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As an example of how A, might be found, consider an air-filled TEM
transmission line of length ¢ initially open-circuited at both ends and charged to
V, volts with zero current everywhere on the line. At =07, both ends of the
resonator are suddenly short-circuited and the structure becomes the resonator of
Figure 8.12 with voltage and current governed by (8.6.1) and (8.6.2). To eval-
uate A,, we set V(z,1 =0") =V, and I(z,1 =0") =0. This latter boundary
condition can be written as

o0
I(z,t =0%*)=Re ZonA,. cosk,,z} =0 (8.6.3)
n=()

where (8.6.3) implies that A, is a real coefficient for all n; that is, Im{A,} =0.
Applying the voltage boundary condition at 1 = 0" to (8.6.1) yields

0
V(z,t =0")=Re {Z A, sin k,.z} =W (8.6.4)

n=()

but since A,sink,z is purely real here, the Re{} operator in (8.6.4) may be
dropped. Therefore,

»
Vo= Z A, sink,z, k, =nm/t (8.6.5)
n=0

The orthogonality relation for sinusoids discussed in Section 7.3 may now be
used to determine A,. Recalling from (7.3.10) that

€2 . /nmz\ . (mAz 1 n=m
/o 7 sin (T) sm(—-e—-) dz =08 = {O nkm (8.6.6)
we multiply both sides of (8.6.5) by (2/¢)sink,z and integraté from O to €,
yielding
2V, & o nmwz mmnz
i SR N T .
[0 lsm zdz ;;A/o‘lsm(t)sm(e)dz
o0
=Y Acbe
n=0
= Ay (8.6.7)
Therefore,
t2v, 2V,
Anm =f -79 sinkmzdz = ;;1'3 [l - (—-1)”’] (8.6.8)
0
because cos k¢ = (—1)™. We can thus re-express A, as
. [4Vo/mr, “nodd (8.6.9)
"o n even ‘
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Figure 8.14 Construction of voltage V(z,t) from a summation of modes.

so the voltage on this line finally becomes

. 4V, nmz
Y “Vsin (=) ol
V(mt)-Re{ sm( Z )e }

n odd nx
2. 4V, nz et
I A sin(" )cos(n ¢ ) (8.6.10)
~ nn 4 ¢

The expression for V(z,r) given by (8.6.10) is illustrated in Figure 8.14 at ¢ =
0" and at t = £/4c, together with the contributions from V,(z,t) = (4V,/nm) sin
(ntz/€)cos(nnct/€) forn =1,3,5.
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372 ] Resonators Chap. 8

In the limit where the summation includes all of the odd modes, the resulting
voltage V(z.1) becomes a simple traveling step function that can be determined
in an alternative manner using the methods of time-domain analysis presented in
Sections 5.8 and 6.8. We recall that the boundary conditions at ¢ = (" determine
the initial forward- and backward-propagating voltage pulses, both of magnitude
V,/2, as shown in Figure 8.15. Each pulse propagates independently, and the
short-circuit boundary conditions at z = 0 and z = ¢ imply that the reflection coef-
ficients ['; and I's at each end of the resonator are both equal to —1. Figure 8.15
plots the voltage V(z, 1) at several instants of time. (A further explanation of time-
domain methods can be found in Section 6.8.) The energy oscillates between its
electric and magnetic forms. At 1 =0, €/c, 2¢/c. ... the current [ is zero every-
where and the energy is purely electric, whereas at 1 = £/2¢, 3¢/2c, ... the voltage
is zero everywhere and the energy is purely magnetic.

Either method (modal decomposition or time-domain analysis ) may be used
to analyze a TEM resonator. While the time-domain method is more straight-
forward and intuitive for simple pulse shapes on a dispersionless TEM line, the

1
} Vig,t=0) V.and V_att =0
Vo VO
-
o2
vV, —»
> z
i 0 t
Y e=0) ‘
V=V, +V_
N I=Yy(V,-V)
0 F g .
I
Vi, t= % vLC)
Vo b=
Vo
- V.
- -
0 L/4 3t/4 z . Vy
A . Vo > t/4 -V
I t= z‘vw) 1
YoVo —
I"L = I'3 =~1
0 >
t/4 3t/4 t z
-YoVo
Figure 8.15  Time-domain analysis of resonator behavior.
InductEV, Inc.
Exhibit 1023

Page 039



Sec. 8.7* Perturbation of Resonators 373

frequency-domain method ot decomposing voltage and current into a set ot orthog-
onal modes is more general and gives additional insight into resonator behavior.

This direct approach to solving problems where the nitial conditions are
specified is outlined below:

(1) Expand the field expressions in terms of modes, where the resonant frequen-
cies w, are determined by the spatial boundary conditions of the resonator.

(2) Set these sums of modes with unknown coefficients equal to the initial condi-
tions for V(z,t) and I(z.1).

(3) Solve for the complex amplitude of every mode by using an appropriate or-
thogonality relation that singles out each mode individually.

(4) Solve for V(z,1) and /(z,t) by summing over all modes, each at its own
characteristic frequency s, = jw, — a,.

8.7* PERTURBATION OF RESONATORS

We have shown in Sections 8.2 and 8.5 that a lossless cavity or TEM-line resonator
possesses a (possibly infinite) number of undamped resonant frequencies @,. In
Sections 8.3-8.5, we saw how small dissipative perturbations could broaden these

resonances and even shifted them slightly from g to \/wj — af [see (8.4.5)]. In
Section 8.5 we also saw how a reactive element could be added to a TEM resonator
to produce a new set of resonant frequencies shifted somewhat from the set pro-
duced without the reactive element. (The example used was an inductor at the end
of a shorted TEM line.) In each case, it is convenient to think of the unperturbed
resonant frequency s, = jw, altered to a new resonant frequency s, = jw, — a,
where w, ~ w, and a, ~ @,/2Q, ~ P,/2wr,. In general, dissipative losses have
their greatest effect on «,, while reactive (lossless) perturbations principally affect
w,. In this section, we develop a more rigorous approach to calculating changes
in the resonant frequency s, as small losses and reactances are introduced. These
generalizations will also permit us to calculate the effects of denting the walls of
cavity resonators or introducing small lumps of dielectric, magnetic, or conducting
materials into a cavity.

We shall begin our derivation of an expression for frequency perturbation
by applying Maxwell’s equations simultaneously to a perfectly conducting reso-
nant cavity and its almost-identical (but lossy) twin. Consider a perfectly conduct-
ing closed cavity filled with a medium having permittivity €,(r) and permeability
w4(7). The cavity is resonant at frequency s = jwy and satisfies Maxwell’s equa-
tions

v x EA = ‘j“’OﬂAﬁA (8.7.1)
V x Hy = joesEy (8.7.2)
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374 Resonators Chap. 8

where J, is zero inside the cavity since o, = 0 and no currents have been applied.
If we now alter this cavity slightly, either by adding loss to the walls or medium
and/or changing the cavity shape, the new cavity satisfies the equations

V x E,; = *S[tgﬁg (8.7.3) -
v X ﬁg = SGBE[; + .73 (8.7.4)

where Ej and Hp are the perturbed fields with values very close to E, and H,.
respectively, and T is a perturbed current introduced by adding loss to the cavity,
inserting a modulated electron beam, and so on. As before, the perturbed time-
harmonic fields are proportional to e where s is generally a complex frequency.
The real part of s is proportional to the rate at which energy is lost from the
resonator and the imaginary part of s is the frequency at which the fields resonate.
We now use the vector identity V - (A x B) = (V x A) - B — (V x B) Ato
compute '
V.(E, x Hy + Es x Hy) = (V x Ey) - Hg — (V x Hg) - E,
+(V x Eg)-Hy—(VxH,)  Eg
=jwul-taﬁ,: - Hy “SGBEB'E,: "'73'—5:
—sppHg H, + jaxesE, - Eg (8.7.5)

where (8.7.1)—(8.7.4) have been used. If we integrate (8.7.5) over the volume of
the lossless resonator V,, we can use Gauss’s divergence theorem (4.1.1) to convert
the left side of (8.7.5) to a closed-surface integral over the area of the unperturbed
resonator A4:

(EA X HB+EB X H ) nAda—-(jwu.A-sug)/ (H Hg)dv

Aa
+ (jwes — seg) | (Es-Ep)dv— | (Jp-Ey)dv (8.7.6)
Va Va

Because the electric field E, is perpendicular to the surface of the lossless res-
onator, 74 x E4 = 0 and the first term on the left side of (8.7.6) vanishes. We can
then solve (8.7.6) for s — jay, yielding

S—jam:-f[f (-E.Bx_ﬁ;)-ﬁ,.da-F (7B-E-;)dv+
Ay

Va

jaoo(ua —up) | (Hy Hp)dv+ jan(es - €5) /(E:-‘E'a)dv] / (8.7.7)
Vi Va

[ (usH, Hp + €sE, 'Ea)dv]
Va

where (8.7.7) is still an exact equation. We now make the observation that since
gy, €5 2 €4, Ep ~ E,, and Hg = H,, the denominator of the right side of
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Sec. 8.7* Perturbation of Resonators 375

-~ (8.7.7) may be written:

— e . I —_— | — 5
/ (H;{i{\‘ }{H ’f‘[{[‘.‘“ : ]‘.H)(IU _\14/ (~ﬂ‘fH4§ + “(.‘E[Z\l')lll‘
Vi Vi 4 . 4 ’

:4[<wm>-+ <w,>]
~ 4wy . (8.7.8)

where (8.2.19) and (8.2.20) have been substituted. Note that we cannot approx-
imate €5 =€, and ppg > i, in the numerator of (8.7.7) or two terms will com-
pletely vanish. Combining (8.7.7) and (8.7.8) yields the approximate difference
between the perturbed and unperturbed frequencies: '

l o el A — —
s — Japy~ —— [f (Eg x Hy) -nyda +[ (Jg-E,)dv
4WT Ay y
' (8.7.9)
+ Jawo(pa — #B)[ (H - Hpg)dv + jax(ey “GB)/ (E Ea)dv]
Va

The first two terms on the right side of (8.7.9) are proportional to the radiated
and dissipated (real) power, respectively, so we see that

1
Re{s — jay) = Re{jo' —a — jap} = —a = —Ev— Re({ P} (8.7.10)

As discussed in the beginning of this section, a, =~ P,/2wr,, which is certainly
consistent with (8.7.10). The second two terms on the right side of (8.7.9) corre-
spond to changes in reactive or stored (imaginary) power and thus reflect a shift
in the actual resonant frequency Im{s — jay} = @ — wy. Because €z > €, and
W > W4, the shift in frequency is generally small, as it must be if the perturbation
approximation is to be valid. Equation (8.7.9) is called the resonator perturbation
equation.

We now apply (8. 7 .9) to the resonator of Figure 8.16(a), which has a thin, flat
dielectric €5 introduced at the conducting wall of a lossless resonator with fields
EA , H, such that the surface of the dielectric is approximately perpendicular to
E,. At the dielectric boundary, the normal displacement field D must be continu-
ous and thus egEg >~ €, Ex inside the dielectric. We assume that the field inside the
dielectric is almost all normally d dlrected because the dielectric layer is so thin and
flat. The surface integral f,\ (Ep x H ) - isda therefore vanishes because Ej
is parallel to E, and 7 A X E 4 = 0 at the surface of the perfectly conducting res-
onator. Likewise, f v, (Jy EA)d v = 0 because no current JB is produced by the
dielectric. Because pg = u, and €3 = €, everywhere except where the dielectric
is located, the only nonvanishing term in (8.7.9) is

s — jwy = aj"-;(fft -GB)/ (E;'Es)dv
Va
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376 Resonators Chap. 8

{a) Perturbing dielectric (b) Wall indentation

Figure 8.16 Gentle perturbations of cavity resonators.

~ 30 () — €p) 51/ Edv 8.7.11)

Wr € Jv,
where V), is the volume of the dielectric. Because (8.7.11) is purely imaginary,
only the resonant frequency of the cavity shifts. If €5 > €4, then the resonant
frequency of the cavity is reduced slightly below wy without affecting the rate of

decay of energy in the resonator.

" If the cavity wall were instead indented, removing the volume V) as shown
in Figure 8.16(b), this perturbation could be modeled by allowing the dielectric
constant €5 in Figure 8.16(a) to approach infinity so that Ez — 0, and (8.7.11)
would become : _

J@o€

s — joy > — z |EAlP dv (8.7.12)

Wr Jv,

But this frequency shift is not exactly correct, because 1z must accurately model
the “perfect conductor” in which B = 0. Since Hy ~ H, as a result of tangential
magnetic field continuity at the dielectric surface, jp must equal zero so that
By = puzHy =0. The resonator perturbation equation (8.7.9) thus includes an
additional term that vanished when pg = p, for the dielectric perturbation, and

the frequency shift is more accurately represented by . .

s — jay = et f —ualHpl" = —€A|lEal’ ) dv (8.7.13)
WwWr 'Vp 4 4

Aw . (AW,,,) o (AW,)
wy wr :
where the only contributions to (8.7.13) and (8.7.14) are from the last two terms of
(8.7.9). If the cavity indentation occurs at a place where the unperturbed stored
electric energy is larger than the unperturbed stored magnetic energy, then the

(8.7.14)
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Cavity resonator Locus of points where
<W,> > <W,,> and where
indentation therefore
lowers @y, elsewhere
indentation increases @

Figure 8.17 Cavity perturbation by indentation.

resonant frequency is reduced, and vice versa. Negative indentations (outward
protrusions of the cavity) of course have the opposite effect. Figure 8.17 shows
the locus of points where indentation would lower y for the TE o, mode.

The reduction of the cavity resonant frequency caused by indenting the top
and bottom walls can also be understood by referring to Figure 8.3, where it is
clear that such indentation would increase the capacitance C by decreasing the
space between the top and bottom capacitor plates in the equivalent LC resonator,
thereby reducing wqy = 1 /VLC.

Yet another way to understand cavity indentation is to assume that the cavity
contains a fixed number of photons n each having energy w = hwgy/27, where h
is Planck’s constant (h = 6.625 x 107* J. s) so that the total energy wr, in the
cavity is nw = nhwy/2m. The electric field lines of the TE o, mode pull at the
top and bottom walls of the cavity with an average force dcnsxty G lE | (N/m?),
and if the cavity yields slightly, the photons do work and collecnvely lose energy
Awr. Since the number of photons is conserved for processes slow compared to
wy ', wy is necessarily reduced. The energy shift Aw; and the frequency shift Aw
are therefore directly proportional:

nhAw
2

= AWr

or

2 A Aw
A AL SBTAT (8.7.15)
. nh Wr

The energy Shlft Awr also depends on the average outwardly directed mag-
netic forces, }u IH{ N/m?. At places where this force density exceeds the inward
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force density of electric origin, indentation would increase ay, and at places where
these two forces balance, such indentation would have little effect.

Example 8.7.1

A cavity resonator has slightly lossy walls of conductivity . Find a simple expression
" for the complex resonant frequency s for this resonator, where ay would be the resonant
frequency if 0 = oC.

Solution: We consider V4 in (8.7.9) to exclude the walls where J 5 is nonzero, and
thus only the (E, X Tl:) - N, term requires evaluation. The electric field -E-B parallel to
the wall is given by '

_EB = nu.-ﬁA X ﬁA
where 7, is the surface normal vector and the wall impedance follows from ( 3.4.15)

: | wop .
w = =1+
n V 20 J)
with o > wnu/2 required for the perturbation method to be useful.
Therefore, (8.7.9) becomes

S"'ngz—z——r‘ (—ngﬁ;)-mda
Ay :
g f==
= - — /0_)0_#“4_]) ;H.\Izda
awr Y 20 Aq

where A, is the area of the inside surface of the resonator. The real and imaginary parts are
both perturbed equally by the highly conducting but lossy walls, and the resonant frequency
is reduced. ‘

Example 8.7.2

A small dielectric sphere having radius R much smaller than a wavelength and permittiv-
ity € is introduced into a cavity resonant at frequency ay. What is the percentage change
in the resonant frequency as a result of the perturbation? How does the frequency change if
the sphere is perfectly conducting as opposed to perfectly insulating? )

Solution: Without the sphere, the cavity has an electric field E 4 assumed to be roughly
uniform over the small region where the sphere will be introduced. Because the sphere is
much smaller than a wavelength in radius, we can find the nearfields of the sphere quasistat-
ically. i.e., by solving Laplace’s equation rather than the more complicated wave equation.

The electric potential is thus
3

CiR
by = —E,rcosf + ‘2 cosé r>R )
r y

by = Cyrcosé r<R

where @5 satisfies V2® = 0 in spherical coordinates. Far away from the sphere, ®5 —
—E.rcosf = —Ez, which is the potential of the uniform field E, = E4 without the
sphere. (We assume that the sphere is sufficiently small that the electric field is approxi-
mately uniform in its vicinity and orient the Z-axis in the direction of the field.) The con-
stant coefficients C; and C, are found by enforcing continuity of tangential E and normal
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Datr=R
I 0Pg(r > R)| I abg(r < R)| i
! n(' > B o TP = S —E 4+ C =G,
r a6 =R r a6 =R
3®g(r > R)! 0D g(r < R) ! . .
—€4 ' B_ —>—°"‘§ = —€y f—'———”—*—-—' - 6,4([‘.4 + 2([)'—“— ~€50)
ar Ler ar l,eg
which leads to C, = —E (e4 — €5)/(2e4 + €p) and C, = —3€,E,/(2e5 +€5). If we
neglect the 1/r? field outside the sphere, then
Eyn-—A_F R
A L or<
! 2€, +_€5 !
EB %—EA' r>R

We also neglect contributions to Aw from changes in magnetic energy. The resonator
perturbation equation (8.7.9) thus bécomes

s—jwx i—a—)o—((g-—fn)/ (E:-Eg)dv
w Vophe

T re

: 3
_Jo 3ea(es — €p) ) 47 R
dwr 2€4 + €3 3

where 7 is the coordinate where the sphere is located. Since Im{s — jw} =o' — ay = Aw,
we can also write the frequency shift as

Aw _ exlep —€4) TRNEA(F)

‘wo  2€s+€s - Wy
By monitoring the frequency change Aw caused by a spherical dielectric probe as a func-
tion of 7, it is possible to experimentally determine the approximate intensity distribution
of the electric field associated with any given resonant frequency .

If the sphere is perfectly conducting, €5 — 00, and the frequency shift becomes

Aol arRIE,®F _ | (Aw)

Wy !15—0’1‘ Wr Wr
where (Aw,) = je4|E4|> - $7R’. If the sphere is insulating, €3 = 0 and

L3 aw)
. 2 Wr

Aw

@y € g=00
When the sphere has a dielectric constant gr_eatef than that of the empty cavity, it increases
the overall cavity capacitance and thereby lowers the resonant frequency (A < 0). Con-
versely, the insulating probe lowers the capacitance of the cavity so the resonant frequency
increases and Aw is positive. Note that a dielectric sphere would be pulled into the high-
field regions of a cavity because the system energy is then less and because of forces on the
dielectric surface charges. System energy reductions also correspond to lowered resonant

frequencies.

Example 8.7.3
A rectangular cavity resonant in the TE o, mode ha_s_a metal tuning screw of volume
V; located at the position of maximum field strength £, as illustrated in Figure 8.18.
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~ Tuning screw at
maximum |E|,
where H=0

V = abd

e B

Figure 8.18 Spherical probe of a cavity resonator in Example 8.7.2.

This screw lowers the unperturbed resonant frequency fo by Af. Approximately what is
Af/fo?

Solution: If this screw is perfectly conducting (€3 — oc), then we may approximate
it by a hemispherical protrusion of radius R and volume V, = 27 R'/3. The quasistatic
approach to finding the fields near the screw is developed in Example 8.7.2, where we
showed that

and (Aw,) = j€4 I_Eu[z V,. From (8.2.24), we find the average electric and magnetic
fields in the cavity to be

1 =

wr = (W) + (Wp) = §€A|Eu|'V
where Ey = ¥ (ke/ko) Eo is the maximum field strength of the TE 1o, mode and V' is the
resonator volume. Therefore,

Af _ 3(i€alEni*V)) 6V,

fo ~ iealEmlPV Vv
For a perturbation approach to be successful, V, « V. which in tum implies that the fre-
quency shift Af/f, is small.

114

8.8* RESONATOR COUPLING TO EXTERNAL CIRCUITS

The energy storage and frequency-sensitive properties of resonators make them
very useful in a wide variety of applications, requiring that they be coupled to the
external world. In this section, we shall derive the input characteristics of an arbi-
trary resonator connected to a lossless TEM line. At special places on this line, the
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Sec. 8.8* Resonator Coupling to External Circuits 381

resonator will look just like a series or parallel RLC resonator circuit. Of course,
the resonator must be operating near one of its resonances for a simple equivalent
circuit to be a useful model, and each resonance will be characterized by a different
equivalent circuit. From a general description of resonator impedance that will rely
heavily on the energy theorem, we shall specialize to a TEM-line resonator and will
make use of the Smith chart to describe its behavior near resonance. Section 8.9
will discuss specific examples and applications of resonator circuits.

We consider an arbitrary high- Q resonator connected via a lossless TEM line
to the outside world, as shown in Figure 8.19. The energy theorem, presented in
Section 1.7, is a useful and general way to understand the frequency behavior of
this resonator near a specific resonance.!' We recall that

1 3E —, —, OH
—f — xH*+ E*¥x — | -Ada = —jwy
4 A’ w dw
o - (8.8.1)
1 oE — —, dJ
- - —  J*+E¥*. — | d
4[v dw " dw vv

where wy is the total energy stored in the resonator. The surface integral A’ sur-
rounds the resonator of volume V and cuts across its TEM feed line as shown in

11. The following algebra may be avoided, if desired, by moving directly to the final equations for
the impedance of an arbitrary resonator in (8.8.10) and (8.8.11).

R, Surface A'
AAAA
& wyy -
Vrn Zy
Al
i
i
i
1
1
Ra ; LW
5 A'A'A'A' ? W
i >
Vra Zy i EE Ry
- r ; Il
L - i
5 Cu
External circuit ! Arbitrary resonator and
| equivalent circuit

Figure 8.19 Coupling from a TEM line to an arbitrary resonator.
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Figure 8.19. The point on the TEM line where this happens is arbitrary and indi-
cated by the subscript A. The resonator may contain a slightly lossy dielectric with
conductivity o; (0, /we < 1) and/or have slightly lossy walls with conductivity o,
(0, /we 3> 1), but the TEM line feed is assumed to be lossless.

Because the walls of the resonator are aimost perfectly conducting, the elec-
tric field is approximately normal to these walls so 3E/dw x H* and E* x
3H /3w are both parallel to the resonator surface. Therefore, the surface inte-
gral in (8.8.1) vanishes except where the surface A’ crosses the feed line at' A.
Here, 9E /3w x H* and E* x 3dH /3w point along the transmission line axis
since E and H lie in planes perpendicular to this axis. (See the discussion in
Section 5.2 and 5.3.) We have suggested in Section 5.3 that [,(E x H*)-/da
is the total power VI* (W) on the TEM line. A similar argument gives the fol-
lowing expression for the left side of (8.8.1) in terms of the voltage and current
at A" '

1 IE —, — aHY\ . RN EAY 81,‘)
LEAT2E a2 ) hde=— [ =L+ 952} (883
4f4,(3wx M . 3(1)) o 4(3&) a7 4w ( ‘

The negative sign arises because the surface normal points in the opposite direction
to the power flowing into the resonator.

The second term on the right side of (8.8.1) is nonzero only in the lossy
regions of the resonator because E and J are never simultaneously nonzero in
a lossless resonator or TEM line. As usual, we try a perturbation approach to
find this term. Inside the resonator, the conduction current J is approximately
o,—f"o’, while within the resonator walls of volume V,,, the electric field E is nearly
¥ o /a;. Dropping the superscript (0) hereafter, we find

12. The surface integral in (8.8.2) consists of two orthogonal line integrals proportional to current
and voltage:

() - af (F o)

where da =dids.
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L [ [(0E -, —, 07 \ [ ,0E —, —. OE
—f ( ~./*+E*~; du:—/ o' — E¥+ o0 E*¥ — | dv
4 J,\dw dw 4 fy dw dw
[ 1 a7 —, 1 -, 8]
e o — —J¥+ —J* — | d
B /;, (ai, dw * or aa)) o

o; —, OE 1 -, 0J
=% B d 7. L) 4
2/V< Bw) "+20,,,/Vw( Bw) '

The conductivities o; and o, are assumed to be real.

(8.8.3)

Because Maxwell’s equations are linear, V4 and /, are both proportional
to E, H, and J inside the resonator where the various proportionality constants
are frequency-dependent. '’ Therefore, we can relate the volume integrals of E*.
dE /3w and J* . 3J/dw in (8.8.3) to the voltage and current at A:

] . 3E AV,
— & E¥ o e d'=—G s 8.8.4
20_/;< aw) v (w)V} v ( )
1 —. aJ 1 BIA

J*. —)dv= R I3 8.8.5

where G(w) x 0; and R(w) « 1/0, . These relations (8.8.4) and (8.8.5) define the
values of R(w) and G(w), which may be complex. If we now substitute (8.8.2)—
(8.8.5) into the energy theorem (8.8.1), we are left with

1 /aV, ol Lol 1 AV, -
LY ALY IRV ALY I RI el el 8.8.6
4(80) 0 ) Jwr S RIG 5, T30V 5, (8.8.6)

We define the impedance looking into the resonator at A tobe Z, = V, /14, which
means that we can rewrite the left side of (8.8.6) as

1 /07 aly al4
—-(—Alm + Za I} = + 2303 )

4 \ 9 ow dw (8.8.7)

1 8Z, al,
e 2 et |7 Rl‘
4 dw al*+ 2744 30

where Z 4 has a resistive part R, and a reactive part X, (Z4 = R, + jX4)and so
Zo+ Z; =2R,. We now substitute (8.8.7) into (8.8.6) and separate the resulting

13. We exclude the singular case of an ideal lossless resonator where V, or /, is zero.
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equation into its real and imaginary parts.

Re: (3R, /dw) |4} = 1Re[(R—R)I3/dw|+
1 ~YI® AT 4
:Re {GV?!aV,/dw
e e . : {.i A X } - (8.8.8)
Im:  10Xi/0w|LP = wr+3iIm {(R— R)ITIL/do)+

Lm {GV}aV,/dw)

Up until now, the location A on the TEM feed line has been somewhat arbi-

trary, but we now choose A such that the real part of (8.8.8) vanishes near reso-
nance. This implies that 3R ,/dw is zero and.

Re {GV(dVy/dw)} +Re (RIS (314/0w)} |

Re (15 (314/30)) }

far=ax

Raley) = (8.8.9)

This choice of terminal location substantially simplifies the expressions for R, and
X , near resonance, as we shall see. Note that if o, = G =0, then R(ay) = R.Y .

Near resonance. the second and third terms on the right side of (8.8.8) can
be neglected because the total energy stored in the resonator must be much larger
than terms proportional to dissipated power if the resonator is to have a large Q."
Equation (8.8.8) thus simplifies considerably, yielding equations for both the real
and imaginary parts of the resonator impedance Z, = R, + j X 4:

IR 4

|
—_— =0 8.8.10
b lw ( )
axX 4
— = VT (8.8.11) -
0 |y, Hal?

Equations (8.8.10) and (8.8.11) are only true near resonance and at the location A
where (8.8.9) is valid.

At a resonance wy . the impedance R, + jX 4 is purely resistive, since maxi-
mum power is dissipated in the resonator at resonance, and we find

RA (ap) = Req

(8.8.12)
Xalan) =0

14. It is almost always possible to find a location on the TEM line where (8.8.9) is satisfied, as we
see by appealing to a Smith chart. A useful resonator cannot dissipate much power if it is to have a
sharp frequency response near resonance, so its reflection coefficient off-resonance must be close to
unity; most of the power fed 1o it becomes trapped. The off-resonance input impedance directly at the
entrance to the resonator must therefore lie very near the |I'| = 1 circle on the Smith chart. This circle
with |T'] ~ 1 intersects almost every circle of constant real part near the point ' = [. Only those
small circles near " = | that have resistances greater than Re {(1 + I')/(1 — I')} cannot be reached at
some point on the TEM feed line (by rotating about the origin of the Smith chart with constant radius
([} 2 1), If (8.8.9) can not be satisfied at some position A, then we generally do not have a useful
resonator.

15. Note that if G =0 so that R, = R, these terms vanish automatically.
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The equivalent resistance R,, of the resonator is just R,(wy), given by (8.8.9).
Combining (8.8.10)«8.8.12) thus yields a very general expression for the imped-
ance Z 4 near resonance

: A{wr)
Zi(w =~ ay) = R, +j—7—-——7(w—w0) (8.8.13)

HAD

where /49 is the current at A where @ = wy and (wr) is the total stored energy at
resonance. Equation (8.8.13) is the input impedance of a series resonator circuit! °
Because the real and imaginary parts of Z,(w = ay) are equal at the half-
power frequencies @ = wy + ap,'” we substitute w — wy = ap into (8.8.13),

yielding
4(wr)

= —
eq
[140/?

0 (8.8.14)

which means that the internal quality factor of this resonator is

woWr . wo(Wr) wy
= = — = —— 8.8.15
Py I Rl? 200  Aw ( )

Q=

We have thus demonstrated the connection between Q;, @y, and oy = Aw/2 for
an arbitrary resonator. :

It is customary to express the reactance X (w) in (8.8.13) as the sum of the
reactances of an equivalent capacitor C,, and inductor L., so

4(wr) o
(w—ay) = jol,, +
Taol® el

JX(w) = j (8.8.16)

jaCeq

16. The impedance of an RLC resonator is
1
Zw)=R+ joL + —
(w) + jwl + JoC

which can be mp}cscntcd near resonance (w = axy + dw) as

) =R+ j 3 S S—
Z{wgy + dw) + jlwy + w)L+j(a)o+6w)C

. i j
xR+ jayl — ——+ jwl + 5=dw
Jaxn JaxC J wgc
=R +2jLéw
where g =1/ LC. Since 4wy /|140)® = 2L, we see that (8.8.13) also characterizes this discrete-
element series resonator. '

17. If the real and imaginary parts of Z, are equal, we see from (8.8.13) that Z, = R, (1 + j),
which means that the power dissipated in the resonator is V{/4R,, in contrast to the power dissipation
at resonance ( V{/2R,,) when Z, = R,,. Therefore, we are justified in calling the frequency for which
Z, = R (1 + j) the half-power frequency.
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Because the reactance must be zero at = wy from (8.8.13), we see at once that

1
Wy = ———— (8.8.17)

VLeCo

If we take the derivative of both sides of (8.8.16) and evaluate the result at reso-
nance, we find that

aX( 4 1
. (w)é = _(_WT:)_ = Leg + ——m—= 2Leq (88]8)
1 00  |pay a0l a5 Cor
so we finally arrive at _
2<WT> .RquI
b0 = el = "
. ol ] ' (8.8.19)
Ceqg = L

ngeq zw(z)(wT) a)OthQl
for the values of the three equivalent series circuit elements.

~ We have therefore shown that any resonator structure can be replaced by
an equivalent series RLC circuit as seen from a special location on the exter-
nal TEM line where (8.8.9) is valid. This location is called the series resonance
plane. 1If we move a distance A/4 away from this plane, we rotate halfway around
the Smith chart so impedances become admittances and vice versa. The equiv-
alent series RLC circuit thus becomes an equivalent parallel GLC circuit with
G., = 1/R., and the same values for C,q and L., '

1
joLeg
where (8.8.20) is valid only at the parallel resonance plane for wy near resonance.
We can check that (8.8.20) is correct by multiplying Z,Y4; the result should equal
unity. The series and parallel resonance planes therefore alternate and are spaced
/4 apart. It is of course possible to define a frequency-dependent impedance from
any location on the TEM feed line, but only the series and parallel resonance planes
have simple interpretations.

When analyzing or designing cavity, TEM, or other resonators, it is often
more convenient not to evaluate L., or C,, but to work directly in terms of @,
and Qg. Consider the impedance Z,(w) near resonance for the arbitrary res-
onator characterized by (8.8.13), where we now assume it is coupled to a matched
(Thevenin or Norton) source of impedance Z,. The normalized impedance of the
resonator Z4,(w) is then

Y= Gog + jaCop+ (8.8.20)

R‘e 4Wr
Zin(@)=—2+j ~(w — wp) (8.8.21)
! Zo ) Zollaol?

But R.,/Zo= Q¢/E, from (8.4.22), and we have shown in (8.8.14) that 4wy/
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[Liol* = R.;/a0 =2R,,Q;/wy. Therefore, we can rewrite (8.8.21) as
(w — wy)
Z o 28 4 g S50 (8.8.22)
Ql Wy

which is simply a functionof Q;, Qf, @, and wy. Notethat Ry, =1 if Q; = Q¢
and the resonator is matched or critically coupled.

A similar expression for the normalized admittance of a parallel resonance is
found by duality, where R,, > G,,, Z—Y and | —» V:

4W7‘

Yo Yol Vaol?
We then rewrite this admittance in terms of the internal and external Q's in (8.4.23),
giving

Yan(w) = (@ — wy) (8.8.23)

Vo = 2 420, 2= (8.8.24)
Wy

Qi
which is identical in form to (8.8.22). Again G4, =1 if Q; = Q.

Example 8.8.1

A resonator consists of an air-filled TEM line of length ¢ and characteristic impedance
Zy terminated by a very small resistance R; < Z,. This TEM line is connected in series
to a reactance jX, which is in turn connected in series to an external TEM line having
Thevenin impedance Z, as illustrated in Figure 8.20. If this resonator is to be critically

Lo X
Zo ia  ib ic d
VWWy 1 ' "+—‘ H r
i i
i i ]
' <:
v, Zy | i i Zy 2R,
i i l
{ r - — }—d
' v l 1] ‘l 1]
Ea :b :cl " I d
1
E TEM resonator
i
]
i
| L
A1l

AAAA
Yyvy
X
2

11

LIl

Ceq

Equivalent series resonator

Figure 8.20 TEM resonator coupled to TEM line.
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coupled to the external circuit, what values of £ and X are necessary? What values of R, .
Le and C,, are needed to model this resonator as a discrete-element series resonator with
frequency @y, and where is the series resonance plane?

Solution: If the resonator is to be critically coupled, the power dissipated in the ex-
ternal circuit (with impedance Z) must be the same as that dissipated in the resonator; i.e.,
R., = Zy and the normalized impedances Z, ., (wy) = Z, {wn) = | where the planes aa
and bb' are given in Figure 8.20. Therefore, Z, . /(wp) =1 — jX, (X, =X/Zp)and Z, .
lies on the unit resistance circle on the Smith chart at resonance. We find € by rotating the
normalized load impedance Z, ;» = R;/Z, about the Smith chart center to the unit circle
as shown in Figure 8.21(a). Two possible values of £ are possible for any frequency @y
depending on whether X is capacitive or inductive. Because R,/ Zy & 1, £ 3/4 for the
lowest resonant frequency mode. We now use the analytic expression for the normalized

X=~
(©)

Figure 8.21 A critically coupled resonator and the Smith chart.
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impedance Z, .. /{wy) in (6.1.5), given that the normalized load 1s R;/Z,,

{ R/ Zx‘s‘ + ] tan k!)f ) )
Zycolin) = L =1 X, M
1 + JH R[_ /Zg) tan kot

from which we find that tan ko = +/Zo/R, and X, ~ ¥/Z,/R; after equating real and
imaginary parts of (1). Because tankof is a very large number, € is close to A/4 as
expected. If we arbitrarily choose ¢ to be slightly larger than a quarter wavelength (£ =
A/4 + 8z), we find that tanko(i/4 + 82) = — cotkodz = (ked2) ' = —/Zo/R,. In this
case, the lumped reactance connecting the two lines is positive: X = ZoX, = Zov/Zo/R..
The possible design choices for £ and X are thus

s 2[R
27 Z()

y

Zg
X=%xZy | — 2
Itzo‘/ R, (.)

The values of ¢ and X above perfectly match the resonator to the external TEM line
at resonance; off-resonance, the resonator is either undercoupled or overcoupled. Because
Z, ()= || e¥/® itis clear that Z, . (w) lies along a circle centered at ' = 0 with
radius I',. As w increases (decreases) past resonance, the impedance is rotated in the
clockwise (counterclockwise) direction an additional amount past the Re{Z,} = 1 circle.
For small changes in @ about wy, this path lies approximately along another circle as shown
in Figure 8.21(b) for the case where X and 5z are both positive. With some algebra, it is
possible to show the locus of points representing Z, ,(wo + Aw) in Figure 8.21(c). These
points can be made to coincide with the Re(Z,} = 1 circle by rotating it §z meters toward '
the load when X is inductive. From this last rotation, however, we obtain the impedance
of a matched series RLC circuit having Z, = 1 + 2j QAw/ax [see (8.8.22)]. The series
resonance plane at aa’ is therefore 8z = (A/2n)/R,/Z, meters from bb’ when X is
positive, and A/2 — 8z meters from bb’ when X is negative.

The resonator Q can be calculated by finding the power dissipated in R, (R.|lo]*/2)
and the energy stored in the TEM line (L|L)*e/4)

wolwr) woll nZy
P 2R, 4R,

¥ =

>

and

Q= 3)
because wy = cko = 2c/A, £~ 1/4, c=1//LC,and Zy= /L/C. Since the resonator
is critically coupled, we have already noted that R, = Z; and Qg = Q,. We find L., and
C,, from (8.8.19):

' A Rqul . Nzg
“TTay R | o
1 4R
Ceq= -

ahkeq Q; - ”w()z(:)’
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8.9* DESIGN AND APPLICATIONS OF RESONATORS

Resonators are widely used for signal filtering, impedance matching, energy stor-
age, and frequency measurement. They can be implemented in discrete-element
circuits, TEM transmission lines, waveguides of all types, and cavities, as well
as being incorporated on partially reflecting surfaces or distributed throughout a
medium. Resonance can also be an unwanted side effect of some electrical sys-
tems. For example, any of the impedance matching circuits discussed in Chapter 6
behave as resonators if forced to couple badly mismatched impedances—the result-
ing narrow-band behavior can pose problems for some applications.

Designing resonators for specific applications is a straightforward exercise,
provided that inaccuracies introduced by the perturbation techniques used to com-
pute losses are acceptable. If the resonator Q is large, perturbation methods are
usually successful. Most resonators can be characterized by a few simple parame-
ters: resonant frequency, half-power bandwidth, impedance at resonance, and pos-
sibly the ability to accommodate a load impedance mismatch at resonance. Related
parameters include the resonator energy decay time, maximum energy storage for
a given input power, and power dissipation.

Resonators match loads because they permit field strengths to build internally
until large enough to dissipate the amount of power equal to the power available
from the source. When matching low impedance loads, the resonator fields in-
crease until the current flowing through the load is adequate to ensure that all the
incident power is dissipated rather than reflected. If no power is reflected, then the
load is matched. Resonators match high impedance loads similarly, except that the
load is placed so that the voltage or electric fields across it are sufficiently large.
The same argument also makes it clear that the circuits needed to match badly
mismatched loads will behave as resonators within limited bandwidths because the
field strengths and therefore the stored energy must be large. But since energy stor-
age is directly proportional to the resonator Q for fixed input power [see (8.8.15)],
badly mismatched circuits require increasingly narrow-band matching circuits.

Resonators can also be used for temporary energy storage. For example,
energy can be built up slowly and then released in a burst by throwing a switch,
or it can be introduced suddenly into a resonator and then released slowly. A
typical application is a device that powers an arc discharge. Here, the resonator
energy builds slowly until the spark gap breaks down and the resonator discharges
its power through the low-impedance plasma at the desired resonator frequency.
Another example is a very large enclosed superconducting cavity that stores energy
in its dominant mode for later use. Large cavities have low resonant frequencies,
and superconducting cavities have very high s, so energy can be stored for hours
or days, depending on the cavity size. If the superconducting walls of a cavity
could tolerate magnetic fields up to one tesla (10,000 gauss). then the peak energy
storage density would be § wolBI* or 107/16r J/m?. Fifteen cubic meters of
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Figure 8.22 Topologies of resonant filters.

vacuum in such a cavity would rival the storage capacity of a car battery, roughly
1 kWh. Unfortunately, the corresponding electric fields of ~ 3 x 10® V/m would
cause dielectric breakdown and arcing in air, limiting use of this technique.

The major use of resonators is for filtering signals. Filters can pass or block
narrow bands of frequencies, or can shunt narrow bands to side circuits while per-
mitting the rest of the band to pass unaltered from one circuit to another. These
three circuit types are called band-pass filters, band-stop filters, and channel-
dropping filters, respectively, and examples are discussed later in this section.
Bandpass and band-stop filters can be implemented in one- or two-port configu-
rations, while channel-dropping filters need two or three ports. A series or parallel
RLC circuit can be a one-port resonator, as it can be driven by a single TEM line.
If two TEM lines are connected to the resonator, then the filter has two ports. Some
of these configurations are illustrated in Figure 8.22.

Channel-dropping filters are usually implemented in three-port configura-
tions, with the desired narrow band extracted from one port while the remainder
of the power passes out the other output power. The input port is typically approx-
imately matched over the entire band. Channel-dropping filters are often cascaded
to provide many output ports, one for each frequency band of interest. They are
employed when the simpler alternative of connecting the output ports in series or
parallel transfers power too inefficiently. They can also be implemented by com-
bining lossless band-stop or band-pass filters with three-port ferrite isolators, which
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pass energy from the input port to the output port but pass energy coming from the
output port into a side port instead. This combination of an isolator and a band-pass
filter forms a three-port circuit, which also can be cascaded to form a larger circuit
with one input and multiple outputs covering each frequency band of interest.

All of these filters can be designed using discrete-element circuits, TEM lines,
or waveguides and cavities. Alternatively. they may be implemented by depositing
specially shaped resonant structures on planar interfaces to manipulate uniform
plane waves. Resonant beam-splitters, for example, can be designed to selectively
reflect a desired frequency band in a specific direction.

Cavity resonators can be coupled to waveguides by cutting holes in their
top, side, or end walls, where the degree of coupling is determined by the size,
shape, and position of the holes. If the holes are small, then coupling occurs
predominantly via the magnetic fields that leak between the two structures, and
the associated wall currents that also pass through the holes. For larger holes, the
role of the electric field increases, and additional directivity may be imparted to the
emerging waves in the second waveguide.

A cavity resonator attached to the wall of a waveguide by a small connecting
hole can have a profound effect on the radiation passing through the waveguide.
If the cavity Q, is sufficiently large compared to Q. the fields in the cavity
can build in strength so that despite the small size of the hole, they can radiate
in both directions down the waveguide, largely canceling the forward-propagating
wave by reflecting it losslessly toward the source. This can occur inadvertently
when a section of oversized waveguide connects two smaller guides. The middle
section may. support modes that cannot escape through the small guides, which
thus become resonant. If dimensional imperfections couple these trapped resonant
modes to the propagating waveguide mode, sharp partial nulls may result in the
pass-band of the waveguide.

Cavities can also be coupled to coaxial cables and other TEM structures by
soldering one conductor to the outside of the cavity and bringing the other wire into
the cavity as an antenna. Several antenna configurations are possible, including
a short-dipole antenna (a short wire protruding into the cavity plus its reflection
in the conducting wall through which it enters), or a small loop antenna, usually
constructed by soldering the wire to the cavity wall. The loop then can intercept
the magnetic fields associated with the cavity modes to which coupling is desired.
If the joint between the open-ended TEM line and cavity is capable of rotation,
then the loop can be oriented to intercept only the desired amount of magnetic flux.
Figure 8.23 illustrates some of these coupling techniques.

To design a resonator circuit to perform any of these functions, it is neces-
sary only to select the desired configuration, resonant frequency, bandwidth, and
impedance mismatch at resonance before and after the resonator is in- place. Other

InductEV, Inc.
Exhibit 1023
Page 059



Sec. 8.9* Design and Applications of Resonators 393

Resonator Resonator
i
, Coaxial cable /” |/
? s
AP D ,,
/,’ Waveguide /// \
/ / N
S . . Short open-circuited
Windows in cavity end walls wire
Adjustable plunger
varies resonant )
frequency Loop angle varies
magnetic flux coupling
\—%——/ ¢ Resonator
Resonator !
} —————————————
i 7
e L
/’/ Waveguide /’I
’ Small loop anf‘cnna, rotatable
(a) Coupling with windows (b) Coupling with wires

Figure 8.23 Coupling to cavity resonators.

considerations such as tunability, power-handling capability, broad-band behavior,
and size limitations may also affect design decisions. A few key equations, sum-
marized in Table 8.2, are the most useful for resonator design. Subsequent exam-
ples should help clarify how these formulas are used.

Example 8.9.1

Design a one-port RLC resonator that absorbs all incident power at | MHz from a
1002 TEM line, but resembles a short circuit otherwise. The total resonant circuit also
is to have a half-power bandwidth of 10 kHz.

Solution: We choose a parallel RLC resonator (also called a GLC resonator) since its
admittance Y,(w) given by (8.8.24) is equal to Q£/Q; at resonance and is large for w #
wq. Therefore, this resonator resembles a short circuit off resonance. (A series resonator
resembles an open circuit.) For the parallel RLC circuit to match the TEM line, Y,(wy) =
1, which means that Q; = Qs and R=1/G = Z;, = 100 Q. From (8.4.13), we find the
loaded Q - '

f() I MHz

= = 100
Afo 10 kHz

QL=
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TABLE 8.2 Resonator Design Equations

Equation - Application Eq. No
w, =(n+1/2)mv/t TEM line open (8.5.4)
at one end; closed
at the other
wy, =nav/l ' TEM line open- or (8.5.4)
short-circuited at
both ends
Q, = Wn(Wra)/ Pn All resonators (8.3.3),
(8.3.7)
Q;'=0Q;' +0;' All resonators (8.4.21)
= Wy /20 = W/ Awy (8.4.13)
wo = 1//LegCeq Series, parallel RLC ~ (8.4.6),
circuits (8.8.17)
Q; =wol.g/Req Series circuits (8.4.8).
(8.8.19)
Q1 = xCeq/Geq Parallel circuits (8.4.16)
Zy = QE/QI - ZjQE((J) — wy)/wn Series circuits (8.8.22)

Y, = Qs/Qr +2jQe(w — wo)/ax  Parallel circuits (8.8.24)

s0 Q; = Q¢ = 2Q = 200 from (8.4.21). We find C and L from (8.8.19) with the duality-
inspired substitutions L «» C and R — G:

GQ; 001 x200
= = = (.
& wy 27 x 10° o uF.
| 1

= G0, 27t x 10° x 0.01 x 200

80 nH

L

Example 8.9.2

Design a two-port band-stop series RLC filter that passes only 90 percent of its input
power at | MHz and that has a half-power bandwidth equal to 10 kHz. This filter is to be
connected between two 1002 TEM lines so that the out-of-band power passes down the
lines unperturbed. Such a circuit can be used to determine frequency by varying Cand L
and noting at what point the output power briefly diminishes by about 10 percent.

Solution: The series band-stop configuration shown in Figure 8.22(a) is the basis for
this circuit design. Off-resonance, the RLC resonator is essentially open-circuited so the
two-port appears to be a 100 Thevenin circuit driving a 10042 load. All power is trans-
ferred to the load and the system is matched: '

|Vml?
8Z,
On resonance, the RLC circuit can be replaced by the resistance R, and the power dissi-

Plw # ax) = (1)
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pated in the second TEM line is
Zy| Vml?

S (2)
2127y + Z()/R)'

P{wp) =

where (2) results from calculating the power dissipated in Z, in the parallel Z,, R combi-
nation, which is connected in series to another Z, impedance. Since P(wo) =0.9P(w #
wq), we find that R =924 Q. The loaded Q is found from (8.4.13)

Jo
= -— =100
Qu=+ 7
which is related to the inductance of the series circuit by
RO, RO QL

L

= =(R + Zy/2) — =0.016H
wy wy wy
so C = 1.63 pFE. Because loaded Q is specified, the total resistive load R, = R + Zy/2
must be used in the calculation of the resonator parameters.

Example 8.9.3

Repeat Example 8.9.1 using an air-filled TEM resonator instead of a discrete-element
RLC configuration.

Solution: One approach is to use the solution of Example 8.9.1 to find R,,, L.,, and
C., for the equivalent parallel TEM resonator circuit, and use (8.4.23) to determine Q' and
Q;. The TEM resonator may then be designed using the perturbation techniques described
in Sections 8.5 and 8.7. A more direct approach is taken here, bypassing the unnecessary
intermediate step of finding the equivalent circuit elements. If the TEM line is air-filled
and either shorted or opened at both ends, then its length ¢ must be a multiple of a half
wavelength. Because the wavelength is long, we choose the lowest nonzero mode (£ =
150 m) and short-circuit the TEM line at both ends to minimize radiation losses. (If this line
length were still unacceptably long, we could use a quarter-wave resonator 75 m long, which
is shorted at one end and opened at the other.) For the resonator to be critically coupled at
resonance, we need Q; = Qr =2Q; = 200 since Q; = 100 to produce a 10-kHz half-
power bandwidth at | MHz.

To relate these Qs to the resonator requires some decisions about its configuration.
Assume that the TEM line is lossless, so the only loss in the resonator is the resistor R,
which shunts the line at a distance d, from one end, as illustrated in Figure 8.24. Assume
the resonator is fed by a parallel TEM line of impedance Z, at a distance 4, from its other
end. If we choose R, equal to Z,, then we need only compute Q and d once, since
Q=Q;,=0Qf and d =d, =d,. From (8.5.12), we see that

NRL

1= S daO)

which means that d, = 4.24 m.

It only remains to find the length of the connecting line to the first parallel resonance
plane, where the resonator appears close to a short-circuit off resonance. If we consider the
resonator to consist of a 4.24-m length of shorted line in parallel with a much longer piece,
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Figure 8.24 One-port TEM resonator in Example 8.9.3.

then at most frequencies well-removed from resonance, the total admittance of this paral-
lel combination is approximately that of the short segment. Because this large admittance
transforms to a short circuit »/2 = 150 m from the end of the resonator, the parallel res-
onance plane is at 150 — 4.24 = 145.76 m from the end of the external circuit. (See also
Example 8.8.1 for another discussion of the locations of the series and parallel resonance
planes.) Note that d and ¢ are unchanged if we wish to find the series resonance plane at
which the resonator appears to be an open circuit. We merely move A/4 =75 m to the right
or left of the parallel resonance plane.
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Example 8.9.4

Use a critically coupled air-filled TEM resonator of the same general form described
in Example 8.9.3 to show that if R, = 400Z,, the bandwidth of the matching circuit is
necessarily narrow.

Solution: The power dissipated in R, is ~ [V, |°/2R, . where V, is the unperturbed
line voltage across the load and the load is ¢, m from the short-circuited end of the line,
as illustrated above. At resonance, this power must equal the input power {Vs|*/2Z; where
Vs is the source.voltage: |V, | = 20| V| although the peak voltage on the resonator may be
even larger. To maximize the bandwidth of the matching circuit, we wish to minimize Q; =
Q,/2 = Qg/2. But the energy theorem tells us that Q; = wy(wy)/ P, and since wy and P
are fixed, we must minimize (wy) = }Cel Vma_,.lz to minimize Q, which means minimizing
[Vimax!. This is best done by placing the R, at the center of the resonator so that d, =
75 mand |V, | = |Vya!. Substituting these values in (8.4.16) yields Q; = wyCEéR, /2 =
nR;/2Zy = 628, which means that the half-power bandwidth of this matching circuit can
be no greater than f,/Q; >~ 1.6 kHz

Example 8.9.5

Design a critically coupled cavity band-pass filter for a resonance frequency of 10 GHz
and a Q of 1000. Assume it is made of coin silver. What is the insertion loss (power lost -
in the resonator walls) for your design?

Solution: Although we know that Q, is greatest when we use large resonators with
maximum volume-to-surface ratios, here we shall assume that the resonator is constructed
simply by placing two windows across a waveguide to form a cavity resonant at 10 GHz,
as illustrated in Figure 8.23. If the dimensions of this waveguide are 1 x 2 cm, then from
(8.2.11), the unperturbed cavity length d for a 10-GHz TE ,; resonance is 2.27 cm. Since
Qr = Q=20 = 2000 for critical coupling, the windows in the end walls that connect
the lossless resonator to the input and output waveguides must have the same electrical char-
acteristics and are normally identical. It only remains to find the size, shape, and positions
of the holes in the end walls that yield the desired Q; ; this is often done empirically by
drilling them progressively larger until the desired performance is obtained. (To account
for cavity wall losses, the output hole would be slightly smaller to preserve Qf = Q;.)
Calculating the window shapes from first principles is difficult, although powerful electro-
magnetic computer software packages are making these calculations easier. -

Even though we may not know the sizes of the windows, we can estimate an insertion
loss by computing Q,, associated with the wall losses P,,. Forsilver, 0 =5 x 10’ Q 'm~!
so the skin depth is approximately 0.712 um, and (8.3.20) can be used to find the un-
perturbed Q, = 7210. The fraction of power lost in the walls is simply P;/(P, + P;) =
Q.'/(Q;' + Q;') or about 22 percent. This is sufficiently high to suggest using a cavity
with a cross-section larger than the waveguide.

Example 8.9.6

A certain infrared TEM resonator can be modeled as an infinite dielectric slab (¢ = 9¢;)
¢ = 10 c¢m thick bounded on one side by a mirror with conductivity o = 10’ @ 'm~! and
on the other side by a lossless multilayer dielectric mirror designed to reflect 99 percent of
the A = 100 pum radiation incident upon it. Approximately what resonator mode is being
excited, and what are Qg, Q,, and Q; for the mode? What is the width Aw of this
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Figure 8.25 Infrared TEM resonator in Example 8.9.6.

resonance, and how does it compare to the spacing between resonances @i = w,? Al
resonance, what fraction of the power is absorbed by the resonator? What reflectivity is
needed in the dielectric mirror to couple all incident power into the metallic mirror? This
resonator is pictured in Figure 8.25.

Solution: In the dielectric, A = Ao/ +/€/€o = ho/3. The mode number n follows from
nA/2=1¢,s0n =28/ =02/(k/3) =02 x 3/10~* = 6000. From (8.4.20)

Qe = wowr/Pg

where P; is the power lost externally through the lossless mirror. The total energy Wy
in this resonator can be considered to be composed of one stream moving to the right and
another approximately equal one moving to the left, each at velocity v = 1//Oeotto =
10® (m/s). Each stream conveys power P, = P_, where Pg = 1072P_. The energy is
these two streams is (wr):

(wr) = (Py + P)¢/v = 2P_107'/10° =2 x 10°°P_

gibd -
wolwr) 2w x 101 x 2 x 10° P_ "
Qe =", 102 P. <10 |
The power per unit area P; lost internally in the metal mirror can be found from (4.4.29)
P, = |Eol* [2woito
H = T ’72 p

and the energy stored in the slab is (wr) = €|Eol?€/4, s0
Q= %(:’r) = lvf awguo =3.14 x 10°
1

Therefore, Q0 = (Q;' + Q5')"' =2.5 x 10° and the bandwidth is Aw = an/Q, = 2.5 x
107 rad/s. The frequency difference between modes is do = /6000 = 107 rad/s, which
is much greater than Aw.
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At resonance, the fraction of power absorbed can be found using a reference plane for a
parallel resonance

(L)/_ (lm B 1
! - ’l) - Z"
5 Zn - ‘l: E - 2
TNEI Rl B | Tl 1 PP
Z,+1  |Q/+ Qs

so only 74 percent of the incident power is absorbed at resonance. To achieve 100 percent
absorption, we set O, = Q¢ by decreasing the reflectivity y of the dielectric mirror from
y =0.99 to

4 J
y=1- P08 056
Q

8.10 SUMMARY

A resonator is any structure that can trap electromagnetic energy, although use-
ful (high-quality) resonators also prevent this energy from leaking away too
quickly. In accordance with the energy theorem (1.7.6), resonators exhibit strongly
frequency-dependent behavior near one or more discrete frequencies called reso-
nances. Resonators are used for energy storage, frequency measurement, filtering,
impedance matching, and the production of high field strengths from modest input
sources.

A rectangular cavity resonator, formed by closing the ends of a rectangular
waveguide, can support TE,,,, and TM ,,,, modes, where m, n, and p are inte-
gers indicating how many half wavelengths can fit between the resonator walls of
lengths a, b, and d (b < a < d), respectively. Both the TE,,,, and TM ,,, modes
resonate at the frequency f,,,, where

c m2 n\2 p 2
o=y () + () + (5)
Resonators can also be fabricated by terminating TEM lines with open or short
circuits, or with any highly reflective (mostly reactive) impedance. For a TEM line
of length £ short-circuited at both ends, resonances occur for f, = nv/2¢. Circuits
containing both inductive and capacitive reactances typically possess one or more
resonances, as do dielectric waveguides of finite length and almost any arbitrarily
shaped conducting or nonconducting structure.
The quality factor Q of a particular resonance mode is dependent on the rate
at which that mode loses energy, where for the n'* mode,

0 Wrn total energy of the n"* mode
" Pon average energy lost per radian of the n'* mode
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The complex frequency of the n'" resonance 1s commonly denoted s, , where
S, = Jw, — Q,

and Q, = w,/2a,.

We distinguish three types of quality factors: internal, external, and loaded,
represented by Q,, Qr,and @, respectively. The internal Q is related to power
dissipation within the resonant structure, while the external Q depends on the
composition and configuration of the external circuit that couples to the resonator.
The loaded Q is a measure of the total power dissipated by all loss mechanisms in
the resonator circuit, so that

1 1 1
— e e
Q. Q1 Q¢
When a resonator is connected to an external circuit, the half-power bandwidth of
the resonance is Aw = w/Q , so high-quality resonators have narrow bandwidths.

The loss in any particular resonator near any particular resonance can be eas-
ily approximated using perturbation techniques. The voltages, currents, and/or
electromagnetic fields are first computed for a lossless structure at the resonant
frequency of interest. The power lost per frequency cycle is then estimated by
using these unperturbed fields to compute the power that would be dissipated if
loss were present. Dissipation in high conductivity elements is estimated using the
unperturbed currents, which do not change appreciably as loss is added, whereas
unperturbed voltages must be calculated to estimate power dissipation in low-
conductivity structures. Only the ratio of energy stored to power dissipated is
needed to compute Q.

At a specific resonance, an arbitrary resonator may be modeled by a (non-
unique) equivalent discrete-element RLC circuit, where a different circuit may be
necessary to describe each of the distinct resonant frequencies. A specific reso-
nance can be modeled by either a series or parallel RLC circuit, depending on
whether the complex impedance at resonance is small or large, respectively. In
both cases, the impedance is purely real at resonance. If we imagine a Thevenin
equivalent source driving a series RLC resonator for which the Thevenin resis-
tance Ry, is equal to R, then all available power is transferred to the resonator
at the resonant frequency wy = 1/ JLC (equivalently, |"(an)| = 0). Such a res-
onator is said to be critically coupled since its internal Q; = woL/R is equal to
Q. If the cavity or TEM line resonator is instead modeled by a parallel RLC cir-
cuit driven by an external Norton equivalent circuit having the Norton resistance
Ry equal to R, the resonator is again critically coupled; in this case Q; = Q¢ =
@oC/G . Resonators for which Qg is less than Q, are said to be undercoupled,
while those for which Qg > Q; are overcoupled. In either case there is imperfect
power transfer at resonance. '

It is often useful to tune resonators about their natural resonant frequencies
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by shightly moditying their structures. As loss i1s added to a lossless resonator, the
resonant frequency s = jay, typically becomes complex (s = jw + « ), where both
the frequency shift @ — wy and the quality factor Q = w/2a can be computed us-
ing the resonator perturbation equation (8.7.9). Resonators can also be used in
nonsinusoidal steady-state configurations. For example, any closed electromag-
netic structure that is energized and then allowed to behave naturally after a specific
time will have energy resident in each of its many resonant modes simultaneously.
Each mode oscillates with a decaying exponential behavior corresponding to its
own complex resonant frequency s,. The total voltage, current, and field distribu-
tions are then linear superpositions of those associated with the separate orthogonal
modes. Since each of these modes can be analyzed individually, the behavior of
the total system can also be studied.

Design of resonators is straightforward. We start wuh the desired reso-
nant frequencies and bandwidths and choose between band-pass, band-stop, and
channel-dropping resonator configurations. Once the desired mismatch at reso-
nance is specified, perturbation techniques are used to compute the corresponding
internal, external, and loaded quality factors. In some cases, the dimensions of
the resonator must be altered or lower loss materials chosen in order to achieve
the desired values for the internal Q. These quality factors can then be related by
perturbation theory to the various resonator parameters and to its external coupling
structure.

8.11 PROBLEMS

8.2.1

(a) What are the two lowest resonant frequencies for a perfectly conducting cubical
resonator | cm on a side filled with dielectric having € = 16¢€,?

(b) Note that several modes share each of these frequencies. List all modes corre-
sponding to each of these two frequencies (TE,,, and TM,,, ), where for the
purposes of this question, we let m, n, p correspond to the %-, -, and Z-axes,
respectively.

8.2.2 A rectangular evacuated superconducting cavity is 2 x 3 x 4 m.

(a) What are the four lowest resonant frequencies of this cavity, and what are their
mode designations (e.g., TM ,;)?

(b) The largest magnetic field this superconductor can stand before going “normal” is
20 Wb/m? (200,000 gauss, or 20 tesla). What is the maximum total energy that
can be stored in this cavity at its lowest resonant frequency? Neglect electrical
breakdown phenomena.

(c) A good car battcry can store a nominal 1 kWh. Compane the kWh volume storage
efficiencies (J/m’) of these two media.

(d) Show all places and orientations where thin straight slots might be placed in the
cavity wall without interfering significantly with the TE o, mode.

(e) Repeat part (d) for the TM {;; mode.
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8.3.1 (a) If the conductivity of the dielectric having ¢ = 4¢, in a 1-cm cubical resonator is
o = 10 S/m, what is the Q of the TE ;5; mode?
(b) What is the half-power bandwidth (Hz) of this resonance?
8.3.2 A rectangular perfectly conducting cavity resonator is I x 2 x 3 ¢m in size.
(a) What are the three TE ,,,, modes with the lowest resonant frequencies, and what
are these frequencies Wmpyp 7
(b) Sketch the magnetic field distribution for the TE,; mode at some instant of
time when it is nonzero. Also sketch the corresponding surface currents on the
resonator walls.
(¢) If the cavity is filled with a dielectric € = (4 — j107%)€q, then what is (i) the
decay constant arg, o at the resonant frequency wre,p,? (S7Eyg, = JOTE g ~
ATE ) (i1) QTEI()Z ?
8.4.1 A series RLC resonator has an impedance Z(s). Let R=2Q, C =3 farads.
L = 4 henries. .
(a) Sketch the locations (quantitatively) of the poles and zeros of Z(s) in the s plane.
(b) This resonator is driven by a unit-step voltage source. What is the resulting
current /(r)? Give an equation for /(r) and then sketch it.

8.5.1 Find all the resonant frequencies for each of these TEM resonators:

(a) Air-filled, open circuited at both ends, 2 m long.

(b) Same as part (a), but short-circuited at one end.

(¢) Same as part (a), but connected in a closed loop with a single twist (i.e.. the top
wire is connected to the bottom wire of the other end, and vice versa).

8.5.2 Consider an air-filled 1002 TEM resonator | m long, which is short-circuited at both
ends.
(a) What are the resonant frequencies f, (Hz)?
(b) Assume f = f;, the lowest nonzero resonant frequency. What is the resonator
Q if one of the short circuits is replaced by a 142 resistor? Here we use the
unperturbed current to find /5, and %R |1z]* to find the approximate power dis-
sipated, where I is the current through the resistor R. Why don’t we use the
unperturbed resistor voltage instead? ' ,
(¢) What are the Q and lowest nonzero complex resonant frequency f| = jaxy —
if R=10,000 Q7 Is the dissipated power here approximately §|VR|2/R or
R |Ig|*, where Vg and I are the unperturbed voltage and current at the load?
8.5.3 A nearly lossless resonator is constructed from a 3-m TEM line characterized by ¢y,
o, Zo =100 Q. One end is shorted and the other is an open circuit (R, — 0).
(a) List the two lowest nonzero resonant frequencies (Hz) for this resonator.
(b) If the load resistor R, = 10* Q is placed across the open circuit, what is the
approximate internal Q; for this resonator when the free-space wavelength A is
12 m? Give a numerical answer.

8.6.1 Consider a TEM resonator short-circuited at both ends, ¢ meters long, and character-
ized by L (H/m)and C (F/m).
(a) What are all the resonant frequencies w, ?
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(b) Show that the total ime-averaged electric and magnetic energies (W,} and (W
are equal at any nonzero resonant frequency.

(c) At = 0 the voltage 1s everywhere zero and the current is one ampere on the right
half of the line (£/2 < z < £) and zero elsewhere (0 < z < ¢/2). Decompose the
current step into a sum of modes and evaluate the first two modes in this series at
t =0 and 1 = ¢/LC (the lowest mode is DC).

(d) These two lowest modes have resonant frequencies wy = 0 and w,. They are
shifted approximately to sy = jwy — ao and s; = jw, — a; by the insertion in
series of a small perturbing loss R = 107? /L/C at one end of the line. Evaluate
[+ ) and «;.

8.7.1 A rectangular cavity 1 x 2 x 3 cm is filled with a dielectric having permittivity 4¢,

and permeability jq.

(a) List the four lowest distinct resonant frequencies of the cavity and their corre-
sponding mode designations (TE ., ., TM ., ).

(b) What is the resonant frequency w,, for this cavity corresponding to the fields
sketched in Figure 8.3(d)?

(c*) We wish to tune this cavity by appropriately hitting it from the outside with
a ballpeen hammer. Indicate the approximate regions where hitting the cavity
increases the fundamental resonant frequency, and the regions where the resonant
frequency decreases. Compute the location of the boundary between the two
regions on the 1 x 2 cm surface; i.e., find the places where hitting the resonator
has no effect on the resonant frequency of this mode.

8.7.2 (a) If a rectangular metal waveguide 1.5 x 0.75 c¢m in cross-section is closed with
perfectly conducting plates at z =0 and z =3 cm, the TM; mode at cutoff
becomes the fundamental resonator field TM ;. What is the resonant frequency?

(b*) If the resonator is pushed in at the center of the front wall at. z = 0 or the back
wall at z = 3 cm, will the resonant frequency for TM ;,, mode become lower or

higher?

8.7.3 Consider a resonator made of a section of coaxial line with length d and short-
circuited with conducting plates at both ends. It is filled with dielectric having ¢ =
9(0 .

(a) What are the electric and magnetic fields for the TEM modes?

(b) Let d = 10 cm. What is the lowest nonzero resonant frequency (whxch 1S associ-
ated with the TEM | mode)?

(¢) Plot the magmtude of the electric field and the magnitude of the magnetic field as
functions of z for the TEM, mode.

(d*) Suppose the TEM; mode is excited inside the resonator, and an inward perturba-
tion of the outside wall, achieved by using a perfectly conducting screw, is made
near the center (z = d/2) of the resonator. Will the resonant frequency of that
mode be lowered or raised?

8.8.1* An air-filled 1-m long TEM resonator open-circuited at both ends is made of 1000
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line and is connected to a 10062 resistor located in series with the line | ¢cm from one

end.

(a) What is the Q of the lowest nonzero resonance (w;) of this structure (where the
line is ~ A/2 long)? Use perturbation techniques.

(b) A 10062 TEM line is then connected in series with this line one centimeter from
the other end, connecting the resonator to an external matched load. What are the
external and total Qs (Q; and Q) for this resonator at w, ?

(c) What is the 3-dB bandwidth (Hz) of this coupled resonator, as perceived exter-
nally?

(d) The feed line connecting to the resonator has a length D such that the resonance
is a series resonance. What value of D has this property”?

(e) What is the impedance Zy of this series resonator at @, ?

() What is Zg(w)?

(g) Find an equivalent RLC resonator circuit valid for @ = w,, giving numerical
values for Ry, Leg.and Coy.

8.8.2* Design a TEM resonator of the general form employed in Problem 8.8.1, but using
different dimensions. Assume the 100 air-filled TEM line is lossless (R =G =
0). We want a band-pass filter centered at 100 MHz and having a half-power (3-
dB) bandwidth of 100 kHz. All the power should be coupled to the 20042 load at
resonance.

(a) What is one possible value for ¢, the length of the TEM resonator?

(b) If the 2002 load R, is connected in series with the TEM line d, meters from
one end of the resonator, and the feed line (Z, = 100 Q) is connected in series
d, meters from the other end, what are d, and d? Give numerical values using
the perturbation approximation.

(¢) What is the voltage-amplification factor for this resonator, i.e., the ratio of |Vl
inside the resonator to | V| on the feed line at resonance?

(d) Approximately what is D, the length of the feed line for the resonator to appear
to be a series RLC circuit?

(e) Find the values of L., C.,.and R, at this series resonance plane.

8.8.3* A TEM resonator consists of a 1-m long air-filled coaxial cable with Zo =50 Q that
is short-circuited at both ends.
(a) What are the inductance L (H/m) and capacitance C (F/m) for this line?
(b) A 14 resistor is placed across one end of the lossless resonator.
(i) What are the two lowest resonant frequencies (@, and w,) of this lossless
resonator?
(ii) What is Q; of the lossy resonance w,?
(iif) This resonator is now connected to the external world by a 50 TEM
transmission line, connected across the 1 € resistor. What is Q¢ for w;? '
(iv) What is Q; for w, now?
(¢) For the resonator of part (b-iii), approximately where is the nearest parallel-
resonance reference plane on the feed line? Where is the nearest series-resonance
reference plane? .
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(d) Find the equivalent circuit for the series resonance w; (as viewed from the series
resonance reference plane); i.e., find R,,, L,,,and C,,.

(e) Find the equivalent circuit for the parallel resonance w; (as viewed from the
parallel resonance reference plane); ie., find G, L.,,and C,,

(f) What is Aw, the half-power bandwidth for the w, resonance (when coupled to
the given feed line)?

8.9.1* A home TV set is being bothered by a strong interfering carrier signal that is near a
channel of interest. The question is how well a filter constructed from commercially
available 3002 twin-lead TEM cable can filter out this carrier at 200 MHz. Assume
the losses in twin-lead cable are dominated by resistive.losses in the two parallel
wires, each of which has diameter of 1 mm and a bulk conductivity of 5 x 107 (S/m);
the wires are separated by | cm. Assume that the line is effectively air-filled and
characterized by €, uo; its impedance is 300 €.

(a) If we characterize this line by L (H/m), C (F/m), and R (2/m), approximately
what are L, C, and R (at 200 MHz)?

(b) Power transmitted along this line decays as P = P e “907, At 200 MHz what is
the decay length o, ' (meters)?

(¢) For a 200-MHz resonator formed by short-circuiting the ends of this cable, what is
the internal Q;? For fixed frequency, does it depend on mode number n, where
n is the length of this resonator in units of 1/2? Explain briefly.

(d) Assume such a TEM resonator is used as a two-port band-stop filter (see Fig-
ure 8.22) to reject the unwanted carrier at 200 MHz, and suppose it is used to
provide a parallel resonance as illustrated in Figure 8.24. To provide 10-dB of
carrier rejection at 200 MHz, what must G, be?

(e) For the value of G, found in part (d) plus the maximum value of Q; found in
part (c), (i) what is the resulting value of Q for this resonator? What then is the
(ii) maximum value of Q; and (iii) minimum value of Aw we can achieve here
for 10-dB rejection?

(f) Repeat parts (d) and (e) for 20-dB rejection. Note the trade-off between rejection
and Aw.

(g) Complete the resonator design for 20-dB rejection at 200 MHz. That is, find
the lengths d, and a for n =1. Which of these answers (d, and a) depend
significantly on mode number n? Explain briefly.
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