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8

RESONATORS

8.1 INTRODUCTION

In each of the preceding chapters, we have discussed electromagnetic wave propa-
gation in systems that are unbounded in at least one dimension, such as unbounded
media, interfaces, transmission lines, and waveguides. In this chapter, we con-
sider structures that are constrained in all dimensions such that electromagnetic
energy cannot propagate but is instead trapped in one place, coupling only weakly
to the external world. Such resonators exhibit strong frequency-dependent be-
havior within narrow frequency bands centered about discrete frequencies called
resonances. Resonators can be used not only for energy storage, frequency mea-
surement, and filtering, but also for impedance matching and the production of
~ high-field strengths with limited input signals.

Resonators are easily made by closing the ends of any waveguide structure,
such as a TEM line, confining electromagnetic radiation in all three dimensions.
We recall that the parallel-plate waveguide, confined in one dimension and pos-
sessing one guidance condition, produced a one-dimensional standing wave pattern
in the plane transverse to the direction of wave propagation. Likewise, rectangu-
lar and circular waveguides, confined in two dimensions, gave rise to two guidance

~ conditions and exhibited two-dimensional standing-wave patterns in the plane per-
pendicular to wave motion. Therefore, we expect that a resonator will have three
guidance conditions and will generate a standing-wave pattern in all three dimen-
sions. Since each guidance condition constrains one component of the wave vec-
tor k, the three resonator guidance conditions together limit the magnitude of k.
Since w = |k|/ JHE€ , it follows that  is limited to discrete values called resonant
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Sec. 8.2 Cavity Resonators 337

frequencies. By contrast, waveguide modes may hmit k. and/or &, but do not con-
strain k., where Z is the direction of the waveguide axis. Therefore, k. and « may
have any of a continuum of values in a waveguide.

Most common resonators are constructed by closing the ends of a rectangu-
lar or circular waveguide with conducting walls, forming a cavity resonator, or by
reactively terminating the ends of a TEM transmission line, forming a TEM res-
onator. We shall discuss both of these structures in Sections 8.2 and 8.5, respec-
tively. However, any structure that can trap oscillatory electromagnetic energy is a
resonator that will possess an essentially infinite set of resonant frequencies. ' Even
a misshapen lump of dielectric in free space can be considered to be a resonator, al-
though if its stored energy leaks away too rapidly, the sharp-frequency behavior
of the system becomes “smeared” over a band of frequencies centered about each
resonance.

Nonideal resonators lose energy gradually, either externally through coupling
to the outside world, or internally by heat generation. After discussing ideal cav-
ity resonators in Section 8.2, these slightly lossy resonators are considered in Sec-
tion 8.3 together with methods for characterizing their nonideal resonance behavior
using parameters such as the resonator quality factor Q. Each specific resonance
can be closely modeled with a discrete element resonator circuit, treated in Sec-
tion 8.4, while transmission line resonators, introduced in Section 8.5, provide a
simple vehicle for understanding the transient behavior of resonators. Because ex-
act analysis of noriideal resonators is difficult, Section 8.6 describes how realistic
structures can often be approximated by perturbing their ideal counterparts, while
Section 8.7 treats perturbations in a more general way. Sections 8.4 and 8.8 de-
scribe how resonators can be coupled to the external world in a wide variety of
practical applications, many of which are described in Section 8.9. For example,
resonators can be used as narrow-band filters that either pass or block energy within
a bandwidth Aw of a resonance, where Aw is proportional to the rate at which the
resonator loses energy at that frequency. Resonators can also function as trans-
formers that couple energy into mismatched loads. In fact, some of the matching
structures studied in Chapter 6 can be viewed as resonators with bandwidths vary-
ing inversely with the degree of mismatch.

8.2 CAVITY RESONATORS

We first discuss the rectangular cavity resonator, constructed from a waveguide of
rectangular cross-section having a width a and height b (a > b) and shown in Fig-
ure 7.12. The waveguide is closed by two perfectly conducting plates located at

1. At very high frequencies, waves interact with media nonclassically; 1.e., Maxwell's equations
are not sufficient to describe wave behavior when quantum mechanical effects become important.
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338 Resonators Chap. 8

Figure 8.1 Rectangular waveguide resonator.

:=0and z=d (d > a), as illustrated in Figure 8.1, forming a rectangular par-
allelepiped. The convention that d > a > b leads to unambiguous resonator mode
designations, although care must be taken in reading the literature as not all texts
use the same ordering of resonator side lengths. Since both TE and TM modes
propagate in rectangular waveguides, TE and TM modes also exist in rectangular
cavity resonators and are superpositions of positive and negative traveling TE or
TM waveguide modes, respectively. Superimposed waves propagating in both di-
rections are needed to satisfy the boundary conditions at the ends of the resonator:

E,=E, =0 at z2=0, z=d (8.2.1)

We may develop expressions for the TE electromagnetic fields within such a
resonator by considering the electric field of a linear combination of +Z- and —Z-
traveling TE ,, rectangular waveguide modes given by (7.4.13) and (7.4.14):

k . .
E.= -2 Eycosk.xsink,y (A e /% 4 B e/*%)

(8.2.2)

E, = —% Eosink x cosk,y (C e /" + D &’*)
E, =0
where
k,=mn/a (8.2.3)
ky =nm/b ' (8.2.4)
k, = w*pe — (mm/a)? — (nJ'tr/.b)2 (8.2.5)

as was determined in (7.4.19).

By forcing the electric fields in (8.2.1) to equal zero at the z = 0 end of the
waveguide, we find that A = —B and C = - D, so both the E, and E, compo-
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Sec. 8.2 Cavity Resonators 339.

nents of the T£,, electrnic tield are proportional to sink.z. The additional con-
straint that the electric field in (8.2.1) is zero at the ; = d end of the waveguide
forces sink.d =0, or

k.d = pn p=01,2... (8.2.6)

By requiring that V . E =0, we find that A = C = 1 so that the arbitrary constant
E, will have dimensions of V/m. Thus, the electric field of the TE ,,,, mode is

k, :
E, = = Egcosk,xsink,ysink,z
0

k. , |
E,= v Egsink x cosk,ysink,z 8.2.7)
0 _

E,=0

The magnetic field of the TE,,, mode is determined from Faraday’s law
(1.4.4)

[k k, )
H, = 2% Eysink,x cosk,ycosk.z
Nky
ik k. )
H, = 5 — Egcosk,xsink,ycosk,.z (8.2.8)
JkE + k) :
H, = ——=— Egjcosk,x cosk,ysink,z
nky |
where the three guidance conditions are
k. = mxjla
ky=nm/b » (8.2.9)
k,=pnt/d

from (8.2.3), (8.2.4) and (8.2.6). A quick check of these expressions for the mag-
netic field shows that they too satisfy the boundary condition that H. = 0 at the
ends of the rectangular cavity resonator.

The dispersion relation, obtained by substituting E or H into the wave equa-
tion (1.4.9) and using (8.2.9), is:

W e = kf -+ ki - kf = (mn/a)* + (nn/b)* + (p7r/d)2 (8.2.10)

This key result means that a discrete, infinite set of TE resonances may be excited
in the cavity. The resonant frequency of the TE ,,,, mode is thus

o= () + (5)+(5) w2
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340 i Resonators Chap. 8

and is the only frequency for which that mode exists. If the dimensions of the res-
onator are such that two or more modes have exactly the same resonant frequency,
then they are said to be degenerate modes. In our notation, the integers m and
n are associated with the width and height of the waveguide (a and &), consis-
tent with our previous conventions describing rectangular waveguide modes. The
length d is associated with the integer p. Since it is not always clear which dimen-
sion of a cavity corresponds to its length, we choose d > a > b as noted earlier.

A similar derivation yields the TM ,,, modes, where expressions for the mag-
netic field components can be determined from the 7M ,,, rectangular waveguide
modes (7.4.16) and (7.4.17), with the z-dependence of H, and H, proportional to
cos k,z in order to match the boundary condition E, = E, =0 at z = Oand z =4,
corresponding to :

GH‘_BHV_
dz 9z

Both (8.2.1) and (8.2.12) are equivalent ways of stating that the tangential electric
fields at the end walls are zero. The TM ,,,, magnetic fields are thus

0 at 2=0,z=d (8.2.12)

ks .
H. = = Hysink.x cosk,y cosk,z

ko

k. ,
H, = - T Hycosk, xsink,ycosk.z
0

(8.2.13)

H,=0
and the TM,,, electric field is then found from Ampere’s law (1.4.5):

Jnk.k,
2

E,= Hycos k,x sink,y sink.z

B

ink k.
E = mkf: £ Hysink,x cosk,ysink.z (8.2.14)

_Jn(k} + k)
= —_—k-g-—-
Note that because the TM ,,,, modes have the same guidance conditions (8.2.9)
as the TE ,,, modes, they must also have the same resonant frequencies given by
(8.2.11).

We find that the resonator field expressions (8.2.7), (8.2.8), (8.2.13) and
(8.2.14) are zero for certain combinations of m, n, and p, meaning that these
trivial modes can never be excited. For the rectangular cavity resonator, the triv-
ial modes are TE g, TE mao, TM mop, and TM g, . The nontrivial mode having the
lowest useful resonant frequency is thus the TE o, mode, the fields for which are
shown in Figure 8.2(a)~(b). The distribution of resonant frequencies for a typical

Hysink, x sink,y cosk,z

x
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Sec. 8.2 Cavity Resonators 341

H(at=0)=0

E,(y=af2 t=0)

H,(z=d/2, ot =n/2)

0 \JT z :
. (e)

(d)

(c) -

Figure 8.2 Fields, surface currents and charges, and energy densities
in a rectangular waveguide resonator.
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342 . Resonators Chap. 8

TABLE 8.1 Resonant Frequencies less than
30 GHz for a Rectangular Cavity

2¢m « 1em x 3cm. Superscripts 1-8
represent Degenerate Modes

mnp  TE Modes (GHz)  TM Modes (GHz)

101 9.01 —_
102 12.50 —
011 15.81" —
201 15.81! -
110 16.772
103 16.772 —
L 17.50° 17.50°
012 18.03¢4 . .
202 18.03¢ —
112 19.53° 19.53°
210 ' 21.21°¢
013 21.21°¢ -
203 21.21° s
211 21,79’ 21.79’
301 23.05 e
212° 23.45° 23.45°%
302 24.62 -
310 — 27.04

cavity resonator 1 x 2 x 3 cm is given in Table 8.1. Note that many modes are de-
generate (e.g., TEo;, and TEy, have exactly the same frequency, as do TM ;o and
TM[()’_], and so on.)

The expression for the TE electric fields in (8.2.7) is purely real (if Ey is real),
implying that they reach maximum strength at ¢ = 0 and vanish one-quarter cycle
later. The TE magnetic fields in (8.2.8) are purely imaginary and are therefore zero
at 1 = 0; one-quarter of a cycle later they reach maximum amplitude. Thus at t =
0, all of the energy in the cavity is stored in the form of electric energy concentrated
near the center of the cavity, as suggested by Figure 8.2(c). When the magnetic
energy peaks one-quarter cycle later, it is concentrated at the walls, illustrated
in Figure 8.2(d). Thus, during every cycle there are two complete interchanges
between purely electric and purely magnetic energy storage. When the energy is
purely electric, the boundary conditions are satisfied by surface charges distributed
appropriately at the top and bottom surfaces of the cavity. When the energy is
purely magnetic, the boundary conditions are matched by surface currents flowing
in the walls, reversing the surface charge distribution in preparation for the instant
one-quarter cycle later when the energy will again be stored electrically but the

InductEV, Inc.
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Sec. 8.2 Cavity Resonators 343

helds will point in the opposite direction. These charge and current distributions
are pictured in Figure 8.2(e). '

The electromagnetic fields and surface currents for four of the rectangular
cavity resonator modes are sketched in Figure 8.3. The fields for all other resonator
modes are simply combinations of an appropriate number of “unit cells”™ of one of
these modes (or TE 4y, which is not shown because it is merely a rotated version of
TE ;). For example, the TE»y; mode consists of twelve TE ;;; unit cells stacked
ina 2 x 3 x 2 array. The appropriate directions of the fields in adjacent cells
may be established by noting that the magnetic field lines must circulate without
terminating (V - B = 0), and the electric field lines may terminate only on surface
charges since V- D = p and p is zero inside the cavity. The boundary condition
n x H = J, applies everywhere on the resonator surface, relating the direction of
the surface current J, and the adjacent magnetic field. With these observations,
the field patterns are easily determined for any rectangular resonator mode.

The electromagnetic field distributions pictured in Figure 8.3 are not all truly
distinct: TE o, TEg,, and TM ,, are identical except for a rotation of axes.
The TE,,, and TM,,, are related by duality. In particular, the TE;, fields of
(8.2.7) and (8.2.8) are transformed into the TM ;,, fields of (8 2.13) and (8.2.14)
and vice versa, simply by making the substitutions £ — H,H—> —E, pu<e,
and x > x —a/2, y—y—->b/2, z— z—d/2. Itis necessary to shift the coor-
dinate systems because the resonator boundary conditions are not truly dual. The
tangential electric fields and normal magnetic fields must be zero at the perfectly
conducting surfaces of the resonator regardless of whether the fields are TE or TM.
Thus only two truly distinct topologies are represented in Figure 8.3, those corre-
sponding to the {101} and {111} sets of modes.

The electric and magnetic fields are 90° out of phase not only for the TE
modes, as noted earlier, but also for the TM modes: S = E x H* is purely imagi-
nary. Therefore, the time-averaged Poynting power (S) = -Re(S } is zero and there
_ 1s no net power flow in the resonator; the waves are trapped in the cavity and cannot
propagate.

If there is no loss in the cavity, the Poynting theorem can be used to prove
the obvious fact that the total amount of energy in the cavity does not change wuh
time. We recall the time-dependent Poynting theorem from (1.6.8):

o d | J— | -
— E . ) = — ~ 2 —¢|E 2 d
/V (1) - J(r)dv d:/V(z"'H(”l +2e| (t)l) v

e f;(’f(:) x 'ﬁ(z)) -nda

The electric field and current are never nonzero at the same location within the
cavity, since E is zero in the perfectly conducting walls where 7 flows, and J is
zero in the lossless dielectric where E is nonzero. Therefore, E(r) - J(1) is always

(8.2.15)
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Figure 8.3 Four basic modes of a rectangular resonator.
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Sec. 8.2 Cavity Resonators .345

zero for the lossless resonator cavity. The integral of the Poynting vector E(f) x
H (t) over the resonator surface is also zero because E is everywhere perpendicular
to the cavity walls so £ x H is parallel to them. Therefore, (8.2.15) reduces to

! / (1 [H ()" A l |Em") d d( (1) + w,(1)) (8.2.16)
= — — - peg 3 i” U= — Wyl W, S
dt Jy 2“ N 2 o dt \

and we see, as expected, that the total stored energy is constant even though it
alternates between storage in electric and magnetic forms at intervals of one-quarter
of a cycle, as suggested earlier in Figure 8.2 for the TE ,y; mode.

An alternative way to prove the equality of the time-averaged electric and
magnetic stored energies uses the complex Poynting theorem, which we recall from
(1.6.30) is:

——%/(E-T")dv:ﬁw[(wm}— <we>]+;f('éx H* -Ada  (8.2.17)
4 < Ja

The desired result follows directly because E - J* and the surface integral of E x
H* are both zero for the same reasons noted earlier, leaving

Finally, we can prove the equality in (8.2.18) by dlrect evaluation of these
time-averaged stored energies, using

R
(w,) = —/6|E|“dv (8.2.19)
4 Vv ) » )
1 - ,
(Wn) = — / plH | dv (8.2.20)
4Jv
For a general TE ,,, mode where m, n, and p are all nonzero integers,

(we) =1/e (IEP +1E,1 +|EP) dv

__f / / (kz |Eol* cos® k. x sin k ysin® k,z (8.2.21)

kz lEolzsm k.x cos” k ysin’k,z ) dxdydz
Because each squared sinusoid in (8.2.21) is integrated over an integral number of
half periods and has average value equal to 0.5, the integral along any resonator

InductEV, Inc.
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346 Resonators Chap. 8

dimension is just one-half its length.* Therefore, (8.2.21) becomes

€ (_/(S + kf’ - Labd

" = | Eg| "~ (8.2.22)
4 kg 8

for the TE,,,, modes (m, n, p > 0). The time-averaged stored magnetic energy
for the same mode is similarly computed to be

(We) =

—

(W

f w(H P+ |H,? + |H ) dv
:
E() ’: 7, 212 3 2.2 abd
| (k2K + K2k + (k* + k2)?) —
wuk{)! ( Xz ,VVL+( x+ V)) 8
E ' ) 2 P ] b 7 abd
(kKD (K 4K+ kD) —

PN N N

)Hko
, (kX + k) abd
ks 8

SN
m

where the dispersion relation w’ue = k2 + k> + k! has been used to simplify
(8.2.23). As expected, the time-averaged elecmc and magnetic energies are equal
for such TE modes, as may be observed by comparing (8.2.22) and (8.2.23). Ex-
pressions for the time-averaged electric and magnetic energy stored in the TE ,,
and TE,, modes are found in a similar fashion

k2 abd
(We) = (Wp) = lEo!' ;; T (T E nop mode)
(8.2.24)
, k abd
(we) = ( lEol k& (TEQ,,p mode)

as are the stored energies of the TM modes.

The stored energy distribution for the TE ;5; mode can also be related to a
simple discrete element LC resonator, from which it evolves morphologically as
suggested in Figure 8.4. The magnetic energy associated with the inductor L is
equivalent to the excess magnetic energy near the current-carrying walls, while
the electric energy associated with the capacitor C is equivalent to the excess
electric energy in the high electric field zone in the center of the resonator (see

2. For example, the identity cos’ 6 = } + } cos 26 may be used to show that
¢ L max LR 2mmx a/2. m#0
/;cos( p )dx..j; [§+§cos( . )}d —{a' m =0
@y ymrx - ’ o (mAx _fa/2, m#0
/o sin (_a )dx-j; [l cos (——-—a )]d.t-io' m =0

with similar results for the y and z integrations.

- and
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Sec. 8.2 Cavity Resonators 347

T
1
]
e~

L$ : ¢

-
/ﬂ-—»

Figure 8.4 Evolution of a cavity resonator from an LC resonator.

also Figure 8.2). By spreading the current over a large wall area, the resistive
losses associated with typical inductor coils are greatly reduced, and by closing the
energy cavity, radiation losses are prevented. Thus cavity resonators are desirable
in very high frequency applications (above =~ | GHz), where skin-depth effects can
introduce substantial series resistance in typical inductors. Unlike a discrete LC
resonator with a fixed resonance at w = 1/V/L.C, a cavity has a large number of
allowed resonant frequencies given by (8.2.11). _

Sometimes it is important to know how densely the resonant modes of a cav-
ity resonator are spaced, or how many modes exist within some frequency band
or below some maximum frequency. From (8.2.11) we find that the resonant fre-

quency funp is
mn "\ ’ y
fomp = S22 = \/(Tzf) +(3) + (g) (8.2.25)

for cavities enclosing vacuum, where f, =mc/2a, f, =nc/2b,and f, = pc/2d.
Equation (8.2.25) suggests a simple geometric relationship between the resonator
frequency and the mode numbers m, n, and p, as illustrated in Figure 8.5. The
resonator frequency is simply the square root of the sum of the squares of its three
components, each associated with its own modal number. For each triplet of mode
numbers {mnp}, there exists both a TE and a TM resonator mode with identical
frequencies given by (8.2.25). To determine how many resonant frequencies ex-
ist below some maximum frequency f;, we need only count the number of grid
points within a spherical segment of radius f;. Only one-eighth of the sphere is
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348 Resonators Chap. 8

Ko
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v W =
——
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Figure 8.5 Frequency dependence of mode density for a rectangular resonator.

relevant since f., f,, and f, must all be positive. If the volume of the unit cell
Af.AfAf, = ¢*/8abd associated with each grid point is much smaller than the
volume of the eighth sphere (1/8)(47 f3/3), then the number of resonator modes
with frequencies less than fj is approximately

nfy/6 _8xV
c3/8abd ~ 3Xg
where the factor of two accounts for the two modes (TE and TM) that exist for
each grid point. The volume of the resonator is V =abd and Ay = ¢/ fy. Equa-

tion (8.2.26) is a good approximation when Ay is much less than V. The number
of resonances 8n between fy and f, + 8f can be found by differentiating (8.2.26),

(8.2.26)

n0:2x

yielding
87V
Sn = ( - )Sf (8.2.27)
L CAg
InductEV, Inc.
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Sec. 8.3 Loss in Resonators 349

Thus, the number of resonances within a bandwidth §f about f, is proportional to
/A2 andto f}.

8.3 LOSS IN RESONATORS

As the energy in a resonator oscillates back and forth between its electric and mag-
netic forms, some of this energy typically heats the resonator or escapes to the
outside environment. If the total electromagnetic energy of the n'* mode wr, de-
cays over time, then the resonator is said to be lossy, and wr, has the approximate
form*

Wrn(t) = wWr,(t = 0) e /O (8.3.1)

where w, is the resonant frequency of the n'* mode, and the quality factor Q,
is a dimensionless constant measuring how well the resonator stores energy. This
quality factor is defined by (8.3.1) as the average number of radians over which the
stored energy wr, decays by a factor of 1/e. This relationship is also suggested in
Figure 8.6. Note that we are considering only the total energy loss with time here,
not attenuation in space, irrelevant in resonators in which no time-averaged power
flows.

The quality factor Q, typically differs for each mode, with larger Q -values
associated with higher-quality resonances and smaller losses; Q becomes infinite
in the absence of loss. (Ideal, lossless, rectangular resonators were described in
Section 8.2, where it was shown that the total stored energy did not change in time.)

The quality factor Q, may also be obtained by computing P, , the power lost
by the n'" mode, averaged over one cycle. From (8.3.1), we see that

p o~ _IWIn _ ©n¥ry (8.3.2)
dt On

Rearranging (8.3.2) gives

0. = Wrn total energy of the n'" mode (83.3)
" P,/w, average energy lost per radian of the n'* mode o

Although the average dissipated power decreases exponentially with time,
P,(t) may have a sinusoidal component peaking twice per cycle. If the loss is
dominated by current flowing in the resonator walls, the dissipated power will peak
when the magnetic energy is maximum and will be zero when the wall currents
become zero. Alternatively, if the loss is associated exclusively with dielectric
conduction within the cavity, it will peak twice per cycle when the electric energy
storage is a maximum, exactly out of phase with any loss associated with wall

3. In this and subsequent sections, the single index n denotes a specific resonator mode. In the
case of a rectangular cavity resonator, the n = | mode might actually represent the TE 5, mode while
the TE o, mode might be designated by n = 2.
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350 Resonators Chap. 8

WTn
1 _ wralt) o ¢~ Ont/Qn
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Figure 8.6 Energy of a lossy resonator as a function of time.

currents. This power ripple effect is illustrated in Figure 8.6 for the case where
wall losses dominate. *

Up until now, we have tacitly assumed that , is a real frequency. In the
presence of loss, however, we will have to represent resonances by complex fre-
quencies, commonly denoted by s,, where

Sn = j(l),, —— a" (8-3.4)

and both @, and a, are now explicitly real quantities. In the absence of loss,
, =0 so that e = ¢/ as usual. The time dependence of the electric and

4, The power ripple effect is caused by a slight additional phase shift between electric and magnetic
energy storage. To first order, we can represent the energies as

w, (1) > wr,(t = 0) e ™" cos’(w,t + @)
W (1) = Wra(f = 0) e /9 sin(w,t + @, + §,)
where §, <« 1. The total energy of the lossy resonator is thus
Wira(t) > wra(t = 0) e ™ /@ [| 4 8, sin 2(wy? + @)

where terms of order 3] have been neglected. The ripples can now be seen to vary about thc exponen-
tially decaying envelnpe at twice the resonant frequency of the mode.
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magnetic field 1s then
E,(F.1)=Re|E,(F)e"'} = ¢ “ Re |E,(F) e’}

. (8.3.5)
H,(r.1)=Re{H,(F) e} = e ' Re {H,(F) e’}

Because the average electric and magnetic field energies are proportional to the
field intensities |E,(7.1)> and |H,(F.1)|*, respectively, we see from (8.3.5) that
both are proportional to ¢ > and that the total resonator energy is just

Wrn(t) = Wrn(t =0) e 2 (8.3.6)

By comparing (8.3.1) and (8.3.6), we observe an important relationship between «a,
and Q,:

Qy= — (8.3.7)
20,

When more than one mode of a resonator is excited, the average decay rate
of each mode is usually independent of the amplitudes of the other modes. This
independence requires that the interacting modes be orthogonal in space or time;
usually the frequencies are simply different. In unusual cases, two degenerate
modes with the same frequency can superimpose coherently at a resistive element
and thus interact. If two resonant frequencies are close but not exactly the same,
they may interact at the beat frequency (the difference between the two resonances).
The likelihood that two modes might interact is increased as the loss is concentrated
at one point in the resonator instead of being distributed throughout.

To determine the Q of a particular resonance, we need simply to evaluate
(8.3.3). Unfortunately, exact computation is difficult because power dissipation
depends explicitly on the electric and magnetic fields, but the field distributions also
depend on how much power is dissipated. Although exact solutions can be found in
very special cases, a more general approach to determining electromagnetic losses
involves using the perturbation methods discussed in Section 8.7. We have already
used perturbation techniques informally in Sections 4.2, 4.4 and 7.4 where we
calculated power dissipation at a lossy planar interface and in lossy waveguides,
and we shall continue with this informal approach for the remainder of this section.

The essence of all perturbation methods is to find a quantity that differs from
its lossless value by only a small percentage, and then to use the lossless (unper-
turbed) value of that quantity in all subsequent calculations, with often quite ac-
ceptable accuracy. Because the percentage change of the quantity must be small,
its unperturbed value cannot be zero.

To illustrate these perturbation methods, we first calculate the quality factor
for a rectangular resonator having lossless (perfectly conducting) walls but filled
with a slightly lossy dielectric with conductivity o,, where the loss tangent o;/we
is much less than unity. The exact fields in this resonator will be represented by
the phasors E,, H, and so on, while the fields that would arise in an identically
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4 —{{} s lid]

shaped, perfectly insulating resonator are £, . H, , given by (8.2.7) and (8.2.8)
for the TE ., modes and (8.2.13) and (8.2.14) for the ™ .., modes. If o; is suf-
ficiently small,® we expect that the actual and lossless fields can be used somewhat
interchangeably. The total energy stored in the n'* mode is then

l l ]
wra=2w,) == | e[E,fldv> = el EVRdv (8.3.8)
Vv P vV

- -

. e (0
where V is the resonator volume and E, has been replaced by £, ', The average
power dissipated in one cycle in the n'* mode is

m:lfffﬂdv (8.3.9)
2 Jy

where we may choose to express J, = 0,E, > o,_b::m or E,=J,)o, ~ 7:0‘ /o,
Because the current inside the cavity is zero if the cavity is perfectly insulating
(0, =0), 7:,0) is zero and is thus an unacceptable quantity on which to use per-
turbation techniques; the change from 7:,0) =0to J, # 0 is an infinite percentage

change! In contrast, —E':m and E, differ only by a small percentage. We therefore
represent P, by

1 24
P~ - /,m% v (8.3.10)
2 )y

which necessarily vanishes as o, — 0; no power is dissipated in a lossless res-
onator. Equation (8.3.10) is combined with (8.3.8) and (8.3.3) to find Q,:

1 —{0)
WaWrn @ 3 J,€lE, Pdv _wyE

- ——(0) -
Pr ifv ailE, 9

D, = (8.3.11).
This remarkably simple result does not require any knowledge of the resonator
fields (except insofar as w, must be calculated) because both energy storage and
dissipation are proportional to |E,|*. Therefore, the time it takes for the energy of
the n® mode to decay by 1/e is the same for all modes, since 1, = Q,/w, = €/0;
is just the charge relaxation time of the lossy dielectric! Note that Q, becomes in-
finite as o, vanishes, and that our earlier assumption that 0;/we < | automatically
guarantees that Q, will be a large number, as it must be if perturbation techniques
are to succeed. Often, we calculate Q assuming perturbation methods to be valid.
If Q is sufficiently large at the end of the calculation, we can be fairly sure that our
original assumption was justified.

5. Note that if o, is large instead, the current 7, ~'o,E. will be nonnegligible. This current will
give rise to a magnetic field correction by Ampere’s law, which will in tum lead to an electric field
correction by Faraday's law and to an additional current by Ohms’ law. This secondary current will in
turn produce new E and H fields, and this process will continue indefinitely. Only when loss is small
can these additional higher-order self-consistent field correction terms be neglected.
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Sec. 8.3 Loss in Resonators 353

A more usual loss mechanism in a cavity resonator is power dissipation in the
resonator walls, caused by an imperfectly conducting cavity closure. In order for
perturbation techniques to be applicable to this case, we consider resonator walls,
each with large but finite conductivity o,,, where o,/we > 1. Once again the
total unperturbed energy in the resonator is given by (8.3.8) dnd the e average power
dissipated in the n’" mode is given by (8.3.9), where this time /", E,. J dv must
be computed within the resonator walls.

We again must decide whether to approximate E, /. as o,|E. > or
m'l’/ow. Because the electric field inside perfectly conducting resonator walls
is zero, the electric field is not a “slightly” perturbed quantity even if E, is small.
On the other hand, 7(0) is not zero in the walls of a perfect conductor because the
discontinuity in the tangemml magnetic field at the cavny surface gives rise to a
surface current, and J, differs only slightly from J if the wall conductivity is
large. We thus approximate the dissipated power as

|j(0)l,
P,~ -

2 v Ouw
which also has the required property that P, — 0 as o,, — oc. The volume V' is
the volume of the conducting walls of the resonator in which the surface current
flows, not the entire resonator volume V.

Because the resonator surface is an excellent conductor, most of the current .
flows within a skin depth § = /2Z/w,ua, of the surface. We can therefore make
the usual approximation '

dv (8.3.12)

7O ~T0s | (8.3.13)

which was discussed in Sections 4.2 and 4.4. For computational purposes, all of
the current is assumed to flow uniformly within the thickness §. The mathematical
justification for this approximation formed the basis of Example 4.2.2.

Combining (8.3.12) and (8.3.13) yields

2"”/ f | (8.3.14)
--(0)
20.,, ,/l

where the volume integral V' is separated into an area integral over the resonator
' i . ) . —(0)
surface A" and an integral over the skin depth 4. We can rewrite J  in terms

of the unperturbed magnetic field ‘ﬁf,m by using Ampere’s boundary condition
7(0) =n x 7-1—:0). Equation (8.3.14) finally becomes

in

=

2 / n x H (cavny surface)l da (8.3.15)
20,8 J4
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where n is the normal to the cavity surface A" pointing into the cavity.

We shall use (8.3.15) to find Q, for a rectangular resonator with-lossy walls
(0, # oc ) and a lossless dielectric (o, = 0). For simplicity, only the TE ;,; mode
will be considered. We start by finding Prg,, in each of the six cavity walls: by
symmetry the power dissipated in each pair of opposite walls is the same. There-

fore,
. o 1 4t ;. {0} 12
Preg =2 x 2(’“ ix Hpy (x =o)! dydz

—(0)
+ m f f lvam, (‘_0)1 dxdz (8.3.16)

N 20,8 /o /;
Hrg, =% {::E? sin (frx ) cos‘(it-:) J;nnfun cos (”a‘ ) sin (%Z—) (8.3.17)

from (8.2.8) and (8.2.9). Combining (8.3. 16) and (8.3.17) yields

—(0)

Ix Hyg, (~.=0)E-dxd_\‘]

[ 3]

PTE‘“‘:;;E[O bf:::é sm‘(%) dydz
©opd pa
[ ] () eow () e
| o (22 i (55 e

/ A |aé,fk‘i, e

1 n2E, ,
Stk [ad(a +d*) +2b@’ +d)]  (83.18)
From (8.2.24), we find that the total stored energy of the TE ;5; mode is
_en’|E t-abd
- 8.3.19
WTEw 8k0a- ( )
which means that (8.3.18) and (8.3.19) may be substituted into (8.3.3) to yield
WTEy <WTE|o|> abd a2 i d2 .
o ~ 8.3.20
QTE!OI PTE,O, ) [ad(az + dz) + 2b(a3 + d’) ( )

where we have simplified (8.3.20) by using the dispersion relation, resonator
(r/a)® + (m/d)* = w} g, e for the TE ;o; mode.

InductEV, Inc.
Exhibit 1023
Page 021



Sec. 8.3 Loss in Resonators 355

Note that Q depends upon cavity geometry and is inversely proportional to
the skin depth 8 = /2/w,u0,. Therefore, Q x /w,0, becomes infinite as the
walls of the resonator become lossless or as the frequency of the n* mode becomes
infinite.

If the resonator has both lossy walls and a lossy dielectric, we can easily
recompute the new Q for this system if we know the (Q-factors for each type
of loss separately. The resonant frequency w, and the total energy stored in the
resonator wr, are the same for any type of small loss, and the total power dissi-
pated is just the sum of the powers dissipated in the dielectric and walls. There-
fore, if Qn = w,Wr,/ P, is the quality factor for a lossy dielectric resonator, and
Qnw = @, Wrn/ Py is the quality factor for a lossy wall resonator, then the total Q,
for a resonator with both lossy walls and dielectric is

. WaWrn I Py | .
n 2 —_— — + 8.3.21
Q Pm’ + in (Qm an) ( )

Note that the total Q, is less than either Q,; or Q,, because two types of resonator
loss mechanisms are present. In practice, losses in most cavity resonators result
primarily from imperfectly conducting cavity walls.

Example 8.3.1

A certain microwave oven manufacturer wants to sell the smallest oven possible that will
be able to cook a 10-cm hamburger oriented in any direction. The operating frequency of
the oven is 1200 MHz.® What oven cavity dimensions should he use such that at least one
resonance falls at or below 1200 MHz?

Solution: The resonant frequencies of the rectangular oven are

— c my2 ny\? P\?

=5 (5) + )+ (5)

where d > a > b. It is clear that the smaller the values of a, b, and d we choose, the larger
the minimum resonant frequency will be, so :

c 1\? 1\’
fmm=fr£m.=-2' ('a-) +(2) = 1200 MHz (1)

We also have the constraint that the area A = ad is to be as small as possible, so we can
rewrite (1) as a function of the variables A and @ and solve for A. Minimizing A by
setting dA/da = 0 yields the intuitive result that the area (and hence the volume) of the
resonator is smallest when @ = d. Substituting a = d into (1) and solving for a yields

a=d=17.7cm

and therefore b = 10.0 cm to comply with the requirement that the minimum dimension be

6. Actual microwave ovens operate at the government-allowed 2450 MHz, but this is a nonstandard
model.
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at least 10 ¢cm. The total volume of the oven is then
V =(17.7 cm)® x-10.0 cm = 3125 cm’

Note that only the TE ;o; mode can resonate in this oven; all of the higher-order modes are
cut off. This is actually not a very good design for a microwave oven, because the fields
are strong only at the center of the oven. If the oven can support a large number of modes
having a variety of field distributions and the source frequency and/or oven geometry varies
(e.g., from moving fan blades or a rotating carousel), then food will tend to be more evenly
cooked. '

Example 8.3.2 ‘

The microwave oven described in Example 8.3.1 has dimensions 17.7 x 17.7 x 10.0 cm
and is resonant in the TE o, mode at 1200 MHz. A hamburger of dimensions 8.0 x
8.0 x 1.0 cm having complex permittivity € = €(4 — jO.1) is placed in the center of the
oven. The wall conductivity is 4 x 10° S/m. What is the resonator Q resulting from the .
hamburger alone? If the oven is empty and the 400 W transmitter power is dissipated in the
oven walls, what is the peak electric field strength in the cavity? Will the oven arc?

Solution: In order to determine whether perturbation techniques may be used for this
problem, we first compute the hamburger loss tangent 0,,/we . Because € — jop/w = 4€5 —
jO.1€y. € = 4¢, and 0,/w = 0.1€y s0 0,/we = 0.025, sufficiently less than unity so that
the burger just slightly perturbs the cavity fields that exist when it is not present. Therefore,
we can assume that the electric field in the hamburger is approximately uniform and nearly
equal to the unperturbed electric field at the center of the oven. From (8 2.7), we find that
this electric field in the burger is

(V/m) (h

where (8.2.7) has been evaluated at x =a/2, y=5b/2,and z = d /2. The power dissipated
in-the burger is then given by (8.3.10)

1 j=={0) Tp n
o R 2[0,,;5,, | dv-?(koa) !Eo| V, (W) _ (2)

where V, = 64 cm? is the volume of the meat. The total stored electromagnetic energy in
the oven is given by (8.2.24) for the TE ;o; mode:

2
wr = 2(w,) = g- (é) |Eol’abd  (J) (3)

Combining (2) and (3) yields a value for Q:

thwwr=-af~ abd _ 1 (3”5)3488
P, 40, \ V) 4 x0.025\ 64

If the microwave power is instead completely dissipated in the oven walls, we can use
(8 3.18) directly to solve for the field at the center of the oven, |Ey| =~ | Eql/ koa from (1).
" Because only the TE 5, mode is excited, the electric field at the center of the oven is also
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Sec. 8.4 Discrete-Element Resonator Circuits 357

the maximum field. We rewrite (8.3.1%) as

| 373152-52 2b '
P o= (1 4 — ) (W)

0,9 | naky |

where we have substituted ¢ = a, and thus

{(V/m) (4)

—  (wopan? | 2Po,é
?[Zi,i :( ) / /
n V1 +2b/a

Since @ = 21 x 1200 x 10° =7.54 x 10” rad/s and § = 2/wpo, = 7.26 x 10°% m, we
can substitute these parameters into (4) to yield

|Epl =2.98 x 10° V/m
which is an insufficiently large field to cause arcing except near sharp metallic objects
(which should never be placed in a microwave oven). Arcing occurs at field strengths of
approximately 3 x 10° V/m, depending on humidity and other factors. If the walls were
perfectly conducting and 400 W could be continuously supplied, the electric field intensity

at the center of the empty oven would in time become infinitely large. In reality, the oven
would arc first, dissipating power by other means.

8.4 DISCRETE-ELEMENT RESONATOR CIRCUITS

Cavity resonators exhibit an infinite number of resonances, making it difficult to
model their global behavior in a simple way. The same problem exists for all dis-
tributed electromagnetic structures where the electric and magnetic energy is not
stored exclusively in discrete elements such as inductors or capacitors, nor is power
necessarily dissipated in discrete resistive elements. Fortunately, we are generally

“interested in the frequency response of such devices near specific, isolated reso-
nances, for which equivalent discrete-element circuits can be found. These equiv-
alent circuit models are attractive for several reasons—they not only enable us to
view resonators with all the intuition developed from circuit theory, but they are
also often easier to use when discussing the coupling of resonators to the external
world. However, we should be aware that the equivalence between discrete RLC
circuit resonators and cavity resonators is approximate and applies only near the
specific resonant frequency of the discrete-element resonator. Each of the infi-
nite number of cavity resonances must therefore be modeled by a separate equiva-
lent resonator circuit. Because modeling resonators near resonance as simple RLC
circuits is such a powerful technique, we devote this section to reviewing the behav-
ior of these discrete circuits.

Consider the series RLC circuit connected to a voltage source, illustrated in
Figure 8.7. Because we care only about the behavior of this circuit near resonance,
we focus on the frequency domain, assuming that all of the signals in the circuit
have time dependence ¢* where s is the complex frequency

s = jw—a, a>0 (8.4.1)
InductEV, Inc.
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- -

V) =60 f\) C=V.®

Figure 8.7 Senes RLC discrete-element resonator.

The current /(s) flowing through each element in the resonator is just the Laplace
transform of the time-dependent current i(r) = Re{/(s) ¢’} and the voltage drops
across the resistor, inductor, and capacitor are Vg(s), V.(s), and V(s), respec-
tively. Each frequency-dependent voltage V(s) in the circuit is also related to a
corresponding time-dependent voltage v(r) by the relation v(r) = Re{V(s)e"}.
The complex quantities V (s) and /(s) are exactly analogous to the phasors E and
H defined by (1.4.2) and (1.4.3). The only difference is that here we are not limited
to real frequencies.

The voltage/current relations for these three elements are

ve(t) = Ri(r) Ve(s) = RI(s)
ve(t) = Ldi(r)/de Viis) = sLI(s) (8.4.2)
ve(t) = (fiydr)/C Ve(s) = I(s)/sC

where the first expression in each pair is the time-domain representation and the
second is the frequency-domain relation between voltage and current. Kirchhoff’s
voltage law then states that the source voltage Vs(s) is the sum of the voltage drops
across each of the series elements, so

1
Vs(s) = (R +sL + —) I(s)
sC

2
(s +sR/L + l/LC)l(s)
s/L

(8.4.3)

—
=

Equation (8.4.3) may be factored using the quadratic formula, resulting in

V(s) = S0 =5 (8.4.4)
s/L
where

R j 1 R?

A == — i i i
L LC 2L (8.4.5)
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Sec. 8.4 Discrete-Element Resonator Circuits 359
and we have suggestively defined the new vanables

wo = 1/VLC (8.4.6)
ap = R/2L (8.4.7)

For this RLC circuit to exhibit strong resonant behavior, the amount of
power dissipated in the circuit must be small. Since « is proportional to R, g
must also be small and therefore ay < @y, which means that the resonant fre-

quency / @} — a} can be approximated by w). We immediately see that the nat-
ural, complex frequency of this circuit is approximately s = —ag + jay, which
means that the resonant frequency in this circuit is near wy and the rate at which
power is dissipated is proportional to a,. All voltages and currents in this circuit
have time-dependencies given approximately by e ¢/“” 5o the stored energies
are proportional to |e ™ ¢/“¥|? = ¢~2®' [ we use the definition of Q in (8.3.3)
and the definition of @y and ay in (8.4.6) and (8.4.7), the quality factor for this
resonance is

Q= — = — = — [ = N (8.4.8)

where @ becomes infinite as the lossy element R vanisheé: (8.4.8) is exactly the
same as (8.3.7). We may also find Q directly from its definition in (8.3.3)

wowr @ 2(Wm(s)) _ @02 ZLIIP _ anl

- = 8.4.9
P P(s) 1R|I(s)? R (543)

0=

where the power dissipated in the resistor is just P(s) = 1 R|/(s)|* and the total
energy stored in thés circuit is twice the magnetic energy (w,(s)) = }Lll ().

We should now like to find the power dissipation in this resonator as a func-
tion of frequency. Using the definition of P(s) and the relations between current
and source voltage given by (8.4.3)(8.4.4), we find

1 2

1
P(s) = immn2 = iRle(S)lz

s/L
(s = s1)(s — 52)
s/L :
(s +ap — jan)(s — ap + jax)

(8.4.10)

1
= ’Z‘RIVS(S)I2

which is written in terms of the source voltage Vs(s) with the approximation
that \/@§ — & = wy. Both the dissipated power and the complex admittance

I(s)/ Vs(s) approach infinity whenever the complex frequency s approaches either
of the frequency-plane poles at s, or s;. The location of these admittance poles
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Figure 8.8 RLC resonator in the complex plane.

in the s-plane or complex frequency plane is illustrated in Figure 8.8(a). In addi-
tion to the poles at s, and s, there is also a frequency-plane zero at s =0 in both
admittance and the power dissipation function (8.4. 10).7

Because we must drive the series circuit with a real frequency @ (equivalent
to a wholly imaginary complex frequency s = jw), we are confined to s values
that lie along the imaginary axis in the complex frequency plane and therefore
cannot get closer than the distance a to either pole. The complex admittance of

7. Note that the admittance poles become impedance zeros and vice versa because impedance and
admittance are reciprocal functions.
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this circuit is never infinite, therefore, unless a, = 0, corresponding to a perfect
resonator with R =0 and Q — ~.

The driving frequency which minimizes the distance to the pole at s, =
—a + j\.':wf) —alisw= \/wg — af = wy, which means that maximum power is
dissipated in the resistor R at resonance. This power can be approximated by sub-
stituting s = jwy into (8.4.10), yielding

! R by ‘ j(l)()/L
P(wg) = —|Vs(ap)|” l——————-
23 |2o(2jax + @) |
R | jw/L |’
& = | Vs(ag)? |
2| s(e)| aog(2jay) |
[ V(o) |?
A 8.4.11
2R ( )

where ay = R/2L has been used to simplify (8.4.11) and the factor 2 jwy + ¢ has
been approximated by 2jwy. The value of maximum power dissipation given by
(8.4.11) is the power that would be dissipated if the reactances of the inductor and
capacitor canceled each other exactly, leaving an input impedance Z = R. This
occurs when jwL + 1/jwC =0, or when @ = 1/ LC = wy, i.e., approximately
at resonance. _

If we move away from resonance to wy + ay, the distance to the —ay + jay
pole goes from ag to /2, as seen graphically in Figure 8.9(b). Because this pole
- dominates (8.4.10), the dissipated power drops to one-half its peak power, shown
by substituting 5 = j(wy + ap) into (8.4.10):

R
P(wy £ ao) = | Vs(an £ ao)|*x

Jlwy £ ap)/L ’

[J(axn £ ao) + a0 — janllj(wo o) + g + jao]

jow/L  [* R 1
@ ja@jay | 4 el 3P

(8.4.12)
The frequencies w = wy + « are therefore called the half-power frequencies of the
resonance, and we define Aw = 2y as the half-power bandwidth or full width at
half maximum (FW HM).

Because ay < ay, the circuit is a high-quality resonator and P(w) is sharply
peaked about wy, as suggested in Figure 8.8(c). As the poles approach the imagi-
nary axis in the complex s-plane, 2ay becomes smaller and the resonance peak is
narrowed. As Q — 00, the resonance becomes a delta function, and only the reso-
nant frequency itself can be excited, with zero driving point impedance. The width

R
‘2-1 Vs(wo)|?

InductEV, Inc.
Exhibit 1023
Page 028



362 Resonators Chap. 8

of this resonance is closely related to its quality factor Q. From (8.4.8),

wy Wy fo

~ % _ Jo (8.4.13)
2ay Aw Af

The dual circuit to a series RLC resonator driven by a voltage source is a
parallel G LC resonator driven by a current source, as illustrated in Figure 8.9. The
current and voltage in this resonator are related by

.
[5(s) = (G +sC + —) Vis)
sL

s?4+sG/C+1/LC o
- (S e
which is completely analogous to (8.4.3) if V and / are interchanged along with

G > R and L « C. The resonant frequency wy = 1/ LC is not affected when
L and C are interchanged, but the value of o, becomes

G

(8.4.14)

= — 8.4.15
a 5C ( )
for the parallel circuit; the quality factor is then
=fﬂ=3£=é/§ | (8.4.16)
2 G GVL
This value of Q can also be found from its definition
2(w, 2-icivis))?
Q=wow1__wo (we(s)) ap2-3CIV(s)| =aa)C 8.4.17)

P Py GIVOP G

which is just the dual of (8.4.9). If we recall that the Q of a cavity resonator with

lossy dielectric is wpe/o; from (8.3.11), we find a plausible relation between C.

G, €,and 0;: '
e C ‘
—_—=— : 8.4.18)
iy ( )

A similar relationship between cavity resonators and RLC circuits is not so readily

AAAA
yyyy

~ V(2)

L

iqu G LE c

Figure 8.9 Parailel GLC resonator circuit.
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found, since the specific mode and actual structure of the cavity are important in
determining resistive losses.

We now describe the coupling of a series RLC or parallel GLC resonator
to an external circuit, in preparation for Section 8.8 in which we shall discuss cou-
pling by modeling the resonator by an equivalent circuit. Figure 8.10(a) depicts a
discrete-element RLC resonator coupled to a Thevenin equivalent circuit modeled
as a voltage source Vpy in series with an impedance Zp,, representing any passive,
external circuit.

Because there are now two elements in the combined circuit that dissipate
power, we specify power lost in the internal circuit as P; and power lost in the
external circuit as Pg. The quality factors for the internal and external circuits are
also specified explicitly as the internal Q, Q; and external Q, Q¢ ‘

WWr .
- 2 419
Q P (8.4.19)
O i ek (8.4.20)
Pg

where @ is the resonant frequency and wy is the total energy stored in the res-
onator. The total, or loaded Q, Q, is the quality factor that results from both loss

N
Jj
3

]
. :
! 4:
v O s 2,
B ! L
< Allh
External circuit | Internal circuit
(Thevenin equivalent) i (RLC resonator)
(a)
]
i
b
¢ - .
]
111
i, | 3
Iy C) e 305 3 ]—c 3G
'
Ot .
External circuit i Internal circuit
(Norton equivalent) | (GLC resonator)
(b)

Figure 8.10 Coupling between circuit resonators
and external sources.
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mechanisms:

WW 1 |

QL= ————= [A__- + —1 (8.4.21)
P, + Pg Q; QF j

In the resonator circuits discussed to this point, O was assumed to be infinite so

that Q,; and Q; could be used interchangeably.

If the maximum possible amount of power is dissipated in the resonator from
the external circuit, then the resonator is said to be critically coupled or matched
to the external circuit. It is easy to show that critical coupling occurs when the
resistive parts of the internal and external circuits are equal and the reactive parts
of the two circuits cancel. In this case, the same amount of power is dissipated in
both circuits s0 P; = Pg, Q; = Q¢,and Q, = Q,/2 (see (6.3.12)).

We can find the value of Zp, necessary to critically couple both halves of the
circuit in Figure 8.10(a) at resonance by noting that the impedance Z(w) looking
into the RLC circuit is Z(w) = R+ jwlL + 1/jwC. At the resonant frequency
wp = 1/vLC, the resonator impedance is Z(wy) = R. The Thevenin impedance
that matches this resonator at resonance is therefore the resistor Ry, = R .®

Overcoupling occurs when more power is dissipated in the external circuit
than in the resonator so that Py > P; and Qf < Q. Undercoupling is the reverse
situation where Py < P, and Q¢ > Q,. For the circuit in Figure 8.10(a), an
overcoupled circuit is one in which Ry, > R and an undercoupled circuit implies
RI‘h <R.

We can therefore define Q;, Qf, and Q, for this circuit by the following
relations

Q) =wyL/R
Qr = woL/Rm (8.4.22)
Q;=wyL /(R + Rm)

which follow from (8.4.8) and the definition of critical coupling.

A similar coupling between an external circuit and a parallel GLC resonator
is illustrated in Figure 8.10(b), where the external Thevenin equivalent circuit is
replaced by a Norton equivalent circuit, consisting of a current source /y in parallel
with an admittance Yy . Because the two circuits in Figure 8.10 are complete duals
of one another, the entire discussion above can be repeated with the substitutions
Vipn = Iy, Zm — Yy, R —> G,and L — C. Critical-coupling again occurs when
the parallel GLC resonator is matched to the external circuit, or Yy =Gy =G V7

8. Strictly speaking, it is also possible to have a reactive part of the Thevenin impedance as fong as
Xn(ay) =0.
9. Or, more generaily, when Yy = G + j B where Blay) =0.
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Figure 8.11 Power coupling to a RLC resonator in Example 8.4.1.

This circuit has quality factors Q,, Q;.and Q, given by
Qr=wC/G
Qe=wC/Gm (8.4.23)

Qr=wC/(G + Gm)
which result from (8.4.16) and the definition of critical coupling.

Example 8.4.1

We wish to couple the maximum amount of power (at resonance) to a series RLC
resonator via a transmission line connected to a series resistor R,, shown in Figure 8.11.
Find a relationship between R,, Z,, £, and R. Determine R, in terms of Z, and R when
¢=Ai/2 and { =A/4.

Solution: At resonance, the RLC circuit has a purely real impedance R. For max-
imum power transfer to occur, the resonator must be critically coupled and the Thevenin
equivalent circuit should be simply a voltage source in series with a resistor having the value
Zm = Rmy = R. We can find the Thevenin impedance of the external circuit by looking
back into the TEM line and shorting the voltage source. From (6.1.14), we find

Ze =7 R,+qutankl )
" O(Zu+jR,tankl)
which is purely real when tankf =nx (£ =0,4/2,A,...) or when tanké = (n + 1/2) ¢
(€=24/4,34/4,...). If € is amultiple of 1/2, then Zy, = R, and so R, = R is necessary
for critical coupling. If, instead, ¢ is an odd multiple of A/4, Zy, = Zg/R, o R, = Zg/R
is the appropriate choice for the series resistance.

(D

8.5 TRANSMISSION LINE RESONATORS

The one-dimensional TEM-line resonator is another important resonating structure,
formed by terminating a section of TEM transmission line at both ends. Such
resonators exhibit all the subtleties of resonator behavior without the additional
complexities arising from a three-dimensional structure. Slightly less simple than

InductEV, Inc.
Exhibit 1023
Page 032



366 . Resonators Chap. 8

the series and parallel circuit resonators described in the previous section, the TEM-
line resonators possess an infinite number of resonant frequencies instead of just a
single resonance at @ = 1/ VLC.

We first discuss a TEM-line resonator formed from a piece of uniform TEM
transmission line of length ¢ shorted at both ends, as illustrated in Figure 8.12.

The voltage and current for such a resonator are given by the usual forward- and
backward-propagating wave solutions (5.3.45) and (5.3.49):

Vi)=V,e ™+ V_ e
[(z) = Yo(Voe % = V_e*)

The short-circuit boundary condition V(z = 0) =0 may be applied to (8.5.1) to
show that V, = —V_. Therefore,

V(z) = =2jV,sinkz
1(2) =2Y,V, . coskz '
Since the voltage in (8.5.2) is also forced to vanish at z = ¢, then sinké =0 or

kf =nnr, n=012,... _ (8.5.3)

(8.5.1)

(8.5.2)

Therefore, the wavenumber k may take on a series of discrete values indexed by
n such that k, = nx/€.'"° Because k = wv/ LC = w/v, the resonator can only
sustain voltages and currents at the resonant frequencies

k, _nm__nmv
JIC ¢JIC t°

where v = 1//LC is the speed of wave propagation on the transmission line.

Wy =

n=012,... (8.5.4)

10. In this case, where both ends are shorted, we see that ¢ = nk,/2. The same result follows for
TEM resonators open-circuited at both ends, whereas the length ¢ of a resonator shorted at one end
and open-circuited at the other is an odd multiple of A,/4.

-

LC | Ze=

NG
jL---_----_-.H----_

e e s o o -

Y
L

™~

f e

0

Figure 8.12  Short-circuit TEM-line resonator.
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Sec. 8.5 Transmission Line Resonators 367

Note that one of these modes (n = () has zero trequency, corresponding to a steady
(bC) current /(z) = 2Y, V. flowing in a loop and purely magnetic energy storage
since V(7) 1s everywhere zero for this mode. '

We can also find the resonant frequency for TEM-line resonators terminated
with reactive (capacitive and/or inductive) loads. Consider the case where the
TEM-line resonator of Figure 8.7 is terminated at 7 = ¢ with an inductor L instead
of a short-circuit, while the z = 0 end remains a short-circuit. The impedance at
z = ¢ is then
V=6 -2;V.sinkt
CI@=8)  2Y,V,coskt

using the voltage and current in (8.5.2), which satisfy V(z =0) =0. But the
impedance at z = ¢ must also be equal to the inductor impedance jwL , resulting
in the transcendental equation

Z(z=10)

= —jZytan k¢ (8.5.5)

wl
wl = —Zytan (T) (8.5.6)
which has an infinite number of solutions w, . In this case, the resonant frequencies
must be obtained either graphically or numerically. If L — 0, corresponding to a
short-circuit impedance, then tan(w¢/v) must also vanish, recovering the resonant
frequencies w, = nmv/¢ of (8.5.4). In the opposite limit, where L — oo and the
resonator is open-circuited at z = ¢, tan(w,€/v) = oo and w, = (n + 1/2) rv/L.

Once the currents and voltages are found for a TEM-line resonator, it is
straightforward to calculate the Q of any resonance. Suppose we insert a small
series resistor R into the short-circuited TEM-line resonator at z = a as shown in
Figure 8.13(a). We assume that R is small enough that the current flowing through
the transmission line is not seriously perturbed from its original value. Since we
have already determined in (5.3.50) that a lossy TEM line has the approximate

impedance !
z~ [J9L*R (8.5.7)
JoC + G

we find that R < wL must be true near resonance for perturbation methods to be
-successfully applied. Since wl ~ Z; near resonance, this condition is equivalent
to R « Z;. The power dissipated in the resistor is thus

1 1 .
P, =3RILG =a)l*~ >R 1%z =a)?

where [V(z =a) = —2jY,V,, cosk,a is the unperturbed current that would exist
if the resistor were not present. Therefore, _

L Y T 2 soed G
P = 3RO G =) = 3R 12KV, [ cos (T) (8.5.8)
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Figure 8.13 Loss in a transmission line resonator.

The total energy stored in this resonator is twice its time-averaged magnetic
energy
L

¢ ’ :
f 12YV.al? cos® knz dz
2 Jo

L IF ... s
Wn=2-2/.uﬁmdez=
0

¢ 3 '

where we have written wr, in terms of /(”(z) to simplify the calculation of Q.
An expression for the quality factor of this resistive-wall resonator results from its
definition in (8.3.3):

0, ~ WaWTn nnZy 1
"7 P, 2R cos’(nma/t)

It is clear that Q is large when R/Z, is much less than unity. However, Q is also

“(8.5.10)
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Sec. 86 Transients in Resonators 369

- large if we put the resistor at a current null on the ideal TEM line {cos(nra/t) = 0|
so that no power can be dissipated. In this case Q would be very large even if
R =2Z,!

We can also perturb the TEM-line resonator by connecting a small conduc-
tance G in parallel across the resonator at z = a, as shown in Figure 8.13(b). This
resonator is the dual of the one just described. That is, we can repeat the entire
discussion of the small R resonator above but interchange the roles of / « V,
Zy <+ Yy, and R < G to describe the small G resonator.

If G <Yy, very little current will flow through the conducting shunt and the
voltage will not differ much from its unperturbed value V'(z = a). This suggests
that we write ' '

mm) (8.5.11)

l 7{0)2 l 2 .2
P, = 5GIV,"F = 3GI2V.,*sin (T
using (8.5.2) and (8.5.3). The total stored energy wr, is given by (8.5.9) so the
quality factor for the n"* mode of the conducting-shunt resonator is _
W, Wr, _ nYy I
0= - . 3
Pn 2G sin“(nma/t)
If the shunt is placed close to either end of the resonator (at @ >~ 0 or a ~ ¢), then
Q — o0 even for large G because the voltage is small at either end of the resonator

so very little power can be dissipated. Note that the ratios Zy/R and Y,/G are
both important measures of resonance quality, but do not uniquely determine Q.

(8.5.12)

8.6 TRANSIENTS IN RESONATORS

Transients are significant only for limited intervals of time, having signal compo-
nents at a wide range of frequencies. The more limited the time interval associ-
ated with the transient, the broader the range of frequencies that are present, as a
Fourier or Laplace transform reveals. In order to understand the transient behavior
of resonators, we express the voltage and current as the superposition of an infinite
number of terms, each at a distinct resonant frequency of the system. As an exam-
ple, we revisit the short-circuited TEM-line resonator of length ¢ with voltage and
current given by (8.5.2). An arbitrary waveform is constructed by superposing the
voltages and currents of each mode using (8.5.1)8.5.4)

20 20

4 ,:.t)=ZV,,(z.r)=Rc[ZA,, sink,ze’“"'} (8.6.1)
n=() =() . '
00 20 .

I(z,1) = Zl,.(z.l):Re ZonA,, cosk,.ze""“] (8.6.2)
n=( n=()

where A, = -2;V,, is the complex coefficient of the n"* mode of this resonator
and has yet to be determined explicitly.
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