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and that radiated by a longitudinal quadrupole is

= 4Qr2msIOOCd4k6
B 5w '

In the above equation, Q. is the source strength of one of the four monopoles that

(2.142)

makes up the quadrupole, and 24 is the separation distance between any two monopoles.

The sound power radiated by an aerodynamic quadrupole can be estimated by using
the same procedures that were used for monopoles and dipoles. The source strength,
O:ms. scales as (2d)*U, where U is the mean flow velocity, and the characteristic
frequency in the flow scales as U /(2d). Thus, for a lateral quadrupole,

. 4Qr2ms/oocd4a)6 N ,oodzU8

m 157 c® T 15w (2.143)
and for a longitudinal quadrupole
4 2 d4 6 d2U8
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The equations suggest that the sound power generated by both lateral and longitudinal
quadrupoles scale with the eighth power of the flow velocity (a monopole scales with
the fourth power of the flow velocity and a dipole scales with the sixth power of the
flow velocity).

A comparison can now be made between the sound radiating efficiencies of
monopoles and quadrupoles by comparing equations (2.89) and (2.141). The ratio
of the sound power radiated by a quadrupole to that radiated by a monopole is

1 d)’

2~ gt~ {—} : (2.145)
Iy A

Comparisons between this equation and equation (2.113) show that monopoles are
the most efficient radiators of sound whereas quadrupoles are the least efficient. This
important point is also deduced from the scaling relationships with flow velocity for

aerodynamic type sources.

2.3.6 Cylindrical line sound sources

These types of sound sources are of some practical importance in that long lengths
of pipeline, trains and traffic noise can often be modelled in terms of infinite or finite
cylinders. For the case of the infinite cylinder, the sound radiation problem becomes two-
dimensional. The wave equation has to be described in cylindrical co-ordinates and
the velocity potential turns out to be a function of Hankel functions (Hankel functions
are complex Bessel functions). Kinsler et al?!, Pierce?*, Reynoldsz'5 , Dowling and
Ffowcs Williams?¢, and Norton and Bull?>? all provide detailed discussions on the
solutions to a range of analytical problems relating to cylindrical radiation. Pipe flow
noise and vibration is discussed in chapter 7 in this book as a special case study.
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An important feature of cylindrical radiation is that the sound intensity varies with

r~! instead of r~2 for monopole sources or r~* for dipoles. This suggests a 3dB

decrease per doubling of distance. For an infinitely long cylinder of radius a, with a
uniform pulsating harmonic surface velocity U, = U, e'® | the far-field sound intensity

is approximated by?>!°

) wka®
I(r) = U;, poc

(2.146)

Infinite and finite cylindrical line sources will also be discussed again in chapter 4
when considering the far-field propagation of sound waves.

24

The inhomogeneous acoustic wave equation — aerodynamic sound

So far in this chapter, the solutions to the wave equation have been sought in regions
of space that do not contain any sources of sound. As pointed out in the introduction
(section 2.1), this is generally the case in most industrial engineering type applications.
Quite often, even when the source of sound is aerodynamically generated, one is only
concerned with regions of space exterior to the source region, and classical acoustics
is adequate to describe the behaviour of the wave field (e.g. external sound radiation
from gas flow in a pipeline). When the source of sound is due to some vibrating
body (structure-borne sound) it is generally readily identified. If, however, specific
information is required about the source region itself, or the source is within the region
of space of interest, then the classical, homogeneous, wave equation is inadequate. This
is because different source types can in fact produce the same pressure distribution in
the wave field exterior to the source region — this is an important point and it will be
illustrated later on in this section.

In situations involving flow, and turbulence in particular, the identification of the
sound sources is somewhat more difficult — they convect and interact with the fluid
flow. Typical examples of instances where the inhomogeneous wave equation is required
include unsteady duct flows, fan noise, jet noise, noise from aerofoils, noise from wall
cavities, boundary layer noise etc. In these and other examples, in order to understand
the mechanisms by which the sound is generated within the flow, and in order to
understand the principles of the interactions of the flow with the acoustics one needs to
obtain some basic information about the sources of sound. Quite often, this is easier said
than done! The field of aerodynamic sound is a relatively new and complex one, and it
is the subject of continued research. Its main impetus has been the jet aircraft industry.

Lighthill’s>!!-212 work which was published in the early 1950s provided the first
general theory of aerodynamic sound. Lighthill reformulated the equations of fluid
motion so as to include the source functions which drive the sound wave field. It was
postulated that all the non-linearities in the motion of matter act as sources of sound,
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and they were grouped as non-linear forcing terms on the right hand side of the wave
equation. The sound radiated is thus estimated as if it were in a uniform medium with
zero mean flow — i.e. convection effects, turbulence etc. are all incorporated within the
source function on the right hand side. Lighthill’s now famous ‘acoustic analogy’ states
that the sources of sound in a fluid motion are simply the difference between the exact
equations of fluid motion and the acoustical approximations.

The main problem which has limited researchers for many years since is that the
source function (i.e. the difference between the exact equations of fluid motion and
the acoustical approximations) is generally very difficult to evaluate. This is primarily
because sufficient information about the fluid flow is not always readily available.
Lighthill, in his acoustic analogy, reduced the problem of aerodynamically generated
sound to an analogous classical acoustical problem. In that form, whilst the wave
equation is exact, its main limitation is that it does not shed any light on any subsequent
interaction between the aerodynamically generated sound and the fluid flow which
caused it in the first place. It has been shown that Lighthill’s analogy allows for a precise
analysis of the sound field for low Mach number flows (i.e. compact source regions
where the typical source dimension is significantly smaller than the corresponding
acoustic wavelength). However, at higher flow speeds (including supersonic flows), it
has been shown that ‘excess noise’ is often present due to flow—acoustic interactions.
There have been several attempts to reformulate Lighthill’s source terms, firstly to
include the effects of solid boundaries (i.e. obstacles in the flow), secondly to minimise
the requirements for a detailed description of the fluid flow in the source region (as
far as noise radiation is concerned), and thirdly to shed some light on the effects
that the interaction between the flow field and the sound field has on the radiated
sound.

Curle? '3, Powell*'* and Ffowcs Williams and Hall*!> (also see Dowling and Ffowcs
Williams?©) extended Lighthill’s theory to incorporate the effects of solid bodies. Most
of this work is now generally available in the research literature. However, only a few
textbooks are currently available on the subject of aerodynamic sound. The reader is
referred to three recent books — the first by Goldstein?!%, the second by Dowling and
Ffowcs Williams>, and the third by Blake?!”7. Blake’s book (two volumes) in particular
is the most recent comprehensive publication on aerodynamic sound; it is an up-to-date
research monograph on the mechanics of flow-induced sound and vibration and it deals
with general concepts, elementary sources and complex flow—structure interactions.
Ffowcs Williams?!'® also provides a comprehensive review article on aerodynamic
sound in the Annual Review of Fluid Mechanics.

A major advance in the field of aerodynamic sound occurred in 1975 when
Howe?1%-2-20 rearranged the exact equations of conservation of mass and momentum
in terms of entropy and vorticity variations. He subsequently described the interactions
between flow and sound fields in terms of fluid vorticity and acoustical particle veloc-
ities associated with the generated sound field. The concepts relating to the generation
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of aerodynamic sound by the motion of vortices in an unsteady fluid flow relate back

2.18 26219 iden-

to Powell?2!. In his review paper, Ffowcs Williams?!® points out that Howe
tification of acoustic sources within vortical regions of isentropic flow is in fact a
formalisation of the steps originally taken by Powell>?!. It is now widely recognised
amongst researchers in the field that Lighthill’s theory of aerodynamic sound (1952)
and the Powell-Howe theory of vortex sound (1964, 1975) are the two singularly most
important advances in the field of aerodynamic sound to date. Howe’s contribution, in
particular, is a successful attempt to separately describe both the flow—acoustic inter-
actions and the mean flow effects.

Whilst it is felt that it is necessary for noise control engineers to be aware of the
existence of the inhomogeneous wave equation, and its relevance to the control of
aerodynamically generated sound, a detailed discussion of the topic is well beyond the
scope of this textbook. In the remaining sections of this chapter, the inhomogeneous
acoustic wave equation is derived, and the basic solutions for some simple acoustic
source processes are discussed, such as to provide the reader with sufficient background
information to pursue the matter further if required. Lighthill’s acoustic analogy is
derived and discussed in relation to fluid dynamically generated monopoles, dipoles and
quadrupoles, but some of the more recent advanced work in the area is only qualitatively
discussed.

The inhomogeneous wave equation

In section 2.3, solutions to the homogeneous wave equation were obtained for a range
of simple sources. These solutions were obtained for far-field approximations and
the instantaneous values were limited to constant frequencies — i.e. the solutions for
instantaneous pressure, particle velocity etc. were obtained in terms of single frequency
components using harmonic waves and complex algebra in very much the same way
that instantaneous values of displacement, velocity, and acceleration were obtained in
terms of single frequency components using harmonic waves and complex algebra in
chapter 1. The resulting equations for mean-square pressure, intensity etc. were steady-
state, time-averaged values. The procedures adopted in section 2.3 cannot be used if
one requires instantaneous solutions for the acoustic variables (for all frequencies) and
that the source be accounted for in the wave field. A somewhat different approach has
to be taken — i.e. the initial time-dependent conditions have to be considered to describe
the transient behaviour of the source.

Reconsider the simple spherical sound (monopole) of section 2.3.1. The solution
for the acoustic pressure (equation 2.85) is valid everywhere except at the origin
where a singularity occurs. It was stated at the outset that the homogeneous wave
equation is only valid in the wave field and that it is not valid in the source field.
The singularity at the origin of a simple spherical source is thus consistent with this
argument!
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A spherical sound source is a fluctuating source of mass at the origin. Its instantaneous
source strength (m? s=!), Q(¢) is given by

O(t) = drwa’u,(t), (2.147)

where u,(t) is the instantaneous normal surface velocity, and a is the radius. The mass
flux per unit time (kg s~!) through the volume is

Q(1) = 4’ pu, (1), (2.148)
where p is the density of the fluid. The rate of change of mass flux (kg s~2) is thus

d(pugy
a2 (pu )

ot
From the momentum equation (equation 2.11) neglecting the viscous stress terms
a(pu, oP
(pta) _ 3P (2.150)
at 0x
and since p = ¢?p’ (equations 2.29, 2.30 and 2.35),
oP 0 op’
Ay 2.151)
0x 0x 0x
Thus, in spherical (radial) co-ordinates
a /
0'(1) = —4na2c28i. (2.152)
r

It was shown in section 2.3 (and in chapter 1) that {G(ct — r)}/r satisfies the wave
radiation condition and that it is a solution to the spherical, homogeneous wave equation.
It is convenient in this section to represent the function as {G(t — r/c)}/r instead. It
is straightforward to show that it is also a general solution to the homogeneous wave
equation. The term r/c is the retardation time — i.e. the time it takes the sound wave to
travel from the source to the observer. The concepts of retardation times are important
in aerodynamic sound — this will become evident later on in this section. Thus,

, 1 r
p(rt)= ;G(t — —) (2.153)

c

is a solution to the homogeneous wave equation (in terms of the density fluctuations)
for outward travelling waves. Hence, the rate of change of mass flux, Q’(¢), can be
estimated by evaluating dp’/dr at r = a from equation (2.153) for a — 0. Thus,

0'(t) = 4nc*G(t), (2.154)

and hence
r 1 , r

Glr—-)= o'lr—-). (2.155)
c 47 c? c
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Thus, the solution to the homogeneous wave equation (in terms of the density fluctua-
tions) for outward travelling waves is (from equation 2.153)

, 1 o, T
p(r,t)-4nc2rQ<t C). (2.156)

The acoustic pressure fluctuations are thus given by

p(r,t) = LQ’(t — f). (2.157)
Ay c

Equation (2.157) is consistent with equation (2.85) and

Q’(t — g) = Re[ikpocQ(r) e 1. (2.158)

The exponential factor e

since Q(7) = Q, €.
Equation (2.157) is: (i) only valid in a region exterior to the source because of the
singularity at the origin, (ii) a function of the rate of change of mass flux, and (iii) a

in the above equation is analogous to the time shift r/c,

function of the retardation time. It can be extended to a volume region in space where
there is some rate of flux of mass per unit volume, g(y, t), with units of kg m= s~!.
Note that the vector y represents spatial positions which are within the source region.
The equation of conservation of mass (equation 2.5) is now

oo = -

o +V.pu=qy,t). (2.159)
It can be combined in the usual manner with the momentum equation to yield the wave
equation, which is now inhomogeneous with the time derivative of ¢ (i.e. ¢’(y, t)) as
the forcing term (note that ¢’ has units of kg m™3 s72). It is

1 9%p -
Za7 Vip=4'(y,1). (2.160)

Equation (2.160) is the inhomogeneous wave equation. The function ¢’ is only non-zero
within the source region. In regions exterior to the source, it vanishes, and the wave
equation reverts to being homogeneous.

One can readily see from equation (2.160) that in the wave field the pressure dis-
tributions can be the same for different forcing functions since ¢’(y, t) is zero outside
the source region — i.e. different source distributions of equal strength will produce the
same wave field. Information obtained in the wave field (from the homogeneous wave
equation) will therefore not provide any information about the source distribution.

A general solution to equation (2.160) for the pressure in the sound field (exterior to
the source region) can be obtained by an integration of terms similar to equation (2.157)
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Observer

Source region

Fig. 2.16. Schematic illustration of source and observer positions.

over the whole source region. It is

/ - |)—C>_§|
g\t ——
p()?,t)z/ T d*y. (2.161)
y _

The term y represents position vectors within the source region; the term X represents
position vectors in the sound field which is exterior to the source region; and |x — |
represents the distance between the source and the observer. This point is illustrated
in Figure 2.16. Equation (2.161) is an important general equation in the field of aero-
dynamic noise. It can be re-written as

R X — ¥l
8 1 y’t_ C 3
X,1) = —— — d’y, 2.162
P, 1) 4718t/v |x — ¥ ( )

where it can be clearly seen that the acoustic field, in this instance, is due to the rate of
change of mass flux per unit volume —i.e. steady mass flux will not produce any sound;
it is the unsteady mass flux that generates the sound!

Equation (2.161) is the formal solution to the inhomogeneous wave equation for a
given arbitrary source function and it can take on many forms (e.g. equation 2.162 for
mass flux). Equation (2.162) is thus the solution to the inhomogeneous wave equation
for a monopole type sound source. It will be seen later on in this chapter that equa-
tion (2.161) can also be used to describe dipoles and quadrupoles. It has been derived
heuristically (by comparison with equation 2.157) and it is instructive also to outline
its derivation in a more formal sense.

The general solution to the inhomogeneous wave equation can be obtained by
superposition of the acoustic fields due to simple point sources. In order to do this, a
function called a Green’s function needs to be introduced. Green’s functions satisfy the
inhomogeneous wave equation, and if the medium surrounding the source is stationary
(zero mean flow) and is not restricted by any boundaries, they are commonly referred to
as free space Green’s functions. Green’s functions are also used in classical acoustics,
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and in fact were used earlier on in this chapter (this will become obvious shortly!).
The reason why free space Green’s functions are so relevant to aerodynamic sound is
that Lighthill simply reduced the problem of predicting sound in a moving medium to
that of the equivalent classical acoustical problem in a stationary fluid! — this too will
be demonstrated in a short while. The free space Green’s function is described by the

transform pair®#21
. eikr
G, (¥, 0lX, ) = : (2.163)
4mr
and
O, 1
G:/(y, t|x,t) = —968(t —t +r/c), (2.164)
4mr
where
1 [ -
G = — G, dw. (2.165)
2r J_o

From equation (2.163) one can readily see how the Green’s function was used (inad-
vertently) earlier on in this chapter. The Green’s function in equation (2.163) can be
interpreted as the solution to the wave equation in free space for an applied unit, time-
harmonic, point source, and the Green’s function in equation (2.164) can be interpreted
as the solution to the wave equation in free space for a unit, impulsive, point source. An
important property of the Green’s function is that it is symmetrical — i.e. it remains the
same when the source and the receiver position are interchanged. This property, com-
monly known as reciprocity, has important applications in noise and vibration control,
and it will be discussed in some detail in chapters 3 and 6.

The Green’s function for an impulsive, unit, point source located at y and set off at
time t satisfies the inhomogeneous wave equation — i.e.

2
{Cia— — vz}Gt(i, T|X, 1) = 8(t — 1) 8(X — y). (2.166)

The function G, must vanish for # < t (this is referred to as the causality condition), and
it must exhibit outgoing wave behaviour (this is referred to as the radiation condition).
Thus, for some source function f(y, 7),

éaa—; — VG, DGG, Tl 1) = (7, 1) 8t =) 8(F = ). (2.167)
Hence,
=/T/vf<§, 7)8(r —1)8(x — y)dr d3§. (2.168)
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Thus,
1 82 _>’ t - - - - - -
S5V / JOLZ1O) g / fG.08GE = ) d*y. (2.169)
C2 8t2 \% dmr Vv

Now, in terms of the pressure fluctuations, the inhomogeneous wave equation is
1 92 5 - . a3
S - Vp=fxn=| f(y,0éx—y)dy, (2.170)
C2 8t2 1%

where f(X,t) is an arbitrary source function. A general solution can be obtained for
p(X, t) by equating equations (2.169) and (2.170). Hence, for r = |X — |,

f<§’t X : yl)
p(x, 1) =/ — d*y. (2.171)
1% 4r|x — y|

Equation (2.171) is the formal solution for the acoustic pressure fluctuations (in aregion
where there is zero mean flow and no solid boundaries) for an arbitrary source function,
f. It is identical in form to equation (2.161) and is a superposition of all the waves
generated by all the elements within the source region.

For a sound source that only represents mass flux into a volume, the function f
in equation (2.171) is replaced by the rate of change of mass flux per unit volume, g’
(kg m~3 s72). The rate of change of mass flux through the whole volume region is

Q'(1) / q'G, 1) dy. (2.172)
%4

If it is assumed that the source region is compact, small phase differences between the
various source elements can be neglected — i.e. retardation times can be neglected as
far as a far-field observer is concerned, and

1 - -
Pty = —— f $Got —r/0) &5, (2.173)
47T}" 1%
Hence,
1 , r
p(r,t) = —Q0 (f — —), (2.174)
Ay c

where r = |X — y| ~ |x|. Equation (2.174) is identical to equation (2.157) and it rep-
resents a point monopole radiation field with uniform directivity — the amplitude of
the pressure field is proportional to the nett rate of change of mass flux over the whole
source region.
For a sound source that only represents some externally applied force f;(x,t), the
function ¢’ is replaced by the divergence of the vector force —i.e.
of; (X, 1)

qg'(x, 1) = —divfi(x,1) = — : (2.175)
Bxi
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The function f;(xX, t) represents an external applied body force per unit volume —e.g. a
solid body in the flow — f; is a vector in the ith direction, thus df; /dx; is a scalar. The
momentum equation (neglecting viscous stresses) becomes

d(pu;) 0P

e 2.176
o7 +8x,~ fitx, 1) ( )

the equation of conservation of mass remains as per equation (2.5), and the inhomo-
geneous wave equation therefore becomes

1 92p 3f; (%, 1)
P iy =
c? 9t? p 0x;

—divf; (X, 1). 2.177)

The source term on the right hand side of equation (2.177) has to be such that it vanishes
outside some finite region of space in proximity to the source. Hence, by analogy with
equations (2.170) and (2.171) the solution p(X, t) is

divfl(;,z— 'x_y|)
P 1) = — [ < gy, (2.178)
1% 47[|x —yl
or
- [x — |
a ﬁ yat_ N
PG 1) = —— / < g5 (2.179)
ox; Jy 4 |x — y|

There is a subtle difference between equations (2.178) and (2.179). In the former
equation, the source is represented as a series of monopoles of strength df; /dy;. In the
latter, it is represented as a dipole of strength f; — the force exerted on the fluid volume
is equal to the rate at which the momentum changes, since the mass flux in and out of
the fluid volume is the same. By retaining the solution in the form of equation (2.178),
all the various retardation times between the various source elements and the observer
position would have to be known. If the retardation times were neglected, the volume
integral would reduce to zero and there would be no sound produced! This can be proved
mathematically>® but it is to be intuitively expected because there is, by definition, a
zero rate of mass flux (i.e. Q" = 0). The various monopole elements within the source
region effectively cancel each other, and if it were not for the retardation time differences
between all the various source elements, the nett sound radiation would be zero. Thus,
by transforming equation (2.178) into the dipole distribution of equation (2.179), the
radiated sound pressure can be estimated from a knowledge of the force distribution
and the requirement for a detailed knowledge of the retardation times between source
and observer positions is thus avoided.
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Equation (2.179) can be further simplified for engineering approximations. Assuming
r = |X — |, it can be re-written as

- X =yl
fi Y.t —
1) / or 0 ¢ 7 #5 (2.180)
X,t)y=—|[| —— : :
p v 0x; dr 4mr Y
Hence,
- 1 or [ fi  10fi] 5=
H=— | —{5+——1d°y, 2.181
plx. 1) 4n/‘/8xi:r2+cr 8t} Y ( )
since
af; 1 9f;
L = ———f. (2.182)
or c 0t

Now, dr/dx; can be interpreted as the dipole directivity factor — i.e. it is the cosine of
the angle between the dipole axis (the line along which the fluctuating force is acting)
and the distance between the source and the observer. Thus,

p(x, 1) = i/ :L;—i—ia—fi}cos@,- d*y. (2.183)
%4

47 r cr ot

The radiated pressure has both a near- and a far-field component in addition to the
cos O angular dependence.

Lighthill’s acoustic analogy

In the previous sub-section it has been illustrated that (i) for a monopole type aero-
dynamic sound source, the amplitude of the radiated sound pressure field is a function
of the rate of change of mass flux over the whole source region, and (ii) for a dipole
type aerodynamic sound source, the amplitude of the radiated sound pressure field is a
function of an externally applied body force. Acoustic sources can also be generated in
flow situations where the flow velocities are large enough not to comply with the linear
acoustic equations — i.e. high Reynold’s number flows.

Lighthill>!! considered an unbounded region of space, a part of which included a
fluctuating fluid flow, and grouped all the non-linear terms in the fluid dynamic equations
of motion together as acoustic source terms on the right hand side of the inhomogeneous
wave equation (i.e. the function f(X,t) in equation 2.170). In so doing, the radiated
sound pressure due to the high Reynold’s number flows could be calculated by using the
procedures described previously (equation 2.171) provided that information is available
about the source terms. Lighthill’s acoustic analogy is thus based on the fact that
the sources of sound are the difference between the exact laws of fluid motion and the
linearised acoustical approximations — it is the non-linearities that generate the sound!

Consider an unbounded region of space in which there is a fluctuating fluid flow.
Conservation of mass states that the time rate of change of mass within a region has to
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equal the nett mass flow into it. Thus, from sub-section 2.2.1 (equation 2.5) for mass
conservation

o o
a—f V. pii = 0. (2.184)

Itis conventional and convenient to use tensor rather than vector notation in aerodynamic
sound and the above equation can be re-written as

dp  d(pu;)
dat + ox; o

0. (2.185)

Here, the suffix i can take on any value from 1 to 3. Hence a product term such as u;u ;
has nine possible permuations since i = 1,2,3 and j = 1, 2, 3.

Conservation of momentum states that the time rate of change of momentum in a
region equals the sum of all the forces acting on the region plus the nett rate of flow of
momentum through the region. For non-linear flow, where viscous effects associated
with the shear forces due to the interaction of fluid particles are taken into account,
conservation of momentum implies that
a L_i = - - =
% ¥ p(i - V)i + VP = vV2il, (2.186)
where v is the coefficient of shear viscosity. In tensor notation, this is

d(pu;) N d(pujuj) n d(pdij)  9Tij

=0, (2.187)
at 8)Cj 3)Cj 8)Cj
where
02u, ou;
Wi = o =y 2 (2.188)
8xj8xj ij

§;j=1ifi = jand0ifi /j, and 7;; is the viscous shear stress. Thus,

d(pu;) n A(pdi; — vij + puiu ;) —0

2.189
dt ij ( )

Equation (2.189) is the exact momentum equation in tensor notation and pu;u; is the
unsteady Reynold’s shear stress.

The wave equation can now be derived in the usual manner by taking the time
derivative (d/0t) of the equation of conservation of mass, and the divergence (9/0x;)
of the equation of conservation of momentum. Thus,

92 3 (pu;
p (pui) _ 0. (2.190)
ot? dx;ot
and
0*(pur) | 0%(pdyy —wj + puinj) _ o (2.191)
0x; 0t 0x;0x;
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Subtracting equation (2.191) from (2.190) yields

3%p’ _ % (pdij — Tj + puiu;)
a2 dx; 0

; (2.192)

since p = pg + p’, and py is time invariant. Equation (2.192) can now be forced to take
the form of the inhomogeneous wave equation by introducing the factor ¢>V?p’ and
subtracting it from both sides. Thus,

3%p’ _ c2v2p/ _ 32(P5ij — Tjj + puiltj — 02,0/51']')’ (2.193)

ot? 0x; 8)Cj

since
32 /51'

V2 = 22 P (2.194)
0x;0x;

The Lighthill stress tensor is defined as

Tij = pdij — Tij + puju; — c*p'8;j; (2.195)

hence, Lighthill’s non-linear, viscous, inhomogeneous wave equation is

1 92 9°T;;

Sl vy T (2.196)

c? 912 P= Ax;dx;’

with p replacing ¢?p’ (i.e. see equations 2.29, 2.30 and 2.35).

The source term on the right hand side of Lighthill’s equation represents a double
divergence — i.e. there is a double tendency for the various source elements within
the fluid to cancel. It was seen in the previous sub-section that a dipole is produced
as a consequence of cancelling monopoles — the instantaneous dipole strength is zero
and the sound radiation is due to the retardation time effects, i.e. the cancellation is
not complete because of the time delays between the various sound waves reaching the
observer position. The same arguments apply here and the sound radiation is once again
due to the retardation time effects between the various source elements. This double
divergence of a monopole field (or divergence of a dipole field) is a quadrupole. Because
of the double tendency for cancellation one would qualitatively expect quadrupole sound
radiation to be less efficient than dipole sound radiation, and dipole sound radiation to
be less efficient than monopole sound radiation.

The solution to Lighthill’s equation for the radiated sound pressure can be readily
obtained from equation (2.179). It is

E-d

32 Tl']' <§’ ! c )
p(x, 1) = / a’y. (2.197)
1%

0x;0x 4 |x — |

The qualitative arguments that were used in the previous section to justify proceeding
from equation (2.178) to equation (2.179) also apply here — i.e. the formal solution
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has the second derivative inside the volume integral (i.e. 9%/dy;dy ;) and it is trans-
formed into equation (2.197) with the derivative outside the integral. Goldstein>!®
provides the formal mathematical procedures that have to be followed in proceeding
with the transformation. This transformation procedure is the key to the correct estima-
tion of aerodynamic sound because it is the small retardation time differences between
the different source elements that in fact produce the radiated sound. The dipole and
quadrupole representations of the source elements account for the cancellations that
occur, and thus allow for a more accurate estimate of the radiated sound.

In aerodynamic sound predictions, the main problem is therefore to suitably identify
the components within the Lighthill stress tensor, 7;;, that are dominant. The pé;; —
c*p'8;; component represents the effects of heat conduction which affect the speed of
sound within the fluid. For low Mach number flows this is a second-order effect. The T;;
component is the viscous shear stress, and this is generally very small when compared
with the Reynold’s shear stress component, pu;u ;. Hence, for low Mach number flows,
itis the Reynold’s shear stresses, pu;u ;, which are dominant. For linear, inviscid flows,
the wave equation is homogeneous — this is consistent with Lighthill’s wave equation
since p = cz,o/, 7;; = 0, pu;u; is negligible, and therefore T;; ~ 0.

Equation (2.197) can now be re-arranged such as to identify the quadrupole nature
of the sound source. Like the dipole, one would intuitively expect a near- and a far-field
radiation term. Equation (2.197) has to be differentiated in a similar manner to which
equation (2.179) was differentiated to yield equation (2.183) for the dipole.

The procedures can be found in Goldstein?'6 or Richards and Mead???. Thus, equa-
tion (2.197) can be differentiated to yield

c2r ot? cr? ot

R 1 ?r [ 13T 2 Ty
px. 1) =— =
4 Jy 0x;0x;

The term in brackets represents the near- and far-field radiation terms —i.e. there are two
near-field terms (r 2 and  —*) and one far-field term. As for the dipole, the 9%r/dx;dx;
term is a directivity factor. For a longitudinal quadrupole, i = j and 98%r/dx;0x i~
cos? @; for a lateral quadrupole i /=j and 3°r/dx; 0x; ~ cos 6 sinf).

2 s
+ =Ty 1d5. (2.198)
=

The effects of the presence of solid bodies in the flow

Solid body interactions with flows are an important part of aerodynamic sound gen-
eration. Turbulent flows interacting with solid bodies produce increased sound over
free space turbulence — e.g. a butterfly valve arrangement in an industrial gas pipeline,
aircraft engine turbine blades etc. The main reason for this is that the presence of
solid bodies allows for the existence of monopoles (due to the fluctuating motion or
dilatations of the solid body resulting from the unsteady flow) and dipoles (due to the
fluctuating forces on the solid body resulting from the unsteady flow), both of which
are more efficient sound radiators than quadrupoles.
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Lighthill’s inhomogeneous wave equation is exact and it is therefore possible to
use it to estimate the effects of the presence of solid bodies in the flow. Dowling and
Ffowcs Williams?>% and Goldstein?!¢ derive the necessary fundamental equations. In
summary, the procedure is as follows:

(1) it is assumed that the observer and the solid body are clearly separated;

(i1) the quadrupoles contained within the interior of the solid body are transformed into
boundary sources over the surface of the solid body — this procedure converts the
interior quadrupole source field into an equivalent monopole (fluctuating motion)
and dipole (fluctuating force) field on the surface of the solid body;

(iii) the equations are solved for the density or pressure fluctuations and added to the
solution for free turbulence to obtain the complete solution in some region exterior
to the solid body.

For sound volume, V, bounded by a solid body of surface, S, the far-field radiated
sound pressure is given by

I P . =
/ C 3- af C >
R
\% i JS

X, 1) = — S ds
plx. 1) dx; 0 4 |X — | 0x; 4 |x — y| o
o |£_§| -
3 puly,t — . ‘n
— — dsS(y). 2.199
+8t s 4|x — | ) ( )

The first term in the equation represents the free turbulence component; the second term
represents the component due to fluctuating body forces; and the third term represents
fluctuating motions of the solid body resulting from the unsteady flow. In the third term,
u is the surface velocity and 7 is the unit normal vector. The equation can be used to
develop useful dimensional parametric relationships for aerodynamic sound. Only low
subsonic Mach number flows will be analysed here — the reader is referred to Dowling
and Ffowcs Williams?%, and Goldstein®!® for the analyses relating to supersonic flows.

If the free turbulence component is the dominant term (e.g. flow exhausting from
a jet nozzle), then the turbulent eddies scale with the mean flow, U, and a boundary
layer thickness or a jet nozzle diameter, D. The time scale of the sound field is thus
D/U. Thus, the sound wavelength scale is A = cD/U = D/M, where c is the speed
of sound and M is the Mach number of the flow. Thus,

D  typical source dimension

M= (2.200)

A acoustical wavelength
An important point is now made. For low Mach number flows, A > D and the source
region is acoustically compact. This means that the retardation times between the
different points within the source region can be neglected. This allows for a considerable
simplification in the analysis. Alternatively, for high subsonic and supersonic flows,
D ~ A or D > X and the retardation times are critical to the analysis.
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The various terms associated with the free turbulence component can now be suitably
scaled. d/dx; scales with 1/A or M/D; the volume integral scales with D3: and the
Lighthill stress tensor T;; scales with pU? since it is the Reynold’s shear stresses which
are dominant. Thus, from the free turbulence component of equation (2.199)

M\)*D3pU*  pD
X, 1)~ — = U*, 2.201
P 1) !D} Ay 4mrc? ( )
and
2 "’t 2D2
1)~ L 5o ___»p 8 (2.202)

(pc)o  16m2r2c*(pc)y

Equation (2.202) suggests that the radiated sound power scales with the eighth power
of the flow velocity — this is Lighthill’s famous U® law for turbulence generated sound.
It is similar to the U*® relationship that was derived in section 2.3.5 for quadrupoles. It
should be noted that the term (pc)y is the density and speed of sound at the observer
position. In principle, it could be different from the density, p, and speed of sound, c,
in the source region, particularly if hot gases etc. were involved.

The total fluctuating force scales as pU? D?, thus from the fluctuating force compo-
nent of equation (2.199)

. M) D?*pU?  pD _,

)~ 11— = U3, 2.203
P, 1) :D} 4y 4 cr ( )
and

2 ﬁ,t 2D2
1y~ P& _ P 6 (2.204)

(pc)o  16w2c2r2(pe)y

Equation (2.203) suggests that the radiated sound power scales with the sixth power of
the flow velocity. It is similar to the U® relationship that was derived in section 2.3.2
for dipoles.

Finally the sound power radiation associated with the third term (fluctuating motions
of the solid bodies which produce volume dilatations) in equation (2.199) can be eval-
uated. Here, d/9¢ scales as the acoustic frequency, i.e. U/ D, and the surface integral
scales as D?. Thus

UpD’U _ pD ,

X, 1) ~ — U-, 2.205
P, 1) D 4mr Ay ( )
and

2%t 22
1)~ L 0 __» 4 (2.206)

(pc)o  16w2r2(pc)y
Equation (2.206) suggests that the radiated sound power scales with the fourth power
of the flow velocity. It is similar to the U* relationship that was derived in section 2.3.1
for monopoles.
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Several important observations can be made in relation to equations (2.201)—(2.206).
Firstly, the radiated sound intensity (or the mean-square sound pressure) is proportional
to the inverse square of distance; secondly, the intensity is proportional to the square
of the typical source dimension, e.g. boundary layer thickness or jet nozzle diameter;
thirdly, the velocity dependence ranges from U?® for quadrupoles to U# for monopoles.

The Powell-Howe theory of vortex sound

Lighthill’s theory of aerodynamic sound has been extensively used, both in the subsonic
and supersonic flow regimes, for jet noise prediction studies, boundary layer noise
studies, unsteady flows over stationary and moving solid bodies, etc. When the complete
details of the flow are unavailable and the only available parameters are the intensities
and length scales, Lighthill’s stress tensor, 7;;, is a very powerful tool. If, however,
detailed knowledge of the flow—acoustic interactions is required, then the source terms
in Lighthill’s equation have to be re-defined.

In 1964, Powell>?! postulated that the origin of aerodynamic sound might be at-
tributed to the process of forming eddies or vortices — the very action that causes the
formation of vortices, simultaneously gives rise to the sound radiation. Howe?!° refor-
mulated Lighthill’s theory for low Mach number flows in terms of Powell’s concept of
vortex sound and associated the aerodynamic sound sources with certain regions in the
flow where the total (i.e. mean plus unsteady) vorticity vector, @, is non-vanishing. It
should be noted here that, whilst vorticity is a necessary condition for an aerodynamic
sound source, it is not a sufficient condition.

From fluid dynamics, when the flow contains both rotational and irrotational com-
ponents, the total velocity, U, is given by equation (2.48) —i.e.

U=Vo+V x, (2.207)

where ¢ is the irrotational velocity potential, and 1; is the rotational, vector velocity
potential. In turbulent flow regimes, v = V x 1/; is the total (mean plus unsteady) rota-
tional, incompressible component of the velocity field, and u = eqﬁ is the irrotational
unsteady component. The irrotational, unsteady component is only non-zero when the
fluid is compressible and it is therefore associated with the acoustic particle velocity.
The vorticity is thus only related to the vector velocity potential and it is

&=V xv=Vx(Vx ). (2.208)
For vortical regions located in free space, Howe?!° re-formulated Lighthill’s wave

equation to yield

Lo g V(@ % v) (2.209)

—-— — = (0 X v). .

2 912 P = po

The term po(& x v) is referred to in the literature as the Lamb vector and it is the
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unsteady vortical lifting force. Howe went on to generalise the equation, with the
stagnation enthalpy rather than the density as the acoustic variable, to account for
interactions with solid bodies etc. His classical analysis resulted in the following analogy
with the Lighthill stress tensor —

9*T;; - , -

= poV - {(w x v) — TVS}, (2.210)
0x i 0x j
where T is the temperature and S is the entropy. The equation illustrates that the sources
of aerodynamic sound are contained in the regions of flow where the vorticity vector and
the entropy-gradient vector are non-zero. Howe’s analysis has been successfully applied
to arange of complex problems of sound generation in inhomogeneous flows?1%-2:20:223
Itis useful to note that it is not necessarily restricted to potential flows; in fact distributed
vorticity, as implied by equation (2.211) below, negates potential flow. Also, viscosity
does not disable the theory. Crighton®?* points out, however, that the Powell-Howe
vortex theory, whilst associating the sound sources with regions of vorticity, is still non-
locally and non-linearly related to the vorticity. No universal procedures are yetavailable
to linearly relate the sound sources to vorticity. Whilst the Lighthill theory allows for
accurate general results when the stress tensor, 7;;, can be readily evaluated, the Powell—-
Howe theory allows for specific problems relating to flow—acoustic interactions to be
solved.

HOW62'20’2'23

subsequently established a general momentum balance relationship
describing the rate of ‘dissipation’ of sound energy by the generation of vorticity in
the presence of low sub-sonic mean flows. The term ‘dissipation’ is used loosely as
it can refer to both negative dissipation (generation of sound) and positive dissipation
(absorption of sound) — i.e. the generation of sound by vorticity produces negative
dissipation, and the generation of vorticity by sound produces positive dissipation.

Howe’s dissipation formula is
M= pO[{(cB x v)-u}dv, (2.211)
14

where @ is the total (i.e. mean plus unsteady) vorticity vector, v is the total (mean
plus unsteady) rotational, incompressible component of the velocity field — it is the
vorticity convection velocity — and i is the acoustic particle velocity. This relationship
is especially useful in that it allows for both a qualitative and a quantitative description
of different types of flow—acoustic interactions; in particular, regions of energy transfer

220 j]justrates

between the sound and the flow field can be explicitly identified. Howe
the positive dissipation (sound absorption) aspect in relation to the influence of mean
flows on the diffraction of sound from semi-infinite plates, and the attenuation of sound
by grazing flow perforated screens. He also discusses how negative dissipation (sound
generation) can occur at certain flow speeds and directions of propagation. The mean

flow energy can also be converted into sound if an aerodynamic acoustic resonance is set
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Leading edge  Tnitial size Trailing edge Final size
Flow of vortex of vortex
—

]
AAAAAL $444444

Acoustic particle
velocity

4 /

Fig. 2.17. Schematic illustration of vortex generation in a Helmholtz resonator. (Adapted from
Stokes et al.>?%.)

up, i.e. sound waves in a duct synchronising with some internal, flow-induced, vortex
shedding phenomena. Welsh et al.>?>~%?7 have recently studied several such types of
flow—acoustic interactions and successfully applied Howe’s dissipation formula to them.
Several important observations>?> can be made in relation to equation (2.211). Firstly,
w, v and # must have large angles between them — i.e., if the acoustic particle velocity
is parallel to the vortex path, there will be no interactions between the sound and flow
fields. Secondly, @, v and # must all have large magnitudes — in regions where the
acoustic particle velocity is small there will be very little absorption or generation
of sound. Thirdly, because u is oscillatory, the time-averaged nett sound energy will
approximate to zero (because of cancellations) unless either the magnitude or direction
of the vectors changes during an oscillatory cycle. Welsh et al.>>~227 refer to this
condition as ‘imbalance’. In arecent paper>2%, they discuss how the energy is transferred
from the mean flow to sustain an aerodynamic acoustic resonance condition, for four
specific examples. One of those examples, that of a Helmholtz cavity resonator, is
discussed here.

When a flowing fluid approaches a cavity, as illustrated in Figure 2.17, a vortex motion
is set up at the point where the shear layer separates at the edge of the cavity. The vortex
propagates across the cavity to the opposite edge before being convected away. The
vortex grows across the cavity and reaches its full strength as it approaches the trailing
edge of the cavity; it takes one cycle for the vortex to be generated and convected from
the leading to the trailing edge. The acoustic particle velocities within the resonating
cavity change sign during one cycle (because they are oscillatory), hence there is a
sign change in the triple-vector product over any one cycle. Now, since the vortex has
grown during this cycle, there is a nett generation of sound energy — i.e. the time-
average of the Howe integral (equation 2.211) is not zero over any one cycle, and there
is a significant angle between the acoustic particle velocity and the vortex convection
velocity.

The above example qualitatively illustrates the application of the vortex theory of
sound to the identification of both regions and mechanisms of flow-induced sound
generation.
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2.5

Flow duct acoustics

This section deals with the application of acoustics to the practical problem of one-
dimensional sound transmission through a duct with mean flow based on the use of
acoustic impedance and travelling wave concepts developed at the start of this chapter,
taking into account the different effects of mean flow on positive and negative travelling
waves. Applications of the modelling principles outlined below include (i) evaluation
of acoustic resonances in a piping system, (ii) design and analysis of engine exhaust
systems and (iii) design and analysis of pulsation control for reciprocating pump and
compressor systems.

The transmission of low-frequency, one-dimensional sound through a duct is gov-
erned by the one-dimensional homogeneous wave equation (equation 2.50), and is
described in terms of two propagating waves moving in opposite directions, where the
acoustic pressure and particle velocity at a given position x along the duct are given by
equations (2.51) and (2.52), respectively. In the presence of gas flow through the duct,
as in most cases of practical interest, the wavenumbers of the positive and negative
moving waves are modified by the presence of mean flow:

k w

k. — — =k(l—M 2.212
+ 1+ M ¢+ up ol ) ( )
and
k w
k_ = = k(1 + M), (2.213)

N 1—-M C — Uy

where k is the wavenumber for stationary gas, k., is the wavenumber of the wave
propagating in the same direction as the flow (p,. = A e/ ~%+9)) k_ is the wavenumber
of the wave propagating in the opposite direction to the flow (p_ = A, el@+*-)) M
is the Mach number of mean flow through the duct, u( is the mean flow velocity, and
k. is defined as the convective wavenumber,

k

= o (2.214)

C

The travelling wave solutions to the wave equation for acoustic pressure and particle
velocity in the presence of mean flow in a duct are then conveniently written as

p(x, ) = (Age ™ + Ayelher) giMhex gl (2.215)
and
1 . . . .
u(x, ») = E(A1 et — Ay elter) eiMher gl (2.216)
0

These equations describe the acoustic pressure and particle velocity at any posi-
tion along a uniform duct with mean flow, provided that the wavenumber satisfies
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Direction of flow

L.
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Ve Vn Vn-l Vn-Z Vn—} Vl VO

Fig. 2.18. Transmission matrix modelling conventions.

ka <« 1.84/(1 — M?) for one-dimensional wave propagation, where a is the radius of
a circular duct.

In a system where there are multiple sections of duct, each with different diameter
and length, travelling wave solutions with unique complex constants must be written
separately for each section of duct, and the complex constants are solved by considering
continuity of acoustic pressure and particle velocity where ducts of different diameter
meet. At these discontinuities where ducts of different diameter meet, there will be
partial transmission and reflection of sound waves. Advantage is taken of this in reactive
silencer design to minimise the amount of sound transmitted from the source end of
the duct (e.g. fan, engine or compressor) to the receiver end. The transmission of sound
across each section of duct is conveniently modelled using transmission matrices, where
the acoustic pressure and particle velocity at either end of a section of duct n are related
by

Pn| A, By Pn-1

- 2.217)
un Cn Dn un—l

A similar matrix may be written relating the acoustic parameters [py_1, Uy—1] at the
inlet of duct n — 1 to the acoustic parameters [py—2, Up—2] at the outlet of duct n — 1,
and so on for each section of duct. By convention, the elements and acoustic parameters
[Pn, U, ] are numbered as illustrated in Figure 2.18. Combining the transmission matri-
ces for ducts n and n — 1, we obtain [py, Uy,] in terms of [pp_2, Uy_2]:

Pn An Bn Pn-1 — An Bn An—l Bn—l Pn-2
Up _Cn Dn Up-1 Cn Dn Cn—1 Dn—l Up—2

(A B[ pa
= . 2.218

Hence, it is possible to construct a single two-by-two (four-pole) transmission matrix
relating the acoustic pressures and particle velocities at the source and receiver ends
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of a complex duct system that contains several sections of duct, by writing the trans-
mission matrices for each section of duct and multiplying these matrices together in
the correct order. For convenience, volume velocity V, (= Su,, where § is the duct
cross-sectional area) is usually used in place of particle velocity as this avoids the need
to include a transmission matrix for area discontinuities.

The transmission matrix for a section of pipe with length L,, as in Figure 2.18, is
obtained by considering the travelling wave solutions for acoustic pressure and volume
velocity at either end of the duct:

Pn = A1+ A; x=0 (2.219)
S
Vi=—(A1 - Ay) x=0 (2.220)
LoC
Po_1 = (Al e—ikan + A2 eikan) eiMkan X = Ln (2221)
S , . .
Vior = — (Ape b — Apefeln) Ml x =1, (2.222)
LoC

Making use of de Moivre’s theorem, and eliminating A; and A,, we obtain

pL= <p2 cos(keL,) — lpTOCVz sin(kan)) eMheln (2.223)
and
is .
V) = < ~ 2 b sintkeL,) + Vs cos(kan)) e!Mkeln (2.224)
PocC

Putting these equations in matrix form and inverting, the transmission matrix equation
relating acoustic pressure and volume velocity at either end of a section of duct is

Po | _ | e MbrcostkeLy) i Mt (poe/S) sin(keLy) | | Pa-t
Vo | |ie ™MkLn(S/poc) sin(keLy,) e Mkeln cos(keLy) Voo |

(2.225)

For an in-line lumped element such as an orifice plate with impedance Z,, or for acoustic
radiation at the system outlet, volume velocity is assumed to be the same either side of
the element and the transmission matrix equation is

Pn | 1 Za/S Pn-1
)b 4

where the factor 1/S accounts for the use of volume velocity in place of particle veloc-
ity and the impedance Z, is as defined in equation (2.57). In the case of a side-branch
element as illustrated in Figure 2.19, a three-way junction is formed and the net vol-
ume velocity must balance whilst the acoustic pressure is the same for all elements
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Direction of flow
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Element n " Voo Element n-2
Pn-1
’ Vn-l
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Fig. 2.19. Annular side-branch.

connecting the junction. The general transmission matrix equation for a side-branch
element is

Pn-1| 1 0 Pn-2
[Vn_l] a [S/Zlb 1} [Vn_2i| ’ (2.227)

where Z, is the impedance of the side branch evaluated at the inlet to the side branch.
In the case of a simple annular side branch as in Figure 2.19, the specific impedance of
the side branch (with co-ordinate x = O at the inlet and x = L, at the closed end) at
position x is

_ px) . Poc cos k(Ly — x)

7 = =i — , 2.228
b= Vo =S Sink(Ly — ) (2:228)
and hence the impedance at the inlet of the side branch (at x = 0) is
Zy, = —ipgc cot(kLy). (2.229)

The acoustic performance of a reactive silencer inserted into a duct to reduce the level
of noise at the receiver end is usually described in terms of insertion loss, where insertion
loss is defined as the difference in the radiated sound power resulting from insertion of
the silencer into the duct. For radiation into free space, the insertion loss is given by

Prms,no silencer

IL = 20log,, . (2.230)

Prms, silencer

The insertion loss can be evaluated directly from the matrix elements A, B, C and D
of the overall transmission matrix in equation (2.218). Considering the engine exhaust
system muffler in Figure 2.18, with source impedance Z, and tailpipe outlet radiation
impedance Z,, the insertion loss is given by

AZ, + B+ CZ.Z, + DZ,
A7, +B +CZLZ, +DZ,

IL = 201og, , (2.231)

where the primed coefficients are for the duct system without the silencer (typically, the
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system without the silencer is modelled assuming a constant diameter duct in place of
the silencer). The source impedance is not generally known, and is either taken as being
infinite (constant volume velocity source), zero (constant pressure source) or equal to
the characteristic impedance of passages within the source that are not modelled as
sections of duct. For the case of infinite source impedance, dividing through by Z, and
taking the limit at Z, — 00, equation (2.231) simplifies to

CZr+D

IL =20 loglo m
r

. (2.232)

The radiation impedance is better known and for zero flow is approximated by
(Jones>?%)

Z, = poc((ka)?/4 +0.6133 jka) for ka < 0.5. (2.233)

It should be noted that the acoustic pressure tends to zero at the outlet from a duct radi-
ating to the atmosphere, but that the volume velocity is non-zero resulting in radiation
of sound to the atmosphere. The interested reader is referred to Munjalz'zg, Davies?30,
Jones>?® and Prasad and Crocker®>!2-3? for more information pertaining to the appli-
cation of transmission matrix modelling and evaluation of insertion loss for reactive

silencers in internal combustion engine exhaust systems.
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NOMENCLATURE

Q

radius of an oscillating sphere, source dimension, circular
duct radius

particle acceleration (vector quantity)

surface area
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A’ Al’ AZ

f(§7t)’f(§7t_r/c)
fiX, 1), fi(y,t —r/c)

~yu ™=

ol
=

=

Frms
G
G, G,

Gu (. olX, w)

G,(y, t|x, 1)

H
1,1
I(r)

I(r,0)

i/

Ji

k, kl, kz, etc.
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arbitrary complex constants

adiabatic bulk modulus
frequency-dependent complex constant
speed of sound

speed of sound for constant pressure and density
piston mechanical damping
frequency-dependent complex constant
distance, separation between point sources, distance between
source and reflecting plane etc.

incremental increase in force (vector quantity)
incremental increase in mass

incremental increase in volume

mean sound energy density, diameter

instantaneous sound energy density
frequency-dependent complex constant

force (vector quantity)

arbitrary source functions

externally applied force (r = |X — ¥|)

complex force

force (vector quantity)

complex applied mechanical force

complex force on piston due to acoustic pressure
fluctuations

root-mean-square fluctuating force

universal gas constant

arbitrary independent functions which satisfy the wave
equation

free space Green’s function for a unit, time-harmonic, point
source — i.e. frequency domain Green’s function (complex
function)

free space Green’s function for a unit, impulsive, point
source — i.e. time domain Green’s function

height

mean sound intensity (arrow denotes vector quantity)
mean sound intensity as a function of radial distance
mean sound intensity as a function of radial and angular
distance

instantaneous sound intensity vector

first-order Bessel function

wavenumbers

wavenumber of positive moving wave

wavenumber of negative moving wave

convective wavenumber

piston stiffness

length dimension

length of side branch

length of element n
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~ m;gg

pr
prms
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p(r,0,1),p(r,0,1)

p(X, 1), p(x, 1)
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P, 1)

Py(¥)
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Oy
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Qq
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ri, I, €tc.
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Ri(2kz), Ry (x)

S

t

T

T;, T;;(y,t —r/c)
TG, 1)

To(X)

Tx

T'(x,t)

u

u,u

U,
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mass

molecular weight, piston mass, Mach number

amplitude of fluid-loaded mass

unit normal vector

pressure fluctuation

complex acoustic pressure at the source

complex acoustic pressure radiated to atmosphere
root-mean-square pressure

pressure fluctuation as a function of radial distance (bold
signifies complex)

pressure fluctuation as a function of radial and angular
distance (bold signifies complex)

pressure fluctuation (bold signifies complex)

complex acoustic pressure at the inlet of element n
complex conjugates of p(r, 1), p(x, 1)

complex pressure amplitudes

pressure amplitude

total pressure

static (mean) pressure

rate of mass flux per unit volume (kg m=3 s~!)

rate of change of mass flux per unit volume (kg m~3 s72)
peak source strength

root-mean-square source strength

source strength (m? s~!; bold signifies complex)
complex dipole source strength

complex dipole source strength as a function of retarded time
mass flux per unit time (kg s™')

rate of change of mass flux (kg s~2)

radius, radial distance

radial distances

gas constant

resistive function associated with the radiation impedance of
a piston

surface, entropy, duct cross-sectional area

time

time, kinetic energy, temperature

Lighthill stress tensor (r = |X — ¥|)

total temperature

mean temperature

absolute temperature

temperature fluctuation

fluid velocity fluctuation, acoustic particle velocity (scalar
quantity)

fluid velocity fluctuation, acoustic particle velocity,
irrotational unsteady velocity component (vector quantity,
bold signifies complex)

complex normal surface velocity of an oscillating sphere
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Up
Uo
Ui, Uj

Uy

Uy

Uz

u(r,t),u(r, t)

Uug(t)
u(x, 1)
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complex acoustic particle velocity at the inlet of element n
mean flow velocity

fluid velocity fluctuations and/or acoustic particle velocities
in tensor notation

fluid velocity fluctuation and/or acoustic particle velocity in
the r-direction

fluid velocity fluctuation and/or acoustic particle velocity in
the x-direction

fluid velocity fluctuation and/or acoustic particle velocity in
the y-direction

fluid velocity fluctuation and/or acoustic particle velocity in
the z-direction

fluid velocity fluctuation and/or acoustic particle velocity as
a function of radial distance (scalar quantity, bold signifies
complex)

instantaneous normal surface velocity of an oscillating
sphere

fluid velocity fluctuation, acoustic particle velocity (scalar
quantity)

fluid velocity fluctuation, acoustic particle velocity (vector
quantity, bold signifies complex)

complex conjugate of u (vector quantity)

surface velocity (vector quantity)

potential energy, mean fluid velocity

complex piston surface velocity

peak normal surface velocity of an oscillating sphere

peak piston surface velocity, peak cylindrical line source
surface velocity

complex surface velocity of a cylindrical line source

total fluid velocity (vector quantity)

mean fluid velocity (vector quantity)

total (mean plus unsteady) rotational incompressible
component of the velocity field in a turbulent flow regime,
vorticity convection velocity (vector quantity)

volume

complex acoustic volume velocity at the source

complex acoustic volume velocity radiated to the atmosphere
complex acoustic volume velocity at the inlet of element n
position vector in the x-direction

reactive function associated with the radiation impedance of
a piston

reactive component of the radiation impedance of a piston
position vector in the y-direction

piston radius

position vector in the z-direction

specific acoustic impedance (bold signifies complex)
complex source impedance
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8(t —1),8(t —t+r/c),8(x —y)

5
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mechanical impedance (complex function)
radiation impedance (complex function)

specific acoustic impedance of a reflecting surface (complex
function)

oblique angle of incidence

ratio of specific heats

unit impulse functions (delta functions)

unit impulse function in tensor notation

angle (spherical co-ordinates)

wavelength

coefficient of shear viscosity

3.14...

power, sound power

sound power radiated by a dipole

sound power radiated by a monopole

sound power radiated by a quadrupole

total fluid density

mean fluid density

fluid density fluctuation

viscous shear stress (in tensor notation)

reflection coefficient

acoustic velocity potential, scalar velocity potential
acoustic velocity potential as a function of radial distance
(bold signifies complex)

acoustic velocity potential as a function of radial and angular
distance (bold signifies complex)

acoustic velocity potential (bold signifies complex)
vector velocity potential

radian (circular) frequency

total vorticity (mean plus unsteady; vector quantity)
divergence operator (vector quantity)





