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i ing envi ts: PCs ‘
MATLAB is available on a number of computing environments: .
running DOS, Win95, and Win98, Apple Macintosh, UNIX wor}cstanons, ‘
and several parallel machines. The basic MATLAB proglrlam‘ls fufrther

ilabili ¢ tion of spe-

enhanced by the availability of numerous toolboxes (a co lec f spe
cialized functions in a specific topic) over the years. The mfornm.mop in l ’ I S C R E T E- T I
this book generally applies to all these environments. Althoug\l/l fu}lch:l;s Z\d E','
described in the first edition were developed under MATLAB ersxo.n 22,
these functions have been made compatible with the present version of I G N A L S I N

MATLAB. Furthermore, through the services of the BookWare Companion
Resource Center (www.brookscole.com/engineering /ee/bookware.htm),

every effort will be made to preserve this compatibility under future S YS T EM S

'\ versions of MATLAB. .
| The scope and power of MATLAB go far beyond the few words given

in this section. It is senseless to provide a concise 'mforma.tion or tut(?-
rial on MATLAB when excellent books and guides are.avaxlable on this
topic. Students should consult the MATLAB User’s Guide [2].and.Refe'r- |
ence Guide [1]. Similarly, students should attempt the tutorial given in

(3]. The information given in all these references.. along with the online We begin with the concepts of signals and systems in discrete time. A
facility, usually is sufficient for students to use this book. number of important types of signals and their operations are introduced.
Linear and shift-invariant systems are discussed mostly because they are
easier to analyze and implement. The convolution and the difference equa-
tion representations are given special attention because of their impor-
tance in digital signal processing and in MATLAB. The emphasis in this
chapter is on the representations and implementation of signals and sys-
tems using MATLAB.

DISCRETE-TIME SIGNALS
B

Signals are broadly classified into analog and discrete signals. An analog
signal will be denoted by z,(t), in which the variable ¢ can represent any \
physical quantity, but we will assume that it represents time in seconds. A
discrete signal will be denoted by z (n), in which the variable n is integer-
valued and represents discrete instances in time. Therefore it is also called
a discrete-time signal, which is a number sequence and will be denoted by
one of the following notations:

z(n) = {z(n)} = {---,2(-1),2(0),z(1), - -}

1

where the up-arrow indicates the sample at n = 0.

In MATLAB we can represent a finite-duration sequence by a row
vector of appropriate values. However, such a vector does not have any
information about sample position n. Therefore a correct representation

Chapter 1 ® INTRODUCTION
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TYPES OF
SEQUENCES

of z(n) would require two vectors, one each for z and n. For example, a

sequence z(n) = {2,1, -1, 0,1,4,3,7} can be represented in MATLAB by
1

>> n=[-3,-2,—1,0,1,2,3,4]; x=[2,1,-1,0,1,4,3,7];

Generally, we will use the x-vector representation alone when the sample
position information is not required or when such information is trivial
(e.g. when the sequence begins at n = 0). An arbitrary infinite-duration
sequence cannot be represented in MATLAB due to the finite memory

limitations.

We use several elementary sequences in digital signal processing for anal-
ysis purposes. Their definitions and MATLAB representations are given

below.

1. Unit sample sequence:

1, n=0 _
6(”)—{0’ n#o = {"'70507110701"'}

In MATLAB the function zeros(1,N) generates a row vector of N zeros,
which can be used to implement 6(n) over a finite interval. However, the
logical relation n==0 is an elegant way of implementing 8(n). For example,

to implement

1, n=mno

6(n —no) = {0, n # ng

over the ny < ng < ng interval, we will use the following MATLAB func-

tion.

function [x,n] = impseq(nO,nl,n‘Z)
Y% Generates x(n) = delta(n-n0); nl <= n <= n2

%

% [x,n] = impseq(n0,nl,n2)

%

n = [n1:n2]; x = [(@n0) == 0l;

2. Unit step sequence:

L 620 )
u(n)—{o’ TL<0_{ ’0701%31717 }

In MATLAB the function ones (1,N) generates a Tow vector of N ones. It
can be used to generate u(n) over a finite interval. Once again an elegant

Chapter 2 ® DISCRETE-TIME SIGNALS AND SYSTEMS

approach is to use the logical relation n>=0. To implement

1, n>n
u(n—no)z{o nznz

(t)yer the ny < ng < ny interval, we will use the following MATLAB func-
ion.

function [x,n] = stepseq(n0,n1,n2)
% Generates x(n) = u(n—m0); nl <= n <= n2

% [x,n] = stepseq(n0,n1,n2)
n = [n1:n2]; x = [(@-n0) >= 0];
3. Real-valued exponential sequence:
z(n) =a",Vn; a € R
In MATLAB an array operator “.~” is required to implement a real ex-
poner.ltlal sequence. For example, to generate z(n) = (0.9)", 0<n <10
we will need the following MATLAB script: R

>>n = [0:10]; x = (0.9).7n;

4. Complez-valued exponential sequence:
z(n) = eleHiwoIn yn

where o is call.ed an attenuation and wp is the frequency in radians. A
MATLAB function exp is used to generate exponential sequences. For ex-
ample, to'generate z(n) = exp[(2+73)n], 0 < n < 10, we will need
the following MATLAB script: I

>> n = [0:10]; x = exp((2+3j)*n);
5. Sinusoidal sequence:
z(n) = cos(won + 6),Vn
where 6 is the ph'ase in radians. A MATLAB function cos (or sin) is
used to generate sinusoidal sequences. For example, to generate z(n) =

3cos(0.1mn+m/3)+2sin(0.57n), 0 < n < 10, we will need the following
MATLAB script:

>> n = [0:10]; x = 3*cos(0.1*pi*n+pi/3) + 2*sin(0.5%pi*n);

Discrete-time Signals
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6. Random sequences: Many practital sequences cannot be described
by mathematical expressions like those above. These sequences are called
random (or stochastic) sequences and are characterized by parameters of
the associated probability density functions or their statistical moments.
In MATLAB two types of (pseudo-) random sequences are available. The
rand(1,N) generates a length N random sequence whose elements are
uniformly distributed between [0,1]. The randn(1 ,N) generates a length
N Gaussian random sequence with mean 0 and variance 1. Other random
sequences can be generated using transformations of the above functions.

7. Periodic sequence: A sequence x(n) is periodic if z(n) = z(n+N),
Vn. The smallest integer N that satisfies the above relation is called the
fundamental period. We will use Z(n) to denote a periodic sequence. To
generate P periods of #(n) from one period {z(n), 0<n<N- 1}, we
can copy z (n) P times:

>> xtilde = [x,x,...,x];

MATLAB’s powerful indexing capabili-
aining P rows of 2 (n) values. Then
g the construct

But an elegant approach is to use
ties. First we generate a matrix cont
we can concatenate P rows into a long row vector usin
(:). However, this construct works only on columns. Hence we will have
to use the matrix transposition operator » to provide the same effect on

TOwSs.

>> xtilde = x’ * ones(1,P); % P columns of x; x is a row vector

>> xtilde = xtilde(:); % long column vector
>> xtilde = xtilde’; % long row vector

]

Note that the last two lines can be combined into one for compact coding.
This is shown in Example 2.1.

OPERATIONS Here we briefly describe basic sequence operations and their MATLAB

ON equivalents.
SEQUENCES 1. Signal addition: This is a sample-by-sample addition given by

{z1(n)} + {z2()} = {z2(n) + 22(n)}

It is implemented in MATLAB by the arithmetic operator “+7  However,
the lengths of z; (n) and z2 (n) must be the same. If sequences are of
unequal lengths, or if the sample positions are different for equal-length
sequences, then we cannot directly use the operator +. We have to first
angment 3 (n) and 2 (n) so that they have the same position vector n
(and hence the same length). This requires careful attention to MATLAB’s
indexing operations. In particular, logical operation of intersection “&”,

Chapter2 ® DISCRETE-TIME SIGNALS AND SYSTEMS

rel.ational operations like “<=" and “==", and the find function are re-
quired to m:-ike z1 (n) and x5 (n) of equal length. The following function
called the sigadd function, demonstrates these operations. ,

fugction [y,n] = sigadd(x1,n1,x2,n2)
% implements y(n) = x1(n)+x2(n)

% [y,n] = sigadd(x1,n1,x2,n2)
f y = sum sequence over n, which includes nl and n2
% x1 = first sequence over nl

; x2 = second sequence over n2 (n2 can be different from ni1)

n = min(min(nl) ,min(n2)9 :max(max(nl) ,max(n2)); % duration of y(n)

yi =.zeros(1,1ength(n)); y2 = yi; % initialization

y1(f?nd((n>=m?n(n1))&(n<=max(n1))==1))=x1; % x1 with duration of

y2(£ind ((>=min(n2) )& (n<=max (n2) )==1) )=x2; % x2 with duration of z
= yl+y2; D

y = yl+y % sequence addition

Its use is illustrated in Example 2.2.
3. SZgnal multiplication: This is a sample-by-sample multiplication
(or “dot” multiplication) given by

{z1(n)} - {z2(n)} = {z1(n)72(n)}

It is 'im.plemente.d in MATLAB by the array operator “.*”. Once again
f[}‘l}? sufmlar res}’:nctlons apply for the .* operator as for the + operator

erefore we have developed the sigmult function, which is simi .
the sigadd function. | which is similar o

function [y,n] = sigmult(x1,n1,x2,n2)
% implements y(n) = x1(n)*x2(n)

%
% [y,n] = sigmult(x1,n1,x2,n2)

f y = product sequence over n, which includes nl and n2

% x1 = first sequence over nl

é x2 = second sequence over n2 (n2 can be different from nil)

n = min(min(nl) ,min(n2)) :max(max(nl) ,max(n2)); % duration of y(n)

y1 = zeros(1,length(n)); y2 = yi; 9%

yl(f?nd((n>=min(n1))&(n<=max(n1))==1))=x1; % x1 with duration of

y2(£find ((n>=min(n2) )& (n<=max (n2))==1) )=x2; % x2 with duration of 5
=yl .¥ y2; y

) e { y % sequence multiplication

Its use is also given in Example 2.2.
3. Scaling: In this operation each sample is multiplied by a scalar c.

a{z(n)} = {az(n)}

Discrete-time Signals
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; . : con in
An arithmetic operator “ i used to implement the scaling operation 1

MATLAB.
4. Shifting: In this operation each sample of z(n)

amount k to obtain a shifted sequence y(n).

y(n) = {z(n —k)}

If we let m =n — k, then n=m+ k and the above operation is given by

is shifted by an

y (m+ k) = {z (m)}

n has no effect on the vector x, but the vector n

is operatio ;
oy sl i s is shown in the function

is changed by adding k to each element. Thi
sigshift.

function [y,n] = sigshift(x,m,no)
% implements y(n) = x(n-n0)

% Ly,nl = sigshift(x,m,n0)
n = m+n0; y = X3

Tts use is given in Example 2.2. o
5. Folding: In this operation each sample of z(n) is flipped around

n = 0 to obtain a folded sequence y(n).
y(n) = {z(-n)}

In MATLAB this operation is implemented by fliplr (x? fjunction for sam-
ple values and by -f liplr(n) function for sample positions as shown in

the sigfold function.

function [y,n]l = sigfold(x,n)
% implements y(n) = x(-m)
R - -

% [y,nl = sigfold(x,n)

A

y = fliplr(x); n = -fliplr(n);

6. Sample summation: This operation differs from signal addition op-
eration. It adds all sample values of z(n) between ny and ng.

i z(n) = z(n1) + -+ z(ng)

n=ni

1t is implemented by the sum (x(n1:n2)) function.

Chapter2 ® DISCRETE-TIME SIGNALS AND SYSTEMS

O EXAMPLE 2.1

Solution

7. Sample products: This operation also differs from signal multipli-
cation operation. It multiplies all sample values of z(n) between n; and
ng.

Hz(n) =z(ny) X -+ x z(ng)

It is implemented by the prod(x(n1:n2)) function.
8. Signal energy: The energy of a sequence z(n) is given by

gz = Zm(n)w*(n) = Z l;[;(n)|2

-

where superscript * denotes the operation of complex conjugation!. The
energy of a finite-duration sequence z(n) can be computed in MATLAB
using

>> Ex = sum(x .* conj(x)); % one approach
>> Ex = sum(abs(x) .~ 2); % another approach

9. Signal power: The average power of a periodic sequence with fun-
damental period N is given by

1 N-1
— 2
Pe= 5 2 lo(o)

Generate and plot each of the following sequences over the indicated interval.

a. z(n) =26(n+2)—8(n—4), -5<n<5.

b. z(n) = n[u(n) —u(n — 10)] + 10e~9-3("=10) [y(n — 10) — u(n — 20)],
0<n<20.

¢c. z(n) = cos(0.047n) + 0.2w(n), 0 < n < 50, where w(n) is a Gaussian
random sequence with zero mean and unit variance.

d. 3(n) = {...5,4,3,2,1,5,4,3,2,1,5,4,3,2,1,..}; ~10<n < 9.

T

a. z(n) =26(n+2)—6(n—4), -5<n<5.

>> n = [-5:5];

>> x = 2+impseq(-2,-5,5) - impseq(4,-5,5);

>> stem(n,x); title(’Sequence in Problem 2.1a’)
>> xlabel(’n’); ylabel(’x(mn)’);

The plot of the sequence is shown in Figure 2.1a.

1The symbol * denotes many operations in digital signal processing. Its font (roman
or computer) and its position (normal or superscript) will distinguish each operation.

Discrete-time Signals
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b @(n) = n [u(n) - sl — 10§] # 10e=0-3(*=10) [y;(n — 10) — u(n — 20)], d. #(n)=1{..,5,4,3,2,1, ?,4, 3,2,1,5,4,3,2,1,..}; —10<n <9.
0<n<20 Note that over the given interval, the sequence Z (n) has four periods.

5> p = [0:201; >> n = [-10:9]; x = [5,4,3,2,1];
L n.*(stepseq(O,O,20)-S‘Cepseq(1onor20)); >> xt::.lde = x’ * ones(1,4);
>> x2 = 10*exp(—o.3*(n—1o)).*(stepseq(10,0,20)-stepseq(20»°-2°)); >> xtilde = (xtilde(:))’;
>> subplot(2,2,4); stem(n,xtilde); title(’Sequence in Problem 2.1d*)

>> = x1+x2;
xS X >> xlabel(’n’); ylabel(’xtilde(n)’);

>> subplot(2,2,3); stem(n,x); title(’Sequence in Problem 2.1b’)

>> xlabel(’n’); ylabel(’x(n) D
S y The plot of the sequence is shown in Figure 2.1d. O
The plot of the sequence is shown in Figure 2.1b. O  EXAMPLE22 Let z(n) = {1,2,3,4,5,6,7,6,5,4,3,2,1}. Determine and plot the following
c. z(n) = cos(0.047n) + 0.2w(n), 0<n <50 : !
sequences.
5> o = [0:501; a. 21 (n) =2z(n—5) -3z (n+4)
>> % = cos(0.04xpi*n)+0.2+randn(size(®)); b. z2(n) =z (3—n) +z(n)z(n—2)
>> subplot(2,2,2); stem(n,x); title(’Sequence in Problem 2.1c’)
Solution The sequence z (n) is nonzero over —2 < n < 10. Hence

>> xlabel(’n’); ylabel(’x(m)’);

> n = -2:10; x = [1:7,6:-1:1];
The plot of the sequence is shown in Figure 2.1c.
will generate z (n).

a. z; (n) = 2z(n—5) — 3z (n+4).
) The first part is obtained by shifting « (n) by 5 and the second part by shift-
Sequence in Example 2.1a Sequence in Example 2.1b ing x (n) by —4. This shifting and the addition can be easily done using the
sigshift and the sigadd functions.

>> [x11,n11] = sigshift(x,n,5); [x12,n12] = sigshift(x,n,-4);

>> [x1,n1] = sigadd(2*x11,n11,-3*x12,n12);

>> subplot(2,1,1); stem(nl,x1); title(’Sequence in Example 2.2a’)
>> xlabel(’n’); ylabel(’x1(n)’);

x(n)
x(n)

The plot of z; (n) is shown in Figure 2.2a.

b. 2 (n) =z (3—n)+z(n)z(n—2).
The first term can be written as @ (— (n — 3)). Hence it is obtained by first fold-
ing z (n) and then shifting the result by 3. The second part is a multiplication
of « (n) and z (n — 2), both of which have the same length but different support
(or sample positions). These operations can be easily done using the sigfold
and the sigmult functions.

>> [x21,n21] sigfold(x,n); [x21,n21] = sigshift(x21,n21,3); )
>> [x22,n22] = sigshift(x,n,2); [x22,n22] = sigmult(x,n,x22,n22);
>> [x2,n2] = sigadd(x21,n21,x22,n22);

>> subplot(2,1,2); stem(n2,x2); title(’Sequence in Example 2.2b’)
>> xlabel(’n’); ylabel(’x2(n)’);

x(n)

—_
<
<
[5]
=2
*

FIGURE 2.1 Sequences in Ezample 2.1 The plot of z2 (n) is shown in Figure 2.2b. O

Discrete-time Signals
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Sequence in Example 2.2a real part imaginary part

E 1 e | il SR

{=]

o 0 T [
MR ! 1 |
% -5f &
i -1
_10f
q -2
-5}
-20F , 15 %0 s 0 5 10 E 0 5 10
-6 0 : n n
Sequence in Example 2.2b magnitude part phase part
” ; T |—} 3 200
_ 100
i ; |I|HH
" | . _af
Soor !
; 1 Il
10} T i ’ ' ‘ -100
11] Ls T .
oloe?? f > % 5 o s 10 M 5 0 5 10
-7 0 n n

FIGURE 2.2 Sequences in Ezample 2.2 FIGURE 2.3 Complez-valued sequence plots in Example 2.3
: e -

This example shows that the four sig* functions developed in this

section provide a convenient approach for sequence manipulations. SOME USEFUL  There are several important results in discrete-time signal theory. We will

RESULTS discuss some that are useful in digital signal processing.
O  EXAMPLE23 Generate the complex-valued signal Unit sample synthesis Any arbitrary sequence z(n) can be synthe-
) sized as a weighted sum of delayed and scaled unit sample sequences, such
ZL'(’H/) - e(—0,1+30.3)n, -10 —<_ n S 10 o g y p q ;
and plot its magnitude, phase, the real part, and the imaginary part in four oo
separate subplots. z(n) = Z z(k)6(n — k) (2.1)
k=—c0
Solution MATLAB Script We will use this result in the next section.
>> n = [-10:1:10]; alpha = -0.1+40.3j;
>> x = exp(alpha*n); . Even and odd synthesis A real-valued sequence z.(n) is called even
>> subplot(2,2,1); stem(n,real(x));title(’real part’);xlabel(’n’) (symmetric) if
>> subplot(2,2,2); stem(n, imag(x)) ;title(’ imaginary part’);xlabelf I,I. )
3 > : 1) .
>> subplot(2,2,3); stem(n,abs(x)) ;title(°magnitude part ) ;xlabel(’n’) To(—n) = zo(n)

>> subplot(2,2,4); stem(n, (180/pi)*angle(x));title(’phase part?’) ;xlabel(’n’) |
Similarly, a real-valued sequence z,(n) is called odd {antisymmetric) if

The plot of the sequence is shown in Figure 2.3, ] Zo(—n) = —zo(n)

Chapter 2 ® DISCRETE-TIME SIGNALS AND SYSTEMS Discrete-time Signals 17
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>> xlabel(’n’); ylabel(’x(n)’); axis([-10,10,0,1.2])

Then any arbitrary real-valued sequence z(n) can be decomposed into its
>> subplot (2, 25 2) H Stem(m,xe) ; title (?Even Part’)

even and odd components
>> xlabel(’n’); ylabel(’xe(n)’); axis([-10,10,0,1.2])
m(n) = z.(n) + zo(n) (2.2) >> subplot(2,2,4); stem(m,x0); title(’0dd Part’)
>> xlabel(’n’); ylabel(’xo(n)’); axis([-10,10,-0.6,0.6])

where the even and odd parts are given by
1 1 The plots shown in Figure 2.4 clearly d sus
Te(n) = 3 [z(n) + z(-n)] and zo(n) = 5 [z(n) — z(—n)] (2.3) rly demonstrate the decomposition. 0

respectively. We will use this decomposition in studying properties of the . lﬁ similar decomposition for complex-valued sequences is explored in
roblem 2.5.

Fourier transform. Therefore it is a good exercise to develop a simple
MATLAB function to decompose a given sequence into its even and odd

components. Using MATLAB operations discussed so far, we can obtain Th i jes
e geometric series A one-sided e ial s
the following evenodd function. ] s B 0 ecari
g {af‘, n 2. 0.}, where « is an arbitrary constant, is called a geometric
e it series. In fhgltajl signal processing, the convergence and expression for the
funcii Sig_nai €] = el it pate sum of thls.serles are used in many applications. The series converges for
|a| < 1, while the sum of its components converges to

% [xe, xo0, m] = evenodd(x,n) .

% N 1

if any(imag(x) "= 0) Za — 1—a’ for || <1 (2.4)
error(’x is not a real sequence’) =0

end

m = -fliplr(n);
pi = min([m,nl); m2 = max([m,n]); m = ml:m2; Rectangular pulse Even Part

nm = n(1)-m(1); ni = 1:length(n);
x1 = zeros(1,length(m)); 1 1
x1(nl+om) = x; x = x1; 08
xe = 0.5%(x + £liplr(x)); 2 s
xo = 0.5%(x - £liplr(x)); %08 %0‘6
0.4 0.4
The sequence and its support are supplied in x and n arrays, respectively. 0.2 02
Tt first checks if the given sequence is real and determines the support 0
of the even and odd components in m array. It then implements (2.3) -0 -5 0 5 10 % = 0 5 10
with special attention to the MATLAB indexing operation. The resulting " n
components are stored in xe and xo arrays. . Odd Part
0 EXAMPLE 24 Let z(n) = u(n) — u(n — 10). Decompose z(n) into even and odd components. o4 ‘ } ‘ l ‘ | t ‘
0.2
; =
Solution The sequence z(n), which is nonzero over 0<n<09,iscalled a rectangular g 0 T

pulse. We will use MATLAB to determine and plot its even and odd parts. 02

-0.4
>>n = [0:10]; x = stepseq(0,0,10)—stepseq(10,0,10);
>> [xe,xo,m] = evenodd (x,n) ; -10 15 0 5 10
>> figure(1); clf I n
>> subplot(2,2,1); stem(n,x); title(’Rectangular pulse’) FIGURE 2.4 FEven-odd decomposition in Example 2.4

Discrete-time Signals 19
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We will also need an expression for the sum of any finite number of terms
of the series given by

N-1 _ N
S on = 1=8" o, (2.5)
n=0 s

a
These two results will be used throughout this book.

Correlations of sequences Correlation is an operation used in many
applications in digital signal processing. It is a measure of the degree to
which two sequences are similar. Given two real-valued sequences z(n) and
y(n) of finite energy, the crosscorrelation of z(n) and y(n) is a sequence
T5y(£) defined as

oo

rey(@) = Y, z(n)yln—10 (2.6)

n=—0o0

The index £ is called the shift or lag parameter. The special case of (2.6)
when y(n) = z(n) is called autocorrelation and is defined by

o0

res(f) = Y a(ma(n—0) (27)

n=—od

It provides a measure of self-similarity between different alignments of the
sequence. MATLAB functions to compute auto- and crosscorrelations are
discussed later in the chapter.

DISCRETE SYSTEMS

LINEAR

SYSTEMS

Mathematically, a discrete-time system (or discrete system for short) is
described as an operator T[] that takes a sequence z(n) (called ezcitation)
and transforms it into another sequence y(n) (called response). That is,

y(n) = Tla(n)]

In DSP we will say that the system processes an input signal into an output
signal. Discrete systems are broadly classified into linear and nonlinear
systems. We will deal mostly with linear systems.

A discrete system T[] is a linear operator L[] if and only if L[] satisfies
the principle of superposition, namely,

Chapter 2 ® DISCRETE-TIME SIGNALS AND SYSTEMS

Liayz1(n) + asza(n)] = a1 L{z1(n)] + azL[z2(n)], Va1, az, z1(n), z2(n)
(2.8)

Using (2.1) and (2.8), the output y (n) of a linear system to an arbitrary
input z (n) is given by

y<n>:L{x<n>]:L{ > w(k)&(n—m] = > SR LB

n=-—oo n=--00

The response L [§ (n — k)] can be interpreted as the response of a linear
system at time n due to a unit sample (a well-known sequence) at time k.
It is called an impulse response and is denoted by h (n,k). The output
then is given by the superposition summation

[ee]

y(n)= Y z(k)h(nk) (2.9)

n=—oo

The computation of (2.9) requires the time-varying impulse response
h (n, k), which in practice is not very convenient. Therefore time-invariant
systems are widely used in DSP.

Linear time-invariant (LTI) system A linear system in which an
input-output pair, z(n) and y(n), is invariant to a shift n in time is called
a linear time-invariant system. For an LTI system the L[-] and the shifting
operators are reversible as shown below.

a(n) —[L[]]— y(n) — [Shitt by k| — y(n — k)
m(n)—>—>x(n—k)—>—>y(n—k)

We will denote an LTI system by the operator LTI [-]. Let z(n) and y(n)
be the input-output pair of an LTI system. Then the time-varying function
h (n, k) becomes a time-invariant function h (n — k), and the output from
(2.9) is given by

oo

y(n) = LTI [z(n)] = > a(k)h(n— k) (2.10)

k=—00

The impulse response of an LTI system is given by A(n). The mathemat-

ical operation in (2.10) is called a linear convolution sum and is denoted
by

y(n) = z(n) * h(n) (2.11)

Discrete Systems
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Henf:e an LTI system is completely characterized in the time domain by o EXAMPLE 2.5  Let the rectangular pulse z(n) = u(n) — u(n — 10) of Example 2.4 be an input
the impulse response h(n) as shown below. to an LTI system with impulse response

z(n) — — y(n) = z(n) * h(n) h(n) = (0.9)" u(n)

Determine the output y(n).
We will explore several properties of the convolution in Problem 2.12.

Solution The input z(n) and the impulse response h(n) are shown in Figure 2.5. From
Stability This is a very important concept in linear system theory. The (2.11)
primary reason for considering stability is to avoid building harmful sys- . "
tems or to avoid burnout or saturation in the system operation. A system (A=K}
. ¥ = 1) (0.9 — = L n —k =
is said to be bounded-input bounded-output (BIBO) stableif every bounded y(m) ;( )(0.9) u(n—k)=(0.9) kz_; (0.9)"" u(n — k) (2.14)

-

input produces a bounded output.
The sum in 2.14 is almost a geometric series sum except that the term u(n —k)

()| < 0= ly(n)| < o0, V,y takes different values depending on n and k. There are three different conditions
under which u(n — k) can be evaluated.

An LTI system is BIBO stable if and only if its impulse response is abso-

lutely summable. CASEi n <0:Thenu(n—k)=0, 0<k<9. Hence from (2.14)

o y(n) =0 (2.15)
BIBO Stability <= Y _ [h(n)| < 00 (2.12) ,
e In this case the nonzero values of z(n) and h(n) do not overlap.
Causality This important concept is necessary to make sure that sys-
tems can be built. A system is said to be causal if the output at index ng 3 ' . : Input Sequence
depends only on the input up to and including the index ng; that is, the ' ' ' '
output does not depend on the future values of the input. An LTI system 15F |
is causal if and only if the impulse response
g 1t ]
h(n)=0, n<0 (2.13)
0.5} ]
Such a sequence is termed a causal sequence. In signal processing, unless
otherwise stated, we will always assume that the system is causal. % 0 s e e R b
n
) Impulse Response
CONVOLUTION o
- - -
‘ < 1t 4
We introduced the convolution operation (2.11) to describe the response =
of an LTI system. In DSP it is an important operation and has many other 0.5+ ]
uses that we will see throughout this book. Convolution can be evaluated l ‘ [ l | I l |
in many different ways. If the sequences are mathematical functions (of o 5 - o 1115[ Ll '2‘0' 1 '2'5' - L L .
finite or infinite duration), then we can analytically evaluate (2.11) for all : A s 4 W
t i ional f .
n to obtain a functional form of y(n) | FIGURE 2.5 The input sequence and the impulse response in Ezample 2.5
Chapter 2 ® DISCRETE-TIME SIGNALS AND SYSTEMS Convolution %
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CASE ii

CASE iii

a EXAMPLE 2.6

z(n) =

Solution

0<mn<9: Then u(n —k) =1, 0<k <n. Hence from (2.14)

y(n)= (0.9)" zn: (0.9)7% = (0.9)" Z [(0.9)7"] * (2.16)
k=0 k=0
= (0.9)" 1—"(0—'w =10[1—(0.9)"*], 0<n<9

1-(0.9)7"

In this case the impulse response h(n) partially overlaps the input z(n).
n>9: Then u(n — k) =1,0 < k <9 and from (2.14)

9
y()= (0.9)" Y (0.9)”" (2.17)

k=0
2 1—(0.9)7"°
1-(0.9)7"

In this last case h(n) completely overlaps x(n).

= (0.9) =1000.9)"° [1-(09)], n>9

The complete response is given by (2.15), (2.16), and (2.17). It is shown in
Figure 2.6 which depicts the distortion of the input pulse. 0

The above example can also be done using a method called graphical
convolution, in which (2.11) is given a graphical interpretation. In this
method h(n — k) is interpreted as a folded-and-shifted version of h(k).
The output y(n) is obtained as a sample sum under the overlap of z(k)
and h(n — k). We use an example to illustrate this.

Given the following two sequences

[3,11,7,0,—1,4,2], -3<n<3; h(n):{z,s,oﬁm,q, 1<n<4
i T

determine the convolution y(n) = z(n) * h(n).

In Figure 2.7 we show four plots. The top-left plot shows z(k) and h(k), 1.:he
original sequences. The top-right plot shows z(k) and h(—k), the folded version

Qutput Sequence
8 T T T T T T T - T -
6 d
i |
0 ]I ‘HHHHJ“HIIHH..,.,.
-5 0 5 10 15 20 25 30 35 40 45

FIGURE 2.6 The output sequence in Ezample 2.5

24
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MATLAB
IMPLEMEN-
TATION

x(k) and h(k} x(k) and h(-k)
solid: x dashed: I

solid: x dashed:

m
o

n=0"
-5 -5
-5 0 5 -5 0 5
k k
x(k) and h(-1-k) x(k) and h(2-k)
10 solid: x dashed: I 10 ol solid: x dashed: i
5 } 5 N
| 4 IS
o n=-1 U G ] n=2
-5 5
-5 0 5 5 [0} 5
k k

FIGURE 2.7 Graphical convolution in Ezample 2.6

of h(k). The bottom-left plot shows z(k) and h(—1 — k), the folded-and-shifted-
by-—1 version of h(k). Then

D a(k)h(—1—k) =3 x (~5) +11x 0+ 7 x3+0x2=6=y(-1)
k
The bottom-right plot shows z(k) and h(2 — k), the folded-and-shifted-by-2
version of h(k), which gives

D a(k)h(2—k) = 11X 1+7x 240 (=5)+(~1) x0+4x3+2x2 = 41 = y(2)
k

Thus we have obtained two values of y(n). Similar graphical calculations can

be done for other remaining values of y(n). Note that the beginning point (first

nonzero sample) of y(n) is given by n = —3 4+ (—1) = —4, while the end point

(the last nonzero sample) is given by n = 3 + 4 = 7. The complete output is

given by

y(n) = {6,31,47,6, —51,~5,41,18,—22, -3, 8,2}
T

Students are strongly encouraged to verify the above result. Note that the result-
ing sequence y (n) has a longer length than both the = (n) and h (n) sequences.
O

If arbitrary sequences are of infinite duration, then MATLAB cannot be
used directly to compute the convolution. MATLAB does provide a built-in
function called conv that computes the convolution between two finite-

Convolution
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O EXAMPLE 2.7

Solution

duration sequences. The conv function assumes that the two sequences
begin at n = 0 and is invoked by

>> y = conv(x,h);

For example, to do the convolution in Example 2.5, we could use

> x = [3, 11, 7, 0, -1, 4, 2];
>> b = [2; 3; 0, =b; 25 113
>> y = conv(x,h)
y =
6 a1 47 6 -51 -b 41 18 =22 -3 8 2

to obtain the correct y(n) values. However, the conv function neither pro-
vides nor accepts any timing information if the sequences have arbitrary
support. What is needed is a beginning point and an end point of y(n).
Given finite duration z(n) and h(n), it is easy to determine these points.
Let

{z(n); nzp <n<nge} and {h(n); mpp <1< The }

be two finite-duration sequences. Then referring to Example 2.6 we ob-
serve that the beginning and end points of y(n) are

Tyb = Ngb +npy and Nye = Nze + Nhe

respectively. A simple extension of the conv function, called conv_m, which
performs the convolution of arbitrary support sequences can now be de-
signed.

function [y,nyl = conv_m(x,nx,h,nh)

Y% Modified convolution routine for signal processing

% = -

% [y,ny]l = conv_m(x,nx,h,nh)

% [y,ny] = convolution result

% [x,nx] = first signal

% [h,nh] = second signal

%

nyb = nx(1)+nh(1); nye = nx(length(x)) + nh(length(h));
ny = [nyb:nyel;
y = conv(x,h);

5

Perform the convolution in Example 2.6 using the conv.m function.

MATLAB Script
>> x = [3, 11, 7, 0, -1, 4, 2]; nx
> h=[2, 3, 0, -5, 2, 1]; ny = [-1:

=
W
—

26
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SEQUENCE
CORRE-
LATIONS
REVISITED

O EXAMPLE 2.8

Solution

>> [y,ny] = conv_m(x,nx,h,nh)

y =
6 31 47 6 -51 -5 41 18 =22 =3 8 2
ny =
-4 -3 -2 -1 0 1] 2 3 4 5 6 i
Hence
y(n) = {61 317 47: 6: *511 _57 41, 18) —227 _3: 87 2}
T
as in Example 2.6. (]

An alternate method in MATLAB can be used to perform the convo-
lution. This method uses a matrix-vector multiplication approach, which
we will explore in Problem 2.13.

If we compare the convolution operation (2.11) with that of the crosscor-
relation of two sequences defined in (2.6), we observe a close resemblance.
The crosscorrelation 7y, (¢) can be put in the form

Tyz(£) = y(£) * z(—£)
with the autocorrelation 7., (£) in the form
T2 (£) = 2(€) * 2(—¥£)

Therefore these correlations can be computed using the conv function if
sequences are of finite duration.

In this example we will demonstrate one application of the crosscorrelation
sequence. Let

z(n) = I:S, 11,7,0,—1,4, 2}
I

be a prototype sequence, and let y(n) be its noise-corrupted-and-shifted version
y(n) = z(n—2) +w(n)

where w(n) is Gaussian sequence with mean 0 and variance 1. Compute the
crosscorrelation between y(n) and z(n).

From the construction of y(n) it follows that y(n) is “similar” to z(n — 2) and
hence their crosscorrelation would show the strongest similarity at £ = 2. To test
this out using MATLAB, let us compute the crosscorrelation using two different
noise sequences.

Convolution
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% noise sequence 1 used in applications like radar signal processing in identifying and localizing

>> x = [3, 11, 7, 0, -1, 4, 2]; nx=[-3:3]; % given signal x(n) ‘ targets. O
>> [y,nyl = sigshift(x,nx,2); % obtain x(n-2) ‘

>> w = randn(1,length(y)); nw = 0y; % generate w(n) It should be noted that the signal-processing toolbox in MATLAB also
>> [y,ny] = sigadd(y,ny,w,nw); % obtain y(n) = x(n-2) + w(n) provides a function called xcorr for sequence correlation computations.
>> [x,nx] = sigfold(x,nx); % obtain x(-n) In its simplest form

>> [rxy,nrxyl] = conv_m(y,ny,x,nx); ‘% crosscorrelation

>> subplot(1,1,1), subplot(2,1,1) ;stem(nrxy,rxy) >> xcorr(x,y)

>> axis([-4,8,-50,260]) ;xlabel(’lag variable 1?)

>> ylabel(’rxy’);title(’Crosscorrelation: noise sequence 1°)
%

% noise sequence 2 '

>> x = [3, 11, 7, 0, -1, 4, 21; nx=[-3:3]; % given signal x(n)

computes the crosscorrelation between vectors x and y, while
>> xcorr (x)

computes the autocorrelation of vector x. This function is not available in

>> [y,ny] = sigshift (x’l)”)‘:”; o 4‘ o:z:;ztz (32211; the Student Edition of MATLAB. It generates results that are identical to
:: "E =nr§ningéi:2%;hg,w: n:;';;_ o " ibt ain y(@) = x(o-2) + (@) theé one obtained from the proper use of the conv_m function. However, the
>> [izm}:] = sigfold(),!,n.x) ; % obtain x(-n) xcorr function cannot pr'ovide the timing (or lag) information (as done by
5> [rxy,nrxy] = conv_m(y,ny,x,nx); Y crosscorrelation the conv_m function), which then must be obtained by some other means.
>> subplot(2,1,2);stem(nrxy,rxy) Therefore we will emphasize the use of the conv._m function.

>> axis([-4,8,-50,250]);xlabel(’lag variable 1’)
>> ylabel(’rxy’);title(’Crosscorrel:ation: noise sequence 2’)

DIFFERENCE EQUATIONS

From Figure 2.8 we observe that the crosscorrelation indeed peaks at £ = 2; -
which implies that y (n) is similar to = (n) shifted by 2. This approach can be
An LTI discrete system can also be described by a linear constant coeffi-

ion: noise sequence 1 N 3 v
Crosscorrelation: n q | cient difference equation of the form

250 : : . : -
200k Maximum N M
o} 1 Z ary(n —k) = Z bpz(n —m), Vn (2.18)
] k=0 m=0
100}
sk i If ay # 0, then the difference equation is of order N. This equation
T T @ o 2 T describes a recursive approach for computing the current output, given
of— o the input values and previously computed output values. In practice this
-50 = 0 > 3 s 8 | equation is computed forward in time, from n = —co to n = oo. Therefore
lag variable | another form of this equation is
Crosscorrelation: noise sequence 2
T T T T T M N
- - y(n) = Z bnz(n —m) — Z ary(n —k) (2.19)
1 m=0 k=1
150+
%00 | A solution to this equation can be obtained in the form
s I e sz | 01 y(n) = ya(n) +yr(n)
o
: : . The homogeneous part of the solution, yg (n), is given by
= 2 0 2 e 4 i
lag variable
A yn(n) = crzk
FIGURE 2.8 Crosscorrelation sequence with two different noise realizations =
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MATLAB
IMPLEMEN-
TATION

a EXAMPLE 2.9

Solution

where 2,k = 1,..., N are N roots (also called natural frequencies) of the
characteristic equation

Zakzk =0
0

This characteristic equation is important in determining the stability of
systems. If the roots z;, satisfy the condition

|| <1, k=1,...,N (2.20)

then a causal system described by (2.19) is stable. The particular part
of the solution, yp(n), is determined from the right-hand side of (2.18).
In Chapter 4 we will discuss the analytical approach of solving difference
equations using the z-transform.

A routine called filter is available to solve difference equations numeri-
cally, given the input and the difference equation coefficients. In its sim-
plest form this routine is invoked by

y = filter(b,a,x)

where

b= [b0, b1, ..., bM]; a = [a0, al, ..., aN] ;

are the coefficient arrays from the equation given in (2.18), and x is the
input sequence array. The output y has the same length as input x. One

must ensure that the coefficient a0 not be zero. We illustrate the use of
this routine in the following example.

Given the following difference equation
y(n) —y(n—1) +0.9y(n —2) =x(n); Vn
a. Calculate and plot the impulse response h(n) at n = —20,...,100.

b. Calculate and plot the unit step response s(n) at n = —20,...,100.
c. Is the system specified by h{n) stable?

From the given difference equation the coefficient arrays are

b = [1]; a=[1, -1, 0.9];

Chapter 2 ® DISCRETE-TIME SIGNALS AND SYSTEMS

a. MATLAB Script
>> b [1); a = [1, -1, 0.9];
>% x = impseq(0,-20,120); n = [-20:120];
>> h = filter(b,a,x);
>> subplot(2,1,1); stem(n,h);
>> title(’Impulse Response’); xlabel(’n’); ylabel(’h(n)’)

The plot of the impulse response is shown in Figure 2.9.
b. MATLAB Script

>> x = stepseq(0,-20,120);

>> s = filter(b,a,x);

>> subplot(2,1,2); stem(n,s)

>> title(’Step Respohse’); xlabel(’n’); ylabel(’s(n)’)

The plot of the unit step response is shown in Figure 2.9.

c. To determine the stability of the system, we have to determine h(n) for
all n. Although we have not described a method to solve the difference equation,
we can use the plot of the impulse response to observe that h(n) is practically
zero for n > 120. Hence the sum ) |h(n)| can be determined from MATLAB
using

Impulse Response

T T T T

0.:‘ ” ”; |’[ s ]

5-0'5- ”l Ul I‘ r“ it - s
20

1F ,
-20 0

i 1 s

40 60 80 100 120
n

Step Response

1 L I

=20 0 20 40 60 80 100 120
n

(=]
o

FIGURE 2.9 Impulse response and step response plots in Example 2.9

Difference Equations
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O  EXAMPLE 2.10

Solution

>> sum(abs(h))
ans = 14.8785

which implies that the system is stable. An alternate approach is to use the
stability condition (2.20) using MATLAB’s roots function.

>>z = roots(a);
>>magz = abs(z)
magz = 0.9487

0.9487

Since the magnitudes of both roots are less than one, the system is stable. [

In the previous section we noted that if one or both sequences in
the convolution are of infinite length, then the conv function cannot be
used. If one of the sequences is of infinite length, then it is possible to use
MATLAB for numerical evaluation of the convolution. This is done using
the filter function as we will see in the following example.

Let us consider the convolution given in Example 2.5. The input sequence is of
finite duration
z(n) = u(n) — u(n — 10)
while the impulse response is of infinite duration
h(n) = (0.9)" u(n)
Determine y(n) = z(n) x h(n).

If the LTI system, given by the impulse response h(n), can be described by a
difference equation, then y(n) can be obtained from the filter function. From

the h(n) expression
(0.9) h(n — 1) = (0.9) (0.9)" ' u(n — 1) = (0.9)" u(n — 1)
h(n) — (0.9) h(n — 1) = (0.9)" u(n) — (0.9)" u(n — 1)
= (0.9)" [u(n) —u(n —1)] = (0.9)" 6(n)
=6(n)

The last step follows from the fact that §(n) is nonzero only at » = 0. By
definition h(n) is the output of an LTI system when the input is §(n). Hence
substituting z(n) for §(n) and y(n) for h(n), the difference equation is

y(n) — 0.9y(n — 1) = z(n)

Now MATLAB’s filter function can be used to compute the convolution indi-
rectly.

32
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ZERO-INPUT
AND
ZERO-STATE
RESPONSES

Output sequence

6+ | ' -
§4- ll ,l |

ol J

0 !” | | |"I‘.MHI!HH!JIH!“H:.“ :

-5 0 5 10 15 20 25 30 35 40 45

n

FIGURE 2.10 Qutput sequence in Example 2.10

> b=1[1]; a = [1,-0.9];

>> n = -5:50; x = stepseq(0,-5,50) - stepseq(10,-5,50);
>> y = filter(b,a,x);

>> subplot(1,1,1);

>> subplot(2,1,2); stem(n,y); title(’Output sequence’)
>> xlabel(’n’); ylabel(’y(n)’); axis([-5,50,-0.5,8])

The plot of the output is shown in Figure 2.10, which is exactly the same as
that in Figure 2.6. O

In Example 2.10 the impulse response was a one-sided exponential se-
quence for which we could determine a difference equation representation.
This means that not all infinite-length impulse responses can be converted
into difference equations. The above analysis, however, can be extended to
a linear combination of one-sided exponential sequences, which results in
higher-order difference equations. We will discuss this topic of conversion
from one representation to another one in Chapter 4.

In digital signal processing the difference equation is generally solved for-
ward in time from n = 0. Therefore initial conditions on z(n) and y(n)
are necessary to determine the output for n > 0. The difference equation
is then given by

M N
y(n) = bpa(n—m) =Y axy(n—k); n>0 (.21)
m=0 k=1

subject to the initial conditions:
{y(n); —N <n < -1} and {z(n); —-M <n < -1}
A solution to (2.21) can be obtained in the form

y(n) = yzr(n) + yzs(n)

Difference Equations
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DIGITAL
FILTERS

where yzr(n) is called the zero-input solution, which is a solution due
to the initial conditions alone (assuming they exist), while the zero-state
solution, yzs(n), is a solution due to input z(n) alone (or assuming that
the initial conditions are zero). In MATLAB another form of the function
filter can be used to solve for the difference equation, given its initial
conditions. We will illustrate the use of this form in Chapter 4.

Filter is a generic name that means a linear time-invariant system de-

signed for a specific job of frequency selection or frequency discrimination.
Hence discrete-time LTT systems are also called digital filters. There are

two types of digital filters.

FIR filter If the unit impulse response of an LTI system is of finite
duration, then the system is called a finite-duration impulse response (or
FIR) filter. Hence for an FIR filter h(n) = 0 for n < ny and for n > na.
The following part of the difference equation (2.18) describes a causal FIR

filter:

M
y(n) =Y bma(n—m) (22)

m=0

Furthermore, h(0) = bo, h(1) = b1, ..., h(M) = bz, while all other h(n)’s
are 0. FIR filters are also called nonrecursive or moving average (MA)
filters. In MATLAB FIR filters are represented either as impulse response
values {h(n)} or as difference equation coefficients {b,} and {ag = 1}.
Therefore to implement FIR filters, we can use either the conv(x,h)
function (and its modifications that we discussed) or the filter (b;1,%)
function. There is a difference in the outputs of these two implementations
that should be noted. The output sequence from the conv(x,h) function
has a longer length than both the z(n) and h(n) sequences. On the other
hand, the output sequence from the filter (b,1,x) function has exactly
the same length as the input z(n) sequence. In practice (and especially
for processing signals) the use of the filter function is encouraged.

IIR filter 1If the impulse response of an LTI system is of infinite dura-
tion, then the system is called an infinite-duration impulse response (or
IIR) filter. The following part of the difference equation (2.18):

N
S ary(n — k) = z(n) (2.23)
k=0
describes a recursive filter in which the output y(n) is recursively com-

puted from its previously computed values and is called an autoregressive
(AR) filter. The impulse response of such filter is of infinite duration and
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hence it represents an IIR filter. The general equation (2.18) also describes
;,;1 IIR filter. It has two parts: an AR part and an MA part. Such an IIR
ter is called an autoregressive moving average, or an ARMA, filter. In
MATLAB IIR filters are described by the difference equation c;)eﬂicit;nts
{bm} and {ay} and are implemented by the filter(b,a,x) function.

PROBLEMS

—l-

P2.1
Generate and plot the samples (use t..he stem function) of the following sequences using

P2.2

P23

P24

P25

MATLAB.

a. :cl(n)=Zz:::=0(m+1)[6(n—2m)—-6(n-2m—-1)], 0<n<2s

b. z2(n) = n® [u(n + 5) — u(n — 6)] + 108(n) + 20(0.5)" [u(n — 4) — u(n — 10)].
c. z3(n) = (0.9)" cos (0.27n +7/3), 0<n < 20.

d. z4(n) = 10cos(0 00087rn2) + w. ndom sequence
) 1 : w(n), 0 < n <100, where w(n) is a rand

) : b -_— -_— ?
uniformly distributed between [—1, 1]. How do you characterize 3his sequence?

e. Z5(n)={...,1,2, 3,% 1,2,8,2,1,...}periopic. Plot 5 periods.

::: :)(lvl'gw-i—nils,e;z;i; (:S.—TS, 8,10}. Generate and plot the samples (use the stem function) of
a. z1(n) = 3z(n +2) + z(n — 4) — 2z(n)

b. 2 (n) = 52(5 + n) + 4z(n + 4) + 3z(n)

c. x3(n) =xz(n+4)z(n— 1) + (2 — n)z(n)

d. x4 (n) =2e"%"z (n) +cos (0.17n)z (n+2), —10 < n < 10

e. z5(n) = Z:=1 nz (n — k) B

The complex exponential sequence e’“°™ or the sinusoidal sequence cos (won) are periodic if

the normalized ﬁ'equenc fo=—1i i f = —
0 1s a rat s i ere
i . y 2 rational number, that 18, Jo N wh Kand N

a. Prove the above result.

b.
Generate and plot cos(0.37n), —20 < n < 20. Is this sequence periodic? If it is, what is

its fundamental peIlOd. From the examination Of the plol’, wha,t ]nterpletatlon can you give

c.

con((:}ff;;a%te a.ndhplot cgs(0.3n), —20 < n < 20. Is this sequence periodic? What do you
: rom the plot? If necessary examine the values of the sequence in M

arrive at your answer. it

Decompose the sequences gi i
given in Problem 2.2 into thei
these components using the stem function. i s

A complex-valued sequence . (n) is called conjugate-symmetric if

ze(n) = zo(—n)

Problems
35
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