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ATION AND INITIAL SIMPLIFICATIONS 
176 REPRESENT 

. h' h ·s the occasional random complementing of binary picture 
n01se, w 1c 1 · 3 3 · d d h · 

I A l . l smoothing operator usmg a x wm ow an aving the va ues og1ca . l . 1· . 
. · t· ·s the following where for notattona s1mp 1c1ty we Will reqmred proper 1es 1 . ' . 

let the picture elements in the window be as shown below. 

a b C 

d e I 
g h i 

We define e', the new picture_ value at the center cell of the window, by 

e' = e(abcdfghi) V e(a V b V CV d V f V g V h Vi), 

where a v b means "a orb", ii means "not a", and ab means "a and b". It is 
easy to see that this logical function has the desired properties. The new value 
e' is 1 if and only if e is O and all its neighbors are 1, or if e itself is I and at 
least one of its neighbors is 1. The advantage of logical smoothing over 
regularization, then, is that it allows us to specify more elaborate conditions 
under which a cell value is to be changed. In fact, regularization ( of binary 
pictures) is a special case of logical smoothing, since the numerical operations 
of regularization can be defined by a boolean expression. Other boolean 
operators can be constructed to combat special noise idiosyncracies or to 
take advantage of prior knowledge about the figures likely to be encountered. 

7.5 TEMPLATE MATCHING 

7.5.1 Template Matching-Metric Interpretation 

In a gre_at _variety of scene analysis problems the analyzer is confronted with 
o~_e ~a~1atto~ or another of a single simple question: Does the scene contain 
w1thm it a picture of a_ previously specified object? The technique classically 
empl_oyed to answer th1s _class of questions is called template matching. Let us 
consider template matchmg first within the simple context of binary pictures, 
and then extend our discussion to the general case. We proceed by means of 
an example. 

Suppose we h~ve a g~adi~nt picture, such as Figure 7 .3, that shows ele­
mentary geometncal_ sohds m outline form, and we would like to ascertain 
whether or not a tnangle a (A · · • f 

d ) A . ppears. tnangle md1cates the presence o a 
wt e gle. very sim~le approach to the problem might involve making a 
emp ate, or mask hke the O h . . . . 

f II ' . ne s own m Figure 7 .12 and scannmg it syste-
ma ica y across the entire picture. If we found a position for which the "hole" 

Meta Platforms, Inc. - Exhibit 1023 
Page 3 of 11



TEMPLATE MATCHING 277 

FIGURE 7.12. A simple template. 

in the template was fill~d. with w~ite, we would declare that a triangle had 
been found a~ that position. An immediate objection to this procedure is 
that any sufficiently large region of solid white would result in our erroneously 
declaring that a triangle had been found. 

~his objection could be overcome if we were to look not merely for a white 
region that filled the template, but for a white triangular region surrounded 
by black regions. In Figure 7.13 we have shown diagrammatically how this 
can be done with a template. Using the new template, we announce that a 
triangle has been found only if each template region covers an area of the 
picture whose gray values corresponds to the template label. In other words, 
the O regions of the template must "show" only gray values of 0, and the 1 
region must show only gray values of 1. Notice that the template in Figure 
7.13 is itself a binary picture. (For simplicity, we have not shown the quantiza­
tion of the template onto a quadruled grid.) The size of the template, however, 
is typically smaller than the size of the original picture, since our aim is to 
discover the presence of a "sub-picture" within the given pictur:. Mathe­
matically, we say that the domain of ~:finiti~n of the template 1s smaller 
than the domain of definition of the ongmal picture. 

In most practical applications, one would not expect to find the perfect 
template match contemplated above. A more realistic approach would be to 
define some measure of how well a portion of a picture matched a template. 
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278 REPRESENTATION AND INITIAL SIMPLIFICATIONS 

One such definition is the following: 

Let g(i,j) be our digital picture, let 
t(i,j) be the template, and let 
D be the domain of definition of the template. 

(D , for example, might be a 20 x 20 square, whereas the domain of defini­
tion of the picture might be a 500 x 500 square.) Then a measure of how well 
a portion of the picture matches the template can be defined as 

M(m, n) = LL lg(i, j) - t(i - m, j - n)I. 
i,; such 

that 
(i-m,i-n) 

is in D . 

(1) 

Notice that this definition amounts to translating the template t(i,j) to 
position (m, n) in the picture and setting M(m, n) equal to the number of 
cells for which the picture and the translated template differ in gray value. 
Since we are presumably interested in finding a match to the template any­
where in the picture, we would have to compute M(m, n) for all template 
translations (m , n) and note those translations for which M(m, n) is small. 

Let us abstract from the previous discussion the essential elements of 
template matching. In terms of picture functions, we are looking for a region 

FIGURE 7.13. A more refined tem­
plate. 
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TEMPLATE MATCHING 279 

of the picture plane such that the picture fun t' · h - - - -. . . c 10n m t at region 1s s1m1lar to 
a prev10usly specified picture function called th t I t H d . . e emp a e. ence, we nee 
1n general a means for measuring the simi'lari·ty d ' t b t . . . , or 1s ance, e ween two 
picture functions, and the n~tton of a metric becomes useful. For the moment 
we need no~ be concerned with the formal definition of the class of functions 
called ~etncs, ~xcept to note that it is the standard abstraction of the notion 
of E~~hdean d~stance. ?ur definition of M(m, n) given in (1) satisfies the 
defimt1on ~nd is sometimes called the metric based on the L1 norm. Two 
other metrics are 

E(m, n) = (r~: [g(i,j) - l(i - m,j - n)l')"' 
and 

(2) 

S(m, n) = n:~x lg(i, j) - t(i - m, j'- n)I, (3) 

where in each case the range of i andj is the same as in (1). The definition in 
(2) is the standard Euclidean distance between two vectors. The definition 
in (3) is sometimes called the metric based on the L 00 norm. Note that these 
definitions are not restricted to binary pictures although, as we saw above, a 
definition may have a particularly simple interpretation when restricted to 
binary pictures. 

Let us examine definition (2) in a little more detail. It is often convenient 
to remove the square root by considering the measure of distance to be 
E'-(m, n). If we do this, and multiply out, we obtain 

E2(m, n) = ! ! [g2(i, j) - 2g(i, j)t(i - m, j - n) + t2{i - m, j - n)], 
i ; 

where, as usual we sum over all (i,j) such that the arguments oft remain 
within its domain of definition. Now as we move the template around the 
picture by varying m and n the summation of the last term is unchanged, 
since for any m and n the range of the arguments of t2 is the domain of 
definition of t. The summation of the first term-the picture energy in the 
window-in general varies with (m, n), since the range of i and j vary with 
m and n. Suppose for a moment tha~ this variation in pict~r~ e~ergy is _small 
enough to be ignored. Then E 2(m, n)1ssmall when2i 21 g(,,J)_t(z - m,J - n) 
is large. Accordingly, we define Rut(m, n) , the cross-correlat10n between the 

two functions g and t , by 

RutCm, n) =!I g(i,j)t(i - m, j - n), (4) 
i i 

Wh I We Sum over all i and;' within the domain of the translated 
ere, as a ways , • -1 · 

template. We can use this definition. as a ~easure. o_f ~he s1m1 ant~ between 
the template and the region of the p1ct~r~ m the v1cm1ty of (m, n), th: te~­
plate and the picture are declared similar when the cross-correlation 1s 
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ON AND INITIAL SIMPLIFICATIONS 
280 REPRESENTATI 

•f t nslated the template to a region of the picture that 
large Of course, 1 we ra h. h 1 Th· · · 

·11 h"t then the cross-correlation would have a ig va ue. is is Just 
was a w I e · · (th t "' "' 2( · ·) • 
another way of saying that our initial suppos1t1on a. ""'' ""', g l,J . is 
• f ( )) · grossly uniustified. One alternative to computmg mdependent o m, n 1s 'J • • 

£2 is to compute the normalized cross-correlat10n N,,,(m, n) given by 

N,,,(m, n) = 1 ] 112 R,,,(m, n), 

[ t t g(i,j)
2 

where we place the usual restriction on the range of i and j . By the Cauchy­
Schwarz inequality, we have 

]

1/2 

N,,,(m, n) ~ [! L t(i - m, j - n)2 

i i 
(5) 

with equality if and only if the picture function in the ~egion of interest i~ a 
multiple of the template function. Hence,_ the nor?1ahzed cro~s-c~rrelatton 
has a maximum value when the match with the picture function 1s perfect 
(up to a scale factor). On the other hand, in some circumstances our supposi­
tion about I 2 g 2 is satisfied precisely. For example, suppose we have a 
binary picture and we let white be 1 but let black be -1 instead of the usual 
zero. Then the sum of the squares of the picture function values over any 
domain of fixed size is constant, and the cross-correlation has a maximum 
exactly when £ 2 has a minimum. The use of cross-correlation as a measure of 
similarity has its roots in certain analogous, but not identical, problems in 
pattern classification and signal detection. It is still often used, partly because 
there exist a number of efficient implementations. As we have seen, however, 
using cross-correlation in template matching_involves a tacit assumption that 
the picture energy in every window is roughly the same. 

Let us reconsider our introductory example: the problem of locating a 
triangle in Figure 7.3. Assuming that we had settled upon one of the distance 
measures as our measure of similarity, we still must design the template 
itself. A little reflection will lead us to the conclusion that the problem as 
stated can only be solved by having a whole family of templates. The wedge, 
in the absence of any explicit constraints, can appear anywhere in the scene 
a~d can be vie~ed from any angle. Its triangular face, then, can appear in a 
wide range of sizes and can have a wide range of apparent interior angles. For 
e~ch such wedge orientation we evidently need a separate template and, 
smce ea~h ~emplate must be scanned across the scene, the computational 
burden 1s hkely to be large. In such situations a common approach is to 
replace. the global temp lat~ by a set of focal templates. The local templates 
ar~ designed t? ~a~ch vanous parts of the object of interest, the rationale 
bemg that the md1v1dual parts vary in appearance less than the entire object. 
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TEMPLATE MATCHING 281 

Jn our triangle ex~ple, we might first look for three separate lines and then 
worry abou~ devising a _method for recognizing when three lines form a 
triangle. :his. appro~ch_ ~s r~asonable in a large class of problems whose 
hallmark is wide vanabihty m the appearance of the object of interest. On 
the other hand, th~re are som~ pattern classification problems that can be 
sufficien~ly. cons~ramed or styhzed to ~nsure that each pattern will always 
appear m . 1s.olation ~nd at th~ same size and orientation. In these simple 
problems it is sometimes practical to construct a single template matched to 
the pattern as a whole. In other words, the choice of whether to use local or 
global templates is primarily dictated by the anticipated variability in the 
pictures to be processed. 

Template matching appears in a variety of superficially different, but 
essentially equivalent, forms. The choice of forms ultimately becomes one of 
convenience and efficiency. As a simple example, suppose we wanted to 
detect the presence of a vertical edge. We could use a "binary" template 
(like the one in Figure 7.13, but shaped like a single vertical line) and apply 
it to a gradient picture. Alternatively, we could easily devise a template 
matched to the shape of a vertical line in the original picture. (Actually, if we 
operated on the original picture we would probably want to use a pair of 
templates, one for dark-light transitions and one for light-dark transitions. 
This symmetry problem is avoided if we use the gradient picture because we 
usually take the magnitude of the gradient.) Figure 7.14 shows a template that 
will detect a left to right transition of dark to light along a vertical line if it is 
used with the similarity definition in (1). The template region labelled "low~' 
would have values near the dark end of the gray scale, and conversely for the 
region labelled "high." A possible problem with this te~plate is that it is not 
invariant to the absolute values of the gray scale; addmg a constant to the 
gray scale will change the degree of match. This consideration might lead us 

L 
0 
w 

H 
I 
G 
H 

FIGURE 7.14. A template for ver­
tical edges. 
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REPRESENTATION AND INITIAL SIMPLIFICATIONS 

to a procedure in which the template regions labelled "low" and "~igh" were 

respectively given values of -1 and + 1, ~nd w: used correlation as our 
definition of similarity (4). This procedure 1s eqmvalent to subtracting ad­
jacent columns and adding up the differences: In ?ther wo~ds, the procedure 
looks for differences in gray scale along a vertical lme, and 1s therefore almost 
the same thing as using a binary template on a gradient picture: 

We should note that an important aspect of template matchmg, whether 
performed on the original picture or a processed v~rsion o~ the original 
picture, is that the operation makes use of only local mformatton. If we are 
trying to decide, say, whether a vertical line is present in a given region of the 
picture, the only thing that affects our decision is the set of intensity values 
in that region. This local aspect is both the reason for the appealing simplicity 
of template matching and the source of its most stringent limitations. 

7.5.2 Template Matching-Statistical Interpretation 

Certain forms of template matching can be interpreted within the framework 
of statistical decision theory developed in Part I. Let us illustrate this inter­
pretation with a simple example. 

Suppose we have a binary picture g(i,j) and suppose further that the picture 
is know~ to depict one of t~o possible _ideal scenes, say r(i,j) or s(i,j). The 
actual picture g, however, 1s only an imperfect representation of an ideal 
scene. Let us assume that with probability p > 1 /2 a given picture cell in g 
h~~ !he val~e specified by the ideal scene that g represents. If these cell proba­
bdi!1es are mdep:~dent then we can easily write the probabilities of observing 
a picture g cond1t10ned on either r or s being the ideal scene. Specifically, if 
we let wr and w, be respectively the events that r(i,j) and s(i,j) are the ideal 
scenes, we have 

and 

P(g I wr) = II p1-111(i,i)-f"(i,i)l(l _ p)lc,(i,i)-f"(i,;)I 
i,i 

(6) 

P(g I w,) = II p1-l 17(i,i>-,(i,J>l(l _ p)lu(i,i)-,(i,i>I. (7) 
i,; 

Notice in these equations that th 
and the actual picture have the e exponents of P ~re one if the ideal picture 
wise· conversely the same value for a given (i,j), and zero other-

, , exponents of (l _ ) · · l 
pictures are different fo . P are one 1f the ideal and actua 

r a given (i,j). 
Suppose now that we want to d . 

scene r ?r scenes. We know from t e~ermi~e whether the picture g. d~picts 
probabtlity of error classifi f · he discusSaons of Chapter 2 that a mrn1murn 
P(wr I g) and P(w I g) cda 10

1
° rule computes the a posteriori probabilities 

• s an se ects eith · h 
probability is larger If we er wr or W 8 according to wh1c 

. assume for sim r ·t h ... P 1c1 y t at the a priori probab1ht1es 
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TEMPLATE MATCHING 283 

of the two scenes are equal, then we know th t th. . 
rule that selects the class for which the conditio~ 1 is ~u~-t e~uivalent to a 

P
revious chapters, we can simplify things by selea tprotha J 1•ty is larger_. As in 

. f h d" . c mg e c ass for which the 
loganthm o t e con 1t1onal probability is maximized. Thus 
(7), it suffices to compute , from (6) and 

log P(g I w,) = [1og(1 ; P}] J; lg(i,j) - r(i,j)I + J; log P 

and 
(8) 

log P(g I w,) = [1og(1 ; P)] '1; lg(i,j) - s(i,j)I + J; log p. (9) 

Now notice that log[(l - p)/p] is negative, since we have specified p > 1/2· 
furthermore, the last terms of (8) and (9) are the same. Hence the minimu~ 
probability of error rule for classifying picture g selects wr if, 

1 lg(i,i) - r(i,i)I < ! lg(i,j) - s(i, i)I 
, , ; ,.; (10) 

and selects w 11 otherwise. Thus, we see that in this example our statistical 
assumptions lead to a minimum probability of error rule that is a template 
match using the similarity measure defined by Eq. (1); the ideal pictures r 
and s, as we would anticipate on intuitive grounds, are the templates. 

There are several points about the preceding example worth noting. First, 
suppose we know that the picture g may in fact show neither r nor s; hence 
we want to allow the alternative of rejecting g in addition to the alternatives 
of classifying it as scene r or scene s. This refinement can also be analyzed 
in statistical terms. As a matter of practice, however, it is more common to 
set a threshold on the template similarity measure. If the best match achieved 
fails to satisfy the threshold, then g is rejected; that is, g is declared not to 
depict any of the ideal scenes. 

A different typical situation was discussed earlier. Often the ideal scene of 
interest is only a subpart of g. In this case, the templates are defined on 
domains smaller than the domain of g and are scanned across the picture. 
~ach template position provides us with a new clas~ification pro?lem th~t, 
m principle at least, can be analyzed along the Imes of our Illustrative 
problem. 

The application off ormal statistical classification m_ethods ~o problems of 
de~ecting objects in pictures has proved to be diffic~l~ m practice. _One of the 
chief difficulties has been in establishing useful stattst1cal assumptions. As an 
example of this difficulty, consider the problem just mentioned of scanning a 
template across a picture to detect an object. Suppose good template mat~hes 
occurred at two template locations only a single picture cell apart. Certamly, 
we Would not want to say that two separate objects had been detected; much 
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284 REPRESENTATION AND INITIAL SIMPLIFICATIONS 

b bl 
th same obiect in the picture is responsible for both matches 

more pro a Y, e J • • II b · d d · 
Formally, this would be represented statlst1ca y . y nonm epen ent proba. 

b
.
1
. • 

1 
t' however it is usually far easier to develop ad hoc pro 1 1t1es. n prac ice, , . . • 

d 
" · mventing such difficulties than 1t 1s to overcome them by a ce ures 1or circu • • 1 · · 

formal analytical assault. Nevertheless, the. st~t1st1ca v1ewpo1?t provides 
worthwhile guidance, if not universal prescnpt1ons, for the design of tem. 

plate-matching procedures. 

7.6 REGION ANALYSIS 

7.6.1 Basic Concepts 

In a previous section we discussed means for sim~Iifying a pict_ure by en­
hancing or extracting edges. We now turn our attention to a techmque that is 
in a sense complementary. This technique, called region analysis, attempts to 
simplify a digital picture by partitioning it into a set of disjoint regions. 
In the simplest case, each region is composed of picture cells having the same 
gray value and connected to each other. Before proceeding any further, 
therefore, we must make precise the notion of when two picture cells are 
connected. In particular, we must define whether a cell is connected to aJI 
eight surrounding cells (8-connected), or whether it is connected only to those 
four cells sharing a common edge ( 4-connected). 

To illustz:ate the subtleties of this question, consider the simple binary 
picture in Figure 7.15, where the unmarked cells are background.O's. Suppose 
we initially define connectedness to be 8-connectedness. Then, since cells 
sharing only a common vertex are connected, the figure is connected. How­
ever, by the same token the background is also connected-the "hole" in 
the figure is not separated from the "surrounding" background. Hence, we 
are in the uncomfortable position of having on our hands a connected, shell­
like figure with no inside. Suppose, therefore, that we use 4-connectedness as 
our definition. Then the figure is not connected. Neither, however, is the 
b~ckground. Hence, we are in the equally embarrassing position of having a 
disconnected figure that has a distinct interior. This state of affairs reflects a 

1 1 

1 1 

1 1 

1 1 

FIGURE 7.15. Connectivity on a quadruled grid. 
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