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Preface

Owing to rapidly increasing energy costs and global interest in reducing carbon

dioxide emissions, electric motors have recently become one of the most impor-

tant prime movers that produce mechanical power. Recently, in many mechanical

systems, traditional prime movers such as a hydraulic system, a steam turbine, a

gas turbine, and an internal combustion engine are being rapidly replaced by elec-

tric motor drive systems, which are more efficient, controllable, and environment-

friendly. Currently, electric motor drive systems are playing an important role in

improving convenience in many areas of our lives including home appliances,

office machines, transportation, and industrial machines.

The main aim of this book is to introduce practical drive techniques of electric

motors for supporting stable, efficient control of such application systems, cover-

ing basic principles to high-performance motor control techniques.

Nowadays, the most widely used motors are classic direct current (DC) and

alternating current (AC) motors (induction motor and synchronous motor).

Besides these motors, there is a brand new brushless direct current (BLDC)

motor. To control these motors efficiently, we will do a comprehensive study of

fundamental operating principles, driving methods of electric motors, related con-

trol theories, and power converters for driving a motor. Many people do not have

the background knowledge in these areas and may need to obtain these contents

from various books. Therefore, this book is designed optimally for studying these

contents at once and easy learning of difficult control principles. Furthermore,

this book provides simulation examples for key subjects using MATLAB/

Simulink tool and offers practical control techniques for industrial motor drive

applications currently in use.

This book is the English version of my book titled DC, AC, BLDC Motor

Control, which was first published in August 2007, in Korean. This book is based

on my wide research experience in the electric motor control field over the past

20 years. During 20 years of teaching at my university, I realized that many stu-

dents struggled with mastering the control of electric motors due to the complex-

ity and difficulty of existing textbooks. Therefore, the main goal of this textbook

was to address this issue by presenting the material in a straightforward way for

the students to understand. As a result, this book gained popularity, and I received

many appreciation letters from students and engineers after publishing the book,

expressing gratitude for presenting the material well. I have also been invited

many times to speak at seminars regarding the materials presented in the book.

The contents of this book are as follows.

Chapter 1, Fundamentals of electric motors, introduces the fundamental oper-

ating principle needed to understand electric motors and describes clear differ-

ences among the motors by comparing their operating principles.

Chapter 2, Control of direct current motors, describes DC motors, which used

to be the typical motor for speed control and torque control, and the concept of

xi
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torque control for DC motors, which will be helpful for understanding the vector

control for torque control of AC motors. Furthermore, this chapter goes into detail

about the design of the current and speed controllers of DC motors, which is read-

ily applicable to the current and speed controllers of AC motors.

Chapter 3, Alternating current motors: synchronous motor and induction

motor, discusses the basic characteristics of AC motors, including synchronous

and induction motors, which are widely used for industrial motors. These charac-

teristics can provide a basis for studying high-performance motor control, which

will be described later in the book.

Chapters 4�8 discuss the high-performance motor control systems of AC

motors for industrial motor drive applications as follows:

Chapter 4, Modeling of alternating current motors and reference frame

theory—the modeling of AC motors and d�q reference frame theory for control

of AC motors,

Chapter 5, Vector control of alternating current motors—the concept of the

vector control and its implementation for AC motors,

Chapter 6, Current regulator of alternating current motors—the design of cur-

rent controller for the vector control system,

Chapter 7, Pulse width modulation inverter—the PWM inverter and its various

techniques for AC motor drives,

Chapter 8, High-speed operation of alternating current motors—the field-

weakening control for high-speed operations of AC motors.

Chapter 9, Speed estimation and sensorless control of alternating current

motors, describes the position/speed sensors and speed estimation required for the

motor control. In additional, sensorless control, which is a state-of-the-art tech-

nique in the motor control area, is explored briefly.

Chapter 10, Brushless direct current motors) deals with BLDC motors, which

are not classical motors but mostly used in small motor drive systems. The opera-

tion principle, drive methods, PWM methods, and sensorless control schemes of

BLDC motors are also explored in detail.

Chapters 1�3, and 10 will be adequate for providing technical background of

motor control for undergraduates in a one-semester course, while Chapters 4�9

will be suitable for graduate students and engineers with the necessary back-

ground for understanding high-performance motor control systems.

I am certain that this book will be able to equip one with complete techniques

for controlling electric motors required for industrial applications.

The companion web site of the book can be found at: https://www.elsevier.

com/books-and-journals/book-companion/9780128121382

Sang-Hoon Kim
Seoul, November 2016

xii Preface
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CHAPTER

1Fundamentals of electric
motors

A moving object that has either a linear motion or rotary motion is powered by a

prime mover. A prime mover is an equipment that produces mechanical power by

using thermal power, electricity, hydraulic power, steam, gas, etc. Examples of

the prime mover include a gas turbine, an internal combustion engine, and an

electric motor. Among these, the electric motors have recently become one of the

most important prime movers and their use is increasing rapidly. Nearly 70% of

all the electricity used in the current industry is used to produce electric power in

the motor-driven system [1].

Electric motors can be classified into two different kinds according to the type

of the power source used as shown in Fig. 1.1: direct current (DC) motor and

alternating current (AC) motor. The recently developed brushless DC motor is

hard to be classified as either one of the motors since its configuration is similar

to that of a permanent magnet synchronous motor (AC motor), while its electrical

characteristics are similar to those of a DC motor.

The first electric motor built was inspired by Michael Faraday’s discovery of

electromagnetic induction. In 1831, Michael Faraday and Joseph Henry simulta-

neously succeeded in laboratory experiments in operating the motor for the first

time. Later in 1834, M. Jacobi invented the first practical DC motor. The DC

motor is the prototype of all motors from the viewpoint of torque production. In

1888, Nikola Tesla was granted a patent for his invention of AC motors, which

include a synchronous motor, a reluctance motor, and an induction motor. By

1895, the three-phase power source, distributed stator winding, and the squirrel-

cage rotor had been developed sequentially. Through these developments, the

three-phase induction motors were finally made available for commercial use in

1896 [2].

Traditionally among the developed motors, DC motors have been widely used

for speed and position control applications because of the ease of their torque

control and excellent drive performance. On the other hand, induction motors

have been widely used for a general purpose in constant-speed applications

because of their low cost and rugged construction. Induction motors account for

about 80% of all the electricity consumed by motors.

Until the early 1970s, major improvement efforts were made mainly toward

reducing the cost, size, and weight of the motors. The improvement in magnetic

material, insulation material, design and manufacturing technology has played a

Electric Motor Control. DOI: http://dx.doi.org/10.1016/B978-0-12-812138-2.00001-5
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major role and made a big progress. As a result, a modern 100-hp motor is the

same size as a 7.5-hp motor used in 1897. With the rising cost of oil price due to

the oil crisis in 1973, saving the energy costs has become an especially important

matter. Since then, major efforts have been made toward improving the efficiency

of the motors. Recently, rapidly increasing energy costs and a strong global inter-

est in reducing carbon dioxide emissions have been encouraging industries to pay

more attention to high-efficiency motors and their drive systems [1].

Along with the improvement of motors, there have been many advances in

their drive technology. In the 1960s, the advent of power electronic converters

using power semiconductor devices enabled the making of motors with operation

characteristics tailored to specific system applications. Moreover, using microcon-

trollers with high-performance digital signal processing features allowed the engi-

neers to apply advanced control techniques to motors, greatly increasing the

performance of motor-driven systems.

Electric
motors 

Asynchronous
(induction motor)

Synchronous

Permanent magnet

Wound rotor

Squirrel-cage rotor

Permanent magnet
SPM

IPM

Shunt

Wound field

Series

Compound

Wound field

Brushless DC

Reluctance

Synchronous
reluctance 

Switched
reluctance 

BLAC motor

AC

DC

Separately excited

Self-excited

FIGURE 1.1

Classification of electric motors: AC motor and DC motor.
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1.1 FUNDAMENTAL OPERATING PRINCIPLE
OF ELECTRIC MOTORS

1.1.1 CONFIGURATION OF ELECTRIC MOTORS

An electric motor is composed of two main parts: a stationary part called the

stator and a moving part called the rotor as shown in Fig. 1.2. The air gap

between the stator and the rotor is needed to allow the rotor to spin, and the

length of the air gap can vary depending on the kind of motors.

The stator and the rotor part each has both an electric and a magnetic circuit.

The stator and the rotor are constructed with an iron core as shown in Fig. 1.3,

through which the magnetic flux created by the winding currents will flow and

which plays a role of supporting the conductors of windings. The current-carrying

Rotor

Stator

Conductors

Rotor

S N
S

N

ConductorsStator

Air gap

Rotor

Stator

(A) (B) (C)

FIGURE 1.2

Configuration of electric motors. (A) DC motor, (B) AC synchronous motor, and (C) AC

induction motor.

Stator 
Rotor

Iron core

Conductors

Slot

Stator sheet Rotor sheet 

FIGURE 1.3

Electric and magnetic parts of electric motors.
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conductors inserted into slots in the iron core form the electric circuit. When the

current flows in these conductors, a magnetic field is created through the iron

core, and the stator and the rotor each becomes an electromagnet.

To obtain a greater magnetic flux for a given current in the conductors, the

iron core is usually made up of ferromagnetic material with high magnetic perme-

ability, such as silicon steel. In some cases, the stator or the rotor creates a mag-

netic flux by using a permanent magnet.

1.1.2 BASIC OPERATING PRINCIPLE OF ELECTRIC MOTORS

All electric motors are understood to be rotating based on the same operating

principle. As shown in Fig. 1.4A, there are generally two magnetic fields formed

inside the motors. One of them is developed on the stationary stator and the other

one on the rotating rotor. These magnetic fields are generated through either ener-

gized windings, use of permanent magnets, or induced currents. A force produced

by the interaction between these two magnetic fields gives rise to a torque on the

rotor and causes the rotor to turn. On the other hand, some motors, such as the

reluctance motor, use the interaction between one magnet field and a magnetic

material, such as iron, but they cannot produce a large torque (Fig. 1.4B). Most

motors in commercial use today including DC, induction, and synchronous motors

exploit the force produced through the interaction between two magnetic fields to

produce a larger torque.

The torque developed in the motor must be produced continuously to function

as a motor driving a mechanical load. Two motor types categorized according to

the used power source, i.e., DC motor and AC motor, have different ways of

achieving a continuous rotation. Now, we will take a closer look at these methods

for achieving a continuous rotation.

N

Magnetic
material 

N

S

Rotor
magnetic field 

Stator
magnetic field 

TorqueTorque

(A) (B)

NS S

FIGURE 1.4

Rotation of electric motors. (A) Two magnetic fields and (B) one magnetic field and

magnetic material.
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1.1.2.1 Direct current motor
The simple concept for the rotation of a DC motor is that the rotor rotates by

using the force produced on the current-carrying conductors placed in the mag-

netic field created by the stator as shown in Fig. 1.5A. Alternatively, we can con-

sider the operating principle of a DC motor from the viewpoint of two magnetic

fields as shown in Fig. 1.4A as follows.

There are two stationary magnetic fields in a DC motor as shown in Fig. 1.5B.

One stationary magnetic field is the stator magnetic field produced by magnets or

a field winding. The other is the rotor magnetic field produced by the current in

the conductors of the rotor. It is important to note that the rotor magnetic field is

also stationary despite the rotation of the rotor. This is due to the action of

brushes and commutators, by which the current distribution in the rotor conduc-

tors is always made the same regardless of the rotor’s rotation as shown in

Fig. 1.5A. Thus the rotor magnetic field will not rotate along with the rotor.

A consistent interaction between these two stationary magnetic fields produces a

torque, which causes the rotor to turn continuously. We will study the DC motor

in more detail in Chapter 2.

1.1.2.2 Alternating current motor
Unlike DC motors that rotate due to the force between two stationary magnetic

fields, AC motors exploit the force between two rotating magnetic fields. In AC

motors both the stator magnetic field and the rotor magnetic field rotate, as shown

in Fig. 1.6.

As it will be described in more detail in Chapter 3, these two magnetic fields

always rotate at the same speed and, thus, are at a standstill relative to each other

and maintain a specific angle. As a result, a constant force is produced between

them, making the AC motor is to run continually. The operating principle of the

Field
winding 

Brush Armature
conductors

No position
change of rotor
magnetic field

Stator
magnetic field

i

No change of
current distribution 

N

S

Rotor
magnetic field

Torque

EquivalenceNS NS

Torque

(A) (B)

FIGURE 1.5

Operating principle of the DC motor. (A) Rotor current and stator magnetic field and

(B) two magnetic fields.
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AC motor is that the force produced by the interaction between the two rotating

magnetic fields causes the rotor to turn.

In AC motors, the rotating magnetic field on the stator is created by three-

phase currents. When a three-phase AC power source is applied to the three-phase

stator windings of the AC motor, the three-phase currents flowing in these wind-

ings create a rotating magnetic field. We will examine the rotating magnetic field

in more detail in Chapter 3.

There are two kinds of AC motors: a synchronous motor and an induction

(asynchronous) motor. They generate the rotor magnetic field differently, whereas

they generate the stator magnetic field in the same way. In a synchronous motor as

depicted in Fig. 1.2B, the magnetic field on the rotor is generated either by a per-

manent magnet or by a field winding powered by a DC power supply separated

from the stator AC power source. In this motor, the rotor magnetic field is station-

ary relative to the rotor. Hence, to produce a torque, the rotor should rotate at the

same speed as the stator rotating magnetic field. This speed is called the synchro-

nous speed. This is why this motor is referred to as the synchronous motor.

On the other hand, in an induction motor as shown in Fig. 1.2C, the rotor

magnetic field is generated by the AC power. The AC power used in the rotor

excitation is transferred from the stator by electromagnetic induction. Because of

this crucial feature, this motor is referred to as the induction motor. In an induc-

tion motor, the rotor magnetic field rotates relative to the rotor at some speed. To

produce a torque, the stator and the rotor rotating magnetic fields should rotate at

the same speed. This requires that the rotor itself rotate at the speed difference

between the stator and rotor rotating magnetic fields. More precisely, the rotor

rotating magnetic field rotates at the speed difference between the stator rotating

magnetic field and the rotor. To use the rotor excitation by electromagnetic induc-

tion, the rotor speed should always be less than the synchronous speed. Thus the

induction motor is also called the asynchronous motor.

Among the motors, DC motors have largely been used for speed and torque

control because of their simplicity. Their simplicity comes from the fact that the

speed of a DC motor is proportional to the voltage, and its torque is proportional

N

S

S

S
N

N

Rotor
electromagnetStotor

electromagnet
(rotating)

It follows stator
electromagnet 

FIGURE 1.6

Operating principle of the AC motor.
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to the current. However, since DC motors require periodic maintenance of the

brushes and commutators, the trend has recently moved toward employing

maintenance-free AC motors as they can offer high performance at a reasonable

price.

As mentioned earlier, electric motors can operate on the fundamental principle

that the torque produced from the interaction between the magnetic fields gener-

ated in the stator and the rotor causes the motor to run. Now, we will take a look

at the requirements that ensure continuous torque production by the motor.

1.2 REQUIREMENTS FOR CONTINUOUS TORQUE
PRODUCTION [3]

An electric motor is a type of electromechanical energy conversion device that

converts electric energy into mechanical energy. The principle of torque produc-

tion in a motor can be understood by analyzing its energy conversion process.

Electromechanical energy conversion devices normally use the magnetic field as

an intermediate in their energy conversion processes. Thus an electromechanical

energy conversion device is composed of three different parts: the electric system,

magnetic system, and mechanical system as shown in Fig. 1.7.

Now, we will examine the mechanism of torque production of a motor by

looking at how the force (or torque) is being produced inside the electromechani-

cal energy conversion device.

To evaluate the force (or torque) produced inside the energy conversion devices,

we will apply the law of conservation of energy: “within an isolated system, energy

can be converted from one kind to another or transferred from one place to another,

but it can neither be created nor destroyed.” Therefore the total amount of energy

is constant. Fig. 1.8 shows an application of the law of conservation of energy

when the electromechanical energy conversion device is acting as a motor.

Suppose that electric energy dWe is supplied to the energy conversion device

during the differential time interval dt. The supplied electric energy dWe is con-

verted to field energy dWf in the magnetic system, and to mechanical energy dWe

in the mechanical system.

Electric
energy

Magnetic
energy

Mechanical
energy

Electric system Magnetic system Mechanical system

Electromechanical energy conversion device

FIGURE 1.7

Electromechanical energy conversion.
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In addition a small amount of electric energy dWe is converted into losses in

each of the three parts: copper losses in an electric system, core losses such as

hysteresis and eddy current losses in a magnetic system, and mechanical losses

such as friction and windage losses. Since these losses may be dissipated in the

form of heat or noise, we can leave out these losses in the process of evaluating

the force or torque production in the energy conversion process. Therefore the

energy conversion equation in Fig. 1.8 may be written as

dWe 5 dWf 1 dWm (1.1)

1.2.1 MAGNETIC ENERGY

In electric machines, including a motor, the magnetic flux is normally produced

by the coil wound on an iron core as shown in Fig. 1.9. Because ferromagnetic

materials such as an iron core have high permeability, much greater magnetic

flux can be developed in the iron core for a given current than when the magnetic

flux is developed in the air. Now, we will take a look at magnetic energy Wf

stored in the magnetic system, where magnetic flux φ is developed in the iron

core as shown in Fig. 1.9.

Electromechanical energy conversion device

Electric
energy input
from source

Stored energy
in coupling field

Mechanical
energy output

Energy
losses= + +

FIGURE 1.8

Equation of energy conservation for a motor.

φλ N=

i

Iron
core 

Coil

Magnetic flux

φ

FIGURE 1.9

Coil wound on an iron core.
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First, we need to know the relationship between the magnetic flux φ produced

in the core and the coil current i in this magnetic system. Fig. 1.10 demonstrates

this relationship, which is the B-H characteristic called magnetization curve.

In the beginning of the curve, the magnetic flux φ increases rapidly in proportion

to the increase in the coil current i until it reaches a certain value. The region

where the magnetic flux is linearly related to the applied current like this is called

the linear region or unsaturated region.

However, above that certain value, further increases in the current produce rel-

atively smaller increases in the magnetic flux. Eventually an increase in the cur-

rent will produce almost no change at all in the magnetic flux. The region where

the curve flattens out is called the saturation region, and the iron core is said to

be saturated. When the saturation occurs, any further increase in the current will

have little or no effect on the increase of the flux. In electric machines, the mag-

netic flux is designed to be produced as much as possible because their torque is

directly proportional to the magnetic flux. Thus most electric machines normally

operate near the knee of the magnetization curve, which is the transition range

between the two regions.

Electric machines produce the magnetic flux by using coils, which normally

consist of many turns. Thus, instead of the magnetic flux φ, the concept of flux

linkage λ as a product of the number of turns N and the magnetic flux φ linking

each turn is introduced. The flux linkage of N-turn coil can be given by

λ5Nφ ðWb-turnsÞ (1.2)

The flux linkage λ can also be related to the coil current i by the definition of

inductance L through the following relation.

L5
λ
i
5N

φ
i

ðH or Wb=AÞ (1.3)

A larger inductance value of the magnetic system implies that the same cur-

rent can produce a larger flux linkage. Eq. (1.3) shows that the slope of the curve

in Fig. 1.10 is the inductance of this magnetic system as shown in Fig. 1.11.

,φ

Linear region

Saturation region

,i

),( φλ N=

)( NiF =

B

H,

FIGURE 1.10

Flux�current characteristic.
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The inductance is large and relatively constant in the unsaturated region but grad-

ually drops to a very low value as the core becomes heavily saturated.

Now, we will take a look at magnetic energy Wf stored in the magnetic sys-

tem, where magnetic flux φ is developed in the iron core as shown in Fig. 1.12.

The λ2 i characteristic of the magnetic system varies with the air-gap length

x. Thus the inductance LðxÞ of the coil is expressed as a function of the air-gap

length x. As the air-gap length x increases, the slope of the λ2 i curve becomes

smaller and results in smaller inductance as shown in Fig. 1.12.

The inductance L of the magnetic system is inversely related to its reluctance

ℜ, which is defined as the ratio of magnetomotive force (mmf) Fð5NiÞ to mag-

netic flux φ, as in the following relation.

L5
λ
i
5

Nφ
i

5
N2

ℜ
~

1

ℜ
ðF5ℜφ5NiÞ (1.4)

Now, assume that the source voltage v is applied to the terminals of the

N-turn coil on the iron core during dt as shown in Fig. 1.13. Then, the current i

L

iCurrent

Inductance

Saturation
regionLinear

region

FIGURE 1.11

Inductance of the coil.

φ

φλ N=

x

i

Air gap

λ

Air gap increase
(= reluctance increase)  

i

FIGURE 1.12

Flux�current characteristic according to the variation of an air-gap length.
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will flow in that coil. The resulting mmf Fð5NiÞ will produce a magnetic flux φ
in the core and establish flux linkage λð5NφÞ in the coil. Now, we will discuss

the energy stored in the magnetic system.

MAGNETOMOTIVE FORCE (MMF) AND MAGNETIC FLUX
Magnetic flux φ is indispensable in producing torque in motors. The force that is capable of

producing a magnetic flux is called magnetomotive force or mmf F. In general, mmf is generated

by current, so the source of magnetic flux is the current. When the current I is flowing through an

N-turn coil, the mmf F is expressed by NI (A-turn), i.e., F5NI. For a given mmf, the magnitude

of the developed flux depends on the length of the closed-path through which the flux passes. The

longer the length, the lower the flux density will be. Thus the magnetic field intensity H, which

represents mmf per length, will be used instead of the mmf.

mmf 5F5NI5

þ
Hdl- H5

mmf

l
5

NI

l
ðA=mÞ

Also, for a given magnetic field intensity, the flux density will be different depending on the

material through which the flux passes. For example, high flux density can be created in iron or

steel but not in air gap as in the following figure.

I

HBHB rr μμμ 000 =<<=

φ
A

Iron

rμμ <<0

l

NIF =

N

NIF =

N

l

0φ

This magnetic characteristic can be described in terms of relative permeability μr in reference

to permeability μ0 of free space. Thus the magnetic flux density B produced by the current can be

represented as

B5μ0μrH ðWb=m2Þ

(Continued)

φλ N=

i
φ

R

v e
+

–

+
Power
supply –

FIGURE 1.13

Magnetic system connected to source voltage.
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MAGNETOMOTIVE FORCE (MMF) AND MAGNETIC FLUX (CONTINUED)
The total magnetic flux flowing through the cross section A of a magnetic circuit in an

uniform magnetic flux density B can be expressed as

φ5

ð
A

B � ndA5BAcos θ ðWbÞ

where θ is the angle between the magnetic field lines and the surface A. Similar to the relation

between the current and the voltage by Ohm’s law in the electric circuit, there is a following

relationship between the mmf F and the flux φ in the magnetic circuit.

F5ℜφ

where ℜ is called reluctance and is inversely proportional to permeability.

In the system of Fig. 1.13, the electric energy dWe supplied during the differ-

ential time interval is expressed from input power P(5 vi) as

dWe 5Pdt5 vidt (1.5)

The supplied electric energy after subtracting the copper loss produced by cur-

rent in the coil is stored as the magnetic field energy. i.e.

dWf 5 ðvi2Ri2Þdt5 ðvi2RiÞdt5 eidt (1.6)

where e is back-EMF voltage induced in the coil.

Since the back-EMF voltage e on the N-turn coil is proportional to the rate of

change of flux linkage λ with time, i.e., e5 dλ=dt, Eq. (1.5) can be given by

dWf 5 eidt5 idλ (1.7)

When the flux linkage is increased from zero to λ, the total energy stored in

the magnetic system is

dWf 5

ðλ
0

idλ (1.8)

This magnetic energy is the area to the left of the λ2 i curve as shown

in Fig. 1.14. On the other hand, the area to the right of λ2 i curve is known as

coenergy W 0
f , which is a useful quantity for the calculation of force and can be

expressed as

W 0
f 5

ðλ
0

λdi (1.9)

For the linear system in which the λ2 i curve is a straight line, the magnetic

energy is equal to the coenergy. The magnetic system that has an air gap in the

flux path becomes a linear system.
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BACK-ELECTROMOTIVE FORCE (BACK-EMF), OR INDUCED VOLTAGE e
Faraday’s law states that the voltage e induced in the turn of a coil is directly proportional to the rate of

change in the flux φ passing through that turn with respect to time. If there are N turns in the coil and

the same flux passes through each turn of the coil, then the total voltage induced on the coil is given by

e5N
dφ
dt

5
dλ
dt

N

i

N

i ee

λ λ

According to Lenz’s law, the direction of the induced voltage opposes the change of the flux

that causes it, and thus a minus sign is included in the equation above.

1.2.2 LINEAR MOTION DEVICE

Now, we will look at the force developed inside a movable energy conversion

device. Before looking into rotating machines, we will first study the linear

motion device, which consists of a fixed part (also called stator) and a moving

part as shown in Fig. 1.15.

λ

i

i−λ

Wf

fW ′
Coenergy

i−λ

fW

fW ′
Coenergy

Constant
inductance

Magnetic
energy : a function of

current  
)(iL

Curve Curveλ

i

fW ′fW =

(A) (B)

FIGURE 1.14

Magnetic energy in the flux�current characteristic. (A) Linear system and (B) nonlinear

system.
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If a magnetic flux is produced by the current flowing through the coil of N

turns in this device, then, as seen in everyday experiences, we can easily know

that the movable part will move toward the stator as shown in Fig. 1.16. Now, we

will discuss the force that causes this motion.

The current I of the coil is assumed to remain the same before and after the

movable part moves. Suppose that the movable part moves from position x1 to

position x2. The length of the air gap is changed as a result of the movement.

This also changes the λ2 i characteristic of the system as shown in Fig. 1.17.

The air gap decreases according to the movement, resulting in a decrease of reluc-

tance so that the flux linkage increases from λ1 to λ2. The operating point

will move from A to B. The trajectory of the movement depends on the moving

speed. So, we will find the force acting on the movable part for the two extreme

moving speeds.

Stator

R

v
+

–

x
Air-gap

Movable
part

FIGURE 1.15

Linear motion device.

R

v e
+

–

+
λ = Nφ

–

1x

i

2x

φ

φ

Movement

Stator

Movable
part

FIGURE 1.16

Movement of the movable part.
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First, suppose that the movement occurs very rapidly. In this case, the move-

ment is so rapid that it may be completed before any significant change has

occurred in flux linkage λ. Thus, during the movement, the flux linkage λ1 remains

constant so that the operating point moves from A to C as shown in Fig. 1.17.

After the completion of the movement, the flux linkage will be changed from

λ1 to λ2 and the operating point will move from C to B. During the movement,

the flux linkage does not change and this results in zero back-EMF, so the electri-

cal energy input will be zero, i.e. dWe 5 eidt5 idλ5 0. Therefore Eq. (1.1) can

be written as

dWm 52 dWf (1.10)

This equation indicates that the mechanical energy needed for the movement

is supplied entirely by the magnetic energy. The amount of the reduced magnetic

energy for the movement corresponds to the shaded area OAC of the λ2 i

characteristic.

Considering the force to be defined as the mechanical work done dWm per

displacement dx, the developed force during this movement from Eq. (1.10) is

fm 5
dWm

dx
52

dWf ði; xÞ
dx

����
λ5constant

(1.11)

This implies that the force acts in the direction at which the magnetic energy

of the system is decreasing.

Now, we will express the force of Eq. (1.11) in terms of the coil current.

Assume for simplicity that the λ2 i characteristic is linear. The magnetic energy

of Eq. (1.8) can be expressed as

Wf 5

ð
idλ5

ð
λ

LðxÞ dλ5
λ2

2LðxÞ 5
1

2
LðxÞi2 (1.12)

λ

i

1λ C

B

A

2λ 1xx =
2xx =

I

Air gap decrease

0

)( fm WdWd −=Constant flux linkage
during movement

FIGURE 1.17

Flux linkage�current characteristic (rapid movement of the movable part).
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By substituting Eq. (1.12) into the force of Eq. (1.11), we obtain

fm 52
dWf ði; xÞ

dx

����
λ5constant

52
d

dx

 
λ2

2LðxÞ

!�����
λ5constant

5
λ2

2L2ðxÞ
dLðxÞ
dx

5
1

2
i2
dLðxÞ
dx

(1.13)

Eq. (1.18) indicates that the force acts in the direction that increases the

inductance of the magnetic system. Since the direction that increases the induc-

tance is the direction that decreases the length of the air gap, the force is exerted

on the movable part moving toward the stator.

From this, we can explain the attractive force between an electromagnet (or

magnet) and magnetic materials. When an electromagnet and a magnetic material

cling to each other without an air gap, the system has the greatest inductance.

Thus an attractive force between the two objects is developed to move them

toward each other.

Next, suppose that the movable part moves very slowly. In this case, the

current i5 ðv2 eÞ=R remains constant during the movement. This is because

the back-EMF eð5 dλ=dtÞ is negligibly small. Therefore the operating point on

the λ2 i characteristic moves upward from A to B as shown in Fig. 1.18.

During this movement the change in the electric energy is given by

dWe 5 eidt5 idλ5 iðλ2 2λ1Þ (1.14)

This corresponds to the area ABEF. In this case, the amount of change in the

stored magnetic energy from Eq. (1.8) is given by

dWf 5

ðλ2

0

idλ2
ðλ1

0

idλ5Area OBE2Area OAF (1.15)

1λ

B

A

2λ 1xx =
2xx =

0

Coenergy

F

E

mdW

I

λ

i

'
fdW

Air gap decrease

Constant current
during movement

FIGURE 1.18

Flux linkage�current characteristic (very slow movement of the movable part).
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Therefore, from Eq. (1.1), the mechanical energy required for the movement is

dWm 5 dWe 2 dWf (1.16)

By substituting Eqs. (1.14) and (1.15) into Eq. (1.16), it can be readily seen

that the mechanical energy corresponds to the shaded area OAB of the λ2 i char-

acteristic and is equal to the increments of coenergy dW 0
f . Consequently, the used

mechanical energy for the movement is equal to the increments of coenergy dW 0
f

during the movement as shown in the following.

dWm 5 dW 0
f (1.17)

Therefore the developed force during this movement is

fm 5
dWm

dx
5
dW 0

f ði; xÞ
dx

����
i5constant

(1.18)

This force acts in the direction of the increasing coenergy of the system.

The force for a slow movement is expressed in the same way as for a rapid

movement. For a linear system dWf 5 dW 0
f , by substituting Eq. (1.12) into (1.18),

we obtain

fm 5
dW 0

f ði; xÞ
dx

����
i5constant

5
dWf ði; xÞ

dx

����
i5constant

5
d

dx

 
1

2
LðxÞi2

!�����
i5constant

5
1

2
i2
dLðxÞ
dx

(1.19)

This is the same conclusion as was reached in Eq. (1.13), meaning that the

force is the same regardless of the moving speed.

This force can also be expressed in terms of the reluctance ℜ. The magnetic

energy of Eq. (1.8) expressed as a function of reluctance ℜ is

Wf 5

ðλ
0

idλ5

ðφ
0

Fdφ5

ðφ
0

ℜφdφ5
1

2
ℜðxÞφ2 (1.20)

From Eq. (1.20), the force of Eq. (1.11) is

fm 52
d

dx

1

2
ℜðxÞφ2

� �����
φ5constant

52
1

2
φ2 dℜðxÞ

dx
(1.21)

This means that the force acts in the direction that decreases the reluc-

tance of the magnetic system. Since the decrease in the air-gap length causes

the reluctance to decrease, the force is exerted on the movable part moving

toward the stator. Next, we will discuss the torque production in rotating

machines.
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1.2.3 ROTATING MACHINE

We will first start examining the machine in Fig. 1.19, which produces a rota-

tional motion. The rotating machine consists of a fixed part (called stator) and a

moving part (called rotor).

The rotor is mounted on a shaft and is free to rotate between the poles of the

stator.

The force that causes a rotor to rotate can be expressed as torque, which is the

mechanical work done per rotational distance or angle θ as follows:

T 5
dWm

dθ
(1.22)

In the machine shown in Fig. 1.18, when current is flows in the stator coil, a

magnetic flux is produced, and the developed torque from Eqs. (1.12) and (1.22)

acting on the rotor can be expressed as

T 5
1

2
i2s
dLðθÞ
dθ

52
1

2
φ2 dℜðθÞ

dθ
(1.23)

This torque results from the variation of reluctance (or inductance) with rotor

position, and thus is called the reluctance torque. A machine using this torque is

known as the reluctance motor. For motors of a cylindrical rotor configuration,

since the reluctance does not vary with the rotor position, the reluctance torque

cannot be produced.

Now, we will take a look at the necessary condition for ensuring that this machine

continuously rotates to serve as a motor. First of all, it is not hard to consider that, if

there is a DC current flowing in the coil, this machine never operates as a continu-

ously rotating motor. Therefore we will consider the case in which the winding is

excited from an AC current isð5 ImcosωstÞ. In this case, the torque of Eq. (1.23) can

be expressed in terms of the stator current is and the stator self-inductance Lss as

T5
1

2
i2s
dLssðθÞ
dθ

(1.24)

where the inductance Lssð5λs=isÞ is defined as the ratio of the total flux linkage

λs in the stator coil to the stator current is generating the flux.

Stator

Rotor

R

e
–

+
φλ Ns =si

θ

T
mω

θ = 0°

v
+

–
Power
supply

FIGURE 1.19

Rotating machine.
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The self-inductance Lss in the machine of Fig. 1.19 varies with the angular

position θ of the rotor as shown in Fig. 1.20.

There are two cycles of inductance during one revolution of a rotor. When

θ5 0�, the air gap is the smallest and the inductance Lss becomes the maximum

value Lmax. When θ5 90�, the air gap is the largest and the inductance becomes

the minimum value Lmin. In this way, the stator self-inductance Lss varies with the

rotor position θ in a sinusoidal manner and can be expressed as

LssðθÞ5 L0 1L2 cos 2θ (1.25)

where L0 5 ðLmax 1LminÞ=2; L2 5 ðLmax 2 LminÞ=2.
Substitution of Eq. (1.25) into Eq. (1.24) yields

T5
1

2
i2s
dLssðθÞ
dθ

52 I2mL2 sin 2θcos2ωst (1.26)

If the rotor is rotating at a constant angular velocity ωm, then the angular posi-

tion θ of the rotor can be given by

θ5ωmt1 δ (1.27)

where δ is the initial angular position of the rotor.

SELF-INDUCTANCE AND MUTUAL-INDUCTANCE
The inductance L of a coil is defined as the flux linkage per ampere of current in the coil.

• Self-inductance: Self-inductance is the flux linkage produced in the winding by the current in

that same winding divided by that current.
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FIGURE 1.20

Self-inductance Lss profile with respect to the rotor position.
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SELF-INDUCTANCE AND MUTUAL-INDUCTANCE (CONTINUED)
• Mutual-inductance: Mutual-inductance is the flux linkage produced in one winding by the

current in the other winding divided by that current.

rNsN

srφ

ri

,
r

srs
sr i

NL φ=
s

rsr
rs i

NL φ=

Also, we consider ωm to be positive when the position θ is increasing (clock-

wise motion). Substitution of Eq. (1.27) into Eq. (1.26) yields

T 52 I2mL2sin 2ðωmt1 δÞ 11 cos 2ωst

2

52
1

2
I2m

�
L2sin 2ðωmt1 δÞ1 1

2
sin 2ð ωm 1ωs½ �t1 δÞ1 1

2
sin 2ð ωm 2ωs½ �t1 δ

� (1.28)

The three sin terms on the right side of Eq. (1.28) are functions of time t

whose average value is zero. The average value of this torque is, therefore, zero.

This means that a constant torque cannot be developed in this machine for any

direction. Therefore this machine cannot operate as a continuously rotating motor.

However, if ωm 5 0 or ωm 5 6ωs, then a nonzero average torque can be pro-

duced. The case of ωm 5 0 will be excluded since this indicates nonrotating.

Consequently the requirement for a continuous rotation is ωm 5ωs. This requires

that the rotor must rotate at the speed equal to the angular frequency ωs of the

exciting current, which is also called synchronous speed. In this case this machine

can operate as a continuously rotating motor and its average torque becomes

Tavg 52
1

4
I2mL2sin 2δ52

1

8
I2mðLmax 2LminÞsin 2δ (1.29)

The average developed torque depends on the inductance difference

(Lmax 2 Lmin) and the initial rotor position δ. The maximum torque occurs when

δ52 45�. Since the torque in this motor caused by the variation of reluctance (or

inductance) with rotor position can be developed only at the synchronous speed,

this motor is called synchronous reluctance motor.

Next, we will examine the necessary condition for a continuous rotation of the

doubly fed machine in which both the stator and the rotor have windings carrying

currents as shown in Fig. 1.21. Typical electric motors such as a DC motor, an

induction motor, and a synchronous motor belong to the doubly fed machine.
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Assume that this machine is a linear system, in which the magnetic energy

and the coenergy are the same, i.e., Wf 5W 0
f . Similar to the force of Eq. (1.19),

the torque of this machine can be obtained from

T 5
dW 0

f ði; θÞ
dθ

����
i5constant

5
dWf ði; θÞ

dθ

����
i5constant

(1.30)

To evaluate this torque, we need to obtain the magnetic energy Wf in this

machine. When the magnetic field is established by winding currents is and ir, the

stored magnetic energy Wf can be easily derived by locking the rotor at an arbi-

trary position, which makes it produce no mechanical output. If there is no

mechanical output, then the magnetic field energy increment during dt is

dWf 5 dWe 5 esisdt1 erirdt5 isdλs 1 irdλr (1.31)

Here, the stator flux linkage λs consists of λss produced by the stator current is
and λsr produced by the rotor current ir. This stator flux linkage can be expressed

as functions of currents and inductances of windings as

λs 5λss 1λsr 5Lssis 1 Lsrir (1.32)

where Lssð5λss=isÞ is the self-inductance of the stator winding, and Lsrð5λsr=irÞ
is the mutual-inductance between the stator and rotor windings.

The flux linkage λr in the rotor winding also consists of λrr produced by the rotor

current ir and λrs produced by the stator current is. This rotor flux linkage λr is

expressed by

λr 5λrr 1λrs 5Lrrir 1Lrsis (1.33)

where Lrrð5λrr=irÞ is the self-inductance of the rotor winding, and Lrsð5λrs=isÞ
is the mutual-inductance between the stator and rotor windings. For a linear mag-

netic system, Lsr 5 Lrs.
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FIGURE 1.21

Doubly fed machine.

Modified from G.R. Slemon, A. Straughen, Electric Machines, Addison-Wesley, 1980 (Chapter 3); P.C. Sen,

Principles of Electric Machines and Power Electronics, John Wiley & Sons, 1996.
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In the doubly fed machine in Fig. 1.21, both self-inductances Lss; Lrr and

mutual-inductances Lsr ;Lrs vary with the rotor position θ. For example, when

θ5 0�, at which the length of the air gap is the minimum, the reluctance of the

system is the minimum and the inductance becomes the largest. Thus λs and λr

are functions of rotor position θ.
Substitution of Eqs. (1.32) and (1.33) into Eq. (1.31) yields

dWf 5 isdðLssis 1 irdLsrirÞ1 irdðLsris 1 irdLrrirÞ
5 Lssisdis 1 Lrrirdir 1LsrdðisirÞ

(1.34)

Assuming that the rotor current is increased from zero to ir after the stator

current is increased from zero to is, the total stored magnetic energy will be

Wf 5 Lss

ðis
o

isdis 1 Lrr

ðir
0

irdir 1Lsr

ðis ;ir
0

dðisirÞ

5
1

2
Lssi

2
s 1

1

2
Lrri

2
r 1 Lsrisir

(1.35)

By substituting Eq. (1.35) into Eq. (1.30), the torque is expressed by

T 52
dWf ði; θÞ

dθ

����
i5constant

5
1

2
i2s
dLss

dθ
1

1

2
i2r
dLrr

dθ
1 isir

dLsr

dθ

(1.36)

This torque expression is derived in the condition in which the rotor is locked

to produce no mechanical output. Even if the rotor is rotating, we can obtain the

same torque expression [3].

In Eq. (1.36), the first two terms on the right side represent reluctance torques

involving a change of self-inductances according to the rotor position θ. The last

term involving a change of mutual-inductance expresses the electromagnetic tor-

que formed by the interaction of two fields produced by the stator and rotor cur-

rents is and ir. Typical rotating motors such as a DC motor, an induction motor,

and a synchronous motor are based on this torque.

In the previous section, we saw that the reluctance motor must run at the

speed equal to the angular frequency of the exciting current for developing an

average torque. In the doubly fed machine, if the stator and the rotor currents dif-

fer in their operating frequency, then the motor will need to be synchronized at

two different speeds for producing an average torque. Only one of the two can be

satisfied at a time, and the other torque term will be oscillatory. This will result

in an unwanted speed oscillation. However, we can solve this problem by elimi-

nating one or both of the reluctance torque terms in Eq. (1.36).

First, we will eliminate the reluctance torque term involving a change in the

stator self-inductance. We can realize this by making the rotor configuration

cylindrical as shown in Fig. 1.22.
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In the cylindrical rotor configuration, the stator self-inductance Lss becomes

constant since the magnetic path becomes constant for the flux produced by the

stator winding regardless of the rotor position. Thus

dLss

dθ
5 0 (1.37)

Therefore the reluctance torque term due to the stator excitation will disappear

from Eq. (1.36).

Furthermore, if we make the stator into a hollow cylinder coaxial with the

rotor as shown in Fig. 1.23, then the rotor self-inductance Lrr becomes constant

regardless of the rotor position. Thus

dLrr

dθ
5 0 (1.38)

This will lead to a disappearance of the second reluctance torque term due to

rotor excitation.
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Rotor winding axis

Stator winding axis

FIGURE 1.23

Cylindrical stator and rotor configurations.
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FIGURE 1.22

Cylindrical rotor configuration.
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We can see that no reluctance torque production results in a cylindrical

machine that has both the stator and the rotor in the cylindrical configuration.

This cylindrical machine produces only the torque involving a change of mutual-

inductance between the stator and the rotor windings as given by

T 5 isir
dLsr

dθ
(1.39)

Even in the cylindrical machine, this mutual-inductance can be varied by

changing the relative positions of the stator and the rotor windings according to

the rotor position.

Now, we will look at the necessary condition for the cylindrical machine to

produce a torque continuously. Suppose that the currents in the stator and the

rotor windings are

is 5 Ismcos ωst (1.40)

ir 5 Irmcos ðωrt1αÞ (1.41)

If the axes of the two windings are aligned, i.e., when θ5 0� as in Fig. 1.23,

then the linking flux of the two windings will become a maximum, which will

make the mutual-inductance its maximum as well. Thus the mutual-inductance

according to the position of the rotor can be expressed as

Lsr 5Lmcos θ (1.42)

where Lm is the maximum mutual-inductance and θ is the angle between the sta-

tor and the rotor winding axes. The position of the rotor at instant t with the angu-

lar velocity ωm of the rotor is

θ5ωmt1 δ (1.43)

where δ is the initial rotor position at t5 0.

Substitution of Eqs. (1.40), (1.41) and (1.42) into Eq. (1.39) yields

T 5 isir
dLsr

dθ

52 IsmIrmLmcos ωstUcos ðωrt1αÞUsin ðωmt1 δÞ

52
IsmIrmLm

4
sin
�ðωm 1 ðωs 1ωrÞÞt1α1 δÞ� 	

1sin ðωm 2 ðωs 1ωrÞÞt1α1 δÞ� 	
1sin ðωm 1 ðωs 2ωrÞÞt1α1 δÞ� 	
1sin ðωm 2 ðωs 2ωrÞÞt1α1 δÞ� 	


(1.44)

Since averaging over one period of the sinusoidal function is zero, the average

torque of Eq. (1.44) will also be zero. However, an average torque can be devel-

oped if the coefficient of t in sinusoidal terms of Eq. (1.44) is zero. This needs to

satisfy the following condition.

ωmj j5 ωs 6ωrj j (1.45)
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Typical electric motors such as a DC motor, an induction motor, and a syn-

chronous motor meet this condition in different ways, and thus, can rotate

continuously.

Now, we will take a look at how each of these three motors meets this require-

ment for the average torque production. First, we will neglect the case in which

both the stator and the rotor windings are excited by the DC (ωs 5ωr 5 0),

because Eq. (1.45) results in ωm 5 0, which indicates the state of nonrotating.

1.2.3.1 Direct current motor
If the stator is excited with a DC power (ωs 5 0) and the rotor is excited with an

AC power of an angular frequency ωr, then the necessary condition of Eq. (1.45)

for the development of an average torque is

ωmj j5 ωrj j (1.46)

This implies that the rotor needs to rotate at the same frequency as the fre-

quency ωr of the rotor current. A DC motor as shown in Fig. 1.24A is the one

that satisfies this condition. In the DC motor, by the action of the commutator

and brush, a rotor current becomes an AC, whose angular frequency is naturally

equal to the rotor speed. Thus, the DC motor has a special mechanical structure,

which allows it to always meet the condition of Eq. (1.46). From Eqs. (1.44) and

(1.46), the average torque in this motor is

Tavg 52
IsmIrm

2
Lm sin δ (1.47)

In the DC motor, δ, which indicates the angle between the stator field flux

and the rotor mmf, is always 90� electric angle structurally, so the maximum tor-

que per ampere can be obtained as

Tavg 52
Lm

2
IsmIrm (1.48)

AC
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AC
excitation

DC
excitation

(A) (B) (C)

ωs = 0

ωr= 0 ωr

ωsωm= ωr
ωm= ωs ωm= ωs – ωr

ωs

FIGURE 1.24

Doubly fed motors. (A) DC motor, (B) synchronous motor, and (C) induction motor.
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1.2.3.2 Synchronous motor
If the stator is excited with an AC power source of an angular frequency ωs and

the rotor is excited with a DC power as shown in Fig. 1.24B, then Eq. (1.45) can

only be satisfied if

ωmj j5 ωsj j (1.49)

To achieve this, the rotor must rotate at an angular frequency synchronized to

the frequency ωs of the stator current. A motor satisfying this condition becomes

a synchronous motor. The name “synchronous motor” is due to this fact. From

Eq. (1.44), the average torque in this motor can be given as

Tavg 52
IsmIrm

2
Lm sin δ (1.47)

Unlike in the DC motor, the average torque in this motor varies according to

the angle δ between the stator and the rotor field fluxes even though the same cur-

rents are flowing. We can easily see that a synchronous motor has no starting tor-

que because it cannot meet the requirement of ωm 6¼ ωs when starting.

1.2.3.3 Induction motor
When the stator and the rotor windings are excited with AC power of different

frequencies ωs and ωr, respectively, a necessary condition should be

ωm 5ωs 2ωr (1.50)

This means that the rotor has to rotate at the angular frequency of ωs 2ωr.

This can be achieved in an induction motor as shown in Fig. 1.24C. In an induc-

tion motor, the frequency ωr of the currents induced in the rotor windings by

electromagnetic induction becomes naturally ωs 2ωm, which is the difference

between the stator current and the rotor speed in the angular frequency. Thus, an

induction motor always satisfies Eq. (1.51). From Eq. (1.44), the average torque

in this motor can be given as

Tavg 52
IsmIrm

2
Lm sin ðα1 δÞ (1.51)

Unlike in the DC motor, the average torque in the induction motor varies

according to the angle δ between the stator and the rotor field fluxes even though

the same currents are flowing.

As we saw previously, electric motors can be classified into cylindrical motors

and reluctance motors. Cylindrical motors exploit the torque produced by varying

the mutual-inductance between the windings as mentioned before. These cylindri-

cal motors with windings on both the stator and the rotor can produce a larger tor-

que even though they are more complex in construction. Therefore, most motors

are of the cylindrical type. In comparison, reluctance motors of noncylindrical

configuration utilize the torque produced by the variation of inductance (or reluc-

tance) of the magnetic path. Reluctance motors are simple in construction, but the

torque developed in these motors is small.
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1.3 MECHANICAL LOAD SYSTEM
An electric motor is an electromechanical device that converts electrical energy

into mechanical torque. When the torque developed by the motor is transferred to

the load connected to it, the load variables such as speed, position, air-flow, pres-

sure, and tension will be controlled. Now, we will discuss the characteristics of

the load connected a motor and the mathematical representation that describes the

motor-driven system.

1.3.1 DYNAMIC EQUATION OF MOTION

Consider that a driving force FM acts on an object of mass M as shown in

Fig. 1.25A, so that the object moves at a speed v[4]. From Newton’s second law,

which states that the rate of change of momentum of an object is directly propor-

tional to the applied force, we have

FM 2FL 5
d

dt
ðMvÞ5M

dv

dt
1 v

dM

dt
(1.53)

where FL is the load force, which acts in a direction opposite to FM , and Mv is

the object’s momentum.

If the mass M of the load is constant, then the second term of the derivative in

Eq. (1.53) is zero. Thus, Eq. (1.53) is given by a well-known equation derived

from Newton’s second law as

FM 2FL 5M
dv

dt
5Ma (1.54)

where að5 dv=dtÞ is the object’s acceleration.
Next, for a rotational motion in Fig. 1.25B, the rotational analogue of

Eq. (1.53) is given by

TM 2TL 5
d

dt
ðJωÞ5 J

dω
dt

1ω
dJ

dt
(1.55)

where TM and TL are driving and load torque, respectively, and ω is the angular

speed of the rotating object. J denotes the moment of inertia of the rotating object

and Jω is the object’s angular momentum.

M

FMFL

v
J

TL

ω, TM

(A) (B)

FIGURE 1.25

(A) Linear motion and (B) rotational motion objects.
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When the moment of inertia J is assumed to be constant, we can rewrite

Eq. (1.55) as

TM 2 TL 5 J
dω
dt

5 Jα (1.56)

where αð5 dω=dtÞ is the object’s angular acceleration.
We can see that if TM. TL, then the object will accelerate, and if TM, TL,

then it will decelerate. In the case of TM 5 TL, the speed will not be changed.

Thus, when driving a load, to keep the load speed constant, the motor torque

must be equal to the load torque.

MOMENT OF INERTIA: J (kg m2)
The tendency of a rotating object to continue in its original state of rotary motion is referred to as

the moment of inertia J. The rotational kinetic energy of a rigid object with angular velocity ω is

expressed as 1
2
Jω2 in terms of its moment of inertia. The moment of inertia of an object is also the

measure of how fast the object can be accelerated or decelerated.

The moment of inertia in a rigid object is related to the distribution of mass as well as the

mass m of the object. Therefore the moment of inertia of an object can depend on its shape. For

example, if two objects have the same mass but are different in radius as shown in the following

figure, then they may have different moments of inertia.

Large J

Small J

If the radius of an object is larger, then the moment of inertia is larger. The reason for this is as

follows. A rotating object consists of many small particles at various distances from the axis of

rotation. When the object is rotating, the particles which are far away from the axis of rotation will

move faster than the ones which are located near the axis of rotation. Thus, the particles which are

far away from the axis of rotation require more kinetic energy for a rotation. The moment of inertia

I for each particle is defined as its mass multiplied by the square of the distance r from the axis of

rotation to the particle, i.e., I5mr2. Thus, for the same object mass, the further out from the axis of

rotation its mass is distributed, the larger the moment of inertia of the object is. For solid or hollow

cylinders, the moment of inertia can be calculated by the equations shown in the next figures.

m

r

m

1r
2r

2

2
1 mrJ =

)(
2
1 2

2
2

1 rrmJ +=

(Continued)
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MOMENT OF INERTIA: J (kg m2) (Continued)
Instead of J, GD2ð5 4JÞ, also known as flywheel effect, is generally used in industrial

applications. Here, G is the mass (kg) and D is the diameter (m).

There is maximum permissible load inertia to a motor. It is important to ensure that the inertia

of the motor matches the inertia of the driven load. Ideally, it is desirable to have a 1:1 inertia

ratio between the load and the motor. For traction motors, the motor inertia should be large

enough to drive the load of a large inertia. To have a large inertia, the motor will be designed

with a rotor configuration of a large diameter and a short axial length. On the other hand, for

servo motors operated in frequent acceleration/deceleration, the inertia of the rotor should be

small. Thus, the rotor will be designed to have a small diameter and a long axial length.

Fig. 1.26 shows a simplified configuration of a motor drive system consisting

of a driving motor and a driven mechanical load, in which the torque of the motor

is transferred to the load through the shaft and coupling.

From the motor’s viewpoint, a mechanical load can be seen as a load torque

TL connected to its shaft. Thus, from Eq. (1.56), the equation of motion of a

motor drive system can be expressed as

TM 5 ðJM 1 JLÞ
dω
dt

1TL (1.57)

where JM and JL are the motor inertia and the load inertia, respectively.

When the motor is driving a mechanical load, the torque required to run the

load is the load torque TL, which varies with the type of load.

In addition to Eq. (1.57), when a load begins to move and is in motion, a fric-

tion force occurs, resisting the motion. Therefore, the equation of motion needs to

include the friction force TF as

TM 5 ðJM 1 JLÞ
dω
dt

1TF 1 TL (1.58)

The friction force is usually proportional to the speed, given by TF 5Bω,
where B is the coefficient of friction. Finally, we have an equation of motion,

which expresses the dynamic behavior of a motor drive system as

TM 5 J
dω
dt

1Bω1 TL (1.59)

where J5 JM 1 JL.

Load

LJ

LT

ω

Coupling

Motor

MJ

MT

Shaft

FIGURE 1.26

Simplified motor drive system.

291.3 Mechanical Load System

Hesai Exhibit 1030, page 34



A motor-driven system has mechanical transmission devices such as shaft, gearbox,

or coupling to connect the motor and the load. In a real system, the stiffness of these

components is limited, and the transmissions are flexible. Therefore, if the coupling or

shaft between the motor and the load is long or elastic, then it may be subjected to tor-

sion. In this case, we need to add the torque term Kshθ produced by torsional deforma-

tion of the shaft to Eq. (1.59), where Ksh (Nm/rad) is the coefficient of stiffness.

LOAD TORQUE TL
There are several types of loads driven by a motor. In most loads, the required torque is normally

a function of speed. There are three typical loads whose speed-torque characteristics are shown in

the following figure.

Speed

2ω∝LT

Load torque

ω
1

LT

LT = constant

ω

LT

0

∝

1. Constant torque load

The torque required by this type of load remains constant regardless of the speed. Loads

such as elevators, screw compressors, conveyors, and feeders have this type of

characteristic.

2. Constant power load (TL ~ 1=ω)

This load requires a torque, which is inversely proportional to the speed, so this load is

considered a constant power load. This type is most often found in machine tool industry

and drilling, milling industry.

3. Load proportional to the square of the speed (TL ~ω2)

The torque of this load increases in proportion to the square of the speed. This is a

typical characteristic of a fan, blower, and pump, which are the most commonly found in

industrial drive applications.

The load in traction drives such as electric locomotives and electric vehicles shows the combined

characteristic of a constant torque load in low speeds and a constant power load in high speeds.

1.3.1.1 Combination system of translational motion and rotational motion
Many motions in the industry such as an elevator, a conveyor, or electric vehicles

are a combination of translational motion and rotational motion as shown in

Fig. 1.27. In this case, we need to convert the load parameters such as load inertia

to the motor shaft.
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The expression for the translational motion in Fig. 1.27 is given by

FM 2FL 5M
dv

dt
(1.60)

The relationships between force and torque, and velocity and angular velocity

are

TM 5 rFM (1.61)

TL 5 rFL (1.62)

ω5
v

r
(1.63)

By substituting Eqs. (1.61)�(1.63) into Eq. (1.60), we obtain

TM 2 TL 5Mr2
dω
dt

5 Je
dω
dt

(1.64)

where Je 5Mr2 represents the equivalent moment of inertia, which is reflected to

the motor shaft side of the mass M in translational motion.

1.3.1.2 System with gears or pulleys
Often, the speed required by the load is too low compared to the nominal speed

of the motor. Gears or pulleys between the motor and the load being driven are

most often used to change the speed. In this case, we need to know how the load

will be seen through the gears or pulleys at the motor side.

We will look at an example of two meshed gears as shown in Fig. 1.28.

The equation of motion at the load side is given by

TL 5 JL
dωL

dt
1BωL (1.65)

Because the two gears will travel at an equal distance, we have

ωL 5
N1

N2

ωM (1.66)

where N1 and N2 are the number of teeth on the gears of the motor and load sides,

respectively.

FL

v ω,MTr

M

MotorFM

FIGURE 1.27

Combination system of translational motion and rotational motion.
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When neglecting friction and losses of the gears, the power is the same at the

input and at the output of the gear, i.e.,

P5TLωL 5 TMωM - TL 5
N2

N1

TM (1.67)

Substituting Eqs. (1.65) and (1.66) in Eq. (1.65) yields

TL 5 JL
N1

N2

� �
dωL

dt
1BL

N1

N2

� �
ωL 5

N2

N1

� �
TM (1.68)

Finally, the equation of motion at the motor side is given by

TM 5 JL

�
N1

N2

�2
dωM

dt
1BL

�
N1

N2

�2
ωM

5 ðJM 1 JÞ dωM

dt
1BωM

(1.69)

where J5 JLðN1=N2Þ2 and B5BLðN1=N2Þ2 are the load inertia JL and the friction

coefficient BL converted to the motor side, respectively. It can be seen that the load

parameters reflected back to the motor are a squared function of the gear ratio N1=N2.

1.3.2 OPERATING MODES OF AN ELECTRIC MOTOR

Operation of a motor can be divided into two modes according to the direction of

the energy transfer.

When the motor rotates in the same direction as its developed torque in

Fig. 1.29A, the motor will supply mechanical energy to the load. In this case,

the motor operates as a typical motoring mode. On the other hand, when the

Load

LJ

LTMotor

MT

Mω

Lω

LB
2N

1N

MJ

FIGURE 1.28

System with gears.
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motor is rotating in a direction opposite to its developed torque in Fig. 1.29B,

the mechanical energy of the load is supplied to the motor. In this case, the motor

is acting as a generator. It corresponds to the generating mode, in which the

motor absorbs the load energy, providing a braking action.

When braking, the mechanical energy of the load is converted into electrical

energy through the motor, and the generated electrical power can be returned to

the power source. This method called regenerative braking is the most efficient

braking method, but it requires a high-cost power converter. An alternative

method for dealing with the generated electrical power is to dissipate it as heat in

the resistors. This is called dynamic braking, which is inefficient but inexpensive.

Similarly, there are also operation modes of motoring and generating in the

reverse driving. Consequently, four-quadrant operation modes are available in vari-

able speed drive systems as shown in Fig. 1.30. Quadrants 1 and 2 are the motoring

and generating operation modes, respectively, in the forward drive, while

Quadrants 3 and 4 are the two operation modes in the reverse drive. Braking occurs

P = TM (+) ·ωL (+) > 0 P = TM (+) ·ωL (–) < 0

Load

LT

Motor

MT

Power

Load

LT

Motor

MT

Power(A)

ωL ωL

(B)

FIGURE 1.29

Operation mode of the motor. (A) Motoring mode and (B) generating (braking) mode.
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2
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1

Power

Load
LT

Motor

MT Lω

Load
LT

Motor

MT Lω

Load
LT

Motor

MT

Lω

Load
LT

Motor

MT

Lω

0)()( <+⋅−= LMTP ω

0)()( <+⋅−= LMTP ω0)()( >−⋅−= LMTP ω

0)()( >+⋅+= LMTP ω MT

Lω
Power

PowerPower

FIGURE 1.30

Four-quadrant operation modes.
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in Quadrants 2 and 4. To achieve the four-quadrant operation modes in motor drive

systems, the torque should be controlled in the positive and negative direction, and

the speed should be controlled in the forward and reverse direction.

As an example of the four-quadrant operation, let us take a look at an elevator

drive system as shown in Fig. 1.31. In an elevator system, the car carrying people

or goods is connected to and is driven by a traction motor through ropes and

gears. As a traction motor, induction motors are most widely used. In recent

times, however, permanent magnet synchronous motors are used as well.

A counterweight attached to the opposite side of the ropes reduces the amount of

power required to move the car. The weight of the counterweight is typically equal

to the weight of the car plus 40�50% of the capacity of the elevator. When the car

goes up or down, we can see the four-quadrant operation of the driving motor occur-

ring due to the weight difference between the car and the counterweight as follows:

• Quadrant 1 operation: the forward motoring mode (1T, 1ω)
When the car carrying people goes up and is heavier than the counter-

weight, the traction motor is needed to produce the forward direction torque,

so it operates in the forward motoring mode.

Traction motor Gear &
rope 

Car

Counter
weight

FIGURE 1.31

Four-quadrant operation in an elevator drive.
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• Quadrant 2 operation: the forward braking mode (2T, 1ω)
When an empty car goes up and is lighter than the counterweight, the trac-

tion motor is needed to produce the braking torque of the reverse direction, so

it operates in the forward braking (generating) mode.

• Quadrant 3 operation: the reverse motoring mode (2T, 2ω)
When an empty car goes down and is lighter than the counterweight,

the traction motor is needed to produce the reverse direction torque, so

it operates in the reverse motoring mode.

• Quadrant 4 operation: the reverse braking mode (1T, 2ω)
When the car carrying people goes down and is heavier than the counter-

weight, the traction motor is needed to produce the braking torque of the for-

ward direction, so it operates in the reverse braking (generating) mode.

Here, the going-up of the car is assumed as the forward direction.

1.4 COMPONENTS OF AN ELECTRIC DRIVE SYSTEM
For a given mechanical load, an adequate design of the motor drive system is

essential to meet its required performance criteria such as speed-torque character-

istic, operation speed range, speed regulation, efficiency, cost, duty cycle, etc.

A motor drive system consists normally of five parts as shown in Fig. 1.32.

Within the available power supply, we have to choose these components appropri-

ately to achieve the requirements of the drive performance. We will now briefly

take a look at these five parts.

Power
electronic
equipment

Speed, position

Power
source

Voltage, current

Motor

Load

Motor drive system

DC,AC
single-phase

3-phase   

Current sensors:
Shunt, Hall CTDigital

controller

converter,
chopper,
inverter, 

Mechanical
system

Position sensors : 
Resolver, encoder

DC, PMSM, IM, 
BLDC,

DSP, 16bit /8bit 
μ-processor

Torque

FIGURE 1.32

Configuration of a motor drive system.
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1.4.1 POWER SUPPLY

Single-phase or three-phase AC voltage sources are most commonly used as a

power supply that provides electric energy for motor drives. The three-phase AC

voltage source is generally used for motors of several kilowatts or higher. In

many cases, the AC voltage sources are converted into a DC source, which is

converted into the form of power needed by a motor through using power elec-

tronic converters such as an inverter or a chopper. Recently, DC power has often

been provided by renewable energy sources such as solar cells and fuel cells.

1.4.2 ELECTRIC MOTORS

For driving motors, we have to choose the one that meets the required speed-

torque characteristic of the driven mechanical load. In addition, important perfor-

mance criteria like efficiency, size, cost, duty cycle, and operating environment

need to be considered. As mentioned earlier, there are two basic types of a driving

motor: DC motor and AC motor. Some applications use special types such as a

BLDC motor or a stepping motor, which cannot be classified into the basic types.

DC motors have an advantage of a simple speed/torque control for their

excellent drive performance. However, due to the wear associated with their com-

mutators and brushes, DC motors are less reliable and unsuitable for a

maintenance-free operation. On the other hand, AC motors are smaller, lighter, and

have more power density than DC motors. AC motors also require virtually no

maintenance and thus are better suited for high speeds. However, AC drives with a

high performance capability are more complex and expensive than DC drives.

1.4.3 POWER ELECTRONIC CONVERTERS

Power electronic converters play the role of taking electrical energy from the

power system and turning it into a suitable form needed by a motor. The power

electronic converter may be determined according to the given power source and

the driving motor.

For DC drives, power electronic converters such as a controlled rectifier or a chop-

per can be used to adjust the DC power, which will be described in more detail in

Chapter 2. In contrast, AC drives mostly use an inverter to adjust the voltage and

frequency in the AC power, which will be also described in more detail in Chapter 7.

In this case, a rectifier is often included to convert the AC power in the mains power

system into the DC power.

These power electronic converters use power semiconductor devices such as gate

turn-off (GTO) thyristor, integrated gate-commutated thyristor (IGCT), insulated

gate bipolar transistor (IGBT), power metal oxide semiconductor field effect transis-

tor (MOSFET), and power bipolar junction transistor (BJT). These switching devices

are determined according to their power handling capability and their switching

speed. The power handling capability can be ranked in an increasing order of

36 CHAPTER 1 Fundamentals of electric motors

Hesai Exhibit 1030, page 41



MOSFET, IGBT, and GTO thyristor, while the switching speed can be ranked in an

increasing order of GTO thyristor, IGBT, and MOSFET. All these switching devices

described above are based on the silicon (Si) semiconductor material. Recently,

switching devices based on wide bandgap materials such as silicon carbide (SiC) or

gallium nitride (GaN) are being recognized as a promising future device.

1.4.4 DIGITAL CONTROLLERS

The controller in charge of executing algorithms to control the motor is the most

important part in the motor drive systems. This controller manipulates the operation

of the power electronic converter to adjust the frequency, voltage, or current pro-

vided to the motor. Nowadays, digital controllers are usually used. A digital control-

ler is based on microprocessor, microcontroller, or digital signal processor (DSP),

which can be a 16-bit or 32-bit, and also either a fixed-point or floating-point.

There is a trade-off between the control performance and the cost. DC motor

and BLDC motor drives requiring relatively simple controls may use 16-bit pro-

cessors, while AC motor drives requiring complex controls such as a vector con-

trolled induction or synchronous motors may need high-performance 32-bit

processors or DSP.

1.4.5 SENSORS AND OTHER ANCILLARY CIRCUITS

To achieve a high-performance motor drive, a closed-loop control of position,

speed or current is often adopted, and in this case, speed/position or current infor-

mation is required.

Sensors are essential for obtaining this information. Shunt resistances, Hall

effect sensors, or current transformers are mainly used as the current sensor. The

shunt resistance is more cost effective, while the Hall effect sensors can usually

give a high resolution and isolation between the controller and the system.

Encoders and resolvers are widely used as speed/position sensors, which will also

be discussed in Chapter 9.

In addition to these components, several circuits for protection, filtering,

power factor correction, or harmonics reduction may be necessary to improve the

reliability and quality of the drive system.
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CHAPTER

2Control of direct current
motors

Direct current (DC) motors have been widely used in adjustable speed drives or

variable torque controls because their torque is easy to control and their range of

speed control is wide. However, DC motors have a major drawback in which they

need mechanical devices such as commutators and brushes for a continuous rota-

tion. These mechanical parts require regular maintenance and hinder high-speed

operations. Recently due to a major development in alternating current (AC)

motor control technology, power electronics technology, and microprocessors,

AC motors have been used instead of DC motors, but DC motors are still used in

lower power ratings below several kilowatts.

In this chapter, we will study the current and the speed control of DC motors.

Understanding the current and speed control techniques for DC motors is very

important because these techniques are directly applicable to the AC motor

control, which will be discussed in Chapter 6.

2.1 CONFIGURATION OF DIRECT CURRENT MOTORS
A DC motor has two windings as shown in Fig. 2.1. One is found in the stator

and produces a field flux. This winding is called a field winding. The other one

resides in the rotor and is called an armature winding. The armature current inter-

acts with the stator field flux to produce torque on the rotor shaft. Small DC

motors commonly have a permanent magnet instead of a field winding to produce

the stator flux. A DC motor also has a mechanical commutation device consisting

of brushes and commutators, which converts the DC current given from the DC

power supply to AC current in the armature winding.

The DC motors can be mainly classified into two different categories:

a separately excited DC motor and a self-excited DC motor. In a separately

excited DC motor, the armature winding and field winding each have separate

DC power supplies, while in a self-excited DC motor, the two windings share

one DC power supply.

The self-excited DC motors can also be categorized into a shunt motor, series

motor, and compound motor depending on the ways in which the two windings

are connected to the DC power supply. Nowadays the DC motors mostly use a
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permanent magnet to produce the field flux and the DC power supply thus applies

only to the armature winding.

Now we will learn about the roles of brushes and commutators, which

are essential for the continuous rotation of DC motors. First, we will take a look at

Fig. 2.2, which shows a one-turn coil in a rotor winding. When the coil is connected

to the DC power supply, a current flows in the coil. We will assume that, in the ini-

tial stage, the flux distribution and the current flowing in the coil are formed like

the figure on the left. In this condition, the force on the conductors on both sides

makes the coil rotate in the clockwise direction according to the direction of the

force given by Fleming’s left-hand rule.

When the coil rotates and comes to the position as in the figure on the

right, the force produced on the conductors on both sides will return the coil

again to its initial position as shown in the left side of Fig. 2.2. Since the

force produced on the coil is not produced continuously in one direction, the

N
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N
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+
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DC power source

F
F

F
F

DC power source
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FIGURE 2.2

Force on a one-turn coil.

FIGURE 2.1

DC motor configuration.
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coil also cannot rotate in the same direction continuously. However, when the

coil is at the position shown on the right, if the direction of its current is

reversed, then the force produced on the conductors on both sides is reversed

and thus, the force on the coil will remain in the same direction of clockwise.

Thus the coil will rotate continuously in that direction. By the commutation

actions of the brush and the commutator, the coil current can be reversed as

shown in Fig. 2.3. It should be noted that the current that flows in the coil

must be an alternating current in DC motors. The frequency of this alternating

current is always the same as the angular velocity of the coil, which indicates

the speed of the rotor. In Section 1.2.3, we have already seen that this meets

the necessary condition for the continuous torque production in the doubly

fed machine.

The armature winding of the DC motor has many coils to increase the aver-

age torque and reduce torque ripple as shown in Fig. 2.4. Each coil

is connected to the DC power supply through a brush and its own isolated

commutator.
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FIGURE 2.3

Continuous rotation by the use of brushes and commutators.
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As described earlier, in order for a DC motor to rotate continuously, it must

have brushes and commutators in its structure. However, due to the wear and the

arcing associated with their brushes and commutators, DC motors require much

more maintenance and are limited in high-speed operation.

2.2 MODELING OF DIRECT CURRENT MOTORS
A complete dynamic model of the DC motor drive system can be expressed as the

following four equations: armature circuit, back-electromotive force (back-EMF),

torque, and mechanical load system.

2.2.1 ARMATURE CIRCUIT

The voltage equation for the armature winding of a DC motor is given by

Va 5Raia 1La
dia

dt
1 ea (2.1)

where ia is winding current, La is winding inductance, Ra is winding resistance,

and ea is back-EMF induced by the rotation of the armature winding in a

magnetic field. The equivalent circuit of a DC motor derived from Eq. (2.1) is

shown in Fig. 2.5.

We need a back-EMF ea to obtain the current flowing through the armature

winding for a voltage Va applied to a DC motor from Eq. (2.1).

2.2.2 BACK-ELECTROMOTIVE FORCE

As shown in Fig. 2.6, when a conductor of length l meters is moving with a

constant velocity v in the presence of a uniform magnetic field B, a voltage

e5Blv (called back-EMF) will be induced in the conductor. Similarly, in a DC

motor, when the conductors of the armature winding with an angular velocity ωm

Torque

θ

ai

Brush

Commutators

T

Coils

FIGURE 2.4

Armature winding.
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are moving in the presence of the uniform stator magnetic flux φf , the back-EMF

in the armature winding will be expressed as

ea 5 keφfωm ð’e5BlvÞ (2.2)

where ke is the back-EMF constant (Vs/rad/Wb). Commonly, since the flux

remains constant, the back-EMF is proportional to the angular velocity.

With the armature current ia calculated from the applied input voltage Va

and the back-EMF ea, we can obtain the developed torque of a DC motor as the

following.

2.2.3 TORQUE

As shown in Fig. 2.7, when a conductor of length l meters carrying a current of i

amps is placed in a uniform magnetic field B, the force acting on the conductor

aL

aV
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eTmω
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Back-EMF

Armature
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Armature
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Armature
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Armature
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mω
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FIGURE 2.5

Equivalent circuit of a DC motor.
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FIGURE 2.6

Induced voltage for a moving conductor.
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will be F5Bli. Similarly, in a DC motor, the torque experienced by the

conductors of the armature winding carrying a current ia in the uniform stator

magnetic flux φf is given by

Te 5 kT � φf � ia ð’F5BliÞ (2.3)

where kT is the torque constant (Nm/Wb/A). The numerical values of kT and ke
constants are equal in SI units (the International System of Units), i.e., kT 5 ke.

It is interesting to note that the torque of a DC motor can be expressed as

a simple arithmetical product of the stator magnetic flux φf and the armature cur-

rent ia. This is because the stator magnetic flux φf and the conductors carrying

current ia are always perpendicular to each other. Thus the DC motors inherently

have a maximum torque per ampere characteristic.

The speed of a rotor can be determined by the developed torque as the following.

2.2.4 MECHANICAL LOAD SYSTEM

When a DC motor with the output torque in Eq. (2.3) is driving a mechanical

load system, the rotor speed can be determined from the equation of motion in

Eq. (2.4) as mentioned in Chapter 1.

Te 5 J
dωm

dt
1Bωm 1 TL (2.4)

where ωm is the angular velocity of the rotor, TL is the load torque, J is the moment

inertia and B is the friction coefficient of the DC motor drive system, respectively.

From the above dynamic model represented by Eqs. (2.1)�(2.4), we can under-

stand the steady-state as well as the transient characteristics of the current and the

speed in the DC motor drive system. First, on the basis of this model, we will exam-

ine the speed�torque characteristic of the DC motor in the steady-state condition.
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FIGURE 2.7

Force for a current carrying conductor.
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2.3 STEADY-STATE CHARACTERISTICS OF DIRECT
CURRENT MOTORS

The term “steady-state” refers to a condition that exists after all initial transients

or fluctuating conditions have damped out. The steady-state behavior of the DC

motor is easily determined by making the time derivatives of the variables in

Eqs. (2.1) and (2.4) zero, i.e., dia=dt5 0, dωm=dt5 0. From the steady-state

equations, the speed�torque relation may be written as

ωm 5
Va

kφf

2
Ra

ðkφf Þ2
TL ðk5 kT 5 keÞ (2.5)

Here, the friction coefficient B is neglected.

We can see that, from this torque�speed relation, the speed of the DC motor

decreases steadily with increasing load torque (or armature current) as shown in

Fig. 2.8. Here, N is the speed expressed in terms of revolution per minute (r/min)

for angular speed ωm. From the curve, we can find the speed and the current at

a certain load.

Eq. (2.5) implies that the steady-state speed of a DC motor can be adjusted

by the armature voltage Va or the stator field flux φf . Thus there are two

speed control methods for the DC motor: armature voltage control and field flux

control. In addition to the two methods, we can see from Eq. (2.5) that the speed

can be controlled by varying the armature resistance Ra. However, this inefficient

method is no longer in use.

Speed No-load
speed

Torque

Speed–torque
curve Torque–current

curve

Ia

N

No-load
current 

LT
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( )2
fK
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φ
Slope=Rated current

Rated speed

Rated torque

FIGURE 2.8

Speed�torque characteristic of a DC motor in the steady-state.
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Now, we will take a look at the speed control characteristics of the DC motor

by armature voltage control and field flux control.

2.3.1 ARMATURE VOLTAGE CONTROL

With a constant stator field flux, Eq. (2.5) expressing the torque�speed characteristic

can be reduced to

ωm 5
Va

kφf

2
Ra

ðkφf Þ2
TL 5K1Va 2K2TL (2.6)

where K1 5Va=kφf and K2 5Ra=ðkφf Þ2
From this expression, we can see that the speed ωm of the DC motor changes

linearly with the armature voltage Va. Thus, for a constant torque load such as

elevators and cranes, the speed of the load can be controlled linearly by adjusting

the armature voltage Va of the DC motor as shown in Fig. 2.9.

To employ the armature voltage control, variable DC power supplies such as

phase-controlled rectifiers or choppers are needed. Because a voltage higher than

the rated voltage should not be applied to the motor, this armature voltage control

method can provide a speed control range only up to the rated speed. To operate

in a speed range above the rated speed, the DC motor has to adopt the field flux

control, which will be described later. Permanent magnet DC motors, however,

cannot use the field flux control method, so they are incapable of an operation

above the rated speed.
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FIGURE 2.9

Armature voltage control.
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2.3.2 FIELD FLUX CONTROL

Under a constant armature voltage, Eq. (2.5) can be rewritten as a function of

field flux:

ωm 5
Va

kφf

2
Ra

ðKφf Þ2
TL 5

K1

φf

2
K2

φ2
f

TL (2.7)

where K1 5Va=k and K2 5Ra=k2.
From Eq. (2.7), we can see that the speed of the DC motor varies inversely with

the field flux. Fig. 2.10 shows the torque�speed characteristic of the DC motor

using the field flux control. When using this field flux control method, the field

flux has to be controlled below the rated value to avoid magnetic saturation of iron

core because the rated flux is commonly given as a value near the knee of the mag-

netization curve as shown in the left side of Fig. 2.10. If the field flux is reduced

below the rated value, then the speed can increase above the rated speed.

When the speed of the DC motor can be controlled above the rated value by

adjusting the field flux control, there are potential problems that can arise. When

the field flux is reduced to increase the speed, the developed torque will also be

reduced for the same armature current. If the armature current is increased to pro-

duce the same torque, then the efficiency will be lowered due to the increased

copper losses. The armature current also may not be fully increased due to the

thermal limit and the capacity of the DC power supply. Moreover the inductance

of the field winding is normally designed to be large to produce the flux effec-

tively. Thus the field flux cannot be changed rapidly, and this will result in a

slow response of the speed regulation. In addition, in a high-speed range, the

speed regulation will be poor for the applied load, and the resultant lower field

Torque for 
rated current

N

LT

Speed
increase

Flux
decrease

Torque-speed curve
for rated flux

Full load torque

fφ

fi

Field current and flux

Rated flux

FIGURE 2.10

Field flux control.
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flux will be easily influenced by the armature reaction. Besides these electrical

problems, the DC motors also suffer from speed limitations due to mechanical

commutation devices. On this account, the achievable speed range of this field

flux control is generally limited up to three times the rated speed.

2.3.3 OPERATION REGIONS OF DIRECT CURRENT MOTORS

The operating speed range of the DC motor is divided into two regions as follows:

constant torque region and constant power region. The operation in these two regions

can be achieved through the armature voltage control and the field flux control.

2.3.3.1 Constant torque region (0#ωm # base speed ωb)
In the operating region below the rated speed, the field flux is maintained at a

constant and the torque production is controlled only by the armature current Ia.

This region is called the constant torque region because the same torque can be

developed by the same armature current at any speed within this region.

As the operating speed is increased, the back-EMF is increased. Thus the

applied motor voltage should also be increased to maintain the same armature

current, i.e., the same torque. Like this, in this region, the terminal voltage of

the DC motor varies with its speed. Because the voltage applied to the motor

should not exceed the rated value, the range of this region is normally limited to

the speed at which the terminal voltage of the DC motor reaches the rated value.

This speed may be different from the rated speed depending on the operating

conditions. Thus it is usually referred to as the base speed ωb.

2.3.3.2 Constant power region (ωm $ base speed): field-weakening
region

Once the motor voltage reaches the rated value, the speed can no longer be

controlled by the voltage. At speeds higher than the base speed, the applied

voltage remains constant. Thus, instead of the voltage control, the speed can be

increased by the reduction of the field flux (is called field-weakening operation).

The reduction of the field flux can make the back-EMF constant regardless of

the speed increase. This allows the armature current, which produces a torque, to

flow. However, even though the same current is flowing, the output torque will

be decreased with the operating speed due to the reduced field flux. Because the

terminal voltage and the current remain constant in this region, the motor operates

in a constant power, P5 ðVaUIa 5 TeUωmÞ. Thus this speed region is called the

constant power region.

Fig. 2.11 shows the speed�torque characteristic of the DC motor, which is

commonly called the capability curve. The capability curve demonstrates the

achievable speed range and the output torque of a motor under the available

voltage and current. For DC motor drives with the four-quadrant operation modes

as described in Section 1.3.2, this speed�torque characteristic appears in all four

quadrants. Considering the voltage drop in armature resistance and losses, the out-

put torque in Quadrants 2 and 4 are somewhat larger than those in Quadrants 1
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and 3. For the four-quadrant operation, the direction of the output torque needs to

be reversed to change the direction of the rotor rotation. In this case, changing the

polarity of the armature current will be more effective. Even though the direction

of the torque may be changed by reversing the polarity of field flux, its response

is slow due to a large inductance of the field winding, and thus the stability of the

drive system may be deteriorated.

EXAMPLE 1

The rated values for a separately excited DC motor are 5 kW, 140 V,

1800 r/min and the efficiency η is 91% (the losses such as mechanical

losses and iron losses are ignored). The armature resistance is 0.25 Ω.
Evaluate the following questions.

1. the armature current and the rated torque

2. the speed at full-load when the armature voltage is reduced by 10%

3. the speed at full-load current when the flux is reduced by 10% and

the output torque available by armature current at this speed

Solution

1. From the relation of the input and output powers as

Pout 5
Pin

η
5

VaUIa
η

:

the armature current is

Ia 5
Pout

VaUη
5

5 kW

125 VU0:91
5 44:96 A:

From the output power Pout 5 TeUωm, the rated torque is

Torque

0 mω
ratedω ratedωω 3max =

Voltage

Current

Flux

Constant torque region Constant power region

Field flux controlVoltage control

Power

Speed
limit

FIGURE 2.11

Capability curve of the DC motor.
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Te 5
Pout

ωm

5
3150 W�
3000 � 2π

60

� 5 26:5 N m:

2. The armature voltage reduced by 10%, Vnew, is 112.5V.

At this voltage, the speed is

ωm 5
Ea

kφf

5
Vnew 2RaIa

kφf

5
101:25

0:60344

5 167:8 rad=s ð5 1602:2 r=minÞ
:

Here, kφf 5Ea=ωm 5 ðVnew 2RaIaÞ=ωm 5 0:60344.

3. The speed at the flux reduced by 10% is

ωm 5
Ea

0:9kφf

5
ðVnew 2RaIaÞ

0:9kφf

5
113:75

0:9 � 0:60344ð Þ 5 209:44 rad=sð5 2000 r=minÞ

At this speed, the output torque available by armature current is

Te@2000 5 0:9kφf Ia 5 23:87N m:

2.4 TRANSIENT RESPONSE CHARACTERISTICS OF DIRECT
CURRENT MOTORS

In Section 2.3, we studied the steady-state characteristics of DC motors,

which demonstrate the speed control by the armature voltage or the field flux. The

steady-state characteristic shows what the final speed is, whereas the transient

response shows how to reach the final speed. In addition to the steady-state character-

istic, the transient characteristic is very important for high-performance motor drives.

This is because the transient response characterizes the dynamics of the drive system.

As an example, transient responses to a step speed command are shown in Fig. 2.12.

Even though all three responses reach the same final speed, their response

times and moving trajectories to reach the final speed are different. Although an

oscillatory or slow response can ultimately achieve the speed command, it has no

practical use. Therefore we need to take into account the transient characteristic

as well as the steady-state characteristic for high-performance motor drives.

Now, let us take a look at the transient response of reaching the final speed

by the applied armature voltage for a DC motor. An easy way to examine the

transient response is to use the transfer function of the system. We can obtain the
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transfer function for the DC motor drive system by taking the Laplace transform

of the differential equations of Eq. (2.1) and (2.4) as follows.

va 5Raia 1La
dia

dt
1 ea - VaðsÞ5 ðRa 1 sLaÞIaðsÞ1EaðsÞ

5 ðRa 1 sLaÞIaðsÞ1 keφfωmðsÞ
(2.8)

Te 5 J
dωm

dt
1Bωm 1 TL - TeðsÞ5 ðJs1BÞωmðsÞ1TL 5 kTφf IaðsÞ (2.9)

Here, s denotes the Laplace operator. Eqs. (2.8) and (2.9) together can be

represented by the closed-loop block diagram as shown in Fig. 2.13.

From the block diagram in Fig. 2.13, the transfer function from the input

armature voltage VaðsÞ to the output angular velocity ωmðsÞ is given by

ωmðsÞ
VaðsÞ

5

1

Las1Ra

� keφf �
1

Js1B

11

 
1

Las1Ra

� keφf �
1

Js1B
kTφf

!

5

k

JLa

s2 1

�
Ra

La
1

B

J

�
s1

�
Ra

La

B

J
1

k2

JLa

� ðk5 kTφf 5 keφf Þ

(2.10)
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FIGURE 2.12

Transient response to a step speed command.
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FIGURE 2.13

Block diagram for a DC motor.
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This transfer function is a second-order system including two poles, which

are important factors in determining the transient response of the system.

Fig. 2.14 shows the pole locations of a system in the s-plane and the corre-

sponding transient responses. The imaginary axis location of the pole deter-

mines the frequency of oscillations in the response. Thus, if the poles are

complex roots, the response is oscillatory. The real axis location of the pole

determines the speed of the exponential decay of the transient situation.

Therefore, the farther the distance of the pole from the origin is to the left in

the s-plane, the faster the transient situation disappears, i.e., the system reaches

the final value faster.

CLOSED-LOOP TRANSFER FUNCTION
A system with a feedback loop has the following transfer function:

YðsÞ
RðsÞ 5

GðsÞ
11GðsÞHðsÞ

G(s)

H(s)

R(s) Y(s)

–+

Command

Stable region Unstable region

Underdamping

Critical damping Overdamping

Im(s)

Re(s)

FIGURE 2.14

System pole locations and the corresponding transient responses.
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From the locations of the two poles in Eq. (2.10), we can predict the transient

response of the speed to the applied armature voltage. Thus the transient response

depends heavily on the system parameters such as motor parameters Ra and La
and mechanical parameters J and B, as shown in the following.

Assuming that B5 0 in Eq. (2.10) to analyze the system easily, we can obtain

a simplified transfer function as

ωm

Va

5

k

JLa

s2 1
Ra

La

� �
s1

k2

JLa

� � 5

1

k

Ra

La
U
k2

JRa

� �

s2 1
Ra

La

� �
s1

Ra

La
U
k2

JRa

� � (2.11)

Letting the electromechanical time constant Tm 5 JRa=k2 and the electrical

time constant Ta 5 La=Ra, Eq. (2.11) can be rewritten as

ωm

Va

5

1

k

1

TmTa

� �

s2 1
1

Ta
s1

1

TmTa

(2.12)

The poles can be obtained from the roots of the denominator (also called the

characteristic equation) of Eq. (2.12) as

s1;2 52
1

2Ta
6

1

Ta

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

4
2

Ta

Tm

r
(2.13)

If Tm $ 4Ta, then the characteristic equation has two real roots. A DC motor

drive system with a large J or Ra corresponds to this case, and its response is

either ➀ or ➁ in Fig. 2.14. If Tm , 4Ta, then the characteristic equation has two

complex roots. In this case, the system response is oscillatory such as ➂ in

Fig. 2.14.

We can also find out the response characteristic from the damping ratio for

this second-order system. To do so, we compare this equation with the following

prototype of the second-order system.

GðsÞ5 ω2
n

s2 1 2ζωns1ω2
n

(2.14)

Given Eq. (2.14), the undamped natural frequency ωn and the damping ratio

ζ for the DC motor drive system are given by

ωn 5
1ffiffiffiffiffiffiffiffiffiffi
TaTm

p 5
kffiffiffiffiffiffiffi
JLa

p (2.15)

ζ5
1

2

ffiffiffiffiffiffi
Tm

Ta

r
5

1

2

Ra

k

ffiffiffiffiffi
J

La

r
(2.16)
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There are three typical responses of the system according to the value of the

damping ratio ζ: underdamping (0,ζ,1), critical damping (ζ5 1), or overdamp-

ing (ζ.1) [1]. As shown in Fig. 2.15, in the case of underdamping (0,ζ,1), the

system comes rapidly to equilibrium but has a slight oscillatory response. As ζ is

increased, the oscillation is reduced. In the case of overdamping (ζ.1), the sys-

tem is not oscillatory but has a very slow response. A critically damped system

response (ζ51), which comes to equilibrium as fast as possible without oscillat-

ing, is the most desirable.

Eq. (2.16) implies that the damping ratio ζ, which implies the dynamic perfor-

mance of the speed to the applied armature voltage, depends on the electrome-

chanical time constant value Tm and the electrical time constant value Ta.

If Tm,4Ta, then ζ,1 and its speed response will be oscillatory. By contrast,

in the case of Tm$4Ta, the system will have a stable speed response without

oscillation.

Normally, small motors have Tm.4Ta, while servo motors or high power

motors have Tm,4Ta, resulting in an oscillatory response. Even though the

system response is inherently oscillatory, we can achieve the desired response by

adopting an adequate controller, which will be described later.

In most motor drive systems, the time response of an electric system is faster

than that of a mechanical system. In that case, we can ignore the transient of the

electric circuit so that La 5 0. Thus Eq. (2.11) can be written as

ωm

Va

5
k

RaJs1K2
5

1

k

ωc

s1ωc

ωc 5
k2

RaJ

� �
(2.17)

This equation implies that, in a DC motor, the relationship between the speed

ωm and the armature voltage Va can be considered as a first-order, low-pass filter

with a cut-off frequency ωc. This means that the speed ωm is directly proportional

to the armature voltage Va with its changing rate below the ωc, though there is a

time delay between the two. Generally it can be assumed that the rotational speed

of a DC motor is proportional to the voltage applied to it.

t

Speed

tt

Under damping gnipmad revOgnipmad lacitirC

Command

SpeedSpeed

(A) Underdamping (   <1)        (B) Critical damping (   =1)      (C) Overdamping (   >1)ζ ζ ζ

FIGURE 2.15

System responses according to the damping ratio. (A) Underdamping (ζ, 1), (B) critical

damping (ζ5 1), and (C) overdamping (ζ. 1).
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EXAMPLE 2

Consider a separately excited DC motor with the following parameters.

The armature resistance is 0.28 Ω, the armature inductance is 1.7 mH, the

inertia of moment J of this motor is 0.00252, and kφf 5 0:4078.

1. Calculate the locations of the two poles and predict the transient

response of the speed to an armature voltage at no-load.

2. Predict the transient response when this motor is driving the load with

the inertia of moment of 6J.

Solution

1. From Eq. (2.13), the two poles are

s1;2 52
1

2Ta
6

1

Ta

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

4
2

Ta

Tm

r
52 76:476 j181:57:

Since the system has two complex poles, we can expect an

oscillatory system response. Also, from Eq. (2.16), the damping ratio is

ζ5
1

2

ffiffiffiffiffiffi
Tm

Ta

r
5

1

2

Ra

k

ffiffiffiffiffi
J

La

r
5 0:3881:

Because ζ, 1, we can expect the system to have an under-damped

response and an overshoot. From Figure A, we can see the oscillatory

speed response of this system to the step applied voltages.

2. When this motor is driving the load with the inertia of moment of 6J,

the system has two real poles of 2152 and 20.0002. Thus the system

response is not oscillatory. Also, since ζ5 1.0269, we can expect the

critically damped system response to be as Figure B.
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2.5 MOTOR CONTROL SYSTEM
An electric motor is an electromechanical device that converts electrical energy

into mechanical torque. As a torque-producing device, the electric motor needs to

have its torque controlled as a priority. When the torque produced by the motor is

applied to a mechanical load, the torque will change the speed ωm of the driven

load and, in turn, change its position θm as shown in Fig. 2.16.

Therefore, in motor drives, the most effective way for controlling the position

or speed of the load connected to the motor is to control the torque of the

motor directly. However, the torque control is expensive due to the high cost of

the torque sensor for motor torque feedback. We can see from Eq. (2.3) that the

torque is directly proportional to the current under a constant field flux. This

tells us that we can control the torque by using the current instead of the torque

itself. Thus the current control is important for the speed or position control of

a motor.

2.5.1 CONFIGURATION OF CONTROL SYSTEM

Fig. 2.17 illustrates the typical configuration of controllers in the motor drive

systems, in which the controllers required for position, speed and current control

are usually connected in a cascade.

Among these, the current controller must be placed at the most inner loop and

has the widest bandwidth. As mentioned above, since the speed and position can

be controlled through the current control, the response time for the current control

must be the fastest among the three. Likewise, the response for the control of the

inner loop should be sufficiently faster than that of the outer loop to improve

the response performance and the stability of the outer control loop. For example,

the bandwidth of the current loop needed to be at least five times wider than that

of the speed loop to ensure that the current control will not have any influence on

the speed control performance.

Motor

mω

Voltage

Speed Position

Torque

Load

aiφ∝eT

L
m

LMe T
dt

dJJT ++= ω)(

∫= dtmm ωθ

mθ

FIGURE 2.16

The motor drive system.
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2.5.2 TYPES OF CONTROL

The aim of control is to adjust the control input so that the state or output of the

system reaches the required goal. In the motor drive systems, the state or output

may be the current, flux, speed, position, or torque, while the control input is only

the input voltage. For control performance, the ability of reference tracking, i.e.,

the system output follows the reference input as accurately as possible, is the

most important factor. The control system is also needed to have the disturbance

rejection capability while tracking the reference input. This means that no distur-

bance can affect the system tracking the reference input as much.

There are two basic types of control: open-loop control and closed-loop

control, also known as nonfeedback and feedback, respectively.

2.5.2.1 Open-loop control (or nonfeedback control)
Open-loop control is a type of control that determines the control input UðsÞ of a
system by using the system model GsðsÞ as shown in Fig. 2.18.

A drawback of the open-loop control is that it requires perfect knowledge of

the system. Since the open-loop control does not use the feedback of the system

output YðsÞ, the error between the reference RðsÞ and the output YðsÞ cannot

be reflected in determining its control input UðsÞ. Therefore its output may be

Speed
controller

Position
controller

Converter

Speed

Current
sensor 

+          
–

+          
–

+          
–

Position
command 

Power
source 

Position

Control system

Current
controller

Position
sensor

Current

LoadMotor

Current
command 

Speed
command Voltage

command

FIGURE 2.17

Configuration of the motor control system.
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FIGURE 2.18

Open-loop control.
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different from the desired goal due to the change in system parameters or

disturbances.

Because of its simplicity and low cost, the open-loop control is often used in

systems where it has the well-defined relationship between input and output and

are not influenced by disturbances. However, this open-loop control is inadequate

for the high-performance motor drive systems, which are easily affected by

parameter variations and disturbances such as the back-EMF and load torque.

2.5.2.2 Closed-loop control (or feedback control)
Closed-loop control is a type of control that adjusts the control input UðsÞ by

the feedback of the output YðsÞ, as shown in Fig. 2.19. The closed-loop control

is generally used to control the position, speed, current, or flux in the motor drive

systems.

The controller GcðsÞ adjusts its control input UðsÞ to reduce the error between

the output and the desired goal. Thus the role of the controller GcðsÞ in the closed-

loop control is very critical to the system’s performance. There are several types of

widely used types of the feedback controller in the motor drive systems as follows.

2.5.2.2.1 Feedback control

Proportional controller (P controller)
In this type of controller, which is illustrated in Fig. 2.20, the controller output

is proportional to the present error eðtÞð5 rðtÞ2 yðtÞÞ as given by

UðtÞ5KpeðtÞ (2.18)

where Kp represents the proportional gain.

R(s)

+
−

U(s)
(s)cG

E(s) Y(s)

Controller

Reference System input

System

System outputError

Sensor
Measured output

(s)Gs

FIGURE 2.19

Closed-loop control.

R(s)
+ −

U(s)E(s) Y(s)
pK

P controller System

)(sGs

FIGURE 2.20

Proportional control.
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An advantage of the proportional control is its immediate response to errors.

The larger the proportional gain is, the faster the response is. Thus it should be

noted that the proportional gain determines the control bandwidth. However, there

is a limit to increasing the proportional gain because a large gain can lead

to system instability or may require unrealizable control input. A drawback of

the proportional control is that the error can never be zero. In other words, there

exists a steady-state error in the P control. This is because when the error comes

to zero, the output of the P controller becomes zero. Thus the system will have an

error again. We can evaluate the steady-state error of the P controller from

its close-loop transfer function of the block diagram in Fig. 2.20 as,

RðsÞ
YðsÞ 5

GoðsÞ
11GoðsÞ 5

KpGpðsÞ
11KpGpðsÞ

(2.19)

where GoðsÞð5KpGpðsÞÞ is the open-loop transfer function of the system including

the proportional controller.

From Eq. (2.19), if the proportional gain Kp is very large, then RðsÞ=YðsÞ will
be close to one and the error will be very small, but it will never reach zero.

Integral controller (I controller)
In this type of controller, the controller output is the integral of the error as

shown in Fig. 2.21, so the past errors as well as the present error have an effect

on the control input as given by

UðtÞ5Ki

ð
eðtÞdt5 Kp

Tpi

ð
eðtÞdt (2.20)

where Ki represents the integral gain and Tpið5Kp=KiÞ represents the integral

time constant.

The integral controller can remove the steady-state error completely for the

non-time varying reference RðsÞ. This is because it continuously produces nonzero

control input from the accumulated past errors even though the present error is

zero. However, due to the accumulated errors in the integral term, it responds

slowly to change in errors. For this reason, the integral controller is not normally

used alone but is combined with the P controller.

Proportional�integral controller
A widely used controller in motor drive systems is the proportional�integral

controller (PI controller), which is a combination of a proportional controller and

an integral controller to achieve both a fast response and a zero steady-state error.

The block diagram of a proportional�integral controller is shown in Fig. 2.22.

R(s)
+ −

U(s)E(s) Y(s)

I controller System

s
Ki )(sGs

FIGURE 2.21

Integral control.
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Fig. 2.23 compares the control inputs for an error in the three controllers

described earlier.

2.5.2.3 Feedforward control
Disturbances are always present in the control process. In motor drive systems,

e.g., the back-EMF acts as a disturbance on the current control, and the load

torque acts as a disturbance on the speed and position control. We can see

from the Section 2.5.2.2.1 that the feedback control operates to reduce the

error between the output and the desired goal. Thus the feedback control can

react to the disturbance only after the disturbance has an effect on the output.

Accordingly, the feedback control cannot achieve a fast response to the

disturbance.

Feedforward control is an effective way to rapidly eliminate the effect of the

disturbance on the output. The feedforward control predicts and compensates

for the disturbance by adding it to the control input in advance.

R(s)
+

−

U(s)
pK

E(s) Y(s)+

+

PI controller

System

s
Ki

)(sGs

)(sGc

FIGURE 2.22

Proportional�integral control.

t

t

e(t)

e(t)K p

PI controller
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P controller 

Error

Control input
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FIGURE 2.23

Control inputs for an error.
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The feedforward control is always used along with the feedback control.

Fig. 2.24 shows the block diagram of a typical system with the feedback control

and the feedforward control. This control system can reduce the effect of the

disturbance DðsÞ on the output YðsÞ more than the system with the feedback

control alone. For the feedforward control, accurate system parameters are

required to predict the disturbance correctly.

In motor current control systems, the performance of the current control could

be significantly improved by the feedforward control, which compensates for the

back-EMF that acts as a disturbance on the current control. This feedforward

control for current control of DC motors and AC motors will be described in

detail later. For motor speed control, the performance of the speed control could

also be significantly improved by feedforward control for the load torque.

2.5.3 DESIGN CONSIDERATION OF CONTROL SYSTEM

The PI controller has been widely used in motor drive systems as the controller

for the current, speed, or flux linkage control because it could give a satisfactory

performance. The performance of the PI controller depends heavily on its selected

gains. Thus it is very important to select appropriate gains of the PI controller for

obtaining a satisfactory performance in a given system.

Now, we will discuss the gain selection method for the current and speed PI

controllers. Through the frequency response of the whole system including the

PI controller, we will determine the P and I gains for achieving the desired

transient and steady-state characteristics.

WHAT IS FREQUENCY RESPONSE?
The output of a linear system to a sinusoidal input is a sinusoid of the same frequency but with a

different amplitude and phase. The frequency response refers to a system’s open-loop responses at

the steady state to sinusoidal inputs at varying frequencies as shown in the following figure.

(Continued)

+
−

Feedback
controller

+
+

System

Disturbance

+
−

ffU
fbU

R(s) U(s) Y(s)

D(s)

G(s)

Feedforward
controller

FIGURE 2.24

Feedforward control.
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WHAT IS FREQUENCY RESPONSE? (CONTINUED)

Sinusoidal input Steady-state output

tAtr ωsin)( = )sin()( φω += tBtc
G(s)

φ

t

System

The frequency response is used to characterize the dynamics of a system and measure the

ability of the system following an input reference. The frequency response is characterized by

the magnitude and phase of the system’s response as a function of frequency, which are

calculated from the transfer function GðsÞ of the system as

CðsÞ
RðsÞ

����
s5jω

5GðsÞ s5jω 5 Gð jωÞ
�� ��+φð jωÞ

��
where GðjωÞ

�� �� and +φðjωÞ represent the amplitude and phase angle between the input and output

signals, respectively.

We can easily see the frequency response of a dynamic system through a Bode plot, which

displays the magnitude (in dB) and the phase (in degrees) of the system response as a function

of frequency.

When designing a control system, we should consider the three specifications:

stability, response time, and steady-state error. We will begin with briefly reviewing

these specifications.

2.5.3.1 Stability
First of all, the whole system, including the controller, must be stable. Therefore

the stability is the most important requirement for the design of a control system.

The response of an unstable system to a bounded input signal will continue to

oscillate, but the magnitude of this oscillation will never diminish or get larger.

The stability of linear systems can be assessed by checking the poles of the

transfer function of the system, i.e., the roots of the characteristic equation in

the s-plane as we already saw in Fig. 2.14. A linear system is stable if all the

poles lie in the left-half s-plane.

However, merely knowing whether a system is stable or unstable is not

sufficient. We need to find out how stable the system is. We can measure the

relative stability of a system by examining the gain margin and the phase margin

obtained from the Bode plot of the frequency response. A brief description of the

gain margin and the phase margin is presented below.
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2.5.3.1.1 Gain margin and phase margin

Phase margin and gain margin are the measures of closed-loop control systems

stability. They are illustrated in Fig. 2.25.

1. Gain margin

Gain margin is defined as the amount of change in open-loop gain needed

to make a closed-loop system unstable. The gain margin is the difference

between 0 dB and the gain at the phase cross-over frequency that gives a

phase of 2180�. If the gain GHðjωÞ
�� �� at the frequency of

+GHðjωÞ52 180� is greater than 0 dB as shown in the left of Fig. 2.25,

meaning a positive gain margin, then the closed-loop system is stable.

2. Phase margin

Phase margin is defined as the amount of change in open-loop phase

needed to make a closed-loop system unstable. The phase margin is the dif-

ference in phase between 2180� and the phase at the gain cross-over fre-

quency that gives a gain of 0 dB. If the phase +GHðjωÞ at the frequency

of GHðjωÞ
�� ��5 1 is greater than 2180� as shown in the left of Fig. 2.25,

meaning a positive phase margin, the closed-loop system is stable.

In general, as the gain of a system increases, the system becomes less stable.

The gain margin and the phase margin indicate how much the gain increases until

the system becomes unstable.

Let us take a look at the relationship between the gain and phase margins and

the stability of a system. For example, assume that the phase margin of a system

is zero degree, i.e., +GHðjωÞ5 180� at a frequency ω of GðjωÞ
�� ��5 1 dB. In this

case, as shown in Fig. 2.26, the phase difference between YðsÞ and RðsÞ is 180�,

|G|(dB)

0

|G|(dB)

0

G∠

ω

G∠
–90°

–180°

–90°

–180°

Stable system

ω

ω

ω

Unstable system
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phase margin

Positive
gain margin

Negative
phase margin

Negative
gain margin

FIGURE 2.25

Gain margin and phase margin.
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and this closed-loop system thus becomes a positive feedback system. This sys-

tem will continue to amplify its output and become unstable.

If a closed-loop system is stable, both the gain margin and the phase margin

need to be positive. In general, the phase margin of 30�60 degrees and the gain

margin of 2�10 dB are desirable in the closed-loop system design. A system with

a large gain margin and phase margin is stable but has a sluggish response, while

the one with a small gain margin and phase margin has a less sluggish response

but is oscillatory.

2.5.3.2 Response time/speed of response
How quickly a system responds to the change in input is an important measure of

the system’s dynamic performance. The speed of response of a closed-loop

system may be proportional to its control bandwidth. Thus the control bandwidth

is a measure of the speed of response.

We can see the system responds according to its control bandwidth from

Fig. 2.27, which is showing the responses to a step command versus system band-

widths. Generally, the wider the system’s control bandwidth, the faster the speed

of response is. However, if the control bandwidth of a system is too large, the

system may be sensitive to noise and become unstable.

G(s)R(s)
Y(s)

–
+

FIGURE 2.26

Example of an unstable system.

|G|(dB)

0 ω

t

–3dB

Small
bandwidth 
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bandwidth Fast response
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FIGURE 2.27

Speed of response versus system bandwidths. (A) Frequency responses and (B) step

responses.
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This control bandwidth is mainly dependent on the proportional gain of the

controller. Thus we need to adjust the P gain to obtain the desired response speed.

WHAT IS BANDWIDTH?
Bandwidth describes how well a system follows a sinusoidal input. We can easily find the

bandwidth from the system’s closed-loop frequency response. As in the following figure,

the bandwidth is the range of frequencies for which the magnitude Gj j of the frequency response

is greater than 3 dB, i.e., 0#ω#ωb.

The bandwidth is a measure of the feedback system’s ability to follow the input signal.

Sinusoidal inputs with a frequency less than the bandwidth frequency ωb are followed reasonably

well by the system, whereas sinusoidal inputs with a frequency greater than the bandwidth

frequency are attenuated in magnitude by a factor of 1/10 or greater (and are also shifted in

phase). The concept of the bandwidth is very important in control systems because it describes

how quickly a system follows its command.

|G|(dB)

0 ω

Bandwidth

–3dB

bω

2.5.3.3 Steady-state error
A steady-state error is defined as the difference between the desired value and

the actual value of a system when the response has reached the steady state.

We can calculate the steady-state error of the system using the final value

theorem. This theorem is given for the unit feedback system in Fig. 2.28 as

Final value theorem: eN 5 lim
t-N

eðtÞ5 lim
s-0

sEðsÞ5 lim
s-0

s

11GðsÞRðsÞ (2.21)

Error: EðsÞ5RðsÞ2 YðsÞ5 RðsÞ
11GðsÞ

� �

As an example, let us evaluate the steady-state error for a step input command

in the control system for a DC motor, where the speed or current command is

G(s)
–

+

Controller + system Command

R(s) Y(s)E(s)

FIGURE 2.28

Unit feedback system.
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generally given as a step signal. Assume that the control system for the DC motor

is a unit feedback system as in Fig. 2.28, and the transfer function of the current

control system is GðsÞ. For the unit step input ð rðtÞ5 1-RðsÞ5 1=sÞ to this

system, the steady-state error is given from the final value theorem by

eN 5 lim
s-0

s

11GðsÞRðsÞ5 lim
s-0

s

11GðsÞ
1

s
5 lim

s-0

1

11GðsÞ (2.22)

The steady-state error depends on the system type (0, I, or II).

First, suppose a control system of type 0 expressed as GðsÞ5K=ðTs1 1Þ.
In this system the steady-state error is given as

eN 5
1

11Gð0Þ 5
1

11K
(2.23)

The magnitude of the error depends on the system gain K and will be never zero.

Next, suppose a type I system of GðsÞ5K=sðTs1 1Þ. This control system has

no steady-state error as

eN 5
1

11Gð0Þ 5
1

11N
5 0 (2.24)

From this, it can be seen that if a control system includes an integrator 1/s,

then the steady-state error to a step reference will be zero.

2.6 CURRENT CONTROLLER DESIGN
The PI controller is the most commonly used in the DC motor drive systems for

current control. In this section we will introduce how to design a current control-

ler, i.e., how to select the P and I gains of a PI current controller for the desired

performance.

The PI controller consists of a proportional term, which depends on the pres-

ent error, and an integral term, which depends on the accumulation of past and

present errors as follows:

GpiðsÞ5Kp 1
Ki

s
(2.25)

where Kp and Ki are the proportional and integral gain, respectively.

Fig. 2.29 shows the frequency response of the PI controller. The PI controller

has an infinite DC gain (i.e., gain when ω5 0) due to an integrator.

The transfer function of Eq. (2.25) can be rewritten as

GpiðsÞ5Kp 11
1

Tpis

� �
5Kp

s1
1

Tpi

� �
s

(2.26)
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where Tpi 5Kp=Ki is the integral time constant of the PI controller and 1=Tpi is
called the corner frequency of the PI controller.

From Eq. (2.26), we can see that the PI controller can add one pole at s5 0

and one zero at s52Ki=Kp to the transfer function of the system. The location

of this zero has a strong influence on the system performance, which will be

described in detail later. If the zero is correctly placed, then the damping of the

system can be improved. As mentioned earlier, the pole at s5 0 of the PI control-

ler causes the system type to be increased by adding an integrator 1=s to the

transfer function, improving the steady-state error. However, the increased system

type may make the system unstable when gains are large. In general, the PI

controller can improve the steady-state error but at the expense of stability.

In addition, the PI controller can reduce the maximum overshoot and improve the

gain and phase margins as well as the resonant peak, but it reduces the bandwidth

and extends the rise time. The PI controller also has a characteristic of a low-pass

filter that reduces the noise.

Now, let us evaluate the performance of the PI controller for current control

of a DC motor. The transfer function of a DC motor system that includes a

PI current controller as shown in Fig. 2.30 is given as

IðsÞ5 Kpcs1Kic

Las2 1 ðRa 1KpcÞs1Kic

I
� ðsÞ2 s

Las2 1 ðRa 1KpcÞs1Kic

EðsÞ (2.27)

where Kpc and Kic represent the proportional and integral gains of the current

controller, respectively.

We can see from Eq. (2.27) that the back-EMF EðsÞ of the DC motor will

act as a disturbance to the current control system. If the current reference of the

PK

|)(| sGpi

piT
1

)(sGpi∠

– 90°

– 45°

0°
piT
1

ω

PI corner
frequency

ω

FIGURE 2.29

Frequency response of the PI controller.

PI current
controller

aa RsL +
1 aI

aE

*
aI

+

_

_
+aV

DC motor

FIGURE 2.30

Block diagram of the DC motor including a current controller.
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DC motor remains a constant value (i.e., s5 0), then EðsÞ will have no influence

on the current control performance. However, when the current reference I
� ðsÞ is

changed, EðsÞ may have an influence on the dynamic performance of the actual

current IðsÞ following its reference.

For a large system inertia, the effect of EðsÞ on the current control can be

ignored since the variation of EðsÞ due to the speed variation is very small.

However, for servo motors designed with a small inertia for a fast speed

response, the effect of EðsÞ cannot be ignored. To obtain a good performance of

the current control by eliminating this undesirable effect of the back-EMF, we

can adopt the feedforward control as described in the Section 2.5.2.3. Since the

back-EMF of a DC motor is ea 5 keφfωm, we can easily estimate it from the

speed information. When the disturbance EðsÞ is compensated by the feedfor-

ward control as in Fig. 2.31A, the DC motor will be simplified as a R-L circuit

shown in Fig. 2.31B.

For the case of Fig. 2.31B, the current control will be easier and its

performance will be improved. In this case, Eq. (2.27) becomes

IðsÞ
I
� ðsÞ 5

Kpcs1Kic

Las2 1 ðRa 1KpcÞs1Kic

(2.28)

From Eq. (2.28), it can be seen that the current control characteristic depends

on the performance of the current controller, which will be determined by the P

and I gains selected for the PI controller.

Now, we will look at how the proper gains are selected to achieve the desired

performance of the current control. Here, we will introduce a gain selection

method based on the frequency response of the system.

ae
i T+

–
+

 *V mω*I

K
aê
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1

BJs +
1Current

controller
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(A)

K
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1
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1i T+

–

*V
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FIGURE 2.31

Current control system. (A) Feedforward control of the back-EMF and (B) system after

compensating the back-EMF.
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2.6.1 PROPORTIONAL�INTEGRAL CURRENT CONTROLLER

A current control system containing a PI controller is shown in Fig. 2.32. Here,

assume that the feedforward control compensates the back-EMF of the DC motor

perfectly.

In this PI current controller, the relationship between the current error and its

output voltage is given as

Va 5Kpc

�
11

1

Tpis

��
I
�
a 2 Ia

�
(2.29)

where Tpið5Kpc=KicÞ is the integral time constant of the PI current controller and

Kic is the integral gain.

There are several PI gain tuning rules such as the famous Ziegler�Nichols

method. Here, we will adopt the technique called the pole-zero cancellation

method. By using the pole-zero cancellation, we can remove the current control

characteristic of the DC motor itself so that the PI controller may determine the

performance of the current control.

The open-loop transfer function Go
cðsÞ of this system is given by

Go
cðsÞ5Kpc

s1
1

Tpi

s

0
BB@

1
CCA � 1

Las1Ra

5Kpc

s1
Kic

Kpc

� �
s

�
1

La

s1
Ra

La

� � (2.30)

If the zero ð2Kic=KpcÞ of the PI controller is designed to cancel the pole

ð2Ra=LaÞ of the DC motor by the pole-zero cancellation method, i.e.

1

Tpi
5

Kic

Kpc

5
Ra

La
(2.31)

then, Eq. (2.30) becomes

Go
cðsÞ5

1

La

Kpc

� �
s

(2.32)

Fig. 2.33 shows the bode plot of the open-loop frequency response from

Go
cðsÞ. The phase is 290� at the gain cross-over frequency ωcc where the magni-

tude Go
cðjωÞ

�� ��5 0 dB. Thus the gain margin is positive and the system will be

s
KK ic

pc +
aa RsL +

1+         

–

aI
*
aI

PI controller

aa VV =*
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FIGURE 2.32

PI current control system.

692.6 Current Controller Design

Hesai Exhibit 1030, page 73



stable. Also, in this case, the transfer function of Eq. (2.32) becomes the system

of type5 1 and, thus, we can expect the steady-state error to be zero as

eN 5 lim
s-0

1

11Go
cðsÞ

5
1

11N
5 0 (2.33)

From Eq. (2.32), the gain cross-over frequency ωcc can be determined by

Go
cð jωccÞ

�� ��5 1

La

Kpc

jωcc

����
����
5 1- ωcc 5

Kpc

La
(2.34)

The gain cross-over frequency ωcc of the open-loop frequency response is

equal to the gain cut-off frequency of the close-loop frequency response, which

indicates the bandwidth of the current control system. Let us check the bandwidth

of this current control system.

The closed-loop transfer function of this system is given by

IðsÞ
I
� ðsÞ 5Gc

cðsÞ5
Go

cðsÞ
11Go

cðsÞ
5

1

La

Kpc

� �
s1 1

5
ωcc

s1ωcc

(2.35)

Its frequency response is shown in Fig. 2.34. We can see that the bandwidth

of this system is given as ωcc by letting Gc
cð jωÞ

�� �� equal to 1=
ffiffiffi
2

p
(523 dB) as

Gc
cð jωÞ

�� ��5 ωcc

jω1ωcc

����
����5 1ffiffiffi

2
p (2.36)

Thus the bandwidth is equal to the gain cross-over frequency of the open-loop

frequency response.
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FIGURE 2.33

Open-loop frequency response.
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Like this, if the zero of the PI controller is designed to cancel the pole of the

system, the current control system is expressed simply as a first-order system

with a cut-off frequency ωcc, which is stable. In this case, there will be no over-

shoot in the response and the time required for the response to reach the final

value will be about four times the time constant of the system.

Based on the explanation given above, the proportional and integral gains of

the current controller needed to achieve the required bandwidth can be determined

as follows.

If the required control bandwidth is ωcc, then the proportional gain Kpc can be

obtained from Eq. (2.34) and the integral gain Kic can be obtained from

Eq. (2.31) as

Proportional gain: Kpc 5La � ωcc (2.37)

Integral gain: Kic 5
Ra

La
Kpc 5Ra � ωcc (2.38)

It is important to note that the gains of the controller depend on the motor

parameters La and Ra. Therefore the gain values to achieve the same current

control performance may differ from motor to motor. For example, a motor with

a large value of winding inductance, whose current is difficult to change, needs a

larger proportional gain to obtain an equal bandwidth of the current control than

that with a small value of winding inductance, whose current is easy to change.

Therefore, accurate information about the motor parameters is essential to achieve

the required current control performance.

2.6.1.1 Selection of the bandwidth for current control
The value of the proportional gain Kpc determines how fast the system responds,

whereas the value of the integral gain Kic determines how fast the steady-state
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FIGURE 2.34

Closed-loop frequency response.
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error is eliminated. When the value of these gains is larger, the control perfor-

mance is better. However, large gains may lead to an oscillatory response and

result in an unstable system. As can be seen in Eq. (2.37) and (2.38), since the

gains of a current controller are determined by its bandwidth ωcc, we first need to

select an appropriate bandwidth ωcc for the target current control system. A wider

bandwidth will lead to a faster response but an unstable system.

The bandwidth ωcc of a current controller is limited by the following two

factors: the switching frequency of the power electronic converter realizing the

output of the current controller and the sampling period for detecting an actual

current for feedback in the digital controller. Since a motor current cannot change

faster than the switching frequency of the power electronic converter, the switch-

ing frequency limits the bandwidth of the current control. If the current is

sampled twice every switching period, as a rule of thumb, the maximum available

bandwidth can be up to 1/10 of the switching frequency. On the other hand, if it

is sampled once every switching period, the maximum available bandwidth can

be up to 1/20 of the switching frequency. For this case, it is desirable to restrict

the bandwidth to 1/25 of the sampling frequency [1,2].

As an example, suppose that the switching frequency of a chopper, which

provides the voltage applied to a DC motor, is 5 kHz. In this case, the maximum

available bandwidth of the current controller can be up to at most 1/10 of

the switching frequency, i.e., 5 kHz/105 500 Hz(� 3100 rad/s). However, for a

stable current control or if the current is sampled once every switching period, it

is better to restrict to 1/20 of the switching frequency, i.e., 5 kHz/205 250 Hz

(� 1550 rad/s).

Fig. 2.35 compares the current control performances according to the gains,

which are determined by the gain selection method as described earlier. We can

identify the different responses according to the control bandwidth.

0 0.002 0.004 0.006 0.008 0.01 0.012

0

5

10

15

20

25

0 0.002 0.004 0.006 0.008 0.01 0.012

0

5

10

15

20

25

=500 Hz  

*i
i i

*i

ccω =1000 Hzccω

(B)(A)

Time (s) Time (s)

FIGURE 2.35

Current control performance according to the control bandwidth.

72 CHAPTER 2 Control of direct current motors

Hesai Exhibit 1030, page 76



2.6.2 ANTI-WINDUP CONTROLLER

As stated before, we can see that the integral controller can effectively eliminate

the steady-state error. This is because of the nature of the integral controller

producing its output from the accumulated past errors. However, this nature is

often the cause of control performance degradation in cases where the output of

the controller is limited.

The output of the PI current controller, which indicates the voltage reference

applied to a DC motor, should be limited to a feasible value by the following

reasons. First, a voltage exceeding its rated value should not be applied to a

motor. Furthermore, power electronic converters, which produce the voltage

applied to the motor, normally have a restricted output voltage due to the limited

availability of the input voltage and the voltage rating of switching devices.

Once the output of the PI controller exceeds its limit due to sustained error

signals for a significant period of time, the output will be saturated, but the

integrator in the controller may have a large value by its continual integral

action. This phenomenon is known as integral windup. When the windup

occurs, the controller is unable to immediately respond to the changes in the

error due to a large accumulated value inside the integrator. It is required that

the error have an opposite sign for a long time until the controller returns to

the normal state. This system becomes an open-loop system because the output

remains at its limit irrespective of the error. As a result, the system will exhibit

a large overshoot and a long setting time. To avoid such integrator windup,

the magnitude of the integral term should be kept at a proper value when the

saturation occurs, so that the controller can resume the action as soon as

the control error changes.

There are several methods to avoid the integrator windup such as back calcu-

lation, conditional integration, and limited integration [3,4]. The anti-windup

scheme of back calculation as shown in Fig. 2.36 is widely used because of its

satisfactory dynamic characteristic.
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FIGURE 2.36

Anti-windup control by the back calculation method.
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In this scheme, when the output is saturated, the difference between the

controller output and the actual output is fed back to the input of the integrator

with a gain of Ka so that the accumulated value of the integrator can be kept at a

proper value. The gain of an anti-windup controller is normally selected as

Ka 5 1=Kp to eliminate the dynamics of the limited voltage.

Fig. 2.37 shows the phenomenon of integrator windup for a PI current control-

ler, which is generated by a large change in the reference value. Fig. 2.37A shows

the performance of a current controller without an anti-windup control. Due to its

saturated output voltage, the actual current exhibits a large overshoot and a long

setting time. On the other hand, Fig. 2.37B shows a current controller with an

anti-windup control. When the output is saturated, the accumulated value of the

integrator can be kept at a proper value, resulting in an improved performance.

2.6.2.1 Gains selection procedure of the proportional�integral
current controller

1. Find the switching frequency fsw of the system.

2. Select the control bandwidth ωcc of the current controller to be within 1/10�1/

20 of the switching frequency fsw and below 1/25 of the sampling frequency.

3. Calculate the proportional and integral gains from the selected bandwidth

ωcc as

Proportional gain: Kpc 5La � ωcc

Integral gain: Kic 5Ra � ωcc

4. Select the gain of the anti-windup controller as Ka 5 1=Kpc.

The procedures 1 and 2 are interchangeable with each other, i.e., the switching

frequency can be determined by the required bandwidth ωcc for current control.

0 Time0 Time

*i

i

*i

i

Value of integrator Value of integratorLimit
value

(A) (B)

FIGURE 2.37

Anti-windup control. (A) Without anti-windup control and (B) with anti-windup control.
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2.7 SPEED CONTROLLER DESIGN
When controlling the speed of a motor, the speed controller must be placed in

the outer loop of the current controller as shown in Fig. 2.38. In this case, if the

bandwidth of current control is chosen to be sufficiently wider than that of speed

control, then the current control will not have any influence on the speed control

performance, and the stability of the speed control will be improved.

Like the current controller, a PI controller is widely used for speed control.

Now, we will explain how the PI speed controller is designed, i.e., how to select

the proper gains to achieve the desired speed control performance.

2.7.1 PROPORTIONAL�INTEGRAL SPEED CONTROLLER [5]

The transfer function of a PI speed controller is given by

GpiðsÞ5Kps 1
Kis

s
(2.39)

where Kps and Kis are the proportional and integral gains of a PI speed controller,

respectively.

From the block diagram in Fig. 2.38, the open-loop transfer function of the

speed control system is given by

Go
s ðsÞ5GpiðsÞGc

cðsÞU
KT

Js
5 Kps 1

Kis

s

� �
U

ωcc

s1ωcc

U
KT

Js
(2.40)

This open-loop characteristic is the sum of the frequency responses of three parts:

a PI speed controller, a PI current controller, and a mechanical system of a motor

and a load. Here, we assume that the current controller is a first-order system with a

bandwidth of ωcc. Also, the load torque TL is neglected and KT 5 kTφf .

The bode plot of the open-loop frequency responses for a speed control system

is shown in Fig. 2.39. Here, ωcs is the gain cross-over frequency, which is equal to

the bandwidth of the speed controller, and ωpið5Kis=KpsÞ is the PI corner frequency.
As a rule of thumb, ωpi is selected as one-fifth of ωcs. If ωpi is too small, the

Current
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controller

∗
 mω +

–

ai eT
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FIGURE 2.38

The speed control system.
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steady-state performance will be degraded, but if it is too large, the system will

exhibit an overshoot.

As stated before, in order for current control to not exert any influence on

speed control, the current control bandwidth ωcc should be at least five times

wider than the speed control bandwidth ωcs. Under this condition, the gain of the

current controller around the cross-over frequency ωcs becomes almost one, i.e.,

Gc
cðsÞ5

ωcc

s1ωcc

� 1 (2.41)

Also, if the PI corner frequency ωpi is much smaller than the speed control

bandwidth ωcs, then the transfer function of the PI current controller around ωcs

can be reduced as

GpiðsÞ5Kps 1
Kis

s
� Kps (2.42)

Consequently the open-loop transfer function of Eq. (2.40) around the cross-

over frequency ωcs can be simplified as

Go
s ðsÞ � Kps �

KT

Js
(2.43)

The gain of this open-loop transfer function at frequency ωcs is 0 dB, i.e.,

Go
s ð jωcsÞ

�� ��5 0 dB (2.44)

From this, we can obtain the proportional gain Kps and the integral gain Kis as

Proportional gain: Kps 5
Jωcs

KT

(2.45)

Integral gain: Kis 5Kps � ωpi 5Kps �
ωcs

5
5

Jω2
cs

5KT

(2.46)
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FIGURE 2.39

Bode plot of the open-loop frequency responses for a speed control system.
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It is important to note that the gains of a speed controller depend on the

system inertia J and the torque constant KT of the target motor. Since J and KT

can be different from each system, the gains of a speed controller may vary

with the applied system. From Eq. (2.45), it can be seen that, to achieve an equal

bandwidth of speed control, the value of the proportional gain needs to be large

for a large J and small for a large KT .

Like the current controller, the PI speed controller needs to include an

anti-windup controller to prevent integrator saturation.

2.7.1.1 Selection of the bandwidth of speed control
The speed control bandwidth ωcs that determines the dynamic performance of

the speed controller is limited by the bandwidth of the current controller and the

sampling frequency of speed (i.e., the period of the speed control). As mentioned

before, the bandwidth of speed control should be five times less than that of

current control, and the sampling frequency of speed should also be considered.

It is natural that the bandwidth of a speed controller cannot be larger than the

frequency measuring the speed. We can select the speed control bandwidth within

the limit of 1/10 or 1/20 of the sampling frequency.

As an example, suppose that the bandwidth of a current controller is 500 Hz

and the sampling period to measure the speed is 2 ms. In this case, the available

bandwidth of the speed controller can be up to one-fifth of the current controller,

i.e., 500 Hz/55 100 Hz(� 628 rad/s). However, since the sampling frequency of

speed is 500 Hz(51/2 ms), it is desirable that the bandwidth of the speed controller

be less than 50 Hz (5500/10).

Gains selection procedure of the proportional�integral speed controller
1. Identify the bandwidth of the current controller.

2. Select the bandwidth ωcs of speed control to be five times less than the band-

width of current control and ten times less than the sampling frequency of speed.

3. Calculate the proportional and integral gains from the selected bandwidth ωcs as

Proportional gain: Kps 5
Jωcs

KT

Integral gain: Kis 5KpsUωpi 5KpsU
ωcs

5
5

Jω2
cs

5KT

4. Select the gain of an anti-windup controller as Ka 5 1=Kps

We can normally obtain appropriate gains of the speed controller using the

design method as stated just above. However, inaccurate information of the sys-

tem parameters, J and KT , may lead to incorrect gains for achieving the required

bandwidth, so we may need to adjust additionally the gains by monitoring the

transient response as shown in Fig. 2.40. If the system has an oscillatory response,

we need to decrease the gains. On the other hand, if the system has a very slow

response, we need to increase the gains.
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2.7.1.3 Drawback of a proportional�integral speed controller
From the open-loop transfer function Go

s ðsÞof Eq. (2.40), the closed-loop transfer

function Gc
sðsÞ of the speed control system is given by

Gc
sðsÞ5

Go
cðsÞ

11Go
cðsÞ

5

KTKps

J

� �
s1

KTKis

J

� �

s2 1
KTKps

J

� �
s1

KTKis

J

� � (2.47)

Here, the gain of the current controller is assumed to be 1.

By comparing this transfer function with the prototype form, s2 1 2ζωns1ω2
n,

of the second-order system, the damping ratio ζ can be obtained as

ζ5
1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
KTKis

J
� Kps

Kis

r
5

1

2

ffiffiffiffiffiffiffi
ωcs

ωpi

r
(2.48)

We can see that the damping ratio ζ depends on the ratio of ωcs to ωpi.

The condition of ωpi 5ωsc=5 given in the Section 2.7 results in ζ5
ffiffiffi
5

p
=2. Because

ζ is greater than 1, we expect the system response by the PI controller to be over-

damped and have no overshoot. However, the zero of s52Kis=Kps in the PI con-

troller causes an overshoot in the system response. The closer the zero is located to

the imaginary axis in the s-plane, the greater its effects will be [1]. We can easily

see the effect of this zero by dividing Eq. (2.47) into two parts as:

KTKis

J

s2 1

�
KTKps

J

�
s1

�
KTKis

J

� 1

�
KTKps

J

�
s

s2 1

�
KTKps

J

�
s1

�
KTKis

J

�

-
ω2
n

s2 1 2ζωns1ω2
n

1
2ζωns

s2 1 2ζωns1ω2
n

(2.49)
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FIGURE 2.40

Transient responses according to different controller gains.
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The responses of these two parts to a unit step command are shown in Fig. 2.41.

It can be seen that the second term of Eq. (2.49) gives an overshoot to the system

response. It is interesting to note that, in current control, this zero has no effect on

the system response because the zero is canceled out by the system pole.

The overshoot problem by the zero in the PI controller can be solved by an

integral and proportional (IP) controller.

2.7.2 INTEGRAL-PROPORTIONAL CONTROLLER

We can remove the zero from Eq. (2.47) by adjusting the position of the P control

part in the PI controller as shown in Fig. 2.42. This controller is known as the

IP controller.

The transfer function of the IP control system is given as

ωm

ω�
m

5

KTKis

Js

s2 1
KTKps

J

� �
s1

KTKis

J

(2.50)
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FIGURE 2.41

Response to a unit step command.
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The poles of this transfer function are the same as those of the PI controller

but this transfer function has no zero. Thus the IP controller has no problem with

the overshoot caused by the zero.

In the IP controller, the system response to the speed reference depends only

on the damping ratio in Eq. (2.50). The critical damped response (i.e., ζ5 1) is

obtained by allowing ωpi 5ωsc=4.
From reconstructing Fig. 2.42 as Fig. 2.43, we can see that an IP controller is

equivalent to a PI controller except for the first-order, low-pass filter with the

time constant of Kps=Kis on the input side. Therefore, an IP controller exhibits no

overshoot due to low-pass filtering of its input command, but its response will be

slower than that of a PI controller.

Although the speed responses to speed reference of PI and IP controllers are

different from each other, the speed responses to disturbance torque are the same.

The transfer function of the speed response to a disturbance torque TL for an IP

controller can be obtained from Fig. 2.42 as

ωm

TL
5 2

s

Js2 1KTKpss1KTKps

(2.51)

It is not hard to ascertain that the transfer function of the PI controller is the

same as Eq. (2.51). Therefore the speed responses to a disturbance torque for

the two controllers are identical. The speed responses of the PI and IP controllers

under an equal control bandwidth are shown in Fig. 2.44A. It can be seen that the

IP controller exhibits no overshoot, but its response is slower than that of the PI

controller. On the other hand, the speed responses to a disturbance torque for the

two controllers are the same, as we would expect. If the bandwidths are adjusted

for the two controllers to have the same overshoot in their response to speed

reference, the IP controller can achieve a larger bandwidth than the PI controller.

For the same overshoot, the bandwidth of the IP controller can be set as 5.44

times larger than that of the PI controller. In this condition, the IP controller will

exhibit an improved speed response to the disturbance torque as shown in

Fig. 2.44B.

*
mω

LT
eT

Js
1 mω

s
K
K

is

ps+1

1

s
KK is

ps + TK
ai

PI controllerFirst order, low-pass filter

FIGURE 2.43

Equivalent block diagram of the IP controller.
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By combining these two controllers, we can make a compromise between the

response to speed reference and the response to disturbance torque. This com-

bined controller is shown in Fig. 2.45. The characteristic of the combined control-

ler depends on the control variable α. When α5 0, it becomes an IP controller,

whereas if α5 1, it becomes a PI controller. In case of 0,α, 1, a combined

characteristic of the two controllers can be obtained.

A PI speed controller will exhibit a satisfactory performance if its bandwidth is

large enough. In many applications such as elevators that are susceptible to mechani-

cal resonance and flexible joint robots, a speed controller often cannot have a large

enough bandwidth, so we cannot expect a satisfactory response. In this case, we need

to improve the control performance by combining a PI controller with other control

schemes such as acceleration feedforward compensation or Fuzzy algorithm [6].
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Speed responses of PI and IP controllers. (A) Same bandwidth and (B) same overshoot.

812.7 Speed Controller Design

Hesai Exhibit 1030, page 85



2.8 POWER ELECTRONIC CONVERTER FOR DIRECT
CURRENT MOTORS

The voltage applied to a DC motor can be controlled by using a power electronic

converter. Fig. 2.46 shows a simple driving circuit for the forward motoring mode

operation. Commonly, in a driving circuit, the switching states of the power

devices are determined by the pulse width modulation (PWM) technique to

achieve the required voltage command. The voltage command is given by the

current controller as described earlier.

A four-quadrant chopper (or H-bridge circuit) is often used to operate a DC

motor in both motoring and braking modes for both forward and reverse direc-

tions. The H-bridge circuit is implemented with four power switching devices as

shown in Fig. 2.47.

s
KK is

ps +α
Js
1

psK)1( α−

eT
ai+         

–
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FIGURE 2.45

Combined controller.
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FIGURE 2.46

Simple driving circuit for a DC motor.
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This circuit is widely used in DC servo drive systems because it can provide

high-performance current control with a bandwidth up to several thousand (rad/s).

In this circuit, there are two PWM techniques for adjusting the output voltage:

bipolar and unipolar switching schemes.

2.8.1 SWITCHING SCHEMES

2.8.1.1 Bipolar switching scheme
The switching states of devices are determined by comparing the voltage refer-

ence V
�
a with the triangular carrier wave as shown in Fig. 2.48.

In this scheme, if the voltage reference V
�
a is larger than the triangular carrier

wave, then both T1 and T4 will be turned on, and the output Va will become 1Vdc.

On the other hand, if the reference voltage V
�
a is less than the triangular carrier wave,

both T2 and T3 will be turned on, and the output Va will become 2Vdc. In this man-

ner, two switching devices (T1 and T4, T2 and T3) placed diagonally will be turned on

or off simultaneously. Since these switching actions give an output voltage of either

positive or negative DC voltage (i.e., 1Vdc and 2Vdc), this scheme is called the bipo-

lar switching scheme.

In this scheme, the switching frequency equals to the frequency (1=Ts)
of the triangular carrier wave. This scheme has an advantage of smoothly

changing the average output voltage from 1Vdc to 2Vdc as shown in Fig. 2.49.

However, the instantaneous output voltage becomes as wide as 2Vdc, resulting

in a large current ripple of the motor.

2.8.1.2 Unipolar switching scheme
In this scheme, the switching of the devices is also determined by comparing the

voltage reference with the triangular carrier wave as in the bipolar switching

scheme, but the switching in the H-pole and the L-pole is performed indepen-

dently according to its own reference as shown in Fig. 2.50. The reference voltage

VH of the H-pole is given as V
�
a . Meanwhile, the reference voltage VL of the

L-pole is given as 2V
�
a . The output voltage (i.e., the motor voltage) Va is given

by the voltage difference between the H-pole and the L-pole, i.e., VH 2VL. Since

aL aR ae

+ –

DC motor

aV

1T 2T

ai
LVHVdcVDC

source

4T3T

+ –

FIGURE 2.47

H-bridge circuit.
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this switching action gives an output voltage of 0 and 1Vdc or 0 and 2Vdc, this

scheme is called the unipolar switching scheme.

In this scheme, the output voltage fluctuates by Vdc, so the current ripple of the

motor will be two times smaller than that of the bipolar switching scheme and the

torque ripple will also be smaller as shown in Fig. 2.51. Furthermore, the output

voltage changes effectively with the doubling of the switching frequency.

However, since this scheme is difficult to provide a small average voltage, the sign

transition of the average voltage may be discontinuous as described in Fig. 2.52.

As a result, it is difficult to change the rotational direction of the motor smoothly.
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Bipolar switching scheme.

av dcV

dcV−

aV

FIGURE 2.49

Output voltage of bipolar switching.
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Unipolar switching scheme.
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2.9 SIMULATION OF DIRECT CURRENT MOTOR DRIVE
SYSTEM: MATLAB/SIMULINK

Now, we will examine the performance of the current and speed controllers as

mentioned in the Sections 2.6 and 2.7 through a simulation of a DC motor drive

system using MATLAB/Simulink.

A block diagram of a DC motor drive system is shown in Fig. 2.53. The

system consists of a DC motor part and a mechanical load part.

The modeling of these parts for MATLAB/Simulink simulation is as follows:

2.9.1 DIRECT CURRENT MOTOR MODELING

In the electric circuit of a DC motor, the input is the applied armature voltage,

and the output is the armature current. Thus, to obtain the armature current, the

voltage equation of Eq. (2.1) can be rewritten as

Va 5Raia 1La
dia

dt
1 ea

- iaðtÞ5
1

La

ð
½VaðτÞ2RaiaðτÞ2 eaðτÞ�dτ

(2.52)

aV
dcV

dcV−

0

av

t

FIGURE 2.52

Output voltage of unipolar switching.
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FIGURE 2.53

Block diagram of a permanent magnet DC motor drive system.
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From this equation, the simulation model of the electric circuit of a DC motor

is given as Fig. 2.54.

2.9.2 MECHANICAL SYSTEM MODELING

In the mechanical system, the input is the developed torque of the DC motor, and

the output is the speed of the load. To obtain the speed, the motion equation of

Eq. (2.4) can be rewritten as

Te 5 kTφia 5 J
dωm

dt
1Bωm 1 TL

- ωmðtÞ5
1

J

ð
½TeðτÞ2BωmðτÞ2 TLðτÞ�dτ

(2.53)

From this equation, the simulation model of the mechanical load system is

given as Fig. 2.55.
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FIGURE 2.54

Simulink block diagram of the electric circuit in a DC motor.
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FIGURE 2.55

Simulink block diagram of the mechanical load system.
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Fig. 2.56 shows a complete model for a DC motor drive system, which

combines the electric circuit, mechanical system, torque, and back-EMF equations.

Here, we assume K5 keφ5 kTφ and TL 5 0. To apply a step input voltage to

a DC motor, the step block (Va) is added to the simulation model.

Now, we will carry out a simulation by using this complete model. The para-

meters and the rating of the DC motor used for simulations are listed as M-file

in Fig. 2.57. We can set the simulation time and the solver option by using the

simulation/configuration parameters menu.

First, we will examine the speed response to a step input voltage. Fig. 2.58

compares the speed responses of this system to two different step input voltages.

The final speed depends on the voltage applied to the motor. The rotational speed
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FIGURE 2.56

Complete Simulink model for a DC motor drive system.

FIGURE 2.57

M-file for simulation.
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Wrpm of the DC motor is proportional to the armature voltage Va, as can be

expected. The parameters of the motor give a damping ratio ζ of 0.37. Because

ζ, 1, we can expect the system to have an under-damped response and an over-

shoot. This is verified by this simulation results.

Next, we will model a PI current controller and then connect it with the DC

motor drive system.

2.9.3 PROPORTIONAL�INTEGRAL CURRENT CONTROLLER
MODELING

The entire system containing a PI current controller is shown in Fig. 2.59.

The subsystem “PMDC” represents all the blocks in Fig. 2.56. This

system also includes an anti-windup controller, back-EMF feedforward

compensation, and a limiter. The limiter restricts the output of the current

controller to the rated voltage of the motor. The proportional and integral

gains can be obtained from Eqs. (2.37) and (2.38), and the anti-windup gain

is Ka 5 1=Kp.

Fig. 2.60 compares the responses to the step current command ði�a 5 20AÞ for
gains according to the control bandwidths of 500 and 1000 Hz. As we have

expected, the PI current controller does not give a steady-state error, and a larger

bandwidth can improve the response time.

The two responses show that the actual currents reach their references at 2

and 1 ms, respectively. This indicates that the current control system has band-

widths of 500 and 1000 Hz, respectively, as designed.
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Speed response to a step input voltage. (A) Va 5 70 V and (B) Va 5 140 V.
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2.9.4 PROPORTIONAL�INTEGRAL SPEED CONTROLLER MODELING

The entire DC motor drive system containing a PI speed controller is shown in

Fig. 2.61. The subsystem “PMDC with CC” represents all the blocks in Fig. 2.59.

This controller also has an anti-windup controller.

The system responses to the step speed command of 2500 r/min according to

two different bandwidths are shown in Fig. 2.62. Again, we can make sure that a

larger bandwidth can lead to a faster response.
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System containing a PI current controller.
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2.9.5 FOUR-QUADRANT CHOPPER MODELING

The simulation block containing a four-quadrant chopper, which generates the

voltage applied to the DC motor, is shown in Fig. 2.63. We assume that this chop-

per adopts a unipolar switching scheme with a switching frequency of 5 kHz.

The switching signals produced by the unipolar switching scheme are shown

in Fig. 2.64A. The PWM output voltage of the chopper and the current of the

motor are shown in Fig. 2.64B.
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For the step speed reference of 2500 r/min, the speed and torque of the motor

are shown in Fig. 2.65. When compared with Fig. 2.61, the current and torque

waveforms powered by the chopper exhibit ripple components due to PWM

switching.
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CHAPTER

3Alternating current motors:
synchronous motor and
induction motor

The rotation of alternating current (AC) motors exploits the force developed by

the interaction between two magnetic fields rotating at the same speed as stated

in Chapter 1. There are two classifications of an AC motor: synchronous motor

and asynchronous motor. An asynchronous motor is more commonly known as

an induction motor.

Synchronous and induction motors have the same stator configuration

for producing the rotating magnetic field. However, they have different rotor

constructions due to the difference in their ways of generating the rotor magnetic

field. In synchronous motors, typically, the rotor magnetic field is generated from

the field winding excited by a direct current (DC) power source. For small- to

medium-sized synchronous motors, permanent magnets are commonly used for

generating the rotor magnetic field. On the other hand, in induction motors,

the rotor magnetic field is produced by an AC power. It is interesting to note that

this AC power is transferred from a stator by electromagnetic induction.

Induction motors have several advantages such as simple construction,

reliability, ruggedness, low maintenance, low cost, high-speed operation capabil-

ity, and the ability to be operated by a direct connection to an AC power source.

On the other hand, synchronous motors are superior to induction motors in effi-

ciency, power density, dynamic response, and power factor.

In this chapter, we will study the basic operation principle and characteristics

of AC motors in more detail. We will begin by examining the more general type

of motor, the induction motor.

3.1 INDUCTION MOTORS
The fundamental principle of induction motors was first demonstrated by the

experiment known as Arago’s Disk in 1824. From this experiment, it was found

that, when a magnet rotates along the rim of a copper disk (a nonmagnetic

substance), the disk rotates in the direction of the magnet at a smaller speed

(Fig. 3.1). In 1832, Faraday demonstrated that this phenomenon is due to the

currents induced in the copper disk. The discovery of this phenomenon ultimately

led to the development of the fundamental concept of an induction motor. When a

magnet passes along the rim of a copper disk, an electromotive force (EMF) is

Electric Motor Control. DOI: http://dx.doi.org/10.1016/B978-0-12-812138-2.00003-9
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induced at the part in the disk that experiences a changing magnetic field.

The induced voltage causes an eddy current to flow in the disk. As a result,

since the current-carrying part is built under the magnetic field of the magnet,

a force (known as Lorentz force) is created on the current-carrying part. The direc-

tion of the force is the same as that of the magnet’s movement, and this force

makes the copper disk to rotate along with the magnet.

In an induction motor based on this fundamental concept, such rotating

magnet is realized by a rotating magnetic field generated from three-phase stator

windings connected to a three-phase AC power source. The rotor, then, follows

this rotating magnetic field.

Induction motors are most widely used as general-purpose motors in many

industrial applications because of their low cost and rugged construction.

Traditionally, induction motors had been connected directly to the line voltage of

60 or 50 Hz and operated at a nearly constant speed. However, recently, variable

speed drives have been made possible by power electronic converters such as

inverter, so induction motors are widely used in many applications requiring

speed control.

3.1.1 STRUCTURE OF INDUCTION MOTORS

The structure of a typical induction motor is shown in Fig. 3.2. An induction

motor has cylindrical stator and rotor configurations, which are separated by a

uniform radial air gap. The stator and the rotor are made up of an iron core,

which has windings inserted inside. The iron core is not a single solid lump

but consists of a stack of insulated laminations of silicon steel, usually with a

thickness of about 0.3�0.5 mm to reduce eddy current losses. The iron core is

made from a ferromagnetic material such as steel, soft iron, or various nickel

alloys to produce magnetic flux efficiently and reduce hysteresis losses.
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FIGURE 3.1

Arago’s disk and the fundamental concept of an induction motor.
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3.1.1.1 Stator
In an induction motor, only the stator windings are fed by the three-phase AC

power supply. It should be noted that the three-phase stator windings perform the

roles of both the armature and field windings of a DC motor. These three-phase

windings are placed in the slots that are axially cut along the inner periphery

of the iron core as shown in Fig. 3.3. They are displaced from each other by

120 electrical degrees along the periphery and are typically connected in delta

for low-supply voltage or in wye for high-supply voltage.

All turns in each winding are continuously distributed in the numerous slots

spread around the periphery, such that the winding density can be sinusoidal as

shown in Fig. 3.4. The purpose of this arrangement is to establish a sinusoidal

flux distribution in the air gap when currents flow through them. This winding

Stator winding

Rotor

End ring

Bearing

Iron 
core 

Fan

Frame and
cooling fins

Rotor
cooling fans

FIGURE 3.2

Structure of a typical induction motor.
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type is called distributed winding. The distributed winding configuration increases

the utilization of the iron core and reduces magnetomotive force (mmf) space

harmonics, resulting in a lower torque ripple compared to that of the concentrated

winding, in which all coils of the phase winding are placed in one slot under

a pole.

3.1.1.2 Rotor
Similar to the stator, a rotor has a cylindrical iron core that consists of silicon

steel laminations. It should be noted that the electric circuit (windings or conduc-

tors) in the iron core of the rotor is not fed by an external power source but its

current flows by the induced EMF.

There are two types of a rotor used in induction motors: squirrel-cage rotor

and wound rotor.

3.1.1.2.1 Squirrel-cage type

A squirrel-cage rotor has a laminated iron core with slots for placing skewed

conductors, which may be a copper, aluminum, or alloy bar. These rotor bars are

short-circuited at both ends through end rings as shown in Fig. 3.5.

Slots Conductors of phase as

π tω

)(θF
mmf distribution

π2

(A)          (B)

FIGURE 3.4

Stator phase winding. (A) Stator core and (B) sinusoidally distributed winding and mmf.

End rings

Rotor
conductor bars

FIGURE 3.5

Squirrel-cage rotor.
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This rotor gets its name from its structure’s resemblance to a squirrel cage.

The rotor conductors are not placed exactly parallel to the shaft but are skewed

by one slot-pitch to reduce cogging torque, and this allows the motor to

run quietly. Because of its simple and rugged construction, about 95% of the

induction motors use the squirrel-cage rotor.

3.1.1.2.2 Wound-rotor type

Similar to the windings on a stator, a wound-rotor as shown in Fig. 3.6 has a set

of three-phase windings, which are usually Y-connected. The rotor windings are

tied to the slip rings on the rotor’s shaft and thus can be accessible through the

brushes. Due to this configuration, in a wound-rotor type induction motor,

the rotor resistance can be varied by connecting external resistors to the rotor

windings via the brushes. This allows the torque�speed characteristics of the

induction motor to be varied as needed.

Now, we will discuss in detail the squirrel-cage induction motor, which is the

most common type of an induction motor.

3.1.2 FUNDAMENTALS OF INDUCTION MOTORS

In an induction motor, when a three-phase AC voltage source is applied to the

stator windings, which are displaced by 120 electrical degrees in space with

respect to each other, the three-phase currents flowing in these windings will pro-

duce a rotating magnetic field in the air gap as shown in Fig. 3.7. The speed of

this magnetic field is directly proportional to the frequency of the applied AC

source voltage.

When the rotating magnetic field is linking to the conductors in the rotor,

EMFs based on Faraday’s law are induced in the conductors. The induced

voltages cause currents in the shorted conductors. Torque is produced on

the current-carrying conductors in the rotating magnetic field. Through this

developed torque, the rotor will then start rotating in the same direction as the

rotating magnetic field.

Slip rings

Rotor windings

Brushes

Slip rings

FIGURE 3.6

Wound-rotor.
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Supposing that the rotating magnetic field is moving counterclockwise, the

induced voltages make the currents in the shorted conductors to flow in the direc-

tion as depicted in Fig. 3.7 [1]. This is because the induced currents will establish

a flux that opposes the change imposed by the rotating magnetic field, in accor-

dance with Lenz’s law. When applying Fleming’s left-hand rule to the induced

currents and the rotating magnetic field, the force on the conductor is developed

in the same direction as the rotating magnetic field.

As explained above, an induction motor has no external source provided to its

rotor winding but exploits the rotor currents produced by electromagnetic induc-

tion. This is why it is called induction motor. When an induction motor is run-

ning, the rotor speed is always slightly less than the speed of the rotating

magnetic field, i.e., synchronous speed. If the rotor rotates in the same speed as

the rotating magnetic field, there will be no induced voltage and current in the

short-circuited rotor windings and thus no torque. In induction motors, the rotor

speed is just slow enough to cause the proper amount of the rotor current to flow

so that the developed torque may be sufficient to drive the load. Thus, an increase

in load will cause the rotor to slow down.

Now, we will take a look at the rotating magnetic field, which is the basis for

the rotation of AC motors.

3.1.2.1 Rotating magnetic field
The rotating mmf is created by three-phase currents flowing through three-phase

stator windings. To begin with, consider an mmf resulting from a current flowing

in the winding of phase as as shown in Fig. 3.8. We will consider only the cen-

tered coil on the magnetic axis of the phase as distributed winding for simplicity.
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FIGURE 3.7

Rotation of an induction motor [1].

C.I. Hubert, Electric Machines, Theory, Operation, Applications, Adjustment, and Control, second ed.,

Prentice Hall, 2002, p. 135.
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Here, a sign of � indicates that the direction of the current is directed into the

page, while a sign of } indicates that the direction of the current is directed out

of the page. Also, the current flowing into the page is assumed to be positive.

When a current flows in the phase as winding, it will produce a sinusoidally dis-

tributed mmf Fas centered on its axis. The amplitude of the mmf Fas varies with

the instantaneous value of the current as shown in Fig. 3.8.

Similarly, the windings of the phase bs and phase cs produce their own mmfs,

pulsating along their axes according to their currents as shown in Fig. 3.9. If these

windings are displaced from each other by 120 electrical degrees in space and are

supplied by symmetric three-phase AC sine currents, the vector sum of the three

mmfs of these windings becomes a single rotating mmf vector F in the air gap.

This is called the rotating magnetic field, and its moving speed is directly propor-

tional to the frequency of the currents.
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Resultant air-gap mmf.
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Let us describe mathematically this resultant air-gap mmf generated by the

three-phase currents. The three-phase winding currents as shown in Fig. 3.10 are

assumed as Eq. (3.1).

ias 5 Ismcos ωst

ibs 5 Ismcosðωst2 120�Þ
ics 5 Ismcosðωst1 120�Þ

(3.1)

where ωsð5 2πfsÞ is the angular frequency of the currents and fs is the frequency

of the currents.

The mmfs resulting from the three-phase currents flowing in windings with a

total number of turns Ns are given by

FasðθÞ5Nsiascos θ
FbsðθÞ5Nsibscos ðθ2 120�Þ
FcsðθÞ5Nsicscos ðθ1 120�Þ

(3.2)

Here, the axis of phase as is chosen as θ5 0�.
From Eqs. (3.1) and (3.2), the resultant mmf is given as

FðθÞ5FasðθÞ1FbsðθÞ1FcsðθÞ
5NsIsm

�
cos ωst cos θ1 cosðωst2 120�Þ cosðθ2 120�Þ�

1cosðωst1 120�Þ cos ðθ1 120�Þ

5
3

2
NsIsm cosðωst2 θÞ

(3.3)

Eq. (3.3) describes that the resultant mmf is rotating at the angular velocity ωs

over time with a constant amplitude (3
2
NsIsm) and is sinusoidally distributed in the

air gap as shown in Fig. 3.11.

Let us observe the movement of this resultant air-gap mmf according to the

three-phase currents. Fig. 3.12 shows the locations of the resultant mmf produced
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FIGURE 3.10

Three-phase windings and currents.
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by the spatial distribution of the three-phase currents at four instants of time,

which is shown in Fig. 3.10. Here, we will consider only the centered coils on the

axes of the three-phase distributed windings for simplicity. We can see that the

resultant air-gap mmf makes one revolution per cycle of the current. The direction

of the rotation of the mmf can be reversed by reversing the phase sequence of

the currents.

The resultant mmf produces one north magnetic pole and one south magnetic

pole in the air gap, i.e., the number of magnetic poles is two. In this two-pole

motor, the mmf makes one mechanical revolution per complete cycle of the

current. In the four-pole motor that has two sets of three-phase windings,

the mmf produces two north and south poles in the air gap as shown in Fig. 3.13.

In this case, one cycle of the current corresponds to a half mechanical revolution

of the mmf. Thus one revolution of the mmf needs two cycles of the current.

The number of electrical cycles required to complete a mechanical rotation is
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equal to the number of pole pairs. Thus, in a P-pole motor, there is a relationship

between the mechanical angle θm and the electrical angle θe as

θe 5
P

2
� θm (3.4)

When dealing with the performance of the motor, all calculations for electric

quantities are carried out based on the electrical angle in radian. In a P-pole

motor, the rotating speed ns of the mmf by the three-phase currents with

a frequency f is expressed in terms of revolution per minute (r/min) as

ns 5
2

P
� f � 605 120 f

P
ðr=minÞ (3.5)

This speed of the rotating mmf is called the synchronous speed. For example,

for a two-pole induction motor fed by currents of 60 Hz, the synchronous speed

is 3600 r/min.

3.1.3 EQUIVALENT CIRCUIT OF INDUCTION MOTORS

To analyze the operating characteristic and performance of an induction motor,

we usually use an equivalent circuit based on voltage equations that describe

the behavior of the motor. In this section we will start with the steady-state

equivalent circuit, and in Chapter 4, we will introduce the equivalent

circuit that is useful for characteristics in the transient state as well as in the

steady state.

Consider a two-pole, three-phase, wye-connected symmetrical induction motor

as shown in Fig. 3.14.

It is assumed that the rotor windings, which may be a wound or a squirrel-

cage type, are approximated as three-phase windings. Both the stator and rotor

windings are distributed windings, but Fig. 3.14 shows only the centered coils

on the axis of each phase. We will initially explore the voltage equations for the

stator windings.

2a'

1a'

1a

2a

N

N

S

S
eθπ2 π3 π4

Electrical
angle 

Mechanical
angle 

N N

S S

π π2

1a'
1a 2a'2a 1a

Four-pole motor

m

e

P

2
.asF

0

1 Revolution

1 Electrical
period

π
θ

mθθ =

FIGURE 3.13

mmf Distribution by phase as current in the four-pole motor.

104 CHAPTER 3 Synchronous motor and induction motor

Hesai Exhibit 1030, page 107



3.1.3.1 Stator circuit
The voltage equation for the stator windings consists of the voltage drop of the

winding resistance Rs and the induced voltage proportional to the rate of change

over time of the stator flux linkage λs. Thus the voltage equation for the stator

windings is written by

vs 5Rsis 1
dλs

dt
(3.6)

where Rs is the resistance of the stator winding and λs is the flux linkage of the

stator winding.

When the stator voltage vs is applied to the stator winding with the effective

number of turns Ns, a stator current is flows in the winding. The current is
produces a stator mmf ðNsisÞ and in turn produces a stator flux φs in the air

gap. Most of the stator flux φs crosses the air gap and links to the rotor winding.

This air-gap flux is termed mutual flux, which is often called magnetizing

flux. Only the mutual flux is contributed to energy conversion, i.e., torque

production. However, a small portion of the stator flux cannot cross the air gap

but links to only the stator winding itself. This is termed leakage flux. Thus the

stator flux linkage λs will be expressed as

λs 5Nsðφls 1φÞ5Nsðφls 1φÞ (3.7)

where φ is the magnetizing flux and φls is the leakage flux.

Here, the flux linkage may be written as

λs 5Llsis 1 Lmim (3.8)

where Lls is leakage inductance, Lm is magnetizing inductance, and im is

magnetizing current.

Stator windings

Rotor windings

FIGURE 3.14

Two-pole, three-phase, wye-connected symmetrical induction motor.
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Substituting Eq. (3.8) into the voltage equation of Eq. (3.6) yields

vs 5Rsis 1Lls
dis

dt
1 Lm

dim

dt
5Rsis 1Lls

dis

dt
1 es (3.9)

Here, esð5Lmðdim=dtÞÞ is the induced voltage (called back-EMF) in the stator

winding.

Based on Eq. (3.9), the equivalent circuit of the stator winding can be

represented as shown in Fig. 3.15. Here, fs is the frequency of the stator voltage.

To take into account the core loss such as eddy current loss and hysteresis loss,

this circuit includes the equivalent resistance Rc representing the core loss. This

resistance is connected in parallel with the magnetizing inductance. Accordingly,

the exciting current iφ to produce the flux is comprised of a magnetizing current

im and a core loss current ic.

Though an induction motor and a transformer have similar equivalent circuits

as shown in Fig. 3.15, they differ in their value of parameters. Because there must

be an air gap in induction motors, the magnetizing inductance Lm in induction

motors will be a much smaller than that of a transformer. This means that a higher

magnetizing current is required to achieve a given flux level. For transformers,

the magnetizing current accounts for 1�5% of the rated current, while for

induction motors it accounts for 30�50% of the rated current.

We need to know the induced voltage es to complete the voltage equation of

Eq. (3.9). The induced voltage is proportional to the rate of change over time of

the stator flux linkage. To obtain the induced voltage, we need to find out the sta-

tor flux, which also requires finding of the flux density.

The rotating magnetic field discussed in the Section 3.1.2.1 may be considered

simply as a magnet rotating in the air gap as shown in Fig. 3.16.

The rotating magnetic field will induce voltages in both the stator and rotor

windings. When the rotating magnetic field is aligned with the magnetic axis of

phase as (i.e., θ5 0�) as shown in Fig. 3.17, the flux density distribution in the

air gap can be expressed as

BðθÞ5Bmaxcos θ (3.10)

lss LfXls π2=

)2( msm LfX π=
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mIIc
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current
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FIGURE 3.15

Equivalent circuit of the stator winding.
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The air-gap flux per pole in the air gap is

φ5

ðπ=2
2π=2

BðθÞlrdθ5 2Bmaxlr (3.11)

where l is the axial length of the stator and r is the radius to the mean of the air gap.

As the rotating magnetic field moves along the air gap, the flux linking the

windings will vary with its position as shown in Fig. 3.18.

The flux linkage λa for Ns-turn coils of phase as will be the maximum Nsφ
at θ5 0� and zero at θ5 90�. Thus λa will vary as the cosine of the position angle

θð5ωstÞ as
λa 5Nsφ cos ωst (3.12)

The voltage induced in the phase as winding is obtained from Faraday’s law as

ea 52
dλa

dt
5ωsNsφ sin ωst5Emaxsin ωst (3.13)
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Similarly the voltages induced in the other windings are given by

eb 5Emax sinðωst2 120�Þ (3.14)

ec 5Emax sinðωst1 120�Þ (3.15)

The root mean square (rms) value of the induced voltage is

Erms 5
Emaxffiffiffi

2
p 5

ωsNsφffiffiffi
2

p 5 4:44 fs Nsφ (3.16)

where Ns is the total number of the series turns per phase forming a concentrated

full-pitch winding. A full-pitch winding means that the coil-pitch (i.e., the dis-

tance between two sides of a coil) is equal to the pole-pitch (i.e., the distance

between two adjacent poles). If the coil-pitch is less than the pole-pitch, then it is

called fractional-pitch or short-pitch winding. In an actual distributed winding,

the voltages induced in coils placed in different slots are not in time phase, and

therefore the phasor sum of the voltages is less than their numerical sum when all

coils are connected in series for the phase winding. Considering this, a reduction

factor, called the winding factor Kωs, is used. The winding factor Kωs for most

motors is about 0.85�0.95. Consequently, for a distributed winding, the rms-

induced voltage per phase is

Es 5 4:44fsNsφKωs (3.17)

It is important to note that the stator flux is directly proportional to the

ratio of the induced voltage to the stator frequency, i.e., φ~Es=fs. This fact

gives a useful basis for the speed control of induction motors that will be

described later.

Next, let us acquire the equivalent circuit of the rotor winding.
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FIGURE 3.18

Flux linking the one-turn coil.
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3.1.3.2 Rotor circuit
The rotating magnetic field in the air gap induces voltages in the rotor circuit as

well as the stator circuit. This induced voltage becomes the source voltage applied

to the rotor circuit. Similar to Eq. (3.17), the voltage induced in the rotor circuit

can be expressed as

Er 5 4:44NrφKωrfr (3.18)

where Nr is the total number of turns per phase, Kωr is the winding factor for the

rotor windings, and fr is the frequency of the voltage induced in the rotor

winding.

Since the rotor winding experiences a flux variation due to the difference

in speed between the rotating magnetic field and the rotor, the frequency fr of the

induced voltage in the rotor circuit becomes the difference fs 2 f between

the frequency fs of the rotating magnetic field and the rotating frequency f of the

rotor. Thus the induced voltage Er depends on the rotor speed as

Er 5 4:44NrφKωr 3 fr 5 4:44NrφKωr 3 ð fs 2 f Þ (3.19)

At standstill (f5 0), the frequency fr is the same as the stator frequency fs.

Thus the induced voltage in the rotor winding will be the maximum as

Er0 5 4:44NrφKωr fs (3.20)

In this case, similar to a transformer, the ratio of the voltages induced in the

two windings is equal to the ratio of their number of turns.

The induced voltage in the shorted rotor winding produces a rotor current.

Torque in the rotor winding is developed by the interaction between this rotor

current and the stator rotating magnetic field. The rotor will then start rotating.

Assume that the rotor eventually reaches a steady-state speed n (r/min). This rotor

speed is always less than the speed of the stator rotating magnetic field (i.e., the

synchronous speed). The difference between the synchronous speed ns and

the rotor speed n is called the slip speed. The slip speed expressed as a fraction of

the synchronous speed is called the slip s and can be defined as

Slip: s5
ns 2 n

ns
(3.21)

It should be noted that the slip is a very important factor in the induction

motor because most of its performance characteristics of an induction motor, such

as the developed torque, current, efficiency and power factor, depends on the

operating slip. The operating slip depends on the load. An increase in the load

will cause the rotor to slow down and increase the slip. A decrease in the

load will cause the rotor to speed up and decrease the slip. A typical induction
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motor operates in the slip range of 0.01�0.05, i.e., 1�5%. For example, a four-

pole motor operated at 60 Hz has a synchronous speed of 1800 r/min. If the rotor

speed at full load is 1765 r/min, then the slip is 1.9%.

Now, let us examine the induced voltage in the rotor winding when the rotor

is rotating at a speed n (slip s). The frequency fr in the rotor circuit at the slip s is

called the slip frequency and is given as

fr 5 fs 2 f 5 sfs (3.22)

From Eq. (3.20), the induced voltages in the rotor circuit at the slip s becomes

Er 5 4:44NrφKωr 3 fr 5 4:44NrφKωr 3 sfs 5 sEr0 (3.23)

We can see that the magnitude of the voltage induced in the rotor winding is

directly proportional to the slip. When the rotor is stationary (i.e., s5 1), the larg-

est voltage is induced in the rotor circuit. As the rotor speed is increased, the

induced voltage is decreased. If the rotor speed is equal to the synchronous speed,

then the induced voltage becomes zero.

Now, we are ready to discuss the equivalent circuit of the rotor winding.

From Eq. (3.23), we can see that the source voltage in the rotor circuit is sE0r.

With the resistance Rr and the leakage inductance Llr of the rotor circuit, the rotor

equivalent circuit is depicted as Fig. 3.19A. The rotor equivalent circuit of

Fig. 3.19A is at the rotor frequency fr. Thus we cannot combine this rotor circuit

with the stator equivalent circuit of Fig. 3.16 together in a single circuit because

the two circuits differ in the operating frequency. Therefore, we need to adjust

the rotor frequency to combine the two circuits. By dividing the voltage and the

impedance of Fig. 3.19A by the slip s, we will obtain the rotor equivalent circuit

of Fig. 3.19B. In the circuit, the rotor current is the same as in Fig. 3.19A, but its

operating frequency is equal to the stator frequency fs. Thus, this becomes the

rotor equivalent circuit as seen from the stator. These two circuits can now

be joined together by considering the turns ratio að5Ns=NrÞ of the stator winding

and the rotor winding.

lrr LfXlr π2=

Rr

rI

0rsE

lrs LfXlr π2=

s
Rr

rI

rE

(A) (B) 

FIGURE 3.19

Rotor equivalent circuit. (A) Referred to rotor side and (B) referred to stator side.
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The complete equivalent circuit per phase of a three-phase induction motor is

shown in Fig. 3.20.

This equivalent circuit is similar to that of a transformer, except for the effects

of varying speed. The quantities that are reflected from the rotor to the stator are

denoted by the prime symbol (0). From this point on, we will skip the prime

symbol.

Similar to the three-phase currents of the stator winding, the three-phase

currents induced in the rotor winding also produce a rotating magnetic field Fr in

the air gap as shown in Fig. 3.21A. From the rotor structure’s point of view, this

rotor rotating magnetic field Fr rotates at the speed nrð5 ns 2 nÞ. Since the rotor

itself is rotating at n, from the stator structure’s point of view, the rotor rotating

magnetic field rotates at the synchronous speed nsð5 nr 1 nÞ. Thus, both the

stator magnetic field and the rotor magnetic field always rotate in the air gap at
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FIGURE 3.20

Complete per phase equivalent circuit of a three-phase induction motor.
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the same synchronous speed. These stator and rotor magnetic fields, therefore,

remain stationary with respect to each other as shown in Fig. 3.21B. The interaction

between these two fields is considered to produce the torque.

3.1.4 CHARACTERISTICS OF INDUCTION MOTORS

In this section, we will discuss the characteristics of an induction motor such as

the current, input power factor, output torque, and efficiency from the equivalent

circuit of Fig. 3.20. We will see that these characteristics depend on the slip,

i.e., the operating speed.

3.1.4.1 Stator current
The stator current is the input current of an induction motor. From Fig. 3.20,

neglecting the core losses, the input impedance as a function of slip is given as

Zs 5Rs 1 jXls 1 Xm=
Rs

s
1 jXlr

� �� �
5 Zsj j+θs (3.24)

where θs is input impedance angle.

From the applied stator voltage and the input impedance of Eq. (3.24), the

stator current is given as

Is 5
Vs

Zs
5 Iφ 1 Ir (3.25)

The stator current is the sum of the exciting current Iφ and the rotor current Ir.

With a constant stator voltage Vs, the stator current Is as a function of speed

(i.e., slip s) is shown in Fig. 3.22.
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Stator current as a function of speed (5-hp, four poles).
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At starting (s5 1), since the impedance is minimum, the stator current will

be the maximum value, which may be 5�8 times larger than the rated current.

As the speed increases, the slip s decreases. As the slip s decreases, the rotor

current Ir decreases, and thus the stator current also decreases. At the synchronous

speed, i.e., s5 0, Rs=s � N, so there is no rotor current, i.e., Ir5 0. Thus the

stator current Is will be equal to the exciting current Iφ.

3.1.4.2 Input power factor
From the input impedance angle θs of Eq. (3.24), the input power factor of an

induction motor is written as

PF5 cos θs (3.26)

The power factor varies with speed as shown in Fig. 3.23. Since induction

motors inherently draw a lagging current to produce the magnetic flux, the power

factor is always smaller than one. The power factor also varies with the load

applied to the motor. The power factor is minimum at no load, and it increases

with the load. It usually reaches the peak at or near full load.

3.1.4.3 Output torque
We can derive a general expression for the output torque of an induction motor

from the power-flow diagram as shown in Fig. 3.24.

The input power Pinð5 3VsIs cos θsÞ to an induction motor, excluding the

stator losses such as the stator copper loss and the core loss, will be transferred

to the rotor across the air gap and then transformed to mechanical power Pmech.

We can derive the output torque using the mechanical power Pmech.
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Input power factor (5-hp, four-pole motor).
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The power delivered through the air gap from the stator to the rotor is called

the air-gap power Pag. Referring to the equivalent circuit given in Fig. 3.20,

the air-gap power is written by

Pag 5 I2r
Rr

s
(3.27)

Because the induction motors are operated typically at low slips of 0.01�0.05,

the air-gap power is considerably large. This air-gap power Pag, i.e., input power

to the rotor, will be dissipated in the resistance Rr of the rotor circuit (i.e., rotor

copper loss) and converted into a mechanical output. Thus, Eq. (3.27) can be

divided into two components as

Pag 5 I2r Rr

Rotor copper loss

Pr

1 I2r
Rr

s
ð12 sÞ

Mechanical output

Pmech

(3.28)

Pr 5 I2r Rr 5 s Pag (3.29)

Pmech 5 I2r
Rr

s
ð12 sÞ5 ð12 sÞPag (3.30)

The first term on the right-hand side of Eq. (3.28) represents the rotor copper

loss Pr. The second term represents the mechanical output power Pmech that develops

the output toque. Fig. 3.25 shows this power distribution in the rotor circuit based

on Eq. (3.28).

We can see that the power distribution depends on the slip s. It is clear that

the lower the slip of the motor, the lower the rotor copper loss and the higher the

mechanical output power.

The mechanical power is equal to the output torque Tmech times the angular

frequency ωmech as

Pmech 5 I2r
Rr

s
ð12 sÞ5 Tmech � ωmech (3.31)
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FIGURE 3.24

Power-flow diagram in an induction motor.
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Thus the output torque of an induction motor is given by

Tmech 5
Pmech

ωmech

5
1

ωmech

I2r
Rr

s
ð12 sÞ5 1

ωs

I2r
Rr

s
(3.32)

where ωmech 5 ð12 sÞωs and ωs represents the synchronous angular frequency.

We need to express this torque equation in terms of the input voltage instead

of a nonmeasurable rotor current. The rotor current can be easily obtained from

the approximate equivalent circuit given in Fig. 3.26, in which the core loss

resistance is ignored and the magnetizing inductance is shifted to the input side

assuming Rs 1 jXls{ωsLm.

From this circuit, the rotor current is given by

Ir 5
Vs

Rs 1
Rr

s

� �
1 jðXls 1XlrÞ

(3.33)

lrX

s

RrrE

rI

rR

)1( s
s

Rr −

Rotor copper
loss  

Mechanical
output powerAir-gap power

FIGURE 3.25

Distribution of the air-gap power.
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By substituting this rotor current into Eq. (3.32), the output torque (per phase)

is expressed as

Torque: Tmech 5
1

ωs

V2
s

Rs1
Rr

s

� �2

1 jðXls1XlrÞ2
Rr

s
(3.34)

This is the steady-state average torque per phase for a given input voltage Vs,

which is a function of the slip. The torque for a given slip is proportional to the

square of the stator input voltage. The torque calculated by using this approximate

circuit varies within 5% from that of the full circuit [2]. The shaft torque, which

is available to the load at the shaft of the motor, can be obtained by subtracting

the friction and windage torques from this output torque.

Let us examine the speed�torque characteristics of an induction motor based

on Eq. (3.34). In the low-slip region, which is the normal operating range of

an induction motor, the impedance of equivalent circuit parameters shows the

following relations as

Rs 1
Rr

s
cXls 1Xlr and

Rr

s
cRs (3.35)

Thus the torque of Eq. (3.34) can be simplified as

Tmech �
1

ωs

V2
s

Rr

s - Tmech ~ s (3.36)

In this case, it is noteworthy that the output torque increases linearly

with the slip s. On the other hand, in the low-speed range with larger values of

the slip,

Rs 1
Rr

s
{Xls 1Xlr (3.37)

Thus the torque varies almost inversely with the slip s as

Tmech 5
1

ωs

V2
s

ðXls1XlrÞ2
Rr

s
- Tmech ~

1

s
(3.38)

There is a speed at which the maximum torque, often referred to as pull-out

torque or breakdown torque, is developed. The slip at the maximum torque can

be obtained by solving dTmech=ds5 0 as

smax 5
Rrffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

R2
r 1 ðXls1XlrÞ2

q (3.39)
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It is important to note that the rotor resistance Rr is an important parameter

in determining the slip at which the maximum torque occurs. From smax,

the maximum torque can be given as

Tmax 5
1

2ωs

V2
s

Rs 1
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2
s 1 ðXls1XlrÞ2

q (3.40)

The value of the maximum torque is independent of the rotor resistance,

which determines the maximum slip value. The speed�torque curve of a typical

three-phase induction motor is shown in Fig. 3.27. This curve shows the speed

versus the output torque when an induction motor is started with full voltage.

The normal operating range of an induction motor is near the synchronous speed,

confined to less than 5% slip. In this low-slip region, the output torque increases

linearly with the increasing slip. The slip increases approximately linearly with the

increased load, and thus the rotor speed decreases approximately linearly with

the load.

3.1.4.4 Stable operating point
When a motor is driving a mechanical load, the motor will operate in a steady

state at a speed at which the torque developed by the motor is equal to the torque

required by the load. As it can be seen from the motion equation in Eq. (3.41),

when the motor torque Tmotor exceeds the load torque Tload, the motor speed will

increase. When the motor torque is less than the load torque, the motor speed

will decrease. Thus the equilibrium point will be the speed at which the motor

torque equals to the load torque.

Tmotor 2Tload 5 ðJmotor 1 JloadÞ
dω
dt

(3.41)

Synchronous speed

Full-load speed

No-load speed

Normal operation region

Torque

Speed

Breakdown
torque

No-load torque

Starting
torque

Full-load torque

0

maxT

sn

FIGURE 3.27

Speed versus torque curve for an induction motor.
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There are two kinds of an equilibrium operating point: stable point and

unstable point. At the stable operating point, the speed will be restored after a

small departure from the original equilibrium point due to a disturbance in the

input voltage or load. However, at the unstable operating point, the speed will not

be restored.

In the induction motor drives, a stable operating point is in the range above

the speed at which the maximum torque occurs in the speed�torque curve. As an

example, consider Fig. 3.28 that shows the speed�torque curve of the induction

motor along with two different load curves.

There exist three equilibrium operating points. Among these, point A is an

unstable operating point, whereas points B and C are stable operating points.

At point A, the system will not be able to maintain its original equilibrium state

when there is a disturbance in the drive system. For example, assume that, at point

A, there is a reduction in speed caused by a disturbance. In this case, a decrease in

the speed causes the motor torque to be less than the load torque. As a result, the

system will decelerate and eventually come to a stop. Similarly, an increase in

the speed caused by a disturbance will make the motor torque larger than the load

torque. Thus the operating point will move from point A to point B. Therefore

point A is an unstable operating point. On the contrary, points B and C are stable

operating points. At these points, the speed will return to their original points after

the deviation in speed by a disturbance. Criterion for the stability is given by

dðTload 2TmotorÞ
dω

. 0 (3.42)

Hence a stable operation needs the following conditions: when the speed is

decreased, the motor torque developed needs to be greater than the load torque,

Torque

Speed

A B

C

load 1T

motorT

Stable
points

Unstable
point Maximum torque

load 2T

FIGURE 3.28

Operating points in motor drives.
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whereas when the speed is increased, the motor torque needs to be less than the

load torque.

3.1.4.5 Efficiency
Next, we will discuss the efficiency of an induction motor. Efficiency is defined

as the ratio of the output power to the input power of the motor expressed as

η5
Pout

Pin

5
Pout

Pout 1PLoss

� 100 ð%Þ (3.43)

As for a motor, the efficiency indicates how well the motor converts electrical

power into mechanical power. The input power of an induction motor is given by

Pin 5 3VsIs cos θs (3.44)

As shown in Fig. 3.24, the losses in induction motors are typically grouped

into five significant origins: the stator copper loss Ps, the core loss Pf , the rotor

copper loss Pr, the windage and friction loss Pv, and the stray-load loss. The

stray-load loss indicates residual losses that are difficult to determine by a direct

measurement or a calculation. The stator copper loss accounts for a large part of

the motor loss. Fig. 3.29 shows the loss distribution rating by rating [3].

The efficiency of induction motors is also dependent on the slip. If all

the losses that have little or no relationship to the slip are neglected, then the

efficiency can be expressed as a function of the slip as

η5
Pout

Pin

-
Pmech

Pag

5
Pag 2Pr

Pag

5 12 s (3.45)
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FIGURE 3.29

Loss distribution of induction motor.
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This is called the ideal efficiency or the internal efficiency. The internal

efficiency as a function of speed is shown in Fig. 3.30. The internal efficiency

gives a measure of how much of the power delivered to the air gap is available

for mechanical power. The lower slip operation leads to a higher efficiency

because the rotor copper loss is directly proportional to the slip as we can see

from Eq. (3.29). In general, larger motors are more efficient than smaller motors.

Today’s premium efficiency three-phase induction motors have efficiencies

ranging from 86.5% at 1 hp to 95.8% at 300 hp.

EXAMPLE 1

A 5 hp, 220 V, 60 Hz, four-pole three-phase induction motor operates

at 1740 r/min when fully loaded at its rated voltage and rated frequency.

The motor parameters are Rs5 0.295 Ω, Rr5 0.379 Ω, Xm5 22.243 Ω,
and Xls 5Xlr 5 0:676 Ω. Evaluate the following:

1. the slip, power factor, stator current, exciting current, and developed

torque when running at rated conditions;

2. the stator current and developed torque when starting at full voltage;

3. the slip at which maximum torque is developed.

Solution

1. The synchronous speed is

ns 5
120 fs

P
5

120 � 60
4

5 1800 r=min

Real
efficiency

E
ffi

ci
en

cy
 (

%
)

Speed (r/min)
0 300 600 900 1200 1500 1800

0

20

40

60

80

100 Ideal efficiency

FIGURE 3.30

Actual efficiency and ideal efficiency.
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Thus the rated slip is

s5
ns 2 n

ns
5

18002 1740

1800
5 0:0333

From the equivalent circuit in Fig. 3.20, the rotor impedance is

Zr 5
Rs

s
1 jXlr 5 11:371 j0:679

The input impedance is

Zs 5Rs 1 jXls 1
Z � jXlr

Zr 1 jXlr

5 8:8871 j5:599

5 Zsj j+θs 5 10:5+32:212

The power factor is

cos θs 5 0:846

The stator current is

Is 5
Vphase

Zsj j 5

220ffiffiffi
3

p
� �
10:5

5 12:092 A

The rotor current is

Ir 5 Is �
jXm

Zr 1 jXm

5 10:512 A

The torque is

Tmech 5
1

ωs

I2r
Rr

s
5

1

188:5
� 10:5122 � 0:379

0:0333
5 20 Nm

where

ωs 5 2πfs
2

P

� �
5 188:5 rad=s

2. Since s5 1 at start, the rotor impedance is

Zr 5
Rs

s
1 jXlr 5 0:3791 j0:679

The input impedance is

Zs 5Rs 1 jXls 1
Z � jXlr

Zr 1 jXlr

5 0:6521 j1:343
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The stator current is

Is 5
Vphase

Zsj j 5

220ffiffiffi
3

p
� �
1:493

5 85:08A

and the starting current is seven times larger than the rated current.

The rotor current is

Ir 5 Is �
jXm

Zr 1 jXm

5 82:557A

The starting torque is

Tmech 5
1

ωs

I2r
Rr

s
5

1

188:5
� 82:5572 � 0:379

1
5 41:1 Nm

3. The slip at the maximum torque is

smax 5
Rrffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

R2
r 1

	
Xls1Xlr


2q 5 0:273

The maximum torque developed is

Tmax 5
3

2ωs

V2
s

Rs 1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2
s 1

	
Xls1Xlr


2q 5 73:28

From the above results, the speed�torque curve of this induction

motor is shown as

1 0.273 0
0

85 A 

Starting
torque 

Maximum
torque

Rated
torque 

Slip

Torque

41 Nm

73 Nm 

20 Nm

0.033

Stator
current

Starting
current 

12 A
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current 

Current
for maximum
torque

59 A
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3.1.5 OPERATING MODES OF INDUCTION MOTORS

An induction motor can be operated in three modes according to its operating

speed and rotation direction. Fig. 3.31 shows the power, operating speed, and

torque in the available three operation modes of an induction motor.

First, a typical operation of an induction motor is the motoring mode, in which

the rotor rotates in the same direction as the stator rotating magnetic field but at

a somewhat slower speed. Thus the slip ranges between 0 and 1 (0, s#1),
and both the air-gap power and the mechanical power are positive as

Pag 5 I2r
Rr

s
. 0; Pmech 5 ð12 sÞPag . 0 (3.46)

This implies that, in the motoring mode, the induction motor converts the

applied input power into mechanical power through the air gap.

If an induction motor is driven to a speed higher than the synchronous speed

by an external prime mover, then the slip will be negative (s, 0) and both the

air-gap power and the mechanical power are negative as

Pag 5 I2r
Rr

s
, 0; Pmech 5 ð12 sÞPag , 0 (3.47)

This implies that the power from the mechanical system flows into the rotor

circuit, then across the air gap to the stator circuit and the external electrical

system. Thus the induction motor will operate in the generation mode.

This mode may occur when the stator frequency applied to an induction

motor is lowered to reduce the speed of the rotor. In this process, the

Torque

Speed

0 –11 Slip

sn
sn2

Motoring mode
Plugging mode

Generation mode
0>agP

0>mechP

0<agP

0<mechP

0>agP

0<mechP

0

2

–ns

FIGURE 3.31

Three operation modes of an induction motor: plugging mode, motoring mode, and

generation mode.
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instantaneous speed of the rotor may be higher than the instantaneous synchro-

nous speed because of the inertia of the drive system. This leads to a negative

slip, and the direction of the torque developed in the motor will be opposite to

the rotation of the rotor. This torque will act as a braking torque that

slows down the rotor speed. In this case, the motor operates as a generator, and

the generated power is fed back into the power source. This process is called

regenerative braking.

The last operating mode is the plugging mode, in which the rotor rotates in

the direction opposite to the stator magnetic field and thus, the slip s. 1. In this

mode, the air-gap power and the mechanical power are given as

Pag 5 I2r
Rr

s
. 0; Pmech 5 ð12 sÞPag , 0 (3.48)

Both powers flow into the rotor and are dissipated in the rotor as heat. Thus

the rotor bar may be overheated. This mode can also be used for braking the

motor to stop quickly. When an induction motor is running, the direction of

the rotation of the stator magnetic field can be reversed by switching any two

of the three-phase windings. In this case, the developed torque will be in the

direction of the stator magnetic field but opposite to the rotation of the rotor, and

the induction motor will operate in the plugging mode.

3.1.6 EFFECT OF ROTOR RESISTANCE

The resistance in the rotor circuit greatly influences the characteristics of an

induction motor. This is because the speed at which the maximum torque occurs

depends on the rotor resistance as shown in Eq. (3.4).

Fig. 3.32 shows the speed�torque characteristics for two different values of

the rotor resistance. A high rotor resistance will provide a high starting torque,

leading to a rapid acceleration of the mechanical load system. This is also desir-

able for a low starting current and a high power factor during starting. However a

high rotor resistance results in a high slip during the normal running operation.

This causes increased rotor loss and reduced efficiency. Therefore, during a

normal operation, a low rotor resistance is desirable. This results in a lower slip

and thereby a higher efficiency.

Therefore we can see that there are conflicting requirements of rotor resistance

for a satisfactory performance, i.e., a high resistance at starting and low resistance

at the normal operating speed. For this reason, different types of rotors have been

developed to achieve a variation in rotor resistance with operating speed.

In a wound-rotor induction motor, external resistance can be connected to the

rotor windings through slip rings as shown in Fig. 3.6. Thus a satisfactory perfor-

mance in both the starting and running conditions can be obtained by varying the

value of the external resistance with the rotor speed.

For squirrel-cage induction motors, the rotor resistance depends on the

operating speed. This is because the effective resistance of the rotor conductor
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may be changed with the rotor frequency due to the skin effect. The skin effect is

the tendency of AC current to flow near the surface of the conductor. The skin

effect causes the effective area of the cross section of the conductor to reduce at

higher frequencies, thus increasing the effective resistance of the conductor. At

standstill, the rotor frequency is high since it equals to the stator frequency,

whereas at a normal operating speed, it is low at about 1�3 Hz in a 60-Hz motor.

As a result, the effective resistance of the rotor circuit decreases as the operating

speed increases.

Besides the skin effect, the rotor conductor can be properly designed to have a

higher resistance at the starting. In this case, the rotor conductor is made in the

form of a deep-bar as shown in Fig. 3.33B. In the current-carrying deep-bar,

the leakage flux surrounding the bottom part of the deep-bar conductor is greater

Slot
leakage flux 

Tooth leakage
flux 

Stator

Rotor
deep-bar 

Tooth

Slot

(A) (B) 

FIGURE 3.33

Comparison of rotor bars. (A) Normal rotor and (B) deep-bar rotor.
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rotor
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rotor

Torque
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efficiency
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maxs

rRsmax

maxs

FIGURE 3.32

Torque�speed characteristics for different values of the rotor resistance.
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than that of the upper part. The leakage flux lines are shown by the dotted lines on

the right of Fig. 3.33B. The leakage inductance of the conductor elements at the

bottom part is larger than that of the conductor elements at the upper part.

Therefore the AC current in the upper part of the conductor will flow more easily

than in the bottom part with a large leakage reactance. This nonuniform current dis-

tribution makes the effective resistance of the bar to increase.

Since the leakage reactance is proportional to the frequency, this nonuniform

current distribution is more pronounced at the starting of a high rotor frequency.

At normal operating speeds, since the rotor frequency is low, the rotor current is

almost uniformly distributed over the cross-sectional area of the rotor bar, and

thus the effective resistance Reff will be as low as the DC value Rdc. For a deep-

bar rotor, its effective resistance at starting may be several times greater than at

the rated speed as shown in Fig. 3.34.

As explained above, for induction motors with a deep-bar rotor, the rotor

resistance varies according to the speed so that a satisfactory performance can be

achieved both at the start and normal operations.

A double-cage rotor is another type of rotor whose effective resistance varies

as shown in Fig. 3.35 [4]. It consists of two cages to exaggerate its variation more

than the deep-bar. The upper cage has smaller cross-sectional areas than the lower

cage. In addition, the upper cage is made up of a higher resistance material than

the lower cage. Similar to a deep-bar rotor, the rotor bars in the lower cage have

a greater leakage flux and thus, higher leakage inductance. At starting, since the

rotor frequency is high, the division of the rotor current is mainly decided by

the leakage reactance difference between the two cages. Most of the currents will

flow in the upper cage that has a lower reactance, but a high resistance.

On the other hand, at a normal operating speed, since the rotor frequency is

low, the division of the rotor current is mainly dependent on the resistance of the

two cages. Most of the current will flow in the lower cage which has a lower

resistance. Therefore, in a double-cage rotor, at the start-up, the current

flows mainly in the upper cage which has a higher resistance, while at a normal

operating speed, it flows in the lower cage which has a lower resistance.
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FIGURE 3.34

Effective resistance and output torque in the deep-bar rotor.
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3.1.6.1 Design types of induction motors
As we discussed in Section 1.3, there are several types of loads. The required perfor-

mance characteristics for a driving motor may be different according to the driven

load. For example, the performance characteristics of motors for crane or hoist drives

may be much different from those of motors for pump and blower drives.

Induction motors can be classified into different designs according to the starting

and the normal operating characteristics. For classification of the motor, there are

two most widely used standards: National Electrical Manufacture’s Association

(NEMA) and International Electrotechnical Commission (IEC). The NEMA stan-

dards mainly specify four design types: Design A, B, C, and D. Of these, the most

widely used are Design B (normal torque) and Design C (high torque). Description

on these four design types is summarized later.

Design A—It is characterized by normal starting torque (typically 150�170%

of the rated), high starting current, low operating slip, and high-breakdown

torque (the highest of all the NEMA types); common applications include

fans, blowers, and pumps.

Design B—It is characterized by normal starting torque, low starting current,

and low operating slip; common applications being the same as Design A.

Design B is the most commonly used type for general-purpose applications.

Design C—It is characterized by high starting torque, low starting current,

and higher operating slip than Designs A and B; common applications include

compressors and conveyors.

Design D—It is characterized by high starting torque (higher than all the

NEMA motor types), high starting current, high operating slip (5�13%),

and inefficient operation efficiency for continuous loads; it is commonly

used for intermittent loads such as a punch press.

Fig. 3.36 shows the speed�torque curve for the four NEMA designs [4].

Outer bar

Inner bar

FIGURE 3.35

Double-cage rotor.
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3.1.7 DETERMINING EQUIVALENT CIRCUIT PARAMETERS

To analyze the operating and performance characteristics from the equivalent cir-

cuit of an induction motor as shown in Fig. 3.37, the parameters for the given

induction motor should be determined. In addition, an accurate knowledge of

motor parameters is essential for high-performance control of induction motors,

which will be discussed in Chapter 5. Now, we will introduce specific tests on

the induction motor to determine its equivalent circuit parameters.

3.1.7.1 Measurement of stator resistance Rs
The resistance R between any two terminals of three-phase windings, which may

be connected in a delta or in a wye, can be directly measured. We can obtain the

Torque

Speed

Design C

Design D

Design A

Design B

FIGURE 3.36

Torque characteristic according to design types of induction motors.
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FIGURE 3.37

Equivalent circuit parameters for an induction motor.
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stator resistance as Rs 5R=2 for a wye connection or as Rs 5 1:5R for a delta

connection. This test must be performed with a precise instrument for large-sized

motors because their resistance is very small. The stator resistance can be also

obtained from the measured current after applying a DC voltage between the two

windings.

3.1.7.2 No-load test
This test can determine the stator circuit parameter Lls 1 Lm and the parameter

Rc. Here, Rc represents both the core loss and rotational loss. This test corre-

sponds to the open-circuit test on a transformer. In this test, the rated voltage is

applied to the stator terminals without any mechanical load. Then, the voltage

VN , current IN , and input power PN are measured at the motor input. The slip of

an induction motor at no-load is almost zero, and thus Rr=s � N and Ir � 0.

Therefore the rotor branch of the equivalent circuit can be neglected as shown

in Fig. 3.38.

At no-load test, the input power measured is equal to the losses, which con-

sist of the stator copper loss, the core loss, and the rotational loss of friction and

windage losses. The rotor copper loss can be negligible because the rotor cur-

rent is extremely small. Here, the sum of the core loss and the rotational loss,

which is normally almost constant at all operating conditions, is regarded as Rc.

With the value of the premeasured stator resistance Rs, the value of Rc may be

found by

PN 5 3I2N ðRs 1RcÞ - Rc 5

PN

3

� �
I2N

2Rs (3.49)

From the measurement data PN , VN , and IN , the equivalent impedance and

resistance are

ZN 5

VNffiffiffi
3

p
� �
IN

; RN 5
PN

3I2N
(3.50)
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FIGURE 3.38

No-load test.
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and the equivalent reactance is

XN 5
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Z2
N 2R2

N

q
5Xls 1Xm (3.51)

The values of Xls and Xm will be separately determined by the following

blocked rotor test data.

3.1.7.3 Blocked rotor test
This test determines the rotor resistance Rr and the sum of the leakage

inductances Lls 1 Llr, corresponding to the short-circuit test on a transformer.

In this test, the rotor is locked so that it cannot rotate, and the current is

maintained at the rated value by adjusting the applied voltage. Afterward, the

resulting voltage VB, current IB, and power PB are measured at the motor input.

Since the rotor is not rotating, the slip s5 1, resulting in XmcRr 1 jXlr. Thus

the magnetizing Xm branch of the equivalent circuit can be neglected.

The equivalent circuit for the block rotor test is reduced to the circuit as shown

in Fig. 3.39.

In this case, the input power measured is equal to the sum of the stator and

the rotor copper losses. Thus the rotor resistance is determined by

PB 5 3I2BðRr 1RsÞ - Rr 5

PB

3

� �
I2B

2Rs (3.52)

From the measurement data VB and IB, the equivalent impedance is

ZB 5

VBffiffiffi
3

p
� �
IB

(3.53)

and the reactance XB, which is the sum Xls 1Xlr of the stator and rotor leakage

reactances, is given by

XB 5

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Z2
B 2 ðRs1RrÞ2

q
5Xls 1Xlr (3.54)
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FIGURE 3.39

Blocked rotor test.
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As for the proportion of the stator and rotor leakage reactances, empirically,

Xls 5Xlr 5 0:5XB for Design A and D types, Xls 5 0:4XB, Xlr 5 0:6XB for

Design B type, and Xls 5 0:3XB, Xlr 5 0:7XB for Design C type [4].

Given the value of Xls, the magnetizing reactance can be separated from

Eq. (3.51) as

Xm 5XN 2Xls (3.55)

In this test, since the rotor is locked, the rotor frequency is equal to the

source frequency of 50 or 60 Hz. However, at normal operating conditions,

the rotor frequency is in the range of 1�3 Hz. Since the resistance depends on the

operating frequency, an incorrect rotor frequency can lead to misleading results

in this test. A typical compromise is to use a frequency 25% or less of the rated

frequency [2].

3.1.8 SPEED CONTROL OF INDUCTION MOTORS

Traditionally, induction motors have been used as nearly constant speed motors,

which are operated by their direct connection to the power grid. However,

because of their low cost and ruggedness, the induction motors are also being

used for variable speed drives in many applications.

The operating speed of an induction motor depends on the slip or the

synchronous speed of the given load. Therefore the speed control of an induction

motor can be classified into two methods as follows:

• Slip control: inefficient, restricted speed control range

• Synchronous speed control: efficient, wide speed control range

3.1.8.1 Slip control
At a constant stator frequency, the speed of an induction motor can be varied

according to the slip. The slip can be changed by varying the stator voltage or the

rotor resistance.

First, let us take a look at the speed control by changing the stator voltage. As

can be seen from Eq. (3.34), the torque developed by an induction motor is pro-

portional to the square of the stator voltage as

Tmech 5
1

ωs

V2
s

Rs1
Rr

s

� �2

1 j
	
Xls1Xlr


2
Rr

s
~ V2

s (3.56)

Fig. 3.40 shows the variation of a speed�torque curve with respect to the

stator voltage. We can see that the speed control by varying the stator voltage is

available only for a limited range. The controllable speed range depends on the

value of the slip (i.e., the maximum slip) at which the maximum torque occurs.

By comparing Fig. 3.40A with B, we can see that the Design C or D motors have

a wider speed control range than the Design A or B motors.
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Next, let us examine the speed control by changing the rotor resistance.

From the Section 3.1.4.3, we can see that the slip at which the maximum torque

occurs is proportional to the rotor resistance Rr as

smax 5
Rrffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

R2
s 1 ðXls1XlrÞ2

q ~Rr (3.57)

Thus, changing the rotor resistance will alter the shape of the speed�torque

curve and in turn, adjust the operating speed of the motor. Fig. 3.41 shows the

speed�torque curves for different rotor resistances.

To adopt the speed control by changing the rotor resistance, we need to use

the wound-rotor type induction motors. The rotor resistance in the wound-rotor

type induction motors can be varied by adding an external rheostat or a resistor

bank to the rotor windings via the slip rings. Changing the value of the rheostat

will change the operating speed of the motor. Similar to the applied voltage
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Torque characteristics according to the stator voltage variation. (A) Design A or B motor
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varying method, the rotor resistance varying method also gives a limited control-

lable speed range. Moreover, inserting extra resistances into the rotor circuit seri-

ously reduces the efficiency of the drive.

In the speed control methods of varying the stator voltage or the rotor

resistance, the speed is considered to be changed by varying the slip at a constant

stator frequency. As we can see from Eq. (3.46), since the efficiency of induction

motors depends on the operating slip, the speed reduction by these methods will

lead to a reduction in efficiency. Nevertheless, these speed control methods are

applicable to small-sized motors that drive loads requiring a torque proportional

to the square of the operating speed such as fans or blowers. For such loads,

since the power consumption is reduced significantly according to the reduction

in the speed, the reduction in efficiency is relatively small.

Instead of wasting energy in the rotor resistance (referred to as the slip energy),

there is a better approach to improve the efficiency, which is known as a slip energy

recovery system. In the slip energy recovery system, the slip energy can be returned

back to the electric power source. There are two types of the slip energy recovery

system: Kramer drive system and Scherbius drive systems. These systems exploit

a power electronic converter connected to the rotor circuit instead of external resis-

tors. Such a system can recover the energy taken from the rotor through the slip rings

to decrease the speed and feed it back into the power source.

3.1.8.2 Synchronous speed control
The rotor of an induction motor follows the stator magnetic field which rotates at the

synchronous speed proportional to the applied stator frequency. Thus, changing

the stator frequency is more fundamental to the speed control. The relationship

between the synchronous speed ns and the stator frequency fs is

ns 5
120 � fs

P
(3.58)

Though the synchronous speed can be altered by changing the number of

poles, this requires a complex motor construction. Moreover, it is not possible to

provide a continuous change in the synchronous speed. Thus, it is more effective

to change the stator frequency. The speed�torque characteristics for a variation

in the stator frequency at the rated stator voltage are shown in Fig. 3.42.

When changing the stator frequency to adjust the speed, if the stator

voltage remains constant, then the stator frequency variations lead to the change

of the developed torque as well as the operating speed as shown in Fig. 3.42.

The explanation is as follows.

At normal operating conditions, since the voltage drop across the stator

resistance and leakage reactance are negligible in comparison to the applied

voltage, the torque of Eq. (3.34) can be simplified as

TmechD
V2
s

Rr

s

� �2

1 ðωsLlrÞ2
� Rr

ωss
5

Vs

ωs

� �2
Rrωsl

R2
r 1 ðωslLlrÞ2

(3.59)
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It can be seen that at a fixed stator voltage and slip frequency, the developed

torque is inversely proportional to the square of the stator frequency. From

Eq. (3.17), we can see that the air-gap flux depends on the ratio of the stator volt-

age Vs to the stator frequency fs as

φ~
Es

fs
� Vs

fs
ð’Es 5 4:44fsNsφKωsÞ (3.60)

Thus, under a fixed stator voltage, the air-gap flux varies inversely with the

stator frequency. As can be seen from Eq. (3.59), the developed torque is propor-

tional to the square of the air-gap flux and thus, is inversely proportional to the

square of the stator frequency.

The rotor current is also influenced by the variation of the stator frequency.

Assuming that at normal operating conditions, the stator resistance and leakage reac-

tance are negligible, the rotor current varies inversely with the stator frequency as

Ir 5
Vsffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

Rr

s

� �2

1 ðXlrÞ2
s 5

Vs

ωs

� �
ωslffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

R2
r 1 ðωslLlrÞ2

q ~
1

fs
(3.61)

When adjusting the operating speed by changing the stator frequency,

if the stator voltage is varied linearly with the frequency as shown in Fig. 3.43,

then the air-gap flux φ � Vs=fs will remain constant and thus, the torque and

rotor current will remain unchanged. This technique is called the constant volts
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Speed�torque characteristic curves for several frequencies (5-hp, four-pole motor).
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per Hertz (V/f) control, which has become a popular variable speed drive for

induction motors in general-purpose applications today. The V/f ratio may be

adjusted according to the driven load.

At low frequencies below a few Hertz, due to the influence from the voltage

drop across the stator resistance and leakage reactance, the magnitude of the stator

voltage determined by this linear V/f relationship will be insufficient to keep the

magnitude of the air-gap flux constant. This is because the actual air-gap flux φ is

not proportional to Vs=fs, but Es=fs. This results in reduction of the air-gap flux and

in turn, reduction of the output torque. Thus, for the constant V/f control at a low

operating frequency, we have to boost the stator voltage to compensate for the volt-

age drop of the stator resistance and leakage reactance as shown in Fig. 3.43.

Fig. 3.44 shows the speed�torque characteristics curves for several frequencies

under the constant V/f control. To summarize, under the constant V/f operation of

an induction motor,

• Torque is independent of the stator frequency,

• Rotor current is independent of the stator frequency,

• Synchronous speed is proportional to the stator frequency.

The constant V/f control can be utilized for the speed control below the rated

speed. If the stator frequency increases more than the rated frequency, the con-

stant V/f ratio cannot be maintained due to the limitation of the applied voltage.

Thus, for speeds higher than the rated speed, the maximum torque will be reduced

due to the reduction in the air-gap flux. The control method for high speeds above

the rated speed will be discussed in more detail in Chapter 8.

In the induction motor drives with the constant V/f control, it should be noted

that the torque and the rotor current are determined only by the slip angular
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FIGURE 3.43

Constant volts per Hertz (V/f) control.
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frequency ωslð5 sωsÞ. We can see from Fig. 3.44 that the output torque can be

produced equally at any speed for the same slip frequency. Thus, even though

the speed is reduced by the stator frequency, the operating slip can be kept low

so that the efficiency cannot be degraded unlike the slip control. Moreover, at

start-up, a high starting torque can be achieved by applying a low stator fre-

quency without requiring a high rotor resistance. After the starting, the stator

frequency is increased along with the stator voltage according to the linear V/f

relationship.

Up to this point, we have discussed the open-loop speed control by the stator

frequency. In the open-loop speed control, however, the steady-state speed can be

affected by the load variation because the operating slip frequency depends on the

load. In particular, in the low-speed region, the variation of the operating slip

frequency may bring about a large error in the steady-state speed. Thus this

open-loop speed control needs a proper compensation to offset the speed error

according to the load variation. More accurate speed control can be achieved by

the closed-loop speed control, which adjusts the slip frequency under the constant

V/f control as the following.

3.1.8.3 Closed-loop speed control by adjusting the slip frequency
under constant V/ f control

Under the constant V/f control, the torque of an induction motor can be controlled

by adjusting the slip frequency fr. The torque of Eq. (3.59) is rewritten in terms

of the slip frequency fr as

Tmech 5
Vs

ωs

� �2
2πfrRr

R2
r 1 ð2πfrLlrÞ2

(3.62)
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Since the standard induction motors normally have Rrc2πfrLlr, if the air-gap

flux is constant, then the torque is proportional to the slip frequency fr as

TmechD
Vs

ωs

� �2
2π
Rr

fr (3.63)

Fig. 3.45 shows the block diagram of the closed-loop speed control system

based on Eq. (3.63).

In this speed control system, with the constant V/f operation, the slip

frequency fr is adjusted so that the actual speed n follows the command speed n�.
Since the developed torque of an induction motor can be adjusted by the slip

frequency, if the actual speed of the motor is less than its command, then the

controller increases the slip frequency to produce a larger torque. On the other

hand, if the actual speed is higher than its command, then the controller decreases

the slip frequency to reduce the developed torque. In this case, the variation range

of the slip frequency should be limited within the maximum slip frequency,

at which the breakdown torque occurs.

Once the required slip frequency f
�
r is determined in this manner, the stator

frequency command can be determined by the sum of the slip frequency and the

rotor speed fm as

f
�
s 5 fm 6 f

�
r (3.64)
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Speed control by adjusting the slip frequency with constant V/f control.
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From this stator frequency command f
�
s , the voltage command applied to the

motor should be determined according to the linear V/f relationship shown in

Fig. 3.43. This voltage reference V
�
s with the stator frequency will generally be

generated by using the PWM inverter, which will be described in Chapter 7. The

inverter used for this purpose is called the Variable Voltage Variable Frequency

(VVVF) inverter.

Fig. 3.46 describes the closed-loop speed control that was shown in

Fig. 3.45. Fig. 3.46A shows the operation for the increase in speed. If the sta-

tor frequency is increased by the increased slip frequency, then the developed

torque becomes greater than the load torque, and thus the speed is increased.

On the other hand, Fig. 3.46B shows the operation for the decrease in speed. If

the stator frequency is decreased by the decreased slip frequency, then the

developed torque becomes smaller than the load torque, and thus the speed is

reduced.

This speed control scheme for induction motors is widely used in general-

purpose drives such as fans, pumps, and conveyors because it can improve the

system efficiency and provide a satisfactory starting torque and a satisfactory

steady-state performance. This control can give a speed regulation of 1�2%.

However, this control scheme is insufficient to achieve a high dynamic perfor-

mance. Therefore, we need an advanced control technique such as the Vector

control, which will be described in Chapter 5.
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3.1.9 OPERATION REGIONS OF INDUCTION MOTORS

Induction motors have been traditionally used as constant speed motors supplied

by the AC power source. However, recently, it has been increasingly used as vari-

able speed motors driven by an inverter. As stated in the Section 3.1.8.2, the vari-

able speed induction motor drive can be achieved by controlling the frequency and

voltage applied to the motor. The operation range of an induction motor can be

divided into three regions according to the output torque capability as

• Constant torque region: speed range below the base speed

• Constant power region: speed range above the base speed

• Breakdown torque region: speed range above the base speed maintaining

the maximum slip frequency

The speed range above the base speed can be further divided into two subre-

gions: constant power region and breakdown torque region. Because the field

flux is reduced for operation in these regions, they are called field-weakening

regions. Fig. 3.47 illustrates the output toque characteristic in each region.

3.1.9.1 Constant torque region
In this region, the motor speed is increased by increasing the stator frequency. To

maintain the air-gap flux at a constant value, the applied stator voltage will be

increased with the stator frequency according to the linear V/f relationship. This is

the constant V/f control as stated in the Section 3.1.8.2. In this control method,

since the output torque is proportional to the slip frequency, the output torque can

be produced equally at any speed for the same slip frequency as shown in

Fig. 3.48. (The same slip frequency means the same stator current.) Hence, this

speed range is called constant torque region. The maximum torque developed by

the induction motor is limited only by the allowable current rating in this region.
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Operation regions of an induction motor.
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3.1.9.2 Constant power region
Since the back-electromotive force (back-EMF) of the induction motor increases

with the speed, the voltage applied to the motor should also be increased with the

speed for the stator current to flow properly. However, since the terminal voltage

of the motor should not exceed the rated (or nominal) voltage, the stator voltage

cannot be increased above the rated voltage despite the speed increase. The onset

speed, at which the terminal voltage of the motor becomes the rated voltage, is

called the base speed. Since the induction motor will be operated with a constant

voltage in the speed region above the base speed, the air-gap flux as well as the

rotor current will decrease as the operating speed increases.

The steady-state equivalent circuit in Fig. 3.49 implies that under a constant

stator voltage Vs, an increase in the operating frequency causes the reactance

to increase, resulting in a decrease of both the exciting current Iφ and rotor

current Ir. Therefore the output torque of an induction motor in this region will

be different from that in the constant torque region.
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Operation characteristics in constant torque region.
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In the Section 3.1.4.3, the output torque and the rotor current of an induction

motor were given as

Te 5 3
1

ωs

I2r
Rr

s
(3.65)

Ir 5
Es

Rr

s

� �
1 jXlr

5
Es

ωs

� �
ωslffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

R2
r 1 ðωslLlrÞ2

q (3.66)

Substituting Eq. (3.66) into Eq. (3.65), the following torque expression as a

function of air-gap flux and rotor current can be obtained.

Te 5 3
Es

ωs

� �
Ir

Rrffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2
r 1 ðωslLlrÞ2

q DKφIr φ5
Es

ωs

� �
(3.67)

Under a constant stator voltage, an increase in the stator frequency leads to a

reduction in both the air-gap flux φð~Es=ωsÞ and the rotor current Ir. Therefore

the output torque will decrease in proportion to 1=ω2
s . However, if we make the

slip frequency ωsl increase as the stator frequency increases, then the rotor current

will remain constant due to the reduced impedance Rr=s by the increase in the

slip. This can be readily seen in Eq. (3.66) and Fig. 3.49. In this way, if the rotor

current remains constant despite the stator frequency increase, then the developed

torque decreases in proportion to 1=ωs, not 1=ω2
s , as shown in Fig. 3.50. Thus an

enhanced output torque capability can be achieved.

Therefore for operation in this region, the slip frequency ωsl should be

increased as the stator frequency increases. In this case, since both the voltage

and the current remain constant, this region is called the constant power region

(strictly speaking, constant VA), which corresponds to the field-weakening region

of a DC motor.

baseω BTω0
Speed

Constant
power region

Torque

Output torque

Slip frequency

Flux

Breakdown torque locus

s
eT

ω
1∝

2max
1

s

T
ω

∝

FIGURE 3.50

Operation of constant power regions.
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3.1.9.3 Breakdown torque region
In the constant power region, the slip frequency is increased with the speed

increase to lower the reduction rate of the output torque. However, there is a limit

to increasing the slip frequency because an induction motor has a maximum slip

for the stable operation as

Smax 5
Rrffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

R2
s 1 ðXls1XlrÞ2

q (3.68)

Once the operating slip frequency reaches its maximum value, the rotor

current will decrease and, in turn, the output torque will decrease in propor-

tion to 1=ω2
s as the stator frequency increases as shown in Fig. 3.51. Since the

current will be decreased, the input power will not remain constant. In this

case, an induction motor will be operated at the maximum slip for producing

the breakdown torque. Thus this region is called the breakdown torque

region.

Fig. 3.52 depicts characteristics such as voltage, current, developed output

torque, flux, and slip frequency over the overall speed range. The curve, which

shows the output torque capability versus the speed, is called the capability curve

of an induction motor.

The base speed, at which the constant power region starts, does not usually

coincide with the rated speed and varies with the available voltage, operating

current, flux level, and load condition. A detailed explanation on this will be

given in Chapter 8. The range of the constant power region depends on the maxi-

mum value of the slip frequency. As can be seen from Eq. (3.68), this maximum

slip frequency is a function of leakage inductance, and thus, its range depends on

the total leakage inductance, Xls 1Xlr. For a standard induction motor, this value

is normally 0.2 p.u., producing a constant power range up to two to three times

the rated speed. By contrast, induction motors for high-speed drives often have a

constant power region range over four times the rated speed.
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Operation of breakdown torque regions.
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3.2 SYNCHRONOUS MOTORS
As stated in Chapter 1, the name synchronous motors stems from its characteristic

to develop the torque only when the rotor operates at the synchronous speed.

Traditionally, large-sized synchronous machines have been mainly used as gen-

erators. As motors, they have been used to improve the power factor in the power

grid by changing the field current, i.e., excitation. In this case, they are called

synchronous condensers. In small sizes, they have been often used in applications

requiring a constant speed operation.

However, recently, synchronous motors with a permanent magnet rotor are

growing rapidly in use for variable speed drives instead of DC motors. This is

because permanent magnet synchronous motors (PMSMs) have many advantages

over other motors such as high efficiency, high power density, high dynamic

response, and high power factor. However, one disadvantage is its higher

cost in comparison to an induction motor. In this section, we will study the

basic performance characteristics of the synchronous motor under steady-state

conditions, and in Chapter 4 and Chapter 5, we will learn about its dynamic

characteristics.

The structure of the stator and rotor of a synchronous motor is shown

Fig. 3.53. A synchronous motor has the same stator configuration as an induc-

tion motor, but a different rotor structure. Unlike an induction motor, a syn-

chronous motor has independent excitations for the stator and rotor windings,
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i.e., AC excitation to the stator winding and DC excitation to the rotor wind-

ing. The function of the stator winding, which is commonly called an armature

winding, is to generate a rotating magnet field through its connection to a

three-phase AC power source such as an induction motor. The rotor winding,

which is called the field winding, generates a field flux with a DC excitation

or by a permanent magnet.

There are two types of rotor construction: cylindrical (or nonsalient pole)

type and salient pole type. A salient pole rotor is normally used for low-speed

applications such as hydroelectric generators, while a cylindrical rotor is normally

used in high-speed applications such as steam or gas turbine generators. Now, we

will explore the steady-state equivalent circuit and the output torque of a synchro-

nous motor.

3.2.1 CYLINDRICAL ROTOR SYNCHRONOUS MOTORS

Since the rotor winding with a DC excitation can be represented as a simple

R-L circuit without back-EMF, we need to discuss an equivalent circuit for only

the stator winding.

The stator windings of a synchronous motor are the same as those of an induc-

tion motor. Thus, from Eq. (3.6), the stator voltage equation of a synchronous

motor is given as

vs 5Rsis 1
dλs

dt
(3.69)

However, since the stator flux linkage of a synchronous motor is different

from those of an induction motor, we need to examine the stator flux linkage λs.

A synchronous motor has independent excitations for the stator and rotor

windings. In the air gap, these excitations generate two magnetic fields which
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rotate at the synchronous speed as shown in Fig. 3.54. One is generated by the

stator winding currents as in an induction motor, and the other is generated by

the field winding current. In synchronous motors, the torque is produced by the

interaction of these two magnetic fields.

The rotating field flux φa generated by the three-phase AC currents Is flowing

in the stator winding consists of the armature reaction flux φar and the leakage

flux φal as

φa 5φar 1φal (3.70)

The armature reaction flux φar corresponds to the magnetizing flux in the

induction motor. The field flux φf generated in the field winding is also a rotat-

ing magnetic field rotating at the synchronous speed because the rotor itself

rotates at the synchronous speed. In the air gap, there is a resultant of these

two field fluxes as

φs 5φf 1φar (3.71)

Thus the flux linkage λs of the stator winding with an effective number of

turns Ns will be expressed as

λs 5Nsðφf 1φarÞ (3.72)

In the stator winding, the voltage is induced by these two fluxes. The voltage

Ef induced by the field flux φf is called the excitation voltage as shown

in Fig. 3.55. The magnitude of the excitation voltage is proportional to the field

current and the rotor speed.

The voltage Ear induced by the armature reaction flux φar is called the arma-

ture reaction voltage, whose equation is the same as the Eq. (3.18) of the induced

voltage for an induction motor.

The total induced voltage in the stator winding is the sum of these two

induced voltages as

Es 5Ef 1Ear (3.73)
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Rotating field flux of stator and the field flux of rotor.
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Here, the armature reaction voltage Ear lags the armature reaction flux φar

by 90�, so it can be expressed in terms of the armature reaction reactance Xar as

Ear 5 Ia jXar (3.74)

Considering the total induced voltage, the voltage drop of the stator resistance

Rs, and leakage reactance Xal, the stator voltage equation of Eq. (3.69) can be

expressed as the phasor representation by

Vs 5 IsRs 1 Is jXal 1Es

5 IsRs 1 Is jXal 1 Is jXar 1Ef

5 IsRs 1 Is jXs 1Ef 5 IsZs 1Ef

(3.75)

where, Xsð5Xar 1XalÞ is the synchronous reactance and Zsð5Rs 1 jXsÞ is the

synchronous impedance.

By using Eq. (3.75), the complete per phase equivalent circuit of a

cylindrical rotor synchronous motor under the steady-state condition is shown

in Fig. 3.56.
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Excitation voltage induced by the field flux.
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Per phase equivalent circuit of a cylindrical rotor synchronous motor.
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3.2.1.1 Torque of a cylindrical rotor synchronous motor
The torque of a cylindrical rotor synchronous motor is obtained by dividing the

output power by the synchronous speed ωs. The input power of a synchronous

motor is given by

P5 3VsIscos θ (3.76)

where θ is the phase angle between the stator voltage Vs and the stator current Is.

Eq. (3.75) of a synchronous motor can be represented by the phasor diagram

as shown in Fig. 3.57. The phase angle δ between the stator voltage Vs and

the excitation voltage Ef is an important factor of power transfer and stability in

synchronous machines and is usually termed the power angle (or load angle).

For motoring operation, this angle δ is also called the torque angle, and the stator

voltage Vs is ahead of the excitation voltage Ef . The angle δ acts as the slip in an

induction motor. The angle δ increases with the increased load. This angle can

also be regarded as the difference angle between the stator and the rotor rotating

magnetic fields. In motoring operation, the stator magnetic field is ahead of the

rotor magnetic field. The power and torque for synchronous machines are usually

expressed as a function of the stator voltage, excitation voltage and their angle δ.
Now, we will derive the output torque from the equivalent circuit. From the

phasor diagram shown in Fig. 3.57, we have

Vscos δ5Ef 1 IsXssinðθ2 δÞ1 IsRscosðθ2 δÞ (3.77)

Vssin δ5 IsXscosðθ2 δÞ2 IsRssinðθ2 δÞ (3.78)

If the stator winding resistance Rs is neglected, then we can readily obtain

Iscos θ5
Ef sin δ
Xs

(3.79)

By substituting this into Eq. (3.76), the power is expressed by

P5 3
VsEf

Xs

sin δ5Pmaxsin δ (3.80)

Since the stator losses are neglected by assuming Rs5 0, the power of Eq. (3.80)

is considered as the output power. Thus the developed torque is obtained by

dividing the output power by the synchronous speed ωs as

Torque: T 5
P

ωs

5 3
VsEf

ωsXs

sin δ5 Tmax sin δ (3.81)

Eqs. (3.80) and (3.81) indicate that the output power and the torque vary as a

sine of the torque angle δ as shown in Fig. 3.58. The maximum torque occurs at

a torque angle of 90 electrical degrees. This is called the pull-out torque, which

indicates the maximum value of torque that a synchronous motor can develop

without pulling out of synchronism. In general, its value varies from 1.25 to 3.5

times the full-load torque. In actual practice, however, the motor will never
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operate at a torque angle close to 90 electrical degrees because the stator current

will be many times its rated value at this operation.

Next, we will discuss the salient pole rotor synchronous motor.

3.2.2 SALIENT POLE ROTOR SYNCHRONOUS MOTORS

As we can see in Fig. 3.59, a salient pole synchronous motor has a nonuniform air

gap due to the protruding rotor poles. In this type of motor, the amount of the flux pro-

duced by the stator current varies according to the position of the rotor. A higher flux

is generated along the poles in comparison to between the poles because the reluc-

tance of the flux path is low along the poles and high between the poles.

To consider the saliency of the rotor in a synchronous motor model, we need

to define the d and q axes as the following. The d-axis is defined as the axis along

the poles, which is also the direction of the rotor flux produced by the field

winding. The reluctance of the d-axis path is low due to the small air gap, and

thus the inductance Ld of the d-axis is large. On the other hand, the q-axis is

defined as the axis between the poles, which is also the direction of the excitation

voltage. The reluctance of the q-axis path is large due to the large air gap, and so

the inductance Lq of the q-axis is small. Thus, Ld. Lq.
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FIGURE 3.58

Output power and torque for a cylindrical rotor synchronous motor.
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Phasor diagram for a synchronous motor.
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In order to consider the flux variation with the position of the rotor, it is more

effective to analyze the saliency of the rotor by using the divided stator current

into two components of the current Id aligned with the d-axis and the current Iq
aligned with the q-axis. Thus the stator current Is is expressed as

Is 5 Iq 2 jId (3.82)

where Iq 5 Iscos ϕ, Id 5 Issin ϕ, and ϕ is the phase angle between Iq and Ia.

According to the d and q axes currents, the armature reaction flux φar is also

divided into two components: the d-axis flux φd produced by the d-axis current Id
and the q-axis flux φq by the q-axis current Iq. The relation between φd and Id is

expressed by the d-axis armature reactance Xad, whereas the relation between φq

and Iq is expressed by the q-axis armature reactance Xaq. The d and q axes syn-

chronous reactances are given by

Xd 5Xad 1Xal (3.83)

Xq 5Xaq 1Xal (3.84)

where Xal is the armature leakage reactance. The salient pole synchronous motor

always Xd .Xq, normally Xq 5 ð0:5B0:8ÞXd.

Considering the d and q axes synchronous reactances, and referring to Eq. (3.75),

the voltage equation of the salient pole rotor synchronous motor can be expressed by

Vs 5 IsRs 1 Id jXd 1 Iq jXq 1Ef (3.85)

From this equation, the equivalent circuit of the salient pole rotor synchronous

motor is shown in Fig. 3.60.

3.2.2.1 Torque of a salient pole rotor synchronous motor
Now, we will derive the torque of a salient pole rotor synchronous motor. In addi-

tion to the torque of a cylindrical rotor, it can be expected that a salient pole rotor

synchronous motor has a reluctance torque due to the saliency of the rotor as

already discussed in Chapter 1.
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FIGURE 3.59

Salient pole rotor synchronous motor.
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The input power in terms of d-q axes currents, Id and Iq, can be expressed as

P5 3VsIscos θ5 3VsIscosðϕ1 δÞ
5 3VsIsðcos ϕ cos δ2 sin ϕ sin δÞ
5 3VsðIqcos δ2 Idsin δÞ

(3.86)

From Eq. (3.85), assuming that the stator winding resistance is neglected, the

phasor diagram can be expressed as Fig. 3.61.

From this phasor diagram, we have

Vscos δ5Ef 1 IdXd (3.87)

Vssin δ5 IqXq (3.88)

Combining Eqs. (3.86)�(3.88), the output power and the torque are given by

P5 3
VsEf

Xs

sin δ1 3
V2
s ðXd 2XqÞ
2XdXq

sin 2δ (3.89)

sV
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fE

qd XX ,
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FIGURE 3.60

Equivalent circuit of a salient pole rotor synchronous motor.
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Phasor diagram of a salient pole synchronous motor.
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Torque: T 5
P

ωs

5 3
VsEf

ωsXs

sin δ

Electromagnetic torque Tf 1

1 3
V2
s ðXd 2XqÞ
2ωsXdXq

sin 2δ

Reluctance torque Tr

(3.90)

As we can expect, a salient pole synchronous motor has two torque components:

electromagnetic torque Tf due to the field flux of the rotor (the first term on the

right-hand side of Eq. (3.90)) and reluctance torque Tr due to the saliency of the

rotor (the second term on the right-hand side of Eq. (3.90)). Fig. 3.62 shows the out-

put torque according to the torque angle δ.
Because of this reluctance torque, a synchronous motor with the salient pole

rotor can produce more torque than a synchronous motor with the cylindrical

rotor. In addition, this motor has the output torque to drive a load even if the field

current is zero. Due to the reluctance torque, the torque angle δ at which the pull-

out torque occurs is less than 90 electrical degrees.

3.2.3 STARTING OF SYNCHRONOUS MOTORS

Synchronous motors are inherently not able to self-start on an AC power source

with the utility frequency of 50 or 60 Hz. As stated in Chapter 1, this is because

synchronous motors can develop a torque only when running at the synchronous

speed. However, the synchronous speed for the utility frequency is too fast for the

rotor to synchronize for starting as shown in Fig. 3.63.

Therefore we need some means for starting synchronous motors. Once the

rotor reaches a speed close to the synchronous speed (.95%) through some

δπ

Electromagnetic torque

Reluctance torque

rT

fT

T
Total torqueTorque

2
π

FIGURE 3.62

Torque of a salient pole synchronous motor.
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starting means, the field winding will be excited, so the motor locks into

synchronization.

There are some techniques employed to start a synchronous motor. As a

simple method, a separate motor is used to drive the rotor to run close to the

synchronous speed. A second method is to start the synchronous motor as an

induction motor. In this case, the rotor has a special damping winding for

the purpose of starting, which is similar to the squirrel-cage arrangements of an

induction motor. When the synchronous motor is starting, the torque will be

produced by the induced current in the damping winding, so it can start as

an induction motor. In addition, the damper winding has another function to

help keeping the synchronous motor in synchronism. If the speed of the motor

is increased or decreased from the synchronous speed, then a current will be

induced in the damper winding and will develop a torque to oppose the change

in speed.

As for the starting method of PMSMs used in variable speed drives, we can

start the motor slowly at a reduced frequency by using a PWM inverter. In this

case, a high starting torque can be developed by using the information of the rotor

initial position.
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CHAPTER

4Modeling of alternating
current motors and
reference frame theory

For a proper control of a motor, we need to analyze its dynamic performance

as well as steady-state performance. This requires a mathematical model, which

describes the behavior of a motor. The motor model can be mainly expressed

by the voltage and torque equations. The voltage equation for a motor basically

consists of the following components: the voltage drop of the winding resistance

R and the induced voltage proportional to the rate of change over time of the

winding flux linkage λ as

vðtÞ5RiðtÞ1 dλðtÞ
dt

5RiðtÞ1 d
�
LðθrÞiðtÞ

�
dt

ðθr 5ωrtÞ
(4.1)

As discussed in Chapter 1, the flux linkage can be expressed as the product of

inductance and current. For alternating current (AC) motors with windings in the

stator and rotor, the mutual-inductance which implies the amount of flux linking

between the two windings, is a time-varying parameter. This is because that the

mutual-inductance is a function of the rotor position due to the variation in the

amount of linking flux with the rotor position. Furthermore, in salient pole syn-

chronous motors, even the self-inductance is a function of the rotor position due

to the variation in the air gap according to the rotor position.

As an example, consider the induction motor in Fig. 4.1, in which the stator

windings are stationary while the rotor windings are rotating with the rotor.

Due to the movement of the rotor, the angular position θr between the stator and

rotor windings varies over time except for at a standstill. As a result, even if

currents (thus, flux) flowing in these two windings remain constant, the amount

of the flux linking these windings will vary over time. This results in the mutual-

inductance to become time-varying. Due to this time-varying inductance, the

voltage equations, which describe the behavior of AC motors, will be expressed

by differential equations with time-varying coefficients.

The analysis of such time-varying differential equations will be fairly complex.

However, by using the reference frame transformation, which will be introduced

in this chapter, its complexity can be significantly reduced. This is because the
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time-varying inductances can be eliminated in the voltage equations by employing

the reference frame transformation. When using this transformation, the three-phase

abc variables are transformed to dq variables in an orthogonal coordinate system.

These dq orthogonal variables are necessary to employ the vector control scheme,

which enables a dynamic torque control of AC motors. This scheme will be

described in Chapter 5.

In this chapter, we will study the reference frame transformation and

introduce the models of AC motors expressed by the dq variables in the

orthogonal coordinate system. Prior to this, we will start exploring the models

of AC motors expressed in the three-phase abc variables.

4.1 MODELING OF INDUCTION MOTOR
Unlike the steady-state model of an induction motor shown in Chapter 3, in this

section, we will introduce a model to describe the dynamics in the transient-state

as well as the steady-state performance.

Consider a three-phase, two-pole induction motor as shown in Fig. 4.2.

Assume that the stator windings have a number of effective turns Ns, resistance

Rs, leakage inductance Lls, and self-inductance Ls. Similarly, the equivalent rotor

windings have a number of effective turns Nr, resistance Rr, leakage inductance

Llr, and self-inductance Lr. θr is the angular displacement between the stator

and rotor axes. Here, we will not consider the nonideal characteristics such as

the saturation of iron core, slots effect, and cogging torque. Although these are

identical sinusoidal distributed windings, each displaced by 120�, we will con-

sider only the centered coil of each phase for simplicity.

Now, let us derive the voltage equations of an induction motor. Since an

induction motor has six windings, we can express it by six voltage equations. The

rω
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FIGURE 4.1

Angular position between stator and rotor windings.
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winding voltage is composed of the voltage drop of the winding resistance and

the voltage induced by the flux linkage variation of the winding. Thus the six

voltage equations for the stator and rotor windings can be written by

vas 5Rsias 1
dλas

dt
(4.2)

vbs 5Rsibs 1
dλbs

dt
(4.3)

vcs 5Rsics 1
dλcs

dt
(4.4)

v0ar 5R0i0ar 1
dλ0

ar

dt
(4.5)

v0br 5R0i0br 1
dλ0

br

dt
(4.6)

v0cr 5R0i0cr 1
dλ0

cr

dt
(4.7)

where vas; vbs; vcs are the stator voltages, ias; ibs; ics are the stator currents,

v0ar; v
0
br; v

0
cr are the rotor voltages, i0ar; i

0
br; i

0
cr are the rotor currents, λas; λbs; λcs

are the stator flux linkages, and λar; λbr; λcr are the rotor flux linkages. Here, the

primed variables denote the rotor variables that are referred to the stator by con-

sidering the turns ratio of the two windings. From this point on, we will skip the

prime symbol (0).
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FIGURE 4.2

Stator and rotor windings of an induction motor.
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To solve these voltage equations, we need to know the flux linkage of each

winding. Since there are six windings, one winding will be linked by not only

the flux produced by its own winding current but also the flux produced by the

current flowing in the other five windings. For example, the total flux linkage λas

of the phase as winding shown in Fig. 4.3 has the following six components.

λas 5λasas 1λasbs 1λascs 1λasar 1λasbr 1λascr

5 Lasasias 1Lasbsibs 1Lascsics 1 Lasariar 1 Lasbribr 1 Lascricr
(4.8)

where the flux linkage λxsys represents the flux, which is produced by the current

iys flowing in the ys winding and links the xs winding. The flux linkage λxsys can

be expressed as the product of the related current and inductance. In this case

inductance Lxsys is defined as the ratio of the flux linking the xs winding to the

current iys generating the flux, i.e., Lxsys 5λxsys=iys.
Six flux linkages in the stator and rotor windings can be written by
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FIGURE 4.3

Flux linkage λas of the phase as winding.
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These inductances are largely divided into four groups as

λabcs

λabcr

� �
5

Ls Lsr

ðLsrÞT Lr

� �
iabcs

iabcr

� �
(4.10)

where Ls and Lr represent the inductance matrix of the stator and rotor windings,

respectively, and Lsr represents the mutual-inductance matrix between the stator

and rotor windings.

Next, we will determine these inductances.

4.1.1 STATOR WINDINGS

The stator inductance matrix Ls as shown in Fig. 4.4 consists of the self-

inductances of each stator winding and the mutual-inductance between the

stator windings as

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

=

cscscsbscsas

bscsbsbsbsas

ascsasbsasas

s

LLL

LLL

LLL

L

Stator
self-inductance

Stator
mutual-inductance

(4.11)

We can obtain expressions for the self-inductances and the mutual-inductances

as follows.

The flux produced by each winding can be separated into two components:

the leakage flux which links only its own winding and the magnetizing flux

which links both its own winding and the other windings. These can be expressed

bs-axis
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)( lsmsasas LLL +=

Stator
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FIGURE 4.4

Stator inductances.
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in terms of the leakage inductance and the magnetizing inductance, respectively.

Thus the stator self-inductances Lasas; Lbsbs; Lcscs consist of the leakage

inductance Lls and the magnetizing inductance Lms as

Lasas 5Lbsbs 5Lcscs 5 Lls 1 Lms (4.12)

where Lms 5μoN
2
s ðrl=gÞðπ=4Þ, μo is the permeability of air, l is the axial length of

the air gap, and r is the radius to the mean of the air gap [1].

The mutual-inductances Lasbs; Lascs; Lbsas; Lbscs; Lcsas; Lcsbs between the two

stator windings, which are displaced from each other by 120�, are all the same

and are related to the magnetizing inductance as

Lasbs 5 Lascs 5 Lbsas 5 Lbscs 5Lcsas 5Lcsbs

5 Lms cos

�
2π
3

�
52

1

2
Lms

(4.13)

Here, the negative sign in the mutual-inductance indicates that each winding

produces the flux in a direction opposite to one another. From the inductances

of Eqs. (4.12) and (4.13), the inductances of the stator windings are given by

Ls 5
Lasas Lasbs Lascs
Lbsas Lbsbs Lbscs
Lcsas Lcsbs Lcscs

2
4

3
55

Lls 1Lms 2
Lms

2
2

Lms

2

2
Lms

2
Lls 1 Lms 2

Lms

2

2
Lms

2
2

Lms

2
Lls 1 Lms

2
666666664

3
777777775

(4.14)

Because the length of the air gap is constant, these inductances become a con-

stant value, irrespective of the rotor position.

4.1.2 ROTOR WINDINGS

The rotor inductance matrix Lr as shown in Fig. 4.5 consists of the self-inductances

of each rotor windings and the mutual-inductance between these windings as

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

=

crcrcrbrcrar

brcrbrbrbrar

arcrarbrarar

r

LLL

LLL

LLL

L

Rotor
mutual-inductance

Rotor
self-inductnace

(4.15)

Similar to the stator self-inductances, the rotor self-inductances Larar; Lbrbr; Lcrcr
consist of the leakage inductance Llr and the magnetizing inductance Lmr as

Larar 5Lbrbr 5 Lcrcr 5 Llr 1 Lmr (4.16)

where Lmr 5μoN
2
r ðrl=gÞðπ=4Þ5 ðNr=NsÞ2Lms.
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The mutual-inductances Larbr; Larcr; Lbrar; Lbrcr; Lcrar; Lcrbr between the two

rotor windings, which are displaced from each other by 120�, are all the same and

related to the magnetizing inductance as

Larbr 5 Larcr 5Lbrar 5 Lbrcr 5Lcrar 5 Lcrbr 5Lmr cos

�
2π
3

�
52

1

2
Lmr

52
1

2

�
Nr

Ns

�2

Lms

(4.17)

where Nr=Ns is the turns ratio of the stator and rotor windings. With these

inductances, the inductances of the rotor windings are given by

Lr 5
Larar Larbr Larcr
Lbrar Lbrbr Lbrcr
Lcrar Lcrbr Lcrcr

2
4

3
55

Lls 1 n2Lms 2n2
Lms

2
2n2

Lms
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� �

(4.18)

These inductances are a constant value, irrespective of the rotor position.
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FIGURE 4.5

Inductances of the rotor windings.
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4.1.3 INDUCTANCE BETWEEN THE STATOR AND ROTOR
WINDINGS

Next, let us examine the mutual-inductance of the stator and rotor windings.

First, we will explore the mutual-inductance matrix Lsr . This is related to the

amount of flux, which is produced by the rotor windings and links the stator

windings. The mutual-inductance consists of nine components as

Lsr 5

Lasar Lasbr Lascr

Lbsar Lbsbr Lbscr

Lcsar Lcsbr Lcscr

2
664

3
775 (4.19)

As an example, examine the mutual-inductance Lasar, which represents the

ratio of the flux linking in the stator as winding to the rotor ar winding current

generating the flux. If the rotor winding is rotating at a speed ωr, the relative

position θr between the two windings will vary over time. Thus the mutual-

inductance vary sinusoidally with respect to the displacement angle θr of the rotor

as shown in Fig. 4.6.

Considering the turns ratio between the two windings, Lasar is given by

Lasar 5 Lmr
Ns

Nr

� �
cos θr 5 Lms

Nr

Ns

� �
cos θr θr 5

ð
ωrdt

� �
(4.20)
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FIGURE 4.6

Mutual-inductance between the stator as winding and the rotor ar winding.
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Likewise, the other mutual-inductances are given by

Lasar 5 Lbsbr 5Lcscr 5
Nr

Ns

� �
Lmscos θr (4.21)
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� �
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2π
3

� �
(4.22)
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2π
3

� �
(4.23)

With these inductances, the mutual-inductance matrix Lsr is given by

Lsr 5
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(4.24)

From Eq. (4.24), we can readily see that the mutual-inductances are a function

of the rotor position and thus vary over time except for at a standstill.

Consequently, the time-varying coefficients will appear in the stator voltage

equations of Eqs. (4.2)�(4.4).

The flux linkage of the stator windings, from Eqs. (4.14) and (4.24), is given by
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(4.25)
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Next, examine the mutual-inductance Lrs. This is related to the amount of

flux, which is produced by the stator windings and links the rotor windings. This

mutual-inductance Lrs is equal to the transpose of Lrs as

Lrs 5LT
sr 5

Laras Larbs Larcs

Lbras Lbrbs Lbrcs

Lcras Lcrbs Lcrcs

2
66664
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(4.26)

Like Lsr, the mutual-inductance Lrs also becomes time-varying except at a

standstill. Therefore the time-varying coefficients will appear in the voltage equa-

tions of the rotor windings.

The flux linkage of the rotor windings, from Eqs. (4.18) and (4.26), is

given by

λabcr 5Lriabcr 1Lrsiabcs

5

Lls 1 n2Lms 2 n2
Lms

2
2 n2

Lms

2

2
Lms

2
Lls 1 n2Lms 2 n2

Lms

2

2 n2
Lms

2
2 n2

Lms

2
Lls 1 n2Lms

2
666666666664

3
777777777775

iar

ibr

icr

2
66664

3
77775

1 nLms

cos θr cos

�
θr 2

2π
3

�
cos

�
θr 1

2π
3

�

cos

�
θr 1

2π
3

�
cos θr cos

�
θr 2

2π
3

�

cos

�
θr 2

2π
3

�
cos

�
θr 1

2π
3

�
cos θr

2
6666666666664

3
7777777777775

ias

ibs

ics

2
66664

3
77775

(4.27)
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Finally, from Eqs. (4.25) and (4.27), the total flux linkages of the induction

motor are given by
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By substituting these flux linkages into Eqs. (4.2)�(4.7), the voltage equations

of the induction motor are completed.

4.2 MODELING OF PERMANENT MAGNET SYNCHRONOUS
MOTOR

The stator configuration of a synchronous motor is the same as that of an

induction motor. The stator windings are connected to a three-phase AC source to

generate a rotating magnetic field. However, unlike an induction motor having

three-phase windings, the rotor of a synchronous motor has a field winding or a

permanent magnet to generate a magnetic field flux on it. In recent years the

magnetic field for synchronous motors has been generated mostly by using a per-

manent magnet rather than a field winding.

In addition to the electromagnetic torque produced by the magnetic fields of the

stator and rotor, synchronous motors with a salient rotor can exploit reluctance

torque. Synchronous motors can be divided into several categories according to

the ratio of electromagnet torque to reluctance torque as shown in Fig. 4.7 [2].

In this book we will limit the scope of our study only to permanent magnet

synchronous motors (PMSMs) except for synchronous reluctance motors, which

only exploit reluctance torque.

PMSMs offer many advantages over other motors. They have a higher effi-

ciency than induction motors because there are no copper losses by the rotor. In

addition, they exhibit a high power density, high torque-to-volume ratios, and a

fast dynamic response because of the availability of cost-effective powerful per-

manent magnet materials such as NdFeB.

Besides these advantages, PMSMs with magnetic rotor saliency use reluctance

torque as well as magnet torque. Owing to these attractive characteristics,

PMSMs are gaining more attention for a wide variety of residential and industrial

drive applications, ranging from general-purpose drives to high-performance

drives.
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4.2.1 STRUCTURE OF PERMANENT MAGNET
SYNCHRONOUS MOTORS

4.2.1.1 Stator structure
A distributed winding has been typically used as a three-phase stator winding

configuration to produce a sinusoidal flux in the air gap as shown in Fig. 4.8A.

However, recently, a concentrated winding has been increasingly used in PMSMs

as shown in Fig. 4.8B.

Although a concentrated winding gives less sinusoidal magnetomotive force

distribution compared to a distributed winding, this type of winding can provide

several advantages such as high power density, high efficiency, short end turns,

high slot-fill factor, low manufacturing costs by segmented stator structures,

low cogging torque, flux-weakening capability, and fault tolerance [3].

Pure magnet motorMagnet & reluctance mixed motorsPure reluctance motor

Magnet torqueReluctance torque 

(PM Torque Assisted SynRM)

(Permanent magnet :           )

Ratio of magnet torque and reluctance torque 0 %

100 %

0 %

100 %

SPMSMInset SPMSMIPMSMPMASynRMSynRM

FIGURE 4.7

Several categories of synchronous motors.

(A) (B)

FIGURE 4.8

Different structures for the stator and rotor of PMSMs. (A) Distributed winding and

(B) concentrated winding.
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Fig. 4.9 compares the distributed winding and concentrated winding in the

stator of a PMSM. There are two main types of a concentrated winding:

single-layer winding configuration, where each slot is occupied by the coil sides

of one phase, and double-layer winding configuration, where each slot is occupied

equally by the coil sides of two phases [4].

4.2.1.2 Rotor structure
The rotor of PMSMs has a permanent magnet to generate a magnetic field flux

on it. The characteristics of PMSMs such as the power density, torque density,

weight, and size may vary according to the chosen permanent magnet material.

These days, a neodymium magnet (also known as NdFeB) is the most commonly

employed for PMSMs due to its excellent magnetic characteristics and low cost.

Even though we use the same permanent magnet material, many characteristics of

PMSMs are heavily dependent on rotor configurations involving the shape and

arrangement of the permanent magnets.

PMSMs can be divided into two types according to the direction of the

magnetic flux produced from the permanent magnets as shown in Fig. 4.10:

radial-flux type and axial-flux type. In the radial-flux type, the rotor which is

cylindrical in shape rotates inside the stator and the magnetic flux crosses the

air gap in a radial direction. On the other hand, in the axial-flux type, the rotor

which resembles a pancake rotates beside the stator and the magnetic flux crosses

the air gap in an axial direction [5].

Out of these two types, the radial-flux type is more commonly used in many

applications. The radial-flux type PMSMs can also be further classified into two

FIGURE 4.9

Comparison of distributed and concentrated windings. (A) Distributed winding and

(B) concentrated winding.
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categories based on the position of the permanent magnets as shown in Fig. 4.11:

surface-mounted permanent magnet synchronous motor (SPMSM) with magnets

mounted on the surface of the rotor and interior permanent magnet synchronous

motor (IPMSM) with magnets buried inside the rotor iron core.

As for IPMSM, there are two topologies according to the arrangement of the

permanent magnets: parallel topology, in which the magnetic poles are located

parallel to the circumference of the rotor as shown in Fig. 4.11B and perpendicu-

lar topology (also called spoke type), in which the magnetic poles are located

perpendicularly to the circumference as shown in Fig. 4.11C.

IPMSMs with the parallel topology are more commonly used. The perpendicu-

lar topology can concentrate the magnetic flux of the magnets and achieve a high

pole number, so that the flux density in the air gap can be higher than the flux

density of the magnet itself. Thus although low cost and low flux density magnet
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FIGURE 4.10

PMSM configurations. (A) Radial-flux type and (B) axial-flux type.
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material such as ferrite is employed, the motor can exhibit a high torque density.

However, due to the flux concentration at the pole edges, there may be a high

harmonic distortion in the air-gap flux density near the pole tips and thereby in

the back-EMF profile. This also leads to a high ripple in the developed torque.

The rotor can also be constructed as an inner rotor type rotating inside the

stator windings or an outer rotor type rotating outside the stator windings as

shown in Fig. 4.12. The inner rotor type has lower inertia, and thus, results in

a quick speed response. On the other hand, the outer rotor type has relatively high

inertia and, thus, is favorable for constant speed operations.

PERMANENT MAGNETS USED IN ELECTRIC MOTORS
The permanent magnet used in motors can be mainly divided into the following three

categories according to the type of magnetic materials: Alnico, Ferrite, and Rare-earth

(SmCo, NdFeB).

1. Alnico magnets

Alnico gives a high residual flux density (known as remanence) but a low coercivity.

It also has a low temperature coefficient of remanence. However, due to a low coercivity,

its magnetization is easily reduced by applied external magnetic field (this is called

demagnetization).

2. Ferrite (or ceramic) magnets

Ferrite offers a higher coercivity but a lower residual flux density than Alnico.

Because of their cheap and moderate magnetic property, Ferrite magnets are widely used

in low-performance applications.

3. Rare-earth magnets

a. Samarium�cobalt (SmCo) magnets

SmCo gives a higher energy product (BHmax) caused by its high residual flux density

and coercivity. The Sm-Co magnets have higher Curie temperature (at which the material

loses its magnetism) and a low temperature coefficient of coercivity and remanence but are

very expensive and brittle.

(Continued)

FIGURE 4.12

Rotor configurations of IPMSMs. (A) Inner rotor type and (B) outer rotor type.
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PERMANENT MAGNETS USED IN ELECTRIC MOTORS (CONTINUED)
b. Neodymium�iron�boron (NdFeB) magnets

NdFeB is considered as one of the best magnetic materials at present since it gives

a much higher residual flux density and coercivity. However, Neodymium magnets are

sensitive to temperature and can even lose magnet properties at a high temperature.

This drawback is steadily improving.

Among these, NdFeB is the most commonly employed permanent magnet material for

PMSMs due to its excellent magnetic characteristics and its recent price reductions. The following

figure shows B�H characteristic curves of these magnetic materials.

Nd-Fe-B Alnico

Ferrite

Sm-Co

Flux density 

Magnetic field intensity

Remanence

Coercivity

0

rB

cH

B

H

• Remanence Br and coercivity Hc

Remanence or residual flux density indicates the magnetic flux density remaining in a

magnetic material after an external magnetic field is removed. Magnetic materials with a

large residual flux density are desirable for strong permanent magnets. Coercivity indicates the

intensity of the magnetic field required to reduce the magnetization of the material to zero.

Magnetic materials with high coercivity are commonly used to make permanent magnets for

electric motors.

• Temperature effects on permanent magnets

The permanent magnets are sensitive to temperature. The residual flux density

decreases with the increase in temperature. For example, NdFeB has the temperature

coefficient of about 0.1% per degree celsius. The initial flux of the magnet can be restored

when it returns to the original temperature. However, if the magnet is exposed to

temperatures above the maximum working temperature and experiences a big loss of

magnetism, irreversible changes may occur and its original flux level cannot be restored

when it returns to the original temperature. Therefore it is advisable to operate magnets

below the maximum working temperature. This limits the maximum torque capability of

motors because the maximum current should be limited to avoid the demagnetization

of magnets.
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All the rotors shown in Fig. 4.11 are cylindrical in shape, and thus the physical

air gap is constant. However the effective air gap may vary with the arrangement

of the magnets. Since the permeability of a magnet approximates to that of air, the

magnets placed in the flux path may be regarded as air. Thus, from the viewpoint

of the magnetic field, the effective air gap will be the sum of the actual air-gap

length and the radial thickness of the magnets.

For SPMSMs, which have magnets of uniform thickness on the surface of the

rotor, the effective air gap is increased by the radial thickness of the magnets.

Thus SPMSMs have a small stator winding inductance, and the d-axis inductance

equals the q-axis inductance.

For IPMSMs, the d�q axes inductances may be different depending on the

arrangement of the magnets. On the one hand, in parallel topology IPMSMs

the magnets are placed along with the d-axis so that the q-axis inductance

becomes higher than the d-axis inductance. On the other hand, in perpendicular

topology IPMSMs, the q-axis inductance is smaller than the d-axis inductance.

Because of the magnetic saliency resulting from the inductance difference

between the d- and q-axes, IPMSMs can exploit the reluctance torque.

The SPMSMs are unsuitable for high-speed operations producing a lager centrif-

ugal force because of the magnets stuck on the surface of the rotor. Furthermore,

because of the small inductance resulting from the increased effective air gap,

SPMSMs have a relatively limited flux-weakening capability for high-speed

operations. On the other hand, IPMSMs have more mechanical strength for high-

speed operations because the magnets are inserted inside the rotor. Furthermore, the

d-axis inductance of IPMSMs is high compared to that of an equivalent SPMSMs,

and this is of a great advantage to IPMSMs for flux-weakening operation, which

will be discussed in Chapter 8. Therefore IPMSMs are appropriate for high-speed

operations.

As explained above, SPMSMs and IPMSMs are different in their characteris-

tics, requiring different control methods. Now, we will find the model of the

PMSMs. Initially, we will introduce the model of an IPMSM with a rotor that has

a magnetic saliency. The model of an SPMSM can be derived easily from the

IPMSM model. As stated earlier, an IPMSM has parallel and perpendicular

topologies. These two topologies can be expressed as the same models but are

different in the values of their d�q axes inductances. In this section the most

commonly used parallel topology IPMSM will be discussed.

4.2.2 MODEL OF PERMANENT MAGNET SYNCHRONOUS MOTORS

For a parallel topology IPMSM, the q-axis inductance is higher than the d-axis

inductance because of the magnets placed along with the d-axis. Although the

rotor of an IPMSM is cylindrical in shape, we will express it as a magnetic

equivalent salient rotor as shown in Fig. 4.13 to simplify the analysis of the

IPMSM.
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As a PMSM has no rotor circuits, we can consider only the voltage equations

for the stator windings. The stator windings of a synchronous motor are the same

as those of an induction motor. Thus the stator voltage equations will be

vabcs 5Rsiabcs 1
dλabcs

dt
(4.29)

where vabcs 5 vasvbsvcs½ �T ; iabcs 5 iasibsics½ �T ; λabcs 5 λasλbsλcs½ �T .
Since a synchronous motor has a different rotor configuration from that of an

induction motor, the components of the flux linkage of the stator windings are

different.

The flux linkage of an IPMSM has the following four components: the flux

linkages due to the stator currents and the flux linkage due to the permanent

magnet as

λas 5λasas 1λasbs 1λascs 1φasf (4.30)

λbs 5λbsas 1λbsbs 1λbscs 1φbsf (4.31)

λcs 5λcsas 1λcsbs 1λcscs 1φcsf (4.32)

These flux linkages can be expressed as the product of the related current and

inductance as

λas 5Lasasias 1Lasbsibs 1Lascsics 1Lasf If (4.33)

λbs 5Lbsasias 1Lbsbsibs 1Lbscsics 1Lbsf If (4.34)

λcs 5 Lcsasias 1Lcsbsibs 1 Lcscsics 1Lcsf If (4.35)
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FIGURE 4.13

Rotor and its equivalent of an IPMSM.
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Here, the flux linkages φasf ; φbsf ; φcsf due to the permanent magnet are

expressed as the product of the equivalent field current If and the related induc-

tance Lasf , Lbsf, Lcsf.

Now, we will determine the stator inductances of

Ls 5
Lasas Lasbs Lascs
Lbsas Lbsbs Lbscs
Lcsas Lcsbs Lcscs

2
4

3
5 (4.36)

As can be seen in Section 4.1.1, the stator inductances consist of the self-

inductances of the stator windings and the mutual-inductances between the stator

windings. Furthermore, the stator self-inductances Lasas; Lbsbs; Lcscs consist of the
leakage inductance and the magnetizing inductance.

The self-inductance of an IPMSM, unlike an induction motor, may be differ-

ent depending on the angular position of the rotor because the effective air gap

may vary with the position of the rotor. Consider an example of the phase as

winding as shown in Fig. 4.14. In this case, the self-inductance becomes the

maximum value at the rotor positions of both 90� and 270� (the smallest reluc-

tance position), where the flux produced by the phase as current becomes the

maximum value. This, in turn, makes the flux linking its own winding to

become the maximum value. On the other hand, the self-inductance becomes

the minimum value at the rotor positions of both 0 and 180� (the largest reluc-

tance position).

Thus, the self-inductances vary sinusoidally with respect to the rotor angle θr
and can be expressed as

Lasas 5 Lls 1LA 2LBcos 2θr (4.37)

Lbsbs 5 Lls 1LA 2LBcos 2 θr 2
2

3
π

� �
(4.38)

Lcscs 5Lls 1 LA 2 LBcos 2 θr 1
2

3
π

� �
(4.39)
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FIGURE 4.14

Self-inductance of phase as winding with respect to rotor positions.
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where Lls represents the leakage inductance, LA represents the average value of

the magnetizing inductance, and LB represents the variation in value of the mag-

netizing inductance.

Similar to those of an induction motor, the mutual-inductances between

the stator windings also vary sinusoidally with respect to the angle θr as shown

in Fig. 4.15.

Thus they are given by

Lasbs 5 Lbsas 52
1

2
LA 2LBcos 2 θr 2

π
3

� 	
(4.40)

Lascs 5 Lcsas 52
1

2
LA 2 LBcos 2 θr 1

π
3

� 	
(4.41)

Lbscs 5Lcsbs 52
1

2
LA 2 LBcos 2θr (4.42)

With these inductances, the stator inductance is given by

Ls5

Lls1LA2LBcos2θr 2
1

2
LA2LBcos2

�
θr2

π
3

�
2
1

2
LA2LBcos2

�
θr1

π
3

�

2
1

2
LA2LBcos2

�
θr2

π
3

�
Lls1LA2LBcos2

�
θr2

2

3
π
�

2
1

2
LA2LBcos2θr

2
1

2
LA2LBcos2

�
θr1

π
3

�
2
1

2
LA2LBcos2θr Lls1LA2LBcos2

�
θr2

4

3
π
�

2
666666664

3
777777775

(4.43)

Next, let us determine the mutual-inductances Lasf Lbsf Lcsf relevant to the

amount of the permanent magnet flux linking the stator windings. These mutual-

inductance are different depending on the position of the rotor because the magnet

flux linking to the stator windings varies with the position of the rotor. As an

example of the phase as winding, from Fig. 4.16, the mutual-inductance becomes

a maximum value at the rotor position of 0�, while it becomes a minimum value

at the rotor position of 180�.

BL
AL rθ

asbsL

rθ

as

bs

bs'

2
1

180°90° 360°270°
rθ

π
3

Flux of 
phase bs
winding

as'

FIGURE 4.15

mutual-inductance between the phase as and bs stator windings.
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Unlike self-inductances, the mutual-inductances vary by cos θr per one

mechanical revolution of the rotor. So we have

Lasf 5 Lsf cos θr (4.44)

Lbsf 5 Lsf cos θr 2
2

3
π

� �
(4.45)

Lcsf 5 Lsf cos θr 1
2

3
π

� �
(4.46)

where Lsf depends on the amplitude of the flux linkage established by the perma-

nent magnet.

From these inductances, the total flux linkages of an IPMSM are given by

λabcs5Lsiabcs1Lf If

5

Lls1LA2LB cos2θr 2
1

2
LA2LB cos2

�
θr2

π
3

�
2
1

2
LA2LB cos2

�
θr1

π
3

�

2
1

2
LA2LB cos2

�
θr2

π
3

�
Lls1LA2LB cos2

�
θr2

2

3
π
�

2
1

2
LA2LB cos2θr

2
1

2
LA2LB cos2

�
θr1

π
3

�
2
1

2
LA2LB cos2θr Lls1LA2LB cos2

�
θr2

4

3
π
�

2
666666664

3
777777775

ias

ibs

ics

2
664

3
775

1Lsf

cosθr

cos

�
θr2

2

3
π
�

cos

�
θr2

4

3
π
�

2
66666664

3
77777775
If

(4.47)

All the inductances in the flux linkages of an IPMSM are time varying except

for at a standstill of the motor. Therefore the time-varying coefficients will appear

in the voltage equations of an IPMSM. In the case of an SPMSM, we can easily

obtain the flux linkages by letting LB5 0 in Eq. (4.47).

sfL

rθ

asfL

rθ

as

Flux
of magnet

rθ
180°90° 360°270° S

N

as'

FIGURE 4.16

Mutual-inductance between stator as winding and magnet.
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From the discussion so far, we can see that the voltage equations of an induc-

tion motor and a synchronous motor are expressed as the differential equations

with time-varying coefficients. Fortunately, by employing the reference frame

transformation, these time-varying inductances in the voltage equations can be

eliminated. Now, we will study the reference frame transformation and the AC

motor models expressed by the dq variables.

4.3 REFERENCE FRAME TRANSFORMATION
Reference frame transformation refers to a transformation of the three-phase abc

variables commonly used in AC systems to dqn variables orthogonal to each

other. This transformation is often known as d�q transformation. Fig. 4.17 com-

pares these variables. Here, the direction of the abc variables is considered to be

the direction of the magnetic axes of their windings.

The direction of d, q, and n axes in orthogonal coordinates will be defined as

the following.

• d-axis (direct axis)

The direction of the d variable, which is called the d-axis, is normally

chosen as the direction of the magnetic flux in the AC motor. In the vector

control for AC motors, the d-axis is regarded as the reference axis, and the

flux-producing component of motor current is aligned along the d-axis.

• q-axis (quadrature axis)

The direction of the q variable, which is called the q-axis, is defined as

the direction 90� ahead of the d-axis. In the vector control for AC motors,

af

bf

cf

q-axis

c-axis

d-axis

a-axis

q-axis

d-axis
n-axis

Reference
axis 

n-axis

b-axis

FIGURE 4.17

abc coordinate and d�q axes coordinate.
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the torque-producing component of motor current or the back-EMF is

aligned along the q-axis.

• n-axis (neutral axis)

The direction of the n variable, which is called the n-axis, is defined as

the direction that is orthogonal to both the d- and q-axes. The n-axis has

nothing to do with the mechanical output power of the AC motor but is

related to the losses.

4.3.1 TYPES OF THE d�q REFERENCE FRAME

The frame of reference, consisting of d, q, and n axes, may rotate at any speed or

remain stationary. Therefore, it can be mainly divided into stationary reference

frame and rotating reference frame according to whether or not it will rotate as

shown in Fig. 4.18.

• Stationary reference frame

This frame of reference remains stationary. In other words, in the sta-

tionary reference frame, the d�q coordinate system does not rotate. In this

book, this will be denoted by ds � qs axes. Normally, in AC motor drives,

ds-axis is chosen as the axis of phase as. This reference frame is also called

stator reference frame.

• Rotating reference frame

This frame of reference rotates at an angular speed ω. In other words, in

the rotating reference frame, the d�q coordinate system rotates at a speed

ω. The speed of rotation can be chosen arbitrarily. In this book this refer-

ence frame will be denoted by dω � qω axes.

ωd

ωq

θ
sd

sq

ω
ω

a-axis

b-axis

c-axis

Rotating
reference frame 

Stationary
reference frame

Rotating

FIGURE 4.18

d�q axes stationary reference frame and rotating reference frame.
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Although the rotation of the d�q coordinate system can be arbitrarily

set to any speed, there are two widely used speeds or reference frames.

The first one is a synchronously rotating reference frame or synchronous

reference frame, which rotates at the speed of the rotating magnetic field

and will be denoted by de � qe axes. The second one is a rotor reference

frame, which rotates at the speed of the rotor and will be denoted by dr � qr

axes.

The angle between the rotating reference frame and the stationary reference

frame may vary over time. This angle θ is given by an integral of the angular

velocity ω of the rotating reference frame as

θ5
ð
ωðτÞdτ1 θð0Þ (4.48)

where θð0Þ means the initial angle at time t5 0, and commonly, θð0Þ5 0.

In this book we will use the notation “f ωAB” to represent the variables

employed in various reference frames. Here, “f ” represents variables such as

voltage, current, and flux linkage. A superscript “ω” denotes the angular speed

of the reference frame. First, the subscript “A” denotes the type of the axis.

A5 d; q; n for dqn variables, and A5 a; b; c for abc variables. Second,

the subscript “B” denotes where the variable is. B5 s for the stator, and B5 r

for the rotor. For example, “ieds” represents the d-axis stator current in the

synchronously rotating reference frame.

The reference frame transformation was originally proposed by R.H. Park in

the late 1920s. This transformation is used only for synchronous machines in the

rotor reference frame, which is commonly known as Park’s transformation. Since

then, several reference frame transformations have been developed for induction

and synchronous machines. Later, it was found that all known types of reference

frames can be obtained from arbitrary reference frames by simply changing the

rotation speed. This arbitrary reference frame transformation is referred to as

the generalized rotating transformation [1].

As mentioned earlier, the reference frame transformation to eliminate the

time-varying coefficients refers to the transformation of the three-phase abc

variables to dqn variables. The reference frame transformation can be easily

carried out by using the matrix forms or complex vectors. First, let us take a look

at the reference frame transformation by the matrix equations.

4.3.2 REFERENCE FRAME TRANSFORMATION BY
MATRIX EQUATIONS

Fig. 4.19 demonstrates the transformation of the three-phase abc variables into

dqn variables in the stationary reference frame.

The reference frame transformation can be simply considered as the

orthogonal projection of the three-phase abc variables fa; fb; fc onto the d�q axis
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in the stationary reference frame (ds � qs axes). For the example in Fig. 4.19,

using trigonometric relationships, the d- and q-axes variables becomes

f sd 5 k

"
fa cosð0Þ1 fb cos 2

2

3
π

� �
1 fc cos

2

3
π

� �#
(4.49)

f sq 5 k

"
fa sinð0Þ1 fb sin 2

2

3
π

� �
1 fc sin

2

3
π

� �#
(4.50)

Here, the coefficient k can be chosen arbitrarily.

The frame of reference can rotate at an angular velocity ω. So, the transforma-

tion of the three-phase stationary abc variables into dqn variables in the arbitrary

reference frame rotating at a speed ω can be generally formulated as

fωdqn 5TðθÞf abc (4.51)

where f dqn 5 fd fq fn
� �T

; f abc 5 fa fb fc½ �T , and ½ �T denotes the transpose of a matrix. fx
can represent the variables of an AC motor such as voltage, current, and flux linkage.

The transformation matrix TðθÞ is defined as

TðθÞ5 2

3

cos θ cos

�
θ2

2

3
π
�

cos

�
θ1

2

3
π
�

2 sin θ 2 sin

�
θ2

2

3
π
�

2 sin

�
θ1

2

3
π
�

1

2

1

2

1

2

2
666666664

3
777777775

(4.52)

where the angular displacement θ5
Ð
ωðτÞdτ1 θð0Þ.
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FIGURE 4.19

Transformation into the stationary reference frame.
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From Eq. (4.52), it can be seen that the fn variable is independent of the

reference frame but is related arithmetically to the abc variables. Fig. 4.20

demonstrates the resolution of the three-phase abc variables fa; fb; fc into the

d- and q-axes in the stationary reference frame (ds 2 qs axes).

As mentioned previously, when transforming, the coefficient k can be chosen

arbitrarily. In the transformation matrix TðθÞ of Eq. (4.52), the coefficient k is chosen
as 2/3. In this case the magnitude of the dq variables is exactly identical to that of the

abc variables, so, this transformation is called magnitude invariance transformation.

However, the power and the torque evaluated in the dqn variables become 2/3 less

than those evaluated in the abc variables, which will be shown later. On the other

hand, when using the coefficient of
ffiffiffiffiffiffiffiffi
2=3

p
, the power remains the same value in

the two reference frames, i.e., Pdqn5Pabc. So, this transformation is called power

invariance transformation. However, the magnitude of the dq variables is not equal

to the magnitude of the abc variables. The coefficient of 2/3 is normally used when

applying the transformation to motor variables. So, in this book, we always use the

coefficient of 2/3 for magnitude invariance transformation.

4.3.2.1 Transformation of abc variables into dqn variables
in the stationary reference frame

From setting θ5 0 in Eq. (4.51), the transformation of the three-phase abc

variables into dqn variables in the stationary reference frame is given by

f sdqn 5Tð0Þf abc 5
2

3

1 2
1

2
2
1

2

0

ffiffiffi
3

p

2
2

ffiffiffi
3

p

2
1ffiffiffi
2

p 1ffiffiffi
2

p 1ffiffiffi
2

p

2
66666664

3
77777775

fa
fb
fc

2
4

3
5 (4.53)

This is known as Clark’s transformation.

ωωω
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ω

ω
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)0()( θττωθ += ∫ d

Rotation angle : 

c-axis
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FIGURE 4.20

Transformation into the arbitrary rotating reference frame.
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Eq. (4.53) can be disassembled as the following.

• Transformation of abc variables into dqn variables in the stationary reference frame

f sd 5
2 fa 2 fb 2 fc

3
(4.54)

f sq 5
1ffiffiffi
3

p ð fb 2 fcÞ (4.55)

f sn 5
2ð fa 1 fb 1 fcÞ

3
(4.56)

In the stationary reference frame, the dqn variables are arithmetically related to

the abc variables. In particular, if the sum of the abc variables in a balanced three-

phase system with no neutral connection is zero, i.e., fa 1 fb 1 fc 5 0, then the n-axis

variable is zero, i.e., f sn 5 0. Thus, f sd 5 fa, i.e., the d
s-axis variable is always equal to

the phase a-axis variable. In this case the dq variables are reduced as following.

f sd 5 fa ð f sn 5 0Þ (4.57)

f sq 5
1ffiffiffi
3

p ð fb 2 fcÞ (4.58)

The inverse transformation of the dqn variables in the stationary reference

frame into the abc variables is as following.

• Inverse transformation ð f sn 5 0Þ

fa 5 f sd (4.59)

fb 52
1

2
f sd 1

ffiffiffi
3

p

2
f sq (4.60)

fc 52
1

2
f sd 2

ffiffiffi
3

p

2
f sq (4.61)

4.3.2.2 Transformation between reference frames
Consider a transformation between reference frames. For the analysis of AC

motors, it is often required to transform the variables in one reference frame to

variables in another reference frame as shown in Fig. 4.21.
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As a widely used transformation, the transformation of the stationary reference

frame into the rotating reference frame can be formulated as

f edqn 5RðθÞ f sdqn 5
cos θ sin θ 0

2 sin θ cos θ 0

0 0 1

2
64

3
75

f sd

f sq

f sn

2
64

3
75 (4.62)

The angular displacement θ5
Ð
ωðτÞdτ1 θð0Þ.

This is known as Park’s transformation.

In the case where the n variable is zero, i.e., f sn 5 0, Eq. (4.62) can be sepa-

rated into Eqs. (4.63) and (4.64).

• Transformation of stationary reference frame into rotating reference frame

f ed 5 f sdcos θ1 f sq sin θ (4.63)

f eq 52 f sd sin θ1 f sqcos θ (4.64)

Likewise, for the inverse transformation, it will be Eqs. (4.65) and (4.66).

• Inverse transformation of stationary reference frame into rotating reference frame

f sd 5 f ed cos θ2 f eq sin θ (4.65)

f sq 5 f ed sin θ1 f eq cos θ (4.66)
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FIGURE 4.21

Transformation between reference frames. (A) Stationary into rotating frame and

(B) rotating into stationary frame.
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The procedure for all the transformations just mentioned is summarized in

Fig. 4.22.

Next, we will find the instantaneous power expressed in dqn variables.

The instantaneous power may be expressed in abc variables as

P5 vaia 1 vbib 1 vcic 5VT
abcIabc (4.67)

where VT
abc 5 ½vavbvc�T ; Iabc 5 ½iaibic�.

By transforming the above equation into the arbitrary reference frame rotating

at any angular velocity ω, the instantaneous power is given by

P5VT
abcIabc 5 T21ðθÞVω

dqn

h iT
T21ðθÞIωdqn
h i

5
3

2
ðVω

dqnÞTIωdqn 5
3

2
ðvωd iωd 1 vωq i

ω
q 1 vωn i

ω
n Þ

(4.68)

where Vω
dqn 5 vωd v

ω
q v

ω
n

h iT
; Iωdqn 5 iωd i

ω
q i

ω
n

h iT
; T21ðθÞ5 3

2
TT ðθÞ.

Although the power of Eq. (4.68) has a 3/2 factor due to the choice of the

constant used in the transformation matrix TðθÞ, it is expressed as the sum of

the product of the voltage and the current in each axis like the power expression

in the three-phase system. The waveforms of the voltage, current, and flux link-

age vary according to the angular velocity of the reference frame, whereas the

waveform of the power remains unchanged.
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FIGURE 4.22

Reference frame transformations.
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EXAMPLE 1

Transform the following balanced three-phase abc voltages into dqn

voltages in the stationary and rotating reference frames.

vas 5Vmcos ωet; vbs 5Vmcosðωet2 120�Þ; vcs 5Vmcosðωet2 240�Þ;

Solution

From Eq. (4.53), dqn voltages in the stationary reference frame are given as

vsds 5
2vas 2 vbs 2 vcs

3
5 vas 5Vm cos ωet

vsqs 5
1ffiffiffi
3

p ðvbs 2 vcsÞ5Vm sin ωet

vsns 5

ffiffiffi
2

p
ðvas 1 vbs 1 vcsÞ

3
5 0

Therefore, the three-phase abc variables, each displaced by 120�, are
transformed into two-phase dq variables, each displaced by 90�, in the sta-

tionary reference frame. These amplitudes are equal to each other but the

variable of d-axis is ahead of the variable of q-axis by 90�.
From Eq. (4.62), dq voltages in the synchronously rotating reference

frame (de 2 qe axes) are given as

veds 5 vsdscos θe 1 vsqssin θe

5Vmcos ωetcos θe 1Vmsin ωet sin θe 5Vm

veqs 52vsdssin θe 1 vsqscos θe

52Vmcos ωet sin θe 1Vmsin ωet cos θe 5 0

Here, the initial position of the reference frame is set to zero, thus

θe 5ωet. It should be noted that the three-phase abc variables are

expressed as steady-state direct current (DC) values in the dq reference

frame rotating at the angular velocity ωe same as that of abc variables. The

amplitude of the DC value is equal to the peak value of the abc variables.
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MATLAB/SIMULINK SIMULATION: REFERENCE FRAME
TRANSFORMATIONS
• Simulation conditions: Vm 5 100 V, frequency5 100 Hz,

Phase as voltage vas 5Vmcos ωet5 100 cosð2π100tÞ
• Whole simulation block diagram

DQ Transformation

Xds

Xqs

theta

Xde

Xqe

stationary to syn.

Xas

Xbs

Xcs

Xds

Xqs

phase to Vdq

2*pi *100

We

Vcs

Vbs

Vas

t

Vqs

Vds

Vqe

Vde

0

Clock

• Transformation of the three-phase abc variables into dq variables in the stationary reference

frame (phase to Vdq block)

3

2 cbas
d

fff
f

−−
=

( )cb
s

q fff −=
3

1

2
Xqs

1
Xds

Sum3

Sum2

1/sqrt(3)

Gain8

1/3

Gain2

2

Gain1

3
Xcs

2
Xbs

1
Xas

• Transformation of the stationary reference frame into the rotating reference frame

(stationary to syn. block)

f ed 5 f sdcos θ1 f sq sin θ; f eq 52 f sd sin θ1 f sqcos θ

• Angular displacement: θ5
Ð
ωeðtÞdt5

Ð ð2πf Þdt5 2π100t5 2π100t
(Continued)
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MATLAB/SIMULINK SIMULATION: REFERENCE FRAME
TRANSFORMATIONS (CONTINUED)

2
Xqe

1
Xde

sin

cos

Sum5

Sum4

Product3

Product2

Product1

Product

3
theta

2
Xqs

1
Xds

• Simulation results
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s
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(A) abc voltages (B) dq voltages

We have just studied the reference frame transformation by the matrix equa-

tions. We can carry out this transformation more efficiently by using a complex

vector, which is a representation of the three quantities in the three-phase system

as one quantity. Moreover, by treating three-phase AC motor quantities as com-

plex vectors, the work required in the calculations for a three-phase AC motor

can be simplified. Now, we will take a look at the reference frame transformation

by the complex vector.
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4.3.3 REFERENCE FRAME TRANSFORMATION BY COMPLEX VECTOR

Any three-phase quantity can be represented by a vector f abc in the complex plane

as shown in Fig. 4.23.

This vector is called the complex space vector, or in short, space vector.

The complex vector representation allows us to analyze the three-phase system as

a whole instead of looking at each phase individually. A space vector is different

from a phasor, which is a representation of the amplitude and phase for a sine

wave in the steady-state condition.

A complex space vector is defined as

f abc �
2

3
ðfa 1 afb 1 a2fcÞ a5 ejð2π=3Þ; a2 5 ejð4π=3Þ

� 	
(4.69)

This space vector rotates at the same angular velocity ωe as that of the

three-phase quantities as shown in Fig. 4.24.
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FIGURE 4.23

Complex space vector.
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FIGURE 4.24

Three-phase quantities and complex space vector.
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The amplitude of a space vector is equal to the peak value of the phase

quantity. One example of a space vector is the rotating magnetic field as

mentioned in Chapter 3. The rotating magnetic field is identical to the space

vector of magnetic fields produced by currents flowing in three-phase

windings.

Example 2

Find the space vector representation of three-phase voltages as

vas 5Vmcos ωet; vbs 5Vmcosðωet2 120�Þ; vcs 5Vmcosðωet2 240�Þ

Solution

According to the definition, voltage space vector Vabc is given as

Vabc 5
2

3
ðvas 1 avbs 1 a2vcsÞ

From Euler formula ejθ 5 cos θ1 j sin θ, we have cos ωet5 ðejωet 1 e2jωetÞ=2;
sin ωet5 ðejωet 2 e2jωetÞ=2j. Thus,

Vabc 5
2Vm

3

ejωet 1 e2jωet

2
1 a

ejðωet22π=3Þ 1 e2jðωet22π=3Þ

2
1 a2

ejðωet24π=3Þ 1 e2jðωet24π=3Þ

2

0
@

1
A

5
Vm

3
ð3ejωet 1 e2jωetð11 a1 a2ÞÞ5Vme

jωet

where a5 ejð2π=3Þ 5 cos 2
3
π1 j sin 2

3
π52 1

2
1 j

ffiffi
3

p
2
,

a2 5 ejð4π=3Þ 5 cos 4
3
π1 j sin 4

3
π52 1

2
2 j

ffiffi
3

p
2

‘ Vabc 5Vme
jωet 5Vme

jθe θe 5
ð
ωeðtÞdt1 θð0Þ

� �

Inversely, the quantities of a three-phase system from the space vector f abc are
given by

fa 5Re f abc
� �

1 f ωn

5Re
2

3
ðfa 1 afb 1 a2fcÞ

2
4

3
51

1

3
ðfa 1 fb 1 fcÞ5 fa

(4.70)

fb 5Re½a2f abc�1 f ωn (4.71)
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fc 5Re½af abc�1 f ωn (4.72)

where “Re” represents the real part of the complex vector.

When comparing the complex plane with the d�q coordinate system men-

tioned in the previous section, we can see that these two systems have similar

orthogonal coordinates, that is, the real-axis and the imaginary-axis correspond to

the d-axis and the q-axis in the stationary reference frame, respectively. Thus, we

can consider that the space vector f abc equals to the vector f sdq in the stationary

reference frame, which has the d- and q-axes components of Eqs. (4.49) and

(4.50) as

f sdq 5 f sd 1 jf sq (4.73)

However, since the d�q axis may rotate at any angular velocity, we need to

take a look at the relationship between a space vector and a vector in the d�q

axes rotating at an angular velocity. A vector fωdq in the arbitrary reference frame

rotating at a speed ω in Fig. 4.25 can be expressed as

fωdq 5 f ωd 1 jf ωq (4.74)

Here, from Eqs. (4.49) and (4.50), the d- and q-axes components of this vector

are given by

f ωd 5
2

3

"
facos θ1 fbcos

�
θ2

2

3
π
�
1 fccos

�
θ2

4

3
π
�#

f ωq 52
2

3

"
fasin θ1 fbsin

�
θ2

2

3
π
�
1 fcsin

�
θ2

4

3
π
�#

ω
df

θ

ω

ω
dqf

ω
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sd -axis
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FIGURE 4.25

Vector f ωdq in the arbitrary reference frame rotating at an angular velocity.
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Using Euler formula, Eq. (4.74) becomes

fωdq 5
2

3

"
faðcos θ2 j sin θÞ1 fb

�
cos

�
θ2

2

3
π
�
2 j sin

�
θ2

2

3
π
��

1fc

�
cos

�
θ2

4

3
π
�
2 j sin

�
θ2

4

3
π
��#

5
2

3

"
fae

2jθ 1 fae

2j
�
θ2 2

3
π
�
1 fae

2j
�
θ2 4

3
π
��

5
2

3
fa 1 afa 1 a2fa

� �
e2jθ

5 f abce
2jθ

(4.75)

From Eq. (4.75), we can see that there is only a phase difference of θ between

f abc and fωdq. This phase difference comes from the angular displacement between

the complex plane and the d�q axes rotating at an angular velocity.

By letting θ5 0 in Eq. (4.75), we can identify that the space vector f abc equals
to the vector f sdq in the d�q axis of the stationary reference frame as

f sdq 5 f abce
2j0 5 f abc (4.76)

A vector fωdq in the rotating reference frame with the angular velocity ω5ωe

can be expressed as

f edq 5 f abce
2jθe 5 f sdqe

2jθe θe 5
ð
ωeðtÞdt1 θð0Þ

� �
(4.77)

The instantaneous power is expressed in terms of the complex vector as

P5
3

2
Re VabcI

�
abc

� �
5

3

2
Re Vω

dqI
ω�
dq

h i
(4.78)

where I
�
abc; I

�
dq are the complex conjugates of Iabc; Idq, respectively.

We have just studied the transformation changing the reference frame of

variables. Now, we are going to find out the model of AC motors expressed in the

d�q reference frame. Then, it will be found that the time-varying inductances in

the voltage equations of AC motors can be eliminated by employing the reference

frame transformation. First, let us find out the d�q axes model for an induction

motor.

4.4 d�q AXES MODEL OF AN INDUCTION MOTOR
From Eqs. (4.2)�(4.7), the voltage equations for the stator and rotor windings of

an induction motor and the flux linkages are rewritten as

vabcs 5Rsiabcs 1
dλabcs

dt
(4.79)
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vabcr 5Rriabcr 1
dλabcr

dt
(4.80)

λabcs

λabcr

� �
5

Ls Lsr

Lsrð ÞT Lr

� �
iabcs
iabcr

� �
(4.81)

Combining Eqs. (4.79) and (4.80) with (4.81), we have the voltage equations

expressed in currents and inductances as

vabcs
vabcr

� �
5

Rs 1 pLs Lsr

p Lsrð ÞT Rr 1 pLr

� �
iabcs
iabcr

� �
(4.82)

where p is the time derivative operator d/dt

Now, let us transform these equations expressed as abc variables into the d�q

coordinate system.

4.4.1 VOLTAGE EQUATIONS IN THE d�q AXES

The transformation of the stator voltage equations of Eq. (4.79) into the d�q axes

rotating at an arbitrary speed ω is as follows:

vabcs 5Rsiabcs 1
dλabcs

dt

-TðθÞvabcs5TðθÞRsiabcs1TðθÞdλabcs

dt
ðwhereTðθÞRs TðθÞ215RsÞ

- vωdqns5Rsi
ω
dqns1TðθÞdTðθÞ

21

dt
λω
dqns1TðθÞTðθÞ21 whereTðθÞdTðθÞ

21

dt
5

0 2ω 0
ω 0 0
0 0 0

" #0
@

1
A

- vωdqns5Rsi
ω
dqns1

0 2ω 0
ω 0 0
0 0 0

" #
λω
dqns1

dλω
dqns

dt

This can be resolved into as

vωds 5Rsi
ω
ds 1

dλω
ds

dt
2ωλω

qs (4.83)

vωqs 5Rsi
ω
qs 1

dλω
qs

dt
1ωλω

ds (4.84)

vωns 5Rsi
ω
ns 1

dλω
ns

dt
(4.85)

Comparing the voltage equations in the abc coordinate system, we can see

that there are speed voltage terms, ωλω
qs and ωλω

ds, in the d�q coordinate system

due to the rotation of the axes. In addition, it should be noted that the flux lin-

kages in these speed voltages are cross-coupled.

Next, we will transform the rotor voltage equations of Eq. (4.80) into d�q

axes rotating at an arbitrary speed ω. In this case we should be careful when

selecting the angle used in the transformation. From the standpoint of the rotor,

which rotates at the speed ωr, the d�q axes will rotate at the difference speed
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ω2ωr. Thus the angle used in the transformation should be θ2 θrð5βÞ. Here,
θ 5

Ð
ωeðtÞdt

� �
is the displacement angle of the d�q axes and θr 5

Ð
ωrðtÞdt

� �
is

the displacement angle of the rotor.

With the angle β, we can transform the rotor voltage equations into the d�q

axes rotating at an arbitrary speed ω as

vabcr 5Rriabcr 1
dλabcr

dt

-TðβÞvabcr5TðβÞRriabc1TðβÞdλabcr

dt

- vωdqnr5TðβÞRrðTðβÞ21iωdqnrÞ1TðβÞd½TðβÞ
21λω

dqnr�
dt

where ðTðβÞRsTðβÞ215RrÞ

- vωdqnr5Rri
ω
dqnr1TðβÞdTðβÞ

21

dt
λω
dqnr1TðβÞTðβÞ21

dλω
dqnr

dt

- vωdqnr5Rri
ω
dqnr1

0 2 ðω2ωrÞ 0
ω2ωr 0 0
0 0 0

" #
λω
dqrs1

dλω
dqnr

dt

This can be resolved into

vωdr 5Rri
ω
dr 1

dλω
dr

dt
2 ðω2ωrÞλω

qr (4.86)

vωqr 5Rri
ω
qr 1

dλω
qr

dt
1 ðω2ωrÞλω

dr (4.87)

vωnr 5Rri
ω
nr 1

dλω
nr

dt
(4.88)

For squirrel-cage rotor induction motors, since the rotor bars are short-

circuited by the end rings, the rotor voltage is zero, and thus,

vωdr 5 0; vωqr 5 0; vωnr 5 0.

To complete these stator and rotor voltage equations, we need the flux lin-

kages expressed as dq variables.

4.4.2 FLUX LINKAGE EQUATIONS IN THE d�q AXES

The transformation of the stator flux linkage of Eq. (4.81) into the d�q axes

rotating at an arbitrary speed ω is as follows:

λabcs 5Lsiabcs 1Lsriabcr

- TðθÞλabcs 5TðθÞLsiabcs 1TðθÞLsriabcr

- λω
dqns 5TðθÞLsðT21ðθÞiωdqnsÞ1TðθÞLsrðT21ðβÞiωdqnrÞ

- λω
dqns 5

Lls 1
3

2
Lms 0 0

0 Lls 1
3

2
Lms 0

0 0 Lls

2
666664

3
777775i

ω
dqns 1

3

2
Lms 0 0

0
3

2
Lms 0

0 0 0

2
666664

3
777775i

ω
dqnr
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where

TðθÞLsT
21ðθÞ5

Lls 1
3

2
Lms 0 0

0 Lls 1
3

2
Lms 0

0 0 Lls

2
66664

3
77775; TðθÞLsrT

21ðβÞ5

3

2
Lms 0 0

0
3

2
Lms 0

0 0 0

2
6664

3
7775

By letting Lm 5 3
2
Lms; Ls 5 Lls 1 Lm in the above equations, we will have the

stator flux linkages in the d�q axes as

λω
ds 5Llsi

ω
ds 1Lmðiωds 1 iωdrÞ5Lsi

ω
ds 1 Lmi

ω
dr (4.89)

λω
qs 5Llsi

ω
qs 1Lmðiωqs 1 iωqrÞ5Lsi

ω
qs 1 Lmi

ω
qr (4.90)

λω
ns 5 Llsi

ω
ns (4.91)

Next, we transform the rotor flux linkage of Eq. (4.81) into the d�q axes

rotating at an arbitrary speed ω as follows.

λabcr 5Lriabcr 1Lrsiabcs

- TðβÞλabcr 5TðβÞLriabcr 1TðβÞLT
sriabcs

- λω
dqnr 5TðβÞLrðT21ðβÞiωdqnrÞ1TðβÞLT

srðT21ðθÞiωdqnsÞ

- λω
dqnr 5

Lls 1
3

2
Lmr 0 0

0 Lls 1
3

2
Lmr 0

0 0 Lls

2
666664

3
777775i

ω
dqnr 1

3

2
Lms 0 0

0
3

2
Lms 0

0 0 0

2
666664

3
777775i

ω
dqns

Assuming the turns ratio Ns=Nr 5 1 and letting Lm 5 3
2
Lmr 5

3
2
Lms,

Lr 5 Llr 1 Lm in the above equations, we will have rotor flux linkages in the d�q

axes as

λω
dr 5Llri

ω
dr 1 Lmðiωdr 1 iωdsÞ5Lri

ω
dr 1Lmi

ω
ds (4.92)

λω
qr 5Llri

ω
qr 1 Lmðiωqr 1 iωqsÞ5Lri

ω
qr 1Lmi

ω
qs (4.93)

λω
nr 5Llri

ω
nr (4.94)

From the flux linkage expressions of the stator and rotor in the d�q axes, it is

found that the main purpose of the transformation has been achieved. In other

words, by employing the reference frame transformation, the time-varying

mutual-inductances due to the relative motion between the stator and rotor wind-

ings become constant in the d�q reference frame. This result can be valid regard-

less of the rotating speed of the reference frame. Furthermore, the flux linkages

become magnetically decoupled between the d- and q-axes. Fig. 4.26 shows the

d�q axes equivalent circuits.
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We can obtain voltage and flux linkage equations in the different reference

frames by setting ω5 0 for the stationary reference frame, ω5ωe for synchro-

nously rotating reference frame, and ω5ωr for rotor reference frame.

• Stationary reference frame ðω5 0Þ
vsds 5Rsi

s
ds 1 pλs

ds λs
ds 5 Lsi

s
ds 1 Lmi

s
dr

vsqs 5Rsi
s
qs 1 pλs

qs λs
qs 5 Lsi

s
qs 1 Lmi

s
qr

05Rri
s
dr 1 pλs

dr 1ωrλs
qr λs

dr 5Lri
s
dr 1 Lmi

s
ds

05Rri
s
qr 1 pλs

qr 2ωrλs
dr λs

qr 5Lri
s
qr 1 Lmi

s
qs

• Synchronously rotating reference frame ðω5ωeÞ

veds 5Rsi
e
ds 1 pλe

ds 2ωeλe
qs λe

ds 5 Lsi
e
ds 1 Lmi

e
dr

veqs 5Rsi
e
qs 1 pλe

qs 1ωeλe
ds λe

qs 5 Lsi
e
qs 1 Lmi

e
qr

sL rL

mL

ωωλds

ω
qsv

( ) ωλωω drr−

ω
qsi sR rR

ω
qrv

ω
qri

sL rL

mL

ωωλqs
ω
dsv

( ) ωλωω qrr−

ω
dsi sR rR

ω
drv

ω
dri

ωλqs
ωλqr

ωλdr
ωλds

sL rL

ω
nsv

ω
nsi sR rR

ω
nrv

ω
nri

FIGURE 4.26

d�q axes equivalent circuit of an induction motor.
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05Rri
e
dr 1 pλe

dr 2 ðωe 2ωrÞλe
qr λe

dr 5 Lri
e
dr 1Lmi

e
ds

05Rri
e
qr 1 pλe

qr 1 ðωe 2ωrÞλe
dr λe

qr 5 Lri
e
qr 1Lmi

e
qs

• Voltage equations of an induction motor in the d�q axes

vωds 5Rsi
ω
ds 1

dλω
ds

dt
2ωλω

qs

vωqs 5Rsi
ω
qs 1

dλω
qs

dt
1ωλω

ds

vωns 5Rsi
ω
ns 1

dλω
ns

dt

vωdr 5Rri
ω
dr 1

dλω
dr

dt
2 ðω2ωrÞλω

qr

vωqr 5Rri
ω
qr 1

dλω
qr

dt
1 ðω2ωrÞλω

dr

vωnr 5Rri
ω
nr 1

dλω
nr

dt

• Flux linkages of an induction motor in the d�q axes

λω
ds 5Llsi

ω
ds 1Lmðiωds 1 iωdrÞ5Lsi

ω
ds 1 Lmi

ω
dr

λω
qs 5Llsi

ω
qs 1Lmðiωqs 1 iωqrÞ5Lsi

ω
qs 1 Lmi

ω
qr

λω
ns 5Llsi

ω
ns

λω
dr 5Llri

ω
dr 1 Lmðiωdr 1 iωdsÞ5Lri

ω
dr 1Lmi

ω
ds

λω
qr 5Llri

ω
qr 1 Lmðiωqr 1 iωqsÞ5Lri

ω
qr 1Lmi

ω
qs

λω
nr 5 Llri

ω
nr

4.4.3 TORQUE EQUATION IN THE d�q AXES

As it can be seen in Chapter 1, the torque of double-fed machines such as induc-

tion motors is given by

Te 5
P

2

� �
ðiabcsÞT

@Lsr

@θr
iabcr (4.95)
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The transformation of this torque into the d�q axes rotating at an arbitrary

speed ω is as follows:

Te 5

�
P

2

�
iabcsð ÞT @Lsr

@θr
iabcr

5

�
P

2

�
ðTðθÞ21iωdqnsÞT

@Lsr

@θr
ðTðβÞ21iωdqnrÞ

5

�
P

2

�
ðiωdqnsÞT

�
3

2
TðθÞ @Lsr

@θr
TðβÞ21

�
iωdqnr

5

�
P

2

�
ðiωdqnsÞT

3

2

0
3

2
Lms 0

2
3

2
Lms 0 0

0 0 0

2
666664

3
777775i

ω
dqnr

(4.96)

where T21ðθÞ5 3
2
TðθÞT .

This torque can be resolved into

‘ Te 5
3

2

P

2
Lmðiωqsiωdr 2 iωdsi

ω
qrÞ (4.97)

where Lm 5 3
2
Lms.

The torque can be also expressed in terms of different motor variables but is

independent of the speed of the reference frame as following.

Te 5
3

2

P

2
LmIm i

�
dqridqs

h i
5

3

2

P

2
Lmðiqsidr 2 idsiqrÞ (4.98)

5
3

2

P

2

Lm

Lr
Im λ

�
dqridqs

h i
5

3

2

P

2

Lm

Lr
ðλdriqs 2λqridsÞ (4.99)

5
3

2

P

2
Im λ

�
dqmidqs

h i
5

3

2

P

2
ðλdmiqs 2λqmidsÞ (4.100)

5
3

2

P

2
Im λ

�
dqsidqs

h i
5

3

2

P

2
ðλdsiqs 2λqsidsÞ (4.101)

5
3

2

P

2
Im i

�
dqrλ

�
dqm

h i
5

3

2

P

2
ðidrλqm 2 iqrλdmÞ (4.102)

5
3

2

P

2
Im i

�
dqrλ

�
dqs

h i
5

3

2

P

2
ðidrλqr 2 iqrλdrÞ (4.103)

5
3

2

P

2

Lm

Lr
Im i

�
dqrλdqs

h i
5

3

2

P

2

Lm

Lr
ðidrλqs 2 iqrλdsÞ (4.104)

5
3

2

P

2

Lm

LσLr
Im λ

�
dqrλdqs

h i
5

3

2

P

2

Lm

LσLr
ðλdrλqs 2λqrλdsÞ (4.105)

Among these, the torque of Eq. (4.99) is widely used for the vector control,

especially the rotor flux oriented control.
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MATLAB/SIMULINK SIMULATION: AN INDUCTION MOTOR
With the model of an induction motor in the d�q axes, a 3-hp, 4-pole, 220 V, 60 Hz, three-phase

induction motor will be simulated for acceleration characteristics when a full voltage is applied at

a standstill.

• Overall diagram for simulation

Vqs

Vds

Wrpm

Xas

Xbs

Xcs

Xds

Xqs

phase to Vdq

Xds

Xqs

Xas

Xbs

Xcs

dq to phase

Vcs

Vbs

Vas

t
Te

Mux

Te
Wrpm

Wm

Mech. system

Vdqss

Wm

Idss

Iqss

Te

Induction 
Motor

Ics

Ibs

Ias

0

Clock

• Applied voltages

vas 5Vmcos ωet

vbs 5Vmcosðωet2 120�Þ
vcs 5Vmcosðωet2 240�Þ

Vm 5
ffiffiffi
2

p 220ffiffiffi
3

p ; ωe 5 2π60
� �

Vas

(Continued)
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MATLAB/SIMULINK SIMULATION: AN INDUCTION MOTOR (CONTINUED)
• Induction motor d�q equations in the stationary reference frame

vsds 5Rsi
s
ds 1 pλs

ds-λs
ds 5

ð
ðvsds 2Rsi

s
dsÞdt

vsqs 5Rsi
s
qs 1 pλs

qs-λs
qs 5

ð
ðvsqs 2Rsi

s
qsÞdt

05Rri
s
dr 1 pλs

dr 1ωrλs
qr-λs

dr 5

ð
ð2Rri

s
dr 2ωrλs

qrÞdt

05Rri
s
qr 1 pλs

qr 2ωrλs
dr-λs

qr 5

ð
ð2Rri

s
qr 1ωrλs

drÞdt

isds 5
Lrλs

ds 2 Lmλs
dr

LsLr 2 L2m
; isqs 5

Lrλs
qs 2Lmλs

qr

LsLr 2 L2m

isdr 5
Lsλs

dr 2Lmλs
ds

LsLr 2L2m
; isqr 5

Lsλs
qr 2Lmλs

qs

LsLr 2L2m

Te 5
3

2

P

2
Lmðisqsisdr 2 isdsi

s
qrÞ

• Induction motor block diagram (Induction Motor Block)

Lamqss

Lamdss

Lamqrs

Lamdrs

Iqss

Idss

Iqrs

Idrs

Induction Motor Block

3
Te

2
Iqss

1
Idss

A

A

A

A

1/s

1/s

1/s

1/s

Lm

Ls

Lm

Lr

Rr

Rr

Rs

Rs

P/2 Lm

Ls

Lr

Lm

Demux
Kt

2
Wm

1
Vdqss

(Continued)

196 CHAPTER 4 Modeling of AC motors and reference frame

Hesai Exhibit 1030, page 199



MATLAB/SIMULINK SIMULATION: AN INDUCTION MOTOR (CONTINUED)
• Simulation results
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At a standstill the input impedance of an induction motor is small and the back-EMF is zero.

Thus, when starting with a full voltage, the starting current becomes large, even more than several

times the rated value as can be seen the simulation result.

We can see that, from the speed result, the induction motor reaches the final speed without

oscillations. However, in the case of higher power induction motors, there may be large

overshoots and oscillations in speed and torque. This depends on the parameters of the motor.

4.5 d�q AXES MODEL OF A PERMANENT MAGNET
SYNCHRONOUS MOTOR

Now, let us transform the model of an IPMSM expressed as abc variables into

the d�q coordinate system.
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4.5.1 VOLTAGE EQUATIONS IN THE d�q AXES

The stator windings of a PMSM are the same as those of an induction motor.

Thus, they can be expressed by the same the d�q axes stator voltage equations,

Eqs. (4.83)�(4.85), of an induction motor, and are rewritten as

vωds 5Rsi
ω
ds 1

dλω
ds

dt
2ωλω

qs (4.106)

vωqs 5Rsi
ω
qs 1

dλω
qs

dt
1ωλω

ds (4.107)

vωns 5Rsi
ω
ns 1

dλω
ns

dt
(4.108)

However the flux linkages of a PMSM are different from those of an induction

motor. Now, let us find out the flux linkages in the d�q axes required to com-

plete the above voltage equations.

4.5.2 FLUX LINKAGE EQUATIONS IN THE d�q AXES

The transformation of the stator flux linkage of an IMPSM (Eq. 4.47) into the

d�q axes rotating at an arbitrary speed ω is as follows:

λabcs 5Lsiabcs 1Lf if

- TðθÞλabcs 5TðθÞLsiabcs 1TðθÞLf if

- λω
dqns 5TðθÞLsðT21ðθÞiωdqnsÞ1TðθÞLf if

Transformations of inductances needed by the above equation are as follows.

From the following stator inductance
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2
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2
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TðθÞLsT
21ðθÞ5

Lls 1
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From the inductance

Lf 5Lsf

cos θr
cosðθr 2

2

3
πÞ

cosðθr 2
4

3
πÞ

2
666664

3
777775

we have

TðθÞLf 5 Lsf

cosðθ2 θrÞ
2 sinðθ2 θrÞ
0

2
4

3
5

Thus the stator flux linkage in the d�q axes rotating at an arbitrary speed ω is

given as

λω
dqs 5

Lls 1
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2
ðLA 2LBcos 2ðθ2 θrÞÞ

3

2
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3
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2
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3
75φf

(4.109)

where φf 5 Lsf if .

By letting Lds 5 Lls 1
3
2
ðLA 2 LBÞ; Lqs 5 Lls 1

3
2
ðLA 1 LBÞ, Eq. (4.109) becomes
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(4.110)

This stator flux linkage can be expressed in the stationary reference frame

(θ5 0) as

λs
dqs5

Lds1Lqs

2
1

Lds2Lqs

2
cos 2θr
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(4.111)
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In this case it is found that there are still time-varying inductances in the

flux linkages. Unlike the case of an induction motor, it should be noted that

the time-varying inductances of an IPMSM can be eliminated by employing

the transformation into only the rotor reference frame (dr � qr axes) rotating

at the rotation speed ωr of the rotor. Thus, letting θ5 θr in Eq. (4.110), we

have the stator flux linkages with a constant inductance in the rotor reference

frame as

λr
dqn 5

Lds 0 0

0 Lqs 0

0 0 Lls

2
4

3
5 irds

irqs
irns

2
4

3
51

φf

0

0

2
4

3
5 (4.112)

This can be resolved into

λr
ds 5 Ldsi

r
ds 1φf (4.113)

λr
qs 5 Lqsi

r
ds (4.114)

λr
ns 5Llsi

r
ns (4.115)

By letting Lds 5 Lqs in the above equations, we can obtain the flux linkages of

an SPMSM with a cylindrical rotor. Fig. 4.27 shows the dr � qr axes equivalent

circuit of an IPMSM.

4.5.3 TORQUE EQUATION IN THE d�q AXES

We can obtain the output torque of an IPMSM from its output power. As we can

see from Eq. (4.68), the input power may be expressed in the d�q axes as

Pin 5
3

2
ðvrdsirds 1 vrqsi

r
qsÞ (4.116)
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FIGURE 4.27

dr � qr axes equivalent circuit of an IPMSM. (A) dr-axis and (B) qr-axis.
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By substituting the voltages and flux linkages into Eq. (4.116), we have
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Stator copper Variation of Mechanical output power Pout

losses magnetic energy

(4.117)

The first term on the right-hand side of Eq. (4.117) represents the stator cop-

per losses. The second two terms represent the variation in the magnetic energy.

Thus the last two terms represent the mechanical output power that develops the

output toque. The output torque is obtained by dividing the output power by the

rotor speed ωr as

Te 5
P

2

3

2
φf i

r
qs 1 ðLds 2LqsÞirdsirqs

h i
Magnet torque Reluctance torque

(4.118)

This equation implies that the developed torque of an IPMSM consists of two

components. The first term represents the magnet torque produced by the permanent

magnet, and the second term represents the reluctance torque due to a saliency.

For the torque of an SPMSM with a cylindrical rotor, by letting Lds 5 Lqs 5 Ls
in Eq. (4.118), we can obtain

Te 5
P

2

3

2
φf i

r
qs (4.119)

• Voltage and flux linkage equations of an IPMSM in the dr � qr axes
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CHAPTER

5Vector control of alternating
current motors

The output torque of a motor is the primary control object in motor drive systems.

This is because the position or speed of loads can be controlled by controlling

the torque of the driving motor. There are two methods of the torque control of

alternating current (AC) motors: average torque control and instantaneous torque

control.

The average torque control is a cost-effective variable speed control solution

for general-purpose applications, such as fans, blowers, and pump drives, which

do not require an accurate speed or torque control. In these applications the main

objective for control is the average speed of the motor/load, which is usually

regulated by controlling the average torque of the motor. A typical example of

the average torque control technique (also called the scalar control method) is

the constant V/f control in the induction motor drives, which was stated in

Chapter 3. However, this method can control the motor torque only in the

steady-state condition and thus cannot be used to control the dynamic behavior

of the motor.

On the other hand, the instantaneous torque control is needed for high-

performance applications such as robots, elevators, CNC machine tools, and

automation line drives. In these applications a precise speed/torque control

and a fast dynamic response are required. To achieve these, it is necessary

to control the instantaneous torque of the motor. For direct current (DC)

motors, the instantaneous torque control can be readily achieved through the

control of the armature current as discussed in Chapter 2. However, for AC

motors, a complicated technique called the vector control method is required.

The field-oriented control technique is a typical vector control method. The

direct torque control is also another method for the instantaneous torque. This

technique is less complicated than the vector control method, but is not as

popular.

A scalar control method based on the control of the average current can

control the average torque of a motor in the steady-state condition. On the

other hand, a vector control method based on the control of both the magnitude

and the direction (phase) of the motor current can control its dynamics at

the transient condition as well as the torque of a motor in the steady-state

condition.

Electric Motor Control. DOI: http://dx.doi.org/10.1016/B978-0-12-812138-2.00005-2

© 2017 Elsevier Inc. All rights reserved.
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In this chapter we will explain the vector control method of AC motors in

detail. Prior to this, we need to understand the instantaneous torque. As shown in

Fig. 5.1, the instantaneous torque T of a motor is expressed as the cross-product

of the magnetic flux vector Φ and current vector i, and is denoted by

T 5 kðΦ3 iÞ (5.1)

T 5 kjφjjijsin θ (5.2)

From this, it can be seen that the instantaneous torque of a motor depends on

not only the magnitude of both the magnetic flux and current vectors but also the

space angle θ between two vectors. Hence, to control the instantaneous torque,

we need to control the directions of the flux and the current as well as their mag-

nitudes. In general, the direction of the current vector is controlled based on the

flux vector Φ. Such method for the instantaneous torque control of AC motors is

called vector control or field-oriented control.

To understand the vector control of AC motors, first, we need to take a

close look at the principle of torque production in a separately excited DC motor.

This is because the vector control of AC motors imitates the torque control of

a separately excited DC motor. A separately excited DC motor has a desirable

mechanical structure, which makes it possible to control its instantaneous torque

by controlling only its armature current without using any special control tech-

nique. Thus a separately excited DC motor can be considered as a role model for

the instantaneous torque control of AC motors.

5.1 CONDITIONS FOR INSTANTANEOUS TORQUE CONTROL
OF MOTORS

As we discussed in Chapter 2, in DC motors, the field flux φf is produced by a

field winding or a permanent magnet in the stator. Under this field flux, a torque

on the conductors of the armature winding carrying the current ia is produced.

A separately excited DC motor has a special mechanical structure, as shown in

T

Torque

( ×i)= φkT

S Nφ
i

F

F

FIGURE 5.1

Torque production in the motor.
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Fig. 5.2, where the direction of the armature current ia (i.e., magnetomotive force

(mmf)) is always 90 electrical degrees with regard to the field flux φf regardless

of rotor rotation.

Like this, since the space angle between the armature current and the field

flux always remains at 90 electrical degrees without using any particular control

technique, the developed torque can be maximized under a given flux and current.

Moreover, as a result of this orthogonality, there is no mutual coupling between

the field flux and the armature current, though there is an effect of armature

reaction.

In addition, this orthogonality makes the instantaneous torque of Eq. (5.2) for

a separately excited DC motor to be expressed simply as

T5 kjφf jjiaj (5.3)

In this condition, if we can control the magnitudes of the field flux and the

current independently, the instantaneous torque control will become simpler.

When using a permanent magnet or making the field flux constant with a separate

DC voltage source, the torque of Eq. (5.3) becomes

T 5 k0jiaj; k0 5 kjφf j (5.4)

This implies that it is possible to control the instantaneous torque of

a DC motor by controlling only the magnitude of the armature current jiaj. If
the armature current can be controlled rapidly, the instantaneous torque can

also be controlled rapidly to that extent. By using a power electronic converter

such as H-bridge circuit with a current controller as stated in Chapter 2, the

armature current can be controlled fast enough with a control bandwidth up to

several hundred Hertz. Alternatively, we can consider regulating the field flux

to control the instantaneous torque under a constant armature current. This,

however, may result in a sluggish response and cause a saturation problem.

Thus it is desirable to not use the field flux control except in high-speed

operations.

Field
current

Armature
current

NS

Armature
MMF

Field flux

ai

Torque

S

N

fφ

T

S N

fi

fφ

FIGURE 5.2

Separately excited DC motor.
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On the basis of the analysis stated earlier, we can find out the following

requirements for the instantaneous torque control of a DC motor.

The requirements for the instantaneous torque of a DC motor:

1. The space angle between the field flux and the armature current (i.e., mmf)

always has to be 90 electrical degrees.

2. Both the field flux and the armature current should be controlled

independently.

3. The armature current can be controlled instantaneously.

When the above three requirements are satisfied instantaneously, the instanta-

neous torque control for a DC motor can be achieved. Separately excited

DC motors inherently satisfy the requirements 1 and 2 due to their special

mechanical structure. Thus only the requirement 3 remains to be met.

A typical system for the torque control of a DC motor is shown in Fig. 5.3.

In such a system, the field flux φf is usually controlled constantly and the

instantaneous torque is controlled by the armature current ia. The armature current

command I�a is given from the torque command Te for driving the load. If the

armature current ia is instantaneously controlled to follow the current command

by using a power electronic converter such as H-bridge circuit, the instantaneous

torque of the DC motor can follow the command torque.

5.2 VECTOR CONTROL OF AN INDUCTION MOTOR
Even though the output torque of induction motors is not easy to control, it can

be controlled instantaneously like DC motors. In induction motors, unlike DC

aV
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f

fI

*
aI Controller*

fI

DC
supply

Power
converter

*
aV+ -

+

-

Current
command

)( *
fTkT ⋅=

ai
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m

Field flux

φ

ω

φ

FIGURE 5.3

Torque control system of a DC motor.
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motors, the field flux�producing current and the torque-producing current (equiv-

alent to armature current) are provided all together through the three-phase stator

windings as shown in Fig. 5.4.

Therefore it appears that the instantaneous torque control of an induction

motor is not as simple as that of a DC motor. The three requirements for control-

ling the instantaneous torque of a DC motor as mentioned earlier can also be

applied to an induction motor as follows:

1. The space angle between the flux-producing current (or the field flux) and

the torque-producing current has to be always be 90 degrees.

2. Both the flux-producing current (or the field flux) and the torque-producing

current should be controlled independently.

3. The torque-producing current can be controlled instantaneously.

Now we will take a close look at how we can meet these three requirements

for the instantaneous torque control of an induction motor.

5.2.1 INSTANTANEOUS TORQUE CONTROL OF AN
INDUCTION MOTOR

In an induction motor the currents for producing both the field flux and the torque

are provided through the three-phase stator windings. Thus before applying the

above three requirements, we first need to know how much the field flux- and

torque-producing components are included in the three-phase stator currents

ias; ibs; ics.
This knowledge can be obtained by resolving the three-phase currents into

two orthogonal currents, which are utilized as flux-producing current and torque-

producing current. This resolution can be easily achieved by using the reference

frame transformation as mentioned in Chapter 4. When we transform the

Induction Motor

asi

bsi

csi

eT

Torque-producing current

Flux-producing current

Ti

φi

Torque
Flux

Three-phase
stator 

currents

φ

FIGURE 5.4

Currents of an induction motor.
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three-phase abc stator currents of an induction motor into the d�q axes currents

by using the transformation as shown in Fig. 5.5, we need to designate which of

the two currents is the flux- or the torque-producing current. Commonly, the

d-axis stator current is assigned as the flux-producing current, whereas the q-axis

stator current is assigned as the torque-producing current. By obtaining these

orthogonal currents, the requirement 1 can be fulfilled.

In this case it should be noted that in order for the assigned d-axis stator

current to become the true flux-producing current, the d-axis should be located

at the actual position of the flux vector λ in the induction motor as shown

in Fig. 5.6.

Here, the flux vector λ in the induction motor is the rotating magnetic field

generated by the three-phase currents as mentioned in Chapter 3. Unlike the

a-axis

b-axis

c-axis

bsi

asi

csi

dsi
qsi

q-axis

d-axis

FIGURE 5.5

Reference frame transformation for currents.

λ
qsi

dsi

q-axis

d-axis

Reference axis (a-axis) 

Flux vector

θ eω

FIGURE 5.6

Assignment of d�q axes based on the flux vector λ.
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stationary field flux of a DC motor, the field flux of an induction motor is rotating

at the synchronous speed ωe corresponding to the supply frequency. Thus we

have to use the transformation into the synchronous reference frame rotating at

the synchronous speed ωe. The d-axis will then be located at the actual position

of the flux vector. Through this process, the d-axis stator current ieds in the syn-

chronous reference frame becomes the true flux-producing current, and then can

be used for controlling the magnitude of the flux. This d-axis stator current ieds
corresponds to the field current of a DC motor.

Moreover, in this case, since the field flux exists only on the d-axis, the torque

equation of Eq. (4.99) for an induction motor becomes similar to that of a DC

motor as

Te 5
3

2

P

2

Lm

Lr
ðλe

dri
e
qs 2λe

qri
e
dsÞ

5 kjλjieqs λe
dr 5 jλj; λe

qr 5 0; k5
3

2

P

2

Lm

Lr

0
@

1
A (5.5)

The flux used in Eq. (5.5) is assumed to be the flux linkage of the rotor.

In this condition, if the magnitude of the flux vector is kept constant by con-

trolling ieds, Eq. (5.5) becomes as

Te 5 k0ieqs ðk0 5 kjλjÞ (5.6)

This torque equation is similar to that of a DC motor. We can see easily that

the q-axis current acts like the armature current of a DC motor. The torque can be

directly controlled by the q-axis current ieqs, so the q-axis current is considered as

the torque-producing current.

There is no cross-coupling between the d-axis stator current (thus, the

flux vector) and the q-axis stator current because they are orthogonal to each

other. In other words, ieqs is not influenced by ieds and vice versa. Thus

the flux-producing current and the torque-producing current can be

controlled independently. In this case the magnitude of the flux vector can

be controlled independently by the d-axis stator current ieds, while the torque

can be controlled independently by the q-axis stator current ieqs. This indicates

that the requirement 2 can be fulfilled.

Finally, the torque-producing current can be controlled instantaneously by

means of the current regulator as will be described in Chapter 6, and thus the

requirement 3 can also be fulfilled. Likewise, through these three processes,

the torque of an induction motor can be controlled instantaneously as in the

separately excited DC motors.

In summary, to control the instantaneous torque of an induction motor, first,

the three-phase stator currents are separated into d- and q-axes stator currents by

using the synchronous reference frame transformation in which the d-axis is

assigned to the position of the flux vector. Then, the flux can be controlled by
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the d-axis stator current ieds while the instantaneous torque can be controlled by

the q-axis stator current ieqs independently. Finally, the instantaneous torque con-

trol can be achieved by controlling these currents instantaneously. This instanta-

neous torque control method for an induction motor is called the vector control or

field-oriented control.

The actual implementation process of the vector control is demonstrated in

Fig. 5.7.

In the vector control of an induction motor, the magnitude of the flux remains

normally at a constant level of the rated value except for high-speed operations

above the rated speed. Based on the rated flux command λe�
ds , the required flux-

producing current command ie�ds is calculated. On the other hand, the torque-

producing current command ie�qs is calculated based on the output torque command

T�
e required for driving a given load. These command currents ie�ds and ie�qs are

given in the synchronous rotating reference frame. Thus we need to obtain the

three-phase stator current commands through the inverse transformation into these

d�q current commands. Here, it should be noted that this transformation requires

the knowledge of the angular position of the flux vector, so called the flux angle.

Finally, by making the three-phase stator currents of the induction motor to

follow these current commands fast enough, the output torque of the induction

motor can be controlled to the required torque command T�
e instantaneously.

5.2.1.1 Important information for vector control: flux angle θ
It was mentioned that for the vector control, we should make the d-axis to be

located at the actual position of the flux vector λ. In an induction motor, this flux
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FIGURE 5.7

Instantaneous torque control method of an induction motor.
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vector λ is the rotating magnetic field generated by the three-phase stator currents.

Thus the position of the flux vector λ varies over time as shown in Fig. 5.8.

Consider that the flux vector λ is rotating at a speed ω. In order for the d-axis

to be always located at the position of the rotating flux vector λ, the d-axis

should rotate along with the flux vector, i.e., the d-axis has to be moved by the

flux angle θ 5
Ð
ωðtÞdt� �

, which is the amount of movement of the flux vector.

For this purpose, it is necessary to use the synchronous d�q reference frame,

which rotates at the same speed as that of the flux vector λ, i.e., the synchronous

speed. Therefore, to accomplish the vector control, the flux angle θ is an

inevitable information.

The vector control of an induction motor can be classified into direct vector

control and indirect vector control depending on how the information about the

flux angle is obtained. In the direct vector control the flux angle is obtained

directly from the flux itself, which can be either measured or estimated. On the

other hand, in the indirect vector control, the flux is not used to obtain the flux

angle. Instead, it uses the slip angular velocity, which is needed to separate the

stator currents into the flux- and the torque-producing currents at the desired

values. From this slip angular velocity and the rotor angular velocity, the flux

angle can be obtained.

An induction motor has three fluxes available for reference: stator flux, rotor

flux, and air-gap flux. The vector control of an induction motor can be classified

according to the reference flux as

• Rotor flux�oriented (RFO) control

• Stator flux�oriented (SFO) control

• Air-gap flux�oriented (AFO) control
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FIGURE 5.8

Rotating flux vector in the d�q axes.
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