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2

Sound waves: a review of some
fundamentals

2.1

128

Introduction

Sound is a pressure wave that propagates through an elastic medium at some charac-

teristic speed. It is the molecular transfer of motional energy and cannot therefore pass

through a vacuum. For this wave motion to exist, the medium has to possess inertia and

elasticity. Whilst vibration relates to such wave motion in structural elements, noise

relates to such wave motion in fluids (gases and liquids). Two fundamental mechanisms

are responsible for sound generation. They are:

(i) the vibration of solid bodies resulting in the generation and radiation of sound
energy — these sound waves are generally referred to as structure-borne sound;

(i) flow-induced noise resulting from pressure fluctuations induced by turbulence and
unsteady flows — these sound waves are generally referred to as aerodynamic sound.

With structure-borne sound, the regions of interest are generally in a fluid (usually air)
at some distance from the vibrating structure. Here, the sound waves propagate through
the stationary fluid (the fluid has a finite particle velocity due to the sound wave, but
a zero mean velocity) from a readily identifiable source to the receiver. The region of
interest does not therefore contain any sources of sound energy —i.e. the sources which
generated the acoustic disturbance are external to it. A simple example is a vibrating
electric motor. Classical acoustical theory (analysis of the homogeneous wave equation)
can be used for the analysis of sound waves generated by these types of sources. The
solution for the acoustic pressure fluctuation, p, describes the wave field external to
the source. This wave field can be modelled in terms of combinations of simple sound
sources. If required, the source can be accounted for in the wave field by considering
the initial, time-dependent conditions.

With aerodynamic sound, the sources of sound are not so readily identifiable and
the regions of interest can be either within the fluid flow itself or external to it. When
the regions of interest are within the fluid flow, they contain sources of sound energy
because the sources are continuously being generated or convected with the flow (e.g.
turbulence, vortices, etc.). These aerodynamic sources therefore have to be included in
the wave equation for any subsequent analysis of the sound waves in order that they can
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Fig. 2.1. A schematic model of internal aecrodynamic sound and external structure-borne sound in a
gas pipeline.

be correctly identified. The wave equation is now inhomogeneous (because it includes
these source terms) and its solution is somewhat different to that of the homogeneous
wave equation in that it now describes both the source and the wave fields.

It is very important to be aware of and to understand the difference between the
homogeneous and the inhomogeneous wave equations for the propagation of sound
waves in fluids. The vast majority of engineering noise and vibration control relates
to sources which can be readily identified, and regions of interest which are outside
the source region — in these cases the homogeneous wave equation is sufficient to
describe the wave field and the subsequent noise radiation. Most machinery noise, for
instance, is associated with the vibration of solid bodies. Engineers should, however, be
aware of the existence of the inhomogeneous wave equation and of the instances when
it has to be used in place of the more familiar (and easier to solve!) homogeneous wave
equation.

A good industrial example that combines both types of noise generation mechanisms
is high speed gas flow in a pipeline. Such pipelines are typically found in oil refineries
and liquid-natural-gas plants. A typical section of pipeline is illustrated in Figure 2.1.
Inside the pipe there are pressure fluctuations which are caused by turbulence, sound
waves generated at the flow discontinuities (e.g. bends, valves, etc.), and vortices which
are convected downstream of some buff body such as a butterfly valve splitter-plate.
These pressure fluctuations result in internal pipe flow noise which is aerodynamic in
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Fig. 2.2. Typical noise and vibrations paths for a machinery source. (Adapted from Pickles*!°.)

nature — the source of sound is distributed along the whole length of the inside of the pipe.
If an analysis of the sound sources within the pipe is required, the inhomogeneous wave
equation would have to be used. This internal aerodynamic noise excites the structure
internally and the vibrating structure subsequently radiates noise to the surrounding
external medium. The source of sound is not in the region of space under analysis
for the external noise radiation, and this problem can therefore be handled with the
homogeneous wave equation. A knowledge of the internal source field (the wall pressure
fluctuations) allows for a prediction of the external sound radiation; the converse is,
however, not true. A point which is sometimes overlooked is that a description of the
external wave field does not contain sufficient information for the source to be identified,
but, once the source has been identified and described, the sound field can be predicted.
Pipe flow noise is discussed in chapter 7 as a case study.
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Fig. 2.3. Schematic illustration of structure-borne sound in a building.

Typical machinery noise control problems in industry involve (i) a source, (ii) a path,
and (iii) areceiver. There is always interaction and feedback between the three, and there
are generally several possible noise and vibration energy transmission paths for a typical
machinery noise source. An internal combustion engine, for instance, generates both
aerodynamic and mechanical energy, each with several possible transmission paths.
Thisis illustrated schematically in Figure 2.2. The two sources of sound energy are (i) the
aerodynamic energy associated with the combustion process and the exhaust system,
and (i1) mechanical vibration energy associated with the various functional requirements
of the engine. Source modification to reduce the aerodynamic noise component would
require changes in the combustion process itself or in the design of the exhaust system.
Source modification to reduce the mechanical vibration energy would require a re-
design of the moving parts of the engine itself. Various options are open for the reduction
of path noise. These include muffling the exhaust noise, structural modification such
as adding mass, stiffness or damping to the various radiating panels, providing anti-
vibration mounts, enclosing the engine, and providing acoustic barriers. Finally, the
receiver could be provided with personal protection such as an enclosure or hearing
protectors.

A specific example of structure-borne sound is the vibration and stop—start shocks
that can emanate from a lift if it is not properly isolated. This is illustrated in Figure 2.3.
In cases such as these, the vibrations are transmitted throughout the building — the
waves are carried for large distances without being significantly attenuated. There are
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Fig. 2.4. Schematic illustration of aerodynamic sound emanating from a jet nozzle.

no sources of sound in the ambient air in the building, and any acoustic analysis would
only require usage of the homogeneous wave equation. The problem could be overcome
by isolating the winding machinery from the rest of the structure or by separating the
lift shaft and the winding machinery from the remainder of the building.

A specific example of aerodynamic noise is the formation of turbulence in the mixing
region at the exhaust of a jet nozzle such as the nozzle of a jet used for cleaning
machine components with compressed air. The jet noise increases with flow velocity
and the strength of the turbulence is related to the relative speed of the jet in relation to
the ambient air. By introducing a secondary, low velocity, air-stream, as illustrated in
Figure 2.4, and thus reducing the velocity profile across the jet, significant reductions
in radiated noise levels can be achieved. Hence, compound nozzles are sometimes used
in industry — here, the velocity of the core jet remains the same but its noise radiating
characteristics are reduced by the introduction of a slower outer stream.

2.2 The homogeneous acoustic wave equation — a classical analysis

Three methods are available for approaching problems in acoustics. They are (i) wave
acoustics, (ii) ray acoustics and (iii) energy acoustics.
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2.2 The homogeneous wave equation

Wave acoustics is a description of wave propagation using either molecular or par-
ticulate models. The general preference is for the particulate model, a particle being
a fluid volume large enough to contain millions of molecules and small enough such
that density, pressure and temperature are constant. Ray acoustics is a description of
wave propagation over large distances, e.g. the atmosphere. Families of rays are used to
describe the propagation of sound waves and inhomogeneities such as temperature gra-
dients or wind have to be accounted for. Over large distances, the ray tracing procedures
are preferred because they approximate and simplify the exact wave approach. Finally,
energy acoustics describes the propagation of sound waves in terms of the transfer
of energy of various statistical parameters where techniques referred to as statistical
energy analysis (or S.E.A.) are used.

The wave acoustics approach is probably the most fundamental and important ap-
proach to the study of all disciplines of acoustics. The ray acoustics approach generally
relates to outdoor or underwater sound propagation over large distances and is therefore
not directly relevant to industrial noise and vibration control. The S.E.A. approach is
fast becoming popular for quick and effective answers to complex industrial noise and
vibration problems. The wave acoustics approach will thus be adopted for the better
part of this book, and this chapter is devoted to some of the more important fundamental
principles of sound waves. The subject of ray acoustics is not discussed in this book,
but the concepts and applications of statistical energy analysis techniques are discussed
in chapter 6.

Sound waves in non-viscous (inviscid) fluids are simply longitudinal waves and
adjacent regions of compression and rarefaction are set up — i.e. the particles oscillate
to and fro in the wave propagation direction, hence the acoustic particle velocity is in
the same direction as the phase velocity. The pressure change that is produced as the
fluid compresses and expands is the source of the restoring force for the oscillatory
motion. There are four variables that are of direct relevance to the study of sound
waves. They are pressure, P, velocity, f] , density, p, and temperature, 7. Pressure,
density and temperature are scalar quantities whilst velocity is a vector quantity (i.e. an
arrow over a symbol denotes a vector quantity). Each of the four variables has a mean
and a fluctuating component. Thus,

P(X.1) = Py(¥) + p(x. 1), (2.1a)
U(X, 1) = Uo(X) + u(x, 1), (2.1b)
p(X, 1) = po(X) + p'(x, 1), 2.1¢)
T3, 1) = Ty(X) + T'(X, 1). (2.1d)

The wave equation can thus be set up in terms of any one of these four variables.
In acoustics, it is the pressure fluctuations, p(X, ), that are of primary concern — i.e.
noise radiation is a fluctuating pressure. Thus it is common for acousticians to solve
the wave equation in terms of the pressure as a dependent variable. It is, however, quite
valid to solve the wave equation in terms of any of the other three variables. Also,
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2 Sound waves: a review of some fundamentals

generally, U o(X) is zero (i.e. the ambient fluid is stationary) and therefore U (x,1) =
ux, ).

As for wave propagation in solids, several simplifying assumptions need to be made.
They are:

(1) the fluid is an ideal gas;

(2) the fluid is perfectly elastic —i.e. Hooke’s law holds;

(3) the fluid is homogeneous and isotropic;

(4) the fluid is inviscid —i.e. viscous-damping and heat conduction terms are neglected;
(5) the wave propagation through the fluid media is adiabatic and reversible;

(6) gravitational effects are neglected —i.e. Py and py are assumed to be constant;

(7) the fluctuations are assumed to be small — i.e. the system behaves linearly.

In order to develop the acoustic wave equation, equations describing the relationships
between the various acoustic variables and the interactions between the restoring forces
and the deformations of the fluid are required. The first such relationship is referred to as
continuity or the conservation of mass; the second relationship is referred to as Euler’s
force equation or the conservation of momentum; and the third relationship is referred
to as the thermodynamic equation of state. In practice, sound waves are generally three-
dimensional. It is, however, convenient to commence with the derivation of the above
equations in one dimension and to subsequently extend the results to three dimensions.

Conservation of mass

The equation of conservation of mass (continuity) provides a relationship between the
density, p(xX, t), and the particle velocity, #(xX, t) — i.e. it relates the fluid motion to its
compression.

Consider the mass flow of particles in the x-direction through an elemental, fixed,
control volume, dV , asillustrated in Figure 2.5. For mass to be conserved, the time rate of
change of the elemental mass has to equal the nett mass flow into the elemental volume.
Because the flow is one-dimensional, the vector notation is temporarily dropped. It will
be re-introduced later on when the equations are extended to three-dimensional flow.
Note that

5 > = >
U=uxi+uy,j—+uk,

where u,, u, and u are the particle velocities in the x-, y- and z-directions, respectively.
For flow in the x-direction only:
(i) the elemental mass is pA dx (where A = dy dz);
(i1) the mass flow into the elemental volume is (puA)y;
(iii) the mass flow out of the elemental volume is (puA), 1 4x-
For the conservation of mass,

d(pAdx)

oy = wuA) = (puA)riar. (2.2)
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2.2 The homogeneous wave equation

z
l 4 yx Volume, V = dx dy dz

dy

---------- e —tP pu, + ag uy) 4x
X

pu,
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- dx

Cross-sectional area, A = dy dz

Fig. 2.5. Mass flow of particles in the x-direction through an elemental, fixed, control volume.

Using a Taylor series expansion,

R (U= @3
t 0x

Hence,

ap  dpuy)

5 + ax 0- 24

Equation (2.4) represents the one-dimensional conservation of mass in the x-direction.
It can be extended to three dimensions, and the three-dimensional equation of conser-
vation of mass is therefore

L v .pi=0, 2.5
az+ pou (2.5)

where V is the divergence operator, i.e.

- d- d- 0~

V::—i—l-—j—l-—k}. (2.6)
X Z

Equation (2.5) is thus a vector representation for

ap n d(puy) n 3(f>uy) L 3(‘puz) _

- - 0. 2.7)
ot 0x ay 0z

The equation of conservation of mass (equations 2.5 or 2.7) is a scalar quantity. It is
also non-linear because the mass flow terms involve products of two small fluctuating
components (# and p"). These terms have second-order effects as far as the propagation
of sound waves is concerned — i.e. the equation can be linearised. Substituting for
(X, 1) = po(X) + p'(X, 1) into equation (2.7) and deleting second- and higher-order
terms yields

ap’ duy ouy, du,

- - —= =0, 2.8
ar TPy TRy Thos 5
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Z

y
kx Volume, V = dx dy dz

dy a(P) J
Py =i i Bt x ¢
LN - (i —— 2
Pux o puf + —-—Q——a(axux)dx
‘ dx

Cross-sectional area, A = dy dz

Fig. 2.6. Momentum balance in the x-direction for an elemental, fixed, control volume.

= 4+ poV-ii =0, (2.9)

Equation (2.9) is the linearised equation of conservation of mass (continuity).

Conservation of momentum

The equation of conservation of momentum provides a relationship between the pres-
sure, P(X, t), the density, p(X, t), and the particle velocity, i(x, t). It can be obtained
either by observing the stated law of conservation of momentum with respect to an
elemental, fixed, control volume, dV/, in space, or by a direct application of Newton’s
second law with respect to the fluid particles that move through the elemental, fixed,
control volume. To a purist both procedures are identical! It is, however, instructive to
consider them both.

Consider the first approach — consider the momentum flow through an elemental,
fixed, control volume, dV, as illustrated in Figure 2.6. For momentum to be conserved
the time rate of change of momentum contained in the fixed volume plus the nett rate
of flow of momentum through the surfaces of the volume are equal to the sum of all
the forces acting on the volume. Once again, because the flow is one-dimensional,
the vector notation is temporarily dropped. Also, body forces are neglected — i.e. only
pressure forces act on the body. For flow in the x-direction only:

(i) the momentum of the control volume is pu, A dx;

(ii) the momentum flow into the control volume is (pu’A),;
(iii) the momentum flow out of the control volume is (pu®A) - dx;
(iv) the force at position x is (P A),;

(v) the force at position x + dx is — (P A)xtdx-

For the conservation of momentum
d(pu,A)dx
—— = (oA = (U A)ar + (P A = (P A (2.10)
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If a Taylor series expansion is used for (pu’A)¢ q: and (PA)y 4y, equation (2.10)
simplifies to

dpuy) d (puf) B JdP

— — 2.11
ot 0x ox ( )
Equation (2.11) can be re-arranged as
ouy ap ap RIT ou, OP
- - _x_ _x_ - = 0, 2.12
P ot +”x{az+” 8x+p3x}+pu ox " ox (2.12)

where the term in brackets is the continuity equation. Thus, equation (2.12) sim-
plifies to
ou, du, 0P B

or TPy Ty T

P 0. (2.13)

Equation (2.13) represents the one-dimensional conservation of momentum in the
x-direction. Similar expressions can be obtained for the y- and z-directions. The three-
dimensional equation of conservation of momentum is therefore obtained by intro-
ducing the divergence operator, V. Itis

-

0 IS =
p:a—b; —I—(u-V)u} +VP =0, (2.14)

This equation is the non-linear, inviscid momentum equation or Euler’s equation.

Equation (2.14) can also be obtained by a direct application of Newton’s second
law with respect to the fluid particles that move through the elemental, fixed, control
volume. The control volume in Figure 2.6 contains a mass, dm, of fluid at any instant
in time. The nett force on the volume element is

df = ddm, (2.15)

from Newton’s second law. It is very important to recognise that the acceleration, a, is
the rate of change of velocity of a given fluid particle as it moves about in space and it
is not the rate of change of fluid velocity at a fixed point in space.

The particle velocity, i, is a function of space and time. Thus, at some time 7, a particle
is at position (x, y, z) and it has a particle velocity u#(x, y, z, t). At some further time,
t + dr the particle is at position (x + dx, y + dy, z + dz) and it has a particle velocity
u(x +dx,y +dy, z +dz, t + dr). The particle acceleration is

- o u(x+dx,y+dy,z+dz, t +dr) —u(x,y, 2z, 1)
a = lim .

Am 5 (2.16)

The particle velocity at time ¢ + d¢ can be re-expressed as u(x + u,dt, y + uydt, z +
u.de, t +dr), where dx = u,dr, dy = u,dr, and dz = u.dr. Thus by re-expressing
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the particle velocity at time ¢ + dt and using a Taylor series expansion

- -

- - a 8
ux+dx,y+dy,z+dz,t +dt) =u(x,y,z,t) + a—uux dr + 8—uuy dr
x y
ou ou
—u,dt + —dr. 2.17
+ 2z u,dr + ” (2.17)
Hence the particle acceleration is
- 817+ 817+ 8L7+ ou (2.18)
a = — Uy — Uy— U, —. .
ar Toax  Tay ‘oz

Equation (2.18) can be re-expressed in vector notation by using the vector operation
u - V. Hence,

N

u

i= " G Wil 2.19
a 8t+(u u (2.19)
where

Pl + 9 + 9 (2.20)
7 —uxax uyay uzaz. .

Equation (2.19) is the total acceleration of a fluid particle in an Eulerian frame of
reference. It has both a convective part and a local time rate of change when the flow
is unsteady.

Neglecting viscosity, the nett force on the elemental fluid volume in the x-direction is

S opP oP >
df =4P — P+ — )dx dydz = ——dVi. (2.21)
0x ox

The complete, three-dimensional, vector force is thus

- oP- o0P- 0P-

—VPAV =—{ —i+ —j+ —k¢dV. (2.22)
ox ay 0z
Hence, from Newton’s second law,
al/_i N =N —

pdV{E + (u - V)u} =-VPdV, (2.23)
where p dV = dm. Thus,

ou . o= >
p{a-l-(u-V)u}—i-VP:O. (2.24)

Equation (2.24) is identical to equation (2.14) — it is the non-linear, inviscid mo-
mentum or Euler’s equation. Like the equation of conservation of mass, it can
be simplified by linearisation — second- and higher-order terms can be neglected
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for the propagation of sound waves. Substituting for P(X, 1) = Py(X) + p(X, t), and
p(X, 1) = po(X) + p/(¥, t) and deleting the second- and higher-order terms yields

8th—) 8I/tv—3 8Ltz—> 8p7> ap—: apa
)tk —i+t—j+—kt =0, 2.25
po!azl+azj+az }+{8xl+8yj+8z (225)
or
81/7 d
po +Vp =0. (2.26)

Equation (2.26) is the linear inviscid force equation (conservation of momentum). Like
the linearised equation of conservation of mass, it is valid for small amplitude sound
waves (~<140 dB).

The thermodynamic equation of state

The thermodynamic equation of state relates the pressure, density and absolute tem-
perature of a fluid. For a perfect fluid it is

P = pRT;. (2.27)

P is the absolute pressure, p is the density of the gas, R is the gas constant, and 7} is
the absolute temperature. It should be noted that the universal gas constant, G, is equal
to RM, where M is the molecular weight of the particular gas.

The propagation of sound waves in air does not generally produce any significant
changes of thermal energy between particles, and the entropy of the gas is constant. In
addition, the thermal conductivity of the gas is very small. The propagation of sound
waves can therefore be assumed to be nearly adiabatic. This assumption is valid for
linear (small amplitude) sound waves within the audio-frequency range. Any loss of
thermal energy would result in an attenuation of the sound waves with time and distance.
Thus the adiabatic equation of state for a perfect gas is

P/Py=(p/po), (2.28)

where y is the ratio of specific heats.

For gases which are not perfect, an adiabatic equation of state can be obtained
from a Taylor series expansion of an experimentally determined isentropic relationship
between the pressure and density fluctuations. Provided that those fluctuations are
assumed to be small, a linear relationship can be established between them (Kinsler
et al.>"). Tt is

p(E 1) = B{p— } (2.29)
Po
where B is the adiabatic bulk modulus —i.e.
oP
B = po{—} . (2.30)
Ip Po
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The partial derivative in equation (2.30) is evaluated for an adiabatic process — i.e.
it establishes the adiabatic compression and expansion of the gas about its mean
density.

The linearised acoustic wave equation

Equation (2.9) (conservation of mass), equation (2.26) (conservation of momentum)
and equations (2.29)—(2.30) can now be combined into a single equation with one
dependent variable. The dependent variable of interest in acoustics is the fluctuating
pressure.

The time derivative of the equation of conservation of mass is

32p’ (VY - i)
=0, 2.31
012 + ot (231a)
or
p P L (2.31b)
oz TPV Ty T '
The divergence of the equation of conservation of momentum is
d 812 2
ooV - m +Vip=0. (2.32)
Subtracting equation (2.31) from (2.32) yields
82 I
vip=27° (2.33)

ar2’
Equation (2.29) can now be substituted into equation (2.33) to eliminate p’. Thus,
_pdp _19°p
B a2 2 g
Equation (2.34) is the linearised, homogeneous acoustic wave equation with the fluc-

tuating pressure, p(x, t), as the dependent variable. The constant, c, is the velocity of
propagation of the wave and is therefore the speed of sound. It is

B\ 2 9P 172
()1 )
£0

Some useful approximations can now be made in relation to the speed of sound by
assuming that the sound propagation medium is a perfect gas. From equation (2.28)

Vip (2.34)

_ Pyp?

P — (2.36)
Py

thus

P P

a@aort 2.37)

dp P
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Thus, the speed of sound is

p\ 12
c=(l—> . (2.38)
0

Also, by substituting equation (2.27) into equation (2.38) yields

c = (yRTY)'>. (2.39)
For small fluctuations,

P 12
c~mw(1£> . (2.40)
o

The absolute temperature, 7%, in equation (2.39) is in Kelvin, and ¢ is the speed of
sound at atmospheric conditions. The gas constant for air is 0.287 kJ kg=! K~!. The
equations demonstrate that the wave speed is constant for a given pressure and medium.

The acoustic velocity potential

Using vector theory, it can be demonstrated that the acoustic particle velocity, i, is irro-

tational. From vector theory it can be shown that if a vector function is the gradient of a

scalar function, its curl is the zero vector —i.e. for some scalar function ¢, V x ﬁqb = 0.
The curl of the momentum equation (equation 2.26) is

AV x i) - =
PO +(V xVp)=0, (2.41)
and
Vxii=0, (2.42)

since (i) p is a scalar quantity, and (ii) the constant associated with the time integral
is zero. The constant has to be zero since the acoustic quantities would disappear if
an acoustic disturbance was not present. Equation (2.42) therefore confirms that the
acoustic particle velocity, u, is irrotational. Now, because the acoustic particle velocity
is irrotational, it can be expressed as the gradient of a scalar function (if a vector function
is the gradient of a scalar function, its curl is the zero vector, i.e. it is irrotational). Hence
the introduction of the concept of the acoustic velocity potential, ¢, and

i =Vo. (2.43)

The above result is a very important one. Its physical interpretation is that the acous-
tical excitation of an inviscid fluid does not produce rotational flow — i.e. there are no
boundary layers, shear stresses or turbulence generated. When the effects of viscosity
cannot be completely neglected, the particle velocity is not curl free everywhere and
there is some rotational flow. For example, when a flat plate is mechanically excited in
the presence of a mean fluid flow, in addition to the plate radiating sound, vorticity is
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generated on the surface of the plate (Soria and Norton??). These rotational effects are
generally confined to the vicinity of boundaries but situations can arise where they exert
some influence on sound propagation. These concepts will be discussed later on in this
chapter when discussing aerodynamic noise. For the present purposes it is sufficient to
assume that, when the mean fluid flow is zero, the particle velocity is irrotational.

Substituting the equation for the velocity potential (equation 2.43) into the momen-
tum equation (equation 2.26) yields

N
v{pog " p} _o. (2.44)

The acoustic quantities inside the brackets have to vanish if there is no acoustic distur-
bance present, thus the integration constant has to be zero —i.e.

= 0% (2.45)
pP= Poat- .

Substituting for p into the wave equation (equation 2.34) yields

9 1 (83
Thus
1 92
Vi = Ea_rf’ (2.47)

and ¢ satisfies the wave equation.
It is useful to point out that, when rotational flow components (e.g. near boundaries)
have to be accounted for, a vector velocity potential, ¥, can be introduced such that

U=Vé+V x . (2.48)

The first term represents the irrotational fluctuating flow and the second term represents
the total (mean plus fluctuating) rotational component (see section 2.4.4).

The velocity potential concept is commonly used in fluid dynamics where solu-
tions for the particle velocity are usually sought. The particle velocity for the three-
dimensional wave equation is a vector quantity, and the introduction of the scalar
velocity potential allows for the wave equation to be solved in terms of a scalar. Acous-
ticians generally use the pressure variable, which is also a scalar quantity. The particle
velocity can be related to the acoustic pressure fluctuation via the momentum equa-
tion (equation 2.26). Hence,

N — 1 -
u=V¢=— | —Vpdr. (2.49)
Lo
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The propagation of plane sound waves

Consider a plane, one-dimensional, sound wave propagating in the x-direction. The
one-dimensional homogeneous wave equation is
’p 13%p

axz T o2’

where p = p(X, t). As was the case in chapter 1, it is convenient to represent the solution
to the wave equation in terms of complex, harmonic functions. The general solution

(2.50)

involves waves travelling in both the positive and negative x-directions. It is

p(x, 1) = A '@ k0 L A, ell@i ko, (2.51)

The complex particle velocity, u(x, t), and the complex velocity potential, & (X, 1),
can be obtained by substituting equation (2.51) into equation (2.49). They are

(. 1) = {ﬂ ierkn _ A2 giorikn }?, (2.52)
PoC LoC

and

OGE 1) = ——— AL ok _ A2 itk (2.53)
ipow ipow

The particle velocity is a vector quantity and the term outside the brackets in equa-
tion (2.52) is the unit vector, i (i.e. one should not be confused between the complex
number i1 and the unit vector ;). Also, because complex numbers have been introduced,
the acoustic variables are now represented as complex numbers. Now, if one lets

pr =A@ and p_ = A, el@ T, (2.54)
then,

6%, 1) = {% _ %}i (2.55)
and

b =P P (2.56)

ipow  ipow

Once again, the term outside the brackets in equation (2.55) is the unit vector, i

In acoustics it is common to consider the waves travelling in the positive direction
when one is concerned with the propagation of sound waves away from a source into
some free field. Both positive and negative travelling waves have to be considered when
considering the propagation of sound waves in confined spaces, e.g. ducts, rooms etc.
Equation (2.55) illustrates an important point — for a plane, harmonic wave travelling in
either the positive or the negative x-directions, the acoustic pressure fluctuations are in
phase with the particle velocities. The phase relationship between these two variables is
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very important for a fundamental understanding of the propagation of different sound
wave-types.

The concepts of impedance were introduced in chapter 1. The ratio of the acoustic
pressure fluctuations, p(x, 7) in a medium to the associated particle velocity, U(x, 1) is
termed the specific acoustic impedance, Zs,, i.e.

—)’ t

Z, = B0 2.57)
u(x, t)

For a plane sound wave,

Z,=7,= *pyc. (2.58)

The specific acoustic impedance is generally complex — for wave types other than
plane sound waves, the acoustic pressure fluctuations and the particle velocities are not
always in phase, i.e. the waves diverge. The quantity pyc is often called the characteristic
impedance (resistance) of the medium. For air, at 20 °C and 1 atm, pg is ~1.21 kg m=3,
cis ~343ms~ ! and pycis 415 Pasm™'.

Sound intensity, energy density and sound power

Three additional parameters that play an important role in acoustics are the sound
intensity, the sound energy density and the radiated sound power.

The sound intensity is defined as the rate of flow of energy through a unit area which
is normal to the direction of propagation. From basic dynamics, power = force x
velocity. For an acoustic process, the instantaneous power is

-

M=F-i. (2.59)

Here, F is the vector force acting on a particle and  is the associated particle velocity.
The power per unit normal area is the instantaneous sound intensity vector, /', where

I' = pii. (2.60)

The time average of the instantaneous power flow through a unit area is the mean
intensity vector, /, where

I O L R
I = ?/ pu dr = 3 Re[pu*]. (2.61)
0

The second representation of equation (2.61) is used when the acoustic pressure fluc-
tuations and the particle velocities are treated as complex, harmonic variables.
For a plane wave travelling in the positive x-direction

p(X. 1) = Re[A; ] = p cos(wr — kx), (2.62)

Page 31 of 79



145

2.2 The homogeneous wave equation

and

A

A .
u(x. 1) = Re[pTlc e‘<wf—kx>] - % cos(wt — kx). (2.63)

The mean sound intensity, /, is obtained by substitution into equation (2.61) and eval-
uating the integral. Hence,

2 2
/= P _ prms. (2.64)
2poc  poc

The vector notation is omitted in the above equations for particle velocity and intensity
because of the one-dimensional nature of the travelling wave.

The sound energy density is the sound energy per unit volume of space. The energy
transported by a sound wave comprises kinetic energy of the moving particles and
potential energy of the compressed fluid. Using the plane wave approximation, a simple
relationship can be derived for the sound energy density. It will be seen later on that
this approximation is valid because most sound waves approximate to one-dimensional
plane waves at large distances from the source.

Consider a fluid element with an undisturbed volume Vj. Its kinetic energy per unit
volume is

(2.65)

since u = p/(poc). When the volume changes from V, to V; there is a change in
potential energy. It is

Vi
U = —/ pdV, (2.66)
\%

0

where the negative sign indicates that a positive acoustic fluctuating pressure produces
a decrease in the fluid volume. Now, since p = m/V,

m
dp =~ dV. (2.67)

and combining with equation (2.37) yields

%
dV = ———dP. (2.68)
y P

For small changes in pressure and volume this approximates to

v,
v = ——2 dp. (2.69)
Y Po

Substituting into equation (2.66) and integrating from O to p yields the potential energy
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per unit volume. It is

u_ p*  p?
Vo 2vPy  2c2py’

(2.70)

since ¢ = y Py/ po.
The total sound energy per unit volume of space is the sum of the kinetic and potential
energies per unit volume. Thus, the instantaneous sound energy density, D’, is

p-L Y 2.71a)
= 4 = Tla
Voo W
2
_ p—z. 2.71b)
LoC

The mean energy density, D, is obtained by integrating equation (2.71b) with respect
to time. It is

A2 2
p=_t_ _ Pms 2.72)
2p0c?  poc?
Thus,
I
D= —. (2.73)
C

The fluctuating acoustic pressure and the sound intensity decrease with distance from
the source (this will become apparent when spherical sound waves are discussed in the
next sub-section). It will also be shown that they are a function of the environment —i.e.
the reverberant effects of aroom enclosure will alter the intensity and sound pressure due
to an acoustic source in the room. The sound power of an acoustic source is independent
of distance and essentially independent of location — in some instances, the effects of
reflecting surfaces have to be accounted for. The sound power, IT, is the integral of the
intensity at some point in space over a surface area which is perpendicular to the flow
of sound energy. It is

= / I -ds. (2.74)
S

Fundamental acoustic source models

This section is devoted to the description of a range of fundamental acoustic source
models. Most noise sources that are of concern to engineers (e.g. vehicles, construction
equipment, industrial machinery, appliances, flow-duct systems etc.) can be modelled
in terms of simple sources such as spheres, pistons in an infinite baffle, cylinders or
combinations thereof. It is therefore instructive to analyse the characteristics of some of
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these idealised sound sources. (Additional work on monopoles, dipoles and quadrapoles
can be found in Norton and Pan??.)

Monopoles - simple spherical sound waves

A monopole is a single, spherical sound source which radiates sound waves that are
only a function of the radial distance, r, from the source. The wave equation has
therefore got to be set up in spherical co-ordinates before any analysis can proceed.
In sub-section 2.2.6, the wave equation was solved in terms of the pressure variable,
and related to the particle velocity and the velocity potential. For a change, the wave
equation will be solved here in terms of the velocity potential, and subsequently related
to the pressure fluctuations and the particle velocity.

The one-dimensional spherical wave equation (in terms of the acoustic velocity
potential) is

P ) 1 3*0d(r1)

A
Itrepresents an omni-directional wave which radiates outwards from or inwards towards
a source. The product r¢(r, t) is treated as a single variable and the equation is of the
same form as that for a plane wave. The general solution is

0. (2.75)

ro(r,t) = Gi(ct —r) + Golct +r), (2.76)

thus

@(r.1) =

The first term represents a spherical sound wave travelling radially outwards from the
sound source, and the second term represents a spherical sound wave travelling towards
the sound source.

Gl(c; —r) N Galet +1). (2.77)

r

In engineering noise and vibration analysis, one is generally only concerned with
sound waves that travel away from a source. Hence, one is only concerned with the first
part of the solution. In principle, the function G can be any arbitrary function. It is,
however, convenient and conventional to assume a complex harmonic solution of the
form

A .
b@r, 1) = = @k, (2.78)
r

The term A is a constant which is determined by the boundary conditions specified at
the surface of the monopole.

Consider an oscillating sphere of radius a, with a normal surface velocity u, =
U, €. From equation (2.43),

39 _

—u,. 2.79
=¥ (2.79)
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Thus, by substituting equation (2.78) into equation (2.79) with r = a and solving for
the constant A yields

A= _Ua{l_l_—ika}el a. (280)
Thus,
Us[ @ i(wt—k(r—a))
)= ar—k(r=a), 281
b D) r{l-l—ika}e ( )

The concept of a source strength, Q(¢), can now be introduced. The source strength of
a monopole is defined as its surface area multiplied by its surface velocity. Thus,

Q(t) = 4ma’U, e = Q,e"". (2.82)
Hence, the complex representation of velocity potential is
Q(t) 1 —ik(r—a)
) == e 2.83
D= T ika € (2.83)

The complex representation of the fluctuating acoustic pressure, p(r, t) and the particle
velocity, u(r, t), can now be obtained from equation (2.49) (the vector notation is now
dropped because of the omni-directional wave propagation) — i.e.

p(r,t) = —po{lop/0t}, and u(r,t) = d¢/or. (2.84)
Thus,

_ _ Q@ | ikpoc | _ikr—a)
p(r,t) = —ikpocd(r, t) = = { T+ ika }e , (2.85)
and

_ 1 + ikr Q) [T +ikr | _yo—a
u(r, t) = : . }d)(r, 1) = - {—1 ke }e ) (2.86)

The specific acoustic impedance, Z,, can now be evaluated using equation (2.57). It is

ipockr k*r? 4 kr
C 1 .
PONT T2 T T+ k22

T 1tikr

(2.87)

a

Unlike the specific acoustic impedance of a plane wave, the specific acoustic impedance
of a spherical wave has both a resistive and a reactive component. When the resistive
component dominates, the acoustic pressure fluctuations are in phase with the particle
velocities; when the reactive component dominates, they are out of phase with each
other. As with energy and power flow in structures (see section 1.7) one would expect
that the in-phase components of the sound waves dominate the radiated sound power
and that the out-of-phase components produce some near-field reactive exchange of
sound energy. These phase relationships are therefore the basis of the far-field/near-
field concepts which are so commonly used in noise control engineering.
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The sound intensity of a spherical sound wave can now be estimated. The mean
radiated intensity is a real quantity and it can be evaluated from equation (2.61). It is

Ok’ poc Q2 K?poc
3272r2(1 + k2a?) — 162r2(1 + k2a?)’
The sound power radiated by the spherical source can now be evaluated from equa-
tion (2.74). It is

1(r) = (2.88)

2

k2
I =47r%1(r) = M.
4 (1 + k2a?)

The radiated mean-square acoustic pressure fluctuations can be readily evaluated

from equations (2.61) and (2.85). They are

2 2 2
PRy = IRelp(r, 0p7(r, )] = —2msK Ty e (2.90)
rms 2 167‘[21"2(1 + k2a2)

Thus the relationship between the radiated sound pressure and the mean sound intensity

(2.89)

is the same as that for a plane wave (see equation 2.64). It is also important to note that
the radiated sound pressure is proportional to the inverse square of the distance from
the source.

Returning to equation (2.87), one can see that there are two limiting situations. They
are (1) kr < 1, and (ii) kr > 1. When kr < 1,

Q@) —ik(r—a)

) = —————— e "VTY, 291
un = A 1 k) @91
and
7., = ikrpgc. (2.92)

Here, the acoustic pressure fluctuations and the particle velocities are out of phase, the
impedance is reactive and no sound power is radiated from the source. When kr > 1,

1kQ(r) o—ikr—a)

)= — , 2.93
ur ) = e ika) 2.93)
and

7., = poc. (2.94)

Here, the acoustic pressure fluctuations and the particle velocities are in phase, the
impedance isresistive (i.e. itis equal to the characteristic acoustic impedance) and sound
power is radiated from the source. Combining equations (2.89) and (2.90), the radiated
sound power can also be obtained in terms of the acoustic pressure fluctuations. It is
M= 27 P (2.95)
Poc

Equations (2.89) and (2.95) are identical. The former expresses the radiated sound

power of a monopole in terms of its source strength, wavenumber, and dimensions,
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Fig. 2.7. The resistive and reactive components of the specific acoustic impedance of a spherical
sound source.

whilst the latter expresses it in terms of the radiated sound pressure at some distance,
r, from the source. The former expression is very useful for obtaining a physical
understanding of the effects of the source parameters (source strength, wavenumber,
and dimensions) on the radiated noise, whilst the latter allows for an estimate of the
sound power from a simple measurement of the mean-square pressure fluctuations.
A word of caution should be made regarding equation (2.95). It is only valid in the
far-field — i.e. at sufficient distances from the source such that the pressure fluctuations
and the particle velocities are in phase. It is also only valid in regions of free space
where there are no environmental effects such as reverberation (reflected sound) on the
measured levels.

It is now instructive to return once again to equation (2.87) to attempt to define
a transition point between the two regions (kr < 1, and kr > 1). The resistive and
reactive components of the specific acoustic impedance can be plotted as a function of
kr. This information is presented in Figure 2.7.

The main characteristic of the far-field of a radiating sound source is that kr > 1 and
that Z, is essentially resistive. From Figure 2.7, the resistive component dominates for
kr ~ 10. Now, A is the wavelength of the sound source (A = 2m/ k), thus the transition
radius is

r ~ 1.6A. (2.96)

It is very important to note that this transition point is not a constant but is a function
of frequency — i.e. at higher frequencies the transition radius is shorter than at lower
frequencies.

The concepts presented in this sub-section form an important basis for the modelling
of sound sources. Many practical sound sources, including both vibrating bodies and
aerodynamic sources, can be approximated as monopoles. If, for instance, the monopole
source was of an aerodynamic nature rather than some vibrating body with a surface
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2.3 Fundamental acoustic source models

velocity, the radiated sound power could then be related to the mean flow velocity —i.e.
the mean addition or subtraction of mass from a source region. To do this, one has to
re-consider equation (2.89). The source strength, Q, scales as L>U, where L is a
typical dimension of the region of fluid flow, such as the width of a square duct, and
U is the mean flow velocity. The characteristic frequency in the flow scales as U /L,
and this has to equal the frequency of aerodynamic sound generation for dimensional
consistency. Also, the source dimension, a, is assumed to be very much smaller than
the geometrical dimension, L, i.e. a < L. Thus,

_ L*UppcU?  L*U'pg

T 4wl 4me
Equation (2.97) suggests that the sound power radiated by an aerodynamically gener-
ated monopole scales with the fourth power of the flow velocity. This is a very important

(2.97)

statement — one which has significant practical consequences. These practical conse-
quences will be discussed later on in this chapter once some other sound source types
have been studied, so that comparisons can be made. It will also be seen later on in this
chapter that this scaling law only holds for sub-sonic flows — i.e. where the mean flow
velocity is less than the speed of sound, c.

Some typical examples of monopole sound sources associated with vibrating struc-
tures are small electric motors, pumps and certain types of traffic noise (at medium
distances away from a single vehicle — at larger distances the source can sometimes
appear to be a dipole). Aerodynamic monopole sound sources include unsteady com-
bustion from a furnace, sirens, pulsed jets and cavitation.

Dipoles

A dipole is a sound source model that is composed of two monopoles in close proximity
to each other. They are also of equal source strength and oscillate 180° out of phase with
each other. A nett fluctuating force is produced because of this out-of-phase oscillation.
The velocity potential function for a dipole is a function of the polar angle, 6, in addition
to the radius, r. It can be represented as a space derivative of the monopole velocity
potential function. The analysis for dipoles with finite dimensions is somewhat lengthy
and tedious. Numerous permutations are possible and the reader is referred to Pierce**
or Reynolds?? for further details. Many sound sources, including aerodynamic dipole
sources, can be modelled as point dipoles —i.e. the dimensions of the dipole source are
very small (ka <« 1), and, with this assumption, the analysis is somewhat simplified.
This section shall therefore be restricted to the special case of far-field sound radiation
from point dipole sound sources. The analytical techniques involved here can be readily
extended to the cases of both near-field and far-field sound radiation from finite dipole
sources.

Consider two point monopoles in free space, separated by some small distance 2d
as illustrated in Figure 2.8. The total velocity potential at some point, X, in space is the
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