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PREFACE 

This fourth edition has the same objective as the three prior editions, 
namely, to provide a text and reference book that summarizes in easily 
understandable tenns those principles and techniques which are the 
basic tools of the electronic and radio engineer. In keeping with current 
trends, increased emphasis is placed on the general techniques of elec­
tronics, without regard to the extent of their use in radio systems. This 
change is reflected in the new title, "Electronic and Radio Engineering," 
which is more descriptive of the subject matter actually covered in the 
present volume than is the previous title, ,.Radio Engineering." 

The keynote continues to be thorough coverage combined with a pree­
entation that allows the reader to study a particular topic without having 
to read the entire book. The level of presentation, particularly the 
mathematical level, remains unchanged. Thus the present volume is 
designed to serve as a text and reference for the same clientele that found 
the previous editions so useful. 

To keep pace with a rapidly advancing technology, new material has 
been added in practically every chapter. More than half the illustratiou 
are new, and all have been redrawn to conform to new graphic standards. 
A new chapter dealing with microwave tubes makes available for the fim 
time an explanation in simple language of the basic mechanism of oper­
ation of traveling-wave tubes and backward-wave oscillators (carcino­
trons). In the treatment of wideband video and tuned amplifiers, 
primary emphasis is placed on the rise time, overshoot, and ug, since 
these characteristics are more indicative of the performance under actual 
conditions than is the older approach in terms of amplitude and phase 
behavior as a function of frequency. The material on nonlinear wave­
forms and pulse techniques has been greatly expanded to provide more 
complete coverage of this important aspect of electronics. The chapter 
on television has been thoroughly revised, and a compact and simple 
explanation is given of the system of color television now standard in the 
United States. Increased attention is also placed on propagation 
phenomena involving the troposphere. 

Of particular importance is the chapter on Tranaiators and Related 
Semiconductor Devices, one of the longest in the book. Here is pre­
sented a simple, straightforward explanation of the basic phenomena 
occurring inside the transistor, and of how these phenomena lead to the 
terminal characteristics. This treatment is such that it can be under­
stood by undergraduate students; at the same time, it is sufliciently com-
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vi PREFACE 

plete and fundamental to provide a firm foundation for further study of 
this new and very important subject. 

Special attention has been given to the needs of the teacher. Because 
of the growth of electronics, it is no longer possible to cover every impor­
tant topic adequately in a one-year course. 11 Electronic and Radio 
Engineering'' provides the instructor with an opportunity to select those 
topics which he himself wishes to emphasize, and at the same time pro­
vides the student with a reference book of comprehensive. coverage and 
continuing value. It will be observed that the book breaks down into 
three distinct parts, namely, a group of chapters dealing with circuits, 
(components, resonant circuits, transmission lines, waveguides, and'. 
cavity resonators); a group of chapters concerned with the fundamentals 
of electronic engineering (vacuum tubes, transistors, amplifiers, oscil­
lators, modulators, detectors, nonlinear waveforms, etc.), which are the 
heart of the book; and a concluding group of chapters concerned with 
radio systems and radio engineering (antennas, propagation, transmitters, 
receivers, television, radar, and radio aids to navigation). Thus an 
instructor can, if he desires, concentrate on the material concerned with 
fundamental electronics and regard the remaining subject matter as 
available to the student, should he need to extend his knowledge at a 
future date. • Alternatively, the instructor can choose to cover a series 
of selected topics, for example, waveguides, wideband systems, pulse 
circuits, television, etc. Another possibility is to concentrate on the 
material concerned primarily with radio systems. Many other combi­
nat,ions, are, of course, possible. 

An important feature for the teacher is the more than 1250 ProbJems 
and Exerrises. Many of these involve numerical calculations, hut more 
than half of them are thought que'ltions that will require the student to 
give further consideration to topics covered in the text. Such Exercises 
can be used to extend and solidify the student's knowledge; they are also 
suggestive of questions suitable for use on examinations. The number of 
Problems and Exercises is so 1arge that, the same problem need not be 
assigned to a class more often than once every two or three years. 

The rollahorators listed, on the title page have made important con­
tributions tot he preparation of this volume. Dr. Helliwell worked on the 
sections dl"o.ling with ionospheric propagation, and Dr. Pettit is in large 
measure responsible for the general rharacter of the chapter dealing with 
transistors and semiconductors. The treatment of traveling-wave tubes 
and backward-wave oscillators is due to Dr. Watkins. William Rambo 
prepared the background material used in revising the presentation on 
radar. In addition, acknowledgment is made to Dr. B. H. Wadia, 
Bruno Ludovici, and Arthur Vassilaides, graduate students at Stanford, 
for assistance in preparing illustrations. 

FREDERICK EMMONS TERMAN 
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CHAPTER 1 

THE ELEMENTS OF A SYSTEM 

OF RADIO COMMUNICATION 

1-1. Radio Waves. Electrical energy that has escaped into free space
exists in the form of electromagnetic waves. These waves, which are 
commonly called radio waves, travel with the velocity of light and consist 
of magnetic and electric fields that are at right angles to each other and 
also at right angles to the direction of travel. If these electric and 
magnetic fluxes could actually be seen, the wave would }:µIve the appear­
ance indicated in }'ig. 1-1. One-half,.of the electrical energy contained 

IOI FRONT VIEW 
THROUGH PLANE 011 

lbl SIDE VIEW 

1''10. 1-1. Front and side vit>wa of a vertically polarized wave. The ao.lid lines repre­
sent electric flux; the dotted lines and the circles indicate magnetic flux. 

in the wave exists in the form of electrostatic enrrgy, while the remaining
half is in the form of magnetic energy. 

The essential properties of a radio wave are the frequency, intensity, 
direction of travel, and plane of polarization. The radio waves produced 
by an alternating current will vary in intensity with the frequency of the 
current and will therefore be alternately positive and negative as shown 
in Fig. 1-lb. The distance occupied by one complete cycle of such an 
alternating wave is equal to the velocity of the wave divided }>y the num­
ber of cycles that are sent out each second and is called the wavelength. 
The relation between wavelength >. in meters and frequency f in cycles 
per second is therefore 

'\ 300,000,000 
" = 

f 
(1-1) 

The quantity 300,000,000 is the vel<><:ity _of light in me� per second.
The frequency is ordin&rily expressed m kilocycles, ab�viated kc, or in 
megacycles, abbreviated Mc. A Jo_w-frequency wave 18 aeen from Eq. 
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2 SYSTEM OF RADIO COMMUNICATION 

(1-1) to have a long wavelength, while a high frequency corresponds to &
short wavelength. 

The strength of a radio wave is measured in terms of the voltage stress
produced in space by the electric field of t�e wave, and it is usually
expressed in microvolts stress per meter. Smee the actual stress pro­
duced at any point by an alternating wave varies sinusoidally from instant
to instant, it, is customary to consider the intensity of such a wave to be
the effective value of the stress, which is 0. 707 times the maximum stress 
in the atmosphere during the cycle. The strength of the wave measured 
in t.erms of microvolts per meter of stress in spac:e is also exactly the same 
voltage that the magnetic flux of the wave induces in a conductor 1 m 
long when sweeping across this ronductor with the velocity of light. 

The minimum field strength required to give satisfactory reception of a 
wave depends upon a number of factors, such 88 frequency, type of si gnal 
involved, and amount of interference present. Under some conditions 
radio waves having signal strengths as low 88 0.1 p.v perm are usable. 
Occasionally signal strPngt,hs exreeding 1000 p.v per m are required to 
ensure entirely sat.isfactory reception at all times. In most cases the 
weakest useful 11ignal strength lies somewhere between these extremes. 

A plane parallel to the mutually perpendicular lines of the electric and 
electromagnetic flux is called thi;, wavefront. The wave always travels 
in a direction at right angles to the wavefront, hut whether it goes forward 
or backward depends upon the relative direction of the lines of magnetic 
and electric flux. If the direction of either the magnetic or electric flux 
is reversed, the direction pf travel is reversed; but reversing both sets 
of flux has no effect. 

The direetiun of the electric lines of flux is called the direction of 
polarization of the wave. If the electric flux lines are vertical, as shown 
in Fig. 1-1, the wave is verticaUy polarized; when the electric flux lines 
are horizontal and the clectromagnctjc flux lines are vertical, the wave 
is horizontally polarized. 

Propagation of Radio W avr, of Different Prequenciea. As radio waves 
travel away from their point of origin, they become attenuated or weak­
ened. ThiK i11 duu in pa11t to the fact that the waves spread out. 

In addit.ion, however, energy may be absorbed from the waves by the,
�round or by t.he ionized regions in t,be upper atmosphere termed the
1on08phcrll, aud U1e waves may also he reflected or refracted by the iono­
sphere, or by conditions within the lower atmosphere, or by the ground.
The !esulting situation is quite complex and differs greatly for radio waves
of different frequencies, as shown in Table 1-1 which summarizes the
behavior of dilTurent classes of radio waves.

' 

. 1-2. Racii_ation of Electrical Energy. Every electrical circuit carry­
ing alternating current radiates a certain amount of electrical energy in
the form of electromagnetic waves, but the amount of energy thus radi-
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Sac. I-!) RA.DIA TION OF ELECTRICAL ENERGY 3 

ated is extremely small unless all the dimensions of the circuit approach 
the order of magnitude of a wavelength. Thus, a power line carrying 
60-cycle current with a 20-ft spacing between conductors will radiate 
practically no energy because a wavelength at 60 cycles is more than 
3000 miles, and 20 ft is negligible in comparison. On the other band, a 
coil 20 ft in diameter and carrying a 2000-kc current will radiate a con­
siderable amount of energy because 20 ft is comparable with the J 50-m 

Cluo 

Very low Ire-
queney (VLF) 

Low lrequeaoy 
(LF) 

Medium Ire• 
quency (MF) 

Hiirh lreque,aoy 
(HF) 

Very hi,ib Ire-
qu�noy (VHF) 

Ultra-high fro-
queaoy (UHF)• 

Super-hlld> Ire-
queney (SHF)• 

TABLE 1-1 

CLASSIFICATION 01'' RADIO WAVES 

Frequency Wavelealth Pro-lion eh..,..&erialiea 
...... .... .. 

.. 

lo-30 ko 80,000-10,000 Low attanuat.inn at all timeo 
m of d11y and of year; oh11rac-

teoriatiea vary relillhle 
80-300 ke 10,000 1000 Propaptlon at ni1ht ■imilar 

m to VLF but ■li•h&ly le■■ 
ntl.iab1e; daytir11e ahaorp-

tlon 11t111t•r than VLF 
300-3000 kc 1000-100 m Attenuation low at nlaht 

and high in daytime 

3--311 Mo 100--10 m Tran11nUIIUon OTer oon11ider• 

able diatanee deJN9nd11 

af>lely on the ionU111,here, 

and 1,0 varies area,tly with 
time of day, eeuon, and 
frNJ.ueney 

80-300 Mo 10-1 m Subotantially otr&illht-Ji..., 
propaption analo11:0111 to 
tl�at or Juir:ht W&V911j UD-

allecled by iuno■phere 

300--3000 Me 100-10 CID Same 

3000-30, 000 10 1 cm Sanae 

Mc 

Typieal .... 

Lon�iatanoo point-
to-point oummuaiea• 
tion 

Lons-diatanee point-
to-point ■er\'Ult', m&-
rine, naviptional 
aid■ 

Broadoulin1, naarlne 
cosnn1uuira.tion, 

naviaation, harbor· 
telephone, et<,. 

Moderate and Iona• 
dmtance oommuaia&-
tion of •II lypea 

Short-diotanoe oom• 
mun.ioatlon, televi .. 
■ion, frequency mod ... 
ula.Uon, radar, air-
plane n&viaation 

Shorl-diatanoe oom-
munlcation, radar, 
rola.y oyete- televi-
aion, ate. 

:aa.dar, radio relay, 
navigation 

• Frequf'noiee bil'her than about 2000 Mc are frequently rPfnrred to u microwave frequenciN, 

wavelength of this radio wave. From these considerations it is apparent 
that the size of radiator required is inversely proportional to the fre­

quency. High-frequency waves c:au therefore be prod11ced· by a small 
radiator, while low-freque.ncy waves require a large antenna system for

effective radiation. 
Every radiator has direr.tional characteristics as a result of which it 

sends out stronger waves in certain directions than in-others. Directional 
characteristics of antennas are used to concentrate the radiation toward 
the point to which it is desired to transmit, or to favor reception of energy 
arriving from a particular direction. 
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4, 
M OF RADIO COMMUNICATION

SYSTE 
(Ca.u-.1 

. Control of Radio-frequency Power. The radio-
1-3, Generation 

an� d b a radio transmitter is practically always 
frequency power reqmre 

t / oscillator or amplifier. Vacuum tubes can
obtained from a v�cuum- u e 

rgy for all frequencies from the very lowest
convert d-c power mto a-c 

hi
e
?

e

h r Under most conditions the efficiency
30 000 Mc or even g e · · · hb hood f 50 up to 

' ' sf t· n takes place is m the neig or o 
with which

h

�h

h

is tran
A
i°[::qa

u
::cies up to well over 1000 Mc, the amo1,mt ofper cent or 1g er. 

l □

to-I TELEGRAPH CODE SIGNAL 

CAflflt£fl 

AMPLITUDE 

ll>l RADIO WAVE AFTER MODULATION BY 
TELERAPH CODE SIGNAL 

C? 
Cdl SOUND VIBRATION 

(e I RADIO WAVE AFTER MODULATION BY 
SOUND VIBRATION 

MODULATED WAVES AFTER RECTIFICATION, 
SHOWING AVERAGE VALUES 

Fro. 1-2. Dia.gram showing how a signal may be transmitted by modulating the 
amplitude of a radio wave, and how the original signal may be recovered f!"m the 
modulat�.d wave hy rectifi<:a.tion. }'or the sake of clarity the radio frequency 18 shown 
as being much lower than would usually be the case. 

power that can be generated continuously by vacuum tubes is of the order
of kilowatts. •. 

Modulation. If a radio wave is to convey a meBB&ge, some feature of 
the wav,.. must be varied in accordance with the information to be trans­
mitted. One way to do this, termed amplitude modulation, consists in 
varying the amplitude of the radiated wave. In radio telegraphy, this involves turning the radio transmitter on and off in accordance with the do� and dashes of the telegraph code, as illustrated in Fig. 1-2b. In radio-telephone transmission by amplitude modulation the radio-fre­quency wave is varied in accordance with the pressure of the sound wavebt:in� transmitted! as shown in Fig. 1-2e. Similarly in picture trans-11ll8Slon, the amplitude of the wave radiated at any one time is made
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RECEPTION·OF RADIO SIGNALS s 

proportional to the light intenaity of the part of the picture that is being 
transmitted at that instant. 

In�lligence may be transmitted by other meana than by varying the 
amplitude. For example, one may maintain the amplitude �t· and 
vary the ��uency that is radia� in accordance with the intelligence,
thus obtaming frequency modulation. This results in a wave 111ch aa 
shown in Fig. 1-3b, which is to be 
compared with the corresponding 
amplitude-modulated wave of Fig. 
1-3a. Frequency modulation is 
widely used in very high-frequency 
communication systems. 

14. Reception of Radio Signals.
In the reception of radio signals it 
is first neceaaary to abstract energy 
from the radio wave passing the 
receiving point. Any antenna 
capable of radiat,ing electrical 
energy is also able to absorb en­
ergy from a passing radio wave. 
Thia occurs because the electro­
magnetic flux of the wave, in cutting 
acroaa the antenna conductor, in­
duces in the antenna a voltage that 
varies with time in exactly the same 
way as dOl".s the current flowing in 

� 
IOI AUPLITIIDE•IIIODUf.ATED W,V£ 

lbl SAUE INFORMATION TRANSMITTED BY 

FREOUENCY • MODULATED WAVE 

Fm. J-3. Character of waves produced by 
o.mplitude modulation and by frequem:y 
modulation, where the modulation i11 
ainuaoidal in both caaes. For the sake 
of clarity the radio frequency ia shown 
much lower than would U8Ually be the 
CBIIC. 

the antenna radiating the wave. Thia induced voltage, in aaaociation 
with the current that it produces, represents energy that is absorbed from 
the passing wave. 

Since every wave passing the rp.ceiving antenna induces its own voltage 
in the antenna conductor, it iN necessary that the receiving equipment be 
capable of separating the desired signal from the unwanted signals that 
are alao inducing voltages in the antenna. This separation is made on 
the basis of the difference in frequency between transmitting stations and 
is carried out by the use of resonant circuits which can be made to dis­
criminate very strongly in favor of a particular frequency. The ability to 
discriminate between radio waves of different frequencies is called 
aekctioity and the prooeaa of adjusting circuits to resonance with the fre­
quency of a desired signal is spoken of as tuning.

Although intelligible radio signals have been received from radio trans-­
mitters thousands of miles distant, using only the energy abstracted from 
the radio wave by the receiving antenna, much more satisfactory recep­
tion can be obtained if the recPlved energy is &mJ.'lified. This amplifica­
tion may be applied to the radio-frequency c�.:;nts before detection, in 
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6 SYSTEM OF RADIO COMMUNICATION [Cau-. 1 

hi h ·t ·s called radio-frequency amplification; or it may be appliedw c case1 u . . h' h . . [led d" th •tifiecl rurrents after detect10n, m w 10 ease it lS ea au 10-

to e re(, l'fi , k "bl h f amplifiration. The use of amp 1 cation ma es poss1 e t erequency d h · be satisfartory reception of signals from waves that wo�l ot erw1Se too
k to give an audible response. The only sat1Sfactory method ofwea 
lifying radio signals that has been discovered is by the use of vacuumamp 

b d' red ad' tubes or transistors. Before vacuum tu es were 1scove . , r 10 recep-
tion had available� only the e11crgy abstracted from the radio wave by the
receiving antenna. 

D,tection. The process by which the message being transmitted is
reproduced from the modulated ra_dio-frequency �urrent !>resent �n the
receiver is called detection, or sometimes dPmodulation. With amplitude­
modulated waves, detretion is a<'complished by rectifying the radio­
frt>quency currents to produ!'e a current that varies in accordance with 
the modulation of tht> received wave. Thus, when the modulated wave 
shown ate of Fig. 1-2 is rectified, the resulting current, shown atf, is seen 
to have an average value t.h11t varfr�s in accordance with the amplitude of 
the original signal. In the transmission of code signals by radio, the 
re!'.tified current reproducrs t.he dots and dashes of the telegraph code, as 
shown at Fig. l-2c, and could be used to operate a telegraph sounder. 
When it is desired to recPive the telegraph signals directly on a telephone 
receiver, it is necessary to hl'f>ak up the dots and dashes at an audible rate 
in order to give a note that can he heard, sinee otherwise the telephone 
receiver would give forth a succession of uni11tellig1blc clicks. 

The detection of a fr<:que11cy-modulated wave involves two steps. 
First, the wave is transmitted through a circuit in which the relative 
response depends upon the frequency. The wave that then emerges from 
the circuit is amplitude-modulated, since as the frequency of the constant­
amplitude input wave changes, the output amplitude will follow the 
variation of circuit transmission with frequency. The resulting amplitude­
modulated wave is then rectified. 

1-6. Nature of a Modulated Wave. A sine wave conveys very little
information since it repeats over and over again. When a wave is modu­
late�, �ither in amplitude or frequency, it is no longer a simple sine wave,
but 1� mstead a mixture of several waves of slightly different frequencies
supcrl"••Posed upon each other. The actual nature of a modulated wave
can be deiiuced by writing down the equation of the wave and making a
�athematical �6.alysis of the result. Thus, in the case of the simplesm�wave amphtud:' m�dul�tion shown in :Fig. 1-3a, the amplitude of ther�drn-frequency osmllat10n IS given by E = Eo + mE0 sin 2-trf,t, in whichEo re�rese�ts the average amplitude, f, the frequency at which the ampli­tude 18 vaned, an� m tho ratio of amplitude variation from the average tothe average amphtude

f 
which is called the degree of modulation. The
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SBC. 1-5) NATURE 01' A MODULA.TEI> WAVE '1 

equation of the amplitude-modulated wave can be hence written u 

e • E,(1 + m sin 2rf,t) sin 2-rft (1-2) 

in which f is the frequency of the radio oacillation. Multiplying out the 
right-hand side of Eq. (1-2) gives 

e - Eo sin 2rft + mEo sin 2-rf,t sin 2-rft 

By expanding the last term into functions of the sum and difference 
angles by the usual trigonometric formula, the equation of a wave with 
simple sine-wave amplitude modulation can be written in the form 

E . .� mEo mEo 
8 "'"' o 81D 2-r,t + 2 COB 'Jnr(f - f,)t - 2 COB 2,,,(/ + f,)t (1-3)

Equation (1-3) shows that the wave with sine-wave modulation consists 
of three separate waves. The first of these, represented by the term 
Eo sin 2-r/t, is called the carrier. Its amplitude is independent of the 
presence or absence of modulation and is equal to the average amplitude 
of the wave. The two other components are alike as far as magnitude is 
concerned, but the frequency of one of them is lees than that of the 
carrier frequency by an amount equal to the modulation frequency, while 
the frequency of the other is more than that of the carrier by the same 
amount. These two components, called sideband frequencies, carry the 
intelligence that is being transmitted by the modulated wave. The fre­
quency of the sideband components relative to the qarrier frequency is 
determined by the modulation frequency. The relative amplitude of the 
sideband components is determined by the extent of the amplitude varia­
tions that are impressed upon the wave, i.e., by the degree of modulation. 

When the modulation is more complex than the simple sine-wave 
amplitude variation of Fig. 1-3a, the effect is to introduce additional side­
band components. Thus, if the wave of a radio-telephone transmitter is 
amplitude-modulated by a complex sound wave containing pitches of 1000 
and 1500 cycles, the modulated wave will contain one pair of 1000-cycle 
sideband components and one pair of 1500-eycle sideband components. 

The analysis of a frequency-modulated wave is somewhat more com­
plex but leads to an analogous result. The principal difference is that the 
frequency-modulated wave not only contains the same sideband fre­
quencies as does the corresponding amplitude-modulated wave, but in 
addition contains higher-order side bands. Thus, if a wave has its fre­
quency varied at a rate of 1000 times per second, the resulting modulated 
wave will contain not only a pair of 1000-cycle sideband components, 
but in addition a pair ol 2000-cycle sideband components, possibly a pair 
of 3000-cycle sideband components, etc. The amplitude of these various 
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8 SYSTEM OF RADIO COMMUNICATION 

sideband pairs will depend upon the extent and upon the rate of frequency 
variation. 

Significance of the Sidebands. The carrier and sideband frequencies are 
not a mathematical fiction, but have a real existence, as is evidenced by 
the fact that the various frequency components of a modulated wave can 
be separated from each othllr by suitable filter circuits. The sideband 
frequencies can be considered as being generated as a result of varying 
the wave. They are present only when the wave is being varied, and 
their magnitude and frequency are determined by the character of the 
modulation. 

It is apparent that the transmission of intelligence requires the use of a 
band of frequencies rather than a single frequency. Speech and music of 
the quality reproduced in standard broadcasting involve frequency com­
ponents from about 100 cycles up to 5000 cycles; when modulated upon a 
carrier wave, the total bandwidth involved is therefore 10,000 cycles. If 
this entire band is not transmitted equally well through space, and by the 
circuits in both transmitter and receiver through which the modulated 
wave must pass, then the sideband frequency components that are dis­
criminated against will not he reproduced in the receiving equipment with 
proper amplitude, and a loss in quality will result. With telegraph 
signals, the required sideband is relatively narrow because the amplitude 
of the signals is varied only a few times a second, but a definite frequency 
band is still required. If some of the sideband components of the code 
signal are not transmitted, the received dots and dashes tend to be 
rounded off and run together,•and may become indistinguishable. 

1-6. The Decibel. The decibel (abbreviated db) is a logarithmic unit
used in communication work to express power ratios. If the powers 
being compared are P1 and P2, then 

Decibels = 10 log10 ;: (1-4) 

The sign associated with the number of decibels indicates which power is 
greater; thus a negative sign means P2 is less than P1• 

The decibel has no othet significance than that given in Eq. (1-4). 
Thus, if decibels are used to express amplification, this simply means that 
the presence of the amplification increases the power output by the num­
ber of decrhels attributed to the amplification. Again, under many 
conditions relative power is proportional to the square of the voltage E
(or current I, or field B, etc.). Under these conditions 

D 'b l 20 I E2 l I I B1 ec1 e s  = og,o Ei = 20 og1o Ti = 20 log1o Bi' etc. (1-5)

These relations must be used with caution, however, as they hold only 
when the resistance associated with E1 (or /1 or B,) is the same as asso­
ciated with E1 (or /1 or B1). 
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s.c. 1-6) THE DECIBEL ' 

TABLE 1-2 
(a) POWER, VOLTAGE, AND CURRENT RATIOS FOR ASSIGNED

DECIBEL VALUES 

Current 
Current and vol Power ratio Power ratio 

Db ratio Db voltage ratio 

Gain Loa Gain Loa Gain Loea Gain Loae 
-- --

o.o 1.00 1.000 1.00 10 3.16 0.316 10.00 0.100 
0.2 1.02 0.977 1.0S 12 3.98 0.251 15.8 0.063 
0.4 1.05 0.955 1.10 14 5.01 0.200 25 1 O.<KO 
0.6 1.07 0.933 1.15 16 6.31 0.168 39.8 0.025 
0.8 1.10 0.912 1.20 18 7.94 0.126 63.1 0.016 
1.0 1.12 0.891 1.26 20 10.00 0.100 100.0 0.010 

I.Ii 1.19 0.841 1.41 25 17.8 0.056 3.16 X 101 3.16 X 10-1 

2.0 1.26 0.794 1.68 30 31.6 0.032 101 10-1

2.5 1.33 0.750 1.78 35 56.2 0.018 3.16 X 101 3.16XlO-• 
3.0 1.41 0.708 2.00 40 100.0 0.010 10• 10-• 
3.6 1.liO 0.668 2.24 46 177.8 0.006 3.16 X 10• 3.16 X 10-1

4.0 1.68 0.631 2.51 50 316 0.003 10' 10-• 

4.6 1.68 0.596 2.82 60 1,000 0.001 101 10-• 
5 1.78 0.562 3.16 70 3,160 0.0003 10' 10-' 
6 2.00 .501 3.98 80 10,000 0.0001 101 10-• 
7 2.24 0.447 5.01 90 31,600 0.00003 10• 10-• 
8 2.51 0.398 6.31 100 100,000 0.00001 1010 10-11 

9 2.82 0.356 7.94 120 1,000,000 0.000001 1011 10-11

(b) DECIBEL EQUIVALENT OF POWER, VOLTAGE, AND
CURRENT RATIOS 

Db equivalent Db equival1111t Db equivalent 

Ratio Voltage or Ratio Voltage or Ratio Voltage or 
Power current Power current Power current 

10-' -60.00 -120.00 1.2 0.79 1.58 10 10.00 20.00 

10-• -50.00 -100.00 1.4 1.46 2.92 12 10.79 21.58 
10-• -40.00 -80.00 1.6 2.04 4.08 14 11.46 22.92 

0.001 -30.00 -60.00 1.8 2.56 6.10 16 12.04 24.08 

0.003 -26.23 -50.46 2.0 3.01 6.02 18 12.lili 25.10 
0.005 -23.01 -46.02 2.6 3.98 7.00 20 13.01 26.02 

0.01 -20.00 -40.00 3.0 4.77 9.54 25 13.98 27.96 

0.03 -15.23 -30.46 3.5 5.44 10.88 30 14.77 29.54 

o.os -13.01 -26.02 4.0 6.02 12.04 40 16.02 32.04 

0.10 -10.00 -20.00 4.11 6.113 13.06 50 16.9,9 33.98 

0.111 -8.24 -16.48 5.0 6.99 13.98 60 17.78 3&.116 
0.20 -6.99 -13.98 5.6 7.40 14.81 80 19.03 88.08 

0.30 -11.23 -10.46 6.0 7.78 111.56 100 20.00 40.00 
0.40 -3.98 -7.96 6.11 8.13 16.26 101 30.00 60.00 
0.50 -3.01 -6.02 7.0 8.46 16.90 10' 40.00 80.00 

0.60 -2.22 -4.44 7.5 8.75 17.50 101 50.00 100.00 
0.80 -0.97 -1.94 8.0 9.03 18.06 10• 60.00 120.00 
1.00 0.00 0.00 9.0 9.54 19.08 10' 70.00 140.00 
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lO SYSTEM OF H.ADIO COMMUNICATION (CBAP. l 

The practical value of the decibel arises from its logarithmic nature. 
This permits the enonnous ranges of power involved in communication 
work to be expressed in terms of decibels without running into incon­
veniently large numbers, while at the same time permitting small ratios 
to be conveniently exproSl!ed. Thus, 1 db represents a power ratio of 
approximately 5: 4, while 60 db represents a ratio of 1,000,000: 1. The 
logarithmic character of the decibel also makes it possible to express the 
ratio of input to output powers of a complicated circuit as the sum of the 
decibel equivalent of the ratios of the input to output powers of the differ­
ent parts of the c�irr.uit that are in cascade. 

Table 1-2 gives a convenient summary of decibel values. 
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CHAPTER 2 

CIRCUIT ELEMENTS 

2-1. Inductance. A current flowing in an electrical circuit produces
magn(\t,ic flux that links with (i.e., encirdes) the current. The effect of 
this flux is expressed in terms of a property of the circuit called the 
irulucf.ance. 

Iuduet.ance can be defined as the flux linkages per ampere of current 
produc•ing the flux; i.e., 

lnducta1we L
in henrys 

. . . _!lux link�.es .. _ _ X 10_8 2_1 current (amperes) prodm-ing flux ( ) 

A flux linkage represents one flux line enC'ircling the circuit current once. 
Thus in Fig. 2-1 flux line aa contrihutes eight flux linkagcs toward the 
coil inductance because it, drcles the cur­
rent flowing in the coil eight times. On 
t,he other hand, flux line b of the same coil 
cont,ributes only one-half a flux linka(!;e 
toward the coil inductance because this 
part.icule.r line encircles only one-half the 
coil current. 

Calculation of Inductanr,e. The induct­
ance of an electrical circuit i11 computed by 
assuming a convenient current flowing in 
the circuit. The magnetic flux produced 
by this current is then calrulated, and the 

Fm. 2-1. Flux u.nd mirrent diH­
trilmtion in typfou.l single-)11,yer 
air-corml int.luctanec lloil. The 
current density is irulicatcd by 
the density of shading. 

tote.I number of flux linkages that re11ult11 is eounted. The inductance in 
hm1rys is this total number of flux linkages multiplied by m-s and divided 
by the circuit current. 

Formulas have been derived by this procedure that give t,hc inductance 
for all commonly used types of air-cored coils. 1 It is thus neither neces­
sary nor desirable to guoss at the number of turns and coil dimensions 
required to obtain e. desired inductance. For example, the indU<itance of 
a single-layer solenoid, such as shown in Fig. 2-1, is given by the relation 

Inductance in microhenrys = Fn2d (2-2) 
1 A comprehensive collootion of such formulas is given by F. K Terman, "Radio

Engineers' Handbook," pp. 48-64, McGraw-Hill Book Company, Inc., New York,

1943. 
11 
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12 
CIRCUIT ELEMENTS (CIIAP. l! 

where n .. number of t.urns
d ... diamct.cr of coil meatiured to center of wire

F = com1t.:.111t, that, depends only upon the ratio of length to diam-
. otcr, givon in Fig. 2-2

The quant.it,y F depends in a complicated way upon the ratio of coil

length to diameter, since t,he geometrical distrib�tion of the flux �roduced

by the current in t.he coil does not. follow a mmple mathematical_ 
law.

However, once the relationship represented by F ha.s been determmed,

• 
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Fm. 2-2. Vaine• of ,·onstant I" for use in Eq. (2-2), to obtain thP inductance of single­
layer 11<1IP11oid•. 

f,he value of F 1·an ho romput.ed once for all, and present,ed by a curve, 
1m1·h 11.1,1 Fig. 2-2, or hy a tahle, 

Th<' in<lu<'l,n.111·0 of all coilH with air eores is proportional to the square of 
Um 1111mh,·r of turnH if the ilimrnsio111:1 Hurh as length, diameter, depth of 
windi11p:, !'l.1•., :m, kt>pt. runstant as the numhcr of turns is altered. The 
reason for I.his hehavior lios in the fa1·t that., if the coil dimensions are kept 
1·1mHtn11t, the amount of map:mit,ic flux produced. by a given coil current 
and the number of timtis each flux line links with the coil current are both 
prop01-t.h,,,a[ to the number of turns. 

The indul't.anre of all air-cored coils having the same number of turns 
n.nd t,he same shape i11 always proportional to the size (i.e., to a linear 
dimeni1ion, su<"h as lengt.h or radius) of the coil. Thus, if two coils have 
the same nnmh!'r of turns, but one is twice as big as the other in every 
dimenHion (su<"h as diamoter, length, widt,h, and depth of winding), then 
the largl'r coil will have twit·e the inductance of the smaller one. This 
rule results from the fart. that t.l1e rrol!B section of the flux paths is propor-
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Sac. 2-1) INDUCTANCE 13 

tional to the square of the linear dimension of the coil, while the length of 
these paths varies directly as the linear dimension. 

In calculating the inductance of coils with �etic cores, the flux is 
determined in accordance with the usual methods of making magnetic 
circuit calculations, taking into account air gaps, leakage and fringing 
flux, etc. It is also necessary to assume the proper value of permeability, 
as discussed below. 1 To the extent that the permeahility of the core 
material can be considered as constant, the inductance of a coil with a 
magnetic core is proportional to the square of the number of turns and to 
the first power of the size, just as in the air-cored case. 

Inductance of a Connecting Wire. The inductance associated with a 
connecting wire depends on the wire diameter, and can be minimized by 
making the diameter large. This results from the fact that when the 
wire diameter is small t,he length of the flux paths immediately outside of 
the wire is less than if the diameter is large. As a result the small wire is 
circled by more flux and hence has higher inductance. 

An alternative mPans of achieving a low-indurtancc connection con-
1oists in employing a conductor comprising two or more spaced wires con­
nected in parallel. If three wires are employed, they should be placed at 
the cormirs of an equilateral triangle; in a four-wire system the individual 
wires would he at the corners of a square, etc. Such arrangements give 
thP first approximation to a solid conductor of large diam�ter, and will 
have less indm•t,ance the greater the diameter of the individual wires and 
I ho greater the spal·ing between the wires connected in parallel. 

Initial and Incremental Permeabilit11; Incremental Inductance. The 
permeability of a magnetic material is defined as the rl\tio B / II of the flux 
density l,o t,he magnetizing force, and depends upon the flux and the 
material. The permeability at very low flux densities, termed the initial
permcabilit11, is of particular importance in communication systems, where 
the current is commonly very weak. The initial permeability of mag­
netic materials is nearly always much less than the permP.ability at some­
what higher flux densities. 

Coils having magnetic tiores are frequently used in communication work 
under conditions where there is a large d-c magnetization upon which is 
superimposed a small a-c magnetization. Under these oonditions, one is 
interested in the inductance that is offered to the superimposed alter­
nating current. This is called the incremental inductance, and the cor­
responding permeability of the magnetic material is termed the incre­
mental permeability. 

Incremental permeability, and hence incremental inductance, depend 
upon the magnitude of both d-c and a-c magnetizations, and upon the 
previous magnetic history of the core. When a core that has been 

• Such calculations are diac11118ed in "Componentll Handbook'• (vol. 17, Radiation
Laboratory Series), chap. 4, McGraw-Hill Book Company, Inc., New York, UK9. 
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16 CIRCUIT ELEMENTS 

quencies. The addition of cobalt to nickel-iron alloys introduces the 
possibility of obtaining substantially constant permeability up to moder­
ate flux densities, combined with extremely low hysteresis loss at low flux 
densities and almost zero residual induction and coercive force (see page 
17). Such alloys are termed perminvars, and also p088888 in large 
degree the high-permeability feat urea of nickel-iron alloys such as 
permalloy. 

Iron-cobalt alloys containing from 36 to 50 per cent cobalt are charac­
terized by a saturation flux density appreciably higher than that of silicon 

D 

0 

steel. Such alloys also have higher incremental 
permeability at high d-c magnetizing forces than do 
other magnetic materials. 

Magnetic cores that are nonconducting have been 
developed for use in radio-f�quency coils. 1 They 
are composed of mixtures of ferrites, and have a 
resistivity so high that eddy-current losses a.re 
negligible in solid cores even at frequencies higher 

----------- - than 1 Mc. At the same time, such core material 
,.. l'EIIMANENr MA6NET has a relatively high initial permeability, a value of 
(i• All/ GAP 

o• sOFr 1RON l'OLE PIECES 500 being typical. These nonconducting magnetic 
cores a.re not suitable for use in power transformers, 
however, as they saturate at low flux densities. 

F10. 2-5. Typical mag­
netic circuit involving 
a permanent magnet. 

2-2. Permanent Magnets. 2 Permanent magnets
now find many uses as a result of the development in recent yea.rs of im­
proved permanent magnet rp.a.terials. A typical system involving a 
permanent magnet is illustrated in Fig. 2-5. Here P is the permanent 
magnet, G is an air gap in which it is desired that the permanent magnet 
produce magnetic flux, and D denotes soft-iron pole pieces of low magnetic 
reluctance. In such an arrangement, the permanent magnet can be 
thought of as being a generator of magnetomotive force that acts on an 
external circuit (load) consisting of the magnetic circuit DGDGD that is 
external to the permanent magnet. 

Assume that the permanent magnet in the system of Fig. 2-5 is mag­
netized to saturation and that the magnetizing force is then removed. 
The resulting situation that exists in the magnet corresponds to a point 
somewhere on the part of the hysteresis loop lying in the upper left-hand 
quadrant of Fig. 2-3. This section of the hysteresis curve, shown 
enlarged in Fig. 2-6, is termed the demagnetization curve, and gives the 
principal characteristics of the permanent magnet. The flux density B. 
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PERMANENT MAGNETS 17·

in the magnet for sero magnetizing force is termed the Nlidual iflt.fudion, 
while the demagnetizing force H. which makes the flux density in the 
magnet zero is termed the coercive force. 

For an operating condition of the magnet in Fig. 2-6 corresponding to 
point C', the flux density in the magnet is B', and the total flux generated 
by the permanent magnet is B' A where A is the crose-sectional area of the 
permanent magnet. Also for the same operating point C', each unit 
length of the permanent magnet produces a magnetomotive force H'; 
hence the total magnetomotive force 
that is applied to the external circuit 
(DGDGD in Fig. 2-5) by the per­
manent magnet is H'l, where Z is the 
length of the permanent magnet. 
The operating point C' accordingly 
1188Umes a position on the demagneti­
zation curve such that H'l/ B' A 
equals the reluctance of the external 
magnetic circuit. 

Br 

Design Principle,. The magnetic 
energy developed by the permanent 

Hr, 
magnet in the external system 

H' H" 

0£MAGN£TIZ/Nfi FOR(:£ H £/VERfiY•IWtJDIJl:T 1111

Fm. 2-6. Demagneti111tion and energy­
produot cul'V88 of a permanent magnet, 
showing minor hyBtereeis loop 

DGDGD in Fig. 2-5 is proportional to 
the product (B' A) (H'l) of magnetic 
flux and magnetomotive force associ­
ated with the external circuit. Thus 

oiated with atabililation. 

the magnetic energy available in the external circuit per unit volume of 
the permanent magnet is proportional to the product BH of the 
demagnetization curve, as plotted in Fig. 2-6. 

It is now possible to state the principal design considerations of systema 
involving permanent magnets. First, the permanent magnet should be 
operated at a point on the demagnetization curve where the energy 
product BH is at or near its maximum; this operating point is a charac­
teristic of the magnetic material involved, and defines a magnetomotive 
force H' per unit length and a flux density B' for the permanent magnet. 
Next, the Cl'088 section A of the magnet is given a value such that, when 
the flux density in the magnet has the value of B', the total flux B' A will 
have the value desired for the external magnetic circuit. , Finally, the 
length Z of the permanent magnet is made such that H'l will equal the 
magnetomotive force required to develttp the required flux B' A in the 
ext.erna1 magnetic circuit. 

A permanent magnet operating at a point such as C' in Fig. 2-6 will 
have the flux density permanently changed when subjected to a transient 
action that momentarily reduces the flux density below B'. Thus assume 
that a transient demagnetizing current (or a momentary incrt,ue in 
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CIRCUIT ELEMENTS 

reluctance) shifts the operating point from C' to Q. If this added effect

is now removed, the operating point does not return to C'. Rather, it

moves t,o a new point C", corresponding to some new value of flux density

B" less than B', but such that the ratio H"l/B" A still equals the reluc­

tance of the external magnetic circuit; when this reluctance is linear, as

when it arises from an air gap, then C" lies on a straight line joining C'

and the origin, as shown in Fig. 2-6. If the transient added force is ap­

plied a serond time, the operating point will now return to Q, and upon

removal of the added for<'e will go ha<'k to C" 1 following the paths shown.

DEMAGNETIZATION CURVES 

I ALNICO 1Z 

I 11/CALLOY II 

J ALN/C01/1 

f. Jf" COBALT STCEL 

I, ALNICOII 

ENERGY·PRODUCT CURVES 

l000 BOO 600 400 200 O 2 3 4 I 

DEMAGNETIZING FORCE (HI IN OERSTED$ BH PRODUCT x10·• 

Fm. 2-7. l.ll•magnrtization and enrrgy-prodnrt curvl'S of typical permanent magnet 
material11. 

Thus a permanent magnet system can he Atahilized against added effects 
by initially suhjed,ing tho syiltem to an added demagnetizing force boll; 
this will reduce the energy that the magnet supports in the system exter­
nal to the magnet, but i\; prevents subsequent transient demagnetizing 
efferts from producing a permanent change in the system provided their 
amplitu� do not exceed the demagnetizing force b.H used in stabiliza­
tion.1 It will be noted that QC" is a minor hysteresis loop analogous 
to the right-hand half of loop I in Fig. 2-3. 

Pmnanent-magn,t Materials. 1 Many different types of permanent­
magnet mat.erials have been developed; the characteristirs of representa­
tive examplPs are illustrated in Fig. 2-7. The magnetic properties depend 
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SBC. 2-3] MUTUAi, INDUCTANCE 19 

upon the composition and require proper cold working and heat-treat­
ment to be fully developed. Heat-treatment, is sometimes carried out in 
the presence of a strong magnetizing field; in this case the material when 
used should be magnetized in the same direction as when heat-treated. 

The choice between different materials for a part.icular application is 
determined, not only by the energy produr.t, but also by cost, by ease of 
fabricating, by whether the magnet is to be used in an external system of 
high or low reluctance, etc. In general, the better permanent-magnet 
materials are very difficult to work. Thus the alnic011 (aluminum-nickel­
iron alloys) are hard, weak, and brittle, and arc commonly cast to approxi­
mat.e shape and then finished by grinding to exact size; they cannot be 
machined, drilled, or tapped. 

2-3. Mutual Inductance and Coefficient of Coupling. Mutual Induct­
a,ice. When two inductance coils aro KO placod in n.•lation to each other 

IOI ll'IOUCTIVELV 

COUPLED 

Lm 

(bl COUPLED BV COMMON IN• 

DUCTANCE ( DIRECT COUPLING) 

ICI COUPLED BY COMMON 

CAPACITANCE 

J,'111. 2-8. Srv,•ml simple methods of coupling two drenitH. 

t.l1at, flux li1111K prmlm·1-d by currcmt in onP of thu C"oils_ link with the turns 
of tlm of.her c·oil as shown in l�ig. 2-Sa, the t,wo indurt,anc1es are said to be 
inductively coupled. The effects that this coupling produces can be 
expresHCd in terms of a property called the mutual inductance, which is 
detiimd by the relat,ion 

Mutual 
} ind11ct.a11cr 

Ill in hcuryi; 

{flux linkal!:l'K i11 i,;ec•1md roil 
} _ P�!iduced hy l'�crrent, in_�irKt,_1•oil X to-scurrl•nt m first coil (2-3) 

{
flux linkages in first coil 

} _produrc� by_ (��!!_en� i_,��!��� ('_Oil X JO-R (2-4)= 

current 1n second coil 

Formulas (2-3) and (2-4) are equivalent and give the �amc value of 
mutual indu<:tance. The flux linkages produced in the coil that has 110 

current in it are counted just as though there were a current in this coil, so 
that the number of times a flux lint> would encircle an imaginary coil cur­
rent is the number of linkages rontrihuted by thi11 particular line. In add­
ing up the flux linkages it is important to note that different flux lines may 
conceivably link with the same coil in opposite directions, in which case 

C\"i. 
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20 CIRCUIT ELEMENTS [CaAP. 2 

the total number of linkages is the difference between the aums of positive
and negative linkages. 'l'he mutual inductance may therefore be positive
or negative depending upon the direction of the linkages.

The problem of calculating mutual inductance is similar in all respects
to the problem of computing inductance, and formulas have been worked
out by which the mutual inductance can be calculated with good accuracy
in all the ordinary types of configurations. 

When two coils of inductance L1 and Ls, between which a mutual 
inductance M exists, are connected in series, the equivalent inductance 
of the 1•omhination is L1 + Lz ± 2M. The term 2M takes into account 
the flux linkages in each coil due to the current in the other coil. These 
mut.uul linkages may add to or subtract from the self-linkages, depending 
upon the relative direction in which the current passes through the two 
1•oih1. Thus, when all Iinkagr.s are in the same direction, the total 
indU(•t,a.nl'o of the llllri<'s combination ex,•eeds by 2M the sum of the 
individual indurtancrs of the two <·oils. 

<'ocffwimt of Coupling. The maximum value of mutual inductance 
t.hut ran he obtained hetwt-1m t.wo roils having inductances £1 and l,z i1:1 
vEi/,2• The ratio of the mutual inductance M that ii:! actually present 
to t.hiH maximum prn;sible value of mutual inductance is ualled the coeffi­
cirnt of r.o·upling, whi1·h 1·an therefore he 1•xpres1:1ed by the relation 

Coefficient of coupling = k = _ f:-r­
v L1L2 

(2-5) 

The coeffiei1mt of 1·1mpling ,i1:1 a ronvenient constant because it expresses 
the ext,m1t t,o whil'h the two inductances are coupled, independently of 
the size of I.he iudm·tances c•oncorned. In air-cored coils a coupling 
t·oeffil'ient, of 0.5 is considered high and is said to represent "close:• 
roupling, while coefficients of only a few hundredths represent "loose" 
1·oupling. 

General Case of Couplm Circuits. Any two circuits so arranged that 
energy ran be transferred from onf' to the other are said to be coupled, 
even though this transfer of energy takes place hy some means such as a
rapadtor, resistance, or inductance common to the two circuits rather
than by the aid of a mutual inductance. Examples of various methods of
t•oupling _are shown in Fig. 2-8. .Any two circu.itlJ that are coupled by a
common ompedance have a coefficient of coupling (hat ia equal IA, the ratio of
the common i�pedaace to the square root of the product of the 1.otal impedances
of the �me kind aa the coupling impedance (hat are present in the two circuits.
That1S, 

(2-6) 

where z .. is·the impedance common to the two circuits, and Z1 and Z1 are
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SKIN EFFECT 21 

the total impedances of the aame kind in the two circuits. When applied 
to case b in Fig. 2-8, where the coupling is furnished by the common 
inductance L., the total inductances of the two circuits are L1 + L. and 
Ls+ L,,., respectively, and Eq. (2-6) reduces to 

Coefficient of coupling k for Fig. 2-8b L,,. (2-7) 

In F'ig. 2-Sc the coupling element is a common capacitance C .. , and the 
coefficient of coupling is 1 

Coefficient of coupling for Fig. 2-8c = vM (2-8) 
v'(C .. + C1}(C.,. + C1) 

2-4. Skin Effect in Coils and Conductors at Radio Frequencies. The
effertive resistance offered by conductors to radio frequencies is consider­
ably more than the ohmic resistance 
measured with direct currents. This is 
beciamie of an action known as skin eff<'ct, 
which rauses the current to he conren­
trated in certain parts of the conductor 
and leaves t,hc remainder of the cross 
section to contribute little or nothing 
toward carrying the current. 

A simple example of skin effect, and 
one that. makes its nature clear, is 
furniHhed by an isolated round wire. ..---jl---MODEIIA'TE 

Fll'EDIIENCY 

When a current is flowing through 1mch a CURRENr 
DENStrr 

conductor, the magnetic flux that results 
is in the form of concentric circles, as 
shown in Fig. 2-9. It is to be noted that 
some of this flux exists within the con­
ductor and therefore links with, i.e., 

RADIAL POSITION 

Fm. 2-0. Isolated round conductor, 
showing ma.gnetic flux pa.tbs, a.nd 
also typical current distributions. 

enr.irdes, current near the center of the conductor while not linking with 
current fl.owing near the surface. The result is that the inductance of the 
central part of the conductor is greater than the inductance of the part of 
the conductor near the surface; this is because of the greater number of flux 

1 Equation (2-7) is derived as follow11: In Fig. 2-&, the primary circuit has C1 and C,,. 
in aorieK and 110 has an equivalent capacitance of C,C,./(C, + C,.) while the equivalent 
capacitance of the secondary ill similarly C,C.,/(C, + C .. ). The coupling reactanoe is 
1/,,,c .. , while the primary and secondary reactancea are (C, + C.)/,,,CiC. and 
(Cs + C,.)/,,,c,c., reapectively. The coefficient of coupling ill then 

which reduces to Eq. (2-7). 

l •
1;,,,c.._ 

✓Ci + <:. C, + C,.
,,,C1l'.. ,,,c,c .. 
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linkages existing in the cent�al regi�n. At radio frequen�ies, the react­
ance of this extra inductance 18 sufficiently great to affect senously the flow 
of current most of which flows along the surface of the conductor where 
the imped�nce is low, rather than near the center where the impedance is 
high. The center part of the conductor, therefore, does not carry its 
share of the current and the tn1e or effect,ive resistance is increased, since 
in effect the useful cross section of the wire is very greatly reduced. The 
types of current distribution obtained in typical cases of skin effect in a 
round �virc are shown in Fig. 2-9. 

Whm akin ejf er,/, is present, the current is always rrdistributed over the con­
ductor cross section in such a way as to makr. must of the current flow where it 

}'rn. 2-10. Flux linr.s and current dis­
tribution in a thin strip at radio fre­
qmmoy, showing how skin effrrt r111111f'S 
the curn>nt to concentrate at thl' rd,ces 
of the strip. The 1mrrcnt dm1sity is indi­
cated by thr dt>nsity of Um shading. 

is mcirclt·d by the smallest number of 
flux linr.a. This general principle 
controls the distribution of current, 
irrespective of the shape of the con­
duc:tor involved. Thus, with a 
conductor consisting of a thin Jlat 
strip, such as shown in Fig. 2-10, 
the current flows primarily along 
the edges, where it is surrounded by 
the smallest amount of flux, and thP. 
true or effective resistance will he 

high because most of the strip carrim1 VP.ry little current. This illustra­
tion makes c•Iear that it. i11 not the amount of conductor surfal·e that de­
termines thP. resi1:1taru·e to alternating c·urrent,, but rather the way in which 
t,he <•ondm·tor mat11rial is arranged. 

The ratio that the effcrtive a-c resh1tanre bears to the d-c resistance of a 
condurt.or is rommonly re.lied the resistance ratio. It increases with fre­
quency, with 1iondu<"t,ivity of the conductor material, and with the size of 
i,omhwtor. This n.'Sults from the fact that a higher frequency causes the 
extra inductance at the center of the conductor to have a higher reactance. 
8imilarly, a greater conductivity makes the reactance of the extra induct­
ance of more importance in determining the distribution of current, while 
a greater cross section pr�vides a larger central region. It is to be noted, 
however, that a larger conductor always has less radio-frequency resist­
anc•e than o. Rmaller one because, although the ratio of a-c to d-c resistance 
is less hvorable, this is more than made up by the great.er amount of 
conductor crosH 11ertion pn>.scnt . 

• �kin H./frct at High Frrquencies. 1 When the frequency is suffirlently 
high, substantially all of the current in a 1·onduetor is confined to a region 
very close to the surfa<•e. The rurrent density then falls off with depth
from the surface in acrordance with the relation 

1 An l'Xr.t>llt>nt discussion of skin pffecit at v,�ry high frequencies ia given by Harold A. 
Wheeler, Formulaa for the Skin Effect, J>roe. IRE, vol. 30, p. 412, September, 1942.
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SEv. 2-4) SKIN EFFECT 

Current at depth z 
Current at the surface - (2-9) 

I lerE� z and 8 are in the same units, and 6 i11 a ctuantity called the skin depth
that i11 given by the equation 

where a = skin depth, cm 

a = 5033 I__ (2-10) 
'\J µf 

p = re11ist.ivity of condu!'tor, ohms per centimeter cube • 
j = frequency, cycles 
p. = magnetic permeability of core matmial (permeability of air 

equals unity), for low flux densities (that is, p. is the i11it ial 
permeahility) 

For copper at 20°C this reducp,s to 
. 6.62 

Skm depth of copper in cm 
= vl

(2-1 I) 

At. I Mc the skin depth in copper is thus 0.00liti cm, or 0.002fi in. The 
phase of the current at, dPpth z lags the current at the surface by z/6 
radians. At a <lepth from t.he surfo<'e corresponding to one skin depth, 
the Clll'rent demiit,y has dropped to 3fi.8 per cent, of the value at, Urn s11r­
fa1•p, and the phmm of t.he rurrcnt la�s t,he current at the surfa,�c by J 
radian. 

Equation (2-9) is valid whenever t.tie ru.diuK of curvature of the con­
dud,or surfal'c is at, !l'ast Rf'Vl'ral timl'11 the ;;kin d1•pth, provided the 
effoC't,ive t,hirknes11 of the <"onduct,01· iR at, the same time at least three or 
fo11r skin depths. 

The power 101111 asso<"iat.cd with the current, flowing under any particular 
portion of t,he conductor surfa<"e is the same as t,hough this current wen: 
uniformly distributed down to a dept,h a. Thus, in an isolated round 
wire, where the current is uniformly distributed over the surfacti, the 
effective resistance at high frequencies is the d-c resistance of a hollow 
cylindrical shell having the same outer diameter as the wire and poi;sessing 
a t,hickness a. The d-c resistance of a strip of surface one skin depth 

�_!;hick, one centimeter long, and one centimeter wide is sometimes called
the Burface resistivity; it is the resi.st,ivity that is offered to the flow of cur­
rent at very high frequencies. 

Proximity Effect-Skin Effect in CoilB. When two or more adjarent 
conductors are carrying current as in a coil, the current distribution in 
any one conductor is affected by the magnetie flux produced by the 
adjacent conductor as well as by the magnetic flux produced by the cur­
rent in the conductor itself. This effect, termed proximity effect, ordi­
narily causes the true or effertive re.sist,ance to be greater than in the casu 
of simple skin effect and is particularly i�portant in radio-frequency 
inductance coils. 
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Th current distribution under conditions where proximity effect is
rese:t follows the same law as for simple skin effect; i.e., the current

:ensity is greatest in those p�r�s _of the con�uct� encircled by the �­
est number of:fl.ux lines. This 18 illustrated m Fig. 2-1, where the appl'OXl­
mate current density is illustrated by relative shading. 

Lill Wire. The effective a-c resistance of a conductor can be made to
approach the d-c resistance at low and moderate radio frequenciee by
forming the conductor from a number of strands of small enameled wire
connec� in parallel at their ends, but insulated throughout the rest of
their length and thoroughly interwoven. If the stranding is properly
done, each wire will, on the average, link with the same number of flux
lines 88 every other wire, and the current will divide evenly among the
strands. If at the same time each strand is of small diameter, it will have
relatively little skin effect over its cross section, so all of the material is
equally effective in carrying the current. Such a stranded cable is called
a litz conductor. 

Practical litz conductors are very effective at frequencies below about
1000 kc, but 88 the frequency becomes higher the benefits disappear.
This is because irregularities of stranding, and capacitance between
the strands, cause a failure to realize the ideal condition at very high
frequencies. 

ll-6. Capacitors and Dielectrics. A capacitor is formed wherever an
insulator (i.e., dielectric) separates two conductors between which a
difference of potential can exist. 

Ca:pooitor Loarea tJnd Their Representation. A perfect capacitor when
discharged gives up all the electrical energy that was supplied to it in
charging. Actual capacitors never realize this ideal perfectly but, rather,
dissipate some of the energy delivered to them. Most of the lo11& in
ordinary capacitors occurs in the dielectric, although at very high fre­
,uencies skin effect also causes an appreciable 1088 to occur in the capac­
itor leads and electrodes. At very high voltages corona may occur and
contribute to the loss. 
• The merit of a capacitor from the point of view of freedom from lOIISeS
18 usually expreBSed in terms of the power factor of the capacitor .1 The
power factor represents the fraction of the input volt-amperes that is dis-

1 The -'le�it of a capacitor or of a dielectric oan also be upreaed in terms of theangle by _which the current flowing into the capacitor fails to be 90• out of phaae withthe applied �oltage: This angle ia t.ermed the p1aa,e a"fP of the capacitor. The
powei: f�to� 18 the ame of the phue angle. The tangent of the pbue angle ill wrmedthe d�pat-�actor. The reciprocal of the diaaipation factor ii t.ermed the capacitorQ a�d 18 th� l'l.tl� of the capacitor rear.tance to the equivalent llllriee ?llliatanoe. Withordinary dielectnca! the phlllle angle ia so mnall that th&power factor, the dillipation
=r, a:d the l'eclprocal of capacitor Q are for all practical J>W'POlll8 equal to each
�

I.II 

to � phue angle upreued in radiau. ThUB a power factor of 0.0111 p .angle of D.673° and & capacitor Q of UICI. 
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sipated in the capacitor. To the extent that the losses in the capacitor 
are a result of dielectric 108888, the power factor of the capacitor is also the 
power factor of the dielectric and is practically independent of the capac­
itor capacitance, the applied voltage, the voltage rating, or the frequency 
(unless polar effects are involved). Values of power factor of some 
typical dielectrics are given in Table 2-1. 

TABLE 2-1 
CHARACTERISTICS OF TYPICAL DIEJ.ECTRICS AT RADIO 

FREQUENCIES WITH NORMAL ROOM: TEMPJ<;RATURE 

Material 

Air ........................................ . 

Mica (t>lcetrlcal) .....•....................... 
Gla.1111 (electrical) ......•...................... 
Bakelite derivatives ......................... . 
Wood (without spedal preparation) ............ . 
Mycalex ....................•............ .. 
Steat.ite materials ........................... . 
Polystyrene ..........•....................... 
PolyethPlene •..•••••....•...•................ 
Ru tile (titanium dioxide) ..................... . 

Diellletric 
CIJIIHtant 

1.00 

5-9
4.5 7.00 

4.5 7.5 

3-5 
8
6.1

2.4-2. 9 
2.:J 

90-170 

Power factor 

0.000 
0 0001-0.0007 

0.002!.().016 

0.02-0.09 

0.03-0 07 
0.002 

0.002-0.004 
0. 0002

0. OOOJ 5-0. 0<10!3 
0,()()06

Although the power factor of a capacitor is determined largely by the 
type of dielectric used in the capadtor, it is also affocted by the conditions 
under which the dielectric operates. In par-
ticular, the power factor tends to become 
higher as the temperature is raised, and is 

T
c 

likewise adversely affected by high humidity 
and by the absorption of moisture. lbl 11:I 

Fm. 2-11. Representation of 
imperfect capiu,itor by a 
perfo,:t capacitor of same 
capacitance with series re­
sistance, and by a perfect ca­
pacitor ith shunt resist­
ance.

Equivalent Series and Shunt Resistance. The 
action of a capacitor in an electrical circuit IS 

taken into account by replacing the actual 
capacitor with a perfect capacitor associated 
with a resistance. This resistance may be 
connected in series, as in Mg. 2-llb, or in par­
allel, as in Fig. 2-1 lc. The value of the series or shunt resistance is so 
selected that the power factor of the perfect capacitor associated with the 
resistance is the same as the power factor of the actual cap�itor. The 
value of the series resistance R1 can be computed in terms of the power 
factor, capacitor capacitance C, and frequency fin the �sual_ wa!, and
when the power factor is low (i.e., when R1 < < 1/wC), then R1 JS given to 
a high degree of accuracy by the equation 

. . power factor 
Senes reB1Stance = R1 = 

2,rfC 
(2-12) 
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26 CIUCUl'f ELKMEN'fS [CHAP, 2 

In the same way, the shunt resistance that can be used to represent the
actual l011Ses of the l'apacitor is related to the power factor, capacitance,
and frequency to a high degree of accuracy by the equation

Shunt resistance = R2 = ('l.r/C) (po�ver factor) (2-13)

Polar and N onpal.ar Dielectrics. Molecules of some dielectrics are
polar, while other dielectrics consist of molecules that are not polar. In

le 
�1-----:"."""'--.:i_ 

0 
ii: 
.. 
0 
"' 
., 

a...._ ___________ _ 

FREQUENCY 

NORIIIAL TEIIIPERATVRF 

.. i LOW TEMPERATVRE 

u ----.,,-\ ;:! , \ 
:; I \ 
o._• I 

,,., 

FREQUENCY 

l<'m. 2-12. Variation of diclrct.ric con­
stant. and powrr far.tor nf I\ pol1�t didrc:-
1 ric IUI a fnnt'tion of frtiqupnc,y, for two 
tempcraturr11. 

the case of polar molecules, the
dielectric constant under a-c con­
ditions is increased as a result of
the rotation of the polar molecules
under the influence of the applied
voltage. The extent to which this
polar action is effective depends,
however, upon the frequency and
the temperature. Thus, if the fre­
quency is made sufficil'ntly high,
the polar molecules arc not able to
follow the alternations of the ap­
plied field, and the dielectric con­
stant drops. Moreover, the fr<i­
quency at which this tram1ition
occurs is less the lower the tempera.­
tu re. As a result, temperature and
fre<tur.ncy affect the capacitance of
a rapacitor possessing a polar di<,­

lert.rir. in the manner shown in Fig. 2-12. 
The power fartor of a pol11.r diel<wt.ric showi,; a pronounrod peak when

under conditions where the dicl<�rtric constant c:orresponds to partial
polar action, as shown in Fig. 2-12. The power fac•tor of a polar dielec­
tric hence becomes quite large at certain combinations of temperature and
frequency. 

Nonpolar molctiulrs do not exhibit these changes in diolectric constant
under temperat,ure and frt>qucncy rhanp;es. The power factor of non­
polar diel1'(•tric8 likewisu does not exhibit peaks of 10811 such as shown in
Fig. 2-12. 

2-6. Capacitors for Electronics. In electronirs the principal uses made
of capacitors a.re for tuning resonant (•irc·uits, for blocking d-c voltages
from parts of an elertrical circuit while permitting alternat,ing voltages
to pass through, for obtaining transients with specified time constants,
and for by-passing or short-circuiting alternating voltages. By-patll
capa<'itors are frequently but not always subje�ted to a d-c potential. 

A wide variety' of diehwtric·s are used in capacitors dCMignl'd for radio
InductEV, Inc. 
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work, and new types are continually finding important applications. 
Among the types of importanre are air; solid dielectrics such as mica, 
plastic films, certain ceramics, and paper; and electrolytic films. 

Capacitors with Air Dielectric. Air dielectric finds its principal use in 
variable capacitors for tuning resonant circuits. 

Although air is a perfect dielectric with zero power fM!tor, air ca.pac·itors 
have losses because of the insulating mat.erial ul!E'd to mount the two sets 
of plates, and also because of the skin-effect resistanre of the leads, plat,efl, 
rodfl, and washers, through whirh the caparitor current flows. 

An air-dielectric ra.pa.citor ran be repl"f'mmtcd by t,he nquivalent elcw­
trica.l network in Fig. 2-13a. HClre C i11 tho 1•apa.1•ita111•ci of the uap1witor 

ICU ACTUAL EQUl'IALENT (bl EQUIVALENT CIRCUIT (Cl EQUIVALENT CIRCUIT 
CIRCUIT AT LOW FREQUENCIES AT HIGH FREOUENCIES 

F111. 2-1!1. Eq11h·al1•nL clt,.!trical cir<"uits of a variable air cond!'11ser. 

while R1 is the equivalent shunt resistam·e introduced by the presence of 
the solid dielert,ric .. The co.pa1·itor inductance Lin Fig. 2-13a takes into 
account the magnetic flux associated with the current flowing in the 
rapacitor; it is proportional to the physical dimensions of the caparitor. 
The resistance R represents the series resistance of the leads, washers, 
eormecting rods, etc. It increases with frequency as a result of skin effecit 
and is proportional to the square root of the frequcmcy at h_igh frequencioH. 

At low and moderate frequencies the effects of the inductance D and the 
,mries resistance R a.re negligible, and the capacitor equivalent rircuit 
reduces to Fig. 2-13b. At very high frequencies, on the other hand, the 
power loss in R becomes very much lo.rgcir than in R,, and the equivalent 
circmit has the form shown in Fig. 2-13c. 

At very high frequencies the reartam·e of the series inductance 1., is not 
negligible compared with the reactance of the capacitor rapacita.nrc. 
This caul«lR the a.pp&.rent eaparitancc of the 1•apac•itor as ohsurved at t.hu 
terminals to be greater than the ac•tual t·11p11.1•ita.nre accor<ling to the 
relatiun1 

Apparent capa.dtance (2-14) 

where c., -= 2,.- timeR frequency, and L and C a.re as Hhown in Fig. 2-13. 
1 This result.a from the f1L<·t that, nPglecting )ol!llell, 

Jwactanr.e at terminals - -C
1 • ( 1<, - wL)

c., ,app w ,  

Solving for thP apparent capacitance C.pp gives Eq. (2-1-1}. 
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Capaeitors with Solid Dielectrics. Solid dielectrics are used in most 
fixed and in some adjustable capacitors. The dielectrics most commonly 
employed include mica, paper, plastic films, and ceramics. 

Mica is characterized by low electrical 1088es, stability, high leakage 
resistance to d-c voltages, and high voltage strength. It is, however, 
relatively expensive. Mica capacitors find their chief use in small fixed 
capacitors for by-passing radio-frequency currents or blocking off d-c 
voltages, and in resonant circuits or in filters where a stable low-power­
factor capacitor is required. 

In capacitors employing paper as the dielectric the electrodes are either 
aluminum foil or are metal films evaporated directly on to the paper. 
In either case, the assembly is rolled into a bundle which is then vacuum­
trcated, impregnated with oil or wax, and sealed against moisture. 
Paper capacitors are inexpensive in proportion to capacitance, and are 
relatively compact in proportion to voltage rating. Such capacitors are 
used primarily for by-pass and blo<:king purposes. The power factor of 
paper capacitors is of the order of 0.5 per cent, and although the leakagf' 
current when subjected to direct voltages is somewhat greater than that 
of mica capacitors, it is not large. 

Thin plastic films have been developed that are suitable for use as a 
capacitor dielectric in place of paper. Capacitors of tliis type using 
polystyrene dielectric have electrical qualities sm:h as power factor, 
dielectric absorption, and immlation resistance superior even to mica 
capacitors. 

Ceramfos based on titanium dioxide mixtures find extensive use as 
dielectrics of small capiu·itors. 1 DiPlectrics of this type are chara<:terized 
by a high dielectric constant, a low to very low power factor, and a very 
high voltage rating. The temperature coefficient of such capadtors 
depends upon the actual ceramic mixture used and can be made l'ither 
negative or positive as desired. Ceramic capacitors arc used extensively 
for blocking and by-pass purpORes where small mica capacitors have 
hen-tofore been Pmployed, am.I have advanta.J.,rcs of compactness and high 
voltage ratings. Ceramic dieluctric capac:itors have also found a wide 
field of usefulness in rm1i.inant circuits and other similar applicatiom1, 
where a negative temperature coefficient provided by a ceramic capacitor 
can be uM,d to compensate for the positive temperature coefficient of 
8.l'IBoriated coils and of capacitors of other types. 

Capacitors with solid dielectric can he represented by the same equiv­
alent electrical circuit shown in Fig. 2-13 for air-dielectric capacitors. 
The only difference is that all the capacitance C in this equivalent circuit 
is now &8Sociated with solid diele<:tric. As a result, at low and moderate 
frequencies the capacitor power factor almost exactly equals the power 

1 A BUrvt>y of such cPramics is given by B. H. Marks, Ceramic Dielectric Materials,
EkctNmira, vol. 21, p. 116, Auguat, 1948. 
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factor of the dielectric and is independent of the capacitance of the capac­
itor and also of the frequency except in so far as polar molecules affect the 
behavior of the dielectric. At very high frequencies, the power factor 
increases with increasing frequency as a result of the skin-effect 10811e8 in 
leads and conductors. Also, the apparent capacitance at very high fre­
<1uencies drops off becauee of the series inductance, in accordance with 
Ec1. (2-14). 

The voltage rating of capacitors with solid dielectrics is subject to two 
ba11fo limitations: (1) If the applied voltage exceeds the insulation strength 
of the dielectric, the dielectric will spark throu_Jb or at least deteriorate 
rapidly. (2) The temperature of the capacitorinust not be permitted to 
rise excessively as a result of dielectric losses. This second limitation is 
t.he ruling one for all except d-c voltages and for very low frequencies. 
I nat1much as the relationship between losses and temperature rise depends 
upon the design of the capacitor with respect to such mattl'rs as heat 
removal, it is not possible to give any general rules regarding voltage 
mt.ings. It is to he noted, however, that the voltage rating will drop 
rapidly as the frcqnerwy increases becaul!8 of the increase in loss with 
frpqnency. Thus a parti,mlar low-loss air-cooled mica capa1•itor capable 
of standinp; 10,000 volts at low-frequencies was found by test to· have a 
mt.ing of J 80 volts at a frequency of JO Mc. Special cooling methods, 
such as tho m,ie of an air blast, will in1·rease greatly the rating on a capaci­
t,or, and water cooling is still more effective. 

El,ctrolylic Capacitors. The eleC'trolytic caparit.or makes use of the 
fw:t that certain metals, notably aluminum and tantalum, when placed in 
1� s11itahlc 1,mlntion and ma<fo tho positive 1il<wtrodcs, form a thin insulating 
Rurfacc film. This film is capable of witlu,tanding considerable voltage 
and has a high clcctro1,1t.11.t.ic capacit.a,we p1>1· unit, area of film. It is the 
r<•sult of electrochemical action, and i1,1 formed by applying positive 
voltage to t,he electrnde. The thickness of the film, and hence also the 
cupacitunre obtain('{I per unit area of surface, depend largely upon the 
volt age used in this forming process. Typical voltage ratings of electro­
lytfo cap:.1.C'itor11 rang<' from 25 up to about r,oo volts. Constructional 
<l<•t.ails vary but, typirally, the elert,rodos arc of et<:hed aluminum foil, 
t.hus giving maximum surface area. They arc separated by paper or
gauze, su.turated with an elcctrolyto t.hat is 1·ommonly a fudgelike solid,
and the entire aH11embly is wound into a roll and mounted in a waxed
1·ardhoard tubo or box.

Ele1•trolytic capacitors are widely used for filter and by-pass purposes 
in situations where a superimposed d-c voltage is present. Compared 
wi1,h capacitors of the solid dielectric type, elt>ctrolytic capacitors have a 
very high power factor and app1-eciahle leakage couductance to the 
superimposed d-e pot<!ntia.l; thoy also vary in capacitance and loss with 
t.ime, frequency, and temperature. However, for many purposes these
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feature!! are unimportant and, in proportion to capadtance and voltage 
rating, electrolytic capacitors are the least expernnve and most cqmpact 
availahlfl. Thfly are, however, subject to progresl!ive deterioration with 
time and so have limited life, and their dependability is appreciably less 
than that of paper capacitors designed for the corresponding applications. 1 

2-7, Coils for Resonant Circuits. Coils intended for use in resonant
1•ircuits must have very low losses and small distributed capacitance. 
Both air-cored and magnetically cored coils are used for resonant circuits, 
with the choice depending upon nircumstances. 

Methods of Expressing Coil Losses-Coil Q. The principal causes of 
energy loss in air-cored coils are skin effect in the conductor, proximity 
effect rr.sulting from the interaction between nearby turns, dielectric 
lOl!l!CH a11sociatcd with the distributed capacitance of tho coil, and eddy­
current lo..�ses in shields and other neighboring metallic ohjoets present 
within range of the magnetic field of the coil. In the case of coils with 
magnetic cores, the prim�ipal cause of energy loss is usually core loss, 
although factors such as skiu-etfoct resist,ance of the wire and also dielec­
tric loss arc sometimes likewise of significance. 

For purposes of circuit analysis the coil losses are commonly expre11sed 
in terms of an equivalent resistance, which when plal'ed in series with t.ho 
coil indu<'tance will account for all t.hc power lossus actually observed. 
The most, convenient way t,o cxprc1SS the merit of the eoil is, however, in 
t.erms of the ratio of t,he reactance wl, of the coil to this equivalent series
resista1rnc ll. This ratio approximates the re<"iprocal of the coil power
factor, and is usually referred to by the symbol Q; that is,

coil rc-ac•tanl'e · w/, 
Q - equiva!e11t Herics i·ei;istancc -·-n (2-15) 

It. is convenient to express the c·harac•t.Eiristies of a roil in tlirms of Q 
be1•ause the Q in the operating range of the coil usually varies only 
moderat.ely with frequency; moreover, the value of Q corresponding to a 
good coil is subst.antially the same irrespective of the frequency for which 
the coil was designed. The tendency for the coil Q to remain constant 
with frequency arises from the fact that, as the frequency increases, all 
the losses also increase, so that the ratio of coil reactance to resistance 
tend11 to be mut)h more nearly constant with frequency than is cit.her the 
reactance or the resistance of the coil. 

Distributed Capacitance of Coils. In a coil there are small capacitances 
between adjacent turns, between turns that are not adjacent, between 
terminal leads, between turns and ground, etc. Some of the different 
capacitances that may exist in a typical air-cored coil are shown in Fig. 

1 By 811hatituting tantalum for the lcBB l'XJ)f'nsivc aluminum foil electrodes, it ia � 

po111ihl<' to increase greatly the reliahility: see 1\1. Whitehead, Tantalum Electrolytic 
Capadtol'II, Bell Lab. R«ord, vol. 28, p. 448, October, 1950. 
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2-14. Each of the various c&pacita.nces &SSOCi&ted with the coil stores &
quantity of electrostatic energy th&t is determined by the c&pacita.nce
involved and the fraction of the tota.l coil voltage that appears acr088 it.
The total effect th&t the numerous small coil capaci­
tances have can be represented to & high degree of
a<'<'Uracy by assuming th&t they can be replaced by 
a single capacitor of appropriate size shunted across
the coil terminals. This equivalent capacitance is
called either the distributed capacitance or the self­
capacitance of the coil; it causes the coil to show 
parallel resonance effects under some conditions (see 
Hoc. 3-2). 

F10. 2-14. Some of thfl 
roil capac•itanllell that 
contribute to the dis­
tributed l'apacitanc•r 
of a lllingJc ... layer coil. 

In multilayer coils the distributed raparitance 
will he high unless arrangements are used that prevent turns from different 
parts of the winding from being located close to each other. Thus, in the 
two-layer winding shown in J.'ig. 2-15a, in whi<-11 the turns are numbered in 
order, the first and last turns are adja.!'ent; the raparitance between the 

COi LAYER WINDING 

II" I DEEP NARROW 
WINDING 

1b1 BANK WINDING 

Id) SPACED LAYER 
WINDING 

turns at opposite ends of the wind­
ing then stores an undc1e1irahly large 
amount of electrostatic energy. 
Thit1 can be avoided by the use of the 
hank winding, shown at b. Here the 
adjal'm1t turns represent parts of the 
<'Oil that are close together electri-
cally, while the ends of the winding, 
which are far apart electrically, are 
also far apart physically. Alterna­
tive approaches consist in using 
many layers with few turns per 
layer, as in Fig. 2-13c, or in spacing 
the layers, as in Fig. 2-15d. The 
common "universal" multilayer coil 
r<•presents a !'onvenient mechanical 
method of utilizing these principles to 
a<·hifwe low distributed capacitance. 

The distributed capacitance of a 
coil that is to be used in a resonant 

1''111. 2-15. Several types of multilayer 
windings. circuit must be small. This is he-, 

r.ause the distributed capaeitance 
limits the highest frequency to which the <'Oil can he tuned, and also intro­
duces losses that ber.ome serious at the higher frequencies. These losses 
are dielectric losses occurring in the coil form, in the wire insulation, and 
in any other dielectric that may be in the ele<"trostatic fields associated 
with the coil. 
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Air-cored Coils for Resonant Circuit&. Air-cored coils are wi�ely _used
in radio rer.oivers and almost universally used for the resonant 01rcu1ts of
radio transmitt,ers. Single-layer coils are generally employed for fre­
quencies above .500 to J.500 kc, w_hile �t lower frequencies multilaye� coils
arc typical, as they give the deSired mductance compactly. Multilayer
coils, generally of the hank-wound type, also find some use at broadcast
Crcquenr.ies (535 to moo kc). 

In designing a single-layer coil, the highest Q in proportion to size is 
obtained when the h-mgth of the winding is somewhat less than the diam­
eter of the coil. 1 The number of turns required is then determined by 

Q IOO l--11£....-l--+--l 

aiit 

50 -----

400 600 

DIAMETER• l.87$ 0 

D�:::�:R•Off 

SIZE OF WIRE ·NO 28 
NIIM8ER Of 11JRNS • 1'S 
L• l8SJ1h 

BOO 1000 1200 1400 1600 

FR[QUENCY • KILOCYCLES 

Fm. 2-Ul. Variation of Q with fn>QUPDl'Y for IL t.ypic11l air-1·nrrcl l'Oi!. 

the cxart rat,io of ll•ngt,h to cliamrtcr that is Relectecl, hy the diameter, and 
by th<' inductan<'ll dm1ir<'<l; wlmn t.hes(! fact,,,rs are all settlml, the optimum 
wire sizti corrm1poml1:1 to a co1uluct.or cliam<•tn that, is between 0.5 and 0.75 
t.imes the dh1tancc betwt"Elll t,he cent.urfl of �ljacent turns. If one com­
pares th1, (J of two coils having tho same inductance and the same ratio of
length to diamct.er but diff<'rent physical size, t,hen the coil that is larger
will have thr. highest Q provided it is wound with wire of optimum size.

The design of multilayer coils is more involved than that of single-layer 
coils because of the increased numher of variables. In general, best 
results are obtained if the coil is relatively "loose," i.e., if the copper 
occupies only a small fraction of the artual winrling cross section. Again, 
as in the case of single-layer coils, larger physical 1:1ize will result in a 
higher Q associat.ed with a given inductance value, and also requires a 
larger wire. 

The Q of a typical air-cored coil varies with frequency in the manner 
ill111.1trated in Fig. 2-16. With inrma1:1ing frequency, the Q first rises 
slowly wit,h fmquency, then gOf's through a broad maximum, and finally 
drops at very high frequenrie11. The rise i11 due to the fact that the 

A tli!K'11"8inn of coil lossl'S under idl'ali21ecl conditions in which dielectric effects are 
nt'p;J.,,·�••d iM p;ivt>n by G. W. 0. Howe, The Q 1''!\l'tor of Single-layer Coils, Wireleu Efl{/,, 
v?I 2h, p. 179, ,June, 11140. An exo,Pllent ,liscul!llion of coils for high frequenciM is 
gann hy D. Pullat•k, The l)(,�i,cn of lnd1mtances £or J,'requenciea between 4 and 25 
Mt•gl\liyclf'I!, Tra11B, Al l!.'E, vol. 56, p. 111\!1, September, 1937. 
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inductive reactance of a coil is proportional to frequency, whereas the 
resistance due to skin effect cannot incre88e faster than the square root of 
the frequency; hence the ratio Q = wL/ R tends to rise with increasing fre­
quency. If skin effect e.ccounwd for all the losll8s, the Q at very high 
frequencies would be proportional to the square root of frequency. How­
ever, dielectric l088e8 arising from the eoil form, the cotton or enamel 
insulation on the wire, etc., give rise to a resistance in series with the coil 
that is proportional to the cube of the frequency. At very high fre­
quencies these dieledric losses become comparable to the skin-effect 
losses, and cause the coil Q to drop off. 

The best conductor to use in an air-cored coil depends upon the fre­
quency and coil design. In general, solid wire is used for frequenc:ies 
above 1500 kc. Litz wire will give lower losses than the corresponding 
solid wire at frequencies below about 500 kc and will give some advantage 
for small multilayer coils in the frcqueney range 500 to 1500 kc. 

A value of Q in the range 50 to 200 is 1,ypical of a good fairly small air­
cored coil such as would be used for resonant circuits in a radio receiver. 
A Q of 10 or 20 is considered to be quite low, while Q values in cxress of 
300 are high and can ordinarily he :ichievro. only by the use of coils that 
are physically large, such as are used in radio transmitters. These 
numbers are applicable for coils of all frcc1ue11cy ranges and inductance 
values. 

Magnetio-oore,d Coil& for Re&0nant Circuits. Coils with magnetic cores 
find extensive use at radio frequencies. The principal problem involved 
in using magnetic cor1•s at radio frequencies is that of preventing eddy­
current lOSHCs in the eore material from becoming excessive. The perme­
ability of magnetic mat,eriahi docs not drop off with frequency until the 
frequency is of the order of 10 11 cycles. The hysteresis loss is propor­
tional to the frequency, but since the coil reactance is likewise propor-

. tional to the frequency, the Q is not adversely affected by hysteresis loss 
at radio frequencies. In contrast, the eddy-<•urrent loss for a given rore 
is proportional to the square of the frcquenr.y, whereas tho reactance is 
proportional only to the frequency. Thus when the frc<1ue1rny becomes 
sufficiently high, eddy-current losses dominate the situation, and the coil 
Q drops. 

The eddy-current losses can be kept low at high frequencies by arrang­
ing the magnetic material in the form of very fine particles or dust, pro­
duced either by chemical or mechanical means. These particles are­
coated with an insulating film, mixed with a suitable proportion of binder, 
pressed to the desired shape, and baked. In this way one obtains a core 
in which the individual magnetic partic:les are very finely subdivided, with 
resulting low eddy-current losses; such an arrangement is often called a 
"dust" or powder core. It is possible to make "dust" cores which have 
low losses at frequencies as high as 150 Mc. 

InductEV, Inc. 
Exhibit 1020 

Page 036



34 CIHCUl'r ELEMENTS [CHAP. 2 

The details of the magnct.ic rore depend upon the application for which 
the noil is int,m1dc,-d, and the fre11uemiy range over which the core is to 
oJ)t'rat.c. At audio and the lower radio frequencies, the core material is 
commonly made in the form of rings (toroidal core), so that a closed mag­
netic path may be obtained. Cores designed for use at these frequencies 
usually have an effective initial permeability that is quite high, such as 
75 to 125, cornmponding to a core involving relatively coarse particle.s 
combined with a minimum of insulating material and hinder. At higher 
frequencies, the usual practice is to employ a single-layer winding of fine 
wire on a form that. snugly fits an open core made in the form of a cylin­

r:CMOVCABU 

�� 
F10. 2-17. Coil with slug-tyJ>f' 
magnPtil' <:ore nrrangPd so that the 
inductam,e can Im \'arit-d by mov­
ing the cort-. 

driral slug with a large length/die.met.or 
ratio, as in :Fig. 2-17. Also, as the fre­
quenry is inrrcascd, the effective per­
meability that it is practical to employ in 
a core becomes less because the size of 
the part.irlcs of magnetic material in the 
core must ho reduced, and the proportion 
of core material to binder and immlation 

beromes proportionally less. Thus rorr.s that are suitable for usr. in coils 
oprrating at JOO :Mc have, typi,•ally, an cfTertive permeahility of only 2 to 
4, while cores for mse at frequencies around 1 Mr have pcrmcahilit,ies from 
10 t,o 30. 

The parti1·ular map;neti,i mat.<'rial wmd lik1•wiHI' clcpmuh.1 on frcqur.n,·y. 
}t'or audio and the lower radio fr1•1111r.11ril'i-i molyhdenum p<'rmalloy i11 
common; at the higher radio frt'qucn1·ii111 it, is customary f.o mm iron or 
magnetite, a natural iron oxid1•. 

An alternative mean11 of ol,t.iiiuinp; a magrmtic core with low rddy­
currcnt losses is to umploy a 11011co11ducting magnPt.ic matr.rial such as 
mentioned on pago Hi. Sm·h maforial i:-1 suitable for U!IC up to frc­
qncndes ahove 20 Mc; howevur, ahovu 1:mme limit.ing frequency the· 
diclt>l'f.ric and l't'sidual loss effe,·ts in t.he nonconducting magnetic material 
may advursely alfort the hehavior. In frequonry rangr.s for which they 
are 1,mit.ahle, noncondu1·t.ing magrwtic cor('H result in coils having Q's as 
high aK, or higher than, valu«>.s typiml of dust cores; at t,he same time a 
111m1·011ducti11g «·ore poKhl'Klil'li 1·011Hidi>raLly great.er permeability than can 
he \IN\CI in a dm,t core at the same frequency, aud so has the advantage of 
compart.11l'ss.' 

Magnetic l'Ol'f'.H are p1uticularly drn�irable when it is neressary to obtain 
a reasormhle (J stll'h as 25 to 100 in a very rompact coil. They find exten­
sive use in radio receivers. When a magnct.ic-rored coil is used in a 
resonant, 1·irc11it,, it is 1•ustomary to employ a fixed tuning capa1•itance; the 
resonant frcquell(:y is then adjm;ted by varying the position of the slug 

1 A discm111ion of the pro1iertil'11 obtainable in coils employing nonconducting ferrite 
oorea is given by Strutt, foe. cit. 
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core, 88 indicated in Fig. 2-17. Such p,,rmeability tuning, 88 it is called, 
represents a means of tuning a resonant circuit that is oft.en preferred to 
the alternative arrangement conaisting of a fixed air-cored coil and a 
variable capacitance. 

Radw-frequency Choke Coils. A radio-frequency choke coil is an 
inductance designed to offer a high impedance to alternating currents 
over the frequency range for which the coil is to be used. Thia result is 
obtained by making the inductance of the coil high and the distributed 
capacitance low, and by so proportioning that the inductance is in parallel 

UNIVERSAL COILS 

Col 

SLorrEO INS/ILATING flOl18U, 

11>1 

SPACED 
TURNS 

INSULATHIG 
rusE 

le) 

FIG. 2-18. Typical examples of radio-frequency choke coils. 

resonance with t.hl' distributoo capacitance somewhere in the desired 
operating range of fr<'qul'nric11. 

A typical radio-frequency 1•hokc coil consists of one or mm-c universal­
wound coils mounted on an in11ulating rod, or of a series of "pirs" wound 
in deep narrow slots in a slotted bohhin. A long singfo-layci· solenoid is 
likewise sometimtlS used. Examples of radio-frequency rhoke coils are 
shown in l.i'ig. 2-18. 

The performance obtainable from a radio-frequency <'hoke can gen­
erally be improved by the proper mm of slug-type magnl'tic eorcs, which 
increase the inductance, and hence the impedance of the coil, without 
materially affecting the distributed capacitance. 

2-8. Shielding of Magnetic and Electrostatic Fields. Under many
conditions it is necessary to confine magnetic and electrostatic ficld11 to a 
restricted space. This result is accomplished by using a shield composed 
of suitable material to enclose completely the spare to be 11hieldl1d. 

The Shielding of Magnetic Fluz at Radio J,'requencieB; Conducting ShieldB. 
The most practical shield for magnetic flux at radio frequencies is made 
of material having low electrical resistivity, such as copper or aluminum-. 
Magnetic flux in attempting to pass through aurh a shield induces voltages 
in the shield which give rise to eddy currents. These eddy currents 
oppose the action of the flux, and in large measure prevent its penetration 
through the shield. In this way the flux is restricted to the interior of the 
shield, as illustrated in Fig. 2-19c. 

To be effective a conducting shield should have a thickness a that is at 
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least several times the skin depth & as defined by Eq. (2-10). Under 
thei,ie eondition11, and asimming that the radius of curvature of the shield 
i11 large c·ompared with the skin depth, the ratio of the tangential com­
porumt1:1 of the magnetir field intensities existing on the two sides of the 
shield is1 

Ratio of magnet,ic fields = E"'1 (2-16) 

Sim:e the energy a1111oriated with a magnetic fiuld is proportional to the 
square oft.he fiuld intcru1ity, the attenuation in decibchi of the tangential 
component that i11 int.rod111·ed hy the conducting magnetic shield is 

Shield attenuation = 8.69 j db (2-17)

.Joints whic•h interfere with the eddy currents by adding re11ist.ance to 
t.he t><ldy-current paths gn,atly re<l111·e the effectivenm!S of a condurt.ing
shield. However, a joint parallfll to the lines of current flow dues not
adv<'THl'ly affect t.lie shirlding unless it results in an open hole. This is
true ovun if f,hcrn is failure to maku 1,ontact, so that the shield lacks con­
tinuit.y. Thrse rlfol'tS of joints are explained by the fact that the shield­
ing is produ1"ed by the uddy mrrcnts; if the eddy current.a are not dh1-
turblld, then the 11hinlding resulting from action is not affected. 

Power is di11sipatoo in a conducting shield because the eddy currents 
m1111t flow through the resistance of t,hc shield material. When the thick­
nr.11..'I of the shield is considerably g1-eater than the skin depth, the power 
loss in the shield can be determined by making use of the fact that the 
totul magnitude I of the eddy r.ummt11 ii'\ a strip of shfold 1 cm wide i11 
rdut.ed to the density R in lines per square l'cntimeter of the tangential 
liom1>0111mt of flux that is adjacent to the surface of that part of the shield 
n1•1•onling to the relation 

(2-18) 

The r11rrent / flows along the surftwc of the shield in a direction that ii. at 
right n.np;IP11 t.o the' flux linrs adjarent to the shit•ld. For purposes of 
cnl<·ulatting power dissipation, this <·urrent can be considered as uniformly 
clh;trihute<l t.o a thi1:krl('.SS of onu skin '1epth; it therefore encounters a 
resi11t-a111·c that hi the surfarc resistivity of the mt\tcrial as calrulated by 
skin-effl'1't ronsideratioi:,1 (see pap;e 2:J). Thus the total power lOflS in a 
shit>ld can he oht,ained by first determining by some means the distribution 
of the tunp;cnt.ial eomponcnt oft.he mn.grmtic flux adjacent to the surfare 
of tht> 1il1irld. The di11trihution of rurnmt over the surface of the shield is 
next- obtained wit.h the aid of I<:11. (2-18). The energy lOHS in each square 

1 'fhP PITtml or a condurting HhiPld on Lhf' componf'nt or magnf'lic field that is 
nonnal to the shil'ld follow11 a difff'rt'nl law,-. B. Boston, &-reening at V.H.F., Wirr­
lees Eng., ,•ol. 25, p. 221, July, 1948. 

InductEV, Inc. 
Exhibit 1020 

Page 039



SHIELDING OF FIELDS 37 

centimeter of shield surface is then determined by assuming that this cur­
rent flows through a d-c resistance corresponding to a conductor that is 
one skin depth thick. The power consumed by a conducting shield is 
derived from the source of energy producing the magnetic field. 

(lill MAGNETIC FLUX­

NO SHIELD 

(cl MAGNETIC FLUX­

NON-MAGNETIC SHIELD 

(bl ELECTROSTATIC FLUX­

NO SHIELD 

Ill') ELECTROSTATIC FLUX WllH 

CONDUCTING SHIELD 

CONOIICTTNG SHIE'LOI 
I 

FE'RRITE' LINE'R 

lt'l MAGNETIC FLUX- lfl MAGNFTIC fLllX - CONDUCTING 

MAGNETIC SHIELD SHIEi D WITH FERRITr LINER 

Fm. 2-19. Pe.th11 of eleetr011t&tic and n1&p;netirAl11x lines a.bout the same coil with and, 
without magnetic and nonmagnPtir. shicldA. 

Shielding of D-C and Low-frequency Magnetic Fir.lds; Ill agnr.tic Shiruls. 

When shielding against unidirertional magnetic fields is requfred, a shirld 
composed of magnetic material is employed. Such a shield tends to 
short-circuit the flux lines which attempt to extend through th,i shield, as 
shown in Fig. 2-19e. The effectiveness of a magnetic shield is directly 
proportional to the thickness of the shield, since the reluctance that the 
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shield offers to magnetic flux is inversely proportional to thickne88. 
Joiutii or air gaJ>& which add reluctance to the flux paths must be avoided. 
The degree of shielding ac'.hicved hy a given total thicknelll! of material can 
be inr•rcascd hy dividing the given thickness of magnetic material into two 
or more corwcntric shields separated by air spaces. 

Magnetic shfolds must have high initial permea.hility to be effective. 
They arc acrordingly ciompoimd of high-permeability alloys such as 
permalloy; steel or iron is not a su.t,i1,1fo.d,ory mat.crial hem1.use of its low 
initial permcahility. Sinr·e thu du1,1irahle magrmtic properties of perm­
alloy and similar materials are adversely aif(wtl'd by mechanical strains, 
11111'h as arc introduc·od hy d1·illing, punching, hendiug, etc., magnetic 
,diit•lds must he properly hrat-treatod aftl:r fabrication, to relieve these 
:st.rains and devdop the d1•1-1irable magnetic properties. 

Magnet.ic 1-1hicld1:1 can be UH«•d for shielding alternating fields as wc,11 as 
d-1i fields. 1n particular, they find cxt,cru�ive use at audio and power fro-
11111•111'il'H, part.ic11l1u·ly 00 r)•dcs, where c·ondul'ting Hhields would have t,o
h1.i cix,·c•KXivuly t.lti<"k t.o Im effective. The shil'lding act.ion of a magnetic
Hhit•ld nt t.lmS<i lownr fri�qmmries ill a1·hi<'vcd in part because of the short-
1•in·uit.ing :u-f,ion of t.he mu.gnot.ic material 1111 magnetic flux and in part
h<'causc of eddy 1·11rrPnts which caul!O the shield to a.ct simultaneously
&H a 1iond1l!'ling 11hil'ld.

:\fognctir 1-1hi,1ldH of high-permeability material arc also more effective 
at. radio frequcnl'irn1 than arc c:opper or aluminum shields. At these 
highm· fr<'querwil'K t,h<'y u.1•t, as condurtiTJg shields, but hcrause of their high 
tll'rnwability ha\'e Je11H 11ki11 depth. Thuti the Hhielding obtained with a 
gi\•pn thi1•k111•ss of mat,<'rial is greater. However, l'ondurt.ing mat,erial 
RUt·h aH 1•11ppcr is lt•ss oxpensive per pound l,han magnetic material su1·h as 
p<•rmalloy, iH ual!ier to fabrirate, and requires no heat-t,reat,ment. Hence 
11011map;r1l'l,iu <'nnduct.ing shields are g1>110rally used in preference to mag­
lll'ti,· 1-1hi<'ld1-1 for alternating fields when the frequency is high enough so 
I hnt. t ht> r1•1111it<'d dcgn.-c of shil'lding ran be obtained with a n-.asonahlc 
t,hii·l..111•1-1s of 1·muh11·tin11: 1:1hicld; the only prac:tical exception i11 when a 
1·omh11·t.i11g HhiPld mnploys a liner of nonconducting magnetic: material,
1i11 di>11•m•1mli below. • 

El1·r.tm.�lalir. Shfrlding. Rlectrosl,at.i1; Hhiulding i1:1 obtained by enclosing
1,he HJlllt'e t.o he shiuldurl l,y a runrlm·t.ing surfare. Al·cordingly, the mag­
net,ir and <·ouduct.ing 1,hic•ldH for magnet.iii flux lines dist·us.sed above also
ser,·c &.'i elt•c·trust,u.tic 1!11i1•lds. However, fairly effective electrostatic
sl�i1•ldi11g can be obt,�inl'd hy a metal mesh made of any good to fair elec­
tr1ml

_ 
1•011d�1·tor, wlu_ch would he a rather poor shield for magnetic flux.

. 
It 11,1 pol!s1hle_ 

to shwl<l t•lectrustat,i,• flux wit,hout simultaneously affect­
mg the map;11rt.1<· field hy surrounding the 11pa1•e to be shfolded with a con­
duct.ing cage that is made in sul'h a way as to provide no low-resistance
path fur the flow of eddy currents, while at the same time offering a
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metallic terminal upon which electrostatic flux lines can terminate. 
Thus, the secondary winding of a transformer may be shielded electro­
statically from the primary by a shield having an insulated gap located 
in such a manner as to prevent the shield from becoming a short-circuited 
turn. This is illustrated in Fig. 2-20. Another ·type of electrostatic 
shield that does not affect the magnetic flux is illustrated below in con­
nection with Prob. 2-45. 

Energy loRS is associated with electrostatic shielding as a result of the 
fact that the charging current induced in the shield produces currents 
that must flow through the surface resistance of the shield. However, 

INS/IL A TEO JOINT 

IN SHlcLO. 

ScCONOARY 

IBIIII 
Frn. 2-20. Transformer with elrrtroRtatic shield betWl'Pn primary and secondary. 

under most conditions these currents are quite small, so that, the associ­
ated loss is generally insignificant. This is in contrast with shields 
for alternating magnetic flux, where the shield losses are very often 
substantial. 

Rjf ect of Shiel.ding on Coils. 1 Tho magnetic and electric fieldR associ­
ated with a coil are frequently confined by placing the coil in a shield can 
composed of aluminum or copper. Such a shield increases the coil's dis­
tributed capacitance and effective resistance, and reduces its inductance. 
The distributed capacitance is increased as a result of the capacitance 
between the shield and various parts of the coil (see Fig. 2-19d). The 
inductance is decreased because the conducting shield restricts the mag­
netic flux lines to the spare within the shield; this decreases the cross sec­
tion of the magnetic circuit and thus reduces the flux linkages. The , 
effective resistanee of the coil is increased because the energy consumed 
by the eddy currents flowing in the shield is supplied by the coil. 

The degree of shmlding obtained at radio frequencies by enclosing a coil 
in a copper or aluminum container is very high, and if a reasonable clear­

' The quantitative relations involved arr discussed by Howe, op. cit.; A. G. Bogle, 
The Effective Inductance and Resistance of Screened Coils, J. IEE (WirelesB Soc.), 
vol. 15, p. 221, September, 1940. 
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ance is provided between the shield and the coil, the properties of the coil 
•are not seriously impaired. In general, the clearance between the shield
and the coil Khould everywhere be not lel!I! than the coil radius. Under
such r.onditiom1, the presence of thA shiold will uot reduce the coil Q by
more than 20 per cent, while the reduction in inductance will he still less.

A shiulded inductance that is very compact can be achieved by making 
the conducting shield only slightly larger in diameter than the coil, and 
then using a liner of nonconducting magnetic material to fill the space 
botwccn coil and shield, as shown in Fig. 2-19/. The high permeability 
of the magnetic material provides a low-reluctance return path for the 
magnetic flux outside the coil, with the result that the inductance obtained 
is greater than when the coil is unshielded as in Fig. 2-19a. This makes 
it practical to reduce the physical size required to obtain a given induct­
arwe at a desired value of Q. In addition, the shielding is more effective 
than when only a conducting shield is used (Fig. 2-19c), because both 
magnetic and conducting shielding is simultaneously obtained. 

PROBLEMS AND EXERCISES 

11-1. Ir the flux shown in Fig. 2-1 is produced hy a current of 0.01 amp, eetimate the 
coil inductance. (Auume that J<'ig. 2-1 givl'K a two-dimensional repl'Cllentation of the 
artual flux lines preHent in the three-dimensional coil.) 

11-11. A singlr-layer coil is to have an inductance of 220 ph and is to be wound on a
form having a diamrtl'r of 2 in. If the ratio of length to diameter is 1.5, determine 
tl1e di11tanr.e bet.ween Cl'nters of adjacent turne of the winding. 

11-3. A sinp;le-lay!lr sohmoid,11 coil having 60 turns on a windinp; 3 in. long and 3 in. 
in diamc-ter tJOHSl'Hlll'II an inductance of 187 ph. Without using J,'ig. 2-2, dl'tcrmine: 

a. How many turns \\ould he l'l'quirl'd to obtain the same inductance if the core
wrre 2 in. in diu.mctl'r and 2 in. long. 

b. llow many turns woulii be requirt>d to obtain 11.11 inductance of 400 ,.h with a 
windinp; 4 in. long and 4 in. in diamt•tcr. 

11-4. a. Ou a hystl'rcsis loop similar to that or Fig. 2-:J, show a minor hystere11iB 
loop originating at point 1 on the main loop, hut corrl'11ponding to o. substantially 
larger v11lut• or altrrnating magnetization. 

h. Rrpeat for th•• same altl'mating magnl'tisatiou as in (a), but with the d-e mag­
nl'tization corrrsponding to point 3, instead of point 1. 

2-11. Thl' incrl'mental inductance at low altr.rnatinp; magnetization of a particular 
iron-cr>rl'd <'oil having IOIKI turns is 10 hl'nrys with no d-c saturation, and 4 henry& 
wlwn carrring o. d-1· mup;nl'tizinp; current of 0.1 amp. When the number of turns is 
rl'llut·l'd to /ill(}, it, i11 found that the indurtancc without d-c saturation is reduced to 
2.5 hl'nrys, or t•iml'lly onr-fnurth of 1hr previous \0ah1l', whereas with a d-c magnetizing 
current of 0.1 amp thr incrrmt>11tnl induetaJ1cl' i11 somewhat grl'u.ter than one-fourth 
of 4 htnrys. Explain. 

11-6. A coil USPS 11 11ili1•on-sll't•I 1mrr composed of material having the characteristics
given in Fig. 2-4, anrl t hi' l'Orl' iM aR�Pmhlf'd with nr,p;ligihle air p;ap. If the incremental 
inductance iis 5.4 hl'nrys with no d-c magnl'tization and low alternating flux density, 
what will br the inct'l'mrntal inductances with d-e magnetizations 11ufficient to produce 
1, 2, and a arn))l'rr turns Jlt'.T cm? 
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z.,7, a. A permanent magnet that is required to produce a large amount of flux 
in a low-r!'luctanct> magnctfo circuit will be short and thick. Explain. 

h. A permanent magnet that is required to produce a small amount of flux in a high­
r!'luetaner eircmit will he long and thin. Explain. 

Z-8. A prrmancnt magnet of Alnico V is requirrd to estahliHh a flux density of
2000 lin!'s prr sq cm in an air gap 1.2 cm long and having an cff Putive l'l"OHS section of 
20 sq cm. Determinl' th!' length and cross section of the mag1ll't requirc•d, assuming 
Htabilization is not nreessary. 

Z-9. Explain why a permruwnt magnl't stahiliz!'d as in J<'ig. 2--6 will lmve to bc1 both 
larger in croKS sl'ction and longn than an unstahilizcd magnet in ord1•r to produce the 
same flux in a given ext!'rnal uireuit. 

S-10. A part.irular permancnt-mag1wt syst!'m employs a l'ylindric1,I magnet of 
Alnico V hnving a <lianwt,,•r of LO in, and a hmgth of 0.6 in. If Aluico XIl is used 
instead, c·alrulall• the diam1•tcr and l!'llgt.h rc•quircd to givl' thl' s1unl' result. Assume 
that th!' p1•rmauc11t-mag1wt matrriul is usrd under optimum 11onclitions in hoth cases 
and that stahilization is not rcquirrd. 

2-11. A primary coil having an imluctnrwe of 100 µh is co1mroted in St•rics with a 
secondary coil of 2,10 µh, nnd thl' tot1Ll indul'l,ance of the comhination is ml•asured as 
1-lli µh. Dr.tPrmine (a) the mutual inductance, (b) the c1oefficic11t of coupling, and (r) 
t Ill' indll(•I 1,ncc that would he ohscrved if thu terminals of one of th!' coils were reveraed. 

Z-12. Two circuits ar!' to h<· r.ouplrd by It common 1,apacitor using the circuit of 
Fiii:. 2-8r, Ht.Ju• I.flt al 1,apacitancr r,•quiml in the primary <•ircuit is U>O µµf, while thu 
loflil raparitancu rrquir<"d in t.h<' sp1•011dary circuit is 100 µµf, determine the value of 
t.hr common capn.citance (',. in Fig. 2-& to give a cocffi1•ic11t of coupling of 0.02. 
{Not,•: In solving this problem do not atll•mpt to use Rq. (2-8).] 

2-13. In two circuits couplc·d &R in Fig. 2-811, L, = 0.05 henry, L2 ,. 0.08 henry,
and k = 0.4. Determine (a) tl11• rl'qniml value of L .. , and (b) thr total primary and 
total s1•rondnry induetances. 

2-14. Explain why two eoils t.hal, have t.ll!'ir ax1•s, rrsJJf'l'tively, parullial to, and at 
right angh•s to, tlw li1II' joininp; till' coil <'Pnll•rs will havt• zero mutual inductuncP. 

2-111. Two sin111le-layer uir-cor1•cl coils arc located coaxially end to end, as illustratl'd 
in Fip;. 2-Sa. It is found that, if a long cylindrical magnetic core is MlippPd inside of 
th!'S<' ,�oils so that it, is l'Ommon to both coil�. the mutual ind11ctanc1• is incr1•ascd more 
than is thr s1•lf-i111hll'tm11'<' of the individual coils. Explain. 

S-16. What rfl'Pt'I, do11s thr r1,ilistrihution of current associal.!•d with skin effect
have on the inductanr,•? E�plain. 

Z-1'1. a. Calculate the skin depth in coppor for 1 kc, l Mc, and 1000 Mc, and
tabulate the results. 

h. Repeat for aluminum.
S-18. Parts fom1erl of brass, steel, etc., arc somctimc·s silver- or coppl,r-plated to

l"l'duco thP effrctivr rrsist.ance to mclio frec1urn!Sies, If cooppcr plating is rmploycd, 
and the part is to !IC' usc·d in thP fr<"qurncy range 5 to 20 l\lc, rc•commcnd a minimum 
thickness for this plating, and p;ive the r!'R!loninp; upon which this r1•commendatio11 
is based. 

2-19. Inductances (and also shields) are som1>timrs platml to reduce corrosion and 
improve appearance. The resistivity of th<' pl1tt inp; material suitable for this purpose 
is usually mul'h higher than the resistivity of the material that is plated. What 
rrit.erion must the thi<·kncss of the plating siitisfy if the effp1•tivc rl,sistnnc,c of the 
plated cond1wtor is to approarh rlo11cly the rt•Fistanrc oht,ain!'d without plating? 

Z-20. A No. 14 copp<'r wir!' (diam!'ter 0.0641 in.) has a d-e resistance of 0.252/i ohm 
Jlflr 100 ft. Cafoulatt• its rl'sistance at HI Mc, and at 3000 Mc, and tabulnte thPsc 
three values of resistance alongside of one another. 
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t-11. What diaml'tcr must & copper wire huve if its rMist&nce is not to exceed 

3.0 ohms per JOO ft at JO Mc? 

ll-11. A r,onductor consistinl( of a thin-walled tube will have much lrss resistance at

vrry hip:h fr,•quciwiPR than a solid wire of the same d-c resistance. Explain.

ll-D. In a conductor consisting of a tube of specified outaidl' diameter, the resist­

ance at vPry high frrqurnci1•a will he almost iudi,pendeut of wall thickness if this

thi1•kn1•AS exrrPds s<'vt•rti.l Hkin d<-pths, hut will he roughly inv<'rsl'ly proportional to

wall thick111•AS wlll'n thr thickness i.� small compared with the skin dcpt.h. Explain 

the1m observations. 
ll-H. Drtermine what matlll'matical approximation is involvPd in each of the

following stall'mmts: 
a. Thi' phase anglr. in radianM is Pqual to the f)Ower factor.
I,. The rrciproral of <•apncitor Q is rqual to the J1owrr factor of the capacitor.
r. Thr diMBir>ation factor is 1•qual to the phase angle.
ll-1111. On th1• hasis of the information given in Fig. 2-12 and the assoriat.rd diseus-

11ion, sk<-t1•h curves a111,logous to F'ig. 2-12 but showing qualitatively how the dirlr1•tric 
r.onstant 1md power factor would vary as a. function of temperature for (a) a low 
frrqm•ncy, and (b) a high frpquency. 

ll-118. a. A mica capacitor with powrr factor 0.0005 has a caparit.ancr of 0.001 µf. 
Assuming skin-Pffrd, l'l'!list.anee to be negligible, what, iR the eq11iv1tlrnt seri<'s rPsistance 
of the c1Lp1witor at frNJUl'11<1ies of )()00, 100,000, and l0,000,000 r.yrlrs? 

b. What is thr Pqui\·alrnt shunt rPsistancr for thP. saml' t·onditions?
2-117. A ct•rtliin air ,·apa.citor P.mploying myl'alex insulation has a powrr fartor of

0.0003 at 1000 l'y1•l<is. What will its power fador ht• at this saow fr1•q11rm,y and same 
capal'itance if tht, my1,ah•x insulation is rPpla.ced by polystyrPrin insulation of the 
same gromt>t.rical con figuration? 

ll-18. Thr power fiu·tor of a capacitor at very high frequencil'B is roughly propor­
tional to f" whPre f is the frequoncy. What is the value of n? 

ll-19. Rhow that thP. power factor of a givPn variable air capacitor at, low frrquenci1•s 
iH indl'pt•ndcnt of frrq1wney hut increases invt>rscly with capallitance st•tting. 

ll-30. At vPry high fn•qucncies, dors an incrrase in frt>quency cause the powPr factor
of a variable air capacitance for a givl'n capacitance sPtting to become gn,ater, le118, or 
unrhang .. d? Give an adequate justification for thr answer chosen. 

ll-31. In a varinble air capacitor the ratio of the power factor at a given high fre­
quemiy to lhr powrr factor at a given low frequency becomrs greater aH thl' 11apacitamm 
fll'tting incn•~· Explain. 

ll-31. In a rapacitor having a capa1•it,ancc of 0.001 µf, the equivah•nt l!Prirs indurt�
arwr of the lriuls, Pie., is 0.1 ,.h. At what fn•quency doPB the apparent capacitance 
diffl•r fmm the true capacitamm by IO per cent? 

1-33. A t•rrtain capacitor having air dielrl•tric with hakrlite supports obtains 10 ,.,.f
of its rsp1u-itance through the hakelite dit>lect.ric having 11, power factor of 4 pt>r cent, 
and tlw rrmainder of its 11apacita.nc,c from the air, which has no loSSllll. What is the 
equivalrnt srries reKistance and power factor at 10,000 kc when the total capacitance 
is 100 ,.,,r (90 ,.,.f from air and 10 ,,,,r from bakrlitr)? Nl'glrct skin-effect losses. 

ll-H. A particular mica capn.citor having a capacitance of 0.001 ,.f has a power
fartnr of 0.IXX15 at a frrqurmiy of 1000 cydPB, while at 10 Mc the power factor has 
risen to 0.001. From this infrrmation deduce the values of R and Rr applicable in 
J<'ig. 2-13 at 10 Mc. 

ll-35. The capacitor of Prob. 2-26 is able to stand a d-c potential of 5000 volts and is 
rapable of dissipating saf Ply 3 watts of heat. 

a. At. what frequrney will ht>ating hl'gin to limit the voltage rating?
b. What is the volt,agr rating at frequencies of 1, 1000, and 10,000 kc?
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1-18. Derive an equation giving the exact relation betwllt'n thr Q of a 0011 and the
coil power factor, and from thi11 calculate the error in the approxim1Lte relation: power 
faetor • 1/Q, when Q • 50. 

1-1'1, Explain why the distributed ca1,acitanr.e of a coil i11 alway■ i111:rcued by the
wax or other coating uaed for protection agaiuet moil!tuN'. 

I-al. On the buie of proximity and akin effect■, explain why it i11 rrUMnable to
1•xpt'llt that the maximum coil Q would be obtained with a wirr not 110 Jar� as to Ir.ave 
vrry little elr.araner betwoon adjacent turn■, and 11ot eo small u to mako thill ch•arancc 
h<-comr a large fraction of the ■pacing between centrni of adjacent turns. 

1-19. In a coil with a magnetic slug core as in Fig. 2-17, removing the core will
reduce the inductance 11!1111 in a 11y1tem u■ing a core deaignl-d for 100 Mc tban in a 
■ystem using a core designed for 1 Mc. Explain.

1-'0. A r.oppor ahirld is roquired to reduce the magnetic flux density by 60 db.
What shirld thick11C11B is required at (a) 1 kc, (b) 1 Mc, and (c) 1000 Mc?

1-&1. DPrive Eq. (2-17) from Eq. (2-16). 
1-&I, A partfoular magnetic shield attenuates d-c magnetic li1!ld11 by 20 db. What 

\\ill the attcmu�tion be if the shiP,)d thfoknC88 is doubll'd? 
1-&I. A conducting magnetic shield is compofll'd of JMlrmalloy having an initial 

Jll'nncability of 15,000 and a resistivity of 17 µohms per cm cube. Calculate (a) thu 
thfoknrBR which this material muKt have to be 5 akin d11pth1 thick at 60 cyclC's, and 
(b) the thicknr.ss which copprr must have to acihil've the samr 1.h•gn•1• of shielding.

I-'&. Explain why magnc•tic matrrial in powdrred form, such as u81'd in magnetic
tllll'l.'B for radio frcquoncic■, ill not 1111it.abll' for use as a 11hfold of alternating magnetic 
fields. 

1-'I. A grid o( wil'OI! such &1111h11wn in the ac•comp1u1ying fignN' will provide, efoctro-
11tatic shielding without magnetic ahil'lding providl'd the 11tructure (ahowu dotted in 

PaoB. 2-45 

the illustration) supporting thf' 11it!OB of thr ehirld is an insulator. However, i( thP 
material of the aupJK1rtin,c structure is a conductor, thou magnetic aa wrll &ll clcctro-
11tatic fields are ehfoldcd at least to BOrne extent. J<�xplain. 

1'"'8. When a nonmagnetic 11hi1•ld can surrounds a solenoidal coil, it is olllK'rvf'd that 
the shielding o( the magnetic field is not affected appreciably hy a joint in the shield 
provided this joint is in a plane perpendicular to the axis of the roil, but the effcctivc­
nl'n of the shield is very acriously reduced if the joint is in a plane that contains the, 
axia of the coil. Explain. 

1-''1, If it is necessary that a magnetil: shfold for d-c fields ha,•e a joint, how should 
this joint be oriented with respect to the direction of the magnetic flux that iB being 
shielded? 
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CHAPTER 3 

PROPERTIES OF CIRCUITS 

WITH LUMPED CONSTANTS 

3-1. Series Resonance. A circuit ronsisting of an inductance, capaci­
tance, and resistance all in series, as in Fig. 3-1, is called a series resonant 
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Frn. :J-1. Magnitude and phaMP an�II' of 
current in a 11uries rei<munt. 1·irr11it aR IL 
f lllll'I inu of frequency for co11Ht1Lnt IIJ.l)llircl 
volta11" 1md different rircuit Q'H. 

or :series tuned circuit. When a 
constant voltage of varying fre-
quency is applied to :such a circuit, 
the current that flows depends 
upon frequency in tho manner 
shown in Fig. 3-1. At low fre­
quencies, the capacitive reactance 
of the circuit is large and the induc­
tive reactance is small. Most of 
the voltage drop is then across the 
capacitor, while the current is small 
and leads the applied voltage by 
nearly 90° . At, high frequencies, 
the inductive rcal't.anl'c i.c; large and 
the capacitive ma<'tanc·o low, result­
ing in a small c•urrent that lags 
nearly !10° hchi11d the applied volt­
agt•, and most, of the voltage drop is 
across the inductance. In hetweeu 
thmm two cxtrcmm; there is a frn­
quen<·y, cal/I'd the T<',wmnnt freq1um.r.y, 
at. which the t:aparitive and indurlive 
Tliactances are 1•:ractly l'qual and, 
ronseqmmtly, neutralize each other; 

there is then only the nisistauce of the rircuit to opposl' the flow of cur­
rent. Tho current at tho rmmnant frequcrH'y is aecordingly equal to the 
applied voltage divided by the circuit resistance, and is very large if the 
resii,tanrc is low. 

A resonance curve such as illustrated in Fig, 3-1 finds extensive use in 
11l'loct.ive systems for separating a desired a-e signal from signals of 
other frequencies. For frequencies in thf' vicinity of resonance cor­
responding to a ra.rrier wave and its sid(iband frequencies, the response is 

44 

InductEV, Inc. 
Exhibit 1020 

Page 047
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nearly uniform and is quite large. However, at frequencies differing 
greatly from �onance the response is relatively small, with the result 
that signals of such frequencies, i.e., the unwantod signals, are severely 
discriminated against. 

The characteristics of a series resonant circuit depend primarily upon 
the ratio of inductive reactance wl, to circuit resistance R, i.e., upon 
wl,/R. This ratio i11 frequently denoted by the symbol Q and is called 
the circuit Q. 1 Most of the 1088 in the usual resonant circuit is due to coil 
resistance because the losses in a properly constructed capacitor are small 
in comparison with those of a coil. The result is that the circuit Q

ordinarily approximates the Q of the coil alone, which was discussed in 
Rec. 2-7. 

The general effect of different circuit resistances, i.e., different values of 
(J, is shown in Fig. 3-1. It is seen that, when the frequency differs 
appreciably from the resonant frequency, the actual current is practically
independent of the circuit resistance and is 11ery nearly the current that would
be obtairn!d with no losses. On the other hand, the current at the resonant 
frequency is determined solely by the resistance. The effect of increasing 
the resistance of a series circuit is, accordingly, to flatten the resonance 
c·urvfl by reducing the current at resonance without significantly affecting 
the behavior at frequencies differing appreciably from resonance. This 
broadens the top of the curve, giving a more nearly uniform current over 
a band of fn-quencies near the resonant point, but does so by reducing 
the ability of the circuit to discriminate between voltages of different 
frequencie.s. 

Analysis oJ Series Resonant Circuit. The elementary voltage, current, 
and impedance relations of series n>.sonant rircuits are discussed in every 
book on alt.emating currents. The basic quantitative relatious are listed 
helow for convenient reference. 

1 Resonant frequency = /o = 

VU: 
(3-2) 

2r LC 

z. = R + j (wL - "'�) (3-3a) 

IZ.j = ✓R1 + (wL :��r (3-3b) 

1 The circuit Q cau alllo be defined u 

Q 2r energy atored in circuit (3-l) • {energy diuipated in circuit
during one cycle 

Thia relation follOWII from the fact that the energy atored in the inductance L when 
the current I ia maximum (i.e., when all the stored energy is in the inductance) is 
11£/2, where 1 ia the peak current. At the 11111De time, the energy lost per cycle in the 
circuit resiatance R i■ l1R/2f. where/ i■ the frequency. 
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wL - (1/wC)
tan o = -- -R--

E E 

I= z. = R +il�-
.,
---(1-/w�C""')) 

E
Currr.nt at rr.1mnanre = Io = Ro

Voltage across iudw·tance = jwl,l . 
-j Voltage across capru·itor = -

(
-, I

W, 

where N = voltage applied t.o rircuit 
I = current flowing in circuit, amp 
f = frequency, cycles 
W = 2r/ 

Q = wl,/R 
H = total 11nios re11i11t.ance of tuned circuit 
L = i11ducta1u·e, he11ry11 
C = cap1witan,•e, farads 
z. = impedan<•e of 1if'rif'11 circuit

6 = pha!!e anp;le of impeda1we
flubscript o denottis value11 at re11onant frequnney 

(CHAP. 3 

(3-4) 

(3-5) 

(3-6) 

(3-7a) 

(3-7b) 

At fn1qm•111"ios near n,110111u1ce the voltagos acl'OIIII the l'aparit,or and the 
indtll'tance will both bc very much greater than the applied voltage. 
This is p<>1!14ible btwause at frequencies near resonance the voltages across 
t.he capal'itor and inductanrt are nearly 180° out of phase with each other
and so add up to a value that is much smll.ller than either voltage alone.

At resonance, where tbe circuit current is E/R, Eqs. (3-7) show that 
the volt.age across the inductance (or capacitor) is then Q times the 
applied voltage; i.e., there is a resonant riBB of 110ltage in the circuit a11Wunt­
i"g to Q limes. Since a typical value of Q is of the order of 100, a series 
resonant, c•il'cuit will thus develop a high voltage even with small applied 
potentials. At frequencies differing from resonance the voltage devel­
oped ac•ross the indm·tance (or capacitor) falls off. In the vicinity of 
resonance the resulting curve of voltage as a function of frequency bas a 
shape that for all practical purposes can- be considered to he the same aH 
the r,,rresponding curve of current as a function of frequency (see Fig. 
3-1). The reason for ti,1s is that most of the resonance effects exist in a
very narrow frequency hand, typi<•ally representing a frequency variation
of only a few per cent. Over this frequency range the term ,,,1, (or 1/wC)
in Eqs. (3-7) is so nearly constant that to a first approximation the volt­
age developed aerOSB the circuit can be considered to be proportional to
the rircuit current.

l!niveraal Resonance Curve. Equations (3-5) and (3-6) can also he 
rearranged to express the ratio of <'urrent actually flowing to the current. 
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Ssc. 3-1) SERIES RESONANCE 47 

at resonance, in terms of the circuit Q and the fractional deviation of the 
frequency from resonance. This leads to the universal resonance curve 
of Fig. 3-2.1 

In the universal resonance curve, the frequenr.y is expressed in terms of 
a parameter a that represents /o/Q cycles, as defined in Fig. 3-2. Thus 
a = 1.0 when the cycles off resonance equal /0/Q cycles, a = 2 when the 
number of cycles off resonance is 2/o/Q, etc. 

The use of Fig. 3-2 in practical calculations can be illustrated by two 
examples. 

Example 1. It is desired to know how many cycles one must be off resonance to 
rrduce the current to one-half tbe value at resonance whrn the circuit has a Q of 125 
and ill rCBOnant at 1000 kc. 

H.cfcrence to Fig. 3-2 sbows that the ffllponec ill ttduced to 0.5 when a • 0.86. 
Hence, 

0.86 X UlOO Cycles off resonanre • --ii5- .. 6.88 ke

The phase an,;lr of the current &11 obtained from the curve iH 60°. 
Example Ill. Witb the same circuit as in thr prl'ceding rxample, it ill desired to 

know what thl' response will he at a frequency 10,000 cyrh•s hPlow resonance. 
To solve this problem it is first nccrssaTy to dutrrminc a.

a - 1%000 X 125 = 1.25 

Reference to Fig. 3-2 shows that for a = 1.25 thr rrsponae is reducrd hy a factor 0.37 
and that the phase of the current is 68° leading. 

The only assumption involved in the univel"!!a! resonance curve is that 
Q is assumed to be the same at the frequem•y heing <ionsidcred as at the 
resonant frequency. When this is true, tht universal resonance �rve 

1 The equation of the universal l"l'l!Onance curve is obtained a.1 follows: The ratio of 
l�q. (3-5) to Eq. (3-6) givr.s 

Actual rurrent Ro /lo 
CUTrl'ntatrl'sonancP R +i[wl, - (1/wC)I N +j[(w•/,(.' - 1)/wC) 

Now d<'finc- the fra,•tional deviation a of th<' freqm•m•y rrom rf"H01uuw1•, according to 
thr rdation 

"' .. ..,o(l + II) 

Suhstitutiup; this exprl'sRion for., and rl'mrmh1•rinp; that wo/, = I /woC, onl' obtains 

Actual rurrcnt Ro 1 
Currl'nt at rrsonancr • R + j [tl_ +_�)• __ - J] ..,J, = R + jQII (�-+_a)

1 + & Ro I+ II 

Whrn Q is constant, th!! radio-frl'qnl'm:y rr•Histanre is proportional to frequency IIO 
that R//lo • w/wo • (1 + &), which wbl'u substitutt•d yil'lcls 

Actual current ___ 1 
Current at resonance • l + 11 + jQ�·n-t !)

Figure 3-2 i11 then obtainc-d by substituting a • Q6. 

(3-8) 
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involves no approzimations whatsoever. Over the limit,ed range of fre­
quencies near resonance represented in Fig. 3-2, the variation in Q in 
practical cases is so small as to introduce negligible (i.e., less than 1 per 
cent) error from the use of the curve, when the value of Q existing at 
resonance is used in determining the parameter a. 

1111111 lfl 1111111 
CYCLES OFF RESONANCE,_e, FRACTIONAL 
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FR[OUENCY BELOW RESONANCE VALUES OF t: FREQUENCY ABOVE RESONANCE 

Fm. 3-2. Universal reROnance curve for 11Crics resonant circuit. This curve can also 
bt• ap1,lit'tl t.o thn 1mrallt-l rl'110D1lnt l'ircuit by considrrinp; the vertit·al IIC&le to reprl'-
111•nt tht• ratio of 11.1•!1111.I pu.rallt-1 impedance to th,. p11,r11,l11•l imprda1we at re110nancP. 
When llppliPtl to paralll-1 ciri:uits, tht• angll'II shown in the figure as IPadiug are lagging, 
and vit•t• Vl'r8&. 

Th<' univf:\rsal resonance curve is useful because it is independent of 
the resonant fr(•q11P111·,· of the circuit and of the ratio of inductance to 
tiapacitance, and hticausc it is suhstantially independent of circuit Q. It 
thus follows that all resonance curves have the same relative shape irrespective 
of resonant frrqtwncy, Q, or ratio of inductance to .capacit.ance of the circuit. 

Wo:-king Hules for Estimating S1'arpness of Resonance. Since the 
curveK for different values of Q arc almost identical in Fig. 3-2, particu­
larly in the neighborhood of the resonant frequency, it is possible to state 
eeveral easily remembered working rules that will enable one to estimate 
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the sharpness of any resonance curve with an error of less than 1 per cent
when only the Q of the circuit is known. 1 These rules follow: 

Rule l. When the frequency of the applied voltage deviates from the
resonant frequency by an amount that is l/2Q of the resonant frequency, the
current that flows is reduced to 70. 7 per cent of the resonant current, and the
current is 45° out of phase with the applied voltage. Thus the frequency band
B over which the response is at least 70.7 per cent of that at reBonance (i.e.,

within 3 db of resonance) is B ""' fo/Q, where Jo is the resonant frequency.
Rule 2. When the frequency of the applied voltage deviates from the

resonant frequency by an amount that is 1/Q of the resonant frequency, the
current that flows is reduced to 44. 7 per cent of the resonant current, and the
current is 63½0 out of phase with the applied voltage. 

Thus, in the circuit considered in the above examples, the current
would be reduced to 70. 7 per cent of the value at resonance when the fre­
quency is ½i;o of 1000 kc, or 4000 cycles off resonance, and to 44.7 per
cent of the resonant current for a frequency deviation of ½' 211 of 1000 kc,
or 8000 cycles. Since the resonant rise of voltage in this circuit is
125 ( = Q) times, the rise of voltage is very nearly 0.7 X 125 = 87.5 times
when the frequency is 4000 cycles off resonance, and is very close to
0.45 X 125 = 56.25 times at a frequency 8000 cycles from resonance. 

Practical Calculation of Resonance Curves. The proper procedure for
calculating a resonance curve is to start by determining the current at
resonance, using Eq. (3-6). The working rules can then be applied to
obtain the response at frequencies 1/2Q and J/Q on either side of reso­
nance. This gives a picture of the sharpness of resonance and is sufficient
for many purposes. However, if additional points in the vicinity of reso­
nance are needed, they can be calculated with the aid of Fig. 3-2. · 

At frequencies too far off resonance to come within the range of the uni­
versal msonance curve, the magnitude of the current can be determined
with an accur1.1cy sufficient for nearly all practical purposes by neglecting
the resistance R in Eq. (3-5). The phase angle of the current under
these conditions is obtained from Eq. (3-4). 

The above procedure for calculating resonance curves is much superior
to making calculations based directly upqn Eq. (3-5). The use of the
universal resonance curve in the vicinity of the resonant frequency not
only reduces the amount of labor involved but also greatly improves the
accuracy under ordinary conditions. This is because resonant circuit

formulas such as Eq. (3-5) contain a term ( wL - w�') which involves th�

difference of two quantities which near resonance are nearly equal in
magnitude. In order to obtain this difference without more than 1 per

1 An error of 1 per cent is nearly always permiS11ible ill calculations of radio-frequency 
circuits. This is because the effective ci:cuit constants at radio frequencies are very 
seldom known to an accuracy that involves an error of leu than 1 per cent. 
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cent error, five-place logarithms must ordinarily be employed. Slide-rule 
c:alculations are nevor permiHSihle. Ne.glec•ting the resistance at fre­
quoncies too far off resonance to come within the range covered by the 
univursal resonance curve enormously reduces the lahor involved in 
c:alculating magnitudes, and introduces an error of lc�ss than 1 per cent of 
the magnitude at resonance. This accuracy is ample for all ordinary 
purpOHeS, and the error is undetectable when resonance curves are 

LEAD 
iO' 

i 
t-----lNFIN!Tc () 

I 
UE:RO LOSSESI 

I 

I 
\ 

F'REOUtNCY 

1�m. !1-!1. Map;nitmlr anrl 11halll' ••n11:l1• of 
impcdnnee of a parull,·I 1:irc11it &Ha funt>­
t iun of frpq111•1u•y for diff1•rent cir,•uit Q's. 

plotted. 
3-2. Parallel Resonance. A par­

allel circuit consisting of an induct­
ance branch in parallel with a capac­
itance branch offers an impedan,:e of 
t,hc d1ararter shown in Fig. 3-3. 
S1wh a ,·irruit ii1 t,rrml'd a parallel 
resonant or parallel tuned circuit. 

When a voltage is applied to 1mch 
a syE1t.c•m, tlwn at very low fre­
quenr:ir11, t.he indm·tivc branch draws 
a large lagginp; current while the 
ll'ading m1rrent, of the caparitive 
hra,wh is 11mall, resulting in a large 
lagging line or cirruit rurrent and a 
low lagging circuit impedance. At 
high freque11l'ie11, the inductanl'e has 
a high reartance rompared with the> 
capa'<'itance, resulting in a large lead­
ing line current and a correspondingly 
low circuit impedance that is leading 
in phase. In between these two 

cxt,rmncH, t,here is a frequency at whirh the lar,ging current t,aken by the 
inJuctive br11.111·h and the leading current entering t.he caparitance branch 
ani oqual; l,eing 180° out of phase, they then neutralize and leave only a 
111nall reimltant inphwie current flowing in tlm line. The impcdanre of the 
parallel circuit will then be a, very hig_h resistance, as is brought out in 
Fig. 3-.1. 1 

• 

A comparison of Figs. 3-1 and 3-3 shows that the impedance curve of a 
pam,11(•1 circuit is similar in chararter to the current curve of a series 
c·irt·uit. In particular, increasing the re8istance of a parallel resonant 

1 In ohtaining a parallel resonance curve experimentally by mt'Bsurements of
apr1lied voltage and line currPnt, ntreme care must be taken to ensure that the appliPd 
,·oltage contains no harmonics. This ia nec-ry because at resonanl"l' the cinmit 
impedance is extremely high to the fundamental component or the applied voltage 
and Vl'ry low to the harmonic romponents, with the rt'llult that. even a small harmonic­
voltage component will cause line 11urrenta that maak the small fundaml'ntal 
component. 
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circuit lowers and flattens the peak of the resonance curve, just as in the 
analogous series resonance case. This similarity is considered below in 
greater detail. 

The relationship between the line and branch currents in a parallel 
c•ircuit is illustrated in Fig. 3-4. It will be noted that, unlike the line or 
circuit current, which shows a resonance effect, the currents in the indi­
Yidual branches of a parallel circuit vary only slightly in the vi,·inity of 
resonance and are relatively large. At re11onance the two branch cur­
rents have similar magnitudes, and 
being almost (hut not quite) out of 
phe.se they add up to a very small 
resultant current, thus giving a 
high circuit impedance. As the 
frequency departs from resonance 
t,hP t.wo branch currents bec•omc 
slightly unequal in magnitude; this 
1·ausus the line current to increase i'-!;�;�;/pow RC50NANcc SLIGHTLY ABOIIC 1'£50NANC£ 
as shown, which means lowered 
rirl'uit impPdancc. It is character­
i11tic of parallel resonant circuits 
that for frequencies near resonance 

FR[OUEIICY 

1''m. ::i-4. RelationMhip of line and branch 
current.II in & par&IIPI resonant circuit in 
the vfoinity of resonance. 

the current flowing in the branches, commonly referred to as the circ·ulat­
ing current, is much larger than the line current, i.e., than the current 
supplied to the circuit. 

The fundamental relations of a parallel resonant circuit arc derived in 
every introductory book on a-c circuit theory, ancJ arc listed below for 
conveniunt reference. 

Paralll'l impPdance = Z = z:i-'z,, = !ff,!:. 
ELine current = Z 

Inductive branch current = :: = R,, ! jwL

(• . . b h 
E E ,apac1t1vc ranc current = ,- = -· --. · Zc Re - (3/wC) 

where 1'.: = voltage applied to circuit 
z. = R. - (j/wC) = impedance of t•apa,·itive bran<'h 
z,. = R,. + jwL = impedance of inductive branch 
z. = z. + z,. = scrius impedance of circuit 
Z = impedance of circuit when connected in paralll•I 

R, = ll. + R,. = total sei·ies retlistance of circuit 
w = 2T times frcquen<'y 
Q == wLJR, = circuit Q 

(3-9) 

(3-10) 

(3-11) 

(3-12) 
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TheRe equations are fundamental t.o every parallel circuit, irrespective of 
the circuit Q, the frequency, or the divit1ion of resistance between the 
hranches. 

Quantitative Relationa in Parallel llesonant Cirr;uits with Moderate or 
High Q, and the Use of Uniueraal Resonance Curve. When the Q of a 
parallel resonant circuit is not too low (e.g., of the order of 10 or more), 
the quantitative relations become quite simple. To begin wit,h, it is then 
permissible to assume that the circuit has maximum impedanee and unity 
power fartor at the same frcquerl('y, which is also tho frequcnry at which 
the same rir<'uit is in series resona11('e as given by Eq. (3-2). In C'ontrast, 
when the l'ircuit Q is low, this is not 11cce1:1sarily the case, as discussed 
1,elow. 

Whr:1 the cin·uit Q is not too low, the exact expressions of Eqs. (3-9) 
a11d (:J-IO) c·an be simplified, without introdul'ing appreeiahle error, by 
m•glcl't,ing the resistarwe components of thr impPdance8 ZL and Zc: in 
the numerator of Ec1. (3-9). Wht•n this iH donl' 1 

(wo/,) 2 

ParallPI impPdance = Z = - -
z •

.\t, rPsonanrc Z, = H,, and this hcwomes 
(wJ,)2 Parullcl impc-da1we at r1•i;onunce = -- - - (wuL)Q
u. 

-

(3-13) 

(3-14) 

In these cquat.ior1i; wn is tlw value of w nt. rrsonanc•e. It will he notC'cl from 
Eq. (3-14) t,hat al r1:111ma.m·e the: i111pcdanr,, of n varallrd rircuit i.� a r,·si.�1-
anr.e thnt is (J lime.� the n·nl't1uu·,, of 0111· of flu· /Jra11clu·.�. 2 It <'an, t.hrrrforP, 
he said that the parallPI arra11gPn;,,11t. of ir'1d11C't,ivc and c·apac-i1ivC' hrunc•hps 
causes a rcso111tnt, rise of impPdan1·P of Q times the impedance that. would 
be obtained from cith<'I' bra11ch alo11P. It. is thus apparent. that vt>ry, 
high impedances ran he developc•d hy parallel resonanc-e. This is one of 
the most import.ant properties of parnlld resonance. 

Under conditions where the cireuit Q is not too low, the resonanrc 
curve of the parallel impeclanre of a c-ircuit can he considered to haw the 
same shape as the rcsonane1: curvr. of the .�£•ries currmt in a c-ir<·uit, 1·011sii;ting 

1 This transformation is carri<'d out us fol11iws: If the rc,sista.ncl' componrut.� in till' 
numrrator of Eq. (3-12) arc n<'µ;l1•1·t.rd, thP product z,.z,. hccom1•s wl,/wC - /,//'. 

One can now eliminat.f' t.1,,. capiu·it,ancr C in this expn•ssion by multiplying huth 
numerator and denomino.t.ul' by wo 1mtl th<'n noting that 1/woC • woL. That 1s, 

L woL ZiZc • (} -= woC • (woL)1 

1 It alllO follows from Eq. (3-14) and I0:qs. (3-10) to (3-12) that at resonanc<' the 
branch current.ti are Q tim<'.s as large Ill! the line currC'11t, provided the resistance com­
ponent.a in Eqs. (3-11) and (3-12) are small compared with the associated reactive 
components. 
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of the same inductance, capacitance, and resistances connected in a series 
instead of a parallel arrangement. This follows from the fact that a com­
parison of Eqs. (3-5) and (3-13) shows that both the parallel impedance 
and the series current are equal to a constant divided by Z,. Conae­
quently, the univeraal reaonance curve and the working rulea that were applied 
Jor estimating the sharpness of reaonance of the series circuit also apply to 
the case of 7JGrallel resonance when the circuit Q ia moderate or high. The 
only difference is that the signs of the phase angles are now reversed, the 
phase of the parallel impedance being leading at frequencies higher than 
resonance and lagging at frequencies below l'f'sonance. 

The proper procedure for calculating the impedanre of a parallel 
r,>sonant circuit of moderate or high Q is therefore similar to that used 

117) EQUIVALENT FORMS lb) PARALLEL CIRCUIT IC) SHUNT-.FEO 
OF PARALLEL CIRCUITS WITH BOTH SERIES AND PARALLEL CIRCUIT 

SHUNT RESISTANCES 

Fw. 3-5. Forms of parallrl l'C'11onnnt cireuits involving a shunt fl'si11tanr.e and shunt 
feed. 

with a Keries resonant cir,mit. The fir11t step is to determine the resonant 
frr:>quency and the impedance at resonance, using Eqs. (3-2) and (3-14). 
Next, the working ruli•s arc applied to obtain the 70.7 and the 44.7 per 
rrut points on either side of resonance. This givPs the general pir•ture of 
thf' 11harp11P11s of n•sonanre and is sufficient for many purposes. If a more 
c·omplete mrve is dciiirod in the vi<"inity of resonance, one may make use 
of the universal rcsonanrc rurve of Fig. 3-2. Finally, at frequenriel:! so 
far off resonance as to be outside the range of the universal resonance 
curve, one may determine the magnitude of the impedance by using 
Eq. (3-13), but negle<·ting the circuit re11istance 1t when making the 
calculation. The power-factor angle of the impedance thus obtained it1 
the negative of thtl corresponding angle for series resonance, as given by 
Eq. (3-4). 

Parallel Resonant Circuits with Shunt Resistances and wit11 Parallel Peed. 
The two types of parallel resonant circuits shown in Fig. 3-5a are equiv­
alent to each other provided the resistances R1 and Rs are properly, 
related, and provided also that the circuit Q is not too low. To determine 
the relationship that must exist between R 1 and R,, one notes that R1 can 
be thought of as being associated with capacitance C as its equivalent 
series resistance, while R1 can be regarded as an equivalent shunt resist­
ance of the same capacitance C. Assuming that the circuit Q is not too 
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low [i.e., that (l/wl')/R1 > >l, and that R1/(l/wl')> >11, then from
Eqs. (2-12) and (2-13) one has 

R1R2 = (:c) 
1 

(3-15) 

Although the relationship between R1 and R2 is Pf'en by Eq. (3-15) to 
depend on frequency, it is common practice to determi11e t.he relation 
hetween R1 and U1 at resonanre, and then to assume that the valum1 n.t 
resonance also hold for all frequ<'nries in the virinit,y of resonan<'e. Thi11 
approximation is e<iuivalent t.o a.R:mmiug that the right-hand term of 
Eq. (3-15) is ronst.ant at the value it has at resonance. 1 Since w <'ha111-,'Cs 
by only a small percentage in the limited frequency range around reso­
nance, t,his assumption is not far from the truth, and tho tirror it intro­
duce11 i11 quite small. 

The parallel resonant <·ircuit of Fig. 3-5b can be transformed to the 
circuits of Fig. 3-5a hy eonverting R� to an equivalent Hm·ies r<'sist.ance R1 
or t.rarn1forming ll� to an equivalent shunt resistance N2• By use of Eqs. 
(2-12) :ind (2-13), rospectively, this leads to the following relations 
between the circuits of a and bin Fig. 3-5 for the resonant frequency: 

Total effective } (wo/,) 2 
= Ri = R!.1 + --R,-

2 serirs resistance 
Shunt resistance} = R = (wo[,)�
equivalent to K,_ •• Ir,_ 

Total effective 
} R R shunt resistance = l/.1 

= R •+ k, including R' and R.. •• 2 

(3-18a) 

(3-18b) 

(3-18c) 

The above analysis is of practical importance for two reasons. In the 
first place, it shows that to a high approximation, the effect produced by 
shunting a resistance across a parallel resonant circuit is merely to lower 
the effective Q of the circuit. Thr. resonant frequency is unchanged, how­
ever, and the impedance curve still has the shape of a resonance curve as 
given by the universal resonance curve. In the second place, the analysis 
provides a simple means of detcrminipg the quantitative effect that a 
shunt resistance produces on the properties of a resonant circuit. 

Still another form of parallel resonant circuit that is frequently encoun­
t.ered is shown in Fig. 3-5a, where a resistance R is connected in series with 

1 At resonance, one can writ.11,,,J, • 1 /woC, whel'f' ,,,0 is the value of,,, at the resonut 
frequency. Under these conditions the following u�ful relations apply to Fig. 3-lia: 

R,R, • (,,,J,) 1 

Q of circuit } ,,,J, R,
at resonance • R, • ;;;;;i 

Parallel impedance} • ,,,oLQ • B at l'l!IOnanee I 

(3-16) 
(3-17a) 

(3-176) 
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the parallel circuit. The behavior of arrangements of thi1:1 type is 
analyzed in Sec. 3-7. 

Paral/.el Circnits with Low Q. The entire discussion of parallel rmm­
nanre given above except for Eqs. (3-9) to (3-12) assumes t,hat the Q of the 
parallel circuit is at least reasonably high (i.e., of the order of 10 or more). 
In the general case when the circuit Q is low, the curve of circuit imped­
anr.e as a function of frequenr.y still has a shape that resembles a resonance 
c·urve unless the circuit Q approaches or is less than unity. However, the 
maximum impedance no longer necessarily occurs at the frequency of 
1wries resonance, and the condition of unity power factor does not ncccs­
s11rily occur either at the frequency of series resonance or when the imped­
ance is a maximum. The actual behavior for any given Q depends upon 
the division of resistance between the 
in<luC"tivc and capacitive branC"hes, as 
illustrated in Fig. 3-6 for typical cases. 

An important consideration in the 
use of low-Q resonant cirruits occurs 
when such a rircuit, is tuned t,o reso-
11an!'e with a given frequency by vary-
ing either the inductanre or capaci­
tan!'c of the ,�ircuit. If, for example, 

.., 
u 
z 

a 
lt' 
! 

the tuning is accompliRhed hy varying __ 

BRANCH 

UNITY I 
POWER 

I FACrOR 
I 

CAPACITANCE 

the capacitance, then, if all the circuit � ',,, 
lmisrs arc in the inductive branch, the = ',, 
capa<"itance set.ting that, maket1 the :,: 1------.------'--�-.=--
<'irc·uit impedance maximum also cor- f --

rnsponds to unity power factor. If, ;; 
however, part or all of the 1·ircuit, resist- � 
ance is in the capacitive branch, then 
the capacitance setting that makes 
the circuit impedance maximum at an 
assigned frequency does not corre­

.FIG. :J-li. Typical ch1trll,l'teriRtics of 
parallel rrnlllnanc\e cirm1its luwing 
lowQ. 

spond to the capacitance setting for which the circuit power fact.or is 
unity. This is illustrated in Fig. 3-6. Similarly, if the tuning is al'com­
plished by varying the inductance, then the situation is reversed, and 
maximum impedance and unity-power-factor conditions coincide only if 
all the circuit losses are concentrated in the capacitive branch. These 
properties of parallel resonant circuits with lowQ are often of considerabl9 
importance in connection. with the resonant circuits of Class C amplifiers 
such as used in radio transmitters. 

Components of Parallel Impedance. The parallel impedance as calcu­
lated by Eq. (3-9) or (3-13) can be thought of as equivalent to a resistance 
in series with a reactance, as shown in Fig. 3-7a. When the circuit Q is 
sufficiently high for Eq. (3-13) to apply, then these resistance and react-
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ance components will be found to vary with fr�quency
_ 
in the manner 

shown in li'ig. 3-7b, which is a universal curve derivable duectly from the 
universal resonance curve of the parallel circuit. It will be noted that 
the resistance component has a shape superficially similar to that of a 
resonance curve, but differs in that it has steeper sides. In particular, 

£0/J!VAlENf" 
RCS/STANCE: '\. 

EDD 
IO) ACTUAL CIRCUIT ANO rau1VALENT SERl[S COMPONENTS 

10 

0,8 

06 --

-02 

<J 

�- � �· 
\.) 

- ;}_ -l---+---+-1---1 
..
u 

(/J) UNIVERSAL CURY[ or IMPfOANCE. COMPONENTS 

CO/JIVAl FNr 
HCIICTANCE 

F10. ti-7. Representation of par&llcl impedance in terms of rquivalcnt serirs resistance 
and reactance comIJ<mrnh,, 1-op:<'ther with universnl curve giving these components as 
a function of frequency in a pru-allrl resonant circuit having a relatiwily high Q. 

the resistance drops to 50 per cent of the resonant impedance at fre­
quencies corresponding to the 70.7 per cent points of the impedance curve 
(i.e., when the number of cycles off resonance equals the resonant fre­
quency divided by 2Q). It will also be noted that the reactance curves 
are characterized by maxima and minima which occur at the 70. 7 per 
cent points of the resonance curve and which have peak amplitudes that 
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are exactly 50 per cent of the impedance at resonance as given by Eq. 

(3-14). 
An application bf these concepts is supplied by the case of a coil having 

distributed capacitance. With respect to its terminals, such a coil is 
represented by the left-hand circuit of Fig. 3-7a, and accordingly behaves 
as shown in Fig. 3-7b. Below the frequency at which the distributed 
capacitance is resonant with the inductance, the system is equivalent to a 
resistance in series with an inductive reactance. The apparent induct­
ance represented by this equivalent reactance depends on frequency, how­
ever, rising with frequency until just before resonance is reached, and 
then dropping rapidly. The apparent inductance becomes zero at the 
parallel resonant frequency, while for higher frequencies the coil has a 
capacitive reactance and ia therefore equivalent to a am.all capacitor. The 

141 UNTUNEO SECONDARY (/)) TUNED SECONDARY ICI TUNED PRIMARY ANO 
TUNED SECONDARY 

Fm. 3-8. Various types of inductively coupled circuits commonly encountered in 
electronics. 

apparent resistance of the coil increases rapidly wit-h the frequency until 
a maximum is reached at the resonant frequency, beyond which the 
resistance rapidly diminishes. These effects are all dircC't consequences 
of the properties of parallel resonant circuits, and can be readily deduced 
hy an examination of Fig. 3-7 or of F,qs. (3-13) and (3-14). The bch�vior 
of an inductance coil with self-capacitance can acicordingly be calculated 
just as one would determine the characteristics of any other parallel 
circuit. 

3-3. Inductively Coupled Circuits; Theory. When mutual induct.anc·c
exists between coils that are in separate circuits, these circuits are said to 
be inductively coupled. The effect of the mutual inductance is to make 
po813ihle the transfer of energy from one circuit to the other by trans­
former action. That is, an alternating current flowing in one circuit 
produces magnetic flux which induces a voltage in the coupled circuit. 
This results in induced currents and a transfer of energy from the first or 
primary circuit to the coupled or secondary circuit.. Several examples of, 
inductively coupled circuits commonly encountered in electronics are 
shown in Fig. 3-8. 

The behavior of inductively coupled circuits is somewhat complicated, 
hut it can be readily calculated with the aid of tho following rules: 

Rule l. As far aa the primary circuit is conccrn(•d, the effect that the 
presence of the coupled Bt'condary circuit has ia exactly aa though an imped-
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once ("'M) 1/Z. had been added in series tDith the primary, 1 where M • 
mutual inductance, "' == 2-trf, and z. = series impedance of secondary 
circuit when considered by it:elf. The equivalent impedance {wM) 1/Z. 
whi<'h the prmw.nce of the secondary adds to the primary circuit is called 
the coup/Rd (or reflected) impedance and, since z. is a vector quantity 
having hoth magnitude and ph&l!C, the coupled impedance is also a vector 
quantity, having resistance and reactance components. 

Rule 2. The voltage induced in the secondary circuit by a primary current
of IP has a magnitude of wM IP and lags behind the current that produces

it by 90°. In complex quantity notation the induce,d voltage is-jwMlp,
Rul, 3. The secondary current is ezactly the same current that ioould flow

if the induced voltage were applied in series with tha secondary and if the
primary were absent. 2 The secondary current therefore has a magnitude 
wM 1,,/Z., and in complex quantity representation is given by -jwM I p/Z,. 

These three ntles hold for all frequencies and all types of primary and 
secondary circuits, both tuned and untuned. The procedure to follow 
in computing the behavior of a coupled circuit is (1) to determine the 
primary current with the aid of Rule 1; (2) to compute the voltage 
induced in the secondary, knowing the primary current and using Rule 2; 
and (3) to calculate the secondary current from the induced voltage by 
means of llule 3. The following set of formulas will enable these opera­
tions to be carried out systematically: 

1 This can be demonstrated by writing down the circuit equations for the primary 
and secondary. These equations are 

E - l�p + j..,MJ, 
Induced voltage - -j..Ml,. - l,Z.

where Z,. is the aeries impedance of the primary and E is the voltage applied to the 
primary. Solving th.is pair of equations to eliminate I, gives 

(3-19) 

This rt'lation shows that the effective primary impedance with IK'COndary present is 
z. + (..,Jf)1/Z,, of which the second term repreecnt.s the coupled impedance arising
from the presrnce of thr secondary.

1 Some re&1iere may wonder why it is tha� although the secondary circuit couples 
an i.i,1pcdance into the primary, the primary is not considered as coupling an imped­
ance into the seuondary. The explanation for this is as follows: The effect that the 
secondary really has upon the primary circuit is to induce a back voltage in the primary 
proportional to the !K'(lOndary current. This back voltage l'f'pl't'Sents a voltage drop 
occurrinp; in the primary circuit and is the same voltage drop that results when the 
primary current is aMumed to flow through the hypothetica.J. coupled impedance. 
The impedance that the srcondary couplllll into the primary is hence a means of taking 
into account the voltage that the secondary current induces into the primary. The 
voltage that is induced in the secondary circuit by the primary current is taken into 
account by Rule 3, ao that no coupled impedance need be postulated u pr8IIC!llt in the 
secondary to take into account the effect of the primary. 
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Impedance coupled into primary} ... (C11M)1 

drcuit by secondary z. 

Equivalent primary impedance = Z,. + ("':.)• 

Primary current= I,. = z,. +(fM
fi/Z, 

Voltage induced in secondary = -jC11Ml,. 
-jwMI,. -j"'MESecondary current • 

z. = z,,z. + (C11M)I 

S9 

(3-20) 

(3-21) 

(3-22) 

(3-23) 

(3-24) 

In these equations Z,. is the series impedance of the primary considered as 
though the secondary were removed, E is the applied voltage, and the 
remaining notation is as previously
used. The primary and secondary
impedances z,. and z., respectively, 
are vector quantities, so that Eqs. 
(3-16) to (3-20) are all vector
equations. 

Inductively Couplf',d, Circuit aB a 
1'ransformer. The inductively
coupled circuit is a transformer, 
and the theory of the inductively 
coupled circuit that is given above 
is the general theory of trans­
formers. The method commonly 

31= 
1171 ACTUAL CIRCUIT 

UA/CAGE INDIICTANCC 

L'•(l-lt/L / '(l•ftJL1•L'' 

used to an4'lyze the behavior of cOIIPtco 1ND1JCTANC£ 

60-cycle power transformers, which M•k,;r;;:; 
involvt-.s the use of leakage induct- lbl SAME c1Rcu1T sHowN As rRANSFORMIII 
anre, magnetizing current, and turn Fm. 3-9. Inductively coupled circui• 
ratio, is a sperial form of the represented as a tranaformer with 
general theory that is convenient coupled and leakage inductanOOB. 
when the coupling coefficient k between the primary and secondary wind­
ings approaches unity. However, when the coupling coefficient k is 
small, then the use of Eqs. (3-20) to (3-24) is preferable. 

The equivalent transformer circuit represented by two coils coupled
together with mutual inductance M is shown in Fig. 3-9. Here the total 
primary inductance L,. is broken up into a leakage inductance L' and a 
coupled inductance L� while the secondary is likewise broken up intd 
leakage inductance L" and a coupled inductance 1�:•. Each leakage 
inductance is considered as having no coupling whatsoever to the other 
winding, while the coupled inductances L: and L:' are taken as having a 
coefficient of coupling equal to unity. The values of these inductance 
components in terms of the coefficient of coupling and the primary, 
secondary, and mutual inductances are given in the figure. In the 
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representation of Fig. 3-9b, turn ratio bas pr�tical significance onl� when
the coefficient of coupling k approaches unity; when the coefli01ent of 
coupling is small, as for example, 0.01, then the primary and secondary 
inductances are practically entirely leakage inductances. Under these 
conditions the voltage induced in the secondary may be much smaller 
than the voltage applied to the primary terminals, even when the second­
ary winding bas many more turns than does the primary. 

3'"'- Analysis of Some Simple Inductively Coupled Circuits. In this 
and the next section, the types of coupled circuits inost commonly 
encountered in electronics work will be analyzed by the principles given 
a.hove. 

In studying the behavior of a coupled circuit the first step is always to 
examine the nature of the coupled imp<,,danre (,,nlf) 2/Z.. When the 
coupled impcdarrne is small, then t.he primary current is very nearly the 
same as though no secondary were present., and the effects produced in 
the secondary circuit by the primary current will likewise be small. The 
coupled impedance will be low if the mutual inductance M is very small 
(i.e., if there is small coupling), or if the secondary impedance is very high, 
for example, if the secondary is open-circuited. In contrast, consider the 
case when the coupled impedance (wM)2/Z. is large, either because of 
large M or small z., or both. The voltage and current relations that 
exist in the primary circuit are then affected to a considerable extent by 
the presence of the coupled se<•<mdary, and a very ronsiderable transfer of 
energy to the secondary or<•urs. 

When determining the effeet prod,wed by the coupled impedance, it is 
important to note that, this impedanre has the same phase angle as does 
the secondary impedance Z., hut, with the exl'cption that the sign of t,he 
phue angle is reversed. Thus, if the secondary impedance is inductive 
and has an angle of 30°, the impedance coupled in t1eries with t,he primary 
circuit. by the action of the secondary has a capacitive phase angle of 300 . 
The physical significance of this change in sign of the phase angle becomes 
apparent from the examples considered below. A particularly important 
case occurs when the secondary impedance z. is a pure resistance; under 
these conditions the coupled impedance will also be a resistance. 

The energy consumed by the secondaty circuit is the energy represented 
by the primary current flowing t,hrough the resistance component of the 
coupled impedance. 

Couplfd Circuit with an Untuned Secondary Consisting of a Resistance 
and Inductance. This arrangement is illustrated in Fig. 3-Sa, and is the 
type of coupled circuit that results when a resistance is connected across 
the terminals of the secondary inductance, or, alternatively, is the case 
where the secondary load is a rt>t1i!!tance and an inductance in series. 
Surh a secondary consists of an inductance L. in series with a resistance 
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R,. The coupled impedance ia accordingly 

Coupled impedance (wM)•
-z.-

(wM)1 

R, + iwL, (3-25) 

Multiplying both numerator and denominator by R, - jwL, gives 

Coupled impedance = R,• +
R

(wL,)
• {wM)1 

- i R,• :C:i.i.)I (wAl) I (3-26)

Examination of Eq. (3-26) shows that the coupled impedance introduced 
into the primary circuit by a :resistance-inductance secondary consists of 
a resistance in series with a capacitive reactance. The effect of the 
coupled resistance is to increase the effective resistance that appears 
between the primary terminals. The effect of the coupled capacitive 
reactance is to neutralize a portion of the primary inductance, thereby 
reducing the equivalent inductance that is observed between the terminals 
of the primary coil. The physical explanation of the fact that an induc­
tive secondary produces a capacitive coupled reactance is that such a 
secondary causes some of the inductive reactance already p0Bse888d by 
the primary to be neutralized. This is done electrically by postulating 
a capar.itive reactance of suitable magnitude in series with the primary. 1 

A special case of considerable importance is that for which the resist­
ance R, of the secondary circuit in Fig. 3-Sa is negligible compared with 
the inductive reactance of the secondary. This situation will arise when 
the secondary coil is short-circuited, or when the secondary load is a low­
loss indu1:tance. To the extent that the resistance of the secondary 
cirruit can � neglected, the coupled resistance introduced into the 
primary by the presence of such a secondary is zero; the only effect·pro­
dur.ed by the presence of the secondary is then to reduce the effective 
inductance that exists between the primary terminals. The percentage 
reduction in the equivalent primary inductance in such a situation 
depends only upon the coefficient of coupling between the primary and 
1m<iondary circuits. If k = 1.0, the primary inductance is completely 
neutralized. z 

A shield surrounding a coil, or a piece of metal such as a panel located 
in the magnetic field of a coil, represents a coupled secondary circuit that 
consists of an inductance in series with a resistance. Such an arrange-

1 Although the coupled impedance ia capacitive and BO neut.raliaee part of the 
primary inductance, it ia impolllible to obtain a resultant capacitive J'811Ctance in the' 
primary circuit by very large coupling since, with the maximum coupling that can 
l)OBBibly exist (i: • 1), it will be found that the coupled capacitive reactance can never 
be greater than the value that will just neutralise all the inductive reactance of the 
primary. 

1 For other valuee of A:, it can be ■hown by manipulating F.qa. (3-21) and (3-26) that.
the equivalent primary inductance ia L

p
(l - i:1). 
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ment can, ac<iordingly, be analyzed 88 above. Thus the effect of a shield 
or metal panel on a coil is to reduce the equivalent inductance and to 
increaso the apparent resistance observed at the coil terminals; these 
effects, morm,vcr, become greater the larger the coupling, i.e., the smaller 
the spa1·i11g between the primary coil and the metal secondary. It is also 
to ho noted that if the secondary resistance is low, as will he the case if 
the shield or metal panel is made of a good conductor such 88 copper or 
aluminum, then the principal effect produced by the presence of the metal 
near the coil is to reduce the equivalent inductance of the coil; under 
these cirrumstances the increase in equivalent coil resistance is only 
nominal. It will be noted that these conclusions derived from the view­
point of coupled circuits are all consistent with the qualitative conclusions 
stated in Soc. 2-8, relative to the effect that shielding has on the properties 
of a coil. 

Couplnl Circuits with llntuned Primary and Tuned Secondary. A 
circuit of this type is shown in Fig. 3-8b. Here one has 

. (C11M)2 (C11M) 2 

Coupled impedance = -z;- = R. + j[C11L. _ (l/C1JC.)] (3-27
)

An examination of this r.xpression shows that, in the limited frequency 
range in which the principal resonance effects take place when the second­
ary Q is not too low, the numerator is substantially constant, whereas the 
denominator represents the series impedance of the secondary circuit. 
This is, t,hcrcfore, an equation of the same general type as Eq. (3-13) for 
parallel rusonance. The coupled impedance produced by a tuned secondary
circuit consf'quently varies with frequency according to the same generallaw 
as does the parallel impedance of the secondary circuit (see Fig. 3-3). The 
absolute magnitude of the curve, however, depends upon the mutual 
indudance. This arrangement thus provides a moans whereby the 
impedance of a parallel resonant cirruit, can be transformed in magnitude. 
Comparison of Eqs. (3-13) and (3-27) shows that the transformed imped­
anre appearing in the primary P.ircuit is (M /L.)2 times the actual parallel 
impedance of the resonant scrondary circuit. 

A sporial rase of the circuit of Fig. 3-ab that is of particular importance 
occurs whlm the primary resistance RP is the plate resistance of a vacuum 
tube. Ono then has the equivalent circuit of the transformer-coupled 
tuned radio-frequency amplifier. In this instance one is interested in the 
curve showi1111; the variation of the secondary current (or of the voltage 
developed across the secondary capacitor C.) 1 as the frequen<.-y is varied 

1 The voltage ar.roBB the secondary capar)tor C. is equal to the product of the 
Bl'Condary cu!'l"l'nt and the reactant'e 1 /wC. of this capacitor. In the limitt'd frequency 
rangt> rrpreRCnted by the vicinity around reB011ance w changes very little in com­
parison with the variation of the lll'Condary current. Hence, to a firat approxima­
tion the voltage developed &el'OIIII the capacitor can be conlidered as being equal t.o 
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about resonances. When R,. > > wL,., the curve of secondary current 
(or of voltage acr088 the secondary capacitor) varies with frequency 
according to a resonance curve having the same resonant frequency as 
the secondary circuit, but p08Sessing a slightly lower Q. When the 
reactance wL,. of the primary inductance is not negligible compared with 
the primary resistance R,., the curve of secondary current 811 a function of 
frequency still has the shape of a resonant curve. However, the fre­
quency at which the secondary current (or voltage across the secondary 
capacitor) is maximum is now Rp "s 
slightly higher than the resonant 

� 
8 

frequency of the secondary. A E Lf1 M Ls cs 

typical example of this is shown by 
the dotted curve of Fig. 3-10. The � 
analysis that leads to these conclu- I 
sions is presented in Sec. 3-7. 

3-1. Behavior of Systems In­
volvine; Resonant Primary and 
Resonant Secondary Circuits. 

z 
0 

Primary and SeumiJ,a,ry Circuits wLp • Rp 
....

.. 

R68onant at the Bame Frequency and 
/laving Q'a That Are Equal and Not 
Too Low. When two resonant cir­
cuits having equal Q's that are not 
too low are tuned to the same fre­
quency and coupled together, the 
resulting behavior depends very 
largely upon the degree of coupling, 
as seen from Fig. 3-11. 1 When 

fREOU£tjCY 

F10. 3-10. Variation of aecondary current 
1111 a function of frequency in a coupled 
system in which the secondary is a 
resonant circuit and the primary is 
untuned, showing that the secondary 
circuit follows a resonance curve, which, 
however, bu a lower Q than that ef the 
secondary circuit taken alone. 

the coefficient of coupling is small, the curve of primary current as a 
function of frequency is substantially the series resonance curve of the 
primary circuit considered alone. The secondary current is small and 
varies with frequency in such a way as to be much more peaked than the 
resonance curve of the secondary circuit considered as an isolated circuit. 
As the coefficient of coupling is increased somewhat, the curve of primary 
current becomes broader, as a result of a reduction in the primary current 
at resonance and an increase in the primary current at frequencies 

the product of the secondary current and a constant. In the immediate vicinity of, 
resonance the curve of voltage &el'OIB this secondary capacitor therefore bu very 
nearly the 11111De shape 1111 does the curve of secondary current. 

1 The phase shift is not shown in Fig. 3-11, but varies ± 180° about the phase at the 
resonant frequency. Thus the total shift in phase between input voltage and output 
current 118 the frequency varies through resonance is 360° This is in contrast with 
a;ystems having only one tuned circuit; the total phase shift then varies over the 
range ±90°, or a total of 180°. 
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slightly off resonance. At the same time the secondary-current peak 
becomes higher and the curve of secondary current somewhat broader. 

These trends continue as the coefficient of coupling is increased until 
the coupling is such that the resistance which the secondary circuit 
couples into the primary at resonance is equal to the primary resistance. 
This is called the critical coupling and causes the secondary current to 

.. 
z "'a: a: 
::, .., 
� 
.. 

2' 

it 
a. 

.. 
z 
.., 
a: 
a: 
:;:, 
u 

� 
i 
� 
u "'.,

FREQUENCY 

Fm. 3-11. Curves showing variation of primary and secondary currents with fre­
quency for ditforrnt coefficients of coupling when the primary and the secondary are 
separatrly tuned to the same frequency. 

have the maximum value it can attain: The curve of secondary current 
is then somewhat broader than is the resonance curve of the second­
ary circuit considered II.lone, and has a relatively flat top. The primary 
current now has two peaks, being greater at frequencies just off resonance 
t,han at the resonant frequency. 

As the coefficient of coupling is increased beyond the critical value, the 
double humps in the primary current become more prominent and the 
peaks spread farther apart. The curve of secondary current now also 
begins to display double humps, with the peaks becoming more pro­
nounced and spreading farther apart as the coupling increases. The 
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value of the primary current at the peaks becomes smaller the greater the 
coupling, but in the secondary tJircuit not only do the two peaks have 
1mbsta.ntially the same height, but this height is also independent of the 
coefficient of coupling provided only that the coupling is not less than the 
critical value. The reason for the above behavior centers around the 
way in which the coupled impedance (wM) 1/Z. varies with frequency. 
Consider first the total primary-circuit impedance. Thie consists of the 
actual self-impedance of the primary plus whatever impedance the 
secondary circuit couples into the primary. The type of coupled imped­
ance produced by a tuned secondary has already been discuBSed; it is 
substantially a parallel resonance curve having a shape corresponding to 
the Q of the secondary circuit and an amplitude determined by the mutual 
inductance. The coupled impedance is hence maximum at resonance and 
is then a resistance. At frequencies below resonance the coupled imped­
ance is inductive and at frequencies above resonance it is capacitive, 
a11 shown in Fig. 3-7. 

When this coupled impedance is added to the self-impedance of the 
primary circuit, the effect at resonance is to increase the effective primary 
resistance above the value that would exist in the absence of the second­
ary. This causes the primary current at resonance to be reduced in all 
l'&ses by the presence of the secondary. At frequencies somewhat below 
re11onance the coupled impedance is largely inductive whereas the primary 
!!elf-impedance is largely capacitive. The coupled inductive reactance 
then neutralizes some of the primary capacitive reactance, lowering the 
primary circuit impedance and increasing the primary current. The 
11ituation is somewhat similar for frequencies above resonance except that 
now the coupled reactance is capacitive and neutralizes some of the 
inductive reactancc which the primary circuit otherwise has at frequencies 
above resonance. Consequently, the net effect of the coupled impedance 
is to lower the primary current at the resonant frequency and to raise the 
rurrent at frequencies somewhat off resonance. The magnitude of this 
effect depends upon the coefficient of coupling, being small when the 
coupling is small. However, when the coupling is of the order of magni­
tude of the critical value or greater, the coupled impedance becomes 
sufficient to be the major factor in determining the impedance of the 
primary circuit. In particular, at resonance the primary current tends 
to be relatively small because of the very large coupled resistance, while 
there is a frequency on each side of resonance at which the coupled react; 
ance exac.tly neutralizes the primary reactance, giving zero reactance for 
the total primary circuit impedance and causing the flow of a large 
primary current. This is the cause of the double-humped curves of 
primary current for high couplings, such as shown in Fig. 3-11. 

The curve of secondary current is determined by the secondary imped­
ance, and by the voltage induced in the secondary by the primary current. 
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The induced voltage varies with frequency in almost exactly the same 
way as does the primary <mrrent, since the magnitude of the induced 
voltage is wMIP ; and in the limited fre<111cncy range in which the reso­
nance effects take place, w chang11s very little. As a result of this, the 
curve of secondary current has a shape that is almost exactly the product 
of the shape of the curve of primary current and the shape of the reso­
nance curve of the secondary circuit. Since the latter curve is sharply 
peaked, the secondary current is much more peaked than the primary 
current, as is clearly evident in Fig. 3-11. 

At low coefficients of coupling, the curve of secondary current is par­
ticularly sharp, being substantially the product of the resonance curves of 
the primary and secondary circuits. As the coupling increases, the 
primary-current curve becomes broader, thereby making the secondary 
curve less sharp. At the same time, the amplitude of the ser,ondary­
current peak increases because of the increased coupling. When the 
coefficient of coupling reroches the critical value, the secondary current 
has the maximum value it can attain. Under these conditions the dip in 
primary current in the vicinity of resonance has a curvature that is 
exactly opposite from the curvature of the resonance curve of the second­
ary circuit. The result is that the curve of secondary current now has a 
very flat top in the "immediate vicinity of resonance. As the coupling is 
increased beyond the critical value, the secondary-current peak split,s into 
two peaks, both of which have amplitudes substantially the same as the 
secondary-current peak at critical coupling. The separation between 
these peaks increases with coupling and is substantially the same as the 
separation of the peaks of primary current when the peaks are pronounced. 

The voltage developed across the secondary capacitor is equal to the 
reactance of this capacitor times the secondary current; thus it can 
ruadily be calculated once the current curve i.s known. For most pur­
poses, it is sufficient to assume that the curve of voltage developed across 
the capacitor has the same shape as the curve of secondary current. One 
is interested primarily in the behavior about resonance, and the capacitor 
reactance changes very little in the limited frequency range consequently 
involved when the circuit Q's are not too low. 

The exact shapes of curves such as thf.>86 of Fig. 3-11 can be calculated 
with the aid of Eqs. (3-20) to (3-24). Such computations are, however, 
complicated and tedious. The usual practical procedure is accordingly to 
determine (1) the response at resonance, (2) the frequencies at which the 
peaks of secondary response occur when this response curve has double 
humps, (3) the heights of these two peaks, and (4) the response at one or 
two other frequencies so chosen as to simplify the calculations. In this 
way, it is possible, with a minimum of work, to obtain a good semiquanti­
tative picture of the behavior. The following nomenclature in addition 
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to that of Fig. 3-11 will be W!ed in the diaclllli.on of the quantitative
relations: 

E. = voltage acr088 secondary capacitor
E .. voltage applied in series with primary
k = actual coefficient of coupling 

k0 = critical coefficient of coupling
Q

,. 
= Q of primary circuit 

Q. = Q of secondary circuit

At resonance, the series impedances of the primary and secondary cir­
cuits are resistances, and the response in the secondary is given by the
relation 1•1 

Voltage across secondary} capacitor at resonance _ E. _ {L. k 
Voltage applied in series

} 
- E - '\JL;. k2 + (1/Q

,.
Q.) (3-28)

with primary 

The secondary response has its maximum value when the coefficient of
coupling has a value k. such that 

1 k0 = -- (3-29)
-v7ili. 

This value of coupling is called the critical coeffu;ient of coupling and is
the condition where the resistance that the secondary circuit couples into
the primary circuit at resonance is equal to the resistance of the primary
l'ircuit, i.e., when (,,,lt/) 2/R. = R11• 

When the coefficient of coupling equals the critical value and if Q
,. 

=. Q.,
then the curve of secondary current (or voltage) as a function of frequency
has the maximum flatness that is possible in the vidi1ity of resonance.
The shape of this curve is shown in Fig. 3-12, together with the J'(",SODance

1 This follows from Eq. ,3-24) by substituting
z. • R., z. - R,., E. - 1,/jwC. - -j,,,L.I.

to give
E. -j .. M '..L )E - R.R.+ (wM)1 (-J • 

Dividing both numerator and denominator by w1L,J.,. gives

� -(M/v'LJ;;) ...,rr;;fL;
E • 

--------
R• �.!. + � ..L • ..L. L,L.

Equation (3-28) is then obtained by substituting M1/L,J,. • k1 and dropping the
nunus sign. 

1 It is to be noted that Eqs. (3-28) and (3-29) a.re not limited to the ease where
Q. • Q., although the rest of the discussion in this section doea U1ume Q. • Q .. 
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curve of a simple tuned circuit having the same Q as the primary or 
seco11dary. It will be noted that the coupled circuit case has a band­
width between the 70.7 per cent response points that is v2 times as great 
as for the single tuned circuit. The shapes of the two curves differ 
greatly, the c:oupled system being flatter in the center and much deeper on 
the sides. 

When the coeffi<'ient of coupling exceeds the l'ritical value, then for 
Q• = Q., double humps will always occur in the secondary response 

RELATIVE FREQUENCY 

Fro. 3-12. Relative 1'8Sponse of a bandp888 system provided by two identical circuits 
critically coupled, together with the resonan<:11 curve of a single circuit such as used 
in the bandpass system. 

curve. If the coefficient of coupling is at least several times the critical 
value these humps are quite pronourwed and occur at frequencies that 
differ from the resonant frequency /o by approximately ±k/o/2 cycles.1 
Whrn the peaks of secondary response are not pronounced, i.e., when the 
actual coefficient of coupling does not greatly exceed the critical value, 
then these peaks are somewhat closer together than indicated by this 
simple relation [see Eq. (3-30) and Fig. 3-16). 

When the circuit Q's are equal and not too low, the peaks of the second­
ary c-urrent for k > k. will have almost exactly the same height as the 
resonant peak of secondary current at critical coupling. This relation 
holds irrespective of the exact location on these peaks provided only that 

1 An analysis that dors not contain th- restrict.ions leads to the more precilll' 
relation 

Frequency at peak of aecondary} voltap 
RNonant frequency of tuned

} circuits 
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the coefficient of coupling involved ia small compared with unity 1 and 
that the Q's are not too low. 

When double peaks occur in the secondary response curve, additional 
information on the shape of the response curve can be easily obtained by 
taking advantage of the fact, illustrated in Fig. 3-13, that the response 
equals or exceeds the response at resonance over a frequency band that is 
v'2 times the width of the frequency band between coupling peaks, as 
calculated from Eq. (3-30). 

At frequencies that are sufficiently high or low relative to the resonant 
frequency to lie well on the sides of the re­
sponse curve, one can neglect the resistances of 
the primary and secondary circuits when cal­
eulating the magnitude of the secondary re­
sponse. This greatly simplifies calculations 
while introducing relatively little error in 
magnitudes. 

7'he Ejfed8 Produced by Unequal Q'a. The 
behavior of two coupled circuits resonant at 
the same frequency is modified in several 
m,1pects when QP "F Q.. The secondary re-
11ponse at resonance is still given by Eq. (3-28), 
and is maximum when the coefficient of cou­

FR£0u£NCV 

Fro. 3-13. Relationship be­
tween bandwidth and width 
between secondary peaks, 
existinK when two circuits 
resonant at the same fre­
quency arc coupled together. 

pling has the critical value as defined by Eq. (3-29). However, double 
peaks do not now appear until the coupling is somewhat greator than the 
critical value. and the magnitude of the response at the secondary peaks 
wlll'n they do ·appear is Jess than the response with criti<:al coupling. 

Coupled Resonant Circuits Tune,d to Slightly Different Frequencies. Con-
11id<'r the case of two rircuits resonant at slightly different frequencies and 
coupled together. When QP = Q., the response curve of sPcondary cur­
rent (or voltage) has almost exactly the same shape as would be obtained 
if the circuits were both tuned to the same frequency and the coefficient 
of coupling were increased to a value k.q such that 

(3-31) 

where k is the actual coefficient of coupling, .4 is the difference between the 
resonant frequencies of the primary and secondary circuits, and Jo is the 
frequency midway between the primary and secondary resonant fre- , 
quencies. Hence detuning primary and secondary circuits slightly has 

1 If the coefficient of coupling is not small compared with unity, then thr 1-elntive
hriKhts or the individual praks or voltage developed acfflllS the sl'<·ond,uy capacitor 
will hi' very nearly inversl'!y proportional to the square or the ratio or th .. Cn>qut•ncies 
at which the rPBpective peaks occur. Under these conditions the )ow-frequency peak 
will be slightly hiKher than the high-frequrncy peak, although the average height or 
the two peaks will still approximate the response with critical coupling. 
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approx�mately the sa�e ejf ect, on �he shape of the_ secondary-:m-rrent cunie aa
increasing the coefficient of coupling when there is no detuning. 

In the more general case of detuning where the circuit Q's are not the 
same, the secondary-response curve is no longer symmetrical about the 
mean resonance frequency. 

Shunt-f e,d and Shunt-loade,d Couple,d Circuits. In all the examples of 
coupled resonant circuits considered so far, the input voltage has been 
applied in series with the primary circuit. In many practical circum­
stances, however, the excitation is applied to the system as illustrated in 

(al CIRCUIT WITtt PARALLEL EXCITATION lbl EQUIVALENT SERIES CIRCUIT 
( ASSUMING R » ,,.,� ) 

Frn. 3-14. Two coupled resonant circuits in which thl' primary circuit is excited by 
shunt feed. 

Fig. 3-14a. This arrangement is analogous to the shunt-fed parallel 
resonant circuit discussed in conneetion with Fig. 3-5c. 

The shunt-fed arrangement of Fig. 3-14a can be reduced to the equiv­
alent series-fed arrangement of Fig. 3-14b by means of Thevenin's 
theorem, as explained in Sec. 3-7. Examination of the circuit of Fig. 
3-14b shows that in a limited frequency range such as represented by the
region about resonance, the equivalent voltage acting in series with the
circuit is substantially constant. However, there is now an added resist­
ance R� in the primary circuit that is equal to the equivalent series
resistance that would be obtained by assuming that the resistance R is a
shunt resistance for the primary capacitance C,,. The rest of the system
is unchanged.

The principal effect of exciting a system of coupled circuits by parallel 
instead of series feed is accordingly to introduce some added resistance in 
the primary that lowers the effective·value of Q,,. This effect will be 
slight in the usual case where the resistance R is very large compared with 
the reactanee 1/wCp of the capacitor Cp, Under these conditions, shunt 
feed and series feed accordingly give essentially the same shaped curves of 
secondary response as a function of frequency. 

In systt,ms involving two coupled resonant circuits, resistances are often 
placed in shunt with the primary and secondary resonant circuits for the 
purpose of adjust.ing the effertive Q's of the primary and secondary cir­
cuits to desired values. Such resistances are sometimes placed across 
both primary and secondary circuits, while in other cases they are used 
only across the primary, or only across the secondary. An example 
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where a resistance R is shunted across the secondary capacitor is shown in 
Fig. 3-15. In each case, a resistance in shunt with a particular resonant 
circuit of a coupled system has the same effect on that resonant circuit as 
it does when this resonant circuit is isolated, instead of being part of a 
coupled system. Hence a shunt resistance can be replaced by an equiv­
alent series resistance, such as R� in Fig. 3-15. The effect of a shunting 
resistance is accordingly to lower the effective Q of the resonant circuit 
with which it is associated, as discussed in connection with Fig. 3-5. 

Bandpass Action in Two Coupled Resonant Circuits. When two 
resonant circuits having (JP = (J, arc tuned to the same frequency and 

IOI CIRCUIT WllH SHUNT (l>J FOUIVAL(NT CIRCUIT 
RESISTANCE LOADING 

J•'1u. 3-15. Two i,ouplPd re110nant circuits in which n shunt re.11istimce loading is used 
to control ll('Conclary Q. 

<·oupled together with critical coupling, the re11ponse chararteristic of the
secondary circuit is as shown in Fig. 3-12. As compared with the
response of a simple resonant circuit with the same 70. 7 per cent points,
the response of the coupled system is found to he murh flatter on top,
and much steeper on t.he sides. Such an arrangement is often termed
a bandpass ji.ltttr because to a first approximation it responds equally well
to a band of frequencies centered on the common resonant frequency,-and
rather sharply discriminates against frequencies outside of this band.
Ruch bandpass characte;istics are particularly desirable when handling
modulated waves, because by proper adjustment of the bandwidth of the
filter, the response can be made practically the same to the carrier and to
all of the important sideband frequencies contained in the wave. In con­
trast with this, an ordinary resonant circuit has a response that is rounded
on top, as shown dotted in Fig. 3-12, and so discriminates against the
higher sideband frequencies in favor of the lower sideband frequencies
and the carrier.

The bandpass characteristic that is best for most purposes corresponds 
to a coefficient of coupling equal to the critical value. For this case, still, 
assuming QP = Q., the de11ig11 equations giving the required values of k 
and Q to realize a given bandwidth B are 1 

B 
k=k. "" -·-

V2Jo 
(3-32) 

1 With unequal circuit Q's the formulas will be slightly different for equivalent 
results, aince the curve with flattest top now correaponds to a coefficient of coupling 
greater than the critical value. 
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where 8 = the bandwidth between the 70. 7 per cent response points, 
cycles 

/a ... center frequency of passband (i.e., resonant frequency of 
tuned circuits) 

k, - critical coefficient of coupling 
Effect of Varying Q in Coupled Systems Tuned to the Same Frequency. 

(Coej/ident of Coupling Constant). Additional insight into the character­

� ------+-,-,,-+..,....-+-
!!£.. !fg_ 

2 fo i' 
FREQUENCY I LINEAR SCALE I II! 

Fro. 3-16. Curves of secondary response 
when two circuits resonant at the same 
frequency are coupled together, showing 
the effect of varying the circuit Q's while 
maintaining the coefficieAt of coupling 
unchanged. 

istics of coupled circuits can be 
gained by cQnsidering what happens 
to the secondary response curve as 
the Q's of the primary and second­
ary circuits are changed, while 
keeping the coefficient of coupling 
constant. The effects observed are 
illustrated in Fig. 3-16 for a par­
ticular case. This example brings 
out clearly the fact that as the 
peaks of the response become less 
pronounced, they tend to move 
toward each other, and that at fre­
quencies appreciably off resonance, 
the response diffel'B only negligibly 
from the response calculated on the 
assumption of infinite Q (zero cir­
cuit loss). 

3'-6. Generalized Coupled Cir­
cuits. Energy can be transferred 
from one circuit to another by a 
variety of coupling methods, in 
addition to the inductive coupling 
just considered. Thus, in Fig. 

3-17a the coupling consists of an inductance L .. common to the two cir­
cuits; in Fig. 3-17b the coupling is provided by a capacitance C .. common
to the two circuits, and in :Fig. 3-17 c by a capacitance C',,. that connects the
two circuits involved. Also, an infhrlte variety of more complicated
coupling systems can be built up from the basic elements of mutual
inductance, common in.duetance, common capacitance, and connecting
capacitance. Simple examples of such combined couplings are shown in
Fig. 3-17d and e.

The behavior of all these coupled circuits fQllows the same general 
character as that discussed for inductive coupling. Thus, the secondary 
circuit can be considered as producing an equivalent coupled impedance 
in the primary circuit while the primary circuit can be considered as induc­
ing in the secondary a voltage that gives rise to the secondary current. 
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The simplest method of analyzing these various forms of coupled 
circuits is to take advantage of the fact that all of them can be reduced to 
the simple coupled circuit of Fig. 3-17/, provided suitable values are 
assigned to Zp, z., and M. The rules that determine the values of these 
quantities in the simple equivalent circuit are as follows: 

1. The equivalent primary impedance Z; of the equivalent circuit is
the impedance that is measured across the primary terminals of the 
actual circuit when the secondary circuit has been opened. 

2. The secondary impedance Z, of the equivalent circuit is the imped­
ance that is measured by opening the secondary of the actual C'ircuit and 

101 DIRECT INDUCTIVE COUPl ING lbl CAPACITIVE C0UPLIN6 

z 

(Cl CAPACITIVE COUPLING 

,,E �

M

[f 

(d) COMBINED INDUCTIVE AND I�) COMBINED INDUCTIVE AND lfl EQUIVALENT CIRCUIT 
CAPACITIVE COUPLING CAPACITIVE COUPLING 

FIil, 3-17. F.xamplNI of methods whereby cirruits may h1• i,ouplPd. 

drtl'rmining the impedanee between these open points when the primary 
i11 open-circuit�d. 

3. The equivalent mutual inductance Jl.f is determined by assuming a
1·urrent I, flowing into the primary circuit. The voltage which then 
appeal"8 across an open circuit in the secondary is equal to -jwMI,. 

In making use of the equivalent cireuit of Fig. 3-17/, it is to be remem­
hrred that the values of z,., z., and M may all vary with frequency, so 
t.hat it is generally necessary to determine a new equivalent circuit for 
l'ach frequency at which calculations are to be made. 

After the actual coupled circuit has been reduced by the above pro-
1·rdurc to its equivalent form shown in Ji'ig. 3-14/, one can then apply the 
fol"mulas that have already been derived for inductively coupled circuits, 
using the appropriate values M, Z,, ZP as determined for the equivalent 
circuit. This procedure has the advantage of using the same funda­
mental formulas to handle all types of coupling and makes it possible to 
1�arry on the analysis in the same manner for all cases. The method is 
particularly convenient in the handling of complex coupling networks 
Huch as illustrated in Fig. 3-17d and e.

The quantity M that appears in the equivalent circuit represents the 
effective coupling that is present between the primary and aecondary 
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circuits. It is not necessarily a real mutual inductance of the inductive 
type, hut raf,h.cr a sort of mathematical fiction that gives the equivalent 
effect of whatever coupling is really present. If the actual coupling is 
capacitive, the numerical value of M will be found to be negative; if the 
roupling is of a complex type representing both resistive and reactive 
coupling, the numcrfoal value of M will be found to have both real and 
imaginary parts. This need introduce no uncertainty, however, since 
the proper procedure is to take the value of llf as it comes and substitute 
it with its appropriate sign and phase angle whenever Al appears in the 
exprcSl!ions previously derived for inductively coupled circuits. 

When this analysis is applied to capacitively coup)p,d circuits, such as 
those illustrauid in Fig. 3-18, the results are essentially the same as for 

f�fi� E"� 
E � l rs:

7 / Cm'(_� 
LAR(JE CONDENSER 

IOI 

Fm. :l-18. Two methods of capacitively coupling two resonant circuits. 

inductive coupling. Thus, when primary and secondary are both tuned 
to t,hc t1amc fn>quency, the secondary-current characteristic has two 
humpt1 if t.he coupling it1 large, i.e., if capacitor C.,. is small or c: large, 
while there it1 only one peak of secondary current when the coupling is 
small, i.e., whim capacitor C,. is large. 

Circuits having combint>.d deetromagnetic and electrostatic coupling, 
sm•h at! those at d and c of. Fig. 3-17, behave as ordinary coupled circuits 
oxeept that the coefficient of coupling varies with frequency. Thus, in 
the case of «•ircuit d, the circuit is capacitively coupled at low frequencies 
and inductively coupled at high frequencies because the coupling com­
bination of C.,,. in series with L,.. has caparitivc and inductive reactance 
under thr.se respective conditions. . In between, at the resonant fre­
queu<"y of L,,. and C,. , there is no coupl\ng and k = 0. The arrangement 
shown at e acts similarly as a circuit with a coefficient of coupling that 
varies with frequenry. Circuits having combined electrostatic and 
electromagnet.ic coupling find application where it is dci,;ired to obtain a 
cOPfficient of coupling that varies with frequency, as is commonly the 
r8.8C in tuned amplifiers and antenna-couplin_g circuits of radio receivers. 

3-7. Thmnin's Theorem. According to Thooenin'B theorem, any linear
nt•twork containing one or more 11ourccs of voltage and having two terminalB 
/1ehaves, in so far as a load impedance connected across these terminals is 
roncerned, aa tlwugh the network and its generator, were equivalent to a aimple 
generator having an internal impedanu Zand a generated tJOltage E, ,ahere E 
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i, UlB l10ltage that a:ppear11 acra1111 UlB terminal, tDlaen no load impedance ill 
conneetetl and Z ill UlB impedance that i11 meczaured betUleen the terminal, tDlaen 
all aourcu of IJOltage in the network are ahort-circuited. 1•1 

Thls theorem means that any network and its generators, represented 
schematically by the block in Fig. 3-19a, can be replaced by the equiv­
alent circuit shown in Fig. 3-19b. The only limitation to the validity of. 
Thevenin'& theorem encountered in ordinary practice is that the circuit 
elements of the network must be linear; i.e., the voltage developed must 
always be proportional to current. 

IOI ACTUAL ARRANGEMENT (bl EQUIVALENT ARRANGEMENT lt:I 1:i:,:iiT=rT 

F1a. 3-19. Diagrams illustrating how Th6venin's and Norton's theorema can be 
used to simplify a complicated network containing generaton. 

Thevenin'& theorem offers a very powerful means of simplifying net­
works, particularly when a load impedance is connected across the output 
terminals of a complicated network. Two eumples will be used to 
illustrate this. First, consider the circuit of Fig. 3-10, which is redrawn 
in Fig. 3-20a. If one takes the secondary capacitor C1 as the load 
impedance and applies Thevenin'& theorem to the network to the left of 
C1, the result is Fig. 3-20b, in which the equivalent generator voltage is 
the voltage induced in the secondary inductance L1 when the secondary 
is open-circuited, and the equivalent generator impedance consists of 
the inductance L1 and the resistance R1 in series with the impedance 
which is coupled into L1 by a secondary circuit consisting of L1 shunted by 
the resistance R1. The coupled impedance produced by such a secondary 
circuit has been previously considered; it is equivalent to adding capaci­
tive reactance and resistance in series. The resistance causes the effective 
Q of the secondary-response curve to be reduced, while the series capaci-

1 When the aources of energy in the network are constant-current generatora instead 
of eonstant,.voltage generatora, the internal- impedance Z is the impedance observed 
between the terminals when all constant-current generators are o-ptm-Circuited. Thia 
is due to the fact that a constant-current generator is equivalent to an infinite voltage 
source having an infinite internal impedance, so that short-circuiting the ultimate , 
source of voltage of the constant-current generator still leaves an infinite impedance in 
the circuit. 

1 An alternative circuit that is also equivalent to Fig. 3-19a is given in Fig. 3-19c. 
Here the network with itil generaton is replaced by a constant current / that is 
delivered to a system consisting of the source impedance Zin shunt with which is the 
load impedance, where I is the output current of the network when the output termi­
nals are short-circuited, and is I - E/Z. The equivalence of the arrangement.a at 11 

and c in Fig. 3-19 is 10metimes referred to u Norton', Uaeomn. 
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tive reactance tends to raise the apparent resonant frequency by an 
amount that becomes greater the higher the ratio wLJR,. This account.a 
for the behavior of the curves of Fig. 3-10. 

The second example is furnished by Fig. 3-14a. This circuit may be 
simplified by considering that the load is represented by the circuit to the 
right of the line :u, the generator being the voltage E acting in series with 
the resistance R and the capacitance OP. Such a generator can be 
reduced immediately by Thevenin's theorem to the form shown to the 
left of the line zz in Fig. 3-Hb. Here it is to be noted that the equivalent 
generator resistance n; is the series resistance equivalent to a shunt 
resistance R &11Sociated with the capacitance Cp, as given by Eqs. (2-12) 
and (2-13). 

:oo��:� 
Col ACTUAL CIRCUIT (bl EOUIVALENT SECONDARY CIRCUIT 

Fm. 3-20. Application of Th6venin'a theorem to simplify and explain the behavior 
of the syHtcm of Fi,:. :-1-10, <Mmaisting of a tuned secondary and untuned primary 
•·ircuit 1•oupled to,:ethi,r.

3-8. Impedance Matching. A load connected across the output termi­
nals of a network, such as represented schematically by Fig. 3-19a, can be 
makhtm to the source of power in either of two ways. When the load 
impedance has the same magnitude and, phase angle as the equivalent 
generator impedanre Z defined by Thevenin's theorem (see Fig. 3-19b), 
the load is said to be matched to the generator or source of power on an 
image-impedance basis. The term "image" arises from the fact that the 
impedances on the two sides of the output terminals are images of each 
other. When the load impeda1we is not identical with the generator 
impedance and it is desired to obtain impedance matching on an image 
basis, it is then necessary to transform the load to the correct impedance 
to match the generator. This transformation can be accomplished with 
the aid of an appropriate network of �tances or, in simple cases, by 
means of a transformer. 

Alternatively, a load impedance may be matched to a source of power 
in such a way as to make the power delivered to the load a maximum. 1 

This is accomplished by making the load impedance the conjugate of the 
gent'rator impedance as defined by Thevenin's theorem. That is, the 
load impedance must have the' same magnitude as the generator imped­
arlL'e, but the phase angle of the load is the negative of the phase angle of 
the generator impedance. This method of matching is shown schemat-

1 The power delivered to the load under tbeae conditions is termed the owilablc 
po1oer of the power BOurce. 
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ically in Fig. 3-21. It will be noted that the reactive component of the 
load is then in series resonance with the reactive component of the gen­
erator impedance; i.e., the load reactance is the correct value to "tune 
out" the generator reactance. The resistance components of the load 
and generator impedances are then matched on an image-impedance 
bal!is. Such impedance matching to obtain maximum power delivered to 
the load is a common operation in communication circuits. It is carried 
out by transforming the equivalent series resistance of the load to a value 
equal to the resistance component 
of the generator impedance by the 
use of suitable networks and trans­
formers, and then adding reactance 
to the load as required to resonate 
with the generator reactance. 

It will be noted that, when the 
generator impedance is resistive, 
the conditions corresponding to 

MArCHCD 
•Jf9 "\.,,�OAD 

I t;?ri�:-
•(icNERArOR NPEDANCE 

Fm. 3-21. Load impedance matched to 
generator in such a way as to give maxi­
mum power in the load, 

matching on an image-impedance basis are identical with those corre-
1,ponding to matching for maximum power output delivered to the load. 
Otherwise, the two conditions are not the same, and matching on an 
image-impedance basis then does not result in maximum possible power 
being delivered to the load, although it is often still used to maintain 
Appropriate impedance relations in a system of networks. 

PROBLEMS AND EXERCISES 

8-1. The coil or Jt'ig. 2-16 is tuned to rcMrumce at 1000 kc by a capacitor having a
po\l·er faetor or 0.001. What is the circuit Q? 

8-1. In Prob. 3-1, what tuning capacitance i11 ret111irt'd? 
8-8. A variablr mLpacitor having a maximum t·a1>acitam·e of :150 ""'f and a minimum

1·apar:itancc or 20 ,.,.f is used for tuning in a broadcast receiver. The coil and &880-
ciatcd wiring have a distrihutPd 1:apacitance of 20 ,.,.f. 

a. What 11;ze inductance t'oil is required to make the lowcat frequency 530 kc?
b. Calculate thr exact tuning range with the coil selected.
84. A 11Crirs l'ircuit ill resonant at 800 kc and has an inductance of 160 ,.h and a

1•ir<,uit Q of 75. Calculate and plot the magnitude of the current that flows when 
I \·olt is applied to the circuit, carrying the curves out to 40 kc on each aide of reso­
nance. In making thl'l!c calculations use the working rules and the universal rcao­
nancc m1rve in the range near resonance and neglect the circuit resistance when 
calrulnting points too far off resonance to be within the range of the universal rCBO­
rmn(•c curve. 

3-5. In l'roh. :J--t 1•all'11late the exact response at 40 kc above resonsnl'.C, taking into 
1u·co1mt the circuit r1,si,ctancc, and compare the results with tht111c ohtained when the 
1·ircuit resistance is neglected. 

8-8. Assume th11t a scri1!11 l'CflOnant circuit employs the coil of 1''ig. 2-16, and that
the tuning caparitor has nPgligihlc lOlllltlll. 

a. Calc-ulate and plot from 500 to 1500 kc the width or the frequency band (or

InductEV, Inc. 
Exhibit 1020 

Page 080



78 CIRCUITS WITH LUMPED CONSTANTS [CHAP. 3 

which the tuned circuit response is at least 70. 7 per cent of the response at reaonanoe, 

as a function of resonant frequency. 
b. Discuss the resultll obtained in (a) with respect to the reception of �roadcut 

· ,_ h 1·na 81·deba.nd fre11uencies extending up to 5000 cyclt.s on each side of the
8lgna"' av "' · · h d"ff "d band carrier frequency. Consider hoth t�e 11?1form'.ty ?f �ponse � t e 1 �rent� e 

freqm,ncies, and the ability of the 01rc111t to d1Scrm11nate agamst undesaed mgnals of 

other frrquencies. . .. 
1-T. In a series circuit that is resonant at J 150 kc 1t 1s found that when the frequency

diffel'I! from resonance by JS kc the current drops to 0.53 of the current at resonance,
for the same applfod voltage. From this information determine the Q of the circuit.

8-8. A voltage of constant but unknown value is applied to a series circuit resonant
at th<' frcquem,y of thiH voltage. ThP circuit current is observed to be I•· A known
rlll!iRtance R, is th<'n added to the circuit, and it is found that, with the same applied
voltage as bcforr, the current is now reduced to Ii. Derive a formula for the circuit
resistamie in terms of Io, Ii, and R1-

3-9. In variable capacitors usad to tune the resonant circuits of radio receivers,
it is eustomary to shape the plates so that the capaeitance varies more slowly with 
angle of rotation at small capacit.ance settings than at high capacitance settings. 
Explain why this makes the resonant frequency more nr,arly linear with re11pect to the 
angl<, of rotation than if semicircular pltitP8 were employed. 

8-10. What. is the highest effective Q that a tuned circuit may have when it must
respond to a band of frequencies 10,000 cycles wide (5000-cycle sideband frequencies) 
with a response always at least 70.7 per cent of the response at resonance, assuming 
carriPr frcquenri<•s of 50, 500, 5000, and 50,000 kc? 

1-11. a. A tuned circuit having an inductance of 150 ,.hand a Q of 70 is adjusted 
to resona11ce at 1 JOO kc. If the circuit is connected for parallel resonance, calculate 
and plot the magnitude of the parallel impedance as a functior, of frequency out to 
110 ke on rach side of resonance. Use the war.king rulP.s and the universal resonance 
eurv<' in t.hc region about resonance, and neglect the circuit resistance when r.alculating 
the imprdance at frequencies too far off rcqonance to be within range of the universal 
resonance curve. 

I>. Repeat (a) for a circuit Q of 40, and pldt the results on the same axes as the 
results of (a). 

8-11. Calculate and plot as a function of frequency the parallel impedance at
resonance when the coil of Fig. 2-16 is tu11ed with a capacitor of negligible 1088811 and 
when the resonant frequency is varied from 600 to 1500 kc. 

8-18. A tuned circuit is required to have a parallel impedance of 6000 ohms and a
Q of 12. I£ the resonant frequency is 300 kc determine the inductance, capacitance, 
and resistance that the circuit must have. 

8-1'- Using the same tuned circuit as in Prob. 3-4, hut 1ionnected for parallel 
resonance, calculate and plot curves as a function of frequl'Ilcy from 760 to 840 kc for 
(a) magnitude and phase angle of paralll'l impedance; (/,) line current, and current in
each hram,h, when thP appliPd potential is IO volts (888ume that all the circuit resist­
ar;r,i is in the inductive branch); and (c) reactance and resistance co'"!lponents of the
impedance of (al. 

8�1� The coil of Fig. 2-16 is tuned to resonance at 1000 kc with a capacitor havingneghg1ble 1088e6. Transform this circuit to the form shown in the right-hand part of
Fig. 3-5a by determining R,. 

1:16- Th� �ircuit of Fig. 2-16 is tuned to resonance at 1000 kc with a capacitorhavmg negh�1hle losses, and is thrn shuntrd by a resistance R; of 100,000 ohms. 
_a. Determine the equivalent shunt resistance Ra for such an arrangement (seeFig. 3-5). 
b. Calculate the Q of this system. 
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1-1'1. II a parallel resonant circuit is shuntad by a resistance R� and if the parallel
ffl!Onant impedance of the uuahunted circuit is Ro. prove that the shunt resistance R; 
reduces the equivalent Q of the circuit by the fat>tor R;/(/l� + /l0). 

1-18. In a low-Q parallel circuit in whic,h the lo!ll!llll are all in f.lm inchH'tive branch. 
prove that, when the capacitance is varied, the eapaeitance that makes the paralld 
circuit impedance have unity power fartor for a given frequl•ncy also makes thi1c1 
impedance have maximum magnitude at this 11ame frequency. 

1-19. A particular coil has an inductance of 180 ,.b at 1 kc and an apparent induct­
ance of 200 ,.h at 1400 kc. Determine the distributed capacitance of the coil. 

1-llO. Primary and secondary coils have inductanci,s of 75 and :iOO ,.h, �spectively,
and 1 volt is applied to the primary circuit. ABSuming the resistancCII of the coils 
are negligible, calculate the voltage induced in the secondary as a function of coeffi­
cient of coupling from k • 0 to k • 1.0. 

8-lll, Draw an equivalent transformer circuit for the coils of Prob. :l-20, for thl'
CIISC where the mutual inductn.nr.e is 50 11h. 

8-211. a. J<;xplain the effect of a short-circuited turn upon the induetance and Q 
observed at the terminals of a coil, using couplt>d-circuit theory. 

b. Indicate qualitatively the differences that would he l'XpPcted if the Hhort-rircuited 
turn were the end turn of a single-layer solenoid, as in Fig. 2-1, as against being a 
turn near the center. 

8-U. Twu id1mtfool coils each having Q = 100 and an induetance of 200 ,.h arc
coupled together with a mutual mductance of 50 ,.h. If t.hc Hccondary coil is short­
uircuited, ruloulatc (a) the couph,d rc,sistamm and <"oupled n•a<•tanM at II frequency of 
600 kc, (b) thl' totol rt>si11tunce and reactance of the primary circuit, and (c) the elTe<"� 
tive Q of t hr primary circuit including effect of the coupled impt>dance. 

8-2'- D('S(·ribe a pror.edurc for experimentally determining the eocfficicnt of 
coupling between a coil and its shield can, assuming that the 11hi<•ld has negligible 
resistance. 

8-26. Derive th<• formula in the second footnote on pap;!' HI for the t>quivalent 
primary-,·ireuit inductance in the presence of an inductive secondary with zero lo1111es. 

8-18. An air-<"Ol"rd coil is 11la1·1•d near a brass panel. Dl'.srrihe in a qualitative
way the clf1l<'t that <"OJlper pluting this panel will have on the inductance and Q 
observed at the , oil terminals. 

8-2'1. Thi' coil of I;ig. 2-16 is couplt>d to a primary <"Oil with a mutual inductance of
50 ,.h. If th<• 11Pco11dary coil is tuned to ret10n1111i,e hy mraus of a capacitor having 
1wglip;ihh• luMR. r11lculatl' and plot the coupll!d imJM•danc,e at the resonant frequency 
of th1• 11econd11ry as this rrHOnant frcquen<"y is Yarird from 500 to 15tl0 kr.. 

8-28. Tim 1·oil of J<'ig. 2-16 i11 coupled to a primary circuit having an inductance of 
75 11h, and is tuned to �R<marmll at 1000 kc with a capai,itor having n<•glip;ihll' losses. 
Cal<"ulate the imp1,d11nce coupled into the primary 1·irc11it at 1000 kc as a function of 
coefficient of <".oupling from k = 0 to k = 1.0. 

8-29. In the circuit of Fig. 3-Sb, what general efft•1•t is 1,rudu<"ud on the phase and 
mugnitudt> of the coupled impedance at the rcsomu1t frequency of thu secondary by 
shunting the secondary capacitor C, by a resi11tance fl,? 

8-80. Explain why in Fig. :i-1 I a flat-topped se1·ond1iry-1•im1it r.urw (likr k • 0.01 l 
can be ohtainPd only if the primary-currPnt curve has pro11oun<·1•d double peak•. 

8-81. Derive Eq. (3-211) from Eq. (3-28). ' 

8-82. Two identical circuits resonant at 1000 kc, having Q = 80 and inductances of 
140 ,.h, are coupled together. 

a. Calculate the critical coefficient of coupling. 
b. Calculate and plot the accondary current at the resonant frequency for 1 volt

applied to the primary, as the mutual inductance is varied from zero to twice the 
critical value. 
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80 CIRCUIT S WITH LUMPED CONSTANTS [CaAP, 8 

1-13. The coupling between the circuits of f:ob, a:32 .• a.d�11•tl;d to ma� the 

ffi · t r 1·ng h•"a a value O 03 and 1 volt 1B applied m aeries with the primary. 
COi' c1en o coup 1 �• ,- • , . 

poak a. What will be the approximate frequencies at which the IICCOlldary-current 11 

will occur? d ? b. What will he the approximate height of these peaks of ■econ ary current 

A1111umc the two p,,a.ks have equal heights. 
c. What will 1,e the secondary current at the resonant frequency? 

d. Ovrr what frequency range will the secondary respan■e equal or exceed thll 

lll'COndary response at !'f'SOnance? 
,. With the information obtained above, sketch the approximate Bhape of the 

secondary-current curve &B a function of frequenc�. . 
S-SC. The circuits of Prob. 3-.'J2 are coupled with a coefficient of coupling of 0.1. 

Jktl'rmine thi, frequencies at which the sccondary-currrnt peak■ occur, and give the 
npproximate rntio of voltagl's across the secondary at frequencies corresponding to 
the low- and hi,;h-frequcnr.y peaks. 

S-H. The two einmits of Prob. 3-32 are coupled with a mutual inductance of 
2.8 ,.h(k - 0.112). 

a. Calculate and plot the resistance and reactance components of the coupled 
imp<!dam:e out to 40 kc on Parh side of resonance. 

1,. Calculate and plot the ffllist1tnCI' and reac·tance components of the primary 
circuit wh('n the RCcondary is removed. 

c. Add (a) and (b) to ohtain the curve of total primary-circuit resistance and 
rcartance, and convl'.rt the result� into curves giving the magnitude and phBBC of the 
total primary impl'danee in the pn•ser,ce of the secondary. 

1-88. If, in Prob. 3-:l5, the mutual inductance had a value of 1 11h, then to what 
frequencies would it he nl'l'l'llll&ry to tune the primary and secondary circuit.a in order 
to obtain the same shape of secondary-response curve as is actually obtained £or 
the co11dit.io11s givl'n in Prob. 3-35? 

3-ST. l11 a Rhunt-foed circuit such as illustrated in Fig. 3-14, the tuned circuits are 
the 11arne as in J>roh. 3-:12, and the shunt-feed resistance R iH 100,000 ohms. What is 
thl' ec1uinJe11t primary Q under these 110nditions? 

3-38. The two r<'80ni.11t circuits in 1''ig. 3-<J 5 are the same 118 in Prob. 3-32. What 
nh11' muHt R h11vP to nuike the effective Q of the secondary Pqual to 40? 

l-89. A p1nticular bandpas.� filter is to he used to handle a wave in which the highPJSt 
modulation fn•qu1•ney is 4000 cyl'll'S. The carrier frequency of the wave is 456 kc. 
Jf the primary and Rl'Condary inductance■ are both 2 mh and if it is de11ircd just 
baf('Jy to a,•oid double humpt1 in the rl'Hponsc curve, specify the proper coeffici('nt of 
<:oupling 1Lnd thr proper rirenit Q's, R1111111nin,; e,1ual primary and Rl'l'ondary Q's. 

8-40. Two idc•ntical tuned circuits are used in a shunt-feed handpu.'iS arrangmnm1t. 
Tlir c•irc•uif,. arc r,•sonant at 450 kc, have irulurtances of 2.0 rnh, and Q's of 80. Thn 
Nh1111t-f1•1•1I rrH1i.t:Ln1·1• hllll " valu,i of :t00,000 ohms. A handwidth betwce11 70.7 
l)('r ('t>nt rt,SponMI" point& of ao kc, is dl'sinp. 

a. Caleulat11 rc•quired valuPs of circuit �•s, &111111ming QP .. Q,. 
b. Determine the resistance that must be 11hunted aero. the secondary capacitor 

to make the cll'Pdive (l of the se<:ondary circuit have the required value. 
c. Determine the r�tanee that must be shunted across the primary capacitor to 

make the ell'ectivl' Q of the primary have the required value when the effect of both 
the shunt-feed resistance and the primary-circuit resistance are taken into account . 
. 3-41. Aouo�ding � 1''ig. 3-16 the response at resonance will increa■e as the Q iB mcreaaed while ll'avmg the coefficient of coupling unchanged.a. Demo�trate that this result is predicted by Eq. (3-28). b. Determine the ratio of response at resonance for aero circuit lOBBeB to the respon118 fork - 0.01 wben the circuit lOlllletl make k • 0.01 correspond to critical coupling. 
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CBAP, SJ PROBLEMS AND EXERCISES 81 

1-a. Calculate the coeflicient or ooupling in the circuit of Fig. 3-181 when 
c1 • c. • 100 ,,.,1., and c� - u; ,,.,1..

1-4 Signals in the frequency range of MO to 1500 kc are to be handled by means 
of a bandp&111 filter. If the circuits are UBumed to have Q • 100 over this frequency 
range, and if the adjustment is such that k • 0.01 at 1000 kc, diacuu how the width 
and shape of the pauband will vary with resonant frequency when the tuning is 
obtained by varying the primary and aecondary capacitors aimultaneoualy and when 
the coupling ia (11) inductive as shown at Fig. 2-Sb, and (b) capacitive as shown at 
Fig. 2-8c. Assume that the circuit elements that provide the ooupling do not change 
as the capacitors are varied. Illustrate the diacuuion with the aid of sketches showing 
in a general way the relative character of the response curves to he expected at 550, 
1000, and 1500 kc for each type of coupling. 

1-"- Explain how the magnitudes of the Th6venin-theol't'm equivalent voltage 
and impedance for a complex network can be determined experimentally from an 
open- and abort-circuit teat at the output terminals of the network, using only a 
voltmeter and an ammeter. 

1-0, In Fig. 3-20 (also Fig. 3-10) the secondary circuit baa an inductance of 150 ph,
and is resonant at 1000 kc. If Ra - 10,000, Li • 150 ph, and M • 100 ph, calculate 
the frequency at which the peak of aecondary response occurs. 

3"'8. A primary circuit baa an inductance of 1 mh and a resistance of 150 ohms 
•connected in aeries. A accondary coil ia coupled to the primary coil and delivers
power to a load consisting of the secondary coil, a resistance of 50 ohms, and a tuning
<'&pacitance, all in series. If the impedance that the secondary circuit couples into
the primary circuit ia considered to be the load impedance of the primary circuit,
determine the mutual inductance required between the two circuits and the reactancl'
that the Bl'Condary circuit must have if the load is to match the generator on a maxi-
111 um-power basis. 

3-4.'1. a. In order to dl'monstrate impedance matching for maximum-power transfer,
write the equation of power P delivered to a rheostat u a fun<'tion of ita resistance R
whl'n connected to a d-c generator of internal resistance 1', and open-circuit voltage E .. 
Show that this equation has a maximum for R • R,.

b. Plot a graph of the equation of (a), showing P/Pm•• ,•rrMus R/R,, where Pis the
actual power when the load rrsistance is R, and P mu is thr power when R ·• R,. By 
how many drcihels is thr power n,-duced for the following ca8CII of mismatch: 
(1) R • 0.SR, and (2) R • 2R,?
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CHAPTER 4 

TRANSMISSION LINES 

4-1. Voltage and Current Relations on Radio-frequency Transmission
Lines in Terms of Traveling Waves. 1 Transmission lines find many 
UHt'H in rndio work. They arc employed, not only to transmit energy, but 
ul1m as mmnant circuits at very high frequencies, as measuring devices at 

I 

LOAD £ND 

high frequPncies, as aids to obtain 
impedance matching, etc. 

BaBic Transmission-line Equations. 
Consider the voltage and current rela­
tions that exist in a very short length 
dl of the transmiSRion line shown in 
J1'ig. 4-1. 1n this short distance the 

1"w. 4-1. Transmission line, showing voltage between the wires changes an1•h•nwnlnry h•np;th dl. 

amount dE as a result of the voltage 
clrop produced hy the line current I flowing through the resistance R dl 
and reartnnce jw!J dl of the length dl. Likewil'lC, the current changes a 
small :imount dl in the length as a result of· the flow of current between 
the ,�irns through the caparita1wc C dl and conrluetanrl' (J dl caused hy the 
volt:igc t.hat cxist.s hrtwrf'n th1•Hc wires. Reforring to Fig. --1--1, m1c can 
ac1:orcli11gly write thr 1•quntio11s 

dH = T X (impPdnnce of lrngth dl) 
= l(U + jw!J) dl 

dl = I� X (admittance of length di) 
= R(G + jwC) dl 

1 Thiij nmt.i•rial on tranRmis.�ion lines iH_a review 111111 summary of those concepts and 
r1•l11f,ions that are m011t wi1lcly used in radio work. It pr1ll!upposes at least a little 
pm·ious familiarity with the subject, and thllrefore should not be regarded as a self­
"IIJlporting pl'Cl!enta�:.,n of transmission-line theory. The reader desiring to gain a
r.ompn•hens.ive unde-ratanding of transmission lines, or desiring the derivation of the
1•quations made uae of here, should consult one of the several excellent textbooks that
am available on the subject, for example, H. H. Skilling, "Electric Transmission
LineH," McGraw-Hill Book Company, Inc., New York, 1951; Walter C. Johnson,
"Tranamillaion Lines and Networks," McGraw-Hill Book Company, Inc., New York,
1950. Mol'f' li�ited treatments of transmiesion lines, typically of chapter lenp;th,
are to 

_
be found 

_
m most textbooks on communication engineering; thlllltl are adequate

1111 an mtroduct10n to the material presented here.
82 
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