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PREFAC .E 

Learning Digital Signal Processing 

Learning the fundamentals, and how to speak the language, of digital sig­
nal processing does not require profound analytical skills or an extensive 
background in mathematics. All you need is a little experience with ele­
mentary algebra, knowledge of what a sinewave is, this book, and enthu­
siasm. This may sound hard to believe, particularly if you've just flipped 
through the pages of this book and seen figures anrl e'111r11irms th;it appP,H 
rather complicated. The content here, you say, looks suspiciously like the 
material in technical journals and textbooks, material that is difficult to 
understand. Well, this is not just another book on digital ~ignal processing. 

This book's goal is to gently provide explanation followed by illustra­
tion, not so that you may understand the material, but that you must 
understand the materiai.t Remember the first time you saw two people 

· playing chess? The game probably appeared to be mysterious and con­
fusing. As you now know, no individual chess move is complicated. 
Given a little patience, the various chess moves are easy to learn. The 
game's complexity comes from deciding what combinations of moves to 

make and when to m;ikp thP.m. So it is with understanding digital signal 
processing. First we learn the fundamental rules and processes and, then, 
practice using them in combination. 

If learning digital signal processing is so easy, then why does the sub­
ject have the reputation of being difficult tu uudersland? The answer lies 
partially in how the material is typically presented in the literature. It's 
difficult to convey technical information, with its mathematical subtleties, 
in written form. It's one thing to write equations, but it's another matter 
altogether to explain what those equations really mean from a practical 
standpoint, and that's the goal of this book. 

Too often, written explanation of digital signal processing theory 
appears in one of two forms: either mathematical miracles occur and you 
are simply given a short and sweet equation without further explanation, 
or you are engulfed in a flood of complex variable equations and phrases 

t "Here we have the opportunity of expounding more clearly what has already been said" 
(Rene Descartes). 

xi 
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xii Understanding Digital Signal Processing 

such as "it is obvious that," "such that W(f) 2". 0 't:/ f," and "with judicious 
application of the homogeneity property." Authors usually do provide the 
needed information, but, too often, the reader must grab a pick and 
shovel, put on a miner's helmet, and try to dig the information out of a 
mountain of mathematical expressions. (This book presents the results of 
several fruitful mining expeditions.) How many times have you followed 
the derivation of an equation, after which the author states that he or she 
is going to illustrate that equation with a physical example-and this 
turns out to be another equation? Although mathematics is necessary to 
describe digital signal processing, I've tried to avoid overwhelming the 
reader because a recipe for technical writing that's too rich in equations is 
hard for the beginner to digest.t 

The intent of this book is expressed in a popular quote from E. B. White 
in the introduction of his Elements of Style (New York: Macmillan 
Publishing, 1959): 

Will (Strunk) felt that the reader was in serious trouble most of the 

time, a man floundering in a swamp, and that it was the duty of any­

one attempting to write English to drain the swamp quickly and get 

his man up on dry ground, or at least throw him a rope. 

I've attempted to avoid the traditional instructor-student relationship, 
but, rather, to make reading this book like talking to a friend while walk­
ing in the park. I've used just enough mathematics to develop a funda­
mental understanding of the theory, and, then, illustrate that theory with 
examples. 

The Journey 
Learning digital signal processing is not something you accomplish; it's a 
journey you take. When you gain an understanding of some topic, ques­
tions arise that cause you to investigate some other facet of digital signal 
processing. Armed with more knowledge, you're likely to begin exploring 
further aspects of digital signal processing much like those shown in the 
following diagram. This book is your tour guide during the first steps of 
your journey. 

You don't need a computer to learn the material in this book, but it 
would help. Digital signal processing software allows the beginner to ver-

t "We need elucidation of the obvious more than investigation of th(;' obscure" (Oliver 
Wendell Holmes). 
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Preface xiii 

ify signal processing theory through trial and error.t In particular, soft­
ware routines that plot signal data, perform the fast Fourier transform, 
and analyze digital filters would be very useful. 

As you go through the material in this book, don't be discouraged if your 
understanding comes slowly. As the Greek mathematician Menaechmus 

t "One must learn by doing the thing; for though you think you know it, you have no cer­
tainty until you try it" (Sophocles). 
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xiv Understanding Digital Signal Processing 

curtly remarked to Alexander the Great, when asked for a quick explana­
tion of mathematics, "There is no royal road to mathematics." Menaechmus 
was confident in telling Alexander that the only way to learn mathematics 
is through careful study. The same applies to digital signal processing. Also, 
don't worry if you have to read some of the material twice. While the con­
cepts in this book are not as complicated as quantum physics, as mysteri­
ous as the lyrics of the song "Louie Louie," or as puzzling as the assembly 
instructions of a metal shed, they do get a little involved. They deserve your 
attention and thought. So go slow and read the material h-vice if you have 
to; you'll be glad you did. If you show persistence, to quote a phrase from 
Susan B. Anthony, "Failure is impossible." 

Coming Attractions 

Chapter 1 of this book begins by establishing the notation used through­
out the remainder of our study. In that chapter, we introduce the concept 
of discrete signal sequences, show how they relate to continuous signals, 
and illustrate how those sequences can be depicted in both the time and 
frequency domains. In addition, Chapter 1 defines the operational sym­
bols we'll use to build our signal processing system block diagrams. We 
conclude that chapter with a brief introduction to the idea of linear sys­
tems and see why linearity enables us to use a number of powerful math­
ematical tools in our analysis. 

Chapter 2 introduces the most frequently misunderstood process in 
digital signal processing, periodic sampling. Although it's straightfor­
ward to grasp the concept of sampling a continuous signal, there are 
mathematical subtleties in the process that require thoughtful attention. 
Beginning gradually with simple examples of low-pass sampling and 
progressing to the interesting subject of bandpass sampling, Chapter 2 
explains and quantifies the frequency-domain ambiguity (aliasing) asso­
ciated with these important topics. The discussion there highlights the 
power and pitfalls of periodic sampling. 

Chapter 3 is devoted to one of the foremost topics in digital signal pro­
cessing, the discrete Fourier transform (OFT). Coverage begins with 
detailed examples illustrating the important properties of the OFT and 
how to interpret OFT spectral results, progresses to the topic of windows 
used to reduce OFT leakage, and discusses the processing gain afforded 
by the OFT. The chapter concludes with a detailed discussion of the vari­
ous forms of the transform of rectangular functions that the beginner is 
likely to encounter in the literature. That last topic is included there to 
clarify and illustrate the OFT of both real and complex sinusoids. 
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Preface xv 

Chapter 4 covers the innovation that made the most profound impact 
on the field of digital signal processing, the fast Fourier transform (FFT). 
There we show the relationship of the popular radix-2 FFT to the DFT, 
quantify the powerful processing advantages gained by using the FFT, 
demonstrate why the FFT functions as it does, and present various FFT 
implementation structures. Chapter 4 also includes a list of recommenda­
tions to help us when we use the FFT in practice. 

Chapter 5 ushers in the subject of digital filtering. Beginning with a 
simple low-pass finite impulse response (FIR) filter example, we care­
fully progress through the analysis of that filter's frequency-domain 
magnitude and phase response. Next we learn how window functions 
affect and can be used to design FIR filters. The methods for converting 
low-pass FIR filter designs to bandpass and highpass digital filters are 
presented, and the popular Remez Exchange (!-'arks McClellan) FIR fil­
ter design technique is introduced and illustrated by example. In that 
c:hapter we acquaint the reader with, and take the mystery out of, the 
process called convolution. Proceeding through several simple convolu­
tion examples, we conclude Chapter 5 with a discussion of the powerful 
convolution theorem and show why it's so useful as a qualitative tool in 
understandinr; ciir;it;:i l f,ir;n;:i l processing. 

Chapter 6 introduces a second class of digital filters, infinite impulse 
response (IIR) filters. In discussing several methods for the design of 
IIR filters, the reader is introduced to, the powerful digital signal pro­
cessing analysis tool called the z-transform. Because the z-transform is 
so closely related to the continuous Lapl_ace transform, Chapter 6 starts 
by gently guiding the reader from th~ origin, through the properties, 
and on to the utility of the Laplace transform in preparation for learn­
ing the z-transform. We'll see how IIR filters are designed and imple­
mented, and why their performance is so different from FIR filters. To 
indicate under what conditions these filters should be used, the chap­
ter concludes with a qualitative comparison of the key properties of FIR 
and IIR filters. 

01apter 7 discusses two important advanced sampling techniques 
prominent in digital signal processing, quadrature sampling and digital 
resampling. In the chapter we discover why quadrature sampling is so 
useful when signal phase must be analyzed and preserved, and how this 
special sampling process can circwnvent some of the limitations of tradi­
tional periodi<.: ·a111pliHg ledutlques. Our introduction to digitul rcsam­
pling shows how we can, and when we should, change the effective 
sample rate of discrete data after the data has already been digitized. 
We've delayed the discussion of digital resampling to this chapter 
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xvi Understanding Digital Signal Processing 

because some knowledge of low-pass digital filters is necessary to under­
stand how resampling schemes operate. 

Chapter 8 covers the important topic of signal averaging. There we 
learn how averaging increases the accuracy of signal measurement 
schemes by reducing measurement background noise. This accuracy 
enhancement is called processing gain, and the chapter shows how to pre­
dict the processing gain associated with averaging signals in both the time 
and frequency domains. In addition, the key differences between coherent 
and incoherent averaging techniques are explained and demonstrated 
with examples. To complete the chapter, the popular scheme known as 
exponential averaging is covered in some detail. 

Chapter 9 presents an introduction to the various binary number for­
mats that the reader is likely to encounter in modern digital signal pro­
cessing. We establish the precision and dynamic range afforded by these 
formats along with the inherent pitfalls associated with their use. Our 
exploration of the critical subject of binary data word width (in bits) natu­
rally leads us to a discussion of the numerical resolution limitations of ana­
log to digital (A/D) converters and how to determine the optimum AID 
converter word size for a given application. The problems of data value 
overflow roundoff errors are covered along with a statistical introduction 
to the two most popular remedies for overflow, truncation and rounding. 
We end the chapter by covering the interesting subject of floating-point 
binary formats that allow us to overcome most of the limitations induced 
by fixed-point binary formats, particularly in reducing the ill effects of data 
overflow. 

Chapter 10 provides a collection of tricks of the trade that the profes­
sionals often use to make their digital signal processing algorithms more 
efficient. Those techniques are compiled into a chapter at the end of the 
book for two reasons. First, it seems wise to keep our collection of tricks 
in one chapter so that we'll know where to find them in the future. 
Second, many of these schemes require an understanding of the material 
from the previous chapters, so the last chapter is an appropriate place to 
keep our collection of clever tricks. Exploring these techniques in detail 
verifies and reiterates many of the important ideas covered in previous 
chapters. 

The appendices include a number of topics to help the beginner under­
stand the mathematics of digital signal processing. A comprehensive 
description of the arithmetic of complex numbers is covered in Appendix 
A, while Appendix B derives the often used, but seldom explained, closed 
form of a geometric series. Appendix C strives to clarify the troubling top­
ics of complex signals and negative frequency. The statistical concepts of 
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mean, variance, and standard deviation are introduced and illustrated in 
Appendix D, and Appendix E provides a discussion of the origin and util­
ity of the logarithmic decibel scale used to improve the magnitude reso­
lution of spectral representations. In a slightly different vein, Appendix F 
provides a glossary of the terminology used in the field of digital filters. 
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CHAPTER ONE 

Discrete Sequences 
and System.s 

Digital signal processing has never been more prevalent or easier to per­
form. It wasn't that long ago when the fast Fourier transform (FFT), a 
topic we'll discuss in Chapter 4, was a mysterious mathematical process 
used only in industrial research centers and universities. Now, amazingly, 
the FFT is readily available to us all. It's even a built-in function provided 
by inexpensive spreadsheet software for home computers. The availabil­
ity of more suphislicc1led commercial signal processing software now 
allows us to analyze and develop complicated signal processing applica­
tions rapidly and reliably. We can now perform spectral analysis, design 
digital filters, develop voice recognition, data communication, and image 
compression processes using software that's interactive in both the way 
algorithms are defined and how the resulting data are graphically dis­
played. Since the mid-1980s the same integrated circuit technology that 
led to affordable home computers has prodµced powerful and inexpen­
sive hardware development systems on which to implement our digital 
signal processing designs.t Regardless, though, of the ease with which 
these new digital signal processing development systems and software 
can be applied, we still need a solid foundation in understanding the 
basics of digital signal processing. The purpose of this book is to build 
that foundation. 

In this chapter we'll set the stage for the topics we'll study throughout the 
remainder of this book by defining the terminology used in digital signal 

D uring a television interview in the early 1990s, a leading computer scientist stated that 
had automobile technology made the same strides as the computer industry, we'd all have 
a car that would go a half million miles per hour and get a half million mi les per gallon. The 
cost of that car would be so low that it would be cheaper to throw it away than pay for one 
day's parking in San Francisco. 
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2 Discrete Sequences and Systems 

processing, illush·ating the various ways of graphically representing discrete 
signals, establishing the notation used to describe sequences of data values, 
presenting the symbols used to depict signal processing operations, and 
briefly introducing the concept of a linear discrete system. 

l . 1 Discrete Sequences and Their Notation 

In general, the term signal processing refers to the science of analyzing 
time-varying physical processes. As such, signal processing is divided 
into two categories, analog signal processing and digital signal process­
ing. The term analog is used to describe a waveform that's continuous in 
time and can take on a continuous range of amplitude values. An exam­
ple of an analog signal is some voltage that can be applied to an oscillo­
scope resulting in a continuous display as a function of time. Analog 
signals can also be applied to a conventional spectrum analyzer to deter­
mine their frequency content. The term analog appears to have stemmed 
from the analog computers used prior to 1980. These computers solved 
linear differential equations by means of connecting physical (electronic) 
differentiators and integrators using old-style telephone operator patch 
cords. That way, a continuous voltage or current in the actual circuit was 
analogous to some variable in a differential equation, such as speed, tem­
perature, air pressure, etc. (Although the flexibility and speed of modern­
day digital computers have since made analog computers obsolete, a 
good description of the short-lived utility of analog computers can be 
found in reference [l].) Because present-day signal processing of continu­
ous radio-type signals using resistors, capacitors, operational amplifiers, 
etc., has nothing to do with analogies, the term analog is actually a mis­
nomer. The more correct term is continuous signal processing for what is 
today so commonly called analog signal processing. As such, in this book 
we'll minimize the use of the term analog signals and substitute the phrase 
continuous signals whenever appropriate. 

The term discrete-time signal is used to desc~ibe a signal whose inde­
pendent time variable is quantized so that we know only the value of the 
signal at discrete instants in time. Thus a discrete-time signal is not repre­
sented by a continuous waveform but, instead, a sequence of values. In 
addition to quantizing time, a discrete-time signal quantizes the signal 
amplitude. We can illustrate this concept with an example. Think of a con­
tiirnous sinewave with a peak amplitude of 1 at a frequency f

0 
described 

by the equation 

x(t) = sin(2rcf
0
t) . (1-1) 
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Discrete Sequences and Their Notation 3 

The frequency J
0 

is measured in hertz (Hz). (In physical systems, we usu­
ally measure frequency in units of hertz. One Hz is a single oscillation, or 
cycle, per second. One kilohertz (kHz) is a thousand Hz, and a megahertz 
(MHz) is one million Hz.t) With Lill E4. 1-1 re_presenling lime in seconds, 
the J

0
t factor has dimensions of cycles, and the complete 2rcf

0
t term is an 

angle measured in radians. 
Plotting Eq. (1-1), we get the venerable continuous sinewave curve 

shown in Figure 1-l(a). If our continuous sinewave represents a physical 
voltage, we could sample it once every t

5 
seconds using an analog-to-digital 

converter and represent the sinewave as a sequence of discrete values. 
Plotting those individual values as dots would give us the discrete wave­
form in Figure 1-l(b). We say that Figure 1-l(b) is the "discrete-time" ver­
sion of the continuous signal in Figure 1-l(a). The independent variable tin 
Eq. (1-1) and Figure 1-l(a) is continuous. The independent index variable n 
in Figure 1-l(b) is discrete and can have only integer values. That is, index 
n is used to identify the individual elements of the discrete sequence in 
Figure 1-l(b ). 

Do not be tempted to draw lines between the dots in Figure 1-l(b). For 
some reason, people (particularly those engineers experienced in working 
with rnntinuous signals) want to connect the dots with straight lines, or 
the stairstep lines shown in Figure 1-l(c). Don't fall into this innocent­
looking trap. Connecting the dots can mislead the beginner into forgetting 
that the x(n) sequence is nothing more than a list of numbers. Remember, 
x(n) is a discrete-time sequence of individual values, and each value in 
that sequence plots as a single dot. It's not .that we're ignorant of what lies 
between the dots of x(n); there is nothing between those dots. 

We can reinforce this discrete-time sequence concept by listing those 
Figure 1-l(b) sampled values as follows: · ' 

x(O) = 0 

x(l) = 0.31 

x(2) = 0.59 

x(3) = 0.81 

(1st sequence value, index n = 0) 

(2nd sequence value, index n = l) 

(3rd sequence value, index n = 2) 

(4th sequence value, index n = 3) 

and so on, (1-2) 

t The dimension for frequency used to be cycles/second; that's why the tuning dials of old 
radios indicate frequency as kilocycles / second (kcps) or megacycles /second (Mcps). In 1960 
the scientific community adopted hertz as the unit of measure for frequency in honor of the 
German physicist, Heinrich Hertz, who first demonstrated radio wave transmission and 
reception in 1887. 
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4 Discrete Sequences and Systems 

Continous x(t) 

0,5 

(a) o 1----------- -----------r--

(b) 

(c) 
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0.5 
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I ~,f 3 5 

-1 

Figure 1-1 A time-domain sinewave: (a) continuous waveform representation; 
(b) discrete sample representation; (c) discrete samples with 
connecting lines. 

where n represents the time index integer sequ~nce 0, 1, 2, 3, etc., and t
8 

is 
some constant time period. Those sample values can be represented col­
lectively, and concisely, by the discrete-time expression 

x(n) = sin(2nf
0
11tJ . (1-3) 

(Here again, the 2nf
0
nt

5 
term is an angle measured in radians.) Notice that 

the index n in Eq. (1-2) started with a value of 0, instead of 1. There's noth­
ing sacred about this; the first value of n could just as well have been 1, but 
we start the index n at zero out of habit because doing so allows us to 
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(a) 

(b) 

x(O), x(1), x(2), x(3), ... 

Discrete Sequences and Their Notation 5 

Discrete 
System 

y(O), y(1), y(2), y(3), .. . 

► 

I Discrete 
x(n) --►-.. ____ --•►-► y(n) _ System 

Figure 1-2 With an input applied, a discrete system provides an output: (a) 
the input and output area sequences of individual values; (b) input 
and output using the abbreviated notation of x(n) and y(n). 

describe the sinewave starting at time zero. The variable x(n) in Eq. (1-3) is 
read as "the sequence x of n." Equations (1-1) and (1-3) describe what are 
also referred to as time-domain signals because the independent variables, 
the continuous time tin Eq. (1-1), and the discrete-time nt

5 
values used in 

Eq. (1-3) are measures of time. · 
With this notion of a discrete-time signal in mind, let's say that a dis­

crete system is a collection of hardware components, or software routines, 
that operate on a discrete-time signal sequence. For example, a discrete 
system could be a process that gives us a discrete output sequence y(O), 
y(l), y(2), etc., when a discrete input sequence of x(O), x(l), x(2), etc., is 
o.pplied to the system input as shown in Figure 1-2(a). Again, to keep the 
notation concise and still keep track of individual elements of the input 
and output sequences, an abbreviated notation is used as shown in Figure 
1-2(b) where n represents the integer sequence 0, 1, 2, 3, etc. Thus, x(n) and 
y(n) are general variables that represent two separate sequences of num­
bers. Figure 1-2(b) allows us to describe a system's output with a simple 
expression such as 

y(n) = 2x(n) -1 . (1-4) 

Illustrating Eq. (1-4), if x(n) is the five-element sequence: x(O) = 1, x(l) = 3, 
x(2) = 5, x(3) = 7, and x(4) = 9, then y(n) is the five-element sequence 
y(O) = 1, y(l) = 5, y(2) = 9, y(3) = 13, and y(4) = 17. 

The fundamental difference between the way time is represented in 
continuous and discrete systems leads to a very important difference in 
how we characterize frequency in continuous and discrete systems. To 
illustrate, let's reconsider the continuous sinewave in Figure 1-l(a). 
If it represented a voltage at the end of a cable, we could measure its 
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6 Discrete Sequences and Systems 

frequency by applying it to an oscilloscope, a spectrum analyzer, or a fre­
quency counter. We'd have a problem, however, if we were merely given 
the list of values from Eq. (1-2) and asked to determine the frequency of 
the waveform they represent. We'd graph those discrete values, and, sure 
enough, we'd recognize a single sinewave as in Figure 1-l(b). We can say 
that the sinewave repeats every 20 samples, but there's no way to deter­
mine the exact sinewave frequency from the discrete sequence values 
alone. You can probably see the point we're leading to here. If we knew 
the time between samples-the sample period t

5
-we'd be able to deter­

mine the absolute frequency of the discrete sinewave. Given that the 1
5 

sample period is, say, 0.05 milliseconds/ sample, the period of the 
sinewave is 

. . d 20 samples 0:05 milliseconds 
1 

.11 . d 
s1newave per10 = · = m1 1secon . 

period sample 
(1-5) 

Because the frequency of a sinewave is the reciprocal of its period, we now 
know that the sinewave's absolute frequency is 1/(1 ms), or 1 kHz. On the 
other hand, if we found that the sample period was, in fact, 2 milliseconds, 
the discrete samples in Figure 1-l(b) would represent a sinewave whose 
period is 40 milliseconds and whose frequency is 25 Hz. The point here is 
that, in discrete systems, absolute frequency determination in Hz is depen­
dent on the sample frequency fs = l / t We'll be reminded of this dependence 
throughout the rest of this book. 

In digital signal processing, we often find it necessary to characterize 
the frequency content of discrete-time domain signals. When we do so, 
this frequency representation takes place in what's called the frequency 
domain. By way of example, let's say we have a discre.te sinewave 
sequence x1(n) with an arbitrary frequency f

0 
Hz as shown on the left 

side of Figure 1-3(a). We can also describe x1(n) as shown on the right 
side of Figure 1-3(a) by indicating that it has a frequency of 1, measured 
in units off

0
, and no other frequency content~ Although we won't dwell 

in it just now, notice that the frequency-domain representations in 
Figure 1-3 are themselves discrete. 

To illustrate our time- and frequency-domain representations further, 
Figure 1-3(b) shows another discrete sinewave xi(n), whose peak ampli­
tude is 0.4, with a frequency of 2/

0
• The discrete sample values of x2(n) are 

expressed by the equation 

(1-6) 
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j x 1 (n) in the time domain 
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Figure 1-3 Time- and frequency-domain graphical representations: (a) sinewave of 
frequency f

0
; (b) reduced amplitude sinewave of frequency 2f

0
; (c) sum 

or II 1e lwu ,ii 1ewuve,. 

When the two sinewaves, x1 (n) and xz(n), are added to produce a new 
waveform xsum(n), its time-domain equation is 

and its time- and frequency-domain representations are those given in 
Figure 1-3(c). We interpret the X

5
um(m) frequency-domain depiction, the 

spectrum, in Figure 1-3(c) to indicate that X
5
um(n) has a frequency compo­

nent of J
0 

Hz and a reduced-amplitude frequency component of 2/
0 

Hz. 
Notice three things in Figure 1-3. First, time sequences use lowercase 

variable names like the 11x" in x1(n), and uppercase symbols for frequency­
domain variables such as the 11X" in X1(m). The term Xi(m) is read as "the 
spectral sequence X sub one of m." Second, because the Xi(m) frequency­
domain representation of the x1 (n) time sequence is itself a sequence (a list 
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8 Discrete Sequences and Systems 

of numbers), we use the index "m" to keep track of individual elements in 
X1 (m). We can list frequency-domain sequences just as we did with the 
time sequence in Eq. (1-2). For example X

5
um(m) is listed as 

Xsum(0) = 0 

Xsum(l) = 1.0 

xsum(2) = 0.4 

xsum(3) = 0 

(1st X
5
urn(m) value, index m = 0) 

(2nd Xsum(m) value, index m = 1) 

(3rd Xsum(m) value, index 111 = 2) 

(4th Xsum(m) value, index m = 3) 

and so on, 

where the frequency index 111 is the integer sequence 0, 1, 2, 3, etc. Third, 
because the xi(n) + xi(n) sinewaves have a phase shift of zero degrees rel­
ative to each other, we didn't really need to bother depicting this phase 
relationship in X

5
um(m) in Figure 1-3(c). In general, however, phase rela­

tionships in frequency-domain sequences are important, and we'll cover 
that subject in Chapters 3 .and 5. 

A key point to keep in mind here is that we now know three equivalent 
ways to describe a discrete-time waveform. Mathematically, we can use a 
time-domain equation like Eq. (1-6) for example. We can also represent a 
time-domain waveform graphically as we did on the left side of Figure 1-3, 
and we can depict its corresponding, discrete, frequency-domain equiva­
lent as that on the right side of Figure 1-3. 

As it turns out, the discrete-time domain signals we're concerned with 
are not only quantized in time; their amplitude values are also quantized. 
Because we represent all digital quantities with binary numbers, there's a 
limit to the resolution, or granularity, that we have in representing the val­
ues of discrete numbers. Although signal amplitude quantization can be 
an important consideration-we cover that particular topic in Chapter 9-
we won't worry about it just now. 

1.2 Signal Amplitude, Magnitude, Power 

Let's define two important terms that we'll be using throughout this book: 
amplitude and magnitude. It's not surprising that, to the layman, these 
terms are typically used interchangeably. When we check our thesaurus, 
we find that they are synonymous.t In engineering, however, they mean 

t Of course, layman are "other people." To the engineer, the brain surgeon is the layman. To 
the brain surgeon, the engineer is the layman. 
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two different things, and we must keep that difference clear in our dis­
cussions. The amplitude of a variable is the measure of how far, and in 
what direction, that variable differs from zero. Thus, signal amplitudes 
,an be either positive or negative. The time-domain sequences in Figure 
1-3 presented the sample value amplitudes of three different waveforms. 
Notice how some of the individual discrete amplitude values were posi­
tive and others were negative. 

The magnitude of a variable, on the other hand, is the measure of how 
far, regardless of direction, its quantity differs from zero. So magnitudes 
are always positive values. Figure 1-4 illustrates how the magnitude of 
the x1 (n) time sequence in Figure 1-3(a) is equal to the amplitude, but with 
the sign always being positive for the magnitude. We use the modulus 
symbol ( I I) to represent the magnitude of x1 (n). Occasionally, in the liter­
ature of digital signal processing, we'll find the term magnitude referred to 
as the absolute value. 

When we examine signals in the frequency domain, we'll often be 
interested in the power level of those signals. The power of a signal is pro­
portional to its amplitude (or magnitude) squared. If we assume that the 
proportionality constant is one, we can express the power of a sequence 
in the time or frequency domains as 

xpwr(n) = x(n)2 = I x(n) 12
, (1-8) 

or 

Xpwr(m) = X(m)2 = I X(m) 12 
. (1-8') 

Very often we'll want to know the difference in power levels of two sig­
nals in the frequency domain. Because of the squared nature of power, 
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Figure 1-5 Frequency-domain amplitude and frequency-domain power of the 
· x,umCn) time waveform in Figure 1-3(c). 

two signals with moderately different amplitudes will have a much larger 
difference in their relative powers. In Figure 1-3, for example, signal 
x1(n)'s amplitude is 2.Stimes the amplitude of signal x2(n), but its power 
level is 6.25 that of x/n)'s power level. This is illustrated in Figure 1-5 
where both the amplitude and power of Xsum(m) are shown. 

Because of their squared nature, plots of power values often involve 
showing both very large ind very small values on the same graph. To 
make these plots easier to generate and evaluate, practitioners usually 
employ the decibel scale as described in Appendix E. 

. 1 .3 Signal Processing Operational Symbols 

We'll be using block diagrams to graphically depict the way digital signal­
processing operations are implemented. Those block-diagrams will com­
prise an assortment of fundamental processing symbols, the most common 
of which are illustrated and mathematically defined in Figure 1-6. 

Figure 1-6(a) shows the addition, element for element, of two discrete 
sequences to provide a new sequence. If our sequence index n begins at 0, 
we say that the first output sequeri.ce value is equal to the sum of the first 
element of the b sequence and the first element of the c sequence, or 
a(O) = b(O) + c(O). Likewise, the second output sequence value is equal to 
the sum of the second element of the b sequence and the second element 
of the c sequence, or a(l) = b(l) + c(l) . Equation (1-7) is an example of 
adding two sequences. The subtraction process in Figure 1-6(6) generates 
an output sequence that's the element-for-element difference of the two 
input sequences. There are times when we must calculate a sequence 
whose elements are the sum of more than two values. This operation, 
illustrated in Figure 1-6(ct is called summation and is very common in 
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Signal Processing Operational Symbols 11 

Adder: 

a(n) = b(n) + c(n) 

Subtractor: 

b(n) --..a~~~ ~l-----1•► a(n) a(n) = b(n) - c(n) 

c(n) 

b(n) ~ Summation: 
3 b(n+1)---._ _ ~ 

(c) ~ + a(n) a(n) = 2.__b(k) = b(n) + b(n+1) + b(n+2) + b(n+3) 
b(n+2) - .,,,.,.- ·• k=n 

b(n+3)-

Multiplication: 

b(n) t.__.. a(n) a(n) = b(n)c(n) = b(n) • c(n) 

( d) [Sometimes we use a "·" 

(e) 

to signify multiplication ,] 

c(n) 

Uf2it Delay: 

b(n) ----1 Delay 1---- a(n) · 

a(n) = b(f}-1) 

b(n) --__..0- a(n) 

Figure 1-6 Tormlnology and symbols usod In d igital signal processing block d iagrams, 

digital signal processing. Notice how the lower and upper limits of the 
summation index le in the expression in Figure 1-6(c) tell us exactly 
which elements of the b sequence to sum to obtain a given a(n) value. 
Because we'll encounter summation operations so often, let's make sure 
we understand their notation. If we repeat the summation equation 
from Figure 1-6(c) here we have 

11+3 

a(n) = L,b(k) . (1-9) 

k=11 
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This means that 

when 11 = 0, index k goes from Oto 3, so a(0) = b(0) + b(l) + b(2) + b(3) 

when 11 = l, index le goes from 1 to 4, so a(l) = b(l) + b(2) + b(3) + b(4) 

when n = 2, index k goes from 2 to 5, so a(2) = b(2) + b(3) + b(4) + b(5) 

when n = 3, index le goes from 3 to 6, so a(3) = b(3) + b(4) + b(5) + b(6) 

and so on. (1-10) 

We'll begin using summation operations in earnest when we discuss dig­
ital filters in Chapter 5. 

The multiplication of two sequences is symbolized in Figure 1-6(d). 
Multiplication generates ~n output sequence that's the element-for-element 
product of two input sequences: a(O) = b(O)c(O), a(l) = b(l)c(l), and so on. 
The last fundamental operation that we'll be using is called the unit delay in 
Figure 1-6(e). While we don't need to appreciate its importance at this 
point, we'll merely state that the unit delay symbol signifies an operation 
where the output sequence a(n) is equal to a delayed version of the b(n) 
sequence. For example, a(5) = b(4), a(6) = b(5), a(7) = b(6), etc. As we'll see in 
Chapter 6, due to the mathematical techniques used to analyze digital fil­
ters, the unit delay is very often depicted using the term z-1. 

The symbols in Figure 1-6 remind us of two important aspects of digi­
tal signal processing. First, our processing operations are always per­
formed on sequences of individual discrete values, and second, the 
elementary operations themselves are very simple. It's interesting that, 
regardless of how complicated they appear to be, the vast majority of dig­
ital signal processing algorithms can be performed using combinations of 
these simple operations. If we think of a digital signal processing algo­
rithm as a recipe, then the symbols in Figure 1-6 are the ingredients. 

1.4 Introduction to Discrete Linear 
Time-Invariant Systems 

In keeping with tradition, we'll introduce the subject of linear time-invari­
ant (LTI) systems at this early point in our text. Although an appreciation 
for LTI systems is not essential in studying the next three chapters of this 
book, when we begin exploring digital filters, we'll build on the strict def­
initions of linearity and time invariance. We need to recognize and under­
stand the notions of linearity and time invariance not just because the vast 
majority of discrete systems used in practice are LTI systems, but also 
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Discrete Linear Systems 13 

because LTI systems are very accommodating when it comes to their 
analysis. That's good news for us because we can use straightforward 
methods to predict the performance of any digital signal processing 
scheme as long as it's linear and time invariant. Because linearity and time 
invariance are two important system characteristics having very special 
properties, we'll discuss them now. 

1 .5 Discrete Linear Systems 
The term linear defines'o. special class uf systems where the output is the 
superposition, or sum, of the individual outputs had the individual 
inputs been applied separately to the system. For example, we can say 
that the application of an input x1(n) to a system results in an outp11~ y1 (n) . 

We symbolize this situation with the following expression: 

rPsnl~s in 
(1-11) 

Given a different input x/n), the system has a y2(n) output as 

x2 (n) results in 
Yz(n) · (1-12) 

For the system to be linear, when its input ~s the sum x1(n) + x/n), its out­
put must be thP sum of the individual outputs su that 

x1 (n) + x2 (n) res Lilts in Y1 (n) + Y2 (n) • (1-13) 

One way to paraphrase expression (1-13) is to state that a linear system's 
output is the sum of the outputs of its parts. Also, part of this description 
of lli1earity is a proportionality characteristic. This means that if the inputs 
are scaled by constant factors c1 and c2 then the output sequence parts are 
also scaled by those factors as 

results in 
(1-14) 

Tn the literature, thi propurtlonality attribute o! linear systems in 
expression (1-14) is sometimes called the homogeneity property. With 
these thoughts in mind, then, let's demonstrate the concept of system 
linearity. 
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14 Discrete Sequences and Systems 

1.5.1 Example of a Linear System 

To illustrate system linearity, let's say we have the discrete system shown 
in Figure 1-7(a) whose output is defined as 

( ) 
-x(n) 

yn=-2-, (1-15) 

that is, the output sequence is equal to the negative of the input sequence 
with the amplitude reduced by a factor of two. If we apply an x 1(n) input 
sequence representing a 1-Hz sinewave sampled at a rate of 32 samples 

(a) 

(b) 

(c) 

(d) 

Input x(n) 

Linear 
Discrete 
System 

1----► Output y(n) = -x(n)/2 

"{(ml 
D ■+'!' IJl ·'!'•• • .. •• · .. •'!'•'!' ·•·'!'·11!1 !·• 

1 2 4 6 8 10 12 ,. ~ 
-0.5 - ■ 

i
Y2 (m) 

0 5 

3 
o ~·~·l!T'!' ·• ·l! ·~•• ·• ·, ·1'·'!·11!1 ! ·I!' 

1 
2 4 s a 10 12 14 

1 
-0.5 • 

Figure 1-7 Linear system input-to-output relationships: (a) system block diagram 
where y(n) = -x(n)/2; (b) system input and output with a 1-Hz sinewave 
applied; (c) with a 3-Hz sinewave applied; (d) with the sum of 1-Hz and 
3-Hz sinewaves applied. 
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Discrete Linear Systems 15 

per cycle, we'll have a y1(n) output as shown in the center of Figure 1-7(b). 
The frequency-domain spectral amplitude of the y1(n) output is the plot 
on the right side of Figure 1-7(b) indicating that the output comprises a 
single tone of peak amplitude equal to -0.5 whose frequency is 1 Hz. 

ext, applying an ¾(n) input sequence representing a 3-Hz sinewave, the 
system provides a yi(n) output sequence, as shown in the center of Figure 
1-7(c). The spectrum of the yi(n) output, Yim.), confirming a single 3-Hz 
sinewave output is shown on the right side of Figure 1-7(c). Finally­
here's whei:e the linearity comes in-if we apply an x3(n) input sequence 
that's the sum of a 1-Hz sincwave .and a 3-Ilz sinewave, the yin) output 
is as shown in the center of Figure 1-7(d). Notice how y3'n) is the sarnple­
for-sample sum of y1(n) and ½(n). Figure 1-7(d) also shows that the out­
put spectrum Yim) is the sum of Y1(m) and Yim). That's linearity. 

1.5.2 Example of a Nonlinear System 

It's easy to demonstrate how a nonlinear system yields an output that is 
not equal to the sum of y1(n) and yz(n) when its input is x1(n) + xz(n). A 
simple example of a nonlinear discrete system is that in Figure 1-S(a) 
where the output is the square of thP input described by 

y(n) = [x(n)]2 . (1-16) 

We'll use a well-known trigonometric identity and a little algebra to pre­
dict the output of this nonlinear system when the input comprises simple 
sinewaves. Following the form of Eq. (1-3), let's describe a sinusoidal 
sequence, whose frequency f

0 
= l Hz, by 

(1-17) 

Equation (1-17) describes the x1(n) sequence on the left side of Figure 1-S(b). 
Given this xi(n) input sequence, the y1(n) output of the nonlinear system is 
the square of a 1-Hz sinewave, or 

We can simplify our expression for yi(n) in Eq. (1-18) by using the follow­
.utg trigonometric identity: 

. ( ) . (/3) cos(a- /3) cos(a + /3) sin a • sin = - --- - ----
2 2 

(1-19) 
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Figure 1-8 Nonlinear system input-to-output relationships: (a) system block diagram 
where y(n) = (x(n))2; (b) system input and output with a 1-Hz sinewave 
applied; (c) with a 3-Hz sinewave applied; (d) with the sum of 1-Hz and 3-Hz 
sinewaves applied. 

Using Eq. (1-19), we can express y1(n) as 

cos(21t • 1 · nt - 21t • 1 · nt ) 
Y1 (n) = s s 

2 

cos(21t · 1 · nt5 + 21t · 1 · nts) 
2 

cos(O) cos( 41t · 1 · nt5 ) 1 cos(21t · 2 · nt5 ) 
---- =--

2 2 2 2 (1-20) 

which is shown as the all positive sequence in the center of Figure 1-S(b ). 
Because Eq. (1-19) results in a frequency sum (a+~) and frequency dif­
ference (a - ~) effect when multiplying two sinusoids, the y1(n) output 
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sequence will be a cosine wave of 2 Hz and a peak amplitude of -0.5, 
added to a constant value of 1/2. The constant value of 1/2 in Eq. (1-20) 
is interpreted as a zero Hz frequency component, as shown in the Y1(m) 
spectrum in Figure 1-8(b). We could go through the same algebraic exer­
cise to determine that, when a 3-Hz sine.wave x2(n) sequence is applied 
to this nonlinear system, the output yi(n) would contain a zero Hz com­
ponent and a 6 Hz component, as shown in Figure 1-8(c). 

System nonlinearity is evident if we apply an xin) sequence compris­
ing the sum of a 1-Hz and a 3-Hz sinewave as shown in Figure 1-8(d). We 
can predict the frequency content of the y/n) output sequence by using 
the algebraic relationship 

(a+b) 2 = a2+2ab+b2 , (1-21) 

where a and b represent the 1-Hz and 3-Hz sinewaves, respectively. From 
Eq. (1-19), the a2 term in Eq. (1-21) generates the zero-Hz and 2-Hz output 
sinusoids in Figure 1-8(b ). Likewise, the b2 term produces in yin) another 
zero-Hz and the 6-Hz sinusoid in Figure 1-8(c). However, the 2ab term 
yields additional 2-Hz and 4-Hz sinusoids in yin). We can show this alge­
braically by using Eq. (1-19) and expressing the 2ab term in Eq. (1-21) as 

2ab = 2 · sin(21t · 1 · nts) · sin(21t · 3 · nt5 ) 

2 cos{21t • 1 · nt - 27ti • 3 • nt ) = s $ 

2 

2 cos(21t · 1 · nts + 2n · 3 · nts 
2 

= cos(2n • 2 · nts) - cos(2n • 4 • nts) t (1-22) 

Equation (1-22) tells us that two additional sinusoidal components will be 
present in yin) because of the system's nonlinearity, a 2-Hz cosine wave 
whose amplitude is + 1 and a 4-Hz cosine wave having an amplitude of 
-1. These spectral components are illustrated in Yim) on the right side of 
Figure 1-8(d). 

Notice that, when the sum of the two sinewaves is applied to the non­
linear system, the output contained sinusoids, Eq. (1-22), that were not 
present in either of the outputs when the individual sinewaves alone were 
applied. Those extra sinusoids were generated by iln interaction of the 

t The first term in Eq. (1-22) is cos(21t • nt, -61t • nt,) = cos(-41t • nt,) = cos(-21t • 2 • nt,). However, 
because the cosine function is even, cos(-a) = cos(a), we can express that first term as 
cos(21t • 2 • nt,). 
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18 Discrete Sequences and Systems 

two input sinusoids due to the squaring operation. That's nonlinearity; 
expression (1-13) was not satisfied. (Electrical engineers recognize this 
effect of internally generated sinusoids as intermodulation distortion .) 
Although nonlinear systems are usually difficult to analyze, they are occa­
sionally used in practice. References [2], [3], and [4], for example, describe 
their application in nonlinear digital filters . Again, expressions (1-13) and 
(1-14) state that a linear system's output resulting from a sum of individ­
ual inputs, is the superposition (sum) of the individual outputs. They also 
stipulate that the output sequence yi(n) depends only on x1(n) combined 
with the system characteristics, and not on the other input xz(n), i.e., 
there's no interaction between inputs xi(n) and xz(n) at the output of a lin­
ear system. 

1.6 Time-Invariant Systems 

A time-invariant system is one where a time delay (or shift) in the input 
sequence causes a equivalent time delay in the system's output sequence. 
Keeping in mind that n is just an indexing variable we use to keep track 
of our input and output samples, let's say a system provides an output 
y(n) given an input of x(n), or 

x(n) results in y(n) . (1-23) 

For a system to be time invariant, with a shifted version of the original 
x(n) input applied, x'(n), the following applies: 

x' (n) = x(n + k) results in y' (n) = y(n + k) , (1-24) 

where k is some integer representing k sample period time delays. For a 
system to be time invariant, expression (1-24) must hold true for any inte­
ger value of k and any input sequence. 

1.6.1 Example of a Time-Invariant System 

Let's look at a simple example of time invariance illustrated in Figure 1-9. 
Assume that our initial x(n) input is a unity-amplitude 1-Hz sinewave 
sequence with a y(n) output, as shown in Figure 1-9(6). Consider a differ­
ent input sequence x'(n), where 

x'(n) = x(n+4) . (1-25) 
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Figure 1-9 Time-invariant system input-to-output relationships: (a) system block 
diagram where y(n) = -x(n)/2; (b) system input and output with a 1-Hz 
sinewave applied; (c) system input and output when a 1-Hz sinewave, 
delayed by four samples, is applied. When x' (n) = x(n+4), then, 
y'(n) = y(n+4). 

Equation (1-25) tells us that the input sequence x'(n) is equal to sequence 
x(n) shifted four samples to the left, that is, x'(O) = x(4), x'(l) = x(S), 
x'(2) = x(6), and so on, as shown on the left of Figure 1-9(c). The discrete 
system is time invariant because the y'(n) ou~put sequence is equal to the 
y(n) sequence shifted to the left by four samples, or y'(n) = y(n+4). We 
can see that y'(O) = y(4), y'(l) = y(S), y'(2) = y(6), and so on, as shown in 
Figure 1-9(c). For time-invariant systems, they time shift is equal to the 
x time shift. 

Some authors succumb to the urge to define a time-invariant system as 
one whose parameters do not change with time. That definition is incom­
plete and can get us in trouble if we're not careful. We'll just stick with the 
formal definition that a time-invariant system is one where a time shift in 
an input spquence results in an equal time shift in the output sequence. By 
the way, time-invariant systems in the literature are often called shift­
invariant sysle1m;.t 

t An example of a discrete process that's not time-invariant is the downsampling, or deci­
mation, process described in Section 7.3. 
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Figure 1-10 Linear time-invariant (LTI) systems in series: (a) block diagram of two LTI 
systems; (b) swapping the order of the two systems does not change 
the resultant output y(n). 

l . 7 The Commutative Property of Linear Time-
Invariant Systems 

Although we don't substantiate this fact until we reach Section 6.8, it's not 
too early to realize that LTI systems have a useful commutative property by 
which their sequential order can be rearranged with no change in their final 
output. This situation is shown in Figure 1-10 where two different LTI sys­
tems are configured in series. Swapping the order of two cascaded systems 
does not alter the final output. Although the intermediate data sequences 
f(n) and g(n) will usually not be equal, the two pairs of LTI systems will have 
identical y(n) output sequences. This commutative characteristic comes in 
handy for designers of digital filters, as we'll see in Chapters 5 and 6. 

1.8 Analyzing Linear Time-Invariant Systems 

As previously stated, LTI systems can be analyzed to predict their perfor­
mance. Specifically, if we know the unit impulse response of an LTI system, 
we can calculate everything there is to know about the system; that is, the 
system's unit impulse response completely characterizes the system. By 
unit impulse response, we mean the system's time-domain output 
sequence when the input is a single unity-valued sample (unit impulse) 
preceded and followed by zero-valued samples as shown in Figure 1-ll(b). 

Knowing the (unit) impulse response of an LTI system, we can deter­
mine the system's output sequence for any input sequence because the 
output is equal to the convolution of the input sequence and the system's 
impulse response. Moreover, given an LTI system's time-domain impulse 
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Figure 1-11 LTI system unit impulse response sequences: (a) system block diagram; 

(b) impulse input sequence x(n) and impulse response output 
sequence y(n). 

response, we can find the system's frequency response by taking the Fourier 
transform in the form of a discrete Fourier transform of that impulse 
response[S]. 

Don't be alarmed if you're not exactly sure what is meant by convolu­
tion, frequency response, or the discrete Fourier transform. We'll intro­
duce these subjects and define them slowly and carefully as we need them 
in later chapters. The point to keep in mind here is that LTI systems can 
be designed and analyzed using a num~er of straightforward and power­
ful analysis techniques. These techniques will become tools that we'll add 
to our signal processing toolboxes as we journey through the subject of 
digital signal processing. 
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= CHAPTER TWO 

Periodic Sampling 

Periodic sampling, the process of representing a continuous signal with a 
sequence of discrete data values, pervades the field of digital signal pro­
cessing. In practice, sampling is performed by applying a continuous sig­
nal to an analog-to-digital (A/O) converter whose output is a series of 
digital values. Because sampling theory plays an important role in deter­
wining the accuracy and feasibility of any digital signal processing 
scheme, we need a solid appreciation for the often misunderstood effects 
of periodic sampling. With regard to sampling, the primary concern is just 
how fast must a given continuous signal be sampled in order to preserve 
its information content. We Call sample a conlinuous signal al any sample 
rale we wish, and we1ll get a series of discrete values-but the question is 
how well do these values represent the original signal? Let's learn the 
answer to that question and, in doing .so, explore the various sampling 
techniques used in digital signal processing. 

2. l Aliasing: Signal Ambiguity in the 
Frequency Domain 

There is a frequency-domain ambiguity associated with discrete-time sig­
nal samples that does not exist in the continuous signal world, and we can 
appreciate the effects of this uncertainty by understanding the sampled 
nature of discrete data. By way of example, suppose you were giVf'n thP 
following sequence of values, 

x(O) = 0 
x(l) = 0.866 
x(2) = 0.866 
x(3) = 0 
x(4) = -0.866 
x(S) = -0.866 
x(6) = 0 I 

23 
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Figure 2-1 Frequency ambiguity: (a) discrete-time sequence of values; 
(b) two different sinewaves that pass through the points of the 
discrete sequence. 

and were told that they represent instantaneous values of a time-domain 
sinewave taken at periodic intervals. Next, you were asked to draw that 
sinew ave. You'd start by plotting the sequence of values shown by the 
dots in Figure 2-l(a). Next, you'd be likely to draw the sinewave, illus­
trated by the solid line in Figure 2-l(b), that passes through the points rep­
resenting the original sequence. 

Another person, however, might draw the sinewave shown by the 
shaded line in Figure 2-l(b). We see that the original sequence of values 
could, with equal validity, represent sampied values of both sinewaves. 
The key issue is that, if the data sequence represented periodic samples of 
a sinewave, we cannot unambiguously determine the frequency of the 
sinewave from those sample values alone. 

Reviewing the mathematical origin of this frequency ambiguity enables 
us not only to deal with it, but to use it to our advantage. Let's derive an 
expression for this frequency-domain ambiguity and, then, look at a few 
specific examples. Consider the continuous time-domain sinusoidal signal 
defined as 
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Aliasing: Signal Ambiguity in the Frequency Domain 25 

x(t) = sin(2n:/
0
t) . (2-1) 

This x(t) signal is a garden variety sinewave whose frequency is /
0 

Hz. 
Now let's sample x(t) at a rate offs samples/s, i.e., at regular periods of ts 
seconds where t

5 
= 1/fs. If we start sampling at time t = 0, we will obtain 

samples at times Ot
5

, lt
5

, 2t
5

, and so on. So, from Eq. (2-1), the first n suc­
cessive samples have the values 

0th sample~ 

1st sample: 

2nd sample: 

nth sample: 

x(O) = sin(2n/
0
0t

5
) 

x(l) = sin(2n:/
0
lt

5
) 

x(2) = sin(2Jifits) 

(2-2) 

Equation (2-2) defines the value of the nth sample of our x(n) sequence 
to be equal to the original sinewave at the time instant nt

5
• Because two 

values of a sinewave are identical if they're separated by an integer mul­
tiplP of 2n: rncfoms, i.P.1 .c;in(a) = sin(a+?nm) where mis any integer, we can 
modify Eq. (2-2) as 

If we let m be an integer multiple of n, m = kn, we can replace the ml n ratio 
in Eq. (2-3) with k so that 

x(n) = sin(2n:(f
0 

+!_)ntJ 
ts 

(2-4) 

Because fs = 1/ t
5

, we can equate the x(n) sequences in Eqs. (2-2) and (2-4) as 

(2-5) 

The /
0 

and (/
0 
+lcfs) factors in Eq. (2-5) are therefore equal. The implication 

of Eq. (2-.'i) is ,riti,al. It means that an x(n) sequence of digital sample 
values, representing a sinewave of /

0 
Hz, also exactly represents 

sinewaves at other frequencies, namely, /
0 

+ kfs. This is one of the most 
important relationships in the field of digital signal processing. It's the 
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26 Periodic Sampling 

thread with which all sampling schemes are woven. In words, Eq. (2-5) 
states that 

When sampling at a rate offs samples/s, if k is any positive or neg­
ative integer, we cannot distinguish between the sampled values of 
a sinewave of /

0 
Hz and a sinewave of (f

0 
+kf} Hz. 

It's true. No sequence of values stored in a computer, for example, can 
unambiguously represent one and only one sinusoid without additional 
information. This fact applies equally to AID-converter output samples 
as well as signal samples generated by computer software routines. The 
sampled nature of any sequence of discrete values makes that sequence 
also represent an infinite number of different sinusoids. 

Equation (2-5) influences all digital signal processing schemes. It's the 
reason that, although we've only shown it for sinewaves, we'll see in 
Chapter 3 that the spectrum of any discrete series of sampled values con­
tains periodic replications of the original continuous spectrum. The period 
between these replicated 'spectra in the frequency domain will always be 
fs, and the spectral replic~tions repeat all the way from DC to daylight in 
both directions of the fr~quency spectrum. That's because kin Eq. (2-5) can 
be any positive or negative integer. (In Chapters 5 and 6, we'll learn that 
Eq. (2-5) is the reason that all digital filter frequency responses are period­
ic in the frequency domain and is crucial to analyzing and designing a 
popular type of digital filter known as the infinite impulse response filter.) 

To illustrate the effects of Eq. (2-5), let's build on Figure 2-1 and con­
sider the sampling of a 7-kHz sinewave at a sample rate of 6 kHz. A new 
sample is determined every 1/6000 seconds, or once every 167 microsec­
onds, and their values are shown as the dots in Figure 2-2(a). 

Notice that the sample values would not change at all if, instead, we 
were sampling a 1-kHz sinewave. In this example j

0 
= 7 kHz, fs = 6 kHz, 

and k = -1 in Eq. (2-5), such thatj
0
+kfs = [7+(-1·6)] = 1 kHz. Our problem 

is that no processing scheme can determine if the sequence of sampled 
values, whose amplitudes are represented bythe.dots, came from a 7-kHz 
or a 1-kHz sinusoid. If these amplitude values are applied to a digital 
process that detects energy at 1 kHz, the detector output would indicate 
energy at 1 kHz. But we know that there is no 1-kHz tone there-our 
input is a spectrally pure 7-kHz tone. Equation (2-5) is causing a sinusoid, 
whose name is 7 kHz, to go by the alias of 1 kHz. Asking someone to 
determine which sinewave frequency accounts for the sample values in 
Figure 2-2(a) is like asking them "When I add two numbers I get a sum of 
four. What are the two numbers?" The answer is that there are an infinite 
number of number pairs that can add up to four. 
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Figure 2-2 Frequency ambiguity effects of Eq. (2-5): (a) sampling a 7-kHz sinewave 
at a sample rate of 6 kHz; (b) sampling a 4-kHz sinewave at a sample 
rate of 6 kHz; (c) spectral relationships showing aliasing of the 7- and 
4-kHz sinewaves. 

Figure 2-2(b) shows another example of frequency ambiguity, that we'll 
call aliasing, where a 4-kHz sinewave could be mistaken for a -2-kHz 
sinewave. In Figure 2-2(b ), f

0 
= 4 kHz,f

5 
= 6 kHz, and k = -1 in Eq. (2-5), 

so thatf
0
+kfs = [4+(-1 • 6)) = -2 kHz. Again, if we examine a sequence of 

numbers representing the dots in Figure 2-2(b), we could not determine if 
the sampled sinewave was a 4-kHz tone or a -2-kHz tone. (Although the 
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28 Periodic Sampling 

concept of negative frequencies might seem a bit strange, it provides a 
beautifully consistent methodology for predicting the spectral effects of 
sampling. Appendix C discusses negative frequencies and how they 
relate to real and complex signals.) 

Now, if we restrict our spectral band of interest to the frequency range 
of ±f/2 Hz, the previous two examples take on a special significance. The 
frequency fs/2 is an important quantity in sampling theory and is referred 
to by different names in the literature, such as critical Nyquist, half 
Nyquist, and folding frequency. A graphical depiction of our two frequen­
cy aliasing examples is provided in Figure 2-2(c). We're interested in signal 
components that are aliased into the frequency band between -fs / 2 and 
+fs/2. Notice in Figure 2-2(c) that, within the spectral band of interest (±3 
kHz, because fs = 6 kHz), there is energy at -2 kHz and + 1 kHz, aliased 
from 4 kHz and 7 kHz, respectively. Note also that the vertical positions of 
the dots in Figure 2-2(c) have no amplitude significance but that their hor­
izontal positions indicate which frequencies are related through aliasing. 

A general illustration of aliasing is provided in the shark's tooth pattern 
in Figure 2-3(a). Note how the peaks of the pattern are located at integer 
multiples offs Hz. The pattern shows how signals residing at the inter­
section of a horizontal line and a sloped line will be aliased to all of the 
intersections of that horizontal line and all other lines with like slopes. For 
example, the pattern in Figure 2-3(b) shows that our sampling of a 7-kHz 

(a) 

(b) 

, Band of , : , , 
~ interest ----➔~ Replica ~;<- Replica ~;<- Replica ---->: 
' I 

J\,/\6,61. 
-f. /2 0 f /2 f5 2f5 3f5 Freq s s • 

A&~;. 
-3 o 1 3 6 7 12 13 1 s 19 Freq 
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Figure 2-3 Shark's tooth pattern: (a) aliasing at multiples of the sampling 
frequency; (b) aliasing of the 7-kHz sinewave to 1 kHz, 13 kHz. 
and 19 kHz. 
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Sampling Low-Pass Signals 29 

sinewave at a sample rate of 6 kHz will provide a discrete sequence of 
numbers whose spectrum ambiguously represents tones at 1 kHz, 7 kHz, 
13 kHz, 19 kHz, etc. Let's pause for a moment and let these very impor­
tant concepts soak in a bit. Again, discrete sequence representations of a 
continuous signal have unavoidable ambiguities in their frequency 
domains. These ambiguities must be taken into account in all practical 
digital signal processing algorithms. 

OK, let's review the effects of sampling signals that are more interest­
ing than just simple sqmsoids. 

2.2 Sampling Low-Pass Signals 
Consider sampling a continuous real signal whose spectrum is shown in 
Figure 2-4(a). Notice that the spectrum is symmetrical about zero Hz, 
and the spectral amplitude is zero above +B Hz and below-B Hz, i.e., the 
signal is band-limited. (From a practical standpoint, the term band limited 
signal merely implies that any signal energy outside the range of ±B Hz 
is below the sensitivity of our system.) Given that the signal is sampled 
at a rate offs samples/ s, we can see the spectral replication effects of sam­
pling in Figure 2 4(b), shmving the original spectrum in addilion lo an 
infinite number of replications, whose period of replication is fs Hz. 
(Although we stated in Section 1.1 that frequency-domain representa­
tions of discrete-time sequences are themselves discrete, the replicated 
spectra in Figure 2-4(b) are shown as continuous lines, instead of discrete 
dots, merely to keep the figure from looking too cluttered. We'll cover the 
full implications of discrete frequency spectra in Chapter 3.) 

Let's step back a moment and understand .Figure 2-4 for all it's worth. 
Figure 2-4(a) is the spectrum of a continuous signal, a signal that can only 
exist in one of two forms. Either it 's a continuous signal that can be sam­
pled, through A/O conversion, or it is merely an abstract concept such as 
a mathematical expression for a signal. It cannot be represented in a digi­
tal mdchine in its current band-limited form. Once the signal is represent­
ed by a sequence of discrete sample values, its spectrum takes the repli­
cated form of Figure 2-4(b) . 

The replicated spectra are ·not just figments of the mathematics; they 
exist and have a profound effect on subsequent digital signal processing. t 
The replications may appear harmless, and it's natural to ask, "Why care 
about spectral replications? We're only interested in the frequency band 

t Toward the end of Section 5.9, as an example of using the convolution theorem, another 
derivation of periodic sampling's replicated spectrums will be presented. 
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(a) 

(b) 

-2f
5 

(c) 

-2f,, -fs / -f5 /2 

-8 
-8/2 

0 J '512 

8/2 

f5 =1 .58 
2 fs Freq 

8 

Figure 2-4 Spectral replications: (a) original continuous signal spectrum; (b) spectral 
replications of the sampled signal when f

5
/2 > B; (c) frequency overlap 

and aliasing when the sampling rate is too low because f,12 < B. 

within ±f/2." Well, if we perform a frequency translation operation or 
induce a change in sampling rate through decimation or interpolation, 
the spectral replications will shift up or down right in the middle of the 
frequency range of interest ±fs/2 and could cause problems[lJ. Let's see 
how we can control the locations of those spectral replications. 

In practical A/D conversion schemes, fs is always greater than 2B to 
separate spectral replications at the folding frequencies of ±f/2. This very 
important relationship offs ~ 2B is known as the Nyquist criterion. To 
illustrate why the term folding frequency is used, let's lower our sam­
pling frequency to fs = I .SB Hz. The spectral result of this undersampling 
is illustrated in Figure 2-4(c). The spectral replications are now overlap­
ping the original baseband spectrum centered about zero Hz. Limiting 
our attention to the band ±fs/2 Hz, we see two very interesting effects. 
First, the lower edge and upper edge of the spectral replications centered 
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at +J,. and -fs now lie in our band of .interest. This situation is equivalent 
to the original spectrum folding to the left at +//2 and folding to the 
rio-ht at -f /2. Portions of the spectral replications now combine with the 

0 S 
original spectrum, and the result is aliasing errors. The discrete sampled 
values associated with the spectrwn of Figure 2-4(c) no longer truly rep­
resent the original input signal. The spectral information in the bands of 
-B to -B/2 and B/2 to B Hz has b_een corrupted. We show the amplitude 
of the aliased regions in Figure 2-4(c) as dashed lines because we don't 
really know what the amplitudes will be if aliasing occurs. 

The second effect illustrated by Figure 2-4(c) is that the entire spec­
tral content of the original con:tinuous signal is now residing in the 
band of interest between -f/2 and +f/2. This key property was true in 
Figure 2-4(b) and will always be true, regardless of the original signal 
or the sample rate. This effect is particularly important when we're dig­
itizing (A/D converting) continuous signals. It warns us that any sig­
nal energy located above +B Hz and below -B Hz in the original con­
tinuous spectrum of Figure 2-4(a) will always end up in the band of 
interest after sampling, regardless of the sample rate. For this reason, 
continuous (analog) low-pass filters are necessary in practice. 

We illustrMP this notion by showing a continuous signal of bandwidth 
B accompanied by noise energy in Figure 2-S(a). Sampling this composite 
continuous signal at a rate that's greater than 2B prevents replications of 
the signal of interest from overlapping each other, but all of the noise 
energy still ends up in the range betwe~n -f/2 and +f/2 of our discrete 
spectrum shown in .Figure 2-S(b). This p,roblem is solved in practice by 

Noise Signal of Noise 

(a) (IA /f\"A1 .. 
-8 0 B Freq 

{I f\ . 
(b) 

I ·, 
(°li I ,··, 

-'s fs /2 's12 ts Freq 

Figure 2-5 Spectral replications: (a) original continuous signal plus noise 
spectrum; (b) discrete spectrum with noise contaminating the 
signal of interest. 
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~A 12E1 A1 ► 
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continuous ~ 
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Analog Low-Pass continuous signa~ AID sa 

Filter (cutoff 
Converter 

frequency = B Hz) 

.. 
-8 0 8 Freq 

Figure 2-6 Low-poss analog filtering prior to sampling at a rote of f, Hz. 

using an analog low-pass anti-aliasing filter prior to AID conversion to 
attenuate any unwante?- signal energy above +B and below -B Hz as 
shown in Figure 2-6. An:~xample low-pass filter response shape is shown 
as the dotted line superimposed on the original continuous signal spec­
trum in Figure 2-6. Notice how the output spectrum of the low-pass filter 
has been band-limited, and spectral aliasing is avoided at the output of the 
AID converter. 

This completes the discussion of simple low-pass sampling. Now let's go 
on to a more advanced sampling topic that's proven so useful in practice. 

2.3 Sampling Bandpass Signals 

Although satisfying the majority of sampling requirements, the sampling 
of low-pass signals, as in Figure 2-6, is not the only sampling scheme used 
in practice. We can use a technique known as bandpass sampling to sample 
a continuous bandpass signal that is centered about some frequency other 
than zero Hz. When a continuous input 1aignal's bandwidth and center 
frequency permit us to do so, bandpass sampling not only reduces the 
speed requirement of AID converters below that necessary with tradi­
tional low-pass sampling; it also reduces the amount of digital memory 
necessary to capture a given time interval of a continuous signal. 

By way of example, consider sampling the band-limited signal shown 
in Figure 2-7(a) centered at fc = 20 MHz, with a bandwidth B = 5 MHz. We 
use the term bandpass sampling for the process of sampling continuous 
signals whose center frequencies have been translated up from zero Hz. 
What w~'re calling bandpass sampling goes by various other names in the 
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0 

Bandpass signal 
spectrum 
(continuous) 

· i Bandpass signal 

fc= Freq 
20 MHz 

f5 = fc- 8/2 = 17.5 M~Hz spectrum (discrete) 

~ ~ ~ ► 
. D F 

-fc • -2.5 MHz 2.5 MHz fc req 

/< fs ► < ($ - - -

Figure 2-7 Bandpass signal sampling: (a) original continuous signal 
spectrum; (b) sampled signal spectrum replications when 
sample rate is 17 .5 Ml lz. 

literature, such as IF sampling, harmonic sampling[2], sub-Nyquist sam­
pling, and undcrsampling[3]. In bandpass sampling, we're more con­
cerned with a signal's bandwidth than its highest frequency component. 
Note that the negative frequency portion of the signal, centered at-/,, is the 
mirror image of the positive frequency portion-as it must be for real sig­
nals. Our bandpass signal's highest frequency component is 22.5 MHz. 
Conforming to the Nyquist criterion (sampling at twice the highest fre­
quency content of the signal) implies that the sampling frequency must be 
a minimum of 45 MHz. Consider the effect if the sample rate is 17.5 MHz 
shown in Figure 2-7(b). Note that the original spectral components remain 
located at ±fc, and spectral replications are located exactly at baseband, i.e., 
butting up against each other at zero Hz. Figure 2-7(b) shows that sam­
pling at 45 MHz was unnecessary to avoid aliasing-instead we've used 
the spectral replicating effects of Eq. (2-5) to our advantage. 

Bandpass sampling performs digitization and frequency translation in 
a single process, often called sampling translation. The processes of sam­
pling and frequency translation are intimately bound together in the world 
of digital signal processing, and every sampling operation inherently 
results in spectral replications. The inquisitive reader may ask, "Can we 
sample at some still lower rate and avoid aliasing?" The answer is yes, but, 
to find out how, we have to grind through the derivation of an important 
bandpass sampling relationship. Our reward, however, will be worth the 
trouble because here's where bandpass sampling really gets interesting. 
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Figure 2-8 Bandpass sampl[[)g frequency limits: (a) sample rate f, , = (2fc - B)/6; 
(b) sample rate is ~ess than f,,; (c) minimum sample rate f, .. < f, .. 

Let's assume we have a continuous input bandpass signal of band­
width B. Its carrier frequency is fc Hz, i.e., the bandpass signal is centered at 
fc Hz, and its sampled value spectrum is that shown in Figure 2-S(a). We 
can sample that continuous signal at a rate, say fs. Hz, so the spectral repli­
cations of the positive and negative bands, P and Q, just butt up against 
each othei: exactly at zero Hz. This situation, depicted in Figure 2-S(a), is 
reminiscent of Figure 2-7(6 ). With an arbitrary number of replications, say 
m, in the range of 2fc - B, we see that. 

,+ + B +,, -_ 2fc - B m; 5 • = 2;c - or ;, 
m 

In Figure 2-S(a), m = 6 for illustrative purposes only. Of course m can be 
any positive integer so long as f

5
• is never less than 2B. If the sample rate 

fs• is increased, the original spectra (bold) do not shift, but all the replica­
tions will shift. At zero Hz, the P band will shift to the right, and the Q 
band will shift to the left. These replications will overlap and aliasing 
occurs. Thus, from Eq. (2-6), for an arbitrary m, there is a frequency that 
the sample rate must not exceed, or 

or 2fc -B '2.fs,. 
m 
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If we reduce the sample rate below the f
5

, value shown in Figure 2-8(a), the 
spacing between replications will decrease in the direction of the arrows 
in Figure 2-8(6). Again, the original spectra do not shift when the sample 
rate is changed. At some new sampleratefs .. , wherefs .. <fs., the replication 
p' will just butt up against the positive original spectrum centered at fc as 
shown in Figure 2-8(c). In this condition, we know that 

(m + 1).fs .. = 2/c + B or f .. = 2.fc +B 
s m+l . (2-8) 

Should fs .. be decreased in value, P' will shift further down in frequency 
and start to overlap with the positive original spectrum at fc and aliasing 
occurs. Therefore, from Eq. (2-8) and for m+ 1, thPrP is n fn,quenc.y that the 
sample rate must always exceed, or 

f" > 2fc + B 
s - m+l 

(2-9) 

We can now combine Eqs. (2-7) and (2-9) to say that f
5 
may be chosen any­

where in the range between fs .. and f
5

, to avoid aliasing, or 

(2-10) 

where m is an arbitrary, positive integer ensuring that fs 2 2B. (For this 
type of periodic sampling of real signals, kno.wn as real or first-order sam­
pling, the Nyquist criterion fs 2 2B must still be satisfied.) 

To appreciate the important relationships in Eq. (2-10), let's return to our 
bandpass signal example, where Eq. (2-10) enables the generation of Table 
2-1. This table tells us that our sample rate can be anywhere in the range of 
22.5 to 35 MHz, anywhere in the range of 15 to 17.5 MHz, or anywhere in 
the range of 11.25 to 11.66 MHz. Any sample rate below 11.25 MHz is unac­
ceptable because it will not satisfy Eq. (2-10) as well as fs 2 2B. The spectra 
resulting from' several of the sampling rates from Table 2-1 are shown in 
Figure 2-9 for our bandpass signal example. Notice in Figure 2-9(£) that 
when fs equals 7.5 MHz (m = 5), we have aliasing problems because neither 
the greater than relationships in Eq. (2-10) norj~ 2 '2.B have been satisfied. 
Them = 4 condition is also unacceptable because fs 2 2B is not satisfied. The 
last column in Table 2-1 gives the optimum sampling frequency for each 
acceptable m value. Optimum sampling frequency is defined here as that 
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Table 2-1 Equation (2-10) Applied to the Bandpass Signal Example 

m (2fc-B)/m (2fc + B)/(m + 1) Optimum Sampling Rate 

1 35.0MHz 22.5 MHz 22.5 MHz 

2 17.5 MHz 15.0 MHz 17.5 MHz 

3 11.66 MHz 11.25 MHz 11 .25 MHz 

4 8.75 MHz 9.0MHz -

5 7.0 MHz 7.5MHz -

frequency where spectral replications do not butt up against each other 
except at zero Hz. For example, in the m = l range of permissible sampling 
frequencies, it is much easier to perform subsequent digital filtering or 
other processing on the signal samples whose spectrum is that of Figure 
2-9(b), as opposed to the spectrum in Figure 2-9(a). 

The reader may wonder, "Is the optimum sample rate always equal to 
the minimum permissible value for fs using Eq. (2-10)?" The answer 
depends on the specific application-perhaps there are certain system con­
straints that must be considered. For example, in digital telephony, to sim­
plify the follow-on processing, sample frequencies are chosen to be integer 
multiples of 8 kHz[4]. Another application-specific factor in choosing the 
optimum fs is the shape of analog anti-aliasing filters[S]. Often, in practice, 
high-performance AID converters have their hardware components fine­
tuned during manufacture to ensure maximum linearity at high frequen­
cies (>5 MHz). Their use at lower frequencies is not recommended. 

An interesting way of illustrating the nature of Eq. (2-10) is to plot the 
minimum sampling rate, (2fc+B)/(m+l), for various values of m, as a func­
tion of R defined as 

R = highest signal frequency component 
bandwidth 

fc+B/2 
B 

If we normalize the minimum sample rate from Eq. (2-10) by dividing it 
by the bandwidth B, we get a curve whose axes are normalized to the 
bandwidth shown as.the solid curve in Figure 2-10. This figure shows us 
the minimum normalized sample rate as a function of the normalized 
highest frequency component in the bandpass signal. Notice that, 
regardless of the value of R, the minimum sampling rate need never 
exceed 4B and approaches 2B as the carrier frequency increases. 
Surprisingly, the minimum acceptable sampling frequency actually 
rlPrrPClc:Pc: "S thP hc,nrlpc,sc: c:ignc,l'c: rc,rriPr frpq11Pnry inrrPCIC:Pc:_ WP rr1T1 

Meta Platforms, Inc. - Exhibit 1012 
Page 51 of 534



Sampling Bandpass Signals 37 

Original spectrum Original spectrum 
f5 = 35.0 MHz ✓ 

m= 1 

(a) 

- 25.0 -20.0 -15.0 -10.0 -5.0 0 5.0 10.0 15.0 20.0 25 .0 
MHz 

f5 =22.5 MHz f5 /2 

(b) t . 
-25.0 -20.0 -15.0 -10.0 -5,0 0 5.0 10.0 15.0 20.0 

f5 l2 m=2 

(c) f - I MHz 
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(d) 

(e) 

(f) 

-25.0 -20.0 -15.0 10.0 5.0 0 G.0 10.0 15.0 20.0 25.0 

Figure 2-9 Various spectral replications from Table 2-1 : (a) f, = 35 MHz; (b) f5 = 22.5 
MHz; (c) f

5 
= 17.5 MHz; (d) f

5 
= 15 MHz; (e) f

5 
= 11.25 MHz; (f) f

5 
= 7.5 MHz. 

interpret Figure 2-10 by reconsidering our bandpass signal example 
from Eigure 2-7 where R = 22.5/5 = 4.5. Th.is R value is indicated by the 
dashed line in Figure 2-10 showing that m = 3 and fs/ Bis 2.25. With B = 5 
MHz, then, the minimumfs = 11.25 MHz in agreement with Table 2-1. 
The leftmost line in Figure 2-10 shows the low-pass sampling case, 
where the sample rate j~ must be twice the signal's highest frequency 
component. So the normalized sample rate f/ B is twice the highest fre­
quency component over B or 2R. 

Figure 2-10 has been prominent in the literature, but its normal pre­
sentation enables the reader to jump to the false conclusion that any 
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2.5 

2 .25 

2.0 

Minimum f5 /B 

This line corresponds to 
the low-pass sampling case, 
that is, f5 = 2(fc+ B/2) 

1.5 1------+-----+----1----,,.4 -=-5 ---+---+---+----¼---___,...._ _ ___...,~ 
1 2 3 4 ' 5 6 7 8 9 

Ratio: highest frequency component/bandwidth 

Figure 2-10 Minimum bandpass sampling rate from Eq. (2-10). 

sample rate above the minimum shown in the figure will be an accept­
able sample rate[6-12] . There's a clever way to avoid any misunder­
standing[13] . If we plot the acceptable ranges of bandpass sample fre­
quencies from Eq. (2-10) as a function of R we get the depiction shown 
in Figure 2-11. As we saw from Eq. (2-lOt Table 2-1, and Figure 2-9, 
acceptable bandpass sample rates are a series of frequency ranges sepa­
rated by unacceptable ranges of sample rate frequencies, that is, an 
acceptable bandpass sample frequency must be above the minimum 
shown in Figure 2-10, but cannot be just any frequency above that min­
imum. The shaded region in Figure 2-11 shows those normalized band­
pass sample rates that will lead fo spectral aliasing. Sample rates within 
the white regions of Figure 2-11 are acceptable. So, for bandpass sam­
pling, we want our sample rate to be in the white wedged areas associ­
ated with some value of m from Eq. (2-10). Let's understand the signifi­
cance of Figure 2-11 by again using out" previous bandpass signal 
example from Figure 2-7. 

Figure 2-12 shows our bandpass signal example R value (highest fre­
quency component/bandwidth) of 4.5 as the dashed vertical line. Because 
that line intersects just three white wedged areas, we see that there are 
only three frequency regions of acceptable sample rates, and this agrees 
with our results from Table 2-1. The intersection of the R = 4.5 line and the 
borders of the white wedged areas are those sample rate frequencies list­
ed in Table 2-1. So Figure 2-11 gives a depiction of bandpass sampling 
restricfams much more realistic than Figure 2-10. 
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Ratio: highest frequency component/bandwidth 

Figure 2-11 Regions of acceptable bandpass sampling rates from Eq. (2- l 0), 
normalized to the sample rate over the signal bandwidth (f/B). 

Although Figures 2-11 and 2-12 indicate that we can use a sample rate 
that lies on the boundary between a white and ihaded area, these sample 
rates should be avoided in practice. Nonideal analog bandpass filters, 
sample rate clock generator instabilities, and slight imperfections in avail­
able A/D converters make this ideal case impossible to achieve exactly. It's 
prudent to keep fs somewhat separated from the boundaries. Consider the 
bandpass sampling scenario shown in Figure 2-13. With a typical (non­
ideal) analog bandpass filter, whose frequency response is indicated by 
the dashed line, it's prudent to consider the filter's bandwidth not as B, 
but as Bgb in our equations. That is, we create a guard band on either side 
of our filter so that there can be a small amount of aliasing in the discrete 
spectrum without distorting our desired signal, as shown at the bottom of 
Figure 2-13. 

We can relate this idea of using guard bands to Figure 2-11 by looking 
more closely at one of the white wedges. As shown in Figure 2-14, we'd like 
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Figure 2-12 Acceptable sample rates for the bandpass signal example (8 = 5 MHz) 
with a value of R = 4.5. 

to set our sample rate as far down toward the vertex of the white.area as we 
can-lower in the wedge means a lower sampling rate. However, the clos­
er we operate to the boundary of a shaded area, the more narrow the guard 
band must be, requiring a sharper analog bandpass filter, as well as the 
tighter the tolerance we must impose on the stability and accuracy of our 
AID clock generator. (Remember, operating on the boundary between a 
white and shaded area in Figure 2-11 causes spectral replications to butl up 
against each other.) So, to be safe, we operate at some intermediate point 
away from any shaded boundaries as shown in Figure 2-14. Further analy­
sis of how guard band widths and A/D clock parameters relate to the 
geometry of Figure 2-14 is available in refer:ence [13]. For this discussion, 
we'll just state that it's a good idea to ensure that our selected sample rate 
does not lie too close to the boundary between a white and shaded area in 

Figure 2-11. 
There are a couple of ways to make sure we're not operating near a 

boundary. One way is to set the sample rate in the middle of a white 
wedge for a given value of R. We do this by taking the average between 
the maximum and minimum sample rate terms in Eq. (2-10) for a partic­
ular value of m, that is, to center the sample rate operating point within a 
wedge we use a sample rate of 
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Another way to avoid the boundaries of Figure 2-14 is to use the follow­
ing expression to determine an intermediate fs operating point: 

l 

where m odd is an odd integer[14]. Of course the choice of modd must ensure 
that the Nyquist restriction offs- > 2B be satisfied. We show the results of 

I 

Eqs. (2-12) and (2-13) for our bandpass signal example in Figure 2-15. 

! Sampling rate (fiB) : ----~7 
6 

5 

4 

3 

2 

f5 _ = 11.43 MHz 
I 

~ 
Bandpass signal 
example: R = 4.5 

~-- f5 cntr = 28.75 MHz 

f5 cntr = 11.46 MHz 

0 ...__ _________ -+------+-------
2 3 4 

4.5 
5 R 

Ratio: highest frequency component/bandwidth 

Figure 2-15 Intermediate f,; and fscntr operating points, from Eqs. (2-12) and (2- l 3), 
to avoid operating at the shaded boundaries for the bandpass signal 
example. B = 5 MHz and R = 4.5. 
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2.4 Spectral Inversion in Bandpass Sampling 
Some of the permissible fs values from Eq. (2-10) will, although avoiding 
aliasing problems, provide a sampled baseband spectrum (located near 
zero Hz) that is inverted from the original positive and negative spectral 
shapes, that is, the positive baseband will have the inverted shape of the 
negative half from the original spectrum. This spectral inversion hap­
pens whenever m, in Eq. (2-10), is an odd integer, as illustrated in 
Figures 2-9(b) and 2-9(e) . When the original positive spectral bandpass 
components are symmetrical about the fc frequency, spectral inversion 
presents no problem and any nonaliasing value for fs from Eq. (2-10) 
may be chosen. However, if spectral inversion is something to be avoid­
ed, for example, when single sideband signals are being processed, the 
minimum applicable ca.mple ra.te to a.void spcctrnl inversion is defined 
by Eq. (2-10) with the restriction that mis the largest even integer such 
that fs 2". 2B is satisfied.+ Using our definition of optimum sampling rate, 
the expression that provides the optimum noninverting sampling rates 
and avoids spectral replications butting up against each other, except at 
zero Hz, is 

(2-14) 

where meven = 2, 4, 6, etc. For our bandpass signal example, Eq. (2-14) and 
m = 2 provide an optimum noninverting sample rate offs = 17.5 MHz, as 

0 

shown in Figure 2-9(c). In this case, notice that the spectrum translated 
toward zero Hz has the same orientation as the original spectrum cen-
tered at 20 MHz. · ' 

Then again, if spectral inversion is unimportant for your application, 
we can determine the absolute minimum sampling rate without having 
to choose various values for m in Eq. (2-10) and creating a table like we 
did for Table 2-1. Considering Figure 2-16, the question is "How many 
replications of the positive and negative images of bandwidth B can we 
squeeze into the frequency range of 2fc + B without overlap?" That num­
ber of replications is 

R= frequency span = 2fc+B _fc+B / 2 
twice the bandwidth 2B B 

(2-15) 

t Single sideband signals are discussed in Section C.4 of Appendix C 
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Figure 2-16_ Frequency span of a continuous bandpass signal. 

To avoid overlap, we have to make sure that the number of replications is 
an integer less than or equal to R in Eq. (2-15). So, we can define the inte­
gral number of replications to be Rint where 

or 

(2-16) 

With Rint replications in the frequency span of 2fc + B, then, the spectral 
repetition period, or minimum sample rate fs . , is 

mm 

(2-17) 

In our bandpass signal example, finding fs . first requires the appro-
mm 

priate value for Rin1 in Eq. (2-13) as 

22.5 
Rini ~ -5- < Rm.1 + 1 ·, 

so Rint = 4. Then, from Eq. (2-17),fsmm = (40+5)/4 = 11.25 MHz, which is 
the sample rate illustrated in Figures 2-9(e) and 2-12. So, we can use Eq. 
(2-17) and avoid using various values for 111 in Eq. (2-10) and having to cre­
ate a table like Table 2-1. (Be careful though. Eq. (2-17) places our sampling 
rate at the boundary between a white and shaded area of Figure 2-12, and 
we have to consider the guard band strategy discussed above.) To recap 
the bandpass signal example, sampling at 11 .25 MHz, from Eq. (2-17), 
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Spectral Inversion in Bandpass Sampling 45 

avoids aliasing and inverts the spectrum, while sampling at 17.5 MHz, 
from Eq. (2-14), avoids aliasing with no spectral inversion. 

Now here's some good news. With a little additional digital process­
ing, we can sample at 11.25 MHz, with its spectral inversion and easily 
reinvert the spectrum back to its original orientation. The discrete spec­
trum of any digital signal can be inverted by multiplying the signal's dis­
crete-time samples by a sequence of alternating plus ones and minus 
ones (1, -1, 1, -1, etc.), indicated in the literature by the succinct expres­
sion (-1)". This scheme allows bandpass sampling at the lower rate of Eq. 
(2-17) while correcting for spectral; inversion, thus avoiding the necessity 
of using the higher sample rates from Eq. (2-14). Although multiplying 
time samples by (-1) 11 is explored in detail .in Section 10.1, all we need to 
remember at this point is the simple rule that multiplication of real sig­
nal samples by (-1? is equivalent to multiplying by a .cosine whose fre­
quency is fs/2. In the frequency domain, this multiplication flips the pos­
itive frequency band of interest, from zero to +J/2 Hz, about fs/ 4 Hz, and 
flips the negative frequency band of interest, from -f/ 2 to zero Hz, about 
-fs/4 Hz as shown in Figure 2-17. The (-1)11 sequence is not only used for 
inverting the spectra of bandpass sampled sequences; it can be used to 
invert the spectra of low-pr1ss sampled signals. Be aware, however, that, 
in the low-pass sampling case, any DC (zero Hz) component in the orig­
inal continuous signal will be translated to both +f/2 and -f/2 after 
multiplication by (-1)". 

Band of Band of 
interest 

I< 
jnter~st 

> 

~ (a) 

. 
. 

-v2 -f/4 0 (
5

/4 /
5

/2 Freq 

(b) 

Figure 2-17 Spectral inversion through multiplication by (-1 r ( a) original spectrum 
of a time-domain sequence; (b) new spectrum of the product of 
original time sequence and the (- l)n sequence. 
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~ 
~ B -----+I 

i 

~ I ~ /".:,,, // 
► 

-fc 0 t fc 1 Freq 
fc- B/2 fc+ B/2 

Figure 2-18 Continuous signal spectrum where bandpass sampling is not 
possible because fc - 8/2 < B. 

Now that we have an understanding of bandpass sampling, we'd bet­
ter remind ourselves of the situation where bandpass sampling is not pos­
sible. If a continuous bandpass signal's lowest frequency component is 
less than the bandwidth, we can't use bandpass sampling. This condition 
is shown in Figure 2-18 wherefc- B/2 < B. There's no way to squeeze any 
spectral replications betweenfc - B/2 and zero Hz with bandpass sam­
pling. In this case, we'd have to low-pass sample the signal in Figure 2-17 
at a rate of at least twice the highest frequency component, or 
fs ;::: 2lfc + B /2). 

We conclude this topic by consolidating in Table 2-2 what we need to 
know about bandpass sampling. 

Table 2-2 Bandpass Sampling Relationships 

Requirement 

Acceptable ranges of 
fs for bandpass sam­
pling: Eq. (2-10) 

Sample rate in the 
middle of the accept­
able sample rate 
bands: Eq. (2-12) 

Sample rate at an 
intermediate point in 
the acceptable sample 
rate bands: Eq. (2-13) 

Optimum sample rate 
to avoid spectral 
inversion: Eq. (2-14) 

Absolute minimum/, 
to avoid aliasing: Eq. 
(2-17) 

Sample Rate Expression 

2.fc-B '?.fs '?. 2/c +B 
111 m+l 

.fs =fc - B/ 2+.fc+B / 2 
'"" 111 m+l 

f = 2fc -B 
so 111even 

Conditions 

111 = any positive integer so 
that f, ;;: 2B. 

m = any positive integer so 
that J,cntr ~ 2B. 

modd = any positive odd 
integer so that/, ~ 2B . 
(Spectral inversi~n occurs 
when modd = 3, 7, 11, etc.) 

meven = any even positive 
integer so that f,

0 
~ 2B. 

where 
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= CHAPTER THREE 

The Discrete Fourier 
Transform 

The discrete Fourier transform (DFT) is one of the two most common, and 
powerful, procedures encountered in the field of digital signal processing. 
(Digital filtering is the other.) The DFT enables us to analyze, manipulate, 
and synthesize signals in ways not possible with continuous (analog) signal 
processing. Even though it's now used in almost every field of engineering, 
we'll see applications for DFT continue to flourish as its utility becomes 
more widely understood. Because of this, a solid understanding of the DFT 
is mandatory for anyone working in the field of digital signal processing. 

The DFT is a mathematical procedure used to determine the harmonic, 
or frequency, content of a discrete signal sequence. Although, for our pur­
poses, a discrete signal sequence is a set of values obtained by periodic 
sampling of r1 continuous signal in. the time domain, we'll find that the 
DFT is useful in analyzing any discrete sequence regardless of what that 
sequence actually represents. The DFT's origin, of course, is the continu­
ous Fourier transform X(f) defined as 

.. 
X(J) = J x(t)e-jZrrftdt, (3-1) 

where x(t) is some continuous time-domain signaP 
In the field of continuous signal processing, Eq. (3-1) is used to transform 

an expression of a continuous time-domain function x(t) into a continuous 
frequency-domain function X(J) . Subsequent evaluation of the X(J) expres­
sion enables us to determirn~ the frequency content of any practical signal 
of interest and opens up a wide array of signal analysis and processing 

t Fourier is pronounced 'for-ya . In engineering school, we called Eq. (3-1) the "four-year" 
transform because it took about four years to do one homework problem. 

49 

Meta Platforms, Inc. - Exhibit 1012 
Page 63 of 534



50 The Discrete Fourier Transform 

possibilities in the fields of engineering and physics. One could argue that 
the Fourier transform is the most dominant and widespread mathematical 
mechanism available for the analysis of physical systems. (A prominent 
quote from Lord Kelvin better states this sentiment: "Fourier's theorem is 
not only one of the most beautiful results of modern analysis, but it may be 
said to furnish an indispensable instrument in the treatment of nearly every 
recondite question in modem physics.'' By the way, the history of Fourier's 
original work in harmonic analysis, relating to the problem of heat conduc­
tion, is fascinating. References [1] and [2] are good places to start for those 
interested in the subject.) 

With the advent of the digital computer, the efforts of early digital pro­
cessing pioneers led to the development of the DFT defined as the discrete 
frequency-domain sequence X(m), where 

DFT equation 
(exponential form): ➔ 

N-1 

X(m) = L,X(n)e-j2rrnm/N 

n=O 

(3-2) 

For our discussion of Eq. (3-2), x(n) is a discrete sequence of time-domain 
sampled values of the continuous variable x(t). The "e" in Eq. (3-2) is, of 
course, the base of natural logarithms and j = H. 

3. 1 Understanding the DFT Equation 

Equation (3-2) has a tangled, almost unfriendly, look about it. Not to worry. 
After studying this chapter, Eq. (3-2) will become one of our most familiar 
and powerful tools in understanding digital signal processing. Let's get 
started by expressing Eq. (3-2) in a different way and examining it care­
fully. From Euler's relationship g-je = cos(0)-jsin.(0); Eq. (3-2) is equivalent to 

DTT equation N-1 

(rectangularform): ➔ X(m)= I,x(n)[cos(2rrnm/N)-jsin(2rmm/N)]. (3-3) 
ll=O 

We have separated the complex exponential of Eq. (3-2) into its real and 
imaginary components where 

X(m) = the mth DFT output component, i.e., X(0), X(l), X(2), X(3), etc., 

m = the index of the DFT output in the frequency domain, 
m = 0, 1, 2, 3, . .. , N-1, 

x(n) = the sequence of input samples, x(0), x(l), x(2), x(3), etc., 
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Understanding the OFT Equation 51 

n == the time-domain index of the input samples, n == 0, 1, 2, 3, ... , N-1, 

j == H, and 

N == the number of samples of the input sequence and the number of 
frequency points in the DFT output. 

Although it looks more complicated than Eq. (3-2), Eq. (3-3) turns out 
to be easier to understand. (If you're not too comfortable with it, don't let 
the j == ..J=i. concept bother you too much. It's merely a convenient 
abstraction that helps "us compare the phase relationship between vari­
ous sinusoidal components of a signal. Appendix C discusses the j oper­
ator in some detail.)t The indices for the input samples (n) and the DFT 
output samples (m) always go from Oto N-1 in the standard DFT nota­
tion. This means that with N input time-domain sample values, the DFT 
determines the spectral content of the input at N equally spaced fre­
quency points. The value N is an important paramPter because it deter­
mines how many input samples are needed, the resolution of the 
frequency-domain results, and the amount of processing time necessary 
to calculate an N-point DFT. 

It's useful to see thP stm,h.ire of Eq. (3-3) by eliminating the summation 
and writing out all the terms. For example, when N == 4, n and m both go 
from O to 3, and Eq. (3-3) becomes 

3 ; 

X(m) == Lx(n)[cos(2nnm/ 4)- jsin(27rnm/ 4)] (3-4a) 
n=O 

Writing out all the terms for the first DFT output term corresponding to 
m == 0, 

X(O) == x(O) cos(27t · 0 · 0 / 4) - jx(O) sin(2n • 0 · 0 / 4) 

+ x(l) cos(21t · 1 · 0 / 4) - jx(l) sin(21t · 1 · 0 / 4) 

+ x(2) cos(21t • 2 · 0 / 4)- jx(2) sin(27t • 2 • 0 / 4) 

+ x(3) cos(27t • 3 · 0 / 4)- jx(3) sin(27t • 3 • 0 / 4). (3-4b) 

For the second DFT output term corresponding to m == 1, Eq. (3-4a) 
becomes 

+ Instead of the letter j, be aware that mathematicians often use the letter i to represent the 
H operator. 
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X(l) = x(O) cos(2n · 0 · 1 / 4) - jx(O) sin(2n • 0 · 1 / 4) 

+ x(l) cos(2n · 1 · 1 / 4) - jx(l) sin(2n • l · 1 / 4) 

+ x(2) cos(2n · 2 • 1 / 4) - jx(2) sin(2n · 2 • 1 / 4) 

+ x(3) cos(2n · 3 · 1 / 4) - jx(3) sin(2n · 3 • 1 / 4). (3-4c) '· 

For the third output term corresponding to m = 2, Eq. (3-4a) becomes 

X(2) = x(O) cos(2n · 0 · 2 I 4)- jx(O) sin(2n · 0 · 2 / 4) 

+ x(l) cos(2n · 1 · 2 / 4) - jx(l) sin(2n • 1 · 2 / 4) 

+ x(2) cos(2nv2 · 2 I 4) - jx(2) sin(2n · 2 · 2 / 4) 

+ x(3) cos(2n · 3 · 2 I 4) - jx(3) sin(2n • 3 · 2 / 4) . (3-4d) 

Finally, for the fourth and last output term corresponding to 111 = 3, Eq. 
(3-4a) becomes 

X(3) = x(0) cos(2n · 0 · 3 I 4)- jx(O) sin(2n · 0 · 3 / 4) 

+ x(l) cos(2n · 1 · 3 / 4)- jx(l) sin(2n · 1 · 3 / 4) 

+ x(2) cos(2n · 2 · 3 I 4) - jx(2) sin(2n • 2 · 3 / 4) 

+ x(3) cos(2n · 3 · 3 I 4) - jx(3) sin(2n • 3 · 3 / 4). (3-4e) 

The above multiplication symbol"·" in Eq. (3-4) is used merely to separate 
the factors in the sine and cosine terms. The pattem in Eq. (3-4b) through 
(3-4e) is apparent now, and we can certainly see why it's convenient to use 

the summation sign in Eq. (3-3). Each X(m) OFT output term is the sum of 
the point for point product between an input sequence of signal values and 
a complex sinusoid of the form cos(0) -jsin(0). The exact .frequencies of the 
different sinusoids depend on both the sampling ratefs at which the orig­
inal signal was sampled, and the number of samples N. For example, if we 
are sampling a continuous signal at a rate of 500 amples / s and, then, per­
form a 16-point DFT on the sampled data, -the fundamental frequency of 
the sinusoids is fs/N = 500/16 or 31.25 Hz. The other X(m) analysis fre­
quencies are integral multiples of the fundamental frequency, i.e., 

rX(O) = 1st frequency term, with analysis frequency = 0 · 31.25 = 0 Hz, 

X(l) = 2nd frequency term, with analysis frequency= 1 · 31.25 = 31.25 Hz, 

X(2) = 3rd frequency term, with analysis frequency= 2 · 31.25 = 62.5 Hz, 

X(3) = 4th frequency term, with analysis frequency= 3 · 31.25 = 93.75 Hz, 

X(l5) = 16th frequency term, with analysis frequency= 15 · 31.25 = 468.75 Hz. 
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Imaginary axis (j) 

0 

0 

-· '°""~ This point represeq!s the 
complex number 
X(m) = X,ea1(m) + jXimag (m). 

X,eal(m) Real axis 

Figure 3-1 Trigonometric relationships of an individual DFT X(m) complex 
output value. 

The N separate DFT analysis frequencies are 

mfs 
fanalysis(m) = N · (3-5) 

So, in this example, the X(O) DFT term tells us the magnitude of any 0-Hz 
("DC") component contained in the input signal, the X(l) term specifies 
the magnitude of ,my '.11.25-Hz component in the input signal, and the 
X(2) term indicates the magnitude of any 62.5-Hz component in the input 
signal, etc. Moreover, as we'll soon show by example, the DFT output 
terms also determine the phase relation$hip between the various analysis 
frequencies contained in an input signal: 

Quile oflen we're interested in both the magnitude and the power 
(magnitude squared) contained in each X(m) term, and the standard def­
initions for right triangles apply here as depicted in Figure 3-1. 

If we represent an arbitrary DFT output value, X(m), by its real and 
imaginary parts 

X(m) = xreal (m) + jXimag(m) = xmag(m) at an angle of X0(m) I (3-6) 

the magnitude of X(m) is 

(3-7) 

By definition, the phase angle of X(m), X
0 

(m), is 

(3-8) 
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The power of X(m), referred to as the power spectrum, is the magnitude 
squared where 

(3-9) 

3.1 .1 DFT Example l 

The above Eqs. (3-2) and (3-3) will become more meaningful by way of an 
example, so, let's go through a simple one step-by-step. Let's say we want 
to sample and perform an 8-point DFT on a continuous input signal con­
taining components at 1 kHz and 2 kHz, expressed as 

xin(t) == sin(2n·l000-t) + 0.5sin(2n·2000-t+3n/4). (3-10) 

To make our example input signal xin(t) a little more interesting, we have 
the 2-kHz term shifted in phase by 135° (3n/ 4 radians) relative to the 1-kHz 
sinewave. With a sampl~ rate of f

5
, we sample the input every 1 / fs == t

5 
sec­

onds. Because N == 8, we need 8 input sample values on which to perform 
the DFT. So the 8-element sequence x(n) is equal to xin(t) sampled at the nt

5 

instants in time so that 

If we choose to sample xin(t) at a rate offs== 8000 samples/ s from Eq. (3-5), 
our DFT results will indicate what signal amplitude exists in x(n) at the 
analysis frequencies of mf/N, or 0 kHz, 1 kHz, 2 kHz, ... , 7 kHz. With 
fs == 8000 samples/s, our eight x(n) samples are 

x(O) == 0.3535, x(l) == 0.3535, 

x(2) == 0.6464, x(3) == 1.0607, 

x(4) == 0.3535, x(5) == ~l.0607, 

x(6) == -1.3535, x(7) == -0.3535 . (3-11 ') 

These x(n) sample values are the dots plotted on the solid continuous 
x. (t) curve in Figure 3-2(a). (Note that the sum of the sinusoidal terms in m 
Eq. (3-10), shown as the dashed curves in Figure 3-2(a), is equal to xin(t).) 

Now we're ready to apply Eq. (3-3) to determine the DFT of our x(n) 
input. We'll start with 111 == l because them == 0 case leads to a special result 
that we'll discuss shortly. So, form== l, or the 1-kHz (mf/N == 1-8000/8) 
DFT frequency term, Eq. (3-3) for this example becomes 
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7 

X(l) = L x(n) cos(2rrn / 8) - jx(n) sin(21tn / 8) (3-12) 
11=0 

Next we multiply x(n) by successive points on the cosine and sine curves 
of the first analysis frequency that have a single cycle over our 8 input 
samples. In our example, for m = l, we'll sum the products of the x(n) 
sequence with a I-kHz cosine wave and a I-kHz sinewave evaluated at 
the angular values of 21tn/8. Those analysis sinusoids are shown as the 
dashed curves in Figure 3-2(b). Notice how the cosine and sinewaves 
have m = 1 complete cycles in our sample interval. 

Substituting our x(n) sample values into Eq. (3-12) and listing the 
cosine terms in the left column and the sine terms in the right column, 
we have 

X(l) = 0.3535 · 1.0 
+ 0.3535 · 0.707 
+ 0.6464 · 0.0 
+ 1.0607 · -0.707 
+ 0.3535 · -1.0 
- 1.0607 · -0.707 
- 1.3535 · 0.0 
- 0.3535 · 0.707 

= 0.3535 
+ 0.250 
+ 0.0 
- 0.750 
+ 0.3535 
+ 0.750 
+ 0.0 
- 0.250 

- j(0.3535 · 0.0) f- this is the 11 = 0 term 

- j(0.3535 · 0.707) f- this is the 11 = 1 term 

- j(0.6464 · 1.0) f- this is the 11 = 2 term 

- j(l.0607 · 0.707) 
- j(0.3535 · 0.0) 
- j(-1.0607 · -0.707) 
- j(-1.3535 · -1.0) 
- j(-0.3535 · -0.707) f- this is the 11 = 7 term 

+ j0.0 
- j0.250 
- j0.6464 
- j0 .750 
-j0.0 
- j0.750 
- jl.3535 
- j0.250 

= 0.0 - j4.0 = 4 L -90°. 

So we now see that the input x(n) contains a signal component at a fre­
quency of 1 kHz. Using Eq. (3-7), Eq. (3-8), and Eq. (3-9) for our X(l) 
result, Xmail) = 4, Xps(l) = 16, and X(l)'s phase angle relative to a I-kHz 
cosine is X..,(1) = -90° . 

For them= 2 frequency term, we correlate x(n) with a 2-kHz cosine wave 
and a 2-kHz sinewave. These waves are the dashed curves in Figure 3-2(c). 
Notice here that the cosine and sinewaves have m = 2 complete cycles in our 
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(a) 

(b) 

(c) 
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Figure 3·2 DFT Example l : (a) the input signal; (b) the input signal and them= l 
sinusoids; (c) the input signal and them= 2 sinusoids; (d) the input-signal 
and the m = 3 sinusoids. 
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sample interval in Figure 3-2(c). Substituting our x(n) sample values in Eq. 
(3-3), for m = 2, gives 

X(2) = 0.3535 · 1.0 
+ 0.3535 · 0.0 
+ 0.6464 · - 1.0 
+ 1.0607 · 0.0 
+ 0.3535 · 1.0 
-1.0607 · 0.0 
-1.3535 · - 1.0· 
-0.3535 · 0.0 

0.3535 
+ 0.0 
+ 0.6464 
- 0.0 
+ 0.3535 
+ 0.0 
+ 1.3535 
- 0.0 

- j(0.3535 · 0.0) 
- j(0.3535 · 1.0) 
- j(0.6464 · 0.0) 
- j(l.0607 · - 1.0) 
- j(0.3535 · 0.0) 
- j(-1.0607 · 1.0) 
- j(-1.3535 · 0.0) 
-J(-0.3535 · -1.0) 

+ j0.0 
-.j0.3535 
-jO.0 
+ jl.0607 
-j0.0 
+ jl.0607 
- j0.0 
- j0.3535 

1.414 + jl.414 = 2 L. 45°. 

Here our input x(n) contains a signal at<) frequency of 2 kHz whose rela­
tive amplitude is 2, and whose phase angle relative to a 2-kHz cosine is 
45°. For them= 3 frequency term, we correlate x(n) with a 3-kHz cosine 
wave and a 3-kHz sinewave. These waves are the dashed curves in Figure 
3-2(d). Again, see how the cosine and sine"Y'aves have m = 3 complete 
cycles in our sc1mple intervc1l in Fig1ire 3-2(d).:S11hstit11ting om x(n) s;im­
ple values in Eq. (3-3) for m = 3, gives 

X(3) = 0.3535 · 1.0 
+ 0.3535 · -0.707 
+ 0.6464 · 0.0 
+ 1.0607 · 0.707 
+ 0.3535 · -1.0 
-1.0607 · 0.707 
- 1.3535 · 0.0 
- 0.3535 · -0.707 

- j(0.3535 · 0.0) 
- j(0.3535 · 0.707) 
- j(0.6464 · - 1.0) 
- j(l.0607 · 0.707) 
- j(0.3535 · 0.0) 
- j(-1.0607 · -0.707) 
- j(-1.3535 · 1.0) 
- j(-0.3535 · -0.707) 
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= 0.3535 
-0.250 
+ 0.0 
+ 0.750 
- 0.3535 
- 0.750 
+ 0.0 
+ 0.250 

+ j0.0 
- j0 .250 
+ j0.6464 
- j0.750 
-j0.0 
- j0 .750 
+ jl.3535 
- j0.250 

= 0.0 - jO.O = 0 L 0°. 

Our DFT indicates that x(n) contained no signal at a frequency of 3 kHz. 
Let's continue our DFT for them= 4 frequency term using the sinusoids 
in Figure 3-3(a). 

So Eq. (3-3) is 

X(4) = 0.3535 · 1.0 
+ 0.3535 · - 1.0 
+ 0.6464 · 1.0 
+ 1.0607 · - 1.0 
+ 0.3535 · 1.0 
- 1.0607 · - 1.0 
-1.3535 · 1.0 
- 0.3535 · -1.0 

= 0.3535 
- 0.3535 
+ 0.6464 
-1.0607 
+ 0.3535 
+ 1.0607 
-1.3535 
+ 0.3535 

- j(0.3535 · 0.0) 
- j(0.3535 · 0.0) 
- j(0.6464 · 0.0) 
- j(l.0607 · 0.0) 
- j(0.3535 · 0.0) 
- j(-1.0607 · 0.0) 
- j(-1.3535 · 0.0) 
- j(-0.3535 · 0.0) 

-j0.0 
-j0.0 
-j0.0 
-j0.0 
-j0.0 
-j0.0 
-j0.0 
·-j0.0 

0.0 - j0.0 = 0 L 0°. 

Our DFT for the m = 5 frequency term using the sinusoids in Figure 3-3(6) 
yields 

X(5) = 0.3535 · 1.0 
+ 0.3535 · -0.707 
+ 0.6464 · 0.0 
+ 1.0607 · 0.707 

- j(0.3535 · 0.0) 
- j(0.3535 · -0.707) 
- j(0.6464 · 1.0) 
- j(l.0607 · -0.707) 
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Figure 3-3 OFT Example l: (a) the Input signal and the m = 4 sinusoids; (b) the input 
and them= 5 sinusoids; (c) the input and them= 6 sinusoids; (d) the 
input and the m = 7 sinusoids. 
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+ 0.3535 · -1.0 
- 1.0607 · 0.707 
- 1.3535 · 0.0 
- 0.3535 · -0.707 

= 0.3535 
- 0.250 
+ 0.0 
+ 0.750 
- 0.3535 
- 0.750 
+ 0.0 
+ 0.250 

- j(0.3535 · 0.0) 
- j (-1.0607 · 0.707) 
- j(-1.3535 · -1.0) 
- j(-0.3535 · 0.707) 

-j0.0 
+ j0.250 
- j0.6464 
+ j0.750 
-j0.0 
+ j0.750 
- jl.3535 
+ j0.250 

- 0.0 - j .0 = 0 L0°. 

For them= 6 frequency term using the sinusoids in Figure 3-3(c), Eq. (3-3) is 

X(6) =0.3535 · 1.0"" 
+ 0.3535 · 0.0 
+ 0.6464 · - 1.0 
+ 1.0607 · 0.0 
+ 0.3535 · 1.0 
- 1.0607 · 0.0 
-1.3535 · -1.0 
- 0.3535 · 0.0 

= 0.3535 
+ 0.0 
- 0.6464 
+ 0.0 
+ 0.3535 
+ 0.0 
+ 1.3535 
+ 0.0 

- j(0.3535 · 0.0) 
- j(0.3535 · - 1.0) 
- j(0.6464 · 0.0) 
- j(l.0607 · 1.0) 
- j(0.3535 · 0.0) 
- j(-1.0607 · -1.0) 
- j(-1.3535 · 0.0) 
- j(-0.3535 · 1.0) 

-j0.0 
+ j0.3535 
-j0.0 
- jl.0607 
-j0.0 
-jl.0607 
- j0.0 • 
+ j0 .3535 

= 1.414 - jl.414 = 2 L -45°. 

For them= 7 frequency term using the sinusoids in Figure 3-3(d), Eq. (3-3) 
is 

X(7) = 0.3535 · 1.0 
+ 0.3535 · 0.707 
+ 0.6464 · 0.0 
+ 1.0607 · -0.707 

- j(0.3535 · 0.0) 
- j(0.3535 · -0.707) 
- j(0.6464 · - 1.0) 
- j(l.0607 · -0.707) 
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+ 0.3535 · - 1.0 
- 1.0607 · -0.707 
- 1.3535 · 0.0 
- 0.3535 · 0.707 

0.3535 
+ 0.250 
+ 0.0 
- 0.750 
- 0:'3535 
+ 0.750 
+ 0.0 
- 0.250 

- j(0.3535 · 0.0) 
- j(-1.0607 · 0.707) 
- j(-1.3535 · 1.0) 
- j(-0.3535 · 0.707) 

+ j0.0 
+ j0.250 
+ j0.6464 
+ j0.750 
-j0.0 
+ j0.750 
+ jl.3535 
+ j0.250 

0.0 + j4.0 = 4 L 90°. 

If we plot the X(m) output magnitudes as a function of frequency, we get 
the magnitude spectrum of the x(n) input sequence, shown in Figure 3-4(a). 
The phase angles of the X(m) output terms are depicted in Figure 3-4(b). 

Hang in there, we're almost finished with our example. We've saved 
the calculation of the m = 0 frequency term to the end because it has a spe­
cial significance. When m = 0, we correlate x(n) with cos(0) - jsin(0) so that 
Eq. (3-3) becomes 

N-1 

X(0)= Lx(n)[cos(O)-jsin(O)]. (3-13) 
n=O 

4 • 

3 
• 
! 

2 I ■ ~ 
1 I ! 

Example 1: Magnitude of X(m) 

(a) o --o -1>-----1-2-~-=- ~-+----<I---~ 
6 7 

(kHz) 

I 
Example 1: Phase of X(m) 1n degrees, X 0 (m) 

00 • 

' 45 1 ■ 6 
(b) O I I It •-• I I ., 

--45 ± 2 3 4 5 ■ 7 (k~z) 

-90 • 

, I 

1.5 ■ ■ 

1 

0,5 f 

Example 1: Real part of X(m) 

(c) o 1t-1t--l--1t-l!-'I--L-1t-­
m 

0 1 2 3 4 5 6 7 (kHz) 

4 

l Example 1: Imaginary part of X(m) 

i 2 1 • 6 

(u)-20 !•~;-:-!'-+• -+--Im► 
· j " 7 

(kHz) 

--4 • 

Figure 3-4 DFT results from Example l: (a) magnitude of X(m); (b) phase of X(m); 
(c) real part of X(m); (d) imaginary part of X(m). 
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Because cos(0) = 1, and sin(0) = 0, 

N-1 

X(0) = L, x(n) . 
11=0 

We can see that Eq. (3-13') is the sum of the x(n) samples. This sum is, of 
course, proportional to the average of x(n). (Specifically, X(0) is equal to N 
times x(n)'s average value). This makes sense because the X(O) frequency 
term is the nontime-varying (DC) component of x(n). If X(0) were nonzero, 
this would tell us that the x(n) sequence is riding on a DC bias and has some 
nonzero average value. For our specific example input from Eq. (3-10), the 
sum, however, is zero. The input sequence has no DC component, so we 
know that X(0) will be zero. But let's not be lazy-we'll calculate X(0) any­
way just to be sure. Evaluating Eq. (3-3) or Eq. (3-13') for 111 = 0, we see that 

X(0) = 0.3535 · 1.0 
+ 0.3535 · 1.0 
+ 0.6464 · 1.0 
+ 1.0607 · 1.0 
+ 0.3535 · 1.0 
-1.0607 · 1.0 
-1.3535 · 1.0 
-0.3535 · 1.0 

X(0)= 0.3535 
+ 0.3535 
+ 0.6464 
+ 1.0607 
+ 0.3535 
- 1.0607 
-1.3535 
- 0.3535 

- j(0.3535 · 0.0) 
- j(0 .3535 · 0.0) 
- j(0.6464 · 0.0) 
- j(l.0607 · 0.0) 
- j(0.3535 · 0.0) 
- j(-1.0607 · 0.0) 
- j(-1.3535 · 0.0) 
- j(-0.3535 · 0.0) 

- j0.0 
-j0.0 
- j0.0 
-j0.0 
- j0.0 
-j0.0 
-j0.0 
-j0.0 

= 0.0 - jO.O = 0 L 0°. 

So our x(n) had no DC component, and, thus, its average value is zero. 
Notice that Figure 3-4 indicates that xin(t), from Eq. (3-10), has signal 
components at 1 kHz (m = 1) and 2 kHz (m = 2). Moreover, the 1-kHz tone 
has a magnitude twice that of the 2-kHz tone. The DFT results depicted in 
Figure 3-4 tell us exactly what's the spectral content of the signal defined 
by Eqs. (3-10) and (3-11). 
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The perceptive reader should be asking two questions at this point. First, 
what do those nonzero magnitude values at m = 6 and m = 7 in Figure 3-4(a) 
mean? Also, why do the magnitudes seem four times larger than we would 
expect? We'll answer those good questions shortly. The above 8-point OFT 
example, although admittedly simple, illustrates two very important char­
acteristics of the OFT that we should never forget. First, any individual X(m) 

output value is nothing more than the sum of the term-by-term products, a 
correlation, of an input signal sample sequence with a cosine and a sinewave 
whose frequencies are .m complete cycles in the total sample interval of N 
samples. This is true no matter what the fs sample rate is and no matter how 
large N is in an N-point OFT. The second important characteristic of the OFT 
of real input samples is the symmetry of the OFT output terms. 

3.2 DFT Symmetry 

Looking at Figure 3-4(a) again, there is an obvious symmetry in the OFT 
results. Although the standard OFT is designed to accept complex input 
sequences, most physical OFT inputs (such as digitized values of some 
continuous signal) are referred to as real, that is, real inputs have nonzero 
real sample values, and the imaginary sample values are assumed to be 
zero. When the input sequence x(n) is real, as it will be for all of our exam­
ples, the complex OFT outputs for m = 0 to m = (N /2) - 1 are redundant 
with frequency output values for m > (N /2). The mth OFT output will 
have the same magnitude as the (N-m)th:DFT output. The phase angle of 
the OFT's mth output is the negative of the phase angle of the (N-m)th 
DFT output. So the mth and (N-m)th outputs are related by the following: 

X(m) =I X(m) I at X0 (m) degrees 

=I X(N -m) I at -X0 (N -m) degrees . (3-14) 

We can state that when the OFT input sequence is real, X(m) is the com­
plex conjugate of X(N-m), or 

X(m) = x'(N - m) t (3-14') 

where the superscript * symbol denot~s conjugation. 

+ Using our notation, the complex conjugate of x = a + jb is defined as x• = a - jb; that is, we 
merely change the sign of the imaginary part of x. In an equivalent form, if x = ef0 , then x• = e-j0 _ 
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In our example above, notice in Figures 3-3(b) and 3-3(d), that X(5), 
X(6), and X(7) are the complex conjugates of X(3), X(2), and X(l), respec­
tively. Like the OFf's magnitude symmetry, the real part of X(m) has what 
is called even symmetry, as shown in Figure 3-4(c), while the DFf's imagi­
nary part has odd symmetry, as shown in Figure 3-4(d). This relationship is 
what is meant when the OFT is called conjugate symmetric in the litera­
ture. It means that, if we perform an N-point OFT on a real input sequence, 
we'll get N separate complex OFT output terms, but only the first N /2 
terms are independent. So to obtain the OFT of x(n), we need only compute 
the first N /2 values of X(m) where O::; m::;; (N/2)-1; the X(N/2) to X(N-1) 
OFT output terms provide no additional information about the spectrum 
of the real sequence x(n). 

Although Eqs. (3-2) and (3-3) are equivalent, expressing the OFT in the 
exponential form of Eq. (3-2) has a terrific advantage over the form of Eq. 
(3-3). Not only does Eq. (3-2) save pen and paper, Eq. (3-2)'s exponentials 
are so much easier to manipulate when we're trying to analyze OFr rela­
tionships. Using Eq. (3-2), products of terms become the addition of expo­
nents and, with due; respect to Euler, we don't have all those 
trigonometric relationships to memorize. Let's demonstrate this by prov­
ing Eq. (3-14) to show the symmetry of the OFT of real input sequences. 
Substituting N-m form in Eq. (3-2), we get the expression for the (N-m)th 
component of the OFT: 

N-1 N-1 
X(N _ m) == I,x(n)e-j2nn(N-m)! N == L x(n)e-j2nnN / N e-j2nn(-m)/ N 

n=O n=O 

N-1 

== L x( n )e-j21tn ei21tnm / N . (3-15) 
n=O 

Because e-j2nn == cos(2nn) -jsin(2nn) == 1 fo: all integer values of n, 

N-1 

X(N-m)== I,x(n)ei2nnm/N. (3-15') 
n=O 

We see that X(N-m) in Eq. (3-15') is merely X(m) in Eq. (3-2) with the sign 
reversed on X(m)'s exponent-and that's the definition of the complex 
conjugate. This is illustrated by the DFT output phase-angle plot in 
Figure 3-4(b) for our OFT Example l. Try deriving Eq. (3-15') using the 
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cosines and sines of Eq. (3-3), and you'll see why the exponential form of 
the DFT is so convenient for analytical purposes. 

There's an additional symmetry property of the DFJ that deserves 
mention at this point. In practice, we're occasionally required to deter­
mine the DFT of real input functions where the input index n is defined 
over both positive and negative values. If that real input function is even, 
then X(m) is always real and even; that is, if the real x(n) = x(-n), then, 
Xre31 (m) is in general nonzero and Ximag(m) is zero. Conversely, if the real 
input function is odd, x(n) = -x(-n), then Xreal(m) is always zero and 
Xi[l1a/m.) is, in general, nonzero. This characteristic of input function sym­
metry is a property that the DFT shares with the continuous Fourier trans­
form, and (don't worry) we'll cover specific examples of it later in Section 
3.13 and in Chapter 5. 

3.3 DFT Linearity 

The DFT has a very important property known as linearity. This property 
states that the DFT of the sum of two signals is equal to the sum of the 
transforms of each signal; that is, if an input sequence x1(n) has a DFT 
X1 (m) and another input sequence x2(n) has a DFT Xi(m), then the DFT of 
the sum of these sequences x

5
um(n) = xi(n). + xi(n) is 

(3-16) 

This is certainly easy enough to prove. If we plug xsum(n) into Eq. (3-2) to 
get Xsum(m), then 

N-1 

xsum (m) = l [x1 (n) + X2 (n)]e-i21tnm / N 
n=O 

N-1 N-1 

= LX1(n)e-j21tnm/N + LX2(n)e-j21tnm/N =X1(m)+X2(m) . 

n=O n=O 

Without this property of linearity, the DFT would be useless as an analy­
tical tool because we could transform only those input signals that contain 
a single sinewave. The real-world signals that we want to analyze are much 
more complicated than a single sinewave. 
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3.4 DFT Magnitudes 

The DFT Example 1 results of I X(l) I = 4 and I X(2) I = 2 may puzzle the 
reader because our input x(n) signal, from Eq. (3-11), had peak amplitudes 
of 1.0 and 0.5, respectively. There's an important point to keep in mind 
regarding OFTs defined by Eq. (3-2). When a real input signal contains a 
sinewave component of peak amplitude A

0 
with an integral number of 

cycles over N input samples, the output magnitude of the DFT for that 
particular sinewave is Mr where 

(3-17) 

If the OFT input is a complex sinusoid of magnitude A
0 

(i.e., A
0
ei21tft) with 

an integral number of cycles over N samples, the output magnitude of the 
DFT is Mc where 

(3-17') 

As stated in relation to Eq. (3-13'), if the DFT input was riding on a DC 
value equal to D

0
, the magnitude of the OFT's X(O) output will be D

0
N. 

Looking at the real input case for the 1000 Hz component of Eq. (3-11), 
A

0 
= l and N = 8, so that Mreal = 1- 8 /2 = 4, as our example shows. Equation 

(3-17) may not be so important when we're using software or floating­
point hardware to perform OFTs, but if we're implementing the OFT with 
fixed-point hardware, we have to be aware that the output can be as large 
as N /2 times the peak value of the input. This means that, for real inputs, 
hardware memory registers must be able to hold values as large as N /2 
times the maximum amplitude of the input sample values. We discuss 
DFT output magnitudes in further detail later in this chapter. The OFT 
magnitude expressions in Eqs. (3-17) arid (3-17') are why we occasionally 
see the OFT defined in the literature as 

N-1 

X' (m) = ~ Lx(n)e-j2rcnm!N _ 
11=0 

(3-18) 

The 1/N scale factor in Eq. (3-18) makes the amplitudes of X'(m) equal 
to half the time-domain input sinusoid's peak value at the expense 
of the additional division by N computation. Thus, hardware or soft­
ware implementations of the OFT typically use Eq. (3-2) as opposed to 
Eq. (3-18). Of course, there are always exceptions. There are commercial 
software packages using 

I 
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and 
N-1 

x(n) = _l_ L X" (m)ej2nnm / N 

-JN n:0 

(3-18') 

for the forward and inverse DFTs. (In Section 3.7, we discuss the mean­
ing and significance ofthe inverse DFT.) The 1/ ✓N scale factors in Eqs. 
(3-18') seem a little strange, but they're used so that there's no scale 
change when transforming in either direction. When analyzing signal 
spectra in practice, we're normally more interested in the relative magni­
tudes rather than absolute magnitudes of the individual DFT outputs, so 
scaling factors aren't usually that important to us. 

3.5 DFT Frequency Axis 

The frequency axis m of the DFT result in Figure 3-4 deserves our attention 
once again. Suppose we hadn't previously seen our DFT Example 1, wen~ 
given the eight input sample values, from Eq. (3-11'), and asked to perform 
an 8-point DFT on them. We'd grind through Eq. (3-2) and get the X(m) val­
ues shown in Figure 3-4. Next we ask, "What's the frequency of the highest 
magnitude component in X(m) in Hz?" Th~ answer is not "l." The answer 
depends on U1e origirn1.l sample rate f

5
• Without prior knowledge, we have no 

idea over what time interval the samples were taken, so we don't know the 
absolute scale of the X(m) frequency axis. The correct answer to the question 
is to take fs and plug it into Eq. (3-5) with m = 1. Thus, itfs = 8000 samples/s, 
then, the frequency associated with the largest OFT magnitude term is 

mfs 1-8000 
fanalysis(m) = N = fanalysis(l) = S = 1000 Hz . 

If we said the sample rate fs was 75 samples/ s, we'd know, from Eq. (3-5), 
that the frequency associated with the largest magnitude term is now 

1•75 
fanalysis(l)- -

8
- = 9.375Hz . 

OK, enough of this-just remember that the DFT's frequency spacing (res­
olution) is JJN. 

To recap what we've learned so far: 
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• each DFT output term is the sum of the term-by-term products of an 
input time-domain sequence with sequences representing a sine and 
a cosine wave, 

• for real inputs, an N-point DFT's output provides only N /2 indepen-
dent terms, 

• the DFT is a linear operation, 

• the magnitude of the DFT results are directly proportional to N, and 

• the DFT' s frequency resolution is f/ N. 

It's also important to realize, from Eq. (3-5), that X(N / 2), when m = N / 2, cor­
responds to half the sample rate, i.e. the folding (Nyquist) frequency fs/2. 

3.6 DFT Shifting Theorem 

There's an important property of the DFT known as the shifting theorem. 
It states that a shift in time of a periodic x(n) input sequence manifests 
itself as a constant phase shift in the angles associated with the DFT 
results. (We won't derive the shifting theorem equation here because its 
derivation is included in just about every digital signal processing text­
book in print.) If we decide to sample x(n) starting at n equals some inte­
ger k, as opposed ton = 0, the DFT of those time-shifted sample values is 

x sh.ifted(m) where 

X (m) - ej2rrkm/N X(m) shifted - · (3-19) 

Equation (3-19) tells us that, if the point where we start sampling x(n) is 
shifted to the right by k samples, the DFT output spectrum of Xshifteim) is 
X(m) with each of X(m)'s complex terms multiplied by the linear phase 
shift ejZrrkm!N, which is merely a phase shift of 2nkm / N radians or 360km/ N 
degrees. Conversely, if the point where we start sampling x(n) is shifted to 
the left by k samples, the spectrum of Xshifted(m) is X(m) multiplied by 
e-i2rrkm!N_ Let's illustrate Eq. (3-19) with an example. 

3.6.1 DFT Example 2 

Suppose we sampled our DFT Example 1 input sequence later in time by 
k = 3 samples. Figure 3-5 shows the original input time function, 

xin(t) = sin(2rcl000t) + 0.5sin(2rc2000t+3rc/ 4) . 
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The DFT in Example 1 was taken 
over these eight sample values. 
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The DFT in Example 2 is taken 
over these eight sample values . 
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I 

Figure 3-5 Comparison of sampling times between DFT Example 1 and DFT 
Example 2. 

We can see that Figure 3-5 is a continuation of Figure 3-2(a). Our new x(n) 
sP.quencP hPmmPs thP vr1l11es rl:'presented by the solid black dots in Figure 
3-5 whose values are 

x(O) = 1.0607, 
x(2) = -1.0607, 
x(4) = -0.3535, 
x(6) = 0.3535, 

x(l) = 0.3535, 
x'(3) = -1.3535, 
x(3) = 0.3535, 
x(7) = 0.6464 . 

Performing the DFT on Eq. (3-20), Xshiftect(m) is 

Xshift,im ) = m XshiftJrn) 's xslrift•i m J's x sliift,im)'s Xshifl,,lm)'s 
magnitude phase real part imaginary part 

0 0 0 0 0 

1 4 +45 2.8284 2.8284 

2 2 - 45 1.4142 -1.414 

3 0 0 0 0 

4 0 0 0 0 

5 0 0 0 0 

6 2 +45 1.4142 1.4142 

7 4 - 45 2.8284 -2.828 

(3-20) 

(3-21) 
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Figure 3-6 DFT results from Example 2: (a) magnitude of Xshitteim); (b) phase of 
Xshitteim); (c) real port of \hitteim); (d) imaginary port of \hitteim). 

The values in Eq. (3-21) are illustrated as the dots in Figure 3-6. Notice that 
Figure 3-6(a) is identi~al to Figure 3-4(a). Equation (3-19) told us that the 
magnitude of Xshifted(m) should be unchanged from that of X(m). That's a 
comforting thought, isn't it? We wouldn't expect the DFT magnitude of 
our original periodic xin(t) to change just because we sampled it over a dif­
ferent time interval. The phase of the DFT result does, however, change 
depending on the instant at which we started to sample xin(t). 

By looking at them= l component of Xshifted(m), for example, we can 
double-check to see that phase values in Figure 3-6(b) are correct. Using 
Eq. (3-19) and remembering that X(l) from DFT Example 1 had a magni­
tude of 4 at a phase angle of -90 (or -rc/2 radians), k = 3 and N = 8 so that 

xshifteil) = ej21tk111 / N • X(l) = ei27t3 ·1/8. 4e-j1t/2 = 4ei(61t/8-41t/8) = 4ei1t / 4. (3-22) 

So Xshifted(l) has a magnitude' of 4 and a phase angle of re/ 4 or +45°, which 
is what we set out to prove using Eq. (3-19). 

3.7 Inverse DFT 
Although the DFT is the major topic of this chapter, it's appropriate, now, 
to introduce the inverse discrete Fourier transform (IDFT). Typically we 
think of the DFT as transforming time-domain data into a frequency­
domain representation. Well, we can reverse this process and obtain the 
original time-domain signal by performing the IDFT on the X(m) fre­
quency-domain values. The standard expressions for the IDFT are 
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N-1 

x(n) = ~ LX(m)ej2nmn/ N 
m=O 

(3-23) 

and equally, 

l N-1 

x(n)= N LX(m)[cos(21tmn/N)+ jsin(21tmn/N)] 
m=O 

(3-23') 

Remember the statement we made in Section 3.1 that a discrete time­
domain signal can be considered the sum of various sinusoidal analytical 
frequencies and that the X(m) outputs of the DFT are a set of N complex val­
ues indicating the magnitude and phase of each analysis frequency com­
prising that sum. Equations (3-23) and (3-23') are the mathematical 
expressions of that statement. It's very important for the reader to under­
stand this concept. If we perform the IDFT by plugging our results from 
DFT Example 1 into Eq. (3-23), we'll go from the fo~q11i>ncy-rlnmr1in hr1rk tn 
the time-domain and get our original real Eq. (3-11') x(n) sample values of 

x(0) = 0.3535 + j0.0 
x(2) = 0.6464 + j0.0 
x(4) = 0.3535 + j0.0 
x(6) = -1.3535 + j0.0 

x(l) = 0.3535 + j0.0 
x(3) = 1.0607 + j0.0 
x(3) = -1.0607 + j0.0 
xt?) = -0.3535 + j0.0 . 

Notice that Eq. (3-23)'s IDFT expression differs from the DFT's Eq. (3-2) 
only by a 1/N scale factor and a change in the sign of the exponent. Other 
than the magnitude of the results, every charact~ristic that we've covered, 
thus far, regarding the DFT, also applies to the IDPT. 

3.8 DFT Leakage 

Hold on to your seat now. Here's where the DPT starts to get really inter­
esting. The two previous DPT examples gave us correct results because 
the input x(n) sequences were very carefully chosen sinusoids. As it turns 
out, the DPT of sampled real-world signals provides frequency-domain 
results that can be misleading. A characteristic, known as leakage, causes 
om DFT results to be only an approximation of the true spectra of the 
original input signals prior to digital sampling. Although there are ways 
to minimize leakage, we can't eliminate it entirely. Thus, we need to 
understand exactly what effect it has on our DFT results. 
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72 The Discrete Fourier Transform 

Let's start from the beginning. DFTs are constrained to operate on a 
finite set of N input values sampled at a sample rate of f

5
, to produce an 

N-point transform whose discrete outputs are associated with the indi­
vidual analytical frequencies fanalysi/m), with 

mfs . 
f analysis(m) = N, where m = 0,1, 2, ... ,N -1. (3-24) 

Equation (3-24), illustrated in DPT Example 1, may not seem like a prob­
lem, but it is. The DFT produces correct results only when the input data 
sequence contains energy precisely at the analysis frequencies given in 
Eq. (3-24), at integral multiples of our fundamental frequency f/N. If the 
input has a signal component at some intermediate frequency between 
our analytical frequencies of mf/N, say l.Sf/N, this input signal will 
show up to some degree in all of the N output analysis frequencies of our 
DFT! (We typically say that input signal energy shows up in all of the 
DFT's output bins, '.111d we'll see, in a moment, why the phrase "output 
bins" is appropriate,) Let's understand the significance of this problem 
with another DPT example. 

Assume we're taking a 64-point DFT of the sequence indicated by the 
dots in Figure 3-7(a). The sequence is a sinewave with exactly three 
cycles contained in our N = 64 samples. Figure 3-7(b) shows the first half 
of the DFT of the input sequence and indicates that the sequence has an 
average value of zero (X(O) = 0) and no signal components at any fre­
quency other than them= 3 frequency. No surprises so far. Figure 3-7(a) 
also shows, for example, the m = 4 sinewave analysis frequency, super­
imposed over the input sequence, to remind us that the analytical fre­
quencies always have an integral number of cycles over our total sample 
interval of 64 points. The sum of the products of the input sequence and 
them = 4 analysis frequency is zero. (Or we can say, the correlation of the 
input sequence, and them= 4 analysis frequency is zero.) The sum of the 
products of this particular three-cycl~ input sequence and any analysis 
frequency other than m = 3 is zero. Con~inuing with our leakage exam­
ple, the dots in Figure 3-S(a) show an input sequence having 3.4 cycles 
over our N = 64 samples. Because the input sequence does not have an 
integral number of cycles over our 64-sample interval, input energy has 
leaked into all the other OFT output bins as shown in Figure 3-S(b) . The 
m = 4 bin, for example, is not zero because the sum of the products of the 
input sequence and the m = 4 analysis frequency is no longer zero. This 
is leakage-it causes any input signal whose frequency is not exactly at a 
DFT bin center to leak into all of the other OFT output bins. Moreover, 
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Figure 3-7 64-polnt OFT: (a) input sequence of three cycles and them= 4 
analysis frequency sinusoid; (b) DFT output magnitude. 

leakage is an unavoidable fact of life when we perform the DFT on real­
world finite-length time sequences. 

Now, as the English philosopher Douglas Adams would say, "Don't 
panic." Let's take a quick look at the cause of leakage to learn how to pre­
dict and minimize its unpleasant effects. To understand the effects of leak­
age, we need to know the amplitude response of a DFT when the DFT's 
input is an arbitrary, real sinusoid. Although Sections 3.14 and 3.15 dis­
cuss this issue in detail, for our purposes, here, we'll just say that, for a 
real cosine input having k cycles in the N-point input time sequence, the 
amplitude response of an N-point DFT bin in terms of the bin index m is 
approximated by the sine function 

X(m) := N . sin[rc(k- m)J 
2 n(k-m) 

(3-25) 
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(a) 

(b) 
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Input frequency = 3.4 cycles rn = 4 analysis frequency 
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Figure 3-8 64-point OFT: (a) 3.4 cycles input sequence and them= 4 analysis 
frequency sinusoid; (b) DFT output magnitude. 

We'll use Eq. (3-25), illustrated in Figure 3-9(a), to help us determine 
how much leakage occurs in DFTs. We can think of the curve in Figure 
3-9(a), comprising a main lobe and periodic peaks and valleys known as 
sidelobes, as the continuous positive spectrum of an N-point, real cosine 
time sequence having k complete cycles in the N-point input time inter­
val. The DFT's outputs are discrete samples that reside on the curves in 
Figure 3-9; that is, our DPT output will be a sampled version of the con­
tinuous spectrum. (We show the DFT's magnitude response to a real 
input in terms of frequency (Hz) in Figure 3-9(b).) When the DFT's input 
sequence has exactly an integral k number of cycles (centered exactly in 
the m == k bin), no leakage occurs, as in Figure 3-9, because when the 
angle in the numerator of Eq. (3-25) is a nonzero integral multiple of 7t, 

the sine of that angle is zero. 
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(a) 

(b) 

(k+3)f5 /N 

Figure 3-9 DFT positive frequency response due to an N-point input sequence 
containing k cycles of a real cosine: (a) amplitude response as a 
function of bin index m; (b) magnitude response as a function of 
frequency in Hz. 

By way of example, we can illustrate again what happens when the 
input frequency k is not located at a bin center. Assume that a real 8-kHz 
sinusoid, having unity amplitude, has been sampled at a rate offs = 32,000 
samples/s. If we take a 32-point DFT of the samples, the DFT's frequency 
resolution, or bin spacing, is f/N = 32,000/32 Hz= 1.0 kHz. We can pre­
dict the DFT's magnitude response by centering the input sinusoid's spec­
tral curve at the positive frequency of 8 kH;z, as shown in Figure 3-lO(a). 
The dots show the DFT's output bin magnitudes. 

Again, here's the important point to remember: the DFT output is a 
sampled version of the continuous spectral curve in Figure 3-lO(a). Those 
sampled values in the frequency-domain, located at mf/N, are the dots 
in Figure 3-lO(a). Because the input signal frequency is exactly at a DFT 
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Figure 3-10 DFT bin positive frequency responses: ( a) DFT input 
frequency= 8.0 kHz; (b) DFT input frequency= 8.5 kHz; 
(c) DFT input frequency= 8.75 kHz. 
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bin center, the OFT results have only one nonzero value. Stated in 
another way, when an input sinusoid has an integral number of cycles 
over N time-domain input sample values, the OFT outputs reside on the 
continuous spectrum at its peak and exactly at the curve's zero crossing 
points. From Eq. (3-25) we know the peak output magnitude is 32/2 = 16. 
(If the real input sinusoid had an amplitude of 2, the peak of the response 
curve would be 2 • 32/2, or 32.) Figure 3-l0(b) illustrates OFT leakage 
where the input frequency is 8.5 kHz, and we see that the frequency­
domain sampling results in nonzero magnitudes for all OFT output bins. 
An 8.75-kHz input sinusoid w;ould result in the leaky OFT output shown 
in Figure 3-lO(c). If we're sitting at a computer studying leakage by plot­
ting the magnitude of OFT output values, of course, we'll get the dots in 
Figure 3-10 and won't see the continuous spectral curves. 

At this point, the attentive reader should be thinking: "If the continuous 
spectrums that we're sampling are symmetrical, why does the OFT output in 
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Figure 3-8(6) look so asymmetrical?" In Figure 3-8(6), the bins to the right of 
the third bin are decreasing in amplitude faster than the bins to the left of the 
third bin. "And another thing, evaluating the continuous spectrum's X(mf) 
function at an abscissa value of 0.4 gives a magnitude scale factor of 0.75. 
Applying this factor to the or.r's maximum possible peak magnitude of 32, 
we should have a third bin magnitude of approximately 32 · 0.75 = 24-but 
Figure 3-8(6) shows that the third-bin magnitude is slightly greater than 25. 
What's going on here?" We answer this by remembering what Figure 3-8(6) 
really represents. When examining a DFT output, we're normally interested 
only in them= 0 tom= (N/2-1) bins. Thus, for our'3.4 cycles per sample 
interval example in Figure 3-8(6 ), only the first 32 bins are shown. Well, the 
DFT is periodic in the frequency domain as illustrated in Figure 3-11. Upon 
examining the DFT's output for higher and higher frequencies, we end up 
going in circles, and the spectrum repeats itself forever. 

The more conventional way to view a DFT output is to unwrap the 
spectrum in Figure 3-11 to get the spectrum in Figure 3-12. Figure 3-12 
shows some of the additional replications in the spectrum for the 
3.4 cycles per sample interval example. Concerning our DFT output 
asymmetry problem, as some of the input 3.4-cycle signal amplitude leaks 
into the 2nd bin, the 1st bin, and the 0th bin, leakage continues into the 
-1st bin, the -2nd bin, the -3rd bin, etc. Remember, the 63rd bin is the -1st 
bin, the 62nd bin is the -2nd bin, and so on. These bin equivalencies allow 

■ 

I 

■ I 

■ 

■ 

m=33 

■• / m=32 
~•-·•-•-·-•·•-· JI'. ~/ 
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Figure 3-1 I Cyclic representation of the DFT's spectral repl ication when the 
DFT input is 3.4 cycles per sample interval. 
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Figure 3-12 Spectral replication when the OFT input Is 3.4 cycles per sample interval. 
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Figure 3-13 OFT output magnitude: (a) when the OFT input is 3.4 cycles per 
sample Interval; (b) when the OFT input is 28.6 cycles per sample 
interval. 

us to view the DFT output bins as if they extend into the negative fre­
quency range, as shown in Figure 3-13(a). The result is that the leakage 
wraps around the m = 0 frequency bin, as well as around the m = N fre­
quency bin. This is not surprising because them = 0 frequency is them = N 
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frequency. The leakage wraparound at the m = 0 frequency accounts for 
the asymmetry about the DFT's m = 3 bin in Figure 3-8(b). 

Recall from the DFT symmetry discussion, when a DFT input 
sequence x(n) is real, the DFT outputs from m = 0 tom= (N/2-1) are 
red~dant with frequency bin values form > (N /2), where N is the DFT 
size. The mth DFT output will have the same magnitude as the (N-m)th 
DFT output. That is, I X(m) I = I X(N-m) I . What this means is that leak­
age wraparound also occurs about the m = N /2 bin. This can be illus­
trated using an input of 28.6 cycles per sample inter~al (32 - 3.4) whose 
spectrum is shown in Figure 3-13(b). Notice the similarity between 
Figure 3-13(a) and Figure 3-13(b). So the DFT exhibits leakage wrap­
around about the m = 0 and m = N /2 bins. Minimum leakage asymme­
try w:ill occur near the N/4th bin as shown in Figure 3-14(a) where the 
full spectrum of a 16.4 cycles per sample interval input is provided. 
Figure 3-14(b) shows a close-up view of the first 32 bins of the 16.4 cycles 
per sample interval spectrum. 
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Figure 3-14 DFT output magnitude when the DFT input is 16.4 cycles per 
sample interval: (a) full output spectrum view; (b) close-up view 
showing minimized leakage asymmetry at frequency m = N/4. 
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You can read about leakage all day. However, the best way to appreci­
ate its effects is to sit down at a computer and use a software program to 
take DFTs, in the form of fast Fourier transforms (FFTs), of your personally 
generated test signals like those in Figures 3-6 and 3-7 .. You can, then, 
experiment with different combinations of input frequencies and various 
DFT sizes. You'll be able to demonstrate that DFT leakage effect is trouble­
some because the bins containing low-level signals are corrupted by the 
sidelobe levels from neighboring bins containing high-amplitude signals. 

Although there's no way to eliminate leakage completely, an important 
technique known as windowing is the most common remedy to reduce its 
unpleasant effects. Let's look at a few DFT window examples. 

3.9 Windows 

Windowing reduces DFT leakage by minimizing the magnitude of Eq_. 
(3-25)' s sine function's sin(x) / x sidelobes shown in Figure 3-9. We do this 
by forcing the amplitude of the input time sequence at both the beginning 
and the end of the sample interval to go smoothly toward a single common 
amplitude value. Figure 3-15 shows how this process works. If we consider 
the infinite-duration time signal shown in Figure 3-15(a), a DFT can only 
be per.formed over a finite-time sample interval like that shown in Figure 
3-lS(c). We can think of the DFT input signal in Figure 3-15(c) as the prod­
uct of an input signal existing for all time, Figure 3-15(a), and the rectan­
gular window whose magnitude is 1 over the sample interval shown in 
Figure 3-lS(b). Anytime we take the DFT of a finite-extent input sequence 
we are, by default, multiplying that sequence by a window of all ones and 
effectively multiplying the input values outside thatwmdow by zeros. A 
it turns out, Eq. (3-25)'s sine function's sin(x)/x shape, shown in Figure 
3-9, is caused by this rectangular window because the continuous Fourier 
transform of the rectangular window in Figure 3-lS(b) is the sine function. 

As we'll soon see, it's the rectangular window's abrupt changes 
between one and zero that are the cause of the sidelobes in the the sin(x) / x 
sine function. To minimize the spectral leakage caused by those sidelobes, 
we have to reduce the sidelobe amplitudes by using window functions 
other than the rectangular window. Imagine if we multiplied our DFT 
input, Figure 3-lS(c), by the triangular window function shown in Figure 
3-lS(d) to obtain the windowed input signal shown in Figure 3-lS(e). 
Notice that the values of our final input signal appear to be the same at the 
beginning and end of the sample interval in Figure 3-lS(e). The reduced 
discontinuity decreases the level of relatively high frequency components 
in our overall DFf output; that is, our DFT bin sidelobe levels are reduced 
in magnitude using a triangular window. There are other window func-
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tions that reduce leakage even more than the triangular window, such as 
the Hanning window in Figure 3-15(£). The product of the window in 
Figure 3-15(.f) and tJ:'le input sequence provides the signal shown in Figure 
3-lS(g) as the input to the DFT. Another common window function is the 
Hamming window shown in Figure 3-lS(h). It's much like the Hanning 
window, but it's raised on a pedestal. 

(a) --'-++-++++-1,++-H+++++H,++-H-++H+HH+,.........► 
Time 

1.0 

(b) ... 
Time 

(c) 
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Time 
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Figure 3-15 Minimizing sample interval endpoint discontinuities: (a) infinite duration 
input sinusoid; (b) rectangular window due to finite-time sample 
interval; (c) product of rectangular window and infinite-duration input 
sinusoid; (d) triangular window function; (e) product of triangular 
window and infinite-duration input sinusoid; (f) Hanning window 
function; (g) product of Hanning window and infinite-duration input 
sinusoid; (h) Hamming window function . 

ij 
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Before we see exactly how well these windows minimize OFT leakage, 
let's define them mathematically. Assuming that our original N input signal 
samples are indexed by n, where O ~ n ~ N-l, we'll call the N time-domain 
window coefficients w(n); that is, an input sequence x(n) is multiplied by 
the corresponding window w(n) coefficients before the OFT is performed. 
So the OFT of the windowed x(n) input sequence, Xw(m), takes the form of 

N-1 

X00 (m) = L ro(n) · x(n)e-j21tnm/ ~- (3-26) 
n=O 

To use window functions, we need mathematical expression of them in 
terms of n. The following expressions define our window function 
coefficients: 

Rectangular window: w(n) = l, for n = 0, l, 2, ... , N-1. 
(also called the uniform, 
or boxcar, window) 

Triangular window: 
(very similar to the 
Bartlett[3], and 
Parzen[4,5] windows) 

Hanning window: 
(also called the raised 
cosine, Hann, or 
van Hann window) 

Hamming window: 

n 
co(n) = N 

12 
, for n = 0,1,2, ... ,N /2,and 

=2--n-
N/2' 

for n = N /2+ l,N /2+ 2, ... ,N -1. 

w(n) = 0.5 - 0.5cos(2nn/N), 
for n = 0, l, 2, ... , N-1. 

w(n) = 0.54 - 0.46cos(21tn/N), 
for n = 0, l, 2, ... , N-1. 

(3-27) 

(3-28) 

(3-29) 

(3-30) 

If we plot the w(n) values from Eqs. (3-27) through (3-30), we'd get the 
corresponding window functions like those in Figures 3-15(b), 3-15(d), 
3-15(£), and 3-15(h).t 

t In the literature, the equations for window functions depend on the range of the sample 
index n. We define n to be in the range O < n < N-1. Some authors define n to be in the range 
-N /2 < n < N /2, in which case, for example, the expression for the Hanning window would 
have a sign change and be w(n) = 0.5 + 0.5cos(2nn/N) . 
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The rectangular window's amplitude response is the yardstick we nor­
mally use to evaluate another window function's amplitude response; that 
is, we typically get an appreciation for a window's response by comparing 
it to the rectangular window that exhibits the magnitude response shown 
in Figure 3-9(b). The rectangular window's sin(x)/x magnitude response, 
I W(m) I, is repeated in Figure 3-16(a). Also included in Figure 3-16(a) are 
the Hamming, Hanning, and triangular window magnitude responses. 
(The frequency axis in Figure 3-16 is such that the curves show the response 
of a single N-point DFT bin when the various window functions are used.) 
We can see that the last three windows give reduced side!obe levels relative 
to the rectangular window. Because the Hamming, Hanning, and triangu­
lar windows reduce the time-domain signal levels applied to the DFT, their 
main lobe peak values are reduced relative to the rectangular window. 
(Because of the near-zero w(n) coefficients at the beginning and end of the 
sample interval, this signal level loss is called the processing gain, or loss, 
of a window.) Be that as it may, we're primarily interested in the windows' 
sidelobe levels, which are difficult to see in Figure 3-16(a)'s linear scale. We 
will avoid this difficulty by plotting the windows' magnitude responses on 
a logarithmic decibel scale, and normalize each plot so its main lobe peak 
values are zero dB. (Appendix E provides a discussion of the origin and 
utility of measuring frequency-domain responses on a logarithmic scale 
using decibels.) Defining the log magnitude response to be I WdB(m) I, we 
get I WdB(m) I by using the expression 

(
IW(m) I) 

I wdB(m) I= 20 · loglO I W(O) I . (3-31) 

(The I W(O) I term in the denominator of Eq. (3-31) is the value of W(m) at 
the peak of the main lobe when m = 0.) The I WdB(m) I curves for the var­
ious window functions are shown in Figure 3-16(b). Now we can really 
see how the various window sidelobe responses compare to each other. 

Looking at the rectangular window's magnitude response we see that 
its main lobe is the most narrow, 2// N. However, unfortunately, its first 
sidelobe level is only -13 dB below the main lobe peak, which is not so 
good. (Notice that we're only showing the positive frequency portion of 
the window responses in Figure 3-16.) The triangular window has 
reduced sidelobe levels, but the price we've paid is that the triangular 
window's main lobe width is twice as wide as that of the rectangular win­
dow's. The various nonrectangular windows' wide main lobes degrade 
the windowed DFT's frequency resolution by almost a factor of two. 
However, as we'll see, the important benefits of leakage reduction usually 
outweigh the loss in DFT frequency resolution. 
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Linear-scale window magnitude responses, I W(m)I 
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Figure 3-16 Window magnitude responses: (a) I W(m) I on a linear scale; (b) 
I Wd8(m) I on a normalized logarithmic scale. 

Freq 

Notice the further reduction of the first sidelobe level, and the rapid 
sidelobe roll-off of the Hanning window. The Hamming window has even 
lower first sidelobe levels, but this window's sidelobes roll off slowly rela­
tive to the Hanning window. This means that leakage three or four bins 
away from the center bin is lower for the Hamming window than for the 
Hanning window, and leakage a dozen or so bins away from the center bin 
is lower for the Hanning window than for the Hamming window . 
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Figure 3-17 Hanning window: (a) 64-sample product of a Hanning window and a 
3.4 cycles per sample interval input sinewave; (b) Hanning DFT output 
response vs. rectangular window DFT output response. 

When we apply the Hanning window to Figure 3-8(a)'s 3.4 cycles per 
sample interval example, we end up with the DFT input shown in Figure 
3-17(a) under the Hanning window envelope. The DFT outputs for the 
windowed waveform are shown in Figure 3-17(b) along with the DFT 
results with no windowing, i.e., the rectangular window. As we expected, 
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the shape of the Hanning window's response looks broader and has a 
lower peak amplitude, but its sidelobe leakage is noticeably reduced from 
that of the rectangular window. 

We can demonstrate the benefit of using a window function to help us 
detect a low-level signal in the presence of a nearby high-level signal. 
Let's add 64 samples of a 7 cycles per sample interval sinewave, with a 
peak amplitude of only 0.1, to Figure 3-S(a)'s unity-amplitude 3.4 cycles 
per sample sinewave. When we apply a Hanning window to the sum of 
these sinewaves, we get the time-domain input shown in Figure 3-18(a). 
Had we not windowed the input data, our DFT output would be the 
squares in Figure 3-lS(b) where DFT leakage causes the input signal com­
ponent at m = 7 to be barely discernible. However, the DFT of the win­
dowed data shown as the triangles in Figure 3-lS(b ), makes it easier for us 
to detect the presence of the m = 7 signal component. From a practical 
standpoint, people who use the DFT to perform real-world signal detec­
tion have learned that their overall frequency resolution and signal sensi­
tivity are affected much more by the size and shape of their window 
function than the mere size of their DFTs. 

As we become more experienced using window functions on our DFT 
input data, we'll see how different window functions have their own indi­
vidual advantages and disadvantages. Furthermore, regardless of the 
window function used, we've decreased the leakage in our DFT output 
from that of the rectangular window. There are many differep.t window 
functions described in the literature of digital signal processing-so many, 
in fact, that they've been named after just about everyone in the digital 
signal processing business. It's not that clear that there's a great deal of 
difference among many of these window functions. What we find is that 
window selection is a trade-off between main lobe widening, first side­
lobe levels, and how fast the sidelobes decrease with increased frequency. 
The use of any particular window depends on the application[S], and 
there are many applications. 

Windows are used to improve DFT spectrum analysis accuracy[6], to 
design digital filters[7,8], to simulate antenna radiation patterns, and 
even in the hardware world to improve the performance of certain 
mechanical force to voltage conversion devices[9]. So there's plenty of 
window information available for those readers seeking further knowl­
edge. (The Mother of all technical papers on windows is that by 
Harris[lO]. A useful paper by Nuttall corrected and extended some por­
tions of Harris's paper[ll].) Again, the best way to appreciate window­
ing effects is to have access to a computer software package that contains 
DFT, or FFT, routines and start analyzing windowed signals. (By the way, 
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Figure 3-18 Increased signal detection sensitivity afforded using windowing: (a) 64-
sample product of a Hanning window and the sum of a 3.4 cycles and 
a 7 cycles per sample interval sinewaves; (b) reduced leakage 
Hanning OFT output response vs. rectangular window OFT output 
response. 

while we delayed their discussion until Section 5.3, there are two other 
commonly used window functions that can be used to reduce DFT leak­
age. They're the Chebyshev and Kaiser window functions, that have 
adjustable parameters, enabling us to strike a compromise between 
widening main lobe width and reducing sidelobe levels.) 
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3. l O DFT Scalloping Loss 
Scalloping is the name used to describe fluctuations in the overall magni­
tude response of an N-point DFf. Although we derive this fact in Section 
3.16, for now we'll just say that when no input windowing function is 
used, the sin(x)/x shape of the sine function's magnitude response applies 
to each DFT output bin. Figure 3-19(a) shows a DFf's aggregate magni­
tude response by superimposing several sin(x)/x bin magnitude 
responses.t (Because the sine function's sidelobes are not key to this dis­
cussion, we don't show them in Figure 3-19(a).) Notice from Figure 3-19(b) 
that the overall DFT frequency-domain response is indicated by the bold 
envelope curve. This rippled curve, also called the picket fence effect, illus­
trates the processing loss for input frequencies between the bin centers. 

(a) 

t I c~,. , 111
• I Freq 

mf8 

N 

(m+1)f8 (m+3)fs (m+S)fs 
~ 

N N N 

1.0 

I !\ /-. /\ ;\ I 

I ' \ , \ \ I 0.637 
(b) I I I / I \ ~ I i ,I I J \ 

t t t Freq 

mfs (mi-2)fs (m-+4)f5 

N N N 

Figure 3-19 DFT bin magnitude response curves: (a) individual sin(x)/x 
responses for each DFT bin; (b) equivalent overall DFT magnitude 
response. 

+ Perhaps Figure 3-19(a) is why individual DFT outputs are called "bins." Any signal energy 
under a sin(x)/x curve will show up in the enclosed storage compartment of that DFT's output 
sample . 

....__ _____________________________________ _ 
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From Figure 3-19(b), we can determine that the magnitude of the DFT 
response fluctuates from 1.0, at bin center, to 0.637 halfway between bin 
centers. If we're interested in DPT output power levels, this envelope rip­
ple exhibits a scalloping loss of almost -4 dB halfway between bin cen­
ters. Figure 3-19 illustrates a DFT output when no window (i.e., a 
rectangular window) is used. Because nonrectangular window functions 
broaden the DFT's main lobe, their use results in a scalloping loss that 
will not be as severe as the rectangular window[l0,12] . That is, their 
wider main lobes overlap more and fill in the valleys of the envelope 
curve in Figure 3-19(b). For example, the scalloping loss of a Hanning 
window is approxima tely 0.82, or-1.45 dB, halfway between bin centers. 
Scalloping loss is not, however, a severe problem in practice. Real-world 
signals normally have bandwidths that span many frequency bins so that 
DPT magnitude response ripples can go almost unnoticed. Let's look at 
a scheme called zero stuffing that's used to both alleviate scalloping loss 
effects and to improve the DFT's frequency resolution. 

3.11 OFT Resolution, Zero Stuffing, and 
Frequency-Domain Sampling 

One popular method used to improve DFT frequency resolution is known 
as zero stuffing, or zero padding. This process involves the addition of zero­
valued data samples to an original DFT input sequence to increase the 
total number of input data samples. Investigating this zero stuffing tech­
nique illustrates the DFT's important property of frequency-domain sam­
pling alluded to in the discussion on leakage. When we sample a 
continuous time-domain function, having a continuous Fourier transform 
(CFT), and take the DFT of those samples, the DFT results in a frequency­
domain sampled approximation of the CFT. The more points in our DFT, 
the better our DFT output approximates the CFT. 

To illustrate this idea, suppose we want to approximate the CFT of the 
continuous f(t) function in Figure 3-20(a). This J(t) waveform extends to 
infinity in both directions but is nonzero only over the time interval of T 
seconds. If the nonzero portion of the time function is a sinewave of three 
cycles in T seconds, the magnitude of its CFT is shown in Figure 3-20(b). 
(Because the CFT is taken over an infinitely wide time interval, the CFT 
has infinitesimally small frequency resolution, resolution so fine-grained 
that it's continuous.) It's this CFT that we'll approximate with a DFT. 

Suppose we want to use a 16-point DFT to approximate the CFT of J(t) in 
Figure 3-20(a). The 16 discrete samples of f(t), spanning the three periods of 
J(t)'s sinusoid, are those shown on the left side of Figure 3-21(a). Applying 
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Figure 3-20 Continuous Fourier transform: (a) continuous time-domain f(t) of 
a truncated sinusoid of frequency 3/T; (b) continuous Fourier 
transform of f(t). 

those time samples to a 16-point DFT results in discrete frequency-domain 
samples, the positive frequency of which are represented by the dots on 
the right side of Figure 3-21(a). We can see that the DFT output samples 
Figure 3-20(b)'s CFT. If we append (or zero stuff) 16 zeros to the input 
sequence and take a 32-point DFT, we get the output shown on th~ right 
side of Figure 3-21(b), where we've increased our DFT frequency resolu­
tion by a factor of two. Our DFT is sampling the input function's CFT more 
often now. Adding 32 more zeros and taking a 64-point DFT, we get the 
output shown on the right side of Figure 3-21(c). The 64-point DFT output 
now begins to show the true shape of the CFT. Adding 64 more zeros and 
taking a 128-point DFT, we get the output shown on the right side of 
Figure 3-21(d). The DFT frequency-domain sampling characteristic is obvi­
ous now, but notice that the bin index for the center of the main lobe is dif­
ferent for each of the DFT outputs in Figure 3-21. 

Does this mean we have to redefine the DFT's frequency axis when 
using the zero-stuffing technique? Not really. If we perform zero stuffing 
on L nonzero input samples to get a total of N time samples for an N-point 
DFT, the zero-stuffed DFT output bin center frequencies are related to the 
original fs by our old friend Eq. (3-5), or 

center frequency of the mth bin = mfs . 
N 

(3-32) 
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Figure 3-21 OFT frequency-domain sampling: (a) 16 input data samples and 
N = 16; (b) 16 Input data samples, 16 stuffed zeros, and N = 32; (c) 16 
input data samples, 48 stuffed zeros, and N = 64; (d) 16 Input data 
samples, 112 stuffed zeros, and N = 128. 

So in our Figure 3-21(a) example, we use Eq. (3-32) to show that, 
although the zero-stuffed DFT output bin index of the main lobe 
changes as N increases, the zero-stuffed DFT output frequency associ­
ated with the main lobe remains the same. The following list shows how 
this works: 
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Figure 3-21(c) 12 16 64 12-f/64 = 3f/16 

Figure 3-21(d) 24 16 128 24-f/128 = 3f/16 

Do we gain anything by appending more-zeros to the input sequence 
and taking larger DFTs? Not really, because our 128-point DFT is sam­
pling the input's CFT sufficiently now in Figure 3-21(d). Sampling it rri.ore 
often with a larger DFT won't improve our understanding of the input's 
frequency content. The issue here is that adding zeros to an input 
sequence will improve our DFT's output resolution, but there's a practi­
cal limit on how much we gain by adding more zeros. For our example 
here, a 128-point DFT shows us the detailed content of the input spec­
trum. We've hit a law of diminishing returns here. Performing a 256-point 
or 512-point DFT, in our case, would serve little purpose.t There's no rea­
son to oversample this particular input sequence's CFT. Of course, there's 
nothing sacred about stopping at a 128-point DFT. Depending on the 
number of samples in some arbitrary input sequence and the sample rate, 
we might, in practice, need to append any number of zeros to get some 
desired DFT frequency resolution. 

There are two final points to be made concerning zero stuffing. First, 
the DFT magnitude expressions in Eqs. (3-17) and (3-17') don't apply if 
zero stuffing is being used. If we perform zero stuffing on L nonzero 
samples of a sinusoid whose frequency is located at a bin center to get a 
total of N input samples for an N-point OFT, we must replace the N with 
L in Eqs. (3-17) and (3-17') to predict the DFT's output magnitude for 
that particular sinewave. Second, in practical situations, if we want to 
perform both zero stuffing and windowing on a sequence of input data 
samples, we must be careful not to apply the window to the entire input 
including the appended zero-valued samples. The window function 
must be applied only to the original nonzero time samples, otherwise 
the stuffed zeros will zero out and distort part of the window function, 

t Notice that the DFT sizes (N) we've discussed are powers of 2 (64, 128, 256, 512). That's 
because we actually perform DFTs using a special algorithm known as the fast Fourier trans­
form (FFT). As we'll see in Chapter 4, the typical implementation of the FFT requires that N 
be a power of 2. 
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leading to erroneous results. (Section 4.5 gives additional practical 
pointers on performing the DFT using the FFT algorithm to analyze real­
world signals.) 

To digress slightly, now' s a good time to define the term discrete-time 
Fourier transform (DTFT) that the reader may encounter in the literature. 
The DTFT is the continuous Fourier transform of an L-point discrete time­
domain sequence; some authors use the DTFT to describe many of the 
digital signal processing concepts we've covered in this chapter. We can't 
perform the DTFT on a computer because it has an infinitely fine fre­
quency resolution-but we could, if we wished, approximate the DTFT 
by performing an N-point DFT on an L-point discrete time sequence 
where N > L. That is, in fact, what we did in Figure 3-21 when we zero­
stuffed the original 16-point time sequence. While we don't emphasize 
the DTFT in this book, keep in mind that when N = L the DTFT approxi­
mation is identical to the DFT. 

3. 12 DFT Processing Gain 
There are two types of processing gain associated with DFTs. People who 
use the DFT to detect signal energy embedded in noise often speak of the 
DFT's processing gain because the DFT can pull signals out of background 
noise. This is due to the inherent correlation gain that takes place in any 
N-point DFT. Beyond this natural processing gain, additional integration 
gain is possible when multiple OFT outputs are averaged. Let's look at the 
DFT's inherent processing gain first. 

3.2. 1 Processing Gain of a Single DFT 

The concept of the DPT having processing gain is straightforward if we 
think of a particular DFT bin output as the output of a narrowband fil­
ter. Because a DFT output bin has the amplitude response of the 
sin(x) / x function, that bin's output is primarily due to input energy 
residing under, or very near, the bin's main lobe. It's valid to think of a 
DPT bin as a kind of bandpass filter whose band center is located at 
mf/ N. We know from Eq. (3-17) that the maximum possible OFT out­
put magnitude increases as the number of points (N) in a DFT 
increases. Also, as N increases, the DFT output bin main lobes become 
more narrow. So a DFT output bin can be treated as a bandpass filter 
whose gain can be increased and whose bandwidth can be reduced by 
increasing the value of N. Decreasing a bandpass filter's bandwidth is 
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Figure 3-22 Single DFT processing gain: (a) N = 64; (b) N = 256; (c) N = l 024. 

useful in energy detection because the frequency resolution improves 
in addition to the filter's ability to minimize the amount of background 
noise that resides within its passband. We can demonstrate this by look­
ing at the DFT of a spectral tone (a constant frequency sinewave) added 
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to random noise. Figure 3-22(a) is a logarithmic plot showing the first 
32 outputs of a 64-point DFT when the input tone is at the center of the 
DFT's m = 20th bin. The output power levels (DFT magnitude squared) 
in Figure 3-22(a) are normalized so that the highest bin output power is 
set to O dB. Because the tone's original signal power is below the aver­
age noise power level, the tone is a bit difficult to detect when N = 64. 
(The time-domain noise, used to generate Figure 3-22(a), has an aver­
age value of zero, i.e., no DC bias or amplitude offset.) If we quadruple 
the number of input samples and increase the DFI size to N = 256, we 
can now see the tone power raised above the average background noise 
power as shown form= 80 in Figure 3-22(b). Increasing the DFT's size 
to N = 1024 provides additional processing gain to pull the tone further 
up out of the noise as shown in Figure 3-22(c). 

To quantify the idea of DFT processing gain, we can define a signal-to­
noise ratio (SNR) as the DFT's output signal-power level over the average 
output noise-power level. (In practice, of course, we like to have this ratio as 
large as possible.) For several reasons, it's hard to say what any given sin­
gle DFT output SNR will be. That's because we can't exactly predict the 
energy in any given N samples of random noise. Also, if the input signal 
frequency is not at bin center, leakage will raise the effective background 
noise and reduce the DFT's output SNR. In addition, any window being 
used will have some effect on the leakage and, thus, on the output SNR. 
What we'll see is that the DFT's output SNR increases as N gets larger 
because a DFT bin's output noise standard deviation (rms) value is pro­
portional to ✓N, and the DFT's output magnitude for the bin containing 
the signal tone is proportional to N. More generally for real inputs, if 
N > N', an N-point DFT's output SNRN increases over the N'-point DFT 
SNRN. by the following relationship: 

( 
N /N' ) 

SNRN = SNRN, + 20 · log10 ✓NIN' . (3-33) 

If we increase a DFT's size from N' to N = 2N', from Eq. (3-33), the DFT's 
output SNR increases by 3 dB. So we say that a DFT's processing gain 
increases by 3 dB whenever N is doubled. Be aware that we may double 
a DFT's size and get a resultant processing gain of less than 3 dB in the 
presence of random noise; then again, we may gain slightly more than 
3 dB. That's the nature of random noise. If we perform many DFTs, we'll 
see an average processing gain, shown in Figure 3-23(a), for various input 
signal SNRs. Because we're interested in the slope of the curves in Figure 
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Figure 3-23 DFT processing gain vs. number of DFT points N for various input signal­
to-noise ratios: (a) linear N axis; (b) logarithmic N axis. 

3-23(a), we plot those curves on a logarithmic scale for Nin Figure 3-23(b) 
where the curves straighten out and become linear. Looking at the slope 
of the curves in Figure 3-23(b), we can now see the 3 dB increase in pro­
cessing gain as N doubles so long as N is greater than 20 or 30 and the sig­
nal is not overwhelmed by noise. There's nothing sacred about the 
absolute values of the curves in Figures 3-23(a) and 3-23(b). They were 
generated through a simulation of noise and a tone whose frequency was 
at a DFT bin center. Had the tone's frequency been between bin centers, 
the processing gain curves would have been shifted downward, but their 
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shapes would still be the same/ that is, Eq. (3-33) is still valid regardless 
of the input tone's frequency. 

3.12.2 Integration Gain Due to Averaging Multiple DFTs 

Theoretically, we could get very large DPT processing gains by increasing 
the DPT size arbitrarily. The problem is that the number of necessary DPT 
multiplications increases proportionally to N 2, and larger DFTs become 
very computationally intensive. Because addition is easier and faster to 
perform than multiplication, we can average the outputs of multiple DFTs 
to obtain further processing gain and signal detection sensitivity. The sub­
ject of averaging multiple DPT outputs is covered in Section 8.3. 

3. 13 The DFT of Rectangular Functions 
We conclude this chapter by providing the mathematical details of two 
important aspects of the DPT. First, we obtain the expressions for the DPT 
of a rectangular function (rectangular window), and then we'll use these 
results to illustrate the magnitude response of the DPT. We're interested 
in the DFT's magnitude response because it provides an alternate view­
point to understand the leakage that occurs when we use the DPT as a sig­
nal analysis tool. 

One of the most prevalent and important computations encountered in 
digital signal processing is the DPT of a rectangular function. We see it in: 
sampling theory, window functions, discussions of convolution, spectral 
analysis, and in the design of digital filters. As common as it is, however, 
the literature covering the DPT of rectangular functions can be confusing 
for several reasons for the digital signal processing beginner. The stan­
dard mathematical notation is a bit hard to follow at first, and sometimes 
the equations are presented with too little explanation. Compounding the 
problem, for the beginner, are the various expressions of this particular 
DPT. In the literature, we're likely to find any one of the following forms 
for the DFT of a rectangular function: 

sin(x) sin(x) sin(Nx/ 2) 
DFTrect.function = . , or --, or _ _;__~ 

sm(x I N) x sin(x / 2) 
(3-34) 

t The curves would be shifted downward, indicating a lower SNR, because leakage would 
raise the average noise-power level, and scalloping loss would reduce the DFT bin's ou tput 
power level. 
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In this section we'll show how the forms in Eq. (3-34) were obtained, 
see how they're related, and create a kind of Rosetta stone table allowing 
us to move back and forth between the various DFT expressions. Take a 
deep breath and let's begin our discussion with the definition of a rectan­
gular function. 

3. 13. l DFT of a General Rectangular Function 

A general rectangular function x(n) can be defined as N samples contain­
ing K unity-valued samples as shown in Figure 3-24. The full N-point 
sequence, x(n), is the rectangular function that we want to transform. We 
call this the general form of a rectangular function because the K unity 
samples begin at a arbitrary index value of-n

0
• Let's take the DFT of x(n) 

in Figure 3-24 to get our desired X(m). Using mas our frequency-domain 
sample index, the expression for an N-point DFT is 

N/2 

X(m) = L x(n)e-j2nnm/ N. (3-35) 
n=-(N /2)+1 

With x(n) being nonzero only over the range of -n
0 
~ n ~ -n

0
+(K-l), we 

can modify the summation limits of Eq. (3-35) to express X(m) as 

-n0 +(K-1) 

X(m)= Ll•e-j21mm!N • (3-36) 

because only the K samples contribute to X(m) . That last step is important 
because it allows us to eliminate the x(n) terms and make Eq. (3-36) easier 
to handle. To keep the following equations from being too messy, let's use 
the dummy variable q = 21tm/N. 

x(n) 

◄-<--- K ---►~ 
1 11!1 • 11!1 ' ••••••••• 

-•-•-•-·-•-•-•-•··-•-•·•-~-' _1 ______ ·-•-•-•-•-•-• ..... 

+ O + 1 n 
-N/2+ 1 N/2 

Figure 3-24 Rectangular function of width K samples defined over N samples 
where K < N. 
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OK, here's where the algebra comes in. Over our new limits of sum~ 
mation, we eliminate the factor of 1 and Eq. (3-36) becomes 

-110 +(K-l) 

X(q) = :~:e-jqn 

(3-37) 

The series inside the brackets of Eq. (3-37), allows the use of a summation, 
such as • 

K-1 

X(q) = ejq(n.1 L/-jpq . (3-38) 
p=O 

Equation (3-38) certainly doesn't look any simpler than Eq. (3-36), buf it 
is. Equation (3-38) is a geometric series and, from the discussion in 
Appendix B, it can be evaluated to the closed form of 

(3-39) 

We can now simplify Eq. (3-39)-here's the clever step. If we multiply and 
divide the numerator and denominator of Eq. (3-39)'s right-hand side by 
the appropriate half-angled exponentials, we break the exponentials into 
two parts and get 

. 1< /2 . K/2 
- e-jq(K-1)/2. _(e_N--:---,,::--_e_-,.,...q--=--) 
- . (efq/ 2 - e-jq/ 2) 

(3-40) 
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Let's pause for a moment here to remind ourselves where we're going. 
We're trying to get Eq. (3-40) into a usable form because it's part of 
Eq. (3-38) that we're using to evaluate X(m) in Eq. (3-36) in our quest for 
an understandable expression for the DPT of a rectangular function. 

Equation (3-40) looks even more complicated than Eq. (3-39), but 
things can be simplified inside the parentheses. From Euler's equation: 
sin(0) = (i 0 

- e-i0 )/2j, Eq. (3-40) becomes 

I>-jpq = e-fq(K-l)/2. 2jsin(qK·/ 2) 
p=o 2j sin(q / 2) 

_ -Jq(K-l)/2 sin(qK I 2) -e •----. 
sin(q I 2) 

(3-41) 

Substituting Eq. (3-41) for the summation in Eq:-(3-38), our expression for 
X(q) becomes 

X( ) J·q(n ) -J·q(K-l)/2 sin(qK / 2) q =e O •e •----
sin(q /2) 

= efq(no -(K-l) / 2) • sin(qK / 2) . 
sin(q I 2) 

Returning our dummy variable q to its original value of 2rcm/N, 

X( ) J·(2nm/N)(n -(K-1)/2) sin(2mnK/2N) m =e O • ------ 01 
sin(2mn / 2N) ' 

General form of the 

Dirichlet kernel: ➔ X(m) = ef(2rcm/ N)(no-(K-l)/2). sin(rcmK / N) . 
sin(rcm/ N) 

(3-42) 

(3-43) 

So there it is (Whew!). Equation (3-43) is the general expression for the 
DPT of the rectangular function as shown in Figure 3-24. Our X(m) is a 
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complex expression (pun intended) where a ratio of sine terms is the 
amplitude of X(m) and the exponential term is the phase angle of X(m).t 
The ratio of sines factor in Eq. (3-43) lies on the periodic curve shown in 
Figw-e 3-25(a), and like all N-point DFT representations, the periodicity of 
X(m) is N. This curve is known as the Dirichlet kernel (or the aliased sine 
function) and has been thoroughly described in the literature[l0,13,14]. 
(It's named after the nineteenth-century German mathematician Peter 
Dirichlet (pronounced dee-ree-'klay), who studied the convergence of 
trigonometric series used to represent arbitrary functions.) 

We can zoom in on the curve at them ;:c O point and see more detail in 
Figure 3-25(b). The dots are shown in Figure 3-2S(b) to remind us that 
the DFT of our rectangular function results in discrete amplitude values 
that lie on the curve. So when we perform DFTs, our discrete results are 
sampled values of the continuous sine function's curve in Figure 3-25(a). 
As we'll show later, we're primarily interested in the absolute value, or 
magnitude, of the Dirichlet kernel in Eq. (3-43) . That magnitude I X(m) I 
is shown in Figure 3-25(c). Although we first saw the sine function's 
curve in Figure 3-9 in Section 3.8, where we introduced the topic of DFf 
leakage, we'll encomtter this curve often in our study of digital signal 
processing. 

For now, there are just a few things we need to keep in mind concern­
ing the Dirichlet kernel. First, the DFT of a rectangular function has a main 
lobe, centered about the m = 0 point. The peak amplitude of the main lobe 
is K. Titis peak value makes sense, right? The m == 0 sample of a DFI' X(O) 
is the sum of the original samples, and the. sum of K unity-valueµ samples 
is K. We can show this in a more substantial way by evaluating Eq. (3-43) 
for m == 0. A difficulty arises when we plug m == 0 into Eq. (3-43) because 
we end up with sin(0)/sin(0), which is the indeterminate ratio 0/0. Well, 
hardcore mathematics to the rescue here. We can use L'Hospital's rule to 
take the derivative of the numerator and the denominator of Eq. (3-43), 
and then set m ;:c O to determine the peak value of the magnitude of the 
Dirichlet kernei.tt We proceed as 

+ N was ai., even number in Figure 3-24 depicting the x(n). Had N been an odd number, the 
limits on the summation in Eq. (3-35) would have been -(N- 1)/2 S II S (N-1)/2. Using these 
alternate Lim.its would have led us to eXactly the same X(m) as in Eq. (3-43). 

tt L'Hospital is pronounced '16-pe-tol, like baby doll. 
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I X(m) I = ~X(m) = d[sin(1tmK / N)]/ dm 
m--+O dm d[sin(1tm/ N)]/ dm 

= cos(1tmK/ N). d(1tmK/ N)/ dm 
cos(1tm IN) d(1tm IN)/ dm 

= cos(O) . 1tK IN = l • K = K 
cos(O) 1t/ N 

(3-44) 

which is what we set out to show. (We could have been clever and evalu­
ated Eq. (3-35) with m = 0 to get the result of Eq. (3-44). Try it, and keep in 
mind that d0 = 1.) Had the amplitudes of the nonzero samples of x(n) been 

(a) 

(b) 

(c) 

0 

1.0 

0.8 
0.6 
0.4 

1.0 

0.8 
0.6 
0.4 

X(m) 
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'i.--K , . 
, ,\ ,• ~ 

~■.-~K .• . 
Main , I\ 
lobe~~ • 

J I • 
0.2 • • ·• · • • ·•. / / I I \ !!'°~'• . ·• · ·• · 
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i<-- 2NIK ->-I 
Side ) ) ) ) 
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Figure 3-25 The Dirichlet kernel of X(m): (a) periodic continuous cuNe on which 
the X(m) samples lie; (b) X(m) amplitudes about them= 0 sample; 

, (c) I X(m) I magnitudes about them= 0 sample. 
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different than unity, say some amplitude A<>' then, of course, the peak 
value of the Dirichlet kernel would be A

0
K instead of just K. The next 

important thing to notice about the Dirichlet kernel is the main lobe's 
width. The first zero crossing of Eq. (3-43) occurs when the numerator's 
argument is equal to 7t. That is, when 1tmK/N = 1t. So the value of m at the 
first zero crossing is given by 

1tN N 
mfust zero crossing = 1tK = K (3-45) 

as shown in Figure 3-25(b). Thus the main lobe width 2N /K, as shown in 
Figure 3-25(c), is inversely proportional to K.t 

Notice that the main lobe in Figure 3-25(a) is surrounded by a series of 
oscillations, called sidelobes, as in Figure 3-25(c). These sidelobe magni­
tudes decrease the farther they're separated from the main lobe. However, 
no matter how far we look away from the main lobe, these sidelobes 
never reach zero magnitude-and they cause a great deal of heartache for 
practitioners in digital signal processing. These sidelobes cause high­
amplitude signals to overwhelm and hide neighboring low-amplitude 
signals in spectral analysis, and they complicate the design of digital fil­
ters. As we'll see in Chapter 5, the unwanted ripple in the passband and 
the poor stopband attenuation in simple digital filters are caused by the 
rectangular function's DFT sidelobes. (The development, analysis, arid 
application of window functions came about to minimize the ill effects of 
those sidelobes in Figure 3-25.) 

Let's demonstrate the relationship in Eq. (3-45) by way of a simple 
but concrete example. Assume that we're taking a 64-point DFT d the 
64-sample rectangular function, with eleven unity values, shown in 
Figure 3-26(a). In this example, N = 64 and K = ll. Taking the 64-point 
DFT of the sequence in Figure 3-26(a) results in an X(m) whose real and 
imaginary parts, Xreal(m) and Ximag(m), are shown in Figure 3-26(b) and 
Figure 3-26(c) respectively. Figure 3-26(b) is a good illustration of how 
the real part of the DFT of a real input sequence has even symmetry, 
and Figme 3-26(c) confirms that the imaginary part of the OFT of a real 
input sequence has odd symmetry. (These symmetry properties were 
introduced in Section 3.2 and are discussed further in Appendix C, 
Section C.3.) 

t This is a fundamental characteristic of Fourier transforms. The narrower the function in 
one domain, the wider its transform will be in the other domain. 
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(b) 

Figure 3-26 DFT of a rectangular function: (a) original function x(_n) ; (b) real part of 
the DFT of x(_n), \e01(m); (c) imaginary part of the DFT of x(_n), XirnagCm). 
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Figure 3-27 DFT of a generalized rectangular function : (a) magnitude I X(m) I; (b) 
phase angle in radians. 

Although X,ea1(m) and Ximag(m) tell us every thing there is to know 
about the DFT of x(n), it's a bit easier to comprehend the true spectral 
nature of X(m) by viewing its absolute magnitude. This magnitude, from 
Eq. (3-7), is provided in Figure 3-27(a) where the main and sidelobes are 
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clearly evident now. As we expected, the peak value of the main lobe is 
11 because we had K = 11 samples in x(n). The width of the main lobe 
from Eq. (3-45) is 64/11, or 5.82. Thus, the first positive frequency zero­
crossing location lies just below them= 6 sample of our discrete I X(m) I 
represented by the squares in Figure 3-27(a). The phase angles associated 
with I X(m) I, first introduced in Equations (3-6) and (3-8), are shown in 
Figure 3-27(b). 

To understand the nature of the DFT of rectangular functions more 
fully, let's discuss a few more examples using less general rectangular 
functions that are more common in digital sig;,_al processing than the x(n) 
in Figure 3-24. 

3. 13.2 DFT of a Symmetrical Rectangular Function 

Equation (3-43) is a bit complicated because our original function x(n) was 
so general. In practice, special cases of rectangular functions lead to sim­
pler versions of Eq. (3-43). Consider the symmetrical x(n) rectangular 
function in Figure 3-28. As shown in Figure 3-28, we often need to deter­
mine the DFT of a rectangular function that's centered about the n = 0 

index point. In this case, the K unity-valued samples begin at 
n = -n

0 
= -(K-1)/2. So substituting (K-1)/2 for n

0 
in Eq. (3-43), yields 

X(m) = ej(2rrm/ N)((K-1)/2-(K-l)/2). sin(nmK IN) 
sin(nm/ N) 

_ j(2rrm / N)(O) sin( nmK IN) -e ·-----
sin(nm/ N) 

Because ejO = 1, Eq. (3-46) becomes 

Symmetrical form of 
the Dirichlet kernel: ➔ X(m) = s in(mnK IN ) _ 

sin(mn/ N ) 

----- K ► 
1 • • ■ ■ ■ ■ ■ • ■ • ■ • • x(n) I . • . , I ' 

(3-46) 

(3-47) 

I ; ' I I -•-•-•-•-•-•-•-•-•--'----------'---•-•-•-•-•-•-•-•-•-• ..... t t O ~ ~ n 
-N/2 + 1 n=(K-1)/2 N/2 

Figure 3-28 Rectangular x(n) with K samples centered about n = 0. 
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Equation (3-47) indicates that the DFT of the symmetrical rectangular 
function in Figure 3-28 is itself a real function; that is, there's no complex 
exponential in Eq. (3-47), so this particular DFT contains no imaginary part 
or phase term. As we stated in Section 3.2, if x(n) is real and even, 
x(n) = x(-n) , then XreaiCm) is n onzero and Ximaim) is always zero. We 
demonstrate this by taking the 64-point DFT of the sequence in Figure 
3-29(a). Our x(n) is 11 unity-valued samples centered about then= 0 index. 
Here the DFT results in an X(m) whose real and imaginary parts are shown 
in Figure 3-29(b) and Figure 3-29(c), respectively. As Eq. (3-47) predicted, 

(a) 

(b) 

(c) 

(d) 

(e) 

12 1Xrea1<m} ••• 10 . . '• 
: • I 1. 

I , 
4 • , ■ 

' 2 - 20 ■■ -8 ■ I 

0 • •■••■ , , ■~■...........i... • I I 
•• ,-rt+t '••JJJ• ' T ' ' ·· 1• ~ f • ! ■ 

~ I -2s - 24 -16 -12 ••• - 4 o 

11 

03 
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o 5 f Ximag(m) 0.4 

0 ~-~-,~·~,···,···,···,···,···,···,···,···,···,···,···,···,···,···~ 
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Figure 3-29 OFT of a rectangular function centered about n = O: (a) original x(n); 
(b) Xrea

1
Cm); (c) XimagCm); (d) magnitude of X(m); (e) phase angle of 

X(m) in rad ians. 
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Xrea1(m) is nonzero and XlmagCm) is zero. The magnitude and phase of X(m) 
are depicted in Figure 3-29(d) and Figure 3-29(e). 

Notice that the magnitudes in Figure 3-27(a) and Figure 3-29(d) are 
identical. This verifies the very important shifting theorem of the DFT; 
that is, the magnitude I X(m) I depends only on the number of nonzero 
samples in x(n), K, and not on their position relative to the n == 0 index 
value. Shifting the K unity-valued samples to center them about the n = 0 
index merely affects the phase angle of X(m), not its magnitude. 

Speaking of phase angles, it's interesting to realize here that even 
though XrmagCm) is zero in Figure 3-29{c), the phase aitgle of X(m) is not 
always zero. In this case, X(m)'s individual phase angles in Figure 3-29(e) 
are either +TC, zero, or -TC radians. With +1t and -7t radians both being equal 
to -1, we could easily reconstruct Xreal(m) from I X(m) I and the phase 
angle X/m) if we must. Xrea1(m) is equal to I X(m) I with the signs of 
I X(m) I's alternate sidelobes reversed. t To gain some further appreciation 
of how the DFT of a rectangular function is a sampled version of the 
Dirichlet kernel, let's increase the number of our nonzero x(n) samples. 
Figure 3-30(a) shows a 64-point x(n) where 31 unity-valued samples are 
centered about then = 0 index location. The magnitude of X(m) is pro­
vided in Figure 3-30(b ). By broadening the x(n) function, i.e., increasing K, 
we've narrowed the Dirichlet kernel of X(m). This follows from Eq. (3-45), 
right? The kernel's first zero crossing is inversely proportional to K, so, as 
we extend the width of K, we squeeze I X(m) I in toward m = 0. In this 

Figure 3-30 DFT of a symmetrical rectangular function with 31 unity values: 
(a) original x(n); (b) magnitude of X(m) . 

t The particular pattern of +1t and -1t values in Figure 3-29(e) is an artifact of the software 
used to generate that figure. A different software package may show a different pattern, but 
as long as the nonzero phase samples are either +1t or -1t, the phase results will be correct. 
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example, N = 64 and K;,, 31. From Eq. (3-45) the first positive zero cross­
ing of X(m) occurs at 64/31, or just slightly to the right of them = 2 sam­
ple in Figure 3-30(b). Also notice that the peak value of I X(m) I = K = 31, 
as mandated by Eq. (3-44). 

3.13.3 DFT of an All Ones Rectangular Function 

The DFT of a special form of x(n) is routinely called for, leading to yet 
another simplified form of Eq. (3-43). In the literature, we often encounter 
a rectangular function where K = N; that- is, all N samples of x(n) are 
nonzero, as shown in Figure 3-31. In this case, the N unity-valued samples 
begin at n = -n

0 
= -(N-1)/2. We obtain the expression for the DFT of the 

function in Figure 3-31 by substituting K = N and n
0 

= (N-1)/2 in Eq. (3-43) 
to get 

All Ones form of 
the Dirichlet 
kernel (Type 1): ➔ 

X(m) = ej(Z1tm/ N)[(N-l)/2-(N-1)/21. sin(mnN / N) 
sin(mn/ N) 

j(Z1tm/ N-)(0) Sin(1tm) =e •----,or 
sin(mn / N) 

X(m) = sin(1tm) 
sin(1tm/ N) 

(3-48) 

Equation (3-48) takes the first form of Eq. (3-34) that we alluded to at 
the beginning of this Section 3.13.t Figure 3-32 demonstrates the mean­
ing of Eq. (3-48). The DFT magnitude of the all ones function, x(n) in 

------ ---- K=N ---------► 
1 • • • • • • • • • • • • • • • • ■ • • • • • • • • • • • • • • • x(n) 

Ill . 'II 11!! .. ,1II 1 '.i1l1 ► 
1 o + n 

n0 =-Nl2 +1 N/2 

Figure 3-31 Rectangular function with N unity-valued samples. 

t By the way, there's nothing official about calling Eq. (3-48) a Type 1 Dirichlet kernel. We're 
using the phrase Type 1 merely to distinguish Eq. (3-48) from other mathematical expres­
sions for the Dirichlet kernel that we're about to encounter. 
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0 +HH+t-H+Ht++t-H++-t++++-tH+t+t+HH-1-t+t+HH+t-H+Ht+++H-+-Ht++++-t++...-. 

-28 -24 -20 -16 -12 -8 -4 o 4 8 12 16 20 24 28 32 n 

Figure 3-32 All ones function: (a) rectangular function with N = 64 unity-valued 
samples; (b) DFT magnitude of the all ones time function; (c) close-up 
view of the DFT magnitude of an all ones time function. 

Figure 3-32(a), is shown in Figure 3-32(b) and Figure 3-32(c). Take note 
that if m was continuous Eq. (3-48) describes the shaded curves in 
Figure 3-32(b) and Figure 3-32(c). If mis restricted to be integers, then 
Eq. (3-48) represents the dots in those figures . 

The Dirichlet kernel of X(m) in Figure 3-32(b) is now as narrow as it can 
get. The main lobe's first positive zero crossing occurs at them = 64/ 64 = 1 
sample in Figure 3-32(b) and the peak value of I X(m) I = N = 64. With x(n) 
being all ones, I X(m) I is zero for all m =f. 0. The sine function in Eq. (3-48) 
is of uhnost importance-as we'll see at the end of this chapter, it defines 
the overall DFT frequency response to an input sinusoidal sequence, and 
it's also the amplitude response of a single DFT bin. 

The form of Eq. (3-48) allows us to go one step further to identify the 
most common expression for the DFT of an all ones rectangular function 
found in the literature. To do this, we have to use an approximation prin­
ciple found in the mathematics of trigonometry that you may have heard 
before. It states that when a is small, then sin(a) is approximately equal to 
a, i.e., sin(a) "" a . This idea comes about when we consider a pie-shaped 
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(a) 

(b) 
a 

a. 
I 

ab : 

\ 

Figure 3-33 Relationships between an angle a, line a= sin(a), and a's chord 
b: (a) large angle a; (b) small angle a. 

section of a circle whose radius is 1 as shown in Figure 3-33(a). That sec­
tion is defined by the length of the arc a measured in radians apd a's 
chord b. If we draw a right triangle inside the section, we can say that 
a= sin(a). As a gets smaller the long sides of our triangle becqme almost 
parallel, the length of chord b approaches the length of arc a, and the 
length of line a approaches the length of b. So, as depicted in Figure 
3-33(b), when a is small, a"'" b"'" a= sin(a). We use this sin(a) "'"a approx­
imation when we look at the denominator of Eq; (3-48). When nm/N is 
small, then sin(nm/N) is approximately equal to nm/N. So we can, when 
N is large, state 

All Ones form of the 
JJirichlet kernel (Type 2): ➔ X(m)"'" sin(mn) = N. sin(nm). 

1tm/N nm 
(3-49) 

It has been shown that when N is larger than, say, 10 in Eq. (3-48), Eq. 
(3-49) accurately describes the DFT's output.t Equation (3-49) is often 
normalized by dividing it by N, so we can express the normalized DFT of 
an all ones rectangular function as 

+ We can be comfortable with this result because, if we let K = N, we'll see that the peak value 
of X(m) in Eq. (3-49), form= 0, is equal to N, which agrees with Eq. (3-44). 
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All Ones form of the 
Dirichlet kernel (Type 3): ➔ X(m)"" sin(1tm) . 

1tm 
(3-50) 

Equation (3-50), taking the second form of Eq. (3-34) that is so often seen 
in the literature, also has the DFI magnitude shown in Figure 3-32(b) and 
Figure 3-32(c). 

3. 13.4 Time and Frequency Axes Associated with 
Rectangular Functions 

Let's establish the physical dimensions associated with then and m index 
values. So far in our discussion, the n index was merely an integer 
enabling us to keep track of individua~ x(n) sample values. If then index 
represents instants in time, we can identify the time period separating 
adjacent x(n) samples to establish the time scale for the x(n) axis and the 
frequency scale for the X(m) axis. Consider the time-domain rectangular 
function given in Figure 3-34(a). That function comprises N time samples 
obtained t

5 
seconds apart, and the full sample interval is Nt

5 
seconds. Each 

(a) 

(b) 

Nls --------►1 
Is x{9) 

x(n) ~ ~ time = 91s seconds I 
-•·•-•-■-•-·-·-•--- •-•-• i i i : j i i i ·-·-•-•-!-•-•---•-■-•-• ..... 

O 9 Is seconds 

1•, • • 
Amplitude of X(m) / \ 1/(Nts) = fs!N = (2rtfs!N) 

/ \ 
1 

= (ros !N) = [ro/N] 

....• _,,.-•-., I -~.!-r:- ..... 
-;>l!'~l!',~J.J,1!!+++1!,,.-+++/ I I I I I I I 1'~1!'-+-H-l!',tJ .~•",;..++1!!1d,._----►► 

I •, ■ o ■ ,■ I fs!N Hz 
•- -• A 

--- ---- --- fsHz I I (ros/N) 

-fs/2 Hz 

(-ros /2 =-rrf5 ) 

[-rt] 
I 

[ro /N] 
(2rtfs = ros radians/sec) f

5
/2 Hz 

[ro = 2rt radians] (ros /2 = rtfs) 

m=7 [rt] 
freq . = 7 f5 /N Hz 

(freq. = 7ro5 IN radians/sec) 

[normalized angle= 7ro IN radians] 

Figure 3-34 DFT time and frequency axis dimensions: (a) time-domain axis uses 
time index n; (b) various representations of the DFT's frequency axis, 
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Table 3-1 Characteristics of Various DFT Frequency Axis Representations 

DFT Frequency X(m) Repetition Frequency 
Axis Frequency Resolution Interval of Axis 

Representation Variable ofX(m) X(m) Range 

Frequency in Hz mf/N f/N fs -1/2 tof/2 

Frequency in mro/Nor ro/Nor ro
5 

or 2rcf
8 -ro/2 to ro/2 

radians 2rcmf/N 2rcf/N or -refs to refs 

Normalized angle 2rcm/N 2rc/N 2rc -TC to 7C . 
in radians 

x(n) sample occurs at nt
5 

seconds for some value of n. For example, the 
n = 9 sample value, x(9) = 0, occurs at 9t

5 
seconds. 

The frequency axis of X(m) can be represented in a number of different 
ways. Three popular types of DFT frequency axis labeling are shown in 
Figure 3-34(b) and listed in Table 3-1. Let's consider each representation 
individually. 

3.13.4. l DFT Frequency Axis in Hz 

If we decide to relate X(m) to the time sample period t
5

, or the sample 
rate/

5 
= l/t

5
, then the frequency axis variable is m/Nts == mf/N. So each 

X(m) sample is associated with a cyclic frequency of mf/N Hz. In this 
case, the resolution 0£ X(m) is fs! N. The DFT repetition period, or peri­
odicity, is fs Hz, as shown in Figure 3-34(b). If we substitute the cyclic 
frequency variable mf/N for the generic variable of m/N in Eq. (3-47), 
we obtain an expression for the DFT of a symmetrical rectangular func­
tion, where K < N, in terms of the sample rate fs in Hz. That expression 
is 

X(mfs) = sin(nmfsK/ N). 
sin( nmfs IN) 

(3-51) 

For an all ones rectangular.function where K = N, the amplitude normal­
ized sin(x) / x approximation in Eq. (3-50) can be rewritten in terms of sam­
ple rate fs in Hz as 

X( ,, ) = sin(nnifs) 
nl.1 s . ,( • 

1tm1s 
(3-52) 
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The OFT of Rectangular Func tions 113 

3.13.4.2 DFT Frequency Axis in Radians/Second 

We can measure X(m)'s frequency in radians/s by defining the time­
domain sample rate in radians / s as ffi s = 21tf

5
• So each X(m) sample is asso­

ciated with a radian frequency of mffi/ N = 21tmf/ N radians/ s. In this case, 
X(m) 's resolution is ffi/N = 21tf/N radians / s, and the DFT repetition 
period is ffi

5 
= 21tfs radians/ s, as shown by the expressions in parenthesis in 

Figure 3-34(b). With ffi5 = 21tf
5

, then 1tfs = ro/ 2. If we substitute ro/ 2 for 7tfs 
in Eq. (3-51), we obtain an expression for the pFT of a symmetrical rectan­
gular function, where K < N, in terms of the sample rate ro

5 
in radians/s: 

X( ) = sin(m co5K / 2N) m cos - --'---''----------'- . 
sin(mws I 2N) 

(3-53) 

For an all ones rectangular function where K = N, the amplitude normal­
ized sin(x)/ x approximation in Eq. (3-50) can be stated in terms of a sam­
ple rate ffi

5 
in radians/ s as 

(3-54) 

3.13.4.3 DFT Frequency Axis Using a Normalized Angle Variable 

Many authors simplify the notation of their equations by using a normal­
ized variable for the radian frequency ro

5 
= 2rcf

5
• By normalized, we mean 

that the sample rate fs is assumed to be equal to 1, and this establishes a 
normalized radian frequency O\ equal to 21t. Thus, the frequency axis of 
X(m) now becomes a normalized angle ro, and each X(m) sample is asso­
ciated with an angle of mro/N radians. Using this convention, X(m)'s res­
olution is ro/N radians, and the DFT repetition period is ro = 21t radians, 
as shown by the expressions in brackets in Figure 3-34(b ). 

Unfortunately the usage of these three different representations of the 
DFT's frequency axis is sometimes confusing for the beginner. When 
reviewing the literature, the reader can learn to convert between these fre­
quency axis notations by consulting Figure 3-34 and Table 3-1. 

3.13.5 Alternate Form of the DFT of an All Ones 
Rectangular Function 

Using the normalized radian angle notation for the DFT axis from the bot­
tom row of Table 3-1 leads to another prevalent form of the DFT of the all 
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ones rectangular function in Figure 3-31. Letting our normalized discrete 
frequency axis variable be mm= 2nm/N, then nm= Nmm/2. Substituting 
the term Nmm/2 for nm in Eq. (3-48), we obtain 

All Ones form of the 
Dirichlet kernel (Type 4): ➔ X(co) = sin(Nco111 /2). 

sin(co,,, /2) 

Table 3-2 DFT of Various Rectangular Functions 

Description 

DFT of a general rectangular function, where 
K < N, in terms of the integral frequency m 
variable 

DFT of a symmetrical rectangular function, 
where K < N, in terms of the integral frequency 
variable m 

DFT of an all ones rectangular function in terms 
of the integer frequency variable m (Dirichlet 
kernel Type 1) 

DFT of an all ones rectangular function in terms 
of the integer frequency variable m (Dirichlet 
kernel Type 2) 

Amplitude normalized DFT of an all ones 
rectangular function in terms of the integral 
frequency variable m (Dirichlet kernel Type 3) 

DFT of a symmetrical rectangular function, 
where K < N, in terms of the sample rate fs in Hz 

Amplitude normalized DFT of an all ones 
rectangular function in terms of the sample 
rate/

5 
in Hz 

DFT of a symmetrical rectangular function, 
where K < N, in terms of the sample rate m

5 
in radians/s 

Amplitude normalized DFT of an all ones 
rectangular function in terms of the sample 
rate m 

5 
in radians/ s 

DFT of an all ones rectangular function in 
terms of the normalized discrete frequency 
variable mm (Dirichlet kernel Type 4). 

Expression 

X(m)= 
sin(rrmK/ N) 
sin(mn/N) 

• ei(21tm I N)(n, -(K-1) / 2) 

X(m) = sin(nmK IN) , 
sin(nm/N) 

X(m) = sin(nm) 
sin(nm/N) 

X(m) = N sin(n:m) . 
n:m ~ 

X(m) = sin(n:m') . 
n:m 

X(mf,)= sin(n:mf,KIN) . 
• sin( n:mfs I N) 

X(mfs) = sin(nmfs) . 
n:mfs 

X( ) = sin(1111»,K I 2N) mro, . 
sin(mw,/2N) 

X( ) = 2sin(mro, /2) mro, . 
mro5 

X(w) = sin(N(I)"' / 2) . 
sin(@'" / 2) 

(3-55) 

(3-46) 

(3-47) 

(3-48) 

(3-49) 

(3-50) 

(3-51) 

(3-52) 

(3-53) 

(3-54) 

(3-55) 
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Equation (3-55), taking the third form of Eq. (3-34) sometimes seen in the 
literature, also has the DFT magnitude shown in Figure 3-32(b) and 
Figure 3-32(c). 

We've covered so many different expressions for the DFT of various 
rectangular functions that it's reasonable to compile their various forms in 

Table 3-2. 

3.13.6 Inverse DFT of a General Rectangular Function 

Let's think now about computing the inverse DFT of.a rectangular fre­
quency-domain function; that is, given a rectangular X(m) function, find 
a time-domain function x(n). We can define the general form of a rectan­
gular frequency-domain function, as we did for Figure 3-24, to be that 
shown in Figure 3-35. The inverse DFT of the rectangular function X(m) in 
Figure 3-35 is 

l N/2 
x(n)= N LX(m)ej2nmn/N. 

m=-(N/2)+1 

(3-56) 

The same algebraic acrobatics we used to arrive at Eq. (3-43) can be 
applied to Eq. (3-56), guiding us to 

( )
- -j(2nn/ N)(m -(K-1)/2) 1 sin(1tnK / N) x n -e O 

•---~---

N sin(rrn / N) ' 
(3-57) 

for the inverse DFT of the rectangular function in Figure 3-35. The 
descriptions we gave for Eq. (3-43) apply equally well to Eq. (3-57) with 
the exception of a 1 / N scale factor term and a change in the sign of 
Eq. (3-43)'s phase angle. Let's use Eq. (3-57) to take a 64-point inverse 
OFT of the 64-sample rectangular function shown in Figure 3-36(a). The 

-< K ► 
1 ■ ■ ■ ■ ■ ■ ■ ■ ■ ■ ■ ■ ■ X(m) 

I ; : i I I I I 
-•-•-•-•-•-•-•-•·•-•-•-•--------~•-•-•---•-•·•~ 

,} ,+ o ,} ,+ m 
-N/2 + 1 N/2 

Figure 3-35 General rectangular frequency-domain function of width K 
samples defined over N samples where K < N. 
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(a) 

(b) 

(c) 

o.~ t X(m) j; •r • r~- ■ 

□ •••,•••,•••,••~,•~•,•~~,,••I 111I111I11•,•••,•••,•••,•••,•••,•••,,._ 
-28 -24 -20 -16 -12 -8 -4 O 4 8 12 16 20 24 28 32 m 

0.2 

Xreal (n) ••• 0.172 
015 • , I• 

01 • • 
• I • 0 05 

0.03 - ximag(n) 
0.02 

• •• • • 
■ ·~ 

•'• I• • • ■ ■ 0.01 

0 

-0.01 

-0.02 

-0.03 

-28 -24 • , ' • -16 ■ --4 o j B • 1 • 20 ,. ~•I '! n 
. '!i,++++f'! I I I JI I I I I I JI I l_:!;I ' 111 1 I ■ I I I 11 I 11 I 11 I I I f 11111 I ■JI IJ•~-~ 

•a •• • -20 • • I I 4 • ' • 2 16 • • 4 8 

■ ■ ■ I • ■ • ■• 
•• • • • 

• •• 
Figure 3-36 Inverse DFT of a general rectangular function: (a) original function X(m); 

(b) real part, xreal(n); (c) imaginary part, ximagCn). 

0.15 • I• ': 
0.1 • • 

02 1 lx(n)I ••• 0,172 

(a) • • 
005 •••• ■ • •••• 

(b) 

.. . ... ~~,. .... .... .... ... . 
OF'!;+#r'!~' j Ii Ii~ 11 j 1, I j 1111 I 11 i I~ 111 ,~T 111,,4t+-H-r+HT'!~ 

-28 -24 -20 -16 -12 -8 --4 O 4 B 12 16 20 24 28 n 

••• ••• 

Figure 3-37 Inverse DFT of a generalized rectangular function: (a) magnitude 
I x(n) I; (b) phase angle of x(n) In radians. 

inverse DFT of the sequence irt Figure 3-36(a) results in an x(n) whose 
real and imaginary parts, xrea/n) and xirna/n), are shown in Figure 3-36(b) 
and Figure 3-36(c), respectively. With N = 64 and K = 11 in this example, 
we've made the inverse DFT functions in Figure 3-36 easy to compare 
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with those forward OFT functions in Figure 3-26. See the similarity 
between the real parts, X,ea1(m) and x,eal(n), in Figure 3-26(b) and Figure 
3-36(b)? Also notice the sign change between the imaginary parts in 
Figure 3-26(c) and Figure 3-36(c). 

The magnitude and phase angle of x(n) are shown in Figure 3-37(a) 
and Figure 3-37(b). Note the differences in main lobe peak magnitude 
between Figure 3-27(a) and Figure 3-37(a). The peak magnitude value in 
Figure 3-37(a) is KIN= 11/64, or 0.172. Also notice the sign change 
between the phase angles in Figure 3-27(b) and Figure 3.37(b). The illus­
trations in Figures 3-26, 3-27, 3-36, and 3-37 are good examples of the fun­
damental duality relationships between the forward and inverse OFT. 

3.13.7 Inverse OFT of a Symmetrical Rectangular Function 

The inverse OFT of the general rectangular function in Figure 3-36 is 
not very common in digital signal processing. However, in discussions 
concerning digital filters, we will encounter the inverse OFT of sym­
metrical rectangular functions. This inverse OFT process is found in the 
window design method of what are called low-pass finite impulse 
response (FIR) digital filters. That method begins with the definition of 
a symmetrical frequency function, H(m), such as that in Figure 3-38. 
The inverse OFT of the frequency samples in Figure 3-38 is then taken 
to determine the time-domain coefficients for use in a low-pass FIR fil­
ter. (Time-Domain FIR filter coefficients are typically denoted h(n) 
instea-d of x(n), so we'll use h(n) throughout the remainder of this 
inverse OFT discussion.) 

In the case of the frequency domain H(m) in Figure 3~38, the K unity­
valued samples begin at m = -m

0 
= -(K-1)/2. So plugging (K-1)/2 in for 

m
0 

in Eq. (3-57), gives 

h(n) = ej(2rcn/ N)((K-1)/2-(K-1)/2). J_. sin(rmK IN) 
N sin(rtn / N) 

= ej(2rcn; N)(O) . _!_ . sin( nnK IN) . 
N sin(nn/ N) 

Again, because ejO = 1, Eq. (3-58) becomes 

h(n) = J_. sin(1tnK IN)_ 
N sin(1tn/ N) 

(3-58) 

(3-59) 
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K ---► 
• • H(m) ■ • ■ ••••• ■ •• 

I 

-·-•-•-·-•-•-•-•-•-,------------:-•-•-•-·-•-•-•-•-•-•~ 
~ ~ O + + m 

-N/2+1 m=-m0 = -(K-1)/2 m=(K-1)/2 N/2 

Figure 3-38 Frequency-domain rectangular function of width K samples 
de'flned over N samples. 

(a) 

(b) 

(c) 

(d) 

(e) 

01 H{m) I 
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0.21 lh(n)I •·r• - 0,172 
0,1 • 1· 
0.1 • I • 

■ I • 
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o M'!i-+++,'!~'! 11 I 1j~ 1 I 11'! 1111 1111 11'!' 111 ,~j 11 I 1'!~~1!~ 

I -28 -24 -20 - 16 -12 -8 -4 o 4 8 12 16 20 24 28 n 

; ~

0
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0 ····•1+t++++•~---•+H+tt·~---~---··~---·· ..... ~ J . ./ L .. ./ \ ... .1 . -1t 4 8 12 16 20 24 is n 

-4 l. 

Figure 3-39 Inverse OFT of a rectangular function centered about m = 0: 
(a) original H(,m); (b) hr001(n); (c) himagCn); (d) magnitude of h(n); 
(e) phase of h(n) in radians. 
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Equation (3-59) tells us that the inverse OFT of the symmetrical rectan­
gular function in Figure 3-38 is itself a real function that we can illustrate by 
example. We'll perform a 64-point inverse DFT of the sequence in Figure 
3-39(a). Our H(m) is 11 unity-valued samples centered about the rn == 0 
index. Here the inverse DFT results in an h(n) whose real and imaginary 
parts are shown in Figure 3-39(b) and Figure 3-39(c), respectively. As Eq. 
(3-47) predicted, hreal(n) is nonzero and hima,/n) is zero. The magnitude and 
phase of h(n) are depicted in Figure 3-39ld) and Figure 3-39(e). (Again, 
we've made the functions in Figure 3-39 easy to compare with the forward 
DFT function in Figure 3-29.) It is h(n)'s real part that we're really after here. 
Those values of hrea/n) are used for the time-domain filter coefficients in the 
design of FIR low-pass filters that we'll discuss in Section 5.3. 

3. 14 The DFT Frequency Response to a 
Complex Input 

In this section, we'll determine the frequency response to an N-point DFT . 
when its input is a discrete sequence representing a complex sinusoid 
expressed as x/n). By frequency response we mean the DFT output sam­
ples when a complex sinusoidal sequence is applied to the DFT. We begin 
by depicting an xJn) input sequence in Figure 3-40. This time sequence is 
of the form 

j Real part of xc(n) 

(a) o +-+-+HH+-+-+-l-l-li.+-+-+-1-+-++--++-11-+-+-+-H~i-+-~ 
_

1 
Time (n) 

(b) 
t 

Imaginary part of Xc(n) 

1 ••••• ··1·1·1· • , • • I I • N-
1 

0 ■-t-+++++T■-t--t-++-t--t--1'~ I I I II I 1,i ' I " ' I ► 
I · • • I • • • • • • Time (n) -1+ ••• • •• 

Figure 3-40 Complex time-domain sequence xc(n) = e/2nnktN having two 
complete cycles (I<= 2) over N samples: (a) real part of xc(n); (b) 
imaginary part of xc(n). 
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x/n) = ej21tnk/N, (3-60) 

where k is the number of complete cycles occurring in the N samples. 
Figme 3-40 shows x,(n) if we happen to let k = 2. If we denote our DFr 
output sequence as X,(m), and apply our x,(n) input to the DFT expression 
in Eq. (3-2) we have 

N-1 N-1 
X,(m) = Lx,(n)e-j21tnm/N = Lej2.1tnk/N·e-j21tnm/N 

n=O n=O 

N-1 
= L ej21tn(k-m) / N. (3-61) 

n=O 

If we let N = K, n = p, and q = -2n(k-m)/N, Eq. (3-61) becomes 

K-1 

Xc(m) = }>-jpq (3-62) 
p=O 

Why did we make the substitutions in .Eq. (3-61) to get Eq. (3-62)? 
Because, happily, we've already solved Eq. (3-62) when it was':.Eq. (3-39). 
That closed form solution was Eq. (3-41) that we repeat here as 

Xc(m) = l>-jpq = e-jq(K-l)/Z. sin(qK /2) . 
r=o sin(q / 2) 

(3-63) 

Replacing our original variables from Eq. (3-61), we have our answer: 

DFT of a complex 
sinusoid: ➔ X (m)=ej[1t(k-m)-1t(k-m)/NJ. sin[1t(k-m)] 

c sin[rr,(k- m) / N] 
(3-64) 

Like the Dirichlet kernel in Eq. (3-43), the X,(m) in Eq. (3-64) is a com­
plex expression where a ratio of sine terms is the amplitude of X,(m) and 
the exponential term is the phase angle of X/m). At this point, we're inter­
ested only in the ratio of sines factor in Eq. (3-64). Its magnitude is shown 
in Figure 3-41. Notice that, because x,(n) is complex, there are no negative 
frequency components in X/m). Let's think about the shaded curve in 
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Figure 3-41 for a moment. That curve is the continuous Fourier transform 
of the complex x/n) and can be thought of as the continuous spectrum of 
the xc(n) sequence.t By continuous spectrum we mean a spectrum that's 
defined at all frequencies, not just at the periodic f/ N analysis frequen­
cies of an N-point OFT. The shape of this spectrum with its main lobe and 
sidelobes is a direct and unavoidable effect of analyzing any finite-length 
time sequence, such as our xc(n) in Figure 3-40. 

We can conceive of obtaining this continuous spectrum analytically by 
taking the continuous Fourier transform of our discrete xc(n) sequence, a 
process some authors call the discrete-time Fourier transform (OTFT), but 
we can't actually calculate the continuous spectrum on a computer. That's 
because the OTFT is defined only for infinitely long time sequences, and 
the OTFT's frequency variable is continuous with infinitely fine-grained 
resolution. What we can do, however, is use the OFT to calculate an 
approximation of xjn)'s continuous spectrum. The OFT outputs repre­
sented by the dots in Figure 3-41 are a discrete sampled version of xc(n)'s 
continuous spectrum. We could have sampled that continuous spectrum 
more often, i.e., approximated it more closely, with a larger OFT by 
appending additional zeros to the original x/n) sequence. We actually did 
that in Figure 3-21. 

Figure 3-41 shows us why, when an input sequence's frequency is 
exactly at them = k bin center, the OFT output is zero for all bins except 
where m = k. If our input sequence frequency was k+0.25 cycles in th~ 
sample interval, the OFT will sample the continuous spectrum shown iri 
Figure 3-42 where all of the OFT output bins would be nonzero. This 
effect is a demonstration of OFT leakage described in Section 3.8. 

j, IXc(m)I OFT This curve is the continuous Fourier 

r ~poose N / \ /m of ~o)" e~'°'-'". 

-+--------t- \'t-i.:...,_,~~-j-t-j__:~_•( '~::.:..j-t'c-----
0 k-5 k-4 k-3 k-2 k-1 k k+ 1 k+2 k+3 k+4 k+S m -k 

Figure 3-41 N-point DFT frequency magnitude response to a complex sinusoid 
having integral k cycles in the N-point time sequence x/n) = ei2nnk!N, 

t Just as we used L'Hospital's rule to find the peak value of the Dirichlet kernel in 
Eq. (3-44), we could also evaluate Eq. (3-64) to show that the peak of X/m) is N when m = k. 
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122 The Discrete Fourier Transform 

IXc(m)I OFT 
response 

N--,-, 

,.... ' .... /'\ • • ,.. - . I I • .... - • . ~-- ~-
----------~· \, ~ • - : , • ' > ~ 

k~5 k-4 k-3 k-2 k-1 k k+ 1 k+2 k+3 k+4 k+5 m -k 0 

k+0.25 

Figure 3-42 N-polnt DFT frequency magnitude response showing spectral leakage of a 
complex sinusoid having k+0.25 cycles in the N-polnt time sequence xc(n). 

Again, just as there are several different expressions for the DFT of a 
rectangular function that we listed in Table 3-2, we can express the ampli­
tude response of the DFT to a complex input sinusoid in different ways to 
arrive at Table 3-3. 

Table 3-3 Various Forms of the Amplitude Response of the DFT to a 
Complex Input Sinusoid Having k Cycles in the Sample Interval 

Description Expression 

Complex input OFT amplitude 
X (m) = sin[1t(k- m)] 

response in terms of the -integral 
frequency variable m [From Eq. (3-64)] 

c sin[1t(k-m)/N] 

Alternate form of the complex input OFT 
X c(m)= 

N sin[1t(k-m)] 
amplitude .response in terms of the integral 1t(k-m) 
frequency variable m rt,ased on Eq. (3-49)] 

Amplitude normalized complex input OFT X (m) = sin[1t(k - m)] 
response in terms of the integral frequency c 1t(k-m) 
variable m 

Complex input OFT response in terms X (mf, = Nsin[1t(k-m).fs] 
of the sample rate f

5 
in Hz c ,> 1t(k-m)J, 

Amplitude normalized complex input OFT 
X (ml,)= sin[1t(k-m).fs] 

response in terms of the sample rate f
5 

in Hz c s 1t(k- m)J, 

~ 

Amplitude normalized complex input OFT X (mw )= 2sin[(k-m)ro,/2] 
response in terms of the sample rate ro

5 ' ' (k-m)co, 

(3-65) 

(3-66) 

(3-67) 

(3-68) 

(3-69) 

(3-70) 
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At this point, the thoughtful reader may notice that the DFT's response 
to a complex input of k cycles per sample interval in Figure 3-41 looks sus­
piciously like the DFT's response to an all ones rectangular function in · 
Figure 3-32(c). The reason the shapes of those two response curves look 
the same is because their shapes are the same. If our OFT input sequence 
was a complex sinusoid of k = 0 cycles, i.e., a sequence of identical con­
stant values, the ratio of sines term in Eq. (3-64) becomes 

sin[1t(O-m)] -sin(nm) sin(nm) • 
= = 

sin[1t(O - m) / N] -sin(1tm/N) sin(1tm/N)' 

which is identical to the all ones form of the Dirichlet kernel in Eq. (3-48). 
The shape of our Xc(m) OFT response is the sine function of the Dirichlet 
kernel. 

3. 15 The OFT Frequency Response to a Real 
Cosine Input 

Now that we know what the OFT frequency response is to a complex 
sinusoidal input, it's easy to determine the OFT frequency response to a 
real input sequence. Say we want the DFT's response to a real cosine 
sequence, like that shown in Figure 3-40(a), expressed as 

xr(n) = cos(21tnk/N), (3-71) 

where k is the integral number of complete cycles occurring in the N sam­
ples. Remembering Euler 's relationship cos(0) = (ei0 + e-i0 )/ 2, we can show 
the desired OFT as X,(m) where 

N-1 N-l 

X, (m)= I, xr(n)e-jZ1tnm/N = I,cos(2nnk /N) •e-i21tnm/N 
n=O 1!=0 

N-1 
= L, (ej2nnk/ N + e-j2nnk IN )/ 2 . e-j2nnm/ N 

n=O 

N-1 N - 1 =½ I, ej2nn(k-m)/N +½ I, e- j2nn(k+m)/N. 

n=O n=O 

(3-72) 
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124 The Discrete Fourier Transform 

Fortunately, in the previous section we just finished determining the 
closed form of a summation expression like those in Eq. (3-72), so we can 
write the closed form for X,(m) as 

DFf of a real 
cosine: ➔ X (m) = ej[1t(k-m)-1t(k-m)/ NJ . ]:_ sin[1t(k - m)] 

r 2 sin[1t(k- m)/ N ] 

}'[1t(k+m)-1t(k+m)/ NJ 1 sin[1t(k + m)] +e ____ ;:_;:..__..:..=..._ 

2 sinl1t(k+111)/NJ 
(3-73) 

We show the magnitude of those two ratio of sines terms as the sine 
functions in Figure 3-43. Here again, the DPT is sampling the input 
cosine sequence's continuous spectrum and, because k = m, only one DPT 
bin is nonzero. Because the DFT's input sequence is real, Xr(m) has both 
positive and negative frequency components. The positive frequency 
portion of Figure 3-43 corresponds to the first ratio of sines term in Eq. 

IX,(m)I OFT 

N response N This curve, along with its 

2 - •\ 2 -;•\ negative frequency 

/ 

I \ portion, is the continuous 
\ / Fourier transform of 

\ •, x(n) = cos(21t~k/N). 

~ I ., _, , -
, -.. -..._ I I \ , , ~ lt- ,. ·., -~ \ I \,.......,_ • ~~ 

~~~----■-■-1---■-•-•-• •--•-■--1-■-•-·-\!' I ' I I I ' I ' ' I ' I I I ' I ' 
- -4-k-3-k~ -lc-1 -k -k+1-k+2-k+3-k+4 0 k-4 k-3 k-2 k-1 k k+1 k+2 k+3 k+4 m 

Figure 3-43 N-point DFT frequency magnitude response to a real cosine having 
integral k cycles in the N-point time sequence x,(n) = cos(21tnk/N). 

N 
2 I• 

' ii . \ . 
- • • J \,■ . . ...... . , 

IX,(m)I OFT 
response 

k-4 k-3 k-2k_1 k k+1 k+2 k+S k+4 
~ 

k+0.25 

Figure 3-44 N-point DFT frequency magnitude response showing spectral leakage of 
a real cosine having k+0.25 cycles in the N-point time sequence x/n). 
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Table 3-4 Various Forms of the Positive Frequency Amplitude Response of the 
DFT to a Real Cosine Input Having k Cycles in the Sample Interval 

Description Expression 

Real input DFT amplitude response in X ( ) sin[1t(k- - m)] 
terms of the integral frequency variable m m = 
[From Eq. (3-73)] 

' 2sin[1t(k - m) / N] 
(3-74) 

Alternate form of the real input DFT 
x,.(m) = 

N sin[1t(k- m)] 
amplitude response in terms of the integral 21t(k-m) 
frequency variable m [based on Eq. (3-49)] . 

(3-75) 

Amplitude normalized real input 
X,(m)= 

sin[1t(k-m)] 
DFT response in terms of the integral 21t(k-m) 
frequency variable m 

(3-76) 

Real input DFT response in terms of 
X,(mfs)"' Nsin[n(k-m)fsl 

the sample rate f
5 

in Hz 21t(k-m)fs 
(3-77) 

Amplitude normalized real input X,(mfs)= sin[n(k-m)fs] 
DFT response in terms of the sample 
rate/

5 
in Hz 

21t(k-m)fs 
(3-78) 

Amplitude normalized real input X( )=sin[(k-m)w5 /2) 
DFT response in terms of the sample r moos 
rate w

5 
in radians/s 

(k-m)w, 
(3-79) 

(3-73) and the second ratio of sines term in Eq. (3-73) produces the nega- . 
tive frequency components of X,.(m). 

DFT leakage is again demonstrated if our input sequence frequency 
were shifted from the center of the kth bin to k+0.25 as shown in Figure 
3-44. (We used this concept of real input DPT amplitude response to 
introduce the effects of DPT leakage in Section 3.8.) 

In Table 3-4, the various mathematical expressions for the (positive fre­
quency) amplitude response of the DFT to a real cosine input sequence are 
simply those expressions in Table 3-3 reduced in amplitude by a factor of 2. 

3. 16 The OFT Single-Bin Frequency Response to a 
Real Cosine Input 

Now that we nnderstand the DFT's overall N-point (or N-bin) frequency 
response to a real cosine of k cycles per sample interval, we conclude this 
chapter by determining the frequency response of a single DFT bin. We 
can think of a single DPT bin as a kind of bandpass filter, and this useful 
notion is used, for example, to describe DPT scalloping loss (Section 3.10), 
employed in the design of frequency-domain filter banks, and applied in 
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a telephone frequency multiplexing technique known as transmultiplex­
ing[lS]. To determine a DFT single-bin's frequency response, consider 
applying a real x,(n) cosine sequence to a DFT and monitoring the output 
magnitude of just the m = k bin. Let's say the initial frequency of the input 
cosine sequence starts at a frequency of k<m cycles and increases up to a 
frequency of k>m cycles in the sample interval. If we measure the DFT' & 

(a) 

(b) 

(c) 

(d) 

! 
~~:n~:ude of / \ 
the mth bin \ =::>-

/ ,....,/ \/ \,r \1, -....r 
a ~l,;2! :n lm-!.2lm~4 ► 

k 

0 

0 

0 

m-3 m-1 m+1 m+3 

Output ( 
magnitude of 1 

the mth bin / \ 

~-1 \ :, ' 
m-4 m-2 m m+2 m+4 k 

Output 
magnitude of 
the mth bin 

/ 

m-3 m-1 m+1 m+3 

I rd-2 I m m+2 m+4 k 
m-3 m-1 m+1 m+3 

Single-bin 
magnitude 
response 

m-3 m-1 

This curve is the 
continuous frequency 
magnitude response 

----- of a DFTs mth bin 
~ when the OFT input is 

real. 

Input 
frequency k 

Figure 3-45 Determining the output magnitude of the mth bin of an N-point DFT: 
(a) when the real xr(n) has k = m-2.5 cycles in the time sequence; 
(b) when the real x,(n) hos k = m-1.5 cycles in the time sequence; 
(c) when the real x,(n) hos k = m cycles In the tirne sequence; 
(d) the OFT single-bin frequency magnitude response of them= k bin. 
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m = k bin during that frequency sweep, we'll see that its output magni­
tude must track the input cosine sequence's continuous spectrum, shown 
as the shaded curves in Figure 3-45. 

Figure 3-45(a) shows them= k bin's output when the input x,(n)' s fre­
quency is k = m-2.5 cycles per sample interval. Increasing xr(n) ' s fre­
quency to k = m-1.5 cycles per sample interval results in them= k bin's 
output, shown in Figure 3-45(b). Continuing to sweep x/n) 's frequency 
higher Figure 3-45(c) shows them= k bin's 01.,1tput when the input fre­
quency is k = m. Throughout our input frequency sweeping exercise, we 
can see that them= k bin's output magnitude must trace out the cosine 
sequence's continuous spectrum, shown by the solid curve in Figure 
3-45(d). This means that a DFT's single-bin frequency magnitude 
response, to a real input sinusoid, is that solid sine function curve 
defined by Eqs. (3-74) through (3-79). 
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CHAPTER FOUR 

The Fast Fourier 
Transform 

Although the DFT is the most straightforward mathematical procedure 
for determining the frequency content of a time-domain sequence, it's ter­
ribly inefficient. As the number of points in the DFT is increased to hun­
dreds, or thousands, the amount of necessary number crunching becomes 
excessive. In 1965 a paper was published by Cooley and Tukey describing 
a very efficient algorithm to implement the DFT[l]. That algorithm is now 
known as the fast Fourier transform (FFT).t Before the advent of the FFT, 
thousand-point DFTs took so long to perform that their use was restricted 
to the larger research and university computer centers. Thanks to Cooley, 
Tukey, and the semiconductor industry, 1024-point DFTs can now be per­
formed in a few seconds on home computers. 

Volumes have been written about the FFT, and, like no other innova­
tion, the development of this algorithm transformed the discipline of dig­
ital signal processing by making the power of Fourier analysis affordable. 
In this chapter, we'll show why the most popular FFT algorithm ( called 
the radix-2 FFT) is superior to the classical DFT algorithm, present a series 
of recommendations to enhance our use of the FFT in practice, and pro­
vide a list of sources for FFT routines in various software languages. We 
conclude this chapter, for those readers wanting to know the internal 
details, with a derivation of the radix-2 FFT and introduce several differ­
ent ways in which this FFT is implemented. 

t Actually, the fFT has an interesting history, While analyzing X-ray scattering data, a cou­
ple of physicists in the 1940s were taking advantage of the symmetries of sines and. cosines 
using a mathematical method based on a teclmique published i11 the early 1900s. 
Remarkably, over 20 years passed before the FFT was (re)discovered. Reference [2J tells the 
full story. 

129 

I 
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130 The Fast Fourier Transform 

4. l Relationship of the FFT to the OFT 
Although many different FFT algorithms have been developed, in this 
section we'll see why the radix-2 FFT algorithm is so popular and learn 
how it's related to the classical DPT algorithm. The radix-2 FFT algorithm 
is a very efficient process for performing DFTs under the constraint that 
the DPT size be an integral power of two. (That is, the number of points 
in the transform is N = 2k, where k is some positive integer.) Let's see just 
why the radix-2 FFT is the favorite spectral analysis technique used by 
signal-processing practitioners. 

Recall that our DFT Example 1 in Section 3.1 illustrated the number of 
redundant arithmetic operations necessary for a simple 8-point DPT. (For 
example, we ended up calculating the product of 1.0607 · 0.707 four sepa­
rate times.) On the other hand, the radix-2 FFT eliminates these redundan­
cies and greatly reduces the number of necessary arithmetic operations. To 
appreciate the FFT's efficiency, let's consider the number of complex multi­
plications necessary for our old friend, the expression for an N-point DPT, 

N-1 

X(m) = I,x(n)e-jZ1tnm/N_ (4-1) 
n=O 

For an 8-point DPT, Eq. (4-1) tells us that we'd have to perform N2 or 64 
complex multiplications. (That's because, for each of the eight )((m}s, we 
have to sum eight complex products as n goes from Oto 7.) As we'll ver­
ify in later sections of this chapter, the number of complex multiplications, 
for an N-point FFT, is approximately 

N 
-·log2 N. 
2 

(4-2) 

(We say approximately because some multiplications turn out to be mul­
tiplications by +1 or -1, which amount to mere sign changes.) Well, this 
(N /2)1og2N value is a significant reduction from the N2 complex multipli­
cations required by Eq. (4-1), particularly for large N. To show just how 
significant, Figure 4-1 compares the number of complex multiplications 
required by DFTs and radix-2 FFTs as a function of the number of input 
data points N. When N = 512, for example, the DPT requires 200 times 
more complex multiplications than those needed by the FFT. When 
N = 8192, the DFI' must calculate 1000 complex multiplications for each 
complex multiplication in the FFT! 
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Figure 4-1 Number of complex multiplications in the DFT and the radix-2 FFT 
as a function of N. 

It's appropriate now to make clear that the FFI is not an approximation 
to the DFI. It's exactly equal to the DFT; it is the DFT. Moreover, all of the 
performance characteristics of the DFT described in the previous chapter, 
output symmetry, linearity, output magnitudes, leakage, scalloping loss, 
etc., also describe the behavior of the FFT. 

4.2 Hints on Using FFTs in Practice 
Based on how useful FFTs are, here's a list of practical pointers, or tips, on 
acquiring input data samples and using the radix-2 FFT to analyze real­
world signals or data. 

4.2. l Sample Fast Enough and Long Enough 

When digitizing continuous signals with an AID converter, for example, 
we know, from Chapter 2, that our sampling rate must be greater than 
twice the bandwidth of the continuous AID input signal to prevent 
frequency-domain aliasing. Depending on the application, practitioners 
typically sample at 2.5 to four times the signal bandwidth. If we know 
that the bandwidth of the continuous signal is not too large relative to the 
maximum sample rate of our AID converter, it's easy to avoid aliasing. If 
we don't know the continuous AID input signal's bandwidth, how do we 
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132 The Fast Fourier Transform 

tell if we're having aliasing problems? Well, we should mistrust any FFT 
results that have significant spectral components at frequencies near half 
the sample rate. Ideally, we'd like to work with signals whose spectral 
amplitudes decrease with increasing frequency. Be very suspicious of 
aliasing if there are any spectral components whose frequencies appear to 
depend on the sample rate. If we suspect that aliasing is occurring or that 
the continuous signal contains broadband noise, we'll have to use an ana­
log low-pass filter prior to A/D conversion. The cutoff frequency of the 
low-pass filter must, of course, be greater than the frequency band of 
interest but less than half the sample rate." · 

Although we know that an N-point radix-2 FFT requires N = 2k input 
samples, just how many samples must we collect before we perform our 
FFT? The answer is that the data collection time interval must be long 
enough to satisfy our desired FFT frequency resolution for the given sam­
ple fs rate. The data collection time interval is the reciprocal of the desired 
FFT frequency resolution, and the longer we sample at a fixed fs sample 
rate, the finer our frequency resolution will be; that is, the total data col­
lection time interval is N/fs seconds, and our N-point FFT bin-to-bin fre­
quency resolution is f/N Hz. So, for example, if we need a spectral 
resolution of 5 Hz, then,fs/N = 5 Hz, and 

N = ls = ls = 0.2fs. 
desired resolution 5 

(4-3) 

In this case, if fs is, say, 10 kHz, then N must be at least 2,000, and we'd 
choose N equal to 2048 because this number is a power of 2. 

4.2.2 Manipulating the Time Data Prior to Transformation 

When using the radix-2 FFT, if we don't have control over the length of 
our time-domain data sequence, and that sequence length is not an 
integral power of two, we have two options. We could discard enough 
data samples so that the remaining FFT input sequence length is some 
integral power of two. This scheme is not recommended because ignor­
ing data samples degrades our resultant frequency-domain resolution. 
(The larger N, the better our frequency resolution, right?) A better 
approach is to append enough zero-valued samples to the end of the 
time data sequence to match the number of points of the next largest 
radix-2 FFT. For example, if we have 1000 time samples to transform, 
rather than analyzing only 512 of them with a 512-point FFT, we should 
add 24 trailing zero-valued samples to the original sequence and use a 
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1024-point FFT. (This zero-stuffing technique is discussed in more detail 
in Section 3.11.) 

FFTs suffer the same ill effects of spectral leakage that we discussed for 
the OFT in Section 3.8. We can multiply the time data by a window func­
tion to alleviate this leakage problem. Be prepared, though, for the fre­
quency resolution degradation inherent when windows are used. By the 
way, if appending zeros is necessary to extend a time sequence, we have 
to make sure that we append the zeros after multiplying the original time 
data sequence by a window function. Applying a window function to the 
appended zeros will distort the resultant window and worsen our FFr 
leakage problems. 

Although windowing will reduce leakage problems, it will not elimi­
nate them altogether. Even when windowing is employed, high~level 
spectral components can obscure nearby low-level spectral components. 
This is especially evident when the original time data has a nonzero aver­
age, i.e., it's riding on a DC bias. When the FFT is performed in this case, 
a large-amplitude DC spectral component at O Hz will overshadow its 
spectral neighbors. We can eliminate this problem by calculating the aver­
age of the windowed time sequence and subtract that average value from 
each sample in the original windowed sequence. (Alternatively, the aver­
aging and subtraction process could just as well be performed before win­
dowing.) This technique makes the new time sequence's average (mean) 
value equal to zero and eliminates any high-level, 0-Hz component in the 
FFT results. 

4.2.3 Enhancing FFT Results 

If we're using the FFT to detect signal energy in the presence of noise and 
enough time-domain data is available, we can improve the sensitivity of 
our processing by averaging multiple FFTs. This technique, discussed in 
Section 10.7, can be implemented very efficiently to detect signal energy 
that's actually below the average noise level; that is, given enough time­
domain data, we can detect signal components that have negative signal­
to-noise ratios. 

If our original time-domain data is real-valued only, we can take 
advantage of the 2N-Point Real FFT technique in Section 10.5 to speed up 
our processing; that is, a 2N-point real sequence can be transformed with 
a single N-point complex radix-2 FFT. Thus we can get the frequency res­
olution of a 2N-point FFT for just about the computational price of per­
forming a standard N-point FFT. Another FFT speed enhancement is the 
possible use of the frequency-domain windowing technique discussed in 
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Section 10.3. If we need the FFI of unwindowed time-domain data and, 
at the same time, we also want the FFT of that same time data with a win­
dow function applied, we don't have to perform two separate FFTs. We 
can perform the FFI of the unwindowed data, and then we can perform 
frequency-domain windowing to reduce spectral leakage on any, or all, of 
the FFT bin outputs. 

4.2.4 Interpreting FFT Results 

The first step in interpreting FFT results IB to compute the absolute fre­
quency of the individual FFT bin centers. Like the OFT, the FFI bin spac­
ing is the ratio of the sampling rate (fs) over the number of points in the 
FFT, or fs/N. With our FFT output designated by X(m), where m = 0, l, 2, 
3, ... , N-1, the absolute frequency of the mth bin center is mfs/N. If the 
FFT's input time samples are real, only the X(m) outputs from m = 0 to 
m = N /2 are independent. So, in this case, we need determine only the 
absolute FFT bin frequencies for m over the range of O ::; m ::;; N /2. If the 
FFT input samples are complex, all N of the FFT outputs are independent, 
and we should compute the absolute FFT bin frequencies for m over the 
full range of O::; m::;; N-1. 

If necessary, we can determine the true amplitude of time-domain sig­
nals from their FFT spectral results. To do so, we have to keep in mind that 
radix-2 FFT outputs are complex and of the form 

(4-4) 

Also, the FFT output magnitude samples, 

(4-5) 

are all inherently multiplied by the factor N /2, as described in Section 3.4, 
when the input samples are real. If the FFT input samples are complex, the 
scaling factor is N. So to determine the correct amplitudes of the time­
domain sinusoidal components, we'd have to divide the FFT magnitudes by 
the appropriate scale factor, N /2 for real inputs and N for complex inputs. 

If a window function was used on the original time-domain data, some 
of the FFT input samples will be attenuated. This reduces the resultant 
FFI output magnitudes from their true unwindowed values. To calculate 
the correct amplitudes of various time-domain sinusoidal components, 
then, we'd have to further divide the FFT magnitudes by the appropriate 

•---------------
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processing loss factor associated with the window function used. 
Processing loss factors for the most popular window functions are listed 
in Reference [3]. , 

Should we want to determine the power spectrum XPS(m) of an FFf 
result, we'd calculate the magnitude-squared values using 

(4-6) 

Doing so would allow us to compute the power spectrum in decibels with 

(4-7) 

The normalized power spectrum in decibels can be calculated using 

. ( I X(m) 1
2 

) normalized Xa8 (m) = 10 · log10 2 , 
( I X(m) lma,J 

(4-8) 

or 

. ( I X(m)I ) normalized Xa8 (m) = 20 -log10 • 
IX(m)lmax 

(4-9) 

In Eqs. (4-8) and (4-9), the term I X(m) I max is the largest FFf output mag­
nitude sample. In practice, we find that plotting Xaim) is very informa­
tive because of the enhanced low-magnitude resolution afforded by the 
logarithmic decibel scale, as described in Appendix E. If either Eq. (4-8) 
or Eq. (4-9) is used, no compensation need be performed for the above­
mentioned N or N /2 FFT scale or window processing loss factors. 
Normalization through division by ( I X(m) I maxf or I X(m) I max elimi­
nates the effect of any absolute FFT or window scale factors. 

Knowing that the phase angles X
8
(m) of the individual FFT outputs are 

given by 

(4-10) 

it's important to watch out for Xrea1(m) values that are equal to zero. That 
would invalidate our phase angle calculations in Eq. (4-10) due to division 

135 
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136 The Fast Fourier Transform 

by a zero condition. In practice, we want to make sure that our calculations 
(or software compiler) detect occurrences of Xrea1(m) = 0 and set the corre­
sponding Xi,(m) to 90° if Xima/m) is positive, set X9 (m) to _0° if Xima/m) is 
zero, and set X/m) to -90° if Xima/m) is negative. While we're on the subject 
of FFT output phase angles, be aware that FFT outputs containing signifi­
cant noise components can cause large fluctuations in the computed X/m) 
phase angles. This means that the X/m) samples are only meaningful when 
the corresponding I X(m) I is well above the average FFI output noise level. 

4.3 FFT Software Programs 
For readers seeking actual FFT software routines without having to buy 
those high-priced signal processing software packages, public domain 
radix-2 FFT routines are readily available. References [4-7] provide stan­
dard FFT program listings using the FORTRAN language. Reference [8] 
presents an efficient FFT program written in FORTRAN for real-only 
input data sequences. Reference [9] provides a standard FFT program 
written in HP BASIC™, and reference [10] presents an FFT routine writ­
ten in Applesoft BASIC™. Readers interested in the Ada language can 
find FFT-related subroutines in reference [11]. 

4.4 Derivation of the Radix-2 FFT Algorithm 
This section and those that follow provide a detailed description of the 
internal data structures and operations of the radix-2 FFT for those read­
ers interested in developing software FFT routines or designing FFT hard­
ware. To see just exactly how the FFT evolved from the DFT, we return to 
the equation for an N-point DFT, 

N-1 

X(m) = L, x(n)e-j21tnm/ N. (4-11) 
n=O 

A straightforward derivation of the FFT proceeds with the separation of 
the input data sequence x(n) into two parts. When x(n) is segmented into 
its even and odd indexed elements, we can, then, break Eq. (4-11) into 
two parts as 

(N / 2)-1 (N / 2)-1 

X(m) = L, x(2n)e-j21t(2n)m/ N + L, x(2n + l)e-j21t(2n+l)m/ N. (4-12) 
n=O n=O 
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Pulling the constant phase angle outside the second summation, 

(N /2)-1 (N /2)-1 

X(m) = L,X(2n)e-j2n(2n)m / N + e-j2mn / N L, x(2n + l)e-j21t(2n)m / N. (4-13) 

n=O n=O 

Well, here the equations get so long and drawn out that we'll use the 
standard notation to simplify things. We'll define WN = e-i21tlN to repre­
sent the complex phase angle factor that is constant with N. So Eq. (4-13) 
becomes • 

(N /2)-1 (N /2)-1 

X(m) = Lx(2n)WJnm + WN Lx(2n + l)WJnm . (4-14) 
n=O n=O 

Because WJ = e-j2rc2/(N) = e-i2n/(N/2), we can substitute WN/2 for ~ in 
Eq. (4-14), as 

(N /2)-1 (N /2)-1 

X(m) = Lx(2n)Wr'.;12 + WN Lx(2n + l)Wr'.I;2 (4-15) 
n=O n=O 

So we now have two N /2 summations whose results can be combined 
to give us the N-point DFT. We've reduced some of the necessary number 
crunching in Eq. (4-15) relative to Eq. (4-11) because the W terms in the 
two summations of Eq. (4-15) are identical. There's a further benefit in 
breaking the N-point DFT into two parts because the upper half of the 
DFT outputs are easy to calculate. Consider the X(m+N /2) output. If we 
plug m+N/2 inform in Eq. (4-15), then 

(N / 2)-1 

X(m +NI 2) = "x(2n)wn(m+N 12) 
£... N/2 
n=O 

( N / 2) (N /2)-1 · 
+ w m+ " x(2n + l)Wn(m+N 12) 

N £... N/2 
(4-16) 

n=O 

It looks like we're complicating things, right? Well, just hang in there for 
a moment. We can now simplify the phase angle terms inside the sum­
mations because 
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138 The Fast Fourier Transform 

wn(m+N / 2) = wnm wnN / 2 = wnm (e-j2rcn2N /2N) 
N / 2 N/2 N/2 N/2 

(4-17) 

for any integer n. Looking at the so-called twiddle factor in front of the sec­
ond summation in Eq. (4-16), we can simplify it as 

wtm+N 1 2) = W{!!W/j 12 = W!J(e- j2rcN 1 2N)~ W{!/(-1) = -W{!!. (4-18) 

OK, using Eqs. (4-17) and (4-18), we represent Eq. (4-16)'s X(m+N /2) as 

(N /2)-1 (N /2)-1 

X(m+N /2)= Lx(2n)Wi:,;12 -W{!! Lx(2n+l)Wz'..;12 . (4-19) 
n=O n=O 

Now, let's repeat Eqs. (4-15) and (4-19) to see the similarity; 

(N /2)-1 (N /2)-1 

X(m) = Lx(2n)Wz'..;12 + W{!! Lx(2n + l)Wi:,;12 , (4-20) 
n=O n=O 

and 

(N /2)-1 (N /2)-1 

X(m + N / 2) = L x(2n)Wi:,;'1Jz - w:; L x(2n + l)Wm2 (4-20') 
n=O n=O 

So here we are. We need not perform any sine or cosine multiplications to 
get X(m+N /2). We just change the sign of the twiddle factor WrJ and use 
the results of the two summations from X(m) to get X(m+N /2). Of course, 
m goes from Oto (N/2)-1 in Eq. (4-20) which means, for an N-point DFT, 
we perform an N /2-point DFT to get the first N /2 outputs and use those 
to get the last N /2 outputs. For N = 8, Eqs. (4-20) and (4-20') are imple­
mented as shown in Figure 4-2. 

If we simplify Eqs. (4-20) and (4-20') to the form 

X(m) = A(m) + WrJ B(m) , (4-21) 

and 
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x(O) X(O) 

4-point 
DFT 

x(2) X(1) 

3 L nm x(2n)W
4 

x(4) 0 X(2) 

x(1) X(4) 

4-point 
DFT 

x(3) _.,. X(5) 

3 \ L nm x(2n+1)W
4 

x(5) 0 

x(7) _.,. 

Figure 4-2 FFT implementation of an 8-point DFT using two 4-point DFTs. 

X(m+N /2) = A(m) - ~ B(m) , (4-21') 

we can go further and think about breaking the two 4-point DFTs into 
four 2-point DFTs. Let's see how we can subdivide the upper 4-point DFT 
in Figure 4-2 whose four outputs are A(m) in Eqs. (4-21) and (4-21'). We 
segment the inputs to the upper 4-point DFT into their odd and even 
components 
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(N/2)-1 (N / 4)-1 (N/4)-1 
A(m) = Lx(2n)WJ12 = Lx(4n)WJ11 + Lx(4n+ l)Wt41;1

im . 
n=O 2n=O 2n=O 

or 

(NI 4)-1 (N / 4)-1 
A(m) = Lx(4n)WJ1~ + w:12 Lx(4n+ l)WJ1~ (4-22) 

2n=O 2n=O 

If we let p = 2n, the index of the summations in Eq. (4-22) can be simpli­
fied to give A(m) the more familiar form of 

(4-23) 

Notice the similarity between Eq. (4-23) and Eq. (4-20). This capability to 
subdivide an N /2-point DFT into two NI 4-point DFTs gives the FFT its 
capacity to greatly reduce the number of necessary multiplications to imple­
ment DFTs. (We're going to prove this shortly.) Following the same steps that 
we used to obtain A(m), we can show that Eq. (4-21)'s B(m) is given by 

': 
(NI 4)-1 (N / 4)-1 

B(m)= Ix(2p)Wm4-W:12 Ix(2p+l)Wt~4- (4-24) 
p=O p=O 

For our N = 8 example, Eqs. (4-23) and (4-24) are implemented as shown 
in Figure 4-3. The F.Ff's well-known butterfly pattern of signal flows is cer­
tainly evident, and we see the further shuffling of the input data inFigure 
4-3. The twiddle factor W,!:J12 in Eqs. (4-23) and (4-24), for our N = 8 exam­
ple, ranges from wg to W] because the rn index, for A(m) and B(m), goes 
from O to 3. For any N-point DFf, we can break each of the N /2-point 
DFfs into two NI 4-point DFTs to further 1·educe the number of sine and 
cosine multiplications. Eventually, we would arrive at an array of 2-point 
DFfs where no further computational sa ings could be realized. This is 
why the number of points in our FFrs are constrained to be some power 
of 2 and why this FFf algorithm is referred to as the ractix-2 FFI. 

Moving right along, let's go one step further, and then we'll be fin­
ished with our N = 8 point FFr derivation. The 2-point OFT functions in 
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x(O)~ 

x(4) ~ 

x(2)~ 

x(6) ___... 

x(1) ____.. 

x(S) ___... 

x(3) ___... 

x(7) ........... 

2-point 
OFT 

2-point 
OFT 

2-point 
OFT 

2-point 
OFT 

A(O) 

Figure 4-3 FFT Implementation of an 8-point DFT as two 4-point DFTs and four 
2-point DFTs. 

X(O) 

X(1) 

X(2) 

X(3) 

X(5) 

Figure 4-3 cannot be partitioned into smaller parts-we've reached the 
end of our DFT reduction process arriving at the butterfly of a single 
2-point DFT as shown in Figure 4-4. From the definition of W N' wz = e-i21tO/N = 1 and Wf:.V2 =e-i21tN/2N =e-j1t =-1. So the 2-point DFT blocks 
in Figure 4-3 can be replaced by the butterfly in Figure 4-4 to give us a 
full 8-point FFT implementation of the DFT as shown in Figure 4-5. 
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Figure 4-4 Single 2-point DFT butterfly. 

OK, we've gone through a fair amount of algebraic foot shuffling 
here. To verify that the derivation of the FFT is valid, we can apply the 
8-point data sequence of Chapter 3's DFT Example 1 to the 8-point FFT 
represented by Figure 4-5. The data sequence representing 
x(n) = sin(2nl000nt

5
) + 0.5sin(21t2000nt

5 
+31t/ 4) is 

x(O) = 0.3535, 
x(2) = 0.6464, 
x(4) = 0.3535, 
x(6) = -1.3535, 

x(l) = 0.3535, 
x(3) = 1.0607, 
x(5) = -1.0607, 
x(7) = -0.3535. (4-25) 

· We begin grinding through this example by applying the input values 
from Eq. (4-25) to Figure 4-5, giving the data values shown on left side of 
Figure 4-6. The outputs of the second stage of the FFT are 

A(0) = 0.707 + ~ (-0.707) = 0.707 + (1 + j0)(-0.707) = 0 + j0, 

A(l) = 0.0 + W,l (1.999) = 0.0 + (0 - jl)(l.999) = 0 - jl.999, 

A(2) = 0.707 + ~ (-0.707) = 0.707 + (-1 + j0)(-0.707) = 1.414 + j0, 

A(3) = 0.0 + Wl (l.999)_ = 0.0 + (0 + jl)(l.999) = 0 + jl.999, 

B(0) = -0.707 + W2 (0.707) = -0.707 + (1 + j0)(0.707) = 0 + j0, 

B(l) = 1.414 + Wl (1.414) = 1.414 + (0 -jl)(l.414) = 1.414 - jl.414, 

B(2) = -0.707 + ~ (0.707) = -0.707 + (-1 + j0)(0.707) = -1.414 + j0, and 

B(3) = 1.414 + Wl (1.414) = 1.414 + (0 + jl)(l.414) = 1.414 + jl.414. 

Calculating the outputs of the third stage of the FFT to arrive at our final 
answer 
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A(O) 

Figure 4-5 Full decimation-In-time FFT implementation of an 8-point DFT. 

X(O) = A(O) + ~ B(O) = 0 + jO + (1 + jO)( 0 + jO) = 0 + jO + 0 + jO = 0 L0°, 

X(l) = A(l) + WJ B(l) = 0 - jl.999 + (0.707 - j0.707)(1.414 - jl.414) 

= 0 - jl.999 + 0 - jl.999 = 0 - j4 = 4 L-90° 

X(2) = A(2) + ~ B(2) = 1.414 + jO + (0 - jl)( -1.414 + jO) 

= 1.414 + jO + 0 + jl.4242 = 1.414 + jl.414 = 2 L45°, 

X(3) = A(3) + ~ B(3) = 0 + jl.999 + (-0.707 - j0.707)(1.414 + jl.414) 

= 0 + jl.999 + 0 - jl.999 = 0 L0°, 
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A(O) 

x(
2

) ~--0.707 

~6) -~,"'"gg ___ _ 

x(7) ..._ __ _ 

--0.3535 1.414 8(3) 

1st Stage 2nd Stage 

Figure 4-6 8-point FFT of Example l from Section 3.1 . 

X(4) = A(O) + Wl B(O) = 0 + jO + (-1 + jO)(O + jO) 

= 0 + jO + 0 + jO = 0 L0°, 

X(4) 

X(5) 

X(6) 

3rd Stage 

X(S) = A(l) + wg B(l) = 0 - jl.999 + (-0.707 + j0.707)(1.414 - jl.414) 

= 0 - jl.999 + 0 + jl.999 = 0 L0°, 

X(6) = A(2) + wg B(2) = 1.414 + jO + (0 + jl)(-1.414 + jO) 

= 1.414 + jO + 0 - jl.414 = 1.414 - jl.414 = 2 L-45°, and 

X(7) = A(3) + Wa B(3) = 0 + jl.999 + (0.707 + j0.707)(1.414 + jl.414) 

= 0 + jl.999 + 0 + jl.999 = 0 + j4 = 4 L90°. 
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6 3 
wa =W4 

6 7 w wa 8 

4 2 0 0 
W =W W =W 

8 4 8 4 

3 1 

wa wa 
2 1 

Wa=~ 

Figure 4-7 Cyclic redundancies in the twiddle factors of an 8-point FFT. 

So, happily, the FFT gives us the correct results, and again we remind 
the reader that the FFT is not an approximation to a DFf; it is a DFT with 
a reduced number of necessary arithmetic operations. You've seen from 
the above example that the 8-point FFT example required less effort than 
the 8-point DFT Example 1 in Section 3.1. Some authors like to explain this 
arithmetic reduction by the redundancies inherent in the twiddle factots 
w;:;. They illustrate this with the starburst pattern in Figure 4-7 showing 
the equiv-alencies of some of the twiddle factors in an 8-point DFT. 

4.5 FFT Input/Output Data Index Bit Reversal 

OK, let's look into some of the special properties of the FFT that are 
important to FFT software developers and FFT hardware designers. 
Notice that Figure 4-5 was titled "Full decimation-in-time FFT imple­
mentation of an 8-point OFT." The decimation-in-time phrase refers to 
how we broke the OFT input samples into odd and even parts in the 
derivation of Eqs. (4-20), (4-23), and (4-24f This time decimation leads to 
the scrambled order of the input data's index n in Figure 4-5. The pattern 
of this shuffled order can be understood with the help of Table 4-1. The 
shuffling of the input data is known as bit reversal because the scrambled 
order of the input data index can be obtained by reversing the bits of the 
binary representation of the normal input data index order. Sounds con­
fusing, but it's really not- Table 4-1 illustrates the input index bit rever­
sal for our 8-point FFf example. Notice the normal index order in the left 
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Table 4-1 Input Index Bit Reversal fo r an 8-point FFT 

Normal order Binary bits Reversed bits Bit-reversed 
of index n of index n of index n order of index n 

0 000 000 0 

1 001 100 4 

2 010 010 2 

3 011 110 6 . 
4 100 001 1 

5 101 101 5 

6 110 011 3 

7 111 111 7 

column of Table 4-1 and the scrambled order in the right column that cor­
responds to the final decimated input index order in Figure 4-5. We've 
transposed the original binary bits representing the normal index order 
by reversing their positions. The most significant bit becomes the least 
significant bit and the least significant bit becomes the most significant 
bit, the next to the most significant bit becomes the next to the least sig­
nificant bit, and the next to the least significant bit becomes the next to 
the most significant bit, and so on.t 

4.6 Radix-2 FFT Butterfly Structures 
Let's explore the butterfly signal flows of the decimation-in-time FFI a bit 
further. To simplify the signal flows, let's replace the twiddle factors in 
Figure 4-5 with their equivalent values referenced to W;J, where N = 8. We 
can show just the exponents m of W;J, to get the FFT structure shown in 
Figure 4-8. That is, WJ from Figure 4-5 is equal to WJ and is shown as a 2 
in Figure 4-8, Wf from Figure 4-5 is equal to Wiand is shown as a 4 in 
Figure 4-8, etc. The ls and - ls in the first stage of Figure 4-5 are replaced 
in Figure 4-8 by Os and 4s, respectively. Other than the twiddle factor nota­
tion, Figure 4-8 is identical to Figure 4-5. We can shift around the signal 
nodes in Figure 4-5 and arrive at an 8-point decimation-in-time FFT as 
shown in Figure 4-9. Notice that the input data in Figure 4-9 is in its nor­
mal order and the output data indices are bit-reversed. In this case, a bit­
reversal operation needs to be performed at the output of the FFT to 
unscramble the frequency-domain results. 

t Many that are first shall be last; and the last first. [Mark 10:31] 
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x(O) X(O) 

x(4) X(1) 

x(2) X(2) 

x(6) X(3) 

x(1) X(4) 

x(5) X(S) 

x(3) X(6) 

x(7) X(7) 

Figure 4-8 8-point decimation-in-time FFT with bit-reversed inputs. 

x(O) X(O) 

x(1) X(4) 

x(2) X(2) 

x(3) -X(6) 

x(4) X(1) 

x(S) X(S) 

x(6) X(3) 

x(7) X(7) 

Figure 4-9 8-point decimation-in-time FFT with bit-reversed outputs. 

Figure 4-10 shows an FFT signal-flow structure that avoids the bit­
reversal problem altogether, and the graceful weave of the traditional FFT 
butterflies is replaced with a tangled, but effective, configuration. 

Not too long ago, hardware implementations of the FFT spent most of 
their time (clock cycles) performing multiplications, and the bit-reversal 
process necessary to access data in memory wasn't a significant portion of 

I 
I 
I 
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X(O) 

X(1) 
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X(7) 

Figure 4-10 8-point decimation-in-time FFT with inputs and outputs in normal 
order. 

the overall FFT computational problem. Now that high-speed multi­
plier/ accumulator integrated circuits can multiply two numbers in a sin­
gle clock cycle, FFT data multiplexing and memory addressing have 
become much more important. This has led to the development of effi­
cient algorithms to perform bit reversa1[12-15]. 

There's another derivation for the FFT that leads to butterfly struc­
tures looking like those we've already covered, but the twiddle factors in 
the butterflies are different. This alternate FFT technique is known as the 
decimation-in-frequency algorithm. Where the decimation-in-time FFT 
algorithm is based on subdividing the input data into its odd and even 
components, the decimation-in-frequency FFT algorithm is founded 
upon calculating the odd and even output frequency samples separately. 
The derivation of the decimation-in-frequency algorithm is straightfor­
ward and included in many tutorial papers and textbooks, so we won't 
go through the derivation here[4,5,15,16]. We will, however, illustrate 
decimation-in-frequency butterfly structures (analogous to the structures 
in Figures 4-8 through 4~ 10) in Figures 4-11 though 4-13. 

So an equivalent decimation-in-frequency FFT structure exists for each 
decimation-in-time FFT structure. It's important to note that the number 
of necessary multiplications to implement the decimation-in-frequency 
FFT algorithms is the same as the number necessary for the decimation­
in-time FFT algorithms. There are so many different FFT butterfly struc­
tures described in the literature, that it's easy to become confused about 
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Figure 4-11 8-point decimation-in-frequency FFT with bit-reversed Inputs 

x(O) X(O) 
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x(5) .. X(S) 

x(6) :2::::>::<: - X(3) 

x(7) ► X(7) 

Figure 4-12 8-point decimation-in-frequency FFT with bit-reversed outputs. 

which structures are decimation-in-time and which are decimation-in­
frequency. Depending on how the material is presented, it's easy for a 
beginner to fall into the trap of believing that decimation-in-time FFTs 
always have their inputs bit-reversed and decimation-in-frequency FFTs 
always have their outputs bit-reversed. This is not true, as the above fig­
ures show. Decimation-in-time or -frequency is determined by whether 
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x(O) X(O) 
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0 

x(6) 4~X(6) 
0 

x(7) 4~X(7) 

Figure 4-13 8-point decimation-in-frequency FFT with inputs and outputs in 
normal order. 

the DPT inputs or outputs are partitioned when deriving a particular FFT 
butterfly structure from the DPT equations. 

Let's take one more look at a single butterfly. The FFT butterfly struc­
tures in Figures 4-8, 4-9, 4-11, and 4-12 are the direct result of the deriva­
tions of the decimation-in-time and decimation-in-frequency algorithms. 
Although it's not very obvious at first, the twiddle factor exponents 
shown in these structures do have a consistent pattern. Notice how they 
always take the general forms shown in Figure 4-14(a).t To implement 
the decimation-in-time butterfly of Figure 4-14(a), we'd have to perform 
two complex multiplications and two complex additions. Well, there's a 
better way. Consider the decimation-in-time butterfly in Figure 4-14(a). If 
the top input is x and the bottom input is y, the top butterfly output 
would be 

x' = x + Wty, 

and the bottom butterfly output would be 

y' = X + W~+N/ 2 y . 

(4-26) 

(4-27) 

t Remember, for simplicity the butterfly structures in Figures 4-8 through 4-13 show only the 
twiddle factor exponents, k and k+N /2, and not the entire complex twiddle factors. 
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Decimation in time Decimation in frequency 

X x' X x" 

(a) W k 

y' W k+N/2 ~y" y y N 
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y y' y• - W k 
N 

◊ ◊ 
x • X • X" 

(c) 

k k 
y._ WN -1_.., y' y WN_.,.. y" 

Figure 4-14 Decimation-in-time and decimation-in-frequency butterfly structures: 
(a) original form; (b) simplified form; (c) optimized form. 

Fortunately, the operations in Eqs. (4-26) and (4-27) can be simplified 
because the two twiddle factors are related by 

(4-28) 

So we can replace the wt+N/ 2 twiddle factors in Figure 4-14(a) with 
-Wt to give us the simplified butterflies shown in Figure 4-14(b). 
Realizing that the twiddle factors in Figure 4-14(b) differ only by their 
signs, the optimized butterflies in Figure 4-14(c) can be used. Notice 
that these optimized butterflies require two complex additions but onJy 
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one complex multiplication, thus reducing our computational work­
load.+ 

We'll often see the optimized butterfly structures of Figure 4-14(c) in 
the literature instead of those in Figure 4-14(a). These optimized butter­
flies give us an easy way to recognize decimation-in-time and decimation­
in-frequency algorithms. When we do come across the optimized 
butterflies from Figure 4-14(c), we'll know that the algorithm is decima­
tion-in-time if the twiddle factor precedes the -1, or else the algorithm is 
decimation-in-frequency if the twiddle factor follows the -1. 

Sometimes we'll encom1ter FFT structures in tne literature that use the 
notation shown in Figure 4-15 [5, 17]. These wingless butterflies are equiv­
alent to those shown in Figure 4-14(c). The signal-flow convention in 
Figure 4-15 is such that the plus output of a circle is the sum of the two 
samples that enter the circle from the left, and the minus output of a cir­
cle is the difference of the samples that enter the circle. So the outputs of 
the decimation-in-time butterflies in Figure 4-14(c) and Figure 4-15(a) are 
given by 

x' = X + wt y, and y' = X - wt y . (4-29) 

The outputs of the decimation-in-frequency butterflies in Figure 4-14(c) 
and Figure 4-15(b) are 

II d II wk ( ) wk wk x =x+y,an y = N x-y = Nx- NY· ' "(4-30) 

.,,.---•X' X ----• x" 

y ---y' y 

(a) (b) 

Figure 4-15 Alternate FFT butterfly notation: (a) decimation-in-time; 
(b) decimation-in-frequency. 

y" 

t It's because there are (N /2)log2N butterflies in an N-point FFT that we said the number of 
complex multiplications performed by an FFT is (N /2)log2N in Eq. (4-2). 
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So which FFT structure is the best one to use? It depends on the appli­
cation, the hardware implementation, and convenience. If we're using a 
software routine to perform FFfs on a general-purpose computer, we usu­
ally don't have a lot of choices. Most folks just use whatever existing FFT 
routines happen to be included in their commercial software package. 
Their code may be optimized for speed, but you never know. Examination 
of the software code may be necessary to see just how the FFT is imple­
mented. If we feel the need for speed, we should check to see if the software 
calculates the sines and cosines each time it neecl_s a twiddle factor. 
Trigonometric calculations normally take many machine cycles. It may be 
possible to speed up th~ algorithm by calculating the twiddle factors 
ahead of time and storing them in a table. That way, they can be looked up, 
instead of being calculated each time they're needed in a butterfly. If we're 
writing our own software routine, checking for butterfly output data 
overflow and careful magnitude scaling may allow · our FFT to be per­
formed using integer arithmetic that can be faster on some machines.t 
Care must be taken, however, when using integer arithmetic; some 
Reduced Instruction Set Computer (RISC) processors actually take longer 
to perform integer calculations because they're specifically designed to 
operate on floating-point numbers. 

If we're using commercial array processor hardware for our calcula­
tions, the code in these processors is always optimized because their pur­
pose in life is high speed. Array processor manufacturers typical~y 
publicize their products by specifying the speed at which their machines 
perform a 1024-point FFT. Let's look at some of our options in selecting a 
particular FFT structure in case we're designing special-purpose hard­
ware to implement an FFT. 

The FFT butterfly structures previously discussed typically fall into 
one of two categories: in-place FFT algorithms and double-memory 
FFT algorithms. An in-place algorithm is depicted in Figure 4-5. The 
output of a butterfly operation can be stored in the same hardware 
memory locations that previously held the butterfly's input data. No 
intermediate storage is necessary. This way, for an N-point FFT, only 2N 
memory locations are needed. (The 2 comes from the fact that each but­
terfly node represents a data value that has both a real and an imagi­
nary part.) The rub with the in-place algorithms is that data routing and 
memory addressing is rather complicated. A double-memory FFT 

t Overflow is what happens when the result of an arithmetic operation has too many bits, or 
digits, to be represented in the hardware registers designed to contain that result. FFr data 
overflow is described in Section 9.3. 
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structure is that depicted in Figure 4-10. With this structure, intermedi­
ate storage is necessary because we no longer have the standard but­
terflies, and 4N memory locations are needed. However, data routing 
and memory address control is much simpler in double-memory FFT 
structures than the in-place technique. The use of high-speed, floating­
point integrated circuits to implement pipelined FFT architectures 
takes better advantage of their pipelined structure when the double­
memory algorithm is used[l8]. 

There's another class of FFT structures, known as constant-geometry 
algorithms, that make the addressing of m·emory both simple and con­
stant for each stage of the FFT. These structures are of interest to those 
folks who build special-purpose FFT hardware devices[4,19]. From the 
standpoint of general hardware the decimation-in-time algorithms are 
optimum for real input data sequences, and decimation-in-frequency is 
appropriate when the input is complex[8]. When the FFT input data is 
symmetrical in time, special FFT structures exist to eliminate unnecessary 
calculations. These special butterfly structures based on input data sym­
metry are described in the literature[20]. 

For two-dimensional FFT applications, such as processing photo­
graphic images, the decimation-in-frequency algorithms appear to be the 
optimum choice[21]. Your application may be such that FFT input and 
output bit reversal is not an important factor. Some FFT applications 
allow manipulating a bit-reversed FFT output sequence in the frequency 
domain without having to unscramble the FFT's output data. Then an 
inverse transform that's expecting bit-reversed inputs will give a time­
domain output whose data sequence is correct. This situation avoids the 
need to perform any bit reversals at all. Multiplying two FFT outputs to 
implement convolution or correlation are examples of this possibility.t As 
we can see, finding the optimum FFT algorithm and hardware architec­
ture for an FFT is a fairly complex problem to solve, but the literature pro­
vides guidance [ 4,22,23]. 
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= CHAPTER FIVE 

Finite Impulse 
Response Filters 

The filtering of digitized data, if not the most fundamental, is certainly the 
oldest discipline in the field of digital signal processing. Digital filtering's 
origins go back forty years. The growing availability of digital computers 
in the early 1950s led to efforts in the smoothing of discrete sampled data 
and the analysis of discrete data control systems. However it wasn't until 
the early to mid-1960s, around the time the Beatles came to America, that 
the analysis and development of digital equivalents of analog filters 
began in earnest. That's when digital signal processing experts realized 
that computers could go beyond the mere analysis of digitized signals 
into the domain of actually changing signal characteristics through filter­
ing. Today, digital filtering is so widespread that the quantity of literature 
pertaining to it exceeds that of any other topic in digital signal processing. 
In this chapter, we introduce the fundamental attributes of digital filters, 
learn how to quantify their performance, and review the principles asso­
ciated with the design of finite impulse response digital filters . 

So let's get started by illustrating the concept of filtering a time-domain 
signal as shown in Figure 5-1. 

In general, filtering is the processing of a time-domain signal resulting 
in some change in that signal's original spectral content. The change is 
usually the reduction, or filtering out, of some unwanted input spectral 
components; that is, filters allow certain frequencies to pass while attenu­
ating other frequencies . Figure 5-1 shows both analog and digital versions 
of a filtering process. Where an analog filter operates on a continuous sig­
nal, a digital filter processes a sequence of discrete sample values. The 
digital filter in Figure 5-l(b), of course, can be a software program in a 
computer, a programmable hardware processor, or a dedicated integrated 
circuit. 1raditional linear digital filters typically come in two flavors: finite 

157 
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Figure 5-1 Filters: (a) an analog filter with a noisy tone input and a reduced-noise 
tone output; (b) the digital equivalent of the analog filter. 

impulse response (FIR) filters and infinite impulse response (IIR) filters. 
Because FIR filters are the simplest type of digital filter to analyze, we'll 
examine them in this chapter and cover IIR filters in Chapter 6. 

5. 1 An Introduction to Finite Impulse Response 
FIR Filters 

First of all, FIR digital filters use only current and past input samples, and 
none of the filter's previous output samples, to obtain a current output 
sample value. {That's also why FIR filters are sometimes called nonrecur­
sive filters.) Given a finite duration of nonzero input values, the effect is 
that an FIR filter will always have a finite duration of nonzero output val­
ues and that's how FIR filters got their name. So, if the FIR filter's input 
suddenly becomes a sequence of all zeros, the filter's output will eventu­
ally be all zeros. While not sounding all that unusual, this characteristic is 
however, very important, and we'll soon find out why, as we learn more 
about digital filters. 

FIR filters use addition to calculate their outputs in a manner much 
the same as the process of averaging uses addition. In fact, averaging is 
a kind of FIR filter that we can illustrate with an example. Let's say 
we're counting the number of cars that pass over a bridge every minute, 
and we need to know the average number of cars per minute over five­
minute intervals; that is, every minute we'll calculate the average num-
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Table 5-1 Values for the Averaging Example 

Number of Number of cars/minute 
Minute cars/minute over averaged over the 
index the last minute last five minutes 

1 10 -
2 22 -

3 24 -
4 42 ~ 

5 37 27 

6 77 40.4 

7 89 53.8 

8 22 53.4 

9 63 57.6 

10 9 52 

ber of cars/minute over the last five minutes. If the results of our car 
counting for the first ten minutes are those values shown in the center 
column of Table 5-1, then the average number of cars/minute over the 
previous five one-minute intervals is listed in the right column of the 
table. We've added the number of cars for the first five one-minute inter­
vals and divided by five to get our first five-minute average output 
value, (10+22+24+42+37)/5 = 27. Next we've averaged the number of 
cars/minute for the second to the sixth one-minute intervals to get our 
second five-minute average output of 40.4. Continuing, we average the 
number of cars/minute for the third to the seventh one-minute intervals 
to get our third average output of 53.8, and so on. With the number of 
cars/minute for the one-minute intervals represented by the dashed line 
in Figure 5-2, we show our five-minute average output as the solid line. 
(Figure 5-2 shows cars/minute input values beyond the first ten min­
utes listed in Table 5-1 to illustrate a couple of important ideas to be dis-
cussed shortly.) . 

There's much to learn from this simple averaging example. In Figure 
5-2, notice that the sudden changes in our input sequence of cars/minute 
are flattened out by our averager. The averager output sequence is con­
siderably smoother than the input sequence. Knowing that sudden tran­
sitions in a time sequence represent high frequency components, we can 
say that our averager is behaving like a low-pass filter and smoothing 
sudden changes in the input. Is our averager an FIR filter? It sure is-no 
previous averager output value is used to determine a current output 
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Figure 5-2 Averaging the number of cars/minute. The dashed line shows the 
individual cars/minute, and the solid line is the number of cars/minute 
averaged over the last five minutes. 

value; only input values are used to calculate output values. In addition, 
we see that, if the bridge were suddenly closed at the end of the 19th 
minute, the dashed line immediately goes to zero cars/minute at the end 
of the 20th minute, and the averager's output in Figure 5-2 approaches 
and settles to a value of zero by the end of the 24th minute. 

Figure 5-2 shows the first averager output sample occurring at the end 
of the 5th minute because that's when we first have five input samples to 
calculate a valid average. The 5th output of our averager can be denoted 
as Yav/5) where 

Yave(S) = .!_[x(l) + x(2) + x(3) + x(4) + x(S)] 
5 

(5-1) 

In the general case, if the kth input sample is x(k), then the nth output is 

1 1 n 
Yave(n)=-[x(n-4)+x(n-3)+x(n-2)+ x(n-l)+x(n)]=- ~ x(k) . (5-2) 

5 5 £..i 
k= n-4 

Look at Eq. (5-2) carefully now. It states that the nth output is the average 
of the nth input sample and the four previous input samples. 

We can formalize the digital filter nature of our averager by creating 
the block diagram in Figure 5-3 showing how the averager calculates its 
output samples. 
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fifth output =' 27 

Figure 5-3 Averaging filter block diagram when the fifth inpur sample value, 
37, is applied. 

This block diagram, referred to as the filter structure, is a physical 
depiction of how we might calculate our averaging filter outputs with 
the input sequence of values shifted, in order, from left to right along the 
top of the filter as new output calculations are performed. This structure, 
implementing Eqs. (5-1) and (5-2), shows those values used when the 
first five input sample values are available. The delay elements in Figure 
5-3, called unit delays, merely indicate a shift register arrangement where 
input sample values are temporarily stored during an output calculation. 

In averaging, we add five numbers and divide the sum by five to get 
our answer. In a conventional FIR filter implementation, we can just as 
well multiply each of the five input samples by the coefficient 1/5 and 
then perform the summation as shown in Figure 5-4(a). Of course, the two 
methods in Figures 5-3 and 5-4(a) are equivalent because Eq. (5-2) describing 
the structure shown in Figure 5-3 is equivalent to 

n l 
= L sx(k) 

k=n-4 

(5-3) 

that describes the structure in Figure 5-4(a).t 
Let's make sure we understand what's happening in Figure 5-4(a). 

Each of the first five input values are multiplied by 1/5, and the five 
products are summed to give the 5th filter output value. The left to right 

t We've used the venerable distributive law for multiplication and addition of scalars, 
a(b+c+d) = ab+ac+ad, in moving Eq. (5-2)'s factor of 1/5 inside the summation in Eq. (5-3). 
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37 
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(b) 
1/5 

6th output = 40.4 
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(c) 
1/5 
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Figure 5-4 Alternate averaging filter structure: (a) input values used for the 5th 
output value; (b) input values used for the 6th output value; (c) input 
values used for the 7th output value. 

sample shifting is illustrated in Figures 5-4(b) and 5-4(c). To calculate 
the filter's 6th output value, the input sequence is right shifted discard­
ing the 1st input value of 10, and the 6th input value 77 is accepted on 
the left. Likewise, to calculate the filter's 7th output value, the input 
sequence is right shifted discarding the 2nd value of 22, and the 7th 
input value 89 arrives on the left. So, when a new input sample value is 
applied, the filter discards the oldest sample value, multiplies the sam­
ples by the coefficients of 1/5, and sums the products to get a single new 
output value. The filter's structure using this bucket brigade shifting 
process is often called a transversal filter due to the cross-directional 
flow of the input samples. Because we tap off five separate input sample 
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values to calculate an output value, the structure in Figure 5-4 is called 
a 5-tap FIR filter in digital filter vernacular. 

One important and, perhaps, most interesting aspect of understanding 
FIR filters is learning how to predict their behavior when sinusoidal sam­
ples of various frequencies are applied to the input, i.e., how to estimate 
their frequency-domain response. Two factors affect an FIR filter's fre­
quency response: the nwnber of taps and the specific values used for the 
multiplication coefficients. We'll explore these two factors using our aver­
aging example and, then,- see how we can use them to design FIR filters. 
This brings us to the point where we have to inhoduce the C word: con­
volution. (Actually, we already slipped a convolution equation in on the 
reader without saying so. It was Eq. (5-3), and we'll examine it in more 
detail later.) 

5.2 Convolution in FIR Filters 
OK, here's where we get serious about understanding the mathematics 
behind FIR filters. We can graphically depict Eq. (5-3)'s and Figure 5-4's 
calculations as shown in Figure 5-5. Also, let's be formal and use the stan­
dard notation of digital filters for indexing the input samples and the fil­
ter coefficients by starting with an initial index value of zero; that is, we'll 
call the initial input value the 0th sample x(O). The next input sample is 
represented by the term x(l), the following input sample is called x(2), 
and so on. Likewise, our fiv e coefficient values will be indexed from zero 
to four, h(O) through h(4). (This indexing scheme makes the equations 
describing our example consistent with conventional filter notation found 
in the literature.) 

In Eq. (5-3) we used the factor of 1/5 as the filter coefficients multi­
plied by our averaging filter 's input samples. The left side of Figure 5-5 
shows the alignment of those coefficients, black squares, with the filter 
input sample values represented by the white squares. Notice in Figure 
5-5(a) through 5-5(e) that we're marching the input samples to the right, 
and, at each step, we calculate the filter output sample value using Eq. 
(5-3). The output samples on the right side of Figure 5-5 match the first 
five values represented by the black squares in Figure 5-2. The input 
samples in Figure 5-5 are those. values represented by the white squares 
in Figure 5-2. Notice the time order of the inputs in Figure 5-5 has been 
reversed from the input sequence order in Figure 5-21 That is, the input 
sequence has been _flipped in the time domain in Figure 5-5. This time 
order reversal is what happens to the input data using the filter struc­
ture in Figure 5-4. 
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Figure 5-5 Averaging filter convolution: (a) first five input samples aligned with the 
stationary filter coefficients, index n = 4; (b) input samples shift to the 
right and index n = 5; (c) index n = 6; (d) index n = 7; (e) index n = 8. 

Repeating the first part of Eq. (5-3) and omitting the subscript on the 
output term, our original FIR filter's y(n)th output is given by 
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Because we'll explore filters whose coefficients are not all the same value, 
we need to represent the individual filter coefficients by a variable, such 
as the term h(k), for example. Thus we can rewrite the averaging filter's 
output from Eq. (5-4) in a more general way as · 

y(n) = h( 4)x(n - 4) + h(3)x(n - 3) + h(2)x(n - 2) + h(l)x(n - l) + h(O)x(n) 

4 

= _Lh(k)x(n-k) (5-5) 
k=O 

where h(O) through h(4) all equal 1/5. Equation (5-5) is a concise way of 
describing the filter structure in Figure 5-4 and the process illustrated in 
Figure 5-5. 

Let's take Eq. (5-5) one step further and say, for a general M-tap FIR fil­
ter, the nth output is 

M-1 

y(n) = L h(k) x(n- k) (5-6) 
k=O 

Well, there it is. Eq. (5-6) is the infamous convolution equation as it 
applies to digital FIR filters . Beginners in the field of digital signal pro­
cessing often have trouble understanding the concept of convolution. If 
need not be that way. Eq. (5-6) is merely a series of multiplications fol­
lowed by the addition of the products. The process is actually rather sim­
ple. We just flip the time order of an input sample sequence and start step­
ping the flipped sequence across the filter's coefficients as shown in 
Figure 5-5. For each new filter input sample, we sum a series of products 
to compute a single filter output vqlue. 

Let's pause for a moment and introduce a new term that's important to 
keep in mind, the impulse response. The impulse response of a filter is exact­
ly what its name implies-it's the filter's output time-domain sequence 
when the input is a single unity-valued sample (impulse) preceded and 
followed by zero-valued samples. Figure 5-6 illustrates this idea in the 
same way we determined the filter's output sequence in Figure 5-5. The 
left side of Figure 5-6 shows the alignment of the filter coefficients, black 
squares, with the filter input impulse sample values represented by the 
white squares. Again, in Figure S-6(a) through 5-6(e) we're shifting the 
input samples to the right, and, at each step, we calculate the filter output 
sample value using Eq. (5-4). The output samples on the right side of 
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Figure 5-6 Convolution of filter coefficients and an input impulse to obtain the 
filter's output impulse response: (a) impulse sample aligned with the first 
filter coefficient, index n = 4; (b) impulse sample shifts to the right and 
index n = 5; (c) index n = 6; (d) index n = 7; (e) index n = 8. 

Figme 5-6 are the filter 's impulse response. Notice the key point here: the 
HR filter's impulse response is identical to the five filter coefficient values. 
For this reason, the terms FIR filter coefficients and impulse response are syn­
onymous. Thus, when someone refers to the impulse response of an FIR 
filter, they're also talking about the coefficients. 

Retw:ning to our averaging filter, recall that coefficients (or impulse 
response) h(O) through h(4) were all equal to 1/5. As it turns out, our fil­
ter's performance can be improved by using coefficients whose values are 
not all the same. By performance we mean how well the filter passes 
desired signals and attenuates unwanted signals. We judge that perfor­
mance by determining the shape of the filter's frequency-domain response 
that we obtain by the convolution property of linear systems. To describe 
this concept, let's repeat Eq. (5-6) using the abbreviated notation of 
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y(n) == h(k) * x(n) (5-7) 

where the * symbol means convolution. (Equation 5-7 is read as "y of n 
equals the convolution of h of k and x of n.") The process of convolution, 
as it applies to FIR filters is as follows: The discrete Fourier transform 
(OFT) of the convolution of a filter's impulse response (coefficients), and 
an input sequence is equal to the product of the spectrum of the input 
sequence and the OFT of the impulse response. The idea we're trying to 
convey here is that if two time-domain sequences h(k) and x(n) have OFTs 
of H(m) and X(m) , respectively, then the OFT of y(n) ~ h(k) * x(n) is 
H(m) •X(m). Making this point in a more compact way, we state this rela­
tionship with the expression 

DFT 

y(n) == h(k) * x(n) =. H(m) • X(m). 
IDFT 

(5-8) 

With IDFT indicating the inverse OFT, Eq. (5-8) indicates that two sequences 
resulting from h(k) *X(n) and H(m) •X(m) are Fourier transform pairs. Sotak­
ing the DFT of h(k)*x(n) gives us the productH(m)·X(m) that is the spectrum 
of our filter output Y(m). Likewise, we can determine h(k) *X(n) by taking the 
inverse DFT of H(m)·X(m) . The very important conclusion to learn from Eq. 
(5-8) is that convolution in the time-domain is equivalent to multiplication 
in the frequency-domain. To help us appreciate this principle, Figure 5-7 
sketches the relationship between convolution in the time domain and mul­
tiplication in the frequency domain. The process of convolution with regard 
to linear systems is discussed in more detail in Section 5.9. The beginner is 
encouraged to review that material to get a general idea of why and when 
the convolution process can be used to analyze digital filters. 

Equation (5-8) and the relationships in Figure 5-7 tell us what we need 
to do to determine the frequency response of an FIR filter. The product 
X(m) • H(m) is the DFT of the filter output. Because X(m) is the DFT of the 
filter 's input sequence, the frequency response of the filter is then defined 
as H(m), the DFT of filter's impulse response h(k).+ Getting back to our 
original problem, we can determine our averaging filter 's frequency­
domain response by taking the DFT of the individual filter coefficients 
(impulse response) in Eq. (5-4). If we take the five h(k) coefficient values 
of 1/ 5 and append 59 zeros, we have the sequence depicted in Figure 
5-8(a). Performing a 64-point OFT on that sequence, and normalizing the 

t We use the term impulse response here, instead of coefficients, because this concept also 
applies to IIR filters. UR filter frequency responses are also equal to the DFT of their impulse 
responses. 
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Figure 5-7 Relationships of convolution as applied to FIR digital filters . 

DFT magnitudes, gives us the filter's frequency magnitude: response 
I H(m) I in Figure 5-8(b) and phase response shown in Figure 5-8(c).t H(m) 

is our old friend, the sin(x)/x function from Section 3.13. 
Let's relate the discrete frequency response samples in Figures 5-8(b) 

and 5-8(c) to the physical dimension of the sample frequency fs. We know, 
from Section 3.5 and our experience with the DFT, that the m = N /2 dis­
crete frequency sample, m = 32 in this case, is equal to the folding fre­
quency, or half the sample rate,fs/2. Keeping this in mind, we can convert 
the discrete frequency axis in Figure 5-8 to that shown in Figure 5-9. In 
Figure 5-9(a), notice that the filter's magnitude response is, of course, peri­
odic in the frequency domain with a period of the equivalent sample rate 
fs. Because we're primarily interested in the filter's response between O and 
half the sample rate, Figure 5-9(c) sh!)WS that frequency band in greater 

t There's nothing sacred about using a 64-point DFT here. We could just as well have 
appended only enough zeros to take a 16- or 32-point FFT. We chose 64 points to get a fre­
quency resolution that would make the shape of the response in Figure 5-B(b) reasonably 
smooth. Remember, the more points in the FFT, the finer the frequency resolution-right? 
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Figure 5-8 Averaging FIR filter: (a) filter coefficient sequence h(k) with 
appended zeros; (b) normalized discrete frequency magnitude 
response I H(m) I of the h(k) filter coefficients; (c) phase-angle 
response of H(m) in degrees. 

detail affirming the notion that averaging behaves like a low-pass filter. It's 
a relatively poor low-pass filter compared to an arbitrary, ideal low-pass 
filter indicated by the dashed lines in Figure 5-9(c), but our averaging fil­
ter will attenuate higher frequency inputs relative to its response to low­
frequency input signals. 

We can demonstrate this by way of example. Suppose we applied a 
low-frequency sinewave to the averaging FIR filter, as shown in Figure 
5-lO(a), and that the input sinewave's frequency is f/32 and its peak 
amplitude is unity. The filter output in this case would be a sinewave of 
frequency fs/32, but it's peak amplitude would be reduced to a value of 
0.96, and the output sinewave's first sample value is delayed by a phase 
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Figure 5-9 Averaging FIR filter frequency response shown as continuous curves: (a) 
normalized frequency magnitude response, I H(m) I; (b) phase angle 
response of H(m) in degrees; (c) the filter's magnitude response 
between zero Hz and half the sample rate, f/2 Hz. 

angle of 22.5°. Next, if we applied a higher frequency sinewave of 3.f/32 
to the FIR filter as shown in Figure 5-lO(b ), the filter output would, then, 
be a sinewave of frequency 3fs/32, but it's peak amplitude is even fur­
ther reduced to a value of 0.69. In addition, the Figure 5-lO(b) output 
sinewave's first sample value has an even larger phase angle delay of 
67.5°. Although the output amplitudes and phase delays in Figure 5-10 
were measured values from actually performing a 5-tap FIR filter 
process on the input sinewave samples, we could have obtained those 
amplitude and phase delay values directly from Figures 5-8(a) and 5-
8(b) . The emphasis here is that we don't have to implement an FIR filter 
and apply various sinewave inputs to discover what its frequency 
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Figure 5-10 Averaging FIR filter input and output responses: (a) with an input sinewave 
of frequency ~ /32; (b) with an input sinewave of frequency 3~ /32. 

response will be. We need merely take the OFT of the FIR filter's coeffi­
cients (impulse response) to determine the filter's frequency response as 
we did for Figure 5-8. 

Figure 5-11 is another depiction of how well our 5-tap averaging FIR 
filter performs, where the dashed line is the filter's magnitude response 
I H(m) I, and the shaded line is the IX(m) I magnitude spectrum of the fil­
ter's input values (the white squares in Figure 5-2). The solid line is the 
magnitude spectrum of the filter's output sequence which is shown by 
the black squares in Figure 5-2. So in Figure 5-11, the solid output spec­
trum is the product of the dashed filter response curve and the shaded 
input spectrum, or IX(m) • H(m) I. Again, we see that our averager does 
indeed attenuate the higher frequency portion of the input spectrum. 

Let's pause for a moment to let all of this soak in a little. So far we've 
gone through the averaging filter example to establish that 

• FIR filters perform time-domain convolution by summing the prod­
ucts of the shifted input samples and a sequence of filter coefficients, 

• an FIR filter's output sequence is equal to the convolution of the input 
sequence and a filter's impulse response (coefficients), 
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Figure 5-11 Averaging FIR filter input magnitude spectrum, frequency 
magnitude response, and output magnitude spectrum. 

• an FIR filter's frequency response is the DFT of the filter's impulse 
response,t 

• an FIR filter's output spectrum is the product of the input _spectrum 
and the filter's frequency response, and · 

• convolution in the time domain and multiplication in the frequency 
domain are Fourier transform pairs. 

OK, here's where FIR filters start to get really interesting. Let's change 
the values of the five filter coefficients to modify the frequency response 
of our 5-tap, low-pass filter. In fact, Figure 5-12(a) shows our original five 
filter coefficients and two other arbitrary sets of 5-tap coefficients. Figure 
5-12(b) compares the frequency magnitude responses of those three sets 
of coefficients. Again, the frequency responses are obtained by taking the 
DFT of the three individual sets of coefficients and plotting the magni­
tude of the transforms, as we did for Figure 5-9(c). So we see three impor­
tant characteristics in Figure 5-12. First, as we expected, different sets of 
coefficients give us different frequency magnitude responses. Second, a 

t In Section 6.3, while treating an FIR filter as a special case of an IIR filter, we'll arrive at a math­
ematical expression for an FIR filter's frequency response in terms of its coefficient values. 
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frequency magnitude response of three low-pass FIR filters using those 
sets of coefficients. 

sudden change in the values of the coefficient sequence, such as the 0.2 to 
0 transition in the first coefficient set, causes ripples, or sidelobes, in the 
frequency response. Third, if we minimize the suddenness of the changes 
in the coefficient values, such as the third set of coefficients in Figure 5-
12(a), we reduce the sidelobe ripples in the frequency response. However, 
reducing the sidelobes results in increasing the main lobe width of our 
low-pass filter. (As we'll see, this is exactly the same effect encountered in 
the discussion of window functions used with the OFT in Section 3.9.) 

To reiterate the function of the filter coefficients, Figure 5-13 shows the 
5-tap FIR filter structure using the third set of coefficients from Figure 5-12. 
The implementation of constant-coefficient transversal FIR filters does 
not get any more complicated than that shown in Figure 5-13. It's that 
simple. We can have a filter with more than five taps, but the input sig­
nal sample shifting, the multiplications by the constant coefficients, and 
the summation are all there is to it. (By constant coefficients, we· don't 
mean coefficients whose values are all the same; we mean coefficients 
whose values remain unchanged, or time-invariant. There is a class of 
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h(O) = 
0.04 

Figure 5-13 Five-tap, low-pass FIR filter implementation using the coefficients 0.04, 
0. 12, 0.2, 0. 12, and 0.04. 

digital filters, called adaptive filters, whose coefficient values are period­
ically changed to adapt to changing input signal parameters. While we 
won't discuss these adaptive filters in this introductory text, their 
descriptions are available in the literature[l-5] .) 

So far, our description of an FIR filter implementation has been pre­
sented from a hardware perspective. In Figure 5-13, to calculate a sin­
gle filter output sample, five multiplications and five additions must 
take place before the arrival of the next input sample value. In a soft­
ware implementation of a 5-tap FIR filter, however, all of the input data 
samples would be previously stored in memory. The software filter rou­
tine's job, then, is to access different five-sample segments of the x(n) 
input data space, perform the calculations shown in Figure 5-13, and 
store the resulting filter y(n) output sequence in an array of memory 
locations.t 

Now that we have a basic understanding of what a digital FIR filter is, 
let's see what effect is had by using more than five filter taps by learning 
to design FIR filters . 

5.3 Low-Pass FIR Filter Design 
OK, instead of just accepting a given set of FIR filter coefficients and ana­
lyzing their frequency response, let's reverse the process and design our 

t In reviewing the literature of FIR filters, the reader will often find the term z-1 replacing 
the delay function in Figure 5-13. This equivalence is explained in the next chapter when we 
study IIR filters. 
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own low-pass FIR filter. The design procedure starts with the determina­
tion of a desired frequency response followed by calculating the filter coef­
ficients that will give us that response. There are two predominant tech­
niques used to design FIR filters, the window method, and the so-called 
optimum method. Let's discuss them in that order. 

5.3.1 Window Design Method 

The window method of FIR filter design (also called the Fourier series 
method) begins with our deciding what frequency response we want for 
our low-pass filter. We can start by considering a continuous low-pass fil­
ter, and simulating that filter with a digital filter. We'll define the contin­
uous frequency response H(f) to be ideal, i.e., a low-pass filter with unity 
gain at low. frequencies and zero gain (infinite attenuation) beyond some 
cutoff frequency, as shown in Figure 5-14(a). Representing this H(f) 
response by a discrete frequency response is straightforward enough 
because the idea of a discrete frequency response is essentially the same 
as a continuous frequency response-with one important difference. As 
described in Sections 2.2 and 3.13, discrete frequency-domain representa­
tions are always periodic with the period being the sample rate f

5
• The dis­

crete representation of our ideal, continuous low-pass filter H(f) is the 
periodic response H(m) depicted by the frequency-domain samples in 
Figure 5-14(b). 

response 
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Figure 5-14 Low-pass filter frequency responses: (a) continuous frequency 
response H(f): (b) periodic, discrete frequency response H(m) , 
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We have two ways to determine our low-pass filter's time-domain 
coefficients. The first way is algebraic: 

1. Develop an expression for the discrete frequency response H(m). 

2. Apply that expression to the inverse DPT equation to get the time 
domain h(k). 

3. Evaluate that h(k) expression as a function of time index n. 

The second method is to define the individual frequency-domain samples 
representing H(m) and then have a software routine perform the inverse 
DPT of those samples, giving us the FIR filter coefficients. In either 
method, we need only define the periodic H(m) over a single period offs 
Hz. As it turns out, defining H(m) in Figure 5-14(b) over the frequency 
span -f/2 to fs/2 is the easiest form to analyze algebraically, and defining 
H(m) over the frequency span Oto fs is the best representation if we use the 
inverse DPT to obtain our filter's coefficients. Let's try both methods to 
determine the filter's time-domain coefficients. 

In the algebraic method, we can define an arbitrary discrete frequency 
response H(m) using N samples to cover the -fs/2 to fs/2 frequency range 
and establish K unity-valued samples for the passband of our low-pass fil­
ter as shown in Figure 5-15. To determine h(k) algebraically we need to 
take the inverse DPT of H(m) in the form of 

N /2 

h(k) = ~ L H(m)ei2nmk / N ' 
m=-(N /2)+1 

(5-9) 

where our time-domain index is k. The solution to Eq. (5-9), derived in 
Section 3.13 as Eq. (3-59), is repeated here as 
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Figure 5-16 Time-domain h(k) coefficients obtained by evaluating Eq. (5- l 0). 

h(k) = ___!_. sin(1tk.K / N ) . 
N sin(1tk / N ) 

(5-10) 

If we evaluate Eq. (5-10) as a function of k, we get the sequence shown in 
Figure 5-16 taking the form of the classic sin(x)/x function. By reviewing 
the material in Section 3.13, it's easy to see the great deal of algebraic 
manipulation required to arrive at Eq. (5-10) from Eq. (5-9). So much alge­
bra, in fact, with its many opportunities for making errors, that digital fil­
ter designers like to avoid evaluating Eq. (5-9) algebraically. They prefer 
to use software routines to perform inverse DFTs (in the form of an 
inverse FFT) to determine h(k), and so will we. 

We can demonstrate the software inverse DFT method of FIR filter 
design with an example. Let's say we need to design a low-pass FIR fil­
ter simulating the continuous frequency response shown in Figure 
5-17(a). The discrete representation of the filter's frequency response 
H(m) is shown in Figure 5-17(b), where we've used N = 32 points to rep­
resent the frequency-domain variable H(f). Because it's equivalent to 
Figure 5-17(b) but avoids the negative values of the frequency index m, 
we represent the discrete frequency samples over the range O to fs in 
Figure 5-17(c), as opposed to the -f/2 to +f/2 range in Figure 5-17(b). 
OK, we're almost there. Using a 32-point inverse FFT to implement a 
32-point inverse DFT of the H(m) sequence in Figure 5-17(c), we get the 
32 h(k) values depicted by the dots from k = -15 to k = 16 in Figure 
5-18(a).t We have one more step to perform. Because we want our final 
31-tap h(k) filter coefficients to be symmetrical with their peak value in 
the center of the coefficient sample set, we drop the k = 16 sample and 
shift the k index to the left from Figure 5-18(a) giving us the desired 

t If you want to use this FIR design method but only have a forward FFT software routine 
available, Section 10.6 shows a slick way to perform an inverse FFT with the forward FFT 
algorithm. 
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Figure 5-17 An ideal low-pass filter: (a) continuous frequency response H(f); (b) 
discrete response H(m) over the range of -f

5
/2 to fJ2 Hz; (c) discrete 

response H(m) over the range O to f
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Figure 5-18 Inverse DFT of the discrete response in Figure 5- l 7(c): (a) normal 
inverse DFT indexing fork; (b) symmetrical coefficients used for a 
31-tap low-pass FIR filter. 

sin(x) Ix form of h(k) as shown in Figure 5-18(b ). This shift of the index 
k will not change the frequency magnitude response of our FIR filter. 
(Remember from our discussion of the DFT Shifting Theorem in Section 
3.6 that a shift in the time-domain manifests itself only as a linear phase 
shift in the frequency domain with no change in the frequency domain 
magnitude.) The sequence in Figure 5-18(b), then, is now the coeffi-
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dents we use in the convolution process of Figure 5-5 to implement a 
low-pass FIR filter. 

It's important to demonstrate that the more h(k) terms we use as filter 
coefficients, the closer we'll approximate our ideal low-pass filter 
response. Let's be conservative, just use the center nine h(k) coefficients, 
and see what our filter response looks like. Again, our filter's magnitude 
response in this case will be the DFT of those nine coefficients as shown 
on the right side of Figure 5-19(a). The ideal filter's frequency response is 
also shown for reference as the dashed curve. (To show the details of its 
shape, we've used a continuous curve for I H(m) I in Figure 5-19(a), but 
we have to remember that I H(m) I is really a sequence of discrete values.) 
Notice that using nine coefficients gives us a low-pass filter, but it's cer­
tainly far from ideal. Using more coefficients to improve our situation, 
Figure 5-19(b) shows 19 coefficients and their corresponding frequency 
magnitude response that is beginning to look more like our desired rec­
tangular response. Notice that magnitude fluctuations, or ripples, are evi­
dent in the passband of our H(m) filter response. Continuing, using all 31 

(a) 

• 

(b) 

■ ■ h(k) 

■ ,· I 1 ■ , I 

,A IH(m)I for a 9-tap filter 

0 

Culoff 
frequency 

Freq 

••• h(k) c8>FT W IH(m)lfora19-tapfilter 

:ill I! !: ' .. C) I p • 
-■ ~ l l • • l . • -f/8 O t/8 Freq 

(c) 

Figure 5-19 Coefficients and frequency responses of three low-pass filters: (a) 9-tap 
FIR filter; (b) a 19-tap FIR filter; (c) frequency response of the full 31-tap 
FIR filter. 
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of the h(k) values for our filter coefficients results in the frequency 
response in Figure 5-19(c) . Our filter's response is getting better 
(approaching the ideal), but those conspicuous passband magnitude rip­
ples are still present. 

It's important that we understand why those passband ripples are in 
the low-pass FIR filter response in Figure 5-19. Recall the above discus­
sion of convolving the 5-tap averaging filter coefficients, or impulse 
response, with an input data sequence to obtain the averager's output. We 
established that convolution in the time domain is equivalent to multipli­
cation in the frequency domain, that we symbolized with Eq. (5-8), and 
repeat it here as 

DFT 

h(k) * x(n) = H(m) • X(m) . 
IDFT 

(5-11) 

This association between convolution in the time-domain and multiplica­
tion in the frequency domain, sketched in Figure 5-7, indicates_ that, if two 
time-domain sequences h(k) and x(n) have DFTs of H(m) and X(m), respec­
tively, then the DFT of h(k) *X(n) is H(m) ·X(m). No restrictions whatsoev­
er need be placed on what the time-domain sequences h(k) and x(n) in Eq. 
(5-11) actually represent. As detailed later in Section 5.9, convolution in 
one domain is equivalent to multiplication in the other domain allowing 
us to state that multiplication in the time domain is equivalent to convo­
lution in the frequency domain, or 

DFT 

h(k) • x(n) = H(m) * X(m) . 
IDFT 

(5-12) 

Now we're ready to understand why the magnitude ripples are present in 
Figure 5-19. 

Rewriting Eq. (5-12) and replacing the h(k) and x(n) expressions with 
h=(k) and w(k), respectively, 

(5-13) 

Let's say that h=(k) represents an infinitely long sin(x)/x sequence of ideal 
low-pass FIR filter coefficients and that w(k) represents a window sequence 
that we use to truncate the sin(x)/x terms as shown in Figure 5-20. Thus, 
the w(k) sequence is a finite-length set of unity values and its DFT is W(m). 
The length of w(k) is merely the number of coefficients, or taps, we intend 
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Figure 5-20 Infinite h~(k) sequence windowed by w(k) to define the final 
filter coefficients h(k). 

to use to implement our low-pass FIR filter. With h=(k) defined as such, the 
product h=(k) · w(k) represents the truncated set of filter coefficients h(k) in 
Figures 5-19(a) and 5-19(b). So; from Eq. (5-13), the FIR filter's true fre­
quency response H(m) is the convolution 

(5-14) 

We depict this convolution in Figure 5-21 where, to keep the figure from 
being so busy, we show H=(m) (the OFT of the h=(k) coefficients) as the 
dashed rectangle. Keep in mind that it's really a sequence of constant­
amplitude sample values. 

Let's look at Figure 5-2l(a) very carefully to see why all three I H(m) Is 
exhibit passband ripple in Figure 5-19. We can view a particular sample 
value of the H(m) = H=(m) * W(m) convolution as being the sum of the 
products of H=(m) and W(m) for a particular frequency shift of W(m). 
H=(m) and the unshifted W(m) are shown in Figure 5-21(a.) With an 
assumed value of unity for all of H=(m), a particular H(m) value is now 
merely the sum of the W(m) sainples that overlap the H=(m) rectangle. So, 
with a W(m) frequency shift of O Hz, the sum of the W(m) samples that 
overlap the H=(m) rectangle in Figure 5-21(a) is the value of H(m) at O Hz. 
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Figure 5-21 Convolution W(m)• H=(m): (a) unshifted W(m) and H=(m); 
(b) shift of W(m) leading to ripples within H(m)'s positive 
frequency passband; (c) shift of W(m) causing response roll-off 
near H(m)'s positive cutoff frequency; (d) shift of W(m) causing 
ripples beyond H(m)'s positive cutoff frequency. 

As W(m) is shifted to the right to give us additional positive frequency 
H(m) values, we can see that the sum of the positive and negative values . 
of W(m) under the rectangle oscillate during the shifting of W(m). As the 
convolution shift proceeds, Figure 5-21(b) shows why there are ripples in 
the passband of H(m)-again, the sum of the positive and negative W(m) 
samples under the H""(m) rectangle continue to vary as the W(m) function 
is shifted. The W(m) frequency shift, indicated in Figure 5-21(c), where the 
peak of W(m)'s main lobe is now outside the H""(m) rectangle, corresponds 
to the frequency where H(m)'s passband begins to roll off. Figure 5-21(d) 
shows that, as the W(m) shift continues, there will be ripples in H(m) 
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Figure 5-22 Passband ripple and transition regions: (a) for a 31-tap low-pass 
filter; (b) for a 63-tap low-pass filter. 

beyond the positive cutoff frequency.t The point of all of this is that the rip­
ples in H(m) are caused by the sidelobes of W(m). 

Figure 5-22 helps us answer the question: How many sin(x)/x coeffi­
cients do we have to use (or how wide must w(k) be) to get nice sharp 
falling edges and no ripples in our H(m) passband? The answer is that 
we can't get there from here. It doesn't matter how many sin(x)/x coef­
ficients (filter taps) we use, there will always be filter passband ripple. 
As long as w(k) is a finite number of unity values (i.e., a rectangular win­
dow of finite width) there will be sidelobe ripples in W(m), and this will 
induce passband ripples in the final H(m) frequency response. To illus­
trate that increasing the number of sin(x)/x coefficients doesn't reduce 
passband ripple, we repeat the 31-tap, low-pass filter response in Figure 
5-22(a) . The frequency response, using 63 coefficients, is shown in 

t In Figure 5-21(b), had we started to shift W(m) to the left in order to determine the nega­
tive frequency portion of H(m), we would have obtained the mirror image of the positive fre­
quency portion of H(m). 
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Figure 5-22(b), and the passband ripple remains. We can make the fil­
ter's transition region more narrow using additional h(k) filter coeffi­
cients, but we cannot eliminate the passband ripple. That ripple, known 
as Gibbs' phenomenon, manifests itself anytime a function (w(k) in this 
case) with a instantaneous discontinuity is represented by a Fourier 
series[6-8]. No finite set of sinusoids will be able to change fast enough 
to be exactly equal to an instantaneous discontinuity. Another way to 
state this Gibbs' dilemma is that, no matter how wide our w(k) window 
is, its OFT of W(m) will always have sidelobe ripples. As shown in 
Figure 5-22(b ), we can use more coefficients by extending the width of 
the rectangular w(k) to narrow the filter transition region, but a wider 
w(k) does not eliminate the filter passband ripple nor does it even reduce 
their peak-to-peak ripple magnitudes, as long as w(k) has sudden dis­
continuities. 

5.3.2 Windows Used in FIR Filter Design 

OK. The good news is that we can minimize FIR passband ripple with 
window functions the same way we minimized OFT leakage in Section 
3.9. Here's how. Looking back at Figure 5-20, by truncating the infinitely 
long h00(k) sequence through multiplication by the rectangular w(k), our 
final h(k) exhibited ripples in the frequency-domain passband. Figure 5-21 
shows us that the passband ripples were caused by W(m)'s sidelobes that, 
in turn, were caused by the sudden discontinuities from zero'to one and 
one to zero in w(k). If we think of w(k) in Figure 5-20 as a rectangular win­
dow, then, it is w(k)'s abrupt amplitude changes that are the source of our 
filter passband ripple. The window FIR design method is the technique of 
reducing w(k)'s discontinuities by using window functions other than the 
rectangular window. 

Consider Figure 5-23 to see how a nomectangular window function 
can be used to design low-ripple FIR digital filters. Imagine if we replaced 
Figure 5-20's rectangular w(k) with the Blackman window function whose 
discrete values are defined ast 

(2rtk) (4rtk) w(k) = 0.42-0.Scos N +0.08cos N , fork= 0,1,2, .. . ,N -1 . (5-15) 

t As we mentioned in Section 3.9, specific expressions for window functions depend on the 
range of the sample index k. Had we defined k to cover the range -N /2, < k < N /2, for exam­
ple, the expression for the Blackman window would have a sign change and be 
w(k) = 0.42 + 0.Scos(21tk/N) + 0.08cos(41tk/N). 

Meta Platforms, Inc. - Exhibit 1012 
Page 198 of 534



(a) 

(b) 

(c) 

Low-Pass FIR Filter Design 185 

.. ~ . 
-.-., . .... •-=----r-• • • • 

• 

Blackman window 

■ ■ • 
• h00(k) 

~ 

■ I • 
I I I ., 

◊ 
■ ~ • • 

function 1 -- • - • - • - • --• 
• ,,.•- ' • , • w(k) 

• ' • ■ • ·---. -■-• • k 

~ ............ I ---.... 
·-·, ,,,•1"' ·1 I 11 ' ' r·----. -•-•-•·•- ·--- I I I I I I I I I .. , _________ _ 

◊ k 

• • ■ h(k) 
• I • 

■ • I I I I • ■ 
-•-•-•-•-·-•-•-.-.-.-■-__;;.....:...._.:........:._~,--~•-•-·-•-•-•·•--

J 

- • • • k 

Transition region 

lfflm)l1 ~] 

0 

► 
Freq 

.. 
Freq 

Figure 5-23 Coefficients and frequency response of a 31-tap Blackman-windowed 
FIR Filter: (a) defining the windowed filter coefficients h(k); (b) low-ripple 
31-tap frequency response; (c) low-ripple 63-tap frequency response. 

This situation is depicted for N = 31 in Figure 5-23(a) where Eq. (5-15)'s 
w(k) looks very much like the Hanning window function in Figure 3-17(a). 
This Blackman window function results in the 31 smoothly tapered h(k) 
coefficients at the bottom of Figure 5-23(a). Notice two things about the 
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resulting H(m) in Figure 5-23(b). First, the good news. The passband rip­
ples are greatly reduced from those evident in Figure 5-22(a)-so our 
Blackman window function did its job. Second, the price we paid for 
reduced passband ripple is a wider H(m) transition region. We can get a 
steeper filter response roll-off by increasing the number of taps in our FIR 
filter. Figure 5-23(c) shows the improved frequency response had we used 
a 63-coefficient Blackman window function for a 63-tap FIR filter. So using 
a nonrectangular window function reduces passband ripple at the 
expense of slower passband to stopband roll-off. 

A graphical comparison of the frequency responses for the rectangular 
and Blackman windows is provided in Figure 5-24. (The curves in Figure 
5-24 were obtained for the window functions defined by 32 discrete sam­
ples, to which 480 zeros were appended, applied to a 512-point DPT.) The 

l • Linear window frequency magnitude responses, I W(m)I 
1 --- -· - --- -· --------

~ , ~ - Rectangular (dotted) 
0.8 ,.;;,:--- -

0.6 
(a) 0.

4 
___ , ' ' ✓ Blackman (dashe~ __ _ 

' ' 0.2 --- ' , , 
,_ 

0 '---------..-- ---=- - --....-----------..,_---,1-
'5/8 f8 /4 '5h. Freq 

Al Logarithmic window frequency magnitude responses, Wd8 (m) in dB 

o- ---

-10 

x Rectangular (dotted) 

--- ---
"\ Blackman (dashed) 

"\ , _,/ -20 
'-.J/ 

(b) -30 ·---' -·-I 
I 

I 
-40 - -- .. ---

-50 
I I \ 
I I I \ 

, 
' I I I -

' -60 
, \ ✓ 

fgl8 '5/4 fs/2 Freq 

Figure 5-24 Rectangular vs. Blackman window frequency magnitude responses: 
(a) I W(m) I on a linear scale; (b) normalized logarithmic scale of Wd8(m). 
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sidelobe magnitudes of the Blackman window's I W(m) I are too small to 
see on a linear scale. We can see those sidelobe details by plotting the two 
windows' frequency responses on a logarithmic scale and normalizing 
each plot so that their main lobe peak values are both zero dB. For a given 
window function, we can get the log magnitude response of Wctim) by 
using the expression 

(I W(m) I) 
WdB(m) = 20 • logio I W(0) I . (5-16) 

(The I W(0) I term in Eq. (5-16) is the magnitude of W(m) at the peak of the 
main lobe when m = 0.) Figure 5-24(b) shows us the greatly reduced side­
lobe levels of the Blackman window and how that window's main lobe is 
almost three times as wide as the rectangular window's main lobe. 

Of course, we could have used any of the other window functions, dis­
cussed in Section 3.9, for our low-pass FIR filter. That's why this FIR fil­
ter design technique is called the window design method. We pick a win­
dow function and multiply it by the sin(x)/x values fromH=(m) in Figure 
5-23(a) to get our final h(k) filter coefficients. It's that simple. Before we 
leave the window method of FIR filter design, let's introduce two other 
interesting window functions. 

Although the Blackman window and those windows discussed in 
Section 3.9 are useful in FIR filter design, we have little control over their, 
frequency responses; that is, our only option is to select some window 
function and accept its corresponding frequency response. Wouldn't it be 
nice to have more flexibility in trading off, or striking a compromise 
between, a window's main lobe width and sidelobe levels? Fortunately, 
there are two popular window functions that give us this opportunity. 
Called the Chebyshev and the Kaiser window functions, they're defined 
by the following formidable expressions: 

Chebyshev window:➔ 
(also called the Dolph­
Chebyshev and the 
Tchebyschev window) 

w(k) = the N-point inverse DFT of 

-1 
coshfN -cosh (a)l 

where a= cosh( t cosh -l (lQY)J and m = 0,1,2, ... ,N -1, (5-17) 
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Kaiser window:➔ 
( also called the 
Kaiser-Bessel window) 

fork= 0, l, 2, ... , N-1, and p = (N-1)/2. (5-18) 

Two typical Chebyshev and Kaiser window functions and their fre­
quency magnitude responses are shown in '"Figure 5-25. For comparison, 
the rectangular and Blackman window functions are also shown in that 
figure. (Again, the curves in Figure 5-25(b) were obtained for window 
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Figure 5-25 Typical window functions used with digital filters: (a) window coefficients 
in the time domain; (b) frequency-domain magnitude responses in dB. 
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functions defined by 32 discrete samples, with 480 zeros appended, 
applied to a 512-point OFT.) 

Equation (5-17) was originally based on the analysis of antenna arrays 
using the mathematics of Chebyshev polynomials[9-11] . Equation (5-18) 
evolved from Kaiser's study of prolate spheroid functions using zeroth­
order Bessel functions[12-13]. Don't be intimidated by the complexity of 
Eqs. (5-17) and (5-18)-at this point, we need not be concerned with the 
mathematical details of their development. We just need to realize that the 
control parameters y and~, in Eqs. (5-17) and (5-18), give us control over 
the windows' main lobe widths and the sidelobe levels. 

Let's see how this works for Chebyshev window func~ions, having four 
separate values of y, and their frequency responses shown in Figure 5-26. 
FIR filter designers applying the window method typically use prede­
fined software routines to obtain their Chebyshev window coefficients. 
Commercial digital signal processing software packages allow the user to 
specify three things: the window function (Chebyshev in this case), the 
desired number of coefficients (the number of taps in the FIR filter), and 
the value of y. Selecting different values for y enables us to adjust the side­
lobe levels and see what effect those values have on main lobe width, a 
capability that we didn't have with the Blackman window or the window 
functions discussed in Section 3.9. The Chebyshev window function's 
stopband attenuation, in decibels, is equal to 

AttenCheb = -20Y . (5-19) 

So, for example, if we needed our sidelobe levels to be no greater than 
-60 dB below the main lobe, we use Eq. (5-19) to establish a yvalue of 3.0 
and let the software generate the Chebyshev window coefficients.t 

The same process applies to the Kaiser window, as shown in Figure 
5-27. Commercial software packages allow us to specify~ in Eq. (5-18) 
and provide us with the associated window coefficients. The curves in 
Figure 5-27(b), obtained for Kaiser window functions defined by 32 dis­
crete samples, show that we can select the desired sidelobe levels and 
see what effect this has on the main lobe width. 

Chebyshev or Kaiser, which is the best window to use? It depends on 
the application. Returning to Figure 5-25(b), notice that, unlike the con­
stant sidelobe peak levels of the Chebyshev window, the Kaiser window's 

t By the way, some digital signal processing software packages require that we specify 
AttenChcl> in decibels instead of y. That way, we don't have to b.other using Eq. (5-19) at all. 
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Figure 5-26 Chebyshev window functions for various yvalues: (a) window coefficients 
in the time domain; (b) frequency-domain magnitude responses in dB. 

sidelobes decrease with increased frequency. However, the Kaiser side­
lobes are higher than the Chebyshev window's sidelobes near the main 
lobe. Our primary trade-off here is trying to reduce the sidelobe levels 
without broadening the main lobe too much. Digital filter designers typi­
cally experiment with various values of y and ~ for the Chebyshev and 
Kaiser windows to get the optimum Wd8(m) for a particular application. 
(For that matter, the Blackman window's very low sidelobe levels out­
weigh its wide main lobe in many applications.) Different window func­
tions have their own individual advantages and disadvantages for FIR fil­
ter design. Regardless of the nonrectangular window function used, they 

Meta Platforms, Inc. - Exhibit 1012 
Page 204 of 534



(a) 

(b) 

0.8 

0.6 

0.4 

0.2 

-20 

-40 

-60 

Bandpass FIR Filter Design 191 

Kaiser window coefficients 

5 10 15 20 25 30 k 

Kaiser window frequency magnitude responses, Wd8 (m) 

:: l 
--~--~·:- J-

', I •, .. 
' \ 

p : 8 ( dash-dot) 

-80 ------ I __ 

f/4 '5/2 Freq 

Figure 5-27 Kaiser window functions for various~ values: (a) window coefficients in 
the time domain: (b) frequency-domain magnitude responses in dB. 

always decrease the FIR filter passband ripple over that of the rectangu­
lar window. For the enthusiastic reader, a very thorough discussion of 
window functions can be found in reference [14]. 

5.4 Bandpass FIR Filter Design 

The window method of low-pass FIR filter design can be used as the first 
step in designing a bandpass FIR filter. Let's say we want a 31-tap FIR fil­
ter with the frequency response shown in Figure 5-22(a), but instead of 
being centered about zero Hz, we want the filter's passband to be centered 
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Figure 5-28 Bandpass filter with frequency response centered at ~/4: 
(a) generating 31-tap fil ter coefficients hbp(k); (b) frequency 
magnitude response I Hbp(m) I . 

about// 4 Hz. If we define a low-pass FIR filter's coefficients as h1P(k), our 
problem is to find the hbp(k) coefficients of a bandpass FIR filter. As shown 
in Figure 5-28, we can shift H1P(m)' s frequency response by multiplying the 
filter's h1P(k) low-pass coefficients by a sinusoid of f/4 Hz. That sinusoid 
is representeq by the sshiflk) sequence in Figure 5-28(a) whose values are 
a sinewave sampled at a rate of four samples per cycle. Our final 31-tap 
hbp(k) FIR bandpass filter coefficients .are 

(5-20) 
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whose frequency magnitude response I Hbp(m) I is shown as the solid 
curves in Figure 5-28(b). The actual magnitude of l Hbp(m) I is half that 
of the original I H1P(m) I because half the values in hbp(k) are zero when 
sshlft(k) corresponds exactly to// 4. This effect has an important practical 
implication. It means that, when we design an N-tap bandpass FIR filter 
centered at a frequency off/ 4 Hz, we only need to perform approxi­
mately N /2 multiplications for each filter output sample. (There's no 
reason to multiply an input sample value, x(n-k), by zero before we sum 
all the products from Eq. (5-6) and Figure 5-13, right? Vfe just don't both­
er to perform the unnecessary multiplications at all.) Of course, when 
the bandpass FIR filter's center frequency is other than// 4, we're forced 
to perform the full number of N multiplications for each FIR filter out­
put sample. 

Notice, here, that the h1P(k) low-pass coefficients in Figure 5-28(a) have 
not been multiplied by any window function. In practice, we'd use an 
h1P(k) that has been windowed prior to implementing Eq. (5-20) to reduce 
the passband ripple. If we wanted to center the bandpass filter's response 
at some frequency other than fs/ 4, we merely need to modify sshif/k) to 
represent sampled values of a sinusoid whose frequency is equal to the 
desired bandpass center frequency. That new sshift(k) sequence would then 
be used in Eq. (5-20) to get the new hbp(k) . 

5.5 Highpass FIR Filter Design 
Going one step further, we can use the bandpass FIR filter design tech­
nique to design a highpass FIR filter. To obtain the coefficients for a high­
pass filter, we need only modify the shifting sequence sshift(k) to make it 
represent a sampled sinusoid whose frequency is fs/2. This process is 
shown in Figure 5-29. Our final 31-tap highpass FIR filter's hhp(k) coeffi­
cients are 

= h1P(k)•(l, -1, 1, -1, 1, -1, etc.), (5-21) 

whose I Hhp(m) I frequency response is the solid curve in Figure 5-29(b). 
Because sshift(k) in Figure 5-29(a) has alternating plus and minus ones, we 
can see that hhp(k) is merely h1P(k) with the sign changed for every other 
coefficient. Unlike I HbpCm) I in Figure 5-28(b ), the I Hhp(m) I response in 
Figure 5-29(b) has the same amplitude as the original IH1pCm) I. 
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Figure 5-29 Highpass filter with frequency response centered at fJ2: 
(a) generating 31-tap filter coefficients hhp(k); (b) frequency 
magnitude response I Hr,p(m) I . 

Again, notice that the h1P(k) low-pass coefficients in Figure 5-29(a) have 
not been modified by any window function. In practice, we'd use a win­
dowed h1P(k) to reduce the passband ripple before implementing Eq. (5-21). 

5.6 Remez Exchange FIR Filter Design Method 

Let's introduce one last FIR filter design technique that has found wide 
acceptance in practice. The Remez Exchange FIR filter design method 
(also called the Parks-McClellan, or Optimal method) is a popular tech-
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~Passband1 ---- Stopband - --__,-; 

Figure 5-30 Desired frequency response definition of a low-pass FIR filter 
using the Remez Exchange design method. 

nique used to design high-performance FIR filters. t To use this design 
method, we have to visualize a desired frequency response Him) like that 
shown in Figure 5-30. 

We have to establish a desired passband cutoff frequency !pass and the 
frequency where the attenuated stopband begins, fstop· In addition, we 
must establish the variables op and os that define our desired passband 
and stopband ripple. Passband and stopband ripple, in decibels, are relat­
ed to op and os by[15] 

Passband ripple = 20 • log10(1 + op) , (5-22) 

and 

Stopband ripple = -20 · log10(os) · (5-22') 

(Some of the early journal papers describing the Remez design method 
used the 1;qu ally valid expression -20 · log10(op) to define the p assband 
ripple in decibels. H owever, Eq. (5-22) is the most common form used 
today.) Next, we apply these parameters to a computer software routine 
that generates the filter's N time-domain h(k) coefficients where N is the 
minimum number of filter taps to achieve the desired filter response. 

t Remez is pronounced re-'ma, like "away." 
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Figure 5-3 l Alternate method for defining the desired frequency response of 
a low-pass FIR filter using the Remez Exchange technique. 

On the other hand, some software Remez routines assume that we 
want t,P and b

5 
to be as small as possible and require us only to define 

the desired values of the Him) response as shown by the solid black 
dots in Figure 5-31. The software then adjusts the values of the unde­
fined (shaded dots) values of Him) to minimize the error between our 
desired and actual frequency response while minimizing &;, and b

5
• The 

filter designer has the option to define some of the Him) values in the 
transition band, and the software calculates the remaining undefined 
Hd(m) transition band values. With this version of the Remez algorithm, 
the issue of most importance becomes how we define the transition 
region. We want to minimize its width while, at the same time, mini­
mizing passband and stop band ripple. So exactly how we design an FIR 
filter using the Remez Exchange technique is specific to the available fil­
ter design software. Although the mathematics involved in the develop­
ment of the Remez Exchange method is rather coroplicated, we don't 
have to worry about that here[16-20]. Just remember that the Remez 
Exchange design method gives us a Chebyshev-type filter whose actual 
frequency response is as close as possible to the desired Hd(m) response 
for a given number of filter taps. 

To illustrate the advantage of the Remez method, the solid curve in 
Figure 5-32 show the frequency response of a 31-tap FIR designed using 
this technique. For comparison, Figure 5-32 also shows the frequency 
responses of two 31-tap FIR filters for the same passband width using the 

111--~-----------
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Figure 5-32 Frequency response comparison of three 31-tap FIR filters: Remez, 
Chebyshev windowed, and Kaiser windowed. 

Chebyshev and Kaiser windowing techniques. Notice how the three fil., 
ters have roughly the same stopband sidelobe levels, near the main lobe, 
but that the Remez filter has the more desirable (steeper) transition band 
roll-off. 

5.7 Half-Band FIR Filters 

There's a specialized FIR filter that's proved useful in decimation appli­
cations[21-25]. Called a half-band FIR filter, its frequency response is sym­
metrical about the fs/ 4 point as shown in Figure 5-33(a). As such, the sum 
of /pass and fstop is //2. This symmetry has the beautiful property that the 
time-domain FIR impulse response has every other filter coefficient being 
zero, except at the peak. This enables us to avoid approximately half the 
number of multiplications when implementing this kind of filter. By way 
of example, Figure 5-33(b) shows the coefficients for a 31-tap half-band fil­
ter where N was defined to be approximately f/32 using the Remez 
Exchange method. (To preserve further symmetry, the parameters 8P and 
8

5 
were specified to be equal to each other.) 
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Figure 5-33 Half-Band FIR filter: (a) idealized continuous frequency response; (b) 
coefficients for a 31-tap half-band FIR filter; (c) discrete frequency 
magnitude response of a 31-tap half-band FIR filter. 

Notice how the alternating h(k) coefficients are zero, so we have to per­
form only 17 multiplications for each filter output sample instead of the 
expected 31 multiplications. For the general case of an 5-tap half-band FIR 
filter, we'll need perform only (S + 1)/2 + 1 multiplications for each out­
put sample.+ Taking the DFT of those h(k) coefficients gives us the half­
band FIR frequency response shown in Figure 5-33(c). 

t Section 10.8 shows a technique to further reduce the number of necessary multiplications 
for certain types of FIR filters including half-band filters. 
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5.8 Phase Response of FIR Filters 
Although we illustrated a couple of output phase shift examples for our 
original averaging FIR filter in Figure 5-10, the subject of FIR phase 
response deserves additional attention. One of the dominant features of 
FIR filters is their linear phase response that we can demonstrate by 
way of example. Given the 25 h(k) FIR filter coefficients in Figure 5-
34(a), we can perform a OFT to determine the filter's H(m) frequency 
response. The normalized real part, imaginary part, and magnitude of 
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■ I I : ■ 1 i h(k) 1 -- ■ ■ ■ 
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Figure 5-34 FIR filter frequency response H(m): (a) h(k) filter coefficients; (b) real 
and imaginary parts of H(m); (c) magnitude of H(m). 
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H(m) are shown in Figures 5-34(b) and 5-34(c), respectively.+ Being com­
plex values, each H(m) sample value can be described by its real and 
imaginary parts, or equivalently, by its magnitude I H(m) I and its 
phase H

0
(m) shown in Figure 5-35(a). 
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., 
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Figure 5-35 FIR filter phase response Hgi(m) in degrees: (a) calculated Hgi(m); 
(b) polar plot of H"i(m)'s first ten phase angles in degrees; 
(c) actual Hgi(m). 

t Any DFT size greater than the h(k) width of 25 is sufficient to obtain H(m). The h(k) 
sequence was padded with 103 zeros to take a 128-point DFI' resulting in the H(m) sample 
values in Figure 5--34. ' 
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The phase of a complex quantity is, of course, the arctangent of the 
unaginary part divided by the real part, or 0 = tan -1(imag/real). Thus 
the phase of H

0
(m) is determined from the samples in Figure 5-34(b ). 

The phase response in Figure 5-35(a) certainly looks linear over select­
ed frequency ranges, but what do we make of those sudden jumps, or dis­
continuities, in this phase response? If we were to plot the angles of H

0
(m) 

starting with the m = 0 sample on a polar graph, using the nonzero real 
pa.rt of H(O), and the zero-valued imaginary part of H(O), we'd get the 
zero-angled H/0) phasor shown on the right side of Figure 5-35(6). 
Continuing to use the real and imaginary parts of H(m) ta plot additional 
phase angles results in the phasors going clockwise around the circle in 
increments of -33.75°. It's at the H

0
(6) that we discover the cause of the 

first discontinuity in Figure 5-35(a). Taking the real and imaginary parts 
of H(6), we'd plot our phasor oriented at an angle of -202.5°. But Figure 
5-35(a) shows that H

0
(6) is equal to 157.5°. The problem lies in the soft­

ware routine used to generate the arctangent values plotted in Figure 
5-35(a). The software adds 360° to any negative angles in the range of 
-180° > 0 ~-360°, i.e., angles in the upper half of the circle. This makes 0 

a positive angle in the range oi 0° < 0 ~ 180° and that's what gets plotted. 
(This apparent discontinuity between H

0
(S) and H,/6) is called phase wrap­

ping.) So the true H
0
(6) of -202.5° is converted to a +157.5° as shown in 

parentheses in Figure 5-35(b). If we continue our polar plot for additional 
H

0
(m) values, we'll see that their phase angles continue to decrease with 

an angle increment of-33.75°. If we compensate for the software's behav­
ior and plot phase angles more negative than -180°, by unwrapping the 
phase, we get the true H

0
(1n) shown in Figure 5-35(c).t otice that H

0
(m) 

is, indeed, linear over the passband of H(m)'. It's at H
0
(17) that our partic­

ular H(m) experiences a polarity change of its real part while its imaginary 
part remains negative-this induces a true phase angle discontinuity that 
really is a constituent of H(m) at m = 17. (Additional phase discontinuities 
occur each time the real part of H(m) reverses polarity, as shown in Figure 
5-35(c).) The reader may wonder why we care about the linear phase 
response of H(m). The answer, an important one, requires us to introduce 
the notion of group delay. 

Group delay is defined as the derivative of the phase with respect to fre­
quency, or G = l'.l0 / b.f For FIR filters, then, group delay is the slope of the 
H

0
(m) response curve. When the group delay is constant, as it is over the 

t When plotting filter phase responses, if we encounter a phase angle sample 0 that looks 
like an unusual discontinuity, it's a good idea to add 360° to 0 when 0 is negative, or -360° 
when 0 is positive, to see if that compensates for any software anomalies. 
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passband of all FIR filters having symmetrical coefficients, all frequency 
components of the filter input signal are delayed by an equal amount of 
time G before they reach the filter 's output. This means that no phase dis­
tortion is induced in the filter's desired output signal, and this is crucial in 
communications signals. For amplitude modulation (AM) signals, con­
stant group delay preserves the time waveform shape of the signal's mod­
ulation envelope. That's important because the modulation portion of an 
AM signal contains the signal' s information. Conversely, a nonlinear phase 
will distort the audio of AM broadcast signals, blur the edges of television 
video images, blunt the sharp edges of received radar pulses, and increase 
data errors in digital communication signals. (Group delay is sometimes 
called envelope delay because group delay was originally the subject of 
analysis due to its affect on the envelope, or modulation signal, of ampli­
tude modulation AM systems.) Of course we're not really concerned with 
the group delay outside the. passband because signal energy outside the 
passband is what we're trying to eliminate thl'Ough filtering. 

Over the passband frequency range for an S-tap FIR digital filter, group 
delay has been shown to be given by 

G _ (S- l)ts 
odd-

2 
, (5-23) 

when S is odd, and 

S •t G - s even - -
2

- 1 (5-23') 

when Sis even, where t
5 

is the sample period (l/f
5
).t 

Although we used a 128-point DFT to obtain the frequency responses in 
Figw-es 5-34 and 5-35, we could just as well have used N = 32-point or 
N = 64-point DFTs. These smaller DFI's give us the phase response curves 
shown in Figure 5-36(a) and 5-36(6). Notice how different ·the phase 
response curves are when N = 32 in Figure 5-36(a) compared to when 
N = 128 in F.igure 5-36(c). The phase angle resolution is much finer in Figure 
5-36(c). The passband phase angle resolution, or increment !!..0, is given by 

60 = _-G_· 3_60_0 

N I 

t As derived in Section 3.4 of reference [15), and Section 5.7.3 of reference [19). 

(5-24) 

Meta Platforms, Inc. - Exhibit 1012 
Page 216 of 534



Phase Response of FIR Filters 203 

where N is the number of points in the DFT. So, for our S = 25-tap filter in 
Figure 5-34(a), G = 12, and LIB is equal to -12 •360°/32 = -135° in Figure 
5-36(a), and tJ.0 is -33.75° in Figure 5-36(c). lf we look carefully at the sam­
ple values in Figure 5-36(a), we'll see that theyre all included within the 
samples in Figures 5-36(b) and 5-36(c). 

Let's conclude this FIR phase discussion by reiterating the meaning of 
phase response. The phase, or phase delay, at the output of an FIR filter is 
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Figure 5-36 FIR filter phase response H.,(m) in degrees: (a) calculated using a 
32-point DFf; (b) using a 64-point DFf; (c) using a 128-point OFT. 
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Table 5-2 Values Used in Eq. (5-25) for the . 
Frequency ~/32 

DFTsize, N Indexm H/mf/N) 

32 1 -135° 

64 2 -135° 

128 4 -135° 

the phase of the first output sample relative to the phase of the filter's first 
input sample. Over the passband, that phase shift, of course, is a linear 
function of frequency. This will be true only as long as the filter has sym­
metrical coefficients. Figure 5-10 is a good illustration of an FIR filter's 
output phase delay. 

For FIR filters, the output phase shift measured in degrees, for the pass­
band frequency f = mf/ N, is expressed as 

-m·G-360° 
phase delay= H 0 (m.fs / N) == m · ~0 == N (5-25) 

We can illustrate Eq. (5-25) and show the relationship between the phase 
responses in Figure 5-36, by considering the phase delay associated with 
the frequency offs! 32 in Table 5-2. The subject of group delay is described 
further in Appendix F ;where an example of envelope delay distortion, 
due to a filter's nonlinear phase, is illustrated. 

5. 9 A Generic Description of Discrete Convolution 

Although convolution was originally an analysis tool used to prove con­
tinuous signal processing theorems, we now know that convolution 
affects every aspect of digital signal processing. Convolution influences 
our results whenever we analyze or filter any finite set of data samples 
from a linear time-invariant system. Convolution not only constrains 
DFTs to be just approximations of the continuous Fourier transform; it is 
the reason that discrete spectra are periodic in the frequency domain. It's 
interesting to note that, although we use the process of convolution to 
implement FIR digital filters, convolution effects induce frequency 
response ripple preventing us from ever building a perfect digital filter. Its 
influence is so pervasive that, to repeal the law of convolution, quoting a 
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N-1 

Y.·-= ,;;;;:- Pk•Q. k or 1 L 1-, 

k= 0 

Theorem: if 

then, 

Pj ~OFT➔ An, 

Oj ~OFT➔ Bn, 

Yj ~ OFT➔ Cn , and 

Figure 5-37 One very efficient, but perplexing, way of defining convolution. 

phrase from Dr. Who, would "unravel the entire causal nexus" of digital 
signal processing. 

Convolution has always been a somewhat difficult concept for the 
beginner to grasp. That's not too surprising for several reasons. 
Convolution's effect on discrete signal processing is not intuitively obvi­
ous for those without experience working with discrete signals, and the 
mathematics of convolution does seem a little puzzling at first. Moreover, 
in their sometimes justified haste, many authors present the convolution 
equation and abruptly start using it as an analysis tool without explaining 
its origin and meaning. For example, this author once encountered what 
was called a tutorial article on the FFT in a professional journal that pro­
ceeded to define convolution merely by presenting something like that 
shown in Figure 5-37 with no further explanation! 

Unfortunately, few beginners can gain an understanding of the convo­
lution process from Figure 5-37 alone. Here, we avoid this dilemma by 
defining the process of convolution and gently proceed through a couple 
of simple convolution example.s. We conclude this chapter with a discus­
sion of the powerful convolution theorem and show why it's so useful as 
a qualitative tool in discrete system analysis. 
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5.9.1 Discrete Convolution in the Time-Domain 

Discrete convolution is a process, whose input is two sequences, that pro­
vides a single output sequence. Convolution inputs can be two time­
domain sequences giving a time-domain output, or two frequency-domain 
input sequences providing a frequency-domain result. (Although the two 
input sequences must both be in the same domain for the process of con­
volution to have any practical meaning, their sequence lengths need not be 
the same.) Let's say we have two input sequences h(k) of length P and x(k) 
of length Qin the time domain. The output se9.uence y(n) of the convolu­
tion of the two inputs is defined mathematically as 

P+Q-2 

y(n) = L h(k)x(n - k). (5-26) 
k=O 

Let's examine Eq. (5-26) by way of example using the h(k) and x(k) 
sequences shown in Figure 5-38. In this example, we can write the terms 
for each y(n) in Eq. (5-26) as 

y(0) = h(0)x(0-0) + h(l)x(0-1) + h(2)x(0-2) + h(3)x(0-3) + h(4)x(0-4) + h(S)x(0-5), 
y(l) = h(0)x(l-0) + h(l)x(l-1) + h(2)x(1-2) + h(3)x(l-3) + h(4)x(l-4) + h(S)x(l-5), 
y(2) = h(0)x(2-0) + h(l)x(2-1) + h(2)x(2-2) + h(3)x(2-3) + h(4)x(2-4) + h(5)x(2- 5), 
y(3) = h(O)x(3-0) + h(l)x(3--l) + h(2)x(3-2) +h(3)x(3-3) + h(4)x(3--4) + h(5)x(3---5), 
y(4) = h(0)x(4-0) + h(l)x(4--1) + h(2)x(4-2) + h(3)x(4-3) + h(4)x(4-4) + h(S)x(4-5), 

and 

y(S) = h(0)x(S-0) + h(1)x(5-1) + h(2)x(5-2) + h(3)x(5--3) + h(4)x(5--4) + h(S)x(S--5). 

(5-27) 

With P = 4 and Q = 3, we need evaluate only 4 + 3 -1'= 6 individual y(n) 
terms. Because h(4) and h(5) are zero, we can eliminate ;;ome of the terms 
in Eq. (5-27) and evaluate the remaining x(n-k) indices/giving the follow­
ing expressions for y(n) as 

and 

y(O) = h(0)x(0) + h(l)x(-1) + h(2)x(-2) + h(3)x(-3), 
y(l) = h(0)x(l) + h(l)x(0) + h(2)x(-l) + h(3)x(-2), 
y(2) = h(O)x(2) + h(l)x(l) + h(2)x(O) + h(3)x(-1), 
y(3) = h(0)x(3) + h(l)x(2) + h(2)x(l) + h(3)x(0), 
y(4) = h(0)x(4) + h(l)x(3) + h(2)x(2) + h(3)x(l), 

y(5) = h(0)x(5) + h(l)x(4) + h(2)x(3) + h(3)x(2) . (5-28) 
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1 • h(k) j x(k) 

l 
• 

2 

i I i i i i • 
0 -- I I I I I 11 ► 

-3-2-1 0 1 2 3 4 5 6 k -3-2-1 0 1 2 3 4 5 6 k 

(a) (b) 

Figure 5-38 Convolution example input sequences: (a) first sequence h(k) of 
length P = 4; (b) second sequence x(k) of length Q = 3. 

j x(k) ~ 
x(-k) 

1, • 3 • I 
• 2 • 

I i I I I 11 ► 0 i -
-3-2-1 0 1 2 3 4 5 6 k -3-2-1 0 1 2 3 4 5 6 -k 

(a) (b) 

Figure 5-39 Convolution example input sequence: (a) second sequence 
x(k) of length 3; (b) reflection of the second sequence about 
the k = O index. 

Looking at the indices of the h(k) and x(k) terms in Eq. (5-28), we see two 
very important things occurring. First, convolution is merely the summa­
tion of a series of products-so the process itself is not very complicated. 
Second, notice th~t, for a given y(n), h(k)'s index is increasing as x(k)'s 
index is decreasing. This fact has led many authors to introduce a new 
seqt;tei1ce x(-k), and use that new sequence to graphically illustrate the 
convolution process. The x(-k) sequence is simply our original x(k) reflect­
ed about the O index of the k axis as shown in Figure 5-39. Defining x(-k) 
as such enables us to depict the products and summations of Eq. (5-28)'s 
convolution as in Figure 5-40; that is, we can now align the x(-k) samples 
with the samples of h(k) for a given n index to calculate y(n). As shown 
in Figure 5-40(a), the alignment of h(k) and x(n-k), for n = 0, yields 
y(O) = l. This is the result of the first line in Eq. (5-28) repeated on the 
right side of Figure 5-40(a). The calculation of y(l), for rz = 1, is depicted 
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(a) 

(b) 

(c) 

(d) 

(e) 

(f) 
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3 t x(5-I<) 

tr I I I I I 
·i ·1· • 

I I · · I I ► 
--4 --B -2 -1 0 123456k 

convolution 
with n=D 

convolution 

with n= 1 

convolution 

withn=2 

c:C> 

convolution 
withn=3 

c:C> 

convolution 
withn=4 

convolulion 
wilh n= 5 

i y(O) = h(O)x(O) + h(1)x(-1) + h(2)x(-2) + h(3)!<(-3) 

:t/0+0+0=1 

• 0 I I I I I I I I ► 
o 2345678 n 

t 
y(1) = h{O)x(1) + h(1)!<(0) + h(2)x(-1) + h(3)!<(-2) 

6 =2+1+0+0=3 

4 ✓ 
• 

2 . I . 
0 I I I I I I I I I ... 
012345678 n 

... y(2) = 11(0)!<(2) + 11(1 )!<(1) + /J(2)x(O) + h(3)!<(-1) 

l 
.,,G-=3+2+1+0=6 

6 • 

4 I 

~ i i I I I I I ' I ► 
012345678 n 

... y(3) = h(O)x(3) + h(1)x(2) + /J(2)x(1) + h{3)x(O) :t i i 1- .,.,,,., ., 
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o 2345678 n 
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oi I l , 1 1 1 ► 
o 2 3 4 5 6 7 a n 

t y(S) = h(O)x(S) + h(1 )x(4) + h(2)!<(3) + h(3)!<(2) :t i i ■,, i ~7+0+3=3 
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o 2 3 4 5 6 7 a n 

Figure 5-40 Graphical depiction of the convolution of h(k) and x(k) In Figure 5-38. 

in Figure-34(b) where x(n-k) is shifted one element to the right, resulting 
in y(l) = 3. We continue this x(n-k) shifting and incrementing n until we 
arrive at the last nonzero convoh~tion result of y(S) shown in Figure 
5-40(£). So, performing the convolution of h(k) and x(k) comprises 
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Step 1: plotting both h(k) and x(k), 

Step 2: flipping the x(k) sequence about the k = 0 value to get x(-k), 

Step 3: summing the products of h(k) and x(O-k) for all k to get y(O), 

Step 4: shifting x(-k) one sample to the right, 

Step 5: summing the products of h(k) and x(l-k) for all k to get y(l), and 

Step 6: shifting and summing products until there's no overlap of h(k) 
and the shifted x(n-k), in which case all further y(~)s are zero and 
we're done. 

The full convolution of our h(k) and x(k) is the y(n) sequence on the right 
side of Figure 5-40(f). We've scanned the x(-k) sequence across the h(k) 
sequence and summed the products where the sequences overlap. By the 
way, notice that the y(n) sequence in Figure 5-40(f) has six elements where 
h(k) had a length of four and x(k) was of length three. In the general case, 
if h(k) is of length P and x(k) is of length Q, the length of y(n) will have a 
sequence length of L, where 

L = (P + Q-1). (5-29) 

At this point, it's fair for the beginner to ask, "OK, so what? What does 
this strange convolution process have to do with digital signal process­
ing?" The answer to that question lies in understanding the-e-ffects of the 
convolution theorem. 

5.9.2 The Convolution Theorem 

The convolution theorem is a fundamental constituent of digital signal pro­
cessing. It impacts our results anytime we filter or Fourier transform dis­
crete data. To see why this is true, let's simplify the notation of Eq. (5-26) 
and use the abbreviated form 

y(n) = h(k) * x(k) , (5-30) 

where, again, the"*" symbol means convolution. The convolution theo­
rem may be stated as follows: If two time-domain sequences h(k) and x(k) 
have DFTs of H(m) and X(m), respectively, then the DFI of h(k) "'X(k) is the 
product H(m) •X(m). Likewise, the inverse OFT of H(m) •X(nz) is h(k) *X(k). 
We can represent this relationship with the expression 

OFT 

h(k),. x(k) ~ H(m) · X(m). 
IDFT 

(5-31) 

,. 

Meta Platforms, Inc. - Exhibit 1012 
Page 223 of 534



21 0 Finite Impulse Response Filters 

Sequence x(k) 

Sequence h(k) 

Convolution in the time 
domain= h(k) * x(k) 

I 
Fourier 

transform pair 

\ 
H(m) X(m) 

~ 
~-----------Multiplication in the frequency 

domain = H(m) • X(m) 

Figure 5-41 Relationships of the convolution theorem. 

Time 
domain 

t 
- - - - -

~ 
Frequency 

domain 

Equation (5-31) tells us that two sequences resulting from h(k) * x(k) and 
H(m) • X(m) are Fourier transform pairs. So, taking the DFT of h(k) * x(k) 
always gives us H(m) • X(m). Likewise, we can determine h(k) *X(k) by taking 
the inverse DFf of H(m) • X(m). The important point to learn from Eq. (5-31) 
is that convolution in the time domain is equivalent to multiplication in the 
frequency domain. (We won't derive the convolution theorem here because 
it's derivation is readily available to the interested reader[26-29].) To help us 
appreciate this principle, Figure 5-41 sketches the relationship between con­
volution in the time domain and multiplication in the frequency domain. 

We can easily illustrate the convolution theorem by taking 8-point DFTs 
of h(k) and x(k) to get H(m) and X(m), respectively, and listing these values as 
in Table 5-3. (Of course, we have to pad h(k) and x(k) with zeros, so they both 
have lengths of 8 to take 8-point DFTs.) Tabulating the inverse DFT of the 
product H(m) · X(m) allows us to verify Eq. (5-31), as listed in the last two 
columns of Table 5-3, where the acronym IDFI' again means inverse OFT. 
The values from Table 5-3 are shown in Figure 5-42. (For simplicity, only the 
magnitudes of H(m), X(m), and H(m) · X(m) are shown in the figure.) We 
need to become comfortable with convolution in the time domain because, 
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Table 5-3 Convolution Values of h(k) and x(k) from Figure 5-38. 

Index DFTof DFTof 
korm h(k) x(k) h(k) = H(m) x(k) = X(m) 

0 1 

1 1 

2 1 

3 1 

4 0 

5 0 

6 0 

7 0 

Sequence x(k) 

Convolution in lhe 
time domain 

1 

2 

3 

0 

0 

0 

0 

0 

4.0 + j0.0 

l .00-j2.41 

0 

1.00-j0.41 

0 

1.00 + j0.41 

0 

1.00 + j2.41 

Sequence h(k) 
1 

0.5 

6.0 + j0.0 

2.41-j4.41 

- 2.0-j2.0 

- 0.41 + jl.58 

2.0 + j0.0 

- 0.41 - jl.58 

-2.00 + j2.00 

2.41 + j4.41 

i,-.-•-•· 
01234567°' -~--'-- - - ~ 

y(n) ~ h(k) • x(k) 

: i ■ ij : . 
o I I I I I .( • - • ~ 
01234567 11 

• • IH(m)l___..-----7 ·t .. 2 • 

1 • 

0 - · - ■ --1--,_._. 
01 234567,n 

30 T IH(m)• X(m)I 

Multiplication in the 
frequency domain 10 ■ • ""h. . . 

0 •-.-•-r-•-+► 
01234567m 

IDFTof 
H(m) · X(m) H(m)·X(m) 

24.0 + j-0.0 1.0 + j0.0 

-8.24 - jl0.24 3.0 + j0.0 

0 6.0 + j0.0 

0.24 + jl.75 6.0 + j0.0 

0 • 5.0 + j0.0 

0.24-jl.75 3.0 + j0.0 

0 0.0 + j0.0 

-8.24 + jl0.24 0.0 + j0.0 

.& llme 
'I' domain -· -

\.I, Frequency 
, domain 

0 123 4 567 m 

h(k)*x(k, 

1 

3 

6 

6 

5 

3 

0 

0 

Figure 5-42 Convolution relationships of h(k), x(k), H(m), and X(m) from Figure 5-38. 
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Sequence x(k) 

Sequence h(k) 

Multiplication in the time 
domain = h(k) ·.x(k) 

/ 
Fourier 

transform pair 

\ 
H(m) 

L.. 

Convolution in the frequency 
domain= H(m) • X(m) 

Time 
domain 

t 
-- - - -

t 
Frequency 

domain 

Figure 5-43 Relationships of the convolution theorem related to multiplication in 
the time domain. 

as we've learned, it's the process used in FIR filters. As detailed .in Section 
5.2, we perform discrete time-domain FIR filtering by convolving an input 
sequence, x(n) say, with the impulse response x(/c) of a filter, and, for FIR fil­
ters that impulse response happens to also be the filter's coefficients.t The 
result of that convolution is a filtered time-domain sequence whose spec­
trum is modified (multiplied) by the filter 's frequency response X(m). 
Section 10.10 describes a clever scheme to perform FIR filtering efficiently 
using the FFf algorithm to implement convolution. 

Because of the duality of the convolution theorem, we could have 
swapped the time and frequency domains in our discussion of convolu­
tion and multiplication being a Fourier transform pair. This means that, 
similar to Eq. (5-31), we can also write 

+ As we'll see in Chapter 6, the coefficients used for an infinite impulse response (IIR) filter 
are not equal to that filter's impulse response. 
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DIT 

h(k) · x(k) =- H(m) * X(m) . 
IDFT 

(5-32) 

So the convolution theorem can be stated more generally as Convolution 
in one domain is equivalent to multiplication in the other domain. Figure 5-43 
shows the relationship between multiplication in the time domain and 
convolution in the frequency domain. Equation (5-32) is the fundamental 
relationship used in the process of windowing time-domain data to 
reduce DPT leakage, as discussed in Section 3.9. 

5.9.3 Applying the Convolution Theorem 

The convolution theorem is useful as a qualitative tool in predicting the 
affects of different operations .in discrete linear time-invariant systems. For 
example, many authors use the convolution theorem to show why period­
ic sampling oi continuous signals results in discrete samples whose spec­
tra are periodic in the frequency domain. Consider the real continuous 
time-domain waveform in Figure 5-44(a), with the one-sided spectrum of 
bandwidth B. Being a real signal, of course, its spectrum is symmetrical 
about O Hz. (In Figure 5-44, the large right-pointing shaded arrows repre­
sent Fow:ier transform operations.) Sampling this waveform is equiva­
lent to multiplying it by a sequence of periodically spaced impulses, 
Figure 5-44(b), whose values are unity. If we say that the sampling rate 
is fs samples/second, then the sample period t

5 
= l //

5 
seconds. The 

result of this multiplication is the sequence of discrete time~domain 
impulses shown in Figure 5-44(c). We can use the convolution theorem 
to help us predict what the frequency-domain effect is of this multipli­
cation in the time domain. From our theorem, we now realize that the 
spectrum of the time-domain product must be the convolution of the 
original spectra. Well, we know what the spectrum of the original con­
tinuous waveform is. What about the spectrum of the time-domain 
impulses? It has been shown that the spectrum of periodic impulses, 
whose period is t

5 
seconds, is also periodic impulses in the frequency 

domain with a spacing offs Hz as shown in Figure 5-44(b) [30]. 
Now, all we have to do is convolve the two spectra. In this case, con­

volution is straightforward because both of the frequency-domain func­
tions are symmetrical about the zero-Hz point, and flipping one of them 
about zero Hz is superfluous. So we merely slide one of the functions 
across the other and plot the product of the two. The convolution of the 
original waveform spectrum and the spectral impulses results in replica­
tions of the waveform spectrum every fs Hz, as shown in Figure 5-44(c). 
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Figure 5-44 Using convolution to predict the spectral replication effects of periodic 
sampling. 

This discussion reiterates the fact that the DPT is always periodic with a 
period offs Hz. 

Here's another example of how the convolution theorem can come in 
handy when we try to understand digital signal processing operations. 
This author once used the theorem to resolve the puzzling result, at the 
time, of a triangular window function having its first frequency 
response null at twice the frequency of the first null of a rectangular 
window function. The question was "If a rectangular time-domain func­
tion of width T has its first spectral null at 1/T Hz, why does a triangu­
lar time-domain function of width T have its first spectral null at 2/T 
Hz?" We can answer this question by considering convolution in the 
time domain. 

Look at the two rectangular time-domain functions shown in Figures 
5-45(a) and 5-45(b). If their widths are each T seconds, their spectra are 
shown to have nulls at 1/T Hz as depicted in the frequency-domain func­
tions in Figures 5-45(a) and 5-45(b). We know that the frequency magnitude 
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responses will be the absolute value of the classic sin(x)/x function.t If we 
convolve those two rectangular time-domain functions of width T, we'll get 
the triangular function shown in Figure 5-45(c). Again, in this case, flipping 
one rectangular function about the zero time axis is unnecessary. To con­
volve them, we need only scan one function across the other and determine 

(a) 

(b) 

(c) 

(d) 

-11L 
-T/2 o T/2 Time c8> 
◊ 

I 

I I I ► c8> -T/2 0 T/2 Time 

◊ 
_4.~.~ 

-T/2 0 T/2 ► Time 

0 1/T Freq 

◊ 

- 1/T O 1/T Freq 

◊ 
-1/T O 1/T Freq 

<••w~•~;1\ 
~1-J_\~. 

-2/T O 2/T Freq 

Figure 5-45 Using convolution to show that the Fourier transform of a triangular 
function has its first null at twice the frequency of the Fourier transform 
of a rectangular function . 

t The sin(x)/ x function was introduced in our discussion of window functions in Section 3.9 
and is covered in greater detail in Section 3.13. 
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the area of their overlap. The time shift where they overlap the most hap­
pens to be a zero time shift. Thus, our resultant convolution has a peak at a 
time shift of zero seconds because there's 100 percent overlap. If we slide one 
of the rectangular functions in either direction, the convolution decreases 
linearly toward zero. When the time shift is T /2 seconds, the rectangular 
functions have a 50 percent overlap. The convolution is zero when the time 
shift is T seconds-that's when the two rectangular functions cease to over­
lap. 

Notice that the triangular convolution result has a width oi 2T, and 
that's really the key to answering our question:Because convolution in 
the time domain is equivalent to multiplication in the frequency 
domain, the Fourier transform magnitude of our 2T width triangular 
function is the lsin(x)/x l in Figure 5-45(a) times the lsin(x)/xl in 
Figure 5-45(b), or the (sin(x)/x)2 function in Figure 5-45(c). If a triangu­
lar function of width 2T has its first frequency-domain null at 1/T Hz, 
then the same function of width T must have its first frequency null at 
2/T Hz as shown in Figure 5-45(d), and that's what we set out to show. 
Comparison of Figure 5-45(c) and Figure 5-45{d) illustrates a funda­
mental Fourier transform property that compressing a function in the 
time domain results in an expansion of its corresponding frequency­
domain represent~tion. 
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CHAPTER SIX 

Infinite Impulse 
Response Filters 

Infinite impulse response (IIR) digital filters are fundamentally different 
from FIR filters because practical IIR filters always require feedback. 
Where FIR filter output samples depend only on past input samples, 
each IIR filter output sample depends on previous input samples and 
previous filter output samples. UR filters' memory of past outputs is both 
a blessing and a curse. Like all feedback systems, perturbations at the 
IIR filter input could, depending on the design, ca use the filter output to 
become unstable and oscillate indefinitely. This characteristic of possi­
bly having an infinite duration of nonzero output samples, even if the 
input becomes all zeros, is the origin of the phrase infinite impulse 
response. It's interesting at this point to know that, relative to FIR filters, 
UR filters have more complicated structures (block diagrams), are 
harder to design and analyze, and do not have linear phase responses. 
Why in the world, then, would anyone use an IIR filter? Because they 
are very efficient. IIR filters require far fewer multiplications per filter 
.output sample to achieve a given frequency magnitude response. From 
a hardware standpoint, this means that IIR filters can be very fast, allow­
ing us to build real-time IIR filters that operate over much higher sam­
ple rates than FIR filters.t 

To illustrate the utility of IIR filters, Figure 6-1 contrasts the frequency 
magnitude responses of what's called a fourth-order low-pass IIR filter 
and the 19-tap FIR filter of Figure 5-19(b) from Chapter S. Where the 19-
tap FIR filter in Figure 6-1 requires 19 multiplications per filter output 
sample, the fourth-order IIR filter requires only 9 multiplications for 
each filter output sample. Not only does the IIR filter give us reduced 

+ At the end of this chapter, we briefly compare the advantages and disadvantages of UR fil­
ters relative to FIR filters. 

219 

Meta Platforms, Inc. - Exhibit 1012 
Page 233 of 534



220 Infinite Impulse Response Filters 

IH(m)I for a 19-tap FIR filter 

\.. . IH(m)I for a 4th-order IIR filter 

---
-f 5 /8 

0 Freq (m) 

Figure 6-1 Comparison of the frequency magnitude responses of a 19-tap 
low-pass FIR filter and a 4th-order low-pass IIR filter. 

passband ripple and a sharper filter roll-off; it does so with less than 
· half the multiplication workload of the FIR filter. 

Recall from Section 5.3 that, to force an FIR filter's frequency response 
to have very steep transition regions, we had to design an FIR filter with a 
very long impulse response. The longer the impulse response, the more 
ideal our filter frequency response will become. From a hardware stand­
point, the maximum number of FIR filter taps we can have (the length of 
the impulse response) depends on how fast our hardware can perform the 
required number of multiplications and additions to get a filter output 
value before the next filter input sample arrives. IIR filters, however, can 
be designed to have impulse responses that are longer than their number 
of taps! Thus, IIR filters can give us much better filtering for a given num­
ber of multiplications per output sample than FIR filters. With this in 
mind, let's take a deep breath, flex our mathematical muscles, and learn 
about IIR filters. 

6.1 An Introduction to Infinite Impulse 
Response Filters 

IIR filters get their name from the fact that some of the filter's previous 
output samples are used to calculate the current output sample. Given a 
finite duration of nonzero input values, the effect is that an IIR filter could 
have a infinite duration of nonzero output samples. So, if the IIR filter's 
input suddenly becomes a sequence of all zeros, the filter 's output could 
conceivably remain nonzero forever. This peculiar attribute of IIR filters 
comes about because of the way they're realized, i.e., the feedback struc­
ture of their delay units, multipliers, and adders. Understanding IIR filter 
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structures is straightforward if we start by recalling the building blocks of 
an FIR filter. Figure 6-2(a) shows the now familiar structure of a 4-tap FIR 
digital filter that implements the time-domain FIR equation 

y(n) = h(O)x(n) + h(l)x(n-1) + h(2)x(n-2) + h(3)x(n-3) + h(4)x(n-4). (6-1) 

Although not specifically called out as such in Chapter 5, Eq. (6-1) is 
known as a difference equation. To appreciate how past filter output sam­
ples are used in the structure of !IR filters, let's begin by reorienting our 
FIR structure in Figure 6-2(a) to that of Figure 6-2(b). Notice how the 
structures in Figure 6-2 are computationally identical, and both are imple­
mentations, or realizations, of Eq. (6-1). 

x(n) 

(a) h(O)~ 

x(n) 

~I 

y(n) 

x(rr-1) 

(b) 

h(3) 

Figure 6-2 FIR digital filter structures: (a) traditional FIR filter structure; 
(b) rearranged, but equivalent, FIR filter structure. 

y(n) 
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We can now show how past filter output samples are combined with 
past input samples by using the IIR filter structure in Figure 6-3. Because 
IIR filters have two sets of coefficients, we'll use the standard notation of 
the variables b(k) to denote the feed forward coefficients and the variables 
a(k) to indicate the feedback coefficients in Figure 6-3. OK, the difference 
equation describing the IIR filter in Figure 6-3 is 

y(n) = b(O)x(n) + b(l)x(n-1) + b(2)x(n - 2) + b(3)x(n-3) 

+ a(l)y(n -1) + a(2)y(n - 2) + a(3)y(n- 3) . (6-2) 

Look at Figure 6-3 and Eq. (6-2) carefully. It's important to convince our­
selves that Figure 6-3 really is a valid implementation of Eq. ( 6-2) and that, 
conversely, difference equation Eq. (6-2) fully describes the IIR filter struc­
ture in Figure 6-3. Keep in mind now that the sequence y(n) in Figure 6-3 
is not the same y(n) sequence that's shown in Figure 6-2. The d(n) 
sequence in Figure 6-3 is equal to the y(n) sequence in Figure 6-2. 

x(n) 

b(O) 

x(n-1) ' 

· Delay b{i) 

x(n-2) -

I 
b(2) 

b(3) 

Feed forward calculations 

y(n) 

a(3) 

Feedback calculations 

Figure 6-3 IIR digital filter structure showing feed forward and feedback 
calculations. 
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By now you're probably wondering, "Just how do we determine those 
a(k) and b(k) IIR filter coefficients if we actually want to design an IIR fil­
ter?" Well, fasten your seat belt because this is where we get serious about 
understanding IIR filters. Recall from the last chapter concerning the win­
dow method of low-pass FIR filter design that we defined the frequency 
response of our desired FIR filter, took the inverse Fourier transform of 
that frequency response, and then shifted that transfo1m result to get the 
filter's time-domain impulse response. Happily, due to the nature of 
transversal FIR filters, the desired h(k) filter coefficients turned out to be 
exactly equal to the impulse response sequence. Following that same pro­
cedure with IIR filters, we could define the desired frequency response of 
our IIR filter and then take the inverse Fourier transform of that response 
to yield the filter's time-domain impulse response. The bad news is that 
there's no direct method for computing the IIR filter's a(k) and b(k) coeffi­
cients from the impulse response! Unfortunately, the FIR filter design 
techniques that we've learned so far simply cannot be used to design IIR 
filters. Fortunately for us, this wrinkle can be ironed out by using one of 
several available methods of designing IIR filters. 

Standard !IR filter design techniques fall into three basic classes: the 
impulse invariance, bilinear transform, and optimization methods. These 
design methods use a discrete sequence, mathematical transformation 
process known as ·the z-transform whose origin is. the Laplace transform 
traditionally used in the analyzing of continuous systems. With that in 
mind, let's start this !IR filter analysis and design discussion by briefly 
reacquainting ourselves with the fundamentals of the Laplace transform. 

6.2 The Laplace Transform 

The Laplace transform is a mathematical method of solving linear differ­
ential equations that has proved very useful in the fields of engineering 
and physics. This transform technique, as it's used today, originated from 
the work of the brilliant English physicist Oliver Heaviside.t The funda­
mental process of using the Laplace transform goes s0mething like the 
following: 

t Heaviside (1850-1925), who was interested in electrical phenomena, developed an efficient 
algebraic process of solving differential equations. He initially took a lot of heat from his 
contemporaries because they thought his work was not sufficiently justified from a mathe­
matical standpoint. However, the discovered correlation of Heaviside's methods with the 
rigorous mathematical treatment of the French mathematician Marquis Pierre Simon de 
Laplace's (1749-1827) operational calculus verified the valiclity of Heaviside's techniques. 
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Step 1: A time-domain differential equation is written that describes the 
input/ output relationship of a physical system (and we want to 
find the output hmction that satisfies that equation with a given 
input). 

Step 2: The differential equation is Laplace transformed, converting it to · 
an algebraic equation. 

Step 3: Standard algebraic techniques are used to determine the desired 
output function's equation in the Laplace domain . . 

Step 4: The desired Laplace output equation is, then, inverse Laplace 
transformed to yield the desired time-domain output function's 
equation. 

This procedure, at first, seems cumbersome because it forces us to go the 
long way around, instead of just solving a differential equation directly. The 
justification for using the Laplace transform is that although solving dif­
ferential equations by classical methods is a very powerful analysis tech­
nique for all but the most simple systems, it can be tedious and (for some 
of us) error-prone. The reduced complexity of using algebra outweighs the 
extra effort needed to perform the required forward and inverse Laplace 
transformations. This is especially true now that tables of forward and 
inverse Laplace transforms exist for most of the commonly encountered 
time functions. Well-kn.own properties of the Laplace transform also allow 
practitioners to decompose complicated time functions into combinations 
of simpler functions and, then, use the tables. (Tables of Laplace trans­
forms allow us to translate quickly back and forth between a time function 
and its Laplace transform-analogous to, say, a German-English dictio­
naxy if we were studying the German language.+) Let's briefly look at a few 
of the more important characteristics of the Laplace transform that will 
prove useful as we make our way toward the discrete z-transform used to 
design and analyze IIR digital filters. 

The Laplace transform of a continuous time-domain function j(t), 
where f(t) is defined onJy for positive time (t > 0), is expressed mathe­
matically as 

.. 
F(s)= JJ(t)e-stdt 

0 

(6-3) 

t Although tables of commonly encountered Laplace transforms are included in almost 
every system analysis textbook, very comprehensive tables are also available[l-3] . 

.. 
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F(s) is called "the Laplace transform off(t)," and the variables is the com­
plex number 

s = cr + jro. (6-4) 

A more general expression for the Laplace transform, called the bilateral 
or two-sided transform, uses negative infinity (-oo) as the lower limit of 
integration. However, for the systems that we'll be interested in, where 
system conditions for negative time (t < O) are not needed in our analysis, 
the one-sided Bq. (6-3) applies. TI1ose systems, often ·referred to as causal 
systems, may have initial conditions at t = 0 that must be taken into 
accoW1t (velocity of a mass, charge on a capacitor, temperature 0£ a body, 
etc.) but we don't need to know what the system was doing prior tot= 0. 

1:1) equation (6-4), O' is a real number and ro is frequency in radians/ 
second. Because e-st is dimensionless, the exponent term s must have the 
dimension of 1/t.ime, or frequency. That's why the Laplace variables is 
often called a complex frequency. 

To put Eq. (6-3) into words, we can say that it requires us to multiply, 
point for point, the function/(t) by the complex function e-s1 for a given 
value of s. (We'll soon see that using the function e-st here is not acciden­
tal; e-51 is used because it's the general form for the solution of linear dif­
ferential equations.) After the point-for-point multiplications, we find the 
area under the curve of the fW1ction /(t)e-51 by summing all the products. 
That area, a complex number, represents the value of the Laplace trans­
form for the particular value of s = O' + jro chosen for the original multi­
plications. If we were to go through this process for all values of s, we'd 
have a full description of F(s) for every value of s. 

I like to tru.r)k of the Laplace transform as a continuous fi.mction, where 
the complex value of that function for a particular value of sis a correla­
tion of f(t) and a damped complex e-51 sinusoid whose frequency is ro and 
whose damping factor is cr. What do these complex sinusoids look like? 
Well, they are rotating phasors described by 

-jOOI 
-st -(a+jw)t -at -jwt e e =e =e e =--

eat 
(6-5) 

Fxom our knowledge of complex numbers, we know that e-illJ! is a unity­
magnitude phasor rotating clockwise around the origin of a complex 
plane at a frequency of ro radians per second. The denominator of Eq. (6-5) 
is a real number whose value is one at time t = 0. As t increases, the denom­
inator eat gets larger (when cr is positiye), and the complex e-s1 phasor's 

I 
I 
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magnitude gets smaller as the phasor rotates on the complex plane. The 
tip ef that phasor traces out a curve spiraling in toward the origin of the 
complex plane. One way to visualize a complex sinusoid is to consider its 
real and imaginary parts individually. We do this by expressing the com­
plex e-st sinusoid from Eq. (6-5) in rectangular form as 

-jwt cos(wt) -st e e = --= ----'--
e01 eot 

. sin(mt) 
J ot · e 

(6-5') 

Figure 6-4 shows the real parts (cosine) of several complex sinusoids with 
different frequencies and different damping factors. In Figw:e 6-4(a), the 
complex sinusoid's frequency is the arbitrary m', and the damping factor 
is the arbitrary O' '. So the real part of F(s), at s = cr' + jw', is equal to the cor­
relation of f(t) and the wave in Figure 6-4(a). For different values of s, we'll 
correlate f(t) with different complex sinusoids as shown in Figure 6-4. (As 
we'll see, this correlation is very much like the correlation of f(t) with var­
ious sine and cosine waves when we were calculating the discrete Fourier 
transform.) Again, the real part of F(s), for a particular value of s, is the 
correlation of f(t) with a cosine wave of frequency m and a damping fac­
tor of cr, and the imaginary part of F(s) is the correlation of f(t) with a 
sinewave of frequency m and a damping factor of cr. 

Now, if we associate each of the different values of the complex s vari­
able with a point on a complex plane, rightfully called the s-plane, we 
could plot the real part of the F(s) correlation as a surface above (or below) 
thats-plane and generate a second plot of the imagi.ruu-y part of the F(s) 
correlation as a surface above (or below) the s-plane. We can' t plot the full 
complex F(s) surface on paper because that would require four dimen­
sions. That's because sis complex, requiring two dimensions, and F(s) is 
itself complex and also requires two dimensions. What we can do, how­
ever, is graph the magnitude I F(s) I as a function of s because this graph 
requires only three dimensions. Let's do that as we demonstrate this 
notion of an I F(s) I surface by illustrating the Laplace transform in a tan­
gible way. 

Say, for example, that we have the linear system shown in Figure 6-5. 
Also, let's assume that we can relate the x(t) input and the y(t) output of 
the linear time invariant physical system in Figure 6-5 with the following 
messy homogeneous constant-coefficient differential equation 

d2y(t) dy(t) dx(t) 
a - -+a --+a y(t)=b --+b x(t) 

2 dt2 1 dt O l dt 0 (6-6) 
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(a) 

(b) 

(c) 

(d) 

ffi=Cil' 

cr = 2cr' 

V \.7 'C.7 ._____.... ------

Figure 6-4 Real port (cosine) of various e-st functions, where s = cr + jro, to be 
correlated with f(t). 

Time 

Time 

Time 

Time 

We'll use the Laplace transform toward our goal of figuring out how the 
system will behave when various types of input functions are applied, 
i.e., what will the y(t) output be for any given x(t) input. 

Let's slow down here and see exactly what Figrue 6-5 and Eq. (6-6) are 
telling us. First, if the system is time invariant, then the an and bn coeffi­
cients in Eq_. (6-6) are constant. They may be positive or negative, zero, 
real or complex, but they do not change with time. If the system is elec­
trical, the coefficients might be related to capacitance, inductance, and 
resistance. If the system is mechanical with masses and springs, the coef­
ficients could be related to mass, coefficient of damping, and coefficient of 
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x(t) r-==7 y(t) 
--► .... ~---t►~ 

Figure 6-5 System described by Eq. (6-6). The system's input and output ore 
the continuous time functions x(t) and y(t) respectively. 

resilience. Then, again, if the system is thermal with masses and insula­
tors, the coefficients would be related to thermal capacity and thermal 
conductance. To keep this discussion general, though, we don't really care 
what the coefficients actually represent. 

OK, Eq. (6-6) also indicates that, ignoring the coefficients for the 
moment, the sum of the y(t) output plus derivatives of that output is equal 
to the sum of the x(t) input plus the derivative of that input. Our problem 
is to detennine exactly wha t input and output ft.mctions satisfy the elabo­
rate relationship in Eq. (6-6). (For the stout hearted, classical methods of 
solving differential equations could be used here, but the Laplace trans­
form makes the problem much simpler for our purposes.) Thanks to 
Laplace, the complex exponential time function of e51 is the one we'll use. 
It has the beautiful property that it can be differentiated any number of 
times without destroying its original form. That is 

d(est ) 
- - =sest 

dt I 
(6-7) 

If we let x(t) and y(t) be functions of est, x(e st) and y(e51), and use the prop­
erties shown in Eq. (6-7), Eq. (6-6) becomes 

or 

(6-8) 

Although it's simpler than Eq. (6-6), we can further simplify the rela­
tionship in the last line in Eq. (6-8) by considering the ratio of y(est) over 
x(e51

) as the Laplace transfer function of our system in Figure 6-5. If we call 
that ratio of polynomials the transfer function H(s), 
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(6-9) 

To indicate that the original x(t) and y(t) have the identical functional form 
of e5t, we can follow the standard Laplace notation of capital letters and 
show the transfer function as 

where the output Y(s) is given by 

bs + b 
Y(s) = X(s) 2 

1 0 = X(s)H(s) 
(½S + a1s + a0 

(6-10) 

(6-11) 

Equation (6-11) leads us to redraw the original system diagram in a form 
that highlights the definition of the transfer function H(s) as shown in 
Figure 6-6. 

The cautious reader may be wondering, "Is it really valid to use this 
Laplace analysis technique when it's strictly based on the system's x(t) 
input being some function of e51, or x(e51)?" The answer is that the Laplace 
analysis technique, based oti. the complex exponential x(est), is valid 
because all practical x(t) input functions can be represented with complex 
exponentials. For example, 

• a constant, C = ce0t I 

• sinusoids, sin(rot) == (&001 - e-i001)/2j or cos(rot) == (eirot + e-i001)/2, 

• a monotonic exponential, eat, and 

• an exponentially varying sinusoid, e-at cos(oot). 

X(s) 

► 
System 

H(s) 

Y(s) 

Figure 6-6 Linear system described by Eqs. (6-10) and (6-11). The system's 
Input is the Laplace function X(s), its output is the Laplace 
function Y(s), and the system transfer function is H(s) . 

,. 
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With that said, if we know a system's transfer function H(s), we can 
take the Laplace transform of any x(t) input to determine X(s), multiply 
that X(s) by H(s) to get Y(s), and then inverse Laplace transform Y(s) to 
yield the time-domain expression for the output y(t). In practical situa­
tions, however, we usually don't go through all those analytical steps 
because it's the system's transfer function H(s) in which we're most inter­
ested. Being able to express H(s) mathematically or graph the surface 
I H(s) I as a function of swill tell us the two most important properties we 

need to know about the system under analysis: Is the system stable, and 
if so, what is its frequency response? • 

"But wait a minute," you say. 11Equations (6-10) and (6-11) indicate that 
we have to know the Y(s) output before we can determine H(s)!" Not 
really. All we really need to know is the time-domain differential equation 
like that in Eq. (6-6). Next we take the Laplace transform of that differen­
tial equation and rearrange the terms to get the H(s) ratio in the form of 
Eq. (6-10). With practice, systems designers can look at a diagram (block, 
circuit, mechanical, whatever) of their system and promptly write the 
Laplace expression for H(s). Let's use the concept of the Laplace transfer 
function H(s) to determine the s tability and frequency response of simple 
continuous systems. 

6.2.1 Poles anp Zeros on the s-plane and Sjability 

One of the most important characteristics of any system involves·the con­
cept of stability. We can think of a system as stable if, given any bounded 
input, the output will always be bounded. This sounds like an easy con­
dition to achieve because most systems we encounter in our daily lives 
are indeed stable. Nevertheless, we have all experienced instability in a 
system containing feedback. Recall the annoying howl when a public 
address system's microphone is placed too dose to the loudspeaker, A 
sensational example of an unstable system occurred in western 
Washington when the first Tacoma Narrows Bridge began oscillating on 
the afternoon of November 7th, 1940. Those oscillations, caused by 42 
mph winds, grew in amplitude until the bridge destroyed itself. For IIR 
digital filters with their built-in feedback, instability would result in a fil­
ter output that's not at all representative of the filter input; that is, ow· fil­
ter output samples would not be a filtered version of the input; they'd be 
some strange oscillating or pseudorandom values. A situation we'd like to 
avoid if we can, right? Let's see how. 

We can determine a continuous system's stability by examining sev­
eral different examples of H(s) transfer functions associated with linear 
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time-invariant systems. Assume that we have a system whose Laplace 
transfer function is of the form of Eq. (6-10), the coefficients are all real, 
and the coefficients b1 and a2 are equal to zero. We'll call that Laplace 
transfer function H1 (s), where 

(6-12) 

Notice that ifs= -a0 / a1, the denominator in Eq. (6-.12) equals zero and 
H1(s) would have an infinite magnitude. This s == -a0/ a1 point on the 
s-plane is called a pole, and that pole's location is shown by the "x" in 
Eigure 6-7(a). Notice that the pole is located exactly on the negative por­
tion of the real cr axis. If the system described by H1 were at rest and we 
disturbed it with an impulse like x(t) input at time t = 0, its continuous 
time-domain y(t) output would be the damped exponential curve 
shown in Figure 6-7(b). We can see that Hi(s) is stable because its y(t) 
output approaches zero as time passes. By the way, the distance of the 
pole from the cr = 0 axis, a0 / a1 for our H1 (s ), gives the decay rate of the 
y(t) impulse response. To illustrate why the term pole is appropriate, 
Figure 6-S(b) depicts the three-dimensional surface of I Hi(s) I above the 
s-plane. Look at Figure 6-S(b) carefully and see how we've reoriented 
the s-plane axis. This new axis orientation allows us to see how the H1(s) 
system's frequency magnitude response can be determined from its 
three-dimensional s-plane surface. If we examine the I H1(s) I surface at 
a= 0, we get the bold curve in Figure 6-S(b). That bold curve, the inter­
section of the vertical cr = 0 plane (the jw axis plane) and the I H1 (s) I sur­
face, gives us the frequency magnitude response I H1(ro) I of the 
system-and that's one of the things we're after here. The bold I H1(ro) I 

l jw ~.y(t) 

(J 

0 Time 

(a) (b} 

Figure 6-7 Descriptions of H1(s): (a) pole located at s =a+ jro = -a0Ja1 + jO on the 
s-plane; (b) time-domain y (t ) impulse response of the system. 
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jro 

(a) 

00 

t 

(b) 

jro 

(c) 

0 jro 

Figure 6-8 Further depictions of H1(s): (a) pole located at cr = -a0/a1 on the 
s-plane; (b) I H1(s) I surface; (c) curve showing the intersection of the 
I H1(s) I surface and the vertical cr = 0 plane. This is the conventional 
depiction of the I H1(ro) I frequency magnitude response. 

curve in Figure 6-8(b) is shown in a more conventional way in Figure 
6-8(c). Figures 6-8(b) and 6-8(c) highlight the very important property 
that the Laplace transform is a more general case of the Fourier 
transform because if a= 0, thens= jm. In this c~se, the I Hi(s) I curve for 
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a== 0 above the s-plane becomes the I H1(ro) I curve above the jw axis in 
Figure 6-8(c). 

Another common system transfer function leads to an impulse 
response that oscillates. Let's think about an alternate system whose 
Laplace transfer function is of the form of Eq. (6-10), the coefficient b

0 
equals zero, and the coefficients lead to complex terms when the denom­
inator polynomial is factored. We'll call this particular second-order trans­
fer function Hi(s), where 

(6-13) 

(By the way, when a transfer function has the Laplace variable s in both 
the numerator and denominator, the order of the overall function is 
defined by the largest exponential order of s in the denominator polyn.o­
mial. So our H2(s) is a second-order transfer function.) To keep the fol­
lowing equations from becoming too messy,_ let's factor its denominator 
and rewrite Eq. (6-13) as 

As 
H2 (s) = • 

(s+p)(s+p) 
(6-14) 

where A== b/a2, p = Preal + jpimag' and p· = Preal - jpimng (complex conj'U­
gate of p). Notice that, ifs is equal to -p or - p·, one of the polynomial 
roots in the denominator of Eq. (6-14) will equal zero, and Hi(s) will 
have an infinite magnitude. Those two complex poles, shown in Figure 
6-9(a), are located off the negative portion of the real CJ axis. If the H

2 
sys­

tem were at rest and we disturbed it with an impulselike x(t) input at 
time t = 0, its continuous time-domain y(t) output would be the damped 
sinusoidal curve shown in Figure 6-9(b). We see that H2(s) is stable 
because its oscillating y(t) output, like a plucked guitar string, 
approaches zero as time increases. Again, the distance of the poles from 
the CJ= 0 axis (-Preal) gives the decay rate of the sinusoidal y(t) impulse 
response. Likewise, the distance of the poles from the jw == 0 axis (±Pimag) 
gives the frequency of the sinusoidal y(t) impulse response. Notice 
something new in Figure 6-9(a). Whens= 0, the numerator of Eq. (6-14) 
is zero, ma.king the transfer function Hz(s) equal to zero. Any value of s 
where Hz(s) = 0 is sometimes of interest and is usually plotted on the s­
plane as the little circle, called a "zero," shown in Figure 6-9(a). At this 
point we're not very interested ,in knowing exactly what p and p• are in 
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5 = -Preal +jpimag 4 jol 

~x 

y(t) . 
y(t) = 2/Ale-Preal 1cos(p;mag t+ 9) ~-x , .. 

--... 

CJ Time 
•zero· at s = o 

(a) (b) 

Figure 6-9 Descriptions of His): (a) poles located at, = Preol ± iPrmog on the 
s-plane; (b) time domain y(t) impulse response of the system. 

terms of the coefficients in the denominator of Eq. (6-13). However, an 
energetic reader could determine the values of p and p* in terms of a01 a1, 

and a2 by using the following well-known quadratic factorization for­
mula: Given the second-order polynomialf(s) = as2 + bs + c, thenf(s) can 
be factored as 

2 
( b ff2 -4acl ( b ff2 -4acJ f(s)=as +bs+c= s+-+ 2 • s+-- 2 . 2a 4a 2a 4a 

(6-15) 

Figure 6-lO(b) illustrates the I H2(s) I surface above the "5-plane. 
Again, the bold I Hi(ro) I curve in Figure 6-lO(b) is shown in the con­
ventional way in Figure 6-lO(c) to indicate the frequency magnitude 
response of the system described by Eq. (6-13). Although the three­
dimensional surfaces in Figures 6-8(b) and 6-lO(b) are informative, 
they're also unwieldy and unnecessary. We can determine a system's 
stability merely by looking at the locations of the poles on the two­
dimensional s-plane. 

To further illustrate the concept of system stability, Figure 6-11 shows 
the s-plane pole locations of several example Laplace transfer functions 
and their corresponding time-domain impulse responses. We recognize 
Figures 6-ll(a) and 6-ll(b), from our previous discussion, as indicative 
of stable systems. When disturbed from their at-rest condition they 
respond and, at some later time, return to that initial condition. The sin­
gle pole location at s = 0 in Figure 6-ll(c) is indicative of the 1/s trans­
fer function of a single element of a linear system. In an electrical 
system, this 1/s transfer function could be a capacitor that was charged 
with an impulse of current, and there's no discharge path in the circuit. 
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' jro 

t IH2(ro)I ~ 

~. 
O jro 

Figure 6-10 Further depictions of H2(s): (a) poles and zero locations on the 
s-plane; (b) I H2(s) I surface; (c) I H2(ro) I frequency magnitude 
response curve. 

For a mechanical system, Figure 6-ll(c) would describe a kind of spring 
that's compressed with an impulse of force and, for some reason, 
remains under compression. Notice, in Figure 6-ll(d), that, if an H(s) 
transfer function has conjugate poles located exactly on the jro axis 
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(a) 
0 

I /o> 
X 

(b) 
0 

X 

1/o> 

(c) 
0 

o/o> 

(d) 
0 

) 

/o> 

(e) 

X 

(f) 
0 

X 

► 
t 

... 

► 

... 

Figure 6-11 Various H(s) pole locations and their time-domain Impulse responses: 
(a) single pole at cr < O; (b) conjugate poles at o < O; (c) single pole 
located at cr = O; (d) conjugate poles located at o = O; (e) single pole 
at cr > O; (f) conjugate poles at cr > 0. 

(cr = 0), the system will go into oscillation when disturbed from its ini­
tial condition. This situation, called conditional stability, happens to 
describe the intentional transfer function of electronic oscillators. 
Instability is indicated in Figures 6-ll(e) and 6-11(£). Here, the poles lie to 
the right of the jm axis. When disturbed from their initial at-rest condition 

.. 
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... 
cr 

"' "--- Conditionally stable 

Figure 6-12 The Laplace s-plane showing the regions of stability and 
instability for pole locations for linear continuous systems. 

by an impulse input, their outputs grow without bound.t See how the 
value of cr, the real part of s, for the pole locations is the key here? When 
cr < 0, the system is well behaved and stable; when cr = 0, the system is 
conditionally stable; and when cr > 0 the system is unstable. So we can 
say that, when cr is located on the right half of the s-plane, the system is 
unstable. We show this characteristic of linear continuous systems in 
Figure 6-12. Keep in mind that real-world systems often have more than 
two poles, and a system is only as stable as its least stable pole. For a sys­
tem to be stable, all of its transfer-function poles must lie on the left half 
of the s-plane. 

To consolidate what we've learned so far: H(s) is determined by writing 
a linear system's time-domain differential equation and taking the Laplace 
transform of that equation to obtain a Laplace expression in terms of X(s), 
Y(s), s, and the system's coefficients. Next we rearrange the Laplace 
expression terms to get the H(s) ratio in the form of Eq. (6-10). (The really 
slick part is that we do not have to know what the time-domain x(t) input 

+ Impulse response testing in a laboratory can be an important part of the system design 
process. The difficult part is generating a true impulselike input. If the system is electrical, 
for example, although somewhat difficult to implement, the input x(t) impulse would be a 
very short duration voltage or current pulse. If, however, the system were mechanical, a 
whack with a hammer would suffice as an x(t) impulse input. For digital systems, on the 
other hand, an impulse input is easy to generate; it's a single unity-valued sample preceded 
and followed by all zero-valued samples. 
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is to analyze a linear system!) We can get the expression for the continuous 
frequency response of a system just by substituting jro for s in the H(s) equa­
tion. To determine system stability, the denominator polynomial of H(s) is 
factored to find each of its roots. Each root is set equal to zero and solved 
for s to find the location of the system poles on the s-plane. Any pole located 
to the right of the jro axis on the s-plane will indicate an unstable system. 

OK, returning to our original goal of understanding the z-transform, 
the process of analyzing IIR filter systems requires us to replace the 
Laplace transform with the z-transform and to replace the s-plane with a 
z-plane. Let's introduce the z-transform, determine what this new z-plane 
is, discuss the stability of IIR filters, and design and analyze a few simple 
IIR filters. 

6.3 The z-Transform 
The z-transform is the discrete-time cousin of the continuous Laplace 
transform.t While the Laplace transform is used to simplify the analysis 
of continuous differential equations, the z-transform facilitates the analy­
sis of discrete difference equations. Let's define the z-transform and 
explore its important characteristics to see how it's used in analyzing IIR 
digital filters. 

The z-transform of a discrete sequence h(n), expressed as H(z), is 
defined as 

(6-16) 
n=-co 

where the variable z is complex. Where Eq. (6-3) allowed us to take the 
Laplace transform of a continuous signal, the z-transform is performed 
on a discrete h(n) sequence, converting that sequence into a continuous 
function H(z) of the continuous complex variable z. Similarly, as the func­
tion e-st is the general form for the solution of linear differential equa­
tions, z-n is the general form for the solution of linear difference 
equations. Moreover, as a Laplace function F(s) is a continuous surface 

t In the early 1960s, James Kaiser, after whom the Kaiser window function is named, con­
solidated the theory of digital filters using a mathematical description known as the 
z-transform[4,5]. Until that time, the use of the z-transform had generally been restricted to 
the field of discrete control systems[6-9]. 
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above the s-plane, the z-transform function H(z) is a continuous surface 
above a z-plane. To whet your appetite, we'll now state that, if H(z) rep­
resents an IIR filter's z-domain transfer function, evaluating the H(z) sur­
face will give us the filter's frequency magnitude response, and H(z)'s 
pole and zero locations will determine the stability of the filter. 

We can determine the frequency response of an IIR digital filter by 
expressing z in polar form as z = rei 00

, where r is a magnitude and mis the 
angle. In this form, the z-transform equation becomes 

.. ... 
H(z) = H(rejw) = L h(n)(rejw rn = L h(n)r-n (e-jwn) (6-17) 

n=-oo n=-oo 

Equation (6-17) can be interpreted as the Fourier transform of the product 
of the original sequence h(n) and the exponential sequence r -11

• When r 
equals one, Eq. (6-17) simplifies to the Fourier transform. Thus on the 
z-plane, the contour of the H(z) surface for those values where I z I = 1 is 
the Fourier transform of h(n). If h(n) represents a filter impulse response 
sequence, evaluating the H(z) transfer function for I z I = 1 yields the fre­
quency response of ·the filter. So where on the z-plane is I z I = 1? It's a cir­
cle with a radius of one, centered about the z = 0 point. This circle, so 
important that it's been given the name unit circle, is shown in Figure 6-13. 
Recall that the jm frequency axis on the continuous Laplace s-plane was 
linear and ranged from -oo to +00 radians/s. The ffi frequency axis on the 
complex z-plane, however, spans only the range from -7t to +7t radians. 
With this relationship between the jw axis on the Laplace s-plane and the 
unit circle on the z-plane, we can see that the z-plane frequency axis is 

z-plane 

/ 
At this point, 

0) = 7t =-7t 

Unit circle 
(where lzl = 1) 

Figure 6-13 Unit circle on the complex z-plane. 
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s-plane 
joo 

Unstable 
region 

z-plane 

Unstable 
region 

Zreal 

Figure 6-14 Mapping of the Laplace s-plane to the z-p lane. All frequency va lues 
are in radians/s. 

equivalent to coiling the s-plane's jro axis about the unit circle on the 
z-plane as shown in Figure 6-14. 

Then, frequency ro on the z-plane, is not a distance along a straight line, 
but rather an angle around a circle. With co in Figure 6-13 being a general 
normalized angle in radians ranging from - 7t to +7t, we can relate ro to an 
equivalent fs sampling rate by defining a new frequency variable ro

5 
= 27tfs 

in radians/ s. The periodicity of discrete frequency representations, with a 
period of ro

5 
= 2rifs radians/ s or fs Hz, is indicated for the z-plane in Figure 

6-14. Where a walk along the jro frequency axis on the s-plane could tak.e 
us to infinity in either direction, a trip on the ro frequency path on the 
z-plane leads us in circles (on the unit circle). Figure 6-14 shows us that 
only the-refs to +1tfs radians/s frequency range for co can be accounted for 
on the z-plane, and this is another example of the lll'liversa1 periodicity of 
the discrete frequency domain. (Of course the -refs to +rc/

5 
radians/ s range 

corresponds to a cyclic frequency range of -fs/2 to +fs/2.) With the 
perimeter of the unit circle being z = e/1.fl, later, we'll show exactly how to 
substitute e/ro for z in a filter's H(z) transfer function, giving us the filter's 
frequency response. 

6.3. l Poles and Zeros on the z-plane and Stability 

One of the most important chai-acteristics of the z-plane is that the region 
of filter stability is mapped to ·the inside of the unit circle on the z-plane. 
Given the H(z) transfer function of a digital filter, we can examine that 
function's pole locations to determine filter stability. If all poles are 
located inside the unit circle, the filter will be stable. On the other hand, if 
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(a) 

(b) 

(c) 

(d) l(­

Zraal 

iM . 
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(e) I 
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_,_ ....... •·~· I ■ 

. .. ~· 1' ----- . .-:.• ••• ::=-;~·-· - . ·--_I_,. •-·-' ·--
1 

• .• ' ' •• • I n ·-· • 

Figure 6- 15 Various H(z) pole locations and their discrete time-domain impulse 
responses: (o) single pole inside the unit circle; (b) conjugate poles 
located inside. the unit circle; (c) conjugate poles located on the 
unit circle; (d) single pole outside the unit circle; (e) conjugate 
poles located outside the unit circle. 

any pole is located outside the W1it circle, the filter will be unstable. Figure 
6-15 shows the z-plane pole locations of several example z-domain trans­
fer functions and their corresponding discrete time-domain impulse 
responses. It's a good idea for the reader to compare the z-plane and 
discrete-time responses of Figure 6-15 w ith the s-plane and the continuous 
time responses of Figure 6-11. The y(n) outputs in Figures 6-lS(d) and 

,, 
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(e) show examples of how unstable filter outputs increase in amplitude, 
as time passes, whenever their x(n) inputs are nonzero. To avoid this sit­
uation, any ITR digital Jilter that we design should have an H(z) transfer 
function with all of its individual poles inside the unit circle. Like a chain 
that's only as strong as its weakest link, an IIR filter is only as stable as its 
least stable pole. 

The ro
0 

oscillation frequency of the impulse responses in Figures 6-15( c) 
and (e) is, of course, proportional to the angle of the conjugate pole pairs 
Erom the zreal axis, or ro0 radians/s corresponding to / 0 = ro/ 2rc Hz. 
Because the intersection of the -zreal axis and the "unit circle, point z = - 1, 
corresponds to 7t radians ( or rc/

5 
radlans/ s = // 2 Hz), the ro

0 
angle of 1t/ 4 

in Figure 6-15 means that/
0 

= //8 and our y(n) will have eight samples per 
cycle of /

0
• 

6.3.2 Using the z-transform to Analyze IIR Filters 

We have one last concept to consider before we can add the z-transfon.n to 
our collection of digital signal processing tools. We need to determine what 
the time delay operation in Figure 6-3 is relative to the z-transform. To do 
this, assume we have a sequence x(n) whose z-transform is X(z) and a 
sequence y(n) = x(n- 1) whose z-transform is Y(z) as shown in Figure 6-16. 
The z-transform of y(n) is, by definition, 

.. .. 
Y(z) = LY(n)z-n = Lx(n- l)z-n 

n=-oo n=-~ 

Now if we let k = n-1, then, Y(z) becomes 

.. .. 
Y(z) == Lx(k)z-(k+l) == Lx(k)z-kz-1 , 

k=-eo 

x(~) y(n)=x(n-1) 
Delay 

X(z) Y(z) 

Figure 6-16 Output sequence v (n) equal to a unit delayed version of the 
input x(n) sequence. 

(6-18) 

(6-19) 
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which we can write as 

-
Y(z) = z-1 I,x(k)z(-kl = z-1[X(z)] (6-20) 

k=~ 

Thus, the effect of a single unit of time delay is to multiply the z-transform 
by z-1. 

Interpreting a unit time delay to be equivalent to the z-1 operator leads 
us to the relationship shown in Figure 6-17, wh,ere we can say 
X(z)z0 = X(z) is the z-transform of x(n), X(z)z-1 is the z-transform of x(n) 
delayed by one sample, X(z)z-2 is the z-transform of x(n) delayed by two 
samples, and X(z)z-k is the z-transform of x(n) delayed by k samples. So a 
transfer function of z-k is equivalent to a delay of kt

5 
seconds from the 

instant when t = 0, where ts is the period betwe~ data samples, or one 
over the sample rate. Specifically, ts= 1/fs. Because a delay of one sample 
is equivalent to the factor z-1, the unit time delay symbol used in Figures 
6-2 and 6-3 is usually indicated by the z-1 operator. 

Let's pause for a moment and consider where we stand so far. Our 
acquaintance with the Laplace transform with its s-plane, the concept of 
stability based on H(s) pole locations, the introduction of the z-transform 
with its z-plane poles, and the concept of the z:-1 operator signifying a sin­
gle unit of time delay has led us to our goal: the ability to ;inspect an IIR 
filter difference equation or filter structure and immediately write the fil­
ter's z-domain transfer function H(z). Accordingly, by evaluating an IIR 
filter's H(z) transfer functi0n appropriately, we can determine the .filter's 
frequency response and its stability. With those ambitious thoughts in 
mind, let's develop the z-domain equations we need to analyze IIR filters. 

Using the relationships of Figure 6-17, we redraw Figure 6-3 as a gen­
eral Mth-order IIR filter using the z:-1 operator as shown in Figure 6-18. (In 
hardware, those z-1 operations are shift registers holding successive filter 

Time 
domain 

zdomain 

x(n) x(n-1) I=.lx(n-2) x(n--B) ~r.::::;::t(n-k) ~---~--~ --- ~---
X(z) _r::;-i~~X(z)z~ ~ 
-i._£j-~-~-- .. . -L£_J---

Figure 6-17 Correspondence of the delay operation in the time domain 
and the r~ operation in the z-domain. 
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input and output sample values. When implementing an IIR filter in a 
software routine, the z-1 operation merely indicates sequential memory 
locations where input and output sequences are stored) The IIR filter 
structure in Figure 6-18 is often called the Direct Fann I structure. 

The time-domain difference equation describing the general Mth-order 
IIR filter, having N feed forward stages and M feedback stages, in Figure 
6-18 is 

y(n) = b(O)x(n) + b(l)x(n- l) + b(2)x(n- 2) + ... + b(N)x(n - N) 

1 + a(l)y(n-1) + a(2)y(n - 2) + ... + a(M)y(n- M) 

Time domain expression for an Mth-order IIR filter 

In the z-domain, that IIR filter's output can be expressed by 

Y(z) = b(O)X(z) + b(l)X(z)z-1 + b(2)X(z)z-2 + ... + b(N)X(z)z-N 

+a(l)Y(z)z-1 + a(2)Y(z)z-2 + ... + a(M)Y(z)z-M , 

(6-21) 

(6-22) 

where Y(z) and X(z) represent the z-transform of y(n) and x(n). Look Eqs. 
(6-21) and (6-22) over carefully and see how the unit time delays translate 

x(n-2) 

~ 
x(n-;c_ 

I 
b(N') 

I 
a(1) 

y(n) 

cib -
y(n-1) 

M y(n--2) 

a(2) 

I 
a(M) 

Figure 6-18 General (Direct Form I) structure of an Mth-order IIR filter, having 
N feed forward stages and M feedback stages, with the z-1 

operator indicating a unit time delay. 
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to negative powers of z in the z-domain expression. A more compact form 
for Y(z) is 

z-domain expression for an N M 
Mth-orde.dlR filter: ➔ Y(z) = X(z) L b(k)z-k + Y(z) L a(k)z-k . (6-23) 

k=O k=l 

OK, now we've arrived at the point where we can describe the transfer 
function of a general IIR filter. Rearranging Eq. (6-23) to ~ollect like terms, 

Finally, we define the filter's z-domain transfer function as H(z) = Y(z)/X(z), 
where H(z) is given by 

z-domain transfer function 
of an Mth-order IIR filter: ➔ 

(6-25) 

(Just like Laplace transfer functions, the order of our z-domain transfer 
function is defined by the largest exponential order of z in the denominator, 
in this case M.) Equation (6-25) tells us all we need to know about an IIR fil­
ter. We can evaluate the denominator of Eq. (6-25) to determine the posi­
tions of the filter's poles on the z-plane indicating the filter's stability. 

Remember, now, just as the Laplace transfer function H(s) in Eq. (6-9) 
was a complex-valued surface on the s-plane, H(z) is a complex-valued 
surface above, or below, the z-plane. The intersection of that H(z) surface 
and the perimeter of a cylinder representing the z = ei()) unit circle is the fil­
ter's complex frequency response. This means that substituting ej<n for z in 
Eq. (6-25)'s transfer function gives us the expression for the filter's HuR(ro) 
frequency response as 

Frequency response of an 
Mth-order IIR filter filter 
(exponential form): ➔ 

N 

Lb(k)e-jkw 

H1IR(ro) = H(z)jz=ei"' = k=='1.,1 . (6-26) 
1- I,a(k)e- jkw 

k=l 
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Let's alter the form of Eq. (6-26) to obtain more useful expressions for 
H1IR(m)'s frequency magnitude and phase responses. Because a typical IIR 
filter frequency response HIIR(ro) is the ratio of two complex functions, we 
can express H1IR(ro) in its equivalent rectangular form as 

N L b(k) · [cos(kro)- j sin(kro)] 

HIIR (ro) = ---..:.:.k==~'--------------

1-L a(k) · [cos(kro)- j sin(kro)] 

or 

Frequency response 
of an Mth-order IIR 
filter (rectangular 
form): ➔ 

k=l 

N N 

L,b(k) · cos(kro)- jL,b(k) · sin(kro) 
H (ro) = k=O k=O !IR M M 

1- I,a(k)·cos(kro)+ jL,a(k)-sin(kro) 
k=l k=l 

(6-27) 

(6-28) 

It's usually easier and, certainly, more useful, to consider the complex 
frequency response ~xpression in terms of its magnitude and phase. Let's 
do this by representing the numerator and denominator in Eq. (6-28) as 
two complex functions of radian frequency ro. Calling the numerator of 
Eq. (6-28) Num(ro), then, 

where 

and 

Num(m) = Numrea1(m) + jNumimagCm), 

N 

Numreal (ro) = L,b(k)-cos(kro) , 
k=O 

N 

Numimag(ro) = -L b(k) • sin(kro) 
k=O 

Likewise, the denominator in Eq. (6-28) can be expressed as 

Den(ro) = Den,eaiCro) + jDenimag(ro), 

(6-29) 

(6-30) 

(6-31) 
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where 

M 

Denreal (Ol) = 1- _La(k) • cos(kro) , 
k=l 

and 

M 

Denimag(ro) = _La(k) • sin(kro) (6-32) 
k=l 

These Num(ro) and Den(ro) definitions allow us to represent HIIR(ro) in the 
more simple forms of 

Num( ro) Numreal ( ro) + jN umirnag ( ro) 
HnR (ro) = _ __;:..........;.. = ---------"'-

Den(ro) Denrea1(ro)+ jDenimag(ro) 

I Num(ro) I L0N11111 (ro) 
I Den(ro) I L0ve11 (ro) 

(6-33) 

(6-33') 

Given the form in Eq. (6-33) and the rules for dividing one complex num­
ber by another, provided by Eqs. (A-2) and (A-19') in Appendix A, the fre­
quency magnitude response of a general UR filter is 

(6-34) 

Furthermore, the filter's phase response 0nR(ro) is the phase of the numer­
ator minus the phase of the denominator, or 

=tan ---=-- -tan _1(Numimag (ro) ) _1(Denimag(ro)) 
N umreal ( ro) Denreal ( 0)) 

(6-35) 
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To reiterate our intent here, we've gone through the above algebraic gym­
nastics to develop expressions for an UR filter's frequency magnitude 
response I H1IR(co) I and phase response 0 1IR(co) in terms of the filter coef­
ficients in Eqs. (6-30) and (6-32). Shortly, we'll use these expressions to 
analyze an actual UR filter. 

Pausing a moment to gather our thoughts, we realize that we can use 
Eqs. (6-34) and (6-35) to compute the magnitude and phase response of 
UR filters as a function of the frequency ro. And again, just what is co? It's 
the normalized radian frequency represented by the angle around the unit 
circle in Figure 6-13, having a range of -7t::;; ro::;; +7t. In terms of a discrete 
sampling frequency C0

5 
measured in radians/s, from Figure 6-14, we see 

that co covers the range -co/2::;; co::;; +ro/2. In terms of our old friend fs Hz, 
Eqs. (6-34) and (6-35) apply over the equivalent frequency range of --f/2 
to +fs/2 Hz. So, for example, if digital data is arriving at the filter's input 
at a rate offs== 1000 samples/s, we could use Eq. (6-34) to plot the filter's 
frequency magnitude response over the frequency range of -500 Hz to 
+500 Hz. 

Although the equations describing the transfer function HrrR(co), its 
magnitude response I Hui co) I, and phase response 0uR(co) look some­
what complicated at first glance, let's illustrate their simplici_ty and utility 
by analyzing the simple second-order low-pass IIR filter in Figure 6-19 
whose positive cutoff frequency is co/10. By inspection, we can write the 
filter's time-domain difference equation as 

x(n) 

~005 

y(n) 

x(n-1) 

0.0605 

Figure 6-19 Second-order low-pass IIR filter example. 
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y(n) == 0.0605 · x(n) + 0.121 · x(n -1) + 0.0605 • x(n - 2) 

+ 1.194 · y(n -1)- 0.436 · y(n - 2) , 

or the z-domain expression as 

Y(z) = 0.0605 · X(z) + 0.121 · X(z)z-1 + 0.0605 • X(z)z-2 

+ 1.194 · Y(z)z-1 -0.436 • Y(z)z-2 
. 
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(6-36) 

(6-37) 

Using Eq. (6-25), we write the z-domain transfer function H(z) as 

H(z) = Y(z) = 0.0605 · z0 + 0.121 · z-1 
+ 0.0605. z-2 

X(z) 1-1.194 • z-1 + 0.436 • z-2 
(6-38) 

Replacing z with eiro, we see that the frequency response of our example 
IIR filter is 

H 0.0605 · e-joro + 0.121 · e-jlro + 0.0605. e-j2ro 

IIR (ro) = 1-1.194 · e-11ro + 0.436 -e- j 2ro 
(6-39) 

We're almost there. Remembering Euler's equations and that cos(0) = 1 
and sin(0) = 0, we can write the rectangular form of H1m(ro) as 

HIIR (ro) = 0.0605 + 0.121 · cos(lro) + 0.0605 · cos(2ro)- j[0.121 • sin(lro) + 0.0605 ·s in(2(J))j . ( 6_40) 
l .,.-1.194 • cos(lro) + 0.436 · cos(2ro) + j[l.194 · sin(lro)- 0.436 · sin(2ro)] 

Equation (6-40) is what we're after here, and if we calculate its magnitude 
over the frequency range of -n :5 ro $ it, we get the I HnR(co) I shown as the 
solid curve in Figure 6-20(a). For comparison purposes we also show a 5-
tap low-pass FIR filter magnitude response in Figure 6-20(a). Although 
both filters require the same computational workload, five multiplications 
per filter output sample, the low-pass IIR filter has the superior frequency 
magnitude response. Notice the steeper roll-off and lower sidelobes of the 
IlR filter relative to the FIR filter.t 

t To make this IIR and FIR filter comparison valid, the coefficients used for both filters were 
chosen so that each filter would approximate the ideal low-pass frequency response shown 
in Figure 5-17(a). 
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A IH11R(co) I for the IIR filter 
1 - -

IHFIR (co)I for a 5-tap FIR filter 

0.5 / 
,f 

(a) 
,/ ---

ro=-7t (t) = -rr/2 0 (I) : rc/4 0) =it/2 0) =7t 0) 

(-fJ2) (-&/4) ((s/8) (& /4) (f5 l2) 

0 11R (co) for the IIR filter 
Degrees 

;/ 180 

Usl2) 

Q) =7t 
(b) 

0) = ....:n:··' (t) = -it/2 
(t) 

H/2) (-&/4) I 
-180 - / 

0FIR (co) for a 5-tap FIR filter 

Figure 6-20 Frequency responses of the example IIR filter (solid line) in Figure 6-19 
and a 5-tap FIR filter (dashed line): (a) magnitude responses; (b) phase 
responses. 

A word of warning here. It's easy to reverse some of the signs for the 
terms in the denominator of Eq. (6-40), so be careful if you attempt these 
calculations at home. Some authors avoid this problem by showing the 
a(k) coefficients in Figure 6-18 as negative values, so that the summation 
in the denominator of Eq. (6-25) is always positive. Moreover, some com­
mercial software IIR design routines provide a(k) coefficients whose signs 
must be reversed before they can be applied to the IIR structure in Figure 
6-18. (If, while using software routines to design or analyze IIR filters, 
your results are very strange or unexpected, the first thing to do is reverse 
the signs of the a(k) coefficients and see if that doesn't solve the problem.) 

The solid curve in Figure 6-20(b) is our IIR filter's 0IIR(ro) phase 
response. Notice its nonlinearity relative to the FIR filter's phase 
response. (Remember Ii.ow, we're only interested in the filter phase 
responses over the low-pass filters' passband. So those phase discontinu­
ities for the FIR filter are of no consequence.) Phase nonlinearity is inher­
ent in IIR filters and, based on the ill effects of nonlinear phase introduced 
in the group delay discussion of Section 5.8, we must carefully consider 
its implications whenever we decide to use an IIR filter instead of an FIR 
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filter in any given application. The question any filter designer must ask 
and answer, is "How much phase distortion can I tolerate to realize the 
benefits of the reduced computational load and high data rates afforded 
by IIR filters?" 

We've arrived at an appropriate point to illustrate an important rela­
tionship between UR and FIR filters. We can use our IIR analysis equa­
tions to characterize FIR filters. Notice that, if there were no feedback 
coefficients in Figure 6-18, equivalent to setting a(1) through a(M) :in Eq. 
(6-21) all to zero, we'd have an N-tap Fill filter. This simplifies Eqs. (6-25) 
through (6-28) because their denominators would be equal to one. In 
addition, Den(ro) in Eq. (6-33) and I Den(ro) I in Eq. (6-34) would both be 
unity, and 0 0 eu(ro) would be zero in Eq. (6-35). Thus, for an FIR filter, with 
the a.(k) coefficients in Figure 6-18 being all zeros, we can rewrite Eqs. 
(6-26) and (6-28) as 

Frequency response of an 
N-stage FIR filter 
(exponential form): ➔ 

and 

N 

HpIR(ro) = L,b(k)e-jkoo, 
k=O 

N N 
Frequency response 
of an N-stage FIR 
filter (rectangular 
form): ➔ 

HFIR (ro) = L b(k) · cos(km)- jL,b(k) • sin(kco) 
k=O k=O 

(6-41) 

(6-42) 

Just as in Eqs. (6-34) and (6-35), the co in Eqs. (6-41) and (6-42), is the 
normalized radian frequency represented by the angle around the unit 
circle in Figure 6-13, having a range of-1t :s; co :s; +7t, corresponding to the 
equivalent frequency range of -f/2 to +JJ2 Hz. 

6.3.3 An Improved IIR Filter Structure 

The structure of the IIR filter in Figure 6-18 can be converted to a more 
e££icient and popular form. It's easy to explore this idea by assuming that 
there are an equal number of feed forward and feedback stages, letting 
M = Nin Figure 6-18 and thinking of the feed forward and feedback 
stages ~s two separate filters. Specifically, the b(k) coefficients are used to 
calculate the sequence d(n) from x(n), and the a(k) coefficients are used to 
calculate the Jilter output y(n) sequence from d(11). Because the two halves 
of the filter are both linear, we can swap them, as shown in Figure 6-21(a), 
with no change in the final y(n) output. Of course, after this reorientation, 
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• a(2) b(2) 

a(N) b(N) a(N) b(N) 

(a) (b) 

Figure 6-21 Rearranged Mh-order IIR filter structure: (a) feed forward and feedback 
paths swapped from the structure in Figure 6-3; (b) final simplified Direct 
Form II filter structure. 

a new sequence that we'll call g(n) is generated. The two identical delay 
paths in Figure 6-21(a) provide the motivation for this reorient~tion. 
Because the sequence g(n) is being shifted down along both delay paths 
in Figure 6-21(a), we can eliminate one of the paths and arrive at the sim­
plified Direct Form II filter structure shown in Figure 6-21(b). Notice that 
eliminating a delay path simplifies the structure, so that a hardware 
implementation would need only half the number of delay storage regis­
ters required by the original IIR structure in Figure 6-18. 

Although the filter structure depicted in Figure 6-21(b) is very popular, 
in the literature we'll also encounter the equivalent representation shown 
in Figure 6-22. It's interesting to compare Figure 6-22's IIR structure with 
the FIR structure in Figure 6-2(a). If the feedback coefficients a(k) in Figure 
6-22 were all zeros, for example, then this IIR filter would be equivalent 
to the FIR filter in Figure 6-2(a) as long as the b(k) IIR coefficients were 
equal to the h(k) FIR coefficients. It's very important to keep in mind that 
Eq. (6-21), associated with the IIR structure in Figure 6-18, does not explic­
itly describe the filter structures in Figures 6-21(b) and 6-22. However, the 
frequency-domain expressions in Eqs. (6-25) through (6-35) can be used to 
analyze the performance of the popular filter structures in Figures 6-21(b) 
and 6-22. 
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g(n-N) 

Figure 6-22 Alternate depiction of the I\R filter Direct Form II structure in Figure 6-21 (b). 

By the way, because of the feedback nature oi IlR filters, they're some,­
times referred to as recursive filters. Similarly, Fffi filters are often called 
nonrecursive filters. (The term recursive originally signified filters with 
both poles and zeros on the complex z-plane whereas nomecursive signi­
fied filters with only zeros on the z-plane.) We'll avoid the terms recursive 
and nonrecursive, however, because it's been shown that filters with only 
zeros can be designed with recursive structures and that filters with both 
poles and zeros on the z-plane can be designed with nonrecursive struc­
tures[lO). So the terms recursive and nonrecursive more correctly apply to 
the structures used to implement a digital filter, and the terms !IR and FIR 
better describe whether a filter has only zeros (Fffi) or both poles and 
zeros (IlR) on the z-plane[ll]. 

Now that we have a feeling for the performance and implementation 
structures of IIR filters, let's briefly introduce three filter design tech­
niques. These IIR design methods go by the impressive names of impulse 
invariance, bilinear transform, and optimized methods. The first two methods 
use analytical techniques to design digital filters that approximate con­
tinuous analog filters.t The impulse invariance and bilinear transform 
IIR design methods both start with a closed-form Laplace equation 
describing the desired analog filter and yield z-transform expressions for 
the approximating IlR digital filter. The filter designer then solves the 
z-transform equations to obtain the a(k) and b(k) coefficients for use in the 
IlR structures in Figures 6-21(b) or 6-22. Because analog filter design 

+ Due to its popularity, throughout the rest of this chapter we'll use the phrase analog filter to 
designate those filters made up of resistors, capacitors, and inductors, designed to operate 
on continuous signals. 
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methods are very well understood, designers can take advantage of an 
abundant variety of analog filter design techniques to design, say, a 
Butterworth filter with its very flat passband response or, perhaps, go 
with a Chebyshev filter with its fluctuating passband response and 
sharper passband-to-stopband cutoff characteristics. 

6.4 Impulse Invariance IIR Filter Design Method 

The impulse invariance method of IIR filter design is based upon the 
notion that we can design a discrete filter whose time-domain impulse 
response is a sampled version of the impulse response of a continuous 
analog filter. ff that analog filter ( often called the prototype filter) has some 
desired frequency response, then our IIR filter will yield a discrete 
approximation of that desired response. The impulse response equiva­
lence of this design method is depicted in Figure 6-23 where we use the 
conventional notation of 8 to represent an impulse function and h/t) is 
the analog filter's impulse response. We use the subscript "c" in Figure 
6-23(a) to emphasize the continuous nature of the analog filter. Figure 
6-23(b) illustrates the definition of the discrete filter's impulse response: 
the filter's time-domain output sequence when the input is a single 
unity-valued sample (impulse) preceded and followed by all zero-valued 
samples. Our goal is to design a digital filter whose impulse response is a 
sampled version of the analog filter's continuous impulse response. hnplied 
in the correspondence of the ·continuous and discrete impulse responses is 
the property that we can map each pole on the s-plane for the analog filter's 

(a) 
x(t) =1i(t) 

• 

(b) 
x(n) = o(n) 

Analog 
Filter 
Hc(s) 

IIR Qigital 
Filter 
H(z) 

\..7,--...,,...---C-on_.tin►uous 
time ... 

Impulse response 
output= hc;(t) 

-•·• li'~, -•·•·•·•·•-• J. • Discrete 
time -Impulse response 

output= h(n) = hc(nt5 ) 

Figure 6-23 Impulse invariance design equivalence of (a) analog filter continuous 
Impulse response; (b) digital filter discrete impulse response. 
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Hc(s)transfer function to a pole on the z-plane for the discrete UR filter's 
H(z) transfer function. What designers have found is that the impulse 
invariance method does yield useful IIR filters, as long as the sampling 
rate is high relative to the bandwidth of the signal to be filtered. In other 
words, IIR filters designed using the impulse invariance method are sus­
ceptible to aliasing problems because practical analog filters cannot be 
perfectly band-limited. Aliasing will occur in an llR filter's frequency 
response as shown in Figure 6-24. 

From what we've learned in Chapter 2 about the spectral replicating 
effects of sampling, if Figure 6-4(a) is the spectrum of the continuous hc(t) 

. impulse response, then the spectrum of the discrete h/nt
5

) sample 
sequence is the replicated spectra in Figure 6-24(b ). 

(a) 
0 (j) 

~ 

(b) D ~ ~ 

-27t 0 2it 
(j) 

-it 1\ 
(-2f5) Hsl Us) (2f5) 

(c) 

Figure 6-24 Aliasing in the impulse invariance design method: (a) prototype 
analog filter magnitude response; (b) replicated magnitude responses 
where H11 R(w) is the discrete Fourier transform of h(n) = hc(nt

5
); (c) 

potential resultant IIR filter magnitude response with aliasing effects. 
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In Figure 6-24(c) we show the possible effect of aliasing where the 
dashed curve is a desired H1IR(ro) frequency magnitude response. 
However, the actual frequency magnitude response, indicated by the 
solid curve, can occur when we use the impulse invariance design 
method. For this reason, we prefer to make the sample frequency fs as 
large as possible to minimize the overlap between the primary frequency 
response curve and its replicated images spaced at multiples of ±fs Hz. To 
see how aliasing can affect IIR filters designed with this method, let's list 
the necessary impulse invariance design steps and then go through a fil­
ter design example. 

There are two different methods for designing IIR filters using impulse 
invariance. The first method, which we'll call Method 1, requires that an 
inverse Laplace transform as well as a z-transform be performed[l2,13]. 
The second impulse invariance design technique, Method 2, uses a direct 
substitution process to avoid the inverse Laplace and z-transformations at 
the expense of needing partial fraction expansion algebra necessary to 
handle polynomials[14-17]. Both of these methods seem complicated 
when described in words, but they're really not as difficult as they sound. 
Let's compare the two methods by listing the steps required for each of 
them. The impulse invariance design Method 1 goes like this: 

Method 1, Step 1: Design ( or have someone design for you) a prototype 
analog filter with the desired frequency response.t 
The result of this step is a continuous Laplace trans­
fer function Hc(s) expressed as the ratio of two poly­
nomials, such as, 

N 

N N J Lb(k)sk 
H (s)= b(N)s + b(N-l)s - + ... +b(l)s+b(O) =~k=~o __ 

c a(M)sM +a(M-l)sM-l + ... +a(1)s+a(0) ~ k 
~a(k)s 

(6-43) 

k=O 

which is the general form of Eq. (6-10) with N < M, 
and a(k) and b(k) are constants. 

Method 1, Step 2: Determine the analog filter's continuous time­
domain impulse response hc(t) from the Hc(s) Laplace 

t In a low-pass filter design, for example, the filter type (Chebyshev, Butterworth, elliptic), fil­
ter order (number of poles), and the cutoff frequency are parameters to be defined in this step. 
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