< 
R.9: ;,dupll•< ntC><l<hrlf, nf >n on~ M"n 

~·<nt 

have been included, with the appropriate choice or [c.J io (8.58).1 Howeva. sewraJ 
typtcal features of the IIR nlgoritllms can be seen io these examples. 

Fir~t. thl! error surface is found from (7.65) (see exerci~e.~ 35 through 37). Jusl 
al> in the example in Chapter 7, f ~ E[t~ ] is quadratic in uu in lhb cx.tl tllple. 
Therefore, we have shown the error contours only in the b1bz pilUle in Ftgure 8.9. 
rbe contours ure druwn witb a 0 optimized for each pair {b1, b2 ). However. the 
tracks in the figure include the adapuon of u0 as well us b1 and b1• 

Second. as discussed in Cbapter 7, the poles or the adapttve filter must lie 
tnstde the uniL c1rcle (or stability. Thus there is a region of stability tn the 
perrcrmance space. a triangle in Figure 8.9, IUld lhe b'~ should be constrained to 
~tay wtthttt thi~ region. The correspondence between lb.: untt circle ru1d the triangle 
•~ Jert for Exercis~ 12 

As mentioned above, the weights were stuneil at o0 - b1 - b1 - 0. and in 
both cases were allowetl 10 resch their optimum vnlues.. The convergence parame· 
ters, M. in (8.54) were 

LMS. M = diag [0.05 0.005 0.0025) 

SER: M = diag (0.5 0.1 0.05) 
(8.61) 

Tbe SER algorithm was started with q11 = 1. and r¥ = 0.93 for 10-sample stationar· 
ity. Note that the lMS algorithm more or I~ follows the path of SlCC'p;:l>t deseetll 
but ts ermllc 111 lhe bottom or !he valley leading down to (,,., m lhe nonquadratic 
crror ~urrace. This type or performance is typical with llR filter~. 

'flu: SE.R algorithm. on the other band, is not a good approximution to 
Newton's method, at lc!a.~t during the initial part of the leatoing proc~ss, because, ns 
mentioned 3bnve, Q.l' is a function or W, until Wk approachelt the optimum point. 
Ncar this poi.nt. however, tlte SER track is smoother than the LMS track. and 111 this 
example the SER lllgorlthm needed fewer iterations to reach tho: l,pl.lmum a~ 
b, - 1.2. b,. ~ - 0.1\. 

The tracks m .:xamples such as Figure 8.9 are sensitive to the choice of M as in 
(8.61), as wcU a~ q0 • a. and of course the starting weight values. Tltc choke of M 
and the bt~t form ol' the ove(aJJ algorithm arc still subJeCtS of re.s~'!fcb tn II R 
adapltve fillt:r tht!ory. 
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RANDOM-SEARCH ALGORITHMS 

161 

Beside~ Newton's method and lbe stcepe.sHlesc.:ont met bod, there is the possibility or 
~earching the pcrfomtunce ;urface in a tlll.ldom fashion . In lh.is secti(lo we briefly 
JnLroduce two types of random-search algonthmb, First, the Linear random search 
algorithm is a type of algorithm thnt chO<,ses n rtmdom direction in which to travel in 
the wei~t space, and second, th.: genetic opt tmi:lcr alg11rithm is presented as a type 
of algonthm that selects a scric~ or ranJamlo..•ations in the weight space. 
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ln the linear rnndom-)enrch algoriilun f16J, a sm~ll randnm cnange. Uk. is 

1cmarively added 10 the weight vector at the heginnln& of c:aeh iteration. The 
corresponding change: in performance is observed a.s descrihcd in Cht~pter 5. A 
permanent weight vector change, from \~~ to w,. ,. proporuon?l 10 the product ~f 
the change in performance and the mtUal teotauve change:, IS then made. 1lus 
procedure can be c:xpres.,..:d ttlgchr:~icaUy as follows: 

w ••• - w .... p.l U<W~) - f( W. -+ U.)]U. (&.62) 
a 

For the adaptive It near comb1ner. U4 is as.sumed to he a random vector with 

oov(U4 ] = o 1 1 (8.63) 

The functions lCWt> and {(W1 + Uk) are the estimst~ mean-square errors of the 
pre.~ent and tentaliw weight vector values. respecuvely. Both the convergence 
parameter, fl, and o 1 are constan t~ iliat affect. stability and r:ttc of conver~enc~. 

The linear raodom-~earch :~lgorithm has been analyzed for the adaptive Jm.e:lt 
combiner. and tht: rcsuhs Me summarized in Table 8.1 fl6j. Tntlle 8.1 is similar to 
Table 6.1, wilh the randorn-.scarch result~ substituted for t.he LMS results in Chapter 
6. As definw in Chapter 5, N is ilte number of observations used to make each 
c.,timate of the rnean-~quare error. . . 

AJlbouglt the linear random-search algorithm is based on chang,mg t_Jte ~et~t 
,•ector 10 a mndom fashion. tiS behavior is sho-..n in Reference 16 to be qutte ilmJlar 
to steepest descent The raodom-searc.h weights rdWI geometncally tow~rd W • v..ith 
lbe same lime constants ili:ll resull with steepest descent. We can see m Table 8.1 
lhat p. has iltll same ell'e<:l as tn Ltte steepest-descent algorithm. and 1n foCI the SlEtble 
range of tt is the same for hoth nlgorithms. for a g11•en oonvergcmce rate, ilie LRS 
misadJUSlment IS twice the steepest-descent misadjustmcnt. Thus the steepest-

TABLE 8.1 MISAOJUSTMENT AND1'1ME CONSTANTS OF LINEAR RANDOM·SEAACH 
(LAS) AND STEEPEST-DESCENT ALGORITHMS 

MwodJitilmenl. M 

P~rwrb>tjoo, P 

1 o10l mo.adJuSIIneol. 11,. 

fim, coo"antor nth mode; 
In nu111bcr ol udopll'< 

rttr:ttiom,., r"''-""" 

In ownixc of 0~1~ 
sumpl~T .... 

lRS al!lOn ohm 

o' tL - IJA •• 
l(M,. 

M • P 

Sttc.pc-,.t·dt..'~t 

otgcm<hm 

cl.!:....:.!1 ( - ( L - ll; ( ..!_ ) 
41,sl ... KP T.,. . 

~'~., 
(.,.. 

"1 - /' 

4~~ .. 

V( I • t) 
--;;;r:;-
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descent algorithm l'Utperforms U1e LRS algorithm. However, the LRS algorithm is 
simple to i.mplcm.:nt. It is :tlso useful as a model for " natural seleclion." and for 
s tudying th .. '()nes or lhe development of living systems. 

The stccpest-dc:scent and Hnear r:~ndom-search algorithm~ are much less effi­
cient lhnn the LMS algorithm 10 tl'rms of dala usage. and they have a higher 
misadjustment for a given speed of convergence. However. they are applicable 
where the LMS ttlgorilhm rna~· not be usable. that .s, where the input signals are 
unavailable or where the adJUStable parameters are not signal weights. 

The linear random-S<:Ueh nlgoritbm is. again, an algorithm that chooses a 
random direction 10 test ut each Iteration. An al~onthm that test~ random la<oarion.f 
in the performance space has been developed for adaptive systems hy Etter and 
Masul:awa [17]. Since its helutvior brings to mind the processes of cell divi.s1on and 
selective survival, 11 i~ called the "genetic optimil.er'' algoritb.rn. 

We. will describe the opera tion of the genetic optimi1.er in terms of a single 
weight. w. The algorithm begins hy selecting an mitinl population o.f M values of w. 
equally spa~:t:d over a predeu:mtiJied range. Then ~( w) js estimated at each of thesl' 
M values of w, nod a revised nnd larger population of N > M values is created. In 
this revised population. the M original value.~ of w are replicated in inverse 
proportion to the corresp<lnding values of H w). Thu~. if the original population 
contains ilte value, w1 and "i• and i ( Hw,) > ~{"'tl· the revised populauon will 
contain more value.' of "t than or 101 • The ~ae of lhe total population is now N. 
with some values of "' repeated several times. 

Next. in the second generauon, offspring are created as follows. Two values of 
ware chosen at random and. at an arhilt:lry point, the binary rcprescotalions of the 
two value~ a~:C ~plit. The first segment of ooc binary strmg is conc:atcnatc!d with l.be 
second segment of the other to )~eld the offspring. For ~xample, supp<1se that w is 
.represented with 8 bits so that 2.56 va lues are possihlc. and that splt11in~ takes place 
jn the middle of ench string. Then 

Btnary reprr!sen/ution 
of pare.nt1: a 1o 1a 3a.a,a~o,a~ 

Binao repi'I!St'lttation 
of parent 2: b1b2b1b,.bsb61>1b, 

Bmary repre.rentation 
of offspring: o1o~aJa4bsb6b,/lt 

The second generatiOn IS formed by creating M oif&pring m this manner and 
replacin,g aU of the parents in the first generation. Note that if both parents 
represent the same: vnluc ()( w. their offspring al&o represent& thh snme value. 

The population of the second generation is again increased from M to N as 
ahove, replicating va lue~ of w that have lower valu~~ of H w), lind so on. 11le entire 
process converges as the ntTspring become more and more alike. and may he made to 
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dt\ergt or 'earch the error 'pace by introducing random mul.tllo~ EAampJe, of the 
geneoc opum11.cr algontlun v.uh !In adaptive dela) have been grveo bv L·uer "'nd 
M&J.uhv.o~l17~ 

LATTICE STRUCTURES 

In our dt\CuNnn of adapii\C algnmhms so far we ha\'e giVI:n examples usrng only a 
dm~cl reah1atinn of the adspuve system, For oonre.cursive ~ystcm~ lht\ Jmounl ~o. to 
tbc uduptrvc trllnsversal filler to troduoed in Chapler 2, and for rccurmc: S)~lcm$ -..e 
ha\c th.: direct recursiv..: form introduced in Figure 7.2. More go:nerully tlt~rc ~ru al 
lcrul four t)'p\:.~ l'f rcalt£8lJon; or sLruclurcs that are of polenualtntcrcM 111 ~1.11\pl tvc: 

p WCCS>IOg: 

I Dirc:cl form 
2. Cu~cndc Corm 
J. Parallo!l form 
4 Lntt1ee slrucwre 

Suppo~ lhal we h.wc a sjogle-inpul. recursiVI! filter "''lh tr~n;fer functllln 
Slmihtr to (7.8) 

Atz) 
//(;} • I • 8(;) 

a0 + a1: - • + .. · ~a,; L 

l-b,:- 1 "'- .. .._b
1

: I 
(t! 64) 

Thas •~ the direct Conn.' The cascade form ~ obtamcd from the ilir«l form by 
fac tonng .4(: ) and I -+ 8(:). uSU31ly in1o second-order scclloll.\. and lhe parallel 
frc.-m tho:: ca,.;allc vaa 11 puu•l fr...:taon .:xpan..<ion (20}. Th~ two forms .are not u•.eJ 
CAicn,"cly tn adlpuve ~ignal pi'OQ:Ssin&,. although the ad.lpll'c c:a...::adc structur..: h~ 
b..'Cil o1 SubJ.:Ct Of r~earch (21J. 

Vanous lntuoe structures can also be obtained (rom (8.64), and lhe-c are uie\1 
an :~dJpll\e pr~'•ng, panicularly in linear predkuon (22. 231 Let u; bcg;n nur 
mtr(lduchon to :~dapu\e lalticcs by reviewing how to coov.-:n (1!.64) 1nto a latucc 
type or atru.:ture. The follow10g algorithm has been dis.covered h) Gray <~nd Markel 
(li!J. We r.:write (1!.64) as 

1/(t)- )'(z) = A ,(z) (865) 
X(=) s~.{ :) 

u,_o+ au• ~t + ... +au: L 

b10 + b~.1 = -• + · · · +b11 : L 

Here X and ~ ore tn~ 1nput and output signal trllnsform5, the subscript l. 1S UM!d to 
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designa1e explaculy the hl~r '•tc, o~nd b1 0 1\ undchtood 10 be always equal to 1. 
Starting ..... th (8.66). WI! ronn a 'I)CCC).~IOtl or .. honer polynomtals The algonthm is: 

For I - L , L - 1,. . I 

:C',(:)•r. B,(: I) (8.67) 

' 1 • hu (8.61!) 

B, (·) 811:) ~1 1:C'1(:) 
I. ,. ---

I - ~f I 

(8.69) 

~,-au (8.70} 

A, 1(:)•A1(l) v,:C',(!) (8.71) 

Upon C',xecuting tllis olgoTithrn. we have 111 1 ~nd v1 fM I - I, 2 . ... . L. and we also 
define "o £a~. TI1eso! values of II' ;tnd '' w!IJ hcCllnle thl.! coefficienls used In the 
lauice. To show this. we noll' nr~t lllUt (I! 71) can be ~ubstituted into JtseH ro obtain 

A 1 (.:) .. A, 1(:) + 111_:(1 (:} 

• II, 2(:} + ~, 1:C1 1(:) ·I P1 &C1 (:) 

- A~(:)+ ,.,:C,(:} + ··· i • 1 :('1 (:) 

But .-1 0 ( : ) is al<l' or "a by tho: dcllnataon nbove. and rrom 18 67) \\e haY~: 

~C0(l) Be(: 1
)- Bu{ :) ~ b01 - 1 

Thc:.rc[ore, (8.72) m~' b.: v.nu.:n 
I 

I , {: I • [ ,,:C',(:) 
0 

IJ.sing the signal traru.forms tn 111.65). tha~ rnult ,, also 

> (:) - t X(: 1•/C,(:) 
" B, (:) 

(S.n) 

(8.73) 

(8.74) 

{8.75) 

We will u~ thh result to dc~bc the latt1CC s1ru 1ure, but first "'e need one 
adwtional re.ull. Watb 81(:) ::and C1(:) a~ dctined above, h o.kum and Saito {19) 
have shown that 

[
B,(:) l f I I 
c,(:) - = 'tel ' 

(8.76) 

Wo will not repeal the proof or thi~ result here. bul will demonmate il below in an 
example. A Jallicc elc:mcnt can he formed by rewriting (ft76), and then assembled 
into a lattice structure using (ll.75). I rom (8.76) we have 

B,!:l n, ~~•J+~e, ,c, ,l=l 
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s, ,(z)- a,cz~- ", .=-•r.:c, ,1=11 
C,(:) = =-'"t-tB _1(z) -: -•c t(z) 

Part 111 

( .77) 

(H 78) 

us10' ¥( rl/81_( :) M an mput S:gnal transform, we can ~e th11t (8 77) end (8 78} 
are ir.~plemented tn the lallice dement in Figure S.lO. Note th~t all ~umming input~ 
ure pcl.\th\C, and that ~~oc uo.e the triangular weiglll >ymbol here to empha~w: the 
>~gnal dlrl'CUon 

We now o~.'>!>emble these lattice element..o. into a cascade ~tructure. th in the 
example in Figure 8.11 with L ~ 3. On the right end or the structure we have the 
pntr or nodes for which I - 1 ~ 0 in Figure 8.10, that IS. 

. . X(z)B0 {z) X(r) ( ) 
nghtupperstgnal '=' Bt(=) • B,(.t) 8.79 

. h I . l zX(.r)C.,(z) X(z) 
ng t owerstgna = BL(z) = Br(.d (fl.SO) 

rh~ re~ulls roii<IW from (8.73). Since these signals are the ~ame. tho: right·hund 
nod~ are alw<~y~> ued together as m Figure 8.1 1. 

On t~ leCI end or the structure we have the nodes for whtch I • L 1n l1gure 
8.10. so 

(8 81) 

Th~ we \ho" the toput sigJllll. xA• cntenog the structure at lhe uppu left in Fagure 
8.11 . In the lov.c:r part of tM structure in Fi&ure 8.11, we: c:m see from ft&ure 8 ICl 

XIIIB11d l.filo-----< 

~ t1> '"'"' In (8.75) 

IX(llC, ,Ill 
--;;lit -

Flllum 8.10 r,.o-muhiphcr Mticc dc:me11t. fmno fk 77) Whl (~ 7~) 

167 
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how each node produces a te.rm in the sum in (8.75), and thus the lattice structure is 
equivalent to tht! direct form in (8.64). 

An import.a.rn theorem by Jury [271 Sillies that lhe poles of (8.64) will be inside 
the circle 1=1 = l if [~<,! < l for aU /. Thus. we have a •·stable lattice·• if [r;,l < I. 

Before giving an example. we note a ladder form tbat is equivalent to Figures 
8.10 and R.n. First. substitutinl!. (8.77) lmo (8.78), we have 

zC
1
(z) = "' 1B1(z) + ~ 1(1 - ~<l~ 1 )[zC1_ 1 (z)l (8.82) 

Equations (8.77) and t8.82) then describe the ladder element in Figure 8.12. which is 
cquivaknt to Figur.: 8.10. There is also a one-mu1t!plier lattice elemenr. With 
coefficients derived in Referc:nce 18. 

Por a more specific example of the lallice structure, let us convert the general 
second-order Iiller into a lattic<l form . The translation algorithm [Equauons (8.67) 
through t8.7 1)} gives 

and 

zC2(z) = :r-• ... b, :!- l + b1 

Pz = o, 

A1{:) = a0 - a~b1 +(o1 - o 2b1)z- 1 

-c ( . ) _ • _, + _ b_, _ 
- ~--- l+b2 

bl 
tco=}+b; 

B0(z) ~ l 

P1 = a1 - a1.b, 

b1 ( a 1 - a:z_b1) 

P0 =Au( z )=a0 - o2b1 - l+b
2 

(8.83) 

(8.84) 

(8.85) 

(8.86) 

(8.87) 

Frotil these results it is easy to solve for the direct coefficients in rerms of the lauice 
coeftkient.S. The result$ are listed in Table 8.2. Note that lb1l must be less than 1 for 
Stability. 

Lcr us now look ar two spet:ial cases oi the general lauice structure. The first, 
shown in Figure 8.13. is the "aU-pole"' version of Fig!lre 8.11. If we set 

a0 ~ 1 

(8.88) 

in (8.64), then we have llil all-pok \(ansfer function. lf we use (8.88) in (8.70) and 
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~lz)B,Iz) 
~o-----------~------+---~ T---------o XI riB, 11zl 

a;<i) 

zX(:IC,(z) 
~o------~ 

l"igurt> 8. 12 thrc~·muhiplfer laddes tlemem <qflivalenl 10 Ftgurt tU 0 

(8.71) we tlnd t.bnt 

TABLE 8.2 CONVERSIONS WITH L - 2 

Dfrtct to (ott/a; 

V; - • l 

b, 
"<> = i h, 

"·-) 
aa - "o ~ P1Ko t v, cl 
a, .- ,, t v~)(;otl + •d 
Dt =.V2 

b, = Jtb(l + "1) 

b, - ., 

vo = 1 (8,89) 

Thu~ Figure 8.13 i5 the all-pole verswn of Figure 8.11. It i~ ~sy to see. again from 
~8._73). that t~1e output. on the right is just Y(z) = X(z}/.B1_(z). The aJl-pole version 
r;Just a ~ect~ case o1 th~ general latt ice Structure. Note, as for Figure 8,11 , that the 
~.tructure .. m Ft~ure 8.13.ts sta~le if IK1j < 1 for all /. The se~."nd specia l cast: is an 

all-tero vt:rSJ.on, obtamed vta a conversion of the aU-pole lattice. Let us rewrite 
t8.77) and (8.78) as follows: 

B1(z) = 81 _ 1(z) + ~r1 _ 1 .r- 1 [zC1_ 1 (.~)j 

£,(r) = ",_1B1_ 1(z) + z-1[zC1_ 1(:)] 

(8.90) 

(8.91) 

~lili; "reversion'' of Figure. 8.10 is shown in Figure 8.14 with X(z) used as the input 
SJgnal transf~rm . . Asscmbhng these elcmCI'lts into a lattice, we bave Figure 8.15 as an 
example, agrun wuh £. = 3. On the kit end of the lattice we have. ags.fn from (8.73), 
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Figure 8.t4 R<'•crsion (I[ the '"'<)-multiplier lonice dement In Figure 811J 
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X(z)zCllzl ~ 
Xfz)z ' B,(z-1) 

l'lgure 8.15 All·z<ro rcve!l'um ol Fi&ur< X. l3 usiot~ the lunk" ckm<nL in l'igure 8.14 L - 3, 
111(:)- BJ(l), and 1/j,(<\- : · lql(: 1), 

Xt:) at both input nodes. and on the upper right we have the desired all-zero 
output, I 

Y(:) ~ BL(z)X(z) 
I, 

Hr( t) = L b1~ 1
; On = 1 (8.92) 

1-f> 

Thus we h:we in Figure 8, 15 the lallice verf>ion of the transversnl filter in Chapter 2 
or the nonrccursivc filter in Chapter 7, wi th the initial weight equul to I. Notice 11lso 
tbat at the lower right in Figure !U5 we obtain a secondary output with the 
a~sociated transfer function 

Hb(d=:. l.B,_(z 1 ) 

L 

= [. b1~ 1a 1; 
I•Q 

(S,93) 
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With the tra.nsfer f\lnclions in (8.92) and (8.93). the Janice in Figure 8.15 can 
be seen to runction as a one-seep predictor. Consider llie equivalent one--step 
predictor dragrrun.s in Figure 8.16. In part (a) we have the type oJ systen: fi.rst 
illustrated in Fig\lfe 1.4, with the prediction dela y. M. equal to 1 and the predicoon 
filter an adaptive Linear combiner with weights (-b1]. Note that s ince I begins at l. 
w.: have~ one-step predictor in Figure 8.16(31. As shown by the (equivalent) second 
diagram in part (a) the upper transfer function is j ust H,(=) in (8.92). so the output 
in Figure 8.16(a) is called the forwatd prediction error, E1(z). The current sample. 
x~. is being predicted in terms o f the first L prcvioub samples. x 4 • 1 through x" L· 

ln Figure 8.16(b) we have. by the snme argument, the baf'k•vord prediction 
error. He(e we have xA -L being ''predicted" by xk through x• L, , . The wci!',hts in 
this ca~e are [-bL 

1
] as shown. The bottom diagram in Figure 8.16(b) represents 

(8.93). To surumariz.e. Figure 8. 17 show$ the complete case with L ~ 3. including 
the fo rward and backward prediction error~. rfk and e~4 • The weights. ~<0 through 
"r.• Me vt~tinble in f-igure 8.~7 so that the predictor may be adaptiv~. The intl!I· 
mediate forward arid backward signals arc labeled s1A and sfk· respectweJy. for use 

l\(z) ••--.-~------------. 

y-,-t-. -,--b-,l-.-.-~ '•''' 
X(t)-4 1 + b1z 1 + · · · -u, z < 1-----<o ... f 1(zl 

to I 

(bl 

Figure 8.16 (nl Onc·sr<p T01ward prc-dfc1ion; (b) r<nt·S•cp backward pr<diclion. 
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Figure 8.17 On<·St<r> adupuvt 13tl1c< pr<dt.:tor. ( = 1 

in the next S<:Ction. Thus we have 

s,, .,. :sQk = xk 

sn l.k = r,. + ~>,s;. ~ ' 
s;,,,k= t< ,sr~+ s/, 1< t 

eli< = Stk 

th• = s[K 

THE ADAPTIVE LATTICE PREDICTOR 

0~/sL-1 

O:SisL-1 

173 

(8.94) 

In the one-step predictor in Figure 8.17 we have arrived a t a lauice structure whose 
coefficients. [~<tl• are to be made time varying, or adaptive. The other lattice 
Structures introduced in Fi~ures 8.1 J and 8.13 could be (and in fact have been) mude 
adaplive [261, but the maio applicatton~ of adaptive lattices involve the use of the 
adaptive lauice predictor. typk:aHy in speech-processing situations. 

1' o adapt the La !lice in Figure 8.17, we would think of adjusting all of th~ li ·s to 
minimi1.e the expected squared forward prediction error E[e:J. Instead, bowevcr, 
the best n1ethod [28. 29] involves adjusting each lir 10 minimiz.e. El.t1~ ;). the expected 
squared error at each sluge, with E[e} J = E[slJ as in (8.94). We will derive a simple 
LMS type of algorithm for the ~dju.stmenr o f each " '' but first let u.s examine the 
implications of adjusting the r< ·~ ·in this manner. 

ln Figure 8.17 and in (8.94) we have the forw:~rd and backward prediction 
errors at each stage glven by s1~ and sfk· To denote the ' 'arious mean-square values 
of these errors, let us adopt a correlation notation .similar to that in Chapter 7: 

<t>1( n) 5.. £[.rr~s1,,, .] 

ti>/(n) ft. E[sfksu •• ] (8.95) 

<l>( (n) g, E[sfksf.~, . ] 
With the.~e definitions we nssumc that the sigJlals in the lattice are s tationary 

, 
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Let us firM ~)(amme 4>1(n) and .p('(n). Taking the menn-~quarc value of (8.94). 
we have 

4>1~ 1 ( 11) - L:.!{s14 + or,s;_ 4 _ 1)(s1•1 ,. + K 1tf.1 , •• ,)j 
•Kfti'(n) +K1(9j(l- n) +4>;{1 + n)j +oll,(n) 

9;'. 1(nl £(( .. ,s14 + s; .• _,)( c,.r,_, •• + s;,, •• ,)J 
(8.96) 

• "f•1(n) +"' (9;(1- n ) + 4>;(1 -.. n)j + 97(n) 

At the left e"Od of the l:llltCC "'<' ha~e 

(S 97) 

~(nl- 9'0(n) ~ £[x4x, •• J (8.<}8) 

Using (8.98) 10 (8.96) 11nd (8.97). we can show that cj11(n) • </>'t(rr). then <l><ltl) 

- cb';(rr), and so on, so that we hove 

</It ~ ,(11) tJ>j'.,(ll) 

• (Kf + l)q.1(n) + or1[4>/(l - 11) +</>/(I+ n)J (S:99) 

If " ' 1s adjusted to mmmu,~;e the forward predicuon error, El 1/ , ,)- ~, .. 1 (0). 
at each stage. we have. from (8 99). 

or 

a9'; 1(0l - 2~r,cMO) ~ 291( 1) • o 
""' 

<Pj(l) 
- q,,(O) 

(8.1 00) 

Tbe asterisk~~ u~oo:d ht~r~ tl) denme the optimum value M ~e1 • To prove lbat Kt is tbe 
true optimum i.n the sen~ that not only cp1, 1(0) but :tlso the tlnal mean-square 
prediction error, q.,(O). b mmimiz.ed with respect 10 1<1, we mu~l retum lo the 
recursion formula (8.76) and find t.he optimum 81( :) al ~:ach stage. Tl.us mvolves 
esseotiallv a denvauon of Levmson's algonthm (30) for flnding optimum IHter 
.-eights. ~nd Trener (31) presents an exeellent den\SIIOn of the alg~nthm for the 
type of situauon that "'e have here. Rather th:ln repeat the denvatton. Jet us 
consider a t"'o-sta.ge latllc:e wllh JUSt t'"'O panuneters. " u and K1 

for the t"'o-~tage latuoe. (8 99) gives the mean-sqoare output error as 

'>l(O) (~ef + 1).;.1(0)-.. 2c1.;.'1(1) (8.101} 

In t.hi.s result we could agam expresJ> <:~1 usmg (8.99) and 4>'1 from the following 
general relationship, wh.icb follows m luro from (8.95) and (8.99): 

~Pi. 1 (rr) • E!(K11l'14 +s/,4• 1 )(s,.u,. + /(,,vj,.-. ,)J 
"' tc jttJ;(l - n) + 2K11jl1{n) ~ ~j(11 t I) (8 . .102) 

In both en~. q,1(0) and c~>j(l) arc not functions of "'•· so we can mmim11.e <11:(0) with 
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(8.103) 

'iow we must lind the \;llue of "o that minnni~ t.hh resuiL If "•· is found in 
accordance "'th (8.100), then Q 1(0) ts minimiz.ed to (8 10)) and 1ts derivative .-ith 
respec~to "u muM be uro. Thus. for (92(0)Jmm to be mtn1m11.~d "'llh respect to Ko in 
this mJJnner, the derivallvc of the remairung term m (8.103) mu~t also equal zero. 
(Since the maximum •s uoboundo:d, this must lead to o mm1mum.) Therefore. from 
(8.102). 

9~( I) • 
- 4'o(Ol - "~> (8.104) 

Thus "''e ha\-e 'hown that .. 0 tn (8.100) ~ the l.nle opumum "-Clght lO the sense that 
II mi.ni.maes ~(0) a~ "eU as .;.1(0). We could ha'e obuuned the ~ result b) 
finding the opumum ad .. puve ltnear combiner. then USing Tobie 11.2 to c.onven from 
b's 1.0 1r 's, a.s 10 E.xcrctses 24 through 26. 

Notice in the preVIou~ example thst the global minunum t5 achteved only after 
both "v and " 1 ore adJusted to their optimum value,. Thul>, tn oo adaptive lattJce, 
we would think or cotWcrgence ocaurring approximately stage by stage, with "' 
being adju~ted 10 minimize 1/>~; 1(0) first for I - 0, then ror I - 1. and so on. 
Convergence does not oocur in this manner in the ad~ptive lin~a.r combiner. 

We c;m u~ the result 10 (8.100) to develop an LMS algorithm for the adaptive 
lattice predJCtor Let u~ e.\Umate the gtad..:ot of the mean·~uarc error. 9,_1(0), 
using as before the gudient of the square error n~lf. 

a9, •• (0) dsf ••• ---a;;- = a;;-

(8.105) 

The final result i~ c)blaincd by dill'ercoliati.og s,., u in (8.94). Then, just as in (6.3), 
we use the gradtent esllmutc: in the steepest-descent ulgonthm (4.36) to obtain the 

\ 
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lallicc LMS algorithm: 

Lattice 
LMS 

a~) 
"I.A~ 1 = Klk - 141 (}!</ 

- KIA - 2p.l>t- l.ksi.A - I 

(8.106) 

Os / .s L-1 

The signal values are of course computed in accordance wilh (8.94). The time­
invariant t".onvergence parameter, p.1, should be allowed to dilTer from stage to slllge 
accordin~ 10 Griffiths [28}. who presMted essentially th~~ ~a me a~gorithm. 

Before presenting an application of (8.106) l~t us dtscuss bnefly the range of P. 1 

11 t each stag~ of the lauice. A~suming a perfect gradient estimate, we u~e tbe 
derivative or (8.99) in (8.106) I<• obtain 

"u· 1 ~ oc1,- p.1[2,.14.p,(O) r 2~t>i(l)] (8.107) 

Now let us define a translated wci&Jlt. 61, that bear~> the same relation to K1 that V 
bad to W Ill Chapter 3 [Equauon (3.29)) and following chapters: 

6 /A = !C/1 - Kj {8.10l:l) 

Using this t!efinit1on and also (8.100) in (8.107), we h:we 

61,11 .. 6,. - 2p.~f(s,* + "i )<f'l(o) + 4>/(t)j 

. ~ 6" - 2~t, ( ( 6,.- ~~~}) 11>1(0) I' q.;(J)) 

.: 61,!1 - 21'-l'l>t(O)} 

~ 11 - 2,..,q.1(ow-•sru <B.J09) 
Since 1)1~ must converge 10 ~o. we conclude that for convergence we must hav.: 

2rl< -­N 

Rondom 

r, 

u < p. <-
1- (8.110) 1 2cp1(0) 

.. 
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In a practical adaptive lattice we could t:$1imate cp1(0) b!t averagang s,~ over us recent 
history, and thll.) use (8.110) to llli\'\lrc that 111 is kept within its HmJtS. As with the 
adapuve linear combiner. lbese conv-ergence parameters alTect both the learning 
curve and the excess mean-square error, or mtsadjusunent. 

An t:X3mplc: of the por[ormnnce of an adaptive latlke predictor i~ given in 
Figures 8.18 through 8.2L The predictor conl\gurauon IS shown m hgurc 8.18, a.nd 
we see that the ~ignnl being predicted is the same sine wave plus noise lhnt was used 
in previous examples. The predictor trie, to predict the signal. x;.. one time step 
ahead. and thus we would expect it to eliminate the sine wave from 'l:l and leave lhe 
unpredictable white-noise component, r4• We would then t:.'pect lbe outpul power, 
E( eiJ, to equnl the noio;e pQwer, £ [ r/1 

The autocorrelatiOn matrix oi x 4 was derived pre\'iously 10 12.101 and (6.13). 
and is 

~ 

~ 
~ 

Pu = 0.5 + E[rll 
2'1T 

p1 - 0.5cosN 

4'l7 
t•: = 05cos-;v 

(8.111 ) 

4-r-------------------------------------------

7 

0 

-20 -1.5 1.0 -o.a o.o 
WetghC, tta 

flg .. r~ 8.t9 l!rron'Onlour.. ""d L:.tS w<i&bttra.:X fur the tWo-M(•IO• odupllliC IoniC" 
prtd•CI<>• US<>J Jo Fig,ure M.l~ 'Pmo>Cil'~ trc t1 = 11>. £fr}J- 001. l'u- OOS. 
p, - IJ I We~&)u I <liCk consiSll. of 100 itct:~Uon.o. 

0.5 
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Fi~ 1.:10 S;ame ~' "'&"'• &.14, but wuh"" ..Jolpli\C ttolll)'t'~ filter '" pi•~ <•I 
111.: Jdapu1e l~tnt't WttWI tra<k OOru<J~ c[ )(XI H<rauoru, ond ~- 0 I truu.ll 
... ti&h~> 31 (0.0) 

Part Ill 

ror this c:nmple we will we a two-slllge lattice With weights "o and "'· From (8.98). 
(8.99). and (8.102) we c:~n de,elop the following !!.'<pression for the performJnce 

•urface 

( • ~(0)- (•f • I )91(0) + 2.c,<oj(l) 

- (~e1! + t)j(~e0 ~ 1)p11 + 2~e0p,) + :!.c1 l~t~p" • 2~t0p, + Pz) (8 112) 

Thi\ Jl<!rform1111ce surface ~ acen to be a quadrau<: function of each weaght. but 
unhlc the case for the adnpli\'e transversal ftlter, the contours of constant ( nrc not 
ella plical 

The contours or (8.112) rue ploned together Wltb a typical convergence track tn 
Fagure 819. !\ole the mdcpendeoce of Ito discussed pre,,ously: For any value or 
~e 1• " u can be adjusted tndepcndentlv to its optimum value v.hich ts gt\'cn bel~ 
The followtng parameters ~~<ere used: 

swwtparameterr: N~ 16, Flr;J ~o.ot 
Conuergem:cparamrters: p.0 = 0.05, 1'1 - 0.1 !11.113) 

Wlth t/>.,(0) - Po- 0.51. and, or course, 4> 1(0) less than this value as l~ng us ICo ~~ l~ss 
than 1. these values or p. are well within the limits or (8.110). As Wl~h the adopuv~ 
linear combmer. it is typical to use values of,. on the order of 0.1 umes the upper 
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linur in (8.110) "iouce that the 1r:1ck tn ft&ure 8.19 follows appro:\Jmatel} the path 
of Sltepl.'>l de-cent. 35 ~e would t-lpeel ~,th the LMS algontbm tn (8.106). The 
optimum ~e.tglll \a lues for thrs e~ample are round from (&. 99). (8.100). and (8.102) 
to be 

t>O(l) 
;,,(0) 

eJ. - -0.906 
Po 

- 9i(l) - ~ Pl Po - 0 708 
~,(D) M,- P~ • 

(8.114) 

In leu than 200 ttcr;lllons. the ~e1ght track in F1gure 8.10 reached the vici:nit~ of 
these opumum I'Biues. 

For compari~on with Figure 8.19. Figure 8.20 shows the ~ume adaptive process 
using the adapuvc transversal filter instead or I he adaptive lattice. Hc:rc we have the 
familiar clhptico.l error contours. The bowl 1s quite llal in the vicinitv of t 
however, and with p. - D. I. about 300 iterations were required to reach the vici:;

1

i~ 
of £.,.,. The ~dvantage of having a different convergence parameter at each Slllge. 
computed as ~uggested after {8.1 10), general!~ allow> the lntuce predictor to con­
verge faster than tht' ordinary LMS algonthml34). (The same random ~uence was 
used in F~gures 8.19 and 8.20.) 

0 200 400 

•111uro 8.lt l.camin& cun~• Car lh< LMS odnpuvc Lrans,trl.ll pr<d~tt<>r •lid U.•r the 
•d•ptll< l>tne~: prtd>erc-r. Cunn art ncarl~ l<lmucal 

600 
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Learning curves rnr the two types of predic~or~ arc compored •n Figure 8.21 , 
USJn~ the same parameters us in the prllvious two ligures. l'hc mcun-~quarc error 
wn.s estimated by nvcrog.•ng each c~ "~tb its 10 nc;lre~t nc1ghbors. W1th the 
parameters llo• p

1
, nnd st ,et 1n this manner. the two learnang o..urvel' nre nearly 

idenuc.al ror the !OIIme rundom sequenoe. Note Lhltt the Meadv-~tate ..,alue of ~ 
appears to be around 0 0~. Smc< E£r?1 = 0.01 and sino: the sane wa'e IS predicted. 
..,e have t .... a O.GI and the 11\J<.adjustment in th~ cast must be: about M - 4. 

In 3 manner \lrnJiar to that used above •mh the Jd3ph\..: hncar c:ombmcr. "'e 
can also de\elop a ~uenhal r~on algonthm (t e. an approxJmauon to 
NC\\'ton's method) for the .adaphve latuce. From (• 99) the 0\ltpu t mean·square 

error for the I th lall1Ce sta&c c. 

(8.115) 

We take the derivativ.: oJ' (11.115) and designate the result as the @)'adient with respect 

to K 1~ 

a~,,,(O) ~ 2oc
1
<,\

1
{0) + 29

1
(1) 

ilK / 

Next "esohe{8.116) for 9'(1)l1Jld place the result tnto (81001 to ohtatn 

-·-[-IC o (0) • .!_ iJ9,.1l0) 1 .c; & o,(O) I I 2 iJrc, 

1 1 a~~-~<o) 
- "'- I 9J<o> ---a;;;-

(8.116) 

(8.117) 

Here we have a one•,tep Ncwwn formula similnr to (4.30) in Chapter 4. so. we 

1nultiplv the socond term by ll lb in (8J). lf we do thi) and uls<> replace the grad1ent 
with it~ esumate in (8.10S). we obtain an SER nlgvrithm comparable to th:•t 
obtained above: 

(8.118) 

Just as \\C bad to csumate R for the adaptive ltne:~r o.:clmbmcr, so bere we must 
esUITlllte 91(0) • £1.,,~ J. f-or the nonstationar} adaptive etwllonmcnt "'e &•':e the 
pnst history or s_1~ a dccn::~sing c.rnpba~is as we did 1n (i\.27), SCl that the estunate 

becomes 

(S.ll9) 
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By using ($. 119) n:cur~ivcly we obtain the followmg n:cur~wn fMmula: 

P"-
1 

_ ~P • [(1 - a)s1~ +a( I - a•)/'14 1] (8.120) 

Assuming J.cro 10111al condnioru. and a chOSl.'ll as in (8.44). the complete SER 
algorithm thu.' becomea. 

0 <.I' < 1.0 

P,., esumated Signal power: 0 .s I < L 

~<1o- 0; 0 S I < L 
Lattice 
SER ForO s I< 1 •. (8.121) 

P,,- I I •·t [(1-a)~]. + a(l - a')P1 , 1j - a 
k>O 

'!'s for the LMS_ nlgonthm 10 (1:!.106), the signal value~ arc llbbUmcd to be computed 
m accordance wnh (1!.94). In fact, observing (8.106) nnd (8.121) together. we soo that 
the LMS and SER algorithms are essentially the ~n rne for the lattice. the only 
di.fference be1ng lh:tt •0),(0) I) <!l<Limated at each step tn (8 1211 An application of the 
SER 3lgorithm to the pre«ding example is show'll m h11ure 8.22. and we note that 
the weight track IS 1mpro\ed slightly o"er the II3ck m Figure 8. 19 

Thus 10 th~ s«tmn \\t have !>Cell no-... the adaph'e I;UI.l(e serves a:. !1. pfedictor. 
One of llS mam :apphcaunM IS 10 speech comprC$.~ion. "he~ the speecll ~ p~cted 
by ~n adlptt\C latuce of length ~uffici.!nt to produce 3 nc:~r·\\blle output [35]. The 
latttce ooeffiaent valu~~ are recorded at a relative!) lo"' •ampltng rate To recon­
struct the :.peech, :1 llme-~arytng all-pole lattice I> then (Om led "'lth these coefficienlS 
:u in F1gure 8.13 ond drtv.:n with locally genernted n01st ~e<juences. The recon­
structed ~~t:teh i~ ta~cn from the output or the a ll-pole lntt.iw. The major advantage 
or the Iallie.: m th1s appltcatu:>n ts that (as m.:nuoned above) ~tabJIHy ,~ guaranteed; 
that is, the Leros or the predictor lll1d the poles of the all-pole inverse arc all inside 
1:1 ~ 1 provided that 1~ 11 < l Cor 0 s I< L. 
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ADAPTIVE FILTERS WITH ORTHOGONAL SIGNALS 

In the preceding section we 8aw bow the weights or the acJtlptivc lnttice predictor 
could be sdju.~ted independently. using local signal~ a• on (8.106), to minimize the 
final prediction error. On account of this property, the scgnul~ wcthon the lattice are 
mutually orthogonal. 111~ error signal at each stage IS unoorrel;~tcd w1th the other 
error signals. In the~ \«lion we wtll dL= s omilar t)'pe.. of adapovc filters with 
onhogonal Signal~ 

Our mom illtOn lor cvnSlden.ng iUch ad3:ptiw <lructurr.' c to retam the 
sunphcity of the l\fS al2.ortthm and ~1:t incorporate some <>I the benefib of the 
more complex algonthm' 'uch a:. the LMS-NC~o"1on and SFR ol.lgoritluns di.scussed 
previously. Or all .algonthrm. the L\1S algorithm tn\Ohc, the lc3lt oomputaoon per 
itc:ration cycle and the le.1\t u~ or memory. moreo.,er. it ts the e.~sccat to 1mplemem 
io software and the ~imph:st to debug and to understand. We snw 10 Chapter 6 bow 
it is used tO a.dju't the wci1.1ht~ of a transversal Iiller wuh the goal of rr11nimiz:ing the 
mean squaroo error. In coscs or high eigenvalue d1S'p3rity. however. we b:\ve seen 
that other algorithm~ con often achieve faster convergence than the LMS algorithm 
and should be u~l!d acoording.ly For a given level of misadju~tment. \he use of 
Newton's method or of wmc form of onhogonaliuuon of the input) to the adaptive 
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weights can resull 10 more rapid adaptation than I~ posscble wHh LMS a lone when 
there is a Iorge spreod tn the eigenvoJue.~. The bencnt~ or Qrlhogonall zation are 
explained in the litcnuurc 136). 

Two onhogonnlt71ng rnc.'thods for preprocessing th.: ~t&JIBis before final weight­
ing and ~"Ummtng wtll be dc-.cribed here. One of these method) c~ based on the use 
of lattice filters. :1nd the oth4..'T uses tbc discrete Founer tr.snoform Other method~ 
"Using "Gram-Schmidt" ortlx>gonaluation have been ~pplied tt> 'dapth-e antamas 
by Brmnan and Reed. whoc;e ~orl. bas been mduded tn the tellt bv \!Dctt.ingo and 
~hiler {37). 

Tbe first orlhogonaht~tcon scheme ro be eons1dercd t \ b.1sc.J on tbe di>eretc 
Fourier transform (OFT) and was dCVJ~ by Narayan and Petcrwn (38). Narayan's 
a.daphve filter is shown tn F1gure 8.23. The input ~cgnnl IS apphed to a series of 
delays with taps connrcting to 11 rnulti-inpul , multi-output 1mplcmentation of the 
OFT. which Wll5 d~sccchcd in Chapter 7. Whb l)()ch new tnpur b<t mple, the data 
slides one st.:p down the delay line and a new OFT is computed. l:iaob of the OFT 
outputs is associated with a specific frequency band. The DFT uo;cd in this manner 
can be considered n~ u meuM or tmplementing a bani. of hnnd·pas~ filters uniform!)' 
spaced in froqu~m:y bctwccn zero and half the samplcng frequency. 

The OFT outpu t ~ m f1gure 8.23 are comple\ dt..crch: funchons of the 
sampling ind~. J.. They are approxima1eJy unoorrelated wtth each other, bcing in 
different frequency bo~nch.. They are not pcrfce1ly uncorrclued because the OFT 
band-pnss tiller-~ O'erlap 'oOmewhat [6J. causing - leill.age" of \lg.rtll componentS from 
one band to another 

Thele oomplc\ I)Utput signals of the OFT are ~etghtcd tn hgurc 8.2J with 
complex adt~puvc ~~o etghts to produce r_. . which is ;~lso comple' The real desired 
response is treated us a complex sjg.naJ wttb a zero cmo~gannry part The error signal 
USed in the ud~ptive proce~s is therefore also comple~t Although ··~ 1S complex, its 
rmaginary part will gcncrnlly be ~mall since the desired respon~e is real. The weights 
are adapted in olOCOrdancc witb the ''complex LMS a lg<lri thnt'' of Widrow. McCool. 
and Ball [39]: 

w,,l- WA ... 2!'t,X, 
The bar O\t!r X1 rcpre.\enb the complex COilJUg.1tC. Th1s algorithm causes the 
compln weight ~ector w, to coo~crge m the mean to .a romple.~ leasHqUMes 
5Cilution ~~ohich mi.nu'IU~ the wrn of 1be mean square or the rcaJ part of the error 
plus the mean 1tfuarc or tbe tn\aglnary pan or the error. 

For example. suppO!i.: tbc input SJgnaJ. \.l tn Figure 8.23. 1s J pure sinusoidal 
s1gnal "''ith e'<3ctly " IIJmpl~ per cycle. Then the only non1cro OFT output 15 the 
mput to k 1,. "'hoch IS a complex Ynusoidal signal with flx~d umplnude and linearly 
changing phase. Suppo~e further that the desiro::d output, JA , cs sinuso1dal 3nd has 
the same Jr~ucncy n~ the input ~ignal. Then, to dnve ,l to JJ!rO, w1, will c~averge 
to a constant complex vnluc that creates a real output ~1gnal, Yk• w11b amplitude and 
phase eqllalto the umplitude und phllle of d,. and the other weights will converge to 
zero. The reader mny wi~h nt this point to cons1der other o:xampll:l> of converged 
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~o>c1ght •ectaD that dn•~ c1 to zero. in order to understand belt« ltnw the S~)tem 1n 
F1gure 8.13 w'l'lrb. 

The ildapll•e proc~ ol Figure 8.23 can be improved b) norm.altnng n.:h o( 

the OFT outputs to eqU31 power levels. Coefficients havtng: value.\ that arc in•ersdv 
proporuonol to the square roots of tbe resp«tive OFT avc~g:e output p011oers could 
be •ncorporoteJ mto the s1gnru paths. Th.:sc po"« leveb could be obwmeJ lw 
exponcnual time a•croging. h'f uniform t1me averag:tng. or hy some nthc:r wc1ght1ng 
Com,ulo. The result is a practical algorithm that 1S lug:hly ellect.ive w1th large 
l'tgenvaluc disparity. 

When uSLng a. conventional transversal adaptive filter, the tnp wc:igM~ directly 
determine the lill~r imrulse response. On the other hand, when usinQ !'loroynn·~ 
frequenc:y·tlnmnin orthogonuliz.ation scheme of Figure 8.23. the weight~ direclly 
Jelurll\ine the frequency response of the fi lter. both in magnitude and in phnsc. 

The orthogonalit:llion schen'e of Figure 8.23 uses 11 lixcd pruproci!SSflr consi5t· 
ing of the di~-rctu Fourier transform. The orthogonalization schc:me of Fiilurc 8.24 
uses a l:lllice filter whkh is adaptive. lt is intl!resting to note that the adaptptinn of 
the WCJ&hts of the tau.lce (the 1< 's) depends only on toe Input signal, anJ not on the 
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d.:sarl.'d re>pon;,e. but the adaptauon of the output v.etghts (t.he " ':.)depend> on b.>th 
the mput signal ami the ~ed re,.-ponse. All "'eag.hb ma~ be ad.tptcd by the l MS 
algc.nthm, a:. ,uggeltted by Gnffiths (231 

When the latuce w.:.g.hts (the ~ 's) converge w that the11 corrl!l.pondmg error 
signab llfC: mmamazed 10 the mean squnrc: seme. the l~uice out rut> (the input:. to the 
" ·s, are ort.hogonl\l and therefore uncorrelated. a:. lla:.eussed abo\e. 

Adaptation or the output "'eaghts (the" 'sl can be read. I)' accomph>hed INn~ 
the 1 MS algonthm to cau.~ the ~)-stem output J. to he a be!. I l~t-:.quare.' fit I<> the 
de.,lf~d re~ponc;e d 4• 

Theoreucnlly. lhc latlice weight> tn Figure 8.24 ~hould match :b 10 Fagure 8.17, 
thaa i\, "• - ~<\. K 1 "i· and so on. However. becaus.! of noise in the weight$ 
re5ulting from allaptahon, thiS matchan& wiU not he perfect. By >tttrting the ad(lptl\e 
prcxc>~ with the weight.' matcl11:d aod b) averagJng the corrt6pondmg corre<:uons 
wath t:Bch adnptauon cycle. perfect maLChing can he su,tained 

Other "exact lenst-~quardi'' algorithms have heen devi>ed hy Morf tlnd Lee, 
Ku ilu th , Friedlander, and others L40- 46] for adJUSting the K'> and thew's in Fi~ure 
S 24. These olgorithnts should be as effickot in the use of Maustacttl input data a~ 
Newton'$ method. Wath the LMS algorithm Graffiths ha:. empha~i7xd the impor­
tanu: of po.,.er normalaauon (or choosmg appr<Jpriate v3lue' of ,. for LMS 
adortouon of the 11 '5 and the II' 's). Bec:~u:.e t~ signals in the l:ltliCI! structure ore 
nomtouonnry (even af the 1nput x~ and lhe desJred response dk are ~tauonary) due 
10 t1c weight vannuons of preceding Janice stag~ power e~unaate~ of the vo~nous 
weiJltt anput~ mu~t be made with a mo\ing average technique ~uch n the one: u~ang 
:m exponential windov. in (8.121). A similar CJlpooential w1ndow wa:. uS<d b) 

Gnmth~ and Medaugh (471. Vanou> time con~tanb were u~ to produce pcrfor· 
marce~ $1malar to the e>onct least-squnres methods de:.cribed above. 

Ort.hogonahzing algorithm~ and their applications are u subject of current 
rc.~rch They appear to be very u..-cful v.hen rnpad traosaent adapt:ltion •~ rcquarc:d 
and the cigen' alucs of the input Signal are tughl\ d.~:trate. Man) >atuauon~ exa~t. 
hov.ever, where the ad;spuve lalla~ provtdes no SJgniticant pcrft>rmaoce atJ,anuge 
ovc1 the transvcr:;a\1\hcr adapted by the LMS algorithm; for <'~ampk. wtth certain 
typts of noMtahonary inputs such as tllose discu~ by Widro" and Wal3ch (see 
ref. 36). 

EXERCISES 

I. What (WO I~ or informauon mu.t ~ koov.n 10 order (O bioH' the perfec~ .. tig.hl l!'lkl 
.n Figur~ 8.11 Whv 1~ .ru~ tnfolltUIIJOO not available Cor adapll•t tll acrs~ 

2 bplaln the dtllei'C'nce betw~cn the "Newlon"' weight tratk 10 F1gure 8.1 .tnt! the 
" l.MS;Newto.n" wdg.h! IJ'ack In Figure 8.2. 

J What i> the ratio of udaption time or the J..MSj'Newton algorithm to ab3t or the LMS 
liRonthm? When L\ lh1> rodo equal to 1? 
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J . For w seque~llial rcgra..aon aliOfllhrn, .Jc-clop 3 lonnul.1 Cor computing Q, in ter:rru or 
Q, Whatl5 the cqwva.lcnt tran>C~r Cu11c:t1on. H(: ), (rom x. X] to Q, ~ 

Nott ln <Ome or the r~m:urung c.\erCI>oC'\ "e ,.ill need a he <equc.oce. [r, J, (!, ,. md (.1,) 
~ scqucn«s should go Crom 1.. • 0 •.o k - 1000; ho\l~vcr they may b.- shor~d as 
requin!d to accommodate 'mflll compu.er. Venerate the ~quen= a' roUo11o~; 

r,- a/12 (RA~DO\ot( I 1 0 S) 

"" '• - r: ,. .•.. '1 "tJ(k - 4011) 
•-U 

The .cqucnce [ '•I is random white O\l1>e w11h unit pov.er, generated using the RANDOM 
routine, version 1 or l, in AppcndiA A. Tile ~1nUS1ltd~l ~~qucn~. ('• ], hlil' 1 ~lowly 
changing period. The ~cquenet' [x,) i~ o train of t'.l<pOncntial pul~cs OI."CUrring at40-sam­
plc aotc:rvals. 

5. Giv~ the one-step prediction •Jtu3liOo 1llu.\trated lxlow. ""~ an LMS algonlhm to 
adJU.\1 •o Md "'' at each iacration WbaL h the max1mum u~cful value C>f ~'' 

.. 
.. 

6. Using the result of E>.erc;ise S "''th W0 • 0 311d " 0.02,.,..". plot r4 vel'\u\ 1... Also plot 
"il and " • •ecsus /o.. AliO plot a leamiD& ~-urve. c>Unuliog £[•]1 aa each pc;nt by 
averapag •i With ·~ 20 n~a=t IIClghhor~ (U.e 31\Y prcx~ure to lake on~ of end 
effectS.) 

7. I.Jsiag Equabon (8.44), "'flit I1D et.pllc:.a SER algorithm Cor the predJcaor allU>ITSted in 
Exerci'<: 5. What is "'"" 10 tbls caW!·! 

8. U.;,iog aJx, SER algorithm from Eurci~ i wilh I' - 0.11'.,..,. plot "• vcraw. 1.. Al'O ploi 
w0 and •a w:rsus k A6o plot a lean11ng c:un•c, Nimatmg ,..( (i I b~ ~ver~og •1 vith 1t. 
20 neara.1 nei@)lbon. (U~ o~ny procedure 10 take tillt or cn.J etr.,ctS.l 

9. Give ~ mochli~ .-wion uf the SER algonthm (8.44) Cor tbe rompleacly st~tionaN car.c 
with o 1. Give the corrc~pooding limiting Corm or Equation (S.27) What difflcuhy 
would OCL'Ur if the SEit algori lhm were ~lll'lwcd 10 go on 10 I his form, wiah k unbounded? 

tO. Given the ~ysaem adeotil\aulon configuration on Figur~ ~ 8, write :ut c.~pht:~t liR LMS 
algorithm u'ing Equ.ation (8.55) 
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11. U~ing !1- 0.05, •1 • O.tH.I~. and ~2 - 0.0025, r\lJl the IIR t.MS algoritltm for Ftgure 8.8 
with (rd as the lnpul ~rqurmx-. Plot e• versus k. Also phH 0,1A, II,., aut.! /Ia versus k. 
Also plot a teaming curve a~ 11.1 l:.xcrcises 6 and 8. 

12. For lh.t second-order adaJltll<' r<"Cursive f1lter. pro'e th~t (h1.b11 muM lie 1nsidc the 
triangle. sbowt1 10 Figure R 9 tn orde:r for the filter to be M•bl<', that IS, lhat the tnongles 
correspt'Dd with t.he unit urcle oo lbe :·plane. 

0 . The c:oofi!umi<>n sbo .... , l>clow ulu1\rat<'l' t.he ~~u.ab.lln&" or •. tn•C'f'oC hltenng'' problml. 
Slatting ,.;th w, • 0 t.hr •uis)!IS art' to be .adJ~~cd ,., thai t.ht .ad&pll>'t filler mm· 
pensates for the chann~l. e\c.:pt for ~ pr<>pa&3tion deJa, , : 1 Wntc ao l MS algonlhm 
Cor this example and pl<>t the !<'.mung rof"C. U5tag I! • 0 041! .... • f.slltnate t.ht rGdtW 
moL. Erc:J....,. 

'• _ _ ..._-1 t, 

14. Do Exerci>c ll UI.IDJ tb\ SER a]&oritbm •ith w. • 0, tt 09S. ,.;;..~ • 005, and 
Q;' ... 100 1 U>mpllt tht l~:ll'lllng CW\'e • 'ilh the lMS lcanun& C\lrvc. 

IS. The ~113!izrr bel""' u SLOt\IU lo lhat abo>...:, but "''th an IIR ad~pllH liher Wntr- an 
L!IIS algorithm Choo'lt' .tpprc.>pnote \alucs for,. , • 1, and •1 • ;aod pluttb~ learning cun-e. 
E.o.ti.lnate the futlllmtan 'nlue of r[ Md .:ompare with Exerroe 13 

Hi. For Exemse I~. plot g , • I> , • and b,, •= lc 

17. Worlc ExertL>C 1) u.•ng 1 ,,J, ddmed 3\)(m:, lb the toput d.At~ R>qumu Explato a.D) 

dill'.:rme6 in )C'IUr n:,uh 

18. Work 'E.""ret)t 14 uom& ( .~.1"'' lhe tnpul 

19. Work fut!rcb<o IS u>~ng I "• I G> tbc tOput. 

20. Do Exercise 13 using thr tlnc~u random-search IIIJionthm Ll:._,c lhc $Ume ~ used. tn 
a\udse 13, nnd ll:\1: N .. 5 obstrvnlions to gc~ ~nch ~ . Adju\t 0 . so thnt the theoretical 
ttUSadjUStmCOl Will be OIIC• ttnt h Of ~ ....... 

21. Develop a lnl!lce ~•ructure eqw•lllcOL 10 the one-step prl'thc.tnr thAI foUow~. 
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22. Sketch the 1411tce 10 l"i&ure 8.1) usmg three·mulnptitr ladder eltniCIIb 

23. CollSiniC1ailltUce"11b transfer (W>Ction Ht:l-t:'- ~:- 11/1: : - 0.89, Veri!)' 
the structure b1 a>mpuunr anJ cumparin& lhc 6~1 ft\'t ~rnplr' <>f the tmpohe ~ 

~ For t~ c>ne·•tep pmJ1Ut•r ~o below, lind lht opltmurn 1-;alun ol 111 aud bz io terms 
of input C<>ntbll<'n CttCfttcim~ 

'· ··-~--------------. Lrn .. .. .r. 2_ .. 
I~ 

lS. Conven lhe J'f'cd•ttor sh<>wn to F'<.ercist: Z4 into a latuce predictor. VI''C the lalllce 
c:oeRic~u '" term\ of t.he 'oput correlation corf!ktents u-.nst the IUW'"U to r.u~rcisc ~ 

26. G.-en a IWI>->IAgr laiiJCe p~lt>I. find IU c-pnmum ,.nglth II\ ~rm. of toput corrrl.l­
tion eodliacol5, u'tng Eq~tio<L• (8.1001, tS.99). 3lld t 8.1021 Ct>mp.a.rc "'ilh the arb"'« to 
bmiscl} 

rT. 11htstrate the con•naen.;c of the thrtt·•u&e .adapu•c lath« predtttOr $hown bela,. by 
plouing r, 'CI'>'\15 Jc (or A • 0,1, . , j()(J_ U..e the algomhm 1n £qua11oo (8.U1} ,.,th 
~ - O."N. p - 0.1. and Cllllmalcd 51f.Oal powi'r equal to tnput ~•an.IJ powe.r 

.. 

28.. Po: !he pl'l'dx:tOI d~"'tb.:d m f.nTcise 27 plm ~e,. ~ ,. and ": ''l'll>'US " ror It 
• 0,1, . 1000 ~'' bneft\ tbt behaVIor of ~best' ,.na,bt' 

29. Dernc an ~prh.\lOn (DC d~ error surface l01 th" fot~<'tog predlt:t<'f. a:. 11 e'tms in the 
vi.."Ult ,., or /.. - soo. 

JO. In the ~vs1rm d<-..crihcd 1n l:.xc~ 27. 3S.'iume tbJII '• • \ui(J 1>/ 10) aod that ttu:re is a 
two-stage IBiltt;c with adapuvc wrigbtl "o and ..-1 Dcnve an apre!\SIOD for tbe error 
~urfacc nod m~kr u contour plot Stmihu to Figure ll. t Y 

J 1. What ere \ht optlllJUIII wci11bl values for the predicttlf inl'~ct·d~c 27? 

32. Whnt are the optimUm wdglll value~ in F.xcrci~e 27 if the ~·-quence 1 ' • 1 ~~ u~ In pl:tce 
of! f~ J? 
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33. Sdee& appropnau: millal cond11ioo~ for the situauon llcpi~tcll below and run the 

Predictor for k • 0 1 IUOO. tJ>ins I' ~ 0.2 tim~ it~ rnO(Imulll inhial value in Equ~· 
• • ' ,. l ' tb . 10 

Lion (8.106). Plot a l~untinta curve, Cl>1.imating E{ e; I by avera&Jil8 c,tcll t4 ,., tiS 
nearest ocigllbor"' &urnn.tc th~ tunc w nstanl. 

'• 

3J. Using x, •n pb« ol '•. run the p~clor shov.-rt m Enrci~ l.l unul El rfl re-..dle. a 
steady value E.\platn the rdnttorWup bc!tV.'ttll thb value. e(r/J. ollld £1xll 

35. In Ftt,ure 8 8, let <1>,.1 J) • I. Wltot are 9.N(O) and 4>,,\ :)'1 

J6. Fiod an cxpre.1sion for th~ performance surface. t( "~, 111, II,). tn fisure S.M. Begin 'i'Jth 
f'.quation (7.65). 

37. Show that the pcrr~'rmlll'IGe ourlnce for Figure 8.8 has a Stojllc global rrummwn within tbe 
stable range ol t b1• 1>1) 
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part IV 

APPLICATIONS 

(Chapters 9- 14) 

OBJECTIVES OF PART IV 

Tne main obJective of thiS final pat1 of 1he te>et Is to show how the theory 
develo!Ji!d in Parts I. II, and Ill is put into practice rn several different areas. A 
secondary objective is to review some relaled topics such as spread-spec­
trum techniques. equalization, basic control theory. elc., In order to make the 
diScusston more useful. 

In these f inal si)( chapters there are only four basrc adaptive configura­
tions. which are used In diNerent ways. First adaptive modeling is introduced 
and applied to different situations in Chapter 9 and to adaptive control 
systems in Chapter 11. Second, inverse modeling (adaptive equalization) 
applications are introduced in Chapter 10 and again In Chapter 11 . Third, 
adaptive interference canceling is discussed in Chapter 12 and applied to 
adaptive arrays in Chapers 13 and 14. A fourth basic configuratiOn, adaptive 
predictiOn, has already been inlroduced and Ts used again in Chapter12. We 
recall that these four configurations were illustrated in Chapter 1, Fig . 1.5. 
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chapter 9 

Adaptive Modeling 
and System Identification 

Modeling and system id~ntilicati<>n is a very broad subject. of great impcmant·e in 
the fields of control systems, commliJlications, and signal processing. Modeling is 
alst) important ouL~ide the lrllditional engineering disciplines, as when one sludfcs 
social systems. economic systems. or biologicul ~stems. We cannot treat r.ucb a 
broad range of sllbjects here. Our go:~.l L~ a mode-st one. that of sbo,Viog how simple 
adaptive filters can be used io system modeling and of demonstrating the application 
of adaptive s,ystem identiftcation to several physical situat ions. 

GENERAL DESCRIPTION 

An ad~prive tilrer can be used in modeling, that is. imitating the behavior of physical 
dynamic systems which may be regarded as unknow-n "black boxes" having one or 
more inputs aod one or more outputs. Modeling a single-input. single·Output 
dynamic system or " plane (control systems terminology) is illuslrnled in Figure 
9.1(aJ. Both the unknown system tlnd the adaptive ftltcr arc driven by the -same 
input The adaptive filler adju.sts itSelf with tbe goal of causing il$ output to match 
that of the unknown system, generally to cause its output to be a best least-squares 
fit to that or the unknown system. If enough flexibility resides in the adaptive 
system, if it is sufficiently adjustable and cQnta.ins eoou.gh "degrees of freedom'' 
(adJustable weights), a close fit or perhaps a perfect flt is possible. Upon conver­
gence, the structure and p11Tameter values of the adaptive system may or may not 
resemble those or the unknown system, but the input-output response relationships 
will match. In thi.s sense. the adaptive system becomes a model of the unknown 
syst.:m. H the input is widehand and if the struc.ture or the ~daptive system is such 
that when its adjustable parameters are suitably chosen an el'act match is possible. 
adapli.ng to minimize the mean-square error wiU result in an exact match in every 
detail. 

195 
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In many practical case:;. the plant to be modeled is oo•sy. that is. has in~~~al 
random disturbing forces. As ~11cb. when tbe adaptive model h~_enough lle•ubility 
to match the dvnamic Tesponse of 1hc unknown pl<lnt. its output WIU p.erfectly mal.:h 
thnt of the uokno"n plant e.\cept for plant noise"~· indicated in Figure 9.1(h) as a 
ooi~ added to the plant output. lnternal plant noise appears at tbe plant outpul 
and !s "ornmonly r~presentcd there as an udditive noise. T1J.i,q noise is g~ne~ally 
uncorrellucd with the plant input. H this is the case and if the ad;aplive moue! IS at1 

adaptive linear comhiner w~ weights :1re adjusted to minimize mean-squnre error. 
it CIIJl he shown that the lenst-squares solu1ioo will be unaffected by the pr~nc-e of 
the plant noise. Thl~ is not to say that the convergence of the adaptive process wjll 
be! unafrected by pln.nl no1se. only that lhe ell.pecled weight vector or the ndapti~e 
model after convergence will he unalfectfd. (Exercise 6 consider~ this is.~ue.) The 
least-square.~ solut1on will be detem1iocd primari ly by the lrnpulse respon~c .of the 
plant to he modeled. lt could also be signifiClllltly aJl'c.:ted by the stnustacal or 
~pectral character of the plant input s1gnaL 
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tt'4'U1 

•• 

Vl~u"' 9.~ C"oligllrllllon fN the sin~lc-mpub >»t~m ill"n11lit.11i<ln cxpcnmen1 iu 
l'isurc Q 3 
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We iUu.~trete the sinf,le-input system identification prcx:esl: u.sins the configura­
tion 111 Figure 9.2. Here we h.:!ve an aU-z.ero plant, so the "perfe.:t llt'' descrihed. 
above •s posMble provided that L ~ 2. We assume that the signal, .~ k• und tbe noise, 
nl• arc mutually um:orrelated \vhite random sequcncest and that the adaptive 
t1'ansversal filter uses the LMS algorithm. wtth 

E[xtj~h;. E(,•!J ~~ orO. !L - 0.5 (9.1) 

With these ,·:llucs we ••an detcrmrne the excess mean-square error and the le:tming­
curve ltme -=•~n~Lmt u~ing (6.35) and (6.JS). With no noise and with L ~ 1, the 
excess MSE 1S 

excess MSE (no noise)= li~ ,.,.,tr(R) ~ 0 {9.2) 

That is. if the adaptive filter is of suffioentlcngth, E ... ,. IS :rem,);() the e~cess MSE rs 
111so Lerq. When n 4 is added in Figure 9.2, the adaptive filter with L:::, 2 slill 
can.cels the plant output. so ~ ..... is due entirely to the noise power: 

Em,n = Ejnn = ,~ (9.3) 

When the adaptive filter is <lf i~-ufficient size w1th L < 2, then of course ~ Is 
nonzero wilh or without plant noise. "''" 

For white random noise the input correlation mll.trix is diagonal with elements 
e~unl 10 E{.xiJ, so the convergence time coo!>lanl is 

T 1 1 . 
""" ~ 4/lA ~ 4(•J.S)(lf12) - 61tern110RS (9.4) 

<rtn<mt<d uuas RA.•~])()M •n App:n:Ji< A ra< eumplc ~~ - IV.NDO).'Ijl.) - (1.5 at •:>dl 
1fer.at1<'" '1"bc vananet> c·f lh< Un11 mufotto \llnate 1~ 1.:1..:;1- /1 
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fhc ~~ct'' MSE 10 (9.2) and (9.3) as well as the hiM con~lanl 10 (9 4) on: 
illu trated :~pproJUmatel)' m Figure 9.3. which gi\es Sill expenrncnt:al leamtnJ cuo·b 
each cuoc t:. the av.:uge of 100 computer runs of the configur:1uon 1n Fi@urc 9 2. 
There are cuoes ..,;th and "'1thout noise for two, three. and four adopu'c .... oght~ 

W1th unl)' two \l.ttght~ we note a nonz-ero ~-" C\'en \1.1lhuut nUI!.e, wluch 
tndic.ste:. that the ;ui:lpii\'C filter cannot completely identify the plant. Wtth thr~ or 
four we•&hL~ "e ob~erve complete tdcntilication in the notSclc:ss case and appro•u­
mate ~cnllcutlon of (9.3) in the no15y case. Io all cases we observe nppto'Omate 
vcrifkauon of the stll·itcrauon time constant in (9.4). 

A means or modeling multiple lJlput- muluple Oulput sy~tern~ can be 1Mcrrcd 
from the two input- two output case, ns illustrnted in Figure 9.4. 11tc plun1 of Figure 
9.4 is a hluck box having two inputs and two outputs. Its internal structure is 
asstuned to he unknown, The purpose or the adoptive filter is to determine the 
input output chnracl<.:rislics of the unknown planL and if possible. to unmo~k its 
oetniled ~tructurc. Not knowing the plant structure but merely knowing that It is 
linear with two input.> and two outputs and is time invariant over the lcarn1ng 
penoJ. a general linear modchog structure can be chosen llS ~hown in Ftgure 11.4. 
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Assuming that each adapltve tlltcr has ;t $utllc1cnt number of degrees ol freedom. 
upon conve~gcnce each or the subudapt1vc fil ter~ will match the clmespoo.ding 
compOllt!Ot leiters or the plant (I.e .• o,l .... 1111, G2l .... l/,1 G - H 0 -+ H ) 
Thi ·11 • J . - • 12 •~· ll lJ • s ":'L certaJO ':1 occur 1f the ionul5 xt nnJ x1 are mutually uncorrelated. Good 
modehng may also occur when x1 ond ~, on:.• correlated, :ts long as x cannot be 
perfectly generated by filtering "' 1, und vice verba. 1 
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Three example~ will now be presented wh}ch :~re repr~ntauve or application.\ 
of adaptive modelir1g IC:Chnrqu.:~ to practical problem,. The: tlr~t application is to 
communic:Jtions, thi' second npplicatloo to a problem in !J,eOphy~ics, OJJd the third i.s 
to the design or digital fiheflj 

ADAPTIVE MODELING OF A MULTIPATH 
COMMUNICATION CHANNEL 

The reader b prob:Jbly familrar "-llb the ~multip:llb'' l)'pc of rommurucatmn 
problem iJIU:>tratcd rn Frgure 9 S. It rs a problem in v.hach the: tron~lllJtted tnfonna­
tion takes more than unc path 10 the recerver, thus producmg rnu:rference and 
echoes in the receavcd <.rgnol . To see and appreciate how aJnpllvc: modeling i:. used 
to identify the pa11ts (i.e., the unpuiSt: response in Figure 9.5). we will tirst descnbe 
hriefly a "spread-spectrum" technique (1, 131 roT sending bi.nury Signnlo reliably in a 
high-noi$e, multipnth envrronrncnt. 

ro spread-spc.>ctrum c:ommunicatiollS each infom,atron bit , llrlhcr a ONE or a 
ZERO. is tran~mittcd a~ a ~lnng of coded bits. The ONE bll m;ay he represente-d by 
a particular smng "bach, ror example. may be 32 bils long T11e ZERO bit wouJd be 
represented b1. a daiTc:rent 32-bat ~tring. For den:ction, 1he recer•er tnc:.s to cOJTebte 
lbe st.rin~ \\hK;h arc: dc:uxlc:d a~ ONEs or ZERO~. depcndrng on correlation 
m:Wma. TheONE and 7LRO code. are "pseudorandom" and arc: d~agned as"\\1:11 
o13 possible lo be mutWIII) onhogonal and individuall) 10 h.11.c autOCI.'rcelatiOJb t.bat 
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peak at 1ero lag nod hecome c.ssentiall) .t.cro fur oth!lr lug~ Ma,rmal-length shifl 
r~gister sequence.~ hav.: 1he~e propertic..~ and have bc~n u~l!d w•dely in tills applica­
uon 111. Tl1c spectrum of o oequeoce of such strin~ tend~ to be: very broad e:ven for 
n reguiM paucrn of ONE!.~ and ZEROs~ he.nce the 1em1 "~prcad-sp~ctrum communi­
calions." Sy~tCnl!> or thr' type arc very effective an the pn::.encc of 'lrong broadband 
additive tnterference 

The eifect; of muhapalb. v.ben presenr could be dt..,'blrou to a ,pread-spec­
trum system or I he l~pc: comrdered here. ho9te\tr 811 'tnng.\ .:oold become scram­
bled at the recei\(!r ll!> a rNJJI or propagauon through muhrpnlh, that is. parallel 
propag3tioo throogh mo~.~~v natural paths from tran.smmcr 10 ra:over. each with llS 

own dda) umc:. The ~poo...:s of the \-ariou" palh\ add hne:III) aJ the r«'CJ\er 
causing "cmmbhng or ~mearrng. The goal of adaptive techniqu~ u~ in conjunc­
uoo .,..ith the $prend-,p.:ctrum technjques described above ~~ to "unravel" the 
multipath and to p1.1nrut communication essentrally O\ tf multapath were oat present. 

Figure 9.6 show;. 11 hlock diagram of a spread-spectn1111 communication system 
working in I hi~ illu&tro livc t'ttM: wilh a simple nondispcrsivc, no-multi path channel. 
Channel nohc J\ U~Mlmed IO be: presenL At the tran~mrtter, o key tl> switched to 
generate the dala waveform, lurning on a ONE or ZERO p.!>l!udorandom Sc!quence 
as required to rcpre<.enl lite mformation to be tran~rnimd Both the ONE and 
ZERO sequence, are rnruated at the same imtant. tnggc:red bv a clod; .. and arc: 
repeated tn lk."<''rdanc:c 'Atth the inform.:uioo pallern. The t..cy must remain in the 
same state throughout lhe lmn.,mi.s-'ton of the enure ONE or ZERO sequence, 
"hich~-er 1.> <.ekctal The l.e)' tan then remain an the ~me ~lllc or S"-llcb to I he 
oppo~te "tate, dcpendrng on the nc:ott mform.:~uoo hrl 10 be transmiucd. The 
translllJUed "aveform. a <.e<jueoce or concatenated ONE and ZERO sequences. 
propagates through lhe thannc:L Except for time delny. the recetvcr l>ees 1he same 
waveform plu:. addllavc channd n01se. The receiver h;l.) 3 duck thai ulso triggers the 
known ONE und ZERO !AA!Ucnces. The receiver clock g<n.:ratll.\ 1rigger~ at exactly 
the same ralc liN the clock !II the transmitter, but tiS pulse> nrc: phn~cd relative to the 
transmitter clod Inking inlo acrounl the t•honnel delay. The receiver ONE and 
ZffiO sequences are croSll-correlated against the noby ~rgnal received. and if the 
local dock i~ pha~ properly. one or the er~-correlator oulput\ wtll build up to a 
peak VDlue JU!.t before I he clock triggers the r.:pent or I he local ~quence). Since the 
channel dd:i) "'ould gener.dly be unknown. the phno,e of the local dock could be 
gradual!} ~l~cd 10 m.t\lmue the peak output. of the ~TO .,..correJato~ A romparn­
tor produt'Q the data ;.cquence at the receher output b) pcnodrcalh deciding (Jusl 
berore lhe local clocl.. put(~ OCt'uTJ \\llich cr05.-correlolor ha.. the hug~t oulput. If 
the ONE cro ... -<XIrrdator ha~ the large:.t ootput at lhe proper sen~1og time. thc: 
system output \Iolii be ON!:~ ond so on. 

With a noase-frl!e channel, the output or only one of the cro~s-corrdators "ill 
peak at 1he proper ~oenswg llme: the other cross-corrcloror output wrJI remain at n 
very low level. Noiseconfus~s tht: ou tputs or the two cros~-cu rrel uh1rs. however. and 
forces decisiou makins on tlu: basis of taking the large~l Clulput. ln deyigning such a 
>.)'Stem, some pnor knowledge or charutel signal-to-nor\1! ra11o ·~ generally useful. 
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Tbe pomer the $ignal-to-nl1iSe ratio, tbe longer one would make lbe ONE; Z.ERO 
code strings. Averaging in the cross-con:elation process reduees the eflects of 
random channel noise. 

This form of spread-spectrum systetn provides resistance to background noise, 
to jamming, and to ot.her forms of interference. A measure of privacy in communi­
cation Is also aO'orded by this type of system, since the ONE and ZERO codes could 
be made unknown ex...-ept to Lhe intendoo recipient. 

We consider nro the case when: the channel is not only noisy bur afllicted with 
muhipath. Suppose, !or example, ibat tbe impulse response of the channel consists 
of a pure delay followed by an impulse response that is smeared out over a finite 
time span, as sketched in Figure 9..5. Suppose !hat tht: time duration of tbe ONE or 
ZERO sequence is ooolpamble to the time span of the multipath. Then. when the 
transmitted signal is convolved with the channel impulse respunse. severe inter­
ference will be experienced at the receiver-interference within the bit code and 
rrom one bit code sequence to the next. The phenomenon is known as "iniersymbQl 
interference." Our goal is to solve this problem with adaptive filtering, by modeling 
the multi path c.h~ racteristics of fhe channel. 

Modeling an unknown channel to obtain s close approximation to its impulse 
response could be done as shown in Figure 9.7. ONEs and ZEROs are not 
transmitted in lb.is case. Instead, a singl! known pseudorandom sequence is trans­
mitted cyclically into the channel. The channel output is observed at the receiving 
~lle. Tht: ad<1ptivc tillt;t output~ wut pa~~::d wil.h l)J<: clt~JIId outpu\, which f11 thi~ 
case is the desired response. The filter is adapted to mirumlze mean-square error, 
where the error is the difference between the channel output and the adaptive model 
output. Problems of synchronization introduced by the unknown bulk delay of the 
channel are avotded by the cyclic rc:p~tition of lbc pseudorandom sequence. It is 
necessary, however, that the transmitter and receiver docks run at the same rate in 
order for the adaptive filter to converge to a model of the multipath cha.onel. The 
time duration of the pseudorandom sequence should be longer than the t1me spill\ of 
the mullipalh lthe duration of lite channel impulse response, excluding the bulk time 
delay). The memory time of the adaptive filter must be at least as great as tlte time 
span of the mullipatlt. Notice that, for the system configuration of Figure 9.7. 
channel noise has no effe.ct on the converged least-squares solution for the channel 
model , The cross-con:ehttioo i.u Figure 9.7 is used to measure tlte effectiveness of tlle 
adaptive model, to slew the receiver clock. and so on. 

A digiul communication system using fixed nonadaptive channel models is 
diagrammed in Figure 9.8. An unrealistic assumption is made here ror sake of 
argument-that an eltacl modt!l of the channel is available at the receiver. As witb 
the system of Figure 9.6, the two pseudorandom data bit sequences representing 
ONE and ZERO are selected to correspond at both transmitter and receiver sites. 
Once again, the datll bit train is encoded by set1ing the key to select the proper code. 
sequence at tbe transmitter. At tbe receiver. identical v~rsions of the channel model 
arc driven by the ONE and ZERO sequences, which ate Tepeated a.s described 
previously. The mode.! oulputs are ctoss-cortelated against Lbe received channel 
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output in a continuous data-flow process. The <-ornparator makes ONE or ZERO 
choices as one or the other cro~>.~·correlator output p~aks up at the proper lime 
instant"S. spaced corre.>ponding to tbe tnlJlsmissron rate of the information bits. The 
two recerver docks are synchronized. and thc~r phasing would need to be •lewed to 
maximize the corrclntor output peaks. 

ln a practical system, somt- method muH .:xist at the receiver to lind t.he 
channel model. Tbe method for obtaining the cbunnt-1 model by the adaptwe 
proce.\S of Figure 9.7 rs a workable one. e.xcqn that transmission of real data i~ 
pReluded since only one pseudorandom sequence rs transmuted and n.-peated over 
and over agarn. A more comprehensive approach for channel modwrng duri.ng 
actual data transmission is suggested b)' the scheme of Figure 9.9. The tmnsmitted 
MgnaJ is generated as befQre. oonsiMing of ONE and ZERO sequences rcpre.~nt mg 
the da.ta. At the rrcciver. Jocafly generated synchronized ONE and ZERO sequt'llces 
are summed and red to the adaptive modeling filter, whose output is compared "ith 
the signal cmcrgrng from thcrnultipath c.haon.::l. Tbe filter is adapted tu m:l)ce a b·est 
least-squares match to the channel output. Since I he adaptive filler input contamts s 
.)uJn of both the ONE and ZERO sequences. the received data will be comlated with 
one or these sequences or the other. rougllly depending on v.hcther a ONE or ZERO 
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h being reccivod at th~ moment. The adaptive fil!c:r or Figure 9.9 will converge ton 
leasHquarcs solution which will be identical to the solution resulting from the 
scheme or Figute 9.7, e'cept Cor a scale factor. As rn Chapter 2 [Equation (2.17}, 
ctc.jthe lenS1-squ~es solution is R - 'P. Comparing the two modeling schemes, the 
R-matCICC$ at the mputs to !he adaptJVe filters "iU be identical e"<Cept tor a factor of 
2. but the P-vectors will be the same, 

. Con.~ider the following argument. Let the pseudorandom (PN) sequence in 
Fr~re 9.7 be. for s:Uce of argument. the same as lhe ONE sequence in Figure 9.9. 
Thi$ sequence repeated aver and over again will have an as~octoted R-matri.'\. The 
camponents or the P-vcctor for lb.: system of F _.gure 9.7 will be equal to the 
c:ross-corrclatiun function between the repested PN Sequence and the llluhipath 
channel output. Referring now to Figure 9.9, the P-vector will be the same here as 
above reg:udle.-s of the keying activity at the transmitter Slnce the channel output 
wtll be correlated with the adaptive filter input whether Lhe rcc.:ived signal IS derived 
from tr.msmissioo of either the ONE !iCquence or the ZERO S«tuencc. (Recall that 
tbe ONE sequence is de.~igned to be eSJ>entiully uncorrelated with th~: Z ERO 
sequence.)_ The R-matrix, oo the Cllhcr hand, will be twice as lttrge for the adaptive 
ftlter or Frgure 9.9 as for that of Figure 9.7. The reason is 1hat in Figure 9.9, the 
R-maui.x equnls the sum nf tbe R-matrr.x due to the repented ONE sequence alone 
and that due to tbe repemcd ZERO sequence alone. (Recall that the two sequences 
are designed to have idemicaJ autocorrelation properties.) Tile result is that the 
converged weight vector in Figure 9.9 will be half that of figure 9.7. Since J.Caling tn 
lhe channel model i~ unimportant when apphed as in Figure 9.8 (where the final 
output decisions arc mude by a comparator), the ~cheme of Figure 9.9 will be as 
effective as that of Figure 9.7. yet it will pcrmtt actual dma transmission. This 
scheme for adaptation during data transmission wru. in,•ented by Michael J. Ball! 

h should be noted once again that noise Ill the cbanncl .,.. ill not allb:t tbe roan 
of the least-squares solution but will cause noi.sc in the adaptive wei&hts. Good 
results wilb !'li~ channel noise will necessi tate slow adaptation (keeping misadjust· 
rnent low). Ibis would only be workable when the cllannel tmpulse response is 
st .. uona.ry, or if nonstationary. it mus t be slowly varying. Rapid \'llrillttoo in the 
multipatb c:haracteristrcs accompanied by high channel noise will cause the scheme 
to fail. Good succe.ss wiiJ result with either low noise or slow channel v11rialion 
(most physical channels vury over time) or both. A system utilizing adaptive channel 
models and incorporating BniJ's mclhod of adapting tbc channel model while 
transmiwng and recetvrng actual dnta is shown in Figure 9.10. The cros.~-correlators 
nre represented by multipliers follo\\ed by "leaky" (SU!glc>pole) Integrators. 

Slewing tbc phusc of tbc receiver clock rs not necc!illary since the impulse 
response of the ndaptive filter wouJd advance or retard it~elf a., required to make its 
output aclue'<~ " best fit to lhe actuJJ channel output. This would automaticalJ) 
cause the correlator output peaks to be ma:Wru2.ed. The. system of Frgore 9.10 ba.~ 
been te!;tcd for acoustk e<lmmunicution and bas been sbown to be workable in Lhe 
presence of multipat.b, chunnel noise. and slow channel nonSilltionaoty. 

'Pn\·a1c. cofTll1lll.flJQr\()o 
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nc:J. N014." Lh'.dl lhe 1 and 0 p~udorandom $!que:ru.'eS i.i.1t' known al both tran~m•u~r 
owJ rcceh'cr and ~ou1d sene as a .clptK'r. Tranilmtt..:.r and re~ver c1~ks ..ue 
usstlmcd to b~ ~ym:hroo1'1.ed 

I 

~ 
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ADAPTIVE MODELING IN GEOPHYSICAL EXPLORATION 

Scislllic 1'eftec,tion technology is the primary tool used in exploration for oil and gas. 
Geologic formaurutS have been laid down over tens o f millions or )'l:ars. These are 
layers of material such 3$ sand, sandston.:, silt. shale, clay, and so on. In order that 
hydrocarbons such as oil and gas be able to accumulate. there must be a suitabla 
reservoir. This generally consists of a porous rock. for example a layer or sand. and 
an impervious 1'QGk to l'.llp and seal the reservoir t~' prevent lhe escape l)[ the 
hydrocarbon. Oil and gas are generally lighter than l'Urroundlng Oliids a.nd therefore 
tend to ftoat llpward, A typical material that would cap a reservoir r.night be clay or 
shale. Natural layerings and faultings in the earth create trap~ or potential 
reservoirs. Most traps contaiJl s,alt water rather than hydrocarbons, Thus the eJC­
istence of a trap is 1t necessary condition ror the accumulation of oil or g11S. but 
unfortunately not a suflicient condition. When exploring in a n~w area, one u.~es 
seismic reflection tecbnfques tl) identify trap~ t1r to identify r<!gion$ where trap~ are 
likely to exist. fn most oases. this p.rovides lhe be.~t a nd most useful information for 
exploration purposes. 

Ia seismic el(p[oration, a source of seismic energy is typically activated on lhe 
sudac.:. of the earth. On land, dynamite may be exploded to apply a seismic impulse 
to the earth. Or a source of vibration could be used which could be pulslld or 
continuous, On water. n spark source or an air gun could be used to impart 
underwater mecllanical impuls~.s which propagate th~ough the water to tbe seo 
bottom and into the eart!J below. The earth behaves like an elastic m<ldium, 
approximately linear" As the seismic waves (which are like acoustic waves except 
that lhe rorth is able to propagate shear waves us well as C.<Jmpressionul waves) 
propagate from one geologic layer into anolbcr. change of m:~terial often is accom· 
panied by change in seismic implldance. whlch causes retlections. Detecuoa of 
reflections allows one to detect change!' in material and thus detect layering in the 
subsurface. Formation layers frequently eHend laterally over distances of many 
kilometers . .By measuring the time delay nlong a r!!tlection path from the 5urface 
down to a reflection plane and back up lo the surface and invoking some knowl"dge 
of the speed of propagation. one may estimate the depth of the reflection plane. If 
this plane i~ sloped ('"dipped") or if it is curved rather than !lat. the nontlatne.~~ c:an 
be determined by measuring two-way travel time from many points on the earth's 
surface down to the retfectlon plane. In this way, layerings and potential traps and 
locale-S where traps might exist can be identified. 

Adaptive modeling techniques can be used tO measure two-way travel limes 
from the surface down to multiple-layere.:l reflection planes. Described here is a 
metJ1od for doing this based on U.S. patent2,275.735 by R T. Cloud. filed on June 
23, 1939. and issued as a paleat on March 10, 1942. We shall take some liberties 
witb Cloud's invention. modernizing it by incorporating adaptiv~ tittering tech­
niques. 

figure 9.11 is based on Cloud's patent. Signals are received by geophones l3 
and 14. These are similar to low-frequency microphones which are coupllld to the 

! 
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c.uth. Thev pro.Juce output volt.1ge wavefonns corresponding 10 the vent.:al H~l.xtly 
of mouon of the earth"• surface m tesp<mSe 10 sl!ismic 148\es Th~e wa'e~ propag3te 
llloo~ ra' pathli :u tndtcated m Ftgure 9.11. Gcophone B 1S placed "Cf) clo5e to the 
~YTUC ~e. It receaves radiation from !.be SQW'ce via a dm:ct path I We ~t.ll 
a~~ume that tlus path~ so short that its propagatiOn dela} ts neg)tgJble. G\.-opbonc 
I l nl•o recca•es n:tlections from la)'ers 7. 8. and 9 via the dashed roy path' IS. lb, 
and 17 We v.ill a-sume that the: signals of g;:ophone 1J rtWiuog from the d:uhod 
path.• :ue neg)~g~ble Ill amplitude compared to the strong Signals from the nearby 
~casm•c ~un:e arriving ,.1a diren path 1. Thus the output of geophonc: 13 IS 
s>nchroow:d with and corresponds to the earth motion 1mpart\.-d by the eumac 
source. 

I he SC1Sm1c vibrations received by gcophooe 14 via palh.s 2. J. and 4 an: the 
"lnyer-idenury.ng" signals. Path 5 is a surface duct and is not or gcologtc tmpor­
tam·e. If the 6cismk ~ource in figure 9.11 were to imparl an ideal (pcrfl!ct) 1mpulsc: 
10 the C:tlrth, the electrical impulse rt!Sponse at geopbone 14 ought appear as sketched 
10 Figure 11.12. The adaptive flll.:r of Figure 9.J I should develop .U\ impulse 
response. after convergence. that matches this ideal impulse respon~e. To achoevll 
this rcsu!L. the sctsmtc wurcc would need to deliver :1 broadband signol to the earth. 
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l"his wuld be a sinusoidal Hignal or contin11ou~ly vuryoog frequency as suggested io 
Cloud's pslcm, oc it could he brcmdbond random notsc. n1e ~dnplive IHcer would 
become, upon convergence. A "dummy earth," qunting Cloud. The time delays of 
t.he various refiect.ing paths would he apparent from the converged adaptive filter 
impulse respon~e. These dcl~ys hav.: amportant significance in gcolo&ical studies. 

The Cloud patent dtd not contemrluu: a dummv C<~rth with a very large 
number of dday-hnt- taps. The number of tar~ was chosen to be equol to the 
presumed number of discrete pn1lu. from th.- "lbr3tlon .ource IO gooph~ne 14. The 
tap spacings and tap weighl.l. were :ldJU(ted manu3Uy to make the error as small as 
possible as seen on an ~IOS\.'Opc It i) mter~ung to nute that \\ Lener had not )1~1 
developed his lilter-optim1Ung con<;ept~ and Cloud was alre.1dv developing a manu­
all) adapted adapti,·e filter \ii01mwog the: mean·M(U~ error "'as apparent!) not a 
pan of Cloud's idea, ho~A.C'\.er Nor we~ ailllpllve techruque$ a,•Mtable for adapting 
a large number or "'t~gln.s automatKalh Adjusting the deJays automaucally as still a 
problem :u the ume or thiS wnung. 

A trans\~ filter '"-llb a ~Cf) large number Of "'e1ghb v.ould COO\'Ctgc: to a 
50lution ba'VUlg most of the v.t~ghts oar 1.c1o. \41th a few baVJog large 11alues as 
required to match the actual charac:ter or the j!COIOgJc mulupalb. A more efficient 
madding prDCe$$ would usc Yoclghts and taps \panng)y 113 Cloud suggesiS. To do 
this with an automatic adapt1\e filter, h "Uuld bt nt:as!ill!) to adapt both weight 
.,.aJues and deJa} umes For filtcd delny~. whether Uniformly spaced or not. the 
m.:an-square error would be 3 quadrauc f~n~uon of the \loe1gbts, with a stallona.cy 
seismic .source. On the o ther hand. the me.Jn-~qunn error would not be a quadratic 
Function of the tap delay spacmg. Method~ of adapting the tap spacings are under 
development (3}. 

Somehow Cloud's method WU.> lo~t in th«: labyrinth of technology. But wjl.b the 
advent of adaptive fi ltering tcchruqui:S :~nd dlgual sortwn~X' and hardware for their 
tmplcmentnt.ion. Cloud's methnd is now o fe<t.~ibl.: to<JI in geological exploration. A 
new patent application mudcmtz.ing this mctht'd ha~ been fl ied by B. Wid row. 
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ADAPTIVE MODELING IN FIR DIGITAL FILTER SYNTHESIS 

The synthesis of digital filters can be accomplished by making use of adaptive 
modeling techniques. The basic idea for the synthesis of FIR digital filters is 
represented in the block diagram of Figure 9.13. The adaptive filter, upon con-
vergence of the adaptive process, will assume an impulse response that best satisfies 
a set of design specifications. These specifications are embodied in the box labeled 
"pseudofilter." The pseudofilter does not exist because a filter to meet the exact 
specifications will generally not be physically realizable. The pseudofilter is concep-
tual only. Its purpose is to tie the filter synthesis problem to the plant modeling 

Sinusoidal 
generator 

Sinusoida l 
generators 

t, 

t, 

Pseudofilter 
(design specification) 

(a) 

Pseudofi !ter 
(design specification) 

+ ..__v __ _,i; 

(bl 

Figure 9.13 Scheme for the adaptive synthesis of a specified filter: (a) excitation of 
a single frequency, /i; (b) excitation at N different frequencies. 
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problem. It need not exist physically in order for filter synthesis to be performed, as 
we shall see. 

Let us assume that the filter specifications are given in the form of a frequency 
response, as discussed in Chapter 7, that is, a set of requirements that the filter have 
prescribed gain magnitude and phase characteristics at the discrete frequencies 
f,, /2 , ••. , f N• measured in hertz. Generally, the number of weights to be used in the 
digital filter will be specified, thus defining L, the size of the adaptive filter. The 
adaptive process finds a design solution that is a best fit (in the minimum mean-
square-error sense) to the specifications. 

Referring to Figure 9.13, the adaptive filter models the pseudofilter derived 
from the design specifications. These specifications cannot in most cases be met 
perfectly in their entirety. f!owever, we imagine the existence of the pseudofilter 
having a frequency response, magnitude, and phase perfectly meeting the design 
specifications. 

In Figure 9.13(a), an input sinusoid of the form 

(9.5) 

is applied to both the pseudofilter and the adaptive filter. The frequency / 1 is one ot 
the specification frequencies. The output of the pseudofilter, which is assumed to be 
linear, is 

(9.6) 

The adaptive filter has this output as its desired response. Notice that it is not 
necessary for the pseudofilter to exist. Only its output signal is needed for the 
adaptive process, and this output can be readily constructed knowing the design 
specifications. The coefficient a I is the design response magnitude at frequency /,, 
and the angle 8, is the design phase shift at frequency / 1. 

In order for the specifications to be met ( or at least closely approximated) at 
many frequencies simultaneously, an input comprising a sum of sinusoids, one for 
each of N specification frequencies, is applied to both the pseudofilter and the 
adaptive filter in Figure 9.13(b). This input is 

N 

x(t) = L sin21rf1t 
1~ 1 

(9.7) 

The output of the pseudofilter, the desired response for the adaptive filter, is 
accordingly 

N 

d(t) = L a1sin(21Tfit + 81) (9.8) 
1-1 
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When specifications cannot be perfectly met at all frequencies, it is sornetim:s 
desirable Hl have spet.-i.fications more tightly met at certain frequencies than at 
others. Certain parts of the dtll>igo ftequeucy respl)nse may be mote critical than 
others. Thls can be accomplished easily by b9ving input sinusoids with various 
individual amplitudes. rather tban aU unit amplitudes, and scaling the components 
of d( r) accordingly. Tite larger the amplitude of tbe input sinusoid, the more tightly 
will the specification be held ut tts frequency. When practicing this technique. the 
lth individual input s inusoid is scaled by c1 a.nd is given by 

c1sin 2-:rJit (9.9) 

with c1 being a positive constant "cost function" for all L The input signal. again a 
~m of sinusoid$. is now 

N 

x(t) = L c1si;n2wj1r 
1-1 

The desired respon~e. the output of the pseudofilter, is 
N 

d(r) = L. a,c,sin('l11jlt + o,) 
1-1 

(9.10) 

(9.11) 

Once again. the design specification magnitude is a1 and the phase shift is f11 at 
frequency / 1• 

The adaptive filter converges to a least-squares w lution which provides u best 
least-squares fit to the design specifications. The form of this Sll1ution is of interest. 
Tbe least-squares solution bas been di~cus.sed ln previous cbapters, particularly 
Chapters 2 and 7. The algebraic form or the least-squares solution in the case of the 
adaptive linear combiner was given first in ('2.17). Using the correlation notation m 
(7.62) and (7.63), tbe solution 1s 

[

cp_.. (O) 

W"' =R- Ip= ~.i L) (9.12) 

As befote, L + l is the number vf weights In the adaptive linear combiner. Since w~: 
know the signals d and .Y, we can compute tbe correlation functions in (9.12). As in 
Chapter 7, let us define 

T ~ time step between samples 

Then. from (7.3S) :Jnd (9.10) we have 

<l>..,.(n) = Elxtl- nT)x(t)) 

[ 

/1' fv ] 
= E L r1sin2'11ft(t - nT) L t•"'sin2nfmt 

1-1 nr- 1 

(9.13) 

(9.14) 

Chap. 9 Adaptive Modeling and System lden1itica11on 215 

Since the ellpected value or the product of two sinusoidal time functions of different 
frequencies is zero, (9.14) becomes 

Using the trigonometric identity 

sin2'1Tft(t - nT) ~ sin2'11j1tcos2.,.JinT - COs2.,.ftisin2.,f1nT 

(9.15) becomes 

(9.1 j) 

(9.16} 

~.,( n) = El E cfsin~2'11j1rcos2'11j1nT- cJsin2rrf1rcos2'11]tfsin2'11j1nTl 
I • I 

N 1 
= I: 2 crcos2?rj,nT 

1-1 
(9.17) 

In obtaining (9.17). we recall that sine and cosine waves are uncorrelated and that 
the mean square of a sine wave Is hal! the square of its amplitude. Tbus in (9.17) we 
have llll of tbe elements of the R-matrix .in (9.12). The elements of the cross-correla­
tion vector P may be found in like mann.er. From (7.37), (7,6.3). (9.10), and (9.11). 
we bave 

<PJT(-n) = E[x(t- nT)d(t)] 

- E[ £ a1c}sin 2"'];(1 - nT)sin(2rrf1t + 01)] 
1- l 

= £[ £ a 1cJsin(2'11// - hf1nT - 01 )sin(2nft~ )] 
1•1 

(9.18) 

I 

f 
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Usinjl (9. 17) and (9.18) in. (9.12). we can wri.te explicitly tbe least-squares 
solution for the ad~ptlve filter wetghts. The solutiOn IS 

X 

rJ 

'[ c( 
/•1 

N 
L c}cos2wJIT ,_, 

\ 

L: cfco~2 L1rj1T 
1-1 

\ 

L a1cfcos(21</1T + II,) 
1-1 

,.. 
[ a1r:[cos(2L11[1T + f11) 
1-! 

;.. 

L cJcos2Lwf1T ,_, 
-I 

(9.19) 

Some Simplifications in this formulation result whe11 ll1c various specitkation fre­
quencies are uniformly spaced and when the input ~nt waves .are all of tbc same 
amplitude. Equation (9.19) provides a general for~ of tbe ~lullon. . . . 

The feast-squares solutiou in (9.19) does not to ~tself.gJve much 1.ns1ght utlo the 
filter design. ln sorne ways the ad3ptive prc,cess 10 Ftgt.trc 9.13 IS .much more 

i!Jing The least-squares solution is often valuable 1n the computer tmplemema­
a.ppe f th. design process. however l)ccltuse tbe R-matrill and the P-vector jn (9.19} 
uon o e · ' f b d · 'ght a , can be computed directly from tbe design $pecifications, I ' t e. a aptwe we.J s rc 
fixed al W"'. the least-squares solution. the mean-square error ts 

N 

~ ... " = L ~<'ftS,- Htl1 

/-1 

\9.20) 

where s, is Jhe complex trunsfer funetion of the specified pseudofiltcr at frequency 

{ 1, that is. 

s, .t, 11 1/!}QJ (9 .21) 

and H/ is tbe complex transfer function of I be optimal adaptive linear co~biner 
with weights w • .arfrequen<=y J,. In Cb~pter 7 we saw that the tranS'Ier functLon for 

Chap. 9 Adaptrve Modeling and System ldentificatlon '211 

the adaptive transversal filler Is 
/, 

H·(~) = L w;z-• (9.22) 
o-U 

and we also ~aw that el~ = e JnT is substituted for t to obtain the frequency 
rcsp<)nse. The normalized angular hequency corresponding to!, is. of coprse, 

$0 H,• i11 (9.20) becomes 
r. 

1-f,* = L 't\',~•e "'""'1~wf,l 
n -Q 

(9.23) 

(9.24.) 

In obtaining (9.20) we have used tlte idea that the error is a sum of sinusoids and 
that the power of tile sum is tbe sum of powers when the sinusoid$ dtlfer in 
frequency. 

The cost weighting can be determined by "cut and try." No ge.neral analytical 
procedure for itS detertni.na1ion has been devised so far. When designing a filter, one 
might ma.ke all the c's equal at thenutset. then elCamine 1he resulting filter frequency 
response. then increase the values of the c·s at frequencies where ont: "'isi.Ies closer 
adherence to specifications, and so on. Experience bas $hown that this is oot 
generally a difficult proce~s. Although nne would really like to have an analytical 
procedure to determine rbe c·$. the cut·and-try method .~eem~ to be quite efficient. 

Without 11sing the Least-~quares $olutjon (9.19), ooe c-11n 3dJust the adap tive 
filter using lbe LMS algorithm and 1bereby closely approximate the optimal solution. 
The procedure is simple and involves generating the sums or sinusoids in (9.10) and 
(9. 11) to provide tbe proper training inputS for the adaptive fi lter, as Ulustratcd in 
Figure 9.1 3. The adaptive method is oflen used when. the filter to be de:;igned 
requires a large number of weightS. Using the formula in (9.19) would require the 
solution of a large number of simultaneous linear equations. If the number of 
weights is 156, for example, one would need to solve 256 linear equalitlns for 256 
unknowns. Depending on computer characteristics, one might find it more cQn vcni­
ent to use the LMS algorithm for tllter design ra ther than to use the analytical 
approach. 

BeCll.use of the flexibility or this sy!llhesis approaeh, unusual filter desi-gns can 
be reali7..ed in addition to the more classic low-pass. high-pass. and bandpass de.o;igns. 
Figure 9.l4 shows the results or an attempt to design a 50-weight lilte.r by specifying 
its frequency response at 100 frequencies spaced evenly ctver the eot!re Nyqulsl 
interval, from zero to one-balf the sampling frequency. ihe goal was to design a 
filte-r whose amptitude response was spectfied IP vary linearly on a dB scale from 
-50 d.B at zero fTequency to 0 d.B at one-fourth the sampling frequency, .~nd to have 
a constam gain of - 60 dB from one-fourtil io one-half the sampling frequency. The 
specific<~tion is indicated by small crosses on the phase and magnitude plots. The 
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least-Squares solution is superimposed on these plots. Tbe specification requin:d a 
lin~ar phase characteristic providing a pi~ shift of about -13w radians from zero 
frequency to onl;)oofourth Lbe sampling frequency. Note (bat the phase and ampJitude 
specification were more closely met where the uJter gain magnitude was high (~ee 
Exercise 24 ). 

In Figure 9.1_4, the c's, comprising lbe cos~ function, were chosen equal, as 
~hown at the top of Lhe figure. The same design waJ> allempu~d again, but this llme 
the c's wen.~ oQl all chosen lQ be equaL The resultS are shown in Figure 9.15. By 
increasing the values of the c 's at some frequencies and redudng tbe values Oll other 
frequencies. an improved frequency response chsracte.ristic resulted. The design 
result$ were displayc:d u:~i.og ~ n intetllctive cQmputer (enuinal, The dfects of changes 
in tbc c's were immediately visible, Raising the c's of course causes tighter 
adhere.noc to the speciiicalions at the l'OrreJ>ponding frequencies and reduciug the c's 
has ~he opposite efrecL On~ must closely compare the rCJ>ults shown in Figures 1U4 
and 9.15 to see how tbe vt~rying cost function was used. In some cases, a single 
isolated c-vulue was increased to suppress an individual undesired lobe of the 
ftequency re.~ponre. 

Tn many cases, a linear-phase characteristic or a zero-phase-shift characterisl.ic 
is desired As we saw in Chapter 7. linear phase corresponds to a time delay while 
«;ero phase corresponds to no time delay. Figure 9.16 shows first 11 nancausal filter 
that has an exact phase shift of zero at all frequencies, then.<~ c-Jusal version that is 
th<l sa.me except for a time delay. 

The tap weights are chosen in a symmetrical fashion about !he central weight. 
Using the relationships in Chapter 7, we can tlasily show the linear phase characteris­
tics of these filters. For the upper filter we have 

H(;.)=•"n+ [w1( : 1 +: -1 ) 

; - t 

I. 

H(e'"' ).., '<o + 2 :L w1cosw (9.25) 
I t 

Since the transfer funcdon Is real. the phase must be 7.ero. For the lower filter we 
have the same transfer function multiplied by ~ L (i.e .. by e-Jt..w): hence the 
linear-phase characteristic. In the event that there is ~n even number of weights in 
the !irlear-phast: tilLer, the two central weights must be made equal and the other 
weights chosen symmetrically about the central weights. 

An adaptive process to adjust the linear-phase weights to minimize mean-square 
error while mlliotaining the symmetry constraint t-'1111 be obtained by modifying the 
LMS algorithm. Referring to the zero-phase diagram in Figure 9.16(a). one adapts 
the centta.l weight w0 in aocord with (6.3): 

(9.26) 

The weights surrounding lin must then be initialized in pairs to equal values and 

I l 
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., 

I•! 

Figure 9.16 (a) Noncau>-nl zcr<~ph•~ filrcr. (b) causal lincar-phMt filler. Tb< t""" 
venlMS 3rt ldcntitaJ eX,'C£'1 rot 3 tirne delay. 

<11eo adapted identic:~ By in pairs according to 

w - I,A-1 = w/,4- 1 = W14 + Jl ~4(x4 -l + Xs- 1) 

221 

(9.27) 

We can see that this algorithm will ~athfy the symme~ey con;;troint, ensuring a linear 
phase cbaracterlsuc. 11 is also clear that with lhe weights locked together i:n 
symmetric pairs. the mean-square error is a quadratic function of the wcigb1s 
(although the number of degrees o f freedom L~ roughly equal to hlllf the number or 
weights), The gradient estimate is unbia>ed, so the algori thm is again a steepest­
descent algorithm. 

I 
II 
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Thus the algorithm m (9,26) and (9.27) will alw11ys give a linear-phase 
characteristic, but will uthflnvise permit a wide vo.riation in frequency response. Let 
us now consider an example. 

Figure 9.17 sl1ows the results or an attempt to synthesize a 50-weight low-pass 
Iiller with linear phase. As expected. the phase response meets the spe-cification. us 
shown in the figure. The amplitude spc:cilicarion is almost perfectly met between 
z.ero !requency and one-fourth the sampling rate. Between one-fourth and one-half 
the sampling rate. the specification calls £or a gain magnitude of -100 dB, as shown 
in toe lower piN. This specilicatioo. was not achieved, but the gain everywhere in 
that range was lower than -20 dB and in most places was lower than - 30 dl3. Thls 
fonu of the filter. although suboptimal, would be useful for some applications. 

lleuer results c<mld have been obtained by using more weights. because the 
50-weight tiller could control the rompkx gain only at 25 frequencies. On the other 
hand, bellenesults may also be obtained by adjusting the c's. For e~tample, the cost 
fonction was adjusted as shown in Figure 9.18. Again the phase response meets the 
speciiication t!Xactly as expected. To obtai.n the amplitude response. the cost func­
tion W3$ reduced in the pas~band and increased io the stop band. The result was a 
1 0-dB loss of gain in tbe passban..t. but t11e ~top. band gain was substantintly reduced 
to b<!low - 40 dB. This makes the stop-band gaio at least 30 dB below the passband 
gain, thus producing an improved design. The cost function was made espedaUy 
high at n few frequency points to suppress the strongest unwanted lobes in the swp 
band. near tbe transition between passband and stop band. 

As a tlnal example. a notch filter ivith a broadband notch and a linear-ph~e 
characieri~tic was designed using these method~. The results are shown in Figure 
9.19. A flat response was C\btained in the passbands. The stop-band gain speciiica­
Lion of -50 dB was not achieved perfecl!y, but at least - 20 dB \W\S obtained. 
Other designs may be produced similarly, and Lhe method may be espcciaUy useful 
jn cases whertt tbe specifications are unusual and analytical "cookbook" methods 
1 herefore do not exist. 

EXERCISES 

1. The modeling problem shown below is similar to the one dhcu~sed at the beginning of 
1h~ chapter As.,umc that x._ i!< givm by 

XA - RANDOM(l.) - o.s O< k s 5110 

with lhe random numbers coming from lhe routine in Appendix A. iruil:Uized with 12357 
as shown \o the oppundi~. For this exercise assumo. that lbe.re is no oois", lei f. = 1 and 
11< = O.lp ""-'' and mah plats of ~Dk aod ~~'• • versus k over a range of k lao!\ eooog,b to 
sb\1W' convergence. 
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'· , .. ,.,,. ,....,..., e--......,..---t 
..,.,.n 

1. What ~~ 1M lbrorel[cnllearrnng·curve time constant in E,)terci~e 17 

3, 01cck the amwcr 10 El<ertisc 2 by I'IJonio~ Exe:rcise l 100 times {.Jo not rcinltlahz~ the 
randoOl routine) und ploHin& a curve of E{e~] versus k over a r¥nge large cnou&h to 
,,h<'W c<>over&en~e. 

4. Rcptal P.llerti..lc 3 with !l - 0.0511 ~·u and eqJiain lbe different leMniog eurvr. 

S. RcptJI F.JCcrcise 1 wilb L - J. Plot aU four weights on the .~:tme &raph and txpl.uo the 
heha\llor of the WCJ!I'Ill> ver~u• k 

6. Repeat t'.~~ 3. tha l1lm usiiiJ( independent white DOtst', I ... 1. -.ith F;( ,.; )- 0 00!03 
l:.cplilln the dtflermt lc&rtling cuf'\'1:. Comment on th< learning-c:u"e ltmc ce>n~tanl 

7. Por the Jy)tcm ~o bdow, lei x, ag...W ~ r.ener.ned as 1ft F.JCc:rtisc 1, let ,. ~ 0.2,...,, 
In l . • l. a.od a.sswnc no nmsc. Make a theon:tical plot of t:( r! 1 and an c'~nmcntal 
p 111 of ri ~u• 4 oo 1be same grapb 

... 

8. Do F.llercisc 7 with I' - o.os,..,..._.. 
9. Do &c.rci~oe 1 with tnd :l white-noJsc sequence havrng power I:'( nil• 1)01 

10. Assume the cond itions of E~crcise 7, but let L. = I. Without r~-i nitiulizing the rnndom 
rtlutin~. mnkc 100 3daptivc nm.'! out t<l k - 200 iterations, 11nd plot 1111 experimental 
curvr or .1-; 1 «f j vc.r~us k. Comment on the exc.c.\S MSE and tho lcamul& timr constnnt 
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ll. Assumt 1M rond1110n.~ or ue:ro~ 7, but bt• urnc ..,tb L- J ~c ~ adap~ mn.s 
,.itboot rCtlltiaf11.tng 1M r~ I'OUIIM, 1.11d plot the ,.e.gb~ vmus J.. lor tacb run. 
Comp~n 1M cu~ ll!ld comment 

l2. AssuDY ~the aondtiJOUS or ~cm•e '·hut (Of'~ uan~ lcl .t4 ~a <~n~r sinusoid, 

ld 
~. • SJnTs 

.ind lei L = 1. Make an t•pcrimcntal plcl of ,; :u wcU as the rwo "'~•gbts versus k. and 
cbsalss the rHUits. 

1.3. In the modeling SJIU&IIOll abowo bclo"', dcscnl"~ the ~.,ndmom under which , 4 can be 
dovco to zero. A.su.me thllt ... , 11 ~ dcsc.ri~ tn E./tcrci.re 1. 

14. For the coodibons m ExerNe IJ, plOt a theoreucal curve or F.ltil- venus L 

15. Io adltitioo to 1bc: am<hi>Oru U> ~ro~.e 13, let L • 8 and 11 - 0 2,.,... Plot a eun-e of 
~ VeJ$115 /.. 0\'eT " fati&C: o( J.. lon& en~ 10 &hQor. COOVCJt;COCX. 

16. Make an 3d.ap1M: run ,.;,h the mulup~·SI&N) conhgur.au<'!l in Ft611re 9 4 usin& the 
following plant. 

llu(:) • 1 : ' 

Hu( ·) -llu(J) • 041 • 1 

u., (:)- 1 + o s: · • + o s:-l 
Let [.~l.ll and [x24 1 bc: ,.bttc: ~ndom ~ucnus &~r~t,'CI b)' talcing alti<rllllte samples 

from 1x.1 In Extra.-c 1, Sl..lrllll& ,.,tb '••• thc:n t 10 , then """' and '10 on. lc:r eacb 
adaptive model be of lbc form 

and let I'- 2. Mulre the run long cnoug,h 10 ~how convergence and plot rf, and t41 
v~rsus k to ii!Ustr.lle convcrscn~'C 

J7. E.~plnio in your <1W!l word> wh~ the tcrrn "~prcnd ~p~-eto um" i& usc'<l wbeo information 
bi ts are represented by pscudorundont ~cqucncc~. 
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t8, To provtd~ an ~xemse thaf mvoives adaptive mo<leling of u mull1palh channel. we 
mod if~ Figure ~U as shown below, with I be following specifications: 

PN sequence: I 1101000 

Impulse rcspooJe of 
mullipalb chaanel· If(:)- l - 0,5.: 1 .,. 0.25.z- >.,. 0.41 ' - 0.2: · •-.,- 0.12z ' 

Adaptive ftl ter length: 1 • .,. 1 ~ 12 

J1 =0.4 

Using the rt!p<al~d PN ~equc.noc. run lhe adaptive vroc= to convergence. Plot e-i Vl'r.;u; 

k. Plot ;10d compare the channel and adoptiw impul~e responses. 

19. Do Exercise 1$ uslog u_,c PN sequcn~ 1111000011010010. Comm~nt on any overall 
change,o> i.n pcriormancc. 

20. The diagram bclow rcpre$~nls a situation Similar to Figure 9,11. where we lli<' anemp~ng 

to measure the earth'> 1rnpulsc response. Lelthe ~.anh response b(' 

//(:)=: to:!+z lt2+,- at• 

wbich repn-.sents threc eatth pat.bs (delays) from ~ourcc to ge<.•phonc. The delay . . : - ll'". h; 

Dvrramv earth 
>d 

H(z) ~ , !:
0 

w,• • 
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to comprnsate for most of the path deiay. Let the signal x. consist of chirp> of the iorm 

. 20wk 
SUl22Q=k 

repeated at k - 0. 200,400,, •.. First plot the earth response, y,. Th(n select an ap• 
propriate value" for f' a.nd plot rf versu., k to conve<gcoce. D iscuss the form o( the 
converged weight veator. 

21. In the adaptive filler synthesis application, suppose that the input, .t" .. . consistS of N uoit 
s ine waves spaced evt!nly a.t N frequencies from tcro up 10 (bu t not tnduding) one-huJI 
the sampling ~ate. Provide a rimple formula for x, as a functi on of k . 

22. Do Ex~rcisc 21 using cosines in place of sines. 

23. Suppose that n filter is to be synthcsizcd ad aptivdy a s in F igure 9.l3(b ). usi ng .-qual 
i!Xci lation of l6 frt~ucn.cic,s 6po.ccd evenly as oiescribcd io E~crcise 21. The psc.udofilter 
has unit gain a.t all Jr~quC!Icies and phase s,hift, 8, ~bown bGiow. Nsume a uniform coM 
function and 12 adapti~ weights. Select an appropriate 1• and run the Ltvj.S algl'ltithnJ to 
C<)nV<rgcncc. l11en plot the gain and phase shifl oi tbC adaptive filler. Su&&cst possible 
snb~qucnlmodifica tions to the C::0$1 function. 

24. When a filler is syothesizt-d iiS in Figure 9.13(b) and the pscudoJilter has varying 
amplitude gain, Clrplai n why lhc >ynlbesi; tends to be more accurate~ frequencies wbcrc 
the p>cudofih cr gain is high. 

• 3 
2n 
3 0 

Q r------k--,---jl-----+-... 

25. A digital signal s• is transmiucd through a linear ·u-ao;;m!ssion dt;lOnel that intro<luceii 
both di>tortinn and additive noise. The tranifcr fuo~tion ot th~ channel is 

/1.( z) = l 
• 1 - O.Jz- • 

The ~hann~l noise (rerc.-md 10 the output) is uncorrclutcd w\lb lhl• signal and ha.s 
nutocorrdation 

<>.n( n) - <18( 11 ) 

At the n'CI!lving (output) eTJd, a Wi~ncr filter fl,{ :) (which could be causal or ooncaus3ll 
is to be used lo UDravel the effects of the channel while minimizing notsc.. The desired 
r~iver outpu t is lhc sigpal s, itSCIL Its autocorre lation i& 

~ .. ( n)- l>(n) 

(a) Find an expr.:ssion for If.(: J. 
(b) Lei a= 0. Find ll. l.r), Explain this rcsuh. 
(c) Let a ., l. Find H0 ( ~ ),and find lr .,;: . the optimal impulse rcspomw. 



- 124 -

230 

ANSWERS TO SE LECTED EXER C ISES 
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chapter 10 

Inverse Adaptive Modeling, 
Equalization, 
and Deconvolution 

ln. C~apl~r 9 the fundamental suhJecl or direct modeling and adaptive system 
tdeottficauon wa.:. dJSCussed logel.bcr with several application!! of the to:thnique 10 

pracn~-al pro~!~. In this chapter we consider another form or modehng. inverse 
modehng. ~gaUl_ wtth Cll.itmplco lhat show bow I he method is used in solving practioaJ 
problems. l'be 1nverse model or a sysu~m having an unknown transfer runcuon ilo 
itself a system havtng a transfer funcuon wltich h in some sense a ~~ fit to the 
tecipt•ucW of tLe Ull~IOWfl tr~u~fer fUIII:UOu. SomCUtltc~ !Ire lfiVC:J~ HtOOcl IC:SJXJ11l>C: 
cvnta•ns a delay wbJcb ls deliberalely incorporated~~~ improve the quality of the fit. 

The best way to appreciate the importance of inverse modeling is to vi.~ualiz.e 
useful appbcations. One such application to spec:ch processmg was mentJoned at the 
end or Chapter 8. Applications to communications systems and 10 digita.J filter 
synthesis arc described in thi5 chllpter. Applications to oontcol !>)'stems arc also 
possible, 1.0 .whlcb an inverse model or an unknown plant is used to g~:ncrate control 
command S1gnab to the plant. Adaptivity is required when the plant charactenstics 
are ~nknown or slowly v.:trying. Thc.<;e applications to control systems will be 
~cscnbed mo_rc extensively tn Chapter 11. Other applications(e.g.. to the deconvolu· 
uon or 5et!lnuc data) are described in the literature (18. 31]. 

In the communication applicatiol!.• in this chapter, we discuss dispersive 
channels ~uch as 1eJepbone and radio channels. A di:;persive channel is one io which 
signals at different rn:quencics travel with different velocities. or with different group 
delays. To understand these terms, supp~~Se that we have a channel whase transfer 
function (~ described in Chapter 7) is H(.., ). where .., is the O<Jrmalizcd frequency. 
If we multtply H(rJ) by exp( jm.J), we introduce a delay of n time step~ into the 
chaJmel. More generally, if we multiply i'/(w) by Clip( - j8), wbere e IS a function 
of ..,: we tntroduoe a group delay oC d9f dw ume steps inro the cbannd lll- 1n a 
phySJc_al channel such as. an acoustic pal.h or a radio link:. the overall or total group 
delay Is equal 10 the distance in the channel divided by l.be propagation v~:locity of 
the signul. The cba.nnd is Sllld to be diYpersiue f21 if the group delay ts 3 noncon· 
Mant functtOn of frc:quency (i.e .. j( d 1Qj dw1 # 0), 

231 

I. 
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In a dispersive channel. an adaptive fi lter l'an be placed at tbe receiving end to 
··equali7.e" Che channel. that is, to provide a [requency and phase response in the 
signal pn$S band wbicb is !.be Inverse or re~procai or !.bat of !.be channel itself. 1111d 
thus c.;ompeosate for the dispersion. The waveform or the transmitted signul arrives 
at the receiver convolved wich the impulse response of the channel, The equalization 
filter at the receiver input ''deconvolves" tbe channel characceristic and restores the 
original waveform. Once again, adaptiviry is required when the channel charactcris· 
tics are unknown or slowly lime varying. 

GENERAL DESCRIPTION OF INVERSE MODELING 

One way to perform inverse modeling is sbown in Figure LO.I(a ). The unknown 
transfer function to be inverse modeled. called the plant in control systems terminol­
ogy. is seen with inptLt sk. Noise n • is added to its output to represent internal plant 
noise. TIJe noisy plant ou1put xk is available as an input ro the adaptive tiller. 
Upon convergence, the adaptive filler output is a best least-squares match to the 
plant inpuL As in previous c.hapte(s, the minimum mean-square error generally 
depends on the number of weights i.o lhc inverse model. and a beuer fit giving lower 
mean-square eHOr is sometimes possi"ble if one is willing to add more weight5 to the 
adaptive sys tem. 

Assume for the moment tha.t the nois.: n ,_ is zero and assume that upon 
convergence, the error ek is very small. Let the value of !L in the I..MS algorithm 
(Chapter 6) be ~'mal l so t11aL convergence is slow witll TUlgligible misadjustmenl, Tbt: 
adapti·ve filter impulse response then is essentially static. Its transfer function will be 
the reciprocal of the transfer function of the plam. The transfer function o f the 
plant cascaded with the converged adaptive inverse will be unity, and t.he impulse 
response of t.he combination will be a unit impulse with no delay. 

Tbe ability to fom1 an inverse wil.b lbw mean-square error will generally be 
limited by three factors: 

1. The p resence o f plant noise 11 1 causes the output of the adaptive inverse 
lilter .to be noisy. raiSin& the melll\-Square error, Also, the noise n" aft'ects tbe 
converged irnpulse response of the adaptive inverse filter. This impulse response is a 
least-squares solu tion to the problt:m of .simultaneously rejecting the noise 11 k and 
providing an inverse to the plant. lo !he presence of noise, the •transform of tbe 
t•onverged adaptive impulse response, a least-squares solutinn. will not generally be 
the reeiprocal of that of the planl 

2. The plant is genc.raUy a causal system, and generally the signal s~ wiU be 
delayed as It goes through a physical plant. Such conditions would require the 
roversc. 10 be a predictor, a task that can onty be performed approximately by a 
causal adaptive filter in a stati;tical sense. ln many applicalions a delayed inverse is 
acceptable, alleviating the need for predictioQ in the adaptive nlteL The scheme of 
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11\pU\ 
... e---,-+1 

Pl•nt 
notsQ 

"· 

1•1 

Plant 
notw. 

"' 

(b) 

Figure 10.1 Typo< nl adapoJvc mvuse mo.lding: cal und•lny<d; {b) dcl•y•d 
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Figure lO.l(b). produces such an inverse. inclusion of the delay of t. samples 
gencral.ly perrnns much lower values of minimum mean-square error a nd causes 'lhe 
convt.'!'~ed adap~ve irupul~e re.~ponse, \vben convolved with that of the plant, 10 

approoumate an unpulse Wlth a delay or t.. A delayed inverse is ul;so advantageous 
whenever the pl-ant is non-minimum-phase, that is, wbeu the planl has zeros outside 
the ;mit circle i? t~e z-plane. A reciprocal transfer function would then have poles 
outs1de the urul ruclc. ln order for such an inverse to be stable, the impulse 
respons~ would need to be left-banded in time (i.e., noncausal). A defayed non­
causal tmpulse. response could be approxima ted, however, by a causal impulse 
response truncated in time. 

3. The adaptive li tter, when realiud as an adaptive transversal ftlte.r. has a 
finite impulse response. Such an impulse rl-sponse can only appro~ mate an intinite 
trnpuJsc r~onse when the latter js required to reafu:l: the optimal inverse. 
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w the absence ol lhe ooi~ n "'' excellent 111vcrses arc re.1liwble when enough 
we1ghts are utihz.cd withm the adllplive filter, and when the delay .l IS suttably 
chosen. The bttcr chl•icc ~~generally not critical When a delay m the mvcrse IS not 
dtSadvantagcou.'> to the paJ11Culor application. a good rule ol thumb 11 to let 6 be set 
10 haJf the time length of the adapuvc filter. Gcner.illy. much smaller delay~ v.ould 
also prO\'C to~ eiTG:h\e tn produong inverses which, in the configuration of Figure 
IO.I(b) would perform with low mean-square error If n015C n 1 IS prt!>em lb 

prop«tic.- m4) ha\e ~me effect on the best choice of ..l. Abo, if n 4 IS of Stgxuficant 
amplitude, d1~tortion l,f the mv~ soluuon "ill result . 

We will now denve leru.t-~uares solution> to some opec11ic 1nve!k modehng 
problems. Th~ lc.lSI-squarc.- ~olulions represent tdeal performan.:e 10 thtll llllSIId­
JUStmenl is not considcro:d for the time being. 1'his le\'el or performance cao be 
achieved only tn the hnut 3$ the rate oJ ndaptation is reduced toward ~ero 

Refer lo Figure IO.I(b). The transfer function of the plaJ1\ IS P( :). The 
au tocorrelation funcllon or the Joput. s. is</>,.{/) nnd the power spectrum [Equation 
(7.42)1 is ()"(z). The dulayed inverse filter has the transftJT function ff( : ) a.~ shown 
tn the figure Lei u• ossume that II( z) represents a nonrecul'liive otlllptive filter 
havmg an int1nlte two-Mded trnpulst: respoo5c. Then the performance ~urface is, 
from (7.671, 

., ~ ~ 

f - ->.~JtO)+ [ [ w1~<~ ..... (/-m) -2 [ l<'19.t1 ( - /) ( 10.1) 
I .. .,; ~- - tX - - Y 

\ s before. we obt.un the least-squares weight vector, \\ •. b) setung the denvauves 
of ( 10.;) wtth re.~pect to the wetghtS equal to zero. Thus 

i1E .. 
- • 2 ~ ,...,9 ( k - I) - 29J { - k ) • 0 Ow t....J ct ") 

4 , _ "01) 

" [ .. ,·4>,.{1< - /) ~ .j>,.,(k) -oc.< k <ox; ( \0 2) 
,_ " 

We u.o.cd (7.39) a.nd (7.401to obtrun (10 . .:!) from tlO.l 1. ami a.g;un the star deSignates 
tho~t w,• IS an optimum wCight value. 

The soluuon m ( 10.2) can be trolo5Iormed ju,t as (7.3) w~ tl'..ruformed (v.1lh 
b. • OltO obtam (7 8) The convotuuon on tbe le.ft m (10.2) bccc:>mt!> a product. so 
we can v.nte the t·ltMnsform or the Pptimum -.eight vector~ 

II • ( z) - .--transform of ! "'t) 
<l> ,.r(z) 

~ <l>,,{z) 
( lO .. l) 

Thus the tran~form of the optimum weightS is the ratio or the eros~ power spectrum 
between Y and d to the power spectrum of x. the input to the odoptlve model. 
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Let OS now e~aminc: the speelra '" (lOJ) Cor the c:&c or f~gure lO.I(b). From 
(7.48). the input po"er spectrum is 

(10.4) 

Here we ba''C aJ.Sumed that the pla,nt notse IS independent or the input. The cross 
spectrum. <l>u(:) m (10.3), may be found a.~ follows. From (7.47) rn Chapter 7, we 
ba,·e 

(105) 

w·berc G(:) is the tran.,fcr function from d to -c. In f 1gurc lO.I(b) we can see that 
the delay does not alter the 'lgn<~.l pov.er. so 

G( z) • z4P(:) and (10.6) 

From (7.44) we J..now th3t (l),.(z) 15 found from cf~J,( l ) by replacing z with iL~ 
teciprocal • .:-1• Thus. using (IO.tl) in (10.5) and applying (7.44). we have 

41#Az) • Clld,(r 1
) 

•: 4 P(z 1)4>,.(:) (10.7) 

Notice that 4j),(/)- 9,(-1); tbu.s <l>,.(z) • CJl.,(z 1). 

So from (10.3). (10 4), and (10 n. the ttlUISforrn of the Optimum two-sided 
wetgbt vc:ctor is 

JJ •(:) • ~,(;;),P{: _')_ 
<l>,.(z)IP(:)I· + CJ> •• (:) 

( 10.8) 

A speci:ll case of mtcre.\t ~ that or rnvcr;e moddtng '"1thout no~e. Let the 
noise "• be zero. Then. Mnce IP(: 11 1 - P(:)P(: 1). 

- " //"(z)- -·­
P( ~) 

(10.9) 

This result requnes, liS one would C\pcct. tha t the optimal trao5fer funcuon be the 
reciproeal of the plant transfer funcuon cascaded wuh :t delav or .l In this case. the 
mimmum mean-square error would be 1ero. COtrel;ponding to .. perlect lit 

Ne'tber a pcrfG:t fit (tero mean-square c:nor) oor a perfect in'tne 1S obtained 
by the i.eashquares ~oluuon when n01se ~, 1s prescnl, L\ ma) ~ "mficd from 
(10.8). Por c:'<alllple, 1er tbc plant tramfcr !uncuon ~ P(: )as abo\ie, and suppo5e 
that the plant input 15 a v.htte \!gnat with unit po-wer. A\ in (7.34). we then have 

CJl., (:) - I (10.10) 

Let us assume that lho: plant has wlutc notse at '" mput. Then the notse n 4 in 
Pigure lO.l(b) would not be white but would have its spectrum shaped by P(t). 
That is, ()•• would buvc the rorm 

<» •• (;) - pP(z)P(l 1
) (10.11) 

where p is tbe tOtBI pOwer Of lht: WhllC rtoi,c at the tnput (see f!xcrcise 1). 
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u~•ng (10 101 and (10 II) m (10.81. v.-e nov. ha\e a more ~peatic e'pr~~•on for 
the tran)form of the opllmal u.-eigllts: 

_- .l4> I . ) 
H *{!)- - u\-

4> .(dP(z} + 4> •• {z)/ P(.: 1) 

(I+ p)P(z\ 
(10 12) 

Smcc the true del3)ed in\ersc tmn>ftr function is the S3ll1C :u (10.12) with p • 0, v.e 
see that the lenM-squ3res solurion differs only by a S<:ale factor. 

When there 1S noi~c und the weighrs arc given by (I OJ 2), we can use (7.65) tu 

~how rhc nonz~ro nnnimum mean-~uare error. Us•ns the ophmnl //(:)in (7.6S), 
we have 

( Ill. D) 

In ttu.~ result wc ~ubstJtute H • in (10.12) • .P.,., in (10.7) with ; 1 replucinj!, :, and 
41,, in (10.4). When we abo us.: (10.10) and (10.11), the tina.l r~ult i~ 

~ .... =-p- (10.14) 
l+p 

Exerc•<.c 4 anvol•e:. the detailed derivation or (10.14) [rom (10.13) A) andac;lled •n 
tl\~ rewlt. 1he opum:llen\erse model is able to produce a zero mintmum mean-square 
error on I~ when the notSC power, p, is zero. 

II I he plan I nOI5e ~e different from (10.11 ), illS clear tbat 11 daffo:rent II *( z) 
wuuh.l rc•suh In most rucb c:-.15eS. H*(=l would bt- quite different •n form from 
(10.12) The least·'(juare~ solution is quite sensiuve to noise and could. m many 
p• a.:ucaJ t.m:UDlStAn~ t>c rendered ineffective as a plant tn\1:l'Se b\' the pl.mt noi<.c. 

For the nt•t.-e-froe ca;c Ul (10.9) v.e can sa c.lr.tt n •(:)a} nonrecunavc tml> af 
the pl.rnt, PC:). has no l.tr<.IS. H P( ~ 1 bas zeros. the pol~ of II*(: 1 cao ool)' be 
appre>'Cam.lted owith o finite-length adaptive trans,ersal filter A l"-o-s1dcd anlimte­
•mpul<.c-response optimal Iiller can be appro>.imatcd with a causal tiOIIe·lcngth 
adaptM filter if the length. L. IS made S\lfficienlly long and if the de by. l . I\ cho~n 
o~ppropnau:ly. 

To allu~tr:lt<" the foregOing remarh, we wiU COfl)ider wme mvrt ~pectlic c:1sc~ 
of IO\erse modchng. 

SOME THEORETICAL EXAMPLES 

We w11l now consider three examples of adaptive inverse modeling, us111,q, &pllcific 
plants in Figure tO. I. An important purpose of these eJI!tmples is IU illuwatc MHn~ 
i.ll the probleiTis thnt were nor found in the direc.t modeling applications m Ch(lptcr 
9. cuusulity nnd the determination or an optimal delay. 
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For the first e.>tamplc we Will a ... ~ume tb11t the plant no1se, n
4

, IS zero. The 
plant charactmstic t' 8J''CII b) 

Fmt ~llompl~ P(z)- 0.2- 0.5: 1 ~ 0 .2: -2 (10.15) 

Lei us ML assume the ~ wuh tero delay in f1gun: IO.I(a). Witb no noise. the 
ide-.tl imerse of (10 lSI IS 

u ·<~>-
0.2 0.5z I of 0.21 l 

- 2qf3 
1 - 2: I 

Sj .l _ 

J - o . .s= -• (10.16} 

Since the ideal an verse has a pol;,: ins1de nnd a pole nutsid" the uoit circle. it~ impulse 

u 
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fll!Uro 10.1 (Fi,.. c~nmplrl lmpul\f rt'P''""' of thr llllhrnallc•>r·oqunm; ndapliv< 
ln\'Ct!o< nwdd. U<lJt& ••tim~> \OIU<.''I of lh< tJcl~\ ~ 
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Q 10 15 10 

f'lgure J0.3 CFir..t example) MuUmum mcan-squru-..- etl'\lt' ver>~U del•~ With L = lU 
Optimal dday 1s around ~ - 11. 

response must be two-$ided to be stable. As discussed in Chapter 7, tbc term of the 
partio.l fraction expansion having a pole 'Qutsidc the unit circle can be n1ade lO 
correspond to a noncausal, stable left-handed impuJse response component. See 
especiaJJy Exercise 26 in Chapter 7. Similarly, the term of the partiaJ traction 
expansion whose pole is inside the unit circle must correspond to a rig.hL-handed 
impulse response component. The idea] irnpuJse response, h4, the inverse z­
transform of H"(z ), is therefore a string of pulses tlXtending infinitely two ways in 
time, represented by 

k<O 

k~O 
(10.17) 

Equation (10.1.7) is a leasl•squares solulion whose implementation would 
require an !$nile oumber of weights as discussed above. Ao approximate reaU­
zaHon or (10.17) by an FIR .filter adapted to minimize the mean-square error will 
produce a solution that generally resembles a truncated version o f (10.17). Usin_g the: 
configuration of Figure lO.l(b) with a 21-weight ad;lptive fiJtcr and the LMS 
algorithm and a white input. some FIR solutions for various values of the delay t:. 
are shown in Figure 10.2.1 The clclay provides an addltional adjustable parameter. 

'Th< tJIPenrn<n<< sh<>Wn 1n Fi&urcs 10.2 through til. II wet~ performed by Micllacl J Larimore 
H1$ assis'.ilnce i~ !,rait'fully acblowlcdged 
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[ts choice bas a substantial effect on (be minimum 111ean-square error achievable and 
in that sense. on the quality of the inverse. The mWmum mean-~quare error versus 
the delay fl is shown in Figure 10.3. This error is high for zero delay, decreases to a 
minimum around !:J. - 14 then starts bac.k up again as tl1e delay is increased. Tbe 
choice of delay is seen to be noncritical however, and the general rule of thumb. in 
which we let t:. be hall the length of the adaptive filler, applies well here. 

The optima] F IR impuJseresponseior t, .. 8, seen in Figure 10.2. is dose to 
the unc-onstrained two-sided geometric re.s):>onse of (10.17), delayed by 8 unitS of 
time. Since the totaJ number of weights used was adequate. the two-sided FIR 
truncation had very little effect on the optimal impuJse response shape and the 
corresponding performance. Essentially the same ~hape results, as t:. is varied 
between 5 and 6; the [mpuJ.se response is correspondingly delayed, When A is Jess 
than 5. portions of the impulse response are truncated and the optimal impulse 
response shape changes. Radical changes take place when the delay 6 goes frmn 1 
to 0. Thls is accompanied by a sudden increase in the minimum mean-squsre er~or. 
When t:. is too large ~e.g., larger than 16) truncation on the right takes place and the 
minimum mean-square error again goes up. The form or the optimal FIR filLers 
shown in Figure 10.2 for various value5 of /:,. can, of course, l;>e derived analyLicalJy 
starting with (10.13). The algebra is stra ightforward but not simple. The curve. io 
Figure 10.3 has a slope that is characteristic of ma.oy diffaent examples. 

Let us now tum to a second example. A more complicated plant impuJsc 
resp<)nse is shown in Figure 10.4. This 4l.weight impulse response is a string of 
numbers having no special mathematical form. An inverse with 21 weights was 
obtained by LMS adaptive filtering as in example L The input signal was white 
noise. The result is shown in Figure 10.5. The best delay was found to be A = 7. 

20 

~ 
~ t O 

E 
~ 
Q. 

-~ e 
~ 0 
~ 

FigiiT• 10.4 (Sec<>nd Qampkl Pbm~ impulse: rcspoo"" 



- 129 -

240 Applications 

0.2 

~ a 
!I 0.0 

~ 
f 

- 0.2 
0 5 tO !5 70 

Figure 10.5 (~tood <>>ntple) Impulse "'~'l"l""~ ot oplinul 1nvc<~ model with 
L ~ !0 nnd .1 - 1. 
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0 20 60 

figure 10.6 lS<eorul e~arnpl<l lmpubc f<><pQn~ o( 41-wci(\hl planl cascaded 'o11lh 
optinJal 11-woight inverse model with dday .I - 7 
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Plj:ure 10.8 (ThJtd c•ample} lmpul>e rcopvnse or Q-pllmnl ll'J\Il:r~e model with 
L • 100 and A • 73. 

241 

'I 



- 130 -

242 Applicatlons 

I -r-

ll 
§ 
~ 0 
~ 
ii 
! 

- i 
_j 

0 50 100 ISO 

Sample number-, k 

Figure 10.9 (1hird «an•pi<l Impulse re,<poo"" of 41-\vngllt plaot cascaded with 
aplimal 101-we!,ght iovorse mod,cl with A - 73. 
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Fil;Ul\' 10.10 fThird t,<arn~l•l Mmimum me;llHquarc error v<!ml• ddlly site lor 
t1u« Jdoplivo model len.glh;, 

Chap. 10 Inverse Adaptive Modeling, Equalization. and Oeconvotuifon 

f1igu~ 10.11 (Third example) Mlniro\llJJ meai\-~QUMe trror \'el:S\1$ ioverse fill or <lt<" 
with delay QdJUsttd 10 near-optimru valu"'-
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The smallest value of ~ ..... was about l percent of the input signal pQwer. Pigur~ 
10.6 shows a plot of the 41-weight plao~ impulse respon~ convolved with that of its 
21-weigbl inverse, with A "" 7. A:; expected, the response is essentially a unit 
impulse located at k = 7. Some small sidelobes are present. however. 

Finally. for our third example, we chonse a 41-weight plant lhal is more 
diilicull to inven . Its impulse r.:sponse i~ shown in Figure 10. 7. A 101-weight 
inverse was tested. and the converged solution with A t)ptimh.ed at 73 is shown in 
Figure 10.8. Convolving this inverse with the original plan! gives the cascade 
impulse Tesponse of Figure 10.9. which is !lpproJcimately a U,nit impulse at k = 73. 
witb small sidelobes. The sidelobes and tbe minimum mean-square error can be 
Teduce.d by using more weights in the inverse, if desired. Figure 10.10 shows a plot 
of tbe minimum mean-square error versus tbe delay A, as U1e number of weights is 
increased from 41 to 81 to 101. Tn each case, A can be optimiz.ed, although it is 
in teresting to note that ,yjde ranges 0f A values produce uniformly low minimum 
monn-squnre errors. Often the value of A for minimizing mean-square error is 
noncritical. to each of the cases illustrMed in Figure 10.10, letting 6 equal half the 
length or the adaptive filter wouJd not be precisely optimal but would be quite 
satisfactory. We can see the reason for lb.is in Figure IO.l(b). If the plant itself 
contains a substantial delay, the optimal value of 6 will exceed L/ 2. but will not be 
critical if L I~ large. Finally. ,yjtb 6 opti.ll}iz.ed io each case, Figure 10.11 shows how 
the minimum mean-square error decreases as the number of adaptive weights is 
increased. 
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lnverse modeling tcchmques ore very usefu] and have many tmponanl appht:'.t­
\too,. In the following ~cetionswe oonsider applications to commurucation~ syr.tem~ 
and 10 digucl fill« synlhest~. and some control S)stems applications are diScussed in 
Chapter 11. 

ADAPTIVE EQUALIZATION OF TELEPHONE CHANNELS 

In telephone channel~. dispersion causes tmcrference betwecm succ~ive samples 
(1ntersymbol interference) and &really complicates reliable traostms~ion and recep· 
tion of dignal signal~. The direct-modeling adaptive communication scheme 
described in Chapter 9 is useful m cases of severe mullipalh and poor signal-to-noise 
rat10, but we rec;aU tlwt the psettdorandom scheme requires many bit~ to be 
tran~milled per daiol bit. Here we describe an important application where dispc:r· 
sion is prc~cnt. but or moderate ~everity. l!J.Jd where noise levt!ls are low :.o thllt 
pseudorandom coding is not required. The application is the reliable tran~mission or 
digital data over conventional te lephone circuitS, based on an inverse modeling 
~cbemc dcv~:loped by Lucky (II, 12, loj and others (IJ, 15. 17, 19. 21:1. 29]. ln~h:nd of 
u pseudorandom sequence, Ibis method involves Ute transmission of only one hit for 
each datu bit. 

Much wodt has !x-en dt'ne ~ince the mid-196Qs on the udaptive equlliwllion vf 
telephone data transnu.~ion s~tems, Typit:~lly, m these system~. interference caused 
by the d!bperslve cbaracteristtc~ or long-distance telepbOJle orcutts neces&itates 
limiting tbe sampting rote to nnly a smaU (rnction of the channel bandwidth. Wtth 
adaptive equaliwuon (now common in commercial digital data traosmi~Jon ~~­
terns). tl tS posstble to signal at mutb larger fracuons of the channel bandwidth. The 
noi~e in telephone lines i~ generally low. and typically tb.! mam problem Is 
tnters)mbol interference. To combat lhi.~ problem. one would tdeally require an 
eqtu~li~er in the receiver "ilh a transfer functlon that is e~-entiaUy the m~ersc or the 
channel transfer funcuun. By approximating the ideal c~<~e with adaptiv~ equaliza· 
ti.:>n. fivefold mer~ in data rates through a gi'-cn channt:l with the same error 
probnbilny a.re not unC"ommon. 

Although systems with rnu14ple carrier frequencies ar~ geJteraUy used. we com 
di-.cu~~ adapti,·e .:qualization by ~ntdying a telephone cbarmel "ilh a ~ingle carrier 
bein!l- modulated by a digital sjgnaJ. Ac<:(!rdingly. ao ideal channel ba~ the bandpa.~• 
frequency respon$e chnmcteristic shown ln Figure JO.ll(a). This r~ponse is uniform 
within the p!l!.sband :~nd zero outside the passband. TI1c cutoff frequency tS at 
/ 0 ±leo as shown, and the channel bandwtdth is 2/00• The phase characteristic, not 
&hown. is idenlly linear, causing only time delay with no di~p .. rs.ion. 1l1c: chunnct 
impulse re~pon~e. which is the inve.rse transform of the demodulilted cbonnel 
tran~fcr fun<.'tion. is the sine fuoction shown .in Figure 10.12(b). The group delay or 
the: channel i~ not indudcd in Figure lOJ 2(b). Let u:s assume that this chaol'lel Is 
used to carry a ~ingle digital data strt.'.am, to which the o:ntire bandwidth 2/.,, i.s 
dcdlCIIICd. 

Gllap. 10 Inverse Adapli~e Modetrng, Equaltza11on and OeconvOiuuoo 
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Bona.ry data on: generally encoded by usi~ a posllive pulse to represent a 
ONE data bit and~ negative pul$e to represent 11 ZERO data b11. 'rhus a Stream of 
data os tronsrruned as a string of positive and negative pulses. The challl\el. being 
linear. produce::. at the nxeiver an analog signal which is the convoluuon of the data 
pulses with the channel impulse respon$e. Figure JQI2(c) shows a typocal chaMel 
output rcspon6e to a finite bur~t of data. Tile binary data an: recovered at the 
recching site by !'am piing the channel output Suppo:.e that the channel ha.\ ao ideal 
frequency rt~;ponsc anJ that the original data are transmined CJ<actly ot the: Nyqui~t 
rate for the channel (i.e,. at 2/.,. pulses per scc"'-•ndl. Then. when one somples the 
received signal 111 thi~ rate and precisely phases the receiver ~ampling strobe pulses 
~o that they are ~ynchroniz.cd with the transmitter dock pulses delayed by the 
cbanncJ bu l.k dcla}, one obtains with each strobt: pulses re~pOnl>e due unoquely to a 
~in&Je data pulse. There should be no in terference from neighboring duto pulses. 
because the impul~e response of tbe idea! channel in Figure 10 12tb) has tero 
crossings whach arc precisely spaced at intervals of 1/(2/.,.,). Choosing tlle right 
$Mlpling fr~qut:ncy and phase at the receiver allows one to .sample the channel 
outpull.ltthc peak of each indavidual sine pulse, while neighboring sine pulse~ are :all 
pa:o;slng throu~r,h 1..ero. A communication system based on this prancople i~ ui;"l­
grarnmcd in Figure 10.12(d). 

In reality. telephone channels :u-e nonideal; eac:-h channel c:--hat4CtenStic differs 
from dll othe~. :Uid the characterisiic of each channel l.'hangc~ ~lowly but ~ignlli­
cantly over lime. A typical impulse response nught resemble somewhat the ideal 
respo~ or Figure IO.l2(b). but the uro croS!tin~ would generally not be Ul'jformly 
sptlCed over time. Aeeordingl}, no signaling. frequency and ~trobe phase could be 
cho~n such that $aJTipled output~ could be uniquely d~rived from indi,•idual sine 
pulbcs witb no mterference Irom neighboring pulses. This type of ioter:.ymool 
i.01erference coulJ cnu.~ errors and could make tbe communication syst.:m especi:llly 
error prone in the pr!$ence of channel noise. Since even nooideal cbanntl impulo;e 
rcspon~ tend tO decay ovrr time in both direcrion.• from the rtl>poose peak a~ in 
Figure 10.12(b), one could reduce intersymbol intcrfereot:e by signaling ~lowly, much 
~lower than the Nyqui~t rate. leaving adequate spacing betwcn 101pull,e re4pon~>eb. 
This upproach wa.\ ul>I!J before the advent of adaptive channel equalizers. 

Oreater ~peed and reliability in digital telephone communication h~ been 
nff"nroied hy the nse nf adaptive equali7.ation. Figure IO. Il(a) o!l a hind dtngra m nf ~ 
communication system using ebannel equaliz.ation. The odaptivt! equal i-ter forms an 
invefl>e tran~fer function for the channel "~thin 1he channel p11~band, Outside Lhi~ 
pas~bunJ, ju; gain is small or zero. The casc:lded gain mngoitude versus frequency or 
the channel and the equalizer. the product of their gain magnitudes. is e~sc:ntially Oat 
(conSl8J11) withJn the passband, and u; essentially z.ero Qul~ide the pa.~sba.od. 1 he 
equalizer must al~,, cmrect for phase distortion in the channel. The .:os.:adcd phnsc 
response (i.e .. the sum of t he phase response:;) mu.~L be a I incur function of frequ~ncy 
within the pi\Ssband from zero to f...,.. If lbese requirements are met. the combined 
impulse response is the bine functiun described in the preceding 'eciion. ond 

Chap. 10 Inverse Adaplille Modehng. Equallzatton and Deaonvotuuon 

Ill 

ibl 

fill""' ao. 13 Ill Ovmu COm.atWUUUI"' $}Sitm will\ adnpri•r c.lt:utnd equallU· 
tioo; (b) drtafu ot lhc ;UL&pu-. <quaUt<I with ~cti~-d•rw<d le>nun(l 
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intersymbol interference can be dinunatcd. AJaptation lS required in the equaltzcr 
because of the unkncN n and time.variabl~ character or the channel itself. 

The adaptive proc~ il> diagrnmmed in Figure 10.13(b). An adaptive cransver­
~ filter (LMS filter) 11> u.'iCd in tbe inverse modeling configuration de..cribed 
previously. Since the signal bandwidth of the tnptJt \• 1s lim1ted by the bandwidth 
of the channel, the adapcivc linCllr combiner is adapted to equalize the channel g;Un 
and phase characteri&tiG only o~er the passband of the channel. In orde:r to adapt. 
however. a desired re>ponse dA IS of rour,;e requored. If one knew the chi!JlJlel input 
and accounted for the cl1annel bull. delay. one would have tl~c. but usually one does 
not ltave this informlltion. If Lbe trnn:.mined sognal were avlilable, one would 
generally not need 10 communkate a1 all, nlthough an some sy~oten~ it is possible to 
know the transmitted signal p:l.rl of the time. Peciodically. the transmission of 
information could be interrupted w tha t a known code ~;equealce could be trans­
mitted, tbus aiJowing iaterm1ttco1 ad!lp(ntion. 

Another methcxl of providing tl, was devised by R. W. Lucky of the Bell 
Telephone Laboratories. 1"his method u.~es the 111ter·.$ own output to provide d~. 
thus obviating tbe need for n.ny praor knowledge of tbt tran$mitted signal. Lucly 
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c:tUed hiS methoo..l "decision-directed"learnivg- Morl! specifically, a "dcS1roo'' ~1gnnl. 

d 4 • Si$11( v4 ), i~ formed by quantizing the filter outpul. as shown in Figure: 10.1 J(b). 
Smce the data are binary. tht sampled output of the properJy equaht.ed channel at 
the strobe times ~hould, except for channel noise. be either .! 1 or - 1. Comparing 
the filt.:r output wnb tbt quantiz.cd filter- output produces the: error signal £4 .. The 
assumption ~ that the dec1sion made by the qllllJltizer IS correct and ~~ a true 
indication of tbc bin.ll)' signaJ most nJ the time. Since the ~uoli.zed outputs should 
uniquely rep~t the mdividual sine pulse at the proper strobe times. adaptauon os 
permilled only at tbe s trobe umes. This is accomplished by gating the error signal. 
e4 , usiog ~trobe pul~ which are synchronized 10 the signaling rate. as shown in 
Figure 10.13/b). On the average. if the quantized desired response Is true and 
correct, ad:tptation prvsrc~sc~ 1n the right direction. 

Lucky's method works when the channel is relllltvely noise free ond ha. u 
fr~quency nnd phu.se n:spoose not having St.-vere dislonion. Kennedy [17] has shown 
that even iJ only 25 percent of the quantized dt=cl~ion~ are initially incorrect, the 
adapti\•c fther will converge to an optimum solution. 

The filter wl:i&)lts may be i.nitializ.ed to z.ero. except lh:u one weight near the 
center of tbc adoptive lineaJ combiner should be set to unity. Then the t!qunli.ter 
initially has unit gain. and its impulse response evolves during the adaptution 
proces~ to have lhe grun and pba.'>C characteristic requir~d to perfoml channel 
equalization. 

Pr.cti.:al auuvtive "'!Uul.i.Gc.:n. fot tdephoue dtanut:l> att: cJitdlal. 'lloc.tr tutc:ruul 
sampling ralt~ typically are multiples of the basic data rate, usually 4 to 16 times 
fa~ter. !lnd typical adapth·e liJtu sizes are 32 to 64 weights. Thu> the total tiller 
memory time &pans ~veral cycles of the sine data pu~. 

The dep-ee of success of adaptive eqtUlizarion can be viewed in whnt 1s known 
as an "eye pauem." An eye pattern is produced by :;ynchronizing an oscilloseope to 
the strobe signal and connecting the input to the recei'ed stgnru, so that the rocehed 
~tgnlll qde is repeated over and mer on the screen_ The result before eqonbZllllon IS 

~howo io Figure 10.14(a), and after equalizatioo m Figure 10.14(b). Without ~uali· 
~hon. the c:ye pattern of Figure 10.14(a} shows a wide disparitv in the positive sine 
pulses. and a 1miJar disparity in the oegalive pulses. and lhus indicnt~ the prc~c:nce 
or dbtottion in the smc pulses which is associated with ontersymbol mterference. 
After cqualuation, the eye pattern of Figure 10.14(b) i~ open and sharp and clear 
The po1itive sine pul5es are tigluly clustered. lntersymbol interference ha:. been 
greatly dominishcd. The likelihood of mistaking. a positive pulse for a negative one is 
reduced, and sensiuvity to random channel noise 1S ruso reduced_ The adaptove 
proces~ !tas forced all positive pul.;.!S to have close tc) + 1 amplitudes nt their strobe 
time' (at the center of the image) and forced ~11 negallve pulse~ to have - I 
amplitudes at their strobe times. By equalizing the channelm this way, the ndnptive 
tiltcr ef!ectivdy elirninote~ intersymbol intcrfe.rcuce. Using this approach. a tele­
phone channel with an unequalized error rate as high as 1!) 1 could typically have an 
cq11aliu:d error rate of 10 -~ or even lower. 

Chap. iO Inverse Adaptllre Modehng, Eqvahzatoo". and Oecorwolu tton 
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Flgto"" 10.14 eye p~lltTn.\ pli~UC<\1 bv uvorlo)>nSC)Cie~ of the r..,;cwed \\<lvtlorm. 
is} belote cquohuounn: tb) alocr t-quahloliiiOD rt.'nuroc:s' of llutht·s A.iotr.J II C"m· 
pany.1 
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ADAPTING POLES AND ZEROS FOR IIR DIGITAL FILTER SYNTHESIS 

In Chapter 9 ad:q>ti'<~ modeling techniques were URd to S)nthe>w- FIR digunl 
fillers. Here "c d~< a stmilar synthesis of JJR dJ,gital filter.. We "til w.e dit"«t 
moddtng t<l S) nlbesue the forward or non recursive po;>rt1on <>f the IIR filter und 
tn~c:~ modeling to syuthc:l>ue the feedback or recursive portton 

llle form of the IIR filler to be S)nthesiztd is shown tn Ftgure 7.2. As tn C711), 
the tran:;fer function t5 

H(=l~ A(,;:) 
1 - 8(:) 

(11) 11!) 

This lrtlnsf.:r function is diagrammed once again in figure 10.15. Here we wtll alllnw 
the filter 10 have l- t.cros und M poles. so that(l0.18) in detail is 

H(:) - a0 +a1z - 1
+·· · itl1.z 1 

1 - b1z 1 - ••• -bwz - M 
( 10. 19) 

I he flltcr thus ha~ L 1 1 feed!orward wcight.s Wld M feedback wc1gh1s. Our 
gonl js to develop 1\ll adaptive process that will auromatlcnlly ndjust these M:t&)IH. l!O 

that the filter transfer function is <I best fit tO a SCI Of destgn SJ>atllCIIIIOI\$, A<, 10 

C'hapter 9. the: dc.<>tgu specitiCOJLions are represented by :1 ·• pscudolilter" 
hgure 10.16 shows a filler synthesis scheme simillr to Figure 9 IJ. A~ tn 

Chapter 9. the N ~tnuso1dal inputs correspond to the N specification frequencies and 
the SJ~tnal d 4 tS geJKratcd as in (9.8) or (9.11). ln the 11R tiller. both A(: 1 .tnd 81 z) 
mu~t ad:~pt to the p!>elldoliltcr 

In Chnpter 8 "e cxamineJ :ldaptive HR algorillmu and saw th:lt they h~d 
wme auoouucd difficulttcs. The CfTOI' surbces arc oOl al"a}s urumodal and the: 
ndaptiH~ filter c:ao ~<-"'rne unslllble unless the zeros of 1 - 8(:) are held IDStde the 
unit ~•rcle. To get around these difficulties. we will look at a s.:hcmc for ll R 
adaptallon that l.'t ~peually SUrtcd to the filter synthcsts problem and d~ not 
rc4um: an II R ad .. ptt\'e algonthm ln this schc:me A(:) and 8(:} <~rc. adJUSted 
<c.paratcl} as adapll\e 1ransvasal1ilters. 

F'l.gur< tO.lS Ill<>& tlt:lgram of the lltlapuvr tfR nhtr 

Chap. tO Inverse Adapt•ve Modeling Equahzatron, lind OeconvOiullon 

F'iguro 10.16 S.ompw ~d~plovc IlK hilt• ~ynlhr~i> $Chronr. Who do &<nor Ally ..toe. noo 
1\~rk. 

F'ib''"• 10.17 ITR t1h<t syonh•••~ hy the r')UUI•OO error (stmu.h•neou. dJr..:l 411d 
tovrr><: n>odclol\&) tnrthll.l 
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The approach that we shall take does not quite minirni<:e the expected valut: of 
e1 . It is caJkd "sfmulrancous dirllct and inverse modeling" or "equation erm.r'' 
modeling (3J and is illustrated in Figure 10.17. The error is <'. which is different 
from <in Figure 10.16. In many easel>, however, we shall see tbat adju~ting A and 8 
to minimize the mean square of e' provides values of A and 8 that. if used in the 
system of Figure 10.16, would come very close to minimizing the mean square ctf E. 

Accordingly, once A and 8 are found using tbe conligur&lion of Figure 10.17, the 
l!R filter Is constructed by copying the values of A and B into the system of Fig;ure 
10.15. 

The roundabout approach in Figure 10-17 is used because the mean square or 
r' is a quadratic function of the coefficients of both A and B. The error surfao1e in 
this case is unimodal. and so A and B can be adapted by the l.MS lllgorithrn. The 
adaptive process is like that illustrated in Figure 9.11, where a common error signal is 
used to adapt two adaptive tillers whose outputs a re summed. Note LhaL .Iii(£) 
is adjusted so that, ideaUy, 1 - 8(z) cancels the pole.~ of the pseudolilter, whileAitz) 
is adjusted in the "direct modeling" mode to cancel the uros of the pscudolilter_ 
Further details or the adaptive process are given by Goocl't (32]. 

The relationship between e and e' is i_nterestiog. let the transfer function of 
the pseudofilter be designated by PS(r). let the sum of the driving sinusoidal 
signa.ls be designated by F(z). With A(z) and Btz) fi}(ed, the z-transform <>r the 
error t in Figure 10.16 is 

r 
A(;) ] E(z) = F(z) PS( z) -

1 
_ 

8
(z) (10.20) 

Referring now to Fj~ure 10.17, Let A(z) and 8( .r) again be fixed. The £-transform 
of the error E' Is 

£'(:) = F(~}[PS(z)(l- B( z)) -A(.r)] = E( z)(l- Q(z)) ( 10.21) 

lt is clear that E'(z) and£(:) are in proportil>n to the factor 1- B(z), which is 
not fixed but varies as B adapts. Accordingly. adjusting A and B to minimize the 
mean ;;quare ore' would n01 nece.>sarilycause 1ht: mean square ore to beminimi;;:ed. 
However, if A and 8 are designed with adequate numbers of weights so that 
adjustments of A and 8 exist that wonld bring the mean square of e <)(Figure 10.16 
to zero, these same adjustments would obviously bring the mean square of t' of 
Figure 10.17 to zero_ Adjustments for A and 8 can therefore be found with the 
S)lstem of Figure 10.'17 simply by minimizing the mean square of e', and will produce 
the desired UR design when an adequate number of degr«-.s of freedom is a llowed 
for both A and B. More weights than needed in either or both A or 8 would be 
wasteful but not otherwise harmful. 

This method uf nR llltt!r design has been tested by computer implementation. 
Although one can obtain ftne control or phase with FIR designs (such as perfeuly 
linear phase: see Chapt·er 9). the control of frequency response that can be achk~ecl 
with JIR des~gn" is often much better than that obtained with FIR de:;igns having an 
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equ.iv.,lent number of weights and delays. We will now di$cuss some eJCamples o'f 
llR filter design using the LMS algorithm. The examples are similar Lo those given 
in Chapter 9, with ~imiJar va)oes of 11- and Similar convergence propenies. 

The re:rults of a low-pass IJR design are shown in Figure 10.18. Notice the 
flatness of response in the passb.'lnd and the sharpness of .the dropofi' into the stop 
band. The phase. intended to be zero at all frequencies. was achieved quite well 
except fot the transirion region between p:~ssband and stop band. Figure 10.19 
shows !he results of another attempt at the same design problem. In this case, 
nonuniform cost weighting was u>ed to obtain a sharper tmnsitlon and deeper cutoff 
in the stop band. Some urtiformil)' in the passband was saoriliced to achieve this 
result. Jn both aHempts. tlle IIR fillers had ten [eedforward weights and nine 
feedbacK weights, and A(z) wa~ noncausal. There were 25 equally spaced specifica­
tion frequencies. 

Figure 10.20 shows tbe results of lhe adaptive design of another TIR low-pass 
filter, but with line~r phase spedlications in both the passband and the stOp band. 
Once again, there were~ 10 feed forward weights and nine feedbaek weights. and A(z) 
was causal in thls case. Nonuniform cost weighting was used, as indicated in the 
fignre. As in Figures 10.18 and 10.19, the mag_nitude and phase response plots were 
made from the converged solution by computing magnitude and phase values not 
only at the >pecification frequencies but at a large nnmber of frequencies in between. 
The linear phase requireo1ent was met in the p3SSband. but only poorly realized in 
the stop band, The magnitude responM: is ~een to be quite good. 

An ex:tmplc of the design of an unusual filter is shown in figure 10.21. The 
specification required line;~r phase with a magnitude response in dB that is a 
sawtootl1ed function of frequency. The achievement of soch a design is difficult 
without us_ing an adltptive synthesis proc.edure. Note that responses even clo~cr to 
the sawtooth and linear phase s pecifications could be ob1ained by incorporating 
more feedforward a nd feedback weights and by specifying these re•-ponses aL more 
frequency points. At present, there is no simple way to predict closeness of lit as a 
function of the number o( weights and the number of spcciJicatioJ1 points. However, 
one may use a cut-and-try approndt wuh computer implementation. This kind o( 
interactive process C.'ln easily be done with a personal computer. or with a time-shar­
ing terminaL 

We must now discu~s a problem that oft~n nriscs when designing UR filters by 
means of the protedure described -abo•·e. Refer to Figure 10.)7. Tbe transversal 
ftlters A(z) n.nd B( :z) are easily obtained from convergence or U1eLMS algorithm or 
any other Jea.st-squares procedure. such as the non~cursive S'ER algorithm in 
Chapter 8. Tbe problem is that when B(z) is used in the synthesized fecdbo.tk ftlter 
of F igure 10.15, the feedback loop sometimes tu.rns out to be unstable. The Lransfer 
function of the syrl'thesized filter fs 

A(:) 

l - 8( <) 
(10.22) 
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Th1s cauStll arrulsfer funclioo is stable only when the polynomial 

I- B(z) 

has all of liS roots : 1• J 1 . . .• . .:,., inside the unit circle in the .:-plane. 
The polynom•al C 10.23) can be faclored as 

1 - B(z) = z-"'l.:- z1)(;:- .:)) • • • (: - :.v) 

Part IV 

(10.23) 

(10.24) 

In all co~. a stable IIR filter can be redesigned from an unstable ffR filter by 
repl11cing all roots of ( 10.24) outside the unit circle by their reciprocals rh .. 
rt<lc~•sned stable filter will then have a magnitud.: response that is Identical to 1hl11 
of the original unstable IIR filter. which. of course, in turn approximate~ the design 
specilicalioos. However. the phase characteristic of the redesagned tlltcr may be very 
ditrercnt from tllM of th~ original specification. 

Roeplacang roc.)~ out.side the unit circle by their reciprocals is don~ easily by 
~ub~t iautLng: - I for.: in all ni the. factors of (10.24) that correspond in fiJClis outside 
the unJt cl£clc. In other words. suppose that the polynomial factor in (10.24) is 

( • - .r,) where 1.:,1 > I (10.25) 

Tlu~ factor sbnuld then be replaced in abe polynomial by the factor 

( • -l -. ) 
• ".P (10.26) 

Tht! remaininF- factors corresponding to roots mside th~ unit Clfclc should appear 
unchanged in (10.24). The result .is a new polynomial having aU rootS inside the un1t 
circle. MtLluplying the factors togealter tO lind a new 8( ~) as in (10.24), one con 
1ncnrpor.ue abe new 8(::) into the system of Figure 10.15 to form a ~•able llR liltt<r. 

The factor replacement to achieve stability h.as no effect "" the amplitude 
respon~ for a he IoUowmg reason. Suppose that:, above is real. Then, as m (7.19), 
one of the factors in the runplitudegain is 1: - :,1 lliith : - eJ~. and clrarly 

I• - =PI= 1• - 1
- z,t for all z = e1.. (10.27) 

Suppose. on the other hand, thai •, above is complex. Then liS conjugate:, must 
also be a root oJ the denominator o! H(::). We ISOlate the factors (z - z~) and 
(: - :,)and replace lhem with the facaors(z 1

- z,)and (.: 1
- .:,). Onceaguin. 

for a general value of : on the unia circle, 

for all.:~ e' .. (10.28) 

The ~ome reasoning appHes t<'l all other facaors needmg replacement to ensure 
stability. Note th:u the factor replacement proc~ss doc~ not preserve phase. Thus 
the final II R Iiller C:t)uld have a phase characteristic very different from that 
spcdticd, even though the ampli tude characteristic is l'ery dose to the specificntinn. 

As 3 mallet <'f fact. the II R filter described in Figure 10.18 has th<: typo: of 
Instability just de~cnbed. If we r~pluce t.he pol~ as in (10,26), we obtain the stable 
filter described in figure 10.22. Just ~s in Figure 10.18, JO feedforward wc1ghts t.nd 
nine feedback weights were used. Note the dose adherence to the specification~ or 
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Not~: On~ of tt'la '(etos 
lrQff rhopag<! 

Part IV 

Figure i0.2.3 Pole-:r.cro plot for the llR iiltrr t>f Fi&ur~ tO 18 IUld Ill Z~. ~howin~ the 
recil'rocati<'n of pole.< to achie-., srabilil,)'• 

the amplitude characteristic, and the discrepancy between the realized and specifited 
phase characteristic. Figur.: 10.23 shows a pplc- tero plot for the filter transfer 
runctions of Figures 10.18 and 10.22 and indicates how the uns1aole conjugate poles 
were reciprocated as in (1 0.26) to create a stable lllter. 

Jf our goal is to matob both ampWude and phase specifications while maintain­
ing a s table UR adaptive filter, at least two general approaches arc aya.ilable. We 
will describe eJidt of these brielly in general terms. 

Chap. 10 Inverse Adaptive Modeling, EQuallzatlon, ano Deconvolution 

.. 

Figur~ 10.24. U~ng a phas< compe.osolor tO eorrttt lh~ phwot <.nQr caused by 
I<'CiprocaliOn of pOle>. 

The first approach is illustrated in Figure 10.24. Here the stable IIR filter is 
designed as already described, with pole reciprocation to achieve stability. The. 
stalile IJR filter is then frozen and placed in cascade witb 11 variable delay and a 
phase compenJ!atC)r. These are adjusted to minimize the mean-square error whlle the 
stable IIR filter is held constant. Tbe phase compensator is a filter with unit 
amplitude ga.in and variable phase. ll consists of one or more cascaded seerjons of 
the fonn 

f'lgl!Te 1(1.25 lilt filter >ynlh<~i' USing caSdd<d IWIJ-p<>lt SCCI!Q~ 10 implemtOI 
1 - 8(<!. 

( 10.29) 
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Part IV 

A~ 10 r •iure g 9, the "'CI&hl<; bl and 1>:. mll!>t bt lldjUStN ~ueh that tbe (XIIell or 
Ph(:) remam tniu.le the umt orcle. The final IJR filter dc>Jgn thlfi conSI.'h of the 
\l.tl>le IIR 1\her m r.gur.e 10.!4 10 eascade with the deJa} and the phase compc:~a-
tor 

The ~md method for matching both the amplitude and the ph.t5e of the 
P'eudo61tcr" dlu\trated m Ftgure 10,25. liere the feedho~cl. polvnonual. 1 8(!). 
i~ c.omp<lbO!d or ca.~:adcd second-order sections Then the poiC3o ol I - B(:) t'IJ\ t-e 
kept in,tde the urut arele a.s in Figure 8.9, and tbe ~u1tmp, IIR fiJtu Wtll <~gltn he 
\!able lhe delay : .1. may be requiTed as before ir the p1>eudoflh.:r CC'Ot.!tn\ :1 

"l@.ntlkant group delay. We will not pursue the method C'f ftgure 10 2.~ here, 
although the ~dapll\e QPl-mhon of cascade structur~ h.t.\ been mve,ttg.tt<:d b~ 
Oavld(4J, 

or the twtl methods JUSt de:scnoed. tbe second is con~idcred at present w be 
the moM waightforw~rd. An experiment was performed to t~t tru~ method, Ll1nd tlw 
rcwlt~ aru sht,wn in figures 10.26 and 10.27. Fir~t. Figure 10.26 shows the "nnugni­
tude only" type (\f ~ynthcsi~ de~cribed previously, and we can see thtll the pha~c 
chnructcristic hlb been badly warped by reflecting zero~ in~ide the unit c:irclc rn 
I B(: ). 11•cn Figure 10.27 shows the synth.:sis using the adaptive mctl11od in 
Figure 10.25, In "'hrch both magrutude and phase ~pecificalion~ nrc m:llchcd Note 
that the masnitude rcspC>nse i~ b.:tter in Figure )0.26, whCie we are not trytng to 
match the phao,c ~~~ well . Both desigJts could be improved by mcrc:a~mg till' total 
numhcr or pole.' anu zeros 

EXERCISES 

I Shtl'l< that th< p~Jutt noo~ tJ CJ"en by Equauon (10.11) •bm U.., •bilc· OOI<c pl""Cr ~ p ~• 
the • front end" or the p!J.Dt 

1. ltJ the Ill\~ """"chn& \\(Uoltlon shown belovo. S!.lppo!IC lhl.l 1, I~ IOoXpclld,"ffl O( '• , 

for all 1 • k anJ that +,.(0) • L Alo;o. suppme that .,, ts v.bitt DUt<c 1ndcpcn.lmt or '•. 
"''th + •• 101- p ~-~expressions f<K the po"er ~ <ll.,cn. 41, ,(:), <~~..tJ(.:). anJ 
CllJ,(: ) 

'• 

.. - --..--< 
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6. With w and " \ opt m· d •l Ii i · u . 1 .u · UM' • \C tcnng ~lgonthm~ 1ntht »ysten1 shown in Exercise 5 
to show that •• 1s exactly u:ro lor k ~ 0. 

7. DernonstraJ.c the coovcrw:nqe or the l.MS ,,lgonthrn in ~erL1 se s. Let s, = 

~NDOM(l .J- .5, as to Apptndl\ A Use It • O.OK and let "u • w
1 

- 0 inth3ll\ Plot 
c• over a range o[ k long enough to sbow ~ODYC'l,\cn~c. · 

8. Demo~suate the o~bt~t~ ~>I ~ LI'>!S algorithm to tr~ck a umc·v11rying pla.n1 b} plottin& 
the wetgbts ..,, 1IJ1d w1 for the ')•tcm bc!O\\ lor 0.,. k < 1~00 Uo,c, 1 lllld 

11 
as ·0 Exer~ 1. Assu-U.itialh th;u "u - O.S ;tad"'' o 3 

1 
t 

·- !0.2. o ........... , 

9 w · • me :In e><pres..<ion fN the em-r. •1, 10 ttnn• of tbe tnput \lG,n-11 •. , lor the tmttse 
II!IO<klinu~-stt'm <&awn ~- ' 
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10. For t:~e svstem •n l::xrrd;e 1), ll.')Ufne lhat .r4 J.S a whirc stgnul with unit pov.<r. Wnte an 
e~pression for the ptrformun~:e function. t .. li'l ei ], in ltrtm Pi' 1hc udaphvc weights, w~ 
lhrough w1 

11. For the ;-ysu:m m Ellrn•..c '1, ler '• be a whltC' .si~lllll with llmt power, ~nd ~ume that 
L - ~ = l Uoini the ~"'rr I<' E>.etose 10. snlve anal) tK-ally fo1 the: opumum "'eigln 
valuo 

12. For lbr 5)'5~m •u Excr.:~.« 9, i<l '• ~ a ,.,hilt sign3l. kt L '" IS. >~od Itt ~ - I! Proyam 
~ LMS ali<>Odun tl'> u:>n''nl" to f.. Plot ~ final ompul>t' ":'P<'I'I"" ollht a<bpllw 
lmca: combinrr Then plot lhc u)n\oOiution of the llttcr "''lh the tmpul.lt' ~pollS<' o( t« 
planL 

1.3, In tlr iO\'tr\C' 111<1debnz snuahon iho"'n bclo"'. let .rA be a "'h'~ Slllo•l and let n, ~ 0 
Lt4 lbC' LMS oll&Mthm ~·otn\ ~rgc and Ibm plot the impuhc: rt\pt'I'\>C of the opttm:11 
ID'VCI~ model. and the IXIOVIIIUUI'IO Of lbl: tWO impulse fC\plltu.e> 

··- -r---< Pl.lnt 2 -3z' 
1- 0.67 '•0.9z, 

L----------------~~ 1 " ~------------------_J 

t4. In the system •""" n m Excro . ..., 13. dcterrrrinc o;pcnmcntolly the mono mum mc.oUt-squate 
error v.hrn tl1t OOI\C pn,.cr. ~ •• (OJ, b 0.00. 001, :md 0 Ul tim~ the >•)'.niiJ puv.~r. 9,.(0). 
A~~ume thor s, and n, are both whllt but independent nf eo.'h nlhcr 

I S. In lh~ system ~hown below, pl01 an LMS learmng curve tly uv~rogmg ,f over 100 
adaptive ruM Use t:. • 1 ~. kt ,, ht wltite with uni1 power. amlltl!Jo b~ Hllf or the toll!\ 
po"<!in l!1 

16, Ron 1bc syst~m in Excoti•e 15 tc• convergence u;nng the LMS olgorithnt wi th llo - (U , aod 
plot ~ verst~.> t:. fM<l.- U 1.hrnugh 15. ro e~tinutc ("''"' tak~ on avcru&e of 100 values 
of 2, ::fter oonvcr&rn..c ~~each value t'C A 
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17. Explo1n m your own " ""'h the t.lpcrauon of rhc Jdaptivc cqualitcr in Figure l0.13(h). 
18. In the "equnti''" CtrC'Ir" IIR sytllhr$iS rnodcl in F•gurc 1011, show thur lhc error surface 

is quadratit• bv dcrivon~ W1 C\pr.:s>ion similar to Equariun (7 1\7) 

19. Assume !bat L- 0 omd 11 I, tbatrs, tba.t A(:) and R(:l hoth have~ Mngle ,...,,&ht•n 
F1g.urc 10 17 €.\pres. the "alucs or these ' 'ci&hts that mmimotc the mcan-squ.u-c error in 
Figures 10 II\ 3.0d 10 17 Arc Lhe<e valtJC!> the ~amc? 

20. U;iog the LMS algC'Inthm, run the UR dcsiyt up.'nmmt tn h&urc 10 lfj U~ 1. • U - 9 
in 110 191 :ukl~>'<' 2 value of 11 tbat " tll ca~~5e 1M cqu;uoon error m<'dd to ~·.:c;c ... "t!U11 
• fn< thCCl>ollld tltnlt<'OI \otake a plot o( t;' •cr>u. ~ Afln-<OOHrtm«. plot a .>111C'(>th 
ma!n•Ludc rc~I\5C ~'U" .. 01.\ on Fl!Ufe lOJS 

21. S!Jo.._ the loo:auon of lhc pc•lt> of the OR filter •n c~~r<L..C !0 ('ompal\" \'(>llf resuJt .. ,lh 
Fl&urc 10 23 If n~-.:"~1) rcftc.:1 311 umublt pole' to the ontconr of lh.: urtit c:ir~ :Ind 
gi--., lhr nev. ("ahlc) •cNon Of the llR lnnsfcr funt:toon 

U. Show tbat the &--un nf the phii..\C oompe:nsator in EquAtion (10 19) tS tht >anlC at 311 
freq ue.JJCit>, Pind 011 a~pr~s;,inn fClr the phase, 0( w ), where w •~ rhc: ncmnalited (requ~nl')' 
!Equation (7.1 h)) 

23. U>ing the methud o( h&UtC lll.lS, try tO produoc the OR IIIIer •VOtbCiot~ ill Figure 10.27. 
Use L - M - 4, D.nd vary the c-mt [UIIcu.m appro:umatel)' a.• \ho11.n tn rhc figure. 50 ..1..> 

to produce ruull\ ;omol.u tC'I th~ sbo" 'll. 

ANSWER S T O S ELE C TED EXER C ISE S 

L ~e Equauono. (7 73], (7 74). and (7 57). 

2. ot>.,C:t- q.ulll • 1, q! (:) - 0 ... PHN=W. q,J,(:l • :l/'c:) 
3. H•(:l - : ~/1(1 ~ pJ/'(:)J 

4. f..,.- p j(l 1- Pl 

' 9. e, ~ VI< l - r w,(4 ' A I J.t, I I J 
I•~ 

t /, 

10. {~I + 25 r: " i l4 L "l"l 1 - g,.~-+ 6")-1 
1•10 ,_, 

lL "o· "~- - 0.05ol, 0 IJJI 

IJ 
2h,(h1 - l )~m"' ~(b: - l)a>n2w 

22. tan (u I • • ---.-----
21>; .. loj- 21•1( t>;- !}cos<.: ~c b: • l)u>$2w 
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Adaptive 
Control Systems 

chapter 11 

TD this chapter we present ~Oml! adaptive control appucations of the direct and 
~verse adopuve modeling procedure,\ in Chapters 9 and 10. Our purpose is h ) 

Jllustrate the use or adaplivt' modehug in adaptive control, but not to provide a 
complett! discussion of the subject. There •s already a large amount of literature on 
adaptive control, an example being the texc by Landau (lJ. 

In concrol theory, tbe "plant" is the physical ~ystem to be oomrolled. It 
produce!. an Output ~ponse to an mput control stgnal. An example of a plant 
IDJgbt be thr control hurfaces and the airfr.une of an 8Jrcrafl that respond to an 
input command signal. or the device that delivers fuel and 11s assocuued combustion 
system that responds to a demand for heat or power. 

ln addiuon to the plant there is also the "controller" which. as shown in Figure 
I I .1, provides an input signal to lhe plant. The controllc:r rtceives inform1uion from 
the external world and 3140. m the case of feedback control systems. from tltc plant 
output. The controller may be :1 fi.xcd linear or nonlinear S)Stem, or 11 may be lime 
varytng so that 11 can adapt to chang~ng plant or envicoomentaJ e<~nditions. In this 
chapter we v.~IJ be ooncerned wit.h adaptive IJnear con trol systems, that is. with 
adaptive control systems that become linear once their internal-adaptive components 
converge. 

An c:llllmple of such a system is shown in Figure 11.2. It 1s called n ·• unity 
feedback" system. The output, r(l ), is subtracted from th~;: input, r{ c), to form an 
error signnl. dt ). The 13tter then drives the cootrollt:r, wb,ich tne.s co111lnuouslv to 
drive the plant to caus~ e(t ~to be driven toward zero. T11e iniem is lhat t (I) should 
rem am reasonably close w r(t ), and of courSe: !.he overall transfer function from r(r) 
to t·(f) must be stable. 

Although thi.~ system is simple in conception, it ib ro.t.her inefficient and difficult 
to deal with from the viewpoint of ad3ptation. T he controller could be of the foml 
of n transvcrsal/iltcr, but to adapt it, one would need i11 realtime its desired output 
corr~~ding to the required reru-time plllllt input signal. This "desired" signal ts 
very dtfficult to obtain when the plant IS unknown_ however. If it were available, so 

270 
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HL.-P_..,_"_' ....JI-~--- I:Iutnut . . tr--1 

Figure 11.1 Plonl wuh fc:cdblol<. l'OIIUOI 

much would be known that the compensator and the feedback loop would be 
unnecessary. 

Another approach to t.he adapution of tl1e system of Ftgure 11.2 is t.be 
following. Suppose that the purpose ol adaptation is the minirruzahon of the S<rvo 
error, e(t ), in the mean-square sense. Gradient oompQnePts could be me3St1red by 
perturbing Llie comp<:tlSillOr weighK TJe mean-square error eQuid be minimized by 
using a gradient method ~uch as the <.IUJ'erential stccpest·de.seent met.hod of Chllptcr 
5. There are two dillicullics here that !unit this approach. Regardless of the method 
used m perturbing the weights, whether one at a time or all at once, the system 
traosumts must be allowed to die out l>efore ml!asuremenls can be taken each time 
the compensatm adjustments change or the plant paramett:rs change. Furthermore. 
assuming that the gradient can be measured successfully, the mean-square-error 
performance CuncJion will not be unimodal. ~ described in Chapter 1. lnstabilitv 
coold result [n>m improper controller adjustmenL One must be conccmed simulta­
neously with stability of the control system and stability of its w:laptive algorithm. 

fn thls chapter we illustrate li"O approaches 10 adaptive control that cir­
cumvent the difliculucs just deScnbed in connectloo with Figure 11.2. The first 
approach is based on direct modeling or the plant as in Chapter 9, and the second 
on inv(rse modeling as in Chapter 10. 

ADAPTIVE MODEL CONTROL 

Tbe first approach to adaptive oonuol. called ndapltvc model control (AMC), 
operates on t.he following principle. We form a model of the plant using direct 
modeling, and use tbe model to deter:nine control inputs to the plant whicb will 
cause desired plant outputs. We !.hen apply these same control inputs to the actua l 
plant, and the re.~ult is plant outputs tbat closely match the desu-ed outputs. This 
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type of control is in a sense open loop, but in fact the loop is closed throug.h the 
adaptive process. 

To illustrate the r\MC tdea we will use tl'te blood pressure reg!!lating system 
~howo tn Figure 11 .3. The cxperimt:mal \\-Ork on ~ .~oy~tem was performed by 
swdents at Stanford University and supe:rvised by Mark Yeldennan, William New, 
Noel TILornpson, and Cristy Schade. whose assistance is gratefully acknowledged. 
The g,oaJ is to develop a closed-loop control system for regulating n patient's blood 
pr~su.re. Thus the plant .input in this case is the drue. flow in Figure lU. and Lhe 
plant output is the blood prc:s~ure. Eltperimenl$ were performed with canine sub· 
jects, who suiVlved the procedure Ul good condition. 

To control the blood pressure. a powerful drug called Arfooad is injected mto 
the aoimaJ. This drug has the effect of disabling the tlaturtd blood-pre~ure regulat­
ing system of the animal and inducing a prolonged ~lute si.rru1ar to a state of ~hock. 
IC left aJone, the l>luod pressure could drop clos..: to zero and irreversibl~ damage 
could be done to the a.n1mnl. To prevent this, a vasoconstrictor drug called 
norepinephrine is infused slowly over many h(lLtrS to C:<lmpensate by raising lhe 
hlood pressure. A computer continually monilots blood pressure aod regulates the 
nt~ of infusion of the vasocomtrictor. The ulttmate purposes of Lhis work arc to 
develop computer controls for human intcnSJve care: ~ystcm.o;. and to further the 
development of adapthe control systelll$. 

Typical dynamic responses of the mean unlmnl blood pressure to step changes 
in the rotc o/ infusion ol the vasoconstrictor drug urc sketched in Figure 11.4. The 
s hape of the response curve depends on the siz.c. type, and especially on (}le 
condition oJ the animal. An animaJ in good health wiU respond to small Ulcrca.\.Cs in 
V<t~oconslrictor drug flow by eventually settling the blood pressLLre back to the 
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origjnaJ set poim level. A sick animaJ will not be able to compensate for even 
moderate lncrcasCll in vasoconslnctor tnpLLIS and hence the blood pres.sure will 
increase in a predit.'tl\b.le manner and then settle at a higher level. Large variations in 
ammal re.>panses to lhe vasoconstrictor have been observed. Typic::~Uy. there is a 
transport lag of 10 to 20 seconds before ihc anLIDai responds. and seuling Limes are 
usually from 50 to I 00 seconds. 

The sys1em illustrated in Figure 11.3 gives the appearance of being an ordinary 
feedback. control system, but it i~ nol. The dynamic response of an onimal (includ­
ing the transport Ia&) i~ often too variable 10 be managed by conventional feedback 
CODITOl 

A hloclc di3gr:un o! the adaptive CMtrol system as shown lD Fit,u.re 11.5. Th~ 
f-unctions lnbelc:d "forwnrd-tirne crucul3l!On" and .. adaptive modtl." which are 
described bdow, as wen as many data loggm& und data displa) funcllons which .nrc 
not shown but arc necessary in the labOratory sewp, ar~ implemented using a 
minicomputer. The •'zero-order hold' ' hold~ each sample value, .~. •. during the 

10 20 30 

£ 
c. 160 
~ 

I 
" j 
&> 

t 
~ 

T1mo 1•1 
1•1 

lbl 

H""lllw --------

40 5Q 

Flgul'9 11 .4 Tyri~ rtV<!rll&t blond pre:.~urc rap<j0$<:s rn .oep ~hange< on va.w­
consnic:\Or •nfu .. :on ra~.e-~. 



- 146 -

274 

AtltRf'la> 

"'pu''• 

18100<1~· 
com._d_l 

,--
1 
I 

AO'P•w• l 
moxltl I 

I 
I 
I 
I I , '-- w• 1 
L----------J 

o..., ,..,.., .... 

Appltcallons 

u)lerval bet"'cen samples. and is a part of the el~nic system mterfacing the 
computer to tbe drug-flow M>lenotd valve. The sampling interval i$ S secondl 
During e.~ch interval the adaptsve model ss updated and a new dru& nne !in drops 
per minute) is c:.Uculatcd u de$Ciibed bdow. 

The adapll\e model in F~gure 11.5 ts a 20-"'eight Fl R tilttr ( L • 19) CO\Citn& 
a total real-time window of 95 seconds. A bias wetght ( w0) ts tncluded to represent 
the ambtent 3\c:rage blood pcesoure ""ben the input drug r'-le is 1ero. One •'an see to 
Figure \1.5 that the ad:~ptive modeltS an example of the ''direct model" dt5CUSsed 10 

Chapter 9. l llSte:td of having a fixed linear compensator where the weight values arc:. 
oot funcltons of the tnput·stgnal dJ.aracteristic:s, the adapU\'C pr~ autcmatically 
adJUStS the wet&)\ts so that for the gi\eo i.nput·S.l&Jlal stau"ics. the model provtde!o a 
best minimum-mean-square-error fit to a SaJllpled version of the combmation or the 
-zero-order hold &nd the plant. The LMS algorithm was used 1n all e>tpcrimental 
runs. 

Refemng again to Figure 1 1.5, when opernltng properly, the system tauses lhe 
a111mal's blood pressure lo track the refercna: c~mmand to put r1• The plolllt control 
:ct JS derived from the bolt labeled "forward-time calculauon." Thts box generates 
x~ fn,m the reference command input r4 and !rom the weight vector W1 nnd the 
mput vector X4 (the .. memory states'' of the model). Let u' now con5ider the 
operauon or the forward-ume calculation boll. 

Assuming that E le~ j bas beeo driven close to zero hy the ndnptive process, the 
objecuve of lbe forward time calculation is to derive x 4 from r 4 s!Jch that r A and JA 
are equal. If r. and v~ are equ.al, then (wllb er small) the plant output, ~ •• will be 
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dose to '•· which 1s our ultimate g0.1L Thus the forward-time calculauon must 
~ome essenttally an in\~ of the adapll\c model lll F~ure 11.5. Sina: the plant 
mvolves a delay. the tnVCC$0 must theTefore lool.. ron~-ard Ill ume. 

We form the mverse model io the following way. The entire:. we~ght vector 
( "o•· ~·) •~ upd~ted at each 1teration '" accordance wtth the L\fS algontlun. tn the 
adapuve model, tf we assume that y4 and r 1 are equal w; d1scussed above. we have 
for the k t.h iteration 

Therefore, 

I 

Yt • "'ot + E "'·•JC• •-0 
(ndnptlve model) (11 J) 

(

forward· ) 

~C:lation (11.2) 

For this land of "in\WSion" to work, we hove to wume that x excites the plnnt at 
an adequate level so that adaptive modeling can take place. If ~OL. a small "dither 
Signal" can be t~dcled to the plan t tnpuL 

We also. have to assume that "\JA tn {11 .1) d~ not get close to zero, and of 
course _there LS no guarantee of lim lll LMS adaptation. In fact, when there are 
delays lll the plant such as the trlll1$port l&.g in Fi.gurc 11.4, w

0 
will tend 10 be small 

and ~otsy, and-~ values of J.' c~mputed by formula (11.2) may be \CI) lqe and 
errauc, s1na: divlSJOn by "o 1S rcqutrcd. Therefore, m the blood-pressure control 
~yslem _wht:Ie massi~e doses''' drug are undestrable and negathe doses are generally 
smposs.tble.. ~e ~ocilfy the a.dapti\e poruon to account for the uansport Ia&. • 

!he moditicatton COnSistS of consuaintng the first several v.etgbts of the 
adllpttve model to t.Cro. The.: number of uro-constratncd weightS corTesponds to the 
transport l.ag of the plant, ,.Juch ,.ould be obwned from a pnori lmov.ledge. 
~uppose, for example, that. the first two weights "b~ and "'u are coruu:uned to zero. 
Then the cum:nt and prevtous wputs to the adaptive model, .t

1 
and x, ,. have 00 

effect on tts output.. but ~, ,. -r, -l• -c~ 1 do have an effect. Cb00Slll2 inputs 10 
cau5e the curTc.'nt model ot.ttput to be equal to r4 , we no>~. have -

L 

>,. = ""~" + L ... ,.,.x" (11.3) 

This result would allow us to calculate .-c, .z as we did in (11.2), but "'e really wish to 
know .~ .. not x,_1• Then:fon:, let u~ now ~h1Ct (11 3) two unitS of ume into th.e 
fu ture: 

L 

Y.t,.~ • wO.,;p ~+ Ew"·*•2 .. \"t-•1, 
.. -2 

(114) 

Now let us assume that the wt~ghts chungc slowly SQ that we mny use current we1ght 
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values in place of fUlurc l'alues. Then. with Yt equal 10 r4 agrun. we have 

x4•-.'- ('A•l - wOl - Ew.4.xl •l .) (11.5) 
\1 )1, n-1 

This result requi= k.nnwledge of lhe reference command input two units of time 
into the future. Sometime!. future values of this input are J\'JUIJble, and (11.5) can 
be wed to ach1ew the control obJC:Cti"e. Wb~n onJ~ '•. the current reference 
command mpu! ·~ a•aibMe. (115) can be modified to \bC the av;ulable knowledge. 

as !ollo'"s: 

(11.61 

Using (11.6) will cause the model output to track the reference command delayed by 
two time unit~. TIIIR delay in !he response is thus an intwitnblc consequence of the 
plant transport delay. . . 

The AMC techmquc~ in Figure 1 L5 have been u~cd n nu01b~.o-r of tunes lll 

el(periments to regulate and control the average blood pressure 10 animals. ln th~t 
c'ltpcrimen~. the .tandard deviation oi the noise 1n the blood-pressure scnsmg 
instrumcntouon bas been about S to 10 millimeters or mercury (mm Hg). The me.m 
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blood pressure i~ typically regulated 10 v.;th.in about 2 to 4 mm Hg tn stc:tdy state 
and could be un· about 5 to 10 mm Hg lcmporurily undcr ex treme transient 
condit ions. Typicnl Startup bcltling time!~ were of the order or 2 minutes. somewhat 
longer than the total time window spanned by the adoptive plant model. To start 
lbe sys1em as quicklv ~~~ po~~ible, the in..tial weJght l'alue. in the modeling process 
are usually taken from a prt\'IOus run. Initial \':l.luo are nol tnllca.l, but if they arc 
close !O COTre!Cl, then.~ WtlJ be onJy 3 small StartUp transient 

Figures 11 .6 through 11.9 present in sequence ro:u It> developed during an 
experimentaJ run ..,.bile ClO!ItroUmg an arumal's 3\'Crage blood prt$Sure. T1u: dog 1loa5 

normal unul the Arfonad w;AS inJcx:led. v.nercupon the blood prtl-5Un plummeted. as 
seen in Figure II 6 

ln this run tne adaptil'e-model weights beg;~n to form. starttng from initial 
settin~. at the very ou~ct be-fore lhe Arfonad w~ •nJCCted. 1 he two upper tracings 
show the nctunl average blood pressure or the animal and the output of the model 
respectively. Note how they stay closely togethc.lr. Titey stuy moderately clos~ 
together even in perlods or great stress such as just after the Al'fonad was injected. 

At the beginning .,r lhe run. t.be flow rate of the vosoconst ric tor (llie '' drug 
rate'' in the lower plot in Figure 11.6) was manually set at 10 drops per nunute. This 
was manuslly rai"td 10 20 drops p.:r mi11ute after the Arfonad took hold. Raising 
the drug rate ched.ed the blood pressure decline. Soon tbmJ!ter, as tndicated by 
lbe CTOS!i OJ\ the drug-rate tr.ll:ing. cootr.>J or the drug rate '"3> tu.roed 0\'et' tO tht 
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automullc system and remained automatic thereafter, A pressure set point wn.> 
entered througll the computer keyboard, and this l.c:vel was indicated by the eros~ 
ncar the upper two tracings. The control system then had the JOb of ra1Stn& the 
ttnimal blood pressure to the set pomt and controllin& tl in spite o f natural 
disturbances. The middle curve shows a running average mean-square crTor (on a 
log seale) between the plant and the adaptive model. 

The total time !ipUn of the adaptive model w~ 95 seconds. The model 
contained 20 tnps With 5-sec~nd delays between taps of the adaptive transversal 
IHter. Once: automatic control was established, the blood·pres&ure settling time was 
about 5 minutes. 11lUS the system settling time was about three times as Ions ao the 
memory span or the model, which is a short settling time for an adapuve control 
svstcrn. 
' Figure 11.6 actually repre~ertts a portico of 11 long run tn wllidl the computer 

controlled the blood pressure for several hours \Vith the animal under dilferem 
degrees of influence of Arfonad. The re$ults in tenns o f control were uniformly 
good, and the response data or Figures 11.7 and 11.8 are typicul. The dalll records 
of Figures 11.6 through ll.S are contiguous with slight time overlaps, and represent 
re~ponscs to changing set·pomt volues. In c:ach e<~se, the settling time was approxi· 
m:uety 5 nunurcs. 

The weight values of the FIR model were n:corded at several limes during the 
run and are plotted in Pigure 11.9. Th~ weight values art! arranged chronolog.cally 
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along the line SO that they represent the model's VICW of the animal'$ impulse 
response. The twl:nty·first weaght llo the bins weight. 1<~ in Figure 11.5. The impulse 
re$pons.: 111 the top £rnme "''US taken before the Arfonad wa$ injected and here. the 
animal was very sensi tive to the vosoconsLrietor drug. The next frame was taken 
after tbe Arfonad wa.~ InJected and bad taken clfe1:t. JUSt before the automatic 
comrol was turned on. The shape of the response was chllnged somewhat. and the 
sen>itivity Level chl!Dged great!). As lime progressed there were no further dr~tic 
changes in the animal tmpulse response. 11us lack of further change was also 
considered a significant result. 

ln summary, we have described a real-time computer control system for 
regulating the blood pressure of o sub;cct in :t prt.>longed state or shock. The system 
controls the infusion ra te or a VIISOCOostrictor drug and monitors the blood pressure. 
An adaptive model or t..he subject's drug response in terms o r blood pressure is ur;ed 
to derive the required i11put for conL\'oJ of future blood pressure values. An a.daptive 
linear combiner is used fo r the model, Md control [s derived by forward time 
cakulatlon based on the modell!llpu lse response. This is a control teclmique that we 
have called AMC. 1t is based on direc t adaptive modellng of the unknown plant. 

0.150 

0.40 

Ml 'UIOUfttr 

0.20 
A ontO ill}etllOO 

; 0.20 f­: 
~ ~ 7"''" 
3. 0~ ....... ..... 

1).20r r _...........__ Ia min 

..... ~~---''---'·~..._~-=-·-· .. ·-· .................. . 
0 2 6 II 10 1? 1~ 10 18 20 

Figure 1 1.9 Impulse "''II"""' or tile 
mo.lcl in Ft!~n: It 5 al v.ari<lu; times. 



- 149 -
--

210 Appl•eauons Part IV 

ADAPTIVE INVERSE CONTROL 

Ad:tpii\'C .nvene control b :mother approach to lhe adapu'e control pr;>blem b:ti.Cd 
on the IO'CIM: modeling tccbrllques described m Chapter 10 It w~ dcH~Iopcd 
pram:tnly to 3CCOmmodate siwations where the plant mt!Jlt be "non m1mmum· 
pha.~:· that 1S, might have transfer (unction zeros m the n!Jlt half of the f·plane or. 
an terms of a d1~te (dignal) model might have uro~ out51de the Unll c•rcle 1n the 
:-pl.1ne.' C\'lntrolling C1 non-mirumum-phase plant by the AMC method could lc3d 
to d1ffic:ulues. because the output Signal of the forward·ume c:th.ul3uon mu~t have a 
tran~form e~sentaally equal to the product of the tTamfl)rDl or the reference com· 
mand mput and the rocaprocal of the plant tranSfer function (refer to rlgure II .5). 
If the plunt model hnb uros outside the unit circle. the control ~tgnol 'k ~ill have a 
transform with pole~ outside the unit circle, In thi~ ca~ the ctmtrol .~lgna.l will he 
un~tublc. In the phy~ical world, this signal will increase HI magmtudc untJI l;(lmc 
port of the ~ystem i~ driven in to ~aturution, causing loss of control. 

In other words, nn unknown plant can be made to track 1111 input command 
signaJ when th1s $i8J1ill i~ applied to a cantroUcr whose transfer function appro'-1· 
mates the inver~~e or the plant'~ transfer function. The controller output becomes the: 
driving ~i~tal for the plant. lo the adaptive inve~e control method, the parumcten. 
or the controller arc obtamcd by an adaptive inverse modcllng proc~!> apphcd to th~ 
plant. If the oontroll.:r JS rc.ali1.ed as an adaptive tran.~ver~al filter whose wei&htlo ore 
ad.lpto:d by a tea.,t-squ:uc~ algorithm 5uch as the LMS nlgocithm. ,..,. -.ill &how thl\1 
the \t3btht} o{ the controller can he :JSSUred "'bcther or not the plullt •~ merumum 
phaM:. 

The tn'erse model of the uru.nown plant can be fonned as ~bown en ftgur.: 
1110. 1 he lldapU\'e filter input is the plant output and the filter t\ 3dJpted to cau'e 
th output to be 11 best least·.quare. lit to the plant inpuL A clo•e fittmplie~ that the 
~.cade of the unJ.nown plant and the UfS filter h3\'C a transfer runtliOO or 
~nuallv urut 'alue. at least \loithin the frequeo(} band or the plant tnput ~tgnal 
Clo<e fits can be achieved in general with adaptive: transver~ fihc:n. o>f \UfficJent 
lell&tb. even "'hen the: unknown plant has many poles and L.:rc--

lf • ctlllUnuous plant ~., ~able. all of it5 poles \Je 111 the left haii t~f the ~-piJne. 
Some of its zerCh could lie en the right half-plane. howc:,er, ~d then the plant v.ould 
be non-mint mum phs.<;<:. The inverJ>C of a rmnimum·pb~ plant bu all or 1b JX'I~ 
m the left half-plane, and u.s envuse is therefore ~Uible But en the ca~ of !I 

non·mtoemum·pha'c plant, the tnVerse model in Ftgure \ l.lO(a) may be unstable. 
Thi~ hn~ic type of in~tabilit~· may be removed by including the ul\tr<.e m(ldcltng 
t.klay, : ~. ~huwn in Figure ll.lO(b). This delay etf~tivcly allows the adaptive 
model to hove a two-~idod impulse response a~; described prcvtou~ly in connection 

I tu thO rr:llt 'A'Ntcl, pllll\t> 1,0 b<! OQIIIIQUc.J a«: CO!lli!IU'll'-' An~ ll.fe II!JHt.'-CiliM ~~ h0\111~ p~>lf• ond 
«••• In the 1 plunt J.>lAIW controllers wqrk wt th ~3JJ1ptl'> nf t.h~ «Jnllnu'lu.< pl~nt '"''"'-' •nd outrul\ 
""' the"''"'" "~" the pl•nt 11> i/ l t were di...,n:te. The discu~oon$. an~ty>e~. ortd rompu1cr •lnuolutlllno 
rrc~n lcd hen: ""' lnl«n J.< tr lhC plDnl were di&llal A more complclc do~""''lnn or thl • ,>Ubt~l ,, 
C<'IIIAnltd Ill flrMJ(hn and p,,I"CII(2) 
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Figure 11.10 inverse piB.tlt ml'deling. 
(~) "llh no• lfcJo, : (b) .. ith tn\CL'ie 

m~,lcling llcl•l 

with Figure 10.1. Tbu~ by allowing the dclu} 10 Figure II.IO{b). we can obtain 
approx.unate delayed mvcr..c moocl' to both tl\lntmum-pha<e and non-minimum­
phase plant5 without knov.111g 11 pnon whether or not 11\e plant is mlrumum phase. 
However. as dhcu~ in Chapter 10. M'l!liC knowledge or plant characteristics will 
alway~ be helpful when cbocmn& the dell) ~ tod the lt:t~gth of the t.ta.nsVersal filter 
us<:d for inverse modeling. 

Randum 
di\Mr 

Agure 11.11 MU(lllH 10\Cf\<: onood .ontrol •v•lcl!l-



- 150 -

282 

u 

0 

.Nii', ~ 
•1•1 

I , 
/ ~-::.::: 

Appllcat•ons Part tV 
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The 11dop11vc inverse control method is illustrated in figure 1 1. 11 . llere the 
delayed aduptive inverse. being an ~daptive transversa l filter without fc.cdback. •~ an 
approximate stnblc inverse of the plant. The concept, including the •·andom dither 
signal. is simila r to the AMC concept above. The controlle r in figure 11.11 Is o copy 
or the appro11imate inverse model, and when the system 1s o pernting properly. the 
plant output will truck the r\!ference command signal. which i~ applied ol nn input to 
the controller. The controller output is the driving function Cor the plan t H th~ 
controU~r ~ere on .:xnct delayed plant inv.:rse, the plant output, o.ssuming no not~e. 
wuuld ~ an cuct copy of the input reference command. but delavcd. that 15. 

c( 1) = r( t - fl) ( 11.7) 

A step chango.: tn th.: reference c=d "'ould c:~use a st~-p change tn the plo.n t 
output after .1 delay of A seconds U the 111'-erse model 15 ompcrfcct but a &00<1 
appro"ma11on to the plant im·CTSe. the s tep response t il ) rrugllt appe.tr as tl · 
lu<trated in Figure 11.12. The ideal dela)ed step response IS <upcn.mpolCd m the 
wmc ligun: For c.lmparisQn, Figure 11.13 shows a l)'JIIC3l step r~~~r»e t>f a stmplo: 
f«dbolC~ CQntf<'ll'y,tem. (tIS Often intcrest:ing lO oompar.: thiS t)pc Of ~pon~ Wllh 

th~t of the 10\'efSC model COntrol scheme. 

Tvr•"'' cioted-lr>op 
conuo1 •vscem 
•tC'I\ (Hf'Unn 

R gur• 11.13 Step •••runac t•f a 
1o!\m\t'OUOU.ll l.Joacd~lnap COlli WI J \;'\lt'Ul 
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A problem c:lUcd uplant dnft" 1$ Often Ob1cn0:d 1n feedback COOtrol systems 
that have at lea5t one ~ta&e of tntegrallon ~11h10 the contTol loop. Plant drift is 
observed a t lhc plant output &\ a lo~ ·f•equ~-ncy random component superimposed 
on other plant outputs, Jnd oC occur~ <pontaneoo~l). not 10 respon-.e to plani mpuu;. 
When this effect•~ strong Cllt>ugh to rC(jwre a cure. one can use the method based on 
a bias weight m the mvene modc:L wluclll\ Illustrated 10 Figure 11.14. 

A.~ume that the plant output has lln addtlive dn(l, d. and thot the adaptive 
plllnt •ovcrsc model has an adapiiH~ bi~ wetght, 11•,j Refcmng to Figure 11.14{a). 
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the mean value of the plant input ls defined as u, !.he mean or lhe plant output is i', 
and the mean of the inverse model output i~ .r. For the sake of this di;;.:us~itm. the 
plant is represented in Figure ll.l4(b) as an FIR filter ha,~ng the discrete irnpttlse 
re(!ponse [a0 , a1, a,, .. . , a.,]. Using these definitions, the mean of the plant output 
r can be expressed as a function of the p lant drift and Ute mean of the plant input il: 

M 

f= d + ilL a., (11.8) 
m - () 

T)le adaptive iovcrse modd. which i~ an F IR filter with a bias weight, is shown in 
Figure l1.14(c). The m~n va lue of i t ~ output is 

L 

s = 111) + -c 2: w, 
1-0 

(11.9) 

SilJce the adaptive process minimi7.CS m~n-square error, the bias weight wJ 
will be adapted so that the error will be unbiased (any bia~ will oeedJessly increase 
tbe MSE). Referring to Pigure ll.14(a). we may conclud<: that 

s=ii (11.10) 

Referring now to Figure ll.l4(d), we recaU that the rcfer.::nce command input for 
the entire sysrem with mean ; is applied to a copy of the plant inverse. 

Since this copy of the pl~nt inverse drives lhe plan! with a signal whose mean 
has been defined to be: u, driving the copy with an input whose mean is r causes its 
ouiput mean to be 

/.,. 

u= w0+ f E w1 
l - 0 

Con1bining (ll.lO) and (11.11) y1elds 

L 

s = ~~~ + i'[ w, 
1-u 

Comparing (11.12) with (I 1.9) gives the desired result, 

c=r 

(11.11) 

(11.1'1) 

(11.13) 

This result implies that regardless of the amowll of plllllr drift. d, the mean of Ute 
plant output. E. is equal ro the mean oi the reference command input f. In effect , 
tne feedback in lite adaptive process compensates for the plant drift. 

Since this analysis of compensation for plant dri ft applies to zero-frequency 
(de) drif1. it leaves some unanswered questions. For example, how fast can the drift. 
d, change withou t causing an o utput bias'? How fast can the mean of the mput 
reference command change without producing a significant error in the m~o plant 
output? What are the elfeets of dynamic inverse modeling errors on system perfor­
mance? These questlons are topics of Cltrreo( research. 

Another subject oJ importance in adaptive inverse modeling is the use of a 
dither s\gnal lU prornole smooth aod constant adaptation. Refer aJlain to Figure 

Chap. 11 Adaptive Control Systems 28S 

ll.ll. A random ditl1er signal is il)jected to sustain the adaptive p roces$ when 
sufficient ambient sigoaJ activity is laCking, The dither i.s beneficial to the adaptive 
process but causes n.oise at the plant output. and .>bould lhuJ; be kept small in 
amplitude so as not to unduly distu rb the plant. but be strong enough to sustain the 
adaptive process. Tbe design of adequate dither is another ~ubject of current 
resea rch. 

EXAMPLES OF ADAPTIVE INVERSE CONTROL 

Several exampt~s of the adaptive inverse control system in Figure 11.11 have been 
s imulated. Both the plant ond tbe C<)ntroller were simulated us discrete systems, and 
differen t combina tions of plant pole and zero locations were tried. The following 
results are typical. We consider first a plant having two poles and no ~ros. The 
pole locations of this plant (1) are shown in lhe z-planein Figure 1 1.15, and its step 
respon~e is sbown in. Figure 11.16. The in verse of this plant, witlt two zeros, was 
easily realizoo by the adaptive F IR filter which 1\ad availahlc 32 weights in the 
simulation. The impulse response or the adap tive inverse after convergence is 
plotted in Figure 11.17. Using this inverse as a controller as in Figure ll.ll, the step 
response of the entire syst.:m is exact, il.S shown in Figure 11.18. Note the etrect on 
this step response of the inverse modelin& delay .:l. 

L1)1ane 
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pton11. 

Figure 11.16 S1<p r~sp<Ju>'t of 
pl>nl I. 
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A polentiolly more difficult c-ase is lhal or controlling plant 2. which has a pole 
at the origm and a single "tero located as shown in Figure 11.19, and is thU$ a 
no:~-minimum-pha.~ plant Again. the delayed adaptive inverse.- model was formed 
as m Figure I U 1 and used as a controller. The impulse response oi the adaptive 
in\erse with L = 32 and ~ = 16 is shown in Figure 11.20 and the step rcspoose or 
the resulung control system is shown in Figure 11.21. In this case, using the dc:lay, 
ther-e was no real difficulty in controlling the non-minimum-phase plant. The slcp 
re5pons.e 1s perfec~ except for a small amount of ringing.. 
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' '~«~~ 10 tbe prccedmg e.xamplo. the tightness of control dcpcn<b on the 
clownc~ or bt bo:t"oen the true 10\'efSC zmd the tD\~f'Se tellli.:ed b\ the adJpt.l\e 
lilttr. AIM>. tht' clwactcnsucs of the dither signal and the number of "C'I&hl\ 
( L , I) 1n the ad.apuve ID\'CTse affect the o~-erau control1n v.a\~ th.tt dcpenJ on the 
!ig.'lal ch01acten5Ucs ;u well as the planL 

PLANT NOISE AND THE FIL TERED-x LMS ALGORITHM 

l.~t us no"' cxrunim: the gomeral problem oJ plant no1~ 1n a control o;v,tcm. We hove 
~ccn how the inclusion of a h1a.~ weight in the ndapuv.: inv~r~c modelnllev1ate.' the 
problem or low-frequent')' plant driJt. However. lhcre is u diflicully Ill u~ing thl~ 
~amc remedy ogninst plant nois.: at higher frequencJes, 11 little nbo'c r~:ro 11nd 
beyond. The nuture of the difliculty can bil visualized rrom in~pectioo of Figure 
11 .22. In mo~t plty~ical situstions. plant noise ca.n b.: represented as nddiuve noi~c. 
munlly nonwhne. 111 thc plllnt output. regardle;.s of it~ source Within I he plnnt it'l'lf. 
The ciTcct~ or ~uch noise on lhl· inverse modeling process are :.pp:orent. ·n,i~ nuise ~~ 
un addnh e tnput to the aJaptive filler and is not com:latcd wuh the de.~• red· 
response input to the control ~ystem. As the adapuvc proce~~ ooovergc~. the invcM 
model approach~:.~ the Wiener solution which. from (2.171, 1s of the form R 1 P The 
plant noi"'¢ v.1ll ha'e no elfcct on P, but will have an effect on R and of coun.e on 
R 1 The re,ult of plant noise is therefore to cause the adapu•e ~oluuon to be 
gereraiJy dilfen:nt from that of a close appr0lll1llation tO the dela)cd ln\(:f\C rhus, 
i( the n01-c '' o;Jgnilic;;nt, tbe adapti\e imerse control approoch a~ "e hJ.\t ~'en it 
cxrre•\C<l abovc nuy not be sa~factory. 

The problem OJ pi=l noise bas motivatcd the dC\dopmcnt Of 3 DC" aJgonthm., 
the" filtered-~" LMS algorithm, wlricll allows adaptation or the 1mcr!!e filter placed 
foN ard of the plant in the ca_-cade sequence. With thh :tpprooch paruall~ II -

Figure 11.22 Ad,opltv••lnY<rl•' lllli<l~Hn~ 
,,r ~ not')' rMnl 
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lustrated in Figure 11.23, plant noi~e <li>el. not uppc:H in the adllptive fil1cr input. 
Even though the plant noise cl~nrly 1~ a cnmponem of the error c., a~ seen in Figure 
11.23, this noise will h~ve no cO'cc l \)II th.: converged solution for the inverse filter 
provided that the adapting fnpul cnn be derived properly. 

H 'vc a.~sume an FIR model, the mean :.quare of error rk to F1gurc 11.23 is a 
quadrauc function or lhe adapllw litter v,.ei&ht~. Therefore. adaptalion has th.:: 
potential for ~moodt comergen~ wllh ~ un1 m~ol perfonnancc :.urface. But jf the 
Ll\t S aJgorithm IS to be u~ed to adapt tJ.e 10\-erse filter, as ~uggC:loted in Figure 11.23, 
we must derive an oppropnote "<.l~trcd" i&nal to compare with lhc model output. 
)'4. The signals J, and c• will not \uAict, ~3u~ r, tS the error at the plant output:. 
not at tbe ad.aplt\e filter output If t • 1S u~cd d1r.:ctly v.1th the LMS :tlgorithm to 
adapt tbe in,er..: filter tbe adaptl,·e proc:a..s u. id~t guaranteed to be unstable. or 
if not. to find liD tm:IC\11nt solution H 'l'e :~te to usc r •. v,.e must (1)3].;e a 
fundamental change Ill the adaph\1: al~nthm to pmrul its usc in this situation. 
This change results 1n t~ filtered·x L\1S elgoflllun 

To make such a ch:lnge "c must t\AIIUlle the ~tructL•rc of the L:\iS algorithm 
as applied to the :W.ap13llon o>( 11n FIR li.ha A detailed Khematic is shown in 
figure 1124 f1r~t, Figure 11.24(3) \ho"s the o>verall adapthe 6.1ter 31ld signal~ 
~inular to F'JgUre 6.1 Then Figure I I 24(b) <bov.\ the dct..lll~ of the LMS algorithm 
m (6.3). The two dmgr;s.ms rcprcsent Cla.;tly t~ •ame system The more detailed 
repiesentauon L~ occe.~sar. for the c,uutructlon or the filtc:rc:d-~ LMS algocitbm. 

Returning to the problem or Figure 11.23, that i!>. bow to adapt tbe adaptive 
filter, we neglect tile plant not~ for tht moment and commute tbe. pla.nt wilh the 
LMS filter as shown in F1gurc I 1.25(a), whereupon lhe LMS algontbm is applied 
directly. AdJUSting 1he wc1&)1h to minimize the mean squnre of t 4 will }ield the 
correct set of weights to m11111TU2e I he mean squart! or ft 10 Figure I I 23 with plant 
noise neglocted. Next regard the sys tem diagrammed 1n F1~ure. 11.25(b). Here the 
adaptive filter 11nd the plant I'(:) tue c:U>coded u~ onginully in Figure 11.23. H the 
adaptive pmc~o;.~ shown in Figure 11.25{<:) turn~ ou1 to produce the $ll.me set of 
weights as that or Figure 11.2S(u) and (b). it ( the liltcrcd·.t LMS algorithm) is u 
viable solution lO the adnptauon problem of Figure tt .23. 
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l•l 

AO APTIVE FILTER 

xk 

LMS ALGORITHM 

(bl 

Figure 11 .24 Rlock dilll,r•ms of •he I !\iS odapliv• fihcc: (a) in over•ll form 
nmliM"' Fi~ure 6.1 ; (1>) M\uwing the d<t.oil~ at 1be LMS Kli<r of (6.3) 

P.art JV 

Comparing the systems of Figure 11.25(a) and (b), it is clear that the input 
signal vectors available to tbe LMS algorithms in both systems are identical at all 
times. Tl1e errors. the e/S. are not necessarily Ident ical to each other at all tltmes. 
however. They would be identical if the adaptive FIR filter weight vectors were 
identical to each other at aU times and if the plant and till" adaptive filter were 
comtnutable. 

For the sam.: input. the same output results when Lhe position~ of two 
cascaded filters are coom1uted provided that the filters are linear and time invarianL 
The adapt ive filter, .however. is neither linear nor time invariant, as we ~ee in Figure 
11.24{b). On the otlJer hand. the adaptive fUter and ll1e plant would. to a ,good 
approximation, be commutable if the plant were linear and ir the time varialio;ns of 
the impulse respcu1ses of botb tbe plant and the adaptive filter took place wjth time 
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•• 

d, 

,., 
g, Pli.mt 

•• 0 11\fiUt 

+ 
~ _ u, 

(b) 

·· --~----------~ 

Figure 11.25 D~vdoprncnt ol the fi lkrcd·X LMS •tgonthm. 

constants long compared to the combined memory times or time constants or the 
adaptive filter and the plant. 111Us, with slow adaptation. the adaptive filter may be 
considered linear and commutable with P(::). 

AssumiJlg col11.rtlutability of the plant and the adaptive filter and assuming that 
the adaptive weight vectots of the systems or Figure 11.25.(a) and (h) are initiali1.ed 
idcntic.ally, these weight vectors would then undergo identical changes and would 
therefore track each o\hcr. As such, the adaptive process of Figure 11.25(h) would 
b~ SUitable for tbe adaptation problem or Figur~ J 1.23. 

Conv~rgenceof tbe filtercd-x LMS algorithm as defined by Fi,gtue 1 1.25(b) has 
been demonstrated in a variety of situations. Altboug!; lhe arguments above indicate 
that adaptation must tak.e place very slowly. rapid adaptation has been acruevcd in 
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mo~t ca'~ .,..tlh no particular dtfficulty. Other deriv:uions of the liltcred-x LMS 
11lgonthm arc currenlly betng e.ununed m an 3ttempt to occount for 11~ robll.'ltn~. 
Ph~)t<:.tll), 11 appt"an tn v.orl as ... -d] as the LMS algorithm tt..-clr The chot~;C of 
tnllaal U)Odtll\lDS lor tbc tiltcred-x L\<IS algorithm i~ not imponant The algonthm 
·~ ~table .IOU transients woe nut just as \\ith the 000\Cntaonal LMS 3lgorathm 

\\uh lhu new algorithm. we must again consider the effect\ or rlar\1 nOt~ on 
the conVI:rged ~luuon of the v.eight ,·ector. Figure 11.25{c) sho"'s the npphcauont'f 
the filtered-~ LMS ulgontbm to a S)stem with a noisy plant. One c.~n ~ho"' that the 
expected value tlf the ndap11ve .,..eight vector is the ~oamc fM the sy,tc:m ur I igun~ 
11 .25(b) (ttm plant nmM:) as for the system or figure 11.25(c). where there IS plllnt 
noasc. Ahhougb the C:)(peo.:ted value or the adaptive weight vector tS unolfccted h) 
Independent plant noise, plant noise will of course cause an uddiuonal misod.Ju:.t· 
mcnt in ttu~ weight vector. 

INVERSE CONTROL USING THE FILTEREO-K LMS ALGORITHM 

The plani trun~fer function, P(z). appears twice 10 fagure 11.25(b) and Cc), \0 1\C 

must con~idcr how to me the filtered-.x method in an actual inverse control ~itu<ttinn. 
One po~ablc ~h~rnc IS shown 111 Figure 11.26. 10 whach t~o separate adapt!Jve 
prnces.~4:~ lire ll..'l'd. One produce~ a dtrect model or the plant, P(; ), und the nthcr h 
the fiheml-t L~S prlll-c5~ that estimates the plant's del:l}ed anvem~. The wn:ct 
plant m<'<kl, />(. ), ~~ exacth copted and used 1n the filtered ·..\ alt<>nlhm an plaet· or 
the unavrutable plant. P(: 1 itself. Although none of the roregotng ilf1u!lknts 
~latang to the dtnvaue>o of the filtered-x algorithm would lead one to e~pect that 
P(: 1 need not be \'CI) pr«asc "ben incorporated into the algorithm, cxpcncnce ha~ 
~hown this to be the c;:&)C The flltered-x algorithm :~ppea~ to be robust. and current 
evadenlc mwcates t.h:lt the most IIDponant attribute of Pc n •• tbat 1b 1mpul!>< 
resron<c have 31 least olS gr~t a transpon d!:Ja~ as that or P(;) Itself The tritlO'!J""rl 
dda} as defined a~ the ume from the iniuating input pulse to the fiN nonzero output 
re,po~. 

In the syMcm of Figure: lt.26. a delayed mverse model as u ed to pro\1dt the 
enntrol ~•illJ.I. "•· to lhe plant The reference command an pot. r1 , driv~ the '""<'r)t 
model. All discuSSC\.1 previous!). a smaU dtther s1gnal may be ma~ed .,.,th '• to 
~ustoUI tbt ndapti\'C pn.x:csses an tbe event of 1nacthity on the pan or '•· When the 
tndavtdunl ndnpu"e procQSes converge. the overall system response to a uep 
function input will be ll dose approllimaoon to a delayed step, delaYed hv umc A 
Although the 1wo adaptive proctss~ are not ind~pendent in ll ~trict SCil)C, they 
behave wath ~low ndnpt.llion as if th~y were independent. A preo.:1se anuly~•~ of the 
l'Otirt' system Of figure 11.26 is CliTrentJy in progress. 

l he plunt n<>ise in Figure 11.26 would contribute to noise in the w~lght~. in 
holh nduplivc procc~cs. but would have no effect on thear conv~rgad cxpcct~d 
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~CJ!!ht ~tclor,.. llte plant n01~e as untC>ntrolled, .md appea~ at the- plant lllltput ~if 
the plant ~ere toudly bOb ted from the re't of the S\)tem ln some cases feedback is 
applied lO J'Unts for the pUfp<l'IC of reJuong llO"Clat.:.J OUtput OOISC (l - 3. 6 .. 1). 
Such feedback (.-ould be appiJed to the pl.ant. P(; ). an fagure 11.26 to reduce noese 
Jr t.hi.s were done, the comt>mataon of thr plant and ~~~ feedbad. would be regarded 
by the rest or the S)~t~m ·h a ne"' "~tii~Jic:nt" plant v.hich would be modeled ll1!d 
inverse modeled JU.~l a,, Pf;) an fagurc II 26 

Although plant o01sc ~ not tontrolk-d by the S\Stcrn or Figure 11.26. lov. ­
frequency plant drift can be ca.\lly controlled by adding an odapti\'1: bias \\eight to 
the io,erse plant modd. a. tlhJMroto:d tn the ~y~tem or Ftgure 11.27. The btas weaght 
"ll has a fixed unit input i11 the ltgurc, but 11 could h.!\'e II~)' oth.-r lUted value. The 
LMS algorithm is used to AdJUSt w0 r 11 hove l'l predetermmed convergtn<.'e rate for 
this weight. llw chukc of 11 must take: rolo account lts fixed input value and the 
";>,ero·fniqueocy garn" of the plttnl t>( :). lhnt 1~, Lhc r~tat• of the mean or the output 
of P(:) to the mean of lhe input. When the b~tt~ weight conve.rges, the mean of the 
error, El ~d. Appro~chc~ 'l.Cr(• nod the mean ur the plant output, £[cd. becomes 
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Figure 11.27 <W..('t•' t .nwr~< 11\CXltl con11ol ...,loot lb h o;urt 11 : to, but wuh t>..u ,.,_g~u 
.!ddt<lt<' '"'" "' plant Jnll 

+ 

equal to the mean of reference command input, £( r4 f, reguroh:s~ of the amount of 
plant drirl (sec E~en:1~es 12 through 15). 

MODEl. REFERENCE CONTROL 

With a slight mooilicauon of Figure 11.27 "''C can encludc the concept or "model 
reference control" 9.htch v.a.s introduced by Droiper and Li (1 - 31 1n 1961. Thi.:, 
concept ~ mftuenccd much or Lhe control svstems llteratutc smce thnt Lime:. The 
tdea is to build. de 1g11. or to adapt a sy; tcm rn such 11 v. a'v that Jts 0\1!rall 
input- output ~poru.e ch.ltactensuc best matches a reference model r~-pon2 or 
some form or tdeal rc,!>()nw. Fot compte. suppose that a high-performance aircraft 
has a subsoruc dyoam1C: respon..e to its control )urfaecl> wh1ch ~~ substanLally 
different from "' re...ponM: ut supersonic speed$. 1 u provide the pilot with a 
consistent aircraft respon.e rcgllrdless of wrspec:d, M autOpilot accepts the pilot's 
cont rol inputs a.nd nctuutcs the control-surface hcrllo~. The nircrllft response to pilot 
Inputs follow5 the rc.~ron~c or o reference model which i~ chosen by the sys1em 
designer to gave the uircrnft a "control f.:el .. that is liked by pilot~ Many pltysical 
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systerus arc desisn~J to re~pond like models. and many of these sys tems arc 
adaptive. 

ll is easy to modofy cuh.:r Figure 11.27 or Figure II 11 to mc:lude a model-ref· 
erence feature. We ~imply replace the inverse modeling delay v.ith the reference 
modeL Then the o~erall system response will be liJte tbnt o r the reference model 
rather than a sample uela> The modificalton is ~bown tn I ig~.trc 11.28. 

The purpo:.e of the llelll)' (z ~ ) in the systeub of Ftguro lUI and 11.27 \\'3.> 

w make po~Mhle .JCCUrate 1n•er<;e modeling, corrc:~pondtnJIO J lo"' mean square of 
errore~. With the dds)' alb ~·ble to trade av.ny immed1ate S) 'tem response for a 
delayed IM lllOre prcose re$poose. As discussed abo\c, the delay is needed -...ben 
Lhe plant, P(;). lui~ tran~pon delay or wbeo the plant •~ non-m•nimurn phase. 
When replacing th~ dchl) wuh a reference modd.1n cases v.hcre the delay would be 
required to form an oocurntc mverse. generally lhe reference: model should also 
include such a doluy. One must en;ure a reference model response that can be 
accurately rCllli.c.cd by the ndapuvc filler cru;caded w•t h tbc plan• P(:), given that the 
weights of lhc ndnp t1 ve filter nrc set to minimize mcnn-;quan: error. The concept of 
Figure 11.28 Wlll perform remarkably well as long~ the adaptive system is gjveo a 
feasible task. One ~hould not expect it to respond faatcr or more iotncately than it i$ 

able for the ga~cn punt, P(z). and its FIR adapu~c controller 

~~~-:!i'ltS r---------
t 
( 

I 
I 
I 
I 

PI Of' 

dt.f1 
~. 

+ 

I Pr•nl I 
)--i-~ ~UIQUI 

Figure 11.28 1\,JnpUve ln\<t\C moo~l <OOIC<JI su"lJ~f 1(1 h~lltt )1 27 but oncludin• U 

cer~rt'J~t'C'" Oh~tl 
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To provide an example of a model-reference adaptive inverse control system. 
we consider the following implementation of Figure 11 .28: 

Plant: P(z) = 2.4: - J(l- O.Sz-') 
(I + 0.6z - 1)(1 ·- 0.7: - 1) 

0.2sz- j 
Reference model: 

(1 - o.sz -•f 
13 model prefilter weightS in .i>(z) 

1.80 

0,60 

0.30 

T!moif\deJ( 

Figure 11.29 Sc~p r~:>pl.lu><. of tbe unevrupon$aleJ pl>nl UI'Cd in the c.wmplo ol model 
t(h."!rent.-c con trol 

Chap. 11 Adapt1ve Conlrol Systems 

45 controUer weights (L = 44) 

II-= 0.0005 

20,000 itemtions for the aduptive prot-ess 

297 

The step response (to a urut Slep func tion) o f the uncompensated plant is gi\<en iu 
Figure 11.29, and Figure 11.30 shows the step response of the compensated plant 
superimposed on the step response of the reference model. It is evident t.hat a very 
c lose match has beeo obtained. 

1.00 

0.7& 

0.00 

Time mde?t 

Figure 11.30 Step r<1!JlOOSC <>f the con\pco;orcd plant 1 1 ;upcrimpo>ed <>n the desJrcd ''cl) 
rnpon•• <•f t~c rcfcrenc:.. rnodol, illu11ro,;ng "'"ces.,ful .ndupcatiOll. 



- 158 -

p 

298 Applications Part IV 

EXE R CISES 

L 

I. Given the tran.;fer function H(z) = L w1z ·t wilh input x, and output YA. derive an 
1•0 

inverse ~\gorilhm, that is, a formula for the input in term~ of Lbe outpuL Check your 
3nswcr with Equation {11.2). 

2. Explain in 100 words or less tbe diJference between adaptive model control and adaptiVe 
inverse control as described in this chapter. 

3. Giv~n lh~ system below with u, a wlrile randoltl signal, program the LMS a lgorithm and 
sbow ~-onvef&<:nce of the adaptive inverse modt:'l by averaging 100 l"llming curves. 

4. After conve-rgence. plot the step response !tom u; to y, of lhc system io E~ercise 3, 

S. Use the LMS algorithm to adapt the -system below and plot the Plodel impul~ response 
after convergence. Use D white random signal for "• · 

6. In the >ituation shown below. let r, again be a white random signal with power o/, and 
let "• be indcpendem wrutc noi se with pow~r a!. Let lhe model wnverge using the LMS 
afgoritbm and plot th,e oveJaU step response, from r1 to .cA, ror signal·IO·noise ratios, 
o,

2
jof, equal to 0.0. O.Ql, 0.1. and 1.0. AdJUSt I' to giv" near-optimal resul(S. Compare 

and explain lhe four p lot5. 
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7. Ptove Lb:n £( tl] in Figure 1 L23 is a quudJatic function of lhe inverse model weigbl5, 
glveo that the model is an PTR filter. 

8. fn th" systc:m with plant noise shown 1n Figuie 11.25(c), sbow that th~ optimum wcighl 
vector is the S!I{Yle as wh~o there is no noise. 

9. One can use the Hllered-x con~pl ia Figure 11.25(b) lo obtain the adaptive recursive 
iltt.ershown below, with transfer function H, l :) -.Ak(~)/[1 - B~(Z)]. Try to relate lhe 
diagram below to pj&ure 11.25(b) and e.<plaio the inputs to each of the LMS algorithms. 

r--------------------, 
1 Adtuttable 1 
1 rt.~oCUrrw., 1 1 fll1..- 1 
I I 

·, --~--------+-~ Ourput 
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10. Wri te an algorithm similar to Equation (ILSS) for the adaptive rccun;ive filler above 
A~sumc that borb A.(z) and 84 (z) bav<.' L + 1 weights a~ i.o (8.55} and that the 
cnovergcnce parameters are the s(lme as tn (8 S5). Comment ou any ditrcr~n~> between 
the rwo algorithms. 

11. Suppose lh«t we construe! tbc system below to establish a "1.ooc or silence" in a room 
containing noisy m:ll!hinery. The idea is tJ) get the loudspeaker to cancel the machinery 
nobe in the vi<iWlJ of the second microphone. Show that this IS a ftlterod-~ system by 
relating it in detail to F(gure 1 L26. Discuss some or the problems that might occur in 
making it work. 

12, Derive. nn expre. .. >ion. for the time ct>t>Sl~llt of the bias weight in Figure 11.27. Let the 
tero-frcquc:ncy plant gain bt P0 • Assume that w0 is adJUSt<'<! using the LMS algorithm 
'"ith IL - 1'-u• il.lld ...,umc that the plant dri!ris con;ra nt and cqu3lto d. 

13 .. Assum.iog tbat p.. is chosen properly for the bias Weight in Figure 11.27 and thai th~ 
Weigh I eonverges, prove that the mea!! output. £[ <'1 ], equals the me~n iopul, Elr,], 
rcgardlcM of plam drii(. 

14. Tile i nclusion ol 3 bias weight accompli>be> the sam~ result as the fcedba.ck prQCCSS 
below, in terms of piiUit ()utput. What are a. and {J in lerms of Pq, p..0 • and tf in Exc.rcisc 
12'1 
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IS. Wha t u the r111lgc ,,r p.. for St<tble operahon or the bias weight. given thai the tcr<l-frequoncy 
pl3.11 t gain is 1'0? 

16. Using the data fro m the ('Xnmple of the model-r~feren-:e adaptive inverse ~onlrol system 
at tbe end oJ this chapter. run tbe system shown in f'lgllfe J l.26. Use wro ditho.r and 
plant noise, iet rk be a white random sign~tl , and usc 0:. - 22. Plot a learning curve of f; 
versus k to get a rough idea of the ,;o.nv•rgcncc of the Oller~-x proocss. ~nd plot a 
similar learning curve ror the prefilter, i't:). Usi11g lhe. fioaJ '1-Cigbl$; ma.k.e a plot lik.e 
Fif!Ute 11. JO, 

ANSWERS TO SELECTED EXERCISES 

Ll. ~ ~ 1/(21'-nl'o) 

14. o = - lptl/.?,1; fJ- 1/Pn- 2.tJ 
15. 0 <I'< 1/ llP;,) 

REFERENCES AND ADDITIONAL READINGS 

L L D. Lan\lau, Control and Syxtems Thenry, Vol. 8: Adopti11e Comrol. :Kew York: Marcel 
Deld<:er, 1969. 

2. G. F. Fr:vlktia ;md J_ D . Powell. DtgftiJI Cmurol of D_yntmrtc Sysmns. Rcadtng. Mass,: 
Addison-Wcslc)•, 1980. 

3. B. C. l<u''· Automatic C01urol Svstems. l':n&lewood Cliffs, K J. : l?rentire-Hall, 1962. 
4, f,_ Mishkin !Uld L, Braun, Jr. (Eds.). Adoptil.ll! C{)mrol Systems. :l\ew York: McGraw-Hill, 

1961. 
5. 0 . Swordc.t, Oprfmol Atlapliul.' Control Systems. New York: Ac~dcr.nic Pre;s, 1966. 

(;. B. C. .Kuo, Dir;ttol Control s_I'Sm,.,-. Cbamp:o.ign.llJ.: SRL PuhUshlng.Co .. 1917. 

7, S. M Shinners, Modem Comrol System Theory ond Application . .Reading, Mass.: Addi~n­
Wesley, J 973. 

8- Genentl Reference. IEEE Tra•rsactlom m1 A utnmath· Control, 

9. General Reference, PrO«~tli~ oj1he IEEE Conference 011 De.cl.rfon and Comrol 



- 160 -

302 

Adaptive 
Interference 
Canceling 

chapter 12 

The usual method of ~stimating 11 signal corrupted by additive noise1 is to poass th.e 
composite signal through n filler that tends to suppress the noise while leaving the 
signal relatively unchanged. The design of 8uch filler~ is the domain or optimal 
filtering, which originated wuh the piOneering work or Wiener and was extended aud 
enhanced by the work of Kalman, Bucy, and otht.:r~ [1 -Sj. 

Filters used for t.he foregoing purpose can be fixed or <ldtlpllve. The de:sign of 
fixed fillers must be ba500 on prior k1;1owle<tge of both the signal und the no1isc, but 
adap tive lilters have the <tbility to adjust their own parameters automatically, a11d 
their design requires liule or no prior knowledge or signal or noise ebaract•msucs. 

Noi~ canceling 1S a van:uion of optimal filtering that is highly ndv;uuageou~o m 
many applications. lt use~o 110 auxiliary or reference mput derived from one cor more 
sensors located at poin ts in the no~ ficld where the signal JS wed.k or undeu.:ctable. 
This input is filtered and &-ubLracted from a primary inpu t c:omnining bi.lth, signal 
and noise. As a result. the primary noise is auenunted or eliminAted by c:<tncellalion. 

At first &lance, subtntcting the noi~e from a received signal would seem 
dangerous. tr done impro)perly it could result In nn increase in ou tput noise power. 
lf. however. filtenng and subtraction aTe con11olled by nn appropriate adapth•e 
process. noise reduction can in many cases be :~ccomplisbed .,.,,th lmle risk of 
distorting the signal or increa~ing the output noise h:vel. In circumstances where 
adaptive notse cancelins IS applicable, we Cilll o ften 11chieve a degree oJf noise 
rejection that would be difficult or impossible to acbieve by direct filtering. 

Our purpose io this chapter is to dc5cribe the conc~"(lt or adaplivt! noise 
c:anceJlng, to provide a t.heorcliea1treatment of iiS advantnges and limitations. and to 
descnbe some of the application.s where 11 i~ mo)t useful. The discussion here ~~ 

based on the December 197.5 Proceedings of the IEEE paper. ~ Ad:lptive Noise 
Cancelling: Principles and AppliCiltions," by B. Widrow, J. Glover. Jr., J. M. 

I ~()t ounpllc•l_l' tbc-lerm •• o~'" ~ U>l!d h~tc II) I!II!IJifY .:til (orm~ or Jnterferene<. da~trmuli>lla ., 
w<ll.L>JI<>-"hobiO.:. 
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McCool, J. Kaurut.z.. C. S. Willia.m.s, R . H. Hearn, J . R. Zeidler. E. Dong. M.D., and 
R.. C. Goodlin. M.D. 

EARLY WORK IN ADAPTIVE INTERFERENCE CANCELING 

Some of t.be earliest worl.. in .. oJaptive interf.:rence c:ancelint; was performed by 
Howells and Applebaum and thdr c:oll~.agues at the General Electric Company 
between 1957 and 1960. They de-~igned and built a system for antenna sidelobe 
canceling u~ing a reference input derived from nn auxiliary antenntl and a simple 
two-weight adaptive filter [6). 

At the time or this carlv work, only a handful or people \\ere uuerested m 
adaptive syst~ms. and the de~elopment o-r the muluwcight adaptive filter was just 
beg.innlng. In 1959. Widrow and Hoff at Stanford Umversity were dcvi$ing the: 
least-mean-square (LMS) adaptive algorithm w1d the pattern recognition scheme 
known as Adaline (for "adapuv~o~ lin(!;lr threshold logic element'') (7. 8]. Rosenblatt 
had recently built his Perccptron at the Cornell Aeronautical LaborBtol)' [9-llj. 
Aizermann and hls colleague~ at the Institute of 1\utollllltics and Telemcehanics in 
Moscow. USSR. were constrUCting an automatic gradient searching machine. In 
Great Britain, D. Gabor and his associ:ues .... ere developing adaptive fihers (12]. 
Each of these efforts was proceeding independently. 

Tn the early and mjdllle 1960s. work on adaptive systems intensified. Hundreds 
of papers on adaptation, adaptive controls, odnptivc filtering. :rod :ldaptive sig.nal 
processing ttppearc!cl in t.hc literature. An important comrncreial application of 
adaptive filtering in digital communications gti.!W from the woLk during this penod 
of Ludcy at the ~IJ Laboratories (13, l4J (~e FigJ~re 10.13). 

In 1965 ao adaptive noi~nceling system ~as bull1 a1 Stanford University. 
Its purpot.e was to cancel t.he 60-bert7. interference at the ou tpu t Qf an elo:ctroca.rd.io­
graphic :~mplilier and recorder. A description o f the system, whi'"b made use of a 
two-weigh[ analog adaptive lilt6r, is presented below together with analysis and 
results reoenlly obllll.lled by computer implemenuuion. 

Since 1965 adaptive noise canccling bas been ~ucc:essfully applied to a number 
of additional problems, indudmg olher aspects or electrocardiography, t.be elimina­
tion of periodic int.erferencc in general fl 5J. 3Jld the elirninal1on of echoes on 
long-di~>.1ancc telephone transmission lines r16. 17). A paper on adaptive antennas 
by Riegler and Compton [18[ genera lizes the work oraginally perfc•rmed by Howells 
and Applebaum More of the la11er topic wJII be presented in Chapt"r 13. 

THE CONCEPT OF ADAPTIVE NOISE CANCELING 

The l1asic noi>e-c-o~ncding situation i~ illustrated in Figure l2.l. A signal is trans­
mitted over a chwmel to a sensor that re<:e~ves the ~ignal plus an w1corrdated noise, 
n0 • The combined signal and noise, .f + 11 0 • form the "primlliY mput'" to the 
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canceler .. A ~l~nd J>cnsor receives a noise n 1 which is uncorreluted with the signal 
~ut corrclo~~d "! . .son1e unk_nown way with tltc nol~c n 0 , This ;.c;nwr provides the 
ref~re11ce mput to the rnncelc.r. The noise n1 1s tillcred w produce an output v 

that1~ d clo:~e rcph .. -a or lin. ·rh1s output i~ sublr.ICted frCirn the: primary inputs + ,
1 to produce the sy~lcrn output. .f + 110 - ). n 

l~ one l..new the charllCteristics o{ the ch1U\11c:ls over wllich the ooise was 
transmuted tt1 the pnrn~ and rere:encc se~. Cine could. in general. des, a 
Ji..•o:ed lllter cap.tblt Clf cbang~ng "' mto 1 - n 0 . The filler output could th~ be 
~btracud fmm the pnmary wpul, and the ~ystcm e>utput v.ould be t.he s1 a1 .tlonc 
Smce. hov..e~cr. the characteristics of the t~1nn path~ are 3~ d be 
unkn?'"'" or known e>nl) approtimately and not of a li~cd nature. the u.<;e :r a ~ed 
~ter ~ not fca!>1ble. Mnrcov~r. ~= if a li:l.ed filt~r v.cr.: fea;;1bte. 1ts char:uacristic; 

ould hu~e ~n ~ .ldjuSted Wlth a preci~ion d.lllicult to wnin, und tbi! slightest i!rror 
could result 111 tncr.:ased output noise pOwer. 

ln the sy~tcm bhown in Fjgure 12.1. the re!crcn~ input is pmccssCd by :tn 

adaptive 61t~r lh~l uutomnucally adjust.'> its nwo impul'c response ·lhrou 
11 least-~quares algoruhm su~:h as LMS that rc~ponds to an crmr signal d ~ 

among other thmgs. on the filter's ourput. Thill> WJth tile prop.:r algorithm, ;~n i~~t, 
~ opctate under chnnging conditions and call n:adJUSt 1tseH contmuoU:I: : 
aununw: the error ~•gnttl. · 

We h,l\'.: ~cen 111 prevtous chapters that the error '>lgnill used in 3Jl r.dapu"e 
proa:ss depend~ Cln the nature or the apphcation In noi~e-c.t.nC<hng 5''5llms the 
rracucal obJet'll\'( l\ to produce 8 ~\stem output . .f -t n,- r. that is 8 b~t fl in tbe 
_east-square~ 5CJI~ to the SJgnal s This obJecuvc 1S accomplished bv feeding the 
~ystern outrut ba.ck to the adapuve lilll:r and adJusung th.c: filter through an adapti"e 
afgont.hm to snm1mm: the totnl system output power. In nn o~dApllve noise-Cl!nceling 
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system, in other word~. the ~ystem output serves as the error signlll for tJte adaptive 
proc~ss. 

One might think that :.omc prior knowledge of the >ignnl .t or of the noises ''o 
:md 11

1 
would be ncces~ary before the filler could be de,igned. or before it could 

adapt to produce the no!S<!-<:~.nceltng signal y A Atmplc argument will show. 
however, that little or no prior knowledge oi s, n0 • or n1, or of thcar interrelation­
ship~. either stau~ucal or dcrernunisuc. is reqwred 

Assume tbat •. " u• n 1, and I' :sre statistical!} Sldllonary and hn\e zno means:. 
Assume t.hat s a.s uncorrd3ted "'llh n0 and " (· and &oppose that n1 as correlated 
v..it.h n 0• The outpul ~ 

ll2.1) 

Squaring. one obt:Un~ 

(12.2) 

Taking e.xpectat•ons of buth sides of (1 2.2), and realiz.ing that .v 1., uncorrclated with 
n 0 aod with y, yields 

f.(r1 l• E[s:l i E[(n0 - y)11-1 2£(s("o ) )] 

• 1:.[ ,: J + l: [lnl)- .dl (12.3) 

The signal pow~r £1 r ' I v. til be un3ffccted as t.he filter is adJU)Ied to m1rumile £{ e1 
]. 

Accordingly. tbe 01101mUm output power is 

c.,..(c~)-E(•:]+E-[fn0 - t)!l (12.4) 

When the lilter j~ adjUSied sn thAI EJ c1 J is minimil.ed, c(( "o .\ l ~ J IS therefore also 
minimized. Titc Iiiier output v is then a best lea~l->qutms e~Limnte of the primary 
noise , 0 • Mon:ovcr. when F.J(n 11 - y) 2] is minim11.Cd, I!J(t 1 )J J os nJso mini­
mized. since, from (12.1), 

(12.5) 

Adjusti.n& or adapting the Iiller to minimize the total output powc.r ~~ lhu~ tantamount 
to causing the output r to be a best lea.st -squares esum:ue of the Signal .t for the 
given structure and adJUSlabilit) of the adapt1vc filter and fC'Ir the g~ven referen<.'f! 
input. 

The output • v.all gcnera.lly oontain the sil!,llal • plu~ S<)O'IC nn1se From (1:!.1). 
the output OOtSe ~~ &Jven b) (n11 - 1). Sintt minimwng £1t~ l m1mm174 £((n0 -

,. )~1 minimiz.mg tht lot:lf output power m.ininw.~ the output nOISt' pav.cr and. sinoe 
the signal an the output renl3104 constant. mirumu.lng the tololl ouaput power 
maximizes the output s•gndl-to-noi~ ratio. 

We sec from (12.3) that the smallest possible output power is Em .. ! e2
] - Eis1 J. 

When lrus is achievable, E((n0 - y) 11 ~ 0. Therefore. v - n0 and ~ .<. ln this 
case, minimil.inS output pr)wcr cause~ the outpul signal tn be perfectly free or noise. 

On the other hrutd. when the reference input is completely uncorrelated with 
the primary i..oput, the filter " i U "tum itSelf orr· and will not increase output noise. 
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In thi• ca.<c the: filler output .~ will be uocorrebted wtth the pnm..ry mpuL The 
ou ·.put power wtU be: 

£(£'] - El(s + n0 )
2j + 2£[ - y(s + n 0 >) + Fb·;J 

- cl( s + n 0 1!j + £[y1] (12.(\) 

Mintnuung output power requucs that E(y! j be mmun!Ud, wlucb a> accomphM!ed 
bv m.lkang aU weight~ uro. briogu~g E(y:J to zero. 

These argumc:ms ca.n readaly be ~tended to the ca,e where the prnnar, .1nd 
rderc:nce input~ cont.un. in addition to n 0 and " •· addauvc random nol'll::i uncorrc. 
latcd wath each mhcr and wttb s, "o· and "" They can al~o readily be: extended to 
the cilsc where 110 !IJid 111 arc deterministic rather than ~tocha~uc. Note that in 
malung tb~ argauoents above, we have not assumed thnl the adnpllve niter neoos­
btuily converg~ to a lintiiJ filter: that is. we have not used the Wiener litter theorv 
d.:.1cribcd in Chnpter 2. • 

STATIONARY NOISE-CANCELING SOLUTIONS 

In tht~ section optimal unconstrained Wiener solutions to certatn stataonary noi!lt· 
cancel1ng problem~ are c.lenved. Our purpose U. to demonstr.tlt the inc:rea~>e 1n 
~isnJI-to-noior ratio aod other advantages of the noi,e..:ancehng tc:chn1q"~ u 
oppo,ed to the nOil>C fiJtenng technique, when usmg adaptive fihtr) 

A~ prcvtOU.Sl) noted. fixed filtus arc for the most part mapphc.tble m noasc 
caaaccltng becJ~use the corrclauon and cross-rorrehtion runcuons of the pnmar) and 
rcferen..:e mpub are gc:nerlllly unknown and ohen v:srilble v.1th umc Adapu'c: 
lilt:~' .trc roquued to "learn~ the staustics imuaJI} and to trad. them af the) \Jl) 

~lt'IWiy. For suuonat) >tochastic inputS. bowC\er, the >tc:.l<f\<·,tate perftlnronce or 
~ ly o~dapting adapu•e fillet'S dO>dy appro>tim;ltes that of fixed \\-reocrliltcr.. and 
Wiener filter theon thus prov1dts a COn\'f:llient mathematical llnaly IS or SIIU\lae.tl 

n<'!Se-canc.eltng problems. 
Figun: 12.l1how:- a dlssac Stllgle.mpuL \angle-output Warner hiler The anput 

s•gn11l 1~ \• · the output &ignaJ .h· and the de~iRd r~ru.c d, The anput and 
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Figure 12.2 Sinsle·thon~ol Wlc'ner 
filter Ftc•nl 8 Wrdraw ct ~1 .. Acl11pllh' 

Nmtl' C'~Jnn:hot: Prhrttpfr, ami 
.~pplhdtr(llll , ONI!mber 197~, llil' l· 
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output ~gnats 3« assumed to be: da...:rctc: LD lime. atld the mput Slgnal at~d desued 
response l1rt :lSl>umed to be 13\l~t.Jc.illy \tallonary The error s1gnal 1S c• = d._ - .l'i · 
The 61tu as linear and dt~-rete, onJ " de..agncd to be opuroal m the minunum 
mean-square~r sen.-c. for our a.n3l}M~ here v.c: will:wumc that1t is an infinitcl} 
loot, two-sided adlpii\C traflo\crs3J filter 

The error surf:~ee for such a falter c. of t:''u~ quadiJttc. It is described in 
(7.61) and (10.1). 

,. "' 
~ ~ cp#(O) + L L: lt 't"'~~ •• CI - "') - 2 L .. ,~ .. J(I) (11.1) 

1- - l'lt· ,._ 'l( ,_ 1;11; 

The minim·im point on tht~ pcrronnJnce surrt~ce correltpoods with tne optimum 
weight vector. w•, that 1), tht: weight~ of the optimum Wiener filler with transfer 
function W•(z"). In (10.3) we derived this opumaJ transfer function as a ratio of 
power spoctra, 

w•(z) J Cll.,,(:) 
l Cll,. (:) 

(\2.8) 

This result representS the uncMstraaned. noncau~nl 'oluuon to the Wiener lillering 
problem. The Shannon- Boc.Je reali7.ation 121, hy conlra~t. ·~ coru.tnuned to be a 
causal filter. The c:~usality constraint generally lead~ to a los:. of performance and. 
;o.s shown below. can tt(ually he .tvotded m .!daptave noL<.e<anceling applacation~ 

let us now cons.tder ho"' to .1pply the rtltult en (12.8) m adaptive noise 
canceling. Figure 12.J sho~~<. a ~mcwhat more dttailed pac:ture or the singloxbannd 

Sigroi .. 
- - -< 

r--------------~ 

>-~---=:--

I 
I 

m~ ~---· ________ J 
l\d11Dih'11 nc.uae or.,.,c"ler 

Figure 12.3 Suaglr clonnuel ~dDpllvr ~~~~~ concckr Wrlh <Orl•ldted ood UII(XI<te· 
loted npl~ '" thr pnmary and r~fcrt'~Ct rnpua< fre1m R Wodrow et •1.. Adoptlr•t 
1\·o,.~ C'llr>r>/111~: l'rmrrp/,.., lilt• I 4 pplltutrl,lll, u:: !).(!tmlx'r 1975. tEI!.E. 
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Jdaph~e ~m~se c:..10ttler in Fl&ure 12.1. It mdudes 3 model af ho" the ~·anal and 
no•~e input.~ 1111ght ha,·e 3Tl-eo. ~ pril1131' mput COibt$~ of a ~•gnal '• plu. tb< 
lliUm of two no•~~ n, and mo~· The reference input con\tS~ of the ,un of two 
other notses. m 14 and n, .::onv.11ved wttb h,. the impulse response or the channel 
who)e transfer function is //(; ). 1 The two noise tnputS, ,, A .111d n l oon~ul•ed .... ,th 
h, . have;~ common origin, Me correlated with eacb other, ... nd are uncorre13tcd wath 
the ~i&nal . .1• l1Ky .1u furth~T assumed to have bntte po"'cr >pec:tra Jt uti frequ.:n­
Cte~. The noises m 01• and mu Me uncorrelated ..,.,th e:~c:h OlhCT. with s4 • ..u1d with n

1 
and 11 • con,olved \\1th 11 •. For the purposes of analySts all no•se propag.\laon paths 
arc dssumed to be equivalent tu linear, time-invariant liltCT~. 

The noi~c canccll:r or Figure 12 . .3 includes an adapu~e Iiiier whtl~C: tnput ~ •• 
the refereocc input to the t311cder. is m 11 + , l ronvolvcd "ith h, and ....,hose 
dcstred r~-spon<c d •• the pnma.ry input to t.be ca.ncel~rr.as s• + mn~.,. "•· The error 
!l&nal E~ is the no•se canceler's output If one assumes •hnl the adap11ve prtiCC.'-S has 
c_onv~ged_ and the minirnum-mean-squar~error solution hos been found, the ndnp­
llvc hlter tS cqu1valent to the Wiener filter m ()2.8), A least-squares solution for Lbe 
Interference concder of Figure l 2.3 ls attriiCIIVI! for the foUuwtng rea\Qn. The output 
t ) the error of the WienCT Alter and. as shown io (2.39). the error r:~ is unt~.rrelaled 
Wtlh the lifter tnput x,. Therefore. all pnm:uy ooise c:omponenl~ wh.i"h arc tom> 
lated with reference noise components will he perfeclly canceJ~d. Olher noise 
components will not be cancded and could appear at the <tutpul. howe,c:r. 

The optimal unconstrained aransfer function. If,.(.:). of the adaptrvc filter i~ 
the Wiener snlulloo (l2.8). ~h.tch we rna) now Cllpand 4l. follt"w"- The ~trum of 
the filler"~ tnput 4>.-(z) can be c"'pressed tn terms of the sp<ctra or u~ two mutuall) 
uncorrelated addiuve components. The spectrum or the no•...: m1 h ¢t 1 :). and 
that nf the noise 11 arriving via H(;:) is 4> •• < z )jJ/( ;)f. The tllttr's mput'~~~trum is 
thu) 

lll .. (=l- ~tt .. ,~, (z) •4> •• (d1H(:) 1 ( 12 9) 

The cr~ power sptctrum betw.:en the filter's input and the desared response 
depend~ onlv on the mutually correlated pnrna.ry and reference: components and L~ 
given by 

lli,J(.:) = 4>0 4 (z)f/(: - 1 ) (12 10) 

U~tng the re,ults to (12.8), the Wi~:ocr transfCT functton ~~ thu~ 

(12.11) 

'To "~phi~ D\li.IIOD, lhc lnu\\l•r fUtiCII\)fl 01 11.\e 00J$C pJib. fr"m o4 ldll>e p<1111Uty lllpUI h:11 
been ~tl • • unuv. Titi>Jor,xedure dO<~ not rosrncr lh< lln•lv>t>. >~nee bv • Mll loblc tht>~ce r•f 111,) ond of 
•tall&llc.' lor 114 •nv "'mbmauon ol mutu•lly CQ!Tclat.ed no>t.<s an b< m•d• to •pp .. r >1 the prun~rv <~nd 
rtfet<no< •nput> Although 1/(:1 may t'tm~uaul} be rcqulrrd 10 have p.>lf'l '""de and out"dc tllr unll 
(11\CIC tn lbc ; rl~ne . • "oabl<l .. l>->tdt<J lmi'Uisr ~It; " :ll.JIW'Iyl n••t IO do thl<. 
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"'ote th•ll JV•(;:) is mdepcndent of the pnm.ll) Mgnal <pec:trum 4>,(.::) and of the 
primal) uncorrdated not~ spectrum • .. ~ 1 ~) 

An tnteresting 'JICC!al Clbe OCCUI"i when the addllt~-c noi~e m1 in the refereo~ 
mput tS ltro. TI1en 4>.,,.,,(;) tS zem and the opllmll tnnsfer function m (12 II) 
becomes 

w •(z) • 1/ f/(:) (12 12) 

This resull •~ mtuin~d) correct.. beeau.c the adapLr•e llltc:r as an the balancing or" 
bridge, oiU~es the no•..c "• to l>e pe.rfceLiy nuUed at the ooi.se-canceler output. The 
primary uncorrelatcd noi'e m 1,1 rcmntn~ uncnncclcd and appears with the signal at 
the system output. 

The performan~.c or th~· Stn&Je-channel notse cum:cler' can he evaluated more 
generally tn terms of the rauo of the ••gn<~l-to·noi~e power den~•t> ratio at the 
output, p...,,( .::), 10 lhe ~•gnal-tc>-nom: pll"'ct density rati11 at the primary tnput. 
p ,;( zV Assuming that the ~i@Jlal !tpectrum i~ greatCT lh::tn 1ero 111 all frequencies and 
c:nceling out the signal pow(r spectrum. we have 

p,,.,,(:) _primary Dl'ise powerdcnslly 
Prn (:) output nOise po" er dens• tv 

ell •• (:) +-CJ).,,, ... (:) 

- ~ .... , ........ I:) 
(11.13) 

The canceler's output noise pi)\\ cr spectrum. '' 10 Figure 1.:!.3. ~~ the sum of 
three components. one due to the prop3JAIIOII of m114 ducclly to the output another 
due to the propagauon of "'u to the output \13 the transfer luncuoo w·(~). and 
another due to the propagation of " • to the output VIa the t.ransfer function 
1 - /f(z)ll"(:). The output noi!.C pov.cr \J)CCLrum LS t hu~ 

4>~rr--C:I $~.,.(:)+Cll~, .. (.)IW•(:Jrl 

.,.CJ) •• (:)I(l - f/(;)11 •(:)J' (12.14) 

For convemence. we now define the ratto~ of the spt-ctn of the uncorrelated to 
tbe 5))<'\:lfll of the correlated notSCS (" Rllt!.C·tc>-noi;e den\lt}' rau~") AI the prima(} 
and reference inputs 3S 

and 

~~ .. ..,.( l) 

A(.:) i CJ) •• (.:) 

• cJl.,~J=> 
B(z) I ) , 

<~~ •• : lfl(:)l " 

(12.15) 

(12.16) 

1Th< SI£.DaHo-noii.e drn•ll) <OliO i> h<l\" dtflncd ~- the r:tliO Of •tiJI:tl powrr d<D>tlV 10 ""'•e 
JX'~ dm.,ly •nd is lhu• • funcuoo of frcquct~<o-y. Th..., dcfintlll>l,. upply I'll !I.e unu orck m rbr 
>-plln~. "hrrt "'~ at ... a~ bo•< : - • .ur .nd T " th< .ompltni p<n..'ICI • • , dc<-enbc-d tn <"llaptn 1 
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With these definition$ the transfe.t: function (12, 11} can be writ fen as 

1 
w•(z) = H(z)[B(z} + 1] 

The output nois;: pow~r spectrum (12.14) can i\CCordiogly be rewritten as 

Part II/ 

(12.l7) 

ll> ( ) ell ( <I•.,,,.,(z) I I ~~ 
"~'P"'""'-"" z = Moma :) + jH(zJiliB( z) + lj~ + 41M(z) 1- B(:) + 'l 

= IP • .,(z}A(z) + ll>M(z) n:) (1.2.18) 
B z + 1 

The ratio of the primary to the output signal-to-noise power density ratios in ( 12.13) 
i~ nnw 

Po .. .(z) ll>,..(;;)[l + A(z)) 
Ppn(.;:) = lllouopur oo,.,.( l) 

1 -t- A(:) 

,4(z) + B(z) 
B(z) + 1 

[A(z) + l)[B(z) + 1] 
A(z) + A(z)B(:) + B(:) ('12.19) 

This expression is a general represt:ntatiM llf the ideal noise-canceler perfor­
mance with single primaty and Icferertce inputs and stationary signals and noises. It 
allows one to estimate the level of noise reduction to be expected whh an ideal 
ooise-cancel!ng system containing a two-sided unconstrained Wiener liltcr. In ;;uch a 
system the signal propagates to the outpnt in an undismrted fashion, witll ~ tcansr~r 
function of unity.t Clasllical configurations of Wiener. Kalman. and adaptive 1filters, 
in contrasl. generally introduce some signal distonion in the process of noise 
reduction. 

lt is apparent from (12.19) that the ability of a noise canceling systrem to 
reduoe noise is limited by the uncorre.lated-to-correlal~d noise density ratios at tlte 
primary and reference inputs. When A(.z) and B(z) are relatively small, 
P0 ,,.(z)/Ppn(z) i~ Telatively large and the action of the canceler is relatively more 
eO'ective. The desirability of low levels of uncorrelated noise io botlt inputS is made 
still more c<>ident by considering the following Special cases: 

l. Small A(:): 

Pou.(z) 1 + B(z) 
Pprt(z} ,_ B{:) 

(12.20) 

"S<>mc >1gnlll can""H~Iion is po>Mblc wbeo adaptaliou is rapid (I.e, . wl>tn the 'laluc of the 
con"<f&"'ltc p:Ualll<l<t I' o< ta.gc) bccau>c of the dyruunie rc.ponse of the wcrglll vector. which 
approochos but doe. nor c:oqual IJ:>• Wiener >olulicn. In most c-aso Ibis cffoct iJ nt&Uglble: • particul:ar 
case whcr<: 11 ,. o01 ncgfigiblc is..:le..:nbed la!tr in thiS chap! or. 

• 

Chap. 12 Adapt<ve Interference Canceling 311 

2. Small 8(.:): 

(12.21) 

J. Small A(z) and B(::): 

(U.22) 

Infinite. improvement is implied by these relations when both A(z) and B(r) 
are zero. In thi3 case there is complete removal of noise at the sys~em output. 
resulting in perfect signal reproduction. When A(z) and B( z) are small. however, 
other factors become important in limiting system performance. These factors 
include the finite length of the adaptive filter in practical systems sod .. ruisadjusi­
mcnt" caused by gradient estimatlon noise in the adaptive process. discu$sed in 
Chapter 5 and in Reference& 19 and 20. A third factor, involving signal components 
sometimes leaking into the reference ill put, is discussed in the following section. 

EFFECTS OF SIGNAL COMPONENTS IN THE REFERENCE INPUT 

ln certain instances the available reference input to an adaptive noise canceler may 
contain low-level signal components in addlt:ion to l.he usual correlated and uncorre­
lated noise C{)mpnne.ots, and of course these signal components wiU cause some 
cancelllllion of the primary input Signal. We must l.hen ask whether they will cause 
sufficient cancellation to render lhe application of noise canceling useless. To 
provide an answer we will use the unconstrained Wiener solution as in the preceding 
sectiM, and we will derive expressions for the signal-to-noise density ratio, signal 
distortion. and noise spectrum at the cance-ler- outpu!. 

Figure l2.4 shows an adaptive noise canceler whose reference input contains 
signal components and whose primary and reference inputs contain additive corre­
lated noises. Additive uncorrelated noises have been omitted to simplify the analy­
sis. The signal CQmpooeniS leaki'ng in to the reference input a re assumed to be 
propagate-d through u channel with the transfer Function J(:). The other termmol­
ogy is the same as that of Figure 12.3. 

'fhe.ioput signal and noise power speclla in fljF,ure l2.4are c(),.(:) and 4'> •• (:::). 
respectively. The spectrum .of the reference input, which is identical to the spectrwn 
of the iopul :.:~ to the !ldaptive lUter. is thus 

(12.23) 

The cross-Spectrulli between the reference and primary inputs. identteal to l.he 
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cross-spectrum between the filler's input xA and desired rc~ponsc d •• is stmilnrly 

41,.,(:)- ¢1,. (.:)J(z 1
) + ¢1.~<:)//(z - 1 ) (12.24) 

Wbt:t1 the JdaptJ\-c pc~ has ronveq;ed. lbc unconstraancd Wten~r tranJ.fc• 
tuncllon of lh.e adapti\e liha, gt\en by (12.8). u lhu~ 

(12.25) 

The lirM o~ject1ve or our anai}'Sis is to find the stgnal·to-not e denstty rauo 
P.,..,(: ). 01 the nmse-;;anceler output. The tranJ.fer functoon of the propagaoon path 
from the stgnal on put to the noise"<:anceler output 1s 1 - J(: )W•(:) and that of the 
path from lh~ no1se mput to the canceler output is I fit: IW' (.:). The spectrum 
of tho: stgnal C<lmponc:nt on thi: output i.:. thus 

41,,, (: )- 41,(:)p -J(:)w•(: )l~ 

_ ¢1, ( :)I [H(: ) -J(:})41 •• (: IH(z 1}_1: 
' 41,(:)JJ(.:)I. - 41 •• (•)11/(z W 

ond that or the no1 e component is ~milarly 

41.n ):) - cfl •• (:)IJ- H(z)W•(: )I~ 

- Ill."(: )I [ J( z)- J-l(,z ) I rt>,,( ~ )J(: I) jl 
1111.-(:}IJ(:)I' + III •• (:)IH(.:)I' 

(12.26) 

( 12.27) 
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The output 5igoal-to-no1~c cJcn<;J ty rauo I' thuJ. 

11.,..,(:) • 41.,( : ) , ~ •• (:)H( r ,') lz 
.:. •• (:) 111.,(.:)1(.: ) 

<ll •• (:)IH(:)I· 

Ill., (;) J(z )l ' 

313 

(12.28) 

The output ~ogoal-to-nn1>t denstt' rauo can bt con~enoend) e'tpr~'ed in terms 
of th~: si_gnal-to-noi;e Jenstly ratto at the n:fcren~ tnput. p,.11: >. as follo\los Th~ 
spectrum or the ~ignal component in the reference tnput ~~ 

<~> ... ,( .:) - CII.,(;)IJ(: W 

and that of the nobe component is siJnilorly 

ell,.) .c)- 11>."(.:)) 1/ (:)) l 

Tbe signal·to-notse density r11tio at the reference input is thu$ 

ctt., (z )IJ( :)1' 
p,., (:) - ~ •• (z)I J/( :)12 

The output S1gnal-to-noo.se densll) ratio (12.28) ts. tbenefore, 

1 
/',.,.,(.: )- - ( ·) 

Pm • 

(12.29) 

(12.30) 

( 12.31) 

(12.32) 

ThiS result ·~ exact anJ ~mc:w~al ~urpnMng. It ;.bows that, assuming the 
adaptive ,olullon to be uncon\traoned and lhr.: no1~es on the: pnmary and reference 
inputs to be muiU:lll) correla1cd, tbe signal-to-no1sc: dcn~tlV ratio at the noise-<:aoceler 
output is simply the rectprocal at all frequencu:s or the ~ignal-to-noise density ratto 
at the reference 1nput. The process in (12.31) i~ called pu..,•tr Jnl'l!rSton . 

With Ibis re.wll. our next obJir.ll\c b lo dert~-c an expression for signal 
distoruon nt tho: no1~-c:Jnceler outpUL The mo:.t u~ful rer.:reoce mput is one 
composed almo~t enurel) of noi>e correl.ued 1uth the not~c m the primary input 
When signal compooenas oro: pre:;cnt ~( $t~al dJstorlton '>''Ill ~;enuaU) occur 
The amount 1nll depc:nJ on the amount of ~•gn.1l propagnted through the adapo"e 
Iiller. ~~ohich may b( determined a~ follows. The tr:tn)fcr functiOn or the propagauon 
palh through the Iiller t!>, from (I 2 25). 

- J(:)W•(:) .. - J(:) ~ .. (;)J(: ') + ~ •• ( • )fl(: - ') (12.33) 
c)., (•)IJ(z)l2 + ¢1 •• (l)l fl( :)l1 

When )J( z)l ts srnlll l compared with )1/(z)i, litis func,lton can he approliimated as 

.1:2 J(:)IV•(:) = ll(:) ( 12,34) 
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The spectrum of th~ l'l&ru!l component propagated to the no•se-o1nceler output 
through the adaptive filler i~ thus approAJmatdy 

~ .. <z>~~~:>)r (1235) 

The summang or the t:omponent represented in (12.35) "'ath the S1gnal compon(nt rn 
f1gure 12.4 10 the pnmary rnput results in Signal distoruon 1 he woflit C3'C. 

boundmg the distortion to he c:Apected in pm~uce. •1Ceur~ when the l""O Slgll31 
componen~ are or opp<.~tte phase. 

Let "~i&JUI d•Moruon'' D( ::) ~ defined~ as a dimens•onless ratio o: the 
spectrum or the output ~goal component propagated through the adapt•ve filler m 
(12.35} to the spectrum of the signal component attl1e pnmary mput: 

D(~) .. <li,.(;)IJ(,)/H(:)j~ 
4> .. {:) 

"'I J( 2) lz ( 12.36) 
H(::) 

Thi$ e"pres.sion may he rewnuen in n more use[ul rom• by eumbanmg the c.~p~s•on 
lor th< SlgnoJI-to-nol'le demiiy r.llio at the primary 1nput "'lucb, m F1gure 12 4. 
would be 

(11.37) 

With the .s•gnal-to-no•.e den.81t} r.lllo at the reference mput rn (12.31). The result •s 

(11.38) 

Equation ( 12.38) shows that. wuh an lltlCQnstrained ndnpllve solu iJOn .tnd mutually 
correlated no•ses nl the pnmary nnd reference mputs. low s•gnal d•storuon resuhs 
from a lugh \lgllo~l·to-no•se dcnsuy rallo at the primary mpul Jnd a low bignnl-to-no•~e 
dcnsaty ratio at the reference 1nput. This conclusion •~ tntUJll\elv re:I.SOnable. 

Our final objttuve tn tlus \eetion is to derive an e.\press•on for the spectrum of 
the output DOI.SC. In Fi~ure 1'!.4. the noise n l propJg.atcs to the output w1 h n 
transfer funct1on 

1- Ill ;) If'•( :) - I- H(::)[ 41,.(.:)J(z ') + 41.,(;)H(..:__1] 
ifi,.(~> I J(:l l l + ll> •• (:)tll(: Itt 

41.,(;)J(::- 1}[J(:)- H(:)J 
111,.(z)IJ(:)I: + ~~> •• (:)IH(:)I1 

(12.39) 

'Note lhM <lflnnl dl\l,ltl\un 1\1> Jc(IO<:d here is • linr~r phea.>mc~on rei a~«< lv •lt•rom111 ~>f 1he 
10snnl v.a.cr, .. m '" lc appnh nt ,.,., ooo.st-cu.crlcr a01pu1 and ll< .001 10 be cvnru/Hid wnn nonlanrar 
barm()nk llf>I"'U"" 
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Wbcn tJ(:)I is &m~ll compared ""'th IH(:)~ (12.39) reduces to 

ell (t)J(. 1) 
1 -ll(zHY-(:)- -·• -·-

41 •• (:)H(: 1
) 

The output no•sc sptctrum. from F•gure 124. •~ , 
cllou,.,.., - .. • 4> •• (: )It - //(:) IY.(:) I 

Again, when 1 1(:)1•~ ,mall compared with tH(:)~ (12.41) redu~ to 

I ¢1 .. (.).1(: " ') ~~ 
Cf>..,,p., ..... ( l): 41 •• {:) ~ •• ( ~ )lf( ;J) 

31S 

(12.40) 

(12.41) 

(1!.42) 

This equnlion can he c11.pressed more conveni~ntly in terms of the signal-to-ootse 
density ratios ut the reference. Ill pill (12.31) and prirnury lnpuL (12.37): 

{12.4~) 

This final rc uh, which may appear sl.rnnge :u fiN glance. can be understood 
intuitively as fuliO\Io~. The lint f.tetor 1mpbes that the output noise spect.rum is 
p roportional to the mput OOISC spectrum o~.nd •~ re3d1ly accepted. The second factor 
irnpli~ l.hat., if tho: SJgnaJ·to-noi~e den~t)" rauo at the reference mput i5 low. the 
output noise .,.UJ he low; that 1S, the smaller the ~·gnal component in the refercnre 
•n.put. tbl' more perfectly the nol'e "'ill be canceled. The th1rd factor implies that i( 

the signal-to-noise densll} rauo 1n the primaC) mput ubc: des1red response or the 
adaptwe filter) as 10"', the ftlter will be tr:uned mO->t eflec:llvdy to can~el the noise 
rather than the s1gnal aJ•d consequcntl} output no•~e will be low. 

Thus we hnve \hO\In th:ll Sm311 ~igna.l comJXIncnl~ an the reference input. 
though undesirable. do not render the applicauon or adaptive noise canceling 
useless.' For an illustrauon of the level of performance :lllainablc in practical 
circum.stunces, cons1der the followmg e\.tmple. f1gure 1'!.S <hows 11 mult1ple input 
(Chapter 2) ad.lpthe noa~aneelmg S}Slcm dcs1gncd to pas:. 11 planc:-wave signal 
receaved 10 the mlUn beam or 311 antenna army and to d•senm1Mte :tgainst strong 
interference in tbe near held or m a minor lobe of the: arra). If one a..~mes t.h:lt the 
signal and mtcrference have o•-crlapping and s•mtlar pov.er spectra ..IJld that the: 
interference power dcn~IIV IS 20 limes greater than the signal power density at 
the indiv1dual arra) clement.\, the s•gnal-lo-no•se rallo at the reference 1nput., Pn;L· is 
1/20. Lf one further ossumes that. because of drray gam, lht: signal power equals the 
rntcrference power ut the array output, the s•gnal-to-noise ratio at I he primary input. 
Pp.,, is 1. Alter convergence of tbe odapuve llher the s1gnal-to-noise ratio at the 

• N61c aba~lr '"" n·rcn:nce 1npu1 t\tnlu1ncd ,i,nnl '"'"'t>Oncnl> bul no n01Mo componen<S. corrclal«< 
..,, uocorrcl>~<d, lbc "P."~I "oukl br ,·umrlclcly <:anCI!kd. When tho • d'cr<ncc lnpul ,. propc-rl) dcnn•.d, 
bow.,er, I hi\ cnndmt>n sho>Uiolltvt ti\.'Cill 
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>YMem o utput gm~n m ( 12.32) willlbus be 

1 
P.,..,=-=20 P,., 

The mwumum ~ignlll di.storuon from (12.38) v.1ll sirrularly b< 

0 
P,.r 1/ 20 

= - - - - - 5 percent 
P,.. l 

Appi•cauoos 

I 
I 
I 

---' 

Pan tV 

In thts <::L">e, therefore, adapu,·e 001se cancelm -
20-fold .rnd tnl!odU<:~ onlv • small a ~ tmpr~ves .1M Signal-to-noise rauo 
dt~u~sed further •n Chapt~r- 13 and ~nt of ~•gnal distortiOn Adapll\'1: o~rrny ar< 

THE ADAPTIVE INTERFERENCE CANCELER AS A NOTCH FILTER 

In cert:un ~ttuauon.s a pnm.1ry · · .1 wnh an alldttive undesired s· mp~l ts ~vat able constsung of a stgnal component 

eliminating such inlcrfercnce ·,~"=~~ :~~.:~:e:~ T~e h cnolnvcnt,•ona~ method of 
unu..\ual notch filtur r~"--·• b ·•- • no c tcr. n lhts S«laon an 

~ . ,u.....,.. 'I an a .... pll'e no !te I aJvontage~ ''' thi~ rr,rm of notch filter are that it I cance er, 1& delicnbcd The 
intlnit~ null, and the capability of adaplivel trac~~~~ ~sy control of bnndwt\lth. an 
of the mterfcreoce In LhlS ;,cction \\Canal ye e""'b t e exact f~ucncy and phase 
~ingle frequency. l'he re~ult5 can e .1 b Y1 lh dad.tpuvc: format1~n ur o notch uta 

as• y e e:<ten ed to show that If more than one 
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Figure 12.8 Sin&)e-trcquonc' odJrtt« nnach niter l' rum D Wldrow ct ul., Aduplll•r N"'J" 
Co•,dm,-. Ptr•••P'" o,J Appltatllt«>. t)<.:~mlx'r tY7S. IEEJ! 

frequcn~y is present m the reference mput. 11 notch for each component "'ill be 
formed {21, 48), and also cuendcd to cases \\here there is noise in the reference 

tnput {49). 
Figure 12.6 ~bo"'s a single-frequency no•o;c canceler wttb two adaptive wmghb. 

The pnmary input is aloSUllled to be an} kmd of o;ignal-stochastic, deterministic, 
periodic, l!anStem. and Jj(\ on or anv combtnauon of ~1g.nals. The refer~ce input 
i~ a pure co~ine "'ave, Cco,Cflnt + .p). The primary and rdcrencc mpms are 
~mpled at intervals of T <econd as described 1n Cbi!ptcr 7. The reference input is 
sampled directly, ghing x". i!nd after undetg()tni a 90• phase ~luft. &J~•ns .\'=•· 

A linear transfer function for t11e notsc canceler of Figure 12.6 ma)' be 
obt3Jnlld by anoJyzjng signal propsg.won from the pnm.uv input to the syMcm 
ou1pUt.' For thi.\ puypose the HoY> dtolgram or Figure 12.7. ~ho ... tng the operation (l( 
the LMS algorilhm in detail. IS conmucted. Note: lhat the: proctdure for updattng 
the v.ctgbts, as mdicatcd in lhe ;llagram, i~ given t.y (6.3) 

II 1.• I • .,..II + 2jirA .( 14} 
~~':.A-I • "':• + 2J!C~X:4 

J( we let w
0 

- 2wf0T as in (7.16). the s:~mpled reference mputs ure 

~ lk ~ C(C).\( k(j)ll + 4>) } 
-<:4 • C\ln(J.w11 + .;>) 

(12.44) 

(12.45) 

1AhbOOIJ<b th<' l·wdi\111 >d•fllJ'~ lih<t •n Pl&urc 12 6 I> inh~rontly nonhnrar .ond ttrnc·•>nablc. 
when u>cd Y.lth .. ; onu)C)td • .t rtfCl"C~>~.'t ""' "!VIal p111h from tJ, 10 r, 1> lhtl" n by the >Ub.cqu<nt ao4ly~t> 
ttl be ltne;.t and Um<-•n•ill1~nt 1~1 4~1 
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FJilu,. 12.7 ftn.. .t~r•m -"t. .. &""~ P"'!"'PIIC'<I •n .ina!<·frcqu<ncy .lii3Jr 
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.,pb·'Ol-1, o.u ... .N:r 19"'~. IEEE. 

The fm.t step m the analysis i~ to obtain the 1sol.ucd 1mpul~oe respon;,e from tbc 
enor cl• pomt C, to the.- fih~r output. point G, Wlth the fecdbod. loop from point G 
to point B bmken, Let an tmpulse of amplitude n he applied at point Cat discrete 
time k - m: that is, 

(12.46) 

where 8( k) is o umt impulse.- at k .. 0, described 10 (7 21 ). The: rtsponse at point D 
is then 

f oCcos(m"'o ..- 9) 
rjtu- lo 

((K k - m 
fork~ m 

(12.47) 

111lucb is the input 1mpubc.- sc3lod rn amplitude b) the m~tantaneou~ \":lloeof .xu at 
k ~ m . The: ~gnlll now path (rom point D lO point E IS that or ll .Jigital integrator 
with transfer fu.o.:tion 211/(;- 1) and Jmpull.e Teloponsc 2/JII(k - 1), where u(k} i~ 
the discrete unit step function 

u(k) ~ {~ fork < 0 
fork ?! 0 ( 12.48) 
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Convolving 2p.u( k I) W1th f~oX 1 ~o yields the rClipon~oe 111 pmnt F: 

w11 ~ 2jLaCcos(mwn + t/l) (12.49) 

where k ~/II+ l. When the :.caled and delayed ~lcp runCll\11\ j~ multiplied by .xl4• 

the response ~~ Jl(liO t f 19 ObL:uned.: 

l'u - Z!JnC 1cos(kt.>11 + 9)c~(mw., ... ~) {12.50) 

where k ?! '" - 1. Tho: c:crropondm& ro-ponse .11 potnl J. ®tamed io a similar 
manner. IS 

lu- 2jioC:sin(k..,Q- ~)-.n{tnc.:, + <>) (11.51) 

where k ~ m .,. I. Cnmbmmg. (12.50) and (12.SI) ~1dd~ the response at the Iiller 
output. point G 

y~ • 211nC'~os [(k- m)w0 ) fork ?.' m + 1 

• 2jJ.rrC 2u(k- m- l)cos[(k m)wnJ (12.52) 

Note that (12.52) i~ u function only of (k - m) and is thus a true impulse response. 
proporuonu1 10 th.: 1nput unpul~e. 

Having a formula for the putput h· a linear transfer function for the noll>e 
canceler m.l)' no.,. be .Jerived to the foUowlllg manner If the Impulse time m 1s set 
equal to uro. the unll impul~e re:.-poose of the llnear ltme·invanant signal Oo"' path 
hom point C 10 point G t5 

h- 2jtC2u(k- I )co~ k<J1,) (12.53) 

and the tramfer function of thss path is then the :-tran~onn of I'A· or (Exercise 1(e) 
in Chapter 71 

( ) 
, [ --=-=.!...( :_-_c_o_s w-!0, ) 

G ; - 211C· --: 
; 2 - 2tco~w0 + I 

2jLC~(;cosw0 - I) 

::
2

- l!COSWo + 1 
(12.54) 

rr the fe<!dbad. loop from pomt G tc point 8 ;, "'' "' dosed. the transfer funcuon 
11(:) from the prunary 1nput, ('Oint A. to the noise-c;~neeler uutpul. poinr C. can be 
obtained from the feo.ibacl. formula: 

I I : 2 l:C<h..:,,- I 1/(•) .. ~ ...;....;. __ "7 

• 1 + G(;) ::=- 2(1 - ~!C 2 ):c<bw0 + I 21'C~ 
(12.55) 

Equauon (12.55) ~hCI\\~ lhnt the single-freq\lency nels~.: Ctlneeler h11$lhe proper· 
ucs or a notch niter .It the rderence frequency "'o· The "eros ()r Lhe transfer function 
arc located in th~ z-plane at 

(12.56) 
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and ar~ prect~lv on the umt arcle at angles of :=:..,,1 rad. The polb arc locutcd at 

:-(I -,.c:)cosw =1[(1- 211C~) -(1 -,..cltcos'<.!.,J'-= (12 ~7) 
Tbe poiC-4 arc m<idc the umt c1rck at a radial diStance (1 - 2pC1)1 ', approlumt~tcly 
equHI to 1 ,,, , , from the origin and at angles of 

:cos- 1[(1 -p.C2)(1 -lp.C2 f 1 -=cos<.!0J {12 51!) 

For slow adaptauon (1.e .• smnll values of 11C!) these angles depend on the factor 

1 - p.C2 ~ { 1 - z11c! + 11!c•) 1 1 

( l 211C 2 )
1r- I - 211C 2 

= (l t IL
1C' + · · • )112 

= 1 + t t'1c• + · · · (12. 59) 

which differs nnly slightly from a value of 1. Th.e result is that , in practic11l inslunces. 
the unsh•s (If tlut poll!s are almost identical to those o/the :er(ls, 

Th~: loco lionll of the poles nnd uros and the half-power points or the trom,fer 
function uro shown in Figure 12.8. Since the l.eros lie on the un1t circle, the depth in 
dB ol the notch in the trllnsfer function is iofinlte al the frequency w • "'u The 
~lmrpnes~ of the notch ~~ determined by the clo<eness of the poles to the zeros. 
Corn!liponding poles ttnd zeros are separrued b:t a disttmce ilpproxtmntelv equal 10 
11C1

• The arc length along the unit cirde (or the angle) spannmg the d1~t11nce 
between h.llf-powcr pomls is the ''bnndwidth'' of the notch filter. and IS ~CC!n toM 

' p.Cz 
BW - :z11c- cad~ -:::T 1-11 (12.60) 

A common rnusurc l'f the sbarpoe.ss of a ootcb is the •quaJit) factor" Q. ~hid! u 
dctermmed by the ruuo of the center frequency to the band~1dlh 

Q £ center frequency = ~ 
bii!ldwidth 2pC~ 

(12 61) 

The ~•ngk-trequency no~ canceler 1S thus eqw.-alent to a stable notch filter when 
the reference mput LS a pure cosine wa\'e. The depth of the null1s gencr;ally supenor 
to that of a fixed rtlter bec.luse tb~ adaptive process maintnins the correct phase 
rclationslu p~ for ciillceling. even if tht reference frequency change~ slowly. 

Figure 12.9 ~how5 the resu1~ of two experiments performed to demonstrutc tl1e 
charactemucs of the adaptive notch filter. ln the first the pnmary input was o 
co~ine Wllvc or urut power stepped lluoQgh .512 discrete frequencies. The reference 
mput wa6 u cos1nt: wnvc with a frequency "'u of '11/2 rad. The ''alue or(' was I. IHtd 
the vu luc or /! was 0.0125. The frequency resolution of the discrete Fouri.:r lrMS. 

form [C4.1uulion (7.43)1 was Aw = .,/512. The output power ut euch frcqucnc•( is 
shown in Figure 12.9(u). As the primary frequency approache$ the rcf~:rcncc: 
frequency, sig11iOcunt cauceUalion occurs. When w is near hut not til w11 the wcig,hl~ 
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Flgure 12.8 Proputi.,.o£1~~.,. 

IIIIICU>n ('l • "n£lc·rr<quce¥ adaj>ll._, 
M...c ~k" (alt«atton of poles and 
t<tOI, Cb 1 1N1JU 1ud< of ""r»fer fu n<1lOft. 

from 8 llf>dro,. ct al . 41bptlu N~><•r 
c.n ~1·"1 Pnn<rpln woJ •pplltvliOIU, 

0.-..rmbn l '175, ti:U! 

do not converge to Mable value~ bul "tumble" Ul the difference frequency.' and the 
adaptive filter behaves like a modulatOr, converting the reference frequency .lnlO the 

lWhen lbc primary and ,..,c,..ntc frC~IItO<IC> nn: ntld Ol J <'OrUl~lll dllrerentc. the 'A'CJgJm develop 
a sinll><>ldaJ s1ead) 11~1< ~~ lhc drrr<rcn•-.: lrcqucncv In 111hor word>, lh<v conV('r~< oo a dvo3mic .-.. bcr 
than ~ swlic soiUiion Th1> J, an unu•uot rnnr1 nf Jd~pl\vr bch~v">r th111 curnc• rrom lhc LMS algontbm 
l1$d(, Although <.he Wtlglll V~:~tM CMVC'f.C' nn ~ ll~ll•lt11il ralhr.•r tb•n ~IOIJC SOII11LOO, ft 1> t o a ScOSC 

formln! ·ll noru;tatJon::uy l tll.'t·.~u:trc~ ~lutlou T1lt$ 1A C!3Ued " uou Wic:ncr'1 bc:bov•or. The \\llenc:r 
~otu1ion under the"' cirwm<~onco• " ould rtqllll'l: 1hr 1\<:lf,hl< In be: ••ro 
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Flgurt' 12.9 Re>'ult> o f singlc•frcqo<ncy adaplil'e noi:o<'-l'ancdi11g experiment<. 
(a) primary ;flpul "''" a ro>.inc 'l":lvc .\l<ppcd thruugh 51~ d•scrtle frequ.:ndcs: 
(bl pnmary inp~l Cornp<>scd of ~omples o[ white !l<lisc, f"rom n. W1dmw cl :tJ .. 
Aduprlv• Nois. Ccmceliog. Pnrrdpl<s oml Applicur•uru. '0 0..-cernbcr 1975. !'EE.E. 
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primary fTcquency. The theoretical notch width between half-power points, 
0.0250 rad. compares closely with the measured notch width of 0.0255 nul. 

In the second experiment. the primary input was composed of uncorrellltcd 
samples of white noise at unil power. The reference input and the processing 
parameters were the same as in the first elCpenment. An en5emble average of 4096 
power spectra at the noise-canceler outpul is shown in Figure 12.9(b). An infinite 
null was not obtained in this experiment because of the linite frequency resolution of 
the spect.ral analysis algorithm. 

In these e~periments, filtering with a reference t.:osine wave at a givM frequency 
caused cancelJation of primary input components at adjacent fTequencies. Tlus 
result indicates that, under some circumstances, primary input components may be 
partiallycanc.eled and distorted even though the reference input is unt-orrelated with 
them. In pructicc this kind of cancellation is of concern only when the adaptive 
prooess is rapid. that is, when it is effected with large va lues of 1-'· Wben the adaptive 
process is slow, the weights converge to values that are nearly fixed, and altlJOugh 
signal canoellatlon as described in this section occurs it is generally not si,gnificant. 
The weight:; approximate the Wiener solution. 

Additional e)lperiments have recently been conducted with reference inputs 
containing more than one sinusoid. The fom1ation of multiple notche~ has been 
achieved by using an adaptive filter with multiple weights (typically. an adaptive 
transversal fiJter). Two weights are required for each sinusoid to t1chieve the neces­
sary filter gain and phase. Uncorrela!ed broadband noise imposed on the refere.nce 
input cceates a need for additional weights. A full analysis of the multiple-notch 
problem is contnined in Reference 21 . 

THE ADAPTIVE INTERFERENCE CANCELER AS A HIGH·PASS FILTER 

The usc of a bi~ weight in an adaptive filter to cancel low-frequency drift in the 
primary input is a special case of notch filtering with the notch a t z.ero frequency. 
The method of incorporating only a bias weight is showu in .Figure 12.10. Because 
there is no need to match Ulot phase of the signal. only one weight is needed. The 
reference input may be set to a con111an1 value of 1. 

Prlmarv 
Our.put 
E(t l 

input - ------- --1>-{ 
D(tl 

Flgu.re 12,10 Seufng tim r.fer<oceinput 
to dne produ'c.' an Adaplt\'< hlgh·pil» 
fihcr. 
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The transfer function from the primary 1npu1 In tbe notM:-canceler output Ill 

derived a~ follow~. In Figure 1210 we see that y 4 is equal to "•· so the LMS 
algorithm (I\ 3) m tins ca~ gavcs 

-y,- lp(d, - ld ( 1:!.62) 

lalJ.ng the :-transforrn of (12.62) yields the Sttad}'·State SOIUitOn 

rlz) ~ lpD(:) 
;. -(1 - 2p) 

{12 63) 

H we now ~uhMilute Y(z)- 0(:)-£(~) into (12.63), we ohuun the transfer 
funclion from D to E m Fagurc 12.10. 

H(:) • E(:)= z-l 
D( z ) : - ( 1 2}.1) 

( 1 <~.64) 

Equation ( 12.64) shows that the hias-weighl Iiiier is n high-pas' tiller w•ith u 
'Zero on the unit circle ot tcro frequency and a pole on the real aAt~ :11 11 dl~tance 211 
to the left of llac Lero. Note that th•s corresponds to ll single·freque.ncy notch filter. 
described by (12.SS). for the couc v.here "'o = 0 and C,. I. The baH-power frequency 
of the notch IS 01 w - 2p rad. 

The ~ogle-v.e1ght nn1~ canceler acting :JS a high-pass filler is c-aplhle of 
remo' tng not only a con~tant bias but :llso !I slowly varying dnft tn l.be primary 
anput. Moreover. though it is not d.e.monstr:lled here. baas or dnfl removal co~n he 
accompb\hed ~imullaneously 11.1lh cancellation of low-frequency stocha.~uc inter­
ference, using the t)pe of z.cro-frequencyrcfer~ce shown tn rigure ll,IO 

EFFECTS OF FINITE LENGTH AND CAUSAliTY 

In tbe analyses abo~e. qu~llons of the ph}'SlCal reulwlbibty uf the: adapthe ~llcrs 
were not cons1dcred The c:xpressaons demed were 1dul, ha.<.ed on the o.;.sumpcion 
or an tnhrutely Jon~ two-~ed (noncausaJ) adapU\'C transversal filler Allh•Jugb 
.uch a Iiller cnnnot tn rc:alrty tic implemented. we v..11l show that 1U performance C3ll 
he closel) appro~rmacal 

Typacal tmpui\C rc:sponses of 1deal lihcrs approach .1mphtudes of z.er(l e~­
ponenuall) owr tame. Appro\imate realizal.loos Gte thus poss1hle w11h fin11e-lenglh 
FIR fillers The more \l.c:tgh~ us.:d in the FIR filter. the closer 1ts tmpulse response 
will be to that of the ideal filler. lnc.reasing the number or "'c1ghts. however. al~o 
increases the cost or impfcmenlallon. 

Noncausal fillers. of course. ure not physically rcnli1ahle in ro:al-timc systems. 
In many ca~s. hllwcver. they c;w be realized approllimalely in delayed form, 
providing on acccptublc d~ fayc:d real-time response. Such l'Uses were discuss(~d in 
Chapters 10 and II. In practical circumstances excellent performance can be 

Chap 12 Adaptrve Interference Canceling 

>-- -..---... Na.~ocelf'f 
0\lt~t 

Flgu,. 12.11 ruhpn•• .,.,.,.. \110CtU.r .,,th tkl.av '" rn'"""' •nrv• l'•tb From B 
Widrow ct ~~ -4J~Jf'fft t 1\,.,,t '"""' '""J Pn"(;pln mtJ -4'rl"ut,.,m, C Oc\:c:mb-« 
197S IE& 

325 

obtained with cwo-~ded tiller lmpul&c re~ponsc:.' ~.:ven when th~y are truncated in 
lim~ to the left and right. Using a delay, I he trunca ted re.'>pon'le can be made causal 
and pby~icall y ,rca lita.ble. 
. Fig~re 12.~1 shows ll.ll adnpuve noise-cance ling syMcm with u delay n inserted 
Ul tbe pnmary mput. This delay cauM:S ;Jn equal delav to de~clop in the uncon­
sttai~ed optimal fihc:r impul~ r~ponse, which rcma1~~ otherwise unchanged. In 
pracucal, firute-kngtb adnpu'e tran~~ersal fillers. on the other hand. the optimal 
IIJlpulse response generallv cbange!O shape with change:~ m the value of .i, -v..bich IS 

chosen to cause the peal of the impulk" respon>e to center along the delay line m the 
adaptive filter 

. As in Chapter 10, the value or ~ l> not cnucal ~ llhtn a certam opumal range; 
that ~~. the cuJ'\Ie sh~wtng mtnamum mean-square error tU a funct•on or~ generally 
has a very_ hroad nunamum A '.!luc typtcally equal 10 about half the umc delay of 
the a.dapuve Iiller produces the least minimum output nosse power. (Compare 
Figure 10.10, (or e.umple.l 

Figure 12.12 show~ the results or a compuu:r-s1mulaccd noi~celing ~peri­
~ent w1th an uncon~tratned op11mal filter re~ponse lhnt was noncuusal. The primary 
tnput cons1sted of a penodk tnangular wave and add1uvc colored noise. The 
refc:rc:nce ~nput consisted or colored noise C.Q!Telated w1th the pnmary no1se. • The 
unconstratned opumol 1mpul~e re.~ponse a.nd the caus.1l , Onitc-lcngth adaptive im­
pul5e response obtamod wtthout a drlo~y in the pnmary cnpuc are plotrc:d in Figure 
12.U(a). The large d1ffc:rence t.n lh~ ampul~ rc:sponq:., mdicau:s chat the no1~ 
canceler output '~>ill b.: 3 poor approMmauon 10 the s•&nal The c:Orr~:SpQnding 

• &c.:p1 ll'r the d<l~ •n f~ pnn.ary tnput the .rmuJ•t«<nt>t ~Jn«~nl•)')t<m Wil> tdcouCIJ " i1h 
the >)\tem >h<)wn tn Ftlll<t lll Tbe lr:\n'lrt functwn //(:1 w.&.' • nun mtnanun• ph:s...c, lov.-p~ FIR 
m ... "'uh IW(I ,~ro•. 

11(-J • 1: '(l - l: 1 )(1 -l: ) 
Tit• Optlllllli Utl('\IO;&tO.tf\Cd ·~Uplivr iJIIrr Ml(uhllll, IR 11\f> GII\C ji,IVCII ny (Jl,J )), i• tho te<lprocaf of 1/(:) 
II hilS one pole tn\i..l~ •nd uno p<llr t.ul•idc the unit cird•· tn thr :plane 11 >t•hh: f\"uhzatloo of 11•(: 1 
must, lht>rdo..-~. bl" IWu·.Mdcd 
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optimal and adaptive impulse responses obtained with a dc.>lay of eight time units 
(half the length of the adaptive filter) are shown in Figure 12. l2(b). The..'e solutions 
are similar, indicating tha-t performance: of the adaptive filter will be cfose to optimal. 
Typical noise-canceler outputs with and without the delay are shown in Figure 
12.12(c) and (d). The waveform obtained with the delay is ve.ry close to that of the 
original triangular signal, whereas that obtained with no delay still contains a great 
amount of noise. 

MULTIPLE-REFERENCE NOISE CANCELING 

When there is more than one noise or interference to be cant-eled and a number of 
linearly i.ndependent reference inputs containing mi.xtures of each can be obtained. 
we can oons\ruct 11 multiple-reference no1se-canceling system by expanding the 
single-reference noise canceler analyz.ed above. In the model shown in Figu.re 12.13 
the M inputs. rf 1 lhrough r/tM• represent mutua)Jy uncorrclated sources of either 
~ignal or noise, The transfer functions G,( :) represent the propagation paths from 
these sources to the primary input The F,1(z) .similarly represent the propagation 
paths to the reference input$ and allow for cross-ooupling. Thls mode.! penn its 
tTeatment not only of multiple noise sour~ but also of signal oomponents in the 
reference inputs and unoorre.lated noises in the reference and primary inputs. ln 
othe• wotds, it is a general representation of the. adaptive uoise cancder in Pigwe 
12.4. 

The unconstrained optimal transfer function of the multiple- reference canceler 
is lhe matrix equivalent of (12.8) and is derived 1n the folloWing manner. The source 
power spectral matrix i .~ defined as 

«<l.:..v,(z) 0 

[ c.l>_,,.<.z )I= c.l>.,,.,..,,(z) 
(12.65) 

0 4>._.., .... ~<=) 

With this definHion, lhe spectral matrix of the N reference inputs to the adaptive 
filters becomes 

(12.66) 

where 

(12 .67) 

und again Fj, ( z) is tl1e transfer function from soutce i to input j. 
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Figure 12.13 Gcoerali;.t<l muluplc-rcltrcocc ad~ptive noise cunceler. From B. Widrov. cl ld., 
4Japtu.., Nms• Cancrlmf1: Prlntiplt< nod App!lt'atwn:,·. J:l Dt<rmbcr 1 Q1~. IEEE 

The cro~s-spectral vector from the reference inpllts to \he primary in:put Ill 
Figure 12.13 is g.ive1' similarly by 

(12.68) 

where 

[G(z)) ~ [G1(z) (12.69) 

and again G1(z) JS the lran~fer function from source i to the primacy mput. 
With these rcl!ttionships for Figure 12.13, the optirJJal wcight vector solution is 

similar to (12.8). li we define 

( 12.70) 

as the set of optimal transfer functions (each conlaining an optimal weight vector), we 
then have, similar to (12.8), 

[W-.( z)j = [<P_.~(zW1~x.,{.:) 

= f[F(< - 1
)] r[ ~~"( z>]lF(z )] ~ - '( F(~-• )r[<P_,~(=)j[G(z)) 

( 12.71) 

This solution represents the entire set of optimal weight vectors. Wt tbroug)1 Ws. 

• 
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whjch define the minimum of the overall error surface given by Efe~] us 3 function 
of all of the weights. We do not ueed mathematics to show that .this surface is 
quadratic in all of the weight~, because we can see in Figure 12,13 t.hat y0 .is a linear 
combination uf adaptive linear combiner output~, and thu~ yi (and el) must 
contain only linear and quadratic weight terms. 

1f [F(z.)] in (12.67) is square (i.e., N = M) and bas an inverse, t.hcn (12.71) 
si mplilies tot 

{w· (:)) = [F(zW'(G(:)] {12.72) 

which is the matrix equivalent of (12.12). The inverse of [ F( :)] may not exiS1 at all 
frequencies. 

The expressions above cnn be used to derive steady-state optimal solutions to 
multiple-source, multiple-reference noise canceling problems more general than 
those discussed previously. An appJiCjJ.tion of the multiple-reference problem in the 
·field of fetal electrocardiography is given below. 

The foregoing generalization complet~ our discussion of the principles or 
adaptive noise canceling, which included a description of the concept and theoretical 
analyses of performance with various kmds of sign!ll and noise. The following 
sections describe a variety of practical applications of the technique. These applica­
tions include the canceling of several kinds of interference in electrocardiography, or 
noise in speech signal!.. of antenna si.delobe ioterference. and of periodic or narrow­
band interfc.renc~ for wbich there is no external rcferenee source. Experimental 
results are pres en ted that demonstrate the potrformance of adaptive noise canceling 
in these applications. 

CANCELING 60-Hz INTERFERENCE IN ELECTROCARDIOGRAPHY 

Hullla and Webster [22J have pointed out that a major problem in the recording of 
electrocardiograms (ECGs) is "ltte appearance or unwanted 60-H~ interference in 
the output." They analyze the various causes of such power-line interference. 
including magn.:tic induction, displacement currents in leads or in the body or the 
patient, and equipm~nt interconnec.tions and imperfections. They also describe a 
number of techniques for minimizing it that can be effected in tl1e recording process 
itseU. such as proper grounding and the use of twisted pairs. Another method 
capable of reducing 6Q.Hz ECG interference is adaptive noise canceling. which can 
be used separately or in conjunction with more conventional approaches. 

Figure 12.14 shows the application or adaptive noise canceling in electro­
cardiography. The primary input is taken from the ECG preamplifier; the 60-Hz 
reference input is taken from a wall outlet with proper attenuation. Tbe adaptive 
filte r contains two variable weights, applied in a manner similar to that of Figure 
12.6. The two weighted versions of the reference are summed to form the fiher's 

'See .Ex.rci&< l(c) in Chapter 2 . 
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Flgure12.14 Cnn•-elllnAr.U·Iit 
in trrfcrtncc in ti«HOC~tdtQJitaphy l'rt)m 

B Widrow •• o>l. illi•lf'lll'' '""" 
C<Jmvh•~· f'(mupl-. mul Apfd''""'"''· 
c On'tml>er I ~7S, 11'1'.1.' 

output, which Is ~ubtnsctcd from lh<: primary input. Sclcned o;QTnbinaiiUil\ ur Ute 
value) or the "'dght> a.Jiow the re{eren.oe waveform to be ch~~t~ged in ma&Aitude and 
phase tn any way required for cancellation. The two \'8nable we~ghti, or two 
' dcp-t"e of freedom," are required to caned the single pure smusoid. 

A lyptc:al rt)ult of a group of experiments perfonned v. 1th real-ltmc pr~~mg 
~ M!own m Ftgur<: 12.15. The sampJes bad 10 bils and the •amphng rate W'<~:. 1000 
Hz. F1gure ll. I S(~o) '>ho"'s lhe primary input.. an ECG wa'dorm wuhan e'~~tve 
amuunt or 60-Hz IOh:Tferen...e, and Figure 11.15{b) ~0 .... ~ the n:.f.:n:nce tnrut rrom 
the Nail outh:t. Figure 12.15(c) shows the no.ise<:lllcder output. Note the absence 
or Ulterferenoe and the clanl) of detail after lhe 3d3pU\C proceSS b.3S cOn\ttgtd 

CANCELING DONOR-HEART INTERFERENCE IN HEART-TRANSPLANT 
ELECTROCARDIOGRAPHY 

The elec:tn.-aJ depolarization of the ventricles o£ the human heart ' " tnggcrcd hy a 
group of ~pcdnhz.cd muscle cells known 3$ lhe atriovenmcular (AV) node:. Ahhuugh 
capable or independent, asynchronous opcrauon, this node is normally oontrolltd by 
a simllor cell group. the sinoatrial (SA) node. whosll depolarization initiates an 
ctectrical impulse lronsmiued by couduct.ioo through the ntrinl heart muscle to the 
A V nude. Thu SA node is cunnected through the vagus and ~ympnthetic nerves w 
the ccrHral ncrvc•u~ system, \Vbicb by c~ntrolling the rate or depolari1utiun c<mtlols 
lht.: frequency of the bcarlbeat [23. 24J. 
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The cardiac tmnsplantation 11.-chntque developed hy Norman Shumway of the 
Stanford University Medical Center involves the $UlUnng of the " new" or donor 
bean to a portion of the atrium of the patitnl's "old" heart (25J. s~·ar ussue forms at 
the suture line and electrically isolotc• the smull rcnu10nL of the old flcart, containing 
only the SA node, from the new heart, cootairung both SA nnd A V nodes. The SA 
node of the old heart remuins connected to the vagus nod $ympathetic nerves. a nd 
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the o!J bean continuc.q to beat at_ a ~ate controlled by the central nervous system, 
The SA node of the new heart, which ts no t connected 10 the central nervous SYStem 
because the severed vagus nerve cannot be surgil·aJJy reallacbed, generates a ,Ponta­
neous pulse \~at t:auses the new bean to beat at a separate self-pacing rate. 

fn cardrac IJM$plant re.~arcb, as well as in Cl'\rdiac research in general one 
would like to determine tbe firing rate of the old he.art and observe the wavefor~s of 

Primarv 

Vefltrictc 

Oor;or­

amum 

Figure 12.1~ Ocnvin& Rnd pr~\i~g ECG ~·r.nals or a hoart-l!llnsplenr patlonl. 
f'rom B Wrdrpw cl al, A.iapw!• l!o"~ Cu11<~£11~: Prill<rf)l<s and Arpti.:minns. l: 
Dcwmb<I l97S. lllliE. 
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its electrical output. These waveforms. which cannot be obtained b) ordinary 
·electrocardiographic means because of interference fiOru tbe healing of tbe new 
heart, are readily obtnined with adnptive noise canceling. 

Figure L2.16 shows Lhc method of applying adaptive noise canceling in 
he.an-transp)ant electrocardiography. The reft:re.nce input i$ provided by a pair or 
o rdinary ch<;!St leads. These leads receive a signal that comes mairuy from the new 
heart, the S<>urcc or interference. The primJlry input is p(ovided by a catheter 
.:olisisting of a small coaxial cable threaded !hro.11gh the left brachfal vein and the 
vena cava to a p<)Sition in the atrium or the old heart. T he t ip or the catheter. a few 
mlJiimeters long, is an CJ<posed portion oF the center conductor that act$ a~ an 
antenna and is capable of receiving cardiac electrical signals. When it is in the most 
favorable position, the desired signal rrom the old heart and the interference rrom 
the new heart are received in about equai proportion. 

Figure 12.17 shows typical reference and primary inputs and the corresponding 
noise-canceler <)utput. Toe reference mpul contains the strang QRS waves tha t. in a 

lllew•ndold 
/hea'l 

Otd 
/•••'1 

(b) 

(o) 

Figure 12,17 EC'G wavc.forms of • ltcnrl·transplanr f)a!lenl. (dlti:lcrcotc inpuL 
(new b"artl' (b) primlU)' in.pm (new ;u.,J ol8 b<art); (Cl noi><'Ciln«lcr output (old 
heart). From .ll. Wid row <'tal., AJoptlt'fl l~~.s~ C:an,efurg: Pn'Jfflill!s. and 4ppftcaumn:. 
"' D«.'<lmber 1975, IEEE. 
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normal electrocardiogram, indicate the firing of the ventricles. The pnm;~ry input 
contains pulses that are synch:ronQus with the QRS waves of tho: reference input and 
mdicate the beating or the new bean. The other waves seen in thi3 input are doe to 
the old heart. which is beating ;n a separate rate. When the reference input is 
adaptively filtered and subtracted from the primary inpul, one obtain$ the waveform 
bhown in Figure );!.17(c). which is that of the old heart together wuh very We.'lk 

residU31 pul5es originating in the new heart . Note that the pul~ of the: two heart~ 
are eaMiy sep~~rated. even when lhey occur at the same instanr. Note also that the 
electrical waveform of the new h.:an i; steady and pr«ise. whereas that of the old 
bean vari~ sigruli.cantly from beat to beat. 

For tlu$ experiment the noise eanceltr was implemented In softwar.: With an 
adoptive transversal filler containing 48 weights. The sampling r'dte was 500 H1.. 

CANCELING THE MATERNAL ECO IN FETA'L ELECTROCARDIOGRAPHY 

Ahdominol electroco.rdiograms make it possible to determine the fetal hcrut ra te and 
to detect multiple fetuses, and are oflen used during labor rutd delivery (26- 2Sj. The 
background noise dut to muscle activity and tetal motion. how ... ver, often It~ an 
amplitude equal to or greater than that QJ' the fetal heartbeat (29-3ll. A suJI more 
seriuus problem is the mother's heartbeat, which hru. an :llltplitude 2 to JO Limes 
greute.r than that of the fetal h.:llftbeat and often interferes wuh it~ recording 1321. 

At Stanford University. ~nme e.'perimeotst were performed to demonstrate the 
usefulness of adaptive no.ise canceling in fetal electrocard.iographv. The objective 
wa.s to denvc as clear a fetal ECG as poSSible, so that one could observe not on'v thl! 
h.:an rate but also the actual waveform of the electrical output. 

Four ordinary chest l~ds ... ere used to record the mother':. h~tbeat and 
provtde multiple reference inputs to the canceler. • A SJngle abdominal lead wos 
used to record the combined maternal and fetal hear~ats that servt-d ISS the 
primary tnput. F"~gure 12.18 .\>bows the cardiac electric field vector~ of mother and 
fetus and the positions in which the leads were placed F.ach lead termmau:d in a 
pajr of electrodes. The chest and abdominal inputs were preliJlcred. digni1...:d. and 
recorded on tape. Tht muluc,haonel adaptive noise canceler, sbown 1n Figure i2 .19, 
is a special case of Figure 12.13. &ch reference-channel filter had 32 taps with 
nonuniform (log periodic) spacwg and a total delay of129 ms. 

Figure 12.20 shows typical .reference and primary mputs together Wtln the 

corresp,lnding n''ise-canceJer output. The prefiltering bandwiuth was 3 to 35 H~ and 
the samplillg rate was 256 H7_ The maternal heattbi:at., wh.ich dom.Jnatcs lhc 

11\ >>..oula.r aucrnpt til can""l the matelll.l.l belirtbe:>c had prtY•OV.SI) b= maJc by \V~Idcn Wid 
1Jirnb~um(l3] wichnul lht u.<e e>f an aJapcive proccssor. Some rcduotilln t'f 1M r'OJIItfltllllnt¢rfer<nt;e w-.s 
ochl.-<d by the cardul placement of lead> and adJilSII!l<.'t>f or .omplih<rtllin. but appatt'll llv bwor r<>1JIU 
c~n he obc61ncd with aJapcive processin~ 

'M<•r• th•n one rcf•rem:<: 1npu1 wa.\ used ro make the tnlttlerenre 1\llcrwg 1:1.\k c:>\lcr. The 
numbc1 nt n:l~ttnc.: 1npuu reqUired to c:limimnc ilie- m:u.cmttJ ECU I,'\ :'\t1ll under invtttu,._a~aon 
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to) 

Figure 12.18 Canccling m•tttnol heorrbc.ot in fctol ctcctrocar.hosrJphv. (al ,.,.,.d,oc electric 
field '1:cLoo of motb<r ""J ftJU$; lb) pl~~\tnl Ill IC3J$ hom ll Widro,. ot nl. Adoprit...­
.Vo•u O:mc.lmg. l'rlnap/,, unrl 4t•pllcutl""'· ~<'l!mbtr l97S, tF.Ef, 

_A_bd_o_m_"-"'"-"""-IP';._',.._V_'_"""'--''---t !: 1---....----0urput 

Flgure 12.19 Multipl< u:rew>Ct 110uc ('1lflctlet uv.d In ftt•l F.CG e.~Jl"ncnenr 
!'rom R Wid roo,.. cl GJ. ~<lhp/ll't Nn1!' (,'tllll'tliiiB' Prl11clples and .• pplu:fJrtiJ<IS. t: 
O.ccmb<r 197$. IEEil.. 
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Figure 12.20 Result of fttal ECG O.\perim<ot (bondwadtb. J-J5 H~; sampltr)g 
r<~tc, 2$6 H1.): (a) r~fl!l'clU!e tnput (Ch<S\ lead): Cbi pnlllary mput(nbdominlll kad); 
(Cj nnisc-c-ancdcr output Ftom 8. Wid1·0'\ !!t-al, J4J,aplltY NnJ.\i Concebnf(: l'rin('t· 
p l tJ utili .4pphcu111JfiY. ':1 Dtccllll>cr 197S. lliE~ 

primary input. is suppresSed in the noisc .. c.ancder output. lThe vollage scale or rhe 
noise-canceler output[Figure 12.20(c)] is approximately two times greaJer than tha t 
of the primary input [Figure 12.20(b)).) 

Figure 12,21 shows corresponding results for a prefilleriog bandwfdth of 0.3 to 
75 Hz. and a sampling rate of 512 Hz.. Baseline drift nod 60-Hz interference are 
clearly present in the primary input. •obtained from the abdominal lead. The 
interference is so strong that it is almost trnpossible to detect I he fetal heartbeat. The 
inputs obtained irom the chesl leads contained the mateTOal heartbeat and a 60-Hz. 
component sullicienl to serve as a refercmce for both of these interferences. To the 

Chap. 12 Adaptive Interference Canceling 

Flgure 12.21 Result or w]dc-baod !c.:ol ECG aperiment (bandwodtlt. il3-7S Hr: 
.,.mplin& muo. 512 Ji1): (a) rererrn,-e onpul (<hesl load): lb) primary input (nbdool.i· 
oat le~d); (C) not~ •an<eller OlllpUI. From n, \Vidmw et Ill., Adoptw• No"c 
Cdiltelms; l'rfn(~plt.< und ApplfCUIIOirS, t1'l Occcmb« 1975. IE.£!.1!. 
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noise-canceler output both interferences have been signilicantly reduced, nnd the 
rctal heartbea t is clearly discernible. 

CANCELING NOISE IN SPEECH SIGNALS 

Consider tlle ~i luation of a pilot communicating b y radio from the cockpit of an 
ai rcrait where a h.igh level of engine noise is pres en 1. The noise con t'.U ns, among 
o ther thin~. strong penodlc components, rich in harmonics. that occupy th.e same 
frequency band as the pilot's speech. These compollents arc picked up by the 
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Figure 12.22 Cancclin& nO!><: 10 speech signals. l'mm {l wt~row olal , Alfaplil't 
Nmrt! l"nn~/1111! Pnnt~l)k<t and Arplt~vtwns. t D«<!ubcr tV7~. IEE..E. 

Pa.rtiV 

microphone into wh.tcb the pilot speaks and severely interfere With the mtclligibility 
of the radio tronsmlssion. 11 would b.e imprtlCtiC41 to process the receivtd stgnal with 
a conventional filter because the (requen.cy and intensity of the norse components 
vary with engine speed, the pos!lion or the pilot's head, and so on. By plru:ing a 
second microphone at a suitable location in the cockpit. however, a sample of the 
ambier.t noil.e field free of the pilofs ~~ch could be oblllined. This sample could 
be filtered and subtracted fcom tho.: lr3J!Smisslon, sigruficantly reductng the inter­
r~renc~e. 

To dernonstnue the feasibiiHy of canceling noiSe jn speech signals. e.~operiments 
simulatmg th~ cockpit noise problem in simplified form were conducted. Ln these 
c.~periments. as shown i.n Figure 12.22, a person (AI spoke into a micJ"ophone (B) in 
u roortl where strong acoustic interfen:nce (C) was present. A second microphone 
l D) was plared in tlte room away from lhc speaker The output of m1erophooes (B) 
a.nd <D) formed the primary and reference inputs, tt:.j)cctively. of a notse canceler 
(E). whose output was monitored by a remote listener (F). The canceler tocludc:d an 
adaptive filter with 16 weights, and lhe rare oi adaptation was approxtmatcly 5 k.Hz. 
A typical lenmin& curve, showing output power ~ a function of number of 
adaptalion cycle.~. is shown in Figure 12.23. C.onvergencc was complete dter about 
5000 adaptations or 1 second of rt.lltisne. 

Jn a typical e.~opc:riment the interference was a trinngular wave containing many 
harmonics tlun, because of mult.ipnth eff;:cts, varied in ampfuude and phase. from 
point tQ point in the room. The periodic nature oi the interference made it possible 
to ignore the Uifferencc i.n time delay caused by th~: dlD.erem transm•ss.ion paths to 
the two sensors. The noise canceler was able to reduce the output power of this 
in terference, which otherwise made the speech unintelligible. by 20 to 25 dB. 
rendering the interference barely perceptible to the remote listener. No ooticcable 
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Fl9utt! 12.23 T)'llical lrlun•og curu: (N $J>C«b 11<"~"'"'"hnr, cxpmrtl<'nt h(IOI 
B Wollrow e 1 ol .. • •Jop11UI ~"''' CizJ¥tli~1. f'nnnpl<.t ttAti Appbrlm..n.<, O.:NIIlbff 
t~1~. ti'EE. 
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distortion wa.s introduced into the speech signal. Convergence times were on the 
order of seconds, and the processor was readily able to readapt when the position or 
the microphones was changed or when tlte frequency of lhe intuferencc was varied 
over a mnge from 100 to 2000 Hz. 

CANCELING ECHOES IN LONG-DISTANCE TELEPHONE CIRCUITS 

Long-dista.n<'.e telephone circuits have generally bo!el.l impaired by echo clfccts 
[16, 17J. Echo suppres:;o~ developed at the Bt!U Telephone Laboratories have b«n 
highly ptr!~ted during the past decade. Tr:uiSContinental ealls \'Ia sstellite links 
have not kx.'en as successfully handled by conventional echo suppression techniques 
and for this reaJ;oo, adaptive echo cancelers huv~ been developed. The time delay 
involved in radio transmi~sion to a synchronous sa tdlite and back to eanh is around 
250 ms and the two-way round-trip time is near half a second. Switching. wltich is 
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invt1hcd 10 conventional echo suppression. i5 very disruptive when the path dda)s 
are this long. Without adaptive echo cancellation. satellite CirCUitS are be<ot uuli'ed 
like rJ.d(oteJephone channels. one pany ta!Jcing at a time (i.e .• "holf·duplex"). 

We shlltl briefl.y review the workings or the telephQOe as reqwred 111 under~tand 
the echo problem. We omu discussion of many orals funcuons. such as ~witching, an 
order to concentrate on the ftow of signals. A simple two-parLy teleph<Jne ~ystem IS 

pietured in Figure 12.24. In each duect.ion. a carbon transmiuer tS connected tn 
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series with an earphone and a bauery. An tndependent circuit is used in each 
direction. This approoch is very sample, but has some drawbacks. The system of 
Figure J 2.25 has the advantage or u~ing twn wires from each customer to tbe central 
office (where batteries are housed and local swttchmg ts done). The system of Figure 
12.25 also introduces what is cnlled "sidetone, .. malun,g eath user's speech available 
to his or her own earphone. 1 his makes the telephone sound .. alive:' The feedback 
allows the user to adjust the spenkJng lew! A modern telephone is somewhat more 
complicated than that oC Figure 12.25. A highly simplified diagram is ~own in 
figure 12.16. A "two-wircj (our-wire speedl network.'' incorpor:ued in the bare of 
~he telephone. COrL~t$ of 3 lransformer-coupled network that permits direct CUITeOt 
(de) to flow from the c.:ntrn.l uffice battery thmugh the carbon microphone. but 
block.s the llow or de in the earphone. The e3Jl)hone coouuns a permanent magnet 
and ih designed to work. with an ac S1gn:l.l. Although the speech network blocb de 
flow through the earphone, it permi~ thee tnjCCIIOn of 3 l'QOtrollcd amount uf 
$ideu>ne from the mic;rophone to th~: ea.rphooe. The four wire:: or the microphone 
and earphone are thus co11pled 10 n two-wire "loop" ~·onnecung lhc customer to the 
ccnual office. This is the basic telephone Ctrcu.it used t<>day for local calling. 

Long·di$tllncc call1ng is based on the u~.: nf repeater amplifiers which require 
separate circuits for the two direction}, 1\.S shown in Figure 12.27. An important 
element or the system is the" hybrid'' devace, n circuit elcmeotthat bas the capability 
of a pplying lhc incoming long-distance trunk signal to the cu~tomer loop so lha t th is 
signal is hl!llrd nt the customer·~ earphone. while t.hc signal from !he customer'$ 
microphon.: is taken rrom 1hc snmc loop and app lied to tht: ou tgoing t runk. 

The hybrid LX'Inverts the tW(>·wire loop circuit~ (where the incoming and 
outgoing signals are together) to a four-wire circui t wberc lhe incoming and outgoing 
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signals are separau:-d. The ideal hybrid p!l.SSCS an incoming ~ignal from its '' jncom­
ing" port to itS "two-wire" port, allenuating it by ~ d.B. a nd does not pal's anything 
10 its "outgoing" pOrt. Furthermore. it passes signals from its "two-wire'' pon. 
a!lenuated by 3 dB, t<) its ''outgoing'' port. without reflecting any energy bat=k into 
1he twl')·wjre line. A simplified long-diSIUnce diugram ib shown in Figt1re 12.28, 
where the repeaters and lrunk.lioes nre represented as delays. 

For man.y reasons, tbe hybrid devices do not provide ideal performance. 
Vari(lti.ons ln in trument characrerist1Cs and in loop length and impedance cause 
imperfect ~eparauon of incom.ing an\1 outgolng signals ot the hybrid. Thus some 
inco.miog signal comp6nents l~ak into the outgoing port of Lhc hybnd. Typically. 
the hybrid redu.:es Lhe amplitude of the" leakage" signal by about ·15 dB relative to 
the incoming signal. Th~ "ltAkage peth" i$ ~ssentially linear and has an onlcnown 
amplitude and phase characteristic. The leakage on each end of the long-distance 
circuit causes ecb~ wluch may be very !lppan:ntto )Omc o!lers even when the echo 
is as much as 40 dB below the mcoming ~ignal. 

During \he past 50 yt:ars, echo ~uppr~rs bo~ve been in use on long-wstancc 
circuitS in tbe United Slates, and they have successfuUy alleviated the problem when 
the round-trip delay is 100m.~ or le&. Figure 12.29 shows a two-way lo ng-distance 
telephone system equipped wttb echo suppreswrs. On a given cod of the circuit, a 
relay in the echo supprt:5SOr cut~ lhe oulgomg hybrid port when a signal-level 
detector deternunes that there ~~ an tncoming signal. On the other band. \he relay 
action is overruled and the outgOing hybnd path t.ll ree!.tabbshed when another 
signal detector determines that a m1crophone stgnal is present originating from tbe 
same end of the lmc. Thus the echo path is cut when receivtng only. The outgomg 

Rtl•v 

Aolay 

FiuurR 12.211 Lrmg·dt.•rnnce ~)ISI<In witlt .,, ·bn •uPP"'" "'"' 
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path IS establi~hed when transmitting. even during double talkirtg. that ~. ~unulta· 
noous talking 111 both ends of the line. 

When the round-trip delay e~ceeds 100 ms, as with }at~:Uite circuit~ f'lc 
choppin~ nnd misstog pi~ of words due to switching in the echo suppressors i~ 
qutlt annoying and this hns :.limulated the development of adapuve ~ho cancelers 
[l7J. A IOtlg-di&tance system with adaptive echo cancellation i~ depicted in 1-igure 
12.30. fhe principle of Clperanon is simple. At a gJv.:n end of the long--distance line, 
the incoming signal is applied both to the hybrid .md to the adaptive filter. The 
output of the adaptive filter i~ subtraqed from the hybrid output. The dilfcrencc. 
the error stgnal for the adaptive filter, is used to adjust the weights. Hybrid leaka~e 
c:1use~ a hybrid outgoing component which is correlated WJth the incoming sJg,nal. 
The adaprive filter wiU remove the leakage component as best possible in the 
l ea~I-SI{U arl.'l> scnbe. IW. ability l<l cancel the hybrid leakage i& limited only hy its 
u.bility to mlttch the un~nowo hybrid leakag.e path. Econom1c considemtions ploce 
limits on 1he fineness of sampling in time and on the fineness of quan tization in the 
nduptlve filter reali1.auon. but technolog.ical lmprovemenlS are rela)ting these limits. 
Fundamental limit.~ come from misadjusll'llent in the adaptive fi lter nnd from 
nonlinc:arities in th~,: hybrid leakage path. A successful adaptive l'CII() canceler for 
speech mJght, for example. use an 8-kH~ sampling rate and l28 wetghts. 

Some of the problems jo adaptive echo cancellation are due to the eif~lS of 
noise in the weight vector. The diagram of figure 12.31 shows tl1e adaptive fillm 
and the ell.o;ential signals in the te-lephone system. We assume for thjs di&cussion that 
the: adaptive filters contain a sufficient number of degree$ of freedom to mlltth the 
hybnd leakage transfer funcrion •. that the 11-seuiogs in the ad!lpllve fillers ~nsure 
slJibilit)'. and that the local loop noises, "RAL and "•IlL· ilild the mtcwpbonc ~•gnn's, 
su. Jnd s4 R. are of 'lcro mean. We also assume that tile convergence mechanism.~ of 
the two adaptive fUters act independently_ This assumption 1S not smctly correct, 

Flgu•e 12 .30 LllO&·diMont< >VStt'ltl With )OOpnv~ cd"' cancell«hon 
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but e.-penmental evidence ha!> md1ca1ed thai good appro~ma1e :u~aly~ or the 
ad3pllve pruce.~ can be obl3llled by treating them S<J)an1el) Actuall). the tv.o 
adJplt\C tih.:~ lUld the telephone net.,vrk comp~ a r«dbacl; nctv.orl; The 1npu1 
cu che adaptwe filler ac tcnninu~ A come!:!; panially from ch.: ou1pu1 or the adapuve 
filter a1 termmu~ B. and v1ce ver,a. However, lhc microphone ~ignab. lhe local loop 
nOt~. and !he loog·dl)t31lce truol. noises arc mdependcnt of lhe albpti~c pr~e.,3C:>. 
Lee U.\ .c.;ume that ,jgno.ls and nobc.. m F1gure 12. Jl are all 1ndependcn1 .md 
Mationary. Th" :c.~umption was made for purpo;,es or analyol5 [16. 17]. and chc 
u~eruwcSb or the re<;ulti.ng analy~i~ bas been confirmed b) .:.xpericnc:e. 

Wich all or the :l.'-'umptiom abO\<!. one condudo chat up<>n comagenc:e the 
mean weight vcctor~o of the adapuvc filteiS perfectly canoe! the corre~pondmg hybrid 
lcnkage tr3ru.fer functions. However. another re~ult of :ldllptation i.\ that stcady-,catc 
noise in the weights, randomly modulating the adaptive filter mpul signal\, cuu\Ci 
od.Jiuonal random mccrferenc~ componen1.~ to be added lO the 11\lcrophone ~lgna4, 
wh1ch then propagat~: vio. the long-di.>tancc crunks. 

For purposes of analysis. suppose lhac the value of p. in the adapliv~: hiler at 
cermiou~ A ~ very srMII, so that the noise in the weight vector i.> n~ghgihlc. The 
adaptive hhcr then perfectly cancels the hybrid leakage at end A and mtroduces no 
ocher ''side effects." The net signal from side A as appUed to chc A-to-B trunk is che 
microphone signals,,. plus che Joc.alloop noise nv.L A~>.,urwng :1 gam of unit)' on 
tht trunk circw1.. the mc.om.ing wa•·eform available ac tcrminu' B 1:. gm:n by 
s, ... 1 n, 4 L ~ noRT· The l(t'IJI n.,rr lS the ootSe :u femunus 8 orig111:Uing :along lhe 
trunk from A to B. 

ln pruccice, p. would need 10 be large enough to a.llow the ad;apuve flller to 
comer~ tn a re3!>0nable amount or tim~: ;and to be able co track ch:u~gc~ 1n the 
h)bnd leal..agc path. Aeulrdmgl), there will be nOI\C 111 the we1ghcs. Let the 
m1ud;ustmcnt or the adaptive liltcr at cod A be deMgnated M,. In Figure 12.31, 
the minimum mean !.quare of EAA 6 seen to be 

(12.73) 

We have taotl) :!Sloumc:d a douhk-talking l>ltwmoo tn m:Wng thu. deterrwMuon. 
w1th x.,. • n 4;.1 +(sA"+ n•ijt>d<~a1Cld aJld Jv, = s,,.. -t n;.;.L being the adaptive 
hltcr 1nput and desired response. rc~pectively. The average exces' mean-square error 
i~ M,.~ ... _. or 

(12.74) 

11us IS the power or the additive random indcpendenc in1erferenc.: caused by noi.e 
tn the v.cight~. Accordingly, lhe Incoming noise power at terminus 13 1s 

11 2 75) 
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( 11.76) 

In caso or mtere:>t, \I i> sub,tanuall)' b\ lhan 1 and the p<'IV.er le-d or the local 
loop noL\C is veT) lov. compared W11h lhe nOI>C h:vd on the long-d1•tance trunk 
l'leglccting the local loop noi~oe power we have 

£[.~ ! 
SNR - --.- .... (12.77) 8 M,.£ s.f,..] 1 I:: n!BTJ 

By malnng I' .-mall and adapung ,lowly. the mi~tlJu51meoc M,. can be made small 
When the product or MA umc~ the signul power ~~ ncghgiblc compared to Lhe not~ 
power, the maximum signal-to-noise rotil> i~ obtomcd: 

(12.78) 

This is 1he signal-to-ooisc rauo that ooe would obt.ltn wllh .m echo suppresstng 
system •n lhe :;~ence o( doubl" till or Wllh an adaptive N:ho c:3nceJer in the 
absence of double uillc. Because of m1~odjustment, the adapuve echo canoe.ler with 
double talk will prov1de the SNR SJ''en by (12.77), "'bicb may be wricten as 

Sl'IRa • I -t M,.. SNR
8

_ 
(12.79) 

Thus one ,hould l..oc:p the mJ-.:idJtA.>tmcnclov. in order to oown an SNR close co the 
maxunum during periocb or double: talk 

CANCEUNG ANTENNA SIDELOBE INTERFfRENCE 

Srrong unwanted stgnals 1nctdent on the ldelobc:s of an ancenna arra) can SCYerel) 
1n1erCer.: Wllh lhe r.:ctption or v.e.lker st~nals 1n the m31ll beam. When cbe number 
of spaually dt.SCrcte mterfercnce source> tJ small. lli.laptive no1se caJlcellng can ofcen 
proVIde a himplc method or dealing Wtlh thts problem. . . . 

To demonsmue the level of sidclobc: reduction achit''llblc w1th adapuve notse 
t:10celing. aJl interference canceling problem wa' \lmulatcd on the co~put~. The 
method i~ very >Jmll:lr to that of Huwellq <~Dd Applebaum 16, 35} descnbed tn the 
next chap1er. As shown in F1gurc 12.12,:11\ array consiwns of a circular pattern of 
16 ¢quail) spaced omrudirecuonal ~lcrncol!> was cho~cn. ·rhe oucpots or the ~lerxu:nts 
wete properly delayed and ~ummed 10 form a moJO beam ~teued at a rclam·e angle 
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Part IV 

or 0°. Simulated interrerence with the same bandwidth and v.1th a power of 100 was 
inCJdCnl at II relatiVe angle of 58°. Tbe array was connected to an adapth•e noiSe 
canceler in the manner shown in Figure U.5. The output of the bcamfnnner served 
as the canceler's primary inpul. and tbe output of a single elemcn1 (4) was choSoen a;, 

lhe reference mpul. Tbe canceler included an adaptive filter ~lth 14 v.eights , the 
adllptataoo constant in the LMS nlgorithrn was set ar p = 1 X tO·fl 

F1gure l2.33 show~ LWI:} ~cries of computed directiV1ty paucm\. one repre­
senting a single frequency of ! of the sampling frequency and the other an nVI!rage 
or eight frequencies t~f fmm ~ to ~ or the $ampling frequency Thc...e patterns 
Indicate the ev(llution or the main beam and sidelobes as observed by stopptng the 
adapuve proce:;s after the ~pec16ed number of iterations. Note the deep null~ that 
develop in the direction of the interference. indi~te-d by arrow At the stan of 
adaptation all weJghts were set at zero, provid ing a conventional l{i-clcmcnt heam 
pattern. 

Th¢ ~i@.noJ-to-noi$e ratio !H the system output. averaged over the: Clgllt frequen­
cies. wus found after convergence to be + 20 dB. The signal-lo·noise ratio :H the 
single arrny element w"~ -10 dB. This result bears out the expectati(JO aristng from 
(12.32) that the signal-to-noise ratio at ll1e system oulput would be the reciproc:al of 
the ratio at the reference input, which is derived from a sing)t: clement. 
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Figure 12.33 R.:.utu o! •~;rpb•< 
~dd<'be <11n<~h•>s..-.p<nmcn • J0 )5lllgk 
freqUtJI<'Y 10 5 rtl•b'e I<' (oldin~ 
frtqUC114"I, thl over"£!' <>f Q6111 
lrc.tucncote> Cl) 2~ t.o 0 ,~ rel•n'< 10 

fp)Jrnt frtqumc)J. From 8 Widr,,._ 
cot wl. 4d.Jpw.,. \'t'f'L"" Ct,u'X.tNnR: Pritu:Jptn 
un.l lf'P/r<arl""' . • D=mbrr 1"75. 
II:Ll' 

A small amount of signal cancellnhon occurred. as evidenced by Lhe changes in 
se.nsitivity o f the main b~m in 1he direction of the signal (i.e., 0°). 1 bese changes 
were not unexpected. s ince the m:~in·lobe pallcm was not constrained by the 
adaptive process. A method of LMS ndaptnuon w1th ~:onstraints that could bave 
been used to prevent this loss of sen~ttivity ha~ been developed by Frost (37) and is 
described in Chapter 13. 

CANCELING PERIODIC INTERFERENCE WITH AN ADAPTIVE PREDICTOR 

There are a number of circumMunce.~ where u broadband signal is corrupted by 
periodic interference and no external rcfercn~e input free of the signal is available. 
Examples include the playvack of speech M music io tbe presence of tape burn or 
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Dw•o•t>cr 1 ns, tEEE. 

tumtable rumble, or sensing seismic sign.als in the presen'e of vehicle engine or 
powerline noise. It might seem at first that adaptive noise canceling could rtol be 
applied to reduce or eliminate this kind of interference. If. however, a fu>.ed delay A 
is inserted in a reference input drawn directly from the primary input, liS shown io 
Figure 12.34, the periodic interference can in many cases be readily canceled! The 
delay cbo:;en must be of sufficient length to. cause the bro.adband signal components 
in the rderenoe input to become decorrelated from those in the primary input. The 
interference components. because of their periodic natore, will remain correlated 
with eaob other. 

One can see that the system in Figure 12.34 contains an adaptive predictor. 
The predictable component of tho:: prin1ary input is removed, leaving !he unpredict­
able component at the output. 

Figure 12.35 presents the results of a c.:omputer simulation performed to 
demonstrate the canceling of periodic interference witbo1.1t an extemal ref.:rence. 
Figure l2.35(a) shows the primary input to the canceler. This input js composed of 
colored Gaussian noise representing the signal and a sine wave representing the 
interference. Figure 12.35(b) shows the output at the noise canceler. SlUCe the 
problem was simulated, the exact nature of the broadband input was known and is 
ploHed together wilh the output. Note the close corresponden..:e m Corm and 
registration. The correspondence is not perfect only because the filter was of finite 
length and had a finite rate of adaptation. 

1'Tbc ~ola.y A ma.y ~ lo!.t'rled in tbl! primary inste<~d o! the rderence in put 1! its tolltl l~ngth 1, 
gre•ter lbllJl tbt tota1 delay of tbe adaptlve filter Otherwise, thr flilcr will coo verge to mmh it md <"MC<I 
both si$nal4ndintcrfen:oce 
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Figure 12.35 Re.ult ol J>"rlodtc iotcr.f<rencecwterlin& c.tJ>"rimrnt: (a) mput >i~oal 
{oorrdalt.d GallSSian oo1,;c and ;ioe wove): (Ill no1sc-<:ancder output (~orrclaced 
Gaus>la.o noise). Frcm B. Wrdrow Cl al., Atlapllw Norse Cwr<•tling. l'flnCiplts (JJIL/ 

Applu:o110ns. ,;. D«"1'0bcr 1975. ttte 
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The previous experiment can also be used to demonstrate another important 
application of tbe adaptive noise canceler, hi many instances where an input signal 
consisting of mixed periodic and broadband components is ~vailable, the periodic 
rather than the broadband components are of interest. If the system output of the 
noise canceler of Figure 12.34 is taken from the adaptive filter. the result is an 
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Figure 12.37 Re$\~ l of >C!f· luning filter <llpcrimcnl. From B Widro" <1 aJ , 
AJaptwli Nois.c Cunctlin~; Pnncipl~ and •• ppllrmioll$. (; D"'""'t!Jlh<r 1~75, [E.EE. 

adaptive self-lUning filter capable of extracting a periodic signal from broadband 
noise, 

Figure 12.36 shows the adaptive noise cancder 3$ a self-tuning Iiller. T]le 
output of lhis system was simulated on the computer with the input of sine wave antl 
correlated Gaussian noise used in the previous experiment and shown in Figure 
12.35(a). The resulting approximation of the input sine wave i~ shown 10 Figure 
12.37 together with the actual inpu1 sine wave. Note once again the close agreement 
in foml and registration. The error is a small-ampll\u<le stochastic process. 

Figure 12..38 shows the impulse response and transfer function of the adaptive 
tiller a!teJ convergence. The impulse response. shown in Figure 12.J8(a). closely 
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resembles a sine wave. lf the broadband input component bad been white noise. the 
optimal estintator would have been a matched filler. and the impulse response would 
bave been sinusoidal 

The transfer function, shown in Figure 12.38(b) is the digitnl Fourier t.ransform 
of the tlllpulse response. ItS magnitude at the frequency of lite interference is nearly 
I. the v31ue required for perfect canceJJation. The pba>~e sruft at this frequency is not 
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1cro but "'hen added to the phase shift caused b) the delay ~ forms aD antcgral 
muluple or 360~ 

Sirrulu Cllpenments holve been conducted "'ith sums or sanusoadal ~•gnals m 
broadbJnd stochaslle interference. In these ~men!.$ the: adBpll.-e lll~r de'>el· 
opeu <hlltp re.wn.mcc pcaJts at the rrequenocs or :1U the spectral IJn.: component~ or 
the periodu: portion of the primary inpuL The system thus •bows eoMiderable 
prorru~ ~ an automahc signal seeker. 

t- urther e.~penments have shown the ability of the adapti\ic self·tuoang tilter to 
be employed <IS a lme enhancer for the dc:tection of extremely lov.-levcl ~me waves 10 

noise An Hltroductory treatnlent of this application •~ pro\adcd in the nc~t section. 

THE ADAPTIVE LINE ENHANCER 

A clnssicnJ dctectlon problem is lhat of finding a low-level sine wove in noasc. 'J11c 
adnptivc self-tuning fi lter, whose ability to separate: the pcnodic und stochastic 
components or a signal was illustrate.:l above (where these componentS wcre of 
cnmpurablc le,·el), h able to serve as an "adaptiw line enhancer" for the det\.'Clloo of 
e.~tremely low-level sine waves in noise. The adaptive line enhancer becomes a 
competitor of the fnst Fourier transform algori thm JS a <cnsahve deteet01 and has 
copahalllaes thll may Cllcecd !hose of coovcnuonal spectral anal)'1~~ -.hen the 
unk:n~n ~me wave has lirute bandwidth or is frequent) modulated 

!'he method is tllustratcd in Figure 12.39. The input con~uts or a •iousoadal 
•igno~l plus \Orne noise. The "output" is the di!ICfete Fourier lrunform of the filter's 
ampulsc response. Deta:hon is a«omplished v..beo a ~pllCtrol pe3!. ~~ C\idmt 01ho•e 
the bxlgmund DOise. A modi!ied version of thl~ method bas been proposed by 
Gnltlths (<42) and is dascusscd in Exercise 17. 

Note that the filter output ( .v) is also available ira Figure 12.)q, and that thi~ 
agnJI could be U>cd duectly OS' as an input to 3 spectral anal)ur or plube-lockcd 

••o~t .... --r------------•.-{ 

fill•• 
trllnatc! 
lufiC1tOn 

Figure 12.81 1\dapliv< line <nba.oc.:r. From B. Widrow ct al .. A<kopllf'<' ,'J,.,, 
Cu~tt/l"fl· PnHopi<J u~d Appilcalw•:s. - Dt<lembtr 197S, I'EI:.E. 
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loop Fllrthermore, the m.:thod of Figure 12.39 could be used lor~~ simultaneous 
det~ion or muluple sine wuves. Wt• do not consider ~esc .possabahues here. but 
discus5 only the detecl!on of single low-level sine wavcs an noase. . f the 

figure 12.40 sl1ows the 1dcal ampulse re~ponsc and transfer £uncoon o_ . 
adaptive line enhancer for a gaven input s.pc:ctrum. We assume that I be tnput n~·~ ~~ 
wlllte with 11 total power of P ~, and !hut the input signal has :1 power of C I 3 

rm:Uized rr~qucnoy Wo [seC! (7.16)]. The Ideal Jmpulsc response: equa~alen l toht~e 
:atc.bed fi lter response. as u snmplod -Sinusoid whose [rcqucncy JS t.lo· The P a~e 

• 11\ls ;WCt11Cn wa.; provtd CIJ\alyUtiiiiY IM arbitr~ry lnpill ~~~nal ·lC:""'~ rM~o In J. R. U~l~:~: 
o. M. Cbabri<>, .. An .~atv.l\ of the LMS Adapu•e 1'tller lJ~ed » • Spctttal Lm• Enbanc<r, 
Ul'ld~=a Centct, Ted> Note 1416, Feh 1'115 
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~hlft of thls response at frequency w11 when added to that of the delay is an integral 
multiple of :360°. tf the peak value or the transfer function is <1, the peak value of 
L'w weights is approximately laj(L + 1), where L + lis the number of wcighi.S. 

The ~;~daptive process rninimiz.es t)le mean-square error, £{e}J. tn the present 
case t.lUs is the sum of three components: the primary input noise power, the 110ise 
power at the output o( the adaptive fillt::r, and the sinusoidal signal power. Accord­
i.Jigl.y, the MSE may be expressed as 

, 2a:! C 2 l 
MSE = " l + 11· L + l + 2(1 - u} (12.80) 

In this Jesuit v2 is the input noise power, the seoood term is ,.z multiplied by the 
sum oi the squared filter weights. and the third term is the power due to the input 
and fi.llered sine waves, which arc assumed to subtract cobercntly. 

The optimal value of a that mini.mi~ error power, a•, is obtained bY $Citing 
lhe derivative of (12.80) with respect 10 a equ(ll to zero: 

C2/2 L + l 
~~ 2 

a• = ---'------
C1/2L + l 

l +-----
.. '1 2 

(SNR)(L + 1)/ 2 
1 +(SNR)(L + l) / 2 

(12.81) 

At high signal-ro-noise ratios, a* is close to 1. At low signal-to-noise ratios, a• js 
less than 1. To keep a• near l with low signal-to-noise r4ltios. one may use a large 
number of adaptive weights, although other problems could result because of 
weight-vector noise. The ability to detect peaks in the transfer Junction due to the 
presence of sinusoidal signals is limited by the presence of spurious peaks en use-d by 
noise in the weight vector. The methods of spectr!ll analysis based on the use or the 
discrete Fourier transform (OFT) have analogous difficulties. Spurious spectral 
peaks develop and fade due to fluctuations in the inpul data. Whlle prewnL such 
peaks may be confused with true si_gnals. 

In Figure 12.41 we compare some experimental results. obtained by oompuler 
simulation. of a J i.screte Fourier transform power spectral density measu.rement 
process and an adaptive line enhancer. In eacb of three caso::s, the same data were 
analyzed by DFT and then fed to the adaptive line enltancer. ln Figure 12.41(a). the 
input noise was wrute and the si~tnal was sinusoidal at f times the sampling 
frequency. The signal-to-noise ratio was 0.01562. The OFT was the average or 256 
ttansfo.rrns. each with 128 points. The s.ignal peak is easily distinguished above the 
background noise baseline, The adaptive line enhancer with 128 weights produced 
comparable results. The time const.n.nt and number of weights wete selected so that 
both th.e DFf and the adaptive line enl1ancer would have the same frequency 
resolution and would usc the same amo unt of input d~·ta, a.llowing a critical but fair 
comparison between the two approaches. The signal peak that developed in tbe 
transfer function magnitude is easily seen above the baseline, which hovers slighlly 
above zero. The ubility to discern the real si_gnal peak 1S about cqua.l for both 
approaches. fn Figure l2.4l(b), colored noise is present in the data lo be analyz.e.d. 
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This noise was 501\i white, 50$ colored. The colored component bad 25 percent 
bandwidth and was generated by passiJJg wh.ite noise through a four-pol.: bandpass 
digital filter. Again. the signal-to-noise ratio WBS 0.01562. Tbe signal peal: 15 seen in 
Figure l2.4l{b) on u rolling baseline when analysis is done by tbe OFT, and uo a flat 
bascline. agnin hovering just ab~'ve zero, when analysis is done by the ndaptlvc line 
enhancer. Our ubility to detect the signal above the noise is about the same. except 
thnt the baseline ~ close to u:ro with the ndapaive line enhancer and completely 
unl.nov•n with the OFT Whfll the input noise bas unknown spectral coloration. The 
Cl!.pt!rimem of Figure 12.4l(e) is similar to the previous case except that the signal 
f(equeocy is much closer to that or tbc specLial peak of the noise. Generally, the 
!ldnptive hnc enhancer is !he prderable detector when ll1e input contains colored 
noise because the background baseline is close to UTo and thus easy to aJUtcipate. 

The DfT takes data in blocks and uniformly weights the 5amples. whereas the 
line enhancer works on a steady-flow basis and e.lponent.ially weights the d:.ta ove.r 
time. (n comparing !he "data courumption" l) f the two technJques. the da ta" used'' 
by the line enhancer were defined as the number of sample.~ processed during four 
time constants of !he adaptive process. The: total amount oC data used was 32.768 
samples in each case. 

tnspection of the plots or Figure 12.41, ttll drawn 10 the same Uneur scale. 
show~ that the amplitudes of the sig(lal components (!he spikes) were appro!limateJy 
the same.. and also that the backyound notse levels were similar, for the I)FT nod 
the line enhancer. The line enhancer in each c~se was in1pleroented with its delay set 
at 256 samples, wh.icb was ade'luate to dccorrclate and eliminate the colored-noise 
components. 

Another t!lample of lhc use of lhe adapuve line enhancer in spectrallltllllysis 
11nd detection of weak signals- in the presence or both st.rong slgoals and background 
noise is illustrated in Figure 12.42. where a large.ampUtude !>ignal summed with 
small-amplitude signal~ in noise causes difficulues in detecting and/ or resohing !he 
smoll signals. 

Figure 12.42{a) shows the formation of " input A" as the sum of white noise 
plus thtee sinu~oidal signals as follows: 

lopul Fn:qumcv lwJ l'il,.ct 

I Sinu~-.id Ot'79(.9~ 125.0 
l Sinu.\01rl 0.15025" 0125. 
J . Smu~oid 0.42JR7n 0..' 
4 R3ndom nuihoe \Vblt< I 0 

No te. that the first signal i~ 1000 times more powerful than signal 2. wh.icb t.s d ose m 
frequency. Figure 12.41(b) is n block di.agram of the system used in thii Cllptrimcnt. 
Its primary input l~ indicated by A a nd its outputs are B llnd C. wh.ich rcprcsem, 
respectively, the "error" of the adaptive process and the adnptivc-filier output. An 
addiuonal output is the weight vector or the adaptive titter. comprising its JmpuJse 
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res~. wh1ch can be transfonnoo to provide a lr.Jil!>fcr funcuon as d1<cu~ 
llbo,e. 

Figure 12 42(c) IS a linear plot or the OFT pov.er SJX.'<.'Irum of IOpUI A The 
fr:quencu:s of the three q&nals .u-e indicated by the nrrov.~ Nouce th~t qgn.il 2 is 
not n:.;olvablc; 11 1S buned in the second s1delobe or ~Jgnal J. hen 1f tru< spectrum 
v.erc plullc:d on a log scale. signal 3 would be Smdllcr 10 amplitude than manv of the 
sideloba or ~•sn~l l. and stgnal 2 would be undctec:t.lble. 

When the OFT of the crmr. B in Figure l2.42(b). is tllken 1mtead. a J'O"'cr 
spectrum is obt.Uned thut clearly shows the weak l.lgnal Ill frequency r,. nus 
~pcctrum. ploued on a lmear scale an Figure 12..42(d). also sho"'s the "'eak s~&nal at 
frcqucnc> / 1 ant.! 1he broadband bJckground noise. The s1n1ng signal 1 "'".ss totall} 
oonccled :1$ a ro.:.,ult of the adapuve pr~. 

The plot~ or Figure 12.42(c) and (d) were nonnnli7ed ro lhDt full scille 
corre~ponds to the lar&e.5t·nmpl•tude poun of each plot. The speeuo or e>utput~ A 
and 8 were taken from 128 data pomts. W<th no ensemble G\'craging. 

The64·wci&ht adaptive filter In this example canceled the s1rong •ig_nol w11l11n 
about five: cydc:.5 of frequency / 1 (i.e .. within about 30 sample period,). The OFT of 
ertor 8 was then taken so that th~ anlOunt of data used in formJng 11 W!l.~ nnlv 
sligtuly g.re:ucr thM the quantity nf data used in forming the OFT of' anput /\. In 
this c::he the line enhancer was u$Cd in a \\3V that caused the ~trong ~•goal to ~ned 
Itself, thus ampraviog lhe capabilit} of the OFT to n:soh·e weak si&Jud\ "'hen they 
an cln~e 10 frequency w u sarong mterferencc. An eqouvalent result cun be obtooncd 
u.~ing the: OFT alone. but geneiolly more data arc requited. Th-: prinCiple illu~trated 
10 Fagure 12 42 u.1uld abo be u...ed 10 a radJo recei~« to enh.utee recc:puon of "'caL. 
~ignlll\ that would otherwi-e be 0\'trv.helmed by strongsagnab adJacent 10 frequency 
One approach i\ diagrammed in Figure 12..43. 

We ha\e ~en lhat the adapli'e line enhancer can be u.\Cd as an ohcmame to 
the DrT 10 detect and esumate weak signal\ rn nat5e. and tbJtll also prO\ldes u.wful 
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outpua signab and cun funcuon 35 a <elf·tunang filler ao tunc m or. tune out olher 
signals sutomallcally. It embcxhc:.5 a methodology for spectralsndlysas 3nd_as n:latc:d 
to the rn.uimum enarop~ tec:bruquc 142, 431 The hne cnhdnL'Cr •s eourelv daffercntm 
structure from the Oil, and '-'more eNI\' 1mplc:malled in ..ome c~ R~rcb IS 

currently proc~:cdmg toward a mon: extenst\'e under5td.llding of the behaVIOr of the 
hne enhancer With inpUl' of the t\pc!S de\Ctl~-d 8bO•C 

CONCL.USION 

Adapll•e nOJ~ cancchng i.s a mctltod ur opumal IUtenn~ that can be applied 
whenever a suuable reference inpul i~ nva.lable. r:t'e pnn~lp31 sd~·antag~s (lf ,'he 
method a.re it~ adaptive cupabiJity. i1s IDW mllput MISe, and liS low $Jgonl dis~oruon. 
The atbpti,•e cnpab11i tv dllo"'~ the proce,,ing nf inputs whose propcrucs ar~ 
unknown and in M>m~ c.1~ non.~aotionary. It leads 10 a stable: system lh3t.automau­
cally turns it~clf olf when no impmvcm~ot in th~: sig,oal-to-ooise ratJo can be 
achieved. The output noL.;e 11nd ~ignal diMoruon are generally lower than then 
acb•evable wtth conventional op11mnl flt~r configuration~. 

The examples pr~ented 1n thls chupter demonstrate the .abihty of a~apuve. 
noise: ~oceling to reduce iJddiuvc pericd1c or ~tationary ~aodom tnlerfere~ce 10 b~tb 
penodac and nu~dom signals. In e.tcb mstance canceling wll< :tccom~ltshed wath 
little St&Jlnl dtltoruon even though the frcquen~es of the s.•8J1?l an~ th~ .ullerftrc:~cc 
overlapped. The examples indicate: the w1de range of nppli~uons an wh1ch adopuve 
nois( cancclutg h.s> potcnhal uk 

E X ERCISES 

1. In a &'""" mtcrfcrcm:c c:uu:ekr, ~upp.~ that the reference \ign~t is de moo 2> 'hO\I n 
belov. If IM lndq-endcnl aou.: ttl , t!>lCI'O. -..hall) t~ opum.&l Hf•( :l' 
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Applications 
2. to the diagram fo' Exercise I , suppose that n. "'Q• and m1 aTe indcpenden1 while nob-e 

processes with tNal l)OWcr equal to N, M0 • a.od M1, respectively. Find a rallional 
expression for the optimal transfer function, w·cz). 

3 . Using !he da ta in E:<ercise 2, express the ratio of the ou tput SNR to the primllt')l SNR. 

4. Ho~ is tbe answer to Exercise 3 nJfccted when m0 is insignifican t, when m
1 
~ 

ins ignificant, and when both m~ and m1 are i nsignificant? 

5. In the figure below we have the same situution as above, b ut with m0 = m 1 = 0 rund a 
i'racti.oo of !he signal leaking in10 the n:.'terencc channel, Given tbat n~ isc independent 
white noise with total power N. express the optimal W•(:) in terms or the input pl>wer 
spectrum .P,.( <l. 

6. In Exercise 5, what is !he output SNR in t~= or the input power spectrum, ct>,. (~)'I 
7. In Excrcist 5, what Is the " signal distonion." D(s)'! 

8. In E.'<ercise S, let s• be a ~inc wave with 16 samples por cycle, let fJ - 0, and let the h1put 
SN R - I. Using an ad~ptivc lineai combiner wi1h three weigbts and !he tMS al.gori thm 
wiJb Jl. = 0.03, p lot an cxperimCtJtal learning curve as !he average of 100 ruos. Estinnatc 
the output SNR from the learning curve. 

9. Do E'.xcrcise 8 with 10 percent leakage (i.e .. ll = 0.1 ). 

10. What is the equivalent transfer function of the di~mm below? 

·~-: ;11 
11. In !he ~Q.~ canceli1lg applkation fn Figure l:U4, suppose that the weights w1 and wl 

are sci iniually to zero and the systi\Ol is then allowed ro adapt. Assu.Qllng tha t the 60..Hz 
interference re.mains stationary, bow does its amplitude cllange with lime !rom the o n.sct 
of adaptafion'l Make your answer as quanti;ative as possib1c. 

12. Modify Figure 12.30 to show how you would configtue an ~cbo ca_oceling ~ystem tO allow 
both cancel~rs to be physicaUy located 3 t lbe same end of tbc telephone circuit. Assume 
that ooe-way travel rtquire~ 270 milliseG(lnd;;. 
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13. A~sume that noise and signal power levels are symmetric in both directions in l"igure 
12.31. Let the sampling rate be 8 kHz and ler the adaptive fil ters have !28 weights each. 
Assume tbat local loop noises are negligible. thnt trunk noises have power levels or I. aod 
that microphone fiignal levels have power o r 5. C hoose a val ue or I' so tMt the adaptive 
process will converge as rapidly as pos-<Wlc but tha t the r~sultiog SNR wlll be at least baH 
as great as the maJ<imum po~jble SNR. For this value or p. li nd T•••· Assume that ali 
eigenval ues are equal. 

14. The figure below shows "block diagram of a ca nceling system that allows a trans•nis!iion 
line or a coi!J<ial cable to carry signals in two di reetions simu ltaoc(lusly without usmg 
modulated cSiriers. The characteristic impedance o[ !he cable is n,. Each opcrati<>nal 
amplifier is as:wnicd to h ave a 1.cro output imptdan~c a nd an infi ni te input impedance. 
Bo th ends of the trnnsmis.~lon line arc properly tcnninated to prevent reRcctions. 
(a) &plain bow tbe sir\gle·wcigbl adaptive canceler works. 
(b) Calculate the optimal value o r the weight w for the nonadaptive cancclet. In practice, 

wb.at wmdd be troubling about tb c nonadaptive approach in spire or the [act that it 
would be $impler to Implement than the adaptiv• al'proach'? (Nor~; Nonnnlly. o ne 
would usc. an adaptive canceler on both ends of the cable.) 

Tram'mltter 
tigrtAI 

Tra.,sm.iu.et 
SI_Qfl!i1 

R~civcr 

!ignol 

15. Usfng the s!g1lill traosrnlmon methodology suggested by the system of Exercise 14, design 
a'' repeater" .amplifying system that would llllow two-way signal transmission. S1art with 
the diagram bclow aod fill in the missing components. Usc the. ada ptive canQeling 
teChnology s uggested in Exc.r~t 14. 

r------------------------------, 
r I 
I I 

Coax1al cable l 1 CoaJt.flll CQble: 

-+-----
I 
I 
I 
I 

I I 
L------------ -------------- -----J Two .. wav tepcater 11mpliffer 

16, T be figure below describes a system used in earthquake prediction. 'The primary sensor. 
gcopbooe 1 (a microphone Cor receiving noise nnd vihra6on from the earth), fs t~laced 
close to the San Andreas fault In CaiHomin t<1 pick up the signal. consisting of rock-
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crushing noise wlttch may be indicative of"'" ompcnding ~artbqUiikc. But geophone l also 
pocks up indc:pendctlt sci>mic noise plus a $Irons di~ctionul noise due to auto tralftc:. Mid 
..o on. from th~ cil)' of $;1:ft Jose. A .erond identical ~nbOr, gcophooc :!.. ·~ placc:d on a 
straight-line path between geopbone l and the city or San JoM! Ucophonc 2 i;, far 
enough oway from the Inuit so that it docs not pick up rock croshing. hutil does pock up 
S3.o Jose noi:;c plus tndependrot seimrie n01.1e. The Wicn~r filter attempt.> to cancel the 
San Jose n~ lrom ihc output of gcophone 1, hopefully Without adding too much cMth 
noise to it. The ou tputs <'I gropbooc~ 1 and 2 oozuain mulltnlly WICOrrcJated white noise;, 
botb or va ri:IJlce 0.25 o1 The San Jose noise pocked up by bolh geophones hns, a lter 
~amplmg. nn autocorrelation of o1(0.9)ttl. The dclay m prop~t.ion of San Jo>C' OQise 
from g~onc 2 10 geopboo.- I 15 !V.'O sampllng ~s. 
(a) Design the digit:ll Wienru fil ter to mirumtle the not.-e in the output. A ne.ncnu;31 

filter is permtSSJblc. 
(b) ln the 3bscncc of >\g.Dl11. wh3t is t.lk- total output noise if the Wi~cr filler .s 

cfucc>nnttted7 
(c) Jn the :~b\ellcc o! ••@.O:ll. v.hat ili the tot31 output muse when the Wiener filter ;..; 

installed 3b ;hown'l 

G-"'>n• 1 

Sam~lorJ 

s ... 
AnorNs 
fault 

17. In lb.: adnpti"e line cnhao~cr (figur( 12..19). >oppose that the: input consi.<ts "{two $inc 
.. aves. one with 16 •nd one whb 17 ~pic$ per cyck, pl~ addiuve v.hi11: ooi>c "'1th 
SNR a 0.25. Using j, - 1, L- 63. aod p. • 0.04. run the line mhaoccr tor 1000 
icl!ration> ond then plot the "instaruancou.~ spec trum." that l~. the mfignitude or the filler 
transfer function. Usc the LMS wgontbm 11J1d gcnernlc !he noise a.s m Appendo>C. A 

18. A III<JdJroed mll30t~ $J>CCtral mc:asure. at~ kno~~o-n ~ "m:u.imum entrop) hfl"Cl!al 
csllmauon" 142. 43, ~3 56], u.~cd v.~th the ad3pthc fu!e enhancer IS 

inst:llltiUIC(IU.' socctrum = ~''!.---
. Ill( .,) 1' 

wberc 11(•11 ii th< overall trnnsfc: fuoction. from input to error ou tput. of the one->tep 
( .I = 1) adaptive prlldi"or in Figwc 12.39. The scale factor ~ .... lS gcmer~lly unknown. 
out tlili; function often giW'l' a sblltJXr •odi,~uon or the spectral lin~ thAn tbe fWlction m 
Ftgurc L2.J9. Do EM:m...- l7 mios this furu:tion ... ith t ..... • I and compare re.uhs. 
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chapter 13 

Introduction 
to Adaptive Arrays 
and Adaptive Beamforming 

~ far, we ha."e !PP!ied ada.pti"e techniques to the problems of signal processing or 
s1gnal condJt:IO!lmg "Iii the ltme nnd frequency domains. In these fiJtdl chapters, we 
develop further the ide& of adapt i"c signal condit ion ing in the spatia] domain. In 
order to achieve ~pa.tial selectivity, it is necessary to receive signals with an antenna 
array C<lrnprising two or mme independent sensor Clements that are spatiallv 
:rerarated. Depending ~n the application, the >inten.oa elements could be dipoles 
tnlended for the rccept.ton or electromagnetic signals. they could be hydrophoo.es 
placed tn the ocean to reaive acoustic signals, they could be sei~momete.rs or 
geophones buried in the earth listening for seismic signals. or they could be o tTter 
lypes of sco."ors. Many kind> oi sensor elements exist for tbe reception of wavelike 
S1gnals, and these sensors can be mounted in a spatia l a rrav LQ achieva signal 
recep~oo wit~ .variable directional sensitivity. We will be conc~roed pr1marily with 
adaptive rece1vmg arrays, but adaptive transmitting arrays are also of interest. 

Adaptil•il arrays arc essentially .multichannel adaptive signal processon;. which 
were discussed in Chapter 12. ln one practical example (Figure 12.19}, au array of 
maternal chest-lead reference inputs was applied to n bonk of adaptive filter; Jor 
conditioning, combining, ~nd subtraction from the abdominal-lead primary input. 
The result was a sobtractJon of the maternal ECG mterference using an adap tive 
array. 

An adapti ve anteo.na or adaptive beumforr.oing system consists or a set of 
spatially disposed sensor clements connec(ed to a single-channel or to a multichan­
n.el ad::~ptive signal p rocessor. lt is nai.ural to discuss adaptive arrays for all types of 
s1_gnuls . (electr<)ma~etic, ac-oustic, seismJc) lit the same time. Adding tbe spatial 
dunenswn to the Slgnal-processing picture inLroduces new c!lpa bl lities leading to a 
w1de. range of unusual applications and unusual a lgorithms. 'It is impossible to 
descnbe them nJI here, because fhe technology is rapidly evolving, Instead. we will 
~ocus on ~everal basic: concepts and pr~ent a detailed bibliography to the current 
bterature. 
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Adaptive reGciving arrays can be used to reduce or eliminate directional 
interference by adaptive canceling or adapt ive oulling. thus improving the signal-to­
noise ratio. Using different kinds of a dapt1ve 1llgorithms, adaptive receiving art~Y• 
ean ''self-cohere; · that is, steer themselves alllomatically 10 pick out the signal 
without knowing beforehand its direction of arriv;!l, and separate this signal frqm 
directional interference,\ as long as their directions of arrival are different from that 
of the signal. Using other adaptive algorithms. i! is possible t<> determine the 
direction oJ arrival of the signal in the presence of intcrfer.:n~e. Using stili o ther 
algorithms, one can s~parate weak signals rrom strong signab as long as the signals 
have different arrival angles, Adaptive receiving l!rrays can be msde sensiti ve to 
signals originating nearby and highly insen~tive lo distnntly arrivwg signal~. or v1ce 
versa. Or they ca.n be made very seositiw 10 infreq uen t transient signals and 
insensitl"e to frequent or stationa ry signals, or vic<! versa. The number of p ossibili­
nes is very large. We will begin by diSCIJssing receiving arrays that nrc capable of 
nulling directional interference. 

SIDELOBE CANCELLATION 

The ~implest form o f adaptive wucnnu b the sidelobe canceler originally devised by 
Howel ls in the late 1950s [271 and subsequently developed by Howells and 
Applebaum. Figure 13. 1 b a block diagram of dlc Howells Applebaum ~abcme; 
Two omnidi rectional (equally sensitive in all directions) antenna clements a re used, 
01:1e the " primary:• the otJ1er the "reference," in the fashion of adaptive noise 
canceling (see Figure 12, l , for example). Suppose lhaL one sign al is prese.nt, and al 
the same time one interferer (or jammer) i$ present. Both the primary a nd refe rence 
o mnis receive tbe signal and the lrttcrference, Being at separated locations, their 
outputs are no t identical but are related time functions. 

An important ·ease oc.curs where the interference is much stronger than the 
signal. As such. the adaptive filter weights are almost completely controlled by the 

/ 
Signal/ 

Rgure l 3,1 Adapo•·e •idelobe utncetlali<>n \\11h 1wo arr•v ei<ru<nL~. 
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interfcre,oce. Upon convergence, tbc adaptive ftltcr output contains an interference 
component wh1cb is close to an exact match to the interference con1poneot of the 
primary nmni. The system output therefore contains almost no inter(.:rencc, but il 
does contain the signal, as described in Chapter 12. ·n,e output signal is equal to lhe 
primary signal component minus tbe adaptively filtered reference signal component, 
The amount of output signal t<l be expected is generally uncertain, since the 
converged adaptive fi lter u-ansfer function is unpredictable witnout prior detajJed 
knowledge of tbe character and directions of arrival of tbe interfercnc.: and the 
signal. However, the output signal-to-interference ratio is generally improved by the 
scheme in Figure 13.J when tbere is s trong interference.. 

In a praoticnl system, each omni signal is typically fed to an irullvidual receiver 
for amplification. tuning (bandpass filtering). and sign-al detoc.tion. 1lle receivers 
aod the antennas themselves add independent noises to the incoming oignal compo­
nents. We will designate these .noises as" receiver noises." Their effects on adaptive 
antenna perfonnance are significant. For direc.tional interference to be able to be 
nulled by lhe system in Figure 13.1. 1t must be strong compared to receiver noise. 
For the useful !ligna! not to be nulled, it must be weak oompared to receiver noise. 
These conditions are frequently met in practice. 

Figure 13.2 shows the adaptive sidelobe cru1celer witll receiver noises present a t 
the outputs of the two omnis. The omnis are spaced apart by a distance / . A single 
signal ls ussumed to arrive from an angle 00 . The signal component at the prim3ry 
omni is 

primary signal= Ccoskw0 ( l:U ) 

Figure 13.2 Sldetobr alnl:<'ltr wi th single rncidcnl sigMI. 
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wbere C is a ~-onstant amplitude, k de; ignates tbe sample number. and w i~ in rad 
as in (7.l6). Phase fronts perpe-ndicular to the direction <)f signal arrival pass over 
the two-elcmetlt array as Indicated in Figure 13.2. 1f we use C' to represent the 
propagation spe<:d, the arrival of a givc:n phase front at the reference oiiUli is earlier 
than al the primary qmni by a number of time steps equal to 

/ s inl/0 ln/sinf/0 8 = - - * -,....---'< 
u cT >- owu 

/13.2) 

wbere Tis the time step slze in seconds and >- 11 is Lbe wavelength, n1erefore, the 
signal c.omponcnt at ,the re(ercnce onmi is 

reference signal= Ccos[ ( k + 8;, )woJ (13.3) 

In the abse11ce of receiver noise. the weights of the adaptive filter would adjust 
themselves to cancel the signal exactly. With receiver noise present, however, we 
wish to show tllat the signal is not cancel~d unless it is s trung compared ro the 
receiver n.oi~. and that tlle sidelobe canceler performs satisfactorily when the useful 
incoming signa] is small compared wit.)l the interfering or jamming signaL 

To do this we will ttnaly1..e tbe behavior of the adaptive sidelohe canc'lller with 
receiver noise present a.nd witll a single incoming signal. The primary and reference 
signal components are given by (13.1) and (13.3), respectively. For this analysis_ we 
will use the narrowband tunc:d sidelobc. canceler shown in Figure 13.3(a). The 
inclusion of tuned bandpass filters in the signal flow paths indicates tbat we are 
dealing \\~th a tuned, narrowband rccciYing system. Each of tllese filters is assum<:d 
to have unit gain a t the cen ter of ihe rtleeiver passband. As in Figure 12.6. the 
adaptive ftJter needs only a direct and a quadrature weight 10 control the magnitude 
and phase at the signal ir.:quency, w0 , at the center of lhe receiver puss band. 

I 

--l~--:[>;..-:.:..:A•='•r•;;.:;;"~~. ·( 

Figure 13.3(a) Tuned sidclol>< c•n.-elcr with ~ignnl inciMnt M 80 - 0 
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We assume that the receiver noises. n 1 and n 1 in Figure 13.3(a), are indep~m­
dent of each other and of the signal components, and we use a,2 to represent lthe 
in-band power of eit.her 111 or 112• Then the autocorrdation vector of tbe reference 
si&nal is, from (13.3). 

[$, , (n)] = [ ( o," + ~
2

) (13.4) 

We note that the second cornpooenr, <1>. ,Ll). is zero because i t represents t.he 
correlntion of {13.3) with its quadtatute (sine) component, aod of course the a\•er~1ge 
product of these j:; zero. Similarly, assuming an arbitrary arrival angle IJ0 as bt:fo•re, 
the cross-correlation vector is 

p = [rl>.r, (O)] ~ [£[ Ccoskw., · Ccos( k + S.,)w.,j 1 
.P.1, (I) E [ Ccosk c.l~ • C ~in( k + 8~ ) wo] I 

= C
2 

[coslluwr•] (l3.5) 
2 sin60w., 

Wilb these resul~. (2,17) gives us the optimum weight vector in Figure 13.3a a> 

[ :; ] = 2o:,~c: cz [ ;:::::] (13.6) 

This is tll~general solution. lf we let 0,) = 0 as in Figure JJ.Ja, then B1, = 0, and the 
op timum weight vector is 

[:~] = [ 2G/:: ('2
] 

I J '•-u 0 
(13.7) 

We can define an input signal-to-noise ratio in this case as the ratio of either primary 
or reference SJgnal power to the passband receiver noise power: 

SNR ~ cyl. (13.8) 
a; 

Accordingly. the leasl·squarcs solution expressed in tem\s of the SN R is 

SNR 
wt = I~ SNR 

kli_ ~ u (13 .9) 

This narrowband result is similar to the broadband rcsull of (12.81) for the adaptive 
line enhancer. 

The output signal can be expressed using ( l3.l) and (13.7): 

output signal = Ccoskwu- ><•tCcos.kw0 

2G2C 
2 r 2 coskwo 

2o, + C 
(13: 10) 

Chap. i3 Introduction to Adaptive Arrays and Adapt1ve Beamformmg 

When the input signal is large. that Is, when 

cl 
-, -:s>l 
lu; 

the output sign-.t1 can be written as 

2o:l 
output signal = ---(: co~ kt.1q 
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(13.11) 

( 13.12) 

Fra!Q the analysis above. one can se.~ that if fhe inpu t signal is weak compared 
to the receiver noise in the reference channel. then the SNR is low, the weight wt is 
near zero, the output signal approximate-S the primary signal, ancl there i.~ little or no 
signal cancellauotL On the other hand, iJ the input signal is strong compared to the 
receiver noise. then the SNR is high, the weight w," has a. value clo~e to !, and rhe 
output signal is small, appro~mately equal to the primary signal divided by the 
SNR. In this ca~e. the output signal aroplitude is inversely proportional to the input 
s ignal amplitude as seen in (13.12), and substantial signal canceUation will occur. 

lf the angle of arrival o[ the signal is other tha.n zero, the least-squares solution 
is given by 03.5). Weight ·~ does not go to zero and weight w1 goes to a differe-nt 
value, but the aroplitude of the outpu t signal would be sin1ilar to that pn:4icted by 
(13.10). 

It is also o f interest to determine the sensLtivity of the rt'(;eiving system in 
Figure 13.3(a) at all angles of incidence, assuming that 00 =: 0. Let tbe weights be 
frozen in 3('COrdance with (13.9) alter udapting to a signal arriving at angle zero. 
Figure 13.3(b) is a simplified diagram of the siddobe canceler useful in the 
determination of $ensitivity versus arrival angle. Such a sensitivity pattern is often 
called a "directivity pattern" for tbe converged array. 

OuJ.PUt 

FigUre 13.3(b) Simplified ver>ion or part (B) for d<temuning th< dir.ctiV<IY 

pau•m of the converg_e<! sidelobe canceler. 
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A tes t signal at frequency "'o is assumed to arrive at angle fJ. I~ we let 
1> = (fsinO)jcT as in (13.1) and let the primary component of tbe test stgnal be 
cos ~w0 as before with C = 1, lhen, ill accordance with Figure 13.3(b), the reference 

component is 
cos[(k + 6)"'nl 

and the output signal is 

where 

and 

output signal= cqskw0 - wtcos(k + 6)w0 

~ Acos(kw0 - ct) 

_ 1 w~sin( 8w0 ) 
a = tan 

1 - wj c:os( Bwn) 

(13.13) 

(13.14) 

(13.15) 

( D .l6) 

We define tbe •·array amplitud~ gain" as tbe ratto of the ou tput amplitude to tbe 
1nput amplitude. Since the. amplitude of lhe test input, cos kw0 • is 1. the array 

amplitude gain is 
. . output ampli1ude 

array <~mptitude gam = input amplitude 

=A in (13.14) 

We also define the "array power gain" as the square of the above: 

• 6 (output amplitude)
2 _A~ 

array power gatn = input amplitude -

= 1 + wt• 1 
- 2w;"cos( 8w11 ) 

As in (7.20), tbe array power gain in dB is 

dB= 101og10(A 2) = 101og10A 

{13.17) 

( 13.18) 

(13.19) 

Wt also deJine tbe ·'array output signal phase:· as the output phase relative. to the 
input phase which. from (J3.14). is 

array output signal phase A a in ( 13.16) (13.20) 

When interpreting the response formulas for the converge~ ~eamformer, that is, ~e 
army gaill in (13.18) and phase in (13.20), we recall that w1 ts a functJon of SNR 10 

accord with (13.9). and that the original input signal that the array had adap~ed to 
was represented by (13.1} and bad n direction of arriv~ o£ ~ = 0. Th7 ;may gam has 
minimum value at 8 = 0, and this amounts to a spattal dtp or spatial notch at the 
arrival angle o! t.be. original signal. T he adaptive prQCess in effect tries to eliminate 
tbc incoming signaL The monger this signal, the deeper the .notch . As the SNR of 
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F\gure 13.4 Directivitv p4.Uem (p<lW<t gain in dB v<r;~ 0 ) of the cM vtrg<d 
two-element sidd<>be canttl<r wiU> lw0j T • n r. Input SNR i~ 6 dB for <!urtr curve, 
JO dll for ouddle curv~. and tOO ,JB lo1lnnor curve. Mruo signlil arriv•l ~~ d - 0. 
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lbe original signn1 inCJeases past unity, the adaptive no tch deepens rapidly and, a s 
indicated by (13.12), the gain becomes inversely proportional to the signal strength. 

lt is often useful to make a polar plot of the array power gain versus angle 11. 
as in Pigue<: 13.4. The arrival angle of the original signal is assumed to be 80 ~ 0, 
and plots are shown for various values of the SNR in accordance with (13.9) and 
(1 3, 18), Fot tbe$e plots. the array aperture is adjusted to I = c.,T fwn = A0j2, Note 
that this value of I is In a sense optimum, giving two distinct notches and a 
maximum variation in (13.18). 

The array power gain at tbe bottom of the noteb. is obtained from ( 13,9) and 
(13.18) by setting ll- 0. Thus 

(array power gain) e-o = ( 1 - w() 
1 

1 
(13 .21) 

Tlus minimum array power gain is plotted versus the SNR in Figure 13.5. The 
adaptive sidelol.>e canceler is in fact a power separator, as can be seen in this figure. 
Strong signals eliminate themselves, while weak signals pass lhrough at o ther angles 
essentially with unit gain. We again note that •·weak" and "strong" a.re relative to 
tbe receiver noise level. 

The How~JI~-Applebaum sidelobe canceler will work well as !Qng as u$Cful 
inputsig.nals are weak and the interfering or jamming signals are strong. Sometimes. 
however. the use(ul signal can be strong enough compared to receiver noise to delete 
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itseH, To prevent ttUs, one could deliberately add random independent noise to the 
reference omni signal t.o augment the recetver noise, but ttUs procedure has the 
diss.dvantage of adding noise to the system that will ultimately cause the outpul to 
be more noisy. A better method for obtaining a least-squares solution corresponding 
to a noisier input without actually adding input noise is the ·• leaky LMS algorithm." 

We can develop the leaky LMS algorithm by starting with the LMS algorithm 
itself. As in (6.3), the LMS algorithm can be writlen 

w,_ , = W4 + 2~f~ x. 

= W• + 2~X.(dA- XTW~) 

= (• - 2p.x~xnw. + 2p.X,d, (13.22) 

Assuming that X, is uncorrelated with w •. we may take e~tpected vaiues of both 
sides of (13.22) as follows: 

£(Wk_1 j = (1- 2~R) £[W~ J + 2j.tP {13.23) 

The expected cooverged weight vector with fl in the stable range iS, of course. 

lim E[w.J ~ w• = ll- 1p (13.24) 
k ~ ... 

An adaptive filter driven by tbe LMS algorithm is shown in Figure D.6(a). 
White noise with power a 2 has been added to the input xk. For tb.ls situation. 
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lbl 

Figure 13.6 Equivalent LMS ad11p1ivc 
1\he~: (ill LMS adap1ive 61t<r with noisy 
input: (b) equivalertJieaky LMS adaptive 
nller. 

(13.23) becomes 

( 13.25) 

and the e.'pected converged solution becomes 

( 13.26) 

The leaky LMS algorithm is specified as follows: 

WH , = r W4 + 21u, X, ( 13.27) 

The parameter y ls a positive constan t chosen in the range 

IYI< 1 (U.28) 

With the conventional LMS algorithm in (13.22), if J.l were ~uddtmly set to zero, the 
weight vecto r would remain constant indefinitely. Wiih the leaky LMS algorithm. 
an the otber band, with y jus! under 1, if fl were suddenly set to 1.ero, the weight 
ve.ctor would gradually leak away, undergoing .a georoetrjc decay toward zero. The 
leaky algorithm has 10 adapt to "stay :.live" so to speak. like a shark needing to 
swim in order to breathe. 

The effect of leakage on the converged solution can be determined in the 
following way. A set of equations analogous 10 (13.22) for the leaky LMS algorithm 
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is 

Wl-l- yW4 ... 2pt, X, 

- yW,- 2pX.(d~ - XIWJ 
= (y r -2p X}x [)w, + 2JJX,d4 ( 13.29) 

Once. again, wilh X4 uncorrelated with W,v taking ctpected values or both sid~ 
yield< 

c[w,_ 1] ~ ( yl - 2pR)E[w.] ~ 2pP 

= (1- 2p(R _.. 
1
;_ y r)) t:!W,) + 2p.P ( 113.30) 

Comparing (13.30) with (13.25), it is clear that the same expected converged solution 
can be obtomed with the leaky LMS algorithm as with the noisy case in Figure 
13.6(a). To obtain the dfect of a specified added input noise power Q , the leakage 
purumeter y should be cho.~e n according to 

y = 1 - 2J.Io~ ( .13.31) 

From (13.26) and (13.31 ), the converged $elution [or the leaky LMS algorithm tS 

lim £[Wd = (R + 12-y t)-'p (13.32) 
k-oo I! 

ln the s:iddobc canceler, although it wiU increase the. output noit.e. ~he leaky 
LMS algonthm can be used to esLablish an equivalent mput noise power level. The 
power or the incoming signal can be strong or weak compared tn this cqui.,A!cnt 
not~c power and the ratio determines the extent of acceptance or canccllnt•on m 
acoordanoc wtth (13.21) and with Figures 13.4 and lJ.S. The equivalcnttnput noise 
power is 

('1.3.3:1) 

where fl/ is the actual r.:ceiver noise power. 
The equivalent input noise power will be positive with y selected in r:~nge 

( 1.3.28). In clll>C!i where the receiver noise level i~ high, causing a least-squares 
soluuon that is heavily biased by this noise, ooe could allow y to be greateJr thun 
unity and cause the equi valent input noise power to be less than u,~. li owt~ve1 . witb 
-y > I. the direction o( the leakage is reversed, and making p. equal to lCro in thb 
case cnu~ tltc adaptive algorithm to be unstable. II is neA::essary tel adapt to r·emuin 
stable, if poS$ibh:. The leaky LM.S algorithm is usable tn the reverse mode ( y > 1 ). 
but in llus c3se we should cniiH the " dangerous LMS algomhm:• When stable, the 
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Jeak.y LMS algorithm u.o;ed in the prescn.;e of receiver noise develops an expected 
converged solution similar to (13.32): 

4~m.., £1 Wd • [R ~{ l 2~ Y + o,~) t ] 
1

P (13.34) 

The leaky LMS algorithm giYes a. wl!ight vector ~lution Iike that obtained wiLh a 
noisy input, but without requiring the in;~:etion of mput n.oisc. The algorithm usetr 
accomplis.he.~ this, without causing add•ilonal no•se in the output signal or the 
weights. 

Some directivity paucrns for a ~tdclobc canceler driven by the leaky LMS 
algorithm are shown in Figure 13.7. 'They bave be.:n computed just Like the pattern$ 
of Figure 13.4, except that the SNR in (13.8) is now tak~n a~ the ratio of s1gnal 
power to the equivalent mput noi~c power. a/ t o 1 To obtain the patterns of 
Figure 13.7, the recei,•cr noise power ha.\ been assumed to be unity and lhe lnput 
signal power has been assumed to be lO; thus the SNR without leakage is 10 dB. 
The value of y i~ varied to comrol the threshold or acceptance (lr rejection of the 
signal. A near-omnidirectional dirocti\ity patte.rn. indicating nonrejection of the 
input signal, i$ the desired result here. 

Next we con..~ider the practie<~ l case for the sidelobc canceling array, where 
signal and interferers arc present at the sqme lime. Assuming that a single narrow­
band interferer is present and uncorrelau:d wnh the narrowband si&nal, we can add 
the R-matrioes and the P-veetors given /or either signal by (13.4) and (t3.5). 

Figure 13.7 Dor~ctlvlty pollcm> (~n1<or 3>'lJ1 In dB ver<o.< 01 or the CQnverged 
tWO·olemcnt sido!nbo \' i\l1C:d<r • •lth I- ~u/2, driven by the teilky LMS JJ~orithm 
Main .<ign•l :.rrtv;ll •1 8- 0. and input SNR ~ lO Valuo. qr oli•.Z a.n: 0 S. l 0. 3n\l 
1.5 £or tho fnnor, mldllk, •nd Mler CUI"~ 
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Suppose that u large jnnHniflg Signal is present at 0 - 0 w1tb power o/. and a 
smaller useful or ' 'targe t" signul arrive.~ at angle 011 with power o,~. Then. as in 
(1 3.4) and {U.S). we have 

wh.se 6n = (I sin 00 1/ t•T as on (13.2). The solut•on is 

o/ + o/cos 80(.)0 
w•• = 

o} + o}+ o/ 

(1.3.35) 

(13.36) 

If we now ru;sume thai thll weights a.rc converged and tlxed, and that u un it input test 
signal CllSkw0 is arriving ut some o ther angle 0. then, simil8r to (13.14). the output is 

outpullest si&nol - coskc.~n- wtcos[(k + 6)w0] - w;sin[(k + B)wo) 

,.. Acos(kw0 - a) (13.37) 

Flgure13.8 Di~tovi oy pat~an !or the "siSilal ptUoJ3lllmer" Clb<' "ilh 1-1.0 /1. 
Th• •mall $ignot hw. tlo.: clf<et <>! •biftiog ;lig)ldy the intcrre"'n<'f not<h 

Chap. 13 lntrodue110n to Adap1,ve Arrays and Adapttve Beam forming 381 

where again {i (I sin 0 }jc·T as in (1.3.2}. Thu~ the arruy power gain. similar to 
(13.111), Is 

array power gain ,4, Az 

• I + wt~- w1•
1

- 2( w,•cos8w0 + w;sin8wq) ( 13.38) 

A din:ctivn~ paucm Cor this "signal-plus-Jammer'' caw is shown in Figure 
13.8. Heft' the jammer has lO limes the power of the stgnal orriving 41 811 = 30•. ami 
the SignnJ has the effect of shifting both the notches ~li&htly .tround toward liS 
direction of am,•al. 

Another practical case occurs where there are multiple Jammers. To cope with 
more than one jonuuer at a time, it is necessary to hJve more than one reference 
omni , A ~ystem Wi th two spat1ally sepamted reference omn1s tS shown in Figure 
13.9. Note that the error signal is forn1cd by subtract ing, both reference outputs 
from the primary signal. 

.Because 1he reference omnis arc spatially separate. the system in FigUJ:c 13.9 
can form two scp11rate notches in its di rectivity puttern. As in (13.2), tel 6, = 
(/1sin 0)/rT be th~ tlelav Cit USed by the / lh vmni for 11 ~1&0111 arriving at angle 0, 
where 1, is the primary-to-reference omni separation as before. and lc:t ~<)1 and ..,·,2 be 
the filrer weights. "ith 1 - I or 2. Then the vers1on of ( 1:1.37) .tpplytng to this case is 

outpuiSt&Jllll• coskw.,- wjjcos((k-'- 8,)w,. j - ~<t,sin[(k .._ 6.)w0 J 

- w;1.:.os[(J • .,. 4d"'oJ -k';i,sin[(~- fiz)"'oJ (13.39) 

"' 

)--...,.....-~ Outouo 

Figure 13,9 lntcrlcrcn.x concder with !WO rcrc~ncc ornni> 
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Part IV 

An example of the dirccuvll} paucm fom1ed h'l' plotung the power g;~•n usmg 
( 13.391 '4'llh conv~'Ec'd "'~'ith" i.< <hn,..,. in Figure 13.10 The d.ttll u<ed en nbc .. un 
I he oaucrn 10 Figure 13.10 ar~: 3l> follows: 

Jummer 2 at 9 = 30°: I, • Au 
8 

"li- -o.11s wj1 - 0.87 

100 

W~ ~n ~ m figure IJ.lO the tWt' dcstinct notches at Jantrnrng antrlcs 30' .and 60°. 
together v.nh 'ymcnetri1. notche:- at 150° and 120°, ~JX£11\clV We ~'"' note tlmt 
the crrcul:11 g.~m pattern rs disconcd fllDfe tb.m rn the pre,R>u< ~xamplcs due to the 
tii.OJnmmc" 

If more m1crfcrcrs \\.ere e~pected. one "'ould need to mcludc more rcferei\C'e 
omni~. at le,1.~1 one r,,, e.tch pmmer. I ( the number of J•unmer~ exceeded the number 
of reference nmn1~, thc udapcive algoritlm1 would find 1hc ~oluuon 1bat minimi7c~ 
llU tput powo:r, as in F1gurc U.S, for example. On the other hand. when th.: reference:: 
01nnis ,,umumbcr the jammers, the LMS algorithm hnb nn prolllem locating the 
''PP"'priute nurnhcr of notchc~ in the directivity patlern. 
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BEAMFORMING WITH A PILOT SIGNAL 

We have seen bo" the adaptwc llltcrfercnce c:mcclo:r ts u~d 10 form nulls in the 
direc~i~lly paucrn Another t'rp.: of adapu-.: l>c.tmfcrmcr. dc•eloped by B. Widrov.. 
L J . GnOuhs; P E M.tnte)' . and B. B G<'Odc (IJ. •~ ha.•cJ on a "pilot-sigOdl" 
algorithm. Unhke the Ho,.elh 1\ppltbaurn l>c:lmformcr "luch >laTtS out being 
cmnidcrecuooJI and lc>>e> :.CINIWit) 10 ~trong (prC$umed J&mmmgl signals a, .a 
result of the adapme prOCC». the p1lot-sign:tl .adapll\~ hc:amformer fonns a beam 
to\\ard a ~ificd "lool d1re..:uon" 1\nd ~ ad.tplt"lt) to 'uppnrt th1~ beam while 
simultaneou~ly forming. no"hcs t<' null intcrfcrcncc arrivmg c>ul;ide the Jool.. 
direction. The nulling pmt'e>> ·~ dctermmed hy du't<:twn of am~nl and power level. 

While the ''NCm ·~ odnpung, .Jn rnJ~:Ctcd p1lo1 ''&"·'' wnulat~ a received 
s1gnal from a tool. drrection cho~en hy the ~ystcm opcr~tor The snmc pilot signal is 
used as the d~sirt:d response for the udnpti ve proccl>..,<'r nttachcd to I he antenna array 
clements. UJ:ing the ('nlot liiSOUI, the udilplt\'C bcamformer ll> trluned so that it> 
directivity pattern has u n1nin lohe in the ,p.:dticd tool- dirvctrnn as well as noL~he.s 
correspondins wtth Incident Jnterfcrcuce ~ignah who~.: drrection~ of arrival differ 
from th.: k10l. drreCIIlln I ho! nrray thu, adapts tn forrn the: mam lobe with tl< 

direction and bandwtdth dc1crmmcd by the prlot \lgnal; m.:an\\hcle it rej«t~ 
interference: ,1gnJh 1>r not-.e uncorrtlnted "lth the p1h11 Mgnul \\hich amve ou~ide 
of the mam lobe. Thc~c characten;llc' are ad11c'ed J' ~~.~11 a~ po:.sible in the 
minimurn-U11.:al1'"'~\luar.:·crt'" Kn~. 

Adapt\\'!: .mtcnna :~lgonthm.~ \\ h1ch produce n:..ult~ sim1lar to th.: pilot Stgn:tl 
algorithm but whtlh tn f3lt are ••mplcr to 1mplem.:n1 .and tn \Orne CliSeli perform 
beltcr haH~ ba>n deH,....:d by Gnlliths [28] and Fro't (29). In many :ipphcatiom. lhe 
pilotl>ignal algonthm has been supplanted hy the Gnfhth\ and Fro•t algorirhms, bw 
!he pilot signal algonthm Wd> an tmportlnl spnngboard for the devdopmenl of the 
other algorithm~. lfO\\I.'vcr, Compton et al, j)O) ha\e fnund ~pecilic ~ for it and 
additional 05cs "'ill he: dc~crrhed hero: that could not he acetlmpli$hc:d V.'lth other 
algorithm>. Pracucol r~l·l•m~ odapnvt' Jrrays first canl<! tniO berng in the forms of 
the Howells Applet•o~um ,,deloh< C<~nctler and the ptlot·>tgnal adapu\e beamforrner. 
The latter" d~rrbcd tn Reference I; here "c well ~ummam.c and expand on rlLlt 
descnptioo. 

Many arrd\~ <If ~nSCir) are "hncar" tn 1h111 the .lntenna ~lemeniS {omnis) are 
arranged :l.loog o hne. or the arra)~ arl! "planar•· '"'h the: elc!TI(nts arranged in .t 
pl.ane. Antenna array.. arc often configured this wav An c::xumple or a coo\'entionaJ 
linear-ana\ rcc:eJ\lng an1cnna •~ ~~~ in F1gure 13.11 The antennJ of Figur;: 
l3.ll(a) COll5t!.l.> of 'I!H'n I>L'tr(lplc elements ~paced 'An/2 apun along a stnugbt hoc, 
where 'Ao ~~ the wa,clength ot the center fre4u1:ncy w0 11f lhe array. The recei\ed 
signals are summed to produce an nrray output ~rgnul. Th~ dtr-'Ctivity p3ltem. that 
is, the rclauve ~obi tivrtv of rc,pon~c.: 10 l'ignt1ls from varicuJ~ dr rccucm~. 1S ploueo 1n 
this figure in a plane over nn nngulur range of - w / 2 < 0 < ., / 2 for freq uency "'o· 
This pattern is byrnmctric nl>out 0 ~ 0 a~ well us IJ • 90l'. und the main lobe is 
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cutered at 8 • 0. The large>t-amplitude sidcloht n1 8 - 24" has a maximum 
:.cnsitivity wh1ch " 12.5 dB bclo'" the ma,,imum mam-lobc \CnMIIvity. nus pauern 
would be diiTcn:nl if 11 ''~rc ploued for fn:qucncil!) othc• thJn w., 

The 5amc urr.ty ccnfiguri.tllOn i~ .hown m F1~urc 13 II\ b), ho"'e"ec. 10 tlus cas.: 
the output of each clement I\ dclJ\eU tn t1011. h.:forc: bcmg wmmed. The resulting 
dir~ti.,;l) pi!llern nO\\ h.h 1h mJm lcbc at .tn angle of .;, ro~dian•. \\.here. Stm1l:!r to 
CL3.2). 

where 

''" j C'3 . d 

w11 • nC'Irrn.liu.:d frequency of rCCCIIfCd Stgn.ll (rad) 

>. 11 WU\t:lcngth at frcquenc) wn \Ill) 

8 .. timc-delny diiTerencc between nc1~hhoring 

clcmcnl outputs (samples) 

d ~pncing between 3ntcn.nu dements (m) 

• >.,wll 
,. • '>tgn.ll propagllllon vci•IC•ty • lr.T (mjs) 

T • ume step I~) 

( 13.40) 

Tbe »CnsiUVIty " nt.i,\lmum .11 angle 1J- bec.~u.!IC >lgnJI( n;Ccl\-cd frflm J plane-wa•·c 
source tneident at thiS ..tngle and dtla)c..-d dl> m ltgurc I J I hbt. are m phase \\ Jib 

one another and pwducc the m.s\1mum output Mgnnl . fC'Ir the Cll<lmplc 11lustrated in 
the figure. tl- ). ./2. & • (0.8\Jl j w"). ;,nd therefore oJ. sm 1

( llc.>o/""1 = 15° 
'Den\'ation O( the piOI\ 1n figure 13.11 l> 'trlHghtfCirwOrd .tnd I~ lch to l:.xercises lJ 
through 16. 

lltc:re- nrc many ros~•ble confi~urullon\ for phu~ed arr.tys. rigurc 13.1 2(al 
shows one such conligurouon "here! CJCh or thc antenna-element outpu~ is '~cighted 
b) two \\.eight. 1n par .. lld. one b<mg preccdllll h> 11 tunr ddo~y of a quarter of a C)cle 
Ill frequent'}"'" (t.e .. .s ll(.) pllll>e ~tuft , nr-. T f 2w., '-CI:I'nd~) Tite ou tpu t signal is the 
sum or all 'o\Cighted .ign.ll'. and ••nu aU -...:~gbt~ urc ~~ to un1t '-a lues. lhe directi"it) 
panern at frcqueon w,. I) b~ ~)mmetr) the :..~me J) that r>f f-igure B.U(a). For 
pu~ of tllustr~t•on. an mterfering dirc:cu(lnal \IOUloOJdJI " no•;.e'' <'f frcqucn~ c.:,, 
i ncident on the .trTd\ IS -h<""n m Figure l3.12(a). mdrcated b) the dasho!d arm"'· 
llte angle of metdenco: t.:s•l (I( tht' mw.e •• $uch th.ll tt " ould be recetved on one o f 
the sidelobes nf the d•recuviw pauern "ith a >Cmtll\1tY cmly 17 dB less than thJt of 
the main lobe at 8- o~. 

H the wetght~ nrc now M:t n~ indicnted •n Figure l3. 12(b). lhe directivity 
pattern ut frequency w0 bcct'm~ l.lb ~hown in tlmt figure. In tim case. the main lobe 
is almost unchunged fro m thiit shown i n Figure..~ IJ. lltn) and l3.l:!(a), while the 
particulor siJclobe thut previnu;,ly intercep ted the binu~oidn l noh.e 111 Figure l 3.12(ll) 
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has heen shihed so 1hnt u null ~ now placed in the dtre.:uon of that notse. The 
sensirivi1y in the lhll~c direction i~ 71 dB hclow the muln-lohc )ensi tivily. improving. 
the noise rej.:.:UCin b) 60 ul3. 

Let u~ nuw c:nn~1do:r a ~1mple e.'amplc t<l 1llusrrat.e tho: C\i~lence and calcula­
tion of a set of wet~hts 11 h1ch "'ill cause a .1gnal from a deSired direction to be 
accepted wh1le a "nm~" from a different direction •~ l't:JCctcd Such an e=mple IS 

illu.t.nned in Figure Ill 3. Let the signal iUT111n& from 1hc de trcd duccuon 8 = 0° 
be caJJed the ''ptlot" "gnat p, ,_ Psin l.w.,. and let the fll'l~. "• - \SUI k<.:0 • be 
incident to til<: rt.;elvtng arra} al 8 - ,. / 6 radlliD'- BNh the pilot ~gn.ll and the 
no= )lgnal 3rt ib>um<t.J (oc lhts ~u.mrle lObe 31 t:.'(J)Ctly the \Jme fi'C\juency w

11
• AI 

a point. tn 'P'I~C m1d"'"" bclv.cen the antcnn:~ array eh:mcnb the s1gn:U and rhe 
noise are J'~umed 10 be '" phase. In the example ~o .. n, there are two ideoucal 
o mnis spaced }.. 0/2 upart. The signals recei~cd by each ekmcnt are fed to lWO 
variable weight~. one weogbr ho:ing preceded hy u yuartcr-wovo: time delay of 
wr j2w0• The rour wctghted ~ignals are then summed 10 form rhe array output. 

The pmhlcm in Figure 13.13 is Lo ot>r:1in a set of w<!ight~ to accept. p( and 
reject 11 ~ Note thnt with any set of nonz.cro wc1&J11~. the nurput b of the form 

A sin (h'o + 1/1). 

and a oumhcr of l><'luuom r:u~r wh1cll "ill m3ke the ourpur t>c p,. However. the 
output or the :lrfaV ffiU\l ~ tndcpendent Of the :lmphlude :lnd pha,e or the ooi..e 1f 
•be array~ to be rcgardcxllb R'JO:Ung me noiSe. Sausfili.IIOO of Lhu ccnsuaim lea<h 
to a uni<Juc -et ol v.~1ght~ dcrcnruned ll. folio"~· The arnw outpul due to the pih11 
signal•~ 

(13.41) 

For this output to ~quo I tho: dc:;ired output p1 P sin kw11 lwhtch ~~the pilot signal 

T 
,...,. ...,...1 d. , "'· ., ......... 12 -,----- ; . " 
i """ " ~ ... vl• 

;.;.ct<~' + ...... ~:;,....--1 
"' .... 
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( 1141) 

Wuh rc•~l to the midpoint betv.~ the antenn.1 .:km.:nu.. the rd,lli\C 11m~ 
deiJ.,;ofth~llOI-.catthetv.oetemenu.:m: -;(d'2t)sill{::- 61• =J/4c- ="' 4""" 
,econJ~. v.htch corrc:~pond "' pMsc .. hifts of -z-.1 4 at frequen~} '"o· lhc oltT<~' 
output due to the IOC:Ident nC11se at 8 = <i/6 IS then 

N [" 1s•n( J. c.~,, - ~) + "'1si.n( k..:0 - ';) 

-'-w,sin( /..c.~.,+ i) + "'•sin( /..o..•n- ~ )j 
for this re.\J)\1n~e to equal tero. it is necessary thnt 

lVI + "'• = 0 
II':- 111, = Q (1J.44) 

lhu~ the ~el or wci~hts that smisli~ the signal and noi~e re:.pnn~e rcqutr.:mcnt~ .:an 
ho: foJnd h~ ,ol\ ang Ct.3.42) nod (13.44} simultaneouslv. Tht soluhlm b 

( 1J.4Sl 

\ idt the-e "'dghl'>. 1~ arra} will ha•e the desired pr<>perltb m that 11 w11l a<:.:t:pt a 
\>&na' frurn the de.'tr<'d d•r~t100. while rejecting no1se whtcb t~ ut the bAm<: 
frequ.nc:y c. . .J\ the -.gnal. but Jrri~iag from a different diic:ction tlwo th.u or 1h~ 

"I!"J 
t ht ro~ol.llg method of C31culating. the v.eigh~ " more 11lu trau'e than 

pr.act ~al. 1 hh m.-rhod " u>able "hen there is Qnl) a l'mall numl:>er Q( dtre.:tiono~l 
no1\e ~reo.. "'h~ rhc DQt<e:. .ue mooocbmmatic.. dJld \\ohcn the Jne<:IIOn\ of tht 
no•~• urt lo.nO'I\n a pnC'n A pr:Kuc:~l pi'OCI:Ssor ..bould not f«lUttc de1ntled mror­
rnall< n ~bout the numbrr ant! tht nature of the noi~. ami tbe adapu~e proce ~r 
d~r hed 10 the (ollowin! meeL~ 1b1~ requuemenL It ~h-e:. TI!CUN\eh .1 ·~-quen.:c l1 f 
Mmuhant:ou\ equ.:mom. which are generally o\er..peofied, .. nd 11 ftmh ..olulle>n' that 
nuntmll.c the me.trHqu:tre error bet"ecn the pilot SigDa I and the tQt.tl Jrru) l"utput. 

SPATIAL CONFIGURATIONS 

lkfn1c diwu~sin~ mctlmds or adapti••e fi ltering and ~1gn:ll procc~"ng to he UhcJ 1n 
the .ulupth c orray, we neeJ to extend the preceding di~cw~ion onJ constdcr som~ 
'H>''' or spurlul array configuralions. An. adaptive urray nHJI\gunlllon for prnccs~l n{l 
tltltrnwbtlllJ ~tfl,n3 ls Is shown io Figure 13.14. Each indivlduol ontennn clement iN 
~huwn llOnnccted to n l'ariable weight and to :~ quartllr·Jl(riod timt! tlclay who~c 
outptil i' in turn conncct~J to anoth~r V"arianle ~Aelgh l The wctghtcJ ~tgnul~ ure 

Cnap. 13 tn1roduchoo to AdaPt•ve Arrays aoo AdaptiVe B.amlormiog 

Figure 13.14 All:lpi\Ye "'"'' r ... r<CriYIMI niln'HWnjruhil\1\ab From II W•dmwo< 
at. Aduf'IW,Anl<'lonll St<lrm<. LJ.-...,mt><r 1%7. IPEl 
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summed. a.; ~bown m the tigurc me "ignul at each ~cn>or. as>um~d 10 be either 
monochromatic or narw.,..h.md ~~ thu. v.e1ghted h> ll compleA gam racwr Ae 10

. 

An) ph:be a.nglt ~ - - 1110 'I" .h• 1) cun b.: cho-.en b\ )(ltlng _!!le two weight 
•·alu~. and th.: lll3~nilude c>f th•~ complex ga>n r~ctllr A \ ••f"- "£ can taKe on a 
r:l.llge <>f 'a lues tb.ll 1~ ltm1ted ouh h\ I he r11n~ hrniiBIIQn> of the t"o indi~idual 
weigh b. Tblh 1he h'<' "'l'lght~ ~nJ the lime JdJ\ (90 ph"~c las) provideq)fl]pletely 
adJustable hncar pr'~"ng fllr narrov.band 'IJ!nals r«t'lHd b\ each indh1dual 
antenna. elemenl 

The full arrav ur Figure I' 14 reprt.>enb a .-omplet~h gen~al way to comb~ 
the anterma-ekmeru -~g~~al.\ •n an a~;Ju\tahle hnear \lructurt ''ben the rec.:t\ed 
signal!> and no~ arc narruw\'l.lnJ We note that the um" gcnernbt} (for narro"'­
band SJgnals) c:m be J<.'hJc\ed C\CU v.heo the ume dela\·~ dCI n01 result in a pluse 
shift of exact!} "" 2 a t the center lrtqul.'nc\ "'· Ka."PID& the ph~ ~bift~ close 10 
""12 1~ de suable Cor ~«PII\8 rc:qu~r.:d '1\ Cll!ht •·alue, ~mall but I> not Occessat1 in 
prinopk. 

When one IS interc)led 10 re~et\ 111& •l&nJI, 0\CT J rnng,e or frequencies. each or 
the phase shifter.> in figure 13.14 c.utl>e rcpl.ll.;cJ bynn :1dap1hc tr:tns,·ersal filter as 
!>.hown in Figure 13,15. Tht' tap~d Jelay ltnc p..:rmm aJJU~1nhmt of gain and pha)( 
as desired 111 a number or frrquenc>t' o'er the hand of mtcrcst. If the weight 
spacing(~) is sufficiently ~mall, lhill no:twor~ uppro\Jmates the ide.11 liher which 
would a.llow complct~ con1rol or tlu: !!310 uno ph~,c at each freq uency in the 
passband. 

Once the nctww·k Clllllle<' lcJ ttl ..:n~h urruv cl~mcnl hu:. been chosen as in 
F1gurc 13.14 or 13.\ 5, the ne~l •rep ts HI dl!vdup on udupt:lllon procedurestl that the 
weights ~~~ ~dju~t lt1 nclliev.: the tk:~ircd ~pMiul nnJ frequency filte~ The 
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Part IV 

procedure \hould produce a Sl' en array gain in the ~pcc•lted loo~ dtn:clton whtJe 
~tmultaneou.>l)' nullmg out tntcrfenng ooiloe =~ 

I I the radiiittd 'tgnah recet•ed bv tbe element~ or un ~dupu•e .1rr:1) con.tSt ol 
'>tgnal componcn~ plu) undc:.tred nt>~s;.-.l.bc! ~~~al wtll ~ rl.'produ~-ed (and the noa'IC: 
dimanatedt b best~ passable in tbe lc<b!-s(ju~ -.en-e a( !he dcsm~d re:.pono;e or 
the lldaptt\e p~r '' made ll~ be the signal atsclr Til( 'itgnal ,., not gcneraU) 
avntlahle for Jdaptauon purpo~e>.. bov.<-ver. H it '-'CT.: o~•<~olnble, thl-re v.nuld be no 
need for a r\X-ct•er and a rece'" 'l\8 srra). 
. I~ the ~dapii\C nntenn~ >)'stems to be de5~-rahed here, the de>orcd respon!oe 

~•.snu t as provodcd throu~h the usc or an anifidally UlJCCied ~•gnal. the ''pilot ~ignal .. 
das.:tN.~:.d ahuve, wh1ch os compldcly "kno"n nt the rcceovcr nnd u~uully genemted 
there. The plJot oignnl is con~tructed to have spectr:t l nnd directtonnl dwructcristics 
sinulnr to tiHl>!.' or the incoming signal (,( i ntcrc~t. Thc.'l.' chn ructcri~t h.:~ may, 111 
~ome cases, be known o priori but, in geuer:~J, represent c~ trmntc~ or the parameters 
nf tht ~ignnluf mtcrc!>t. 
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AdaptAtion "~'h the palot ''l!n~l c;IIJ~I:ll the 3WI) to form a bc.am t11 the 
pilot·sigonl dt rcction h~vmg c~cnthllly flat ~pc.ctrul re.,pon~ and lincnr phase shift 
witlun the pa-...,band or the pilm \lgnaL Moreo\lt'r, darecuonnl noaseli impmgmg on 
the adaptive arTay wtll c~u~ reduced arTay rc,ponsc (nulling) m thear dtrtttions 
within tberr p;i'~band,. The~c oution, Me demon~tr.ued h) c'C~meots that are 
de;;cribed below. 

lnJI!CUC10 or the ptl(ll ~·goal \\<TJld normJII\ rc:nder the be:lmformer output 
usele . To .:ircumvcnt tha . uone-mode" and '' two-nl<lde' adaptation algorithm:. 
ba,·e been de' t..cd I he two-m<ldc proc~, .-ltemately ad!lph on the pJiot signal to 
ronn the mam beam i!nd then, 1\llh 1~ pilot 'i(mal otT. JdapL' on thc naturslaoputs 
to eJnninale notl>C. The arm) output as us:1hle dunng the l>I!COnd mode, .,., hth~ the 
pilot s..goal ·~ oO The one·modc algorithm permtb lo,tcnong at all times, but 
requt res more equipment ((,r th implemenwuon 

ADAPTIVE ALGORITHMS 

Figure 13 16 illu'lmtC\ il method ror prmidong the palol ~·gnol whereon the Iutter is 
actually tran~mittcd by an antenna bcated <omc o.lt'tunce from tbe array in the 
de;, a red lool. dtrccuon Figure 13.17 show~ .1 ":It .cont.JJned meth<>d for providmg a 
local ptlot Mgnal that W-:b ongmnlly ~uggcsted by M. E HolT. Jr. The mpulS to the 
processor an Figun: 13.11 Jre connected etlhcr In the ~ctual .. ntenna element output.\ 
(during ~mode A"), or to .1 ~~ of delayed "gnab demed from the pilot-signal 
generator (during .. mo.Je fT'). The lllter~ 8t. 8A (ulenl ume delny> if Lhe array 
elemenu are adcnlacal) 11re cho!>en tn rc.o~ult an a ..cl of mput tgnlh adeoucal with 

Figure 13.16 T"''' llltkl<· -.IJ~I~U~n wuh di\IMII e\le!O~I rolol "'gnNI M<tl!c p 

ollapiQII~" """ ~llnl ·••&"·'' pr<.~<:m. mw~ A· JJIIpl•liOO '"'h 1'11<11 .ignol Jbscno 
Fr(•tn 0 W•dww cl •I Ad.JJ''" ~ •llrt•nu S\.tt<'•• ll<-.,rnncr 1'11>7 IF.EF 
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Sensors 

1\<lapli ... 
-Jfgnal Outpu1 
p~ocessor 

J . . 

I( 

Figure 13.17 Tl"o-modc adopl:llin~ wilh o local int~mol pll~t signs!. M<xl< l'; 
atlaplalion wioh piJOI signal pre.'""'• mode A; .. duptauon wjth pilot signal ub~o. 
hom U Widri)W <I ~1.. Adupm•• Amtrillu Sy>rom.r, ' De<>Omb<r 1967. IEEE. 

those that would appear if rhe array were ai:'lually recejving a distant radintcd 
plan~wave pi lo.t signal f'rt~m the desired '' look" direction. the direction intended for 
the maio lobe of the receivi·ng directivity ptmem. 

During adnptacion in mode P. the input signals w the adaptive processor are 
deriv.::d frqm the pilor signal, and t:he tlesired response or the adap1ive processor is 
the pilot signal itself. 1£ ;\ siousoidnl pilot signo.l at frequency w

0 
i~ used. for 

e~ample, adi!pti.ng the weights to minimize m.:an-square error wil l fore~ the gaio or 
the aoieona artay in the look direction to have n specitk amplitude and a specific 
phase shift at frequc:ncy wQ. 

During adaptation in mode A. .aU liigouls apphed to the adaptive processor are 
received by the amenna elements from the actual noise field, In this mode. the 
adaptation process proc<!eds to eliminate ttl! received signals, since the dcsir.;d 
response i~ set to ~ero. Continuous operation in mode A wouJd cause all the weight 
values to tend to zero however. and the system would shut itself orr. However, by 
alternating frequently hetwe~n mode P and mode A Md causing only small chang.::;; 
in the weight vector dur ing each mode of adaptnti<>n, it is possible lo rnainrain a 
unit-gain bea.m approximately in the di!Sired look dire:ction an<L in addition. to 
mioimi:t.e approximately the reception of incid~nt-noise power. 

The pilot signal can be chosen as cbe sum of several siJJuSoids witb differing 
frequencies S<J that adaptation 1n mode P will coll!)craintha umenna gain and phase 
in the look directJ,,n to have specifit: values at each of tbtl$e frequencies. Further-
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1110re, lf St:vcral pilot signals of di!Terc.nt dir(!(.;tions are added tog~tl1cr. it ls possible 
10 consu·ain tbe array gaiil simullanecw~ly al various angles as well as frequenoie.'l 
when adapting in mode P. This feature alford> some control of rh~ bandwidth and 
beamwlc.Jth in ~he various look di rections. The two-mode adaptive prooess ap­
proximately minimize~ the mean-square value (rhe total power) of aU silll!als 
re.:eived by the ;mtenna elements which are uncorrclated with the pilot signnls. 
subject to the constraint that the gain Md phase 111 the beam approximate prede­
termined values at the fr.::quencies and angles dictaced by U1~ pilot-Signal compo­
nent~. 

ln two-modi! adllptation the beam is fc>m1ed and supported during me<.le P and 
th~ noises are eliminated in the leasl·squa.res sense (subJect to the pilot-s.ignal 
coostraintsl in mode A. Signal reception during mode 1' is impossible because the 
processor is connected to rile pilot-signal generate(~ Reception can therefore take 
place only duJ;ing mode A. This difficulty b eliminated in the system of Figure 
13.18. in which the actions or modes I' and A can be acoomplished simult::1neously. 
The pilot signals a11d the received signals enter !nto ;~n adaptive processc>r. JUSt as 

Ad.aptJve: 
.r9oal 
pruce~r 

Sfava<! 
•ignal 
nroc:tS$0r 
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Figure 13.18 Singlo·made adopoulion with a piiQI signol. From ll_ Wcdrow <tal.. 
.~cJ4p1"'' Anl•lma Syste11u, 1t 'Dc<.'cml)er 19~7. IEEh. 
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described prcvinu$ly. For this processor. the dcsuc(.] r.:spotuoe i~ the pilot Sl!n:ll A 
second ~l&\cd procc-~r generate~ the actual array output Mgtml hut tt p.:rform~ nn 
adaptation. Its mput Mgtlllb do not contain the ptlot ~•&nat It ·~ slaved to the 
udapt.ivc proces,or in ,uch :1 way that iu; we1ghts are .:~act coptc> or the corrc>pond· 
10~ ~e1ght- of the adapunj; S)'>tem. ,o that 11 oever tttcd~ \(\ f<.UI\C the piiC>t s1gnal 

In the Ynttlc·mode ,,·,tern <'f figure 13.18, the p1lot <.tg.n:ala~ C'ln conunuomh 
Adapt!I\JOil t(l mmiOtJ7.c the mean-square crmr ~111 fnrc<' the adaptm~ proc~l>Or ln 
n!produ~ the ptl<tt ~•gnlll ~ clol'd~ aa pc>,;tblc .Jnd. at tho: >a.mt' lltru:. to reject 11\ 

well as po.-ihtc (tn the nteao-,quarc scru.e) all \lgnah rccet'ed h\ t~e antcond 
elements whtch are unc<>rrduted with the ptlot ,ignal. I hllll the odapu\e proc<.-s~ 
force. a dtrectt\tl) pattern havm! appro!tunateh the proper maio IClhc ~~;,tli\il} m 
the lool direcuon in ttl.: Jltlot ~•l!na,l po~hond ().1111\f}tng nppro~tmatcly the pt.l~t 
>tgnal .:onstrainh), und 11 for~' null. in the dir~o-ctioM of the noi~elo 11nd tn thc1r 
frcquene\o banJs Uwally. tile :olrOJil!er the noll>e.' compared to the pilot $ignal the 
deeper arc the eNrc-.pondm~ nulls. . 

The ,inste·modc ~vstctn of figure 13.1!1 cun he nnulVLed by LMS deM!ln theorv 
in the h>llo"1ng "ay rJtl! con\ctgcd "l'lgbts l>l tile ,,JaptJVo! prOQ.'SMir can !>\: 
obtained til> R 1 P The R-matm JS the ;um of the R-matm of the antennu·denveJ 
signal.> and the R-malrh of the setl)f pilot igoals. "''ummg that the pil~t ~il!-nal and 
the inconun& .mtcllna ~1gMb arc uncorrdJted. TI1e vector P ~ dctenruncd onl) bv 
the pilot ~goal. lh clement~ Me \alues of the autocorr~l.lllon functton ol the pilot 
signdl, 1.1.1th Jag.• deto.'TTTltn...d by th.: oonC'>ponding ptlot ~gnat dcloy~ Smcc: the mJOtn 

lotte IS ~leered hv chotec or the ptiOL sigll.ll delav ... the \t\;h'll' p ·~ UJfOCll~ re.J,ued to 
the steering nngle. 

To demmmrate the pcrCormance ch:uactcmtics of ndupt1vc antenna system.." 
man) -.1mulahon c'penm~nts. to,·olving a w1de v.tnet)' 11! nrr.l) gCQmctnes and 
s•gnal- nnd noibe-ficld ~'<IJ1figur.itioll.>. have b~n ..:.~med nut. 

For s•mplictty of pre>enmtlon. the damplc~ outhned tn !he r,,llowtng urc 
restricted to plonnr urruvh eompo:-ed of idea\ tsotropu: ~en-.1r:.. or omm~. In. ever' 
case. the LMS adaptattun algorithm wru. used. All cxpenmcnt.s were begun w!lh ull 
\\eight value, tnttially equal 

NARROWBAND EXPERIMENTS 

Ftgure \3.19 sho~~ a 12-clemeot nrcul:lf urray .tnd ~ignulprocc,sor whtch \\liS used 
to demoru.tr:lle the p.:rfMmam:e or the 03.fTO\\b:md ~~ tern ~ho"n 10 Figure 13.14 
The pilot s.goul "'3' 11 urut-a.mphtude stne ".l'e \\ tlh frequenC)

0 
~ :1"? po"'er 

.,1 "' u.s. wb1ch wa• U>Cd to trom tbe army to tool tn the 0 ll dm:¢uon. Tile 
n"oise field con)~tcd or a 'inusoid.tl noise ~gnaltwtth the ~arne frequency and po"cr 
:I!> the ptlot signo~l) tncuJent at angle 0 ~ 40" lind u 'mull amount of random 
tmcorn:lutcd. 1..ero-mean while noi>e wi th pow<r o} - 0.1 ut c111:h ltntertntt clement. 
In our irnuhttum. the "etsJIIS "'ere adapted uMo~ the tWll-rn()(lt.: l.MS ulgorltbru. 

f 1gure \3 20 ,hC'I\\' the 5tt.jUcnce of dtrech,.IIY ruttern~ \\htch evolved during 
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the k<lming procc.:.•. Tho:~ .:ompu.tcr·plolled pattern~ repreSent the dectbel seo>itl\'· 
ity of the array at frequency w.,, similar to the prcvi.:>us direc11vitv patterns in thiS 
chapter Each dire .. ttvity pattern is c.-,mputed rwm the het Clf weisht.> resulting at 
'ariou~ ~tagc, of adaptottoo. I he :.olid arrow JOdicat~ tho: dJrCCIIM or am val of Lhe 
si nu.~oidal interfcrcn~:e. Notice that the initwl (.]ircctivitv patt~rn is e11S.:ntially .:ir­
cular, due tC'Ithc )~mmetry 11£ th.: anttnna array and the ~u..1l tnlltal "dgln ' 'aluc:.. 
A_ honng inJtcat~r ~(, the: number ,)( elap,cJ c~cle) at frequcucy "'o· 1~ pfesented 
Wtth ~ach d1recttvttv pattern. The number o>f ada.ptalton~ ~u.Jis 20NC in the..e 
e_xpc:riment:.. 'ote thJt u c.:, 12T = l ~HL then NC • 1 co~pond~ I<• \~of r~l 
lime.: ti "'w2T • I \<IHL then 1'-C - 1 oorr~p<>nds ll' t 11s: ilnd :.o 00. 

Sevcrtll 1•b-ervllltC'In> can be made from the s.:n~ or dtr<.-cuv;tv pattern' of 
ft%Ure 13.20. \)It~ \hilt tho: semill\llll of the .trni\ in the! looJ. Ulf<!:CUOn b 
~enuatl) C.ln\tant dunng the a<Llptahon proce-> 1\lso nmu:e th,ll the arr11y 
;,ens.uvity drCip~ very rGptdlv 1n the direction Clf the ~mu.oJdal noise source: a deep 
notch •n the dirccuvtl\ pattern form~ in the not:.e directu>n :b the Jdapl:~tion proccS:> 
pr<?l!.res~ ... _After the adaptiVe tran!>ient ha, died out, the urray sen~Jtlv1ty '" the 
no1se d1recuon •s 27 JD below that of the arnt)' in the desired looJ.. direction. The 
notch Wa<i created bY the odBpttve al!orithm wtthout prtor J..nnwledgc nf the noiSe 
frequc:nC) content or direchon or arnval 
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o~.s.,red o,;ec-~~tJn ot 
too' sinul.tMSo~l 
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hC•O\J 
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NC 400 

Figure 13.20 f.\NUI>OnQI lhedlf<ell"l\ 
J>OIM"O While kDm,Q& 10 cllllllll•l< 
drrc.:tiomt1 ucnt;c .t.!to Y.~ll a.,~;, tlt'h:NrclateJ 
not~<' ( arr~ c,m(l~or:.bon U1 fiJUh" 
1119) !'IC ~ num~o«ar cbp><:J <)de> 
or h«jt><no.' ""'' nvmb<T <>f llll•r••h<>n> 
- 211 NC Frocn 8 Widru.. <( ..J .. 
~Uupw>e .,nu·mtu ~ntl'm.t. "t' 0\'l{em~cf 

lYIII.lE& 

The totul noise power in 1h~ arr:ly ,,utpul is ili.: sum of the ~inusoldul noise 
power due to the directional nOISe 50urce pi~ the power due to the white. mutuully 
uncorrela•ed no•se-mput &ignals. TI1.: total D•">~l>e po~er at lhe ou(pu1 generaU} drops 
dur1ng th~ achtpultlon process until II reaches an 1rredudbk level. 

A plot of the l<>tal nutput noise powl!r ns a function of NC ~~ $hown u1 Figure 
13.21. Tbis plot is 11 learning c:urve for the adaptive beamf,,rmcr. SUlrting w1th the 
in111al weights. the total output nouc power wu 0.65. us shown m the ligure. After 
adaptation. 11\.: total output no1~t Pfl"er MIS O.QI In this noise 11dd, the output 
~•gnul-~o·noi.se ntt1o after adopti.ltlon was better tban that of a •ingle tsotropic 
recch,ng element by u factor of about 60. 

A s.:cood cl(perirnenl 11.ing the bame ~rruy configwatwn in Figure 13.19 und 
the two-mode adaptive process wa.~ performed to uwestig:ne adaphve army perform· 
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TABLE 13.1 SENSITIVITIES Of AARAV IN DIRECTIONS 01" l'iE 
AVE NOISE SOURCES Of FIGuRE 1322 AFTER ADAPTATION 

Noise Noi.\C 
dir .. ..;tion fr<quCrwy 

\dtg) (hill<$.,,, 

67 Ito 
I~ 095 
191 1 00 
236 \t90 
HH I (I} 

1.0 

08 
fn~ttll '"''~ pov.t:t 
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06. 

04 

Anil'r 'loCn~HI\trv ln nus~ 
dirccuun. rehuhc It' 

Si:CU~IIIV~I} 10 dc.sJrt:d look 

d"'""'11' (<lB) 

-u 
-lQ 

28 
-30 
J~ 

F'igure 13.21 ltarmn~ curve fttr 
n•tro~tlund <~<lem <>I l"•gure i1.1Q,_,Ih 
110\M! (r~ltn one direction 41oJy. f-rom n 

400 Widr''"' el taL Adupwlf' lm.:nntJ Sutt'W.\ 
Ow<mt,.,r 1967,111cE 

a nee io the pre~enre of bC:V<!raiJntc:rfcnng directional noise sourcelo. In thJs example, 
the noi~e field was composed nf five directional sinusoidal noises. each w11h 
amplitude 0.5 and power 0.125. acting ~imultaneou.<ly 11nd, in addition. superposed 
uocorrclattd white no1ses of power 0.3 111 each or the antenna .:lcmentS. The 
frequencits of lhe thoe directional noise. are shown w1 able: l 3.1 . 

figure D.l2(a) ~hows the evolution of th~ dir<c:tivity pnll<!m, planed nt 
frcqllt!ncy w0 , from the 1niuul condltwns to tbe 11nully converged (adapt~d\ stale. 
The laiu!r wtts achieved u.fter NC = 682 cycles at frtqu~ncy "'~ The learnmg curve 
Cor this c,,pcrimeot is shown in Figure 13.22(b). Tbe linal array ~cnsuivities lt1 the 
lh-e noise directions rehlli"e to the array scnsiti"ity in 1hc deloired look direction arc 
shown in Table 13.1. The .ignal-to-no1se ratio was impro' cd hy a (actM of aboul 15 
over rhat nf a singJe !.<()tropic radiarur. In Figure D2llb). one can roughly discern a 
time cnnstant approximately equal tO 70 cycle$. SiJlCe there were 20 ndnptations per 
cycle at w0. the ll!llr,ting curve time constant W>~S opproximat.cly T,.,.."' 1400 
3dapunlons. Witbm about 400 C}Cics 3t "'Q· ilie adapt1\e process virtually convetgcb 
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Figure 13.22 E\'olut•on of 1u~ dirttllll•ty 
paucrr. whit~ Je.ar-nln& tC'I tlin\.inuJe fh.-e 
diccclional rtobes and unQorrclultd lloi...c.s­
(aml} conhgurau<'n of figur~ 13.1 9): 
(a) \C\lU<:nce of diwclivi') p•ll<nt> dunns 
adoplll!ion; (b) l<am•n& C\IIV< (total 
number of uuupt3tion• = '20 NC), Frotn 
8 , Widrol'' rl al, Aduplw~ "'"''"'''10 
•V'""'"· C. Ikctmbcr 1967. IFtt 
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to sleady slil le, H <•>o/27rT were 1 MH:z, 400 J.'S wouJd be the real settlmg time. The 
misadjustmem for this pro.;css can be roughly estimated by using (6.41 ), aTLhough 
actual1yall eigenvalues were not equal as reqt~ired hy this equation: 

M ~ number or weights _ ~ ~ _6 _ _ 
0 43 4'Tm.., - 4'1",...., 1400 - . percent (13.46) 

This is a low value of misadjustment. indicating a very slow. precise adaptive 
process. This Is evidenced by the learning curve Fig~re 13.22(bJ for this experiment, 
which is smooth and noi~e-free. 

rr aU of the sinusoidal interferers were at the same frequency. they would bave 
been juSt as easily attenu Bted by the adaptive beamformer, b ut generally nulls would 
not have formed at their angles of incide.n.:1e. They would all have been accepted by 
the adaptive beamrotmer and would ha,•e been given just the riglll m~gru tude and 
phase characteristics so tbal they would add up at the output approximately to zero. 
lf. ~s in the experiment above. all the frequenci es are difl'erenl , the adaptive 
beamforrner must fnrm individual nuils to eliminau~ the sinusoidal inter[erers. 

BROADBAND EXPERIMENTS 

Figure 13.23 shows an antenna array configuration and signal processor that was 
used in a series oJ oomputer-simuJated broadb~d experinlenlS. Jn thesl} e~ri­
ments. the one-mQde or simulraneous aduptntion process was used w adjust the 
weights. Eac:h omnidirect ional sensor in a five-element circular array was oonnected 
to 3Jl Adaptive tr&nsv~rsal fi lter ha ving five weights, as shown 1n the figure. A 
broadband pilot signal was used. and lbe desired look direction was chosen 
(arbit(adly) to be 8 = - 13u. The power spect rum of the pilo t signal is shown in 
Figure 13.24(a). 1'his ~pectrum is approxomately one octave wide &nd is center<!tl at 
frequency "-'o· A delay increment of 13 = 11j2w0 time steps wos used in t he adaptive 
filler. providing a delay butween <1djacent weights Of 3 quarter cycle 3t frequency Wo• 

and a to tal tiller delay of one wavelength at this (tequency. 
The computer-simulated noise field oonsistcd or two broadband Oire.:tional 

noise sources~ incident o.n tl1t array at angles 0 = 50° and 0 = -70°. Each source 
of noise had power O..S. The noise a t 0 = 50° had the sam e fre'luency spectrum 9s 

the pilot signal (though \\ ilh reducecl power); while the noise a t 0 = - 70° was 
narrower and cente red at a sl:ight1y h.i2,her frequency. The noise sources were 
uncorrelated wi th the pilot signal. F'igurr l3.24(b) shows th<! power ~pectrn. Ad­
ditive white noises l mutuaiJy uncorrelatedl of power 0.0625 were also present in each 
of the antenna-element signals. 

To demonslfa te the elfccts of adaptation rate, the 6Xperiments were performed 
1\\'ic.e, using two dift'ercot values of the adoptive gain constant. p. in (6.3). Figure 

' lbt" broodbaod d.trccllonul noi11C:S were f..'Omputcr-5imullltcd. hy fio-l gcnc,ratln& -a senes of 
uncorrdurcd (Y.hJte) p><u.J.orund~m number~. npptyrn¥ thew r(' on appropriate Ji&Jtul fil'-r ro acbie>e lh< 
propt:r 1,pCS:tral chanactcn~tic~ . .and ihcn appf)'ID! tbr rc-~ulllng CQTn:Jatcd UOISC W"U\'c:fOrOI to c.ac:h or lhc 
}'imul.alcd nntC'unu elc.m~nrs "'i tb the appropriate d~l01ys to simulate the effect or D propago.ung wu\·clr~nJ. 
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Figure 13.25 Uilrniog curve> ror hrondtrond l."~pcrimenQ;: (a) rapid lea min& {M = 13~\: (b) 
<low lc.aming ( M- J.J%1. From B. Widrow tl •1.. Adaptf•• Alll•nnu S!'·""""· 1'. D<'t'ttnhcr 
l'167.1EEE, 

13.25 shows the learning curves obtaill~ under these conditions. The abscissa of 
each curve is expressed in cycles of w0 • the array center frequency-. and. as before. 
the array was adap ted at a rat" of 20 times per cycle of w0 • Note that the taster 
learning ourve is much noisier. 

Since the statistics of the pilot signal and d[recdonal noises in this e~ample :Jre 
known (having been generated in the comptlter simulation) and thus the R-matrix is 
known. it i~ possible to chuck measured ~alues of misadju$Unent against theoretical 
va lues.. 

Using {6.36), the misadjushnent for the two values of 1.1 is calcu lat~d to give Lhe 
following comparison: 

Measurcrl Thcurerio.11 

~ vututt\1 ,11 valueof M 

o.oozs 0.134 () 1288 
0.0002.5 0.0170 0 012.9 

The thl!(lretical values of misadjustment check qui te weU with c.orresponding mea­
sured valuts. 

From ilie known statistics the optlmum weight vector W • = R - rp can be 
computed. The antenna directivity pattt:rr\ fOJ' this optimum weigb.L vector is shown 
in Figure 13.26(!1). This is n broadband directivity pait<!rn. in which tbe relative 

1250 
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Figure 13.26 f"c•mpatl>(ln Of opllmum broadband dHCCIIVIIV pmnn 'Mih npc:n 
m<ntJil pJIWrn ~rrer former bl$ bten adop~e.t dunn& 62S "des r.1 ..,, Plouc.l •1 
lr"'!U<OCt ...,, !•l np11n1Uro lcast·>qum<S piim:rn. (b) uclapu:.l wuh 1• 0 llniJJS 
~rum U Wldrow tt ~1. Adupllt~ Antamu Smrrr ... • Do.x-.:mbcr l~b7, ll:.lli 
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sensuivlty of the arruy versus incidence angle 0 is plol!ed for a hroudb:md rccctvlld 
~1gnul huvmg the same power >PCCirum a~ the pilot signal. 'fhb form Clf d1rec11vtty 
pullcrn hus fc:w sidelobcs. and nlllfs which nre generally not very deep. ln Figure 
13.26(b), 1hc broa\lband directivity pattern rc.wlting frwt1 adupulllnn (Gflcr <•25 
c~cle., nf w11 • wuh 11 - 0.00025) is ploned for compan~on wi1h the <lptunum 
broadband pull em (i.e., the leasl·squarcs solulion). No1e that tho: pattern~ ar( 
:~hnost tndtsttngut,hllble. 

Tho: leam10g curves or Figure 1:3.25 are compo~d of do.o~y1n& e11portnll.lb 
"'1th 'llnOU\ tune "'nqanrs. When 11 JS ~t to 0.00025 m Ftgure I ~ .25('1). the 
m•sJdJu•lmenl 1> aoout 1.3 p~t. winch tS .; ~ma.U but praO:I!(;JI value W th th" 
r11c ,,( old3pl~u,,n, we ~:an see in Fi.gure 13.25(b) that adapholl tran\l.:nls .ue 
e, enhall) liouhoo after about SOOcycles at ""n- If..,., '2-:::7 '' 1 \1Hz.. for t\Jmplc. 
.. dJptalton t<,uld be completed (sf the proct:!>.SOf tS ra.st enough) 1n o~h<>ut SUO 1'\ 1r 
w, .. 2-=1 u I .. Hz. adapmhon could be. completed so :~'bout l>m--half lo«Ond . Faster 
addplatton ·~ ~1ble, but there wiU be more misad;~ntmcnt . fltc-e lisuft' 81'( 

tVJli(UI for an :od:optive anlenna with broadband noi<.e mpuu, "'''h ~ o~dapme 
we•ght.5. For the same level of mi"3dJUSimeot. ronvergc:ncc UlllCl> 1nc~ 1ppw~i­
matcly hncarly wuh 1he numbet" of weights ru; sh010o n. for CJWmple. hv (6 22) 

The ahilily of this adapti~c antenna arm) to obtam " frcqucm:) 1unma" IS 

<bown '" Fij!ure 13.27. nus ligure goves the sensitivities of the adapted arrur (aflet 
11SO cycl.:s at Wn ) .IS J runclioo of frequency ror the destred I<X'k dtre<:llon 11-'•gure 
I U71u)l nnd ror I he two noise directions jFjgurc 1J.27(h) and ((·j) The sp«tra of 
I he ptlot Mgnal nnd no1se.' are also shown tn the figure. 

In r •sure 13.27(<1), lhe adaptive proces$ makes the ;cnstliv•ty of thl) Mmplc: 
urray conflgurullun close 10 unity over the band or frcquencic~ where th~; ptiOI ~t gnu l 
hM tinitc power densuy. Improved perfNrnance c:ould be ullatnc:d by adding 
untennu clcrncnrs and by adding more taps to each delay line: tlr. ntore \lmoly, hy 
limiting the output to th~ pnssband of the pilot signal. l'igure 13 27(h) und (c) shows 
tho: M!nhilivities ~·f the urr..ty in I he dir~tions o£ I he noises. Thcoc plots illu~tr.ttc the 
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l3.:ll: lo} power tr.alll In ""'~ dil<fliM. 8- u•. (h) f'O"'e' ao•n In CIIIC nor.e dlr..-.:rion. 
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reduction of tJ1e array sensitivity in the directions of rhc noises, wi thin rheir specific 
passbands. The same idw is illustrated by the nulls in the broadband directivity 
patterns whicll occur in me noise dlrectlons, shown in Figure 13.26. Afler the 
adaptive rransie.nrs subside in this experiment, the signnl-to-noise ratio is improved 
by the arruy ov~r that or a s ingle isOtropic sensor by a factor of 56. 

EXERCISES 

L 1n Fig,ure 13.2. show mathematically rhal canccUatioi\ is the ~=~ for si&oab arJiving 31 

inddcnl 110g,les 8 and 18()" - 8 
2. In Figure 13.2, n plant' wave with a Ir;:,qurncy of 2 Hz and 0 £peed of 5000 ro{s is 

indd~n~ at augle 00 - 30° _ Wbm would the array spacinl!o nlled to be 10 produce a phase 
shift of 10• from 01e reference input to tbe primary tnput? 

3. 1n Figure l3.3(a), n plane wave at frequency 1 M~lz-and speed 3 ;>< tOR m/ s i< incident nt 
IJ = 20° (rather than 8 • o• as in the figure). If the sensor~ are 20 m aparl rul() of the 
SNR is 6 dB, what are the weight values for minimum mean-squa.re output? 

4. Using the situation in Figure l3Ja with If. eq11al to 0,01 times thl' input signal power. run 
th~ LMS algorithm and plot w1• sn.d wa vcrsu,< /<.showing t'Dnver~cnce lo "''t and "''i 
For nQise, &encr.a tc white uruform noi.~e using r, io Appendix A. 

S. In Figure 13.3(b), suppose ~at the "'cight b:as converged to ...,,• = 0,9_ Wh-a,t is th<- gain 
of the system fo.r a ~mllll signal arriviog ~~ 0 • 40o at norma~cd frequency - 0,5 rad 
;tnd wavelength '" 0,305 na, i! the mnni separation is 0,229 ru? 

6. In Exercise 5, plot I be sy5tem p<)wcr gain in dB v~r>I.IS nmni separation /, for 1 ~ I ~ 
1.27 m. 

7. In Exemse 5, what is the ph~ shift from input to outpur'l 

8. For a two-clement adaptive array, what is the minimum power g;tin in dB if tho input 
SNR is 8 dll? 

9, Plot u directivity pntttm for a two-element array with weig,bts "'r ~ 0.6, "> ~ 0.8. and no 
receiver ooise .. 

10. 1n an adapliye array using tbe l~ky LMS algorithm with y ,. 0.911, suppose that the 
entire input !ligna!, " • · s uddenly drop~ to zero. In bow many time steps wiU the weigh ts 
cbaoge by L0%'1 

II , In an ndap1ive filter using the leaky LMS algonihrn with IL- O.<lljo,~, where n,~ .is the 
input power. how much equivalent noise power is added to l11e input by selling r = 0.94? 

12. An adaptive artay with two weights •'Paced 0.8 wavelength apart bas a stmog si&nal 
arriving at 0 ,. o• and anochcr signal wich 25% of tl\e strong signal power arriving at 
0 - 9Q" . What &re the l'onverged W<'i,g.ht v&lul's in this t'li.S~, assuming no receiver noise? 

13. In th~ array shown m Figure 13.11 (a), an input. signal, Ccos k"''o· arrives at angl~ 0 Give 
an expression for th<! array <mtput sigpal. 

14. Using the result of Ex~rcise l3. express the array &aln in dll as a function of 0. 
iS. Do Exercise 13 for the array io Figure U ll(b). 

16. Using the resull of Exercise 15. !!;<press rhe array gain io dB as a funcMn of 8. 

l 
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17. In Figure 13. 12, assuming rha< the wcighc value~ arc w "' "' .. •ncl tl 1 h 
~ u· )Jn .. . l l• '' '? .. ld t (' 

omm~ are separalcd by 1/ 2 "-'<lvekngtb. derive a rP(muJg for arrav gu111 m d1i as a 
r unction of 0. . 

18. ln Figure 13. I 3, what ilt<t the. correct weight ' 'alue.s jf the noise arrii'C$ at 0 ~ r./ 4 m 1ead 
or 'lf/ 6? - , 

19. For the k~y LMS alg,orithm. using the method> io Chapkr 6: 
(a) Determme the raogt' of p. for stable Optlration. 
(b) Determine the time const:oot of the learuing curve. 
(c) Gf\le an c.xpre.<i!;ion lor tbc misadju$tnoent 

20. Exp ress the ,Pmcessor OO\pot signal for 01c- sy~tcm described ln Fi&urc 13.19 
21. A..~~um~ that tbe array in Figure J3.12(b). with weight;"'"' lhroue.h "his lobe uru11ed 

os,ng srn&J_c·m~e adaptation with a pilot signal of uoil amplitud~ at~ frequcncv of 1.0 
H.z. and wotb ~1muhaneous omerferenel.' Q{ unit amplitude '!It 1 ,J H.?_ S!anin~; ~ith all 
w.coglu~. • 1 0, run the LMS algonthm for rlu.s .:Qnfig,uratioo with 1, ~ 0.01. 1.111d plot the 
darccrmty pattern afkr 0, lO, 100. nnd 1000 cycle> of rh~ pilot stgnaJ U~e tirne step 
T= oms. 

22. A two-element pilot-~igoal adspth·e beamformer i.! ~hown below with an incldent plane 
Wa\~, BJ;Jo f..w,, at fJ = o•. The pilot signalt~ A !<lo f..w11• !learn ~~~ering i1; accomplisbed 

P1lot il$1nil 
A sm kw0 
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by varyinl!.thf f'husc ,hofl ~ 10 cauSA: the look dirtcllon lCl be .LI nn&lc IJ A~u~c that "'oo 
and w1 dilfer ~110U!\h hl tlri!o}rTC J il.t~ the Si&fi3IS but thai lh~ 110" UM~ prowotle 9()• pba.>o: 
Shifl for both SII!,DII I~. • 
(a) Exprc1,, the R·mJttU ,Jtld rhc P-,co.:tor a.> runcunn\ ot A. 8, and ~ • .15>Um1»& 
ooisc-fr,~ rc~'Jlltl>n 
lb) With A - B. dcll'rnunt tht t>pUmum "'right \tc:IN for <I> • 0, n.~• , 45•, 67.5•. and 
9()•. 

(r) What i> the lo.tk dote\. lien, I , CP<Te$p0ndtng to CJrb \..JUC' of ~ ~h.,"~? 
(cf Or .; '>11!~1c: v-oph, pl•>t dtrtc:tmt' pattcrm for 9- 4S•, M.l", .and ~· D~ tbr 
a.fll!ular reM>Iutu-.o o>f tht- ~ph\o! beamf~r '" the lovlo; WI'C\:III•n 

ll 1n-th<= adap0'< bnmfUI'mc:r or Eurci.c: :!2. sup~ there u I'C\:CJ\Ct n~ V.lth umt 
J>C"Cr .11 e.ach omm Rt~~~ Excn:o:.c 22 ti.r>t v.1th A • 8 - l. th~'n v.ath .~ = S and 
8 ~ 1, and hnDU}' "•th I - B - S. What cnn "e t'Oodudc rt&anlan~ the relalJOn Qf 
angular t('><llull<!n to p1h>t ~nd incident sig,nal-to-noise r.auM! 

ANSWERS TO SELECTED EXERCISES 

1. Tltnt: Stc &:)~uon• tll.:!l Jnd (13 ~) 

1. /- Bll.9m 

3 . ,. • - 0 12M>,": • ll HlO 
~ 

13. -'• = C L cos( At"\\ .. nc 'In I) 

·-'' 
14. dil - !Oio>g, .. {[}:u M( ... SID B) r +Lt·•n( 11!1\1!10) n 

6 

15. Y;- C E CO>(Ic"'ll + n<r~>lnO - O.llllln) 
,. ..... 

16. dO - !lllog111{ [ ~ 00> 11(" ~in II o.g131)]' + [ E ••n n( ..san Q 0 Rl31) ]'} 
•·U ~-o 

17. dB- 101ot1n{f [ ... ,~'0>( "" •mB) • ..,,sin( ntr)inii)J ,..,. 

[ .t .... ·~·>\( ..... sml) - .... ,sin( mr ''"'' r} 
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chapter 14 

Analysis of 
Adaptive Beamformers 

I a Cbap(er 1 J we discussed some of 1he bask properties of linear arrays. and how to 
apply adaptive >ignal processing for the arrays u5ing the LMS algorithm. In thi~ 
chapter we discus~ some additional ~daptive b~mforming techniques and al ­
gorithms . 

first. however. we discuss some" additional performance charactt"ristics of 
receiving arrays .:onnec1ed to adaptive bellmfon:ners. As we have seen. such systems 
are intended to retcive ~ignals from a selected look direction while nulling interfere~ 
from other dlr~.-ctlous. 

PERFORMANCE CHARACTERISTICS OF RECEIVING ARRAYS 

The broadband udaptivc tl rray of fjg.ure 13.15 is the bnsic system configuration to 
be di.scu.~sed here. l!~ signals could be tither narrowband or broadband. There arc 
K receiving elements, each connecred to a tapped delay Unc (adaptive transver$al 
Iiller) having L tap~; thus the total numb.:r of weight.~ in the ~ystem i:. KL. 

lncident upon the receiving array is a targl't signal plus noise whkh includes 
not only receiver noi$e but all fonns of interference and j-amming from point $Ourccs 
and from spatially distributed sourc·e.s. Ideally, one would like the output to be the 
target ~ignal it5Cif, with no noise. Jn practice this is rarely achievable o.nd one must 
make compromises in tbe design of the array proccs5ing scheme, choosing between 
target signal distortion and noise elimination. Two differcm approaches will be 
discussed in this section, one lhnt provide-~ a syst~m outputtbath a best Jeast-~quare.s 
es timate of the target ~igwal and another that provides an output which is an 
undistorted version of the target signal plu~ added noi~e of minimaJ power. The first 
approach is based on a minimum-mean-syuare-error criterion, wbilc the second is 
based on a maximum likelihood critenon. Then, in sections to follow. adaptive 
algotithms wi]l be pr~erued for real-ti.tne proces~ing of adaptive array signals in 

409 
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chapter 14 

Analysis of 
Adaptive Beamformers 

In Chapter !3 we dt ~cusbt.~d :.Omc or the l:asic properties of tin.:ar arrays. and how to 
npply adaptive signal pron.~s~ing for th~ army~ USH18 th~ LMS olgonthm. In this 
chapter we di.scuss !.<lme addittonnl adapuve bcamforming techniques and al­
gorithm~. 

First. howc•er. v.e diSl'Uiolo ~me addiuonal rerformance clutracterl,.lics of 
riJCelving array:. Cl.)nnl·\Jed IOtldJpliYC bcamfomlet"> ru "e hove ..CCR. ~udt SVStem\ 

ar~ inrended to reo.:e1,·e "SJIWS fr<>m :a ~elected )(l(lk dir«ll<'n ""h1le .nulhng inr,;rferer~ 
from other dlttcUiln\. 

PERFORMANCE CHARACTERISTICS OF RECEIVING ARRAYS 

The broadband adapuve Mrtl)' of fsgurc 13.15 tS the bash~ system conbgurotion to 
be discu~scd here. h• )ignuh ~:ould be either narruwb::md ur broadb:.nd. There are 
K receivmg elemcnh, each connected I<.' a tUpjX.-d delnv hne (adaptive transversal 
filler) bavrng /. tap~; rhu~ the total number of "esght~ m the ~YMcm 1.> KL. 

lnetdent up<>n the re.;c1vmg arroy 1 11 IMget .Signal plus no11oe "lucb includes 
nol only receiver lll'l~ but nil form• of rntcrlerenc.: .tnd Jummmg from point sources 
and frcm •p:uially di$tnbuted \OOCCC:> ldealh. one V.\)Uld hlte the output 10 be the 
target ~Jgn'31u~tr. ,..1th no ooN~. In pl'li£11Cc tlu~ ~~ r.uelv aclue•able and one must 
mak.e comproms~ In the des1gn or the aruy proc.:.. ... ,mg ~heme. thooslllg berwecn 
target si&nal d~Storuon and noo~ ebnunauon Two drllc:rcnt approaches will be 
discussed in ttus ~oecuon, one thnt provid~ 3 systemnutputrhat t~ 11 be~tleast-squart:S 
estimate of the target 'ignal and another that prtwode. nn output ~>~htch 1s an 
undistorted version l'f the usrgct. s1gnal pLs:. added not~c: of msn1mal power. The first 
approach is based on o minsmttm·mCiln·squnre.crmr cmennn, while th.: second j, 

based on u mnximum likelihood criterion, Then, in ~Ct'ti ons to follflw, adaptive 
al&orithms will be: pr~cn ted ror real-time processing <tr ntlt1ptive array ~igna ls in 

409 
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accord with lhe$e two performance criteri a. The analytical approach to he follo'Wed 
here is ba:;ed ()11 tbe work of L. J. Griffiths [3, 41 aJJd .o. L fro$1 111, [7, 8]. . . 

Refer once again 1.0 the adnptivc array of Ftgurc l3.J.5. L<:t a~ ongt~ be 
defined nl some point in space n~r ti:Je antomna elements (omm~). _lmagme an o,mnt 
element being plac:ed at this c:>rigin to receive the signal plus the nmse. Let ~~e targ~l 
5100

aJ component nf the omni output he delined as~: •• where k 1S the J1rnc U1dex .as 

u;uaJ. The set of KL weights can be described as follow~. (In r.b.Js chapter. for 
convent\:nce. we use a single Sllb$cript to indicate I he Wetght nurnh~ r. and the second 

subscript. k, is agmn the time index. I 

114.1) 

Each of !he weights, connected to 1\ tapped delay line, receives the target signal plus 

noise. The i lh weight has an i nput of 

x,~ = s,, + "•A (14.2) 

T IH: target signal component is ··~· whicb i$ linearly related .'o .g~. The Li_near 
relalionsllip, between g~ and the various input sig.nils to tht; md!Yldu.al wc·tg~ts 
result rrom the passage of the targt~t signal waveform across the array. For the 1th 

weight. 
s," = .1-~ lg, l 

where F.l·l is a linear funcuon. For the entire array. it IS clear that 

x* = sk _. N, 

l''k1 [s"1 lnl*] x, > ,;, S, ' '•• N, ' " " 

.XJ:L' SJ<t,t lltn~ 

(14.3) 

(14.4) 

(.14.5) 

For thl~ system. the input correlation matrix will he. the ;;uo1 of that or !he target 

signa.! plus thai or the noise. Accordingly, 

R.l'$ ~ £1s,sn 
R '1~' = R 5.~ + Rs...., 

The des1red respon~e ut the adaptive array outpu t is the targe~ signal 
cross correlation between the desired response and the X-vector 1~ 

Ps= H(g1Xd = £[gkS~] 

(14.6) 

(14.7) 

itself. The 

(14.S) 
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To obtain an output that is a best least -squares estimate of the target signal, 
Utt! optimal weight vector is 

w• = Ri.~Ps 

(14.9) 

One can approximately in1plement this formula by .:.stimating R. and lindlng its 
inverse, using actuaJ signal-plus-noise input data. Without knowing the target s,ignaJ 
(ii this were known, one would not aced the receiving array). one can determine P 
with knowledge of the autocorrelation funclion of the t.arget signal ,and its direc.tion 
of arrival Tbe cross correlations between the target sign(ll g~ and the v-6rious target 
signal components of the weigh t inputs s1t can be computed by laking inw account 
the array geomett)', the time delays that result as the targe t si.gnaJ passes over th~ 
array. and thll time delays thllt 3cc.rue at the taps Qf the tapped dday lines, Jn any 
event, R- ' and P can he evalu~t.:d and the optimal least-squares prO<.':\':ssor can be 
constructed . 

Rather than use matrix methods for computing the lea~t-squaw< solutlon, 
real-time adaptive tet:.hniques are more often used. The pilot-signal algorirhm de­
scribed in Chapler 13 is one approach. Let us now exa1nin.: tJ1e pilot-signal 
algorithm to determine whether its weight. solution agrees with (14.9). 

We will analyze the single>- mode pi lot-signal algorithm whose block diagram is 
shown in Figure 13.1 8. Le1 the piJOL signal be designated p,. and suppose I hat this 
signal is applied to the system through an adjustable gain {3. The desired response 
for the adaptive process is then 

t14.10) 

The inputs 10 the weights ton~ist o f target signal components and int~rferenee 

components, as described above. and in this case add itional pilot s ignal components. 
Let these pi lot signa l componenll. be designated by the ' 'eetor {JT;,. 

The target s ignal is or course unknown. but its direction of arri val antl its 
.statistical character a.fe as~umed to be known, together wirh the recetving array 
geometry and olh~r cbaracteristics. The pilot signaJ is designed to have the same 
au tocorrelation function as the target signal. All of Lhe. weight input c.omponents. 
target $ignal. interference, and pllot signal" ~re as~umcd to he uocorrelated. There­
fore, the input R-matrix i~ 

(l4Jl) 

The third term or ( 14.11) is lhe autocorrelation n•utrix of the p1l01 signol compon<!nts 
at the weight inputs. or 

(14.12) 

The cross correlation between the desired response and the weight inputs Js the same 
as the eros> cor.rda tion between the desired response and the pilot signal compo-
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1 he LMS t~lgomhm used in the single-mode p1IOH1gn:ll al1.1p11vc beam former 
'"II C(lOh:rge 1n the folll,wtng lea~t·squares weight ~<etor. 

w· s R 1P - ( R ~s-+ RN~ + P 2 Rssl 'p~ l'~ 
( 14.14) 

Thi.~ rll~ull doe> lllll exoctly ngree with the be5t le.1•t·~quare~ solution f:,JVCO l?y ( 14.9), 
Th~•c ,, o biu~ in (14.14) C!luscd by the introduction of the pilut Stgnnl. Thu hiM con 
~I! ko.>pl ~mulllw mn~ing p ~mall. howev.:r. Although it is nnt appnrcnl from ( 14.14). 
mnkins {J small cnu~e~ the elf eel' of weight adaptmion noise to beco•ne 1~orc scv.:rc 
nctC-I~tt.lllll8 ~low adaplalJOn tf a solution close to the true LMS M11uuon •~ to he 
i!Chli!lcd, 

Grttlllh~ PI hill> developed an algorit.hm that not only canvcrgt.:' to the WCt!thl 
,.~,tur ( 14 9! that prN.Iucee. the best le:~.c-~quares esumale of the 10\rgct ~~snnl, but 
:d'IO obllfttc' the r\XjW!'em~nl of the ptlot ~ignaJ. Ncl'.l we de.-.c:ribc th1~ ul~onthm 
and aoo.~IV7~ 1t' pro~rh~ 

THE GRIFFITHS LMS BEAMFORMER 

VIJtrlth, 31~onthm I) a ~;ptn·olf" or the L\IIS algonthm. utilwng ~tlllln .. pn<>n 
t..nowlcdg..: tv.hen a•wlable)to create a high!~ elfttll\C r~l-tim.: ~Jap1;1Ue>n procc'~ 
111~ .tlgonthm i~ pr-."-!nl<!d here in general terms. and I\ then applted tu ;adsph•c 

hclmform•ng. 
The LMS 3lgonthm c:~n ~ ~~ess«< as Collov.). 

W, • 1 = \\'• .L 21'£,X 4 

= W, + 21'(d• - y 4 )X4 

- W, ~ 2~J.d1 Xt- 'li'J. X, ( 14.15) 

It w1: now ~uhstitute tlt~ overage E(t!.X4] = P tn plac~ or JIS IIHIIIntaneou~ Htluc m 
(14. 151. the n~~ult i~ Grilnths' algoritluro: 

( 14. I(\) 

1nh ntgonthm cwt be used when the cross-correlaticuiS between the dt:'w~tl rcspon'c 
and the weight 1nputs <Jr<l known n priori. T hen. a rt'nl-t imc leu~•·~quon.·~ nd(lpttv~ 
u1gorithm cttn operate w,lbout needing n real·time de~ired response input t(4 Such a 
procc.s~ I) illu~trutcll m Figure 14.1. 

Chap_ 14 AnalySts of Adapttve Beamforme!'l 

P Eld, X, l 

Flgur• 14.1 o .• ,,.m (>/ <.inHII~ ... r,,•nllont 1'\olt th•t titer• '·' M "dorr<d 
RSpon•ch npul "' tltt alt""tltm 

4 13 

'!l'e convetgoo <oOiollon of t 14,161 c:~n be l"huunC'd tn the following manner. 
Equ;~uon (14.16) ctsn be r~:~<nlltn b1 repl.etng ,, "llh \ f W,: 

\\<,. ~ W, ~ 21'P- 21'( \ [ W,)\ 1 

(I -U7) 

Assummg that the 't31tOnMY, 7.eT()o'Tic:IO Input VCCIOI'\ A,. X, . ,. ~' ,, ... are 
UJ\COrrel:ued. w, 4Jl\l X, aro! Untorrc:lated ra~lllg C.'fl''Cla!lon 0( both. ~ides of 
( 14.17) }'Jelds 

E(w •• ,J• t(W,J "211 P - 211 REfW,J 
(1 lp R )!(W,)~21•P (14.18) 

We have ulrendy SOI\cd :In cquJllOI\ fil..c thl' one 111 Chapter 4. :.Ianing with (4.JS), 
and have found that 

provided that, as m (4.45), 

Inn £[\\ , j R t p 
~~ ... 

:;- > 11 > 1! 
"ml\ 

(14.1'l) 

(14.20) 

Like the LMS algorithm, the Urifitth' algcmthnl IS unbiased and produce~ al 
convergence an expected sterttly·\IAic '<Oiutton that is the true lcn<.t-~quares solu1ion. 
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A n adaptive beamrofmer based on the Griffiths algorithm is shown in Figure 
14.2. A set of bulk delays labeled 6 1• A2 • A, , .. . , t:. A is use.d to steer the recehmg 
beam along the desired look direction. The target sign~l emerges from tlleSe delays 
in phase, that is, in proper time registration. Each o f the. blocks labeled •·Gu .. ts•· 
Ct) ntalns a tapped delay line whose weights a re adapted in accord with (14.16). The 
deSi red response is the target signal. and the components of the P-vector are the 
cross-correlations berween the rarget signal components nt the. individual weight 
inputs and the desi red reSponse. which is the target signal itself. ihe elements of the 
P-vec(or are 1herefore obtaint:d from the autocorrelatit)n fllnction of the target 
sign\1.1, choosing lags to correspond with the delays of the delay-line taps. 

In order to obtain an array output that is a bes~ least-squares eStimate of the 
target signal it is necc$sary to know the target signlll's direction of arrival as weU as 
itsc autocurrelation functi on. One must also know the array geometry in order to 
cht,osc the appropriate s teenng delays. Essentially, this same knowledge i:s required 
for the Widrow et a.l. pilot-signal algorithm, but the Griffiths algorithm has tbe 
~dvnntages o r providing an unbiased solution and of not requiring either the pilot 
signal or the slaved signal processor shown an Figure 13.)8. On the other hantl, the 
pilo t ;ignal algorithm is not ob;olete, sine<: it has many o ther applications lo systems 
in wluch real pilot signals can be transmitted to the rt:eeiviog a rray from a distance. 
ln these cases. the lool(. direction and atray geometry need not be known. 

Array 
output 
y, 

FigU,...14.2 Griffi rh< adaptive beam former E.1ch filter labdtd .. CH .MS" 1> nrlapred 
"-' 10 114.16) nnd m F1&uro 14,1 
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THE FROST ADAPTIVE BEAMFORMER 

Bt)th the pilot-signal adaptive. bcrunformer and tbc Griffiths adaptive bearnforruer 
place ·•sort cons traints" for signal nlception in the look direvtion. A weak target 
signal atrlving in th.e look dlrection would have <!lmost no effect on the sensi tivities 
uf these adaptive beam formers to this signal, but a strong signal would tend to be 
partially rejected, even if it were to arrive exactly in the look direction. To overcome 
this limitation, an adaptive beamformer that maintnlns a ~hard constrain(' in the 
look direction was devised by 0. L Frost (7. 8). With a hard constraint, the 
sensilivity of frost's adaptive beamformer io the look direction is fixed regard less of 
the strength of tbc target signal arrfving from this directitm" 

A block diagra m or the Frnst adaptive beamformer is shown in Figure 14.3. 
Once again. steering delays arc used to syncluoniz.e the target signal components 
l'Oming from the look direction at the input nodes of the tapped delay lin.es. The 
delays in all the tappoo delay lines are made equal to each other to synchconiz.e the 
target signal components at all corresponding nodes of the entire set of tapped delay 
lines. 

Assume that the ta.rgec signal arrives from the look direction. Then the t3rget 
signal component at the >ystem output can be considered to have originated from an 
..equivalent signal processor," shown in Figure 14.3. Thi~ processor is a tapped 
delay line having the rargel ~nal ~ hs input. It~ output will match the target signal 
ct>mponent of the system output if, as suggeSted in the block diagram of Figure 14.3, 

Figure 14.3 Din&ram or the f>rosl ndJpliV~ btiUllfOrmct Each W(~l '" lh< 
cquivatml >i~nal procc>~f is the <~un of the /( ,.,)trt.;pcmdn~. wcigiiU. above 
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cuch of tb~ "'c:Jghl values of the equivalent signal pr()cr~bor IS made equultothe Su(ll 
of the weislll value~ or the corresponding weight.~ of th~ adaptive pro..~~r T., 
' 'isuuli:r.c th1s more dcarl~.llllllgine a rectangular llldtrix of weight values Jn'a) ttl to 
corrc:>pond wuh the geometrical arr:ll1gement of 14eights LO the adapuve procc:ssor 
shown 10 th~ figure. Each v.eight of the equi\lalent proce.s!.<lr should have a vnlue 
ettual to the ~um of the element.~ of lhe corr~pooding mauiA column. 

The parametas of 1hc equivalent prOt"CS>or can be, chos~n so that the target 
bignnl encounters lin.:ar flhration in prop~g:lling through the adaplove bcamformcr. 
wnh 11 spe.:ificd frequency response. lf no special filtration is req\IJTt'd, the weights 
of the equival~·nt procussor rould all be ;et to lt'ro ext'Cpt for one weighlthnt w•ould 
be ~cl to urut v;~lue, thw; producing a flat frequency respon~c wtth un1ty &uin 1n th..­
look dirccti,,n. The target signal components would then appear ai Lhe SY>>tem 
output without distortion (except for ad.ditivc noiJ;c). 

One.:. the pttritmcter~ or weights or the equivalent processor are cho>en and 
fixed for t1 ~pt:Cilic look-direction rc:sponsC, the weights of the adaptive pro~·cSS(It Can 
be v11ncd as long tl$ the sum-on·columns constraint illt~stratcd in l· igure 14.3 (the 
"Prost constraint") is obey~. The weights of the adaptive proccs;.or ca.n be ad:l·pted 
to rninimi7c the system output power subject 10 the Fro.~ t constrnmt. In Ulis wny. 
th~ Ftost JJaptive bearnformer wiJI filter the Utrget signal arriving from 1he look 
direction in t•~:c:ord with 3 specified tranbfer function (which could sirnpl)' be a Lmit 
gutn) und, at ti'lc :.:•me llme, minimize output power. Sinct: the s~go,ul arrhltng (rom 
the look direction is defined os the desirable target signal and 11ny incoherent >ignal 
arriving away rrom the look dircnion is derlned as int~rrerenc\!. tnitumiz.ing ou tpul 
power subject 10 the Frost constraml cau~s the ~ystem output to he li nunirr.um· 
vunancc estimute of th.: filtered target ~ignal. 

Wilen the target Sl,gnal tmnsfer fllllction specotied tn the eqwvalt:nt ~1gn11l 

processor i5 3 unit gnon wtth linear or 'Zero phase. the tllq~et ~ignal component 
appcarb undist\lrl.;>d. but with addili\C imerfrm:nce. at tho: system output The 
S)5tem output IS therefore .t .rummum-vananc.: estil111ltc of thr.: targ.ct s.gnal Kelley 
anJ Lcvm (Sl. Capon 1:1 al. f6], and Griffiths {2) have shown that th1s mimmum-v-.m 
auce e.tunate or the target signal is also a maximum-likelihood estmUJLc Qf the turget 
signal lf all tnterferences and also the target signal are Gaus.~1an wtlh 1cro mean 
Thb type of processor 1s thus somctim.c:s known also as a m:uimum-likelihood 
.ldap11ve bcamformer 

If there wtrc no ~<ln$traim and the output power were minom1zed. all of the: 
adaptive weights would go 10 z.:ro and the S)stem c•utput would vam~h. The 
con~trQin t ~~ necessary to keep the system '"abvc''. The Frost con~tnunt is ,J hnear 
(On~trmnt. forcmg cenain linear combinations of the adaptive '-'eights to be ~qu:~J 10 

const UJll values. 
Jammer~ ur intllrferers add output components whkh, if uncorrtlat~d wit!h all 

other ~ognol or no1sc components, ellu~c additional sy~tcm output powCJ. Mimm•J· 
ing system output power in turn cause~ the adaptive beamt'om.cr 10 create nulls in 
its ~idclobc ~tructure ll1 clionin;ote the jammers. 

Chap 14 AnalySis of Adaptive Beamformers 417 

The FrObt !ldapttvc:: beamformcr ha• a limned numher of degrees of freedcm 
and allocates lbt~ 1n un opttrnal Wil)' to miounae the: total output interference 
power due to directional Jamm~rl>. spattSII\ distributed nooses. and reretver n01se. 
The Frost constraint causes tbe number of degree~ of freedom to be less than tbe 
total number of adapli"e weights hv an amount equal to the nurnber of constraint 
<'quat ions. that i~. t:qu,ll to the number or WC:Ighls in the eqwvalent Stgnal processor. 

In order to ad!lpl th<! we1ght5, Frost devi~d a nL-w form of the LMS algorithm 
lhiil minimizes mean-square error subjL'<:t to general linear constraints. A clear and 
t'Omprehcnsivc development of Lh~ algorithm Is prc,sent.:d 1n References 7 :md 8. 
The following is a Jess detnlled explanation. 

Suppose that thc:re ilre K antenna elcn1cms and that each is connected to a 
t:.pped delay line havtng L t.lps. As~ume that Slccnn& ddays are u!led as to Figure 
14.3 to set the look direction. so thill tlw rect~ived uugc:t signal components are rn 
proper time regtMration at corrcspond1ng pomb along the tapped delav lines. As 
described above, the adoptive weights can be arrayed in the rom1 of u ~ecrangular 
matrix: 

.. ,~ W!A .,, l l ,,, '" H11.1 ll< \\'!:LA 
W4 ~ wf.tL 114 ( 14.21) 

li'f( A' ill 11• "-...-14 

The input sign!lls tO the weight~ can ul.o be arra)c:d '" a correspondmg rectangular 
matrix, 

~ll ·':l .,. l _¥,, ,,, .\(L 214 c~A - ' [ ''n H' (1-1.21} x. -

,.(I A. Ill I lA rA t< 

The fixed we1ghts of the: ~qu1valc:nt prOCCc\>Or compriS<l a wctor gwen by 

C & r' I c, t 1 j ( 14 23) 

The Frost cottstraint iUu~trJtcJ 10 Figuf<! 14.3 can be expressed as 

for all k ( 14.24) 

The Frost algorithm is an iterative procc~s. on which .:ach adaptation cycle ean 
be viewed as consisting of two half-steps. ·rhe first hair-step adapts in :~ccord with 
the LMS algori thm to redu~ output power, nn(l the ~~:cond balf-step rcestablishe~ 
the constrainL by making rJ correction Ill the ~um of ettch column of (14,21) so th:1t 
( 14.24) is sntlsfied. The currections to recstnblish the constraint arc evenly divided 
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>~mong the clement~ or each given column of (14.21). When the constraints arc all 
ree~tablished, tbe pres.:nt adaptive cycle is complete and the system is ready fo~: the 

next cvclc:. 
Since tile algorithm is minimizing ou·tput power, the output )'4 serve~ ;ts the 

' ' error" in this ~asc. Half-step I, to reduce output power in acrord with the LMS 
algorithm, ean be wriu«n 

wk til = wk + 2py. x:. (14.2>1 

After half-step 1, th<!r~ will be a constraint error equal to 

c- 11 1 qw, o~r- (14.16) 

Half-step 1 now adjuMS the weights to correct tbi~ error in the fol lowing way. 
De~ ne 11 correction vector as 

ilc - [I 1 ~'t• •l J (1427) 

Ne'<t define a K x L corn:ction matrix as 

[
e,A-t t1: eH ·"' '~ ] 

EHI/2~ : : 
"a•ttz etkel/l 

t 14.2S) 

Half-step 2 now consiStS of addjng E, , lit to the matrix of weight values. that itt. 

wH, = w~ " '2 + E , >1 /l (14.2';1) 

Wi1h the rompletion o f bulf-step 2 li.e., whh the comple-tion of the adapt 
eyde), the constraint in (14.24) is ree:.tabllshed. The Frost algorithm can be ex­
pr~ssed as a combination of (14.25) and {14.29\: 

(14.30) 

where. E, -t/l is obtained from (14.28). (14.27). and (14.2.5). 
The llexibility of the LMS algontlun can be noted her~ Although jt may seem 

to be an iuvolv<ld prCK'<!.~~- the e3l;e willl which the linear constraints were incorpo­
raled into the recursive least-squares proc<!Ss is remarkable. Algorithm~ with nonltn­
ear constraint~ Could also be devised, but proofs of convergence ;lnu determination 
of nne of convergence for such !ilgvrithms would be difficul t to work ou t. 

Wh~n the const:rdint is chosen to &ive unit array gain with zero or linear ph usc 
shift it1 the lqok direction. the array output contains an uodistor.rcd version of the 
1argl<l signal. plus addilivt! uoise. As such, the array Olltpul will be a maxmmm-like· 
lihood estimate of the target signal. 

Otb..:r version~ of the Frost adaptive beamformer have been devtsed. One such 
version, similar to the adaptive interference canc.:ler in Chapter 12; has been 
aualyzed by Griftilhs a nd Jim {10. 11]. Although it <~thieves the frost constraint. the 
Gritliths-Jim beamfom1er doe-s so with an unconstrained lel\SI·$quares atgorilhm. 
As discussed previo11sJ.y, the Howells- Applcb!utm ~chcme is ulso essemially -an 
adaptive interference canceler a.nd is in this sense rslated to Griffi1hs-Jim. However, 
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HowcUs- Applebaum produces a soft con.;tnlint in cverv direction. wh~r.:ils 

Griffitbs- Jim prodltces a hard constrain! only in the look dir~tion. 
A block diagram of the Griftith~-Jim bcamforruer is shown in Figure 14.4, As 

before, beam stet!ring delays tret1to the proper time alignment for the target ~ignal 
components aniVlog from the look dir .. ~J·ion. Ln th~ terminology of ad!!ptive Ol'i~e 
canceling. the primnry !ligna! is a t11tered version of the ~um of the;;e dclaycd tmtenna 
signal~. The filter has au impul~c response corrc!;ponding to the vector C of (14,23), 
If no filtering of the target signal is desired, the filter is set tO have unit guin at all 
frequencies. In this case the prim;;,ry sign~! wiU contain the t:n-get sigr1al arriving 
from the. look dlrecrlon, plus in terference. 

Again referring tCi Figllre 14.4, ~ince the in-phnse target -signals (rom the 
individual omnis ~rc subtracted in pairs. the re.fcrenre signals contuin no target 
signal components from the look direction. They contain only imerfere.nce. und ~re 
applied to a bank of adaptive filters (tapped delay lines), then summed, and finally 
subtracted from tl1e primary signal. The result is a system oulput containing an 
undistortcd target signal (or a suitably liltered ver.;ion of the l&rge! ~ignal) plus 
lnterf.:rcnce. J f there are K antenna ckments, then there ure K - 1 adaptive filters. 
Since e.nch of the L weights in each adaptive liltcr is not constrained. the number ()( 

Re(:EflYI"Q Stt:e, lng 

.,.~ d•'~'l' 1---.... -----;>-1 

f> 

Em>r 

Figure 14.4 Grifliib<-Jun ver.,ion of •b" Fros1 addptiv.- beruntormcr. 
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degr~cs of freedom ~~ ( }(- 1 )L, the same as with the original f ro•t pr(ICC.Ssor 
having KL \\O::ighu. 

Gnfl1 th' iltld J1rn 1111 have sho"n that the ~ystem of Figure 14.4 is capable of 
producing the same converged bcamfonner solu tion as the onginal Fro~ I beumformer 
111 Figure 14.3. The adaptive time constants may not 1>1> thl· !>am~ fnr both system~. 
hnwcvcr. 

Thc: Griffiths Jim scheme is easy to understand ami to apply. Almo_,t an\ 
adaptive algonthm can he used in ib implementation. Constraint~ arc not rt'qutrw 
10 the nd,lptwe process. :ret the system transfer function in the look dirc:.ction is fixt'Jd. 

The Frost bcamforrner, the Griffiths beamformcr. and the pilot-~lgnal 
bt!amformcr pre.,cntcd in Chapter J3 all have different mathemat tcal .lescnpllons, 
yet in most pmcucaJ cases, thoir belHtvioral characturist.ics arc similar. l'hev :til tend 
to null J'tmmer~ and to have small !oidelobes when omnidirectional noise is present. 
Th~se three beam formers are generally described a:. being " ftJII" adaptive 
beumformers to distinguish them from sidelobc cancelers (such a~ lfowell~·l\pp l e· 
b»um), which generally have a smaller numbet of weight$, with cr cour~e 11 small 
number of degrd:.~ t> f freedom. 

AN ADAPTIVE BEAMFORMER WITH POLES AND ZEROS 

A:. sbown h) Gooch [12, 141. ddapnvc: pole:. a. well as adap tive 1.cros can bt: u~dul in 
adaptive bc:amforming. Dcepa and sharper nulling is possible wtth a pole· zero 
~)'~h:m than with a zerOS·<!nly system having an equivalent number of ndnptivc 
'~e1ghts Gooch <bowed how w obtain a quadratic mean-square-error function uMng 
th~ •·equauon·crror" approach described in Chaptc:c 10 (e.g.. f-l,&ure 10 17) M1111· 
mt1.io~; the ·• wrong'' error function b}' adapting poles and t.eros g.cncrally leads to 
bcll~r performance than rrunim121ng the ·• nghf' error functJon by adapting. zeros 
cmly. Mimmizin! the ·• right" crror function by ndaptin~ both poles and 7cro:. 
mvolves optmuvng a oonquadratic, nonunimodal error function. and in Chapter 8 
"'~ discus;ed ho" thiS is an unsure and potentially unstable process. 

The baJiic building block of a wide-band adapli' c bcamformtr i; iln ndaptwo: 
fi lter. We wtsh to use the IIR adaptive filter mtroduct:d m Chapter~ 7, H and 10 and 
tlluwato:d again in Figure 14.5. The mean square of the error. c1, u; a quadratic 
funcuon "f the ft>~dfonvard weighL~ of A(::). Jnd a nonquadnl11c functjon of the 
feedback wc1ghts of B(z). As m Figure 7.2. the coeffi.Cienl b0 e>f /J(z) 1> a~sumcd to 
be zero in order to ha,•e a reali1.able tiller. The tr3t\Sfcr function or the filter is 

A(:) 

1 - 8(•) 
(14.31) 

Fisuro 14.6 shows. in a ~omt>what dilfercnl arrangernont , the equation error 
system introduced in Chapter 10. The error$ rA and £~ are relau:d. hut tho:: nature of 
the: rdntionship chungcs ns A(;) changes with the ~dap t iv~ process. as ~hown in 
Chapter 10, Equation (10.21). Minimizing the mean squ~rc of the cquut~OII error is 
thcrt:fore not the sa111c as minimiztng the mean square of the output error. as shown 
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Figure 14.5 GC'I>(Cill·pu~ •d3pth·c filler woth feedback 11tt Mliltion,. &lmt l-r 
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ln tl0.21); however. lin I!X«'plional cuse occurb whcn values of A(:z 1 and Htz) cau 
b~ found lh:u W(lufd bri.ng the cquution error 10 z..:ro. Then the ourput enor 1~ zero, 
as long as the ~<>lynnnunl 1.- 11(:.) has no zeros on tbc unit cirdc in the ->·plane. 
?en.e~ally, ~ms the equauon error small mnkcs the output error small. This is the 
mtu1L1vc bas1s for equation error rrummizutmn. 

:r~c nduptati~n o~ A (:)and 8(: ) to minimize the: mo.oan square of the equation 
error ts 1llustr~tcd 1n Ftgurc 14. 7.1 I he figure show~ a practical form oi the adaptive 
IIR ~Iter. 1t 1s clt::tr rrom tbc structure an the tigurc that lh<l mean square of the 
eqoauo~ error is :l quadratic function of the we1ght;; of tl(:.) and of 8 (.:). The 
output stgnal emerges from a tiltc:r whO>c trun~fer function is 

t 
- R(;) {14.32) 

The ~arameters of Lhti filto.!r arc: obtninc:d b) rec1pro.::o.tmg the known transfer 
funcuon of the ul - Bt z)'' filter. v.hich 10 turn 1> determined by the ndaptive 
process. 

Figure 14.6 Pfltu cllagram lor llle cquntJG'n error m<Lhod. 

'The adapto"" rotten ~nd t~c aduptivc P'"-'<~ otrtilluw"t«< ""'~ c•p~<O~), Ft&urc JO.l7 
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An •mplemenl.won of tht: recurstve transfer functton (14.32) t\ e11sy und 
~trltghtforward, except "ben one or more of it~ pQie~ occur outstde the unit circle. 
As 10 Chapter 10. sc~eral remedies can then be tntd 10 order to renlill: a ~table 
cav,al ver~ion of (14.32) as nn output filter. The <implest approach u-.e.\ the 
adjustable delay m the dwred respo115e path illuslrnted tn Figure 14.7 A Viilue of 
the delay~ cnn almost always be: cht.lsen to cause 1 - 8(:) tt> have mmimum phtl&e. 
thut i~. to have oll1cros inside the unit circle. A potential problem in thi' approach 
" hat the intJ"oduction of large values of u can cause the mmimum mc<cn· l>quurc 

I 
I 
I 
I 
I 

0.1Jt<l e----......---1 
d, 

I 
IR'-""'"'".,.m. 
1 funt1•0" ,tfleet 

1 untt .. Dlfi p<•'ts: 

' ' L--------....J 

Figure 14.8 Pra•l"-olllR >~optation u"~ (bc cqu>ltlln orror uoethoo wi t11 phn>c 
I.,'Ompc:n.Aafl\ln j'l)~tC'.KI or Input tJ¢l.,\ 
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error to hecome large. Also, the nutput YA is delayed by 6, which could be a 
problem in some appllcnt.ions. In gcnerul, A should be kept :ts ~mall as possible for 
best performance. 

Othtr approachts can be pursu~d when the denominator or (14.32) is Mn· 
rrunimum-pha.c. M described m Ch~pltr 10, tbe pol}'nomiul I - B(:J can be 
factored and then modtlied to a mmtmu1l ph11se form 1 - B'(z} b) rcctprocatiog 
the poStllon~ or the root~ outside the untt ctrcle. thus prcservmg the mabllltude 
response but dtstontng 1he phase re~pon~ Then, as tllustrated tn Ftgure 14.8. the 
phase response a~ well as discrepancttl> between c4 and r:, could he "patched up"' by 
follo~iog the transrcr function (14.32) Wtth an udaphve FrR Alter r(z) whn~.­

desired response i' the original destred re~pon!IC uf the en tin~ tllter. This approach 

R~oat,. ,..., .. 
l..nct-r-- ---------, 

I I 

t U0\100 error 

' I 
I 
I 
I 
I 
I 
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~DlltOUt 

Figure 14.10 l'oi<-«N •m•nn ~r tit< '"'o-tltmc!\1 Gn"•th> lont adaplW\" 
humrMmu 10.:'~~.1 h~ (j.,.,.-11 jl4)) 
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ba~ b~n tried [14) and works qu1te well. However. as md1cated m Cllapter 8, more 
research is oe«<ed to lind t:he best ways of deal.mg ~ith a nnn-m1n1mum-pha.~ 
dcnonunator of (14.32). and, in general. to gain a better uoderstandJJig of the enure 
subJCCI of adapting pole<. !IJid zeros. 

Let u~ now e.11amine an application of this TTR adaptntion method w the 
Griflith<- J1m vcrswn of the adaptive beamformer. Figure 14.9 sho~5 11 sy,tem Wllh 
two omnis Jnd unity SJgnal gain in the look dircc1ictn wluch. in 1h1s c.ue, IS tero 
J esrees. 1he adaptive filter will ss far as possible. cancel any iopu1 arrh·mg oullt1de 
the look d1rection. A pole-u:ro version of tbe same system ts sbown iJ1 f'iguro~ 14.10. 
Comparing Pigurcs 14.4. 14.6, 14.9, and 14.10. note h<.'W the cquatlon urror C(lntept 
has been incmporated into this application. Next, Figur.: 14.11 show~ ho~o~t the 
nan-minimum-phose remedies discus:~ed iibove may be included in 11 complete 
~yst e.m . Compr.ring Figures 14.4 and 14.11. one can see how the sarne 1dca~ ca1n be 
Cl(t~:ndcd to apply to array s1zes larger than 2. 

AdJptive b~nm£orming with pule-zero filtering i~ 4uite dl'e~tivc, tl$ seen i1n the 
following two CX!lmples. Figure 14.12 shows the et>nverged power gain of u Cl'llVCtl · 

IJonnl Frost nd;lptive bcamformer with a look direction or 0° and a sing.le broad­
band jammer incident at 225°. For this example the Fro~t oon~traint (14.24) is such 
th~;~t the frequency response in the signal direction is Oat. and the low gain al the 
jnmmtr frequencies 1s evident £rom the frequency re~on~e in the jammer di rec:tion. 
Figure 14.13 shows the response or a pole -zero adaptive beamformer with the same 
look dircc1ion. \he same broadband jnmmer inpllt, and the sume number of weights 

R-ec-•ptog::t' 
ttarts*e'f 
luox""" ,-----------, 
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I 

Flgur;, 14.11 f'olc-~m ver~1D11 of1hc two-elclll<'nl Gnffithb .llm oJopll\c b<nm(Nnl<'l wJih 
llan .. mmimum·phuit con1pC'ns.a no.n. 

Ctlap. 14 Anaiys.s of Adaptive Beamlormers 

NORMAL<2(0 fRfOUENC' 
Frl\luencv ''"mpe"'9 ,,..,, • 1.01 

0 

Agure H.12 Vt'" er &oUR ol the l"""'clctn<nl l'ro-.1 u.llpll\t hr•mlormer ~<llh 
L - l v.e.~hl.l pet ek:rnc:nr 

425 

J 

I 

I 



- 223 -

426 

l 

L 

App •cat.ons 

0 

0 

i~j= ~ 
0 0.6 

"'0RMALIZED FREQUENCY 
Fr-vl"""l>'•ng •-· I 01 

Flgu,. 1•.1ll P<>~>cr I'Jin ,,, IlK two-d<ruol fro;.t !IJ~P""" h.;.omlnrmrr -.ull 
rot•-><<~> flh<nn& u.""A tlom- zero' ;wd ,,..., pol.-. (fi'~ .. ~&1'"1 p<r <l<m<n l 

Part IV Chap. 14 Anatys.s of Adaptrve Beamformers 

1•1 

;; 

J ~ 

c 
cc 
;~ 
~i 

0.0 0.1 07 a.• 0.5 

Fooo f,..cv ~lrtQ•IO) 

oro~ _-~ 
- 50.00 I 

O.D G.l 0.1 O.J 0.4 O.S 

frt.,uo...., 1,.,.,, ng IIOQ. 1.01 

lbl 

Figure 14,14 Pow<r &Uon uf • lhrcr elctnrnt l rn•1 ,tJ3pll'< !Kumfomn~r with 
L - 1 

427 



- 224 -

428 

'i· 
\ 
I 

I ., 

Applications Part IV 

\AI 

~~-,-~"~ 
0.0 0.1 

Freqtk>I\CV hompllnq lltQ. "' 1.01 

0.00~ 
l 

-60.00~0.5 
0,0 0.1 o.z . 

F~9ency (nmuling frtQ. • 1.0) 

(b) 

n • "' • lhcec--clcmcnl Frosl odaplive beam[OtOICI wi!h 
Figure 14.15 rOWtT i!)IJO 1 (7 ci I IS) per dcrnt!nL 
polc- tCr(' r\llc<inJ< lb(OS 1111>:< Nrt>< ond loll< po OS W i, I • 

Chap. 14 Analysis of Adapuve Beamformers 429 

per omni. Wilb poles as well as 1.eros, the nulls a re moch sharper ~-patially and mucb 
deeper. ald1ough the same number of adaptive weigl11s i~ used. In the case of figure 
14.13. the denominator polynomial in (14.31) was minirnurn-pha;.e, so n~• special 
mea~ure~ were required for it~ realiz,:Hion, In the second l!xarnple, sho,vn in Figllres 
1 ·U 4 und 14.15. two >imultanenus broadband jammers produced similar results with 
3 omnis and L = 7. 1-"or a given number of adaptive weights the pole :zero method 
forms deeper notcl1es in the direction o f jammer;. 

If it wcr~ necessary to reciprocate the zero~ of J - B(; lin ejth<!'r Figure 14.12 
or 14.14, the jammer nulling process woul~ rwt hnve been greatly affected, hecause 
nulling is determined by At.::) and 8(.:: ). and compensanng the phase wilb C'(z) 
concerns primarily 1he phase of iJ1e target sign:~l passing tttrough C(.:) to lbc olHput 
in Fig.un! 14.8, 

SIGNAL CANCELLATION AND DISTORTION 

In all of the :Jdaptive beamJormers described so far a11d in similar systems oot 
~p.:cifically described here but based on a CQmmon set of principles obtained from 
lca~t-squarcs optimization, an efTecl o! the ada ptive pwc.ess cal led "~ignal cancclla­
tlon" Clln cake place when sil!Jl:ll~ and Ja.mmers are present simulumeo~Jy, This 
elfect is aggravated by rapid aduptmion. 

The behavior of adaptil'c bel!ltlforrners h~~ been described above in term$ of 
!ea$1-squares theory. Least-squares soltctlons are achieved by real-time adapthe 
a lgorithms unly in rhe limit as p.. approaches -zero and the time constant> of 
allaptation approach intinitv. On the nther hand, rapid adaptatk10 givmg best 
leasl-squaTes solutions with relatively small amounts of input data lends to ftuctua­
tion io the weigh ts and non-Wiener behavior. In Chapter j we treated noise in the 
weight~ statistically us a randorn prooess which. in maoy circumstance~. ls a Simple 
and proper approach. There are cases. however; where the noise in lh.e weights is 
more Structured aod ~n havt" profound effects on the signals Howing tbrc;>ugb the 
weights. Such CJ!ses occur in ndaptive beamformers wllen signa ls and imerrereoce 
are present simultaneously at the antenna elements. The result i~ partial s igna l 
c>tncellation as the adaptive process and the associated weight fluctualions modul;tte 
the interference or jamming signa'ls 10 make th~m more closely re~emhle the t:lrget 
sig,ol\1,. Througb this mechanism, partial signal C~Jncellation results from rapid mini­
mization of che output power. 

To underst~nd sign;tl cancellahon in mCire detaiL consider first a simple 
e,,ample. Imagine lhe Frost be:1mformer in Figure 14.,3 with a sinusoidal targer 
signal arrrving fwm the look direction. Suppose tbc constraint in (14.14) i~ such that 
the signal shoulll appe~r with un it gaiJ\ at the beamfllrtrll:r o utput. No\v suppose 
that :1 strong jammer appears suddenly at the same frequency as the signal, 
somewhat away [rom the look direction. This interference would OCirmally be 
rejected by the allapJive beamformer ir the signal were not present. Wich the signlll 
present. llowever~ minimiz.ing the total ourpu1 power causes the Jammer to be 
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.>dnnttcd wath JU\t the nght magnitude- ard pba.~ to c~n.-.:1 tho: •10usoidnl •agnal 
Thu~ the ·•~n3l Mnu.-.{\1\l ·~ ndmiued wiili a gam or l. but JUSt <~ "tn.:l.lc" ,,r the 
p.lwcrrul Jammer ~anu~d .~ admiuoo to cancel the l>lgD3J sinu.'o(lad pc:rfccllv and 
proJucc :a net •1Utput Cll 7cro. The output ;>ower i.!. mimmu.ed and the con(traint •~ 
prr cr\cd. but the "&nal ·~ lost 111 the proc.e..s. Tbu.( a <m:.rt Jammer can l.all the 
olOifiUI \l£.nRI h" <"IUic,.llation mth~ ahan b) jamming uuh O~C"rwlwlmong tnll'f· 
rc.-rcncc. 

H tlae anput ,jgnal an the look dJr.:c.-!lan is broadband (rather lhan ~IOU(Qadnl) 
und the J.Smmcr ·~ 'lnu~adal, the adaptive algorithm w~ll (b) ~ar\lng ll1c weagbl$) 
modulotc the ~inu,oid.<l J9mmer so thai it will cancel orne b'&flul t'omponc:nt~ ot the 
jammer frequent') :~nd at ndghboring (requencies. The ~•gnal spectrum wall he 
OI>IChl.'d 111 I he jummer fre.quency. If the jammer signal contain~ 11 !iUOI of \lftU>OIII~ 
:11 spuced fre4uCOCICS \Vlthin the pas$band, the OUIJ'IUt ~agnnl \pCCtfUm will ba• 
notched nt end1 of the Jammer frequencies. This phenomenM could be trouh lc~omc 
cwn f<>r spread-spectrum communications. 

l'hesc nncl ~imiiM 1-ignal eancellalioo phenomena have ulrcadv been observed 
urad nnoiYlecl in C'hapacr 11 with ndaptiv.: noise-canceling system.\ which nrc much 
simph:r thun ndapt1vc bcamiormers. ln Lhe simple canceler shown 1n Fi~ure 12.1 for 
c~~oumplc. th~: primary input c~)ntain~ a useful .•ignal, ~. plus 1ntcrfercn~c n,. fh~ 
rercrcn~e anput is scpurately nbtniocd in pracucal systems and contaan~ the inter· 
r~rcnce n,. \\tuch IS related 10 the interference of the primary tnpul Gcncrall)', the 
rcl:uinn$hap bet\\ecn th~: two inlerferenc~ is unknown J pnon. and the .sdnpl.l•c: 
hhcr ~hape' the rder.:nce interferen~ to repltcatc the primlll) mterfcrence (in the 
lc<l\l·~ljuarcd·crror s..>me) w that subtmclion will remove the Interference From the 
pram41r. anput.. prcwt,hng a more useful output. We .saw 10 C'haph:r 12 hl"' an 
adaptavc hh.:r thnt mantmates output power in I~ system ~wn 10 figure 12 I 
c•u~> the \~Mcm uutpUl to be: a be3t lcast-square5 e~tunJ.tc of the useful 'agnal J 

83Sac.llh. the Howells-,\pplebnum sidelobecunL"eler io Figure 13.1 run.-uon) l'll the 
-.~me pnne~p!o.'. although tn <Xr13an wap il is more oomphc;-.!ted U-efull<a~nal~ anal 
Jammer Sl&f\3h appear at both the primal) and reference tnpu~:<o. and •(l.llldl 
prC\CC~~int (I.e., arra" prOCC;>_<ID81 I~ .!be IDoOI\-ed.. 

If the reference 1nput is a sinusmd as it as an Figure U 6 the )Jgnal llnw p<~th 
rrom tho: pnmory anput tC' Lhe output behaves like a ~b.arp. llnear umc·•n•onana 
notch faller. a. 10d1CJted in Figure.• 12.8 and 12.9. Tins d~.>~.·ovt'l) came anuaall} a~ a 
~urpn\C bl-cau~!' th~ adnptive fihcr tLSelf ~ iotrin5ically nMhoe.tr .tnal voru:~ w11h 
umc An .JMI\"~ (I( the notch filter effect was p~nted in Chapter 12. undo m•1rc 
cJcta1led unnhsis treating both stngle and mulllple notch ca:,e.~ IS (.'ontaancd an Glmer 
115. 161. 

Let us rl:e~tnm anc Figure 12.6, which shows a.n aduptivc noise t·anceler "'ath two 
ud•IPtlvc weights. The primary mput 13 assumed to be an arbhrory ~1gnal whach 
could he stoch:asti('. deterministic. periodic. or transient. Th~ rd.:rcnc.:- input i~ 
os~um~d to he n pure .:o~ine wove, C c.os(kw0 + q, ). The reference an put ts snrn,>lilll 
dlrcctlv wath time step T. giving x1k. Alter undcrgoang 3 90° phase shift. It aS 
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s.l.mpled a&;lin. g~wng , ., 111c l>.lmplcr• i.tre ')n~:hronou; and an: >ltobcd at 
t = 0. T.2T .. 

A transfer funcUl'n for the n<>I.K' c.tncch:r 'huw n an Fagure 12.6 W.b deri,ed 
using figure }2. 7. The Sl~ Ro" path ff"m the pn0l3f) tO put li> the norse-canceler 
ootpul was seen to produce a not.:h hltcr ha,ang 11 p;ur of compkx·COnJugate Leros 
6;l.:.tly <'D the uoil Circle ill fr~ulmC\ '-'n fbe bnnd"uhh ,,(the n\ltcb "&.' SCCD in 
(J2.60j to be proporlll'naJ IO p., thai " l'rOpt>rUonal h.\ the r«tprocal of Lbe hme 
const!UII or the adilplt~c procc''· 

In Figure 11.9 we 53w the rc~nlb t>f 1\\0 c~pcnm.:m~ perrl)rmed td demomtrate 
the adaptive system'~ notch-Alter belmvaor In the firM CllpammcnL the primaf) 
input was a unit co~inc "U\C oU .. j1ped .ll 512 da~cr~te rrl'Ciuencie.;;. the reference input 
WIIS a unit cosme \\liVe with frea.tuco.:v w11 - 11/ 2 md. und the vulue of 11 was 0.0125. 
Th~ spectra of Figur( ll.9 were ~nmputcJ u;~ng 512.•poant Fourier transforms, arid 
tlie outpol powl.'r at cot·h frcqu~ncy is ,,hown In Fie.ure 12.9(a). As the primary 
freque ncy approaches the rdcrcna:c frequency. Sa{l.nilicant ~ig.nn l cancellation oocurs. 
Tbe weights a.h' nol Cl'OVllrgc w stable vnlucs hut insro.:od they " tumble" at the 
dill'erence frequency. and tlu: adap llvcllltu hchuvcs like u modulator, conwrting lhe 
reference Frequency Into lhc primof\ frtqucncv. 11a• th.:oreuc~l notch Wldlh for 
Figure 12.9(a) was gavcn in ( 12.60). 

l n the second c,,pcnmcnt or hgur< 12.9. the prirnury input was composed or 
uocorrelated samples of white noa.e w ath un11 power. The rcf..:rence anput ancl the 
processing parameterb were the ~mt: ~ 1n th~ fir<t (\p.:nm.:nL The signal cancella­
tion phenomenon 1.> ognao c\!Jent 10 Ftl!ur..: 12 91bl. \\hero: an .:n~mble overage of 
4096 pow-er spectra at Lhe nOISC<ilncclct output a\ ploucd 

Thus. to thes.! C.\perun.:nt' 10 Chapter 12. ad3pll' e filtering. of a reference 
cosme \\.!Ve at a &JWO frequcncv cilna:letlthc pntn.Jn. tnput wmponents at adp~t 
rrequeDC~es. In particular, the rc:<iuh an f1gurc 12.9(b) tn<hcat~ th"t under some 
circumstances. prim.lry rnput components m.1~ be paru.Jll> c;~nceled o~nd distorted 
even though the\ are not C\.'rrelo~ted w1th the rdcr<!nce 1nput. This J.md of non-Wiener 
ca.ncellati(I.O lb sigmfiCHill onl) \I. ben aWp;;iltOn I' ropad, th.11 IS With largt! \'lllue.\ or 
p. When adapt3llon ._, 510" the -.ca&)ll\ ~:on,~rge ll' 'aluc. thai are nearl)' ti;:o:l. 
close to the Wu:ner le.ut·lquare.' solutaon. aod th<'IUgh. •anal caocellatJon occurs. tl is 
ge:naally not SJgnaJicant btncc the: notch as c\lremd) narrO\\ In any e\·enL whattver 
tlle value or p. w·..: c:lll oav that the pnma.t)' mput uppears at tho! c:-utput after having 
gone through a notch tiller. nuctuauon or the v.eagl\1 \'.:Ctor tlboUJ the Wiener 
solution causes stgn3J c:~nccllataoo 

Other forms or srgnal cnnecllntann phcna~rn.:nn Jl't> take place in adaptive 
beamformers. Suppo'c Ulttt the ~imple , •delnhe cantelcr ~ho\\n m Figure 13.1 is 
operat ing in an cnvaronm~nt con.,t,ting of a ~lgna l plu' a sanglc J3mmer. The two 
array elemenl,l; an: omn1dirL'Ctionol. nnd bmh el~nwm receive emanations frotl) the 
signal sourc:e and the Jllmmcr. Ass\arn~o~ th.ll the jummcr power ib very much greater 
U1an the signal P~'wer. and tho t the numhcr of degrtcs or frecdqm in the adaptive 
fl.lter is sufficient to l'll110:el the jammer hut nnt ~utlicicnt to caned both the jammer 
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and tht <tp.ll Then, ~10ce the Jammer i.s far more po,.ttful lh.m the •ignal 11 .. 111 
"grab'' the d~-gh .. ~ of fn:c:dom to dice! its own cancdlauon. A.:cNding to \\ 1cn.:r 
le3,t·,qu:ar~ th((>l). lhe signlll '~>'til ha~e Iulie intlucnce on the ad .. pu~t.: ,H,ghts and 
v.tll appe.sr .11 th~: ~~u:m <•utput together ""ith certain m~all unt;~ncded Jammer 
.:omp<lntnh. 

llu: ,~,•em ,hoy.n 1n Figure 13.1 15 simtlar to the adapu'o: nOll>~: can~·clet 
ptctured tn l tgure n I. e<cccpt that the rderencc tnpul Ill Figure D I COilUIJn) J 

Mgnal togctlu:r .. 1111 \lrong Jatnn~r tnpu!S. After the wetgbls ba~tc L'Onverg.:d to tht: 
Wten.:r lca.~t-~uarc• !,(!Iutton. the adapthc: filter in Ftgun: 13.1 wtll pa~~ this Signal 
and ~ubtracr the rc~uh fr<>m lhe primary signal. thereby introducmg some ''gnal 
di-tonion ut the 'Y~tt:m output. We shall not con<:.!rn our!.<!lv~ wuh thtN t)pe of 
diMorttnn .Jt thi' point bectntsc in many cases it will not be obje.:uonable, nnJ v.c: nrc 
concerncu bere with non· Wiener phenomena. 

As ~tati!IJ nbnvc. n lco~t -;quarc• solution is obtntncd only 1n lhc lu1111 ~~~ the 
speed of udaptation b brougllt to zero (i.e .. 11s JL i~ hro\•Sht w zcrol). l he weight 
dynomit-b inl\~r•·nt in ndaptalton give rise to modulation clfccts that c«usc signul 
cnnccllatton. ond it b these enects that we wi.sh to c."<aminc Further. 

tr. J~ we have a~'umcd, the signal power in the reference mput i~ lnw 
o.:ompnrcd ro the Jammer powcr, we can neglect the em.-ctb ur the Mgnal •m du: 
adap11ve hlter If we a .. ,ume that lhe jammer i~ narrowband or 610U>t)td.ll, the tnput 
tO the adapiiVt: loiter '"II cause a situalton like the one represented 10 hgurc 12 6 
A~ do~u.,cd ubo~c:. the: ~ignal no ... path from the pnmlll} input to th~ ~))tem output 
v.tll bchoi\C ltk.- u Mtch filter. Thus, both jammer componenl.~ <tnd •tgnal comro­
nenh Jl unu MOund the Jammer frcqueoc) ,.ill be canceled ut !ht: l>\~tcm 11utput 

An c\penmcnt was conductro to confirm rhb type or b.:ha"•or A 
Howeth Appl.:l:>aum <ido:k>be can.:elcr wa> configund w1th t,.o omnldtrl:ctton31 
elemt:nb placed one-quartet' wa~elength apart. and with four IH:tghb 111 the i!dllptt\e 
hiler A bandhmuo!d )lgnal v.as selected to arme at 8 ~ 90• ,.,th a centtt fr""!ucnc' 
at one-fourth or the :.;~mplutg frequrnq 31ld a band"'1dth of 10 pcr\:ent of lhe total 
bandv.tdth A 'IJOUW1dal Jam.mcr wlll> c-hosen to a.ni'c a1 IJ- 45• "uh lhc '-!me 
fr~uc:n.:~ and ""h 100 ~s lhe signal power. Figure 14.16 ,h\lw the antenna 
pallem ond the frcquencv r.:sporu.c after con~~rgence. and 'ho,., that the ~1dcl<>be 
c..mceler appc:.u~ 10 be run.:uoning in the manner dl:locri~ abmc. ftgun: 14 lNi!) 
3nd (b) -how th..tl a ~0-dB null has bt:en formed in the Jammer t.ltr«uon 3t the 
J&mmcr frt.:qucncy. ond Ftguro! J4J6(c) !ohow.s that lhc frequency re~pon-.e or the 
arra\ in the ~•s,nal d~rection is reasonably flat over lhe ~gn3.1 hnndv.tdth 0\er:AII, 
f'1~urc 14 16 1nd•cates that the performance of lite HoweJI:.-Applcbaurn )tdo:lobc 
.-ancelcr 111 no:arly tdc:~l. 

Howu~cr , ~ tcully·~ta lc ob;crvntionll of the antenna output \J)<:t'trO. indrc·ute 
othcrw•~e. f: tgurc 14.17 shows nn ensemble a\'erage of the Slgnul, Jnmmcr, nnJ 
antenna output Spl'i.:trn with the sidclobe canceleJ operating wi1h IL 2.5 V. 10 4. 
The mouulnuon cll'o.:ct nnJ ~ignal di~tortion Inherent oo thi$ ijlntplc '-YStt.lm .trc 
evident from Pigure 14.17(c). The notch will always be present. und it t."nn he 
uurruwcd uuly by 'lowing the mte of adaptation. 

Chap 14 Analys>s of AdapiJYe Beaml~mers 
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Rgure 14.16 llcha>ll'f •>I • '"""'IJ<d H<•M t~Aprltb•wn •·Jclnb< ancd<r. 
tal dor«ll\'1t) p;~tt<m plolr,-,1 1o1 t>•n""'~ ltcqurn,-. , (bt f~IICII<) ~· n 
J&IDIDC'r dlln.uun Cd ftt'\IUC:ll'-' rt\f","""' "' "'tn'1 ~''"""' "•n F~ 8 W1dro¥. e.a aL 
IEE.E Tnon> ''" Ant •n·t Pr<,-.p.~l \b' ~~~! 

The Fr~t adaptl\e benmformer e~hth•h tht: 'arne s.ignnl cancellation effects 
that were ob*rvcd with the Ho .. ell~ Applehaurn ~•delobe canceler. To demonsuate 
signal cancellation in u Fro~t arn1y, another e-xper1ment wa~ conducted using a 
four-element army with four "cighl~ pt:r element. rh~ same signal used in the 
prect.'ding o:xpenment was ltgni•~ generated to h¢ inmlentnt tJ - 90°, 1'bc constraint 
in tho.: look dir.:ction Will> ~..:t to uuit gain und 1cro phiiNc front ~cro frequency to half 
U1e sampiJng rar~:. that is. h1 o nm rcsponbl: ut ull frcquenctes. The jammer was 
sinusoidal at onc-founh the ~umpling frcqucnc} In these experiments. ambient 
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oot~e o~ou r«t~ver noiSe ~ere oegltpble F~gure 14 l8 sbo~~ 1bc con,crged ant~noa 
pan ern •nd the frcqucn") rtsponse plots in both the 3tgodl and Jammer dtreclion\ . 
In 1hc \IUDtl~ of the Jammer frequency the lool-dira:lion &aiD is flat and 1ha: gam tn 

the Jammer dtrllCI.ioo is quue smaU, it was measured at 40 dB below the matn beam 
gato As tn the Howells-Applebaum Stdclobe canceler. the antcnn:s pallcm tndreall"> 
that the adupuve beamronner iti working p.:r[ecdy. 

lloweH'r, Figure 14.19 shows again that all tS not "'1:11. The bimdp.m ~tgnal 
whose ~peccrum '' sho"n 10 Figure 14.19(a) was rc.ceJved by the rro~t ndapltvc 
hcamforrner, Md the spectrum of the Stnusojdal jammer ot fJ • 45° '' (hnwo tn 

h guro l4.19(bl. Figure 14.19(c)shows the output power spectrum of tbe bearnfCtrmer 
npllrating wtth 1• • 10 1• The 10put signal appears at tJ1e output having gone 
throu~h u notch filter. The notching etTeci ~~ evident in the nulpul signul spectrum 
and o( cours~; indicate~ a significant sign~! distort.loo at the b<.:amtorrucr c•utpuc. The 
notch width I ~ ognin given npprmumQtely by (12.60). 1l1e ~onditions for the denvo­
tion of the notch-width fonnula, thut is, sinusoidal signals appearing with ~:J~act 90° 
sepnratlon nl the tnput to the two weights, arc not met with the 16-wci~ht hn~t 
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processor described tn thl\ c'periment: ncvcrthtlcss, the Mmple form ula tn (12.60) 
gives at least an appro"m.l\c predJcltcm of nutch w1dth that is applicable at most 
jammer angles. 

We can gain further undcn.tanding or the signal-canceling phenomenon by 
eltamining ngnio the Griffltb •• Jim COIIIi!lurotion in Figure 14.4. for the sake of 
discussion, lel the tool. direction con~trJint be Ut\it gain and u:m phase at all 
frequencies- Witb this cons ltoint. the u~~ful s•gnul arriving from the look. direction 
encounrers unit ga1n from input 10 output. analoa;ou, to tht direct primary ~igoal 
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path ~ho'"'n tn Figure 12.1 A Jammu sagna.l ~mving at an angle other th:~n the look 
darc<:tton cnC<lunccr.. an otdapthc filter. anaJ~oos to the reference >lgrtlll path 'hn'"'n 
in hllure 12.1. A 'anu-o•dal J:lmmer otT tlle loot. dtrcction. therdore C3u~ Ou<:tUJ.· 
uons an the woghl wb1ch ciTcctavel) =te a notch along the pramal') ~tgnal 110\\ 
path to the: output vu1 the li~ed-wc:igllt filter. Notchmg phenomtnil an thi' \)l~lcm 
.Are mm.h ltt..c I hose or the adaph•e canu:Les sho"n m F'tgurc: 1 ~I. Ltll'\.·darccuon 
,agn:1h do nnt appear ut tho: adaptive filter input~. when: onl) anterrerencc t\ pr.:.~c01 
Outh "graul and jammer nrc pre$cnl in the primary signal llow path. and huth ~agnal 
and Jummer C.\pCrlence notclun~ at thejammcr frequency. With lugh·\f'l'l'<l :ld.tplB· 
uon, the tultch could be >'t:ry wide, incurring the risk ,,r lo"ng the sa&nal an the 
inmmcr cancdlatton procl:ll~, In effect ·• throwing the baby out w11h the buth water." 

To cxpl.,rc the signal c!lnccl lation problem rurrher, we now consider )Orne 
ado.li ti t•uul experiment~ with the Frost adaptive beamformer. The junun~r Wfa~ uguan 
.!>lml\oi.Jnl. whll~: the turget signal from the look direction was compo~ed or whatc 
notsc wilh unit pClwcr. Spectra of the be.amfom1cr output.> fc.r dilforent jnmrner 
puwcr lcvch, 11-re bhnwn in Fagurc: 14.20. With the jammer powl'l" ~et nt ll\ IOI"Clll 
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level, the signal cancellaiJon n..Xcll h." the )IT\JIIt"t hand'~'>adth. as indicated in Figure 
14-.10(a). A5 the Jammer po~~oer " tn.:r~J~-.1 wtth all •'thcr p.uamctm C(lnStanL the 
notch "'idth i~ and figun: 14 :!()c) hO\'> the wide't notch [or the stroooest 
j31IUJ1Cf signaJ that was :sppheJ In all three ca't'~. 112.60) for the notcb <J.idth is 
appro:<imatclv t:orrcct 

Figure 14.21 ~hnwb the rc~h' ur another c'pcnmc:nt -..ith the Frost 
~a_mformtr. Here the target )tgnJI wa<; whue .1nd the Jllmmc:r w:IS s11ong band· 
lrmned notse. Stgnal componenL' wc:re p3rtt.tlly cancel~ cwc:r the jammer's spectral 
band and beyond. which of courM' ampltcs e'ten~ave MgnnJ dastorlion. Results of thio 
type _occur only in cas..:s of r~ptJ no.laprattnn. For rhc e>tpenm~nt or Figure 14.21, 
t~e lim.; :"DSillnt Of the tUbpllve pWCC\) WW. :ipprO.\illl:ttely ~:qual to 20 lime stepS 
(a.e., five J:&mmcr cycl113). The hrtno.lwadl, 1'f the JOmrm:r was approXlJllatelv equal to 
5 percent or its center frequency. • 

One way to prevent sisnal ..:.1nccl',a rion in :oduptivc bcamformcrs is to isolate 
the target ~ignal from the ndnptavc prO\.c,qsor durin& adnpl<lllc>n . A m~thod devi$ed 
by K. Duvall [9, 181 accmuph.\hcs thi~ type of bnl:t llf'n for tbe FrQ.~l bcamformer. 
Another method, upplicable Lo all t•f the uduptivc l:lcumformcrs dcscrlbed above. is 



- 229 -

438 ApphcaliOI\S Pan IV 

·~· t"""""'ll'll\W~~~~. 
0 M 

~:~W...,._.,,..,_-.a.~ 1111 r1PC • 1 ot 

1•1 

f'ml l ' ~----------------~-----------------~ 
~ 0 " 

J roaU~tn<:V lwmpl!''9 lroa, • 1.01 

cbi 

·-~~ . 0 
I tfiC~, 1~-"'f~ •1.01 

lei 
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based On (requC:OC)•hup )pr.:.ad·Sp«t:nun IC:duuques and b d~bod Ill lhc OC.\ 

~ction . llere "e wtll dest.-nbc Du•"::}fs beamfoll'D«. "htch t) b~ on 1bc u<.e trl 
'""') ~tgnal·proc~mg ~}~lc:rru. one to perform the adapuuion and tM o1ber hl 
geoeratr I he sy tem output !>lgD.ll. A bloclc diagram is shown m Ftgure 14.:!1. 

A\ ""c: h,l\C: '><:en. !>lgnal c.tncellation effeciS :ue due to .m tnler.~elton between 
the ~·go.:~ I ilnd the Jammer tn the adapmc beamformer. Since thi~ tnleracllon •~ I he 
root nf the prublem. 11 ·~ u)eful to consider b~rnformer struclur;:, that ~umcho11 
'cpanuc 1hc signal from the Jammer. Duvall's approach is ba'\ed on tht~ rauonnlc 
The $)'Mem in Ftgurc: 14.U h~ the: usual linear array dnving IWO bcamrormcr' l he 
upper bcamformer ·~ connected directly 1o the ;tnteonn elemerlls und produce!> 1he 
u~eful lllmy output ~tgnnl. lt is. however, a blavold beamformcr ru1her thun 1ht 
ui.Japlivc bcumf(.)mll'r thnt would usually be expi.'Cted in this position. The l1>wer 
bcl•mfMmcr '' u Frost adapttvc bcamrormer connected to the ,tnlcnn~~ ekmcnlo 
through n subtr,Jctivc preproce,o;,~or as in Figure 14.4. The preproces.,or cxoluJes tht 
look·dircction bignal frum tl1e beam former and adm.ils ofl'-axis jammer signniN iu u 
mod•fu:d form. This udoptivc beamformer generates a set of weights tho I prnvtdcs a 
~peciflrd kl(_'k·direction gam (determined by the Frost oon~traint~) while mmimi7.1n& 

" Chap 14 Anai)'S'S of AdaP11V8 BeamlonnOrs 

tbl 

Figure 14.2a Pt•v~lllll'llmlnrontt lur oltnlllhlllns ••&nnl •·•nt~ll.tuon: I·• I >lrl"turc 

(bl ph~ro• diAp.riun ahu\'olng J~mrnor lnptll>ll' hc.unlunncr•. l' rornll. Wtdlo" <I dl, 
lEt:£ Tum ""Ant •nd l'ropill\UI, t Mroy 111Xl 

439 



- 230 -

~' 
l 
~I 

440 

I 
l 
t 

" l 

APpilcauons Part IV 

(in the least·~quares si!IISC) the Jammer contribution. The5e wctghu are copied toto 
the ~Ia' ed beam former to provide the desimJ signal reception and jammer reJection. 

The basts for tho: Duvall approach is the relationship bet"'een the: jammer 
~•gnah in the l"'O bcamformcrs. The phasor diagram showo Ln Ftgure 14.22(b) helps 
10 cl.wfy thiS relationship. For SJmpliCJty, .~Ssume JUSt a SUJgle Jllmmer. The Jammer 
compvnenb rc:ceived b) the aoteona elements are indicated by 11 .!.~t of eqUJII-omph­
tude, umformly spaced phoson. J0 • J1• J1• J3 • and J4• The uniform angular ~pacing 
results from the linear array with equally spaced umn1s. Tht' pha!o<>r inputs It' the 
Frost beumftmncr are J 1- J,.. J1 -J1, J, -J~, and J0-J1• Theoe. too. nrc equal·amph· 
tude phnJturs with lhe same phase-nngle .-;eparatioos as U1e reeeived jamm.:r cl)mpo­
n~nts. Since the rel~tive phase angles are the same for the jammer l'Ompuncnt~ in 
both het~mformcrs, corre~t ,uignmeot or the jammer null in the fro~t beamrormt't 
assures correct a.ligJlmcnl or the null in the slaved beamformer, Copying the wetghts 
wtll c:.nuse the ~laved proce.,~oT to have a mam be3m (resulting from the Frost 
constraints) in the direction Clf the target signal, and to have 11 null in the dtrcctHJn or 
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lbe jammer. Ahbough the phasor atgument appliC~> only to one Jammer at one 
fr..-quency. the primaples of I mean tv and ~uperpo;itlon can be u>ed to sho" thut the 
idea is applit".!ble w multiple jammers nnd h ) brt,~dhand as "eU as narrowband 
jammers. 

The beam former blocl.. ~hagram showo 10 Figure 14.22(a) shows steering delays 
for broadband prPC.:sscs. PhaJtC shiners could be: u!><d behind each arrav c:Jemem for 
narrowband processes. The Frost algorithm can be applied a~ shown.-or any other 
coostnuned adaptive algonthm could be u>oo. The! pilot-signal algonthm. for e~am· 
pie. is easily applied iJlthis S)Mem. Genernliz.1tion of the subtracuve preprocessor is 
also possible, and Jim has de~cnbed 11 cia ~~ or spaual filters [10) that offer greater 
fte.xibility than that ~h<IWTI in Pigurr.: 14.22(11). 

Some cxpcrimentnl rcsoJts with the: DuvuU beamformcr are .>hown in Figures 
14.23 aod 14.24. Figure 14.23 Cllmpntcs the C>utpuupect rum r:>f the Frost beamformer 
wi th ll1at of a Frost-bm;cd Duvall bcumformcr. bo1h IJdaptin~r, with a ume CQnstAnt 
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wr~ol ,i~nnl inpuo; ( IJ) Dn••U l>oan;fonncr ou1put; (<I "'''" hoiumfomwr outpuo Frl>m u 
Wii.lrow cl ol.. IEEE l'ran~ on /\nt. nnd l'mpngul., r · M~) 1 Y~l 
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of approximate!) 20 so n• ples In both cases here. the array otgnol und Jammer are 
the same liS in the ~xpcrlmcnl or Figure 14.19. In Hgu~t: 14.23(d) the Frost 
bcamformer shows evidence I)( strong signal canc~llu tion, wtule th~ Duvall 
beam[ormer in rigure 14.23(c) ~how~ no evidence of stgnal c:mcellation In the time 
domain. F~&ure 14.24 I,;Ompnrc) the loolc-direclton target \lgnal ~~o·uh the output 
~~~ of the 1-r~t and Duv~tll bcamformers. ln both ca•~, the ~~oetglus were 
amt~cd lo uro. und lld.Jpti\e transients arc "l'iible .u the beganmng~ or the output 
Lrnetn~ Be)ond the reg,on "'heu the tramients t~bt. the '1&".11 dt\llm1on power in 
the Fmst lxamformer output wa, nlC.bUred to be 6 dB bdo"' the.- mput \tg.oaiJXl\lier. 
AI the output of the 0U\.tll bellmformer, the dmoruoo "'*'measure.! to be \10 dB 
below the mput \lgllal pv.,.er le\d 

The Duv-o1ll ~eumformer ~ppe~rs to be an important >lep t•~"'~lrd the nuhgatiun 
or the dfoct~ or >lgMI ~anceii&I IOI\. The COOcq>l IS new, bnW~"Vtr, and the (jm.ita· 
tions on 1ts perforn1ancc ha~c nllt yet been fully nssessed. f N ~Aample, th~; errects of 
component JOaccunll:aes .md urrny imperfections arc not yet undcrsmoll Alternative 
techniques for stcenng null~ in the directivity pattern n~ed w be studied. and 
perfom1aoce mcu~ur~., need to be. improved. Other mcthoJ> for dlnunatinl1. or 
reducing the Mgnul can.:ellutmn etTects or the adaptive pro.:e~' o~re abo ~ing 
put5ued, such a. ~pn:Jd·,pectrum .1nd frequency.hnp tc:chn14Ut•. Some results with 
these new techniqul!:> 11re di\<:U -cd n.:xt. 

FREQUENCY -HOP SPREAD-SPECTRUM TECHNIQUES 

~\not her method for rcuuung tbc sensn.ivity of a rnd1<l or radur rc.::Ctvtng system to 
IOterfer~nce or jammm~ uhlitl!.'> the spread-spectrum tcchnu.,ues tnlroduc~.'d in 
Chapter 9. Th i~ i~ J lt1rge ftrruily or techniques thtll can nut be dl!l.cribed completely 
here. b~t .we huv~ seen thut wht:n dnta signals are spr.:tld·.,pcct rum <::ncod<!d prinr to 
transmus1on. tbe1r bandw1d1h IS tncreased great ly. The hkl'lihond that interference 
or jamming wiU Interrupt correct .Jato de.codmg at the rO:e1v1ng end h thereby 
reduced. -

Sin.::e adapU\t be-amform1ng C3n be don~ With Wldcban\1 a~ '"ell as Olll'row­
band Slgrt~b. it IS gcnc:ralh compatible with spre.~d-spe..."!rum te.;hruqut.:. Adaptive 
~Ol[ormtng •-an ~ u...:d In reduce the delctcnoU) clfe~.h 11f d1r~llon.AI amerferc:15 
or Jammers. and we h.lve 'et:n that the stronger lhe Jammer. the dtcpcr the nulL The 
output of the adoph~~ beamformer ma~ not be totall) free of mtc:rrer~nce. ho ... 'e\·cr. 
<Jnd i~ sul'h c:I.S~ rc:h~ble daiB transm1ssioo can be ~Jueved b) spread-spectrum 
encoding of the datJ bdore ttan,nus...ion. nnd by appropnate decodmg of the data 
n:ceh ed by the uduptJvc hc~rnforrncr. 

. ~nc of th~ major ~tueml-spodrum methuds is r h~ " frt•qu.,ncy-hop•· opproacn. 
'::luch 1S based u11 the fllliUwtng 1dca. DigJtal datn c:an be cncvdcd by ded1c:ums a 
fixed period, called tl time "chip," ror the transmission or c;~ch dntn bit. Within this 
time chip, a sine wuve at u 5fii!Cificd t"Jrrier frequl!ncy 1' gcn~rotcd to represent a 
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data bit, a .. z.cro'' corrc~pondmg to a spl'\:ified phas.: llnJ u "one" cNresponding. to a 
pha~e ulh'erin~~, by 1 ~n·. Th1S amounts co ·'pbase-sh1ft kcy1n11 ·• 'f,, pnwidc f'reqoency 
hopping, the frequency of the sine wave carrier is changed from ono: dup to the next. 
hopping in a rnnd11m fu>hiun accCirding to a rond•}m c('ldc known ul both tbe 
tranl>miucr and the rc~c:iver The .:hip length 1S such th~t mon) ~.o")l'-le.' of the earner 
are gener:~t.:d. "'1th more ()Cics being g.:.ner.ued for the higher frtqu<n<:le.:i. Corrda­
tion tecbruque) are u!oed nt the recri•,r:g location Ill det<rmmc the ph:ise of the 
rb.~i\'ed \inc v.3H' for c:11..h thlp. W1th k'll& clups he .. With J low btnllr~ dara rate). 
rhe pb~ can ~ <lctcrmtne.d re113bh in the presen~..e uf '><''ere: 001~ anJ m this Wll} 

the orig~rnl bmary dJta tan be m:O\c:rcd T)ptcal 'i6n.ll\ h,I\C earner trcqueocies 
around 1 GHJ.. 'f)TCild j_ ~'f by frequency hoppmg. Typt~-:al h<'pptng rate> aTe from 
100 to 1000 hop~ per o,ccood. 

Tbc frequency·hCip >preal.l-~pectrum techmque 1~ of ~pc.:111l mtcrcst because, 
using th1s technlquc. ;1<lnpuve nlgmithms can he deMgnc<l to gre;llly reduce or 
oliminate the Mgnul cnncelll\lion phenomenn that we havt \CCII prcvtou.ly. The bast.: 
goal in thc!.e nlgonthm~ i~ to remove uU larget ;ignol C:•1rnponcnt• fr,,m the .Jd:lptive 
process. yet m11ke l>UfC that the target signal apptar- in pwper form nt thc.> array 
output. 

F1gurc 14.~5 'how' :1 fr~t udas;hve beamfnrmcr l'()U1pped Lo work with 
rrequenC)·hop "!nab A S))ltO\ of this type ha•~ng il rour-dement hour arra) '"'a" 
simolated. The antenna ,tgnab '>'ere fed to a bani. of 1d~nu.:al "frequcnC)·-hop 
notch filters'" w1th 6.lt frequtDC) resporues and hnellr pha~) except fCir frequenq 
response notd!~ ;stan., ~pct;1tiC\I single r~umC). Til( frequent:} of thes~ notches is 
changed with ele.:110111t W•ltclnng pod, at an} mstant. 1he noto;h frequcnC) i~ chosen 
to COTrespond tc> the inc<'mtng tartct signal rrequ(nn. The rurgct >tgnal frequenC) 
varies rrom .:b1p til chtp 10 acwrd w1th a known mndnm \C(Iuencc:. SynchroniJ.cd by 
3 real-time clock. a frllquCncy code gcner:llor at the rooe1vCr reproduce; this S«jUcnce 
und relays the signal frcqu~ncy o,etting to thl' notch fillers und 10 o local sine-wave 
generator. Much of th~ ne.:es~11rv detail bas been Otnlll t:d For clunty of presentation 
in Figure t4.2S. 1 he method is applicable to arrays of g~ncml ge<>mttry os well a; 
linear arr:l}'>. 

The frcqucnn· hop notch Iiiier. l.cep s~&nlll component> out of the adaptive 
process. Oul} rnterfcrcnc:e can be present at the mpu~ 10 1be f rost prOCCSSQr. in 
9o bleb the nt.lln beam tOOSiminl~ Jrc >U>uined. a, u'u31 :10d the J.amme~ are nub .:d. 
The output "!nal ur the rn"l pr.~es.sor IS not U><:ful (a .. ldl! from the lmplemema­
lion of the ad.Jpt~VC algontbm) .,jnee it Jo.:s n•1l contam the 1ar~1 signal. The 
weiglus of the :tdJPU\e pro.:esror are copied mto D •hl\cd procc.,<or hll\ing the ~e 
structure but no a btl it) tn ad:~pt on its O\\n. The mputs to the slaved process.or come 
directly from the antenna clt'lllCnls "ithout guing thrnut,h the frcquenC)·hop notch 
filters. so the c>utput of the ~lawd pruce~or r~roduce~ an) targ~l ~•snal arriving 
From the ll'll k dire~:tinn. In a c:omputer ;imuluti<>n, the turgcl ~isna l Fre>m ll>e look 
uirect1on cxpcrtcnccd unlt gnin :.tnd lmear phas..: shll't in 3CCI)rd with the Frosl 
constraint that wa\ sel. When u bandpass jammer wu' simulated :11 45° away fwm 
the look difl:O:lt\lfl, 11 Wll> Uteply 1111lled. 
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Figure 14.25 !>) I<M .,.,.,,ned In r ... "rivt IT<qUrne)-IK,> "~""·· '" lhr rrt· .. .'n.r of ,., .. 

Pan IV 

The Oulput or th~: ~l:l\'N pr~or in Ftgure 14.2S ·~ ccrrdatt!d Wllh \lOt \V:l\1:$ 

genera ted lucallv. 1•1th appropriate control or ph~e. fhe •me-wave frequency ~ 
~elected hv the frequency code generator as illustrated in the ligure. and correlation 
as accomph$hed h'r mulhpltcntion followed lby int<'grnuon O\er each 'ucc~ave ume 
Chip The IDtc:gml of the product builds up during the chip interval :Ill either a 
po~ill"e or a negah•e \juanllt~. depending on t.he phase of tho: IO<'()mang signal. 
\\bach an tum depoench on "hether 1he 1ncom.ang ~•gnal ccrrcspond~ too zero N a I 
.'\t the end or the chap lntct\31. the tntegrator is iruuahzed tO terO 10 prep3r3IIOO for 
an1eyauon 0\er the ne.\1 ch1p 1n1erval. 

F1gure 14.26 'ho"' re;,uhs of 1wo simul31•ons or the anlepar<'lf' Figure 14 26(o) 
show\. the lnle&ralor output or Q 5'1Stem with a slaved beamformer lil..e that or Figure 
14 25. Onl! <:an~ thar the rransmitled data sequencl! as 0. I. U. 0, I, I. then not hang. 
The correlution~ huild up quire uniformly during the intcgrauon mrervals, and 
almost no output resulu. whun no target signal is received. ltgurr 14.26( h) shows the 
outpLil of a tonvcntionol Frost adaptive henmformo:r (no notch lrlte~ or slaved 
h11arnformer) with rhe ~am~ frequency-hop inpul signal. It is clear thnr ~ignal 
''ancellnuon in the Froot pmcess is present. :llld that in !Klme cases the signal 
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t•l 

I b) 

rogure lt.21 lntr,mtw ouorut '"•"lc>tm• t~l lml'K&\··h•'f' >.1-rUJt .. , oft Ft%· 
urt 14 2:S tbl v~o~lb • u,.l\\,.nll\~1 f hnl be.lmfM'Intl 
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drstonwn ~ ~evere enough to c<tu~ mal'glnal t.la13 dcecxhng. ThL~ el\ample wM 
de\·eloped .l.lld a.nalyz.cd hy Y. L. Su I 19). . • 

Thus the eiTecU\t'ness of rhe scheme o( Ftgure I 4.25 as clearlv evadent. S•gnal 
cancellation i.> prevent~'d through the u~ or frequeocy·hop ltlgnaling. b) us~ng 
frequency-hop notch tiher~ to proe-cnt lhe target signJI component' from entenn_g 
the adaptive pn'«~-<or ant.l rntlu.:m:mg the wea&bt \etiJng.~ The >\eaglm_ form~ •f 
th.:re is no larger ~tgnal pr<!~ent. and are copied into a 'IJ\t' proce:.:.or LD order to 
obtain t.he target sagn.al output Thas ~me concept can he appht!d to JJI forms or 
adaptive re.:o,;Uig ONa'l'' 

BEAMFORME.RS WITH SUPERRESOLUTION 

The resolution of a •·onvenll~1nal nonadaptive an1enna or antenna array is limited by 
the well-lnown Rnylcigh criterion p:lJ, An approximate formula for the 3-dB 
beamwidth of such fill nnrcnno 1~ 

;.. 
3-dB hcarnwadth .. d mdaan~ (14.33) 
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where ;>.. is the wnvcl~ngth or the rad1auon and d IS the width or th.: ~~en.ure. 
However when the tMgct signol IS received with a high Mgnal·hl·no•se raLJo, Lt IS 

possible for a mll!timum lil.clohood adap1lve antcnnn to achlc~e >~ much narrower 
"adaptive tx:amwidth" l!i"lnS 11 much sh::.rper t1lfSCI beAung csumnuon 

The wperresolullon concq>l ~AM developed and analyLCd by W. F. Gabnel 
[17}. Dilferc:nt methods Cor be..riog esu~on an: dc(Cnhcd by Oabncl .. One 

15 
the '"III3'\imum-c:nlropy" approach. ""iuch wcort.s "'·dl Wllh ., Ho..,ells­

Applebaum adapli\C be.lm/ormer wbt<:h has an ommdlfe<:ltnnal rcOCI\IDg pall~ 
e<tcept where Sti,'fld l~ an: prC$c:tll. The presence or signal '' tnd•c:atcd by nulls ~ t<~e 
rccetvin& p.llll!m Since nntc:nnu null~ are alwa~ \haq><:r lh .. n antenna lobes. s•gr.al 
bearings can be obuuood more J~-urately from ~he ~am p.:~ttem and ~uper~· 
lion is lbe resuh. However. nne can be fooled 10 Lhh procc.s by hnv•n& spunous 
nulls appear Wlth no ~·snul inputs at corre:.ponding bearings. . 

To analyze ~uperresolu11on and its effects, we ogoin Uiscu ~~ 1hc muxunum-hli.e· 
lihood adapuve bwmfor111cr u~ing an analysis developed by Eugene Wnlach [II (or 

Flgur• 14.27 ( 1rtl,IIJ" Jun •d&pU\0 bcam[t'fmrr loll \IUih ••I n)rft•Y.b3fld ~Up<'l 

rc:)Uluuvn 
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the Griffi ths- Jim ver~ion in 1"1gure 14.27. The receiving arr~~y •> a~~umed to be 
linear and the~gnul is a sing) I! sinusl)id !!,iven by 

r • Ccoskw0 (14.34} 

The receiver nm~> n1• n1, , n,; .uc a"sumed to be \lohll~ and mutu311y uocnrre­
lated. eacb with power equal to o/. St<lering dela}s lw'e heen om1tted to simplify 
the beam~Aidlh catc.-ul31lun. ilnd the dttoctum of arnv.~l or the "lgnal 15 tnd1cated m 
the figure as lhe ion!. dJretliOn (I.e., fl- 0°). Th1$ IS am, ·en1ent for our d1~00 
here. but or cou~ the: direcuon Clf am~al of the sign.~l could \ilr) 1\.t<t:~.•mum signal 
output w.;ulb wllcn the ~1gn.ll arrive\ from lbe look duechon blx:aulc the mam·lobe 
coostra1nt gm~s the array untt g.uo rn tlus direction. The array ga1n drops rap1dly 
due to the ad3pll~e cancellat•on process as the signal dtrecuon mo\e~ away from the 
look direction. An oiT·Il~l\ ' 'gnal lends to be nulled by the adnpuvc b~former, 
This is the basis or maximum-lil.dihood superresoludon. 

Let us now examine 1he 3-dB b~amwidlb or u maKinwm-likehJlOod adaptive 
bean)former as a func tion of the arrlly parameters and 1he ~i gnnl·to-noi.sc ratio. As 
before, lbe spatial response or the bcamformer is ohtaincd by Vat)'Jng lbe dircctton 
of arrival of lhe Stgnal I or eucb direction, the adapll~e proce~ 1s allo\\ed to 
com·erge o~od the outpul l>Jgnal power is measured. giVIng 01 pOint on the dtrecuvity 
pallem. AI COD\'etgc:nce, the uptimal weight \'ector •• &•\>en b\· the least-squares 
Wiener solution 

(1435) 

To deterlll.Ule lhi) solution. we mu5t fim find R and P 
Refemng to figur~ 14.27, WJlb the signal arnv10g e>.:~ctly from the took 

direc tion. th~ inputs 10 the we•gbts contrun no signal componenb. only receiver 
noise. Thus the correlilti\)Ob between the noiSes must be dch:rrn•ncu 10 obtain tbe 
R-matrix. The input to weight 1111 is tbe same as the input to »'•• bul ts ll~layed by an 
interval I bat causes o 90° lag :11 tbe signal frequency ·1 hu) the noise components 
in1o '''l and 11•1 at the ~tg,nnl frequency are mutually uncorrckllcd. (W~ assume for 
this discussion that the nni\C po..,er is concenlrated at the ~•gnat frequency.) The 
same is no1 true of lbc inpuu into "• and "3· bowe\er J he receJ\Cr n01se n, is 
prcsenl {wltb sign r~ er~J en to "I) 10 both or these inpUI$ Smce the po'-1-tr or ~ch 
noise "t· nl•· .. nA •• o/ the correlation of the n01se mput!o 10 " and .. 1 is o,~~ 
Sto.:e t~ I10lSCS are mutunll) uncorrtla1cd the po"er .ldds g(~g mto each we•gbL 
and the di3gonal clements of the R·matruc aR 1hcrdore all !o- from these 
argumeots. we can mfer the R·mJtn-. to be ' 

2 0 -l 0 0 
0 2 0 - 1 0 

R • o/ I 0 2 0 - I 
0 - I 0 2 0 (l4,J(o) 

0 0 - I 0 2 

, I 

I I 



- 234 -

448 Pari IV 

Th" matnl< pen.un, to the s11uauon tn v.hich the SJgnal amvc .:~actly from the tool 
direcllon 11 change. on I} s!Jghtl} for smaU changes m the angle of arn' al vf the: 
~,Jn.ll, bec:Ju>t it ,, dommate!d b) retti\'tt noi.c.. The ,,gn.ll c:ompnnent~ In the 
'"'~•~ht 1nput- rem;un ~mall for .>mall de-.;auons of the signal:sm"al angle .1"'3Y from 
8 e o· 0 For oor di..CUS.ion here.. "'e shall lbSUme that R IS lilO.ed and gl\'.:0 b)' 
(14.)(\). 

Th ... Mtuauon ~~ iliflerent for the P-,'f:t:tor m the S)'lotem of F1gurc 14.27 We 
can 'rc 1hat the de,.,l'd r~-ponse Cor th~ adaptive process '" 

(t-U7) 

r his ctes1tcd rc_~p<>me i~ precise when th~ ~igoal urrivo:.-. from the lnok dirc:ction. 
bccuust" then oil the signal components rece1ved by the array el crm:tll~ ore ndded 111 
phase lo nroduc.- •he desired response. We again o;sume th11t I he change~ in thc~c: 
~olgnal componunts wi ll be negligible for small chungcs in the dir~-ction of l>isnt~l 
&rnvol nwoy fr~1m the look direction. \\lith this a.~sumptlon. we ullow ( 14.371 to 
ref're~~nt the desired response under all condihons of interc.~t (t.t: .. ncJr 8 • o•). 

ro obtain the P-vector. we first consider the cro,s-correlation bctwl<.ltq the 
no1~e componen1~ of the weight inputs and the norse components of lh~ d~trc:d 
rt\p<lll e 'J h~ noi:.e into weight w1 is n 1- n._. The cross-correlation of mtcre>t •~ 

then 

[ 
n1 -rn-+-- · + nA ] 

E ( n 1 - nl) · K - 0 (14.3111 

S•m•larh. tile correspondmg cross-rorrelations for the r~t C'f the: weight\ "''" b.: 
1cro \\e ma\ therefore conclude that the re.."'ei\"Cr D01SC component~ ha'e no ~nect 
on the P-\·c:ctor. whic:b mu•t therefore be determined only by the )tgrul ~X•mpoN:nb 

When the M~al amves from the look d•reclJ<m. the ~ignal L"Qmponcnt' d th~: 
"c:Jght mputS arc oil z.:ro, and thcrdore the PNector i~ tcro. When I he "&n31 am\e~ 
do)~! to the l~'l(lk duechon, ~man :.tgnal components appear at I he "'a&Jtt mpuu .~nd 
the P·\"tCtor" no longer zero. Suppose that the signal arnval dn-ecuon "such th.u 
the '•gnal 1nto arrav element I leads the signal ullo ele-ment 2 bv >/ ra~1>1M. 
Rc!emng to folgur..- 14.27. one can soe that for small' alu~ or ., the 1gnalmto "'• i 
npptO~IITID teJy 

blgnal to.,., ~ Ccos{ kt.>11 + ~) - Ceo•( ko..111 - ~) 

~ 2c( s.m% )cosl kc..~, + 90°) 

'"" C-it c-os(kw0 + 90•) ( 14.39) 

Thib bignJI component is ~htfted 90° aod thus uncorrelatcJ with the bi&nal corrtpo-
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n<!tlt of the dewed re..ponse -..tuc.h, from (14 37). ,, 

(14 40) 

Tbu~ the signal component> mto all of the odd-numbt-red "<•Shts are uncorrelatc~ 
w1th the desirt!d m.pon><'. On the other hand. becau'c of 1hc- 90' 13g.. the signal 
components mto the even-numbered lle~ghb "''" he oorrchue!d .,.,lh the desir.:d 
1'el>ponsc in acoord "'ith 

Thus the P-veclor is given by 

n 
l 

(14.41) 

(14.42} 

The least-square.. l>Oiut•on can no" ~ ubtnmcd b:; 'ub\lltutmg tJ4.36) and (14.42) 
into ( 14.35). 

We are concerned pnmanly "•Ill the -.gnal component or the S}"litern outpuL £ 

to Figure 14.27. '"hl£h appear~ a.~ the d11Tc:reneo: bet-..ce.n the s•g~~al component of the 
d<:sired r.:spon.<e dod the bUm of the ~~~l' through the: "<ighb We M\"e seen that 
the <tgnaJ ~'Oillponeats at the mpub to the "dd ·numbered "c1ghts are aJl oncorre­
lated "'th the !killed rapoA><'. Thu~. 1n the prt.>Cilce of recel\-er noi'e. each or the 
odd weights "ill con,·c:rge to 1cro On the: other h.md the \!glial romp.lllenb mto 
the even weighb .1re .11! .:.qual 1n 3mphtudc Jnd are all 10 phase w1th the signal 
romponent of the desired re:.pon><'. The output ssgnal 1\ therefore 

( o~tput ) 
Signal { ''&II"' \:Ompono:nt ) 

of dt:l>ircJ ro:.-.po~c 

(14.43) 

When ~· is zem, lhe Stgnal uppears ut th~ outpu t w1th full pow<!r. Using 
(14.43), a half-power ~i&nal output corre~pondN to >J,. 1 ,111, given by 

I 
I - ¥•1 d11 { wt t "~· + · • · t wt11 J) • ./2 0.707 (14.44) 
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u, .. , \'CCt\)r notauon. the sum of the ~en -...-eights can be eapres~ :L\ 

( ,.,• ,. ,.~· + + ... ;~. z) = (0 0 I 0 I)W • 

~ (0 I 0 I 0 l)R P 

= [0 1 0 1 

0 
I 
(14.45) 

With the R·ma tri~ wkcn from (14.36). Walach bas determined that 

0 
l 
0 A.(K ! I) 

(0 I 0 I 0 l)R 1 1 ( l4.4o) 
12a/ 

0 
l 

The denvauon of Uu!> fonnula, v.hich is e:<act, ts Lengthy :~nd IS therefore omitted 
her( ln)tC3d, II.'C refer to Walach (lj. Combinang (14.40) 11.o1th (14 45) and (14.44) 
v.c obt:un 

C~ ,! K(K:-11 ~ 0 .,93 1 Vt .a lla,= -

The si&nal-to-no•o;c rallo at each array dement is defined .u •n ( 13.8)• 

c~ 
SNR~-

1o/" 

\.\ 1th this ddinmon, (14.47) bc:romes 

3.52 

(SNR)K( K 2 - l) 

( 14 47) 

(14 4t<l 

( 14 49) 

In this r~ult we recoil that•h dB IS the signal pha~e shift betwc:.:n two ne•ghbonng 
arrn~ clements required to obtain a 3-dB drop in output signal power .• md A 11> the 
number of antenna elcmcn1s in the array in Figure 14.27. 

To lind the beamwidth of the ma.Umum-likelihood bcamformer. we mu~ t now 
translat..: lhd ~>•l!nal phase shif1, t/-3 .!a• toto an arrival angle. Tlk dlngrom in rigurc 
13.2 is helrful for this purpose. Again. the spacing between ncigltboring Ulllcnna 
dement~ os /, the aogie of signal arrival in this case is OJ .m• and the wnvclength " >. . 
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Then. SJtrular to (13.2). the StgnOI phoL."C ,haft ·~ gJ\Cn by 

1 2wl ~tn( 81 ~~~) (I4 .SO) 
li'tu - >. 

Wt an: assuming 'mall angl~ v.herc: •tn8 • 8, !10 (14.50) therefore }ield~ 

>..,:.,dl e,d •• 2 .. ,- (14.511 

Referring to Figure 14.17, the total uptrture w1dth d 1\ l>C<n to be 

d I( A I) 

Substituting this mto ( 14.51) yield~ 

>. i' - I n,.n. d h;-1/1).111 

The adaptive antenna b..:amwidth i~ 1w1ce 01 dll· uml thus our fina l result is 

( 

adaptive ) >.. K _ 1 
anterma - j -- ~~~~ B 
benmwidth t .,.. 

>. 1\ - I I 1.52 radians 
"'d -r.- (SNR)K(/\' I) 

(14.52) 

(14.53) 

(14.54) 

The basic assumptions •n t)u) denvauon are th.ll the pha~c diJI'crcoce at the signal 
frequency bet..,·een ncighbonng antenna elemen~ IS o small dOgie. and that the 
beam..,idtb itself, gj\.'CD bv ( 14 .54), •• a \rn;tllllll&)c 

A~ sutcd tn connec:uon 11.o1th (14 16) the anahsis le.1dwg. to (14.54) also 
:usumed that R 1s mvanant for 'm:ill ln&ular dev1at1ons fr,>m tbe look direction. 
Talting into account ~cond-order 'ar•atw~ of R .l.\ a funcuoo oi 8. Walacb has 
determined the CQIIO..,\Dg more prec!!oC ~tuna lion .,r the 3-dB beou:n'INidlh: 

( odapti~oc ) ~ K 1 I ~ 
=~dth • d-,.- (SNR)K(K·-1) 

(14.55} 

II is iotercstang to compart (I•I.SS) "'lib the corr~pondtng formula for the 
convennon:tl oooadnphve be.Jmformer QI\CD by (1 4.33) (1 c ., >..j d) They dtlfer by 
the factor 

A - I ( S 
" V (SNR)K(K~ - I) 

(14.56) 

Whenever this factor i~ less thu.n I, ~uperrcS~.•Iution is the result. Under the assump· 
tions above, •his fuctor is generally smullcr than I. A.\ an cKample, let K = 10 
antenna elements and let th~ SNR • I. Thl~ fBctor th~n equals 0.204. The angular 
resolution or the adapt1vc bcamformcr ·~ therefore clo~e to tlv.:. times sharper than 
that of the conventional timc-delny-nnd·lum beuntfl.'lrrm:r. If the SNR- 10 with 
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K - 10, the t~dapt••e r~lut100 tS more than 15 times b<Uer than that <lf the 
con~ent•on~l nonadapu~e beamformu. If the SNR , l w~th A • 20, the adnpt•~e 
re-oluta<ln " .1lm~t ~en umcs beller than that of the nonad3ph~e beamformer. 
The 11dapta\c and nonadJpU~tc beampatterns are shown for thtS case to f•gurc 14 2S 
"'''h a linear ;may or 20 elemenb bpa~ 3 half ~wavelength apar1. 

To o~pply \Uperi'C.'Oiuuon m a prachcal situauon, >nmc e'pcriments \\<!t<! 

perform~ uSJng data recorded "bile a helicopter 11:as llymg witlun range or a \Cn<or 
urray. Th~: sensor) were lo...,·frcqucncy microphones at thl' earlh'a ;urfa\:C A b~e­
clemcnt drc.:ular arrav JO m 10 Uiametcr was used and acousttc emanation' from the 

1.0 

ID 

0 

LoOk orogle fO) 

Re>P<>nt8 0f 
nonadoptive -'IV 

Ftvure 14.28 Arup6w<l< rcspon>ts or nonadapliv< •nd .Jd"P'"• Jrru)l. ~mh wr rh 1\ - '0 
rl<mcnl•. SNR - 1, Jnd •P•~ 1- >./! 

~· 

Chap 14 Analysis 01 ADaptrve Beamformers 

Circulor /::!~S§~~~§~Ri 
flve.e l~mf'!nt 
ITIICI'Ophone 

•rrit'r I 

St~ beamfortnt'f lt,,O\Iqlell i.,.,._ 
Dl-~rtnt'le OL.tput oo.YI' It IICh .I'W\It 

(•I 

Stt-Wr ~fo'"''" t~\,H,,jn an 1''9 fl'f. 

AWru r-tJmtot"MI' roM ~"~•m It~ oorout fY-M~r 
"t .. h *IOi.,. SljbJf\.f 10 IOQk dt~IIOI't 
4.;0HIU11nl 

0.1l't trlil'lt QUfOut Ou._..«t lhl!t Q)lWtll\enQ' 

11' tkh enql•, 

I hi 

Agure 14.30 Cl'n\'("numml .u1d ,ldUf'tl\ (' hr.1n1l~um~r~ h•r H:tr,CI bc:.uinl, l''iotUna~ 
uoo· (a} con\lcnunn.d heumf1~m~t (11"\\'llllhc"n lhmr<tl bv Jrtol\' aptriurcl 
\hi •dupuve hcamlurmco (.ollm" '"l"'rrt>Oiull<'n ,·wpal,tiiiY) 

453 
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rotor blades were .-eeeived Wtth a good SNR at a r.111ge or ~ l.r11 Figure 14 29 
iUusrrares the experimental suuauon. 

Th~ c(mvenlionsl umc-dclay-and-sum beamform.:r :md lhe Frrut adapttve 
beamforrner were compared in thts silu:~ tion. wilb lhe same stc_ering delays used 111 

both bt!amforrncro. With the helicopter in a li:<ed locati011. the output ~•gnnl power 
was mca~ured for seleclL-d st.:cring angle.< covc:ring JbO" F1gure 14.30 iU~trate~ the 
method of comparison. 

Figure 14.31 compares the results obtained With convcollonaJ prOCC$SIOg 
agam~t those resulting wnh adapuve beamform!Jig using the c:<penmentnl dotn. and 
we can see lhal the: adapdve maltimum-lik'l'Jihood sehcmc was dearly superior to 
conventronal processing, The angular resolution with adaptive processing wo.s ap· 
proll.irn:ttely t2" and the: largest sidelobe was about 25 dR below tht re~ponse of tho 
main lobe. With conventionru proce-<sing, the sidelobes were s<• .Mrong thal It wru. 
almOM tmposs1ble to determine the signal arrival Rllgle. At best. the angular resolu­
tion wa~ ±20°. The advantage$ or adaptive pn'lCes~ing and the significance of th~ 
superrcsoluuon phenomenon m target bearing estimation are clear m thi~ example. 

To summarize supcrre~oJution, let us again con~id.:r how the Frost adaptive 
bearnrorrncr was used in this experiment. Using the appropriate swering delays. the 
tool. direction was scnnned through 360". In each selected loo~ d1rection, the 
5ensitivity or the receiving nrray 1n Figure 14.27 10 mtident rodiatlon was con­
Strained to have urut gain witll linear phase shift. At tb1: sa.tnc time. the adopuvc 
process mmim1u d the total QU tput power. The target signal. defined ru. any taJta· 
uon a.mving from the loot. direction. passed through the udaptivc beamformer 
\\tthout c.li~tortion. Interference. defined as any radtnuon 3m\·mg from a direction 
other than the look direction, was eliminated or nulled as best possible m the 
lelbl•5qUUTt:S sense. TI1e beamformec QUlpUL was the undJstorted tllrgel ~jgn~l with 
mirumurn additive noise., that IS, lbe m<Uimum-Iikebhood estimate or the target 
5ignal. 

The helicopter Signal ongioated from a fued direction of about IJ7• lJ\ lhis 
experiment . .ts seen in Figure 14.31. As the Frost beamformer's lool. d1rccuon wa& 
~lowly ~annl'd toward thil. signal angle, the adapuve bcamformer null.:d the 
hehcoph:r tgnal, trea ting it Uke in terference. Theg, as the look dtcection <.'Umc toto 
clo~ illignment wnh t111: direction of 5ignal arrh'lll, lhe beamformer ncceptcd the 
helicopter &iJ:.na l lib the target signal irutead of interference and reproduc.:~d it at the 
output. Further sconning of lbe look dircetioo away from the heli.!opter signal angle 
ogain caused nulling. The result was small response to the ltclicopter t>igna l unles~ 
the look direc:t.ion was verv clo$e to the true angle of arrival, Th1& type of perfonn­
oncc •s the bash o( supcrresolution. 

In other experiments . .in the presence or multiple signals. the Frost beam former 
tcmled to null all signals except for the signal arriving from tnc loot. dircchon. Not 
only did the nd!tptivc beamfonncr provide sharp angular resolution, but it allowed 
one to" tt•ne in" s-patially on a signal from a selected look direction wl1ile ndaptivcly 
•· tuning out" other signals. intedcrences, jammers. and so on, from oil other 
direction~. 

455 
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EXERC I SES 

I. In the Gritl\lbs .tlgonthm (14.16). d<rive lhe ~pression grven in EqUlluon !14.2()) ror rhf.> 
3tT(j)tBble r.1ngc uf IL 

2. Find the umc consta.nt of "ei&bt coov<'rgenre for rhe Gnffidu oti&Orithm (1 4 16) 
J. Find rhe minimum mean-;;quan: error ar <..'Ooverge""" for lhl' Gnffitb~ nl&onrbm (14.1()) 

4. ()(vrse a " leaky" Vt'r>ron or the Griffiths al~orithm. Slmil~r ro Equauon (13.27) Wlulr t6 

liS ~<>nvorgcd .nlulion, W • ·1 I; the rntroJuction of le.U.a&c eqwvalt-nl 1n the llddrtllln ,,r 
input nmsc a. in C'llapter 13? 

S. Wri t~ u •crsson of the Gritlitb~ .slgorirhm (14.16) for lbc array ~ov.n sn f•f,un: 13 11. >O 

that tb~ IO<lk di r<'ctinn is: 
Ia) AI II • 0". 
(h) At o- !lo•. 
(cl At 0 - Jo•. 

6. Con.•id,\r tbe aduptivv bcamformcr s hown below. Tbe wrg~t slgnal ~~ *'llU>nidal wuh unit 
p<>wer. ll1c jamoJcr is b roadband. uncorrelated wirb tbe target ~ignal. with uni t power a r 
tb( lil l~r outputs. 

Chap. 14 Analysrs of Adaptive Beamtormers 457 

(a) For this beanrfnrmer, ..-b.tt is the P-vrcror 11eedcd Cor~~~~ Grrtfllm algr.:>nth!ll'! 
(b) Find tire R·matnx und the opllmum we.ght •ector, W • ~ R 1 P. U$iog. lhc result ro 

p3fl (l) 

(e) Find lh~ o utput :llg~tnl ~nd -~ P""er Uilng. w•. Compare the input and output 
S~Rs 

7. Wnte a Frost alt;onthm. srmrlar to Equation (14 3(1) Cor the urra) in Figure 13.L3, with 
the look direction at 8 - 0°, and the s•un ton>tr'.un<.-4 to one in th.ar d.rection. 

It The "oolhtrain~-d modeling" ~imati<>n sho--n below t'. rc.presentali~~ or a class or $)'>1Cll15 
like lhc Frost beAm former. in which there i> a conslfj)jnt on tb•· wt•~r~. The constrained 
we:igb t.> .,.ill adapt h1 model 1/(t) 

Uniform 
'"mite no!~ 
(Xl\Wf - 1 

(a) Gi-en /1(::)- 1/(1 OJ: 1
), de\1!(: an .Ugorirhm to adapt " t and": to mimmi7e 

£f <J], >UbJCCI tr> the ('()O!>lr.IJOI o1 • "': - J. flod the roruotmrocd opUnLl) .OIUIIOn. 
Find lh<.' minimum MSE. 

(b) Do pan (al u.~ing tbe ~n~tnunt .. ,: + .... - l Tc~t the al&onthm lo sec whether rt 
w1U oonvcrp,e, Can vou lind rb<: con•tr~tnc:d opumal .olullon by doalytical m.:ans• 

~. Draw the diagram e>l a Griffith•-Jim adaruvr l>edntfol'lll<r su:ml11r to Frt;urc U 4. ha,in~ 
four omrus in 3 mwlar arrJy. wrth ((lUr tapped dch~ ~ne!; 

10. Dr3w the hloek diavam of 11 f(lur-cl~ment pole 1cm wnriM <:'f !he Griffiths-Jrm 
beamformt-r, <lmilar to Frgure l JI ll 

11. Draw 3 block diagf3m ~bowing how rht l)uvoll he>~mfonning ~oncept is applied ro tire 
svsrcrn in Excrco.c 10. 

11. ~ c<;>m-.:nrional llnear arr~y wjth W equall y ~pa~~-d o mru$ bas a 3-dB ~amwidth ?( 0.1 
for a particular IJl!&CI ii&nnl ha,•rng 10 time• the power of t~c r~C<'rvcr no tse. Wbal 1~ tbc 
bcrutJwidth wbcn this aan)' i~ c.mnecred ta a nrutmum-loli.~hh•'kxl odaphve pro«~!iCir 
cnn3rrajocd to have un•r g:un in rhc target drrc~tion? 

IJ. Suppo;e that steering delays tJt·c included on Figure 14.26 to produee a look d_ircctli'>n ol 
8 ~ 45". Dcnv~ on exprcs.!<ion simi tur ta E.:~ualfon ( 14.54) for rbe 3-dll bcamwrdrb. Stare 
any assumptions tb~l you mudc in the d!!Jivation 

I ~ 



- 239 -

458 PsniV 

REFERENCES AND ADDITIONAL READINGS 

f Wo~bch, "On >U~rre.<>IUOOO clfe<'ts 1D maximum-hl.cl tood Jdolpli\C .lC'IlC'IlOi .ur.l\.>" 

Jrrr Trot" l11rtnna• Prr>pdf. •<>I. AP-3~ = 3. pp 259 2bl. Mn l'lS4 

~ L J Gnfioth•. "A '"mpari"'" ol multidimenoion.11 W~<.'Ocr .md mowmum-hkchhf'C'\1 
llltc~ lor oiJ\tennJ JJTa\s," Pmt IF.F.f. tlcucr..l. •·ol 55, pp 104S-2047. No-. 1%7 

I J Gnllnlls. ''I\ "molt adapt•....: algorithm for real-time proc~IDJ.I, on •ntcnnJ arra)>" 
Pt•k 11:1:1:. ••>I 57, pp. 16\16- 1704. OcL 1969 

4 L I GnOollb, "S•&oal ~'ltllchtm using real-~ adaptauon uf d lmt.Jf rnuhochann•l 
hhcr," St.mford Unlv .. Stunford, Calif.. Jan. 1968 tPh.D do>.l.:1'tationl 
( J Kdlry •tul M J levin. ''Sign3l pat'ameter estimation for scL>mometer array'" Ml f 
I incolo L~h Lc:\jn!\lOu, Mas.• , Tech. Rep 339, Jao. 8, 1964 

6. J. t olll(lO, R J Orrtnfield. And R J. l<oll..er. "MullidoO\CD>I<>nnl mu,imum ·h~ulill<IOO 
prCICC>MOI\ nf J large apertvrc ltt'ismic array." Proc IEI:h, vol SS, pp 192 211 . P~b 
1Yf•7, 

7. 0 L. Pro~l Il l. "An ~&orithm for linearly constrained adnptive WTnV pr•'JI.'~'>.~itlg.'' Pro. 
I 1-1 1;, vol bO. PI' 926· 935. Aug. 197!. 

X 0 . L Frmt Ill, "Ad3pt.vc lc:ast·>QUlltl:> erptimi7.aucm ;,UbJeCt to loncnr c:quahl\' cclD 
~traJRt•," Stanford Unl\1. Stilllford. Cal! C.. June 1972 (Ph.D. lhesi>) 

9 B. \\'idrow et AI. ''Stgno~l cancellation phenomena 111 adapthe J.otmn.a> <AUSf'> and 
cun-~ ... IFI•I Trat~t -f111e11na.< Ptopag .. vol AP-30. p 469. May 19fa 

10 (. w Jtm, "A rompan!•('O or lt.'O LMS COn>tsained opuma! &rfl\ •trUCtun·,:· ''''- · 
IFf I . \ol t>S. pp 17.10 1731. Dec 1977. 

II I J. Gnthttl lllld C \\ 111D. " An alretruimr appm:!dlt.u t;ne;uly ll<>n<tr..uMd ad.lptr•c 
be.tmfNmrJl&.' II U·. TratU .fntrtlruJJ. Pr"f!!!l~ ,.ol AP·lO. pp. :!7- 34, Jtln. I 9ll2 

12 R P Gooch 'Acl .. pii\T pole-1.~10 &nll) prucx'ssing.~ Prrx- U.lh A<rlomor C rr( Crr.•m• 
'i,J, c"'"""' !'<" t9x2 

P I Nd Ra\k!&)l. wOo tbe tbc<v) of opbal un3ges, with •t>«ial relttcn<c to the micro). 
"'~" Phil \far<. vol 4~. no ~. p 167. IS96. 

14 R P \..:>«h w Acl.~pll''C pc>k·ttf'O lilttnn~· the rqusrion l!rrOt ~ppr.x~ch" Stanlc>rd Unl\ 
Sto~nr.,d. C.Wf Jull( 19lS3 !Ph.D thotSI 

I~ J Glo•~r. "Atbptt•c nl>l..e c.ana:lling or SIDJ.LSOid:il mtctfermcl!," StJofurcl Uccsr,lmr~ 
LJb St0111fortll.n" • St311fnrd. C:aliL Dec. 1975 (Ph.D di...mationl 

16 1 C.l.l"cr. Adopu'c nouc c..n~llmg appliM to .inu.so,.ial mtecfcrencc>." I rt J f '"'"· 
t1r11ust \pr.·ch .'ilf(•wl PrO<esr., •ol ASSP-25, pp. 484-491, D« t9n. 

17 W F' (;~bncl ''SpcctrJl un.JI~~~• acd adaptive arr3y supcrresoiUtlOn •echn•quc•.' Prv 
If H :. vnl 6lt June 1 'lb(}. 

IR lo. M Ouvull, "SignJJ 1;11ucefiauon io ndaptiw antenn.J..\: the p~cnomrnnn ;~nd ~ 
renredv." St~nford Umv .. Stanford. CcliL Aug. 1983 (PhD thc,.i,), 

19 ' 1.. Su, "C'urc• for s•gn,al c;tMtll<llLOI1 Ill adaptive arrays." Stanford Umv .. St<tnfMJ, 
(;~Hr .. Junt I Vll4 (Jill 0 thc~u;), 

Appendix A 

A Portable Random Number 
Generator 

We llresent here u simpll:. ponoblc: ttlgonclun for gc:no:rating a pseudorandom 
num~cr~equeoce. The algorithm was cht:10en foruM! in engtnocring signal processing 
appltcattons and hM the followsog properties; 

1. It works in any maclune thai :~Uaws integ(r wort.!~ up 10 32 bil' m length. tbat 
i~. posillve integers up to 211 - I. 

2 It is ea.•ily millilil'.ed ond <:an be ~lartcd at WIV ~pec~licd poiol m tbe sequenc~. 
3. The sample.\ Ill 1he sequence .u~d m \Uh!.tquen~ l.'f reasonable length are 

distnbuted approxtmtuel~; uruforml'V between z.cro and one 
4. The S3mp~ Ml! 3ppro.vnullely mdependc.-nl and the s~'trum lS approxi· 

matel) l1at. 

5. The ~-od of the ~equencc (10" ..amples) 1\ long enough for rnO!>t engmeenng 
a pplica uons.. 

THE ALGORITHM 

The algorithm is 3 member of a cl~ of rcm.undering aJgorubms that generate 
"linear congrucnllal'' sequences The properlle$ of lh~ b<equencc) .tre described b\ 
Knuth.1 For our ~pconl en~ we genc:rn1e rntcgcr.. recunjvely as follows : -

I.~ 1 ~(JI.+l)mod M n-1,2 .... , M-l (A.l) 

The integer sequence as I hen normnllzed to produce 5arnples between 0 and 1. The 
ioi tial value. I~. i~ diM:u~~ed l:lelow. 

The period of the sequenct sn (A.l) otlVtOusly c~t~~not eMeed M. According to 
Knuth, one way to guarantee n period equal lo M i~ to let 

J - 4K I I unu "' - 21 
(A.2) 

where K and L_ are irueger~ ~uch I hat M i~ ~realer tban J ·rhe larges1 1. in (A. l ) is 
M - 1. and so m order for (A. I) to produce only roc tor~ less thun 2;1 in magnitude 

4$9 
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10 accordllll~ w11h property 1 .tb<'l\e. "e must bav.: 

J( M - 1) + 1 < l ll, or 

4K-..- 2)1 > 
2

, 
4K- 1 

Apphcauons Part IV 

( A 31 

Thu) \H' h:we 10 (A ~)a relau\e bound on J and .\! 10 lA.. I ) We can e'tahhsh 
n !>CC'Ond con~traint bv nollng that if J is sm.~ll comrarcd v.11h M . then a 
sub,equcncel><:!innmg \\llh :1 mall \alue for l q inCA))"'" t>e monotnnJC unlllthe 
quotient J J ... 1 c:wc:.:ds ,\1 rnr cxtlmple, the ln"lal ca!>C •~ \\here J • I and 
1 a - 0. The~ the -.:quenc.: ~~ 0. I . 1 •... , .\1 - I. ThulL the <oequenc~ tend~ to be 
" more random'' for larger values nf J. . . 

If we choo~c 10~ M a m•nimum period for the ~equ~ncc 10 ltct•nrdance WJth 
property 5 nhovc, we have 1.. - 20. and from (A.3). the lur!ICSI po,~lblc K i& 511. 
r'hus. for our si.lqucnce in ( A.l} we choo~e 

/1'( ... 220 = 1048576 

J ~ 4(511)~1 = 2045 

H tn ~dd•lion we choose \arbttranly) 

l n = 12357 

II '"• 
.... 1 .. , -~~~'" .;.a::2' t.;<.t.-:t. 

1?3)11, i.n"•o~ 410, 'F ] 6 'j. ..... (1{, ~ llf 

t. &A!I;.' 'J•O{ b l o4bllt9 S6 }1BS .. ~.01!:> 
B'l~:''.IS &2:>74~; n037!>7 5(151 ' ~ '.l:0073!j 
1 4 ~066 1(!, 4 ~14':1 "53588 78•£.17 1• 318& 
8!16113 7'3311(1 8~781S 480fiil 15760< 
£>:?0:.'1(. r.11lll 11 '270 753"31 IAH 91 
9"2'31 883536 114b73 £.7~37 4 11!05('07 
732 42 ·~8209'1 l q17'6 4':!8Stl5 ~:>f85b 

1602&1 !.78034 ))4~7<; ll~soe '3859:>1 

(A.4) 

(A 5) 

., H'S 1br.., ( 
<It< 7 ... "'" t ~ ... 

., 1= '~:-~ de )':116 
l(/1 5.? u~u•~ 
11130~7 ~·ao<Jt. 

I02e'l711 811019!. 
61~[129 il87tl)r, 
1139356 901Gi.~ 
U')f!J'i s:&r2 
1>79:'<4• &•lf..ll7 

Wr: 011c: that the umge~ ar.: all between 0 and 1048576. a.nd thai at lea•t thi~ •hor1 
\CqutXt~ appear~ to ha\C no undcstrable patterns. 

Sine.: the u~u .. J random number routine produ«!. s.1mph:.~ bc:t,\ecn 0 • .tnd l. v.e 
can crc:ne the n'~ rnndom o;ample as 

R ~ II. + 1) (A.6) 
• (.M+l) 

~o thAt the n•ndom ~ample~ urc all greater than zero and lc~& than I. 
U~lng (A..l), (A 4), (A.S). and (A.6). we can wri te .1 ~ubroutinc to generate 

1
1
, 1

2
, ... , 1, . With portuhtlitv u requirement, aulomnl.ic initiul1111lion b.:cornes D 

problem. Th.: tntltaliLing scheme is necessarily maclune-dcpendcnt The followtng 

Appendll< A A Portable RandOm Number Gel'erator 

.. f, ': .tl ,.pr4[•LI" t A • 
:•11'11 • .D.l<1~7, c;' ·o · 
:·n • • •:·~1 :• u.: · 

, : :'tiO'l • "',• 
:•l·«:ttOo~~761 •1 0 Q~S7i 
ll11'10''"' tLCCI. tl •1 1/tO•BS17 0 
qtltiiN 
( " !' 

461 

Notire in this routme that the Jntcmal <arinble IN IT mu~t not be equal to I 2357 at 
load ttme and th:ll both IN IT and I muM rem3in intact between calls. The initial 
setting of I • IN 11 gu.tmntCO!. that lhc random >equence will alwft)'s begin as 
described above. 1 he van able X ts a dummy vnriablc und berves no purpo~-e in 1hi~ 
version of the nlgonthm. 

If one docb not rcquir.: tne automatic Jntltuli:~.tng feature or wtshcs to provide 
variable initinltrouon,the folloWing version may be preferred· 

II. I! 'I •Coll[\{ ~ 1 'I 
!·~041!1 • ; • 1 
1•1-• 11 'c•>IS7b ' · • c-s·.76 
RA~OO~·•L0A" I I • \I/1~-S~77,f 
~[;l;RN 
rt,(• 

In 'ersion 2 J 1 not ch.tngoo e~ccpt at tntuah7,11tcm "here 11 I) set to an initial 
"aloe. Thu~. £or c:umplc. rhc £ollow10g bUih:ment~ could he u-.cd "llh version 2 to 
initiahze I to 11357 und generate rhc fir~\ two random number.<., 6<1) Rl and R2: 

A "" 12357 

R1 RANDOM( A. ) 

R2 - RA?\DOM(Kl 

The argument ( K) 1n the call to RANDOM 1n '\'l!r~ton 2 mu\1 of course. not be 
changed Cbcwbere 10 lbC Calltng program. The .td\30la8C> of \C~10n 1 0\'eT '\CfSIOO 

1 are (I) we do n{ll need to a"umc that tntcrmooullc \ artablcs remam Intact between 
calls and {1) the r<•uune~ con be tntll:luzcd arbttranly. u'tng any •nteger from 0 to 
1048575 in tho: mom program. The dioadvanl!tge.' arc thal the u~r must remember 
to ioitiahLe I (or who1~vcr I • ~ called tn the mniTI program) properly from 0 w 
1048575, and that I ntlli> l b~ 141 alone be&w,·cn bUbscquent ca lls, 

An example or the use •11 version 2 ~~ g1ven !n II)() following progrsm, \Vhich 
prints the first 70 random :;nrnples corre.sponding with the ahtwc list of integers. 
Smc~ 1 is imllalizcd to 12:\57 in !Ius example. the rc~ulh are the snm.: as if the first 
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Applicauons 

\_er\llln Jbo-e ~ere l»ed. The: program and ~ulb .. re ..,. lollo~s: 

Oi;l)o,~l\~ 1r:,~, ClN!'IJl.;)UlP'J' I 
C-PRIN' IU icAt,OQI'\ N~ PIBiRf. 

' 

Dl!-~Ero$1011 C!c 701 
[•123~7 
ilC! ' .1• I . 10 

1 RIJI•RANOOPilrl 
""WH ~.R 

~ FORI'I\ t tlfS ~I 
SI!JP 
[":, 

= ... ••C ~h)'' ~ANt "'t ') 
: ;,>QAS• I•I 
j·l ''''O•&s7LI· Io•asro 
'!At.l>f)I'\•Fl(IA!Il•I>II048S77 ·•' 
REtURN 
£.N[I 

12~532 
.93(1929 
,(\(IJ~ IS 

.•no2s 

.)'l3Z9S 
. '<t .. ]0~ 
.o-SJJG 
, 419DC3 
41S'86 

.b678?£i 

.712071) 

./S0\82 

.1BS7SO 

.68955' 

.l1f>b04 
7£.31~£ 
a~SO>O 

.er.osa> 

.SOlHJ 

.80261~ 

Part IV 

In the cuse of version 2. we note again that the penod of the random ~cqucncc is 
1.04R,576 samples rcgard tcs' ul the initial vaJuc of I 

PROPERTIES OF THE RANDOM SEQUENCE 

Som.: propenies of the random sequence ate sho"'n cn the figures betow. Ftrst. 
Fi~urc A.t shows roughly how the ampli tudes of MlbMcqucnces of length tO.(}()() uru 
diStributed. For each or the 100 \Ucccssive ~~~b~cqucnc~~ or lcoglb 10.000, u hi~ to• 
gram wu$ plolled. Each h1~togr.1m has lO cells 10 the runge from 0.0 to 1.0. and 1111 

100 lu~tograms are plollcx.l togccher tn figu~ '-\ I The ordinate in F•gure /\.I •s 
relutl\e fr~ucncy, so th:u 0 I 1\ the 1deal ordinate \lllue y,n h 10 cells. We: ciUI ~ 
that there are no large CAt.UT\Il>n> from the adeal '•luc Figure \2 i> simiiJr cAcept 
th .. H the \cqumce lenglh" 512 m-ce.Jd of IOJIOO. In F1gurc J\.3, v.t hJ\C: .J pl(ll of 
the" ... hite noi.~" wa\cform obta1ncd by plotting the f11\t 1000 sample~ of 

,\ (Nl RAN DOM( ) - 0.5 (A.7) 

:cnu "c ootc: io tbe figure the r:lnuomncss or the ~cquence. and that the mean ~~ 

11ppro\lm:t 1e1~ 2:ero. 

Appendox.A A Ponable Random Number Generator 463 

The auto.:oncbuon fuocuon of the fiht 132.000 !kitnplo of \ '( ") in (A. 7t. 
gt\·m b" 

U:!»Jlt 

E.- I \ 1\N) 
N•l 

I 132,00!1 

R( K )= E [ \'(N) .\(N 1 K ) 
·''• l 

(A.8) 

is plotted 10 Figure /\.4. The nornml11;ng factor, £. assure> RIO) - 1. and ""e note 

0'-r----------------------------------~ 

j 
J .. 
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464 Appl•catoons Part IV 

F1gute A.3 A piN.,( lhc fin<t IUOCI >umpl~:> ol RA.'IDOM ( I 0.~ 

that R{l) through R(IOO) are clo~e enougb to nro to allow us to ~uy thai thl! 
surnplc,.l .\'( N )). ure uncorrelated, that is. independent. A >inular plot for the ncM 
132.000 ~umplc> 1> prc;,ented m F1gure A.5. Agam. R(K) 1S te. .. s than 1'{. of R(O ). 

rn Figure A.6 ~e have a power ;pl'Ctrum o( tht entire random 'equencc 1ltc 
power spectrum I' oomputed al 513 poiots ~follow~: 

1 ll'Z' 1 
P(m} 

1024 
~~u Fdmll m - 0,1, .. 512 (A I)) 

50 

L>9 

/G !00 

Figure A.4 i\UI<lCI•rrelaiiM (uocti>m ol lh<' fin.l 1 J2.u(l(l ""'"Ph'• ,,( I~ANDOM 
I ) II~ 

j 

AppendiX A A Portable Random Numbef Generator 

001 -rr--------------------------------------, 

I 

I om:~~~ ~~1 

Figure A,S Aut.~~;ollt<IMII<•n l11n•tl"nnl th• '"''~"'' 112.tJ(l(J $Ompl"" u[ 
RANDOM ( ) (1.~ 

465 

£:tch term m _(A.9) •.:. a periodogrnm wmponen1. that is, the -.quureu magnitude of a 
doscrete Founer tromform (OFI) C<lmpuncnl. ·n1e 1024 OFT) urc computed from 
successive nonoverlapping bloch '" I he r:mdorn number 'tquence m (A. 7), X(O) 
lhroug.b X(1048575), as follow•. 

lUl l 

F~(m) • E X(l024k- n)•• :••• •o-u 

100-r--------------------------------~ 

";" so- ­.. 

D 

.... 

"' 
Ftg.Urll A.6 l'ow.:r 'l"'•lrum nf lh\' fdii<IIHn "YUCIIW t-htnln\'J b\ .. ,.~rupn& '"" 
penod<>gr•lm.' .,r 1024 nonM<rlupJ>InJI .. t.nt~·n l>. t•><h "r 1<11~lh 1014 Th< '''f'l"'"J 
value I> ~; l 

(A.IO) 
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FrtoqUt'ntY lndex lm1 

F'I$1U,. A.7 Mn•11num •nd marumum power sprc1~ or 102 kQUcnut<, cnoh <lf 

hmr.th 10.240 

Pan v 

1l1u• I 1gure A 6 i~ an 3\'crage pt<riode>g1'311l. and we note th!lt the plot h reasonably 
Oat aver the complete range of frequrocie,"- Since the vanance or o unif~•rrn 
dbtnbuuon 1S 1/12 of iu range. we can also note that the theoretl\:al ~p«tral "aluc 

1n t-•gurc A.6 '' 

E(F,(m)] = 1024£(X2(n)J 

= 1024(1/1~) ""85.3 (A 1\) 

The: 1rc:cuvl compooeob w Figure A.6 are all do~ to this C\p«tC\1 \:Jiue 
hnwly. io f1gurcs A 7 and A.8. v.-e have compared RANDO\l wuh RANI­

the l DC-601l0 random number routinec For tlus companson a random ~ucnce of 
1,044,480 umrles was p.mmoned into 102 segments. each or length 10.240 A 
J'O"Cr \pcctrum "ii.S oomputed for each segment as descnheJ 10 coonecuon w1th 
(A.91 and (A 101. USing 10 tn~tead of 1024 noooverl:lpping blocl..~ for each sequence. 
The m:uumum llnd msn1mum of the set of 102 spectral value:, at cnch frequency 
1ndCA 11 then pluucd 1n Figure A.7 for RANDOM. and m Figure A.8 for RANr . 
Ustng this compari:.on, we do not notice a significan1 difference bclwc:.-cn 1he twQ 

rouunes 
We wocludc thai the properties of RANDOM are snusfa.:mry Cur \tgnl.ll 

proc~:s~ing aprtic:atit•n~. Olhcr th:m the relativcly ~hort perioll t \01
' ~ampl cs}. the 

only J..nown shortcomtng of RANDOM is the relatively long execution tim~ of the 
I·ORTRAN version~ given above. which may be regarded as the price or pcmabili ty. 
For example. u DO loop that generates 10j random samples rcl.juircs an uverng•• of 
2.5~ .1 u~ing version 2 or RANDOM on the CDC-6600. vs only 0.47 1 for 1he library 

AppendiX A A Portable Random Number Genetalor 

•,-------------------------~ 

Figure A.& SaOI~.&> Fi&ur< A.1 .. ith RANDOM ttplu,c..t b~ RANP, lheCDC·OW(l 
random nun1htt ro\11&n•; 

467 

routi~c, RANI~. on the same machine. The longer time could, e>f course, be reduced 
b~ usmg machtne language rode. 

REFERENCES AND ADDITIONAL READINGS 

L D . E. Knu\h, n.~ Art of C0111pWtt l'n•grunamtng Stmtrwnu,,coJ Alpitlrms Vol 
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2. L Sl:hta!<=. '"A ~1urc 1\lru.!lle F<•rtr.ul R.an.lnm !loumber Gcoentor." .1 C.\f Tnvn. "" 
MaU. Scfrw.uu. pp ll~ 1311. JUlie 1979 

3 S. ~- Stu~. A Pnrrablr l<und.lm ~·~'rMc' CIMtratrlf f<•r (Ju 111 SrK'/(Jf Pro.osrng. S:lndra 
NatJooallaboratoncs S.'\ND 81 - 1933. Cktobn 1981 
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A 

Acoustic interfer·ence, 338 
Adapt, 3 
Adaptation, l , 6, 15 

lime conStant oJ, 85 
Adaption, 1 
Ad aptive antenna, 315- 16, 347- 49 
Adaptive beamforming, 368, 409 

with a pilot signal. 383-404 
Adaptive control systems, 270 
Adaptive deconvolution, 231 
Adap tive equalization, 231 

of telephone channels, 244 
Adaptive filter, form o[. l7 
Adaptive interference canceling, 302 
Adaptive inve.rse c-ontrol, 280, 292 

examples of, 285 
Adaptive inVerse modellng. 231, 280 
Adaptive lattice predictor, 173-82 
Adaptive line enhancer. 354- 61 
Adaptive linear combiner, 1, 15 
Adaptive model oontrol. 27l 
Adaptive modeling. 195 

in control systems. 271, 280 
in FIR filter synthesis, 212 
in geophysical exploration, 209 
of a muftipatb cbannel, 200- 20& 

Adaptive noise ":ancel:iog. 302 

Adaptive predictor, t2. 115, 173-82, 
349- 51 

Adaptive recursive filters. 154-61 
Adaptive systems, J 
Adaptive transversal filter. 16 

compared wilb lattice, 178- 79 
All-pole lattice structure. 168- ·ro 
All-zero lattice structure, 169- ?1 
AMC,271 
Amplitude gain, defined. 123 

in an array, 374 
A menna sidelobe interference canceling, 

347- 79 
Array. adaptive, 315- 16, 347- 49 

per[ormance characteristics of, 409- 12 
A!ray gain and phase formulas, 374 
A\Jtocorrclation, 128- 31 

B 

Back.ward prediciioo error, 172 
Bandwidth, of uotch filter. 320 
Berunwidtll, 3-db, 445. 451 
Bias weight, 17, 283, 323 
Blood prcssUI<: regulating system, 272 
Broadband array pilot-signal e11periments. 

399-404 
Broadband signals. array for, 390 

469 
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Ca~Wtli\y cffl'CU. 236 )7, 324 
Cha.ractcri~tic equauon. 34 
Clo~·loop adaptauon. 6. 9 
Cloud 's patent, 109 
Commurucauoo cbannel. adapuve 

modeling of, 200 208 
cqu(lhl..,llon or. 244 

Controllt:r. 270 
Convergence, Newwn·~ method 56 

example or. 103 
or LMS a:gorithm 101 - 2 
parumctcr. 411, SO, 55, 57, 59, 100. l02. 

143, 146, 152, 156, 176 
wtg)e-weight, SO 
steepest-descent method. 56- 60 

Convcr~o~on. linc:u- fom1 to lntttce form, 
164 6j 

Correlauoo runc11ons, 128~31 
Correlauon mlltnx. 20 
Cost runcu011, m FIR filter synthCSJS. 214 
Covan.IOI..'e 0181nlt or gradient 

esumate, 7S 
Covariance or \lol!l&hl \'telor. 79, 110. 146 
Crillcal da.mptng, 50 
Cros~-corre!Juon. 128 31 
Cro"·poWCJ pc:ctrwn. 128-31 

Dampmg, Sll 
Dcx:tbcl. 122 

D 

Dect ion-dLroctcd learrung. 248 
Deconvolution, 10. 11. 231 
Decorrelauoo or error IUld mput. 26 
Delay. usc or in modeling, 233 34 
Derivotive measurement, 66, 69- 71 
Descent method), 46 
DI!Si red rc~ponsc, 18 
Digital communication sy~tcm. modeling 

of, 200 208 
Dtrcct form. converston from lauice to, 

169 

tndell 

Direct modeling. J 96. 271 
Direcuvity pauem, 375 
Dispershc channel, 231. 244 
Distortion. tn adapuvc bearnforrnmt. 

429-42 
in mterference cancelmg. 314 

Dither signal, 275, 284 
Dithering of weight vector. 66 
Drift. 283, 323 
Duvall beamforrncr. 437-42 

E 

Earthquake predlction, syst.:m used in. 
363- 64 

Earth's impulse respons.:, adaptive 
modchng or. 210 

Echo cancellation. 339 47 
Eigenvalues.. 34, 4(1 
Eigenvectors. 34. 39 
Electroc:ardiology, cance:ltng interference 

in. 329- 37 
Equaliz.atton. 10, 11. tll~. 2J I 

oftdepbonec~1nnc~. 244 
Equation error. tn bc:amforrmng. 420 21J 
Equation error. m modehng. l52 
Error signaL 18 
Error surface. (Ju PerforrnaocesurfJ&;c) 
Exact least squares algonthnu, 186 
E.'<cCSS mean-squa~ error, SO 87 

in adapm·e moddmg. 197 
Exponential memot), 148 
Eye pattern. 248 -49 

F 

Feedback controL 270 
Fetal electrocard tography, 334 
Filt~r, self-tuning adaptive, 35 1 .54 
Filtc red-x LMS ulgorithm, 288 94 
Filter length effect!', 236- 37, 324 
Filter syntbesh, FIR, 212 

JlR. 150 

lndell 

Flllitc 61ta length elfecu.l36- 37. 324 
F1 R adaptive filter, l7 
FIR filter synthesis. 212 - 2.5 
Folding frequmcy, 123 
foN-ard modeling. 195 
f o rward predicuon error, 112 

minimized, 114 
Forward-time calculation, 274 75 
Fourier t:rmsform. 128 
Frequency. symbols for. U2- 23 
Frequency-hop techmques. 442 
frequency responSe, 122 
Frost beamformer. 4l.5- 18. 433- 38 

G 

Genetic optimizer algonlhm. 163 
Geometri.c ratio, 49 
Geophysical exploration. adapuve 

modeling in. 209 
Gradient. 11, 24 

estimation of, 66. 100 
m IIR filters. 158 
noise in, 75- 79 

Gram-Schmidt orthogona.liullJon, 183 
Griffiths beamformer, 412- 14 
Griffiths-Jim bellnforrnc:r. 418 20. 435 36 

"'"t.h poles. 420-29 
Group delay, 231 

H 

HARF algorithms, 157- 58 
Hean-transplant mterfercnce canceling. 

330-34 
High-pass filter, 323 
Howells-Applebawn sideJobe canceler 

)69, 432- 34 

IIR adaptive filtm, 154- 61 
IIR filter synthesis. 250 

IIR LMS algonthm. 156 
Impulse rc.sporue. U4 
Input correlation matn'-. 10 
Interference cancelmg. 10. 11. 302 
lnters)'mbolmterfe:nmcc. 244 
Inverse cootroL 280. 292 
Inverse liltcnng. 10, 188, 231 
ln~er..e matm, two-by-two, 144 
Jnvcl)e matrix product. 26 
Inverse mode!Jng, LO, 11.231.271,280 

general description of, 232-36 
Inverse ~·transform, 126- 21! 

L 

Ladder Corm, 168- 69 
Llllltce elements, 166, 169 
Latllcc form, comparison with FIR, 

178 79 
c:onversion Crom, 169 
c:onvc~on to, 164 65, 169 

471 

Llltuce $Cquential regression algonthm 
181 

Lai\1\.'C structures. 164- 82 
Leak)' LMS algorithm. 376-79, 456 
Leammg cune.. Sl- .52 

latuce, 179 
LMS. 107 9 

Lust-mean·squarcs algonthm, 99 
Left-banded soquenoes, ll9 
Ltne enhan~. 354-61 
LJ.ncar randorn-~cll algorithm, 162 
Lane..r-phase liltcrs, adapuve design of, 

219. 225 
LMS algorithm, 99, 274 

for a lntucc, 175 76 
for recursive filters, 14l. 154-61 

LMS-Ncwton algorithm. 142-47 
properties of, 145- 47 

u.cnl mtnimu, 54, 135- 36, 154 
Long-distance telephone echo 

caoccllallon, 339-47 
Low-frequency drift c.anc:ella.tion. 283. 

J:n 
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472 

Low-pass FIR filter, adaptive desigu or. 
225 

Low-pass HR fi lter, adaptive design or. 
253 

LRS algorithm, 162 

M 

Ma1ernal ECG in terfe,rence ~ccling. 
334 

Matrix relationships, 26, 94, 144 
Maximum-entropy approach, 446 
Maximum-likelihood crilerion. 409. 416 
M«.<an-squarc error, expre.~sions for. 

l9- 20. 25, 54. 132, 133,173- 74, 
178 

Minimt~m mean-square error, 11. 236 
Misadjusunent, 87- 89 

LMS, 110- 12 
Iota!, 91 

Modeling, 10, 135 
forward, 195 
inverse. 231 

Model reference control, 294- 97 
Moment (of a statistical variate), 71 
Multipath channel, 200 
Multiple-input, 16. 198- 99 
Multiple jammers. 381 
Multiple-reference noise canceling, 327- 29 

N 

Narrowband array pllot-~ignal 
experiments, 394-99 

Narrowband signals, array for, 389 
Newton's method. 46, 52- 56 

compared with steepest descent. 89 
in multidi.Jllensional space, 54 

Noise-canceling, (see Interference 
canceling) 

Noise in gradient estimate, effect on 
weight vector, 75- 79 

Index 

Noise in gradient estimate, With LMS 
algorithm, 100, 105 

Nqnquadratic error surface, 54, 135- 36, 
141. 154 

Nonrecursive adaptive filter. 1$ 
Nonrecursive filler. 120 

synthesis of, 212- 25 
Non-Wi.ener behavior, 311, 429 
Normal form of R-matix, 34 
Normalized frequency. 122-13 
Notch filter, 316 

adaptive design of. 225 
Nyquist interval, 123 

0 

One-step convergence, 49- 50, 53, 143 
Open-loop adaptation, 6 
Optima! delay, in inverse modeling, 236 
Optimal lattice weight, 174 
Optimal transfer function, 234, 307 
Optima! weigh1 valu~ 234 
Optimal weight vector, 22 
Onb.ogooal error and input signals, 26 
Orthogonal signals. 182- 86 
Orthogonalization, using a lattice, 184-8.5 

using the DFT, 183-84 
Orthonormal Q-matrix. 35 
Ov.erdamping, 50 

p 

Parabolic mean-square error, 40, 47, 66 
Performance feedback, 7, 63 
Performance function, 19 

or a linear systt:ro. 131 - 37 
Performance penalty, 68- 71 
Pe(formance surfac~, 1. 20, 33 

expressions for, (see Mean-square 
error) 

lattice, 177- 78 
~earching, 46 

l 

Index 

Periodic interference, canceling.. 329- 30. 
349- 51 

Perturbation, 68- 69 
LMS, l12 

Phase compensator, 261 
Phase shift, defined, 123 

in an array, 374 
Pjlot signal, in adaptive beamforming, 

383-404 
Plant, 195, 270 
Plant drift. 283 
Plant noise, 196, 288 
Poles. adaptive beam formers with, 420- 29 
Power gain, defined, 123 

in an array. 374 
Power-line interference canceling. 329 
Power spectrum, 128- 31 
Prediction errors, lattice, 172 
Predictor. adaptive. 11- 13, 115, 173- 82, 

349- 51 
la!iice form of. 172- 82 

Primary input S,ignal, 303- 4, 370 
Principal axes, 38, 39 
Pseudofilter. 212, .250 
Pseudorandom sequence. 201 

Q 

Q factor, 320 
Quadratic error function. 20 
Quan tizer, in adaptive equalizauon, 247 

R 

Random number algorithms. 461 
Random number generation , 459- 67 
Random number sequence, properties 

of. 462- 67 
Random-search algori thms. 161- 64 
Rayleigh criterion, 445 
Receiver noise, in adaptive arrays, 370 
Reciprocal poles to achieve stabili ty, 

258- 60 

.Recursive adaptation algorithms, 156, 
153. 159 

Recursive adaptive filters. 154- 61 
Recursive filter, 120 

synthesis of, 250 
Reference input, 3021 J04 

sigllal componen ts in, 311- 16 
Reference model, 295 
Residue theorem, 127 
Right- and left-handed sequences. 119 
Rotation of coordlnates, 40 

s 

473 

Sampling frequency. in radians, 122- 23 
Searching !he performance surface, 46 
Seismic exploration, adaptive modeling 

in, 109 
Self-tuning adaptive filter, 351- 54 
Sequential regression, algorithm, 141. 

147-53, 158- 6\, 180- 82 
lattice. 180- 81 

SER algoritlun, (see Sequential regre>SSion 
algorithm) 

SHARF algorithm. 157- 58 
Sidelobe interference canceling, 347- 49. 

369 
Signa! distortion, 314 

in adaptive beamforming, 429-42 
Single- input. 16 
Spatial array configurations, 388 
Speech signals, 1 81 
Speech signals. cancelin.g noise in, 337 
Spread-spectrum technique.s,100, 442 
Stability and rate of convergence. 49-50 
Stabllity of a linear system. 124 
Stability triangle, 160- 61 
Stationary signals, 30, 306 
Steepest descent, 46, 56- 60 

compared. with LRS. 162 
compared with Newtop's method, 89 

Superre.~olution, 445- 55 
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Synthesis. o! FIR filters, 212 
of IIR filters, 250 

System identification, 10, 11,135. 195 

T 

Telephone channel, equalization of, 244 
Telephone echo cancellation, 339-47 
Three-multiplier lattice element, 169 
Time constants, 82- 87 

LMS, 107, 112 
Time index, 19 
Total m.isadjustmcnt. 91 

with LMS algorithm, \12 
Trace of R-matrix, 70. 102 
Tracking Lhe minimlll'n MSE, 30 
Transfer funation, defined, 121 
Translation of coordinates, 40 
Transv~;rsal filter, 16-17 
Two-multiplier lattice element. 166 

u 

Underdamping, 50 
Unity feedback, 270 
U-I.Tansform, 128. 

v 

Variance, 71- 75 

w 
Weight., 15 

lattice, optimal, 174 
Weight adjustment. 15 
Weight vector. 17 

covariance of, 79, 110, 146 
noise in, 79, 11 0 
optimal. 22 

White ooise, example of. 462-64 
properties of. 135 

Index 

Wiener-Hop( cqua.tion, 22 
Wienerleasr-squares solution, 22. 234. 

288 

z 
: -transform, 117- 18 
Zero-order hold, .273- 74 
Zone of silence. 300 

-




