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Rearranging, dE
= (R + juL)I = ZI (4-1a)

‘fﬁ = (6 + juC)E = YE (&-10)

where E = voltage across line at distance } from receiving end
I = current in line at distance ! from receiving end
1 = distance measured from load end of line
R = resistance per unit length, ohms
L = inductance per unit length, henrys
C = capacitance per unit length, farads
G = conductance per unit length, mhos
= (R + jwL) = line series impedance per unit length, ohms
= (@ + jwC) = line shunt admittance per unit length, mhos
w/2r = frequency, cycles
Simultaneous solution of Eq. (4-1) gives!

d’E

¢L — zve (4-20)
‘fﬂf - ZYI (4-2b)

Equations (4-2a) and (4-2b) are not independent of each other, since they
are related through Egs. (4-1a) or (4-1b).

Equations (4-2a) and (4-2b) are the standard differential equations of
wave propagation and have solutions of the form

E = E\ V7 | B VITi (4-3a)
I = L/ 4 LevETL - (4-3b)

where E,, E,, I,, and I, are constants of integration whose values are
determined by the boundary conditions, i.e., by the load impedance and
the magnitude of the voltage applied to the system. Although four
constants appear in Egs. (4-3), actually only two of them are independent
since it can be readily shown that?

E E
_ —E, _ —E,
L=z;v= 7 (#-40)

1 These results are obtained by differentiating Eq. (4-1a), and then substituting
Iiq. (4-1b) to eliminate the resulting df/dl. This gives
d*E dl
El'— = ZYE
Lquation (4-2b) is obtained in an analogous manner.,
? These relations are obtained by substituting Eq. (4-3a) in Eq. (4-1a), and thea
comparing the result with Eq. (4-3b).
InductEV, Inc.
Exhibit 1020
Page 086



84 TRANSMISSION LINES [Caar. 4
Here
(4-5)

The final solution of the differential Eqs. (4-1a) and (4-1b) of the trans-
mission line can accordingly be written as
E E V7V + Ey~VZ¥ = E' + E” (4-6a)
B v B VIR _ L g
VT V7Y

In these equations Z, = v/Z/Y is termed the characteristic impedance
of the line. In the case of radio-frequency lines, Z, can nearly always
be assumed to be a pure resistance, as discussed on page 88.

The quantity /ZY is called the propagation constant of the line. Itis
a complex quantity, having a real part « called the attentiation constant
and an imaginary part 8 termed the phase constant. That is

VZY = a 4+ j8 4-7)

4-2. Interpretation of Transmission-line Equations in Terms of
Traveling Waves. The voltage and current existing on a transmission
line as given by Eqs. (4-6) can be conveniently expressed as the sum of
the voltages and currents of two waves. One of these waves can be
regarded as traveling toward the receiving or load end of the line, and is
called the tncident wave because it is incident upon the load. The second
wave can be thought of as traveling from the load toward the generator
end of the line; it is termed the reflected wave, and is generated at the load
by reflection of the incident wave.” These two waves are identical in
nature except for consequences arising from their different directions of
travel.

The Incident Wave. The incident wave consists of the voltage com-
ponent £’ of Eq. (4-6a) associated with the current component I’ of Eq.
(4-60). For such a wave it follows that everywhere on the line

4

7‘; = /g (4-8)

The magnitude |E’| of the incident wave becomes larger as the distance
! from the load increases, according to the relation

|E'l = ‘Ele(aﬂd)l‘ = lEllfd (4-9)

In this equation £, is the vector value of the voltage of the incident wave
at the load end of the line, and « is the attenuation constant,! as defined

1 The unit of a in 15q. (4-9) is the neper.  In discussing attenuation of lines, values
of a (or of al) are, however, frequently deseribed mn decibels.  The relation between
nepers and decibels is

Attenuation in decibels = 8.686e (4-9a)
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SEc. 4-2] TRAVELING WAVES 85

by Eq. (4-7). The quantity al, the total attenuation of the line, is com-
monly called simply the line attenuation.

The phase of the incident wave advances g radians per unit distance
from the load, where g8 is the phase constant as defined by Eq. (4-7).
Hence the phase position of the incident wave at a distance ! from the
load leads the phase position at the load by 8! radians.

The incident wave on the transmission line can therefore be described
as a voltage accompanied by a current that is everywhere in phase with,

i
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(d) VOLTAGE DISTRIBUTIONS FOR UNITY REFLECTION- AT LOAD

Fig. 4-2. Diagrams illustrating behavior of the voltage of the incident and reflected
waves on a transmission line. The case shown assumes that the reflection coefficient
at the load is unity, and that the line attenuation is only moderate. The clock dia-
grams show magnitude and phase of the voltage at increasing values of distance
from the load.

and proportional to, the voltage, with thc voltage and hence current
decreasing exponentially in magnitude and dropping back uniformly in
phase as the load is approached. Such a distribution is illustrated in
Fig. 4-2, and can be represented by the equations

E' = Ejeletit (4-10a)
i’
I = g_o - 173_: (latiB (4-100)

The incident wave is said to travel toward the load because it gets
smaller as the load is approached and because its phase at a distance from
the generator corresponds to the phase that existed at the generator at an
earlier time proportional to distance. These are properties of a wave
propagating away from a source. The velocity of propagation, called
the phase velocity, is discussed below in connection with Eq. (4-19b).
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86 TRANSMISSION LINES [Caas. ¢

The Reflected Wave. The reflected wave is identical with the incident
wave except that it is traveling toward the generator. The reﬂ?cwd
wave thus consists of the component voltage E" of Eq. (4-6a) associated
with a current component 1"’ such that everywhere on the line

Fj,_, = -2, (4-11)

This differs from Eq. (4-8) only by the negative sign, which arises from
the fact that the current in the reflected wave travels toward the gen-
erator, whereas the current in the incident wave travels toward the load.

The magnitude |E,| of the reflected wave becomes smaller as the wave
travels away from the receiver (i.e., as ! increases) according to the

relation
|B"| = |Eqe(atitl] = |B,|e= (4-12)

Here E; is the vector value of the reflected wave at the load. Equation
(4-12) is similar to Eq. (4-9) except for the negative sign in the exponent;
this denotes a decrecase in magnitude with increasing distance ! from the
receiver.

The phase of the reflected wave drops back g radians for each unit of
distance that the wave travels toward the generator. Thus the reflected
wave at a distance ! from the load lags the phase position at the load by
Bl radians.

As a result of these properties, the reflected wave on the transmission
line can be described as a voltage accompanied by a current proportional
to the voltage and flowing away from the load, with the voltage, and hence
current, decreasing exponentially in magnitude and dropping back uni-
formly in phase as the distance from the load ¢ncreases. Such a dis-
tribution is illustrated in Fig. 4-2, and can be represented by the equations

E" = Epetotl (4-130)
Ill —_- — E” E’ (a+38)1
-z =g (4-13b)

Relation of Incident and Reflected Waves—Reflection Coefficient. The
reflected wave is generated at the load as a result of reflection of the inci-
den? wave by the load impedance. This reflection is of such a character
as simultaneou-'y to meet the following conditions: (1) The voltage and
current of the incident wave at the load must satisfy Eq. (4-8); (2) the
voltage and current of the reflected wave at the load must satisfy Eq.
(4-11); (3) the load voltage E, is the sum of the voltages of the incident
and reflected waves at the load, that is, By = E, + E,; (4) the load cur-
;'ent I.is t!xe sum of the currents of the incident and reflected waves at the
lm,i:;z:ajn{: I; ZI 1+ I»; and (5) the vector ratio Ey/I; must equal the
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Sec. 4-3] TRANSMISSION-LINE CONSTANTS 87

The vector ratio E:/E; of the voltage of the reflected wave to the
voltage of the incident wave at the load is termed the reflection coefficient
of the load. Simultaneous solution of the above five relations leads to the

result
" . — _E_g - (Z./Zy) — 1
Reflection coefficient ='p - ZJZ) F1 (4-14)

The reflection coefficient has both magnitude and phase, and so is a vector
quantity. Although Eq. (4-14) is expressed in terms of the situation at
the load, the ratio E'’/E’ of the voltages of the reflected and incident
waves at a distance ! from the load can be termed the reflection coefficient
at the point . It will be noted that when a = 0 (i.e., zero losses on the
line), the reflection coefficient everywhere has the same magnitude, and
equals the reflection coefficient of the load. However, when a # 0, then
the reflected wave becomes smaller and the incident wave larger with
increasing distance from the load, causing |p| to decrease correspondingly.
The quantitative relation is

lee| = |pae=2et=to (4-15)

where |ps| and |pi| are the magnitudes of the reflection coefficients at dis-
tances I, and I, respectively, from the load.

The relation between the load voltage and current and the voltages of
the incident and reflected waves at the load can be deduced from the
above five required conditions. It is

__Ev _ (Ei+ LZo\ :
B=i5 =Y (+16a)
Ez = pE1 = 'l"—:_'—; EL = (Firz—lié)) (4:16())

The corresponding currents are given by Eqs. (4-8) and (4-11).

Line Voltage and Current. The actual voltage and current existing on
a transmission line are the sum of the voltages and currents, respectively,
of the incident and reflected waves, as given by Eas. (4-6), with the
values for E, and E, defined as in Eqs. (4-16).! Although the equations
of the transmission line appear complicated, the character of the voltage
and current distributions that they lead to under different conditions can
be readily understood with the aid of the typical examples considered in
Sec. 4-4.

4-3. Transmission-line Constants. The electrical properties’ of a
transmission line are determined by the inductance L, capacitance C,

1 This result can also be written in an equivalent form in terms of hyperbolic
functions:

E = E, cosh (a + j8)l + I.Z,sinh (a + jB)l (4-17a)
I = Iy cosh (@ + jB) + % sinh (a + 3B)l (@17)
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88 TRANSMISSION LINES [Caar. 4

geries resistance R, and shunt conductance G, per unit length of line.
The inductance and capacitance can be Falculated })y the usual fon.nl.lla.s
for transmission lines, except that at radio frequencies there are neghglb!e
magnetic-flux linkages inside the conductor as a result of skin eﬁef:t; this
means that one should omit the small term 1n th.e low!frequenc.y mdu.ct-
ance formulas that does not involve the dimeqsmns. The series resist-
ance of radio-frequency lines is controlled by skin effect, and so is propor-
tional to the square root of the frequency. The sh}mt conductance is
determined by the dielectric loss. With air insulatlo‘n the shunt con-
ductance is therefore negligible, but with solid dielectric su.ch as used in
twisted-pair and coaxial cables, the shunt conductance wﬂl‘be propor-
tional to the product of frequency, power factor, and dielectric constant.

The electrical properties of the transmission line enter into the equa-
tions of the line through the characteristic impedance Z, and the propaga-
tion constant \/ZY as defined by Eqgs. (4-5) and (4-7). At radio fre-
quencies it is nearly always permissible to assume that wl >> R, and
wC >> @. To the extent that this is true, one can rewrite Eqgs. (4-5) and

(4-7) as follows. ]
\/Z—: (4-18a)

_R L GZ )
@= g7+ (4-18b)
8 =wVLC (4-18c¢)

The characteristic impedance Z, is the ratio of voltage to current in an
individual wave [sce Eqgs. (4-8) and-(4-11)]; it is also the impedance of a
line that is infinitely long or the impedance of a finite length of line when
Zu = Zo. 1t will be noted that at radio frequencies the characteristic
impedance is a resistance that is independent of frequency. Typical
values for the characteristic impedance are of the order of 200 to 800
ohms for two-wire lines with air insulation, and 20 to 100 ohms for
coaxial cables.

The attenuation constant of radio-frequency lines as given by Eq. (4-7)
increases with frequency; this follows from Eq. (4-18b), and the fact that
at high frequencies the series resittance and shunt conductance are pro-
portional to the square root and the first power of frequency, respectively.
With air insulati~n the conductance @ is negligible, and the attenuation is
due almost entirely to the skin-effect resistance of the conductors. How-
ever, in lines possessing solid dielectric, such as twisted-pair and many
coaxial cables, the situation is morc involved. Conductor resistance loss
is then responsible for most of the attenuation at low frequencies, while
the dielectric loss is the cause of most of the attenuation when the fre-
quency is sufficiently high.

The phase constant 8 of a radio-frequency line is seen from Eq. (4-18¢)
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to be proportional to frequency, and to the square root of the product LC
of the line inductance and capacitance, but is independent of line resist-
ance or conductance. The use of dielectric insulation, as is common in
coaxial cables, increases the capacitance of the line, and thereby makes
8 larger in proportion to v/ where k is the dielectric constant of the
insulation.

Wavelength and Phase Velocity. The distance A that a wave must travel
along the line in order for the total phase shift to be 2x radians is defined
as the wavelength A of the line. Thus, since S\ = 2a,

A= ?E' (4-19q)

In the case of radio-frequency lines with air dielectric, A approximates the
free-space wavelength of a radio wave of the same frequency. In the
case of cables with solid dielectric having a dielectric constant k, the
wavelength is very closely the free-space wavelength divided by 1/%.

A wavelength \ at a frequency f corresponds to a velocity v, = f\.
This is termed the phase velocity of the line, i.e.,

Phase velocity = fA = 2—;2‘ (4-19b)
In radio-frequency lines having air dielectric, the phase velocity approxi-
mates very closely the velocity of light. In lines with solid-dielectric
insulation, the phase velocity is the velocity of light divided by the square
root of the dielectric constant of the insulation.

4-4. Examples of Voltage and Current Distributions on Transmission
Lines. The various ways in which the voltage and cutrent may be dis-
tributed along a transmission line can be understood by considering in
detail a number of special cases. In the discussion of these examples to
follow, it is assumed that the attenuation constant « is small; this is done
in order to simplify the phenomena involved. The modifications intro-
duced when the attenuation constant is not small are discussed in Sec. 4-5.

Transmission Line with Open-circuited Load. When the load imped-
ance is infinite, Eq. (4-14) shows that the coefficient of reflection will be
1/0. Under these conditions the incident and reflected waves will have
equal magnitudes at the load, and the reflection will be such that the
voltages of the incident and reflected waves have the same phase. Asa
result, the voltages of the two waves add arithmetically so that at the load
E, = Es = E./2. Under these conditions it follows from Eqs. (4-8)
and (4-11) that the currents of the two waves are equal in magnitude but
opposite in phase; they thus add up to zero load current, as must be the
case if the load is open-circuited.

Consider now how these two waves behave as the distance ! from the
load increases. The incident wave advances in phase 8 radians per unit
length, while the reflected wave lags correspondingly; at the same time
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90

magnitudes do not change greatly when the attenuation constant a is
small. The vector sum of the voltages of the two waves is then ] ' e:saha,n
the arithmetic sum, as illnstrated in Fig. 4-3a, for I = A/8. This’tend-
ency continues until the distance to the 19ad becomes exactly a quarter
wavelength, i.e., until-8l = x/2. The incident wave has then advanced
90° from its phase position at the load, while the reflected wave has
dropped back a similar amount. The line voltage at this point is thus t.he
arithmetic difference of the voltages of the two waves, as shown in Fig.
4-3a, for | = \/4, and it will be quite small if the attenuation is small.
The resultant voltage will not be zero, however, because some attenuation
will always be present, and this causes the incident wave to be larger and
the reflected wave smaller at the quarter-wave length point than at the
load, where the amplitudes are exactly the same.

As the distance to the load increases to a value greater than a quarter
wavelength, the phase of the incident wave continues to advance, while
that of the reflected wave continues to lag. As a consequence, the volt-
ages of the two waves depart increasingly from the condition of phase
opposition existing at the quarter-wavelength point, and give a resultant
value that becomes larger with increasing distance. This tendency con-
tinues until the distance from the load is a half wavelength (that is,
Bl = x); at this point the phases of the two waves have respectively
advanced, and retarded, by 180°. The result is that the voltages now
have the same relative phase relation with respect to each other as
existed at the load, and so add arithmetically as at the load to give a large
resultant line voltage. At greater distances than a half wavelength the
cycle starts to repeat, as illustrated in Figs. 4-3a and 4-4a.

The voltage distribution on the open-circuited transmission line that
results from this process is shown in Figs. 4-3a and 4-4a. It is charac-
terized by voltage maxima at points that are even multiples of a quarter
wavelength distant from the load, and by deep voltage minima at points
that are odd multiples of a quarter wavelength from the load.

The current distribution associated with this voltage is also illustrated
in Fig. 44a. The current distributiun has minima where the voltage
has maxima, and vice versa. This arises from the fact that the current
of the reflected wave has the opposite phase from the reflected voltage
[see Eq. (4-11)]. As a result, the currents in the two waves add where
the voltages sub?ract, and subtract to give a minimum where the voltages
add.

It will be noted that the variations in both the voltage and current dis-
tributions repeat their general character each half wavelength. This is
characteristic of all distributions on transmission lines.

Transmission Line with Short-circutted Load. When the load end of
the line is short-circuited, that is, Z, = 0, reference to Eq. (4-14) shows
that the reflection coefficient has the value —1.0/0° = 1.0/180°. Asin
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ircuited case, the reflected wave has an amplitude equal to the
ent wave. However, the reflection now takes place
of the voltage, and without change in phase of the
The result is that the current in each individual wave at the

load is half of the load current, while
the voltages in the two waves add up
at the load to a resultant of sero volt-
age, as obviously is required across a
short circuit.

If one now examines the situation
as the distance from the load in-
creases, the incident wave advances
in phase while the reflected wave lags
correspondingly, exactly as in the
case of the open-circuited load.
However, since it is now the currents
that add at the load end of the line
and the voltages that subtract, one
obtains the distribution of voltage
and current illustrated in Fig. 4-4e.
This differs from the corresponding
distributions of the open-circuited
load case only in that voltage and
current are interchanged. That is,
with the short-circuited load the
voltage on the line goes through
minima at distances from the load
that are even multiples of a quarter
wavelength, and through maxima at
distances that are odd multiples of a
quarter wavelength. As before, the
positions of the current maxima cor-
respond to the voltage minima, and
Vice versa.

Characteristic Impedance Load.

When the load impedance is equal to the characteristic impedance, the
reflection coefficient is zero; i.e., there is no reflected wave. Under these
_conditions the voltage and current both increase exponentially with
Increasing distance from the load, as illustrated in Fig. 4-4c.

. The physical significance of the situation where the reflection coefficient
i8 gero (i.e., when Z,, = Z,) is that the vector ratio of the voltage to cur-
rent required by the load is exactly the same as that present in the inci-
dent wave. The load is therefore able to absorb completely the incident
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wave. With any other value of load impedance this is not poesible, and &
reflected wave is then produced.

Intermediate Values of Load Impedance. When the load impedance is
a resistance greater than the characteristic. impedance, the reflected
wave produced at the load is smaller than the incident wave, but has the
same phase angle as in the open-circuited case.! As a result, the voltage
and current distributions go through successive maxima and minima at
exactly the same places as for the open-circuited load. However, since
the reflected wave is smaller than the incident wave, the minima are not
as deep in proportion to the load voltage; this is illustrated in Fig. 4-4b.
Vector diagrams showing how the voltages of the incident and reflected
waves add to give the line voltage in this case are shown in Fig. 4-3b; a
comparison with the corresponding diagrams of Fig. 4-3a¢ shows in detail
why and how the situation is modified when the reflected wave is smaller
than the incident wave.

When the load impedance is a resistance that is smaller in magnitude
than the characteristic impedance of the line, then the reflected wave is
smaller than the incident wave, and has the same phase relation with
respect to the incident wave as in the short-circuited load case. Under
these conditions, the voltage and current distributions possess maxima
and minima at exactly the same points as for the short-circuited load, but
the maxima are not as large and the minima are less deep. This is
illustrated in Fig. 4-4d.

Reactive Loads. Next consider the case where the load impedance is a
pure reactance. Study of Eq. (4-14) shows that if the characteristic
impedance can be assumed to be a resistance, the reflection coefficient for
Z,, reactive ir unity irrespective of the magnitude of the load reactance;
however the phase angle of the reflection coefficient will depend upon the
ratio of the load reactance to characteristic impedance. The conse-
quences of this situation are illustrated in Fig. 4-4f and g. With a reac~
tive load impedance, the voltage and current distributions vary in the
same way, and to the same extent, as with the open-circuited (or short-
circuited) load case. However, a reactive load impedance causes the
minima of these eurves to be displaced with respect to the position of the
minima for an open-circuited line.

If one takes the open-circuit distribution as a reference, then a capaci-
tive load causes the first minimum in the voltage distribution to occur
closer to the receiver than a quarter wavelength, as illustrated in Fig. 4.
This comes about because for capacitive loads the phase angle of the

1 For the reflection coefficient to have a phase angle of exactly 0 or 180°, it is neces-
sary that the load impedance have the s¢me phase angle as the characteristic imped-
ance, In the case of radio-frequency transmission lines, thumeanlsludthtfordl
practical purposes is resistive,

InductEV, Inc.
Exhibit 1020
Page 096



94 TRANSMISSION LINES [Cuar. 4

reflection coefficient is negative, i.e., the reﬂe.cf:ed wave at t‘he load lags
behind the incident wave. Thus with a capacitive load the ¢'ilsta.nce frm.n
the load at which the reflected wave lags 180° behind the i.ncldent wave is
less than a quarter wavelength. In contrast, an inductive load causes
the first voltage minimum to occur at 8 distance fr?m t!ne load that is
greater than a quarter wavelength, as illustrated in Fig. 4-4f. This

results from the fact that the phase

< e10/0° Pt angle of the reflection coefficient is
S et .—{ss0°  positive in this case. With both in-
Vi ductive and capacitive loads, the dis-

S 160° placement of the minima from their

‘f;{ﬂg[ oF weioewT | T open-circuited position is greater the
1 l N~ lower the load reactance. It is also
prsTance From LOMD o to be noted that the effect of a reac-

{0) PHASE OF LINE VOLTAGE tive load is merely to displace the
puase  Position of the minima; the distance

NI T between the adjacent minima still
~ L /“’ *10[0° —136°  remains a half wavelength, just as in
— < the open- and short-circuited cases.
s / < 180° I.Jog,d impedances‘that have both
- NCIDENT WAVE < resistive and reactive components
i — - Loap will result in voltage and current dis-

(5} PHASE OF LINE CURRENT tributions in which the variation in
.10 amplitude along the line is less than

- 90" Las  in the open- and short~circuited cases

~~~~~ S~ 40° because the reflection coefficient is
N/ s o° Jess than unity, as in Fig. 4-4b and d.
40° However, at the same time the

T S0°LEAD maxima and minima areshifted along

LOAD . . . .
Ic) POWER FACTOR ANGLE . the line in the same direction as
Fia, 4-5. Phase relations on a transmis-

sion line for two typical conditions. In when the load ls purely reactive.
these c 1rves, the voltage of the incident Phase Relations in Voltage and
wave at the load is used as the reference  (wrrent Distributions. The phase of
phase, and the line attenuation is . . qe
assumed to he small. the voltage and current in an indi-

vidual wave drops back 8 radians per
unit length in the dircction in which the wave travels. Thus, when the
load impedance equals the characteristic impedance so that only the inci-
dent wave is pres-nt, the line voltage and current advance in phase at the
uniform rate of 8 radians per unit length as one goes from the load to the
generator. The total phase shift is 2 radians per wavelength under
these conditions.

When the load impedance does not equal the characteristic impedance,
the phase relations are complicated by the presence of the reflected wave.
The phase of the resulting line voltage (or current) then oscillates about
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the phase of the voltage (or current) of the incident wave, as illustrated in
Fig. 4-5. The phase shift under these conditions tends to be concen-
trated in regions where the voltage (or current) goes through a minimum;
this is increasingly the case as the reflected wave approaches equality
with the incident wave. However, irrespective of the relative amplitudes
of the incident and reflected waves, the phase of both voltage and current
will advance exactly » radians (180°) when the distance toward the gen-
erator decreases by a half wavelength. Although in the absence of a
reflected wave the variation in phase is at a uniform rate within this dis-
tance, this is not the case when a reflected wave is present.

4-5. The Effect of Attenuation on Voltage and Current Distribution—
Lossless Lines. The voltage and current distributions illustrated in

AMPLITUDE OF -~
INCIDENT WAVE

RELATIVE AMPLITUDE

<—EL—>‘

~
~..

ACTUAL PHASE OF /
VOLTAGE ON THE LINE

e N L

<— DISTANCE FROM LOAD .
F1a. 4-6. Variation of voltage amplitude and phase with distance along a transmission
line having such high attenuation that toward the generator end the reflected wave
is attenuated at a very small size.

Fig. 4-4 assume that the total attenuation al of the line is small compared
with unity. Under these conditions the amplitude of the incident, and
also of the reflected wave, changes only slightly in traveling the entire
length of the line.

When the attenuation of the line is relatively large the incident wave
then increases rapidly in amplitude as one goes toward the generator.
Similarly the reflected wave decreases rapidly in size as it recedes from the
load. The resulting behavior is as illustrated in Fig. 4-8; at a consider-
able distance from the load the reflected wave becomes so small thet the
voltage and current begin to approximate the values that would exist
for the case Z, = Z,, irrespective of the actual value of the load imped-
ance. The progressive change in the ratio of reflected to incident waves
that is caused by attenuation produces corresponding effects on the phase
behavior. These are also illustrated in Fig. 4-6, which shows that the
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actual phase departs less and less from the phase of the incident wave as

the reflected wave becomes smaller.

Transmission Lines with Zero Losses. The behavior of an idealized
transmission line with zero losses is important because under many
circumstances, and for many purposes, it is permissible to neglect the

losses associated with practical

= o radio-frequency transmisasion lines.

4 /s When the resistance and con-

4 LA ductance of a transmission line are
~«=DISTANCE FROM LOAD LoaD N .

{0) MAGNITUDE gero, the attenuation constant « is

likewise gero, and the incident and

reflected waves on the transmission

- 1 30 line suffer no change in amplitude

as they travel from one end of the

'8 line to the other. The voltage and

o  current distributions that result are

(6) PHASE LoA0  then similar to those of Fig. 4-4,

except that all the maxima (and
minima) are of the same height.

™~ == B o When the reflection coefficient of

o« the load is unity, corresponding to

tea  an open- or short-circuited or reac-

2" tive load, the curves giving the dis-

(€1 POWER FACTOR L tribution of voltage and current on

the loss-free line are sections of half

sine waves that go to zero at the

¢ /l/' | minima, as shown in Fig. 4-7a. In

\ S7 N this case the phase of the voltage

Va (or current) jumps 180° at each

, minimum, as indicated in Fig. 4-7b.

- The distribution curves of the loss-

) AT A s, L HOWM less line are hence commonly drawn

Fra. 4-7. Voltage, current, and phase as shown in Fig. 4-7d, which simul-

r.elM.igne on an open-circuited transmis- taneously indicates both magnitud'e

sion line h'avm'g zero losses. ' and phase ,b-"' using negative ampli-

tudgs to indicate the polarity reversal associated with a 180° phase shift.

Since the waves on a lossless line do not change in amplitude as they

travel along the line, the reflection coefficient in such a system is every-

where constant and equal to the reflection coefficient at the load, as given

by Eq. (4-14). Similarly, the standing-wave ratio (see below) is every-
where the same on a lossless line.

,4-8. Standing-wave Ratio. The character of the voltage (or current)
dxsmbutx?n on a transmission line can be conveniently described in terms
of the ratio of the maximum amplitude to minimum amplitude possessed
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Suc. 4-6] STANDING-WAVE RATIO 97

by the distribution. This quantity is termed the standing-wase ratio
(often abbreviated SWR) ; thus in Fig. 4-8,!

Standing-wave ratio = S = %—" (4-20)
. Lmia

Alternatively, the standing-wave ratio may be defined in terms of
maximum and minimum current; for any particular line the standing-
wave ratio at a given region on the line will be the same whether defined
in terms of the voltage or current distribution.

s
E RELATIVE
min AMPLITUDE
Emon. Emox.
j Emin l Emin.
[} v
POSITION ALONG LINE L0AD

Fia. 4-8. Diagram illustratiog nomenclature used in defining the standing-wave ratio.

In terms of the amplitudes |E,| and |E,| of the incident and reflected
waves respectively, the standing-wave ratio can be written

|Ea| + |Es|
§ E—1E (21

The standing-wave ratio is seen from Eq. (4-21) to be 8 measure of the
amplitude ratio of the reflected to incident waves. Thus a standing-wave
ratio of unity denotes the absence of a reflected wave, while a very high
standing-wave ratio indicates that the reflected wave is almost as large
as the incident wave. Theoretically, for the cage of zero attenuation, the
standing-wave ratio will be infinite when the load is either open- or short-
circuited, or is a losslesa reactance.

The standing-wave ratio S is one means of expressing the magnitude
of the reflection coefficient; the exact relation between the two is

8 (4-220)
or
bl § (+-228)

This relationship is illustrated graphically in Fig. 4-9.
The importance of the standing-wave ratio arises from the fact that it
can be very easily measured experimentally. Moreover, the standing-
1 This definition of standing-wave ratio is sometimes called voltage standing-wave
ratio (VBWR) to distinguish it from the standing-wave ratio expressed as & power
ratio, which is (Emas/Emta)®
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wave ratio indicates directly the extent to which reflected waves ef(ist on
a system. In addition, standing-wave measurements provide an impor-

tant means of measuring impedance, as discussed in Sec. 4-9,

10 T

e gl
Lo

[
@

T 1

REFLECTED WAVE
INCIDENRT WAVE
°
o

-

o
»
N

ef=
T

ol 2 5 10 20
S ¢ STANDING- WAVE RATIO (VOLTAGE OR CURRENT)

F16. 4-9. The relationship between standing-wave ratio and magnitude |o] of reflection
coefficient.

4-7. Impedance and Power-factor Relations in Transmission Lines.
The expression *‘transmission-line impedance’ applied to a point on a
transmission line signifies the vector ratio of line voltage to line current at
that particular point. This is the impedance that would be obtained if
the transmission line were cut at the point in question, and the impedance
looking toward the load were measured on a bridge.

When the load impedance equals the characteristic impedance, only the
incident wave is present, and the line impedance is everywhere equal to
the characteristic impedance. The line impedance is also equal to the
characteristic impedance under conditions where the total attenuation
ol to the load is so great that the reflected wave is of negligible amplitude
compared with the incident wave. Under these conditions the impedance
of the transmission line is independent of conditions at the load.

When a reflected wave is present, the impedance will be alternately
greater and lower than the characteristic impedance, as illustrated in
Fig. 4-10. Since the line current is always a minimum when the voltage
is maximum, and vice versa, the impedance maxima and minima coincide
with the voltage maxima and minima, respectively. The magnitude of
the line impedance therefore varigs cyclically with a periodicity of a half
wavelength. If the line losses are low and the reflection coefficient of the
load is not too close o unity, the line impedance repeats almost exactly
in successive haif-wave intervals, as illustrated in Fig. 4-10a. However,
when the reflection coefficient at the load approaches unity (large stand-
ing-wave ratio), then the line attenuation, even if small, will cause the
peaks of impedance to diminish in amplitude at progressively larger dis-
tances to the load, as in Fig. 4-10b.

The power factor of the line impedance varies according to the stand-
ing-wave situation. When the load impedance equals the characteristic
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Sec. 4-7) IMPEDANCE AND POWER FACTOR 99

impedance, there is no reflected wave and the power-factor angle of the
line is zero, corresponding to a resistive impedance. However, when a
reflected wave is present, the power-factor angle is zero only at the points
on the line where the voltage goes through a maximum or a minimum.
At other points the power-factor angle will alternate between leading and
lagging at intervals of a quarter wavelength, as shown in Figs. 4-10 and
4-5c. When the line is short-circuited at the receiver (Fig. 4-10b), or if

REFLECTED WAVE:

_____________ VOLTS

INCIDENT WAVE

[l A

A 34 Ar2 A4 A 34 Ar2 A4 LOAD
DISTANCE FROM LOAD DISTANCE FROM LOAD
VOLTAGE DISTRIBUTION VOLTAGE DISTRIBUTION

OHMS

A
A 34 ar2 A/4 LOAD A 3A/4 ar A4 LOAD
LINE IMPEDANCE LINE IMPEDANCE

%0°
LAG /\ , LAG
60* N\
o

i\/m\_/m 1

60° POWER -FACTOR ANGLE OF LINE IMPEDANCE
POWER -FACTDR ANGLE OF LINE IMPEDANCE{LEAD
(0) MODERATE STANDING - WAVE RATIO (5) LARGE STANDING-WAVE RATIO (LOAD SHORT
CIRCUITED)

F16. 4-10. Magnitude and power factor of line impedance with increasing distance
from the load, for load impedances that are, respectively, a resistance less than the
characteristic impedance, and a short circuit. These diagrams assume that the attenu-
ation of the line is small.

the load is a resistance less than the characteristic impedance so that the
voltage distribution is of the short-circuit type (Fig. 4-10a), the power
factor is inductive (lagging) for lengths corresponding to less than the dis-
tance to the first voltage maximum, and thereafter alternates between
capacitive and inductive at intervals of a quarter wavelength. Similarly,
with an open-circuited receiver, or with a resistance load greater than the
characteristic impedance so that the voltage distribution is of the dpen-
circuit type (Fig. 4-5), the power factor is capacitive for lengths less than
the distance to the first voltage minimum. Thereafter, the power factor
alternates between capacitive and inductive at intervals of a quarter
wavelength, exactly as in the short-circuited case.

If one considers the impedance at the generator end of a transmission
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i ' ngth under conditions where the frequency of measurement
il:n;r:fg iﬁvﬁyﬁmwed, the impedanf:e wxll vary in magnitude with f're-
quency in much the same manner a8 with increasing length. Thus, w-xth
a short-circuited load, the line impedance will go through successive
maxima at frequencies that make the line length correspond to.one-
quarter, three-quarters, five-quarters, etc., of a waYelength, and will go
through minima at frequencies that correspond to line lengths measumd
in wavelengths that are an even number of quarter wavelengths. This is
illustrated in Fig. 4-11. . )
The extent to which the power factor of the line impedance varies v'nth
changes in length, or changes in frequency, depends upon tlfe standing-
wave ratio at the point on the line where the power factor is observed.

‘ ZERO

'l" LOSSES

MAGNITUDE

FREQUENCY
(o)

/ZE RO LOSSES

(LAG) 90*
«—MODERATE
I:OSSES

A A

(V2]
Fia. 4-11. Effect of variation in frequency on the magnitude and phase of the sending-
end impedance of a short~circuited transmission line of fixed length.

PHASE

(LEAD) 90°

If the standing-wave ratio is large, and the line losses low (solid curve in
Fig. 4-11), the power-factor angle will approach 90° except in the immedi-
ate vicinity of the voltage maxima and minima. Then the power-factor
angle suddenly shifts between nearly +90° and nearly —90° as illus-
trated in Fig. 4-11b and Fig. 4-5c. In fact, in the case of a short~circuited
or open-circuited ideal line of zero losses, the power-factor angle is exactly
90° everywhere except at the voltage maxima and minima, as illustrated
in Fig. 4-7¢, and by the dotted line'in Fig. 4-11a. On the other hand, if
the standing-wave ratio is small or moderate, the maximum range over
which the power-factor angle varies about unity power factor will be coz-
respondingly less than 90° (see Figs. 4-5¢ and 4-10a).

4-8. Transmission-line Charts—the Smith Chart. The various prop-
erties of a transmission line can be presented graphically in an almost end-
less variety of charts. The most useful graphical representations, how-
ever, are those which give the impedance relations that exist along a loss-
less line for different load conditions.
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Ssc. 48] THE SMITH CHART 101

The Smith chart shown in Fig. 4-12 is the most widely used trans-
mission-line chart of this class.! This diagram is based on two sets of
orthogonal circles. One set represents the ratio B/Z, where R is the
resistance component of the line impedance, and Z, is the characteristic
impedance (which for a lossless line is a resistance). The second set of
circles represents the ratio jX/Z,, where X is the reactive component of
the line impedance. These coordinates are so chosen by means of a con-
formal transformation that conditions on the lossless line corresponding
to a given standing-wave ratio (or what is the same thing, a given magni-
tude of the load reflection coefficient) lie on a circle having its origin at the
center of the chart.

The standing-wave ratio S corresponding to any particular circle is
equal to the value of R/Z, at which the circle crosses the horizontal axis
on the right-hand side of the chart center (see Prob. 4-25). This same
circle intersects the horizontal axis to the left of the center at a value of
R/Zysuch that 1/S = R/Z,. Intersections with the horizontal axis that
are on the left of the chart center represent voltage minima; intersections
with the horizontal axis on the right of the center correspond to voltage
maxima. -

Moving around a given standing-wave circle is equivalent to traveling
along a lossless transmission line on which the standing-wave ratio cor-
responds to the circle involved; thus the successive values of impedance
indicated by a given circle correspond to the line impedances at successive
points along the lossless line. Distance on the actual transmission line is
directly proportional to the angle of rotation around the standing-wave
circle, with one complete revolution corresponding to exactly a half wave-
length on the transmission line. Thus in Fig. 4-12 the distance between
points on the line where the impedance conditions are represented by
P and @ on the chart is 0.05 wavelength, because P and Q lie on the same
circle, and radial lines OPA and OQB drawn from the center of the chart
are displaced by 0.05\ on the outer scale; this corresponds to 36° angular
displacement, or 36/720 = 0.05 wavelength.? Travel around the circle
in a clockwise direction is toward the generator, whereas travel in a
counterclockwise direction is toward the load; this fact is marked on the
periphery of the chart.

The impedance at any point on a transmission line for a given load

1P. H. Smith, Transmission Line Calculator, Electronics, vol. 12, p. 29, January,
1939; P. H. Smith, An Improved Transmission Line Calculator, Elecironics, vol. 17,
p. 130, January, 1944. Graph paper and a plastic calculator are commercially avail-
able. A paper covering the theoretical foundations of the Smith chart, and its rela-
tion to the so-called rectangular chart, is H. L. Krauss, Transmission Line Charts,
Elec. Eng., vol. 68, p. 767, September, 1949.

? Distances greater than a half wavelength are handled by going around the stand-
ing-wave circle as many times as required. Thus the distance OA to OB actually
represents 0.05\ + n)\/2, where n can be any interger, including zero.
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Fia. 4-12. The Smith chart.

P, then the standing-wave ratio that would exist on the line would be
2.0; the impedance at other points along the line could be obtained by
traveling clockwise around the circle passing through P by an amount
indicated by the calibration on the periphery of the chart. For example,
at a distance 0.05\ toward the generator from P, the line impedance is

Zo(1.56 + j0.7), corresponding to point @, while 0.27\ distant from P,
the impedance corresponds to Q' and is Zo(0.6 — j0.38). Again, if the

load impedance corresponded to the value Q, the standing-wave ratio
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Sec. 4-8] THE SMITH CHART 108

would still be 2, but the impedance at @’ would now be the line impedance
at a distance 0.22\ from the receiver, since @’ is 0.22\ around the circle
in a clockwise direction from Q.

The Smith chart thus shows very simply and directly the standing-wave
ratio corresponding to a given load impedance. It also shows the line
impedance at any desired point, given the standing-wave ratio and the
impedance at any other point on the line, for example, the load imped-
ance. From the standing-wave ratio, one can obtain the magnitude of

[=]
2. ’
5 LINE ATTENUATION —> 40 /
E 0 [\ ]
] 0~
8 pdb
53 / —
-
: PP 200 e
¥ 7/ ]
s o P 3db —]
< .
é J/‘ 5db
ﬁ g I—
h 2 [

3 4
STANDING- WAVE RATIO AT LOAD END

I'16. 4-13. Relationship between standing-wave ratios at two points on a trans-
mission line,' for different values of line attenuation between these points.

the reflection coefficient from Eq. (4-22b) or Fig. 4-9. The phase angle
of the reflection coefficient is given on the chart periphery. Thus for
point P one has p = 0.33/72°. The Smith chart can also be used to

determine impedance from data obtained from standing-wave measure-
ments; this is discussed in Sec. 4-9.

Effect of Line Attenuation. The Smith chart assumes that the line
attenuation is zero. Under these conditions the standing-wave ratio is
everywhere constant, and the chart implies that this is the case. When
attenuation is present it is, however, still possible to use the Smith chart
by using Fig. 4-13 to correct for the change in standing-wave ratio with
position.! The method of doing this is made clear by the following
example. ’

Example. Assume that the conditions existing at some point on the line correspond
to P in Fig. 4-12; this may be the generator end of the line although it is not so limited.
1t is then desired to know the linc impedance at a point 0.23\ closer to the load when

1The curves in Fig. 4-13 are obiained by combining Eqs. (4-15), (4-22a), (4-22b),
and (4-9a).
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ength of 0.23\ is known to be 3.0 db rather than
gsero. The first step is to ignore the line attenuation and tn_vel muurdoebm‘o'o
around the circle passing through P for a distalfce 9orrespondmg to 0.23\. This
brings one to point @', which corresponds to the line xmped:-mce that would mdgt. at
the desired point if the line had no attenuation. However;Fig. 4-13 shows that a line
attenuation of 3 db causes a standing-wave ratio of 2.0 at the generator end of the
section of line to correspond to a standing-wave ratio of 5.0 at the load end. A circle,
shown ddtted in Fig. 4-12, is then drawn corresponding to this standing-wave ratio.
The intersection of this circle with the radial line 0Q’ then defines a point Q’’ on the
chart that corresponds to the desired impedance, taking into account the line attenua-
tion;! this impedance is Z, (0.26 — j0.52).

4-9. Impedance Measurements Using Standing-wave Ratios.? The
impedance at very high frequencies is commonly determined with the aid
of standing waves. This is done by using the unknown impedance as the
load impedance of a line having low losses. The resulting standing-wave
ratio is then observed experimentally and, in addition, the distance from
the receiver to the first voltage minimum is observed. From this
information one can, with the aid of a Smith chart, readily determine the
unknown impedance.

Example 1. Suppose that a standing-wave ratio of 2.0 is observed and that the
first voltage minimum is 0.08\ from the load. One would then enter the Smith
chart at the point P/, which corresponds to a voltage minimum for a stunding-wave
ratio that is 2.0, and would then travel along this circle of constant standing-wave ratio
toward the load a distance 0.08X thus arriving at point Q’. The coordinates of this
point are 0.6 — j0.38, and multiplying these numbers by the value of Z, for the
transmission line gives the impedance of the terminating load, which is the impedance
to be determined.

Example 2. Assume that once again the standing-wave ratio is observed to be 2.0,
but that it is now inconvenient to measure the actual distance from the load to the
first voltage minimum. The procedure then consists in first connecting the unknown
impedance across the end of the line and observing the position of some convenient
voltage minimum. Next, the unknown impedance is replaced by a short circuit, and
the position of the first voltage minimum on the load side of the original minimum is
observed. Assume that this minimum is 0.35X toward the load from the original
minimum. It is then permissible to regard this new minimum as the equivalent posi-
tion of the load. This follows from the fact that on a lossless line impedances repeat
exuctly each half wavelength. Therefore one enters the Smith chart at point P,
which corresponds to the voltage minimum with the load connected, and travels 0.35\
toward the load along the circle for S s 2.0. This leads to point P, which has the
coordinates 0.98 - j0.7; these numbers multiplied by Z, then give the unknown

! 8mith charts are sometimes provided with an auxiliary decibel scale that can be
used to determine the effect of the attenuation on the radius of the standing-wave
circle. Such a scale is shown in Fig. 4-12, and is calibrated so that each unit on the
auxiliary scale represents the change in circle radius associated with 1 db attenuation.
Thus starting with a standing-wave circle of radius 0Q’ in Fig. 4-12, the circle passing
through Q" is drawn with a radius that is 3.0 units different on the decibel scale than
0Q’ as shown, because the line attenuation is 3.0 db,

3 An extensive summarizing discussion of this subject is given by F. E. Terman and
J. M. Pettit, Electronic Measurements,” pp. 136-152, McGraw-Hill Book Com-
pany, Inc., New York, 1952.

the total attenuation for the line ]
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impedance. An alternative procedure would be to note that if the reference point is
taken as the minimum with the unknown connected at the load, then when the line is
short circuited, the first minimum on the generator side of this reference point is
0.5 — 0.35 = 0.15\ toward the generalor. Entering the chart at P’ as before, one
could therefore proceed 0.15) toward the generator (i.e., a distance —0.15A toward
the load). This also brings one to point P.

Equipment for Ezperimental Determination of Stonding-wave Ratio for
Impedance Measurements. The standing-wave ratio on a transmission
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F1a. 4-14. Details of a slotted-line type of standing-wave detector for a coaxial line.

line can be observed by exploring along the length of the line with a pickup
arrangement that will indicate the strength of either the electric field (line
voltage) or the magnetic field (line current), in the vicinity of the line. A
typical example of such a standing-wave detector that is suitable for coaxial
systems is illustrated in Fig. 4-14. This arrangement consists of a section
of coaxial line having air insulation and a longitudinal slot in the outer
conductor, as shown. Mounted on this slotted section is a traveling
carriage carrying a probe that projects through the slot toward the center
conductor, as shown. To this probe there is connected some form of
InductEV, Inc.

Exhibit 1020
Page 108



106 TRANSMISSION LINES [Caae. 4

power- or voltage-indicating device, often 8 simp-Ie detector. An. oscil-
lator is connected to one end of the slotted line, while the othe.r end is con-
nected to the unknown impedance or, alternatively, to the input of the
transmission line that is to have its standing—wave. ratio obsenfed. The
standing-wave pattern is then obtained by moving the carriage (and
hence the probe position) and observing the resulting variations in the
probe output.

4-10. Transmission Lines as Resonant Circuits and as Circuit Ele-
ments.! A transmission line can be used to perform the functions of a
resonant circuit. Thus, if the line is short-circuited at the load, then at
frequencies in the vicinity of a frequency for which the line length is an
odd number of quarter wavelengths long, the impedance will be high and
will vary with frequency in the vicinity of resonance (i.e., frequency cor-
responding to quarter wavelength) in exactly the same manner as does the
impedance of an ordinary parallel resonant circuit. It is therefore possi-
ble to describe resonance on a transmission line in terms of the impedance
at resonance and the equivalent Q of the resonance curve.?

At very high frequencies, the parallel impedance at resonance and the
obtainable circuit @ are far higher than can be realized with lumped
circuits. In high-frequency lines having air insulation the losses all arise
from skin effect in the conductors, and one has with copper conductors

For concentric lines:?

Q = 0.0839 \/f bH (4-23a)
7 = LI VFOF (4-23b)

For two-wire lines (neglecting radiation losses):

Q = 0.0887 \/_be (4-24a)
7, = 2.9 ;/f bG (4-24b)

! For further information, including particularly a derivation of the hasic relations,
see F. E. Terman, Resonant Lines in Radio Circuits, Elec. Eng., vol. 53, p. 1046,
July, 1934. In this paper it was demonstrated for the first time that the resonance
curve of a transmission line has the sate shape as the resonance curve of a circuit
with coil and capacitor, and so can be described by specifying a Q.

* The @ in such a situation can be defined in terms of the detuning required to reduce
the response to 70.7 per cent of the response at resonance, in accordance with Rule 1
on p. 49; alternatively, une may employ Eq. (3-1).

'-Examinntion of Fig. 4-15 shows that in an air-insulated coaxial line of given outer
radius b, Q.will be maximum when the inner conductor has a size such that b/a = 3.6,
con'e.spondmg to Zo = 77 ohms, These are also the proportions for minimum power
loss in a transmission line operated with Z, = Z,, However, the maximum power
that can be transmitted without exceeding a given voltage gradient oceurs when
b/a = 1.65, giving Z, = 30 ohms.
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where Q = circuit @ defined from the resonance curve so that Q =
fo/24f, where f, is the resonant frequency and Af is the
number of cycles off resonance at which the response is
70.7 per cent of the response at resonance
Z, = sending end or input impedance
J = frequency, cycles
b = inner radius of outer conductor of a concentric line, or spac-
ing of wire centers in two-wire line, cm
a = outer radius of inner conductor in concentric line, or wire
radius in two-wire line, cm
n = number of quarter wavelengths in the line
F,G, H, J = constants determined by b/a and given in Fig. 4-15
Substitution of reasonable values in these equations leads to surprising
results. Thus, at a wavelength of 150 cm (200 Mc), a concentric line

with copper conductors and air 10

insulation in which b/a = 3.6 and o° -

with a diameter of outer conductor °° 7

of 5 cm (2 in.) possesses a Q of ap- g; 1

proximately 3000; when the line ,+——F

length is a quarter wavelength long o, ,/

(approximately 15 in.), the re- o3

sonant impedance is over 250,000 o2

ohms. Because of favorable prop- ©' }”
erties such as these, together with %6 2o 30 26 %0 10

the fact that the physical size of a
resonant line is relatively large in  Fia. 4-15. Factors F, G, H, and J for use
proportion to wavelength as com- 1 Eas. (4-23) and (4-24).

pared with a coil-and-capacitor combination, resonant transmission lines
find extensive use as resonant circuits at the higher radio frequencies,
particularly at frequencies of the order of 100 Mc and greater.

A behavior corresponding to that of a series resonant circuit can be
obtained from a transmission line that is an odd number of quarter wave-
lengths long and open-circuited at the receiver. Under these conditions,
the voltage at the load is much higher than the applied voltage, as is
apparent from Fig. 4-4. Furthermore, at frequencies near resonance the
voltage step-up varies with frequency in exactly the same manner as does
a resonance curve, and has an equivalent Q given by Eq. (4-23a) or
(4-24a) as the case may be. The voltage step-up ratio is, however,
Q X 4/xn, instead of Q as in the case of the ordinary series resomant
circuit.

Transmission lines can be used to provide low-loss induectances or
capacitances by employing the proper combination of length, frequency,
and termination. Thus a line short-circuited at the load will offer an
inductive reactance when less than a quarter wavelength long, and a
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capacitive reactance when between a guarber a.rfd a ha.lf wavelength l.opg.
With an open-circuited load, conditions for inductive and capacitive
reactances are interchanged. )

4-11. Impedance Matching in Transmission Lines.! Energy is trans-
mitted most efficiently by a transmission line when no reflected wave is
present.! However, only under exceptional cases will the load impedance

be a resistance that is exactly equal

]

2] to the characteristic impedance of
i ZI the line. Thus, to obtain trans-
7o crnemATOR \ mission of energy with maximum
° SHORT CIRCUIT efficiency, it is necessary to provide

means for matching the actual load

10} STUB LINE impedance to the characteristic im-

» pedance of the line. Again, it is

r often desired that the line im-

pedance be independent of the dis-
—w  tance to the load. Likewise in
15) VOLTAGE DISTRIBUTION WITH STUD DISCONNECTED making many types of measure-
ments in systems involving trans-
mission lines, it is frequently de-
sirable, and in some cases very
necessary, that there be no reflected
1, STUB CORNECTED HERE N
{ Tosp  Wave present.
1€) VOLTAGE DISTRIBUTION WITH STUB FROPERLY At the lower radio frequencies a
Fia. 4-16. Tmpedance matching by loa:d (.mn. be matched to t!le charas-
means of a short-circuited stub line. teristic impedance of a line by as-
Although the arrangement shown is a sociating with the load a network
two-wire system, coaxial lines may be of regctances that tunes out the
employed. load reactance and simultaneously
transforms the resulting resistance to a value equal to the characteristic
impedance of the line. This is discussed further in Sec. 4-12.
At very high and microwave frequencies, impedance matching is
normally achieved with the aid of transmission-line techniques. The
stub line arrangement of Fig. 4-16 is a common example. Here a short

! For additional information of a design character see T. E. Moreno, * Microwave
']lg:snsmiasion Data,” pp. 103-110, McGraw-Hill Book Company, Inc.. New York,
1 When the characteristic impedance is a resistance, as is always the case at high
frequencies, one can consider that the incident wave delivers energy to the load and
that the reflected wave carries energy from the load back toward the generator. If
the load impedance does not equal the characteristic impedance, i.e., if the load is not
matched to the line, then some of the incident energy is reflected by the load and
travels a round trip over the line, dissipating power in the line without delivering
energy to the load. Thus the ratio of energy lost in the line to power dissipated in
the load is increased by reflection.
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section of short-circuited transmission line is connected in shunt with the

transmission line.

The distance I, from the load, and the length a of the

stub, are so chosen that the reflected wave produced by the shunting

impedance of the shunt line is equal
in magnitude and opposite in phase
to the reflected wave existing on
the line at this point as a result of
the reflection from the load imped-
ance Z;. Thus, although a re-
flected wave is present in the length
I, because of reflection from Z.,
there is no reflected wave on the
generator side of the stub line as a
result of the cancellation of the two
reflected waves.!

The practical design of a stub-
line system of this type can be
readily carried out with the aid of
Fig. 4-17, which gives the length a

02e
0+ §F+ LENGTH OF SWORTED STUB
2 0.20 b+POSITION OF STUB
: MEASURED TOWARD LOAD
2 FROM A VOLTAGE MINMUM
w 0.16
g l
>
s o012 24
z ) \
008
g TS :& g
2 NN
& 004 ﬁj
- 2 s 0 20

STANDING - WAVE RATIO
F1a. 4-17. Design information giving the
length and position required for a short-
circuited stub in order to obtain imped-
ance matching. If desired, the stub line
may be made any convenient multiple

. s . f a half length greater than a.
of the stub? and its position b with © & o oo ee Brealer tan @

respect to a voltage minimum of the standing-wave pattern existing in the
absence of the stub. A stub line used in this way will enable any load im-
pedance to be matched to the characteristic impedance of a transmission
line provided only that the load is not an open-circuit, short-circuit, or
pure reactance.

ADJUSTABLE
SHORTING
PLUNGERS

Ssruss

o 2.
GENERATOR

a iy
F1a. 4-18, Double-stub impedance-matching system.

Another arrangement often used to match a load to a transmission line
is the two-stub system of Fig. 4-18. Here two spaced stubs whose lengths
are individually controllable are shunted across the line near the load as

1 Another way of expressing this situation is tb say that the stub position and length
are 80 selected that the input impedance of line I/, shunted by the input impedance of
stub line @ will equal the characteristic impedance Z,.

! The stub length cun actually be made any convenient number of half wavelengths
plus the value a given by Fig. 4-17.
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has the advantage that trial-and-error adjust-

impedance-matching system can be made without .th.e neces-
sn;:;z fo:’ ::fi di“l;e:l connection that can be e.slid along the transmission h.ne.
The arrangement is thus particularly Sultgble for c?axml Pransmxmo.n
lines, as it avoids the mechanical problems involved in moving the posi-
tion of & shunting stub along a coaxial line. The disadvantage of the
two-stub system is that the range of load impedances t!lat can be matched
to the transmission line is limited. Thus, in the typical case where the
spacing between stubs is made an eighth wavelength, an impedance

110

shown. This arrangement

b DIELECTRIC SLUGS
F - - g TITIIILITZZ.
Z /L\g?/'/ g R
v’ Ik\ : IOTITIS Ll fodnid
l‘z-—'

(0) DIELECTRIC SLUGS

EEVES

5 METAL St
]

2227

A l\“:\& s
]
i
L

(6] METAL SLEEVE SLUGS
Fra. 4-19. Double-slug system for impedance matching in a concentric-line system.

match can be obtained only if the conductance component of the imped-
ance at the stub nearest the load and looking toward the load is less than
2/ Z 0. *

The impedance-matching systems of Fig. 4-19 are termed two-slug
tuners, and make use of two spaced elements that can be either dielectrics,
as at a, or metal sleeves that reduce the clearance between inner and
outer conductors, as at b. These arrangements operate by introducing a
reflected wave that is adjusted to produce a reflection equal in magnitude
and opposite in phase to the reflegted wave produced by the load imped-
ance. The phase of the reflection‘introduced in this way is controlled by
moving the slugs along the line while maintaining the spacing I; between
them constant. he magnitude of the reflected wave can be controlled
with little effect on the phase by moving the two slugs equal amounts in
opposite directions (i.e.,, by changing !, while keeping the slugs sym-
metrical with respect to reference line b). Like the two-stub arrange-

* When this requirement is not satisfied, an impedance match can still be obtained
by increasing the distance !, from the double-stub tuner to the load by a quarter
wavelength. This is because of the impedance-transforming action of a quarter-
wave line, as discussed in connection with Eq. (4-31).
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ment, slug tuners are limited in the range of load impedances that can be
matched to a given line.

When the load impedance is resistive, or when it can easily be made
resistive by tuning, the impedance-matching problem is considerably
gimplified. It is then merely necessary to transform the resistance actu-
ally present to a resistance that is equal to the characteristic impedance of
the line. Transmission-line techniques that can be used to achieve this
result, in addition to those discussed above, include the use of a quarter-
wave transformer and a tapered section, as discussed in connection with
Figs. 4-27 and 4-28, respectively.

Nonreflecting Terminations for Ullra-high-frequency and Microwave
Transmission Lines.’? In some circumstances, particularly in measure-
ment work, it is necessary to terminate a transmission line so that the
reflected wave is as small as possible. In many cases this condition must
be realized for a substantial band of frequencies. The problem of
achieving a nonreflecting load contrasts with the case where one starts
with an assigned load impedance that is to absorb the power and desires
to match this load as well as possible to the transmission line.

A simple and effective means of obtaining a nonreflecting load imped-
ance is to connect the end of the transmission line involved to a length of
transmission line having high loss but the same characteristic impedance
as the line being terminated. This arrangement is illustrated in Fig,
4-20a. An incident wave reaching such a termination will proceed into
the lossy line and will be completely absorbed if the attenuation of the
lossy line is sufficient. For example, if the attenuation of this line is
20 db, then even if the reflection coefficient at the end of the lossy line is
unity, the reflected wave emerging from the junction of the two lines
will be 40 db weaker than the incident wave, corresponding to a reflection
coefficient of 0.01, or a standing-wave ratio of 1.02.

Lossy lines must be especially designed so that the total attenuation
required can be achieved in a reasonable length. Flexible cable is com-
mercially available for these applications in which the attenuation has
been intentionally made very high by the use of insulation having high
radio-frequency losses, and by employing resistance wire for the center
conductor of the cable. In lines having air insulation, high attenuation
can be obtained in coaxial systems by plating a high-resistivity coating on
the center conductor of the coaxial line to give high skin-effect losses; in
the case of two-wire open-air lines it is customary to obtain a high
attenuation by using resistance wire or iron wire for the conductors.

! For further information on this subject see F. E. Terman and J. M. Pettit, “Elec-
tronic Measurements,” sec. 14-7, McGraw-Hill Book Company, Inc., New York,
1952,

? Emphasis is placed here on the higher frequencies. At short-wave and lower
frequencies lumped resistance terminations are entirely satisfactory.
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An alternative type of nonreflecting term.ination that is particularly
suitable for coaxial systems with air insulation ma.l'ies use of a tapered
n of lossy dielectric arranged as illustrated in Fig. 4‘-20b. The
taper provides a gradual transition between the nonattenuating and the
attcnuating regions, so that no reflection is produced in §p1be of the fact
that the dielectric changes the characteristics of the line. The lossy
diclectric can be some type of plastic loaded with conducting material.
Nonreflecting terminations of this type have the a,dvanta..ge that the total
length of the termination is relatively small compared with the length of
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sectio

I s

LOSSY CABLE

ORDINARY CABLE TERMINATING RESISTANCE

roeriovaL )

(o) TERMINATION BY LOSSY CABLE .

/
AIR-DIELECTRIC CABLE LOSSY DIELECTRIC TO
ABSORE INCIDENT WAVE

TAPERED TO MINIMIZE
REFLECTIONS

(5) TERMINATION BY TAPERED LOSSY SECTION
F1a. 4-20. Nonreflecting terminations for coaxial transmission lines, suitable for use
at very high frequencies.

a lossy cable required to achieve a similar result. This difference arises
from the fact that the taper makes it possible to work up to a very much
higher attenuation per unit length without reflection than can be obtained
in a uniform structure such as a lossy cable.
¢-12. Artificial Lines. An artificial line is a four-terminal network
composed of resistance, inductance, and capacitance elements. In sofar
as the terminals are concerned, such a network can be considered as being
the equivalent of some transmission line when symmetrical about the
mid-point, er a combination of a transmission line and a transformer when
unsymmetrical.! B
It can be demonstrated that any four-terminal network can have its
properties at any one frequency represented, in so far as the terminals are
concerned, by three independent constants. From this it follows that the
most general artificial lines possible can be represented at any one fre-
quency by three independent impedances. These can be arranged either
in the form of a T or a , as in Figs. 4-21a and 4-21b.2 The L network
1 The unsymmetrical case is also equivalent to a tapered transmission line,
1 It will be noted that the T and  can be drawn as Y and A arrangements of imped-
anoes, respectively.
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shown in Fig. 4-22 is a special case of the more general three-element
network in which one of the impedance arms has become either zero or
infinity.

The characteristics of a four-terminal artificial line can be expressed,
from the transmission-line point of view, in terms of a propagation

oo 2 }o
-—l L el
L7 Re
(0) T SECTION () T SECTION

F1a. 4-21. General T and x networks.

constant a + j8 that has exactly the same significance as in ordinary
transmission-line theory (see Secs. 4-1 and 4-2), together with two charac-
teristic impedances (or resistances), one associated with one pair of
terminals and the other with the other set of
terminals. When the network is symmetrical
about its mid-point, i.e., when Z, = Z5 for the
= network, or Z; = Z,for the T network, these
two characteristic impedances are identical.!
However, when the network is unsymmetrical, ©
the two characteristic impedances differ, and F1a. 4-22. General L net-
the transmission line, in addition to introduc- work.
ing a certain attenuation and phase shift, also introduces a transformation
of the characteristic impedance. The artificial line is then equivalent
to a line plus a transformer or, what is the same thing, to a tapered line.
as discussed below in connection with Fig. 4-27.

Artificial lines find extensive use in radio work for impedance matching

1 The relations between the impedances of such a symmetrical artificial line and the
constants Z, and a + jB of the equivalent transmission line are:
For symmetrical T section of Fig. 4-21a (Z, = Z,):

2y = V7 + 22,2, (4-25a)
cosh (o +j8) = 1 + 2! (4-25b)

For symmatrical x section of Fig. 4-21b (Z4 = Zg):
v~ Dz (4-260)

cosh (a +j8) = 1 + g—: (4-26b)

Corresponding formulas for unsymmetrical artificial lines (that is, Z: » Z; and
Zx % Zp) are given by F. E. Terman, “Radio Engineers’ Handbook,” p. 208,
McGraw-Hill Book Company, Inc., New York, 1943.
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and for introducing phase shifts. Networks for thesq purposes are com-
posed of reactive clements having the srr!a]lest_ possible resngtance and
conductance in order that the artificial line will consume httle. or no
energy. In this way it is possible to realize an artlﬁcla.l. h'ne which has
almost zero attenuation and which simultaneously has resistive values for
the characteristic impedances. The only effect that the presence of such
an artificial line has on a traveling wave, other than the transformation in
impedance level that may be present, is the introduction of a phase shift
of B radians in the wave involved.! .

Design of T and = Reactive Networks.®? The design of an ideal network
composed of reactive impedances with zero losses to give assigned values
I and R, of characteristic impedance and to introduce a desired phase
shift 8 can be carried out with the aid of the following relations:

For T section:

_ _jRicoss = VIR

% T Tsing
.Rsco8 8 —~ VR,
Zy= —j l_(’L(-()s iin ﬁ\/ e (427
L VRiR,
sin 8
For x seclion:
R:R, sin 8

Zy=j—-=- S pge—
! Rz cos B — v/ RiR,
. R:R:sin 8
Zs = - 4-28
g J R1 COS,B b ‘\/R;R: ( )
Zc = j /R R, sin 8

The reactances obtained from these equations are inductive or capacitive
according to whether their sign is + or —, respectively. R; and R, arc
the two values of characteristic impedance associated with the network.
The angle 8 in Fqs. (4-27) and (4-28) is the angle by which the phase of
the wave reaching the output terminals of the network lags behind the
phase that the corresponding wave had at the input terminals; a negative
value of 8 is possible and indicates that passage of the wave through the
network advances the phase. It is to be noted that this phase shift is the
same irrespective of the direction in which the wave travels through the
network. A single reactive T or x scetion is capable of transforming the
impedance level from any assigned resistance R, to any other resistance

11t is customary to discuss the behavior of an artificial line in terms of the incident
and reflccted waves that would exist on the cquivalent transmission line. Although
these wave trains cannot exist physically on the artificial line, the behavior, in so far
as the terminals are concerned, is exactly as though they were present.

t For further information on design details see F. E. Terman, “Radio Engineers'
Handbook,"” pp. 210-215, McGraw-Hill Book Company, Ine., New York, 1943.
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R, without restriction on the values of these resistances, and is capable
of introducing phase shifts of any desired value between 0 and +180°.

In case the load (or for that matter the generator) has a reactive
impedance component, this reactance can be used to supply part of the
reactance required by the network. For example, if a load impedance
R. + jX. is connected to the right-hand terminals of the T network of
Fig. 4-21a, then one would consider X, to be part of the impedance Z.
of the impedance-matching network. In the same way, if the load is
regarded as a resistance shunted by a reactance, then the shunting
reactance can be used to supply part of the shunt impedance Z; of the »
section of Fig. 4-21b.

L Reactive Networks. An L network composed of reactive impedances
is able to transform from one arbitrarily assigned characteristic impedance
to a second arbitrarily assigned characteristic impedance. However,
since the L network contains only two circuit elements, the phase shift 8
introduced by the L section is determined by the ratio of these two imped-
ances. The design equations of a reactive L network in terms of the
characteristic impedances R, and R, at the two pairs of terminals are,
assuming the configuration of Fig. 4-22, and that R; > R,

2 = 1j VE(B1 — Ry

2 = Fiki g2y (4-29)

One may employ either the two top signs, or the two bottom signs. The
phase shift 8 corresponding to the characteristic impedances R, and R, is

(4-30)

4-13. Directional Couplers.! A directional coupler is a device that
couples a secondary system only to a wave traveling in a particular direc-
tion on a primary line, and ignores entirely the wave traveling in the
opposite direction.

Loop-type Directional Coupler. A number of types of directional
couplers have been devised. One example is illustrated in Fig. 4-23a.
This is a coaxial arrangement in which the secondary system consists of
lines A and B interconnected by coupling loop D that projects into the
primary line in such a manner as to be subjected to the simultaneous
influence of the electric and magnetic fields produced by the waves
traveling on the primary line.

The operation of this arrangement will now be explained. Assume
that a wave is traveling on the primary line toward the right. The

! For a further discussion, together with an extensive list of references on the subject,
see Terman and Pettit, op. cit., p. 57.
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electric field of this wave induces a charge on the loop D that produces
a wave in part A4 of the secondary system, and also a wave in part B.
The equivalent circuit that describes this action 18 l!lustrat.ed in Fig.
4-23b; it consists of a voltage K, that is applied to c(?axml systems A. an'd
B in parallel through series capacitance C), prodycmg .currents as md.l-
cated by the arrows. At the same time loop D links with the magnetic
flux from the wave in the primary line, and therefore has a voltage E.
induced in series with it, as illustrated by the equivalent circuit of Fig.
4-23b. This series voltage gives
rise to an additional wave in A and
likewise a second wave in part B.
These magnetically induced waves
are characterized by currents that
flow in the directions indicated by
the arrows.

The two waves in section A pro-
duced by magnetic and electro-
static coupling, respectively, are of
the same polarity and so add, while
the two waves produced in section
B are of opposite polarity and so
tend to cancel each other. It is
accordingly apparent that if the

2o
TERMINATION

VARD.

(OR POWER) ?i - S—

ELECTRIC
COUPLING

MAGNETIC
COUPLING

(L) EQUIVALENT CIRCUITS

Fia. 4-23. Loop type of directional
coupler for coaxial line, together with
equivalent circuits that take into ac-
count the effects produced by the electric

electric and magnetic couplings are
so proportioned that the waves in-
duced by the magnetic effect have
the same amplitudes as the waves

and magnetic ficlds on the primary line. induced by the electric coupling,

then complete cancellation takes place in section B. When this is the
case, then a wave traveling to the right in the primary line will induce
only one resultant wave in the secondary system, namely, a wave that
travels in the direction of A. No wave is induced that travels in
direction B.

The relative magnitude of electric and magnetic couplings in Fig. 2-23a
can be readily controlled by the design of the coupling loop D. The elec-
tric coupling depends on the amount of electric field that terminates on
the loop, and so is determined by the length of the loop and by the width
(or diameter) of its conductor. Similarly, the magnetic coupling is
determined by the amount of magnetic flux that links with the loop, and
80 is determined by the area enclosed between the loop and the outer con-
ductor and by the orientation of the plane of the loop with respect to the
axis of the line.

Assuming that the coupling arrangement in Fig. 4-23 has been designed
80 that a wave traveling to the right on the primary system produces no
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induced wave in part B, then consider the effect of a wave traveling to
the left in the primary system. The component waves induced in A and
B by the electric and magnetic fields in the primary coaxial line will again
be equal to each other, since their relative magnitudes are not affected
by the direction of travel of the prilnary wave. However, the polarity of
the waves produced by magnetic coupling will now be reversed with
respect to the polarity of the induced waves resulting from electric
coupling. Accordingly, the two waves induced in A now cancel each
other, while the two waves induced in B add. Consequently, a wave
traveling to the left in the primary line produces no effect in section A,
hut does produce an induced wave traveling to the right in section B.
By terminating B of the secondary system in its characteristic impedance,
this induced wave is absorbed. The final result is that any wave travel-
ing to the left in section A is determined only by the wave traveling to
the right in the primary system, and is independent of the presence or
absence of a wave traveling to the left in the primary system. Thus one
has achieved a directional coupling

Skc. 4-18]

JECUNUARY ,

system.
It is to be noted that to obtain
the directional action it is abso-

LINE

e ——

lutely necessary that B be ter-
minated in its characteristic
impedance. If the impedance ter-
minating B produces a reflection,
the resulting reflected wave will
return along line B, pass through
the coupling loop, and enter A. The actual wave traveling to the left in
A will then be the resultant of the desired effect produced by the wave
traveling to the right in the primary line and an undesired effect propor-
tional to the product of the amplitude of the wave traveling to the left in
the primary system and the reflection coefficient at the termination of B.

Two-hole Coupler. A quite different type of directional coupling sys-
tem is shown in Fig. 4-24. This is known as a two-hole coupler, and
consists of primary and secondary systems which are coupled either elec-
trically or magnetically at two points separated by an odd multiple of a
quarter wavelength. It is essential that the coupling at each of these
two points be either primarily electric or primarily magnetic. This
result can be achieved by using probes (for electric coupling), loops (for
magnetic coupling), or suitably shaped and oriented slots that favor
either one or the other type of coupling.! In the two-hole coupler a wave
traveling to the right in the primary system gives rise to a wave that also

A COUPLING 5L0;\

fLONG AND NARROW)

F1e. 4-24. Example of two-hole direc-
tional coupler for coaxial line.

PRIMARY LINE f

! Details relating to the use of slots as a means of coupling are discussed on p. 133.
The narrow axially oriented slots in Fig. 4-24 provide coupling that is predominately
electrostatic.
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travels to the right in the secondary system, but npt toa wave traveling
to the left; similarly, a wave traveling to the left in the primary system
gives rise to a wave traveling to the left in the secondary system, but not
to a wave traveling to the right. This re§ult comes about beca.u-se
although each hole induces waves that travel in t‘he secondary syst.em‘ in
both directions away from the coupling point, the induced waves traveling
in the favored direction away from the two holes add in phase, while
those in the reverse direction cancel exactly if they are of equal amplitude,
provided the holes are an odd multiple of a quarter wavelength apart.
Directivity and Coupling in Directional Couplers. In an ideal direc-
tional coupler, the secondary system will respond only to a wave traveling
in the favored direction on the primary line. In actual directional
couplers, mechanical imperfections, frequency differing from the design
value, second-order effects, etc., will ordinarily result in a small output
being produced by a wave traveling in the backward direction. The ratio
of the responses to waves traveling in the two directions on the primary
is called the directivity of the coupling system, and is commonly expressed
in decibels. Thus a directivity of 30 db means that the undesired induced
wave is 30 db weaker (representing only one-thousandth as much power)
than the desired induced wave when equal waves travel in opposite direc-
tions on the primary line.
The ratio of power induced in the secondary system by a wave traveling
in the desired direction on the primary line to the power of this wave on
the primary line is called the cou-

-— s E’T‘ pling of the directional coupler. The
°} coupling is ordinarily expressed in
IRREGULARITY “decibels, and represents the attenua-
! tion introduced by the coupling
: ' system.
\\\\_,//’—\\\\l

— vours 4-14. Miscellaneous Aspects of
Transmission Lines. T'ransmission-
line Irregularities—Discontinuily

. > . . . Capacitance. When a wave travel-
et ot mlpisinganding g along a transmission line on-
of an irregularity in the case of a trans-_ counters an isolated discontinuity, it

;?nx;;-yg:n:lenz &zmti:)m:ﬁd \;;ith a load. is partially reflected; i.e., while a

of the line, T ¢ characterlstic  portion of the wave continues to

travel down the line, another portion

of the wave is reflected backwards. Thus, in a transmission line ter-

minated with a load equal to the characteristic impedance, an irregularity

at some point on the line as shown in Fig. 4-25 will cause standing waves
to exist on the generator side of the irregularity, as indicated.

Irregularities may be introduced in many ways. Typical causes are

sharp bends, insulating supports, joints possessing resistance, coupled
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circuits, and extraneous objects that affect the electric or magnetic field,
such as probes, dielectric or metal bodies, etc.

A type of irregularity that is particularly important at very high fre-
quencies results from the distortion of the electric and magnetic fields
associated with a change in line geometry. Consider, for example, a
coaxial line in which the characteristic impedance changes abruptly as a
result of a change in diameter of the outer conductor, as illustrated in
Fig. 4-26a. It can be shown! that the distortion of the electric and mag-
netic fields in the vicinity of the

junction is equivalent to shunting a Hl ] ;21—
2

capacitance across the junction, as

shown in Fig. 4-26b, in addition to ”lwuu—
CA— [

whatever effects are caused by the T

change in characteristic impedance. (@) [CTUlL SITUATIOR, SHOWING ELECTRIC

This ““discontinuity capacitance” is '

ordinarily only a few tenths of a

micromicrofarad; however, at ultra- B b id .|
high frequencies and higher fre- :1:/ ATl
quencies its reactance becomes low

enough to affect the behavior ' iowinG DiscoNTUITY CAPACITANCE
signiﬁcantly. g;‘AgLE?:?E'SCH:'ITgL;CCOUNT DISTORTION

A discontinuity capacitance is i, 4-26. Transmission line with dis-

ordinarily present whenever a geo- continulity in tgp cha.racte;'is:lic i;npe(_l-

. - . ance, showing distortion of the electric
rr‘x.etm,al change occurs. Thus, fn field ’that results, and how this is taken
Figs. 4-16 and 4-18, the change in jnto account by postulating a discon-

geometry at the points where the tinuity capacitance at the point of
stubs are. connected to the lines has ;::lelﬁ‘t‘;”‘::’; hz‘ﬂ;g:;&z iﬁptel:ﬁrﬁ::'co"'
an effect equivalent to a small

capacitance connected in shunt across the coaxial line at the junction
point. This shunting capacitance is in addition to the shunting action
of the stub.

Tapered Transmission Lines.* A length of transmission line in which
the characteristic impedance varies gradually and continuously from one
value to another is said to be tapered. A traveling wave passing through
such a section will have its ratio of voltage to current transformed in
accordance with the ratio of the characteristic impedances involved.

The requirement for a satisfactory taper is that the change in charac-
teristic impedance per wavelength must not be too large; otherwise the

! See J. R. Whinnery, H. W. Jamieson, and T. E. Robbins, Coaxial Line Digcon-
tinuities, Proc. IRE, vol. 32, p. 695, November, 1944.

* For further information see Wilbur N. Christensen, The Exponential Transmission
Line Employing Straight Conductors, Proc. IRE, vol. 35, p. 576, June, 1947; Charles
I.. Burrows, Exponential Transmission Line, Bell Systen Tech. J., vol. 17, p. 555,
October, 1938; Harold A. Wheeler, Transmission Line with IExponential Taper,
Proc. IRE, vol. 27, p. 65, January, 1939; Moreno, op. cit., pp. 53-55.
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tapered section will introduce a reflection. Tnat is, if the change in
characteristic impedance per wavelength is excessive, theq the tapered
gection acts as a'lumped irregularity rather than producing merely a
gradual transformation.

From these considerations it follows that a tapered section of trans-
mission line acts as a perfect impedance transformer at the higher fre-
quencies. However, as the frequency is lowered, such a section finally
fails to be satisfactory as an impedance transformer, because the distance
represented by a wavelength, and hence the change in characteristic
impedance per wavelength, becomes greater. Thus as the frequency is

reduced the taper introduces an in-
creasingly large reflection. The prac-
%/////W7 zzzzzzz:  tical lower-frequency limit of useful-
oo rrzrzzr:  ness of a tapered section that thereby

% \e-rmapereo secrion - results corresponds to the frequency
(@) COAXIAL TAPERED SECTION for which the characteristic imped-

ance changes by a factor between

—,’\\ about 1.3 and 4.0 per wavelength,
%o '______________——--——l——:E with the exact value depending upon
4 the standing-wave ratio that can be

(0) TWO-WIRE TAPERED SECTION tOIGrat_;ed' .
F1G. 4-27. Tapered line. A line can be tapered by varying
the spacing of the conductors in the

case of & two-wire line, or by varying the diameter of the inner (or outer)
conductor in the case of a concentric line. ‘The ideal type of taper is one
in which the characteristic impedance changes uniformly with length, so
that the higher derivatives of the rate of change of characteristic imped-
ance with length are minimized. However, nearly as satisfactory
results are obtained by the much more practical arrangement shown in
Fig. 427, in which the spacing varies linearly with distance. Such
straight-line tapers are accordingly used in ordinary practice.

Quarter- and Half-wave Transformers. Sections of transmission lines
that are exactly a quarter wavelength or a half wavelength long have
unique impedance-transforming properties that are frequently made use
of in radio work. Thus consider the situation illustrated in Fig. 4-28.
When the length ! of the line is exactly an odd number of quarter wave-
lengths, then to the extent that the losses in { can be neglected, the imped-
ance looking inis the system is

z.-% (4-31)

.where Z, is the characteristic impedance of the line I. When the load
un.pedance Z is-u resistance, the effect of the line is thus to transform
this resistance into another resistance 2, that is inversely proportional to
InductEV, Inc.
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the resistance Z.. Again, when Z. is a capacitive reactance,then the
impedance-transforming action of the line causes Z, to be an inductive
reactance having a magnitude inversely proportional to the capacitive
reactance of Z,.

In an arrangement such as illustrated in Fig. 4-28, the ratio of imped-
ance transformation obtained can be varied by adjusting the character-
istic impedance Z, of the connecting transmission line l. In the case of a
two-wire line, this is readily accomplished by varying the spacing between
the conductors that form the line.

With coaxial lines, one can change [ !

the diameter of the inner conduc- , _= 2,
tor’ or can n_loYe the lnn.er C?nduc- \LI/VE WITH CHARACTERISTIC

tor so that it is eccentric with re- IMPEDANCE + Zo

spect to the outer conductor. Fra. 4-28. Transmission line as an imped-

When the tiansmission line of 2°°® transformer.

Fig. 4-28 is exactly a whole number of half wavelengths long, then
Z,=2 (4-32)

This relation holds irrespective of the characteristic impedance of the line
provided only that the line losses can be neglected. The half-wave line is
thus a one-to-one impedance transformer. A typical practical applica-
tion of such an arrangement is to provide a short circuit across an inacces-
sible pair of termingls. This can be achieved by connecting a transmis-
sion line to these terminals and then placing
1 ececTMC  a short circuit across the line at an accessible
1 wmacnerie  point that is exactly a whole number of half
LIS wavelengths away from the terminals across
which it is desired that a short circuit exist.
Higher-order Modes. When the spacing be-
tween the two wires of a transmission line
Fia. 4-20. First higher mode ©X¢eeds & half wavelength, or when the cir-
in a coaxial transmission line. cumference of a coaxial line exceeds a wave-
length, it is possible for energy to propagate
down the transmission line by using configurations of electric and mag-
netic fields that differ from the field arrangements ordinarily associated
with transmission lines. These special configurations are termed higher-
order modes. ‘The first such higher-order mode that can exist on a coaxial
transmission line is illustrated in Fig. 4-29. Fields of this particular type
will propagate freely provided that the arithmetic mean circumference
exceeds the wavelength M\ in the cable, i.e., when

N<oalte (4-33)

where a and b are the radii of the inner and outer conductors, respectively.
Modes of still higher order are also possible on two-wire lines.
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i the higher mode (or modes), compared wx.th the
am'l;allii:u;l:ﬂl?lﬁen:frmal mogl;,e is dete}'mined by the extent to which t;,h,e
method of applying voltage to the cable produces a field qon.figu;? hon
corresponding to the higher mode (or modes). ?Io.wev?r, even if a hig er
mode is produced at the terminals of a transmission line, the mode will
not propagate along the line unless the wa.velength. is less than th.e cut:;?
value given by relations such as Eq. (4-3:?). This can hapPen in ordi-
nary cables and lines only at the higher microwave fx_'eq_uemfles. )

Loaded Lines. A loaded line is an ordlnar): transmission line to which
lumped elements, usually capacitances or inductances, are added at

BT —TT—TIVT ————¢

Y,
= V~—"TVTY LU —i¢ (3 Ay
(@) SERIES INDUCTANCE LOADING (5] SERIES CAPACITANCE LOADING
g % g T T T

(€1 SHUNT INDUCTANCE LOADING (d) SHUNT CAPACITANCE LOADING
I T T T T
S
7222272227288
N

{€) UNDERCUT BEADS
Fta. 4-30. Examples of loaded transmission lines.

regular intervals, as illustrated in Fig. 4-30. When these lumped loading
impedances are spaced uniformly at distances that do not appreciably
exceed a quarter wavelength, they act almost ‘exactiy as though their
impedances were uniformly distributed. However, if the frequency is so
high that the spacing appreciably exceeds a quarter wavelength, then the
loading impedances act as irregularities that tend to prevent transmission.

The most common use of loading is in connection with telephoue cables
where inductance coils are commonly added at regular intervals, as in
Fig. 4-30a. Such inductance loading makes the equivalent inductance
per unit length of the transmission line greater than the actual inductance
of the unloaded line, thereby increasing the characteristic impedance and
lowering the velocity of propagation. Also, if most of the line losses
result {rom the series resistance of the line, the attenuation constant is
reduced by inductive loading. Loading by means of series capacitances,
as in Fig. 4-30b, reduces the characteristic impedance and increases the
phase velocity to a value greater than that of light, while shunt induct-
ances as in Fig. 4-30c increase both characteristic impedance and the
phase velocity. These results follow from Eqs. (4-18q) and (4-18¢), by
noting that series inductive loading increases the equivalent line induct-
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ance, and series capacitive loading reduces it, while shunt loading similarly
increases the equivalent line capacitance if capacitive, and reduces it if
inductive.

An important case of loading is provided by the beads sometimes used
to support the center conductor of a concentric cable having air insulation.
These beads introduce localized additions to the line capacitance and so
represent shunt capacitive loading, as illustrated in Fig. 4-30d. This has
the effect of increasing the effective line capacitance and thereby lowering
the characteristic impedance and the velocity of phase propagation, as
well as fixing an upper frequency beyond which the line does not behave
properly. In order to overcome these effects, the beads are sometimes
undercut, as in Fig. 4-30¢. Here the reduction in diameter of the center
conductor is so chosen as to make up for the increased dielectric constant
of the space occupied by the bead, as well as the discontinuity capacitance
introduced by the bead. Ir this way the characteristic impedance of the
section containing the bead can be made the same as that of the portion
of the line having only air insulation.

PROBLEMS AND EXERCISES

4-1. Assume that Fig. 4-1 is modified so that the length ! is measured from the
generator or sending end of the line instead of from the load end as in Fig. 4-1. S8et
up the differential equations of the line in terms of this notation, and obtain a solution
to the transmission line analogous to Eqs. (4-6), but in terms of the amplitudes E;, E},
I, and I of the individual waves at the generator end of the line,

4-2. Redraw Fig. 4-2b, ¢, and d for (a) an attenuation that is considerably greater
than in Fig. 4-2, and (b) sero attenuation.

4-8. In a transmiagion line 100 ft long terminated so that only the incident wave is
present, the power at the load end of the line is 1.2 db less than at the generator end,
What is the value of « per foot?

4-4. Derive Eq. (4-14).

4-8. In a transmission line in which Z, = 50 ohms, calculate and plot the reflection
coefficient as a function of load resistance for load resistances ranging from 0 to
250 ohms.

4-8. In a transmission line in which Z, = 50 ohms and which has a reactive load,
calculate and plot the magnitude and phase angle of the reflection coefficient as a
function of load reactanoce in the range from —;100 ohms to +;100 ohms.

4-7. Derive Eq. (4-15). In doing this, start by assuming that the incident wave at
point a is E., and then express the magnitudes of the various waves at ¢ and b in
terms of E, and |pa|-

4-8. Derive Eq. (4-16a).

4-9. a. The line conductance will be negligible in a transmissfon line with air
dielectric. Under these conditions the attenuation constant « of a radio-frequency
line is proportional to the square root of the frequency. Explain.

b. In a coaxial transmission line with solid dielectric, the dielectric loases ¢at
extremely high frequencies will be very much greater than the losses resulting from
the line resistance. Under these conditions, how does the attenuation constant «
vary with frequency !
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transmission line with air dielectric is 20 m long. W.hnt is the line length,
m.:::e:in wavelengths; and what is the value of § at frequencies of 10 and 100 M.of
4-11. Show vector diagrams and curves for the current distributions that go with
the voltage distributions in Fig. 43cand b. On the resulting curves show the voltage

distributions of Fig. 4-3 by dotted lines. . i
" 4-12. Draw curves and vector diagrams similar to those of Fig. 4-3b, except for

the case p = 0.5/180°.

4-18. éa]cumﬁ; exact distance from the load in wavelengths at which the first
voltage maximum occurs in Fig. 4-4f when Z.YZo = j0.5. L

4-14. Sketch the voltage distribution on a low-loss transmission line in the manner
shown in Fig. 4-4, but for the case where Z1/Zo = 2.0/45°.

4-16. Sketch curves of voltage and current distribution on a low-loss transmission
line analogous to the curves of Fig. 4-4, but for the following load impedance condi-
tions. (Note: In each case calculate location and relative amplitude of minima and
maxima accurately, and show these minima and maxima in correct positions and in
correct magnitudes in the sketch, carrying the curves for a distance of slightly more
than one waveélength from the load end of the line.)

a. Reflection coefficient at load = 0.2/0°

b. Reflection coefficient at load = 0.8/0°.

¢. Reflection coefficient at load = 0.8/45°.

d. Reflection coefficient at load = 1.0/ —45°.

4-16. Derive a formula giving the distance from the load to the first minimum of
voltage in terms of the phase shift 8 per unit length of line and the phase angle 3 of the
coefficient of reflection of the load.

4-17. Sketch curves analogous to those of Fig. 4-5, except applying to a short-
circuited load.

4-18. Sketch curves analogous to those of Fig. 4-6, except assume that the attenua-
tion of the line is approximately twice as great as in Fig. 4-6. For purpeses of com-
parison, sketch the solid curves from Fig. 4-6 on the same axes.

4-19. Derive Eq. (4-22a) starting with Eq. (4-21).

4-20. Calculate and plot the standing-wave ratio as a function of Z./Z, for resistive
loads, for values of this ratio ranging from 0.1 to 10.0.

4-21. Prove that resistive loads of R, and R, will produce the same standing-wave
ratio provided RyR; = Z,?,

4-22. Bketch curves similar to those of Fig. 4-10a and b, except applying to cases
where the load is (a) a resistance greater than the characteristic impedance, and (b) an
open circuit, respectively.

4-23. In a transmission line having negligible losses, derive formulas giving, respec-
tively, the maximum impedance and the minimum impedance that can occur any-
where on the transmission line in terms of magnitude of the reflection coefficient of the
load and the characteristic impedance of the line,

4-24. Bketch curves similar to those of Fig. 4-10 except applying to a transmission
line baving considerably greater attenuation. .

4-38. When the load impedance of a transmission line is a resistance R, prove that
8 = R./Ze when Ry, > Z,, and likewise that S = Zo/R; when R. < Z,.

) Note that this .proqf aho_wc thaz the standing-wave ratio corresponding to any particular
ctrdeonlhcSmahchaduwmbycheintermionofthiambdcwahlhchanzmtal' azts,
a8 slated in the second paragraph on page 101.

#vﬂ. In a particular transmission Jine the load impedance is such that

2, = (0.8 - j0.6)Z,

With the aid of the Smith chart, determine the standing-wave ratio on the line, and
the magnitude and phase angle of the reflection coefficient.
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4-87. Assuming that the line of Prob. 4-26 has negligible loeses, plot the magnitude
and phase of the line impedance as a function of distance from the load up to & dis-
tance alightly greater than one wavelength. Make use of the Smith chart to deter-
mine the resistive and reactive components of the impedance.

4-38. An impedanoce of 35 <+ j76 ohms is connected across the load end of a trans-
mission line having a characteristic inpedance of 60 ohms.

a. With the aid of the Bmith chart, and assuming that the line has negligible losses,
determine the standing-wave ratio produced on the line, and also the input impedance
of the line when the line length is 1.8A.

b. If the total attenuation of the line is 1.4 db, determine the standing-wave ratio
and the line impedance at the generator end of the line.

¢. Tabulate the results from (a) and (b) side by side, and explain in physical terms
how attenuation accounts for the differences observed.

¢-29. With the aid of the Smith chart determine the magnitude and the phase
angle of an impedance which, when placed at the receiving end of a transmission line
having the characteristic impedance R, = 75 ohms, would account for an observed
standing-wave ratio of 1.85 with a voltage distribution such that the voltage minima
with a short-circuited load are 0.2\ closer to the load than the voltage minima pro-
duced by the impedance to be measured.

4-30. Same as Prob. 4-29, except that 8 = 2.10, and the minima with a short-
circuited load are 0.10\ cloeer to the generalor than the minima produced by the
impedance to be determined.

4-31. A concentric transmission line having copper conductors and air insulation
is short~circuited at the receiving end and is to be in quarter-wavelength resonance
at a frequency of 100 Mc. Determine (a) the smallest diameter of the outer concentric
line for which a Q of 5000 can be obtained, and (b) the sending-end impedance of the
line in a.

4-32. A resonant quarter-wave coaxial transmission line 25 cm long has b = 1 cm
and b/a = 3.6. Determine the resonant frequency, Q, and standing-end impedance.

4-83. A load impedance is connected to a transmission line and. is found to produce
a standing-wave ratio of 2.0. The first voltage minimum occurs at a distance of
0.4. wavelength from the load. Design a stub-line impedance-matching system for
this situation.

4-34. A load impedance of 70/30° is connected to a concentric tranamission line
having a characteristic impedance of 50 ohms. Calculate the resulting standing-wave
ratio and the location of the voltage minima. From this information specify the
length and position of a stub line that will match the load to the transmission line.

4-38. Assume that the double-slug tuner of Fig. 4-19b is adjusted to give an imped-
ance match. Will this impedance match be destroyed if the right-hand slug is then
displaced a half wavelength to the right, while leaving the position of the other slug
unchanged? Explain,

4-36. A short~circuited lossy line is used to terminate a transmission line. How
much total attenuation must the lossy line have if the standing-wave ratio on the
terminated line i8 not to exceed S = 1.10? Assume the lossy line is open-circuited.

4-37. Design a reactive T network that at 1000 ke will match a load impedance of
100 ohms to a line having a characteristic impedance of 50 ohms, and introduce a
phase shift of 30° leading in the load current.

4-38. Design a reactive T network that will match a load impedance of 100 + j50
ohms to a 50-ohm line, and introduce a phase shift of 30° leading in the load curren

4-39. Explain how the directional coupler of Fig. 4-23 can be arranged so that
wave in the secondary section B is proportional to the wave traveling to the left on
the primary line and is not affected by the primary wave traveling to the right.

4€-40. Explain how one could measure the magnitude of the reflection coefficient
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tus including (a) a directional coupler of the type illustrated in

a line by appara . . .
;;"8_ 4-23, :.:.d (b) two instruments suitable for measuring voltage on transmission

lines. i
4-41. In the directional coupler system of Fig. 4-23, assume that the left-hand

side of the secondary system (i.e., line 4) is terminated by a load equal to the charac-
‘teristic impedance but that the right-hand is not. Under these conditions prove
that the intensity of the secondary wave traveling to the right in B is proportional
to the strength of the primary wave traveling to the left, irrespective of the presence
or absence of a primary wave traveling toward the right, but that the secondary
wave traveling to the left in A is dependent on both the primary wave traveling to the
left and the primary wave traveling to the right.

4-42. Give a detailed explanation of why the two-hole directional coupler of Fig.
4-24 theoretically can give ideal directional coupler action only when the hole spacing
is exactly nA/4, where n is odd. Include a justification for the fact that increasing the
spacing by a half wavelength makes no difference.

4-43. A two-hole coupler such as illustrated in Fig. 4-24 is operated at a frequency
5 per cent higher than the value that makes the hole spacing exactly A/4. What is
the directivity in decibels caused by this incorrect operating frequency?

4-44. Sketch a curve similar to that of Fig. 4-25, except for an irregularity that is a
series resistance equal in magnitude to the characteristic impedance. Be careful to
show the correct standing-wave ratio on the generator side of the irregularity, as
well as the correct location of the minima with respect to the irregularity, and also
show the voltage drop in the series resistance,

4-45. In Fig. 4-25, the irregularity consists of a shunt discontinuity capacitance of
0.2 uuf. Determine the standing-wave ratio on the generator side of the irregularity
at 100 and 10,000 Mc, assuming that the characteristic impedance of the line is
80 ohms.

4-48. Two coaxial lines having characteristic impedances of 50 and 100 ohms,
respectively, are to be joined by a tapered section. If it is desired that the reflections
introduced by the tapered section be kept very small in the frequency range 2000 to
11,000 Mec, determine the minimum length of tapered section that can be used.

4-47. A load resistance of 300 ohms is to be matched to a two-wire transmission
line having a characteristic impedance of 600 ohms by means of a quarter-wave
matching line. What characteristic impedance must the matching line have?

4-48. From the behavior of incident and reflected waves, demonstrate the correct-
ness of Eq. (4-32).

4-49. In a particular coaxial transmission line, b/a = 3.6 and b = 1 cm. What
is the shortest wavelength that can be transmitted on the line without danger of a
higher-order mode being generated?

4-80. Explain with the aid of Eq. (4-18¢c) why the different types of loading illus-
trated in Fig. 4-30a to d have the effects on phase velocity summarized on page 122.
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CHAPTER 5

WAVEGUIDES AND CAVITY RESONATORS

6-1. Waveguides—General Considerations.!? A hollow conducting
tube used to transmit electromagnetic waves is termed a waveguide. At
ultra-high and microwave frequencies, waveguides provide a practical
alternative to transmission lines for the transmission of electrical energy.

Any configuration of electric and magnetic fields that exists inside a
waveguide must be a solution of Maxwell’s equations. In addition, these
fields must satisfy the boundary conditions imposed by the walls of the
guide. To the extent that the walls are perfect conductors there can
therefore be no tangential component of electric field at the walls. Many
different field configurations can be found that meet these requirements.
Each such configuration is termed a mode.

A critical examination of the various possible field configurations or
modes that can exist in a waveguide reveals that they all belong to one
or the other of two fundamental types. In one type, the electric field is
everywhere transverse to the axis of the guide, and has no component

1The practical possibilities of waveguides as transmission systems for very high-
frequency waves was discovered independently and almost simultaneously by W. L.
Barrow and G. C. Southworth. Fundamental papers on the subject include: W. L.
Barrow, Transmission of Electromagnetic Waves in Hollow Tubes of Metal, Proc.
IRE, vol. 24, p. 1298, October, 1936; G. C. Southworth, Hyper-frequency Wave
Guides—General Considerations and Experimental Results, Bell System Tech. J.,
vol. 15, p. 284, April, 1936; L. J. Chu and W. L. Barrow, Electromagnetic Waves of
Hollow Metal Tubes of Rectangular Cross Section, Proc. IRE, vol. 26, p. 1520,
December, 1938.

2 The discussion given here of waveguides is intended to provide a description of
their more important characteristics, together with formulas for calculating quantita-
tively their principal characteristics. The rigorous derivation of the quantitative
relations existing in waveguides is a specialised subject that would take more space
than is available in a book of this type. The reader who wishes to study the tech-
niques by which waveguide equations are derived is referred to Ramo and Whinnery,
“Field and Waves of Modern Radio,” John Wiley & Sons, Inc., New York, 1944;
H. H. Bkilling, “Fundamentals of Electric Waves,” John Wiley & Sons, Inc., New
York, 1948. An excellent discussion of the physical phenomena involved in wave-
guides is given by H. G. Booker, The Elements of Wave Propagation Using
Impedance Concept, J. IEE, vol. 94, part III, p. 171, May, 1947. Useful summary
information on waveguide techniques is given by M. H. L. Prece, Waveguides, J. IEE,
vol. 93, part IIIA, no. 1, p. 33, 1946; T. E. Moreno, ‘‘ Microwave Transmission Data,”
McGraw-Hill Book Company, Inc., New York, 1948.
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anywhere in the direction of the guide axis; the associated x.na.gnetic field
does, however, have a component in the direction of the axis. Modes of

this type are termed transverse electric or TE modes (?,lso s.omet.i.mes called
H modes). In the other type of distribution, the situation with respect
to the fields is reversed, the magnetic field being everywhere tranver.se
to the guide axis while at some places the electric field has components in
the axial direction. Modes of this type are termed transverse magnetic or
TM modes (also sometimes called E modes).! The different modes of each
class are designated by double subscripts, such as TE;, asexplained below.

The behavior of a waveguide is similar in many respects to the behavior
of a transmission line, Thus waves traveling along a guide have a phase
velocity, and are attenuated. When a wave reaches the end of a guide it
is reflected unless the load impedance is carefully adjusted to absorb the
wave; also an irregularity in a waveguide produces reflection just as does
an irregularity in a transmission line. Again, reflected waves can be
eliminated by the use of an impedance-matching system, exactly as with a
transmission line. Finally, when both incident and reflected waves are
simultaneously present in a waveguide, the result is a standing-wave pat-
tern, such as illustrated in Fig. 4-4, that can be characterized by defining
a standing-wave ratio.

In some other respects waveguides and transmission lines are unlike
in their behavior. The most striking difference is that a particular mode
will propagate down a waveguide with low attenuation only if the wave-
length of the waves is less than some critical value determined by the
dimensions and the geometry of the guide. If the wavelength is greater
than this critical cutoff value, the waves in the waveguide die out very
rapidly in amplitude even when the walls of .the guide are of material
having infinite conductivity. Different modes have different values of
cutoff wavelength; the particular mode for which the cutoff wavelength is
greatest is termed the dominan/ mode.

5-2. Rectangular Waveguides. The most frequently used type of
waveguide has a rectangular cross section, as illustrated in Fig. 5-1. In
such a guide, the preferred mode of operation is the dominant mode.

Field Configuration of the Dominant Mode in a Rectangular Waveguide.
At wavelengths less than the cutoff value, the electric and magnetic fields
representing the dominant mode in a rectangular waveguide have the
character illustrated in Fig. 5-2. Here the electric field is transverse to
the guide axis, and extends hetween the two walls that are closest together,
i.e., between the top and bottom of Fig. 5-1. The intensity of this elec-

.l Following this system of designation, the field configuration normally associated
with a c_:osxis.l line is sometimes called the TEM mode, because both the electric and
magnetic ﬁ?ldl'n.re transverse to the axis of the line. The higher-order coaxial mode
illustrated in Fig. 4-29 is a TE mode, since the electric field is everywhere transverse
to the line,
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tric field is maximum at the center of the guide, and drops off sinusocidally
to zerg intensity at the edges, as shown. The magnetic field 18 in the

form of loops which lie in planes that
are at right angles to the electric field,
i.e., planes parallel to the top and bot-
tom of the guide in Fig. 5-1. The
magnetic field is the same in all of these
planes, irrespective of the position of
the plane along the y axis.

This field configuration travels along
the waveguide axis (in the z direction in
Fig. 5-1).! As it travels a distance [
down the guide, the amplitude will be
reduced by the factor ¢! as a result of
energy losses in the walls of the guide,

y

NON-CONDUCTING
INTERIOR

CONDUCTING
waLL

F1a. 5-1. Rectangular waveguide,

illustrating notation.

and the wave will drop back in phase gl radians, just as in the analogous
transmission-line case, where a and g are termed the atlenuation constant

and phase constant respectively.

i
'f I

RS
i

Pa——

SIDE VIEW

-
J ——l

L. -

TOP VIEW

j———— g —————
END VIEW

ELECTRIC FIELD
MAGNETIC FIELD

F1a. 5-2. Field configuration of the dominant or TE;, mode in a rectangular waveguide,

The field configuration representing the dominant mode illustrated in
Fig. 5-2 is seen to be a transverse electric mode and is designated as the

1Thus Fig. 5-2 can be regarded as representing a snapshot of the fields as they
exist at some particular moment. As this field configuration travels down the guide,
the fields at any given point vary sinusoidally in amplitude. Thus, although the
fields av position w in Fig. 5-2 have zero intensity, a quarter cycle later the fields will
have moved a distance )A,/4, and the amplitude at w will then be the same as the

amplitude shown for position v in Fig. 5-2.
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TE; mode. The subscript 1 means that the .ﬁeld_ dis.tribt.xtion in the
direction of the long side of the waveguide (z dlretftlo.n in Fig. 5-1) con-
tains one-half cycle of variation. The subscript 0 indicates that f.he.re is
no variation in either the electric or magnetic field strength in the direc-

tion of the short side (y axis) of the guide.
The equations giving the fields at frequencies above cutoff for the

dominant mode in a rectangular waveguide filled with air are as follows:
E,=E, =B, =0

wd . T .
E,=A - 8in— sin (wt — B2)

B, =-4 cv.)s-ﬂ;a:E cos (wt — B2) (-1

B,=§E,,

where E = electric field intensity, abvolts por cm

B = magpnetic field intensity, gauss

w/2x = frequency
t = time

A = an arbitrary constant of amplitude
The quantities a, z, y, and z have meanings indicated in Fig. 5-1. Sub-
scripts z, y, and z indicate components in these respective directions.
Finally g, the phase constant, has the value given by Eq. (5-4) below.

Cutoff Wavelength tn a Rectangular Waveguide. Field configurations

such as those illustrated in Fig. 5-2 can exist and propagate down a guide
only when the frequency is such that the free-space wavelength is greater
than a certain critical value termed the cutoff wavelength, commonly
denoted as \,. For the dominant mode in rectangular waveguide, the
cutofl wavelength is exactly twice the width a of the guide. That is

Cutoff wavelength based

on free-space conditions =X=2a (5-2)

If the frequency is less than the cutoff value, so that the free-space wave-
length is greater than A, then the waves attenuate rapidly with distance
down the guide, as discussed in Sec. 5-8, instead of propagating freely.

The fact that a waveguide must have a dimgnsion approaching a wave-
length in order for the fields to propagate limits the practical use of
waveguides to extremely high frequencies. For example, to transmit
300 Mc the guide width must exceed 20 in.

Each mode that can exist in a waveguide has its own cutoff wavelength
The dominant mode is by definition the particular mode having the
largest possible cutoff wavelength (lowest cutoff frequency). Accord-
ingly, there is usually a frequency range between the dominant and the
next higher mode in which only the dominant mode will propagate
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freely. By so proportioning a waveguide that the frequeney to be trans-
mitted lies in this range, all higher modes are suppressed after traveling a
short distance down the guide; thereafter the only fields present in the
guide will be those of a single pure mode, the dominant mode. 1In the case
of a rectangular guide so proportioned that a = 2b, such single-mode
operation occurs for free-space wavelengths lying between 22 and a.
This matter is discussed further on page 138.
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Fia. 8-3. Variation of phase velocity and wavelength in waveguides as a function of
ratio of actual wavelength to the cutoff wavelength.

Guide Wavelength, Phase Constant, Group and Phase Velocity. The axial
length ), corresponding to one cycle of variation of the field configuration
in the axial direction (see Fig. 5-2) is termed the guide wavelength. It is
related to the free-space wavelength A and the cutoff wavelength A.
according to the equation

Guide wavelength = \, = (5-3)

IN
VT=0/)1

Results calculated from Eq. (5-3) are plotted in Fig. 5-3. It will be noted
that the guide wavelength exceeds the wavelength in free space, with the
ratio of the two becoming increasingly large as the cutoff wavelength is
approached.

The guide wavelength A\, also represents the distance that a wave
travels down the guide when undergoing a phase shift of 2x radians.
Accordingly, the phase constant 8, representing the phase shift per unit
distance traveled by the wave, has the value

2r %J A\ w? ¥ 5-4
p=R =S -() - -5 ®
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where ¢ is the velocity of light. It wi!l be no?ad that tl_le .phu'e constant
8 has the same significance in waveguides a8 in transm:esgm lines. )

The quantity v, = fA, is the distance the wave travels in f cycles (i.e.,
one second) and so has the dimension of a velocity. Tern_led the phase
velocity,! it is related to the velocity of light ¢ by the equation

Phase velocity ~ vp _ A¢ _ 1 (55)
Velocity of light ¢ A~ /T — (A/A)}

This relation is plotted in Fig. 5-3. It is seen from Eq (5-5)‘tha.t the
velocity of phase propagation always exceeds the velocity of light. In

ORIGINAL
2 POSITION
g9 OF SIDE
/NE W POSITION
............ P pppp————————— -
T ‘\‘ Ir' \‘ I’ ANVl
o N " W
I T —— SN

F1a. 5-4. Top view of TE,, field in a rectangular waveguide, showing the effect upon
the guide wavelength )\, of reducing the guide dimension a.

particular, as the frequency is lowered so that it approaches the cutoff
value, the phase velocity increases and becomes indefinite at cutoff.
Similarly, as the guide width is reduced so that the cutoff wavelength is
made to approach the free-space wavelength, the phase velocity and A,
increase and 8 decreases. This behavior arises from the fact that, as the
width of the guide is reduced while keeping the frequency constant, the
field configuration required to satisfy Maxwell’s equations is affected in
the manner shown in Fig. 5-4; specifically, compressing the flux sidewise
by narrowing the guide is compensated for by an axial expansion that
increases the guide wavelength and hence the phase velocity.

Currents in Waveguide Walls. The fields inside a waveguide induce
currents that flow on the inner surface of the walls and that can be con-
sidered to be associated with the magnetic flux adjacent to the wall. The

! The phase velocity is an apparent velocity deduced from the rate of phase change
with position along the axis. The actual velocity with which a pulse of energy travels
is termed the group velocity v,r, and is related to v, and c by the equation vywer = 3.
Thus the group velocity is less than the velocity of light to the extent that the phase
velocity is greater. This matter is discussed further on p. 142.
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relationship between flux density at the surface of the wall and the cur-
rent flowing in the wall is given by Eq. (2-18). The direction in which
the cutrent flows at any point in the wall is at right angles to the direction
of the adjacent magnetic flux. The resulting lines of instantaneous cur-
rent flow in the walls of a rectangular guide for the dominant mode are
illustrated in Fig. 5-5. In the sides of the guide the current everywhere
flows yertically, since the magnetic flux in contact with the side walls lies
in planes parallel to the top and bottom sides of the guide. In the top
and bottom of the guide there are a transverse component of current pro-
portional to the axial component B, of magnetic field, and an axially
flowing current component proportional at any point to the transverse
magnetic field B,.

seLors

et

4U/

e —
Y

SLOTS

F1a. 5-5. Paths of current flow in the walls of a rectangular waveguide when propagat-~
ing the dominant mode, showing slots transverse and parallel to the lines of current
flow.

The current in the guide walls penetrates in accordance with the laws
of skin effect, as'given in Eq. (2-9). The depth of penetration is accord-
ingly inversely proportional to the square root of the frequency. At the
very high frequencies at which waveguides are used, this penetration is
very small, and the walls provide practically perfect shielding.

Coupling and Leakage through Slots and Holes tn Waveguide Walls. A
hole or joint or slot in the waveguide wall introduces the possibility that
energy will leak from the guide to outer space. When this happens, the
fields inside the guide are affected, thereby introducing an irregularity
with resulting reflection. The coupling thus introduced by a hole in the
guide wall may be either to the electric or magnetic fields inside the guide.
Electric coupling occurs when electrostatic flux lines that would normally
terminate on the guide wall are able to pass through the hole into outside
space. Magnetic coupling results when the hole or slot interferes with
the current flowing in the guide wall. With either type of coupling, both
electric and magnetic fields will be present outside the guide. Thus elec-
tric flux leaking through the hole will induce currents on the outer surface
of the guide that produce a magnetic field. Again, when magnetic flux
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through e, the associated interference with the flow of currents
::‘;:e wall pro;:::s a voltage across the hole that gives rise to an electric
field that will extend outside of the guide. L. .

The nature and magnitude of the cou?llng in any pa:rtlcular case
depend upon the size, shape, and orientation of the cquplmg hole, and
upon the thickness of the guide wall. The factors involved can be
understood by considering the effects produced by long narrow 'slot:s
oriented in various ways, as illustrated in Fig. 5-5. Thus slot 1, whxc!l is
transverse to the magnetic field inside the guide and 80 produces & mini-
mum of interference with currents in the guide wall, u{troduce.s ht.tle or
no magnetic coupling. It will, however, permit electric coupling if .the
slot width is great enough in proportion to the wall thickness to permit a
reasonable number of electric flux lines to pass through the slot. How-
ever, if the slot is in the nature of a joint representipg tw? surfaces_ﬁ.tted
together, or is very narrow, then the electric coupling will be negligible.
Similarly, long, narrow slot 4 produces little magnetic coupling because
it is transverse to the magnetic flux and therefore interferes only negligibly
with the flow of current in the guide wall; neither does it produce electric
coupling because there.is no electric field terminating on the side wall.
Such a slot will therefore have negligible effect even if it is quite long.
In contrast, slot 5, while causing no electric coupling, introduces a sub-
stantial amount of magnetic coupling to outside space through the fact
that its long dimension is parallel to the magnetic field in the guide; this
slot is hence oriented in such a manner as to permit easy escape of mag-
netic flux lines and to interfere to a maximum extent with the wall cur-
rents. This coupling is fully effective even if the slot is quite narrow,
since it is necessary only that the slot interrupt the flow of current in the
wall. Slots 2 and 3 in Fig. 5-5 also give rise to'magnetic coupling, because
they interfere with the flow of current in the guide wall. In the case of
slot 2, the amount of magnetic coupling will be greater the farther the
slot is to the side of the center line of the guide. Slots 3 and 2 will also
simultaneously introduce electric coupling to the extent that the slot is
wide enough in relation to the wall thickness to permit the passage of
electric flux. In the case of slot 2, the electric coupling becomes less the
farther the slot is from the center line, because the intensity of the elec-
tric field terminating on the top and bottom sides of the guide becomes
less as the side walls are approached. .

Attensiation.  The propagation of energy down a waveguide is accom-
panied by a certain amouss* of attenuation as a result of the energy dis-
sipat.ed by the current induced in the walls of the guide. The magnitude
of this current at any point is determined by the intensity of the magnetic
ﬁ'el.d adjacent to the wall at that point, as explained above. The resis-
tivity that the mdu'ced currents encounter is determined by the skin
effect of the wall as discussed in Sec. 24, and is proportional to the square
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root of the frequency and the square root of the resistivity of the material
of which the walf is composed.

The‘total energy loss in a waveguide can be calculated by summing ups
the IR loss in the top, bottom, and two sides of the guide for each unit
area over a length corresponding to a half wavelength. This is done for
the magnetic field distribution actually present, as calculated by Egs.
(5-1), assuming the field at any one point varies sinusoidally with time;
under these circumstances the rms value of the field (and current) deter-
mines the time average of the power

loss occurring at the point.! .

The energy loss is conveniently ex- o N 2"
pressed in decibels attenuation per g \\ "
unit length. With rectangular guides | o
the loss has the general behavior illus- \ \\ Z’
trated in Fig. 5-6. It will be noted e —
that for each mode there is a particu- I |
lar frequency for which the attenua- °°°5§ 8 8 8 g 8
tion is a minimum. This is a result ) ¢ ¢ g g g

of two opposing tendencies. Thus as FREQUENCY . MEGACYCLES

the frequency is lowered the skin
depth becomes greater, causing the
effective resistivity of the walls to

Fra. 5-6. Attenuation of different
modes in a particular rectangular
copper waveguide as a function of

f .
decrease. At the same time, as the reduency

frequency approaches the cutoff value for the mode in question, the group
velocity decreases. This causes the magnetic fields adjacent to the walls
to become rapidly strenger for a given rate of energy flow down the guide.

5-3. Higher Modes in Rectangular Waveguides. The dominant mode
is only one of an infinite series of field configurations that can exist in a
waveguide. Fields for several of the higher-order modes that are possible
in a rectangular waveguide are illustrated in Fig. 5-7.2 In addition to
TE modes, these include TM types, in which the magnetic flux lines lie in
planes that are at right angles to the axis of the guide.

These various modes are designated by double subscripts, such as
TElo, TEgo, TEu, TE....., TMu, TM“_, and TM.".. In thiﬂ system Of
nomenclature the first subscript denotes the number. of half-period varia-
tions of the electric (or magnetic) field in the transverse plane in the direc-
tion of the long side of the rectangle (along the z axis in Fig. 5-1); the
second subscript denotes the number of half-period variations of the same
field in the direction of the short side of the rectangle (along the y axis in
Fig. 5-1). ,

! Formulas for the attenuation of different modes in rectangular waveguides are
given by Moreno, op. cit., chap. 8; they are also to be found in most handbooks.
? Equations for the fields of the various higher modes are to be found in many
reference books; for example, see Moreno, op. cit., p. 115.
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Each i i h, phase
has its own cutoff wavelength, gy.nde w'avelengt , phs
conotantma(ﬁie phase and group velocities. Equs?wns (5-3) to (6-5) giving
relations’between these quantities apply to the higher-order modes as well
as to the dominant mode [except for the right-hand form of Eq. (5-4)].

- Rl
- i

{c) Tmy (d) TMg

— ELECTRIC FIELD
===« MAGNETIC FIELD

Fic. 5-7. Field configurations in the tranisverse plane for the first four higher modes in a
rectangular waveguide.

The cutoff wavelength in the general case is given by the relation
o 2
* V() + (na/b)?
Here a and b have the significance shown in Fig. 5-1, and m and n are,
respectively, the first and second subscripts describing the mode. Equa-
tion (5-1), giving the cutoff wavelength of the dominant mode, is a special
case of Eq. (5-5), in whichm = 1andn = 0. Results from Eq. (5-6) are
tabulated in Table 5-1 for a few of the lowest-order modes for rectangular

TABLE 5-1
CUTOFF WAVELENGTHS IN WAVEGUIDES

(5-6)

Rectangular guide Square guide Circular guide
a=2 a=0b radius = r
Cutoff Cutoff”’ Cutoff
Mode wavelength Mode wavelength Mode wavelength
TEu 2a TEW 2a TE" 3. ‘27‘
TEol a Ton 2a TMN 2.61r
TEs a TEq, l.4a TEy 2.06r
TEII 0.89%a TMu 1l.4a TEM 1.64r
T™1 0.89% TEs a TM,, 1.64r
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guides that are square (a/b = 1), and for the shape a/b = 2 that is cus-
tomarily used. .
Generation of Different Waveguide Modes. Any actual configuration of
electric and magnetic fields existing in a waveguide can be regarded as
being the result of a series of modes that are superimposed upon one
another. If the magnitude, phase, and position along the axis of each
individual mode is properly chosen, then the sum of the fields of the
individual modes can be made to equal any actual electric and magnetic
fields that can be present. Modes in waveguides are thus analogous to
the harmonics of a periodic wave, since a periodic wave of arbitrary shape

e ELECTRIC FIELD [ g —>
( & ¢ f AN WAVE GUIDE
SHORTING
PLUNGER COAXIAL LINE
(0) SIDE VIEW ,SHOWING ELECTRIC FIELD (5) END VIEW, SHOWING

ELECTRIC FIELD

l MAGNETIC
FIELD

(C) TOP VIEW, SHOWING MAGNETIC FIELD
F1a. 5-8. Launching of TEi, wave in a waveguide excited by a coaxial line.

can always be considered as being represented by the sum of a series of
properly chosen harmonic components.

The magnitude of each component mode associated with a given con-
figuration of fields is determined by the character of the field distribution
involved. For example, consider the arrangement illustrated in Fig. 5-8,
where a concentric line delivers energy to a waveguide as a result of the
electric and magnetic fields produced in the waveguide by the extension
ef of the center coaxial conductor that extends from the bottom to the
top of the guide. Current in ef generates a magnetic field in the guide,
which lies in planes parallel to the top and bottom sides of the guide. At
the same time, the voltage drop along ef, and the consequent difference in
voltage thereby produced between the top and bottom of the guide, result
in electric fields being produced as shown. This configuration suggests
the TE; mode, in that the magnetic field lies in planes parallel to the top
and bottom of the guide, while the electric field is vertical and is maximum
midway between the sides of the guide. Thus the TE,, is the largest
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single component in the field configuration of Fig. 5-8. The dxﬁerem'g
between the field configuration of this mode and_ the act:ual field present is
then aceounted for by the presence of a succession of higher-order modes,
each of which is of smaller amplitude than the 'ItEm comp?neqt.. The.se
higher-order modes will be primarily TE types, since exa,xmnstlf)n of Flg
5-8 indicates that, except to a very minor extept, thg electmf ﬁelf! is
everywhere almost cxactly transverse to the guide axis. Again, since
the coupling element ef is located midway between 'the md_es, the gystem
is symmetrical with respect to the center of the guide; .thls means tl.lat,
for this particular situation, no mode can be present that is unsymmetn'ca.l
about the guide center; i.e., modes such as the TE2o or TE4 cannot exist.

U
il

SIDE VIEW SECTION THROUGH XX

Fra. 5-9. Reetangular waveguide with vertical stub posts extending into the guide
from the top and bottom sides.

B
i

While the modes initially present in a waveguide are determined by the
field configuration used to excite the guide, new modes are generated
whenever the field is distorted. For example, consider the situation in
Fig. 5-9, where an obstacle in the form of a pair of metal posts is present
in the guide, and assume that a TE;, mode is traveling down the guide.
The posts distort both the electric and magnetic fields, which, therefore,
in the vicinity of the posts can no longer have the configuration cor-
responding to a pure TE;, mode. The resulting distorted configuration
can, however, he represented by a TE,, mode of different amplitude from
that which would be present in the absence of the posts, plus super-
imposed higher-order modes.

It is thus seen that an irregularity transforms a portion of an original
mode into new modes.  This is true irrespective of the exact nature of the
irregularity, which, for example, can be a bend, a twist, a constructional
irregularity, cte., instead of a post. Also any arrangement for absorbing
energy from the waveguide (i.e., a load termination) can in general be
expeeted to distort the ficld and generate new modes unless special care
is taken to avoid this result.

Suppression of Unwanted Modes. An attempt is usually made to
operate waveguides so that only a single pure mode is present. In this
way coupling systems and terminations ean be designed on the basis of &
definitely known type of field pattern. In most cases, the dominant mode
is preferred because the guide then has the smallest possible dimensions,
and the undesired modes can be very simply eliminated.
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A dominant mode, free of higher-order modes, can be obtained by
taking advantage of the fact that the dominant mode has the lowest cut-
off frequency of all possible modes. Thus, by proportioning the guide so
that it is large enough to transmit the dominant mode while too small to
permit propagation of any other mode, the higher-order modes do not
travel down the guide, but rather are confined to the region where they
are generated.

In rectangular guides, mode suppression of this character is most effec-
tive when the guide is so proportioned that a/b = 2 in Fig. 5-1. With
these proportions, there is a two-to-one frequency range over which only
the dominant mode propagates (see Table 5-1, page 136). In contrast, if
the guide were made square, the TEy; mode would have the same cutoff
wavelength as the TE;, mode, and there would be no frequency range
over which only a single mode could propagate. Because of considera-
tions such as this, rectangular guides are practically always proportioned
so that a/b = 2, as this ratio gives the best mode separation of all possible
proportions.

Modes which are beyond cutoff, and so cannot propagate, are some-
times termed evanescent modes. They represent localized field distribu-
tions, i.e., induction fields, that introduce reactive effects but do not
carry energy away from the point of origin as does the dominant mode.
For example, if the waveguide in Fig. 5-9 is so proportioned that only the
dominant mode can propagate, the end result of the field distortion intro-
duced by the post will be equivalent to introducing an irregularity in the
waveguide that causes a portion of the dominant wave to be reflected as
theugh from a reactive load. In addition, there will be induction fields
in the immediate vicinity of the irregularity that represent reactive
energy obtained from the incident dominant mode. However, if in
Fig. 5-9 the waveguide were made sufficiently large to permit some of the
higher-order modes produced by the post to propagate in the guide, these
modes would then travel away from the post, carrying energy with them
that was derived from the incident dominant mode. The remaining
modes, of such high order as to be unable to propagate, would still be
evanescent modes, and would give rise to reactive effects.

Another method of suppressing undesired modes consists in modifying
the guide in such a manner that fields of undesired modes are interfered
with, while fields of the desired mode are not affected. An example of
such a mode filter is illustrated in Fig. 5-10. Here the metal vanes do not
affect the fields of the TE,,, modes, but do interfere with both the electric
and magnetic fields of any TM or TE,, mode that might be present.
Thus such an arrangement is an effective means of suppressing the trans-
verse magnetic mode in a rectangular waveguide.

An obvious means of mode suppression is to arrange matters so that as
far as possible the undesired modes are never generated. This means
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exciting the waveguide in such a manner that the initial field configura-
tion resembles the desired mode as much as possible, and then avaiding
irregularities, including terminations, that mt'roduce distortions in the
field pattern. For example, a means of lnum_:hmg the waves in the guu:le
that produces only transverse vertical electric fields that do not vary in
strength in the vertical direction will not generate any TM mode, or any
of the TE,, series of modes. Fur-
ther, if the launching system is also
symmetrical with respect to the
center of the long side of the rec-
tangular guide, the only modes
present will be of the TE,, type,
where m is odd.
6-4. Physical Picture of Prop-
METAL VANES - agation in Rectangular Wave-
F1a. 5-10. Simple mode filter. guides. It is possible to explain
many of the properties of waveguide propagation by means of a simple
physical picture. To do so, start by considering two parallel conducting
planes; these planes will later define the top and bottom walls of a
rectangular waveguide. A plane radio wave such as illustrated in Fig.
1-1 will propagate freely in the space between these surfaces provided
the electric field is vertical. Such a wave travels with the velocity of
light, and its electric and magnetic fields are everywhere in time phase.
Some of the details involved are portrayed in Fig. 5-11. This wave can
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F1G. 5-11. Electric and magnetic fields of a plane radio wave that is propagating
hetween two parallel conducting planes.

also be represented by successive crests spaced a wavelength apart, as
illustrated in Fig. 5-12a, where 6 is the direction of travel of the wave with
respect to some reference axis. A second similar wave, differing in that
the direction of travel with respect to the same reference axis is — 6, is
illustrated in Fig. 5-12b.

If now both waves are simultaneously present in the space between the
conducting planes, one obtains the situation pictured in Fig. 5-12¢c. A
close examination of Fig. 5-12¢ shows that if the two waves have equal
amplitudes, then in vertical planes indicated by the heavy dotted lines,
cc and dd, the electric fields of the two waves are equal and opposite and
80 cancel. The transverse components of the magnetic fields likewise
cancel at cc and dd, causing the resultant magnetic field at these planes to
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be parallel to lines cc and dd. Vertical conducting sheets can accordingly
be placed along bb and cc without affecting either magnetic or electric

fields in any respect. These vertical
conducting surfaces, together with
the conducting horizontal planes,
define a rectangular waveguide with
conducting walls. The fields inside
this guide satisfy the boundary con-
ditions imposed by the walls, and
also satisfy Maxwell’s equations in
the space inside the guide. The re-
sultant field configuration obtained
by adding the fields of these two
plane waves that travel at angles 8
and —6, respectively, is the TEj
mode; this is illustrated by the dotted
lines in Fig. 5-12¢, which show the
resultant magnetic flux and are seen
to correspond to the magnetic-flux
distribution given in Fig. 5-2.

Study of Fig. 5-12c shows that it
is -now possible to consider that the
fields inside the waveguide are the
result of a pair of electromagnetic
waves that travel back and forth
between the sides of the guide,
following a zigzag path as illustrated
in Fig. 5-12d. “Each time such a
wave strikes the conducting side
wall, it is reflected with reversal of
the electric field, with an angle of re-
flection equal to the angle of inci-
dence, as illustrated.

The guide wavelength A\, for the
situation in Fig. 5-12¢ is the distance
along the axis between points in the
guide where the positive crests
coincide. It will be noted that the

NT \
MAGNETIC FIELD

RESULTA,

(c) WAVES OF (9) AND (4) SUPERIMPOSED ,
SHOWING PLANES cc ANDoYY OF ZERO RESULTAN!
ELECTRIC FIELD

7 NE

7
N
g \\// d
(d) 21G-ZAG WAVE PATHS THAT REPRESENT
SITUATION ILLUSTRATED IN ()
Fi1a. 5-12. Steps involved in building up

a physical picture of propagation in a
rectangular waveguide.

6

guide wavelength A, exceeds the free-space wavelength A of the plane wave

by an amount that will increase as 8

becomes larger. Various relations

follow from the geometry of Fig. 4-42¢; thus

008 6 = %/ (5-7a)
7\. .
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142
Combining to eliminate 6 gives
A
M V1 = (A/20)* x 5-8)

This is equivalent to Eq. (5-3) when it is noted that A\, = ?a.
Examination of the geometry of Fig. 5-12¢ reveals that, if the distance
between successive crests is increased (i.e., free-space wavelength A
increased), then if the electric fields are to cancel along planes cc and dd, it
is necessary that 8 be increased. As the free-space wavelength approaches
closer and closer to the cutoff wavelength, 6 thus becomes increasingly
large, and the zigzag path of the waves becomes increasingly transverse,

—~ - P2
PN i RN T
~ -
LY ~
~ v
~ Vs
~ g
N N7

]
(@) A MUCH LESS THAN CUTOFF

N SN \ !
\ \\\,’/ \‘\,’/ _L

(D) A MODERATELY LESS THAN CUTOFF

\ 4 \ A
' \ 7 \,‘
v v v

(€) X CLOSE TO CUTOFF
F1a. 5-13. Paths followed by a wave
traveling back and forth between the
sides of a waveguide for values of free-
space wavelengths differing from the cut-
oflf wavelength by various amountas.

as illustrated in Fig. 5-13.

The fact that the guide wave-
length A, in Fig. 5-12c exceeds the
free-space wavelength causes the
phase velocity in the rectangular
guide to exceed the velocity of
light. At the same time, the in-
dividual waves themselves advance
more slowly down the guide than
the velocity of light, since the indi-
vidual waves travel by a zigzag
path. This rate at which the
waves progress down the guide is
the group velocity and corresponds
to the rate at which a pulse of
energy would travel. As the free-
space wavelength approaches more
closely the cutoff wavelength of the

guide (i.e.,, as A — 2a), the phase
velocity becomes progressively larger and the group velocity progressively
less. In the limit, at the cutoff wavelength, the waves travel back and
forth betwecn the sides of the guide at right angles to the axis (§ = 90°).
Under these conditions nothing at all travels down the guide, so the group
velocity is zero, while the phase velocity is infinite.!

This picture that has been developed of wave propagation in a rectan-
gular guide can be readily extended to take into account the higher-order
modes. For example, in Fig. 5-12¢, it is apparent that there are also
other vertical planes in which the electric fields of the two component
waves cancel exactly; one such plane is indicated by ee in Fig. 5-14a. If

! An excellent discussion of the significance of group and phase velocities is given
by J. A. Stratton, “Electromagnetic Theory,” pp. 330-340, McGraw-H#ll Book
Company, Inc.; New York, 1941; also see H. H. Skilling, “Electric Transmission
Lives,” pp. 369-373, McGraw-Hill Book Company, Inc., New York, 1951.
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now vertical conducting sheets are placed at cc and ee instead of cc and
dd, one again has formed a rectangular waveguide inside of which are
fields (illustrated in Fig. 5-14) and c) that satisfy all of the required con-
ditions; this particular configuration is the TE;, mode.

4 \
\\ _'K\ X 4
. \ X < N .
AY AN N \
\ \ \ \
LG) COMPONENT WAVES SUPERIMPOSED, SHOWING THREE PLANES WHERE THE
ELECTRIC FIELDS CANCEL
v
1’4
(6) RESULTANT MAGNETIC FIELD CORRESPONDING
TO (0) PLAN VIEW
[ 4

=z = 7
H H

p
’ M
H

:
1 1
: $
H H

w

SIDE VIEW THROUGH ww END VIEW THROUGH vV

(€) RESULTANT ELECTRIC FIELD CORRESPONDING TO (0),IN VERTICAL PLANES

Fia. 5-14. Physical picture showing how the TK,, mode arises in a rectangular
waveguide.

6-b6. Circular Waveguides. It might be thought that waveguides
with circular cross sections would be preferred to guides with rectangular
cross sections, just as circular pipes are commonly used for carrying water
and fluids in preference to rectangular pipes. However, eircular wave-
guides have the disadvantage that there is only a very narrow range
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Fi1a. 5-15. Field configuration of the dominant TE,; mode, and of the first few higher-
order modes in a circular wavegide.

between the cutoff wavelength of the dominant mode and the cutoff

wavelength of the next higher mode.
which pure mode operation is assured is relatively limited. Also, because

Thus the frequency range over

of its circular symmetry, the circular guide possesses no characteristic that
positively prevents the plane of polarization of the wave from rotating
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about the guide axis as the wave travels. As a result, circular wave-
guides are used only under special circumstances, for example, where it is
necessary to introduce a rotating joint into a waveguide system.

Field configurations for the more important circular modes are illus-
trated in Fig. 5-15. As with rectangular guides, these modes may be
classified as transverse electric (TE) or transverse magnetic (TM),
according to whether it is the elec-

for rectangular guides.!
The wavelength corresponding to oo! \ o €07
cutoff for a particular mode in a N r /]/
circular guide is proportional to the 0005 I
diameter of the waveguide, with § § § 8 §_ §'
~ o
o

the exact relationship being given ¢ ° g
by the equation

tric or magnetic lines of force that _
lie in planes perpendicular to the ¢ 008 2"
axis of the guide. The different & ( y
modes are designated by a double %_ N /
subscript system analogous to that & 002 Mol
E
]

FREQUENCY, MEGACYCLES
s F16. 5-16. Attenuation as a function of

) y =\ = T frequency of the dominant and first
Cutoff wavelength = A, higher-order mode in a particular circu-~
(5-9) lar waveguide with copper walls.

where r is the guide radius and x is a constant that depends on the order
of the mode.? Results of Eq. (5-9) for the first few modes are tabulated
in Table 5-1.

The TE,, circular mode (see Fig. 5-15) has the longest cutoff wave-
length, and is accordingly the dominant circular mode. The next higher
circular mode is the TM,; mode, for whieh the cutoff wavelength is 0.76
times that of the dominant mode. The corresponding ratio is 0.5 for the
first two modes in a rectangular guide with a/b = 2. Thus the ratio of
frequencies over which only the dominant mode will propagate is over
50 per cent greater for the rectangular guide than for the circular guide.

The guide wavelength A, in a circular guide is greater than the wave-
length A in free space, just as in the rectangular guide. In fact, Eq. (5-3)
applies to circular as well as to rectangular guides. The velocity of phase
propagation is A,/A times the velocity of light in all cases.

A wave traveling down a circular guide is attenuated as a result of

! Forexample, in the TM,» mode, the magnetic field is circular, and m is the number
of cylinders, including the boundary of the guide, to which the electric vector is
normal. Rules for determining the subscripts for the various possible cases are given
in “Standards on Radio Wave Propagation—Definitions of Terms Related to Guided
Waves,” Institute of Radio Engineers, New York, 1945.

2 For TExm Waves, u is the mth root of the equation J,(z) = 0, and for TM .. Waves,
it is the mth root of the relation Ja(z) = 0.
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power dissipated in the wallfs by the induced wall cu{rents, exactly. as in
the case of a rectangular guide. Curves of attenuation as a funcn‘on of
frequency are given in Fig. 5-16 for the first two modes n a particular
guide. These are similar in _char.actcr to the corres!)ondmg curves of
Fig. 5-6 for the rectungular guide, in that the attcnuation passes through
a minimum at a frequency that is moderatcly greater than the cutoff
frequency.'

5-6. Reflected and Incident Waves, Field Distributions, and Stand-
ing-wave Ratio in Waveguides. As indicated previously, the field con-
figuration in the waveguide behaves in the same way as a wave on a trans-
mission line. That is, the electric and magnetic ficlds associated with a
particular mode, such as the TE;, mode, travel down tIEe guide at ?he
phase velocity. At the end of the guide, or at an irregularity, a reflection
is produced that creates a similar field configuration traveling in the
opposite direction. As in the analogous transmission line case, the reflec-
tion coeflicient at a point can be defined as the ratio of the reflected to
incident wave at that point in the guide.

The superposition of incident and reflected waves in a waveguide gives
rise to amplitude distributions along the guide that arc of exactly the
same character as the voltage and current distributions encountered in
transmission lines (illustrated in Fig. 4-4) provided one interprets the
electric and magnetic ficlds of the guide as being equivalent, respectively,
to the voltage and current of the transmission line. Thus a short-
circuited receiver (zero voltage or zero electric field at the receiving end of
the system) gives a distribution in which the resultant electric field is
maximum at distances from the load corresponding to an odd number of
quarter wavelengths based on A, the guide wavelength. At the same
time, the resultant magnetic ficld is maximumat the load, and atdistances
from the receiver corresponding to an even number of quarter wave-
lengths. Resistive loads of the incorrect vualue to absorb the incident
wave completely will give partial reflections, but with the maxima and
minima in the distribution occurring at the same places as in the cor-
responding open- and short-circuited cases. On the other hand, load
impedanees that have a reactive component will have the minima dis-
placed, cxactly as in the case of the transmission line.

The extent to which a reflected wave is present in a waveguide can be
conveniently expressed in terms of a standing-wave ratio. As applied
to a waveguide, the standing-wave ratio has the same significance and

' An exception to this otherw e general behavior is the THo; mode, sometimes called
the “smoke ring” mode, in which the attenuation decreases steadily with increasing
frequeney and becomes zero at infinite frequeney.  This result comes about through
the fact that in this mode the magnetic field adjacent to the walls of the guide becomes
progressively weaker ag the ratio of frec-space to cutofl wavelengths becomes less.
In the limit, at infinite frequency, this magnetic field becomes zero, resulting in zero
current induced in the walls,

InductEV, Inc.
Exhibit 1020
Page 149



Sec. 5-71 IMPEDANCE RELATIONS IN WAVEGUIDES 147

usefulness as in the analogous transmission-line situation, provided
that one remembers that the magnetic and electric fields in the guide
correspond respectively to current and voltage in the transmission
line.

Any irregularity in a waveguide will give rise to reflections and hence
will establish standing waves, just as does a load impedance that is not
matched to the waveguide. Thus bends, twists, joints, probes, mechan-
ical imperfections, pieces of dielectric, etc., all give rise to reflections, the
magnitude of which can be expressed in terms of the resulting standing-
wave ratio.!

Transmission-line Equivalent of a Waveguide System. In dealing with a
waveguide system possessing an irregularity, it is commonly convenient
to regard the arrangement as though it were a transmission line possessing
a corresponding irregularity., The characteristic impedance of this equiv-
alent transmission line can be taken as the waveguide impedance defined
in whatever manner is most convenient (see below). The impedance of
the transmission-line irregularity? (and also the load impedance) is then
assigned the value such that in relation to the characteristic impedance
the resulting reflection coefficient associated with the transmission-line
irregularity will be the same as the reflection coefficient actually produced
in the waveguide by the irregularity. The standing-wave situation exist-
ing on the equivalent transmission line is then the same in every respect
as is actually present on the waveguide; an example is given on page 149.

6-7. Impedance Relations in Waveguides. Waveguide Impedance. In
a transmission line, one can define a characteristic impedance that is
determined by the geometry of the line and which holds for all frequencies.
In contrast, there are several different ways in which a *characteristic
impedance” can be defined for a waveguide, and each of these definitions
gives a different numerical result. In addition, the waveguide impedarice
for a given guide will be a function of frequency irrespective of how
defined.

One commonly used approach is to define the impedance associated
with a waveguide as the ratio of the transverse components of the electric
to magnetic field strength. This is termed the wave tmpedance; for a
guide with air dielectric it is given by the formulas

For TE waves:
Wave impedance = 377 % ohms (5-10)

1The quantitative effects produced by bends, twists, etc., are summarized by
N. Elson, Rectangular Waveguide Systems, Wireless Eng., vol. 24, p. 44, February,
1947; also see Moreno, op. cit., pp. 162-169.

? In many cases an irregularity is more satisfactorily represented by a simple T or »
network, or a simple resonant circuit, than by a single circuit element. Examples of
such cases are given in Figs. 5-19c and 5-28.
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For TM waves: \ .
Wave impedance = 377 W ohms (5-11)

Here A and ), are the free-space and guide wavelengths, respectively.
The wave impedance has the desirable feature that it is independgnt of
the physical proportions or shape of the guide, or of the transmission
mode, except in so far as these affect the guide wavelength \,. The con-
cept of wave impedance is particularly useful in the study of waveguide
discontinuities and loads.

Another approach is to define the impedance of a waveguide as the
ratio of the mazimum value of the transverse voltage developed across the
guide to the total longitudinal current flowing in the guide walls for a
traveling wave when no reflected wave is present. On this basis, the
waveguide impedance Z, for the TEj) mode in an air-filled rectangular
guide is

>
(TR ]

{4
x
This definition of waveguide impedance is useful in the design of systems
for coupling waveguides to coaxial lines, such as illustrated in Fig. 5-8.
It must be used with some caution, however, because in contrast with
transmission lines, the fields of a guide are not uniformly distributed over
the cross section.

Impedance Matching in Waveguides. Reflected waves are generally to
be avoided in waveguides for exactly the same reasons that they are
avoided in transmission lines. One method of achieving this result in a
waveguide is to arrange matters so that the load impedance that is used
will completely absorb the incident fields exactly as they arrive, so that
there is nothing left over to be reflected ; this corresponds to characteristic
impedance termination in a transmission line. A second approach to the
problem is to create a reflected wave near the load that is equal in magni-
tude but opposite in phase from the wave reflected by the load; in this
way the two reflected waves cancel each other. Most commonly both
methods of impedance matching are used simultaneously. That is, the
system is initially so arranged that the load provides as good an imped-
ance match as is possible to obtain with regsonable effort, and then what
reflected wave still remains is eliminated ‘by the use of an impedance-
matching system that introduces a neutralizing reflection.

Numerous waveguide arrangements have been devised for introducing
a controllable reflection. Some of these are analogous to the impedance-
matching arrangements employed in transmission lines (described in
Sec. 4-11), while others are unique to waveguides. 7

The waveguide analogue of the stub line of Fig. 4-16 is the stub guide
or T section illustrated in Fig. 5-17. Two possibilities are to be dis-
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tinguished.! At a the reactance at the input of the stub guide is effec-
tively in series with the equivalent transmission line of the guide, while
with the stub as in b, the reactance introduced by the stub is.in shunt in
the equivalent transmission line circuit of the guide. This is shown
schematically at ¢ and d, respectively. The magnitude of the reflection
introduced by such a stub guide is controlled by the position of the short-
circuiting plunger in the stub guide. The phase of the reflected wave
produced by the stub is determined by the position of the stub in relation

SHORTING
PLUNGER

(a) SERIES T (0) SHUNT T

REACTANCE OF REACTANCE OF
SIDE ARM - SIDE ARM

(¢) TRANSMISSION LINE EQUIVALENT OF (@) (d) TRANSMISSION LINE EQUIVALENT OF (4)

F1a. 5-17. Waveguides provided with tuning stubs in arrangements analogous to that
of Fig. 4-18, together with equivalent transmission-line circuits.

to a minimum of the standing-wave pattern existing in the absence of the
stub. Thus, to eliminate a reflected wave using a single stub, it is neces-
sary to be able to vary not only the effective length of the stub, but also
its distance to the load. This latter requirement makes a single stub
arrangement unsatisfactory in systems that must be adjusted by trial
and error, since there is no simple way that the position of the stub can
be continuously varied. When trial-and-error adjustment is required,
one can, however, employ two waveguide stubs spaced approximately
n)\,/8, where 7 is odd, to give the waveguide equivalent of the two-stub
tuner of Fig. 4-18.
An alternative to the waveguide stub is an adjustable screw or probe
! The arrangements at @ and b are often referred to as E and H stubs, respectively,
because the axis of the stub is parallel to the E lines and H plane, respectively, in the
main guide,
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that projects into the waveguide in a direction parallel to the electric
field, as illustrated in Fig. 5-18. Such an arrangement has the same
effect as shunting a capacitive load across the equivalent transmission
line of the waveguide, with the susceptance of this capacitive load increas-
ing with penetration into the guide up to the point where the equivalent
penctration is a quarter of a wavelength.! Thus the extent to which such
a probe (or screw) projects into the
PROBE OR waveguide determines the magni-
tude of the compensating reflection,
while the position of the probe with
respect to the standing-wave pat-
tern that is to be eliminated de-
termines the phasing of the reflected
wave. When it is necessary that
Fia. 5~18._Adjustal_)le screw  (or probe) the axial position of the probe or
for producing an adjustable reflection for . .
impedance-matching purposes. screw be adjustable experimentally,
this can be achieved by providing
the guide with a longitudinal slot located in the middle of the broad side,
as shown dotted in Fig. 5-18. As pointed out in connection with Fig. 5-5,
such a slot (labeled 1 in this figure) produces a minimum of interference
with the fields inside the guide, and has little tendency to radiate energy.
Where it is desirable to avoid the use of a slot, one can instead employ
two spaced probes in an arrangement analogous to that of Fig. 4-18.

METAL OBSTACLE-

A
m\x\\\\
f — —

PSS

{@) INDUCTIVE WINDOW (0) CAPACITIVE WINDOW (€) POST (INDUCTIVE)

Fia. 5-19. Examples of obstacles used in waveguides to introduce reflection, together
with equivalent transmission-line systems.

Another impedance-matching system consists of a thin metallic barrier,
or “window,” placed at right angles to the axis of the guide, as illustrated
in Fig. 5-19. The arrangements at a and b introduce, respectively, induc-
tive and capacitive shunts in the equivalent transmission-line circuit of
the waveguide as shown, the magnitudes of which depend upon the size

! When the equivalent penetration is exactly a quarter wavelength, the probe
becomes resonant. The system then acts as though a series resonant circuit of low
resistance was connected in shunt with the waveguide; thus at exact resonance the
probe acts as a shunt of very low resistance.
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of the opening. A conducting cylindrical post going from top to bottom
of a rectangular waveguide, as at ¢, produces an inductive shunt suscept-
ance! having a magnitude determined by the size of the wayeguide, the
diameter of the post, and the post position in the transverse plane. Still
another type of obstacle is illustrated in Fig. 5-9. Reflections introduced
by obstacles such as illustrated in Fig. 5-19 cannot be conveniently
adjusted experimentally. These arrangements are of practical use, how-
ever, in systems where a reflected

wave of known and unvarying « CaSE b
SHORT-CIRCUITED
END

character is to be neutralized.? CASE 0 »

Impedance Matching with Restst-
ive Loads. There is the theoretical
possibility of matching a resistance
load directly to the waveguide in
such a manner as to avoid a re-
flected wave; this eliminates the
need of introducing a compensating
reflection. Thus consider the situ-
ation illustrated in Fig. 5-20, case a,
where the load consists of a resist-
ance R, connected between the top
and bottom planes of the guide midway between the sides, and an odd
multiple of a quarter of a guide wavelength away from a short circuit.?
If the load resistance R. is now equal to the waveguide impedance Z, as
defined by Eq. (5-12), then the incident wave will be absorbed without
reflection. If the resistance K. that is to be used differs from the value
called for by Eq. (5-12), one can change the guide impedance as required

TOP VIEW

S A,

'(—ﬁ19/4—-"
SIDE VIEW (n-00dd)
Fia. 5-20. Resistance load connected
between top and bottom sides of wave-
guide.

AAANA

t Actually the equivalent circuit will be a simple shunt inductance only when the
diameter of the post is not more than a few per cent of the guide width. With thicker
posts, the equivalent circuit includes series capacitances in addition to the shunt
inductance, as shown dotted in Fig. 5-19c. These capacitances become larger (i.e.,
have lower reactance) the smaller the post diameter and have negligible reactance in
the case of very thin posts The T network shown in Fig. 5-19¢ will accurately
represent the behavior of even a very thick post over a wide range of frequencies
when the inductance and capacitances of the equivalent section are properly chosen.
Similarly, if the strips forming the windows at a and b are not thin, the obstacle is
represented more accurately by a T network than by a single shuntingreactance.

2 Quantitative analysis of the structures shown in Fig. 5-19, and also of other forms
of obstacles, is given in ‘ Waveguide Handbook” (vol. 10, Radiation Laboratory
Series, chap. 5, McGraw-Hill Book Company, Inc., New York, 1951; also see Moreno,
op. cit., chap. 9.

3 The short circuit placed an odd multiple of a quarter of a guide wavelength distant
from the load is necessary because if the guide is continued indefinitely beyond the
resistance, then R; would act merely as a shunt irregularity in the guide. Alter-
natively, if the guide simply ended at the point where the resistance was connected,
then part of the energy of the incident wave would be radiated from the open end of
the guide rather than being dissipated in the resistance.
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by varying the height b of the guide, using & gradual taper as lllustra.ted
in Fig. 5-2la to avoid introducing a reflection. A variation consists in
tapering only the center portion of the guide to form a ridge, as in Fig.
b.
5-iln alternative arrangement, suitable for use when the load resistance
is less than the guide impedance,
consists in placing R. off center as
indicated by case b of Fig. 5-20.
This subjects R. to less voltage
-—lmt»:o secrion | than case a, and 8o gives. an im-
»  pedance-transforming action.! A
(a), GUIDE WITH TAPERED HEIGHT similar eﬂect is &lso Obtained by
making the distance from R, to the
short circuit differ from an odd
multiple of a quarter wavelength.
In actual practice, arrangements
of the type illustrated in Fig. 5-20
’ usually introduce a discontinuity
(9 cuoe with Tapereo RIDGE ‘706 capacitance. 'When this is the case,
Fl(f. 5-21. Waveguides terminated with pgo adjustment of the resistance
resistance loads. match will eliminate completely the
reflected wave; to achieve such a result some additional impedance-
matching adjustment, such as obtainable with a probe or a stub guide,
must also be used.
Nonreflecting Loads. In systems involving waveguides it is often neces-
sary, particularly in measurement work, to provide a termination that

srrrose,
! ’

[ B |

A

SIDE VIEW END VIEW
(@) LOSSY VANES (5) LOSSY WEDGE OF DIELECTRIC OR POLYIRON

Fia. 5-22. Examples of nonreflecting terminations for waveguides.

will completely absorb any wave going down the guide, irrespective of the
exact frequency of this wave, and without any adjustment being required.

This result is most conveniently achieved by absorbing the wave in a
lossy section tapered so gradually as to introduce no reflection. Examples
of such sections are illustrated in Fig. 5-22; these involve lossy vanes, or
wedges of lossy dielectric or iron dust core material, tapered on the enter-

! The off-center connection causes the resistive impedance that the gui
-cent guide presents
u? the coaxial line to be less than Eq. (5-12) by the factor cos? (xz/a)> where z is the
distance off center and a is the guide width.
InductEV, Inc.
Exhibit 1020
Page 155



Ssc.58) WAVELENGTHS GREATER THAN CUTOFF 153

ing edge, and having a sufficient length to absorb an entering wave alinost
completely.!

§-8. Waveguide Behavior at Wavelengths Greater than Cutoff.®
When a waveguide is excited at a wavelength greater than cutoff, the
behavior is entirely different from the behavior at wavelengths less than
cutoff. In particular, the electric and magnetic fields now decay expo-
nentially with distance at.a very much more rapid rate than is accounted
for by energy losses in the walls. The rate of this attenuation, moreover,
depends only on the ratio A/A, of the free-space wavelength to the cutoff
wavelength; unlike waves shorter than the cutoff wavelength the attenua-~
tion is independent of the material of the guide walls. The exact law of
attenuation can be derived by application of the fundamental field equa-
tions, and is

A i
et o) =2 =22 () e
When the actual wavelength is much greater than cutoff (A > > 1,), then
a= 5:—:5 (6-13b)

TABLE 5-2

ATTENUATION FORMULAS FOR CUTOFF ATTENUATORS

Attenuation, db

Mode per unit length Value of \
Circular waveguides of radius r
TE:; Q' 3.42r
TMa @ 2.61r
TEw B3 1.64r

Rectangular guide of width ¢ and height b

2.3
a

TEy and TMu -2? 1+(§)' ~\ﬁ—-%'-(—%7,

1 For further discussion of nonreflecting terminations for waveguides see F. E.
Terman and J. M. Pettit, “Electronic Measurements,” p. 639, McGraw-Hill Book
Company, Inc., New York, 1952.

! The ariginal paper on this subject was by Daniel E, Harnett and Nelson P, Case
The Deaign and Testing of Multirange Receivers, Proc. IRE, vol. 23, p. 578, June, 1935.

TE1 2a
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Here \ is the free-space wavelength and A, is the cutoff wavelength,
measured in the same units of length used in expressing the attenuation.
Equations (5-13) apply to all modes of propagation in all ty;tea of wave-
guides. The resulting relation between the rate of attenuation and the
guide dimensions is given in Table 5-2 for cases of particular interest.
Frequency enters into the expres-
10 _— sion for attenuation only through the
K term A/\ in Eq. (5-13a). When this
is small, the attenuation is substan-
tially independent of frequency.! As
the wavelength approaches the cutoff
to™! value, the rate of attenuation will
diminish in accordance with Eq.
1072 (5-13a). This is illustrated in Fig.
5-23. As cutoff is very closely ap-
o } proached, a rapid transition takes
10 >
" place, as shown, and when the wave-
length is less than cutoff, the attenua-
107y o s tion assumes the comparatively low
actuaL waveLensth___ A value associated with wall losses.
. 5_23“""‘_5";;” AT fur"’;'r e Waveguides operated at wave-
Fio 62 Typilvariton o e oty greaer than cutofl, termed
in the vicinity of cutoff. waveguide atfenuators, are often used as
attenuators in signal generators. The
usual arrangement for this purpose, illustrated in Fig. 5-24, involves
exciting the guide, which may be either circular or rectangular, with a
coil, the axis of which is at right angles to the axis of the guide. The
pickup system then consists of a similar coil with its axis parallel to the
TH, Rl ya N
weur 1 \J ovrrur

RELATIVE ATTENUATION IN 0& PER Cm

EXCIING COIL PICKUP COIL
Fra. 5-24. Schematic diagram of typical waveguide attenuator.

axis of the exciting coil. Such an arrangement uses the TE;o mode in the
rectangular case, and the TE;; mode when the guide is circular.? The

 This neglects the variation with frequency of the depth of current penetration
into the wall. To obtain maximum accuracy when using Eqgs, (5-13), the effective
internal Jimensions of the waveguide should be taken as extending into the walls a
distance equal to one-fourth th« skin depth as given by Eq. (2-10). Since this skin
depth varies with frequency, the value to be assigned ), will likewise vary with fre-
quency, increasing slightly as the frequency is reduced, and hence introducing a small
additional cause of variation of attenuation per unit length.

? These are the dominant modes and are employed because they attenuate more
slowly with distance than do higher-order modes. Hence when the dominant mode
is initially mixed to some extent with higher-order modes, then the mode becomes
increasingly pure as one goes down the guide away from the exciting coil.
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output of such an attenuator is varied by adjusting the distance between
the pickup coil and the exciting coil. The change in output produced by
a known displacement of the pickup coil can be calculated from the
waveguide dimensions, using Table 5-2 or Eqs. (5-13). The waveguide
operated at wavelengths greater than cutoff hence provides a simple and
reliable way of introducing known changes in the output.!

6-9. Miscellaneous Aspects and Properties of Waveguides. Coupling
between. Coazial Lines and Waveguides. Numerous arrangements have
been devised for coupling a coaxial transmission line to a waveguide so
that power may flow from one transmission system
into the other. A typical example? is illustrated in
Fig. 5-8. As viewed by the coaxial transmission line,
the waveguide in this arrangement behaves like a
resistance equal to the waveguide impedance as defined
by Eq. (5-12). In addition, there is a reactive effect
associated with the coupling as a result of the induct- d
ance of the length of conductor extending across the Fio. 5-25. Wave-

. guide-to-coaxial-
waveguide, and also as a result of evanescent modes |ije coupling sys-
present at the junction. In order to obtain an im- tem based upon a
pedance match between a coaxial line and waveguide 31°‘d in the r°“°°’
such that power will pass from one system to the other ﬁﬁ:,;’;"ﬁ;e? the
without producing a reflected wave, it is therefore
necessary not only to match the characteristic impedance of the coaxial
line properly to the waveguide impedance, but in addition & compensat-
ing reactance must beintroduced at the coupling point. A simple method
of producing the required neutralizing effect consists in adjusting the dis-
tance ¢ in Fig. 5-8a so that the shunt reactance observed by the coaxial
line, when looking toward the short-circuited end of the waveguide, is
equal and opposite to the shunt reactance associated with the coupling
system.?

A very different approach to the problem of coupling a waveguide to a
coaxial line is illustrated in Fig. 5-25. Here a transverse slot in the outer
conductor of the coaxial line allows magnetic flux to leak from the line
into the waveguide. At the same time, the slot interrupts the flow of
current in the outer conductor of the coaxial line, thereby creating a
voltage difference across the slot that produces an electric field between
the top and bottom sides of the waveguide. In this way a wave on the

COAXIAL LINE

! A more extensive discussion of waveguide attenuators is given by Terman and
Pettit, op. cit., p. 656.

! The detailed design of systems of this type is given by Seymour B. Cohn, The
Design of Simple Broad-band Waveguide-to-coaxial-line Junctions, Proc. IRE, vol. 35.
p. 920, September, 1947.

3 The resistance that the waveguide offers the coaxial line can, when desired, be
reduced by placing the coupling point off center, i.e., by making distance d in Fig.
5-8) less than half the guide width.
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coaxial line introduces electric and magnetic fields into the waveguide
that correspond roughly to the fields of the domt m?de. Con-
versely, a dominant mode traveling down the waveguide will excite a
wave on the coaxial system.

aWaveguMe Directhal Couplers. 1t is possible to devise directional-
coupling systems involving waveguides that are analogous to the trans-
mission-line directional-coupling arrangements discussed on psge 115.
The waveguide equivalent of the two-hole directional coupler of Fig. 4-24
is illustrated in Fig. 5-26. Directional coupling between a waveguide
and a coaxial system is also possible. Thus, if the primary line in Fig.
423 is replaced by a waveguide,
one obtains directional coupling
between a waveguide primary and
a coaxial secondary system.

Magic T. The waveguide ar-
rangement illustrated in Fig. 5-27a,
termed a magic T, possesses many
of the qualities of & bridge. Thus
if the two side outlets C and D have

F1a. 5-26. Two-hole directional coupler

for waveguide analogous to the two-hole
coaxial line coupler of Fig. 4-24. The
narrow slot parallel to the guide axis
provides coupling that is predominantly
electrostatic.

the same length and are terminated
identically, then power delivered to
the system at A divides at the junc-
tion and flows equally to C and D,

with no output whatsoever being
obtained at B’ similarly, power supplied at B divides between C and D
and none of it appears at A. On the other hand, if power is delivered to
the system at A and the terminations at C and D are not identical, then
there will be an output at B proportional to the difference between the
waves reflected at C and D.

This behavior can be explained as follows: A wave of the dominant
mode traveling down A cannot turn the corner into B, because the
orientation of the electric field in A is such that in turning into B the
electric field would necessarily have to be parallel to the long dimension
of the guide. For this field configuration, guide B will have a cutoff
wavelength less than the wavelength of the wave arriving from 4, pro-
vided the proportions and absolute dimensions of the system are properly
chosen. The waves arriving from A4 caa, however, divide and travel in
directions C and D, it merely being necessary for the electric flux to turn
corners into eimilar guides. Equal reflections from C and D, upon reach-
ing the junction of the magic T, will divide between 4 and B. The por-
tions entering A from C and D are in phase and sa combine to give stand-
ing waves in A. However, the portions of these reflected waves that
attempt to enter B do so as a result of the electric vector turning a corner
as illustrated in Fig. 5-27b, and it will be noted that the reflections from C
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and D when entering B are of opposite polarity and so tend to cancel.
This cancellation is complete if the reflected waves from C and D are
identical upon arrival at the junction, in which case there is no trans-
mission to B. However, if the reflected waves produced at C and D are
not identical in magnitude and phase as they arrive at the junction, then
there will be a resulting component entering B that is proportional to the
vector difference of the two waves.1:*

The Resonant Obstacles in Waveguides.* When certain types of obstruc-
tions are placed in waveguides, a resonant effect is introduced that is
equivalent to shunting the equivalent transmission line of the guide with
either a series or shunt resonant circuit, as the case may be. The quarter-

P i

(6) BEHAVIOR OF REFLECTIONS
FROM C AND 0

(@) MAGIC T CONFIGURATION
F1a. 6-27. Magic-T arrangement.

wave resonant post discussed in connection with Fig. 5-18 is an example,
and is equivalent to a series resonant system connected across the guide.
Another example is provided by a rectangular window in a rectangular
waveguide, illustrated in Fig. 5-28a, which acts as a parallel resonant
shunt. In contrast, an obstacle having the configuration shown in Fig.
5-28b acts as a series resonant shunt, the resonance occurring at a fre-
quency determined largely by the peripheral length of the obstructing
rectangular ring. Many other forms of resonant obstacles are also
possible.

Obstructions that behave as shunting series-resonant systems will
transmit energy rather freely at all frequencies except those in the
immediate vicinity of the series resonant frequency, where the shunting
impedance is so low as to reflect nearly all of the energy. In contrast,

! This explanation assumes that the discontinuity capacitances existing at the
common junction of the magic-T configuration have been neutralised by the introduc-
tion of appropriate inductive irregularities, such as a window of the type illustrated
in Fig. 5-19a.

* Another waveguide arrangement, known as the Aybrid ring, has properties similar
to thoee of the magic T, and can be regarded as an alternative arrangement. Various
forms of the hybrid ring are described by W. A. Tyrell, Hybrid Circuits for Micro-
waves, Proc. IRE, vol. 35, p. 1204, November, 1947,

3 Further material on this subject, particularly deeign information, is given by
Moreno, op. cil., pp. 1560-157; also see “ Waveguide Handbook,” op. cit., chap. 5.
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an obetacle that acts as a parallel resonant shunt will have no effect on
the transmission at the resonant frequency of the obstacle, but at all
frequencies differing appreciably from the resonant frequency it will
introduce a low shunting reactance that permits very little energy to be
transmitted past the obstacle.

Ridged Waveguides.* Under some circumstances there is an advantage
in providing a rectangular waveguide with a ridge analogous to the ridge
shown in Fig. 5-21b except not tapered. This increases the cutoff wave-
length, and widens the frequency range over which only the dominant
mode will propagate. Thus a ridged structure has advantages when
physical compactness is important, and when the guide is to be used over

£ 3

(@) RETANGULAR WINDOW AND (&) RECTANGULAR RING AND
EQUIVALENT TRANSMISSION-LINE EQUIVALENT TRANSMISSION-UINE
CIRCUIT CIRCUIT

T1a. 5-28. Typical resonant obstacles, together with their equivalent transmission-line
circuits.

an unusually wide frequency range. At the same time, the attenuation
of the ridged structure per unit length is greater than for the correspond-
ing rectangular guide. The impedance of the ridged structure analogous
to the impedance defined in Eq. (5-12) is less than in a rectangular guide;
this is sometimes an advantage when matching impedances (see Fig.
5-21b), or when coupling a coaxial line to a waveguide.

Comparison of Waveguides and Coazial Transmission Lines. Wave-
guides find their principal use in the transmission of power at wave-
lengths of the order of 10 ¢m or less, under conditions where low attenua-
tion or high power-carrying capacity is important. The power losses in
a waveguide will be of the order of one-third as great as in a comparable
coaxial line having air dielectric with sipporting insulators, and the
superiority is many times greater as compared with the best flexible
cable. The power-carryiig capacity of a waveguide as limited by flash-
over is likewise from three to ten times as great as that of a standard
coaxial line having air dielectric with supporting insulators, and may be
of the order of thousands of times as great as that of a flexible cable with
solid dielectric.

! For further details see Seymour B. Cohn, Properties of Ridge Wave Guide, Proc.
IRE, vol. 35, p. 783, August, 1947.
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A waveguide must have a size that is a reasonable fraction of a wave-
length. This is an advantage at very short wavelengths, such as 1 em,
where coaxial lines with proportions that avoid higher modes are pro-
hibitively small. However, at wavelengths much greater than 10 cm,
the waveguide becomes undesirably large and so then finds use only in
special applications. Other things being equal, waveguides also have the
advantage in mechanical simplicity over coaxial lines with air insulation
and dielectric support.

6-10. Cavity Resonators.! Any space enclosed by conducting walls
possesses a resonant frequency for each particular type of field configura-
tion that can exist in the space. Resonators of this type, commonly
called cavity resonators, find extensive use as resonant circuits at extremely
high frequencies. Their behavior is analogous to that of coil-and-capaci-
tor combinations, but for microwave frequencies cavity resonators have
the advantages of reasonable dimensions, simplicity, remarkably high Q,
and very high shunt impedance.

Cavity resonators can take many forms, since any enclosed surface,
irrespective of how irregular its outline, forms a cavity resonator. The
simplest cavity resonator is a length of circular or rectangular waveguide
short-circuited at each end to form a cylinder or rectangular prism,
respectively. A spherical cavity is also of interest from a theoretical
point of view, although not very useful in a practical way. Cavities such
as illustrated in the lower half of Fig. 5-29, in which the opposite sides
are brought close together to form a reentrant structure, are of importance
when an electron beam is passed through the cavity, as in klystron tubes.?
In such arrangements, the electric field is very strong in the gap formed
by the reentrant sections, thus permitting effective interaction with elec-
trons passing across this gap.

Cavity resonators can also be derived from coaxial lines. For example,
a line short-circuited at each end, as in Fig. 5-30a, is resonant whenever
the length is a multiple of a half wavelength. Alternatively, it is possible
to arrange a coaxial transmission line, as illustrated in Fig. 5-30b; this
can be regarded as a line short-circuited at one end and open at the other
end except for the localized capacitance between the center conductor and

! Resonant cavities were introduced to radio by W. W. Hansen, A Type of Electrical
Resonator, J. Appl. Phys, vol. 9, p. 654, October, 1938. Useful information on
properties of cavities is given by Moreno, op. cit., pp. 210~241; Terman and Pettit,
op. cil., pp. 204-210; I. G. Wilson, C. W. Schramm, and J. P. Kinzer, High Q Resonant
Cavities for Microwave Testing, Bell System Tech. J., vol. 25, p. 408, July, 1946;
J. P. Kinzer and 1. G. Wilson, Some Results on Cylindrical Cavity Resonators, Bell,
System Tech. J., vol. 26, p. 410, July, 1947; End Plate and 8ide Wall Currents in
Circular Cylinder Cavity Resonator, ibid., vol. 26, p. 31, January, 1947,

? Properties of such resonators are given by T. E. Moreno, op. ci.; also see W. W,
Hansen and R. D. Richtmyer, On Resonators Suitable for Klystron Oscillators,
J. Appl Phys. vol. 10, p. 189, March, 1939,
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i ine. It is also possible
th ducting surface that closes the end of the lm?,
toer:::rd the sa.vity of Fig. 5-30b as a reentrant cavity analogous to that
of Fig. 5-29f.! . . .
Mogdea in Cavities. As in waveguides, it is po-eslble fog' many dxﬁ?rent
types of field configurations, or modes, to exist in a cavity. ) Associated
with each such mode is a resonant frequency that 1s det.fanmrfed b}t the
particular field configuration involved and by the cavity dimensions.

A
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F1a. 5-29. Examples of cavity resonators. All these resonators except the prism are
shown a8 croes sections of figures of revolution. The field distributions shown for
certain of the resonators correspond to the distributions with the dominant mode of
operation. B

Thus each cavity resonator possesses an infinite number of resonant fre-
quencies. As in the case of the waveguide, the lowest resonant frequency
associated with a particular cavity is termed the dominani mode, while
the remaining resonant frequencies are referred to as higher-order modes.

The cavity modes can in many cases be associated with waveguide
modes. Thus in the case of the rectangular prism of Fig. 5-29¢, a TE or
TM wave traveling in the ! direction will be in resonance whenever the
frequency is such as to make the cavity length ! a multiple of half of a
guide wavelength for the mode in question. An analogous situation also

1 Resonant lines of this typs» ure sometimes termed hybrid lines, since as the center
vonductor is shortened in length compared with the length of the outer conductor
(see c and d of Fig. 5-30), the behavior, including field configurations, is intermediate
between that of a resonant line and that of a cylindrical cavity. The properties of
coaxial cavity resonators are discussed by W. L. Barrow and W. W. Mieher, Natural
Oscillations of Electrical Cavity Resonators, Proc. IRE, vol. 28, p. 184, April, 1840;
also see W. W. Hansen, On the Resonant Frequency of Closed Concentric Lines,
J. Appl. Phys., vol. 10, p. 38, January, 1939,
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exists with cylindrical cavities. However, in the case of the cylindrical
cavity, it happens that the dominant mode corresponds to the field con-
figuration illustrated in Fig. 5-29b, for which there is no waveguide
counterpart. In contrast, the dominant mode for the rectangular prism
corresponds to the TE;, waveguide mode traveling along the axis that is
longest when measured in guide wavelengths. = In reentrant cavities, the
dominant mode corresponds to a field configuration of the type illustrated
in Fig. 5-29¢; here the electric field is most intense in the gap.

Modes in a cavity are classified as transverse electric (TE) or transverse
magnetic (TM) modes, corresponding as far as possible to the analogous
waveguide modes. The particular mode of any such class is then com-
monly designated by three subscripts. Thus the field configuration

7N
Z S f“\

al 7] 13 (a1 (e
F1a. 5-30. Transition from concentric line to cylindrical cavity, showing electric fields
for various intermediate or hybrid cases.

i
[T

shown in Fig. 5-29b is the TM,o mode. Here TM denotes that the mag-
netic field lies in planes transverse to the axis of the cylinder, while the
first and third subscripts denote, respectively, that the variation of the
magnetic field is zero with radial direction and with position along the
axis, and the gecond subscript indicates that there is one-half cycle of
variation in the field along a radial line passing from one edge of the
cylinder to the other edge. Again, the field configuration indicated in
Fig. 5-29¢ is the TE,(; mode, meaning that the electric field is transverse
to an axis in the ! direction and that the variation of the electric field is
one-half cycle, zero, and one-half cycle in the a, b, and ! directions,
respectively.

A cavity resonator possesses many more modes than does the corre-
sponding waveguide. For example, in the rectangular prism of Fig.
5-29¢, there are an infinite number of TE,¢, modes for each of the three
axes of the prism. Thus a triple infinity of modes exists in the rectan-
gular prism corresponding to the single infinity of TE,, waveguide modes.
As a result, at frequencies appreciably greater than that corresponding
to resonance at the dominant mode, it is found that the resonant fre-
quencies of cavities will be extremely closely spaced. This results in an
impossible situation if one wishes to obtain pure mode operation; at the
same time, it is an advantage if one desires to make it as easy as possible
for the cavity to resonate with an arbitrary exciting frequency.
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Resonant Frequency of Cayvity Resonators. A resonant frequency of a
cavity resonator corresponds to a possible solution of Maxwell’s equations
for the electric and magnetic fields within the resonator. The resonant
frequencies (or wavelengths) can be calculated mathematically for
geometrical shapes such as spheres, cylinders, and rectangular prisms and
some idealized forms of reentrant sections. Formulas for the resonant
wavelength of the dominant mode are given in Table 5-3 for spheres,
cylinders, and square prisms. In the case of prisms it will be noted that
the length ! corresponds to. \,/2 for the corresponding TE,, waveguide
mode.! .

The resonant wavelength is proportional in all cases to the size of the
resonator; i.e., if all dimensions are doubled, the wavelength correspond-
ing to resonance will likewise be doubled. This fact simplifies the con-
struction of resonators of shapes that cannot be calculated. To obtain a
resonator operating exactly at a desired frequency, one first constructs a
resonator of convenient size and of the desired proportions and measures
the resulting resonant wavelength. The ratio of the desired resonant
wavelength to this wavelength gives a scale factor that is applied to every
dimension of the test model to obtain the dimensions of the desired
resonator.

The resonant frequency of a cavity resonator can be changed by alter-
ing the mechanical dimensions, by coupling reactance into the resonator,
or by means of a copper paddle. Small changes in mechanical dimen-
sions can be achieved by flexing walls, while large changes require some
type of sliding member. Reactance can be coupled into the resonator
through & coupling loop in the manner discussed below, thus affecting
the resonant frequency. A copper paddle placed inside the resonator will
affect the normal distribution of flux and teid to alter the resonant fre-
quency by an amount that can be controlled by the orientation of the
paddle.

Q of Cavity Resonators. The Q of a cavity resonator has the same sig-
nificance as for an ordinary resonant circuit. It can be defined on the
basis that when the response has dropped to 70.7 per cent of the response
at resonance, the cycles off resonance are the resonant frequency divided
by 2Q (see Rule I, page 49). In the case of cavity resonators, it is also
sometimes convenient to base the definition of Q upon Eq. (3-1), namely,

Q=2 encrgy stored

- energy lost per cycle (5-14)

The energy stored is proportional to the square of the magnetic flux
density integrated throughout the volume of the resonator, while the
energy lost per cycle in the walls is proportional to the skin depth and to
the square of the magnetic flux density integrated over the surface of the

1 Design data for reentrant cavities of the type illustrated in Fig. 5-29d and & are
given by Moreno, op. cit., pp. 230-238.
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cavity. Thus, to obtain high Q, the resonator should have a large ratio
of volume to surface area, since it is the volume that stores energy and it
is the surface area that dissipates energy. As a consequence, resonators
such as spheres, cylinders, and prisms can in general be expected to have
higher Q’s than corresponding resonators with pronounced reentrant
sections.

TABLE §-3
PROPERTIES OF CAVITY RESONATORS FOR DOMINANT MODE
Type of cavity Sphere Cylinder Square prism
Figure illustrating notation.... 5-29a 5-29b 5-29¢c
Wavelength Ao at resonance. ... 2.28r 2.61r 1.414a
M 1N 1N
Qe 0.318-6- 0.383l ey =y ) 0.3531 Fa/2) 3
Shunt impedance across A4 at N . b
. No
resonance........... ...... 104.4: 72; iFoms lm;i—fl-—WT

All dimensions are in centimeters.
& = gkin depth as defined by Eq. (2-10)
= 6.62/+/7 cm for copper, where f is in cycles

Quantitative analysis leads to the formulas given in Table 5-3 for the Q
of the dominant mode of spheres, cylinders, and square prisms. Some
typical values of Q obtainable in practical cavity resonators are given in
Table 5-4. It will be noted that the values are extremely high compared
with those encountered in ordinary resonant circuits (e.g., Fig. 2-16).
This is true even in the case of the reentrant cavity.

TABLE 654

PROPERTIES OF TYPICAL CAVITY RESONATORS
WHEN OPERATING IN THE DOMINANT MODE

Resonant Q Shunt
Resonator Dimensions, wave- (copper resistance,
cm length \o. ohms (cop-
walls)

cm per walls)
Sphere................... r=5 11.4 28,000 9.7 X 10¢
Cylinder................. r=h/2=35 13.0 24,000 | 9.1 X 10¢
Square prism (cube) . ...| a=b=1[ =10 14.1 23,000 | 7.8 X 10¢
Reentrant (Fig. 5-29f) .. | a = 0.81 12.8 4,000 | 0.17 X 10¢
b=1.69 (approx.) | (approx.) | (approx.)

20 = 1.82

d/2 = 0.20

The Q of resonators of the same proportions but of different size will be
proportional to the square root of the resonant wavelength. This arises
from the fact that, whereas the ratio of volume to wall surface is propor-
tional to a resonant wavelength, the skin depth (and hence the energy
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dissipation per unit of surface) is proportional to the square root of the
h.

wa.s",}filte:fgtllmpcdam of Cavity Resonators. The shun!; impedance of a
cavity resonator between two surfaces, such as those mt.er.sec?ed by the
axis AA in Fig. 5-29, can be defined as the square of the h'ne integral of
voltage along a path such as AA divided by the power.loss in t.he resona-
tor when excited to give the voltage used in the line integration. This
impedance corresponds to the parallel resonant impedance of 8 tuned
circuit, and at resonance becomes a resistance termed the shunt resistance
of the resonator.

The shunt resistance obtained with spheres, cylinders, and square
prisms operating in the dominant mode can be calculated frou.l the
formulas given in Table 5-3. Values of shunt resistance for the dominant
mode in several typical cases are given in Table 54, and are seen to be
very large compared with the shunt resistances obtainable with ordinary
resonant circuits. It is further to be noted that although the shunt
resistance of the reentrant cavity is much less than that of the other
cavities, this impedance is developed across such a short distance that the
impedance per unit length is of the same order of magnitude as the
maximum value obtainable with other geometries.

6-11. Coupling to Cavity Resonators. To make use of a cavity
resonator it must be coupled in some manner to a transmission line or

_ cawiry .canry
-

tooP- .
u

(o) caviTy wiTH {4) EQUIVALENT (C) CAVITY WITH

COUPLING LOOP CIRCUIT OF (@) COUPLING PROBE

F14. 5-31. Loop and probe coupling to cavity resonator.

waveguide. One means of accomplishing this is to employ a small loop so
oriented a3 $o link with magnetic flux lines existing in the desired mode of
operation, as illustrated in Fig. 5-31a. A current passed through such a
loop will then excite oscillations of this mode- conversely, oscillations
existing in the resonator will induce a volsage in the coupling loop. The
combination of the coupling loop and cavity resonator is equivalent to the
inductively coupled system of Fig. 5-31b. In such a system, the ratio of
the impedance that the cavity couples into the loop to the shunt resistance
of the cavity resonator is equal to the square of the ratio of the coupled
flux to the total magnetic flux lying to one side of the cylinder axis,! The
! When the plane of the coupling loop is at right angles to the direction of the flux
lines, the loop area is in the most favorable position for enclosing magnetic flux; then
if the loop is located at a position where the magnetic flux density approximates the
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magnitude of the magnetic coupling can be readily controlled by the
orientation of the loop, and its location with respect to the magnetic field.
Thus the coupling is reduced to gero when the plane of the loop is rotated
so that it is parallel to the magnetic flux. Also the coupling will be low if
the loop is placed at a point of low magnetic flux density; thus a loop near
the vertical axis, as shown dotted in Fig. 5-31a, will have little coupling to
the dominant mode.

Coupling to a cavity can also be achieved by means of a probe as
illustrated in Fig. 5-31c. Here the electric flux of the desired mode
terminates on the probe, inducing a current in it; conversely a voltage
applied to the probe produces electric fields inside the cavity that excite
oscillations. This is thus a form of capacitive coupling, the magnitude of
which is determined (1) by the surface thatthe probe exposes tothe electric
field of oscillations of the desired mode and (2) by the intensity of the
electric field at the position of the probe. Thus maximum coupling is
obtained in a cylindrical cavity operating in the TMo,o mode when the
probe is located on the axis as shown; the coupling to this mode will be
zero if the probe projects into the cavity from the side wall instead of the
end (dotted probe in Fig. 5-31c).

Still another method of coupling to a cavity is by means of a hole or slot.
The principles involved in this situation are the same as in the correspond-
ing waveguide case, and are discussed in detail on page 133.

PROBLEMS AND EXERCISES

6-1. Sketch fields corresponding to the side view in Fig. 5-2, for three successive
values of time each differing by one-quarter of a cycle. Show the three cases one
above the other. -

6-2. Sketch field distributions similar to those of Fig. 5-2, for A = 1.5a, being
careful to show A, and a to scale.

6-8. A particular rectangular waveguide has a width of 2 in. and a height of 1 in.
What is the lowest frequency wave that will be transmitted by this waveguide?

6-4. Calculate and plot the ratio of phase shift per unit length in a rectangular
waveguide (dominant mode) to the phase shift per unit length in a coaxial trans-
mission line having air dielectric, as the dimension a of the waveguide is varied from
0.55\ to A

6-8. A wave having a frequency of 10,000 Mc travels down a rectangular guide for
which dimension a = 2 cm. Calculate the value of 8 per cm, and compare the result
with the value of 8 that would be obtained at the same frequency on an air-filled
coaxial line.

6-8. What is the ratio v,/c at a frequency such that the guide width a is exactly
/27 ’

average flux density in the cavity, one has to a rough approximation:

Im led area of loop shunt impedance
Impedance coup }-(I : : ,)( P ) (5-15)
ares of cavity
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5-7. Draw curves similar to those of Fig. 5-4, but for a = 0.55\ and @ = 0.72,
ow a and A, to scale.
Beio-:.re;ﬁl:' wsal:'cguide ope;ating at a wavelength of 3 cm, calculate the do?t.h in the
copper walls at which the current density is reduced to 0.0001 of the density at the
i of the walls.
m':;,ﬂ u;:azlele waveguide of Fig. 5-5, discues how the distribution of the ourrent
flowing in the walls will change at {imes differing by (a) one-half cycle, and (b) one-
r cycle.

qu::'r;' ]{. Fig. 5-5, what would be the consequences of making hol?s 1 and 4 round
instead of rectangular, assuming that the area of the hole is the same in each case?

8-11. In Fig. 5-5, what effects are produced on the electric coupling by making
slot 1 half as long and twice as wide, thus keeping the area of the opening unchanged?

8-12. An incident TE:, wave of 5000 Mc travels down the guide of Fig. 5-6. How
far must it go before the amplitude is reduced to 70.7 per cent of the initial amplitude?

5-18. A rectangular waveguide has dimensions 2.5 by 5§ cm. Determine A, 8, and
phase velocity at a wavelength of 4.5 cm for the dominant mode and the first higher-
order mode, and tabulate results side by side.

6-14. What aie the lowest frequencies for which the waveguide of Prob. 5-13 will
transmit (a) the dominant mode, and (b) the first higher-order mode?

6-16. A rectangular waveguide is 2 by 3 em.  What are the cutoff wavelengths for
the dominant and the first two higher-order modes?

6-16. What higher-order modes will tend to be excited in a waveguide by the
coaxial line exciting systems illustrated in the attached figure?

NOTE ARROWS INDICATE RELATIVE PCLARITY
) (5 ‘ (3]

Pros. 5-16

6-17. Suggest an arrangement involving a coaxial line terminating in a loop for
exciting the TM,, mode 1n a rectangular waveguide.

6-18. In a rectangular guide in which a = 4 em, calculate and plot cutoff wave-
length as a function of b/a for b/a = 0 to b/a = 1, for TE;o, TEq, TEs, TE1, and
TM,; modes.

6-19. Which of the following modes will be unaffected by the posts of Fig. 5-9
(assuming the posts are located midway between the vertical sides): TE,,, TEq,
TEg, TMy;, TMz? .

6-20. Draw a diagram similar to Fig. 5-12, but assume 6 = 70°. Be sure to mark
the distunces representing A and A,. Compare the ratio Ao/Ac with the ratio for Fig.
5-12, and show that the resuis is consistent with Fig. 5-3,

6-21. Explain how Fig. 5-14 is consistent with the fact, deduced from Eq. (5-6),
that with a given guide, the cutoff wavelength for the TE: mode will alwayé be
exactly twice the cutoff wavelength for the TE,, mode.

8-33. Sketch curves for the TE;, mode, analogous to those given in the right-hand
part of Fig. 5-15a, for a frequency of 3000 Mc in a circular waveguide when the
digmeter of the guide is (a) 6.3 cm, and (b) 8 cm. Draw the curves to full-scale sise,
and be careful to show ), correctly.
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6-28. In a circular waveguide in which the radius is 1.5 in. (r = 3.8 em) calculate
the value of 8 and the phase velocity for the dominant mode at a wavelength of 10 cm.

5-84. One has available in a wall a circular hole of 2 in. diameter through which a
waveguide is to be passed. If it i desaired to obtain the longest posaible cutoff wave-
length, what are the relative merits of the following guides: (a) circular; (b) rectangu-
lar, @ = b; (c) rectangular, b/a = 0.5; and (d) rectangular, b/a — 0?

5-25. A long, narrow longitudinal slot is to be cut in the wall of a circular wave-
guide. Assuming the fields in the guide are as shown in Fig. 5-16a, where should this
alot be located on the circumference of the guide if it is desired that the slot provide
(a) coupling to the electric field, but not to the magnetic field inside the guide, and
(b) magnetic coupling but no electric coupling?

8-26. Plot the voltage (i.e., electric field) distribution of the standing-wave pattern
as a function of position from 0 to 20 cm from the receiver for a rectangular waveguide
carrying a wave having a free-space wavelength of 10 cm, when the receiving end of
the waveguide is short~circuited and the waveguide dimensions are 6 by 3 cm. Show
the position of the minima and maxima accurately. Neglect attenuation.

5-27. The rectangular waveguide illustrated in Fig. 5-6 carries a TE;, wave of
5000 Mc. If the standing-wave ratio produced at the load end of the waveguide is 2,
what will be the standing-wave ratio 100 ft from the load end of the line?

§-28. In a 6 by 3 cm rectangular guide, calculate and plot the waveguide impedance
Z,, as a function of frequency, from cutoff to twice the cutoff frequency.

5-29. How should a longitudinal vane projecting radially inward from the side
of a circular waveguide carrying the TE;; mode be arranged to serve as (a) a mode
filter, and (b) as an impedance-matching device?

5-30. Explain why in Fig. 5-18 a probe projecting into the guide from the side,
with its axis horizontal, will be of no assistance in impedance matching for the TE,,
mode, but would be useful in the case of TE,, TE,,, and TM,, modes.

§-81. The power transmitted down a rectangular waveguide is to be delivered
to a 50 ohm load resistance that is connected between the top and bottom sides of the
guide, and matched by a tapered section, as in Fig. 5-21a. If the guide on the input
side of the taper is 2.5 by 1.25 in. and the frequency is 3000 Mc, then what is the
required height on the load side of the taper?

§-82. The 50-chm load in Prob. 5-31 is matched to the guide by being placed off
center, a8 in case b in Fig. 5-20, instead of by tapering the guide. How far to theside
of the center line should the load resistance be placed?

5-33. In a particular rectangular waveguide attenuator based upon the TE,, mode,
it is desired that the attenuation be exactly 10 db per in. Determine the width that
the waveguide must have, assuming that the wavelength is many times the waveguide
width.

5-34. In a circular waveguide attenuator, it is found that at a particular distance
from the source of excitation there is an undesired TE,; mode present which is 30 db
weaker than the desired TE,;; mode. If the fields are now examined at a position
where the attenuation to the TE;; mode is increased by 48 db, how strong is the
undesired TE,; mode output compared with the TE;, output?

8-35. a. Repeat Prob. 5-34, but assume that the modes are interchanged; i.e., assume
that initially the TE,; mode (which is now the desired mode) is 30 db stronger than
the TE;; mode.

b. Explain why in this case the attentuation in decibels per inch will be different
for large values of attenustion as compared with small values of attenuation.

5-86. In a circular waveguide attenuator using the TE,; mode, what will be the
effect of rotating the pickup coil 90° about the axis of the guide?

8-87. A coaxial line is to be coupled to a waveguide in the manner illustrated in
Fig. 6-8. If a good impedance match is deaired, show that the guide cannot have the
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proportion a/b = 2.0 if the characteristic impedance of the coaxial line is'in the range
8.

wxnl,ogfo:hl: alot in Fig. 5-26 were replaced by a round hole aligned with the center

axis of the guide, what mode would be excited in the waveguide by energy in the

coaxial line? .

56-39. Suggest a means by which a coaxial line could be coupled to a circular wave-
guide in such a manner as to excite the TE;; mode.

6-40. Describe an experimental means which could be used to measure the ter-
minating impedance actually existing on a waveguide without removing this unknown
terminating impedance from its guide, and involving a magic-T junction and a cali-
brated adjustable terminating impedance.

6-41. A waveguide system possesses an obstacle, the exact nature of which is not
known, although the position of the obstacle is. Explain how, by the aid of standing-
wave measurements, one can determine whether the obstacle is inductive, capacitive,
series resonant, or shunt resonant.

6-43. Sketch curves showing qualitatively how the electric and magnetic fields are
distributed in a cylindrical cavity resonator operating in the TE\; waveguide mode,
under conditions wheére the cavity is a half guide-wavelength long.

8-48. Derive the formula given in Table 5-3 for the wavelength of a square prism
type of cavity from the properties of the TE,, mode in a rectangular waveguide.

844 In a cavity that is a rectangular prism operating in the TE,, waveguide
mode, it is found that the resonant frequency is independent of the dimension b in
Fig. 5-29¢. Explain how this is consistent with waveguide theory.

8-46. Derive a formula for the resonant frequency of a cylindrical cavity formed by
a section of length & of the guide shown jn Fig. 5-15a, short~circuited at both ends, and
operating in the TE,; waveguide mode in such a manner that one-half cycle of field
variation occurs in the k direction.

8-468. Show that, when a cylindrical cavity is operated in the waveguide TE;; mode,
the resonant frequency depends on both the radius and length of the cavity.

8-47. A particular cavity with copper walls is found to have 8 Q of 10,000. The
walls are then plated with a material having a resistivity seven times that of copper.
What value will the Q then have, assuming that the plating is relatively thick?

8-48. A cylindrical cavity has a radius of 2 in. and is 6 in. long, Calculate the
resonant frequency for the mode illustrated in Fig. 5-29b (the dominant mode), the
circuit Q, and the shunt impedance, assuming copper walls. Tabulate the results,

8-49. A sphere, cylinder, and square prism (cube) are all so proportioned as to
have the same resonant wavelength of 12.8 cm. Calculate Q, shunt impedance, and
shunt impedance per unit length of shunt path, for each case. Tabulate the results,
and include in the table the corresponding results from Table 5-4 for the reentrant
cavity of Fig. 5-29f. Also give in the tabulation the largest linear dimension (i.e.,
diameter, or length of side) for each resonator.

§-80. A coupling loop 1 cm in diameter is inserted in the cylindrical cavity reso-
nator of Table 5-4, as in Fig. 5-31a. Calculate the approximate value of the imped-
ance that the resonator will couple into this lobp at resonance, considering the reso-
nator a8 a secondary, and the loop as a primary.

8-81. a. Describe how t» locate a probe 80 as to couple to the TE;0 cavity mode
illustrated in Fig. 5-29¢.

b. How could a loop be arranged to couple to the same mode? Give both the
location of the loop and the required orientation of its plane.
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