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transfer function. I hope, this can be done using 
Laplace tables as opposed to actually evaluating an 
inverse Laplace transform equation. 

Method 1, Step 3: Determine the digital filter 's sampling frequency fs, 
and calculate the sample period as ts = 1/fs• The fs 
sampling rate is chosen based on the absolute fre­
quency, in Hz, of the prototype analog filter. Because 
of the aliasing problems associated with this impulse 
invariance design method, later, we'll see why fs 
should be made as large as practical. 

Method 1, Step 4: Find the z-transform of the continuous h/t) to obtain 
the UR filter's z-domain transfer function H(z) in the 
form of a ratio of polynomials in z. 

Method 1, Step 5: Substitute the value (not the variable) ts for the con­
tinuous variable t in the H(z) transfer function 
obtained in Step 4. In performing this step, we are 
ensuring, as in Figure 6-23, that the IIR filter's dis­
crete h(n) impulse response is a sampled version of 
the continuous filter's hc(t) impulse response so that 
h(n) = h/nts), for Os n s 00 • 

Method 1, Step 6: Our H(z) from Step 5 will now be of the general form 

H(z) = b(N)z -N + b(N -l)z - (N - l) + ... + b(l)z-1 + b(O) 

a(M)zM + a(M - l)z- CM-ll + ... + a(l)z-1 + a(O) 

N 

Lb(k)z-k 

-=k=~~-,-- - . (6-44) 

1-La(k)z - k 
k=1 

Because the process of sampling the continuous 
impulse response results in a digital filter frequency 
response that's scaled by a factor of lits, many filter 
designers find it appropriate to include the ts factor in 
Eq. (6-44). So we can rewrite Eq. (6-44) as 

(6-45) 
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Incorporating the value of ts in Eq. (6-45), then, 
makes the IIR filter time-response scaling indepen­
dent of the sampling rate, and the discrete filter will 
have the same gain as the prototype analog filter. t 

Method 1, Step 7: Because Eq. (6-44) is in the form of Eq. (6-25), by 
inspection, we can express the filter's time-domain 
difference equation in the general form of Eq. (6-21) as 

y(n) = b(O)x(n) + b(l)x(n-1) + b(2)x(n- 2) + .. ~+ b(N)x(n- N) 

+a(l)y(n-1) +a(2)y(n-2) + ... + a(M)y(n-M) . (6-46) 

Choosing to incorporate ts, as in Eq. (6-45), to make 
the digital filter's gain equal to the prototype analog 
filter's gain, by multiplying the b(k) coefficients by 
the sample period ts, leads to an IIR filter time­
domain expression of the form 

y(n) =ts· [b(O)x(n) + b(l)x(n-1) + b(2)x(n- 2) + ... + b(N)x(n- N)] 

+ a(l)y(n-1) + a(2)y(n - 2) + ... + a(M)y(n- M). (6-47) 

Notice how the signs changed for the a(k) coeffi­
cients from Eqs. (6-44) and (6-45) to Eqs. (6-46) and 
(6-47). These sign changes always seem to cause 
problems for beginners, so watch out. Also, keep in 
mind that the time-domain expressions in Eq. 
(6-46) and Eq. (6-47) apply only to the filter struc­
ture in Figure 6-18. The a(k) and b(k), or ts· b(k), coef­
ficients, however, can be applied to the improved 
IIR structure shown in Figure 6-22 to complete otir 
design. 

Before we go through an actual example of this design process, let's dis­
cuss the other impulse invariance design method. 

t Some authors have chosen to include the t
5 

factor in the discrete h(n) impulse response in 
the above Step 4; that is, make h(n) = t

5
hc(nt

5
) [14, 18]. The final result of this, of course, is the 

same as that obtained by including t
5 

as described in Step 5. 
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x(n) 
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x(n) 
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0 0 

M-pole discrete IIR filter 
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Figure 6-25 Mathematical flow of the impulse invariance design Method 2. 

The impulse invariance Design Method 2, also called the standard 
z-transform method, takes a different approach. It mathematically parti­
tions the prototype analog filter into multiple single-pole continuous filters 
and then approximates each one of those by a single-pole digital filter. The 
set of M single-pole digital filters is then algebraically combined to form an 
M-pole, Mth-ordered IIR filter. This process of breaking the analog filter to 
discrete filter approximation into manageable pieces is shown in Figure 6-
25. The steps necessary to perform an impulse invariance Method 2 
design are 

Method 2, Step 1: Obtain the Laplace transfer function H,(s) for the pro­
totype analog filter in the form of Eq. ( 6-43). (Same as 
Method 1, Step 1.) 

Method 2, Step 2: Select an appropriate sampling frequency fs and cal­
culate the sample period as t

5 
= l/f

5
• (Same as 

Method 1, Step 3.) 
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260 Infinite Impulse Response Filters 

Method 2, Step 3: Express the analog filter's Laplace transfer function 
H/s) as the sum of single-pole filters. This requires us 
to use partial fraction expansion methods to express 
the ratio of polynomials in Eq. (6-43) in the form of 

H (s)= b(N)sN +b(N-l)sN-1 + ... + b{l)s+b{O) 

c a(M)sM + a(M - l)sM-t + ... + a(l )s + a(O) 

where the individual Ak factors are constants and the 
kth pole is located at -pk on the s-plane. We'll denote 
the kth single-pole analog filter as Hk(s), or 

(6-49) 

Method 2, Step 4: Substitute 1 - e-Pi, z-1 for s + Pk in Eq. (6-48). This 
mapping of each Hk(s) pole, located at s = -pk on the 
s-plane, to the z = e-ri, location on the z-plane is how 
we approximate the impulse response of each single­
pole analog filter by a single-pole digital filter. (The 
reader can find the derivation of this 1 - e-rkt,z-l sub­
stitution, illustrated in our Figure 6-25, in references 
[14] through [16].) So, the kth analog single-pole filter 
Hk(s) is approximated by a single-pole digital filter 
whose z-domain transfer function is 

A H (z)- k 
k - 1 -pkt -1 -e 'Z 

(6-50) 

The final combined discrete filter transfer function 
H(z) is the sum of the single-poled discrete filters, or 

M M A 
H(z)= ~ Hk(z)= ~. \ 1 · £..i £..i 1 -Pk ~ -

k=l k=1 -e z 
(6-51) 
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Keep in mind that the above H(z) is not a function of 
time: The ts factor in Eq. (6-51) is a constant equal to 
the discrete-time s_ample period. 

Method 2, Step 5: Calculate the z-domain transfer function of the sum 
of the M single-pole digital filters in the form of a 
ratio of two polynomials in z. Because the H(z) in 
Eq. (6-51) will be a series of fractions, we'll have to 
combine those fractions over a common denomina­
tor to get a single ratio of polynotnials in the famil-: 
iar form of 

N 

Lb(k)z-k 

H(z) = Y(z) = -----"-k=_,,_O ,----
X(z) M 

· 1-La(k)z-k 

(6-52) 

k=l 

Method 2, Step 6: Just as in Method 1 Step 6, by inspection, we can 
express the filter's time-domain equation in the gen­
eral form of 

y(n) = b(O)x(n) + b(l)x(n -1) + b(2)x(n -2) + ... + b(N)x(n- N) 

+ a(l)y(n -1) + a(2)y(n - 2) + ... + a(M)y(n - M) . (6-53) 

Again, notice the a(k) coefficient sign changes from 
Eq. (6-52) to Eq. (6-53). As described in Method 1 
Steps 6 and 7, if we choose to make the digital filter's 
gain equal to the prototype analog filter's gain by 
multiplying the b(k) coefficients by the sample period 
ts, then the IIR filter's time-domain expression will be 
in the form 

y(n) = ts • [b(O)x(n) + b(l)x(n -1) + b(2)x(n - 2) + ... + b(N)x(n - N)] 

+ a(l)y(n -1) + a(2)y(n - 2) + ... + a(M)y(n - M) , (6-54) 

yielding a final H(z) z-domain transfer function of 
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N 

ts · L b(k)z-k 
H(z) = Y(z) = _ k_=~D --

X(z) M 
1- La(k)z-k 

k=l 

(6-54') 

Finally, we can implement the improved IIR structure 
shown in Figure 6-22 using the a(k) and b(k) coeffi­
cients from Eq. (6-53) .or the a(k) and t

5 
• b(k) coeffi­

cients from Eq. (6-54). 

To provide a more meaningful comparison between the two impulse 
invariance design methods, let's dive in and go through an IIR filter 
design example using both methods. 

6.4. 1 Impulse Invariance Design Method 1 Example 

Assume that we need to design an IIR filter that approximates a second­
order Chebyshev prototype analog low-pass filter whose passband ripple 
is 1 dB. Our fs sampling rate is 100 Hz (ts== 0.01), and the filter's 1 dB cut­
off frequency is 20 Hz. Our prototype analog filter will have a frequency 
magnitude response like that shown in Figure 6-26. 

Given the above filter requirements, assume that the analog prototype 
filter design effort results in the H/s) Laplace transfer function of 

H (s)- 17410.145 
c - s2 + 137.94536s + 17410.145 

(6-55) 

It's the transfer function in Eq. (6-55) that we intend to approximate with 
our discrete IIR filter. To find the analog filter's impulse response, we'd 

OdB 

0 20 Hz 50 Hz 
(fs/2) 

Freq 

Figure· 6-26 Frequency magnitude response of the example prototype 
analog filter. 
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like to get H/s) into a form that allows us to use Laplace transform tables 
to find hc(t). Searching through systems analysis textbooks we find the fol­
lowing Laplace transform pair: 

X(s), Laplace transform of x(t): x(t): 

Aro 

(s+ex)2 +ro2 
Ae-ca • sin(cot). . (6-56) 

Our intent, then, is to modify Eq. (6-55) to get it into the form on the left 
side of Eq. (6-56). We do this by realizing that the Laplace transform 
expression in Eq. (6-56) can be rewritten as 

Aro Aro 
(s+cx)2 +co2 = s2 + 2as+cx.2 +ro2 

(6-57) 

If we set Eq. (6-55) equal to the right side of Eq. (6-57), we can solve for A, 
ex, and co. Doing that, 

H (s)- 17410.145 = Aro 
c - s2 + 137.94536s + 17410.145 s2 + 2cxs + ex2 + oi 

Solving Eq. (6-58) for A, ex, and ro, we first find 

so 

and 

ex= 137.94536 = 68.972680 ; 
2 

ex2 + ro2 = 17410.145 , 

ro= ✓17410.145-ex2 =112.485173; 

A= 
17410

·
145 

= 154.77724 
(J) 

(6-58) 

(6-59) 

(6-60) 

(6-61) 

(6-62) 

OK, we can now express Hc(s) in the desired form of the left side of Eq. 
(6-57) as 
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H 
8 

_ (154.77724)(112.485173) 
c( ) - (s + 68.972680)2 + (112.485173)2 

(6-63) 

Using the Laplace transform pair in Eq. (6-56), the time-domain impulse 
response of the prototype analog filter becomes 

hc(t) = Ae-at • sin(rot) = 154.77724e-68·9726801 · sin(112.485173t) (6-64) 

OK, we're ready to perform Method 1, Step 4, to determine the discrete 
IIR filter's z-domain transfer function H(z) by performing the z-transform 
of hc(t). Again, scanning through digital signal processing textbooks or a 
good math reference book, we find the following z-transform pair where 
the time-domain expression is in the same form as Eq. (6-64)'s h/t) 
impulse response: 

x(t): 

ce-at. sin(rot) 

X(z),z - transform of x(t) : 

ce-at · sin(rot)z-1 

(6-65) 

Remember now, the a and ffi in Eq. (6-65) are generic and are not related 
to the a and ffi values in Eq. (6-59) and Eq. (6-61). Substituting the con­
stants from Eq. (6-64) into the right side of Eq. (6-65), we get the 
z-transform of the IIR filter as 

H 154.77724e-66·m 6801 •sin(112.485173t)z-1 

(z) = 1-2[e-68·9726801 • cos(112.485173t)]z-1 + e -2'6S·9726801z- 2 
(6-66) 

Performing Method 1, Step 5, we substitute the t
5 

value of 0.01 for the con­
tinuous variable tin Eq. (6-66), yielding the final H(z) transfer function of 

H 154.77724e-68·972680·0·01 • sin(l12.485173 • 0.01)2-1 

(2) = 1 _ 2[e-68.972680•o.01. cos(l12.485173 . O.Ol)]2-1 + e-2-68.972680-0.012-2 

154.77724e-0·68972680 • sin(l.12485173)2-1 
=------------------1- 2[e-0.689726SO. cos(l.12485173)]2-1 +,e-Z·0.689726802-2 

= Y(2) = 70.0595172-1 

X(2) 1-0.432788052-1 + 0.251716052-2 (6-67) 
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OK, hang in there, we're almost finished. Here are the final steps of 
Method 1. Because of the transfer function H(z) = Y(z)/X(z), we can cross­
multiply the denominators to rewrite the bottom line of Eq. (6-67) as 

Y(z) · (1- 0.43278805[1 + 0.251716052-2
) = X(z) • (70.059517z-1

) , 

or 

Y(z) = 70.059517 · X(z)z-1 + 0.43278805 • Y(z)z-1 
- 0.25171"605 • Y(z)z-2

. (6-68) 

By inspection of Eq. (6-68), we can now get the time-domain expression 
for our IIR filter. Performing Method 1, Steps 6 and 7, we multiply the 
x(n-1) coefficient by the sample period value of ts = 0.01 to allow for 
proper scaling as 

y(n) = 0.01 · 70.059517 · x(n -1) + 0.43278805 • y(n -1)- 0.25171605 · y(n - 2) 
= 0.70059517 • x(n -1) + 0.43278805 • y(n-1)-0.25171605 • y(n- 2) , (6-69) 

and there we (finally) are. The coefficients from Eq. (6-69) are what we use 
in implementing the improved IIR structure shown in Figure 6-22 to 
approximate the original second-order Chebyshev analog low-pass filter. 

Let's see if we get the same result if we use the impulse invariance 
design Method 2 to approximate the example prototype analog filter. 

6.4.2 Impulse Invariance Design Method 2 Example 

Given the original prototype filter's Laplace transfer function as 

Hc(s) = 17410.145 
1 

s2 + 137.94536s + 17410.145 
(6-70) 

and the value of ts = 0.01 for the sample period, we're ready to proceed 
with Method 2's Step 3. To express Hc(s) as the sum of single-pole filters, 
we'll have to factor the denominator of Eq. (6-70) and use partial fraction 
expansion methods. For convenience, let's start by replacing the constants 
in Eq. (6-70) with variables in the form of 

C 
H c(s)= 2 , 

s + bs +c (6-71) 
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where b = 137.94536, and c = 17410.145. Next, using Eq. (6-15) with a= l, 
we can factor the quadratic denominator of Eq. (6-71) into 

Hc(s)=( H)c( H) . b b2 - 4c b b2 
- 4c 

s+-+ • s+-- ---
2 4 2 4 

(6-72) 

If we substitute the values for b and c in Eq. (6-72), we'll find that the 
quantity under the radical sign is negative. This means that the factors in 
the denominator of Eq. (6-72) are complex, Because we have lots of alge­
bra ahead of us, let's replace the radicals in Eq. (6-72) with the imaginary 
term jR, where j = H and R = I (b2-4c) / 4 I , such that 

C 
H (s) = ---------

c (s+b/2+ jR)(s+b/ 2 -jR) 
(6-73) 

OK, partial fraction expansion methods allow us to partition Eq. (6-73) 
into two separate fractions of the form 

C 
H (s) - ---------

c - (s+b/2+ jR)(s+b /2- jR) 

= K1 + K2 
(s+b/2+jR) (s+ b/2-jR) ' 

(6-74) 

where the K1 constant can be found to be equal to jc/2R and constant K2 

is the complex conjugate of Ki, or K2 = -jc/2R. (To learn the details of par­
tial fraction expansion methods, the interested reader should investigate 
standard college algebra or engineering mathematics textbooks.) Thus, 
H/s) can be of the form in Eq. (6-48) or 

H s = jc/ 2R + -jc/2R 
c() (s+b/2+jR) (s+b/ 2- jR) 

(6-75) 

We can see from Eq. (6-75) that our second-order prototype filter has two 
poles, one located at p1 = -b/2 - jR and the other at p2 = -b/2 + jR. We're 
now ready to map those two poles from the s-plane to the z-plane as 
called out in Method 2, Step 4. Making our 1 - e-Pkt,z-1 substitution for the 
s + pk terms in Eq. (6-75), we have the following expression for the 
z-domain single-pole digital filters, 
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H jc/2R -jc/2R 
(z)= 1 - (b/ 2+iR)t - 1 + 1 -(b/ 2-jR)I - 1 -e •z -e •z 

(6-76) 

Our objective in Method 2, Step 5 is to massage Eq. (6-76) into the form of 
Eq. (6-52), so that we can determine the IlR filter's feed forward and feed­
back coefficients. Putting both fractions in Eq. (6-76) over a common 
denominator gives us 

(6-77) 

Collecting like terms in the numerator and multiplying out the denomi­
nator gives us 

(6-78) 

Factoring the exponentials and collecting like terms of powers of z in 
Eq. (6-78), 

(jc I 2R)(e- (b /2+jR)t, -e-(b/2-jR)t, )z-1 
(6-79) 

Continuing to simplify our H(z) expression by factoring out the real part 
of the exponentials, 

(6-80) 

We now have H(z) in a form with all the like powers of z combined into sin­
gle terms, and Eq. (6-80) looks something like the desired form of Eq. 
(6-52). Knowing that the final coefficients of our IIR filter must be real num­
bers, the question is "What do we do with those imaginary j terms in Eq. 
(6-80)?" Once again, Euler to the rescue.t Using Euler's equations for sinu­
soids, we can eliminate the imaginaTy exponentials and Eq. (6-80) becomes 

t From Euler, we know that sin(0) = (id0 
- e-i0 )/2j, and cos(0) = (ei0 + e-i0 )/2. 
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(jc/ 2R)e-bt,l2 [- 2jsin(Rt )]z-1 

H(z) = 1- e-bt, / 2[2 cos(Rts)lz-l + :-bt,z-2 

(6-81) 

If we plug the values c = 17410.145, b = 137.94536, R = 112.48517, and 
t
5 
= 0.01 into Eq. (6-81), we get the following II~ filter transfer function: 

H(z) = (154.77724)(0.50171312) (0.902203655)z-1 

1-(0.50171312)(0.86262058)z-1 + 0.251716052- 2 

70.0595172-1 

=------:--------=-
1- 0.432788052-1 + 0.251716052- 2 

(6-82) 

Because the transfer function H(z) = Y(z)/X(z), we can again cross-multiply 
the denominators to rewrite Eq. (6-82) as 

Y(z) • (1- 0.432788052-1 + 0.251716052-2 ) = X(z) • (70.0595172-1) , 

or 

Y(z) = 70.059517 · X(z)z-1 
+ 0.43278805 • Y(z)z-1 

- 0.25171605 • Y(z)z-2 
. (6-83) 

Now we take the inverse z-transform of Eq. (6-83), by inspection, to get 
the time-domain expression for our IIR filter as 

y(n) = 70.059517 · x(n - 1) + 0.43278805 · y(n-1)-0.25171605 • y(n-2) . (6-84) 

One final step remains. To force the IIR filter gain equal to the prototype 
analog filter's gain, we multiply the x(n-1) coefficient by the sample 
period t

5 
as suggested in Method 2, Step 6. In this case, there's only one 

x(n) coefficient, giving us 

y(n) = O.Dl · 70.059517 · x(n -1) + 0.43278805 • y(n -1)- 0.25171605 • y(n - 2) 

= 0.70059517 · x(n - 1) + 0.43278805 • y(n -1)-0.25171605 • y(n -2), (6-85) 
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Figure 6-27 Impulse invariance design example filter characteristics: (a) s-plane pole 
locations of prototype analog filter and z-plane pole locations of discrete 
IIR filter; (b) frequency magnitude response of the discrete IIR filter. 

that compares well with the Method 1 result in Eq. (6-69). (Isn't it com­
forting to work a problem two different ways and get the same result?) 

Figure 6-27 shows, in graphical form, the result of our IIR design exam­
ple. The s-plane pole locations of the prototype filter and the z-plane poles 
of the IIR filter are shown in Figure 6-27(a). Because the s-plane poles are 
to the left of the origin and the z-plane poles are inside the unit circle, both 
the prototype analog and the dtscrete IIR filters are stable. We find the 
prototype filter's s-plane pole locations by evaluating Hjs) in Eq. (6-75). 
When s = -b/2 - jR, the denominator of the first term in Eq. (6-75) 
becomes zero and H/s) is infinitely large. Thats= -b/2 - jR value is the 
location of the lowers-plane pole in Figure 6-27(a). Whens= -b /2 + jR the 
denominator of the second term in Eq. (6-75) becomes zero and 
s = -b/2 + jR is the location of the seconds-plane pole. 

The IIR filter's z-plane pole locations are found from Eq. (6-76). If we 
multiply the numerators and denominators of Eq. (6-76) by z, 
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(jc I 2R)z (-jc I 2R)z 
= z-e-(b/2+jR)I , + z-e-(b /2 -jR)t5 

(6-86) 

In Eq. (6-86), when z is set equal to e(-b/2 + jR)ts, the denominator of the first 
term in Eq. (6-86) becomes zero and H(z) becomes infinitely large. The 
value of z of 

defines the location of the lower z-plane pole in Figure 6-27(a). 
Specifically, this lower pole is located at a distance of e-bts/2 = 0.5017 from 
the origin, at an angle of 8 = -Rt

5 
radians, or -64.45°. Being conjugate 

poles, the upper z-plane pole is located the same distance from the origin 
at an angle of 8 = Rt

5 
radians, or +64.45°. Figure 6-27(b) illustrates the fre­

quency magnitude response of the IIR filter in Hz. 
Two different implementations of our IIR filter are shown in Figure 

6-28. Figure 6-28(a) is an implementation of our second-order IIR filter 
based on the general IIR structure given in Figure 6-22, and Figure 
6-28(b) shows the second-order TIR filter implementation based on the 
alternate structure from Figure 6-21 (b ). Knowing that the b(O) coefficient 
on the left side of Figure 6-28(b) is zero, we arrive at the simplified struc­
ture on the right side of Figure 6-28(b). Looking carefully at Figure 
6-28(a) and fhe right side of Figure 6-28(b), we can see that they are 
equivalent. 

Although both impulse invariance design_methods are covered in the 
literature, we might ask, "Which one is prefened?" There's no definite 
answer to that question because it depends on the Hc(s) of the prototype 
analog filter. Although our Method 2 example above required more 
algebra than Method 1, if the prototype filter's s-domain poles were 
located only on the real axis, Method 2 would have been much simpler 
because there would be no complex variables to manipulate. In general, 
Me·thod 2 is more popular for two reasons: (1) the inverse Laplace and 
z-fransformations, although straightforward in our Method 1 example, 
can be very difficult for higher-order filters, and (2) unlike Method 1, 
Method 2 can be coded in a software routine or a computer spreadsheet. 

Upon examining the frequency magnitude response in Figure 6-27(b), 
we can see that this second-order IIR filter's roll-off is not particularly 

.. 
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b(1) = 0.70059517 

a( 1 ) = 0 .43278805 

a(2) = -0.25171605 

y(n) 
oo--+--oo--

a(1J [ b(1) 

t 
a(2) 

Figure 6-28 Implementations of the impulse invariance design example filter. 

steep. This is, admittedly, a simple low-order filter, but it's attenuation 
slope is so gradual that it doesn't appear to be of much use as a low-pass 
filter.t We can also see that the filter's passband ripple is greater than the 
desired value of 1 dB in Figure 6-26. What we'll find is that it's not the low 
order of the filter that contributes to it's poor performance, but the sam­
pling rate used. That second-order UR filter response is repeated as the 
shaded curve in Figure 6-29. If we increased the sampling rate to 200 Hz, 
we'd get the frequency response shown by the dashed curve in Figure 
6-29. Increasing the sampling rate to 400 Hz results in the much improved 
frequency response indicated by the solid line in the figure. Sampling rate 
changes do not affect our filter order or implementation structure. 
Remember, if we change the sampling rate, only the sample period t

5 

changes in our design equations, resulting in a different set of filter 

t A piece of advice. Whenever you encounter any frequency representation (be it a digital fil­
ter magnitude response or a signal spectrum) that has nonzero values at +f/2, be suspi­
cious-be very suspicious-that aliasing is taking place. 
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Figure 6-29 IIR filter frequency magnitude response, on a linear scale, at three 
separate sampling rates. Notice how the filter's absolute cutoff 
frequency of 20 Hz shifts relative to the different ts sampling rates. 

coefficients for each new sampling rate. So we can see that the smaller we 
make ts (larger fs) the better the resulting filter when either impulse 
invariance design method is used because the replicated spectral overlap 
indicated in Figure 6-24(b) is reduced due to the larger fs sampling rate. 
The bottom line here is that impulse invariance IIR filter design tech­
niques are most appropriate for narrowband filters; that is, low-pass fil­
ters whose cutoff frequencies are much smaller than the sampling rate. 

The second analytical technique for analog filter approximation, the 
bilinear transform method, alleviates the impulse invariance method's 
aliasing problems at the expense of what's called frequency warping. 
Specifically, there's a nonlinear distortion between the prototype analog 
filter's frequency scale and the frequency scale of the approximating IIR 
filter designed using the bilinear transform. Let's see why. 

6.5 Bilinear Transform IIR Filter Design Method 
There's a popular analytical IIR filter design technique known as the bilin­
ear transform method. Like the impulse invariance method, this design tech­
nique approximates a prototype analog filter defined by the continuous 
Laplace transfer function Hc(s) with a discrete filter whose transfer function 
is H(z). However, the bilinear transform method has great utility because 
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• it allows us to simply substitute a function of z for sin H/s) to get H(z), 
thankfully, eliminating the need for Laplace and z-transformations as 
well as any necessity for partial fraction expansion algebra; 

• it maps the entire s-plane to the z-plane, enabling us to completely 
avoid the frequency-domain aliasing problems we had with the 
impulse invariance design method; and 

• it induces a nonlinear distortion of H(z)'s frequency axis, relative to 
the original prototype analog filter's frequency axis, that sharpens the 
final roll-off of digital low-pass filters . · 

Don't worry. We'll explain each one of these characteristics and see 
exactly what they mean to us as we go about designing an IIR filter. 

If the transfer function of a prototype analog filter is H/s), then we can 
obtain the discrete IIR filter z-domain transfer function H(z) by substitut­
ing the following for sin H/s) 

(6-88) 

where, again, t
5 

is the discrete filter's sampling period (1/fs). Just as in the 
impulse invariance design method, when using the bilinear transform 
method, we're interested in where the analog filter's poles end up on the 
z-plane after the transformation. This s-plane to z-plane mapping behav­
ior is exactly what makes the bilinear transform such an attractive design 
technique.t 

Let's investigate the major characteristics of the bilinear transform's 
s-plane to z-plane mapping. First we'll show that any pole on the left 
side of the s-plane will map to the inside of the unit circle in the z-plane. 
It's easy to show this by solving Eq. (6-88) for z in terms of s. 
Multiplying Eq. (6-88) by '(t/2)(1 + z-1) and collecting like terms of z 
leads us to 

z = 1+(t5 I 2)s 
l-(t5 / 2)s 

(6-89) 

t The bilinear transform is a technique in the theory of complex variables for mapping a 
function on the complex plane of one variable to the complex plane of another variable. It 
maps circles and straight lines to straight lines and circles, respectively. 

·' 
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If we designate the real and imaginary parts of s as 

(6-90) 

where the subscript in the radian frequency roa signifies analog, Eq. (6-89) 
becomes 

(6-91) 

We see in Eq. (6-91) that z is complex, comprising the ratio of two complex 
expressions. As such, if we denote z as a magnitude at an angle in the 
form of z = I z I L0

2
, we know that the magnitude of z is given by 

I Z I= Magnumerator = 
Mag denominator 

(1 + a ts/ 2)2 +(mats/ 2)2 

(1-ats /2)2 +(mats /2) 2 (6-92) 

OK, if CT is negative (CT< 0) the numerator of the ratio on the right side of 
Eq. (6-92) will be less than the denominator, and I z I will be less than 1. 
On the other hand, if CT is positive (CT> 0), the numerator will be larger 
than the denominator, and I z I will be greater than 1. This confirms that, 
when using the bilinear transform defined by Eq. (6-88), any pole located 
on the left side of the s-plane ( CT < 0) will map to a z-plane location inside 
the unit circle. This characteristic ensures that any stable s-plane pole of a 
prototype analog filter will map to a stable z-plane pole for our discrete 
IIR filter. Likewise, any analog filter pole located on the right side of the 
s-plane ( CT > 0) will map to a z-plane location outside the unit circle when 
using the bilinear transform. This reinforces our notion that, to avoid fil­
ter instability, during IIR filter design, we should avoid allowing any 
z-plane poles to lie outside the unit circle. 

Next, let's show that the jroa axis of the s-plane maps to the perimeter of 
the unit circle in the z-plane. We can do this by setting CT= 0 in Eq. (6-91) 
to get 

(6-93) 

Here, again, we see in Eq. (6-93) that z is a complex number compris­
ing the ratio of two complex numbers, and we know the magnitude of this 
z is given by 
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I Z la=O = Mag numerator = 
Mag denominator 

(1)2 + (mats I 2)2 

(1)2 +(mats/ 2)2 (6-94) 

The magnitude of z in Eq. (6-94) is always 1. So, as we stated, when using 
the bilinear transform, the jroa axis of the s-plane maps to the perimeter of 
the unit circle in the z-plane. However, this frequency mapping from the 
s-plane to the unit circle in the z-plane is not linear. It's important to know 
why this frequency nonlinearity, or warping, occurs and to understand its 
effects. So we shall, by showing the relationship betwe~n the s-plane fre­
quency and the z-plane frequency that we'll designate as rod . 

If we define z on the unit circle in polar form as z = re-i00
d as we did for 

Figure 6-13, where r is 1 and rod is the angle, we can substitute z = &00
d in 

Eq. ( 6-88) as 

(6-95) 

If we show s in its rectangular form and partition the ratio in brackets into 
half-angle expressions, 

(6-96) 

Using Euler's relationships of sin(0) = (ei0 
- e-i0 )/2j and 

cos(0) = (ei0 + e-i0 )/2, we can convert the right side of Eq. (6-96) to rectan­
gular form as 

2 2e-i00
d

12 jsin(rod /2) 
="i;· 2e-i00 d 12 · cos(cod/2) 

(6-97) 

If we now equate the real and imaginary parts of Eq. (6-97), we see that 
cr = 0, and 

Meta Platforms, Inc. - Exhibit 1012 
Page 289 of 534



27 6 Infinite Impulse Response Filters 

OJ = 3_ tan( 
rod 

) . 
a ts 2 (6-98) 

Let's rearrange Eq. (6-98) to give us the useful expression for the z-domain 
frequency ffid, in terms of the s-domain frequency ffia, of 

2 -1(0Jis) O)d = tan -- . 
2 (6-99) 

The important relationship in Eq. (6-99), which accounts for the so-called 
frequency warping due to the bilinear transform, is illustrated in Figure 
6-30. Notice that, because tan-1(ffii/2) approaches rc/2 as ffia gets large, (l)d 

must, then, approach twice that value, or re. This means that no matter 
how large (!)a gets, the z-plane ffid will never be greater than re. 

Remember how we considered Figure 6-14 and stated that only the-refs 
to +refs radians/s frequency range for (!)a can be accounted for on the 
z-plane? Well, our new mapping from the bilinear transform maps the 
entire s-plane to the z-plane, not just the primary strip of the s-plane 
shown in Figure 6-14. Now, just as a walk along the jffia frequency axis on 
the s-plane takes us to infinity in either direction, a trip halfway around 
the unit circle in a counterclockwise direction takes us from ffia = 0 to 
(!)a = +00 radians/s. As such, the bilinear transform maps the s-plane's 
entire jffia axis onto the unit circle in the z-plane. We illustrate these bilin­
ear transform mapping properties in Figure 6-31. 

----- n 

roa 

7t ·I-----------------

Figure 6-30 Nonlinear relationship between the z-domain frequency rod and 
the s-domain frequency ro

0
. 

I 
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z-plane 

CJ 

2 imag 

UnstabJe 
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Figure 6-31 Bilinear transform mapping of the s-plane to the z-plane. 

2 real 

To show the practical implications of this frequency warping, let's 
relate the s-plane and z-plane frequencies to the more practical measure 
of the fs sampling frequency. We do this by remembering the funda­
mental relationship between radians/sand Hz of ro = 21tf and solving 
forf to get 

f = .!!!_ 
21t 

(6-100) 

Applying Eq. (6-100) to Eq. (6-99), 

(6-101) 

Substituting 1//
5 

for t
5

, we solve Eq. (6-101) for fd to get 

(6-102) 

Equation (6-102), the relationship between the s-plane frequency fa in Hz 
and the z-plane frequency Jd in Hz, is plotted in Figure 6-32(a) as a func­
tion of the IIR filter's sampling rate}~-

The distortion of the fa frequency scale, as it translates to the fd 
frequency scale, is illustrated in Figure 6-32(b) where an s-plane 
bandpass frequency magnitude response I HaUa) I is subjected to 
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Figure 6-32 Nonlinear relationship between the fdand fc frequencies: (o) frequency 
warping curve scaled In terms of the llR filter's f

5 
sampling rote; 

(b) s-domoin frequency response Hc(fJ transformation to a z-domoln 
frequency response Hd(fd). 

frequency compression as it is transformed to I H.ifd) I . Notice how the 
low-frequency portion of the IIR filter's I H,ifd) I response is reasonably 
linear, but the higher frequency portion has been squeezed in toward 
zero Hz. That's frequency warping. Dus figure shows why no IIR filter 
aliasing can occur with the bilinear transform design method. No matter 
what the shape or bandwidth of the I H/fa) I prototype analog filter, 
none of its spectral content can extend beyond half the sampling rate of 
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fs/2 in I Ha(fd)-and that's what makes the bilinear transform design 
method as popular as it is. 

The steps necessary to perform an IIR filter design using the bilinear 
transform method are as follows: 

Step 1: Obtain the Laplace transfer function Hc(s) for the prototype ana­
log filter in the form of Eq. (6-43). 

Step 2: Determine the digital filter's equivalent sam12ling frequency fs 
and establish the sample period ts= 1/fs. 

Step 3: In the Laplace H/s) transfer function, substitute the expression 

(6-103) 

for the variables to get the IIR filter's H(z) transfer function. 

Step 4: Multiply the numerator and denominator of H(z) by the appro­
priate power of (1 + z-1) and grind through the algebra to collect 
terms of like powers of z in the form 

N 

1)(k)z-k 

H(z) = ~k=~t-- -
1- Iia(k)z-k 

k=l 

(6-104) 

Step 5: Just as in the impulse invariance design methods, by inspection, 
we can express the IIR filter's time-domain equation in the gen­
eral form of 

y(n) = b(O)x(n) + b(l)x(n -1) + b(2)x(n- 2) + ... + b(N)x(n- N) 

+ a(l)y(n -1) + a(2)y(n - 2) + ... + a(M)y(n - M) . (6-105) 

Although the expression in Eq. (6-105) only applies to the filter 
structure in Figure 6-18, to complete our design, we can apply the 
a(k) and b(k) coefficients to the improved IIR structure shown in 
Figure 6-22. 

., 
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To show just how straightforward the bilinear transform design 
method really is, let's use it to solve the IIR filter design problem first pre­
sented for the impulse invariance design method. 

6.5. l Bilinear Transform Design Example 

Again, our goal is to design an IIR filter that approximates the second­
order Chebyshev prototype analog low-pass filter, shown in Figure 6-26, 
whose passband ripple is 1 dB. The fs samplini; rate is 100 Hz (t

5 
= 0.01), 

and the filter's 1 dB cutoff frequency is 20 Hz. As before, given the origi­
nal prototype filter's Laplace transfer function as 

Hc(s) = 17410.145 , 
s2 + 137.94536s + 17410.145 

(6-106) 

and the value of ts = 0.01 for the sample period, we're ready to proceed 
with Step 3. For convenience, let's replace the constants in Eq. (6-106) with 
variables in the form of 

(6-107) 

where b = 137.94536 and c = 17410.145. Performing the substitution of Eq. 
(6-103) in Eq. (6-107), 

(6-108) 

To simplify our algebra a little, let's substitute the variable a for the frac­
tion 2/ ts to give 

C 
H(z) = 

2 a2(l-z::) + ab(l-z=~) + c 
l +z l+z 

(6-109) 

Proceeding with Step 4, we multiply Eq. (109)'s numerator and denomi­
nator by (1 + z-1)2 to yield 

.. 
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c{l+z-1)2 
H(z) = -----------'------- (6-110) 

a2(1- z-1 )2 + ab(l + z-1 )(1- z-1) + c(l + z-1)2 

Multiplying through by the factors in the denominator of Eq. ( 6-110), and 
collecting like powers of z, 

(6-111) 

We're almost there. To get Eq. (6-111) into the form of Eq. (6-104) with a 
constant term of one in the denominator, we divide Eq. (6-lll)'s numera­
tor and denominator by (a2 + ab + c) giving us 

2 c (l+2z-1 +z-2) 
H(z) = (a + ab+ c) 

1 
(2c-2a.2

) _1 (a 2 +c-ab) -2 
+--- - z + . z 

(a2 +ab+c) (a 2 +ab+c) 

(6-112) 

We now have H(z) in a form with all the like powers of z combined into sin­
gle terms, and Eq. (6-112) looks something like the desired form of 
Eq. (6-104). If we plug the values a = 2/t

5 
= 200, b = 137.94536, and 

c = 17410.145 into Eq. (6-112) we get the following IIR filter transfer function: 

H z _ 0.20482712(1 + 2z-1 + z-2
) 

( )- 1-Q.53153Q89-z-1 +Q.35083938z-2 

0.20482712 + 0.409654242-1 + 0.204827122-2 
= 

1-0.53153089 z-1 + 0.35083938 z-2 (6-113) 

and there we are. Now, by inspection of Eq. (6-113), we get the time­
domain expression for our IIR filter as 

y(n) = 0.20482712 + 0.40965424 · x(n-1) + 0.20482712 • x(n-2) 

+0.53153089-y(n-1)-0.35083938-y(n-2) . (6-114) 

The frequency magnitude response of our bilinear transform IIR 
design example is shown as the dark curve in Figure 6-33(a), where, for 

......;iiii-~--- - - -
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Figure 6-33 Comparison of the bilinear transform and impulse invariance design IIR 
filters: (a) frequency magnitude responses; (b) phase of the bilinear 
transform IIR filter. 

comparison, we've shown the result of that impulse invariance design 
example as the shaded curve. Notice how the bilinear transform designed 
filter's magnitude response approaches zero at the folding frequency of 
f/2 = SO Hz. This is as it should be-that's the whole purpose of the bilin­
ear transform design method. Figure 6-33(b) illustrates the nonlinear 
phase response of the bilinear transform designed IIR filter. 

We might be tempted to think that not only is the bilinear transform 
design method easier to perform than the impulse invariance design 
method, but that it gives us a much sharper roll-off for our low-pass filter. 
Well, the frequency warping of the bilinear transform method does com­
press (sharpen) the roll-off portion of a low-pass filter, as we saw in Figure 
6-32, but an additional reason for the improved response is the price we 
pay in terms of the additional complexity of the implementation of our 
IIR filter. We see this by examining the implementation of our IIR filter as 
shown in Figure 6-34. Notice that our new filter requires five multiplica­
tions per filter output sample where the impulse invariance design filter 
in Figure 6-28(a) required only three multiplications per filter output sam­
ple. The additional multiplications are, of course, required by the addi­
tional feed forward z terms in the numerator of Eq. (6-113). These added 
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x(n) 

b(O) = 0,20482712 

b(1) = 0.40965424 

b(2) = 0,20482712 

a(1) = 0,53153089 

a(2) = -0.35083938 

Figure 6-34 Implementation of the bilinear transform design example filter. 

y(n) 

b(k) coefficient terms in the H(z) transfer function correspond to zeros in 
the z-plane created by the bilinear transform that did not occur in the 
impulse invariance design method. 

Because our example prototype analog low-pass filter had a cutoff fre­
quency that was fs/5, we don't see a great deal of frequency warping in 
the bilinear transform curve in Figure 6-33. (In fact, Kaiser has shown that, 
when fs is large, the impulse invariance and bilinear transform design 
methods result in essentially identical H(z) transfer functions[l9].) Had 
our cutoff frequency been a larger percentage of f

5
, bilinear transform 

warping would have been more serious, and our resultant I Hifd) I cutoff 
frequency would have been below the desired value. What the pros do to 
avoid this is to prewarp the prototype analog filter's cutoff frequency 
requirement before the analog H/s) transfer function is derived in Step l. 

In that way, they compensate for the bilinear transform' s frequency warp­
ing before it happens. We can use Eq. (6-98) to determine the prewarped pro­
totype analog filter low-pass cutoff frequency that we want mapped to the 
desired IIR low-pass cutoff frequency. We plug the desired IIR cutoff fre­
quency wd in Eq. (6-98) to calculate the prototype analog wa cutoff frequency 
used to derive the prototype analog filter's H/s) transfer function. 

Although we explained how the bilinear transform design method 
avoided the impulse invariance method's inherent frequency response 
aliasing, it's important to remember that we still have to avoid filter input 
data aliasing. No matter what kind of digital filter or filter design method 
is used, the original input signal data must always be obtained using a 
sampling scheme that avoids the aliasing described in Chapter 2. If the 
original input data contains errors due to sample rate aliasing, no filter 
can remove those errors. 
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Our introductions to the impulse invariance and bilinear transform 
design techniques have, by necessity, presented only the essentials of 
those two design methods. Although rigorous mathematical treatment of 
the impulse invariance and bilinear transform design methods is inap­
propriate for an introductory text such as this, more detailed coverage is 
available to the interested reader[13-16]. References [13] and [15], by the 
way, have excellent material on the various prototype analog filter types 
used as a basis for the analytical IIR filter design methods. Although our 
examples of IIR filter design using the impulse invariance and bilinear 
transform techniques approximated analog low'-pass filters, it's important 
to remember that these techniques apply equally well to designing band­
pass and highpass IIR filters. To design a highpass IIR filter, for example, 
we'd merely start our design with a Laplace transfer function for the pro­
totype analog highpass filter. Our IIR digital filter design would then pro­
ceed to approximate that prototype highpass filter. 

As we have seen, the impulse invariance and bilinear transform design 
techniques are both powerful and a bit difficult to perform. The mathe­
matics is intricate and the evaluation of the design equations is arduous 
for all but the simplest filters. As such, we'll introduce a third class of IIR 
filter design methods based on software routines that take advantage of 
iterative optimization computing techniques. In this case, the designer 
defines the desired filter frequency response, and the algorithm begins 
generating successive approximations until the IIR filter coefficients con­
verge (hopefully) to an optimized design. 

6.6 Optimized IIR Filter Design Method 

The final class of IIR filter design methods we'll introduce are broadly cat­
egorized as optimization methods. These IIR filter design techniques were 
developed for the situation when the desired IIR filter frequency response 
was not of the standard low-pass, bandpass, or highpass form. When the 
desired response has an arbitrary shape, closed-form expressions for the 
filter's z-transform do not exist, and we have no explicit equations to work 
with to determine the IIR filter's coefficients. For this general IIR filter 
design problem, algorithms were developed to solve sets of linear, or non­
linear, equations on a computer. These software routines mandate that the 
designer describe, in some way, the desired IIR filter frequency response. 
The algorithms, then, assume a filter transfer function H(z) as a ratio of 
polynomials in z and start to calculate the filter's frequency response. 
Based on some error criteria, the algorithm begins iteratively adjusting the 
filter's coefficients to minimize the error between the desired and the 
actual filter frequency response. The process ends when the error cannot 
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be further minimized, or a predefined number of iterations has occurred 
and the final filter coefficients are presented to the filter designer. Although 
these optimization algorithms are too mathematically complex to cover in 
any detail here, descriptions of the most popular optimization schemes are 
readily available in the literature[14,16,20-25]. 

The reader may ask, "If we're not going to cover optimization methods 
in any detail, why introduce the subject here at all?" The answer is that if 
we spend much time at all designing IIR filters, we'll end up using opti­
mization techniques in the form of computer software routines most of 
the time. The vast majority of commercially available -digital signal pro­
cessing software packages include one or more IIR filter design routines 
that are based on optimization methods. When a computer-aided design 
technique is available, filter designers are inclined to use it to design the 
simpler low-pass, bandpass, or highpass forms even though analytical 
techniques exist. With all due respect to Laplace, Heaviside, and Kaiser, 
why plow through all the z-transform design equations when the desired 
frequency response can be applied to a software routine to yield accept­
able filter coefficients in a few seconds? 

As it turns out, using commercially available optimized IIR filter 
design routines is very straightforward. Although they come in several 
flavors, most optimization routines only require the designer to specify 
a few key amplitude and frequency values, the desired order of the IIR 
filter (the number of feedback taps), and the software computes the 
final feed forward and feedback coefficients. In specifying a low-pass, 
UR filter for example, a software design routine might require us to 
specify the values for OP, 0

5
,/1, and/2 shown in Figure 6-35. Some opti­

mization design routines require the user to specify the order of the UR 

k bs 
~ - )I 

0 '-------1----1.:.:.....---"-----'"--------+----
o 

Figure 6-35 Example low-pass IIR filter design parameters required for the 
optimized IIR filter design method. 
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filter. Those routines then compute the filter coefficients that best 
approach the required frequency response. Some software routines, on 
the other hand, don't require the user to specify the filter order. They 
compute the minimum order of the filter that actually meets the desired 
frequency response. 

6.7 Pitfalls in Building IIR Digital Filters 
There's an old saying in engineering: "It's one.thing to design a system on 
paper, and another thing to actually build one and make it work." (Recall 
the Tacoma Narrows Bridge episode!) Fabricating a working system 
based on theoretical designs can be difficult in practice. Let's see why this 
is often true for IIR digital filters. 

Again, the IIR filter structures in Figures 6-18, 6-21(b), and 6-22 are 
called Direct Form implementations of an IIR filter because they're all 
equivalent to directly implementing the general time-domain expression 
for an Mth-order IIR filter given in Eq. (6-21). As it turns out, there can be 
stability problems and frequency response distortion errors when direct 
form implementations are used. Such problems arise because we're forced 
to represent the IIR filter coefficients and the results of intermediate filter 
calculations with binary numbers having a finite number of bits. These 
finite word length effects are particularly serious if a direct form IIR filter's 
H(z) transfer function polynomial in z is of high order (i.e., a filter having 
a large number of delay elements). There are three major categories of 
finite word length errors that plague IIR filter implementations: coefficient 
quantization, overflow errors, and roundoff errors. Although Chapter 9 
discusses the nature and effects of using finite word lengths in more detail, 
we'll briefly discuss those error types as they relate to IIR filters and see 
what precautions can be taken to minimize their effects. 

Remember, all of our IIR filter calculations, thus far, have resulted in 
very accurate filter coefficient values. In fact, the fractional coefficient val­
ues in our previous IIR design examples were accurate to eight decimal 
digits as indicated in Eq. (6-114). Knowing that it takes four binary bits to 
store a single decimal digit, we can say that the coefficient values in Eq. 
(6-114) require the equivalent of 32 bits of accuracy. Consider the situation 
where we try to actually build the IIR filter in Figure 6-34, but we're con­
strained to store our a(k) and b(k) coefficients in four-bit hardware regis­
ters. Well, we can, indeed, represent the fractional coefficients with only 
one decimal digit, but they lose some of their precision. For example, we 
can represent Eq. (6-114)'s original b(0) = 0.20482712 coefficient as 
b(0) = 0.2 and lose some accuracy due to coefficient quantization. 
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Limited-precision coefficients will result in slight filter pole and zero 
shifting on the z plane, and a frequency magnitude response that may not 
meet our requirements. 

For example, if we used only four-bits (one decimal digit) to represent 
the coefficients in Figure 6-34, our reduced-accuracy filter magnitude 
response is shown by the solid curve in Figure 6-36. For contrast, we've 
also shown the original high-'accuracy coefficient response as the shaded 
curve in Figure 6-36. Sure enough, using four-bit coefficients distorted our 
original second-order IlR frequency response. Had our filter cutoff fre­
quency (20 Hz) been higher relative to the sample rate·(lOO Hz), coeffi­
cient quantization would result in a frequency response that was even 
more skewed from the original. As it turns out, higher order filters are 
very sensitive to coefficient accuracy and, for them, coefficient quantiza­
tion is more likely to cause unacceptable .frequency response distortion. 
An even bigger problem can occur in high-order polynomials of H(z) 
when quantized coefficients are rounded up to the nearest quantization 
level. After factoring a high-order err0r-containing H(z) polynomial into 
its single-order factors, this can result in actually moving a pole outside 
the unit circle, yielding an unstable filter. 

Overflow, the second finite word length effect that troubles digital fil­
ters, is what happens when the result of an arithmetic operation is too 
large to be represented in the fixed-length hardware registers designed 
to contain that result. Because we perform so many additions when we 
implement IIR filters, overflow is always a potential problem. With no 
precautions being made to handle overflow, large nonlinearity errors 
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/ coefficients 

20 Hz 

Four-bit coefficients: 
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a(1) = 0.5 
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Figure 6-36 Comparison of the bilinear transform designed filter magnitude 
responses using full-accuracy coefficients (shaded curve) and 
four-bit coefficients (solid curve). 
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can result in our filter output samples-often in the form of overflow 
oscillations. 

The most common way of dealing with binary overflow errors is called 
roundoff, or rounding, where a data value is represented by, or rounded 
off to, the b-bit binary number that's nearest the wu-ounded data value. 
It's usually valid to treat roundoff errors as a random process, but condi­
tions occur in IIR filters where rounding can cause the filter output to 
oscillate forever, even when the filter input sequence is all zeros. This sit­
uation, going by the names limit cycles and deadband effects, has been well 
analyzed in the literature[26,27] . We can demonstrate limit cycles by con­
sidering the second-order IlR filter in Figure 6-37(a) whose time-domain 
expression is 

y(n) = x(n) + L3y(n - l) - 0.76y(n - 2) . (6-115) 

Let's assume that this filter rounds the adder's output to the nearest inte­
gral value. If the situation ever arises where y(-2) = 0, y(-1) = 8, and x(O) 
and all successive x(ii) inputs are zero, the filter output goes into endless 
oscillation, as shown in Figure 6-37(b). If this filter were to be used in an 
audio application, when the input signal went silent, the listener could 
end up hearing an audio tone instead of silence. The shaded line in Figure 
6-37(b} shows the filter's stable response to this particular situation if no 
rounding is used. Withrnunding, however, this IlR filter certainly lives up 
to its name. 

There are several ways to reduce the ill effects of quantization errors 
and limit cycles. We can increase the word widths of the hardware regis­
ters that contain the results of intermediate calculations. Because round­
off limit cycles affect the least significant bits of an arithmetic result, larger 
word sizes diminish the impact of limit cycles should they occur. To avoid 
filter input sequences of all zeros, some practitioners add a dither sequence 
to the filter's input signal sequence. A dither sequence is a sequence of 
low-amplitude pseudorandom numbers that interferes with an IIR filter's 
roundoff error generating tendency, allowing the filter output to reach 
zero should the input signal remain at zero. Dithering, however, decreases 
the effective signal-to-noise ratio of the filter output[ll]. Finally, to avoid 
limit cycle problems, we can just use an FIR filter. Because FIR filters, by 
definition, have finite-length impulse responses and have no feedback 
paths, they cannot support output oscillations of any kind. 

As for overflow oscillations, we can eliminate them if we increase the 
word width of hardware registers, so that overflow never takes place in 
the IlR filter. Alternatively, it has been shown that the effects of overflow 
oscillations can be avoided by modifying hardware adders so that their 
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Figure 6-37 Limit cycle oscillations due to rounding in an IIR filter: (a) second­
order IIR filter with rounding taking place following the adder; 
(b) one possible time-domain response of the IIR filter. 

sum saturates to a fixed limit when an overflow condition is detected[28, 
29]. It may be useful for the reader to keep in mind that, when the signal 
data is represented in two's complement arithmetic, multiple summations 
resulting in intermediate overflow errors cause no problems if we can 
guarantee that the final magnitude of the sum of the numbers is not too 
large for the final accumulator register. This potential relief from overflow 
errors, as discussed under the data overflow topic in Section 9.3, is one 
reason for the popularity of the two's complement format for binary num­
bers. Some digital filters incorporate additional control circuitry to detect 
overflow conditions and allow the designer to control (by scaling down) 
the amplitudes of signals at critical points in the system[14,17]. If your 
budget can afford floating-point hardware, it has been shown that both 
standard floating-point and block floating-point data formats can greatly 
reduce the errors associated with overflow oscillations and limit 
cycles[30]. (We discuss floating-point number formats in Section 9.4) 

Perhaps the most popular technique for minimizing the errors associated 
with finite word widths is to design filters comprising a cascade string, or 
parallel combination, of low-order filters. The next section tells us why. 
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6.8 Cascade and Parallel Combinations of 
Digital Filters 

In practice, we're likely to encounter multiple digital filters connected in 
cascade or parallel like those in Figure 6-38. As indicated .u1 Figure 6-38(a), 
the resultant transfer function of two cascaded filter transfer functions is 
the product of those functions, or 

(6-116) 

If the filters in Figure 6-38(a) are linear, we can swap their order, having 
H 2(z) precede H 1(z), with no change in the Y(z) output. By the way, this 
property of the combined transfer function equaling the product of the 
two individual transfer functions applies to any combination of linear 
time invariant IIR and FIR filters. As shown in Figure 6-38(b ), the com­
bined transfer function of two parallel filters is the sum of their transfer 
functions, or 

(6-117) 

Hardware filter designers routinely partition high-order digital filters 
into a string of lower order filters arranged in cascade because the cas­
caded system usually requires fewer multiplications for a given filter fre­
quency response. It's common practice to subdivide a high-order digital 

X(z) H1(z)X(z) Y(z) = H1 (z)H2 (z)X(z) 

(a) 

Filter 1: H1(z)X(z) 

H1(z) 

X(z) Y(z) = [H1 (z) + H2(z)]X(z) 

(b) 

Filter 1: 
Hiz) 

H2(z)X(z) 

Figure 6-38 Combinations of two digital filters: (a) cascaded filters; (b) parallel 
. filters. 
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filter into multiple second-order building blocks because second-order fil­
ters are easier to design, are less susceptible to coefficient quantization 
and roundoff errors, and their implementations allow easier data word 
scaling to reduce the potential overflow effects of data word size growth. 

Optimizing the partitioning of a high-order filter into multiple second­
order filter sections is a challenging task, however. For example, say we 
have the sixth-order filter in Figure 6-39(a) that we want to partition into 
three second-order sections. In factoring the sixth-order filter's H(z) poly­
nomial, we could get up to three separate sets of feedback coefficients in 
the factored H(z) numerator: a'(n), a"(n), and a"'(n) . Likewise, we could 
have up to three separate sets of feed forward coefficients in the factored 

(a) 

a(6) b(6) 

n 
Partition into second-order filters 

V 

(b) 

~rn) 
f 

a'(2) b'(2) a"(2) b"(2) a'"(2) b'"(2) 

Figure 6-39 IIR filter partitioning: (a) original sixth-order IIR filter; (b) three second­
order sections. 
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denominator: b'(n), b"(n), and b"'(n). Because there are three second­
ordered sections, there are three factorial, or six, ways of pairing the sets of 
coefficients. Notice in Figure 6-39(b) how the first section uses the a'(n) 
and b'(n) coefficients, and the second section uses the a"(n) and b"(n) coef­
ficients. We could just as well have interchanged the sets of coefficients so 
that the first second-order section uses the a'(n) and b"(n) coefficients, and 
the second section uses the a"(n) and b'(n) coefficients. So there are six dif­
ferent mathematically equivalent ways of combining the sets of coeffi­
cients. Add to this the fact that, for each different combination of 
low-order sections, there are three factori"ally distinct ways those three 
separate second-order sections can be arranged in cascade. 

This means that if we want to partition a 2M-order IIR filter into M dis­
tinct second-order sections, there are M factorial squared, or (M!)2, ways 
to do so. As such, there are then (3!)2 = 36 different cascaded filters we 
could obtain when going from Figure 6-39(a) to 6-39(b).t To further com­
plicate this filter sectioning problem; the errors due to quantization will, 
in general, be different for each possible filter combination. Although this 
subject is outside the scope of this introductory text, ambitious readers 
can find further material on optimizing cascaded filter sections in refer­
ences [19,27], and in part 3 of reference [31]. 
· There's a considerable amount of material in the literature concerning 
finite word effects as they relate to digital filters. (References [14,16] and 
[19) discuss quantization noise effects in some detail as well as providing 
extensive bibliographies on the subject.) Although these books and papers 
provide useful gttidelines in predicting and minimizing quantization 
errors, prudent designers eventually resort to computer simulations of fil­
ter designs. This way they can vary filter hardware characteristics, such as 
coefficient word widths, accumulator register sizes, sequencing of cas­
caded sections, and input signal sets. This experimental approach is 
attractive because it's both reliable and economical. 

6.9 A Brief Comparison of IIR and FIR Filters 

The question naturally arises as to which filter type, IIR or FIR, is best 
suited for a given digital filtering application. That's not an easy ques­
tion to answer, but we can point out a few factors that should be kept in 
mind. First, we can assume that the differences in the ease of design 
between the two filter types are unimportant. TI-tere are usually more 
important performance and implementation properties to consider than 

t These combinations can get very large. For example, there are (5!)2 = 14,400 ways to com­
bine five second-order filters to implement a ten-order IIR filter. 
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design difficulty when choosing between an IIR and an FIR filter. One 
design consideration that may be significant is the IIR filter's ability to 
simulate a predefined prototype analog filter. FIR filters do not have this 
design flexibility. 

From a hardware standpoint, with so many fundamental differences 
between IIR and FIR filters, our choice must be based on those filter char­
acteristics that are most and least important to us. For example, if we 
needed a filter with exactly linear phase, then an FIR filter is the only way 
to go. On the other hand, if our design required that a fil.ter accept very high 
data rates and slight phase nonlinearity is tolerable, we might lean toward 
IIR filters with their reduced number of necessary multipliers per output 
sample. Table 6-1 presents a brief comparison between IIR and FIR filters 
based on several different performance and implementation properties. 

Table 6-1 IIR and FIR Filter Characteristics Comparison 

Characteristic IIR FIR 

Number of necessary Least Most 
multiplications 

Sensitivity to filter Can be high for Very low 
coefficient quantization Direct Form* 

Probability of overflow Can be high for Very low 
errors Direct Form* 

Stability Must be designed in Guaranteed 

Linear phase No Guaranteed ** 

Can simulate prototype Yes No 
analog filters 

Required hardware Least Most 
memory 

Hardware filter control Moderate Simple 
complexity 

Availability of design Good Very good 
software 

Ease of design or Moderately Simple 
complexity of design complicated 
software 

Difficulty of quantization Most complicated Least complicated 
noise analysis 

Supports adaptive Yes Yes 
filtering 

• These problems can be minimized though cascade or parallel implementations. 
** Guaranteed so long as the FIR coefficients are symmetrical. 
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CHAPTER SEVEN 

Advanced Sampling 
Techniques 

Beyond the low-pass and bandpass sampling schemes discussed in 
Chapter 2 there are specialized sampling techniques that we're likely to 
encounter in practice. In this chapter we introduce several of those 
advanced sampling methods and show why and when they're used. 

7. 1 Quadrature Sampling 

Many digital signal processing applications use the complex data for­
mat with its real (in-phase) and imaginary (quadrature phase) parts. 
These applications fall in the general category known as quadrature pro­
cessing. For example, the phase preservation characteristic of complex 
data representation is exploited in high data rate digital communica­
tions systems, radar systems, and time difference of arrival (TDOA) 
processing in radio direction:-finding schemes[l,2]. The enhanced phase 
measurement capabilities of quadrature processing are used in coher­
ent pulse measurement systems, antenna beamforming applications, 
and single sideband modulators[3-6]. Complex data representation 
allows us to realize additional processing power through the coherent 
measurement of the phase of sinusoids comprising an input signal. To 
obtain the time-domain representation of a continuous signal using 
complex notation, the signal must be digitized by a technique called 
quadrature sampling.+ 

t Quadrature sampling goes by various other names in the literature, such as vector demod­
ulation, complex demodulation, complex down-conversion, quadrature heterodyning, I/Q 
sampling, and complex sampling[7-9]. Care must be exercised here from a semantic view­
point. There's a testing scheme referred to as coherent sampling, used to characterize the 
dynamic performance of A/D converters, that is unrelated to quadrature sampling[l0,11]. 
This clever A/D testing technique is discussed in Section 10.9. 

297 
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Quadrature-phase (imaginary) axis 

0 In-phase (real) axis 

Figure 7-1 In-phase i(t) and quadrature-phase q(t) •components of a 
continuous signal x(t). 

To illustrate this idea, let's consider a continuous time-domain signal 
x(t) that has some instantaneous magnitude at a phase angle of 0(t). This 
signal can, equally well, be defined by its in-phase i(t) and quadrature­
phase q(t) components as shown in Figure 7-1. We could use the low-pass, 
or bandpass, sampling schemes in Chapter 2 to obtain discrete samples 
representing x(t) and then calculate the i(t) and q(t) components. 
Quadrature sampling, on the other hand, allows us to obtain the discrete 
samples representing i(t) and q(t) directly. Thus, quadrature sampling 
produces two separate sampled data sequences, one sequence represent­
ing the in-phase and one sequence representing the quadrature-phase 
components of the original continuous signal x(t). 

Let's keep two things in inind as we begin our discussion of quadra­
ture sampling. First, in studying quadrature processing, we'll encounter 
frequency-domain spectra that are not symmetrical about the O Hz axis. 
Although frequency-domain symmetry is inherent in real signals, the 
complex nature of quadrature signals does not have this restriction. It's 
the lifting of this symmetry restriction that makes quadrature processing 
so powerful. Second, recall from Euler's relationships discussed in 
Appendix C that 

. ej21rft _ e-j21rft -jej21rft j8-j2nfl 
sm(21t:ft) = ---- = --+ - -

2j 2 2 
(7-1) 

and 

8 i 2rrfl + 8-j2nfl ej2rrft 
8
-j2rrfl 

cos(21t11) = - - --= --+--
'.!' 2 2 2 ' (7-2) 
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reminding us that real sinusoids or cosinusoids can be represented as com­
plex phasor quantities through the convention of negative frequency, that is, 
negative exponentials. With these thoughts in mind, we view the hybrid 
processing known as 1/Q demodulation (or Weaver demodulation for those 
readers with experience in communications theory), shown in Figure 7-2(a). 

Continuous Discrete 

(a) x(t) -
cos(2nf0 t) 

]- i(n) + jq(n) 
I) 

ND 
q(n) 

(b) ~I 

! X(f) ~d ► 
-fc 0 fc Freq 

1--... "'-.....- ~I 

C :::::1 ► (c) ---i 
! I 

-2fc -fc -B/2 0 +B/2 fc 2fc Freq 

1 I/( f) I Filtered 

(d) ~ .. 
-8/2 0 B/2 Freq 

(e) I':::- ! C -t'.?f' 2fc 

-2fc -f C 
~ ______ _J 

fc ~F;q . . - 0 
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(I) .. -8/2 
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,d I ::;:1 
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Figure 7-2 Quadrature bandpass sampling: (a) sampling block diagram; (b) 
continuous spectrum of continuous input x(t); (c) continuous in-phase 
component of x(t); (d) filtered in-phase component of x(t); (e) 
continuous quadrature-phase component of x(t); (f) filtered quadrature­
phase component of x(t); (g) sampled sum of the filtered in-phase 
component and the filtered quadrature-phase component of x(t). 
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Consider a bandpass signal x(t), centered at carrier frequency J, Hz, 
that has the real spectrum X(/) shown in Figure 7-2(b). When we mix x(t) 
with a cosine wave of fc Hz, the positive phasor portion of the cosine (that 
is, eP'/1/.t /2) will translate the spectral components located at -fc (dashed 
curve) up to baseband centered at O Hz, resulting in what is sometimes 
called a zero-frequency IF fonnat[4]. Likewise, the negative phasor por­
tion of the cosine (e-fl1.if<t /2) will translate the spectral components located 
at +fc (solid curve) down to baseband also centered at O Hz. The resultant 
continuous signal spectrum is shown as X;(/) in Figure 7-2(c) where we 
show the two translated spectra as overlaid, not summed, to see their 
individuality. Xlf) is low-pass filtered by an analog filter with a cutoff 
frequency slightly greater than B/2 Hz, called the in-phase component of 
x(t), and shown as the l(J) magnitude spectrum in Figure 7-2(d). (For the 
reader who's not at ease with the notion of negative frequencies, it's a 
good idea to review Appendix C to see why negative frequencies exist 
when we use complex signal notation.) 

The continuous heterodyned product of x(t) and the sinewave offcHz 
is shown in Figure 7-2(e) where the spectra lying below the frequency axis 
result from the negative sign of the positive frequency -jei21if<t /2 compo­
nent in Eq. (7-2) . This product is low-pass filtered and represents the 
quadrature-phase component of x(t), shown as the jQ(J) spectrum in 
Figure 7-2(/). The original real signal x(t) is now represented in a complex 
format as i(t) + jq(t). (To recover the real x(t), we need only multiply i(t) by 
cos(2nfct), multiply q(t) by sin(2n/J), and sum the two products.) 

Figure 7-2 helps remind us that real signals can be represented by a sin­
gle sequence of sampled values and that their spectra show symmetry 
about zero Hz. Complex, or quadrature, signals must be represented by 
two sequences of sampled values, one sequence for the in-phase part and 
one for the quadrature part. Again, complex signal spectra are not required 
to be symmeb:ical about zero Hz. Returning to Figure 7-2(a), the-two sep­
arate, continuous signals, i(t) and q(t), are digitized by an A/ D converter 
at a sample rate of fs samples/s. The resultant spectrum for the complex 
i(n)+jq(n) is shovm. in Figure 7-2(g). Again, note the spectral replications 
every fs Hz. So what's the big deal here? In Figure 7-2(g), notice that the 
sample rate need only be·greater than twice B/2 to avoid aliasing. 

In quach-ature samplingfs need only be greater than the signal band­
width, as opposed to twice the signal bandwidth previously described in 
Chapter 2 for low-pass and bandpass sampling. This means that a given 
A/D converter can be used to sample signal bandwidths twice as wide 
with the quadrature sampling technique. Notice, however, that two low­
pass filters and two AID converters are necessary with this scheme. 
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What we have is two AID converters operating at half the equivalent 
first-order bandpass sampling rate. Are we violating the Nyquist crite­
rion? Not really-we still have two discrete sample values being gener­
ated for every cycle in the bandwidth of our original signal. So, when we 
need to digitize very wide bandwidths, the quadrature sampling scheme 
is attractive, particularly, when our goal is spectral analysis using the FFT. 
When the two data streams representing the in-phase and quadrature­
phase components are applied to a complex radix-2 FFT algorithm, the 
FFT operates more efficiently than when its inputs are real signals[3,12]. 
(That particular topic is discussed in Section 10.5.) 

7 .2 Quadrature Sampling with Digital Mixing 

To obtain quadrature samples in practice, the process shown in Figure 
7-2(a) is difficult to implement without errors. Over moderately wide 
bandwidths, it's not easy to configure two analog signal paths that have 
identical frequency responses (gain and phase)-phase differences of a 
few degrees are common. Moreover, large DC components are routinely 
induced by the mixers in the J;(t) and f/t) signals before filtering. Finally, 
if the low-pass filters are active devices, a kind of continuous noise known 
as 1/J noise from the semiconductor components in the mixers/filters 
induces increased noise energy near O Hz. 

These disadvantages can be avoided with digital mixers and filters 
where the sample rate is four times the carrier frequency of the bandpass 
signal[13-16]. This process is illustrated in Figure 7-3(a). The input signal 
x(t) from Figure 7-2(a), with the spectrum shown in Figure 7-3(b), is digi­
tized at a sample rate offs = 4fc providing the discrete samples x(nt

5
) 

whose spectrum, X(m), is shown in Figure 7-3(c). The ·quadrature mixing 
withfc = fs/4, to center the input signal's in-phase and quadrature phase 
components about O Hz, is performed digitally with the results of the in­
phase replicated components depicted in Figure 7-3(d) and the low-pass 
filtered in-phase spectrum in Figure 7-3(e). Although the A/0 converter 
must sample at four times the carrier frequency, the difficulties in signal­
path phase and amplitude matching are eliminated because only one 
AID converter is necessary. In addition, the DC bias problems associated 
with analog signal mixing to zero Hz are avoided. 

The real advantage of this technique is how easy the quadrature mix­
ing by fc can be performed digitally. For example, the input sampled val­
ues x(nt

5
) can be multiplied by the repetitive four-element sequence 

l, 0, -1, 0, etc., to provide i(n). Likewise, x(nt
5

) is multiplied by the four­
element sequence 0, 1, 0, -1, to generate the q(n) samples. The trick is that 
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Figure 7-3 Quadrature bandpass sampling with digital mixing: (a) quadrature 
sampling block diagram; (b) spectrum of continuous bandpass signal 
x(t); (c) discrete spectrum of sampled bandpass signal x(nt

5
); (d) 

frequency-translated I /(m) I discrete spectrum of in-phase component 
of x(nt

5
); (e) low-pass filtered I /'(m) I spectrum of in-phase component. 

these two orthogonal ones sequences translate the input signal's spectrum 
by exactly fs/4, and that's why our originalfs was made equal to 4fc• This 
clever technique enables complex sampling without multiplications 
because the mixing is implemented merely by sign changes on x(ntJ 

If we implement this digital mixing process, we'll find that the spectral 
replication period in Figure 7-3(d) is half what is was in Figure 7-3(c). This 
comes about from the convolution of the real cosine's positive and nega­
tive frequency components with I X(m) I in Figure 7-3(c). To use this dig­
ital mixing scheme, we must ensure that the condition B < fc = fs/ 4 holds 
true. In addition to the reduceµ. spectral replication periodicity, we also 
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need to be aware that the OFT magnitude of the frequency-translated i(n), 
I I(m) I, is related to the OFT magnitude of x(nt

5
), I X(m) I, by 

I l(m) I = I X(m) I 
1,0,-:1,0 2 (7-3) 

This is indicated by the Mag and Mag/2 factors in Figures 7-3(c) and (d). 
Likewise, the OFT magnitude of the frequency-translated q(n), I Q(m) I, is 
related to the OFT magnitude I X(m) I, by 

IQ(m)I = IX(m)I 
0,1,0,-1 2 

(7-4) 

So what this all means is that the i(n) and q(n) signals, after translation 
down to zero Hz, have been reduced in amplitude by a factor of 2. We can 
find out why Figure 7-3(d)'s replication period and equations (7-3) and 
(7-4) are true by reviewing Section 10.1, which discusses several different 
digital quadrature mixing sequences in more detail. 

Thus far, we've reviewed the fundamentals of, and an efficient tech­
nique for, quadrature bandpass sampling. Let's introduce three other 
advanced sampling topics, all of which fall in the general category of dig­
ital resampling. 

7 .3 Digital Resampling 

The useful and fascinating process of digital resampling is a scheme for 
changing the effective sampling rate of a discrete signal after the signal has 
already been sampled. As such, resampling has many applications; it's 
used to minimize computations by reducing data rates when signal band­
widths are narrowed through low-pass filtering. Resampling is manda­
tory in real-time processing when a hardware digital processor must 
accept data at a rate that differs from that processor 's fundamental clock 
rate. (A simple example of this is when a digital processor can accept 
input data at a 1-MHz rate and the incoming data is arriving at a rate of 
1.5 MHz. In this case, the incoming data rate must be converted from a 
1.5-MHz rate to a 1-MHz sample rate with a minimum of signal distor­
tion.) In satellite and medical image processing, digital resampling is nec­
essary for image enhancement, image scale change, and image rotation. 
Resampling is also used to reduce the computational complexity of cer­
tain narrowband digital filters. 

.. 
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We can define resampling as follows: Consider the process where a 
continuous signal Ye has been sampled at a rate of fold= 1IT0 Jdl and the 
discrete samples are x01d(n) = Yc(nT01d). Resampling is necessary when we 
need xnew(n) = Yc(nTnew), and direct sampling of the continuous y, at the 
rate of fr.iew = 1 IT new is not possible. For example, imagine we have an ana­
log-to-digital (A/D) conversion system supplying a sample value every 
T01d seconds. But our processor can accept data only at a rate of one sam­
ple every Tnew seconds. How do we obtain xnew(n) directly from x01in)? 
One possibility is to digital-to-analog (DI A) convert the x01in) sequence 
to regenerate the continuous Ye and, then, AID convert Ye at a sampling 
rnte of fnew to obtain xnew(n). Due to the spectral distortions induced by 
DI A followed by AID conversion, this technique limits our effective 
dynamic range and is typically avoided in practice. Fortunately, accurate 
all-digital resampling schemes have been developed, as we shall see. 

7 .3.1 Resampling by Decimation 

Sampling rate changes come in two flavors: rate decreases and rate 
increases. Decreasing the sampling rate is known as decimation. (The 
term decimation is somewhat of a misnomer because decimation originally 
meant to reduce by a factor of ten. Currently, decimation is the term used 
for reducing the sample rate by any integral factor.) When the sampling 
rate is being increased, the process is known as interpolation, i.e., esti­
mating intermediate sample values. Because it's the simplest of the two 
rate-changing schemes, let's explore decimation first. 

We can decimate, or downsample, a sequence of sampled values by a 
factor of D by retaining every Dth sample and discarding the remaining 
samples. Relative to the original sample rate, fold' the new sample rate is 

f, = fold 
new D (7-5) 

For example, to decimate a sequence x01in) by a factor of D = 3, we retain 
x01i0) and discard x01il) and x01i2), retain x01d(3) and discard x01i4) and 
x01ctCS), retain X

0
jd(6), and so on. So xnew(n) = x01d(3n), where n = 0, l, 2, etc. 

The result of this decimation process is identical to the result of originally 
sampling at a rate of fnew = f01dl3 to obtain xnew(n). The spectral implica­
tions of decimation are what we should expect, as shown in Figure 7-4, 
where the spectrum of an original bandlimited continuous signal is indi­
cated by the solid lines. Figure 7-4(a) shows the discrete replicated spec­
trum of x01d(n), X01d(m). With xnew(n) = x01d(3n), the discrete spectrum 
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X (m) is shown in Figure 7-4(b). Two important features are illustrated new 
in Figure 7-4. First, Xnew(m) could have been obtained directly by sam-
pling the original continuous signal at a rate of fnew' as opposed to deci­
mating x01a(n) by a factor of 3. And second, there is, of course, a limit to 
the amount of decimation that can be performed relative to the band­
width of the original signal B. We must ensure that fnew > 2B to prevent 
aliasing after decimation. When an application requires that fnew be less 
than 2B, then x01a(n) must be low-pass filtered before the decimation 
process is performed. An example of the need for low-pass filtering before 
decimation is shown in Figure 7-4(c). If the original signal has a band­
width B, and we're interested in retaining only the band B', the signal 
between B' and fnew/2 must be low-pass filtered before the decimation 

( I 
X,ld(ffi 

✓1 
I 

---->- B <--

(a) ~ 

-fold 0 fold Freq 

r 1· rrtb c1 / 

(b) ' I I I l 
► 

. - 3tnew - 2 fnew -fnew 0 fnew 2fnew 3 fnew Freq 

= fold 

Xo1d (m) -a·l<--~r---, I 

··7 
(c) 

-fold fnew fold Freq 
fnew/2 

[ 
x,ld(m)~8 ~;:, 

] 
(d) I I ► 

-fnew -8 0 fnewl2 B fnew Freq 

Figure 7-4 Decimation by a factor of three: (a) spectrum and replications of 
original signal; (b) spectrum of signal decimated by a factor of three; 
(c) example where only the bandwidth 8' from the original bandwidth 8 
is to be retained; (d) relationship of a low-pass filter's cutoff frequency 
relative to the bandwidth 8'. 
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process is performed. Figure 7-4(d) shows this in more detail where the 
frequency response of the low-pass filter, shaded, must attenuate the sig­
nal amplitude above fnew/2. In practice, the direct form of FIR filters (the 
structure shown in Figure 5-13) is the prevailing choice for low-pass deci­
mation filters because of the FIR filter's linear phase response[17]. 

When the desired decimation factor Dis large, say D > 10, there is an 
important feature of the filter/ decimation process to keep in mind. 
Significant computational savings may be had by implementing decima­
tion in multiple stages. By way of example, let's assume that we have 
input data arriving at a sample frequency of400 kHz, and we must deci­
mate by a factor of D = 100 because our digital processor can only accept 
data at a rate of 4 kHz. Also, let's assume that the baseband frequency 
range of interest is from 0 to 1.8 kHz. So, with fnew = 4 kHz, we must filter 
out any signal above fnew/ 2 by having our filter transition band between 
1.8 kHz andfnew/2 = 2 kHz. It's been shown that the number of stages S 
in the direct form of a FIR low-pass filter is proportional to the ratio of the 
original sample frequency over the filter transition band, Nin Figure 
7-4(d)[l7,18]; that is, 

5 = k . fold = k _fold 

lfnew /2-B') !1J 1 (7-6) 

where 2 < k < 4 depending on the amount of filter passband and stop­
band ripple that can be tolerated. So for our case, if k is 3, for example, 
S = 6000. Think of it, a filter with 6000 stages! Fortunately there's a better 
way. Let's do something that appears to compound our problem and par­
tition our decimation example into two stages: decimation by 50 fol­
lowed by decimation by 2, as shown in Figure 7-5(a). We'll assume that 
the original input signal spectrum extends from zero Hz to something 
greater than 100 kHz, as shown in Figure 7-5(b). If the first low-pass fil­
ter LPF1 has a cutoff frequency of 1.8 kHz and its stopband is defined to 
begin at 6 kHz, the output of the D = 50 decimator will have a spectrum, 
as shown in Figure 7-5(c), where our 1.8-kHz band of interest is shaded. 
Notke that there is aliasing of the signal between 2 kHz and 4 kHz-not 
to worry, LPF2 will take care of this. When LPF2 has a cutoff frequency of 
1.8 kHz and its stopband is designed to be 2 kHz, the output of the D = 2 
decimator will have our desired spectrum, shown in Figure 7-5(d). The 
point is that the total number of stages in the two low-pass filters, STotal' 

is greatly reduced from 6000. From Eq. (7-6) for the combined LPF1 and 
LPF2 filters, 
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Figure 7-5 Multistage decimation: (a) decimation block diagram; (b) spectrum of 
original signal; (c) output of the D = 50 decimator; (d) output of the 
D = 2 decimator. 

400 8 
STotal = SLPF + SLPF = 3 · ---+ 3 · ---= 406 stages. (7-7) 

1 2 (6 - 1.8) (2 -1.8) 

This is an impressive computational reduction. Reviewing Eq. (7-6) for 
each stage, in the first stage we see that, although fold = 400 kHz remained 
constant, we increased !).j. In the second stage, both !).f and fold were 
reduced. The fact to remember in Eq. (7-6) is that the ratio f01d/ !).jhas a 
much more profound effect than k in determining the number of stages 
necessary in a low-pass filter. This example, although somewhat exag­
gerated, shows the kind of computational saving afforded by multistage 
decimation. Isn't it interesting that adding more processing stages to our 
original D = 100 decimation problem actually decreased the necessary 
computational requirement? 
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A sensible way to evaluate FIR decimation filter implementations or 
any filter implementation, for that matter, is to determine the necessary 
number of multiplications/second. Going back to our original D == 3 dec­
imation example, let's assume fotd == 60 kHz and our decimation filter need 
have only S == 5 multiplier stages, as shown in Figure 7-6(a), with the fil­
ter coefficients being h0 to h4• Because the x01in) samples are arriving at a 
rate of fow the low-pass filter requires CD multiplications/s where 

CD== Sf01d == 5 · 60,000 == 300,000 multiplications/s. (7-8) 

In Figure 7-6(a), our decimation by three is symbolized by a rotary switch. 
that rota tes clockwise 120° each time an x01in) sample arrives and only 
every third filter output sample is retained for xnew(n). This structure is 
not so desirable because, for every 15 multiplications, we use only 5 prod­
ucts, an inefficient arrangement even when Dis small. Fortwlately, the 
switching (decimation) can be moved ahead of the multipliers, as illus­
trated in Figure 7-6(b), and we need perform only C0 • multiplications/s 
where 

CD •==; == S~d == 100,000 multiplications/s: (7-9) 

By moving the decimation process ahead of the multipliers, we give the 
multipliers D == 3 times as long to perform a multiplication, and xnew(n) is 
identical in the two filter structures. (If our odd-order FIR filter coeffi­
cients are symmetrical, so that h(4) == h(0), and h(3) == h(l), there's a clever 
way to further reduce the number of necessary multiplications, as 
described in Section 10.8.) 

Let's step back for a moment to make sure we understand what's going 
on here. The rotating switches in Figure 7-6 rue only conceptual. Again, 
the switch in Figure 7-6(a) means that we retain only every third output 
sample of xnew· In this case, the filter is operating at the input sample rate 
of fold and we discard .two out of every three filter output samples. In 
Figure 7-6(b), we don't even bother to calculate the two out of every three 
samples that are to be discarded; here, the .filter is operating at the 
reduced output sample rate of fnew where we calculate only those output 
samples that we need. By the way, IlR filters cannot take advantage of the 
reduced computation scheme in Figure 7-6(6) because-the various imple­
mentations of IIR filters mandate that they must always operate at the 
input sample rate fold" 
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Figure 7-6 Decimation filter implementations: (a) five-stage FIR digital filter; 
(b) decimation taking place before the filter multiplications. 

Before we leave the subject, it's interesting to realize that decimation 
is one of those rare processes that is not time invariant. From the very 
nature of its operation, we know that if we delay the input sequence by 
one sample, a downsampler will generate an entirely different output 
sequence. For example, if we apply an input sequence x(n) = x(O), x(l), 
x(2), x(3), x(4), etc., to a downsampler and D = 3, the output y(n) will be 
the sequence x(O), x(3), x(6), etc. Should we delay the input sequence by 
one sample, our delayed x'(n) input would be x(l), x(2), x(3), x(4), x(S), 
etc. In this case, the delayed output sequence y'(n) would be x(l), x(4), 
x(7), etc., which is not a delayed version of y(n) . Thus, a decimator 
(downsampler) is not time invariant. 

7 .3.2 Resampling by Interpolation 

As we said before, decimation is only part of the digital resampling 
story-let's now consider interpolation. Sample rate increase by interpo­
lation is a bit more involved than decimation because, with interpolation, 
new sample values need to be calculated. Conceptually, interpolation 
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comprises generating a continuous curve that passes through our x01ct<n) 
sampled values, followed by resampling that curve at the new sample 
ratefnew to obtain the sequence xnew(n). Of course, continuous curves can't 
exist inside a digital machine, so we'll just have to obtain xnew(n) directly 
from x01in). To increase a given sample rate or upsample by a factor of U, 
we have to calculate U-1 intermediate values between each sample in 
x01in). The process is beautifully straightforward and best understood by 
way of an example. 

Let's assume that we have the sequence x01d(n), part of which is 
shown in Figure 7-7(a), and we want to increase its sample rate by a fac­
tor of 4, so, U = 4. The sequence's spectrum is provided in Figure 7-7(b) 
where only the signal spectrum between O Hz and 4fotd is shown. To 
upsample x01in), by a factor of four, we must insert three zeros between 
each sample of x01d(n) as shown in Figure 7-7(c), to create the new 
sequence x'new(n'). (This insertion of zeros is called zero padding.) 
Notice that ' 

(7-10) 

that is, the old sequence is now embedded in the new sequence. The inser­
tion of the zeros establishes the sample index for the new sequence xnew(n') 
where the interpolated values will be assigned. The spectrum of x'new(n'), 
X'new(m), is shown in Figure 7-7(d) where fnew = 4foict· In Figure 7-7(d), 
notice that x01in)'s spectrum is replicated U = 4 times in the frequency 
range of zero Hz to fnew· This shouldn't surprise us; x01in)'s spectrum was 
already replicated 4 times between O Hz andfnew in Figure 7-7(b). What 
we've done by adding the zeros is merely increase the effective sample fre­
quency to fs = fnew in Figure 7-7(d). Likewise, we've also increased the new 
folding frequency by a factor of 4 to 2f01d. 

The final step in interpolation is to filter the x'new(n') sequence with a 
low-pass digital filter whose frequency response about zero Hz and fnew 
Hz is shown as the dashed lines in Figure 7-7(d). This low-pass filter is 
called an interpolation filter, and its output sequence is the desired xnew(n'), 
shown in Figure 7-7(e) while its output spectrum is given in Figure 7-7( f). 
Is that all there is to interpolation? Well, not quite-because we can't 
implement an ideal low-pass filter, xnew(n') will not be an exact interpola­
tion of x01d(n). The error manifests itself as the unwanted images indicated 
by the low-level replications in Figure 7-7(£). With an ideal filter, these 
images would not exist. We can only approximate an ideal, low-pass fil­
ter, and the accuracy of our entire interpolation process depends on the 
frequency response of our filter approximation! As with decimation, 
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Figure 7-7 Interpolation by a factor of four: (a) original sampled sequence; 
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(b) spectrum of original sequence; (c) zeros inserted in original 
sequence; (d) spectrum of sequence with inserted zeros; (e) output 
sequence of interpolation filter; (f) output spectrum of interpolation 

interpolation can be thought of as, fundamentally, a low-pass filter 
design exercise, and the choice of interpolation filter structure deserves 
attention. 

If the FIR interpolation filter design requires S filter stages, we need 
not perform S multiplications to get each of the xnew(n') samples in Figure 
7-7(e). By way of an example, returning to our U == 4 interpolation case, 
let's assume we've decided that we need a low-pass filter with S == 19 
stages. Our example uses an FIR filter with an odd number of stages 
because this is the optimum structure used for interpolation filters[19]. 
The job of our low-pass filter is to convolve its impulse response with the 
x'new(n') sequence. Figure 7-8(a) shows the low-pass filter's impulse 
response being applied to a portion of the x'new(n') samples to calculate 
the ninth sample of xnew(n'), xnew(9). The 19 filter coefficients are indi­
cated by the Xs in Figure 7-8(a). With the dots in Figure 7-8(a) represent­
ing the x'new(n') sequence, we see that, although there are 19 Xs, only the 
bold Xs generate nonzero products that contribute to the convolution sum 
xnew(9) . The issue here is that we need not perform the multiplications 
associated with the zero-valued samples in x'ne,/n'). In our example, we 
need only perform five multiplications to get xnew(9). For the general case, 
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(a) 

n'=9 

(b) 

Figure 7-8 Nineteen-stage interpolation filter coefficients: (a) 
interpolation filter's impulse response shift position to 
calculate xnew<9); (b) Xs mark the only filter coefficients that 
need be used to calculate xnew(9). 

the number of multiplications necessitated by an odd-order symmetrical 
interpolation FIR filter, for each sample of xnew(n'), cannot be expressed in 
a closed form for all possible values of S and U, but it can be shown that 
the minimum number of nonzero multiplications Cumin is 

Cumin = I~ l multiplications, u (7-11) 

where I l means "the largest integer contained in." Cumin is the number of 
x'new(n') values that will be used in the interpolation to determine each 
xnew(n') sample. The number of necessary multiplications/sis Cuminfnew· 

So the good news is that the number of interpolation filter multiplica­
tions necessary is approximately equal to SIU, and that's quite a reduc­
tion in computational complexity. The bad news is that we still require 
that S = 19 filter coefficients be stored, and we can't take advantage of any 
filter coefficient symmetry to reduce the number of multiplications by a 
further factor of two as described in Section 10.8. Both of these minor 
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problems are the price we must pay to take advantage of Eq. (7-11), and 
they can be understood by examining Figure 7-8(b). To illustrate our U = 4 
example, in Figure 7-8(b), we use the filter coefficients indicated by the Xs 
to calculate xnew(9). When we slide the filter's impulse response to the 
right one sample, we use the coefficients indicated by the circles to calcu­
late xnew(lO) b~cause the nonzero values of x'new(n') will line up under the 
circled coefficients. Likewise, when we slide the impulse response to the 
right one more sample to calculate xnew(ll), we use the coefficients indi­
cated by the diamonds. Finally, when we slide the impulse response to the 
right once more, we use the coefficients indicated by the triangles to cal­
culate xnew(12). Sliding the filter's impulse response once more to the 
right, we return to using the coefficients indicated by the Xs to calculate 
xnew(13). You can see the pattern here-there are U, where U = 4 in our 
example, different sets of coefficients that are used to calculate xnew(n') 
from the x'new(n') samples. Each time a new xnew(n') sample value is to be 
calculated, we rotate one step through the sets of coefficients and use 

the ~ coefficient set, when n' = 0, 4, 8, 12, . .. , 4n, 

the X coefficient set, when n' = 1, 5, 9, 13, . .. , 4n+ 1, 

the o coefficient set, when n' = 2, 6, 10, 14, ... , 4n+2, and 

the ◊ coefficient set, when n' = 3, 7, 11, 15, ... , 4n+3. 

This rotation through U sets of coefficients, where each set contains 
approximately SIU coefficients, is why interpolation filters are sometimes 
called time-varying, or polyphase, filters. At different times, we use differ­
ent filter coefficients. 

So, even though we don't have to perform S = 19 multiplications for 
each xnew(n') value, we do have to have S = 19 filter coefficients stored and 
available to calculate each xnew(n'). (During the calculation of any given 
xnew(n') sample, because the coefficients are not necessarily symmetrical, 
we can't take advantage of any symmetrical filter structure to reduce the 
number of multiplications by an additional factor of two as discussed in 
Section 10.8.) There's one final important feature of the FIR filter's coeffi­
cients indicated by the triangles. For our example, when the filter's 
impulse response peak is aligned above one of the nonzero values of 
x'new(n'), notice that the other coefficients indicated by the remaining tri­
angles have values of zero. This results in the agreeable characteristic that 
Xnew(n') = x'new(n') = x'new(4n), so that the output of the filter at the original 
sampling times is equal to the original samples. 
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7 .3.3 Combining Decimation and Interpolation 

While changing sampling rates through decimation or interpolation by 
integer factors can be useful, what can we do if we need a sample rate 
change that is not an integer? The good news is that we can implement 
sample rate changes by any rational fraction U/D with interpolation by a 
factor of U followed by decimation by a factor of D. Because the fraction 
U/D can be obtained as accurately as we want with the correct choice of 
integers U and D, we can change sample rates by almost any factor in 
practice. For example, a sample rate increase by a factor of 7.125 can be 
performed by an interpolation of U = 57 followed by a decimation of 
D = 8, because 7.125 = 57 /8. 

This U/D sample rate change is illustrated by the processes shown 
in Figure 7-9(a). The really neat part here is that the computational bur­
den of changing the sample rate by the combination of U/D is less than 
the sum of an individual interpolation followed by an individual deci­
mation because we can combine the interpolation filter LPFu and the 
decimation filter LPF0 into a single filter, shown as LPFu;o in Figure 7-
9(b) . The process in Figure 7-9(b) is normally called a sample rate con­
verter because, if U > D we have interpolation, and, when D > U, we 
have decimation. (The filter LPFu;o is sometimes referred to as an 
interpolation filter, regardless of the ratio U/D, and sometimes it's 
called a multirate filter.) LPFu;o serves two purposes for us now. First, it 
must sufficiently attenuate the interpolation images illustrated in 
Figure 7-7(£), so that, after decimation, they don't contaminate our 
desired signal beyond acceptable limits. Second, it must have a cutoff 
frequency that prevents aliasing of our desired signal images resulting 
from the final decimation. 

To illustrate these filter requirements, let's assume we need to resam­
ple an input sequence by 4/3 or 1.25, so, U = 4, and D = 3. The original 
sequence x01a(n) has the spectrum shown in Figure 7-9(c). The spectrum of 
the intermediate sequence x'new(n') after upsampling by 4 and low-pass 
filtering by LPFU/D is shown in Figure 7-9(d). The spectral result, after the 
D = 3 decimation to obtain the desired output sequence xnew(n"), is shown 
in Figure 7-9(e). Notice that the frequency response of LPFu/D must be 
designed so that the stopband frequency,fstop' is less thanfnew/2 to avoid 
aliasing after the decimation. Of course LPFU/D is a time-varying filter as 
described above for Figure 7-8. The attenuation of LPFwo beyond fstop 
must be great enough, so that the images (shown in Figure 7-9(d) at mul­
tiples of f 01d) do not induce intolerable levels of noise when they're aliased 
by decimation into the final band of Oto fnew/ 2 Hz. If the number of mul-
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Figure 7-9 Sample rote conversion by a factor of 4/3: (a) combination of 
interpolation and decimation; (b) sample rate conversion with a single 
low-poss filter; (c) original discrete Input sequence spectrum; 
(d) spectrum of the low-pass filter output; (e) final discrete spectrum 
after decimation by a factor of 3, 

tiplication stages in LPFU/D is S, the computational complexity of our 
interpolator / decimator implementation is given by 

Cu!D = ;D multiplications/ output sample. (7-12) 
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Because the input to LPFu/D is nonzero only for every Uth filter input 
sample, so, for each filter output sample we need only perform SIU mul­
tiplications. Moreover, our decimator discards all but every Dth filter out­
put sample, so the actual number of multiplications necessary is (S Ill) ID 
multiplications per decimator output sample. 

Again, our interpolator / decimator problem is an exercise in low-pass 
filter design, and all the knowledge and tools we have to design low-pass 
filters can be applied to this task. In software interpolator ! decimator 
design, we want our low-pass filter algorithm to prevent aliasing images 
and be fast in execution time. For hardware interpolator / decimators, we 
strive to implement a design that optimizes the conflicting goals of high 
performance (minimum aliasing), simple architecture, high data through­
put speed, and low power and parts count requirements. 

This introduction to digital resampling has, by necessity, only touched 
the surface of this important signal processing technique. Fortunately for 
us, the excellent work of the first engineers and mathematicians to explore 
this subject is well documented in the literature. The inquisitive reader 
can probe further to learn how to choose the number of stages in a multi­
stage process[17,20], the interrelated considerations of designing opti­
mum FIR filters[l7,21], the benefits of half-band FIR filters[l8,22], when 
IlR filter structures may be advantageous[21], what special considerations 
are applicable to resampling in image processing[23-25], guidance in 
developing the control logic necessary for hardware implementations of 
resampling algorithms[21], how resampling improves the usefulness of 
commercial test equipment[26,27], and software development tools for 
designing multirate filters[28]. 
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CHAPTER EIGHT 

Signal Averaging 

How do we determine the typical amount, a valid estimate, or the true 
value of some measured parameter? In the physical world, it's not so easy 
to do because unwanted random disturbances contaminate our measure­
ments. These disturbances are due to both the nature of the variable being 
measured and the fallibility of our measuring devices. Each time we try to 
accurately measure some physical quantity, we'll get a slightly different 
value. Those unwanted fluctuations in a measured value are called noise, 
and digital signal processing practitioners have learned to minimize noise 
through the process of averaging. In the literature, we can see not only 
how averaging is used to improve measurement accuracy, but that aver­
aging also shows up in signal detection algorithms as well as in low-pass 
filter schemes. This chapter introduces the mathematics of averaging and 
describes how and when this important process is used. Accordingly, as 
we proceed to quantify the benefits of averaging, we're compelled to 
make use of the statistical measures known as the mean, variance, and 
standard deviation. 

In digital signal processing, averaging often takes the form of summing 
a series of time-domain signal samples and then dividing that sum by the 
number of individual samples. Mathematically, the average of N samples 
of sequence x(n), denoted xave' is expressed as 

N _ _!_ ~ ( ) _ x(l) + x(2) + x(3) + ... + x(N) 
Xave - L.,;X n -

N n=l N (8-1) 

(What we call the average, statisticians call the mean.) In studying averag­
ing, a key definition that we must keep in mind is the variance of the 
sequence cr 2 defined as 
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(8-2) 

_ [x(l)- Xavef + [x(2)-Xavef + [x(3)- Xave f + •·· + [x(N)-Xavef . (
8

_
2

,) 
- N 

As explained in Appendix D, the cr 2 variance in Eqs. (8-2) and (8-2') 
gives us a well-defined quantitative measure of how much the values in 
a sequence fluctuate about the sequence's average. That's because the 
x(l) - xave value in the bracket, for example, is the difference between the 
x(l ) value and the sequence average xave· The other important quantity 
that we'll use is the standard deviation defined as the positive square root 
of the variance, or 

(8-3) 

To reiterate our thoughts, the average value xave is the constant level 
about which the individual sequence values may vary. The variance cr2 

indicates the sum of the magnitudes squared of the noise fluctuations of 
the individual sequence values about the xave average value. If the 
sequence x(n) represents a time series of signal samples, we can say that 
xave specifies the constant, or DC, value of the signal, the standard devia­
tion CJ reflects the amount of the fluctuating, or AC, component of the sig­
nal, and the variance cr 2 is an indication of the power in the fluctuating 
component. (Appendix D explains and demonstrates the nature of these 
statistical concepts for those readers who don't use them on a daily basis.) 

We're now ready to investigate two kinds of averaging, coherent and 
incoherent, to learn how they're different from each other and to see under 
what conditions they should be used. 

8. 1 Coherent Averaging 
In the coherent averaging process (also known as linear, predetection, or 
vector averaging), the key feature is the timing used to sample the origi­
nal signal; that is, we collect multiple sets of signal plus noise samples, 
and we need the time phase of the signal in each set to be identical. For 
example, when averaging a sinewave embedded in noise, coherent aver­
aging requires that the phase of the sinewave be the same at the beginning 
of each measured sample set. When this requirement is met, the sinewave 
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will average to its true sinewave amplitude value. The noise, however, is 
different in each sample set and will average toward zero.t The point is 
that coherent averaging reduces the variance of the noise, while preserv­
ing the amplitude of signals that are synchronous, or coherent, with the 
beginning of the sampling interval. With coherent averaging, we can actu­
ally improve the signal-to-noise ratio of a noisy signal. By way of exam­
ple, consider the sequence of 128 data points plotted in Figure 8-l(a) . 
Those data points represent the time-domain sampling of a single pulse 
contaminated with random noise. (For Ulustrative purposes the pulse, 
whose peak amplitude is 2.5, is shown in the background of Figure 8-1.) 
It's very difficult to see a pulse in the bold pulse-plus-noise waveform in 
the foreground of Figure 8-l(a). Let's say we collect 32 sets of 128 pulse­
plus-noise samples of the form 

Sample Set1 = x1(1), x1(2), x1(3), ... , x/128), 

Sample Set2 = x2(1), x2(2), x2(3) , ... , x2(128) , 

Sample Set3 = xil), xi2), x3(3) , . .. , xi128) , 

(8-4) 

Here's where the coherent part comes in; the signal measurement times 
must be synchronized, in some manner, with the beginning of the pulse, 
so that the pulse is in a constant time r~lationship with the first sample of 
each sample set. Coherent averaging of the 32 sets of samples, adding up 
the columns of Eq. (8-4), takes the form of 

or 

Xave (1) = [X1 (1) + Xz (1) + X3 (1) + ... + X32 (1)] / 32 

Xave (2) = [X1 (2) + Xz (2) + X3 (2) + ... + x32 (2)] / 32 

Xave(3) = [x1 (3) + x2 (3) + x3 (3) + ... + x32 (3)] / 32 

t Noise samples are assumed to be uncorrelated with each other and uncorrelated with the 
sample rate. If some component of the noise is correlated with the sample rate, that noise 
component will be preserved after averaging. 
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Figure 8-1 Signal pulse plus noise: (a) one sample set; (b) average of 32 
sample sets; (c) average of 256 sample sets. 

If we perform 32 averages indicated by Eq. (8-5) on a noisy pulse like 
that in Figure 8-l(a), we'd get the 128-point xav/k) sequence plotted in 
Figure 8-l(b). Here, we've reduced the noise fluctuations riding on the 
pulse, and the pulse shape is beginning to become apparent. The coher­
ent average of 256 sets of pulse measurement sequences results in the 
plot shown in Figure 8-l(c), where the pulse shape is clearly visible 
now. We've reduced the noise fluctuations while preserving the pulse 
amplitude. (An important concept to keep in mind is that summation 
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and averaging both reduce noise variance. Summation is merely imple­
menting Eq. (8-5) without dividing the sum by N = 32. If we perform 
summations and don't divide by N, we merely change the vertical 
scales for the graphs in Figure 8-l(b) and (c). However, the noise fluc­
tuations will remain unchanged relative to true pulse amplitude on the 
new scale.) 

The mathematics of this averaging process in Eq. (8-5) is both straight­
forward and important. What we'd like to know is the signal-to-noise 
improvement gained by coherent averaging as a function.of N, the num­
ber of sample sets averaged. Let's say that we want to measure some con­
stant time signal with amplitude A, and each time we actually make a 
measurement we get a slightly different value for A. We realize that our 
measurements are contaminated with noise such that the nth measure­
ment result r(n) is 

r(n) =A+ noise(n) , (8-6) 

where noise(n) is the noise contribution. Our goal is to determine A when 
the r(n) sequence of noisy measurements is all we have to work with. For 
a more accurate estimate of A, we average N separate r(n) measurement 
samples and calculate a single average value rave· To get a feeling for the 
accuracy of rave' we decide to take a series of averages rav/k), to see how 
that series fluctuates with each new average; that is, · 

rave(l) = [r(l) + r(2) + r(3) + ... + r(N)]/N, ;-lstN-pointaverage 

rave(2) = [r(N+ 1) + r(N+2) + r(N+3) + ... + r(2N)]/N, ;-2nd N-point average 

rav/3) = [r(2N+l) + r(2N+2) + r(2N+3) + ... + r(3N)]/N, ;-3rdN-pointaverage 

rave(k) = [r([k-1]-N+l) + r([k-1] ·N+2) + r([k-1] •N+3) + ... + r(k·N)] / N. (8-7) 

or, more concisely, 

(8-8) 

To see how averaging reduces our measurement uncertainty, we need to 
compare the standard deviation of our rave(k) sequence of averages with 
the standard deviation of the original r(n) sequence. 
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If the standard deviation of our original series of measurements r(n) is 
crin' it has been shown [1-5) that the standard deviation of our r ave(k) 
sequence of N-point averages, crave' is given by 

. CJ. 
(Jave= ffe (8-9) 

Equation (8-9) is significant because it tells us that the r (k) series of aver-. ave 

ages will not fluctuate as much about A as the original r(n) measurement 
values did; that is, the rav/k) sequence will be less noisy than any r(n) 
sequence, and the more we average by increasing N, the more closely an 
individual rav/k) estimate will approach the true value of A.t 

In a different way, we can quantify the noise reduction afforded by 
averaging. If the quantity A represents the amplitude of a signal and crin 
represents the standard deviation of the noise riding on that signal ampli­
tude, we can state that the original signal-amplitude-to-noise ratio is 

(8-10) 

Likewise, the signal-amplitude-to-noise ratio at the output of an averag­
ing process, SNRave is defined as 

SNR = rave = ~ ave 
CJ ave CJ ave 

(8-11) 

Continuing, the signal-to-noise ratio gain, SNRcoh gain, that we've realized 
through coherent averaging is the ratio of SNRave over SNRin, or 

SNR . _ SNRave _ A/ (Jave _ (Jin 
coh gam - --- - --~ - --

SNRin A I CJ in (Jave 
(8-12) 

Substituting crave from Eq. (8-9) in Eq. (8-12), the SNR gain becomes 

SNR gain= CJ in = ✓N 
coh (Jin/ ✓N 

(8-13) 

t Equation (8-9) is based on the assumptions that the average of the original noise is zero and 
that neithe~ A nor crin change during the time we're performing our averages. 
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Through averaging, we can realize a signal-to-noise ratio improvement 
proportional to the square root of the number of signal samples averaged. 
In terms of signal-to-noise ratio measured in decibels, we have a coherent 
averaging, or integration, gain of 

SNRcoh gain(dB) = 20 · log10(SNRcoh) = 20 · log10 (ffe) = 10 -log10 (N). (8-14) 

Again, Eqs. (8-13) and (8-14) are valid if A represents the amplitude of a sig­
nal and crin represents the original noise standard deviation. 

Another way to view the integration gain afforded by coherent aver­
aging is to consider the standard deviation of the input noise, crin and the 
probability of measuring a particular value for the Figure 8-1 pulse ampli­
tude. Assume that we made manr individual measurements of the pulse 
amplitude and created a fine-grained histogram of those measured values 
to get the dashed curve in Figure 8-2(a). The vertical axis of Figure 8-2(a) 
represents the probability of measuring a pulse-amplitude value corre­
sponding to the values on the horizontal axis. If the noise fluctuations fol­
low the well-known normal, or Gaussian distribution, that dashed 
probability distribution curve is described by 

( ) - 1 -(x-µ)2 /2r;2 K -(x-µ)2 /2r;2 p x ---e = e 
crfiic 

(8-15) 

where cr = crin and the true pulse amplitude is represented by µ = 2.5. We 
see from that dashed curve that any given measured value will most 
likely (with highest probability) be near the actual pulse-amplitude value 
of 2.5. Notice, however, that there's a nonzero probability that the mea­
sured value could be as low as 1.0 or as high as 4.0. Let's say that the 
dashed curve represents the probability curve of the pulse-plus-noise sig­
nal in Figure 8-l(a) . If we averaged a series of 32 pulse-amplitude values 
and plotted a probability curve of our averaged pulse-amplitude mea­
surements, we'd get the solid curve in Figure 8-2. This curve characterizes 
the pulse-plus-noise values in Figure 8-l(b). From this solid curve, we see 
that there's a very low likelihood (probability) that a measured value, 
after 32-point averaging, will be less than 2.0 or greater than 3.0. 

From Eq. (8-9), we know that the standard deviation of the result of 
averaging 32 signal sample sets 

er. CT· er = ___!!!__ = ___!!!__ 
ave ✓32 5.65 (8-16) 
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Figure 8-2 Probability density curves of measured pulse amplitudes with no 
averaging (N = l) and with N = 32 averaging. 

In Figure 8-2, we can see a statistical view of how an averager's output 
standard deviation is reduced from the averager's input standard devia­
tion. Taking larger averages by increasing N beyond 32 would squeeze the 
solid curve in Figure 8-2 even more toward its center value of 2.5, the true 
pulse amplitude.t 

Returning to the noisy pulse signal in Figure 8-1, and performing 
coherent averaging for various numbers of sample sets N, we see in 
Figure 8-3(a) that as N increases, the averaged pulse amplitude 
approaches the true amplitude of 2.5. Figure 8-3(b) shows how rapidly 
the variance of the noise riding on the pulse falls off as N is increased. An 
alternate way to see how the noise variance decreases with increasing N 
is the noise power plotted on a logarithmic scale as in Figure 8-3(c). In 
this plot, the noise variance is normalized to that noise variance when no 
averaging is performed, i.e., when N = 1. Notice that the slope of the 
curve in Figure 8-3( c) closely approximates that predicted by Eqs. (8-13) 
and (8-14); that is, as N increases by a factor of 10, we reduce the average 
noise power by 10 dB. Although the test signal in this discussion was a 
pulse signal, had the signal been sinusoidal, Eqs. (8-13) and (8-14) would 
still apply. 

t The curves in Figure 8-2 are normalized for convenient illustration. From Eq. (8-15) and 
assuming that cr = 1 when N = 1, then K = 0.3989. When N = 32, the new standard deviation 
is o' = o/ ✓N = 1/ ✓32. and K = 0.3989· ✓32. = 2.23. 
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Figure 8-3 Results of averaging signal pulses plus noise: (a) measured pulse 
amplitude vs. N; (b) measured variance of pulse amplitude vs. N; (c) 
measured pulse-amplitude noise power vs. Non a logarithmic scale. 

8.2 Incoherent Averaging 
The process of incoherent averaging (also known as rms, postdetection, 
scalar, or video averaging) is the averaging of signal samples where no 
sample timing constraints are used; that is, signal measurement time 

., 
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intervals are not synchronized in any way with the phase of the signal 
being measured. Think for a moment what the average would be of the 
noisy pulse signal in Figure 8-l(a) if we didn't in some way synchronize 
the beginning of the collection of the individual signal sample sets with 
the beginning of the pulse. The result would be pulses that begin at a dif­
ferent time index in each sample set. The averaging of multiple sample 
sets would then smear the pulse across the sample set, or just "average 
the pulse signal away." (For those readers familiar with using oscillo­
scopes, incoherent averaging would be like trying to view the pulse 
when the beginning of the scope sweep was not triggered by the signal.) 
As such, incoherent averaging is not so useful in the time domain.t In the 
frequency domain, however, it's a different story because incoherent 
averaging can provide increased accuracy in measuring relative signal 
powers. Indeed, incoherent averaging is used in many test instruments, 
such as spectrum, network, and signal analyzers. 

In some analog test equipment, time-domain signals are represented in 
the frequency domain using a narrowband sweeping filter followed by a 
power detector. These devices measure signal power as a function of fre­
quency. The power detector is necessary because the sweeping measure­
ment is not synchronized, in time, with the signal being measured. Thus 
the frequency-domain data represents power only and contains no signal 
phase information. Although it's too late to improve the input's signal­
amplitude-to-noise ratio, incoherent averaging can improve the accuracy 
of signal power measurements in the presence of noise; that is, if the 
signal-power spectrum is very noisy, we can reduce the power estimation 
fluctuations and improve the accuracy of signal-power and noise-power 
measurements. Figure 8-4(a) illustrates this idea where we see the power 
(magnitude squared) output of an FFT of a fundamental tone and several 
tone harmonics buried in background noise. Notice that the noise-power 
levels in Figure 8-4(a) fluctuate by almost 20 dB about the true average 
noise power indicated by the dashed line at-19 dB. 

If we take 10 FFTs, average the square of their output magnitudes, and 
normalize those squared values, we get the power spectrum shown in 
Figure 8-4(b). Here, we've reduced the variance of the noise in the power 
spectrum but have not improved the tones' signal-power-to-noise-power 
ratios; that is, the average noise-power level remains unchanged. 
Averaging the output magnitudes squared of 100 FFTs results in the spec-

t The term incoherent averaging is a bit of a misnomer. Averaging a set of data is just that, aver­
aging-we add up a set of data values and divide by the number of samples in the set. 
Incoherent averaging should probably be called aver11gi11g data that's obtained incoherently. 
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Figure 8-4 Results of averaging signal tones plus noise-power spectra: (a) no 
averaging, N= l; (b) N= 10; (c) N= 100. 

trurn in Figure 8-4(c), which provides a more accurate measure of the rel­
ative power levels of the fundamental tone's harmonics. 

Just as we arrived at a coherent integration SNR gain expression in Eq. 
(8-14), we can express an incoherent integration gain, SNRincoh gain, in 
terms of SNR measured in dB as 
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Figure 8-5 Time-domain amplitude SNR processing gain from Eq. (8-14), and the 
frequency-domain power SNR processing gain from Eq. (8-17), as 
functions of N. 

(8-17) 

Equation (8-17) applies when the quantity being averaged represents the 
power of a signal. That's why we used the factor of 10 in Eq. (8-17) as 
opposed to the factor of 20 used in Eq. (8-14).t We can relate the process­
ing gain effects of Eqs. (8-14) and (8-17) by plotting those expressions in 
Figure 8-5. 

8.3 Averaging Multiple Fast Fourier Transforms 
We discussed the processing gain associated with a single DFT in Section 
3.12 and stated that we can realize further processing gain by increasing 
the point size of any given N-point DFf. Let's discuss this issue when the 
DFT is implemented using the FFT algorithm. The problem is that large 
FFTs require a lot of number crunching. Because addition is easier and 
faster to perform than multiplication, we can average the outputs of mul­
tiple FFTs to obtain further FFT signal detection sensitivity; that is, it's eas-

t Section E.1 of Appendix E explains why the multiplying factor is 10 for signal-power 
measurements and 20 when dealing with signal-amplitude values. 
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ier and typically faster to average the outputs of four 128-point FFTs than 
it is to calculate one 512-point FFT. The increased FFT sensitivity, or noise 
variance reduction, due to multiple FFT averaging is also called integra­
tion gain. So the random noise fluctuations in a FFT's output bins will 
decrease, while the magnitude of the FFT's signal bin output remains con­
stant when multiple FFT outputs are averaged. (Inherent in this argument 
is the assumption that the signal is present throughout the observation 
intervals for all of the FFTs that are being averaged and that the noise 
sample values are independent both of each other and of the original sam­
ple rate.) There are two types of FFT averaging integration gain, incoher­
ent and coherent. 

Incoherent integration, relative to FFTs, is averaging the corresponding 
bin magnitudes of multiple FFTs; that is, to incoherently average k FFTs, 
the zeroth bin of the incoherent FFT average Fincoh(O) is given by 

-
JF1 (O)j + jF2 (O)J + jF3 (O)j + ... + JFk (O)j 

fincoh (0) = k , (8-18) 

where IF n(O) I is the magnitude of the zeroth bin from the nth FFT. 
Likewise, the first bin of the incoherent FFT average, Fincoh(l), is given by 

(8-18') 

and, so on, out to the last bin of the FFT average, Fincoh(N-1), which is 

IF1 (N - l )J+IF2 (N - l )J+ )F3(N - 1)1 + .. . + IFk (N - 1)1 " 
Fincoh(N -1) = k (8-18 ) 

Incoherent integration provides additional reduction in background 
noise variation to augment a single FFT's inherent processing gain. We 
can demonstrate this in Figure 8-6(a) where the shaded curve is a single 
FFT output of random noise added to a tone centered in the 16th bin of a 
64-point FFT. The solid curve in Figure 8-6(a) is the incoherent integration 
of 10 individual 64-point FFT magnitudes. Both curves are normalized to 
their peak values, so that the vertical scales are referenced to O dB. Notice 
how the variations in the noise power in the solid curve have been 
reduced by the averaging of the 10 FFTs. The noise power values in the 
solid curve don't fluctuate as much as the shaded noise-power values. By 
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Figure 8-6 Single FFT output magnitudes (shaded) and the average of l O FFT output 
magnitudes (solid): (a) tone at bin center; (b) tone between bin centers . 

averaging, we haven't raised the power of the tone in the 16th bin, but we 
have reduced the peaks of the noise-power values. The larger the nwnber 
of FFTs averaged, the closer the individual noise-power bin values will 
approach the true average noise power indicated by the dashed horizon­
tal line in Figure 8-6(a). 

When the signal tone is not at a bin center, incoherent integration still 
reduces fluctuations in the FFT's noise-power bins. The shaded curve in 
Figure 8-6(b) is a single FFT output of random noise added to a tone 
whose frequency is halfway between the 16th and 17th bins of the 64-
point FFT. Likewise, the solid curve in Figure 8-6(b) is the magnitude 
average of 10 FFTs. The variations in the noise power in the solid curve 
have again been reduced by the integration of the 10 FFTs. So incoherent 
integration gain reduces noise-power fluctuations regardless of the fre-
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quency location of any signals of interest. As we would expect, the signal 
peaks are wider, and the true average noise power is larger in Figure 
8-6(b) relative to Figure 8-6(a) because leakage raises the average noise­
power level and scalloping loss reduces the FFT bin's output power level 
in Figure 8-6(b ). The thing to remember is that incoherent averaging of 
FFT output magnitudes reduces the variations in the background noise 
power but does not reduce the average background noise power. 
Equivalent to the incoherent averaging results in Section 8.2, the reduc­
tion in the output noise variance[ 6] of the incoherent average of k FFTs rel­
ative to the output noise variance of a single FFT is expressed as 

2 
cr kFP1's 
2 

cr single FFf 
= 

1 
k 

(8-19) 

Accordingly, if we average the magnitudes of k separate FFTs, we reduce 
the noise variance by a factor of k. 

In practice, when multiple FFTs are averaged and the FFT inputs are 
windowed, an overlap in the time-domain sampling process is commonly 
used. Figure 8-7 illustrates this concept with 5.5Nt

5 
seconds worth of time 

series data samples, and we wish to average ten separate N-point FFTs 
where t

5 
is the sample period (1/JJ Because the FFTs have a 50 percent 

overlap in the time domain, some of the input noise in the N time samples 
for the first FFT will also be contained in the second FFT. The question is 

Time ... -<------ 5.5Nt5 seconds - -----> 

series 

1st FFT 1-1 ---1 

2nd FFT 
3rd FFT 11------1 

4th FFT 1------1 

Nsamples • 

Time 

1 0th FFT lt------1 

Figure 8-7 Time relationship of multiple FFTs with 50 percent overlap. 
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"What's the noise variance reduction when some of the noise is common 
to two FFTs in this averaging scheme?" Well, the answer depends on the 
window function used on the data before the FFTs are performed. It's 
been shown that for the most common window functions using an over­
lap of 50 percent or less, Eq. (8-19) still applies as the level of noise vari­
ance reduction[7]. 

Coherent integration gain is possible when we average the real parts of 
multiple FFT bin outputs separately from the average of the imaginary 
parts and then combine the single real average and the single imaginary 
average into a single complex bin output average value; that is, to coher­
ently average k separate FFTs, the zeroth bin of the complex coherent FFT 
average, Fcoh(0), is given by 

(8-20) 

The first bin of the complex coherent FFT average, Fcoh(l), is 

(8-20') 

and so on out to the last bin of the complex FFT average, Fcoh(N-1), which is 

. f1 (N - 1-)unag + F2 (N - l)1mag + ··· + Fk (N - l)imag (
8

_
20

,,) 
+ J k . 

Let's consider why the integration gain afforded by coherent averaging 
is more useful than the integration gain from incoherent averaging. 
Where incoherent integration does not reduce the background noise-
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power average level, it does reduce the variations in the averaged FFT's 
background noise power because we're dealing with magnitudes only, 
and all FFT noise bin values are positive-they're magnitudes. So their 
averaged noise bin magnitude values will never be zero. On the other 
hand, when we average FFT complex bin outputs, those complex noise 
bin values can be positive or negative. Those positive and negative values, 
in the real or imaginary parts of multiple FFT bin outputs, will tend to 
cancel each other. This means that noise bin averages can approach zero 
before we take the magnitude, while a signal bin average will approach 
its true nonzero magnitude. If we say that the cohererttly averaged FFT 
signal-to-noise ratio is expressed by 

SNR = 20 -lo ( signal bm magnitude) 
coh glO . b' . d , noise m magrutu e 

(8-21) 

we can see that, should the denominator of Eq. (8-21) approach zero, then 
SNRcoh can be increased. Let's look at an example of coherent integration 
gain in Figure 8-8(a) where the shaded curve is a single FFT output of ran­
dom noise added to a tone centered in the 16th bin of a 64-pointFFT. The 
solid curve in Figure 8-8(a) is the coherent integration of ten 64-point 
FFTs. Notice how the new noise-power average has actually been 
reduced.t That's coherent integration. The larger the number of FFTs aver­
aged, the greater the reduction in the new noise-power average. 

WJ1en the signal tone is not at bin center, coherent integration still 
reduces the new noise-power average, but not as much.as when the tone 
is at bin center. The shaded curve in Figure 8-8(b) is a single FFT output 
of random noise added to a tone whose frequency is halfway between the 
16th and 17th bins of the 64-point FFT. Likewise, the solid curve in Figure 
8-8(b) is the coheTent integration of 10 FFTs. The new noisej)ower aver­
age has, again, been reduced by the integration of the 10 FFTs. Coherent 
integration provides its maximum gain when the original sample rate fs is 
an integral multiple of the tone frequency we're trying to detect. That way 
the tone will always have the same phase angle at ·the beginning of the 
sample interval for each FFT. So, i,f possible, the fs sample rate should be 

t The sharp-eyed reader might say, "Wait a minute. Coherent integration seems to reduce the 
no.ise-power average, but it doesn't look like it reduces the noise-power variations." Wei.I, 
the noise-power variations really are reduced in magnitude-remember, we're using a log­
arithmic sea.le. The magnitude of a half-division power variation between -20 dB and-30 dB 
is smaller than the magnitude of a half-division power variation between -IO dB an<:f-20 dB. 
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Figure 8-8 Single FFT output magnitudes (shaded) and the coherent integration of 
10 FFT outputs (solid): (a) tone at bin center; (b) tone between bin 
centers; (c) tone at bin center with random phase shift induced prior to 
the FFT process. 

chosen to ensure that the tone of interest, assuming it's not drifting in fre­
quency, will be exactly at a FFT bin center. 

Keep two thoughts in mind while using coherent integration of multi­
ple FFTs. First, if the random noise contaminating the time signal does not 
have an average value of zero, there will be a nonzero DC term in the 
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averaged FFT's Fcoh(O) bin. Averaging, of course, will not reduce this DC 
level in the averaged FFT Fcoh(O) output. Second, coherent integration can 
actually reduce the averaged FFT's SNR if the tone being detected has a 
random phase at the beginning of each FFT sample interval. An example 
of this situation is as follows: the shaded curve in Figure 8-8(c) is a single 
FFT output of random noise added to a tone centered in the 16th bin of a 
64-point FFT. The solid curve in Figure 8-8(c) is the coherent integration 
of 10 individual 64-point FFTs. However, for each of the 10 FFTs, a ran­
dom phase shift was induced in the fixed-frequency test tone prior to the 
FFT. Notice how the averaged FFT's new average noise power is larger 
than the original average noise power for the single FFT. When the tone 
has a random phase, we've actually lost rather than gained SNR because 
the input tone was no longer phase coherent with the analysis frequency 
of the FFT bin. 

There's a good way to understand why coherent integration behaves 
the way it does. If we look at the phasors representing the successive out­
puts of a FFT bin, we can understand the behavior of a single phasor rep­
resenting the sum of those outputs. But, first, let's refresh our memory for 
a moment concerning the vector addition of two phasors.t Because an FFT 
bin output is a complex quantity with a real and an imaginary part, we 
can depict a single FFT bin output as a phasor, like phasor A shown in 
Figure 8-9(a). We can depict a subsequent output from the same FFT bin 
as phasor Bin Figure 8-9(b) . There are two ways to coherently add the two 
FFT bin outputs, i.e., add phasors A and B. As shown in Figure 8-9(c), we 
can add the two real parts and add the two imaginary parts to get the sum 
phasor C. A graphical method of summing phasors A and B, shown in 
Figure 8-9(d), is to position the beginning of phasor B at the end of pha­
sor A. Then the sum phasor C is the new phasor from the beginning of 
phasor A to the end of phasor B. Notice how the two C phasors in Figures 
8-9(c) and 8-9(d) are identical. We'll use the graphical phasor summing 
technique to help us understand coherent integration of FFT bin outputs. 

Now we're ready to look at the phasor outputs of an FFT signal bin to 
see how a single phasor representing the sum of multiple signal bin pha­
sors behaves. Consider the three phasor combinations in Figure 8-lO(a). 
Each phasor is a separate output of the FFT bin containing the signal tone 
we're trying to detect with coherent integration. The dark arrows are the 
phasor components due to the tone, and the small shaded arrows are 
the phasor components due to random noise in the FFT bin containing 
the tone. In this case, the original signal sample rate is a multiple of the tone 

t Following the arguments put forth in Section A.2 of Appendix A, we'll use the term phasor, 
as opposed to the term vector, to describe a single, complex DFT output value. 
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Figure 8-9 Two ways to add phasors A and 8, where phasor C = A + B. 

frequency, so that the tone phasor pHase angle 0 is the same at the begin­
ning of the three FFTs, sample intervals. Thus, the three dark tone pha­
sors have a zero phase angle shift relative to one another. The phase 
angles of the random noise components are random. If we add the three 
phasor combinations, as a first step in coherent integration, we get the 
actual phasor sum shown in Figure 8-lO(b ). The thick shaded vector in 
Figure 8-lO(b) is the ideal phasor sum that would result had there been 
no noise components in the original three phasor combinations. Because 
the noise components are reasonably small, the actual phasor sum is not 
too different from the ideal phasor sum. 

Now, had the original signal samples been such that the input tone's 
phase angles were random at the beginning of the three FFTs, sample 
intervals, the three phasor combinations in Figure 8-lO(c) could result. 
Summing those three phasor combinations results in the actual phasor 
sum shown in Figure 8-lO(d). Notice that the random tone phases, in 
Figure 8-lO(c), have resulted in an actual phasor sum magnitude (length) 
that's shorter than the dark lines of the phasor component due to the tone 
in Figure 8-lO(c). What we've done here is degrade, rather than improve, 
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Figure 8-10 FFT bin outputs represented as phasors: (a) three outputs from the 
same bin when the Input tone is at bin center; (b) coherent integration 
(phasor addition) of the three bin outputs; (c) three outputs from the 
same bin when input tone has o random phase at the beginning of 
each FFT; (d) coherent integration of the three bin outputs when input 
tone has random phase. 
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the averaged FFT's output SNR when the tone has a random phase at the 
beginning of each FFT sample interval. 

The thought to remember is that, although coherent averaging of FFr 
outputs is the preferred technique for realizing integration gain, we're 
rarely lucky enough to work real-world signals with a constant phase at the 
beginning of every time-domain sample interval. So, in practice, we're usu­
ally better off using incoherent averaging. Of course, with either integration 
technique, the price we pay for improved FFT sensitivity is additional com­
putational complexity and slower system response times because of the 
additional summation calculations. (A slick way to reduce the computa­
tional burden of averaging multiple FFTs is discussed in Section 10.7.) 

8.4 Filtering Aspects of Time-Domain Averaging 

In Section 5.2 we introduced FIR filters with an averaging example, and 
that's where we first learned that the process of time-domain averaging 
performs low-pass filtering. In fact, successive time-domain outputs of an 
N-point averager are identical to the output of an (N-1)-tap FIR filter 
whose coefficients are all equal to 1 / N, as shown in Figure 8-11. 

The question we'll answer here is "What is the frequency magnitude 
response of a generic N-point averager?" We could evaluate Eq. (6-42), 
from Section 6.3, that describes the frequency response of a generic N­
stage FIR filter. In those expressions, we'd have to set all the b(O) through 
b(N) coefficient values equal to 1/N and calculate HFIR(w) 's magnitude 
over the nomtalized radian frequency range of O :S: co :S: 1t. That range cor­
responds to an actual frequency range of O :S: f :s: fs/2 (where fs is the equiv­
alent data sample rate in Hz). A simpler approach is to recall, from Section 
5.2, that we can calculate the frequency response of an FIR filter by taking 
the DFT of the filter's coefficients. In doing so, we'd use an M-point FFT 

1st 2nd (N--2)1h (N--1)1h 
Averager input 

1/N 

Averager output 

Figure 8-11 An N-point averager depicted as an FIR filter . 

.. 
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Averager frequency magnitude response 

Figure 8-12 N-point averager's frequency magnitude response as a function of N. 

software routine to transform a sequence of N coefficients whose values 
are all equal to 1 / N. Of course, M should be larger than N so that the 
sin(x)/x shape of the frequency response is noticeable. Following through 
on this by using a 128-point FFT routine, our N-point averager's fre­
quency magnitude responses, for various values of N, are plotted in 
Figure 8-12. To make these curves more meaningful, the frequency axis is 
defined in terms of the sample rate fs in samples/s. 

8.5 Exponential Averaging 
There is a kind of time-domain averaging used in some power measure­
ment equipment-it's called exponential averaging[8-ll]. 'This technique 
provides noise reduction by multiplying an input sample by a constant 
and adding that product to the constant's ones complement mu.ltiplied by 
the most recent averager output. Sounds complicated in words, but the 
equation for the exponential averager is the simple expression 

y(n) = ax(n) + (1 - a)y(n - 1), (8-22) 

where y(n) is the current averager output sample, y(n-1) is the previous 
averager output sample, and a is the weighting factor constant. The 
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Figure 8-13 Exponential averager. 

process described by Eq. (8-22) is implemented as shown in Figure 8-13. 
The advantage of exponential averaging is that only one storage register 
is needed to hold the value y(n-1) while waiting for the next input data 
sample x(n). 

The exponential averager's name stems from its time-domain impulse 
response. Let's assume that the input to the averager is a long string of 
zeros and we apply a single sample of value 1 at time t = 0. Then the input 
returns again to a string of zero-valued samples. Now, if the weighting fac­
tor is a = 0.4, the averager's output is shown as the curve in Figure 8-14. 
When t = 0, the input sample is multiplied by a, so the output is 0.4. On 
the next clock cycle, the input is zero, and the old value of 0.4 is multiplied 
by (1 - 0.4), or 0.6, to provide an output of 0.24. On the following clock 
cycle, the input is zero, and the old value of 0.24 is multiplied by 0.6 to pro­
vide an output of 0.144. This continues with the averager's output, or 
impulse response, falling off exponentially because of successive multipli­
cations by 0.6. 

A useful feature of the exponential averager is its capability to vary the 
amount of noise reduction by changing the value of the a weighting fac­
tor. If a equals one, input samples are not attenuated, past averager out­
puts are ignored, and no averaging takes place. In this case, the averager 
output responds immediately to changes at the input. As a is decreased 
in value, input samples are attenuated, and past averager outputs begin 
to affect the present output. These past values represent an exponentially 
weighted sum of recent inputs, and that summation tends to smooth out 
noisy signals. The smaller a gets, the more noise reduction is realized. 
However, with smaller values for a, the slower the averager is in respond­
ing to changes in the input. We can demonstrate this behavior by looking 
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Figure 8-14 Exponential averager impulse response with ex= 0.4 . 

at the exponential averager's time-domain step response for various val­
ues of a as shown in Figure 8-15.t 

So we have a trade-off. The more the noise reduction, the more slug­
gish the averager will be in responding to changes at the input. We can 
see in Figure 8-15 that, as a gets smaller, affording better noise reduc­
tion, the averager's output takes longer to respond and stabilize. Some 
test instrumentation manufacturers use a clever scheme to resolve this 
noise reduction versus response time trade-off. They use a large value 
for a at the beginning of a measurement so that the averager's output 
responds immediately with a nonzero value. Then, as the measurement 
proceeds, the value of a is decreased to reduce the noise fluctuations at 
the input. 

The exponential averager's noise variance reduction as a function of 
the weighting factor a has been shown to be[9,10]. 

output noise variance = SNR = _ a_ 
input noise variance exp 2-a 

(8-23) 

t The step response is the averager's output when a string of all zeros followed by a string 
of all ones is applied to the input. 
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Figure 8- 15 Exponential averager output vs. a: when a step input is applied at time 
f= 0. 

Thus, the exponential averager's noise-power reduction in dB is given by 

SNRexp = l0 · log10(~) . 
dB 2-CX, (8-24) 

Equation (8-24) is plotted in Figure 8-16 to illustrate the trade-off between 
noise reduction and averager response times. 

To demonstrate the exponential averager's noise-power reduction 
capabilities, Figure 8-17 shows the averager's output with a cosine wave 
plus noise as an input. The_ weighting factor a starts out with a value of 
1.0 and decreases linearly to a final value of 0.1 at the 180th data input 
sample. Notice that the noise is reduced as a decreases. However, the 
cosine wave's peak amplitude also decreases due to the smaller a value. 

The reader may recognize the implementation of the exponential aver­
ager in Figure 8-13 as a one-tap infinite impulse response (IIR) digital fil­
ter[12]. Indeed it is, and, as such, we can determine its frequency 
response. We do this by remembering the general expression in Chapter 6 
for the frequency response of an IIR filter, or Eq. (6-28) repeated here as 
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N N L b(k) · cos(kro)- jL b(k) • sin(kro) 
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Figure 8-16 Exponential averager noise-power reduction as a function of the 
weighting factor ex. 
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Figure 8-17 Exponential averager output noise reduction as ex decreases. 
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From Figure 6-18, we modify Eq. (8-25) to set N = 0, and M = 1, so that 

H (ro) = b(O) • cos(Oro)- jb(O) • sin(Oro) 
exp 1- a(l) • cos(lro) + ja(l) · sin(lro) 

(8-26) 

Now with b(O) = a and a(l) = 1- a, our exponential averager's frequency 
response is the complex expression 

H (ro) = ______ o. ___ • ---
exp 1-(1- ex)• cos(ro) + j(l- ex)• sin(ro) 

(8-26') 

For now, we're interested only in the magnitude response of our filter, so 
we can express it as 

a 
I Hexp (ro) I = 1------------1 

1-(1- a)• cos(ro) + j(l- a)• sin(ro) 

a 
=--;=============== 
✓[1- (1- a)· cos(ro)]2 + [(1- a)· sin(ro)J2 

a 
=-========== 
✓1- 2 · (1- ex)· cos(ro)+ (1- cx)2 

(8-27) 

Evaluating Eq. (8-27) over the normalized angular range of O ~ ro ~ 7t (cor­
responding to a frequency range of O ~ f ~ f/2 Hz), the frequency magni­
tude responses of our exponential averaging filter for various values of a 
are shown in Figure 8-18(a) using a normalized decibel scale. Notice that, 
as a decreases, the exponential averager behaves more and more like a 
low-pass filter. 

We can get some practice manipulating complex numbers by deriving 
the expression for the phase of an exponential averager. We know that the 
phase angle, as a function of frequency, is the arctangent of the ratio of the 
imaginary part of Hexp(ro) over the real part of Hexp(ro), or 

_ _1(.imaginary part of Hexp(ro)) 
0exp ( ffi) - tan ---------'---- . 

realpartofHexp(ro) 
(8-27') 

To find those real and imaginary parts, knowing that Hexp(ro) is itself a 
ratio, we determine what the variables are in Eq. (8-26') corresponding to 
the form of Eq. (A-20), from Appendix A. Doing that, we get 
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Figure 8-18 Exponential averager frequency response vs . a.: (a) normalized 
magnitude response in dB; (b) phase response in degrees. 

R1 =ex, I1 = 0, R2 = 1 - (1 - ex)· cos(ro), and I2 = (1 - ex)• sin(ro) . 

Substituting those variables in Eq. (A-20), yields 

H ( )
= ex(l-(1-ex)• cos(ro)]- j [cx(l-ex)•sin(ro)) 

exp(O ? 2 
[1-(1- ex)• cos(ro)J- + ((1- ex)• sin(ro)] 

Freq 

(8-28) 

Representing the denominator of this messy Eq. (8-28) with the term 
Den, we use Eq. (8-27) to express the phase angle of Hexp(ro) as 
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0 co = tan ( ) -i( -cx(l-a) -sin(ro)/Den ) 
exp cx[l-(1-cx) · cos(ro)] / Den 

= tan _ .;...__:___;.....:._ . -1( - (1- ex)· sin(co) ) 
1- (1- cx) · cos(ro) 

(8-29) 

The very nonlinear phase of 0exp(ro) from Eq. (8-29) is calculated over the 
normalized angular range of O ::;; co ::;; 1t, corresponding to a frequency 
range of O 5. f 5. f/ 2 Hz, and plotted in Figure ~-18(b). 
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CHAPTER NINE 

Digital Data Formats 
and Their Effects 

In digital signal processing, there are many ways to represent numerical 
data in computing hardware. These representations, known as data for­
mats, have a profound effect on the accuracy and ease of implementation 
of any given signal processing algorithm. The simpler data formats enable 
uncomplicated hardware designs to be used at the expense of a restricted 
range of number representation and susceptibility to arithmetic errors. 
The more elaborate data formats are somewhat difficult to implement in 
hardware, but they allow us to manipulate very large and very small 
numbers while providing immunity to many problems associated with 
digital arithmetic. The data format chosen for any given application can 
mean the difference between processing success and failure-it's where 
our algorithmic rubber meets the road. 

In this chapter, we'll introduce the most common types of fixed-point 
digital data formats and show why and when they're used. Next, we'll 
use analog-to-digital (A/O) converter operation to establish the precision 
and dynamic range afforded by these fixed-point formats along with the 
inher~nt errors encountered with their use. Finally, we'll cover the inter­
esting subject of floating-point binary formats. 

9.1 Fixed-Point Binary Formats 

Within digital hardware, numbers are represented by binary digits 
known as bits-in fact, the term bit originated from the words Binary 

349 
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digIT. A single bit can be in only one of two possible states: either a one 
or a zero.t A six-bit binary number could, for example, take the form 
101101, with the leftmost bit known as the most significant bit (msb ), while 
the rightmost bit is called the least significant bit (lsb ). The number of bits 
in a binary number is known as the word length-hence 101101 has a 
word length of six. Like the decimal number system so familiar to us, the 
binary number system assumes a weight associated with each digit in the 
number. That weight is the base of the system (two for binary numbers 
and ten for decimal numbers) raised to an integral power. To illustrate 
this with a simple example, the decimal number 4631 is 

= 4000 + 600 + 30 + 1 = 4631. (9-1) 

The factors, 103, 102, 101, and 10° are the digit weights in Eq. (9-1). 
Similarly, the six-bit binary number 101101 is equal to decimal 45 as 
shown by 

= 32 + 8 + 4 + 1 = 45 . (9-2) 

Using subscripts to signify the base of a number, we can write Eq. (9-2) as 
1011012 = 4510. Equation (9-2) shows us that, like decimal numbers, binary 
numbers use the place value system where the position of a digit signifies 
its weight. If we use B to denote a number system's base, the place value 
representation of the four-digit number a3a2a1a0 is 

(9-3) 

In Eq. (9-3), Bn is the weight multiplier for the digit an, where 0 ~an~ B-l. 
(This place value system of representing numbers is very old-so old, in 
fact, that it's origin is obscure. However, with its inherent positioning of the 
decimal or binary point, this number system is so convenient and powerful 
that its importance has been compared to that of the alphabet[l].) 

+ Binary numbers are used because early electronic computer pioneers quickly realized that it 
was much more practical and reliable to use electrical devices (relays, vacuum tubes, transis­
tors, etc.) that had only two states, on or off Thus, the on/ off state of a device could represent 
a single binary digit. 
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9.1.1. Octal Numbers 

As the use of minicomputers and microprocessors rapidly expanded in the 
1960s, people grew tired of manipulating long strings of ones and zeros on 
paper and began to use more convenient ways to represent binary num­
bers. One way to express a binary number is an octal format with its base 
of eight. Converting from binary to octal is as simple as separating the 
binary number into three-bit groups starting from the right. For example, 
the binary number 101010012 can be converted to octal format as 

10101001, ➔ 10 
1
101 I 001 = 2518

. 

Each of the three groups of bits above are easily converted from their 
binary formats to a single octal digit because, for three-bit words, the octal 
and decimal formats are the same. That is, starting with the left group of 
bits, 102 = 210 = 2a, 1012 = 510 = 5a, and 0012 = 110 = 18. The octal format also 
uses the place value system meaning that 2518 = (2 • 82 + 5 • 81 + 1 • 8°). 
Octal format enables us to represent the eight-digit 101010012 with the 
three-digit 2518. Of course, the only valid digits in the octal format are 0 
to 7-the digits 8 and 9 have no meaning in octal representation. 

9.1.2. Hexadecimal Numbers 

Another popular binary format is the hexadecimal number format 
using 16 as its base. Converting from binary to hexadecimal is done, 
this time, by separating the binary number into four-bit groups start­
ing from the right. The binary-number 101010012 is converted to hexa­
decimal format as 

101010°12 ➔ 1010 
1
1001 = A916 . 

If you haven't seen the hexadecimal format used before, don't let the A9 
digits confuse you. In this format, the characters A, B, C, D, E, and F rep­
resent the digits whose decimal values m:e 10, 11, 12, 13, 14, and 15 
respectively. We convert the two groups of bits above to two hexadeci­
mal digits by starting with the left group of bits, 10102 = 1010 == A 161 and 
10012 = 910 = 916" Hexadecimal format numbers also use the place value 
system, meaning that A916 = (A • 161 + 9: 16°). For convenience, then, we 
can represent the eight-digit 10101001.i with the two-digit number A9w 
Table 9-1 lists the permissible digit representations in the number sys­
tems discussed thus far. 
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Table 9-1 Allowable Digit Representations vs. Number System Base 

Decimal 
Binary Octal Decimal Hexadecimal Equivalent 

0 0 0 0 0 

1 1 1 1 1 

2 2 2 2 

3 3 3 3 

4 4 4 4 -
5 5 5 5 

6 6 6 6 

7 7 7 7 

8 8 8 

9 9 9 

A 10 

B 11 

C 12 

D 13 

E 14 

F 15 

9. 1.3. Fractional Binary Numbers 

Fractions (numbers whose magnitudes are greater than zero and less than 
one) can also be represented by binary numbers if we use a binary point 
identical in function to our familiar decimal point. In the binary numbers 
we've discussed so far, the binary point is assumed to be fixed just to the 
right of the rightmos~ digit. Using the symbol O to denote the binary point, 
the six-bit binary fraction 1100101 is equal to decimal 3.3125 as shown by 

1 1 1 1 = (1· 2)+(1· l)+(0 · -) + (1 ·-)+ (0, -) + (1 ·-) 
2 4 8 16 

= 2+ l+0+0.25+0+0.0625 = 3.3125 . (9-4) 
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For the example in Eq. (9-4), the binary point is set between the second 
and third most significant bits. Having a stationary position for the binary 
point is why binary numbers are often called fixed-point binary. 

For some binary number formats (like the floating-point formats that 
we'll cover shortly), the binary point is fixed just to the left of the most sig­
nificant bit. This forces the number values to be restricted to the range 
between zero and one. In this format, the largest and smallest values pos­
sible for ab-bit fractional word are 1-2-b and 2-b, respectively. Taking a six­
bit binary fraction, for example, the largest value is 01111112, or 

1 1 1 1 1 1 
=0 (1·-)+(1·-)+(1·-) +(1·-)+(1·-)+(1·-) 

2 4 8 16 32 64 

= 0.5 + 0.25 + 0.125 + 0.0625 + 0.03125 + 0.015625 = 0.984375 , (9-5) 

which is 1- 2-6 = 1- 1; 64 in decimal. The smallest nonzero value is 00000012, 

equaling a decimal 1/64 = 0.01562510. 

9.1.4. Sign-Magnitude Binary Format 

For binary numbers to be at all useful in practice, they must be able to rep­
resent negative values. Binary numbers do this by dedicating one of the 
bits in a binary word to indicate the sign of a number. Let's consider a 
popular binary format known as sign-magnitude. Here, we assume that a 
binary word's leftmost bit is a sign bit and the remaining bits represent 
the magnitude of a number which is always positive. For example, we can 
say that the four-bit number 00112 is +310 and the binary number 10112 is 
equal to -310, or 

magnitude bits 

J,J,J, 

00112 = 310, 

i 

sign bit of zero 

signifies positive 

magnitude bits 

and 

J, J,J, 

10112 = -310 . 

i 

sign bit of one 

signifies negative 
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Of course, using one of the bits as a sign bit reduces the magnitude of the 
numbers we can represent. If an unsigned binary number 's word length is 
b bits, the number of different values that can be represented is 2b. An 
eight-bit word, for example, can represent 28 == 256 different integral val­
ues. With zero being one of the values we have to express, a b-bit unsigned 
binary word can represent integers from Oto 2b-1. The largest value repre­
sented by an unsigned eight-bit word is 28-1 = 25510 = 111111112 • .In the 
sign-magnitude binary format a b-bit word can represent only a magni­
tude of ±2b-1- 1, so the largest positive or negative value we can represent 
by an eight-bit sign-magnitude word, then, is ±28-1- 1 = ±127. 

9 .1.5 Two's Complement Format 

Another common binary number scheme, known as the two's complement 
format, also uses the leftmost bit as a sign bit. The two's complement for­
mat is the most convenient numbering scheme from a hardware design 
standpoint and has been used for decades. It enables computers to per­
form both addition and subtraction using the same hardware adder logic. 
To get the negative version of a positive two's complement number, we 
merely complement (change a one to a zero and change a zero to a one) 
each bit and add a one to the complemented word. For example, with 
00112 representing a decimal 3 in two's complement format, we obtain a 
negative decimal 3 through the following steps: 

+3 in two's complement ➔ 0011 

complement of +3 ➔ 1100 
add one ➔ +0001 

-3 in two's complement ➔ 1101 . 

In the two's complement format, a b-bit word can represent positive 
amplitudes as great as 2b-1-1, and negative amplitudes as large as -2h-1. 

Table 9-2 shows four-bit word examples of sign-magnitude and two's 
complement binary formats. 

While using two's complement numbers, we have to be careful when 
adding two numbers of different word lengths. Consider the case where 
a four-bit number is added to a eight-bit number: 

+15 in two's complement ➔ 0 0 0 0 1111 
add +3 in two's complement ➔ + 0 0 1 1 

+18 in two's complement ➔ 0 0 0 1 0 0 1 0 . 
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Table 9-2 Examples of Binary Number Formats 

Sign- Two's Offset Decimal 
Magnitude Complement Binary Equivalent 

0111 0111 1111 7 

0110 0110 1110 6 

0101 0101 1101 5 

0100 0100 1100 4 

0011 0011 1011 3 
~ 

0010 0010 1010 2 

0001 0001 1001 1 

0000 0000 1000 0 

1001 1111 0111 -1 

1010 1110 0110 -2 

1011 1101 0101 -3 

1100 1100 0100 -4 

1101 1011 0011 -5 

1110 1010 0010 ---{j 

1111 1Cl01 0001 -7 

- 1000 0000 -8 

No problem so far. The trouble occurs when our four-bit number is nega­
tive. Instead of adding a +3 to the +15, let's try to add a - 3 to the +15: 

+15 in two's complement ➔ 0 0 0 0 1111 
add a -3 in two's complement ➔ + 1.1fil 

+20 in two's complement ➔ 0 0 0 1 0 1 0 0 . ~ Wrong answer 

The above arithmetic error can be avoided by performing what's called a 
sign-extend operation on the four-bit number. This process, typically per­
formed automatically in hardware, extends the sign bit of the four-bit neg­
ative number to the left, making it an eight-bit negative number. If we 
sign-extend the -3 and, then perform the addition, we'll get the correct 
answer: 

+15 in two's complement ➔ 0 0 0 0 1111 

add a sign-extended -3 in two's complemen,t ➔ + 1 1 1 1 11 0 1 
+ 12 in two's complement ➔ 1 0 0 0 0 1 1 0 0 

i 
overflow bit is ignored 

~ That's better 
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9 .1 .6. Offset Binary Format 

Another useful binary number scheme is known as the offset binary format. 
While this format is not as common as two's complement, it still shows up 
in some hardware devices. Table 9-2 shows offset binary format examples 
for four-bit words. Offset binary represents negative numbers by subtract­
ing 2b-l from an unsigned binary value. For example, in the second row of 
Table 9-2, the offset binary number is 11102• When this number is treated as 
an unsigned binary number it's eqllivalent to 1410. For four-bit words b = 4 
and 20-1 = 8, so 1410 - 810 = 610 which is the decimal equivalent of 11102 in 
offset binary. The difference between the unsigned binary equivalent and 
the actual decimal equivalent of the offset binary numbers in Table 9-2 is 
always -8. This kind of offset is sometimes referred to as a bias when the 
offset binary format is used. (It may interest the reader that we can convert 
back and forth between the two's complement and offset binary formats 
merely by complementing a word's most significant bit.) 

The history, arithmetic, and utility of the many available number for­
mats is a very broad field of study. A thorough and very readable discus­
sion of the subject is given by Knuth in reference [2]. 

9.2 Binary Number Precision and Dynamic Range 
As we implied before, for any binary number format, the number of bits 
in a data word is a.key consideration. The more bits used in the word, the 
better the resolution of the number, and the larger the maximum value 
that can be represented.t Assuming that a binary word represents the 
amplitude of a signal, digital signal processing practitioners find it useful 
to quantify the dynamic range of various binary number schemes. For a 
signed integer binary word length of b+l bits (one sign bit and b magni­
tude bits), the dynamic range in decibels is defined by 

d . 20 1 ( largest possible word value ) 
ynarmc rangedB = · og10 . 

smallest possible word value 

2 -1 b 

( 
b ) = 20 · log10 -
1

- = 20-log10 (2 -1) . (9-6) 

t Some computers use 64-bit words. Now 264 is approximately equal to 1.8 · 1019-that's a 
pretty large number. So large, in fact, that if we started incrementing a 64-bit counter once 
per second at the beginning of the universe (z20 billion years ago), the most significant four 
bits of this counter would still be all zeros today. 
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When 2b is much larger than 1, we can ignore the -1 in Eq. (9-6) and state 
that 

. b 
dynamic rangedB = 20 · log10 (2 ) 

= 20· log10 (2)·b = 6.02 · b dB . (9-6') 

Equation (9-6'), dimensioned in dB, tells us that the dynamic range of our 
number system is directly proportional to the word length. Thus, an 
eight-bit two's complement word, with seven bits available to represent 
signal magnitude, has a dynamic range of 6.02 · 7 = 42.14 dB. Most people 
simplify Eq. (9-6') by using the rule_ of thumb that the dynamic range is 
equal to "six dB per bit." 

9 .3 Effects of Finite Fixed-Point Binary Word Length 
The effects of finite binary word lengths touches all aspects of digital signal 
processing. Using finite word lengths prevents us from representing values 
with infinite precision, increases the background noise in our spectral esti­
mation techniques, creates nonideal digital filter responses, induces noise in 
analog-to-digital (AID) converter outputs, and can (if we're not careful) lead 
to wildly inaccurate arithmetic results. The smaller the word lengths, the 
greater these problems will be. Fortunately, these finite, word-length effects 
are rather well understood. We can predict their consequences and take 
steps to minimize any unpleasant surprises. The first finite, word-length 
eff~ct we'll cover is the errors that occur during the AID conversion process. 

9.3. l A/D Converter Quantization Errors 

Practical AID converters are constrained to have binary output words of 
finite length. Commercial AID converters are categorized by their output 
word lengths which are normally in the range from 8 to 16 bits. A typical 
AID converter input analog voltage range is from -1 to + 1 volt. If we used 
such an AID converter having eight-bit output words, the least signifi­
cant bit would represent 

full voltage range 2 volts . . 
lsb value= 

2
word length = 28 = 7.81 nnll1volts. (9-7) 

What this means is that we can represent continuous (analog) voltages 
perfectly as long as they're integral multiples of 7.81 millivolts-any 
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intermediate input voltage will cause the AID converter to output a best 
estimate digital data value. The inaccuracies in this process are called quan­
tization errors because an AID output least significant bit is an indivisible 
quantity. We illustrate this situation in Figure 9-l(a) where the continuous 
waveform is being digitized by an eight-bit AID converter whose output 
is in the sign-magnitude format. When we start sampling at time t = 0, the 
continuous waveform happens to have a value of 31.25 millivolts (mv), 
and our AID output data word will be exactly correct for sample x(0). At 
time Twhen we get the second AID output word for sample x(l), the con­
tinuous voltage is between 0 and-7.81 mv. In this~case, the AID converter 
outputs a sample value of 10000001 representing -7.81 mv, even though 
the continuous input was not quite as negative as -7.81mv. The 10000001 

(a) 

(b) 

AID output values 

23.43 

15.62 

7.81 

j_ Signal amplitude in millivolts 

31.25!~ I I I 
I I I I I 
------+---+-- --------

! w :,,, I 

---1---i,_x(4) -i - I 
0 t--------,----; ... ' ____ 1 __ _ 

00000100 

00000011 

00000010 

00000001 

00000000 I x(3) I 

---+-,---- 10000001 

x(6) 

-23.43 i----~------,--------
10000010 

10000011 

10000100 -31.25 

0 T 2T 3T 4T 5T 6T Time......,_ 

j_ AID quantization error in milivolts 
7.81 00000001 

■ • 1- } Quantization 0 ■ I 

-7.81 ,---·-----

r ,i error range -·-
10000001 

0 T 2T 3T 4T 5T 6T Time.....,. 

Figure 9-1 Quantization errors: (a) digitized x(n) values of a continuous signal; 
(b) quantization error between the actual analog signal values 
and the digitized signal values. 

., 
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AID output word contains some quantization error. Each successive 
sample contains quantization error because the A/D's digitized output 
values must lie on a horizontal dashed line in Figure 9-l(a). The differ­
ence between the actual continuous input voltage and the AID con­
verter's representation of the input is shown as the quantization error in 
Figure 9-l(b). For an ideal AID converter, the quantization error, a kind 
of roundoff noise, can never be greater than ±112 an lsb, or ±3.905 mv. 

While Figure 9-l(b) shows AID quantization noise in the time domain, 
we can also illustrate this noise in the frequency domain. Figure 9-2(a) 
depicts a continuous sinewave of one cycle over the sample interval shown 
as the dotted line and a quantized version of the time-domain samples of 
that wave as the dots. Notice how the quantized version of the wave is 
constrained to have only integral values, giving it a stair step effect oscil­
lating above and below the true unquantized sinewave. The quantization 
here is 4 bits, meaning that we have a sign bit and three bits to represent 
the magnitude of the wave. With three bits, the maximum peak values for 
the wave are ±7. Figure 9-2(b) shows the discrete Fourier transform (OFT) 
of a discrete version of the sinewave whose time-domain sample values 
are not forced to be integers, but have high precision. Notice in this case 
that the OFT has a nonzero value only at m = 1. On the other hand, Figure 
9-2(c) shows the spectrum of the 4-bit quantized samples in Figure 9-2(a) 
where quantization effects have induced noise components across the 
entire spectral band. If the quantization noise depictions in Figures 9-l(b) 
and 9-2(c) look random, that's because they are. As it turns out, even 
though A/D quantization noise is random, we can still quantify its effects 
in a useful way. 

In the field of communications, people often use the notion of output sig­
nal-to-noise ratio, or SNR = (signal power)l(noise power), to judge the use­
fulness of a process or device. We can do likewise and obtain an important 
expression for the output SNR of an ideal AID converter, SNRA/D' account­
ing for finite word-length quantization effects. Because quantization noise 
is random, we can't explicitly represent its power level, but we can use its 
statistical equivalent of variance to define SNRA/D measured in decibels as 

~NR = 10 -lo ( input signal variance J 
AD glO . . , · 1 AID quantization noise vanance • 

[ 
2 ) CJ signal = 10 -log 10 2 . 

CJ A/D noise 
(9-8) 
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(a) 

(b) 

(c) 

A Sinewave amplitude 

8 

OFT of unquantized sinewave (dB) 
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I 

Figure 9-2 Quantization noise effects: (a) input sinewave applied to a 64-point DFT; 
(b) theoretical DFT ma(Jnitude of high-precision sinewave samples; (c) 
DFT magnitude of a sinewave quantized to 4 bits. 

Next, we'll determine an A/D converter's quantization noise variance rel­
ative to the converter's maximum input peak voltage VP. If the full scale 
(-VP to +VP volts) continuous input range of ab-bit A/D converter is 2Vp, 
a single quantization level q is that voltage range divided by the number 
of possible AID output binary values, or q = 2V/2b. (In Figure 9-1, for 
example, the quantization level q is the lsb value of 7.81 mv.) A depiction 
of the likelihood of encountering any given quantization error value, 
called the probability density function p(e) of the quantization error, is 
shown in Figure 9-3. 
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1 q-1 
.l AID quantization error probability 

I dens~ Tion ~e~ 
-q/2 0 q/2 e (Error value) 

Figure 9-3 Probability density function of A/D conversion roundoff error (noise). 

This simple rectangular function has much to tell us. It indicates that 
there's an equal chance that any error value between -q/2 and +q/2 can 
occur. By definition, because probability density functions have an area of 
unity (i.e., the probability is 100 percent that the error will be somewhere 
under the curve), the amplitude of the p(e) density function must be the 
area divided by the width, or p(e) = 1/q. From Figure D-4 andEq. (D-12) 
in Appendix D, the variance of our uniform p(e) is 

0
2 

A I D noise = 
q/2 ~/2 2 

f e2p(e)de = .!. · f e2de = 1.___ 
q 12 

-q / 2 -q/2 

(9-9) 

We can now express the AID noise error variance in terms of AID para­
meters by replacing q in Eq. (9-9) with q = 2Vpf2b to get 

2 (2Vp)
2 

• V/ 
0 A/D noise = b 2 = - - 2-b 

12 · (2 ) 3 · 2 
(9-10) 

OK, we're halfway to our goal-with Eq. (9-10) giving us the denomina­
tor of Eq. (9-8), we need the numerator. To arrive at a general result, let's 
express the input signal in terms of its root mean square (rms), the A/D 
converter 's peak voltage, and a loading factor LF defined as 

LF = rms of the input signal= O'signal _+ 

VP VP 
(9-11) 

t Recall from Section D.2 that, although the variance cr 2 is associated with the power of a 
signal, the standard deviation cr is associated with therms value of a signal. 

Meta Platforms, Inc. - Exhibit 1012 
Page 375 of 534



362 Digital Data Formats and Their Effects 

With the loading factor defined as the input rms voltage over the AID 
converter 's peak input voltage, we square and rearrange Eq. (9-11) to 
show the signal variance cr ;;gn•l as 

2 2 2 cr signal == (LF) VP (9-12) 

Substituting Eqs. (9-10) and (9-12) in Eq. (9-8), 

( 
( LF)2 V/ J . 2 2b 

SNRA/D == 10 · log10 2 ,., 2b == 10- log10[(LF) · (3 · 2 )] 
VP l(.:,·2 ) 

== 6.02 · b + 4.77 + 20 • log10 (LF) . (9-13) 

Eq. (9-13) gives us the SNRA/D of an ideal b-bit A/D converter in terms 
of the loading factor and the number of bits b. Figure 9-4 plots Eq. (9-13) 
for various AID word lengths as a function of the loading factor. Notice 
that the loading factor in Figure 9-4 is never greater than -3dB, because 
the maximum continuous AID input peak value must not be greater VP 
volts. Thus, for a sinusoid input, its rms value must not be greater than 
VP I ..fi volts (3 dB below Vp)-

j SNRA!D 

90 1----------~------~--114-bit 

12-bit 
70 --

10-bit 

8-bit 

6-bit 

10 '------''------''----'-------.:,._---=---11► 
-21 -18 -15 -12 , -9 -6 -3 Loading 

factor (dB) 

Figure 9-4 SNRAID of ideal AID converters as a function of loading factor in dB, 
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When the input sinewave's peak amplitude is equal to the A/D con­
verter's full-scale voltage VP, the full-scale LF is 

VP /✓2 1 
LFfull scale = V = ✓2 

p (9-14) 

Under this condition, the maximum AID output SNR from Eq. (9-13) is 

SNRA/ D-max = 6.02 · b + 4.77 + 20 -log10 (1/ ✓2) 

= 6.02 · b + 4.77 - 3.01 = 6.02 · b + l.76 dB . (9-15) 

This discussion of SNR relative to A/D converters means three important 
things to us: 

• An ideal A/D converter will have an SNRA/D defined by Eq. (9-13), so 
any continuous signal we're trying to digitize with a b-bit A/D con­
verter will never have an SNRA/D greater than Eq. (9-13) after A/D 
conversion. For example, let's say we want to digitize a continuous 
signal whose SNR is 55 dB. Using an ideal eight-bit A/D converter 
with its full-scale SNRA/D of 6.02 · 8 + 1.76 = 49.9 dB from Eq. (9-15), 
the quantization noise will contaminate the digitized values, and the 
resultant digital signal's SNR can be no better than 49.9 dB. We'll have 
lost signal SNR through the AID conversion process. (A ten-bit A/D, 
with its ideal SNRAID = 62 dB, could be used to digitize_ a 55 dB SNR 
continuous signal to reduce the SNR degradation caused by quanti­
zation noise.) Equations (9-13) and (9-15) apply to ideal AID convert­
ers and don't take into account such additional A/D noise sources as 
aperture jitter error, missing output bit patterns, and other nonlinear­
ities. So actual A/D converters are likely to have SNRs that are lower 
than that indicated by theoretical Eq. (9-13). To be safe in practice, it's 
sensible to assume that SNRA/D-max is 3 to 6 dB lower than that indi­
cated by Eq. (9-15). 

• Equation (9-15) is often expressed in the literature, but it can be a lit­
tle misleading because it's imprudent to force an A/D converter's 
input to full scale. It's wise to drive an A/D converter to some level 
below full scale because inadvertent overdriving will lead to signal 
clipping and will induce distortion in the A/D's output. So Eq. (9-15) 
is overly optimistic, and, in practice, A/D converter SNRs will be less 
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than that indicated by Eq. (9-15). The best approximation for an 
A/D's SNR is to determine the input signal's rms value that will 
never (or rarely) overdrive the converter input, and plug that value in 
Eq. (9-11) to get the loading factor value for use in Eq. (9-13).+ Again, 
using an AID converter with a wider word length will alleviate this 
problem by increasing the· available SNR AID' 

• Remember now, real-world continuous signals always have their 
own inherent continuous SNR, so using an A/D converter, whose 
SNRA/D is a great deal larger than the ~continuous signal's SNR 
serves no purpose. In this case, we'd be using the A/D converter's 
extra bits to digitize the continuous signal's noise to a greater degree 
of accuracy. 

A word of caution is appropriate here concerning our analysis of AID 
converter quantization errors. The derivations of Eqs. (9-13) and (9-15) are 
based upon three assumptions: 

• The cause of AID quantization errors is a stationary random 
process; that is, the performance of the A/D converter does not 
change over time. Given the same continuous input voltage, we 
always expect an A/D converter to provide exactly the same output 
binary code. 

• The probability density function of the A/D quantization error is 
uniform. We're assuming that the A/D converter is ideal in its oper­
ation and all possible errors between -q /2 and +q /2 are equally 
likely. An A/D converter having stuck bits or missing output codes 
would violate this assumption. High-quality A/D converters being 
driven by continuous signals that cross many quantization levels 
will result in our desired uniform quantization noise probability 
density function. 

• The A/D quantization errors are uncorrelated with the continuous 
input signal. If we were to digitize a single continuous sinewave 
whose frequency was harmonically related to the A/D sample rate, 
we'd end up sampling the same input voltage repeatedly and the 
quantization error sequence would not be random. The quantization 

t By the way, some folks use the term crest factor to describe how hard an A/D converter's 
input is being driven. The crest factor is the reciprocal of the loading factor, or CF= V I (rms 
of the input signal). P 
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error would be predictable and repetitive, and our quantization noise 
variance derivation would be invalid. In practice, complicated con­
tinuous signals such as music or speech, with their rich spectral con­
tent, avoid this problem. 

To conclude our discussion of A/D converters, let's consider one last 
topic. In the literature the reader is likely to encounter the expression 

b _ SNR-1.76 
eff - 6.02 (9-16) 

Equation (9-16) is used by test equipment manufacturers to specify the 
sensitivity of test instruments using a beff parameter known as the num­
ber of effective bits, or effective number of bits (ENOB) [3-8]. Equation 
(9-16) is merely Eq. (9-15) solved for b. Test equipment manufacturers 
measure the actual SNR of their product indicating its ability to capture 
continuous input signals relative to the instrument's inherent noise char­
acteristics. Given this true SNR, they use Eq. (9-16) to determine the beff 
value for advertisement in their product literature. The larger bew the 
greater the continuous voltage that can be accurately digitized relative to 
the equipment's intrinsic quantization noise. 

9.3.2 Data Overflow 

The next finite, word-length effect we'll consider is called overflow. 
Overflow is what happens when the result of an arithmetic operation has 
too many bits, or digits, to be represented in the hardware registers 
designed to contain that result. We can demonstrate this situation to our­
selves rather easily using a simple four-function, eight-digit pocket calcu­
lator. The sum of a decimal 9.9999999 plus 1.0 is 10.9999999, but on an 
eight-digit calculator the sum is 10.999999 as 

9.9999999 

+1.0000000 
10.9999999. 

1' 
this digit gets discarded 

The hardware registers, which contain the arithmetic result, and drive the 
calculator's display, can hold only eight decimal digits; so the least sig­
nificant (of course) digit is discarded. Although the above error is less 
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than one part in ten million, overflow effects can be striking when we 
work with large numbers. If we use our calculator to add 99,999,999 plus 
1, instead of getting the correct result of 100 million, we'll get a result of 
1. Now that's an authentic overflow error! 

Let's illustrate overflow effects with examples more closely related to 
our discussion of binary number formats. First, adding two unsigned 
binary numbers is as straightforward as adding two decimal numbers. 
The sum of 42 plus 39 is 81, or 

• 1 1 1 f- carry bits 

+42 in unsigned binary ➔ 1 0 1 0 1 0 

+39 in unsigned binary ➔ + 1 0 0 1 1 1 

+81 in unsigned binary ➔ 1 0 1 0 0 0 1 . 

In this case, two 6-bit binary numbers required 7 bits to represent the 
results. The general rule is the sum of m individual b-bit binary numbers can 
require as many as [b + log/m)] bits to represent the results. So, for example, 
a 24-bit result register (accumulator) is needed to accumulate the sum of 
sixteen 20-bit binary numbers, or 20 + logz(16) = 24. The sum of 256 eight­
bit words requires an accumulator whose word length is [8 + logz(256)], 
or 16 bits, to ensure that no overflow errors occur. 

In the preceding example, if our accumulator word length was 6 bits, 
an overflow error occurs as 

1 1 1 ;-- carry bits 

+42 in unsigned binary ➔ 1 0 1 0 1 0 

+39 in unsigned binary ➔ + 1 0 0 1 1 1 

+17 in unsigned binary ➔ 1 O 1 0 0 0 1 . ;-- Overflow error 

t 
an overflow out of the sign bit is ignored, causing an overflow error 

Here, the most significant bit of the result overflowed the 6-bit accu­
mulator, and an error occurred. 

With regard to overflow errors, the two's complement binary format 
has two interesting characteristics. First, under certain conditions, over­
flow during the summation of two numbers causes no error. Second, with 
multiple summations, intermediate overflow errors cause no problems if 
the final magnitude of the sum of the b-bit two's complement numbers is 
less than 2b-l_ Let's illustrate these properties by considering the four-bit 
two's complement format in Figure 9-5, whose binary values are taken 
from Table 9-2. 
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decimal 

01 11 
equivalent 

0 111 -·-··· +7 

- ···· +6 

-+5 

- -t4 

···-· +3 

-+2 

- +1 

-- 0 

-- -1 

-- - 2 

--3 

-- -4 

- ··· - -5 
1010 --6 

., ... -7 

- --·- -8 
1000 

Figure 9-5 Four-bit two's complement binary numbers. 

The first property of two's complement overflow, which sometimes 
causes no errors, can be shown by the following examples: 

0 1 0 f- carry bils 

-5 in two's complement ➔ 1 0 1 1 

+2 in two's complemeni ➔ + QJ1..l_Q 

-3 in two's complement ➔ 0 1 1 0 1 f- valid negative result 

i 
zero overflow out of the sign bit 

1 1 0 f- carry bits 

-2 in two's complement ➔ 1 1 1 0 

+6 in two's complement ➔ + 0 1 1 0 
+4 in two's complement ➔ 1 O 1 O O f- valid positive result 

i 
overflow out of the sign bit ignored, no harm done 

Then again, the following examples show how two's complement over­
flow sometimes does cause errors: 
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0 0 0 +- carry bits 

-7 in two's complement ➔ 1 0 0 1 
-6 in two's complement ➔ + l..Q.l_Q 

+3 in two's complement ➔ 1 0 0 1 1 +- invalid positive result 

i 
overflow out of the sign bit ignored, causing overflow error 

1 1 1 +- carry bits 

+7 in two's complement ➔ 0 1 1 1 

+7 in two's complement -+- 0 1 1 1 

-2 in two's complement ➔ 0 1 1 1 0 +- invalid negative result 

i 
zero overflow out of the sign bit 

The rule with two's complement addition is if the carry bit into the sign bit 
. is the same as the overflow bit out of the sign bit, the overflow bit can be ignored 
causing no errors; if the carry bit into the sign bit is different from the overflow 
bit out of the sign bit, the result is invalid. An even more interesting property 
of two's complement numbers is that a series of b-bit word summations 
can be performed where intermediate sums are invalid, but the final sum 
will be correct if its magnitude is_less than 2b-l_ We show this by the fol­
lowing example. If we add a +6 to a +7, and then add a -7, we'll encounter 
an intermediate overflow error but our final sum will be correct as 

+7 in two's complement ➔ 0111 
+6 in two's complement ➔ + Q_1_JJ). 

-3 in two's complement ➔ 110 1 +- overflow error here 

-7 in two's complement ➔ +uuu 

+6 in two's complement ➔ 10110 +- valid positive result 

i 

overflow ignored, with no harm done 

The magnitude of the sum of the three four-bit numbers was less than 24-1 

( <8), so our result was valid. If we add a +6 to a +7, and next add ~ -5, 
we'll encounter an intermediate overflow error, and our final sum will 
also be in error because its magnitude is not less than 8. 

+7 in two's complement ➔ 0 111 
+6 in two's cm,nplement ➔ +0110 
-3 in two's complement ➔ 1 101 +- overflow error here 

-5 in two's complement ➔ + l...Q_U 

-8 in two's complement ➔ 11000 +- invalid negative result 
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Figure 9-6 Single decimation-in-time FFT butterfly. 

Another situation where overflow problems are conspicuous is dur­
ing the calculation of the fast Fourier transform (FFT). It's difficult at 
first to imagine that multiplying complex numbers by sines and cosines 
can lead to excessive data word growth-particularly, because sines and 
cosines are never greater than unity. Well, we can show how FFT data 
word growth occurs by considering a decimation-in-time FFT butterfly 
from Figure 4-14(c) repeated here as Figure 9-6, and grinding through a 
little algebra. The expression for the x' output of this FFT butterfly, from 
Eq. (4-26), is 

(9-17) 

Breaking up the butterfly's x and y inputs into their real and imaginary 
parts and remembering that Wt= e-j2rrk/N , we can express Eq. (9-17) as 

x' = x + ;·x + (cjZnk/N ) • (y + ;·y ) real imag real irnag · (9-18) 

If we let o: be the twiddle factor angle of 21tk/N, and recall that 
e-ja. = cos(a) - jsin(a), we can simplify Eq. (9-18) as 

x'=xreal + jximag +[cos(a)-jsin(a) •(Yreal + jyirnag) 

=Xreal +cos(a)Yreal +sin(a)Yimag + j(ximag +cos(a)Yimag -sin(a)Y,eal) · (9-19) 

If we look, for example, at just the real part of the x' output, x'real, it com­
prises the three terms 

x'real = X,eal + COS(O:)Yreal + sin(a)yimag (9-20) 
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If xreal' Yreal' and Yunag are of unity value when they enter the butterfly and 
the twiddle factor angle a= 2nk/N happens to be 1t/ 4 = 45°, then, x'reaI can 
be greater than 2 as 

x' real = 1 + cos( 45°) · 1 + sin( 45°) · 1 

= 1 + 0.707 + 0.707 = 2.414 . (9-21) 

So we see that the real part of a complex mrmber can more than double in 
magnitude in a single stage of an FFT. The imaginary part of a complex 
number is equally likely to more than double in magnitude in a-,single FFT 
stage. Without mitigating this word growth problem, overflow errors 
could render an FFT algorithm useless. 

OK, overflow problems are handled in one of two ways: by truncation 
or rounding-each inducing its own individual kind of quantization 
errors as we shall see. 

9.3.3 Truncation 

Truncation is the process where a data value-is represented by the largest 
quantization level that is less than or equal to that data value. If we're 
quantizing to integral values, for example, the real value 1.2 would be 
quantized to 1. An example of truncation to integral values is shown in 
Figure 9-7(a), where all values of x in the range of 0::;;; x < 1 are set equal 
to 0, values of x in the range of 1::;;; x < 2 are set equal to 1, x values in the 
range of 2 ::; x < 3 are set equal to 2, and so on. 

As we did with A/D converter quantization errors, we can call upon the 
concept of probability density functions to characterize the errors induced 
by truncation. The probability density function of truncation errors, in 
terms of the quantization level, is shown in Figure 9-7(b). In Figure 9-7(a) 
the quantization level q is 1, so, in this case, we can have truncation errors 
as great as -1. Drawing upon our results from Eqs. (D-11) and (D-12) in 
Appendix D, the mean and variance of our uniform truncation probability 
density function are expressed as 

-q 
µtruncation = 2 (9-22) 

and 
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Figure 9-7 Truncation: (a) quantization nonlinearities; (b) error probability 
density function. 

2 q2 
<J truncation = -

12 
(9-23) 

In a sense, truncation error is the price we pay for the privilege of 
using integer binary arithmetic. One aspect of this is the error introduced 
when we use truncation to implement division by some integral power 
of 2. We often speak of a quick way of dividing a binary value by 2r is to 
shift that binary word T bits to the right; that is, we're truncating the data 
value (not the data word) by lopping off the rightmost T bits after the 
shift. For example, let's say we have the value 31 represented by the five­
bit binary number 111112, and we want to divide it by 16 through shift­
ing the bits T = 4 places to the right and ignoring (truncating) those 
shifted bits. After the right shift and truncation, we'd have a binary quo­
tient of 31/16 = 000012. Well, we see the significance of the problem 
because our quick division gave us an answer of one instead of the 
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correct 31/16 = 1.9375. Our division-by-trrmcation error here is almost 50 
percent of the correct answer. Had our original dividend been a 63 rep­
resented by the six-bit binary number 1111112, dividing it by 16 through 
a four-bit shift would give us an answer of binary 0000112, or decimal 
three. The correct answer, of course, is 63/16 = 3.9375. In this case the 
percentage error is 0.9375/3.9375, or about 23.8 percent. So, the larger the 
dividend, the lower the trrmcation error. 

If we study these kinds of errors, we'll find that the resulting trunca­
tion error depends on three things: the number of value bits shifted and 
trrmcated, the values of the truncated bits (w~re those dropped bits ones 
or zeros), and the magnitude of the binary number left over after trunca­
tion. Although a complete analysis of these trrmcation errors is beyond 
the scope of this book, we can quantify the maximum error that can occur 
with our division-by-truncation scheme when using binary integer arith­
metic. The worst case scenario is when all of the T bits to be trrmcated are 
ones. For binary integral numbers the value of T bits, all ones, to the right 
of the binary point is 1 - 2T. If the resulting quotient N is small, the sig­
nificance of those truncated ones aggravates the error. We can normalize 
the maximum division error by comparing it to· the correct quotient using 
a percentage. So the maximum percentage error of the binary quotient N 
after truncation for a T-bit right shift, when the truncated bits are all 
ones, is 

,1 • . 
100 

Correct quotient - Quotient after truncation 
'}otruncation errormax = · . 

Correct quotient 

= 100 . Truncation error = 100 . 1- rT 
Correct quotient N +(1- r 7 ) 

(9-24) 

Let's plug a few numbers into Eq. (9-24) to rmderstand its significance. In the 
first example above, 31/16, where T = 4 and the resulting binary quotient 
was N = 1, the percentage error is 

100 · (1 - 0.0625)/(1 + 1- 0.0625) = 100 · (0.9375/1.9375) = 48.4%. 

Plotting Eq. (9-24) for three different shift values as functions of the quotient, 
N, after truncation results in Figure 9-8. 

So, to minimize this type of division error, we need to keep the result­
ing binary quotient N, after the division, as large as possible. Remember, 
Eq. (9-24) was a worst case condition where all of the truncated bits 

Meta Platforms, Inc. - Exhibit 1012 
Page 386 of 534



50 
45 
40 
35 
30 
25 
20 
15 
10 

Effects of Finite Fixed-Point Binary Word Length 373 

Maximum % error 

~ 4+-H-i+::::~~~~~~~:.':i=i=R=i==i=Ri=R=~ 
3 5 7 9 11 13 15 17 19 21 23 25 27 29 31 33 35 37 39 N 

Figure 9-8 Maximum error when data shifting and truncation are used to 
implement division by 2 r • T = l is division by 2; T = 2 is division by 4; 
and T = 8 is division by 256. 

were ones. On the other hand, if all of the truncated bits happened to 
be zeros, the error will be zero. In practice, the errors will be some­
where between these two extremes. A practical example of how divi­
sion-by-truncation can cause serious numerical errors is given in 
reference [9] . 

9.3.4 Data Rounding 

Rounding is an alternate process of dealing with overflow errors where a 
data value is represented by, or rounded off to, its nearest quantization 
level. If we're quantizing to integral values, the number 1.2 would be 
quantized to 1, and the number 1.6 would be quantized to 2. This is 
shown in Figure 9-9(a) where all values of x in the range of -0.5 $ x < 0.5 
are set equal to 0, values of x in the range of 0.5 $ x < 1.5 are set equal to 
1, x values in the range of 1.5 $ x < 2.5 are set equal to 2, etc. The proba­
bility density function of the error induced by rounding, in terms of the 
quantization level, is shown in Figure 9-9(b). In Figure 9-9(a), the quanti­
zation level q is 1, so, in this case, we can have truncation error magni­
tudes no greater than q/2, or 1/2. Again, using our Eqs. (D-11) and (D-12) 
results from Appendix D, the mean and variance of our uniform roundoff 
probability density function are expressed as 

µroundoff = O ' (9-25) 

and 
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Figure 9-9 Roundoff: (a) quantization nonlinearities; (b) error probability 
density function. 

2 q2 
(J roundoff = 

12 

X 

(9-26) 

Because the mean (average) and maximum error possibly induced by 
roundoff is less than.that of truncation, rounding is generally preferred, in 
practice, to minimize overflow errors. 

In digital signal processing, statistical analysis of quantization error 
effects is exceedingly complicated. Analytical results depend on the types 
of quantization errors, the magnitude of the data being represented, the 
numerical format used, and which of the many FFT or digital filter struc­
tures we happen to use. Be that as it may, digital signal processing experts 
have developed simplified error models whose analysis has proved use­
ful. Although discussion of these analysis techniques and their results is 
beyond the scope of this introductory text, many references are available 
for the energetic reader[l0-18]. (Reference [11] has an extensive reference 
list of its own on the topic of quantization error analysis.) 

I 

1 
I 
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Again, the overflow problems using fixed-point binary formats-that 
we try to alleviate with truncation or roundoff-arise because so many 
digital signal processing algorithms comprise large numbers of additions 
or multiplications. This obstacle, particularly in hardware implementa­
tions of digital filters and the FFT, is avoided by hardware designers 
through the use of floating-point binary formats. 

9.4 Floating-Point Binary Formats 

Floating-point binary formats allow us to overcome most of the limita­
tions of precision and dynamic range mandated by fixed-point binary for­
mats, particularly in reducing the ill effects of overflow [19]. 
Floating-point formats segment a data word into two parts: a mantissa m 

and an exponent e. Using these parts, the value of a binary floating-point 
number n is evaluated as 

(9-27) 

that is, the number 's value is the product of the mantissa and 2 raised 
to the power of the exponent. (Mantissa is a somewhat unfortunate 
choice of terms because it has a meaning here very different from that 
in the mathematics of logarithms-mantissa originally meant the deci­
mal fraction of a logarithm.t However, due to its abundance in the lit­
erature we'll continue using the term mantissa here.) Of course, both the 
mantissa and the exponent in Eq. (9-27) can be either positive or nega­
tive numbers. 

Let's assume that a b-bit floating-point number will use be bits for the 
fixed-point signed exponent and bm bits for the fixed-point signed man­
tissa. The greater the number of be bits used, the larger the dynamic 
range of the number. The more bits used for b m, the better the resolution, 
or precision, of the number. Early computer simulations conducted by 
the developers of b-bit floating-point formats indicated that the best 
trade-off occurred with be"' b I 4 and bm"' 3b I 4. We'll see that, for typical 
32-bit floating-point formats used today, be"' 8 bits and bm"' 24 bits. To 
take advantage of a mantissa 's full dynamic range, most implementa­
tions of floating-point numbers treat the mantissa as a fractional fixed-

t For example, the common logarithm (log to the base 10) of 256 is 2.4082. The 2 to the left 
of the d~mal point is called the characteristic of the logarithm and the 4082 digits are called 
the mantissa. The 2 in 2.4082 does not mean that we mul tiply .4082 by 1c2. The 2 means that 
we take the antilog of .40S2 to get 2.56 and multiply that by 102 to get 256. 
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point binary number, shift the mantissa bits to the right or left, so that 
its most significant bit is a one, and adjust the exponent accordingly. 
This convention is called normalization. When normalized, the mantissa 
bits are typically-called the fraction of the floating-point number, instead 
of the mantissa. For example, the decimal value 3.687510 can be repre­
sented by the fractional binary number 11.10112. If we use a two-bit 
exponent with a six-bit fraction floating-point word, we can just as well 
represent 11.10112 by shifting it to the right two places and setting the 
exponent to two as 

11.10112 = 

exponent fraction 
.J, .J, 

11 o I o 1 1 1 o 111 . 
1' 

binary point 

(9-28) 

The floating-point word above can be evaluated to retrieve our decimal 
number again as 

1 1 1 1 1 1 2 = [o(l · -) + (1 · -) + (1 · -) + (0 ·-) + (1- -) + (1 ·-)] · 2 
2 4 8 16 32 64 

= [0.5 + 0.25 + 0.125 + 0.0625 + 0.03125 + 0.015625] · 22 

= 0.921875 · 4 = 3.6875 . (9-29) 

After some experience using floating-point normalization, users soon 
realized that always having a one in the most significant bit of the fraction 
was wasteful. That redundant one was taking up a single bit position in 
all data words and serving no purpose. So practical implementations of 
floating-point formats discard that one, assume its existence, and increase 
the useful number of fraction bits by one. This is why the term hidden bit 
is used to describe some floating-point formats. While increasing the frac­
tion's precision, this scheme uses le~s memory because the hidden bit is 
merely accounted for in the hardware arithmetic logic. Using a hidden bit, 
the fraction in Eq. (9-28)'s floating point number is shifted to the left one 
place and would now be 
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exponent fraction 
J, J, 

11 a 1 0 11 a 11 oJ . 
i 

binary point 

(9-30) 

Recall that the exponent and mantissa bits were fixed-poIDt signed 
bIDary numbers, an~ we've discussed several formats for representIDg 
signed bIDary numbers, i.e., sign magnitude, two's com.plement, and off­
set binary. As it turns out, all three signed binary formats are used ID 
industry-standard floating-poIDt formats. The most common floatIDg­
poIDt formats, all using 32-bit words, are listed ID Table 9-3. 

Table 9-3 Floating-Point Number Formats 

IEEE Standard P754 Format 

Bit 31 30 29 28 27 26 25 24 23 22 21 20 2 1 0 

Is 27 26 25 24 23 22 21 20 2-1 2-2 2-3 2-21 2-22 2-23 I 
Sign (s) <- Exponent (e) ➔ <- Fraction (f) ➔ 

IBM Format 

Bit 31 30 29 28 27 26 25 24 23 22 21 20 2 1 0 

Is 26 2s 24 23 22 21 20 2-1 2-2 2-3 2-4 2-22 2-23 2-24 I 
Sign (s) <- Exponent (e) ➔ <-- Fraction (f) ➔ 

DEC (Digital Equipment Corp.) Format 

Bit 31 30 29 28 27 26 25 24 23 22 21 20 2 1 0 

Is 27 26 2s 24 23 22 21 20 2-2 2-3 2-4 2-22 2"23 2-241 

Sign (s) <-- Exponent (e) ➔ <- Fraction (f) ➔ 

MIL-STD 1750A Format 

Bit 31 30 29 11 10 9 8 7 6 5 4 3 2 1 0 

I 2° 2-1 2-2 2-20 2-21 2-22 2-23 27 26 2s 24 23 22 21 2° I 
<- Fraction (f) ➔ <- Exponent (e) ➔ 
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The IEEE P754 floating-point format is the most popular because so many 
manufacturers of floating-point integrated circuits comply with this stan­
dard [8, 20-22]. Its exponent e is offset binary (biased exponent), and its frac­
tion is a sign-magnitude binary number with a hidden bit that's assumed to 
be 2°. The decimal value of a normalized IEEE P754 floating-point number 
is evaluated as 

valueIEEE = (-l)s. lof. 2e-127 . 

i 
hidden bit 

(9-31) 

The IBM floating point format differs somewhat from the other float­
ing-point formats because it uses a base of 16 rather than 2. Its exponent 
is offset binary, and its fraction is sign magnitude with no hidden bit. 
The decimal value of a normalized IBM floating-point number is eval­
uated as 

valueIBM = (-1)5 • 0of, 16e-64 • (9-32) 

The DEC floating-point format uses an offset binary exponent, and its 
fraction is sign magnitude with a hidden bit that's assumed to be 2-1. The 
decimal value of a normalized DEC floating-point number is evaluated as 

valueDEC = (-1)5. Oolf · 2e-12s. 
i 

hidden bit 

(9-33) 

MIL-STD 1750A is a United States Military Airborne floating-point 
standard. Its exponent e is a two's complement binary number residing in 
the least significant eight bits. MIL-STD 1750A's fraction is also a two's 
complement number (with no hidden bit), and that's why no sign bit is 
specifically indicated in Table 9-3. The decimal value of a MIL-STD 1750A 
floating-point number is evaluated as 

value1750A = f. 2e . (9-34) 

Notice how the floating-point formats in Table 9-3 all have word 
lengths of 32 bits-this was not accidental. Using 32-bit words makes 
these formats easier to handle using 8-, 16-, and 32-bit hardware proces­
sors. That fact not withstanding and given the advantages afforded by 
floating-point number formats, these formats do require a significant 
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amount of logical comparisons and branching to correctly perform arith­
metic operations. Reference [23] provides useful flow charts showing 
what procedural steps must be taken when floating-point numbers are 
added and multiplied. · 

9.4. l Floating-Point Dynamic Range 

Attempting to determine the dynamic range of an arbitrary floating-point 
number format is a challenging exercise. We start by repeating the expres­
sion for a number system's dynamic range from Eq. (9-~ as 

d . 20 1 
( largest possible word value ) 

ynatruc rangedB = · og10 • • 
smallest possible word value (9-35) 

When we attempt to determine the largest and smallest possible values 
for a floating-point number format, we quickly see that they depend on 
such factors as 

• the position of the binary point 

• whether a hidden bit is used or not (If used, its position relative to the 
binary point is important.) 

• the base value of the floating-point number format 

• the signed binary format used for the exponent and the fraction (For 
example, recall from Table 9-2 that the binary two's complement for­
mat can represent larger negative numbers than the sign-magnitude 
format.) 

• how unnormalized fractions are handled, if at all. (Unnormalized, 
also called gradual underflow, means a nonzero number that's less 
than the minimum normalized format but can still be represented 
when the exponent and hidden bit are both zero.) 

• how exponents are handled when they're either all ones or all zeros. 
(For example, the IEEE P754 format treats a number having an all 
ones exponent and a nonzero fraction as an invalid number, whereas 
the DEC format handles a number having a sign = 1 and a zero expo­
nent as a special instruction instead of a valid number.) 

Trying to develop a dynamic range expression that accounts for all the 
possible combinations of the above factors is impractical. What we can do 

- ---·---
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is deri,ve a rule of thumb exp~ession for dynamic range that's often used 
in practice[8,22,24]. 

Let' s assume the following for our derivation: the exponent is a be-bit 
offset binary number, the fraction is a normalized sign-magnitude num­
ber having a sign bit and b

111 
magnitude bits, and a hidden bit is used just 

left of the binary point. Our hypothetical floating-point word takes the 
following form: 

Bit bm+b,-1 bm+b,-2 bm+2 bm bm-1 bm-2 1 0 

s 2&.-1 2&.-2 21 20 2-1 2-2 2-bm+l 2-bm 

Sign (s) +- Exponent (e) ➔ +- Fraction (f) ➔ 

First we'll determine what the largest value can be for our floating-point 
word. The largest fraction is a one in the hidden bit, and the remaining bm 
fraction bits are all ones. This would make fraction f = [l + (1 - z4i 11)]. The 
first 1 in this expression is the hidden bit to the left of the binary point, 
and the value in parenthesis is all bm bits equal to ones to the right of the 
binary point. The greatest positive value we can have for the be-bit offset 
binary exponent is 2<20r 1

- 1>. So the largest value that can be represented 
with the floating-point number is the largest fraction raised to the largest 
positive exponent or 

largest possible word value= [1 + (1- Tbm )] • z(2
b'-

1
-
1l (9-36) 

The smallest value we can represent with our floating-point word is a one 
in the hidden bit times two raised to the exponent's most negative value, 
2-<2b•-

1>, or 

(zb,-1) 
smallest possible word value= 1 · T 

Plugging Eqs. (9-36) and (9-37) into Eq. (9-35), 

(9-37) 

(9-38) 

Now here's where the thumb comes in-when bm is large, say over seven, 
the z-bm value approaches zero; that is, as bm increases, the all ones fraction 
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(1 - 2-bm) value in the numerator approaches l. Assuming this, Eq. (9-38) 
becomes 

. ([1+1] •2(2"<-1-1) ) 
dynarruc rangedB ""20 · log10 i,,-, 

1-r <2 J 

(2b,-l) (2b,) b = 20 · log10 (2 · 2 ) = 20 · log10 (2 ) = 6.02 · 2 '. (9-39) 

Using Eq. (9-39) we can estimate, for example, the dynamic range of the 
single-precision IEEE P754 standard floating-point format with its eight­
bit exponent: 

dynamic rangeIEEE p754 = 6.02 · 28 = 1529 dB. (9-40) 

Although we've introduced the major features of the most common 
floating-point formats, there are still more details to learn about floating­
point numbers. For the interested reader the references given in this sec­
tion provide a good place to start. 

9.5 Block Floating-Point Binary Format 

A marriage of fixed-point and floating-point binary formats is known as 
blockfto4ting point. This scheme is used, particularly in dedicated FF!' inte­
grated circuits, when large arrays, or blocks, of associated data are to be 
manipulated mathematically. Block floating-point schemes begin by 
examining all the words in a block oi data, normalizing the largest-valued 
word's fraction, and establishing the correct exponent. This normalization 
takes advantage of the fraction's full dynamic range. Next, the fractions of 
the remaining data words are shifted appropriately, so that they can use 
the exponent of the largest word. ln this way, all of the data words use the 
same exponent value to conserve hardware memory. 

In FFT implementations, the .u:itlunetic is performed treating the block 
normalized data values as fixed-point binary. However, when an addi­
tion causes an overflow condition, all of the data words are shifted one 
bit to the right (division by two), and the exponent is incremented by 
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one. As the reader may have guessed, block floating-point formats have 
increased dynamic range and avoid the overflow problems inherent in 
fixed-point formats but do not reach the performance level of true float­
ing-point formats[S,25,26]. 
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CHAPTER TEN 

Digital Signal 
Processing Tricks 

As we study the literature of digital signal processing, we'll encounter 
some creative techniques that professionals use to make their algorithms 
more efficient. These techniques are straightforward examples of the phi­
losophy "don't work hard, work smart" and studying them will give us a 
deeper understanding of the underlying mathematical subtleties of digital 
signal processing. In this chapter, we present a collection of these clever 
tricks of the trade and explore several of them in detail, because doing so 
reinforces some of the lessons we've learned in previous chapters. 

10. 1 Frequency Translation without Multiplication 

Frequency translation is often called for in digital signal processing algo­
rithms. A filtering scheme called transmultiplexing (using the FFT to effi­
ciently implement a bank of bandpass filters) requires spectral shifting by 
half the sample rate, or fs/2[1]. Inverting bandpass sampled spectra and 
converting low-pass FIR filters to highpass filters both call for frequency 
translation by half the sample rate. Conventional quadrature bandpass 
sampling uses spectral translation by one quarter of the sample rate, or 
fs/ 4, to reduce unnecessary computations[2,3]. There are a couple of tricks 
used to perform discrete frequency translation, or mixing, by f/2 andfs/ 4 
without actually having to perform any multiplications. Let's take a look 
at these mixing schemes in detail. 

First, we'll consider a slick technique for frequency translating an input 
sequence by fs/2 by merely multiplying that sequence by (-lt, or (-1)0, 

(-1)1, (-1)2, (-1)3, etc. Better yet, this requires only changing the sign of 
every other input sample value because (-1)" = 1, -1, 1, -1, etc. This 
process may seem a bit mysterious at first, but it can be explained in a 
straightforward way if we review Figure 10-1. The figure shows us that 
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Figure 10-1 Mixingsequencecomprising(-l)n; 1,-1.1,-l,etc. 

multiplying a time-domain signal sequence by the (-lt mixing sequence 
is equivalent to multiplying the signal sequence by a sampled cosinusoid 
where the mixing sequence values are shown as the dots in Figure 10-1. 
Because the mixing sequence's cosine repeats every two sample values, its 
frequency is f/2. Let's look at this situation in detail, not only to under­
stand mixing sequences, but to illustrate the DPT equation's analysis 
capabilities, to reiterate the nature of complex signals, and to reconfirm 
the important equivalence of shifting in the time domain and phase shift­
ing in the frequency domain. 

We can verify the (-lt mixing sequence's frequency translation of f/2 
by taking the DPT of the mixing sequence expressed as Fl,-l,l,- 1... (m) 
where 

N-1 

F1,-1,1,-1, ... (m) = L (1,-1, 1,-1, .. . )e-j21enm/ N 

n=O 

(10-1) 

Using a 4-point DPT, we expand the sum in Eq. (10-1), with N = 4, to 

f (m) = e-j21t0m/4 _ e-j21tlm/4 + e-i21t2m/4 _ e-i21t3m/4 . 
1,-1,1,-1 (10-2) 

Notice that the mixing sequence is embedded in the signs of the terms of 
Eq. (10-2) that we evaluate from m = 0 to m = 3 to get 

m = 0: Fl,-l,l ,-l (0) = e-i0 - e-i0 + e-i0 - e-i0 = 1 -1 + 1 -1 = 0, (10-3) 

m = 1: Fl,- l ,l,-l (1) = e-i0 - e-i21e14 + e-i41e/4 - e-i61tl4 == 1 + jl - 1 - jl = 0, (10-4) 

m = 2: Fl,-l,l ,-l (2) == e-i0 - e-i41e/4 + e-iB1e/4 - e-i121e14 == 1 + 1 + 1 + 1 == 4, (10-5) 
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Figure 10-2 Frequency-domain magnitude and phase of an N-point (-l)n sequence. 

and 

m = 3: F _ _ (3) = e-jo _ e-j6rrJ4 + e-jl2rc/ 4 _ e-j18rc/ 4 = 1-jl _ 1 + jl = o . (10:-6) 
1, 1,1, 1 

See how the 1, -1, 1, -1 mixing sequence has a nonzero frequency compo­
nent only when m = 2 corresponding to a frequency of mf/ N =2f/ 4 = fsl 2. 
So, in the frequency domain the four-sample 1, -1, 1, -1 mixing sequence 
is anf/2 sinusoid with a magnitude of 4 and a phase angle of 0°. Had our 
mixing sequence contained eight separate values, the results of an 8-point 
OFT would have been all zeros with the exception of the m = 4 frequency · 
sample with its magnitude of 8 and phase angle of 0°. In fact, the OFT of 
N (lt has a magnitude of Nat a frequency f/2. When N = 32, for exam­
ple, the magnitude and phase of a 32-point (-lt sequence is shown in 
Figure 10-2. 

Let's demonstrate this (-lt mixing with an example. Consider the 32 
discrete samples of the sum of 3 sinusoids comprising a real time-domain 
sequence x(n) shown in Figure 10-3(a) where 

The frequencies of the three sinusoids are 10/32 Hz, 11/32 Hz, and 12/32 
Hz, and they each have an integral number of cycles (10, 11, and 12) over 
32 samples of x(n). To show the magnitude and phase shifting effect of 
using the 1, -1, 1, -1 mixing sequence, we've added arbitrary phase shifts 
of-1t/4 (-45°) and -31t/8 (-67.5°) to the second and third tones. Using a 
32-point OFT results in the magnitude and phase of X(m) shown in 
Figure 10-3(b ). 

Let's notice something about Figure 10-3(b) before we proceed. The 
magnitude of the m = 10 frequency sample I X(lO) I is 16. Remember why 
this is so? Recall Eq. (3-17) from Chapter 3 where we learned that, if a real 
input signal contains a sinewave component of peak amplitude A

0 
with 
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Figure 10-3 Disc rete signal sequence x(n): (a) time-domain representation of x (n); 
(b) frequency-domain magnitude and phase of X(m). 

an integral number of cycles over N input samples, the output magnitude 
of the DFT for that particular sinewave is A

0
N /2. In our case, then, 

I X(lO) I = 1 · 32/2 = 16, I X(ll) I = 8, and I X(12) I = 4. 
If we multiply x(n), sample by sample, by the (-1)'1 mixing sequence, our 

new time-domain sequence x1 _1(n) is shown in Figure 10-4(a), and the 
DFT of the frequency translated x1,_1 is provided in Figure 10-4(b). 
(Remember now, we didn't really perform any explicit multiplications­
the whole idea here is to avoid multiplications-we merely changed the 
sign of alternating x(n) samples to get x1,-i(n).) Notice that the magnitude 
and phase of X1 _1(m) are the magnitude and phase of X(m) shifted by fs/2, 
or 16 sample shifts, from Figure 10-3(b) to Figure 10-4(b ). The negative fre­
quency components of X(m) are shifted downward in frequency, and the 
positive frequency components of X(m) are shifted upward in frequency 
resulting in X1 _1 (m) . It's a good idea for the reader to be energetic and 
prove that the magnitude of X1 _1(m) is the convolution of the (-lt 
sequence's spectral magnitude in Figure 10-2 and the magnitude of X(m) 
in Figure 10-3(b ). Another way to look at the X1 _1 (m) magnitudes in Figure 
10-4(b) is to see that multiplication by the (-1)'1 mixing sequence flips the 
positive frequency band of X(m) from zero to +fs/2 Hz about fs/ 4 Hz and 
flips the negative frequency band of X(m) from -f/2 to zero Hz, about 

,, 
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x1,-ln) = (-1)"· x(n) 
1,5 ■ 

■ 
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Figure I 0-4 Frequency translation by fJ2: ( a) mixed sequence X1.- i (n) = (-1 )n • x(n); 
(b) magnitude and phase of frequency-translated X1._1(m). 

-// 4 Hz. This process can be used to invert spectra when bandpass sam­
pling is used, as described in Section 2.4. 

Another useful mixing sequence is 1,-1,-1,1, etc. It's used to translate 
spectra by f/ 4 in quadrature sampling schemes and is illustrated in 
Figure 10-S(a). In digital quadrature mixing, we can multiply an input 
data sequence x(n) by the cosine mixing sequence 1,-1,-1,1 to get the in­
phase component of x(n)-what we'll call i(n). To get the quadrature­
phase product sequence q(n), we multiply the original input data 
sequence by the sine mixing sequence of 1,1,-1,-1. This sine mixing 
sequence is out of phase with the cosine mixing sequence by 90°, as 
shown in Figure 10-S(b). 

If we multiply the 1,-1,-1,1 cosine mixing sequence and an input 
sequence x(n), we'll find that the i(n) product has a DPT magnitude that's 
related to the input's DPT magnitude X(n) by 

I I(m) 11,-l,-l,l = 
IX(m)I 

-fi 
(10-8) 

To see why, let's explore the cosine mixing sequence 1,-1,-1,1 in the fre­
quency domain. We know that the DPT of the cosine mixing sequence, 
represented by F1 _1 _11 (m), is expressed by 

' ' ' 
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Figure 10-5 Quadrature mixing sequences for downconverslon by f/4: 
(a) cosine mixing sequence using l,-1,-l, l,.. .; (b) sine mixing 
sequence using l,l,-l,-1,.. .. 

N-1 

Fl,-l,-1,1(m) == ,L(l,-1,-1,1, .. . )e-jZ1tnm/N 

n=O 

(10-9) 

Because a 4-point DFT is sufficient to evaluate Eq. (10-9), with N == 4, 

F (m) == e-j21tOm/ 4 _ e-j21tlm/ 4 _ e-j21t2m/ 4 + e-j21t3m/ 4 . 
1,-1,-1,1 (10-10) 

Notice, again, that the cosine mixing sequence is embedded in the signs 
of the terms of Eq. (10-10). Evaluating Eq. (10-10) for 1h = l, correspond­
ing to a frequency of l ·f/N, orfs/4, we find 

== 1 + jl + 1 + jl == 2 + j2 == Jz L.45°. (10-11) 
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So, in the frequency domain, the cosine mixing sequence has an fs/ 4 mag­
nitude of 4/ ✓2 at a phase angle of 45°. Similarly, evaluating Eq. (10-10) 
form= 3, corresponding to a frequency of -JJ 4,. we find 

m = 3: F (3) = e-jO _ e-f3n/2 -e-j3n + e-f9n/2 
1,-1,-1,l 

= 1- jl + 1- jl = 2 - j2 = }i- L - 45°. (10-12) 

The energetic reader should evaluate Eq. (10-10) for m = 0 and m = 2, to 
confirm that the 1,-1,-1,1 sequence's DPT coefficients are zero for the fre­
quencies of O andfs/2. 

Because the 4-point DFT magnitude of an all positive ones mixing 
sequence (1, 1, 1, 1) is 4t, we see that the frequency-domain scale factor for 
the 1,-1,-1,1 cosine mixing sequence is expressed as 

I( ) 1 f 
cosine sequence DFT magnitude 

m 1 1 11 sea e actor=----=--------"'---­
,- ,- ' all ones sequence DFT magnitude 

4/✓2 1 
=-4- = ✓2 I 

(10-13) 

which confirms the relationship in Eq. (10-8) and Figure 10-5(a). Likewise, 
the DFT scale factor for the quadrature-phase mixing sequence (1,1,-1,-1) is 

thus 

1 
Q(m)11 _1 _1 scale factor= ,,:; , , , , -v2 

. IX(m)I 
I Q(m) 111 -1 -1 = ,,:; , , , -y2 (10-14) 

So what this all means is that an input signal's spectral magnitude, 
after frequency translation, will be reduced by a factor of ✓2 . There's 
really no harm done, however-when the in-phase and quadrature-phase 
components are combined to find the magnitude of a complex frequency 

t We can show this by letting K = N = 4 in Eq. (3-44) for a four-sample all ones sequence in 
Chapter 3. 
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sample X(m), the ✓2 scale factor is eliminated, and there's no overall 
magnitude loss because 

I scale factor I = ✓U(m) scale factor) 2 + (Q(m) scale factor) 2 

(10-15) 

We can demonstrate this quadrature mixing process using the x(n) 
sequence from Eq. (10-7) whose spectrum is shown in Figure 10-3(b). If 
we multiply that 32-sample x(n) by 32 samples of the quadrature mixing 
sequences 1,-1,-1,1 and 1,1,-1,-1, whose DFT magnitudes are shown in 
Figure 10-6(a) and (b), the new quadrature sequences will have the 

l 
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1/v'l. • • • 
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Figure 10-6 Frequency t ranslation by tsf4: (a) normalized magnitude and phase of 
cosine 1,-1, - l, l sequence; (b) normalized magnitude and phase of 
sine 1, l ,- 1,-1 sequence; (c) magnitude and phase of frequency­
transloted, In-phase /(m); (d) magnitude and phase of frequency­
tronslated, quadrature-J!)hase Q(m) . 

.. 
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frequency-translated l(m) and Q(m) spectra shown in Figure 10-6(c) and 
(d). (Remember now, we don't actually perform any multiplications; we 
merely change the sign of appropriate x(n) samples to get the i(n) and 
q(n) sequences.) 

There's a lot to learn from Figure 10-6. First, the positive frequency com­
ponents of X(m) from Figure 10-3(b) are indeed shifted downward by fs/4 
in Figure 10-6(c). Because our total discrete frequency span (f

5 
Hz) is 

divided into 32 samples, f/ 4 is equal to eight. So, for example, the X(lO) 
component in Figure 10-3(b) corresponds to the 1(10-8) = 1(2) component 
in Figure 10-6(c). Likewise, X(ll) corresponds to 1(11-.:8) = 1(3), and so on. 
Notice, however, that the positive and negative components of X(m) have 
each been repeated twice in the frequency span in Figure 10-6(c). This 
effect is inherent in the process of mixing any discrete time-domain signal 
with a sinusoid of frequency fs/ 4. Verifying this gives us a good opportu­
nity to pull convolution out of our toolbox and use it to see why the l(m) 
spectral replication period is reduced by a factor of 2 from that of X(m). 
Recall, from the convolution theorem, that the DFT of the time-domain 
product of x(n) and the 1,-1,-1,1 mixing sequence l(m) is the convolution 
of their individual DFTs, or l(m) is equal to the convolution of X(m) and the 
1,-1,-1,1 mixing sequence's magnitude spectrum in Figure 10-6(a). If, for 
convenience, we denote the 1,-1,-1,1 cosine mixing sequence's magnitude 
spectrum as Sc(m), we can say that l(m) = X(m)*Sc(m) where the 11*" symbol 
denotes convolution. 

Let's look at that particular convolution to make sure we get the l(m) 
spectrum in Figure 10-6(c). Redrawing X(m) from Figure 10-3(b) to show 
its positive and negative frequency replications gives us Figure 10-7(a). 
We also redraw S/m) from Figure 10-6(a) showing its positive and nega­
tive frequency components in Figure 10-7(b). Before we perform the con­
volution's shift and multiply, we realize that we don't have to flip S/m) 
about the zero frequency axis because, due to its symmetry, that would 
have no effect. So now our convolution comprises the shifting of Sc(m) in 
Figure 10-7(b), relative to the stationary X(m), and taking the product of 
that shifted sequence and the X(m) spectrum in Figure 10-7(a) to arrive at 
l(m). No shift of Sc(m) corresponds to them= 0 sample of l(m). The sums 
of the products for this zero shift is zero, so 1(0) = 0. If we shift S/m) to 
the right by two samples, we'd have an overlap of S/8) and X(lO), and 
that product gives us 1(2). One more Sc(m) shift to the right results in an 
overlap of S/8) and X(ll), and that product gives us 1(3), and so on. So 
shifting Sc(m) to the right and summing the products of Sc(m) and X(m) 
results in 1(1) to 1(14). If we return S/m) to its unshifted position in Figure 
10-7(b), and then shift it to the left two samples in the negative.frequency 
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Figure 10-7 Frequency-domain convolution resulting in /(m): (a) magnitude of 
X(m); (b) spectral magnitude of the cosine 's 1,-1 ,-1, l t ime-domain 
sequence, ScCm); this is the sequence we ' ll shift to the left and right to 
perform the convolution; (c) convo!Ution result: the rnognitude of 
frequency-translated, in-phase /(m). 

direction, we'd have an overlap of 5/-8) and X(-10), and that product 
gives us I(-2) . One more 5c(m) shift to the left results in an overlap of 
5/-8) and X(-11), and that product gives us I(-3), and so on. Continuing 
to shift 5c(m) to the left determines the remaining negative frequency 
components I(-4) to I(-14). Figure 10-7(c) shows which I(m) samples 
resulted from the left and right shifting of 5c(m). By using the convolu­
tion theorem; we can see, now, that the magnitudes in Figure 10-7(c) and 
Figure i0-6(c) really are the spectral magnitudes of the in-phase compo­
nent I(m) with its reduced spectral replication period. 

The upshot of all of this is that we can change the signs of appropriate 
x(n) samples to shift x(n)'s spectrum by one quarter of the sample rate 
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without having to perform any explicit multiplications. Moreover, if we 
change the signs of appropriate x(n) samples in accordance with the mix­
ing sequences in Figure 10-5, we can get the in-phase i(n) and quadrature­
phase q(n) components of the original x(n). One important effect of this 
digital mixing by f/ 4 is that the spectral replication periods of l(m) and 
Q(m) are half the replication period of the original X(m).t So we must be 
aware of the potential frequency aliasing problems that may occur with 
this frequency-translation method if the signal bandwidth is too wide rel­
ative to the sample rate, as discussed in Section 7.3. 

Before we leave this particular frequency-translation scheme, let's 
review two more issues, magnitude and phase. Notice that the untrans­
lated X(lO) magnitude is equal to 16 in Figure 10-3(b), and that the trans­
lated 1(2) and Q(2) magnitudes are 16/ ✓2 = 11.314 in Figure 10-6. This 
validates Eq. (10-8) and Eq. (10-14). If we use those quadrature compo­
nents 1(2) and Q(2) to determine the magnitude of the corresponding fre­
quency-translated, complex spectral component from the square root of 
the sum of the squares relationship, we'd find that the magnitude of the 
peak spectral component is 

peak component magnitude= ✓(16/ ✓2)2 +(16/ ✓2)2 = ✓256 = 16, (10-16) 

verifying Eq. (10-15). So combining the quadrature components l(m) and 
Q(m) does not result in any loss in spectral amplitude due to the fre­
quency translation. Finally, in performing the above convolution process, 
the phase angle samples of X(m) in Figure 10-3(b) and the phase samples 
of the 1,-1,-1,1 sequence in Figure 10-6(a) add algebraically. So the resul­
tant l(m) phase angle samples in Figure 10-6(c) result from either adding 
or subtracting 45° from the phase samples of X(m) in Figure 10-3(b). 

Another easily implemented mixing sequence used for fs/ 4 frequency 
translations to obtain l(m) is the 1, 0, -1, 0, etc., cosine sequence shown in 
Figure 10-S(a). This mixing sequence's quadrature companion 0, 1, 0, -1, 
Figure 10-S(b), is used to produce Q(m). To determine the spectra of these 
sequences, let's, again, use a 4-point DFT to state that 

N-1 

F ( ) - "'(1 0 -l 0 ) -j2nnm/N 1,0,-1,0 m - ~ , , , , •·· e (10-17) 
n=O 

t Recall that we saw this reduction in spectral replication period in the quadrature sampling 
results shown in Figures 7-2(g) and 7-3(d). 
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Figure 10-8 Quadrature mixing sequences for downconversion by f
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cosine mixing sequence using l, 0, -1, 0, ... ; (b) sine mixing 
sequence using 0, l, 0, - l, ... 

WhenN= 4, 

F (m) = e-j2n0m/ 4 _ e-j21t2m / 4 . 
1,0,-1,0 (10-18) 

Again, the cosine mixing sequence is embedded in the signs of the terms 
of Eq. (10-18), and there are only two terms for our 4-point DFT. We eval­
uate Eq. (10-18) form= 1, corresponding to a frequency off/ 4, to find that 

F (1) - -jO -j1t -1 1- 2L.0° 1,0,-1,0 - e - e - + - · (10-19) 

Evaluating Eq. (10-18) form= 3, corresponding to a frequency of -f/4, 
shows that 

F (3) - -jO -j31t -1 1-2L.0° 1 o -1 o - e - e - + - · 
1 I I . 

(10-20) 

Using the approach in Eq. (10-13), we can show that the scaling factor for 
the 1, 0, -1, 0 cosine mixing sequence is given as 
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2 1 
I(m)i o _10 scale factor= - = -

'' ' 4 2 

I I(m) I = I X(m) I . 
1,0,-1,0 2 (10-21) 

Likewise, if we went through the same exercise as above, we'd find that 
the scaling factor for the 0, 1, 0, -1 sine mixing sequence is given by 

So 

1 
Q(m)0 1 0 _1 scale factor= -, , , 2 

I Q(m) I = I X(m) I 
0,1,0,-1 2 (10-22) 

So these mixing sequences induce a loss in the frequency-translated sig­
nal amplitude by a factor of 2. 

By way of example, let's show this scale factor loss again by frequency 
translating the x(n) sequence from Eq. (10-7); whose spectrum is shown in 
Figure 10-3(b). If we multiply that 32-sample x(n) by 32 samples of the 
quadrature mixing sequences 1, 0, -1, 0 and 0, 1, 0, -1, whose DFT mag­
nitudes are shown in Figure 10-9(a) and (b), the resulting quadrature 
sequences will have the frequency-translated I(m) and Q(m) spectra 
shown in Figure 10-9(c) and (d). 

Notice that the untranslated X(lO) magnitude is equal to 16 in Figure 
10-3(b) and that the translated I(2) and Q(2) magnitudes are 16/2 = 8 in 
Figure 10-6. This validates Eq. (10-21) and Eq. (10-22). If we use those 
quadrature components 1(2) and Q(2) to determine the magnitude of the 
corresponding frequency-translated, complex spectral component from 
the square root of the sum of the squares relationship, we'd find that the 
magnitude of the peak spectral component is 

peakcornponentrnagnitude= ✓(16/2)2 +(16/2)2 = ✓(16)2 /2 =Ji. (10-23) 

When the in-phase and quadrature-phase components are combined to 
get the magnitude of a complex value, a resultant ,fi scale factor, for the 
1, 0, -1, 0 and 0, 1, 0, -1 sequences, is not eliminated. An overall 3 dB loss 
remains because we eliminated some of the signal power when we multi­
plied half of the data samples by zero. 
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Figure 10-9 Frequency translation by fJ4: (a) normalized magnitude and phase of 
cosine l, 0, -1, 0 sequence; (b) normalized magnitude and phase of 
sine 0, 1, 0, - l sequence; (c) magnitude and phase of frequency­
translated in-phase /(m); (d) magnitude and phase of frequency­
translated quadrature-phase Q(m). 

The question is "Why would the sequences 1, 0, - 1, 0 and 0, 1, 0, -1 ever 
be used if they induce a signal amplitude loss in i(n) and q(n)?" The 
answer is that the alternating zero-valued samples reduce the amount of 
follow-on processing performed on i(n) and q(n). Let's say; for example, 
that an application requfres both i(n) and q(n) to be low-pass filtered. 
When alternating samples of i(n) and q(n) are zeros, the digital filters have 
0nly half as many multiplications to perform because multiplications by 
zero are unnecessary. 

Another way to look at this situation is that i(n) and q(n), in a sense, have 
been decimated by a factor of 2, an~ the necessary follow-on processing 
rates (operations/second) are also being reduced by a factor of 2. If i(n) and 
q(n) are, indeed, applied to two separate FIR digital filters, we can be clever 
and embed the mixing sequences' plus and minus ones and zeros into the 
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Demultiplexer Even 

~ 
samples ·~ i(n) 

~ I 

x(n) .. COS=1,-1, 1,-1 .. . 

\ Odd 
samples 

►~ 
q(n) 

I 

sin = 1 , -1, 1 , -1 . . . 

Figure 10-10 Quadrature downconversion by fJ4 using a demultiplexer 
(demux) and the sequence l, -1, l, -1, .... 

.. 

► 

filters' coefficient values and avoid actually performing any multiplica­
tions. Because some coefficients are zero, they need not be used at all, and 
the number of actual multipliers used can be reduced. In that way, we'll 
have performed quadrature mixing and FIR filtering in the same process 
with a simpler filter. This technique also forces us to be aware of the poten­
tial frequency aliasing problems that may occur if the input signal is not 
sufficiently bandwidth limited relative to the original sample rate. 

Figure 10-10 illustrates an interesting hybrid technique using the fs/2 
mixing sequence (1, -1, 1, -1) to perform quadrature mixing and down­
conversion by fs/ 4. This scheme uses a demultiplexing process of routing 
alternate input samples to one of the two mixer paths[3-6]. Although both 
digital mixers use the same mixing sequence, this process is equivalent to 
multiplying the input by the two _quadrature mixing sequences shown in 
Figure 10-8(a) and 10-8(b) with their frequency-domain magnitudes indi­
cated in Figure 10-9(a) and 10-9(b). That's because alternate samples are 
routed to the two mixers. Although this scheme can be used for the quad­
rature sampling and demodulation described in Section 7.2, interpolation 
filters must be used to remove the inherent half sample time delay 
between i(n) and q(n) caused by using the single mixing sequence of 
1,-1,1,-1. 

Table 10-1 summarizes the effect of multiplying time-domain signal sam­
ples by various digital mixing sequences of ones, zeros, and minus ones. 

A "yes" in the last column in Table 10-1 indicates that alternating sam­
ples of i(n) and q(n) can be discarded with no adverse impact on their 
spectra, allowing a follow-on processing data rate that's half the original 
x(n) data rate. 
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Table 10-1 Digital Mixing Sequences 

In-phase Quadrature Frequency Scale Final signal Decimation 
sequence sequence translation by factor power loss can occur 

1, - 1, 1, -1, . .. f/2 1 0dB no 

1, -1, -1, 1, ... 1, 1, -1, -1, . .. fs/4 1/ ✓2 0dB yes 

1, 0, -1, 0, . . . 0, 1, 0, -1, . . . f/4 1/2 3dB yes 

1, - 1, 1, -1, .. . -1, 1, -1, 1, ... fs/4 1/ 2 3dB no 
(with demux) (with demux) 

l 0.2 High-Speed Vector-Magnitude Approximation 
The quadrature processing techniques employed in spectrum analysis, 
computer graphics, and digital communications routinely require high­
speed determination of the magnitude of a complex vector V given its real 
and imaginary p arts; i.e., the in-phase part I and the quadrature-phase 
part Q[4] . This magnitude calculation requires a square root operation 
because the magnitude of V is 

(10-24) 

Assuming that the sum 12 + Q2 is available, the problem is to efficiently 
perform the square root operation. 

There are several ways to obtain square roots, but the optimum tech­
nique depends on the capabilities of the available hardware and software. 
For example, when performing a square root using a high-level software 
language, we employ whatever software square root function is available. 
Although accurate, software routines can be very slow. In contrast, if a 
system must accomplish a square root operation in 50 nanoseconds, high­
speed magnitude approximations are required[7,8]. Let's look at a neat 
magnitude approximation scheme that's particularly efficient. 

l 0.2. l aMax+BMin Algorithm 

There is a technique called the aMax+~Min (read as "alpha max plus beta 
min") algorithm for calculating the magnitude of a complex vector.t It's a 

t A "Max+j3Min" algorithm had been in use, but in 1988 this author suggested expanding it 
to the aMax+j:lMin form, where a could be a value other than unity[9]. 
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linear approximation to the vector-magnitude problem that requires 
determining which orthogonal vector, I or Q, has the greater absolute 
value. If the maximum absolute value of I or Q is designated by Max and 
the minimum absolute value of either I or Q is Min, an approximation of 
IV I, using the aMax+~Min algorithm, is expressed as 

IVI ""a.Max+ ~Min. (10-25) 

There are several pairs for the a and~ constants that provide varying 
degrees of vector-magnitude approximation accuracy to within 
O.ldB[7,10]. The aMax+~Min algorithms in reference [lOJ determine a vec­
tor magnitude at whatever speed it takes a system to perform a magnitude 
comparison, two multiplications, and one addition. But, as a minimum, 
those algorithms require a 16-bit multiplier to achieve reasonably accurate 
results. However, if hardware multipliers are not available, all is not lost. 
By restricting the ex, and ~ constants to reciprocals of integral powers of 2, 
Eq. (10-25) lends itself well to implementation in binary integral arith­
metic. A prevailing application of the ciMax+~Min algorithm uses a.= 1.0 
and ~ = 0.5(11,12}. The 0.5 multiplication operation is pe1-formed by shift­
ing the minimum quadrature vector magnitude, Min, to the right by 1 bit. 
We can gauge the accuracy of any vector magnitude estimation by plotting 
its error as a function of vector phase angle. Let's do that. The ex,Max+~Min 
estimate for a complex vector of unity magnitude, using 

(10-26) 

over the vector angular range of Oto 90°, is shown as the solid curve in 
Figure 10-11. (The curves in Figure 10-11, of course, repeat every 90°.) 

An ideal estimation curve for a unity magnitude vector would have an 
average value of on,e and an error standard deviation (cre) of zero; that is, 
having cr, = 0 means that the ideal curve is flat-because the curve's value 
is one for all vector angles and its average error is zero. We'll use th.is ideal 
estimation curve as a yardstick to measure the merit of various 
aMax+~Min algorithms. Let's make sure we know what the solid curve 
in Figure 10-11 is telling us. It indicates that a unity magnitude vector ori­
ented at an angle of approximately 26° will be estimated by Eq. (10-26) to 
have a magnitude of 1.118 instead of the correct magnitude of one. The 
error then, at 26°, is 11.8 percent, or 0.97 dB. Analyzing ·the entire solid 
curve in Figure 10-11 results in cre = 0.032 and an average error, over the 0 
to 90° range, of 8.6 percent (0.71 dB). 

I I 
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Figure 10-11 Normalized aMax+BMln estimates for a = l, B = 1 /2, and B = l / 4. 

To reduce the average error introduced by Eq. (10-26), it is equally con­
venient to use a p value of 0.25, such as 

Min 
IVl""Max+--. 

4 
(10-27) 

Equation (10-27), whose p multiplication is realized by shifting the digital 
value Min 2 bits to the right, results in the normalized magnitude approx­
imation shown as the dashed curve in Figure 10-11. Although the largest 
error of 11.6 percent at 45° is similar in magnitude to that realized from 
Eq. (10-26), Eq. (10-27) has reduced the average error to -0.64 percent 
(-0.06 dB) and produced a slightly larger standard deviation of cre = 0.041. 
Though not as convenient to implement as Eqs. (10-26) and (10-27), a P 
value of 3/8 has been used to provide even more accurate vector magni­
tude estimates[13]. Using 

3·Min 
IV/,,,Max+--

8 
(10-27') 

provides the normalized magnitude approximation shown as the dotted 
curve in Figure 10-11. Equation (10-27') results in magnitude estimates, 
whose largest error is only 6.8 percent, and a reduced standard devia­
tion of cre = 0.026. 
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Figure I 0-12 o:Max+BMin estimates for o: = 7 /8, B = 7 / 16 and o: = 15/16, B = 15/32. 

Although the values for ex and Pin Figure 10-11 yield rather accurate 
vector-magnitude estimates, there are other values for ex. and P that 
deserve our attention because they result in smaller error standard devia­
tions. Consider ex= 7 /8 and~= 7 /16 where 

7 7 . 7 ( Min) IVl""-Max+-Mm=- Max+--
8 16 8 2 

(10-28) 

Equation (10-28), whose normalized results are shown as the solid curve in 
Figure 10-12, provides an average error of -5.01 percent and cre = 0.028. The 
7 /8ths factor applied to Eq. (10-26) produces both a smaller cre and a reduced 
average error-it lowers and flattens out the error curve from Eq. (10-26). 

A further improvement can be obtained with ex= 15/16 and~= 15/32 
where 

15 15 . 15 ( Min) IVl""-Max+-Mm=- Max+-- . 
16 32 16 2 

(10-29) 

Equation (10-29), whose normalized results are shown.as the dashed curve 
in Figure 10-12, provides an average error of 1.79 percent and at = 0.030. At 
the expense of a slightly larger cre, Eq. (10-29) prov:ides an average error 
that is reduced below that provided by Eq. (10-28). 

Although Eq. (10-29) appears to require two multiplications and one 
addition, its digital hardware implementation can be straightforward, as 
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1/1 
Register 

1/1/2 1/1/2 
1/1 

+ I VI = 15(Max + Min/2) 
16 

l/I>I0I Subtract 
4 -

IOI \ IOI 
~ Max+ Min/2 

16 

IQl/2 IQl/2 

Figure 10-13 Hardware implementation of Eq. (10-29). 

shown in Figure 10-13. The diagonal lines, \1 for example, denote a hard­
wired shift of 1 bit to the right to implement a divide-by-two operation by 
truncation. Likewise, the \4 symbol indicates a right shift by 4 bits to real­
ize a divide-by-16 operation. The I l I > I QI control line is TRUE when the 
magnitude of I is greater than the magnitude of Q, so that Max = I l I and 
Min = I Q I . This condition enables the registers to apply the values I l I and 
I QI /2 to the adder. When I I I > I Q I is FALSE, the registers apply the val­
ues I Q I and I l I /2 to the adder. Notice that the output of the adder, Max 
+ Min/2, is the result of Eq. (10-26). Equation (10-29) is implemented via the 
subtraction of (Max+ Min/2)/16 from Max+ Min/2. 

In Figure 10-13, all implied multiplications from Eq. (10-29) are per­
formed by hardwired bit shifting, and the total execution time is limited 
only by the delay times associated with the hardware components. 

l 0.2.2 Overflow Errors 

In Figures 10-11 and 10-12, notice that we have a potential overflow problem 
with the results of Eqs. (10-26), (10-27), and (10-29) because the estimates can 
exceed the correct normalized vector-magnitude values; i.e., some magni­
tude estimates are greater than one. This means that, although the correct 
magnitude value may be within the system's full-scale word width, the 
algorithm result may exceed the work width of the system and cause over­
flow errors. With <XM"ax+~Min algorithms, the user must be certain that no 
true vector magnitude exceeds the value that will produce an estimated 
magnitude greater than the maximum allowable word width. For example, 

,, 
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when using Eq. (10-26), we must ensure that no true vector magnitude 
exceeds 89.4 percent (1/1.118) of the maximum allowable work width. 

l 0.2.3 Truncation Errors 

The .penalty we pay for the convenience of having a, and ~ as powers of 
two is the error induced by the division-by-truncation process; and, thus 
far, we haven't taken that error into account. The error curves in Figure 
10-11 and Figure 10-12 were obtained using a software simulation with its 
floating-point accuracy and are useful in evaluating different a, and ~ val­
ues. However, the true error introduced by the a.Max+~Min algorithm 
will be somewhat different from that shown in Figures 10-11 and 10-12 
due to division errors when truncation is used with finite word widths.t 
For a.Max+~Min schemes, the truncation errors are a function of the 
data's word width, the algorithm used, the values of both I I I and I Q I , 
and the vector's phase angle. (These errors due to truncation compound 
the errors already inherent in our a.Max+~Min algorithms.) Thus, a com­
plete analysis of the truncation errors is beyond the scope of this book. 
What we can do, however, is illustrate a few truncation error examples. 

Figure 10-14 shows the percent truncation errors using Eq. (10-29) for 
vector magnitudes of 4 to 512. Two vector phase angles were chosen to 

& % Error 
s+----------- - ------------

4-1--\-----------------------
2 -!--'_, _ ____________________ _ 

% 0 

• 26° 
-44-1-------------------------

0 o0 

-6 -------------------------

-8 +-------------------------
-10 +-+-~--+--l---l---+--t--+--+--+-+-+-+--1----l--+--l-+-+-+--+--+--t--+-+--1► 

4 85 165 245 325 405 485 V 

Figure 10-14 Equation (10-29) truncation error vs. vector magnitude I VI . 

t Errors associated with division-by-truncation are covered in more detail in Section 9.3. 
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Table 10-2 a Max+BMin Algorithm Comparisons 

Largest Largest Average Average Standard Max 
Algorithm error error error error deviation IVI 

IVI"' (%) (dB) (%) (dB) a, (% F.S.) 

Max+ Min/2 11.8% 0.97 dB 8.6% 0.71 dB 0.032 89.4% 

Max+ Min/4 -11.6% -1.07 dB -0.64% -0.06 dB 0.041 97.0% 

Max+ 3Min/ 8 6.8% 0.57 dB 3.97% 0.34 dB 0.026 93.6% 

7(Max + Min/2)/8 -12.5% -1 .16 dB -4.99% -0.45 dB 0.028 100% . 
15(Max + Min/2)/16 -{i,25% -0.56 dB 1.79% 0.15 dB 0.030 95.4% 

illustrate these truncation errors. The first is 26° because this is the 
phase angle where the most positive algorithm error occurs, and the 
second is 0° because this is the phase angle that introduces the greatest 
negative algorithm error. Notice that, at small vector magnitudes, the 
truncation errors are as great as 9 percent, but for an eight-bit system 
(maximum vector magnitude = 255) the truncation error is less than 1 
percent. As the system word width increases, the truncation errors 
approach O percent. This means that truncation errors add very little to 
the inherent aMax+PMin algorithm errors. 

The relative performance of the various algorithms is summarized in 
Table 10-2. The last column in Table 10-2 illustrates the maximum allow­
able true vector magnitude as a function of the system's full-scale (F.S.) 
word width to avoid overflow errors. 

So, the aMax+PMin algorithm enables high-speed, vector-magnitude 
computation without the need for math coprocessor or hardware multi­
plier chips. Of course with the recent availability of high-speed, floating­
point multiplier integrated circuits-with their ability to multiply or 
divide by nonintegral numbers in one or two clock cycles-a and P may 
not always need to be restricted to reciprocals of integral powers of two. 
It's also worth mentioning that this algorithm can be nicely implemented 
in a single hardware integrated circuit (for example, a field programma­
ble gate array) affording high-speed operation. 

10.3 Data Windowing Tricks 

There are two useful schemes associated with using window functions on 
input data applied to a DPT or an FFI. The first technique is an efficient 
implementation of the Hanning (raised cosine) and Hamming windows 
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to reduce leakage in the FFT. The second scheme is related to minimizing 
the amplitude loss associated with using windows. 

l 0.3. l Windowing in the Frequency Domain 

There's a clever technique for minimizing the calculations necessary to 
implement FFT input data windowing to reduce spectral leakage. There 
are times when we need the FFT of unwindowed time-domain data, and 
at the same time, we also want the FFT of that same time data with a win­
dow function applied. In this situation, we don't have to-perform two sep­
arate FFTs. We can perform the FFT of the unwindowed data, and then we 
can perform frequency-domain windowing on that FFT result to reduce 
leakage. Let's see how. 

Recall from Section 3.9 that the expressions for the Hanning and the 
Hamming windows were wHan(n) = 0.5-0.5cos(2nn/N), and 
wHam(n) = 0.54 -0.46cos(2rcn/N), respectively. They both have the gen­
eral cosine function form of 

w(n) = a - ~cos(2nn/N), (10-30) 

for n = 0, l, 2, ... , N-1. Looking at the frequency response of the general 
cosine window function, using the definition of the DFT, the transform of 
Eq. (10-30) is expressed by 

N-1 

W(m) = L [a - /3 cos(2rcn / N)]e-jZnnm / N . (10-31) 
n=O 

ej2rtu IN e -j21111/ N 
Because cos(2rcn IN)= - - - + --- , Eq. (10-31) can be rewritten as 

2 2 

N -1 /3 N -1 N - 1 
= Iiae-j2nnm/N _

2 
r e - j2nn(m-l)/N _ ~ :Ie-j2m1(m+l)/N . (l0-3Z) 

n=O n=O n=O 

Equation (10-32) looks pretty complicated, but, using the derivation from 
Section 3.13 for expressions like those summations, we find that Eq. (10-32) 
merely results in the superposition of three sin(x)/x functions in the .fre­
quency domain. Their amplitudes are shown in Figure 10-15. 
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Freq 

m-1 m m+1 

Figure 10-15 General cosine window frequency-response amplitude. 

Notice that the two translated sin(x)/x functions have sidelobes with 
phase opposite from that of the center sin(x)/x function. This means that 
ex times the mth bin output, minus ~/2 times the (m-1)th bin output, 
minus ~/2 times the (m+ l)th bin output will minimize the sidelobes of the 
mth bin. This frequency-domain convolution process is equivalent to mul­
tiplying the input time data sequence by the N-valued window function 
w(n) in Eq. (10-30)[14,15]. 

For example, let's say the output of the mth FFT bin is X(m) = am+ jbrn, 
and the outputs of its two neighboring bins are X(m-1) = a_1 + jb_1 and 
X(m+l) = a+l + jb+i· Then frequency-domain windowing for the mth bin of 
the unwindowed X(m) is as follows: 

/3 /3 Xwindowed(m) = aX(m)--X(m-l)--X(m+ 1) 
2 2 

(10-33) 

To get a windowed N-point FFT, then, we can apply Eq. (10-33), requiring 
4N additions and 3N multiplications, to the unwindowed FFT result and 
avoid having to perform the N multiplications of time-domain windowing 
and a second FFT with its Mog2N additions and 2Mog2N multiplications. 
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The neat situation here is the a and P values for the Hanning window. 
They're both 0.5, and the products in Eq. (10-33) can be obtained in hard­
ware with binary shifts by a single bit for a and two shifts for ~/2. Thus, 
no multiplications are necessary to implement the Hanning frequency­
domain windowing scheme. The issues that we need to consider are the 
window function best for the application and the efficiency of available 
hardware in performing the frequency-domain multiplications. 

Along with the Hanning and Hamming windows, reference [15] 
describes a family of windows known as Black~an and Blackman­
Harris windows that are also very useful for performing frequency­
domain windowing. (Be aware that reference [15] has two typographical 
errors in the 4-Term (-74 dB) window coefficients column on its page 65. 
Reference [16] specifies that those coefficients should be 0.40217, 
0.49703, 0.09892, and 0.00188.) Let's finish our discussion of frequency­
domain windowing by saying that this scheme can be efficient because 
we don't have to window the entire set of FFT data. Frequency-domain 
windowing need be performed only on those FFT bins that are of inter­
est to us. 

l 0.3.2 Minimizing Window-Processing Loss 

In Section 3.9, we stated that nonrectangular window functions reduce 
the overall signal levels applied to the FFT. Recalling Figure 3-16(a), we 
see that the peak response of the Hanning window function, for example, 
is half that obtained with the rectangular window because the input sig­
nal is attenuated at the beginning and end edges of the window sample 
interval, as shown in Figure 10-16(a). In terms of signal power, this atten­
uation results in a 6 dB loss. Going beyond the signal-power loss, window 
edge effects can be a problem when we're trying to detect short-duration 
signals that may occur right when the window function is at its edges. 
Well, some early digital signal processing practitioners tried to get around 
this problem by using dual window functions. 

The first step in the dual window process is windowing the input data 
with a Hanning window function and taking the FFT of the windowed 
data. Then the same input data sequence is windowed against the inverse 
of the Hanning, and another FFT is performed. (The inverse of the 
Hanning window is depicted in Figure 10-16(b).) The two FFT results are 
then averaged. Using the dual window functions shown in Figure 10-16 
enables signal energy attenuated by one window to be multiplied by the 
full gain of the other window. This technique seemed like a reasonable 
idea at the time, but, depending on the original signal, there could be 
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(a) 

(b) 

Hanning window: 

wHan (n) = 0.5 - 0.5cos(2rcn/N) 
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Inverse of the 
Hanning window: 

wHan (n) = 0.5 + 0.5cos(2rcn/N) 
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Figure 10-16 Dual windows used to reduce windowed-signal loss. 

excessive leakage from the inverse window in Figure 10-16(b ). Remember, 
the purpose of windowing was to ensure that the first and last data 
sequence samples, applied to an FFT, had the same value. The Hanning 
window guaranteed this, but the inverse window could not. Although 
this dual window technique made its way into the literature, it quickly fell 
out of favor. The most common technique used today to minimize signal 
loss due to window edge effects is known as overlapped windows. 

The use of overlapped windows is depicted in Figure 10-17. It's a 
straightforward technique where a single good window function is 
applied multiple times to an input data sequence. Figure 10-17 shows an 
N-point window function applied to the input time series data four times 
resulting in four separate N-point data sequences. Next, four separate N­
point FFTs are performed, and their outputs averaged. Notice that any 
input sample value that's fully attenuated by one window will be multi­
plied by the full gain of the following window. Thus, all input samples 
will contribute to the final averaged FFT results, and the window function 
keeps leakage to a minimum. (Of course, the user has to decide which 
particular window function is best for the application.) Figure 10-17 
shows a window overlap of 50 percent where each input data sample con­
tributes to the results of two FFTs. It's not uncommon to see an overlap of 

., 
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Figure 10-17 Windows overlapped by 50 percent to reduce 
windowed-signal loss. 

75 percent being used where each input data sample would contribute to 
the results of the three individual FFTs. Of course the 50 percent and 75 
percent overlap techniques increase the amount of total signal processing 
required, but, depending on the application, the improved signal sensi­
tivity may justify the extra number crunching. 

10.4 Fast Multiplication of Complex Numbers 

The multiplication of two complex numbers is one of the most common 
functions performed in digital signal processing. It's mandatory in all dis­
crete and fast Fourier transformation algorithms, necessary for graphics 
transformations, and used in processing digital communications signals. 
Be it in hardware or software, it's always to our benefit to streamline the 
processing necessary to perform a complex multiplication whenever we 
can. If the available hardware can perform three additions faster than a 
single multiplication, there's a way to speed up a complex multiplication 
operation[17]. 

The multiplication of two complex numbers a + jb and c + jd, results in 
the complex product 

R + jI = (a+ jb) · (c + jd) = (ac - bd) + j(bc + ad) . (10-34) 

We can see that Eq. (10-34) required four multiplications and two addi­
tions. (From a computational standpoint, we'll assume that a subtraction 
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is equivalent to an addition.) Instead of using Eq. (10-34), we can calculate 
the following intermediate values: 

and 

k1 = a(c + d), 

k2 = d(a + b), 

Then we perform the following operation~ to get the final R and I: 

and 

(10-35) 

(10-36) 

The reader is invited to plug the k values from Eq. (10-35) into Eq. 
(10-36) to verify that the expressions in Eq. (10-36) are equivalent to Eq. 
(10-34). The intermediate values in Eq. (10-35) required three additions 
and three multiplications, whereas the results in Eq. (10-36) required two 
more additions. So we traded one of the multiplications required in Eq. 
(10-34) for three addition operations needed by Eq. (10-35) and Eq. 
(10-36). If our hardware uses fewer clock cycles to perform three additions 
than a single multiplication, we may well gain overall processing speed 
by using Eq. (10-35) and Eq. (10-36) for complex multiplication, instead of 
Eq. (10-34). 

l 0.5 Efficiently Performing the FFT of Real Sequences 
Upon recognizing its linearity property and understanding the odd and 
even symmetries of the transform's output, the early investigators of the 
fast Fourier transform (FFT) realized that two separate, real N-point 
input data sequences could be transformed using a single N-point com­
plex FFf. They also developed a technique using a single N-point com­
plex FFT to transform a 2N-point real input sequence. Let's see how these 
two techniques work. 

l 0.5. l Performing Two N-Point Real FFTs 

The standard FFT algorithms were developed to accept complex inputs; 
that is, the FFT's normal input x(n) sequence is assumed to comprise real 
and imaginary parts, such as 
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x(O) = x/0) + jx;(O) , 

x(l) = xp) + jxp) , 

x(2) = xp) + jx;(2) , 

(10-37) 

In typical signal processing schemes, FPT input data sequences are 
usually real. The most common example of this is the FFT input samples 
coming from an A/D converter that provides real integer values of some 
continuous (analog) signal. In this case the FFT's imaginary X;(n)'s 
inputs are all zero. So initial FFf computations performed on the x;(n) 
inputs represent wasted operntions. Early FFr pioneers recognized this 
inefficiency, studied the problem, and developed a technique where two 
independent N-point, real input data sequences could be transformed by 
a single N-point complex FFT. We call this scheme the Two 
N-Point Real FFTs algorithm. The derivation of this technique is 
straightforward and described in the literature[18-20]. If two N-point, 
real input sequences are a(n) and b(n), they'll have discrete Fourier 
transforms represented by X/m) and Xb(m). If we treat the a(n) sequence 
as the real part of an FFT input and the b(n) sequence as the imaginary 
part of the FFT input, then 

x(O) = a(O) + jb(O) , 
x(l) = a(l) + jb(l) , 
x(2) = a(2) + jb(2) , 

x(N-1) =a(N-1) + jb(N-1). 

Applying the x(n) values from Eq. (10-38) to the standard DFT, 

N-1 

X(m) = Lx(n)e-j2nnm/N ' 
n=O 

(10-38) 

(10-39) 

we'll get an DPT output X(m) where m goes from Oto N-1. (We're assum­
ing, of course, that the DFT is implemented by way of an FFT algorithm.) 
Using the superscript * symbol to represent the complex conjugate, we 
can extract the two desired FFf outputs Xa(m) and Xb(m) from X(m) by 
using the following: 
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and 

Xb (m) == j[X • (N - m)- X(m)] 
2 

(10-40) 

(10-41) 

Let's break Eqs. (10-40) and (10-41) into their real and imaginary parts 
to get expressions for Xa(m) and Xb(m) that are easier to understand and 
implement. Using the notation showing X(m)'s real and imaginary parts, 
where X(m) = Xr(m) + JX;(m), we can rewrite Eq. (10-40) as 

X (m)== X,(N-m)+X,(m)+ j[X;(m)-X;(N-m)] 
. a 2 (10-42) 

where m = 1, 2, 3, . . . , N- 1. What about the first Xa(m), when m = 0? Well, 
this is where we run into a bind if we actually try to implement Eq. 
(10-40) directly. Letting m = 0 in Eq. (10-40), we quickly realize that the 
first term in the numerator, X*(N-0) = X*(N), isn't available because the 
X(N) sample does not exist in the output of an N-point FFT! We resolve 
this problem by remembering that X(m) is periodic with a period N, so 
X(N) = X(0).t When m = 0, Eq. (10-40) becomes 

Next, simplifying Eq. (10-41), 

Xb(m) = j[Xr(N - m) - jX;(N - m)-X, (m)- jX;(m)] 
2 

= X;(N -m) + X;(m) + j[X,(N - m)-X,(m)] 
2 

(10-43) 

(10-44) 

where, again, m = 1, 2, 3, ... , N-1. By the same argument used for Eq. 
(10-43), when m = 0, Xb(0) in Eq. (10-44) becomes 

t This fact is illustrated in Section 3.8 during the discussion of spectral leakage in DFfs. 
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(10-45) 

This discussion brings up a good point for beginners to keep in mind. 
In the literature Eqs. (10-40) and (10-41) are often presented without any 
discussion of the m = 0 problem. So, whenever you're grinding through 
an algebraic derivation or have some equations tossed out at you, be a lit­
tle skeptical. Try the equations out on an example-see if they're true. 
(After all, both authors and book typesetters are hlJIIlan and sometimes 
make mistakes. We had an old saying in Ohio for this situation: "Trust 
everybody, but cut the cards.") Following this advice, let's prove that this 
Two N-Point Real FFTs algorithm really does work by applying the 
8-point data sequences from Chapter 3's DPT Examples to Eqs. (10-42) 
through (10-45). Taking the 8-point input data sequence from Section 3.l's 
DPT Example 1 and denoting it a(n), 

a(0) = 0.3535, 
a(2) = 0.6464, 
a(4) = 0.3535, 
a(6) = -1.3535, 

a(l) = 0.3535, 
a(3) = 1.0607, 
a(5) = -1.0607, 
a(7) = -0.3535 . (10-46) 

Taking the 8-point input data sequence from Section 3.6's DPT Example 2 
and calling it b(n), 

b(O) = 1.0607, 
b(2) = -1.0607, 
b(4) = -0.3535, 
b(6) = 0.3535, 

b(l) = 0.3535, 
b(3) = -1.3535, 
b(5) = 0.3535, 
b(7) = 0.6464 . (10-47) 

Combining the sequences in Eqs. (10-46) and (10-47) into a single complex 
sequence x(n), 

a(n) 

.J, 

x(n) = 0.3535 
+ 0.3535 
+ 0.6464 
+ 1.0607 
+ 0.3535 
- 1.0607 
-1.3535 
-0.3535 

b(n) 

.J, 

+ j 1.0607 
+ j 0.3535 
-j 1.0607 
-j 1.3535 
-j 0.3535 
+ j 0.3535 
+ j 0.3535 
+ j 0.6464. (10-48) 
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Now, taking the 8-point FFT of the complex sequence in Eq. (10-48) we get 

X,(m) X;(m) 

J, J, 

X(m) = 0.0000 + j 0.0000 r m=Oterm 

-2.8283 -j 1.1717 rm=lterm 

+ 2.8282 + j 2.8282 rm=21erm 

+ 0.0000 + j 0.0000 rm=31erm 

+ 0.0000 + j 0.0000 rm=4term 

+ 0.0000 + j 0.0000 rm=Slerm 

+ 0.0000 + j 0.0000 rm=61erm 

+ 2.8283 + j 6.8282 rm=71erm. (10-49) 

So from Eq. (10-43), 

To get the rest of X/m), we have to plug the FFT output's X(m) and 
X(N-m) values into Eq. (10-42).t Doing so, 

X (l) = X,(7)+ X,(1)+ j[X;(l)-X;(7)] = 2.8283- 2.8283 + j[-1.1717 -6.8282] 
a 2 2 

= 0- j7.9999 = 0- j4.O = 4L-9Oo, 
2 

X (
2
) = X,(6) + X,(2) + j[X;(2)-X;(6)] = 0.0 + 2.8282 + j[2.8282-0.0J 

a 2 2 

= 2.8282 + j2.8282 = 1.414 + jl.414 = 2L45o , 
2 

X (3) = X,(5) + Xr(3) + j[X;(3)- X;(S)] = 0.0 + 0.0 + }[0.0- 0.0] = OLOo 
a 2 2 1 

X (4)= X,(4)+X,(4)+ j[X;(4)-X;(4)] = 0.0+0.0+ j [0.0 -0.0] =OLO0 
a 2 2 1 

t Remember, when the FFT's input is complex:, the FFI outputs may not be conjugate sym­
metric; Uiat is, we can't assuroe that F(m) is equal to P (N-m) when ilie FFf input sequence's 
real and jmaginary parts are both nonzero. 
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X (S}= Xr(3) + X,(5)+ j[X;(S)-X;(3)] = 0.0 + 0.0 + j[0.0- 0.0] = 0L0o 
n 2 2 ' 

X (6) = X, (2) + X r(6) + j[X;(6)-X;(2)] = 2.8282 + 0.0 + j [0.0 - 2.8282] 
a 2 2 

= 2.8282 - j2.8282 = 1.414 - jl.414 = 2L - 450 , and 
2 

= 0.0 + j7.9999 = 0 + f 4.0 = 4L90o . 
2 

So Eq. (10-42) really does extract Xa(m) from the X(m) sequence in Eq. 
(10-49). We can see that we need not solve Eq. (10-42) when mis greater 
than 4 (or N /2) because X/m) will always be conjugate symmetric. 
Because XaC7) = X/1), X/6) = X/2), etc., only the first N /2 elements in 
Xa(m) are independent and need be calculated. 

OK, let's keep going and use Eqs. (10-44) and (10-45) to extract Xim) 
from the FFT output. From Eq. (10-45) 

Plugging the FFT's output values into Eq. (10-44) to get the next four 
Xb(m)s, we have 

Xb(l)= X;(7) + X;(l) + j[Xr(7) - X, (1)] = 6.8282-1.1717+ j[2.8283 +2.8283J 
2 2 

= 5·656 + jS.656 = 2.828 + j2.828 = 4L 45° , 
2 

Xb(2) = Xi(6) + X/2) + j[X,(6)-X,(2)] = 0.0 + 2.8282+ j[0.0-2.8282] 
2 2 

= 2·8282 - i2•8282 = 1.414- jl.414 = 2L - 45° , and 
2 
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Xb(4) = X;(4) + X,(4) + j[Xr(4) - Xr(4)] = 0.0 + 0.0 + j[0.0- 0.0] = OLOo 
2 2 

The question arises "With the additional processing required by Eqs. 
(10-42) and (10-44) after the initial FFT, how much computational saving 
(or loss) is to be had by this Two N-Point R~al FFTs algorithm?" We can 
estimate the efficiency of this algorithm by considering the number of 
arithmetic operations required relative to two separate N-point radix-2 
FFTs. First, we estimate the number of arithmetic operations in two sepa­
rate N-point complex FFTs. 

From Section 4.2, we know that a standard radix-2 N-point complex 
FFT comprises (N /2) · log2N butterfly operations. If we use the optimized 
butterfly structure, each butterfly requires one complex multiplication 
and two complex additions. Now, one complex multiplication requires 
two real additions and four real multiplications, and one complex addi­
tion requires two real additions.t So a single FFT butterfly operation com­
prises four real multiplications and six real additions. This means that a 
single N-point complex FFT requires (4N /2) · log2N real multiplications, 
and (6N/2)·log2N real additions. Finally, we can say that two separate 
N-point complex radix-2 FFTs require 

two N-point complex FFTs ➔ 4N · log2N real multiplications, and 

6N · log2N real additions. 

(10-50) 

(10-50') 

Next, we need to determine the computational workload of the Two 
N-Point Real FFTs algorithm. If we add up the number of real multiplica­
tions and real additions required by the algorithm's N-point complex FFT, 
plus those required by Eq. (10-42) to get X/m), and those required by Eq. 
(10-44) to get Xb(m), the Two N-Point Real FFTs algorithm requires 

two N-Point Real FFrs algorithm ➔ 2N · log2N + N real multiplications, and (10-51) 

3N · log2N + 2N real additions. (10-51') 

tThe complex addition (a+jb) + (c+jd) = (a+c) + j(b+d) requires two real additions. A complex 
multiplication (a+jb) • (c+jd) = ac-bd + j(ad+bc) requires two real additions and four real 
multiplications. 
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Equations (10-51) and (10-51') assume that we're calculating only the first 
N /2 independent elements of X/m) and Xb(m). The single N term in Eq. 
(10-51) accounts for the N /2 divide by 2 operations in Eq. (10-42) and the 
N /2 divide by 2 operations in Eq. (10-44). 

OK, now we can find out how efficient the Two N-Point Real FFTs algo­
rithm is compared to two separate complex N-point radix-2 FFTs. This 
comparison, however, depends on the hardware used for the calculations. 
If our arithmetic hardware takes many more clock cycles to perform a 
multiplication than an addition, then the difference~between multiplica­
tions in Eqs. (10-50) and (10-51) is the most important comparison. In this 
case, the percentage gain in computational saving of the Two N-Point Real 
FFTs algorithm relative to two separate N-point complex FFTs is the dif­
ference in their necessary multiplications over the number of multiplica­
tions needed for two separate N-point complex FFTs, or 

4N • log2 N -(2N · log 2 N +N) · lO0%== 2·log 2 N - l .1Q0% 
4N-log2 N 4· log2 N 

(10-52) 

The computational (multiplications only) saving from Eq. (10-52) is plot­
ted as the top curve of Figure 10-18. In terms of multiplications, for fk32, 

% Computational saving of the Two N-point Real FFTs algorithm 
50 

I I I 11 
48 

I I I I Multiplications only I 
46 pf'/ I 

I 
- - - : I I I 

44 

11 % I I 
42 . -

I I I I I I I 
40 - l I 

I! I I II 4 I 
I/ I 

38 ii I I / Multiplications and additions l I 
36 -

'11 I' ' I 11 34 
100 1 2 103 4 5 N 10 10 10 10 

Figure l 0-18 Computational saving of the Two N-Point Real FFTs algorithm 
over that of two separate N-point complex FFTs. The top curve 
indicates the saving when only multiplications are considered. 
The bottom curve is the saving when both additions and 
multiplications are used in the comparison. 
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the Two N-Point Real FFTs algorithm saves us over 45 percent in compu­
tational workload compared to two separate N-point complex FFTs. 

For hardware using high-speed multiplier integrated circuits, multipli­
cation and addition can take roughly equivalent clock cycles. This makes 
addition operations just as important and time consuming as multiplica­
tions. Thus the difference between those combined arithmetic operations 
in Eqs. (10-50) plus (10-50') and Eqs. (10-51) plus (10-51') is the appropri­
ate comparison. In this case, the percentage gain in computational saving 
of our algorithm over two FFTs is their total arithmetic operational differ­
ence over the total arithmetic operations in two separate N-point complex 
FFTs, or 

(4N ·log2 N + 6N •log2 N)-(2N ·log2 N + N + 3N · log2 N +2N) · lOO¾ 
4N • log2 N +6N ·log2 N 

= S·log2 N-3 ·lOO¾ 
10•log2 N 

(10-53) 

The full computational (multiplications and additions) saving from Eq. 
(10-53) is plotted as the bottom curve of Figure 10-18. OK, that con­
cludes our discussion and illustration of how a single N-point complex 
FFT can be used to transform two separate N-point real input data 
sequences. 

10.5.2 Performing a 2N-Point Real FFT 

Similar to the scheme above where two separate N-point real data 
sequences are transformed using a single N-point FFT, a technique 
exists where a 2N-point real sequence can be transformed with a single 
complex N-point FFT. Th.is 2N-Point Real FFT algorithm, whose deriva­
tion is also described in the literature, requires that the 2N-sample real 
input sequence be separated into two parts[20,21J. Not broken in two, 
but unzipped-separating the even and odd sequence samples. The N 
even-indexed input samples are loaded into the real part of a complex 
N-point input sequence x(n). Likewise, the input's Nodd-indexed sam­
ples are loaded into x(n)'s imaginary parts. To illustrate this process, 
let's say we have a 2N-sample real input data sequence a(n) where 
0 ~ n :S 2N-1. We want a(n)'s 2N-point transform Xa(m). Loading a(n)'s 
odd/even sequence values appropriately into an N-point complex 
FFT's in~ut sequence, x(n), 
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x(O) = a(O) + ja(l) , 
x(l) = a(2) + ja(3) , 
x(2) = a( 4) + ja(S) , 

x(N-1) = a(2N-2) + ja(ZN-1). (10-54) 

Applying the N complex values in Eq. (10-54) to an N-point complex FFT, 
we'll get an FFf output X(m) = X/m) + jXlm), where m goes from Oto N-1. 
To extract the desired ZN-Point Real FFf algorithm output Xa(m) =Xa,real(m) 
+jXa,imag(m) from X(m), let's define the following relationships 

(10-55) 

x-(m) = X,(m)-X,(N -m) 
T 2 I 

(10-56) 

(10-57) 

(10-58) 

The values resulting from Eqs. (10-55) through (10-58) are, then, used as 
factors in the following expressions to obtain the real and imaginary parts 
of our final Xa(m): 

(10-59) 

and 

(10-60) 

Remember now, the original a(n) input index n goes from Oto 2N-1, and 
our N-point FFT output index m goes frpm O to N-1. We apply 2N real 
input time-domain samples to this algorithm and get back N complex 
frequency-domain samples representing the first half of the equivalent 
ZN-point complex FFT, X/0) through X/N-1). Because this algorithm's 
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Unzip the ' r ' Calculate the four Calculate the final 
a(n) 2N-point real a(n) x(n) 

sequence and 
establish the 

Calculate the 
N-point 

complex FFT of 
x(n) to get X(m). 

F{m) N-point sequences N-point complex x.(m) 
X:( ) X-(m) ~ sequence Xa(m) = ~ 

N-point complex 
x(n) sequence. 

:f- rm I r - I xa,real(m) 

X;(m), and X;(m). + jXa,imag(m). 

'" 

Figure 10-19 Computational flow of the 2N-Point Real FFT algorithm. 

a(n) input is constrained to be real, X/N) tmough X/2N-1) are merely 
the complex conjugates of their Xa(0) through Xa(N-1) counterparts and 
need not be calculated. To help us keep all of this straight, Figure 10-19 
depicts the computational steps of the 2N-Point Real FFT algorithm. 

To demonstrate this process by way of example, let's apply the 8-point 
data sequence from Eq. (10-46) to the 2N-Point Real FFT algorithm. 
Partitioning ,those Eq. (10-46) samples as dictated by Eq. (10-54), we have 
our new FFT input sequence: 

x(O) = 0.3535 + j 0.3535, 
x(l) = 0.6464 + j 1.0607, 
x(2) = 0.3535 - j 1.0607, 
x(3) = -1.3535 - j 0.3535 . (10-61) 

With N = 4 in this example, taking the 4-point FFT of the complex 
sequence in Eq. (10-61) we get 

Xr(m) X;(m) 
j, j, 

X(m) = 0.0000 + j 0.0000 ,- m = 0 term 

+ 1.4142 - j 0.5857 ....- m= 1 term 

+ 1.4141 - j 1.4141 ....-m=2term 

-1.4142 + j 3.4141 ....-m=3term . (10-62) 

Using these values, we now get the intermediate factors from Eqs. 
(10-55) through (10-58). Calculating our first x;(o) value, again we're 
reminded that X(m) is periodic with a period N, so X(4) = X(0), and 
x;(o) = [Xr (0) + Xr (0)]/2 = 0. Continuing to use Eqs. (10-55) through (10-58), 

x:(o) = o, x;(o) = o, xt(o) = o, x;(o) = o, 

x:(1) = 0, x;(l) = 1.4142, Xt(l) = 1.4142, x;(l) = -1.9999, 

x:(2) = 1.4141, x;(2) = o, X((2) = -1.4144, x;(2) = o, 

x:(3) = d, x;(3) = -1.4142, x((3) = 1.4142, x;(3) = 1.9999. (10-63) 
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Using the intermediate values from Eq. (10-63) in Eqs. (10-59) and (10-60), 

(
1t·O) (1t·O) xa,real (0) = (0) + cos 4 . (0) - sin 4 . (0) 

. (1t·O) (1t·O) xa,imag (0) = (0) - sm 4 . (0) - cos 4 . (0) 

(
1t·l) (1t·l) Xa,rea1(l) = (O)+cos 4 ·(1.4142)-sin 4 · (1 .4142) 

(
1t·l) (1t·l)" Xa,imag(l)=(-1.9999)-sin 4 ·(l.4142)-cos 4 ·(l.4142) 

(
7t·2) (7t·2) Xa,rea1(2)=(1.4141)+cos 4 ·(-1.4144)-sin 4 ·(O) 

(
7t·2) (7t·2) Xa,imag(2) = (0)- sin 4 • (-1.4144)- cos 4 · (O) 

(
7t·3) (7t·3) Xa,real (3) = (0) + COS 4 • (1.4142)-sin 4 • (-1.4142) 

(
7t·3) (7t·3) Xa,imag(3) = (1.9999)- sin 4 · (1.4142)-cos -

4
- · (-1.4142) 

Evaluating the sine and cosine terms in Eq. (10-64), 

Xa,rea1(0) == (0) + (1) · (0) - (O)·(O) == 0, 

Xa,imaiO) == (0) - (0) · (0) - (1)·(0) == 0, 

Xa,real(l) == (0) + (0.7071) · (1.4142) - (0.7071) · (1.4142) == 0, 

(10-64) 

xa,imag(l) == (-1.9999) - (0.7071) · (1.4142) - (0.7071) · (1.4142) == -3.9999, 

Xa,rea1(2) == (1.4141) + (O) · (-1.4144) - (1) · (0) == 1.4141, 

xa,imai2) == (0) - (1) · (-1.4144) - (0) · (0) == 1.4144, 

xa,reaP) == (0) + (-0.7071) · (1.4142) - (0.7071) · (-1.4142) == o, and 

xa,ima/3) == (1.9999) - (0.7071) · (1.4142) - (-0.7071) · (-1.4142) == 0. (10-65) 

Combining the results of the terms in Eq. (10-65), we have our final cor­
rect answer of 

Xll(O) == xa,real(O) +jXa,ima/0) == 0 + jO == 0 L0°, 

X/1) == Xa,rea1(1) +jXa,ima/1) == 0 - j3.999 == 4 L-90°, 

Xa(2) == Xa,rea1(2) +jXa,imai2) == 1.4141 + jl.4144 == 2 L45°, and 

X/3) == xa,reaP) +jXa,imag(3) == 0 + jO == 0 L0°. (10-66) 
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After going through all the steps required by Eqs. (10-55) through 
(10-60), the reader might question the efficiency of this 2N-Point Real 
FFT algorithm. Using the same process as the above 2N-Point Real FFTs 
algorithm analysis, let's show that the 2N-Point Real FFT algorithm 
does provide some modest computational saving. First, we know that a 
single 2N-Point radix-2 FFT has (2N /2) · log22N = N · (log2N+ 1) butter­
flies and requires 

ZN-point complex FFT ➔ 4N · (log2N+ 1) real mulJiplications (10-67) 

and 

6N · (log2N+ 1) real additions. (10-67') 

If we add up the number of real multiplications and real additions 
required by the algorithm's N-point complex FFf, plus those required by 
Eqs. (10-55) through (10-58) and those required by Eqs. (10-59) and 
(10-60), the complete 2N-Point Real FFT algorithm requires 

ZN-Point Real FFT algorithm ➔ 2N -log2N + 8N real multiplications 

and 

3N· log2N + 8N real additions. 

(10-68) 

(10-68') 

OK, using the same hardware considerations (multiplications only) we 
used to arrive at Eq. (10-52), the percentage gain in multiplication saving 
of the 2N-Point Real FFT algorithm relative to a 2N-point complex FFf is 

4N · (log 2 N + 1)- (2N · log2 N + BN) -100% 
4N -(log2 N + 1) 

= 2N · log2 N + 2N - N · log2 N - 4N _ 1000/c 
2N -log2 N +2N 

= log2 N - 2 . 100% . 
2-log2 N +2 

(10-69) 

The computational (multiplications only) saving from Eq. (10-69) is plot­
ted as the bottom curve of Figure 10-20. In terms of multiplications, the 
2N-Point Real FFr algorithm provides a saving of >30% when N;?:128 or 
whenever we transform input data sequences whose lengths are ;?:256. 
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% Computational saving of the 2N-point Real FFr algorithm 
501-----,------ , - - ------------~ 

Multiplications and additions 
40 -

30 - -

% 20 -

10 

I 
0 - ;;( 

Multiplications only 

-10 '-----------=------'-------------'---
100 

Figure l 0-20 Computational saving of the 2N-Point Real FFT algorithm over 
that of a single 2N-point complex FFT. The top curve is the 
saving when both additions and multiplications are used in the 
comparison. The bottom curve indicates the saving when only 
multiplications are considered. 

Again, for hardware using high-speed multipliers, we consider both 
multiplication and addition operations. The difference between those com­
bined arithmetic operations in Eqs. (10-67) plus (10-67') and Eqs. (10-68) 
plus (10-68') is the appropriate comparison. In this case, the percentage 
gain in computational saving of our algorithm is 

4N · (log2 N + 1)+ 6N · (log 2 N + 1)-(2N · log2 N +SN +3N ·log2 N +SN)· lO0% 

4N · (log2 N + 1) + 6N · (log2 N + 1) 

= 10. (log2 N + 1)- 5 -log2 N -16 · lO0% 
10 · (log2 N + 1) 

5-log2 N -6 · lO0%. 
10 · (log2 N + 1) 

(10-70) 

The full computational (multiplications and additions) saving from Eq. 
(10-70) is plotted as a function of Nin the top curve of Figure 10-20. 

l 0.6 Calculating the Inverse FFT Using the 
Forward FFT 

There are many signal processing applications where the capability to 
perform the inverse FFT is necessary. This can be a problem if available 
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hardware or software routines have the capability to perform only the for­
ward FFT. Fortunately, there are two slick ways to perform the inverse FFT 
using the forward FFT algorithm. 

10.6.1 First Inverse FFT Method 

The first inverse FFT calculation scheme is implemented following the 
processes shown in Figure 10-21. To see how this works, consider the 
expressions for the forward and inverse DFTs: 

N-1 

Forward DFT ➔ X(m) = I,,x(n)e-j2irnm/N , (10-71) 
n=O 

and 

Inverse DFT ➔ 

N-1 

x(n) = ~ L,.X(m)ej21tmn/N . 
m=O 

(10-72) 

To reiterate our goal, we want to use the process in Eq. (10-71) to imple­
ment Eq. (10-72). 

The first step of our approach is to use complex conjugation. Remember, 
conjugation (represented by the superscript * symbol) is the reversal of the 
sign of a complex number 's imaginary exponent-if x = ei0, then, x* = e-i0. 
So, as a first step, we take the complex conjugate of both sides of Eq. 
(10-72) to give us 

[

N-1 ]* 
x* (n) = ~ ~X(m)ej2irmn/N (10-73) 

X,eal (m) ------- x,001 (n) 

Forward 

x,..,(m) ----,-.__ __ __, 

-1 

~ x._,(n) 

-1 

Figure 10-21 Processing diagram of first inverse FFT calculation method . 

.. 
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One of the properties of complex numbers, discussed in Appendix A, is 
that the conjugate of a product is equal to the product of the conjugates; 
that is, if c = ab, then c* = (ab)*= a*b*. Using this fact, we can show that the 
conjugate of the right side of Eq. (10-73) is given by 

N-1 

x* (n) = ~ I,.X(m)* (ej2itmn/N) 

m=O 

N-1 

= ~ L,X(m)* e-j2nmn/N 

m=O 

(10-74) 

Hold on, we're almost there. Notice the similarity of Eq. (10-74) to our orig­
inal forward DFT expression Eq. (10-71). If we perform a forward DFT on 
the conjugate of the X(m) in Eq. (10-74) and divide the results by N, we get 
the conjugate of our desired time samples x(n). Taking the conjugate of 
both sides of Eq. (10-74), we get a more straightforward expression for x(n): 

[

N-1 ]* 
x(n) = ~ ~ X(m) * e-j2nmn/ N (10-75) 

So, to get the inverse FFT of a sequence X(m) using the first inverse FFT 
algorithm, 

Step 1: Conjugate the X(m) input sequence. 

Step 2: Calculate the forward FFT of the conjugated sequence. 

Step 3: Conjugate the forward FFT's results. 

Step 4: Divide each term of the conjugated results by N to get x(n). 

10.6.2 Second Inverse FFT Method 

The second inverse FFT calculation technique is implemented following 
the interesting data flow shown in Figure 10-22. In this clever inverse FFT 
scheme, we don't bother with conjugation. Instead, we merely swap the 
real and imaginary parts of sequences of complex data[22]. To see why 
this process works, let's look at the inverse DFT equation again while sep­
arating the input X(m) term into its real and imaginary parts and remem­
bering that eJ0 = cos(0) + jsin(0): 

l 
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l N-1 
Inverse DFT ➔ x(n) = N L X(m)ej 21tmn/ N 

m=O 

N-1 

= ~ L[Xrea1(m)+ jXimag(m)] 
m=O 

• [cos(2nmn/ N) + j sin(2nmn/ N)] (10-76) 

Multiplying the complex terms in Eq. (10-76) gives us 

l N-1 . 

x(n) = N L[Xreal (m)cos(2nmn/ N)- Ximag(m)sin(2nmn/ N)] 
m=O 

+ j[Xreal (m)sin(2nmn IN)+ Ximag(m)cos(2nmn IN)] . (10-77) 

Equation (10-77) is the general expression for the inverse DFf, and we'll 
now quickly show that the process in Figure 10-22 implements this equa­
tion. With X(m) = Xreai(m) + jXimaim) and, swapping these terms, 

(10-78) 

The forward DFT of our Xswap(m) is 

N-1 

Forward OFT ➔ Irximag(m)+ jXrea1(m)] 
n=O 

• [cos(2nmn/ N)- j sin(2nmn/ N)] 
(10-79) 

X,eal (m) 
Forward 

FFT , 

x,eal (n) 

"'~~ X1mag(n) 

Figure 10-22 Processing diagram of second inverse FFT calculation method. 
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Multiplying the complex terms in Eq. (10-79) gives us 

N-1 

Forward DFf ➔ L)Ximag(m)cos(21tmn/ N)+Xrea1(m)sin(21tmn/ N)] 
n=O 

+ j[Xrea1(m)cos(21tmn/N)-Ximag(m)sin(21tmn/N)] . (10-80) 

Swapping the real and imaginary parts of the results of this forward DPT 
gives us what we're after: 

N-1 

Forward DFfsw,p ➔ L [Xreal (m) cos(21tmn / N)- Ximag (m) sin(21tmn / N)] 
n=O 

+ j[Ximag(m)cos(21tmn/ N)+Xrea1(m)sin(21tmn/ N)] (l0-
8
l) 

If we divide Eq. {10-81) by Nit would be equal to the inverse DPT expres­
sion in Eq. (10-77), and that's what we set out to show. To reiterate, we cal­
culate the inverse FFT of a sequence X(m) using this second inverse FFT 
algorithm in Figure 10-22: · 

Step 1: Swap the real and imaginary parts of the X(m) input sequence. 

Step 2: Calculate the forward FFT of the swapped sequence. 

Step 3: Swap the real and imaginary parts of the forward FFT's results. 

Step 4: Divide each term of the swapped sequence by N to get x(n). 

10.7 Fast FFT Averaging 
Section 8.3 discussed the integration gain possible when averaging 
multiple FFT outputs to enhance signal-detection sensitivity. Well, 
there's a smart way to do this if we recall the linearity property of the 
DPT (which of course applies to the FFT) introduced in Section 3.3. If an 
input sequence x1(n) has an FFT of X1(riz) and another input sequence 
xi(n) has an FFT of Xi(m), then the PFT of the sum of these sequences 
X

5
um(n) = xi(n) + x2(,i) is the sum of the individual FFTs, or 

429 
I 
!-
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(10-82) 

So, if we want to average multiple FFT outputs, we can save considerable 
processing effort by averaging the individual FFT input sample sequences 
(frames), first, and then take a single FFT. Say, for example, that we 
wanted to average 20 FFTs to improve our FFT output signal-to-noise 
ratio. Instead of taking 20 FFTs of 20 frames of input signal data, we 
should average the 20 frames of input data, first, and then take a single 
FFT of that average. This avoids the number crunching necessary for 19 
FFTs. By the way, for this technique to improve an FFT's signal-detection 
sensitivity, the original signal sampling must meet the criterion of coher­
ent integration as described in Section 3.12. 

l 0.8 Simplified FIR Filter Structure 
If we need to implement an FIR digital filter using the standard structure 
in Figure 10-23(a), there's a way to simplify the necessary calculations 
when the filter has an odd number of taps. Let's look at the top of Figure 
10-23(a) example where the 5-tap filter coefficients are h(O) through h(4) 
and the y(n) output is given by 

y(n) = h(4)x(n-4) + h(3)x(n-3) + h(2)x(n-2) + h(l)x(n-1) + h(0)x(n). (10-83) 

If the FIR filter's coefficients are symmetrical, we can reduce the number 
of necessary multipliers; that is, if h(4) = h(0), and h(3) = h(l), we can 
implement Eq. (10-83) by 

y(n) = h(4)[x(n-4)+x(n)] + h(3)[x(n-3)+x(n-l)] + h(2) • x(n-2), (10-84) 

where only three multiplications are necessary, as shown at the bottom of 
Figure 10-23(b). In our 5-tap filter case, we've eliminated two multipliers 
at the expense of implementing two additional adders. 

In the general case of symmetrical-coefficient FIR filters with S taps, we 
can trade (S-1)/2 multipliers for (S-1)/2 adders when Sis an odd num­
ber. So, in the case of an odd number of taps, we need perform only 
(S-1)/2 + 1 multiplications for each filter output sample. For an even 
number of symmetrical taps as shown in Figure 10-23(b), the saving 
afforded by this technique reduces the necessary number of multiplica­
tions to S / 2. For the half-band filters discussed in Section 5.7, with their 
alternating zero-valued coefficients, the simplified FIR structure in Figure 
10-23(b) allows us to get away with only (S+l)/4 + 1 multiplications for 
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x(n) ~~~-4) 

---►L_J • ~ • ~ ♦ ~ t 
h(O) 1) -- · h{2) h{ 

h(1) '!' h(3) 
h(O) ■ ■ h(4) 
■ 
' l 

x(n) 

i 

h(O) h{1) 

h(2) h(3) 
h(1) ■ ■ h(4) 

h(O) '!' I [ ■ h(5) 

i . I I i 

• I 

y(n) 

y(n) 

y(n) 

Figure 10-23 Simplified FIR filter implementations: (a) conventional and 
simplified, structures of an FIR filter with an odd number of taps; 
(b) conventional and simplified structures of an FIR filter with an 
even number of taps. 
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each filter output sample when S is odd and the first filter coefficient h(O) 
is not zero. 

We always benefit whenever we can exchange multipliers for adders. 
Because multiplication often takes a longer time to perform than addition, 
this symmetrical FIR filter simplification scheme may speed filter calcula­
tions performed in software. For a hardware FIR filter, this scheme can 
either reduce the nwnber of necessary multiplier circuits or increase the 
effective number of taps for a given number of available hardware multi­
pliers. Of course, whenever we .increase the effective number of filter taps, 
we improve our filter performance for a give~ input signal sample rate. 

10. 9 Accurate A/D Converter Testing Technique 

The manufacturers of AID converters have recently begun to take advan­
tage of digital signal processing techniques to facilitate the testing of their 
products. A traditional test method involves applying a sinusoidal analog 
voltage to an A/D converter and using the FFT to obtain spectrum of the 
digitized samples. Converter dynamic range, missing bits, harmonic dis­
tortion, and other nonlinearities can be characterized by analyzing the 
spectral content of the converter output. These nonlinearities are easy to 
recognize because they show up as spurious spectral components and 
increased background noise levels in the FFT spectra. 

To enhance the accuracy of the spectral measurements, window flUlc­
tions were originally used on the time-domain converter output samples 
to reduce the spectral leakage inherent in the FFT. This was fine until the 
advent of 12- and 14-bit AID converters. These converters have dynamic 
ranges so large that their small nonlinearities, evident in their spectra, 
were being swamped by the sidelobe levels of even the best window func­
tions. (From Figure 9.-4 we know that a 14-bit AID converter can have an 
SNR ratio of well over 80 dB.) The clever technique that circumvents this 
problem is to use an analog sinusoidal input voltage whose frequency is 
an integral fraction of the AID converter's sample frequency as shown .in 
Figure 10-24(a). That frequency is rnf/N where mis an integer, f. is the 
sample frequency, and N is the FFT size. Figure 10~24(a) shows the x(n) 
time-domain output of an ideal AID converter under the condition that 
its analog input is a sinewave having exactly eight cycles over 128 output 
samples. In this case, the input frequency normalized to the sample rate fs 
is 8//128 Hz. Recall, from Chapter 3, that the expression mf.lN defined 
the analysis frequencies, or bin centers, of the OFT; and a DPT .input 
whose frequency is at a bin center results in no leakage even without the 
use of a window function. Another way to look at this situa:tion is to real-
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Figure 10-24 Ideal A/D converter output whose input is an analog Bf/128 Hz 
sinusoid: (a) time-domain samples; (b) frequency-domain 
spectrum in dB. 

ize that the analog mf/N frequency sinusoid will have exactly m complete 
cycles over the N FFT input samples, as indicated by Figure 3-7(6) in 
Chapter 3. 

The first half of a 128-point FFT of x(n) is shown in the logarithmic plot 
in Figure 10-24(6) where the input tone lies exactly at the m = 8 bin center, 
and OFT leakage has been avoided altogether. Specifically, if the sample 
rate were 1 MHz, then the A/D's input analog tone would have to be 
exactly 8 -106 /128 = 62.5 kHz. To implement this scheme, we need to 
ensure that the analog test generator be synchronized, exactly, with the 
A/D converter's clock frequency offs Hz. Achieving this synchronization 
is why this A/D converter testing procedure is referred to as coherent sam­
pling[23-25]. The analog signal generator and the A/D clock generator 
providingfs must not drift in frequency relative to each other-they must 
remain coherent. (We must take care here from a semantic viewpoint 
because the quadrature sampling schemes described in Sections 7.1 and 
7.2 are also sometimes called coherent sampling, but they are unrelated to 
this A/D converter testing procedure.) 

As it turns out, some values of m are more advantageous than oth­
ers. Notice in Figure 10-24(a), when m = 8, only nine different ampli­
tude values are put out by the A/D converter. Those values are 
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Figure 10-25 Seven-cycle sinusoidal A/D converter output. 

(a) 

(b) 
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Figure 10-26 Nonideal A/D converter output showing several dropped bits: 
(a) time-domain samples; (b) frequency-domain spectrum In dB. 

repeated over and over. As shown in Figure 10-25, when m = 7, we exer­
cise many more than nine different AID output values. Because it's 
best to test as many A/ D output binary words as possible, in practice, 
users of this A/D testing scheme have found that making m an odd 
prime number (3, 5, 7, 11, etc.) minimizes the number of redundant 
A/D output word values. 
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Figure 10-26(a) illustrates an extreme example of nonlinear A/D con­
verter operation with several discrete output samples having dropped 
bits in the time domain x(n) with m = 8. The FFT of this distorted x(n) is 
shown in Figure 10-26(b) where we can see the greatly increased back­
ground noise level due to the A/D converter's nonlinearities compared to 
Figure 10-24(b ). 

To fully characterize the dynamic performance of an A/D converter, 
we'd need to perform this testing technique at many different input fre­
quencies and amplitudes.t In addition, applying two 1m.alog tones to the 
AID converter's input is often done to quantify the intermodulation dis­
tortion performance of a converter, which, in turn, characterizes the con­
verter's dynamic range. In doing so, both input tones must comply with 
the mf/N restriction. The key issue here is that, when any input frequency 
is mf/N, we can take full advantage of the FFT's processing sensitivity 
while completely avoiding spectral leakage. 

10.10 Fast FIR Filtering Using the FFT 
While contemplating the convolution relationships in Eq. (5-31) and 
Figure 5-41, digital signal processing practitioners realized that convolu­
tion could sometimes be performed more efficiently using FFT algorithms 
than it could be using the direct convolution method[26,27]. This FFT~ 
based convolution scheme, called fast convolution, is diagrammed in 
Figure 10-27. The standard convolution equation, for an M-tap FIR filter, 
given in Eq. (5-6) is repeated here for reference as 

M-1 

y(n) = L h(k)x(n - k) = h(k) * x(n) (10-85) 
k=O 

where h(k) is the impulse response sequence (coefficients) of the FIR filter 
and the"*" symbol indicates convolution. It has been shown that, when the 
final y(n) output sequence has a length greater than 30, the process in Figure 
10-27 requires fewer multiplications than implementing the convolution 
expression in Eq. (10-85) directly. Consequently, this fast convolution tech­
nique is a very powerful signal processing tool, particularly, when used for 

t The analog sinewave applied to an A/D converter must, of course, be as pure as possible. 
Any distortion inherent in the analog signal will show up in the final FFT output and could 
be mistaken for A/D nonlinearity. 
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x(n) ~X(m) 

~~~ 

h(k) r--7 _/ 
~H(m) 

inverse 
FFT 

Figure 10-27 Processing diagram of fast convolution. 

digital filtering. Very efficient FIR filters can be designed using this tech­
nique because, if their impulse response h(k) is constant, then we don't have 
to bother recalculating H(m) each time a new x(n) sequence is filtered. In 
this case, the H(m) sequence can be precalculated and stored in memory. 

The necessary forward and inverse FFT sizes must, of course, be equal 
and are dependent on the length of the original h(k) and x(n) sequences. 
Recall from Eq. (5-29) that, if h(k) is of length P and x(n) is of length Q, the 
length of the final y(n) sequence will be (P+Q-1). For valid results from this 
fast convolution technique, the forward and inverse FFT sizes must be 
equal and greater than (P+Q-1). This means that h(k) and x(n) must both be 
padded (or stuffed) with zero-valued samples at the end of their respective 
sequences, to make their lengths identical and greater than (P+Q- 1). This 
zero padding will not invalidate the fast convolution results. So, to use fast 
convolution, we must choose an N-point FFT size such that N ~ (P+Q-1) 
and zero pad h(k) and x(n), so that they have new lengths equal to N. 

An interesting aspect of fast convolution, from a hardware standpoint, 
is that the FFT indexing bit-reversal problem discussed in Sections 4.5 and 
4.6 is not an issue here. If the identical FFT structures used in Figure 10-27 
result in X(m) and H(m) having bit-reversed indices, the multiplication 
can still be performed directly on the scrambled H(m) and X(m) 
sequences. Then, an appropriate inverse FFT structure can be used that 
expects bit-reversed input data. That inverse FFT then provides an output 
y(n) whose data index is in the correct order! 

1 0. 11 Calculation of Sines and Cosines 
of Consecutive Angl,es 

There are times in digital signal p~ocessing when we need our software to 
calculate lots of sine and cosine values, particularly in implementing cer­
tain FFT algorithms[28,29]. Because trigonometric calculations are time 
consuming to perform, a clever idea has been used to calculate the sines 
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and cosines of consecutive angles without having to actually call upon 
standard trigonometric functions.t Illustrating this scheme by way of 
example, let's say we want to calculate the sines and cosines of all angles 
from 0° to 90° in 1 degree increments. Instead of performing those 91 sine 
and 91 cosine trigonometric operations, we can use the following identi­
ties found in our trusty math reference book, 

sin(A+B) = sin(A). cos(B) + cos(A) · sin(B) (10-86) 

and 

cos(A+B) = cos(A) • cos(B) - sin(A) · sin(B), (10-87) 

to reduce our computational burden. To see how, lets make A = a and 
B = na, where a= 1 ° and n is an integral index 0~ n~ 89. Equations (10-86) 
and (10-87) now become 

sin(a +na) = sin(a [l+n]) = sin(a) · cos(na) + cos(a) · sin(na), (10-88) 

and 

cos(a +na) = cos(a [l+n]) = cos(a) · cos(na) - sin(a · sin(na). (10-89) 

OK, here's how we calculate the sines and cosines. First, we know the sine 
and cosine for the first angle of 0°; i.e., sin(0°) = 0, and cosine(0°) = 1. Next 
we need to use a standard trigonometric function call to calculate and 
store, for later use, the sine and cosine of 1 °; that is, sin(l 0 ) = 0.017452 and 
cos(l 0 ) =0.999848. Now we're ready to calculate the sine and cosine of 2° 
by substituting n = 1 and a = 1 ° into Eqs. (10-88) and (10-89) giving us 

sin(l 0 [1 + 1]) = sin(l 0 ) • cos(l · 1 °) + cos(l 0 ) • sin(l · 1 °), 

or 

sin(2°) = (0.017452) • (0.999848) + (0.999848) • (0.017452) = 0.034899, (10-90) 

and 

cos(l 0 [1 + 1]) = cos(l 0 ) • cos(l · 1 °) - sin(l 0 )·sin(l · 1 °), 

or 

cos(2°) = (0.999848) • (0.999848) + (0.017452) · (0.017452) = 0.999391. (10-91) 

+ We're assuming here that there's insufficient memory space available to store all the 
required sine and cosine values for later recall. 
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Because we've already calculated sin(l 0 ) and cos(l 0 ), Eqs. (10-90) and 
(10-91) each required only two multiplies and an add. No trigonometric 
function needed to be called by software. 

Next we're able to calculate the sine and cosine of 3° by substituting 
n = 2 and a= 1 ° in Eqs. (10-88) and (10-89); that is, 

sin(l 0 [1 +2]) = sin(l 0 ) • cos(2 • 1 °) + cos(l 0 ) • sin(2 • 1 °), 

or 

sin(3°) = (0.017452) · (0.999391) + (0.999848) • (0.034899) = 0.052336,(10-92) 

and 

cos(l 0 [1 +2]) = cos(l 0 ) • cos(2· 1 °) - sin(l 0 ) • sin(2· 1 °), 

or 

cos(3°) = (0.999848) • (0.999391) + (0.017452) • (0.034899) = 0.998629. (10-93) 

Again, because we previously calculated sin(2°) and cos(2°), Eqs. (10-92) 
and (10-93) only require us to perform four multiplications and two addi­
tions. The pattern of our calculations is clear now. For successive angles, 
we merely use the sine and cosine of 1 ° and the sine and cosine values 
obtained during the previous angle calculation. In our example, the angle 
increment was a= 1 °, but it's good to know that Eqs. (10-88) and (10-89) 
apply for any fixed angle increment. 

l 0. 12 Generating Normally Distributed 
Random Data 

Section D.4 in Appendix D discusses the normal distribution curve as it 
relates to random data. A problem we may encounter is how to actually 
generate random data samples whose distribution follows that normal 
curve. There's a slick way to solve this problem using any software 
package that can generate uniformly distributed random data, as most 
of them do[30]. Figure 10-28 shows our situation pictorially where we 
require random data that's distributed normally with a mean (average) 
ofµ' and a standard deviation of cr ', as in Figure 10-28(a), and all we 
have available is a software routine that generates random data that's 
uniformly distributed between zero and one as in Figure 10-28(b). As it 
turns out, there's a principle in advanced probability theory, known as 
the Central Limit Theorem, that says, when random data from an arbi­
trary distribution is summed over M samples, the probability distribu-
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t N-1 pm~a 

l_l~I~ 

A. Uniform probability distribution 

I 1-~ 
· -3cr' -2cr' -cr' µ' +cr' +2cr' +3cr' 0 1 

(a) (b} 

Figure 10-28 Probability distribution functions: (a) normal distribution with 
mean=µ', and standard deviation cr'; (b) uniform distribution 
between zero and one. 

0 

Probability distribution of set Ysum 

µ= M/2 

This distance is 
assumed to be to 6a. 

M 

Figure 10-29 Probability distribution of the summed set of random data 
derived from uniformly distributed data. 

tion of the sum begins to approach a normal distribution, as M 
increases[31,32]. In other words, if we generate a set of N random sam­
ples that are uniformly distributed between zero and one, we can begin 
adding other sets of N samples to the first set. As we continue summing 
additional sets, the distribution of the N-element set of sums becomes 
more and more normal, We can sound impressive and state that "the 
sum becomes asymptotically normal." Experience has shown that, for 
practical purposes, if we sum M ~ 30 times, the summed data distribu­
tion is essentially normal. With this rule in mind, we're halfway to solv­
ing our problem. 

After summing M sets of uniformly distributed samples, the summed 
set Ysum will have a distribution like that shown in Figure 10-29. Because 
we've summed M sets, the mean of Ysum' isµ= M/2. To determine Ysum's 
standard deviation cr, we assume that the six sigma point is equal to M-µ; 
that is 

6cr=M-µ. (10-94) 

439 
., 
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That assumption is valid because we know that the probability of an ele­
ment in Ysum being greater than Mis zero, and the probability of having 
a normal data sample at six sigma is one change in 6 billion, or essen­
tially zero. Becauseµ= M/2, then from Eq. (10-94), Ysum's standard devi­
ation is set to 

a= M-µ = M-M/2 =M/l2 
6 6 

(10-95) 

. 
To convert the Ysum data set to our desired data set having a mean ofµ' 
and a standard deviation of cr', 

• subtract M/2 from each element of Ysum to shift its mean to zero, 

• next, ensure that 6cr' is equal to M/2 by multiplying each element in 
the shifted data set by 12cr '/ M, and 

• finally, center the new data set about the desired µ' by adding µ' to 
each element of the new data. 

The steps in our algorithm are shown in Figure 10-30. If we call our 
desired normally distributed random data set y desired' then the nth element 
of that set is described mathematically as 

(10-96) 

Our discussion thus far has had a decidedly software algorithmic fla­
vor, but hardware designers also occasionally need to generate normally 
distributed (Gaussian) random data at high speeds in their designs. For 
your hardware designers, reference [33] presents an efficient hardware 
design technique to generate normally distributed random data using 
fixed-point arithmetic integrated circuits. 

Generate M sets Sum the M sets, 

of random data, element for Subtract M/2 Multiply each 
Add µ' to each 

with each set element, to get from each element in the 
element of the 

containing N the summed set element of shifted set by 
shifted data 

elements. Ysum containing Ysum · 12cr'/M. set. 
Nelements. 

Figure 10-30 Processing steps required to generate normally distributed random 
data from uniformly distributed data. 
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APPENDIX A 

The Arithmetic of 
Complex Numbers 

To understand digital signal processing, we have to get comfortable using 
complex numbers. The first step toward this goal is learning to manipu­
late complex numbers arithmetically. Fortunately, we can take advantage 
of our knowledge of real numbers to make this job easier. Although the 
physical significance of complex numbers is discussed in Appendix C, the 
following discussion provides the arithmetic rules governing complex 
numbers. 

A. 1 Graphical Representation of Real and 
Complex Numbers 

To get started, real numbers are those positive or negative numbers we're 
used to thinking about in our daily lives. Examples of real numbers are 
0.3, -2.2, 5.1, etc. Keeping this in mind, we see how a real number can be 
represented by a point on a one-dimensional axis, called the real axis, as 
shown in Figure A-1. 

We can, in fact, consider that all real numbers correspond to all of the 
points on the real axis line on a one-to-one basis. 

This point represents the 
/ real number -2.2 

-7 -6 -5 -4 -3 -2 -1 O 1 2 3 4 5 6 7 Real axis 

Figure A-1 The representation of a real number as a point on the one­
dimensional real axis. 

443 
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0 

Imaginary axis (j) 

-----=•~ 
~ This point represents the 

complex number C = R + jl 

R Real axis 

Figure A-2 The phasor representation of the complex number C = R + j/ on 
the complex plane. 

A complex number, unlike a real number, has two parts: a real part and 
an imaginary part. Just as a real number can be considered to be a point 
on the one-dimensional real axis, a complex number can be treated as a 
point on a complex plane as shown in Figure A-2. We'll use this geomet­
rical concept to help us understand the arithmetic of complex numbers. t 

A.2 Arithmetic Representation of Complex Numbers 

A complex number C is represented in a number of different ways in the 
literature, such as 

Rectangular form: ➔ C = R + jl I (A-1) 

Trigonometric form: ➔ C = M[cos(0) + jsin(0)], (A-1') 

Exponential form: ➔ C=MJ0
, (A-1") 

Magnitude and angle form: ➔ C=ML0 . (A-1'") 

Equations (A-1") and (A-1'") remind us that the complex number C can 
also be considered the tip of a phasor on the complex plane, with magni­
tude M, in the direction of 0 degrees relative to the positive real axis as 
shown in Figure A-2. (We'll avoid calling phasor Ma vector because the 
term vector means different things in different contexts. In linear algebra, 
vector is the term used to signify a one-dimensional matrix. On the other 
hand, in mechanical engineering and field theory, vectors are used to sig­
nify magnitudes and directions, but there are vector operations (scalar or 

t The complex plane representation of a complex number is sometimes called an Argand dia­
gram-named after the French mathematician Jean Robert Argand (1768-1825). 

' 

I 
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dot product, and vector or cross-product) that don't apply to our definition 
of a phasor.) The relationships between the variables in this figure follow 
the standard trigonometry of right triangles. Keep in mind that C is a 
complex number, and the variables R, I, M , and 0 are all real numbers. The 
magnitude of C, sometimes called the modulus of C, is 

(A-2) 

and, by definition, the phase angle, or argument, of Gis the arctangent of 
I/R, or 

-1( I) 0=tan R . (A-3) 

The variable 0 in Eq. (A-3) is a general angle term. It can have dimensions 
of degrees or radians. Of course, we can convert back and forth between 
degrees and radians using 1t radians= 180°. So, if 0r is in radians and 0 d is 
in degrees, then we can convert 0r to degrees by the expression 

Likewise, we can convert 0d to radians by the expression 

1t0d 
0 =--

r 180 

(A-4) 

(A-5) 

The exponential form of a complex number has an interesting charac­
teristic that we need to keep in mind. Whereas only a single expression in 
rectaILgular form can describe a single complex number, an infinite num­
ber of exponential expressions can describe a single complex number; that 
is, while, in the exponential form, a complex number C can be represented 
by C = Md0

, it can also be represented by 

(A-6) 

where n = ±1, ±2, ±3, ... and 0 is in radians. When 0 is in degrees, Eq. 
(A-6) is in the form 

C = Mej0 = Mej(0 + n360"). (A-7) 

,, 
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Equations (A-6) and (A-7) are almost self-explanatory. They indicate that 
the point on the complex plane represented by the tip of the phasor C 
remains unchanged if we rotate the phasor some integral mul~le of 21t 
radians or an integral multiple of 360 . So, for example, if C = Me' 20•>, then 

C = Mei(200) = Mei(3800) = Md(7400) . (A-8) 

The variable 0, the angle of the phasor in Figure A-2, need not be constant. 
We'll often encounter expressions containing a cowplex sinusoid that 
takes the form 

(A-9) 

Equation (A-9) represents a phasor of magnitude M whose angle in Figure 
A-2 is increasing linearly with time at a rate of ro radians each second. If 
ro = 21t, the phasor described by Eq. (A-9) is rotating counterclockwise at 
a rate of 2n radians per second-one revolution per second-and that's 
why ro is called the radian frequency. In terms of frequency, Eq. (A-9)'s 
phasor is rotating counterclockwise at ro = 2nf radians per second, where 
f is the cyclic frequency in cycles per second (Hz). If the cyclic frequency 
is f = 10 Hz, the phasor is rotating 20n radians per second. Likewise, the 
expression 

C = Me-jrot (A-9') 

represents a phasor of magnitude M that rotates in a clockwise direction 
about the origin of the complex plane at a negative radian frequency of -ro 
radians per second. 

A.3 Arithmetic Operations of Complex Numbers 

A.3. l Addition and Subtraction of Complex Numbers 

Which of the above forms for C in Eq. (A-1) is the best to use? It depends 
on the arithmetic operation we want to perform. For example, if we're 
adding two complex numbers, the rectangular form in Eq. (A-1) is the eas­
iest to use. The addition of two complex numbers, C1 = R1 + jI1 and 
C2 = R2 + jl2, is merely the sum of the real parts plus j times the sum of the 
imaginary parts as 

(A-10) 
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Imaginary 
axis(/) 

(a) 

Real 
axis 

-' Imaginary 
axis(/) 

(b) 

Real 
axis 

Figure A-3 Geometrical representation of the sum of two complex numbers. 

Figure A-3 is a graphical depiction of the sum of two complex numbers 
using the concept of phasors. Here the sum phasor C1 + C2 in Figure A-3(a) 
is the new phasor from the beginning of phasor C1 to the end of phasor C2 
in Figure A-3(b ). Remember, the Rs and the Is can be either positive or neg­
ative numbers. Subtracting one complex number from the other is straight­
forward as long as we find the differences between the two real parts and 
the two imaginary parts separately. Thus 

(A-11) 

An example of complex number addition is discussed in Section 8.3 
where we covered the topic of averaging fast Fourier transform outputs. 

A.3.2 Multiplication of Complex Numbers 

We can use the rectangular form to multiply two complex numbers as 

(A-12) 

However, if we represent the two complex numbers in exponential form, 
their product takes the simpler form 

(A-13) 

because multiplication results in the addition of the exponents. 

• I 
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As a special case of multiplication of two complex numbers, scaling is 
multiplying a complex number by another complex number whose imag­
inary part is zero. We can use the rectangular or exponential forms with 
equal ease as follows: 

kC = k(R + jl) = kR + jkI, (A-14) 

or in exponential form, 

(A-15) 

A.3.3 Conjugation of a Complex Number 

The complex conjugate of a complex number is obtained by merely chang­
ing the sign of the number's imaginary part. So, if we denote c· as the com­
plex conjugate of the number C = R + jl = Mr!0

, then, c· is expressed as 

(A-16) 

There are two characteristics of conjugates that occasionally come in 
handy. First, the conjugate of a product is equal to the product of the con­
jugates. That is, if C = C1C2, then from Eq. (A-13), 

(A-17) 

Second, the product of a complex number and its conjugate is the complex 
number's magnitude squared. It's easy to show this in exponential form as 

(A-18) 

(This property is often used in digital signal processing to determine the 
relative power of a complex sinusoidal phasor represented by Mdro 1

.) 

A.3.4 Division of Complex Numbers 

The division of two complex numbers is also convenient using the expo­
nential and magnitude and angle forms, such as 

ai 

! 
I 

j 
I 

1 
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(A-19) 

and 

(A-19') 

Although not nearly so handy, we can perform complex division in rec­
tangular notation by multiplying the numerator and the denominator by 
the complex conjugate of the denominator as 

(A-20) 

A.3.5 Inverse of a Complex Number 

A special form of division is the inverse, or reciprocal, of a complex num­
ber. If C = Md 0

, its inverse is given by 

1 1 1 -j0 -=--.- = -e 
C Me10 M 

(A-21) 

In rectangular form, the inverse of C = R + jl is given by 

1 1 _ R- jl 
-=--c R + jl - R2 + I 2 (A-22) 

We get Eq. (A-22) by substituting R1 = 1, I1 = 0, R2 = R, and I2 = I in Eq. (A-20). 

--
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A.3.6 Complex Numbers Raised to a Power 

Raising a complex number to some power is easily done in the exponen­
tial form. If C = Mej 0

, then 

. (A-23) 

·125° For example, if C = 3e1 , then C cubed is 

(A-24) 

We conclude this appendix with four final complex arithmetic opera­
tions that are not very common in digital signal processing-but you may 
need them sometime. 

A.3.7 Roots of a Complex Number 

The kth root of a complex number C is the number that, multiplied by 
itself k times, results in C. The exponential form of C is the best way to 
explore this process. When a complex number is represented by C = Me j0 , 

remember that it can also be represented by 

C = Mej(0 + n360°) _ (A-25) 

In this case, the variable 0 in Eq. (A-25) is in degrees. There are k dis­
tinct roots when we're finding the kth root of C. By distinct, we mean 
roots whose exponents are less than 360°. We find those roots by using 
the following: 

(A-26) 

Next, we assign the values 0, 1, 2, 3, ... , k-1 ton in Eq. (A-26) to get the k 
roots of C. OK, we need an example here! Let's say we're looking for the 

"(75") cube (3rd) root of C = l25e1 . We proceed as follows: 

Vc_ = ~ l 2Sei<75°) = ~ l25ej(75°+n360°) = Vi2sej(75°+n360°)/3 _ (A-27) 

Next we assign the values n = 0, n = l, and n = 2 to Eq. (A-27) to get the 
three roots of C. So the three distinct roots are 
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1st root ➔ 1/f = 5ej(75° +0·360°) / 3 = 5ej(25°) i 

2nd root ➔ 1/c = 5ej(75o+1·360o)/3 = 5 ej(435o)/3 = 5 e j(l45o) i 

and 

3rd root ➔ 1/c = 5ej(75°+2•360°)/3 = 5ej(795°)/3 = Sej(265°) 

A.3.8 Natural Logarithms of a Complex Number 

Taking the natural logarithm of a complex number C = Me j
0 is straightfor­

ward using exponential notat:i,on; that is 

(A-28) 

where O ~ 0 < 21t. By way of example, if C = 12ejit/4, the natural logarithm 
of C is 

lnC = ln(l2ej1t/ 4
) = ln(12) + j1t/ 4 = 2.485 + j0.785 . (A-29) 

This means that e(Z.485 + j0.785) = / -485. ej 0.785 = 12ej1t/4_ 

A.3.9 Logarithm to the Base 10 of a Complex Number 

We can calculate the base 10 logarithm of the complex number C = Me j0 

using 

Of course e is the irrational number, approximately equal to 2.71828, 
whose log to the base 10 is approximately 0.43429. Keeping this in mind, 
we can simplify Eq. (A-30) as · 

(A-31) 

Repeating the above example with C = 12ej1t/ 4 and using the Eq. (A-31) 
approximation, the base 10 logarithm of C is 

t For the second term of the result in Eq. (A-30) we used log/xn) = n • logax according to the 
law of logarithms. 
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= 1.079 + j(O.43429 · 0.785) = 1.079 + jO.341 . (A-32) 

The result from Eq. (A-32) means that 

10(1.079 + j0.341) = 101.079 . 10jo.341 = 12 . (e2.302)j0.341 

= 12ej(2.302 · o.341) = 12ej0.785 = 12eiJt/4 . (A-33) 

A.3. 10 Log to the Base 10 of a Complex Number Using 
Natural Logarithms 

Unfortunately, some software mathematics packages have no base 10 log­
arithmic function and can calculate only natural logarithms. In this situa­
tion, we just use 

(A-34) 

to calculate the base 10 logarithm of x. Using this change of base formula, 
we can find the base 10 logarithm of a complex number C = Me j0

; that is, 

lnC 
log10 C = -- = (log10 e)(lnC). 

lnlO 
(A-35) 

Because log10(e) is approximately equal to 0.43429, we use Eq. (A-35) to 
state that 

log10C "" 0.43429 · (lnC) = 0.43429 · (lnM + j0) . (A-36) 

Repeating, again, the example above of C = l2ej1tl4, the Eq. (A-36) approx­
imation allows us to take the base 10 logarithm of C using natural logs as 

log10 C = 0.43429 · (ln(12) + re/ 4) 

= 0.43429 · (2.485 + j0.785) = 1.079 + jO.341 , (A-37) 

giving us the same result as Eq. (A-32). 
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A.4 Some Practical Implications of Using 
Complex Numbers 

At the beg.inning of Section A.3, we said that the choice of using the rec­
tangular versus the polar form of representing complex numbers 
depends on the type of arithmetic operations we intend to perform. It's 
interesting to note that the rectangular form has a practical advantage 
over the polar form when we consider how numbers are represented m 
a computer. For example, let's say we must represent our complex num­
bers using a four-bit sign-magnitude binary number formaf. This means 
that we can have integral numbers ranging from -7 to +7, and our range 
of complex numbers covers a square on the complex plane as shown i~ 
Figme A-4(a) when we use the rectangular form. On the other hand, if 
we used 4-bit numbers to represent the magnitude of a complex number 
in polar form, those numbers must reside on or within a circle whose 
radius is 7 as shown in Figure A-4(b). Notice how the four shaded cor­
ners in Figure A-4(b) represent locations of valid complex values using 
the rectangular form, but are out of bounds if we use the polar form. Put 
another way, a complex number calculation, yielding an acceptable result 
in rectangular form, could result in an overflow error if we used polar 
notation in our computer. We could accommodate the complex value 
7 + j7 in rectangular form but not its polar equivalent because the mag­
nitude of that polar number is greater than 7. 

1 Imaginary 
f axis (J) 

...... · 1 · ..... . . ~ . ~--.. •- ·• ~ . ~ ·• .. 
I - ' . . . . . . . . ..... . 

l • l ! - l ' 
~~~-• ·! · •~- • - - • ~. ~ .. ! -•~• . . . . . . . . ..... . . . . . . •-•- ·· • ... •-• ~ . . . . . . . . . ..... . 

\ 1 I -

• ~ • ■ • ~ • • • • • • • II Real axis 
■ • ' ■ ■ ■ ■ - •• ■ ■ ■ - ■ ■ ■ II . ' . . . . . . .. ~ ... . . . · -• •-• - ..... •-•-• . . . . . . . . . ..... . 

' . ·-•·. -• . •- ... ......... . . . . . . . . . ..... . 
(a) 

. . 
Imaginary 
axis (J) . -. . . .. . . . 

• 
• i • • . • • . .......... . 

••••• _:_t.~~~-·------------
• ■..~-■ • Real axis .. ·.· .. ·.·· . . . . . . . . . . . . . . 
• 

(b) 

• 

Figure A-4 Complex integral numbers represented as points on the complex plane 
using a four-bit sign-magnitude data format: (a) using rectangular 
notation; (b) using polar notation. 
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454 Appendix A: The Arithmetic of Complex Numbers 

Although we avoid any further discussion here of the practical impli­
cations of performing complex arithmetic using standard digital data for­
mats, it is an intricate and interesting subject. To explore this topic further, 
the inquisitive reader is encouraged to start with the references. 
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APPENDIX B 

Closed Form of a 
Geometric Series 

In the literature of digital signal processing, we often encounter geomet­
ric series expressions like 

or 

NL-1 n yP _ yN 
r =---

1-r I 

n=p 

N-1 l - j 2ro" 
~ -j2rmm / N _ -e 
,4,J e - -l---e--1"""·2_m_11 /..,.,N..,.. • 

11=0 

(B-1) 

(B-2) 

Unfortunately, many authors make a statement like "and we know that," 
and drop Eqs. (B-1) or (B-2) on the unsuspecting reader who's expected to 
accept these expressions on faith. Assuming that you don't have a Ph.D. 
in mathematics, you may wonder exactly what arithmetic sleight of hand 
allows us to arrive at Eqs. (B-1) or (B-2). To answer this question, let's con­
sider a general expression for a geometric series such as 

N-1 

S = L ar" = arP + arp+l + arp+z + ... + arN-l , (B-3) 
n=p 

where n, N, and p are integers and a and r are any constants. Multiplying 
Eq. (B-3) by r, gives us 

N-1 

Sr= L arn+l = arp+l + arp+z + ... + arN-l + arN (B-4) 
n=p 

455 
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Subtracting Eq. (B-4) from Eq. (B-3) gives the expression 

S - Sr = 5(1 - r) = arP - arN, 

or 

rP-rN 
S=a•---

1-r 

So here's what we're after. The closed form of the series is 

Closed form of a general 
geometric series: ➔ 

N-1 p N 
~ arn =a•_r_-_r_ 
L-i 1- r 
n=p 

(B-5) 

(B-6) 

(By closed form, we mean taking an infinite series and converting it to a 
simpler mathematical form without the summation.) When a= 1, Eq. (B-6) 
validates Eq. (B-1). We can quickly verify Eq. (B-6) with an example. 
Letting N = 5, p = 0, a = 2, and r = 3, for example, we can create the fol­
lowing list: 

n arn = 2 · 3n 

0 2 · 3o = 2 

1 2. 31 = 6 

2 2 • 32 = 18 

3 2·33 =54 

4 2 · 34 = 162 

The sum of this column is 

4 

L2-3n =242 
n=O 

Plugging our example N, p, a, and r values into Eq. (B-6), 

N-1 rP -rN 30 _35 1-243 
Larn =a·---=2·---=2·---=242, 

1-r 1-3 -2 
(B-7) 

n=p 
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which equals the sum of the rightmost column in the list above. 
As a final step, the terms of our earlier Eq. (B-2) c,1.re in the form of Eq. 

(B-6) as p = 0, a = l, and r = e- j21tm/ N_t So plugging those terms from Eq. 
(B-2) into Eq. (B-6) gives us 

N-1 e - j2n.m0/N e - j2m11N / N 
~e-j2n.nm/N=l· -
£..i l - e-j21011/ N 
n=O 

confirming Eq. (B-2). 

l- e- ;2n.m 

l -e-j2rcm/N ' 

tFrom the math identity ary = (a')Y, we can say e-i'l1trtm/N = (eP-•ml N)", so r = e-i2m11 /N. 

(B-8) 
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APPENDIX C 

Complex Signals and 
Negative Frequency 

Complex numbers are used in just about every field of science and engi­
neering. t For us, complex signal notation is necessary to describe the 
effects of quadrature and Fourier processing. It may be fair to say that no 
other topic in digital signal processing causes more initial discomfort for 
the beginner than complex numbers with their real and imaginary parts. 
Why, even the terminology is bizarre. So here's where we review the fun­
damentals of complex numbers, get comfortable with how they're used to 
represent complex signals, and examine the notion of negative frequency 
as it relates to complex signal notation. 

To start this discussion, it's important for us to be comfortable with the 
concept of negative frequency because it's essential in understanding the 
spectral replication effects of periodic sampling, discrete Fourier trans­
forms, and the various quadrature signal processing techniques discussed 
in Chapter 7. The convention of negative frequency serves as a consistent 
and powerful mathematical tool in our analysis of signals. In fact, the use 
of negative frequency is mandatory when we represent real signals, such 
as a sine or cosine wave, in complex notation. 

The difficulty in grasping the idea of negative frequency may be, for 
some, similar to the consternation felt in the parlors of mathematicians 
in the Middle Ages when they first encountered negative numbers. 
Until the thirteenth century, negative numbers were considered fictitious 
because numbers were normally used for counting and measuring. So 
up to that time, negative numbers just didn't make sense [1,2]. In those 
days, it was valid to ask, "How can you hold something in your hand 
that is less than nothing?" The idea of subtracting six from four must 
have seemed meaningless. Math historians suggest that negative num-

t That's because complex sinusoids are solutions to the second-order linear differential equa­
tions used to describe so much of nature. 

458 
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Complex Signals and Negative Frequency 459 

bers were first analyzed in Italy. As the story goes, around the year 1200, 
the Italian mathematician Leonarc;lo da Pisa (known as Fibonacci) was 
working on a financial problem whose only valid solution involved a 
negative number. Undaunted, Leo wrote, "Titis problem, I have shown 
to be insoluble unless it is conceded that the first man had a debt." Thus 
negative numbers arrived on the mathematics scene, never again to be 
disregarded. 

Modem men and women can now appreciate that negative numbers 
have a direction associated with them. The direction is backward from 
zero in the context that positive numbers point forward from zero. For 
example, negative numbers can represent temperatures measured in 
degrees below zero, minutes before the present if the present is consid­
ered as zero time, or money we owe the tax collector when our income is 
considered positive dollars. So the notion of negative quantities is 

Time 
(a) 0 .... 

21tft 
(co~ 

-1 
0 2 3 

... 

Time 
(b) 0 .... 

21tft 
(rot) 

- 1 

0 2 3 

Figure C-1 Positive and negative frequency sinusoids: (a) sine and cosine 
waves at a positive radian frequency (2rcft); (b) sine and cosine 
waves whose arguments are a negative frequency (-2rcft). 

t Shortly, we'll represent negative frequency sinusoids graphically using phasor notation 
and see that the negative frequency phasors are merely rotating in the direction opposite 
from an arbitrary positive reference direction. 
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perfectly valid if we just define it properly. As comfortable as we now are 
with negative numbers, negative frequency remains a troublesome and 
controversial concept for many engineers [1,2]. This author once encoun­
tered a paper in a technical journal which stated: "since negative frequen­
cies cannot exist-." Well, like negative numbers, negative frequency is a 
perfectly valid concept as long as we define it properly relative to what 
we're used to thinking of as positive frequency. In radians, a negative fre­
quency sinusoid is merely one whose angular argument is negative, as 
shown in Figure C-l(b).t 

C. l Development of Imaginary Numbers 
Before we go further in our discussion of negative frequency by way of 
complex notation, we must first take a deep breath and enter the Twilight 
Zone of the "j" operator and imaginary numbers. You've seen the defini­
tion j = H before. Stated in words, we say that j represents a number 
which, when multiplied by itself, results in a negative one. Well, this def­
inition causes initial difficulty for the beginner because we know that any 
number multiplied by itself always results in a positive number. 
(Unfortunately digital signal processing textbooks typically define j and, 
then, with justified haste, swiftly carry on with all the ways that the j 
operator can be used to analyze sinusoidal signals. Readers soon forget 
about the question: What does j = H actually mean? Well, H had 
been on the mathematical scene for some time but wasn't taken seriously 
until it had to be used in the sixteenth century to solve cubic equations 
[3, 4]. Mathematicians reluctantly began to accept the abstract concept of 
H without having to visualize it, as long as its mathematical properties 
were consistent with the arithmetic of normal real numbers. It was Euler's 
introduction of the complex plane, used to solve second-order differential 
equations, that further legitimized the notion of H to Europe's ma.the­
maticians in the eighteenth century.t Euler showed how complex num­
bers using the H operator had a clean, consistent relationship to the 
well-known trigonometric functions of sines and cosines [3]. 

We can get more comfortable with the complex plane representation 
of imaginary numbers by examining the mathematical properties of the 
j = H operator as shown in Figure C-2(a). Multiplying any number on 

t Leonhard Euler, born in Switzerland in 1707, is considered by many historians as the 
world's greatest mathematician. By the way, in case you don't speak German, the name Euler 
is pronounced as "oiler." 
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Development of Imaginary Numbers 461 

T b 
the +jb line 

0 

Imaginary 
axis (j) 

C= a+ jb 
J/ ---

the +a line 
,J;-" 

• a Re.al 
axis 

(b) 

Figure C-2 Numbers on the complex plane: (a) the 90° rotations when a number is 
multiplied by j; (b) a complex number, c = a+jb, having both real and 
imaginary parts on the complex plane. 

the real axis by j results in an imaginary product that lies on the imagi­
nary axis. The example in Figure C-2(a) shows that if +8 is represented 
by the dot lying on the positive real axis, multiplying +8 by j results in 
an imaginary number, +j8, whose position has been rotated 90° counter­
clockwise from +8, putting it on the positive imaginary axis. Similarly, 
multiplying +j8 by j results in another 90° rotation yielding the -8 lying 
on the negative real axis because j2 = -1. Multiplying -8 by j results in a 
further 90° rotation giving the -j8 lying on the negative imaginary axis. 
Whenever any number represented by a dot is multiplied by j, the result 
is a counterclockwise rotation of 90° on the complex plane. (Conversely, 
multiplication by -j results in a clockwise rotation of -90° on the com­
plex plane.) The complex plane enables us to represent complex num­
bers having both real and imaginary parts . For example in Figure 
C-2(b), the complex number c = a+jb is a point lying on the complex 
plane on neither the real nor the imaginary axis. We locate point c by 
going +a units along the real axis and up +b units along the imaginary 
axis. (Just to refresh the reader's memory, Appendix A provides a dis­
cussion of the arithmetic of complex numbers.) We can, if we care to, 
think of all numbers as being complex. Thus, real numbers are complex 
numbers with no imaginary part, and imaginary numbers are complex 
numbers with no real part. 

Let's pause for a moment here to catch our breath. Don't worry if the 
ideas of imaginary numbers and the complex plane seem a little myste­
rious. It's that way for everyone at first-you'll get comfortable with 

I I 
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462 Appendix C: Complex Signals and Negative Frequency 

them the more you use them. (Remember, the H operator puzzled 
Europe's heavyweight mathematicians for hundreds of years.) Not only 
is the mathematics of complex numbers a bit strange at first, but the ter­
minology is unfortunate. Although the term imaginary is an unfortunate 
one to use, the term complex is downright weird. When first encountered, 
the phrase complex numbers makes one think "complicated numbers." 
This is regrettable because the concept of complex numbers is not really 
all that complicated. t 

C.2 Representing Real Signals Using 
Complex Phasors 

OK, now we can turn our attention back to the original discussion of 
understanding negative frequency when using the mathematics of com­
plex numbers. We start by representing a real sinusoid in the context of 
the complex plane. To see how this is done, consider the waveform in 
Figure C-3. Think of a cosine wave defined by 2cos(rot) oscillating back 
and forth on the real axis as time passes. (Here the ro term is frequency in 
radians/s, and it corresponds to a frequency of 2rc/ cycles/s where f is a 
single cycle/s or 1 Hz.) Now, consider two complex phasors rotating in 
opposite directions about the time axis, one rotating counterclockwise 
with a positive angular change rot and the other phasor rotating with a 
negative angle, -rot. The angles, of course, change as a function of time 
making the ejwt and e-jwt phasors rotate. Figure C-4 attempts to show, as 
time passes, one complete rotation of the ejwt phasor, for example. That 
phasor's tip follows a corkscrew path spiraling along and centered about 
the time axis. 

Let's show how the cosine wave is the phasor sum of the two complex 
phasors. We can visualize the phasors' rot and -rot angles better if we ori­
ent the three-dimensional view in Figure C-3 so that we're looking right 
straight down the time axis in the negative time direction as shown in 
Figure C-5. The time arrow is coming straight out of the page toward the 
reader and the two complex phasors, frozen in time, are represented by 
the bold arrows. Figure C-5 looks reasonably simple, but it contains a 
wealth of information. Let's first consider the ejwt phasor. Using the real 
and imaginary axis, we can see why the ejwt phasor is defined by 

t The brilliant American engineer Charles P. Steinmetz, who pioneered the use of real and 
imaginary numbers in electrical circuit analysis in the early twentieth century, refrained 
from using the term complex numbers-he called them "general numbers." 
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Representing Real Signals Using Complex Phasors 463 

Euler's equation: ➔ ejwt = cos(mt) + jsin(wt) . (C-1) 

Named in his honor, Eq. (C-1) is now called Euler's equation. This expression 
defines the position of the tip of the ei00

' arrow in the comple.,x plane. The 
cos(rot) term in Eq. (C-1) is the phasor's component along the real axis, and 
the sin(rot) term is the phasor's component along the imaginary, or j, ax.is. 
It's very important to realize that the phasor's component projected on the 
imaginary axis is the realnum,ber sin(rot), and not jsin(cot). The +j in the sec­
ond term of Eq. (C-1) merely means that the phasor has~a component along 

Imaginary 
axis (j) 

Figure C-3 Cosine represented by two rotating complex phasors. 

! Imaginary axis ( j) 

Figure C-4 The rotation of the ei001 phasor about the time axis. 
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! Imaginary 
I axis (j) 

1 cos(rot)7 

Tip of the sin~(rot) e jrot 
time arrow 
~ rot 

--,,-- ---
-rot Real axis 

sin(roQ e-/( 
~-- cos(rot) J 

Figure C-5 Complex phasors representing a cosine wave in the complex 
plane. 

the positive j axis whose magnitude is sin(cot). Likewise, the e-jrot phasor has 
a component along the negative j axis whose magnitude is sin(cot). We 
describe the e-jrot phasor with the expression 

Another version of Euler's equation: ➔ e-jrot = cos(cot) - jsin(cot) t (C-2) 

The positive angle cot is (arbitrarily) defined as the cormterclockwise 
angle between the real axis and the phasor. As time t increases, angle cot 
increases and the ejrot phasor rotates cormterclockwise. The e-jrot phasor 
rotates in the clockwise direction at the same angular frequency as the ejrot 

phasor; that is, when cot is zero radians, both phasors are at 3:00 o'clock, 
along the real axis. As times passes, when the ejrot phasor is at twelve 
o'clock, the ejrot phasor is at six o'clock. As the phasors continue rotating, 
they pass each other, again, exactly at nine o'clock. 

Let's look further and see how the sum of the ejrot and e-jrot phasors rep­
resents a real cosine wave. In Figure C-6(a), the phasor angle is cot= n/ 4 (45 
degrees). The bold arrow representing the real cosine wave, 2cos(cot), is the 
phasor sum of the ejrot and e-jrot phasors. Notice how the cosine wave's arrow 

+ Other versions of Euler's equation, which we can derive from Eqs. (C-1) and (C-2), are 
sintot) = (elnt - e-i001)/2j, and cos(rot) = (ei001 + e-i001)/2. 
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! Imaginary 
1 axis (j) 

- cos(ro~~-cos(Ol◊ --, 

e}rot 

wtoait/4 I 

7
2cos(ro~ --- __. 

-rot Real 
axis 

e - fe>t 

"" (a) 

! Imaginary 
[ axis(j) 

' 1. 
eJrot 

lro l= 1t/2 -­Real l axis 
e -irot 

i 
(b) (c) 

Imaginary! 
axis ( j) 1 

Figure C-6 Complex phasors representing a cosine wave: (a) when rot= rc/4; 
(b) when rot= rc/2; (c) when rot= 3rc/4. 

tip is along the real axis. At a later time, when mt= rt/2 radians, the ejwt pha­
sor has rotated counterclockwise, the e-jwt phasor has rotated clockwise, and 
the 2cos(mt) wave's arrow tip has moved to the left and sits exactly at the 
zero point on the real axis as shown in Figure C-6(b ). We know this is correct 
because 2cos(rc/2) = 0. As time passes and mt = 31t/ 4 radians, the ejwt and 
e-jwt phasors and their resulting 2cos(mt) phasor are shown in Figure C-6(c), 
which is real and negative. As the complex phasors continue rotating, the 
2cos(mt) phasor tip merely slides back and forth always remaining on the 
real axis. Figure C-3 attempts to illustrate this by showing the 2cos( mt) wave 
always lying in the plane of the real axis in our three-dimensional depiction. 

Thinking about these phasors, it's clear, now, why the cosine wave can 
be equated to the sum of two complex phasors by 

eioot + e- jwt 
cos(wt)=--- - , 

2 
(C-3) 

which is half the sum of Eqs. (C-1) and (C-2) . (The example in Figure C-3 
used a cosine wave with a peak amplitude of 2 merely to avoid cluttering 
Figures C-3 through C-6 with a denominator of 2 below each of the ejwt 

and e-jwt terms.) If Eq. (C-3) describes a real cosine wave in the complex 
plane, how do we represent a real sinewave? Well, we can combine Eqs. 
(C-1) and (C-2) and solve for sin(mt) to get the following standard expres­
sion for a sinewave in complex notation: 

eioot - e-jwt 
sin(mt) = Zj 

(C-4) 
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To investigate the meaning of this expression, we can multiply both 
sides of Eq. (C-4) by 2 to get the following alternate expression for a 
sinewave in terms of complex exponentials: 

(C-5) 

Equation (C-5) looks a little strange, doesn't it? It states that a real 
sinewave is equal to -j times the sum 0f two complex numbers! Well, we 
can decipher Eq. (C-5) by graphically illustrating the complex exponen­
tials as phasors just as we did in Figure C-5. A depiction of just the 
(ei<M - e-i (J)1) factor from Eq. (C-5) is the phasers in Figure C-7(a). To 
account for the - j term in. Eq. (C-5), we rotate the phasers in Figure C-7(a) 
by 1t/2, or 90°, .in the clockwise direction. So the full -j(efl.l>t - e-fwt) expres­
sion on the right side of Eq. (C-5) is shown in Figure C-7(b). Because the 
-e-fro t phasor rotates clockwise and the ewt phaser rotates counterclock­
wise, their phasor sum representing 2sin(cot) will always lie on the real 
axis. We know this is true because the 2sin(cot) sinewave .in Eq. (C-5) is 
real-like a cosine wave, it has no imaginary part. 

To belabor th.is point a bit further, consider Figure C-8. When the angle 
cot== 0, both the je-fwt and -jef(J)/ phasors lie on the imaginary axis, and their 
phasor s.um sits exactly at the zero point of both axes, as shown in Figure 
C-8(a). We know this is correct because 2sin(0) = 0. At a later time when 
cot= rt/ 4 radians, the je-f1J>t phasor has rotated clockwise, the -jefwt phasor 

+ Imaginary 
, axis (j) 

-----¥----- ---

(a) 

Real 
axis 

i Imaginary 
~ axis (j) 

-j . -e -jrot = je-irot 

(b) 

Figure C-7 Complex phosors: (a) phasor representation of (eirot - e-irot); (b) phasor 

representation of -j(ei00 t - e-Joot), or 2sfn((J) t) = -jei00 t + je-i001• 
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-jeimt = -j cos(O) + sin(O) i =-j1 
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je-jo,t "'-
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(b) 

A Imaginary 
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/ 
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~ 
2sin(mt) ~al 

axis 

(c) 

Figure C-8 Complex phasors representing a 2sin(cot) sinewave: (a) when cot= O; (b) 
when cot= rc/4; (c) when cot= 3rc/4. 

has rotated counterclockwise, and the 2sin(rot) wave's arrow tip has 
moved to the right to a positive point on the real axis, as shown in Figure 
C-8(b). As time passes and rot= 31t/4 radians, the -jejrot phasor is now in 
the northeast quadrant, and je-jrot phasor is directed southeast. They and 
their 2sin(rot) phasor sum are shown in Figure C-8(c) . As the complex 
phasors continue rotating, the 2sin(rot) phasor oscillates back and forth, 
always remaining on the real axis. 

To keep the reader's mind from spinning like our complex phasors, 
please realize that the sole purpose of Figures C-6 through C-8 is to vali­
date the complex expressions of the cosine and sinewave given in Eqs. 
(C-3) and (C-4). 

C.3 Representing Real Signals Using 
Negative Frequencies 

OK, let's keep in mind one of the goals of ·this discussion-why the concept 
of negative frequency is valid when real signals are represented in complex 
notation. We can do this by comparing the relationship between a cos(<1V) 
wave and a sin(ro/) wave, using Eqs. (C-3) and (C-4) and combining them 
graphically on a three-dimensional complex frequency axis as shown in 
Figure C-9. If we say that the angular frequency is 00

0 
radians/second= 21t/

0 

Hz, the time-varying composite angle is ro
0
t ra~ans = 27t/i cycles at time t. 

Look at Figure C-9 very carefully-it's a snapshot of the complex phasors 
that comprise a real cosine wave (solid arrows) from Eq. (C-3) and a real 
sinewave (shaded arrows) from Eq. (C-4) when time equals zero, or ro/ = 0. 

Meta Platforms, Inc. - Exhibit 1012 
Page 481 of 534



468 Appendix C: Complex Signals and Negative Frequency 

. ( .) ea 
axis J axis 
lmaginaryLJ 1 

Figure C-9 Relationship of the complex representations of the 
cos(ro

0
f) = (el IDot + e-fro0 ')12 (sollq arrows) and the 

sin(co
0
t) = (e i 00of - e-{{J01)/j2 = (-JeJOlof + Je-<ilof)/2 (shaded 

arrows), when ro
0
t = 0. 

1his figure shows that, when we use complex notation, ei001 and e-jwt are the 
fundamental constituents of a sinusoid, not sin(cot) or cos(cot) because both 
sin(rot) and cos(cot) are made up of ejwt and e-jwt components. On the fre­
quency axis, the notion of negative frequency is seen as those phasors located 
at -Cl\ radians on the frequency axis. (If we were to take the discrete Fourier 
transform of a cosine wave and plot the complex results, we'd get exactly 
those bold phasors in Figure C-9. Likewise, the discrete Fourier transform 
of a sinewave results in the shaded phasors in Figure C-9.) Figure C-9 also 
reiterates the fact that a cosine wave is merely a sinewave shifted in time. If 
we let the phasors in Figure C-9 rotate 90° (1t/2 radians, or a quarter of a 
cycle), they're oriented as shown in Figure C-10. So the sinewave's shaded 
phasors, in Figure C-10, are oriented exactly as the cosine wave's phasors in 
Figure C-9. The relationship between Figures C-9 and C-10 illustrates the 
two following trigonometric identities: 

sin(0) = cos(0 - 1t/2) , (C-6) 

and 

cos(0) = -sin(0 - 1t/2) . (C-7) 
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axis (j) Re_al 
axis 

Imaginary~ 

t = rr/2w 0 = 1/4f0 , or ro0 I= rr/2 

•. 

Freq 

Figure C-10 Relationship of the complex representations of cos(<Jl
0
t) (solid arrows) 

and sin(roJ) (shaded arrows) when w
0
t = 1t/2. 

Putting Eqs. (C-6) and (C-7) into words relative to the two figures above, 
we can say that the sine phasors in Figure C-10 are equal to the cosine 
phasors in Figure C-9, and the cosine phasors in Figure C-10 are equal to 
the negative of the sine phasors in Figure C-9. This tells us that a sinu­
soidal wave can be described as a sinewave or a cosine wave depending 
on the time we start looking at it; that is, a delay in the time domain man­
ifests itself as a phase shift in the frequency domain. This effect is very 
important in digital signal processing, so remember it.+ 

If we use the same axis as before, we can illustrate a sinusoidal wave 
at an arbitrary phase angle 0, Acos(mi + 0), as shown by the bold pha­
sors in Figure C-ll(a). The magnitude of the two bold phasors is, of 
course, A/2, so they'll sum to A when they're aligned along the real axis. 
Figure C-ll(a) shows that the phasors are the phasor sum of their real and 
imaginary parts. Figure C-ll(b) shows the real and imaginary compo­
nents aligned with the real and imaginary axis. Why bother showing the 
real and imaginary parts as in Figure C-ll(b )? Because this signal repre­
sentation leads us to the graphical form used so often in the digital signal 
processing literature of quadrature signal processing. 

Think for a moment of a real signal comprising seven sinusoids over a 
bandwidth B centered about a carrier frequency of m

0
• We could represent 

that signal's spectrum by the bold phasors in the complex frequency 
domain of Figure C-12(a). If we had another signal with an unlimited 
number of sinusoids over the bandwid_th B, we could forego drawing 

t For additional examples of this shifting property, check out Section 3.6. 

I. 
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Imaginary 
.l axis (j) 

Real 
axis 

(a) 

Freq 

Real 
axis 

Freq 

(b) 

Figure C-J J Two depictions of the complex representation of Acos(w
0
t + 0) 

indicated by the bold phasors. The thin solid arrows are the real parts, 
and the thin shaded arrows are the imaginary parts. 

individual phasors and merely show the spectrum by joining the tips of 
the phasors with the bold lines in Figure C-12(b). This signal has a con­
tinuous spectral envelope over the bandwidth B, and that's the typical 
signal spectrum representation used in the literature of quadrature pro­
cessing. Figure C-12(b) shows the projection of the signal's constant­
amplitude rectangular spectrum on both the real and the imaginary axis. 

In quadrature processing, by convention, the real part of the spec­
trum is called the in-phase component, and the imaginary part of the 
spectrum is called the quadrature-phase component. The signal in Figure 
C-12(b) is real, and, in the time domain, it can be represented digitally 
by a series of amplitude values that have nonzero real parts and zero­
valued imaginary parts. We're not forced to use complex notation to rep­
resent it in the time domain-the signal is real. (If it was a continuous 
physical signal, it could be transmitted over a single conductor.) Real 
signals always have positive and negative frequency spectral compo­
nents. For any real signal, the positive and negative frequency compo­
nents of its in-phase (real) spectrum always have even symmetry about 
the zero frequency point; that is, the in-phase part's positive and nega­
tive frequency components are mirror images of each other. Conversely, 
the positive and negative frequency components of its quadrature 
(imaginary) spectrum are always complex conjugates of each other [6]. 
This means that the phase angle of any given positive quadrature fre­
quency component is the negative of the phase angle of the correspond-
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(a) 

(b) 

(c) 

Imaginary 

! axis {/) 

Re~J 
axis 

Original signal 

In-phase (real) part 

Quadrature phase (imaginary) part 

Freq 

Figure C-12 Quadrature representation of bandpass signals: (a) real signal 
containing seven sinusoids over bandwidth B; (b) real signal 
containing an infinite number of sinusoids over bandwidth B; 
(c) complex signal of bandwidth B. 

Freq 

Freq 

ing quadrature negative frequency component, as shown by the dashed 
arrows in Figure C-11. This is the invariant nature of real signals when 
their spectra are represented using complex notation. 

C.4 Complex Signals and Quadrature Mixing 
Complex signals, on the other hand, are a different story. Figure C-12(c) 
shows the spectrum of an arbitrary complex signal of bandwidth B. In 
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.the time domain, it can only be represented by amplitude values that 
have nonzero real and nonzero imaginary parts. We're forced to use 
complex notation to represent it in the time domain-the signal is com­
plex. (As a continuous physical signal, a complex signal could only be 
transmitted using two conductors.) Complex signals aren't forced to 
have the symmetric real and the conjugate symmetric imaginary spec­
tral components characteristic of real signals-complex signals can have 
just positive (or just negative) frequency components, as shown in 
Figure C-12(c). • 

We can summarize all that we've covered in this chapter by consider­
ing an interesting topic-the spectrum translation effects of quadrature 
mixing [7]. Figure C-13(a) shows the triangular spectrum of an arbitrary 
real signal centered about co

0 
radians/s. In quadrature mixing, we trans­

late the original signal's spectrum down to the zero frequency point 
before digitization. This is typically done by multiplying the original sig­
nal by a cosine wave of co

0 
radians/s, in the time domain, to get the in­

phase spectral component of the input signal as shown in Figure C-13(b). 
It's important to see that Figure C-13(b) is the product of Figure C-13(a) 
and the solid cosine phasors in Figure C-9. The e-j(J),,1/2 complex cosine 
phasor from Figure C-9 translates both Figure C-13(a)'s original input sig­
nal spectral bandwidths toward the negative frequency direction, as 
shown in Figure C-13(b). Likewise, the eio>.t;2 complex cosine phasor 
from Figure C-9 translates both original input signal spectral bandwidths 
toward the positive frequency direction, also shown in Figure C-13(b). 
Although not obvious in the figure, the magnitude in Figure C-13(b) is 
half the magnitude of that in Figure C-13(a) because of the 1/2 scale fac­
tors in the cosine expressions in Eq. (C-3) and Figure C-9. 

To get the quadrature-phase spectral components of our input signal, 
we multiply the input signal by a sinewave of co

0 
radians/s to get the 

spectrum shown in Figure C-13(c). Again, Figure C-13(c) is the product of 
Figure C-13(a) and the dashed sine phasors in Figure C-9. The je-i0>.l/2 
dashed complex sine phasor from Figure C-9 translates both Figure C-
13(a)'s original input signal spectral bandwidths toward the negative fre­
quency direction, but aligned with the imaginary +j axis as shown in 
Figure C-13(c). The -jejw.t /2 dashed complex sine phasor from Figure C-9 
translates both original input signal spectral bandwidths toward the pos­
itive frequency direction aligned with the imaginary-j axis, also shown in 
Figure C-13(c). Figure C-13(d) shows both the in-phase and quadrature 
spectral bands combined on the complex frequency plane axis. (Examples 
of this quadrature mixing scheme are discussed in Sections 7.1 and 7.2.) 
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1 

Freq 

Figure C-13 Quadrature mlxing of Q real bandpass signal with even symmetric 
spectral components: (a) orlginol real input signal of bandwidth 8; 
(b) In-phase spectral components of the input signal; (c) quadrature­
phase spectral components of the Input signal; (d) combined In­
phase and quadrature-phase components. 

Providing another example to demonsh·ate the frequency translation 
that take.s place in complex signal mixing, Figure C-14 shows the spectral 
results of quadrature mixing when the input signal is real and has conju­
gate positive and negative frequency components. Section 10.1, with its dis­
cussion of digital mixing sequences, provides several practical examples of 
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(c) 

(d) 

• Imaginary 
A axis (j) 

Imaginary 
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Real 
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Real 
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Freq 

Figure C-14 Quadrature mixing of a real bandpass signal with complex conjugate 
symmetric spectral components: (a) original real Input signal of 
bandwidth B; (b) in-phase spectral components of the input signal; 
(c) quadrature-phase spectral components of the input signal; 
(d) combined in-phase and quadrature-phase components. 

the spectral translation effects of quadrature mixing. That concludes our 
introduction to complex signals and negative frequency. For further mater­
ial on these topics, the reader is encouraged to review reference [8], a terrific 
series of papers detailing how complex signals and negative frequencies 
relate to modern-day digital communications signals. 
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APPENDIX D 

Mean, Variance, and 
Standard Deviation 

In our studies, we're often forced to consider noise functions. These are 
descriptions of noise signals that we cannot explicitly describe with a 
time-domain equation. Noise functions can be quantified, however, in a 
worthwhile way using the statistical measures of mean, variance, and 
standard deviation. Although we only touch, here, on the very broad and 
important field of statistics, we will describe why, how, and when to use 
these statistical indicators, so that we can add them to our collection of 
signal analysis tools. First we'll determine how to calculate these statisti­
cal values for a series of discrete data samples, cover an example using a 
continuous analytical function, and conclude this appendix with a dis­
cussion of the probability density functions of several random variableE 
that are common in the field of digital signal processing. So let's proceec. 
by sticking our toes in the chilly waters of the mathematics of statistics to 
obtain a few definitions. 

D. l Statistical Measures 
Consider a continuous sinusoid having a frequency of /

0 
Hz with a peak 

amplitude of AP expressed by the equation 

(D-1) 

Equation (D-1) completely specifies x(t)-that is, we can determine x(t)'s 
exact value at any given instant. For example, when time t = l / 4f

0
, we know 

that x(t)'s amplitude will be AP and, at the later time t = l/2fo, x(t)'s ampli­
tude will be zero. On the other hand, we have no definite way to express 

476 
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the successive values of a random function or of random noise. t There's no 
equation like Eq. (D-1) available to predict future noise-amplitude values 
for example. (That's why they call it random noise.) Statisticians have, how­
ever, developed powerful mathematical tools to characterize several prop­
erties of random functions. The most important of these properties have 
been given the names mean, variance, and standard deviation. 

Mathematically, the mean, or average, of N separate values of a sequence 
x, denoted xave' is defined-as [1] 

N _ _!_ ~ ( )- x(l)+x(2)+x(3)+ ... +x(N) 
Xave - L..JX n - . 

N n=l N 
(D-2) 

Equation (D-2), already familiar to most people, merely states that the 
average of a sequence of N numbers is the sum of those numbers divided 
by N. Graphically, the average can be depicted as that value about which 
a series of sample values cluster, or congregate, as shown in Figure D-1. If 
the eight values depicted by the dots in Figure D-1 represent some mea­
sured quantity and we applied those values to Eq. (D-2), the average of the 
series is 5.17, as shown by the dotted line. 

6 t<_nl 
Xave= 5.17 • • • 5.5 

5.0 - ~ 
• 

4.5 ---· 

4.0 • 
3.5 

2 3 4 5 6 7 8 n 

Figure D-1 Average of a sequence of eight values. 

t We define random noise to be unwanted, unpredictable, disturbances contaminating a sig­
nal or a data sequence of interest. 
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Now that we've defined average, another key definition is the variance of a 
sequence, cr 2, defined as 

[x(l)- XaveJ2 + [x(2)- XaveJ2 + [x(3)- Xavef,+ ... + [x(N)- XaveJ2 (D-
3

) 
N 

Sometimes, in the literature, we'll see cr2 defined with a l/(N-1) factor 
before the summation instead of the 1/N factor in Eq. (D-3). There are 
subtle statistical reasons why the 1/(N-1) factor sometimes gives more 
accurate results [2]. However, when N is greater than, say 20, as it will be 
for our purposes, the difference between the two factors will have no 
practical significance. 

Variance is a very important concept because it's the yardstick with 
which we measure, for example, the effect of quantization errors and the 
usefulness of signal-averaging algorithms. It gives us an idea how the 
aggregate values in a sequence fluctuate about the sequence's average 
and provides us with a well-defined quantitative measure of those fluc­
tuations. (Because the positive square root of the variance, the standard 
deviation, is typically denoted as cr in the literature, we'll use the conven­
tional notation of cr2 for the variance.) Equation (D-3) looks a bit perplex­
ing if you haven't seen it before. Its meaning becomes clear if we examine 
it carefully. The x(l) - xave value in the bracket, for example, is the differ­
ence between the x(l) value and the sequence average xave· For any 
sequence value x(n), the x(n) - xave difference, which we denote as 11(n), 
can be either positive or negative, as shown in Figure D-2. Specifically, the 
differences 11(1), 11(2), 11(3), and 11(8) are negative because their corre­
sponding sequence values are below the sequence average shown by the 
dotted line. If we replace the x(n) - xave difference terms in Eq. (D-3) with 
11(n) terms, the variance can be expressed as 

1 N 

o- 2 
= N L,.[Li(n)]2, where 11(n) = x(n)-xave 

n=1 

(D-4) 

The reader might wonder why the squares of the differences are 
summed, instead of just the differences themselves. If we just add the dif­
ferences, some of the negative 11(n)s will cancel some of the positive 11(n)s 
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r 6.0 

5.5 -~-
,1(4) 

-11(1) - 11(8) 

5.0 r -11(2) r · • t 
4.5 -t.(31 

Xave=5.17 
4.0 

• 
3.5 

2 3 4 5 6 7 8 
n 

Figure D-2 Difference values t,.(n) of the sequence in Figure D-1 . 

resulting in a sum that may be too small. For example, if we add the A(n)s 
in Figure D-2, the positive A(6) and A(7) values and the negative A(3) 
value will just about cancel each other out and we don't want that. 
Because we need an unsigned measure of each difference, we use the dif­
ference-squared terms as indicated by Eq. (D-4). In that way, individual 
A(n) difference terms will contribute to the overall variance regardless of 
whether the difference is positive or negative. Plugging the A(n) values 
from the example sequence in Figure D-2 into Eq. (D-4), we get a variance 
value of 0.34. Another useful measure of a signal sequence is the square 
root of the variance known as the standard deviation. Taking the square 
root of Eq. (D-3) to get the standard deviation cr, 

N 
,--;; 1 ~ 2 

(j='\J<r = N""'-'[x(n) - xavel 
n=l 

(D-5) 

So far, we have three measurements to use in evaluating a sequence 
of values: the average xave the variance cr2, and the standard deviation 
cr. Where xave indicates about what constant level the individual 
sequence values vary, cr2 is a measure of the magnitude of the noise fluc­
tuations about the average xave· If the sequence represents a series of 
random signal samples, we can say that xave specifies the average, or 
constant, value of the signal. The variance cr 2 is the magnitude squared, 
or power, of the fluctuating component of the signal. The standard devi­
ation, then, is an indication of the magnitude of the fluctuating compo­
nent of the signal. 
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D.2 Standard Deviation, or RMS, of a Continuous 
Sinewave 

For sinewaves, electrical engineers have taken the square root of Eq. 
(D-3), with xave = 0, and defined a useful parameter, called therms value, 
that's equal to the standard deviation. For discrete samples, that parame­
ter, x(n)rms' is defined as 

1 N 

x(n)~s = NL x(n)2 
n=l 

(D-6) 

The x(n),ms in Eq. (D-6), obtained by setting xave = 0 in Eq. (D-5), is the 
square root of the mean (average) of the squares of the sequence x(n). For 
a continuous sinusoid x(t) = Apsin(21tft) = Ap5in(wt) whose average value 

is zero, x(t)rms is x(t\ms-sinewave defined as 

x(t),ms-sinewave = 

2• 

_!_ f [AP sin(mt)]2 d(wt) 
21t 

2 2• 

= AP f _! [1- cos(cot)] d(wt) 
21t 2 

= A:_ [wt _ _!(sin(mt))]21t - A; ·[27t] 
21t 2 2 - 21t 2 

0 

(D-7) 

This x(t)rms-sinewave = A/ ✓2 expression is a lot easier to use for calculating 
average power dissipation in circuit elements than taking the integral of 
more complicated expressions for instantaneous power dissipation. The 
variance of a sinewave is, of course, the square of Eq. (D-7), or A'(;/2. 

We've provided the equations for the mean (average) and variance of a 
sequence of discrete values, introduced an expression for the standard 
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deviation or rms of a sequence, and given an expression for the rms of a 
continuous sinewave. The next question is "How can we characterize ran­
dom functions for which there are no equations to predict their values and 
we have no discrete sample values with which to work?" The answer is 
that we must use probability density functions. 

D.3 The Mean and Variance of Random Functions 

To determine the mean or variance of a random funclion, we use what's 
called the probability density function. The probability density function 
(PDF) is a measure of the likelihood of a particular value occurring in 
some function. We can explain this concept with simple examples of flip­
ping a coin or throwing dice as illustrated in Figure D-3(a) and (b). The 
result of flipping a coin can only be one of two possibilities: heads or tails. 
Figure D-3(a) indicates this PDF and shows that the probability (likeli­
hood) is equal to one-half for both heads and tails. That is, we have an 
equal chance that the coin side facing up will be heads or tails. The sum 
of those two probability values is one, meaning that there's a 100% prob­
ability that either a head or a tail will occur. 

Figure D-3(b) shows the probability of a particular sum of the upper 
faces when we throw a pair of dice. This probability function is not uni­
form because, for example, we're six times more likely to have the die 
faces add to seven than add to two (snake eyes). We can say that after toss­
ing the dice a large number of times, we should expect that 6/36 = 16.7 
percent of those tosses would result in sevens, and 1/36 = 2.8 percent of 
the time we'll get snake eyes. The sum of those eleven probability values 

Coin face PDF 

Heads Tails 

(a) 

6/36 

4/36 

2/36 

Sum of dice PDF 

2 3 4 s 6 7 B 9 10 11 12 Die 

face 
count 

(b) 

Order of birth PDF 

1/3 

(c) 

Gender 
order 

Figure D-3 Simple probability density functions: (a) the probability of fl ipping a 
single coin; (b) the probability of a particular sum of the upper 
faces of two die; (c) the probability of the order of birth of the girl 
and her sibling. 
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in Figure D-3(b) is also one, telling us that this PDF accounts for all (100%) 
of the possible outcomes of throwing the dice. 

The fact that PDFs must account for all possible results is emphasized 
in an interesting way in Figure D-3(c). If a woman says, "Of my two chil­
dren, one is a girl. What's the probability that she has a sister?" Be careful 
now-curiously enough, the answer to this controversial question is not a 
50-50 chance. There are more possibilities to consider than just the girl 
having a brother or a sister. We can think of all the possible combinations 
of birth order of two children such that one child is a girl. Because we 
don't know the gender of the first-born child, there are three gender order 
possibilities: girl, then boy; boy, then girl; and girl, then girl as shown in 
Figure D-3(c). So the possibility of the daughter having a sister is 1/3 
instead of 1/2! (Believe it.) Again, the sum of those three l/3rd probabil­
ity values is one. 

Two important features of PDFs are illustrated by the examples in 
Figure D-3: PDFs are always positive, and the areas under their curves 
must be equal to unity. The very concept of PDFs make them a positive 
likelihood that a particular result will occur, and the fact that some result 
must occur is equivalent to saying that there's a probability of one (100% 
chance) that we'll have a result. For continuous probability density func­
tions, p(j), we indicate these two characteristics by 

PDF values are never negative: ➔ p(f)?. 0 I (D-8) 

and 

00 

The sum of all the PDF values is one: ➔ f p(j)df= 1 . (D-8') 

In Section D.l we illustrated how to calculate the average (mean) and 
variance of discrete samples. We can also determine these statistical mea­
sures for a random function if we know the PDF of the function. Using µ1 
to denote the average of a random function off, then, µ1 is defined as 

(D-9) 

and the variance off is defined as [3] 
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j Continous p(f) 
1 1 

I I I 

- --- - ---
b- (-a) b+a 

► -a 0 b f 

Figure D-4 Continuous, uniform probability density function, 

= = 

cr} = f (f - µ f )2 · p (f) df = f /2 · p (f) df - µ / . (D-10) 

In digital signal processing, we'll encounter continuous probability 
density functions that are uniform in value similar to the examples in 
Figure D-3. In these cases, it's easy to use Eqs. (D-9) and (D-10) to deter­
mine their average and variance. Figure D-4 illustrates a uniform, contin­
uous PDF indicating a random function whose values have an equal 
probability of being anywhere in the range from -a to b. From Eq. (D-8), 
we know that the area under the curve must be unity (i.e., the probability 
is 100% that the value will be somewhere under the curve). So the ampli­
tude of p(f) must be the area divided by the width, or p(f) = l/(b + a). From 
Eq. (D-9), the average of this p(f) is given by 

(b+a)(b-a) b-a 
= = 

2(b+ a) 2 
(D-11) 

which happens to be the midpoint in the range from -a to b. The variance 
of the PDF in Figure D-4 is given by 
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~ b 2 
2 f 2 2 J 2 1 (b- a) cr r= f · p(J)df - µ f = f . -b +-a df - .,;....__

4
~ 

-a 

(b +a.)2 = 1 ·(b3 +a3 ) - (b-a)2 
4 3(b+a) 4 

(b+a)(b 2 -ab+a2
) b2 -2ab + a2 

4 
=-------

3(b + a) 

b2 + 2ab + a2 (b + a)2 = =---
12 12 

(D-12) 

We use the results of Eqs. (D-11) and (D-12) in Chapter 9 to analyze the 
errors induced by quantization from analog-to-digital converters and the 
effects of finite word lengths of hardware registers. 

D.4 The Normal Probability Density Function 

A probability density function that's so often encountered in nature 
deserves our attention. This function is so common that it's actually called 
the normal probability density function. t This function, whose shape is 
shown in Figure D-5, is important because random data having this dis­
tribution is very useful in testing both software algorithms and hardware 
processors. The normal PDF is defined mathematically by 

(D-13) 

The area under the curve equals one, and the percentages at the bottom of 
Figure D-5 tell us that, for random functions having a normal distribution, 
there's a 68.27 percent chance that any particular value of x will differ 
from the mean by :S;cr. Likewise, 99.73 percent of all the x data values will 
be within 3cr of the mean xave· 

t The normal probability density function is sometimes called the Gaussian function. A scheme 
for generating data to fit this function is discussed in Section 10.12. 
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p(x) 

X 
Xave-30" Xave - O" Xave + O" Xave + 3cr 

-68.27%-

--- - --- 95.45% ------
<--------- - 99.73% ----------

Figure D-5 A normal PDF with mean = xave and standard deviation = cr. 
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APPENDIX E 

Decibels 
(dB and dBm) 

This appendix introduces the logarithmic function used to improve the 
magnitude resolution of frequency-domain plots when we evaluate signal 
spectrums, digital filter magnitude responses, and window function mag­
nitude responses. When we use a logarithmic function to plot signal lev­
els in the frequency domain, the vertical axis unit of measure is decibels. 

E. 1 Using Logarithms to Determine Relative 
Signal Power 

In discussing decibels, it's interesting to see how this unit of measure 
evolved. When comparing continuous (analog) signal levels, early spe­
cialists in electronic communications found it useful to define a measure 
of the difference in powers of two signals. If that difference was treated as 
the logarithm of a ratio of powers, it could be used as a simple additive 
measure to determine the overall gain or loss of cascaded electronic cir­
cuits. The positive logarithms associated with system components having 
gain could be added to the negative logarithms of those components hav­
ing loss to quickly determine the overall gain or loss of the system. With 
this in mind, the difference between two signal power levels (P1 and P2), 

measured in bels, was defined as the base 10 logarithm of the ratio of 
those powers, or 

Power difference= log10 ( :: ) bels.t (E-1) 

t The dimensionless unit of measure be/ was named in honor of Alexander Graham Bell. 

486 
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The use of Eq. (E-1) led to another evolutionary step because the unit of 
bel was soon found to be inconveniently large. For example, it was dis­
covered that the human ear could detect audio power level differences of 
one-tenth of a bel. Measured power differences smaller than one bel were 
so common that it led to the use of the decibel (bel/ 10), effectively mak­
ing the unit of bel obsolete. The decibel (dB), then, is a unit of measure of 
the relative power difference of two signals defined as 

Power difference= 10 -log10 ( ~)dB~. (E-2) 

The logarithmic function 10 · log1o, plotted in Figure E-1, doesn't seem too 
beneficial at first glance, but its application tw-ns out to be very useful. 
Notice the large change in the function's value, when the power ratio 
(P / P 

2
) is small, and the gradual change when the ratio is large. The effect 

of this nonlinearity is to provide greater resolution when the ratio P 1 / P 2 

is small, giving us a good way to recognize very small differences in the 
power levels of signal spectrums, digital filter responses, and window 
function frequency responses. 

Let's demonstrate the utility of the logarithmic function's variable res­
olution. First, remember that the power of any frequency-domain 
sequence representing signal magnitude I X(m) I is proportional to 

4 

2 

0 
0 .1 .3 

-2 
1.5 1.7 1.9 2.0 P,fP2 
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Figure E-1 Logarithmic decibel function of Eq. (E-2) . 
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I X(m) I squared. For convenience, the proportionality constant is 
assumed to be one, so we say the power of I X(m) I is 

discrete power spectrum of X(m) = I X(m) 1
2 . (E-3) 

Although equation (E-3) may not actually represent power (in watts) in 
the classical sense, it's the squaring operation that's important here, 
because it's analogous to the traditional magnitude squaring operation 
used to determine the power of continuous signals. (Of course, if X(m) is 
complex, we can calculate the power spectrum sequence using 
I X(m) 12 = Xrea1(m)2 + X1mai m)2.) Taking 10 times the log of Eq. (E-3) 
allows us to express a power spectrum sequence Xctim) in dB as 

(E-4) 

Because log(x2) = log(x) + log(x) = 2log(x), we can eliminate the squaring 
operation in Eq. (E-4) by doubling the factor of 10 and represent the 
power spectrum sequence by the expression 

xdB(m) = 20 · loglO ( I X(m) I) dB . (E-5) 

Without the need for the squaring operation, Eq. (E-5) is a more conve­
nient way, than Eq. (E-4), to calculate the XdB(m) power spectrum 
sequence from the X(m) sequence. 

Equations (E-4) and (E-5), then, are the expressions used to convert a 
linear magnitude axis to a logarithmic magnitude-squared, or power, axis 
measured in dB. What we most often see in the literature are normalized 
log magnitude spectral plots where each value of I X(m) I 2 is divided by 
the first I X(O) I 2 power value (for m = 0) as 

. (I X(m) 12 J (I X(m) I) normalized Xcta ( m) = 10 · log 10 2 = 20 · log 10 --- dB . 
I X(O) I I X(O) I 

(E-6) 

The division by the I X(O) 12 or I X(O) I value always forces the first value in 
the normalized log magnitude sequence XdB(m) equal to O dB.t This makes 
it easy for us to compare multiple log magnitude spectral plots. To illus­
trate, let's look at the frequency-domain representations of the Hanning 

t That's because log10( I X(O) I / I X(O) I) = log
10

(1) = 0. 

Meta Platforms, Inc. - Exhibit 1012 
Page 502 of 534



Using Logarithms to Determine Relative Signal Power 489 

and triangular window functions. The magnitudes of those frequency­
domain functions are plotted on a linear scale in Figure E-2(a) where we've 
arbitrarily assigned their peak values to be two. Comparing the two linear 
scale magnitude sequences, W Hanning{m) and W triangular(m), we can see some 
minor differences between their magnitude values. I£ we' re interested in the 
power associated with the two window functions, we square the two mag­
nitude functions and plot them on a linear scale as in Figure E-2(b). The dif­
ference between the two window function's power sequences is impossible 
to see above the frequency of, say, m == 8 in Figure E-2(b). Here's where the 
dB scale helps us out. If we plot the normalized log magnitude versions of 
the two magnitude-squared sequences on a logarithmic dB scale using Eq. 
(E-6), the difference between the two functions will become obvious. 

Normalization, in the case of the Hanning window, amounts to calcu­
lating the log magnitude sequence normalized over I WHanning(0) I as 

(
I W= · (n-z) 12 J [I WH · (m) I] W (m) == 10 -lo naMing == 20 · lo anrung dB. (E-7) 

H glO I w . (0) 12 glO I w . (0) I 
Hanrung Hanrung 

The normalized log magnitude sequences are plotted in Figure E-2(c). We 
can now clearly see the difference in the magnitude-squared window 
functions in Figure E-2(c) as compared to the linear plots in Figure E-2(b). 
Notice ho':\' normalization forced the peak values for both log magnitude 
functions in Figure E-2(c) to be zero dB. (The dots in Figure E-2 are con­
nected by lines to emphasize the sidelobe features of the two log magni­
tude sequences.) 

Although we've shown the utility of dB plots using window function 
frequency responses as examples, the dB scale is equally useful when 
we're plotting signal-power spectrums or digital filter frequency 
responses. We can further demonstrate the dB scale using a simple digital 
filter example. Let's say we're designing an 11-tap highpass FIR filter 
whose coefficients are shown in Figure E-3(a). If the center coefficient h(S) 
is -0.48, the filter's frequency magnitude response I H_0.48(m) I can be plot­
ted as the white dots on the linear scale in Figure E-3(b ). Should we change 
h(S) from -0.48 to -0.5, the new frequency magnitude response I H_0.s(m) I 
would be the black dots in Figure E-3(b). It's difficult to see much of a dif­
ference between I H_0_48(m) I and I H_ 0_5(m) I on a linear scale. If we used 
Eq. (E-6) to calculate two normalized log magnitude sequences, they could 
be plotted as shown in Figure E-3(c) where the filter sidelobe effects of 
changing h(S) from -0.48 to -0.5 are now easy to see. 
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J. Window function magnitude responses 
2.0 on a linear scale 
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Figure E-2 Hanning (white squares) and triangular (black squares) window functions 
in the frequency domain: (o) magnitude responses using a linear sca le; 
(b) magnitude-squared responses using a linear scale; (c) tog magnitude 
responses using a normalized dB scale. 
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j FIR filter coefficients, h(k) 
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FIR filter magnitude responses 
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Figure E-3 FIR filter magnitude responses: (a) FIR filter time-domain coefficients; 
(b) magnitude responses using a linear scale, I H_0_4e(m) I is shown by 
the white squares and I H-0.sCm) I is shown by the black squares; (c) log 
magnitude responses using the dB scale. 
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E.2 Some Useful Decibel Numbers 

If the reader finds him- or herself using dB scales on a regular basis, there 
are a few constants worth committing to memory. A power difference of 
3 dB corresponds to a p ower factor of 2; that is, if the magnitude-squared 
ratio of two different frequency components is 2, then from Eq. (E-2), 

power difference= 10 · log10 ( T) = 10 • log10 (2) = 3.01"" 3 dB . (E-8) 

Likewise, if the magnitude-squared ratio of two different frequency com­
ponents is 1/2, then the relative power difference is -3 dB because 

power difference= 10 • log10(½) = 10 · log10 (0.5) = -3.01"" -3 dB. (E-9) 

Table E-1 lists several magnitude and power ratios vs. dB values worth 
remembering. Keep in mind that decibels indicate only relative power 

Table E-1 Some Useful Logarithmic Relationships 

Magnitude-
Magnitude Squared Power Relative dB 

Ratio (P/P2) Ratio (approximate) 

10-112 10-1 -10 +- P
1 

is one-tenth P 2 

2-1 2-2 = 1/4 ---0 t- P 1 is one-fourth P 2 

2-112 2-1 = 1/2 -3 +- P 
1 

is one-half P 
2 

20 2° = 1 0 +- P1 is equal to P2 

2112 21 = 2 3 +- P1 is twice P2 

21 22 =4 6 +-p1 is four times P2 

10112 101 = 10 10 .,_ P
1 

is ten times P
2 

101 102 = 100 20 +- P1 is one hundred times P2 

103/2 103 = 1000 30 +- P1 is one thousand times P2 
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relationships. For example, if we're told that signal A is 6 dB above signal 
B, we know that the power of signal A is four times that of signal B, and 
that the magnitude of signal A is twice the magnitude of signal B. We may 
not know the absolute power of signals A and B in watts, but we do know 
that the power ratio is P A/P8 = 4. 

E.3 Absolute Power Using Decibels 

Let's discuss another use of decibels that the reader may encounter in the 
literature. It's convenient for practitioners in the electronic communica­
tions field to measure continuous signal-power levels referenced to a spe­
cific absolute power level. In this way, they can speak of absolute power 
levels in watts while taking advantage of the convenience of decibels. The 
most common absolute power reference level used is the milliwatt. For 
example, if P2 in Eq. (E-2) is a reference power level of one milliwatt, then 

absolute power of P1 = 10 • log 10 - = 10 · log 10 
1 . . dBm. (E-10) ( 

P1 ) ( P. in watts) 
P2 1 milliwatt 

The dBm unit of measure in Eq. (E-10) is read as "dB relative to a milli­
watt." Thus, if a continuous signal is specified as having a power of 3 
dBm, we know that the signal's absolute power level is 2 times one milli­
watt, or 2 milliwatts. Likewise, a -10 dBm signal has an absolute power of 
0.1 milliwatts.t 

The reader should take care and not inadvertently use dB and dBm 
interchangeably. They mean very different things. Again, dB is a relative 
power level relationship, and dBm is an absolute power level in milliwatts. 

t Other absolute reference power levels can be used. People involved with high-power trans­
mitters sometimes use a single watt as their reference power level. Their unit of power using 
decibels is the dBW, read as "dB relative to a watt." In this case, for example, 3 dBW is equal 
to a 2 watt power level. 
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APPENDIX F 

Digital Filter Terminology 

The first step in becoming familiar with digital filters is to learn to speak the 
language used in the filter business. Fortunately, the vocabulary of digital 
filters corresponds very well with the mother tongue used for continuous 
(analog) filters-so we don't have to unlearn anything that we already 
know. This appendix is an introduction to the terminology of digital filters. 

All pass filter - an IIR filter whose magnitude response is unity over its 
entire frequency range, but whose phase response is variable. Allpass 
filters are typically appended in a cascade arrangement following a 
standard IIR filter, Hi(z), as shown in Figure F-1. 

x(n) Original IIR Filter: - Allpass IIR Filter: y(n) 

- H1 (z) - Hap (z) -

Combined IIR Filter: Hcombined (z) 

Figure F-1 Typical use of an allpass filter. 

bn allpass filter, Ha/z), can be designed so that its phase response 
compensates for, or equalizes, the nonlinear phase response of an orig­
inal IIR filter [1-3]. Thus, the phase response of the combined filter, 
Hcombined (z), is more linear than tl;i.e original Hi(z), and this is particu­
larly desirable in communications systems. In this context, an allpass 
filter is sometimes called a phase equalizer. 

494 
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Attenuation - an amplitude loss, usually measured in dB, incurred by 
a signal after passing through a digital filter. Filter attenuation is the 
ratio, at a given frequency, of the signal amplitude at the output of 
the filter divided by the signal amplitude at the input of the filter, 
defined as 

attenuation= 20 · log-10 ( :
0
:

1
) dB. (F-1) 

For a given frequency, if the output amplitude of the filter is smaller 
than the input amplitude, the ratio in Eq. (F-1) is less than one, and 
the attenuation is a negative number. 

Band Reject Filter - a filter that rejects (attenuates) one frequency band 
and passes both a lower and a higher frequency band. Figure F-2(a) 
depicts the frequency response of an ideal band reject filter. This filter 
type is sometimes called a notch filter . 

-~►1 ~ I "",► .. ,~~I"",► 
, Band reject filter response Bandpass filter response 

- - - - - 1 1 - -

I ► 
-t.12 0 ,.12 Freq -t.12 - fo 0 fo 

(a) (b) 

Figure F-2 Filter symbols and frequency responses: (a) band reject filter; 
(b) bandpass filter. 

fs/2 Freq 

Bandpass Filter - a filter, as shown in Figure F-2(b), that passes one fre­
quency band and attenuates frequel'lcies above and below that band. 

Bandwidth - the frequency width of the passband of a filter. For a low­
pass filter, the bandwidth is equal to the cutoff frequency. For a band-

,, 

Meta Platforms, Inc. - Exhibit 1012 
Page 509 of 534



496 Appendix F: Digital Filter Terminology 

pass filter, the bandwidth is typically defined as the frequency differ­
ence between the upper and lower 3 dB points. 

Bessel function - a mathematical function used to produce the most lin­
ear phase response of all IIR filters with no consideration of the fre­
quency magnitude response. Specifically, filter designs based on 
Bessel functions have maximally constant group delay. 

Butterworth function - a mathematical function used to produce maxi­
mally flat filter magnitude responses with no consideration of phase 
linearity or group delay variations. Filter designs based on a 
Butterworth function have no amplitude ripple in either the passband 
or the stopband. Unfortunately, for a given filter order, Butterworth 
designs have the widest transition region of the most popular filter 
design functions. 

Cascaded filters - a filtering system where multiple individual filters are 
connected~ series; that is, the output of one filter drives the input of 
the following filter as illustrated in Figures F-1 and 6-38(a). 

Center Frequency (f
0

) - the frequency lying at the midpoint of a band­
pass filter. Figure F-2(b) shows the J

0 
center frequency of a bandpass 

filter. 

Chebyshev function - a mathematical function used to produce pass­
band or stopband ripples constrained within fixed bounds. There are 
families of Chebyshev functions based on the amount of ripple, such 
as 1 dB, 2 dB, and 3 dB of ripple. Chebyshev filters can be designed to 
have a frequency response with ripples in the passband and flat pass­
bands (Chebyshev Type I), or flat passbands and ripples in the stop­
band (Chebyshev Type II). Chebyshev filters cannot have ripples in 
both the passband and the stopband. Digital filters based upon 
Chebyshev functions have steeper transition region roll-off but more 
nonlinear-phase response characteristics than, say, Butterworth filters. 

Cutoff Frequency - the upper passband frequency for low-pass filters, 
and the lower passband frequency for highpass filters. A cutoff fre­
q u.ency is determined by the -3 dB point of a filter magnitude 
response relative to a peak passband value. Figure F-3 illustrates the 
fc cutoff frequency of a low-pass filter. 
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Frequency magnitude response (dB) 

04,,.--...,......._ 

-3 - ---\ 

0 

k- Passband~ Transition 
region 

Freq 

--- - Stopband - --~ 

Figure F-3 A low-pass digital filter frequency response. The stopband relative 
amplitude is -20 dB. 

Decibels (dB) - a unit of attenuation, or gain, used to express the relative 
voltage or power between two signals. For filters, we use decibels to indi­
cate cutoff frequencies (-3 dB) and stopband signal levels (-20 dB) as 
illustrated .in Figure F-3. Appendb< E discusses deobels in more detail. 

Decimation filter - a low-pass digital FIR filter where the output sam­
ple rate is less than the filter's input sample rate. As discussed in 
Section 7.3, to avoid aliasing problems, the output sample rate must 
not violate the Nyquist criterion. 

Digital filter - computational process, or algorithm, transforming a dis­
crete sequence of numbers (the input) into another discrete sequence 
of numbers (the output) having a modified frequency-domain spec­
trum. Digital filtering can be in the form of a software routine operat­
ing on data stored in computer memory or can be implemented with 
dedicated hardware. 

Elliptic function - a mathematical function used to produce the sharpest 
roll-off for a given number of filter taps. However, filters designed by 
using elliptic functions, also called Cauer filters, have the poorest 
phase linearity of the most common !IR filter design functions. The 
ripple in the passband and stopband are equal with elliptic filters. 
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Envelope delay - see group delay. 

Filter coefficients - the set of constants, also called tap weights, used to 
multiply against delayed signal sample values within a digital filter 
structure. Digital filter design is an exercise in determining the filter 
coefficients that will yield the desired filter frequency response. For 
an FIR filter, by definition, the filter coefficients are the impulse 
response of the filter. 

Filter order - a number describing the highest exponent in the numera­
tor or denominator of the z-domain transfer function of a digital filter. 
For FIR filters, there is no denominator in the transfer function, and 
the filter order is merely the number of taps used in the filter struc­
ture. For IIR filters, the filter order is equal to the number of delay ele­
ments in the filter structure. Generally, the larger the filter order, the 
better the frequency magnitude response performance of the filter. 

Finite impulse response (FIR) filter - a class of digital filters that has 
only zeros on the z-plane. The key implications of this are that FIR fil­
ters are always stable and have linear phase responses (as long as the 
filter's coefficients are symmetrical). For a given filter order, FIR fil­
ters have a much more gradual transition region roll-off than digital 
IIR filters. 

Frequency magnitude response - a frequency-domain description of how 
a filter interacts with input signals. The frequency magnitude response 
in Figure F-3 is a curve of filter attenuation (in dB) vs. frequency. 
Associated with a filter's magnitude response is a phase response. 

Group delay - the derivative of a filter's phase with respect to frequency, 
G = 60/ !if, or the slope of a filter's H

0
(m) phase response curve. The 

col'1:cept of group delay deserves additional explanation beyond a 
simple definition. For an ideal filter, the phase will be linear and the 
group delay would be constant. Group delay, whose unit of measure 
is time in seconds, can also be thought of as the propagation time 
delay of the envelope of an amplitude-modulated signal as it passes 
through a digital filter. (In this context, group delay is often called 
envelope delay.) Group delay distortion occurs when signals at differ­
ent frequencies take different amounts of time to pass through a filter. 
If the group delay is denoted G, then the relationship between group 
delay, a ll0 increment of phase, and a !if increment of frequency is 
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G Ll0de'"""• / 360 .1.e radians / 21t d = ---="'-·----= -=~ - - secon s. 
N t:i.f 

(F-2) 

If we know a linear phase filter's phase shift (d0) in degrees/Hz, or 
radians/Hz, we can determine the group delay in seconds using 

G AJ -G l- G _ .1.edegr~/Hz _ Ll0radians/Hz d • LJ.; - • - - - --=---- - ------'- secon s. 
360 2n • 

(F-3) 

To demonstrate Eq. (F-3) and illustrate the effect of a nonlinear 
phase filter, let's assume that we've digitized a continuous waveform 
comprising four frequency components defined by 

x(t)=sin(21t· l •t)+sin(21t·3·t) /3+sin(21t·5•t)/5+sin(21t• 7 •t)/7. (F-4) 

The x(t) input comprises the sum of 1-Hz, 3-Hz, 5-Hz, and 7-Hz 
sinewaves, and its discrete representation is shown in Figure F-4(a). If 
we applied the discrete sequence representing x(t) to the input of an 
ideal 4-tap linear-phase low-pass digital FIR filter with a cutoff fre­
quency of greater than 7 Hz, and whose phase shift is 0.25 radians/Hz, 
the filter's output sequence would be that shown in Figure F-4(b). 

Because the filter's phase shift is 0.25 radians/Hz, Eq. (F-3) tells 
us that the filter's constant group delay Gin seconds is 

.1.0 c!ians/ 0.25 G = r11 Hz = -- = 0.04 seconds. 
27t 21t 

(F-5) 

With a constant group delay of 0.04 seconds, the 1-Hz input sinewave 
is delayed at the filter output by 0.25 radians, the 3-Hz sinewave is 
delayed by 0.75 radians, the 5-Hz sinewave by 1.25 radians, and the 
7-Hz sinewave by 1.75 radians. Notice how a linear-phase (relative to 
frequency) filter results in an output that's merely a time shifted ver­
sion of the input as seen in Figure F-4(b). The amount of time shift is 
the group delay of 0.04 seconds. Figure F-4(c), on the other hand, 
shows the distorted output waveform if the filter's phase was nonlin-:­
ear, for whatever reason, such that ,the phase shift was 3.5 radians 
instead of the ideal 1.75 radians at 7 Hz. Notice the distortion of the 
beginning of the output waveform envelope in Figure F-4(c) com­
pared to Figure F-4(b ). The point here is that, if the desired informa-
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4 
Filter input 

(a) 
Time 

Filter input 

{b) 

j Nonlinear phase filter output 
1 

0.5 

(c) 
Time 

---0.5 

-1 

Figure F-4 Filter time-domain response examples: (a) filter input sequence; (b) linear­
phase filter output sequence that's time shifted by 0.04 seconds, 
duplicating the input sequence; (c) distorted output sequence due to a 
filter with a nonlinear phase. 

tion is contained in the envelope of a signal that we're passing through 
a filter, we'd like that filter's passband phase to be as linear as possi­
ble with respect to frequency. In other words, we'd prefer the filter's 
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group delay to vary as little as possible in the passband. (Additional 
aspects of nonlinear-phase filters are discussed in Section 5.8.) 

Half-Band filter - a type of FIR filter whose transition region is centered 
at one quarter of the sampling rate, or f/ 4. Specifically, the end of the 
passband and the beginning of the stopband are equally spaced about 
// 4. Due to their frequency-domain symmetry, half-band filters are 
often used in decimation filtering schemes because half of their time­
domain coefficients are zero. This reduces thE!' number of necessary 
filter multiplications, as described in Section 5.7. 

-
j Highpass filter response 

0 

(a) 

- -- 1 

~ Low-pass filter response 

0 

(b) 

Figure F-5 Filter symbols and frequency responses: (a) highpass filter; (b) low-pass 
filter. 

High pass filter - a filter that passes high frequencies and attenuates low 
frequencies, as shown in Figure F-S(a). We've all experienced a kind 
of highpass filtering in our living rooms. Notice what happens when 
we turn up the treble control (or turn down the bass control) on our 
home stereo systems. The audio amplifier's normally flat frequency 
response changes to a kind of analog highpass filter giving us that 
sharp and tinny sound as the high-frequency components of the 
music are being accentuated. 

Impulse response -a digital filter's time-domain output sequence when 
the input is a single unity-valued sample (impulse) preceded and fol­
lowed by zero-valued samples. A digital filter's frequency-domain 
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response can be calculated by taking the discrete Fourier transform of 
the filter's time-domain impulse response f4]. 

Infinite impulse response (IIR) filter - a class of digital filters that may 
have both zeros and poles on the z-plane. As such, llR filters are not 
guaranteed to be stable and almost always have nonlinear phase 
responses. For a given filter order (number of IIR feedback taps), IIR 
filters have a much steeper tra.RSition region roll-off than digital FIR 
filters. 

Linear-phase filter - a filter that exhibits a constant change in phase 
angle (degrees) as a .ftµ1ction of frequency. The resultant filter phase 
plot vs . .frequency is a straight line. As such, a linear-phase filter's 
group delay is a constant. To preserve the integrity of their informa­
tion-carrying signals, linear phase is an important criteria for filters 
used in communication systems. 

Low-pass filter - a filter that passes low .frequencies and attenuates high 
.frequencies as shown in Figure F-S(b). By way of example, we experi­
ence low-pass -filtering when we turn up the bass control (or turn 
down the treble control) on our home stereo systems giving us that 
dull, muffled sound as the low-frequency components of the music 
are being intensified. 

Notch filter - see band reject filter. 

0 

-3 

Slop and 
attenuation 

Frequency magnitude response (dB) 

0 

Figure F-6 Low-pass digital filter frequency response showing passband ripple 
and stopband attenuation. 
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Infinite impulse response (IIR) filter-Relative attenuation 503 

Passband - the frequency range over which a filter passes signal energy. 
Usually defined as the frequency range where the filter's frequency 
response is equal to or greater than -3 dB, as depicted in Figure F-3. 

Passband ripple - fluctuations, or variations, in the frequency magni­
tude response within the passband of a filter. Passband ripple, mea­
sured in dB, is illustrated in Figure F-6. 

Phase response - the difference in phase, at a particular frequency, 
between an input sinewave and the output sinewave at that fre­
quency. The phase response, sometimes called phase delay, is usu­
ally depicted by a curve showing the filter's phase shift vs. 
frequency. Section 5.8 discusses digital filter phase response in 
more detail. 

Phase wrapping - an artifact of arctangent software routines, used to 
calculate phase angles, that causes apparent phase discontinuities. 
When a true phase angle is in the range of-180° to -360°, some soft­
ware routines automatically convert those angles to their equiva­
lent positive angles in the range of 0° to+ 180°. Section 5.8 illustrates 
an example of phase wrapping when the phase of an FIR filter is 
calculated. 

Quadrature filter - a dual-path digital filter operating on complex 
signals, as shown in Figure F-7. One filter operates on the in-phase 
i(n) data, and the other filter processes the quadrature-phase q(n) 
signal data . Quadrature filtering is normally performed with 
low-pass filters. 

~ 
i(n) Low-pass i'(n) .. 

Filter 
Input x(n) 

Cosine sequence 

Low-pass q'(n) 

Filter 

I 
Sine sequence 

Figure F-7 Two low-pass filters used to implement quadrature filtering. 
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504 Appendix F: Digital Filter Terminology 

Relative attenuation - attenuation measured relative to the largest mag­
nitude value. The largest signal level (minimum attenuation) is typi­
cally assigned the reference level of zero dB, as depicted in Figures F-2 
and F-5, making all other magnitude points on a frequency-response 
curve negative dB values. 

Ripple - refers to fluctuations (measured in dB) in the passband, or stop­
band, of a filter's frequency-response curve. Elliptic and Chebyshev­
based filters have equiripple characteristics in that their ripple is 
constant across their passbands. Bessel and Butterworth derived fil­
ters have no ripple in their passband responses. Ripples in the stop­
band response are sometimes called out-of-band ripple. 

Roll-off - a term used to describe the steepness, or slope, of the filter 
response in the transition region from the passband to the stopband. 

· A particular digital filter may be said to have a roll-off of 12 
dB/octave, meaning that the second-octave frequency would be 
attenuated by 24 dB, and the third-octave frequency would be atten­
uated by 36 dB, and so on. 

Shape factor - a term used to indicate the steepness of a filter's roll-off. 
Shape factor is normally defined as the ratio of a filter's passband 
width divided by the passband width plus the transition region width. 
The smaller the shape factor value, the steeper the filter's roll-off. For 
an ideal filter with a transition region of zero width, the shape factor is 
unity. The term shape factor is also used to describe analog filters. 

Stop band - that band of frequencies attenuated by a digital filter. Figure 
F-3 shows the stopband of a low-pass filter. Although the stopband 
attenuation in Figure F-3 is -20 dB, not all filters have stopband lobes 
of equal amplitude. Figure F-6 shows that stopband attenuation is 
measured between the peak passband amplitude and the largest stop­
band lobe amplitude. 

Structure - refers to the block diagram showing how a digital filter is 
implemented. A recursive filter structure is one in which feedback 
takes place and past filter output samples are used, along with past 
input samples, in calculating the present filter output. IIR filters are 
almost always implemented with recursive filter structures. A nonre­
cursive filter structure is one in which only past input samples are 
used in calculating the present filter output. FIR filters are almost 
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always implemented with ~onrecursive filter structures. See Chapter 
6 for examples of varjous digital filter structures. 

Tap weights - see filter coefficients. 

Tchebyschev function - see Chebyshev. 

Transfer function - a mathematical expression of the ratio of the output 
of a digital filter divided by the input of the filter. Given the trans.fer 
function, we can determine the filter's frequency magnitude and 
phase responses. 

Transition region - the frequency range over which a filter transitions 
from the passband to the stopband. Figure F-3 illustrates the transi­
tion region of a low-pass filter. The transition region is sometimes 
called the transition band. 

Transversal filter - in the field of digital filtering, transversal filter is 
another name for FIR filters implemented with the nonrecursive 
structures described in Chapter 5. 
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INDEX 

Absolute value, 9 
AID converters. See Analog-to­

digital (A/D) converters 
Addition process, 10 

for complex numbers, 446-47 
in finite impulse response filters, 

158-63 
Aliased sine function, 101 
Aliasing, 23-29 

in infinite impulse response 
filters, 255-56 

All ones rectangular function, 
108-11, 113-15 

Allpass filter, 494 
aMax+~Min algorithm, 400-404 
Amplitude, defined, 8-9 
Amplitude response, discrete Fourier 

transform 
complex input, 119-23 
real cosine input, 125 

Analog, use of term, 2 
Analog filters, use of term, 253 
Analog signal processing, examples 

of, 2 
Analog-to-digital (A/D) converters 

coherent sampling, 297n, 433 
crest factor, 364n 
quantization errors, 357-65 
testing technique, 432-35 

Anti-aliasing filters, 32 
Argand diagram, 444n 
Attenuation 

defined, 495 
relative, 503 
stopband, 189 

Averaging 
applications, 319 
coherent, 320-27 
exponential, 341-48 
filtering aspects of time-domain, 

340-41 

in finite impulse response filters, 
151H53 

incoherent, 327-30 
multiple fast Fourier transforms, 

133,33G.-40,429-30 

00 
Band-limited signal, 29 
Bandpass design, for finite impulse 

response filters, 191-93 
Bandpass filter, 495 
Bandpass sampling, 32-42 

spectral inversion in, 43-46 
summary of, 46 

Band reject filter, 495 
Bandwidth, 495-96 
Bartlett windows, 82 
Bessel functions, 189, 496 
Bias, 356 
Bilinear transform design, of 

infinite impulse response 
filters, 223, 272-84 

Binary data formats 
defined, 349 
fixed-point, 349-56 
fixed-point effects on word length, 

357-75 
floating-point, 375-82 
fractional, 352-53 
hexadecimal, 351 
octal, 351 
offset, 356 
place value system for, 350 
precision and dynamic range, 

356-57 
sign-magnitude, 353 
two's complement, 356, 366-68 

Bits 
defined, 349-50 
effective number of, 365 

Bit reversal, fast Fourier transform 
input/ output data index, 145-46 

507 

I 
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I 
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508 Index 

Blackman-Harris windows, 409 
Blackman windows, 184--87, 409 
Block diagrams, use of, 10, 161 
Block floating-point, 381-82 
Boxcar windows, 82 
Butterfly structures, radix-2 FFT, 146-54 
Butterworth function, 496 

Carrier frequency, 34 
Cascade filters, 290-92, 496 
Cauer filters, 497 
Causal systems, 225 
Center frequency, 496 
Central Limit Theorem, 438-39 
Chebyshev function, 496 
Chebyshev windows, 87, 187-91 
Coefficient quantization, 286-87 
Coefficients, for finite impulse 

response filters, 166 
constant, 173, 498 

Coherent averaging, 320-27 
Coherent sampling, 297n, 433 
Commutative property, 20 
Complex conjugate, 63-64 
Complex demodulation, 297n 
Complex down-conversion, 297n 
Complex frequency, 225 

for Mth-order infinite impulse 
response filter, 245-46 

Complex input, discrete Fourier 
transform frequency response 
to, 119-23 

Complex numbers 
addition and subtraction of, 446-47 
applications of, 453-54 
arithmetic representation.of, 444-46 
conjugation of, 427, 448 
division of, 448-49 
fast multiplication of, 411-12 
graphical representation of, 443-44 
inverse of, 449 
logarithm to the base 10 of, 451-52 
multiplication of, 411-12, 447-48 
natural logarithms of, 451 
negative frequency and, 458-74 
raised to a power, 450 
roots of, 450-51 

Complex plane, 460-61 
Complex signals 

quadrature mixing and, 471-74 
without multiplication, 385-400 

Conditional stability, 236 
Conjugate/ conjugation, 63-64 

of complex numbers, 427, 448 
Constant-coefficient transversal finite 

impulse response filters, 173 
Constant-geometry algorithm, 154 
Continuous-signal processing 

frequency in, 5-6 
use of term, 2 

Convolution, 20 
discrete, 204--16 
equation, 165 
fast, 435-36 
in finite impulse response filters, 

163-74 
theorem, 209-16 
in time-domain, 206-9 

Cooley, J., 129 
Cosines of consecutive angles, calcula-

tion of, 436-38 
Crest factor, 364n 
Critical Nyquist, 28 
Cutoff frequency, 496 

[Q] 
Data formats 

binary precision/ dynamic range, 
356-57 

defined, 349 
fixed-point binary, 349-56 
floating-point, 375-82 

dB. See Decibels 
dBm. See Decibels 
Deadband effects, 288 
DEC floating-point, 378 
Decibels 

absolute power using, 493 
defined, 486, 497 
magnitude and power ratios, 492-93 
signal power determined by loga-

rithms, 486-91 
Decimation 

combined with interpolation, 314--16 
filters, 306,497 
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resampling by, 304-9 
use of term, 304 

Decimation-in-frequency algorithm, 
148-53, 154 

Decimation-in-time, 145, 149-53 
Demodulation, I/Q or Weaver, 299-301 
Difference equation, 221,222 
Digital filters. See Finite impulse 

response filters; Infinite impulse 
response (IIR) filters 

Digital mixing, quadrature sampling 
and,301-3,389-93 

Direct Form I structure, 244 
Direct Form II structure, 252 
Dirichlet, Peter, 101 
Dirichlet kernel, 100-103 

all ones, 108-11, 114 
symmetrical, 105-8 

Discrete convolution, 204-16 
Discrete Fourier transform (DFT), 21 

defined, 50 
equation, description of, 50-63 
example using, 54-63 
frequency axis, 67-68 
frequency response to complex 

input, 119-23 
frequency response to real cosine 

input, 123-25 
inverse, 70-71 
leakage, 71-80 
linearity, 65 
magnitudes,66-67 
processing gain, 93-97 
purpose of, 49 
rectangular functions, 97-119 
relationship of fast Fourier trans-

form to, 130-31 
scalloping loss, 88-89 
shifting theorem, 68-70 
single-bin frequency response to 

real cosine input, 125-27 
symmetry, 63-65 
windows, 80-87 
zero stuffing, 89-93 

Discrete linear systems, 13-18 
Discrete-time expression, 4 
Discrete-time Fourier transform 

(DTFT), defined, 93 
Discrete-time signal 

Index 509 

connecting dots in, problem with, 3 
example of, 2-3 
frequency in, 6 
input and output shown, 5 
use of term, 2 

Discrete-time waveform, methods for 
describing, 8 

Dither sequence, 288 
Division of complex numbers, 448-49 
Dolph-ChebyslJev windows, 187 
Double-memory algorithm, 153-54 
Down-Conversion, complex, 297n 
Downsampling, resampling by, 304-9 
Dynamic range 

fixed-point binary data format, 
35~57 

floating-point, 379-81 

[I] 
Effective number of bits (ENOB), 365 
Elliptic function, 497 
Envelope delay, 202, 204, 498 
Euler, Leonhard, 460 
Euler's equation, 50, 100, 249, 267, 275, 

298,463,464 
Even symmetry, 64 
Exponential averaging, 341-48 

[I] 
Fast convolution, 435-36 
Fast Fourier transform (FFT) 

averaging multiple, 133, 330-40, 
429-30 

calculating the inverse of, using the 
forward, 425-29 

constant-geometry algorithm, 154 
decimation-in-frequency, 148-53, 154 
decimation-in-time, 145, 149-53 
development of, 129 
double-memory algorithm, 153-54 
fast finite impulse response filtering 

using, 435-36 
hints for using, 131-36 
in-place algorithm, 153 
input/ output data index bit rever­

sal, 145-46 
interpreting results, 134-36 
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overflow errors, 369-70 
performing two N-point real, 

412-20 
performing 2N-point real, 420-25 
radix-2 FFI algorithm, 136-45 
radix-2 FFT butterfly structures, 

146-54 
relationship to discrete Fourier 

transform, 130-31 
software programs, 136 

Fibonacci, 459 
Filtering/ filters 

See also Finite impulse response 
(FIR) filters; Infinite impulse 
response (IIR) filters 

allpass, 494 
aspects of time-domain averaging, 

340-41 
background of, 157 
bandpass, 495 
band reject, 495 
cascade,290-92,496 
Cauer, 497 
coefficients, 498 
decimation, 306, 497 
description of process, 157-58 
interpolation, 310, 314 
multirate, 314 
nonrecursive, 158,253 
notch, 495 
order, 498 
parallel, 290-92 
polyphase, 313 
prototype, 254 
recursive, 253 
structure, 161 
time-varying, 313 
transversal, 

0

162 
Finite impulse response (FIR) filters 

averaging with, 158-63 
bandpass design, 191-93 
coefficients, 166 
convolution in, 163-74 
defined,498 
fast Fourier transform used for fast, 

435-36 
5-tap, 162-63 
Fourier series design of, 175-91 

frequency response in, 163, 181 
half-band, 197-98 
highpass design, 193-94 
impulse response, 165-66 
infinite impulse response filters 

compared to, 292-93 
low-pass design, 174-91 
nonrecursive filters, 158, 253 
nonzero input values in, 158 
optimal design method, 194 
other names.for, 158 
Parks-McClellan design, 194 
phase response in, 199-204 
Remez Exchange design, 194-97 
structure simplified, 430-32 
window design of, 175-91 

First-order sampling, 35 
5-tap finite impulse response filters, 

162-63 
Fixed-point binary data formats 

defined, 349 
effects on word length, 357-75 
fractional, 352-53 
hexadecimal, 351 
octal, 351 
offset, 356 
place value system for, 350 
precision and dynamic range, 

356-57 
sign-magnitude, 353 
two's complement, 356 

Floating-point binary data format 
block, 381-82 
DEC, 378 
description of, 375-82 
dynamic range, 379-81 
fraction of, 376 
hidden bit, 376 
IBM,378 
IEEE P754, 378 
MIL-STD 1750A, 378 
overflow oscillations/limit cycles 

and, 289 
Folding frequency, 28, 30 
Fourier series design of finite impulse 

response filters, 175-91 
Fractional binary data format, 352-53 
Frequency 
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center, 496 
cutoff, 496 
differences between continuous and 

discrete systems, 5--6 
Frequency axis, 67-68 

in Hz, 112 
normalized angle variable 

and, 113 
in radians/seconds; 113 
rectangular function and, 111-13 

Frequency domain 
defined, 6 
listing of sequences, 8 
windowing in, 407-9 

Frequency response, 21 
discrete Fourier transform, to com­

plex input, 119-23 
discrete Fourier transform, to real 

cosine input, 123-25 
in finite impulse response filters, 

163,181 
for Mth-order infinite impulse 

response filter, 245-46 
for N-stage infinite impulse 

response filter, 251 
single-bin, to real cosine input, 

125-27 
Frequency translation 

sampling and, 33 
without multiplication, 385-400 

Gain. See Processing gain or loss 
Gaussian distribution, 325 
General rectangular function, 98-105 
Geometric series, 99, 455-57 
Gibb's phenomenon, 184 
Gradual underflow, 379 
Group delay, 201-2, 204, 498-500 

[HJ 
Half-band finite impulse response fil­

ters, 197-98, 501 
Half Nyquist, 28 
Hamming windows, 81, 82, 83, 84, 

407-9 

Index 511 

Hanning/Hann windows, 81, 82, 83, 
84-86,407-9 

Harmonic sampling, 33 
Heaviside, Oliver, 223 
Hertz, 3 
Hexadecimal binary data 

format, 351 
Hidden bit, floating-point, 376 
Highpass design, for finite impulse 

response filters, 193-94 
Homogeneity property, 13 

OJ 
IBM floating-point, 378 
IEEE P754, 378 
IF sampling, 33 
Imaginary numbers, development of, 

460-62 
Impulse invariance design, for infinite 

impulse response filters, 223, 
254-55 

Design Method 1 example, 262-65 
Design Method 1 steps, 256-58 
Design Method 2 example, 265-72 
Design Method 2 steps, 259-62 

Impulse response 
defined, 501 
for finite impulse response filters, 

165-66 
Incoherentaveraging,327-30 
Infinite impulse response (IIR) 

filters, 26 
aliasing, 255-56 
bilinear transform design, 223, 

272-84 
cascade/parallel combinations, 

290-92 
defined, 502 
Direct Form I structure, 244 
Direct Form II structure, 252 
finite impulse response filters 

compared to, 292-93 
impulse invariance design, 223, 

254-72 
Laplace transform, 223-38 
nonzero input values in, 220-21 
optimized design, 223, 284-86 
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pitfalls in building, 286-89 
reasons for using, 219- 20 
recursive filters, 253 
structure, 221-23, 251-54 
z-transform, 238-51 

In-place algorithm, 153 
Input/ output data index bit reversal, 

145-46 
Integration processing gain, 93, 97, 325, 

331 
coherent, 334-37 
incoherent, 331-33 

Intermodulation distortion, 18 
Interpolation 

combined with decimation, 314-16 
filter, 310, 314 
resampling by, 309-13 

Inverse discrete Fourier transform 
(IDFT), 70-71 

Inverse fast Fourier transform, calculat­
ing the, 425-29 

Inverse of complex numbers, 449 
Inverse of general rectangular function, 

115--17 
Inverse of symmetrical rectangular 

function, 117-19 
I/Q demodulation, 299-301 
Iterative optimization, 284 

QJ 
j operator, 460-62 

[K] 
Kaiser windows, 87, 187-91 
Kelvin, Lord, 50 

IT] 
Laplace transform 

bilateral/two-sided, 225 
for continuous time-domain, 224-25 
description of, 223-30 
development of, 223 
one-sided / causal, 225 
tables, 224 

Laplace transform transfer function, 
229-30 

in bilinear transform design, 272-73, 
280 

in cascade filters, 290 
in impulse invariance design 

Method 1, 262-65 
in impulse invariance design 

Method 2, 265-66 
in parallel filters, 290 
second-order, 233 
used to determine stability and 

frequ~ncy response in continu­
ous systems, 230-38 

Leakage 
discrete Fourier transform, 71-80 
wraparound, 78-79 

Least significant bit (lsb), 350 
L'Hospital's rule, 101 
Limit cycles, 288 
Linear, use of term, 13 
Linear averaging, 320 
Linearity, discrete Fourier 

transform, 65 
Linear-phase filter, 502 
Linear time-invariant (LTI) systems, 12 

analyzing, 20-21 
commutative property, 20 
cliscrete, 13-18 
example of a linear system, 14-15 
example of a nonlinear system, 

15-18 
homogeneity property, 13 
time-invariant systems, 18--19 

Loading factor, 361-63 
Logarithms, signal power determined 

by, 486-91 
Logarithms and complex numbers 

to base 10, 451-52 
to base 10 using natural, 452 
natural, 451 

Loss. See Processing gain or loss 
Low-pass finite impulse response filter 

design, 174-91, 502 
Low-pass signals, sampling, 29-32 

[M] 
Magnitude(s) 

approximation (vector), 400-406 
of C (modulus of C), 445 
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defined, 8, 9 
discrete Fourier transform, 66--f)7 

Mantissa, use of term, 375 
Mean 

defined, 319, 477 
of random functions, 481-84 

MIL-STD 1750A floating-point, 378 
Mixing 

complex signals and quadrature, 
471-74 

complex signals without 
multiplication, 385-400 

convolution and, 393-95 
cosine mixing sequence, 389-91 
magnitude and phase and, 395 
quadrature-phase mixing sequence, 

391 
quadrature sampling and digital, 

301-3,389-93 
summary of, 400 

Modulus of C, 445 
Most significant bit (msb), 350 
Mth-order infinite impulse response 

filter 
frequency response for, 245-46 
time domain expression for, 244 
z-domain expression for, 244----45 
z-domain transfer expression 

for, 245 
Multiplication 

of complex numbers, 411-12, 447-48 
frequency translation without, 

385-400 
process, 12 

Multirate filter, 314 

[ID 
Negative frequency, 299, 300 

complex numbers and, 458-74 
real signals represented by, 467-71 

Noise, 319 
definition of random, 477 

Nonlinear system, example of, 15-18 
Nomecursive filters, 158, 253 
Normal distribution, 325 

of random data, 438-40 
Normalization, 376 
Normalized angle variable, 113 

Index 513 

Normal probability density function, 
484----85 

Notch filters, 495 
N-stage infinite impulse response filter, 

frequency response for, 251 
Nyquist criterion, 30,301 

[Q] 
Octal binary dma format, 351 
Odd symmpetry, 64 
Offset binary data format, 356 
One-sided/ causal system, 225 
Optimal design, for finite impulse 

response filters, 194 
Optimization design, for infinite 

impulse response filters, 223, 
284----86 

Out-of-band ripple, 504 
Overflow errors, 286, 287-88 

fast Fourier transform, 369-70 
fixed-point effects on, 365-70 
rounding, 373-75 
truncation, 370-73 
two's complement, 356, 366---68 
vector-magnitude approximation 

and, 404----5 
Overflow oscillations, 288-89 
Overlapped windows, 410-11 

[I] 
Parallel filters, 290-92 
Parks-McClellan design, for finite 

impulse response filters, 194 
Parzen windows, 82 
Passband, defined, 502 
Passband phase angle resolution, 202-3 
Passband ripple, 195, 503 
Phase angle/ argument of C, 445 
Phase delay, 503 
Phase equalizer, 494 
Phase response 

- defined, 503 
in finite impulse response filters, 

199-204 
Phase wrapping, 201, 503 
Phasor outputs of fast Fourier trans­

form, 337-38 
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Phasors for representing real signals, 
complex, 462-67 

Picket fence effect, 88 
Place value system, 350 
Polyphase filters, 313 
Postdetection averaging, 327 

· Power, signal 
absolute power using decibels, 493 
defined, 9-10 
determined by logarithms, 486--91 

Power spectrum, 54 
Predetection averaging, 320 
Prewarp, 283 
Probability density function (PDF) 

A/D converter quantization errors 
and,360-61 

mean and variance of random func-
tions and, 481-84 

normal, 484-85 
rounding and, 373-74 
truncation and, 370-71 

Processing gain or loss 
discrete Fourier transform, 93-97 
integration, 93, 97,325, 331-37 
window, 83, 409-11 

Prototype filter, 254 

Quadratic factorization formula, 234 
Quadrature filter, 503 
Quadrature heterodyning, 297n 
Quadrature mixing, complex signals 

and, 471-74 
Quadrature sampling 

description of, 297-301 
digital m.ix.i:ng and, 301-3, 389-93 
other names for, 297n 

Quantization, coefficient/ errors, 
286--87,292 

fixed-point effects on AID 
converter, 357-65 

00 
Radian, negative frequency and, 460 
Radix-2 FFT algorithm, derivation of, 

136- 45 

Radix-2 FFT butterfly structures, 
146-54 

Raised to a power, complex 
numbers, 450 

Random data, normally distributed, 
438-40 

Random functions, mean and 
variance of, 481-84 

Real cosine input, discrete Fourier 
transform frequency response to, 
123-'25 

single-bin, 125-27 
Real discrete Fourier transform inputs, 

63 
Real numbers, graphical representation 

of, 443-44 
Real sampling, 35 
Real signals 

complex phasors for representing, 
462--07 

negative frequencies for represent­
ing, 467-71 

Rectangular functions 
all ones, 108-11, 113-15 
definition of general, 98-105 
forms of, 97 
inverse of general, 115-17 
inverse of symmetrical, 117-19 
symmetrical, 105-8 
time and. frequency axes and, 111-13 

Rectangular windows, 80, 82, 83 
Recursive filters, 253 
Relative attenuation, 503 
Remez Exchange design, for finite 

impulse response filters, 194--97 
Replications, spectral, 29-32 
Resampling, 303-16 

applications, 303 
decimation, 304--9 
decimation combined with 

interpolation, 314-16 
defined,304 
interpolation, 309-13 

Ripples 
Blackman window and, 184--87 
defined, 504 
finite impulse response filters and, 

173 

Meta Platforms, Inc. - Exhibit 1012 
Page 528 of 534



low-pass finite impulse response fil-
ters and, 179-91 

out-of-band, 504 
passband, 195 
stopband, 195 

·rms averaging, 327 
of a sinewave, 480-81 

Roll-off, 504 
Roots of complex numbers, 450-51 
Roundoff errors, 286,288 

fixed-point effects on, 373-75 
Roundoff noise, 359 

00 
Sample rate converter, 314 
Sampling 

coherent, 297n, 433 
digital resampling, 303-16 
quadrature,297-303 

Sampling, periodic 
aliasing, 23-29 
bandpass, 32-42 
low-pass, 29-32 
spectral inversion in bandpass, 

43-46 
summary of bandpass, 46 
translation, 33 
under-, 30-31, 33 

Scalar averaging, 327 
Scalloping loss, 88-89 
Shape factor, 504 
Shark's tooth pattern, 28 
Shifting theorem, discrete Fourier 

transform, 68-70 
Shift-invariant systems, 19 
Sidelobes, 74, 103 

Blackman window and, 184-87 
finite impulse response filters and, 

173 
low-pass finite impulse response fil­

ters and, 179-91 
Signal processing 

analog, 2 
digital, 2 
operational symbols, 10-12 
use of term, 2 

Signal-to-noise ratio (SNR) 

Index 515 

coherent averaging, 324-25 
incoherent averaging, 329-30 
word length and AID converters, 

359--64 
Sign-magnitude binary data format, 

353 
Sine function, 73-74, 108-10, 123 
Sines of consecutive angles, calculation 

of, 436-38 
Single-bin frequency response to real 

cosine input, 125-27 
Software programs, fast Fourier trans­

form, 136 
Spectral inversion in bandpass sam-

pling, 43-46 
Spectral replications, 29-32 
Square roots, obtaining, 400 
Stability 

conditional, 236 
Laplace transfer function and, 

230-38 
z-transform and, 240-42 

Standard deviation, 320,479 
of a sinewave, 480-81 

Starburst pattern, 145 
Statistical measures, 476--79 
Step response, 343 
Stopband, defined, 504 
Stopband attenuation, 189 
Stopband ripple, 195 
Structure 

defined, 504 
Direct Form I, 244 
Direct Form II, 252 
filtering, 161 
infinite impulse response filter, 

221-23,251-54 
simplified finite impulse response 

filter, 430-32 
Sub-Nyquist sampling, 33 
Subtraction process, 10 

for complex numbers, 446-47 
Summation process, 10-12, 322-23 
Symbols, in signal processing, 10-12 
Symmetrical rectangular function, 

105-8 
Symmetry 

discrete Fourier transform, 63-65 
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516 Index 

even,64 
odd, 64 

[I] 
Tap weights, 498 
Tchebyschev windows, 187 
Time delay, z-transform and, 242-45 
Time-domain averaging, filtering, 

340-41 
Time domain expression for Mth-order 

infinite impulse response filter, 
244 

Time-domain signals, 5 
discrete convolution in, 206--9 
Laplace transform for continuous, 

224-25 
Time-invariant systems 

analyzing, 20-21 
commutative property, 20 
example of, 18-19 

Time-varying filters, 313 
Transfer function, 229-30 

in bilinear transform design, 272-73, 
280 

in cascade filters, 290 
defined, 505 
in impulse invariance design 

Method 1, 262-65 
in impulse invariance design 

Method 2, 265-66 
in parallel filters, 290 
second-order, 233 
stability and frequency response in 

continuous systems using, 
230-38 

Transition region/band, 505 
Translation without multiplication, fre-

quency, 385-400 
Transmultiplexing, 385 
Transversal filter, 162, 505 
Triangular windows, 80, 82, 83 
Truncation errors, 370~73 

vector-magnitude approximation 
and,405-6 

Tukey, J., 129 

Two N-point real FFTs algorithm, 
412-20 

2N-point real FFTs algorithm, 420-25 
Two's complement, 356, 366-68 

[[] 
Underflow, gradual, 379 
Undersampling, 30-31, 33 
Unit circle, 239 
Unit delay, 12 ~ 

Unit impulse response, 20 

[y] 
Variance, 319-20 

defined, 478 
of random functions, 481-84 

Vector, use of term, 444-45 
Vector averaging, 320 
Vector demodulation, 297n 
Vector-magnitude approximation, 

400-406 
Video averaging, 327 

~ 
Warping, frequency, 276-77, 278 
Weaver demodulation, 299-301 
Weighting factor, 341, 343 
Windows 

Bartlett, 82 
Bessel functions, 189 
Blackman, 184-87,409 
Blackman-Harris, 409 
boxcar, 82 
Chebyshev, 87, 187-91 
discrete Fourier transform, 80-87 
Dolph-Chebyshev, 187 
dual window functions, 409-10 
for finite impulse response filters, 

175-91 
frequency domain and, 407-9 
Hamming,81,82,83,84,407-9 
Hanning/Hann, 81, 82, 83, 84-86, 

407-9 
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Kaiser, 87, 187-91 
overlapped, 410-11 
Parzen, 82 
processing gain or loss, 83, 409-11 
purpose of, 86 
raised cosine, 82 
rectangular, 80, 82, 83 
selection of, 86 
Tchebyschev, 187 
triangular, 80, 82, 83 
tricks for using, 406-11 

Wordlength,defined,350 
Word length, fixed-point effects on 

AID converter quantization errors, 
357-65 

overflow, 365-70 
rounding, 373-75 
truncation, 370-73 

Word length errors, infinite impulse 
response filters and finite, 286 

Wrapping, phase, 201 

Index 517 

[!] 
z-domain expression for Mth-order 

infinite impulse response filter, 
244-45 

z-domain transfer expression for Mth­
order infinite impulse response 
filter, 245 

Zero-frequency IF format, 300 
Zero padding, 3W 
Zero stuffing, discrete Fourier trans­

form, 89-93 
z-transform 

background 0£238 
defined, 238 
description of, 238-40 
infinite impulse response filters and, 

242-51 
polar form, 239 
stability and, 240-42 
time delay< 242-45 
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This is undoubtedly the most accessible book on digital signal processing 
(DSP) available to the beginner. Using intuitive explanations and well-chosen 
examples, this book gives you the tools to develop a fundamental under­
standing of DSP theory. 

The author covers the essential mathematics by explaining the meaning and 
significance of the key DSP equations. Comprehensive in scope, and gentle 
in approach, the book will help you achieve a thorough grasp of the basics 
and move gradually to more sophisticated DSP concepts~and applications. 

The book begins with a complete explanation of the often misunderstood 
topic of periodic sampling. The introduction to the important discrete 
Fourier transform, and its fast Fourier transform (FFT) implementation, is 
the most lucid and illuminating explanation available anywhere. You will 
also find extensive information on both finite impulse response (FIR) and 
infinite impulse response (IIR) digital filters, as well as coverage of the 
benefits of signal averaging. In addition, the book demystifies the abstruse 
topics of the Convolution theorem and complex signals. The practical uses 
of various binary number formats are also carefully described and compared. 
Finally, a collection of tricks-of-the-trade used by professionals to make DSP 
algorithms more efficient will help you apply DSP concepts successfully. 

Richard G. Lyons is a Systems Engineer with the Systems Integration Group 
at TRW, Inc. He has been involved with the design and testing of digital 
signal processing systems for the past fifteen years. He is the author of 
numerous articles on the topic and is a member of the IEEE and Eta Kappa 
Nu, the electrical engineering honor society. 

9 780201 634679 

ISBN □ -201-63467-8 
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